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INTRODUCTION

This thesis had its origin in a short paper, Groups with One

Definining Relator, [1] which was presented by my adviser, Gilbert

Baumslag, at the Annual Meeting of the Australian Mathematical
Society in 1964. The paper surveys the algorithmic solutions to

various problems of the group
H = (xl,...,x

It is5 natural to ask which of these theorems for groups with a
single defining relator have analogues that can be proven for met-
abelian groups with a single defining relator,

Solutions for metabelian groups, some of them only partial, for
all of the problems mentioned, will be presented in this paper:

1) the extended word problem,

2) the extended conjugacy problem,

3) a "Freiheitssatz," i.e., a condition on the relator that
ensures that every proper subset of the generators freely
generates a free metabelian group,

4) the center,

5) the existence of elements of finite order,

6) the question of whether such groups are residually finite
p for all primes p ,

7} the quesation of whether such groups are residually free
metabelian.

Solutions to all of these problems, except the last, are complete
when the relator lies in the derived group. It is possible that the

solutions of these problems for cne relator metabelian groups will



give much informatiocn for all finitely presented metabelian groups.
That this might be the case follows from a theorem of P. Hall [2]:
Theorem i) Finitely generated metabelian groups satisfy the maximal
condition for normal subgroups.

Let M be a finitely generated free metabelian group. Then any

finitely generated metabelian group G e!M/K where K 1is the normal

closure of a finite set. This means that Hall's theorem, when re-
stricted to the variety of metabelian groups, can be stated as
Theorem 1i} In the variety of metabelian groups, the finitely
generated groups are finitely related,

This paper presents a solution to the conjugacy preblem, which
has been solved by Jane Matthews [8)]. The techniques used here for
this problem also give a solution for the extended conjugacy problem.
With the work of Alice Whittemore concerning Frattini subgroups, this
paper completes a rather thorough survey of the properties of one

relator metabelian groups [10].



CHAPTER 1

PRELIMINARIES

Section 1. Algebraic Definitions and Notations

In this chapter we establish the general algebraic definitions
and notations used in the sequel. Those properties which are later

required are discussed in detail.

Definition 1.1: A group F 1is freely generated by a subset X if

i) X generates F
i1) for any group H , any (set) function from X to H extends
a8 a homomorphism from F to H
The group F is then called the free group on X , or, briefly,
free, if it is freely generated by some (unspecified) subset X ,
Property ii) is described as a universal mapping property for the set

X , with respect to all groups.

Definition 1.2: A word (in the elements of X ) 15 any expression of

€ €

the form xll cas xnn , Where x, € X,€ = %1 . It is a reduced word
4 %

if it contains no segment of the form X, xi+I , 1 =1 +1,

ei + ei+1 =0 . It is a cyclically reduced word if it is reduced and

X, ¥x, ,0f if x, = X 2 € £ -€

Theorem 1.3:

Any set X i8 a free generating set for some free group. 1In
particular, we may take F as the set of all reduced words in X

(including an empty word), with multiplication defined by juxtaposition,



€ €
followed by deletion of any segments xii xiiIl s, 1 =1 +1 ,
ei + ei+1 = 0 , which appear until a reduced word is obtained.

We note that reduced words in F represent the same element of
F 1if and only if they are identical.

For the remainder of this chapter, the letter F denotes the
free group, freely generated by the finite set {fili = 1,...,n} as
described in Theorem 1.3 above.

The following notational conventions will be observed. For
g,h , elements of a group G , and A,B , subsets of G ,

h -1

€ = hgh , the conjugate of g by h

h

A {han ! |a € A} .

[g,h] 1,1 , the commutator of g and h

[A,B] = subgroup generated by [a,b],a € A, b € B .

ghg

The subgroup [G,6] = G’ 18 called the derived group of G , and

[6',6'] = G° 1s the second derived group of G .

Definition 1.4: The normal closure of 8 1in G , an(S) , is8 the sub-

group:

an(S) = ﬂ[NlS CN and N a normal subgroup of G} .

Since the intersection of a family of nermal subgroups of G 1is
again a normal subgroup of G , the normal closure of a set is normal
in G . Thus an(S) is the unique minimal normal subgroup of G
which contains 8 , and it may be seen that it isa the subgroup generated

by all conjugates s% of elements 8 € 8 by elements g €G .

Definition 1,5: The group H 18 said to be presented by the epimorphism

N:6-+8 .



It follows that 1 induces an isomorphism

G/R = H
where R 18 the kernel of T . Suppose now that G is a free group,

freely generated by {xili €1} and that R is the normal closure in

G of the set {rJ|J € J} . The expression (xi;rJ) is called a
presentation for H . The x, are called generators for H and the
r‘1 are relators for H . We write

H = (xi;rJ)

We note that we can assign a group H to any sets [xili €1} and
[rjlj € J} where r, ere words in the x, , once a procedure is
established which assigns a unique group G to the {xili €1} .

Definition 1,6: A variety V is a class of groups which is closed

with respect to isomorphisms, subgroups, factor groups, and (unre-

stricted) Cartesion products,

Definition 1.7: A law of a variety V is any element f € F which

is in the kernel of every homomorphism from F +to any group in g .
The set of all laws of z is denoted g(F) . Agroup G € g is
termed a free g group if there is a subset X of G which generates
G and which satisfies the universal mapping property with respect to

groups in V

Proposition 1.B: Let V be a variety and let G be a finitely gene-

rated V group. Then G has a presentation of the form

F/E(F) + G with

G = F/Z(F)R
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which we indicate as follows: G = (fi;n)v , or G = (fi;

rJ)g where rJ

are words in the fi whose normal closure is R .

The class of abelian groups is a variety which we will denote by

A . In this case, A(F) =F , the derived group of F , and F/F’ is

a free abelian group on the

o=

free generators le',sz',... . We

shall write x, = £ F and A = F/F’ . We indicate elements of A as

i i
small roman letters with upper bars; accordingly (EI;F}} is the pre-

sentation of any finitely generated abelian group as an image of A and

A itself has the presentation, A = (xl,xz,...) .

Definition 1.9: If U and V are varieties, their product UV is

the class of all groups G which contain a normal subgroup U € U with
factor group G/U €V ,

It can be shown that is a variety, and that UV(F) = U(V(F)) [].

We shall be concerned with the variety AA , the metabelian variety.

It follows that AA(F) = F' and that F/F° 1is a free metabelian group
on the free AA generators flr”,fzp”,...
We shall write x, = fiF ’
M = F/F"
We shall indicate presentations of finitely generated metabelian groups

as factor groups of M by double parenthesis; in particular
M = ((xl,xz,...,xn))

In the sequel all metabelian groups will have a finite set of metabelian
generators,

We will observe that



The isomorphism M/ _: = A identifies xiu"G M/ s Wwith ?:'; €A .

M

Definition 1.10: A one relator metabelian group 18 a metabelian group

G with some presentation of the form
G = ((xl,...,x

It follows that G =M/
=]
G/Gf —-H/u:.nmn(r)

We now turn to some concepts needed for the Magnus representation
of free metabelian groups. We recall first

Definition 1.11: A representation of a group G 1s a homomorphism

p:G+*+H . It is termed faithful if p is injective.

Definition 1.12: The integral group ring 2Z(G) of a group G 1is the

following:

- .
As a set Z(G) = { LD -gln €z, ng ¥ 0 for only finitely } .
2€G e € many g € G

The ring operations in Z(G) are

< A 'y
L n,g + /. m& = /_,(ng + mg)s

g€G g€G gEG
21’! [*4 >-_4 m = T 2‘ n
g gg = L hk |
g€G g€G g€G \ hk=g

We shall identify

n n
g g



where n_ = 0, g €G-8 .
Lemma 1.13: If G 1is abelian, Z(G) 1is commutative.

In order to analyze the Magnus representation, we require informa-
tion about the group ring, Z(A) , where A 1is a free abeljan group.

This 1is the content of the next section.

Section 2. The group ring Z(A)

Let A =(x, ..,;;) . Each a € A may be uniquely expressed as
a = ;;11 ...E; 1, which we call the normal form for a € A .

Definition 1.14: The element r € Z{A) is in normal form if
N
5
r = n
L7345
J..—.l

where each a is in normal form and N is minimal.

J

Proposition 1,15: Every r € Z(A) corresponds to a unique normal form
N

LnJaJ , and N is finite.

j=1
Proof: Each element of A may be written in normal form, and each

element of Z{A) has only finitely many non-zero terms.

Definition 1.16: r € Z(A) 1is called non-negative if in the normal form

i i

N
Y — 31 — 4,m
expression r = zdn a = X V.. X , the exponents 1

%% TN "**n 1,k
j=1
are non-negative,.

Proposition 1.17: The set of non-negative elements in Z(A) is a subring

of Z(A) which is isomorphic to the polynomial ring Z[;I,...,;:]

We shall accordingly identify the non-negative elements of Z(A)



with z[EI,...,Ez]
Lemma 1.18: For every r € Z(A) , there exists a unigue element

v h ik = i
br' x ceax €AnN Z[xl,...,xn] such that brrG Z[xl,...,xn] and

each ki 183 minimal.

Proof: Write r 1in normal form

r= )na ;a =% ‘W x

and set

k, = - min{iJ,L or 0lj

1+

Proposition 1 19: The units of Z(A) are the elements of A .

Proof: The units of a ring are, by definition, those elements which have

multiplicative inverses, a € A has inverse a , -2 has inverse -a
Suppose now that £ € Z(A), § £ A , and £ has inverse T € Z(A)
Let £ be given in normal form

N
E: Lnjaj, aJEA
j=1

Case 1. If N =1, E = na for some n €2Z, n

1 1 , and 8 €A .

1
-1
Then Eal = n, is also a unit in Z(A) , which implies n, =1

Case 2, N >1 . Select b,c for £,7 as in Proposition 1.18. Then

(b8) (¢ = bc ,

an equation in Z[;_,...,;_] . But bE has more than one term, hence
1 n

(bE) (¢TD) does also, But bc 1is a product of monomial terms, hence a



contradiction, so this case cannot occur either,

Definition 1.20: The element b of lemma 1.18 will be termed the least

unit corresponding to r and denoted u,

Lemma 1.21: If wu_-r = ap , where p,a € Z[;I,...,;;] and a € A,

then r = ac where u = u_ .
r g

23225: Let © = u;% where p has no negative exponents. Determine

u_ according to lemma 1.18. We claim that u, = u,

herefore u r = au O
T a J

But au O € Z[xl,...,xn] » 80 u_r € z[xl....,xn] , and therefore

u |u

olug in z[x_l,...,'i']

n

ud=op € z[xl""'xn] , therefore uolur in z[xl,...,xn] and
we conclude ucr = U

r°

Proposition 1.22; Z{A) 1is an integral domain,

Proof: Let r,s €Z(A) , r ¥0, 8 #0 . Choose b,c , the least units
of r and 8 . (br){ecs) = be{rs) . bc 1is a unit in Z(A) , hence

r¢$ =0 <=> br'cs =0 . But br and c¢s are elements of

z[E},...,i;] , and the polynomial ring in ;1,...,2; over the integers
has no zaro divisors., Hence br ¥ 0 and cs8 # 0 implies br-cs %0 ,
go r's 0 ,

Thus Z{A) is a commutative ring with identity having no proper

zero divisors, so0 Z(A) 1is an integral domain,

Definition 1.23: Recall that if € = Tle , where € 18 a unit, then




9
£ and T are said to he associates, The associates of an element and

units are improper divisors of the element.

An element € € Z(A) 1s irreducible if it is not a unit and every

divisor is improper. Recall that if £ 1s irreducible, so 18 any associ-

ate of E .

Proposition 1.24: Every non-unit of Z(A) is a finite product of ir-

reducible factors,
Proof: Let E € Z(A) be a non-unit. Choose u§ its correaponding

least unit, and ugg € Z[xl,...,xn] .

But Z[;l,...,;;] is g unique factorization domain, then ugg is
& finite product of irreducible factors in Z[;i,...,g;] , say
q
i=1

where p, are irreducible in Z[EI,...,E;] .

We claim that each pi is irreducible in Z(A) or is a unit in
Z(A) .

Now with pi = na , either n is a prime integer and pi is ir-
reducible in Z{(A) or n = ¥ and Py is a unit in 2Z{(A) . It thus
suffices to show that if p is irreducible in z[EI,...,E;] , and in

normal form

then ¢ 1is irreducible in Z(A) .
Suppose p = 9,85 » 9 € Z(A) . Let u, ,uy be the least units

corresponding to gq, and q, . Then wu,p = (ulql)(uzqz) € Z[;;,...,E;]
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But p is irreducible in Z[xl,...,xn] 80 p|(u1%) or (u2q2) in

Z[xl,...,xn] .  Hence

=vp ,v € Z[X_,...,x_]

%9 1 %y

which implies u, U= vu,gq, , hence u, = va, - But u is a product

1
of xi's , which are irreducible 1in z[xl,...,i-] . Utilizing the
uniqueness o factorization in Z[xl,...,xn] g €A N Z[xl,...,E;]

and so is a unit in Z(A)

Theorem 1. 25:

Z(A) 1is a unique factorization domain.

Proof: Suppose

N M
e= 71 P, = 11 q
i=1 Jj=1
are two factorjizations of £ into Z{A) - irreducible factors. Let
ui,v‘j be the least units for pi,qJ . Then
N M M N N M
T Teve= Tiv, Mapp = Ta, T o
1=1 j=1 §=1 < i1=1 i=1 j:
Now TT v, = av ; 'TT u, = au , where v and u are relatively prime

i=1

elements of Z[iz,...,ik] and a € Z[El,..‘,i;] and v 1Tl(u1p ) =
u f% (vjqj)
=1

Suppose ;I divides v in Z[El,...,i;] . Then ;; divides

some v q. 6 , sSo that

3
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and the least unit of UJ is vJ . Continuing in this fashion, obtain

M
'FT(um): T .o
1s1 1 j 39

where ui'r1 is an associate of Py in Z(A) ; uJGJ is an associate of
qj in Z(A) ; u, T, and chJ € z[xl,...,xn] . But ui'ri,vjcJ are
irreducible in Z[;I,...,;;] » which 1s a unique factorization domain.

Recall that in a unique factorization domain, any pair of elements

has greatest common divisor, determined up to multiplication by units.

Definition 1.26: Let &,T) € Z(A) . The strong greatest common divisor

of & and T , written (£,T) 1is a greatest common divisor & defined

a8 follows: Consider ug,un and ug-g and uﬂ'ﬂ € z[xl,...,xn] .

Within z[El,...,E;] , let d = greatest common divisor ug and un
and A = greatest common divisor ug-g and uﬂ-n . & 4is defined to be
dwlﬁ . & 1is unique up to units 21 of 2[21,...,;;] .

Definition 1.27: A (two-sided) R-module is an abelian group 8 (in

which the group operation is written additively) together with a function
:R X 8 X R+ 5 , which satisfies the following relations:;
a) u is additive in each variable
b) for §3T] T €R y X €8 and ul(gsx:‘r) = ng ? (§T])X‘T = g(TIxT) =
EMx) T, Ex(N7) = EGxMT = (&7 .
We define a two-sided Z{(A) module T as follows:
n
ORAN }
i=1



The operationsg are

n n n
< <
LBt v LTty = Ekgi + Tty
i=1l i=1 i=1

n n

5
W ) gt )T = ) e DL
i=1 i=1

Thus T is simply the direct sum of n copies of

12

Z(A) , an abelian

group. The action of Z(A) on T is the obvious term by term multi-

plication.
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CHAPTER 2

THE MAGNUS REPRESENTATION

Section 1l: Introduction to the Freiheitssatz.

We recall the statement of the Frelheitssatz for groups with one
defining relator.

Theorem 2.1: W. Magnus

Let G be a group with the presentation G = (xl,...,xn;r) in
which r 1is a cyclically reduced word in the X, - If X appears in
r , then the subgroup of G generated by xl""'xn-l is freely

generated by them.

It is convenlent to observe that Theorem 2.1 is equivalent to

Theorem 2,2:

Let F_ be the free group, freely generated by [xl,...,xn] and

let r Dbe a cyclically reduced word in which xn appears., Then
nm (r) NH = {1},

where H 1is the subgroup of F generated by [xl""’xn—l} .

We shall establish substitutes for the notions '"cyclically reduced”

and "appears' in the free metabelian group (( ..,xn)) which will

xl,.
then yield a Freiheitssatz for one-relator metabelian groups. We first

present an example which illustrates the need for new definitions.

Exampie 2.3:

Let M = ({(a,b,c)) and let r = c[a,b] = caba_]'l:l_lL , 8 cyclically
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reduced word in the symbols a,b, and c¢

r_l [a,c]

reeh c[a,b)[a,c][a,b] tc [ a,e]?

c[a,c]c-l[a,c]-l

[cl[alc]]

it

and so nmh(r) N ((a,c)) * {1] .

This example underlines the fact that in M = ((xl,...,xN)) , there
is no uniqueness of expression in terms of xl,...,xN

We will develop a representation of M that eliminates some of
this problem. Before giving the representation we make two further ob-

servations concerning words m € M

Let m €M . Suppose m is given to us in terms of the generators
X, y...,X and has the form
1 n
€ €
m=x 1 x 1n
— il L B ) in

Then the natural homomorphism M -+ A , given by x, 2 - x, maps m to

i i
e €
- Y _ i-{, -1 —1n
m:xi ...Xi "-:xl .xn
1 L
where the latter is in normal form. For each k =1,...,n , the exponent
ik is termed the exponent sum of m on xk . It is the sum of those
exponents eJ for which iJ = k and does not depend on the choice of
expression for m in terms of XyveeaX, -

Definition 2.4: The element m = xi‘...xin €M is called the content

of m.

Lenma 2.5; Each m € M may be rewritten as
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m = m[m)
where [m] €M’ and @ 1is the content of m .
Proof: The element [m] = ﬁ-lm belongs to the kernel of the natural
’

homomorphism M -+ A , which is M

Corollary 2.6: If the content of m is 1 , m € M’ .

Remark

The rewriting of m as m = m[{m] may be accomplished by moves of
the following sort

-1 -1
xy = yx[x ",y "]

Section 2: A Representation for Metabelian Groups.

We require a theorem of W. Magnus which we state for our situation.

[s].

Definition 2.7: Let 7 be the group of 2 X 2 matrices of the form

T
(’a ) where a € A, T €T , the free Z(A) module [1.27], and
0 1

the group operation is the usual matrix multiplication.

We observe that 70 is a metabelian group, for

al t1 a2 t2 as t3 a4 t4
’ ’ s = 1
0 1 0 1 0 1 0 1
Theorem 2.8: W. Magnus proof of M. Hall Theorem.
Let F = (xl,...,xn) . Then the map u : F/F -+ M defined by
* Y
xip = ., 1 =1,...n is a faithful representation of
4] 1
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Section 3: Properties of the Representation.

It will be convenient now to record several results concerning

My s . Most of them are of a computational nature.

Lemma 2.9: If M = ((xl,...,xN)) then the matrices

* Yy

t
gene Cn N) are the free metabelian generators of My .
0 1 1

* Y
Proof: Clearly My 1is generated by 1 =1,...,
(0] 1

x t
l.et G be sy metabelian group and ¢ a map on (j’ 1) |i = 1l,...,N
0

into G . ¢ extends to a homomorphism from M to G via p._l since

gny map on the generators of M extends

M
\§ G
W P
g Y4
0 1
1 0
Lemma 2,10: If m € M,m = 1 ¢dmu =
0o 1

Proof: u 1is monomorphic,

Lemma 2.11: If m,n € M;m = né&)my = np . We translate this observa-

tion into the following, which will be our standard test for equality.

N N
n m,t n Zlnt
If mu = 12111,11;1.: 1.—,ii,m=nt=bm=n and
0 1 0 1
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At this point we have asolution of the word problem for M , which

we state as

Proposition 2.12: Let m € M and suppose mu = . Then

0 1

m=1¢&dm 1is such that m =1 and mi=0V1.

Lemma 2.13: The inverse of m € M has the following image under u :

N
5 oomt n ! —5'1"—? t)
o -1 \ £yt
If mp = - , then m " = - .
0 1 0 1
In particular observe that if m = X
— -1 -1
X -X t
xilu - 1 R 1 1)
0 1
N
1 z miti
and that if m €M’ , mu = =1 ,
0 1
N.
0 1 ;z«lmiti
mu = - : (i1)
0 1

Lemma 2.14: Proddcts have the following form under u . If m,n €M ,

N N
m 1é'1m1ti n 14‘1 niti
gy = B s DY = - y then
0 1 0 1
N N
@ ), A
mn mt, +m L. n,t )
i=1 i1 i=1 i1
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All of the following lemmas can be verified by matrix multiplica-
tion. However, if m €M and m is given in terms of the generators

X ce s Xy then there 18 & method of calculating my that eliminates

X, o4

the need to compute my as a product of matrices . This
0 1

1’

computational aid will provide an easy tool in all the following.

i, 13 € = ¥1 . The Fox deriva-

Definition 2,15: Let m = x N ’
11 i: ik

tive with respect to a letter x is denoted g& and is computed as

J 3

follows:

If x appears in m , om is a sum of %E for all appearances

ox X
J 3 1,
dm
X =Xx, , where — is computed as follows:
1y J Ax
1y
If ¢ =+1 , =— is the initial sBegment of m wup to x .
1y ) iy
1y
If e =-1, %E is the negative of the initial segment of m
X 1,
up to and including X,
k
om
If x does not appear in m , — =0 .
J axJ
i
Lemma 2.16: 1If then each m, is given by com-
1
puting the Fox derivative %E and evaluating it modulo M’
i

Proof: Lyndon and Fox [3],[4],[5].

Hence the m1 are the abelianized Fox derivatives of the xy €m.

We give an example to illuatrate this type of computafion.
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If m = xs[xl,xz] = xaxlxzxilx; , then
o) 3%"-51 = x5 - x,)
m, = gz = :?3(;1 -1)

Proposition 2.17: There is an algorithm for determining whether a

given element of 7 belongs to My or not.

a B i, -
Proof: Let y = €M . Then a=x€1...xe‘€a and
4] 1
Y €,
corresponds to g = x1 . xn under the homomorphism M -+ A .

y(g_l)u €My if and only if y € My , thus we may restrict our-

1 B
selves to deciding whether matrices of the form y = lie in M'u .
0 1
LY
Hence we focus our attention on the entry B = ZJAPiJaijti
13

Now M’ 1is generated by products of the form [xi,xj]n ;, hence the
matrices of M'u are characterized by the fact that the upper right
hand entry lies in the Z{(A) submodule of T generated by

(1 - xn)t1 + (x1 - 1)}t Observe that it does not happen that the co-

J

efficient of only one ti is non-zero for matrices in M'p , and that
N
Y : S

if P = Anijaijti does come from M u , the LBy = 0 for each
i=1 j 3

i=1,. s N

AN
Now with g = L %ﬂnijaijti ., we may, by the above, assume that
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-
anij =0 for each i =1,...,n . Take 1 smallesat such that
J
) _ _
E:nijaij $ 0 . Rewrite [.Py48 88 an element of Z(xi+1,...,xn)
J
with coefficients from the abelian group (;1""';1)
r_q -
Znijaij =Llrijzij ’
J
r € (xl,...,xi) ) zij € Z(xi+1,...,xn)
In zij , 1f we replace each xi+1,...,xn by 1 ; zij must be
zero for y € My . n
I1f so, we can rewrite zij = 4 bik(l - xk) , ka € Z(xi+l,...,xn)
k=1+1
y - - - -
Now Bi = L rijk bijk[(l - xk)ti + (xi - l)tk] is the upper right
1,3,k

hand entry coming from a product of conjugates (by elements of M which

correspond to )of commutators [xi,xk], k >1i

ik Pijk
* *
Replace B by 8 - ﬁi =B . We have now a new element B with

t equal to zero. Successive moves of this type

coefficlent of tl""' 1

then yeild our result. We illustrate this procedure:

i) Consider the following element of 7,

ab [1 + ab(1l - ot
[aCl - ¢) + alt,
y = [alb - 1) + aba - 1)t



2]

- - - - =1 - =1
a t b t ab -b t., - (ab) 't
b -1 b
ay = il B ,(ab) T = N
o 1 o 1 0 1
1 [1 + ab(l - ¢) - 1]t

[al - ¢) + a - E]tb

y(ab)-lp = [;(5 - 1) + ab(a - 1)]tc
0 1
1 (ab(1 - ©) ]t

[a(l - E)]tb

= (a(b - 1) + ab(a - 1) ]t

B, = an[ (1 - E)ta + (a - 1)t , which corresponds to ([c,a]ab)u .
B-B, =all -t +ab-1t
B = al(1 - ¢t + (6 - 1t ], which corresponds to [c,b}% .

B-8, -8 =0

Therefore y € My and yu-l [b,c]a[a,c]abab

a[b,c]bfa,c] .

ii) Consaider
1 [a(b - DIt
(1 - E]tb

0 1



hence

y £ My .

B=E(5—1)ta+(1-5)tb
B, = a[ (b - Dt o+ @ - E)tb]

B-ﬂa=(1-—;-;+-az)tb

22



Lemma 2.18; Conjugates have the following form under y .

If m,n €M , mu and nu as above ,

N N
AN AT
m “( Lmiti) + (1 - ‘“) i—«niti
n i
my =
0 1
Corollary 2.19: 1If m €M’ , then
N
- 5
1 n / 1111t'.:l
n i=1
my = » and
0 1
N
i e ip(Yage,)
- ) 1 2 151 141
mim 2, "
0 1
Proposition 2.20: If r € M’ , then
N
2
1 g(iélrﬁﬁ)
(nmu(r)); = - E € Z(A)
0 1
N
where \Lriti is the upper right entry of ru .
i=1
Proof: nm (r) =(‘[1:‘g le € M}) N
1 s(iz‘l(riti)
Lemma 2.19 gives that rgp. = - and products of
0 1
1 g( zriti)
conjugates have the form , £ €ZA) .

23
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N
s
: 1 8\ LTty
Therefore Knmu(r)).; < i=1 £ € Z(A)) . Since the map p
0 1

is not onto, we need the fols owing lemma to show that (nmu(r))p,
N
Y
1 gk LT
i=1
g € Z(A)
0 1l
N N
) )
1 Ekiélriti 1 i_lriti
Lemma 2.21: Let B € M where ru = - .
0 1l 4] 1

K
-
Proof: Let € be expressed in normal form, i.e., § = R where

aJEA. Let mJGM such that mJ=aJ and ej=+l if nj>0

and -1 if n_ <0 . Then

&y m m € €, m
(rl 1 . paMm oty NP Ly =

In1 | terms Inkl terms

Lemmg 2.22: Powers have the following form under u .

mo L
If m €M and mu = 1=1 , then
0 1
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s then

power form in 7 .

n
’ A
m" mn1+...+m+1) 'miti
n i=1
muy = .
0 1
N
<
1 L™
In particular if m €M’ and my = i=1
0 1
N
<
1 n,/ m t
1 i=1 i1
mp = .
0 1
a o) o B o
Lemma 2.23: Let € M , then =
1)) 1 0 1 0
1 ’ 1 B 1 ng
(2. 24) 1f eEn , = .
0 1 0 1 0 1
Definition: We will refer to 2.24 as the special
1 o]
Proposition 2.25: Suppose €M 1is a power
0 1
1 o« 1 8 }* 1« 1 B
= . Then € My ¢=)
0 1 0 1 0 1 0 1
1 B
Proof: 1If =m €M , then the isomorphism
0 1
1l o 1l o
Hence € My .
0 1 0 1
1 o 1 o 1 B

Suppose

in M, say
€M .
1 B
T m — =
0 1
l11 np
= . Since
0 1
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np represents the abelianized Fox derivative of a word in M repeated

1 a
n times, one can easily compute that word m such that mnu =
0 1
1
md m = .
0 1
o B
Definition 2,26: Let ”Vﬁg be a matrix group whose elements are
n 0 1
where o € Ap. and pP€ the module over zp'(Ab') with basis tl,...,tn .
With M = ((xl,....xn)) , let Mp. denote the normal closure in M
th
of the p powers of the generators xi . Let f%. be the canonical
projection
9] :t M —> M/ .
p* Mo
3 0Y *»  *n .
With My = gooa det 0, @ Mo —> WY be
0 1 0 1 P 7’&-

the obvious homomorphism.

There is an induced map 4. : M/ ———D-vag , such that the
pl 2

following diagram commutes.

1)
ﬁ:)l
[

E

=

v
& <
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The existence of ﬁ and the commutativity of the diagram follows

n
from the fact that xf -1 in W
i ”%'
- -x-i ti -
ﬂp, is defined on and the action of Qp. on My is
0 1

defined on Z(A) as follows:
- - |
a €A,a P" 1

€ € Z(A),pmg =0 . Hence,

- pl - pl - pl..l -
xi t1 _ x, (x1 oo X+ l)ti 1 )
0 1 0 1 0 1
- ]
_ p* I _ xip -1
since x =1 and x + ... + X, +1 = =0
i i i =
x, -1
i
Section 4: A "Reduced" Word in the Free Metabelian Group. N
bl
1 mt
1é1 11
Definition 2.27: m €M’ , m is reduced if in mu = ,
0 1

the m, 2 are strongly relatively prime; i.e., the strong greatest common

divisor of the m1 is 1
The purpose of the condition in the Freiheitssatz that a word be
cyclically reduced 1s to guarantee that a word in the free group is not

the conjugate of a shorter word, The concept of a reduced word in the

metabelian group plays sn analogous role in our principal theorems.
N

1 ‘m,t
Lyt

Definition 2.28: If m is reduced, m € M’ ,mu = , we




say x a generator of M 1is involved in m if

1) m_ #0 or
n

28

1i) x ~ 8ppears in mJ , that is, 1if m‘j e Eéiai ,
ni#o
ai#aJ,i¢j
=1 -ei
then there exists an i1 such that in a, = x,"t ,.. x_ %, € %0
i 1 n i,

Proposition 2.29;: If m %0 , m reduced, m € M’ , and x ~ 1is involved

in m , then X is involved in every element of an(m) .

N
Y
) 1 féﬁ?iti
Proof: Let mu = B . Then g € nﬂu(m) is such that
0 1
N
1 §(Zmit1
Bk = 5 € ZA) .

o 1

i) 1f m * 0 then §mn 0V € 0 € Z(A) , since

has no zero divisors,

Z(A)

i) If x appears in m for some j , then ;n appears

n

J
in some Emj for any £ .

Since m is reduced, the strong greatest common divisor

m is 1 . Therefore with m, = E; n a X does not
[ J] J n i,3 4,3’ "n
1,3

in all ai ' We view these mJ as elements of the group ring
»

where R 18 the quotient field of the group ring Z(B) , B the

of

appear

R(in) ,

free
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ahelian group on il,...,x The units of R(;n) are the elements

n-1

r;nﬁ r €R ., Thus for some E € Z(A) , ;n does not appear in any &m, ,

- =~ - =4
then the §mi are units in R(xn) . Hence E = px y My o= puX
and therefore in Z(A) , m, = ﬁi-nL , ﬁi € Z(B) which is a contradiction.



CHAPTER 3
FREE PROPERTIES OF SINGLE RELATOR METABELIAN GROUPS

Section 1: The Frelheitssatz for Metabelian Groups,
G = ((xl,...,xn;r)),n 23,r €M .

Theorem 3.1:

Let G = ((x X 5T)),n = 3,r € M’ , r reduced and x

) n
involved in r . Then the subgroup H = (xl,...,xn_l) of G 1is a
free metabelian group, freely generated by xl""’xn—l
Proof: G = M/nmu(r) = M/R where M = ((xl,...,xn)) .
N N
(Lre) L

1 g 1_1r11:1 1 1é-vlriti
Ry = = “tle € zaA) and ru = = .

0 1 4] 1

It X is involved in r , then by Proposition 2,29, X is in~
volved in every element of nmu(r) .
H 1is the subgroup generated by xl""'xn—l . Let N =

. X }) . Then H = N/

1’'°° n-1 NNR °
N-1
- €
L lniti
Np = -
o 1
Therefore Nu MRy =1 ,
Therefore N NR =1 ,
Therefore H = N/N N R =N , a free metabelian group, freely generated

by xl,...,xn_l .
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3.2 Generalizations of the Freiheitssatz,

In order to prove the Freiheltssatz for metabelian groups when
r € M’ , we had to place two conditions on r , both of which could
only be checked by the representation map W

This is probably the best possible result because we have no unique
way of expressing a word m €M = ((xl,...,xn)),n 2 3 . But even though
the test is not given in terms of some operations within the group itself,
the situation is not unfortunate. Most large and important classes of one
relator metabelian groups do satisfy the conditions imposed by the map g

In particular for the class of fundamental groups of twe dimensional

orientable manifolds, modulo the second derived group; i.e.,

G = ((xliyll"'!xn’yn;[xl’yll‘"[xn’yn])) I

p shows r to be reduced and each generator is involved in r , 50

the Freiheitssatz holds.

Section 2: The Cases where there is no Frelilheitssatz.

Theorem 3.3:

Let G = ((xl,...,xn)),n >3,r M’ . Let r = r{r] , where r
is the content of r and [r] € M’ . Suppose X has zero exponent
in the content of r , but x, 1s involved in [r] , according to

Definition 2.28 . Then the subgroup H = ((xl,...,x ) of G |is

n-1

not free metabelian.

Proof: Let M ((xl,...,xn)), G = M/R where R = an(r) .

Let N

((x ¥ . l-!f—'N/Nn . We show N NR %1

1,...,xn_1 R
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Choose n = [xl'le € N’ . Then we claim [r,n] #1 and

(r,n] ENNR.

[r,n]

(r,n] = r(r )"

[(r],n] = [[r,n]°[F,n] = [F,n] €N .

€R, hence [r,n] €ENNR.

To see that [r,n] =[r,n] ¥1 , we apply the map p .

1
nyu = [xl,xz]p =

0

1

%z _ & _¢€ € .1
T =Xtk Lo x P

x & b P
xl aas X
;H.:
0
1
[;!n]“ =
0

It 18 easy to see

matrix can never be 0 .

of tl cannot be 0 .

(1 - xz)tl + (xl - l)t2
1
(L +x, + +x B3yt
1 1
x a + + X Ga-l)tz +
1

[(; - 1)(1 - ;2) -1+ X, + ... + 581-1)]t1 +

1 1

RF - DG -1 - KT .52 D, + ..

that the entry in the upper right corner of this

In fact, it suffices to show the coefficient

If in F = x2x% | x%-1

1 72 n-1 ' & ¥0,4 23,

i

the statement is ohvious, 8o consider

A
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-{1 - x, - x:1x;2 + xfix;=+1) - (X +x, + ... + xfl_l) ¥0

2 1

for amny 81 or 62 . It is clear that the constant term is either -2

or -3

Remark: Suppose G = ((x x ;r)) and x has non-zero exponent

10X
in the content of r . If H = ((xl,...,xn)) we cannot decide 1if
HNR =1, by these methods,

The following is intended only to show the nature of the problems
that arise, If r €M’ , elements of R = {rmlm € M} are mapped by u

into elements of Mp of the form

N
-k E:
r m,t
i=1 11 + o+
where k = 0,-1,-2 and the m, are terms in
0 1
Z(A). There is no '"nice” form for the terms m, . If k £0 , i.e.

i

for elements of R\R' we observe that H N R\R' 1 . But when Kk = 0
it cannot be determined if H NRY =1 .

There 13 no possibility that there can be a unique way of express-
ing g €R in terms of r" for m €M .

R< M 1is the subgroup of the free metabelian group, but R 18 not
free metabelian. G. Baumslag has shown that a subset of a free metabelian

group generates a free metabelian subgroup if and only if the subset

generates a free abelian group module M’ [o].

3.4: The Case n = 2,

Let M = ((xl,x2)) . Then M’ = normal subgroup generated by
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[xl,xz] and every g € M’ can then be expressed as [xl,x2]g where

£ € Z(A) . If we require that r € M’

for M = ((xl,xz)) , be reduced,
r = [xl,x2] and G = ((xl,xz;r)) is the free abelian group. If r is
not reduced, the above methods are not applicable. It will be assumed

in the sequel that n 2 3 except where noted,
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CHAPTER 4

FURTHER PROPERTIES OF SINGLE RELATOR METABELIAN GROUPS

The map p can be used to prove several other theorems concerning
single relator metabelian groups,

Section 1: The Extended Word Problem.

A sBolution to the word problem for single relator metabelian groups,
when the relator lies in the derived group.

Theorem 4.1:

One can decide, in a finite number of steps, whether a word m € M

is in R = nmm(r) where r € M’ , r 18 reduced.

N
1 1zlriti
Proof: Compute ru = - .
0 1
N N
s 2 - (_
1 gki_lriti m iéjmiti
Ry = - |z € z¢a) . Compute my = - .
0 1 4] 1
1 0
If my = , W =1 in M , hence m €R .
0 1

]

If m*1,m€ER = mu €Ry & m=1 and IZ € Z(A) such that
m, = §r1Vi . (Proposition 2.20)

To determine such a £ , if it exists, we proceed as follows:

Compute for ru and the given my, {ur } and {um } as in lemma 1.18,
1 :

Then u y U s U, ry and u_ -m are elements of
ry my ry my

z[xl’ol-’xn] »
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Compute the greatest common divisor of {um 'mi} and of {um } .
i 1

Then compute the strong greatest common divisor £ of [mi] . This

gives us m; = £n, for all i . We check to see that n; = Ir ¥, .

Section 2: Conjugacy Problems in Single Relator Metabelian Groups.

Part 1l: Conjugacy in M .

Theorem 4.2:

There is an algorithm for determining whether two words, m and

n €M , are conjugate in M .

Proof: (1) If m,n € MY , wWe compute myu and nu . Suppose
N N
L L
1 1é‘1m1t1 1 i_lniti
mi = B , ML = - . Now m=n® 1if and only
0 1 0 1

if m, =gn,¥, , g €A . That is, m, and n, differ by the same unit

for all 1 .
To determine if m1 and ni differ by the same unit and to deter-

mine that unit, we proceed as follows.

Compute {uni} and {umi} . In z[xl,...,xn] , we seek g sSuch

that (uﬁ)(un;)(um,mi) = (ugé)(umi)(uninl) . Solving formally

; . . -1
(“gg) kumiml)(uni) kumiml)\umi)

u (a0 ), ) ) W, M, )7

We observe that for m and n to be conjugate, the ratios

(7 Yon)

- w—ai—_] must be the same monomlals or the same units in Z(A)
g, 2 ), )
ny ny
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(This is atronger than requiring that {um ml} and {un nl} be assocl-
1 1

ates in Z(A) .)

Recall our definition of strong greatest common divisor:

-1
atgcd{m } =A &
i mi mi

= gcd{um ml} and 6m1 = gcd{umi} . Therefore we compute
1

i y &, &nx , and 6“1 in Z[xl,...,xn] . Then

: B {m}
ugg ~ °m16m1 stged m,

E = = 1= —T}- in Z{A) .
uE hnlqnl stged ni
(2) I1f mn £M’ and m#n, then m and n cannot be conjugate.

21
-
IIMZ
e
g
e
[ d
f-l-
=Y
[
ne 1=
[
o
[N
o
\_“/
]
T
vy
(=
([ vt
-
=
H.
(¥

B
h =
]

when

(3) 1f wm,n £ M’ and m=n , 8 test for conjugacy is developed in

the following set of observations.
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a iat
i=1 i1
Suppose 3 o € M, = , such that (m)a=nu.
0 1
o
(ny) ™ = nu &
N N N
a-a(2or)a Loe) X
m -m o + a m n n
i=1 11 i=1.i 1 i=1 14
0 1 0 1

m = n *C(1 - m a = .
“m n and {1 m)cri + a(mi) nivi

Therefore m and n are conjugate in M 1if and only if
i) we can solve * for a € A and oy € 2(A) and

ii) any solution {E,ai] , belongs to My .

To find a , we suppose further that H a € M such that ma =n ,
or (ma)u. = nu .
Let a be given as a = ala] , where & = xlh ces xﬂ" is the

content of a , lexiographically ordered,

Suppose further that ama_l =n 1s given in exactly this arrange-
ment, We recall that since  is an isomorphism, any conclusion we

make about (ama-l)u. based on the particular arrangement of ama

is true for any word n = ama

We compute (ma_l)u. = nu by computing (alalm[m]( a]il'i'_l)u = Ny .

Suppose T, 18 the last non-zero exponent in & = x;[l‘ x}

P -

J
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the coefficient of t is given by

1f ﬂJ >0 , then ny s P
_ o Ty -1
nj ax‘j (1+-o. +x3 ) +

o
"
Ed
"
&
s
=

Ax 3x Ax Ax
J J J J
1If M, <0 ,n_, = éi-n‘(x- + oee. + xn1)+ a ofa] gz om
J J J ax 3
J J
— —
. ol vt a ~
+ am — am —L—l- - .
ax 3x
J
In either case nj *# 0 since not all the terms are comparable.
— — n
So if we let n‘j = ujk s Where qu = X cee X then since
k
i - a, a either equals u._x. or a = x% x% where
’ Jk Kk 1 " *n

‘dil < leJkil for some k .

Thus given ﬁlj} there are a finite number of possibilities for

the term a . We check whether for any such a , 1 - mln1 - ;mi s

yielding [ai} € Z(A) .

n, - am
Finally we check that the set of ¥ = —— are such that
l -m
N
a E;a t
i=1 i 1
o EM



To summarize, we have the following algorithm to determine if

4
m and n are conjugate when m,n €M .

Theorem 4,3:

m,n £ M’ ,m and n are conjugate in M 1f and only if

1) m=n
Z _eakl ”e"k
ii1) In my and ny where nJ = qu and ujk = X ces X
k
= _=d; =da
we consider all possible a = X ves X where ld l < |e | + 1.
i n i Jki
Then 1 - m must divide ni - Emi for all 1 for some a so
N
determined. _ —
ng - oam : i,élwitjL
ii1) I1f o, = ’ - must lie in My .

i
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Part 2: The Extended Conjugacy Problem.

For groups with a single defining relator, the extended conjugacy
problem is known only in isolated cases, [7 ,p.400-401]. For metabelian
groups with a single defining relator, where the relator lies in the
derived group, there is an algorithm for determining whether two words

in the derived group are conjugate.

Theorem 4.4:

I1f a,b € G’ where G = ((xl,...,xn;r)) , r €6’ , r reduced, we
can determine if a and b are conjugate and we can determine the con-
Jugating element.

Proof: Again apply the map pu . Suppose

N N N \
L L L
1 iélriti 1 1_1_ait1 1 1_1biti
rh = y B = , and by = -
0 1 0 1 0 1
N
- Ay
° 1éﬁéiti -]
Suppose also ds € G, sy = - such that a = b ., Then
0 1
o't o2

if and only if

- ) ()

0 1

(@) -
is in Ry . This means ¥ E € Z(A) such that

E E(ﬂi) - bi = EriVi .
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¥We can determine by observation if there exists s such that

E(ai) - b1 =0 . Further, since * 18 a set of n equations in two

unknowns over Z(A) , we know solutions for s and 9 are unique if
they exist.

Z(A) has been shown to be a unique factorization domain. 8o
solutions may be found by Craemer’'s rule in a quotient field over Z(A) .
Solutions will then have the form G/T , 9,T € Z(A) , 0,7 relatively
prime. Such a solution is an element of Z(A) if and only if T is
a unit. Further, o/_ giving s must be a "monomial” or unit,

- -7 / )
If s8,E are found so that s(ai) - bi = gkri Vi , & and b are

conjugate, Further, s = Sg,g € ¢’ 1s an element such that

Section 3: The Center of Single Relator Metabelian Groups.

Theorem 4.5:

let G = ((xl,...,xn;r)),n Z 3,r € M’ s ' rTeduced, Then G has
a trivial center,

Proof: Represent G via u as usual. Let

N.
CY e
i=1 11
l‘p,:
0 1

We will suppose G has a center and show this leads to a contradiction.

So let z €G,z ¥1 be such that [z,a] =1 Va € G . Recall that

NI
e
N
[
[

z ¥1 , where zu , means that in zu , either z % 1
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or if z =1 , then it is not the case that d & € Z(A) such that

g, =&,V .
N
a Eaiti
Let & € G,au = 1=1 . Then
0 1
N N
iz - 1)( E;aiti) + (1 - E)k E;ziti)
[z,a]u = 1= 1= . [z,a] =1 in G
) 1

if and only if in [z,alu ,

N
1811:1) = §(1zlrit1) for some & € Z(A) .

M~z

N
* (z - I)CZaiti) + @ - E)(
i=

Suppose first that z £G’ , thus z +1 . Choose a €G’, a #1 .

i

N N
Then a =1 and Zaiti is not a multiple of Zr t in Z(A) .
i=1 14

Equation * now reads

P~

N

|

'—I

'

7
.-I-
n e~
(=]

-]

’.l-

o

[

N

il

R

.
W~z
.—l

L

(=N

o

(=

A

or

(z - l)ai = §r1 for all i .,

But r 1is reduced, s0c z -1 divides £ in Z(A) . Therefore,

850 a=1 1in G .
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More explicitly we can construct a € 6’,a # 1 , such that
N
[z,a] #1 . Choose T + 0 , any non-zero coefficient in E;r t

=

which we know exists.

Let a € G’ be chosen such that a = xmbxm-lb-l where b € G’
is any word in the generators not involving xm . Observe that
Sa _ _
ax =a = 0 . Hence (z -1)am =0 Vz ¥1 . 8ince r 0 , §rm 0

for any € since Z{(A) has no zero divisors, Therefore,

) - N
{(z - l)am * §rm and (z - 1)\ Laaiti) * g( Lrit1 .
i=1 i=1

Now suppose z €G’,z +1 . z € G’ means z =1 so
_ X
1 (1 - ) ileit1
[z ;alp = = . 8Since 2z € center of G , z must
0 1

commute with all a € G , in particular with a £ G’ where a #1

Equation * now reads

(1-3)( ) E(Lr )or

But r 18 reduced, so 1 - a divides E in 2Z(A) . Therefore,
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Z, = — Ty 4 8 2z = 1 1in G .
lwa

Section 4: Elements of Finite Order.

Theorem 4.6 :

Let G = ((x .,xn;r)),n 23,r €6’ , r reduced. Then G has

1'..
elements of finite order if and only if r is a proper power.

Proof: Via the representation u .

N

1 iz;fati
Let I'}.I. = -
0 1

If r 1is a power we show first that G has elements of finite order.

X
n n ' n:l.{-'.—."lﬂj'tjL
Suppose r =8 , then ru = (8 )p = N . We produce
] 1
N
n 1 iélait1
g €EG,g #1 , such that g =1 . Let g =8 . Then gu = B
0 1

N

*¥0 and 3 no E € Z(A) such that

A
g ¥ 1 because L ® t
it

N N
T ,.
siti = g( é‘fiti) ., However, g =r =1,

If r is not a proper power,we sow G has no elements of finite

order, If r is not a power, then ryu does not have special power
N
1 ~

form, i.e. in ry = - , there exists no n %# 1,n € Z ,
0 1
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such that ri = naiV1 .

Suppose ¥ a € G,a # 1 , such that am =1, We show this assump-

tion leads to a contradiction,

1t afG’',a+*m, hence a " #1 in A forany m, so a ¥1

in M for any m .,

N
¢
) 1 1,:‘1311:1
if a€G’a=1, so a. has the form au = = and
O 1
N
J'":' )
- 1 mil:'laiti %
ap = - . a¥l , so Ldaiti is not a Z{(A) multiple
i=1
0 1
N
\ m

of r.t, ; but a =1 means 3 E € Z(A) such that ma, = grivi .

But r is reduced, so m divides £ in 2Z(A) , which implies that

N N
Z‘aiti = k 2 ) . lrit1 and so a =1 1in G .

Section §: Resldually Finite p

Theorem 4.7:

It G = ((xl,...,xn;r)),r €G’ , r reduced, n 23 , and r is not
a proper power, then G 1is residually finite p for all primes p ,
J v
i.e. G e R p p
Proof: The proof is accomplished by demonstrating that for each g € G,

g€ ¥1 , a homomorphism
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may be chosen so that g-pg ¥ 1 where Gpn is a finite p group.
We use the representation |1 and the maps f%. and ap' as in
Definition 2 26.

We have the following commutative diagram

M bl S Mp
Qp‘ c%_
Y} _ :
Wy N 7N &
p p

We shall choose f%. for g such that the matrices representing
gn and guﬁ%, and the matrices representing ru and ru(%. are
identical.

To choose f%. we proceed as follows: Suppose m €M 1is given as

e.h 'xe..‘lk

Jv T e

m =X

%y € {xl,...,xn} the generators of M .
4

For each Xy appearing in m we compute Sx1 = E; leJLl where
Je=i
N
€ is an exponent of x = Xx . For m we compute S = E;-S .
I, xp i 3, P m x,
i=1

Choose m so that pm is greater than Sg or Sr .

-~

Define ., and (O , using the m so determined.
P p

Proposition 4.8: mﬁp. = rﬂp.ﬁ. = ry and rp.Qp, = rﬂp.ﬁ = rp .

g igiti

Proof: Let gu = 1=1 3

=]
-
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By the choice of m , g has no exponent = p° . Each g, 1s the
abelianized Fox derivative of g and each gy is thus determined by
the predecessors of the letter x (or the predecessors plus the letter

i

itself if the exponent of x is negative.) By our choice of pm no

i
letter can have as many pm predecessors. Hence in gi there occurs
m m m
no p exponents, no p - 1 exponents, and no p multiples of
elements of Z(A)
Similarly pm ie chosen for r and we can conclude gpf%l =

gu and ruﬁp. = r4 . Therefore since Qp' can be determined for any

F v .
g € G , we conclude GG&, p 'p
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CHAPTER 5

RESIDUALLY FREE METABELIAN GROUPS

One would hope that some of the above techniques could be used to
show that G = ((xl,...,xn;r)),n 23,r €EG' , r reduced, is residually

free metabelian.

Definition 5.1: A group G is denoted G € R& M , redidually free met~
abelian, if for every element g € G,g #1 , ¥ a homomorphism

¢E : G+M , a free metabelian group, such that ¢h(8) ¥ 1

80 far there is no general result.

G. Baumslag has shown that if a metabelian group 18 residually free
metabelian, then it is residually two generator free metabelian,[9].

We remark that if g £ G’ s We can easlily produce a map q% as
above. However, the problems that arise for g € G’ seem difficult.

The following sections employ techniques not used in the first part
of thia paper and are presented only as an outline of a likely method to
be used to solve this problem, It will be applied in the one case in

which a result has been obtained,

SBection 1 : A Presentation for G’ where G = ((xl,...,xn;r)),n < 3,
r eG .

In this section the Schrelier-Reidemeister rewriting technique will
be ocutlined and applied. [7]
Notation: Let H = (xl,...,xn;r) where G = ((xl.----xn;r)). for

n23., Then G = H/H# . Since r €G’ , G/..: 1is a finitely generated

G
free abelian group generated by {xl,...,xn] ; G/G' = H/%;/;,/ ! a:H/H:
HJ’



The Schreier-Reidemeister technique gives the generators

{hl’hz"“] and the relators of H’ , hence {hIH” = h hzﬂﬂ = 52,...}
is the =et of abelian generators of H'/Hn =G’
The technique gives the generators and relators of H’Y 1in terms

d in

of a Schreier transversal or set of coset representatives for H
H 1in which the initial segment of any coset representative is also a
representative.

For our Schreier transversal, we choose {xle1 e xzi} where
xl,...,xn generate H and where each ei ranges independently over

{0,%1,%2,...1

The generators of H’ in terms of this transversal are

2! € € €& . -1
{xl ceoxEoxgxd LoxE o J where the upper bar denotes the
element of the Schreier transversal that represents xfi .o x:‘ xJ

The relators of H' are given in terms of this transversal by

c _ e
{x11 ‘e x:" r xne" A xle"} ;rewritten in terms of the generators of
H' given above,

We will let K represent a member of our Schreier transversal.
We will emphasize a specific member xfi . x:i of our transversal by

attaching subscripts to K as Kel e when they are needed.
cu. €y

We modify this notation for simplicity so that H 18 the group

generated by

n

— J‘
{Kxini “J kix, 1=1,...,n}

and the relators of H are given by

- 1
{KrK 1 y rewritten as words in I I .
K;xi
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We use a theorem of Schrelier which we state in terma of our nota-

tion, letting 1T represent the rewriting of a word in terms of
,i:l,...,n.

K;xi

Theorem 5,3:

If H = (xl,xz,...,xn;r) , then H  has presentation

*(I .I ,...,I ,...;T(er)-l) where i =1,...,n,K,M elements
l{;x1 K;x2 M;xi

of a Schreler transversal, but M 1is a representative such that

Mx =Mx, . Where we have the relation = T(Mx Mx -1) , both
i i H;xi R §

thase generators and relators can be deleted.
Further, we can apply Tietze transformations to the presentation *

to delete a generator and a corresponding relator when that

K;xi
relator has the form ,
o o=oll ). ane
K;x1 M;x‘j
w(f ) is a word in the generators, not involving I . We remark
H;xJ K;x1

the following lemma, derivable from basic Tietze transformations, that
will be used in the sequel, [7] p. 49-50.

Lemma 5.4: If G = (al,az,...,bl,bz; a, = aw(b), a, = aam(b),...,l:'.j

not involving a , then G = (al,bl,bz,...;rJ)

i
We shall focus our attention on groups H’ which can be shown to

be free groups, freely generated by {I } , by applying the Schreier-
K;x
R |

Reidemeister rewriting techniques and Tietze transformation® to their
presentation. Hence G' = H'/Hx is shown to be a free abelian group

on an infinite set of generators.
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We can show that there are many important classes of one relator
metabelian groupa for which G’ 1is free abelian. These demonstrations
involve explicitly rewriting H’ to determine G’ using the Schreier-
Reidemeister techniques,

Groups for which explicit rewriting processes have been carried out

include
G = ((xl,...,xn;[xl,xz] . oo [xn-l’xn])) , h even,
G = ((xl,...,xn;[xl,xz](xz,xa] e [xn_l,xn])) , 1 odd,
G = ((xl,...,xn;[xl,xz]w(xi) , where w(xi) is a word in G’

in the generators x3,...,xn))

Because the rewriting involves applying known techniques, we will
actually carry it out in only one case, where we show that the group in
question is residually free metabelian. We remark that using this tech-
nigque allows one to show that specific classes of groups are residually
finite p for all primes p ; ' * a more general proof was given in IV,§5.

Section 2: A Residually Free Metabelian Group.

Theorem 5.6:

G = ((a,b,c;[a,b][b,c])) € R;m .

Proof: Let H = (a,b,c;[a,b]l[{b,c]) . G/,.+ =H/ » = H/ , = the
—_— G H H'/ Y H
H

’

free abelian group generated by a,b,c . G E!H’/Hﬂ

We establish a free set of generators for H ; hence the abelian

group H'/.» =G’ will be free abelian.
H

Let [K ] = {aibjck} be a Schreier transversal for H' in H

1,3,k
where 1,3,k = 0,%1,%2, .. independently.
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-1 J. -1
f K = and K b K b
K ® B yx® K ;8 1,3.6° B1, 5,k
1,3,k
= J; b ! etc., H' 1is presented by
i,3.%’
J? o IK b IK o T(KrK Yy, I;_x - Toedx O],
1,j,K i,J,k’ i,3,k’ '
where r = [a,b][b,c].
T(KrK-l) = I . J . J -1 - I -1 *
- . . . . ’
Koo' ® R y,wi® By g ki® Ky gk
Solving each rewritten relator for J; ‘b : IK p =
i,3,k+1’ i,d,k+1’
I . ‘_I " I ..-1 ., We simplify the presentation
Kk ® KoL K ga,k0®
by the following deletions:
i) I s 1 , hence may be deleted.
K i
1,3,k

11) In the rewritten relators * we have for fixed

each 1 , a sequence of relations:

] o 1

. b ] ' .
Ki,j,o’ K;a Ki+1,j,-l'b K ;:a

J o] .

Kia,y,-3P  Kim Ky p 4 20

By Lemma 5.4, we can delete gll IK'b generators save

But I s 1 , Bo it can also be deleted.
K ; b
1,3,0

Therefore H’' has presentation

and for

J

K ;
i,3,0

b -



({I; li,5,k =0,%1,%2,..., not both j =k = 0}) . 6’ =H'/ 4
‘R
1,3,k

is the free abelian group on these generators,

Let qk : G+*M = ((a,b)) be defined by qh s ai - ai, bJ -+ bJ N
k A)k
and ¢ + {(ab Y is a homomorphism, mapping commutators to
commutators and wh([a,b][b. o wl(aba_lcb-lc-l) = aba-lablb_lb-la-l =1.

Let g €G, g 26’ . Then I A such that ®(g) * 1 . Express

g as sabﬂéy[h] , where [h] € G’ and y # 0 or the following is
trivially true.

Lt A> lal + 8] + [v] . Then @@ = a®bPabY . @@ *1,

for bBihY +1 since B LAY # 0 .
let g €G and g € G’ . Express g in terms of the free gene-
rators I
Ki,j,k;a
If k=0, Ki’J’k;n is expressed in terms of a and b only,

80 any map ¢x : G ((a,b)) will take g ¥ 1 1in terms of such JK-a

into itself., So we need consider the images of generators I

i,1,k'%
where k ¥ 0 .
We also assume that g has been reduced; i.e.,
j . J ¥ 1 for any pair of generators., This is equi-
Ki,J,k;a Ki',j',k‘;a

valent to requiring that for any pair of generatora, it is not the case

that 1+ =4', 3=3',xk=%x".

Let J = L|i| where i is an exponent of a € JK;a €g
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g = Z|J| where J 1is an exponent of b € K ® €g
X = Eikl where k 138 an exponent of ¢ € g @ €g .
Let A>3 + § + X be chosen. We first compute the map ?

applied to a single generator I; .
i,3,k
(J;,a)¢l = (aibjckac'kb-Ja-(i+1))¢l
- albdcabM¥acap™ Ko dg (1 +1)
- a'bdapM ¥acapy Ko lap Ig~ (1+1)
= aibj[(abl)k,a]ab-‘ja-u"']‘)
= aib'j[ (gb")“,,]b-da-iaibja ~3,-(1+1)
= [abk)k,a]bjai[aibj,a]

(abH -1 gi,) " i
5 b -l) a
- [abh,a] ab -1 [b,a% bh-1

(o) (222)a’

- [b},a] 1 (b,a]" T

S K_j\ odpd calipdor
e
= [a,b] v [a:b]

_ [, M0 atpd-alcp
- »

where

A d '_._.._x_k \
'b _1 b "'1 ( b -1
Q) =\T,':I) » () =\ b-l) r (K = k "a:’_l )
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We will be concerned with the exponent of [a,b] in KI;;I)wk .

In the above notation, this has form
+  -va(halvd - 2l .

We need to show that a product of I )qﬁ is not 1 for a
K‘B

non-trivial product of I;ia and suitably chosen A ., This means we

must show that the corresponding sum of exponents of the form % 18

not equal to O ,

Let J;-a be those elements in the expression for g where in
’

K lkl is maximal. Consider 11J;-aqﬁ = [s,b]ExP where

1,3,k °?

Exp = “1[-1(l)a(l,k)a1‘b31- 311(31)]
+ nl-(Ma(h, ka8 - al9(y]

4 oo+ 0 [-Vat,wat"pd - alegyy] .
First note that there are b exponents in this expression which are
strictly larger than any other in ‘TT K-a¢l = g¢h . BSo we examine
»

whether 1t is possible for a sum of terms with maximal b exponent

to be zero, This sum has the form

[_bh+lk-2+J1ak+11] R nz[_bl+kk—2+J.ak+i.]+ o n[_bl+lk-2+J,ak+i=] ]

n n
1 +

Certainly this sum can be zero if and only if all terms are compar-

able, This can happen only if all 1m's and all Jm's are equal., But



then 11I is & product of generators where M
M,a

hence not reduced.

1,3,k

are equal,

57
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