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A bstract

Poincare Duality Induces A BV-Structure 

On Hochschild Cohomology 

by

Thomas Tradler 

Adviser: Professor Dennis Sullivan

In this thesis we develop the notion of Poincare-duality for 

Aoo-algebras. Algebraically this allows a synthesis of Gersten- 
haber’s G-algcbra structure on one Hochschild complex with Corines’ 

cyclic structure on the other Hochschild complex. We obtain a 

BV-algebra by combining both structures. Geometrically, the no­

tion of Poincare-duality for Aoo-algebras can be constructed in the 

intersection theory of a closed manifold. VVe obtain an algebraic 

model for the BV-algebra of string topology verified modulo one 

point.

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



A cknow ledgem ents

I would like to thank Dennis Sullivan for graciously letting me take part 

in his practice of mathematics and guiding me throughout my dissertation. 

There were many other teachers, colleagues and friends who helped me in 

this process, for which I am grateful. Not the least of which are Mahmoud 

Zeinaiian, Ricardo Longoni, Hossein Abbaspour, Deborah Gambs, Tobias 

Mayr and especially my sister, who supported me from far away.

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



Fur Barbara

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



C ontents

1 In tro d u ctio n  1

2 oc P o in care  D u a lity  o n  A ^  A lgeb ras 3

2.1 Aoo A lgebras.............................................................................................. 3

2.2 Aoo B im odu les..........................................................................................  11

2.3 Morphisms of A ^  B im odules..............................................................  23

2.4 Higher Morphisms of Aoo Bimodules ................................................. 32

2.5 oo Poincare Duality on Aoo A lg e b r a s ................................................. 37

3 B V -S tru c tu re  o n  th e  H och sch ild  C o m p lex  52

3.1 Definition o f the Involved M a p s ............................................................52

3.2 Proof of the BV-structure on the Hochschild C om plex ..................77

4 G eo m etr ic  C o n s tr u c t io n  o f  oc Inner P r o d u c ts  o n  C lo sed  Ori­

en ted  M a n ifo ld s  8 8

R eferen ces 102

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



1

1 Introduction

The original problem for this thesis was to construct an algebraic model for 

the string topology [6 j on the homology of the free loop space of a simply 

connected manifold. More explicitly, in the paper [6 ] by M. Chas and D. 

Sullivan it was shown that the homology of the free loop space is a BV- 

algebra. This BV-algebra consists of a A-operator with A 2 =  0, coming 

from the circle action on the free loop space, and a product, which combines 

the intersection-product on chains in a manifold with com position of loops. 

These two operations fit together in the sense that the deviation of A  from 

being a derivation of the product is the bracket o f a Gerstenhaber-algebra.

Algebraically, in M. Gerstenhaber’s paper [8 ] it was shown that for any 

associative algebra A. Hochschild-cohomology H '{A .  A) has a Gerstenhaber- 

structure. More generally, there is a Gerstenhaber-structure on Hochschild- 

cohomology H '{A , A) of every Aoo-algebra A , see [10]. On the other hand, the 

Hochschild-eochain-complex C*(A,A*) of A  with values in its dual bimodule 

.4' carries a Z?-operator with B 2 =  0, which was used by A. Connes [4] to 

define cyclic homology. In this thesis, the notion of an oc-Poincare-duality- 

structure for Aoo-algebras is developed, which is a special kind of quasi­

isomorphism of the Hochschild-spaces C '{A .A )  and C*(.4. .4*), determined 

by certain tree operations. This allows one to combine the fl-operator on 

C'*(.4. .4') with the multiplication of the Gerstenhaber-algebra on C ’ (.4. .4) 

to give a BV-algebra on homology. Furthermore, the Gerstenhaber-bracket 

induced by this BV-algebra is the one described by Gerstenhaber in [8 j.

The question now is to compare this abstract BV-algebra with the one
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from string topology [6 ]. It is known that for simply connected spaces .V, the 

chains of the free loop space is quasi-isomorphic to the Hochschild-cochain- 

complex C*(A, A m) of the cochain-algebra .4 =  C *(X ) w ith values in its dual 

bimodule .4*; compare J.D.S. Jones [12]. Jones’ paper also identifies the 

A-operator on the free loop space homology with the B-operator. In order 

to complete the identification of the BV-structures, one coming from our 

oo-Poincare-duality-algebra, the other from string topology, two steps would 

have to be considered. First, one would have to verify that the cochains 

C*(.Y) o f a manifold indeed possess an oo-Poincare-duality-structure which 

can be used for the above proof. M. Zeinalian and the author have shown (see 

chapter 4) that using Poincare-duality on a compact oriented manifold allows 

one to construct a suitable chain-map of the Hochschild-spaces. Showing 

that this map is a quasi-isomorphism is work in progress. A more stringent 

version of Poincare Duality was already given before. But it seems almost 

impossible to realize this notion on the chain level of a given closed manifold. 

Secondly, one would have to show that the multiplication on the free loop 

space homology coincides with the one on B*(C*(.Y), C*(.Y)) when using the 

Jones’ identification and the constructed Poincare duality quasi-isomorphism  

between C*(C*(A"), C*(JY)) and C*(C*(.Y),C .(.Y)) from chapter 4. A closely 

related result was announced in a paper by R. Cohen and J.D.S. Jones [5].
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2 oo Poincare D u ality  on Algebras

C o n v en tio n : In all of this thesis, the convention will be used that the 

differential in a complex points downward, so that for example chains are 

concentrated in positive, and cochains are concentrated in negative degree.

2.1 Aoo A lgebras

Let us review the usual definitions about Aoo-algebras that are important to 

the discussion of this paper, and that can be found in many sources (compare 

[9] section 1, and [17]).

D e fin it io n  2 .1 . A coa lgebra  (C. A) over a ring R  consists of an R-module 

C  and a comultiplication A  : C —► C S C  of degree 0  satisfying coassociatimty:

C  ------   ► C S C

A » i  d

C S C c s c s  cu/MA

Then a c o d e r iv a t io n  on C  is a map f  : C  —*• C  such that

Ac

c C S C

D efin itio n  2 .2 . Let V =  ® J€Z V} be a graded module over a given ground 

ring R. The te n s o r -c o a lg e b r a  of V  over the ring R is given by

T V  :=  0  V s1.
i>0
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n

i=0
Let A =  ® j6Z Aj be a graded, module over a given ground ring R. Define 

its  su spen sion  sA to be the graded module sA =  © j € z M ) j  ^  (s A )j :=  

A j - 1- The suspension map s : A  —» sA , s : a *—* sa := a is an isomorphism  

o f  degree - h i .

Now the b a r  c o m p le x  o f  A is given by B A  := T (sA ).

A n A oo-a lgebra  on A is given by a coderivation D  on BA o f  degree —1 such 

that D 2 =  0.

Let’s try to understand this definition.

The tensor-coalgebra has the property to lift every module map /  r T V  —* 

V  to a coalgebra-rnap F : T V  —*• T V :

A similar property for coderivations on T V  will make it possible to under­

stand the definition of Aoo-algebras in a different way.

L em m a  2 .3 . (a) Given a map o : V 9n —<• V of degree |o |. which can be 

viewed as a map o : T V  —* V by letting its only non-zero compo­

nent being given by the original g on V’®71. Then g lifts uniquely to a 

coden/vation g : T V  —• T V  with

T V

T V
I

project ion

T V

p ro je c tio n

T V o
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by taking

g (v u ..., vk) := 0 , f o r  k <  n,

g(vu .. . ,vk) :=  ^ ( _ i ) l « K I B«l+~+l».l)(W l j g(vi+l, ..., vi+n) , v k)

Thus 3 | V 9k -*> V 9k~n+l.

(b) There is a one-to-one correspondence between coderivations a  : T V  —* 

T V  and systems of maps  {& : V®% —► V'r},>0, given by a  =  5Zt>of?i-

Proof, (a) The argument here is dual to the way one lifts derivations on 

TA.  To be precise one should use induction on the output-component 

of g. Denote by g3 the component of g mapping T V  —* V Then 

g l , .... gm~ l determine uniquely the component om. because of the coderiva­

tion property of g. Let's derive an equation with which this can be seen 

easily.

A (g {v u .... vk)) =  (g ® i d i d  ® g ) (A [v i  vk)) =
k

(g ®  i d - h i d ® ® (t;£+1. .... vk)) =

i = 0

+ ( _ 1)ia-(l««l+...+KD(u i....... y.) ®   Vk)_

Now. projecting both sides to V ^  S  C T V  55 TV' yields

k
A (prn( c i . .... efc)) =  y  fc(ulT.... c j  ® (ct+1. .... uk) +

i=0
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So the righthand side depends only on with j  <  m , except for 

the uninteresting terms (T'iui, .... Vk) ® 1 and 1 ® Qm{ v i . .... w*), where 

I €  T V .  W ith this, an induction argument shows that o7" is only 

nonzero on V sk for k =  m  +  n — 1, where it is

TO— L
.... IW n -l)  =  ^ ( - l ) lel e,(*h g(v l+,, . . . ,  ut+„ ) , ...,

1 = 0

with ti =  |t/i| +  ... +  |ui|.

(b) Observe that being a coderivation is a linear condition, and so the sum  

of coderivations is again a coderivation. Thus the map

q : { { ^  : V®' -  -  C oder(T V ),  : V'®* K}t>0 -*  £  ^
t> 0

is well defined. Its inverse 3  is given by 3  : a  •—» {p ry  o oV a. },>o, 

because the explicit lifting property of (a) shows that 3  o a  =  id. and 

the uniqueness part of (a) shows that a  o @ =  id.

a
Let’s apply this to Definition 2.2.

P r o p o s it io n  2 .4 . Let (A , D ) be an A^-algebra. Now let D be given by a 

system of maps { D t : s .4 ®1 —*• s.4},> i, (where Do =  0 is assumed.) just  

like in Lemma 2.3. (b). and rewrite them as m t : .4®* —► .4 given by D t =  

s  o rnt o ( s ' 1)®1.
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Then the condition D 2 =  0 is equivalent to the following system of equations:

m i(m l (a 1)) =  0 ,

m i(m 2(a l ,a 2)) -  m2(m l(a l ) .a 2) -  (—l) |oilm 2(a l , m ,(a 2)) =  0 ,

m i(m 3(a i t a2i <*3)) — m 2(m 2(a i,a 2), 03) 4- ni2 (a i, m2(a2, 03))+  

-t-m3(m 1(a l ) ,a 2,a 3) +  ( - l ) l“llm3 (a l , m x{a2), a3)+

4 ( - l ) l “‘l+l^ m 3 (a l ,a 2,m 1(a3)) =  0,

k fc-t+l
^   ̂ ( 1) —1+-1( l̂ 1 ***> ( aj, aJ+,_ 1 ) , . . . . a fc) =  0,
i=l J=0

j - i

where e =  i ■ |aj| +  { j  — L) • (i -F 1) -+- k — i 
1= 1

Proof The only difficulty is to determine the signs when replacing the Dr's 

by the m r’s. First notice that

D k( s a i , . . . . sak) =

=  s o  m k o ( s ~ l )y>k{sa l , . . . ,s a k) =

=  ( — o m k o ( ( s -1 )®*-1 55 2(/)(sa t  sak~i. s~ lsak) =

=  ( — o m k o ((.S- l )« fc- 2 s  (id)®2)

(sa 1...... .sa* _ 2, s  ~1 .sa*_ t. s ~1 sak) =

=  ( — = !!a,| + Us o mfc(a lT .... Qfe).

Therefore it follows from Lemma 2.3.(a) applied to the degree —1 coderiva­
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tion D, that

prsA o D 2(sa u ..., sak) =  (2.5)

k  f c - i + L

=  ^ 2  5 1  ( ~ 0 ^'‘=,̂ |a‘l+l'^fc-i+l (s a ii •••» D iisaj ,  saJ+I_ i), ...,.sa<.) =
i=L 7=0 

k  k —i+ l

i=L j=0
'Dk —1+1 (sa  17 . . .» S  O JTlj ( f l j , CZj.(_t _  i ) ,  . . . ,  S ( l k )

Jfe f c - « + l

=  ( I)  TTlk-i+I M l  > •••» m i ( a j i  -  I ) > O/fe)»
:=l 7=0

where £ can be determined by using the fact that m,- =  ± s ~ l o D r o s®r is 

of degree - 1  -  l + r  =  r - 2 .  Instead of doing the general case it is more 

instructive to look at four special cases where z and j  are either even or odd. 

Let’s take k =  8 . As seen above, signs occur from applying D t, transforming 

Dt into m t) and transforming Djk-,+i into mfc_l+1.

i =  3 . j  =  3 :

«t a-i (as a \ a$) a§ 07 ag

D r - Mil  +  1 M2I +  1
m ,  : | a 4 | +  1

M il  +  1 ( M 3 I +  M-il +■ Msl +3  — 1) Mi l  +  1

t =  3 . 7 = 4 :

a i 02 03 (04 a.5 a s) 07 a«

Dr- M i l  + i M 2 I "i” 1 M: i |  4“ I
ml : M s l  +  i

1 : M i l  +■ 1 la 3 |  +  1 M r l  + 1
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So, if i is odd, then the lower two rows (m* and mfc_l+1) show that here 

the ’’a^-term s are exactly 5Z/=i(^ ~  0  " (larl +  0 -  and for j  =  3 there 

is an additional —1. The top (Dj-)row has the terms X )i= i(laH +  1) =  

(^2i=i lail) +  J  ~  1- The additional —1 can be put together with the j  — 1 to 

give a constant depending only on k. Thus the term for e is given by

fc j -1

£ =  -  i) • ( |a ,| +  1) +  X I  N  +  * -  1
1=1 1=1

i =  4, j  =  3 :

a  1 a 2 (a.3 O4  O5 a 6) a 7 a8

D t '■ |a i | -F 1 |a 2 | -F I

m , : l ^ l  -F L |a s | +  I

rrik—t+i ■ |a 2 | -F 1 |a 7 | +  1

i =  4 , 7 = 4 :

a i a-> a 3 (a4 a 5 a6 u7) a*

D t  : |a 11 -F 1 |a 2 | -F 1 l ^ l  +  I

TTl 1 • |a 4 | -F 1 1^61 +  1

i+i-‘ |a 2 | -F 1 (|a.*|-F Iasi -F |a 6 | -F|a7 |-F 4 — L)

So, if i is even then the "a/'-term s (from all three rows) are exactly t (k — 

I) • (|a/| +  1). The only 7 -dependence is the additional —I in the i =  4. 7 =  4 

case, which will induce an alternating sign (. which starts depending on k). 

So. this case gives:

k

£ =  — 0  * (|«i| +  1) •+■ k -F 7 — 1.
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Putting both cases together, and bringing the common term —

I) ■ (|aj| +  1) (for both i even and i  odd) to the left, one gets the sign

k j - i
+  =  i - ( ^ 2 \ a i \  +  k - l )  +  (i +  l ) - ( k  +  j - l )  =

1=1 i=i
j - t

=  i • |a/1 -t- ( j  -  1) • (i +  1) +  k -  i.
i=i

Thus, dividing the equation D2 =  0 by the sign ( —l)£f= i(*-0 -(|ail+i) yields 

the result. □

E x a m p le  2 .6 . Any differential graded algebra ( A ,d ,p )  gives an A^-algebra- 

structure on .4 by taking m i := d, m 2 :=  V- and mfc := 0 fo r  k >  3. Then the

equations from Proposition 2 .f. are the defining conditions o f  a differential

graded algebra:

6 2{a) =  0 ,

d(a ■ b) =  d{a) • 6 +  ( — l ) ,a|a • d(6),

(a • b) ■ c =  a • (6 • c).

There are no higher equations.

D efin itio n  2 .7 . Given an .4^ -algebra (A. D). Then the H ochschild-cochain- 

com plex  o f A is defined to be the space C*(.4) : =  C o D er(B A . BA) of 

coderivations on BA with the differential d : C*(.4) —> C *(/l) given by 

d( f )  := [D. f \  =  D  o /  — ( —1 yT f  a D. It is d2 =  0. because as D is of 

degree — L and D 2 =  0 one follows that S2( f )  =  [D. D o /  — ( —l ) 1̂ /  o D] =  

D OD o / - ( - l ) l / i D o / o D - ( - l p l D o / o D  +  ( - l p / l * i / o D o D  =  0.
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2.2 Aoo B im odules

Given an Aoo-algebra {A, D). The goal is now to define the concept of an 

Aoo-biraodule over A, which was already given in [9j and [14].

This should be a generalization o f two facts. First, one can define the 

Hochschild-cochain-complex for any algebra with values in a bimodule, and 

so one should still be able to make that definition in the infinite case. Second, 

any algebra is a bimodule over itself by left- and right-multiplication, which 

should again still hold (see section 2.1.4.).

The following space and map are important ingredients.

D e fin it io n  2 .8 . For modules V and \V over R, one writes 

T WV := R 0  0  V®k ® W ®  V& .
k>0,l>0

Furthermore, let

A w . T w v  _  (7 V  ^  T w V j @ f j w y  0  T V ^

be given by

k
 vk, w, uk+i . .... 1’k-i.i) : =  —.vt ) 0  (yi + i , .... w  vn ) -h

i=0

+  0  (vi+1........I’k+l).
i=Jb

Again fo r  modules A and M  let B MA be given by T sXrsA, where s is the 

suspension from Definition 2.2.

Observe that T WV  is not a coalgebra, but rather a bi-comodule over TV.  

Here is a definition for a coderivation from T V  to T WV.
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D e fin it io n  2 .9 . A coderiva tion  from T V  to T WV is defined to be a map

f  : T V  —► T WV  that makes the following diagram commute:

For modules A and M  let C ' { A , M ) := C oD er(B A , B MA) be the space 

o f  coderivations in the above sense. This space is called the H ochschild- 

cochain- com plex  o f  .4 w ith  values in  M .

L em m a 2 .1 0 . (a) Given a map g : V®n —* W  of degree |g|, which can

be viewed as a map g : T V  —» W  by letting its only non-zero compo­

nent being given by the original g on V®n. Then g lifts uniquely to a 

coderivation g : T V  —► T WV with

T V T V ®  T V

f id®/+fQid

T w v  iT V  ® T W v) © (T W v  ® T V )

T WV

T V

p r o je c t io n

Q

by taking

g(u i, .... Vk) :=  0 . f o r  k  <  n.
k  — n

q{i' i....... >'k) ■= Y s - 1)iel (|ui|+ - -t-lw.i)
( « l     l ’i + n .) ...........f f e ) .

1=0

f o r  k >  n.

Thus 5 | V'::*: V Xk -  0 , i + j = k —n V ®  W  3  V XK
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(b) There is a one-to-one correspondence between coderivations a  : T V  —* 

T WV and systems of maps {pi : V®1 —» W },>0, given by a  =  52l>0 Pi-

Proof. (a) The proof is similar to the one of Lemma 2.3.(a). Now p7 is 

meant to be the component o f p mapping T V  —» © r+s=J Vr®r ® W  ® 

V®s. Let’s do again induction on m  for gm. The equation

A w (p {v i , . . . ,v k)) =  (p ®  id +  id<8)p )(A (i;l ,...,u*:)) =
k

=  {p ® id  +  id ®  p ) ( ^ ( u l t ..., t/t) ® (i/i+ l uk)) =
t=0

k

=  ^ e i v i , --M t>.) ® K + i  uk) +
1=0
+ ( — I)1**"'1' * +'v'"(vi .............................. vk)

is being projected to the component 

0  {V r& W ® V a)® V t+ V r® {V Bs W & V t ) c  T WV ® T V + T V % T WV.
r+s-r-t=rn

This gives

k

± W(gm(u I.............. vk)) =  ] T 0m+‘- fc( l/ , . . . . . t/ ,)® (t /t+ l...uk) +
1=0
+  (_ l yel-(ivil + -+l«>.l)(.y1 Vi) ® g n - . (Vi + l  ^

The righthand side depends only on p> with j  <  m. except for the 

uninteresting terms 0m('Ui..... u*)®l and l®^771̂ , .... vk). An induction 

shows that 077* is only nonzero on for k  =  m  -+- n — 1. where it is

m— t
Om ( t ’l  I W n - t )  =  V i= n ) ..........U m + B - t ) ,

i=0

where f t =  |tTi| -F ... -F |e,|.
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(b) Then maps

a  : {{ft : K* 1 -  W } t>0} -  C o d e r {T V ,T w V ),

{ ft  : V™ -  W h > 0 ~  Y , Qi
i> 0

0  : Coder{TV, T WV) -> {{ft : V 9i -> W }t>0},

a  •—» {p rw  o v®‘ }i>o

are inverse to each other by (a).

□

Of course one wants to put a differential on C*{A, M )  just like in section 

2 . 1. 1.

P r o p o s it io n  2 .1 1 . Given an A^-algebra (A, D) and a module M . Let 

D Af : B M A —* B ‘u A be a map of degree —1. Then the induced map SAl : 

C o D er{B A , B M A) -  C oD er{B A , B M A ), given by 6xl{ f )  :=  D M o f  -  

(-1)1/1 /  o D, is well-defined, (i.e. it maps codenvations to coderivations.) 

if  and only if  the following diagram commutes:

A"
B XfA { BA  0  B MA)  ® { B x,A  0  BA)M

(2 . 12)

B xl A — r  { BA  S  B xl A)  e  (B  .4 0  BA)

where the vertical map on the right is given by k =  {id >0 D M ■+■ D  0  id) 0  

{ Dxr 0  i d  -F i d 0  D).
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Proof. Let /  : B A  —► B MA  be a coderivation. One needs to investigate 

under which conditions 5M( f )  is also a coderivation. This means, that

(id 3  SM( f )  +  SM( f )  ® id)  o A  =  A m o SM(f),

or

( i d ® ( D Mo f ) - ( - l ) W i d ® ( f ° D )  +  ( DMo f ) ® i d - ( - l ) W ( f o D ) ® i d ) o &  =

=  A w o D iU o f  -  ( - 1)^ A a' o f o D .

Now, using the coderivation property for /  and D. one gets the following 

identity

A'w o f  o D  =  (id 3  / )  o A  o D  +  ( /  3  id) o A  o D  =

=  (id 3  / )  o (id 3  D) o A  +  (id 3  / )  °  (D  3  id) o A  +

+ ( /  0  id) o (id  ®  D) o A  +  ( /  8  id) o (D  3  id) o A  =

=  (id 3  ( /  o D) 4- ( - l y ^ D  3  /  +  /  3  £> +  ( /  o D) 3  id) o A,

and so the requirement for Sxr( f )  above reduces to

A ,u o D st o f  =

-  ( id® (£>A' o / )  +  (D a/ o  / )  @ id +  D ® /  +  ( - 1 ) 171/  S  D) o A =

=  (id 3  £>'u 4- D 3  id) o (id 8 / ) o A  +  (£>lW 3  id 4- id 3  D)  o ( /  3  id) o A  =

=  (id 3  D xl 4- D  3  id) o A  u o /  4- ( D "  3  id 4- id 3  D) o A ‘u o / .

The last step looks strange, because A Af o f  =  (id 3  / )  o A  +  ( /  8  id) o A . 

But as id 3  B'u 4- D 3  id : BA  3  B A/A —* B A  3  B ‘u A. this map doesn't 

pick up any part from ( /  3  id) o A  : BA —>• B MA  3  BA. A similar argument
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applies to D M ® id  +  id ® D.

So, D M has to satisfy

A w o D m o f  =  {id ® D m +  D  ® id +  D a/ ® id +  id  ® D) o A w o / ,

for all coderivations f  : T A  —> T MA.  By Lemma 2.10., one sees that there 

are enough coderivations, to make this condition equivalent to

Again one wants to describe D M by a system of maps.

L em m a 2 .1 3 . (a) Given a module V and a codenvation ip on T V  with

an associated system o f  maps {ifa : V9t —* }t> t from Lemma 2.3..

A m o D m =  {id ® D m +  D  ® id +  D m ® id +  id  ® D) o A'w,

which is the claim. □

where tl\ is of degree 10 , | . Then any map g : T WV —* W  given by 

Q =  E fc>o./>o m th &k.i ■ V ?k ® W  ® —* W o / degree ii/ts

uniquely to a map 5 : T WV —* T WV
k>0.l>0

T WV

projection

T WV W

which makes the following diagram commute (compare diagram (2.12) 

in Proposition 2.11.)

T WV {T V  ® T WV)  © (T WV  ® T V )

(2.14)

T WV — —  { T V ® T WV ) & { T WV ® T V )
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T h is  m ap is g iven  by taking  

5 ( v l , . . . , v kyw , v k+l j . . . , vk+l) :=

k fc-i+l
=  5 1  y*r+i)+

. = 1  j = l  

fc I
+  5 ^  w .......vk+]) ........vk+l)+

t = 0  j = 0 

I l-l+l
+  ( - 1 ) l^ l < | u , | + e k f J " , ) ( w i , - ,  w ,  . . . , t f i l ( u k + J , . . . , u k + l + J _ l )  Vk + t ),  

. = i  j = i

where er =  |vi| -f ... +  |t/r|.

(Notice that the condition of satisfying diagram (2 . 14)  «  not linear, i.e. 

i f  X and <P both make diagram (2 . 14)  commute, then \  4- ijj will not.)

(b) There is a one-to-one correspondence between maps a  : T WV —* T WV 

that make diagram (2 . 14 )  commute and maps g =  5Z £>*./ like in (a), 

given by a  =  g.

Proof. (a) Again one uses induction on the output-component of g. Denote 

by g> the component of g mapping T WV —* ® fc+/=J V®k g! W  g  V s1 

and by MP the component of ip mapping T V  —* V s . Then g° , ..., p7" -1 

will uniquely determine the component g"1.

A w {g(v i  vk , i v . v k+l  vk+i)) =
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=  (id  ® q +  ib <8> id  +  g <® id  +  id  ® ijj)

Vk , VJ,Vk+l, . . . , v k+l)) =  

=  (id ® g +  & ® i d  +  Q ® i d  +  i d ®  ip)
k

( J >  Vi) ®  W, ..., Vk +l) +
t = 0

k+l

+  ® (U‘ + 1- —’ Vk+l)) =
i=k

k
=  ®.g (v i+i , . . . , w .......vk+t) +

1=0

k
+  ^ 2  v ( v \  V i )  ®  ( t / i + l , W  Uk + i )  +

1 = 0

k+l

+ XI ̂ Vl’ "M W Vî  ® ^i+l! Vk+̂  +
i =k
k±l

+  X I ( -  l ) l0 l(M+£'--1,0rl)(ui, W . .... y.) ® ijj(vt^ i , .... t'jfĉ ). 
i=k

Then projecting both sides to 

0  (V 3r ® W  »  ® KS£ +  ® (V®3 ®VV® V w ) C
r ~ s+ t= r n

C T ”V  ® 7 V  4- T V  ® T lvV

yields

A w ( g m ( v l  t c  <;*)) =

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



19

k
=  ^ 2  ± ( v i , v t) ®  (jT-'ivi+u ..., w , vk+t) +

1=0
k

+  4>mJrl~k~l {Vi , ..., Vi) <S> (Ui+l, W, .... Vk+l) +
i=0 
k+l

- F ^ £ m+,_fc_i( u i , — ,w ........Vi) ® (vi + l  v*+i) +
i=k
k+l

+  ± ( u i ,  —, w, ..., Vi) ®  ^ m - ‘(vI+l , V f c + i ) .
i~k

So the righthand side depends only on iJj3's, which sure all explicitly  

known by Lemma 2.3., and g* with j  <  m, (except for the uninteresting

terms gm{ v \ , .... w  Uk+i)<8) 1 and .... w , ..., vk+i)). W ith this,

an induction argument shows that g™ is given by the formula of the 

Lemma.

(b) Let X  := {a  : T WV  —► T WV \ a  makes diagram (2.14) commute }. 

Then

a  : {g : T WV  — W )  — X , g>-+ 5,

3  : X  — {o : T WV  — W ), o  i—► pT\v ° <r

axe inverse to each other by (a).

□
D e fin it io n  2 .15 . Given an A^-algebra  ( /l , D ). Then an A ^ -b im o d u le  

(A/. D iU) consists o f a module \ [  together with a map D xl : B xl A  —* B xr A  

of degree —1. which makes the diagram (2.12) o f Proposition 2.11. commute, 

and satisfies (D 'v )2 =  0 .

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



20

By Proposition 2.11. one can put the differential SM : C o D er(T  A ,T M A) —* 

C o D e r (T A ,T MA ), 8 ( f )  := D w o / - ( - l ) ^ / o D  on the Hochschild-cochain- 

complex. Now it satisfies (8 M)2 =  0, because with (D M)2 =  0 , one gets 

(8 xl)2 ( f )  =  D M o D Xf o /  -  (-1)1/1 D m o  f  o D -  ( - l ) l / l + l D A/ o /  o D  +  

( _ l ) I M I +1/ o D o D  =  0 .

The definition o f an Aoo-bimodule was already given in [9J section 3 and also 

m  [14], and coincides with the one here.

P r o p o s it io n  2 .1 6 . Let (A, D) be an A^-algebra with a system  of maps 

{m , : /l®‘ -  A},>, associated to D  by Proposition 2-4- (where mo =  0 

is assumed). Let (M , D M) be an A^-bim odule over A with a system  of 

m aps {£>£* : sA®k g> sM  ® sA ®1 —* sM }k>o,i>0 from  Lemma 2.13 .(b) as­

sociated to D M. Let bk,i : A®* ® M  A91 —> M  be the induced map by

Dk.i ~  s 0 0 ( s - l )®fc+/+I.

Then the condition (D M )2 =  0 is equivalent to the following system  o f equa­

tions:

bo.o(bo.o(m )) =  0 ,

bo.o(bo.i(m,ai)) -  bOA(b0.o ( ^ ) ^ i )  -  ( - l ) ,mlbo.i(m. m t (a i))  =  0 ,

bo.o(bi.o(ai.m)) -  buo(m l (a l ) ,m ) -  ( - l ) |tt||6i.0( a i ,6o.o(m)) =  0 .

bo.o(bij(ai. m .a 2)) — &o.i(&i.o(a tr rn ).a2) -F &i.o(ai,6o.i(m *a2)) +  

+ 6 1.1(m 1(a l ). m ,a >) +  ( - l ) l“ll6 i.i(a l , 60.o(m ).a2) +

- f - ( - l ) |ail+im,6 l.l ( a l , m . m 1 (a 2 )) =  0 ,
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k  k - i + l

flj+j—i )»-•-. Qik+zjH-
1=1 7=1
k  I

+E E  j  (® l t --■» (ujfc_i+l > -*-i nfl , •••! & k - h j ) j  •■•' & k + l ) ~ i ~

t = 0  ; = 0

/ i-t+l
./-H-l(al* •••! •••> r n i ( a k - h j i •••> afc+«+7— l). ■■•ta k + l )  — 0

i=l 7=1

where the signs are exactly analogous to the ones in Proposition 2.4.

Proof. The result follows immediately from Lemma 2.13., after rewriting 

and Dj by 6*,/ and m} . (Notice that this replacement only changes a sign.) 

In order to get the correct sign, first notice that the lifting described in 

Lemma 2.13. is exactly the usual lifting as coderivations, except that one 

has to pick bk,i or m} according to where the element of M  is located. Keeping 

this in mind, it is possible to redo all the steps from Proposition 2.4. □

E x a m p le  2 .1 7 . Let's pick up Example 2.6. Let (A .d .p )  be a differential 

graded algebra with the A^-algebra-structure m t := d , := p  and m * := 0 

fo r  k >  3. Now. let (A/, A, p) be a differential graded bimodule over .4. 

where A : .4 3  M  —► M  and p  : M  ® .4 —* M  denote the left- and right-action. 

It is possible to make M  into an A^-bim odule over /I by taking bo.o := &. 

b\.o := A, 6o.l :=  P and b^j := 0 fo r  k  +  I >  I. Then the equations of 

Proposition 2.16. are the defining conditions of a differential bialgebra over
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A:

=  0 ,

cf{m .a) =  m .d(a)  +  ( —

cf(a.m ) =  d{a).m  +  ( — l ) |a|a .i/(m ),

(a.m).b  =  a.(m .b),

(m .a).b  =  m .(a ■ b), 

a.(b.m) =  (a • b).m.

There are no higher equations.

For later purposes it is convenient to have the following

L em m a 2 .1 8 . Given an A^-algebra {A. D ) and an A^-bimodule (A/. D M), 

with system  of maps {bk i : A®k S  M  0  A ®1 —* A /}fc>o,i>o from Proposition  

2.16.

Then the dual space A/* := H a m ^ M , R) has a canonical A^-bimodule- 

structure given by maps {b'kl : .4®fc A/* <g> A ®1 —» A/'}jt>o./>of

(b'k l{au ...,a k, rrT.ak+ i , . - ,a k+l)){m) :=  { - 1)£-rrT{bLk(ak+i, ..., ak+t,m , a v, ....a k)).

where = := ( |a t | +  ...-f |a fc|)-(|m*|-t-|afc+i|-f-...-r|afc+i|-(-|m|) +  |m*|-(A:+Z-M).

Proof. First, it is easy to see that the degrees work out. because of |6^ |  =

\bi.ki­

ln order to show (D w *)2 =  0 . one can use the criterion from Proposition 

2.16. The top and the bottom term in the general sum of Proposition 2.16. 

convert to

........m i(a ] ........—• m * ............................flfc-r/))(m) =
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iTTl (ttjt+lt ---> ITli ̂ 1> --•? Wfliiflji —i &i+j —l)» •••! ®fc))i

and

(6fc/_i+i(a i, -, m ,..., triifaic+j, .... a/t+i+j-i)t •*•» ctie+i)){ni) —

=  i m  (6j_t + 1 1, . . . .  TTii ĉiic-i-jt •••» i)t  o11 •••i ^fc))-

So, these terms come from terms of the Aoo-bimodule-structure of M . The 

same is true for the middle term:

(bk-i,l-j (®l t •••* (®fc-«+1 <•••■> ^  ak+j )i •••i Ofc+i) ){m ) =

=  1) -v  m i •••• ufc+j))(^-j,*-i(®tfj+li —i at+(i —>alt-i)) =

=  i m  (6j,, ,.... q./c+ j , 1, . . . .  , m .a i , .... a^-i). afe_t+i .. . . .  fl/t) )•

So, the sum from Proposition 2.16. for the Aoo-bimodule A/' has exactly the 

terms of m* applied the the sum for the Aoo-bimodule M .

The only remaining question is whether the signs are correct. The proof for 

this is left to the reader. □

2.3 M orphism s o f  Aoo B im odules

Given two Aoo-bimodules (A/, D'w) and (;V, D N) over an A^-algebra (.4, D ). 

What is the natural notion of morphism between them?

Again a motivation is to have for any Aoo-bimodule-map an induced map 

of their Hochschild-cochain-complexes.

P r o p o s it io n  2 .1 9 . Given three modules V , W  and Z . Let F : T’M' V  —* T ZV  

be a map. Then the indttced map F 3 : C oD er(T V . T WV) —* CoD er{TV. T ZV).
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given by F*(f)  := F o f ,  is well-defined, (i.e. it maps coderivations to 

coderivations,) if  and only i f  the following diagram commutes:

T WV (T V  ® T w  V) © (T  V  <8 T V )

(id®  F )© ( F ® id ) (2 .20)

T V (T V  ® T ZV ) © (T ZV  ® 7 V )

Proof If both /  : TV —* T WV  and F o f  : T V  —* T ZV are coderivations then 

this means that the top diagram and the overall diagram below commute.

4
T V T V ®  T V

Y WV (T V  ® T WV ) Q ( T WV ®  T V )

( i d ® /) + ( /» « d )

W,

(j d « F ) © ( F ® id )

T V ( T V  ® T ZV)  © (T ZV  ® T V )

But then the lower diagram has to commute if applied to any element in 

I m ( f )  C T WV.  By Lemma 2.10. there are enough coderivations to make 

this true for all T WV.  □

Again let’s describe F  by a system of maps.

L em m a 2 .21 . (a) Given modules V , W  and Z  and a map o : V ^k S  W ®

V s1 — Z  of degree |o |, which can be viewed as a map g : T W V  — Z by 

letting its only nonzero component be the original g on V zh <® \V  3  V s1.
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Then g lifts uniquely to a map g : T WV  —* T ZV

T Z V

p r o je c t io n

ze

which makes the diagram (2.20) in Proposition 2.19. commute (put o 

instead of F ). This map is given by

g { v i , .... ur, w, ur+i , .... vr+s) :=  0, f o r  r < k  or s < I,

o(t>i ur . w. ur+ i ur+s) :=

:=  ( — l ) lel £•=* !",l(yl , g(vr^k+i , .... w  urJrl)  iv+s),

fo r  r >  k and s  >  I. 

Thus 5 \v *r9W9V*.-. V'®r 0  W  0  V®3 — V *r~k 0  Z 0  V *3”1.

(b) There is a one-to-one correspondence between m aps a  : T WV  —► T ZV 

making diagram (2.20) commute and system s of maps {o/t.f : V®k 0  

\V  0  V ®1 —► Z}a..>0./>o. given by a  =  J2k>o,i>o 9 k.i-

Proof, (a) Again one uses induction on the output-component of g. Denote

by o3 the component of o mapping T w V —* ® r+s=J VrSr 0  Z 0  V Ks.

Then o l  p771-1 determine uniquely the component o771.

A Z(o(t>i. . . . .  L'r • w .  IV + l  t-V+s)) =
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=  {id<g>e +  Q® id )(A w (v u ...,v r , w ,v r+u ur+a)) =
r

=  {id  ® q -t- p®  i d ) ( ^ ( v i , .... i/*) <g> (ul+1, .... w , .. . ,v r+s) +
t=0

r + 3

+  ^2(Vl ,~. ,W,  ® ( % l, . . . ,  Wr+J)) =

r

=  g) ^(ut+l,..„  U/,...,Ur+3) +
t=0

r-J-s

+  ^ ^ , . . . , 11; t’,) g> (ui+ l,. . . .y r+3).
i = r

Then projecting both sides to

0  (v**® z® v®a) 0 v*‘ + ̂ ®  (K®3sz® i/®‘) c
r + s + t —m

C T ZV & T V  +  T V  ;§ r z i /

yields

Az (om(yi u; iv+s)) =

=  ^ 2  ± { v i , . . . . v t) 0  g"1 l {ui+i  w , ..., ur+a) +
t=0

r-r3
f ^ o m+t' r"s(t’l  fir. 0  (i/i+ l vr+»).

i = r

So the right hand side depends only on j? with j  <  m. (except for the

uninteresting terms p ^ i' i ,  —. w , .... vT+a)&l and .... w ......iv+s))-

VVith this, an induction argument shows that p771 is only nonzero on
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V®r 8  W  8  V®s with r  — k +  s — l =  m, where it is given by

i f ' i v i ,.... vr. w, i/r+I. ..., vr+a) =

=  ( - l ) le, "̂=>fc|u,l(t;1, ..., givr-k+u  ..., tn,..., t/r+i ) , ..., ur+s).

(b) Let X  :=  {cr : T WV  —► | a  makes diagram (2.20) commute }.

Then

«  : { {Q u :V®k ® W  8  V®1 -  Z } fc>0./>o} -  X,

{ek.i--V®k z w ® v ® 1 ^  z }k>QA>0 ~  £
k>0,l>0

/3 : X  —> { { g k ,t : V * k 8  W  8  ^  -  Z } fc>0.t> oK  

a  •—*■ {prz o 0\vak%,wigv&i }/t>o,i>o

are inverse to each other by (a).

□

Let’s apply this to the Hochschild-space.

D e fin it io n  2 .2 2 . Given two A^-bimodules {M . D xl) and  (N. D jV) over an 

A ^-alyebra  (.4. D ). Then a map F  : B xt A  —*• B N A o f degree 0 is called an 

A n c -b im o d u le -m a p  :<=> F makes the diagram

A"
B xtA {BA  8  5 ‘u .4) e  ( B M A  8  £ .4 )A/

B " A {BA  8 B ‘wA) -B ( £ ‘v .4 8 BA)*  A

commute, and in addition it holds that F  o D X! =  D iV o F.

By Proposition 2.19.. every A^-bimodule-map induces (by composition Ft
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/ t - t p o / J a  map between the HochschUd-spaces, which preserves the differ­

entials, because (F i o SM)( f )  =  F*(DM o f  +  (—1 ) ^ /  o D) =  F  o DM o /  

( _ l ) l / l F o / o D  =  D N o F o f  +  { - \ ) W F o f o D  =  5N{ F o f )  =  (<5"o £ * ) ( /) .

P r o p o s it io n  2 .2 3 . Let (A, D) be an A^-algebra with a system  of maps 

{m i : A ®1 —► /4},>[ yrom Proposition 2-4- associated to D , (where mo =  0  is 

assumed). Let (M , D M) and (N . D N) be Aoo-bimodules over A with system s 

o f maps {bk,i : A®k 0  M  0  A ®1 —* M}k>o.i>o and {c/t,/ : 0  N  0  A®1 —»

jV}fc>0,/>o from  Proposition 2.16. associated to D M and D N respectively. 

Let F : T M A —* T NA be an A^-bim odule-m ap between M  and N , and let 

{ Fk,i : sA®k 0  sM  0 .sA 91 —i« sN}k>a,i>o be a system  of maps associated to F  

by Lemma 2 .21 .(b). Again, rewrite the maps Fkj by fk,i : —<• /V

by using the suspension map: Fk.i =  s o  f kj  o ( s - l )®*+*+ l .

Then the condition F o £)A/ =  D ‘w o F is equivalent to the following system  

o f equations:

fo.o(bo.o(m )) =  0o.o(/o.o(m)), 

fo.o(bo.i(m ,a)) -  f 0.i(b0.o(m), a) -  ( - l ) M /o.i(m , m ^a)) =

=  Co.o(/o.i(mt a)) +  c0. i(fn.o(m).a),  

fo.o(bi.o(a.m)) - / i . 0(m 1(a ).m ) -  ( - l ) |a|/i.o(a,&o.o(m)) =

=  c0.o(/i.o(a. rn)) +  Ci.0(a,  / 0.o(m)).
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y i - i — i y ^ j — i (  i )  / f c - i + i , / ( & i »  • • • ! ® t + j — 1)1 •••» • • • ? ) +

(ttl, • + •••» ---i -••? afc+/+l) +

4 “ 5 3 i = l  5 Z j= fc4 -2  ” ( •■■■’ Q ' k + l + l )  =

E fc+1 Tr k̂+l—j+2 / i \e'
j = l 2-i=fc-J+2'. U cJ,k+l-t-j+3

( < i i , . . . ,  — i ^ i  — t -t-j — i ) » ®f c+i +i )

/n  order to simplify notation, it is assume that in (ai, ..., afc+j+i) above, only 

the first k and the last I elements are elements o f  A and ak+i =  m  €  M . 

Then the signs are given by

j - i
c =  i - ^  * | a r j •+• {j  — I )  • (z -F 1) +- (fc + 1 +  1) — i ,

r — 1

>-1
and  e' =  (i -b 1) • (j +  1 +  ^  |ar|).

r = l

Proof. Up to signs these formulas follow immediately from the explicit lifting 

properties in Lemma 2 .13 . (a) and Lemma 2.21.(a). For the sign, the argu­

ments o f Proposition 2.4. will be applied.

Let’s assume again that in (a i, . . . .ak+i+i),  only the first k and the last I 

elements are elements of .4  and a^+i €E M . Now notice that just like in 

Proposition 2.4. one gets

Fk,(s a 0 .saw ) =  ( - l ) ^ >,(k+‘+ l- ^ l+l,s o / w (a0 ak+l).
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So, when writing out the term prsN o F  o D M(sa0, ...,scik+i), exactly the 

same signs appear, that were in equation (2.5) of Proposition 2.4. for prsA o 

D  o D. This is so, because D M, which has to be applied in the argument of 

F , has degree —I just like D, and the application of the suspension map is 

the same for D  or D M or F. It follows that in this case the signs can simply 

be taken from Proposition 2.4.

Unfortunately the signs for the term D N oF  cannot be taken directly from 

Proposition 2.4. like above. The difference is that F , which is o f degree 0 

(and not — I), has to be applied in the argument of D N . So, when F  ’’jumps” 

over elements sax, no signs are introduced. This means that here one gets a

difference in signs compared to Proposition 2.4. given by

(compare this with the first equality in (2.5)). Here one has to take the same 

interpretation for the variables i and j  as in Proposition 2.4.; namely f r.3

takes exactly i inputs and the first variable in f rs is given by a3:

(a i ,.... •••■> rn, 1), Q.k±i+1 )•

Another difference to Proposition 2.4. is given in the last step of equa­

tion (2.5). because the interior element mx{a} , ...,a_;+l_ i) is replaced by some

/ rs(u_,......a , - , - 1). (r +■ s =  i — I), with |mt| =  i  — 2 and | / r.5| =  i — I. So.

when converting to i in (2.5), the suspension map for aJ+t a*

jumps over one degree less. In the given case, this introduces a difference in 

signs of ( - l ) fc+'+ l- ‘- J + I.
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Putting this together with the sign in Proposition 2.4. gives
k+l+l

(\or | +  1)) =
r = l

J-1
=  i • ^  " |or| +  (j — I) • (® +  I) +  (A: +  Z +  I) — z +

r = l

J-l
1^1 +  j — I) — ( k - h l + l  — i —j  +  l) =

r = I

J-l
=  {i +  t) • ( j  +  1 +  ^  ^  ( m o d  2 )

r= l

Thus, dividing the equation D * o F  =  F oD M by the sign ( — L)£^=‘it’l(fc+*+l '•MM-t-i) 

yields the result. □

E x a m p le  2 .2 4 . Let's pick up the examples 2.6. and 2.17. Let {A, 8 . p.) be 

a differential graded algebra with the A^o-algebra-structure m L := 8 , m 2 :=  p  

and m k := 0 fo r  k >  3. Now, let ( M , 8 M ,XM , p M) and (N,  8 * ,  X * , p * )  be 

differential graded bimodules over A, with the A^o-bialgebra-structures given 

by 60.0 :=  8 M, 61.0 :=  A'vf, &0.1 :=  PM and bkt :=  0 fo r  k +  I >  L. and 

c0.o := d N , ci.o := Xs , c0.i :=  p N and cfc-/ := 0 fo r  k  +  I >  I.

Given a bialgebra map f  : M  —* N  of degree 0. Then one makes f  into a 

map o f A^-bialgebras by taking / 0,0 := /  ond f k,i :=  0 fo r  k +  I >  0. Then 

the equations o f  Proposition 2.23. are the defining conditions o f a differential 

bialgebra map from  M  to N :

f o d M{m)  =  8 * 0  f ( m)  

f ( m . a )  =  f ( m) . a  

f ( a . m)  =  a. f {m)
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There are no higher equations.

2 .4  H igher M orphism s o f Aoo B im odules

In the last section, morphisms of Aoo-bimodules where defined partially by 

the requirement of having induced maps on the Hochschild-spaces. One 

could ask for higher morphisms of Hochschild-spaces, like for example a mul­

tiplication on a Hochschild-complex or any other higher order maps. For 

completeness sake, the corresponding discussion for those maps will be given 

in this section, even though it will not be needed for the rest of this thesis. 

Let’s start with a generalization of Proposition 2.19.

P r o p o s it io n  2 .2 5 . Given modules V . W \, .... Wn, and Z . L et’s use the 

abbreviation X  :=  T w' V  0  ... 8  T W' V . Let A" : T V  -*  T V 43", (i/t  vk)

£ o < „ <  Vn )  ®  (w*»+l.......y«2) ®  ®  (Win-l + l* »k ).

Let F  : X  —» T ZV  be a map. Then the induced map Fi : C o D er(T V , T Wl K ) 0  

... 8  C o D e r(T V ,T Wn V) -> C o D e r ( T V T z V),  given by Ft ( f i 8  ... 8  f n) := 

F o ( f l <3... ;$ f n) o A", is well-defined, (i.e. it maps codenvations to coderiva­

tions.) if  and only if  the following diagram commutes:

X  ------   ► (T V  8  X )  0  (X  8  TV )

(»rf®n®(F3«n (2.26)

T ZV  — 7̂ -  (T V  3  T ZV)  0  (T ZK 8  7 V )

where k =  ((prr v-«r11'iv) °  A Vi'1) ® +■ id®n_l 8  ((prr ivnV-arv-) o A IV")

(compare Definition 2.8. fo r  A lt,‘ : T W,V  —► (T W,V  <g) T V )  0  (7 V  8  T W' V ) ).
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Proof. Assume f i  €  C o D e r (T V ,T w'V ), for i  =  1, Now, F  o ( f i  ® ... ® 

/ n) o A n : TV  —♦ T ZV  being a coderivation means that the overall diagram 

of the following commutes

A
T V T V ®  T V

A" ( id ® A ’l ) + (A ,1®i<fl

(T V  £  T V 8” ) © (TV®7* ® TV )

/l® . S/n

(T V  ® X ) © (X  ® TV)

( id » F )© (F ® td )

T V A2
(TV  ® T ZV) © (TZV ® TV )

where k =  A ®  id®n 1 +  ic/®n 1S  A , and k: =  ((prTV0Twl v ) o A 1*'1) 0  td®n 1 -F 

id® " - 1 0  ((prT«vnVraTv) °  ^ " ) -

Now, a simple check makes clear, that the top diagram commutes, because 

following either path of the diagram, elements of TV  are twice broken up in 

n +  1 many ways.

Next, also the middle diagram commutes. To this end. project the coderiva­

tion property A 1̂ ' o / ,  =  (( id ® / , )  -I- ( / ,  0 id)) o A  for f i  and /„  to the first 

and second component respectively, to yield

(Pr lrv®Tlt'i v') °  1 °  / i  =  {id 53 / i )  °  A ,

(pr\T»«v& rv) ° °  fn =  ifn  8  id) o A.
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Tensoring the top equation with f i  <g>... ® /„  on the right and the bottom  

equation with / i  ® o n  the left gives exactly the desired commutative 

diagram.

But then the lower diagram has to commute if applied to any element in 

f ”i ( ( / r ® ”-2 >/n)°A n) C X .  By Lemma 2.10. there are enough coderivations 

to make this true for all X .  □

F  can again be described by a system  of maps.

L em m a  2 .27 .

(a) Given modules V. W \, ..., Wn and Z  and denote by X  := T Wl V  ® ... 0  

T w*v ,  and x£;;;;i*n :=  (Vr®*» w  ® v 9t' ) ® ... ® { V ^  % w  »  v * 1*).

Given a map g : X f(' ’£ n —* Z  o f degree |g|, which can be viewed as a 

map g : X  — Z by letting its only nonzero component be the original g 

on X ^; t . Then g lifts uniquely to a map g : X  —» T ZV

T ZV

p ro je c tio n

*  — z

which makes the diagram (2.26) in Proposition 2.25. commute (put 

5 instead of F ). This map 5 is nonzero only on elements in V'AT S  

u" -5 V"®3. where it is given by

o(vi  vr,x.v[ . . . . , v ' s) :=  ( —l ) lel .... g(x) .......v's ).

Thus 5 \ r >kl. : X [* kX ^ r  — V *r «  2  ®
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(b)  There is a one-to-one correspondence between maps a  : X  —► T ZV  mak­

ing diagram (2.26)  commute and system s of maps : Xf(]  ' j * n —>

z } k X knM ur g^ en  by a  =  £ fci W i  in gt(;;;;;fnn.

Proof, (a) Again one uses induction on the output-component of g. Denote 

by g> the component o f g mapping X  —► ® r+J_j Vr®r ® Z ®  V®3. Then 

gl , ..., o7" -1 determine uniquely the component p77*.

 i v . x X , . . . ,  u')) =

=  ( i d ® g +  g ®  id)( ((pr  o A vvr‘) ® td®n-1 -|- td®” -1 ® (pr o A^"))

(v i , . . . , vr,x,u\ , . . . ,v's)) =
r

=  ( id® 5 +  u ® i d ) ( ^ ( u „ . . . ,  Vi) ®  (u1+l, . . . , x .......u') -I-
t=0

J

+  — X , ..., v() ® (v't+ l , ..., v's)) =
i=0

r

=  5 Z ( - i ) le ,s ‘=li‘'tl(y i , - - ,U i)®  p(u,+i, . . . .u') +
i=0

s

+  X )  o(t>!, . . . .X, v[) ®  (c'+ l , .... I/').
«=0

Then projecting both sides to

0  (rc5a®z®vAh)®r®c + r3tt®(v®6®z®v®c) c
a+b+c—rn

C Tz l r ® T V  +  T V  ® T ZV

yields

A z (orn(t’i  x  v j )  =
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r

=  ± ( v i ,..., vt) ® 0m_,(y«+1. .... , O  +
i=0

s

+  5 ^  fiP*+,"- (vi, x , y') 8  (w|+i , y ' ) .
t = 0

So the righthand side depends only on o> with j  <  m, (except for the 

uninteresting terms x , y ' )  8  1 and 1 8  . . . , x , y ' ) ) -

With this, an induction argument shows that g”* is nonzero only on 

V'®r 8  -V*l’" ’i*n <8 V'®5 with r +  s  =  m, where it is given by

.... ur , x, o', vi) =  ( —l ) lel ^=*'|u,l(y1, y r, o(x), v\..., v's).

(b) Let V  := (cr : X  —> T ZV' | a  makes diagram (2.26) commute }. Then

■>: { (-* :: ,* .• :  x t s t r  > z u ,  - > r ,  _____

{ £ : : : £  ■■ -  z u  * .*  <. ~

- Y  {{Qli iZ'u  '• “ *■ .... ............ *■»}’

cr ►-* {pr2 o cr| }fcl.............../„
Alt In

are inverse to each other by (a).

□
D e fin it io n  2 .2 8 . Given modules I*. H*i and Z , and let again X  :=

T Wl V' ® ... 8  T Wn I *. Denote by

T Wl IVH '  :=  0  V®*0 ® IV{ ® Vvkl 8  W2 8  ... 8  V' 55* " '1 8  \Vn 8

Then a map F : T lVl 11,1 V -» Z un/i in the following be understood as a

map making diagram (2.26) commute by using the last Lemma 2.27. when
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setting  F * l’0’j”’0 :=  F and letting all other components vanish. (This gets 

rid  o f a certain redundancy of X , namely the question o f "where to break”

T w ' V  0  T w'+l V  =  ®  V 9k 0  Wt 0  V®10  V 9r 0  & V®s f o r l  +  r =  const.)

R e m a r k  2 .2 9 . What is the meaning o f the concept of an Aqq -structure on 

som e Hochschild-complex C*(.4, AI) ?

B y Proposition 2-4- it is clear that one needs to construct maps m t : (C*(A, A/))®* —> 

C * { A , M ) ,  satisfying certain properties. But by the above Lemma 2.27. it is

enough to define a map m, : T M MA  —> AI, where A contains i

copies o f AI. Again one can explicitly write down the equations that have to 

be satisfied by these mt ’s.

An example o f this will be given below in Definition 3-4■ together with 

Theorem 3.6. It was shown in [10], that this defines an A^-algebra structure 

on C*(.4, .4) and therefore satisfies all the necessary equations.

2.5 oo Poincare D uality  on  A M Algebras

There are canonical Aoo-bialgebra-structures on a given A^-algebra and its 

dual. Aoo-bialgebra-maps between them will then be defined to be oc-inner 

products.

L em m a  2 .3 0 . Given an Aoo-algebra (.4. D). Let the coderivation D  be given 

by the system  of maps {m, : A®* —> .4},> t from  Proposition 2-4-

(a) One can define an Ara-bimodule-structure on .4 by taking 6/t.r : .43fc 0  

.4 0  .43/ —> .4 to be given by

bk.i ■— n ik -i-1-
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(b) One can define an Aqq-bimodule-structure on A * by taking bk,i : A®fc ®

A ’ <25 A 91 —* A * to be given by

(&fc,z(a i> * * * i a t, a*, a /t+ i,a fe + i) ) (a )  :=

:= ± a m{mk+i+i(ak+i, .... at+z, a, a t ,..., afc)), 

where the signs are given in Lemma 2.18.

Proof, (a) First notice that the Aoo-bialgebra extension described in Lemma

2.13.(a) becomes in this case the same as the extension by coderivation 

described in Lemma 2.3.(a). Now, the equations of Proposition 2.16. 

become exactly those of Proposition 2.4. and the diagram (2.12) from 

Proposition 2.11. becomes the usual coderivation diagram for D.

(b) This follows immediately from (a) and Lemma 2.18.

□
E x a m p le  2 .3 1 . In the case of a differential algebra ( A , d ,p ) ,  which by Ex­

ample 2.6. can be seen as an A^-algebra, the above A^-bialgebra structure 

on A is exactly the bialgebra structure given by left- and nght-multiplication, 

because then 6l-0( a ® 6) =  m 2(a®  6) =  a -6  and bo.i(a®b)  =  m2(a<g)&) =  a-b,  

fo r  a.b  €  .4.

Sim ilar the Ar^-bialgebra structure on A* is given by right- and left-multiplication  

in the arguments: 6l-O(a0 6 *)(c) =  6"(m2(c®a)) =  6’ (c-a) andb0 l (a*5§6)(c) =  

a*(m 2(6 S  c)) =  a'(b ■ c). fo r  a i . c 6  A, and a* , 6* €  A*.

D e fin it io n  2 .3 2 . Gwen an A^-algebra  (A, D ).

•  Define an x - in n e r -p ro d u c t on A to be an A^-bimodule-map from  

the Anc-bimodule A to the A x -bimodule A* given m Lemma 2.30.
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•  The oo-inner-product is called an oc - P o in ca re-d u a lity  stru ctu re , if  

it induces a quasi-isomorphism of the corresponding Hochschild-complexes 

C \ A , A )  ->C *(A ,A *).

P r o p o s it io n  2 .33 . Given an Aoo-algebra (.4, D ). Then an oo-m ner prod­

uct on A is exactly given by a system  of inner-products on A , namely {<

... >k,i- A®k+M  —* R}k>o.i>o, that satisfies the following relations:

k+l+2
T  ( - 1 ) ^ - 1 ^ '  <  a t , ..., d( a i ) , ..., afc+j+2 > u =  < a i , . . . ,  m j ( o n , > r,3,
i=  I i. j ,n

where in the sum on the right side, there is exactly one multiplication  

( j  > 2 )  inside the inner-product <  ... > r.s and this sum is taken over all i, j,  

n subject to the following conditions:

(i) The cyclic order o f the (a t, ...,ajfc+f+2) «  preserved.

(ii) ak+1+2 is always in the last slot o f <  ... > r,s-

(Hi) It might happen that ak+1+2 15 inside m } . By ii), this is the only case, 

when the inner product can start with an ai ^  ,

(e.g. <  a i+I.. .. ,m J(an t... ,a fc+/+2, a i , - - a i )  >r.* f o r i  >  I).

(iv) a.k+ i and ak+i+2 are never inside the rn_, together. (This is exactly the 

significance of the indices k and I.)

(v) r and s are given by looking at which slot the element a/t+i ends up in 

the inner-product. More exactly, afc+I will sit m the (r +  1 )st spot of 

< ... > r.s. s is then determ ined by saying that <  ... > rs takes exactly 

r +  s +  2 arguments.
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Proof. Let’s use the description given in Proposition 2.23. for Aoo-bimodule- 

maps. An Aoc-bimodule-map from A to A* is given by maps fk,i : A®* ® 

A ® Aai —> A*, for fc, I >  0. These can clearly be interpreted as maps 

A®fc ® A 0  A®* 0  A —* /?, which are then denoted by the inner-product- 

symbol <  ... >k,i from above:

<  a i, ...,aie+i+1 ,o' ( — 1)*° ..., ajk+/+i))(a').

Being an Aoo-bimodule-map means that the general equation from Propo­

sition 2.23. is satisfied. This equation is

ml( . . .) , ..., a , ...) ■+* ^  6j.j(..., a , ...), ...)+■

-F a , .... n ii( ...) ,...) =  /ib,/(..-, n, • ••),...).

Here a €  A is the (A: +  l)st entry of an element in A®fc 0  A 0  A8 /, which 

means it comes from the A^o-bimodule A, instead of the Ara-algebra A. 

Now, by Lemma 2.30.(a), bUJ =  m ,+J+l is just one of the multiplications, and 

thus the left side of the equation is just fk,i applied to all possible multipli­

cations mt. As fk.i maps into A ', one can apply the left side to an element 

a' €  A and therefore use the maps < ... >k.i-

V  ± (/fc ./(....m I( .. .) , . . .) ) (a )  =  <  ..., mt(...) ,....a ' > k.i . (2.34)

In order to rewrite the right side of the equation, one uses Lemma 2.30.(b) 

(with / fc./ ( . . . .a . ...) €  A*) and the maps <  ... >*,/, when evaluating on a' € A:

^ ± ( c , . j ( a i  f k A - a , ...)......ak+i+i ) ) (a )  =  (2.35)

=  5 3  afc+t+i , a \ a 1,...))  =

=  5 3  ■*" < a  rrir(---- “fc+r+i. a*, ai — ) >fc / .
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Now, with the identities (2.34) and (2.35), it is clear that the inner- 

products have to satisfy equations with sums over all possibilities of apply­

ing one multiplication to the arguments of the inner-product subject to the 

conditions (i)-(iv). This is of course just what is stated in the equation of 

the Proposition, when isolating the 3-term s to the left. For condition (v), 

notice that the extensions of D  and D A from Lemma 2.3.(a) and Lemma

2.13.(a) record exactly the special entry a in the Aoo-bimodule A . Thus, the 

Aoo-bimodule element a determines the number fc, and then I is determined 

by the number of arguments of <  ... >k,i-

In order to see that the signs can be written as in the proposition, one 

has to insert the signs for the case m , =  mi =  d. The important terms in 

(2.34) are

( - l ) £(/fc.£( - , d a 3, - ) ) ( < 0  =  ( - ! ) < £ - ,  <  . . . ,3oj,  ....a' > fc, ,

where f  is the c from Proposition 2.23. with i =  I. In (2.35) one only has to 

look at one term, namely

( ~ l ) e (Q),o(/fc.f(a i> •••' “fc+/+i))(<0>

where Proposition 2.23. implies s' =  0 (m od  2), because i =  1. So. by 

Lemma 2.18.. this term is given by

( - D l/‘ ,"“  ‘" • ’•‘" ( A A a : .......at h U l ))(da‘) =

=  i m m k i - i i  <  > t i

Bringing this term to the left side and dividing by ( —l) fc+'+lo'l yields the 

result. □
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There is a diagrammatic way of picturing Proposition 2.-33.

D e fin it io n  2 .3 6 . Given an A^-algebra  (A . D ) with the oo-inner product 

{ <  . . . . . . .  >kj-  A®k+l+2 —* R}k>o,i>o from  Proposition 2.33. To the inner-

product <  ... >k.i, one associates the symbol

k  ... 2  I

k k + 1 +  2

k  +  2

More generally, to any inner-product which has (possibly iterated) multipli­

cations m?, m3, 7714,. . .  (but no differential d  =  m \)  inside, e.g.

<  d , ,  . . . .  . . . ,  / 7 l p ( . . . ,  T 7 lq ( . . . ) ,  . . . ) ,  . . .

one can associate a diagram like above, by the follo wing rules:

1) To every multiplication , associate a tree with j  inputs and one out­

put.

I

The symbol fo r  the multiplication will abo occur in a rotated way. It 

should always be clear, where the inputs and the output are located.
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ii) To the inner product <  ... > r s , associate an ”evaluation on an open 

circle”:

r ... 2 1

r +  s  +  2r

r f  s  +  1r +  2

Here there are r elements sitting on top of the circle, s elements are 

coming in from  the bottom o f the circle and the two (special) inputs 

(r +  1) and (r  +  s -t- *2) on the left and right. Thus one gets the required 

r +  s +  2 inputs.

lit) Around the diagram, one ”sticks m ” the elem ents a, counterclockwise, 

(where the last element ar±s+2 & w  the fa r  right slot).

When multiplications m } of the graph are performed, one uses the coun­

terclockwise orientation of the plane to fin d  the correct order o f the 

arguments ai in m3 (see examples below).

Let's refer to those diagrams as in n e r -p r o d u c t-d ia g r a m s .

Examples: Let a, b, c. d, e. f ,  g. h. i. j ,  k  £  A.

<  a . b . c . d  > 2 o, (deg =  2):

a
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<  a, b, c, d, e, / ,  g, h, i > 3,4, (deg =  7):

c b a

e f  9  h

<  m 2{m2(b,c),  m2( i e ) ) ,  m o (/,a ) > 0,o, (deg =  0):

b a

c

e

<  a . b , m 3{ c , d , m 2{ e . f ) ) , g , m 2(h, i ) )  > i , 2) (deg =  4):

a

< c . m 2( d . e ) , m 2{m2( f . g ) , h ) . i . m , i ( j , k . a , b )  > 2.i. (deg =  o):
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/  e d c b

There is a chain-complex associated to the inner-product-diagrams: 

i) Degree:

The degree of the inner-product-diagram associated to an inner-product 

< ... >k.i with the multiplications m ,,, inside is defined to be
n

deg{D iagram ) := k +- I +- — 2 ).
j = i

Examples are given above.

n) Cham-complex:

For n >  0, let C n be the space generated by inner-product-diagrams of  

degree n. Then let C  := © n^o^n-

m ) Differential:

Let's define a differential on the mner-products to be the composition 

tuith the operator d  :=  £3, id 53... S3 id  35 c/ S3 i d ®  . . .  8  id (where d  =  r n i 

is being in the i-th spot):

(d(< . . . , m ( . . . . m ( . . . > ))(a [ as) :=

S

:=  (<  . . . . m ( . . . . m { . > ) ( ^ ( - l ) £ '  = > |a,1(a ! d(a t ) as )).
t=i
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Why is this well-defined and what is its diagram m atic interpretation?  

First le t ’s look at the inner-product <  ... >k,i without any multipli­

cations inside. Then by Proposition 2.33. this means that one puts 

one multiplication into the inner-product-diagram m  all possible places, 

such that the two lines on the fa r  left and on the fa r  right are not being 

multiplied (see Proposition 2.33. (iv)).

Now, if  there are multiplications inside the inner-product, then one can 

observe from Proposition 2.3., that

mn o (id  0  ... 0  d  0  ... 0  id) =
I

n-I
=  E E  mn+l_fc o (id  0  ... 0  mfc 0  ... 0  id) +  (2.37)

f c = 2  i

+ d o  m n (2.38)

(The sum over i on both sides o f the above equation means that one

has to put d  [or respectively m^J in the i-th  spot o f the tensor-product.)

Now, (2.37) ~brakes" the given multiplication m n
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into all possible smaller parts mn+1_fc and m*

77ie last term (2.38) is also important. It makes an inductive argu­

ment o f the above possible. One gets a term  3 (m n(...)) being inside the 

inner-product or possibly another multiplication, which then will have 

arguments applied to d, so that the above discussion works again.

So, on the level of graphs, the differential means to take just one more 

multiplication in all possible places without multiplying the given far  

left and fa r  right lines (c.f. Example 2.40. below).

T h e o r e m  2 .3 9 . d : C n —» Cn- i ,  and d2 =  0 .

Proof. By the formula for the degrees in Definition 2.36.. a multiplication mn 

with n inputs contributes by n — 2. Now, taking the differential means to put 

in one more multiplication in all possible ways. Let’s assume one wants to 

put m n into the formula. Then this replaces n arguments with one argument 

in the higher level of the formula. Thus

new degree  =  (old degree) — n L -t- (n — 2 ) =

=  (old degree) — I.

One can prove dr =  0 in two ways:

i) Algebraically:

The definition of d  on the inner-products is just a composition with the
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operator d  =  Y ii id ®  . . .® id ® d ® id ®  ...® id  (d  being in the i-th spot) 

on TA . Thus d? is composition with

d 2 =  ^  " ± id  ® ... ® d  ® ... ® d  ® ... ® id  =  0 .

This gives zero, because d  occurring at the t-th and the j-th e  spot can 

be obtained by first taking the one at the i-th and then the one at 

the j-th , or first taking the one on the jT-th and then the one at the 

i-th spot. These two possibilities cancel each other out, because d  is of 

degree —1 and the first d  either has to ’’jump” over the other d, which 

gives a ” —” sign, or not.

ii) Diagrammatically (without signs):

If d means to create one new multiplication inside the inner-product- 

diagram, then d? obviously corresponds to creating two new multipli­

cations. For two given multiplications, there are always two ways of 

obtaining them.

Case 1: The multiplications are on different outputs

III ~  I l f  -  I f
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Clearly, one can do one first and then the other, or vice versa. In 

this way one always gets this term cancelling itself.

Case 2: The multiplications are on the same output

Here are the two ways o f obtaining the same picture, and thus 

cancelling out:

□

E x a m p le  2 .4 0 . Let a, b, c G .4.

k  =  0 , / =  0 : d (<  a, b >o.o) =  0

fc =  1, I = 0 : d(<  a .b .c  >i.o) = <  a • 6 . r >o.o ±  <  6. c - a > 0.o
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k  =  0 , I =  1: d(< a ,b ,c  > 0,i) = <  a - 6,c  > 0.o ±  < a ,b  c > 0,o

d[ n Q c  ) =  a m n  c ±  a_ ~  -  c

1° fb b\

k  =  2, I =  0 :

d( ) =

X J -

k =  0. I =  2:

d( ) =

T T

7 r °"

TV
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k =  I, I =  I:

d{ ) =

/n  the last three pictures (with k -f- I =  2) the righthand side is understood 

to be a sum over the five, or respectively six, little mner-product-diagrams. 

Then . as d 2 =  0, one can arrange these elements according to their cor­

responding boundaries to give a boundary-free object. In this way one gets 

certain polyhedra associated to the <  ... >k.i s.
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3 B V -Structure on th e H ochschild C om plex

3.1 D efin ition  o f  th e  Involved M aps

The goal of this section is to define operations on the Hochschild cochain 

complex, including a multiplication, a bracket and a A-operator, that make 

H*[A,A)  into a BV-algebra.

Let’s first briefly recall the definitions of a Gerstenhaber-algebras and 

BV-algebras.

D e fin it io n  3 .1 . Given a ring R. A G erstenhaber-a lgebra  (A, })

over R consists of

•  a graded commutative associative algebra (A ,-),

•  a Lie-bracket { —, —} : A A —► .4 of degree + 1  satisfying the graded

sym m etry condition and graded Jaco bi-identity:

{a. b \ =  - ( - l ) |a||6| {6.a } ,

{a. {fe.rH =  { { a .6} ,c }  +  ( - 1)'“' {a ,c } } ,

•  such that the multiplication and the Lie-bracket satisfy the graded Leib­

niz rule:

{a. 6 - c} =  {a. 6} • c +  ( —l) |a| |6|6 - {u .c}

There is a more general structure:

D e fin it io n  3 .2 . Given a ring R . .4 B ata lin -V ilkovisky-a lgebra , or short 

B V -algebra .  (.4. A) over R  consists of
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•  a graded commutative associative algebra (A ,-),

•  a differential A  : A —> A o f degree —1 such that A  o A  =  0, and

•  such that the deviation o f  A  from  being a graded derivation defines a 

Gerstenhaber-algebra on A , i.e. with the bracket { —, —} : A ® A —* A 

defined by

{a, 6} := A (a  - 6) — A (a) • 6 — ( —l ) |a,a • A (6),

the triple  (A, •, { —, —}) form s a Gerstenhaber-algebra.

This definition immediately implies the following Lemma:

L em m a 3 .3 . A BV-algebra structure implies the structure o f a Gerstenhaber- 

algebra.

Now, the goal is to define such a structure on the Hochschild-cochain- 

complex of an Aoo-algebra A. In order to describe the necessary maps, a 

convenient diagrammatic notation for maps of the Hochschild complex will 

be used. Let’s first rewrite elements o f the Hochschild complex in terms of 

diagrams.

Let A be a graded module. In order to include the signs, it will be convenient 

to denote degree of an element a 6  A, by |a| =  i. and the corresponding 

degree in the shifted space a 6  A, =  (sA ),+l by ||a || =  i -F I.

Now, the Hochschild-cochain-complex (Definition 2.7.) consists of lifts of 

maps /  : (sA )®1 —«■ sA  to coderivations /  : B A  —*• B A  according to Lemma 

2.3.(a):

/ { a , .......a„) =  £ ( - l ) ' m  d l.,11. .  .......J[a]+i  a , . , ) .
j=0
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Diagrammatically this can be represented by

a  2
« 3 .
a4 i f '

/ ( “ i ...............=  -
] —0 -----------------

where the sum moves /  from top to bottom .

In general /  consists of a sum of lifts o f / ’s, corresponding to maps starting 

from different components (s-A)®1, i.e. taking different amount of arguments. 

It is useful to represent /  simply by , keeping in mind, that this

represents not only a sum over different amount of arguments, but also a 

sum  corresponding to the lift of the components to B A  like above.

For example if (/I. D)  is an Aoo-algebra, then part of the structure is given 

by the coderivation D  : B A  —* BA.  This coderivation was denoted by a fat 

dot: D

If M  is another graded module, then exactly the same arguments can

be applied to coderivations /  : B A  — ► BM A.  The only difference is,

that the maps /  : (s .4 )a * — ► s M  now map into s M  and therefore lift

to  maps (sA)®" — > ® w = n .,(s^ )® i  c>5 (sM ) ® (sA)®1. Diagrammatically

this makes no difference, when remembering from where to where /  maps: 
s.4

 sM-

Now. if [M.  D u ) is an Aoc-bimodule over the A^-algebra (.4. D).  then, 

by the same reasoning as above, one can represent the coderivation D ‘xf : 

B ‘u .4 —* B MA.  given by maps (.s.4)®1 3  ( s M)  3  (.sA)®J — s .\[ . in a diagram-
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Sy
matic way: D M s x f  Here the same sym bol of a fat dot will be

if
used that was already used for the Aoo-algebra structure of A , because in the 

applications below, M  will be either A  or ,4*, and in these cases D M is given 

by D  (; compare Lemma 2.30.).

Finally, one can repeat the arguments above for graded modules A , M . 

(V, and a given bi-comodule-map F : B M A —► B NA.  This means that F  is 

given by maps ( s / i )®1 ® (s M ) ® (sA)®3 —* s N  for i, j  >  0, which respectively 

lift to maps (s.4)®* ® ( s M )  ® (sy4)®f —► (sA)®k~l ® (s N ) ® (sy4)®/-J . The 

symbol that will be used in this dissertation to denote bi-comodule-maps are

open circles: -----sly -

:r
T his will of course be used for the oc-inner-product F  : B AA  —- B A .4 of

: : Can A^-algebra .4: F  (; compare Definition 2.36.). (Note

:r
that instead of thinking of this diagram as having an output in s ,4 \  one can 

interpret it as a map with one more input-argument on the right.)

With this notation, one can introduce a diagrammatic representation for 

maps of the Hochschild complex.

D efin itio n  3 .4 . Let A be a graded module.

•  The basic operation that can be performed m the Hochschild-complex
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C*(A, A) is the ’’composition”. This cannot be the usual composition of 

the coderivations as maps, because the composition o f  two coderivations 

is in general not a coderivation. In detail, i f  f  : (sA )®1 —♦ sA and 

g : (sA)®J —► sA are linear maps, then lifting them to coderivations f  

and g, and composing them as maps, gives the map

{ax, ..., o„) *-*■ ' ("•’ - •  “*+»)’ •••’ a'+ i)’ "■) +

—l)c • f ( a k + i , g { a i + x ,  . . . ,ai+j) , +

+  5 Z (~ 1 )£ • {—, 9 i ak+i  ak+})< f(o-i+It ...),

where • =  | | / | |  • £ f = , ||aj|| +  \\g\\ - £ ' =1 Ua.ll, and s' =  | | / | |  • (||g || +  

E ! = t l k | | )  +  ll^ll • E f= ill°* ll- Tflls 45 (clearly) not a codenvation, 

because the first and last component o f the sum are not o f the form  of 

codenvations. So, fo r  the definition o f the c o m p o s i t io n , one takes 

only the middle term

f  o g( au .... an) := ^ ( - l ) H / l l - E f =l IKII.

(•*•» f ( ^ k + l i  •••* g(Q-l+ It - ••• ®<+_; )« •--* Ok+i—j + l )» •••)•

Diagrammatically, fo r  the coderivations f  and  the

composition f o g  is denoted by j  where it is clear again

to sum in all possible ways.

Here is the definition of a symbol fo r  the composition operation: © - ©  

It symbolizes to map f  ® g to f o g ,  by plugging the second map g into 

the first map f  in all possible combinations.
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More generally the symbol denote the brace-operation.

which is defined as follows. For linear m aps f  : (sA)®* —► 5/4 and 

gF : (sA)®Jfc —* sA, with k =  1, . . . .  n — 1, and corresponding lifts f ,  g*, 

one takes

(.f { § 1 : = ^ ( _ i ) l l / l l - E f . , l l « . l l + l l s l l - E U . I I « . l l .

■ (.... f ,( . . . .g ; t( ...) ...... 4 ( . . . ) ...... 5;n; lt

This corresponds to the codenvation with the diagram "^ > 9  ■—

Here, the nodes represent certain coderivations which have an arbitrary 

amount o f inputs. There is an im plicit sum  with signs over all those 

possible inputs.

If {A. D ) is an A^-algebra. then one defines a sequence of multiplica­

tions given by Mt[ f l . .... /*) := D { f l ... . .  f 1} , where {...} denotes the 

brace-operation from above. The symbol fo r  the multiplication A/, is
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With the help of the composition it is also possible to define the Lie- 

bracket on the Hochschild complex.

D e fin it io n  3 .5 . Let A be a graded module.

•  Let f , g  6  C ' { A , A )  Then define the bracket-operation  on C*{A,  A)  to 

be the graded com m utator o f the composition:

{ f i g }  '•= f o g  -  ( - i )ll/llllsll5  o / .

The symbol fo r  the bracket is clearly given by 4- © - ©

Note, that this bracket is the same as i f  one would take the com m utator 

of the codenvations as maps, because the troubling term s in Defini­

tion 3 .4• cancel each other out. The commutator o f codenvations is a 

coderivation.

•  Now, i f  one has an A^-algebra  (A, D ), then the differential on C m(A,  .4) 

can be rew ntten as 6( f )  =  { / ,  D }  =  f  o D  — ( —1)1^ Do  f  and therefore 

it has the symhnl 0  ~ ( ~ 1) m

•  More generally fo r  any Aoa-bimodule (M , D M), the differential on C*(.4, A/) 

is w n tten  as dM( f )  =  /  o D  — ( —l ) ,^'lDAr o f , and its diagram  is given

by

SM(f )  =  f o D - ( - l ) m D Mo f  =

These definitions give the well-known Gerstenhaber-stnicture on the Hochschild 

complex.
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T h e o re m  3 .6 . Let (A , D)  be an A^-algebra. Denote by (M 2 ), and { —, —}« 

the induced maps of (M 2 ) and  { — } on homology.

Then, the triple (H*(A,  A),  ( M 2 ). ,  { —, —}.) form s a Gerstenhaber algebra.

Proof. This is a well known fact, originally proved by Gerstenhaber for as­

sociative algebras in [8 ], and in general by Getzler and Jones in [10]. □

R em a rk  3 .7 . Below, the last definition 3.5. will have to be applied to the 

case of the Aoc-module M  =  A* over an Aoo-algebra (A , D ). It w ill be useful 

to make this more explicit. In order to do this, one can use the description o f  

D A’ : B A'A  —* B A' A from  Lem m a 2.18. and Lemma 2.30. Namely, as D A’ 

is a codenvation, it is enough to look at the components D A’ : B A’ A  —* .4*, 

which are given by

(D i'n -k - | ( “ l  ak, a ' , a k+ t  On))(antl) =

=    a»» .

So. for  f  : —* s^4*. one has

( D A' ( a l . . . . , ak. f ( a \ ......a[),  a fc+l, a n))(an+1) =

Therefore, the differential SA' ( f )  =  f  o D — ( — o f  is represented by
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the diagrams

Notice that this ju st m eans to add a multiplication D  in all possible ways 

around f ,  which corresponds exactly to the interpretation of Definition 2.36. 

In other words, if  one identifies

C ' { A , A m) =  C oder { BA ,  B A'A)  ^

s  Y l  H a m { { s A )®\ ( sA)m) s  [ J  Hom( {s A) * i+l . R),
i>0 i>0

then the output of a m ap f  : { sA)9t —* (s A) m is interpreted as another input, 

and the picture for the differential 6A' above shows that this is ju st the dual 

o f applying D to all possible spots in the inputs.

The last ingredient that is needed is a BV-operator. The definition for 

it will not be given on C M{A. A) ,  but on a quasi-isomorphic subcomplex of 

C*(.4. A'),  namely the reduced Hochschild complex.

D e fin itio n  3 .8 . G iven an A^-algebra  (A, D ), and write D  =  $ ^ l>0 D t in its 

components (compare Lem m a 2.3. (b)).

•  Then an elem ent 1 €  /io — (s-4) + t C BA  is called a u n it o f  A. if. D n 

applied to any elem ent o f the form  (a t, .... a ,_ t, l .a t+l, .... an) €  { sA)Zn 

always gives 0 . except fo r  the case n =  2, where

— D n ( l . a )  =  a =  ( —l) l|a|lD2(a. 1).
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D „(alt l ,o i+1, . . . ,a n) =  0 f o r  n ^  2.

In this case (A, D. 1) is called a unita l A ^ -a lgebra .

Notice that the signs are given such that fo r  the associated map mo =  

s~ l o £>2 o (5 ® s) one has 7712( 1, a) =  77io(a, 1) =  a (compare the proof 

of Proposition 2-4-)-

•  Given a um tal A^-algebra (A, D, 1) and an Aao-bimodule ( AI , DM) 

over A. Then define the reduced H ochschild-cochain-com plex

C*(A, AI) to be the subspace o f C m(A, M)  =  C oder(B A , B MA) given by 

maps f  which map to 0 , whenever applied to tensor-products including 

the unit I:

/ e C ^ A i l / )  »  f e C m{ A, M)  and

V a t . ,...an €  A : / ( a t , .... I an) =  0.

L em m a 3 .9 . C ' { A .  M) is a subcomplex of C*(A, M ) with the inclusion being 

a quasi-isomorphism  C*(A, AI) C C*(A, AI).

Proof. See Loday [13], p.46. Proposition 1.6.5. □

With this, it is finally possible to define the BV-operators. It turns out 

that there are actually two operations (3 and A , which satisfy 32 =  0 and 

the deviation of A  from being a derivation is a Gerstenhaber algebra (on 

homology). In the important case where 3 . =  A .,  one gets a BV-algebra.

D e f in i t io n  3 .1 0 .

•  Gwen a unital A^-algebra  (.4. D. 1). The dual o f C onnesr B-operator. 

denoted by 3 . is an operator 3  : C*(.4, .4') — C*(.4. .4*). For f  6
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C ' { A , A ' ) ,  let

(( /? ( /)) (a l , . . . ,a n))(an+l) := ^ ( - l ) £( / ( a j , a n+l , a t. o , _ l ))( l ) ,
n+l

i = l

u/fcene £ =  | | / | |  4- | | a i | |  4- . . .  4- | | a n + i | |  +  ( | | a t | |  +  — 4- | | a J I )  • ( | | « i | |  +
%

ai+l

... 4- I| a i _ ! | [)- Diagrammatically, this coderivation is ±

a{

Ot-l
where the sum  over i is im plicitly assumed. The operation 0  is denoted 

(up to sign) by . Here, the fa t line on the left denotes the

position o f  the last element a^+i plugged into f ,  which now doesn’t have 

to come from  the right any more. Then all the other elements a} will 

be inserted in a cyclic way starting from  a j .

•  In order to define the A -operator, one needs to assume an inner- 

product F  on A. With this, A  : C*(A,  A) —» C m( A , A m) is given by the 

diagram m atic picture

i + i - i r - i

°t+i
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where a sum over all combinations is assumed, 

i i - i
j. = £lkll +ll/ll

t —I r = l

t j —1 fc n + l

--2 =  Y  i w i  +  ii/ii • (Y i n d  +  < £  i n i )  • < £  i w o -
r - k + 1 r —k + 1 r = l  r —k + l

i J -l

=-3 =  Y  INI!+ W + ll̂ ll (£ll°-ID'
r= l  r —1

and the oo-inner-product F  is as usual denoted by an open circle (com­

pare Definition 2.36.). The symbol fo r  the A -operator is given by

A  =  L J - +  1 -° — +  '  l -

where £ is the degree of the operation to be plugged into and the 

fa t line on the right denotes again the position fo r  an+ 1 to be inserted. 

The correct sign can be obtained by the following sign convention.

Sign  C on ven tion  f o r  sym bols: Given a symbol fo r  an operation on the 

Hochschild-cocham-complex. Then it is assumed that this represents a sum of 

all combinations o f placing the elements (ai ,  .. . ,a nTl) into the given picture, 

with the last element an+1 ending up in to position indicated by the fa t line.

In particular, there is a unique configuration of doing this fo r  which a l l a i ........

a n+i are plugged into the same operation m which an+i is being plugged into.

(This means that one can think o f the a, ’s as sitting *next to each other'7 at 

the fa t line.) This configuration will be assumed to have a vanishing sign (i.e. 

Ly. Then every other configuration fo r entering the a t 's can be compared
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to  the one described above, and thus obtains a sign given by the usual sign 

convention, namely when writing down an explicit expression fo r  a diagram, 

one introduces a sign ( —  1  ) H * H * l l i f l l  j or every le tter x  that has to jum p over a 

le tte r  y.

Here are two examples fo r determ ining the order in which the letters would

W l / 1
“t-i \ r  /  ?2

a i
occur in a given diagram. The diagram  Qt i-t 15 e'r plicitly w ritten as

at+i

F ( a l , . . . , aJ_ l ,/(a_/,.. . ,afc),afc+l, . . . , an+l). The diagram ai

Ox-i-l

represents the expression F ( a k + i , /(a_,, . . . ,an+l ,ai ,  ....a*.)).

Here is an example for the sign convention. In the above definition of A , the 

symbol was used. It contains the special configuration i *»,. , t r

T T  7 S ^
which has the + 1  sign. (Recall that the lowest component of f  is f  : R  —*

A . so that f  without any input makes sense). Therefore the configuration

l l « r l l  +  l l / l l  • ( 5 Z r = l  I N I ) -  W h t c f l  «  e X -'Tl-f1

actly what was written as £i in the definition fo r  A  above. 

C la im :  J  and A  are (graded) chain maps.
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Proof. The proofs will be given twice. First, in order to get a better under­

standing, the explicit diagrams (without signs) will be used. But the proof 

becomes much easier, when being performed on the level of symbols. Then, 

the above sign convention will also proof the correctness o f signs.

W ith Remark 3.7., one gets

S A' W f ) )  =

a

±±
Un+ 1

a
•n+  I

\

tf(<5-4‘ ( / ) ) ±

where the second term in the second line comes from multiplying I with 

other elements via D,  which, as 1 is a unit, can only be done for a} £§ 1 and 

1 This gives terms with a} and Uj_i. which cancel after summing
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over j .  (Notice that the expressions with a_, ® 1 and L ® a_, differ by a sign

( _ l ) l l « J l l r  a n d  £ > 2 ( 1 . 0 * )  =  - ( - l ) I M  • Do{aj. 1) . )

Similarly,

\

=  sum of all possibilities of placing the

Qt+i

multiplication D  around ^

i ± + i

■n-t-L

But notice that by the property D A' o F  =  F o D A of the oc-inner-productA
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F,  one has (compare Definition 2.36.):

0 =  ± n + 1  ±  I   „ + i  ±

A

+1 ±  1

i + l  1— “ n + l -  

' £ ^
Comparing this with the above expression, one sees that the differential is
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given by

'71+ I

• n + l

where the property of the unit 1 was used in a similar way as before. A 

calculation of the differential of the other two terms from A ( / )  results in

I

±
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SA' 1 . + i +i

+ i

Adding these three terms, one sees that most of them cancel, except for

dJ ' ( A ( / ) )  =  - A ( i J ( / ) ) .

On the level of symbols the proof above is written in the following way: 

One needs to show that the 0  and A  commute (in a graded way) with the 

differentials SA and SA. For this, abbreviate a  := llatll the total degree

of the input elements a„ and let fx :=  | | / | |  be the degree of the Hochschild- 

cochain /  that is applied to 0  and A . Then the claim follows from

9 _A  =  ( - ! ) *  +
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together with

j A'

T " .

=  ( - D  ■ i

Here are some remarks on how to obtain the signs. All the symbols above 

have a uniquely given sign by the sign convention stated above. In order to 

determine the sign one has to see which function-letters are being commuted 

and introduce the corresponding sign for them. Furthermore, the sign rule 

for the unit from Definition 3.8. has to be used. Finally, one has to be 

careful that e.g. the boundary components f p )  0  and j.

of come from a cancellation of placing the multiplication in all

possible places around the inner-product (compare above). This means that 

those terms are being subtracted from the differential in question(- which, in 

the given case, will come to an overall plus-sign. because the multiplication 

D  jumps over the unit 1. and thus introduces another minus-sign). (Compare
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also the boundary component i— o-
of i— o - C D —- which does

not come from a cancellation and thus has an overall minus-sign from D  

jumping over 1.)

Similarly for (3, one has

H =  . 0 _ | ___ 1 +

+ (-D ^ + '-Q -o —! + ( - ir +,‘*1Q —| — L,

with

x A '
( 0— 1— 1)  =  ( - +

+ l + ( - l )
an

XA'

s t 1,

which shows that

 l +

+  ( _ l )Q+M+I

SA' W f ) )  =

□
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So, both 3  and A  are (graded) chain maps on the space C*{A,  A') ,  

which, by Lemma 3.9., is quasi-isomorphic to C* ( A , A m). If one also has an 

oo-Poincare-duality-structure F  given on A,  then, by definition (Definition 

2.32.), C *(/\,,4*) is also quasi-isomorphic to C'(A,  A):

C ' ( A , A ) ^ C m( A , A m), f ~ F o f .

Therefore, the induced maps on homology : Hm(Cm(A,  / ! * ) ) —► H . ( C m( A , /I*)) 

and A . : H. {C' {A .  A'))  —* H . { C ’ (A. A))  can (and will) also be interpreted 

as a maps H ' { A , A )  —* H m(A, A) .

More explicitly, if /  €  C ' { A ,  A),  then / i . ( [ / |)  and A .([/])  are defined by 

Ml)) =  M [ F o f \ ) ,  and A .( [ / l)  =  A , ( [ F o ff]).

D e fin it io n  3 .1 1 . Given a unital A^-algebra  (A , D , l ) with oo-Poincare- 

duality-structure F. Then F  is called s y m m e tr ic ,  if  the operators A  and 3 

induce the sam e map on homology:

A . =  0 ,

Here is a lemma that gives a motivation for the word ’’symmetric’’ in the 

last definition.

L em m a  3 .1 2 . The difference o f  A  and 3  is given up to homology by the 

operation

- i -O - t - i r* —£
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where a  is the total degree o f the inputs a*, and p. is the degree o f the 

Hochschild-cochain plugged into the symbol.

E x a m p le  3 .1 3 . The lem m a shows that if  F is a stric t bimodule-isomorphism  

o f  A  —* A ' and has no higher components, then it is sym m etric. This is clear, 

because as there are no higher components, the nghthand-side o f the equation 

above vanishes.

Proof. The above lemma will be proved by a general method of proving 

identities in the Hoehschild complex. Explicitly, one writes down an element 

x  from the Hoehschild com plex, whose differential S(x) will then be 0  in 

Hoehschild cohomology, because it is a boundary.

L et’s look at the following element:

(A s before, the number I inside the circle indicates that for any given element 

/  €  C ’ (A. A),  this expression gives an element in C ' { A , A ’ ) by plugging /  

into the indicated position. The fat line indicates where one has to start the 

evaluation when applying the expression to a t <3 ... S  On+i )

Let's start with calculating the differential of this element. In order to under­

stand this calculation better, the symbol will be replaced by an explicit 

element /  €  C*(.A. A),  and as before it is always assumed that the elements 

a t  an_t are placed in all possible spots. Also, the sign will be added later.
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when performing the proof w ith symbols. By Remark 3.7. one has

SA’ =  sum over all combinations of

placing a multiplication D  around j

When simplifying this, it will be useful that the oo-inner-product satisfies 

D A' o F — Fo D a =  0. This means that the sum of all combinations of placing 

D  around the open circle (which represents the oc-inner-product) vanishes 

(compare Remark 3.7.). Placing the unit, /  and the fat line at the places 

indicated by the above diagram, one sees that the following sum is zero:

Several terms of this sum are immediately zero. Namely the first terms in the 

first line and the last term in the third line become zero, as the multiplication

0
j

* 1— • — l ±  I— I — ±  i—

d 1 . . - .  1 ±

■f±
1
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o f three or more elements which include the unit always vanish. The last term  

in the first line vanishes, because this element represents a sum of terms

1 1 =  0 .

(It was used that the multiplication is nonzero only on two elements, where 

m 2 (n, 1) =  a =  m2( l .a ) .)  Similar the first term of the third line becomes 

zero. The only remaining terms in the first and third line are:

/  I /
I ±  1— 6— =  ±  ■■ 6— i ±  i — 6------/ -

where it was used again, that I is a unit.

Going back to the differential that had to be calculated, one has to place

the multiplication in all possible places around the expression  ̂X i* Af-

1— o— i-

term i  ̂ appears, and above one has three additional terms, namely

/

ter doing this, many of the above terms appear. But instead of i 5  1, the

-1 ±  1— a— / x
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As the claim is supposed to be true on homology, it will be assumed that /  

represents a closed element and therefore 0 =  SA( f )  =  j  / ■

which thus identifies (up to sign). In conclusion:

a .4* ( - 1)

+  ( - U a+a
" • i— l — (T ) + 1— i

Similarly, one gets the other terms

-(-ir ■30 =  ( -  i • n \ — 6 — 1+

9  5 ^+ (-i r - 1 — 6— +(-!)“•- • 1-4 —i,

6 A'

\

TV- + (7

1—I—I “ - i—I—i-
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Adding these terras, one gets

Q / i + a + ^ - t - l

Now. the first bracket clearly corresponds to the A-operator, whereas the 

second bracket was already shown to correspond to the ^-operator on ho­

mology. More precisely, this term corresponds to 3( f )  =  3(  y  Q) when

applied to an element y  0 =  F  o f  for /  G C' ( A,  A).  because by definition

one inserts the unit 1 on the right and lets the arguments a\,  .... Oj, rotate 

around the function y  0  €  C*(.4, A ') (compare Definition 3.10.). □

3.2  P ro o f o f th e B V -stru ctu re on the H oehschild  C om ­
p lex

T h e o r e m  3 .1 4 . Given a unital A^-algebra  (A. D. 1) unth sym m etric  oc- 

Poincare-duality-structure F.

Then, in the notation of definitions 3.5. and 3.10.. the space ( H ' ( A . A),  (Mo) , .  A .)
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is  a BV-algebra, whose induced Gerstenhaber-structure is given by { —, —

Proof. The remainder of this section is devoted to the proof of Theorem 3.14.

Using Theorem 3.6., it suffices to show that (A ,)2 =  0 and the deviation  

o f A . from being a graded derivation is given by { - ,  - } . .T h e  first statem ent 

comes from the assumption A . =  0 ,  and the following Lemma.

L em m a  3 .1 5 . On the reduced complex C*(A,  A m), it is 0 2 =  0. It follows 

that {0 . ) 2 =  0.

P roof Let f e C ’ ( A. A' ) .  Then

=  0 ,

because /  € C*(.4. .4*) maps any tensor-product of the form ... g  I ® ... to

It is left to compare the deviation of A . from being a graded derivation 

with { —. — These will be shown to be equal by the same method that 

was used in Lemma 3.12. Namely for two elements f . g E  C*(.4. .4), the sum 

of both terms (applied to /  and g) can be seen to be the boundary of some

%

0. □
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other element H ( f , g )  6  C' { A,  A m).

At this point, it seems useful to make a remark about this element H( f , g ) .  

There is a graphical way of picturing / ,  g and H( f , g ) ,  which was described 

in [6], Lemma 5.2. In fact, the proof o f the current theorem is nothing but [6], 

Lemma 5.2 rewritten in the Hochschild-cochain language. The term H ( f , g )  

below will correspond exactly to the homotopy of [6], Figure 7. It turns out 

that this proof presented here is not the shortest possible, as some of the 

terms of H( f , g )  will be subtracted later on. But in order to have a clear 

correspondence with the pictures from [6], this proof seems more useful. 

Let’s again use the abbreviation a  for the total degree of the elements at 

to be applied as arguments, and g. =  | | / | |  and v  =  ||^ ||, when /  and g will 

be placed into the first, respectively second spot of a symbol. The needed 

homotopy is given by

Let's again assume that /  and g are closed, so that D o /  ■= f  o D  and 

D o g  =  g o D.  Then one gets the following boundary terms (compare the

H  := -(-ir - !
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calculation in Lemma 3.12.):

;A'

/

+

=  i— o

- ( - 1)
HU

<2>

-(-ir-i

( - D ~  ^ j j a H + H ' U  _
1— -O -

1
+  ( - ! ) ■ 1
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SA‘ - ( - i r ' • i

XA' (~ =  ( - i ) - ( T
I K 2 .

c--t* 1) =  ( -

At this point many of the above terms cancel each other out after a sum­

mation. and the only remaining terms of SA' ( H)  are given by SA' ( H)  =
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—X  +  Y  +  Z,  with

Y  : = ( - ! )  i

It is clear that X { f , g )  =  F  o ( /  o g).  Now the claim is that Y { f . g )  ^  

—A ( / )  — whereas the term Z ( f , g )  — ( —1 Z{g,  f )  ~  A ( /  ^  g).

After this is shown, the theorem follows, because then (using the fact that 

—' is graded commutative on homology):

{ f  g}  =  f  o g -  ( ~ l ) m  m g o f  =

=  * ( / , < ? ) - ( - 1 ) II/IHI,II* W )  =

=  Y ( f . g )  -  ( - 1  )"m '3" Y{ g . f )  +  Z( f . g )  -  ( - l )"f" "9"Z(g, f )  ^  

S  - A ( / )  -  g +  ( - l ) " f ""a"Mg)  — f  +  A(Z ^  g) =

=  - M f )  ~  g -  ( - D m f  ~  Mg) +  M f  ~  g).
In order to show Y { f . g )  ~  —A ( / )  g. it will be useful to look at the

boundary of the following term

Therefore, the above shows that for any f , g  6  C ’ (A, A)

X ( f . g )  =  Y { f , g )  +  Z( f , g ) .
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Let’s assume again that this symbol will be applied to closed elements /  and 

g,  so that A ( / )  will also be closed. Then the differential of this symbol is 

given by

*A'(  ( - 0  4 © - ^ -  > =  °  ~ (~ U" A (© > 9

The first term on the right hand side is clearly F  o ( A ( / )  — g). T he sec­

ond term is also immediately seen to be Y ( f , g )  after applying the explicit 

description for A  given in Lemma 3.12.:

2

It is left to show that A ( /  <7) ~  Z { f , g )  — ( —1)H/II Ilsli . Z ( g , f ) .  This

will be done again by stating an explicit element whose boundary is the sum  

—A { f  ^  g) +  Z ( f . g )  — ( — ll9llZ(<7, / ) .  The element in question is

& a
(Notice that the first three terms were already used in the definition of H.  

and they are now merely subtracted! Clearly, it would have been much faster
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not to introduce them  at all. But as it was mentioned before, when using 

the faster way the correspondence with pictures of the little disc would be 

less clear.)

For completeness sake, here are the terms gained by applying the differential:

-c-ir -1-SA'

\  ) J

+ _ ( - D —  ■

(

- ( - i r "  • i — o - 0 —  =

V ©  /  ©

+ ( - 1 r * ”  - i— o— -  ( - 1 r " • g H H © - -

- ( - l  r
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- ( - i  y i

v+(tv

( - 1  r 1'   ^ __ | jQ -) l+ Q  l '+ ( l  l»
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A thorough investigation shows that all terms cancel except

/  Q  N

( - i )  • © - L —  -  ( - i r *  • @ - < h © -  -  ( - 1)1*" • © - 9 —

v ©  j

©  '  

( - D  © J — - ( - i ) '11' q - o - ® - - c - i r '  © H p -

©  >

=  Z ( f , g )  - ( - 1 ) ' “ ' - Z f o , / ) ,

(when applied to elements /  and 5 ), and furthermore, one has the remaining 

terms

|_ |ja (i+ aK

+  ( - D
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4 G eom etric C onstruction  o f oo Inner P rod­
u cts on C losed O riented M anifolds

In this section an oc-Poincare-duality will be constructed on a simplicial 

model of a compact oriented manifold. The idea of the construction will 

follow a method of Dennis Sullivan for obtaining local infinity structures, see

[18]. The correct algebraic concept to which this idea has to be applied will 

be developed first.

This section is joint work with Mahmoud Zeinalian and will appear in [21].

Let’s first introduce a complex which is convenient for dealing with oo- 

inner-products. It turns out that closed elements of this complex correspond 

to oo-inner-products and exact elements correspond to homological trivial 

maps of the corresponding Hochschild-complexes.

D e fin it io n  4 .1 . Given graded modules V , W  and Z  over a ring R. Denote 

by I f  V  :=  0 n r n > o V*" 3  W  3  V®”* 3  Z.

•  For a given A^-algebra  (A, D ), Proposition 2.33. describes oc-inner- 

products as certain elements F  : T *A  —*■ R. One can put a differential 

on T * A .  such that the closed elements o f H om (T $A . R) are exactly 

o c -inner-products( . compare Lemma 4-2 below). The differential D  : 

A  —* T  * A is given by a sum of applying D  at all possible places in 

T $A  in the cyclic way described in Proposition 2.33.

l ........ On* ^ n +-1 •  ^n+m+l * ®n-t-m-t-2) - =

- D (a l  Uj). a]+l . ...).
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The sign and the condition fo r  applying D  are stated in Proposition  

2.33. (i)-(v). Basically, these conditions express, that one has to keep 

track of the two special elem ents o fT ^ A , which can never be multiplied 

by D . The diagrammatic picture fo r  T> was described in Definition 

2.36. (, where one has to insert the elements a, cyclically):

±  w  ,  v f  ,  w  ±

h r
The only difference to 2.33. is that one has to apply all o f D =  +

do +  8 3 ... including the differential d \, and not ju st the higher terms. 

C laim :  D 2 =  0 .

Proof. The diagrams for 0 2 are given by applying D  in two places. 

There are two cases(; compare Theorem 2.39.). Either one of the two 

multiplications was ’’stuck” on the other one, in which case D 2 =  0 

shows, that the sum of those diagrams vanish. Or the multiplications 

occur at different places, which cancels out with the same expression 

but where the order of multiplication was reversed. □

•  Now given another A^-algebra (A '.D ') and an A^-algebra-map f  : 

A — A'. Then, one can define a map f  : T $A  —- T $ A ' by taking the

w
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sum o f applying f  at all possible places simultaneously:

a n + l ?  ® n + 2 i  •••» a n + m + l T  • —

One has to take the same * cyclic” rules fo r the positions o f the ele­

m ents at , that were taken in the definition o f D .  Namely, one has to 

insert the a, cyclically such that the element On+m+2 ends up in the last 

spot. Furthermore the two special elements On+t and an ¥ m +2 o f T * A

and an+m+2  can never be inside some f  with only one output compo­

nent. Diagrammatically, one has

C la im : f  : (TfA. T) )  —► (T $ A ',  D') is a chain map.

Proof. V  o f  corresponds to applying /  and having one multiplication 

U  inside in one position. /  o *D corresponds to applying /  and having 

one multiplication D  outside in one position. But the fact that /  is an 

Aoc-algebra-map (D' o f  =  f  o D) means exactly that /  commutes with 

inside and outside multiplication of D' and D. □

uniquely determine the new special elements o f Tff, A '. Therefore an+i
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L em m a  4 .2 . Every element in H o m (T £ A , R ) can be understood as a map 

H o m (T AA, A ') by dualizing the last component, and thus by Lemma 2.21. 

and Proposition 2.19. as a map C *(A , A) —* C '(A , A*).

Closed elements in (H om {T ^ A , R ), D*) correspond to chain m aps from  (C*(A, A), D A) —» 

( C ’ (A.  A*), D A'). Exact elem ents in (H o m (T AA, 72), D*) correspond to ho­

mological trivial maps H m( A, A)  H * ( A , A m).

Proof. Let F  €  H om (T AA, R). T he proof of Proposition 2.33. is exactly the 

interpretation of V m(F)  — F  o D  as a map C*(A, A) —» C*(A, A*) given by 

D A’ o F  — ( — L)||F,I - F  o D a . (In fact, Proposition 2.33. was the guideline for 

the definition of D .) This imm ediately implies the claim. □

Next, an inductive construction will result in a closed element in T Al  A ’ C 

H o m (T AA. R) of degree 0. The differential V m of T Al A * is nothing but 

applying D* : T A' A* —* T A‘ A* in all possible places according to Definition 

4.1. By Lemma 4.2. a closed element in T A‘ A* of degree 0 represents of 

course an oc-inner-product, where the degree is given in the following way.

Let F  =  (ci 3 . . . 3 c n) 3 d ® ( d ( ® . . . ® d ^ ) < S d "  6  (A*)®'* 3  A* 3  (A*)®m S  A*, 

with c, e  (A')fc,. d  6  (A*)fc/, d[  €E (A*)fc» and d" e  (A*)*'"- Then the total 

degree of F  is given by
n  m

IIF1I = £ > ,  -  I) + («:'- 1) + £> ," - 1) + (1 -  k’").
1= I t = l

Given an A.^-coalgebra (C, D ‘ ), which means by definition that the dual 

space (A := C ' . D )  is an Aoo-algebra. As the rest of this section mainly 

deals with Aoc-coalgebras. the notation will be simplified by writing D  for 

D*. From the context it should be clear whether the A^-algebra or the A ^- 

coalgebra-structure is being studied. The differential of the A^-coalgebra is
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given by a sequence of maps D  =  8 1 + 8 2  +  83  +  .... given by d, : C  —► C®‘ 

for z >  1, which lift as derivations to dt : T C  —* T C . This is easily seen from 

Proposition 2.4. Furthermore it is clear that the condition D 2 =  0 implies 

that d \  =  0, so that ( C . d  1) is a complex.

N o t a t io n  4 .3 .  Denote by

7 ? C ‘ := ©  C®1 ® C  S  ® c ,
I

and then fo r  any map \  : V  —* T £ C , let

X* -  (pr-rgc*) ° x : V  ^ T § C  -? ~ T § C k.

W ith this, one can finally use the idea in [18) to construct oc-inner- 

products.

P r o p o s it io n  4 .4 . Let (C . D  =  d\ +c?2 -F#$-K..) be an Ar^-coalgebra. Assume 

that ( C . d  1) is a simplicial complex such that the closure of every sim plex is 

contractible, and such that all di : C  —* C®‘ are local. (By "locaT, it is 

meant, that a map C  — ► T C  maps a sim plex a  into T( C( a) )  C  T C .  where 

C{(f)  C  C  is the subcomplex of C  generated by the closure o f a .)

Then there exists a chain map \  : ( C , d  1) —► {Tf-C. D ) of degree 0, whose 

lowest component is given by \ °  =  do : C  —* C  ® C.

Proof. Inductively, one wants to define local maps \ J : C  — « T £ C j . j  =  

0 ..... n. of degree 0. such that

( ®  J o di -  D  O |  ^  x l J =  f n+i +  higher order terms. (4.5)
\ 0 < i < n  /  \ 0 < i < n  /

where en+l : C  — - T ^ C 71'*’1 and the higher terms map C  — ► ® l>n. i  T f C x. 

Here, "local" means, that \ J : a  >—► t £ ^ C ( ( t ) j C  T q C j . for any simplex a.
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n =  0 : Take \ °  '■= This map is local by assumption and satisfies

since d-i is a chain map(; compare the conditions for D 2 =  0).

n >  0 : Assume one has build local maps \ J. j  =  0  n satisfying (4.5). Now

notice that

=  ( (_ o d i) — (D  o _ ) )(crê .l +  higher order terms) =

=  [c?i, cn i ] +  higher order terms.

Therefore 0 =  [c?i.e„+i] =  di  o en+l — en+l o e?i- Now, the goal is to 

show that en+i can be written as en+x =  — where :

C  —*• T ^ C n+i is a local map. because with this, equation (4.5) will be 

satisfied:

Y° o d\ — D  o y° =  d io  d\ —

—d\ 0 ^ 2  +  (higher  D  term s than  d i) o d i =  

higher te rm s ,

=  ( ( -odx)  -  (D O . )  ) O ( (_odx) -  ( D o  _) )

=  en^i +  higher order terms -t-

+[c>i, \ n+l] +  higher order terms =  

higher order terms.
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where the higher order terms now only have components C  — ►

In order to construct x a+ l. first notice, that is a local map, be­

cause (en+l -I- higher order terms) =  ((_  o d x) — ( D o . )  ) ( e  0<i<n X1) 

which is clearly local, by induction and the locality assumptions about 

the s (; compare Lemma 4.6(a) below).

Thus for every simplex <r, the map en+l restricts to a map e£+l : 

C( a)  — ► By assumption ( C ( a ) , d i) is acyclic, and there­

fore, by Lem m a4.6(b) and Lemma4.2, also the complex ( T ^ ^ C { a ) ,d \ ) .  

Thus, K a :=  Horn ( c { a ) ,  T ^ ^C (a)^ j is acyclic with the differential 

given by d  := [d i,.]  =  (c?i o _) — (_o d x). Now, e£+1 e  K °  and 

[3i, e"+l] =  0, so that e£+l is a closed element, and therefore also exact. 

By Lemma 4.6(c), one can find a canonical element /* +l €. K a such 

that £ +l =  d { f U x) =  [ d x. f ° +x\.

Then define \ n+l : C  — ► T^C n+l by x"+I(£r) :=  f%+ ,(<r). This satis­

fies

[#!. x"'J"l](cr) = 5 i0 .tn+1(ff)-x"+l°3i(<T) =

=  di °  ~  of t ' o d l (<T)

=  ^1  °  f n + l ( ^ )  f n  +  l  °  d \ { c r )  =

= [dt./iT+iKtf) =

=  =

=  friH-i(O')-

and \" +I is local by construction.

□
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Lemma 4.6.

(a) Given two local derivations that can be composed. Then its composition  

is also local. Therefore the commutator o f two local derivations is a local 

derivation.

(b) Given two contractible complexes (X , d x ) and (Y ,d y ). Extend the dif­

ferentials to d * '  : T x ' X  — ► T x ’X  and d Y : T y Y  — > T y Y  as 

derivations. Then the complex H om (T x ' X , T y Y)  together with the 

differential d ( f )  :=  d y  o f  — ( —1 ) Mf  o d x ’ is also contractible.

(c) Given a complex ( K , d )  with non-degenerate inner product, and sup­

pose, that I m( d)  and Im(d^) are closed subsets o f K , where d* is the 

adjoint operator o f  d . If x  6  K  is an exact element, then there exists 

a unique element z  €  K  such that

x  =  d(z)  and z  €  Im(d^).

Proof. The proof of (a) and (b) follows by standard arguments. For (c). 

Hodge-theory gives K  =  H *K  0  I m ( d ) 0  I m ( d *). As x  is exact, one has 

x  =  d{y),  where y  decomposes uniquely as y  =  f/i0 j/2© y3 £  H* K  (£> Im(d)f& 

I m { d f). Then take ;  := t/3 €  /m (d*). □

P r o p o s it io n  4 .7 . G iven a closed, triangulated and oriented manifold M . 

Let (C. d\ )  be a sim phcial model fo r  M  and assume that one has extended 

this to an Ar^-coalgebra (C. D ), such that 62  represents the coproduct on C . 

Assume furthermore that the closure of every simplex is contractible, and that 

all d t : C  —* C 31 are local. Finally, denote by p. €  C  the fundamental cycle
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o f M .

Then there exists a an oo-inner-product (€. Tq C ) such that the lowest element 

is given by d^^p) €  C ® C  =  T £ C °.

Proof. By Proposition 4.4, one has a chain map \  : (C\ <9t) —» {T^C. D ). 

Then define the oc-inner-product to be F  :=  \ ( p )  €  T £ C .  By Lemma 4.2, 

F  is an oo-inner-product, because F  is closed:

V ( F )  =  ©(x(aO) =  X( d M )  =  x(0) =  0.

□

One would like to show that the oo-inner-product from Proposition 4.7 is 

non-degenerate on the associated Hochschiid-spaces. and thus represents an 

oo-Poincare-duality-structure. Unfortunately, the construction of a quasi- 

inverse involves the use of C*, where one cannot assume very good local 

properties for the multiplications d ‘ any more. But by assuming a ’’very 

fine-’ triangulation, one can gain an isomorphism on Hochschild-cohomology 

up to any desired monomial degree:

P r o p o s it io n  4 .8 . Given the assumption from Proposition  4-7. and let F 

be the constructed oc -mner-product. Let N  €  N. If fo r  every simplex a  in 

C . the N-th iterated closure of the star o f a  is contractible, then one can 

construct a quasi-inverse to F up to the N- th level. (As usual .4 := C* is 

the dual o f C .)

More precisely, there is an N-the level quasi-inverse G  : T A' A — T AA and
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homotopies H : T AA —* T AA  and K  : T A’A —* T A' A  up to the N -th  level: 

G o  F -  idTAA =  D a o H  +  H  o D a on 0  .4®* 8  .4 ® A *1 (4.9)
k + l< N

F o G  - i d T A.A =  D a ' o K  +  K o  D a‘ on 0  .4®* ® A '®  A®* (4.10)
k + l< N

Proof. By Proposition 4.7 one has a map F  : T AA  —* T A' A. One can see, 

that the homotopies H  and K  have to lift in the same way F  and G  do (see 

Definition 2.22.) in order for D A o H  +  H o D A and D A‘ o K  -F K  o D A’ to be 

Aoo-bimodule maps. Thus, one only has to construct maps G  : T A' A —> A, 

H : T AA —* A and K  : T A’ A —* A m. which can then be lifted to the correct 

maps. In the dual picture with A =  C ' . it is enough to construct G  €  T ^ lC . 

H  t  Tq .C  and K  6  T £ 'C ,  satisfying certain conditions.

In order to start the construction, one has to choose a local quasi-inverse 

G ° : C  —* C m to the given map F° : C m —* C, and local homotopies H° : 

C '  — C* and K ° : C  —* C  with

g ° o  f °  -  tdc . = a ; o / / 0 +  H ° o d \ , 

F ° O G° -  id c  =  di O K ° +  K °  O di.

This is possible, if one understands the notion of locality” as mapping a 

given simplex a  £  C  into the subcomplex of the closure of the star, denoted 

by C{star(cr)).

Then, the condition for G  to commute with the Hochschild differentials can 

be described in a similar way to Definition 4.1. But one has to involve the 

multiplication on T A' A.  which was defined in Lemma 2.30.(b). Dualizing 

this multiplication to the given situation and using the fact that each dt =
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m* : C  —► C®1 is locaI(, i.e. it maps a simplex a  only inside the complex of its 

closure <f), one sees that the dual multiplications have the locality condition 

o f mapping the dual of a sim plex a * €  C* only inside the com plex of the 

closure of its star s ta r (a ) ,  i.e. b ^ ( a m) €  T c ‘ 3̂taT{a" ^ C (star(a)), where 6*,/ is 

taken from Lemma 2.30.(b). Now, the inductive construction o f G  up to the 

N -th  degree works in the same way as in Proposition 4.4. Namely, one has 

to  be careful that, when constructing G3 out of the d f  s, 6 £ /s  and lower G r's, 

one jumps from the (j  — l)-st to  the j-th  closure of the star of a given dual 

simplex <r\ But the subcomplex generated by this is only guaranteed to be 

contractible up to degree N . The construction of G  has to stop at the iV-th 

step.

Similar arguments apply to the constructions of H  and K . The guiding 

line for their inductive construction are the homotopy equations (4.9) and 

(4.10). It is easy to see that they commute with the differentials of T AA and 

T A‘ .4, respectively. Thus, the lowest components are closed and by locality 

condition can be lifted. Again this only works up to the iV-th step.

So, for a given N . one can construct the G, H  and K  up to the yV-th part. □

P r o p o s it io n  4 .1 1 . Given the assumption from  Proposition 4-7. and let F : 

T AA —* T A .4 be the constructed oo - inner-product. Assume furthermore that 

the map do : C  —* C ‘3  C  is (graded) cocommutative, and that the A^-algebra  

{A . D ) has a unit 1 (in the sense of Definition 3.8.). Then all the maps 

Fk.i ■ S  sA  S  sA®1 —1* s.4* fo r  k +  I >  1 are invariant under the unique

cyclic rotation of the arguments, mapping the two special elem ents into each
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other:

F’k . i i a i ,  ■■■•o-k+i-ri) — ( — l ) e • F i,k ia k+2, ••-?afc+/ +2, ( 4. 12)

where ak+x and ak+1+2 are the two special elements, and the sign is given by 

£ =  ( ||a L[| +  ... +  j|afc+l||) • ( ||a fc+2ll +  -  +  ||a fc+i+2||). In diagrams, this is

ak ... a2ai a fc+i+i... afc+2

a k + 2 a k+i+i

ak+i

It follows from  Lemma 3.12., that fo r this given oo-inner-product F. the 

induced A  and 3-operators from  Definition 3.10. coincide, and thus F is 

sym m etric  m  the sense o f Definition 3.11.

Proof. Equation (4.12) will be shown by induction on n  =  k +  I.

n =  I : One has to check the equation Fo.i(a,6.c) =  ( —l) l,a,l'(,|6,l+l|c||).F[.0(6. c, a) 

for any a, b, c 6  A.

The condition of D(F) =  0 is o f course simply the condition of F being 

a chain-map of the Hochschild-complexes. But this is also described by 

Proposition 2.33. By this, the terms Fo.i(a. 6. c) and F\_0(b .c .a )  are ho­

motopies of F0o{a-b.  c) — Fo.o(m b-c) and F0.o(6-c, a)  — ( — 1 )h6d (IMI-lkii). 

F0.o(c. a -6) being zero, respectively (compare Example 2.40.). But the 

definition of F0 .0  in the dual picture was given by F0 .0  = ( d ^ i p ) ) '  £ C 3  

C  C H om (A  3  A. R). Therefore Fa.o(a.b) =  (3 i(p ))m(a. b) =  (a - b ) ( p ).
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This implies that

F0,0(a • 6. c) -  Fo,0(a. b ■ c) =  ((a • 6) • c — a • (6 • c))(/x). and

F0.o(6 • c,a) -  (_iplKIWI+IMI> - F0.0(c ,a  • b) =

=  ((6 • c) • a -  (-IJIWHIWI+IWD • c • (a - &))(/*) =

=  ( _  ^INI-dWi+iwi) . (a - (6 - c) -  (a • 6) - c)(/x),

because the multiplication was chosen to be graded commutative. As 

the homotopies Fo.i and Fi.o were chosen canonically, they have to 

coincide on the cyclically rotated arguments.

n >  1 : Again by the description from Proposition 2.33. one knows that F*./, 

k +  / =  n . is a homotopy of a sum of lower terms Fr-a (r, s >  0) 

with one multiplication Dt (t >  2) in the argument applied, being 

zero. Comparing those terms for F ^ ( a |..... afc+i,.... afe+/+2) with the 

terms for F i^ak+i, a.k+i+2 , <*i, ••-.ctfc+i). one easily sees that for every 

Fr D t(. . . ), ...) from the boundary of F*.i(ai,...) there exists a cor­

responding term F,.r(.... Dt(...)__ ) from the boundary of F/.*(afc+2-

because the conditions for inserting a multiplication Dt is cyclically in­

variant. By induction these terms are equal (up to sign), and thus the 

canonical definitions of Fk.i(ai — ) and Fj.*(a;t+2- ---) have to coincide.

□

R em a rk  4 .1 3 . In order to construct an oc-inner-product such that the A  

operator coincides with the dual o f C onnes' operator J. one needs the follow­

ing data:
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M  has to be a closed, triangulated and oriented manifold. ( C, d i )  is a sim - 

plicial model fo r  M  such that the closure o f every simplex is contractible. 

There exists a special element 1 €  C , called the unit. represent a graded 

cocommutative coproduct on C , and one has extended d\ and d i to a local (in  

the sense o f Proposition 4-4) and unital A^-coalgebra ( C. D) .

.4 construction of this can be performed m  the following way. S tart with 

a unital, cocommutative (but not necessarily coassociative) coalgebra map 

62  '■ C  —* C  3>C. This can always be obtained vn a field of characteristic  0 by 

sym m etrization  of a diagonal approximation. Then by an induction sim ilar  

to Proposition 4-4 or Proposition 4-8, one can build the higher maps d t , which 

turn out to vanish on the unit 1. In fact, Dennis Sullivan's construction in 

[18J is fa r  more general, as it builds a Coo-structure where all higher maps dt 

have to satisfy "goodv cocommutatimty conditions.
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