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ABSTRACT

STUDY OF NUCLEAR BREMSSTRAHLUNG IN THE MODEL-INDEFENDENT
APPROACH

by
Cheng-Kuang Liu

Advisor: Professor Ming-Kung Liou

The proton-carbcen, pion-proton and proton-proton
bremsstrahlung processes have been theoretically studied by
using two different model-independent approaches, the soft-

photon approximation and the Feshbach-Yennie approximation.

The bremsstrahlung cross sectioh for the scattering of
protons by 12¢ pear the 1.7-MeV resonance has-beén measured
by the Bologna group and the Brooklyn group. These data
have been analyzed by some authors using only the principal
term of the Feshbach-Yennie approximation. In this study,
we have included in our calculations the correction terms
and have extracted the time delay in the p- '*C reaction from
the data of the Brooklyn group. Our calculation shows that
the structure due to the 1.7-MeV resonance can be described
successfully by the Feshbach-Yennie approximation only if

the correction terms are included.
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The m*py process near the a4 (1236) has been
systematically studied by an experimental group at UCLA.
Many calculationsnhave Been performed, but, only the
calculation-of Nefkens et al. agrees well with the
experimental data in most cases. Recently, Liou and Nutt
reported a calculation using the soft-photon approximation
and their results agree very yell with experiment for
coplanar events. We have extended their calculation to
noncoplanar cases and have found that the soft-photon
approximation of Liou and Nutt can describe the experimental
data very well not only for coplanar cases but also for
nohCOplanar cases for most photon angles. In addition, we
have also used the Feshbach-Yennie approximation to
éalculate the n*py cross sections. _This approximation
always predicts a bump in the bremsstrahlung spectrum,
although £he bump may be small for some photon angles. In
most cases, the predicted cross sections are in good
agreement with the UCLA data. However, the data for some
angles can only be described by the Feshbach-Yennie
approximation, and the peak cross section is too large at

some angles.

We have applied the soft-photon apprcximation of Liou
and Nutt to calculate the proton-proton bremsstrahlung
(pp¥ ) cross section and have compared our results with the
experimental data at 720, 157, 48 and 42 MeV. . We have found
that we can use the soft-photon approximation to calculate
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the R-type cross section without any difficulty, but we
cannot use the same approximétion to predict the H-type
cross section without some ambiguity. Our result for the R-
type cross section at low photon energy is in very good
agreement with experiment, but.the result at high photon
energy is lower than the experimental data for some photon
angles. This indicates that other contributions or higher
order terms are important for these photon angles. We have
also applied the Feshbach-Yennie approximation to the ppv¥
process at 730-MeV taking into account the principal and
correction terms. As a result, we have found that the
Feshbach-Yennie approximation gives-resulté which are in
very good agreement with experiment for low phton energy.
For high photon energy, the ag;eement with data is also good
for most cases, but the predictions are lower than the

experimental data for some photon angles.
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CHAPTER I INTRODUCTION

The nucleon-nucleon bremsstrahlung (NN¥ ) process has
attracted great interest both theoretically and experimen-
tally during the past two decades because of the off-shell
information which is not available in the corresponding non-
radiative elastic process (1-3). In principle, if one can
observe sizable off-shell effects of the nucleon-nucleon
interaction in some kinematical region, then it would be
possible to differentiate among the many different phenome-
nological potentials which fit the elastic data equally
well. In addition to the interest in the bff-shell nature
of the NN interaction, the nuclear bremsstrahlung processes
have beenvused as a tool for investigating the electromag-
netic properties of 4 -resonance aﬁd for studying nuclear
reactions (4-6). Moreover, one can develop a better under-
standing of processes such as neutral pion production
through a knowledge of NN¥ , or one can apply soft-photon
theorems (7) to other processes such as radiative decay

(8,9).

Most of the bremsstrahlung calculations performed in
the past were either model independent calculations or
potential model calculations. The model independent calcu-
lations are based upon a fundamental theorem, khown as the
soft-photon theorem or Low's theorem or the low energy theo-
rem for photons. It was first derived by Low (7) and was

-1~



extended later by Adler and Dothan (9). The theorem states
that when the bremsstrahlung cross section, © , is expanded

in powers of photon energy, Kk,

oy

0 = 4t o, t ok e (.1
where . s
; ; - ltmtf_a__. ko'
s, = Ll:/itg (ke), o it ak( )'
3
. Limfit 2 __ (ko

the first two terms of the expansion can be evaluated from
the amplitude of the corresponding nonradiative elastic pro-
cess and its derivatives. In other'words,.ct,and O, are
independent of off-shell effects. Moreover, according to
Burnett and Kroll (10,11)., the_radiative cross section for
unpolarized particles will depend upon the unpolarized non-
radiative cross section only. Thus, a calculation based
upon the first two terms of the expansion given by Eq. I.i,
which is often called'the soft-photon approximation,

§ ~ =L 4+ o
[

b (1.2)\

’

providés an on-shell and model independent cross section.
The soft-photon approximation has been applied to calculate
’the NNY¥ cross section by Nyman (12), Fearing (i3), and many
other authors (14). It has also been applied to predict the
cross sections for pion-proton bremsstrahlung processes
(15-19). A modified version of the soft-photon approxima-
tion was recently proposed by Liou and Nutt (16,24) who
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expanded the kinematics and dynamics consistently.

.The soft-photon approximation is applicable to all
bremsstrahlung processes with no (or little) contribution
from resonance effects and the bremsstrahlung spectrum cal-
culated from this approximation has a characteristic 1/k
dependence. Since the soft-photon approximation is not
valid when a resonance exists.and the resonance effects are
not negligible in the correponding elastic process, Feshbach
and Yennie (5) have proposed another model independent
approximation, known as the Feshbach-Yennie approximation,
for radiative resonant scattering processes. The Feshbach-
Yennie approximation can be written in a form similar to
Eqg. I.1 except that o0, o, , and O, are now determined by
the elastic scattering amplitudes (ahd their derivatives
with respect to the scattering angle) evaluated at two dif-
ferent energies, the initial and final energies. This
approximation is different from the soft-photon approxima-
tion in that it predicts structure in the region of reso-
nance. We shall call the leading term, 0-i/k, of the
Feshbach-Yennie approximation the principal term and the

second and third terms, ¢, and Gk, the correction terms.

The model independent approach has played an important
role in the study of nuclear bremsstrahlung processes mainly
because of the following reasons: (i) It is simple. The
input for the calculation can be either the elastic scatter-
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ing amplitudes or the elastic scattering cross sections,
which are available directly from the elastic scattering
experiments., in fact, it is the only way to calculate the
bremsstrahlung cross section for a process when a potential
description of the interaction is not available. (ii) It is
trivially gauge invariant and relativistic invariant. It is
therefore applicable to not only the low energy scattering
cases but also to the high energy ones. (iii) Since all
model dependent calculations must reproduce the result of
the model independent calculation in the soft-photon region,
the model independent calculations can be used to check the
model dependent calculations. (iv) Although the soft-photon
approach gives no useful information about off-shell effects
or resonance effects, it is esgential for the extraction of
these effects from experiments. This is simply because the
soft-photon approach always provides an on-shell bremsstrah-
lung spectrum without structure. The difference between the
predicted spectrum and the measured spectrum will be the

indication of the possible off-shell or resonance effects.

'The potential model approach was first introduced and
applied to the nucleon-nucleon brehsstrahlung processes by
Sobel and Cromer (1). In this approach, the nuclear inter-
action is treated exactly by using a phenomenological poten-
tial and the electromagnetic interaction is treated only to
first order as a perturbation. The half-off-shell T-matrix
elements yhich are required for the bremsstrahlung calcula-
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tion can be calculated from the potential. Since different
potentials will yield different off-shell effects, various
phenomenOIOgiéal potentials can be distinguished by means of
the bremsstrahlung calculations. When these calculations
are compared with bremsstrahlung data, one hopes that the
best potential can be selected. This was the original moti-
vation for studying nucleon-nucleon bremsstrahlung. _It
turns out that more than tenvthousand proton-proton brems-
strahlung data were collected but these data did not permit
determination cf the best potential. Reasons are the fol-
lowing: (i) The off-shell effects are small. (ii) The data
are not accurate enough. (iii) The present potential model
proton-proton bremsstrahlung (pp¥ ) calculations do not
simutaneously include all posible corrections (such as the
rescattering term, relativistic corréction, Coulomb correc-

tion, exchange current contribution, etc.)

Although some remarkable progress in the study of
nuclear bremsstrahlung proccesses has been made during the
past two decades, some difficulties remain and prevent us
from obtaining useful information about the off-shell-ef-
fects, electromagnetic properties of resonant states, and
nuclear time delay. It is obvious that the problem requires
further experimental and theoretical study. In this work,
we investigate certain nuclear bremsstrahlung processes in
the hope that some of these difficulties may be resolved.
Specifically, we study, in the model independent approach,

-5-



the proton-carbon bremsstrahlung process (p'ZC‘K), the
pion-proton bremsstrahlung process (It:px’), and the

nucleon-nucleon bremsstrahlung process (NN¥) .

In Chapt. III we consider the p'*CY process (23). The
bremsstrahlung cross section for the scattering of protons
by 12 ¢ hear the 1.7-MeV resonance has Seen measured by the
Bologna group (zZ1) and the Brooklyn group (23). Apart from
the spectrum with a simple 1/k dependence, spectra with
structure due to the contribution from a resonant state have
also been observed. These spectra are important because
they can be used not only to test the Feshbach-Yennie
approximation but also to extract the nuclear time delay.
The Bologna data were analyzeé by the Bologna group and Jan
et al. (22). Both groups have used the principal term of
the Feshbach-Yennie approximation to predict the bremsstrah-
lung cross sections, and they have found poor agreement bet-
ween the pfedicted spectrum and the measured spectrum at the
bombarding energy of 1.795-MeV. 1In order to obtain gquanti-
tative agreement between theory and experiment, the Bologna
group suggested a new set of resonance parameters for elasic
p—‘zC scattering. These new parameters were studied by
Perng et al. (22) who found that they lead to poor agreement
with the elastic scattering cross sections near the reso-
nance for some scattering angles. We have studied the prob-
lem by improving the calculation pf the Bologna group and
Jan et al: In this study, the Fe;hbach-Yehnie approximation
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with some modification is used and two approximations have
been used: one with the principal term only and the other
with both the principal and correction’terms. To avoid the
inconsistency with the elastic data as discussed above, we
have used the resonance parameters of Armstrong et al.

(27) » HWe have fopnd that at an energy very far from any
resonance these two approximations give very similar results
and that the structpre due to the resonance near 1.7-MeV can
be described successfully by the Feshbach-Yennie approxima-
tion only if the correction terms are included, since these

correction terms are important in the region of resonance.

Eisberg et al. (4) and Feshbach et al. (5) have pro-
posed a measurement of time delay in nuclear reactions
resulting from the bremsstrahlung process. Recently, Maroni
et al. (21) reported the time delay in the scattering of
'p-jzc through the p'ZC‘f process. In these publications,
only the leading term in the bremsstrahlung amplitude is
considered. Since the correction terms are not negligible
in the region of resonance, we suggest a hybrid method to
take account of the correction terms in the extraction of
the time delay from data. A description of these calcula-

tions is given in section III.C.

In Chapt. IV we study the nM*psy process. One of the
main reasons for studying the w¥py process near the
A(1236) is to investigate the electromagnetic properties of
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the @ -resonance. These processes have been systematicglly
studied by an experimental group at UCLA (17-19). This
group used 19 photon counters at many different angles to
measure the bremsstrahlung spectra at three bombarding ener-
gies for each of the 7t and T~ beams in the hope that the
resonance structure could be observed in the resonance
region. As a result, 108 spectra were obtained. Most of
these spectra exhibkited a siﬁple 1/k dependence without
structure except for some cases which might have indications
of showing structure due to resonance. On the theoretical
side, some calculations (19) predicted sizable resonance or
off-shell effects which have not been observed experimenfaly
and only the calculation of Nefkens et al. (EED) (15) agrees
well with the experimental data in most cases. Recently,
the calculation of Liou and Nutt(lﬁ).gave very good agree-
ment between theory and experiment for most cases. However,
only the coplanar geometry was considered. We have applied
their method to calculate for a noncoplanar geometry (25)
and have found that most of the nipx‘ events can be success-
fully described by the soft-photon approximation of LN.
These analyses suggest that the contribution from the terms
of order Kk and higher is small and imply that the off-shell
effects are negligible in most kinematic regions of the UCLA

data.

Another approach to the study of the ntpv‘ process is
to calculate the-n*pb’ cross section using the Feshbach-
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Yennie approximation. Since the Feshbach-Yennie

approximation works for the bremsstrahlung process of p'2C

scattering, it is interesting to see if this approximation

will give a good fit to the UCLA data. Thus our calcula-
tion may serve as a check on the validity of the Feshbach-
Yennie approximation. Details of this work are presented in

chapter IV,

Finally, in Chapt. V, we study the NN¥ process in the
model independent approach. During the past two decades, a
great number of NNY experiments have been performed at var-
ious bombarding energies (3.5-MeV &£ E £ 730-MeV), and more
than ten thousand bremsstrahlung data have been collected
(2) . Since the main motivation for study of the NN¥ pro-
cess 1s to discriminate among varioué phenomenological
potentials, most theoretical calculations are potential-
model calculations (1-3). In the model-independent
approach, many authors (2,3,9,12) have applied Low's theorem
to calculate the NN¥ cross sections and Felsner (33) has
used the Feshbach-Yennie approximation to calculate the low
energy proton-proton bremsstrahlung. The agreement between
théory and experiment is generally good except for some for-

ward angle scattering cases (26).

As we have already mentioned, the soft-photon approxi-
mation derived by Liou et al. has been applied to predict
both the coplanar as well as noncoplanar Tt*p;’ Cross sec-
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tions for various bombarding energies and the results are in
very good agreement with the\UCLA data for most cases. This
success of the soft-photon approximation in describing the
n*pf process encourages us to make a further test of the
appximation by applying it to predict the NNY cross sec-
tion. It is also important to see whether the approximation
WOrks equally well for other nuclear bremsstrahlung pro-

cesses without a resonant state.

In this study, we are particularly interested in the
ppY¥ process, because most of the experimental bremsstrah-
lung data collected are of pp¥ and- they céh provide quiie a
sensitive test of the approximation. We expect the soft-
photon approximation to work well since there is no resonant
state for the p-p system in the energy region where pp¥
cross sections have been measured. Therefore, the differ-
ence between the data (if accurate enough) and our soft-
photon prediction can be interpreted as being mainly due to
off-shell effects. We also hope that the existing large
discrepancy between theory and experiment at forward angles
can be resolved. Since the contribqtion of the leading term
in the bremsstrahlung amplitude in the pp¥  process is small
(32) and the O(k) terms in the expansion of the'amplitude
include not only the off-shell terms and the internal radia-
tion but also the on-shell terms, we try to estimate the
contribution of the terms of order k in our approach by sup-
pressing the off-shell derivative terms.,
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Besides the soft-photon approximation, we are alsq
interested in applying the Feshbach-Yennie approximation to
the pp¥ case. The details of this study is given in chap-
ter V. For convenience, we present the Kkinematics which is
general to all bremsstrahlung processes, together with Low's

prescription in next chapter.

-11-



CHAPTER II LOW'S PRESCRIPIION AND KINEMATICS

We consider the bremsstrahlung process of the scatter-

ing of particles A and B:

ACIL)+ B (P = A() +BLr) + X (K), a1

where ? ( ? ) and f (7 ) are the initial (final) four-
momenta of particles A and B, respectively, and k is the
four-momentum of the emitted photon. In the laboratory
frame, these five four-momenta are defined in terms of

spherical coordinates as

A
g.{_(E(:’O’a’ y{'),

P:lz (M » 0’ 0 P o ), : (II.a)
A-— 7 . I

7, = (Ey, g,5ing, cos,, g, 5in 6, Sen ¢, , chos 6,),

Pf =(Ep, P 5:/79’, cos @y, P, 5in6p ST ¢P’ cos ep)

H . . .
KF=(k, .,é sin 6y cos¥y, k smeXStnq‘,, bk cos e,)’

where
E

2
2 -2

1':("‘ )'i E—(m-re) (M*‘P)‘),
and m (M) is the mass of particle A (B). They satisfy the

energy-momentum conservation:

Foe p# = oH # “ | I1.3
?‘.+P{.—9f+f>f+k, ( )

For a given Ei , there are nine kinematical variables fobr
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the process and only five of them can be chosen as
independent variables. The choice of these independent var-
iables depends on the experimental arrangement. One may

choose 6,, % . Yp, #,, and 6y which lead to an H-type

P
differential cross section (see Axp. B for the definitions
of H-type and R-type cross sections), or G . ¢§, By » ¢y.
and k which lead to an R-type cross section. Strictly
speaking, the soft-photon theorem can not be derived for the
H-type cross section without violating energy-momentum con-
servation. Therefore, the R-type cross section is to be:

prefered for the study of bremsstrahlung processes in the

soft-photon approach.

In this study, we define .6%, ¢§, 8y, P ., and k as
five independent variables. The dependent variables 2F and
f} , which were not expanded in the usual soft-photon

approximations, are expanded about the on-shell point,

k 0. With the notation A+<B = A°B°- K-E, we define, fol-

lowing Ref. 24,
. — — —— - — z .-—
NE=(m el - (97 ff]/l(ﬂ--e,)( ALY P,)J’ (I1.4)

R = (B-k) N. | (I1.5)

and obtain the expansions

M. TH A
~ - (R+k
Fo= P, (R+R)"

Here 2f= limit 2? , and P& limit‘ﬂf are four-momenta for
R0 f k>0

-13-



the corresponding elastic process and they obey the
energy-momentum conservation

g+ Bt = T BN (11.7)

With one particle off-mass-shell, as shown in Fig. II.1, the
T-matrices for the scattering process requi:e three Lorentz
invariaﬁts which can be choosen as: center-of-mass energy
squared, Sj, momentum transfer sguared, tj, and off-mass-
shell quantity, A3, for the diagram j, j = a, b, c, or d.

Explicitly, we have

2
5= S = (?{_-PP‘.) =5,

2 — ——
Se= Sy = (9, +8,) = s-2(3,t8)k,

1T,= 1= (% -—g.)z =t-2 (E—Pi-')-(kv*k) +R2+2k-R,
— 2
te=t,= (479 = t+2(3-9)R*R,
4= (@'+k)2~m2 zzz-b + 2R4, (1II.8)
Ab: (?{"é)z" m? = "27{'&'

2 2 b - .
A= (1;+k)_[v1 = 2 fk 2Rk,

A= (‘Pi-k)z-Mz = —21"-'&,

where each invariant has been written explicitly in terms of
the center-of-mass energy squared § and the momentum trans-
fer squared t for the corresponding elastic procéss.
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(b) (e) (d)

Fig. IX1.1- Diagrams for the bremsstrahlung process:
(a) -(d) the external scattering diagrams; (e) the internal

scattering diagrame
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The total bremsstrahlung amplitude, ?th, may be writ-
ten as the sum of external amplitude, Q71i(, and internal

amplitude, ﬂﬂlz The radiation which comes from the four

Mmoo
off-shell legs of Fig. II.1 contributes to the external
amplitude, while the rest comprises the internal amplitude.
Low (7) has shown that current conservation enables one to
calculate the first two terms of the amplitude up to the
order of k. Adler and Dothan (9) have written down the fol-
lowing recipe for the calculation of bremsstrahlung ampli-
tude: one first writes down 975, then drops all terms in
QW%Z which are explicitly independent of k, and thus
obtains ?Y\,/i- Finally one adds to ‘2?1/13 term ‘D’TL; inde-
pendent of k such that the sum of anj and ?7%2 is gauge
ihvariant up to order k°. Following this prescription, we
can write down the bremsstrahlung amélitude without the der-
ivatives of the T-matrices with respect to the off-shell
guantites. In other words, cancellation of the off-shell
amplitudes can be achieved through the use of the gauge
invariance condition and the expansion of the amplitude
through the order independent of k. For those terms of
order k, however, the off-shell terms 40 not cancel out
after enforcing gauge invariance upon the amplitude in
nucleon-nucleon bremsstrahlung. We will estimate the effect
of this order in the expansion of amplitude by suppresing

the off~shell derivative terms and keeping the rest of the

terms which are gauge invariant.



CHAPTER III. APPLICATION OF THE FESHBACH-YENNIE APPROXI-

MATION TO PROTON-CARBON BREMSSTRAHLUNG

It is well known that the bremsstrahlung amplitude in
Low's theonrem is evaluated at a fixed on-shell energy. This
is not justified for a bremsstrahlung process with a rapid
yariation of the amplitude with respect to the energy in the
corresponding elastic process (5). Feshbach and Yennie
modified Low's theorem by evaluating the amplitudes at the
incident and final energies. It has always been assumed
that the modified theory, known as the Feshbach-Yennie
approximation, can be used to describe the radiative reso-
nant scattering processes. This assumption has never been
thoroughly verified experimentaly and numerically, although
some publications on the subject exist (20-22). Recently,
we have made a more exact calculation (23) and compared with
newv expetimental data obtained by the Brooklyn group (23).
We describe the details of the calculation in section A, the
results in section B, and the hybrid method of extraction
time delay from data in section C.

A. THE FESHBACH-YENNIE APPROXIMATION FOR THE

FERMION-BOSON CASE

e .
The external amplitude, ‘?TLH, can be written as (see

Figo IIol)

-17-
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_ = _r 5 |
= W o o T g

z _
*’1;—.'{ @:rc - ‘f;;z.‘g'f;p _EJ“(Z-,VE‘). (III.1)
Here Ta, lp. Tc. and Ty are the half-off-shell
T-matrices for fermion-boson collision, U's are Dirac spi-
nors of fermions with the normalization U U = 1, yp's are
the spin guantum numbers, and F (Z) is the charge of the
fermion(boson). Note that we tfeat the nucleus as a parti-
cle, a boson, and adopt the convention: ﬁ = ¢ =1. The

off -shell-effect of the veftex function has been discussed
by Nyman (28) and Fischer et al. (29). Sihce-the contribu-
tion from the anomalous magnetic moment is usually small in
the low energy p'ZCX process, we neglect the off;mass—shell
effect of the Qertex function and write

- 7
D= % o

r kY, (.2

where » 1s the anomalous magnetic moment of fermion, and

Gor = 5 (Yo ).

For pl2Ccy at 1.7-MeV, the contribution from those
terms involving A is of order k and small. These terms
are therefore ignored in our calculation. Moreover, since
k & 250 keV/c, k/gi < 1, we may also make the following

approximation:
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+ ;;k?&

! :
Forw P Y= g4,
4
- _2_7;‘5_ u(e; ,vy). (111.3)
t. k3

With the help of these approximations, we obtain the exter-

nal amplitude

E -
”zm/“ = {,((%“ f)M/uU(?t, t) (I1I.4)
where E %9 3 9. ZP Z P,
__L _ 3
M/u Qf T Tb g Z/I+ 1;.7:—’; Td P‘.kﬂ.

The half-off-shell T-matrices, T} .j =a, b, c, 4, reguire
three Lorentz invariants which can be chosen to be
center-of-mass energy squared, §,momentum transfered squared.t5
and off-shell-guantity, 4;, for the diagram j, j = a, b,

c, 4, in Figes II.1. The definitions of these invariants are
given in chapter II. To have the most important feature of
the Feshbach-Yennie theory, we define the initial (final)

center-of-mass energy squared S¢( Sz) as

S

2
Sa= 5, =(grp)'= (mem) +2ME;

5= S, = sd-.:(qff;)z
= (rn+M)2 +2M(E; - k) + 272:.-'/;— 2k(E;tM)
~ (m+M)+ 2M (E;~R), (I1I.5)
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Thus we may evaluate 'T&( %,f%,£ﬁ) at initial (j = a,c) or

final (J b, d) energy and expand it about the elastic

point ( Qj= 0) With all theses approximations, the exter-

nal amplitude becomes

E 9 zP . _ ¥ %a Z Pt'ﬂ
My = (’2%*?;-’%) 1051 (Qi-h M p{,k)T(sf,f)

5%, 2T(st) 3% 2 T1(5.%)
-2(%,- ) (R*R) %7;‘ S 7 —qi.;{‘ X3 }

2B 2T0G:t) 2By 2TUs18)
#2(%- %) R[g-f 2t Pk of ]

+2 %Q ?T( t, ’ a) 2_2. BT(Sf'.-t’ Ab)

2 4q tU 24

oz 21 (St ) 2T(ss, 2, Ad)
+2Z1;/" 926 ZZP 24, ;

(111.6)

The internal amplitude can be obtained from the gauge invar-

. s s M I “ E o
iance condition, k szﬂ =-k ?29‘, up to order k » Then the

combination of ‘Qnrgi and an;z gives a total bremsstrahlung

. amplitude i???

, to order k°,

/—(
_ 39 Z P 3*2)(9
= Thpu , 24 T(s¢, 1)

~ %?ﬂlf_* Zfi/f _ (21‘2)(? P),u T(S},t) +
%k PR (g+F;) -k



21 B

2T (s; 1) 2(% 2R 2(F~#;)-(R+k)
* [ ok 7kt

+2((%-7,)3 (9" 2:)Z) - N, @/u +23( @'Pigu]

_ -aT(S,,t)[ 2(Z,-%)R 7 2 (P,~F) (Rtk)

2T 'Pt-'k W 9:°k }?i

+2((1-’;*P{)} -(3,-9,)2)- N, @,u*z?(?}" F’)a] ulg %), (m.n

In this amplitude, the first two'terms, which are of order
k“. contribute to the principa; term of the bremsstrahlung
cross section. The derivative terms obtained here are
slightly different from that originally derived by Feshbach
and Yennie. Those terms with | ( St ) are due to the radi-
~ation from the initial particles and those with —r(:%,t )
from final particles. If a further expansion of T about
an on-shell point were made, we would have obtained a soft-
photon approximation. EED-type calculations for pn(ix pro-
cess can be obtained by neglecting the derivative terms and
replacing Sg and S¢ by their average or replacing Sg by
S;» Different choices of the point for the evaluation of
the scattering amplitude give quite différent results if the
elastic amplitude varies rapidly with respect to energye.
Furthermore, the sensitivity of the variation of the elastic
amplitude with respect to scattering angle is a measure of
the importance of the correction terms. These features can
be seen from our results for the p'2Cb' calculations which
are based-upon Egq. III.7. Some results of our p’zcz' calcu-
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lations are shown in the following section.

We have applied Eg., III.7 to calculate the cross sec-
tion for the scattering of protons by '?C near the 1.7-MeV
resonance. The bremsstrahlung cross section for the scat-
tering of an unpolarized beam from an unpolarized target can
be written as

| .
_ 1 :
O (g, 0, k) =3 P%:sf,,-n,ml nE, s

where the factor 71 is given by |
o -4

m;_z'_m’[m‘.-?é)z—(mM)z]  (Ing)

In practice, we have used the elastic p-'ZC amplitude, f}q,,
to calculate o‘(ilg,-ﬁv,k) and the elastic scattering cross

section,

el. [ 2
e () =+ % | fy,y| . (III.10)

The amplitude ./, , which is a function of elastic phase

shifts and resonance parameters, can be found in Ref. 27.

Recently, Perng et al. used the principal term to ana-
lyze the Bologna data. They found it Jdifficult to generate
any set of resonance parameters which would fit both the
p '*C elastic data of Ref. 27 and the p'*>C ¥ data of the
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Bologna group. This difficulty led them to conclude that
either the bremsstrahlung daia at 1.795~MeV was iﬁconsistent
with elastic data or the theoretical approximation was not
accurate enoughe. To resolve this difficulty, we have
improved the calculations of the Bologna group and Jan

et al, by including the correction terms and have compared
our result with the new data obtained by the Brooklyn group.
We have also calculated the elastic scattering cross sec-
tions to see whether these calculations are in good agree-
ment with the elastic data. A comparsion of our calculated
elastic cross sections with the elastic data of Ref. 27 is
shown in Fig.III.1. The solid curve'represénts the resulf
obtained by using the resonance parameters of Armstrong

et al. and the dotted curve using Maroni set (Table III.1).

TABLE III.1
The resonant parameters for the scattering of
protons from carbon

Level T a1+ 2" s*
2 2 Z
E, (MeV) 0.951 | 3.510 3.609
Armstrong et alefF--=—-s7-——=——=1 Eubatansheiater Mbatede bttt Sttty

- — - — - ———_— — —— - =

Maroni et al.
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Fig. III.1 The elastic p'’C cross sections as a function of
the incident proton energy. The solid (dotted) curve is the
result of the calculation using the resonance parameters of
Armstrong et al. (Maroni et al.). The small circle
represents the experimental data of Armstrong et al. (27),
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The study of this figure indicates that Armstrong®s parame-
ters give the best fit to the elastic data. Therefore, we
have used this.set of parameters for our p'2C ¥ calcula-
tions. In Figs. III.2-I1I.4, the bremsstrahlung spectra
from the Bologna group are compared with three calculations
in the laboratory system. The solid curves represent the
results of our complete Feshbach-Yennie calculation, i.e.,
both the principal term and the correction terms are
included. The dashed curves represent the calculations
which include only the principal term, i.e., the results
obtained in Ref. 22. The dotted curves represent the result
of the soft-photon approximation as calculated in Ref.'zi,
i.e., with only the 1eading‘term. Inclusion of the correc-
tion terms does provide better agreement between the theor-
etical bremsstrahlung spectra and the experimental data at
1.765-MeV, as shown in Fig. III.2. Here, the structure due
to the resonance is expected to appear near 20-keV for
photon energy, ks At 1.895 MeV (Fig.III.u), the bump in the
bremsstrahlung spectrum is expected to appear near 160 KkeV
for k. All three calculations give similar results which
are in agreement with the experimental data. However, in
Fig. III1.3, we have a puzzling case at 1.795 MeV. Since
this is the only case which gives very poor agreement bet-
ween theory and experiment, we would support the conclusion
reached by Perng et al. that this set of bremsstrahlung data

is inconsistent with the elastic data of Ref. 27.

-25-



N
n

O (9Q,Q k)(nb/sr2. keV)

o
o

PECE
9P=157°

E,=1.765 MeV

A 1 '} A

4

1 i -

] | e o 1

2 l A, 4 ' | L 4 3

A A i

Fig. III.2 The pC¥ cross sections in the laboratory system
as a function of photon energy at an incident proton energy
of 1765 keV. The dashed(solid) curve represents the result
of our calculations using the principal term (principal and
correction terms) of the Feshbach-Yennie approximation. The
dotted curve represents the calculation using the leading

term of the soft-photon approximation. The experimental

data are from Ref. 21.
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Fig. II1.4 Same as Fig. III.2 but at an incident proton
energy of 1895 keV.
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The Brooklyn group have measured the relative brems-

strahlung cross section

Oret = o—(ﬂ'irnx,h)/de‘(ﬂ), (ITI.11)

re

In Figs. I1I.5-1I1.7, we have compared the Brooklyn data
with three different calculations. The solid and dashed
curves represent, respectively, the calculations of the
Feshbach-Yennie approximatioﬂ with and without the correc-
tion terms, and the dotted curves represent the soft-photon
approximation of Ref. 22. These results have been averaged
over the finite size of the photon detector. At 1.594-MeV,
there is no resonance structure in the range of k and all
three calculations are in good agreement with data, as shown
in Fig. III.5. In Figs.III.6 and III.7, we show experimen-
tal spectra at 1.81-MeV and 1.88—Mev; Structure dpe to the
resonance is clearly observed in these cases. The agreement
between the experiment and the soft-photon approximation is
very pcor. On the other hand, the results from the
Feshbach-Yennie approximation do agree with data. Moreover,
the contribution from the correction terms is not negligible
in the region of resonance. It not only changes the magni-
tude of the cross section but also shifts the peak due to

resonance effects.
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Fige 1II.5 The pC¥ bremsstrahlung cross section relative
to the elastic scattering cross section as a function of
photon energy at an incident proton energy of 1594 keV. The
dashed (solid) curve represents our Feshbach-Yennie
predictions calculated by using the principal term
(principal and correction terms) , and averaged over the
solid angle of photon detector. The dash-dotted curve
represents our result calculated from the same approximation
but without averaging over the finite size of photon
detector. The dotted curve represents the result, averaged
over the solid angle of photon detecotor, of the calculation
using the leading term of soft-photon approximation. The
experimental data are from Ref. 23.

T . . i BN A R
20 40 6 80 100 120 140 160 ]80 200

..30-



:"""1r~'.v.'-.u\1|‘-‘-l;;'l‘u|’|'

40~ 1267 7]
! 0, = 155 ]
_ 35 | o~ EELsime

- .
S 25F

S 201

| A ]

R T I I T e

20 40 60 80 100 120
| 'k (keV)

Fig. III.6 Same as Fig. III.S but at an incident proton

energy of 1810 keV. No dash-dotted curve is shown in this
figure.
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Fige III.7

Same as Fig. III.5 but at an incident proton

energy of 1880 keV.
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C.  EXTBACTION OF TIME DELAY IN THE p-'’c REACTION
EROM DATA

The nucleon-nucleus bremsstrahlung process has been
suggested (4,5) for the measurement of short time delay in
nuclear reactions. The time delay is the elasped time bet-
ween the arrival of the incident nucleon (t = 0) and_the
departure of the outgoing_nucleon (t =17), i,e, the life-
“time of the compound nucleus formed in the collision which
is too short to be measured by conventional methods.
According to the Feshbach-Yennie approximaticn, the off-
shéll T-matrices may be evaluated at the incident energy,
E;, or at the final energy, Ef « This leads to the evalu-
ation of one amplitude at the incident energy, 1;wa3, and a
second amplitude at the final energy, ﬁwjgy The phase dif-
ference, @ , between these amplitudes is given, as in

Ref. 3 and 4, by

(T €D £,08)]
E T T

(111.12)

oS COS @ =

where hw = E;"Ef o

Maroni et al. reported the first measurement of time
.delay in low energy p—'zc scattering. They used iheir mea-
sured bremsstrahlung y-ray counting rate, ﬁJ,, and elastic
counting rate, f , to determine the time delay through the
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relation,

cosd = .
(NEp N(ED) 7

»  (III.13)

where A, B, and C are kinematical factors including the

charges of proton and carbon.

Only the leading term is considered in deriving
Eq. III.13. However, since the correction terms are not
negligible in the region of the resonance, we should take
into account the correction terms in the extraction of the
time delay from data. Let us first derive an expression
similar to Eg. III.13. Hriting the leading term of the

bremsstrahlung amplitude in Eq. III.7 as
m, =uM u, e“M =ee[aT(E)-a;T(EY ,(111.14)
a2 Y M f 1 t 1] » :
we obtain the relation for the phase difference ¢ ,

%-_—: cos & = f(c'ret)+3'(°-f’°.f) (111.15)

3
[ (67 o
o e

where J is the Jacobian which relates the center-of-mass
cross section to the laboratory one, and cq-(c;) is the
elastic cross section at the energy Ei ( E;). In princi-
ple, if the full bremsstrahlung amplitudé of Ege III.7 were
"~ used in the derivation of Eg. III.15, one would obtain a
first order differential egquation of the form
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f d
31y = flos o tgpt(ony.  a1mie

In practice, however, an explicit expression of the

Egq. III.16 is very difficult to obtain. We therefore pro-
pose a hybrid method for the determination of the time
delay. In this method, the derivatives of C0547 with res-
pect td t in the expression for the bremsstrahlung cross
section, which is equivalent to —ggi of Eq. III.16, will be
calculated from Eqg. III1.12 and the rest (equivalent to the
right-hand side of Eg. III.16) will be calculated from the
experimental data. The results of these calculations are
then used to determine cos® (which is Y 1in the

Eq. III.16).

Using the hybrid method described above, we have calcu-
lated first the values of cos & for the incident proton
energies of 1.88-MeV, 1.81-MeV and 1.594-MeV and then the
time delay T =4PAQ . The#e results are compared with the
results of the theoretical calculation using Eg. III.12.
These are shown in Fig. III.8 for an incident proton energy
of 1.88 MeV, in Fig. III.9 for 1.81-MeV, and in Fig. III.10
for 1.594-MeV. The so0lid curves are the results of theoret-
ical calculations using Eg. III.12. From Fig. III.8 and
IIT.9, it is clear that the theoretical values for 7 exhi-
Sit a bump of 1x10—20 second around 100-keV of photon
energy. The extracted values of 7 from the experimental
data around k=100 keV have also about the same order of
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10 ‘gecond; However, for photon energy below 40-keV, the
extracted values for Z from the experiment are higher than
the theoretical values. This discrepancy may arise from the
experimental uncertainty in the very soft photon region. At
the incident energy of 1.53%4 MeV, which is below the 1.7-MeV
resonance, the value of 7 is expected to be zero since
there is no bump in the bremsstrahlung spectrum implying
that there is no interference bwtween fhe amplitudes f;V(Ef)

and #(E.). This is shown in Fig. III.10.
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Fig. II1.8 cos ¢ (see text for the definition of ¢ ) and
time delay extracted from the 1.68 MeV p'?C¥ data. The

solid curves are the results of our calculations using Eq.
IT1.12.
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Fige III.9 Same as Fig. III.8 but from the 1.81 MeV data.
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CHAPTER IV. STUDY OF PION-PROTON BREMSSTRAHLUNG

The main interest in the study of the pion-proton
bremsstrahlung processes has been the investigation of reso-
nance effects and off-shell effects. For these purposes,
many model dependent calculations and various model-indepen-
dent calculations have been performed. Some calculations
(19) predicted structure in the region of the A& -resonance,
but no structure was clearly observed in the experimental

bremsstrahlung spectra (17-19). Furthermore, there exists

- a discrepancy among the model-independent approximations

based upon the soft-photon theorem. The structure which
appeared in the usual soft-photon approximation disapears in
~ the calculation of EED (15,17-19) in which only the leading
term of Low's result is included. The guestionable second
term in the expansion of T-matrices was correctly treated by
Liou and Nutt who used a complete expansion in their calcu-
lation of the m*py coplanar case. This method is, essen-
tially, based upon the expansion of all arguments of the
half-off-shell T-matrices about values with'zero photon
energy, K = 0. It is different from other approximations
which do not treat the expansion of the kinematics and

dynamics consistently.

Traditionally, most calculations are carried out under
coplanar conditions because of their simplicity. But nonco-
planar events are important, and most of the UCLA data .are
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noncoplanar cases. Therefore, it is necessary to extend the
soft-photon approximation of LN to include the noncoplanar
case. Fortunately, almost all equations used in LN are in
covariant form and this make our work (25) easy. From this
work, we have found that the soft-photon approximation of LN
works not only for the coplanar case but also for the nonco-
planar case except for some cases in which the resonance

effects seem to be important.

In addition to the calculation of the cross section
using the soft-photon approximation of LN, we have also
-applied the Feshbach-Yennie approximation to analyze the‘
n*pi‘ data of UCLA. This calculation always predicts a bump
in the bremsstrahlung spectrum. The bump is small for most

photon counters but large for a few counterse.

A. APPLICATION OF THE SOFT-PHOTON APPROXIMATICN OF

LN IO THE NONCOPLANAR EFERMION-BOSON CASE

To apply the soft-photon approximation of LN, we first
briefly sketch the main steps for the derivation of the
bremsstrahlung cross section. We wish to calculate an
R-type cross section in the soft-photon expansion. The rea-
son for this choice was discussed in chapter II. We first
expand ?: and P:‘ in powers of k . To the first order in
h“, we obtain Eq. II.6. These expansions are then used to
expand $, ¥, and. A consistently. Next we follow Low's
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prescription to expand the half-off-shell T-matrices. When
these expansions are introduced in the external bremsstrah-
lung.amplitude,‘aTLE, we obtain the expansion of inzj in
powers of k. By imposing the gauge invariance condition,
E%77€i =-kﬂ?7yz, we obtain the internal amplitude, ?V%z .
The total amplitude, 5”%“' is then obtained by the sum of
AN and 9. At this point, the off-shell derivatives
cancel out up to order k°. For consistancy, ve also expand
the phase space factor in the form of [ = F*"+$=m+o~v-
(details of this expansion can be found in LN) and the
proton projection operators which result from spin-
summations. Finally, the bremsstrahlung differential cross

section can be written as
o‘(ﬂ?’ﬂ,,k) = —:/h +0o, , (IV.1)

where o7, and o, depénd on the elastic scattering amplitude
and/or its derivatives, but not on k. Any difference bet-
ween this cross section and experiment indicates a contribu-
tion from off-shell effects, resonance effects, or higher
order on-shell terms. Small deviation implys a small con-
tribution. Unfortunately, it is hard to tell the magnitude

of individual effects from this difference.

For noncoplanar events, some modifications should be
made. Let A and B in Eq. II.1 represent the incident pion
and the target proton, respectively. Then the five four-
momenta for the process are defined by Eqe. II.2 and the
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energy-momentum conservation is given by Egq. II.3. These
equations of the energy-momentum conservation for the
bremsstrahlung process reduce to those for elastic process,
denoted by the same variables with a bar on each variable,
in the limit of zero photon energy. Thus, the depenent var-
iables é;; R ‘f’f . 5,,, and ¢Tf can be solved for. The quan-
tity @ﬂ in LN is then calculated from these solutions.
Although LN is derived for coplanar events, the expression
for ﬁ94 holds for noncoplanar events too. The bremsstrah-
lung amplitude in}LN is also valid for noncoplanar cases:

m,= J(@)[??’L; + Wl;] uce,) , (IV.2)

Y
where zn}Z and Zﬂga are from Egq. 22 of LN. The phase space
factor | given by Eg. 28 of LN must be modified. For non-

coplanar cases it becomes

F = 7:/{ [E,,‘Zf—ng;[caseP Cos Oy

+5in6, sin oy c05(¢n“¢p)]l} . (1v.3)

However, the expressions for fﬂa and Fﬂ” given by Eq. 35 of

LN can still be used since they are very general. Here,

again the new solutions for ‘if and ‘FJ’L must be used in cal-
culating £ and F(”. Once thnese modifications are made,
the bremsstrahlung cross section can be calculated from the

following expression:

e*m*kF _!_5_L p 2
3((9‘_.%)2_(,’"4)1] '/z(zn) 2 p:;,s}tn‘e m/a,.(lv-h)
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B. APPLICATION OF THE FESHBACH-YENNIE APPROXIMATION

In Chapt. III, we have applied the Feshbach-Yennie
approximation to calculate the proton-carbon bremsstrahlung
cross section. This approximation can also ke used for the
Ktpv process. In this approximation, the T-matrix for the
elastic pion—proton scatteriné is to be evaluated at both
the initial and final energies, which is a characteristic

feature of the Feshbach-Yennie approximation.

Following the same notations used in Chapt. III, the

T-matrix for the elastic n*p scattering has the form
' .
T(sb) = -AGh + 3 (f,+4,) B2, (IV.5)

In the soft-photon approximation, the half-off-shell
T-matrices 7}(55'?j'dﬁ)' j =a, b, ¢, and 4, are to be
expanded about an on-shell point. One may take k = 0 as the
on-shell point and expand Tj about it for each j as in the
soft-photon approximation of LN. In this case, the “Yonly"
on-shell amplitude we need in the calculation of the brems-

strahlung amplitude is
T; =Tt = Aty + £ U4, 44)BG1). (1v.6)

On the other hand, in the Feshbach-Yennie approximation, two
different on-shell amplitudes are needed. In other words,
the half-orf-shell T-matrices are expanded about two on-
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shell points, (s{,t) for diagrams II.la and II.lc, and

(s, ,t) for diagrams II.l1b and II.l1d. Thus, two elastic
T-matrices needed for our calculation are T{ = T(5,%) and
T =T(s,t). To evaluate‘ﬁ; we have to, apart from thes
replacement of s by Sj in A(s,t) and B(s,t), calculate
(ﬂ¥-+ﬂ;)- This may be done by considering an elastic pro-
cess wifh final pion of four-momentum ?Z“and final proton of

four-momentum ﬁfi Let us consider the energy momentum con-

servation
g/ + P} = AN A (IV.7)
and the requirements
S = (?Jﬁf})z, (1v.8)
to:'—(?f—?i.’)z = ”’f-‘f’z'l)zz (I¥.9)

so that the elastic amplitude Tf 1s given by

T, =Tept) = -AS 1) + 5 (A +£)B(%,2).  (1v.10)

These conditions give the following six equations

2m*-t, = H = 29,2

i 7

+ / = B = ¢/ 57,
.t F, sin O, cosqﬁg‘ =B =% 5:/792‘,_ Cpsq}a

+ P’/st
, ﬁszneﬁ, cosqbf{, ,

+P S(n6, s
?# 1; b sznqi;;

C = 9/stng,, sing ,+p/sing , sin
1 Q‘- 9" 4 f”-' %’ ’

c0s 6, —

75 + =D=2gq’ ’

<Y
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z)%z

(F2em) 2+ (FReMV = A = (g7%em) + (2] M),

f

5}: m2+M2+22‘,'-P‘.’ (IV.11)

where %, ?g, and ?} are the x, y, and z components of

g,;espectively,.
7 -2 'z_] ’
and ?t' = ([ g +m ) 91.

If we introduce

= s5fng, = 5inb,, Stn¢, = ,
X smegicoscﬁ%, Y= sir q{,SM’%_ , T=C050, (IV.12)

‘ [ )

Then we have seven unknowns with an additional condition

e =1, (IV.13)

Using these seven equations we can simplify them and it is
easy to show that the last two equations in Eq. IV.11l are
eguivalent. After simplification, we obtain Eg. IV.13 and
the following three eguations with five unknowns

( Z{, Pi , %, 8,3 )¢

/

’ .2 ,2. ,\2
%= (B-Ag]) + (c-ygl + (D-39]),
a7 2% ,

3 = -X?,‘ -‘y?# +[2(§;2+ mz)'/z(z-}"_ mz)'/z"H]/(z?i’?;)_



In the laboratory system, we have ¢; >>0, It would be
instructive to choose an additional condition which will

force ?;-” to be close to 9:‘. Thus we choose 91,= 0 and
4

obtain -

, _ [ E-DH/g, t m? 2_ 2 ~
?i {{QA‘(ZD/Q?)(?:*'MZ)V‘} ) (IV.15)

Next, we consider the contribution from the anomalous
magnetic moment by using Eq., V.5 instead of Eq.III.3. This
change introduces additional terms of ordef k® into the
bremsstrahlung amplitude. With these additional terms and
Eq. II11.7, we write the total premsstrahlung amplitude to
order Kk so that we can see the contribution from each
order. The final results are, up to order k°.

Yﬂ UF. ’ Yﬂ'-'- Yﬂ(’;?') + Y/Zka)z

F —-——
m= Q“P4 ::éﬁ'uﬂ. {

| + M "‘P)H)
MLy = H"_mm"} [za_ztzu T,
Y (—h—) _[‘Zf";z EATARY Ti‘" Pe ok (qf-fpf)-k} 1

ZP; _ ZW{"%)”JT
P{‘k ‘q"*P() 'h f s

[ 397 a(ewﬂ-)"JT _[
- 9‘.'k (9{.4-?1.)-}; f

39/ 2Ty 39 fGJ

o H P,- ° -
Yﬂ(h)___-_ C’:I.T1 +—,;Do - Z(ﬂc Pt) (R+k)[ ?j.k 2t ?'_.k 21

| =~ K, o5 N SA (2T 2T
225 (G p s 25 ron 7] (B3¢ - Bt
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o= - 2K T A ] A Yk awvae)
o 2P; R 2m p{.k 2

Using this amplitude, the bremsstrahlung cross section

can be calculated as

o=~ LAUETy (A Y Y ¥ AR Y,) V1)

where the factor 71 is given by Eg. III.9, the "full" phase
space factor F is given by Eg. IV.3, and the “fullY projec-

tion operators /\f’ and Af’ are
‘ /] f

/\fi“—' (#,+M)/2M, /\,}’-‘ (,f{f+M)/2M. (IV.18)

C. RESULTS AND DISCUSSION
He have used Eq. IV.4 with the elastic phase shifts of
-Barnes et al. (34) to calculate'nipr cross sections in the
laboratory system as a function of k for various photon
counters Gi (1 =1, 2, eee, 19) (Table IV.1l and Fig. IV.lc)
 -ug-
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Fig. IV.la The elastic n¥p cross section as a function of
the incident pion energye.
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Fige IV.1b The angular distribution of the p*p elastic
scattering cross sections at 310 MeV. The experimental data
.are from Ref. 68
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IV.1lc The coordinate system and relative locations of the
photon counters used in the UCLA w*py experiment.

~~

z 3 - -4
z

\ 2 e -
0

=g

= IF :
Cl‘m 1 1 1 | |

N 0 20 40 60 80 100 120
b k (Mev)

Fig. IV.3b T7ttp¥ bremsstrahlung spectra for the counter G9
at an incident pion energy of 324 MeV. The solid curve is
the result obtained by using the soft-photon approximation
of LN. The dashed (dotted) curve is the result obtained by
using the /R and oo terms ( 9%k, o, and o,k ) of the
Feshbach=Yennie approximation.
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TABLE IV.1

Locations of detectors used in tne UCLArtpx experiment

oM D N
il

i Counter (:;g) (d%i (-deng ___(_feg.) (todtar(gcexg
Gl 200. 0. 160. 0. 61.1
G2 200, -13. 153,34 316.47 56.
BCE 200, ~36. 139.48 295.11 56,
gk 220. 0. 140, 0. 56.
G5 220, -18. 136.717 333.16 56,
G6 220, -36. 128,30 311.50 56.
TG 240. 0. 120. 0. 56.
B 240. ~18. 118.39 339.43 56.
G9 240. =356 113.86 320.01 56+
T G10 160. -36. | . 144, 270, 56.
| G11 160. 0. 160. 180. 63,
T G12 140. 0. 140. 150 63,
T G13 120. 0 120. 18G. 63.
T Gl1u 103. 0. 103, 18C. 63
G15 103, -20, 102.20 200.46 '63;
T G17 50. 4. 50.12 174.75 300.
G18 320. -56. bl .64 293.44 63.
T G19 0. -59, 59, 270, 63,
" pion 50.57. | =10%24 | 50.5 180. 73.89% |
proton | 323%27 -26%2€ (uwg;Umﬂ) (umggtuﬁﬂ 92,1°%

beam line.

=51~ .

terse.

horizontal projection of the angle measured
clockwise from the
the angle of elevation measured upwords from
the horizontal plane,.
distance to first pion spark chamber.
distance to first plane cf coun




at three incident kinetic energies for each of the nfpx and
T p? cases. As usual, we héve checked the elastic ampli-
tudé used in the bremsstrahlung calculation by comparing the
elastic cross section with the exp?rimental data in

Figs. IV.1la and IV.1lb, We have aléo used Eg. IV.16, with

the derivatives of T (s, t) with respect to t approximated

by 27T¢s,ty _ 2 A(s,t) | 2 B(s, 1)
I S T A A T v,

to calculate bremsstrahlung cross sections in the Feshbach-
Yennie approximation. In all these calculations, the pion
scattering angle is fixed at 50.5°. The results are shown
in Figs. IV.2-IV.14. We ﬁave presented th bremsstrahlung
spectra at each incident pion energy for each photon coun-—-
ter. Here, we have chosen one.incident energy for each
photon counter since in most cases the other two incident
energies give almost similar results. The calculation of
the soft-photon approximation of LN always predicts brems-
strahlungyspectra with typical 1/k dependence and agrees
well with most of the UCLA data. The Feshbach-Yennie
approximation always predicts a bump in the bremsstrahlung
spectrum. In most cases, the bumps are small and the d4if-
ference between this prediction and the soft-photon approxi-
mation of LN is of the size of the error bar. But for some
counters, for instance, counters G3, G6, and G9 for the ﬂ’pi
process at 269-MeV, this difference is large and indicates
the importance of resonance effect and other contributions
if our approximations are accurate enough.
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Fig. Iv.2 The n*py¥ cross sections averaged over the
photon counters G1-G10 are compared with the experimental
data of Ref. 19 at 263 MeV (m'p¥ ) and 269 MeV (n'p¥ ). The
solid curve represents our results for the soft-photon
approximation. The dashed (dotted) curve represents our
results for the Feshbach-Yennie approximation using o-i/k and
6, terms (o-t/k, 0. and ook terms). The " o"%, ¥ x" andg "aV
are obtained from the curves Y“KpO", "KP2", and YSPAY,
respectively, of Ref. 19.
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Fig. IV.3a The ﬂ+px bremsstrahlung spectra for photon
counters G1, G3, G4, G6, G7, G&, and G9 at the incident pion
energy of 269 MeV. The dotted curve is our result obtained
by using the first three terms of the cross section of the
Feshbach-Yennie approximation. The experimental data which
are for the counter G9 are from Ref. 19.
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Fig. IV.4 Same as Fig. IV.2 but at an incident pion

energy of 298 MeV.
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Fig. IV.5 Same as Fig. IV.2 but at an incident pion
energies of 324 MeV ( w'p¥ ) and 330 MeV (W p¥).
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In order to see the general feature of the agreement
between our calculations and\the UCLA data for counters Gl
thrdugh cio0, we have averaged the calculated bremsstrahlung
cross sections over the photon counters Gl - G10 and have
compared these averaged cross sections with the UCLA data.
In Fig.IV.2, the averaged cross sections are plotted against
photon energy, k; for the n” py process at 263-MeV (top)
and for the w'py process at 269-MeV (bottom), The solid
curves represent our calculations of the soft-photon approx-
imation of LN and the dotted (dashed) curves represent the
results of our Feshbach-Yennie predictions calculated by
using the first three (two) terms in the cfoss sections.

The experimental data are from the Refs. 17-19. The bump
appearing around 50 MeV photon‘energy for the n*py case is
mainly due to the bump appearing in the spectra for counters
G3-G9 as shown in Fig. IV.3a. However, this bump is not
observed in the experimental data. This may be an indica-
tion that other contributions such as higher order terms in
our expansion or other effects might not be small, so that
the resonance effect is cancelled out. 1In Fig.IV.U4, we pre-
sent similar plots at 298-MeV for the w py case (top) and
the n*pr case (bottom). In Fig. IV.5, similar plots are
shown for x"py at 330-MeV (top) and for wtpy at 324-MeV
(bottom) . For n+pr at 324-MeV, the bump is mainly due to
the buaps from counters G6 - G8. It is interesting to note
that, for counter G9 at this incident pion energy, the
experimental data for the 11+pa' can only be described by
_57-



the Feshbach-Yennie approximation, as shown in Fig. IV.3b.

' Moreover, we have compared our theoretical calculétions
with the UCLA data for individual photon counters G11
through G19. We present here only one incident energy for
each photon countérs. Comparisons between theory and exper-
iment are made in Fig. IV.6 for photon counters G111, in
Figs. IV.7-IV.10 for photon counters G12-G15, and in
Figs. IV.11-1IV,13 for countefs G17-G19. In Fig. IV.1l4, a
plot of the n*py cross section versus photon angles o are
shown for photon energies of 22.5-MeV (bottom) and 40-MeV
(top) » The experimental data (circles for k=22.5-MeV anﬁ
squares for k=40-MeV) are the UCLA data. The solid (dotted) -
curves with YA (# ) are the fesults of the calculation
| using the soft-photon approximation of LN (the Feshbach-
Yennie approximation). From these figures, the following
conclusions may be drawn: (i) The Feshbach-Yennie approxima-
tion gives better agreement with the 7w p?¥ data for coun-
ters Gi3 through G15 at 263;MeV than the soft-photon approx-
imation of LN. (ii) In the wx'pY case, the bumps predicted
by the Feshbach-Yennie approximation are small for these
counters and hence the agreement between our prediction and

the UCLA data is good.

Note that it was argued by the UCLA group that although
the plion spectrometer was centered at 50.5° to the beam, the
effective average scattering angle was about 52° because of
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Fig. IV.6 Same as Fig. IV.3b, but for photon counter G1l1 at
the incident pion energy of 324 (330) MeV for x'*p Yy
(1T7p¥ ).
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Fig. IV.7 Same as Fig. IV.6 but for counter G12.
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Fig. IV.9 Same as Fig. IV.3b but for counter Gl4 at an
incident energy of 298 MeV. , '
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the large vertical acceptance of the spectrometer. We have
carried out some Calculation; at 298-MeV using 52° rather
thaﬁ 50.5° and found that the effect of this change on our
results is generally small (less than 5%) except for G17
(about 17% for M p¥ ). Since G17 has the worst statistical
accuracy, the effect on the over-all agreement between the
UCLA data and the calculations based on 50.5° is therefore

small.

In conclusion, we have extended the soft-photon approx-
imation of LN to the noncoplanar case. Generally speaking,
our calculated cross sections for the niﬁx process are in
good agreement with the UCLA data. This agreemeﬁt shows
that the soft-photon approximation works well for the n*px
processes and indicates that the O (k) terms in the expansion
of the cross section contribute very little to the cross
section in most of the kinematic regions studied. On the
other hand, the Feshbach+~Yennie approximation predicts a
bump in the bremsstrahlung spectrum. This bump is small in
most cases and thus leaves the result of our calculation in
good agreement with UCLA data. However, the bumps predicted
for some counters are too high and thus indicate that other
contributions, such as the higher order terms, resonance
effects, and off-shell effects might be important in achiev-

ing certain cancellations in the cross sectione.
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CHAPTER V STUDY OF NUCLEON-NUCLEON BREMSSTRAHLUNG

A. BACKGROUND

Most of the nucleon-nucleon bremsstrahlung calculations
are model-dependent pp¥ calculations. Sobel and Cromer
(35) introduced Yguasiphase parameters", which can be calcu-
lated from various phenomenological potentials, for their
potential model pp¥ calculations and they found that the
difference between the cross sections calculated from the
Yale and Hamada-Johnston potentials is small. Brown (36)
reached the same conclusion for the Bryan-Scott and Hamada-
Johnston potentials. Dreschsgl and Maximon (37) also found
small differences between the Reid (soft core) and Hamada-
Johnston potentials. McGuire (38), Liou and Sobel (39)
found that the relativistic correction was small in the cen-
ter of mass frame. Heller and Rich (41) showed that the
Coulomb effect was small except for an incident energy near

150-MeV at angles less than 10°.

Although the small difference between pp¥ cross sec-
tions calculated from two different potentials may be dis-
couraging, it is still interesting to investigate the off-
shell behavior of the nucleon-nucleon interaction. The
soft-photon theorem can be used to build up a good founda-
tion for the extraction of off-shell effects from brems-
strahlung, processes. Nyman (12) formulated the soft-photon
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theorem in a covariant form for the pp¥ process and found
agreement between his calculations and experimental data at
158-MeV. The contributions of individual terms in the
bremsstrahlung amplitude have been investigated by Fearing
(43) who found a large difference between the calculation in
the soft-photon approximation and the calculation using the
Hamada-Johnston potentials at 200-MeV for 6, = 6,=12° and
91=0° and 180 . Recently, high energy data at 730-MeV have
been reported and compared wifh two model-independent calcu-
lations by Nefkens et al. (44,45). In the latest publica-
tion (45), it is concluded that there exists large discre-
pancy at high photon energies, apart from a conflict at low
photon energy between the experimental data and fheir éalcu—
lations for one counter. To ﬁake a further study for these
processes, we have applied the soft-photon approximation of
LN and the Feshbach-Yennie approximation to the fermion-fer-
mion case and these calculations will be discussed in sec-
tions B and C, respectively. We have obtained, in general,
good agreement between the experimental data and our pred-
icted cross sections for the pp¥ process. But the discre-
pancy at 1arge.k for some Kinematical regions still exists,
indicating that the contribution from the higher order -terms
of the soft-photon expansion or the isobar effects (63-65)
may be‘important at 730-MeV. Further dicussions together

with numerical results are presented in section D.
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B. THE SOFT~PHOTCN APPROXIMATION OF LN FOR THE

FERMION-FERMION CASE

The elatic scattering amplitude plays an important roie
in the construction of the bremsstrahlung amplitude. Before
deriving the bremsstrahlung amplitude, let us first write
the elastic scattering amplitpde in a form suitable for our
application. The amplitude for elastic nucleon-nucleon
scattering has been well established (40). Following Nyman
(12) and Goldberger et al. (46), we choose the Feynman
amplitude used in GGMW because of its easy extension to‘the
brémsstrahlung situation. With the conventions (47) uu = 1
and 4 = ¢ = 1, we rewrite the Feynman amplitude ﬁfl(s,t) in

the following form

N 5 .
m(srf>=§3;<s.f>@, ST XD

where the two Lorentz scalars, s and t, are given in chapter

II and
— — ot
G;l: quz‘ b(q’ Uf;. g u?‘. ’
{ 9;: 321 331 9}” ?5) = (11 9:{;}/@" z'),;‘);a' %' XS)’ (V.Za)
kn (3 6 -4 4 1) [R)
L | 4 2 o0 0 - 'Fi
7,
el - Ll.g o0 6 2 1 Fs
EA 4
e 40 -2 2 | Fa
SN (V.2b)
e -1 6 4 -4 3 Fs
I L
L / y \ / e
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The five invariant functions ,{Fi}, =1, 2, 3, 4, 5,
can be put into linear combinations of helicify ampli-
tudes,'ﬂg}, d =1, 2, 3, 4, S ,which are explicit functions
of phase shifts. In Appendix A, We have derived FL for
proton-proton scattering from GGMW. The expressions obtained
have a different appearance from those derived by Nyman andgd
are simpler for numerical calculation, especially in the
calculation of the Coulomb contribution which is treated
exactly. Moreover, we have taken into account all of the
inelasticity parameters so that our result can be used'for
processes above the pion-production threshold. The antisym-
metrization of the scattering amplitude has also been con-
sidered in App. A.‘ For the scattering of an unpolarized

proton beam from an unpolarizéd proton target, the differen-
tial cross section in the center of mass system can be writ-

ten as

i 1 mt :

5 5 '
= g g f
22 TY(A,;_@A,} 3) Tr(A 9 /\qf?)

o=l gl

- I .
where 9a= Y %‘JJ , and /\? are the energy projection oper-

ators,

P+M

/\P = P I with P = P‘:

' Pf' ?fland ?f.

(V.30b)
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Let us now construct the bremsstrahlung amplitude in
the soft-photon approximation of LN for the nucleon-nucleon
bremsstrahlung process. As usual, we write the bremsstrah-
lung amplitude,7n1 ., as the sum of the external amplitude,

E . . 1
PLI, and the internal amplitude, P1ﬂ ’

M=er "M, (V1)
A ~ |
where

M= M, +M, .
Vs H /2
Unlike the elastic scattering amplitude in which only two
Lofentz invariants are needed, three Lorentz invariants are
required for the bremsstrahlung amplitude since one of the
fwo interacting nucleons is off its mass shell. We denote
these three scalars by §j, tj , and Aj , as defined in
chapter II, for the invariant functions, :C?, j=a,b ,c ,d.
Looking at Fig. II.1l, we notice that each of these diagrams,
from a through d, contributes to the external amplitude.

There, the complete expression for the external amplitude

can be obtained from these diagrams. We have

M= 37 M

j:alb;cld jﬂ

5 .
’M\;.u: Z: }:‘J(sj,-tj,zsj) Giﬂ, (v.5)

(sj, tjr 2j),
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) - o ! “u
G = s %t U Ty o T

o
du_ = — g M
G, = “a, % uqi uf} 4 Py KM J uf’s‘ ’

and r1; (f?f) is the electromagnetic vertex function for

nucleons

Up to this point, everything is exact. It is worth
while to discuss the origin of the off-shell contributions.
Of course, the invariant functions {35}-and the electromag-
netic vertex funcfion may contribute. That is, the off-
shell contributions may come from the electromagnetic ver-
tices and the T; (j=a~e) in Fig. IT.1. The off-mass-shell
effect of the electromagnetic vertex functions has been stu-
died by Nyman (28) and Fischer and Minkowski (29). It was
estimated that the anomalous moment would change the
proton-proton bremsstrahlung cross section significantly in
the “hardY photon region (28). A numerical calculation of
the off-sliell effects in the vertex has been initiated by
Nyman. However, since the problem can not be treated with-
out some ambiguity, these effects will be neglected in.our
work. The off-shell effcts of the invariant functions may
be studied by soft-photon approximations. In our approxima-
tion,‘wé take into account the off-shell contribution from
both the explicit k-dependence and the implicit k-dependence
of the bremsstrahlung amplitude.
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Neglecting the off-shell effects from the electromag-

netic vertices, we use the on-shell expression of the vertex

functions

ry =

r';: T;«(with 3>z, m-oM)’

= 30" 2 (0%, , (V.6)

where 3 (Z) represents the charge of projectile (target).
With the help of Dirac equation and ¥ -algebra such as
{zu,10'= 2'&, we can simplify the products of the propaga-

tor, the vertex function and the spinor as

ﬂ N\
r,/u oz ozt 7~;2r'“ 2 P zfz' R 4
,?~,h -M ek zg-k 2M  2Mp- k2 S
T _m oz zYE A etk 53K
l%rvft&M ”L%[ﬁ%*_Z%&'f 2M 2M@%+ 2&k),
- | - (3% | 3k M X9k ),Xeﬁ]
M%r% jquz—m 2}[ Qf-k + 2%.[; + 2m sz..k + zgf.k
l N L/ 1 B ff‘& g%
24. -k =m r} ufi_[ Q{-k 2<z‘,-k * 2m  2m@k 29k “

(v.?)
The first two terms in each expression result from charge
radiation and the rest from the magnetic moment contribu-
tion. To make a complete expansion, we apply the method of
LN to expand the external amplitude about the on-shell
point, k = 0. By employing the expressions in Eq. II.6, we

obtain the following expansions N
| —~ ' k-R (kR*R)

. ~ = -~ = . + - (Voga)
9 -k g,k (g, k¥ (qf.k)s ’
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b k-R (k-R)?
-~ —?;'/i +'(’p}-k)2+(}}-k)3

(v.8Yv)

: i, A
Since the invariant functions EZ,(Sj.tj, j) are off-shell

dependent, we use a Taylor expansion about k = 0 and obtain

a : e — 2 agdﬂ
?«(Sa,'ta,ﬂa) = z,(s.f) *(2(19}'P‘.)-(R+k)—(R+Iz)J 57
- Y
+2(%+Q)k‘ 24, ’
b b
b ¢ .5 Z 27,
TS, te,8) & Fu(sH) - 2(Z+F) k22 - 29k rw
— 2 92‘
_[2(1;‘—f{)-(9+h)-(/e+k) ]"a_t' ,
3C L)~ e 2—__-).R+R2 a.;;c
L (se e, %) = FLost) 4[24, T
= oy 2%
+2(Pf-R) k. =
I ~ ~¢ =~ = 7S 273
?d(sdltthd>N ?d(slt) "‘2(?)‘7 f;‘)-k DSO( —Zf;.‘bs__AQ‘;.
= 2F
(vV.9)

where all derivative terms are evaluated at zero photon
energy. MNote that Egs. V.8a and V.8b are good approxima-
tions if |k-R) & 1%kl and |k*RI <« |kl . This mignt not
be the case in some kinematical region, for insfance, in the
"hard" photon region and/or in the kinematical situation
where one outgoing nucleon moves much faster than the other
nucleon. Furthermore, the applicability of these approxima-
tions can be testeq in the R-type cross sections since k is
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an independent variable and we are allowed to make the

expansion of bremsstrahlung amplitude about k 0. In the
H-type cross sections, however, k may not be an independent
‘variable and the energy-momentum conservation law has to be
violated if the bremsstrahlung amplitude is to be expanded
about k= 0 (24). In fact, an ambiguity exists for an H-type
cross section O ({1, {),,7,) when one wants to determine the
corresponding two-body elastic kinematics from given brems-
strahlung kinematics. To understand this ambiguity, we
recall that the angles for the scattered nucleon and the
recoil nucleon are fixed for the H-type cross section. Now,
since the elastic two-body kinematics can be completely det-
ermined if the direction of either the scattered nucleon or
the recoil nucleon is specified, one can choose one of the
two sets of the elastic kinematics ffom a given three-body
bremsstrahlung Kinematics. These two sets of elastic kine-
matics are represented by J)? ={), and J?f ={),, where f2f
is the solid angle of the detected nucleon in the corres-
ponding elastic process and (], ((2,) is the solid angle of
the scattered (recoil) nucleon in the bremsstrahlung pro-
cess. To avoid this ambiguity in our soft-photon appioxima-

tion, we choose the R-type cross sections.

Combining Egqs. V.4 through V.9, together with Eq. II.6,

we obtain the external amplitude, up to order Kk,

M; = M;(-é‘) + M (K +M;(h), (V.10)
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E
where Pt"(llk), pq;(k°) .and PqZ(k) are of order 1/k,
order k°, and order k, respectively. These expressions are

given in App. C.

Following Low's prescription, we now apply the gauge
invariance condition, kﬂP1j= -k“ME , to obtain the inter-
nal amplitude. As a result, the off-shell derivatives in
the external amplitude cance; precisely those in the inter-
nal amplitude (known as the off-shell cancellation). How-
ever, this does not hold for terms of O(k). Attempts have
been made by Fischer et al. (29) and Haddock et al. (30) to
include higher order terms. They introduced an approxima-
tion, the “Hard-photon theorem" as called by the latter
| authors, which has the following ambiguities (31): (i) This
Ytheorem" is not unique due to the method of finite differ-
ence used. (ii) Some internal contribution of O (k) may be
lost in the calculation because kﬂYﬂ(k) = 0 does not imply
gM(K) = 0.. Since we do not use the finite difference method
here, the first ambiguity does not appear in our calcula-
tion. There seems no way to avoid the second ambiguity.
However, it is interesting to see the contribution from the
terms of order k which survive after imposing the gauage
invariance condition. Our analysis shows that the amplitue
pqi(k) + Pti(k) is gauge invariant but still contains off-

shell derivatives.

Finally, the total bremsstrahlung amplitude is
=78-



y _ =
M7 = dZ:’[u{x ug u 9u + dy G Uy uPY u/,],

XoH + XLy + xEw),

(v.11)

v = Yf(%) +YRG + YR,

X = 7 9[”"_-3‘.?.‘:],_-'

: 2
XK = FE [ Alg+ 9,82) + 2 (2GR4T

- 25,771, 3' [2(1; P (R )

7 94 ?f"
(? - 2] d ’

XE() = FEArG - 22347k 9,8
?7 [(R+h) (ief ~ Z{?{)Z‘(Af‘&,
+ §,80)2(F- 1) (R1¥) ,
YH = XD (witn R ~(8rR), 3«»2,?\—-»M,

ot
| g~p, A>C, B=D.),

and A's, B's, C*'s and D's are given in App. C.

A comment on this amplitude is in order. These results
contain not only the standard first two terms of the expan-
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sion but also the term of order k. The contribution from
this additional term of order k will be estimated in this

work.

Having derived the bremsstrahlung amplitude, we next
square the absolute bremsstrahlung amplitude and sum over
final (initial) spins and sum over photon polarizations for
the scattering of an unpolarized proton beam from an unpo-
larized proton target. The result is

—— N 2 ‘
6 = L[|
pot qﬂt :
’ —at § vH
& e M AR 1 t

VoH b
+ T AT /\gﬁ] Te( g, 2y ?e], (vo128)
where the energy projection operators, Af’ and A s are
% _

given by

Pp = Mg HALR), Ag = Nk + ALK,

with
PylK)= ALY XCE LSZ. 8
/\g(k"):-z;—,':—- ’ /\q(k)=-§h— ’ (V.12b)
and 1 ' * | "
5(-31 _ cho/:fb,o , "Y": ~y° :Tr .
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It is not only lengthy but also -difficult to write down
an explicit expression for eéch coefficient of the expansion
of the cross section in powers of k and give a meaningful
interpretation for it. In order to expand the bremsstrah-
lung amplitﬁde in powers of k.and to study the contribution
from each term of the expansion, we have to exapnd X and,A
in powers of k. The contribution from each term of the
expansion of the amplitude_can be made numerically by using
a fast computer. For convenience, we denote the term of
order k™% in @ by Q_, , the term of order k™' by Q-, and
the term of order k° by &,. Then we have

Q=22

pol srin

’mr# Q_, * Q_,+Q; . (V.13)

Using these expressions, we can calculate the diffrerential
cross sections for the scattering of an unpolarized beam

from an unpolarized target. The R-type cross section is

e*m*M*k3F
2 ((?"-%)2_("7{'1)1} 74

O (0g. 0. k)= (3% @ v.in)
where the phase space factor F has the same form as in the
nipf case. HWe will use first the full phase space factor
and then the expanded form F = F' + F® + F® in our num-
erical calculation in order to see the effect of the expan-
sion of F in powers of photon energy k. Following LN in
which F'*? and F are given, we have expanded F to one
order higher in k as given in App. B. Therefore, two calcu-
lations may be performed, one of which is
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U‘ﬂe;ﬂf' R) = -%1' + o, *O‘,k ’ (v.15)

where

o, = kK'CFYQ.,,

G, = KC(EYQ_, + F_,),

g, = c(f¥%, + F_, + £ _,),
with C = - e*m*M*/ (8((2,P;)* -m*M*) (21m)¥), and
e’= ym/137,

The other calculation gives

/
O‘I(QQoﬂa’l h) = %‘l + O‘O," 0','& ’ (Vo16)

where

o’, = k“CFq_,,

G, = KCFQ_, ,
o, = cFq,.

It is important to note that the phase space factor we used
is valid only in the laboratory system. Therefore
o (L2, N4, k) and o’ ( Ly _(lg, k ) given above are labo-

~ratory cross sections if the F in Eg. B.l is used.

Strictly speaking, the soft-photon approximation can
not be made for the H-type cross section without violating
the energy momentum conservation law as mentioned before.
Therefore, the R-type cross section is to be prefered for
our study. However, since most of the early experimental
data have been reported in the form of H-type cross sec-
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tions, we have to make the following approximations in order
to compare our result with tﬁese data. If.we assume that
the violation of the energy momentum conservation due to the
use of the expanded bremsstrahlung amplitude Ph“ of
Ege. V.11 is not serious, we may choose the direction of the
outgoing nucleon with higher velocity as an input for the
calculation of elastic kinematics which are then used to
calculate the expanded bremsstrahlung amplitude P@u. The
H-type cross section has the form

ezrn2M2 3 DS
2((?{&)1-(77'04)’] 7z % 8

H
o. H .
-+, +o "k, (V1)

d(n]l QZ /’\k‘r) =

2

where

q
]

/
kCF’Q_, ,

S
x
i

CF’qQ_, ,

0" =cr” , /k.
The phase space factor F and the definition of 14; are
given in App. C. The choice made in this calculation is not
unique. One may equally well choose the direction of the
other outgoing nucleon as an input for the calculations
Usually, the photon energy is not small for rost of the mea-
sured H-type cross sections. The choice will then depend
upon the direction of the emitted photon as well as the
incident proton energy. This ambiguity appears only in mak-
ing the soft-photon expansion for the H-type cross section.
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Further discussion about this can be found in section D.
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C. APPLICATION OF THE FESHBACH-YENNIE APFROXIMATION

- TO NUCLEON-NUCLEON BREMSSTRAHLUNG

Feshbach~Yennie theory hés been extended from the
spin-o—spin—%- case to the spin—%——spin-% case by Partovi
(33) in a non-relativistic model and by Dahlblom and Green
(67) in a simplified non-relativistic fashion. Here we try
to make a more exact calculation by taking into account the
correction term in a relativistic fashion. It should be
noted that this approximation, being more or less arbitrary
in the evaluation of the invariant functions, is not recom-

mended for the extraction of off-shell effectse.

A distinguishing chacteristic of the Feshbach-Yennie
approximation is the evaluation of half-off-shell T-matrices
at two different energies which make this approximation dif-
ferent from the soft-photon approximation. To derive the
Feshbach-Yennie approximation for the spin—%}—spin—%— case,
we follow the procedures used in chapter III and employ cer-
tain expressions derived in this chapter. The products of
the propagator and electromagnetic vertex function can be

written as

LAH = 3 2/ _ )\33"‘1- 7\,‘?;% _ yH A u
Gy = u?f[ ‘if-fz—. 2m 2m g -k (3”‘3) 2%.12}?& g
-
xuq;g !sz ’
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(v.18)

No further expansion is needed for Gﬁ“s. The important
feature of the Feshbach-Yennie theory is incorporated
through the use of Eg. III.5 and the following expansions of
- the invariant functions
. a
Q e — [a g,x(s(',fa;Aa)]
F, (Sa,ta, 0 = F(St) - 2(f,- P4)~(R+k)f Py ’!

Qa
= [ 2 Flse, ta, 2a)

k=o

‘ — 2
F(Sb, tp, Ap) = Folst)- 2(@—7@-)-(R+k)[ =

2:{,<"(Sf,tz,4b)J
24 .

’
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The external bremsstrahlung amplitude is obtaineq from

~ Eg. V.5 and the internal bremsstrahlung amplitude is then
obtained through the use of gauge invariance condition.
Summing over these two amplitudes, we have the total brems-

strahlung amplitude, up to order k°,

5 o - - ey
Uy u, tu, $u u u ] ¥.20a)
M % X T T Tk g ]
where
LM M,
X:":'-_-' Xd(-;z_) + Xd(k)r
/l_ /‘.L M 9o
Yo‘:: Yo((k) + Y“‘k)l
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| e .
e 397 HRrE) N 3% pllitt)
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x-z‘e(%j:)J ?d y
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The bremsstrahlu’ng cross section follows the same form
' as that in last section except that the energy projection

operators /\1} and /\gf are not expanded in powers of Ko
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D. * RBESULIS AND DISCUSSION

'we have employed Egs. V.11 and V.12 to develop three
computer codes for the calculations of pp¥ cross sections.
Two of them are for the R-type cross sections, one using the
soft-photon approximation of LN and the other using the
Feshbach-Yennie abproximation. The third code is for H-type
cross sections using the soft-photon approximation of LN.
The computer code for the kinematics used in the third code
is the same as that used in Ref. #0. In all these computa-
tions, the trace evaluation is done by using numerical
representations for the ¥ -matrices -and by‘grouping the
terms of the same order in k in the bremsstrahlung ampli-
tude., The numerical representation of spinors is not
required in our computations since the energy projection

operators have been used.

Due to the importance of the elastic scattering ampli-
tude in our approximations, we have checked the elastic
cross section for proton-proton scattering. For an incident
proton energy below the threshold for pion-production, the
phase shifts of Ref. #49 are used in our calculations. Above
pion-production, we employ inelasticity parametérs as men-
tioned in App. A and use the elastic phase shifts of
Ref. 50. Including elastic phase shifts up to H-wave, wé
have obtained good agreement between the experimental data
and our predicted cross sections for p-p scattering.
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Fige V.1 The p-p elastic scattering cross section in the cm
system as a function of the scattering angle at the incident
proton energies of 25.6 , 51.5, 68.3 and 213 MeV (lab.).

The experiment data are from Refs. 51-54,
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Fig. V.2a The p-p elastic scattering cross section as a

function of the incident proton energy for the proton

scattering angle of 50° (lab.).
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Fig. V.2b The angular distribution of the differential
cross sections for the p-p elastic scattering at an incident
proton energy of 730 MeV. The experimental data are from

Ref. 55«
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In Fig. V.1, the angular distributions of proton-proton dif-
ferential cross sections in the cm system are shown for
incident proton energies below 300-MeV. The experimental
data are from Refs. 51-54., It is seen that our predicted
cross sections agree well with the experimental data at

25.6 -MeV, 68.3-MeV and 213-MeV. At 51.5-MeV, our results
are higher than experiment. Since most of our results are
in very good agreement with thelexperimental data, the
slight departure of our predicted values from the 51.5-MeV
data should not be important. From these results,the Coulomb
interference effect is clearly observea in the forward
angles. As for an incident proton energy above the thres-
hold for pion-production, we have compared thé result of our
calculation in the cm system at an incident proton energy of
730-MeV (lab.) with the experimentalkdata of Ref. 55. 1In
Fig. V.2b, our predicted cross section is higher then exper-
iment for cm scattering angle below 50°, but the agreement
is excellent.for scattering angles above 60°. The angular
range in which we are interested in this work, because of
the existing bremsstrahlung experiments, is around 70° as
shown py an arrow in this figure. Therefore, we believe
that the elastic scattering amplitude used here should be

accurate enough for our bremsstrahlung calculations.

Since the derivatives of the elastic amplitude with
respect to energy or scattering angle are required in the
Feshbach-Yennie approximation, we have also plotted, in
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Fig. V.2a, the elastic p-p scattering cross section as a
function of the incident proton energy at the laboratory
scattering angle of 50°. Here, again, the arrow in the fig-
ure shows the region where our bremsstrahlung calculation is
to be performed. Consider Figs. V.2a and V.2b, the smooth
curves near the kinematical region of interest ensure the
evaluation of the derivatives to be proper. In short, the
p-p elastic scattering amplitude used in our bremsstrahlung
calculation is accurate enough for our purposes. Applying
this amplitude to bremsstrahlung calculations, we obtain the
ppy¥ cross sections at the incident proton energies of
42-MeV, 48-MeV, 99-MeV, 157-MeV and 736-MeV. These results
will be dicussed in two categories, one for an ihcident
energy below 300-MeV (the thréshold for pion-production) and

the other for an incident energy abave the threshold.

(a) Proton-proton Bremsstrahlung Below 300 MeV

Incident Proton Energy.

A great number of the experimental protcn-proton brems-
strahlung data have been reported during the past two
decades. Most of these data are af incident proton energies
below 300-MeV. From these data, only some have been chosen
for our analysis because of the consideration of running
time in computation. First, we present in Fig. V.3 the
result of our calculation of O (2,,0,) at 157-MeV with a
symmetric.proton angle of 30° as a functidn of noncoplapar-
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ity angles (5), The cross section ¢ ( _Q,,ﬂz) is the

integrated cross section of o ([£2,,42,,Y) over ¥, , i.e.,

. .
o (£, 0;)= zj o(n,,0,,¥) d"f’). ,

0

where a factor of 2 is introduced because we consider a sym-
metric case here and the range of <y, is from 0° to 360°.

The experimental data are from Ref. 56. The solid line is
the result of our calculation using the soft-photon approxi-
mation of LN and the dpttea_line is from Liou and Sobel
(39) , which is a potentiai model calculation. It can be
seeh from this figure that the agreement between our result
and the experimental data or the model calculation.is good.
ATé make a detailed@ comparison, we have plotted, in Fig. V.4,
the angular distributions of G’(J)nlizp&) in the labora-
tory system as functions of ~y at an incident energy of
157-MeV for two noncoplanarity angles Qf = O.SO'and 1.5%
The outgoing protons have a polar angle of 35°. The solid
curves represent‘our results obtained by using the choice
J?f==172so that one of the elastic proton moves along the
direction of the outgoing proton which has a larger velocity
than the other outgoing proton in the bremsstrahlung prxo-
cess. The dashed curves are obtained by using the choice
J7$ =),. These results are compared with the experimental
data of Ref. 56 and the model calculation of Ref. 57 which
is plotted as dotted curves here. The agreement between our
results and the experimental data is good in general. How-
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ever, for «&, around 1u5°, solid curves appear to be lower
than the experimental data of the result of the model calcu-
lation of Ref. 57. This pheonomenon can be explained by
noting the expressions of Eqs.'II.G, V,B and V.9. As men-
sioned earlier, these expansions are good approximations if
Ik +R| « ,z-k' and Jk «R| <« f%}dzl. Under the choice of
ﬂf=ﬂ2, we have the vector R = (é;—i) which is antiparal-
lel to % « For the case shqwn in Fig. V.4, the direction
of ﬁ should be at 8= 145° because the proton polar angle
is 35°. Thus, the conditions on JkRl do not hold around
W, = 145°. We would therefore expect that the higher order
terms of the soft-photon expansion are notAnegligible in
this particular case. On the other hand, if the choice of
J)f =_fL'had been madeée, we might expect some contribution
from the higher order terms in k around VY, = 35° and negli-
gible contribution around “&,= 145°. This is exactly the
result we observe in Fig. V.4, although the difference bet-
ween these two choices at ¥y = 35° is about the size of the
experimental erfor bar. Furthermore, there is no good rea-
son for us to disregard either of these two choices and it
would be contradictory to the requirement of a consistent
expansion if we took the average of these two results. This
ambiguity in choosing the elastic Kinematics fof the soft-
photon expansion exists only in the calculation of the
H-type cross sections ¢ (2,,0,.,x), x = 6,, K, ?,. Eo. %, EP'
Py or % . In Fig. V.5, two similar results are shown.

From this figure, we obtain again good agreement between our
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Fig. V.3 The ppr cross section o ( £, {22) as a
function of the noncoplanarity angle at an incident_proton
‘energy of 157 MeV. The proton poiar angle is 6, = 62=30°,
The solid curve represents our result obtained by using the
soft-photon approximation of LN. The dotted curve is the
result of a nodel calculation of Ref. 57. The experiment
data are frcm Ref. 56,
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Fig. V.4 The comparison oi our calculated ppr¥ cross
sections with the experimental data of Ref. 56. The
incident proton energy is 157 MeV and the proton polar
angles are & = 8 =35°. The noncoplanarity angles are

® =1.5° (top) and 0.5° (bottom). The solid curve is our
result calculated from the soft-photon approximation of LN
with the choice of £ =K, (85 = X,). The dotted curve
is the result of a model calculation of Ref. 39.
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predicted cross sections and the experimental data for
photons emitted away from the backward direction of Qf which

is fixed in our expansion of the bremsstrahlung amplitude.

A plot of photon angular distributions 0'(11“112,N7)
as functions of ’#y~at an incident proton energy of 99-MeV
with noncoplanarity angle of 9.1° is shown in Fig. V.6. The
proton polar angles are a = az= 35°. The experimental his-
togram is from Ref. 58. 1In order to test the ambiguity in
the soft-photon expansion of the H-type cross section, two
choices of 11? have been made separately in'our calcula-
tiéns. Since the incident proton energy is low, the contri-
bution ffom higher order terms in our expansion becomes neg-
1igible. Therefore, the difference between the results of
the two different choices is small. Our predicted cross
sections is shown by a solid curve and the model calculation
of Ref. 56 by a dotted curve., The difference between our
calculation and the model calculation is within the size of
the experimental error and both of them give good agreement
with experiment except in the region of 1arge'ﬁ. Note that,
for «%)1302 our results are always smaller than the experi-

mental data and so is the model calculation of Ref.56.

- The argument that little contribution comes from the

‘higher order terms of our expansion of the bremsstrahlung

amplitude for low energy scattering has also been confirmed.
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Fig. V.6 Same as Fig. V.4 but at an incident protorn energy
of 99 MeV for the nocoplanarity angle of 0.1°. The
experimental data are from Ref. 58.
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Fige V.7 Same as Fig. V.4 but at the incident proton
energies of 48 MeV (top) and 42 MeV (bottom) . The proton
polar angles are = =30 (top) and 26 (bottom) and the

noncoplanarity angles are 0.5 (top) and 0.1 (bottom). The
experiment data are from Refs, 59 and 60 for 48 MeV and 42

MeV, respectively.
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In Fig. V.7, we have shown the results of our calculation
for the incident energies of\ua—MeV at proton angles
5,=:é;= 30° and 42-MeV at proton angles 6 = 5;= 260. The
noncoplanarity angles are 0.5° and 0.1° for 48- and
42-MeV,respectively. Here, the choices of in do not affect
our results since the incident proton energy is rather low,
which makes the céntribution from the higher order terms
small. Our results are compa;ed with the experimental data
of Ref. 59 and 60. The agreement between the experimenfall

data and our predictions are good except for »y} near 0° and

°
180 .

As for nonsymmetric cases, we have calculated the
proton-proton bremsstrahlung CIross section for an incident
proton energy of 156-MeV by using the choice of 11? =0,

The proton polar angles are 5,= 15°, 52=18°, 21°, 24° and
27°. These cross sections are compared with the Orsay data
{(61) . From Table V.1, it is seen that our results are-'in
better agreement with the experimental data than the results
of Brown (62) or CLSG (40). But, because of the ambiguity
in choosing the elastic kinematics for the expansion of the
bremsstrahluné amplitude, it is difficult to obtain a mean-
ingful interpretation of our results. Thus, the only con-
clusion one can draw is that in order to have a consistent
soft-photon expansion, the R-type cross section is to be
prefered. Although there is nothing wrong with H-type cross
sections, they should be compared only with full potential
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model calculationse.

Comparison of ppy

TABLE V.1

calculations with the

experimental data of ORSAY at 156 MeV.,

-9, 6, 6y Brown CLSG This | Experiment

(deg.)l(Geg.)| (degs) |4V srirad)(M¥sr? ) ,zqyl:f}”_eg (#Y/sr?.rad)
15 | 18 126.5 1.22 1.03 0.87 | 1.17% 0.27
15 [ 21 133 1.48 1.21 0.94 | 0.95* 0.13
15 | 24 135.2 1.41 1.16 0.96 | 0.63% 0.14
15 | 27 133.7 1.45 1.20 0.94 | 0.68% 0.09
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{b) Proton-proton Bremsstrahlung above 300 MeV

Incident proton Energy

In general, off-shell effects are larger for higher
incident ;roton energy than for lower ones. Recently, the
bremsstrahlung cross sections for the scattering by protons
- of a 730-MeV protbn beam has become available (ué). These
data were reported as R-type cross sections in the labora-
tory system for 16 photon angles. Locations of photon coun-
ters are shown in Table I of Ref. 45. To analyze these data
by using the soft-photon approximation of LN and the
Feshbach-Yennie approximation, we have appiied the results
of section B and C. The effect of the expansion of the
phase space factor has also begn studied up to order kz.

The results are shown in Figs. V.8 through V.13. In these
figures, solid curves are the results obtained by using the
Feshbach-Yennie approximation. The dashed (dotted) curves
represent the results of our calculations using the first

three (two) terms of the expansion of the bremsstrahlung

amplitude and using the full phase space factor.

The results for photon counteré Gl throqgh G6 are -shown
in Figs. V.8 and V.9. It is seen that the agreément between
our predictions and experiment is good. The difference bet-
ween the soft-photon approximation of LN, with the full
phase space factor, and the Feshbach-Yennie approximation is
small. 7The effect of the terms of order k is small; it
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changes the cross section within the experimental error bar.

.In Figs. V.10 and V.11, we show the results for photon
counters G7 through G10. Here, two more curves are pre-
sented for each counter, the dash-dotted curve is the result
obtained by using the first three terms of the Yexpanded
'~ cross section" and the other curve (chain-dotted) using the
first two terms. By the "eXpanded cross sectionY we mean
that the cross section is.obfained by using the expanded
bremsstrahlung amplitude as well as the expanded phase space
factor. In general, our predicted cross sections agree well
with the data of Ref. U5 dnly for photon energies below-
70-MeV. For k > 70-MeV, all of our results are lower than
the data of Ref. 45 for these photon counters. At this
point, it is worthwhile to give somevcomparison of our
results with those of Ref. 45. Their curve labelled EED is
very close to our result using the first two terms in the
wexpanded cross section%. And their curve labelled SPA lies
between our solid curve and dashed curve for these photon
counters except G7 for which their SPAR is very close to our
solid curve. By comparing the dashed curve with the dotted
curve, we see that the use of the full phase space factor
does change the cross sections at large k. But it still can
not account for the discrepancies between the experimental
data and theoretical results at large k. Héving considered
the full phase space factor and having included the terms of
order K from gauge invariance condition in our calculations,
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we may expect other effects to be important in theée

Kinematical regions.

In Fig. V.12, we show the results for photon counters
G11 and G12. All of our predicted cross sections are lower
than the data of Ref. 45 for counter Glli. This feature is
similar to that in Ref. 45, but, our result for the
Feshbach-Yennie approximation is higher than their SPA for
k > 120-MeV and our result is different from the data of
Ref. 45 by a constant factor which might not have special
physical meaning. For photon counter G12, our calculation
for the Feshbach-Yennie approximation predicts also a hiéher
cross section for large k than the SPA of Ref. 45 and agrees
well with experiment. It shou;d be emphasized that th;s
good agreement does not necessarily imply that the contribu-
tion from the terms of order k and highér is negligible for
this photon counter. For photon counters G13 through G16,
as shown in Fig.V.13, our calculations give similar results

which are in good agreement with the experimental data.

Furthermore, fhe cross sections we presented here are
point cross sections. The correction factor S to the point
cross section due to the finite size of detectors is given
in Table IX of Ref. 45. These correction factors might be
different if one does not ﬁse EED to calculate them, though
the difference due to different bremsstrahlung amplitudes

=106~



(and

oD

o

N
¥

...‘“oc 0'-"'.

1 1 1 1 i { | 1 1 1

oo .
']

O (2,0, Kk)( nb/srlMev )

50 70 10 30 50 10 10 30 50 30

k (Mev)

Fig. V.8 The comparison of our pp¥ calculations with the
experimental data of Ref. 45 for the photon counters G1
through G3. The incident proton energy is 730 MeV and the
locations of photon counters are shown in Table V.l. The
solid curve represents our results calculated in the
Feshbach-Yennie approximation. The dashed curve is our
result calculated in the softphoton approximation of LN with
the full phase space factor. All three terms in Eq. V.16
are used in this calculation. The dotted curve is the
result of the same approximation but the expanded phase
space factor is used.
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Here
using the expression ©-i/p+ o

space factor.

the dash-dotted (chain-dotted) curve 1is obtained by

with the full (expanded) phase
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used may be small. Application of these correction factors

to our results does not affect our conclusions.

In short, we have calculated the pp¥Y cross sections by
applying the soft-photon approximation of LN and the
Feshbach-Yennie approximation. 1In our soft-photon approxi-
mation, the bremsstrahlung amplitude has been completely
expanded in powers of photon energy about the on-shell
point, k=0. At the incident broton energy of 730-MeV, our
results are in good agreement with experiment for most
photon counters of Ref. 45, However, for the photon coun-
ters G7-G10, our results calculated from the first two terms
of the vexpanded cross section" are lower than the experi-
mental data at higher photon éne:gies. In an attempt to
understand this unexpectedly large discrepancy between
theory and experiment, we have studied the effect of the
phase space factor on the cross section and have estimated
the effect of those terms of order k in our expansion of the
bremsstrahlung amplitude. These factors result in about a
20% increase of the calculated cross section at high photon
energy for the counters G7-G10. That is, our predicted
results are still about 50% lower fhan experiment. This
leads us to expect that other effects such as off-shell
effects and isobar effects (63 - 65) may not be negligible
in these kinematical regions. We have also compared our
result calculated in the Feshbach- Yennie approximation with
the data ?t 730-MeV. Since relativistic effects might not
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be small at this incident proton energy, we have taken into
account not only the principal term but also the correction
terms of the Feshbach-Yennie approximation. The result of
this calculation is in better agreement with experiment than
that calculated from the soft-photon approximation. But, it
is still lower than the experimental data by about 35% at

high photon energy for counters G7-G10.

As for the low energy ppy data, our results for the
soft-photon approximation are in good agreement with experi-
ment. However, there exists an ambiguity in choosing the
elastic kinematics if the bremsstrahlung amplitude is to be
expanded in powers of'photon energy for an H-type cross sec-
tion. The effect of this ambiguity in the cross section is
approximately the size of the experiﬁental error for some
photon angles at the incident proton energy of 157-MeV,

while_it is negligible at the energy of 99-MeV and lower.
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CHAPTER VI  SUMMARY AND CONCLUSION
We have applied two model-independent agproaches, the
soft-photon approach and the Feshbach-Yennie approach, to

study the nuclear bremsstrahlung processes.

In our study of the p'ZC}' process, the bremsstrahlung
cross sections near the 1.7-MeV resonance have been éalcu-
lated using the Feshbach-Yennie apprximation and the results
are compared with the experimental data of the Bologna group
and the Brooklyn group. We have found that the correction
terms in the Feshbach-Yennie approximation are important‘in
the energy region of the p'ZC resonance. At an energy very
far from any resonant state, however, the principal term of
the approximation dominates and gives results which are in
good agreement with -the experimental data. In addition, the
time delay for the p—'zC reaction has been extracted from
the p'2C3X data and its value is about 10-20 second near the

resonance.

In our study of the 1rtpi processes, we have calcu-
lated the bremsstrahlung cross sections at 330 (324) MeV,
298 MeV, and 269 (263) MeV fof the coplanar and noncoplanar
cases. As in LN, our bremsstrahlung amplitude used in the
soft~photon approximation has been expanded completely in
bowers of the photon energy, about the point of zero photon
ehergy. This approximation gives results which are in very
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good agreement with the UCLA data for most of the photon
angles. We have also applied the Feshbach-Yennie approxima-
tion to thelnt;px processes by taking into account both the
principal and correction terms in the calculation of‘ﬁi[;{
cross section. We have found that this approximation always
predicts a bump in the bremsstrahlung spectrum near the

A (1236) resonance. Most of these bumps are small and our
predicted cross sections are in good agreement with the
experimental data. However, for some counters, the bumps
are too large for the ' pY¥ process at 269-MeV. The UCLA
data do not permit us to select the best approximation from

these two different approximations.

Finally, we have applied both approximations to the
ppY¥ process. At an incident proton energy of 730-MeV, our
results from both approximations are in good agreeﬁent with
the experimental data of Ref. U45 for most photon angles.
However, for photon.counters G7-G10, the results calculated
from the first two terms of the soft-photon approximation
are too low at high photon energies. The contribution from
those terms of order K in our expansion have been estimated.
We have found that it incfeases the calculated cross section
at high photon energies for most of the cases but the
results are still lower than the experimental data. The
Feshbach-Yennie approximation gives better agreement but
theory is still lower than thevexperimental data. There-
foré, we expect that other effects, such as the isobar
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effects (63-65), are important in these kinematical regions.
For the low energy ppy process, we have obtained results
which are in good agreement with the experimental data.
However, we have shown that there exists an ambiguity in the
determination of the elastic kinematics from a given brems-
strahlung process if the soft-photon expansion is to be’

applied'to an H-type cross section.
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APPENDIX A. INVARIANT EFUNCTIONS AND HELICITY AMPLITUDES

i e s i vy e S e Satm

FOR PROTON-PROTON SCATTREING

The invariant functions{F;},d== 1, 2, 3, 4, § wused in
Eg.V.2 can be written in terms of phase shifts by invertihg
the equations given in GGMW. In Nyman's work, {E;}haVe been
writtén as linear combinations of'{};}-of GGMW. The
required relations are then ébtained-by putting {f;} in
terms of partial wave amplitues f-j, f:T , }"J; , f‘:;and le
which are explicit functions of phase shifts. Unfortu-
nately, the method of including the Coulomb amplitude is not
clearly given there. Because of this and also because of

increased simplicity in numerical calculation, another

épproach has been used in our work.

First, we invert Eg.4.17 of GGMW and solve for F,

directly. The results are
F,= c((P2~BE’)E ¢+ (P*+3ED)E(d,- 4y %)

43’5 (m+2E)<PJ
= £2 _E
F,=C[- 452“5¢ 5 %--%E-gcps] ,

Fs =C[° 4 mEz%‘Ps ~E(E*+PY) ¢ -E m2(¢2+4>3

)
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— A 4E° 4E3, _ 3E°m
Be=C( 15 4+ 554, *T‘Ps] ’
gE?

Fe=C{ (3P™EDEd, - (3pHENES o5

-(3P2+E2)JE4>3 + [f —,3_5; +(3p%+ EZ)JE<P4

Y 2
[n?; (P*+E?) 4.’5} ,

(A.1)

. T iy
wnere (7 T g=3me, F=cosb, E2= pZm’,

Then the required relations are obtained through the
‘use of expressions of ¢, in Ref. 48. One of these expres-
sions is shown below, demonstrating the way on which the

exact Coulomb amplitude is included

O = fos+ T Tt {274 hy +Thy o+

2 L3
2 Va2 9 T
@D by, 5 +2(3%3)7 h }doo’ (A.2)
where
s 2R (O+1(T8) 5 fou= £,0) = £ (),
and JZS is the usual Coulomb amplitude. The usual partial

wave amplitudes are

/8 2{
hjz/:'fli“k'(e“ L)t

7/

=N
o ezrégs
137 26k ( -

27
e é& ’

)

=N -
/ ! =N 21 B.)'tl,:r 2 @rs)
h:r::,:r“ s (cos2é e e
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/J_ | . _)N °Z~ + G'——N
h'7= 5 sin 285 exp (i 877, - 87, )
where 3”'5 are nuclear bar phase shifts and € " are mixing
parameters. For an incident energy above the threshold for

pion-production, we include the inelasticity parameters

QI, Gﬂ' etc. as in Ref. 48 so that

’ : I ’
hy=hjcses,  hyy = ;%65
(4.3)

J 1T 1A
h . cosp h'=h"" e
J4,J J:,3J 78,3 7

Since {?&} have been properly antisymmetrized, the condi-
tions imposed on the Feynman amplitude by the Pauli priciple
have been satisfied. This can be checked easily as follows.

By changing 3~into -3 in Eq.Al and using the following
relati ’ —_ F
elations qsi(_?) - 4;1.(3,)’ 1 =1,2,5,

¢, (-3) = - ¢,(3),

. IR s .
we obtain F;(go = (-1) F;( %) which is exactly the restric
tions imposed on the F;'s by the Pauli principle as shown in

GGMW.
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APPENDIX B. PHASE SPACE FACTORS, THE R-TYPE CROSS SECTION,

AND THE H-TYPE CROSS SECTION

The R-type and the H-type cross sections have been
introduced by Liou (24). The H-type cross section is
07“55(11.,9_2,)(), x= %4 Egu B E,, k, 6y, or 43,. The indepen-
dent variables for the H-type cross section are §,, ¢%, Ops
4}, and x. The R-type cross.section isoﬁsc1f%,k,y,3). The
independent variables for the R-type cross section are 6%,¢§
4, k, and 3 , where y can be either ¢, or ¢,, and 3= Qf, Eg s

P+ Eps 6 or Op »

The phase space.factor for an R-type cross section has

been derived in LN and has beén_expanded in powers of photon
energy up to order K. Here, we expand this phase space
factor to one order higher, i.e., to order k> Following LN,
we write the phase space factor F for the cross section

; (.ng ngl K) as

F =

2 . ¥2
(78"~ (mry’]

2 . - m? .
M pergpip g~ mi(rmp| (B.1)

Then, we expan;i | (P2 (pe2) - micpo7)] ™' and
3/2 ' :

(ng){—(mﬁﬂz using Eq. II.6. After some manipula-

1
tions, we obtain

) = - —@)

= + +

F=F"+F"+F%, (8.2)

3/2

y FO- FO (1 + %(e.z)(&-k)],
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=@ o {3H, -~ 3 7,

i 5 3 0-3
= ERER) (e PRR = Fotren) (500 )}

where
- | V7 5.2 )
H = W;[‘Pi.gf) %-(Ri’k)—(‘@" %_)(P{'R)°’”IP{‘(R‘*k)"(ﬁ-'?;)“_"R]
f ’
N = (7.:2)°-m'M?,

As for an H-type cross section, we used the phase space

factor of Refs. 26 and 66. It has the following forms:

’ pr 5 . . 2 €os Gy
F_'_' = -—;ET-E_;_'Stn G(I [(COS ¢a, Stn ¢X C0f¢o) + ( 51779;
tan 3 sing, )J (B.3)
sth ¢, ’
B a tan 6. Cos ¢, I
F = (cos ¢,- sing, CGMQ)[ sing 5T S br

X(AIBI+A282+A3k)] ~(sindy +cosé, cot ¢,)

Sthe, sine,

l[ C0S By fan 6, Sth @, ] T, '

A‘:— sin ¢,[P,’sz’n 6 sin ¢, Cos6; — Psing, sing, Cos 6,
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+ psing, Stn 452] +-C0S 45,'[ psiné, cosy = 7/ Sh b, cos &,
% 050, + P/sing, Cos Cosé’zJ ,
A= sTn q}[ P, 5tn 6, sind, Ces 6, — P, stn 6, Stn ¢, cos 6,

~ psing, sin 4>,] + Cos 4>,[ - psing Ccos ¢ — P, S1n6,C05 ¥,

x COS6, + P/ Sing, cosg, cos 92] ,

A3 = stn 4}[ 5in6, sind, Coso, — 51n 6, Stn ¢, Cos H,J - 00575;

x[sfn b, Cos¢, oSG — sTn 6, Cos ¢, Cos 92]
’

J, = @ksing, Sin(d,~¢,) + .k 5106, Sin(4,-4,) - k
‘[S'l.n 8' Stn 92 Stn 93’ 51'/7(63"(?2) + Sh 6, COS@, COSGI

50 (¢4~ ) + SING, Sing, Cos 6, Sin(d, Mj -»

6= PR ), 8= B RN

Note that, in the H-type cross section, we have used
- ) -" - -
¢ =4 (¢ +4,) anda k' =k -d?, where ¢ is the momentum of

the limitting y-ray with 6y= 6 and &,=¢,. Here, we choose
-p
o such that k’ lies in the Xxz-plane and has polar angle "’"J

(39).
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APPENDIX C. EXTERNAL BREMSSTRAHLUNG AMPLITUDE FOR THE NNY

———— e e o e s e i —— s e o

PROCESS IN THE SOFT-PHOION APPROXIMATION OF LN

In the soft-photon approximation of LN, the dependent
variables for an R-type cross secti;n are expanded about the
on-shell point, kK = 0, and so are the bremsstrahlung ampli-
tudes. The external bremsstrahlung amplitude for a NNY
process is given by vK. V.S; To expand this amplitude,
we use the expressions of the invariant functions given by
Eq. V.9, which has been expanded completely about K = 0.
Expanding also the propagators and electromagnetic vertex

functions, we finally obtain the expanded external brems-

strahlung amplitude as a sum of Mﬂ('/;;), M/l(k") and M/‘(k).

which are of order k™', k® and k, respectively:
ME =M, 1{; +N = (k) +M (k) (c.1)
E = = 79 }2 .
1) = .;_z. .___ u u u
— — ZP1 ZP }
t u £ u
u§ %gliﬁt g'js ¢ Bk F;*R } ’

H
%
[7 8/‘_’_’59@ 2(% )b%% + :'I:'



7 - )-(mb-———heﬂ +ggb2?2ﬂ]u a, 9 ¢,
XZ(P)‘ ?'i ?‘.'k 74, 7 QI‘. f P(
-— foad Z-'u
B 5 (720 g
F
2% S mi) gl - €
+9ACQZ7§° Jg Uy, +U7f?dug U,, 7 [ ot
~ d
‘D55 2% £k ~r T2 oy
95{1 = Zf"’a
£ 255k J“ﬂ}'

| Mﬂ(k)q;{a%[zf%\f‘— 2% 2(7-r)-(k el AL

. ?a f .

_,L%Zos; 2(?}-kA/:{+R'& 2 )+223; .f_fk(/“k)?] ?4%{
- o 27 #_oF.
Uy T Uyt @?a[ 25 25t H)kB, —5F

b
xZ(:FJL-’F{)(R*k) Béq'_ g%b 22{"& Baﬂ— _g.%—

24 o
R+k 2.____J¢J U Uu u 9
* (Rthk) k)5 f’fg 7 % % uei u&

4

[? ¢+ 93;!2 ;h &Z(Pkcﬂ‘kb
%

J2Y - 2o gy Rl 1y, ¢
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4

U NK e ot
+7)-k Do = 22 2(5,- 9k

B2 e 2 Fe 2 T

X:Do aAdzﬁik:DO 2t R/’ lzJu? ’

,a__.aR’u _ kR 7;‘ - .f___. 2 ..____7#’&,

AO = 7}.& (é-f-k) ( f ) (} )2——'
y/

B, = 21 (-5 %)-(%”’a) 'i

o Z(RHRYT . z(kR) ’Ff’“ Dz Tf&é

C, = ok " (7k)2 o ok ) “A’)z@

Dﬂ“ 7\2 (X/J 7’4/;5) (Z 7‘) /5

’

A/“__ (k R F RRRY o (R (R IK
(% - k)3 (7-k)* 2m| 7 (% '

%k Gk)”
oy
~(142y) & 16 4 ;fz
Cl=- (k-(g(i*)f)” (k'_R)z A [(R”k)/(’ﬁ
e 1}./2)3 '7;.[;
“%} (1t )———-——-(k(i){'fz . (C.2)
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