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A b s t r a c t

S o l u t i o n s  o f  D i o p h a n t i n e  E q u a t i o n s  o v e r  <p(t) 

a n d  C om plex  M u l t i p l i c a t i o n  

by

C l a r a  W a j n g u r t  

A d v i s o r :  P r o f e s s o r  H a r v e y  Cohn

I n  t h i s  p a p e r  we e s t a b l i s h  a  r e l a t i o n s h i p  b e t w e e n  t h e  

r a t i o n a l  s o l u t i o n s  ( x ( t ) , y ( t ) ) ,  o v e r  < f ( t ) ,  o f  t h e  d i o p h a n t i n e  

e q u a t i o n :

4 t 3 x ( t ) 3 - g 2 t x ( t ) - g 3 = y ( t ) 2 ( 4 t 3 - g 2 t - g 3 ) , g 2 ' 9 3  e  4 ( D

a n d  t h e  s o l u t i o n s  ( P ( u ) , p ' ( u ) )  w h i c h  p a r a m e t r i z e  t h e  e l l i p t i c  
2 3c u r v e  E : y  = 4x ~ g 2 x _ g 3 a d m i t t i n g  c o m p l e x  m u l t i p l i c a t i o n  by  

A. E i s  i d e n t i f i e d  w i t h  t h e  g r o u p  <t/L w h e r e b y  L i s  a  l a t t i c e  

w h i c h  i s  g e n e r a t e d  b y  t h e  p e r i o d s  2 io^, 2 w2 , w i t h  l m ( u ^ / ^ 2 ) > 0 . 

By d e f i n i t i o n  o f  c o m p l e x  m u l t i p l i c a t i o n  by  A, we a r e  i n t e r ­

e s t e d  i n  t h o s e  m u l t i p l i e r s ,  A 6  c  f o r  w h i c h  Al c  l .  A c c o r d i n g  

t o  t h e  t h e o r y ,  a l l  s u c h  m u l t i p l i e r s  A b e l o n g  t o  t h e  r i n g  o f  

i n t e g e r s  o f  some i m a g i n a r y  q u a d r a t i c  f i e l d  K. I n  p a r t i c u l a r  

we r e s t r i c t  o u r  t h e o r y  t o  g 2 »g 3 e  ^  s o  t h a t  t h e  p r o b l e m  w h i c h  

i s  d i s c u s s e d  h e r e  i s  f u l l y  s o l v e d  f o r  t h e  c a s e  o f  K, h a v i n g  

r i n g  c l a s s  n u m b e r  o n e .  As a  r e s u l t  t h e  p a p e r  a t t e m p t s  t o  e x ­

p a n d  o n  t h e  w o rk  o f  H. Cohn  who d e a l t  w i t h  t h e  tw o  s p e c i f i c  

d i o p h a n t i n e  e q u a t i o n s  o v e r  <fc(t),  w h i c h  h a d  s p e c i f i c  v a l u e s  

f o r  g 2 , g 3  a n d  w h i c h  c o r r e s p o n d e d  t o  t h e  tw o  c a s e s  K =

( t  « 4 p ^ ( u ) )  a n d  K = C ( / - T ) ( t  = 4 p 3 ( u ) ) .  C o n c l u d i n g  r e m a r k s  

a b o u t  s o l v i n g  t h e  p r o b l e m  f o r  K h a v i n g  r i n g  c l a s s  n u m b e r  

g r e a t e r  t h a n  o n e  a r e  m a d e .
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The  b a s i c  r e s u l t s  o f  t h i s  p a p e r  a r e  c o n s e q u e n c e s  o f  

r e s u l t s  i n  e l l i p t i c  f u n c t i o n  t h e o r y  h a v i n g  t o  do  w i t h  e l l  i p t i c  

i n t e g r a l s  o f  t h e  f i r s t  k i n d .  We f i r s t  c h a r a c t e r i z e  t h e  f o r m 

o f  a l l  r a t i o n a l  s o l u t i o n s  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) .  The  

r a t i o n a l  s o l u t i o n s  a r e  d e r i v a b l e  f r o m  t h e  s u b s t i t u t i o n s

* « «  -  i ^ 1  *«*> -  » -  p(u>

i n  w h i c h  w = 0 , w^,to2 ,u)^ + io2 . As a  c o r o l l a r y  we show 

t h r o u g h  a  m i n o r  c h a n g e  i n  n o t a t i o n ,  a  r e l a t i o n s h i p  b e t w e e n  

t h e  m o d u l a r  i n v a r i a n t s  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) i n  m o d i ­

f i e d  f o r m ,  a n d  t h e  e l l i p t i c  c u r v e  E ,  a d m i t t i n g  c o m p l e x  

m u l t i p l i c a t i o n  by  U s i n g  t e c h n i q u e s  e s t a b l i s h e d  i n  e l l i p t i c  

f u n c t i o n  t h e o r y ,  we p r o v e  t h a t  t h e  c o m p l e x  m u l t i p l i e r  A, 

a s s o c i a t e d  w i t h  a  u n i q u e  r a t i o n a l  s o l u t i o n  ( x ( t ) , y ( t ) ) ,  m u s t  

b e  o f  a  c e r t a i n  f o r m .  N e x t ,  we c o n s t r u c t  a l l  r a t i o n a l  s o l u ­

t i o n s  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) b y  u s i n g  t h e  a d d i t i o n  

t h e o r e m s  v a l i d  f o r  t h e  W e i e r s t r a s s  f u n c t i o n ,  p ( u ) . When b o t h  

X ,y  a r e  n o n - z e r o ,  we u s e  t h e  e x p r e s s i o n :

e ^ p ( u )  + ( 2 e ^ - ( l / 4 ) g 2 )
P<u + “i >  ■ -------------- p < u ) - e . ----------------- e t  * P < V '

I

t o  f i n d  t h e  a s s o c i a t e d  r a t i o n a l  s o l u t i o n  ( x ( t ) , y ( t ) ) .  S p e c i f i c  

e x a m p l e s  a r e  w o r k e d  o u t  f o r  t h e  c a s e s  K = a n d  K -

A c t u a l  a p p l i c a t i o n s  t o  e a c h  o f  t h e  t h i r t e e n  d i o p h a n t i n e  e q u a ­

t i o n s  w i t h  s p e c i f i c  g ^ g ^ ,  a n d  c o r r e s p o n d i n g  r e s p e c t i v e l y  t o  

t h e  t h i r t e e n  i m a g i n a r y  q u a d r a t i c  r i n g s ,  h a v i n g  c l a s s  n u m b e r  o n e ,  

a r e  m a d e .  F i n a l l y ,  we a n a l y z e  f o r  a l l  p o s s i b l e  c a s e s  t h e  

s m a l l e s t  f i e l d  o f  c o n t a i n m e n t  f o r  t h e  r a t i o n a l  s o l u t i o n s  

( x ( t ) , y ( t ) )  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) .
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S i n c e  t h e r e  i s  a n  e x p r e s s i o n  w h i c h  e x p l i c i t l y  d e s c r i b e s  

t h e  W e i e r s t r a s s  e l l i p t i c  f u n c t i o n  p ( u )  i n  t e r m s  o f  t h e  

J a c o b i a n  e l l i p t i c  f u n c t i o n  s n ( u ; k )  (k -  m o d u l u s ) ;  i n  c o n c l u ­

s i o n ,  we w o n d e r ,  a s  a  p o i n t  f o r  f u t u r e  i n v e s t i g a t i v e  s t u d y ,  

a s  t o  w h e t h e r  t h e  e n s u i n g  t h e o r y  r e s t i n g  o n  r e s u l t s  o f  

W e i e r s t r a s s  e l l i p t i c  f u n c t i o n s  c a n  b e  a p p l i e d  i n  some m o d i ­

f i e d  f o r m  t o  J a c o b i a n  e l l i p t i c  f u n c t i o n s  a s  w e l l .



A c k n o w l e d g e m e n t s

T h e r e  a r e  s e v e r a l  p e o p l e  I  m u s t  t h a n k  f o r  h e l p i n g  me 

r e a c h  t h e  s t a g e  I  h a v e  a c h i e v e d  a t  t h i s  p r e s e n t  d a y .  F o r ,  

i t  i s  w i t h o u t  t h e m  t h a t  I  w o u l d  n e v e r  h a v e  a c c o m p l i s h e d  

t h i s  a c h i e v e m e n t .  F i r s t ,  I  w o u l d  l i k e  t o  t h a n k  my a d v i s o r ,

D r .  Cohn n o t  o n l y  f o r  t h e  e n c o u r a g e m e n t ,  p a t i e n c e ,  a n d  t i m e  

h e  g a v e  me d u r i n g  t h e  p r e p a r a t i o n  o f  t h i s  t h e s i s ,  b u t  f o r  

h i s  p e r c e p t i v e n e s s ,  i n  d e t e r m i n i n g  a t o p i c  t h a t  c o i n c i d e s  

w i t h  my m a t h e m a t i c a l  n e e d s ,  a n d  t h a t  c a p t i v a t e d  my i n t e r e s t ,  

r i g h t  f r o m  t h e  s t a r t .  I t  i s  o f t e n  t h a t  I  h a v e  h e a r d  o f  

s t u d e n t s  n o t  b e i n g  g e n u i n e l y  i n t e r e s t e d  i n  a  t o p i c  t h a t  h a s  

p r e v i o u s l y  b e e n  s e l e c t e d  f o r  t h e m .  I t  i s  w i t h  t h i s  g e n u i n e  

i n t e r e s t ,  m o t i v a t e d  b y  my a d v i s e r ,  t h a t  I  h a v e  l e a r n e d  t o  b e  

m a t h e m a t i c a l l y  m ore  c o n f i d e n t  a n d  m a t u r e .  S e c o n d l y ,  I  m u s t  

t h a n k  my m o t h e r ,  a n d  my f a t h e r  ( / "  3  ) , w h o  a l w a y s  w a n t e d  my 

b r o t h e r  a n d  I  t o  a c h i e v e  a  g o o d  e d u c a t i o n .  F o r  r o o t e d  i n  t h e  

d e e p  t r a d i t i o n a l  v a l u e s  o f  J u d a i s m ,  I  was  n o t  o n l y  t a u g h t  

t o l e r a n c e  o f  o t h e r s  a n d  a  s e n s e  o f  r a t i o n a l i t y  b u t  a  d e t e r m i n a ­

t i o n  t o  s t r i v e  f o r  s p e c i f i c  g o a l s .  T h i s  s e n s e  o f  t o l e r a n c e  

a n d  r a t i o n a l i t y  h a s  c o n s i s t e n t l y  h e l p e d  me i n  l o g i c a l  r e a s o n i n g  

s o  n e c e s s a r y  i n  u n d e r s t a n d i n g  a n d  p e r f o r m i n g  m a t h e m a t i c s .  T h u s ,  

i t  i s  w i t h  p r i d e  t h a t  I ,  a n  o f f s p r i n g  o f  p a r e n t s  who g re w  up 

i n  K o s t o p o l ,  a  tow n  i n  e a s t e r n  P o l a n d  ( p r o v i n c e  o f  W o l y n ) , a n d  

who s u r v i v e d  a n  i n c o n c e i v a b l e  H o l o c a u s t ,  c a n  s h a r e  w i t h  o t h e r s  

t h e  k n o w l e d g e  I  h a v e  l e a r n e d  i n  t h i s  p a p e r .
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1

S e c t i o n  1 : B a c k g r o u n d

G i v e n  t h e  d i o p h a n t i n e  e q u a t i o n

4 t 3 x ( t ) 3 -  g 2 t x ( t )  -  g 3 = y ( t ) 2 ( 4 t 3 - g 2 t - g 3 ) (1)

9 2 ' g 3 6  4

w h e r e  x ( t )  , y ( t )  a r e  r a t i o n a l  f u n c t i o n s  i n  < f ( t ) .

We w o u l d  l i k e  t o  c h a r a c t e r i z e  a l l  r a t i o n a l  s o l u t i o n s  x ( t ) , 

y ( t )  €  <fc(t) s a t i s f y i n g  t h i s  d i o p h a n t i n e  e q u a t i o n .  The  

f o l l o w i n g  d i s c u s s i o n  w i l l  c l a r i f y  t h e  tw o  c a s e s :

( 1 ) d e g  x ( t ) = d e g  y ( t )

( 2 ) d e g  x ( t )  ^  d e g  y ( t )

O u r  r e s u l t s  w i l l  b e  d i s c u s s e d  s h o r t l y .

1 . 1 : The m e a n i n g  o f  c o m p l e x  m u l t i p l i c a t i o n

Any e l l i p t i c  c u r v e ,  E ,  i s  i d e n t i f i e d  w i t h  t h e  g r o u p  ( t /L  w h e r e  

L i s  g e n e r a t e d  b y  t h e  p e r i o d s  2w^,  w i t h  I m fo j ^ /u ^ )  > 0 .

The  c o m p l e x  a n a l y t i c  e n d o m o r p h i s m s  o f  t h e  l a t t i c e  L w h i c h  p r e ­

s e r v e  t h e  e l l i p t i c  c u r v e  E ,  ot(x) = Xx, X = (j:, x  G L a r e  

i d e n t i f i e d  w i t h  t h e  m u l t i p l i c a t i o n  b y  a c o m p l e x  n u m b e r ,  X, 

s u c h  t h a t  2cj^X, 2oj2 X e  l .  T h e s e  e n d o m o r p h i s m s  o f  t h e  l a t t i c e  

f o r m  a  r i n g  w h i c h  a l w a y s  c o n t a i n  t h e  i n t e g e r s ,  i . e . ,  X €  g  _ 

t h e  r e a l  m u l t i p l i c a t i o n s . The o t h e r  c o m p l e x  a n a l y t i c  e n d o m o r ­

p h i s m s  ( i f  any)  a r e  g i v e n  b y  c o m p l e x  n u m b e r s  a n d  a r e  c a l l e d  

c o m p l e x  m u l t i p l i c a t i o n s . A l t h o u g h  t h e  r e a l  m u l t i p l i c a t i o n s  

a r e  a  s u b s e t  o f  t h e  c o m p l e x  m u l t i p l i c a t i o n s ,  we s a y  t h e  e l l i p ­

t i c  c u r v e  a d m i t s  c o m p l e x  m u l t i p l i c a t i o n s ,  o n l y  w hen  t h e  e n d o m o r ­

p h i s m  r i n g  o f  E ( o r  e n d o m o r p h i s m  r i n g  o f  (f /L) c o r r e s p o n d s  t o  

t h e  m u l t i p l i c a t i o n  o f  c o m p l e x  n u m b e r s  X ,  X £ Z.  The  t h e o r y  

s h o w s  t h a t  a l l  c o m p l e x  m u l t i p l i e r s  b e l o n g i n g  t o  End E ( i . e . ,



t h e  c o r r e s p o n d i n g  e l l i p t i c  c u r v e  t o  l a t t i c e  L a d m i t s  t h e  c o m ­

p l e x  m u l t i p l i c a t i o n s ,  X . ) b e l o n g  t o  t h e  r i n g  o f  i n t e g e r s ,  9 ^  

o f  some i m a g i n a r y  q u a d r a t i c  f i e l d ,  K = *$(/d)  (d < 0 ,  d s q u a r e

f r e e ) .  The g e n e r a t i n g  b a s i s  f o r  9 i s  g i v e n  by [ l , a ]  w h e r e

f  /cT d £ 1 (mod 4)

\ } - ^ 2  d  = 1 (mod 4)

I n  p a r t i c u l a r  E n d  E = Z + f e . .  = [ l , f a ]  = 9 ,  w h e r e  f  = r i n gK £
c o n d u c t o r  o f  E nd  E.

1 . 2 :  Why we r e s t r i c t  o u r s e l v e s  t o  e  $

L e t  L b e  t h e  l a t t i c e  [ 2 w ^ , 2 u)2 ] a n d  <fc/L t h e  c o m p a c t

R ie m a n n  s u r f a c e  o f  g e n u s  o n e ,  d e s c r i b e d  e a r l i e r .  An e l l i p t i c  

f u n c t i o n  w i t h  p e r i o d s  i n  L i s  a  m e r o m o r p h i c  f u n c t i o n  on (f w h i c h  

i s  i n v a r i a n t  u n d e r  t h e  t r a n s l a t i o n :  u ►—► u + u  w h e r e  oj =

2 a u ^  + a , b  e  I . D e f i n e  c o m p l e x  n u m b e r s  g 3 , g 3 a n d  m e r o ­

m o r p h i c  f u n c t i o n s  p ( u )  a n d  p ' ( u )  on  <$ b y

^ 2  ~ ^  = 60E(>) ^

g 3  = g 3 (L) = 140EO."6

p ( u) = p ( u ; L ) = u - 2  + E { (u-oj) 2 - u  2 } 

p ' ( u )  = p '  ( u ; L )  = -2 E (u - 'o j ) ~ 3

w h e r e  e a c h  o f  t h e  a b o v e  s u m s ,  E ,  a r e  t a k e n  o v e r  a l l  n o n - z e r o  

w i n  L.  By e l l i p t i c  f u n c t i o n  t h e o r y  w e  f i n d  t h a t

p£ ( u ) 2 = 4 p L (u)  3 -  g 2PL ( u ) - g 3> g 3 -  2 7 g 2 t  0 .

I n  a d d i t i o n ,  t h e  f i e l d  o f  a l l  e l l i p t i c  f u n c t i o n s  w i t h  p e r i o d s

i n  L i s  t h e  same a s  C ( oT (u) , p '  (u) ) , t h e  f i e l d  o v e r  (£, g e n e r ­ic ij

a t e d  by p ^ t u )  a n d  p  ̂ (u)  .



L e t  E b e  t h e  a l g e b r a i c  c u r v e  w i t h  a " z e r o "  p o i n t  C00, ^ ,  g i v e n  

b y  ( X, Y) e  <£ s u c h  t h a t :

y 2 = 4X3 -  g 2 X -  g 3 -  2 7 g 2 f  0

y = p ' ( u )  X = p ( u )

T h e  map u  e  (£ i—► ( p ( u ) ,  p ' ( u ) )  e  E,  r e f e r r e d  t o  e a r l i e r ,  d e ­

s c r i b e s  t h e  i s o m o r p h i s m  o f  cf/L o n t o  E;  E i s  v i e w e d  a s  a c o m p l e x

m a n i f o l d ,  w i t h  d i f f e r e n t i a l  d x / y ,  w h i c h  p u l l s  b a c k  t o  t h e
2 3d i f f e r e n t i a l  d u ,  on  C. Any e l l i p t i c  c u r v e  y = 4X -  g 2X -  g ^ ,  

3 2g 2  -  2 7 g 3 ^ 0 i s  i d e n t i f i e d  w i t h  a m o d u l a r  i n v a r i a n t  j L = 

j  ( o)^/ L02 ) • a  n u m b e r  w h i c h  d e p e n d s  on t h e  l a t t i c e  L, Im( )

> 0 , n a m e l y

3 l  = 2 6 - j 3  - T 2 2 - !

w h e r e  g 2 , <33 a r e  t h e  p r e v i o u s l y  d e f i n e d  c o m p l e x  numbers  d e ­

p e n d i n g  o n  t h e  l a t t i c e ,  L.

On t h e  o t h e r  h a n d ,  g i v e n  a n y  v a l u e  f o r  j ^ ,  o n e  c a n  a lw ays  

f i n d  an  e l l i p t i c  c u r v e  w i t h  i n v a r i a n t  j _ , n a m e l yJj

3

Y2  = 4X3 -  cX -  c  c  = g 2 = g ^

w i t h

c —27
_ 6  - 3  c 3 . 6  -3 c] T = 2 *3 •  ̂ *- = 2 *3 *

L c  - 2 7 c

w h i c h  when s o l v e d  f o r  c :

2 7 j T
c =

j L- 2 6 ' 3 3

F o r  t h e  tw o  s p e c i a l  c a s e s ,  j L = 0 ,  j  = 2 6 *33 , we a s s o c i a t e

t h e  c u r v e s

Y2 = 4X3 - 1  w i t h  j L = 0
a n d

-> t  6 3
Y“ = 4X~-X w i t h  j L = 2 *3 .



4

T h i s  shows  t h a t  g2 < g ^  ~ $ ^

T h e r e f o r e ,  why d c  we r e s t r i c t  o u r  d i s c u s s i o n  i n  t h i s  p a p e r  t o

j L 6  4?

We r e c a l l  t h a t

End  E = r i n g  o f  e n d o m o r p h i s m s  o f  l a t t i c e  L w h i c h  p r e ­

s e r v e  t h e  e l l i p t i c  c u r v e  E a n d  k e e p  t h e  " z e r o "  p o i n t  o f  E, 

f i x e d .

L = [2oi^ ,  2l>2 1 I m f w ^ / u ^ )  > 0.

I n  g e n e r a l ,  E n d  E = Z ,  u n l e s s  K = $(w^/od2 ) (= ©(X) , when X i s

a co m p le x  m u l t i p l i e r )  i s  an  i m a g i n a r y  q u a d r a t i c  f i e l d .  So 

K = i s  an i m a g i n a r y  q u a d r a t i c  f i e l d ,  i f  t h e  e l l i p t i c

c u r v e  E a d m i t s  c o m p l e x  m u l t i p l i c a t i o n s .  A c c o r d i n g  t o  t h e  

t h e o r y ,  = j  ( oj^ / wj) i s  an  a l g e b r a i c  i n t e g e r ,  i f  E a d m i t s  

c o m p le x  m u l t i p l i c a t i o n s .  T h i s  m e an s  < °°, f o r  byLi
S i e g e l ' s  t h e o r e m  (see [ 2 ] ,  p g .  1 - 3 )  i f  i s  a n a l g e b r a i c

i n t e g e r  i n  t h e  u p p e r  h a l f - p l a n e  n o t  b e l o n g i n g  t o  a  q u a d r a t i c  

i m a g i n a r y  f i e l d ,  then j ( w ^ / u ) 2 ) i s  t r a n s c e n d e n t a l .  E s p e c i a l l y ,  

b y  th e  t h e o r y  t h e  d e g r e e  ( ® ( j L ) : (J)] <_ h^  w h e r e  f  = r i n g  c o n ­

d u c t o r  o f  End E and h = r i n g  c l a s s  n u m b e r  o f  K = ) •

The  d e g r e e  o f  j  over $  e q u a l s  t h e  c l a s s  n u m b e r ,  h ,  when f  = 1.L i

When e  i . e . ,  w hen  9 ^ 9 3  e  c l a s s  n u m b e r  h^  o f  t h e

c o r r e s p o n d i n g  i m a g i n a r y  q u a d r a t i c  f i e l d  K i s  o n e ,  f o r  f  _> 1 .  

T h e r e f o r e ,  why d o  we r e s t r i c t  o u r  d i s c u s s i o n  i n  t h i s  p a p e r  t o  

a  K = $ ( u) ^ / oj2 ) (w h ich  c o n t a i n s  t h e  r i n g  o f  c o m p l e x  m u l t i p l i e r s  

f o r  o u r  c u r v e ,  E )  h a v i n g  c l a s s  n u m b e r  o n e ,  f  _> 1? Assume 

> 1 ,  i . e . ,  j  £ By t h e  t h e o r y ,  t h e  e l l i p t i c  c u r v e s  E 

a d m i t t i n g  c o m p l e x  m u l t i p l i c a t i o n ,  a n d  h a v i n g  g i v e n  e n d o m o r p h i s m



r i n g  0^ = End E a r e  i n  o n e  t o  o n e  c o r r e s p o n d e n c e  w i t h  t h e  

c l a s s  g r o u p  o f  9 ^ ,  9^ = Z + f 0 ^.. T h i s  m eans  t h a t  t o  e a c h  

e l e m e n t  o f  t h e  c l a s s  g r o u p  o f  0 ^ ,  t h e r e  c o r r e s p o n d s  a u n i q u e  

e l l i p t i c  c u r v e ;  e a c h  o f  t h e s e  e l l i p t i c  c u r v e s  h a s  t h e  same 

r i n g  o f  e n d o m o r p h i s m s ,  0 ^ .  On t h e  o t h e r  h a n d ,  g i v e n  t h e  

e n d o m o r p h i s m  r i n g  0 ^ ( f  >_ 1 ) , t h e r e  a r e  f i n i t e l y  many e l l i p t i c  

c u r v e s - p r e c i s e l y , t h e  t h e o r y  s h o w s  t h a t  t h e r e  a r e

h f  = | c l a s s  g r o u p  o f  0 f |

= r i n g  c l a s s  n u m b e r  o f  t h e  i m a g i n a r y  q u a d r a t i c  f i e l d ,

K,  s u c h  e l l i p t i c  c u r v e s .  As a n  e x a m p l e ,  w hen  f  = 1 ,  t h e  c l a s s

g r o u p  o f  0 £ i s  m e r e l y  t h e  g r o u p  o f  i d e a l  c l a s s e s  o f  e R . L e t

u s  r e s t r i c t  t h i s  d i s c u s s i o n  t o  t h e  c a s e  f  *  1 , c l a s s  number

h  > 1 a n a  a n a l y z e  t h e  c o n s e q u e n c e s .  I n  t h i s  c a s e  we h a v e  f o r

e a c h  e l l i p t i c  c u r v e  E . ,  0£ = End E . = e v  = f u l l  r i n g  o f  i n t e -i  r  i  is. ——

g e r s  o f  t h e  i m a g i n a r y  q u a d r a t i c  f i e l d  K, 1 < i  < h .  By de­

f i n i t i o n ,  E ^ ,  i s  i s o g e n o u s  t o  E2 , i f  t h e  l a t t i c e  c o r r e s p o n ­

d i n g  t o  t h e  c u r v e  E^ i s  r e l a t e d  t o  t h e  l a t t i c e  L2 , c o r r e s p o n d i n g  

t o  t h e  c u r v e  E2 , o n l y  when  t h e r e  e x i s t s  a n  a  €  x w i t h  oiL^ c  l 2 .

We c l a i m  t h a t  i n  o u r  c a s e ,  f  = 1 ,  h ^  > 1;  E ^ , E2 , . . . , E^  i s  a 

f u l l  e q u i v a l e n c e  c l a s s  o f  i s o g e n i c  c u r v e s ,  i f  t h e  r e s p e c t i v e  

l a t t i c e s ,  t o  e a c h  o f  t h e  e l l i p t i c  c u r v e s  E^

(1 _<•£<_ h) a r e  c o n t a i n e d  i n  t h e  i m a g i n a r y  q u a d r a t i c  f i e l d ,  K. 

A p p l y i n g  t h i s  d e f i n i t i o n  a s  f o l l o w s ,  we s u p p o s e  End E^ = End E2 . 

W i t h o u t  l o s s  o f  g e n e r a l i t y ,  a s s u m e  a l s o  = [1 , t ] ,  I >2 = [ 1 , x ' ]

w h e r e  t  = oj^/oj2 , t 1 = w^/w2 a r e  b o t h  i m a g i n a r y  q u a d r a t i c  num­

b e r s  w i t h  a p o s i t i v e  i m a g i n a r y  p a r t .  Assum e t , t '  g K = •

T h e n  E^ i s  i s o g e n o u s  t o  E2 . T h i s  i s  t h e  c a s e ,  b e c a u s e
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t  = a x '  + b ,  f o r  a  > 0 ( I m( x )  > 0 ) , b  € (J i m p l i e s  1 *L^ c  I ^ ;

w h i c h  m eans  t h a t  a n y  c o m p l e x  m u l t i p l i e r  a  € 0 s a t i s f i e s

a*L^ c  C L j .  A s i m i l a r  a r g u m e n t  sh o w s  E2 i s  i s o g e n o u s  t o

E^ .  ( I n  p a r t i c u l a r ,  t h e  s e t  o f  e l l i p t i c  c u r v e s  w i t h  6 ^ =

End E„. = Q„ i s  a  f u l l  e q u i v a l e n c e  c l a s s  o f  i s o g e n i c  c u r v e s )  . z K _

T h i s  means  t h e r e  e x i s t s  a  c o r r e s p o n d e n c e  i n  w h i c h  a n y  E . ,

1  <_ i  £  h ;  h  = c a r d i n a l i t y  o f  t h e  c l a s s  g r o u p  0 ^ ;  i n  t h e  s e t ,

i s  i s o g e n o u s  t o  a n y  s e l e c t e d  E j , 1 <_ j  <_ h .  The  f o l l o w i n g

t h e o r y  p r o d u c e s  a  c o r r e s p o n d e n c e  b e t w e e n  d i o p h a n t i n e  e q u a t i o n

2 3(1) a n d  t h e  e l l i p t i c  c u r v e  E ;  y = 4x  -  g 2 x “ 9 3 * I f  h  > 1 ,  

i . e . ,  ? 2 ' ^ 3  ^  t h e  f ° i i ° wi n 9  t h e o r y  w i l l  show  t h a t  p e r h a p s  

more  t h a n  o n e  e l l i p t i c  c u r v e  E ( a l l  i s o g e n o u s ,  h o w e v e r ,  b u t  

n o t  n e c e s s a r i l y  i s o m o r p h i c )  w o u l d  b e  a s s o c i a t e d  w i t h  d i o p h a n ­

t i n e  e q u a t i o n  ( 1 ) .  T h u s ,  we a r e  i n t e r e s t e d  i n  a s s o c i a t i n g  

d i o p h a n t i n e  e q u a t i o n  (1) w i t h  o n e , u n i q u e  c u r v e  E.  T h i s  m eans  

we w a n t  t h i s  e l l i p t i c  c u r v e  E t o  a d m i t  c o m p l e x  m u l t i p l i c a t i o n s  

t h a t  b e l o n g  t o  t h e  r i n g  o f  i n t e g e r s  o f  some i m a g i n a r y  q u a d r a t i c  

f i e l d  K, h a v i n g  c l a s s  n u m b e r  o n e .  I n  t h e  c a s e  o f  c l a s s  n u m b e r  

o n e  t h e r e  a r e  t h i r t e e n  c o r r e s p o n d i n g  e l l i p t i c  c u r v e s  w h i c h  do 

i n d e e d  h a v e  e  T h e s e  t h i r t e e n  e l l i p t i c  c u r v e s  d e f i n e d

o v e r  w i l l  b e  e x p l i c i t l y  o u t l i n e d  l a t e r .



/

S e c t i o n  2 :  D i s c u s s i o n

R e c a l l  t h e  e l l i p t i c  c u r v e

n 2  = 4 £ 3 -  g 2 C " g 3 ^ 2  ~ 2 7 9 3 ^  0 g 2 ' g 3 6  ^

i s  s o l v a b l e  by  W e i e r s t r a s s  e l l i p t i c  f u n c t i o n s  c o n t a i n e d  i n  t h e  

e l l i p t i c  f u n c t i o n  f i e l d ,  £ ( p  ( u ) , p ^ ( u ) ) L = [ 2 <u ̂ , 2 co 2 ^ ' n a m e l y ,

a n d  u ,  a  v a r i a b l e  i n  < f c ( p _ ( u ) , p ' ( u ) ) .  T h i s  c u r v e  g e n e r a t e s  a1j  L i

R ie m an n  s u r f a c e  o n  w h i c h  t h e  d i f f e r e n t i a l  o f  t h e  f i r s t  k i n d  

d (p (u) ) / p  ' (u) = d u  i s  d e f i n e d .

2 . 1 : B a s i c  fo rm  o f  a l l  r a t i o n a l  s o l u t i o n s  ( ? f ( t ) , y ( t ) )

L e t  ( x ( t ) , y ( t ) )  b e  a  s o l u t i o n  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) .  

S e t  A ( u ) , B(u)  a s  f o l l o w s :

w h e r e  x ( p ( u ) ) , y ( p ( u ) ) € R a t  f u n c t i o n s  {p ( u ) }.  S i n c e  x ( p ( u ) ) ,  

y ( p ( u ) )  a r e  b o t h  r a t i o n a l  f u n c t i o n s  i n  p ( u )  we c a n  s e t  p{u)  = t  

i n  t h e  f u n c t i o n s  x ( p ( u ) ) ,  y ( p ( u ) ) ,  t h e r e b y  o b t a i n i n g  r a t i o n a l  

f u n c t i o n s  i n  t .

I n  (1) we s u b s t i t u t e  f o r  ( x ( t ) , y ( t ) )

£ » p (u) n = p ' (u) ( 2 )

A ( u)  = x ( p ( u ) ) p ( u )  B (u)  = y ( p ( u ) ) p ' ( u ) (3)

( 3 ' )

t o  o b t a i n

( 4 p 3 ( u ) - g 9p ( u ) - g 3 ) .
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By c a n c e l l a t i o n  a n d  s t a t e m e n t  (2)  we p r o d u c e  t h e  e l l i p t i c  

c u r v e

4A3 (u) -  g 2 A( u)  -  g 3 = B2 (u)  (4)

q \  -  2 7 g 2 * 0 j L € $

w h i c h  i s  a s s o c i a t e d  w i t h  t h e  u n i q u e  d i f f e r e n t i a l  o f  t h e  f i r s t  

k i n d  d (A ( u ) ) / B ( u ) . By e l l i p t i c  f u n c t i o n  t h e o r y  

A (u )  -  p U )  B (u)  * p '  ( g o )

f o r  some v a r i a b l e  g o ,  t o  b e  d e t e r m i n e d  l a t e r .  S i n c e  t h e  d i m e n ­

s i o n  o f  t h e  s p a c e  o f  h o l o m o r p h i c  d i f f e r e n t i a l s  o n  a  c o m p a c t  

R ie m a n n  s u r f a c e  o f  g e n u s  o n e ,  e q u a l s  o n e ,  we f i n d

" b* /u7 -  ~ dM * xdu  ‘ <4, )

f o r  some X e  <E*. T h i s  i m p l i e s  g o  = Xu + y ,  y d e t e r m i n e d  m o d u l o  

t h e  l a t t i c e  [2 u> , 2 co2 ] a s s o c i a t e d  w i t h  p ( u ) .

T h e r e f o r e

A( u)  *  p ( Xu+y)
(5)

B (u)  = p ' ( Xu+y)

I n  p a r t i c u l a r  we n o t e  t h a t  b y  s t a t e m e n t  (3)  a n d  t h e  s y m m e t r y  

o f  t h e  e l l i p t i c  f u n c t i o n  p ( u )

A ( - u )  = A ( u ) .

W i t h  s t a t e m e n t  ( 5 ) ,  t h i s  m e an s

p( Xu+y)  = p ( X ( - u ) + y )  = p ( -  Xu+y)

a n d  t h e n  e i t h e r

Xu + y = -X u  + u mod{2(Jj1 / 2(i)2 }, i m p o s s i b l e

o r

Xu + y E - ( - X u + y )  mod{2(A)1 , 2 (j02  }



T h e r e f o r e  s t a t e m e n t  (5)  b e c o m e s  

A( u)  = p ( Au+u)
( 5 ' )

B( u)  = p ' ( Au+y)

w i t h  t h e  c o n d i t i o n s  y = 0 , , u>2 > + <*>2  = ^ 3 *

T h i s  l e a d s  u s  t o  t h e  f o l l o w i n g  c o n c l u s i o n :

T h e o r e m  1 : We c a n  d e r i v e  i n f i n i t e l y  many s o l u t i o n s  ( x ( t ) , y ( t ) )

€ ( f ( t )  s a t i s f y i n g  d i o p h a n t i n e  e q u a t i o n  ( 1 ) ,  o n l y  by  way o f  t h e  

s u b s t i t u t i o n s

y(tl . , t ‘. p(u).
I n  t h e  p r o c e s s ,  we c o n s i d e r  t h a t

X = p ( u )  Y = p ' (u)

2 3 3 2
p a r a m e t r i s e  Y = 4X g 2 X - g 3 , g 2  - 2 7 g 3 5* 0 ;  9 2 , g 3 e  $  a n d

U = 0 » * (*>2 1 ^ 2  *

Remark  1

S t a t e m e n t s  ( 3 ) ,  ( 3 ' )  a n d  ( 5 ' )  a r e  n e c e s s a r y  c o n d i t i o n s  f o r  d e ­

r i v i n g  r a t i o n a l  s o l u t i o n s  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) .  I n  

e f f e c t ,  we w i l l  o b s e r v e  t h a t  a l l  r a t i o n a l  s o l u t i o n s  c o r r e s p o n d  

t o  c o m p l e x  ( c r  r e a l )  m u l t i p l i e r s ,  A. By t h e  f o l l o w i n g  lemma 

we c l a i m  t h e y  a r e  s u f f i c i e n t  c o n d i t i o n s  a l s o ,  f o r  d e r i v i n g  

s o l u t i o n s  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) .

Lemma 1 . I f  A i s  a  c o m p l e x  ( o r  r e a l )  m u l t i p l i e r ,  2u = 0 mod 

,2a)- ,} t h e n  p ( Au+y)  i s  a  r a t i o n a l  f u n c t i o n  i n  p ( u ) .
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P r o o f . S u p p o s e  p ( u )  h a s  r e a l  p e r i o d  2to^ a n d  c o m p l e x  p e r i o d

L e t  A = m + m  m ,n  e  Z; t e  $ w h e r e  a e  r i n g  o f  e n d o ­

m o r p h i s m s  o f  t h e  g i v e n  l a t t i c e .  We a r e  a s s u m i n g  t h a t  t h e  

l a t t i c e  L c o r r e s p o n d i n g  t o  p ( u )  a d m i t s  c o m p l e x  m u l t i p l i c a t i o n  

b y  X. T h i s  i m p l i e s

p ( u + 2 (u1 ) = p ( u )  

p ( u + 2 a>2 ) = p (u) .

Th en

( 1 ) p ( A ( u + 2 cj^))  = p ( Au+ • 2 (jj^) = p ( A u ) ,  A • 2 c  L

(11)  p ( A ( u + 2 uj2 ) )  = p ( Au+A • 2 ^ 2 ) = p ( X u ) ,  \ m2 ^ ^  C L

By

(1) p(Xu+2u)1 ) = p ( Xu)

(11)  p ( Xu+2oj2  ) = p ( Xu)

T h e r e f o r e ,  a n y  p e r i o d  o f  p ( u )  w i l l  b e  a  p e r i o d  o f  p ( A u ) ,  when 

X i s  a  c o m p l e x  ( o r  r e a l )  m u l t i p l i e r .  I n  a d d i t i o n ,  a n y  p e r i o d  

o f  p ( u )  i s  a  p e r i o d  o f  p ( A u + p ) ;  e s p e c i a l l y  w hen  p = 0 , oj2 '

a»i + 0̂ 2 • T h i s  m e an s  t h a t  t h e  q u o t i e n t  p ( A u + y ) / p ( u )  i s  an  

e l l i p t i c  f u n c t i o n  w i t h  t h e  same p e r i o d  l a t t i c e  a s  p ( u ) .  K e e p i n g  

i n  m in d  2 y = 0 m od{ 2 u)^,2 to2 } a n d  p ( - u )  = p ( u ) ,  we h a v e  t h a t  

p ( A u + y ) / p ( u )  i s  a n  e v e n  e l l i p t i c  f u n c t i o n ,  a n d  i s  t h e r e b y  e x ­

p r e s s i b l e  a s  a  r a t i o n a l  f u n c t i o n ,  h a v i n g  c o m p l e x  c o e f f i c i e n t s ,  

o f  t h e  f u n c t i o n  p ( u ) ,  w i t h  t h e  same p e r i o d  l a t t i c e  a s  p ( u ) .

T h u s  p( Au+y)  i s  a  r a t i o n a l  f u n c t i o n  i n  p ( u ) .

Rem ark  2

The  a b o v e  s t a t e m e n t s  m o t i v a t e  t h e  f o l l o w i n g  c o n c l u s i o n s :  E v e r y  

r a t i o n a l  s o l u t i o n  ( x ( t ) , y ( t ) )  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) i s



i n t r i n s i c a l l y  o f  t h e  g i v e n  fo r m  d e s c r i b e d  by  s t a t e m e n t s  ( 3 ' )  

a n d  ( 5 ' )  i f  a n d  o n l y  i f  \ i s  a c o m p l e x  ( o r  r e a l )  m u l t i p l i e r .  

B e f o r e  we o u t l i n e  a n  e x p l i c i t  m e t h o d  f o r  c o n s t r u c t i n g  a n y  r a ­

t i o n a l  s o l u t i o n ,  l e t  u s  c o n s i d e r  t h e  f o l l o w i n g  c o r o l l a r y  im ­

p l i e d  b y  t h e  a b o v e  s t a t e m e n t s :

C o r o l l a r y  1 . L e t  t h e  c u r v e s  a n d  C2  b e  d e f i n e d  a s  f o l l o w s :

F o r  t h o s e  c o m p l e x  v a l u e s  o f  t  f o r  w h i c h  C2 i s  a n  e l l i p t i c  

c u r v e  h a v i n g  g e n u s  o n e  ( e . g . ,  t  = 0 , e x c l u d e d ) ,  t h e  c u r v e s  

a n d  C2  h a v e  t h e  same m o d u l a r  i n v a r i a n t s .  I n  t h i s  c a s e ,  

b y  t h e  t h e o r y ,  a n d  C2 , b o t h  v i e w e d  o v e r  <f, a r e  i s o m o r p h i c .

We a r e  t o  show  t h a t  C2 , when  v i e w e d  a s  a n  e l l i p t i c  c u r v e  h a s  

t h e  same m o d u l a r  i n v a r i a n t  a s  ; t  i s  a  f i x e d  c o m p l e x  n u m b e r .

g 2 '<?3 e  &

P r o o f . The  m o d u l a r  i n v a r i a n t ,  j  o f  i s  2 ^ * 3 ^ 3 . _ 2  • 
g 2 -  g 3

We w r i t e  C2  i n  t h e  f o r m  y^ = f ( x ) .



D e t e r m i n e  t h e  m o d u l a r  i n v a r i a n t  o f  C2 :

<4t3 - g 2 t - g 3 ) ^ 3

( 4 t 3 - g 2 t - g 3 )

= m o d u l a r  i n v a r i a n t  o f  C^ .

Rem ark  3

I t  i s  i m p o r t a n t  t o  e m p h a s i z e  t h a t  f o r  p a r t i c u l a r  g 2 ' 9 3  € 

i n  f a c t ,  f o r  t h i r t e e n  e x p l i c i t  p a i r s  o f  g 2  a n d  g ^ ,  we g e t  

t h i r t e e n  a s s o c i a t e d  e l l i p t i c  c u r v e s  a d m i t t i n g  c o m p l e x  m u l t i ­

p l i c a t i o n  i n  some i m a g i n a r y  q u a d r a t i c  f i e l d  K, o f  c l a s s  n u m b e r  

o n e .  I n  e f f e c t  t h e s e  t h i r t e e n  e l l i p t i c  c u r v e s  w i l l  c o r r e s p o n d  

t o  t h i r t e e n  d i o p h a n t i n e  e q u a t i o n s  w h o s e  f o r m  i s  d e s c r i b e d  by  

s t a t e m e n t  ( 1 ) .  So when  we d e t e r m i n e  g e n e r a l  s o l u t i o n s  o f  t h e  

c u b i c  c u r v e  ( 1 ) b y  t h e  a d d i t i o n  f o r m u l a s ,  we a r e  a c t u a l l y  d e ­

t e r m i n i n g  t h e  s o l u t i o n s  o f  t h e  t h i r t e e n  r e s p e c t i v e  d i o p h a n t i n e  

e q u a t i o n s  g i v e n  b y  t h e  p a r t i c u l a r  9 2 ' 3 3  € A l t h o u g h  we w i l l  

d e s c r i b e  t h e  e x p l i c i t  m e t h o d  f o r  d e r i v i n g  g e n e r a l  s o l u t i o n s  t o  

t h e  g e n e r a l  f o r m  d e s c r i b e d  b y  d i o p h a n t i n e  e q u a t i o n  ( 1 ) ,  i t  may 

b e  m o re  p r o d u c t i v e  t o  a t t a c k  t h e  p r o b l e m  d i r e c t l y  -  b y  d e t e r ­

m i n i n g  r a t i o n a l  s o l u t i o n s ,  t h r o u g h  t h e  a d d i t i o n  t h e o r e m s  o f  

o n e  o f  t h e  r e s p e c t i v e  t h i r t e e n  d i o p h a n t i n e  e q u a t i o n s  e a c h  

h a v i n g  e x p l i c i t  g 2 , g 3 - T h i s  p o i n t  w i l l  b e  a t t e m p t e d  i n  p a r t i c ­

u l a r  f o r  t h o s e  d i o p h a n t i n e  e q u a t i o n s  c o r r e s p o n d i n g  t o  t h e
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i m a g i n a r y  q u a d r a t i c  f i e l d s ,  K = <Q( / - 2 )  a n d  K = ® ( / ^ 7 )  . I n  

g e n e r a l ,  t h e  r a t i o n a l  s o l u t i o n  ( x ( t ) , y ( t ) )  a n d  i t s  a s s o c i a t e d  

m u l t i p l i e r ,  X s a t i s f i e s  s t a t e m e n t  ( 6 ) b e l o w .

2 . 2 ; D e t e r m i n i n g  t h e  a s s o c i a t e d  c o m p l e x  m u l t i p l i e r  X t o  a n y  

g i v e n  r a t i o n a l  s o l u t i o n  ( x ( t ) , y ( t ) ) .

T h e o r e m  2 . I n  t h e  p r o c e s s  o f  d e s c r i b i n g  a n y  g i v e n  r a t i o n a l

s o l u t i o n  (x  ( t ) , y ( t ) )  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) ,  i . e . ,

y = 0 , o)^, ul>2 > + ^ 2  = ^ 3

we f i n d  t h a t  t h e  u n i q u e  c o m p l e x  ( o r  r e a l )  m u l t i p l i e r  X,  a s s o c i ­

a t e d  w i t h  t h e  g i v e n  ( x ( t ) , y ( t ) )  s a t i s f i e s

X y ( t )  = t x * ( t )  + x ( t )  *  d ( t x ( t ) ) / d t  ( 6 )

P r o o f . The  a b o v e  r e m a r k s  show  t h a t  t h e  r a t i o n a l  s o l u t i o n s  

(x ( t ) , y ( t ) ) o f

4 t 3 x ( t ) 3 -  g 2 t x ( t )  -  g 3 = y ( t ) 2 ( 4 t 3 - g 2 t - g 3 )

g 2 ' g 3 €  ^  g 2  “ 2 7 g 3 * 0

a r e  c o n s t r u c t e d  b y  u s e  o f  t h e  W e i e r s t r a s s  e l l i p t i c  f u n c t i o n s
2 3( p ( u ) , p ' ( u ) )  p a r a m e t r i z i n g  t h e  c u r v e  w = 4 t  g 2 t  -  g 3 (7)  

w h o s e  r e s p e c t i v e  l a t t i c e  L̂ , a d m i t s  c o m p l e x  m u l t i p l i c a t i o n  by  

X.  The  a b e l i a n  d i f f e r e n t i a l  o f  t h e  f i r s t  k i n d  c o r r e s p o n d i n g  

t o  t h e  R ie m a n n  s u r f a c e  g e n e r a t e d  b y  c u r v e  (7)  i s  g i v e n  b y  

d t / w  = d u .  We c o n s i d e r  t h e  l a t t i c e ,  L2 , o b t a i n e d  by  m u l t i p l y i n g  

e a c h  e l e m e n t ,  u o f  by  t h e  c o m p l e x  ( r e a l )  m u l t i p l i e r  X a n d
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t h e n  t r a n s l a t i n g  by  y .  L2 i s  a s s o c i a t e d  w i t h  t h e  W e i e r s t r a s s  

e q u a t i o n

W2 = 4 T 3 -  g 2T -  g 3  ( 8 )

d e f i n e d  b y  T = p ( Xu+u)  W = p ' ( X u + y )  y = 0 ,  , uj2  ,

“ l  + “ 2

T h e  a b e l i a n  d i f f e r e n t i a l  o f  t h e  f i r s t  k i n d  c o r r e s p o n d i n g  t o  

t h e  R ie m a n n  s u r f a c e  g e n e r a t e d  by  c u r v e  ( 8 ) i s  g i v e n  b y  dT/W = 

dU. I n  p a r t i c u l a r ,  we h a v e

dT ,  d l f j X u + u ) )  ,  ^ M Xu+u) du .  Xdu .  x d t  .
W p * ( Xu+y) p ' ( X u + y )  w

S i n c e ,  c o m p l e x  m u l t i p l i c a t i o n  b y  X p r o d u c e s  t h e  c o n s t r u c t i o n  

i n  w h i c h  t h e  r a t i o  o f  t h e  a r e a s  o f  t h e  l a t t i c e s ,  t o  L2 ,

L 2 = C , i s  n  * n o r m  X, t h i s  i n d u c e s  t h e  e n d o m o r p h i s m

a  f r o m  t o  L2 i n  w h i c h  n p o i n t s  o f  go t o  o n e  p o i n t  o f  L2 .

We d e f i n e  m a p p i n g  a  f r o m  c u r v e  (7) t o  c u r v e  ( 8 ) by

T = t x ( t ) W = w y ( t )  ( 9 ' )

i n  w h i c h  n - v a l u e s  o f  t  d e t e r m i n e d  b y  t x ( t )  ( a n d  a l l  a s s o c i a t e d  

w i t h  a  r e s p e c t i v e  w) g i v e  r i s e ,  u n d e r  a  t o  o n e  v a l u e  o f  T 

( a s s o c i a t e d  w i t h  a  r e s p e c t i v e  W ) . A c c o r d i n g  t o  s t a t e m e n t s  (9)  

a n d  ( 9 ' )  we s e l e c t  t h e  a s s o c i a t e d  X t o  t h e  r a t i o n a l  s o l u t i o n  

(x  ( t )  , y  ( t ) ) :

dT _ t x ' ( t )  + x ( t )  d t  _ . d t  
■ W y ( t )  w w

i . e . ,  X = tX> (y }( t } X' ~  *  Xy ( t )  = t x ' ( t )  + x ( t ) = d ( t x ( t ) ) / d t

E x a m p le  1 . By t h e  a d d i t i o n  f o r m u l a s  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) ,
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t o  be  d e s c r i b e d  s h o r t l y ,  we f i n d  t h a t  A = 2 , i s  a s s o c i a t e d

w i t h  t h e  r a t i o n a l  s o l u t i o n

t 4+ ( g 2 / 2 ) t 2 + 2 g 3 t +  ( g ^ / ^  )

4 t ( t 3 - ( g 2 / 4 ) t - ( g 3 / 4 ) ) (1Q

t 6 - ( 5 g . / 4 ) t 4 - 5 g - t 3 - ( 5 g 2/ 1 6 ) t 2 - ( g 9 g , / 4 ) t + ( g 3- 3 2 g 2 / 6 4 )
y  ( t ) = ----------------------------------- s ^ 2----------------- ---------

8 ( t  - ( g 2 / 4 ) t - ( g 3 / 4 ) ) “

N o t  o n l y  d o e s  t h i s  c h o i c e  o f  ( x ( t ) , y ( t ) )  a s s o c i a t e d  w i t h  A = 2 ,

s a t i s f y  e q u a t i o n  ( 6 ) , b u t  t h a t  a : L ^  -+■ L2 d e f i n e s  a  f o u r  t o  o n e

m a p p i n g  (n o rm  A = 4) i n  w h i c h  a n y  g i v e n  v a l u e  o f  T a r i s e s  f r o m

f o u r  v a l u e s  o f  t ,  d e t e r m i n e d  b y  c h e c k i n g  t h e  v a l u e  o f

t x ( t ) -  T = 0 .

E x a m p le  2 . T h e o r e m  2 a l s o  e n a b l e s  u s  t o  d e t e r m i n e  t h e  m u l t i ­

p l i e r  A i f  we h a v e  a l r e a d y  d e t e r m i n e d  t h e  r a t i o n a l  s o l u t i o n  

( x ( t ) , y ( t ) ) .  F o r  i f  x ( t )  = y ( t )  = 1 ,  a  s o l u t i o n  o f  d i o p h a n t i n e  

e q u a t i o n  ( 1 ) ,  we f i n d ,  b y  s t a t e m e n t  ( 6 ) ,  t h e  a s s o c i a t e d  A i s  

A -  1 .

C o r o l l a r y  2 . F o r  g e n e r a l  s o l u t i o n s  ( x ( t ) , y ( t ) )  o f  d i o p h a n t i n e  

e q u a t i o n  ( 1 ) ,  t h e  d e g { t x ( t ) } = n w h e r e  d e g r e e  i s  t a k e n  t o  mean  

t h e  h i g h e r  ( o r  e q u a l )  d e g r e e  o f  t h e  n u m e r a t o r  o r  d e n o m i n a t o r  

o f  t x ( t ) .

2 . 3 : C o n s t r u c t i n g  r a t i o n a l  s o l u t i o n s  b y  t h e  a d d i t i o n  t h e o r e m s

S i n c e  d i o p h a n t i n e  e q u a t i o n  (1)  i s  a  c u b i c  c u r v e  o v e r  <£(t) , 

t h e r e  i s  a  m e t h o d  w h i c h  e x p l i c i t l y  d e s c r i b e s  how t o  c o n s t r u c t  

r a t i o n a l  p o i n t s  o n  t h e  c u r v e  f r o m  a  known s e t  S o f  r a t i o n a l  

p o i n t s  P]_,p 2 , • • • ' Pn * b Y v i s in g  t h e  a d d i t i o n  t h e o r e m s  o f  e l l i p ­

t i c  f u n c t i o n  t h e o r y ,  we c a n  d e r i v e  t h e  s e c a n t  a n d  t a n g e n t



f o r m u l a s  f o r  d i o p h a n t i n e  e q u a t i o n  ( 1 ) .  We r e c a l l  t h a t  s o l u ­

t i o n s  ( x ( t ) , y ( t ) )  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) a r i s e  f ro m  

s o l u t i o n s  ( A ( u ) , B ( u ) ) o f  e q u a t i o n  (4)  w h e r e b y  x ( t )  = A ( u ) / p ( u ) ;  

y ( t )  = B ( u ) / p ' ( u ) ,  by  c o n d i t i o n  ( 3 ' ) .  I n  a d d i t i o n ,  n o t  o n l y  

d o e s  a n y  ( x ( t ) , y ( t ) )  c o r r e s p o n d  t o  some a r g u m e n t  u ,  b u t  b y  

t h e o r e m  1 a n d  lemma 1  e a c h  ( x ( t ) , y ( t ) )  c o r r e s p o n d s  t o  some 

c o m p l e x  ( o r  r e a l )  m u l t i p l i e r  X. T h u s ,  t h e  a d d i t i o n  t h e o r e m s  

o f  e l l i p t i c  f u n c t i o n  t h e o r y  a r e  a p p l i e d  t o  d i o p h a n t i n e  e q u a ­

t i o n  ( 1 ) i n  t h e  f o r m :

X^ + X2 + X  ̂ = 0 mod{ 2 uj^, 2 oj0 }

(t)

y x <t)

x2 (t)

y 2 (

x 3 (t)

y 3 (t)

= 0

w h e r e b y  X . ♦♦ (X . ( t )  , Y . ( t ) ) , y = 0 .^ ^
I n  t h i s  c o n t e x t ,  t h e  a d d i t i o n  t h e o r e m  p r e s u p p o s e s  t h a t  t h e r e  

i s  a  r e l a t i o n s h i p  b e t w e e n  t h e  a d d i t i v e  s t r u c t u r e  o f  t h e  r i n g  

o f  i n t e g e r s  o f  t h e  i m a g i n a r y  q u a d r a t i c  f i e l d  K w h i c h  c o n t a i n s  

t h e  m u l t i p l i e r  X. ,  a n d  t h e  a d d i t i v e  s t r u c t u r e  o f  r a t i o n a l  

s o l u t i o n s  ( x . ( t ) , y  . ( t ) ) o f  t h e  c u b i c  c u r v e  ( 1 ) .u "Z»
2 3The  e q u a t i o n  Y = 4X -  g 2 X -  g^ i s  p a r a m e t r i z e d  b y  W e i e r s t r a s s  

e l l i p t i c  f u n c t i o n s  ( p ( u ) , p ' ( u ) )  w h e r e  t h e  s e r i e s  f o r  p ( u )  a s ­

s o c i a t e d  w i t h  t h e  c o r r e s p o n d i n g  l a t t i c e  L = [ 2 uj, , 2 uj~ ] i s

d e s c r i b e d  a s :



s u b j e c t  t o  b o u n d e d  u -  away f r o m  t h e  l a t t i c e  p o i n t s .  I n  t h e  

s e c a n t  f o r m u l a s  we w i l l  c o n s i d e r  t h e  e q u a t i o n

( X ^ Y ^  + (X2 , Y2 ) = (X,Y)

w h e r e b y  ( X ^ Y ^ )  a n d  (X2 , Y2 ) a r e  tw o  d i f f e r e n t  s o l u t i o n s  o v e r  

<f( t )  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) w h i c h  a d d  i n  t h e  s e n s e  o f  a d ­

d i t i o n  o f  p o i n t s  o n  a  c u b i c  c u r v e  t o  t h e  s um ,  o v e r  ( t )  , (X,Y)  . 

I n  t h e  t a n g e n t  f o r m u l a s  we a l l o w  f o r  t h e  c a s e  w h e r e b y

(Xl f YL) -  ( x 2 ' Y2 ) ' 

i »6  • ;

2<X1 , Y i )  > (X0 ,Y0 >

The  d e r i v a t i o n  o f  t h e  t a n g e n t  f o r m u l a s  u s e s  d y / d x  f o r  t h e

c h a n g e  i n  y 
c h a n g e  i n  x

S e c a n t

x ( t )  = |
t  - ( g 2 / 4 ) t - ( g 3 / 4 ) ^  

^  /

y ( t )
t  —( g 2 / 4 ) t - ( g 3 / 4 ) ^  

^  /

-  X 1  "  x 2

( 11 )

3 x 2 y 2 " Xl y l + 2 ( x l y 2 " X2 y l ) 

X2 " X 1

T a n g e n t

^  t { 1 2 t 2 x ( t ) 2 - g 2 )

d x  2 { 4 t 3 - g 2 t - g 3 ) y ( t )
S e t  t x ( t ) = X

x 0 ( t )  =

y 0 ( t )  =

X4+ ( g 2/ 2 ) X 2+ 2 g 3X + ( g 2/ 1 6 )

4 t ( X 3 - ( g 2 / 4 ) X - ( g 3 / 4 ) ) 

X6- ( 5 g 2/ 4 ) X 4- 5 g 3X3- ( 5 g 2/ 1 6 ) X 2 - ( g 2g 3/ 4 ) X + ( g 3- 3 2 g 2 ) / 6 4  

8 ( t 3 - ( g 2 / 4 ) t - ( g 3 / 4 ) ) (X3 - ( g 2 / 4 ) X - ( g 3 / 4 ) ) y ( t )
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(The  s o l u t i o n  e x e m p l i f i e d  i n  s t a t e m e n t  (10)  i s  f o u n d  by  d e ­

t e r m i n i n g  2 ( 1 , 1 ) ) .

T h e r e  a r e  p r e c i s e l y  two c a s e s  u n d e r  c o n s i d e r a t i o n :

C a s e  1 : d = 2 , 3  (mod 4)

C a s e  2 : d = 1 (mod 4)

We w i l l  i l l u s t r a t e  e a c h  c a s e  b y  e x a m p l e .

S o l u t i o n s  a r i s i n g  f r o m  u ^  0 w i l l  b e  d e s c r i b e d  s u b s e q u e n t l y .

C a s e  1; d = 2 , 3  (mod 4) d < 0 X e  c<

. / 4.x _ P ( Xu+u) 
~ p ( u )

( 1 , 1 )

a n d

fp ( i/cTu) p ' ( i/du)
I p S t  '  p ' " (u) .

y ( t )  = P '  ( \ U+ U]
Y P '  (u)

X = /S . ,  u = 0

A l l  s o l u t i o n s  a r i s e  f r o m  c o m p l e x  ( o r  r e a l )  m u l t i p l i c a t i o n s  by  

t h e  a d d i t i o n  f o r m u l a s  a s  f o l l o w s :

a  ( 1 , 1 ) + b p ( /cTu) p* ( / d u )  
P ( u )  ' P ’ (u)

n o rm  X =

a  + b / d

a , b  e  a

2 u 2 ja  -  b d

( 1 1 ’ )

The  l a t t i c e  L ^ ,  a s s o c i a t e d  w i t h  t h e  e q u a t i o n  y 2 = 4 x 2 -  g 2 x  ~ 9  3 

i s  o f  t h e  f o r m  [ £ , £ / ? ]  w h e r e  £ i s  t h e  r e a l  p e r i o d  a n d  £/cT i s  

t h e  i m a g i n a r y  p e r i o d .  U n d e r  c o m p l e x  m u l t i p l i c a t i o n  by  X, 

l a t t i c e  w i l l  b e  s h i f t e d  t o  l a t t i c e  L2  *  [ ^ , CX]  w h e r e

[ £ , £ X]  C [ f , r / 3 ]

E x a m p le  3 . K = ( / - ? )  f  = 1

A c c o r d i n g  t o  H ad an o  ( s e e  [ 5 ] ,  p g .  92)  t h e  c o r r e s p o n d i n g
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W e i e r s t r a s s  m o d e l  i s

2 3 2B = A + 4A + 2 A
4

L e t  A - * - A - y .  T h i s  g i v e s  t h e  f o r m :

B2 = A3 + ( - 1 0 / 3 ) A + ( 5 6 / 2 7 )

-  (A-  ( 4 / 3 )  ) ( A - ( - 2 + 3 / 2 ) / 3 )  (A-  ( - 2 - 3 / 2 ) / 3 )

s o  t h a t
40 224 T 3

Lg 2 "  3" g 3 2 1  ~  20

Upon s e t t i n g  A = A(u)  = x ( t ) p ( u )

B B (u) = y ( t )  p '  (u)  

p ( u )  = - 2 t / 3  

a n d  u s i n g  t h e  f a c t

P ’ ( u ) 2 = p 3 (u) -  ( 1 0 / 3 ) p ( u )  + ( 5 6 / 2 7 )

We g e t  t h e  f o r m  d e s c r i b e d  b y  d i o p h a n t i n e  e q u a t i o n  (1)

2 t 3x ( t ) 3 -  1 5 t x ( t )  -  14 = y 2 ( t ) ( 2 t 3- 1 5 t - 1 4 )

= y 2 ( t ) ( 2 t 2- 4 t - 7 ) ( t + 2 )

The a b o v e  e l l i p t i c  c u r v e  a d m i t s  c o m p l e x  m u l t i p l i c a t i o n  by
2 2A = a + b / - 2 ;  a , b  £ £ n o rm  A = a + 2b . I t s  a s s o c i a t e d  

l a t t i c e  L i s  o f  t h e  f o r m  [ £ / 5 / - 2 ]  w h e r e

€ = 2
d x

4 / 3  / 4 x 3- ( 4 0 / 3 ) x + ( 2 2 4 / 2 7 )

U n d e r  c o m p l e x  m u l t i p l i c a t i o n  b y  A € [1 ,  / - Z ]  , t h e  r i n g  o f  

i n t e g e r s  o f  we h a v e  [ ^ , ^ A ]  c

I n  a d d i t i o n ,  t h e  a b o v e  e l l i p t i c  c u r v e  i s  p a r a m e t r i z e d  b y  

W e i e r s t r a s s  f u n c t i o n s  ( p ( u ) , p ' ( u ) )  w h e r e b y
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p ( U) = + |  u 2 -  A  u 4 + _4_ u 6 -  ^  n  + u ~  + .16 208 1 0
047 '

u

The a d d i t i o n  f o r m u l a s  ( jj = 0) f o r  t h e  g i v e n  d i o p h a n t i n e  

e q u a t i o n  a r e  d e s c r i b e d  a s :

S e c a n t

2
x ( t ) = [ ( t  - 2 t - ( 7  

t

- 2 t - ( 7 / 2 ) ) ( t + 2 )
3----------------

y 2 - y l
x 2 " x i

-  x i  -  x 2

y(t)

T a n g e n t

d£  
dx

- 2 t - ( 7 / 2 ) ) ( t + 2 )

t ( 6 t 2 x 2 - 1 5 )

y 2 ‘ y l
x 2 - X i

X2 y 2 ‘ Xl y i + 2  ^Xi y 2 ” X2 y l )

( x 1 , y 1 ) 4 ( t —2 t —( 7 / 2 ) ) ( t + 2 )

x 2 - x i

txx (t) = X

x ( t )  = X4+15X2 + 5 6 X + ( 2 2 5 / 4 )
0  4 t ( X 2 - 2 X - ( 7 / 2 ) ) (X+2)

y ( t )  = x 6 - ( 7 5 / 2 )  X4 - 1 4 0 X 3-  ( 1 1 2 5 / 4 )X2 - 2 1 0 X + ( 2 3 9 / 8 )
0  8 ( t 2 - 2 t - ( 7 / 2 ) ) ( t + 2 ) ( X2 - 2 X - ( 7 / 2 ) ) (X+2) Y1

A l l  s o l u t i o n s  a r i s e  f r o m  c o m p l e x  ( o r  r e a l )  m u l t i p l i c a t i o n s  b y

t h e  a d d i t i o n  f o r m u l a s  a s  f o l l o w s :

p ( /^~2 u) p ' ( / ^ T u )  
P ( u )  ' p ' ( u )  ,a ( 1 , 1 ) + b 

i n  w h i c h

t h e  r a t i o n a l  s o l u t i o n  ( 1 , 1 ) 

a n d

t h e  r a t i o n a l  s o l u t i o n  

p ( / ^ T u )

++ A = a + b f - 2 , p = 0

**■ A = 1 ,

p '  ( / - I n ) ' 
P ' ( u )  .

r p ( / ^ 7 u )  
p (u)

—7—t— a n d  ^—- r r^V— a r e  lemma 1 , r a t i o n a l  f u n c t i o n s  p ( u )  p ' (u)  1

i n  t ,  a n d  a r e  d e t e r m i n e d  a s  f o l l o w s :

We n o t e

Upon c o n s i d e r i n g  t h e  p e r i o d  p a r a l l e l o g r a m  g e n e r a t e d  b y  [ 1 , / ^ T ]  

we u s e  a  c a n c e l l a t i o n  o f  z e r o s  a n d  p o l e s  a r g u m e n t  w h i c h  y i e l d s
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t h e  f o l l o w i n g  f o r m :

2 p ( / ^ 2 u) + p ( u ) A

p (u) - p  ( l / / ^ " 2 )

B a s i c a l l y ,  by  u s i n g  t h e  s e r i e s  f o r  p ( u )  a n d  c o m p l e x  m u l t i p l i c a ­

t i o n  by  t h e  l e f t  s i d e  h a s  a  z e r o  o f  o r d e r  2 a t  u = 0 a n d

a  p o l e  o f  o r d e r  2 a t  u = / ^ 2 / 2 ; w h i l e  t h e  e x p r e s s i o n  

p ( u )  -  p ( l / / ^ 2 ) h a s  a  p o l e  o f  o r d e r  2  a t  u = 0  a n d  a  z e r o  o f  

o r d e r  2 a t  u  = / - I / 2 .  T h i s  i m p l i e s  b y  L i o u v i l l e ' s  t h e o r e m ,

( 2 p ( / ^ 2 u)  + p ( u ) H p ( u )  -  p ( 1 /  f - 2 )  }

h a s  no  r e s i d u e  c l a s s e s  o f  p o l e s  a n d  i s  b o u n d e d  i n  t h e  f u n d a ­

m e n t a l  p e r i o d  p a r a l l e l o g r a m  a n d / o r  t h e  w h o l e  p l a n e ;  a n d  i s  

t h e r e b y  a  c o n s t a n t ,  A.

T hen

w h e r e b y  A = - 1 ,  B = 4 / 3  a r e  d e t e r m i n e d  b y  a p p l y i n g  t h e  s e r i e s  

f o r  p ( u )  t o  b o t h  s i d e s  o f  t h e  p r e c e d i n g  e q u a t i o n .  S e t t i n g  

p ( u )  = - 2 t / 3  i n  t h e  p r e c e d i n g  e x p r e s s i o n

From t h e  d e r i v a t i v e  o f  p ( / ^ 7 u )  d e t e r m i n e d  f r o m  t h e  a b o v e  e x ­

p r e s s i o n  f o r  p ( ) / - 7 u) we f i n d

p ( / ^ T u )  _ 1
p (u) ~ 2

1  . A
2 p (u)  (p (u)  -B) B = p ( l / ^ I )

x ( t )  = -  J  + J 7( - 2 t / 3 ) ( ( - 2 t / 3 ) - ( 4 / 3 ) )
- 1 -  - 2 t 2 - 4 t - 9  

4 t ( t + 2 )

_ t 2 + 2 t + ( 9 / 2 ) 
'  - T t T t + T J —
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S e t t i n g  p ( u )  = - 2 t / 3

. * - 2 t 2 - 8 t + l  _ t 2 + 4 t - ( 1 / 2 )y ( t )  = ------------------j  -   — ------- j
4 / ^ 2  ( t + 2 ) - 2 / ^ 7 ( t + 2 )

T h e r e f o r e ,  a l l  s o l u t i o n s  a r i s e  f r o m  c o m p l e x  ( o r  r e a l )  m u l t i ­

p l i c a t i o n s  b y  t h e  a d d i t i o n  f o r m u l a s  a s  f o l l o w s :

a ( l , l )  + b - 2 t ( t + 2 ) 

C a s e  2 ;  d = 1 (mod 4)

r t 2  + 2 t +  ( 9 / 2 )  t 2 + 4 t -  ( 1 / 2 )
- 2 / ^ 7  ( t + 2 )  

d  < 0 A €  C*

A = a + b / 7 ? ,  y = 0

( t ) =
K ’ P ( u )

y ( t )  =
P ' ( u )

( 1 , 1 ) A = 1 ,  y = 0

a n d

{ pTuT p ' (u)
1 + /cT , y = 0

A l l  s o l u t i o n s  a r i s e  f r o m  c o m p l e x  ( o r  r e a l )  m u l t i p l i c a t i o n s  by

t h e  a d d i t i o n  f o r m u l a s  a s  f o l l o w s :

a ( l , l )  + b
P (

l+«/c!u) . ,l+ / 5  '̂p ’ (~ 2— u)
p (u) p '  (u)

**• A = (a+  ( b / 2 ) ) + ( b / 2 )  / d 

a , b  e  I

n o rm  A = a 2 + a b + ( - ^ ^ )  b 2

2 3The  l a t t i c e  L ^ ,  a s s o c i a t e d  w i t h  t h e  e q u a t i o n  Y = 4X - g 2 X -g^  i s  

o f  t h e  f o r m  [ £ ,  5 ] w h e r e  £ i s  t h e  r e a l  p e r i o d  a n d  g (

i s  t h e  i m a g i n a r y  p e r i o d .  C o m p le x  m u l t i p l i c a t i o n  b y  A w i l l  

a g a i n  i n t r o d u c e  t h e  a p p r o p r i a t e  s h i f t  i n  L^ .

E x a m p le  4 . K = ( / - J )  f  = 1

A c c o r d i n g  t o  H a d a n o  ( s e e  [ 5 ] ,  p g .  9 3 ) ,  t h e  c o r r e s p o n d i n g  

W e i e r s t r a s s  m o d e l  i s

B2  = A3 + 2 1A2 + 112A
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L e t  3 ■* B , A -*• A - 7 .  T h i s  g i v e s  t h e  f o r m :

B2 = A3 -  35A -  98

= (A— 7)  ( A - ( - 7 + / = 7 ) / 2 )  ( A - ( - 7 - , ^ 7 ) / 2 )

s o  t h a t

g 2 -  140 = 2 2 • 5 • 7  g 3 = 392 = 2 3 *7 2 J  = - 1 5 3

Upon s e t t i n g  A = A( u)  = x ( t ) p ( u )

B = B (u)  = y ( t )  p ' (u)  

p ( u )  = t  

a n d  u s i n g  t h e  f a c t

p ' ( u ) 2 = p 3 (u)  -  3 5 p ( u )  -  98 

we g e t  t h e  f o r m  d e s c r i b e d  by  d i o p h a n t i n e  e q u a t i o n  ( 1 ) :

t 3x ( t ) 3 - 3 5 t x ( t ) - 9 8  = y 2  ( t )  ( t 3 - 3 5 t - 9 8 )

= y 2 ( t ) ( t 2+ 7 t + 1 4 ) ( t - 7 )

The  a b o v e  e l l i p t i c  c u r v e  a d m i t s  c o m p l e x  m u l t i p l i c a t i o n  by

X = ( a + ( b / 2 ) )  + ( b / 2 ) a , b  n o r m  X = a 2 + a b  + 2 b 2

1+  / — 7
I t s  a s s o c i a t e d  l a t t i c e  L i s  o f  t h e  f o r m  [ £ , £ ( — — )1 w h e r e

d x

7 / 4x 3- 140x -392

1 + J - 1U n d e r  c o m p l e x  m u l t i p l i c a t i o n  b y  X e  [ l ,  — -— ] ,  t h e  r i n g  o f  

i n t e g e r s  o f  $ ( / ^ T )  we h a v e  [ S , £ X]  c

I n  a d d i t i o n ,  t h e  a b o v e  e l l i p t i c  c u r v e  i s  p a r a m e t r i z e d  by 

W e i e r s t r a s s  f u n c t i o n s  ( p ( u ) , p ' ( u ) )  w h e r e b y

p(u> -  •% + 7 u 2 + 1 4 u 4 + i l  u 6  + ^  u 8  + UW  + . . .
u

The a d d i t i o n  f o r m u l a s  ( t  = 0) f o r  t h e  g i v e n  d i o p h a n t i n e  e q u a t i o n
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a r e  d e t e r m i n e d  by  s e t t i n g  g 2 = 140 ,  g 2 = 392 i n  s t a t e m e n t  ( 1 1 ) :  

S e c a n t

x ( t )  ,  i  n t - 7 ) ) F/ - y l 2  / 2

X2 - Xl

r 2 - * i

X1 -  x 2

X2 _ X 1

+ x 2 y 2 ~ x i y i + 2 ( x i y 2 ~x 2y r

T a n g e n t  

(£ ]
t ( 3 t 2 x J - 3 5 )

*x i , y i ^  2 ^fc + 7 t + 1 4 )

= X4+70X2 +784X+1225  
0 4 t ( X 2+7X+14) (X—7)

x 2 - x i

t X j _ ( t )  = X

y0 (t )  - X6 - l 7 5 X4 - 1 9 6 0 X 3- 6 1 2 5 X 2 - 1 3 7 2 0 X - 33957  
8 ( t 2+ 7 t + 1 4 ) ( t - 7 ) ( X 2+ 7 X + 1 4 ) ( X - 7 ) y

A l l  s o l u t i o n s  a r i s e  f r o m  c o m p l e x  ( o r  r e a l )  m u l t i p l i c a t i o n s  by  

t h e  a d d i t i o n  f o r m u l a s  a s  f o l l o w s :

a ( 1 , 1 ) +b
P '  l 1^ —  u) 

pTul-----------'  p ' (u)  

i n  w h i c h  t h e  r a t i o n a l  s o l u t i o n

~  X = ( a + ( b / 2 ) ) + ( b / 2 ) / - T ,  u = 0

( 1 , 1 )

a n d  t h e  r a t i o n a l  s o l u t i o n

*► X = 1 , p = 0

f , 1 + v ^ T  
~ T  

pTuT p ' ( u )

p(
i + v C 7

u)

p (u) and
. / 1 + *^-T >p (— 2— u) 

p '  (u)
a r e  r a t i o n a l  f u n c t i o n s  i n  t  a n d

a r e  d e t e r m i n e d ,  a s  i n  e x a m p l e  3 ,  K = < b ( S - 7 ) ,  by a  c a n c e l l a t i o n  

o f  z e r o s  a n d  p o l e s  a r g u m e n t  w h i c h  y i e l d s  t h e  f o l l o w i n g  f o r m :
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, - 3  + / = 7 4 . , l + / = 7  , , ,
( ----- 2------ ) P ' — 2--- u ) _ P ( u )  =

p  ( u )  - p  ( — ^ )

3y u s i n g  t h e  s e r i e s  f o r  p (u) a n d  c o m p l e x  m u l t i p l i c a t i o n  by  

1 + / - 7— 2—  , t h e  l e f t  s i d e  h a s  a z e r o  o f  o r d e r  2 a t  u = 0 a n d  a 

p o l e  o f  o r d e r  2 a t  u = .

3 + / T 7
The  e x p r e s s i o n  p ( u )  -  p ( — ^— ) h a s  a p o l e  o f  o r d e r  2 a t  u = 0

a n d  a  z e r o  o f  o r d e r  2 a t  u * . By L i o u v i l l e ' s  t h e o r e m

we g e t  t h e  d e s c r i b e d  f o r m .  T h e n ,

, l + / ^ 7  ,
P 2 1 A 3 + / _  7

P _ 3+ / T 7 " + p (u )  (p (u)  -B) B * P * 4 *
( 2  5

X ( p ( u ) )  -  i (.i ± f f U ) ------------------i -----------  *  ,1 7 /9 )-( - 9 * 5 / T 7 ) -------
p ( u )  , -  3+ / - 7 \  , w  , . , - 7 + ^ T(  y  ) p ( u ) ( p ( u ) - (  y  )

w h e r e b y  A = y  (-9-*-5 f - l )  , B = a r e  d e t e r m i n e d  b y  a p p l y i n g

t h e  s e r i e s  f o r  p ( u )  t o  b o t h  s i d e s  o f  t h e  p r e c e d i n g  e q u a t i o n .  

S e t t i n g  p ( u )  = t  i n  t h e  p r e c e d i n g  e x p r e s s i o n :

X( t ) ---------1--------- ♦ rV31_( - 9 + 5 > ? )
(= 3 W E Z ,  t ( t . ( = 7 W C 7 ) )

t ( 8 t + 2 8 - 4  / - 7 )  + 7 ( - 9  + 5 /^7) f ~-3-+  ̂ )

( - 3 . / T 7 ) t ( 8 t * 2 8 - 4 ^ 7 )

9 t 2 + 2 8 t - 4 t  ^ 7 +  ( - 2  8 -8 4  /^ 7 )

( Z l l l l I ) 8 t ( t + ( 7 / 2 ) - ( l / 2 ) / ^ 7 )

t 2+ ( ( 7 / 2 )  -  ( 1 / 2 )  /-~7) t + (  ( - 7 / 2 )  - ( 2 1 / 2 )  / ^ 7 )  

t  ( t +  ( 7 / 2  ) -  ( 1 / 2 )  /= 7 )
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F rom  t h e  d e r i v a t i v e  o f  p ( - - ^ -■ u ) d e t e r m i n e d  f r o m  t h e  a b o v e
1+e x p r e s s i o n  f o r  p ( — | — u) we f i n d

y ( P (u)) -  ----
m• / I t / - 7 „ x
P ( 2 » 1 + ( - 7 / 1 6 )  ( 1 3 + 7 / - 7  )

, —5 —/ —7 V , _ , , , * 7 + V - T 1 , 2(  j — ) ( p ( u ) - ( ------------- ))

S e t t i n g  p ( u )  = t

y ( t )  -  1  + ( - 7 / 1 6 ) ( 1 3 + 7 /^ T )
- S - / T 7  ( t + ( 7 / 2 ) - ( l / 2 )  /T T ) 2

V 2  J

.  t 2+ (  7 - / ^ 7 )  t +  (14 + 7 / - 7 ) ________

( - 5 - / T 7 )  ( t + ( 7 / 2 ) _ ( 1 / 2 ) / T T ) 2

T h e r e f o r e  a l l  s o l u t i o n s  a r i s e  f r o m  c o m p l e x  ( o r  r e a l )  m u l t i p l i ­

c a t i o n s  b y  t h e  a d d i t i o n  f o r m u l a s  a s  f o l l o w s :

a ( l , l )  +

t 2+ (  ( 7 / 2 - ( 1 / 2 )  / T p  t - M - ( 7 / 2 )  - ( 2 1 / 2 )  / ~ )  t 2 +(  7 - / ^ 7 )  t +  ( 1 4 + 7 v ^ 7 )

£( t +  ( 7 / 2 )  -  ( 1 / 2 ) / - I )  2  ( - - ~ j ~ ? ) ( t +  ( 7 / 2 ) -  ( 1 / 2 ) / ^ T ) 2

♦+ X * ( a + ( b / 2 ) )  + ( b / 2 ) / ^ 7  , y =» 0

T h e  a b o v e  s e c t i o n  d e a l s  w i t h  t h e  c o n s t r u c t i o n  o f  r a t i o n a l  s o l u ­

t i o n s  ( x ( t ) / y ( t ) ) / w h i c h  c o r r e s p o n d  t o  a  n o n - z e r o  c o m p l e x  ( o r  

r e a l )  m u l t i p l i e r  X a n d  a  z e r o  p.  F o r  g e n e r a l  d ,  how d o e s  o n e  

c o n s t r u c t  r a t i o n a l  s o l u t i o n s  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) ,  w h i c h

c o r r e s p o n d  t o  a  n o n - z e r o  X a n d  a  n o n - z e r o  p? R e c a l l  t h a t  t h e  
2 3e q u a t i o n  Y * 4X -  g 2 X -  g ^ ,  p a r a m e t r i s e d  b y  X * p ( u )  , Y = p ' ( u ) , 

f a c t o r s ,  o n  t h e  r i g h t  s i d e  a s  f o l l o w s :

Y2  = ( X - e x ) ( X - e 2 ) ( X - e 3 ) e £ e  <fc



By t h e  t h e o r y  t h i s  m eans  X = e . when u = u , . , i = 1 , 2 , 3 .  We

d e t e r m i n e  p ( u + u ^ ) ,  a n d  t h e r e f o r e  p ' ( u + w v ) b y  t h e  f o l l o w i n g

f o r m u l a  f r o m  e l l i p t i c  f u n c t i o n  t h e o r y  ( s e e  [ 4 ] ,  p g .  2 0 ) .

e  .p (u)  + ( 2 e ? - ( 1 / 4 ) g 2 )
-  ~  p T u T ^ e J    > 92 6  *  <1 2 >

I n  p a r t i c u l a r ,  p(Xu+ui . )  i s  d e t e r m i n e d  b y  s u b s t i t u t i n g  Xu f o rx

u o n  t h e  r i g h t  s i d e  o f  s t a t e m e n t  ( 1 2 ) .  T h i s  i m p l i e s

p U u + u )^ )  e^.p ( Xu) + ( 2 e ^ - ( g 2 / 4 )  )

x ( t )  = p ( u )  = p ( u )  (p ( Xu) - e ^ ) ' = p ( u )  ( 1 2 ( )

p ' ( Xu+u).) - 3 e ? + ( g 2 / 4 )
y ( t )  = — o^Tu)  = ------ '  T  ' = p ( u )  •p lu) ( p ( X u ) - e . r

We d e t e r m i n e  t h e  e x p r e s s i o n  f o r  p( Xu)  = p ( u ) x ( p ( u ) ) ,  t  = p ( u ) ,

f r o m  t h e  a d d i t i o n  f o r m u l a s  d e s c r i b e d  b y  s t a t e m e n t  ( 1 1 ) , f o r

t h e  c a s e  y = 0 .

E x a m p le  5 ■ S u p p o s e  d i s  u n s p e c i f i e d ,  X = 1 ,  y = , t h e n

e . p ( u ) + ( 2 e % ( g 2 / 4 )  ) e  . t +  ( 2 e ? - ( g 2 / 4 ) )

x ^  “  p ( u) ( p ( u )  - e  .) t ( t - e „ . )  '  p ^u) t
X

- 3 e ? + ( g 2 / 4 )  - 3 e ? + ( g 2 / 4 )
. . /  L 4 _  X  +•______  _   X ___^y ( t )  — — 2 i

( p ( u ) - e . )  ( t - e . )v t
a n d  e . ,  i  = 1 , 2 , 3  a r e  t h e  r o o t s  o f  t h e  e q u a t i o n

X

3
4x  -  g 2 x -  g 3 = 0 .

E x a m p le  6 . S u p p o s e  d i s  u n s p e c i f i e d ,  X = 2 ,  y = t h e n

e . p ( 2 u ) + ( 2 e * - ( g 2 / 4 ) )  

x ( p ( u ) )  = % ( u )  ( p ( 2 u )  - e  . )  ‘

By s t a t e m e n t  (10 )



We s u b s t i t u t e

p ( u ) 4+ ( g ~ / 2 ) p ( u ) 2 + 2 g p ( u ) + ( g ? / 1 6 )
p ( 2u)  = ----------------i-------------------------------------- ---------

4 ( p ( u )  - ( g 2 / 4 ) p ( u ) - ( g 3 / 4 ) )

i n t o  o u r  e x p r e s s i o n  f o r  x ( p ( u ) )  a n d  t h e n  s e t  p ( u )  = t  t o  g e t

A f t e r  s u b s t i t u t i n g  f o r  p ( 2 u )  a n d  s e t t i n g  p ( u )  = t  i n  t h e  r e ­

s u l t i n g  e x p r e s s i o n  we g e t :

L e t  u s  c o n c l u d e  o u r  d i s c u s s i o n  w i t h  t h e  c o n s t r u c t i o n  o f  r a t i o n a l  

s o l u t i o n s ,  c o r r e s p o n d i n g  t o  a  n o n - z e r o  X a n d  a  n o n - z e r o  y ,  b y  

a p p l y i n g  t h e  r e s u l t s  o f  t h e  a b o v e  e x a m p l e  5 ,  d u n s p e c i f i e d ,

X = 1 ,  y = w. t o  t h e  tw o  c a s e s ;  c a s e  1 ,  K = $ ( /^ "2 )  a n d  c a s e  2 ,

K = < $ ( / -7 )  .

C a s e  1 . K = g 2 = 4Q /3  g 3 = - 2 2 4 / 2 7  p ( u )  = - 2 t / 3

x ( t )

{ e i t 4 + ( 8 e 2 - g 2 ) t 3 + ( g 2 / 2 ) e ^ t 2 + ( 2 g 3 e ^ - 2 g 2 e 2 + (g ^ / 4 }) t  

+ ( ( g 2/ 1 6 ) e i - 2 e 2g 3+ ( g 2g 3/ 4 ) )}

y ( p ( u ) )

t ( t 4 - 4 e i t 3+ ( g 2/ 2 ) t 2+ ( g 2e ^ + 2 g 3 ) t + ( ( g 2/ 1 6 ) +g 3e ^ ))  

_ - 3 e 2 + ( g 2 / 4)

(p ( 2 u ) - e ^ ) 2

( ( -4  8 e 2+ 4 g 2 ) t 6+ ( 2 4 g 2e 2 - 2 g 2 ) t 4+ ( 2 4 g 3e 2- 2 g 2 g 3) t 3

y ( t )

+ ( - 3 e 2 g 2 + ( g 3 / 4 ) ) t 2 + ( - 6 e 2 g 2 g 3 + ( g 2 g 3 / 2 ) ) t  

+ ( ( g 2 g 3 ) / 4 ) - 3 e 2 g 2 )

Y2  = X3 - ( 1 0 / 3 ) X + ( 5 6 / 2 7 )

= (X- ( 4 / 3 )  ) (X-  ( - 2 + 3 / 7 ) / 3  ) (X- ( - 2 - 3 / 2 J / 3  ) .

L e t  a)  y = u,  c o r r e s p o n d  t o  X = 4 / 3  =

b)  y = oj2 c o r r e s p o n d  t o  X = ( - 2 + 3 / 7 ) / 3  = e 2
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c) y = uj c o r r e s p o n d  t o  X = { - 2 - 3 / - 2 )  / 3  =

The  c o r r e s p o n d i n g  f o r m u l a s  t o  s t a t e m e n t  ( 1 2 ' )  a r e

e . p ( X u ) + ( 2 e ? - ( 1 0 / 3 )  ) 
x ( p ( u ) )  » t  1p ( u ) ( p ( X u ) - e ; )

- 3 e ? + ( 1 0 / 3 )
y ( p ( u ) ) = -------------------- 7

(p (X u)  -e^.) ^

F o r  X = 1 ,  y -  a ) . ,  p (X u )  = p ( u ) ,  e .  u n s p e c i f i e dz. t-

e £( - 2 t / 3 )  + ( 2 e ? - ( 1 0 / 3 )  ) - 6 e £ ( t - 3 e £+ ( 5 / e £ ) )
X ( t )  = ( - 2 t / 3 )  ( ( - 2 1 / 3 ) - e  .) = 4 t ( t + ( 5 e . / 2 j )t  t

3 ( - 9 e ^ + 1 0 )  3 ( - 9 e ? + 1 0 )
y ( t )  -  1 1

( - 2 t - 3 e  . ) 2  4 ( t + ( 3e , / 2 ) ) 2t  t

a )  X = 1 ,  y » w1 , e 1  = 4 / 3

- 2 ( t - ( 1 / 4 ) )  _q
x ( t ) = t ( t + 2 ) y ( t ) = 2

'  2 ( t + 2 )

b)  X = 1 ,  y = uj2  , e 2  ■ ( - 2 +  3 /2 .  ) / 3

x ( t )  = ( - 2 + 3 / 2 )  { t +  ( 1 / 1 4 )  ( 5 8 + 3 / ? )  }
- 2 t ( t + ( - 2 + 3 / 2 ) / 2 )

y ( t )  .  - » » ! - ■ * >
( t + ( - 2 + 3 / J ) / 2 )

c )  X = 1 / y = oj-j I e_  = ( - 2 - 3 / 2 ) / 3

x ( t )  = ( - 2 - 3 / 2 )  ( t + d / 1 4 )  ( 5 8 - 3 / 2 ) }  
- 2 t ( t + ( - 2 - 3 / I ) / 2 )

- 9 ( l + / 2 )  y ( t )  = ------------------   y
( t + ( - 2 - 3 / 2 ) / 2 )

C a s e  2 . K = ( £ ( / - 7 )  g^ = 140 g^ = 392 p ( u )  = t
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Y2 = X3 -  35X -  98

= (X -7)  (X- ( - 7 + / - T )  / 2  ) ( X - ( - 7 - / ^ 7 ) / 2 )

L e t  a )  y = u), c o r r e s p o n d  t o  X = 7 = e^

b) y = uj2 c o r r e s p o n d  t o  X = ( - 1 + / - 7 )  / 2  = e 2

c )  y = c o r r e s p o n d  t o  X = ( - 1 - / - 7 )  / 2  = e 3

The  c o r r e s p o n d i n g  f o r m u l a s  t o  s t a t e m e n t  ( 1 2 ' )  a r e

e . p ( X u ) + ( 2 e ? - 3 5 )
X<P (U))  -  p i u ) ( P ( i u ) - e f )

- 3 e ? * 3 5
y ( p ( u ) ) = --------- ---------- *-

( p ( X u ) - e , . )

F o r  X = 1 ,  y = (ij • ,  p (Xu)  = p ( u ) ,  e .  u n s p e c i f i e d

e . t + ( 2 e 2 - 3 5 ) 
x ( t )  = t  1

y ( t )

t ( t - e £ >

- 3 e 2+35•i

( t - e  . ) 2

a )  X = 1 ,  y = u ^ » e ^ = 7

7 ( t + 9 )  . . .  - 1 1 2
x ( t )  t ( t - 7 )  y ( t )  ( t _ 7 ) 2

b)  X = 1 ,  y = a»2 , e 2 = ( - 7 + / - 7 J / 2

x ( t ) -  ( ( - 7 + / ^ ~ 7 ) / 2 ) t + ( - 1 4 - 7 / ^ ~ 7 )  
t  ( t +  ( 7 - / - T )  / 2 )

_ ( 7 / 2 )  ( l + 3 / = 7 )
y l t ) -----------------   7

( t + ( 7 - / - T ) / 2 )

x ( t )  = _(_ ( - 7 -  / ^ 7 )  /  2 ) t + ( - 1 4  + 7 S - l )
t  ( t +  ( 7+ / - T )  / 2 )
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( t )  = ( 7 / 2 )  ( 1 - 3 / - 7 )
2( t + ( 7 + / - 7 ) / 2 )

Rem ark  4 . T h e r e  a r e  no r a t i o n a l  s o l u t i o n s  a s s o c i a t e d  w i t h  t h e  

c a s e  X = 0,  u = 0; f o r  i n  t h i s  s i t u a t i o n  p ( u )  a n d  p ' ( u )  a r e  

b o t h  u n d e f i n e d .  T h i s  l e a v e s  u s  w i t h  t h e  f i n a l  c a s e :  c o n s t r u c t  

t h e  r a t i o n a l  s o l u t i o n s  ( x ( t ) , y ( t ) )  w h i c h  c o r r e s p o n d  t o  a  z e r o  

m u l t i p l i e r  X a n d  a  n o n - z e r o  p.

2 . 4 : A p p l i c a t i o n s  t o  t h e  t h i r t e e n  i m a g i n a r y  q u a d r a t i c  r i n g s

h a v i n g  c l a s s  n u m b e r  o n e .

When X = 0 ,  u = » w2 , uj^ , t h e  c o r r e s p o n d i n g  r a t i o n a l  s o l u t i o n s

t o  d i o p h a n t i n e  e q u a t i o n  ( 1 ) t a k e  t h e  f o r m

P ( V e  .
• i  ~  1 / 2 , 3  t  * p ( u )

p *  ( o k )
0 = 0

s i n c e

Y2  = 4X3 -  g 2 X -  g 3

= ( X - e x ) ( X - e 2 ) ( X - e 3 )

a n d

X = e^  = p((uv ) w h e n  Y = p ' ( ^ . ) = 0 .

The  on. a r e  t h e  n o n - z e r o  t o r s i o n  p o i n t s  o f  o r d e r  2 i n  t h e  l a t -
2  3t i c e  L a s s o c i a t e d  w i t h  t h e  e l l i p t i c  c u r e  Y = 4X -  g 2 X -  g 3 . 

I n  p a r t i c u l a r ,  t h i s  m e a n s  t h e  f o l l o w i n g  f o r  g e n e r a l  d :

C a s e  1 : d = 2 , 3  (mod 4) d < 0 d s q u a r e  f r e e

L = [ r , r / d ]

p ( £ / 2 ) = e l f  pC ( - ; / 5 ) / 2 ) « « t |  p (  ( ; + ? / d ) / 2 ) = e 3 .
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1 "So (—  , 0) c o r r e s p o n d s  t o  X = 0 ,  y = j

e 2 r / d(-£- , 0)  c o r r e s p o n d s  t o  A = 0 ,  u = -^y-

( -£ •  , 0)  c o r r e s p o n d s  t o  X = 0 ,  u = —

C a s e  2 ; d = 1 (mod 4) d < 0 d s q u a r e  f r e e

I. = [ 5 ,  s i 1  *3 ^ ) l

p ( f ) - V  , ( 1 1 ^ . . , .  p ( m ± ^ L , = e 3

® 1 r
So ( -— , 0) c o r r e s p o n d s  t o  X = 0 ,  y = 2

( - y  , 0)  c o r r e s p o n d s  t o  X = 0 ,  y = ^

(-y- , 0) c o r r e s p o n d s  t o  X * 0 ,  y = ^ ^

A c c o r d i n g  t o  t h e  a d d i t i o n  f o r m u l a s  d e s c r i b e d  b y  s t a t e m e n t  ( 1 1 ) ,  

t h e  r a t i o n a l  s o l u t i o n s  ( (e  . / t ) , 0 ) ,  i  = 1 , 2 , 3  a r e  t o r s i o n  

p o i n t s  o f  o r d e r  2 ,  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) .  A t  m o s t , 

t h e s e  p o i n t s  o f  o r d e r  2 f o r m  a  s u b g r o u p  o f  o r d e r  f o u r ,  o v e r  

<j:(t) , n a m e l y

e l  e 2 e  3{ ( y r  » 0 ) ,  {-* -  , 0 ) ,  ( - ^  , 0 ) ,  ( 00, - ) }  = C2 x C2 .

L e t  u s  a p p l y  t h e s e  r e s u l t s  t o  t h e  t h i r t e e n  s p e c i a l  c a s e s .

The  f o l l o w i n g  i s  a  l i s t  o f  t h e  t h i r t e e n  e l l i p t i c  c u r v e s
2 . . .  i  = f ( X)  a n d  t h e i r  a s s o c i a t e d  d i o p h a n t i n e  e q u a t i o n s  a s  d e ­

v e l o p e d  b y  t h i s  p a p e r .  We w i l l  d i s p l a y  t h e  f a c t o r s  o f  f ( x ) ,  

when f ( x )  h a s  o n e  r a t i o n a l  r o o t .  By a p p l y i n g  t h e  r a t i o n a l  

r o o t  t h e o r e m  t o  e a c h  c u r v e ,  we h a v e  f o u n d  t h a t  i t  i s  n e v e r
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•the c a s e  t h a t  f ( x )  h a s  t w o  o r  t h r e e  r a t i o n a l  r o o t s .  E ach  

d i o p h a n t i n e  e q u a t i o n  w a s  d e t e r m i n e d  b y  s u b s t i t u t i n g  t h e  

a p p r o p r i a t e  p a i r  $ 3  i n t o  s t a t e m e n t  ( 1 ) .

1 . d  -  - 1 , f  -  1 .

E q u a t i o n  y 2 « f ( x ) ; Y2 - X 3+X -  X ( X - i ) ( X + i )

g 2  "  "4 » 8 3  "  0

D i o p h a n t i n e  E q u a t i o n : 4 t 3 x ( t ) 3 + 4 t x ( t )  *  y ( t ) 2 ( 4 t 2 + 4 t )

2 . d -  - 2 , f  -  1 .

E q u a t i o n  y 2 - X 3 - ( 1 0 / 3 ) X  +  ( 5 6 / 2 7 )

-  ( X -  4 / 3 ) ( X - ( -  2 / 3  + J 2 ) ) ( X -  ( - 2 / 3  - S i ) )

1 2  -  ( 4 ° / 3 ) .  g 3  -  ( - 2 2 4 / 2 7 )

D i o p h a n t i n e  E q u a t i o n : 4 t 3 x ( t ) 3 - ( 4 0 / 3 ) t x ( t )  +  ( 2 2 4 / 2 7 )

-  y ( t ) 2 ( 4 t 3 - ( 4 0 / 3 ) t  +  ( 2 2 4 / 2 7 ) )

3 .  d -  - 3 ,  f  -  1 .

E q u a t i o n  y 2  -  X3  +  1 «  ( X + l )  ( X -  ( ^ - S ) ) ( X - ) 

g 2  *  g3  -  - 4

D i o p h a n t i n e  E q u a t i o n : 4 t 3 x ( t ) 3+ 4  ■ y ( t ) 2 ( 4 t 3 + 4 )

4 .  d -  - 7 ,  f  -  1 .

E q u a t i o n  y 2  = X3 - 3 5 X - 9 8  = ( X - 7 )  ( X -  ^  ~ 7 ) ) (X- )

g 2  ■ 1 4 0 ,  g 3  =* 3 9 2

D i o p h a n t i n e  E q u a t i o n : 4 t 3 x ( t ) 3 - 1 4 0 t x ( t ) - 3 9 2  

-  y ( t ) 2 ( 4 t 3 - 1 4 0 t - 3 9 2 )

5 .  d -  - 1 ,  f  -  2 .

E q u a t i o n  y 2 *X3 - l l X + 1 4 » ( X - 2 )  ( X - ( - l + 2 , f 2 ) )  ( X - ( - l - 2 , / 2 ) )  

g 2  “ 4 4 ,  g 3  *  - 5 6

D i o p h a n t i n e  E q u a t i o n : 4 t 3x ( t ) 3 - 4 4 t x ( t ) + 5 6 * y ( t ) 2 ( 4 t 3 - ^ 4 t + 5 6 )
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6 . d  -  - 3 ,  f  -  2 .

E q u a t i o n  y 2 - X 3 - 1 5 X + 2 2  « ( X - 2 ) ( X - ( - l + 2 / 3 ) ) ( X - C - 1 - 2 J 1 ) )

g 2  *  6 0 ,  g 3  «  - 8 8

D i o p h a n t i n e  E q u a t i o n : 4 t 3x ( t ) 3 - 6 0 t x ( t ) + 8 8  »  y ( t ) 2 ( 4 t 3 - 6 0 t + 8 8 )

7 .  d  -  - 7 ,  f  -  2 .

E q u a t i o n  y 2  -  X3 - 5 9 5 X - 5 5 8 6 » ( X + 1 4 )  ( X - ( 7 + 8 > f 7 ) )  ( X - ( 7 - 8 ^ ) ) 

g 2  -  2 3 8 0 ,  g 3  -  2 2 3 4 4

D i o p h a n t i n e  E q u a t i o n : 4 t 3x ( t ) 3 - 2 3 8 0 t x ( t ) - 2 2 3 4 4 -

-  y ( t ) 2 ( 4 t 3 -2380t-22344)

8 . d  -  - 1 1 , f  -  1 .

E q u a t i o n  y 2  »  X3 - 2 6 4 X - 1 6 9 4  

g 2  ■ 1 0 5 6 ,  g 3  «  6 7 7 6

D i o p h a n t i n e  E q u a t i o n : 4 t 3x ( t ) 3 - 1 0 5 6 t x ( t ) - 6 7 7 6

-  y ( t ) 2 ( 4 t 3-1 0 56 t -6 77 6 )

9 .  d -  - 1 9 ,  f  -  1 .

E q u a t i o n  y 2  =• X3 - 1 5 2 X  +  7 2 2  

g 2  “  6 0 8 ,  g 3  *  - 2 8 8 8

D i o p h a n t i n e  E q u a t i o n : 4 t 3x ( t ) 3 - 6 0 8 t x ( t ) + 2 8 8 8  

“  y ( t ) 2 ( 4 t 3 - 6 0 8 t  +  2 8 8 8 )

10.  d -  -43 ,  f  -  1.

E q u a t i o n  y 2  = X3 - 3 4 4 0 X  +  7 7 6 5 8  

g 2  “  1 3 7 6 0 ,  g 3  »  - 3 1 0 6 3 2

D i o p h a n t i n e  E q u a t i o n : 4 t 3 x ( t ) 3 -= 1 3 7 6 0 t x ( t ) + 3 1 0 6 3 2

-  y ( t ) 2 ( 4 t 3 - 4 - 3 4 4 0 t  +  3 1 0 6 3 2 )
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1 1 .  d -  - 6 7 .  f  -  1 .

E q u a t i o n  y 2  = X3 - 2 9 4 8 0 X  +  1 9 4 * 2 2 6  

g 2  -  4 . 2 9 4 8 0 ,  g 3  -  - 4 . 1 9 4 8 2 2 6

D i o p h a n t i n e  E q u a t i o n : 4 t 3 x ( t ) 3 - 4 . 2 9 4 8 0 t x ( t )  +  4 - 1 9 4 8 2 2 6

" 7 ( t ) 2 ( 4 t 3 - 4 . 2 9 4 8 0 t  +  4 - 1 9 4 8 2 2 6 )

1 2 .  d -  - 1 6 3 ,  f  -  1

E q u a t i o n  y 2 »X3 - 2 4 , 5 . 2 3 . 2 9 - 1 6 3 X  +  2 . 7 - 1 1 • 1 9 • 1 2 7 • 1 6 3 2 

g 2  -  2 6 - 5 . 2 3 - 2 9 - 1 6 3 ,  g 3 -  - 2 3 - 7 . 1 1 • 1 9 - 1 2 7 • 1 6 3 2 

D i o p h a n t i n e  E q u a t i o n : 4 t 3 x ( t ) 3 - 2 ^ • 5 - 2 3 • 2 9 • 1 6 3 t x ( t )

4* 2 3  - 7  - 1 1  • 19  • 1 2 7  - 1 6 3 2

-  y ( t ) 2 ( 4 t 3 - 2 ^ - 5 - 2 3  -29 - 1 6 3 t + 2 3 -7-11-19-127-162

1 3 .  d  -  - 3 ,  f  -  3

E q u a t i o n  y 2  -  X3  -  120X  +  5 0 6  

g 2  •  4 8 0 ,  g 3  -  - 2 0 2 4

D i o p h a n t i n e  E q u a t i o n : 4 t 3x ( t ) 3 - 4 8 0 t x ( t )  +  2 0 2 4

-  y ( t ) 2 ( 4 t 3 - 4 8 0 t  +  2 0 2 4 )

By o b s e r v i n g  t h i s  t a b l e ,  we a r r i v e  a t  t h e  f o l l o w i n g  r e s u i c s :

T h e o r e m  3 . 1) I f  4 t 3 -  g  t  “  9 3 *  0 h a s  o n e  r a t i o n a l  r o o t  e 1>

t h e n  Y «  4X -  g 2 *  “ <?3  h a s  a  t o r s i o n  p o i n t  o f  o r d e r  2 o v e r  0 ,

n a m e l y ,  ( e ^ , 0 ) . I n  t h i s  c a s e ,  t h e  a s s o c i a t e d  d i o p h a n t i n e  e q u a -

e ,
t i o n  h a s  o n e  t o r s i o n  p o i n t  (—  , 0)  o f  o r d e r  2 o v e r  0 ( t )  . P a r ­

t i c u l a r l y ,  t h i s  g i v e s  r i s e  t o  t h e  t o r s i o n  s u b g r o u p  h a v i n g

e l e m e n t s  o f  o r d e r  2 o v e r  0 ( t )  :{ (■»,» )  , ( ~  , 0 ) )  * C2 - T h i s  

^ h a p p e n s  when d  = - 1 ,  - 2 ,  - 3 ,  - 7 ,  - 1 ( f = 2 ) , - 3 ( f = 2 ) ,  - 7 ( f = 2 ) .
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a .  I f  e  <$, s  ^ d i o p h a n t i n e  e q u a t i o n  (1)  h a s  a

t o r s i o n  s u b g r o u p ,  h a v i n g  e l e m e n t s  o f  o r d a r  2  o v e r  $ ( t ) ,  b u t  

no  o t h e r  t o r s i o n  s u b g r o u p  h a v i n g  e l e m e n t s  o f  o r d e r  2 o v e r  a  

s u b s e t  o f  <£( t ) .  T h i s  h a p p e n s  when d = - 1 ,  - 3 ,  - 7 .

b)  I f  6  (f, e 2 , e 3 € ®  t h e n  d i o p h a n t i n e  e q u a t i o n  (1)  h a s  a 

tw o  e l e m e n t  t o r s i o n  s u b g r o u p ,  h a v i n g  e l e m e n t s  o f  o r d e r  2 o v e r  

$ ( t ) ,  a n d  a  f o u r  e l e m e n t  t o r s i o n  s u b g r o u p ,  h a v i n g  e l e m e n t s  o f  

o r d e r  2 o v e r  ] R ( t )  . T h i s  h a p p e n s  w hen  d = - 2  , — 1 ( f  =2) , - 3 ( f = 2 ) ,  

- 7 ( f = 2 ) .

2)  I n  t h e  r e m a i n i n g  c a s e s ,  d  = - 1 1 ,  - 1 9  , - 4 3 ,  - 6 7 ,  - 1 6 3 ,  

- 3 ( f = 3 )  d i o p h a n t i n e  e q u a t i o n  (1) h a s  t o r s i o n  p o i n t s  o f  o r d e r  2 

o v e r  a t  m o s t  Q ( t , e ^ , e 0 , e ^ ) •

2 . 5 : D e t e r m i n i n g  t h e  s m a l l e s t  f i e l d  o f  c o n t a i n m e n t  f o r  t h e

r a t i o n a l  s o l u t i o n  (x(-fc) , y ( t )  ) .

Now t h a t  we h a v e  d e s c r i b e d  a  m e t h o d  o f  c o n s t r u c t i n g  a l l  r a t i o n a l  

s o l u t i o n s  ( x ( t ) , y ( t ) )  c o r r e s p o n d i n g  t o  some p a i r  ( X , u ) ,  X,  a 

c o m p l e x  ( o r  r e a l )  m u l t i p l i e r  a n d  ;i = o n e  o f  0 , = ;

l e t  u s  c o n c l u d e  t h i s  d i s c u s s i o n  b y  s p e c i f y i n g  t h e  s m a l l e s t  f i e l d  

o f  c o n t a i n m e n t  f o r  t h e s e  s o l u t i o n s  -  we w i l l  i n c l u d e  t h e  a p p r o ­

p r i a t e  m e t h o d  o f  c o n s t r u c t i o n  f o r  e a c h  c a s e .  D e t a i l s  w e r e  

d e s c r i b e d  e a r l i e r .

C a s e  1 . L e t  X G I * ,  yi = 0 .  The r a t i o n a l  s o l u t i o n s  ( x ( t ) , y ( t ) )  

t a k e  t h e  f o r m

, .  , v (nu) _ o' (nu)
x l t >  ‘  T m r  y , t )  -  v w

T h e s e  a r e  s o l u t i o n s  w h i c h  c o r r e s p o n d  t o  X, a  r e a l  m u l t i p l i e r .
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C o n s t r u c t i o n . Use  t h e  a d d i t i o n  f o r m u l a s  a s  d e s c r i b e d  by  s t a t e ­

m e n t s  ( 1 1 ) a n d  ( 1 1 ' )  w i t h  a = n ,  b = 0 ; o r  u s e  t h e  f o l l o w i n g  

i t e r a t i v e  f o r m u l a  f r o m  e l l i p t i c  f u n c t i o n  t h e o r y .

F o r  u ^ v :

( 2 p ( u ) p ( v ) - ( 1 / 2 ) g _ ) ( p ( u ) + p ( v ) ) - g , - p ' ( u ) p ' (v)
p (u + v ) -  ---------------------------------------------------- 5-----------------------------------

2 ( p ( u ) - p ( v ) )

p ' ( u )  = ( 4p 3 ( u ) - g 2 P ( u ) - g 3 ) 

p " ( u )  = 6 p 2 (u)  -  ( g 2 / 2 ) •

F o r  u = v :

[ p 2 ( u ) + ( g 2 / 4 ) ] 2 + 2 g 3 p ( u )  
p ( 2 u)  = -------— -----------------------------------

4p ( u ) - g 2 p ( u ) - g 3

T h i s  s h o w s  t h a t  ( x ( t ) , y ( t ) )  l i e  i n  (j)(t) a n d  i n  n o  l a r g e r  f i e l d .

C a s e  2 . L e t  X £ E,  y = 0 .  The  r a t i o n a l  s o l u t i o n s  ( x ( t ) , y ( t ) )  

t a k e  t h e  f o r m

-  T ^ f  * (t> ■

T h e s e  a r e  s o l u t i o n s  w h i c h ' c o r r e s p o n d  t o  X, a  c o m p l e x  m u l t i p l i e r .  

C o n s t r u c t i o n . Use  t h e  a d d i t i o n  f o r m u l a s ,  s u c c e s s i v e l y ,  i n  w h i c h  

( x ( t ) , y ( t ) )  ** X e  Qv t t h e  r i n g  o f  i n t e g e r s  o f  K, f o r  some a ,  b .  

T h i s  s how s  t h a t  ( x ( t ) , y ( t ) )  l i e  i n  Q ( t , X )  a n d  i n  no  l a r g e r  f i e l d .

C a s e  3 . L e t  X e  £ * ,  y * 0 .  The  r a t i o n a l  s o l u t i o n s  t a k e  t h e  

f o rm

o ( n u + y )  , p 1 (nu+y)
x ( t )  = ' p ( u )  y ( t )  = p ' ( u )  U ~ u l +u>2

C o n s t r u c t i o n .  Use



e  .p (nu) + (2 e  . -  { 1 / 4 )  g 2 )
P < ™ + V  =   pT nu)  - e . ----------------- •

I f  e v 6  0 ,  t h e n  ( x ( t ) , y ( t ) )  l i e  i n  $ ( t ) .

I f  £ < $ , then  ( x ( t ) , y ( t ) )  l i e  i n  <$( t ,e„ .)  f o r  some g i v e n  i .

C a s e  4 . L e t  X £ t ,  y jt o .  The r a t i o n a l  s o l u t i o n s  t a k e

t h e  f o r m

x ( t )  .  y ( t )  .  , M = ,

C o n s t r u c t i o n . Use  t h e  f o r m u l a  o f  c a s e  3 w i t h  n = X.

I f  e ^  e  t h e n  ( x ( t ) , y ( t ) )  l i e  i n  $ ( t , X ) .

I f  t h e n  ( x ( t ) , y ( t ) )  l i e  i n  <J>(t, X, e , - ) f o r  some g i v e n
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S e c t i o n  3 : C o n c l u s i o n

E l l i p t i c  c u r v e s  o r i g i n a l l y  a r i s e  b e c a u s e  t h e y  a p p e a r  i n  t h e

i n t e g r a n d  f o r  t h e  a r c  l e n g t h  o f  a n  e l l i p s e .  E v a l u a t i o n s  o f

s u c h  i n t e g r a l s  l e a d  o n e  t o  a n a l y z e  L e g e n d r e ' s  t h r e e  b a s i c

t y p e s  o f  s u c h  i n t e g r a l s ,  w h e r e ,  i n  o u r  c a s e ,  n e q u a l s  3 ,  t h e
2

d e g r e e  o f  f ( x )  i n  t h e  e l l i p t i c  c u r v e ,  E:  y = f ( x ) .  N a m e ly ,  

t h e y  t a k e  t h e  f o r m s  ( s e e  [ 9 ] ,  p g .  4 1 ) :

(1 )  F i r s t  K i n d  =

(2) S e c o n d  K i n d  =

(3) T h i r d  K i n d  =

dx

g 2 x - g 3

x dx

/ 4 x 3 - g 2 * - g 3

dx

( x - a ) * 4 x 3 - g 2 x - g 3

a  e  *

The  b a s i c  r e s u l t s  i n  t h i s  p a p e r  w e r e  c o n s e q u e n c e s  o f  r e s u l t s  

i n  e l l i p t i c  f u n c t i o n  t h e o r y  h a v i n g  t o  do w i t h  e l l i p t i c  i n t e ­

g r a l s  o f  t h e  f i r s t  k i n d ;  e s p e c i a l l y  s i n c e  t h e  a r g u m e n t ,  u o f  

t h e  W e i e r s t r a s s  e l l i p t i c  ' f u n c t i o n ,  p ( u )  s a t i s f i e s

u  = d t

A t 3 - g 2 t - g 3

A l t h o u g h  t h e  s o l u t i o n s  o f  t h e  a b o v e  i n t e g r a l s  o f  t h e  s e c o n d  a n d  

t h i r d  k i n d  d e a l  w i t h  t h e  J a c o b i a n  e l l i p t i c  f u n c t i o n s ,  we r e f e r  

t h e  r e a d e r  t o  [9 ,  p g .  15 1 ]  f o r  d e t e r m i n i n g  t h e  e x p r e s s i o n  f o r  

t h e  W e i e r s t r a s s  e l l i p t i c  f u n c t i o n  p ( u )  i n  t e r m s  o f  J a c o b i a n  e l ­

l i p t i c  f u n c t i o n s .  S p e c i f i c a l l y ,  we h a v e  t h e  f o l l o w i n g  c o n c l u s i o n s



L e t  e , , e 0 , e_  b e  a n y  t h r e e  d i s t i n c t  n u m b e r s  w h o s e  sum i s  z e r o .  -L A. J

S e t

e r e 3 
X ~ ®3 + __2

w h e r e

s n  ( Xu; k)

2 2 e 2 _ 0 3A = e .  -  e .  a n d  k z = -  -- -
1 3 1 3

k = m o d u l u s  o f  t h e  J a c o b i a n  e l l i p t i c  f u n c t i o n s  s n  u ,  

c n  u ,  dn  u .

We r e c a l l  t h e  f o l l o w i n g  s i x  i d e n t i t i e s  f r o m  J a c o b i a n  e l l i p t i c  

f u n c t i o n  t h e o r y :

1
( 1 )

( 2 )

(3)

s n u

c n u
s n u

dn u
s n u

d l ,

du \ ■

= n s  u

= c s  u

= d s  u

2 2(5)  c s  u  + 1 = n s  u

( 6 ) d s 2 u  + k 2 = n s 2 u

We c l a i m  t h a t  x  s a t i s f i e s  t h e  e l l i p t i c  c u r v e  

f d x l 2
du = 4 (x-ej^)  ( x - e 2 ) ( x - e 3 )

T h i s  i s  t h e  c a s e  b e c a u s e



T h e n

= 4A2 ( e ^ - e 3 ) 2 ( n s 2 Au) ( c s 2 Au) ( d s 2 \u )

= 4A2 ( e 1 - e 3 ) 2 ( n s 2 A u ) ( n s 2 A u - l ) ( n s 2 A u-k2 ) b y  ( 5 ) ,  ( 6 ) .

S u b s t i t u t i n g  i n t o  , t h e  e x p r e s s i o n s

2 2 
■ n s  Au , A = e i  “ e 3

we g e t

= 4 ( x - e 3 ) ( x - e 1 ) ( x - e 2 ) .

The  t h e o r y  s h o w s ,  u p o n  e x p a n s i o n  o f  t h e  r i g h t  s i d e , t h a t  x s a t ­

i s f i e s  t h e  e q u a t i o n .

d x  2  . 3
* r j  "  4 x  -

w h e r e  g 2 , g ^ , a n <3 t h e  m o d u l a r  i n v a r i a n t  j  a r e  d e f i n e d  a s  i n  t h e  

W e i e r s t r a s s  e l l i p t i c  f u n c t i o n  t h e o r y .

I t  i s  w i t h  t h i s  i n  m i n d  t h a t  we w o n d e r  w h e t h e r  t h e  a b o v e  t h e o r y  

r e s t i n g  o n  r e s u l t s  o f  W e i e r s t r a s s  e l l i p t i c  f u n c t i o n s  c a n  b e  

a p p l i e d  i n  some m o d i f i e d  f o r m  t o  J a c o b i a n  e l l i p t i c  f u n c t i o n s  

a s  w e l l .

A l s o ,  i n  t h e  p r o c e s s  o f  d e t e r m i n i n g  r a t i o n a l  s o l u t i o n s  o v e r  <fc(t) 

t o  d i o p h a n t i n e  e q u a t i o n  ( 1 ) ,  we a s s u m e d  t h a t  d i o p h a n t i n e  e q u a ­

t i o n  ( 1 ) was  a s s o c i a t e d  w i t h  a  u n i q u e  e l l i p t i c  c u r v e  a d m i t t i n g  

c o m p l e x  m u l t i p l i c a t i o n  o v e r  a n  i m a g i n a r y  q u a d r a t i c  f i e l d  h a v i n g  

c l a s s  n u m b e r  o n e .  S u p p o s e  we a l l o w e d  t h e  c l a s s  n u m b e r  o f  o u r



42

i m a g i n a r y  q u a d r a t i c  f i e l d  t o  b e  g r e a t e r  t h a n  o n e .  T h e n ,  

p e r h a p s ,  m ore  t h a n  o n e  e l l i p t i c  c u r v e  w o u l d  a s s o c i a t e  i t s e l f  

w i t h  d i o p h a n t i n e  e q u a t i o n  ( 1 ) .  How w o u l d  t h e  s o l u t i o n s  o f  

m o re  t h a n  o n e  e l l i p t i c  c u r v e  ( a l t h o u g h ,  i s o g e n o u s  c u r v e s )  

i n t e r r e l a t e  w i t h  t h e  r a t i o n a l  s o l u t i o n s  o f  o u r  d i o p h a n t i n e  

e q u a t i o n ?  Would  x ( t )  a n d  y ( t )  s t i l l  h a v e  t h e  fo r m s

X(t> -  p t xn*u)  ( , .  p - U u + y )
p ( u )  1 o '  (u)P (u)

A m o re  b a s i c  q u e s t i o n  d e a l s  w i t h  t h e  e f f e c t  o f  s p e c i f i c  com­

p l e x  v a l u e s  o f  t  o n  t h e  r a n k  a n d  t o r s i o n  p o i n t s  o f  o u r

d i o p h a n t i n e  e q u a t i o n .  We r e a l i z e  c .ha t  t h e  p ( u )  s e r i e s  c o r r e -  
2 3s p o n d i n g  t o  Y * 4X -  g 2 X -  g ^ ,  f o r  s p e c i f i c  g 2 , g 3 i s  u n ­

a f f e c t e d  b y  c h a n g e s  i n  t .  H o w e v e r ,  f o r  w h i c h  v a l u e s  o f  t  i s  

d i o p h a n t i n e  e q u a t i o n  (1)  a n  e l l i p t i c  c u r v e ?  F o r  w h i c h  v a l u e s  

o f  t  d o e s  t h e  r a n k  o f  d i o p h a n t i n e  e q u a t i o n  ( 1 ) d e c r e a s e ?

T h e s e  q u e s t i o n s ,  i f  i n v e s t i g a t e d ,  s h o u l d  h e l p  u s  t o  b e t t e r  

u n d e r s t a n d  how a n d  why t h e  a b o v e  t h e o r y  w o r k s .
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A p p e n d i x :  P r e l i m i n a r y  R e s u l t s  on  E l l i p t i c  F u n c t i o n s  a n d  

C om plex  M u l t i p l i c a t i o n .

The f o l l o w i n g  i s  a  summary  o f  t h e  e l e m e n t a r y  t h e o r e m s  o f  e l ­

l i p t i c  f u n c t i o n  t h e o r y  a n d  c o m p l e x  m u l t i p l i c a t i o n  t h e o r y ,  a n d  

t h e i r  r e s p e c t i v e  p r o o f s ,  a s  e x e m p l i f i e d  b y  t h i s  p a p e r .  We 

u s e  t h e  f o l l o w i n g  n o t a t i o n  i n  o u r  d i s c u s s i o n  o f  t h e  b a s i c  

t h e o r e m s  o f  e l l i p t i c  f u n c t i o n  t h e o r y :

“ 1L a t t i c e ,  L = [2o), , 2 u ^ ] , t  = —  i s  a n  i m a g i n a r y  n u m b e r .- ~ — i  z to 2

E l l i p t i c  f u n c t i o n , f ( u )  i s  d e f i n e d  o v e r  <p a n d  i s  p e r i o d i c  

w i t h  r e s p e c t  t o  L ,  i . e . ,  f o r  a l l  z e  <f, u e  L ,  f (z+ o i)  = f ( z ) .  

Assume f ( u )  ?  0.

F u n d a m e n t a l  p e r i o d  p a r a l l e l o g r a m , Pa , f o r  f ( u )  = 

[ a + 2 t . a ) . + 2 t , w ,  | 0  < t .  < 1 , i  = 1 , 2 ] .
1 1  Z Z 1 — t

T h e o r e m  1 . The n u m b e r  o f  p o l e s  o f  f ( u )  i n  i s  f i n i t e .

P r o o f . S u p p o s e  t h e  n u m b e r  o f  p o l e s  o f  f ( u )  i n  P^  i s  i n f i n i t e .  

By t h e  B o l z a n o - W e i e r s t r a s s  t h e o r e m ,  t h i s  s e q u e n c e  o f  p o l e s  h a s  

a  l i m i t  p o i n t .  H o w e v e r ,  a n y  l i m i t i n g  p o i n t  o f  p o l e s  i s  a n  

e s s e n t i a l  s i n g u l a r i t y  o f  f ( u ) .  T h i s  m e a n s ,  b y  t h e  d e f i n i t i o n  

o f  f ( u ) ,  t h a t  f ( u )  c a n n o t  b e  a n  e l l i p t i c  f u n c t i o n /  s i n c e  i t  

i s  n o t  m e r o m o r p h i c .

T h e o r e m  2 . The  n u m b e r  o f  z e r o s  o f  f ( u )  i n  Pa i s  f i n i t e .

P r o o f . S u p p o s e  t h e  n u m b e r  o f  z e r o s  o f  f ( u )  i n  Pa  i s  i n f i n i t e .  

T h e n  t h e  n u m b e r  o f  p o l e s  o f  l / f ( u )  ( f ( u )  ^ 0)  i s  i n f i n i t e .  By 

t h e  p r o o f  o f  T h e o r e m  1 t h e  l i m i t i n g  p o i n t  o f  t h e s e  p o l e s  i s  a n
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e s s e n t i a l  s i n g u l a r i t y  o f  l / f ( u )  a n d  i s  t h e r e b y  an  e s s e n t i a l  

s i n g u l a r i t y  o f  f ( u )  -  c o n t r a d i c t i n g  t h e  f a c t  t h a t  f ( u )  i s  

e l l i p t i c .

T h e o r e m  3 . The sum o f  t h e  r e s i d u e s  o f  f ( u )  a t  i t s  p o l e s  i n

P , i s  z e r o .a

P r o o f .  Assume f ( u )  h a s  no  p o l e s  o n  t h e  b o u n d a r y  o f  Pa F o r

i f  i t  d i d ,  b y  T h e o r e m  1 ,  f ( u )  h a s  a f i n i t e  n u m b e r  o f  p o l e s  i n

P ; we c a n  t h e n  t r a n s l a t e  P , w i t h o u t  r o t a t i o n ,  u n t i l  no  p o l e  a  a '
o f  f ( u )  l i e s  o n  t h e  b o u n d a r y .  L e t  C b e  t h e  c o n t o u r  f o r m e d  by

t h e  e d g e s  o f  P , w h e r e  t h e  c o r n e r s  o f  P a r e  a ,  a  + 2us, , a  + 2a>0 » ’ a a 1 2

a  + + 2 ^ 2 • sum o f  t h e  r e s i d u e s  o f  f ( u )  a t  i t s  p o l e s

i n s i d e  C i s :

o + 2 (i).

1
2 i i f ( u ) d u  = 2 tt i

u

a+2u)^+2o)2 a+2co2 a

f ( u ) d u  + f ( u ) d u  +

a+2 to,

f ( u ) d u  + f  (u)  d u

ot+2u)^+2a)2 a+2(i>2

E a c h  i n t e g r a t i o n  t a k e s  p l a c e  a l o n g  a  s t r a i g h t  l i n e  p a t h .  C h a n g e  

t h e  v a r i a b l e  o f  i n t e g r a t i o n  i n  t h e  s e c o n d  i n t e g r a l  o n  t h e  r i g h t  

b y  r e p l a c i n g  u b y  u + 2 io^; a n d  i n  t h e  t h i r d  i n t e g r a l  o n  t h e  r i g h t  

b y  r e p l a c i n g  u b y  u+2to2 . We t h e r e b y  o b t a i n :

1 
2 1  i

f ( u ) d u  = 2 i i

C

cx+ 2 uk

f ( u ) d u  +

a+2 a a

f ( u + 2 u)^)du + f  (U+20J2 ) d u  +

a a+2co.

f ( u ) d u

a + 2 u)2

S i n c e  f ( u + 2 cj2 ) =  f ( u ) ,  t h e  f i r s t  a n d  t h i r d  i n t e g r a l s  d i f f e r  o n l y  i n  

s i g n  a s  a  r e s u l t  o f  t h e  d i r e c t i o n  o f  i n t e g r a t i o n .  S i m i l a r l y ,  

f  ( u t 2 ) = f ( u )  i m p l i e s  t h e  s e c o n d  a n d  f o u r t h  i n t e g r a l s  h a v e

sum z e r o .  T h u s ,
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[
. . sum o f  t h e  r e s i d u e s  o f  t h e  p o l e s ,  „f ( u ) d u  = 2 r i  • [ e t \ • - j o  1 = 0o f  f ( u )  i n s i d e  C

=• t h e  sum o f  t h e  r e s i d u e s  o f  t h e  p o l e s  o f  f ( u ) ,  i n  P , i s  z e r o .

T h e o r e m  4 . I f  f ( u )  h a s  no  p o l e s  i n  P , t h e n  f ( u )  i s  a  c o n s t a n t .

P r o o f . I f  f ( u )  h a s  n o  p o l e s  i n  P^  i t  i s  a n a l y t i c  a n d  t h e r e f o r e  

b o u n d e d  i n s i d e  a n d  o n  t h e  b o u n d a r y  o f  P . T h i s  m e an s  t h e r e  

e x i s t s  a  n u m b e r  A s u c h  t h a t  | f ( u ) |  < A when u i s  i n s i d e  o r  o n  

t h e  b o u n d a r y  o f  P . By t h e  p e r i o d i c i t y  o f  f ( u ) ,  t h e r e  i s  some 

c o n s t a n t  A'  w h e r e b y  | f ( u ) |  < A'  f o r  a l l  v a l u e s  o f  u .  By 

L i o u v i l l e ' s  t h e o r e m  f ( u )  i s  a  c o n s t a n t .

T h e o r e m  5 . F o r  a n y  e l l i p t i c  f u n c t i o n  f ( u ) ,  t h e  n u m b e r  o f  z e r o s  

i n  PQ e q u a l s  t h e  n u m b e r  o f  p o l e s  i n  P .

P r o o f . Assume a g a i n  f ( u )  h a s  no  p o l e s  o r  z e r o s  o n  t h e  b o u n d a r y  

C o f  p . By t h e  a r g u m e n t  p r i n c i p l e  we h a v e  t h a t

ff' f f  d u  = 2 tt7; ( z - P )

C

w h e r e  2 e q u a l s  t h e  t o t a l  n u m b e r  o f  z e r o s  o f  f ( u )  i n s i d e  C 

( f i n i t e  i n  n u m b e r  b y  T h e o r e m  2) c o u n t e d  w i t h  m u l t i p l i c i t y ,  a n d  

P e q u a l s  t h e  t o t a l  n u m b e r  o f  p o l e s  o f  f ( u )  i n s i d e  C ( f i n i t e  

i n  n u m b e r  b y  T h e o r e m  1) c o u n t e d  w i t h  m u l t i p l i c i t y .  By t h e  

p e r i o d i c i t y  o f  f ( u ) ,  we h a v e  f ( u + 2w^)  = f ( u )  a n d  f ( u + 2 ou2 ) = 

f ( u ) .  T h i s  i m p l i e s ,  a f t e r  t a k i n g  d e r i v a t i v e s ,  t h a t  f ' ( u + 2 a i 1 ) = 

f ' (u)  a n d  f ' ( u + 2aj2 ) = f ' ( u ) .  T h e r e f o r e  f ' ( u )  a n d  f ' ( u ) / f ( u )  

h a v e  t h e  same p e r i o d s  a s  f ( u ) .  By u s i n g  t h e  same p r o c e d u r e s  

a s  i n  t h e  p r o o f  o f  T h e o r e m  3,  we f i n d :
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f '  (u)  , _
f  (u)  d u  ”

1
2 i r i

a + 2 (jj
1

f ' (u)
T n r r

a + 2 (u ̂ + 2 cj 2 a + 2 a)

du  + f ' (u)
T T u T  

0 + 2 (1).

du  +

2

f  ’ (u) 
f  (u) d u  +

o+ 2 (d^+2 (i)2

f ' (u)
T T u T

a + 2  (d„

du

Z -  P

T h e r e f o r e  Z = P,

T h e o r e m  6 . F o r  a n y  e l l i p t i c  f u n c t i o n  f ( u )  a n d  a n y  c o n s t a n t ,  b ,  

t h e  n u m b e r  o f  z e r o s  o f  f ( u ) - b ,  i n  P , d e p e n d s  o n l y  o n  f ( u )  a n d  

n o t  o n  b .

P r c o f . The f u n c t i o n  f ( u ) - b  h a s  t h e  same p e r i o d s  a s  f ( u )  a n d  

f ' ( u ) . The  p o l e s  o f  f ( u ) - b  a r e  t h e  p o l e s  o f  f ( u ) .  By t h e  

a r g u m e n t  p r i n c i p l e  t h e  d i f f e r e n c e  b e t w e e n  t h e  n u m b e r  o f  z e r o s  

a n d  t h e  n u m b e r  o f  p o l e s ,  o f  f ( u ) - b ,  i n s i d e  C i s :

1
2  tt i

f ' (u) 
f ( u ) - b d u .

By u s i n g  t h e  sam e  p r o c e d u r e  a s  i n  t h e  p r o o f  o f  T h e o r e m  3 ,  i . e . ,  

b y  d i v i d i n g  t h e  c o n t o u r  i n t o  t h e  f o u r  p a r t s  s p e c i f i e d  a b o v e ,  

we f i n d  t h a t ,  c o u n t i n g  m u l t i p l i c i t i e s ,  t h e  n u m b e r  o f  z e r o s  o f  

f ( u ) - b  e q u a l s  t h e  n u m b e r  o f  p o l e s  o f  f ( u ) - b ,  w h i c h ,  i n  t u r n ,  

e q u a l s  t h e  n u m b e r  o f  p o l e s  o f  f ( u ) .

D e f i n i t i o n . Assume f ( u )  h a s  no p o l e s  o r  z e r o s  on  t h e  b o u n d a r y

o f  P . The  o r d e r  o f  f ( u )  e q u a l s  t h e  n u m b e r  o f  p o l e s  ( o r  z e r o s )  ,a
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c o u n t i n g  m u l t i p l i c i t i e s ,  o f  f ( u )  i n  ? ^ .

T h e o r e m  7 . I f  f ( u )  h a s  o r d e r  l e s s  t h a n  t w o ,  t h e n  f ( u )  i s  a 

c o n s t a n t .

P r o o f . I f  t h e  o r d e r  o f  f ( u )  i s  z e r o ,  t h e n  f ( u )  h a s  no  z e r o s  o r  

p o l e s  i n  P ^ ,  i m p l y i n g  b y  T h e o r e m  4 ,  f ( u )  i s  a  c o n s t a n t .  I f  

t h e  o r d e r  o f  f ( u )  i s  o n e ,  t h e n  f ( u )  h a s  o n e  p o l e  o f  o r d e r  o n e  

a t  u = a ,  i n  P ^ .  By T h e o r e m  3,  t h e  r e s i d u e  a t  t h i s  p o l e  i s  

z e r o .  T h en  t h e  c o e f f i c i e n t  i n  t h e  s e r i e s  e x p a n s i o n

f o r  f ( u ) :

a _ !
—A  + 0 (u)  = f  ( u) u - a

i s  z e r o .  H e n c e ,  u  = a  i s  n o t  a  p o l e ,  b u t  a  p o i n t  o f  a n a l y t i c i t y

o f  f ( u ) .  So ,  f ( u )  h a s  n o  p o l e s  i n  P , i m p l y i n g  b y  T h e o r e m  4 ,a
f ( u )  i s  a  c o n s t a n t .  T h e r e f o r e ,  e v e r y  e l l i p t i c  f u n c t i o n ,  f ( u ) ,  

h a s  o r d e r  g r e a t e r  t h a n  o r  e q u a l  t o  t w o .

I n  p a r t i c u l a r ,  i n  t h i s  p a p e r ,  we d i s c u s s  t h e  e l l i p t i c  

f u n c t i o n  p ( u ) ,  d e f i n e d  e a r l i e r .  T h e  W e i e r s t r a s s  f u n c t i o n  p ( u ) ,  

i s  a n  e v e n  e l l i p t i c  f u n c t i o n  o f  o r d e r  tw o  i n  w h i c h  e a c h  f u n d a ­

m e n t a l  p e r i o d  p a r a l l e l o g r a m  c o n t a i n s  a  d o u b l e  p o l e  a t  t h e  

l a t t i c e  p o i n t s ,  L .  O t h e r  p r o p e r t i e s  a b o u t  t h e  f u n c t i o n  p ( u )  

c a n  b e  f o u n d  i n  t h e  r e f e r e n c e s  [ 1 ] ,  [ 4 ] ,  a n d  [ 9 ] .

We u s e  t h e  f o l l o w i n g  a d d i t i o n a l  n o t a t i o n  i n  o u r  d i s c u s s i o n  o f  

t h e  t w o ,  v e r y  b a s i c , t h e o r e m s  o f  c o m p l e x  m u l t i p l i c a t i o n  t h e o r y :

E l l i p t i c  c u r v e  E i s  d e f i n e d  o v e r  <$ a n d  i s  d e s c r i b e d  

a s  Y2  = 4X3 -  g 2 X -  g 3 ; E = <£/L = P ^ .

T h e o r e m  8 . I f  E a d m i t s  c o m p l e x  m u l t i p l i c a t i o n  b y  X, t h e n :
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( I )  A i s  i n t e g r a l  o v e r  Z

( I I ) [<$ ( A) :<£] = 2 .

P r o o f . E v e r y  e l l i p t i c  c u r v e ,  E ,  i s  a s s o c i a t e d  w i t h  a f u n d a m e n ­

t a l  p e r i o d  p a r a l l e l o g r a m ,  P ^ ,  u p o n  w h i c h  t h e  e l l i p t i c  f u n c t i o n ,  

p ( u ) ,  i s  d e f i n e d .  I f  E a d m i t s  c o m p l e x  m u l t i p l i c a t i o n  b y  A, 

t h e n  AL C l ,  b y  d e f i n i t i o n .  I n  p a r t i c u l a r  t h e r e  e x i s t  

a , b , c , d  e  z  s u c h  t h a t

A * 2 oj^  =  a * 2 u j ^  +  b * 2 o ) 2

A*2u)2 = c*2ijj^ + d*2u)2

T h i s  i m p l i e s  A i s  a  r o o t  o f  t h e  p o l y n o m i a l  e q u a t i o n

x - a

- c

- b

x - d
=  0 ,

S o ,  t h e  c o m p l e x  m u l t i p l i e r  A s a t i s f i e s  t h e  i n t e g r a l  e q u a t i o n

x -  ( a + d ) x  + ( a d - b c )  = 0 .

S i n c e
x = (a+ d)  ± / ( a + d ) 2 - 4  ( a d - b c )

we h a v e  t h a t  A i s  o f  d e g r e e  tw o  o v e r

T h e o r e m  9 . $ ( t ) = <l!(A) = K, w hen  A i s  a  c o m p l e x  m u l t i p l i e r

o f  L .

P r o o f . A2^ 2  = c*2' jj1  + d*2oj2  f o r  some i n t e g e r s  c , d

A = c* ( uj^ / u)2 ) + d 

= c  • T + d
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c f  0 ,  s i n c e  A £ Z.  I n  a s i m i l a r  m a n n e r ,  we c a n  w r i t e  r i n  

t e r m s  o f  A. T h u s  $ ( x )  = $ ( A ) .

By T h e o r e m  8,  A i s  a n  e l e m e n t  o f  t h e  r i n g  o f  i n t e g e r s  <£( r ) .  

O t h e r  t h e o r e m s  a b o u t  c o m p l e x  m u l t i p l i c a t i o n  c a n  b e  f o u n d  i n  

t h e  r e f e r e n c e s  [ 2 ] ,  [ 8 ] ,  a n d  [ 9 ] .
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