INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI fiims
the text directly from the original or copy submitted. Thus, some thesis and

dissertation copies are in typewriter face, while others may be from any type of
computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submiitted. Broken or indistinct print, colored or poor quality illustrations
and photographs, print bleedthrough, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript
and there are missing pages, these will be noted. Also, if unauthorized
copyright material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corer and continuing
from left to right in equal sections with small overlaps.

-

ProQuest lnformétion and Leaming
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA
800-521-0600

®

UMI

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Poincaré Duality Induces A BV-Structure On
Hochschild Cohomology

by
Thomas Tradler

A dissertation submitted to the Graduate Faculty in Mathematics in par-
tial fulfillment of the requirernents for the degree of Doctor of Philosophy.

The City University of New York.

2002

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: 3063891

Copyright 2002 by
Tradler, Thomas

Al rights reserved.

.

UMI

UMI Microform 3063891

Copyright 2002 by ProQuest information and Learning Company.

All rights reserved. This microform edition is protected against
unauthorized copying under Title 17, United States Code.

ProQuest Information and Learning Company
300 North Zeeb Road
P.O. Box 1346
Ann Arbor, M| 48106-1346

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



©2002
Thomas Tradler
All Rights Reserved

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

i



This manuscript has been read and accepted by the Graduate Faculty in
Mathematics in satisfaction of the dissertation requirement for the degree

of Doctor of Philosophy.
~7 / 22 j o2 JZ f 24, _ -
Date ' ' Chair of Examining Committee
7fo2 / o2
[ | S ey M
Date Executive O{ cer

f\ .
2“% o/

Joz( Dodzmk

%_@ﬂ_

Andrew Ranicki

Supervisory Committee

THE CITY UNIVERSITY OF NEW YORK

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Abstract

Poincaré Duality Induces A BV-Structure
On Hochschild Cohomology
by
Thomas Tradler

Adviser: Professor Dennis Sullivan

In this thesis we develop the notion of Poincaré-duality for
A-algebras. Algebraically this allows a synthesis of Gersten-
haber’s G-algebra structure on one Hochschild complex with Connes’
cyclic structure on the other Hochschild complex. We obtain a
BV-algebra by combining both structures. Geometrically, the no-
tion of Poincaré-duality for A-algebras can be constructed in the
intersection theory of a closed manifold. We obtain an algebraic
model for the BV-algebra of string topology verified modulo one

point.
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1 Introduction

The original problem for this thesis was to construct an algebraic model for
the string topology [6] on the homology of the free loop space of a simply
connected manifold. More explicitly, in the paper [6] by M. Chas and D.
Sullivan it was shown that the homology of the free loop space is a BV-
algebra. This BV-algebra consists of a A-operator with A? = 0, coming
from the circle action on the free loop space, and a product, which combines
the intersection-product on chains in a manifold with composition of loops.
These two operations fit together in the sense that the deviation of A from
being a derivation of the product is the bracket of a Gerstenhaber-algebra.
Algebraically, in M. Gerstenhaber's paper (8] it was shown that for any
associative algebra A. Hochschild-cohomology H*(A, A) has a Gerstenhaber-
structure. More generally, there is a Gerstenhaber-structure on Hochschild-
cohomology H*{A, A) of every A-algebra A, see [10]. On the other hand, the
Hochschild-cochain-complex C*(A, A*) of A with values in its dual bimodule
A" carries a B-operator with B? = 0, which was used by A. Connes [4] to
define cyclic homology. In this thesis, the notion of an ~c-Poincaré-duality-
structure for A-algebras is developed, which is a special kind of quasi-
isomorphism of the Hochschild-spaces C*(A. A) and C*(A. A4*), determined
by certain tree operations. This allows one to combine the B-operator on
C*(A. A%) with the multiplication of the Gerstenhaber-algebra on C*(A. 4)
to give a BV-algebra on homology. Furthermore. the Gerstenhaber-bracket
induced by this BV-algebra is the one described by Gerstenhaber in [8].

The question now is to compare this abstract BV-algebra with the one
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from string topology [6]. It is known that for simply connected spaces X, the
chains of the free loop space is quasi-isomorphic to the Hochschild-cochain-
complex C*(A, A*) of the cochain-algebra A = C*(.X') with values in its dual
bimodule A*; compare J.D.S. Jones {12]. Jones' paper also identifies the
A-operator on the free loop space homology with the B-operator. In order
to complete the identification of the BV-structures, one coming from our
oo-Poincaré-duality-algebra, the other from string topology, two steps would
have ta be considered. First, one would have to verify that the cochains
C*(X) of a manifold indeed possess an oc-Poincaré-duality-structure which
can be used for the above proof. M. Zeinalian and the author have shown (see
chapter 4) that using Poincaré-duality on a compact oriented manifold allows
one to construct a suitable chain-map of the Hochschild-spaces. Showing
that this map is a quasi-isomorphism is work in progress. A more stringent
version of Poincaré Duality was already given before. But it seems almost
impossible to realize this notion on the chain level of a given closed manifold.
Secondly, one would have to show that the multiplication on the free loop
space homology coincides with the one on H*(C*(.X), C*(.X)) when using the
Jones’ identification and the constructed Poincaré duality quasi-isomorphism
between C*(C*(.X),C*(X)) and C*(C*(X),C.(X)) from chapter 4. A closely

related result was announced in a paper by R. Cohen and J.D.S. Jones [5].
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2 o0 Poincaré Duality on A Algebras

Convention: In all of this thesis, the convention will be used that the
differential in a complex points downward, so that for example chains are

concentrated in positive, and cochains are concentrated in negative degree.

2.1 A, Algebras

Let us review the usual definitions about A -algebras that are important to
the discussion of this paper, and that can be found in many sources (compare

[9] section 1. and [17]).

Definition 2.1. A coalgebra (C.A) over a nng R consists of an R-module

C and a comultiplication A : C — CRC of degree 0 satisfying coassociativnty:

ay

C CcacC

A Ad

CRC —=CRC3C

d®AD

Then a coderivation on C is a map f : C — C such that
cC —=-~CcaC
f faud+idsf
C -3 cCeC

Definition 2.2. Let V = @jez V) be a graded module over a qiwen ground

ring R. The tensor-coalgebra of V' over the ring R is qiven by

TV := @ 738

>0
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A: TV -TVRTV, A(vy, -y ) 1= Z(U""" v;) ® (Vir1y---r Un).
i=0
Let A = @Jez A; be a graded module over a given ground ring R. Define

its suspenston sA to be the graded module sA = @jez(SA)j with (sA); :=
A;j_1. The suspension map s : A — sSA, s :a+~— sa:= a is an isomorphism
of degree +1.

Now the bar complex of A s qiven by BA := T (sA).

An A -algebra on A s given by a coderivation D on BA of degree —1 such
that D* = 0.

Let's try to understand this definition.
The tensor-coalgebra has the property to lift every module map f : TV —

V to a coalgebra-map F: TV —» TV:

/

TV-TV

TV

projection

A similar property for coderivations on TV will make it possible to under-

stand the definition of A -algebras in a different way.

Lemma 2.3. (a) Given a map ¢ : V®* — V of degree |g|, which can be
viewed as a map 0 : TV — V by letting its only non-zero compo-
nent being giwen by the orginal 0 on V®*. Then o Lfts uniquely to a
coderwation 9 : TV — TV unth

TV
s

e projection

/
TV ——~ V
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by taking
é(vlv '”vvk) = Oy fO'r k <n,

k-n
é(vl' seen vk) = Z(— l)lgih(lvl“’m-ﬂv‘”(vl’ seoy Q(vi+lv sy vi+n)1 seey 'Uk),
1=0

for k> n.

Thus .5 lv:-;ki V@k — ®k-n+l

(b) There is a one-to-one correspondence between coderivations o : TV —

TV and systems of maps {g; : V® — V}iso, given byo =Y., 6:-

Proof. (a) The argument here is dual to the way one lifts derivations on
T A. To be precise one should use induction on the output-component
of 5. Denote by @ the component of ¢ mapping TV — V%’ Then
o', .... 0™ ! determine uniquely the component g™, because of the coderiva-

tion property of g. Let’s derive an equation with which this can be seen

easily.

A(o(vy, -... U))

(6R®id +id® o) (A(vy, ..., k) =

k
= (6®id+id®2)(D_ (V1. 1) ® (Viwr. oo ) =
1=0
k

= 3 a(en e 80 B (s v) +

=0
+(_1)Iél-(lml-{»...+lvd)(vh ) D Q(Uin- e Uk)-

Now. projecting both sides to @iﬂ.:m VgV CTV 2TV vyields

k
A (vr e v)) = YW1 0) B (Gt i) +
=0

+( -yl tvdt =l o) BT O e k).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



So the righthand side depends only on @& with j < m, except for
the uninteresting terms g™(vy,....U) ® 1 and 1 ® g™(vy,.... vg). Where
1 € TV. With this, an induction argument shows that g™ is only
nonzero on V3 for k = m + n — 1, where it is

m—1

g-m(vlv s vﬂH-n—l) = Z(_l)lpi-t.(vlv s Q(Ui+l, sy vi-&-n.)y -y Um+n—l)v
=0

with € = IUll + ...+ I'Uil.

(b) Observe that being a coderivation is a linear condition, and so the sum
of coderivations is again a coderivation. Thus the map
a:{{ei: V® — V}iso} — Coder(TV), {ai:V® = V}szo— D6
120
is well defined. Its inverse J is given by 3 : ¢ — {prv o g|va }ix0.
because the explicit lifting property of (a) shows that J o a = id. and
the uniqueness part of (a) shows that ao 3 = id.

a

Let’s apply this to Definition 2.2.

Proposition 2.4. Let (A, D) be an Ax-algebra. Now let D be given by a
system of maps {D, : sA® — sA}>, (where Dy = 0 is assumed.) just
like in Lemma 2.3.(b). and rewrite them as m; : A®* — A qwen by D, =

som,o (s ')=.
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Then the condition D? = 0 is equivalent to the following system of equations:

my(m(a;)) = O,
my(ma(ay, a2)) — ma(m(a1).a2) — (=1)"*"'my(ar, my(a2)) = 0,
my(mz(a,.az, az)) — ma(ma(ar, a2),as) + ma(a;, ma(as, az))+

+mz(mi(ay), az,a3) + (—1)*"'m3(a,, mi(a2), az)+

+(-1)'“"+'“25m3(a|,a2, ml(ag)) = O.,
k —x+l
Z ° mk—li»l(aly'“v ml(a']v "-va]+l-l)7~--'ak) = 0,
=1 ]=0
j-1
where s=i-Z|a¢|+(_)’—l)-(i+ +k—-1
=1

Proof. The only difficulty is to determine the signs when replacing the D,’s

by the mn,’s. First notice that

Di(say,....sax) =

= somgo (s H)**(sa,...,sax) =
= (—1)21 Ll g g me o (572! Rid)(say. .... sag_;. s 'sax) =

= (_[)27:32(!ﬂ;|”)+lak—xl+ls omio((s™ )ek 29 (-d)ca'z)

(say.....5ak_s, s 'sag_,.s 'sax) =

k
= (=1Z =itk-ntialrlgg mi(ay. .... ax).

Therefore it follows from Lemma 2.3.(a) applied to the degree —1 coderiva-
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tion D, that
PTsa © D2(Saly sery Sak) = (2‘5)
k k—-i+l .
J-

= Z Z (—L) t=1 ua‘H.nDk—i-Fl(saly-"v Di(sajv'"v saj-f-l—[)v"'vsak) =
=1 =0
k k-1+1

= Z Z (_1)Zi;l‘(la:i+l)+Z{;’,‘"u+t—l-l)-(la¢l+1) )
i=1 ;=0

-Di_yri(say, ..., somi(a,,....a54,-1), ..., Sax) =

k k-t+l

= Z Z (_l)smk—l-f-l(aly"’v mi(ajv""a]f-t—-l)y-"1ak)v
=1 ;=0

where = can be determined by using the fact that m, = s ! o D, 0 s® is
of degree —1 — 1 + r = r — 2. Instead of doing the general case it is more
instructive to look at four special cases where ¢ and j are either even or odd.
Let’s take k = 8. As seen above, signs occur from applying D;, transforming

D; into m,, and transforming Dy _,;; into me_,4.

t=3. 7=3:
ay a2 (as as as) ag as Qg
D,'_ : lall +1 'agl +1
m,: '(14' +1
Mi_e1 oy +1 (lagl+ las] +las| +3 —1) laz| + 1
t=3. j=4:
a Qs as (ag as ag) as as
D, : |G.l| +1 ‘(l.-gl +1 |a3| 4+ 1
m,: las| + 1
Mpg_ys - Iall +1 |a3| +1 la;| + 1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



So, if ¢ is odd, then the lower two rows (m; and mg_;,,) show that here
the "a,”-terms are exactly Zf=l(k — 1) (Jal +1), and for j = 3 there
is an additional —1. The top (D;-)row has the terms Z{;: la)] + 1) =
( {;ll lai|) +j — 1. The additional —1 can be put together with the j — 1 to

give a constant depending only on k. Thus the term for ¢ is given by

k J-1
e= (k=1-(lad + 1)+ ) _lal +k—1
=1 =1
t=4, j=3:
a; as (a3 a4 as ag) az as
D; : |a1| + 1 I(lg‘ + 1
m; : laz] + 1 las| + 1
Mi—iey laz} + 1 laz| + 1
t=4, j =4
a, A aj (a4 as Qg ar) as
D; : lai] +1 laz} +1 J|az] +1
m: laa] +1 las| + 1
Mi_p1: laz| + 1 (lasl+  las| +lag| +laz|l+ +-1)

So, if 7 is even then the "a,”-terms (from all three rows) are exactly Z:;l(k —
) - (lai] + 1). The only j-dependence is the additional —l inthei =4, j=41
case. which will induce an alternating sign (. which starts depending on k).

So. this case gives:

(k=0 -(lal + 1Y +k+J - L.

k
(=1
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10

Putting both cases together, and bringing the common term Zf=l(k -
[) - (Ja:} + 1) (for both i even and i odd) to the left, one gets the sign

k 1-1
e—(Q_(k=D-(la+1) = i-Q lal+k-D+@E+1)-(k+j—1)=

=1 =1

Jj-1

= i) lal+G-1)-G+1)+k—i

=1
Thus, dividing the equation D? = 0 by the sign (—1)Zi=i(k-D-llad+1) yields

the result. O

Example 2.6. Any differential graded algebra (A, 9, ) gives an A -algebra-
structure on A by teking m, := 0. mq := p and my;, := 0 for k > 3. Then the
equations from Proposition 2.4. are the defining conditions of a differential

graded algebra:

@) = 0,
da-b) = da)-b+(=1)a-a(b),

(a-b)y-c = a-{b-c).

There are no higher equations.

Definition 2.7. Given an A -algebra (A. D). Then the Hochschild-cochain-
complex of A is defined to be the space C*(A) := CoDer(BA.BA) of
coderwvations on BA with the differential 0 : C*(A) — C*(A) queen by
3f) :=[D.fl = Do f —(=1)f'f o D. It 15 6> = 0. because as D s of
degree —1 and D* = 0 one follows that 6*(f) = [D.Do f — (—=1)/if o D] =
DoDof—(-1)'"DofoD—(-1)/"*'DofoD+(=1)fi-Ul-1fo Do D = 0.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11

2.2 A, Bimodules

Given an A-algebra (A, D). The goal is now to define the concept of an
A-bimodule over A, which was already given in [9] and [14].

This should be a generalization of two facts. First, one can define the
Hochschild-cochain-complex for any algebra with values in a bimodule, and
so one should still be able to make that definition in the infinite case. Second,
any algebra is a bimodule over itself by left- and right-multiplication, which
should again still hold (see section 2.1.4.).

The following space and map are important ingredients.

Definition 2.8. For modules V and W over R, one writes
T™VV:=Ro @@ V*a3wave
k>0.0>0

Furthermore, let
AV . TVV S (TV TV V) (TYV 2 TV),

be given by

k
AW (vy, e U WU e Ukat) = Z(Uh s ¥) D (Vig 1y oo W o Un) +

+ Z(Ul, ceea Wy el U,‘) 9] ('L‘,‘+|. cees l’k*l).

Again for modules A and M let BM A be given by T*MsA, where s s the

suspenston from Definition 2.2.

Observe that TY V is not a coalgebra, but rather a bi-comodule over TV.

Here is a definition for a coderivation from TV to TWV.
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Definition 2.9. A coderivation from TV to TYV is defined to be a map
f:TV — TWV that makes the following diagram commute:

TV a TVRTV

f d® f+ fRd

™"V | (TV® ™V (TYV 2 TV)

For modules A and M let C*(A,M) := CoDer(BA, BM A) be the space
of coderivations in the above sense. This space s called the Hochschild-

cochain-complex of A with values in M.

Lemma 2.10. (a) Gwen a map o : V= — W of degree |o|, which can
be viewed as a map ¢ : TV — W by letting its only non-zero compo-
nent being given by the orginal o on V®*. Then o lifts uniquely to a

coderivation : TV — TWV with

™V
projection
TV —]()— W
by taking
olvr,....x) :=0.  for k< n.
k—-n
Blvn, o) 1= D (=LY EI N gy U)o ).
=0

for k> n.

Thus é I\,':-:ki L’-?’k —_ @ ‘/3! < “/— 8 ‘/»2)‘

t+1=k-n
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13

(b) There ts a one-to-one correspondence between coderivations o : TV —

TYV and systems of maps {g; : V® — W}.xo, given by g =3, 6:-

Proof. (a) The proof is similar to the one of Lemma 2.3.(a). Now &’ is
meant to be the component of § mapping TV — @, ,,_, V¥ W &

V®s_ Let’s do again induction on m for g™. The equation

AW (a(v1, - ve)) (6®id+1d®2)(Avy, ..., k) =

k
= (6@id+id®d)(Y (V1 th) @ (Bis1s o t6)) =

t=0
k
= Z é(vlv ) Ui) oY (UH.[. ceey Uk) -+
=0
+(_1)Iﬂ.(|u||+...+|u.i)(vh o 03) ® (Vg1 oo UR)

is being projected to the component

P (VsweV)eVi+VR(VeWsVt) c TYVITV+TVITYV.

r+s+t=m
This gives

k

AY(EM (v tk) = Y@ (01 1) B (Uit ) +
1=0
+(_1)lél'(ivn+---+lv'l)(vl' e ) ® 0™ T Uity e U).

The righthand side depends only on ¢ with j < m. except for the
uninteresting terms 9™ (v,. .... Ug)®@1 and 1 g™ (v, .... v ). An induction

shows that g™ is only nonzero on V3% for k = m + n — 1. where it is

m—1

I o tmen-t) = D (=1 (01, 0t oo U)ok U ),
1=0

where ¢, = || + ... + |vy].
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14
(b) Then maps
(& 3 {{Q, : V& -— W},zo} - COdC'I’(T‘/, T“,V),

{oi : V¥ - W}ise — Z 0

120

B : Coder(TV,T¥V) — {{o: : V& — W}iso}.

o~ {prwo 0’|V9-}iao
are inverse to each other by (a).

a

Of course one wants to put a differential on C*(A, M) just like in section

2.1.1.

Proposition 2.11. Given an Ax-algebra (A, D) and a module M. Let
DM : BMA — BM A be a map of degree —1. Then the induced map 6™ :
CoDer(BA,BMA) — CoDer(BA,BMA), gwen by §™(f) := DM o f -
(=¥ f o D. is well-defined, (i.e. it maps coderivations to coderivations.)

if and only if the follounng diagram commutes:
BMA =2+ (BA® BMA) & (BMA® BA)
DM ~ (2.12)
BMA —~ (BAZ BMA)o (BMA 9 BA)

where the vertical map on the right is gwven by k = (id @ DM + D ® id) =
(DM 2 id + id 2 D).
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Proof. Let f : BA — BM™ A be a coderivation. One needs to investigate

under which conditions §¥(f) is also a coderivation. This means, that
(id @ M (f) + 6 (f) ®id) o A = AM 0 6M(f),
or
(id®(DMo f) — (—1)/id@ (fo D) +(DM o f)@id— (~1)!(fo D) Did)o A =

=AYoDMof - (-1)MAM o fo D.
Now, using the coderivation property for f and D, one gets the following
identity
AMofoD = (id®f)oAoD+(fRid)oAoD =
= (d® f)o(id® D)o A+ (id® flo(DRid)o A +
+(fRid)o(id@ D)o A+ (fRid)o(DRid)o A =
= (d2(foD)+(-1\)VWDRfF+fRID+(foD)Rid)oA,

and so the requirement for 6% (f) above reduces to
AMo DM o f =
=(d2(DMof)+(DMo f)@id+ D2 f+(-1)foD)oA =
=(d2D" +D2id)o(id® floA+ (DM Did+id D)o (fRid)o A =
=(dIDM + DS id)oAM o f + (DM Rid +idS D)o AV o f.

The last step looks strange, because AM o f = (id® f)o A + (f D d) o A.
But as id 3 DM + D2id : BA® BMYA — BA 3 BMA. this map doesn’t
pick up any part from (f 2id)oA: BA — B* A 3 BA. A similar argument
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applies to DM 9 id +id ® D.
So, DM has to satisfy
AMoDMof=(id® DM + DRid+ D" Qid +id ® D)o AM o f,
for all coderivations f : TA — TMA. By Lemma 2.10., one sees that there
are enough coderivations, to make this condition equivalent to
AMoDM = (id® DM + DQid+ DM @ id + id ® D) o AM,
which is the claim. g

Again one wants to describe D* by a system of maps.

Lemma 2.13. (a) Given a module V and a coderwation ¢ on TV unth
an associated system of maps {¢; : V® — V},5 from Lemma 2.3..
where ¢, s of degree |y;|. Then any map o : TYV — W quuen by
0= ksouzo Oksr With oy : VEFR3W @ VB — W of degree |ol, lifts
uniquely to a map 6: TYV - TWV

T™VV

P

T“/V _e_. 1174

projection

which makes the follounng diagram commute (compare diagram (2.12)

in Proposition 2.11.)

™y = (TV 2 TYV) 2 (TYV 2 TV)

LT

(1dR o+ wB1d ) D( o 1d +1dssyr) (2 14)

TH" v — (T‘/’ @ T“'V’) 3 (TIVV 2 Tv-)
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This map is given by taking
é(vly cers Uy Wy Uk ey oo ey vk+l) =

k
= Z (_1)""!"‘)—1(,01’ ceey 'wi(vjv ey vi+]—l)v cery Wy ooy vk-(—l)'*_

+ Z Z(—I)I&'l"“—‘(vh coor Qi g (Ukmia by voms W ooy Uk )y ooy Uk) +
1=0 j=0

I-1+1

l
+ Z Z (—l)lw'l(lwl-{b(k"]-l)(vh ey W, .l wi(vki-]v sevy Uk+z+_]—l)v g vk+l)v
where €, = |v\| + ... + |vg]|.

(Notice that the condition of satisfying diagram (2.14) is not linear. i.e.
if x and ¢ hoth make diagram (2.14) commute, then x + ¢ unll not.)

(b) There 1s a vne-to-one correspondence between maps o : TYV — TWV
that make diagram (2.14) commute and maps ¢ = Y ok, like 1n (a),

gwven by o0 = 0.

Proof. (a) Again one uses induction on the output-component of 5. Denote
- - . w ot

by & the component of g mapping T"V — @Hl:] Vek g W g V3!

and by v” the component of ¥ mapping TV — V®. Then g°,..., ™!

will uniquely determine the component g™.

AV (31 oo U WL Vpeg s o Ukyr)) =
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= (dRo+vQRid+oQid +i1dQY)
(Aw(vlv---v Vg, W, Uk 41, '"vvk+l)) =

= (dQo+yYRid+9R®id +1id Q ¢)

k
(Y (01, 00) © (Vi oo Wy Uit) +
=0

k+i
+ Z:(‘Ul, ey Wy eeny U,‘) K (UH.[. ceey Uk.‘..()) =
i—k

k
= Z(_I)lé'2:=‘ Ivr‘(vlv reey 'U,‘,) & é(vi+lv e Weeaey Uk-{-l) +
=0

k
+ Z W1, ey ) ® (Vi 1y oo Wy ooes Upept) +
1=0

k+l
+ Z o(vy, o W, oo, 0;) ® (Vi ts oovs Ukt) +
=k

k+l
+ 3 ()T (L w e 0) @ (Rt e i)
=k

Then projecting both sides to

P (VEIWIVE)SVH+VIR(VEaW V™) C

r+s+t=m
CTYVRTV +TV TVV

vields

A“/(.am(vl~ e Wy et Uk)) =
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k
= Z +(U1, e ) ® 0" T (Vi1 oo Wy ooy Ukgt) +
=0

k
+ Z wm+l—k-l(ul’ . 'Ug) ® (vl'f'lY eey w' ooy vk+l) +
i—0

k+l
+ Z O R g, s e 1) @ (Uit ey Ukt) +
1=k

k+l
+ Z :t(vl’ ooy Wy eeey 'Ui) oL wm_l(vﬂ—lv seey vk+l)'
i=k

So the righthand side depends only on ¥7’s, which are all explicitly
known by Lemma 2.3., and &’ with j < m, (except for the uninteresting
terms @™ (v, ..., W, ..., U )R 1 and LR ™ (vy, ..., w, ..., k) ). With this,

an induction argument shows that g™ is given by the formula of the

Lemma.

(b) Let X := {0 : TYV — TWV | 0 makes diagram (2.14) commute }.
Then
a:{0:TYV - W} = X. o~ 3,

3:X ={0:TYV oW}, o—pryoo

are inverse to each other by (a).
g
Definition 2.15. Given an A, -algebra (A,D). Then an A -bimodule

(M. D*) consists of a module M together with @ map DM : BMA — BM A

of deqree — 1. which makes the diagram (2.12) of Proposition 2.11. commute,
and satisfies (D)? = 0.
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By Proposition 2.11. one can put the differential ™ : CoDer(TA,TM A) —
CoDer(TA,TMA), 6(f) := DMo f —(=1)¥'fo D on the Hochschild-cochain-
compler. Now it satisfiles (6M)? = 0, because with (DM)? = 0, one gets
(6M)2(f) = DM o DM o f — (~1)IDM o fo D — (~=1)/+1DM o fo D +
(=1)WHA+ fo Do D = 0.

The definition of an A -bimodule was already given in [9] section 3 and also

in [14], and coincides with the one here.

Proposition 2.16. Let (A, D) be an Ay -algebra with a system of maps
{m; : A% — A}, associated to D by Proposition 2.4. (where mg = 0
is assumed). Let (M,DM) be an A, -bimodule over A unth a system of
maps {DY, : sA® @ sM @ sA®' — sM}i>0u50 from Lemma 2.13.(b) as-
sociated to D™ . Let by : A?* @ M ® A® — M be the induced map by
DM, = 50 by o (s™!)FkHH,

Then the condition (D)% = 0 is equivalent to the following system of equa-

tions:

boo(boo(m)) = O,

bo.o(bo.1(m.a1)) = boa(boo(m),ar) = (=1)™bo (. mi(a1)) = O,

bo.o(bro(ar. m)) = bro(mi(ar), m) — (=1)®b (a1, boo(m)) = O.
boo(bii(ar. m.az)) — boa(bro(ar. m).az) + byo(ar, bo.a(m.az))+
+h(mi(ar). moaz) + (—1)by 4 (ar. boo(m). a2)+

+(=1)la+mlp, (g m.my(a2)) = O,
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DI Y Y A
k
+ZZ:i:bk-t.l—)(alﬁ*-'1bi.j(ak—l+lv"'v mx-~-’ak+j)"--~ak+l)+

+Z Z +beiipr1(@ry -y My, My(Brggs ooy Bksrgj—1)s o Gpt) = 0

where the signs are exactly analogous to the ones in Proposition 2.4.

Proof. The result follows immediately from Lemma 2.13., after rewriting D2}
and D, by by, and m,. (Notice that this replacement only changes a sign.)

In order to get the correct sign, first notice that the lifting described in
Lemma 2.13. is exactly the usual lifting as coderivations, except that one
has to pick bi; or m, according to where the element of M is located. Keeping

this in mind. it is possible to redo all the steps from Proposition 2.4. a

Example 2.17. Let's pick up Erxample 2.6. Let (A,0.u) be a differential
graded algebra unth the A -algebra-structure my := 3, my : =y and my, := 0
for k > 3. Now, let (M., X, p) be a differential graded bimodule over A.
where A : ARM — M and p: M3 A — M denote the left- and right-action.
It is possible to make M into an A -bimodule over A by taking byo := &'.
bio == A, bgy := p and by := 0 for K + 1 > 1. Then the equations of

Proposition 2.16. are the defining conditions of a differential bialgebra over
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[

(@)*(m) = 0,

J(ma) = md(a)+ (-1)™&(m).a,
da.m) = da)m+ (-1)"e.d(m),
(@m)b = a.(m.ub),

(m.a)b = m.(a-b),

a.(bm) = (a-b).m.

There are no higher equations.
For later purposes it is convenient to have the following

Lemma 2.18. Given an Ay -algebra (A. D) and an A, -bimodule (M. D™),
wnth system of maps {bx; : A% 2 M ® A® — M}, 50450 from Proposition
2.16.

Then the dual space M* := Homg(M, R) has a canonical A -bimodule-

structure given by maps {b}; : A®* @ M* ® A — M"}is0u50,
( 2,1(‘11, oo B, M Ay ey @) ) () = (= 1)S-m (bra(@hsts oo Gkt M @y o ag).
where = := (|la)|+...+|ax])-(Jm*|+larx |+ Flag ]+ m))+|m |- (k+1+1).

Proof. First. it is easy to sce that the degrees work out. because of |b} ;| =
b1 k|-

In order to show (D*")? = 0. one can use the criterion from Proposition
2.16. The top and the bottom term in the general sum of Proposition 2.16.

convert to

(b,k_.p.}__[(ub sees mz(u]- “z-]-l)v e’ ....(lk,g))(nl) =
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= :t‘rn'.(bl.k—i-i—l(ak-blv ceey Qe t, M, Ay, ..oy mi(ajv seey ai+j-l)v eeey ak)),

and
(brs—izr(@r, o m®, o my(Bhsy, oy Bhgidj=t)s -oor @iegr) ) (M) =

= tm.(bl—l-kl.k(ak'i-la seee mi(ak-{—jv sy a'k+i+j—l)7 cerr Ay, M, Ay .oy ak))'

So, these terms come from terms of the A-bimodule-structure of M. The

same is true for the middle term:

(b’k—;,l—J(al? seey b’i,_) (ak—t+lv seey m.v secy ak+])v [as} akﬁ-l))(m) =

= (b, (@korrryees My oo i) ) ) (B k=t (Bht g 1y ooy Qheily My @y ooy Qi) =
J

= Em (b (@kvireer Qragr Ok (Bt g1y ooms Bty M By o Biemy) Bl oo @)

So. the sum from Proposition 2.16. for the A,-bimodule M* has exactly the
terms of m* applied the the sum for the A -bimodule M.
The only remaining question is whether the signs are correct. The proof for

this is left to the reader. ]

2.3 Morphisms of A, Bimodules

Given two A, -bimodules (M, D) and (N, D¥) over an A_-algebra (A, D).
What is the natural notion of morphism between them?

Again a motivation is to have for any A-bimodule-map an induced map

of their Hochschild-cochain-complexes.

Proposition 2.19. Given three modules V., W and Z. Let F : TWV — T2V
be a map. Then the induced map F* : CoDer(TV. TV V) — CoDer(TV.T?*V).
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given by F*f) := F o f, is well-defined, (i.e. it maps coderivations to

coderivations,) if and only if the following diagram commutes:

™y 2 (TV e T"V)e (TWV 8 TV)
F (id@F)®( F@id) (2.20)
TZy ——~ (TV 8T?V) & (T?V 8 TV)

Proof. Ifboth f : TV — TWV and Fof : TV — TV are coderivations then
this means that the top diagram and the overall diagram below commute.

TV S

TVRTV

f (1 dR f)+(f2d)
r
™V = (TV2TYV)s(TYV R TV)

F (:d® F)&(F31d)

TV —( (TVRT?V)e (T?V RTV)

But then the lower diagram has to commute if applied to any element in

Im(f) c TYV. By Lemma 2.10. there are enough coderivations to make

this true for all TWV'. O
Again let's describe F by a system of maps.

Lemma 2.21. (a) Given modules V. W and Z and a map o: V** s W =
V3 — Z of degree |o|, which can be viewed as a map 0: TWV — Z by

letting its only nonzero component be the orginal o on VZF QW 2 V'3,
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Then o lifts uniquely to a map 6: TYV — T?V

T?V

©

which makes the diagram (2.20) in Proposition 2.19. commute (put o

instead of F'). This map s given by
OV, oo Up, W Up gy s Upys) =0,  for r< k or s <,
O(Ugs cees Upy Wy Up ity oees Upgeg) 1=
r= (= 1) g 0(Up ety e W oo U d)s ooes Urgs)s
for r>k and s > L.
Thus 6 |lvergwayvss: VI @ W R VS8 — Yo~k g 7 g 3~

(b) There is a one-to-one correspondence between maps o : TYV — T4V
making diagram (2.20) commute and systems of maps {ox; : VO 2

W 2 V3 — Z}isauze. given by o = 3,50 50 Oit-

Proof. (a) Again one uses induction on the output-component of g. Denote
by & the component of § mapping TWV — D, ..., V¥ =Z3V™

Then g'..... ™! determine uniquely the component ™.

Az(é( Upe eees Up s W Up gy oeee Ur+s)) =

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



= (id X é + é ® ld)(Aw(vh cory Upy W, Ur g gy ooy Ur+s)) =

= (ld X é + é ® ld)(Z(vlv sees Ui) & (vi+l? ey W,y oty Ur+5) +

t=0

+ Z(Uly ey W, -'-7vi) b2 (vi+lv -y Ur+$)) =
r

= Z(—l)w'Z::l lml(vlv seey 'U;) ® é(vt+lv ceey Wy eeey UT+3) +
=0

+ Z OV, ey Wy oo, U3) ® (Vig1s oo Urges)-

Then projecting both sides to

P (vrezeve)eVvHi+veg(VRZe V) C

r+s+t=m

CT?V 3TV +TV 3T?V

1=0
r+s

+ Z O TN W 1) D (Uit eees Upgs)
i=r

So the righthand side depends only on @ with j < m. {except for the
uninteresting terms g™ (vy, ... W, ..., Ur45) 21 and 1™ (vy, ... w. ... Up i)

With this. an induction argument shows that o™ is only nonzero on
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Ve QW @ V% with r — k+s — [ = m, where it is given by

~m . —_
(2] (vlv ceee Up s Wy Up g s oeny Ur+s) -

= ("I)IQIZ:‘,‘,U‘I(Uh coor O(Up ket Ly ooy Wy eeny Upt)y ooy Up )
(b) Let X := {0 : TV — T?V | 0 makes diagram (2.20) commute }.
Then
a: {{ow: VE**IW VP = Z}hisouso} — X,

{oks : VEF 2 W RV = Zhisoiso — Z Okt
k200>0
d X — {{Qk.[ . Vﬁk 2 14 b2y V®l o Z}kzo_(zo},

o — {prz o olyergwave bk>oiz0

are inverse to each other by (a).

Let’s apply this to the Hochschild-space.

Definition 2.22. Given two A -bimodules (M. D™) and (N.DV) over an
A -alyebra (A. D). Then a map F : BMA — BV A of degree 0 is called an
A -bimodule-map :< F makes the diagram

BM4 =2+ (BAR BMA) . (BM A s BA)

F (d< F)e(Faud)

BV A v (BA® BVA) = (B‘VA < BA4)
commute. and mn addition it holds that Fo DM = DV o F.

By Proposition 2.19.. every A, -bimodule-map nduces (by composition F? :
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f — Fo f) a map between the Hochschild-spaces, which preserves the differ-
entials, because (F® o 6M)(f) = F¥(DMo f + (~1)flfo D)= Fo DM o f +
(-)'"FofoD=DNoFof+(—-1)MFofoD=4§¥(Fof)=(6"oF*)(f).

Proposition 2.23. Let (A, D) be an A -algebra with a system of maps
{m; : A% — A},>, from Proposition 2.4. associated to D, (where mg =0 is
assumed). Let (M, DM) and (N.DV) be A, -bimodules over A with systems
of maps {b; : AB* @M @ A% — M}isou>0 and {cki: AR Q N ® A% —
N}isoi>0 from Proposition 2.16. associated to DM and DV respectively.
Let F : TMA — TV A be an Ay -bimodule-map between M and N, and let
{Fiy:sA®* @ sM @ 5A® — sN}e>0u20 be a system of maps associated to F
by Lemma 2.21.(b). Again, rewrite the maps Fi; by fi;: A2*QMIA® — N
by using the suspension map: Fi; = so figo (s~1)@kHi+L,
Then the condition F o DM = DY o F 1s equivalent to the following system
of equations:

foo(bo.o(m)) = coo(foo(m)),
foolboa(m.a)) = for(boo(m).a) — (=1)™ fo1(m, mi(a)) =

= co.0o(foa(m. a)) + cor(foo(m).a).

foo(bro(a.m)) = fio(mi(a). m) — (=) fio(a, boo(m)) =

= coo(frola. m)) + cio(a. foo(m)).
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Zz-— Zk lH( L) fe—ivra(ar, ..., mi(ay, ... @igy-1), oy Mmoo Gyt )+
+ Z, 1 ijé-ii;( 1) fikaiimj43
(@1, ooy bkt —k—2(@g0 -y Ty oo @it )y oy Qg )+
+ Z; 1 ZLL‘:\J;Q( D fra-srr(@ry ey My oy mi(By oy @i o1)s oo Ghpanl) =
= Zk+l Zkfﬁ—iig Cj.k+l—x‘-1+3

(al’ sy fk—)+l.l+j—k—2(aj’ ceey T, <oty a’i+]—l)s ) ak+l+l)

In order to simplify notation, it is assume that in (a,, ..., ax+1+1) above, only
the first k and the last | elements are elements of A and ax,y = m € M.
Then the signs are gwen by

-1

=3- larl + (G -1)-G+ 1)+ (k+1+1)—1d.
1

L

m

r

7-1
and < =(i+1)-G+1+)_lal).

r=1

Proof. Up to signs these formulas follow immediately from the explicit lifting
properties in Lemma 2.13.(a) and Lemma 2.21.(a). For the sign, the argu-
ments of Proposition 2.4. will be applied.

Let’s assume again that in (ai,....ax4¢+1), only the first & and the last [
elements are elements of 4 and ar,; € M. Now notice that just like in

Proposition 2.4. one gets

kil
Fiei(8@g. ... stk ) = (=)= RHE=nllalel g6 £ (ag, o agr)-
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So, when writing out the term pryy o F o DM (saq, ..., sax41). exactly the
same signs appear, that were in equation (2.5) of Proposition 2.4. for prs4 0
D o D. This is so, because D™, which has to be applied in the argument of
F, has degree —1 just like D, and the application of the suspension map is
the same for D or D™ or F. It follows that in this case the signs can simply
be taken from Proposition 2.4.

Unfortunately the signs for the term D" o F cannot be taken directly from
Proposition 2.4. like above. The difference is that F, which is of degree 0
(and not —1), has to be applied in the argument of DVV. So, when F ”jumps”
over elements sa;, no signs are introduced. This means that here one gets a

difference in signs compared to Proposition 2.4. given by

(= )ZFTilarst) — ()i larl ey

(compare this with the first equality in (2.5)). Here one has to take the same
interpretation for the variables ¢ and j as in Proposition 2.4.; namely f.

takes exactly ¢ inputs and the first variable in f;, is given by a,:

(alv vees fr.s(a]v ceey My eeey at‘i’j—l)v ) ak+l+l)‘

Another difference to Proposition 2.4. is given in the last step of equa-
tion (2.5). because the interior element m,(a,, ....a,+,-) is replaced by some
frs(ay.iajeimy). (r+s =i — 1), with jm;| =¢-2and |f,,] = i - 1. So.
when converting Dy _,., to mg_,4 in (2.5), the suspension map for a,.,. .... ax
jumps over one degree less. In the given case. this introduces a difference in

signs of (_l)k+l+l—t—)+1_
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Putting this together with the sign in Proposition 2.4. gives
k+l+1
e— (Y (k+l+1-7)-(laf+ 1)) =
r=1
-1
= i-) lal+(G-1)-E+)+(k+l+1)—i+
r=1}
-1
+O el +i- D= (k+l+1—i-j+1) =
r=1

]-1

G+1)-G+1+)_ larl) (mod 2)

r=1

Thus, dividing the equation DVoF = FoDM by the sign (—1)Zr:i" (k+1+1-r)(laci+1)
yields the result. 0

Example 2.24. Let’s pick up the examples 2.6. and 2.17. Let (A, J,u) be
a differential graded algebra with the A -algebra-structure m, := 9, mg := u
and mg := 0 for k > 3. Now, let (M.OM ,\M pM) and (N,3N, AV, p"V) be
differential graded bimodules over A, with the A -bialgebra-structures given
by boo 1= OM, by ;= AM_ by, := pM and by := 0 for k +( > 1. and
oo =0V, co =NV, cor:=pYN andci; =0 fork +1> 1.

Given a bialgebra map f : M — N of degree 0. Then one makes f winto a
map of A -bialgebras by taking foo := f and fi.; ;=0 for k +1 > 0. Then
the equations of Proposition 2.23. are the defining conditions of a differential

bialgebra map from M to N:
fodM(m) = Yo f(m)
flma) = f(m)a
flam) = a.f(m)
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There are no higher equations.

2.4 Higher Morphisms of A Bimodules

In the last section, morphisms of A,-bimodules where defined partially by
the requirement of having induced maps on the Hochschild-spaces. One
could ask for higher morphisms of Hochschild-spaces, like for example a mul-
tiplication on a Hochschild-complex or any other higher order maps. For
completeness sake, the corresponding discussion for those maps will be given
in this section, even though it will not be needed for the rest of this thesis.

Let’s start with a generalization of Proposition 2.19.

Proposition 2.25. Given modules V. W,, .... W, and Z. Let’s use the
abbreviation X :=TV'V .. TV V. Let A™: TV — TV, (v,....,vx) —
D 0<ii<. ino1 <k (Ul oo U ) @ (Uigats oo 1) @ oo @ (Vi1 ooy Uk)-

Let F: X — T?V be a map. Then the induced map F* : CoDer(TV, T"'V)®
... ® CoDer(TV, TW~V) — CoDer(TV.T?V), given by F3(f, @ ... ® fn) :=
Fo(fi®..9 fn)o A", is well-defined, (i.e. it maps coderivations to coderiva-
tions.) if and only if the follounng diagram commutes:

.3

X (TV3X)D(XTV)
F (id® F)B(F21d) (2.26)

TV — (TV=2 T?V) s (T?V 2 TV)

where k = ((proyvgrwy) © A1) Hid®* ! + id®~! © ((prowavgry) 0 AY)
(compare Definition 2.8. for AW: : TV:V — (TWV\V @TV) 3 (TV 2 TW:V)).
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Proof. Assume f; € CoDer(TV, T%:V), fori =1,...,n. Now, Fo(fi®...8
fa) o A" : TV — T?V being a coderivation means that the overall diagram

of the following commutes

TV TVRTV

An (1dSA™)+(A™®1d)

4

TVen —2« (TVRTVE)a (TVE S TV)

!l@-..@fﬂ (id@!ls---afn)(‘B(!l‘gu.@fn®‘d)
X = (TV3X)a(XQTV)
F (1dRF)B(F 21d)
' 4
T?v (TV @ T?V)® (T?V 3TV)

aZ
where & = AQid®* ! +id®*" !9 A, and k = ((prrygrwiv) o AW R id®n -1 +
id®" ! D ((prowavary) o AWR).

Now, a simple check makes clear. that the top diagram commutes, because
following either path of the diagram. elements of TV are twice broken up in
n + 1 many ways.

Next. also the middle diagram commutes. To this end. project the coderiva-
tion property AW o f, = ((id ® f,) + (f. S id)) o A for f; and f, to the first

and second component respectively, to vield
(prlrvgrwiv) e Ao fi = (id 3 fi) o A,

(prirwavary) © A% o fo = (fa R id) o A.
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Tensoring the top equation with f, ® ... ® f, on the right and the bottom
equation with f; ®...® f,_, on the left gives exactly the desired commutative
diagram.

But then the lower diagram has to commute if applied to any element in
Im((f12..-3fa)oA") C X. By Lemma 2.10. there are enough coderivations
to make this true for all X. a

F can again be described by a system of maps.

Lemma 2.27.

(a) Given modules V. Wy, ..., W, and Z and denote by X :=TV'V 2..®

Given a map o : X,kl“.'j."",f" — Z of degree |g|, which can be viewed as a
map ¢ : X — Z by letting its only nonzero component be the original o

on \'{‘l',f" Then o lifts uniquely to a map 6: X — T?V

T?v
e
projection

1Y_T_’Z

which makes the diagram (2.26) in Proposition 2.25. commute (put
0 wnstead of F). This map o is nonzero only on elements in V¥ <
X,':‘_'j:',f" 3 V33 where it s given by

(U1 oo Uy L U ) = (=) Ty o(z).....v)).

S

Thus 8 | rem. kn: XG5 L VBT 2 Z 2 VB
S TR O n

R P ]
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(b) There is a one-to-one correspondence between mapso : X — T2V mak-

) . Elyorkn . ykisok
ing diagram (2.26) commute and systems of maps {g;' """ : Xl o
P
. _— kly--*vkn
Z},,..kadr,...dn, given by o = Zkl,....k,.,ll I Ol -

.....

Proof. (a) Again one uses induction on the output-component of . Denote
Ve RZ®V'® . Then

,..., " ! determine uniquely the component g™.

by &’ the component of ¢ mapping X — @, ,

=)

@l

AZ(é(vlv cers Uy T, vllv rery U;)) =

= (id® o+ 6® id)(((pr o A™) ® id®"~! + id®"~' @ (pr o A™"))
(vl!'--a Urvx»viv- U,)) =

-ey Vg

.
= (id® 3+ 8D id)(D_ (1, 1) @ (Viay v Tu s V) +

=0
s
+ Z(vl, e Ly ey V) @ (Ul gy ooy D)) =
=0
r
= Z(_l)l?l Zt:l lml(vl! sy U,‘) b é(vi+lv ceey Ly vens U;) +

=0

3
+ Z (U1, e Ly U) ® (UL oo UL).

1=0

Then projecting both sides to

P (1eZeV?)el T+ e(V*eZeV?) C

a+b+c=m
CT?V@TV +TV®T?V

vields
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.
3 (0110 8) @ T (Wirty s Ty s ) +

=0

E ]
+ Z ™ (g e Ty, UD) @ (Ve UD).

=0

So the righthand side depends only on ¢’ with j < m, (except for the

uninteresting terms 9™ (vy, ..., I, ..., U5) ® 1 and 1 @ g™ (v, ..., z, ..., U%))-
With this, an induction argument shows that g™ is nonzero only on

Ver ® \’k"";'k“ ® V®* with r + s = m, where it is given by

r—k
(UL oees Upy T Uy U) = (= 1)OES Wy o(2), V) ).
[ 1 s 1 s

(b) Let Y := {6 : X = T?V | 0 makes diagram (2.26) commute }. Then

----- rky,...okn
a: {{Qh ..... In \[1 N~ - Z}kl ----- Knd1, v"l} - Y
P, g
ki,....k ky,....k Ky yeeny k
{Qll ,,,,, L Xl. ,,,,, . ZYky, o kndysda 7 _S_ oL
koo kndtaeees In
..... ki, k
‘Lj Y - {{Dll ..... - ‘\‘l,...,lnn - Z}kl ----- Kol eens ln}’
o — {PTz °U|x;=n-~ ) (Y ——
1e--vinm
are inverse to each other by (a).
O

Definition 2.28. Given modules V. W', ..., W, and Z, and let again X :=
TVV @ ... T"~\". Denote by

Then a map F : T*1Wal" 5 Z wnll in the following be understood as a

map making diagram (2.26) commute by using the last Lemma 2.27. when
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setting F,'ffjﬂ',’;'o := F and letting all other components vanish. (This gets

rid of a certain redundancy of X, namely the question of "where to break”

TYVRTV+V =@ V*W, VeV QW &V®* forl+r = const.)

Remark 2.29. What is the meaning of the concept of an A, -structure on
some Hochschild-complez C*(A, M)?
By Proposition 2.4. it is clear that one needs to construct maps m; : (C*(A, M))®* —
C*(A, M), satisfying certain properties. But by the above Lemma 2.27. it is
enough to define a map my : TM--MA — M, where TM~M A contains i
copies of M. Again one can ezplicitly write down the equations that have to
be satisfied by these m;’s.

An example of this will be given below in Definition 3.4. together unth
Theorem 3.6. It was shown in [10], that this defines an A, -algebra structure

on C*(A, A) and therefore satisfies all the necessary equations.

2.5 oo Poincaré Duality on A, Algebras

There are canonical A-bialgebra-structures on a given A-algebra and its
dual. A -bialgebra-maps between them will then be defined to be oc-inner

products.

Lemma 2.30. Given an A -algebra (A. D). Let the coderivation D be given

by the system of maps {m, : A% — A},5, from Proposition 2.4.

(a) One can define an A -bimodule-structure on A by taking be; : AT ®
A® A3 5 A to be given by

by := myg_q-.
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(b) One can define an Ay -bimodule-structure on A*® by taking by, : A®* ®
A" ® A% — A* to be given by

(bes(ar, .-y ak, a°, @y, - k1r))(a) :=

= :ta.(mk+[+l(ak+lv cory Qketly @y By y .oy ﬂk)),

where the signs are given in Lemma 2. 18.

Proof. (a) First notice that the A -bialgebra extension described in Lemma
2.13.(a) becomes in this case the same as the extension by coderivation
described in Lemma 2.3.(a). Now, the equations of Proposition 2.16.
become exactly those of Proposition 2.4. and the diagram (2.12) from

Proposition 2.11. becomes the usual coderivation diagram for D.

(b) This follows immediately from (a) and Lemma 2.18.

a

Example 2.31. [n the case of a differential algebra (A, 0, 1), which by Ez-
ample 2.6. can be seen as an A -algebra, the above A -bialgebra structure
on A is ezactly the bialgebra structure given by left- and right-multiplication,
because then b, g(a Rb) = ma(a®b) =a-b and by 1(a@b) = ma(aRb) =a-b,
fora.be A.

Similar the A, -bialgebra structure on A* is given by right- and left-multiplication
in the arguments: by o(a2b")(c) = b*(ma(cRa)) = b*(c-a) and by 1 (a*Rb)(c) =
a*(my(b2c)) =a*(b-c). fora.b.ce A, anda*.b" € A*.

Definition 2.32. Given an A -algebra (A, D).

e Define an >xc-inner-product on A to be an Ay -bimodule-map from

the A -bimodule A to the A-bimodule A* qiven in Lemmma 2.30.
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e The oco-inner-product is called an oco- Poincaré-duality structure, if

it induces a quasi-isomorphism of the corresponding Hochschild-complezes

C*(A, A) — C*(A, A*).

Proposition 2.33. Given an A -algebra (A, D). Then an >o-inner prod-
uct on A is ezactly given by a system of inner-products on A, namely {<
iy ey e Dpgs ABRHEZ R}i>0.50, that satisfies the follownng relations:

k+l+2
=1
Z (_1)21_—1 =l < aypyeeny a(a‘t)v ey Gk H+2 ZRI= Z < @y, .-y m](any '")v cee >r,3v

i=1 .J.n
where in the sum on the right side, there is ezactly one multiplication m,

(7 > 2) inside the inner-product < ... >, and this sum is taken over all i, j,

n subject to the following conditions:
(i) The cyclic order of the (a,, ..., @k+i1+2) IS preserved.
(1t) Qk+1+2 ts always in the last slot of < ... >p,.

(iii) It might happen that aixyi 2 is inside m,. By 1), this is the only case,
when the inner product can start unth an a; # a,,

(e.9. < @isr....nmy(@n, ooy Bgts2, B1y oo @) Sp s foT i > 1).

(iv) axy1 and axyi42 are never inside the m; together. (This s exactly the

significance of the indices k and l.)

(v) r and s are quen by looking at which slot the element ar,, ends up in
the inner-product. More ecactly, ax,, wll sit in the (r + 1)st spot of
< ... >ry. S s then determined by saying that < ... >, takes exactly

r + s + 2 arguments.
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Proof. Let’s use the description given in Proposition 2.23. for A -bimodule-
maps. An Ax-bimodule-map from A to A* is given by maps fi; : A%* ®
A® A® — A* for k, | > 0. These can clearly be interpreted as maps
A% 2 A 9 A® © A — R, which are then denoted by the inner-product-

symbol < ... >;; from above:

’
< @y ooy Qrtr, @ Se= (=D fra(@r, e aksi1))(@).

Being an A -bimodule-map means that the general equation from Propo-

sition 2.23. is satisfied. This equation is
D Efealon M)y @) + Y Efra(en by (), )+
Y @ m(e)y) = 3 i o fialon @),

Here a € A is the (k + 1)st entry of an element in A% 3 A ® A%, which
means it comes from the A, -bimodule A, instead of the A, -algebra A.

Now, by Lemma 2.30.(a), b;, = m;, 4, is just one of the multiplications, and
thus the left side of the equation is just fi; applied to all possible multipli-
cations m;. As f;; maps into A®, one can apply the left side to an element

a’ € A and therefore use the maps < ... >4 :

D sl M) ) (@) = 3 <y’ Sep . (234)

In order to rewrite the right side of the equation. one uses Lemma 2.30.(b)

(with fis(....a....) € A%) and the maps < ... >, when evaluatingon @’ € A:

> ey (@ fralon @)oo Giin))(@) = (2.35)

= 3 el ) B, @, ) =

= E <@ My @paggr. @' ay ) Dy
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Now, with the identities (2.34) and (2.35), it is clear that the inner-
products have to satisfy equations with sums over all possibilities of apply-
ing one multiplication to the arguments of the inner-product subject to the
conditions (i)-(iv). This is of course just what is stated in the equation of
the Proposition, when isolating the J-terms to the left. For condition (v),
notice that the extensions of D and D# from Lemma 2.3.(a) and Lemma
2.13.(a) record exactly the special entry a in the A-bimodule A. Thus, the
A -bimodule element a determines the number k, and then ! is determined
by the number of arguments of < ... > .

In order to see that the signs can be written as in the proposition, one

has to insert the signs for the case m; = m; = 9. The important terms in

(2.34) are
(=1 (far(oer Day, o)) (@) = (= 1) ZreslarDrlvkelelrial o s 0@, @ Sy,

where = is the £ from Proposition 2.23. with i = 1. In (2.35) one only has to

look at one term, namely

(—1) (con(fia(@r, s @rris1))(a),

where Proposition 2.23. implies ¢ = 0 (mod 2), because i = 1. So. by

Lemma 2.18.. this term is given by

(—1)”"'l(m'""ak““”.‘(fk_[(a[, ot ak+l+[))(aal) —

kel Reey) -1 )
=(-1) e e la -l o A1y oo Qpepter, 0@ >p .

Bringing this term to the left side and dividing by (—1)***1%'l yields the

result. 0
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There is a diagrammatic way of picturing Proposition 2.33.

Definition 2.36. Given an A -algebra (A.D) with the oo-inner product
{< oooree Sppr A2 RYiso150 from Proposition 2.33. To the inner-

product < ... >, one associates the symbol

k... 21

k+1 \l/k+l+2

k+2 7 k+1l+1

More generally, to any inner-product which has (possibly iterated) multipli-

cations my, my, my, ... (but no differential @ = m, ) inside, e.g.

< By oo (e )y ooy Mp (e, g () i) s oon ks
one can associate a diagram like above, by the follounng rules:

t) To every multiplication m,, associate a tree with j inputs and one out-

put.

The symbol for the multiplication unll also occur in a rotated way. It

should always be clear. where the inputs and the output are located.
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iz) To the inner product < ... >,,, associate an "evaluation on an open
circle”:

r ... 21

r+2 7 r+s+1

Here there are r elements sitting on top of the cirvle, s elements are
coming in from the bottom of the circle and the two (special) inputs
(r+1) and (r +s + 2) on the left and right. Thus one gets the required

r + s + 2 inputs.

1z) Around the diagram, one ’sticks in” the elements a; counterclockunse,
(where the last element a, .4, s in the far right slot).
When multiplications m; of the graph are performed, one uses the coun-
terclockunse orientation of the plane to find the correct order of the

arguments a; in m, (see examples below).

Let’s refer to those diagrams as inner-product-diagrams.
Examples: Leta, b, c.d, e, f, g. h.i. j, k € A.

<a.b.c.d >59, (deg = 2):

- \/
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< avbyc7dyevf1gvh'vi >3.4: (deg = 7):

< a.b,ms(c,d, my(e. f)), g, ma(h, i) >1.2, (deg = 4):

< c.mo(d.e),ma(ma(f.g), h).i.my(j. k. a.b) >a21. (deg =5):
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There is a chain-complex associated to the inner-product-diagrams:

t) Degree:
The degree of the inner-product-diagram associated to an inner-product
< ... >y with the multiplications m, , ..., m,, inside is defined to be
n
deg(Diagram) := k + 1+ Y (i, — 2).
=1

Fzamples are gwen above.
iz} Chawn-complez:

For n > 0, let C, be the space generated by inner-product-diagrams of

degree n. Then let C := @), 59 Cn-

u1z) Daifferential:
Let’s define a differential on the inner-products to be the composition
unth the operator 9 := 3 id®...2id 29 Bid 2 ... R1d (where d = m,
s being in the i-th spot):
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Why is this well-defined and what is its diagrammatic interpretation?
First let’s look at the inner-product < ... >p; without any multiph-
cations inside. Then by Proposition 2.33. this means that one puts
one multiplication into the inner-product-diagram in all possible places,
such that the two lines on the far left and on the far right are not being
multiplied (see Proposition 2.33. (iv)).

Now, if there are multiplications inside the inner-product, then one can

observe from Proposition 2.3., that

Y Mao(id®..2899..9id) =

n-1

= ) ) M ko (id..@me® .. Bid) +  (2.37)

k=2 1
+dom, (2.38)

(The sum over i on both sides of the above equation means that one
has to put @ [or respectively m,] in the i-th spot of the tensor-product.)

Now, (2.37) "brakes” the given multiplication m,

Mp
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into all possible smaller parts m, ., _; and m;

Mp—-k+1

The last term (2.38) is also important. It makes an inductive argu-
ment of the above possible. One gets a term d(my,(...)) being inside the
inner-product or possibly another multiplication, which then unll have
arguments applied to 3, so that the above discussion works again.

So, on the level of graphs, the differential means to take just one more
multiplication in all possible places without multiplying the given far

left and far right lines (c.f. Ezample 2.40. below).
Theorem 2.39. d: C, — C,._, and d®> = 0.

Proof. By the formula for the degrees in Definition 2.36.. a multiplication m,
with n inputs contributes by n —2. Now, taking the differential means to put
in one more multiplication in all possible ways. Let’s assume one wants to
put m, into the formula. Then this replaces n arguments with one argument

in the higher level of the formula. Thus
new degree = (old degree)—n+1+(n—-2)=
= (old degree) — 1.
One can prove d*> = 0 in two ways:

i) Algebraically:

The definition of d on the inner-products is just a composition with the
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operator 9 = ),id®..0id®IRid®...® id (9 being in the i-th spot)
on TA. Thus 4&? is composition with
= +id®..808..908..9id =0.
ij

This gives zero, because @ occurring at the i-th and the j-the spot can
be obtained by first taking the one at the i-th and then the one at
the j-th, or first taking the one on the j-th and then the one at the
i-th spot. These two possibilities cancel each other out, because 3 is of
degree —1 and the first 9 either has to "jump” over the other 3, which

"

gives a " —" sign, or not.

ii) Diagrammatically (without signs):
If d means to create one new multiplication inside the inner-product-
diagram, then d2 obviously corresponds to creating two new multipli-
cations. For two given multiplications, there are always two ways of

obtaining them.

Case 1: The multiplications are on different outputs
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Clearly, one can do one first and then the other, or vice versa. In

this way one always gets this term cancelling itself.

Case 2: The multiplications are on the same output
Here are the two ways of obtaining the same picture, and thus

cancelling out:

=1t =
h="Y-¥

Example 2.40. Let a, b, c € A.
k=0,1=0:d(<a.b>q0)=0

k=1,1=0:d(<a.b.c>p)=<a-bec>g9xt<b.c-a>y

ardc)- b—i—o— x b-cJ_
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_L\.
ST\

d('?u"%-r!_-ré

In the last three pictures (unth k + | = 2) the righthand side is understood
to be a sum over the five, or respectively six, little inner-product-diagrams.
Then, as d*> = 0, one can arrange these elements according to their cor-
responding boundaries to give a boundary-free object. In this way one gets

certain polyhedra assoctated to the < ... >;;’s.
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3 BV-Structure on the Hochschild Complex

3.1 Definition of the Involved Maps

The goal of this section is to define operations on the Hochschild cochain

complex, including a multiplication, a bracket and a A-operator, that make

H*(A, A) into a BV-algebra.

Let’s first briefly recall the definitions of a Gerstenhaber-algebras and
BV-algebras.

Definition 3.1. Given a nng R. A Gerstenhaber-algebra (A,-,{—.-})

over R conststs of
e a graded commutative associative algebra (A,-),

e a Lie-bracket {—, -} : AR A — A of degree +1 satisfying the graded
symmetry condition and graded Jacobi-identity:

{a.b} = —(=1)lal{p a},
{a.{b.c}} = {{a.b}.c} + (—1)e®i{p, {a.c}},

e such that the multiplication and the Lie-bracket satisfy the graded Leib-
niz rule:

{a.b-c} = {a.b} -c+ (=1)®p. {a. c}
There is a more general structure:

Definition 3.2. Given a mng R. A Batalin- Vilkovisky-algebra, or short
BV-algebra. (A.-. ) over R consists of
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e a graded commutative associative algebra (A,-),
o a differential A : A — A of degree —1 such that Ao A =0, and

e such that the deviation of A from being a graded derivation defines a
Gerstenhaber-algebra on A, i.e. with the bracket {—,—}: AQ A — A
defined by

{a,b} := A(a-b) — A(a) - b— (—1)"la . A(b),
the triple (A, -, {—, —}) forms a Gerstenhaber-algebra.
This definition immediately implies the following Lemma:

Lemma 3.3. A BV-algebra structure implies the structure of a Gerstenhaber-

algebra.

Now, the goal is to define such a structure on the Hochschild-cochain-
complex of an A -algebra A. In order to describe the necessary maps. a
convenient diagrammatic notation for maps of the Hochschild complex will
be used. Let’s first rewrite elements of the Hochschild complex in terms of
diagrams.

Let A be a graded module. In order to include the signs, it will be convenient
to denote degree of an element a € A, by |a] = i. and the corresponding
degree in the shifted space a € A, = (sA);4; bv |la]] =i + 1.

Now, the Hochschild-cochain-complex (Definition 2.7.) consists of lifts of

maps f : (sA)® — sA to coderivations f:BA— BA according to Lemma

2.3.(a):
f(al. @p) = Z(_1)Hfll-(lla1||+--.+l|a,‘I)(al_ e f(@ya1e @y o).
1=0
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Diagrammatically this can be represented by

a)
az
a3
A a4\f_
/ S T
ay....,An) = + .
f( ) .t .,

where the sum moves f from top to bottom.
In general f consists of a sum of lifts of f’s, corresponding to maps starting
from different components (sA)®*, i.e. taking different amount of arguments.

It is useful to represent f simply by f , keeping in mind, that this

represents not only a sum over different amount of arguments, but also a
sum corresponding to the lift of the components to BA like above.
For example if (A. D) is an A-algebra, then part of the structure is given
by the coderivation D : BA — BA. This coderivation was denoted by a fat
dot: D =

If M is another graded module, then exactly the same arguments can
be applied to coderivations f : BA — BMA. The only difference is.
that the maps f : (sA)® — sM now map into sM and therefore lift
—n(5A)%F B (sM) ® (sA)®. Diagrammatically
this makes no difference. when remembering from where to where f maps:

s-\
sAN
sA~7

Ss

Now. if (M. D) is an A..-bimodule over the A -algebra (A. D). then.

to maps (sA)®" — P, ,,

—sAl-

by the same reasoning as above. one can represent the coderivation D :

BM A — B™ A given by maps (sA4)? & (sM) 2 (sA)® — s\, in a diagram-
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S

s
matic way: D" =g, sM- Here the same symbol of a fat dot will be

sA

used that was a.lre:dy used for the A -algebra structure of A, because in the
applications below, M will be either A or A*, and in these cases DM is given
by D (; compare Lemma 2.30.).

Finally, one can repeat the arguments above for graded modules A, M.
N, and a given bi-comodule-map F : BMA — BV A. This means that F is
given by maps (sA)®' ® (sM)® (sA)®? — sN for i,j > 0, which respectively
lift to maps (sA)®* @ (sM) @ (sA)® — (sA)®** R (sN) ® (sA)®-1. The

symbol that will be used in this dissertation to denote bi-comodule-maps are
S

s
open circles: ¢, r sN-
sA
s
This will of course be used for the oc-inner-product F : B*A — B4" 4 of
s
s
an A-algebra A: F =4 sA* (; compare Definition 2.36.). (Note
sA

s
that instead of thinking of this diagram as having an output in sA*, one can
interpret it as a map with one more input-argument on the right.)

With this notation. one can introduce a diagrammatic representation for

maps of the Hochschild complex.
Definition 3.4. Let A be a graded module.

e The basic operation that can be performed in the Hochschid-compler
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C*(A, A) is the "composition”. This cannot be the usual composition of
the coderivations as maps, because the composition of two coderivations
is in generul not a coderivation. In detail, if f : (sA)®* — sA and
g : (sA)® — sA are linear maps, then lifting them to coderivations f

and g, and composing them as maps, gives the map

(@1 @r) = D (1) (s fBts oo Bk ooes §@Ls1s o Bty o) +
+) (=D (o f@kr1roees 9@1r1, - oesBagg)s )} +
Y (D (o gl@krts o B o FB1s @), ),
where ¢ = ||f]| - X0, laill + llgll - £is, llasll, and & = [If1] - (llgl] +
ZL[ Hadl) + ligl] - Zf:n llail]. This s (clearly) not a coderivation,
because the first and last component of the sum are not of the form of

codertvations. So, for the definition of the composition, one takes

only the middle term

fogla,....an) == Z(—l)"f"'zfﬂ lauil +1gil- X5 tlaull,

- (' f(alu-l' ---.g(au»x, al+1)' ---~ak+:-_;+l)v )

and >

composition fo§ s denoted by>§> f——. where it 1s clear agan

the

Diagrammatically, for the coderivations > f

to sum n all possible ways.

Here s the definition of a symbol for the composition operation: .
It symbolizes to map f D§tofo g, by plugging the second map g into

the first map f in all possible combinations.
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(2)

e More generally the symbol e 0 will denote the brace-operation,

Q
which is defined as follows. For linear maps f : (sA)® — sA and

g*: (sA)®x — sA, withk = 1,....n—1, and corresponding lifts f, §*,

one takes

(F{g", - 3" D@1, am) = D (- YIIFE s llali+iglh 4y taal,

o Filonn G ) o @R () o G () 0):

=4

This corresponds to the coderwation with the diagram >92\ —

= n-

— 9
Here, the nodes represent certain coderivations which have an arbitrary
amount of inputs. There is an implicit sum with signs over all those

possible inputs.

o [f(A.D) s an Ay -algebra, then one defines a sequence of multiplica-
tions qwven by z\[.(f'....,f*) = D{f‘, f~‘}, where {...} denotes the

brace-operation from above. The symbol for the multiplication M, is
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With the help of the composition it is also possible to define the Lie-
bracket on the Hochschild complex.

Definition 3.5. Let A be a graded module.

o Let f,g € C*(A, A) Then define the bracket-operation on C*(A, A) to

be the graded commutator of the composition:

{f.g} := fog—(-1)Wsligo f.

The symbol for the bracket is clearly given by @,_@ + @_@

Note, that this bracket is the same as if one would take the commutator
of the coderwations as maps, because the troubling terms in Defin:-
tion 3.4. cancel each other out. The commutator of coderwations is a

codertvation.

e Now, if one has an A -algebra (A, D), then the differential on C*( A, A)

can be rewnitten as §(f) = {f, D}a)j'OD—(-l)“f”Dof and therefore
Il H

it has the symbol@_. -(-1) ._@

e More generally for any Ao, -bimodule (M, D), the differential on C*(A, M)
1s written as 0¥ (f) = fo D — (=1)MDM o f, and its diagram is gwen
by

M(f) = foD—(—1)MIDMo =>> ——i>f

These definitions give the well-known Gerstenhaber-structure on the Hochschild

complex.
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Theorem 3.6. Let (A, D) be an Ay -algebra. Denote by (M,). and {—, —}.
the induced maps of (M,) and {—, —} on homology.
Then. the trple (H*(A, A), (Ma)., {—, —}.) forms a Gerstenhaber algebra.

Proof. This is a well known fact, originally proved by Gerstenhaber for as-

sociative algebras in (8], and in general by Getzler and Jones in [10]. a

Remark 3.7. Below, the last definition 3.5. unll have to be applied to the
case of the A -module M = A* over an A, -algebra (A, D). It unll be useful
to make this more explicit. In order to do this, one can use the description of
D4 : BYA — BA A from Lemma 2.18. and Lemma 2.30. Namely, as D"
s a coderivation, it is enough to look at the components D*° : BA" A — A*,

which are given by

(D;::z—k—l(alv~---ak?a'»ak+lv---»an))(an+l) =

. k . . nt+l .
= (_1)”0 "+(z‘=l Haul1)-(lia ”+Z'=k‘l ”a'“)a (Dn+l(alc+h sy Gy A1, A,y e ak))'

So. for f : sA® — sA*, one has

(DY (ay. o ak. f(a). .. @), Qs e @n))(@nrt) =

a a;
a’ a: a 7
1 1 a,
= %f n+l = x %f n+1°
a: Qi+ a: an
an ak+l

Therefore, the differential V' (f) = fo D — (—=1)DA" o f is represented by

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



60

the diagrams

— -

=>> _i>f_.<

Notice that this just means to add a multiplication D in all possible ways
around f, which corresponds ezxactly to the interpretation of Definition 2.36.
In other words, if one identifies

C*(A, A*) = Coder(BA, B A)
= [] Hom((sA)™, (s4)") = [] Hom((sA)® *'. R),

1>0 120
then the output of a map f : (sA)® — (sA)" is interpreted as another input.
and the picture for the differential §*° above shows that this is just the dual

of applinng D to all possible spots in the inputs.

The last ingredient that is needed is a BV-operator. The definition for
it will not be given on C*(A. A), but on a quasi-isomorphic subcomplex of

C*(A. A"). namely the reduced Hochschild complex.

Definition 3.8. Given an A -algebra (A, D), and unite D = Z‘zo D, n its

components (compare Lemma 2.3.(b)).

e Then an element 1 € Ag = (sAd);; C BA s called a unit of A. «f. D,
applied to any element of the form (ay, ....a,-, 1. @41, ... ay) € (sA4)%"

always quves 0, ercept for the case n = 2, where

~Ds(l.a) =a = (-1)1"Dy(a.1).
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Dn(alv ey @i, lv Qigy -y am) =0 for n # 2.

In this case (A, D, 1) is called a unital A -algebra.
Notice that the signs are given such that for the associated map m, =
s Yo Dy o (s ® s) one has my(1,a) = my(a, 1) = a (compare the proof

of Proposition 2.4.).

e Given a unital A -algebra (A, D,1) and an A -bimodule (M, DM)
over A. Then define the reduced Hochschild-cochain-complex
C*(A, M) to be the subspace of C*(A, M) = Coder(BA, BM A) given by
maps f which map to 0, whenever applied to tensor-products including

the unat 1:
feC(AM) < feC(AM) and
Va...a, € A: f(ai,...1l.....a,) =0.
Lemma 3.9. C*(A. M) is a subcomplez of C*(A, M) with the inclusion being
a quasi-isomorphistn C*(A, M) C C*(A, M).
Proof. See Loday [13], p.46. Proposition 1.6.5. O

With this. it is finally possible to define the BV-operators. It turns out
that there are actually two operations 3 and A, which satisfy 32 = 0 and
the deviation of A from being a derivation is a Gerstenhaber algebra (on

homology). In the important case where J. = A., one gets a BV-algebra.
Definition 3.10.

e Given a unital A -algebra (A. D.1). The dual of Connes’ B-operator.
denoted by 3. is an operator 3 : C*(A, A*) — C*(A.4°%). For f €
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C*(A, A*), let
n+l

(BUH)ar, - an))(@ns1) := D (=1 (f(@ir - @ns1, @1 oo 3 1))(D),
=1

where ¢ = ||f]| + llai]l + ... + llansill + (el + . + Hlaall) - (Hladd] +

ai+E§

Qn+1 —1
a,

oo + ||@ai-1l]). Diagrammaticelly, this coderivation is +

where the sum over i is implicitly assumed. The opemtz'o(::-[il is denoted
(up to sign) by N@_l. Here, the fat line on the left denotes the
position of the last element a, .\ plugged into f, which now doesn’t have
to come from the right any more. Then all the other elements a; unll

be inserted in a cyclic way starting from a,.

e [n order to define the A-operator, one needs to assume an co-inner-
product F on A. With this, A : C*(A, A) — C*(A, A*) is given by the

diagrammatic picture
a2
a)

((A(N))(ar. ... an))(@ns) == (1) - _

Gn

N

2

a
Ay
- a2
V4
ay @
—(—1)52'1 ——an+l+(_1)63']_ n+l*
Qn an
Qyyy
7
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where a sum over all combinations is assumed,
i i-1
aoo= ) lladl + 1A O ladl,
r=1 r=1
n+l

t 7-1 k
&= Y ledt+ 1A (S tadd + S ladd - (3 lladD,

r=k+1 r=k+1 r=k+1

: 1=t
ea = 3 llarll + AL+ A O laild,
r=1 r=1

and the oc-inner-product F is as usual denoted by an open circle (com-

pare Definition 2.36.). The symbol for the A-operator is given by

where ¢ s the degree of the operation to be plugged into @, and the
fat line on the right denotes again the position for a,,, to be inserted.

The correct sign can be obtained by the follounng sign convention.

Sign Convention for symbols: Given u symbol for an operation on the
Hochschild-cochain-complex. Then it is assumed that this represents a sum of
all combinations of placing the elements (a,, ....a,.1) tnto the given picture,
wnth the last element a,., ending up in to position indicated by the fat line.
In particular, there is a unique configuration of doing this for which all a,. ....
an4+1 are plugged into the same operation in which a, ., ts being plugged into.
( This means that one can think of the a,’s as sitting "nezt to each other” at
the fat line.) This configuration will be assumed to have a vanishing sign (1.e.

+1). Then every other configuration for entering the a,’s can be compared
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to the one described above, and thus obtains a sign qiven by the usual sign
convention, namely when writing down an explicit ezpression for a diagram,
one introduces a sign (—1)1FWWI for every letter = that has to jump over a
letter y.

Here are two examples for determining the order in which the letters would

a,\\ a,

Q-1 a2
ay
occur in a gwen diagram. The diagram q, +1 ts explicitly written as
Qn
Qiy
/73
a.
/7
a,
F(alv"'y a}—ly f(a]v'"yak)vak-i»lv"'vaﬂ‘l'l)' The dzagmm ai ——aﬂ+|
An
(L]
3
represents the expression F(agiy, ....,a,-y. f(a,;, ..., @n4y, @y, ...  ax)).

Here s an example for the sign convention. In the above definition of A, the

symbol | was used. [t contains the special configuration | 17

which has the +1 sign. (Recall that the lowest component of f 1s f: R —

A. so that f without any input makes sense). Therefore the configuration
a; an

ay
1 ey Obtains the sign 3t lla-|) + (11l - (X220 ladll), whach is ez-

N

actly what was written as | in the definition for A above.

Claim: J and \ are (graded) chain maps.
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Proof. The proofs will be given twice. First, in order to get a better under-
standing, the explicit diagrams (without signs) will be used. But the proof
becomes much easier, when being performed on the level of symbols. Then,
the above sign convention will also proof the correctness of signs.

With Remark 3.7., one gets
[ a \

aiv
SYB() = &V 4 §_1 =

Qn+1
a,

\ i /

= 3V () + > a, _>f‘_a] 1] =

= 3(6Y(

where the second term in the second line comes from multiplying 1 with
other elements via D, which. as 1 is a unit. can only be done for e, ® 1 and

1 ® a,_;. This gives terms with @, and «¢,_,. which cancel after summing
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over j. (Notice that the expressions with a, ® 1 and 1 ® a; differ by a sign
(=1)"%0 and Dy(1.a;) = —(—=1)®11. Dy(a;.1).)

Similarly,
a (¢ 5]
ay
o | +1 | = sum of all possibilities of placing the
an
L | 4
\ a; \\k )

a. Q9
a
multiplication D around =
an
Ay 41 /]f
o/ TN\,
- —~ —~
= 1 NES n+t T a x

N /K\ N
/N /N

But notice that by the property D*" o F = F o D of the ~-inner-product
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F', one has (compare Definition 2.36.):

\

-~
0 = % 1 n+l:t1

r s >; e
M M

i1%fﬂtl%§f<t
N
j\\i /N /N

Comparing this with the above expression. one sees that the differential is
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given by
( )
a ag
Q)
O.A' 1 n+1 =
Qn
Ay 4 4
\ a \\k )

An )
~ ~
=+ >y £ nE]

where the property of the unit 1 was used in a similar way as before. A

calculation of the differential of the other two terms from A(f) results in

.. -~ - —
e I fann | =41 (e

V4 /

An+1 <

+ + f .
fé n+1
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N

5.“. 1 +1 = i 1 +l:t

__
7
on
o
SN

£ /f+<i >f /+l'

Adding these three terms, one sees that most of them cancel, except for

Y (AS) = —A(6Y ().

On the level of symbols the proof above is written in the following way:
One needs to show that the 3 and A commute (in a graded way) with the
differentials 0! and é*'. For this, abbreviate a := 3_"*! ||a,|| the total degree
of the input elements a,, and let u := || f|| be the degree of the Hochschild-

cochain f that is applied to 3 and A. Then the claim follows from

A= (-1)“’1$—+1—o—@—+ l—g»
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together with

04
& 11 = -
B (—l)“®—o—+ (—1)Fsre. 1—-0——@'

54 (1 C ) =(-1)- 1 :-,‘(®)__

—(—1)"""1—0—-@— 1—0—%'

. A

0’ 1 =(‘1)’1 + +1 ’
&) T

Here are some remarks on how to obtain the signs. All the symbols above
have a uniquely given sign by the sign convention stated above. In order to
determine the sign one has to see which function-letters are being commuted
and introduce the corresponding sign for them. Furthermore. the sign rule

for the unit from Definition 3.8. has to be used. Finally. one has to be

careful that e.g. the boundary components @-—o— and |

of | come from a cancellation of placing the multiplication in all

possible places around the inner-product (compare above). This means that
those terms are being subtracted from the differential in question(- which. in
the given case. will come to an overall plus-sign. because the multiplication

D jumps over the unit 1. and thus introduces another minus-sign). (Compare
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also the boundary component | of 1_0_®_, which does

not come from a cancellation and thus has an overall minus-sign from D
jumping over 1.)

Similarly for 3, one has

{3 — (_1)a+u+a‘u+l . C ! 1+

(1) (Do + (—1)°+“+‘@_T_l,
with

o (@_1_1> =(-1)*- 54(@)—1—1+
+ (=l)atmter '@—o——&—o_l’

o (—@-—0—1) = e (D)—0—1+

oSBT -

o @'—T—l =5"(@)—T—1+
RSN G SO S,

IV (3(N) = =38 (f)).

which shows that
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So, both 3 and A are (graded) chain maps on the space C*(A, A*),
which, by Lemma 3.9., is quasi-isomorphic to C*(A, A*). If one also has an
oc-Poincaré-duality-structure F given on A, then, by definition (Definition

2.32.), C*(A, A*) is also quasi-isomorphic to C*(A4, A):
C' (A A)=C"(A A%, f— Fof.

Therefore, the induced maps on homology 3. : H.(C*(A, A*)) — H.(C*(A. A°))
and A, : H.(C*(A, A")) — H.(C*(A. A)) can (and will) also be interpreted
as a maps H*(A,A) — H*(A, A).

More explicitly, if f € C*(A, A), then 3.([f]) and A.([f]) are defined by

B(f]) = 3([Fof]). and A([f]) =A.([Fog]).

Definition 3.11. Given a unital Ay-algebra (A, D,1) with co-Poincare-
duality-structure F. Then F is called symmetric, if the operators A\ and 3

induce the same map on homology:
A.=p0.

Here is a lemma that gives a motivation for the word "symmetric” in the

last definition.

Lemma 3.12. The difference of A and 3 is quen up to homology by the

operation

A—- 7= (—1)n+“®__T_l + 1?‘
—(—peTes. 1‘1—.@— (—U‘”’“i[.
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where a 1s the total degree of the inputs a;, and u is the degree of the
Hochschald-cochain plugged into the symbol.

Example 3.13. The lemma shows that if F is a strict bimodule-isomorphism
of A — A* and has no higher components, then it is symmetric. This is clear,
because as there are no higher components, the righthand-side of the equation

above vanishes.

Proof. The above lemma will be proved by a general method of proving
identities in the Hochschild complex. Explicitly, one writes down an element
r from the Hochschild complex, whose differential §(z) will then be 0 in
Hochschild cohomology. because it is a boundary.

Let’s look at the following element:

(—1)- lﬁl -1 1“(—1)"'“'1ng

(As before. the number 1 inside the circle indicates that for any given element
f € C*(A. A). this expression gives an element in C*(A, A*) by plugging f
into the indicated position. The fat line indicates where one has to start the
evaluation when applying the expression to @, ® ... ® an4,.)

Let’s start with calculating the differential of this element. In order to under-
stand this calculation better, the symbol@will be replaced by an explicit
element f € C*(A. A). and as before it is always assumed that the elements

@y.....an., are placed in all possible spots. Also. the sign will be added later.
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when performing the proof with symbols. By Remark 3.7. one has

oY I—M—I = sum over all combinations of
placing a multiplication D around l—ll

When simplifying this, it will be useful that the co-inner-product satisfies
D4 o F — FoD# = 0. This means that the sum of all combinations of placing
D around the open circle (which represents the oo-inner-product) vanishes
(compare Remark 3.7.). Placing the unit, f and the fat line at the places

indicated by the above diagram, one sees that the following sum is zero:

Several terms of this sum are immediately zero. Namely the first terms in the

first line and the last term in the third line become zero. as the multiplication
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of three or more elements which include the unit always vanish. The last term

in the first line vanishes, because this element represents a sum of terms

\ \ \
=f =f —=>f
i1 I=alj 1";} 1=0.

(It was used that the multiplication is nonzero only on two elements, where
moa(a.l) = a = ma(l.a).) Similar the first term of the third line becomes

zero. The only remaining terms in the first and third line are:

f f
i”1>v——l——1 + l__1_<{ = j:—tL—l * 1—L—f~

where it was used again. that 1 is a unit.

Going back to the differential that had to be calculated, one has to place

the multiplication in all possible places around the expression 1- Af-
ter doing this. many of the above terms appear. But instead of | 1> the
term | | appears. and above one has three additional terms. namely

f
:tA_l:tl_l_f:le l-
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As the claim is supposed to be true on homology, it will be assumed that f

represents a closed element and therefore 0 = §4(f) = f—eo—(—1ig £

which thus identifies 1i1 with lil (up to sign). In conclusion:

o4 (—1)'1—£1) = (*l)a*’“-iﬁ-
+(—1)ren. 1_!._@+ | y
Similarly. one gets the other terms

(5". _(_1)0.,‘. 1 il 1 ;(_l)a-u-#aﬂ-u_c ! 1+
+(—1)“'li+(—1)°“‘-1 1

s (-1 - 1] = 1—o—r(Dmm + (1) e D)—0—1

—1 1= (=D I
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Adding these terms, one gets
(=1)*- 13—-{* 1—o—( Jen + 13. -

_ (—I)Q"‘“’H”’l . 1+ (__l)a+u+l i C l+

+_(_l)a+u+l_c 1 g(_l)a-#u_c 1+
+1 +(_1)a."+u+l.l ! ®+(_l)a+u+l. I 1

Now. the first bracket clearly corresponds to the A-operator, whereas the
second bracket was already shown to correspond to the 3-operator on ho-
mology. More precisely. this term corresponds to J3(f) = J( f—o) when
applied to an element f_o= F'o f for f € C*(A, A), because by definition
one inserts the unit 1 on the right and lets the arguments a,, ..., a, rotate

around the function f—o€ C*(A4, A*) (compare Definition 3.10.). 0

3.2 Proof of the BV-structure on the Hochschild Com-
plex

Theorem 3.14. Gwven a unital A -algebra (A.D.1) unth symmetric x-
Poincaré-duality-structure F.

Then. in the notation of definitions 3.5. and 3.10.. the space (H*(A. A), (M).. A.)
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is a BV-algebra, whose induced Gerstenhaber-structure is given by {—, ~}..

Proof. The remainder of this section is devoted to the proof of Theorem 3.14.
Using Theorem 3.6., it suffices to show that (A.)? = 0 and the deviation
of A. from being a graded derivation is given by {—, —}..The first statement

comes from the assumption A, = 3. and the following Lemma.

Lemma 3.15. On the reduced complex C*(A, A*), it is % = 0. It follows
that (3.)®> = 0.

Proof. Let f € C*(A. A%). Then

Qi
3(f) = 8(x aﬂ§ — )=

because f € C*(-1. 4*) maps any tensor-product of the form ... ® 1 ® ... to

0. a

[t is left to compare the deviation of A. from being a graded derivation
with {—.—}.. These will be shown to be equal by the same method that
was used in Lemma 3.12. Namely for two elements f.g € C*(A. A), the sum

of both terms (applied to f and g) can be seen to be the boundary of some
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other element H(f,g) € C*(A, A®).

At this point, it seems useful to make a remark about this element H(f.g).
There is a graphical way of picturing f, g and H(f, g), which was described
in [6], Lemma 5.2. In fact, the proof of the current theorem is nothing but [6],
Lemma 5.2 rewritten in the Hochschild-cochain language. The term H(f, g)
below will correspond exactly to the homotopy of [6], Figure 7. It turns out
that this proof presented here is not the shortest possible, as some of the
terms of H(f,g) will be subtracted later on. But in order to have a clear
correspondence with the pictures from [6], this proof seems more useful.
Let's again use the abbreviation o for the total degree of the elements a,
to be applied as arguments, and u = ||f|| and v = ||g||. when f and g will
be placed into the first, respectively second spot of a symbol. The needed

homotopy is given by

H = —(-1)*-, - (=" — 1—o—1) -
—(=1*"- ng— 1 - 1£,

Let’s again assume that f and g are closed. so that Do f = fo D and

Dog = go D. Then one gets the following boundary terms (compare the
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calculation in Lemma 3.12.):

| == = (-U-C)—g-—(—l)"'“*“‘" l‘o—é +
+@g — (—1)EmraY. 1%—@ 1

(5.4- _(_1)“.;, - : ~ (_l)a.“ﬂ,.,,ﬂ, Ol 5 ' )+
(=L lg—.% ~ (= 1** - Do

—(=1)*

Iy
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o | (-1 lgg = —(—1)“'"-@23_—(—1)“"-15—
— (=1 lm = (=1)v. 1‘0—@,

( \

+1 +(—1)“”-1:_>g
ot 1 (-1) - g(_l). - -1 -
v & A

At this point many of the above terms cancel each other out after a sum-

mation. and the only remaining terms of " (H) are given by 04" (H) =

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-X+Y + Z, with

= @i—(—l)“”- — (-1

Therefore, the above shows that for any f.g € C*(A, A)

X(f.9)=Y(f.9) +2Z(f.9)

It is clear that X(f,g) = F o (f og). Now the claim is that Y(f.g) ~
—A(f) — g, whereas the term Z(f,g) — (=1)/MdllZ(g, f) ~ A(f — g).

After this is shown, the theorem follows, because then (using the fact that

iﬁ@“‘ O e
@g)—

— is graded commutative on homology):
{f.g} = fog-—(-nl/Mdlgof=
= X(f,g) - (~)VIIX (g, f) =
= Y(f.g) ~ (~1)VH9IY (g, f) + Z(f.g) ~ (~1)IMVIsN (g, f) =
= -A(f) — g+ (-)A(g) — f+A(f - g) =
= —A(f) —g—(-)If — A®g) + A(f — g).

In order to show Y (f.g) ~ —A(f) — g. it will be useful to look at the

boundary of the following term

Y
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Let's assume again that this symbol will be applied to closed elements f and
g, so that A(f) will also be closed. Then the differential of this symbol is

given by

B 0

The first term on the right hand side is clearly F' o (A(f) — g). The sec-
ond term is also immediately seen to be Y (f, g) after applying the explicit

description for A given in Lemma 3.12.:

—(~1)*- A(@)—o—%

It is left to show that A(f — g) ~ Z(f.g) — (—=1)/itHlgli . This

IIZ

will be done again by stating an explicit element whose bounda.ry is the sum

~A(f — g) + Z(f.g) — (=1)MIsl Z(g ). The element in question is

(—1)‘“" _( 1#*"‘#"

(Notice that the first three terms were already used in the definition of H.

and thev are now merely subtracted! Clearly. it would have been much faster
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not to introduce them at all. But as it was mentioned before, when using
the faster way the correspondence with pictures of the little disc would be
less clear.)

For completeness sake, here are the terms gained by applying the differential:

o (=1 = (—1)'@_g—(-1)°'“+"~" 1—o %+
+®_g _ (_1)0'#+P'”+” . Ig—& - 1& '@'

Y —(=1)*v. 1 ? @ o~ (_l)a-u+u-u+u - +

+(_l)p~u+u.1 _(_1)#‘”,@ @ —

— (-1
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(1) lgg x —(—1)#'"-@34—1)“- lg—

_ (__1),“,4-:/ . lm" (—l)u'” . 1—0—@7
o
SV (-1 (D) | = (1) + +

+ c @ - (_1)0-[‘+u'u . 1

()-A‘ _(_I)#+U+I.Lu 1 ;1 é o (_1)“..1.3 I +(_1),,+,,+_“A,, 1 | _
- (_[)0'”; 1 I ;<;>__(_1)0-u+a-v+u-v. 1
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A thorough investigation shows that all terms cancel except

(-1)- —(—1)#'"-@_0_@..—(—1)“'"-@_5_ -
—(=1p | (=) —(—1)“'"~@_<>_@_—(—1)“"'-@g -

=2Z(f.9) - (=1)*"- Z(g. f).

(when applied to elements f and g), and furthermore, one has the remaining

terms

(_1)y+u+p-u ‘1 ! — (_1)p~v . (_l)a.‘ﬁ-a-u . [ E +
+1+@+(_1)a-u_1 g +
1

+(—1)k. 1‘o—é +1 ) — (=1

lie
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o~ _(_l)“.y R (_l)p+u+l ‘1 i + 1 j\/[ +

+ T > _(—1)Pv - A(M),

M

where M := @ - @ ~ (—1)#¥ @ — @ is abbreviated. ' a
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4 Geometric Construction of oo Inner Prod-
ucts on Closed Oriented Manifolds

In this section an oo-Poincaré-duality will be constructed on a simplicial
model of a compact oriented manifold. The idea of the construction will
follow a method of Dennis Sullivan for obtaining local infinity structures, see
[18]. The correct algebraic concept to which this idea has to be applied will
be developed first.
This section is joint work with Mahmoud Zeinalian and will appear in [21].
Let’s first introduce a complex which is convenient for dealing with oo-
inner-products. It turns out that closed elements of this complex correspond
to oc-inner-products and exact elements correspond to homological trivial

maps of the corresponding Hochschild-complexes.

Definition 4.1. Given graded modules V, W and Z over a ring R. Denote
by TV =@, VN 3W VIR Z.

o For a given A -algebra (A, D), Proposition 2.33. describes oc-inner-
products as certain elements F : T{A — R. One can put a differential
on T3A. such that the closed elements of Hom(T:{A. R) are ezactly
x-inner-products(. compare Lemma 4.2 below). The differential D :
T{A — T{A s qwen by a sum of applying D at all possible places in
T1A wn the cyclic way described in Proposition 2.33.

D(ay.....an.Ans1.Cns2s - Anymsis Cneme2) 1=

= Z +(....a,_y. D(a,.....a,). a;,. ...).
1)
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The sign and the condition for applying D are stated in Proposition
2.33. (i)-(v). Basically, these conditions express, that one has to keep
track of the two special elements of T{ A, which can never be multiplied
by D. The diagrammatic picture for D was described in Definition

2.86.(, where one has to insert the elements a, cyclically):

N W, W W
Y N, N N

The only difference to 2.33. 1s that one has to apply all of D = 9, +

Oy + Bs... including the differential 0, and not just the higher terms.
Claim: D> =0.

Proof. The diagrams for D? are given by applying D in two places.
There are two cases(; compare Theorem 2.39.). Either one of the two
multiplications was "stuck” on the other one, in which case D? = 0
shows. that the sum of those diagrams vanish. Or the multiplications
occur at different places, which cancels out with the same expression

but where the order of multiplication was reversed. 0

e Now qwen another Ax-algebra (A'.D’) and an A -algebra-map f :
A — A'. Then. one can define a map f: T{A — T A by taking the
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sum of applying f at all possible places simultaneously:

f(alv ey Ay Qi 1s Ant 2y ooy Bnym+1s an+m+2) =

= Z :t(.f(atv ---vaj)v f(aJ+l’ ...,ak), ooy f(apv --'va'q)v seey f(ah cery as))-

One has to take the same “cyclic” rules for the positions of the ele-
ments a;, that were taken in the definition of D. Namely, one has to
insert the a, cyclically such that the element a, 42 ends up in the last
spot. Furthermore the two special elements anyy and @nym42 of T{A

uniquely determine the new special elements of T\ A’

. Therefore an4
and @pimi+2 can never be inside some f with only one output compo-

nent. Diagrammatically, one has

v
>— /V/
KA 4\

Claim: f: (T{}A.D) — (TY A", D) is a chain map.

Proof. D’ o f corresponds to applying f and having one multiplication
D’ inside in one position. f o D corresponds to applying f and having
one multiplication D outside in one position. But the fact that f is an
Ax-algebra-map (D' o f = f o D) means exactly that f commutes with

inside and outside multiplication of D’ and D. a
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Lemma 4.2. Every element in Hom(T{A, R) can be understood as a map
Hom(T*A. A*) by dualizing the last component, and thus by Lemma 2.21.

and Proposition 2.19. as a map C*(A, A) — C*(A,A").

Closed elements in (Hom(T{ A, R), D*) correspond to chain maps from (C*(A, A), D*) —
(C*(A.A%), D). Ezact elements in (Hom(T{A, R), D*) correspond to ho-

mological trunal maps H*(A, A) 2 H*(A,A*).

Proof. Let F € Hom(T4{ A, R). The proof of Proposition 2.33. is exactly the
interpretation of D*(F) = Fo D as a map C*(A, A) — C*(A, A*) given by
DA o F = (=1)¥¥1. Fo DA, (In fact, Proposition 2.33. was the guideline for

the definition of D.) This immediately implies the claim. O

Next. an inductive construction will resuit in a closed element in T4\ A* C
Hom(T{A. R) of degree 0. The differential D* of T{. A® is nothing but
applying D* : T*" A* — T?" A" in all possible places according to Definition
4.1. By Lemma 4.2, a closed element in T4, 4* of degree 0 represents of
course an >c-inner-product, where the degree is given in the following way.
Let F=(12...8¢)9¢R({|®...Q,)R" € (A")*" A" 2 (A")®™ R A",
with ¢; € (A*),. ¢ € (A% ). ¢ € (A*)er and " € (A*)pw. Then the total

degree of F is given by

m

=1

=1

Given an A -coalgebra (C, D*), which means by definition that the dual
space (A := C*.D) is an Ay-algebra. As the rest of this section mainly
deals with A -coalgebras. the notation will be simplified by writing D for
D*. From the context it should be clear whether the A .-algebra or the A -

coalgebra-structure is being studied. The differential of the A -coalgebra is
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given by a sequence of maps D = 8, + 32 + 35 + ..., given by 8, : C — C®
for : > 1, which lift as derivations to 8, : TC — TC. This is easily seen from
Proposition 2.4. Furthermore it is clear that the condition D? = 0 implies

that 82 = 0, so that (C,d,) is a complex.

Notation 4.3. Denote by
TECk .= @ C2C 2C™ 3C,
+j=k

and then for any map x : V — TSEC, let
X i= (proges) o x : V 2 TEC 2 TEC,

With this, one can finally use the idea in [18] to construct oc-inner-

products.

Proposition 4.4. Let (C.D = 0, +8,+33+...) be an A -coalgebra. Assume
that (C,0,) is a stmplicial complez such that the closure of every simplex s
contractible, and such that all 9; : C — C®' are local. (By “local”, it is
meant, that a map C — TC maps a stmplex o into T(C(7)) C TC. where
C (@) C C 1s the subcomplex of C generated by the closure of 5.)

Then there erists a chain map  : (C,8,) — (TSC.D) of degree 0, whose
lowest component is quuen by X =3, : C — C R C.

Proof. Inductively. one wants to define local maps ' : C — TEC?. j =

0. .... n. of degree 0. such that

( @ »(‘) 0ody —Do ( @ x‘) = €n+1 + higher order terms. (4.9)

0<i<n 0<i<n
where €n,y : C — TEC™*! and the higher terms mapC — @, ., TSC".
Here. “local” means. that x/ : 0 — TCC.'((;)C' () C TECY. for any simplex o.
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n = 0: Take x° := ;. This map is local by assumption and satisfies

0d —Dox® = Bhod —
—8, 0 3y + (higher D terms than 8;) o & =

= higher terms,

since & is a chain map(; compare the conditions for D? = 0).

n > 0 : Assume one has build local maps x?. j = 0. .... n satisfying (4.5). Now

notice that

0 = <(-oal)-<®o-)>‘*(€B x‘) -

0<i<n

((<0d1) — (Do) )o((-oal)-wo_))(@ t.) _

0<i<n

= ((.00) —(Do.))(ens+1 + higher order terms) =

= [0\, €n+1] + higher order terms.

Therefore 0 = [0y.€n41] = 51 O €a41 — €+t © 01 Now, the goal is to
show that ¢,,; can be written as €, = —[0;,x""!], where "*! :
C — TEC™*! is a local map. because with this, equation (4.5) will be

satisfied:

(<-oa1)*wo-))( &> x‘) - ((-oal)—(Do-n(eB x*)+

0<:<n+l 0<i:<n

+((-0d) — (Do) () =
= €p. + higher order terms +
+[A1. "] + higher order terms =

= higher order terms.
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where the higher order terms now only have components C — @,,,,, T&¢C".
In order to construct x™*!. first notice, that ¢,,, is a local map, be-
cause (€n+) + higher order terms) = ((_08,) — (Do .)) (@0519 xX')
which is clearly local, by induction and the locality assumptions about

the 9;'s (; compare Lemma 4.6(2) below).

Thus for every simplex o, the map €, restricts to a map €3,

C(@) — T&(:))C(E). By assumption (C (@), ;) is acyclic, and there-

fore, by Lemma 4.6(b) and Lemma 4.2, also the complex (TSP C(7), 8,).

c(3)
Thus. K7 := Hom (C(cr TCC.’((:))C (?)) is acyclic with the differential
given by 9 := [9,,.] = (o)~ (-0 d). Now. 2., € K7 and

[O1.€7,,] = 0, so that €7, is a closed element, and therefore also exact.
By Lemma 4.6(c), one can find a canonical element f7,_, € K¢ such
that €7, = 9(f7,,) = [0 fZ1]-

Then define \"*' : C — TSC™*! by \"* (o) := f2,,(0). This satis-

fies
1. ")) = dox (o) - x ' odi(o) =

= Qo fulo) - fIT T 0 d(0) =
= 9 °ff+1(0) — fanodi(o) =
= [al’ n+l1 (U) =
= fiﬂ(a) =
= fn+t(0)-

and **! is local by construction.
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Lemma 4.6.

(a) Given two local derivations that can be composed. Then its composition
is also local. Therefore the commutator of two local derivations is a local

derivation.

(b) Given two contractible complezes (X,8%) and (Y,9Y). Eztend the dif-
ferentials to %" : T X — TX'X and 3¥ : TYY — TYY as
derivations. Then the complex Hom(T* X,TYY) together unth the
differential 3(f) := ¥ o f — (~1)/1f 0 3" s also contractible.

(c) Given a compler (K.d) with non-degenerate inner product, and sup-
pose, that Im(9) and Im(3') are closed subsets of K, where 3' is the
adjoint operator of 3. If £ € K 1s an ezact element, then there exists

a unique element z € K such that

r = d(z2) and z € Im(9").

Proof. The proof of (a) and (b) follows by standard arguments. For (c).
Hodge-theory gives K = H*K © Im(8) ® Im(3"). As r is exact. one has
£ = d(y), where y decomposes uniquely asy = y1 Sy Sys € H* KB Im(9) s
Im(8'). Then take : := y3 € Im(9'). a

Proposition 4.7. Given a closed, triangulated and oriented manifold M.
Let (C.2,) be a sunplictal model for M and assume that one has ertended
this to an A -coalgebra (C. D), such that Js represents the coproduct on C.
Assume furthermore that the closure of every simplex is contractible, and that

all 9, : C — C™* are local. Finally, denote by p € C the fundamental cycle

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



96

of M.
Then there exists a an co-inner-product (€ TG C ) such that the lowest element

is given by Ga(n) € C R C = TS CO.

Proof. By Proposition 4.4, one has a chain map x : (C,8,) — (TSC.D).
Then define the >c-inner-product to be F := y(u) € TSC. By Lemma 4.2,

F is an oo-inner-product, because F is closed:

D(F) = D(x(u)) = x(A(p)) = x(0) = 0.

0

One would like to show that the oo-inner-product from Proposition 4.7 is
non-degenerate on the associated Hochschild-spaces. and thus represents an
a0-Poincaré-duality-structure. Unfortunately, the construction of a quasi-
inverse involves the use of C*, where one cannot assume very good local
properties for the multiplications d7 any more. But by assuming a "very
fine” triangulation, one can gain an isomorphism on Hochschild-cohomology

up to any desired monomial degree:

Proposition 4.8. Given the assumption from Proposition {.7. and let F
be the constructed oc-inner-product. Let N € N. [f for every simplex g in
C. the N-th iterated closure of the star of o is contractible. then one can
construct a quasi-inverse to F up to the N-th level. (As usual A := C* s
the dual of C.)

More precisely. there 1s an N-the level quasi-inverse G : TV A — T4 A and
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homotopies H : TAA — T*A and K : TA"A — TA A up to the N -th level:

GoF-idray=D*oH+HoD* on (P A*2404% (1.9)

k+l<N

FoG-idray=D"oK+KoD"v on (P A%*®A4"® A% (1.10)

k+I<N

Proof. By Proposition 4.7 one has a map F : T*A — T A. One can see,
that the homotopies H and K have to lift in the same way F and G do (see
Definition 2.22.) in order for DA o H + Ho D* and D*" o K + K o D4’ to be
A-bimodule maps. Thus, one only has to construct maps G : T4 4 — A,
H:T*A - Aand K:T* A — A°, which can then be lifted to the correct
maps. In the dual picture with A = C". it is enough to construct G € TS, C.
H = T&.C and R € TS C. satisfying certain conditions.

In order to start the construction, one has to choose a local quasi-inverse
G° : C — C* to the given map F° : C* — C, and local homotopies H° :
C* — C* and K°: C — C with

G°0 F® —idc- =3} o H° + H® 0 3,
FOOGO—idC=810KO+[\-0°al.

This is possible, if one understands the notion of "locality” as mapping a
given simplex o € C into the subcomplex of the closure of the star. denoted
by C(star(c)).

Then. the condition for G to commute with the Hochschild differentials can
be described in a similar way to Definition 4.1. But one has to involve the
multiplication on T*"A. which was defined in Lemma 2.30.(b). Dualizing

this multiplication to the given situation and using the fact that each 9, =
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m} : C — C® islocal(, i.e. it maps a simplex o only inside the complex of its
closure @), one sees that the dual multiplications have the locality condition

of mapping the dual of a simplex o* € C* only inside the complex of the

closure of its star star(o), i.e. by ,(0°) € TC 4@ NC(star (o)), where b, is
taken from Lemma 2.30.(b). Now, the inductive construction of G up to the
N-th degree works in the same way as in Proposition 4.4. Namely, one has
to be careful that, when constructing G? out of the 9;’s, bt ,'s and lower G, s,
one jumps from the (j — 1)-st to the j-th closure of the star of a given dual
simplex o*. But the subcomplex generated by this is only guaranteed to be
contractible up to degree N. The construction of G has to stop at the V-th
step.

Similar arguments apply to the constructions of H and K. The guiding
line for their inductive construction are the homotopy equations (4.9) and
(4.10). It is easy to see that they commute with the differentials of T4 A and
T#" A, respectively. Thus, the lowest components are closed and by locality
condition can be lifted. Again this only works up to the N-th step.

So, for a given N. one can construct the G, A and K up to the N-th part. O

Proposition 4.11. Given the assumption from Proposition 4.7. and let F :
TAA — T4 A be the constructed co-inner-product. Assume furthermore that
the map 02 : C — C 2 C 15 (graded) cocommutative, and that the A, -algebra
(A.D) has a unit 1 (in the sense of Definitron 3.8.). Then all the maps
Fii:5A* 2542 sA% — 54° for k + 1 > 1 are invariant under the unique

cyclic rotation of the arguments, mapping the two special elements into each
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other:

Fri(ay, ... ki, oo @ears2) = (1) - Fra(area, o0 Gkrtg, @1 oony By ), (4.12)

where ar ) and ax+i42 are the two special elements, and the sign is given by

e = (|latll + --- + ilae+1l]) - (ll@ak+2ll + --- + l|@ak+t2l]). I diagrams, this is

Ak ... G20y Qpylel ..., Qk+2
Qg+ WGH-H-! — (_1)e_ ak+t+2w Qi+ 1
Qpy2 77 Qg4 a, T ak

It follows from Lemma 3.12., that for this given co-inner-product F. the
induced A and 3-operators from Definition 3.10. coincide, and thus F s

symmetric in the sense of Definition 3.11.
Proof. Equation (4.12) will be shown by induction on n = k + (.

n = 1 : One has to check the equation Fy,(a,b.c) = (—1)llaii-(bli+licdD. £, (b ¢ a)
for any a,b,c € A.
The condition of D(F) = 0 is of course simply the condition of F being
a chain-map of the Hochschild-complexes. But this is also described by
Proposition 2.33. By this. the terms Fp(a.b.c) and F)g(b.c.a) are ho-
motopies of Fyo{a-b.c)— Foo(a,b-c) and Fyo(b-c, a) — (— 1)/l Ulall=licil) .
Foo(c. a - b) being zero, respectively (compare Example 2.40.). But the
definition of Fyg in the dual picture was given by Fyg = (dh(p))" € C2
C C Hom(A 2 A. R). Therefore Fyg(a.b) = (dh(u))*(a.b) = (a-b)(pu).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



100
This implies that

Foo(a-b.c) — Foola.b-¢c) = ((a-b)-c—a-(b-c))(u). and

Foo(b-c.a) — (_l)llbll~(llall+llcn) N Fo,o(c,a . b) =
=(b-c)-a- (_I)H"ll-(llallﬂldl) cc-(a-b))(p) =

= (_1)llall-(llbll+llcu) (a-(b-c) —(a-b)-c)u),

because the multiplication was chosen to be graded commutative. As
the homotopies Fp; and F)p were chosen canonically., they have to

coincide on the cyclically rotated arguments.

n > 1: Again by the description from Proposition 2.33. one knows that Fi,,
k+ 1l = n, is a homotopy of a sum of lower terms F,.; (r,s > 0)
with one multiplication D, (¢ > 2) in the argument applied. being
zero. Comparing those terms for Fi (a,...., a4y, -.-. @x4r42) with the
terms for Fii(ak+2, -y Qipr42, @1, ---, G4y ). ONe easily sees that for every
F, 4(.... Dy(...)....) from the boundary of Fi(a,,...) there exists a cor-
responding term F (... D,(...)....) from the boundary of Fji(ag2.-..),
because the conditions for inserting a multiplication D, is cyclically in-
variant. By induction these terms are equal (up to sign), and thus the

canonical definitions of Fi(a,....) and Fji(ax.,....) have to coincide.

a

Remark 4.13. In order to construct an >c-inner-product such that the N\
operator coincides with the dual of Connes’ operator 3. one needs the follow-

ing data:
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M has to be a closed, triangulated and oriented manifold. (C,d,) is a sim-
plicial model for M such that the closure of every simpler is contractible.
There exists a special element 1 € C, called the unit. 3, represent a graded
cocommutative coproduct on C, and one has extended &, and &, to a local (in
the sense of Proposition 4.4) and unital Ay -coalgebra (C, D).

A construction of this can be performed in the follounng way. Start with
a unital, cocommutative (but not necessarily coassociative) coalgebra map
&y : C —» CRC. This can always be obtained in a field of characteristic 0 by
symmetrization of a diagonal approrimation. Then by an induction similar
to Proposition 4.4 or Proposition 4.8, one can build the higher maps 9;, which
turn out to vanish on the unit 1. In fact. Dennis Sullivan's construction in
[18] is far more general, as it builds a Cu, -structure where all higher maps 9,

have to satisfy "good” cocommutativity conditions.
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