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Abstract
Solutions of Diophantine Equations over ¢(t)
and Complex Multiplication
by

Clara Wajngurt
Advisor: Professor Harvey Cohn

In this paper we establish a relationship between the
rational solutions (x(t),y(t)), over ¢(t), of the diophantine
equation:

42x(t) >-g,tx(t) -g; = y(£) 2 (4t?-g,t-g,), g,,95 € ¢ (1)
and the solutions (p(u),p'(u)) which parametrize the elliptic
curve E:y2 = 4x3-g2x-g3 admitting complex multiplication by
A. E is identified with the group ¢/L whereby L is a lattice
which is generated by the periods 2w1, 2w2, with Im(wl/wz) >0.
By definition of complex multiplication by A, we are inter-
ested in those multipliers, X € C for which AL C L. According
to the thecry, all such multipliers A belong to the ring of
integers of some imaginary quadratic field K. In particular
we restrict our theory to g,,9, € ¢ so that the problem which
is discussed here is fully solved for the case of K, having
ring class number one. As a result the paper attempts to ex-
pand on the work of H. Cohn who dealt with the two specific
diophantine equations over ¢(t), which had specific values
for g,,9; and which corresponded to the two cases K = o(/-1),
(t = 4p2(u)) and K = Q(/=3) (t = 4p3(u)). Concluding remarks

“about solving the problem for K having ring class number

greater than one are made.
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The basic results of this paper are consequences of
results in elliptic function theory having to do with elJiptiE
integrals of the first kind. We first characterize the form
of all rational solutions of diophantine equation (l1). The

rational solutions are derivable from the substitutions

x(t) = %*‘l y(t) = L—‘p—’.“(’—:‘)-‘-’— t = p(u)

in which u = 0,'w1,w2,w1 + w,. As a corollary we show

through a minor change in notation, a relationship betwecn

the modular invariants of diophantine equation (1) in modi-
fied form, and the elliptic curve E, adhitting complex
multiplication by A. Using techniques established in elliptic
function theory, we prove that the complex multiplier 2,
associated with a unique rational salution (x(t),y(t)), must
be of a certain form. Next, we construct all rational solu-
tions of diophantine equation (1) by using the addition
theorems valid for the Weierstrass function, p(u). When both

A,y are non-zero, we use the expression:

eip(u) + (2812:-(1/4)92)
e, = p(w-)'
plu)-e, i 1

p(u+wi) =
to find the associated rational solution (x(t),y(t)). Specific
examples are worked out for the cases K = Q(v/=2) and K = (/7).
Actual applications to each of the thirteen diophantine cqua-
tions with specific 95:93> and corresponding respectively to
the thirteen imaginary quadratic rings, having class number one,
are made. Finally, we analyze for all possible cases the

smalles: field of containment for the rational solutions

{x(t),y(t)) of diophantire equation (1l).

iv



Since there is an expression which explicitly describes
the Weierstrass elliptic function p(u) in terms of the
Jacobian elliptic function sn(u;k) (k = modulus); in conclu-
sion, we wonder, as a point for future investigative study,
as to whether the ensuing theory resting on results of
Weierstrass elliptic functions can be applied in some modi-

fied form to Jacobian elliptic functions as well.
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Section l: Background

Given the diophantine sguation

at3x(e)3 - gtx(t) - gy = y(t)2(4t3-92t-93) (1)

€
9,:9; € ¢

where x(t), y(t) are rational functions in ¢(t).
We would like to characterize all rational solutions x(t),
y(t) € ¢(t) satisfying this diophantine equation. The
following discussion will clarify the two cases:

(1) deg x(t) = deg y(t)

(2) deg x(t) # deg y(t)

Our results will be discussed shortly.

l.1: The meaning of complex multiplication

Any elliptic curve, E, is identified with the group ¢/L where
L is generated by the periods Zwl, sz, with Im(wl/wz) > 0.
The complex analytic endomorphisms of the lattice L which pre-
serve the elliptic curve E, a(x) = Ax, A € ¢, x € L are
identified with the multiplication by a complex number, A,
such that Zwlk, 2w2X € L. These endomorphisms of the lattice
form a ring which always contain the integers, i.e., » € £ -

the real multiplications. The other complex analytic endomor-

phisms (if any) are given by complex numbers and are called

complex multiplications. Although the real multiplications

are a subset of the complex multiplications, we say the ellip-
tic curve admits complex multiplications, only when the endomor-
phism ring of E (or endomorphism ring of ¢/L) corresponds to

the multiplication of complex numbers A, A € Z. The theory

shows that all complex multipliers )\, belonging to End E (i.e.,



2

the corresponding elliptic curve to lattice L admits the com-

plex multiplications, X.) belong to the ring of integers, 9

-

K
of some imaginary quadratic field, K = 9(vd) (d < 0, d square

free). The generating basis for BK is given by {1,82] where

/d d £1 (mod 4)
| =
1+ v/ d =1 (mod 4)

2

where f = ring

In particular End E = Z + feK = [l;fa] = 8¢

conductor of End E.

1.2: Why we restrict ourselves to 9,:94 € 0]

Let L be the lattice [2m1,2w2] and ¢/L the compact
Riemann surface of genus one, described earlier. An elliptic
function with periods in L is a meromorphic function on ¢ which
is invariant under the translation: u »—u +  where u =
Zaml + waz a,b € £. Define complex numbers gy 94 and mero-

morphic functions p(u) and p'(u) on ¢ by

3, = 9,(L) = 605,74

140546

p(u) = plu;L) = u™? + £{(u-w) " 2-u

3

1]

g3 = g3(L)
-2
}

p'(u) = p'(u;L) = -2Z(u-w)_

where each of the above sums, I, are taken over all non-zero

w in L. By elliptic function theory we find that
3 2
pLw? = ap (07 —gp (W-g,, g, - 2795 # 0.

In addition, the field of all elliptic functions with periods
in L is the same as Q(pL(u), p!(u)), the field over ¢, gener-
4o

ated by pL(u) and pi(u).



Let E be the algebraic curve with a "zero" point («»,»), given

by (X,¥) € ¢ such that:

2 3 3 2
y = 4X7 - g,X - g; 9, =~ 2795 # 0

y = p'(u) X = p(u)
The map u € ¢+ (p(u), p'(u)) € E, referred to earlier, de-
scribes the isomorphism of ¢/L onto E; E is viewed as a complex
manifold, with differential dx/y, which pulls back to the

differential du, on C. Any elliptic curve yz = 4X3 - q2X = 94

g3 - 27g2 # 0 is identified with a modular invariant 3, =
j(wl/“b)’ a number which depends on the lattice L,Im(wl/mz)

> 0, namely

3
3 92

3 .2

g2—27g3

where g, g5 are the previously defined complex numbers de-
pending on the lattice, L.

On the other hand, given any value for jL’ one can always

find an elliptic curve with invariant jL’ namely

Y2 = 4X3 -cX - c C =g, = g,
with
6.3 ) _ 6.3 . _c
i S .o =27
c”=27c
which when solved for c:
L)
T . 56,93
JL"" 3
For the two special cases, jL = 0, jL = 26'33, we associate
the curves
v2 = 4x3-1 with jp =0
and
2 2 . . 6 .3
Y® = 4X7 =X with iy = 273



This shows that g), g5 € ¢ =j < Q.
Therefore, why dc we restrict our discussion in this paper to
iy € 92
We recall that

End E = ring of endomorphisms of lattice L which pre-
serve the elliptic curve E and keep the "zero" point of E,

fixed.

L = [2w1,2u2] Im(ml/u)z) > 0.

ne

In general, End E 2 &, unless K = Q(wl/wz) (= @(A), when 1 is
a complex multiplier) is an imaginary quadratic field. So

K = Q(wl/wz) is an imaginary quadratic field, if the elliptic
curve E admits complex multiplications. According to the
theory, j; = j(“"l/“’z) is an algebraic integer, if E admits
complex multiplications. This means [Q(jL): ¢l < =, for by
Siegel's theorem (see [2], pg. I-3) if ml/m2 is an algebraic
integer in the wupper half-plane not belonging to a guadratic
imaginary field, then j(w)/w,) is transcendental. Especially,
by the theory the degree [Q(jL): ¢ < hf where £ = ring con-
ductor of End E and h = ring class number of K = Q(w,/u,).

The degree of jL over @ equals the class number, h, when £ = 1.
When j € ¢, i.e., wvhen 9,:95 € ¢, the class number he of the
corresponding imaginary quadratic field K is one, for £ > 1.
Therefore, why do we restrict our discussion in this paper to
a kK= Q(wl/wz) (which contains the ring of complex multipliers
for our curve, E) having class number one, £ > 1? Assume

he > 1, i.e., jL £ . By the theory, the elliptic curves E

admitting complex multiplicaticn, and having given endomorphism



ring ef = End E are in one to one correspondence with the
class group of 9, ef =7 + feK. This means that to each
element of the class group of Bgr there corresponds a unique
elliptic curve; each of these elliptic curves has the same
ring of endomorphisms, B¢- On the other hand, given the
endomorphism ring O¢ (£ > 1), there are finitely many elliptic

curves-precisely, the theory shows that there are

h |class group of 6|

f

ring class number of the imaginary gquadratic field,
K, such elliptic curves. As an example, when £ = 1, the class
group of ef is merely the group of ideal classes of €x- Let

us restrict this discussion to the case f = 1, class number

h > 1 ana analyze the consequences. In this case we have for
each elliptic curve E., 6 = End E; = fg = full ring of inte-
gers of the imaginary quadratic field K, 1 < ¢ < h. By de-
finition, El' is isogenous to EZ' if the lattice L, correspon-
ding to the curve E,; is related to the lattice L, corresponding
to the curve E2' only when there exists an o € X with aLl - L2.
We claim that in our case, £ = 1, hf > 1; El’Ez""'Eh is a

full equivalence class of isogenic curves, if the respective
lattices, Ll'Lz""’Lh' to each of the elliptic curves E,

(1L < i < h) are contained in the imaginary quadratic field, K.
Applying this definition as follows, we suppose End E; = End E,.
Without loss of generality, assume also L, = (1,7t], L, = [1,7"]
where 1 = ml/wz, ' = wi/“é are both imaginary quadratic num-
bers with a positive imaginary part. Assume 71,71' € K = Q(wl/mz).

Then Eq is isogenous to Ey- This is the case, because



T =at' +b, for a > 0 (Im(t) > 0), b € ¢ implies 1+L; € L,;
which means that any complex multiplier o € GK satisfies

a-L; c Ll - L2. A similar argument shows Ez is isogenous to
Eq- (In particular, the set of elliptic curves E; with Be =
End E; = 6K is a full equivalence class of isogenic curves).
This means there exists a correspondence in which any E;.,

1l <1 <h; h = cardinality of the class group 8¢: in the set,
is isogenous to any selected Ej' 1 <j <h. The following
theory produces a correspondence between diophantine equation
(1) and the elliptic curve E; y2 = 4x3 - g% - g5 I£fh >1,
i.e., 95793 £ ¢, the following theory will show that perhaps
more than one elliptic curve E {all isogenous, however, but
not necessarily isomorphic) would be associated with diophan-

tine equation (l). Thus, we are interested in associating

diophantine equation (1) with one, unigue curve E. This means

we want this elliptic curve E to admit complex multiplications
that belong to the ring of integers of some imaginary quadratic
field K, having class number one. In the case of class number
one there are thirteen corresponding elliptic curves which do
indeed have g,,9; € Q. These thirteen elliptic curves defined

over @, will be explicitly outlined later.
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Section 2: Discussion

Recall the elliptic curve

2 3 i 3 2
n® =48 - g6 - 93 g -2793 A0  g,55 €¢

is solvable by Weierstrass elliptic functions contained in the
elliptic function field, ¢(pL(u),p£(u)) L = [2w1,2w2], namely,

£ = p(u) n = p'(u) (2)

and u, a variable in ¢(pL(u),p£(u)). This curve generates a
Riemann surface on which the differential of the first kind

d(p(u))/p'(u) = du is defined.

2.1: Basic form of all rational solutions (x(t),y(t))

Let (x(t),y(t)) be a solution of diuphantine equation (1).

Set A(u), B(u) as follows:

A(u) = x(p(u))p(u) B(u) = y(p(u))p'(u) (3)

where x(p(u)),y(p(u)) € Rat functions {p(u)}. Since x(p(u)),
y(n(u)) are both rational functions in p(u) we can set p(u) =t
in the functions x(p(u)), y{p(u)), thereby obtaining rational
functions in t.

In (1) we substitute for (x(t),y(t))

%%%% = x(t) éi%%y = y(t) t = p(u) (31
to obtain
3, A (u) A(u)
4p” (u) T - 6ap(W TGy T 93 7
% (w)

) (4P3(u)—gzp(u)-g3).
n' " (u)



By cancellation and statement (2) we produce the elliptic
curve

aad(u) - g,A(w) - g5 = BX(u) (4)

93 - 2795 # 0 i, € ¢

which is associated with the unique differential of the first
kind d(A(u))/B(u). By elliptic function theory

A(u) = p(w) B(u) = p'(w)
for some variable w, to be determined later. Since the dimen-

sion of the space of holomorphic differentials on a commact

Riemann surface of genus one, equals one, we find

Q%Qé%ll = dw = Adu . (4")

for some X € €*. This implies w = Au + y, p determined mocdulo
the lattice [Zwl,sz] associated with p(u).

Therefore

A(u) = p(iu+y)
(5)

B(u) = p'(xu+y)

In particular we note that by statement (3) and the symmetry

of the elliptic function p(u)
A(=-u) = A(u).
With statement (5), this means
p(au+y) = p(Aa(~u)+y) = p(=Au+y)

and then either

AU+ p = =-Au + oy mod{2w1,2w2}, impossible
or
AU+ 4 T =(=Au+yp) mod{Zwlfzwz}



s U

}

1
|
j

mod{2wl,2w2

o 20 = 0 mod{2w1,2w2}

Therefore statement (5) becomes

A(u) v (Au+u) (
5')

B(u)

p' (Au+yp)

with the conditions u = 0, Wy sy, Wy + wy = Wy

This leads us to the following ccnclusion:

Theorem 1l: We can derive infinitely many solutions (x(t),y(t))
€ ¢(t) satisfying diophantine equation (1), only by way of the

substitutions

In the process, we consider that

v(u).

X = p(u) Y = p'(u)

. 2 3 3 2
parametrize Y~ = 4X° - g,X-g,, 9, -279; #0; g,:95 € ¢ and

u=20, Wy Py Wy * wy-.

Remark 1
Statements (3), (3') and (5') are necessary conditions for de-
riving rational solutions of diophantine equation (l1). 1In

effect, we will observe that all rational solutions correspond
to complex (cr real) multipliers, A. By the following lemma
we claim they are sufficient conditions also, for deriving
solutions of diophantine equation (1).

Lemma l. If A is a complex (or real) multiplier, 2y = 0 mod

{Zwl,sz} then p(\u+y) is a rational function in p(u).
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Proof. Suppose pf{u) has real period 2wl and complex period
2w2- Let A = m + nt m,n € Z; 1 € ¢ where % € ring of endo-
morphisms of the given lattice. We are assuming that the

lattice L corresponding to p(u) admits complex multiplication

by A. This implies

p(u+2wl) p (u)

p(u+2w2) p(u).

Then

]
]

(1) p(x(u+2wl)) p(xu+x-2ml) p(iu), A+2w; C L

(11) p(x(u+2w2)) p(xu+k-2m2) p{iu), A-sz CL

By

(1) p(Au+2wl) = p(Aiu)
(11)  p(iu+2w,) = p(iu)

Therefore, any period of p(u) will be a period of p(Au), when

A is a complex (or real) multiplier. 1In addition, any period

of p(u) is a period of p(iu+y); especially when uy = 0, Wyr Wy
wy + Wy This means that the quotient p(Xu+y)/p(u) is an
elliptic function with the same period lattice as p(u). Keeping
in mind 2y = 0 mod{zwl,zmz} and p(-u) = p(u), we have that
p(Au+yu) /p(u) is an even elliptic function, and is thereby ex-
pressible as a rational function, having complex coefficients,
of the function p(u), with the same period lattice as p(u).

Thus p(Aiu+u) is a rational function in p(u).

Remark 2
The above statements motivate the following conclusions: Every

ratiornal solution (x(t),v{(t)) of diophantine equation (1) is
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intrinsically of the given form described by statements (3')

and (5') if and only if ) is a complex (or real) multiplier.
Before we outline an explicit method for constructing any ra-
tional solution, let us consider the following corollary im-

plied by the above statements:

Corollary 1. Let the curves C1 and C2 be defined as follows:

. nl _ 3
Cl. B = 4A - ng - g3
3,3 - 3
Cy: 47X - gztx - gy = Y (4t -gzt-g3)
3 2
92 = 2793 # 9 92193 € Q

For those complex values of t for which C, is an elliptic
curve having genus one (e.g., t = 0, excluded), the curves
Cl and C2 have the same modular invariants. In this case,

by the theory, C1 and C2, both viewed over ¢, are isomorphic.

3

Proof. The modular i iant, j of C, is 26.33 . 22
Yoor. e moduiar i1nvariant, j) o 1 S ;j:;;;f
2 3

We are to show that C,+ when viewed as an elliptic curve has

the same modular invariant as C t is a fixed complex number.

1;
-
We write C, in the form y© = £(x).

3 g
t 3 t 3 2
4{—jf—_————} X~ - {__?______} gzx - {__T______} =Y
4t -gzt-g3 4t -g2t—93 4t -gzt-g3/
3 g g \
tX tX 2 3
4t —gzt-g3 4t -gzt-g3 L(4t -gzt-g3) (4t -gzt-g3)

= {___X_______}z
= 3
4t -gzt-g3

4t —gzt—g3 4t —gzt-g3
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g 3 g \
433 - 2 . X - [ 3 5 ='¥2
4t ) 2 Lge3 3
(4t7-g,t-g, (4t7-g,t-g,)
Determine the modular invariant of C2:
3
92
3 NG 3
_ 5633 Ut -g,t-g,) ,6.43,_ %2
3 2 =<2t o
9, 93 9572793
3 g~ 27" 3 ]

= modular invariant of Cl.

Remark 3

It is important to emphasize that for particular 95093 € Q,

in fact, for thirteen explicit pairs of 9, and gy, we get
thirteen associated elliptic curves admitting complex multi-
plication in some imaginary gquadratic field K, of class number
one. 1In effect these thirteen elliptic curves will correspond
to thirteen diophantine equations whose form is described by
statement (l1). So when we determine general solutions of the
cubic curve (1) by the addition formulas, we are actually de-
termining the solutions of the thirteen respective diophantine
equations given by the particular 95094 € . Although we will
describe the explicit method for deriving general solutions to
the general form described by diophantine equation (1), it may
be more productive to attack the problem directly - by deter-
mining rational soluticns, through the addition theorems of

one of the respective thirteen diophantine equations each
having explicit 9ys93- This point will be attempted in partic-

ular for those diophantine equations corresponding to the
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imaginary quadratic fields, K = Q(v/=2) and K = Q(/=7). 1In
general, the rational solution (x(t),y(t)) and its associated

multiplier, X satisfies statement (6) below.

2.2: Determining the associated complex multiplier A to any

given rational solution (x(t),y(t)).

Theorem 2. In the process of describing any given rational

solution (x (t),y(t)) of diophantine equation (1), i.e.,

x(t) = p—(;—‘?fﬁ‘-)— y(t) = p;?“:)) £ = p(u)

u =20, wy - Wor wy + wy = W

we find that the unique complex (or real) multiplier XA, associ-

ated with the given (x(t),y(t)) satisfies
Ay (t) = tx?(t) + x(t) = d(tx(t))/dt (6)

Proof. The above remarks show that the rational solutions
(x(t) ,y(t)) of

1320002 - gytx(t) - g5 = y(©) 2 (at?-g,t-qy)

3 2
9,:93 € )] g - 2795 # 0

are constructed by use of the Weierstrass elliptic functions
(p(u) ,p'(u)) parametrizing the curve w2 = 4t3 - gt - g, (7)
whose respective lattice Ll admits complex multiplication by

A. The abelian differential of the first kind corresponding
to the Riemann surface generated by curve (7) is given by

dt/w = du. We consider the lattice, L,. obtained by multiplying

each element, u of Ll by the complex (real) multiplier 1 and
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then translating by u. L, is associated with the Weierstrass
equation

3
W2 = 4T - g,T - g, (8)

defined by T = p(iu+u) W = p'(luty) ue= 0, wys owy
“1 7 92
The abelian differential of the first kind corresponding to

the Riemann surface generated by curve (8) is given by d4T/W =

du. In particular, we have

ar _ d(p(iutu)) _ Ap' (Au+y) - N -
= ATt I A STy du Adu =~ (9)

Since, complex multiplication by A produces the construction
in which the ratio of the areas of the lattices, L, to L,

L2 = ALl c Ll' is n = norm A, this induces the endomorphism

a from L1 to L, in which n points of L, go to one point of L,-

We define mapping a from curve (7) to curve (8) by
T = tx(t) W = wy(t) (9")

in which n-values of t determined by tx(t) (and all associated
with a respective W) give rise, under a to one value of T
(associated with a respective W). According to statements (9)
and (9') we select the associated )\ to the rational solution

(x(t) ,y(t)):

dr _ tx'(t) + x(t) 4t _ , dt

- W y(t) w W

tx'(t) + x(t)
y(t)

i.e., X = = Ay (t) tx' (t) + x(t) = d(ex(t)) /4t

Example 1. By the addition formulas of diophantine equation (1),



15

to be described shortly, we find that A = 2, is associated
with the rational solution

.
t4+(gz/2)t‘+293t+(g§/16)

x(t)

4t(t3—{92/4)t~(93/4)) (10)
t6-(5g2/4)t4-5g3t3-(59§/16)t2-(9293/4)t+(gg'32g§/64)

8(t3-(g,/4) t-(g3/4))"

y(t)

Not only does this choice of (x(t),y(t)) associated with ) = 2,
satisfy equation (6), but that a:lLy + L, defines a four to one
mapping (norm X = 4) in which any given value of T arises from
four values of t, cdetermined by checking the value of

tx(t) - T = 0.

Example 2. Theorem 2 also enables us to determine the multi-
plier X if we have already determined the rational solution
(x(t) ,y(t)). For if x(t) = y(t) = 1, a solution of diophantine
equation (1), we find, by statement (6), the associated A is

A= 1.

Corollary 2. For general solutions (x(t),y(t)) of diophantine

equation (1), the deg{tx(t)} = n where degree is taken to mean
the higher {(or equal) degree of the numerator or denominator

of tx(t)}.

2.3: Constructing rational solutions by the addition theorems

Since Jdiophantine equation (1) is a cubic curve over ¢(t),
there is a method which explicitly describes how to construct
rational pointsz on the curve from a known set S of rational
points Pl'Pz""’Pn' By using the addition theorems of ellip-

tic function theory, we can derive the secant and tangent
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formulas fcr diophantine equation (l). We recall that solu-
tions (x(t),y(t)) of diophantine equation (l) arise from
solutions (A(u),B(u)) of equation (4) whereby x(t) = A(u)/p(u);
v(t) = B(u)/p'(u), by condition (3'). 1In addition, not only
does any (x(t),y(t)) correspond to some argument u, but by
theorem 1 and lemma 1 each (x(t),y(t)) corresponds to some
complex (or real) multiplier A. Thus, the addition theorems
of elliptic function theory are applied to diophantine equa-

tion (1) in the form:

Aond xl(t) xz(t) x3(t) =0

yl(t) yz(t) y3(t)l

whereby Ai‘* (Xi(t),Yi(t)), u = 0.

In this context, the addition theorem presupposes that there
is a relationship between the additive structure of the ring
of integers of the imaginary quadratic field K which contains
the multiplier xi, and the additive structure of rational
solutions (xi(t),yi(t)) of the cubic curve (1).

"
The equation Y“ = ax3

- g,X - 9, is parametrized by Weierstrass
elliptic functions (p‘u),p'(u)) where the series for p(u) as-
sociated with the corresponding lattice L = [2w1,2w2] is

described as:

2
c g g 3g,9

1 22 3 4 2 6 293 8
p(u) = = + ut + u” o+ U o+ =y

w?  22.3 22.7 29.3.52 245.7.11

32 23
2:3-535%4924
. 3 2 10,

2%.3.53.92.13
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subject to bounded u - away from the lattice points. 1In the

secant formulas we will consider the egquation
(xl’Yl) + (XZ’YZ) = (X,Y)

whereby (xl'Yl) and (XZ’YZ) are two different solutions over
¢(t) of diophantine equation (1) which add in the sense of ad-
dition of points on a cubic curve to the sum, over ¢(t), (X,Y).

In the tangent formulas we allow for the case whereby

i.e.,

2(x1,Yl) = (xo,Yo)

The derivation of the tangent formulas uses dy/dx for the

change in y
change in x °

Secant
x(t) = { 3 } X - X = X

t (727

3 - - (11)
o —(g2/4)t-(g3/4) Y=Yy 3 xzyz-xlyl+2(xly2-x2yl)

y(t) = —{ 3 } -X ¥ X,-X

t | ¥27%1 2771
Tangent

t{12t2x(t)2-g2}

%ﬁ = . Set tx(t) = X
2{4t —gzt—g3}y(t)
x4+ (g,/2) X2 +2g %+ (g2/16)
% (8 = 4E(X7=(g,/4) X-(g4/4))
. X6~ (59,741 x4-59,%3- (592/16) X*- (9,9,/4) x+ (g5-3293) /64
yolt) =

8(£3-(g,/4) t-(g,/4)) (X7=(g,/4) X-(g,/4) )y (t)
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(The solution exemplified in statement (10) is found by de-
termining 2(1,1)).

There are precisely two cases under consideration:

Case 1: d = 2,3 (mod 4)
Case 2: 4 =1 (mod 4)

We will illustrate each case by example.

Solutions arising from p # 0 will be described subsequently.

Case 1: d = 2,3 (mod 4) d <0 A € C*
_ pliu+p) - ' (Autu)
x(t) = EETGTH— y(t) EFTTET—-
(1,1) had A=1,u=20
and
p (/du) p' (/du) - - -
(p(u) Ay A= /d,u=0

All solutions arise from complex (or real) multiplications by

the addition formulas as follows:

\ p(vdu) p' (/du) = a + '
a(l,1) + b( e ' P (W) - A a bvd (11*)
ab €2
norm A = a2 - bzd
The lattice Ll’ associated with the equation y2 = 4x3 - g% - g,

is of the form [£,£/d) where £ is the real period and £/d jg
the imaginary period. Under complex multiplication by 1},

lattice L1 will be shifted to lattice L2 = [£,EX] where

(£,€A] € [£,5Y4]

Example 3. K = Q(/=2) £ =1

According to Hadano (see [5], pg. 92) the corresponding



Weierstrass model 1is

82 = a3 + 4a% + 2a

Let B - B, A +~ A - % . This gives the form:

2 3

B A + (-10/3)A + (56/27)

(A=(4/3)) (A=(=2+3/2)/3) (A= (-2-3/2)/3)

so that
40 _ 224 A3
92573 9377 727 Ty = 20
Upon setting A = A(u) = x(t)p(u)
B = B(u) = y(t)pn'(u)
p(u) = -2t/3

and using the fact

p (w? = pd(u) - (10/3)p(uw) + (56/27)
We get the form described by diophantine equation (1):

263x(8) 3 - 1sex(t) - 14 = y2(t) (2t3-15¢-14)

y2 (t) (2t2-48-7) (£+2)

The above elliptic curve admits complex multiplication by

A =a + bv-2; a,b € £ norm A = az + 2b2. Its associated

lattice L is of the form [(,£v-2]) where

=]

£ = 2 dx

4/3 /qij-(40/3)x+(224/27)
Under complex multiplication by X € [1,/-2], the ring of
integers of ¢(v=2) we have (&,5x] € [g,£&/-2].
In addition, the above elliptic curve is parametrized by

Weierstrass functions (p(u),p'(u)) whereby

19



1 2 2 8 4 4 6 _ 16 8 208 10
p(u) = :3 t3u - 37U +t3zu 297 % Y a9gim v 7
The addition formulas (v = 0) for the given diophantine

equation are described as:
Secant

2
() = {(tz-Zt—(7/2))(t+2) } 35"

3
(£2-2¢-(7/2)) (£+2) }[?2‘Yi] , Xa¥amX ¥y *2 (% ¥omXoYy)

3 X27%y X2=¥%

y(t) = -{
Tangent

[éz
dx

t(6t2xi—15)
= txl(t) =X

J(xl,yl) 4(t2-2t-(7/2))(t+2?Y1

_ x4415x%456x+ (225/4)

4t (X%-2%-(7/2)) (X+2)

xo(t)

_ x8-(75/2) x*-140%>- (1125/4) x®-210%+ (239/8)
8(:2-21;-(7/2))(t+2)(x2-2x-(7/2))(x+2)y1

yo(t)

All solutions arise from complex (or real) multiplications by

the addition formulas as follows:

, p(/=2u) p'(/ffu)] - — =
a(l,l) + b[ T > a) « A a+ bvy=2, u 0
in which
the rational solution (1,1) ~+ X =1, us=20
and

> rl
[l
J
=
"
o

o (/=2u) p'(f-—fu)] -
p(a) ' p'(u)

We note (p uu) and ;. uU) are by lemma 1, rational functions

in t, and are determined as follows:

the rational solution [

Upon considering the period parallelogram generated by [1,/-2]

we use a cancellation of zeros and poles argument which yields
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the following form:

A
p(u)=p(l/v=2)

2p(vV=2u) + p(u) =

Basically, by using the series for p(u) and complex multiplica-
tion by /=2, the left side has a zero of order 2 at u = 0 and
a pcle of order 2 at u = v=2/2; while the expression

p(u) - p(1//=2) has a pole of order 2 at u = 0 and a zero of

order 2 at u = /-2/2. This implies by Liouville's theorem,
{2p(/=2u) + p(u) Xp(u) - p(1//=2)}

has no residue classes of poles and is bounded in the funda-
mental period parallelogram and/or the whole plane; and is

thereby a constant, A.

Then
(V=2u) _ _ 1 A _ -
2 C R B Y (VR Y (Y =) B = p(1/v/=2)
= g(/ﬁu) = - L -1
x(p(u)) o Tw) 3+ IR CIOEICYEIR

whereby A = -1, B = 4/3 are determined by applying the series

for p(u) to both sides of the preceding equation. Setting

p(u) = -2t/3 in the preceding expression
1 1 2t%-4¢-9
x(t) = - 5 + - = = i
2 (-2t/3) ((-2t/3)-(4/3)) 4t (t+2)
_ t242e409/2)
-2t (t+2)

From the derivative of »(/=2u) determined from the above ex-

pression for p(v/~2u) we £ind

(/) 1 1//=2
y(p(a)) = &4 = - +
A EY 27T (plu)-(4/3)) 2
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Satting p(u) = -2t/3

~2t2-8t+1 _ t2+ae-(1/2)

4/?7(t+2)2 -2/’-‘?(t+2)2

y(t) =

Therefore, all solutions arise from complex (or real) multi-

plications by the addition formulas as follows:

2 2
t“+2¢+(9/2) tT+4¢t~(1/2) = — =
a(l,1) + b ~Te(c+2) , —2/:7(t+2)27 « \= a+bv/=2, u 0
Case 2: d =1 (mod 4) d <0 X E C*
- pQuty) _ p'Qu+y)
x(t) 7 () y(t) 5 (0)
{(1,1) - A=1, u=0
and
1+/d v 1+/d
p(==—u) p (_TT—“)] . y - 1473 .
p(u) " p'(u) z ¥

All solutions arise from complex (or real) multiplications by

the addition formulas as follows:

1+/d3 1+/d .
p (==5—u) P'(—z——u)]
a(l,1) + b[ Ty , R “+ A = (a+(b/2))+(b/2)vd
a,b et
norm X = a2+ab+(l%g)b2
2

The lattice L,, associated with the equation Y° = 4X3-g2X-g3 is

+
of the form [E,E(lt;a)] where £ is the real period and E(l ;H)

is the imaginary period. Ccmplex multiplication by X will

again introduce the appropriate shift in Ll'

Example 4. K = Q(/=7) £ =1
According to Hadano (see [5], pg. 93), the corresponding

Weierstrass model is

2 3

B2 = a5 + 21A% + 112a
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Let B - B, A - A-7. This gives the form:

82 = a3 - 35a - 98

(A=) (A=(=7+V=T7) /2 (A=(=-7~/=T7)/2)

so that
g, = 140 = 22.5.7 g, = 392 = 2°.7% 3 = -153
Upon setting A = A(u) = x(t)p(u)
B = B(u) = y(t)p'(u)
p(u) = t
and using the fact
p' (w2 = p3(u) - 35p(u) - 98
we get the form described by diophantine equation (1):
£3x () 3-35ex(6)-98 = y2 (&) (£3-35¢-98)
= yz(t)(t2+7t+l4)(t-7) g
The above elliptic curve admits complex multiplication by
A = (a+(b/2)) + (b/2)/=7; a,b €Z norm A = aZ + ab + 2b?
Its associated lattice L is of the form [5,£(l+2- )] where
£ =2 J dx
/ﬁx3—140x-392
Under complex multiplication by X € (1, l+2- ], the ring of

integers of Q(v/=7) we have [£,£X] € [§,E(

17

> .
In addition, the above elliptic curve is parame~rized by
Weierstrass functions (p(u),p'(u)) whereby

- 1 2 4 49 6 _ 294 8 98 10
p(u)-—u2+7u + l4u +—3-u -T_Tu+3u + ...

The addition formulas (. = 0) for the given diophantine equation
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are determined by setting g, = 140, g4 = 392 in statement (11):

Secant
x(t) = {(t2+7t+14)(t-7)\ 7271 ‘. - x
3 %%, 1 2
y(t) = _{(t2+7t+l4)(t-7)} Yau¥) |3, Xa¥amX ¥y *2(X¥, X5y
3 X7 X=Xy
Tangent
2 2
t(3t“x;-35)
a
4+70x%+78
x () = X gx 4%X+1225
0 4 (X“+7X+14) (X-7)
x6-175%4-1960%3-6125%2-13720X-33957

8(t2+7t+l4)(t-7)(X2+7X+14)(X-7)y1

All solutions arise from complex (or real) multiplications by

the addition formulas as follows:

F’(“‘é/:.7 u) p'(l+;:7 u)
a(l,1)+b =T ' FAECY) A = (a+(b/2))+(b/2)Y=7, u =0
in which the rational solution
(1,1) “+ A =1, pu=20
and the rational solution
( (l+/:7 , 1+/=T )
Pl P T AT,
k p (u) ! p' (u) -2 + M
1+v-7 1+v27
p(=——u) p' (=——u)
-_TEFIT__ and —_—?TTGT_- are rational functions in t and

are determined, as in .xample 3, K = 0(/=2), by a cancellatior

of zeros and poles argument which yields the following form:
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vo () p () = 2

-3+/=7
( 2

p(u)-p(3+::7)

By using the series for p(u) and complex multiplication by

1+/=7
2

, the left side has a zero of order 2 at u = 0 and a

pole of order 2 at u = 3+::7 .
The expression p{u) - p(3+{:7) has a pole of order 2 at u =0
and a zero of order 2 at u = 3+4-7 . By Liouville's theorem
we get the described form. Then,
(1+/:7 )
P Y 1, A s = p2)
p () s p (u) (p(u)-B) Pi=—3
(1+/:7u) —
x(p(u)) = % y = 1 + (7/8) (=9+5v-7)
piu -3+/=7 -7+ /=T
(——7——ﬁ p(u)(p(u)-(——f——d

whereby A = % (-=9+5v-7), B = :1;5:1' are determined by applying
the series for p(u) to both sides of the preceding equation.

Setting p{u) = t in the preceding expression:

1 + L7/8) (-9+5/=7)
-3+/=7 ~7+/=7
U——i———) t(t- (———2——))
£(8t+28-4v7T) 47 (~9+5,/7T) (22T,

(—iigzz)t(8t+28 4/=7)

x(t)

8t2428t-4tVT+(-28-847=7)

3+v 7

(=222 8e (e +(7/2) = (1/2) V=T)

t“+((7/2)- 1/2)/=7) t+({=7/2)=(21/2)/=7)
(234757 3+/—"

Ye(t+(7/2)=(1/2)V/=F)
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From the derivative of p(—-—z——-u) determined from the abcve
expression for p(l—+l/-lu) we find
1+/_-
y(p(u)) - 2 = 1 + ("7/,16) (13"'7/:7 )
plu) -5-/=F (ZT6T 2

(——=—) (p(u)- "
Setting p(u) = ¢t

y(t) = —21 + {=7/16) (13+7/°7)

(=S=/2T) (£+(7/2)-(1/2) /7T 2
2

- £24 (7-/"T) £+ (14+7/5T)
(2T (ex (1720 - (172) /7T 2

Therefore all solutions arise from complex (or real) multipli-

cations by the addition formulas as follows:
a(l,l)+

t +((7/2 (1/2)/—)t+(-(7/2)°(21/2)/-7) t2+(7-.’-—'7)t+(l4+7/-_')

K]

(%-—‘,_\t(t+(7/2)-(l/2)/_) (2= "—)(wm) (1/2W=7) °

«+ A= (a+(b/2)) + (Bb/2)V=T , u =20

The above section deals with the construction of rational solu-~
tions (x(t),y(t)), which correspond to a2 non-zero complex (or
real) multiplier A and a zero u. For general d, how dces cne
corstruct rational solutions of Jdiophantine equation (1), which
correspond to a non-zero ) and a non-zero u? Recall that the

equation Yz = 4x3 - g,X - g3 parametrized by X = p(u), Y p' (),

factors, on the right side as follows:

2 ]
Y = (¥-e;) (X-e,) (X-e3) . € ¢
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By the thzory this means X = e, when u = w., 7 =1,2,3. We

determine p(u+wi), and therefore p'(u+w.) by the following

formula from elliptic function theory {see [4], pg. 20).

2
eip(u)+(2ei-(l/4)g2)

plu)-e,

plutw,) ¢ 9, € ¢ (12)

In particular, p(xu+wi) is determined by substituting Au for

u on the right side of statement (12). This implies

pOutw,) e p(iu)+(2ei-(g,/4))
x(t) W~ = T @ (pOw-e,) &= plw
P p i (12')
p'(xu+wi) -3e?+(gz/4)
y(t) T - L >, t = plu).
P (p(Au)-e.)
We determine the expression for p(iu) = p(u)x(p(u)), t = p(u),

from the addition formulas described by statement (11), for

the case y = 0.

Example 5. Suppose d is unspecified, X =1, u = Wy then
2 2
e p(u)+(2e;-(g,/4)) e t+(2e;-(g,/4))

x(t) p(u)(p(u)—ei) = t(t-ei) ' p(U) = t
-3e24(g,/8)  -3e?+(g,/4)

y(t) = (2 3 = 1 -
(p(u)-ei) (t-ei)

and ei, ¢ =1,2,3 are the roots of the egquation

4x3 = g,X - g,y = 0.
Example 6. Suppose d is unspecified, A = 2, u = W, then

eip(Zu)+(2e§-(g2/4))
p(u) (p(2u)-e )

x(po(u))

By statement (10)

p(2u) p‘u)4+(92/2)P(U)2+2g3p(u)+(g§/16)

p(u)

4p () (p(w) = (g,/4) p(u) - (g4/4))



23

We substitute

p(2) 4+ (g,/2) p(w) 24290 (w) + (g2/16)

p(2u) = 3
4 (p(u) -(92/4)p(u)-(g3/4))

into our expression for x(p(u)) and then set p(u) = t to get

4 2 3 2 2 2
{eit +(8ei-gz)t +(92/2)eit +(Zg3ei-2g2ei+(g2/4))t

+((g2/16) e ~202g,+(g,9,/4)) )

x(t) = 7 3 3 >
t(t -de t +(92/2)t +(gzei+293)t+((92/16)+g3ei))

2
-3e;+(g,/4)
(p(2u)-ei)2

y(p(u)) =
After substituting for p(2u) and setting p(u) = t in the re-
sulting expression we get:
2 6 2 2, .4 2 3
«-48ei+4gz)t +(24gzei-2g2)t +(24g3e¢ 29293)t

2 2 3 2 2 2
+ (-3ei92+(g2/4))t +(-6eig2g3+(gzg3/2))t

+((3,93)/4) -3e242)

vle) = =3 3 ) 3 3
(t -de t +(gz/2)t +(g2ei+2g3)t+((q2/16)+g3ei))

Let us conclude our discussion with the construction of rational
solutions, corresponding to a non-zero A and a non-zero i, by
applying the results of the above example 5, d unspecified,

A=1, u=uw to the two cases; case 1, K = ¢(/-2) and case 2,

Case 1. K = ¢(/=2) g, = 40/3 g, = -224/27 p(u) = -2t/3
2 - x3-(10/3)x + (56/27)

[
)

(X=(4/3)) (X=- (-2+3/2) /3 ) (X- (-2-3/2)/3 ).

Let a) u wy correspond to X 4/3 = e

1
(-2+43/2)/3 = e

b) u

correspond to X

wa 2



The

For

a)

b)

c)
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c) u = “q correspond to X = (-2-3/-2)/3 = e,
corresponding formulas to statement (12') are

e p(Au)+(2e5-(10/3))
p(u) (p(lu)-e)

x(p(u)) =

-3eZ+(10/3)

y(p(u))
(P(lu)-ei{2

A=1, y= W, p{iu) = p(u), e, unspecified

e(-2t/3)+(2e2-(10/3))  =6e, (t-3e +(5/e.))
x(t) = 1 = 1 : 1 1
(-2t/§)((-2t/3)-ei) 4t (t+{3e,/27)
3(-9e2+10) 3(-9e2+10)
1 1

Y(t) = 2 = p)
(-2t_3ei) 4(t+(3ei/2))

A=1, u= wyr € = 4/3

-~2(t-(1/4)) 0

tle+2) 7 e

x(t) =

A=1l, u=w,, e, = (-2+3/2)/3

(=2+3/2) {t+(1/14) (58+3/2)}
-2t (t+(-2+3/2)/2)

-9(1-,2)
(t+(-2+3/7) /2) %

x(t) =

y(t) =

A= ll u = w3l e3 = (-2-3/5)/3

(-2-3/2){t+(1/14) (58-3/2)}
-2t (t+(=-2-3/2)/2)

x(t) =

-9 (1+,/2)
(t+(-2-3/§)/2)2

v(g)

Case 2. K = ¢(,=7) 3, = 140 gy =392 plw =t
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2 _ x3 - 35% - 93

<
]

(X=7) (X= (=7+/=T7) /2 ) (X~(-7-V/=7)/2)

Let a) w4 = w, correspond to X = 7 = e,
b} u = W, correspond to X = (=7+/=7)/2 = e,
c) u= wq correspond to X = (-7-/-7)/2 = e3

The

For

a)

b)

c)

corresponding formulas to statement (12') are

e, p(Au)+(2e2-35)
p(u) (p(iu)-e;)

x(p(u))

2
-Bei+35

y(p(u)) = >
(P(Au)-ei)

A=1l, u=w:, p{ru) = p(u), e, unspecified

1

e.t+(2e%-35)
1 1

x(t) €lE-e,)
-3e2+35
y(t) = —
(t-e)
A=1, ps= ul, el = 7
_ 7(t+9) . =112
M=l ow= wy e, = (=74/=7)/2

((=7+y=7)/2) t+(=14=-7/=7)
t(t+(7-V/=7)/2)

x(t)

(7/2) (L+3/=7)
(t+(7-/:7)/2)2

y(t)

A=1l, u= wg, ey = (=7=-V/-7)/2

_ ((=7-/"T) /2) £+ (-14+7/=7)
(e (7+/=T)/2)

x(t)
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(7/2) (1-3,/=7)

v (t) 3
(e+(7+/=7)/2)
Remark 4. There are no rational solutiors associated with the

case A = 0, wu = 0; for in this situation p(u) and p'{(u) are
both undefined. This leaves us with the final case: construct
the rational solutions (x(t),y(t)) which correspond to a zero

multiplier A and a non-zero u.

2.4: Applications to the thirteen imaginary quadratic rings

having class number one.

When A =0, u = Wy rwarwgy the corresponding rational solutions
to diophantine equation (1) take the form

_ p(wi) e L
X(t)—m)———t—'t-llzl:i t = p(u)

p'(wi)

= = 0 =
Y4t -gzt-g3
since
2 _ 3 _ _
Y® = 4X g2X 95
= (x—el)(X—ez)(X-e3)

and

X=e, = plw;) when Y = p'(w,) = 0.

The w, are the non-zero torsion points of order 2 in the lat-

2 3

tice L associated with the elliptic cure Y = 4X~ - gzx - 95-

In particular, this means the following for general 4:

Case 1l: 4 = 2,3 (mod 4) d <0 d square free
L = [£,5/3]
ple/2) = ey,  pl(2/d)/2)ze, 0((5+5/3)/2) = e,.
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So (7§ , 0) corresponds to A = 0, u = %
(i% , 0) corresponds to \ = 0, u = ;§§
(2% , 0) corresponds to A = 0, u = §_i§5£§
Case 2: d =1 (mod 4) d <o d square free
L= (e, 257,
p(%) = e, P(EL%1£§L)= e, p(éi%ifgl) = e,
e
50 (7% , 0) corresponds to A\ = 0, y = %
(i% , 0) corresponds to A =0, y = Qil}fil
(2} , 0) corresponds to A = 0, yu = 512%1§L

According to the addition formulas described by statement (11),
the rational solutions ((ei/t), 0), 7 = 1,2,3 are torsion
points of order 2, of diophantine equation (l). At most,

these points of order 2 form a subgroup of order four, over

¢(t), namely

e e e
1 2 3 -
{(1? r 0), (1? , 0), (-E', 0), (eo,®)} = C2 x CZ'

Let us apply these results to the thirteen special cases.
The following is a list of the thirteen elliptic curves

YZ = f£(X) and their associated diophantine equations as de-
veloped by this paper. We will display the factors of f(x),

when f(x) has one rational root. By applying the rational

root theorem to each curve, we have found that it is never
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the case that f(x) has two or three rational roots. Each
diophantine equation was determined by substituting the

appropriate pair g,+ 9, into statement (1).

1. d=-1, £=1.
Equation yZ2=f(x); Y2=X>4X = X(X-1) (X+i)

g2 = -4, g3 =0
Diophantine Equation: ht3x(t)3+4cx(t) = y(t)2(4t2+&t)

2. d=-2, £=1.
Equation y2=x3-¢10/3)x + (56/27)
- (X- 43 x-(- 273 +D)x-( -273 -{D))
g2 = (*9/3), g5 = (-2%4/27;
Diocphantine Equation: &t3x(t)3-(ao/3)Cx(t) + (224/27)
= y()2(4e3-(*%3ye + (2%4/27))
3. d=-3, £=1,

Equation y:Z = X3 + 1 = (X+1) (X-(1+5))(}{-(1"5))

Diophantine Equation: 4t3x(c)3+4 - y(t)2(4t3+4)
4, d= -7, £ =1,
E . 2 - w3_acy - -7+ V-7
quation j X°-35%X-98 = (X-7)(X-(——jr——0XX-

(‘7"'1,:-/_;

))

g2 = 140, g5 = 392
Diovhartine Equation: 4t3x(t)3-140tx(t)-392
= y(t)2(4t3-140c-392)

5. d=-1, £ = 2.
Equation yZ=X3-11X+14=(X-2) (X-(-1+2J2)) (X-(~-1-2{2))
g2 = 4b, g3 = -56

Diophantine Eauation: 453x(t)--44tx(t)+56=y(t)>2(4t3-44t+56)
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d=-3, f=2.
Equation y2=X3-15%422 =(X-2) (X-(-1+2{3)) (X-(-1-2J3))

g2 = 60, gy = -88
Diophantine Equation: 4t3x(t)3-60tx(t)+88 = y(t)2(4t3-60t+88)

d= -7, £=2.
E 2= 3- - - ry: r-
quation y? = X3-595X-5586=(X+14) (X-(7+8V7)) (X-(7-847))
g2 = 2380, g3 = 22344
Diophantine Equation: 4t3x(t)>3-2380tx(t)-22344.
= y(t)2(4t3-2380c-22344)
d=-11, £ = 1.

Equation y? = X3-264X-1694

g, = 1056, g3 = 6776

Diophantine Equation: &t3x(t)3-1056tx(t)-6776
- y(t)2(4t3-1056£-6776)

d=-19, £ = 1,

Equation y2 = X3-152X + 722

g2 = 608, g3 = -2888

Diophantine Equation: 4t3x(t)3-608tx(t)+2888
= y(r)2(4t3-608c + 2388)

d=-43, £ =1.

Equation y? = X3-3440X + 77658

g2 = 13760, g3 = -310632

Diophantine Equation: &4t3x(t)3- 13760tx(t)+310632
= v(t)2(4t>-4:3450t + 310632)




is

11. d = -67, £ = 1.
Equation y? = x3-29480x + 1943226
B2 = 4.29480, g3 = -4.1948226
Diophantine Equation: 4t3x(r)3-4.29480ex(t) + 4.1948226

= y(£)2(4t3-4.29480t + 4.1948226)
12. d=-163, £ =1
Equation y2=x3-2%.5.23.29.163X + 2.7.11-19-127-163%
gy = 28.5.23.29.163, g3 = -23.7.11-19.127-163%
Diophantine Equation: &4t x(t)3-2%.5-23.29-163tx(t)
+23.7.11.19.127-1632
= yee)2(at3-26.5-23.29-163¢c+23.7.11.19-127- 16>

13. d=-3, £=3
Equation y° = X3 - 120X + 506
gy = 480, gy = -2024
Diophantine Equation: 4t3x(t)>-480cx(t) + 2024
= y(e)2(43-480t + 2024)

By observing this table, we arrive at the following resulcs:

Theorem 3. 1) If 4t3 - g,t-9g3= 0 has one rational root ey,

2 3

then Y = 4X° -~ g,X - g5 has a torsion point of order 2 over ¢,

namely, (el,O). In this case, the associated dioghantine equa-

e
tion has one torsion point (7% , 0) of order 2 over ¢(t). Par-

ticularly, this gives rise to the torsion subgroug having

e
alements of order 2 over Q(t):{(=,»), (1} , 0))} = C,. This

happens when 3 = -1, -2, -3, -7, -1(£=2), -3(f=2), =-7(£=2).
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a. If e, € ¢, e e € t then diophantine equation (1) has a
torsion subgroup, having elements of order 2 over Q{t), buat
no other torssion subgroup having elements cf order 2 over a

subset of ¢(&). This happens when 4 = -1, -2, -7,

b) If e; € ¢, e,,e; € R then diophantine equation (1) has a
two element torsion subgroup, having elements of order 2 sver
¢(t), and a four element torsion subgroup, having elements of
order 2 over R(t). This happens when 4 = -2, -1(f=2), -3(£=2),

-7 (£f=2).

2) In the remaining cases, 4 =-11, -19, -43, -67, -163,
-3(f=3) diophantine equation (1) has torsion points of order 2

over at most Q(t,e;,e,,e,).

2.5: Determining the smallest field of containment for the

rational solution (=(€),vy(t)).

Wow tnat we have described a methed of constructing all rational
solutions (x(t),y(%)) corresponding to some pair (A,u), \, a
complex (or real) multiplier and p = one of 0, Wy rWp g = Wytwy;
let us conclude this discussion by specifying the smallest field
cf containment €for these solutions - we will include the appro-
priate method of construction for each case. Details were

described earlier.

Case 1. Let M € g*, uy = 0. The raticnal solutions (z(t),y(t))

take the form

v {nu)

x(t) = FICN ylt) = 77737-

These are solutions which correspond to )\, a real multiplier.
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Construction. Use the addition formulas as described by state-

ments (l1) and (11') with a = n, b = 0; or use the following
iterative formula from elliptic function theory.

For u # v:

(2p(u)p(v)-(l/2)gz)(p(u)+p(v))-93-p'(u)p'(v)
2 (p(u)-p(v))?
/2

p(utyv) =

p'(u) = (4p3(u)-92p(u)-g3)l
" 2
p"(u) = 6p~(u) - (g,/2)

For u = v:

[pz(u)+(gz/4)]2+293p(U)

p(2u) 3
4p (u)-g,p(u)-g,

This shows that (x(t),y(t)) lie in @(t) and in no larger field.

Case 2. Let » £ Z, u = 0. The rational solutions (x(t),y(t))

take the form

= n(iu) = p' )
x(t) p () y(t) %;TTGT-

These are solutions which-correspond to i, a complex multiplier.

Construction. Use the addition formulas, successively, in which

(x(t) ,y(t)) «» X € B 7 the ring of integers of K, for some a, b.

This shows that (x(t),y(t)) lie in Q(t,)) and in no larger field.

Case 3. Let A € ¢*, y # 0. The rational solutions take the

form

_ plnu+y) _ p'(nu+y) - -

Construction. Use
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e p(nu)+(2e5-(1/4)g,)

nu; -e.
P( ! i

p(nu+y.)

If e. € ¢, then (x(t),y(t)) lie in ¢(t).

-

If e, £ ¢, then (x(t),y(t)) lie in ¢(t,e.) for some given 7.

Case 4. Let A ¢ %, u # 0. The rational solutions take

the form

x(t) = Ei%%ﬁ%L v(t) = Bzé%ﬁ%ﬂl PoU T Wywyswg = w1+w2-

Construction. Use the formula of case 3 wita n = .

If e; € ¢, then (x(t),y(t)) lie in ¢(t,N).

If e; & ¢, then (x(t),y(t)) lie in ¢(t,k,ei) for some given <.
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Section 3: Conclusion

Elliptic curves originally arise because they appear in the
integrand for the arc length of an ellipse. Evaluations of
such integrals lead one to analyze Legendre's three basic

types of such integrals, where, in our case, n equals 3, the
degree of f(x) in the elliptic curve, E: y2 = f(x). Namely,

they take the forms (see [9], pg. 41):

[
dx

3— -
) /4x gzx g3

(1) First Kind

(2) Second Kind = - x_dx
/ '4x -gzx-g3
(3) Third Kind = ( dx , a€ 4
2nird [’inc .

(x-a)+/4x ~g,%X-9g,

The basic results in this paper were consequences of results
in elliptic function theory having to do with elliptic inte-
grals of the first kind; especially since the argument, u of

the Weierstrass elliptic function, p(u) satisfies

J at
u =
/4t3-g t-g
2 3

X

Although the solutions of the above integrals of the second and
+hird kind deal with the Jacobian elliptic functions, we refer
the reader to [9, pg. 151] for determining the expression for
the Weierstrass elliptic function p(u) in terms of Jacobian el-

liptic functions. Specifically, we have the following conclusions:
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Let e1r €, €y be any three distinct numbers whose sum is zero.
Set
e,-e
x = e, + 21 3
sn” (\u;k)
where
e,-e
Az = e, - e, and k2 =23
1 3 e,-e,

k = modulus of the Jacobian elliptic functions sn u,

cn u, dn u.

We recall the following six identities from Jacobian elliptic

function theory:

1

(1) Sy = Dhsu
(2) 22 3 = ¢cs u
(3) 223=dsu

(4) é% (sn u)

cn udn u

(5) cszu + 1 = nszu

(6) dszu + k2 = nszu

We claim that x satisfies the elliptic curve
{dx 2

EE] = 4(x-el)(x-e2)(x-e3)

This is the case because

|

%

{d —2(el-e3)A(snAu)-3(anu)(dnxu) by (4)

Q

-Z(el-eB)x(nsAu)(csxu)(dsku) by (1), (2), (3}).
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Then
dx) 2 2 2, 2 2 2
(EGJ = 4) (el-e3) (ns”\u) {(ecs)u) (ds“ru)
= 4A2(el-e3)2(nszxu)(nszxu-l)(nszku-kz) by (5), (6).
\ . . dx 2 .
Substituting into Ial ! the expressions
X-e e.-e
s _: = ns®xu ' kz = e - ey, k2 = 2-e3
17%3 €17¢3
we get
2 X-e X-e Xx-e e,-e
(%ﬁ] = 4(el"e3)(el“e3)2(e -é3]{e -e3 -1 (e -e3 - ez-e3]
®17€3) (81783 17%3 17¢3)

4(x-e3)(x-el)(x-e2).

The theory shows, upon expansion of the right side, that x sat-

isfies the equation.

£

2 3
duJ = 4x7-g,x=g;3

where 9yr 93 and the modular invariant i are defined as in the
Weierstrass elliptic function theory.

It is with this in mind that we wonder whether the above theory
resting on results of Weierstrass elliptic functions can be
applied in some modified form to Jacobian elliptic functions

as well.

Also, in the process of determining rational solutions over ¢(t)
to diophantine equation (1), we assumed that diophantine egua-
tion (1) was associated with a unique elliptic curve admitting

complex multiplication over an imaginary quadratic field having

class number one. Suppose we allowed the class number of our
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imaginary quadratic field to be greater than one. Then,
perhaps, more than one elliptic curve would associate itself
with diophantine equation (1). How would the solutions of
more than one elliptic curve (although, isogenous curves)
interrelate with the rational solutions of our diophantine

equation? Would x(t) and y(t) still have the forms

= p(Au+p) = p'(Au+y)
x(8) = = vie) = Erns

A more basic question deals with the effect of specific com-
plex values of t on the rank and torsion points of our
diophantine equation. We realize chat the p(u) series corre-

2 _ 4x3

sponding to Y - gzx - 93 for specific 9,0 93 is un-
affected by changes in t. However, for which values of t is
diophantine eguation (1) an elliptic curve? For which values
of t does the rank of diophantine equation (1) decrease?
These questions, if investigated, should help us to better

understand how and why the above theory works.
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Appendix: Preliminary Results on Ellipntic Functions and

Complex Multiplication.

The following is a summary of the elementary theorems of el-
liptic function theory and complex multiplication theory, and
their respective proofs, as exemplified by this paper. We
use the following notation in our discussion of the basic
theorems of elliptic function theory:
. o
Lattice, L = [Zml,Zmzl, T = ;; is an imaginary number.

Elliptic function, f(u) is defined over ¢ and is periodic

with respect to L, i.e., for all z € ¢, y € L, f(z+w) = f(2).

Assume f(u) # 0.

Fundamental period parallelogram, P , for f(u) =

2 ;=
[o+2t 0, +2¢,0,[0 < £, < 1, © = 1,2].

Theorem 1. The number of poles of f(u) in Pa is finite.

Proof. Suppose the number of poles of f(u) in P, is infinite.
By the Bolzano-Weierstrass theorem, this sequence of poles has
a limit point. However, any limiting point of poles is an
essential singularity of f(u). This means, by the definition
of £(u), that f(u) cannot be an elliptic function, since it

is not meromorphic.

Theorem 2. The number of zeros of £(u) in Pa is finite.

Proof. Suppose the number of zeros of f£(u) in P, is infinite.
Then the number of poles of 1/f(u) (£(u) # 0) is infinite. By

the proof of Theorem 1 the limiting point of these poles is an
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essential singularity of 1/f(u) and is thereby an essential
singularity of f(u) - contradicting the fact that f(u) is

elliptic.

Theorem 3. The sum of the residues of f(u) at its poles in

P , is zero.
o

Proof. Assume f(u) has no poles on the boundary of P . For

if it did, by Theorem 1, f(u) has a finite number of poles in

Pa; we can then translate Pa, without rotation, until no pole

of £(u) lies on the boundary. Let C be the contour formed by

the edges of Pa’ where the corners of Pa are a, o + 2wl, a + 2w2,
a + 2w, + 2w,. The sum of the residues of f(u) at its poles

1 2
inside C is:

a+2u1 a+2w1+2w2 a+2w2 a
z—1lr-' £(u)du = —= J fluydu + | £(uwdu + | £(u)du + f(u)du}
1 2T
C a a+2wl a+2wl+2w2 a+2w2 J

Each integration takes place along a straight line path. Change
the variable of integration in the second integral on the right
by replacing u by u+2wl; and in the third integral on the right

by replacing u by u+2w2. We thereby obtain:

a+2w +2u

a
f

1 grew
—— | £(u)du = 37T f(u)du + [f(u+2m1)du + f(u+2w2)du + f(u)dul
a

o at2w a+2m2 J

1

Since f(u+2w2)= f(u), the first and third integrals differ only in
sign as a result of the direction of integration. Similarly,
f(u+2ml) = f(u) implies the seccnd and fourth integrals have

sum 2ero. Thus,
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— 5.: ., (Sum cf the residues of the poles
{f“”d“ =27t | of £(u) inside C ]
C

= the sum of the residues of the poles of £(u), in Pa' is zero.

Theorem 4. If f(u) has no poles in Pa' then f(u) is a constant.

Proof. If f(u) has no poles in P it is analytic and therefore
bounded inside and on the boundary of P, This means there
exists a number A such that [f(u)| < A when u is inside or on
the boundary of Pa' By the periodicity of £(u), there is some
constant A' whereby |[f(u)]| < A' for all values of u. 3y

Liouville's theorem f{(u) is a constant.

Theorem 5. For any elliptic function f(u), the number of zeros

in Pa equals the number of poles in Pa'

Proof. Assume again f(u) has no poles or zeros on the boundary

Cc of Pa. By the argument principle we have that

£'(u) = .
f —fTG—)— du ZWL(Z P)
C

where 2 equals the total number of zeros of f(u) inside C
(finite in number by Theorem 2) counted with multiplicity, and
P equals the total number of poles of f(u) inside C (finite

in number by Theorem 1) counted with multiplicity. By the
periodicity of f(u), we have f(u+2w1) = f£(u) and f(u+2y,) =
f(u). fhis implies, after taking derivatives, that f'(U+2wl) =

£'(u) and f' (u+uw = f'(u). Therefore f'(u) and £'(u)/£f(u)

2)
have the same periods as f(u). By using the same procedures

as in the proof of Theorem 3, we find:
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7T | Frmo du
C
a+2ml a+2ul+2w2 a+2w2
1 £'(u) £'(u) £' (u) £'(u) -
2717 f(u) du + £f(u) du + f(u) du + f(u) dup =
a a+2w1 a+2wl+2w2 a+2w2
Z - P = 00

Therefore Z = P.

Theorem 6. For any elliptic function f(u) and any constant, b,
the number of zeros of f(u)-b, in Pa’ depends only on f(u) and

not on b.

Prcof. The function f(u)-b has the same periods as f(u) and
£'(u). The poles of f(u)~b are the poles of £(u). By the
argument principle the difference between the number of zexos

and the number of poles, of f(u)-b, inside C is:

1 £' (),
217 | £(u)-b Y°

By using the same procedure as in the proof of Theorem 3, i.e.,
by dividing the contocur into the four parts specified above,

we find that, counting multiplicities, the number of zeros of
f(u) -b equals the number of poles of f(u)-b, which, in turn,

egquals the number of poles of f(u).

Definition. Assume f(u) has no poles or zeros on the boundary

of Pa' The order of f(u) equals the number of poles (or zeros),
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counting multiplicities, of f(u) in Pq.

Theorem 7. If f{u) has order less than two, then f(u) is a

constant.

Proof. If the order of f(u) is zero, then f(u) has no zeros or
poles in Pa’ implying by Theorem 4, f(u) is a constant. 1If
the order of f£(u) is one, then f(u) has one pole of order one
at u = a, in Pa' By Theorem 3, the residue at this pole is

zero. Then the coefficient a_ in the series expansion

l'
for f(u):

a

a;% + @(u) = f(u)

is zero. Hence, u = a is not a pole, but a point of analyticity
of f(u). So, f(u) has no poles in Pa' implying by Theorem 4,
f(u) is a constant. Therefore, evary elliptic function, f(u),
has order greater than or equal to two.

In particular, in this paper, we discuss the elliptic
function p{(u), defined earlier. The Weierstrass function p(u),
is an even elliptic function of order two in which each funda-
mental period parallelogram contains a double pole at the
lattice points, L. Other properties about the function p(u)
can be found in the references [1], [4], and [9].

We use the following additional notation in our discussion of

the two, very basic, theorems of complex multiplication theory:

Elliptic curve E is defined over ¢ and is described

as Y2 = 4x3

- 9,X - gy E 2 ¢/L =P .

Theorem 8. If E admits complex multiplication by A, then:
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(1) N\ is integral over Z

(11) ) :d1 = 2.

Proof. Every elliptic curve, E, is associated with a fundamen-
tal period parallelogram, Pa' upon which the elliptic function,
n(u), is defined. If E admits complex multiplication by 1,
then ML € L, by definition. In particular there exist

a,b,c,d € 2 such that

A-Zwl a-2w1 + b-2w2

ce2w, + d-2u

A*2w

2 1 2

This implies X is a root of the polynomial equation

-C x=-d

So, the complex multiplier A satisfies the integral equation

x2 - (a+d)x + (ad-bec) = 0.

Since

A = (a+d)t/(a+d)2—4(ad-bc)
2

we have that X is of degree two over ¢.

Theorem 9. @¢(t) = @()X) = K, when X is a complex multiplier

of L.

Proof. A2u2 = c-2w1 + d-2u2 for some integers c,d

A= c~(wl/w2) + d

c.t + d
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c # 0, since » £ Z. 1In a similar manner, we can write - in
terms of A. Thus (1) = Q).

By Theorem 8, i is an element of the ring of integers ¢(r1).
Other theorems about complex multiplication can be found in

the references [2], [8], and [9].
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