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Abstract

On some numerical and algebraic computations
with matrices and polynomials

by
ZHAO QIN CHEN

Advisor: Professor Victor Y. Pan

Polynomial and matrix computations constitute the bulk of the area of modern com-
putations for sciences, engineering and communication. From mathematical point of
view, these are usually algebraic problems but the effectiveness of practical algorithms
for their solution can frequently be increased by involving approximation techniques and
other methods of numerical computation. We demonstrate this by the examples of some
important computations from three areas.

In the first chapter of the dissertation, we follow [PACLS98] and [PACPS98]. We
consider Trummer’s classical computational problem, having several important applica-
tions to celestial mechanics (n-body problem), fluid mechanics, computation of Riemann
zeta function, conformal maps, solution of integral equations, polynomial and rational
interpolation and evaluation on a fixed node set. The known fast algebraic algorithms
for the solution of Trummer’s problem have substantial practical deficiency — they are

_numerically unstable. We proceed by first reducing the solution to computations with
structured matrices, then we transform these matrices into matrices with other forms of
structure. With such transformations, the problem was brought into a form convenient
for its fast and numerically stable approximate solutions. The links established among

the cited computations enable us to perform all of them more efficiently. The resulting
iv
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algorithms remain numerically stable and fast for a larger class of input matrices versus
the knowns results.

In the second chapter of the dissertation, we follow [PC99]. We consider most ef-
fective algebraic and numerical algorithms for polynomial division, which we relate to
the computations with structured matrices and polynomials. A customary approach to
fast polynomial division relies on FFT, Fast Fourier Transform. A certain disadvantage
of this method is the involvement of computations with complex numbers even where
the inputs are real. We show a simple alternative algorithm using only Discrete Sine
Transform, DST (instead of FFT) based on the results of T. Kailath and V. Olshevsky
presented in [KO96]. The resulting algorithms compute the output (quotient and the
remainder) approximately, operate only with real numbers where the input is real, and
remain as fast as the known algorithms, which achieve record complexity bound.

In the third chapter of the dissertation, we follow [PC99a]. We consider the matrix
eigenproblem, which is a central problem of applied linear algebra. In the unsymmetric
case, the known customary algorithms have substantial deficiency, that is, they are
lack of guaranteed fast convergence and, indeed, diverge or stumble in practice in the
important cases of multiple and clustered eigenvalues. (The latter cases routinely arise
when the input matrix with multiple eigenvalues is perturbed by small errors.) To
yield solution algorithms that remain fast even on the worst case input, we reduce the
computation of the eigenvalues of a matrix to the approximatation of the roots (zeros)
of its minimum or characteristic polynomials, for which one may apply the recent highly
effective polynomial rootfinders (e.g. ones that yield nearly linear solution cost bound
[P95]). Keller-Gehrig in [K-G85] reduced any input matrix to a similar matrix in the
triangular Frobenius form, also called semicyclic Frobenius form. For generic input, the
reduction is achieved even to a simpler form, the output being a Frobenius matrix. The
arithmetic computational complexity of such a reduction is O(M(n) logn) for the worst
case input and O(M(n)) for generic input provided that a pair of n x n matrices can
be multiplied at the cost O(M(n)) (see [K-G85]). Theoretically M(n) < Cn?376 for an
immense constant C, but the practical algorithms usually support M(n) = 2n% — n2.
For the generic structured and generic sparse matrices A, however, the cost bound of

such a reduction decreases to O(nMjy(n)) provided that M4, (n) denotes the cost of
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multiplication of the matrix A by a vector, and nM4yv(n) is of order n2 (up to logarithmic
or polylogarithmic factors) for many important classes of sparse and structured matrices.
We also show a quadratic time algorithm for the subsequent computation of the bases for
all the spaces of the eigenvectors associated with such matrices, which is optimal (up to
a constant factor). For the general matrix case, the eigenspace computation techniques
vield cubic time. We also show an alternative to the stage of the reduction to triangular
Frobenius (semicyclic) form, which leads to the same overall computational cost bound.
In this case, the reduction is to the tridiagonal form and is obtained by means of an
unsymmetric modification of Lanczos algorithm, elaborated in {Par92] (cf. also [BP94]).
The entire construction combines rational algebraic computations at the stages of the
reduction of the input matrix to special simple forms and of the eigenspace computations
with the numerical methods for the approximation of the eigenvalues as the roots of the
characteristic (or minimal) polynomial of an input matrix.

Summarizing, in all three parts we demonstrated that combined applications of nu-
merical and algebraic techniques is an effective tool for reducing computational cost for

the solution of various algebraic tasks.
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Chapter 1

New Transformations of Cauchy

Matrices and Trummer’s Problem

1.1 Summary

We show some new expressions for a Cauchy matrix, which enable us to simplify the
solution of Trummer’s problem, both in the general case and in the case where the input

Cauchy matrix is fixed for the problem whereas the input vector varies.

1.2 Introduction.

The solution of Trummer’s problem (that is, the problem of multiplication of an n x n
Cauchy matrix C by a vector) is the basis for the solution of several important problems
of scientific and engineering computing [A63], [A85], [A86], [B88], [C73], [D83], [HES81],
[ODRA&9], [0S88], [R85]. The straightforward algorithm solves Trummer’s problem in
O(n?) flops. The fast algorithm of [Ger87] uses O(n log? n) flops but has poor numerical
stability. Presently the algorithm of choice in practical computations is the celebrated
Multipole Algorithm [R85], [GR87], [AGRS88], [CGRS88], [G88], [BP94], pp. 261-262,
which belongs to the class of hierarchical methods [A85], [BH86], [VDR89]. The algo-
rithm approximates the solution in O(nlogn) flops in terms of n, but its cost estimate
and even its ability to yield the desired approximation at all also depend on the bound

on the approximation error and on the correlation between the entries of the pair of
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n-dimensional vectors defining the input matrix C.

The goal of the present chapter is to enhance the power of the Multipole Algorithm
(as well as other solution algorithms for Trummer’s problem) by showing some new
expressions for a Cauchy matrix via other Cauchy matrices, which we may vary by
changing one of their basis vectors. Under an appropriate choice of such a vector, the
subsequent solution of Trummer’s problem is simplified; in particular, the power of the
Multipole Algorithm can be enhanced.

Technically, we achieve our goal by means of a simple transformation of the useful
basic formulae of [FHR93], and our resulting expressions for C give us further algorithmic
opportunities. The underlying idea of the transformation of the basic vectors defining
the problem is taken from [PLST93], where this idea was used for multipoint polynomial
evaluation and interpolation.

We use the following order of presentation. In the next section, we introduce the
definitions, show how to avoid degeneration of Trummer’s problem, and recall some
basic formulae from [FHR93]. In section 1.4, we extend these formulae to yield the
desired transformations of Cauchy matrices and Trummer’s problem. In section 1.5 we

comment on the algorithmic aspects.

1.3 Definitions, basic expressions, and treatment of degen-

eration.

Definition 1.3.1 For a pair of n-dimensional vectors @ = (a,-)?z_.-ol, b= (bs ;‘;(}, let

C(@,b) = (25020 V(@ = (@)520, H(@) = (hij)i5to, hij = aisj fori+j<n—1,
hij =0 fori+j > n — 1, denote the associated n x n Cauchy, Vandermonde and
triangular Hankel matrices, respectively. For a vector @ = (a..-);;"(,1 with a; # a; fori # j,

a Cauchy degenerate matriz C(@) has the diagonal entries zeros and the (i,j)-th entry

a..<-1- = fori# j. W=1, WT and W-T denote the inverse, the transpose and the transpose
of the inverse of a matrict W, respectively. Furthermore, pp(z) and p%(:z:) denote the
polynomial py(z) = l'[;-‘__;'(}(:t: — bj) and its derivative p(z) = s ;.:(}(j £i)(T — b5),
respectively. Finally, D(a,b) = diag(pz(e:))iy = diag(ﬂ?;(} (ai — bj))?=3 and D'(b) =
diag(p;;(bj))-'7-‘;01 = diag(H;.‘;(}(j 20y (Bi — bj))%y denote a pair of n x n diagonal matrices,
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defined by the vectors @ and b.

Theorem 1.3.1 Letc; #dj,%,7j=0,1,...,n—1. Then
C(g,d) = DG d)'V(@H(V()T, (3.1)
C(&d) = D(&,d)"'V(@V(d) " D' (d). (3.2)

Remark 1.3.1 Equation (3.1) is taken from [FHR93]. FEquation (3.2) is implicit in
[Ger87].

Definition 1.3.2 Trummer’s problem is the problem of computing the vector C(a, g)'i;
for three given vectors @ = (a:)7, b= (b5)72 ! and 7= (vj);-‘;'(}, where a; # b; for all
pairs i, j. Trummer’s degenerate problem is the problem of computing the vector C(a)v

for two given vectors @ = (a;)?y and 7 = (vJ)J_O , where a; # aj fori# j.

Definition 1.3.3 wy = exp(2nv/—1/k) is a primitive k-th root of 1, wf = 1,wk #1 for
l=1,...,k-1.

Lemma 1.3.1 Y5 lwf =0 forg=1,..,k—1.

Approximate solution of Trummer’s degenerate problem can be reduced to Trum-

mer’s problem due to the next simple result.

Lemma 1.3.2 C(¢) = FZ"—I C(G,C+ ewfé) + O(e*) as € — 0, where €= (1)]_0 is the

vector filled with the values one and where € is a scalar parameter.

w? .
Proof. Zgzﬂ q—c,-l—w’ q-c, Z,_OZ 0( “h )l ,fcj (1 + O(eh)), the lemma is

immediately followed from lemma 1.3.1. ]

1.4 New transformations of a Cauchy matrix and of Trum-
mer’s problem.
Theorem 1.4.1 For a triple of n-dimensional vectors b = (b,-);:ol, c= (cj);-‘;'(}, d=

(dk)z;cl,, where b; # ¢j, ¢j # dk, di. # b; fori,j,k =0,...,n — 1, we have the following

matrix equations:

C(Ed) = D& V@V ) DG.HCEG, d), (4.1)
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C(& d) = D(5,d)"' D(&, B)C(& 5)D'(8) "' D(b, d)C (b, d), (42)

C(g,d) = C(&,b)D(b, o)V (5)~TV(d)TD(d, &), (4.3)
C(& d) = ~C(¢,b)D(b,&) D' (b)~1C (b, d)D(d, b) D(d, &) (4.4)

Proof. From (3.1), we immediately deduce that C(b,d)~! = V(d)~TH(d)~'V (b)~!
D(b,d). Substitute the latter matrix equation and the expression (3.1) for C(E,d)
into the trivial matrix identity C(E,d) = C(¢,d)C(b,d)~1C(b,d) and obtain (4.1). Ex-
tend (3.2) to a similar expression C(¢,b) = D(&,b5)~V(e)V(6)~1D’(b) and deduce that
V(@V()™! = D(E b)C(Eb)D’'(b)~". Substitute this expression into (4.1) and obtain
(4.2). Observe that C(&,d) = —C(d, )T and extend (4.1) to obtain that —C(c,d) =
C(d,&)T = (D(d, 9V (d)

V(E)~LD(,8)C(5,8)T = C(5,9TD(5,&)V () TV(d)TD(d,&)~". Substitute C(E,b) =
—C(b,d)T and obtain (4.3). Finally, extend (3.2) to obtain that V(d)V(5)~! = D(d, b)

C(d,b)D’()~! and consequently V(8)~TV(d)T = D/(b)~'C(d,b)T D(d,b). Substitute
the latter matrix equation and the matrix equation C(d,5)T = —C(b,d) into (4.3) and

obtain (4.4). O

1.5 Some algorithmic aspects.

The expressions (4.2) and (4.4) for C(E,d) are Vandermonde-free and Hankel-free, but
they enable us to transform the basis vectors & and d for the Cauchy matrix C(&,d) into
the two pairs of basis vectors &, b and b, d for any choice of the vector b = (b5), b5 # c;j,

bj #dg, %,5,k=0,...,n~1. The associated Trummer’s problem is reduced to

a) the evaluation of the diagonal entries of the diagonal matrices D'(b)~!, D(f.§)
and/or D(f,§)7", for (f,3) denoting the pairs (&d), (5,d), (5), (5,9), (d.5)
and/or (d, &),

b) recursive multiplication of these matrices and the Cauchy matrices C (3, d) and C(, b)

by vectors.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Let us next specify parts a) and b).

a) The evaluation of the entries of the matrices D(f,7) and D(f,§) ! for a given pair
of vectors (f,§) and of the matrix D’(§) for a given vector g can be reduced to the
computation of the coefficients of the polynomial pz(z) = ;-‘;01 (z — g;j) and the
subsequent evaluation of pz(z) at the points f;, i =0,...,n —1 (for D( f. g)) and
of its derivative pZ(x) at the points gi, i =0,...,n -1 (for D/(g)).

The coefficients of the polynomial pg(z) can be obtained by the fan-in method,
consisting of the pairwise multiplication of the linear factors z — g; followed by
recursive pairwise multiplication of the computed products (cf. [BP94], p. 25).

The computation is numerically stable and uses O(nlog?n) flops.

Multipoint polynomial evaluation can be also done in O(n log? n) flops ([BP94], p.
26), but due to the potential numerical stability problems, it seems more attractive
to apply the more recent techniques of fast multipoint polynomial approzimation
(R88], [P95], [PLST93], [PZHY97]. We may very much simplify the evaluation of
the matrices D(f, ), D(f,g')-l and D’(b), where f =5 or § = b provided that we
may choose a vector & = (8:;)?=y at our convenience. For instance, let us fill this

vector with the scaled n-th roots of 1, so that

by =aw:, i=0,1,...,n—1, (5.1)

n?

for a scalar a and for wy, of definition 1.3.3. Then py(z) = [[2) (z—aw}) = z"*—a™,
p%(:z) = nz™1, and the matrices D(f,b) and D(b) can be immediately evaluated
in O(nlogn) flops. Furthermore, the evaluation of any given polynomial p(z) of
degree n at the scaled n-th roots of 1 is immediately reduced to discrete Fourier

transform and thus can be performed in O(nlogn) flops by means of FFT.

Finally, all the diagonal matrices involved in (4.1)-(4.4) can be precomputed once
and for all if, in Trummer’s problem of the computation of the vector C(¢, d-.)‘l_l', the
Cauchy matrix C(& d) is fixed (e.g. C(¥,d) is the Hilbert matrix (z7)72), and

only the vector 7 varies.

b) The multiplication of the diagonal matrices by vectors is a trivial task. The multipli-
cation of the Cauchy matrix C(l-;, d-j or C(c, I-;) by a vector is Trummer’s problem,
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whose solution can be simplified under an appropriate choice of the vector 5. In
particular, even if we restrict b to be filled with scaled roots of 1 (cf. (5.1)), we still
may choose the scaling parameter a to guarantee fast convergence of the power

series of the Multipole Algorithm.

The above study can be extended to the expressions (4.1) and (4.3) for C(¢,d).
Each of them involves two Vandermonde matrices, but one of these matrices in
each expression is defined by a vector b of our choice, and this enables us to yield
simplification. In particular, for two given vectors @ = (u;)25} and b = (b;)2=} the
vector ¥ = V(b)~1# is the coefficient vector of the polynomial v(z) that takes on
the values uy at the points by, £ =0,...,n — 1. For b; being a scaled n-th roots of
1, as in (5.1), the computation of ¥ takes O(nlogn) ops due to the inverse FFT.

Similar comments apply to the multiplication of the matrix V(b)~T by a vector.

Remark 1.5.1 Lemma 1.3.2 enables us to extend the above analysis to approrimate

solution of Trummer’s degenerate problem.

Remark 1.5.2 By Tellegen’s theorem [PSD70], the ezact multiplication of the trans-
posed Vandermonde matriz VT (d) by a vector (cf. (3.1), (4.8)) can be reduced to the
exact multiplication of V(tf) by a vector, that is, to exact multipoint polynomial eval-
uation, though Tellegen’s theorem does not generally preserve the error bounds of algo-
rithms for multipoint polynomial approzimation, such as ones of [R88], [P95], [PLSTI93],
[PZHY97].
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Chapter 2

Approximate Real Polynomial
Division via Approximate
Inversion of Real Triangular

Toeplitz Matrices

2.1 Summary.

We first modify the known FFT based algorithms for approximate polynomial division
(which is equivalent to inversion of triangular Toeplitz) matrices by replacing FFT by
DST, Discrete Sine Transform. The algorithm remains as fast as before but avoids
involving nonreal numbers where the input is real. Then in similar modifications we

replace FFT by DCT, Discrete Cosine Transform.

2.2 Introduction.

In this chapter, we will use polynomial division (which is equivalent to inversion of a
triangular Toeplitz matrix) to demonstrate the correlation between the effective known
algebraic and numerical algorithms with structured matrices. The K x K downshift
matrix Z = (z;), zi+1: = 1, zj = 0if i + 1 # j, ZK = 0, generates the algebra

of lower triangular Toeplitz matrices, T = zi’_(__al t:Z*, which is isomorphic to the ring
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of polynomials modulo z¥, t(z) = ¥ X t:z. In particlular, T-! = YAt Z i

fi_al t;z't(z) = 1 mod zX, that is, the inversion of T is equivalent to computing the
reciprocal of ¢(z) modulo 2™, the latter operation is immedialtely extended to polynomial
division [BP86]. To approximate 7!, one may apply FFT to diagonalize and then invert
an e-circulant matrix C, approximating T (B84]. Such an FFT based algorithm uses only
O(K log K) flops and allows its efficient parallelization but involves nonreal roots of 1
and thus requires more expensive complex arithmetic even where T has only real entries.
We propose a simple alternative algorithm. It approximates T~! by means of Discrete
Sine Transform, DST, in lieu of FFT. The resulting algorithm still uses O(K log K) flops
to invert T and is easily parallelizable but involves only real numbers for a real input

matrix T.

2.3 Parallel Approximate Real Polynomial Division

In this chapter, we present some effective algebraic and numercical techniques for the
design and analysis of algorithms and correlations between matrix and polynomial com-
putations.

Problem of polynomial division: Given the coefficients of two polynomials

s(z) = Ty szt t(z) = S0 g tiz’, where spmt, # 0, find the coefficients of the quotient

q(xz) = L o" qix* and the remainder r(z) = o iz’ of the division of s(z) by t(z)
such that
s(z) =t(z)q(z) + r(z), degr(z) <n. (3-1)

The problem is equivalent to the following task:
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Compute qq, - - -, gm—n,T0, - - -, Tn—1 such that

[ tn 0
Sm 0
( \‘ the1 tn ( \
Sm—1 . . . 0
: : - dm-—n
ta 9m—n—
sm | = o S S R (3.2)
to . - th :
Spn—1 N . Tn—-1
) . 90
. :
\ 0 } \ o to ) \ To )

Theorem 2.3.1 Let T be a K x K real triangular Toeplitz matriz. Then O(K log K)

real flops are needed to approrimate the inverse of the triangular Toeplitz matriz T!.

Proof: We first recall from [BC83], [KO96] that the K x K matrix Z + Z7 can
be diagonalized by the DST, that is, Z + Z7 = S diag (do, - .. ydg—1)S, where S =
[\/_sm ], 4,7 = .., K — 1, is the matrix of Discrete Sine Transform, DST: §2 =1,
d; = 2cos-l?, §2 = I. Then we observe that Z + €227 = eD7Y(Z + ZT)D,, where € is
any scalar and D, = diag(l,e,...,eX~1). Therefore,

Z+ 27 = eD71S diag (do, . .. ,dx—1)SDk, (3.3)

(Z +€22T)~" ="' D]'S diag (dg,...,dg" {)SD.. (3.4)

Now, we approximate T = 21—0 t;Z* by the matrix T 2:—0 t:(Z + 2Z7T)!
and obtain that (T;*)~! = eD7LS diag (XX5! t:(d;)))~1SD,, j =0,..., K — 1. Clearly,
(T2)™! — T-! as € — 0. Therefore, for a positive € approximating 0, we approximate

~! in O(K log K') flops involving only real values if T is real. The same goal can be
achieved by means of any of the 4 known variants of the DST and 4 known variants of
DCT (Discrete Cosine Transform) (cf. [KO96]). Each of the 8 transforms diagonalizes a

tridiagonal matrix H with the triple of the central diagonals of the form:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



al,...1,b
¢ 0,0,...0,0,d
al,...1,b

where ¢ = d = 0 unless a = b = 1. We write D(u,v,w) = diag (v,v,v,...,v,v,w).
If c =d =0, we have H = D(a,1,b)(Z + ZT)D(a, 1,b) [KO96], and we approximate
Z by Z+eZT = eD7'D"'(a,1,)HD '(a,1,b)D.. Ifa = b = 1, we have H =
Z + ZT + D(c,0,d) [KO96], and we approximate Z by the matrix eD7'HD. = Z +
eD(c,0,d) + €2Z7T. In both cases, the matrix aproximating Z is diagonalized as soon as
H is diagonalized by DST or DCT, and then the algorithm for the approximation of T~}

is immediatley extended. o

10
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Chapter 3

The Complexity of the Algebraic
Eigenproblem

3.1 Summary

The eigenproblem for an n-by-n matrix A is the problem of the approximation (within
a relative error bound 27°) of all the eigenvalues of the matrix A and computing the
associated eigenspaces of all these eigenvalues. The arithmetic complexity of this problem
is bounded by O(n3 + (nlog?n)logb). If the characteristic and minimum polynomials
of the matrix A coincide with each other (which is the case for generic matrices of all
classes of general and special matrices that we consider), then the latter deterministic
cost bound can be replaced by the randomized bound O(K4(2n) + n? + (nlog?n) logb)
where K4(2n) denotes the cost of the computation of the 2n — 1 vectors Alv, i =
1,...,2n — 1, maximized over all n-dimensional vectors v; K4a(2n) = O(M(n)logn), for
M(n) = o(n%37%) denoting the arithmetic complexity of n x n matrix multiplication.
In particular, this bound turns into O(n2logn + (nlog?n)logb) for generic structured
matrices of the classes of n x n Toeplitz, Hankel, Toeplitz-like, Hankel-like and Toeplitz-
like-plus-Hankel-like matrices. This bound is optimal (up to a logarithmic factor) for
each of the latter classes of input matrices. We also prove similar nearly optimal upper

bounds for the generic Cauchy-like, Vandermonde-like and sparse matrices.

11
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3.2 Introduction

3.2.1 Matrix eigenproblem and some open issues

The solution of the matrix eigenproblem (that is, the problem of the computation of
the matrix eigenvalues and the eigenspaces of the associated eigenvectors) is a central
classical topic of applied linear algebra. The history of this problem can be traced back
at least to the first half of the 19th century, when, motivated by applications to celestial
mechanics, Cauchy discovered his celebrated Interlacing Theorem for the eigenvalues.
Recently the eigenproblem turned out to be highly important also for the solution of
polynomial systems of equations [AuSt88], [Ste96], [MP98], [BMPI8].

The subject has enormous bibliography (see e.g. [GL96] and references therein) and
causes never stopping stream of research articles in the leading journals on numerical
analysis and applied linear algebra. The importance of this topic was highly recognized
by numerical analysts (e.g. works on it have been awarded by the SIAM Prize in Applied
Linear Algebra) but much less so by the computer science theoreticians, even though
some major practical and theoretical algorithmic problems in this area were widely open.

In particular, the customary iterative algorithms for the eigenproblem are relatively
slow for the worst case (unsymmetric) input matrix. We will state this quantitatively,
measuring the arithmetic computational cost by the number of ops involved, where
"ops” will be our abbreviation for both arithmetic operations (over real or complex
numbers) and comparisons (of the absolute values or the moduli of pairs of real or
complex numbers). We observe that for a general n xn input matrix A, the most popular
QR algorithm requires order of n2 ops to reduce the matrix to Hessenberg form and then
order of Mn3 ops to approximate all the real and complex eigenvalues of A, where M,
the average number of iterations per eigenvalue, is unbounded both theoretically and
practically. Other known practical iterative algorithms have no better computational
cost estimates and no better performance [GL96]. All of them routinely fail in practice
already for n of order 50 in the highly important case where some eigenvalues are multiple
or form clusters. This observation is stated explicitly e.g. in [Go94], pp. 1062-1063,
whereas the solution in the case of a much higher order of » and in the presence of

clustered eigenvalues is usually required, say, in the cited applications to polynomial

12
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systems of equations.

The computational complexity estimates based on the customary algorithms are not
satisfactory even for the much simpler eigenspace problem, which is a subproblem of the
eigenproblem. Namely, in the eigenspace problem, one assumes all the eigenvalues of an
7. X n. matrix available and seeks the eigenspaces of the eigenvectors associated with these
eigenvalues. The solution method of practical choice is the Inverse Power Iteration, but
it supports no finite complexity estimates for the worst case input (see Appendix B).

Similar deficiency is observed for the eigenproblem for the various highly important
classes of special (sparse and dense structured, e.g. Toeplitz-like and Cauchy-like) ma-
trices, for which one should expect substantial acceleration of the solution by exploiting
the sparsity and/or structure. Here again, the full complexity analysis of the customary
solution algorithms is missing.

The above background should have made the eigenproblem a major computer science
subject in the areas of computational complexity and the design and analysis of algebraic
algorithms. So far the situation is quite opposite, however, apart from the estimates
for the complexity of some selected algorithms [KW92], the solution of the (simpler)
symmetric tridiagonal eigenvalue problem in [BP91], [BP98] and some treatment of the
sparse eigenvalue problem in [R95] (cf. Remark A.l1 in our Appendix A).

In this chapter, we will study the arithmetic complexity issues for the eigenproblem
for both general and special n X n input matrices, and will arrive at tight estimates (up

to polylogarithmic factors).

3.2.2 The arithmetic complexity of the eigenproblem for general ma-

trices

Let us next estimate the arithmetic complexity of the eigenproblem for general n x n
matrices. To solve the eigenproblem with controlled computational cost for an input
matrix A possibly having clustered and/or multiple eigenvalues, we rely on the well-
known observation that all the eigenvalues of an n x n matrix A are the zeros of its
characteristic polynomial c4(z). This observation immediately enables us to reduce the
solution of the eigenproblem to the following stages:

a) the reduction of the eigenproblem for a given matrix to the one for a matrix in
13
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a canonical form (that is, for a Hessenberg matrix or, more specially, for a Frobenius
matrix, for a block triangular or block diagonal matrix with Frobenius diagonal blocks,
or for a tridiagonal matrix); as a by-product of this stage, the coefficients of the charac-
teristic polynomial c4(z) of the original input matrix A are output or become available
readily, in O(n) additional ops,

b) the approximation of the eigenvalues of A as the zeros of c4(z), and

c) the computation of the eigenspaces of the approximated eigenvalues, by exploiting
the available reduction of A to the canonical form.

Stage a) has been thoroughly investigated already several decades ago [FF63]. Several
well-known algorithms reduce a generic n xn matrix A to a Frobenius matrix, and we also
prove in section 3.10 that an unsymmetric modification of Lanczos algorithm reduces it
to the tridiagonal form. (Generic n xn matrices cover all n x 7 matrices but ones forming
an algebraic variety of a lower dimension.) Furthermore, the algorithms for Hessenberg
reduction are well known [GL96], [BP94], and by combining and extending some known
techniques, Keller-Gehrig in [K-G85] devised a solution algorithm that reduced any nxn
input matrix A to the triangular Frobenius form. All these algorithms are performed at
nearly optimal arithmetic cost of O(M(n) log n) ops, whereas (M (n)) is a lower bound
on the arithmetic complexity of the computation of c4(x) for a general input matrix
(see [BP94], exercise 2.6 on p.213). Here and hereafter, M(n) denotes the number of
ops required for n x n matrix multiplication: M(n) = O(n*) where w < 2.376 in theory,
and w ranges from log, 7 < 2.808 to 3 in practical algorithms (cf. [BP94], p. 94; [GL96],
(Hig96], (K.a])-

At stage b) we fix some matrix norm || - || and absolute output error bound € =
2-%||A|| and apply the recent nearly optimal polynomial rootfinders (see section 3.11) to

approximate all the eigenvalues of A within € in arithmetic time

t(n,b) = O((nlog?n)(log b + log?n)), (2.1)

whereas n and $2(logb) are the known lower bounds on the complexity of polynomial

rootfinding (cf. [R87] and [P97]).
For an n xn matrix A given with its eigenvalue )\, stage c) amounts to the computation

of the null space of the matrix AI, — A, I, being the n x n identity matrix. The known

14
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algorithms compute the null space in O(M(n)) ops (see [BP94], pp. 109-110), which
gives us the bound of O(nM(n)) = O(n“*!) ops for the entire eigenspace problem.
Such a bound for the eigenspace problem also dominates the overall complexity of the
eigenproblem. Our study in section 3.12, however, shows that O(n®) ops are sufficient
to solve the eigenspace problem for an n x n matrix A given in the Hessenberg form
or in the more special triangular Frobenius form whereas the cost decreases to O(n?)
ops if A is a tridiagonal or Frobenius matrix or is represented in the diagonal Frobenius
form. (The latter result was known in the Frobenius and block diagonal Frobenius cases.)

Summarizing, we obtain the following results:

Theorem 3.2.1 The deterministic arithmetic complexity of the eigenproblem for any
n X n matriz A is bounded by O(n3®) + t(n,b) ops for t(n,b) of (2.1) and for 278 A||
denoting the required upper bound on the absolute output error of the approrimation of
the eigenvalues of A where ||-|| denotes any fired matriz norm. For generic n x n matrizc
A, the complexity is bounded by O(M(n)logn) + t(n,b) ops, where M(n) denotes the

complerity of n x n matriz multiplication, M(n) = o(n2376).

Remark 3.2.1 Clearly, the term t(n,b) can be deleted from the former of the above
estimates if logb = O(n2/ log? n), that is, if b = 20n*/ log?n)  and from the latter of the
estimates if logb = O(M(n)/(nlogn)), that is, if b = 20(M(n)/(nlogn))

3.2.3 The arithmetic complexity of the eigenproblem for sparse and

dense structured matrices

As we will see in section 3.12, stage c) of the solution of the eigenproblem is much

simplified for any n x n matrix A that satisfies the equation

ma(z) = ca(z), (2.2)

where m4(z) denotes the minimum polynomial of A. Equation (2.2) holds generically
for an n x n input matrix A, and if (2.2) holds, then stage a) becomes the bottleneck,
that is, the cost of the computations at stage a) dominates the overall computational

cost of the solution of the eigenproblem. In section 3.5, we will show that the cost can
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be decreased dramatically in the case where the input matrix A is special, that is, sparse
or dense structured.
Sparse matrices A are characterized by the patterns of their nonzero entries, whose

total number will be denoted by f4. It is realistic to assume that

fa=0(), (2.3)

with 8 < 2 or even 8 =1 for an n x n sparse matrix A.
There are several important families of dense structured matrices, the most celebrated
being the classes of Toeplitz, Hankel, Vandermonde and Cauchy matrices, which we

display in the next table.

Table 1. Dense Structured matrices.

Toeplitz matrices: Hankel matrices:
T = (ti-;) 520 H = (hit;)T52-

Vandermonde matrices: | Cauchy matrices:

V = (.’L‘Z)n-l C = ( 1 n—1

i,7=0 z;—y; /4,3=0

For the latter classical matrices, important extensions were more recently developed
called Toeplitz-like, Hankel-like, Vandermonde-like and Cauchy-like matrices in [BP94].
In some applications, one deals with Toeplitz-like + Hankel-like matrices (obtained as
the sum of pairs of Toeplitz-like and Hankel-like matrices and thus extending both of

these two classes).

16
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It is a basic property of sparse and dense structured matrices that they can be
multiplied by vectors fast. Formally, let v4 denote the number of ops required to multiply
a given n X n matrix A by a vector v and let K4(h) denote the number of ops required
to compute the n x h Krylov matrix, K(A, v, h) = (Aiv)i=0'_._,h_1, where v is a generic

n-dimensional vector. We have

Ka(h) < (h—1)va, (2.4)
va=2n%—n, Ka(h) < (2n - 1)(h—1)n, (2.5)
va <2fa, Ka(h) <2(h—1)fa (2.6)

for any n x n matrix A (where f4 is the number of nonzero entries of A),
vg = O(nlogn), Ka(h) = O(hnlogn) (2.7)

for any n x n Toeplitz, Hankel, Toeplitz-like, Hankel-like, or Toeplitz-like+Hankel-like

matrix A, and
va = O(nlog?n), Ka(h) = O(hnlog?n), (2.8)

for any n x n Vandermonde, Vandermonde-like, Cauchy, or Cauchy-like matrix A (cf.
[BP94]).

We will prove that for every considered class of special matrices (which is either a
linear subspace or an algebraic variety in the linear space of dimension n? of the entries
of all n X n matrices) equation (2.2) holds for generic matrices of this class (that is,
for all matrices of this class except for ones that form an algebraic variety of a lower
dimension).

We will next state (in terms of n,b and K4(n)) our estimates for the complexity of

the eigenproblems of n x n sparse and dense structured matrices A satisfying (2.2).

Theorem 3.2.2 If an n xn matriz A satisfies (2.2), then its eigenproblem can be solved
by means of generating 4n — 2 random parameters and then performing t(n, b) + O(n? +
Ka(n)) ops for t(n,b) of (2.1) and for 27||A|| denoting the required upper bound on the

output errors for the eigenvalues, where || - || denotes any fired matriz norm. The cost
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bound does not include the cost of the generation of random parameters. Assuming that
these parameters are sampled from a fized finite set S of cardinality |S| independently
of each other under the uniform probability distribution on S, the algorithm supporting
the above arithmetic complezity estimate either outputs FAILURFE or otherwise, with a
probability at least (1 — (n+1)n/(2|S[))(1 —2n/|S|), produces correct output for a matriz
A satisfying (2.2). The algorithm can be applied to any n x n matriz A and outputs
FAILURE unless (2.2) holds.

Remark 3.2.2 The term t(n,b) can be deleted from the above complerity estimate if
logb = O(n/log?n), that is, if b = 200/ og*n)  The term n? can be deleted unless
K 4(n) = o(n?).

If we rely on bounds (2.4) and (2.5), Theorem 3.2.2 gives no improvement of the
complexity estimates of Theorem 3.2.1. For sparse and dense structured matrices, we

immediately obtain a major improvement based on (2.6) —(2.8).

Corollary 3.2.1 The complezity estimate of Theorem 3.2.2 turns into t(n,b) + O(n? +
nf4) for n x n. sparse matrices A having f4 nonzero entries (which gives us the bound
t(n,b) + O(n?) if f4 = O(n)); the estimate turns into t(n,b) + O(n2logn) for n x n
Toeplitz-like+Hankel-like matrices A, and into t(n,b) + O(n?log?n) for Cauchy-like and

Vandermonde-like matrices A.
Remark 3.2.3 The latter bounds are optimal (up to polylogarithmic factors) because n?

ops are required already to output the n? coordinates of the n eigenvectors of an n x n

matriz.

For comparison, the knows estimates for the complexity of the eigenproblem of the
above highly important classes of special matrices do not improve the bound

O(M(n))=0(n*) known for general matrices satisfying (2.2).

3.2.4 Organization of the chapter

We organize this chapter as follows. In the next section we introduce the matrix eigen-

problem. In sections 3.4 and 3.5 we study its reduction to canonical forms together
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with the computation of the characteristic polynomial, c4(z). In sections 3.6-3.8, we
define various classes of dense structured matrices and prove that equation (2.2) holds
generically for the matrices of these classes as well as for sparse matrices. In section 3.9,
we cover fast randomized solution of singular but consistent Toeplitz or Toeplitz-like
linear systems of equations (over any field of constants), which is required in section 3.5.
In section 3.10, we study the reduction of a matrix to the tridiagonal form by means
of an unsymmetric variant of Lanczos algorithm and prove that this works for generic
input. In section 3.11, we cover approximation of the eigenvalues as the zeros of c4(z)
and the computation of their algebraic multiplicities. In section 3.12, we compute the
eigenspaces of all the eigenvalues. In section 3.13, we briefly discuss some open issues,
in particular the solution of the eigenproblem for the special matrices associated with
polynomial systems and the extension of our arithmetic complexity results to the bit-
complexity estimates. In Appendix A we recall some fast deterministic algorithms for
the computation of the characteristic polynomial where A is sparse or is dense and struc-
tured. In Appendix B we comment on the Inverse Power Iteration for the computation

of the eigenvectors.

3.3 Matrix Eigenproblem

In this section we recall some definitions and basic results {cf. [FF63], [GL96], [Wil65]).

Definition 3.3.1 For an n x n matriz A, let
AV = VA, (3.1)

where A = diag(A1,...,Aq) is a ¢ X q diagonal matriz, V = (v1,...,vg) s ann x q
matriz of full rank with columns v1,...,v,, and q is marimum, q < n. Then every pair
(Aj,v;) is the pair of the eigenvalue A; and the eigenvector v; of A associated to each
other, and the computation of such pairs for j = 1,...,q is the eigenproblem for A.
AL, ..., Aq must not be all distinct. The number pu; of times the eigenvalue \; is repeated
in A is called the geometric multiplicity of A;. A; is geometrically simple if u; = 1. u;
is the dimension of the eigenspace of the eigenvalue \;, defined as the linear space of

the eigenvectors associated to this eigenvalue.
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Remark 3.3.1 One may scale the eigenvalues of A by scaling A because (3.1) implies
that hAV = V(hA) for any scalar h.

Definition 3.3.2 Hereafter, I} denotes the k xk identity matrix, 0 denotes a null matrix
of appropriate size, det W denotes the determinant of a matric W; WT and WH denote

the transpose and the Hermitian transpose of a matriz or a vector W, respectively.

Definition 3.3.3 cq(z)=det(zl, — A) is the characteristic polynomial of A. mx(z),
the minimum polynomial of A, is the monic polynomial of the minimum degree such

that ma(A) = 0.

Theorem 3.3.1 cs(A) = 0. Furthermore, m(z) divides ca(z); ma(\;) = ca(A;) =0

if and only if A; is an eigenvalue of A.

Definition 3.3.4 p;', the algebraic multiplicity of an eigenvalue A; of A, is the multi-

plicity of the zero A; of ca(x), that is, p} = max{d: (z — A\;)? divides ca(z)}.

We have

p} = pj for all 5. (3.2)
Theorem 3.3.2 Let (3.1) hold, let T be an n x n nonsingular matriz, and let
A=TAT .. (3.3)
Then A(TV) = (TV)A.

Definition 3.3.5 The matriz transformation (3.3) of A into A is called similarity trans-
formation, which reduces the eigenproblem for A to one for A and is said to reduce A

to A.

The initial customary step of the solution of the eigenproblem for a given matrix A
is the reduction of A (by a similarity transformation) to some canonical form for which
the solution of the eigenproblem is simpler. The next two definitions describe some of

these canonical forms of matrices.
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Definition 3.3.6 A = (a;;) is a tridiagonal matrix if a;; = 0 for |i — j| > 1. More
generally, A is a Hessenberg matrix ifa;; =0 fori—j > 1. A Hessenberg or tridiagonal

matriz (a; ;) is unreduced if aiy1; # 0 for all i.

Remark 3.3.2 Actually, we narrowed the class of Hessenberg matrices to the upper
Hessenberg matrices and similarly for the matrices in the triangular Frobenius form

defined below (in Definition 3.53.7) because this is sufficient for our eigenstudy.

The following simple observations specify the structure of Hessenberg and tridiagonal

matrices.

Theorem 3.3.3 Every Hessenberg matriz A can be represented as a block triangular
matriz with unreduced Hessenberg diagonal blocks. If A is tridiagonal, then so are these
blocks too, and each superdiagonal block either vanishes or has a single nonzero entry,

located in its southwestern corner.
The next special case of Hessenberg matrices will be important for our study.

Definition 3.3.7 A special n x n Hessenberg matriz of the form

(o ... 0 —m )
- )
F=F@p)=
0
\0 1 ~pn-1)

is called a Frobenius (companion) matrix. A Hessenberg matriz A is in the (block)
triangular Frobenius form if this is a block upper triangular matriz,

F *
A= o : (34)

0 Fy
whose diagonal blocks F1i, . . ., Fi are Frobenius matrices. Here, all the subdiagonal blocks
are null matrices, and * stays for the superdiagonal blocks. If all of them are null ma-

trices, then the matriz is in the (block) diagonal Frobenius form.
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Remark 3.3.3 A Frobenius matriz F is available as soon as its characteristic polyno-

mial cp(z) = z" + S n_{ piz’ is available and vice versa.

Remark 3.3.4 For a matriz A of (3.4), we have

k
ca(@) =] er(a). (35)

i=1

Hereafter, we will assume computations with real or complex numbers, will measure
the computational cost by the number of arithmetic operations and comparisons involved,
and will refer to all such operations as ops.

By applying Gaussian elimination with row interchange, we obtain the following
results.

Theorem 3.3.4 O(n?) ops suffice to factorize an n X n nonsingular Hessenberg matriz
A as a product PLU where P is a permutation matriz, L and U are lower and upper
triangular matrices, respectively. The cost bound decreases to O(n) either if A is tridi-
agonal or if A= A, — F for a scalar A and a matriz F given in the diagonal Frobenius
form. If the PLU factorization of A has been computed, then O(n) additional ops are

sufficient to compute det A and to decide whether A is singular or not.

Corollary 3.3.1 O(n?) ops suffice to solve a nonsingular linear system of equations with
a Hessenberg coefficient matric A. The cost bound decreases to O(n) if A is a tridiagonal
matriz or equals A, — F where F is a matriz in the diagonal Frobenius form and X is

a scalar.

3.4 Reduction of a Matrix to the Hessenberg, Triangular
and Diagonal Frobenius Forms
We will start this section with some definitions partly repeating ones of the introduction.

Definition 3.4.1 Hereafter, M(n) and I(n) denote the arithmetic cost of n x n matriz

multiplication and inversion, respectively.
It is well-known (see e.g. [BP94], p. 213) that

M(n) = 0(n¥), 2 <w < 2.376, (4.1)
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M(n) = O(I(n)), I(n) = O(M(n)).

Remark 3.4.1 (c¢f. [BP94], p. 94; [K,a]). The asymptotic upper bound of (4.1) hides
a huge overhead constant in the "O” notation. Practical customary algorithms support
the bounds M(n) = O(n?8%) and I(n) = O(n3) where the overhead constants are quite
small. Estimating the computational cost in terms of M (n), however, has some practical
Justification because matriz multiplications and the computations intensively involving

them are performed very effectively on modern supercomputers [GL96], [Q94].

Theorem 3.4.1 Given an n xn matric A, it suffices to use O(M(n)logn) ops in order
to compute a nonsingular matrizc W, its inverse W1, and the matrit W AW ! in the

triangular Frobenius form.

Proof. See [K-G85]. a

Keller-Gehrig’s algorithm of [K-G85], supporting Theorem 3.4.1, involves several
steps of modified block Gaussian elimination, which makes it generally ineffective for
sparse and/or structured matrices A.

We also recall the following results.

B C
Theorem 3.4.2 (see [GL96], p.8314). For a pair of n x n matrices A = ( ) and
0 G

I, X B C-XG+BX
W= , where B is a px p matriz, we have W 1AW = .

Remark 3.4.2 Instead of triangular Frobenius form, one may reduce A to the more
general Hessenberg form. Theorem 3.4.1 applies, of course, but other algorithms work

too, and some of them are more attractive for practical computations [GL96].

Theorem 3.4.3 [GIKT95], pp. 383-384.) Under the assumptions of Theorem 3.4.2, let
B be a Frobenius matriz. Then there exists a matriz X satisfying XG — BX =C.

Based on Theorems 3.4.2 and 3.4.3, we may reduce an n X n matrix A from the
triangular Frobenius to the diagonal Frobenius form. The estimated cost of such a
reduction is dominated by the cost estimates for the stage of the computation of the
matrices X of these theorems. The latter cost estimates generally exceed M (n) by order

of magnitude, even where B and G are Frobenius matrices.
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3.5 Randomized Reduction to a Frobenius Matrix
We will again start this section with definitions, partly repeating ones of the introduction.

Definition 3.5.1 For an n x n matrizr A and an n-dimensional vector v, the n x n
matrices K(A,v,h) = (Aiv)l-:o,_,_,h_l forh=1,2,..., are called Krylov matrices induced

by A and v.

Definition 3.5.2 For an n x n matriz A and a positive integer h, let K4(h) denote
the arithmetic complexity of the computation of the Krylov matriz K(A, v, h) mazimized

over all n-dimensional vectors v.

Definition 3.5.3 A subset W of a linear space V' or, more generally, of an algebraic
variety V of a dimension k is algebraically open or generic if V —W is an algebraic variety
of dimension less than k. A property holds generically for a fired class of matrices (or,
equivalently, for a generic matriz of a fired class) if it holds generically for the matrices

of this class.

Definition 3.5.4 Uniform sampling of h elements from a finite set S is their selection
from S independently of each other under the uniform probability distribution on S. |S|

is the cardinality of a set S.

We have the following well-known results (cf. e.g [Wi86], [KP91], [BP94] on Theorem
4.1 and [GL96], pp. 348-349, on Theorem 4.2).

Theorem 3.5.1 ma(z) = ca(x) (that is, equation (2.2) halds) for an n. x n matriz A
if and only if
rank (K(A,v,n)) =n (5.1)

or, equivalently, if and only if the n xn matriz H, = (uT A**J v):‘;:lo ts nonsingular where

the vectors u and v (both of dimension n) have 2n indeterminates as their coordinates.

Corollary 3.5.1 Eguation (5.1) (for a fized vector v) holds generically for n x n ma-
trices. Equation (2.2) holds generically for n x n matrices A.
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Remark 3.5.1 Corollary 3.5.1 can be deduced alternatively from the well-known fact
that equation (2.2) holds if an n x n matriz A has n distinct eigenvalues and from
Theorem 3.5.1.

Theorem 3.5.2 Let A be an n x n matriz. Let v be a vector of dimension n. Let

equations (2.2), (5.1) hold. Then
F =K lAK, for K = K(A,v,n), (5.2)
is the n x n Frobenius matriz satisfying the equation
cr(z) = calz). (5-3)

Theorem 3.5.2 for v = (1,0,... ,O)T leads to the Danilevski algorithm which under
(5.1) computes a similarity transformation of a matrix A into the Frobenius matrix F
and outputs cp(z) = cq(z) and the matrix K of (5.2). The theorem has the following
corollary, involving M (n), I(n) and K4(n) of Definitions 3.4.1 and 3.5.2.

Corollary 3.5.2 Let an n x n matric A and a vector v satisfy equations (2.2), (5.1).
Then the Frobenius matriz F and the Krylov matriz K = K (A, v,n) satisfying equation
(5.2) can be computed at the cost Ka(n) + 2M(n) + I(n).

Now we observe that for the solution of the eigenproblem we need only the matrices F'
and K of (5.2) but not K~1. This motivates our next goal to remove the terms 2M(n)
and I(n) from the cost bound of Corollary 3.5.1. Such a removal will dramatically
accelerate the computations in the case where A is a sparse and/or structured matrix
(cf. (2.6)-(2.8)). Towards this goal, we first recall the next theorem, fundamental for the
study of randomized algebraic algorithms. The theorem is due to [DL78] but is more
widely known from the papers [Z79] and [S80].

Theorem 3.5.3 Let p(z) = p(z1,...,Tm) be a nonzero m-variate polynomial over and
field or ring R. Let p(x) have total degree d. Let z3...,x;, be uniformly sampled from
a fized finite subset S of R. Then p(z7...,x;,) # 0 with a probability at least 1 — d/|S|.

The algorithm supporting the next theorem probabilistically computes the minimum

polynomial m4(z) of a given matrix A.
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Theorem 3.5.4 Let A be a fired n x n matriz, let S be a fized finite set and let v
be a random vector of dimension n with its entries uniformly sampled from the set S.
Then it suffices to sample uniformly 3n — 2 additional random values from S and to
perform Ka(2n) + O(n®) ops in order to compute the matriz K(A,v,n) and a monic
divisor d(z) of the polynomial m4(z) such that d(z) = m(z) with a probability at least

(1 = G - &)

Proof. The modification by [KP91] of the algorithm of [Wi86] uniformly samples 2n
random parameters from a finite set S, to define the 2n components of two vectors u and
v, each of dimension nn. Then (cf. {[KP91]), at the cost of performing K4(2n) + O(n?)
ops, the n x (2n) matrix K (A, v,2n) and the vector h = uTK(4,v,n) = (uT Aiv)2%;1

are computed, which defines the k x & Hankel matrices,

Hk = (uTAi+jv)f;=101 k= 19 AL (5'4)
satisfying
det H, # 0, for p = rank(H,). (5.5)

The coefficient vector d = (d,-):-’;a1 of the polynomial d(z) = Z{;ol d;z’ is computed as
the solution of the following nonsingular linear system of p equations:
H,d = (uTA'v)221 (5.6)
It is immediately observed that the polynomial d(z) divides m4(z); furthermore, it
is proved in [KP91] (based on Theorem 3.5.3) that d(z) equals the minimum polynomial
ma(z) with a probability at least 1 — ]%'i It remains to compute p and to solve the
linear system (5.6). This task will be solved in section 3.9, where we will recall and
slightly elaborate further the algorithm of [Kal95]. The solution requires to sample
2n — 2 additional random values uniformly from the set S and in addition to perform
O(nlog?®n) ops. This will complete the proof of Theorem 3.5.4. a
Now, for an n x n matrix A we immediately devise the following randomized algo-
rithm, which tests if (5.1) holds and, if so, computes two matrices, F' (Frobenius) and
K (Krylov) of (5.2), (5.3), and also outputs c4(z) (cf. Remark 3.3.3).
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Algorithm 3.5.1 (reduction of a generic matriz to the Frobenius matriz).

Input: an n X n matrix A and a finite set S.
Output: FAILURE or an n X n nonsingular matrix K and the Frobenius matrix F
satisfying equations (5.2), (5.3), as well as the characteristic polynomial c4(z) = cp(z)-

Computations:

1. Apply the randomized algorithm supporting Theorem 3.5.4 to compute a matrix

K = K(A, v,n) (for a random vector v) and a divisor d(z) of m4(z).

2. If the degree of d(zx) is n, output d(z), the matrix K and the Frobenius matrix F
satisfying cp(z) = d(z). Otherwise output FAILURE.

Correctness of the algorithm follows from Theorems 3.5.2 and 3.5.4.
By summarizing the estimates for the computational cost and the failure probability

of the algorithm, we obtain the following result.

Theorem 3.5.5 If Algorithm 3.4.1 is applied to an nxn matriz A not satisfying (2.2), it
always outputs FAILURE. If the algorithm is applied to an nxn matriz A satisfying (2.2),
then it either outputs FAILURE or otherwise, with a probability at least (1 — S"_;"é)ﬁ)(l -
%"[), correctly computes a pair of n X n matrices K and F (K a nonsingular Krylov
matriz, F a Frobenius matriz) satisfying (5.2), (5.3), so that F defines the characteristic
polynomial c4(z) = cr(x). The algorithm samples uniformly 4n — 2 random values from

S and then performs K 4(2n)+0(n?) ops (not including the cost of the random sampling).

Remark 3.5.2 As soon as the matrices K and F of (5.2) are available, Theorem 3.3.2

reduces the eigenproblem of A to the one of F.

Remark 3.5.3 The complezity bound of Theorem 3.5.5 is smaller than one of Theorem

3.4.1 by order of magnitude if the input matriz A is sparse and/or structured (cf. (2.6)-
(2.8)).
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3.6 Equation (2.2) for General, Vandermonde-like, Cauchy-

like, and Sparse Matrices

By Corollary 3.5.1, equation (2.2) holds generically for n x n matrices and also for the
matrices of any subspace or algebraic variety in the space of n x n matrices provided
that it holds for at least one matrix A in this subspace or variety. To prove the existence

of such a matrix A, we will use, in particular, the following definition and result.

Definition 3.6.1 An [ x | leading principal or northwestern submatriz of an n xn
matriz W is the submatriz formed by the entries lying in the first [ columns and first
l rows of W, forl < n. If the k x k leading principal (northwestern) submatrices of a
matriz W of rank r are nonsingular for k = 1,...,r, then W is said to have generic

rank profile. A matriz is strongly nonsingular if it is nonsingular and has generic rank

profile.

Theorem 3.6.1 [Wi86]. Equation (2.2) holds for an n x n matriz A = WY, provided
that Y is the n x n diagonal matriz with indeterminates filling its diagonal and that the

matriz W has generic rank profile.

Let us next show that equation (2.2) holds generically for Vandermonde-like matrices
and Cauchy-like matrices. We will first recall their definitions (cf. [BP94], [GO94]).

Definition 3.6.2 Let xg,...,zn—1 denote n distinct values and let sg, to, ..., Sp—1,tn—1
denote 2n distinct values. Let x = (z:)24, s = (si)ig, t = (tj);-‘;(}. Then then x n
matrices V = V(x) = (z])771 and C = C(s,t) = (52%)7720 are called Vandermonde
and Cauchy matrices, respectively. Furthermore, the n x n matrices Vr(x,G,H) and
C(s,t,G, H) are said to be given with their (f,x)-scaling/displacement generator (G, H)
and (s, t)-scaling generator (G, H), both of length r, respectively, if

r

Vi(x,G, H)=Y_ diag (fo /(f — z2)2dV (%) 2T (h®),
k=1

r

C(s,t,G,H) = Y diag (sig{")25}Cl(s, t) diag (h3")223
k=1
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where

k)\n— k)yn— - n—
g® = (¢f)iz h® = W)k =0,...,n - 1,6 = @M)p), H = (W®)2),
diag(w:)2oy denotes the diagonal matriz with the diagonal entries wy, . .., Wn—1; Ze(y) =

(vi ,j)i,;=0 is the g-circulant matriX, ¥%:j = ¥i—j mod n fOT 1 2 J, Yij = qUi~j mod n fori <

Yy = (yx)iZ5, 9 = 1/f, and f is a scalar, f #0, f #zP fori=1,...,n—1. I-circulant
matrices are called circulant. The minimum length r in the above representations of the
matrices V¢(x,G, H) and C(s,t,G, H) (for all pairs (f,x) and (s,t), respectively) is
called the scaling/displacement rank and the scaling rank of these matrices, respectively.
Ifr = O(1) as n — oo, then the above matrices are called Vandermonde-like and Cauchy-

like matrices, respectively.

Note that Vandermonde and Cauchy matrices have scaling/displacement and scaling
ranks 1, respectively.

We immediately observe the following results.

Theorem 3.6.2 In the n2-dimensional linear space of the entries of n x n matrices, the
entries of the n x n matrices having scaling/displacement or scaling ranks at most r form

two algebraic varieties of dimensions at most (2r + 1)n + 1 and (2r + 2)n, respectively.

It is well known that all k¥ x k Vandermonde and Cauchy matrices V' = (z7)¥ J—O and
= (= n —t, ), ~j=0 have generic rank profile (provided that all the values zq, ..., -1 are
distinct and all the values sg, ¢, - - - , Sk~1, tk—1 are distinct). By Theorem 3.6.1, equa-
tion (2.2) holds for the matrices A = VY and A = CY. By Definition 3.6.1, these are
Vandermonde-like and Cauchy-like matrices, respectively, defined with their displace-
ment/scaling generators of length 1 and scaling generators of length 1, respectively. By

combining these observations, we obtain the next result.

Theorem 3.6.3 Equation (2.2) holds generically for (Vandermonde-like matrices) hav-
ing displacement/scaling rank at most r and for (Cauchy-like) matrices having scaling

rank at most v, for anyr > 1.

We also have the next trivial corollary of Theorem 3.6.1.
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Corollary 3.6.1 Equation (2.2) holds generically for n x n sparse matrices with a fized
pattern of their nonzero entries as long as this pattern allows a matriz to have generic

rank profile.

3.7 Toeplitz and Toeplitz-like Matrices: Definitions, a Ba-
sic Property and Equation (3.2.2)

Our study of Toeplitz, Toeplitz-like, Hankel, and Hankel-like matrices throughout section
3.9 will be valid over any field F, though for our study of the eigenproblem we only need
the special case where F = C and C denotes the field of complex numbers. Frobenius
matrices are not involved in this and the next sections, and we will use capital F' to

denote the linear operators of shift (displacement).
Definition 3.7.1 A matriz T = (t;;) is called a Toeplitz matrix if

tivr+1 = tij (7.1)
for all pairs i,j for which t;; and t;,, j41 are defined.

Toeplitz matrices are a special class (where r < 2) of the following important and well-
studied class of Toeplitz-like matrices having a small displacement rank r (cf. [BP94],
pp. 174-211).

Definition 3.7.2 (c¢f. e.g. [BP94], Definition 11.1 ). For an n xn matriz T, define the

two displacement generators,

F.(T)=T-2"T2, F.(T)=T-Z2ZTZ%, (7.2)
where
[0 0 )
10
Z= 1
\ 0 1 0 /
is a down-shift n x n matriz. If for F = F,. or F = F_ we have
F(T) =GHT, (7.3)
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where G and H are n x v matrices, then the pair of matrices (G, H) is called an F-
generator or a displacement generator of T of length r and will be denoted d.g.-(T). The
minimum r allowing the above representation (7.3) is called the F-rank or displacement
rank of T. T is called a Toeplitz-like matrix if r = O(1) as n — oo.

Next, we will recall a basic property of Toeplitz-like matrices, which will enable
us to manipulate with them by means of operating with a few entries of their short

displacement generators, rather than with their own more numerous entries.

Theorem 3.7.1 [KKM79]. Let F_,F,,T,G,H, and r be as in (7.2) and (7.3). Then
F(T) = GHT = T1_, g®h®T if and only if

T = zrj LT(g"NL(®) for F=F_, T= Zr: Lg"LT(®) for F=F,, (74)
k=1 k=1

where G = (g1,...,g), H = (WY, ... ,h(™), and L(v) is a lower triangular Toeplitz

matriz with the first column v.
Based on equations (7.1)-(7.4), we immediately obtain the following results.

Theorem 3.7.2 The class of all n x n Toeplitz matrices forms a linear subspace T of

dimension 2n — 1 in the space of n X n matrices.

Theorem 3.7.3 The class of all n x n (Toeplitz-like) matrices having displacement rank
at most v forms an algebraic variety T, of dimension at most 2rn in the space of n x n

matrices. Furthermore, T C T} forr > 2.

Now we immediately verify that (2.2) holds for the Toeplitz matrix A = Z. Com-
bining the latter observation with Theorems 3.7.2, 3.7.3 and Corollary 3.5.1 gives us the

next result.

Corollary 3.7.1 Equation (2.2) holds generically for n x n lower (upper) triangular
Toeplitz matrices and n x n Toeplitz matrices as well as for n x n (Toeplitz-like) matrices

of displacement rank at most v for any r > 1.

Theorem 3.7.4 Egquation (2.2) holds generically for n x n circulant matrices A (which

are a special case of Toeplitz matrices, cf. Definition 3.6.2).
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Proof. Recall a simple explicit expression of the eigenvalues of a circulant matrix
via the entries (cf. e.g. [BP94], Theorem 5.1 on p.134). Based on this expression, define

a circulant matrix having n distinct eigenvalues and recall Remark 3.5.1. a

3.8 Hankel, Hankel-like, and Hankel-like+4Toeplitz-like Ma-
trices: Definitions and Equation (3.2.2)

Hankel matrices and Hankel-like matrices of displacement rank r are obtained from
Toeplitz matrices and Toeplitz-like matrices of displacement rank r, respectively, by
their pre-multiplication (or post-multiplication) by the reflection matriz J having ones
on its antidiagonal and zero entries elsewhere. (Note that J? is the identity matrix.)

By Theorems 3.7.2 and 3.7.3, the entries of n x n Hankel matrices H = (h.i+,-)£-°';-'=lo
form a linear space of dimension 2n — 1, whereas Hankel-like matrices of displacement
rank at most r form an algebraic variety of dimension at most 2rn in F™*".

Now we recall the following result from [KS91].

Theorem 3.8.1 Let W be an n x n. nonsingular matriz. Let UT and L be generic lower
trianguler n x n Toeplitz matrices, and let U have its diagonal entries equal to 1. Then

the matric A = UW L satisfies equation (2.2).

By applying Theorem 3.8.1 to the (triangular) Hankel matrix W = J(I + Z), we
obtain that (2.2) holds for the triangular Hankel matrix A = UJ(I + Z)L. We note that

A has displacement rank 1 because JA is a lower triangular Toeplitz matrix.

Corollary 3.8.1 Equation (2.2) holds generically for n x n lower (upper) triangular
Hankel matrices and for n xn Hankel matrices as well as for n xn (Hankel-like) matrices

of displacement rank at most r for any r > 1.

Clearly, Corollary 3.8.1 can be immediately extended to the class of Toeplitz-like
+Hankel-like matrices.
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3.9 Fast Randomized Solution of a Consistent Toeplitz-
like Linear System of Equations over an Arbitrary Field

In this section we will follow the appendix of the paper [Kal95] and slightly strengthen
its results (cf. Remark 3.9.3). We will first recall the algorithm that supports the next
theorem and then will extend this algorithm to complete the proof of Theorem 3.5.4.

Theorem 3.9.1 Let A be an n x n matriz having generic rank profile (cf. Definition

3.6.1) and represented as

A=Y LT(E®)LEm®). (9.1)
k=1

Then O(nlog?n) ops suffice to compute p = rank(A) and 2r vectors u(V, v . u() v(7)
of dimension n defining an F'; -generator of A;l, that is, satisfying the matriz equation
A;l = i L@@ LT (v®), where A, is the p x p northwestern (leading principal)

submatriz of A, A, = A7 if A is (strongly) nonsingular.

Remark 3.9.1 For the cost estimates of Theorem 3.9.1, we assumed computations over
the complex field, but the algorithms supporting the theorem can be applied over any field

of constants with the standard minor adjustment of the cost bounds.
We will start with some definitions and auxiliary results.
Definition 3.9.1 (cf. [Str69], [BP94], p. 99). Let
B C
A= (
EF K

be a nonsingular n x n matriz, with the nonsingular k x k submatriz B, k = [§]. Then

the balanced triangular factorization (BTF) of A and A™! is given by the nert matriz

equations:
Ii o B O I, B7C
A= )05 ) ) e
EB-'1 In—k O S o I«
- I, -B7IC Bt O I o
AT = , (93)
0 Ik o §1 —EB™' I,
where
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S=K-EB'C (9.4)

is the Schur complement of B in A. The BTF of A and A~! can be ertended to B, S,
B~! and S7! and recursively to their submatrices and the Schur complements as long
as we deal with nonempty nonsingular matrices. If nonsingularity holds throughout all
recursive steps, then we arrive at the BRTF (balanced recursive triangular factorization )

of A and A~L.

The BRTF of a matrix can be obtained by the Gauss-Jordan elimination algorithm,

and we have the following simple results.

Theorem 3.9.2 If A and B are nonsingular, then S~ is the southeastern (trailing

principal) submatriz of A~L.
Proof. Theorem immediately follows from (9.3). a

Theorem 3.9.3 (cf. [BP94]), exercise 4 on p.212). A matriz A has BRTF if it is
strongly nonsingular (cf. Definition 3.6.1).

For a matrix A having generic rank profile, the BRTF has a natural extension, which
can be efficiently computed by a divide-and-conquer algorithm We are going to describe
this algorithm assuming that A is a Toeplitz-like matrix. We will start with some aux-

iliary results.
Theorem 3.9.4 [BAS80]. For any n X n matriz A,
rank(F_(A)) — 2 < rank(F, (A)) < rankF_(A) + 2.

Furthermore, given a d.g.-(T) under F = F (resp. F = F_ ), it suffices to use O(r)
ops in order to compute a d.g.r+2(T) under F=F_ (resp. F = F, ).

Theorem 3.9.5 ( cf. e.g. [BP94], Corollary 12.1 ). Let T} and Ty be two Toeplitz-like
matrices, given with their F-generators of lengths r; and ro, respectively, for F = F
or F = F_. Then an F-generator of length at most r;y + ro + 1 for the matriz TYT,
can be computed by using O(ri1r2) multiplications of polynomials of degree O(n) and

O(r; + r2) summations of O(ry + r2) vectors of dimension n, at the overall cost of
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performing O((r1 + r2)?nlogn) ops. Furthermore, a d.g.-(UAL) for a given d.g..(A)
and a given pair of lower triangular Toeplitz matrices L and UT can be computed at the
cost O(r?nlogn), provided that F = F_.

Theorem 3.9.6 (cf. Proposition A.6 of [P92], [P93], or [BP94], Problem 2.2.11b).
Given an d.g.#(A) = (G,H) and the displacement rank r of A, r < 7 < n, one can

compute d.g.-(A) by using O(#2n) ops.

Theorem 3.9.7 [KKM?79]. Let A be a nonsinguler matriz. Then we have rank
(F+(A™1)) = rank (F_(4)).

Theorem 3.9.8 (cf. [M80], [BA80], [BP94]). Let A be an n x n strongly nonsingular

Toeplitz-like matriz such that

B C
A=( ) S=K-EB™'C,
E K

B is a k x k matriz, and S is the (n — k) x (n — k) Schur complement of B in A. Let
r = rank(F(A)). Then

rank (F_(S7')) = rank (F4(S)) <,

rank (F_(B™1)) = rank (Fy(B)) <,
rank (Fy(S™1)) = rank (F_(S)) <7 +2,

rank (Fy(B™!)) = rank (F_(B)) <r+2.

Proof. Theorem 3.9.6 follows from Theorems 3.9.2, 3.9.4 and 3.9.7. o

(We slightly abuse the notation when we write S, but the Schur complement S and
a finite set S will never appear together in this paper and thus will not interfere with
each other.)

Given d.g,.(A) and two lower triangular Toeplitz matrices U7 and L, we may compute
d.g.-(A) for A =UAL and F = F_ at the cost of performing at most O(r2n logn) ops
due to Theorem 3.9.5.

Now, we will describe an algorithm supporting Theorem 3.9.1.

Algorithm 3.9.1 computation of the largest northwestern (leading principal) inverse.
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Input: n-dimensional vectors g(1), h(1), ... g(") h(") such that a Toeplitz-like matrix
A=Y LT(gD)L(h®)

=1
has generic rank profile.
Output: An integer p < n and n-dimensional vectors u(!), v . u( () such
that p = rank(A) and

-
A, 7h =Y L™)LT (vi™),

m=1
where A, denote the p x p northwestern submatrix of A.
B
1. Represent A as a 2 x 2 block matrix ( E ), for k = [}], where the kx k

submatrix B of A is singular if and only if £ > p ( since A has generic rank profile ).
Apply Algorithm 3.9.1 recursively to the input matrix B replacing A. ( Note that the
first k components of all the given vectors g} and h(®) (for all i) define a d.g..(B).) If
p > k, the output of this stage is the desired output of the algorithm. Otherwise, the
matrix B is nonsingular, and then we obtain a d.g.,+2(B~!) for F = F_ and a d.g..(B™})
for F = Fy.

2. Apply Theorem 3.9.5 to compute a d.g.r(S) for the matrix S = K — E B~1C
and for F = F.

3. Apply the algorithm recursively to the Toeplitz-like input matrix S, replacing A.
Output p = rank(A) = k + rank(S).

4. By using Theorems 3.7.1, 3.9.4-3.9.8, compute s.g.,-(A;l) for F = F; (see some
further comments below ).

Let us specify stage 4. Consider A,, the p X p northwestern (leading principal)
B V

D R

submatrix of A, A, = (
preceding stages we have computed d.g.-(V) and d.g..(D) for F = F_, d.g..(B~!),

). Write § = R — D B~lV. Note that at the

d.g.or+1(—B~ V), d.g.ori1(—DB™1), and d.g..(§7!) for F = F. We obtain the follow-

ing block representation:

( M; M )
A, 1=

p 51 ,
My; S

where My 2 = =B~V §~, My = —-§-1D B~!, M1 = B~ —M;3,DB~!. By applying
Theorems 3.7.1, 3.9.4-3.9.8 we compute d.g.,(A;I) for F = F,. O
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Combining (2.7) with Algorithm 3.9.1 and Theorems 3.7.1, 3.9.2-3.9.8, we immedi-
ately obtain Theorem 3.9.1. O
Furthermore, Algorithm 3.9.1 is immediately extended to the solution of a consistent
linear system Ax = b, whereas the assumption that the matrix A has generic rank profile

is relaxed due to the following result of [KS91].

Theorem 3.9.9 Let S be a fized finite set. Let L(g) and L(h) be n x n unit lower
triangular Toeplitz matrices, each defined by the n — 1 random entries of its first column,
which are uniformly sampled from the set S. Let A be an nxn matriz of rank p. Then the
matriz LT (g) AL(h) has generic rank profile with a probability at least 1 —(p+1)p/(2|S|).

Due to the latter theorem, we may replace the matrix A by the matrix LT(g)AL(h)
and the linear system Ax = b by the linear system LT(g)AL(h)y = LT(g)b where x =
L(h)y. Furthermore, (9.1) turns into the equation LT (g)AL(h) = Y7, LT(g*)) LT (h*)),
where g(¥) and h*) are the convolutions of the pairs of vectors (g, g¥) and (h, h(®),
respectively.

The extension from Toeplitz-like representation (9.1) to Hankel-like with the same
generator length is immediate (by means of the pre- or post-multiplication of equation
(9.1) by the reflection matrix J).

These observations imply the following result.

Theorem 3.9.10 To compute the rank p of an n X n matriz A represented in the form
(9.1) and to solve a consistent linear system of equations Ax = b with such a matriz of
coefficients, it suffices to sample uniformly 2n—2 random values from a fized finite subset
S and to perform O(r?nlog®n) ops. The resulting algorithm may fail with a probability
at most (p + 1)p/(2|S]) < (n + 1)n/(2|S]) but otherwise produces correct output. The
same results apply to the computations with the matrices AJ and JA replacing A, where

J is the reflection matriz, having ones on its antidiagonal and zero entries elsewhere.

Now the proof of Theorem 3.5.4 can be immediately completed due to Theorem 3.9.1

applied to AJ for a Toeplitz matrix A. a

Remark 3.9.2 The proof of Theorem 3.9.8 applies to Toeplitz-like and to Hankel-like
matrices A but can be easily ertended to Toeplitz-like + Hankel-like matrices and some
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other classes of structured matrices by using their known representations via the associ-

ated linear operators (cf. [BP94]).

Remark 3.9.3 Algorithm 3.9.1 and the proof of Theorem 3.9.1 essentially follow the
line of the appendiz of [Kal95], which extends the MBA algorithm of [M80], [BASO],
to the case of singular input. Due to Theorem 3.9.6, we derandomize Theorem 3.9.1,
thus decreasing the number of random parameters and the failure probability estimate in
Theorem3.9.10. The computation at stages 1 and 2 of Algorithm 8.9.1 can be a little
simplified further (cf. Lemma 3.1 of [OP98]).

3.10 Randomized Reduction of a Matrix to the Tridiagonal

Form

A popular alternative to the Frobenius reduction is the reduction to the tridiagonal
form, to which a generic n x n matrix A can be reduced by means of an unsymmetric
variation of Lanczos randomized algorithm (cf. [Par80], [(BP94|, pp. 122-123, 172, 325).
To facilitate the analysis of this algorithm, we will next present it in the form based
on factorization of the inverse of a Hankel matrix H(® (which is a Bezout matriz, cf.
[BP94], p. 160) rather than on the more customary computation of three term recurrence

relations (cf. [GL96], pp. 503-504).

Algorithm 3.10.1 randomized tridiagonalization of a generic matriz by a modified

Lanczos algorithm.

Input: an n x n matrix A.

Output: FAILURE or a triple of n x n matrices P, Q and T such that
PHQ =D, T = PEAQ, (10.1)

D is a diagonal matrix and T is a complex symmetric tridiagonal matrix.

Computations:

1. Fix a pair of n-dimensional vectors u and v and compute and output the Krylov
matrices U = K(A¥ ,u,n) and V = K(A, v, n).
2. Compute the Hankel matrix H©®) = (u# A™iv)}7L,.
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3. Apply the MBA algorithm of [M80}], [BA80], that is, Algorithm 3.8.1 trivially mod-
ified so that it either computes the balanced recursive triangular factorization (BRTF) of
the matrices H(® and (H()~! whenever the matrix H® is nonsingular and has BRTF
or outputs FAILURE otherwise.

4. Compress the BRTF of (H(®)~! to compute the unit lower triangular matrix L
and the diagonal matrix D satisfying (H©®)~! = LTDL.

5. Compute and output the matrices P = ULT, Q = VLT and T = PH AQ.

Now, to yield formal tridiagonal reduction of A, it suffices to compute the matrices
W = QD! and T = TD™!, which, by (10.1), satisfy

T =W lAW. (10.2)

Correctness of Algorithm 3.9.1 is proved in [Par80}, [BP94]. The algorithm outputs
FAILURE if and only if the matrix H© is singular or has no BRTF.
How likely is the failure of the algorithm ? By Theorem 3.9.3, Algorithm 3.9.1 does

not fail if the matrix H(? is strongly nonsingular, that is, unless at least one of its k x k

northwestern submatrices H, (0), k=1,...,n, is singular. The singularity of H, ,50) imposes
the polynomial equation, det H, ,EO) =0, on the entries of u,v and A. Such an equation

has degree k in the entries of each of the vectors u and v. For a fixed pair of nonzero
vectors u and v and for generic A, such an equation holds for no k, and, therefore, the
algorithm does not fail. For generic A and random u and v, we apply Theorem 3.5.3.

Summarizing this analysis, we obtain the next results.

Theorem 3.10.1 Algorithm 3.9.1 does not fail if u and v are two nonzero vectors and
if A is a generic n x n matriz. If, for a fited n x n matriz A and for some pair of vectors
u and v, the matric HO is strongly nonsingular, then for such a matriz A and for the
vectors u and v with entries uniformly sampled from a fized finite set S, Algorithm 3.9.1
may fail with a probability at most (n + 1)n/(2|S]).

Remark 3.10.1 If A is a nonsingular real symmetric or Hermitian matriz, then P = Q,
D = I, and Algorithm 3.9.1 never fails for generic vectors u and v. (To yield nonsin-

gularity, one may shift to the family of matrices A — bl, for a scalar b and observe that
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Q7 AQ =T if and only if Q(A —bI,)Q =T — bl,,.) In this case, the resulting tridiag-
onal matriz T is real symmetric and the subsequent approrimation of the eigenvalues is

considerably simplifed [BP91], [BP98].
We also have the following result.

Theorem 3.10.2 The cost of performing Stages 1-4 of Algorithm 3.9.1 is bounded by
O(Ka(n) + K4n(n) + n?logn) ops, which turns into O(n2logn) for Toeplitz-like and
Hankel-like matrices A and into O(n®log? n) for Vandermonde-like and Cauchy-like ma-

trices A.

Proof: Clearly, the claimed cost bound applies at stages 1 and 2. Stage 3 requires
O(nlog?®n) ops (see section 3.9), and this bound is immediately extended to the compu-
tation of the BRTF of (H(®)~! at the same cost. Since all matrices defining the BRTF
are Hankel-like or Toeplitz-like matrices, O(n?logn) ops suffice for the compression of
the BRTF at stage 4 (which gives us the matrices L and D). O

Remark 3.10.2 The term K u(0) can be deleted from the above cost bound due to
Tellegen’s theorem [PSD70].

Stage 5 of Algorithm 3.9.1 requires order of M (n) ops (note that the structure of 4
is not preserved in the transition to the matrices LT, U, and V), but next we will show
how to stay within the superior cost bound of Theorem 3.10.2 if we agree to represent
the tridiagonalizaiton of A by the matrices V, D, LT and T such that the matrices T

and W = VLT D! satisfy (10.2).
Algorithm 3.10.2 accelerated randomized tridiagonalization.

Input: an n X n matrix A.

Output: FAILURE or four matrices D (diagonal), L (lower triangular), T (complex
tridiagonal) and V such that the matrix W = VLTD™! is nonsingular and satisfies
(10.2).

Computations:

1.-4. as in Algorithm 3.10.1, except that the computation of the Krylov matrix U at

stage 1 can be omitted.
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5. Compute the matrix H) = (uff A*Iv)2._, (most of the entries of H(!) are also
the entries of H(©).

6. Compute and output the n x n tridiagonal matrix T formed by the three main
diagonals of the matrix LH(WLT D1,

The correctness proof for this algorithm can be found in [Par80].

Since H!) is 2 Hankel matrix, the computation of the matrix B = HMLTp-1
requires O(n?logn) ops (cf. (2.7)). Clearly, O(n2) ops suffice to compute the three main
diagonals of the matrix LB.

Summarizing our analysis of Algorithm 3.10.1 and 3.10.2, we obtain the next result.

Theorem 3.10.3 Let Algerithm 3.10.2 be applied to generic n X n matriz A and let the
2n coordinates of the vectors u and v be uniformly sampled from a fized finite set S.
Then the algorithm either outputs FAILURE with a probability of most (n + 1)n/(2|S|)
or computes an n X n tridiagonal matriz T and three nonsingular n X n matrices, V,
L (tower triangular) and D(diagonal), such that the matrices T and W = VLTD™!
satisfy (10.2). Not counting the cost of the random sampling, the entire computation by

Algorithm 3.10.2 requires O(K 4(n) + nlogn) ops.

By Remark 3.3.4, the characteristic polynomial c4(z) is immediately available as soon
as the matrix A has been reduced to the Frobenius form or to the triangular Frobenius

form. For the tridiagonal reduction, the situation is similar:

Theorem 3.10.4 (c¢f. e.g. [BP91], [BP98]). O(n) ops suffice to obtain the character-

istic polynomial of an n x n tridiagonal matriz.

3.11 Approximation of the Eigenvalues and the Computa-
tion of Their Algebraic Multiplicities

By Theorem 3.3.1, every eigenvalue of A is a zero of its both minimum and characteristic

polynomials. Suppose that we already know such a polynomial (cf. Theorems 3.4.1, 3.5.1,

3.5.2, 3.5.4 and 3.5.5). In this case we may first easily estimate from above the absolute

values of all the eigenvalues by applying either Gershgorin’s theorem to A (cf. [GL96]) or
the known root radius estimates for polynomials (cf. [P97]), then scale A to move all the
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eigenvalues into the unit disc {z : |z] < 1} (cf. Remark 3.3.1), and finally approximate
them by applying the polynomial rootfinders of [P95b], [P96] to the polynomials c4(z)
or m4(z) (see [P97] on some alternative effective polynomial rootfinders). This gives us

the following result.

Theorem 3.11.1 All the eigenvalues of an n x n matriz A given with its minimum or

characteristic polynomials can be approrimated within the error bound 27%|A||, at the
cost of performing O((nlog?n)(logb + log®n)) ops.

The algorithms of [P95b], [P96] do not compute polynomial zeros exactly, which
makes their application to c4(z) inefficient for the task of computing the algebraic mul-
tiplicities ,u;' of the eigenvalues A;. We may, however, circumvent this obstacle easily by

exploiting the following simple result.

Theorem 3.11.2 A 2ero = = 2 of a polynomial p(z) has multiplicity m > k > 0 if and
only if it is a zero of pF)(z) of multiplicity m — k.

Definition 3.11.1 Let gcd (uo(z)),...,um(z)) denote the greatest common divisor of
polynomials ug(z), ..., um(z). For a fized polynomial p(z) with coefficient vector p, let us
write dp o) = p(z), dp,m(z) = ged(pO(z), ..., p(™(z)), fo.m(z) = dpm-1(z)/dpm(z),

m=1,...,n
We have the following corollary of Theorem 3.11.2.

Corollary 3.11.1 z = z is a zero of p(z) having multiplicity m > 0 if and only if it is

a zero of fpm(x).
Corollary 3.11.1 suggests the following algorithm (cf. [Y76]).

Algorithm 3.11.1 approzimation of the zeros of a polynomial and computation of their

multiplicities.

Input: the coefficient vector p of a polynomial p(z) of degree n having all its zeros
21y---,2n in the unit disc {z : |z| < 1},and e =2"%,b > 0.
Output: k& pairs (z;,,u;'), j =1,...,k, where lz; — zj|l < ¢ 2; is a zero of p(z) of

multiplicity &}, j=1,...,k,

42

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Computations.

1. Compute dpn(z) form=1,...,n.

2. Compute fpm(z) form=1,...,n.

3. Approximate within € all the roots of fy m(z) for m = 1,...,n. For each m,
m = 1,...,n, output the computed approximations z;(m) to the roots zj,) of fpm(z),
together with their multiplicity m = pj_,.

Correctness of the algorithm follows from Corollary 3.11.1. Stages 1 and 2 can be
performed by recursive application of Euclidean algorithm and straightforward polyno-
mial division, respectively, at the overall cost of performing O(n2) ops. At stage 3 we
apply the algorithm of [P95b], [P96], which requires O((n log n)(log b + log? n)) ops.

Summarizing, we perform Algorithm 3.11.1 by using O(n? + (nlogn) logb) ops.

Due to Theorem 3.3.1, Algorithm 3.11.1 applied to the polynomial p(z) = ca(z)

outputs approximations to the eigenvalues \; of A and their algebraic multiplicities /.4;-'.

3.12 Computation of the Eigenspaces of Given Eigenvalues
and the Proof of the Main Theorems

By Definition 3.3.1, the eigenspace of an eigenvalue \; of A is the null space of the matrix

Aj = M\, — A, (12.1)

having dimension
Hji=n — rank AJ'. (12.2)

In this section we will study the following eigenspace problem.

Problem 3.12.1 the eigenspace computation. Given an n x n matriz A and all its
eigenvalues (without their algebraic and geometric multiplicities), compute some bases

for the eigenspaces of all these eigenvalues.

The solution of 3.12.1 depends on the form in which the matrix A is given. We will
prove the following results (cf. Definitions 3.3.6 and 3.3.7).

Theorem 3.12.1 O(n3) ops suffice to solve 3.12.1 if its input matriz is in the triangular

Probenius form or (more generally) is a Hessenberg matriz.

43

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Theorem 3.12.2 O(n?) ops suffice to solve 3.12.1 if its input matriz is tridiagonal or
is in the diagonal Frobenius form.

The proofs will rely on the next two theorems.

Theorem 3.12.3 Let B be a nonsingular (n — u) x (n — p) northwestern submatriz of
B C

E
complement of B in W, that is, let S =G — EB™'C. Let the columns of a p x (n —7)

n X n matriz W = ( ) of rank v, where n > r > n — u. Let S denote the Schur

matriz M form a basis of the null space of S. Then the n —r columns of the n x (n —r)

L., -B~C\ /o0
(5 7))
0 I, M

form a basts of the null space of W.

matric

Proof. Observe that
I.., O B 0 I, B-1ic
W= ( ) , (12.4)
EB-! I, 0 S 0 I,

(I,,_“ -B-IC) (I,,_” B-IC)-1
0 ., J \o I '
Multiply W by N and substitute (12.3) and (12.4) into the product, to turn it into a

null matrix. This shows that all the n — r linearly independent columns of N are in the

null space of W, whereas the dimension of this null space is exactly n. — r. a

Theorem 3.12.4 Let an nxn Hessenberg matriz A have exactly k unreduced Hessenberg
diagonal blocks Hs of sizes ps X ps, s=1, ..., k. Let A\; be an eigenvalue of A having
algebraic multiplicity pj’ and geometric multiplicity ;. Let exactly p unreduced diagonal
blocks \jI,, — Hs of the matriz A; of (12.1) be singular. For every such a singular block,
let the row and the column of A; containing the first row and the last column of the block,
respectively, be deleted. Let B denote the resulting submatriz of A;. Then

a) B is a nonsingular (n — p) x (n — ) matriz,

b) pj < p < {mink, p}},

c) n — p =rank Aj if A is a tridiagonal matriz or is block diagonal with unreduced

Hessenberg diagonal blocks,
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d) singularity or nonsingularity of A\;I,, — H,, the s-th diagonal block of Aj, can be
decided in O(p2) ops; this bound turns into O(3F_; p2) = O(n2) ops for deciding the
singularity or nonsingularity of every one of the k blocks,

e) the latter bounds turn into O(p,) and O(XX_, ps) = O(n), respectively, if the

matriz H is tridiagonal or is in the triangular Frobenius form.

Proof. a) Observe that B is an (n — g) x (n — u) block triangular matrix. Its
diagonal blocks are either nonsingular blocks A;I,, — H, or their nonsingular triangular
submatrices.

b) The inequality p; < u follows from part a) and from (12.2). Clearly, u < k. The
bound i < pu} follows because ca(z) = [T5; cn, ().

c) If A is a tridiagonal matrix or a block diagonal matrix with unreduced ps x ps
Hessenberg blocks Hs, s =1, ..., k, then for each s, the deleted column of A; containing
the last column of H, is a linear combination of the p; — 1 preceding columns of Aj,
and a similar property holds for the deleted rows of A;. Therefore, in this case, B is a
nonsingular submatrix of A; having the maximum size, that is, n — x = rank A;.

Finally, d) and e) follow from Theorem 3.3.4. a

Proof of Theorem 3.12.2 By combining Theorems 3.12.3 and 3.12.4 a), c) and
e), we compute a basis of the eigenspace of A; for any fixed j by using O((n — p)u) =
O(np) ops provided that A is a tridiagonal matrix or is in the diagonal Frobenius form.
By Theorem 3.12.4b), this bound implies the bound O(n Z§=1 u;‘) for all eigenvalues
Aly.--,A; of A. Now we recall that

!
d_uf=n, (12.5)
j=1
and Theorem 3.12.2 follows. 0

Proof Theorem 3.12.1 We first deduce from Theorem 3.12.4 that the computation

of a basis of the eigenspace of an eigenvalue A; of A or, equivalently, of the null space of

the matrix A; can be performed as follows:
Algorithm 3.12.1 eigenspace computation.

Input: Hessenberg matrix A of Theorem 3.12.4 and its eigenvalue A;.
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Output: a basis for the eigenspace of ;.
Computations:

1) compute a nonsingular northwestern submatrix B of the matrix W = P;A;P;
where P; and P; are permutation matrices, and B has a sufficiently large size (n — ) x
(n—u),

2) compute the matrix ~B~!C of (12.3) and the Schur complement S of B in W,

3) compute a matrix M whose columns form a basis of the null space of S,

4) compute and output the matrix N of (12.3).

Theorem 3.12.4 fully specifies stage 1) and shows its computational cost bound.

Let us next specify stages 2)—4) and estimate their computational cost.

Stage 2). The computation of the matrix —B~!C amounts to the solution of u
linear systems of equations with the common coefficient matrix B. By Corollary 3.3.1,
this computation uses O((n — p)2u) = O(n?u) ops provided that A; and B are Hes-
senberg matrices. O(n2u) dominates the overall cost bound at stage 2). Indeed, the
multiplication of the u x (n — p) matrix E by the (n — u) x u matrix —B~!C requires
O((n — pu)u®) ops.

Stage 3). A basis for the null space of the 1 x g matrix S can be computed in
O(M(p)) = O(u?) ops (cf. [BP94], pp. 109-110).

Stage 4). The computations amount to multiplication of —B~1C by M, which
requires O((n — u)u?) ops.

Summarizing, we obtain a basis for the eigenspace of \; by using O(n?u) ops. Recall
that u < p.;' (by Theorem 3.12.4), sum the bounds O(n?y;) over all j, recall (12.5) and
obtain Theorem 3.12.1. =

Proof of Theorems 3.2.1 and 3.2.2 Theorem 3.2.1 immediately follows from
Theorems 3.4.1 (cf. also Remark 3.4.1). 3.11.1 and 3.12.1. Likewise, Theorem 3.2.2
immediately follows from Theorems 3.5.5, 3.11.1 and 3.12.2. a

The reader is referred to [GL96] on the estimates for the errors of computing the
eigenspace where the input eigenvalue of Algorithm 3.12.1 is given approximately within a
fixed error bound. Note that A\; are approximated according to Theorem 3.11.1, whereas
the input matrix H of Algorithm 3.12.1 can be obtained exactly, by application of the
algorithms of sections 3.4 and 3.5.
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Remark 3.12.1 The tests for singularity of the blocks \;I,, — H, and the computation
of the null-space of the matriz S in Algorithm 3.12.1 can be performed numerically,
with rounding the operands and outputs of each operation to a fired (single or double)
precision. Such computations should rely on the SVD computation [GL96].

3.13 Discussion

A natural open question is whether the deterministic complexity bound of Theorem 3.2.1
can be decreased towards the lower bound Q(M(n)).

Another natural subject of further study is the Boolean complexity of the matrix
eigenproblem. Based on the flowchart given in our introduction, one may obtain some
reasonably good upper estimates. Indeed, the Boolean cost of stage b) (of polynomial
rootfinding) has been estimated in [P95b], [P96] (cf. also [Kir,a]), yielding the optimal
(up to a polylogarithmic factor) bound O(n2b). The other stages of the flowchart, a)
and c), are rational. One may perform the computations at these stages modulo several
selected primes and then recover the output values by means of the Chinese remainder
algorithm, thus bounding the precision of the computations in terms of the output pre-
cision p. (p is defined as the minimum precision sufficient to ensure the desired bounds
on the output approximation errors.) Then we will only need to apply the well known
estimates for the Boolean complexity of an arithmetic operation performed with a fixed
finite precision. The remaining nontrivial problems are, of course, the estimation of the
above output precision p and the Boolean complexity of the alternative approaches. We
leave these open problems as a challenge for the reader.

Finally, let us briefly comment on the arithmetic complexity of the eigenproblem
for the resultant matrices associated with multivariate polynomial systems of equations.
Let D be a finite upper bound on the number of common roots of these equations. The
D x D resultant matrices associated with such systems have certain structure and form
an algebraic variety of dimension at most D in CP*P. Equation (2.2) is extended easily
to this class of matrices, whose eigenvalues equal the fixed coordinate of the common
roots of the system represented in a fixed polynomial basis. This follows because, clearly,

there are polynomial systems where all roots are simple and have distinct values of this
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coordinate (cf. Remark 3.5.3). By Corollary 3.5.1, equation (2.2) holds generically for
such matrices. The extension of Corollary 3.2.1, however, depends on the solution of
the important open problem of proving the bound K4(D) = O(D") for h < 3, for the
matrices A of this class. Solution of this problem would have immediately given us fast
solution of the polynomial system because its common roots are exactly the eigenvectors

of A [AuSt88], [Ste96], (BMP98].
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Appendix A

Fast Deterministic Computation of the Characteristic Polynomials of
Special Matrices

For some important special classes of matrices A, there are fast deterministic algo-
rithms for computing the characteristic polynomial of A. In particular, this is the case
for Toeplitz and Toeplitz-like matrices and sparse matrices.

Theorem A.1 [P92], [BP94]. The coefficients of the characteristic polynomial of an
n x n Toeplitz, Toeplitz-like, Hankel, Hankel-like or Toeplitz-like+ Hankel-like matriz can
be computed in O(n?logn) ops.

For some n x n matrices A, it is easy to compute det(b;I, — A) for fixed distinct

scalars bj, 7 =0,1,...,n. In particular det A is immediately obtained in 7 — 1 ops if one
has computed either triangular factorization (TF), A = PLU (where P is a permutation
matrix, L and U7 are lower triangular matrices and L has its main diagonal filled with
ones), or the balanced recursive triangular factorization (BRTF) of A (see Definition
3.9.1). Similarly, O(n) ops suffice to compute det(b;I, — A) if one has TF or the BRTF
of bjI, — A. (Note that, by Theorem 3.9.3, there exists the BRTF of b;I, — A if |bj] is
sufficiently large.)
Theorem A.2 Let by, b1,...,b, be n+ 1 distinct scalars, let A be a fired n X n matriz,
and let F(A) ops suffice to compute TFs or BRTF of the matrices b;jI, — A for each
J» 7=0,...,n. Then O(n?) + F(A)(n + 1) ops suffice to obtain c4(z) = det(zl, — A),
the characteristic polynomial of A.

Proof. n? — 1 ops suffice to compute det(b;I, — A) for all j if we are given TFs or
BRTFs of b;I, — A, for all j. Then the characteristic polynomial c4(z) =det (zI, — A) is
obtained by interpolation in O(nlog?n) ops ([BP94], pp. 25-26). (For special choices of
bj, e.g. scaled roots of 1 or Chebyshev points, O(n logn) ops suffice at the interpolation
stage.) a
Remark A.1 Theorem A.2 is the main result of [R95]. We give a much shorter proof.
Remark A.2 F(A) depends on sparsity and structure of A. For an n X n matriz A
defined with its s(n)-separator family, we have F(A) = O(nM(s(n))) [P93], [PRYS].
For some important classes of sparse matrices A, we have s(n) = /n [LT79], and then
F(A) = O(n3/2), even where we rely on the rough bound M(n) < 2n3 — n2, supported by
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the straightforward algorithm.
Remark A.3 The requirement of balancing the RTF is not needed in Theorem A.2 and
can be removed.

If we only seek the eigenvalues of a special matrix A of one of the above classes, then
Theorems 3.11.1, A.1 and A.2 enable fast deterministic solution.

By applying Theorem 3.12.2 to the Frobenius matrix F satisfying (5.3), one may
solve the eigenspace problem for F' and A. If for a random vector v, the Krylov matrix
K = K(A, v,n) is nonsingular, Theorem 3.5.2 immediately gives us an extension to the
solution of the entire eigenproblem for the matrix A. It is not clear, however, if one may
verify nonsingularity of K at arithmetic cost which is lower than the cost estimated in

Theorem 3.5.5.
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Appendix B.

Approximation of the Eigenvectors by the Inverse Power Iteration
The customary numerical computation of an eigenvector v; associated to a given

eigenvalue A; goes by the Inverse Power Iteration,
W = (XL, - 7w, W = G Be B, =12, (B1)

Here )} is a fixed approximation to );, and w{?) is a fixed normalized initial vector,
[lw©|| = 1. Iteration (B.1) stops where the vector norm [jw(*) — w{~t=1)|| becomes small

enough. The vectors w( converge to an eigenvector v; associated with A; if

1
w0 = Z7gvg: v #0,7 <, (B.2)
g=1
where v, are some eigenvectors of A associated with eigenvalues Ay, g = 1,...,(, and if
pj = A7 = Ajl/mingei| A7 — M| < 1; (B.3)

furthermore, the convergence is rapid if |v;| is not small and if p; is small. Namely, we
have the following result (cf. [GL96]):

Theorem B.1 |[w®) — vj|| = O(p%/v;) as h — oo, under (B.1)-(B.3).

Theorem B.2 The computational cost of step (B.1) is O(n?) for a general matriz
A reduced to Hessenberg form, O(nlog®n) for a Toeplitz or Toeplitz-like matriz A and
O(n) for a tridiagonal matriz A.

By Theorem B.1, the Inverse Power Iteration (B.1) converges quite fast if (B.2)
and (B.3) hold, |v;| is not small, and p; is small. For p; close or equal to 1, however,
the iteration may converge .very slowly or diverge. If A has n linearly independent
eigenvectors vi,...,Vn, thén (B.2) holds for [ = n unless the vector w(® lies in the
(n — 1)-dimensional linear space generated by the vectors vy,...,Vv;j_1,Vjt1,...,Vn. On
the other hand, no general recipes are known for the choice of w(?) that would ensure
that p; is small (or would just ensure this requirement even probabilistically). Moreover,
p; is necessarily close to 1 in the important case where several eigenvalues are clustered
about A; . Thus, the Inverse Power Iteration should be classified as a heuristic method:
it works for some (and in a certain sense for "most”) of the input pairs (4, w(®) but

certainly not for all pairs.
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