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CHAPTER 1. INTRODUCTION

1 .1  INTRODUCTION

An a re a  of m a th em atic s  w h ich  i s  beco m in g  in c r e a s in g ly  u s e fu l  in  

co m b in a to r ia l  p rob lem s is  m atro id  th eo ry  [W h 1 ; Ed 3; Tu 7 ] .  In 1935 

m atro id  th eo ry  w a s  in tro d u ce d  by H a s s le r  W h itn e y  [W h 1 ] .  B es id e s  

W h itn e y 's  work l i t t l e  e l s e  w a s  done  in  m atro id  th e o ry  u n t i l  1958 a t  w h ich  

time W .T .  Tutte made som e fu ndam en ta l  c o n t r ib u t io n s  to  the  th e o ry  [Tu 1;

Tu 2; Tu 3] . At th e  p re s e n t  tim e w e find th a t  m a tro id  th e o ry  h a s  b e e n  a p p l ie d  

s u c c e s s f u l ly  to  many a r e a s  [Ed 1; Ed 2; Le 1; Tu 7 ] and  in  p a r t ic u la r  to  

e le c t r i c a l  ne tw ork  th eo ry  [M i 1 ] .  This l a s t  a p p l i c a t io n  i s  no t to o  s u r p r i s ­

ing  a  d ev e lo p m en t s in c e  g rap h  th eo ry  h a s  b e e n  a p p l ie d  to  e l e c t r i c a l  ne tw ork  

th eo ry  and  a m atroid  c a n  be v ie w e d  as  a g e n e r a l i z a t io n  o f  a g ra p h .  F u r th e r­

m ore , one can  a s s e r t  th a t  m atro id  th e o ry  i s  a p p l i c a b le  to  a l l  lum ped  p h y s ic a l  

s y s te m s .  To s e e  th is  w e  n eed  m erely  r e c a l l  t h a t  a  lu m p ed  p h y s ic a l  sy s te m  

h as  tw o a s p e c t s ,  a m e tr ica l  a s p e c t  and  a to p o lo g ic a l  one [Tr 1 ] .  The 

to p o lo g ic a l  n a tu re  of a lum ped  p h y s ic a l  s y s te m  i s  in v a r ia b ly  m ode led  by  a 

g raph  and  th e re fo re ,  d u e  to  th e  c o r re sp o n d e n c e  b e tw e e n  m a tro id s  and  g r a p h s ,  

the  to p o lo g y  c an  be d e s c r ib e d  by a m a tro id .  T h is  g e n e r a l i z a t io n ,  we b e l i e v e ,  

can  l e a d  to  new r e s u l t s  an d  new  in s ig h t s  in  lu m p ed  p h y s ic a l  s y s te m  th e o ry .

In th i s  d i s s e r t a t i o n  w e s tu d y  and  o b ta in  new  r e s u l t s  on s t ru c tu ra l  

a s p e c t s  of m a tro id s ,  an d  w e ap p ly  m atro id  th e o ry  to  th e  p -p o r t  r e s i s t a n c e  

ne tw ork  p rob lem . A p -p o r t  r e s i s t a n c e  ne tw o rk  ( c o n ta in in g  on ly  p o s i t iv e  

r e s i s t a n c e s  and  no  id e a l  tran s fo rm ers )  i s  one o f  th e  s im p le s t  o f  lum ped
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p h y s ic a l  s y s te m s  and  y e t  w e h av e  no t y e t  d e v e lo p e d  a c o m p le te  th eo ry  for 

th i s  c l a s s  of n e tw o rk s .  The r e s u l t s  of our r e s e a r c h  in to  th is  problem  are  

p re s e n te d  in  C h a p te r  3 . In  C h a p te r  4 we s h i f t  our e m p h a s is  and  s tu d y  

c e r ta in  s t ru c tu ra l  a s p e c t s  of m a tro id s .  W e d e r iv e  u n ique  d e c o m p o s i t io n s  

of a  m a tro id ,  th a t  i s ,  w e  find  a s e t  of in v a r ia n ts  for a g iv e n  m atro id . 

C h a p te rs  3 an d  4 a re  in d e p e n d e n t  e x c e p t  for the  f a c t  th a t  th e y  a re  b ridged  

by m atro id  th e o ry .

In o rd e r  to  m ake th is  d i s s e r t a t i o n  s e l f  c o n ta in e d  and a l s o  to  

t r a n s l a t e  some r e s u l t s  of m atro id  th eo ry  in to  forms w h ic h  w e can  u s e  

d i r e c t ly ,  we o ffe r  an  in t ro d u c t io n  to  m atro id  th eo ry  in  C h ap te r  2. It i s  

h o p ed  th a t  the  r e a d e r ,  no t fa m il ia r  w ith  th e  k in d s  of a rg u m en ts  u s e d  in  

th i s  a rea  of m a th e m a t ic s ,  w il l  f ind  the  m a te r ia l  s u f f ic ie n t  to  g a in  some 

in s ig h t  and a s s u r a n c e  in  m atro id  th e o ry .

In th e  fo llow ing  s e c t io n s  o f  th i s  c h a p te r ,  w e o u t l in e  the  c o n te n ts  

o f e a c h  of the  s u c c e e d in g  c h a p t e r s .
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1 .2  INTRODUCTION TO MATROID THEORY (C h ap te r 2)

As m en tioned  p r e v io u s ly ,  m atro id  th e o ry  w a s  in tro d u c e d  by 

H a s s le r  W h itn ey  [W h 1 ] in  1935 . In h is  p io n e e r in g  p a p e r ,  in  w h ich  he 

a x io m a t iz e d  c e r ta in  p ro p e r t ie s  o f  a f in i te  s e t  of v e c t o r s , he  b rough t in to  

b e in g  th e  problem of c h a ra c te r iz in g  th o s e  m a tro id s  w h ic h  c o rre sp o n d  to  

g ra p h s .  N a tu ra l ly  he w a s  a b le  to  e x h ib i t  a n  a b s t r a c t  m atro id  w h ic h  c o r­

r e s p o n d s  to  no g rap h . W h itn ey  a l s o  g a v e  four d i f fe re n t  ax iom  s y s te m s  

w h ic h  he  sh o w ed  w ere  a l l  e q u iv a le n t  w a y s  o f  d e f in in g  an  a b s t r a c t  m atro id . 

H ow ever , th e  problem  of c h a r a c te r iz in g  th o s e  m a tro id s  w h ic h  c o rre sp o n d  to 

g ra p h s  rem a in ed  u n so lv ed  u n t i l  Tutte  [Tu 1 ; 2; 3 ] ,  in  1959 , g av e  the  com ­

p le te  th e o re t ic a l  s o lu t io n  a s  w e l l  a s  an  e f f i c i e n t  a lg o r i th m ic  s o lu t io n  [Tu 4 ] ,  

In C h ap te r  2 we g ive  an  in t ro d u c t io n  to  m atro id  th e o ry  w h ic h  i s  

b a s e d  la rg e ly  on the  w orks  of W h itn e y  an d  Tutte  [W h 1; Tu 6  ] .  In s e c t io n

2 .1  the  four axiom  s y s te m s  in t ro d u c e d  by W h itn e y  a re  p re s e n te d  and  some 

e lem en ta ry  theo rem s and  proofs  a re  g iv e n  in  o rder  to  in t ro d u c e  the  r e a d e r  to  

th e  f la v o r  o f  m atro id  th e o ry .  V ector s p a c e s  on a  f in i te  s e t  E over a f ie ld  F 

a re  in tro d u ce d  and r e l a t e d  to m a tro id s ;  th e  te rm s  r e g u la r  (binary) v e c to r  

s p a c e s  and  re g u la r  (b inary) m atro id s  a re  th e n  d e f in e d .  In  C h ap te r  2 we 

a l s o  t r e a t  th e  v e c to r  s p a c e s  a s s o c i a t e d  w i th  g ra p h s  and  in tro d u ce  the  

p o lygon  and  bond m atro ids  of a g ra p h .  D u a l i ty  in  m atro id s  and  g rap h s  i s  

c o n s id e re d  and some of th e  b a s i c  r e s u l t s  in  th is  a re a  a re  p r e s e n te d .  In 

s e c t io n  2 . 6  w e g ive  T u t te 's  r e s u l t s  w h ic h  c o m p le te ly  c h a r a c te r iz e  th e  

m a tro id s  a s s o c i a t e d  w ith  g ra p h s .
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C h ap te r  2 i s  th e re fo re  in te n d e d  to  in t ro d u c e  th e  i d e a s  and  m ethods 

of m atro id  theo ry  and  r e l a t e  m atro id  th e o ry  to  g rap h  th eo ry  and  v e c to r  

s p a c e s .  The r e s u l t s  p re s e n te d  in  C h a p te r  2 sh o u ld  be s u f f ic ie n t  to  make 

th i s  d i s s e r t a t io n  s e l f - c o n ta in e d .
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1 .3  RESISTANCE NETWORKS AND GENERALIZED NETWORKS (C h ap ter 3)

In th is  s e c t io n  w e g iv e  som e p re v io u s ly  d e r iv e d  p ro p e r t ie s  of the  

m a tr ic e s  a s s o c i a t e d  w i th  p -p o r t  r e s i s t a n c e  n e tw o rk s ,  p o in t  out som e o ther 

r e s u l t s  p re v io u s ly  o b ta in e d  in  th i s  a re a  and  in d ic a te  the  c o n tr ib u t io n s  

m ade in  C h ap te r  3 o f  th i s  d i s s e r t a t i o n .

The d o m in a n t ,  pa ram ount an d  to ta l ly  un im odular  m a tr ic e s  r e l a t e  in  

one  w ay  or an o th e r  to  the  p -p o r t  r e s i s t a n c e  n e tw o rk  [W e 2 ] .  P robab ly  th e  

m ost f a r - r e a c h in g  c o n d i t io n  w e know i s  th a t  the  im m it tan ce  ( o . c .  im p ed an ce  

or s . c .  ad m ittan ce )  m a tr ic e s  of any  p -p o r t  r e s i s t a n c e  ne tw ork  a re  n e c e s ­

s a r i ly  param ount m a tr ic e s  [C e  4 ] .  This  s ta t e m e n t  d e s e r v e s  som e fu r ther  

com m ent s in c e  B o esch  [Bo 1] p o in te d  out th a t  th e  p a ram oun tcy  c o n d i t io n  i s  

a n  open  q u e s t io n  w i th  r e s p e c t  to  s in g u la r  im m it tan c e  m a tr ic e s .  This i s  not 

t r u e ,  h o w ev er ,  s in c e  M . Ir i  [ I r  1] r e c e n t ly  g av e  s u c h  a p roof . H ow ever, 

B o e s c h 's  o b je c t io n s  w e re  p o in te d  tow ard  c e r ta in  no n u n iq u e  au g m en ta t io n s  

w h ic h  m ust be perform ed  e v e n  in  th e  c a s e  of I r i 's  p roof . In  C h ap te r  3 w e 

g iv e  the  f i r s t  d i re c t  p roof o f  th e  p a ram o u n tcy  c o n d it io n  in  a  more g e n e ra l  

fram ework th a n  p - p o r t  r e s i s t a n c e  n e tw o rk s .

It  i s  a l s o  know n [W e 2 ] th a t  p a ram o u n tcy  i s  a n e c e s s a r y  and  

s u f f ic ie n t  c o n d i t io n  for a p Xp m atrix  to  be  r e a l i z a b l e  a s  th e  im m it tan ce  

m a tr ix  o f som e r e s i s t i v e  p - p o r t  ne tw o rk  for p <. 3 .  W hen  p > 3 , h o w e v e r ,  

pa ram o u n tcy  i s  know n to  b e  no  lo n g e r  s u f f ic ie n t  [C e  3 ];  th e re  a re  pa ram ount 

m a tr ic e s  of o rder 4 w h ic h  a re  no t r e a l i z a b l e  a s  the  im m it tan ce  m atrix  of any

4 -p o r t  n e tw o rk .  An e v e n  more s t r ik in g  r e s u l t  i s  th a t  th e re  a re  param ount 

m a tr ic e s  w h ic h  a re  r e a l i z a b l e  a s  o . c .  im p e d a n ce  m a tr ic e s  o f  r e s i s t i v e
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p - p o r t  ne tw orks  b u t  not a s  s . c .  a d m it ta n c e  m a tr ic e s  o f  any  r e s i s t i v e  p~ 

port ne tw ork  and  v ic e  v e r s a  [ C e  3 ] .  I t  i s  th i s  l a s t  r e s u l t  w h ic h  a p p e a r s  

to  th re a te n  our i d e a s  a b o u t  d u a l i ty  in  e l e c t r i c a l  n e tw o rk s .  It i s  b e l ie v e d  

th a t  th e  r e s u l t s  on  d u a l i ty  in th i s  t h e s i s  c la r i fy  th is  s i tu a t io n .

The p -p o r t  r e s i s t a n c e  ne tw ork  i s  th u s  u n d e rs to o d  for p s  3 an d  th e  

s y n th e s i s  p ro c e d u re s ,  m ain ly  for th e  c a s e  p = 3 , c an  b e  found in  

W e in b e rg 1 s book [W e 2 ] .

C ederbaum  [C e  1 ] o b ta in e d  som e s ig n i f ic a n t  r e s u l t s  by r e s t r i c t in g  

th e  a l lo w a b le  in te rc o n n e c t io n s  o f  th e  r e s i s t a n c e  and  port e l e m e n t s . Two of 

t h e s e  s p e c ia l  c a s e s  are: 1 ) th e  r e a l i z a t i o n  o f  a g iv e n  m atrix  a s  th e  s . c .  

a d m it ta n ce  m atrix  of a n e tw o rk  w h o se  p o r ts  form a fo r e s t  of the  ne tw ork  

g raph ; 2 ) th e  r e a l i z a t io n  of th e  g iv e n  m atrix  a s  the  o . c .  im p e d a n ce  m atrix  

of a ne tw ork  w h o se  ports  form a c o fo re s t  of th e  ne tw ork  g rap h .

C ederbaum  gav e  h is  c o n d i t io n s  in  te rm s  of an a lgo rithm  w h ic h  f i r s t  

r e q u i r e s  th e  f a c to r iz a t io n  of th e  g iv en  m atrix  and  then  a t e s t  for th e  

to p o lo g ic a l  r e a l i z a b i l i t y  of a r e s u l t i n g  m a tr ix .  A m atrix  is  r e a l i z a b le  in  

one  o f  the  tw o r e s t r i c t e d  forms i f  an d  on ly  i f  w e c a n  s u c c e s s f u l ly  com ple te  

the  a lg o r i th m . A lthough o th e rs  [G u  1; Bo 2; Bi 1] hav e  t r e a te d  th i s  s p e c ia l  

c a s e  (only  th e  c a s e  of th e  s . c .  a d m it ta n c e  m a tr ix ) ,  th e  w ork of C ederbaum  

i s  s t i l l  the  m ost co m p le te  t r e a tm e n t ,  e v e n  th o u g h  he h a s  no t g iv en  n e c e s s a r y  

and  s u f f ic ie n t  co n d i t io n s  sh o r t  o f  th e  a c tu a l  r e a l i z a t io n  p ro c e d u re .

W e a l s o  know th a t  a p Kp d o m in an t  m atrix  c an  b e  r e a l i z e d  a s  th e  

s . c .  a d m it ta n ce  m atrix  o f  a ne tw o rk  w h o s e  ne tw o rk  g rap h  h a s  2 p v e r t i c e s  

[ W e  2 ] ,  a n d  we a re  f a c e d  w ith  th e  u p s e t t in g  fa c t  th a t  no  s u c h  s ta te m e n t
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c a n  be m ade for t h e . im p ed an ce  c a s e  . The c o n c e p t  of d u a l i ty  m ight 

l e a d  one to  b e l ie v e  th a t  a  c o r re sp o n d in g  (a  dua l)  s ta t e m e n t  c a n  be made 

for im p e d a n ce s  [N a  2 ] .

For an  in te re s t in g  d i s c u s s i o n  o f  th e  p -p o r t  r e s i s t a n c e  problem  a s  

w e l l  a s  an  e x te n s iv e  b ib l io g rap h y  th e  r e a d e r  i s  re fe r re d  to  a p an e l  d i s c u s ­

s io n  [P a  1] on the  problem  of t r a n s f o r m e r le s s  r e a l i z a t i o n s  of r e s i s t a n c e  

n e tw o r k s .

In C h ap te r  3 the  no tion  o f  a  g e n e r a l iz e d  r e s i s t a n c e  ne tw ork  i s  pu t 

fo r th .  The g e n e ra l iz e d  ne tw ork  f o c u s e s  o n e 's  a t t e n t io n  on th e  e s s e n t i a l s  

of the  p -p o r t  r e s i s t a n c e  n e tw o rk .  M a tro id  c o n c e p ts  p rov ide  one w i th  an  

" in te rc o n n e c t io n "  model for the  g e n e r a l i z e d  r e s i s t a n c e  netw ork  an d  a l lo w s  

b a s i c  r e s u l t s  to  be  p h ra s e d  in  te rm s  of m atro id  s t ru c tu re .

and  Nz )

w h ic h  p rov ide  th e  s p e c ia l i z a t io n  o f  our g e n e ra l  r e s u l t s  to  th e  a d m it ta n ce  

a n d  im p e d a n ce  fo rm u la t ions  of o rd in a ry  r e s i s t a n c e  p -p o r t  n e tw o rk s .  M o st  

of th e  p rev io u s  p a r t ia l  r e s u l t s  a re  f i t t e d  in to  th e  more g e n e ra l  s t ru c tu re  

p rov ided  by m atro id  theo ry  and  th e  g e n e r a l iz e d  r e s i s t a n c e  n e tw o rk s ;  th a t  

i s ,  one of the  co n tr ib u t io n s  m ade in  C h a p te r  3 i s  th e  u n i f ic a t io n  o f  much of 

th e  p rev io u s  r e s u l t s  a n d ,  m o reo v er ,  a n  e x te n s io n  of t h e s e  r e s u l t s  to  

g e n e ra l iz e d  r e s i s t a n c e  n e tw o r k s .

Some of the  r e s u l t s  in  g e n e r a l i z e d  r e s i s t a n c e  ne tw o rk s  s p e c i a l i z e  

to  new r e s u l t s  for p -p o r t  r e s i s t a n c e  n e tw o rk s .  A g e n e ra l  proof of the  

pa ram o u n tcy  co n d it io n  is  g iv e n  in  C h a p te r  3 . This p roof r e l i e s  on th e

Two s p e c ia l  k inds  of g e n e r a l iz e d  n e tw o rk s  a re  d e f in e d  (Ny
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d e m o n s tra t io n  of a m atrix  id e n t i ty  w h ic h  r e l a t e s  th e  m inors of a  m atrix  

p roduct of the  form

Bzt 0B1 D B lt r 1 Bz ,

w h ere  Bj = r K ( n - p ) ,  B2  = r  Xp and  D is  a (n -p ) X (n-p) d iag o n a l  m a tr ix ,  

to  a sum m ation  w h o se  te rm s  d e p e n d  on ly  on the  m inors  of D and  th e  r  X r
I

minors of CBX | B2] .  As a b y p ro d u c t  of th is  proof w e  o b ta in  to p o lo g ic a l  

fo rm ulas  for the  g e n e r a l iz e d  n e tw o rk ,  th u s  e x te n d in g  th e  n o tio n  of 

to p o lo g ic a l  form ulas [W e 2; Se 2] for p -p o r t  r e s i s t a n c e  n e tw o rk s  to 

g e n e r a l iz e d  n e tw o rk s .

Also in  C h ap te r  3 w e  g iv e  a n  a d d i t io n a l  n e c e s s a r y  c o n d it io n  for a 

m atrix  Q to  be pu t in  th e  form ADA^, w h e re  A i s  a  to ta l ly  un im odular m atrix  

and  D i s  a  d iag o n a l  m atrix  w i th  p o s i t iv e  d iag o n a l  te rm s .  Not on ly  m ust Q 

be a param ount m atrix  ( s e e  3 .4 - 5 )  b u t  Q m ust a l s o  s a t i s f y  th e  c o n d i t io n s  

of ( 3 . 4 - 6 ) .  T h ese  tw o c o n d i t io n s  a r e ,  u n fo r tu n a te ly ,  n o t  su f f ic ie n t  for Q 

to  be d e c o m p o se a b le  a s  ADA1". The m odif ied  to p o lo g ic a l  m a t r ic e s ,  in t r o ­

d u ced  by  C ederbaum  [C e  2 ] ,  a re  e x te n d e d  to  g e n e r a l iz e d  n e tw o rk s .

The s in g u la r  im p e d a n c e  m a tr ic e s  h av e  b e e n  sh o w n  in  c e r ta in  c a s e s  

to  l e a d  to  s y n th e s i s  p ro c e d u re s [N a  1; Bo 1 ] .  In s e c t io n  3 . 5 ,  w e  c o n s id e r  

th e  c a s e  of s in g u la r  im m it tan c e  m a tr ic e s  for g e n e r a l iz e d  n e tw o rk s  and  a 

new c o n v e rse  r e s u l t  on s in g u la r  pa ram oun t m a tr ic e s  i s  o b ta in e d .  S p e c if i ­

c a l l y ,  i t  i s  show n th a t  th e  n u ll  s p a c e  of a  p a ram oun t m atrix  (c o n s id e re d  a s  

an  opera to r)  m ust be of a s p e c i a l  n a tu r e ,  n a m e ly ,  a  re g u la r  s u b s p a c e .  This 

i s  r e f le c te d  in  th e  fo llow ing  r e s u l t  w h ic h  i s  proved  in  s e c t io n  3 . 5 .
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L et Q be a p Xp param ount m atrix  of ran k  s an d  s u p p o s e  th e  s u b ­

m atrix  Q s formed by th e  f i r s t  s row s an d  co lum ns of Q i s  n o n s in g u la r .  

Then Q c a n  be e x p r e s s e d  a s

Q = B Q s Bt f

w h ere  B i s  a to ta l ly  un im odu lar  m a tr ix .

In  th e  f ina l  s e c t io n  of C h a p te r  3 w e  u s e  th e  d u a l i ty  o f  m a tro id s  and  

g ra p h s  to  o b ta in  a fo u n d a t io n  for d u a l i ty  in  e l e c t r i c a l  n e tw o rk s .  A lso the  

fu n d am en ta l  r e s u l t s  of Tutte  p re s e n te d  in  s e c t io n  2 .6  a re  u s e d  to  c la r i fy  

th e  d u a l i ty  c o n c e p ts  of p -p o r t  r e s i s t a n c e  n e tw o r k s .
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1. 4 PRINCIPAL MINORS OF A MATROID (C h ap te r 4)

In C h a p te r  4 we s tu d y  a s t ru c tu ra l  p rope rty  of m a tro id s  w h ich  we 

d e s ig n a te  a s  th e  p r in c ip a l  m inors of a  m a tro id .  The p r in c ip a l  m inors of. a 

m atro id  a re  sho w n  to  c o n s t i tu te  a b a s i c  p a r t  o f th e  s t ru c tu re  o f  a m atro id . 

S in ce  a  m atro id  i s  a g e n e r a l iz a t io n  of a g ra p h ,  w e  o b ta in  b a s i c  p ro p e r t ie s  

of th e  s t ru c tu re  of a g ra p h .  Also th e  no tio n  of r -m a x im a l ly  d i s t a n t  b a s e s  

an d  r -m in o rs  a re  in tro d u c e d  an d  r e l a t e d  to  th e  p r in c ip a l  m in o rs .  In 

s e c t i o n  4 .1  w e w il l  g ive  som e p re v io u s ly  o b ta in e d  r e s u l t s  w h ic h  have  

b e a r in g  on  the  r e s e a r c h  p re s e n te d  h e re .  Below w e o u t l in e  th e  c o n tr ib u t io n s  

m ade in  C h a p te r  4 of th is  d i s s e r t a t i o n .

In s e c t io n  4 .2  w e in tro d u ce  tw o s p e c ia l  fu n c t io n s  g^ and  h^ (for

thk = 1 , 2 ,  . . . ) .  U sin g  g^ w e d e fin e  th e  k p r in c ip a l  minor of th e  f i r s t  k ind  

(k - P M l)  and  th e  k 1 *1 augm en ted  p r in c ip a l  of th e  f i r s t  k in d  (k -A P M l) ,  and  

u s in g  h^ w e d e f in e  the  p r in c ip a l  m inors of th e  s e c o n d  k ind  (k -P M 2 and  

k-A PM 2). Also in  s e c t io n  4 .2  w e  show  th a t  the  ( k - P M l ) ,  (k -A P M l) ,  

(k -PM 2) and  (k-APM2) e x i s t  an d  a re  u n iq u e  a n d ,  m o reo v e r ,  s a t i s f y  a 

c e r ta in  n e s t in g  p ro p e r ty .  S ec t io n  4 .3  t r e a t s  th e  c a s e  k = 1.

In s e c t io n  4 . 4  th e  c o n c e p ts  o f  r -m a x im a l ly  d i s t a n t  b a s e s  and  

r -m in o rs  a re  in tro d u ce d  and  in  Theorem  ( 4 .4 - 2 )  t h e s e  tw o c o n c e p ts  a re  

r e l a t e d .  The proof o f  th i s  theorem  is  th e  b a s i s  of Algorithm 1 w h ic h  can  

be  u s e d  to  e f f i c ie n t ly  c o n s t ru c t  r -m a x im a l ly  d i s t a n t  b a s e s . Exam ple 4 -2  

i l l u s t r a t e s  the  u s e  of Algorithm 1 and  a l s o  in d i c a t e s  how th e  r e s u l t s  on 

m a tro id s  a re  s p e c i a l i z e d  to  g rap h s  th rough  the  b o n d  m a tro id .
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Also in  s e c t io n  4 . 4 ,  th e  p r in c ip a l  m inors a re  r e l a t e d  to  r -m in o rs  

and  r -m a x im a l ly  d i s t a n t  b a s e s .  Theorem  ( 4 .4 - 3 )  t r e a t s  th e  k - P M l  and  

Theorem  ( 4 .4 - 7 )  t r e a t s  th e  k -A P M l.  A lgorithm s 2 and 3 a re  p rov ided  for 

th e  c o n s t ru c t io n  of p r in c ip a l  m in o r s . In Example 4 -3  we c o n s id e r  a n o n ­

t r iv ia l  g rap h  G and  s h o w ,  th ro u g h  th e  po lygon  m atro id  of G ,  how 

A lgorithm s 2 an d  3 tu rn  ou t in  g r a p h - th e o r e t ic  te rm s .

S e c t io n  4 .5  i s  d e v o te d  to  th e  c a s e  k = 2 an d  one  of th e  main 

r e s u l t s  i s  th e  e x te n s io n  of th e  p r in c ip a l  p a r t i t io n  of a g rap h  [ Ki 1 ] to  the  

p r in c ip a l  p a r t i t io n  o f  a m atro id .

In s e c t io n  4 .6  w e  show  how th e  c o n c e p t  of th e  p r in c ip a l  p a r t i t io n  of 

a m atro id  i s  r e l a t e d  to  th e  tw o -p e r s o n  sw itch in g  gam e [L e 1 ] ,  M o reo v er ,  

w e  u s e  d u a l i ty  to  o b ta in  a c o m p le te ly  g ra p h - th e  ore t i c  s o lu t io n  to  the  tw o -  

p e rso n  sw i tc h in g  g am e . W e a l s o  show  th e  c o n n e c t io n  b e tw ee n  the  k-A PM l 

and  th e  c o sp a n n in g  s e t s  theo rem  of Edmonds [Ed 2 ] .  F in a l ly ,  th e  hybrid  

ran k  of a  g ra p h ,  w h ic h  i s  a  u s e fu l  c o n c e p t  in  ne tw ork  a n a l y s i s ,  i s  e x te n d e d  

to  m atro id s  and  v e c to r  s p a c e s .
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CHAPTER 2 . INTRODUCTION TO MATROID THEORY

2 .1  MATROIDS

A m atro id  c a n  be v ie w e d  a s  a g e n e r a l i z a t io n  of th e  polygon c o n c e p t  

of a g raph  and  in  f a c t  much v a lu a b le  i n s ig h t  in to  a b s t r a c t  m atroid th eo ry  

can  be  o b ta in e d  th ro u g h  i t s  g r a p h - th e o r e t i c  c o u n te r p a r t s . For th is  r e a s o n  

we b eg in  th is  s e c t io n  w ith  som e d e f in i t io n s  from g rap h  th e o ry .

A g raph  G i s  d e f in e d  by

(i) E (G ), a f in i te  s e t  of e d g e s ,

(ii) V(G), a  f in i te  s e t  of v e r t i c e s , and

(iii) a r e l a t io n  of in c id e n c e  w h ic h  a s s o c i a t e s  w ith  e a c h  edge  

a pa ir  of v e r t i c e s ,  no t n e c e s s a r i l y  d i s t i n c t ,  c a l l e d  i t s  

e n d s . An ed g e  w i th  c o in c id e n t  e n d s  i s  c a l le d  a lo o p .

A g rap h  H i s  c a l l e d  a su b g ra p h  o f G i f  E(H) c  E(G), V(H) c  V(G) and  

th e  en d s  of th e  e d g e s  in  H a re  th e  sam e  a s  in  G .

If S c  E(G), we d e n o te  by G • S th a t  su b g ra p h  of G w h o se  e d g e s  a re  

th e  m em bers o f S and  w h o se  v e r t i c e s  a re  th e  en d s  in  G o f the  m em bers of S. 

G • S i s  c a l le d  th e  r e d u c t io n  of G to  S .

Let v eV (G ). The v a le n c e  o f  v  i s  e q u a l  to  th e  num ber of e d g e s  

in c id e n t  to  v ,w h e re  lo o p s  a re  c o u n ted  tw ic e .

A c o n n e c te d  g rap h  w i th  e a c h  v e r te x  hav ing  v a le n c e  2 i s  c a l l e d  a 

po lygon  g r a p h .

A s e t  S c  E(G) i s  c a l l e d  a po lygon  of G i f  G * S i s  a  polygon  g rap h .

Example 2 - 1 . C o n s id e r  th e  g rap h  in  F i g .2 - 1 ,  w here  

E(G) = { e 1# . . . , e 9  }

and
V(G) = f v i ,  . . .  , v 6) .
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0 vB V 2

Figure  2 - 1 .  G ra p h  of Exam ple 2 -1



14

L et S = {eB , e 3 , e 4, e8} . Then G* S , th e  r e d u c t io n  of G to  S , i s  a c o n n e c te d  

graph  a n d  e a c h  v e r te x  h a s  v a le n c e  2 . C o n s e q u e n t ly ,  S i s  a  po lygon  of G .

It  i s  no t to o  d i f f ic u l t  to  s e e  th a t  th e re  a re  e x a c t ly  e ig h t  po lygons  of G .  If 

w e  l e t  P(G) d en o te  the  c l a s s  of po ly g o n s  o f G ,  th e n

P(G) = [ Cl ,  . . . , Cg 3 I

w here

C l  -  C e l  f ©B'  e 7 3 /

C 2  Sfl# 6 2  ) ,

C 3 = £©1 / e 2, e 6, e B } ,

C 4  £ ®3 , ®B' / ® 8  3 1

C B = £ e i ,  e 3, e 4 , e 2 3 /

C 6  = £eg 3/

C 7  — £ e i ,  6 3 , Gg, e 4/ e 7  3

and

C g  £ 6 7  /  6 3  ,  © 2 ,  © 4 /  ® B ^  *

In Axiom System  I ,  p r e s e n te d  b e lo w ,  c e r t a in  p ro p e r t ie s  of th e  po lygons 

of a g rap h  a re  s e t  down a s  ax iom s for an  a b s t r a c t  m atro id  s y s te m .  The c o n ­

n e c t io n  b e tw ee n  Axiom S ystem  I and  th e  p o ly g o n s  o f a g rap h  i s  u s e fu l  for 

v i s u a l i z in g  m atro id  c o n c e p ts .

Axiom System  I .  Let E be  a f in i te  s e t  and  <3 be a c l a s s  of n o n -n u l l  

s u b s e t s  of E. The m em bers o f  (3 a re  c a l l e d  c i r c u i t s  and  th e y  d e f in e  a  

m atro id  7/1= (<3, E) on th e  s e t  E i f  th e  fo l lo w in g  c o n d i t io n s  a re  s a t i s f i e d :

( C l )  No member of (3 c o n ta in s  any  m em ber of (3 a s  a proper s u b s e t .
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(C2) If C j , C 2 f(3, e c(C i H C 2) and e ' €(C j -  C 2) , th e n  th e re  e x i s t s  a 

c i rc u i t  C 3 €<3 s a t i s fy in g  e '{ C 3 c [ ( C 1 U C 2 ) - ( e }  ] .

I f  E = 0  , th e n  (3= 0 and  we d e n o te  ( 0 , 0 ) ,  th e  nu ll m atro id  by

The c i r c u i t s  of a m atro id  c o n s t i tu te  a g e n e r a l iz a t io n  of th e  po lygons

of a g rap h . A p re c i s e  r e l a t io n s h ip  b e tw e e n  m a tro id s  and  g raphs  i s  put forth

in  the  fo llow ing  theorem  due to  W h itn e y .

( 2 .1-1)  Let G be any  g rap h  and  l e t  P(G) 

d e n o te  th e  c l a s s  of po ly g o n s  of G .  Then 

P(G) s a t i s f i e s  (C l)  and  (C2) and  th u s  

d e f in e s  a  m atro id  on th e  s e t  E (G ).

P(G) i s  c a l l e d  the  po lygon  m atro id  of G .  This i s  no t in  ag re em e n t  

w ith  the  p rev ious  n o ta t io n  w h ich  w ould  re q u ire  th a t  (P (G ) ,  E (G )) be the  

po lygon  m atro id . It i s ,  h o w e v e r ,  a t  t im e s  more c o n v e n ie n t  to d en o te  the  

m atro id  by i t s  s e t  of c i r c u i t s  w hen  th e  u n d e r ly in g  s e t  (in  th is  c a s e  E (G )) 

is  u n d e rs to o d .

The po lygons of a g raph  G form a m atro id  w h ic h  i s  e a s i l y  " v i s u a l i z e d " .  

H o w ev er ,  th e re  i s  an o th e r  m atro id  w e c an  a s s o c i a t e  w ith  G w h ich  i s  no t a s  

o bv io u s  bu t w h ich  is  a t  l e a s t  a s  im p o r tan t  a s  th e  polygon  m atro id . In order 

to  in tro d u ce  th is  new m atro id  we n e ed  som e d e f in i t io n s .

Let G be a g rap h  and  S c_ E(G ). D efin e  H to  be  th e  su b g ra p h  of G 

w ith  v e r t i c e s  V(G) and  e d g e s  (E(G) -  S) . L e t Hj_ for i = 1 , . .  . ,  p d e n o te  the  

c o n n e c te d  com ponen ts  of H. The g rap h  G c tr  S h a s  th e  v e r te x  s e t  

{H!, . .  . , H } and  ed g e  s e t  S. The en d s  of a member e c  S in  G c tr  S a re  

th o s e  com ponen ts  and  w h ic h  c o n ta in  th e  e n d s  of e i n G .
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W e d e f in e  G X S = (G c tr  S) • S. G X S i s  c a l l e d  th e  c o n tra c t io n  of 

G to  S and  d if fe rs  from G c tr  S in  th a t  G XS h a s  no  i s o l a t e d  v e r t i c e s .

Example 2 - 2 .  L e t G b e  th e  g rap h  in  F i g .2 -2  an d  ta k e

S = { e x, e 2, e 3, e 6 } . Then G c tr  S an d  G X S are  show n  in  F i g . 2 - 3 .

A g raph  G i s  c a l l e d  a bond  g ra p h  i f  V(G) = ( v i , v 2} , E(G) f  0  and 

th e  e n d s  of e a c h  member of E(G) a re  Vx and  v 2. The g rap h  in  F i g . 2 -4  is  a 

bond  g rap h .

L et G be any  g raph  and  S c  E (G ). S i s  c a l l e d  a  bond  of G if  G X S

i s  a bond g rap h . L e t fi(G) d e n o te  th e  c l a s s  of b o n d s  of G .  W e w ill  show

la te r  th a t  the  m em bers of lB(G) s a t i s f y  c o n d i t io n s  (C l)  and  (C2) of Axiom 

S ystem  I and  th u s  d e f in e  a m atro id  on th e  s e t  E (G ). B(G) is  c a l l e d  the  

bond m atro id  of G . W e w il l  a l s o  show la te r  th a t  th e  m a tro id s  P(G) and 

J3(G) a r e ,  in  a c e r ta in  s e n s e ,  " d u a l s "  and  th a t  th i s  d u a l i ty  e n a b le s  us  to  

d e f in e  a r igo rous  d u a l i ty  th eo ry  for g ra p h s .

The c o n c e p ts  of an  in d e p e n d e n t  s e t  and  a b a s e  a re  im p o rtan t  o n es  

in  m atro id  theo ry  and  we now p ro c e ed  to  d e f in e  them  and  to  d e r iv e  th e ir  

b a s i c  p ro p e r t ie s .

L e t 7ft = ( £ , E) be  a m atro id  on  a  f in i te  s e t  E. A s e t  T c  E i s  c a l l e d  

in d e p e n d e n t  i f  no member of C i s  c o n ta in e d  in  T.

A m axim al in d e p e n d e n t  s e t  o f  a  m atro id  7ft i s  c a l l e d  a  b a s e . A s e t  

i s  s a id  to  be m axim al w i th  a c e r ta in  p rope rty  P i f  i t  i s  no t properly  

c o n ta in e d  in  a s e t  w h ic h  p o s s e s s e s  th e  sam e  p roperty  P.

The fo llow ing  s e q u e n c e  of th e o re m s  i s  c o n c e rn e d  w i th  som e o f th e  

p ro p e r t ie s  of th e  in d e p e n d e n t  s e t s  and  th e  b a s e s  o f  a m atro id . One o f our
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io

Figure  2 - 2 .  G rap h  of Exam ple 2 -2

o
G c tr  S

F igure  2 - 3 .  G ra p h s  of Exam ple 2 -2

G X S

F igure  2 - 4 .  A Bond G rap h
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g o a ls  in  th i s  s e c t io n  i s  to  prove  th eo rem  ( 2 . 1 - 6 ) w h ic h  s t a t e s  th a t  the

num ber of e le m e n ts  in  e v e ry  b a s e  of a m atro id  i s  th e  s a m e .

( 2 .1 - 2 )  Let = (<3,E) be  a  m atro id  and  

S c  E a n  in d e p e n d e n t  s e t .  If e f t S and 

S U Ce} i s  no lo n g e r  in d e p e n d e n t ,  th e n  th e re  

i s  a un ique  c i r c u i t  C € s a t i s fy in g  

e ( C c ( S U ( e ] ) .

Proof: There  i s  a t  l e a s t  one c i r c u i t  in  SU {e} by 

h y p o t h e s i s . S u p p o se  C x and  C 2  a re  tw o  c i r c u i t s  c o n ta in e d  in  S U fe} •

W e h av e  th a t

e € (C x n C 2)

s in c e  S i s  in d e p e n d e n t .

Assum e

e 1 c (C i -  C 2) .

Then by (C 2 ) ,  the  s e c o n d  p roperty  of c i r c u i t s ,  th e re  e x i s t s  a  c i r c u i t  C 3 

s a t i s fy in g

e ‘ * C 3  c  [ ( C ,  UC2) -  {e} ] c  S . (1)

But (1) c o n t ra d ic t s  th e  h y p o th e s i s .  T herefo re  (Ci - C 2) = 0 . S im ila r ly ,  

(C 2 - C i )  = 0 . C o n s e q u e n t ly ,  Ci = C 2. |

To i l l u s t r a t e  theo rem  ( 2 . 2 - 1 ) ,  c o n s id e r  th e  g raph  in  F i g . 2 - 1 .  The 

s e t  S = {e l f  e g , e 6 , e 8 } i s  in d e p e n d e n t  (w ith  r e s p e c t  to  th e  m atro id  P (G )) ,  

b u t  th e  s e t  SU ( e 2) i s  no t in d e p e n d e n t .  According to  ( 2 .1 - 2 )  th e re  e x i s t s  

a un ique  po lygon  of G c o n ta in e d  in  SU {e2} an d  th i s  po lygon  i s  C 3 ( s e e  

Example 2 -1 ) .
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The n e x t  r e s u l t  fo l lo w s  d i r e c t ly  from ( 2 . 1 - 2 ) .

( 2 .1 - 3 )  Let 771 = E) be  a m atro id  an d  b a

b a s e  of 771. If e b ,  th e n  th e re  i s  a  un ique

c i r c u i t  C *<3 s a t i s f y in g  e (  C  c: (b U { e }).

If b  i s  a  b a s e  of 771 and  e  a  m em ber of E no t c o n ta in e d  in  b ,  we 

c a l l  th e  u n iq u e  c i r c u i t  C s a t i s f y in g

e c C c  (b U { e })

th e  c i r c u i t  formed by e  in  b .  W e d e n o te  th is  c i r c u i t  by J ( b , e ) ,  th a t  i s ,

J ( b / e) = C ,  w h e re  C i s  the  c i r c u i t  form ed by e in  b .

In  th e  g raph  of F i g . 2 -1  th e  s e t

t  — C® 1 / ® 2  / ®3 / ® 6  / ®s 3 

i s  a  m axim al in d e p e n d e n t  s e t  in  P(G) ( s e e  F i g . 2 -5 ) and  th e  e lem en t  e 4  

n o t c o n ta in e d  in  t  form s a u n iq u e  po lygon  in  t .  J ( t , e 4 ) = C e ( s e e  Exam ple 2 - 1 ) .

Let S be  any  s e t  c o n ta in e d  in  a f in i te  s e t  E an d  l e t  e  c E. If e' i s  

any  e le m e n t  in  S ,  th e n  w e in t ro d u c e  th e  u s e fu l  n o ta t io n

( e / e ' ) S  = (S -  {e* J) u £ e } .

( 2 .1 - 4 )  If b  and  b ‘ a re  b a s e s  of 771 and  e is  

an  e le m e n t  o f  b ,  th e n  th e re  e x i s t s  an  e lem en t  

e ' i n  (b -(b -£e3);)  s u c h  th a t  ( e ' / e ) b  i s  an  in d e ­

p e n d e n t  s e t .

Proof; W e prove  ( 2 .1 - 4 )  by  c o n t r a d ic t io n .  Assum e th e re  

i s  an  e le m e n t  e c b  s u c h  th a t  for e v e ry  e j  e (b' -  ( b -  { e } ) ) th e  s e t  (e ^ /e )b  

i s  n o t  in d e p e n d e n t .  E num era te  th e  e le m e n ts  of E s u c h  th a t

b' = { e j , e'2 , . . . ,  ej,} .
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G * t -  t

F igure  2 - 5 .  A M ax im al In d e p e n d e n t  S e t  of G
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Then by ( 2 .1 - 2 )  th e re  i s  a  c i r c u i t  C} s a t i s fy in g

e i « c  ( e | / e ) b  ,

for i = 1 , . . . ,  p .

I t  i s  a l s o  true  th a t  e f t b 1 s in c e  o th e rw ise  ( e / e ) b  w ould  be in d e ­

p en d en t c o n tra ry  to  our a s s u m p t io n .  T herefore  by ( 2 .1 - 3 )  th e re  i s  a 

un ique  c i r c u i t  C s a t i s fy in g

e i  C c  b' U {e } .

S e t C (0) = C an d  d e f in e  C (k ) r e c u r s iv e ly  by

e c C ( k ) E C ( C (k_l ) UC|c) -  {ek } ] f (1)

for k = 1 , . .  . ,  p .

W e w il l  show  th a t  C (k ) e x i s t s  for k = 1, . .  . ,  p by u s in g  m a th e ­

m a tic a l  in d u c t io n .

W h en  k = 1 , ( 1 ) r e a d s

e e C ( 1 ) c  [ C (0 ) UCi) -  { e i} ]  .

If  e i € ( C ( 0) nci), th e n  by th e  p roperty  (C2) of c i r c u i t s  C (d  e x i s t s .  If 

C (0)H C i d o e s  n o t  c o n ta in  e ) ,  th e n  s e t t in g  C ( d =  C(0) g iv e s  u s  a  C (d  

s a t i s fy in g  ( 1 ) .

A ssum e C (k) e x i s t s  for k = n < p  an d  c o n s id e r

e f C ( n+ i ) £ [ ( C ( n ) U C j 1+1) -  {e^+1}] .

If H C ^ ) ,  th e n  by th e  p roperty  (C2) of c i r c u i t s  an d  the

in d u c t io n  h y p o t h e s i s , C (n+ n  e x i s t s .  If  e 'n+i i  (°Cn) n C ^+1) # th e n  by
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i

th e  in d u c t io n  h y p o th e s i s  C (n+ X) = C (n ) s a t i s f i e s  (1 ) .  Thus C ^ )  e x i s t s  

for k = 1 , . . . ,  p .

M o re o v er ,  C(k) s a t i s f i e s

C(k> £  b U ( e ^ ,  e'p . ,  e j ^ )  (2)

for k = 0 , 1 , . . .  , p - 1  and

e * C ( p ) ^  b . (3)

But (3) c o n t r a d ic t s  th e  h y p o th e s i s  and  a cc o rd in g ly  th e  th eo rem  i s  p ro v ed . |

W e c a n  s h a r p e n  ( 2 .1 - 4 )  a s  fo l lo w s .

( 2  .1 - 5 )  If b and  b 1 a re  b a s e s  o f 7)\ an d  

e i s  an  e le m e n t  of b ,  th e n  th e re  e x i s t s  

an  e le m e n t  e ' of b' s u c h  th a t  ( e ' / e ) b  i s  

a b a s e .

Proof: Let b and  b' be  any  pa ir  of b a s e s  o f  for w h ich

th e  theo rem  f a i l s .  T hus th e re  e x i s t s  an  e  e b  s u c h  th a t  for e v e ry  e ' € b' 

th e  s e t  ( e ' / e ) b  i s  n o t  a  b a s e .  C le a r ly ,  e  fl b 1. A ccord ing  to  ( 2 .1 - 4 )  

th e re  i s  an  e le m e n t  e" e (b ‘ - ( b -  £ e})) s u c h  th a t  b" = ( e " / e ) b  i s  i n d e ­

p e n d e n t .  The e le m e n t  e forms a u n iq u e  c i r c u i t  C in  b" and  e" c C . How­

e v e r  s in c e  b" i s  n o t  a  b a s e  th e re  e x i s t s  an  e le m e n t  e 1" e E s u c h  th a t  

b"' = b" U {e'" 3 i s  an  in d e p e n d e n t  s e t .  T h e re fo re ,  e form s a  u n iq u e  c i rc u i t  

C in  b"' by ( 2 . 1 - 2 ) .  S in ce  e" c C ,  th e  s e t  ( e / e " ) b " '  i s  an  in d e p e n d e n t  s e t .  

H ow ever ( e / e " ) b " '  = b U f e " 1 ] and  s in c e  b i s  a b a s e ,  ( e / e " ) b m i s  no t in d e ­

p e n d e n t .  Thus w e  h a v e  a  c o n t ra d ic t io n  and  th e  th eo rem  fo l lo w s .  |

L e t S be an y  s u b s e t  of E. W e l e t  a ( S) d e n o te  th e  num ber of 

e le m e n ts  in  S. W e u s e  th i s  n o ta t io n  th ro u g h o u t th e  d i s s e r t a t i o n .
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The fo llow ing  theo rem  is  a b a s i c  r e s u l t .

( 2 .1 - 6 )  If b and  b' a re  an y  b a s e s  of 

th e n  ar(b) = a ( b ' ) .

Proof: Let b ,  b' be som e pa ir  of d i s t i n c t  b a s e s  of 7H .

W ith o u t  l o s s  of g e n e r a l i ty  a s s u m e  th a t  a(b) s  Qf(b'),

L et A = (b (1b1) ,  B = (b 1 -  b) and  C = (b -  b ' ) .  Let th e  e le m e n ts  o f  

E be en u m era te d  su c h  th a t

A — f e x ,  . . .  , £p} /

B -  Ce p+X / • • • # e p + s ’ ^

and

^  = ^e p + i '  * • • '  e p + s ' ' e p + s ’+ i '  ’ • * ' e p + s ’+ s^  • 

w h ere  s &0. The in te g e r  s ' c a n n o t  e q u a l  z e ro  s in c e  b f  b 1 a n d ,  by  th e  

d e f in i t io n  o f  a  b a s e ,  b 1 i s  n o t  c o n ta in e d  in  b .  By ( 2 .1 - 5 )  th e re  i s  an 

e lem en t  e j^  in  b ‘ s u c h  th a t

b ‘ = <ek l/ e [rt-i>b

i s  a  b a s e .  A lso k x > p .  Therefore

b i = f e i» • • • / ®p/ e jcj/ e p+2 '  • • • / e p+s ' • e p + s '+ i '  " * * * e p + s '+ s^  ’

Applying (2 .1 -5 )  to  bx and  b ‘ , th e re  e x i s t s  an  e le m e n t  e'j^ c b' s u c h  th a t

b 2 = (e k 2/ e p+2)b1

i s  a b a s e ,  k 2 > p  and  k 2 f  k j .  C o n tin u in g  th i s  p ro c e s s  w e  c a n  c o n s t r u c t  

a b a s e

b s ' b 1 U (e p + g t+ j ,  . . . »  ep + gi+ s 3 .

But s in c e  b' i s  a b a s e  w e c o n c lu d e  th a t  s = 0 . T herefore  or(b) = ar(b '). |
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Theorem  ( 2 .1 - 6 )  h a s  tw o fa m il ia r  g r a p h - th e o r e t i c  i n t e r p r e ta t io n s .  

L e t G be a g ra p h .  A fo r e s t  o f  G i s  a m axim al s e t  S c  E(G) w h ic h  c o n ta in s  

no po lygon  of G . O b v io u s ly ,  a  fo r e s t  of G i s  a  b a s e  of th e  m atro id  P(G) 

and  v ic e  v e r s a .  Theorem ( 2 .1 - 6 )  im p l ie s  th a t  e v e ry  fo r e s t  of G h a s  the  

sam e  num ber o f  e d g e s .  In a dua l m anner we d e f in e  a c o fo re s t  of G to  be 

a m axim al s e t  T c  E(G) w h ich  c o n ta in s  no bond  of G . As b e f o r e ,  w e s e e  

th a t  th e  c o fo re s t s  of G are  in  1-1 c o r re sp o n d e n c e  w ith  the  b a s e s  o f  B(G) 

and  a c c o rd in g ly ,  ev e ry  c o fo re s t  of G h a s  the  sam e num ber of e d g e s .

W e c a l l  a s e t  t  c  E(G) a t r e e  i f  t  c o n ta in s  no  po lygons  of G and 

w e  c a l l  a s e t  c  c  E(G) a c o tre e  i f  c  c o n ta in s  no  b o n d s  of G .  T h e se  l a s t  

tw o  q u a n t i t i e s  a re  th e  g r a p h - th e o r e t ic  c o u n te rp a r ts  of an  in d e p e n d e n t  s e t .  

C le a r ly ,  a fo r e s t  i s  a m axim al t re e  and  a c o fo re s t  i s  a m axim al c o t r e e .

From g rap h  th e o ry  w e know th a t  th e  f o r e s t s  of G a re  th e  co m p le ­

m en ts  in  E(G) of th e  c o fo re s t s  of G and  a c c o rd in g ly  th e re  i s  a  1-1  c o r r e s ­

p o n d en ce  b e tw e e n  th e  b a s e s  of P(G) and  B (G ). The num ber of e d g e s  in 

a fo r e s t  of G i s  c a l l e d  th e  ran k  of G and  i s  d e n o te d  by r ( G ) . The number 

of e d g e s  in  a c o fo re s t  of G i s  c a l l e d  th e  n u l l i ty  of G an d  i s  d e n o te d  by 

H (G ); w e  th e n  have

H (G ) + r(G) = o (E (G )) .

L e t 7ft be  a  m atro id  on the  s e t  E. Then A c E  i s  c a l l e d  a c o b a s e  

of 7ft i f  A i s  a b a s e  of 7ft. W e d e f in e  th e  ra n k  an d  th e  n u l l i ty  of a 

m atro id  as:

(i) r(7ft) i s  a  n o n -n e g a t iv e  in te g e r  e q u a l  to  th e  num ber of 

e le m e n ts  in  a  b a s e  of 7ft . r(7ft) i s  c a l l e d  th e  ran k  of
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the  m atro id  1f t .

(ii) n ( 1ft) i s  a n o n -n e g a t iv e  in te g e r  c a l l e d  th e  n u l l i ty  of th e  

m atro id  1ft:

H(1ft) = a (E )  -  r(1ft) .

H ( 1ft) i s  e q u a l  to  th e  num ber of e le m e n ts  i n  a  c o b a s e  o f  1f t .

The rank  and  n u l l i ty  of f t ,  th e  n u ll  m a tro id ,  a re  zero:

r(ft) = ji(ft) = 0 .

The re d u c t io n s  and  c o n t ra c t io n s  of a g rap h  G a re  o p e ra t io n s  on G 

w h ic h  y ie ld  new g r a p h s . There a re  s im i la r  o p e ra t io n s  w e  can  perform on 

a m atro id  and  w e in tro d u ce  t h e s e  n e x t .

L e t 1ft = (<3, E) be a  m atro id  and  S c  E. L e t  (J XS be  th e  s e t  of 

th o s e  m em bers of (3 w h ich  a re  c o n ta in e d  in  S. The s e t  (2- XS o b v io u s ly  

s a t i s f i e s  (C l)  and  (G2) an d  c o n s e q u e n t ly  (<3 XS, S) d e f in e s  a m atro id  on S. 

W e d e n o te  the  m atro id  (fl- XS, S) by 1ft XS. The m atro id  1ft X S i s  c a l l e d  

th e  c o n t ra c t io n  o f  1ft to  S.

Let £ s  be  th e  c l a s s  of n o n - n u l l  in t e r s e c t io n s  of the  m em bers of 

<3 w i th  S. Let <3 • S be  th e  c l a s s  of m inim al m em bers of £ s  . T u tte  [ T u l 2 ]  

h a s  show n  th a t< 3 -S s a t i s f i e s  th e  c o n d i t io n s  of Axiom sy s te m  I and  t h e r e ­

fore (C2*S, S) i s  a m atro id  on th e  s e t  S . W e d e n o te  (<3*S, S) by ^ * S .

1ft ’ S i s  c a l l e d  th e  re d u c t io n  of 1 ft to  S.

Tutte  [T u 12] h a s  g iv e n  th e  p r e c i s e  r e l a t io n s h ip s  b e tw ee n  the  

g r a p h - th e o r e t ic  r e d u c t io n s  and  c o n t r a c t io n s  and  th e  m a t ro id - th e o re t ic  

r e d u c t io n s  and  c o n t r a c t io n s .  W e w il l  s t a t e  t h e s e  r e s u l t s  w ith o u t  proof; 

h o w e v e r ,  th e  r e a d e r  sh o u ld  hav e  no d i f f ic u l ty  in  s e e in g  th a t  th e  fo llow ing
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s ta te m e n ts  a re  a t  l e a s t  p l a u s ib le .

L e t G be  a g ra p h  an d  S c  E(G ).

( 2 .1 - 7 )  P(G ) X s  = P (G • S) .

( 2 .1 - 8 )  P (G ) • S = P (G  XS) .

( 2 .1 - 9 )  B(G) X S = B(G XS) .

( 2 .1 - 1 0 )  B(G) • S = B(G • S) .

Exam ple 2 -3  . Let G b e  th e  g rap h  of F i g . 2 -1  and  S = (©1 / 6 2 * 6 6  *e a }• 

P(G) XS an d  G • S a re  show n in  F ig . 2 -6  an d  i t  i s  e a s i l y  v e r i f ie d  th a t  

P(G) XS = P (G  • S).

In F i g . 2 -7  w e show  P(G) *S and  G X S and  c le a r ly  P (G ) 'S  =P(G  XS). 

N o tic e  th a t  th e  s e t  S i s  a  po lygon  a s  w e l l  a s  a  bond  of G .

The r e a d e r  i s  e n c o u ra g e d  to  c o n s t r u c t  som e s im p le  e x am p le s  in  

o rder to  i l l u s t r a t e  (2 .1 -9 )  an d  ( 2 .1 - 1 0 ) .

In th i s  s e c t io n  we h a v e  ta k e n  th e  p o in t  of v iew  of d e fin ing  a 

m atro id  in  term s of i t s  c l a s s  o f  c i r c u i t s . W h itn e y  (W h 1 ] , in  h is  

p io n ee r in g  p a p e r ,  e x h ib i te d  four ax iom  s y s te m s  for d e f in in g  a m atro id  on 

a  f in i te  s e t  an d  sh o w ed  them  to  be e q u iv a le n t  to  one  a n o th e r .  Below we 

p re s e n t  th e  th re e  a d d i t io n a l  ax iom  s y s te m s  for a m atro id .

W ith  re g a rd  to  Axiom S ystem  I i t  h a s  b e en  show n [Ro 1; Le 2 ]  th a t  

c o n d i t io n  (C2) c a n  be r e p la c e d  by (C 2 ) ‘ .

(C 2 ) ‘ If C i ,  C z €<2', C i f  C 2  an d  e e ( C i  fl C 2) ,  th e n  th e re  e x i s t s  a 

C 3 c &  s a t i s fy in g  C 3 c  [ (C i  U C2) -  £ e } ] .
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P (G) X S -  { e j , e 2  / e B, e 8  ) j-

G • S

F igure  2 - 6 . M atro id  C o n t ra c t io n  an d  G ra p h ic a l  R ed u c tio n

P (G) S -ĵ [ e^,  e B ] , { s i / B g } /  fsj # e2} / (sg* ©g3 • C®b» 3 # (®a* ®2  3̂j"

e i

F igure  2 - 7 .  M atro id  R ed u c tio n  and  G ra p h ic a l  C o n t ra c t io n
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Thus p ro p e r t ie s  (C l)  an d  (C 2) ' a re  c o m p le te ly  e q u iv a le n t  to  ( C l )  and 

(C 2 ) .  I t  i s  im p o rtan t to  h a v e  e q u iv a le n t  c h a r a c te r i z a t i o n s  of c i r c u i t s  

s in c e  th e re  a re  t im e s  w h en  one  c h a r a c te r i z a t io n  i s  more u s e fu l  th a n  th e  

o th e r  a n d  v ic e  v e r s a  a s  in  th e  proof of (2 . 2 - 1 ) .

A x i o m  S y s t e m  I I . L e t E b e  a  f in i te  s e t  an d  a  c l a s s  of 

s u b s e t s  of E. The m em bers  of •& a re  c a l l e d  In d e p e n d e n t  s e t s  and  def ine  

a  m atro id  U\ = (<&. , E) on  th e  s e t  E i f  th e  fo llo w in g  c o n d i t io n s  a re  s a t i s f i e d :

( 1 1) Any s u b s e t  o f  an  in d e p e n d e n t  s e t  i s  a l s o  a n  in d e p e n d e n t  s e t .

(12) If S ,  S' and  a (S ')  = or(S) + 1 ,  t h e n  th e re  i s  an  e le m e n t  

e' € S' n o t  b e lo n g in g  to  S s u c h  th a t  S U {e1} i s  an  i n d e ­

p en d en t  s e t .

A x i o m  S y s t e m  I I I . L e t  E be a  f in i te  s e t  and  l e t  B b e  a c l a s s  

o f  s u b s e t s  of E. The m em bers  o f B a re  c a l l e d  b a s e s  and  d e f in e  a  m atro id  

7t[ = (B, E) on  th e  s e t  E i f  th e  fo llow ing  c o n d i t io n s  a re  s a t i s f i e d :

(B l) No proper s u b s e t  o f  a b a s e  i s  a b a s e .

(B2) If b  and  b' a re  b a s e s  an d  e c  b ,  th e n  th e re  i s  an  e lem en t

e' f  b' s u c h  th a t  ( e ' / e ) b  i s  a  b a s e .

A x i o m  S y s t e m  I V . L e t E be a  f in i te  s e t  an d  l e t  p be a 
£

fu n c t io n  from 2 , th e  pow er s e t  o f  E ,  to  th e  n o n -n e g a t iv e  in t e g e r s .  The 

num ber p(S) i s  c a l l e d  th e  ra n k  o f S w h e re  S c E .  The fu n c tio n  p  d e f in e s  

th e  m atro id  % = (p ,  E) on  th e  s e t  E i f  th e  fo llo w in g  co n d i t io n s  a re  s a t i s f i e d :

(Rl) p (0 )  = 0 .

(R2) For an y  S c E  and  e  j. S , p (S U {e}) = p  (S) + k # w h ere
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k = 0 or 1.

(R3) For any  S c E  an d  e x an d  e 2  n o t in  S , i f

p(S U £ e ! }) = p (S U { e 2}) = p (S ) f th e n  p (S  U f e l 7 e 2}) = p ( S ) .

If th e  m atro id  %. i s  d e f in e d  by  i t s  c l a s s  3  of c i r c u i t s ,  th en  w e have  

d e f in e d  w h a t w e  m ean by  an  in d e p e n d e n t  s e t  and  a b a s e .  T herefore  the  

c l a s s e s  r£) and  IB a re  w e ll  d e f in e d .  The ra n k  fu n c t io n  p d e f in e d  in  the  

Axiom S ystem  IV i s  r e la te d  to  th e  ra n k  of a  m atro id  by

p(S) = r(^X S )

for a n y  S c E .  T herefore  g iv e n  71\ = (<3, E) w e  c a n  o b ta in  the  e q u iv a le n t  

d e s c r ip t i o n s  (4? , E ) , ^  = (ft, E) an d  7I\ -  (p ,  E ).

N ext w e  w il l  o u tl in e  how one  g e t s  from an y  on e  of th e  o th e r  th ree  

d e s c r ip t io n s  of a  m atro id  to  an y  o th e r  d e s c r ip t i o n .

S uppose  w e  are  g iv e n  71\ -  , E), t h a t  i s ,  i s  d e s c r ib e d  in  te rm s

of i t s  c l a s s  of in d e p e n d e n t  s e t s .  Any s e t  S c E  w h ic h  i s  n o t  a member 

of *4) i s  c a l l e d  a d e p e n d e n t  s e t .  L e t  & b e  th e  c l a s s  of d e p e n d e n t  s e t s .

A member o f  i s  c a l l e d  m inim al i f  i t  d o e s  n o t  p ro p e r ly  c o n ta in  an y  member 

of . The c l a s s  of minimal m em bers of & i s  th e  c l a s s  of c i r c u i t s  of . 

O nce w e have  <3, th e  c l a s s  o f  c i r c u i t s  of % ,  w e c a n  o b ta in  an y  one of 

th e  e q u iv a le n t  d e s c r ip t io n s  o f  %.

N ex t a s s u m e  w e hav e  ft , th e  c l a s s  of b a s e s  o f  7?l . Then a s u b s e t  

S c E  i s  a  member of i f  e i th e r  S i s  a  m em ber of ft or S i s  a s u b s e t  of 

som e member of ft . O nce w e have  ^  , w e  c a n  th e n  o b ta in  an y  d e s c r ip t ­

io n  o f %.
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3

L a s t ly  su p p o se  IK i s  d e f in e d  in  te rm s  of p .  The c l a s s e d  c o n s i s t s  

of th o s e  s u b s e t s  of E w h ich  s a t i s f y  a;(S) = p ( S ) .

W h i tn e y 's  rem ark ab le  c o n tr ib u t io n  w a s  to  r e c o g n iz e  the  four ax iom  

s y s te m s  and  show  th a t  th e y  w ere  a l l  e q u iv a l e n t .  In T ab le  2 -1  w e sum ­

m arize  th e  r e l a t io n s h ip s  b e tw e e n  v a r io u s  m a tro id  q u a n t i t i e s .

TABLE 2 -1

b -  Base -  b i s  a  m axim al in d e p e n d e n t  s e t

-  b i s  a  m axim al s e t  w h ic h  c o n ta in s  
no  c i r c u i t s

-  b i s  a  m axim al s e t  s a t i s f y in g  a(b)=p(b)

I -  In d e p e n d en t  s e t -  I i s  a  s u b s e t  of a b a s e

-  I c o n ta in s  no  c i r c u i t

-  a r ( I )  = p(I)

C -  C irc u i t -  C i s  a  m inim al d e p e n d e n t  s e t

-  a ( C  - ( e ) )  = p  (C -  £ e }) for ev ery  e € C



31

2 .2  VECTOR SPACES AND MATROIDS

In th is  s e c t io n  we show how to  a s s o c i a t e  a m atro id  w ith  a  v e c to r  

s p a c e .  The c o n n e c t io n  b e tw e e n  v e c to r  s p a c e s  and  m a tro id s  p ro v id e s  a 

w ay  to  d e f in e  c e r ta in  s p e c ia l  c l a s s e s  of m a tro id s .  W e a l s o  in t ro d u c e  th e  

r e p r e s e n ta t iv e  m atrix  of a v e c to r  s p a c e  and  s tu d y  som e o f  i t s  p ro p e r t ie s .

L et E be  a f in i te  s e t  E = ( e ! , . . . ,  en 3 and  F a f ie ld .

By a v e c to r  on  E over F w e m ean  a m apping  f o f  E in to  F. The 

num ber f(e^) i s  c a l l e d  the  v a lu e  of f a t  e^. The su p p o rt  ||f|| of th e  v e c to r  f 

i s  th e  s e t  of a l l  mem bers of E w h o se  v a lu e s  under f a re  n o n z e ro .  If  ||f|| = 0 ,

th e n  f i s  th e  ze ro  v e c to r  and  i t  i s  d e n o te d  by 0 .

The sum o f tw o  v e c to r s  f and  g on E over F i s  a  v e c to r  f + g  

d e f in e d  a s

{ f  + g ) ( e i ) = f(e i ) + g (e i )

for i = 1 , . . .  , n .

The product o f  a num ber XeF a n d  a v e c to r  f on E over F i s  a 

v e c to r  Xf d e f in ed  a s

(Xf)(e i ) = Xf(ejL)

for i  = 1 , . . .  , n .

L et ^  be a c o l le c t io n  of v e c to r s  in  E over F w h ic h  i s  c lo s e d  under 

the  o p e ra t io n s  of a d d i t io n  and m u l t ip l ic a t io n  by e le m e n ts  of F. Then * l f  i s  

c a l l e d  a v e c to r  s p a c e  on E over F.

If T  i s  a v e c to r  s p a c e  on E over F , th e n  a  v e c to r  f c ^  i s  c a l l e d  

e lem en ta ry  if  i t  i s  n o n ze ro  and th e re  i s  no n o n z e ro  v e c to r  g e l / w h i c h
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s a t i s f i e s  | | g | | c  | | f | | .  W e u s e  c  to  d e n o te  p roper in c lu s io n ,  th a t  i s ,

A c B  im p l ie s  A c  B and  A f  B .

( 2 .2 - 1 )  L e t be  a v e c to r  s p a c e  on E over 

F and Cv^-the c l a s s  of su p p o r ts  of e le m e n t ­

a ry  v e c to r s  in  CW  . Then s a t i s f i e s  

c o n d i t io n s  (C l )  and  (C2) of Axiom System  I.

Proof: By th e  d e f in i t io n  of an  e lem en ta ry  v e c to r ,  ( C l )  i s

s a t i s f i e d .

To show  th a t  (C2) i s  a l s o  s a t i s f i e d  by th e  m em bers of C '< y, p ick  

C j ,  C 2  €C scy- and  su p p o se  th a t  e^  c C i fl C 2, w here  U  k s n .  By th e  

d e f in i t io n  of (2 ^  , th e re  e x i s t s  v e c to r s  fx, f2 € I T  s u c h  th a t  || fj |{ = Cj and  

II fzll = C 2. D efine  th e  v e c to r  h = f i ( e k )f2 + ( - l ) f 2 ( e k) f i . I t  i s  c l e a r  from th e  

d e f in i t io n  o f  h th a t

II h He  C( H fi| |  U H fzll) -  Cek } 3 .

S uppose  Cj f  C 2 a n d ,  w ith o u t  l o s s  of g e n e r a l i ty ,  th a t  (C i -  C 2) f  0 .  

A c c o rd in g ly , | | h | | ^  0 . T herefore  th e re  e x i s t s  an  e le m e n ta ry  v e c to r  g i ° U '  

s a t i s f y in g  | | g | | c  | |h | |  . C o n s e q u e n t ly ,  th e re  e x i s t s  a C e < 3 ^ s a t i s f y in g

C =  | | g | | c | | h | | c [ ( C 1UC2) - C e k }]  .

T herefore  th e  c l a s s  s a t i s f i e s  (C l)  and  (C 2 ) 1 and  by th e  e q u iv a ­

l e n c e  of (C l)  and  (C2)' w i th  (C l)  and  (C 2 ) ,  the  theorem  fo l lo w s .  |

By ( 2 . 2 - 1 ) ,  {C'cty- i E) d e f in e s  a  m atro id  on th e  s e t  E. W e d en o te  

(C 'o y  , E) by i s  c a l l e d  th e  m atro id  a s s o c i a t e d  w ith  th e  v e c to r

s p a c e d .  A lso ,  th ro u g h o u t th i s  d i s s e r t a t i o n  w h ere  th e  s u b s c r ip t

r i s  an y  v e c to r  s p a c e  on a s e t  E over F ,  r e p r e s e n ts  th e  c l a s s  o f  su p p o r ts
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of th e  e le m e n ta ry  v e c to r s  of ^ \T  . W e are  now in  a p o s i t io n  to  d e f in e  

c e r ta in  c l a s s e s  o f  m a tro id s  w h ic h  a re  a s s o c i a t e d  w ith  co rre sp o n d in g  

c l a s s e s  of v e c to r  s p a c e s .

If ° \ T  i s  a v e c to r  s p a c e  on E o v e r  F ,  w here  F i s  th e  f ie ld  of 

in te g e r s  m odulo  2 ,  th e n  ' V '  i s  c a l l e d  a b in a ry  v e c to r  s p a c e . The m atro id  

%<y-= ^ l r  ' ^  ' a s s o c i a t e d w ith  a b in a ry  v e c to r  s p a c e  *1/ "  , i s  c a l l e d  a 

b in a ry  m a tro id .

Let F be  th e  r e a l  num ber f ie ld  and  (\ T  a v e c to r  s p a c e  on E over F. 

A v e c to r  g c ° \T ' i s  c a l l e d  a p rim itive  v e c to r  i f  i t  i s  an  e lem en ta ry  v e c to r  

a l l  of w h o se  v a lu e s  a re  ± 1  or 0 .

A v e c to r  s p a c e  on E over F ,  w here  F i s  the  f ie ld  of r e a l  

n u m b e rs ,  i s  c a l l e d  r e g u la r  i f  co rre sp o n d in g  to  e a c h  e lem en ta ry  v e c to r  

f th e re  i s  a p r im itive  v e c to r  g € ‘V~~ s a t i s fy in g  | | fj |  = | |g | | .  If  1 / ” i s  a 

re g u la r  v e c to r  s p a c e ,  th e n  w e c a l l  = ' E) a  r e ^u^ar m atro id .

Tutte  [ Tu 6 ] h a s  so lv e d  the  d i f f ic u l t  c o n v e rse  p rob lem . Thus he 

w a s  a b le  to  c h a r a c te r iz e  th o s e  a b s t r a c t  m atro id s  % = ( C ,  E) w h ic h  c a n  be 

show n to  be  iso m o rp h ic  to  a re g u la r  m atro id  , E ).

The re m a in d e r  o f  th i s  s e c t io n  i s  d e v o ted  to  th e  c o n s id e ra t io n  of 

r e p r e s e n ta t iv e  m a tr ic e s  for v e c to r  s p a c e s .  W e w il l  s e e  how th e  m atro id  

and  v e c to r  s p a c e  s t ru c tu re s  a re  r e f le c te d  in  the  p ro p e r t ie s  o f  th e  r e p r e ­

s e n ta t iv e  m atrix  and  v ic e  v e r s a .

Let *2^ be a v e c to r  s p a c e  on E over F . Then for an y  f € * ! / '  w e  

d e f in e  Rf, th e  r e p r e s e n ta t iv e  v e c to r  of f , a s  the  1 - ro w ed  m atrix

Rf = C f (e i ) ,  . . . ,  f (en ) ]  .
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A m atrix  R w ith  e le m e n ts  in  F i s  c a l l e d  a  r e p r e s e n ta t iv e  m atrix  of if  

i t  s a t i s f i e s  the  fo llowing:

(i) The ro w s  o f R are  l in e a r ly  in d e p e n d e n t  r e p r e s e n ta t iv e  v e c to r s ,

(ii) Every n o n z e ro  v e c to r  of ‘X X  h a s  a r e p r e s e n ta t iv e  v e c to r  w h ic h  

i s  a l in e a r  co m b in a tio n  of th e  row s of R.

A m a tr ix  R s a t i s fy in g  (i) and (ii) c o m p le te ly  d e te rm in e s  th e  v e c to r  

s p a c e  * \X  on E over F. C o n v e r s e ly ,  an y  m atrix  R w i th  l in e a r ly  in d e p e n d ­

e n t  row s c an  be  in te rp re te d  a s  a  r e p r e s e n ta t iv e  m atrix  of a v e c to r  s p a c e .  

C e r ta in  su b m a tr ic e s  of R h av e  s p e c i a l  p ro p e r t ie s  an d  s o  we in t ro d u c e  a 

u s e fu l  n o ta t io n .

If S c E ,  th e n  by R(S) w e m ean th e  su b m atr ix  of R c o n s i s t in g  of 

th o s e  co lum ns of R w h ic h  c o rre sp o n d  to  th e  m em bers of S.

From l in e a r  a lg e b ra  w e k n o w , due  to  th e  f in i t e n e s s  of E, th a t  any  

re p r e s e n ta t iv e  m a tr ix  i o r ^ X  w i l l  hav e  the  sam e num ber of row s and  th a t  

th e  num ber of ro w s  c a n n o t  e x c e e d  th e  num ber of c o lu m n s .  It  i s  a l s o  a c o n ­

se q u e n c e  of l in e a r  a lg e b ra  th a t  i f  R i s  a r e p r e s e n ta t iv e  m atrix  for ° l X , th e n  

an y  o th e r  r e p r e s e n ta t iv e  m atrix  R1 for I X  can  be  o b ta in e d  from R by

R' = TR ,

w h ere  T i s  a n o n - s in g u la r  m a tr ix .  C o n s e q u e n t ly  i f  R i s  /K * n ,  th e  co lum ns

th  thof R w h ich  form n o n ze ro  n  -o rd e r  m inors w i l l  a l s o  form n o n ze ro  /j, -o rd e r

m inors in  R' and  v ic e  v e r s a .

thTheorem  ( 2 . 2 - 2 )  r e l a t e s  the  n o n z e ro  |i - o r d e r  m inors of R to  the  

s t ru c tu re  of th e  m a tro id .
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( 2 . 2 - 2 )  L e t th e  jii X n m atrix  R be a r e p r e ­

s e n t a t i v e  m atrix  for^T" , a v e c to r  s p a c e  on 

E over F. Let S be a  s u b s e t  of E. Then 

d e t  [R (S ) ]^  0 i f  and  only  i f  S i s  a c o b a s e  of 

T h c f -  The d im e n s io n  of th e  v e c to r  s p a c e  

i s  e q u a l  to  n  , th e  num ber of e lem en ts  in  a 

c o b a s e  of

Proof: Let b b e  a  b a s e  of % < y .~  (C 'y *  • E) anc* en u m era te

th e  e le m e n ts  of E s u c h  th a t

b . . . / e g }

an d  perm ute  th e  co lum ns  of R a c c o r d in g ly .

L e t fj_ be  an  e le m e n ta ry  v e c to r  in  'I T ’ s a t i s fy in g  | | f j | =  J ( b ,  e^) for 

i = 1 , . . ,  s .  L e t R ^  be  th e  r e p r e s e n ta t iv e  v e c to r  of ^  for i  = 1 , . . . ,  s

an d  form th e  s X n m atrix

H =

R«

W e c la im  th a t  H i s  a r e p r e s e n ta t iv e  m atrix  for e\ X ' .

The row s of H a re  l in e a r ly  in d e p e n d e n t ,  s in c e

d e t  [H( b ) ]  = f^ e O  f2 ( e 2) . . .  f s ( e s ) f  0 .

A ssum e th e re  e x i s t s  a v e c to r  g c  * \ X w h o se  r e p r e s e n ta t iv e  v e c to r  R<. 

i s  no t a  l in e a r  c o m b in a tio n  of th e  ro w s  of H.

Set g(es)
M e s) Rfs )



C o n s e q u e n t ly  th e re  i s  a n o n z e ro  v e c to r  q f ' l )  s u c h  th a t

q (en )]  .

A ccording  to  th e  d e f in i t io n  of Q ,

M s  b . (1)

But (1) i s  a c o n t r a d ic t io n  s in c e  b i s  a b a s e .  Therefore  H i s  a  r e p r e s e n t a ­

t iv e  m atrix  for V '  . S ince  an y  r e p r e s e n ta t iv e  ( s p e c i f i c a l ly  R) m atr ix  for

c a n  be  o b ta in e d  from H by  m u l t ip l ic a t io n  on th e  l e f t  by a n o n - s in g u la r  

m a tr ix ,  i t  fo l lo w s  th a t  s = /I and  d e t  [ R ( b ) ]  f  0.

To show  n e c e s s i t y ,  l e t  R be a  / i  *  n r e p r e s e n ta t iv e  m atrix  for J\ T '  

an d  S c E  s a t i s f y in g  d e t  [R(S)] f  0 . Enum erate  th e  e le m e n ts  of E s u c h  

th a t  S = [ e j ,  . . . ,  e } ( a ( S) = s in c e  d e t  [R(S)] i s  d e f in e d  on ly  w h en  R(S) 

i s  a  sq u a re  m atrix) an d  perm ute  the  co lum ns of R a c c o rd in g ly .

L et R1 = R(S)- 1 R. R' i s  a r e p r e s e n ta t iv e  m atrix  for and  c a n  be 

p a r t i t io n e d  a s  fo llow s:

w h e re  1 i s  a (j, * /j, u n it  m a tr ix .  A ccording to  th e  form of R‘ , w e  c an  

c h a r a c te r iz e  th e  s e t  S a s  a m inim al s e t  w h ic h  m ee ts  e v e ry  c i r c u i t  o f C - y -  . 

S , th e  com p lem en t o f  S in  E, i s  a c c o rd in g ly  a m axim al s e t  w h ic h  c o n ta in s

Let R b e  a  (i x n  r e p r e s e n ta t iv e  m atrix  for th e  v e c to r  s p a c e  V  and

no member o f  (3^— . T herefo re  S i s  a b a s e  and  S i s  a  c o b a s e .  |

Then by ( 2 . 2 - 2 ) ,  d e t  [ R ( b ) ]  f  0 a nd  we  c an
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R' i s  c a l l e d  th e  s ta n d a rd  r e p r e s e n ta t iv e  m atrix  of w i th  r e s p e c t  to  the

c o b a s e  b . It fo l lo w s  th a t  R' ( b )  = 1 .M-

( 2 . 2 - 3 )  Let ^  be a v e c to r  s p a c e  on E over F 

and  R a y X n s ta n d a rd  r e p r e s e n ta t iv e  m atrix  

of w ith  r e s p e c t  to  th e  c o b a s e  b of .u
Then th e  ro w s  of R a re  th e  r e p r e s e n ta t iv e  

v e c to r s  of e lem en ta ry  v e c to r s  in  1 /* .

Proof: By h y p o th e s i s  R ( b )  = 1.. .

thAssum e th a t  th e  s row of R i s  a r e p r e s e n ta t iv e  v e c to r  of a  n o n -  

e lem en ta ry  v e c to r  f € V  . C o n se q u e n t ly  th e re  e x i s t s  an e le m e n ta ry  

v e c to r  g c s a t i s fy in g  | |g | |  c  j |f | |  . S ince  b i s  a b a s e  e^ € | | g | | n  | | f | | #

w h e re  b = {ej_ , e ^ ,  . .  . ,  e j  } and  1 £ s <; /j, . Then by  th e  p roperty  (C2)'

of th e  m em bers o f  < 3 ^  # th e re  e x i s t s  an  e lem en ta ry  v e c to r  h s a t i s f y in g

IIhII £  [ ( I l s | | u | | f | | )  -  C e i s J ] £  b • ( 1 )

But (1) i s  im p o s s ib le  s in c e  b i s  a b a s e .  A ccord ing ly  th e  theo rem  i s  

p ro v ed . |

( 2 . 2 - 4 )  L e t be  a  v e c to r  s p a c e  on E over F.

L et h and  g b e  tw o  e lem en ta ry  v e c to r s  in  

s a t i s fy in g  | |h | |=  | | g | | .  T h e n h  = Xg, w h e re  X 

i s  som e num ber in  F.

Proof: A ssum e th e  th eo rem  i s  f a l s e ,  th a t  i s ,  th e re  e x i s t

e lem en ta ry  v e c to r s  h and  g in  s a t i s f y in g  | |h | |  = | |g | |  an d  for w h ic h

no X € F d o e s  h = X g . P ick  som e e^  e || h || . Set
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It i s  c le a r  th a t  f s a t i s f i e s  || f|| c: | |h | |  and  by a s s u m p tio n  || f|| f  0 .  Thus

w e  h a v e  a  c o n t ra d ic t io n  and  a c c o rd in g ly  th e  theorem  fo l lo w s .  |

I t  i s  im p o r tan t  to  k e e p  in  mind th a t  th eo rem s  ( 2 .2 - 1 )  th ro u g h

( 2 . 2 - 4 )  a re  in d e p e n d e n t  of th e  f ie ld  F and  s p e c i f i c a l ly  app ly  to  th e  f ie ld

of r e a l  n u m b ers  an d  to  th e  f ie ld  of in t e g e r s  m odulo 2 . T h ese  tw o  f ie ld s

a re  of prim ary  i n t e r e s t  to  u s .

W e c o n c lu d e  th i s  s e c t io n  w ith  tw o im p o rtan t  th eo rem s  on re g u la r

v e c to r  s p a c e s  and  th e i r  a s s o c i a t e d  r e p r e s e n ta t iv e  m a t r ic e s .

( 2 . 2 - 5 )  Let R b e  a  )i X n  m atrix  over th e  f ie ld  

of r e a l  num bers  w h o s e  row s a re  l in e a r ly  in d e ­

p e n d e n t .  Then  R i s  a r e p r e s e n ta t iv e  m atrix  of a 

r e g u la r  v e c to r  s p a c e  er) f '  i f  and  only  i f  the  d e t e r ­

m in an ts  of i t s  sq u a re  s u b m a tr ic e s  o f  o rder  a re  

r e s t r i c t e d  to  th e  v a lu e s  0 , k and  - k ,  w here  k i s  

som e p o s i t iv e  num ber.

Proof: L e t R be  a  r e p r e s e n ta t iv e  m atrix  for th e  re g u la r

v e c to r  s p a c e  . By ( 2 . 2 - 2 )  d e t  [R(S)] f  0 i f  and  on ly  if  S i s  a  c o b a s e  

o f • Se t R' = R(S)- 1 R and  R" = R(T)- 1 R, w here  S and  T a re  c o b a s e s

o f •

By Thereom s ( 2 . 2 - 3 ) ,  ( 2 . 2 - 4 )  and  the  h y p o th e s i s  th a t  i s  

r e g u la r ,  i t  fo l lo w s  th a t  R' and  R" h a v e  e n t r i e s  e q u a l  to  ±  1 or 0 and  th a t

R* = QR" ,

w h ere  Q i s  a  n o n s in g u la r  m a tr ix  w ith  e n t r ie s  eq u a l  to  ± 1  or 0 .  C o n s e ­

q u e n t ly ,  s in c e  d e t  [R '(S )]  = d e t [ Q ]  ■ d e t [ R " ( S ) ]  = 1, w e g e t  th a t

d e t  [Q ]  = d e t  [R "(S )]  = ± 1 .
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T herefore

d e t  [R(S)] = ± d e t  [R(T) ] .

C o n s e q u e n t ly ,  th e  -o r d e r  m inors of R a re  e q u a l  to  ± k or 0 ,  w here  

k = | d e t  [R(S) ] | .

To show  s u f f ic ie n c y  now l e t  R be  a ( iXn  m atrix  w ith  l in e a r ly  i n d e -

thp en d en t  ro w s  and  w h o s e  n  -o r d e r  m inors e q u a l  ± k  or 0 , w here  k i s  som e

p o s i t iv e  num ber. L e t be  th e  v e c to r  s p a c e  on  E over th e  f ie ld  of r e a l

n u m b e rs ,  w h ic h  h a s  R a s  i t s  r e p r e s e n ta t iv e  m a tr ix .

L e t f b e  a n  e le m e n ta ry  v e c to r  in  eU~'and e ^  an y  e lem en t in  |j f|| .

The s e t  ( | | f | | -  { e ^ } )  i s  in d e p e n d e n t  in  5^^- an d  c o n s e q u e n t ly  c an  be

e x te n d e d  in to  a  b a s e  b s u c h  th a t  e j  € b = (©ij/  • • • / e i 3 • L e t R1 be  a

s ta n d a rd  r e p r e s e n ta t iv e  m a tr ix  for ° \T  w ith  r e s p e c t  to  the  c o b a s e  b .

T herefore  R' = TR, w h e re  T i s  som e n o n s in g u la r  m atrix . By ( 2 . 2 - 3 )

thand  ( 2 . 1 - 3 )  th e  i j  row of R' i s  th e  r e p r e s e n ta t iv e  v e c to r  of a  g e C\X “ 

w h ic h  s a t i s f i e s  | |g | |  = | | f | | .  C o n s id e r  th e  m a tr ic e s

Kp = R' ( ( e i p / e i . J b  )  ,

w h ere  e^ € b for p = fj, + 1 , . . . ,  n .  By h y p o th e s i s  an d  th e  c o n s t ru c t io n  of 
P

R1 , i t  fo l lo w s  th a t  d e t  [Kd ] = ± 1 or 0,  for p = p, + 1 ,  . . . ,  n .  A ccordingly  

thth e  i j  row of R‘ h a s  e n t r i e s  e q u a l  to  ± 1 or 0 and  th u s  g i s  a p r im itive  

v e c to r  co rre sp o n d in g  to  th e  e le m e n ta ry  v e c to r  f .  |

A \x X n m atr ix  R, over th e  r e a l  f i e ld ,  i s  c a l l e d  a  r e g u la r  m atrix  i f  

(i) th e  ran k  of R e q u a ls  n  and  (ii) th e  / i ^ - o r d e r  m inors of R a re  r e s t r i c t e d
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to  th e  v a lu e s  ±  k or 0 , w h ere  k i s  som e p o s i t iv e  n um ber. Thus w e  c an  

r e s t a t e  ( 2 . 2 - 5 )  a s :  i s  a re g u la r  v e c to r  s p a c e  on E over F ,  th e  f ie ld

of r e a l  n u m b e rs ,  i f  and  on ly  i f  R , any  r e p r e s e n ta t iv e  m a tr ix  for , i s  

a r e g u la r  m a tr ix .

A m atrix  w h ic h  i s  r e l a t e d  to  a r e g u la r  m atrix  i s  th e  to ta l ly  

un im odu la r  m a tr ix .  A m atrix  K of r e a l  num bers  i s  s a id  to  be to ta l ly  

un im odu la r  i f  ev e ry  minor of K h a s  v a lu e  ± 1 or 0.

( 2 . 2 - 6 ) [Tu 1 ] L e t ° \ X  be  a  v e c to r  s p a c e  

on E o v e r  F ,  th e  f ie ld  of r e a l  n u m b e rs ,  and  

R be  a  s ta n d a rd  r e p r e s e n ta t iv e  m atrix  f o r * y \

Then ° \ X  i s  a r e g u la r  v e c to r  s p a c e  i f  and  only  

i f  R i s  a  to ta l ly  un im odu la r  m atr ix .

It i s  n o t  d i f f ic u l t  to  show  th a t  a s ta n d a rd  r e p r e s e n ta t iv e  m atrix  

of a re g u la r  v e c to r  s p a c e  m ust be  a  to ta l ly  un im odu la r  m atrix  an d  th u s  

( 2 . 2 - 6 )  fo l lo w s  from ( 2 . 2 - 5 ) .
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2 . 3  VECTOR SPACES, GRAPHS AND MATROIDS

In C h a p te r  3 w e  w i l l  b e  c o n c e rn e d  w i th  e l e c t r i c a l  ne tw orks  an d  th e  

c o n s t r a in t s  im p o se d  on th e  c u r re n ts  an d  v o l t a g e s  by  th e  in te rc o n n e c t io n s  of 

th e  n e tw o rk .  T herefore  in  th i s  s e c t io n  w e w il l  p r e s e n t  r e s u l t s  w h ich  r e l a t e  

th e  v e c to r  s p a c e s  a s s o c i a t e d  w i th  a g rap h  to  th e  s t ru c tu re  of th e  g rap h  and  

i t s  a s s o c i a t e d  m a tro id s .  The v e c to r  s p a c e s  a s s o c i a t e d  w ith  a ne tw ork  g rap h  

a re  th e  c o n s t r a in t  s p a c e s  for c u r re n ts  and  v o l ta g e s  in  an  e l e c t r i c a l  n e tw o rk .

Let G be  an  o r ie n te d  g ra p h ,  th a t  i s ,  w e  o r ie n t  th e  g rap h  by a s s ig n in g  

a p o s i t iv e  en d  an d  a n e g a t iv e  en d  to  e a c h  member of E(G ). W e do th i s  by 

d e f in in g  th e  in te g e r  r ] ( e ,  v) for e a c h  e e  E(G) an d  v e  V(G) a s  fo llow s:

0  i f  v  i s  n o t  a n  en d  of e or e h a s  c o in c id e n t  e n d s .

1  i f  v  h a s  th e  p o s i t iv e  end  of e .

- 1  i f  v  i s  th e  n e g a t iv e  end  of e .

In F i g . 2 - 8  w e  h a v e  u s e d  a rro w s  on th e  e d g e s  to  d e s ig n a te  th e  o r ie n ta t io n .

The a rrow  p o in ts  from th e  p o s i t iv e  to  th e  n e g a t iv e  end  of an  e d g e .  T herefo re

t l ( e i , v i )  = - 1

r \ { e l f  v 2) = + 1  .

One m u s t  be c a re fu l  to  in te r p r e t  -1  a c c o rd in g  to  the  f ie ld  F. For 

e x a m p le ,  i f  F i s  th e  f ie ld  of in t e g e r s  m odulo  2 ,  th e n  - 1 ,  the  a d d i t iv e  

in v e r s e  of 1 , i s  e q u a l  to  1 , th a t  i s ,  1  + 1  = 0  an d  a c c o rd in g ly  r\ t a k e s  on 

v a lu e s  in  { 0 , 1 }.

S u p p o se  E(G) = ( e x, . . . ,  e n ) a n d  l e t  f be  a  v e c to r  on E(G) over F .

W e  c a l l  f a  1 - c y c le  of G ov e r  F i f
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n
. £  r i(e1# v) f ^ )  = 0 
x=i 1

for a l l  v  € V(G).

Example 2 - 4 .  L e t G b e  th e  g raph  in  F i g . 2 -8  and  F th e  f ie ld  of r e a l  

n u m b ers .  Let f b e  a v e c to r  on E(G) o v e r  F and  Rf th e  r e p r e s e n ta t iv e  m atrix  

for f ,  w here

Rf = [ 1 ,  1 ,  - 2 , 1 , 1 , - 4 ,  0 ] .

In o rder to  c h e c k  i f  f i s  a 1 - c y c l e  w e  m u s t  e v a lu a te  S j ,  w here

7

In f a c t ,  Sj = 0  for j = 1 ,  . .  . ,  5 an d  th e re fo re  f i s  a 1 - c y c l e  of G .

Now l e t  F be th e  f ie ld  o f in te g e r s  m odulo  2 ,  g a v e c to r  on E(G) over 

F and  Rg th e  r e p r e s e n t a t i v e  m atr ix  for g:

In o rder  to  c h e c k  i f  g i s  a  1 - c y c le  w e  m u s t  e v a lu a te  Sj for j = 1 , . . . ,  5 . 

W h en  j = 4 ,

for j = 1

S ] = £  n ( e i f  vj) f(ei)
i= i  3

5 . W h en  j = 1 ,

-1  i = 1, 2 ,  3 .

0  o t h e r w i s e .

C o n s e q u e n t ly ,

Sj = - 1  - 1  +2  = 0 .

Rg = [ 1 , 1 ,  0 , 1 ,  1 , 1 , 0 ]  .

0  o th e rw ise  .

1 i = 2 ,  5 ,
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A  ®3

F igure  2 - 8 .  G rap h  G of Example 2 -2
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Therefore

S4 = 1 + 1 = 0 .

Again Sj = 0 for j = 1, . . . ,  5 an d  th e re fo re  g i s  a 1- c y c l e  of G .

Let G be a g ra p h  and  I th e  c l a s s  of 1 - c y c le s  of G over F . I t  i s

c le a r  from th e  d e f in i t io n  o f  a 1 - c y c le  th a t  I i s  a v e c to r  s p a c e  o n  E(G) ov e r  F .

I i s  c a l l e d  th e  1 - c y c le  s p a c e  of G.

(2 .3 - 1 )  L e t  G be  an  o r ie n te d  g rap h  and  I 

th e  1- c y c l e  s p a c e  of G over F. Then 

Q j  = P ( G ) .

Proof: S uppose  S i s  a po lygon  of G .  W e can  e a s i l y  c o n ­

s t r u c t  a  1 - c y c le  fg of G s u c h  th a t  || f s || = S. It i s  c le a r  from th e  d e f in i t io n  

of a  1 - c y c le  th a t  fs i s  e le m e n ta ry .  (Also no te  th a t  i f  F i s  the  f ie ld  of r e a l  

num bers  w e c a n  c o n s t r u c t  fg to  be a  p r im itive  v e c to r . )  T herefore

P ( G ) c Gj  . (1 )

C o n v e r s e ly ,  s u p p o s e  C c C j  . Then th e re  e x i s t s  an  e le m e n ta ry  

1 -c y c le  f in  I s a t i s f y in g  || f | |=  C .  I t  i s  c le a r  from the  d e f in i t io n  o f a  1 - c y c le  

th a t  the  v a le n c e  of e v e ry  v e r te x  in  G ■ ||f|| i s  g re a te r  th a n  o n e .  C o n s e q u e n t ly  

G • ||f|| c o n ta in s  a p o ly g o n  T. T h e re fo re ,  by the  f i r s t  p a r t  of th e  p roo f ,  th e re  

e x i s t s  a n  e le m e n ta ry  v e c to r  gT c I s a t i s fy in g  ||gT || = T. S ince  f i s  e le m e n t­

a r y ,  | | g x I I =  l l f l l  a n d  th e re fo re  C = T. A ccordingly

<31 £  P (G) . (2)

C om bin ing  (1) and  (2 ) ,  w e  g e t  = P ( G) .  |

The n e x t  th eo rem  i s  a s im p le  c o ro l la ry  of ( 2 . 3 - 1 ) .
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( 2 . 3 - 2 )  The po lygon  m atro id  of a g rap h  i s  

a  b in a ry  (regu lar)  m a tro id .

In  w h a t  fo l lo w s  w e r e l a t e  B(G) to  a  v e c to r  s p a c e  a s s o c i a t e d  w i th  G .

L et g be a v e c to r  d e f in e d  bn V(G) over F ,  w h ere  V(G) = {vi ,  . . .  f v m } .

W e d e f in e  a v e c to r  f on  E(G) ov e r  F by

m
f(eA) = £  *n(ei# v i ) g ( v i ) ,

j=i J

for a l l  e^ € E (G ). f i s  c a l l e d  th e  coboundary  of g .  W e d e n o te  by V th e

c o l le c t io n  of c o b o u n d a r ie s  of a l l  v e c to r s  g on V(G) over F. I t  i s  c le a r  from

th e  d e f in i t io n  of a cobo u n d ary  on G th a t  V i s  a v e c to r  s p a c e  on E(G) o v e r  F.

V i s  c a l l e d  th e  cobo u n d ary  s p a c e  of G .

( 2 . 3 - 3 )  L e t G be  an  o r ie n te d  g rap h  and  

V th e  co b o u n d ary  s p a c e  of G . Then 

C y =  85(G).

Proof: Let S be  a  bond  of G and  Hi and  H2 th e  tw o  v e r t i c e s

of G x S .  D ef in e  a v e c to r  g on  V(G) o v e r  F w h ic h  a s s i g n s  to  a l l  th e  v e r t i c e s  

of G in  Hi th e  v a lu e  +1 a n d  0 to  a l l  o th e r  v e r t i c e s  of G .  Let f be  th e  c o ­

boundary  o f g .  C le a r ly  j| f | | =  S.  A s im p le  g ra p h - th e o re t ic  a rgum en t sh o w s  

th a t  f i s  e le m e n ta ry .  Therefore

B ( G ) £ £ v  . ( 1 )

C o n v e r s e ly ,  l e t  C be a  m em ber of C y  and  f e  V an  e lem en ta ry  

v e c to r  s a t i s f y in g  | | f | |=  C .  P ick  som e e e | | f | |  an d  l e t  v  be one  of th e  

d i s t i n c t  e n d s  of e .  L e t T c  V(G) c o rre sp o n d  to  the  s e t  o f  v e r t i c e s  c o n ­

n e c te d  to  v  a lo n g  p a th s  w h o se  e v e ry  e d g e  h a s  v a lu e  z e ro  under  f .  L e t
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Q c  E(G) be  th e  s e t  of e d g e s  w h ich  hav e  one end in  T and  th e  o th e r  no t in  T. 

C le a r ly  Q c o n ta in s  a bond  S o f G and  Q c  || f|| . T h e re fo re ,  by th e  f i r s t  part 

of th i s  p roo f ,  th e re  e x i s t s  an  e lem en ta ry  v e c to r  g s € V s a t i s fy in g  | |gs || = S.

By h y p o th e s i s  | | f | | =  | | g s |l and  th e re fo re  S = C .  C o n se q u e n t ly  ,

e v c f c ( G )  . (2)

C om bining  (1) and  ( 2 ) we g e t  = f i(G ). |

(2 .3 - 4 )  The bond  m atro id  of G is  a b in a ry  

( regu la r)  m atro id .

From ( 2 .3 - 2 )  an d  ( 2 .3 - 4 )  w e o b ta in  th e  fo llow ing:

(2 .3 - 5 )  L e t G be  a n  o r ie n te d  g raph  and  V 

a n d  I th e  coboundary  s p a c e  and  the  1 -c y c le  

s p a c e ,  r e s p e c t i v e l y ,  o f  G over th e  f ie ld  F 

o f  r e a l  n u m b e r s . Then V and  I a re  bo th  

r e g u la r  v e c to r  s p a c e s .

The v e c to r  s p a c e s  V an d  I hav e  an  a d d i t io n a l  p ro p e rty  w h ic h  w e now

p r e s e n t .  W e  s a y  th a t  tw o  v e c to r s  f and  g on E over F a re  o r th o g o n a l  i f

n
2 ^ g(ej) f(eA) = 0  .

Two v e c to r  s p a c e s  V - " and  e% J/  a re  s a id  to  be  o r th o g o n a l  i f  for ev ery  

v  € t r  an d  w e ‘W '  , v  and  w a re  o r thogona l v e c to r s .

( 2 .3 - 6 )  L e t G be a n  o r ie n te d  g rap h  an d  V 

a n d  I th e  coboundary  s p a c e  and  1- c y c l e  

s p a c e ,  r e s p e c t iv e ly ,  o f  G over th e  f ie ld  F .

Then V i s  o r th o g o n a l  to  I .

Proof: If f € I , th e n
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n

for j = 1 , . .  . ,  m.

If f1 € V, th e n

m 
E 

J=i

for i  = 1 , . . . ,  n ,  w here  g ( V j )  i s  a v e c to r  on V(G) over F.

n n m m n
. S ^ e ^ f ' ^ )  = E^ f(e4) E  Ti(ei# Vj) g(Vj) = E Vj) f(ei )

m
= E  g(v ,)  - 0 = 0  . |

j=i

(1)

fl ( e i )  “ 4E  i K e j ,  v j )  g ( v . )  ,  ( 2 )
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2 .4  DUALITY IN  MATROIDS

An im p o r tan t  c o n c e p t  in  m atro id  th e o ry  i s  t h a t  of d u a l i ty  an d  in  th i s  

s e c t io n  we p r e s e n t ,  m ain ly  w ith o u t  p roof ,  som e of th e  im p o r ta n t  d e f in i t io n s  

an d  r e s u l t s  on d u a l  m a tro id s .

Two s e t s  S an d  T a re  s a id  to  be o r th o g o n a l  i f  a(S DT) f  1,

L e t ^  = ( 3 ,  E) be  a m atro id  on a  f in i te  s e t  E an d  &  th e  c l a s s  of 

s u b s e t s  of E w h ic h  a re  o r th o g o n a l  to  e v e ry  member of 3:

= { S | S c  E an d  S i s  o rthogona l to  ev e ry  m em ber of 3 }  .

L e t  3 *  b t  th e  c l a s s  of m inim al m em bers o f  . T u tte  [Tu 12] h a s  show n  

th a t  3 *  s a t i s f i e s  th e  c o n d i t io n s  of Axiom System  I an d  th e re fo re

% *  = ( 3 \  E)

is  a  m atro id  on th e  s e t  E. i s  c a l l e d  th e  d u a l  m atro id  o f % .  Thus e v e ry  

m atro id  h a s  a d ua l m a tro id .

W e p re s e n t  n e x t  som e of th e  im p o r tan t  p ro p e r t ie s  o f  d u a l  m a tro id s .

( 2 .4 - 1 )  (7 n * )*  = n  .

( 2 .4 - 2 )  The b a s e s  of # |*  a re  th e  co m p le ­

m en ts  in  E of the  b a s e s  of .

( 2 .4 - 3 )  r(tf|) + r W l* )  = a (E ) .

( 2 .4 - 3 )  i s  a  s im p le  c o n se q u e n c e  of ( 2 .4 - 2 ) .

( 2 .4 - 4 )  If %  i s  a  r e g u la r  (b inary) m a tro id ,  

th e n  Wi.* i s  a  re g u la r  (b inary) m a tro id .

( 2 .4 - 5 )  Let b be a b a s e  of % ,  e  j. b  and  

e '  c J (b ,e )  D b .  Then e  € J* (b , e 1) ,w h e re  

J* i s  d e f in e d  w i th  r e s p e c t  to  flj*.
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L et °U~' be  a  v e c to r  s p a c e  on E over F. Set

l l X  = C f I f t  V "  and  f i s  o r th o g o n a l  to  

ev e ry  m em ber of IT]  .

The s e t  l X T  i s a v e c to r  s p a c e  and  i s  c a l l e d  th e  c o m p lem en ta ry  o r th o g o n a l  

s p a c e  o f  eJ/" . It i s  a  w e ll  known fa c t  from l i n e a r  a lg e b ra  th a t  th e  

d im e n s io n  of th e  v e c to r  s p a c e  i  ° lT ~  i s  e q u a l  to  o(E) m inus  th e  d im e n s io n  

of th e  v e c to r  s p a c e  ° \ T '  . If R i s  a  r e p r e s e n ta t iv e  m a tr ix  for an d  R* 

i s  a r e p r e s e n ta t iv e  m atrix  for 1  \ T ,  th e n  i t  i s  c le a r  from th e  d e f in i t io n  of 

1  IT "  th a t

R * r‘ = ° a  x b  (D

w h e re  a  = d im en s io n  1 V '  and  b = d im e n s io n  . Theorem  ( 2 .4 - 6 )  

r e l a t e s  th e  m a tro id s  a s s o c i a t e d  w ith  com plem en ta ry  o r th o g o n a l  v e c to r  

s p a c e s .

( 2 .4 - 6 )  7 h ^  = .

In Theorem  ( 2 .2 - 2 )  w e saw  th a t  th e  c o b a s e s  in  c o rre sp o n d e d

thto  th e  n o n z e ro  fj, -o rd e r  m inors of R, w here  R i s  f i  K n  an d  n  = u  ) = 

d im e n s io n  of 1 ) ^ .  From Theorem s ( 2 .4 - 2 )  and  ( 2 .4 - 6 )  i t  fo l lo w s  th a t  th e  

b a s e s  o i  co rre sp o n d  to  th e  n o n ze ro  r ^ - o r d e r  m inors o f  R * , w h ere  R* 

i s  r Xn and  r  = r ( ^ ^ . )  = d im e n s io n  of i U "  .

A nother r e l a t io n s h ip  b e tw e e n  th e  s t ru c tu re  of and  th e  m atrix

R* fo llo w s  from ( 1 ) .  By a  m inim al d e p e n d e n t  s e t  of co lum ns  of a  m atrix  

w e  m ean  a s e t  of co lum ns w h ich  a re  l in e a r ly  d e p e n d e n t  an d  an y  proper 

s u b s e t  of them  i s  l in e a r ly  in d e p e n d e n t .  I t  i s  c le a r  from (1) th a t  th e  m inim al
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d e p e n d e n t  s e t s  of co lum ns of R* c o rre sp o n d  to  th e  r e p r e s e n t a t i v e  v e c t o r s ,  

in  th e  row  s p a c e  of R , of e le m e n ta ry  v e c to r s  in  • C o n s e q u e n t ly  the  

m inim al d e p e n d e n t  s e t s  of co lum ns of R* c o rre sp o n d  to  th e  m em bers of 

• A d ua l s ta te m e n t  c a n  be made for R an d  •

It i s  u s e fu l  to  be a w are  o f th e  r e l a t io n s h ip s  b e tw e e n  th e  m atro id  

s t ru c tu re  a n d  the  co rre sp o n d in g  m atrix  p ro p e r t ie s  of R a n d  R*. T h ese  

r e l a t io n s h ip s  a re  sum m arized  in  Table  2 - 2 .

Let G be  an  o r ie n te d  g rap h  and  V and  I th e  co b o u n d ary  s p a c e  and  

1 - c y c le  s p a c e ,  r e s p e c t i v e l y ,  of G over F . W e  h a v e  p re v io u s ly  sho w n  in  

( 2 .3 - 6 )  th a t  V and  I a re  o rth o g o n a l  v e c to r  s p a c e s  an d  in  S e c t io n  2 .1  po in ted  

o u t  th a t  (G) + r(G) = a (E  ( G ) ) .  I t  i s  c le a r  th a t  one  c a n  c o n s t r u c t  \ i  (G) 

l in e a r ly  in d e p e n d e n t  1 - c y c le s  an d  r(G) l in e a r ly  in d e p e n d e n t  c o b o u n d a r ie s .  

C o n s e q u e n t ly  V and  I a re  co m p lem en ta ry  o r th o g o n a l  v e c to r  s p a c e s .

( 2 .4 7 - 7 )  Let G be  an  o r ie n te d  g rap h  an d

V and I the  cobo u n d ary  s p a c e  and  1- c y c l e  

s p a c e ,  r e s p e c t i v e l y ,  o f  G over F . Then

V = 1 I .

It fo llow s  from ( 2 . 3 - 1 ) ,  ( 2 . 3 - 3 ) ,  ( 2 .4 - 6 )  an d  ( 2 .4 - 7 )  th a t  P(G)

and  B(G) a re  d ua l m a tro id s .

( 2 . 4 - 8 ) L e t G be  a  g ra p h .  Then 

P (G )*  = B (G ).

L et Ry and  Rj be  r e p r e s e n t a t i v e  m a tr ic e s  o f  V a n d  I ,  r e s p e c t iv e ly .

A ccording  to  T ab le  2 -2  and  the  p re c e d in g  r e s u l t s ,  w e  ge t:

( 2 .4 - 9 )  f ( f  ) i s  a  fo r e s t  (c o fo re s t)  of G i f  

an d  on ly  i f  d e t  C ^v (f) ]  f  0  (det; tRj(f )] ^ 0 ).



TABLE 2 -2

L et I T  ( 1  * l r )  be  a  v e c to r  s p a c e  on  E over F an d  R(R*) a 

r e p r e s e n ta t iv e  m atrix  for CT T  ( I ' X T ) ,

(D  m ' y .  * * 1 1 r .

( 2 ) b i s  a b a s e  of <=> d e t  [ R* (b) ] f  0 .

(3) b i s  a b a s e  o f  fn <=> d e t  [R (b)]  f  0 .

(4) b i s  a c o b a s e  of < =  > d e t  [R( b ) ]  f  0 .

(5) b i s  a c o b a s e  of %. <=> d e t  [ R * ( b ) 3  f  0 .

( 6 ) f i s  an  e lem en ta ry  
v e c to r  in  cl/~*

<=> II ^11 * •

(?) f i s  an  e lem en ta ry  
v e c to r  in  1  ° i T

<=>

( 8 ) M inim al d ep en d e n t  
s e t  of co lum ns of R

<=> m em ber of <2 - •

(9) M inim al d e p e n d e n t  
s e t  of co lum ns of R*

<==> m em ber of C ^y- .
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The r e d u c t io n s  and c o n t ra c t io n s  of a  m atro id  and  i t s  dual a re  

v e ry  s im ply  r e l a t e d .  Tutte  [ Tu 121 h a s  proved  th e  fo llow ing:

(2 .4 - 1 0 )  • S)* = ^ * x  S .

( 2 .4 - 1 1 )  {IK x S)* = • S .

A m atro id  of the  form (ty  • S) XT i s  c a l l e d  a m inor of . The

m inors  of ty  e v id e n t ly  in c lu d e  a l l  th e  re d u c t io n s  an d  c o n tra c t io n s  of 1t[ .

Tutte  [ Tu 12] h a s  a l s o  p roven  th e  fo llow ing  id e n t i t i e s  w h ic h  are  

u s e fu l  in  d e a l in g  w ith  m a tro id s .  Let T c  S c  E .

(2 .4 - 1 2 )  {%  XS) XT = %  XT .

(2 .4 - 1 3 )  { Hi '  S) • T = %  • T .

( 2 .4 - 1 4 )  ( f f r  S) XT = {7n X (E -  ( S - T ) ) )  * T .

(2 .4 - 1 5 )  { f t  XS) • T = (flj- (E -  ( S - T )  ) )  X T .

W e l i s t  som e fu r ther  p ro p e r t ie s  of th e  m inors o f  a  m atro id .

( 2 .4 - 1 6 )  Every minor of a minor of 

i s  a  minor of .

( 2 .4 - 1 7 )  A minor of a  r e g u la r  (b inary) 

m atro id  i s  a  r e g u la r  (b inary ) m a tro id .

( 2 .4 - 1 8 )  The m inors of a re  the  

d u a ls  of th e  m inors  of %.

L a s t ly ,  w e  g ive  one  a d d i t io n a l  r e s u l t  c o n ce rn in g  th e  r e d u c t io n s  

and  c o n t ra c t io n s  of . L e t S c  E.

( 2 .4 - 1 9 )  v { n  x S) + r(tf! • S) = r ( ^ )  .
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2 .5  DUALITY IN GRAPHS

In th i s  s e c t io n  w e d i s c u s s  how a d u a l i ty  th eo ry  for g ra p h s  c an  be 

e s t a b l i s h e d  th ro u g h  m atro id  th e o ry .  D u a l i ty ,  in  g e n e r a l ,  im p lie s  th a t  w e  

hav e  tw o s e t s  of (dual) q u a n t i t i e s  and  o p e ra t io n s  s u c h  th a t  i f  a  th eo rem  is  

proved  in  te rm s  of one  s e t ,  th e n  th e  sam e  th eo rem  w ith  d u a l  q u a n t i t i e s  

in s e r te d  ev ery w h e re  y ie ld s  a t ru e  th e o re m . It i s  n o t  n e c e s s a r y  th a t  th e  two 

s e t s  be d i s jo in t .  W e k n o w , from th e  p re v io u s  s e c t i o n s ,  th a t  i f  G i s  any  

g ra p h ,  th e n  P(G) and  B (G ), th e  c l a s s  of po ly g o n s  of G and  th e  c l a s s  of 

b o n d s  o f G ,  r e s p e c t i v e l y ,  a re  m a tro id s .  C o n s e q u e n t ly ,  any  theo rem  w h ich  

i s  t ru e  for a g e n e ra l  m atro id  %  i s  true  for bo th  P(G) and  13(G). T h u s , for 

ev ery  m a tro id - th e o r e t ic  th eo rem  th e re  e x i s t  tw o  g r a p h - th e o r e t ic  th eo rem s  

w h ic h  r e s u l t  from th e  s p e c i a l i z a t io n  to  th e  bond  and  po lygon  m a tro id s  of G . 

T h ese  tw o d e r iv e d  g ra p h - th e o r e t i c  th eo re m s  a re  c a l l e d  d ua l th e o re m s .  The 

d u a l i ty  for g ra p h s ,  w h ic h  w e h a v e  j u s t  d e f in e d ,  r e l i e s  on m atro id  th eo ry  for 

i t s  r ig o ro u s  b a s i s .  In T ab le  2 -3  w e g iv e  a l i s t  o f th e  d ua l c o n c e p ts  for 

g rap h s  and  the  co rre sp o n d in g  m a t ro id - th e o r e t ic  q u a n t i t i e s .

In fo rm a lly ,  one so m e t im es  s a y s  t h a t ' i f  a theo rem  is  true  for the  

po lygon  c o n c e p t s , th e n  i t  i s  v a l id  in  te rm s of th e  bond  c o n c e p t s , and  v ic e  

v e r s a .  In g e n e r a l ,  h o w ev er ,  i t  i s  n e c e s s a r y  for a th eo rem  to  be  tru e  in  

te rm s  of m atro id  c o n c e p ts  or th e re  w i l l  be  no g u a ra n te e  th a t  s u b s t i t u t io n  of 

dua l q u a n t i t ie s  w i l l  y ie ld  a tru e  th e o re m . In o th e r  w o rd s ,  th eo rem s  proved  

in  te rm s of the  po lygon  (bond) c o n c e p ts  w i l l  y ie ld  v a l id  th eo rem s  in  te rm s 

of th e  bond  (polygon) c o n c e p ts  i f  th e  o r ig in a l  theorem  i s  e s t a b l i s h e d  u s in g
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only  th e  ax iom s for m atro id s  and  th e  p ro p e r t ie s  of s e t s .  I f ,  for e x a m p le ,  

th e  proof of a theorem  r e l i e d  on som e g r a p h - th e o r e t ic  p roperty  w h ich  h a s  

no m a tro id - th e o r e t ic  c o u n te r p a r t ,  th e n  th e re  i s  no g u a ra n te e  th a t  th e  "d u a l"  

th eo rem  i s  v a l id .  If one  c h o o s e s  to  re m a in  w i th in  a g r a p h - th e o r e t ic  f ram e­

w o rk ,  th e n  i t  i s  n e c e s s a r y  to  v e r i fy  th a t  th e  "d u a l"  th eo rem  i s  v a lid ;  we 

m ust prove tw o  th e o re m s .

In th e  n e x t  c h a p te r  w e  w i l l  d i s c u s s  d u a l i ty  in  e l e c t r i c a l  n e tw o rk s  

in  l ig h t  of the  d e f in i t io n  o f th e  d u a l i ty  in  g rap h s  d e f in e d  in  th is  s e c t io n .
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TABLE 2 -3  

DUAL QUANTITIES AND OPERATIONS

B as ic  C o n c e p t D ual C o n c e p ts

M atro id  C o n c e p ts Polygon C o n c e p ts Bond C o n ce p ts

0 ! = ( & ,E ) IK = ( P ( G ) ,  E (G )) f l = ( f t ( G ) ,  E (G ))

c i r c u i t  o f IK po lygon  of G bond of G

in d e p e n d e n t  s e t  o f  % t r e e  o f  G co tre e  of G

b a s e  of % f o r e s t  o f  G c o fo re s t  o f  G

% X s ( P ( G  • S ) , S) ( ft (G X S ) , S )

IK • S ( P(G X S ) , S) ( ft(G • S ) , S)

m (B (G ) ,E (G )) ( P ( G ) ,E ( G ) )

n * -  s ( fl(G XS), S ) ( P ( G - S ) ,  S )

b a s e  of %* c o fo re s t  of G fo r e s t  of G

in d e p e n d e n t  s e t  o f  7K* c o t re e  o f  G tree  of G

c i r c u i t  o f  7K* bond  of G po lygon  o f G
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2 .6  MATROIDS AND GRAPHS

L et R be a 3 X 7  m a tr ix  over th e  f ie ld  of in te g e r s  m odulo  2:

1 0 0 1 0 1 1

0 1 0 1 1 0 1

0 0 1 0 1 1 1

L e t E = ( e j ,  . . . ,  e 7 } a n d  cV r '  be  th e  v e c to r  s p a c e  w h ic h  h a s  R a s  i t s  

r e p r e s e n ta t iv e  m a tr ix .  The b in a ry  m atro id  on E i s  re fe r re d  to  a s

be ing  "o f  Type B I " .

The d ua l of a m atro id  of Type B I i s  s a id  to  be "o f  Type B I I" .

Tutte  [Tu 12] h a s  p roved  th e  fo llow ing  im p o r tan t  r e s u l t s  on

re g u la r  m atro ids:

( 2 .6 - 1 )  A b in a ry  m atro id  7t[ i s  re g u la r  

i f  and  on ly  i f  i t  h a s  no  minor of Type 

B I or B I I .

( 2 .6 - 2 )  A b in a ry  m atro id  7?I i s  n o n re g u la r  

i f  and  on ly  i f  som e s ta n d a rd  r e p r e s e n ta t iv e  

m atrix  R of ^  h a s  a  su b m atr ix  J s u c h  th a t  

e i th e r  J or i t s  t r a n s p o s e  i s  of th e  fo llow ing  

form , to  w i th in  a p e rm u ta tio n  of c o lu m n s ,

1 0 1 1"

1 1 0 l

0 1 1 i_

As p o in te d  ou t by T utte  [Tu 12] , th i s  th eo ry  i s  in c o m p le te  in  the  

s e n s e  th a t  th e re  i s  no c o n v e n ie n t  a lg o ri th m  for de te rm in in g  w h e th e r  a 

g iv e n  b in a ry  m atro id  i s  r e g u la r .
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In F i g . 2 -9  w e p re s e n t  th e  fam ous K uratow ski g ra p h s .

A m atro id  i s  s a id  to  b e  o f Type KI or KII i f  i t  c a n  be  in te rp re te d  a s  

th e  po lygon  m atro id  of Kg or K3 j 3  , r e s p e c t iv e ly .  A m atro id  i s  s a id  to  be of 

Type H I  or H II  i f  i t  c a n  be in te rp re te d  a s  th e  bond m atro id  of Kg or K3 3  , 

r e s p e c t iv e ly .

Tutte  [Tu 12] h a s  a l s o  p roved  th e  fo llow ing  fu n d am en ta l  r e s u l t s :

(2 .6 -3 )  A b in a ry  m atro id  i s  th e  bond  m atro id  

of som e g rap h  i f  and  on ly  i f  i t  i s  re g u la r  an d  

h a s  no  minor of Type KI or KII.

( 2 .6 - 4 )  A b in a ry  m atro id  i s  th e  polygon  

m atro id  of som e g rap h  i f  and  on ly  i f  i t  is  

re g u la r  an d  h a s  no  minor in  Type H I  or H I I .

A m atro id  i s  c a l l e d  p la n a r  i f  i t  i s  bo th  th e  bond  m atro id  of som e 

g rap h  a s  w e l l  a s  th e  po lygon  m atro id  of som e g rap h .

F igure  2 -1 0  p r e s e n ts  a b reakdow n  of the  m atro id  c l a s s e s  th a t  h av e  

b e e n  in t r o d u c e d .  W e a l s o  u s e  th e  te rm in o lo g y  th a t  a m atro id  i s  s a id  to  be  

g ra p h ic  i f  i t  i s  th e  bond  m atro id  o f  some g rap h  an d  a m atro id  i s  s a id  to  be  

c o g ra p h ic  i f  i t  i s  th e  po lygon  m atro id  of som e g rap h .

In F ig . 2 -1 0  w e a l s o  show  w h a t w e m ean  by m a tro id s  of Type H 

an d  K. S p e c i f ic a l ly ,  a  m atro id  i s  of Type H(K) i f  i t  i s  g ra p h ic  

(co g rap h ic )  a n d  c o n ta in s  a s  a minor a t  l e a s t  one o f  th e  m inors  of Type H I  

or H II  (KI or K II) .

In th i s  c h a p te r  w e hav e  o u t l in e d  som e of th e  im p o r tan t  r e s u l t s  in  

m a tro id  th eo ry  a s  d e v e lo p e d  by W h itn ey  aid T u t te .  This m a te r ia l  w i l l  be  

re fe r re d  to  in  s u b s e q u e n t  c h a p te r s  a s  w e  n e e d  i t .
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Figure 2 - 9 .  Kuratow ski G rap h s
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Binary M atro id s

C o n ta in s  m inors of 
Type BI or BII

N o n -re g u la r  M atro id sR egular  M atro id s  

No m inors of Type BI or BII

No m inors  of Type 
KI or KII

G ra p h ic a l  M atro id s

N o n -p la n a r  M atro id s
SgESjH

C o n ta in s  a t  l e a s t  one 
m inor of Type HI or 

HII

C o g ra p h ic  M atro id s

No m inors  of Type 
HI or HII

P la n a r  M a tro id s

No m inors  of Type KI 
KII, HI or HII

M atro id s  w h ic h  c o n ta in  
a t  l e a s t  one minor of 
Type KI or KII and  one  
minor o f  Type HI or HII

N o n -p la n a r  M atro id s  
T zeg JL

C o n ta in s  a t  l e a s t  one 
minor of Type K3 or KII

F igure  2 - 1 0 .  Breakow n of M atro id  C l a s s e s
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3 .1 RESISTANCE NETWORKS

In th is  c h a p te r  w e  in tro d u ce  the  c o n c e p t  o f  a g e n e r a l iz e d  r e s i s t a n c e  

ne tw ork  and  s tu d y  som e of i t s  p r o p e r t ie s .  The g e n e r a l iz e d  ne tw ork  i s  an  

e x te n s io n  of th e  c o n c e p ts  of o rd ina ry  p - p o r t  r e s i s t a n c e  n e tw o rk s  to 

m a tro id s .  This  e x te n s io n  l e a d s  to  a u n if ied  a p p ro a c h  to  th e  s tu d y  of 

r e s i s t a n c e  n e tw o rk s  and  y ie ld s  new  in s ig h t s  a s  w e l l  a s  r e s u l t s .

In th i s  s e c t io n  w e d e s c r ib e  a p -p o r t  r e s i s t a n c e  ne tw ork  a s  a p re ­

l im in a ry  to  th e  d i s c u s s io n  in  th e  n e x t  s e c t io n  of th e  g e n e r a l iz e d  r e s i s t a n c e  

ne tw o rk .  A p -p o r t  r e s i s t a n c e  ne tw o rk  i s  an  in te rc o n n e c t io n  of tw o ty p e s  of 

e lem en ts :  port e le m e n ts  and  r e s i s t a n c e  e l e m e n t s .  A port e le m e n t  i s  d e n o ted  

by a  d i r e c te d  ed g e  ( F i g . 3 -1 )  and  th e  c o n v en tio n  u s e d  i s  th a t  th e  d i re c t io n  of 

p o s i t iv e  cu rre n t  (i) c o in c id e s  w i th  th e  d i r e c t io n  o f  th e  a rro w . P o s i t iv e  

p o te n t ia l  d i f fe ren c e  (v) m ean s  th a t  th e  arrow  p o in ts  from th e  v e r te x  of h igh  

p o te n t ia l  to th e  v e r te x  of low  p o te n t i a l .  N ote  th a t  th e  p ro d u c t  v i r e p r e s e n t s  

the  in s ta n ta n e o u s  pow er d e l iv e re d  to  th e  p o rt  e le m e n t .  A r e s i s t a n c e  e lem en t  

i s  id e n t i c a l  to  a  port e le m e n t  w i th  th e  a d d i t io n a l  re q u ire m e n t  th a t  v  = i z ,
U;;.

w here  0  < z < »  and  z i s  c a l l e d  th e  r e s i s t a n c e  of th e  e le m e n t .

The r e s i s t a n c e  an d  port e le m e n ts  a re  in te r c o n n e c te d  in  some m anner 

to  form a ne tw ork  and  th i s  in te r c o n n e c t io n  i s  r e p r e s e n te d  by  an  o r ie n te d  

g rap h  w h ic h  is  c a l l e d  the  ne tw ork  g r a p h .

If th e  ne tw ork  c o n s i s t s  of n e l e m e n t s ,  p of w h ic h  a re  port e le m e n ts  

and  n - p  r e s i s t a n c e  e l e m e n t s ,  th e n  l e t
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F igure  3 - 1 .  N etw ork  E lem ent



be th e  v e c to rs  o f  r e s i s ta n c e  v o lta g e s  and  c u r re n ts ,  r e s p e c t iv e ly .

S im ilarly

and

are  the  v e c to r s  of port v o l ta g e s  and  c u r r e n t s ,  r e s p e c t iv e ly .  Also w i th  e a c h  

r e s i s t a n c e  e le m e n t  th e re  i s  an  a s s o c i a t e d  r e s i s t a n c e  z ± ,  for i = 1 , . . . , n - p .  

The m atrix

Zfe = d ia g  [ z 1# . . . ,  z n _ ]

i s  c a l l e d  th e  r e s i s t a n c e - e l e m e n t  im p e d a n ce  m a tr ix . The v e c to r s  and_i 

m ust s a t i s f y

( la )

or

( lb )

w here  Y, = Z," . Y, i s  c a l l e d  th e  r e s i s t a n c e  - e le m e n t  a d m it ta n c e  m a tr ix ,  b b b ------------- ------------------------------------------------
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The v e c to r s  v  an d  _i a re  c a l l e d  th e  ne tw ork  v o l ta g e  and  cu rren t  v e c to r s ,  

r e s p e c t iv e ly .

The v e c to r s  J_ and  v  a re  no t on ly  re q u ire d  to  s a t i s f y  ( l a )  or ( lb )  bu t 

in a d d i t io n  m u s t  s a t i s f y  Kirchhoff 1 s c u r re n t  law  (KCL) and  K irchhoff1 s v o l t ­

age  la w  (KVL). Thus the  a lg e b r a ic  sum of th e  c u r re n ts  in  a n y  bond of th e  

ne tw ork  g rap h  m u s t be  z e ro  and  the  a lg e b r a ic  sum of th e  v o l ta g e s  a round  

any po lygon  in  the  ne tw ork  m u st be  z e r o .  T h ese  l a s t  tw o c o n s t r a in t s  on the  

ne tw ork  v o l ta g e  an d  cu rre n t  v e c to r s  a re  c a l l e d  to p o lo g ic a l  c o n s t r a in t s  and  

the r e l a t io n  ( l a )  i s  c a l l e d  a n  Ohm’s la w  c o n s t r a in t .

The to p o lo g ic a l  c o n s t r a in t s  on  th e  ne tw ork  v o l ta g e  an d  c u rre n t

v e c to r s  c an  be s t a t e d  d i f f e r e n t ly .  L e t G be  th e  ne tw ork  g rap h  o f  a p -p o r t

r e s i s t a n c e  ne tw ork  and  I an d  V th e  1 - c y c le  s p a c e  an d  th e  c o b o u n d ary  s p a c e ,  

r e s p e c t i v e l y ,  o f  G over th e  f ie ld  F . Then _i s a t i s f i e s  KCL i f  and  on ly  i f j ^  

i s  th e  r e p r e s e n t a t iv e  v e c to r  of some member o f  I and  v  s a t i s f i e s  KVL i f  and  

only  i f  v* i s  th e  r e p r e s e n t a t i v e  v e c to r  of som e member of V. C o n s e q u e n t ly  

K irchhoff 's  l a w s  c a n  be w r i t t e n  sy m b o l ic a l ly  a s

± €  I (KCL) (2)

and

v  € V (KVL) . (3)

The e q u a t io n s  ( l a )  or ( l b ) ,  (2) and  (3) a re  c a l l e d  th e  ne tw ork  e q u a t i o n s .

In o rd e r  to  r e t a in  th e  fam ilia r  p ro p e r t ie s  o f  Z , th e  o p e n - c i r c u i t  ( o . c . )

im p e d a n c e  m a t r ix , an d  Y, th e  s h o r t - c i r c u i t  ( s . c . )  a d m it ta n c e  m a tr ix ,  o f  a

p -p o r t  r e s i s t a n c e  n e tw o rk  w e  d e f in e  an  a u x i l ia ry  p o r t - v o l ta g e  v e c to r

e. = -  v  . Then  th e  o . c .  im p e d a n c e  m atrix  of a ne tw o rk  e x i s t s  i f  for any  
P P
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p re s c r ib e d  s e t  o f  port c u r re n ts  _i_ th e  ne tw o rk  e q u a t io n s  u n iq u e ly  d e t e r -
P

mine th e  r e s p o n s e  e_ . S im ila r ly  the  s . c .  a d m it ta n c e  m atrix  of a ne tw ork

e x i s t s  i f  for a n y  p re s c r ib e d  s e t  of port v o l t a g e s  e_^ the  ne tw ork  e q u a t io n s

u n iq u e ly  d e te rm in e  th e  r e s p o n s e ^  . If Z e x i s t s ,  th en  the  ne tw ork  o p e r -
P

a t io n ,  v ie w e d  from th e  p o r t s ,  c a n  be e x p r e s s e d  a s

and  i f  Y e x i s t s ,  th en

P re v io u s ly  in  C h a p te r  1 w e  in d ic a te d  th a t  c e r ta in  m a tr ic e s  w ere  

r e la te d  to  p - p o r t  r e s i s t a n c e  n e tw o rk s .  At th i s  t im e ,  w e  g ive  th e  p r e c i s e  

d e f in i t io n s  for tw o  of th e s e  m a t r ic e s .

A sy m m etr ic  m atrix  of r e a l  num bers  w h o se  main d ia g o n a l  e le m e n ts  

a re  g re a te r  th a n  or e q u a l  to  the  sum  of th e  a b s o lu te  m ag n itu d es  of a l l  th e  

o the r e le m e n ts  in  th e  sam e row (colum n) i s  c a l l e d  a dom inan t m a tr ix .

A p X p sym m etr ic  m atr ix  of r e a l  num bers i s  c a l l e d  a param ount 

m atrix  i f  ev ery  p r in c ip a l  minor of o rder r i s  g re a te r  th a n  or e q u a l  to  th e  

a b s o lu te  v a lu e  o f  an y  r o rder minor formed from th e  sam e ro w s  (co lum ns) 

for r = 1 , . . .  , p - 1 .

The r e s t  o f th i s  c h a p te r  i s  d e v o te d  to  th e  g e n e r a l iz e d  r e s i s t a n c e  

ne tw ork  and  i t s  b e a r in g  on  p - p o r t  r e s i s t a n c e  n e tw o rk s .
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3 .2  GENERALIZED NETWORK

In th i s  s e c t io n  w e  d e f in e  a  r e s i s t a n c e  ne tw ork  on a r e g u la r  m atro id . 

As in  th e  c a s e  of p -p o r t  r e s i s t a n c e  n e tw o rk s  w e w il l  c o n s id e r  th e  g e n e r a l ­

iz e d  netw ork  to  be a n  in te r c o n n e c t io n  of tw o k in d s  o f  e lem en ts :  r e s i s t a n c e  

e le m e n ts  and port e l e m e n t s .  In g e n e ra l  the  g e n e r a l iz e d  netw ork  w i l l  c o n ­

s i s t  of n e l e m e n t s ,  p o f  w h ich  a re  port  e le m e n ts  an d  n - p  r e s i s t a n c e  

e l e m e n t s .

Let % = (<3-,E) b e  a  re g u la r  m atro id  on a f in i te  s e t  E. The s e t  E is  

p a r t i t io n e d  in to  tw o s e t s  Ep an d  E^. The e le m e n ts  in  Ep a re  the  port 

e le m e n ts  and th e  e le m e n ts  in  E^ th e  r e s i s t a n c e  e le m e n ts .  Enum erate  th e

e le m e n ts  of E su c h  th a t

w here

E = E, U E , 
b p

{ © 1 /  © 2 /  • • • /

and

E (e  , , . . . , ©  } •p n -p + i n

W ith  e a c h  e le m e n t  e i in  E w e a s s o c i a t e  tw o v a r ia b le s  u^ a n d  Wj

(for i = 1 , . .  . , n ). W e  d e f in e  th e  v e c to r s  u  and  w a s  fo llows:

u ^ b

u

and

w =
w
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w h ere

w.
b

t  p= [w 1 , . • . , w n -p ]

t  r 
u b = [u i /  • •  •  /

and

u n-p + i /  •  •  •  /

P

W e h a v e  c h o s e n  no t to  u s e  v  and  a s  v a r i a b le s  in  th e  g e n e r a l iz e d  

c a s e  in  o rder to  g iv e  a  s in g le  a n a ly s i s  of th e  g e n e r a l iz e d  ne tw ork  w h ic h  

l a t e r  c a n  be s p e c i a l i z e d  to  an  im p e d a n ce  a n d /o r  a d m it ta n c e  fo rm u la t io n .

As in  S e c t io n  3 . 1 ,  w e a s s o c i a t e  w i th  e a c h  member of a  p o s i t iv e  

num ber d j (i = 1 , . .  . ,  n -p )  and  re q u ire  th a t

D i s  c a l l e d  th e  r e s l s t a n c e - e l e m e n t  im m it tan ce  m a tr ix .

The n e x t  s t e p  in  d e fin ing  a  g e n e r a l iz e d  ne tw ork  is  to  w r i te  th e  

" to p o lo g ic a l"  c o n s t r a in t s  for th e  v e c to r s  u_ and  w .  S ince  i s  r e g u la r ,  

th e re  e x i s t s  a r e g u la r  v e c to r  s p a c e  ft on E o v e r  th e  f ie ld  of r e a l  num bers  

s u c h  th a t  th e  su p p o r ts  of th e  p r im it iv e  v e c to r s  of ft a re  in  1 - 1  c o r re sp o n d ­

e n c e  w i th  th e  c i r c u i t s  of 7! \ , th a t  i s ,  7)1 = The v e c to r  s p a c e  ft i s  n o t  

u n iq u e  b u t  s in c e  ft i s  a  re g u la r  v e c to r  s p a c e ,  w e th in k  of c h o o s in g  a 

p a r t ic u la r  R a s  f ix ing  the  r e la t iv e  o r ie n ta t io n  o f  th e  e le m e n ts  in  e a c h  o f 

the  c i r c u i t s  of 57?. To s e e  th is  c h o o se  C e<30  ; th e n  th e re  e x i s t s  a

w here

D = d iag  [ d x, d ; n - p
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p rim itiv e  v e c to r  f € ft s u c h  th a t

The n o n z e ro  v a lu e s  of f a re  e i th e r  ± 1 and  th e re fo re  c a n  be  u s e d  to  d e te r ­

mine th e  r e l a t iv e  o r ie n ta t io n  of th e  m em bers of C .  Thus i f  f(e^) = f(ej) = ± 1 ,  

we s a y  th a t  e i an d  ej a re  s im ila r ly  o r ie n te d  in  C and  i f  ffe^) = - f ( e s ) = ± 1 , 

w e s a y  th a t  e^ and  e g a re  o p p o s i te ly  o r ie n te d  in  C . By ( 2 . 2 - 4 ) ,  th e  c h o ic e  

& u n iq u e ly  d e te rm in e  th e  r e l a t iv e  o r ie n ta t io n s  of th e  e le m e n ts  in  C .

G e n e ra l iz in g  KCL and  KVL, w e re q u ire  th a t  u* be  th e  r e p r e s e n ta t iv e

t
v e c to r  of som e m em ber o f  ft and  w b e  th e  r e p r e s e n ta t iv e  v e c to r  of som e 

member o f  1 *  , th e  co m p lem en ta ry  o r th o g o n a l  s u b s p a c e  of ft . W e w rite  

the  g e n e r a l iz e d  KCL and  KVL sy m b o l ic a l ly  a s

w here  i s  a  r e g u la r  m atro id  on a f in i te  s e t  E and  ft i s  a c o r re sp o n d in g  

re g u la r  v e c to r  s p a c e  on  E over th e  f ie ld  of r e a l  n u m b ers .

The g e n e r a l i z e d  n e tw o rk  e q u a t io n s  a re

u € ft

and

w e j_ f t  .

W e  d e f in e  a g e n e r a l iz e d  ne tw ork  N a s  fo llow s:

N = ft, D ;  E) ,

U. €  ft ,

W € J_ ft ,

( 1)

( 2 )

(3)

w h ere  D = d iag  [d
n - p ] •



68

E q u a tio n s  (1) and  (2) a re  th e  " to p o lo g ic a l"  c o n s t r a in t s  on u  and  w 

w h ile  e q u a t io n  (3) i s  an  O hm 's law  c o n s t r a in t .

At th i s  po in t w e  w il l  m ake the  a p p ro p r ia te  c o r re sp o n d e n c e s  b e tw ee n  

the  g e n e r a l iz e d  ne tw ork  and th e  o rd in a ry  im p e d a n c e  and  a d m it ta n c e  

fo rm u la t io n s  of p -p o r t  r e s i s t a n c e  n e tw o rk s .

L e t G be a ne tw ork  g rap h  o f a  p - p o r t  r e s i s t a n c e  ne tw ork  and 

p a r t i t io n  E(G) a c c o rd in g  to  port an d  r e s i s t a n c e  d e s ig n a t io n s .  Thus

E(G) = E(G)b U E(G)p ,

w here

E(G)b — { s j ,  . .  . ,

and

E(G) = {e e } .v 'p  n -p + i  n

The e d g e s  in  E(G)b c o r re sp o n d  to  th e  r e s i s t a n c e s  an d  th e  e d g e s  in

E(G)p c o rre sp o n d  to  th e  p o r ts .  The q u a n t i t i e s  j *  = (i_b , X ^ ) , v* = (v^ / J ^ )

and  = d iag  [ z j ,  . . .  ,  ] ,  w h e re  0  < z^ <<» for i = 1 , . . .  , n - p ,  a re

d e f in e d  in  3 . 1 .  There a re  tw o  p o s s ib le  w a y s  to  m ake a  c o r re sp o n d e n c e

b e tw e e n  g e n e r a l iz e d  n e tw o rk s  and  p - p o r t  r e s i s t a n c e  n e tw o rk s .

C o n s id e r  th e  fo llo w in g  c o r r e s p o n d e n c e .  S uppose

u. = _i • (4)

Then i t  fo l lo w s  th a t

w = v  , (5)

a  = I , ( 6 )

f t*  = P(G) (7)

and
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D = Zb , ( 8 )

w here  I i s  th e  1- c y c l e  s p a c e  o f  G over th e  f ie ld  of r e a l  n u m b ers .  Thus th e  

re q u ire m e n t  th a t  u_ c o r re sp o n d s  t o j [  d e te rm in e s  th e  g e n e r a l iz e d  netw ork

Nz  = (P(G), I ,  Zb ; E(G) ) .

If one  c h o o s e s  to  h a v e  v  c o rre sp o n d  to  _u th e  g e n e r a l iz e d  ne tw ork  Ny. i s  

ob ta ined :

Ny  = ( B ( G ) ,  V, Yb ; E (G )) .

V i s , o f c o u r s e ,  th e  co b o u n d ary  s p a c e  of G o v e r  th e  f ie ld  of r e a l  n u m b ers .

The s u b s c r ip t s  Z and  Y r e f l e c t  th e  fa c t  th a t  Ng w il l  l e a d  to  an  

im p e d a n ce  fo rm ula tion  an d  Ny y ie ld s  a n  a d m it ta n c e  fo rm u la t io n .  The c o r­

r e s p o n d e n c e s  b e tw e e n  g e n e r a l iz e d  n e tw o rk s  and  p - p o r t  r e s i s t a n c e  n e tw o rk s  

a re  l i s t e d ,  for fu tu re  r e f e r e n c e ,  in  Tab le  3 - 1 .

B o esch  [Bo 1] h a s  sho w n  c o n v e n ie n t  fo rm u las  for Z and  Y in  term s 

of to p o lo g ic a l  m a tr ic e s  a s s o c i a t e d  w i th  the  ne tw ork  g raph  and  in  th e  n e x t  

s e c t io n  th e  g e n e r a l iz e d  n e tw o rk  i s  s u b je c te d  to  a  s im ila r  a n a ly s i s  an d  the  

r e s u l t s  a re  in te rp re te d  in  te rm s o f m atro id  s t ru c tu re .



TABLE 3-1  T ab le  of C o r re s p o n d e n c e s

G e n e ra l iz e d
N etw orks

N etw ork
E qua tions

(i) u  € ft

N = , ft, D; E) (ii) w c J_ ft

( i i i)  w fa = D u fa

(i) A C I

Nz  = ( P ( G ) , I , Z b ; E(G) ) (ii) v ( V

(‘ ID \  -  Zb i b

(i) v  t  V

NY = ( f l ( G ) ,V ,Y b ; E (G )) (ii)  i .  ! I

( l i i )  l b  = Yb v b
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3 .3  ANALYSIS OF GENERALIZED NETWORKS

H aving d e f in e d  a g e n e r a l iz e d  n e tw o rk ,  th e  n e x t  q u e s t io n  to  a n sw e r  

is :  how d o e s  i t  "w o rk " ?  In o th e r  w o r d s ,  i f  w e  s p e c i fy  u , how do  the  

ne tw ork  e q u a t io n s  derm ine  u_ and  w .  W e f i r s t  in tro d u ce  some d e f in i t io n s  

and  n o t a t io n s .

A netw ork N = ft ,  D; E) i s  c a l l e d  n o n d e q e n e ra te  i f  one can  

s p e c i fy  ju p a rb i t ra r i ly  and  th i s  s p e c i f i c a t i o n ,  a lo n g  w i th  the  ne tw ork  

e q u a t i o n s ,  u n iq u e ly  d e te rm in e s  u_ and  w .  L e t 71 d e n o te  the  c l a s s  of 

n o n d e g e n e ra te  n e tw o r k s .

S uppose  f € ft and  i s  a  r e p r e s e n t a t iv e  v e c to r  for f .  W e define

11*11= P  II •

A lso , a s  w as  done  in  the  ne tw ork  e q u a t i o n s ,  w e w ri te

_x c ft

to  m ean th a t  th e re  e x i s t s  a  v e c to r  f c ft s u c h  th a t  x '  i s  the  r e p r e s e n ta t iv e  

v e c to r  of f. W e c a l l  x  e le m e n ta ry  (p r im itive )  if  th e re  e x i s t s  an  e le m e n t­

ary  (p rim itive) v e c to r  f in  ft s u c h  th a t  X* i s  th e  r e p r e s e n ta t iv e  v e c to r  for f.

The n ex t theorem  is  the  m ain  th e o re m  of th i s  s e c t io n  and  i t  c h a r­

a c t e r i z e s ,  in  te rm s of m atro id  s t r u c tu r e ,  th o s e  g e n e r a l iz e d  n e tw o rk s  w h ich  

a re  n o n d e g e n e ra te .  M o reo v er ,  in  th e  c o u r s e  of p rov ing  ( 3 .3 - 1 )  w e derive  

e x p l i c i t  e x p r e s s io n s  for th e  " r e s p o n s e "  of a  n o n d e g e n e ra te  g e n e ra l iz e d  

ne tw ork  to  an  a rb i t ra ry  port v e c to r  u_p .

( 3 .3 - 1 )  A ne tw ork  N = ( ^ /  D; E) i s  in  71 

i f  an d  on ly  if  Ep c o n ta in s  no  c i r c u i t  of #1^ .
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Proof: Let N € 71.  Then u. c a n  be s p e c i f ie d  a rb i t r a r i ly .

■K-
Assum e th a t  th e re  i s  a c i r c u i t  C o f s u c h  th a t  C c  E . Then th e re  e x i s t sw — p

a p r im itiv e  v e c to r  x  € J_ ft su c h  th a t

C c E  
— P

Since  u € ft ; i t  fo llow s  th a t

i  u = 0 .

M o reo v er ,  s in c e  | | x | | c  E , th e re  e x i s t s  a l in e a r  r e la t io n  am ong the  c o -  

o rd in a te s  of This  c o n t r a d ic t s  th e  h y p o th e s i s  th a t  N € 7? and  a c c o rd -  

ing ly  no  c i rc u i t  of 7/i i s  c o n ta in e d  in  E .tv P

To show s u f f ic ie n c y ,  s u p p o s e  th a t  no  c i r c u i t  of #2^ i s  c o n ta in e d  

in  Ep . L e t  R be  a r e p r e s e n ta t iv e  m atrix  for J_ft . S ince  u e  ft , i t  fo llow s

th a t

R* u = £  . (1)

Also s in c e  w c_j_ft , w c a n  be e x p r e s s e d  a s  som e l in e a r  co m b in a tio n  of

the  row s of R , th a t  i s ,

w = R c£ , (2)

w here

CPl
cp

<Pr

and

r = d im e n s io n  ( J_ ft ) .

If we p a r t i t io n  R a c c o rd in g  to  u  and  w ,  i t  fo llow s from (1) th a t

R * u , + R * u  = 0  , (3)b b p —p —
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w here

R* = [ R* ; R* ] b b 1 p J

U sing  = D - 1  w ^  (D - 1  e x i s t s  s in c e  dj > 0 for i  = 1, . . . ,  n -p )  in  (3) w e  

g e t

From (2) i t  fo llow s  th a t

and

R* D " 1 w = -  R* u b —b p —p

w_tw = R ep . - p  p Z

(4)

(5)

( 6 )

S u b s t i tu t in g  (5) in to  (4 ) ,  w e g e t

[R * D " 1 R**] cp = -R *  u b b J _  p —p (?)

W e show  by c o n t ra d ic t io n  th a t  th e  h y p o th e s i s  im p lie s

d e t  [ R *  D ^ r J *  1 f  0.b b  '

A ssum e d e t  [ R* D _ 1  R ^ " ] -  0* A pply ing  the  B in e t -C a u c h y  formula 

[G a  l ]  tw ic e  to  d e t  [R ^  D ” 1 R** X w e g e t

d e t  [ R ^ D ^ R * * ]  =  V d " 1 ( J 1 '
b b L  \  i i ,  . .  . , i r /  L b \ i x # . . .  , i r /  J

1  s ix  < . . .  < i r  £ n - p  

If B i s  a m a tr ix ,  th e  n o ta t io n

B l h  i j

( 8 )

r e p r e s e n t s  th e  d e te rm in a n t  of th e  su b m atr ix  of B form ed by u s in g  row s 

i i , . . . ,  i r a n d  co lum ns Jx, . . . ,  jr .
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Since  d e t  [ R ^ D - 1  R* ] = 0 , i t  i s  c l e a r  from ( 8 ) th a t  the  ran k  of R* 

i s  l e s s  th a n  r .  C o n s e q u e n t ly  i f  S c  a n d  a(S) = r ,  d e t  [R ^ (S )]  = 0. T h e re ­

fore ( s e e  T ab le  2 -2  , ( 2 ) )  no  S c  i s  a b a s e  of . By ( 2 . 4 - 2 ) ,  Ep i s  no t

c o n ta in e d  in  any  b a s e  o f  . T here fo re  Ep c o n ta in s  a c i r c u i t  of 7t[^) bu t

_ t
th i s  c o n t ra d ic t s  th e  h y p o th e s i s .  A cco rd ing ly  d e t  [R ^ D - 1  R^ ] f  0 and

from (7) w e g e t

c p = -  [ r J d - ' r J V r J u  — b b p p ( 9 )

S u b s t i tu t in g  (9) in to  (5) an d  ( 6 ) and  u s in g  _u = D - i  w , w e  g e t  the  fo l lo w -p o

in g  r e s u l t s .

w

u =

2 b~

w
- p r ‘ R*_

- b - d - ' r ^ C r ’ d - ' r * ' ] - 1

u 1
~ P p

u
— p

R

u

( 10 )

( 11 )

E q u a tio n s  (10) and  (11) show  the  e x p l i c i t  d e p e n d e n c e  of u and  w  o n u  ,
P

S ince  ( 1 0 ) and  ( 11) w ere  o b ta in e d  by  a p p ly in g  n e c e s s a r y  c o n d it io n s  and  

a re  in v a r ia n t  w i th  r e s p e c t  to  the  c h o ic e  o f  R , i t  fo l lo w s  th a t  s p e c i f i ­

c a t io n  of ij u n iq u e ly  d e te rm in e s  _u a n d  w . T herefo re  N c . |

An im m ed ia te  c o ro l la ry  of ( 3 .3 - 1 )  i s
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( 3 . 3 - 2 )  Let N = (ft , ft , D; E) € 71 and  R*

be a r e p r e s e n ta t iv e  m atrix  for _J_ft. P a r t i t io n
d *  d *  r D * l n * l  u  d *  j  d *R a s  R = [ Rfc J Rp J , w h ere  R^ and  Rp c o r ­

re s p o n d  to  th e  r e s i s t a n c e  an d  port e le m e n ts ,  

re  s pe c t i  v e l y . The n

w =

and

u =

- R * ' [ R * D - ‘ R f  ] - ‘ R* b u b b J p

w
- p

- Rf  S ^ D - ' R f V ' R *
p b b p

u

^ b - d - r J X d X V r*"

u 1
~ P p

The im m it tan ce  m atrix  X „  i s  d e f in e d  a s  ----------------------------  N

X „  = R** [R *  D - ‘ R** r 1 R* .N p b  b J p

T herefore  c h a r a c te r i z e s  th e  "o p e ra t io n "  of th e  g e n e r a l iz e d  ne tw ork  in

te rm s of a  port d e s c r ip t i o n ,  th a t  i s ,

w = -X .. u - p  N - p

F igure  3 -2  d e p ic t s  th e  port d e s c r ip t io n  of a g e n e r a l iz e d  n e tw o rk .

An a l t e rn a te  c h a r a c te r i z a t i o n  of a  n o n d e g e n e ra te  ne tw ork  i s  g iv e n  

by th e  fo llow ing  th eo rem  w h ic h  i s  a  c o n s e q u e n c e  o f  ( 3 . 3 - 1 ) .

( 3 .3 - 3 )  Let N = (fl| , ft, D; E) an d  R be  a 

r e p r e s e n ta t iv e  m atrix  for _|_ f t . P a r t i t io n  R a s  

R* = [R ^l Rp], w h e re  R^ and  R* c o rre sp o n d  to  

th e  r e s i s t a n c e  a n d  port e le m e n ts  r e s p e c t iv e ly .  

T hen N i s  in  71 i f  an d  only  i f  ran k  ( r£ )  = ra n k (R * ) ,
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w n -p + i un -p + i

w n

£Xiii

un _

F igure  3 - 2 .  G e n e ra l iz e d  N etw ork
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The b e a u ty  of m atro id  th eo ry  b e co m e s  a p p a re n t  a s  one  r e a l i z e s  th a t  

th e  m atro id  s t ru c tu re  a l lo w s  one  to  v i s u a l i z e  th e  " in te r c o n n e c t io n "  of the  

e le m e n ts  in  E of a g e n e r a l iz e d  ne tw ork  N = ( ft , D; E ) . Theorem  ( 3 .3 - 1 )  

i s  an  e x c e l le n t  exam p le  of th i s  s in c e  i t  g iv e s  th e  e x i s t e n c e  o f  X ^  in  te rm s 

o f th e  m atro id  s t r u c tu r e .  A lso m atro id  th e o ry  e l im in a te s  th e  n e c e s s i t y  of 

th in k in g  in  te rm s of a d m it ta n c e  or im p e d a n ce  and  th u s  f o c u s e s  a t te n t io n  

on  th e  e s s e n t i a l  fe a tu re s  of th e  a n a ly s i s  of p -p o r t  r e s i s t a n c e  n e tw o rk s .

As w e w il l  d i s c u s s  l a t e r ,  h o w e v e r ,  the  d i f f e re n t  m atro id  c l a s s e s ,  a s  d e ­

p ic te d  in  F i g . 2 - 1 0 ,  a l lo w  us  to  d i s t in g u i s h  in  a  p r e c i s e  w ay  th e  d i f f e r e n c e s  

b e tw e e n  th e  a d m it ta n c e  an d  im p e d a n ce  fo rm u la t io n s  o f  p - p o r t  r e s i s t a n c e  

n e tw o r k s .

Let us  re tu rn  now to  Table  3 -1  an d  in te rp re t  and  X ^ .  It i s  

e a s y  to  s e e  th a t  X ^  = Z , th e  o . c .  im p e d a n c e  m atrix  for the  r e s i s t a n c e  

n e tw o rk ,  an d  X ^  = Y, th e  s . c .  a d m it ta n c e  m atrix .

TABLE 3 -2  T able  of C o r re s p o n d e n c e s

N = (fflR, f t , D; E) Nz = (P(G) ,  I , Z b ; E(G)) NY = (B(G) ,V,Yb; E(G))

w = -X*.T u —p N —p - v p = XN z i p

x Nz = z

— p = x n y = p) 

% y  = y

To c o n c lu d e  th i s  s e c t io n  w e show  how one o b ta in s  th e  known 

r e s u l t s  on th e  e x i s t e n c e  of Z and  Y a s  s p e c ia l  c a s e s  o f  ( 3 . 3 - 1 ) .
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( 3 .3 - 4 )  Let G be  th e  ne tw ork  g rap h  of a p -p o r t  

r e s i s t a n c e  n e tw o rk .  Then Z(Y), th e  o . c .  im p e d a n ce  

( s . c .  ad m it ta n ce )  m a tr ix ,  e x i s t s  i f  and  only  if  

G XE(G)p (G • E(G)p) c o n ta in s  no bonds  (p o ly g o n s ) .

Proof: By ( 3 .3 - 1 )  and  ( 2 .4 - 3 )  Xj^z  e x i s t s  i f  and  o n ly  i f  

B(G) h a s  no c i r c u i t s  c o n ta in e d  in  E(G)p . By th e  d e f in i t io n  of a  c o n t r a c t ­

io n ,  B(G) h a s  no c i rc u i t s  in  E(G) i f  and  only  i f  B(G) XE(G) h a s  no
Jr r

c i r c u i t s .  By ( 2 . 1 - 9 ) ,  B(G) XE(G) = B(G XE(G) ). T herefore  B(G>XE(G) 

h a s  no  c i r c u i t s ,  and  Z e x i s t s ,  i f  an d  on ly  i f  G XE(G) c o n ta in s  no  b o n d s .  

The proof for Y fo llow s  th e  sam e  p a t te rn  a s  th a t  for Z. |

Example 3 -1  Let G be th e  g rap h  in  F ig . 3 -3  and  

E(G) = E(G)b U E(G)p ,

w h ere

E(G)b = { e x , e B)

and

B(G)p = f e s ,  e 7  ,  e s }

Z, th e  o . c .  im p ed an ce  m a tr ix ,  e x i s t s  s in c e  G x E(G)p c o n ta in s  no b o n d s

( s e e  F i g . 3 -4 ) .  Y, the  s . c .  a d m it ta n c e  m a tr ix ,  d o e s  no t e x i s t  s in c e

G • E(G) c o n ta in s  a po lygon  (in  th is  c a s e  a lo o p ) .  G • E(G) i s  sho w n  
P P

in  F ig .  3 -5 .
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e,

F igure  3 - 3 .  G ra p h  of Example 3 -1

F igure  3 - 5 .  G ‘ E(G)p
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3 .4  PROPERTIES OF X.TN

In th i s  s e c t io n  w e prove th a t  i f  N € 71 , th e n  X^. i s  a param ount 

m atr ix . The m ethod  of p roof y ie ld s  " to p o lo g ic a l"  fo rm ulas  for the  

g e n e ra l iz e d  ne tw ork  an d  c o n s e q u e n t ly  e x te n d s  the  c o n c e p t  of a 

" to p o lo g ic a l"  formula to  m a tro id s .

W e a l s o  t r e a t ,  in  t h i s  s e c t i o n ,  the  s p e c ia l  c a s e  w hen  = p

and  d e r iv e  for th is  c a s e  a n  a d d i t io n a l  n e c e s s a r y  c o n d i t io n  on X ^ .

To c o n c lu d e  th i s  s e c t io n  w e in d ic a te  th a t  th e  m odified  to p o lo g i­

c a l  m a tr ic e s  in tro d u ce d  by C ederbaum  [C e  2 ]  for p - p o r t  r e s i s t a n c e  

ne tw orks  c a n  be e x te n d e d  to  g e n e r a l iz e d  n e tw o r k s .

( 3 .4 - 1 )  I f  N = ft, D; E) b e lo n g s  

to  71, th e n  XN i s  a param ount m a tr ix .

Proof: X = R** [R * D - 1  R^ ] " 1 R * , w h ere  R*= [R*; R * ]    N p b b J p b p J

■X- -)fi s  a r e p r e s e n ta t iv e  m atrix  for J_R, R^ = r  X ( n - p ) ,  R^ = r x p and

r  = = d im e n s io n  (_j_ f t ) . By ( 3 . 3 - 3 ) ,  d e t  [R * D - 1  R* 0 and  c o n ­

se q u e n t ly  n - p  s  r .

Set

A  -  [ R *  D - *  R * V ‘  .

At th i s  p o in t w e  in t ro d u c e  a u s e fu l  no ta t io n :  l e t  i g r e p r e s e n t  

th e  in d e x  s e t  i x < . . . < i s . Then u s in g  the  B in e t-C a u c h y  formula [G a  1] 

i t  i s  not d i f f ic u l t  to  show  th a t
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( 1)

for s s  r , and

l s k s <;r
l<  hg iX

XN GO = 0 ( 2 )

for s > r .  The sum m ation  in  (1) is  over a l l  in d e x  s e t s  k s and h s 

sa t i s fy in g

and

1  <; hi < . . . < h 0  < r .

Furtherm ore [ G a 1 ]

A k s j

( - l ) '* [R* D -  R*‘] {  ^

d e t  [ R* D - 1  R* 1  1 L b b J

K  e r - s

( 3)

for s < r ,  w h ere  /3  = E (hi + k<). The in d ic e s  ki < . . .< k*i=i 1  1  1 r - s

( i . e .  k ‘ ) and  'kj < . .  . < k f o r m  a co m p le te  s e t  of in d ic e s  on 1 , . . .  , r. r - s  s

S im ilarly  and  h s form a co m p le te  s e t  of in d ic e s  on  1 , . . . , r .

W hen  s = r

A
( hr 

VFr> d e t  [ R* D " 1 R* ]
( 4 )

Expand the  r ig h t  hand s id e  of (3) u s in g  the  B in e t-C au c h y  form ula. 

The r e s u l t  i s
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[ R ^ D - R f ]
k’_ r - s  

v hr - s , ■  i  -  ( a  <  ( a  * •*  i  a
(5)

I s m  s n - p  r - s

for s  < r .  S u b s ti tu t in g  (5) and  (3) in to  (1) w e get:

N f  - )I  i s ,
s n - pr - s

D- l ' ^V-s 
k "V -s H K

de t C^D" Rb ]
( 6 )

w here

H =

s
£  ki

( - i > ~  <
i s k g s r

(  k7- 1 r - s *  11 k s '
rrf \ r - s . P U s ,

and

K =
I s  h s s r

£  k i
1=1 n *

( - D  Rh

(  h 1 ^
r

1 O
m

V r - s j
R*

p  V

for s < r

The te rm s H and  K of ( 6 ) a re  e a s i ly  s e e n  to  co rre sp o n d  to  the

L a p la ce  e x p a n s io n  of minors formed from some r co lum ns of R .

W e in tro d u ce  the  u se fu l  n o ta tion :

R* / jjj- I j~ \  / r 1

r - s '  s '  ^m X/. . . ,  mr _ s , n -p + ix, . . .  , n -p + is J

Then ( 6 ) b eco m es  

X.

- i

N

^ r - s  ]
\rhr _ l

 i  r i f t -  R*(mr  I D  R*(m I D
d e t  [ r £  D " 1 R j  ] r s s r  s s

(7)

l i m  s n - p  r - s

for s < r  .
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To o b ta in  th e  c a s e  s = r ,  we com bine (4) and  (1) to  g e t

*N

— \  R* f 1  '  • • • /!■  \
V ]  P 1 i i » • • • / i r  / p \ j i / *  • * <• jj- i

v i J    r T T *  ' <8)" r ^ - 1  dd e t  [Rb D R" ]

S ince J_ R i s  a re g u la r  s u b s p a c e  ( s e e  2 .2 - 5 )  the  minors of 

o rder r  of R a re  r e s t r i c t e d  to  the  v a lu e s  ± L or 0 w here  L i s  some
(  mr _ s A

p o s i t iv e  num ber. Also th e  te rm s  D - 1  I mr s J a re  P03^ ^ ^ *  ^  shou ld  

th e re fo re  be c le a r  from (7) th a t  a  p r in c ip a l  minor of o rder s < r  i s  g re a te r
a. 1—

th a n  th e  a b s o lu te  m agn itude  of an y  s o rder minor form ed from the  sam e

ro w s .  M oreover,  c o n s id e ra t io n  of e q u a t io n s  (2) and (4) pe rm its  one to

c o n c lu d e  th a t  Xj^ i s  in  f a c t  a  param ount m atrix . |

W e h av e  the  fo llow ing  co ro lla ry  to  ( 3 .4 - 1 )

(3 .4 - 2 )  Let N = ( ^ R/ ft, D; E) and  R* be 

a r e p r e s e n ta t iv e  m atrix  for J_ ft . P a r t i t io n  R 

as  R*= [R^ | Rp> ] / w h e re  R̂ > and  Rp c o r r e s ­

pond to  th e  r e s i s t a n c e  and  port e l e m e n ts ,  

r e s p e c t iv e ly .  Then

r a - 1 4XN I T s  j  = _ Z _  lr 3 > R* < « r-S  I t . )

1 ^ mr - s <n_p

for s < r  ,

x n ( ^ )  =  0

for s > r  and



84

f ir )  R p f f  M  R f f  f )
X  ̂ j j  _ P \  i i 1 • • • # Jr /

w here  A = d e t  [Rb D" ]

It sh o u ld  b e  a p p a re n t  th a t  from ( 3 .4 - 2 )  w e c an  o b ta in  " to p o lo g ic a l"  

fo rm ulas  for the  g e n e ra l iz e d  n e tw o rk .  L e t us  c o n s id e r  th e  c a s e  s < r  and 

(XN)i j / th e  i , j e lem en t  of X^'.

l ^ m r _ 1 ^ n - p

(XN>i,j

“ r - i
m,r - i

__
R ( m r - i l 1) R K - i l J )

D _ 1  h,r
R* 1 / . • . ,  r \ ^ . / l /  . . .  ,r \

h j , .  . . ,  h j .  J  v  h i  #  •  •  •  /  h j -)
(A)

1 <: hj.^ n -p

w here  L i s  a p o s i t iv e  num ber e q u a l  to  th e  a b s o lu te  v a lu e  of a nonzero  

th "K"r  n o rder minor of R . The den o m in a to r  of (A) w a s  ta k e n  from e q u a t io n  ( 8 ) 

in  th e  proof of ( 3 .3 - 1 ) .

L e t ' f f u y ,  d en o te  the  c l a s s  of b a s e s  o f ^ _ . Set'YjJ R

# ( E b ) = { b | b e and  b £ E b ) .
K

For any  S = { e ^ ,  . .  . , e ^ }  £ E b w e d e f in e  [ D _ 1  S] a s

1  1  1C D 8] art ■
A ccordingly  we can  w rite  A , the  den o m in a to r  of (A), a s

A = £  [D “ l b ]  
b e20(Eb)



The num era to r  of (A) re q u ire s  som e s p e c ia l  a t te n t io n .  A ty p ic a l  

term  in  th e  num era to r of (A) i s  nonzero  if  and  on ly  if  th e  s e t s  

t e mj» •••*®mr _j * e n -p + i^  ^®mi* •••*®mr _j * ®n-p+j  ̂ bo th  b a s e s  of 

A ccordingly  w e d e f in e  Cb i j as

©  = ts S  Eb |S  0 t e n . p+1) e SY an d  S U ( e n_p t j ) c  }
*■ w W

for a l l  1  s i ,  ] s  p .

A lthough the  m em bers of &  are  in  1-1  c o rre sp o n d e n c e  w i th  th e  nonzero
i / 3

te rm s in  th e  num era to r of (A), th e re  i s  s t i l l  the  m atte r  of th e  s ig n  of e ac h

term  w hen  i  f  j . P a r t i t io n  th e  s e t  in to  tw o s e t s  ^ > ,+ and  ,
i / j  i t i  */]

w here  for i f  j

S > i , j  = f S c $ > , , I e , . and  e  , ,  a re  o p p o s i te ly  o r ie n te di , j  1 n -p + i  n -p + j

in  th e  c i rc u i t  J (S U { e  , 3 ,  e  ) of }'  n -p + i  n - p + j '  J

and

A j =  ̂ | e n _p+jL an d  e n _p+j a re  s im ila r ly  o r ien ted

in  th e  c i rc u i t  J (S U ( e n _p + i5 , e n _p+ j ) of i> R }
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( 3 .4 - 3 )  L e t N = (% /R , ft , D; E) e ^  . 

Then

p w m -

E .  [D ” l S] -  E  [D _IT]

E  [ D - 1 b ]  
bclS(Eb )

Proof: To prove ( 3 .4 - 3 )  w e  m erely  hav e  to  show th a t  th e

s e t s  <53< j a n d <33 , c o rre sp o n d  to  the  n e g a t iv e  and p o s i t iv e  te rm s ,
1 # J 1 i J

r e s p e c t iv e ly ,  o f  th e  num erator of ( X j ^   ̂ w hen  i  f  j .

L e t Se® i and  form th e  b a s e  
1  / j

b = s o ! V ^ i ! •

Let R be  a s ta n d a rd  r e p r e s e n ta t iv e  m atrix  for w ith  r e s p e c t  to  b. 

C o n s id e r  th e  su b m atr ix  (j > i )
sI-----— --------- *

1  0  . . .  0  

0  1  . . .  0

0  0  . . .  1  

0  0  . . .  0

e n -p + i e n-p+ j
Xi

X2 

•

^Sr-i I
i

*r J

0

0

•

0

1

The minimal d e p e n d e n t  s e t s  of co lum ns of R co rre sp o n d  to  c i rc u i ts  in

( s e e  Table  2 -2 ) .  By th e  d e f in i t io n  of J3  i t  fo llow s  th a t  x  = ± 1 .W 11 j *
M o reo v er ,  th e  s e t  S U Cen _p + i , e n -p+ j}  i s  d e p en d en t in  ‘'o  R and  c o n ta in s

a un ique  c i rc u i t  C w h ich  h a s  bo th  e  and  e , . a s  m em bers.n -p + i  n-p+j
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C le a r ly  i f  ^  = + 1 ,  e n _p+i an d  e n _p+j a re  o p p o s i te ly  o r ie n te d  in  C and  

i f  Xj. = - 1 ,  e n _p+i an d  e n _p+j a re  s im ila r ly  o r ie n te d  in  C .  M o reo v er , i f

th e  c o r re sp o n d in g  term  w il l  be  n e g a t iv e .

The theorem  fo l lo w s .  J

In ( 3 .4 - 3 )  w e h av e  e x te n d e d  th e  n o tio n  of a ' ' to p o lo g ic a l"  formula

to  g e n e r a l iz e d  n e tw o rk s ,  t h a t  i s ,  w e c an  e v a lu a te  th e  e n t r ie s  in  by a

form ula w h ic h  d e p e n d s  on ly  on th e  r e s i s t a n c e - e l e m e n t  im m it tan ce  m atrix

and th e  s t ru c tu re  of th e  m atro id  ) ) ( Q .w

Exam ple  3 -2  L et G be  th e  g rap h  in  F ig .  3 -6  and

X_ = + 1 ,  th e  co rre sp o n d in g  term  in  (Xjj) w i l l  be  p o s i t iv e  and  i f  x  = - 1 ,  
* 1 , j r

Nz  = (1P (G ), I ,  Zb ; E (G )) ,  w here

Zb = d ia g  [ z x , z 2, z 3]

and

& ( E b ) ={{ e l# e2 / e 3 3^ •

C o n se q u e n t ly

1

Zl z 2 3 3

To c a lc u la te  (Xjj ) w e n e ed  x ,i  :

T herefore

<XN >
Z1 Z3 z 2 z 3

= z 2  + Zi  .
1

Z j  z 2  z 3



Figure  3 - 6 .  G raph  of Exam ple  3 -2
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+
To c a lc u la te  (X^ ) w e n e e d  ^ i , 2 and  6i > i , 2cj 1 / 2

* = |  { e l t  e 3 } j-

and

Therefore

(XN7.)

£ 8  = 0  .
1 / 2

1

Zl  Z3

1 /  2 1

Zl  Z2 Z3

C a lc u la t in g  (Xjvj ) we finddLi 2 / 2

Z2

Thus

XN;

<x n z >2 , 2  “  + •

Z j + Z 2 z 2

z 2 Z2 +  Z 3

W e now turn  to  the  s p e c ia l  c a s e  of g e n e r a l iz e d  ne tw o rk s  s a t i s f y -  

ing  a (E p) = )• T h ese  ne tw o rk s  have  s p e c ia l  s ig n i f ic a n c e  in  th e

c a s e  of N£ and  Ny. For i n s t a n c e , i f  N = N2 , th e n  a ( E p ) = r ( ) 

b e co m e s  a(Ep ) = r( 0 ( G ) ). Thus the  num ber o f  port e le m e n ts  c o in c id e s  

w ith  th e  num ber of e le m e n ts  in  a  c o fo re s t  o f  G .  If m oreover ^  , 

th e n  Ep c o n ta in s  no  bond o f G ,  and  c o n s e q u e n t ly  Ep i s  a  c o fo re s t  of G .  

If N = Ny e 1̂  and  a ( E p) = r  ( f t  ( G ) ) ,  th e n  Ep i s  a  fo r e s t  of G .

The ab o v e  i l lu s t r a t io n s  a re  e n c o m p a s e d  by  th e  fo llow ing  th eo rem .
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( 3 .4 - 4 )  Let N = , R, D; E) € ^ ,

th e n  r(‘^7 = a ( E p ) i f  and  on ly  i f  Ep i s

a b a s e  of ^  *  .R

Proof: If E_ i s  a b a s e  o f  , th e n  r (V/ * )  = a ( E _ ) .R , „. R

C o n v e r s e ly ,  s u p p o s e  r ( 9 / ? * )  = a ( E p )» S ince  N e *2? # i t  fo llow s  

from ( 3 .3 - 1 )  th a t  Ep i s  a b a s e  of . |

( 3 .4 - 5 )  L e t N = ( ‘f t p ,  R, D; E) € / /  and 

r ( ^ ' * )  = a ( E p ). Then XN = ADA1,w h e re  A 

i s  a to t a l ly  un im odu la r  m a tr ix .

Proof: By ( 3 . 4 - 5 ) ,  Ep i s  a b a s e  o f ‘' t y *  . A ccordingly

Ejj = Ep i s  a  c o b a s e  o f  “ftp ^  . L e t R be  a s ta n d a rd  r e p r e s e n ta t iv e  m atrix

o f R w i th  r e s p e c t  to  th e  c o b a s e  E^:

r* =  r i  i r*  ] .n - p  i p

-%rBy ( 2 . 2 - 6 ) ,  Rd i s  a  to t a l ly  un im odu la r  m a tr ix .  C a lc u la t in g  XM u s in g

R we find  th a t

* t  *
XM = R D R n .N p p

S ince  th e  t r a n s p o s e  o f  a to ta l ly  un im o d u la r  m atrix  i s  to ta l ly  u n im o d u la r ,  

th e  theo rem  i s  p ro v ed -  |

U nder th e  h y p o th e s i s  of ( 3 .4 - 5 )  w e  know th a t  Xj^ i s  a pa ram ount 

m a tr ix .  In th e  n e x t  theo rem  we g iv e  an  a d d i t io n a l  n e c e s s a r y  c o n d it io n  

on  Xj^. U n fo r tu n a te ly  t h e s e  tw o c o n d i t io n s  a re  no t s u f f ic ie n t  a s  w e w il l  

show  in  Exam ple  3 - 3 .
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( 3 .4 - 6 )  L e t Q = [ q ^ ]  = ADA1, w here  A= [ a ^ ]  

i s  a p * b  to ta l ly  un im odular  m a tr ix  and  D i s  a 

b x b d ia g o n a l  m a tr ix  w ith  p o s i t iv e  d ia g o n a l  

t e r m s . Then

(W , q l i + l qr c l -  l ^ i l -  l qi c l  2 0  '

for a l l  1  £ i ,  r ,  c  £ p

Proof: The i , j th  e lem en t  of Q i s

qU "  k=i ^  a )k '

I t  i s  w e ll  known [C e  1] th a t  for f ix ed  i and  j a l l  th e  n o n ze ro  p ro d u c ts  

a , a  , , for k = 1 , . . .  , b ,  have  th e  sam e s ig n .  C o n s e q u e n t ly
ZK J JC

b

lq i j l  "  ^ k l a ik  a jk  I *

T herefore  w e  c a n  w r i te  Q. a s
i / T / C

Q i r /C ^a ik  + I ark  a ck  I “ I a rk  a ik  I" I a ck a ik  I  ̂ *

W e prove Q, s  0  by show ing  th a t  e a c h  te rm  in  th e  sum m ation  is  
i , r , c

n o n - n e g a t iv e .

C a s e  1: a ^  = 0. T herefore  th e  on ly  c o n tr ib u t io n  i s  from

' ark a ck l  ' *s n o n -n e g a t iv e .

C a s e  2: a ^  f  0 and  s ^ 3 ^  = 0 . Therefore  the  term

d k ^ k -  l » r k a ik l  -  l a o k ai k l ] 

i s  n o n -n e g a t iv e  s in c e  a t  l e a s t  one of the  te rm s l3^ 3^ !

or I a ck a ik  I i s  z e r o *
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C a s e  3: a ^  f  0 ,  ar jc a c ]c ?t ®* T herefore

dkCai k + lar k a c k l - | ar k a i k l -  l a c k a i k N  = 0  ' 

W e c o n c lu d e  th e re fo re  th a t  Q s  0  for H i ,  r ,  c s p  . I
1 / T  /  C "

Exam ple 3 -3  The m atr ix

2 0 - 1 0 0

0  = - 1 0 35 -3 0

0 - 3 0 36

i s  a p a ram oun t m atrix  [Ce 1] . Q h o w ev er  d o e s  no t s a t i s f y  ( 3 .4 - 6 )  s in c e

Q z i 3 = 35 + 0 -  10 -  30 = -  5 .^ u / /

A cco rd ing ly , th e  pa ram oun tcy  c o n d i t io n  and  th e  co n d it io n  of ( 3 .4 - 6 )  a re  

in d e p e n d e n t .

N ext l e t  O' be  th e  p a ram o u n t m atrix

r* —i
! 7 1 2 3 I

1 12
Q' =

2

3

9 15 6  j

5 6  18 {

C ederbaum  h a s  show n th a t  Q* c a n n o t  be d i s p la y e d  a s  in  the  h y p o th e s is

of ( 3 . 4 - 6 ) .  H ow ever Q'. ^ 0 for 1 £ i , r , c  £ 4 . C o n se q u e n t ly ,i , r , c

pa ram o u n tcy  and  th e  co n d it io n  th a t  Q ' s  0 a re  not s u f f ic ie n t  toi , r , c

g u a ra n te e  th e  un im odular d e c o m p o s i t io n  of Q ' .

To c o n c lu d e  th is  s e c t io n  we show  th a t  the  m odified to p o lo g ic a l  

m a tr ic e s  in tro d u ced  by C ederbaum  [C e  2 ]  can  be  ex ten d e d  to  g e n e ra l iz e d  

n e tw o rk s .  In fa c t ,w e  show  th a t  a "m od if ied"  m atrix  e x i s t s  for a g e n e r a l -



iz ed  ne tw ork  i f  N € . There  s e e m s  to  be  som e am bigu ity  in  the  l i te ra tu re

as  to  j u s t  w h en  a "m odified"  m a tr ix  e x i s t s  for a p - p o r t  r e s i s t a n c e  n e tw o rk .

For i n s t a n c e , i n  two p la c e s  [Le 1; Ce 2 ]  ne tw o rk s  for w h ich  m odified  m a tr ic e s  

e x i s t  a re  c a l l e d  "n o n s in g u la r "  p -p o r t  n e tw o rk s  a n d  th e  m eaning of n o n s in g u la r  

is  l e f t  u n d e f in e d .  W e show  th a t  a m odified  to p o lo g ic a l  m atrix  e x i s t s  i f  XN 

e x i s t s .

L e t N = , » ,  D; E) e ^  . By ( 3 .3 - 1 )  and  Table 2 - 2 ,  l in e  2 ,

the re  e x i s t s  a  r e p r e s e n ta t iv e  m a tr ix  for R of th e  fo llo w in g  form

w here  fji = d im e n s io n  (R ) .  M o reo v er ,  by ( 2 . 2 - 6 )  w e c a n  a s su m e  th a t  R i s  

a to ta l ly  un im odu la r m a tr ix .  W e d e f in e  an  a u g m en ted  m atrix  R+ :

R =

R

R+ i s  to ta l ly  un im odu la r  and  c o n se q u e n t ly  can  b e  v ie w e d  a s  the  r e p r e s e n ta ­

tive  m atrix  o f  a  re g u la r  v e c to r  s p a c e  R+ . Set

N+ = ( ^ ' R + '  R + '  D; E U £ ,)  

w here  E* = { e n + 1 , , e n+p. 3 • N+ i s  c a l le d  an  au g m en ted  netw ork  for N

and N* e . Se t

(R+ )* =  [ l n . p - R n 1  j - R z ^ T  •

C le a r ly  (R+) i s  a r e p r e s e n ta t iv e  m atrix  for J_ R .
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The v a r ia b le s  a s s o c i a t e d  w ith  th e  ne tw ork  N a r e ,  a s  u s u a l ,

— b
u =

-P

and
r .

w =

The v a r ia b le s  a s s o c i a t e d  w ith  N are

u

w b

w „
•

—p
I— -J

N+ are

!
1

; —

; ^ p I I +i 1 u
• - F1 —p' 1 i

L_ 1—

and

w+ =
™b :

- P

L -p:

b

P+P'

I w
L“

+
P + P ’

The augm en ted  netw ork  3ST1" c a n  be  v ie w ed  a s  one  w h ich  i s  o b ta in e d  

from N by add ing  p ' a d d i t io n a l  ports  to  N.

The fo llow ing  two r e s u l t s  are  e a s y  c o n s e q u e n c e s  of the  c o n s t ru c t io n

of ft from ft .

( 3 .4 - 7 )  If U* € ft+ , th e n  u c ft

( 3 .4 - 8 )  If w+ e ft+ and  w pl = J3 , th en  

w e R .
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Theorem ( 3 .4 - 9 )  e x te n d s  the  m odif ied  to p o lo g ic a l  m a tr ic e s  of p -p o r t  

r e s i s t a n c e  n e tw o rk s  to  g e n e r a l iz e d  n e tw o r k s .

( 3 .4 - 9 )  Let N = ( ^ R , ft, D; E) e and  R be a 

to ta l ly  un im odu la r  r e p r e s e n ta t iv e  m atrix  for ft:

Rn  ■ lj

Rzi
R

° p \  p
= jLi x n

Then

w here

A At
Xn  = R D R

R -  Rji -  Rn D R 2i [R2 X D R 2 1  ] R2 i •

M o re v e r , a  m atr ix  R in  th e  above  form a lw ay s
A

e x i s t s . The m atrix  R i s  c a l l e d  a m odified  

to p o lo g ic a l  m atr ix .

Proof: From ( 3 .3 - 2 )  i t  fo llow s  th a t

Rn  D R u

R2x D Rxx

Ru DRzi

R 21 D  R 2X

( 1)

and

w ;  = -  (x N+) u+p ( 2 )

Set

1 ~ rP ." ^  _ _ } p ______________

- P + P '  = _-p '_ (RzxDR ^ ) " 1 R2 1  DRxx
u . (3)

Then d e t  [RzxDR 2 x] f  0 ,  s in c e  th e  row s of R2x a re  l in e a r ly  in d e p e n d e n t .

If we s p e c i fy  u p a rb i t ra r i ly  in  (3) and  ap p ly  ju^+pi to  N+ we g e t
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N+ -H-p+p' - p + p ' ( 4 )

In v iew  of ( 3 .4 - 7 )  and  ( 3 . 4 - 8 ) ,  th e  v a r ia b le s  ii and  w ,  u n d e r  the  

c o n d it io n s  im p o sed  by (3 ) ,  in  N+ s a t i s f y  th e  ne tw ork  e q u a t io n s  of N. 

S ince  bo th  N and  N+ a re  in  ^  th e  r e l a t io n  b e tw een  wp and  u_p in  N+ , 

under the  c o n s t r a in t  (3 ) ,  i s  p r e c i s e ly

w = -  X*t u —p N —p ( 5 )

N ext we o b ta in  a n  a l te rn a t iv e  e x p r e s s io n  fo r ^  in  te rm s of u p 

o p e ra t in g  in  N+ u n d er  (3).

U sin g  the  c o n s t r a in t  (3) and  th e  f a c t  th a t  c &+ and  w+ e J_ R+ , 

i t  i s  no t d i f f ic u l t  to  s e e  th a t

Rn t l i p  + Rzi* l i p 1 “  Jib ( 6 )

Rn wb + ^p = ^ ( 7)

and

R2 1 ™b “ 5. ( 8)

C om bining ( 6 ) and  (3) we g e t

At
u K = R u . 
— b  — p

( 9 )

Also from (7) and  ( 8 ) we g e t

w =-R w, — p - b (10)

U sing  w^ = D u ^  , (9) and  (1 0 ) ,  w e a rr iv e  a t
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w p = - [ R D R t ] u p ( 1 1 )

E qua tion  (11) d e s c r ib e s  th e  r e la t io n  b e tw e e n  the  v a r ia b le s  w and u in
— p  — p

+
N under  c o n s t r a in t  ( 3 ^ and  (5) d e s c r ib e s  th e  id e n t ic a l  r e la t io n  b e tw ee n

A

Wp and  i ip .  C o n s e q u e n t ly  Xj^ = R D R

As w a s  p re v io u s ly  in d i c a t e d ,  a m atrix  R of th e  d e s i r e d  form e x i s t s  

i f  N £ ^  |



98

3 .5  SINGULAR IMMITTANCE MATRICES

As i s  w e ll  known in  the  c a s e  of p - p o r t  r e s i s t a n c e  n e tw o rk s ,  w hen  

an  im m it tan c e  m atrix  is  s in g u la r  th e  l in e a r  d e p e n d e n c e  of the  co lum ns (or 

row s) c o n ta in s  in fo rm atio n  on th e  p o rt  s t ru c tu re  o f  th e  n e tw o rk . In th is  

s e c t io n  w e show  how the  l in e a r  d e p e n d e n c e  of th e  co lum ns of XN i s  

r e f le c te d  in  the  s t ru c tu re  of the  m atro id  ■' a s s o c i a t e d  w ith  N. More 

p r e c i s e l y ,  w e  show  th a t  th e  c i r c u i t s  of x a re  in  1 - 1  c o r re sp o n d e n c e  

w ith  th e  s e t s  of m inim al d e p e n d e n t  co lum ns of Xj^.

Theorem ( 3 .5 - 4 )  d e a l s  w ith  a c o n v e r se  p rob lem  for pa ram oun t

m a t r ic e s .  In th e  p re v io u s  s e c t io n  we sh o w ed  th a t  i f  N e  ^  , th e n  XN i s  

a pa ram ount m a tr ix . The c o n v e rse  p rob lem  i s  v e ry  d i f f i c u l t ,  th a t  i s ,  g iv e n  

Q ,  a  p x p p a ram o u n t m a tr ix ,  d e te rm in e  a  g e n e r a l iz e d  ne tw ork  N € V  ( if  

one e x i s t s )  s a t i s f y in g  XN = Q . This c o n v e rse  p rob lem  is  c a l l e d  the  

s y n th e s i s  problem  for g e n e r a l iz e d  n e tw o rk s .  In th is  s e c t io n  we prove an  

in te r e s t in g  r e s u l t  on s in g u la r  param ount m a tr ic e s  w h ich  h a s  b ea r in g  on the  

s y n th e s i s  p rob lem . W e show  th a t  th e  l in e a r  d e p e n d e n c e  of th e  co lum ns 

of a s in g u la r  param ount m a tr ix  c a n n o t  be a rb i t ra ry  and  in  f a c t  i t s  nu ll s p a c e  

m ust be  r e g u la r .

( 3 .5 - 1 )  If N = ( ^ / R , R, D; E) e th en

- P  XN - p  = 4 D J4b '

Proof: S in ce  u. e R an d  w e J_ R , i t  fo llow s th a t

u k w. + u t  w = 0 .  U sing  w, = D u ,  and  w = - X . T u , th e  theorem—o —b — p — p 3  —b —b —p N —p

f o l l o w s . I
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The n e x t  r e s u l t  r e l a t e s  the  m inim al d e p e n d e n t  co lum ns of Xjj to  

th e  s t ru c tu re  of the  m atro id  .

( 3 .5 - 2 )  Let N = ( ^ / R, R, D; E) . Then

a  s e t  o f  co lum ns  o f form s a  m inim al d e p e n d ­

e n t  s e t  i f  and  on ly  i f  the  co rre sp o n d in g  s e t  of

e le m e n ts  in  E„ i s  a c i r c u i t  of .P ( R

Proof: L e t C E E „  be a c i r c u i t  o i c'h?^ . Then th e re  e x i s t s  P 1R

an e le m e n ta ry  v e c to r  u ' e R s u c h  th a t  | |u '  || = C .  C le a r ly  the  p a ir  u. = u % 

and w = 0  s a t i s f y  the  ne tw o rk  e q u a t io n s ,a n d  s in c e  N e  ^  i t  fo llow s th a t

XN “ p = 0 ' ( 1)

w here  u* =
0

u '
L -p .

W e c la im  th a t  th e  co lum ns of (1) w h ich  a re  l in e a r ly  d e p e n d e n t  

form a m inim al d e p e n d e n t  s e t .

A ssum e th e re  e x i s t s  a n o n z e ro  v e c to r  j j p s u c h  th a t

X ,T u" = 0 N — p —

and

w h ere  u" =
u 1

( 2 )

S ince  N e  1 /  , u p c a n  be  s p e c i f i e d  a rb i t ra r i ly  and  th e re fo re  by (3 .5 - 1 )  

u" € R . But th e n  (2) c o n t r a d ic t s  th e  h y p o th e s i s  and  a c c o rd in g ly  the  

d e p e n d e n t  co lum ns in  ( 1 ) form a m inim al d e p e n d e n t  s e t .
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To show  n e c e s s i t y  s u p p o s e

and  th a t  th e  d e p e n d e n t  co lum ns of (3) form a m inim al d e p e n d e n t  s e t .  

Again s in c e  N e ^ 1 , u c a n  be s p e c i f i e d  a rb i t r a r i ly  and  th e re fo re  byr'

( 3 .5 - 1 )  th e  v e c to r

' ' o
u

u .

s a t i s f i e s  u, € ft and  | |u  || — Ep •

A ssum e u  i s  no t e le m e n ta ry .  Then th e re  e x i s t s  a n o n zero  v e c to r  

v 1 = [0*  v j  ] s a t i s fy in g

11x11= II U
and

x N X p = 0 • (4>

H ow ever/ (4) c o n t ra d ic t s  th e  h y p o th e s i s  and  a c c o rd in g ly  u is  e le m e n ta ry .  

Therefore  th e re  e x i s t s  a c i r c u i t  C £  Ep s u c h  th a t  C = | |u  || . |

Theorem ( 3 .5 - 2 )  sh o w s  t h a t ,  in  the  c a s e  o f  the  g e n e r a l iz e d  n e tw ork , 

m atro id  th eo ry  a l lo w s  a g e o m e tr ic  in te rp re ta t io n  of th e  s in g u la r  im m it tan ce  

m a t r ic e s .  For th e  c a s e s  Ng and  N y, th eo rem  ( 3 .5 - 2 )  s p e c i a l i z e s  to  

the  fo llow ing  w e ll  known r e s u l t .
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( 3 .5 - 3 )  L e t Z(Y) be th e  o . c .  im p ed an ce  

( s . c .  a d m it tan ce )  m atrix  of a r e s i s t a n c e  

ne tw ork  w h o se  ne tw ork  g ra p h  i s  G .  Then 

the  m inim al d e p e n d e n t  co lum ns of Z(Y) a re  

in  a 1-1 c o r re sp o n d e n c e  w ith  th e  po lygons

(bonds) o f  G w h ich  a re  c o n ta in e d  in  E .
P

P rev io u s ly  we d e f in e d  w h a t  is  m ean t by a  p rim itive  (e lem en ta ry )  

r e p r e s e n ta t iv e  v e c to r  x '  w i th  r e s p e c t  to  som e v e c to r  s p a c e  ft . I t  sh o u ld  

be c le a r  th a t  i f  U i s  a c o l le c t io n  of n - tu p l e s  x ,  than w e can  u s e  th e  term  

p rim itive  (e lem en tary ) v e c to r  in  U w ith o u t  r e fe re n c e  to  a v e c to r  s p a c e  ft. 

M oreover i f  U is  c lo s e d  u n d e r  a d d i t io n  of n - tu p l e s  and  m u l t ip l ic a t io n  

by a member of F , th e n  w e  c a l l  U a v e c to r  s p a c e  of n - tu p le s  on E over 

th e  f ie ld  F. The r e fe re n c e  to  a s e t  E i s  n e c e s s a r y  i f ,  for som e x  e U , 

the  n o ta t io n  || x  || i s  to  h av e  m ean in g . U (a  v e c to r  s p a c e  of n - tu p l e s )  i s  

c a l l e d  re g u la r  i f  F i s  the  f ie ld  of r e a l  num bers  an d  co rre sp o n d in g  to  e a c h  

e lem en ta ry  v e c to r  x  € U th e re  e x i s t s  a p rim itive  v e c to r  x ‘ e U s a t i s fy in g

In th e  n e x t  th eo rem  we c h a r a c te r iz e  the  n u l l  s p a c e  of any  param ount 

m a tr ix .  If Q i s  a p Xp m a tr ix ,  th e  nu ll s p a c e  N(Q) of Q i s  the  s e t  of a l l  

p - tu p l e s  x  w h ich  s a t i s f y  Q x  = £  :

N(Q) * { x  | Q x  = 0 } .
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(3 .5 - 4 )  L e t Q be  a p X p  p a ram oun t m a tr ix ;  

th e n  N(Q),  th e  n u ll  s p a c e  of Q , i s  a r e g u la r  

v e c to r  s p a c e  of p - tu p l e s  on Ep (a:(Ep) = p ) .

Proof: W ith o u t  l o s s  o f  g e n e r a l i t y ,  a s su m e  the  f i r s t  r

co lum ns  of Q form a m inim al d e p e n d e n t  s e t .

( i i  / • • • /
i i 1 =  0 ,
■*■1 /  • • • i  ■Lr —i  /

w h ere  1 £ i* < . . .  < i s  r .  S in ce  Q i s  p a ra m o u n t ,  th e n  any  ( r - l ^ - o r d e r

u s in g  co lum ns i i ,  . . .  , i r _x i s  z e ro .  A ccord ing ly  co lum ns l i t  . .  . ,  i ^

a re  l in e a r ly  dependent; bu t th i s  c o n t ra d ic t s  th e  h y p o t h e s i s . T herefore  

tilev e ry  (r -1 )  -  o rder  p r in c ip a l  m inor form ed from th e  f i r s t  r co lum ns is  

n o n z e ro .

L e t  Qr  b e  the  su b m atr ix  form ed from th e  f i r s t  r row s and  colum ns 

of Q ; by h y p o th e s i s  d e t  [Qr >  0 .  If w e l e t  be  th e  c o fa c to r  o b ta in e d  

from Q r by  c ro s s in g  o u t  row i and  co lum n j ,  i t  fo l lo w s  from J a c o b i 's  

theo rem  [T u  14 ] th a t

A i i  A jj = A j i  * (1)

H ow ever, Q i s  pa ram oun t an d  c o n se q u e n t ly

for a l l  U k s r  and  1 <: h s  r .  U sing  (1) and  (2) and  the  fa c t  th a t  

^ k k  ^  ® *or 1 S r  / w e  c o n c lu d e  th a t  a l l  the  f i r s t  c o fa c to r s  of Qr a re  

e q u a l  in  a b s o lu te  m ag n itu d e .

I t  fo l lo w s  from th e  ab o v e  a n a ly s i s  th a t  th e  c o e f f ic ie n ts  o f  the  

l in e a r  r e la t io n  o f  th e  f i r s t  r  co lum ns o f Q can  be c h o se n  to  be  ± 1.
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S ince  the  f i r s t  r  co lum ns form a m inim al d e p e n d e n t  s e t  th e  v e c to r  

x  ,  w h o se  c o o rd in a te s  a re  th e  c o e f f ic ie n ts  of th is  l in e a r  r e l a t i o n ,  i s  

e le m e n ta ry  in  N(Q). M o re o v e r ,  w e  h av e  sho w n  th a t  th e re  e x i s t s  a 

p r im itive  v e c to r  x' s u c h  th a t  j|x ' || = || x  || and  Xjj x ' = jO . |

Theorem ( 3 .5 - 4 )  e n a b le s  one  to  e x h ib i t  a pa ram ount m a tr ix  in  a 

v e ry  re v e a l in g  fo rm .

( 3 .5 - 5 )  L e t O be a p Xp p a ram o u n t m atrix  of

ran k  s s a t i s fy in g Then Q

c an  be  e x p r e s s e d  a s

Q  — B Qg B ,

w here  B i s  a p * s to ta l ly  un im odu la r  m atrix  

and  Q s i s  th e  s u b m a tr ix  formed from th e  f i r s t  

s row s and  co lum ns of Q .

Proof: P a r t i t io n  Q a s

Q S , Ql2
( 1)

Qiz ' Q 2 Z

w h ere  Q s = s x s

Qiz = s X (p - s )

Qzz = (P -s )  x ( p - s )  .

Se t

O -1 0| s X(P—s )

t  — —1  ̂ .
~Oiz Qs | ^p-s

and  form T Q :



104

TQ =

Q c  Ql 2

\ p - S ) X S  I Q 22 - Q 12 Q g 1 Q l 2

S in ce  d e t  [ T ] ^  0 ,  the  ran k  of TQ i s  s and  acc o rd in g ly

Q 22 ■ Q 12 Q g 1 Q u 0 (P -s )X (p -s ) ( 2 )

S e tt in g  B = [ l s ! Q ^ C h  2 ] and  u s in g  (1) and  (2) we c an  e x p re s s  Q a s

Q = B Q s B . (3)

L e t x  be  a p - tu p le  s a t i s fy in g  Q x  = 0_ . Then

(Bt Q s ) (Bx) = 0 . (4)

The m atr ix  B Q s i s  p X s  an d  o f ran k  s and  th e  m atrix  Bx i s  s * 1. 

A ccord ing ly  (4) im p lie s

B x  = 0

C o n v e r s e ly , i f  x  i s  a p - tu p le  s a t i s fy in g  B x  = _0, th en  Q x  = 0.

The ab o v e  a n a ly s i s  show s th a t

N(Q) = ( x  | B x  = 0 }  . (5)

It sh o u ld  be c le a r  from th e  c o n s t ru c t io n  of B and  e q u a t io n  (5) th a t  th e  row 

s p a c e  of B i s  p r e c i s e ly  the  t r a n s p o s e  o f  th e  v e c to r s  in  N(Q ), w here

b* =  [ -Qiz Qs1 ; i p. s ] .

(N ote  th a t  B B = 0^p_gj X s*) By ( 3 .5 - 4 )  N(Q) i s  re g u la r  and  th e re fo re  the  

theo rem  fo llow s  u s in g  ( 2 .4 - 4 )  and  ( 2 . 2 - 6 ) .  |



Exam ple 3 -4  C o n s id e r  the  6 X 6  param oun t m atrix

4 -1 -1 3 -2 3

-1 4 -1 3 3 -2

-1 -1 4 -2 3 3

3 3 -2 6 1 1

-2 3 3 1 6 1

3 -2 3 1 1 6

w h ere  ran k  (Q) = 3 and  Q 3, the  3 X 3  su b m atr ix  form ed from the  f i r s t  

3 ro w s  an d  co lum ns  o f Q ,  s a t i s f i e s  d e t  (Q3) f  0.

I 3 1 1 !
I

1 1 3 j

and  th e re fo re

B = [ 13 | Q 3 " 1 Q 12 ] ,

w here
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F in a l ly  w e  g e t

B =

0 0 1 0  1

0 1 0

0 0

C le a r ly  B i s  to t a l ly  un im o d u la r .  One c a n  e a s i l y  v e r ify  th a t

An open  q u e s t io n  for g e n e r a l iz e d  n e tw o rk s  i s  to  d e te rm in e  w h e th e r  

for ev e ry  p a ram o u n t m atrix  Q th e re  e x i s t s  a g e n e r a l iz e d  ne tw ork  N su c h  

th a t  Xjj = Q . The c a s e  o f  th e  s in g u la r  pa ram oun t m atrix  p o s e s  an  i n t e r e s t ­

ing  t e s t  in  v iew  of ( 3 . 5 - 2 ) .  C o n s e q u e n t ly , i f  w e  c o n je c tu re  th a t  N e x i s t s  

for any  Q ,  th e n  Theorem  ( 3 .5 - 4 )  m u s t  a l s o  be t ru e .  S ince  w e hav e  in  

f a c t  sho w n  ( 3 .5 - 4 )  to  be  t r u e ^ h e  q u e s t io n  re m a in s  an  open  o n e .
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3 .6  DUALITY

D u a li ty  in  e l e c t r i c a l  n e tw o rk s  h a s  to  do w ith  th e  r e la t io n s h ip  

b e tw e e n  the  a d m it ta n c e  and  im p ed an ce  fo rm u la t io n s  of e l e c t r i c a l  n e tw o r k s . 

One m ight e r ro n e o u s ly  co n c lu d e  t h a t ,  w i th  r e s p e c t  to  p -p o r t  r e s i s t a n c e  

n e tw o r k s , th eo rem s a b o u t  im p e d a n c e s  a re  im m ed ia te ly  true  for a d m it ta n c e s  

a n d  v ic e  v e r s a .  C ederbaum  [C e  3 ] h a s  sh o w n  the  e x i s t e n c e  of a param ount 

m atrix  w h ic h  i s  th e  o . c .  im p e d a n ce  m atrix  of som e 4 -p o r t  r e s i s t a n c e  n e t ­

w ork  bu t is  no t the  s . c .  a d m it ta n c e  m a tr ix  of any  4 -p o r t  r e s i s t a n c e  

n e tw o rk .  In th i s  s e c t io n  w e w il l  d i s c u s s  th e  no tion  of d u a l i ty  in  g e n e r a l ­

i z e d  and p -p o r t  r e s i s t a n c e  n e tw o rk s .

L et N = ( % „ ,  R, D; E). W e d e f in e  N *, th e  d u a l  ne tw ork  of N a s
tv

n * =  D _1 ; E)-

( 3 .6 - 1 )  L e t N , N*e 7?, th en

( % ) _1 = Xn* -

Proof: Theorem  ( 3 .6 - 1 )  i s  e a s i l y  s e e n  to  be  true  by

 «
c o m p ar iso n  of th e  ne tw ork  e q u a t io n s  for N an d  N . |

Every a b s t r a c t  ne tw ork  ( in  71 or n o t  in  71) h a s  a d u a l  n e tw o rk .

A param ount m atrix  Q i s  s a id  to  be r e a l i z e d  by N if  Q = Xjg. The 

ne tw ork  N is  c a l l e d  a  r e a l i z a t io n  of Q.

Two ne tw o rk s  and  N (z) a re  s a id  to  be e q u iv a le n t  i f

W e d e n o te  by [ N ]  , th e  c l a s s  of a l l  ne tw orks  e q u iv a le n t  to  N , th a t  

i s ,  th e  s e t  of a l l  ne tw orks  w h ic h  r e a l i z e  Q i s  e q u a l  to  [N ]  , w here  = Q.
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The e q u iv a le n c e  c l a s s  [N ]  i s  so m e t im es  d e n o te d  by £ ( Q ) ,  w here  Q i s  the  

param ount m atrix  s a t i s fy in g  Q = Xj j . W e po in t ou t th a t  in  th is  d i s c u s s i o n  

th e  s e t  E is  no t f ix ed  a n d  th e re fo re  i f

N (i) = ( n k ( i)  , ft(1), D Cl); E(1) )

and

nCZ) = f t (2) '  D<2);  £(2) }

a re  tw o  d if fe ren t  n e tw o rk s  in  [ N ] ,  i t  i s  no t n e c e s s a r y  th a t  E(i) = E(2) . 

H ow ever , a (E p (1)) = a (E p (z)).

A c o n je c tu re  th a t  s o  far th e  au th o r  h a s  b e e n  u n ab le  to  prove  or 

d is p ro v e  is

( 3 .6 - 2 )  (C o n je c tu re )  L e t Q be a 

p Xp param oun t m atrix ; th e n  £(Q) ^ 0 .

This c o n je c tu r e ,  in  i t s  r e la t io n  to  s in g u la r  pa ram ount m a t r i c e s ,

w a s  d i s c u s s e d  in  th e  p re c ed in g  s e c t io n  fo llow ing  Exam ple 3 - 4 .

N o tice  th a t  in  F i g . 2 -1 0  th e  c l a s s  of r e g u la r  m atro id s  p a r t i t io n s

in to  four s e t s :

(i) H -  n o n p la n a r  m atro ids  -  Type H.

(ii) K -  n o n p la n a r  m atro ids  -  Type K.

(ii i)  P -  p la n a r  m a tro id s .

(iv) O -  re g u la r  m atro id s  n o t  in  H , K or P.

Let Q be  a p X p pa ram ount m atrix  and  s u p p o s e  £ (Q ) f  0 .  Then  for

e a c h  N c e (Q ) ,  the  m atro id  ft? a s s o c i a t e d  w ith  N i s  in  e x a c t ly  one of theK

c l a s s e s  H , K, P or O. Therefore  w e  c a n  p a r t i t io n  e (Q ) in to  four s e t s :

H (Q ), K(Q), P(Q) and  O(Q ), w here
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H(Q) = {N | N c £(Q) and  the  m atro id  a s s o c i a t e d  w ith  N i s  in  H . }

K(Q) = {N | N € e(Q) and  the  m atro id  a s s o c i a t e d  w ith  N i s  in  K. 3

P(Q) = (N  | N € 0(Q) and  the  m atro id  a s s o c i a t e d  w ith  N is  in  P . }

O(Q) = (N | N € £(Q) a n d  th e  m atro id  a s s o c i a t e d  w ith  N is  in  O . }

W e hav e  the  fo llow ing  v e ry  im portan t r e s u l t s  b a s e d  on S ec t io n  2 . 6 .

( 3 .6 - 3 )  Let Q be a f ixed  param ount m atrix  and  

su p p o se  £ ( 0 )  f  0  and  e(Q) i s  p a r t i t io n e d  in to  the  

s e t s  H (Q ), K(Q), P(Q) an d  O(Q) d e f in e d  a b o v e .

Then Q i s  th e  o . c .  im p ed an ce  ( s . c .  ad m ittan ce )  

m atrix  of som e ne tw ork  if  and  on ly  i f  a t  l e a s t  one 

of th e  s e t s  K(Q) or P(Q) (H(Q) or P (Q ) ) is  n o nem pty .

( 3 .6 - 4 )  L e t Q be a f ixed  param ount m atrix  and  

s u p p o se  £(Q) f  0  and  th a t  £ (Q )  i s  p a r t i t io n e d  in to  

the  s e t s  H (Q ), K(Q), P(Q) and  O(Q). Then Q i s  

b o th  the  o . c .  im p e d a n ce  m a tr ix  of som e ne tw ork  

and  th e  s . c .  a d m it ta n c e  m atrix  of som e ne tw ork  

i f  an d  on ly  i f  a t  l e a s t  one of th e  s e t s  H(Q) or P(Q) 

i s  nonem pty  and  a t  l e a s t  one  o f  th e  s e t s  K(Q) and 

P(Q) i s  n onem pty .

From ( 3 .6 - 4 )  we o b ta in  th e  w e ll  known r e s u l t s  th a t  i f  Q h a s  a

p la n a r  ne tw ork  r e a l i z a t i o n  Ng = (P (G ), I ,  Z^; E (G )) ,  th e n  th e re  i s  a g rap h

G ’ s u c h  th a t  Ny  = (B (G ') ,  V ' , E ( G ') ) and

xNy  = XNZ •

■¥:O b v io u s ly  G' c a n  s im p ly  be ta k e n  to  be G th e  d u a l  g rap h  of G and 

Y' -  Z, . W e s t a t e  th i s  a s  a th eo rem .
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( 3 .6 - 5 )  Let Q be  a f ix ed  param ount m atrix  

and  su p p o se  e (Q )  f  0 and  fi(Q) i s  p a r t i t io n e d  

in to  the  s e t s  H(Q), K(Q), P(Q) and  O(Q).

Then i f  P(Q) ^  0 ,  th e re  e x i s t s  a t  l e a s t  two 

ne tw o rk s  Ng and  Ny in  g(Q) s u c h  th a t

^Nz — ^ N y

The above  r e s u l t s  a re  w e l l  know n bu t to  the  b e s t  of th e  a u th o r 's  

know led g e  hav e  n o t  b e e n  p re v io u s ly  p re s e n te d  in  the  c o n te x t  o f  th e  th eo ry  

of r e g u la r  m a tro id s .

In th e  rem a in d e r  of th i s  s e c t io n  w e d i s c u s s  the  no tio n  of d u a l i ty  in  

e l e c t r i c a l  n e tw o rk s .  As we s t a t e d  in  S e c t io n  2 .5  d u a l i ty ,  in  g e n e r a l ,  

im p l ie s  th a t  w e  h av e  tw o s e t s  of (dual) q u a n t i t i e s  and  o p e ra t io n s  su c h  

th a t  i f  a theorem  is  proved in  te rm s of one s e t ,  th e n  th e  sam e theorem

w ith  d u a l  q u a n t i t i e s  in s e r t e d  e v e ry w h e re  y ie ld s  a true  th eo rem . W e have

in d ic a te d  how m atro id  th eo ry  forms a r ig o ro u s  b a s i s  for a d u a l i ty  th eo ry  

for g rap h s  and  in  Table 2 -3  w e h av e  l i s t e d  th e  d u a l  c o n c e p ts  for g rap h s  

a n d  th e  c o r re sp o n d in g  m a tro id - th e o r e t ic  q u a n t i t i e s .

S ince  our g e n e r a l iz e d  n e tw o rk s  a re  b a s e d  on m a tro id - th e o re t ic  

i d e a s ,  th e  s p e c i a l i z a t i o n  of th eo re m s  on g e n e r a l iz e d  ne tw orks  to  theo rem s 

on p - p o r t  r e s i s t a n c e  n e tw o rk s  in d u c e s  a d u a l i ty  th eo ry  for p -p o r t  r e s i s t ­

a n c e  n e tw o rk s .  Theorem s ( 3 .3 - 4 )  and  ( 3 .5 - 3 )  a re  e x am p le s  of how 

s p e c i a l i z a t io n  of m a t ro id - th e o r e t ic  r e s u l t s  l e a d s  to  tw o g ra p h - th e  ore t i c  

r e s u l t s  in  e a c h  c a s e .  N o tice  a l s o  th a t  in  ( 3 .3 - 4 )  i t  i s  e s s e n t i a l  to  

r e p la c e  th e  d u a l  o p e ra t io n s  a s  w e l l  a s  th e  d u a l  q u a n t i t i e s .
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W e c an  s a y ,  in  the  c o n te x t  of our d e f in i t io n  of d u a l i ty  ( s e e

S ec tio n  2 . 5 ) ,  th a t  Z an d  Y a re  d u a l  q u a n t i t i e s .  The e x te n t  of th i s  c la im

is  th e  fo l lo w in g . If one  p ro v es  a theo rem  for X ^ ,  th e  im m it tan ce  m atrix

of a g e n e r a l iz e d  ne tw ork  in  7 1 , th e n  th e  th eo rem  is  im m ed ia te ly  true  in

term s of any  XN^ a n ^ w ^e re  ^ z '  Ny  € 71 . Thus we have  a p re c i s e

m eaning  for d u a l i ty  and  c a n  a c c o rd in g ly  d e te rm in e  w h e th e r  a n  a p p e a l  to

d u a l i ty  i s  ju s t i f i e d  in  any  p a r t ic u la r  c a s e .

M any  books  on ne tw ork  th eo ry  p r e s e n t  " d u a l i ty "  c o n c e p ts  from a

much narrow er p o in t of v iew  th a n  d i s c u s s e d  h e re  and  have  c o n s e q u e n t ly

fo s te re d  som e in c o r re c t  n o t io n s .  W e p re s e n t  a ty p ic a l  a p p ro a c h  to

" d u a l i ty "  . Let Ny  = (B (G ) , V, Yb ; E (G )) and  Nz  = (P (G *), I ,  Zfa; E (G *))

**•w h ere  G i s  a d ua l g rap h  o f G (G i s  n e c e s s a r i l y  a p la n a r  g ra p h ) .  The n e t ­

work e q u a t io n s  for Ny and  a re  show n  in  Table  3 - 3 .  In Tab le  3 -3  we

TABLE 3 -3  P lan a r  N etw orks

Ny

(ne tw ork  e q u a t io n s )
Nz

(ne tw ork  e q u a t io n s )

l b  = Yb ^ b v ,  = Z , i ,  —b b—b

v c V(G) 1  e I(G*)

1  € l(G ) v  cV (G *)

u s e  th e  n o ta t io n  V(G) and  1(G) for th e  co b o u n d ary  and  1 -c y c le  s p a c e s ,  

r e s p e c t i v e l y ,  of G . S ince  G *  i s  a d ua l g rap h  o f G ,  I(G*) = V(G) and  

V(G*) = 1(G) and  c o n s e q u e n t ly ,  i f  Zfe = Yfa, th e n  X ^  = XN . C le a r ly ,  i f



112

we r e s t r i c t  our a t t e n t io n  to  n e tw o rk s  w h o se  ne tw ork  g rap h s  a re  p la n a r ,  

th e n  we c a n  make th e  s ta te m e n t  th a t  im p ed an ce  and  a d m it ta n c e  a re  

in d is t in g u is h a b le  q u a n t i t i e s ,  no t d ua l q u a n t i t i e s .  The d u a l i ty  of 

e l e c t r i c a l  n e tw o rk s  a s  d e p ic te d  in  Table  2 -3  i s  no t one in  w h ic h  im p ed ­

a n c e  and  a d m it ta n c e  b len d  in to  one co n cep t;  on th e  c o n tra ry ,  im p e d a n ce s  

an d  a d m it ta n c e s  a re  d i f fe ren t  bu t d u a l  q u a n t i t i e s  in g e n e r a l .

As we p o in ted  ou t p r e v io u s ly ,  m atro id  th eo ry  forms th e  r igo rous  

b a s i s  of th e  d u a l i ty  w ith in  the  sam e g ra p h .  This c o n c e p t  of d u a l i ty  i s  s o  

im portan t th a t  we fe e l  som e fu rther d i s c u s s i o n  i s  ju s t i f i e d  s in c e  a l l  too  

o f ten  a p p e a ls  to  d u a l i ty  a re  m ade and  no ju s t i f i c a t io n  is  g iv e n .  W e c o n ­

s id e r  th e  fo llow ing  problem  in  o rder to  m ake a p o in t .  S uppose  we w ere  

g iv e n  Table 2 -3  and  to ld  th a t  colum ns 2 an d  3 w ere  "d u a l"  q u a n t i t i e s  bu t 

w e w ere  unaw are  of the  co rre sp o n d in g  m a tro id - th e o r e t ic  c o n c e p ts .  Then 

i f  we w ere  a s k e d  to  d e te rm in e  u n d e r  w h a t  c o n d i t io n s  w e w ould  be  ju s t i f i e d  

in  a p p e a l in g  to  d u a l i ty  for a r ig o ro u s  proof of a d u a l  th e o re m , w h a t  m ust 

we d o ?

There  i s  one a p p ro a c h  to  th i s  problem  w h ic h  i s  by far the  m ost 

w id e ly  u s e d  and  d o e s  no t a c tu a l ly  u s e  d u a l i ty  to  prove th e  d u a l  th eo rem . 

E s s e n t i a l ly ,  the  te c h n iq u e  i s  to  c o n s c io u s ly ,  or u n c o n s c io u s ly ,  s u b s t i t u te  

the  d u a l  q u a n t i t i e s  in to  the  proof of th e  o r ig in a l  th eo rem  and make th e  

o b s e rv a t io n  th a t  the  proof g o e s  th ro u g h  in  th e  d ua l c a s e ;  th a t  i s ,  one 

p ro v es  the  d u a l  theo rem  w ith o u t  an  a p p e a l  to  d u a l i ty .  In  e f f e c t  one m ust 

prove tw o th e o re m s ,  th e  o r ig in a l  an d  the  "d u a l"  th eo rem .



113

A more s o p h i s t i c a t e d  a p p ro a c h  to  th i s  q u e s t io n  w ould  be  to  prove 

a theorem  c o n c e rn in g  th e  d u a l  q u a n t i t i e s ,  a  th eo rem  w h ic h  ju s t i f i e s  an  

a p p e a l  to  d u a l i ty .  S uch  a theo rem  w ould  n e c e s s a r i l y  s e t  dow n the  p re c is e  

c o n d i t io n s  under w h ic h  one co u ld  u s e  d u a l i ty  a s  a r ig o ro u s  proof of a 

"d u a l"  th eo rem . To e s t a b l i s h  s u c h  a  r ig o ro u s  b a s i s  for Table  2 -3  we 

w ou ld  hav e  to  in v e n t  m atro id  th eo ry  s in c e  i t  i^_ the  formal b a s i s  of the  

d u a l  n a tu re  of the  sam e g ra p h .  M atro id s  a re  a g e n e r a l iz a t io n  of bo th  the  

bond and  po lygon  c o n c e p ts  and  th e  ax iom s o f m atro id s  a re  the  " ru le s "  

under  w h ic h  p roofs  of th eo rem s  m u s t  be  c a r r ie d  ou t i f  d u a l i ty  i s  ju s t i f i e d .  

Thus we s t a t e  a g a in  th a t  form al d u a l i ty  r e l i e s  on a s in g le  c o n c e p t  w ith in  

w h ic h  th eo rem s  c a n  be  p roven  an d  s u b s e q u e n t ly  s p e c i a l i z e d  to  tw o (or 

more) s p e c i f i c  c a s e s .

A cco rd ing ly , w e  sh o u ld  be  a b le  to  d e t e c t  w h e th e r  an  a p p e a l  to  

d u a l i ty  in  an y  p a r t ic u la r  c a s e  i s  ju s t i f i e d .  For e x a m p le ,  su p p o se  i t  is  

a s s e r t e d  t h a t ,  s in c e  Z and  Y a re  d u a l  q u a n t i t i e s ,  i f  a pa ram ount m atrix  Q 

c a n  be  r e a l i z e d  by  N g, th e n  th e re  e x i s t s  a ne tw ork  Ny w h ic h  a l s o  

r e a l i z e s  Q . This k ind  of c la im  h a s  no b a s i s  in  our d e f in i t io n  of d u a l i ty .  

C le a r ly ,  th e re  i s  no a p p e a l  to  a m a t ro id - th e o r e t ic  theorem  w h ic h  c an  be 

s p e c i a l i z e d  in  tw o w a y s . There i s n ' t  e v e n  an  a p p e a l  to  a theo rem  proven  

in  te rm s of the  po lygon  (bond) c o n c e p ts  w h ic h  c a n  be  g iv en  a d u a l  in t e r ­

p re ta t io n .  A cco rd in g ly ,  s u c h  a n  a s s e r t i o n  c a n n o t  be b a s e d  on d u a l i ty  

c o n c e p t s .  Theorem ( 3 .6 - 3 )  sh o w s  w h en  a pa ram oun t m atrix  c a n  be th e  

o . c .  im p e d a n ce  ( s . c .  a d m it ta n ce )  m a tr ix  of som e n e tw o rk . The co n d i t io n s  

a r e ,  of c o u r s e ,  d u a l  c o n d i t io n s .
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Theorem ( 3 .6 - 5 )  g iv e s  a s u f f ic ie n t  c o n d i t io n  for tw o n e tw o rk s  Ny 

and  Ng to  h av e  id e n t i c a l  im m it tan ce  m a t r i c e s .  H o w ev e r ,  c o n s id e r  the  

fo llow ing: s u p p o s e  P(Q) = 0 and  H(Q) f  0 ,  th a t  i s ,  Q i s  a p x p param ount 

m a tr ix  w h ic h  i s  on ly  r e a l i z e d  by n e tw o rk s  w h o se  n e tw o rk  g rap h s  a re  

n o n p la n a r .  An im portan t problem  i s  to  d e te rm in e  w h e th e r  (i) K(Q) = 0  in  

g e n e r a l ,  (ii) K(Q) f  0 in  g e n e r a l ,  or (ii i)  t h a t ,  d e p e n d in g  on Q , e i th e r  

(i) or (ii) i s  p o s s i b l e .  D u a l i ty  c a n n o t  be  e x p e c te d  to  a n sw e r  th i s  q u e s t io n  

or s im ila r  o n e s .  A th eo ry  of e q u iv a le n t  ne tw orks  m u st be d e v e lo p e d  in  

order to  u n d e rs ta n d  the  i s s u e s  in v o lv e d .  Such a th e o ry  i s  p re s e n t ly  

n o n e x is t e n t .



115

CHAPTER 4 .  PRINCIPAL MINORS OF A MATROID

4 .1  INTRODUCTION: PREVIOUS RESULTS

In th i s  c h a p te r  w e  p r e s e n t  and  d e v e lo p  th e  c o n c e p t  of p r in c ip a l  

minors o f  a  m a tro id .  T h ese  r e s u l t s  w e re  s t im u la te d  by th e  work of Kishi 

and  K ajitan i [Ki 1] in  w h ic h  th e y  in t ro d u c e d  th e  p r in c ip a l  p a r t i t io n  of a 

g rap h  an d  th e  c o n c e p t  of m ax im ally  d i s t a n t  f o r e s t  p a i r s .  W e b e g in  th is  

s e c t io n  w i th  som e d e f in i t io n s  w h ic h  w i l l  e n a b le  u s  to  p r e s e n t  th e i r  main 

c o n t r ib u t io n s .

L e t G b e  a  f in i te  g rap h  an d  fj an d  f2 a  p a ir  of f o r e s t s  of G .  L e t 

e c  € [E(G) - ( f i U f 2) ] .  W e  c a l l  a su b g ra p h

G c  = O * S ,

w h e re  S c  E(G), a K -su b g rap h  of G w ith  r e s p e c t  to  ( f i , f 2) an d  e c  i f  i t  s a t i s ­

f ie s  th e  fo llow ing:

(i) e c  € S .

( i i)  ( fj fl S) and  (f2 H S) a re  e le m e n t  d i s jo in t  f o r e s t s  o f  G • S.

(ii i)  S i s  m inim al w ith  p ro p e r t ie s  (i) an d  ( i i ) ,  th a t  i s ,  i f  T c  S , th e n

T d o e s  n o t  s a t i s f y  b o th  (i) an d  ( i i ) .

A p a ir  o f  f o r e s t s ,  fj an d  f2/ of G i s  c a l l e d  m ax im ally  d i s t a n t  i f  ev ery

p a ir  of f o r e s t s  f'i an d  f'2 s a t i s f i e s

a {fi 0 f2) * a(f*x D f 2 ) .
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( 4 .1 - 1 )  ( Kishi an d  K ajitan i)  L e t G b e  a  f in i te

g rap h  and  fx and  f2 a p a i r  of f o r e s t s  o f  G . Set

Ec = ( e C i e Cm} = [ E ( G ) - ( f x U f2) ] . Then

fx an d  f2 a re  m ax im ally  d i s t a n t  i f  and  on ly  i f

th e re  e x i s t s  a  K -su b g rap h  o f G w i th  r e s p e c t  to

(fi» fz) an d  e a c h  member of E .c

In proving  ( 4 . 1 - 1 ) ,  Kishi and  K ajitan i g iv e  a c o n s t r u c t iv e  p rocedu re  

w h ich  c a n  be  u s e d  to  g e n e ra te  a  m ax im a lly  d i s t a n t  f o r e s t  p a ir  from an 

a rb i tra ry  p a ir  of f o r e s t s .

If (fx, f2) i s  a m axim ally  d i s t a n t  fo r e s t  p a i r ,  th e n  by ( 4 .1 - 1 )  th e re  

e x i s t s  a K -su b g rap h  G • for e a c h  e Ci in

Ec = { eC i , e Cm3 = [E(G) -  ( fx Uf2)]  .

m
Let S = U Sj and  s e t  G 2 = G • S . G2, th e  r e d u c t io n  of G to  S , i s  c a l l e d  th e  

i= i 1

p r in c ip a l  su b g ra p h  or p r in c ip a l  r e d u c t io n  o f  G w ith  r e s p e c t  to  (fx, f2) . Kishi 

and  K ajitan i have  a l s o  sh o w n  th a t  G2 i s  u n ique  in  th e  s e n s e  th a t  an y  m ax i­

m ally  d i s t a n t  fo r e s t  p a ir  g e n e r a te s  one  an d  th e  sam e  p r in c ip a l  su b g ra p h  G 2.

They a l s o  in d ic a te  th a t  a  d u a l  fo rm u la t io n  i s  p o s s ib le  in  te rm s of 

c o fo re s t s  of G an d  th a t  th i s  l e a d s  to  the  u n ique  g ra p h  H2 = G XT, the  

p r in c ip a l  c o n tra c t io n  of G to  T. F u r th e rm o re ,  th e y  c la im ,  bu t do n o t sh o w , 

th a t

T D S = 0

L e t R = [E(G) -  (S UT) ] . Then th e  3 - tu p le

( d 2, h 2, G 2) ,

w here
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D 2 = (G • T) X R ,

H2 = G x T 

an d  G 2 = G * S ,

i s  c a l l e d  the  p r in c ip a l  p a r t i t io n  of a g rap h  and  i t  i s  u n iq u e .

I n  th e  n e x t  s e c t io n  w e in tro d u ce  the  n o t io n  of th e  p r in c ip a l  minors 

o f a m atroid  and  prove th e i r  u n iq u e n e s s  a s  w e ll  a s  a n e s t in g  p roperty  for 

them . In g r a p h - th e o r e t ic  te rm s ,  th e  p r in c ip a l  m inors e x te n d  th e  id e a  of the  

p r in c ip a l  p a r t i t io n  of a g ra p h .  In S e c t io n  4 .3  w e  c o n s id e r  p r in c ip a l  minors 

for the  c a s e  k = 1.

S ec tio n  4 .4  p r e s e n ts  a g e n e r a l i z a t io n  of m ax im ally  d i s t a n t  fo r e s ts  

to  m ax im ally  d i s t a n t  b a s e s  of a m a tro id .  M o re o v e r ,  i n s t e a d  of m axim ally  

d i s t a n t  p a irs  of b a s e s ,  w e  in tro d u ce  r -m a x im a l ly  d i s t a n t  b a s e s  for 

r  = 2 , 3 ,  . . .  . The K -su b g ra p h s  o f Kishi and  K ajitan i becom e r -m in o rs  in  

our m atro ida l th eo ry  an d  ( 4 .1 - 1 )  i s  a p p ro p r ia te ly  g e n e r a l iz e d  to  the  

r -m a x im a l ly  d i s t a n t  b a s e s  of a m a tro id .

Also in  S e c t io n  4 . 4  a n  e f f ic ie n t  a lg o r i th m  i s  p re s e n te d  for d e te rm in ­

ing  a s e t  of r -m a x im a l ly  d i s t a n t  b a s e s .  Then th e  p r in c ip a l  m inors a re  

r e l a t e d  to  th e  c o n c e p t  of r -m a x im a l ly  d i s t a n t  b a s e s  and  tw o  more a lg o ri th m s 

a re  p r e s e n te d .  T h ese  a lg o r i th m s  c an  be  u s e d  to  c o n s t r u c t  th e  p r in c ip a l  

m inors of a m atro id  e f f ic ie n t ly .  S e c t io n  4 . 4  e n d s  w i th  a n  exam p le  w h ich  

i l l u s t r a t e s  th e  u s e  of A lgorithm s 2 and  3 in  de te rm in in g  p r in c ip a l  m in o rs .

In S ec tio n  4 .5  w e t r e a t  th e  2 - p r in c ip a l  m inors  of a m atro id  and  

e x te n d  to  m atro id s  the  p r in c ip a l  p a r t i t io n  of a g ra p h  in t ro d u c e d  by Kishi 

and  K ajitan i.
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In th e  f ina l  s e c t io n  of C h a p te r  4 w e  g iv e  a new  m a tro id - th e o re t ic  

s o lu t io n  to  th e  tw o -p e r s o n  s w i tc h in g  gam e a n d ,  fu r th e rm o re ,  u s in g  d u a l i ty  

c o n c e p ts  o b ta in  a c o m p le te ly  g ra p h - th e o r e t i c  c h a r a c te r iz a t io n  of th is  g a m e .  

L a s t ly ,  w e  c o n s id e r  a n  a l t e r n a t e  form of Edm ond 's  c o sp a n n in g  s e t s  theorem  

and th e  n o t io n s  of hybrid  ra n k  and  h y b r id  d im e n s io n .
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4 .2  PRINCIPAL MINORS OF A MATROID

Let be  a m atro id  on a f in i te  s e t  E. W e d e f in e  th e  fu n c t io n s  

and  hk a s

g k (S) = a ( S) -  k * r(7 n  * S)

and

hk(T) = or(T) -  k • • T)

for k = 1 , 2 ,  . . . , w h e re  S ,T  c  E. The q u a n t i t i e s  an d  h k a re  d e f in e d  a s

g k = m ax (g k ( S ) ) 
S c  E

and

hk = m ax (hk (T ))
T c E

for k = 1 , 2 ,  . . .  . S in ce  g k(0) = hk (0 )  = 0 ,  i t  fo llow s  th a t  g”k ;> 0 and

hk s  0 for k = 1 , 2 ,  . .  . .

The_ p r in c ip a l  m inors o f  a m atro id  a re  d e f in e d  a s  fo llow s:

(1) W e c a l l  = W\ * S a k ^  p r in c ip a l  minor of the  f i r s t  k ind  (k -P M l)  

of %  i f  i t  s a t i s f i e s

(P I)  g k(S) = g k .

(P2) S i s  m inim al w ith  p ro p e r ty  (P I ) .

~i~ 4 "  4*Vi
(ii) A minor £ k  = %  * S i s  c a l l e d  a  k a u g m en ted  p r in c ip a l  minor of the  

f i r s t  k in d  (k -A P M l) of % i f  i t  s a t i s f i e s  

(API) gk(S+) = g k  .

(AP2) S+ i s  m axim al w ith  p roperty  (API).
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(ii i)  W e c a l l  = % • T a k t 1̂ p r in c ip a l  minor of th e  s e c o n d  k ind  (k-PM 2) 

of i f  i t  s a t i s f i e s

(P I) '  hk( T ) = h k .

(P2)' T i s  m inim al w i th  p roperty  ( P I ) ' .
| j t j1

(iv) A minor Vk = • T i s  c a l l e d  a k au g m en ted  p r in c ip a l  minor of the

se c o n d  k ind  (k-APM2) o f %. i f  i t  s a t i s f i e s

(API)' hk(T+ ) = hk .

(AP2)' T+ i s  m axim al w ith  p ro p e rty  (API)' .

( 4 .2 - 1 )  If i<k i s  a k - P M l  of %  and  Vk i s  a k-PM 2 

of % , th e n  J '*  i s  a k -P M 2 of and  V* i s  a

k-PMi of m*.

Proof: I t  fo l lo w s  from ( 2 .4 - 3 )  and  th e  d e f in i t io n  of n u l l i ty  

th a t  w e  c an  w ri te  r (771 * S) = j i (  (#! XS)*). C o n s e q u e n t ly ,  gk(S) = a(S) -  

k (jl( (771 X S )* ) .  U sing  ( 2 .4 - 1 1 )  w e  o b ta in  9 k(S) = a(S) -  k n  (#!* * S) = h * (S ) ,

■X" *X- ¥ rw h ere  hk i s  d e f in e d  w ith  r e s p e c t  to  % . A cco rd in g ly ,  i k i s  a  k -P M 2 of 7l\ .

•¥r ■
In a s im ila r  m anner one  c a n  show  th a t  i s  a  k - P M l  of Wl . g

( 4 .2 - 2 )  If i s  a k -A PM l and  i s  a k-APM2 

of , th e n  )*  i s  a k-APM2 of #2* a n d  (^k )*  

i s  a k -A PM l of fll*.

Proof: Same a s  ( 4 . 2 - 1 ) .  J

As a c o n s e q u e n c e  of ( 4 .2 - 1 )  and  ( 4 .2 - 2 )  w e n e e d  on ly  s tu d y  th e  

p r in c ip a l  m inors of th e  f i r s t  k in d .

The fo l lo w in g  tw o r e s u l t s  a re  p re l im in a ry  to  Theorem s ( 4 .2 - 5 )  th ru  

( 4 .2 - 8 )  w h ic h  e s t a b l i s h  th e  e x i s t e n c e  a n d  u n iq u e n e s s  of th e  p r in c ip a l  m inors,
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( 4 .2 - 3 )  If S l t  S2 c  E, th e n  r ( ^  X (Sj U S2) ) * 

r(#l X Sx) + r(57| x S2) -  r ( ^  x (Sx (1S2) ) .

Proof: L e t  b 12 be  a b a s e  of % •* (Si fl S2).  Then th e re  e x i s t s

a b a s e  b of x (Sj U S2) s u c h  th a t  b 12 c= b .  Thus w e  h av e  th a t

r ( f t  x (Si U S2) ) = a(b)

= or(b f) Sj) + a (b  11 S2) -  o (b 12)

+ r ( ty  x S2) -  r(#l X(Si n S2) ) . 

The in e q u a l i ty  fo l lo w s  s in c e  r (7f{ x Sj) s  a (b  fl Sj_) for i = 1 ,2  an d  

r (771 X (Si fl S2) ) = a (b 12). |

( 4 . 2-4> If S j ,  S2 c  E, th e n  gk(Sx U S2) s g k(Sx)

+ 9 ]c(S2) -  g]c(S1 HS2) for k = 1 , 2 ,  . . . .

P roof: L e t k be  a p o s i t iv e  in te g e r .  By ( 4 .2 - 3 )  w e  o b ta in

gk( s i U S2) s  a(Sx) + a ( S2) -  a ( SxflS2) -  k (r(ff( X Sx) + r(»i X S2) -  r ( ^  x ( S i n S 2))>

Rean*anging te rm s  and u s in g  th e  d e f in i t io n  of gk w e  g e t  

gk(Sx US2) s  g k (Sa) + g k(S2) -  g k(Sx fl S2) . |

In th e  fo llow ing  four th eo rem s  w e  e s t a b l i s h  th e  e x i s t e n c e  and

u n iq u e n e s s  o f  th e  p r in c ip a l  minors of a m atro id .
£

( 4 .2 - 5 )  Let % be a m atro id  on a f in i te  s e t  E; 

th e n  a  k - P M l  of % ,  e x i s t s  an d  i s  un ique  

for k = 1 , 2 ,  . . .  .

Proof: Let k be  a  p o s i t iv e  in te g e r .  At l e a s t  one  k - P M l

e x i s t s  s in c e  gk i s  a t t a in e d  by  som e s e t  S c  E.

S uppose  J 'k (1) = %  x Si and  ^ k (2) = % * S2 a re  tw o k - P M l  for % ,  

th e n  by ( 4 .2 - 4 )  an d  th e  fa c t  th a t  g k(Sx) = g k(S2) = g k w e  g e t
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9k (^i US2) ^ 2 g k -  g k (S1 fl S2) . (1)

S ince  gk(Si U S2) and  9 k (Si fl S2) c a n n o t  e x c e e d  cf^, i t  fo llow s  from (1) th a t

gk (Si n s 2) = ? k .

S ince  Si fl S2 c  Si and  by  th e  m in im ality  of SA w e  c o n c lu d e  th a t  Sj = Sj fl S2

for i = 1 ,2 .  T herefore  Sj = S2 . |

( 4 .2 - 6 )  Let be  a  m atro id  on a f in i te  s e t  E;

th e n  , a k -A P M l o f 7U, e x i s t s  and  is

u n ique  for k = 1 , 2 ,  . . . .

Proof: L e t k b e  a p o s i t iv e  in te g e r .  At l e a s t  one k -A PM l

e x i s t s  s in c e  gj^ i s  a t t a in e d  by som e s e t  S c  E.

S uppose  (J<k )(i) = 77{ X Si an d  ( J ^  ) (2) = 77[ X S2 a re  tw o k -A PM l of 771.

From th e  proof of ( 4 .2 - 5 )  w e hav e  th a t

9 k (Si U S2) s  2 g k -  g k (Si fl S2) . (1)

S ince  gk (S iU S 2) and  g k( S i n S 2) c a n n o t  e x c e e d  g ^ ,  i t  fo llow s  from (1) th a t

gk (Si US2) = g k .

S ince  S.̂  c  Sj U S2 and by th e  m ax im ality  o f  S  ̂ w e c o n c lu d e  th a t  Sj. = Sx US2 

for i  = 1 ,2 .  Therefore  Sx = S2. 3

In v iew  of ( 4 .2 - 1 )  an d  ( 4 .2 - 2 )  w e  c a n  s t a t e  th e  fo llowing:

( 4 .2 - 7 )  L e t 77{ be  a  m atro id  on a  f in i te  s e t  E; 

th e n  a  k -P M 2 of % , e x i s t s  a n d  i s  u n ique  

for k = 1 , 2 ,  . . .  .

( 4 .2 - 8 )  Let 77[ b e  a  m atro id  on a  f in i te  s e t  E; 

th e n  Vk , a  k-APM2 of 771, e x i s t s  and  is  u n ique  

for k = 1 , 2 ,  . . .  .
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The four p re c e d in g  th eo rem s  e s t a b l i s h  the  e x i s t e n c e  and  the  u n iq u e ­

n e s s  of th e  v a r io u s  p r in c ip a l  m inors of a  m a tro id .  The n e x t  tw o th eo rem s 

d e a l  w ith  a n e s t in g  p ropery  of th e  p r in c ip a l  m in o r s .

For c o n v e n ie n c e  w e in t ro d u c e  th e  fo llow ing  n o ta t io n .

S u p p o se  ( ^ A '  A) anc* (^ b # b) a re  m a t r o id s . W e w rite  

<X c  B i f  and  on ly  i f  A c  B .

( 4 .2 - 9 )  Let 7fl\ be  a  m atro id  on a f in i te  s e t  E w here  

^ k  ' ^ k + i  anc  ̂ ^ k  a re  (k + l) -A P M l and

th e  k - P M l  of % ,  r e s p e c t i v e l y .  Then anc*

i ^ +1 c  for k = 1 , 2 f . . .  .

Proof: I t  fo l lo w s  from th e  d e f in i t io n s  and  th e  u n iq u e n e s s  of 

J fk  and  th a t

I t  re m a in s  to  show  th a t  J '^+][ S  L e t ^  x T and = 771 XS.

By th e  d e f in i t io n s  of gk and  gk+1 i t  fo l lo w s  th a t

gk(T) = gk+1(T) + r ( ^ X T )  (1)

and

gk(S n T )  = gk+1(S n T ) + r(5^ X(SH T)) . (2)

A ccording to  ( 4 .2 - 4 )  w e  c a n  a l s o  w rite  th a t

gk (SUT) :> g k(T)‘ -  gk(S HT) (3)

U sin g  (1) and  (2) in  (3) and  the  fa c t  th a t  g k+1(T) = g‘k+1 , 9 k(S) = g^ and

g*k s  g k(S UT) w e o b ta in  th e  fo llow ing

g k * g k + ( g k+1- g k+1( s n T ) )  + ( r ( ^ x T ) - r ( ^ x (s n T ) ) )  . (4)

C le a r ly ,  i t  fo l lo w s  from (4) th a t
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( 5 )

and

r(7?l XT) = r($ x ( S O T ) ) . ( 6 )

Forming g^+1(T) -  g^+1 (S HT) and  u s in g  (5) and  (6 ) ,  w e g e t  th a t

a ( T ) = a ( S D T )  . 

A cco rd in g ly , T c  S an d  th e re fo re  ^ V +1 E  ^  • |

( 7 )

In v iew  of ( 4 .2 - 1 )  and  ( 4 .2 - 2 )  w e  c a n  s ta te :

( 4 .2 - 1 0 )  L e t % be a m atro id  on a f in i te  s e t  E

w h ere  Yk , ^ k+1 an d  Yk a re  th e  k -A P M 2,

(k+ l)-A PM 2 and  k -P M 2 of r e s p e c t iv e ly .

Then Yk £  Yk and  Yk+1 £  Yk .

The p re c e d in g  r e s u l t s  e s t a b l i s h  th e  e x i s t e n c e ,  u n iq u e n e s s  and  

n e s t in g  p ro p e r t ie s  of th e  p r in c ip a l  m inors of a m a tro id .  Theorem s ( 4 .2 - 5 )

th rough  ( 4 .2 - 8 )  e s t a b l i s h  th e  e x i s t e n c e  and  u n iq u e n e s s  w h i le  ( 4 .2 - 9 )  and

( 4 .2 - 1 0 )  g iv e  th e  n e s t in g  p ro p e r t ie s .  In th e  n e x t  s e c t io n  w e c o n s id e r  the  

c a s e  k = 1.
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4 .3  THE 1-PRINCIPAL MINORS OF A MATROID

In th i s  s e c t io n  w e  d i s c u s s  th e  s p e c ia l  c a s e  w hen  k = 1, th a t  i s ,  

we d e te rm in e  the  1- p r in c ip a l  m inors of a m atro id .

L e t IK = (c3,E) be the  m atro id  under  d i s c u s s i o n  in  th i s  s e c t io n .  I t i s  

no t to o  d i f f ic u l t  to  show  th a t  i f  T c  S c  E, then

r  (in X S )  *  r f f l  X T) + a ( S - T )  .

I t  fo l lo w s  from th e  in e q u a l i ty  (1) th a t  i f  T c  S c  E, th e n

9i(S) ^g i(T ) ,

A cco rd ing ly , th e  1-APM1 of IK i s  % i t s e l f .  M o re o v e r ,  s in c e  

gx(E) = a(E) -r{7 K ) = i t  fo l lo w s  th a t  cjx = . W e a l s o  c o n c lu d e  from

( 4 .2 - 2 )  th a t  th e  1-APM2 of ft? i s  7K an d  s in c e  hj(E) = a(E) -  = r(7K ),

hx = r(#Q. Sum m arizing the  ab o v e  w e have:

( 4 .3 - 1 )  The 1-APM1 and  th e  1-APM2 o f % 

are  id e n t ic a l  and  e q u a l  to  % , th a t  i s ,

= U *  = IK . M o reo v er ,  g"x = M(^0 anc* 

hx = r (7 K ) .

In th e  fo llow ing  tw o th eo rem s  w e e x h ib i t  th e  1-PM 1 and  the  1-PM2

of

(4 . 3 -2) L e t P = £ e | e € E and  e i s  a member 

of a t  l e a s t  one  c i r c u i t  of 7K. 3 Then J>i = XP.

Proof: C le a r ly ,  th e  m em bers o f  P b e lo n g  to  every  b a s e  of % ,

th a t  i s ,  i f  b i s  a  b a s e  of 7K, th e n  P c  b .  A cco rd in g ly ,  gx(P) = ¥ i  •

N ex t w e  show  th a t  P i s  m inim al w i th  th e  p roperty  g x(P) = ¥ i  • L e t

T c  P an d  p ick  som e e e (P - T ) . From th e  d e f in i t io n  of P i t  fo llow s th a t
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th e re  e x i s t s  a b a s e  b ' o f 77l s u c h  th a t  e ^ b ' . T herefore

9 i( T -  Ce}) = g x - l  . (1)

H ow ever , s in c e  T c ( P  -  {e}) ,

gx(T) ^ g i ( P - C e } )  (2)

C om bin ing  (1) a n d  (2) w e  g e t  th a t

9 i(T) < ? i  .

A ccord ing ly , 7f[ *P  i s  th e  1-PM 1 of 77\ . |

(4 .  3 -3) L e t Q = { e  |e  € E and  e i s  a m ember 

of a t  l e a s t  one  c i r c u i t  of }. Then Vx = % • Q .

Proof: Theorem  ( 4 .3 - 3 )  fo l lo w s  from ( 4 . 3 - 2 ) ,  ( 4 .2 - 1 )  and

( 2 .4 - 1 0 ) .  |

In th e  th re e  p re c e d in g  th eo re m s  w e hav e  id e n t i f i e d  th e  1-p r in c ip a l  

m inors of 77[ .

If w e l e t  G be a  g ra p h  and  7t[ = ( P ( G ) , E (G )) ,  th e n  ( 4 .3 - 2 )  and

( 4 .3 - 3 )  hav e  v e ry  s im p le  g ra p h - th e o r e t i c  c o u n te r p a r t s .

An ed g e  e c E(G) i s  c a l l e d  a  s e p a ra t in g  ed g e  of G i f  rem ova l of e

from G c a u s e s  th e  e n d s  o f  e in  G to  b ecom e d i s c o n n e c te d .

(4 . 3 -4) L e t  G be  a  g rap h  an d  77{ th e  po lygon  

m atro id  of G .  Then i s  th e  po lygon  m atro id  

of th e  g rap h  o b ta in e d  from G by rem oving  a l l  

s e p a ra t in g  e d g e s .

(4 . 3 -5) Let G be  a  g raph  and  %  th e  po lygon  

m atro id  of G .  Then Vj i s  th e  po lygon  m atro id  

of th e  g raph  o b ta in e d  from G by rem ov ing  a l l  

lo o p s .
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Exam ple 4 -1 :  Let G b e  the  g rap h  in  F i g .4 - 1 .  I t  i s  e a s y  to  s e e

th a t

A  = P(G) X [ E -  {eB , e e } ]

= P(G) • [E -  ( e B , e 0  J ]

= P ( G a)

and  th a t

H  = P(G) • [ E - C e i ,  e n ) ] 

= P (G  X [ E - C e l f en }]) 

= PtHj) .

The g rap h s  G j and  Hx a re  sh o w n  in  F ig .  4 -2  and  F i g . 4 - 3 .
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i6 n

Figure  4 - 1 .  G raph  G of Exam ple 4 -1
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e

Sll

F igure  4 - 2 .  G rap h  G x of Exam ple 4 -1

Figure  4 - 3 .  G raph  Hx of Exam ple 4 -1
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4 .4  MAXIMALLY DISTANT BASES AND THE PRINCIPAL MINORS
4  4 .

In S ec t io n  4 .3  w e  id e n t i f i e d  Jtx ,  an d  for any  m atro id  ^

and found th a t  gi = M(^) anc* = r(fl?). In th i s  s e c t io n  w e d e te rm in e  a l l  th e  

p r in c ip a l  m inors in  a c o n s t ru c t iv e  m anner u s in g  th e  c o n c e p t  of r -m a x im a l ly  

d i s t a n t  b a s e s .  Algorithms a re  p re s e n te d  w h ic h  c an  be u s e d  to  c o n s t r u c t  

any  p r in c ip a l  minor of a m atro id  e f f i c i e n t ly .  W e b eg in  w ith  som e d e f in i t io n s .  

L e t  % be  a m atro id  on a f in i te  s e t  E and  B^ the  c l a s s  of b a s e s  of % .

J*
L e t B ^  b e  th e  c l a s s  of a l l  r - t u p l e s  of b a s e s  of % ,  th a t  i s ,

B^ = {(bx, b 2# . .  . ,  br ) | bi € for i = 1 , . .  . ,  r}

N ote  th a t  B1̂  = .

rFor e a c h  member Jd = (bx, . . . ,  bf ) € B ^  w e d e f in e  a n o n -n e g a t iv e  

in te g e r  c ( b ) :
r

c(b) = a  (E  -  ( U b i) )  .
i=i

D efine

c = min c(b) .
“ r

r
If b e B ^  and  c(b) = £ r  , th e n  th e  c o o rd in a te s  of b a re  c a l l e d  r -m a x im a l ly

d i s t a n t  b a s e s  and  th e  r - t u p l e  Id i s  c a l l e d  r -m a x im a l ly  d i s t a n t .

L e t b = ( b j , . .  . , br ) € . % * S i s  c a l l e d  an  r -m in o r  of 7I\

w ith  r e s p e c t  to  Id i f  S s a t i s f i e s :
r

(M l)  (E -  ( U b i ) )  c  S .
i=i

(M2) bl = b x f lS , . . .  # bj. = b PIS a re  e l e m e n t - d i s jo in t  b a s e s  

of n  XS.

(M3) S i s  m inim al w ith  p ro p e r t ie s  (M l)  and  (M 2).
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•|» j*
% X S i s  c a l l e d  r - a u g m e n te d  minor of % w ith  r e s p e c t  to  Id € i f

+
S s a t i s f i e s :

(AMI) (E -  ( U b , ) ) c  S+ . 
i=i 1

(AM2) b 1! = bj fl S+ , . . .  , br  = bj fl S+ a re  e l e m e n t - d i s jo in t

b a s e s  of X S+

(AM3) S i s  m axim al w i th  p ro p e r t ie s  (AMI) and  (AM2).

In o rder to  av o id  the  u s e  o f  a d is p ro p o r t io n a te  am ount of s u b s c r ip t s  

(or s u p e r s c r ip t s )  w e  a d o p t  th e  fo llow ing  n o ta t io n  (w hich  i s  q u i te  c o n ­

v e n t io n a l  in  com pu te r  program m ing). L e t f ( S ,T ,U ,  . . .  .)  be  som e s e t -  

th e o r e t ic  e x p r e s s io n .  Then by

K -  f  ( S ,T ,U ,  . . .  )

w e  m ean  th a t  one c a l c u l a t e s  th e  s e t  d e te rm in e d  by  th e  e x p r e s s io n  on  th e  

r ig h t - h a n d  s id e  of the  arrow  a n d  th e n  u s e s  K to  d e n o te  th e  c a lc u la te d  s e t .  

This  o p e ra t io n  a l lo w s  one  to  h av e  th e  s e t  K on b o th  s id e s  of th e  a rrow . For 

e x a m p le ,  l e t  S , T and K be th re e  f in i te  s e t s ,  and  w rite

K «- (S fl T) U K

W e f i r s t  c a lc u la te  the  e x p r e s s io n  on the  r ig h t - h a n d  s id e  of the  a rro w , th a t  

i s ,  w e d e te rm in e  th e  s e t  (S fl T) UK. Then th i s  s e t  i s  s u b s e q u e n t ly  d en o ted  

by th e  l e t t e r  K. W e c a n  v iew  th i s  o p e ra t io n  a s  one in  w h ic h  the  e le m e n ts  in  

th e  s e t  K a re  "ch a n g e d "  or "u p d a ted "  . It i s ,  of c o u r s e ,  n o t  n e c e s s a r y  for 

th e  sym bol on th e  l e f t - h a n d  s id e  of th e  arrow  to  a p p e a r  on the  r ig h t -h a n d  

s id e  a l s o .

The n e x t  r e s u l t  i s  a  p re l im in a ry  o n e .
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( 4 .4 - 1 )  L e t b be  a b a s e  of % and  e  C E and  e ^ b .

Then ( e / e ' ) b  i s  a b a s e  of % ,, w h e re  e ' i s  any  

e lem en t  in  J ( b , e ) .

Proof: A ssum e ( e / e ' ) b  i s  n o t  a b a s e  for som e e ' € j ( b , e ) .

C le a r ly  e 1 f  e  and  ( e / e ' ) b  c o n ta in s  a c i r c u i t  C s a t i s f y in g  e ‘ € C c = ( e /e ' ) b .  

F urtherm ore , th e re  e x i s t s  a c i r c u i t  C 1 s a t i s fy in g

e ' e C '  c  [ ( C U  J ( b , e ) ) -  {e } ] c  b (1)

by th e  p roperty  (C2) of c i r c u i t s .  But (1) c o n t r a d ic t s  th e  h y p o th e s i s .  T h e re ­

fore ( 4 .4 - 1 )  i s  p ro v ed . |

The s u b s e q u e n t  r e s u l t s  a re  th e  m ain  r e s u l t s  of th i s  s e c t i o n .  They 

r e l a t e  th e  c o n c e p ts  of r -m a x im a l ly  d i s t a n t  b a s e s ,  r - m in o r s ,  r - a u g m e n te d  

m inors and  th e  p r in c ip a l  m inors  of a m a tro id .

( 4 .4 - 2 )  L e t  %  = (C-,E). Then b * B ^  i s  r -m a x im a l ly  

d i s t a n t  i f  an d  only  if  th e re  e x i s t s  an  r -m in o r  of 

w i th  r e s p e c t  to  b .

r
Proof: S u p p o se  b = (b 1# . . .  , br ) e Bj^ i s  r -m a x im a l ly  d i s t a n t .  

Our o b je c t iv e  is  to  c o n s t r u c t  an  r -m in o r  of %  w ith  r e s p e c t  to  Id. L et

D = ( E - ( U  b4)) 
i= i

and

B = { e | e  € E and  e  i s  a m em ber of a t  l e a s t  tw o  c o o rd in a te s

of b ) .

Each of th e  m em bers of D forms a  u n iq u e  c i r c u i t  in  e v e ry  c o o rd in a te  of b .

L e t Aj d e n o te  th e  u n io n  o f a l l  s u c h  c i r c u i t s  form ed by th e  m em bers of D in  

e a c h  of th e  c o o rd in a te s  o f  Id . Each m em ber of Ai i s  no t a  member of c e r ta in



of th e  c o o rd in a te s  of Id ( p o s s ib ly  none) an d  a c c o rd in g ly  forms a  u n ique  

c i r c u i t  in  e a c h  of t h e s e  c o o r d in a te s .  L e t A2  d e n o te  th e  un ion  of a l l  s u c h  

c i r c u i t s  form ed by e a c h  of th e  m em bers of Ax in  th e  c o o rd in a te s  of Id. In a 

s im ila r  m anner An + 1  i s  o b ta in e d  from An for n = 2 , 3 ,  . . .  . By th e  c o n ­

s t ru c t io n  of th e  s e q u e n c e  An w e  hav e  th a t  An  c  An+1.

For th e  c a s e  r = 1, Ai = Aj  ̂ for n = 2 , 3 ,  . . .  and  Ax fl B = 0  s in c e

B = 0 .

Let r  > 1 an d  a s s u m e  th a t  th e re  e x i s t s  a  l e a s t  p o s i t iv e  in te g e r  p a l  

s u c h  th a t  Ap fl B f  0  . W e s h a l l  show  th a t  th i s  a s s u m p t io n  l e a d s  to  a c o n t r a ­

d ic t io n .  P ick  som e

e * €  ( A p  D B ) .

By th e  c o n s t ru c t io n  of th e  s e q u e n c e  An , th e re  e x i s t s  a s e q u e n c e

( 1)

of d i s t i n c t  e le m e n ts  of E an d  a  s e q u e n c e

•  •  •  / ( 2 )

of b a s e s  from b su c h  th a t

(i) e € D .

(ii) th e re  i s  a  u n iq u e  c i r c u i t  s a t i s fy in g :

(a) e j_ x € Cj <= bA U ( e ^ )  for j = 1 , . . . ,  p .

(b) ej € Cj an d  ej € b j for j = 1 , . .  . ,  p .

(c) e^  ft Cj for e a c h  k s a t i s f y in g  j < k £ p ,  w here
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W e d e f in e  r e c u r s iv e ly  a n  u p d a te d  s e t  of b a s e s  a s  fo llow s: Let

b. «- (e . / e  . , ) b. (3)
p -k + i  P - k '  P"k + 1  p -k + i

For k = 1 , . . . ,  p ( th e  p o p e ra t io n s  c a l l e d  for in  (3) a re  done  in  o rd e r ,  th a t

i s ,  f i r s t  e x e c u te  (3) w ith  k = 1 ,  th e n  k = 2 ,  e t c . ) .

W e  c la im  th a t  th e  r - t u p l e  (bx, . . . ,  b ) ,  a f te r  perform ing th e  o p e r­

a t io n s  d e f in e d  by  (3 ) ,  s a t i s f i e s :

(A) (b x, . . .  , br ) € 6 ^

(B) c( ( b l f  . . . ,  br ) ) = Cj. -  1 -

To show  (A) w e  u s e  m a th e m a tica l  in d u c t io n .  Let k = 1 in  (3 ) .  Thus 

(3) r e a d s

bip  (e p - i / e p)b i p *

By (ii) (a) and  (ii) (b) and  ( 4 . 4 - 1 ) ,  bj (u p d a ted )  i s  a b a s e .  C o n s e q u e n t ly ,
P

r
( b i ,  . . . ,  br ) c a f te r  th e  f i r s t  s t e p .  M o re o v e r ,  (ii) (a) and  (ii) (b) a re

s a t i s f i e d  by ( 1 ) an d  ( 2 ) for i = 1 , . . .  , p - 1  by (ii) (c ) .

A ssum e th a t  a t  th e  q tb  i t e r a t io n  of (3 ) ,  w h ere  1 £ q < p ,  th a t

(bx, . . . ,  bf ) € and  (ii) (a) a n d  (ii) (b) a re  s a t i s f i e d  by  ( 1 ) and  ( 2 ) for

1 , • • • ,  p “CJ •

S e t  k = q+1 in  (3 ) .  Thus (3) r e a d s

b! p - q  *" ( e p - q - i / e p - q ) b p - q  *

By th e  in d u c t io n  h y p o th e s i s  and  ( 4 . 4 - 1 ) ,  b j (u p d a ted )  i s  a b a s e .  By
P Q

(ii) ( c ) ,  i t  fo l lo w s  th a t  p ro p e r t ie s  (ii) (a) and  (ii) (b) a re  s a t i s f i e d  by ( 1 ) 

and  (2) fo r j = 1 , . . . ,  p -  ( q +  1). By in d u c t io n ,  (A) i s  p ro v ed .
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To show  (B), n o te  th a t  e p i s  th e  on ly  e le m e n t  in  (1) w h ich  i s  n o t 

r e p la c e d  in to  som e c o o rd in a te  of (b lf  . .  . , b ) .  H o w ev e r ,  e £ B and  th e r e -  

fore i s  a member of som e c o o rd in a te  of th e  f in a l  Id. M o re o v er ,  e e D i s  now 

a  member of bj an d  th e re fo re  (B) i s  p ro v ed .

H o w ev er,  (A) and  (B) c o n t r a d ic t  th e  h y p o th e s i s .  A cco rd in g ly ,  for 

ev e ry  p o s i t iv e  in te g e r  p ,  Ap fl B = 0 . T h e re fo re ,  by th e  f in i t e n e s s  of th e  

s e t  E, th e re  e x i s t s  a l e a s t  p o s i t iv e  in te g e r  s s u c h  th a t

In o th e r  w o r d s , th e  p ro ced u re  o r ig in a l ly  s e t  fo r th  to  c o n s t r u c t  th e  s e q u e n c e  

An m u st te rm in a te  w ith  e q u a t io n s  (4) an d  (5) b e in g  s a t i s f i e d  i f  b i s  

r -m a x im a l ly  d i s t a n t  ( th i s  b e in g  tru e  for r  = 1 , 2 , . . .  ) .

N ex t w e  show  th a t  7ft *Ag i s  an  r -m in o r  of 7ft w i th  r e s p e c t  to

C le a r ly ,  (M l)  i s  s a t i s f i e d  by As . N ex t  s i n c e  Ag D B = 0 , 

bi D As , . . . ,  bf  HAg a re  e le m e n t  d i s jo in t  in d e p e n d e n t  s e t s  of 7ft X As . By th e  

c o n s t ru c t io n  of As , b^DAg i s  a  m axim al in d e p e n d e n t  s e t  of 7ft. XAg for 

i = 1 , . . .  , r .  C o n s e q u e n t ly ,  (M2) i s  s a t i s f i e d .  Ag i s  a l s o  m inim al w i th  

p ro p e r t ie s  (M l)  and  (M2); to  s e e  th is  s u p p o s e  T c  Ag s a t i s f i e s  (M l)  and  

(M 2). Then by  the  c o n s t r u c t io n  of A_ , i t  i s  c le a r  t h a t  A„ c: T. C o n s e -  

q u e n t ly ,  As = T a n d  th e re fo re  Ag i s  m in im al.

W e h a v e  show n  th e  e x i s t e n c e  of an  r -m in o r  7ft x As of 7ft w ith  r e s p e c t

r
to  a n  a rb i t ra ry  r -m a x im a l ly  d i s t a n t  b € .

( 4 )

and

a c n b = 0  .o ( 5 )

b = (bx
x

bf ) € , w h e re  jb i s  th e  o r ig in a l  r -m a x im a l ly  d i s t a n t  r - t u p l e .
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To show  th e  s u f f ic ie n c y  p a r t  of th e  th e o re m , l e t  b  = (b1# . . .  , b  ) c B 

and  s u p p o s e  th e re  e x i s t s  an  r -m in o r  7ft X S of 7ft w i th  r e s p e c t  to  Id. Se t

D = (E  -  ( ±U=i b±) ) = ( e 1# . . . f e m } .

C h o o se  an y  Jd*= (b'lf  . . . , b'r ) e B ^  . Then

a( E -  ( U b ' ) ) s s « ( S - ( U  (bj O S ))) = o(S) -  a {  U (bj OS ) ) . ( 6 )
i=i i= i i=i

By h y p o th e s i s  b i fl S i s  a b a s e  of 7ft *S  for i = 1 , . . .  , r and  t h e s e  b a s e s  

a re  e lem en t  d i s jo in t .  Thus

r r
a (  U (b^HS) )  ^ a ( U ( b j HS) )  . (7)

i= i i=i

C om bin ing  ( 6 ) and  (7) w e  g e t

r  r
a (E  -  ( U b ^ )) & a(S) -  a( U ( b j H S )  .

S ince  (b^ fl S) c  S for i = 1 , . . .  f r # w e  g e t

r  r
a ( E -  (U b l ) )  s  a ( S - ( U  (b* H S ) ) )  .

i=i 1 i=i

S ince  e a c h  of th e  e le m e n ts  in  (E-S) i s  a member of a t  l e a s t  one b^ for 

i  = 1 , . . . ,  r ,  w e  g e t

a(E -  (U b p )  s  <*(E -  (U b p  )
i=i i=i 1

or

c (b ')  s  c(b)

I* ■
for a l l  Id' € f l^  . T h e re fo re ,  b i s  r -m a x im a l ly  d i s t a n t .  |

The proof of ( 4 .4 - 2 )  s u g g e s t s  a w ay  o f  f in d in g  a n  r -m a x im a l ly  d i s t a n t

r  r
b  e B ^  g iv e n  an  a rb i tra ry  m em ber o f  B ^  .

s-, ^
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Algorithm 1 -  (D e te rm in a t io n  o f  r - M a x im a l ly  D is t a n t  B ases)
j*

L et % be  a m atro id  on a  f in i te  s e t  E and  l e t  ]d = (b 2 , . . . ,  fc>r ) c . 

Let
r

D = [ E -  U bt ] 
i=i

and

B = { e | e  e E an d  e i s  a m em ber of a t  l e a s t  tw o  of

the  c o o rd in a te s  o f  b .}

Step  1 If  D = 0  or B = 0 , th e n  .b i s  r -m a x im a l ly  d i s ta n t ;  o th e rw is e  go  to  

S tep  2 .

S tep  2 P ick  som e e  f  D , S in ce  e  i s  no t a  m ember of any  co o rd in a te  of b ,  

e  forms a  u n ique  c i r c u i t  in  e a c h  o f th e  b a s e s  b^ for i  = 1 , . .  . ,  r .  

L e t  Ai d e n o te  th e  u n io n  of a l l  t h e s e  c i r c u i t s .  Each  m ember of A x i s  

n o t  a m em ber of c e r t a in  of th e  c o o rd in a te s  o f  ]d (p o s s ib ly  none  of 

th e  c o o rd in a te s )  and  th u s  form s a  u n ique  c i r c u i t  in  e a c h  of t h e s e  

c o o r d i n a t e s . L e t A2  d e n o te  th e  u n io n  o f  a l l  s u c h  c i r c u i t s  form ed by 

e a c h  of the  m em bers o f  Ai in  the  c o o rd in a te s  of b .  In  a  s im ila r  

m anner An+j i s  o b ta in e d  from An for n = 2 , 3 ,  . .  . .

There a re  tw o p o s s ib le  c a s e s :

C a s e  1 There i s  a l e a s t  p o s i t iv e  in te g e r  s s u c h  th a t  As = As + 1  and  

As fl B = 0  . Se t

D -  D -  {e}

an d  re tu rn  to  S te p  1.

C a s e  2 There i s  a l e a s t  p o s i t iv e  in te g e r  p s u c h  th a t  Ap fl B f  0 . 

P ick  som e e  f  A fl B . According to  th e  c o n s t ru c t io n  of th e  s e q u e n c e  An , 

th e re  i s  a s e q u e n c e
*

e ®o/ * • • • # ®p ®

of e le m e n ts  of E and  a  s e q u e n c e

v  b i 2  %

of b a s e s  from b_ s u c h  th a t  e ^  forms a u n ique  c i r c u i t  in  b ^  an d  th is  c i r c u i t
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c o n ta in s  ej for j = 1, . . . ,  p .  Set

b l p - k + i  *" ^e P - k / e p - k + i ) b i p _ k + 1

in  s e q u e n c e  s ta r t in g  w ith  k  = 1  th ro u g h  k  = p to  o b ta in  th e  u p d a te d  v e r s io n  

of b = (bx ,  . . . ,  br ) . Set
r

D = [ E -  U b. ] 
i= i 1

and

B = £ e  | e  c E an d  e i s  a  m ember of a t  l e a s t  

tw o  of the  c o o rd in a te s  of b .} .

G o to  S tep  1.

The ju s t i f i c a t io n  of Algorithm 1 i s  s u b s t a n t i a l l y  g iv e n  in  th e  f i r s t  

p a r t  of th e  proof of ( 4 . 4 - 2 ) .

Example 4 -2 : W e i l l u s t r a t e  ( 4 .4 - 2 )  and  Algorithm 1 w ith  an  e x am p le .  

Let %.■= (B (G ),  E (G )) ,  w h ere  G i s  th e  g raph  in  F i g .4 - 4 .  The s e t s  £ e i ,  e4} 

and  £e3 , e6 } a re  c o fo re s t s  of G a n d  c o n s e q u e n t ly  b a s e s  of B(G).

Suppose  w e w a n t  to  f in d  a 3 -m a x im a lly  d i s t a n t  b = (b1# b2, b3) . 

I n i t i a l ly  s e t

b x = £ e 4] ,

b 2  = bi

and

b 3 = £ e 3, e 6  }

a s  d e p ic te d  in  F i g . 4 - 4 .

O b v io u s ly  (b l 7  b 2, b3) € . In i t i a l i z in g  Algorithm 1 , w e  c a lc u la te

D = f e 2, e B)

and

B — { e^ / e 4) .
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' b i / bz 

b 3

Figure  4 - 4 .  G raph  G of Exam ple 4 -2
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S ince  D f  0  and  B f  0 w e  go to  S tep  2 and  p ic k  e = e 2 e D . e forms a 

un ique  c i r c u i t  C j in  bi w h ere

Ci = f ex , e 2} .

C i i s  a l s o  th e  u n iq u e  c i r c u i t  C 2  form ed by e  in  b2. The u n iq u e  c i r c u i t  C 3 

formed by e in  b3 i s

C 3 = ( e 2/ e 3) .

Thus

Ai = { e i , e 2, e 3}

and

Ai n b = { e3} .

T herefore  w e a re  in  S tep  2 ,  C a s e  2 . The a p p ro p r ia te  s e q u e n c e s  a re

e  = e 2/ e i ( 1 )

and

S ince  p = 1 ,  w e g e t

Thus

w here

bi . (2)

bi -  (e2/ e i )b i

k  = (bi# b2 , b3) , 

b i = { e 2/ e 4]

=  C e l  # e 4}
t »3 = f e 3 , e e ] .

Th is  i s  i l l u s t r a t e d  in  F i g . 4 -5 ,



Figure  4 - 5 .  B a se s  b i ,  b 2  and  b 3
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Then D and B b ecom e

D = { e B }

and

B = C e 4  ) .

W e re tu rn  to  S tep  1 an d  s in c e  D f  0  and  B f  0  , w e  go to  S tep  2 and  s e t  

e = e s € D . ,

The e le m e n t  e forms a u n iq u e  c i r c u i t  C i in  bj w h e re

Ci = { e B / e4 , e 2} .

S in ce  Ci m ee ts  B, w e c a n  p ro ceed  d i r e c t ly  to  S tep  2 ,  C a s e  2 and  th e  

a p p ro p r ia te  s e q u e n c e s  a re

e = e B, e 4  ( 1 )

and

S in ce  p = 1 ,  w e  g e t

Thus

w h ere

and

This  is  sho w n  in  F i g . 4 -6 ,

bi . ( 2 )

bi -  (eg/e-Obj .

b = (b1# b2/ b3) ,

bi = Ce2, e B 3 ,

t >2 = Ce1# e 4}

t >3 = ( e 3, e s } .
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 b l

 — "b 2

----------------------------------------— b 3

Figure  4 - 6 .  M ax im a lly  D is t a n t  B ase s
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C a lc u la t in g  D and  B , w e  g e t

D = B = 0

and  th e re fo re  Algorithm 1 te rm in a te s  and  b € i s  3 -m ax im a lly  d i s t a n t .

In th e  n e x t  theorem  w e show  th a t  i f  7ft *S  i s  any  r -m in o r  of 7ft 

w ith  r e s p e c t  to  an  r -m a x im a lly  d i s t a n t  13, th e n  7ft x s  i s  th e  r - P M l  of 7ft.

(4 .  4 -3 ) Let 7 f t -  (C ,,  E) and  b. = (bx, . .  . , bf ) f 6^  

be  r -m a x im a l ly  d i s t a n t .  Then 7 f tX S ,  a n  r -m in o r  

of 7ft w i th  r e s p e c t  to  b i s  eq u a l  to  &  ,  th e  r - P M l  

of 7ft; th a t  i s , J>T = 7ft X S.

Proof: W e m u st  show  th a t  (i) gr (S) = cfr and  (ii) S i s  

m inim al w i th  p roperty  ( i ) .

To prove (i) su p p o se  T c  E. Then

a(T) £ U a ( b ,  PIT) + a(D HT) (1)
i=i 1

and
r

r • r  {7ft X T) s  E a(b< PIT) , (2 )
i= i 1

w here
r

D = (E -  ( U b j  .
i=i 1

U sing  (1) an d  (2) in  th e  e x p r e s s io n  for gf (T) w e g e t

gr (T) s f f ( D ( 1 T ) =  a { D' ) .

By h y p o th e s i s  b x fl S , . . . ,  b fl S a re  e lem en t d i s jo in t  b a s e s  of 7ft x s .  Thus

r
«(S) = E a(bi D S) + of(D) 

i=i
and

r
r • r  {7ft XS) = E a(b, (IS) . 

i= i 1
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C o n s e q u e n t ly ,  gr (S) = a (D ). T herefore

gr(T) * gr (S) .

S ince  T w a s  a rb i t r a ry ,  gr (S) = g"r .

W e p rove  (ii) by sho w in g  th a t  i f  T c S ,  th e n  gf (T) < gr (S ) . A ssum e

T c  S.

C a s e  1 The HT)'s a re  no t a l l  e q u a l .  L e t  a  -  max { a ( b ^  fl T ) ).

Then r (#? XT) a  a  . U sing  th i s  and  (1) in  th e  e x p r e s s io n  for gr (T) w e  g e t

r
gr (T) £ o(D ') -  £  ( a  -  HT))< a (D ’)

i= i

T herefore  gr (T) < gf (S).

C a s e  2 The a ^ b j f lT j 's  a re  a l l  e q u a l .  W e t r e a t  th i s  c a s e  by c o n tra ­

d ic t io n .  A ssum e gr (T) = ¥ r . T h e re fo re ,  u s in g  (1) and  (2) and  th e  fa c t  th a t  

T c S ,  i t  fo l lo w s  th a t

r
a ( T ) = E a ( b , n T ) + t t ( D ' )  (3)

i=i 1

r
r  • r(0l X T) = E a(b , DT) (4)

i= i 1

and

«(D ') = «(D) . (5)

It  fo llow s  from (4) and  th e  h y p o t h e s i s ,  t h a t  (bx HT), . . . ,  (br fl T) a re  e le m e n t  

d i s jo in t  b a s e s  of fl? XT. A lso ,  (5) and  (3) im ply  th a t  D c  T. T herefore  the  

s e t  T s a t i s f i e s  c o n d it io n s  (M l)  and  (M2) for a n  r -m in o r  of fl? w i th  r e s p e c t  

to  Jb. T h is ,  h o w e v er ,  i s  a c o n tra d ic t io n  s in c e  by h y p o th e s i s  fl? X S i s  an  

r-m in o r  o f  fl? w i th  r e s p e c t  to  b .  T h e re fo re ,  gf (T) < gr (S).
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C o n s e q u e n t ly  S i s  m inim al w ith  th e  p roperty  gr(S) = gj. and  we

co n c lu d e  th a t  J>r  = % x S. I

The u n iq u e n e s s  of th e  r - p r in c ip a l  m inors of #1 g u a ra n te e s  th a t  th e re

is  one and  on ly  one r -m in o r  w ith  r e s p e c t  to  any  r -m a x im a l ly  d i s t a n t  b € .

The fo llow ing  is  an  im m ed ia te  co ro l la ry  to  ( 4 . 4 - 3 ) .

( 4 .4 - 4 )  Let %  = ,E) and  = (bx, . . . , br ) € flL
_  r

be r -m a x im a l ly  d i s t a n t .  Then g = c  = a(E -  ( U b j ) ).r  —i i = 1

An a l te rn a t iv e  c h a r a c te r iz a t io n  o f  i s  g iv e n  in  th e  fo llow ing  

theo rem .

( 4 . 4 -5 ) Let %  = (£  , E) an d  b = (bx, . . . ,  br ) € be

r -m a x im a l ly  d i s t a n t .  S e t D  = ( E - ( U  b*) ) .  Let S
i=i

be the  un ion  of a l l  s e t s  D form ed by  sp an n in g  over 

a l l  r -m a x im a l ly  d i s t a n t  r - t u p l e s  Id. Then l t x = 7!{ x S.

W e omit th e  proof of ( 4 .4 - 5 )  s in c e  th e  r e a d e r  sh o u ld  h av e  no

d if f icu l ty  su p p ly in g  i t .  At th i s  p o in t  w e s t a t e  th e  a lgo rithm  for c o n s t r u c t - .

ing  Jnx , th e  r - P M l  of fll.

Algorithm 2 (D e te rm in a tio n  of the  r - P M l  of ^1)
y*

L et 7/1 = ((3-,E) and  ]d = (bX/ . .  . ,  bf ) c be  r -m a x im a l ly  d i s t a n t .

Set

D -  (E -  ( U b 4))  . 
i=i

The m em bers of D form u n iq u e  c i r c u i t s  in  e a c h  of the  c o o rd in a te s  of .b. Let 

Aj d e n o te  the  un ion  of a l l  s u c h  c i r c u i t s  formed by th e  m em bers o f  D in  e a c h  

of th e  c o o rd in a te s  of b .  Each member of Ai i s  no t a member of c e r ta in  of 

the  c o o rd in a te s  of Id and  a c c o rd in g ly  forms a u n iq u e  c i r c u i t  in  e a c h  of t h e s e  

c o o rd in a te s .  L e t A2 d e n o te  th e  un ion  o f aLL s u c h  c i r c u i t s  form ed by e a c h  of

th e  m em bers of Ax in  th e  c o o rd in a te s  of b .  In a s im ila r  m anner An + 1  i s

o b ta in e d  from for n = 2 , 3 ,  . . .  .
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There e x i s t s  a l e a s t  p o s i t iv e  in te g e r  s s u c h  th a t

A s  — A g+1 .

Let S = As . Then J>T = %IX S.

Theorem ( 4 . 4 - 2 )  i s  a l s o  true  for r - a u g m e n te d  minors a s  w e  show  in  

the  fo llow ing  th eo rem .

( 4 . 4 -5 )  Let = (C-, E ) . Then Id c i s  r -m a x im a lly

d i s t a n t  i f  and  only  i f  th e re  e x i s t s  an  r - a u g m e n te d  

minor of % w i th  r e s p e c t  to  Id .

r
Proof: S uppose  b = (b i ,  . . .  , br ) € i s  r -m a x im a l ly  d i s t a n t .

As in  th e  proof of ( 4 . 4 - 2 ) ,  our o b je c t iv e  i s  to  c o n s t r u c t  an  r - a u g m e n te d  minor 

w ith  r e s p e c t  to  _b. S e t

D = (e -  ( U b±) ) 
i= i A

and

B = fe  | e  € E an d  e i s  a member of a t  l e a s t  tw o  c o o rd in a te s  of b} . 

U sin g  Algorithm 2 w e c o n s t r u c t  A  = ft[ x S , th e  r -m in o r  w i th  r e s p e c t  to  Id .

Set

F = [ E -  (B U S) ]

and

W e c la im  th a t  the  fo llow ing  a lg o r i th m  g iv e s  an  r - a u g m e n te d  minor of % w i th  

r e s p e c t  to  ] d .

Step  1 If F = 0 , 7K x S+ i s  an  r -a u g m e n te d  minor of % w i th  r e s p e c t  to  Id ,  

o th e r w is e ,  go to  S tep  2 .

S tep  2 P ick  som e e c F .  The e le m e n t  e  form s a u n ique  c i r c u i t  in  a l l  bu t one 

of th e  c o o rd in a te s  of Id .  L et Aj be th e  u n io n  of a l l  s u c h  c i r c u i t s
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formed by  e in  th e  c o o rd in a te s  of _b. Each  m em ber of Ai is  no t a

m ember of c e r ta in  c o o rd in a te s  of Id an d  a c c o rd in g ly  forms a  un ique

c i r c u i t  in  e a c h  of t h e s e  c o o r d in a te s .  L e t A2  d e n o te  th e  un ion  of a l l

s u c h  c i r c u i t s  form ed by  e a c h  o f th e  m em bers of &i in  th e  c o o rd in a te s

of b .  In a s im ila r  m anner A , i s  o b ta in e d  from A for n = 2 , 3 ,  . . .  . -  n+i n
There a re  tw o p o s s ib i l i t i e s :

(1) There e x i s t s  a l e a s t  p o s i t iv e  in te g e r  p s u c h  th a t  Ap fl B f  0 .

F -  F -  { e )

and  re tu rn  to  S tep  1.

(2) There e x i s t s  a  l e a s t  p o s i t iv e  in te g e r  s s u c h  th a t  As = As + 1  

and  As flB = 0  . In th i s  c a s e  w e s e t

S+ -  S+ UAg ,

F -  F -  {e}

and  re tu rn  to  S tep  1.

To show  th a t  Tft. x S+ i s  a n  r - a u g m e n te d  minor o f  % w i th  r e s p e c t  to  .b, 

i t  s u f f ic e s  to  show  th a t  S+ i s  m axim al w i th  p ro p e r t ie s  (AMI) and  (AM2). 

A ssum e th a t  th e re  i s  a s e t  T w h ic h  a l s o  s a t i s f i e s  (AMI) and  (AM2) w ith  

r e s p e c t  to  Id an d  S c T .  Then th e re  i s  an  e lem en t  e  in  F fl (T -  S+) . C le a r ly ,  

th e  p rec ed in g  a lgo rithm  w hen  a p p l ie d  to  e m u s t  te rm in a te  in  S tep  2 ,  c a s e  (2) 

an d  a c c o rd in g ly  e  c S+ . But th i s  i s  a c o n t ra d ic t io n  and  th e re fo re  S+ i s  

m a x im a l .

The s u f f ic ie n c y  i s  p roved  in  th e  sam e  m anner a s  th e  su f f ic ie n c y  pa rt  

o f ( 4 . 4 - 2 ) .  |

The n e x t  th eo rem  i s  th e  c o u n te rp a r t  o f  ( 4 .4 - 3 )  for th e  augm en ted  

p r in c ip a l  m in o rs .
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( 4 .4 - 7 )  Let %  = (C-,E) and  b = (bx, . . . ,  br ) € 

be  r -m a x im a l ly  d i s t a n t .  Then J |X  S+ , an  

r - a u g m e n te d  minor of w i th  r e s p e c t  to  b is  

e q u a l  to  , th e  r-A P M l of 7l\ ; th a t  i s , = % X S+.

Proof: W e m u st show  th a t  (i) gr (S+) = cf and  (ii) th a t  S+

i s  m axim al w ith  p rope rty  ( i ) .

The proof of (i) i s  the  sam e a s  th e  p roof of (i) in  ( 4 .4 - 3 ) .

W e m ust show  th a t  S+ i s  m axim al w i th  p roperty  ( i ) .  S ince  % X S+ is

an  r - a u g m e n te d  minor of 7t\ w i th  r e s p e c t  to  Id, i t  fo l lo w s  th a t  i f  S+ <= T, th e n

T d o e s  no t s a t i s f y  p roperty  (AM2).

C a s e  1: (T fl bj) fl B = 0  for i = 1 , . .  . , r .

gr (T) = a(T) -  r  • r  (J| x T) 

r
= O'(D) + E  (bA (1 T) -  r  • [ r ( ^  X T) ] .

By h y p o th e s i s  th e re  e x i s t s  an  ii s u c h  th a t  (b^ fl T) < r ( ^  X T). Therefore

gr(T) < a(D) = gr  .

C a s e  2: There  e x i s t s  a n  i 2  s u c h  th a t  (T fl b ^ )  0 B f  0 . C o n se q u e n t ly

r
a(T) < a(D) + S  of(T H bj) 

i=i

and  th e re fo re

gr (T) < a(D) = gr  .

Thus w e h a v e  show n th a t  i f  S+ c T ,  gr (T) < g" and  a c c o rd in g ly  S+ i s  

m axim al w i th  p roperty  ( i ) . |

W e c o n c lu d e  th is  s e c t io n  w i th  Algorithm 3 w h ic h  i s  u s e d  for the  

d e te rm in a t io n  of , th e  k -A PM l of 17{. The ju s t i f i c a t io n  of th is  a lgo rithm  

i s  g iv e n  in  the  proof of ( 4 .4 - 6 ) .
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Algorithm 3 (D e te rm in a t io n  of J>* , th e  r-A P M l of %)

Let % = (<2-, E) and  b.= (bj ,  . . . ,  br ) € be r -m a x im a l ly  d i s t a n t  

(r > 1). Form J tT = %  * S , th e  k -P M l  of (Algorithm 2 ) .

Set

B = ( e | e € E an d  e  i s  a m em ber of a t  l e a s t  tw o  c o o rd in a te s

of b )  ,

F = [ E - ( S U B ) ]

an d  S+ = S.

S tep  1 If F = 0  , th e n  X S+ , o th e rw is e  go  to  S tep  2.

S tep  2 P ick  som e e  € F. The e le m e n t  e form s a u n iq u e  c i r c u i t  in  a l l  b u t  one  

of th e  c o o rd in a te s  of Id. Let A* be th e  u n io n  o f a l l  s u c h  c i r c u i t s  

formed by e  in  th e  c o o rd in a te s  of ]d. E ach  member of Aj i s  n o t  a 

m ember o f c e r ta in  c o o rd in a te s  of _b an d  a cc o rd in g ly  forms a u n iq u e  

c i r c u i t  in  e a c h  of t h e s e  c o o r d in a te s .  L e t A2  d e n o te  th e  un ion  of a l l  

s u c h  c i r c u i t s  form ed by  e a c h  of th e  m em bers o f  Aj in  th e  c o o rd in a te s  

o f .b. In a  s im ila r  m anner An + 1  i s  o b ta in e d  from An for n = 2 , 3 ,  . . .  .

There a re  tw o c a s e s :

C a s e  1: There i s  a  l e a s t  p o s i t iv e  in te g e r  p s u c h  th a t  Ap fl B f  0  .

S e t

F -  F -  £e)

a n d  re tu rn  to  S tep  1.

C a s e  2 : There  i s  a l e a s t  p o s i t iv e  in te g e r  s s u c h  th a t  As = Ag + 1  

an d  As fl B = 0  . Set

S+ -  S+ U As ,

F *- F -  f e  }

a n d  re tu rn  to  S tep  1.

The p re c ed in g  a lg o r i th m s  p rov ide  us  w i th  e f f ic ie n t  m eans  for c o n ­

s t ru c t in g  th e  p r in c ip a l  m inors of a  m a tro id .  To c o n c lu d e  th is  s e c t io n  we
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work out a n  exam p le  i l lu s t r a t in g  th e  u s e  of Algorithm s 2 and  3.

Exam ple 4 - 3 .  C o n s id e r  th e  g raph  G in  F i g . 4 - 7 .  E(G) = {1 , . .  . , 5 5 } .

L e t % = (P (G ) ,  E( G) ).  Applying Algorithm 1 w e o b ta in  a  2 -m a x im a lly  d i s t a n t

jb = ( b i , b 2) € The b a s e s  ( f o re s ts  o f  G) b x an d  b2  a re  show n in  F i g . 4 - 8 .

L et us  ap p ly  Algorithm 2 u s in g  the  r -m a x im a lly  d i s t a n t  o rd e red  pa ir  

b = (bx ,b2) .  I n i t ia l i z in g  th e  a lgo rithm  w e find th a t

D = { 1 3 ,  14 , 15} .

W e find th a t

Ax = {13, 14 , 15 , 12 , 19, 9 ,  11 , 16 , 17 , 18, 8 , 2 1 }

A2  = Ax U{10} .

A3 = A2  .

Therefore  s = 2 and

S = { 8 , 9 ,  10 , 11 , 12 , 1 3 ,  14 , 15 , 16 , 17 , 18 , 19 , 21} .

S ince  7ft = ( P ( G ) , E (G )) w e  g e t  th a t

<&z = P (G  • S) .

The g rap h  G 2  = G * S i s  sho w n  in  F i g . 4 - 9 .

Our n e x t  t a s k  i s  to  f ind  by ap p ly in g  Algorithm 3 . W e w il l  g ive  

th e  r e s u l t s  of th e  a p p l ic a t io n  of th i s  a lg o ri th m  in  p re fe re n c e  to  p re se n t in g  

th e  d e t a i l s  w h ic h  a re  e a s y  bu t te d io u s  to  carry  o u t .  W e find  th a t

S+ = {1 , . . . , 3 1 }

and  th e re fo re  J»2+ = P(G  * S+ ). The g raph  G2+ = G • S+ i s  show n  in  F i g . 4 - 1 0 .

I t  tu rn s  o u t  th a t  i ^ + i s  th e  nu ll  m atro id  an d  so  in  sum m ary w e h a v e  th a t  

= J f i  = P ( G ) , A z -  P (G 2) and  J ' 3+ = Also w e  n o te  th a t
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1 0 ,

G 2  = G • S

Figure  4 - 9 .  G raph  G 2  of Example 4 -3
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% =  =  A => = >  A  = >  j r 3 +  =  n  .

S ince  J>3 = f i ,  w e h av e  d e te rm in e d  a l l  o f th e  n o n -n u l l  p r in c ip a l  m inors of 

th e  f i r s t  k ind  for P (G ) .  To find th e  p r in c ip a l  m inors of th e  s e c o n d  k ind  we 

m ust c o n s id e r  th e  m atro id  P(G) = fi(G) ( th is  fo llow s  from (4 .2 1 )  and  ( 4 .2 - 2 ) .

Let Jd = (b j ,  b 2) be a 2 -m a x im a l ly  d i s t a n t  o rde red  pa ir  w ith  r e s p e c t  

to  th e  m atro id  B (G ). The c o o rd in a te s  of b a re  show n  in  F ig . 4 - 1 1 .  L e t us  

ap p ly  Algorithm 3 w ith  r e s p e c t  to  iB(G) and  b .  The f i r s t  t a s k  i s  to  app ly  

Algorithm 2 .  I n i t i a l i z in g  Algorithm 2 w e g e t

D = { 3 3 ,3 5 ,  . . . ,  3 8 , 4 0 , 4 1 , 5 1 ,  . . . , 55} .

W e find  th a t

Aa = { 3 3 ,3 5 ,  . . . ,  3 8 , 4 0 , 4 1 , 5 1 ,  . . . ,  55 , 3 2 , 3 4 , 4 3 , 4 4 , 4 6 , 3 9  ,42  ,

4 9 , 4 5 ,4 7 ,5 0 }

A2  = Ax U {48}

A3 = A2 .

T herefore  s = 2 and

S = {32, . . . , 55} .

Therefore  by  ( 4 .2 - 1 )  V2* =  B(G) * S .

V2* =  B(G) X S = B(G X S) . (by 2 .1 - 9 )

V 2 = B(G x S)*=  P (G  XS) . (by 2 .4 - 8 )

The g rap h  H2  = G x S is  show n in  F i g . 4 - 1 2 .

At th i s  p o in t w e  in i t i a l i z e  Algorithm 3 an d  find 

B = { 1 3 ,  1 4 ,  15} ,

F = { 1, . . . , 1 2 ,  16,  . . . , 31}
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and

S+ = {32,  . . . , 55)

S tep  1 S in ce  F f  0  , w e go to  S tep  2 .

S tep  2 P ick  e  = 1 e F .  The r e s u l t s  o f S tep  2 a re

F = { 8 , . . . ,  12,  16,  . . . ,  1 9 , 2 1 ,  . . .  ,31}

and

S+ = {1 , . . .  , 7 ,  2 0 ,  3 2 ,  . . . , 55)

R eturn  to  S tep  1.

S tep  1 S ince  F f  0  , go to  S tep  2.

S tep  2 P ick  e = 8  e F .

The f in a l  r e s u l t  of app ly in g  Algorithm 4 -3  i s

S+ = {1 , . . . , 7 ,  2 0 ,  2 2 ,  . . . , 55} .

T here fo re  w e  h av e  th a t

w h ere

U z+ = P (H 2+ )

H2+ = G X S+ (See F i g . 4 -13 )  .

S ince  V3 c  %C3 c V 2  (by  4 .2 - 1 0 )  and  s in c e  (17[ ' S) * T = % ’ T i f

T c  S c  E (by ( 2 . 4 - 1 3 ) ,  w e  c a n  r e s t r i c t  our a t t e n t io n  to  the  g rap h  H2  in

F i g . 4 - 1 1 .  To find  V3 w e m u s t  lo c a te  a 3 -m a x im a lly  d i s t a n t  3 - tu p le

Jd = ( b j ,  b 2 , b 3) e f l l /TT C o n s id e r  th e  c h o ic e  o f  b (no t n e c e s s a r i l y
» ( t l 2) —

3 -m a x im a lly  d i s ta n t )  in  F i g . 4 - 1 4 .  Applying Algorithm 1 to  b y ie ld s  an  

u p d a te d  b  w h ic h  i s  3 -m ax im a lly  d i s t a n t .  The new  c o o rd in a te s  of b a re  

show n  in  F i g . 4 - 1 5 .
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U sin g  b w e ap p ly  A lgorithm  3 w ith  th e  r e s u l t  th a t

V3+ = P (H 2) = V2

and

V3 = P (G  x S) ,

w h ere

S = [ 3 5 ,  . . . , 4 1 ,  4 4 ,  . . . , 4 7 ,  4 9 ,  . . . , 55} .

L et H3 = G X S. H3 i s  show n  in  F i g . 4 - 1 6 .

F in a l ly  w e  g e t  th a t

V *  = V i

and

V4  = P (G  X S) ,

w h ere

S =  [ 3 5 , . . . ,  3 9 , 5 1 , . . . , 5 5 } .

H4  = G X-S an d  i s  sh o w n  in  F i g . 4 - 1 7 .

It tu rn s  ou t th a t  VB+ = V4  an d

U B -  ft , th e  n u ll  m a tro id .

Thus w e s e e  th a t  A lgorithm 3 a p p l ie d  to  P(G) a n d /o r  B(G) u n iq u e ly

d e c o m p o s e s  a g raph  in to  c e r t a in  u n iq u e  re d u c e d  c o n t ra c t io n s  and  r e d u c t io n s .

+ +
Another p o in t w orth  n o t ic in g  in  th i s  ex am p le  i s  th a t  a f te r  and  U z , the

h ig h e r  o rd e r  p r in c ip a l  m inors of th e  f i r s t  and  s e c o n d  k in d  do n o t  h av e  any

e le m e n ts  in  com m on. In ( 4 .5 - 2 )  w e  show  t h a t ,  in  g e n e r a l ,  the  p r in c ip a l

+ +
m inors of th e  f i r s t  and  s e c o n d  k ind  a r e ,  d i s jo in t  a f te r  U2 and  .
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F igure  4 - 1 6 .  G ra p h  H3 of Exam ple 4 -3
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Figure  4 - 1 7 .  G rap h  H4  of Exam ple 4 -3
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4 .5  THE PRINCIPAL PARTITION OF A MATROID

In th is  s e c t io n  w e  p re s e n t  an  e x te n s io n  to  m atro id s  o f  a g ra p h -

th e o re t ic  r e s u l t  of Kishi and  K ajitan i w h e re in  th e y  in tro d u c e d  th e  no tion  of

the  p r in c ip a l  p a r t i t io n  of a g ra p h .

( 4 .5 - 1 )  L e t  7I\ = ( £ , E) and  su p p o se  

b = (b 1 #b2) € B^ i s  2 -m a x im a lly  d i s t a n t .

Then  (b x ,b 2) € i s  2 -m a x im a lly  d i s t a n t  

in  #2* .

-¥r
Proof: L e t c  be d e f in e d  w ith  r e s p e c t  to  #2 . U sin g  ( 2 .4 - 3 )

i t  i s  n o t  d i f f ic u l t  t o  show th a t  for e v e ry  1) = (b l f b 2) € B ^ ,

2  • -c*((b 1 #b 2 )) + c(b) = a ( E)

or e q u iv a le n t ly

c*( (bj , b 2)) = c(b) + [ 2r(5^ ) -  or(E) ]

Therefore  ^  th e  minimum of c  ( ( b x , b 2)) i s  a t t a in e d  for p r e c i s e ly  th o s e  

b. € B ^  w h ic h  s a t i s f y  c(b) = _c2 . - |

( 4 .5 - 2 )  L e t  77J = (<3 -,E) a n d  «fr2 = %  * S and  

^ 2  = #! ' T be th e  2 - p r in c ip a l  m inors  o f  the  

f i r s t  and  s e c o n d  k in d ,  r e s p e c t iv e ly .  Then

s  n t  = 0 .

Proof: The theo rem  i s  t r iv ia l ly  tru e  i f  e i th e r  S or T i s  th e  nu ll

s e t .  T herefore  w e ta k e  S f  0  and  T f  0 . L e t .b = (bl f b2) e B ^  be 2 -m a x im a lly  

d i s t a n t .  I t  fo l lo w s  from ( 4 . 5 - 1 ) ,  ( 4 .4 - 3 )  an d  ( 4 .2 - 1 )  th a t

[ E - ( b x U b 2) ] c S  , (1)

(bx n b 2) c T  , (2)
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(E -  (bj  Ub2) ) H T = 0 (3)

and

(b t 0 b 2) H S = 0  (4)

A ssum e e e SPIT.  U sing  (1) th rough  (4) w e  c o n c lu d e  

e e C(bz -  b x) U (bi -  b 2) ]

S in ce  S f  0  , i t  fo l lo w s  th a t  (E -  (bx U b2) ) f  0 . By Algorithm 2 , th e re  i s  a

s e q u e n c e  e Q, e 1( . . . , e u su ch  th a t  e Q € [ E - ( b j  U b2) ] , e u = e and  e ^

forms a  u n iq u e  c i r c u i t  in  b x or b 2 an d  th is  c i r c u i t  c o n ta in s  e^ for i = 1 , . . . ,  u.

*X* -X-
By ( 2 .4 - 5 ) ,  c o n s id e r a t io n  of th e  c o n s t ru c t io n  of %CZ in  7!\ u s in g  Algorithm 2 

and th e  f a c t  th a t  e e T ,  w e  c o n c lu d e  th a t  e u i c T ,  M o reo v er ,  i f  w e app ly  

( 2 . 4 - 5 )  r e p e a t e d ly ,  w e  c o n c lu d e  th a t

e D € T . (5)

H o w ever, (5) c o n t r a d ic t s  (2) .  The theo rem  fo l lo w s .  |

( 4 .5 - 3 )  L e t # ! = ( £ ,  E) an d  = $  X S and  

V2  = %  ■ T be th e  2 -P M 1 and  2-P M 2 of ,
"b 4- “ *

r e s p e c t i v e l y .  T hen  Jj, = 5̂  * T and  V z  =171 ■ S .

Proof: L e t A =  ( E - ( S U T ) ) .  Then T = S U A . Let

b = ( b i , b 2) € be  2 -m a x im a lly  d i s t a n t  and  s e t  bj = b^ fl T for i = 1 ,2  -

C le a r ly ,  b^ i s  an  in d e p e n d e n t  s e t  in  % XT . P ick  any  e c T s a t i s f y in g  e bj .

W e show  by c o n t r a d ic t io n  th a t  J (b i ,e )  c  T .

A ssum e J (b ! ,e )  HT f  0 ,  th a t  i s ,  th e re  e x i s t s  an  e ' e J (b i ,e )  ( IT.  By

th e  c o n s t ru c t io n  of T in  Tti*  u s in g  ( b ! ,b 2) and  by ( 2 .4 - 5  ) ,  i t  fo llow s  th a t  

e  c T ,  co n tra ry  to  th e  c h o ic e  of e .  A cco rd in g ly ,  J (b i ,e )  c  T and  i t  fo llow s
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th a t  b ’i i s  a b a s e  of % x T. S im ila r ly ,  b ' 2 i s  a b a s e  of %  X T .

From the  ab o v e  c o n s id e r a t io n s  i t  fo l lo w s  th a t  g 2 (T) = g 2 (S) = g^.

I t  rem a in s  to  show  th a t  T i s  m axim al w ith  th e  p roperty  g 2 (T) = g 2. 

A ssum e th e re  e x i s t s  a s e t  R s a t i s f y in g  T c R  and  g 2 (R) = g 2. U sing  

th e  c h a r a c te r iz a t io n  of V z g iv e n  in  (4 . 4 - 5  ) w e c a n  a s s u m e ,  w ith o u t  l o s s  

of g e n e r a l i t y ,  th a t

(bj n b 2) fl R f  0  .

But th e n

a {R) < ar(E -  (b x U b2) ) + a (b x fl R) + a (b 2 HR)

and  a c c o rd in g ly

g2 (R) < a  ( E - ( b x Ub2) ) = g 2  .

The theo rem  fo l lo w s .  1

Example 4 - 4 .  L e t 771 be  th e  po ly g o n  m atro id  of the  g raph  in  F i g . 4 - 7 .  

In Exam ple 4 -3  w e found th a t  i <2  = P (G 2) and  V2 = P (H 2) w h e re  G 2 = G - S 

and  H2 = G XT a re  show n in  F ig s .  4 -9  an d  4 - 1 2 ,  r e s p e c t iv e ly :

S = { 8 , . . . ,  19 ,2 1 }

and

T = {32, . . . , 35} .

Se t A = (E -  (S U T ) ) and  c o n s e q u e n t ly

T = SU A =  { 1, . . . , 31} .

A ccording to  ( 4 .5 - 3 )

J>z = P(G) X T 

= P ( G 2+)
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w h ere  G 2+ = G * T . G2+ i s  show n in  F i g . 4 - 1 0 .  S im ilarly

S = TUA = ( 1 ,  . . .  # 7 , 2 0 , 2 2 ,  . . .  f 55}

and  a c c o rd in g  to  ( 4 .5 - 3 )

Kz = P(G) ’ S 

= P (H 2+) ,

•+■ ”  + “h 4*
w here  H2 = G x S .  H2 i s  show n in  F i g . 4 - 1 3 .  H2 and  G 2 a re  th e  sam e

g rap h s  w h ic h  w e re  o b ta in e d  by ap p ly in g  Algorithm 3 d i r e c t ly .

W e are  now in  a  p o s i t io n  to  d e f in e  the  p r in c ip a l  p a r t i t io n  of a m a tro id .

Let = 7l\ X S and  Uz = 71\' T be th e  2-PM 1 and th e  2 -P M 2 , r e s p e c t i v e l y ,

of JR. L e t  A = (E -  (S UT ) ) and

a2 = (fll X T) ' A = (tfi * S) x A .

The a l te rn a t iv e  e x p r e s s io n s  for &z c an  be  show n  to  be e q u a l  by u s in g

(2 .4 - 1 4 )  or ( 2 .4 - 1 5 ) .  By ( 4 .5 - 3 )  w e c a n  w r i te  th a t

j9 2  — Jsz A  =  %(z x  A  , 

w h ere  and  K z a re  th e  2-APM1 and  the  2-A PM 2, r e s p e c t i v e l y ,  of % .

The u n iq u e  th r e e - tu p le

(&2 / ^ 2 / )

i s  c a l l e d  th e  p r in c ip a l  p a r t i t io n  of th e  m atro id  %  . By ( 4 . 2 - 5 ) ,  ( 4 . 2 - 7 )  and  

( 4 .5 - 2 )  th e  s e t s  S ,  T and  A u n iq u e ly  p a r t i t io n  the  s e t  E.

( 4 .5 - 4 )  L e t %  = (<3 ,E) and  (J02 , y 2, J*z ) be  

the  p r in c ip a l  p a r t i t io n  of Rj. Then ( f i* ,  ^ 2 *  ^ 2 *) 

i s  th e  p r in c ip a l  p a r t i t io n  of .
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Proof: By ( 4 . 2 - 1 ) ,  4>* i s  th e  2-PM 2 and  i s  th e  2-PM 1

of ft! , r e s p e c t iv e ly .

Let Jr2 = ft! x s ,  Uz = 7n- T and  A = ( E - S U T ) ) .  Then &z = (ft! XT) ■ A .

S2*  = ( ( ^ X T ) - A ) *

= (ft! X ? ) *  x A (by  2 . 4 - 1 0 ) ,

= (<fr2+)*  x A .

+  "K-H ow ever, ( j< r  ) XA i s ,  by  d e f in i t io n ,  th e  f i r s t  c o o rd in a te  of th e  p r in c ip a l  

*/\ IBp a r t i t io n  of ft! . |

+
(4 . 5 -5 ) L e t ft! = ((2-,E) and  = fti x S and 

= ft! x s  be  th e  k -A PM l an d  th e  k - P M l  of ft!, 

r e s p e c t i v e l y .  L e t A = (S - S ) . Then A  can  be 

p a r t i t io n e d  in to  k s e t s  A1# . . .  , A ^  s u c h  th a t  

Ai is  a  b a s e  of for i = 1 , . .  . ,  k ,  w here

Proof: The theo rem  i s  t r iv ia l  i f  A = 0  . T herefore  w e  ta k e  

A f  0 . L e t Id = ( b i , . . . ,  b^) e be  k -m a x im a l ly  d i s t a n t . L e t

A j  = A n  bA

for i = 1 , . . . ,  k . C le a r ly  the  A i 's  p a r t i t io n  A .

W e show  th a t  th e  A ^ s  a re  in d e p e n d e n t  s e t s  of by c o n t ra d ic t io n .  

A ssum e , w ith o u t  l o s s  o f  g e n e r a l i t y ,  th a t  Aj i s  no t an  in d e p e n d e n t  

s e t  in  T h e re fo re ,  th e re  i s  a c i r c u i t  C c  S w h ic h  s a t i s f i e s

C n A c  Ai

and

c  n A f  0 .
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C le a r ly  C m ust c o n ta in  m em bers of S w h ic h  a re  a l s o  m em bers of e i th e r

k + 
u bi n s

i=z

or
k

(E -  ( U b ^ )  . 
i=i 1

Set
k k

r = c  n [(.u ( b i n s + ) ) u ( E - ( . u  b A) ) ] .
i = 2  A 1 = 1  1

E ach o f  th e  m em bers of R forms a u n iq u e  c i r c u i t  in  h* fl S s in c e  b i fl S i s  a 

b a s e  of % * S .  Enum erate  th e  e le m e n ts  of E s u c h  th a t

R = C e lf  . . .  , e p }

and l e t  C i b e  th e  u n iq u e  c i r c u i t  form ed by e A in  b x D S for i  = 1 , . . .  , p .

W e d e f in e  th e  c i r c u i t  C (k) r e c u r s iv e ly  a s

C (o) = C

and  C (k) i s  a  c i r c u i t  w h ic h  s a t i s f i e s

e € C (k) c  ( ( C k U C ( k " l ) ) -  {ek }) ,

w here  e i s  a  s p e c i f i c  e le m e n t  in  C DA . I t  i s  no t d i f f ic u l t  to  v e r i fy  th a t  th e  

above  sch em e  d e te rm in e s  a s e q u e n c e  (no t n e c e s s a r i l y  un ique) of c i r c u i t s  

C (k) for i = 1, . . .  , p an d  th a t

c (P) c  ^  n s + .

+ -f-
This i s  a c o n t r a d ic t io n ,  h o w e v e r ,  s in c e  bj flS i s  an  in d e p e n d e n t  s e t  in  . 

T herefore  the  A j 's  a re  m axim al in d e p e n d e n t  s e t s  in  J8 k . W e  ap p ly  ( 2 .4 - 1 9 )  

to  x S+ and  find th a t

r ( ( f f 7 * s +) *S) + r ( ( $  x s+) - A)  = t ( 7 h  XS+) .
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T herefo re

r(Sk ) = r(fll X S+) -  t(7n  X S)

=  Qr(bi fl S + ) -  a ( b i  fl S )

= orfAj)

for i = 1 , . . .  , k .

A cco rd ing ly , A* is  a b a s e  o f  fi2  for i = 1 , . . .  , k .  |

Example 4 -5 :  Let G be  th e  g rap h  in  F ig . 4 -1 8  a n d  jb = (b 1 #b2)

2 -m a x im a lly  d i s t a n t  in  P ( G ) .

It  tu rn s  out th a t

= P(G) , 

= P (G 2)

and

V2 = Jl , 

w here  G 2  i s  show n in  F i g . 4 - 1 9 .

C a lc u la t in g  A w e find th a t

A = { 8 , 9 } .

As in  th e  proof of ( 4 . 5 - 4 ) ,  s e t

Ai = A n b x = { 9}

and

a 2 = a  n b 2 = { 8 } .

$ 2  = P (G )  • A = P (G X A) # w here  G X A i s  show n  in  F i g . 4 -2  0 . C le a r ly  A i 

and  A2  a re  e le m e n t  d i s jo in t  b a s e s  of P (G  X A ) .
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10

bi

-b2

F ig u re  4 -1 8 . G raph  G of Exam ple 4 -5
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10

F igure  4 - 1 9 .  G raph  G 2 o f Exam ple 4 -5

F igure  4 - 2 0 .  G rap h  G X A of Exam ple  4 -5
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E xam ple 4 -6 : L e t G be  th e  g rap h  of F ig .4 -7  an d  % th e  bond

m atro id  of G .  From F ig s .  4 -1 3  and  4 -1 6  w e g e t

G 3 = { 3 2 , . . . , 5 5 }

and

G 3 = {35,  . . . , 4 1 ,  44 ,  . . . , 4 7 ,  49 ,  . . . ,  55} .

(N ote  th a t  w e  a re  w ork ing  w ith  the  d ua l c a s e  of Exam ple 4 - 3 ) .  C a lc u la t in g

A w e g e t

A = ( 3 2 ,  33,  34 ,  42 ,  4 3 ,  48}

and th e re fo re

S3 = (B(G) X G 3+) • A

= B(D3) ,

w h ere  D3 = (G x G 3+) • A .  D 3 i s  sho w n  in  F i g . 4 - 2 1 .  The p a r t i t io n  of A in to  

A 1 . As and  A3 i s  in d ic a te d  in  F i g . 4 - 2 1 .  The A^ ' s  c o r re sp o n d  to  c o fo re s t s  

of D3.
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42

34

48

F igu re  4 - 2 1 . G raph  D 3 of Exam ple 4 -6
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4 .6  APPLICATIONS OF THE PRINCIPAL MINORS OF A MATROID

In th is  s e c t io n  w e co v er th re e  to p ic s :

(i) th e  Shannon sw itch in g  game

(ii) Edm onds' c o sp a n n in g  s e t s  theo rem  and 

(ii i)  th e  c o n c e p t  of hybrid  ran k  and  hybrid  d im e n s io n .

(1) The S hannon  Sw itch ing  Game

The Shannon  sw i tc h in g  gam e [Le 3 ]  i s  p la y e d  by tw o  p la y e r s ,  

one  c a l l e d  "cu t"  an d  th e  o th e r  c a l l e d  " sh o r t"  . The gam e i s  p la y ed  Dn a 

g rap h  w i th  r e s p e c t  to  tw o  d i s t in g u is h e d  v e r t i c e s .  The p la y e r s  p lay  a l t e r ­

n a te l y ,  e a c h  one ta g g in g  e d g e s  of th e  g rap h . It i s  the  o b je c t iv e  of the  

sh o r t  p la y e r  to  tag  a  s e t  o f  e d g e s  w h ic h  forms a p a th  b e tw e e n  the  two 

d i s t in g u i s h e d  v e r t i c e s  ( i . e .  to  ta g e  a s e t  of e d g e s  w h ic h  sh o r ts  the  two 

d i s t in g u i s h e d  v e r t i c e s ) .  The o b je c t iv e  of the  c u t  p la y e r  i s  to  ta g  a s e t  of 

e d g e s  w h ic h  c o n ta in s  a t  l e a s t  one ed g e  from ev e ry  p a th  b e tw e e n  the  

d i s t in g u is h e d  v e r t i c e s .  Each ed g e  of the  g raph  c a n  be  ta g g e d  a t  m ost o n c e .

Example 4 - 7  C o n s id e r  the  g raph  in  F ig . 4 -22  in  w h ic h  x an d  y a re  

th e  d i s t in g u is h e d  v e r t i c e s  an d  su p p o se  th e  s h o r t  p la y e r  g o e s  f i r s t .  If Sj is  

th e  ta g  of th e  sho rt  p la y e r  on th e  i ^  p lay  a n d  Cj of th e  tag  of the  cu t p lay e r

f'Vi
on the  j p la y ,  th e n  th e  la b e le d  g rap h  in  F i g . 4 -2 2  r e p r e s e n t s  a gam e in 

w h ic h  th e  cu t  p la y e r  h a s  w on w ith  th e  sh o r t  p lay e r  go ing  f i r s t .

W e c an  d i s t in g u i s h  b e tw e e n  th ree  k inds  of gam es:

( i )  If the  sh o r t  p la y e r ,  go ing  s e c o n d ,  c an  w in a g a in s t  ev e ry  s t r a te g y  

of the  c u t  p la y e r ,  th e n  th e  gam e i s  c a l l e d  a sh o r t  g am e .
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x

y

X
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F igure  4 -2 2  . G ra p h s  of Exam ple 4 -7
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(ii) If th e  cu t p la y e r ,  go ing  s e c o n d ,  c a n  w in  a g a i n s t  ev e ry  s t r a te g y  of 

the  sh o r t  p la y e r ,  th e n  th e  gam e i s  c a l l e d  a c u t  g a m e .

(iii)  If th e  p la y e r  go ing  f i r s t  (but no t s eco n d )  c a n  w in  a g a in s t  e v e ry

s t r a te g y  of th e  o th e r  p la y e r ,  th en  th e  game i s  c a l l e d  a n e u tra l  g am e . 

The c l a s s i f i c a t i o n  in to  s h o r t ,  c u t  and  n eu tra l  gam es  lo g ic a l ly  i n ­

c lu d e s  a l l  p o s s ib le  g a m e s .  M o reo v er ,  a sw i tch in g  gam e c a n  be  in  on ly  one  

c a te g o ry .  Therefore  g iv en  a  g rap h  G and  tw o d i s t in g u i s h e d  v e r t i c e s  V i and  

v 2, th e  sw i tch in g  gam e p la y e d  on  G w ith  r e s p e c t  to  v x a n d  v 2 i s  u n iq u e ly  

c h a r a c te r iz e d  a s  a s h o r t ,  cu t  or n e u tra l  g am e .

Lehm an h a s  g iv e n  a w inn ing  s t r a te g y  for th e  tw o - p e r s o n  (Shannon) 

sw i tch in g  gam e; h is  m ain r e s u l t s  a re  g iv e n  in  a m a t ro id - th e o r e t ic  c o n te x t .  

F o llow ing  Lehman w e  w il l  d e f in e  th e  tw o - p e r s o n  sw itch in g  gam e on a m a tro id .  

To do t h i s ,  h o w e v e r ,  w e  n e ed  some d e f in i t io n s .

L e t 77\ = (£ ,E ) and  T, S c E ,  W e  s a y  th a t  S s p a n s  T w ith  r e s p e c t  to

n  i f

T  -  ■

w here

S )^  = fe  | e e S or th e re  e x i s t s  a  c i r c u i t  C of % s u c h  th a t  

[ e } = c n s  ] .

The s e t  i s  c a l l e d  th e  s p a n  of S w i th  r e s p e c t  to  771. The s e t s  S an d  T

a re  c a l l e d  cos  pann ing  s e t s  w i th  r e s p e c t  to  771 i f

As)n = (fro*  ■

Let e be  a d i s t in g u is h e d  e le m e n t  in  E. The sw i tc h in g  gam e on  771
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w ith  r e s p e c t  to  e i s  p la y e d  by tw o  p la y e r s ,  " s h o r t ” and  " c u t " .  The p la y e r s

p lay  a l t e r n a te ly  ta g g in g  th e  m em bers of ( E -  {e} ) and  i t  i s  th e  o b je c t iv e  of

th e  s h o r t  p la y e r  to  tag  a s e t  of e d g e s  in  ( E -  {e}) w h ic h  s p a n s  { e} w ith

r e s p e c t  to  H i. The cu t  p la y e r  a t te m p ts  to  tag  a s u b s e t  of (E -  {e }) w h ich

m ak es  th e  o b je c t iv e  of th e  sh o r t  p la y e r  u n a t t a in a b le .  The e le m e n ts  in

( E -  {e }) c a n  be ta g g e d  a t  m ost o n c e .  The p la y e rs  h av e  co m p le te  in fo rm a tio n .

W e c a l l  a  sw i tc h in g  gam e on Hi w ith  r e s p e c t  to  e a

(i) sh o r t  gam e if  th e  sh o r t  p l a y e r ,  p lay in g  s e c o n d ,  can  w in  a g a in s t

ev e ry  s t r a te g y  of th e  c u t  p la y e r .

(ii)  cu t  gam e if  th e  c u t  p la y e r ,  p lay in g  s e c o n d ,  c a n  w in  a g a in s t  ev e ry

s t r a te g y  o f the  sh o r t  p la y e r .

( i i i)  n e u tra l  game i f  th e  p la y e r  go ing  f i r s t  (bu t no t s eco n d )  c an  w in

a g a in s t  ev e ry  s t r a te g y  of th e  o th e r  p la y e r .

A sw i tc h in g  gam e on Hi w ith  r e s p e c t  to  e  e E  i s  d e n o te d  by 3  = {H i, e ) . The

c l a s s  of a l l  gam es  c a n  be p a r t i t io n e d  in to  th re e  c l a s s e s  d e p en d in g  on

w h e th e r  the  gam e i s  a s h o r t ,  cu t  or n e u tra l  g am e . The c l a s s i f i c a t i o n  of

any  gam e w il l  be show n to  be in t im a te ly  r e l a t e d  to  th e  p r in c ip a l  p a r t i t io n  of

a m atro id .

Lehm an h a s  proved  th e  fo llow ing:

( 4 . 6 - 1 )  (Lehman) L e t 3  = {Hi, e) be  a tw o -p e r s o n  

sw i tc h in g  g am e . Then e x a c t ly  one o f  th e  fo l lo w ­

ing  s ta t e m e n ts  ho lds :

(i) Hi c o n ta in s  tw o  d is jo in t  c o sp a n n in g  in d e p e n d e n t  s e t s  sp an n in g  bu t

no t c o n ta in in g  e :  3  i s  a  sh o r t  g am e .
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(ii) c o n ta in s  two d i s jo in t  c o sp a n n in g  in d e p e n d e n t  s e t s  sp an n in g  bu t 

no t c o n ta in in g  e: 3  i s  a c u t  g am e .

(iii)  1h and  % e a c h  c o n ta in  tw o  d i s jo in t  c o sp a n n in g  in d e p e n d e n t  s e t s ,  in

e a c h  c a s e  e b e in g  a member of one  in d e p e n d e n t  s e t :  3  i s  a n eu tra l

g am e .

W e n e ed  a p re lim ina ry  r e s u l t  co n ce rn in g  th e  sp a n  o p e ra to r .

( 4 .6 - 2 )  L e t 7H = (£ ,E ) and  N c  E. If A!, Aa c  N

and x^j — G^(A2 ) ^ Xjg-i th e n  G^(Aj)^ — £^(A2)^  .

Proof: C le a r ly ,  Ĵ (A i ) ^ X N E  f o r i  = 1 , 2 .  W e

f i r s t  show  th a t  ^ ( A ^ c  j/(Az) .

C a s e  1: S uppose  g (A i)^ x N = • S in ce  / ( A 1 ) ^  x N =

^ A z)n  x N -  “  fo llow s  th a t  / ( A a)^  £  / ( A 2)^  .

C a s e  2: S uppose  n e x t  th a t  G^(Ai )«^x ĵ c  ĵ ( A j.)^  . P ick  som e e  in

( / ( A , ) * -  ^ ( A , ^ x n ) .

There  e x i s t s  a C c  <3- s a t i s fy in g :

(i) e c C

and

(ii) ( C -  { e } )  c  Ax c  / ( A 2) ^ x N  .

(F u rth e rm o re ,  e  c E-N  .

If ( C - f e } )  c  a2, th e n  e e jgf (A2)^  . A cco rd in g ly ,  s u p p o se

A -  ( C - ( e ) )  n ( / ( A 2)i J !X N - A 2) ^  0 .

E num erate  th e  e le m e n ts  of E s u c h  th a t

A = { e j ,  . . . ,  e p } .
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There Is  a c i r c u i t  € <3 s a t i s fy in g  ej  ̂ € and  (C ^ -  { e } ) c  A2 for 

i  = 1, . .  . ,  p . W e d e f in e  a  s e q u e n c e  o f  c i r c u i t s  C ( k) by

C (o) = C (1)

and

e f C lk) c  (C (k_1) U Ck -  Cek } ) (2)

for k = 1 ,  . . . ,  p . One c a n  e a s i ly  v e r i fy  th a t  th e re  i s  a  s e q u e n c e

p ( o )  p ( D  p ( P )

of c i r c u i t s  (n o t  n e c e s s a r i l y  un ique) of f![ w h ic h  s a t i s f i e s  (1) and  (2 ) .  C le a r ly ,  

(C (P) -  fe} ) c  A2 . T herefore  e €

S ince  e i s  a rb i t ra ry  i t  fo l lo w s  th a t

H o w ev e r , s in c e  / ( A x) ^  ^  = / ( A 2) ^ x N £  j /(A 2)^  i t  fo llow s th a t  < £ { k x) ^

£  e f ( A z) ty  •

The ab o v e  a rgum en t c a n  be  r e p e a te d  w i th  Ax and  A2 in te r c h a n g e d .  

C o n s e q u e n t ly ,  / ( Ai ) ^  = ^ ( A 2)^  . |

In th e  fo llow ing  th eo rem  w e show  how th e  p r in c ip a l  p a r t i t io n  of a 

m atro id  and  th e  c l a s s i f i c a t i o n s  o f  a tw o -p e r s o n  sw i tc h in g  gam e a re  r e l a t e d .

For c o n v e n ie n c e  w e  in tro d u ce  th e  fo llow ing  n o ta t io n .  If 

B = (J| ■ S) x T i s  a  m inor o f % = (<3 ,E ) , w h e re  T c  S c  E, th e n  w e w ri te  

e  c ft i f  and  only  i f  e € T .
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( 4 . 6 -3 ) Let 3 =  ( ^ ! , e )  b e  a tw o -p e r s o n  sw itch in g  

gam e and  (J&2 , flf2 , J^) th e  p r in c ip a l  p a r t i t io n  of %  .

T hen 3 i s  a sh o r t  (cu t)  [ n e u t r a l ]  gam e i f  and  on ly

i f  e € ^ 2 ( 6  [ e  € J®2] •

Proof: S uppose  e e i ^ ^ x S .  By ( 4 . 4 - 3 ) ,  ( 4 .4 - 5 )  and

th e  d e f in i t io n  of a 2 -m in o r  of , th e re  e x i s t s  a  2 -m a x im a lly  d i s t a n t  

b = (b x, b2) s u c h  th a t

(i) (bi fl S) an d  (b2 flS) a re  d i s jo in t  b a s e s  of and  

(ii) e c ( S - ( b , U b 2)) .

A cco rd in g ly ,  b x 0 S and  b2 fl S a re  d i s jo in t  c o sp a n n in g  in d e p e n d e n t  s e t s  w ith

r e s p e c t  to  Jtz . By ( 4 . 6 - 2 ) ,  b x fl S and  b2 fl S a re  d i s jo in t  c o sp a n n in g  in d e ­

p e n d en t  s e t s  w i th  r e s p e c t  to  7K. M o re o v er ,  s in c e  b x fl S and  b2 fl S a re  

b a s e s  of J>z , th e y  s p a n  {e} w ith  r e s p e c t  to  l t z an d  c o n s e q u e n t ly  th e y  sp an  

{e} w ith  r e s p e c t  to  T herefore  by  ( 4 . 6 - 1 ) ,  (i) , 3 i s  a  sh o r t  g a m e .

N ex t s u p p o s e  e € V2 = % * T. In v iew  of ( 4 . 2 - 1 ) ,  th e  a b o v e  r e a s o n -

in g  a p p l ie d  to  % l e a d s  to  th e  c o n c lu s io n  th a t  3  i s  a cu t  g am e .

*4* *4"
F in a l ly ,  s u p p o s e  e € j62 = J>z • A = Uz x A , w here  A = (E - ( S  U T ) ) 

an d  an d  Uz are  th e  2-APM1 and  th e  2-A PM 2, r e s p e c t i v e l y ,  of .

*4* -4*
A cco rd in g ly ,  e e l 2 and  e € U Z . By ( 4 . 5 - 3 ) ,  ( 4 .4 - 7 )  an d  th e  d e f in i t io n  

of a 2 -a u g m e n te d  minor of 7l\, i f  13 = (b 1# b2) c i s  2 -m a x im a lly  d i s t a n t ,  

th e n

(i) b j d  T and  b 2 fl T a re  d i s jo in t  b a s e s  of Jfz and

(ii) e i s  a member of e i th e r  b x fl T or b2 fl T .

By ( 4 . 6 - 2 ) ,  b j f l T  an d  b2 fl T a re  d i s jo in t  c o sp a n n in g  in d e p e n d e n t  s e t s  w ith  

r e s p e c t  to  % .
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+ -X- -X- — —A s im ila r  a rgum ent w ith  r e s p e c t  to  (U z ) in  % sh o w s  th a t  b t fl S

— — -X*and  b2 fl S a re  d i s jo in t  c o sp a n n in g  in d e p e n d e n t  s e t s  w ith  r e s p e c t  to  771 and

e i s  a member of e i th e r  b x fl S or b 2 fl S .

C le a r ly ,  th e  c o n d i t io n s  of ( 4 . 6 - 1 ) ,  (iii) a re  fu l f i l le d  and  th e re fo re  

?  i s  a  n e u tra l  gam e.

The n e c e s s i t y  pa rt  of th e  th eo rem  fo llow s  s in c e  the  s e t s  S ,  T and  

A a re  u n iq u e  and p a r t i t io n  th e  s e t  E. |

Algorithms 1 and  2 e n a b le  one  to  c o n s t r u c t  th e  p r in c ip a l  p a r t i t io n  of 

771 a s  w e ll  a s  th e  d i s jo in t  c o sp a n n in g  in d e p e n d e n t  s e t s  re fe r re d  to  in  ( 4 . 6 - 1 ) .  

The s t r a te g y  one  u s e s  i s  b a s e d  on th e s e  two d i s jo in t  c o sp a n n in g  in d e p e n d ­

e n t  s e t s .

1. S tra teg y  for sh o r t  g a m e s . If 3 = (771 ,<2-) i s  a sh o r t  g a m e ,  th e n  

by ( 4 .6 - 3 )  e c i ' 2 = ^ iX S / th e  2 -PM  1 of %. By Theorem s ( 4 .4 - 3 )  and  

( 4 .4 - 5 )  th e re  e x i s t s  a  2 -m a x im a lly  d i s t a n t  b  = (b1#b 2) € s a t i s f y in g

(i) bj ft S an d  b 2 fl S a re  e le m e n t  d i s jo in t  b a s e s  of ^  x S , (ii) e c (S - b x U b2) . 

Se t

M = bx n S ,

N = b2 n S

an d  % ' = 77\ x (M U N U {e} ) .

The o b je c t iv e  of the  sh o r t  p la y e r  i s  to  w in th e  gam e in  t y ' s in c e  by  ( 4 .6 - 2 )  

th is  i s  e q u iv a le n t  to  w inn ing  th e  gam e in  7h . S in ce  w e  in te n d  to  e x h ib i t  a 

s t r a te g y  for th e  sh o r t  p la y e r  w h ic h  on ly  u s e s  e le m e n ts  in  M U N , i t  i s  no t 

to  th e  cu t  p la y e r 's  a d v a n ta g e  to  ta g  e le m e n ts  o u ts id e  of M U N .
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S u p p o se  th e  c u t  p la y e r ,  p lay in g  f i r s t ,  t a g s  e ^  c M. S ince  M i s  a 

b a s e  of W  , N U [ e j  i s  a b a s e  of (#?') an d  c o n s e q u e n t ly  e^ forms a  u n iq u e  

c i r c u i t  C j of (# T )* in  N U {e} .

W e show  by c o n t ra d ic t io n  th a t  Ci fl N f  0 . A ssum e C x H N = 0 .

Then C c  M U { e } , b u t  s in c e  N i s  a b a s e  o f % ,  M U  ( e j  i s  a b a s e  of 

(#T) . Thus w e h av e  a c o n tra d ic t io n  an d  a c c o rd in g ly  C H N f  0 . P ick  

som e e ^ e  C fl N . The sh o r t  p la y e r  ta g s  e ^ .  Then s e t

M *" (e ia /e i^ M  ,

N -  N

and  = % x (M U N  U ( e )  ) .

U sing  ( 2 .4 - 5 )  i t  fo l lo w s  th a t  M is  a b a s e  of % '.  The s e t  M fl N = Ce i z3 

i s  th e  s e t  o f  e le m e n ts  ta g g e d  by th e  sh o r t  p la y e r .  Now s u p p o s e  the  cu t 

p la y e r  n la y s  e^3 e ( N - ( M  fl N ) ); s in c e  N i s  a b a s e  of #!' , e ^  forms a

u n ique  c i r c u i t  C 2 of (# ! ')*  in  (M -  (M fl N ) ) U {e} .

W e a g a in  show  by c o n tra d ic t io n  th a t  C2 n ( M - ( M f ! N ) )  ^  0 . A ssum e 

C 2 D ( M - ( M  fl N ) ) = 0 . Then C 2 c  (N -  (M n N ) ) U fe }  i s  a  b a s e  of ( ^ ' ) * .  

This i s  a c o n tra d ic t io n  and  a c c o rd in g ly  C2 fl ( M - ( M D  N ) ) ^  0 .  P ick  any  

e i 4 € C 2 H (M  -  (M fl N ) ) .  The sh o r t  p la y e r  t a g s  e^4 . Then  s e t

M -  M 

N -  ( e i4/ e i3)N 

and  #1' -  % X (M U N U {e) )

Again by ( 2 . 4 - 5 ) ,  N is  a b a s e  of . A lso M fl N = f e i z , e ^ }  i s  e q u a l  to

th e  s e t  of e le m e n ts  ta g g e d  by th e  s h o r t  p la y e r .
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This s t r a t e g y ,  i f  r e p e a te d  a(M) -  2 more t im e s ,  y i e ld s  a v ic to ry  

for th e  s h o r t  p la y e r .  W e sum m arize  th e  s h o r t  p l a y e r 's  s t r a te g y  a s  fo l lo w s .

S tra tegy : Short Gam e

Find  a 2 -m a x im a lly  d i s t a n t  b = (bx, b 2) « *£, s a t i s fy in g

(i) bx fl S and  b2 fl S a re  e l e m e n t - d i s jo i n t  b a s e s  of

* 2  = 7n X S , th e  2 -P M 1 of %  .

(ii)  e € (S -  bx U b2)

Set M = bx fl S, N = b 2 n s  and  % ' = %  X (N U M U { e } )

The r e c u r s iv e  p a r t  o f the  s t r a te g y  i s  a s  fo l lo w s .

If on th e  k*-*1 p la y ,  w here  k i s  o d d ,  th e  cu t  p la y e r  ta g s  

e ik  € (M -  (M 0 N ) ) ( e ^  € (N -  (M fl N ) ) ) ,  th e n  e ^  form s a u n ique  

c i r c u i t  C of (#!') in  (N -  (M n N ) ) U {e}( (M -(M  0 N ) ) U {e} ) . P ick  

som e e ik+i c C fl (N -  (M fl N ) ) ( e lk+j € C fl (M -  (M fl N ) ) ) .  The 

sh o r t  p la y e r  t a g s  e ijc+1- Then s e t

M "  <e i k+1/ e i k)M (M ) • 

an d  N -  N ( ( e lk+1/ e Jk )N )

2 . S tra teg y  for th e  c u t  g a m e s . L e t 3 =  (#2,<3) be  a  c u t  gam e. 

Then by ( 4 .6 - 3 )  e , th e  2-PM 2 of ft! • By ( 4 .5 - 4 )  h o w e v e r ,  i t  i s  e a s y

¥ rto  s e e  th a t  (#! , e) i s  a s h o r t  g am e . C o n s e q u e n t ly ,  a  w in n in g  s t r a te g y  i s  

a v a i l a b le  to  th e  c u t  p lay e r  p lay in g  in  ^  w ith  r e s p e c t  to  e .  To s e e  t h i s ,  

su p p o s e  th e  c u t  p la y e r  p la y s  th e  p rev io u s  s t r a te g y  of th e  sh o r t  p la y e r  in  

#1 w i th  r e s p e c t  to  e .  Then by  ( 4 .6 - 3 )  th e  c u t  p la y e r  w il l  t a g  a s e t  of 

e le m e n ts  T s u c h  th a t  T U {e} i s  a c i r c u i t  of Wi . A ssum e th a t  th e  sh o r t  

p la y e r  s im u l ta n e o u s ly  ta g g e d  a s e t  R s u c h  th a t  R U { e } i s  a c i r c u i t  of % . 

This  i s  im p o s s ib le  s in c e  R fl T = 0 and  th u s  a ( (R  U {e}) f l ( T U  ( e ) ) )  = 1.
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C o n s e q u e n t ly  i t  i s  im p o s s ib le  for th e  sh o r t  p la y e r  to  h a v e  ta g g e d  a s e t  of 

e le m e n ts  w h ic h  s p a n  e  in  ^1. T herefore  th e  s t r a te g y  for the  cu t p la y e r  in

a cu t  gam e i s  th e  sam e  s t r a te g y  th a t  th e  s h o r t  p lay e r  u s e s  in  a s h o r t  g a m e ,

-K-e x c e p t  th a t  th e  c u t  p la y e r  p la y s  w i th  r e s p e c t  to  th e  d u a l  m atro id  %  .

3. S tra teg y  for the  n e u tra l  g a m e s .  Let ( # ! )  be  a  n e u tra l  g am e . 

Then th e  sh o r t(cu t)  p la y e r  p la y in g  f i r s t  u s e s  the  sam e  s t r a te g y  a s  i s  u s e d  

for th e  sh o rt(cu t)  gam e w ith  th e  c o n d it io n  th a t  th e  o th e r  p la y e r  h a s  t a g g e d  

th e  e d g e  e  on a f ic t i t io u s  f i r s t  p la y .  If th e  sh o r t(cu t)  p la y e r  g o e s  f i r s t  

th e  m atro id  ,  th e  2-APM1 (U z+ , th e  2-APM2) of % i s  u s e d  to  p lay  the  

n e u tra l  gam e.

Although Lehm an o b ta in e d  t h e s e  m a t ro id - th e o r e t ic  s t r a t e g i e s ,  he 

f a i le d  to  s e e  how th e y  s p e c i a l i z e d  to  g ra p h s  to  g iv e  a  co m p le te  g ra p h -  

th e o r e t ic  s o lu t io n  to  th e  tw o -p e r s o n  sw i tc h in g  g a m e . In  w h a t  fo llow s  w e 

s t a t e  a co m p le te  g ra p h - th e  ore  t i c  s o lu t io n  to  th e  tw o -p e r s o n  sw i tc h in g  gam e. 

T h e se  r e s u l t s  c o n s t i tu te  an  in s t a n c e  of th e  g ra p h - th e o r e t i c  d u a l i ty  p re s e n te d  

in  S ec t io n  2 . 5 .

(4 .6 -3 A ) L et 3  = (G , e) be  a s w i tc h in g  gam e and  

(D2, HZ/ G 2) the  p r in c ip a l  p a r t i t io n  of G .  Then 3  

i s  a sh o r t(cu t)  [ n e u t r a l ]  gam e i f  and  on ly  i f  

e € E(G2) (e eE (H 2))  [ e  € E(D2)] .
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STRATEGY: 5 = (G , e) IS A SHORT GAME

D ete rm ine  G 2 = G • S, th e  p r in c ip a l  r e d u c t io n  of G ,  an d  a 2 -m a x i ­

m ally  d i s t a n t  fo re s t  p a ir  _f = (fx, f2) of G w h ic h  s a t i s f i e s  e fi U f2. Set

M = fx fl S ,

N = f 2 n S

an d  G ' = G ' ( M U N U { e ] )  .

The b a s i c  s t r a te g y  of th e  sh o r t  p la y e r  i s  g iv e n  r e c u r s iv e ly  a s  fo l lo w s .  On 

th e  k p la y ,  w here  k i s  o d d ,  th e  cu t  p la y e r  t a g s  e d g e  [(M U N ) -

(M flN)] , If e ^  c M (N ), th e n  e*k forms a  u n iq u e  bond in  

( N - ( M  PIN)) U (e } (M -(M 0 N )) U Ce} ) a n d  th i s  bond  c o n ta in s  an  e d g e  in  

N -  (M PIN) ( M - ( M  (IN )) .  Se t

M -  (e ik + i / e i k )M(M)

N -  N( (eik + i / e i k ) N) 

an d  G ' *- G • (M U N U [ e ]  ) .

STRATEGY: 3 =  (G , e) IS A CUT GAME

D eterm ine  H2 = G * T , th e  p r in c ip a l  c o n t ra c t io n  o f  G ,  and  a

2 -m a x im a lly  d i s t a n t  c o fo re s t  pa ir  _T = (f2, f2) of G w h ic h  s a t i s f i e s  e ^  f iU f 2.

Se t

M = n T ,

N = 72 n T

an d  H' = G X (M U N U £ e } ) .

The b a s i c  s t r a te g y  of th e  c u t  p la y e r  i s  g iv e n  r e c u r s iv e ly  a s  fo l lo w s .  On 

thth e  k p la y ,  w here  k i s  o d d ,  th e  sh o r t  p la y e r  t a g s  ed g e  [ M U N - ( M  PIN)].
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If M (N ), th e n  forms a u n ique  po lygon  in  ( N - ( M f l  N)) U ( e )

(( M -^M flN )) U {e}) and  th i s  po lygon  c o n ta in s  an  ed g e  e i^ +1 

N - ( M D N )  ( M - ( M n N ) ) .  Set

M *“ ( e ik + i / e ik )M(M) '

N - N ( ( e ik+1/ e lk )N )

and  H ' - G X ( M U N U { e | )  ,

STRATEGY: 3 = (G , e) IS A NEUTRAL GAME 

The sh o r t  (cut) p la y e r  p lay in g  f i r s t  u s e s  the  sam e  s t r a te g y  a s  i s  

u s e d  for a  sh o r t  (cu t)  gam e w ith  the  c o n d i t io n  th a t  th e  o th e r  p la y e r  h a s  

ta g g e d  the  ed g e  e  on a f i c t i t io u s  f i r s t  p la y .

Thus i f  th e  s h o r t ( c u t )  p la y e r  g o e s  f i r s t  th e  g rap h  G 2+ (H2+) i s  u s e d  

to  p lay  the  n e u tra l  gam e.

Exam ple 4 - 8 . L e t G be  th e  g raph  of F i g . 4 -1 8  and 3 = (P (G ) ,  e c ) .

Jkz = P (G2) w h e re  G 2 = G • S and  S = ( 1 , 2 , 3 , 4 , 5 , 6 , 7 , 1 0 , e c ) . S ince  

e c  € 3  i s  a sh o r t  g am e . The s e t s  M and  N of th e  p rev io u s  d i s c u s s io n

a re

M = { 1 , 6 , 7 , 1 0 )

and

N = { 2 , 3 , 4 , 5 }  .

(S ee  F i g . 4 - 1 8 . )  The cu t  p la y e r  g o e s  f i r s t  and  ta g s  2 € N . The s e c o n d  p lay  

(w h ich  i s  n o t un ique) i s  m ade by th e  s h o r t  p la y e r  w ho ta g s  6 in  M . The 

s u b s e q u e n t  p la y s  in  a re  in d ic a te d  in  F i g . 4 - 2 3 .  C le a r ly ,  

e c € / ( C 6 , 3 , 4 , 7 ) ) p (G ) .
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F igure  4 -2 3 .  G rap h  o f Example 4 -8
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(B) Edm onds' C o s p a n n in g -S e t s  Theorem

L et 7!1= (<3,E) be  a  m a tro id .  W e p re v io u s ly  in tro d u ce d  the  

n o tio n  o f tw o c o sp a n n in g  s e t s .  Th is  n o t io n  c an  be  g e n e r a l iz e d  to  k 

c o sp a n n in g  sets ,,  w here  k i s  any  in te g e r  g re a te r  th a n  1. If Ai, . .  . ,  A ^ c  E, 

w e  s a y  th a t  th e  s e t s  A ^  . . . ,  A^ a re  c o sp a n n in g  s e t s  w i th  r e s p e c t  to  % i f

Edmonds s t a t e d  and  p roved  the  fo llow ing  theorem :

( 4 .6 - 4 )  (Edmonds' C o s p a n n in g -S e t s  T h eo rem ). For 

any  m atro id  7/1= (<3 ,E) an d  an y  s u b s e t s  N and  K of E, 

th e re  e x i s t s  a s  many a s  k d i s jo in t  s u b s e t s  of N w h ic h  

s p a n  e a c h  o th e r  an d  w h ic h  s p a n  K, i f  an d  on ly  i f  th e re  

i s  no  re d u c t io n  7t{' M 1 o f 7/1 w h ere  N fl M1 p a r t i t io n s  

in to  a s  few a s  k s e t s  s u c h  th a t  e a c h  i s  in d e p e n d e n t  

in  7/1 • M' an d  s u c h  th a t  a t  l e a s t  one  of them  d o e s  not 

s p a n  K n M '.

In th i s  s e c t io n  w e g iv e  an  a l t e r n a t iv e  form of ( 4 .6 - 4 )  w h ic h  m ak es  

u s e  o f  th e  p r in c ip a l  m inors of a m a tro id .  Our Theorem  ( 4 .6 - 6 )  e m p h a s iz e s  

a c o n s t r u c t iv e  a p p ro a c h .  I t  i s  c o n v e n ie n t  to  p rove th e  fo llow ing  p re l im ­

ina ry  r e s u l t .

e € S “ ^ AW t ** Then th 8 re  iS 3 c i r c u i t  c  e<3 s u c h  th a t

e ( C  and  ( C -  { e } ) c  g f ( A ) ^ x ^ . By a c o n s t r u c t io n  s im i la r  to  th a t  u s e d  in

th e  p roo f  of ( 4 . 6 - 2 ) ,  w e  c a n  find a  C  €<3- su c h  th a t  e € C ' and  (C' -  {e}) £  A.

( 4 .6 - 5 )  L e t 7/1 = (C  ,E )  and  A c  T c  S <= E.

Then ^ ( A) ^ x T) ^ x s  x s

Proof: C le a r l y , A U  c  j^(A)% S uppose
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T herefo re  e € j ^ ( A ) ^ g  . C o n s e q u e n t ly ,

$  ( /  (A) ^ x x V ( x S -  XS

Also s in c e  A c: ^ ( A ) ^  ^  , i t  fo l lo w s  th a t

^ A^ lX S  S *

The theorem  f o l l o w s . |

( 4 .6 - 6 )  Let #1 = (<3,E) b e  a m atro id  and  K an d  N 

any  tw o s u b s e t s  of E. L e t x S+ be  th e  k-A PM l 

of XN. Then th e re  e x i s t s  k d i s jo in t  s u b s e t s  

of N w h ic h  s p a n  e a c h  o th e r  and  s p a n  K i f  a n d  only  

i f  K c  / I S * ) , .  - -

Proof: S uppose  K c  jg^(S+) ^ .  C le a r ly  th e re  e x i s t s  k

d i s jo in t  s u b s e t s  o f  S+ c  N w h ic h  s p a n  e a c h  o th e r  w i th  r e s p e c t  to

%  X S , th a t  i s ,

</‘Ni W  = s+
for i  = 1, . . .  , k .  By ( 4 .6 - 2 )

/ ( N , ) ^  = ■■■ = / < N k )s  •

By ( 4 .6 - 5 )  ^ ( ✓ ( N i ) ^ xS+)w = / ( N , ) ^  .

By h y p o th e s i s  K c  for i  = 1 , . . . ,  k .

N ext s u p p o s e  th e re  e x i s t s  k d i s jo in t  s u b s e t s  of N w h ic h  a re  

c o sp a n n in g  an d  s p a n  K w ith  r e s p e c t  to  % . W e  m ust show  t h a t  K c  ^ /(S+) ^  , 

w h e re  % x S+ i s  the  k -A PM l of 5/1 X N.

Let bj c  Nj b e  a  m inim al s e t  s a t i s fy in g
k

i = 1 ,  , k .  The b ^ s  a re  in d e p e n d e n t  s e t s  of % . Se t B = b ^  It  i s
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n o t d i f f ic u l t  to  s e e  th a t  th e  b^ 's  a re  d i s jo in t  b a s e s  of %  X B. By ( 4 .6 - 2 )  

th e  b j ' s  a re  c o sp a n n in g  s e t s  w ith  r e s p e c t  to  ^  x N.

Let % x S be  th e  k -A PM l of x N . Then by ( 4 .4 - 7 )  and  th e  d e f ­

in i t io n  of a k -a u g m e n te d  m inor, th e re  e x i s t s  k d i s jo in t  b a s e s  b^ of % X S+ .

By ( 4 .6 - 2 )  th e  s e t s  b y  s a re  c o s p a n n in g  in d e p e n d e n t  s e t s  o f  %. x N.

Set di = b j U b'^ for i = 1 , . . . ,  k.  The d ^ s  a re  o b v io u s ly  d i s jo in t .

I t  i s  no t ve ry  d i f f ic u l t  to  show  th a t

x N x N = ‘ x N "

Let d'i c  d^ be a m inim al s e t  s a t i s fy in g

^ di ' ^ x N  = < ^ di ^ X  N 

for i = 1 , . . . ,  k .  To form dj one  c a n  add  to  th e  s e t  b^ on ly  th o s e  m em bers 

of bi w h ich  a re  n o t sp a n n e d  by b^ w i th  r e s p e c t  to  7l\ x N. W ith  th i s  c o n ­

s t ru c t io n  o f dj| in  mind i t  sh o u ld  be c le a r  th a t

9 k ( « f ( dl>»!x N ) “  '

w h e re  g^ i s  d e f in e d  w i th  r e s p e c t  to  7!\ x N . A cco rd ing ly ,

s+ -  x N

a n d  th e re fo re

B c  S+ .

S ince  ^ (B )^= >  K and  S+ 2  B, i t  fo l lo w s  th a t  <^(S+ )^  2  K . |

(C) Hybrid Rank and  Hybrid D im en s io n

L e t = (C-,E). W e d e f in e  th e  fu n c t io n  r ^  and  

r^ (S )  = r(#l X S) + w here  S c  E. The num ber r ^ S )  i s  c a l l e d  th e
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hybrid  ran k  o f % w ith  r e s p e c t  to  S.

W e d e f in e

JL = min r (S ) .
H S c e  H

r „  i s  c a l l e d  th e  hybrid  ran k  of #2 . N ote  th a t  r„ (E ) = r(#2) and 
x i x i

r  ( 0 ) = u ( 7 7 l ) .  C o n s e q u e n t ly ,  
x i

j rH £ min ( r ( ^ ) , (x{77l) ) .

The n o tio n  of the  hybrid  ran k  of a g ra p h  w a s  in tro d u c e d  by  T su c h iy a  e t

a l .  [Ts 1] . I t  w a s  show n  th a t  th e  h yb rid  ran k  o f a  g raph  h a s  im p o r tan t

im p l ic a t io n s  in  e l e c t r i c a l  ne tw ork  th e o ry .  In th i s  s e c t io n  w e  g iv e  th e

e x te n s io n  of th e i r  r e s u l t s  to  m atro id s  and  v e c to r  s p a c e s .

( 4 .6 - 7 )  Let 7!\ = (<3, E ) . T h e n £ H = n f f l )  -  cf2 =

r(ft?) -  h2 w h ere  cf2 and  h2 a re  d e f in e d  w ith  

r e s p e c t  to  %.

Proof: From ( 2 .4 - 1 9 )  w e g e t  th a t

U ( m  x S) + • S) = M (^ )  .

U sing  (1) in  th e  e x p r e s s io n  for r„ (S )  w e  find:
x i

r R(S) = r ( ! f l X S ) + ( i ( ^ ) -  m (#! X S)

= 2r(^X S) + ix{7n) -  n W  x S) -  r(5^ X S)

= 2 r ( ^ x S )  + M ( # 0  -  a ( S )

= n W ) - g 2( S)  . (2)

I t  fo llow s from (2) th a t

XH = M (*0 -  7z •
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S im ila r ly ,  u s in g  ( 2 .4 - 1 9 )  d i re c t ly  in  th e  e x p r e s s io n  for r (S) w eXI

o b ta in

XH = r (^ )  -  h2 . |

The above  id e a s  c a n  be e x te n d e d  to  f in i te  d im e n s io n a l  v e c to r  

s p a c e s .  L e t  *IT be  a v e c to r  s p a c e  on E over th e  f ie ld  F. If f i s  any 

v e c to r  of % T  and  S c  E , th e n  w e s a y  th a t  g i s  th e  p ro je c t io n  of f on S i f  

g(s) = f(s) for a l l  s (  S.

The c l a s s  of p ro je c t io n s  on S of the  v e c to r s  of V  form a v e c to r  

s p a c e  on S over F . W e c a l l  th i s  v e c to r  s p a c e  th e  p ro je c t io n  of <7iT on S 

and d e n o te  i t  by ^ ( S ) .

L e t dim  ( (U )  be  e q u a l  to  th e  d im e n s io n  of th e  v e c to r  s p a c e  ‘X T  . 

The fo llow ing  r e s u l t s ,  w h ic h  a re  proved by  Tutte  [Tu 12], a re  p re ­

l im in a ry  o n e s .

( 4 .6 - 8 )  (Tutte) dim (^T) = j u •

( 4 .6 - 9 )  (Tutte) g. = S .

( 4 .6 - 1 0 )  (Tutte) = (f f l^ )*

W e d e f in e  the  hybrid  d im e n s io n  of “X T  w i th  r e s p e c t  to  S c  E a s

d R (S) = d i m ( ^ ( S ) )  + dim ( ( I V )  ( S ) )  .

The hybrid  d im e n s io n  of i s  d e f in e d  a s

d = min d (S) .
H S c E  H

C le a r ly  d s: min (dim ( V ) , dim ( \ ° l / ) ) . 
r i
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( 4 .6 - 1 1 )  L e t * 1 /  be  a v e c to r  s p a c e  on E over F.

Then d_^ = dim { * l f ) -  g2 = dim (_|lT) -  h2 , w here  

g 2 and  h2 a re  d e f in e d  w i th  r e s p e c t  to  7 l \y - .

Proof: U s in g  ( 4 . 6 - 8 ) ,  (4 . 6 -9 )  and  ( 4 .6 - 1 0 )  w e c a n  w rite

d H = ^ V ( S ) } + M (^ ( l t r ) ( S ) )

= f jL(n^'S) + u(7n I t r - s )

= M(ffys) + M (^-s  ).

By ( 2 .4 - 1 1 )  and  ( 2 .4 - 2 )  w e  h av e  th a t

d H(S) = / i ( f l y  S) + M ( ( ^ X  S ) * )

=  d ( V S ) + r ( V S )  •

H o w ev er,  co m p ar iso n  o f our l a s t  e x p r e s s io n  for d ^ S )  w i th  th e  e x p r e s s io n  for 

r h(S) r e s p e c t  to  t y g iv e s

C o n s e q u e n t ly ,

d R(S) = r H(S) .

The th eo rem  fo llo w s  upon  u s in g  ( 4 . 6 - 7 ) ,  ( 4 .6 - 8 )  an d  ( 4 .6 - 1 0 ) .  |
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CHAPTER 5 . CONCLUSIONS AND SUMMARY OF 
^  CONTRIBUTIONS

In th is  c h a p te r  w e sum m arize  the  c o n tr ib u t io n s  made in  th i s  d i s ­

s e r t a t i o n  a n d ,  w here  p o s s i b l e ,  in d ic a te  a r e a s  an d  s p e c i f i c  p rob lem s for 

fu tu re  r e s e a r c h .

The c o n c e p t  of a g e n e r a l iz e d  ne tw ork  h a s  b e e n  in tro d u ce d  in  

C h a p te r  3 . A g e n e r a l iz e d  netw ork  N = ( # 1 ft; D; E) c a n  be th o u g h t  of a s  

a  p -p o r t  r e s i s t a n c e  ne tw ork  c o n s t r u c te d  on  a re g u la r  m atro id  . W e v iew  

th e  m atro id  771^ a s  th e  " u n o r ie n te d "  d e s c r ip t io n  of th e  in te rc o n n e c t io n  of 

th e  m em bers of E. The re g u la r  v e c to r  s p a c e  R, a s  p o in te d  ou t in  s e c t io n  

3 . 2 ,  ad m its  a d e f in i t io n  of th e  r e l a t iv e  o r ie n ta t io n  of th e  e le m e n ts  in  any  

c i r c u i t  o f  w h ic h  is  c o n s i s t e n t .  W e p o in t ou t t h a t ,  in  v iew  of Theorem 

( 2 .2 - 4 )  , th e  c h o ic e  of ft be in g  re g u la r  i s  no t e s s e n t i a l  to  th e  c o n c e p t  of 

r e l a t i v e  o r ie n ta t io n  a n d ,  in  f a c t ,  many of our r e s u l t s  a re  v a l id  for no n ­

re g u la r  s p a c e s .  The r e s u l t  in  w h ic h  r e g u la r i ty  i s  c ru c ia l  i s  Theorem  ( 3 . 4 - 1 ) ,  

w h e re  i t  i s  show n th a t  i f  N c 71, th e n  i s  a pa ram oun t m a tr ix .  Thus th e  

c h o ic e  of re g u la r  m a tro id s  for g e n e r a l iz e d  n e tw o rk s  c a n  be  m o tiv a ted  by  the  

f a c t  th a t  th e  o . c .  im p e d a n ce  and s . c .  a d m it ta n c e  m a tr ic e s  of p -p o r t  r e s i s t ­

a n c e  n e tw o rk s  a re  a l s o  param ount m a t r ic e s .

The c h o ic e  of re g u la r  m a tro id s  can  be m o tiv a te d  from a n o th e r  po in t 

of v ie w .  As i s  sho w n  in  F i g . 2 - 1 0 ,  th e  c l a s s  of re g u la r  m atro id s  in  the  

im m ed ia te  g e n e r a l iz a t io n  of th e  g ra p h ic  an d  c o g ra p h ic  m atro id s  and  c o n s e ­

q u e n t ly  s h a r e s  many of th e i r  p r o p e r t ie s .  I t  i s  n o t  u n re a s o n a b le  to  e x p e c t ,  

th e re fo re ,  th a t  th e  s tu d y  of g e n e r a l iz e d  n e tw o rk s  (d e f in e d  in  te rm s  of
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re g u la r  m atro ids) w il l  i n c r e a s e  our u n d e rs ta n d in g  of th e  p -p o r t  r e s i s t a n c e  

n e tw o rk .

A g e n e ra l  proof of the  p a ram oun tcy  c o n d i t io n  i s  g iv e n  for g e n e r a l ­

iz e d  n e tw o rk s .  The m ethod  of p roof for Theorem  ( 3 .4 - 1 )  g iv e s  an  i n t e r e s t ­

in g  a l t e rn a t iv e  w ay  of c a lc u la t in g  any  minor of X^.. In ( 3 .4 - 2 )  the  

a l te rn a t iv e  e x p r e s s io n  for i s  g iv e n  an d  in  v iew  o f T ab le  2 - 2 ,

l in e  (5) th i s  e x p r e s s io n  s u g g e s t s  to p o lo g ic a l  fo rm ulas  for ( X j ^   ̂ .

A cco rd ing ly , th e  n e c e s s a r y  n o ta t io n  i s  d e v e lo p e d  an d  in  ( 3 .4 - 3 )

th e  to p o lo g ic a l  form ula  for (X^) . i s  s e t  dow n e x p l i c i t ly .  This  i s  an
i#J

ex am p le  of how th e  m atro id  s t ru c tu re  e n te r s  in to  th e  d e s c r ip t io n  of th e

p ro p e r t ie s  of g e n e r a l iz e d  n e tw o rk s .

An a d d i t io n a l  n e c e s s a r y  c o n d i t io n  i s  d e r iv e d  for th e  m atrix  t r ip le

p roduc t Q = ADA*", w h e re  A i s  a p X b  to ta l ly  un im odu lar  m atrix  and  D i s  a

b x b  d ia g o n a l  m atrix  w i th  p o s i t iv e  d ia g o n a l  te rm s .  I t  i s  show n  i n  ( 3 .4 - 6 )

th a t  Q aO  for a l l  c h o ic e s  of i , r , c  s a t i s fy in g  I s  i , r , c  s  p. In i , r , c

Example 3 -3  w e show  th a t  th i s  new  c o n d it io n  is  n o t im p lied  by th e  p a ra ­

m ountcy  c o n d i t io n .  H ow ever , e v e n  i f  a m atrix  Q i s  pa ram ount and  s a t i s f i e s

Q. i O  for a l l  I s  i , r , c  s p ,  th i s  i s  no t e n o u g h  to  g u a ra n te e  th a t  Q c a n  l , r , c

be  e x p r e s s e d  a s  ADA1, w here  ADA* s a t i s f i e s  the  c o n d i t io n  of ( 3 .4 - 6 ) .

The n o t io n  o f m odified  to p o lo g ic a l  m a tr ic e s  h a s  b e e n  e x te n d e d  to  

g e n e r a l iz e d  n e tw o rk s .  It w as  show n  th a t  i f  N = (# l^ ,f t ,D ; E) * 71, th e n  Xj^ 

c a n  a lw a y s  be e x p r e s s e d  a s

A At
X „  = R D R  N
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w h ere  R — Ru -  R u D R 2i [R 2 1 D R 2 1 ] *R2 i and  R — D "1 — |i * n  is  a
1 ° p ' X p J

r e p r e s e n ta t iv e  m atrix  for R.

A new  r e s u l t  on param ount m a tr ic e s  i s  g iv e n  in  s e c t io n  3 . 5 .  We

show  in ( 3 .5 - 4 )  th a t  the  nu ll  s p a c e  of a pa ram ount m atrix  (c o n s id e re d  a s  an

opera to r)  i s  a r e g u la r  v e c to r  s p a c e .  A cco rd in g ly ,  the  l in e a r  d e p e n d e n c e  of

th e  co lum ns  of a pa ram ount m atrix  m u s t  be  s u c h  th a t  th e  c o e f f ic ie n ts  of a

l in e a r  co m b in a tio n  of a  m inim al d e p e n d e n t  s e t  of co lum ns c an  a lw a y s  be

c h o se n  a s  ± 1 .  This r e s u l t  i s  t r a n s la t e d  in to  a r e p r e s e n ta t io n  theorem  for

*
any  param ount m a tr ix .  Theorem ( 3 .5 - 5 )  s a y s  th a t  i f  Q is  a p Xp param ount 

m atrix  of ran k  s s a t i s fy in g  th e n  Q = E^Q B, w here  B is
\  1 Z . . . S S- S

a p * s  to ta l ly  un im odu la r  m atrix  an d  Q s ' i s  the  su b m atr ix  formed from the 

f i r s t  s row s and  co lum ns of Q.

A c o n je c tu re  th a t  so  far the  a u th o r  h a s  b e e n  u n a b le  to  prove or 

d isp ro v e  i s :  l e t  Q be a  p X p param oun t m a tr ix . Then £(Q) f  0 . It i s  

b e l ie v e d  th a t  g iv e n  any  p X p  p a ram oun t m atrix  Q th e re  e x i s t s  a t  l e a s t  one 

g e n e r a l iz e d  ne tw ork  N w h ich  r e a l i z e s  Q , th a t  i s ,  = Q. The s in g u la r  

param ount m a tr ic e s  p o s e d  an  in te r e s t in g  t e s t  for th i s  c o n je c tu re .  A ccord­

ing  to  ( 3 .5 - 2 )  the  m inim al d e p e n d e n t  co lum ns  o f Xjg. a re  in  1-1  c o r re sp o n d ­

e n c e  w ith  th e  c i r c u i t s  o f  7Ha  *E  . If th e  c o n je c tu re  i s  t ru e ,  th e n  ( 3 .5 - 4 )
lv P

fo llow s  im m e d ia te ly .  On the  o th e r  h a n d ,  if  ( 3 .5 - 4 )  w e re  no t t ru e ,  th e n  the  

c o n je c tu re  w ould  be f a l s e .  S ince  w e w ere  a b le  to  prove ( 3 . 5 - 4 ) ,  the  c o n ­

je c tu re  s t i l l  s t a n d s .

In  Theorem s (3 . 6 - 3 ) ,  (3 . 6 -4 )  and  (3 . 6 -5 ) we u s e  the  r e s u l t s  of 

s e c t io n  2 .6  to  r e s t a t e  som e know n r e s u l t s  in  a m a t ro id - th e o re t ic  c o n te x t .
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F in a lly  w e d i s c u s s  the  u s e  of m atro id  th eo ry  a s  a r igo rous  b a s i s  

for a g r a p h - th e o r e t i c  d u a l i ty  c o n c e p t .  "D u a l i ty "  u s e d  on an  " in tu i t iv e "  

le v e l  c a n  le a d  to  e r ro n eo u s  c o n c lu s io n s ,  th e re fo re ,  w e  s e t  dow n the  

p re c is e  c i rc u m s ta n c e s  under w h ich  an  a p p e a l  to  d u a l i ty  i s  ju s t i f i e d .

The g e n e ra l  s y n th e s i s  problem  for g e n e r a l iz e d  a s  w e ll  a s  p -p o r t  

r e s i s t a n c e  rem a in s  u n s o lv e d .  Also th e re  is  no a d e q u a te  theo ry  of e q u iv a ­

le n t  n e tw o rk s .  Such  a th eo ry  w ould  be  u s e fu l  for the  o p t im iz a t io n  of c e r ta in  

p ro p e r t ie s  of ne tw o rk s  s u c h  a s  s e n s i t i v i t y .  T hese  im p o rtan t  prob lem s 

c o n s t i tu te  a r e a s  for future r e s e a r c h .

In C h a p te r  4 we s tu d ie d  a b a s i c  s t ru c tu ra l  p roperty  o f  m a tro id s  (and  

g ra p h s ) ,  n a m e ly ,  th e  p r in c ip a l  m inors  of a m a tro id .  W e in tro d u ce d  th e s e  

new c o n c e p ts  th rough  th e  fu n c t io n s  g^ and  h^ (k =  1 , 2 ,  . . . ) .  A lthough we 

d e f in e d  tw o k in d s  of p r in c ip a l  m in o rs ,  i t  w a s  show n  in  ( 4 .2 - 1 )  and ( 4 .2 - 2 )  

th a t  by u s in g  m atro id  d u a l i ty  we cou ld  r e s t r i c t  our a t t e n t io n  to  the  k -P M l 

and  th e  k -A P M l.  U sing  th e  p ro p e r t ie s  of m atro id s  an d  th e  d e f in i t io n s  of 

k -P M l an d  k -A P M l,  we e s t a b l i s h  th e  e x i s t e n c e  an d  th e  u n iq u e n e s s  of 

the  k -P M l  of 71\ , and  , th e  k -A PM l of ^  for k = 1 ,2  , . . . . Another 

r e s u l t  o f  s e c t io n  4 .2  i s  the  n e s t in g  p roperty  of p r in c ip a l  m in o rs .  I t  w a s  

show n th a t

and

*k 2 -C,
for k = 1 , 2 ,  . . . .
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S ec t io n  4 .3  t r e a t s  the  1 -p r in c ip a l  m in o rs .  W e found th a t

A + = &i+ =

and  gi = , th a t  i s ,  th e  1-APM1 and  th e  1-APM2 of 77l a re  the  sam e  and

a re  e q u a l  to  th e  m atro id  77l. The 1-PM 1 of 771 w a s  show n  to  c o n s i s t  e s s e n t i a l l y  

of th e  " c y c l i c a l ly  c o n n e c te d "  pa rt  of 7 l\. S p e c i f ic a l ly ,  i t  w a s  show n th a t  i f

P = [e  | e c E and  e  i s  a member of a t  l e a s t  one c i rc u i t  of 77\} ,

th e n  Jti = 77{ X P. D ua lly  w e found th a t  Wx -77{ ‘ Q , w here

Q = {e | e  f  E and  e i s  a member of a t  l e a s t  one  c i r c u i t  of 771 } •

The s p e c i a l i z a t io n  of t h e s e  r e s u l t s  to  g rap h s  i s  i l l u s t r a t e d  in  Exam ple 4 - 1 .

To f a c i l i t a t e  th e  s tu d y  of th e  p r in c ip a l  m inors of a  m a tro id ,  tw o new 

c o n c e p ts  w e re  in tro d u ce d  in  s e c t io n  4 .4 :

(1) r -m a x im a lly  d i s t a n t  b a s e s  and

(2) r - m in o r s .

T h e se  c o n c e p ts  a re  e x te n s io n s  of tw o  co rre sp o n d in g  g ra p h - th e o r e t i c  n o t io n s  

f i r s t  in tro d u c e d  by Kishi an d  K ajitan i [Ki 1] . In  Theorem  ( 4 .4 - 2 )  w e r e la te  

t h e s e  tw o c o n c e p t s .  The m ain th eo rem s  of s e c t io n  4 a re  ( 4 .4 - 3 )  and  ( 4 .4 - 7 )  

w h e re in  w e e x p o se  th e  s t ru c tu re  of the  p r in c ip a l  m inors of a  m a tro id .  In 

th i s  s e c t io n  w e  a l s o  p rov ide  a lg o r i th m s  w h ic h  c a n  be u s e d  to  c o n s t r u c t  th e  

p r in c ip a l  m inors of a m atro id  e f f ic ie n t ly .

In s e c t io n  5 w e d e f in e  th e  p r in c ip a l  p a r t i t io n  o f  a m atro id . This i s  

a s tra ig h tfo rw a rd  g e n e r a l iz a t io n  of the  p r in c ip a l  p a r t i t io n  of a g rap h .

In th e  f ina l  s e c t io n  of C h ap te r  4 w e  t r e a t  th re e  a p p l ic a t io n s  of th e



202

m a tro id - th e o r e t ic  r e s u l t s  of th e  p rev io u s  s e c t i o n s .  Theorem  ( 4 .6 - 3 )  g iv e s  

a  new c h a r a c te r iz a t i o n  of th e  tw o -p e r s o n  sw i tc h in g  g a m e . F urtherm ore , 

w e  hav e  show n  how d u a l i ty  in  g rap h s  a l lo w s  one to  o b ta in  a  co m p le te  

g r a p h - th e o r e t ic  s o lu t io n  to  th e  tw o - p e r s o n  s w i tc h in g  g am e .

W e h av e  a l s o  t r e a te d  a th eo rem  of E dm onds’ c a l l e d  th e  c o sp a n n in g  

s e t s  th eo rem . W e hav e  a p p l ie d  som e of our r e s u l t s  to  o b ta in  a more 

d i r e c t  v e r s io n  of th is  theorem  in  ( 4 .6 - 6 ) .

F in a l ly ,  we hav e  in c lu d e d  e x te n s io n s  of th e  hybrid  ran k  of a g raph  

to  th e  hybrid  ran k  of a m atro id  and  the  hybrid  d im e n s io n  of a v e c to r  s p a c e .
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P r in ce to n ,  New J e r s e y .

Mr. Bruno is  m arr ied  to  th e  form er Mary S earing  and  th ey  

h av e  tw o c h i ld re n ,  C h r is t in e  and  Kathryn. They w il l  l iv e  in  

P r in ce to n ,  New Je rse y  w h ere  Mr. Bruno h a s  jo in ed  th e  fa c u l ty  of 

P r in ce to n  U n iv e rs i ty  a s  an  A s s i s ta n t  P ro fe sso r .


