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INTRODUCTION

This thesis had its origin in a short paper, Groups with One 

Definining Relator, [1] which was presented by my adviser, Gilbert 

Baumslag, at the Annual Meeting of the Australian Mathematical 
Society in 1964. The paper surveys the algorithmic solutions to 

various problems of the group

H - (xx f... ,xn ;r) .

It is natural to ask which of these theorems for groups with a 
single defining relator have analogues that can be proven for met- 
abellan groups with a single defining relator.

Solutions for metabellan groups, some of them only partial, for 

all of the problems mentioned, will be presented in this paper;

1) the extended word problem,
2) the extended conjugacy problem,

3) a "Freiheitssatz," i.e., a condition on the relator that
ensures that every proper subset of the generators freely
generates a free metabellan group,

4) the center,
5) the existence of elements of finite order,

6) the question of whether such groups cure residually finite
p for all primes p ,

7) the question of whether such groups are residually free 
metabelian.

Solutions to all of these problems, except the last, are complete 
when the relator lies in the derived group. It is possible that the 
solutions of these problems for one relator metabellan groups will
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give much information for all finitely presented metabellan groups.

That this might be the case follows from a theorem of P. Hall [2]:

Theorem 1) Finitely generated metabellan groups satisfy the maximal

condition for normal subgroups.
Let M be a finitely generated free metabellan group. Then any

finitely generated metabellan group G —  M/ where K is the normalK
closure of a finite set. This means that Hall’s theorem, when re­

stricted to the variety of metabellan groups, can be stated as 
Theorem li) In the variety of metabellan groups, the finitely 

generated groups are finitely related.

This paper presents a solution to the conjugacy problem, which 
has been solved by Jane Matthews [8]. The techniques used here for 

this problem also give a solution for the extended conjugacy problem. 
With the work of Alice Whittemore concerning Frattini subgroups, this 

paper completes a rather thorough survey of the properties of one 

relator metabellan groups [10].
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CHAPTER 1 
PRELIMINARIES

Section I. Algebraic Definitions and Notations

In this chapter we establish the general algebraic definitions

and notations used in the sequel, Those properties which are Later 

required are discussed in detail.

Definition 1.1: A group F is freely generated by a subset X if

i) X generates F 

ii) for any group H , any (set) function from X to H extends 

as a homomorphism from F to H .

The group F is then called the free group on X , or, briefly, 

free, if it is freely generated by some (ung)ecifled) subset X . 

Property ii) is described as a universal mapping property for the set 

X , with respect to all groups.

Definition 1.2; A word (in the elements of X ) is any expression of

61 ®nthe form x, ... x . where xJ 6 X,ej = -1 . It is a reduced word1 n ’ i ' i -------  ----
e e i i 1if it contains no segment of the form x^ > * = 1 + 1 *

+ ei+  ̂= 0 . It is a cyclically reduced word if it is reduced and

*1 * *„ ■ ot 11 *1 = V ‘l * '€n •

Theorem 1.3:
Any set X is a free generating set for some free group. In 

particular, we may take F as the set of all reduced words in X 

(including an empty word), with multiplication defined by Juxtaposition,
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€i 6i+lfollowed by deletion of any segments xi+i ' i = i + 1 «

«t + ®i+1 = 0  , which appear until a reduced word is obtained.
We note that reduced words in P represent the same element of 

F if and only if they are identical.
For the remainder of this chapter, the letter F denotes the 

free group, freely generated by the finite set as
described in Theorem 1.3 above.

The following notational conventions will be observed. For 

g,h , elements of a group G , and A,B , subsets of G , 

ii ”1g = hgh , the conjugate of g by h

Ah = {hah 1 |a € A} .
[g,h] = ghg *h , the commutator of g and h 

[A,B] = subgroup generated by [atb],a € A, b € B .

The subgroup [G ,G ] = G / is called the derived group of G , and 

[g ',G#] = G' is the second derived group of G .

Definition 1.4: The normal closure of S in G , nm„(S) , is the sub-  G
group:

nm^(S) = n(N |s c  fj and N a normal subgroup of G) .

Since the intersection of a family of normal subgroups of G is
again a normal subgroup of G , the normal closure of a set is normal

in G . Thus nm (S) is the unique minimal normal subgroup of GG
which contains S , and it may be seen that it is the subgroup generated 

by all conjugates s8 of elements s € S by elements g € G .

Definition 1.5: The group H is said to be presented by the eplmorphism

T| : G -* H .



It follows that T| Induces an isomorphism

G/R ~  H

where R is the kernel of T) . Suppose now that G is a free group,

freely generated by {x.̂ |i € i) and that R is the normal closure in

G of the set {r* | J € j} . The expression (x ; r ) is called a
J ^ J

presentation for H . The x^ are called generators for H and the
r^ are relators for H . We write

H  =  '

We note that we can assign a group H to any sets {x^ |i € 1 } and

{r |j G j] where r are words in the x , once a procedure isJ J A
established which assigns a unique group G to the |i € 1 } .

Definition 1.6: A variety V is a class of groups which is closed

with respect to isomorphisms, subgroups, factor groups, and (unre­
stricted) Cartesion products.

Definition 1.7; A law of a variety V is any element f € F which

is in the kernel of every homomorphism from F to any group in V .

The set of all laws of V is denoted V(F) . A group G € V is

termed a free V group if there is a subset X of G which generates

G and which satisfies the universal mapping property with respect to 
groups in V .

Proposition 1.8: Let V be a variety and let G be a finitely gene­

rated V group. Then G has a presentation of the form

F/V(F) G with

G ^  F/V(F)R
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which we indicate as follows: G = (fjjRJy , or G = where

are words in the f^ whose normal closure is R .

The class of abelian groups is a variety which we will denote by

A . In this case, A(F) = F* , the derived group of F , and F/F/ is

a free abelian group on the A free generators f F /,f„F/,... . We— 1 «
shall write x^ = and A = ■ We indicate elements of A as
small roman letters with upper bars; accordingly (x^r^) is the pre­

sentation of any finitely generated abelian group as an image of A and

A itself has the presentation, A = (x ,x ,...) .X «

Definition 1.9; If U and V are varieties, their product U'V is

the class of all groups G which contain a normal subgroup U € U with

factor group G/U € V ,

It can be shown that UV is a variety, and that UV(F) = 0(V(F)) [].

We shall be concerned with the variety AA , the metabellan variety.
It follows that AA(F) = f " and that F/F* is a free metabellan group

on the free AA generators f_F*,f„F*,...—  X «
We shall write = f^F* ,

M = F/F" .

We shall indicate presentations of finitely generated metabellan groups 

as factor groups of M by double parenthesis; in particular

M = C(xl ,x2  xn)) .

In the sequel all metabellan groups will have a finite set of metabellan
generators.

We will observe that



The isomorphism M/ / —  A identifies x M*€ M/ / with x € A .M  X M X

Definition 1.10: A one relator metabellan group ia a metabellan group

G with some presentation of the form

We now turn to some concepts needed for the Magnus representation 
of free metabellan groups. We recall first

Definition 1.11: A representation of a group G is a homomorphism

p : G -* H . It is termed faithful if p is injective.

Definition 1,12: The integral group ring Z(G) of a group G is the

following:

G = ((Xĵ

It follows that G — M/niV r>, o' =  m '/„/m ' n nn^Cr) > "nd

° V  - " VM -nm^r) .

As a set , n * 0 for only finitely 
many g € Gg6G

The ring operations in Z(G) are

g€G g€G g€G

We shall identify
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where n - 0, g € G - S .s
Lemma 1■13: If G is abelian, Z(G) is commutative.

In order to analyze the Magnus representation, we require informa­

tion about the group ring, Z(A) , where A is a free abelian group.

This is the content of the next section.

Section 2 , The group ring Z(A) .

Let A = i • ■ • »xn) * Each a € A may be uniquely expressed as

a = x ..,x which we call the normal form for a € A .l n
Definition 1.14: The element r £ Z(A) is in normal form if

N

r = ^ njaJ 
j=l

where each a^ is in normal form and N is minimal.

Proposition 1.15: Every r £ Z(A) corresponds to a unique normal form
Nr •
^  n a , and N is finite.

J J
J=1
Proof; Each element of A may be written in normal form, and each 

element of Z(A) has only finitely many non-zero terms.

Definition 1.16: r € Z(A) is called non-negative if in the normal form
Nv   i ,  ̂ __ i ,

expression r = ) n a, ; a, = x, ...x J ’ , the exponents i. .‘-‘ j j j i  n j ,k
j=l

are non-negative.

Proposition 1.17: The set of non-negative elements in Z(A) is a subring

of Z(A) which is isomorphic to the polynomial ring Z[x^,...,xn ] .

We shall accordingly identify the non-negative elements of Z(A)



with Z[xL ,. . ,,xn ] .

Lemma 1,18: For every r 6 Z(A) , there exists a unique element

b = x . .. x k" 6 A 0 Z[x ,... ,x ] such that b r€ Z[x, x ] andr i  n L 1 ’ ' n r L 1 ’ ' n J

each is minimal.

Proof: Write r in normal form
N

. . .xn
J=1

and set

k^ = - minj^ij ^ or 0 | J = 1,. . . Ilj' .

Proposition 1 19: The units of Z(A) are - the elements of A .

Proof: The units of a ring are, by definition, those elements which have

Suppose now that C € Z(A) , 5 JE A , and | has inverse T| € Z(A) . 

Let C be given in normal form

N

5 = ^ " j V  aje A
j=i

Case 1. If N = 1 , ? = n^ for some n^ € Z, n^ + 1  , and a^ G A .

Then ̂a^1= n1 is also a unit in Z(A) , which implies n^ = 1 .

Case 2. N > 1 . Select b,c for §,T| as in Proposition 1.18. Then

an equation in Z[x^,... ,*n ] • But b? has more than one term, hence 

(b£) (cTj) does also, But be is a product of monomial terms, hence a

multiplicative inverses. a € A has inverse a , -a has inverse -a-1

(b5) (cT|) = be ,
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contradiction, so this case cannot occur either.

Definition 1.20: The element b of lemma 1.18 will be termed the least

unit corresponding to r and denoted .

Lemma 1.21: If ur*r = ap , where pta € Z[x^,...,x ] and a G A ,

then r = aa where u = ur CT
Proof: Let o = u^p where p has no negative exponents. Determine

u according to lemma 1.18. We claim that = uct o r

r = aa

Therefore u r = au ctCJ CT

But aua° € Z[x ,...,xn] , so u^r £ Z[x^...... x^] , and therefore

U |u in Z[x, ,. . . ,x ] .r 1 ct L 1 n J

u CT = p € Z[x,,.,.,x ] , therefore u u in Z[ x x ] andr ¥ L l’ ’ n J ct 1 r L 1' ' n J

we conclude u = u a r

Proposition 1.22; Z(A) is an Integral domain.

Proof: Let r,s £ Z(A) , r +0, s t o  , Choose b,c , the least units

of r and s . (br)(cs) = bc(rs) . be is a unit in Z(A) , hence

rs = 0 < = >  br*cs = 0 . But br and cs are elements of 

Z[Xj,...,x ] , and the polynomial ring in xi*'--»xn over the integers 
has no zero divisors. Hence br * 0 and cs * 0 implies br-cs # 0  , 

so r * s * 0 .

Thus Z(A) is a commutative ring with identity having no proper 

zero divisors, so Z(A) is an Integral domain.

Definition 1.23: Recall that if £ = T|e , where e is a unit, then
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5 and T| are said to be associates. The associates of an element and 

units are improper divisors of the element.

An element § € Z(A) is Irreducible if it is not a unit and every 

divisor is improper. Recall that if § is irreducible, so is any associ­

ate of § .

Proposition 1.24; Every non-unit of Z(A) is a finite product of ir­

reducible factors.

Proof; Let € € Z(A) be a non-unit. Choose u^ its corresponding 

least unit, and u^| € Z[x1 ,...lxn ] .

But Z[x^,...,xn ] is a unique factorization domain, then u^| is 

A finite product of irreducible factors in Z[x^,...,xn ] , say

q= TT paJ i=l

where p, are irreducible in Z[x, t. . . .5T ] .Ki L 1 nJ
We claim that each p^ is Irreducible in Z(A) or is a unit in 

Z(A) .
Now with pi = na , either n is a prime integer and is ir­

reducible in Z(A) or n = -1 and is a unit in Z(A) It thus
suffices to show that if p is irreducible in Z[x ,...,x ] , and in 

normal form
N

p = L  njaj * N > i *
3=1

then p is irreducible in Z(A) .

Suppose p = Q1Q2 > € Z(A) . Let u ^ U g  be the least units

corresponding to qĵ  and q2 . Then ULU2P = (u2**2) ^ zCx1 f*-»xn] •



But p la irreducible in Z[x^,...,xn] so pjCu^q^) or in
Zfx,,... ,x 1 . Hence t i t n j

uiqi = vp ,v e zt*7* * * ■ '*!»]

which implies U1U2= v u2q2 * hence “ v<*2 ’ But U1 is a Product

cif x^'s , which are irreducible in Z£x^ xn] . Utilizing the

uniqueness cf factorization in Z[x1(...,xn] , q2 € A 0 z [ V  •■'*„] 
and so is a unit in Z(A) .

Theorem 1.25;

Z(A) is a unique factorization domain.

Proof; Suppose

N M
I = ft p4 = 17 q,

i=l j=l J

are two factorizations of £ into Z(A) - irreducible factors. Let 

u1,Vj be the least units for P^*1̂  ■ Then

N M M N N HTT TT u v e * TT v . Tt <uiPi> = Tt« TT (v^.) .1=1 j=l J j=l J i=l 1 i-l j=l J J

11 N
Now TT v = av ; 71 u = au , where v and u are relatively prime 

j=l J i=l
    _   N

elements of Z[x^,...,xn ] and a € Z[x , ...,x ] and v 71 (u^P^ =

u "ft (v q ) .
j=l J 3

1=1

Suppose x, divides v in Zfx,,...,x ] . Then xa divides i L 1 n i
some v q , so thatJ J
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and the least unit of c is Vj . Continuing in this fashion, obtain

N MTT ~  TT
i=i j=i J 3

where uiT1 is an associate of pi in Z(A) ; ujaj is 811 associate of

qj in Z(A) ; and VjCT̂  € Z[x x ,. . . fx^] . But uiT1 ivjCTj a1*6

irreducible in Z(x^f...,x ] , which is a unique factorization domain.

Recall that in a unique factorization domain, any pair of elements 

has greatest common divisor, determined up to multiplication by units.

Definition 1.26: Let £,T] € Z(A) . The strong greatest common divisor
of § and T| , written (?,TD is a greatest common divisor 6 defined 

as follows: Consider u^>u |̂ and u^* 5 and € Z[x^,...,xn] «

Within Z[x^,...,xn ] , let d = greatest common divisor u^ and û j

and A = greatest common divisor u^* § and ® is defined to be

d . 6 is unique up to units -1 of Z[x^,... ,x^] .

Definition 1.27: A (two-sided) R-module is an abelian group S (in

which the group operation is written additively) together with a function 

p , : R X S X R - » S  , which satisfies the following relations:

a) is additive in each variable
b) for §,T] ,t € R , x € S and ki(?,x,T) = £xt ( (§T))x t = C(T1x t) =

5(T1x ) t , 5x (T1t) = 5(xT1)t = (^T!)t .

We define a two-sided Z(A) module T as follows:
n

T = { A V i |5i 6 Z<A)} •
i=l
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The operations are
n n nI Vi  + I V i  = I(?1 ♦ V  ‘i

1=1 1=1 1=1 
n n

<1 Vi)T = •
1=1 1=1

Thus T Is simply the direct sum of n copies of Z(A) , an abelian 

group. The action of Z(A) on T is the obvious term by term multi­

plication.
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CHAPTER 2 

THE MAGNUS REPRESENTATION

Section 1 : Introduction to the Frelheltasatz.
We recall the statement of the Freiheitssatz for groups with one 

defining relator.

Theorem 2.1: W. Magnus

Let G be a group with the presentation G = (x^ Xn ’r  ̂ in
which r is a cyclically reduced word in the . If x^ appears in

r , then the subgroup of G generated by x ,...,x  ̂ is freely

generated by them.
It is convenient to observe that Theorem 2.1 is equivalent to

Theorem 2.2;
Let F be the free group, freely generated by (x.,...,x } and n i n

let r be a cyclically reduced word in which x^ appears. Then

nnyCr) fl H = {l} ,

where H is the subgroup of F generated by {x^,...,xn_1} .

We shall establish substitutes for the notions "cyclically reduced" 
and "appears" in the free metabellan group ((x^,...jX^)) which will 
then yield a Freiheitssatz for one-relator metabellan groups. We first 
present an example which illustrates the need for new definitions.

Example 2.3:
Let M = C(a,b,c)> and let r = c[a,b] = caba 1b 1 , a cyclically
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reduced word in the symbols a,b, and c .

[a >c ] -1-1 -1r (r ) = c[a,b][a,c][a,b] c [a,c]

= c[a,c]c 1[a,c] 1

= [c,[ a,c] ]

and so nn^(r) D ((a,c)) * {l3 .

This example underlines the fact that in M = ((x^,... fx^)) , there 

is no uniqueness of expression in terms of x^,.,.,x^

We will develop a representation of M that eliminates some of 

this problem. Before giving the representation we make two further ob­

servations concerning words m € M .

Let m € H . Suppose m is given to us in terms of the generators

x  x and has the form1 ' n

m = x 1 ...x “ ii in

Then the natural homomorphism M -* A , given by x^ -* x^ maps m to

e e
-  _ * l  -*1m = xj ...x. = x, ...x

h  1

where the latter is in normal form. For each k = 1,...tn , the exponent

i is termed the exponent sum of m on x, . It is the sum of thosek k
exponents € for which i = k and does not depend on the choice of

J J
expression for m in terms of x^,...,xn .

Definition 2.4: The element m = x?'1 ...xin 6 M is called the content   1 n -------
of m .

Lemma 2.5: Each m € M may be rewritten as
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m = m[m]

where [ro] € M* and m Is the content of m .

Proof: The element [m] = m 1m belongs to the kernel of the natural
homomorphism M -* A , which Is u' .

Corollary 2.6: If the content of m is 1 , m € h ' .
Remark

The rewriting of m as m = m[m] may be accomplished by moves of 

the following sort

Section 2 ; A Representation for Metabellan Groups,

We require a theorem of W. Magnus which we state for our situation.

Definition 2.7: Let %. be the group of 2 X 2  matrices of the form

/ a T j where a € A, T € T , the free Z(A) module [1.27], and
\ 0  1 J
the group operation is the usual matrix multiplication.

We observe that %. is a metabellan group, for

r "I “ 1 1xy = yx[x ,y ] .

[6]-

Theorem 2.8: W. Magnus proof of M. Hall Theorem.
Let F = (x^ xfi) . Then the map |x ; F/F" -* 77? defined by

is a faithful representation of

F/f" - M = <<x1 ,...,*n)) •



Section 3 : Properties of the Representation.
It Till be convenient now to record several results concerning 

Up £ . Host of them are of a computational nature.

Ijemma 2.9: If H = ( (x, t. .. ,x„) ) then the matrices— ^ — • X N

are the free metabellan generators of Mp .:• ?)
[fxi *i\ IProof: Clearly Hu is generated by <1 Ii = l,...,iy.lVo l f  r J

Let G be any metabellan group and cp a map on<[ 1 1) |i = 1.....N(V> ! /
into G . Cp extends to a homomorphism from H to G via p * since

any map on the generators of H extends

1

Proof; p is monomorphic.

Lemma 2.11: If m,n € M,m = n mp = np . We translate this observa­

tion into the following( which will be our standard test for equality.
N w



At this point we have asolution of the word problem for M , which 

we state as N

” I " 1*1'
Proposition 2.12; Let m € M and suppose mp =[ J . Then

0 1

m = 1 is such that m = 1 and = 0 Vi .

Lemma 2.13: The inverse of m € H has the following image under p :

; _1 ' \  z.»i‘i)
If m p = | then m p =

In particular observe that if m = ,

-i I ~ i _1 ...

X‘ “ = V o  X 1 (l)
N

1 I  V i 1
and that if m € m ' ,

0 1
N

N'T
m A Vi = l
0 1

1 x . V i
m 1p =| 1 - 1  / (ii)

J) 1

Lemma 2.14; Products have the following form under p . If m,n € M , 
N £
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All of the following lemmas can be verified by matrix multiplica­

tion. However, if m € M and m is given in terms of the generators 

, then there is a method of calculating mp, that eliminates

the need to compute mp. as a product of matrices 

computational aid will provide an easy tool in all the following.
*i «i

Definition 2.15: Let m = x. 1 ... x, 1 = -1 . The Fox deriva------------------ n  ij ik
5mtive with respect to a letter x^ is denoted ^  and is computed as 

follows:
5m 5mIf x appears in m , -r—  is a sum of r— for all appearancesJ ox OxJ Ik

dmxJ = x J , where is computed as follows:ik J * dxIk
dmIf 6 = + 1 i Is the initial segment of m up to xih ox. lk

1 k
dmIf e = -1 , is the negative of the initial segment of m1 k Ox

up to and including xik
If x does not appear in m , = o .

N

Lemma 2.16: If mp, = [ J  , then each is given by com­

puting the Fox derivative and evaluating it modulo m' .OX^

Proof: Lyndon and Fox [3],[4],[5].

Hence the m^ are the abelianlzed Fox derivatives of the xA € m . 

We give an example to illustrate this type of computation.
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If m = Jt3 [x1 .5t23 = x3XlX2Xllx21 ’ then

9m - .
"1 - = ’‘a '1 - x 2

9m -
-2 = 5 ^  = 3 1 • l)

dm
" 3 ■ ■ 1

Proposition 2.17: There is an algorithm for determining whether a

given element of 1f{ belongs to Mp or not.

Proof: Let y = * \  ~ «, - t- I I € %  . Then o = x ... x € A and
[ °  V  1

CLcorresponds to g = x ... x^“ under the homomorphism H -* A .

y (g 1)n G Mp- if and only if y € Mp, , thus we may restrict our­

selves to deciding whether matrices of the form y =1 I lie In m V- C :)
Hence we focus our attention on the entry 0 = '

Now M is generated by products of the form [x^x^] , hence the
matrices of m V  are characterized by the fact that the upper right 

hand entry lies in the Z(A) submodule of T generated by 

(1 - xn)t^ + (x^ - l)tj . Observe that it does not happen that the co­

efficient of only one t^ is non-zero for matrices in m V  i and that

N
S r / vif P = / ) n. ,a. .t. does come from M u, . the ) n. . = 0 for eachL  L  ij ij i ij
i=i i j

1 = 1 ,, . . ,n .

Now with I "  ijaijt1 , we may, by the above, assume that
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<T/ n. , = 0 for each i = . Take i smallest such that*-■ 1J
j
} n, .a, , + 0 . Rewrite ) n. .a, . as an element of Z(x ,. . , ,x ) ij ij IJ Ij 1 + 1 «
J
with coefficients from the abelian group (x^f...ixj) .

I ”,‘u aij = ^ rij*u
J

v 6 , z 6 Z(x±+1>. . . ,xn) .

In , if we replace each xi+i ,‘*‘»xn must be

zero for y € Mji . n
If so, we can rewrite z = ^  bik (1 - xk> , € z <x i+1 * • * ■ *x„)

k=i+l

Now ^  i*iJk *> [(1. - \ ) x± + ^xi " ls the uPPer ri«ht
1, J.k

hand entry coming from a product of conjugates (by elements of M which

correspond to r, „ b. Jt )of commutators ]i k > i .ijk ijk L i’ kJ
♦ ♦Replace (U by fi - = p „ We have now a new element 3 with

coefficient of t^,...tt^ equal to zero. Successive moves of this type
then yeild our result. We illustrate this procedure:

i) Consider the following element of %  ,

/ ab [ 1 + ab (1 - c) t

y =

[a(l - c) + a]tb 
[ a(b - 1) + ab(a - l)t

V



* *“ 1 w ' b ‘ap, = \ f , bp =
0 1 / \ 0 1

6 1 , „,-l | IS -£ ' Ub), (ab) m, =

21

5 ) l t a j

y(ab)

/■

V "

[1 + ab(l

[ i d  - c)
[a(b - 1)

- c) - l]ta

+ i - i]tb
+■ ab(a - 1) ]t

7
[ab(l - c)]ta

[ a(l - c)]tb

[a(b - 1) + ab(a - 1) ]t

_ _ _ _
0 = ab[ (1 - c)t + (a - l)t , which corresponds to ([c,a] )u.& A C
0 - 0 - a(l - c) t + a(b - 1) ta o c

™ ™ * A0,_ = a[<l -c)t. + (b - l)t ] , which corresponds to [cfb] p .b b c

0 ' 0„ - 0h = 0 a d
aTherefore y € Mp, and yp = [btc][a,c] ab

= a[b,c]b[a,c] .

ii) Consider

y =

[a(b - l)]t. 
[1 - a]t.
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p = a(b - 1) t + ( 1 - a)t a d

f)a = i[(b - i)tft + Cl - S)tb] 

p - p a = ( l - a - a  + a2) tfa

hence y Jt MU>



Lemma 2.1.B: Conjugates have the following form under p,

If m,n € M , mp and np as above ,
, N N

/; ^  + (i - s) £  n 1 ^ 1
mnu =f

\ 0  1

Corollary 2.19: if m € M* , then
N

/I n ) m t \
n ( 1 = 1  1 Hn |i = I , and

\ o  1 /
N

1 <n\ * S2)( y - t j
i= 1n, na =| m 1m 8 p 1

\ o  1

Proposition 2.20: If r € M* # then

N
1 ‘s( \  r t ) 

= *=l £ € Z(A)

N
\where / riti is the “PP®1* right entry of rp . 

i=l

Proof: “rajjCr) =^{rg |g € m }̂ ). N

I 1
Lemma 2.19 gives that r®p =[ I and products

\° 1 /

K I v J  \

conjugates have the form I /, ? 6 Z(A) .
/II i



N

Therefore
1 S ( A rl*ii=l )
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| € Z(A)> . Since the nap jj.
1

7
is not onto, we need the following lemma to show that

' ' )
i= 1

0 1

Lemma 2.21: Let

? € Z(A) f . 

N N

i= 1 € where r^ =
0 1

i=l 
0 1

L . V i

Then 3 elements of M, ,. .. ,111̂  , such that ^r"*1 ... rmk^i =
1 5

0 1

Proof: Let 5 I* expressed in normal form, i.e. % = njaj where
j=l

a 6 A . Let m € M such that m = a. and e = +1 if n > 0
J J J J J J

and -1 if n < 0  . ThenJ

( * 1 * 1  _ « k « k  r ek® kI L • • ■ A  tit A » » « A
’  r •« _- - - - - - - - - - - > ■

KI terms jn̂  | terms

N

< L . V i )i= 1

Lemma 2.22: Powers have the following form under p, .
•?

If m 6 M and n̂ i =1 " i £ i V l

.0 1
, then
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m 11 n 1 + ... + m + 1 ^ 2 *
1—1

0 1
N

/ f 1 1^1 ̂  1In particular if m 6 M* and mg, = I ~ } , then
\o 1

N

/ 1 n L v  in / i= 1m g =
\0 1 /“ A / ® ̂ Y ( °^ 1 + ■ ■Lemma 2. 23 : Let | ]€ Vl , then I 1=1

\ o  I )  \ o  1 J  \o 1

C :)•*■(: :/•(: :)■(2.24) If

Definition: We will refer to 2.24 as the special power form in

/ 1  Of

V I
Proposition 2.25: Suppose! 16 %  is a power in %  , say

C  *)■(: i ) ■  ThenC  i) € Mg, .

Proof: If I ) = m € M , then the isomorphism g : mn
, ,  t  : >
1 0f\ / 1 a\

I . Hence I 1
0 if ^0 l/

C:)
€ Mg,

1 df\ / 1 P L n£l
Suppose I I € Mg , and|

0 1 /  Vo 1 ) 1

+  O f  +  1

Since
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nP represents the abelianized Fox derivative of a word in H repeated

nn times, one can easily compute that word m such that m p =
a

and mp, =1
o 1

Definition 2.26: Let be a matrix group whose elements areV
a p

o 1

where a € A - and pe the module over Z _(A _) with basis t. .....tp ■ p "  p 1 1' ' n

With M - ((x^,... »xn)) f let M B denote the normal closure in M
ID.thof the p 

projection

powers of the generators x^ , Let 0 B be the canonical

n : M - >  M/„

With >41 ,let 0 . : m  — > Vi/,n,. be

the obvious homomorphism.

There is an induced map p : M/ -> V1/̂  , such that the
V  V

following diagram commutes.

H -> Mp

ClP 1
Cl m p m

M/
P*

- >  w , V
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The existence of p. and the commutativity of the diagram follows

the m^ are strongly relatively prime; i.e., the strong greatest common 
divisor of the m^ is 1 .

The purpose of the condition in the Freiheitssatz that a word be 

cyclically reduced is to guarantee that a word in the free group is not 

the conjugate of a shorter word. The concept of a reduced word in the 

metabelian group plays an analogous role in our principal theorems.

from the fact that x‘

action of 0 _ on Mu is P*

defined on Z(A) as follows:

a € A,a ** = 1

| € Z(A),pm ? = 0 . Hence

- n * - p ■ -1since x r = 1 and x r = 0 .
xi 1

Section 4 : A "Reduced" Word in the Free Metabelian Group.

Definition 2.27: m € M* , m is reduced if in mp =

Definition 2.28: If m is reduced, m € M',mp =
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say a generator of H is involved in id if

i) m + 0 or n

ii) x appears in tn , that is, If m = )n a** J J ‘_j1 i i »
n * 0

ai+aJ)i*j

-*i -6ithen there exists an i such that in 1 ... x n , * 0 .i i n in

Proposition 2.29: If m 4= 0 , m reduced, m € , and x is involvedn

in m , then is involved in every element of nm^(m)

Proof: Let mp. = Then g € nn^(m) is such that

,5 € z(a) .

i) If * 0 then 5®^ 4= 0 V 5 + 0  € Z(A) , since Z(A)
has no zero divisors,

ii) If appears in for some j , then appears

in some 5m f°r any I •J

Since m is reduced, the strong greatest common divisor of

{m.) is 1 . Therefore with m. = / n. , a. . . x does not appear
i * n 1»J i»J n

in all a . We view these m as elements of the group ring R(x ) , i»J J n

where R is the quotient field of the group ring Z(B) , B the free



abelian group on xi»***»xn_i ■ The units of R (xn) are the elements

rx \ r € R . Thus for some ? € Z(A) . x does not appear in any Cm, , n 1 n l
-  -  _  _ »then the are units in **(xn) * Hence ? = px^ ,

and therefore in Z(A) , = ™ixn^ » € Z(B) which is a contradiction.
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CHAPTER 3

FREE PROPERTIES OF SINGLE RELATOR METABELIAN GROUPS
Section 1: The Frelheltssatz for Metabelian Groups,

G = . ■ >xn ;r>> »n 2 3 »r € .

Theorem 3.1;

Let G = ((x ,.,.fxn ;r))fn ^3,r € M* , r reduced and x^ 

Involved In r . Then the subgroup H = (x^,...,xn of G Is a

free metabelian group, freely generated by •

Proof: G = M/  = M/_ where M = ((x ,...fx )) .** K 1 n

A /
nn^(r)

1 sCL/iO
Rp = i= 1 

1
|? € Z(A) and rp =

J
If is involved in r , then by proposition 2.29, xn is in­

volved in every element of nm^(r) .

H is the subgroup generated by xi»****xn_i • 1,61 N =

C > ■ * • ) - Then H = N/(j p u *

N-l
-  € n

Np = i= 1 
1

Therefore Np Cl Rp = 1 ,

Therefore N H R = 1 ,

Therefore H = N/ n — N , a free metabelian group, freely generatedN II A
by *1(...,xn l  .
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3.2 Generalizations of the Frelheitssatz.
In order to prove the Frelheitssatz for metabelian groups when 

r € M / , we had to place two conditions on r , both of which could 

only be checked by the representation map p .

This is probably the best possible result because we have no unique 

way of expressing a word ro € M = ((x ,...,xn>),n ^ 3 . But even though 

the test is not given in terms of some operations within the group itself, 

the situation is not unfortunate. Most large and important classes of one 

relator metabelian groups do satisfy the conditions imposed by the map p .

In particular for the class of fundamental groups of two dimensional

orlentable manifolds, modulo the second derived group; i.e.,

0  = « xl'yl  • t’V yn],) •

p shows r to be reduced and each generator is involved in r , so 

the Frelheitssatz holds.

Section 2 : The Cases where there is no Frelheitssatz.

Theorem 3.3:
Let G = ((x^ ,. . . ,xn)> ,n ^ 3 ,r j£ M* . Let r = r[r] , where r 

is the content of r and [r] € M y , Suppose xr has zero exponent

in the content of r , but xn is involved in [r] , according to

Definition 2.28 . Then the subgroup H = ((x^,...,xn_^)) °f G is 

not free metabelian.

Proof: Let M = ((x^,...,*n)), G = M/R where R = nn^Cr) .

Let N = (<x, ,. . . ,x ,)) . H — N/ n _ . We show N fl R * 1 .1 n-i N I I n



Choose n = [x^Xg] € N* . Then we claim [r,n] * 1 and 

[r,n] € K D R .

[r ,n] = [r[r],n] = [[r,n]r[r,n] = [r,n] € N .

[r,n] = r(r ) € R , hence [r,n] € N fl R .

To see that [r,n] = [r,n] + 1 , we apply the map p .

np = [x1 ,x2]p =
1 (1 - Xgltj^ + (xx - l)t2

.0 1

r - x^x®* r - \  x 2 ■

rp =

[r,n]p =

®i>-ln-1

x ®i x ®0 ' 1I  4 I  A

■

\- - e, ,(1 + + ... + xL 1 '*)t

X (1 +  . . . + X ** X ) t 2 + ...

/
[<r - 1 ) < 1 - x2) - <1 + xx + ... +

Rr - l)(xx - 1) - < 5 ^ ( 1  +. . .+x^8“1) ]t2 + .

It is easy to see that the entry in the upper right corner of this
matrix can never be 0 . In fact, it suffices to show the coefficient

of t, cannot be 0 . If in r = x ^ x ^3 ... x ®11: 1 . ej * 0,i ^ 3 ,1 1 2  n -1 ' i *
the statement is obvious. So consider
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-<1 - x2 - + x^lx^S+1) - (X + xL + . . . + x^ 1 X) 4= 0

for any or * Xt is clear that the constant tern is either -2

or -3 ,

Remark; Suppose G = ((x,,.,.,x ;**)) and x has non-zero exponent - - - - - ■ I n  n
in the content of r . If H = ((x, ,..,tx )) we cannot decide if1 ’ n
H H R = 1 , by these methods.

The following is intended only to show the nature of the problems 

that arise. If r £ , elements of R = jr111 |m € Mj' are mapped by p.

into elements of Mp of the form

where k = 0 ,-1 , - 2 and the m^ are terms in

Z(A). There is no "nice" forn for the terms . If k * 0 , i.e.

for elements of KyR7 we observe that H fl H\R/ = 1 . But when k = 0

it cannot be determined if H fl R / = 1 ,

There is no possibility that there can be a unique way of express­

ing g € R in terms of rm for m € M .
R c  M is the subgroup of the free metabelian group, but R is not

free metabelian. G. Baumslag has shown that a subset of a free metabelian 

group generates a free metabelian subgroup if and only if the subset 

generates a free abelian group module m' [9 ],

3.4: The Case n = 2 .

Let M = ((x^.Xg)) . Then M * = normal subgroup generated by
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£

[x^.Xg] and every g € M can then be expressed as [x^Xg]* where

5 € Z(A) . If we require that r € M* for I! = ((x^Xg)) , be reduced, 
r = [x^Xg] and G = ((x^Xgjr)) is the free abelian group. If r is 

not reduced, the above methods are not applicable. It will be assumed 

in the sequel that n ^ 3 except where noted.
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CHAPTER 4
FURTHER PROPERTIES OF SINGLE RELATOR METABELIAN GROUPS

The map p can be used to prove several other theorems concerning 

single relator metabelian groups.

Section 1: The Extended Word Problem.

A solution to the word problem for single relator metabelian groups, 

when the relator lies in the derived group.

Theorem 4.1:
One can decide, in a finite number of steps, whether a word m € M

is in R = niHy(r) where r € M / , r is reduced.
N

Proof: Compute rp, =
Ivi

15 € Z(A)y . Compute mp =1
0

If mp = I I, m = 1 in M , hence m € R .
V  7

If m * 1 ,m € R mp € Rp m = 1 and 3£ £ Z(A) such that

= . (Proposition 2.20)

To determine such a £ , if it exists, we proceed as follows: 

Compute for rp and the given mp , k >  and | as in lemma 1.18,

Then u , u , u * r, and u -m, are elements of
r i m i r i mi 1

z[x x 11 »• • ■ i A jj J *

m



Compute the greatest common divisor of ‘WiJ1 and of ^ .

Then compute the strong greatest common divisor g of {mi} . This

gives us nii = £nt for all i . We check to see that nt = -rt Vt .

Section 2; Conjugacy problems in Single Relator Metabelian Groups.

Part 1 : Conjugacy in M .

Theorem 4.2;

There is an algorithm for determining whether two words, m and 

n € H , are conjugate in M .
Proof: (1) If m,n € M* , we compute mp and np . Suppose

Xvi ̂ trNow m = n if and only

/
if » K ^ A ■ That is, and n^ differ by the same unit

for all i .

To determine if m^ and n^ differ by the same unit and to deter­
mine that unit, we proceed as follows.

Compute and |u^ J1 . In *Xj|l » we see^ B such

that (u—) (u ) (u 114) = (u_g) (u ) (u ni) . Solving formallyB ni mi B ni
-1(“l«) ("-1 X"n, ) (“« , X U», )

u-B

We observe that for m and n to be conjugate, the ratios 
-1

(um , ) ( ur,, )_1 must be the same monomials or the same units in Z(A)
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(This is stronger than requiring that niij1 and n ^  be associ­

ates In Z(A) .)
Recall our definition of strong greatest common divisor:

stgcdlm. r = A 6 I iJ m. i
-1

where A = gcdfu m J  and 6 = gcdfu r . Therefore we computem* L m t mi L m^ J
A , 6  , A , and 6 in Z[x . . x ] . Thenmi ttii nj ni l n

v  =

o S 6
ml

u-K An i 6ni

1 stgcd{mi}g = = — 1---^  -  -I-- r in Z(A) .
stgcd^nj

(2) If m ln JS M # and m * n f then m and n cannot be conjugate.

- | [ " ii-i nit‘Let mp, = \ I , np -I / , sp =
L0 1 j  \ 0  1

' ?  * \  I N
. 5  •( * I1 - " X j L  Siti) \ I ” L v i

■ V  =1 1 = 1  1 = 1  |*l i = 1  I when
0 1 / V 0 1

m * n

(3) If m,n JE M* and m = n , a test for conjugacy is developed in 

the following set of observations.



i=l
a, such that (mp) = np,

(mp) = n ( i ^

/ K N
tn a  - 5>( I V i ) + *( Zvi)i = l i=l

v°

" \

V ‘ /
<* m = n and *( 1 - m)ar + aCm^) = •

Therefore m and n are conjugate in M if and only if

i) we can solve * for a € A and € Z(A) and

ii) any solution {a,a^} , belongs to Mp .
_ ATo find a , we suppose further that 3 a € M such that m = n , 

or (in8)!! - np, .
„  TL T|l>et a be given as a = a£a] , where a = x 1 . . , x^n is the 

content of a , lexiographically ordered.

Suppose further that ama * = n is given in exactly this arrange­
ment. We recall that since p is an isomorphism, any conclusion we

make about (ama *)p based on the particular arrangement of ama 1

is true for any word n - ama * .

We compute (ama *)p = np by computing (af a]rn[m][ a} 1a 1)p = np

— *n tlSuppose T} is the last non-zero exponent in a = x^ 1 . . .



If T| > 0 , then n, , the coefficient of t is given by 
J J J

= + ’** + +

~ d[ a] « dm —  9m — . d[a] 1 ~a h ■* + a —  + am —  + am —*■— ■*—  - m
9x 9x 9x 9x

J J J J

Tje -n <  „ ~  -Tl, , -1 TL -  a [ a l  ~  bmIf T] < o  , n = ax IJ (x + ... + x IJ) + a -*— *■ + a —J J J J J lu9x 9xJ %3

—  9m —  9f a] 1 «+ am —  + am *■ - m .
9x dx

J J

In either case n * 0 since not all the terms are comparable.J
€Jk eJkSo if we let n . = / u_„ . where u, = x, 1 ... x n then sincej ^  Jk jk 1 n

k

a = a , a either equals u , x, or a = xdl ... x**11 whereJk k I n

ldi I S l®Jk I for soroe k *

Thus given {n^} there are a finite number of possibilities for 

the term a . We check whether for any such a , 1 - mjn^ - am^ t 

yielding [o^} 6 Z(A) .
ni ’Finally we check that the set of cr = --------  are such that

1 - m
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To summarize, we have the following algorithm to determine if

-  /m and n are conjugate when m,n Jc M 

Theorem 4.3:
m,n |E k ' , m and n are conjugate in M if and only if 

i) m = n

ii) In mp. and np. where nJ

we consider all possible a = x^1 ... x w h e r e  [d ) £ [c \ + 1 .i n  lr jk

Then 1 - m

determined.

iii) If a

must divide n^ - am^ for all i for some a so

must lie in H|i .

■ I

>jk
uJk and u ,, = x,Jk L
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Part 2; The Extended Conjugacy Problem.

For groups with a single defining relator, the extended conjugacy 

problem is known only in isolated cases, [7 ,p.400-401]. For metabelian 

groups with a single defining relator, where the relator lies in the 

derived group, there is an algorithm for determining whether two words 

in the derived group are conjugate.

Theorem 4.4;
If a,b € G* where G = ,. .. ,x ; r)) , r € G* , r reduced, we

can determine If a and b are conjugate and we can determine the con­

jugating element.
Proof: Again apply the map p, . Suppose

Suppose also 3s € G, sp such that as b . Then

if and only if

is in Rp, . This means 3 £ € Z(A) such that



We can determine by observation if there exists s such that

- b^ = 0 . Further, since * is a set of n equations in two

unknowns over Z(A) , we know solutions for s and § are unique if 

they exist.

Z(A) has been shown to be a unique factorization domain. So 
solutions may be found by Craemer's rule in a quotient field over Z(A) 

Solutions will then have the form 0/ , ct,t € Z(A) , (J,t relatively

prime. Such a solution is an element of Z(A) if and only if T is 

a unit. Further, cr/̂  giving s must be a "monomial" or unit.

If 8,5 are found so that s(tai) ~ bi = ^0"i)^i * a 811(1 b are

conjugate. Further, s = sg,g € G* is an element such that

aS = b .

Section 3 : The Center of Single Relator Metabelian Groups.

Theorem 4.5:
Let G - ((xx ,. . . ,xn ;r)) ,n ^ 3,r 6 M / , r reduced. Then G has

a trivial center.

Proof: Represent G via p as usual. Let

N

I. V i

We will suppose G has a center and show this leads to a contradiction. 
So let z € G,z * 1 be such that = 1  Va € G . Recall that

i ^ 11 , means that in zp , either z * 1
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or If z = 1 , then it is not the case that 3 £ € Z(A) such that 

gi - 5rivi •

• I  *1*1
Let a € G,an = ( 1-1 ] . Then

0 1 

N M
1 (J - D ^ V l )  + (1 -

[z,a]M- =\ J . [z,a] = 1 in G
0 1

if and only if in £z,a]|i ,

N N N<£ -  D ^ i )  + (1 - = ̂ Z ^ i )  lor s o m e  5 € ZCA>
Suppose first that z j£ G* , thus z # 1 . Choose a € G*, a * 1

N N
Then a = 1 and ) a.t. is not a multiple of / r.t. in Z(A) .

i . i 1 1  i t i 1 1

Equation * now reads

K N

or

-  l ) ( I ‘ i * i )  =  s ( X r i * i )  ■
1=1 i=l

<z - l)a± = ?rA for all i .

But r is reduced, so z - 1 divides £ in Z(A) . Therefore,

a = — r , so a = 1 in G . 
z-1
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More explicitly we can construct a € G /ta * 1 , such that

N
[z,a] * 1 . Choose * 0 , any non-zero coefficient in X  riti

which we know exists.

Let a € G* be chosen such that a = x bx  ̂where b 6 G /ra m

is any word in the generators not involving x . Observe thatm
S’

= a = 0 . Hence (z -1) a = 0 Vz * 1 . Since r * 0 . £r + 0O ID ID ID IDx.

for any £ since Z(A) has no zero divisors. Therefore,

N N
<* - “ » <£ - x)v 1 ^ 1 *1 ) * •

Now suppose z ^ G f,z t 1 , z € G* means z = 1 so 

/ *
[z ,a]|i =

\° 1
commute with all a € G , in particular with a £ G* where a * 1 . 

Equation * now reads

1 (1 - a) ^  ziti-x * i
1 . Since z € center of G , z must

i=l i=l

(1 - a)zi = 5r 1 for all i .

But r is reduced, so 1 - a divides 5 Z(A) Therefore,



45

so z = 1 In G .
1 -a

Section 4: Elements of Finite Order.

Theorem 4.6:

Let G = ((x^,...,xn ;r)),n ^ 3fr € G* , r reduced. Then G

elements of finite order if and only if r is a proper power.

Proof; Via the representation p .

N

has

Let rp = i= 1

0 1

Z.Vi

If r is a power we show first that G has elements of finite order.

Suppose r = sn , then rp = (sn)p =

f

N 

1

\

g £ G,g + 1 , such that g" = 1 . Let g = s . Then gp = 

N
Vg * 1 because } s t * 0 and 3 no 5 € Z(A) such that 
1=1

We produce

0 1

N N
^ " i 1! = ^ ^ riti) • HoWeverf k" = r = 1 .
i= 1 i= 1

If r is not a proper power, we dnw G has no elements of finite 

order. If r is not a power, then rp does not have special power

form, i.e. in rp = i= 1

V °  1
i i

, there exists no n + l,n € Z ,



such that r = nBi^i •

Suppose 3 a € G,a * 1 , such that am = 1 . We show this assump­

tion leads to a contradiction,

II a JS G V,a * m , hence a m * 1 in A for any m , so a™ * 1

in M for any m .

■ ;,v.If a € G *, a = 1 , so ap has the form ap = | f and
0  1

1 ”(I*i ‘i)l ?
amp = \ / . a * 1 , so / a4 t 4 not a Z(A) multiple

'.0 1 '  ^

N
of J r t ; but am = 1 means 3 § € Z(A) such that ma = £*\V .1 1 1 1 1

But is reduced, so m divides % in Z(A) , which implies that

N N
a = 1 in G ,I/i*! = 1 1 ) “ d 30

Section 5 : Residually Finite p .
Theorem 4.Y:

If G = ((x f .,xn ;r)),r € G f # r reduced, n a 3 , and r is not 

a proper power, then G is residually finite p for all primes p , 

i.e. g €  „ 3 V  ,A; p p

Proof: The proof is accomplished by demonstrating that for each g € G,

g # 1 , a homomorphism



may be chosen so that g* p * 1 where G s Is a finite p group.S P M#
We use the representation \i and the maps 0 m and 0 m as InP p

Definition 2.26.
We have the following commutative diagram

M ------  > M*l

PB p “

, — i— >  (•«/„ y
p b p B

We shall choose 0 _ for g such that the matrices representingP
gy, and gp,Q , and the matrices representing rji and rjj,ft u are P P
identical.

To choose fi _ we proceed as follows: Suppose m € M is given asP

m = x . 1...x t 
Jl Jk

x € {x^,. . . the generators of M .
if

For each x appearing in m we compute S - I  lei. [ where
^  N

e, is an exponent of xJ = x J . For m we compute S = ) *S„j. H i j. m U  xc <, i=l

Choose m so that p™ is greater than or Sr .

Define Q _ and Q _ using the m so determined.P B PB
ft#

Proposition 4.s: = = 101(1 = r^pB ̂  *

S _
Proof: Let gp =’ i _ 1
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By the choice of m , g hoe no exponent ^ pm . Each g^ is the

abelianlzed Fox derivative of g and each g^ is thua determined by

the predecessors of the letter (or the predecessors plus the letter

itself if the exponent of is negative.) By our choice of pra no
mletter can have as many p predecessors. Hence in g^ there occurs

no p10 exponents, no pm - 1 exponents, and no p111 multiples of

elements of Z(A)

Similarly pm is chosen for r and we can conclude BP^p m =
gp and rpO a = rp . Therefore since 0 a can be determined for any P P
g € G , we conclude G € „ 3 V ■K  P P
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CHAPTER 5 
RESIDUALLY FREE METABELIAN GROUPS

One would hope that some of the above techniques could be used to
show that G = ((x, x ;r)),n S: 3,r € G # , r reduced, is residually1 n
free metabel1 an.

Definition 5.1: A group G is denoted G € %  , residually free met-_ K
abelian, if for every element g € G,g # 1 , 3 a homomorphism

cp : G -* H , a free metabell an group, such that (s) * 1 •K 8

So far there is no general result.

G. Baumslag has shown that if a metabelian group is residually free

metabelian, then it is residually two generator free metabellan,[9].

We remark that if g j£ G / , we can easily produce a map spg as 
above. However, the problems that arise for g € G / seem difficult.

The following sections employ techniques not used in the first part 
of this paper and are presented only as an outline of a likely method to

be used to solve this problem. It will be applied in the one case in

which a result has been obtained.

Section 1 : A Presentation for G / where G = ((x,,...,x ;r)),n ^ 3,■ ■ i n
r € G r .---------------------------------------------------

In this section the Schreler-Reidemelster rewriting technique will 

be outlined and applied. [7]

Notation: Let H = (x, x ;r) where G = ((x. ,... ,x ;r)) , for —— - i n  i n
n ^ 3 . Then G = H/„# . Since r € G' , G/„/ is a finitely generatedH G
free abelian group generated by [x ,...,x ] ; G/_ / = H/„« /  s- E/ t

1 n 0  H/ h 7 h. “



The Schreler-Reidemeister technique gives the generators 

{h ,h ,...} and the relators of H* , hence {h-H* = h,,h„Hw = h„ ,...}i « I 1 a a
is the set of abelian generators of H #/ » a; G* .H

The technique gives the generators and relators of H 7 in terms 

of a Schreier transversal or set of coset representatives for H* in 

H in which the initial segment of any coset representative is also a 

representative.

For our Schreier transversal, we choose fx,6* ... x^1} where1 n J
Xl ’’*’’Xn Kenerate H and where each ranges independently over
to»- 1 , - 2 1. . . } .

The generators of H* in terms of this transversal are
r e, t  & e -i]ix,A ... x ̂  x, x/*- . . . x ̂  x , r where the upper bar denotes theI. 1 n j l  n j J  ™

element of the Schreier transversal that represents x ®1 . .. x 6" x1 n j
The relators of H / are given in terms of this transversal by

•̂ x̂ 1 ... x^ 6 r ••• xiCl}̂ * rewritten in terms of the generators of
H* given above.

We will let K represent a member of our Schreier transversal.

We will emphasize a specific member x^ 1 ... x^ 1 of our transversal by

attaching subscripts to K as K , when they are needed.*1 ■ ■ • en
We modify this notation for simplicity so that H is the group 

generated by

{KxlKxl1 K;xt ’ 1 =

and the relators of H are given by

{ktk-1 . rewritten a» word. In I } .
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We use a theorem of Schreier which we state in terms of our nota­

tion, letting t represent the rewriting of a word in terms of
J , i = 1 ,, .. ,n .
K;xi 

Theorem 5.3:
If H = (x ,x , ...,x ;r) , then H y has presentation 1 « n

*(| ,j , • •.|I ,...jT(KrK) 1) where i =l,...,n,K,H elements 
VJK;xl K;x2 M;xt

of a Schreier transversal, but M is a representative such that

Mx_, = MxJ . Where we have the relation J = T(MxJMxJ l) , both i i M;x^ i i

these generators and relators can be deleted.
Further, we can apply Tietze transformations to the presentation *rto delete a generator a corresponding relator when that

relator has the form
J = "O' ) » andK;x± M;Xj

■{f ^ is a word in the generators, not involving J* . We remark
K;xi

the following lemma, derivable from basic Tietze transformations, that 

will be used in the sequel, [7] p. 49-50.

Lemma 5.4: If G = ^  ,.. . ̂  ,b2 ; a^ = a2u)(b) , a2 = a3u>(b) r^

not involving aA , then G = ^  ,b2 ,.. . ;rj) .
We shall focus our attention on groups k ' which can be shown to

be free groups, freely generated by J , by applying the Schreier-
K;xt

Reidemeister rewriting techniques and Tietze transformations to their

presentation. Hence G * = H*/ # is shown to be a free abelian groupH
on an infinite set of generators.
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We can show that there are many important classes of one relator 

metabellan groups for which g ' is free abelian. These demonstrations 

Involve explicitly rewriting H / to determine G^ using the Schreier- 

Reidemeister techniques.

Groups for which explicit rewriting processes have been carried out 

Include

Because the rewriting involves applying known techniques, we will 

actually carry it out in only one case, where we show that the group in 

question is residually free metabellan. We remark that using this tech­

nique allows one to show that specific classes of groups are residually 

finite p for all primes p ; ’ A a more general proof was given in IV,§5, 

Section 2i A Residually Free Metabelian Group.

Theorem 5.6:

G = <<x n even.

G = ((xx . ,xn;[x1 ,x2 ](x2 ,x3 ] ... [>„_! .*„])> ' n odd’

G = ((x ,. . . ,x ;[x ,x ]d)(x ) , where u>(x ) is a word in G / 1 n 1 « 1 1

> * * • »

in the generators x^

G = (<a,b,c;[a,b][b,c])) € ^  %  .

Proof: Let H = (a,b,c;[a,b][b,c]) .

free abelian group generated by a,b,c . g ' —  h V  " .H

We establish a free set of generators for H ; hence the abelian

group H / ff = G will be free abelian. H
Let (k } = {a^b^c11} be a Schreier transversal for H / In Hi i  j tit

where i,j,k = 0 ,-1 ,-2 ,... independently.
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If Ki,J,ka K l.J.ka = J KliJ>kla “ ,d Ki,J>1(b K i>j,kb 

= J , etc., 11* is presented by
i »J

N k  C ; T (K r K _ l >» x  = ^  _ 1 >)»V Ki,Jtk-a KitJ,k*b Ki,j,k-c Mx /
where r = [a,b][b,c],

T « r K ' 1) = J • I ■ J -1 ' J -1 , * .
Ki,j,k,a Kk+l,J,k'b 1,J+l,k' Kl,j,k+1’

f fSolving each rewritten relator for J ; J =
Ki,j,k+i;l> Ki,j,kti;B

r r rJ * it -1 . We simplify the presentation
Ki,j,k:a Ki+l,j,k: Ki,j+l,k;a

by the following deletions:fi) J »  1 , hence may be deleted,
itjfk ’C

11) In the rewritten relators * we have for fixed J and for 

each i , a sequence of relations:I A  J -J,
V j.O'1* ’ K’a K1+X,J.-l;b K 'a '

J -JK1+1,J,-1’ K,a *1+2,;),-2’ K ,a

f rBy Lemma 5.4, we can delete all J ^ generators save J . .
K;b l.J.O;brBut J w  1 , so it can also be deleted.

l.J.O;b
Therefore h ' has presentation
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({IK ,a |i,j,k = 0,-1,-2....  not both j = k = o}) . g' = H#/H"

is the free abelian group on these generators.

Let : G -* H = ((a,b)) be defined by cp̂  : a 1 *+ a^, b^ -* b^ ,

and c* 1 <ab^k tp̂  is a homomorphism, mapping commutators to

commutators and tp^([»*b][b- ■ .-= cp^(aba *cb *c *") = aba ^abNj^b ^a 1 = 1  .

Let g € G, g £ G* . Then 3 X such that * 1 • Express

g as aab^c^[h] , where [h] € G* and y + 0  or the following is

trivially true.

Let X > |q  | + lt31 + M  . Then ^(g) = a ^ b ^ a b ^  . V^Cg) * 1 »
o+\y .for b + 1  since P - X"Y * o .

Let g £ G and g € G* . Express g in terms of the free gene­

rators

If k = 0 , J ;a is expressed in terms of a and b only,
Ki,j,k

so any nap <p, : G -* ((a,b)) will take g * 1 in terms of such J„
a. K; arinto itself. So we need consider the images of generators J

i,j,k;a
where k * 0 .

We also assume that g has been reduced; i.e.,I • I # 1 for any pair of generators. This is equi-
Ki,j,k:a Ki',j/,k/:a

valent to requiring that for any pair of generators, it is not the case

that i = 1*, j = j* , k = k #

Let e9 = E|i | where i is an exponent of a ^ "it € gK; aJ
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£ = E|j| where j is an exponent of b € J .  a € gJ\
X = E|k| where k is an exponent of c € «f„; a €K

Let \ > <9 + jf + X  be chosen. We first compute the map cp̂rapplied to a single generator J
Ki,J,k:a

=  aVcabVafabVVV*1̂

= aibJCabSka(abS”ka~1 ab-Ja_(i+1)

= aibJ[<abX)\a]ab'*Ja-<i+1)

= aib'i[ (abX)k,a]b-Ja'ia1bJa ~^a_<i+1>

= [ a b S kfa]bjai[aibJfa3 

(abSk-l

where

_______  a b
r . X - abX-l[ab ta] [b , .fe )  •'

O V ]  -  A [b,a]

C ^ u ^ r r )  m V )

[a,b] * [a,b]

bj-<X) a(X,k) a1bJ-ai( j)

“ » ■ & )  • « >  -  - < * • «  - •ab -1
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'tWe will be concerned with the exponent of [**h] in 

In the above notation, this has form

★ -(\)a(X,k)aibJ - ai(j) .

Vk, a X  18 "ot 1

Let J be those elements in the expression for g where inM;a
j-t-l _ .l?Yn where

We need to show that a product of - M  is not 1 for afnon-trivial product of J and suitably chosen X . This means we

must show that the corresponding sum of exponents of the form * is 

not equal to 0 .

J,
Kf j k » is maximal. Consider “ [8»b]*XI>

Exp = n1[-l(X)a(X)k)a1lbJl- a*1 ( ]

+ n2[-<X)a(X,k)ai8 bJa - aia(J2)]

+ ... + nn[-(X)a(X,k)ainbJn - a1® (Jn> ] .

First note that there are b exponents in this expression which are

strictly larger than any other in tt-L - gtp̂  . So we examine

whether it is possible for a sum of terms with maximal b exponent 
to be zero. This sum has the form

n1[-bX+Xk"2 +Jlak+il] + n2 [-bX+Xk-2 +Jaak+la]+ ... + n j  -bX+Xk-2+J“ ak+i» ] .

Certainly this sum can be zero if and only if all terms are compar­

able. This can happen only if all i 's and all J 's are equal. Butm m
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then |j is a product of generators where M. . . are equalt
K,a i,J,k

hence not reduced.
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