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INTRODUCTION.

Over the last twenty years, a number of Finite Fourier
algorithms has been created in an effort to reduce the
number of data-dependent operations required to compute an
arbitrary sized “Transform”.

The Cooley-Tukey Fast Fourier Transform algorithm (FFT,
see (1)), introduced over 15 years ago, requires O(Nlog(N))
operations rather than O(N 2) (which will be necessary for
the “trivial” algorithm. performing a straightforward matrix
multiplication) to effect a one~-dimensional Discrete Fourier
Transform ( henceforth abbreviated as DFT ) on n points
(DFT(n:1)).

Some refining papers have been published on FFT during
the subsequent decade and the Cooley~Tukey FFT algorithm is
( and 1is 1likely to stay as ) the most widely wused and
popular algorithm for the one-dimensional DFT. However, in
1976, FFT met with serious competition. Winograd Discrete
Fourier Transform algorithm (WFTA, see [2])) radically
decreases the number of multiplications relative to the FFT,
sometimes at the expense of 1increased additions, and
therefore laproves the speed and precision of the Transform.

WFTA in 1its original form 1is an extremely efficient

algorithm only for a few very special cases; it is designed
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for DFT(p‘:l), where p 1s prime and both p and s are
relatively small. Theoretically, the algorithm is supposed
to work for any p and s, but 1in practice, numerical
instability makes the use of WFTA impossible for p>13. Thus,
in all existing implementations, an algorithm for DFT(n:1),
using WFTA, will be constructed as follows: different WFTA
will be used on different prime factors of n, and will be
brought together, using one or another technique.

A few yeasrs later, an approach similar to WFTA, was
tried for the multi-dimensional DFT (We mean the article due
to L.Auslander, E.Feig and S.Winograd, see [3])). In this
work, the authors constructed similar “kernels” for
DFT(p:n), where p 1is once again a small prime. These new
kernels, once again, can be brought together to generate a
multi-dimensional DFT algorithm on a rather large nuaber of
points along each axis. However, this generalization was
not complete and no attempts to try to construct an
algorithm for DFT(p'rn) have ever been made.

In this work we will try to explore this case and will
describe an algorithm for DFT(ps:n), which is a certain
generalization of the WFTA. Once nmore, the numerical
instability, inherent in all algorithms, using WFTA ideas,
will make the new algorithm suitable for only relatively
small values of p &and s8; however, the techniques of
combining the algorithms on different prime factors still

can be used.
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We will introduce the new algorithm first as an example.
Chapter I will describe a sample DFT(9:2) algorithm, without
going deeply 1into the theoretical details and/or the
Justification of the suggested construction. However, some
remarks, linking this example with the subsequently
described theory, will be provided. This Chapter will also
include a sample block-scheme of the DFT(9:2) algorithm.

In Chapter II, ve will introduce the wunderlying
algebraic construction. All of the observations, made in
Chapter I, will be extended to the general DFT(p’:n) case.
It will be further shown that WFTA DFT(p®:1) and the
algorithm for DFT(p:n) can be considered as special cases of
the new algorithm and at the same time, as its subroutines.
A sample block-scheme and summary will be supplied at the
end of Chapter 1II.

Relatively short Chapters III and 1V are “Variations on
a Theme”. We will introduce a different algorithm for
DFT(pZ:n), first as an example (DFT(9:2), Chapter III) and
then will justify it 4in Chapter IV. This second algorithm
will be applicable only for DFT(pz:n) and will combine the

features of WFTA with those of the multi-dimensional FFT.
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CHAPTER I.

0. INTRODUCTION

In this Chapter. we present an example of a new
algorithm for the Finite Fourier Transform on a n-
dimensional data array with |:)2 points along each axis, where
P is a prime number and n and s are positive integers.

The example we are going to discuss is the case where
n=2,8=2 and p=3, {.e. the 2~dimensional Fourier Transform on
9 by 9 points. The discussion of the general theory 1is
presented in Chapter II. In this Chapter we tried to avoid
any generality and hence the reader interested in seeing
this algorithm as something more than just a magical
sequence of calculations 1is referred to Chapter II. Some
remarks tying the calculations with an underlying algebraic
structure were inserted under the heading “EXPLANATIONS .
They are clearly ingsufficient for reconstructing the
algorithm for arbitrary p,n and s, but will be useful for

those interested in both the algorithm and {its underlying
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structure. Readers, not interested in the theory involved,

may skip the “EXPLANATIONS- .

NOTATION

We will fix the following notation in this Chapter:

We denote by M=diag(M1 ,M2... Mgq) the matrix

| | | | |
Il M1 | o | eee | 0 11
| | | S | |
|| =—mepmmmme T
I | | e | I
I o 1 M2 | R I I
I | | oo | |l
T - T ——
| | | oo | I
I | | | I
N it +- L. =4-=-=-- ||
i | | oo I
I o I o | e | Mg I
I | | R I

and say that M 1s a block-diagonal matrix.

Analogously, we define M=cyc(M1l,M2,.. Mq) as

I | | R Il
I M1 | M2 | .. | Mq ||
Il | | A Il
e - L. =te-=- ||
I | | cee | I
Il Mq | M1 | ceo | Mq I
Il | | A I
|| —=-tmmm- S R i k|
I I I eer | N
I | | | Il
] ====4=c=-- R e B
Il | | A I
Il M2 | M3 | cee I M1
Il I | cee | I



and say that M {s & cyclic or a circulant matrix.
Here q is any integer, and the Mi“s are square matrices

of the same size.

I. THE DESCRIPTION OF THE ALGORITHM

The input data for the Finite Fourier Transform on 9 by

9 points 1s given as a 9 by 9 array A(K,L); K,L=0,1,..8.
A

Analogously the output i1is a 9 by 9 array 'A\(K,‘i),

Yok e
K,L=0,1,..8, where

| S ] A A
ARD =D 20 Lk, v T (1)

Ruo =0
The Fourier Transfors is a linear transformation and hence

can be written in a matrix form once we are given a way to
order the input and output, i.e. once we define a linear
order on the set of indices {(X,L)/ X,L=0,1,.. 8 }. The
orderings for the input and output data will be presented in
the TABLEs I and II respectively. These orderings are
induced by a certain ring structure on the set of indices.
This structure for the 9 by 9 case 1is discussed under
“EXPLANATIONS” . The reader 1is referred to Chapter II fonr

the generalizations.

We rearrange the input data into the one-dimensional array B

of length 81 as shown in the following table:



.................. B i g i
B(0) = A(0,0) | B(27) = A(0,8)
B(1) = A(3,0) | B(28) = A(8,1)
B(2) = A(6,6) | B(29) = A(2,0)
B(3) = A(0,6) | B(30) = A(7,7)
B(4) = A(6,3) | B(31) = A(0,4)
B(5) = A(6,0) | B(32) = A(4,5)
B(6) = A(3,3) | B(33) = A(1,3)
B(7) = A(0,3) | B(34) = A(2,5)
B(8) = A(3,6) | B(35) = A(3,2)
B(9) = A(1,0) | B(36) = A(8,4)
B(10) = A(8,8) | B(37) = A(5,6)
B(11) = A(0,2) | B(38) = A(1,7)
B(12) = A(2,7) | B(39) = A(6,1)
B(13) = A(5,0) | B(40) = A(4,2)
B(14) = A(4,4) | B(41) = A(7,3)
B(15) = A(O,1) | B(42) = A(5,8)
B(16) = A(1,8) | B(43) = A(3,5)
B(17) = A(7,0) | B(44) = A(2,1)
B(18) = A(2,2) | B(45) = A(8,6)
B(19) = A(0,5) | B(46) = A(7,4)
B(20) = A(S5,4) | B(47) = A(6,7)
B(21) = A(8,0) | B(48) = A(1,5)
B(22) = A(1,1) | B(49) = A(4,3)
B(23) = A(0,7) | B(50) = A(8,2)
B(24) = A(7,2) | B(51) = A(3,8)
B(25) = A(4,0) | B(52) = A(S5,7)
B(26) = A(5,5) | B(53) = A(2,6)

.................. o ccc e e ca -

We similarly rearrange the output:

e ———————— e —————————— ¢

B(54) = A(4,1)
B(55) = A(6,4)
B(56) = A(7,8)
B(57) = A(1,6)
B(58) = A(5,2)
B(59) = A(6,2)
B(60) = A(5,1)
B(61) = A(5,3)
B(62) = A(7,1)
B(63) = A(3,1)
B(64) = A(7,5)
B(65) = A(7,6)
B(66) = A(8,5)
B(67) = A(6,5)
B(68) = A(8,7)
B(69) = A(8,3)
B(70) = A(4,7)
B(71) = A(3,7)
B(72) = A(4,8)
B(73) = A(4,6)
B(74) = A(2,8)
B(75) = A(6,8)
B(76) = A(2,4)
B(77) = A(2,3)
B(78) = A(1,4)
B(79) = A(3,4)



TABLE II
Y 20,00 T R0.1) HEREY A(5.1) i
| ‘B(0) = 7A(0,0) | (27) = A¢0,1) | (54) =2&(5,1) |
| ®(1) =4(3,0) | B(28) = R(4,4) | B(55) = %(6,2) |
| B(2) =12R(3,6) | ‘B(29) = R(5,0) | B(s6) = 4¢5,2) |
| 8¢3) =194¢0,3) | $(30) =4(2,7) | B(57) = A(1,3) |
| Bcs) =2¢3,3) | B(31) =20,2) | B(s8) = 4(7,8) |
| B(5) =72R¢6,0) | B(32) = A(8,8) | B(59) = 2%(6,4) |
| B(6) = 2%(6,3) | (33) =« R(1,6) | g(so) - 2(s,1) |
| B(7) =12%(0,6) | (34) = 2%(1,2) | (61) = %(2,6) |
| (8) = 72A(6,6) | B(35) =4A(3,4) | “B(62) = 4(5,7) |
| (9) =42(1,0) | AB(36) = 4(1,4) | (63) = 4(3,8) |
| B(10) =72&4,5) | B(37) =2R(2,3) | “B(64s) = 4¢8,2) |
| B(11) = 4¢0,8) | (38) = R(2,4) | “B(65) = A(4,3) |
| B(12) = R(7,7) | B(39) = 4(6,8) | B(66) = &(1,5) |
| B(13) = ®(2,0) | B(40) = &(2,8) | B(67) = %(6,7) |
| B(14) = R(8,1) | B(41) = R(4,6) | B(68) = 4(7,4) |
| (15) = X(0,8) | 4(42) = &(4,8) | P(69) = 2(8,6) |
| B(16) = R(5,5) | B(43) = A(3,7) | B(70) = 4(2,1) |
| (17) = %(4,0) | B(ss) = 2(4,7) | B(71) = 2(3,5) |
| B(18) = &R(7,2) | 4B(45) = 4(8,3) | 4B(72) = 4(5,8) |
| B(19) = &(0,7) | B(s6) = 4(8,7) | B(73) = £(7,3) |
| 8(20) = X(1,1) | B(47) = R(6,5) | B(74) = R(4,2) |
| “B(21) = X(8,0) | 4B(48) = R(8,5) | B(75) = A¢6,1) |
| B(22) = &(s5,4) | B(49) = £(7,6) | B(76) = R(1,7) |
| #(23) = X(0,5) | 4B(50) = A(7,5) | B(717) = &¢5,6) |
| B(24) = R(2,2) | B(S1) = R(3,1) | “B(78) = %(8,4) |
| B(25) =%(7,0) | £(52) = R(7,1) | $(79) = 4(3,2) |
| (26) = X(1,8) | (53) = A(5,3) | “B(80) = A(2,5) |
it it e +

EXPLANATIONS. The DFT(9:2) is 1indexed by pairs of indices

(K,L) where OCK,L<8. Let R be the ring of Gaussian integers
modulo 9, {.e. the set of numbers (K+iL), where 12--1 and K
and L are integers 0,1,..8, and the addition and the
multiplication are the regular complex addition and
multiplication folloved by taking the residue modulo 9.

Thus wve can identify the set of pairs (K,L) with R, by
setting (K,L)€¢—>K+iL. We will sometimes write A(K+iL)
instead of A(K,L). The reader is referred to the Sections
I-I1 of Chapter II for the definition of the ring R for the

general case.



It {is not hard to see that R contains exactly 9 zero
divisors. They are the elements K+iL with K and L divisible
by 3. The reader will observe that in TABLEs I and II we
listed all the indices starting with O, followed by 8 non-
zero zero divisors ( indices of B and B, 1 through 8 ) and
finished with data indexed by invertible elements of R. We
refer the reader to Chapter 11 for details and explanations.

We revrite the equations (1) as follows:

8
2¢0,0) -Z_t A(K,L), (2)

K*O L=2O

8 ~
N R -Zz UK?ULLA(K,L) -
8

3 Xz0O L=2O

"N
Z Z A(K,L)+ ZX(UKQ\VLL-I)A(K,L) -

K:0o L0 § & K320 L20

"N
2¢0,0) +Z Z(VKQHLL-I)A(K,L)

X 20 L3O
Hence
- ! 3
A A
A A A
A%, 2)-%¢0,0) -Z Z(w“w""-l)ux,n). (3)
w20 L0

We substitute the one-dimensional arrays B and ? in place

of A and 2 and rewrite the equations (3) in the following

matrix form:

4--2(0,0) = F.B", (4)
where F 1s an 80 by 80 matrix,
B° and 2 are the vectors of length 80,

B °={B(i);i=1,..80};



one

A

“={B(1);1=1,..80}
sees that the matrix F has the following block-structure:

After performing all of the necessary calculations,

A

——— b ——— b b b — b ——p ——— . ———

M
c3
cl
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—————— e ———

—_——— e ——  ———
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|
|
I

+
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|
+
|
|
|
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c3

M

—_——t——— e — b ——— ———

—————— e ———

M

M
cl
c3
c2
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|
|
I
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—— e e e o e e

1
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x " x

I
|
I
I
I
I
+
I
I
I
+
I
I
I
|
I
l
+
I
I
I
+
I
!
I

0
M
M
M
M
M
M

i it B e bt T e

|

|

|

|

I

|
o
|

I

I
m———
e e S i St it D TT T SR TP S YRR
|

[

|
mm———
|

|

|
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|

|

[

D e e St it St it et et et ST

]
—_—— . ———

Let C be the 72x72 matrix containing the blocks C1l,C2



and C3; C=cyc(Cl1,C2,C3). We term C the core of the FFT on

9%x9 points. Let w_e2R1/9 » w is a primitive 9-th root of 1.

Then the blocks are:

Me=cyc(wo-1,w0-1,0,w0-1,v%-1,u3-1,0,w3-1)

Clecyc(wl-1,wt-1,0,w2-1,w’-1,v"-1,0,wl-1,v -1,v2-1,0,

wo1,w8-1,wl-1,0,u'-1,w"-1,u°-1,0,we-1,w2=1,uw'~1,0,u"-1)

6.1,v%-1,u" -1,

ws-l,va-l,wz-l,98-1,97-1,v6-1,vl-l,vb-l,ws-l,v3-l,

C2-cyc(w1-l,w2-1,w3—1,w8-1,95-1,v1-1,v

woel,w?-1,v%-1,u8-1,4"-1)

5 6

C3-cyc(v1-1,v -1,w -l,vs-l,vs-l,v7-1,v3-1,v7-1,w7-1,

v8-1,96-1,w8-1,w8-1,v4-1,w3-l,va~l,v4-1,wz-l,VG-l,

wz-l,vz-l,vl-l,w3-1,w1—1)

EXPLANATIONS. We observe that the core block C 1s the one

indexed by elements of the unit group of the ring R. The
blocks equal to M are indexed by the elements of the unit
group U and the elements of D. Finally, the zero block 1in
the top left corner of the matrix F is indexed only by the
zero divisors. We observe that the entries of the block C
are numbers wk-l (with k varying), whereas the elements of M
can be written as w3k-l (with k varying). Carrying the
analogy one step further, we say that the elements of the

zero block are v9k-l.

EXPLANATIONS. At this point let us analyze the structure of

R somewhat deeper. The group of unite U of R contains 72
elements. U can be factored as a product of a cyclic

subgroup G < 28 and a subgroup
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~ ~
H=H, ®H, , vhere H, Y H = Z..Here G is generated by the
0 1 0 1 3
element x=2+71; the elements ho-6 and hl-l+31 generate HO

and hl respectively. Further, let y=xh,, G =C O B, Y 2 is

24
the subgroup generated by y. Then every element of U can be
uniquely written as yjhok for some j=0,1,.. 23 and k=0,1,2.
The reader 1is referred to Theorem 3 of Chapter II1 for
details of the structure of the unit group for the general
case. Thus, the group of units can be lexicographically
ordered. We observe that the choice of B(9),B(10),...B(80)
in TABLE I is is generated by this lexicographical ordering.
Let T be the isomorphism of the additive structure of R, R+,
given by the following rule: T(a+bi)= a-bi . In other
words, T 1is the complex conjugation on R. The reader may
find the generalization in Chapter II, Section V. We observe
the following properties of T, which can be easily proven:
1). Let (a,b>-albl+a2 29 where a-al+1a2 and b-b1+ib2.Then
<{Ta,b>=Re(ab).
2) In the matrix form, T given by the following 2x2 matrix:
1 o |l
I I
I o 8 1
Thus we observe:
B(9) = A(T(1))
B(10) = A(T(y))
B(11) = ACT(y2))

B(32) = A(T(y23))

B(33) = A(T(hl))
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- ]
~~
w
f
~
[ ]

ACT(yh;))

-]
~
wn
[« ,]
~
L]

ACT(y? n)))

at(n %)

-}
~
w
~
~
L]

-]
~
wn
[« -]
~
[ ]

A(T(yh, %))

B(80) = A(T(y>n %))

The ordering on the output (TABLE 1I) is constructed in a

1

similar manner: We use y-1-4+51 and hl- =14+61 instead of y

and h.,Thus,

1
B9) = 2(1)

B0y = Ay~ Y

a1y = Ay %

B(s7) = Rn, "%
N\ A 1 -2

----------

N A
The order on B(1l),... B(8) and B(l),... B(8) is also far
from being arbitrary: it 1is not hard to see that any zero
divisors of R can be uniquely written as ij for some

j=0,1,.. 8 (cf.Chapter 11, Lemma 2). We have:
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B(1) = A(T(3)) (1) = A(3)
B(2) = A(T(3x)) 22) = R23x7 Y
B(3) = A(T(3x%)) 203y = 203x" Y
7 ~ -7
B(8) = A(T(3x')) 2¢8) = M3x )

Theorem 4 of Chapter I1 describee the nature of the action
of the unit group on the set of the zero divisors for the

general case.

We observe that the block Cl has some periodicity features:
fhe entries equal to O are repeated after three different
entries. At the same time the entries, equal to w3-1 or
w6-l. occuring in the blocks C2 and C3, have the same
"periodicity” and occupy the same positions as zeroes in the
first block. This kind of phenomenon will allow us to factor
the blocks and holds for p different from 3.
We write:

Cl = Q1,

C2 = Q2 + R2,

€3 = Q3 + R3],

where
QZ-cyc(wl-l.vz-l,O,wa-l.vs-l,vl-l,O,w4-1,97-1,ws-l,O,wz-l,

vs-l,w7-l,O.wl-l,va-l,ws-l,0,w5-1,wz-l,wa-l,o,w7-1)

Q3=cyc(wl-1,w>=1,0,w>-1,v -1,u ~1,0,w =1, -1,uwt-1,0,uw%-1,

woo1,e-1,0,w%-1,v%-1,02-1,0,u2-1,w?-1,w}-1,0,ul-1)

RZ-cyc(O,O,w3-1,0,0,0,w6-1,0,0,0,w3-1,0,0,0,w6-1,0,0,0,

v3-1,0,0,0,v6-1,0)
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R3-cyc(0,0,v6-1,0,0,0,v3-1,0.0,0,v6-1,0,0,0,v3-1,0,0,0,
w®-1,0,0,0,v3-1,0)

EXPLANATIONS. As the reader can see, we collected the

entries containing 93 and w6 in the blocks R2 and R3. The
entries of C. containing the 9-th primitive roots of 1 are
collected in Ql, Q2 and Q3. This technique 1is generalized
in the Section IX of Chapter II.

As we will soon see, the blocks R1,R2,Q1,Q2 and Q3 can bde

"nicely” factored.

It 18 not hard to see that

Q1 = S1 x D1

Q2 = S1 x D2

Q3 = S1 x D3, where
Sl=cyc(w'-1,0,0,0,w-1,0,0,0,w ~1,0,0,0,w>-1,0,0,0,
w*-1,0,0,0,v>-1,0,0,0)
Dl=cye¢(1,0,0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0)
p2=cye(1,0,0,0,0,1,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0)
D3=c¢ye(1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,1)

EXPLANATIONS. The reader will observe that the entries

equal to 1, occuring in the matrices D1,D2 and D3, occupy
the same positions as the entries w-1 in the matrices Q1l, Q2
and Q3. This phenomenon is explained in Sections X and XI,

Chapter II.

Then
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Il ] |l sixpl S1xD2 sSixD3 ||
Q = :: Q3 Q1 Q2 :: - |1 s1xp3 S1xDl Sixb2 ]| =
I I

Q2 Q3 ql S1xD2 S1xD3 S1xDl
Il si1 I Il p1 b2 D»p3 ||
- I sl Il x Il b3 p1 p2 || = SxD
] s1 || Il p2 p3 b1 ||

Here the matrix D contains only zeroes and ones and
hence the mwmultiplication by D involves no essential
multiplications.

Let Pl be the permutation, given by the following

substitution table:

12 3 456 7 R 91011121314 151617 18 19 2n 21 22 23 24
N A I TR’ 2 R R A P U2 P I
17131928 14203 01521 4101622 51117 23 6 12 18 24

t —1
Let Pl be the matrix of the permutation P1l.

- -1
Then PlxSxP1 = = diag(C9,C9,C9,C9), where C9 is

I wl-l ws-l w7-1 w8-1 wb-l wz-l Il

I I

=| w2-1 wl-l ws-l w7-1 w8-1 wa-l I

| N

I wa-l wz-l wl-l ws-l w7-1 w8-1 M

I I

I w8-1 w“-l wz-l wl-l w5~1 w7-1 I

I I

1w -1 wBor wi-1 w2-1 wlo1 Wio1 |

Il |

Il I

wi-l w-1w-1 w4-1 wz-l wl-l
EXPLANATIONS. The matrix C9, described above, is nothing

else than the core matrix of DFT(9°1), as defined in [2]. As
shown in the Section XI of Chapter II, the cores of one-
dimensional transforms on pr points for r<s always occur as
subroutines whenever ve compute DFT(ps'n). We will

encounter the core of DFT(3-1) as an essential component of

blocks R2 and R3.

Then
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Q =P4 x diag(C9,C9,c9,c9,C9,C9,C9,C9,C9,C9,C9,C9) xP5xD, (5)
for some permutation matrices P4 and PS.

We will now similarly factor the blocks R2 and R3. We
observe that
R2 = S2 x D&
R3 = S2 x D5, where
SZ-cyc(w3-1.0,0,0,0,0,0,0,0,0,0,0,w6-1,0,0,0,0,0,0,0,0,0,0,0)
D4=cye(0,0,1,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,1,0,0,0,0,0)
D5=¢yec(0,0,0,0,0,0,1,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,1,0)
EXPLANATIONS. Once more, we observe that the ones in D4 and
DS are not arbitrary; they correspond to the entries equal

to w3-l in respectively R2 and R3.

Hence
Il 0o R2 R3 || Il o S2xD4 S2xDS| |
R = Il Rr3 0 R2 || = |ls2xD5S 0 S2xD4|| =
|l R2 R3 o1l | Is2xD4 S2xDS o 1l
Il s2 0 o 1| Il 0o b4 b5 ||
= || o0 82 o Iy x1!tl b5 o p4 1}
Il o 0 s2 || |l "p4 DS 0 I

Once more, the matrix D containing D4 and D5 has only
zeroes and ones and hence multiplying by it would require no
essential multiplications.

At the same time, the block S2 can be further transformed

as follows:

Let P2 be the permutation, given by the following

substitution table-

1 23 45 67 RO 10111213 1415 16 17 18 19 20 21 22 23 24
R R N R R A I B2 A
132123154 16517 618 719 R20 9 21 10 22 11 23 12 24
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Let P2 be the matrix of the permutation P2.
Then P2xSxP2~ ! = d1ag(C3.C3,c3,¢3,c3,c3,¢3,¢3,¢3,€3,C3,C3),

wheré

We observe that the mnmatrix C3 i1s the core of the one-

dimensional DFT(3°1) as given in [2].

THE OUTSIDE BLOCK.

We are going to apply to the outside block M a
factorization similar to the ones we used for the core.

EXPLANATIONS. The reader, familiar with [3], may observe

that the matrix M is nothing else than the core of DFT(3:2),
as defined in [3]). The factorization we are about to apply
to M is nothing else than the essense of the factorization
in [3]. The necessary justification of the factorization can
be found in [3] or Chapter 11. A different and perhaps more
interesting question is the following:

In the first place. why do we find the core of DFT(3:2) as a
submatrix of M? Section VII of Chapter II provides the
answer to it. It further shows that for s>2 we are bound to
encounter all of the cores of DFT(p" :n) (r<s) as submatrices

of the matrix of DFT(p':n).

We write
M = Ml x M2, where

Ml = cyc(w3—l,0,0,0,w6-1.0,0,0)
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M2 = ¢ye(1,0,0,0,0,1,0,1)
Once wmore. 1{1f ;5 is the permutation matrix of the
permutation
1 2 3 4 5 6 7 8
1 5 2 6 3 7 4 8
then ?3xH1x53_1 = cyc(C3,C3.C3,C3).

EXPLANATIONS. We remark that the core of DFT(3'l) s now

encountered as an essential component of DFT(3:2).

We can observe now that all of the multiplications used in
this algorithm are concentrated in the blocks C3 and C9.
Hence we will need two subroutines: one to aultiply a
vector of length 2 by the 2 by 2 matrix C3, and the other to
multiply a vector of length 6 by the 6 by 6 matrix C9.

The matrices C3 and C9 are not arbitrary: they are the
cores of DFT(3-1) and DFT(9:1) as defined in [2]. Thus the
two mentioned subroutines are exactly the ones used in the

Winograd“s l-dimensional algorithms.

I1. SUMMARY OF THE ALGORITHM.

We conclude this Chapter with a brief step-by-step scheme
of the algorithm.
STEP 1. Calculate the sum of the elements of A(K,L) and

store it at A(0,0).

STEP 2. Store the data B(2),B(3)... B(8) as a one-
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dimensional array BNl of length 8 (cf. Table I).

STEP 3. Store B(9),B(10),..B(80) as a one~-dimensional array
of léngth 72. We term it BC.

STEP 4. Multiply BC by the 72x72 matrix D. This step does
not involve any essential mwmultiplications; we perform only
additions (576 operations). We apply the permutation Pl to
the output and store the results into the one-dimensional
array BCl.

STEP 5. Multiply BC by the 72x72 matrix D°. This step does
not 1involve any actual multiplications; we perform only
additions (360 operations). We apply the permutation P2 to
the output and store the results into the one-dimensional
array BC2.

STEP 6. We calculate the sums
B(10)+B(18)+B(26)+B(34)+B(42)+B(50)+B(58)+B(66)+B(74)

B(11)+B(19)+B(27)+B(35)+B(43)+B(51)+B(59)+B(67)+B(75)

B(17)+B(25)+B(33)+B(41)+B(49)+B(57)+B(65)+B(73)+B(81).
This step involves 64 additions. We store the output into
the one-dimensional array BN2 of length 8.

STEP 7. We multiply the array BNl by the matrix N2 and
apply the permutation P3 to the output. We store the results
back into the array BNl. This step involves 16 additions.

STEP 8. We multiply the array BN2 by the matrix N2 and
apply the permutation P3 to the output. We store the results
back into the array BN2. This step involves 16 additions.

STEP 9. We multiply ¢the array BNl by the matrix
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d1ag(C3,C3,C3,C3). We apply the permutation P3-1 to the
output and store the results back into BNl. This step
fnvolves four calls of the subroutine I (see below).

STEP 10. We wmultiply ¢the array BN2 by the matrix
d1ag(C3,C3,€3,C3). We apply the permutation P3-1 to the
output and store the results back into BN2. This step
involves four calls of the subroutine I (see below).

STEP 11. We wmultiply the array BCl by the block-diagonal
matrix of size 72x72 with 12 blocks equal to C9. This step
requires 12 calls of the Subroutine II (see below). Ve
apply the permutation Pl“1 to the output and store the
results back into BCl.

STEP 12. We multiply the array BC2 by the block-diagonal
matrix of size 72x72 with 36 blocks equal to C3. This step
requires 36 calls of the subroutine 1. We apply the
permutation P2-1 to the output and store the results back
into BC2.

STEP 13. We add the arrays BCl and BC2 and store the output
into the array BC. This step requires 72 additions.

STEP 14. We make further additions as follows:
BC(1)=BC(1)+BN1(1),BC(9)=BC(9)+BN1(1),.. BC(65)=BC(65)+BN1(1)
BC(2)=BC(2)+BN1(2),BC(10)=BC(10)+BN1(2),.. BC(66)=BC(66)+BN1(2)
BC(8)=BC(8)+BN1(8),BC(16)=BC(16)+BN1(8),.. BC(72)=BC(72)+BN1(8)
This step involves 72 additions.

STEP 15. Using the Table Il we assign the data in the array
BN2 to the A(3,0)=B(1);A(3,6)=B(2);... A(6,6)=B(8). We take

values for B(9)=A(1,0),... B(80)=A(2,5) from the array BC.
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SUBROUTINE I. Computes the product of the 2x2 matrix C3
with an input vector of length 2.
SUBkOUTINE II. Computes the product of the 6x6 matrix C9
with an {input vector of length 6.
Remark. The given block-scheme should not be considered as
a block-scheme of an actual computer program. The STORE
instructions in the scheme are chosen mostly for the
understanding of the reader, not for efficient wuse of

storage.
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CHAPTER 1I.

0. INTRODUCTION.

In this Chapter we present a new algorithm for the
Discrete Fourier Transform on a multi-dimensional data array
with p’ points along each axis, where p is & prime number
and s 2>1.

The algorithm we are going to 1introduce is closely
connected with algorithms due to S.Winograd for the one-
dimensional Fourier Transform on a power of a prime number
of data ( DFT(p'rl), cf. [2] ), and with the algorithm due
to L.Auslander, E.Feig and S.Winograd which computes the n-
dimensional Transform on data with p points along each axis,
p being a prime number ( DFT(p:n), c¢f. [3] ). The new
algorithm is a generalization of the two mentioned above and
includes the algorithm for DFT(pz:n). presented in Chapter I
as a subcase.

We will refer to these cases as case {2),[3] and [I] of a

general algorithm.
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We will show further how more general cases sometimes use

more primitive ones as steps or subroutines in an algoritham.

PRELIMINARY REMARKS AND NOTATION.

We reserve the letter "p” for a prime number. If s 1is a
positive integer, we will often write q instead of pi In
this research, the word "ring"”, whenever used, means "a
commutative ring with 17. Similarly, "group” always means
an abelian group. Further, all algebraic objects are assumed
to be finitely generated.

Next, we will say briefly “"Fourier Transform”™ instead of
"one- or multi- dimensional Discrete Fourier Transform".

In the course of the construction, we will often
encounter matrix equations which contain pernutation
matrices. An example will be an equation B @ A -PI(A ® B) P2
In order to simplify the notation, we will avoid writing
down the permutation matrices explicitly. Thus, wve will
write the last equation as B @ A¥ A @ B. Although this
simplification is convenient in this research, in the actual
programming of these algorithms great care must be taken

with the permutations.
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I. DFT(P

:N) = MULTIPLICATION STRUCTURE.

Let us outline the first steps of the construction.

Readers, familiar with Winograd™s algoritha ([(2)) may
recall that the nmultipicative structure of the ring 2gq,
q-p', played an essential role in the course of the
construction of the algoritha for DFT(q:n).

Similarily, {in [3], the authors use the multiplicative
structure of the finite field with r-pn elenents, Fr s, to
construct an algorithm for the aulti-dimens{onal DFT(p:n).

We are going to define a certain ring with p'n eleaents.

As the reader will see, both Zq and Fr can be considered as

special cases of the new ring.

Let us begin by reviewing some basic definition and
facts.
Definition. A commutative ring R is said to be a local ring
1if R possesses unique maximal ideal.
Example. The only ideal in a field is the zero ideal. Thus
the zero ideal of a field is the unique maximal ideal, and
hence any field 1s a local ring.
Example. The ring 2q, q-p', contains exactly s 1ideals:

(0) c(p® !

YT ...C(p). Among them only (p) 1is a maximal
ideal. Thus the ring Zq is local.
Let N be the unique maximal ideal in a local ring R. Then

R/N is a field, so called residue field of the local ring R.
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Since R possesses only one maximal ideal, its residue field
is unique. The quotient map R~—>R/N will be caslled the

residue map of the local ring R.

Lemma 1. Let N be a maximal i1deal of R that is nilpotent.
Then N is the unique wmaximal 1deal of R and so, by
definition, R is a local ring.

Proof. Let a be an noninvertible element of the ring which
is not contained in N. Then (a) 1is an ideal, properly
contained in R. Because N 1is a maximal i{deal, (a)+N=R.
Hence there exist elements b€(a) and n€N, such that b+n=1.
Since n is a nilpotent element, there exists k>0, such that

nk-O. Hence

1=1%ap¥s. . .4xbn(k"D)

+0mb(b (R 1)y 4pn(k-1)y,
or b is invertible. Hence (a)=R, and N is the only maximal

ideal in R.

We next review a few basic facts about polynomial extensions
of rings.
1). Let R be a ring and I be an ideal in R. Then I{u] is a
subring of R[u] and

R{u]/Ifu)] ¥ (R/I)[u].
2). Let f(u)€R[u]. It is not hard to see that the set
I°={g(u)eIfu} | g(u) is divisible by f(u)} is an 1deal 1in
Ifu]. Let I[u]/<f(u)> = I[u]/I°. Then

(R[u)/<£f(u)>) / o (R/1)[u]) /
//(I[u]/<f(u)>; /l<f‘[u]>

where f°[u)] is the image of f(u) in R/I[u].

3). Let NCR be a nilpotent ideal. Then N{u] is a nilpotent
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ideal in R[u]}.

Let F be a field, and f° an irreducible polynomial over
F. Then F[u]/<f"(u)> 1s a finite field. We are going to
replace F by a local commutative ring R and look at some
specific polynomial extensions of R.
Since the polynomial ring over a general local ring is not a
unique factorization domain, 1t does not make sense to talk
about an irreducible polynomial over a 1local ring. To
overcome this difficulty, we introduce the following
Definition. Let R be a local ring with the maximal ideal N
and the residue field F. Let 5% :R--D>F 1is the residue map; we
extend it to a homomorphism It [u):R{u]=->F[u] by letting

(st (u)])(u)=u. We say that f€F[{u] is a locally irreducible

polynomial {iff f° = (x[u])(f)€ F{u] {s an irreducible
polynomial over F and degF(f')-degR(f).
Consider the following commutative diagram, where f€R[u]

and f I8 a locally irreducible polynomial.

N —==-cmnmmm— > R ====-=-ee-- > F
I | l
| I [
v v v
N%u] ---------- > ?[u] --------- > T[u]
| I I
v v v
N{u)/<f(u)d>-===-- > R[u)/<f{u)d>-==~-~ > Flu}/<£°(u)>
Then
Lemma 2.

R{u)/<f(u)> = R 1s a local ring with the maximal nilpotent
1deal ¥ = N{u]/<f(u)> and the residue fleld F = F[u)/<f(u)>.

Proof.
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Let N = N[u)/<f(u)> = N+uN+u2N +... +u(n-l)N, wvhere n is the
degree of f. We observe that N is a nilpotent ideal 4in
R[u]](f(u)). We will verify that N is a maximal ideal by
showing that R/N 1s a field, and the lemma will follow from
Lemma 1 above.
By (2), R/N = (R/N){u)/<f [u]>. We have required £~ to be an
irreducible polynomial over F = R/N. Hence ve have
R/N = F{u]/<£°[u]>, which 1s a field.

Remark. It is not hard to show that i{f F possesses an

irreducible polynomial of degree n, then R has a 1locally
irreducible polynomial of the same degree. Indeed, let f° be
irreducible over F, deg(f”)=n. Let f€R[u), deg(f)=n, be
sur that (€ [ul)(f)=f°. Then, by definition, f is locally
irreduclible over R.

It 1s well known that for any n > 1 there 1is an
irreducible polynomial of degree n over Zp; thus the ring 2Zq

has locally irreducible polynomials of any given degree.

We can now consider the following diagram:

DIAGRAM I.

““
Zun]/<f(u)> ------------ > Zp[ui/(f(u))
| @* | @
v s~ v
Zq =T T-o-=ssssssssccc--- > Zp

Here X and X" are projections of the local rings Zq and
Z2q[u)/<f(u)> on their residue fields. The map % 1s defined
as follows: elements of 2Zq[u)/<f(u)> are classes of

polynomials congruent modulo f(u). For each such class there

is exactly one representative of degree less than n. We



26
identify each class with this representative and define qﬂ
as projection of the representative on its constant tera.
We define g’ analogously. It 1s straightforwvard to verify
that the DIAGRAM I is coammutative.

We obgserve that g’ and ?S are not ring homomorphisms, while
N and ™ are. By a slight abuse of notation, we are going

to write 7T instead of ™ and ¥ instead of V‘

NOTATION. For the rest of the discussion we fix n and the

polynomial f. In order to shorten the notation, wve set

(n-1)

Zq(n) = 2Zq[u])/<f(u)> = Zq+Zqeu+...+ Zqeu and

Zp(n)=2p'(n) = zp[u]/<f°(u)>. Obviously, Zp(n) = F_ o, rep”

- -

We will always use the letter “u” to denote the coset of u

in Zq[u)/<f(u)>.

II. Esﬁﬂ) = ADDITIVE STRUCTURE.

Let A be a complex function on the additive group of
2q02q®P.. 02q. Recall that the DFT(q:n) 1is given by the

following equation:

Q-4

n=|
’R(.o,nl,.. an_l)- E : '(goa-'b;) A(bo,bl,..bn_l),(l)

b;=0;i=0,1...0-1

vhere a, ranges from O to q-1 for 1=0,1,... n-1 and w_eZRilq

Additively. 2q(n) 1is a direct sum of n copies of the

group 2q. Thus the additive group of the ring, (Zq(n))t is

exactly the group on which ve are doing the Transform. We



27

rewrite the equation (1) as follows:

n-{

Na)= 2 : v‘é‘i”"-A<b>. (2)
beZq(n)
for all a((Zq(n))t Here, in the notation of Sc%tion I, a, is
[, L
the 1-th coefficient of the polynomial a(u)= Zaiuie Zq(n).
n-=t 1 =0
We further write <a,b> = zg_aibi Then, (2) 1is the same as
Z <a,b> , 3¢
A(Ca) = w ! A(b) (3)
b e2qln)

Our next goal 1s to 1link the bilinear form < , > with the

multiplicative structure of Zq(n).

III. ES(E) = MULTIPLICATIVE STRUCTURE REVISITED.

The ring Zq(n) was constructed as a polinomial extension of
Z2q. The maximal nilpotent ideal of 2Zq is (p), the set of
elements, divisible by p. Thus, by Lemma 2, the maximal
nilpotent ideal of Zq(n) is (p)+(p)u+... (p)u(n-lz We will
also denote 1t by (p). (p) consists exactly of the non-

invertible elements of 2Zq(n). As (p) contains p("1)"

elements, the group of units, U(Zq(n)), is of order p°" -

p(n-l)n - p(l-l)n (p"-1).

We observe that the map X :2q(n)-->Zp(n) projects U(Z2q(n))
onto U(Zp(n)). The latter group is cyclic of order p"-l,
hence the former has to contain a cyclic subgroup of order
divisible by p“-l. As the ordef of U(Zq(n)) 1is p(’-l)“

(p“-l), U(Zq(n)) contains exactly one subgroup of order
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pn-l.

We denote this subgroup by G = G2 and let x be one of 1its

generators. We further define H°-1+(p)C Zq(n). It 1is easy

to verify that H® 1s a subgroup of U(Zq(n)), and the order

s . p(l-l)n

of H
Notation. The letters “G°, “H” and “x”° will de reserved for
the objects nowv defined.
Theorem 3. The group of wunits of the ring 2Zq(n) 1is
isomorphic to the direct sum of the subgroups H® and c°®
Further, H is isomorphic to the direct sum of n copies of
z .,
P
Proof. We recall that Zq(n)=2q[u)/<f(u)>, for some 1locally
irreducible f. For 1=0,1,.. n-1, 1let h1-1+pui.we claim the
following:
(s-1)
(1) For every i=0,1,.. n-1, h1 has order p -
(2) The elements hi’c satisfy the following “independence”
condition:
a; (--l)l

(hi) fe ] ==} o a, for every 1. (4)

The proofs of (1) and (2) are straightforward, while
lengthy, exercises in elementary algebra, whose details we
leave to the reader.

Let us novw define

B%(1)= gr(hi), (5)
where gr(...) stands for the subgroup spanned by elements in

the parentheses.

(1) and (2) are equivalent to the statement that
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n'-@n‘(i), and the order of R%(1) is p('-lz Because the

latter number 1is relatively prime to the order of G',

U(Zq(n)) = ¢°® R°.

Example [2]. Let n=1. Then U(Zq) = z(p_l) ® Zps-h is cyclic
of order p(’-l)(p-l) -q;?(q), vhere GI? is Euler”s Phi
function.

Example ([3]). Let s8=1. Here U(Zp(n)) = Zp,,_1 , the cyclic
group of units of a finite field.

Example [I]). Let s=2. U(Zq(n)) = zp"-l <) (.® Zp). We observe
i =0

that H2='(Zp(n)f* and the {somorphism is given explicitly by

2€Zp(n)--->l+pz. Here (l+pzl)(1+pz2)-l+p(zl+zz)-

1V. THE ZERO DIVISORS OF Zq(N).

We observe that 2Zq(n) contains the following family of

{deals:

=% (p*H L. CHHT M zq(n). (6)
Here (pX)=(p)* and (p*) contains p® 1’ clements for every
k. We define D* as the set-theoretical difference

(p)k'(p)k+1 ; notice that Dk contains exactly those elements

p(k+l). k

which are divisible by pk, but not by D~ contains

P(s-k)n -p('-k‘l)“ - p('-k-l) (p"-l) elements. Notice that
Dk-U(Zq(n)), and for k>0, Dk contains only zero divisors.
We will now introduce a few more subgroups of U(Zq(n)). Let

8K = 14(pk)C 2q(n).
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1. ﬂt Further, the subgroups H"k ( with

We observe that H®’
k>0 varying ) fora a sequence, analogous to (6). We have:
{1}=8%%r®'*"lc. . <r® lcp® 0 azq(n). (7)
For k>0, H"k is a subgroup of U(Zq(n)).

8 Bs,k

Remark. Similarly to H , is composed of subgroups

H"k(i), vhere H"k(i) = gr(1+pkui). It 18 not hard to show
that
1) For every 1,

% %c1)er® * lipye ... 1! (1)

o e a1 g1
n®'®* cn®® c... 8%
2) For every i and k, H"k(i) - {zP | z(ﬂ(k-l)(i)},

The proof of 2) 1is another lengthy exercise in elementary

algerba. We leave the details to the reader.

The order of H"k is p('—k)n

8,1

+« Hence, the order of the

/% %7E  aie(p) /14 ()R} 1s

p(s-k-l)n. Let Gk> -G %@ H"l /Ha,s-k ).

quotient group H
p(l-l)n-(s-s+k)n

The order of G _ 1is (p“-l)p(s-k-l)n

The unit group U(Zq(n)) acts on Dk via ring multiplication,
1.e., for every g€U(Zq(n)) and dGDk (g,d)--)gdeDE We next

observe that for any deDk and 8> gzeU(Zq(n)) such that

s,s~k 8,8~k

-1 -1
8,8, €H » 8,;d=g,d. (Indeed, 1if 8-8,8, €H s

g-l+p'-ka for some a; d-pkb for some b¢Zq;: hence gd-(1+p°-

ka)pkb-d, and the assertion follovws). Thus we can say that

.’I/H"'-k ) acts on p¥ by the following

the group Gk-GO(H
rule: for every g(Gk, deDk, (g,d)-->ged=g”d, where g” is any

s
of the preimages of g in G'@ gS:1 1, next theorem will



1
expose the nature of this action.
Theorem 4. Let all notation be as above. For every dl,dZGDk

theré is one and only one géG, such that 8°d1-d2' i.e. the

k

action of Gk on Dlt is simply transitive.

Proof. We prove the uniqueness first. Let gi(pka)-pkb for

i=1,2, wvhere 31,326 ¢*e n® Then gl-lgz(pka)-pka and

(gl-lgz—l)pka-o. The last statement implies that
-1 8,8~k
g, gzeH and hence the images of g, and g, in Gk
coincide, which proves the uniqueness.
k

We discuss the existence next. Recall that the orders of D

and Gk are the same and hence (by uniqueness) the set del

also has the same order for any dIGDK Further, del is a

subgset of Dk. Hence del must coincide with Dk and the

existence follows.

Corollary. Every nonzero element of the ring Zq(n) can be

uniquely written as product pkxkhok°hlkﬂ. hhfﬂ '’ where
k=0,1,...8-1, k=0,1,.. p"-2, and kj-o,l,...p"'l)-l for
j=0,1,.. n-1.

- % -- n-
Proof. Let S(k) {(k,ko,kl,...kn_1 )Ik=0,1,...p" =2,

k,=0,1,.. p(8 1)1 for 1=0.1,..n-1}. Let Exp®:$(k)-->zq(n),

Expk(i,k .kn_l)-xkh‘;‘.. h‘"" Finally, let D(k)-Expk(S(k)).

o'n n-l.

We observe that

1). D(k)CZDk (see the definition of Dk).

2). The number of elements of S(k) is the same as that of Dk

Thus, in order to proof that D(k)-Dk. ve must show that Expk
is one-to-one on S(k); it follows from the Theorem 4. To

$
finish the proof, ve recall that Zq(n)-'LIDk (see
K=o
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Section III).

Example [2]. Let n=l. We can choose f(u)=u-1l. Then Hs’l
< Zp and so H”l i8 cyclic. If we specify s=p=3, we can

l1ist explicitly the aslgebraic objects discussed above:
(1) = z27
(3) - {0, 3,6, 9, 12, 15, 18, 21, 24 }
(9) = { 0, 9, 18 }

{0}

u(z

~
N
~3
~
L}

o
[ ]

27)
o} = { 3,6, 12, 15, 21, 24 )

D" = { 9, 18 }
D" = { 0}
The group of units 18 cyclic and we can choose 2 as a

generator:

v(z,,) = { 1,2,4,8,16,5,10,20,13,26,25,23,19,11,22,17,7,14}

3! = {1,4,16,10,13,25,19,22,7)}

B2 - {1,10,19 )
H3’3 - {1}
G = {1, 26}
Here (H3’1 /H3’2 YD G acts on D1 in the sense of Lemma 3;
(H3’1 /1'13'1 YD ¢ ¥ G acts on D2

Example [I]. Choose n=2,p=3,s8=2. The polynomial f(u)-u2+l is
locally 1irreducible over 29 The ring Z9(2) contains 81
elements.

Here:

0
D = U(29(2))

p! = {3,3+3u,6u,3+6u,6,6+6u,3u,6+3u}
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p2 = {0}

¢ = {1,242u,8u,2+7u,8,7+7u,u,7+2u}

21 o g2 1oy @ w20 1(1) = {1,4,7) @ {1,1434,146u)

2,2

H = {1}

(HZ’I/HZ’I) @ G acts on D1 in the sense of Lemma 3.

V. AN AUTOMORPHISM OF 2q(N).

Theorem 5. There exist an automorphism T of the additive
group of the ring Zq(n), such that the following equation
holds:

< Ta, b > = @ (adb), (8)

where @ 1is as {t was defined 1in Section I, for any
a,béZq(n).

Proof. Let C be the companion matrix of the polynomial f

n=|
over 2Zq. Then the mapping Za u —--) Zaic =ag(C) 1s a

\wO0
matrix representation of Zq(n) in M(Zgq; n). the set of all
endomorphisms of n-dimensional vector space over Zq. Notice
that the first column of a(C) is (ao,al,... a )t , 1.e.

E (n(C)%"‘u (We are using subscripts to denote the

\=zo
entries oﬁ a matrix.) Let
T(8) = 2, (8(C)) 4, v (9)
\ro !

Then, clearly, T is an additive endomorphism of Zq(n).

T also satisfies the equation (8), because



n-|
< T, B> = 5 (T(a))b, I P YT DI
1 =0 1 =0 ’ ’
(a€C)); 4+ (B(CI), | = (a(EIB(E)), | = ((ab)(CD), , =

(ab) g = P(ab)

In order to complete the proof we have to show that T is
bijective. Assume otherwise. Let a ¥ 0, a¢Ker(T). This 1is
equivalent to the first row of the matrix a(C) containing
only zeroes. Clearly, then, a(C) 1s not an invertible matrix
and hence a ¢ U(Zq(n)). Further, a 1is not one of the

elements p,pz,p3,.. p('-l)

» since pk(C) contains a nonzero
leading entry. By Lemna 3 there exists an element
g¢G @ H.’l such that ag-pk for sonme k. Then:

4]

(p*(c)), 4 = 23 (e 4 ae)y =0,
and we obtain a contradiction. This proves that T 1is an
injection; that T 1is a surjection follows from the finite
dimensionality of the vector space.
Exsmple [1]. In the one-dimensional case T degenerates into
the identity map.
Remark. We now state without proof a few elementary
properties of T.
Leama 6.
(1) P(a) =P(T(a)), for any a€zq(n).

(2) T(Dk) - Dk, for every k.

(3) If we specify the basis (l,u,uz,... u“'-1 ), then T 1is
given by a symumetric block-diagonal matrix with two blocks:
the first one is the 1 x 1 identity matrix and the other 1is
an (n-1) by (n-1) matrix.

Using the fact that T is a bijection, we can rewrite the
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equations (3) as follows:

Aty = 30 <™ g - (10)
aeZy(n)
- 3 I 4,
aeZy»n)

Let us rewrite the equations (10) further. The first entry

of the output, /A\(T(O))-’A\(O)- Z:. UQ(O). A(a)-Z A(a). Then

A N aéeZq(m aez ()
if B(b)=A(T(b))-A(0) for b€ Zq(n), we obtain
B(b)= 33 wEPlaca)- T acar- (11)
a6 ZLn) a€2Z, ()
Z kwq(‘b)-l)A(a)- E rw’(ab)A(a), where
aéZ,(n) A€Z4(n)
we(ey=wd (8 -, (12)

Remark. We will often view W°® as a complex valued function
on R.

From now on our task will be the computation of the numbers
B(b) for all b€Zq(n): the values g(b) can be reconstructed
as follows:

vy = Bt ())+R(0) (13)
2(0) in turn can be computed using p'n-l additions.

The advantage of subtracting 1 from our coefficients lies
in the number of additions we are to perform; if the number
VW(‘b) =1, we decrease the amount of additions by 1, since
Wo(ab)=0: 1f w (.b)#l, we actually gain nothing but also
lose nothing. At the same time the price we pay is 2(p'n-1)

additions. We perform p'n-l of them, while calculating A(O),

and p'n-l more adding A(O) to the B(b) for all b=0.

Let us keep in mind that on the last stage of the
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algorithm we will have to perform the permutation T: for

now, however, we drop the T and thus simplify the notation.

VI. DFT(Q:N) - STEPS OF THE ALGORITHM.

Let us subdivide the sums in (11) as follows:

B(b) = Zﬁ (22%°(ab)A(a)), for all b€zZq(n). (14)
K=o aéd"

We s8ay that the problem of calculating of the sums

B, g(®) = “Za‘:l (W®(ab))A(a) for all beD" is the (L,K)~th step
of the algorithm. Clearly, once we have performed all the
(L,K)-th steps for K,L=0,1,.. s, only additions are
necessary in order to complete the algorithm.
Remark. This breaking up of the algorithm onto steps will
in matrix notation be equivalent to the breaking of a matrix
onto subblocks. The examples below will {1llustrate this
statement.

Remark. Notice that the (s,K)-th step and (K,s)-th steps of

the algorithm require no calculations. This 41is because

0
2 w(0-a)A(a)= 2, (vO-1)A(a) =0.
aeh* : * aed™ v

Similarly, the (K,s)-th step 1is the calculation of

Z W'(ab)A(a) for all bGDL. We have
a€d®

2 Wab)A(a)=WwE(0)A(0)=0.

a=z20

Example [2]. Let p=3,s=2,n=1. S.Winograd in [2) ordered the
input and output of DFT(9:1) and wrote the Transform in the

following matrix form:
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DIAGRANM 1II.

Iiscoy!tl 1tlol o 0 I o (] 0 0 0 o0l llacoy!l
""." ' 'I" """""""" "’s""a"-‘s--"'a""s“"a“" "'-"ll
“l(!)” HOI'O (/] =v -lv-lv-lv-lv-lv-l” ”A(J)l:
|
Is¢e)il tlol o 0 Iv®-1 wi-1 wfe1 wP-1 WBa1 W3-11) fiace) i
R e e e [ et
) viel w=l [w=1 el wel wal vl w=111 [laq)I!
Hacaylleetlo] w8=1 w2-1 w31 oler wler wber w1 oTeal bl facoy ||
o= v =l wi=l [w=] w1l w'=1w-=1wo-lw--lligllac2)!!
Hacotl Lol v2=1 vb-1 |o? T I I R T
vel w=1 [w=1 w=l w =1 w1 w =1 wo=2l] lla¢e)!!
LI P F I o P
()1l 110] w=1 wi=1l |w ~1 w =l w'=1 w=1 wi=1w =2l Ila(8)I|!
Haentl 1ol w1 o8-1 futor W1 o7 Ly utall Haon il
Tt 1R 1 A Mt I T
PInCS) LT 1101 w8=1 wi-1 fw?1 wi=1 w81 w7-1 w31 Wlaabi fiacs)id
’

The nine sgubmatrices, highlighted 1in the DIAGRAM II,
correspond to the nine (L,K) steps of the algorithm for
K,L=0,1,2. Readers unfamiliar with Winograd”s work, may be
surprised to notice that the submatrices, corresponding to
our (L,K) steps, have rather special forms. Thus, for
example, the submatrix of the step (1,1) contains only
zeroes. This observation will be made more precise 1in
Lemma 5.

Example [3]. Let p=3,n=2,s~1 and f(u)-u2+l. The element
l4u=x generates the group of units U(Zs(Z)). We revrite the

DFT(3°2) in the following matrix form:
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* DIAGRAM IV.
Iis¢co)y 11 1{lol o 0 1] 0 /] (1] (/] o L tla¢o )yI!
e I D fro--g--mgemm-mnmn- g===11 1l=mm5-11
1is¢cx)!l 110l w' =1 w=10 v -1 w'-1 w'-10 wi=1 11 lia¢zx)II
o, 0, L 2 3 o
“l(l )” “0{--1.-1--10 w-1l w'=1 w'-10 H ”A(x )H
”n(:%” ”o= 0 wi -l wl-1 wl-1 0 Wl-1 w21 w24 “ ”A(x’)”
Hiscx®yii=iiol w2-1 0 wi-1 w1 W'-1 0 Wle1 wEar (IX TG0
ooy, : 1. 1 L T
”l(: )” ”Ollv-lv-lo vl w -1 w'=10 S | ” HA(: )”
Finexdy11 110l wl-1 w21 w2-1 0 wi-1 wl-1 wl-10 |1 1lax®)il
TSI L 2 3 T I [
”l(x )” ”OI'O vel vo=1 w°=-1 0 vi=l w=l w1 ” ”A(l )”
Pisca®y Il (10l wl-1 0  w!-1 wi-1 wi-1 0  wi-1 wl=1 |1 Illacx"y1d

wvhere w3-1.

The four highlighted submatrices correspond to the
(L,K)-th steps of the algorithm for K,L=0,1. We observe that
the 8x8 submatrix, connected with the (0,0) step, has
circulant form. Further, as we will see later, it can be
factored as a product of two other matrices, a fact which is

essential for the new algoritham.

11. (L,K)-TH STEP - DEFICIENCY.

Definition. We say that the number K+L is the deficiency of
the step (L,K).

As we will shortly see, the deficiency of the step says a
lot about the step itself.

Lemma 7. For K and L such that K+L > s, the (L,K)-th step
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requires no arithmetic operations.
Proof. Let us consider W®(ab),a€D",b€D: Then a=p*a”, b=plp-
for some a“,b"€ 2q(n). Hence H’(ab)-w’(pK+La'b')-W'(O)-O and

the lemma follows.

We will assume next that 0 < K+L < s.
We will show that all the steps with deficiency greater

than 2ero can be reduced to steps of DFT(pr;n) with r<s.

As we have observed in Theorem 4, any element a of Dk can

be uniquely written as pkg, where g(Gk - G%S(H"l /lfl"""k ).

8,s-k-L /Hs,s-k s8,8-k-L /Hs.a-L

Let A" = H , B = H . Here A"

is a subgroup of Gk and B” 1s a subgroup of GL- Let

s,1 /Hs,s—k-L ).

C" = G&®(H Then Gk/A" - GL/B" = C"., We

further define

io o 1, n-t n_ s-k-L-1
hy byt oo W70/ 0<i<pT-1, 0511<p for

c-{s1

j-o’lo°"“-1)-

« At

Then C is a set of representatives of cosets of A" in Gk

the same time C 1is a set of representatives of cosets of B"

in GL' Thus for any k,L=0,1...s we can uniquely vwrite an

element a of Dk as a = pka'a". vhere a“¢€C and a"€A”.

Analogously, any element b of DL can be uniquely written as
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pIb-b", where b-€C and b"€B.

Then we observe that

K+L K+L .
a

ab = pXa<a"eplb b = a b pXtLlap" = p b° (15)
The last equation follows from the earlier observation that
plc14pder=pd for 343 2s.

Thus the product ab does not depend on a” and b".

Remark. Let K=L=0.

Here A" and B"” are trivial subgroups and C"= U(Zq(n)). At

the same time, whenever K>0 or L>0, C" is a proper quotient

group of the unit group.

We now return to the algorithm.

Definition. We denote by Em n the m by n matrix with all

entries 1 and let E = E .
o m,m

Let us consider the equations for the (L,K)-th step. We

are to compute (see equations 11 and 14 ):

BL,K(b) = 2{3 ws(ab)A(a) for all bEDL, (16)
a€D"

or, in the matrix form,

s
BL,K = Mp g X Ay, where Ax={A(t)|teDk},
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By {8y g(t)l teD’), and ML g={ W Can) 1, aep®, bedl). Let

BL,K(b’.b") - BL,K(b)’ Ak(a',a")-Ak(n), vhere a“,a",b” and

b” are as defined above. We rewrite the equations (16) as

follows:
BL’K(b',b") - (17)
Z Z w¥(ab)a(a”,a”) =
a’€A? a’<L
Z V'(pK+La'b')(( Z A(a”,a"),
a’‘el areA’”

for all b"¢B"” and b¢C.

Thus we obtain:

f 3 -
M H

LML,k @ Fpu ko (18)

where i{ X is the square (pn-l)p('-k-L-l) by (Pn'l)P(.-k-
1]

L-1) +

matrix with entries w’(pK La’b’), indexed by elements

a’,b” of C.
The equations (17) do not depend on the the choice of the
representatives a“,b” and thus we can say that the matrix

ifbx is indexed by elements of C".
1]

One immediately observes that the matrix ﬁf K does not

depend on K or L separately, but only on their sum.
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Example [2]. The submatrices, corresponding to the steps
(1,0) and (0,1) of the algorithm are both built from 2x2

block C3, where

where 99-1.

The matrix C3 also occurs in the DFT(3:1), where 1t

corresponds to the (0,0)-step.

We will shortly see the reason for this.

We are going to compare the matrices obtained for

g
ML K
different values of 8. Let JT be the quotient map

>2q(n)/(pFTLy T 2

|‘.‘s-l&-t-(n). The restriction of X on

C 1is a2 bijection between C and U(ZPyu¢(n)).

Zq(n)

Leana 8.

W (p tLacb)ewt Nl (® ey X (b)), (19)
for every a“,b"€C.

Proof. Recall thet w.eri/q, let further v-wpK’L. We

observe that for a,béZq(n) such the X(a)= X(b) we have

VR(')-vl(b)-v’. (Here the exponents are considered as

integers; it is easy to see that there is no ambiguity).

“* - - - td td L d
Hence, w'(pK+La'b')-wp ®(a’d) ., 2(a"b7)_, 870",

- ‘,"K‘L( X(a“)X (b°)), which concludes the proof.

Corollary.
-3 -k-L
0

8
M k™ Mo,

Let us summarize this discussion in the following
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Theorem 9. The (L,K)-th step of DFT(q:n) is equivalent ( up

s-k-1L

to addftions ) to the (0,0)-th step of DFT(p tn).

Proof. Equation (17) shows that in order to multiply a

vector by H; K* ve have to perform some additions and then
14
multiply the shorter vector by the matrix MS _.As we saw in

L,K
Lemma 8, the latter matrix is the one which corresponds to

(0,0)-th step of DFT(p® ¥~

:n), which completes the proof.

Remark. Let us look at the practical aspects of Theorem 9.
Assume that we are given subroutines for computing DFT(pk:n)
for k=1,2,.. s~1. Then in order to compute DFT(p’:n) we have
to perform all (L,K)-th steps of the latter problem; our
subroutines will handle all of these steps but one, namely
(0,0). Thus we see that the computer program for calculating
DFT(p':n) will be built from "standard” blocks. We will see

that these blocks are actually subroutines for computing of

Winograd“s core of l-dimensional transform.

From now on, we will concentrate our attention on the
(0,0)~th step. We will also call it the core step of the
algorithm.

Let us introduce some more notation.

Let y-xho.Then y generates the subgroup G = G%B H'(O) of
order p('—l)(pn-l). Let H” -:§P’(1). Then

U(Zq(n)) = G° @ H°. Every element t of the group of units

U(Zq(n)) can be wvritten uniquely as t-ykh, where

k-O,l,..p('-l)(pn-l)-l and héR"; h = h?‘.. h:ﬁ" for some
kl,kz,.. k::} = O,l,..p(’-l)-l. We rewvrite the equations

(17) for the core step.
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L -
Bo, o(y ‘\I'htl chaltty - (20)
P gL X
- S, Lok L oK Lnoy*Knoy K K, Kn=\
W h e hao A e+ hpa-
K=0 K;=0 (y ' - YA(y  h, n=1 )
or, shorter,
e ')
. K, .
oo(yh)-z :2 ;W(y Lhn-)acy®n)
K=o h'eW

We now introduce one more permutation. Let I map the group
of wunits to itself, sending each element into its

nultiplicative inverse. We rewrite the equations (20) as

L L | P - L L
B (y . hn':_l ) B, O(I( l
P"‘@-l)-l ps =t
=2 12 WMt ket L pketlaa x
K=O «, =0

A(ykhk kn-. )

Loy~
Rt o)) - (21)

or, in the matrix form,
= . 2
Bc HcAc (22)
We will show now that the matrix Hc is connected with a

representation of a certain group algebra.

VIII. DFT(Q:N) - GROUP ALGEBRAS AND SHIFT OPERATOR.

We start this section with some general observations.
Let A be a finite (abelifan) group. We are given a

decomposition of A as a direct product of cyclic subgroups
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Ai’ i=1,...N. Let Ai- gr(ai), let m, be the order of ai.Thus

we can take A as the set of N-tuples (jl,jz,...jn), where

0] Sji < m, We consider A to be lexicographically ordered.

i
Let R be a ring. The set of all functions X:A--D>R can be

given an algebraic structure, called a group algebra R[A],
N

which {s canonically isomorphic to QDR[A1]-
=i

Let us consider R[Ail' We define a representation of Ai in
H(R,mi) by mapping a, to Smi . where Sm;ia the L by m,
matrix

llooo ... 01 ||

100 ... 00 ||

llo10...00 ||

lloo1 ... 001}

llooo ... 10 |

Then R[Ail is represented as the algebra generated in
H(R,mi) by Sm.. For any given XGR[AII, the image of X in
'
-1
M(R,mi), denoted as X, 1s the matrix ||X(a b)'|a,b€A'
Let us give two examples.

First, 1f X(1)=1 and X(a)=0 for a=1, Y is exactly the shift

operator matrix S .

] ™m; .
Second, {if we define X(a)=1 for all a, ;-ZS'I:_ is a
J=1 ]

matrix, containing only ones. We have denoted it by Em .
[]

Analogously, we define the representation of R[A] by

mapping X—>X = llX(n-Ib)lla be Then the matrix X is an

A.
element of the tensor product of algebras;

. N

- N ' .

X = Z( ® S')X(a.). where a = ||a15'.
acA 1={ T i=a

Remark. The reader who 1s not satisfied with the brevity

of this discussion is referred to [6] for more detailed

exposition.
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For our purposes it is sufficient to observe that 1f we
set R=C, the field of complex numbers, A=U(Zq(n)) and X=w®
(Ve r.xow consider W® as a function from U(Zq(n)) to €), then
the natrixN‘belongs to the tensor product of algebras
C[H'(l)] o ... ® C[H'(n-l)] ® C[G'] and hence can be written

c _P‘-L‘ 't-l(rn_'H (23)
', ‘ n- [ W 1
> 2 ) Sp@ S .- s e S T Ryl

;=0 i=0 (s-1)
Let us introduce some additional notation. Let r=p

M

be the order of the generators h1 « Let d-p('-l)(pn-l).

the order of the generator y. Further, {f h i{s an element of

(3 .
H'=& Hs(i), we define Sr(h) as the tensor product @ Srj',
n-i

vhere h= 'l || hiji.l!quation (23) can now be written as
=
o=t
M =5 s_(he si-winyl). (24)
c 4 r

heW =0

IX. THE CORE - PRIMITIVE ROOTS AND REPETITIONS.

Let us define the mappings W, :2Zq(n)-=->C as follows:

k

[ Whe), tf ()" - 1

J and (1+w%(g))% % 14 1.
w . (g) =

k o, otherwise.

$
We observe that w'- W, ,Further, we define
=i z:.., k

i i

Moo EZ NROX Wyl (25)
NeW L=o

Then by (24) we have
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S
Moo= DMy (26)
k=0

We are going to handle the matrices M, separately.

k
Let us further limit our field of attention. We define, for

every h€H",

a=|
i..s i
Hk(h) - ‘;o S"W (hy?). (27)
Then we obtain:
M= D Sr(h)@ My (h) (28)

Reh/
As we will see {in Section XI, for k>0 Mk(h) can be always

decomposed as the tensor product Ept-k‘Nk(h) for some
matrix Nk(h). Before doing this we will outline the

remaining steps of the construtions.

We are going to factor the blocks Nk(h) in section XI. 1In
order to do this we are going to need to get some additional
information about the structure of the ring 2Zq(n). The
section X will be devoted to this. Later, in section XI, we

will extend the factorization to the core itself.

X. Zg(N) - CONSTANT ELEMENTS.
X. 2q(N) -

As the reader recalls, we constructed the ring Zq(n) as a
polynomial extension of Zq, using a locally 41irreducible
polynomial f. Thus, we may consider Zq as a subring of
2q(n). We call the elements of this subring constants. The

alternative way of defining the constants is the following
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n-|
Definition. An element z= Z :z uié Zq(n) 1is termed a
1=0 1

congtant, 1f zi-O for all $>0. Further, z 1s termed an

almost constant iff plz1 for all 1>0.
The multiplicative group of all 4invertible constants 1is
clearly a subgroup of U(Zq(n)). In this section we are
going to find out which of the subgroups H'(i) and ¢*° may
contain invertible constants. As we will see later, this
information is crucial for the construction of the core
algorithm.
Let us first look at the residue field Zp(n)=Zp[u)/<£f (u)>d.
The following lemma can be found 1in algebra textbooks
(cf.[8]):
Leama 10. If x is a generator of U(F), where F 1is the
finite field with pn elements, then the invertible constants
of the field F are exactly the elements xkr, vhere
E=C(p"-1)/(p-1), k=0,1,.. p-2.

In the next few lemmas we will extend this result to Zq(n).
Lemma 11. ¢® does not contain any almost constants, which
are not constants, {.e. for every element a-iiiaiuiéc’ (pla1

1=0
for 1>0) => ( a,=0 for 1>0).
1 n-1l "
Proof. Let an almost constant element Z'aiu belong to the
subgroup G of order pn-l. Then 1=o

n=i{ n-{
(Zniui)-(ao'*z pa’iui) (29)
1=0 1=

The right hand side of (30) 1is equal to 1its p'n’

th power,

since it is an element of G® and the order of G. divides

(p 1).
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Thus,

n- 4 n-| { nsS
:Eﬁ au '(lo+p(zzll;u )P
1=0 - =0

We evaluate the expression 1in the right hand side and

observe that all binomial coefficients except that of

ns
ao(p ) are divisible by p',ﬂence,
"Z" 1,.. (")
( a-oaiu )-ao » Wwhich 1s constant. We equate the

coefficients of the different powers of u and see that the
elenents a’J-O, j=1,2,..p-1, which concludes the proof.
Remark. We observe that the rings Zq and Zq(n) both contain
@(p')-p('-l)(p-l) invertible constants.

Lemma 12. xk is constant if and only {f k is divisible by
§ = "-1)/(p-1).

&

Proof. We are going to show that x° is a constant in Zq(n).
Let X be the image of x in Zp(n). Then X 1is a non-zero
element of the finite field, and hence ?5' is a constant in
the field. Lifting'ir back into Zq(n) we obgserve that x¥
is an glmost constant element. By Lemma 11 we conclude that
xT is a ring constant. All elements xkr for k varying are

also constants. There are exactly p-1 of them. We observe

that the subgroup H'(O) consists exclusively of constants
-1
p(s )

(s-1)

and contains exactly elements. Altogether ve

accounted for all (p-1)p invertible constants.

We summarize the results in the following

Theorem 13. All 1invertible constants of the ring are

elements of ¢the form xihoj, where 1 1s divisible by

v

L ¥ -(pn-l)/(p-l). Furthermore, 1f y-xho, then y generates

the subgroup of the constants.
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XI. M (H) - FACTORIZATION.

We are ready now to undertake the factorization of the
blocks Hk(h)' We will first obtain a few properties of the
mappings Wk (Lemmas 14,15,16) and then will obtain the
factorization of Hk(h) in Theorem 17. We will continue in
use of the notation that E-(pn-l)/(p-l) and d»-(pn-l.)p('"l)
Lemma 14. Let méZ, z-yn is a constant. Then
1+w'(zy1h)-(l+w'(y1h))z: .

Proof. W(zh))+1ewP(NY'2) 2@hy' ) (ym gy, e
Lemma 15. Let t€Zq(n); 1+W%(t) be a primftive p'-k-th root
of 1. Let z-ym as in Lemma 14. Then l+wk(zt) runs over

all primitive p'-k-th roots of wunity as m runs over

O,l,...p'-knl("-l)-1
Proof follows from the previous leama.

Let ay=(pP-1)p® %!

for k=0,1,... s-1. We observe that of,
always divides ol and o =ofy.

Lenma 16.

wk(hyi)-wk(hyi+d') (30)

Proof. We have to consider two cases. First, we assume that
both 1+wk(hy1) and l+wk(hyiy““) are not p'-k-th primitive
roots of 1. Then both Hk(hyi) and Uk(hyiy““) are zero and
the proof follows. We now assume that l+wk(hy1) is a
primitive p'-k-root of 1. Then Hk(hyi) = 0 and gKhyi)-pkt

for some integer t, not divisible by p. We want to show that

=)
@(hyi-hyiyi‘)-o. Rere y“" -x hcg' -h:" . Let hyi-pkt*- Zajuj.
J=1
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n-l
Then ‘?(hy ")- 9(p thd"+h K Z jy) We observe that
‘ s—k‘ -
pkho"-pkhp (5 -1) - pk an hence Q(hyiy*")' ?(hyi).

vhich concludes the proof in this case. The last possibility

is that l+wk(hy1y“) is a p'-k

~th primitive root. The proof
is analagous to the previous case.

We now combine the results of 13,14 and 15 1into the
following key Theoren:

Theorem 17. The matrix Mk(h) can be factored as a tensor

product of a dw by ©Ox matrix N (h) by E x, where
A= k P

1 1

N (=D sk nyh).
\=0

Proof.

Using Lemma 16, we can rewrite the definition of Mk(h) as

follows:

M (W)= D W, (hyl).sie (31)
-l an-t 120 -1 oyl

E Z W (hyhysitit LE IEwk(hyi)Sé. sp{-

J=0 im0 K| J-’Q {=0

o=\ 1

Z : Sy W (hy ) OZ e -
— on~{ J=e
' Zsi;"k(h"i) ®Ex .

‘:o d“-l
i i
Let Nk(h) E s*nwk(hy ). Thus we obtain:
1=0
M (h)=N (h) @ zp.( . (32)

which concludes the proof.

Remark. The previous Theorem is trivial for the case k=0.
For k>0, however, it allows us to greatly reduce the amount

of calculation performed. We recall the fact that the

number of multiplications necessary to perform the
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multiplication of a square NxN matrix A by an arbitrary
vector V of length N is same as in multiplication of an NQ
by Nd matrix A @ EQ by an arbitrary vector of length NQ.

We will see now that the wmatrix Nk(h) can be further

decomposed.

N (H) - FURTHER DECOMPOSITION.

We are now going to present Nk(h) as a product of two
matrices. Each of them will have a rather specific form (see
Theorem 19). The decomposition we are about to obtain will
allow us to substantially reduce the amount of performed
calculations.

We recall that

e~ )

Nk(h)- :E: wk(hyi)si, wvhere dy=(p"-1)p
120 ~k-1 -k
Let :b‘-(p-l)p. - Q(p‘ ). For L'o,lgooopk -1 wve

define the sets BL-{j-O,l,-- dk'l I Wk(hyj)'w'(PkyLa‘ ) '}

s-k-1 (33)

We also define B={j=0,1,...d -1 | wk(hyj)-o }. Then

) k
v [J .= {0,1,... ¢ -1}. (34)
L.=0
We next define the matrices QL(h)- Z si“, Q(h)-,Z‘ S;L
1€ Jes

Then we obtain the following
-sls
Lemma 18. QL(h) sd,QO(h)'

The proof follows from Lemma 16.

We now decompose the blocks Nk(h)' The following theorem 1is

of the key importance for the algorithm.
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Theorem 19.
1) The olg x Ax matrix N (h) can be presented as Qo(h)C"k,
where Qo(h) contains only zeros and ones and C"k is the

St k L

gL 3

matrix Z.:wk(p y )Sd'.

Lo
2) Further, C" = 1 @ Cps-k{ where Cps-\: is the core matrix
of DFT(p® ¥:1).

Proof of the assertion 1).

-l

N () = 37 (p%y"E yo, (h)+0xa(n) = (35)
St Lgok L ol k L L
D Wy T s n) = () D w5 ysgE - ey
L=0 - =0

The matrix C"k in the last equation does not depend on h.
We delay the proof of the assertion 2) in order to bring in
a few remarks.

Remark. C"k and Qo(h) both belong to the same comnutative
group algebra and hence commute.

The matrices Qo(h) contain only zeros and ones ( cf. with
the example below ), and hence do not affect the
multiplicative complexity. At the same time, most of the
entries of the matrix C"k turn out to be zeros.

Example (3]. The 8x8 ©block on the DIAGRAM IV, which
corresponds to the core step of DFT(3:2) can be factored as

product QxC" where Q 1is

k’
if1 1. 0 1.0 0 0 o 1|
llo 1.1 0 1 0 0 o ||
llTo o 1. 1 0 1 o0 o |I
llo o o 1 1 0 1 o |l
lfo o o 0 1 1 o0 1 ||
Ity o o o0 o 1 1 o |I
illo 1.0 0 o o 1 1 I
Il o 1. 0 o o0 o0 1 |l
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0 0 wi-1 0 o 0 wi-1 o

And S" 18
:: wi-1 o 0 0 wi-1 0 0 0 ::
}: o w-1 0 0 0 w-1 0 (1] l:
Il o 0 w-1 0 0 0 w'-1 ]
| 2 N
Il o 0 0 w-1 0 0 0 w'-=1 11|
I 2 1 |
Il wo=1 o 0 0 w-1 0 0 0 Il
) 2 ;|
Il 0 w-1 o 0 0 w-1 0 0 I
i Il
I N
I I
] I

0 0 0 wz-l 0 0 0 v -1
vhere v-e2“1/3.
In this example we are given only one matrix Nk(h), 80 we
are not able to demostrate very much. The example of
DFT(9°2) which contains different blocks and different
factorizations, can be found in Chapter 1I.

We observe that the matrix (g-I‘Q C3, where C3 is the the

core matrix of DFT(3:1).

Proof of the assertion 2).

"

The matrix C is given by the following equation:

k

-4

o= Iy T)s T (36)
=0

Here yv is a generator of a8 multiplicative group of the

ring Zq, which wve will denote by y. At the same time,

sﬁf-s;fgxr : (37)
Hence
[ i | L L | ) L L
Com 25 W (F)8T=(2 W, (F)56) @ Ip = (38)
.a0 L=0
CP""O Ig

where
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<LycL -k-1
Cpe= D W (FMIsy,  , and pe= (p-1)p° (39)

We compare the equations (39) and (24) and observe that the
natrix CPsJ corresponds to the core step of DFT(p'-k:l).
Thus for the second time in this algorithm we have found
that the subroutines for the DFT on lower number of points

come up as steps of the algorithm with higher nuaber of

points.

We conclude this part of discussion, bringing together the
decomposition of Hk(h):

M (h) = (Q,(h) (Cpg-u.lso )) @ Ep; (40)

XII. THE CORE - BRINGING PIECES TOGETHER.

The decomposition of M 1is given by equations (25) and

k
(40) and we are going to bring them together. In order to do

this we observe that the only term in the right hand side of

(40) which depends on h 1is Qo(h).

Theorem 20. (The factorization of the core).

S~ | _
M= Eiolchk o Bp », Where Qk contains only 2zeros and ones
and Ck';I‘P(s-le\-l) ® Cp,,k.
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Proof.
Hk- ;— sps—k(h) - | (Qo(h)'(cps_k‘ I‘- ) @ Epl - (41)
-Ren’
( 2 Sp;-u(h) ® (Qo(h)‘(cps-k‘ IK‘ ))) o Epu -
A\ E W
(E :sps-k(h) ©® Qo(h)) (IP“-ILX"-')D cp““OIU' ) @ Epn -
Rel/
Qk'Ek o Ep , where

Rew

[ ¢ I, =
AL K

-1

Py (T Co-kXn-id Py 7= Tgps-wxa-d® C g,

'y OCps-k
Here the matrix Qk contains only zeroes and ones, while the
matrix (Ip(""x"-l)'r ) .Cp,_. has the block-diagonal shape and

p(s-k)(n-l)

consists of & identical square blocks. Each of

the blocks is a copy of the core matrix of DFT(p'-k:l).

This concludes the proof of Theorem 20.

CONCLUSION

We now bring together the pieces of the Algorithm.

It will proceed as follows:

1) We calculate ’A\(O)-ZA(a), as defined in (13) and (14).
AE€ZLr)

2) Let A ={A(t)]teD*}. «

s -
Let Mc-Qka.Ep‘ as given in Theorem 20.
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Let Hg 0 -I-H:, vhere I 1is the permutation matrix of the
»

inversion mapping I:U(Zq(n))-->U(Zq(n)) (see (21),(22)), 1let

further
$ .= - -L
HL,K HL,KOEpt,p"' H‘(;.:O‘ Ep",p‘ , a8 given in (18)

and Leama 8.

- M®
We calculate BL,K HL,iAk for all K and L.

Remark. As wve have shown in Lemma 7, for K+L2s no
calculations should be performed since then HL K is a zero
matrix.

3) We calculate the output of DFT(p':n):

S
?(b)-?(0)+ZnL K(T-l(b)), as given by (13) and (14).
X0

XIII. SUMMARY.

1). In Section I we introduced the conception of a locally

irreducible polynomial over a local ring. We further used

this idea to define ring Zq(n), q-p', wvhich combined the
properties of a finite field with those of the ring of
integers modulo pk.we have shown in Section II that Zq(n)
can be conveniently used to index DFT(p':n) and established
the necessary notation.

2). We analyzed the algebraic structure of 2Zq(n) 1in
Sections III and IV. Theorem 3 (Section III) describes the
structure of the wunit group of Zq(n) and Theorem 4

(Section IV) describes the structure of the set of =zero
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divisors of Zq(n) and the (multiplicative) action of of the
unit group on 1{t.

3). We linked the structures of Zq(n) as 8 ring and as a
module (over Zq) in Section V. Thus we justified the reasons
for bringing up the ring structure on the first place.

4). We factored the DFT(p':n) equations as collection of
Steps, corresponding to different ideals of 2Zq(n) 1in
Section VI. It was further shown that some of the steps will
involve no calculations 4in the algorithm (cf.Lemma 7,
Section VII), whereas the others can be reduced to the Core
step equations of DFT(pr:n), for some r<s (cf. Theorem 9,
Section VII). By Core step we meant the step, corresponding
to the unit group of Zq(n). Thus we have shown that the
problenm of evaluating DFT(p':n) can be reduced to the
problems of multiplying of a vector by the core matrix of
DFT(pr;n) for r=1l,...s. This problem was discussed 1in
Sections VIII-XII.

5). We have observed in Section VIII that the core matrix M,
can be viewed as an element of a representation of a certain
group algebra. This allowed us to further subdivide the
problem into smaller ones (see Section IX). On the matrix
language, we subdivided Mc into a collection of smaller
blocks, corresponding to the different cosets of the unit
group.

6). We analyzed the structure of a single block 1in
Section XI. Some additional information about the ring

Zq(n) was obtained in Section X: We found out how the
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elements of the base ring Zq are distributed 1in Zq(n) (see
Theorem 13). Using this informstion, we factored a single
block in Section XI (Theoreas 17 and 19).

7). Finally, we extended these factorizations to the core
itself (Section XII, Theorem 20). Theorem 20 gives us the
schenme for the algorithnm; it also shows that all
multiplications in DFT(p‘;n) can be performed as part of the

core steps of one-dimensional transforms DFT(p':l).

Efficient subroutines which handle these tasks had been
written for l-dimensional Winograd”s algorithm and thus can
be used for our algoritham.

8). The whole algorithm can be considered as a step in
calculation of general multi-dimensional Discrete Transform,
with number of points along each axis not necessary prime
and number of points along different axes varying. One can
obtain an slgorithm for this kind of problem, incorporating
the algorithms similar to one we described using different

techniques.
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APPENDIX: THE BLOCK-SCHEME OF THE ALGORITHM

We conclude this Chapter with a brief step-by-step scheme
of the Algorithm. This block-scheme should not be considered
as a computer program. Exact implementation of it will {mply
tremendous waste of storage and aultiple wunnecessary
assignments, since the numerous intermediate arrays we
introduce below are 1included w@mostly for the reader’s
convenience and not for the efficient use of storage.

The reader will observe that we will use elements of Zq(n)
instead of subscripts. Thus,

Nne={

i
A(ao,al,... .n-l) = A(a), for ‘-;;:1“ €Zq(n).
Further, wve will consider some multi-dimensional arrays as

one~dimensional. This equivalence will be done 1in PLI

manner, rather than in FORTRAN"s. Thus, the elements of sonme
2-dimensional 2x2 array M may be considered as a one-

dimensional array {M(1,1),M(2,1),M(1,2),M(2,2))} of length 4.

Remark. Certain information about the indexation ring will
be necessary to proceed with construction. Thus, we will
assume that ve performed the following computations:

1). We have found a 1locally irreducible polynomial fé&Zq,
deg(f)=n.

2). We are able to reconstruct the subsets Dk of Zq(n), as
defined in Section III.

3). We have found a generator x of subgroup G of U(Zq(n)).

4). We can order and list the elements of Dk as cosets under
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the action of cyclic subgroups of c*® (see Theorem 4).
In other words, we are able to present any element of Zq(n)
in the form given in Corollary of Theorem 4.
5). We are able to compute the values of permutations T

( see Section V) and I ( see Section VII).

INPUT: n-dimensional array A with ps points along each
axis.
OUTPUT: n~dimensional array A with pB points along each

axis.

=> STEP 1. Define constant Z as the sum of all entries of A,

i.e. 2= Z:A(a).
A€ Zolr)
=»> STEP 2. For all k=0,1,.. g-1 define n~dimensional arrays

s-k-1 s~k-1

Ak with (pn-l)p points along the first axis and p

along any of the other axes. Store elements of A in Ak as

follows:

k k K Kp-l
I S B VO R i)

n-1

for all a€D*, let Ak(K,k

A(a). Thus for every k, Ak will contain exactly elements of

p¥,

=> STEP 3. For all k,L=0,1,.. 8-1 define n-dimensional

arrays B o Let B be an array of the same size as A

L,K L,K L

( BL K will contain the output from (L,K)-th step of the

algorithm, see Sections VI and VII).

=> STEP 4. Perform STEPS 5-8 for all k=0,1,..s8~1

1=0,1,..8-1: than proceed to STEP 9.

=> STEP 5. Define n-dimensional array Ki " with (pn-l)p(s-k-
L-1)

points along first axis and p(8-k-L-1) points along
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other axes. Calculate and store sums as follows:

AL,K 1°°° ) - 2 Ak(j,jl,... jn_l ). where

suomation is taken over all n~tuples (j.jl,..jn_l) such that
s-k-L-1

(k,k k

n-1

for every {i=1,..n-1 ji=k1 (mod »p ) and gsfi(nod

(pm-1)p* KL,

REMARK. Arrnyl'x will be used as the input for the core

L,K
step of DFT(p'-k-L tn). The output will be stored into

arrnys‘i which we will define next.

L,K’
=> STEP 6. Define arrny‘iL gk 88 a n-dimensional array of the
»

same size as KL,K

=> STEP 7. Call SUBROUTINE C(AL,K'BL,K’p

subroutine, described below, will compute the core step of
s-k-L

»8~-K-L,n) (This

the DFT(p tn) ).

=> STEP 8. Store output ii.x in array BL,K as follows:

Let BL,K(i’Ll"" Ln-l);FL,K(I;Jl"’ 3 -1)» vhere for every
i=1,..n-1 Lifji(nod p'~k-L-l )and'izf(uod (p“-l)p'mk_L.1 ).
REMARK. BL,K is the output from the (L,K)-th step of the
algorithm, cf.(16).

=> STEP 9. Perform additions as follows: for every
L=0,1,..s-1 and beDl, 1let

Avy=z+ ?.:O,BL,K(I,LI,.. L__, ), vhere b-pLy-f'hlL‘. h::? .

=> STEP 10. Permute the output array A as follows: For

every a€Zq(n), let

A(a)-A(T-l(a)), vhere T is as defined in Section 5.
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SUBROUTINE C(A,B,p,s,n).
This subroutine computes the core step of DFT(p':n).
INPUT: n-dimensional array A with p('-l)(pn-l) points

(s-1)

along first axis and p points along all others.

OUTPUT: n-dimensional array B of the same size.

=> STEP Cl. Define arrays Ak for k=0,. s-1 as exact copies
of A.

=> STEP C2. Perform STEPS C3-Cll1 for all k=0,.. s-1. Then
proceed to STEP Cl2.

=> STEP C3. Multiply array Ak by matrix Qk. Here Ak 1is
considered as 1-dimensional array (see REMARK at the
beginning of this Appendix). Matrix Qk is defined 1in
Section XII and contains only zeros and ones. Thus, this
step will involve only additions.

We store the output back into Ak.

=> STEP C4. Apply permutation Pk to Ak (see proof of
Theorem 20 for definition of Pk).

REMARK. As given in Theorem 20, we will have to multiply Ak

by block-diagonal matrix C,,This will be done in a loop.

k.
=> STEP C5. Define arrays X,Y,Z. Let X be s one-dimensional

array of length p('-l)(p-l). Let Y and Z be one-dimensional

arrays of 1length (p-l)pe-k-1 « Let H-(p“-l)p('-l)(“-k)

/(p-1). Perform STEPS C6-C1l0 for all m=0,1,..M-1.
=> STEP C6. For all 1=1,..p{* 1) (p-1) 1et

x<1)-Ak(1+mp("1)(p-l)).

s~k-1

=> STEP C7. For all i=1,..(p-1)p let

Y(ir-z:X(j), vhere summation is taken over all j¥i (mod
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s—k-1

(p-1)p ).
=> STEP C8. Call SUBROUTINE W(Y,Z,p,s-k). (This subroutine
conpﬁtes the core step of one-dimensional DPT(p.-k,l) ).

Here Y is the input and Z {s the output of the subroutine.
=> STEP C9. For all f=1,..(p-1)p® K 1et

s-k-1

X(1)=2(3j), where 1¥) ( mod (p-1)p ).

s-k let

=> STEP C10. For all i=1,...(p-1)p
Ak (14a(p-1)p"¢*"1) yax(1).
=> STEP Cl1l. Apply perautation Pk-l to the array Ak.
=> STEP Cl2. Compute array B‘ as follows: For every
1=1,2,..(p"-1)p"(*"1) 1 B(i)-gE:Ak(i).

=0

REMARK. On the last STEP of this subroutine we will view B

as n-dimensional array indexed by elements of the unit group

k, k Ka-
h.l. N=¢

L] hn-l

of 2q(n). Thus, let B(a)-B(k.kl.kz,.. kn_l) for a=y
s> STEP Cl13. Apply the 1inverse permutation to array B
(cf.(21)).

Let B(a)=B(a ') for all a.

REMARK. As the reader sees, we did not perform any

multiplications in this subroutine. All multiplications are

performed in Winograd”s core subroutine W.

SUBROUTINE W(A,B,p,s).
This subroutine computes the core step of l-dimensional
DFT(p':l) as described 1in Winograd“s works. (cf.[2]).
Numerious papers describing efficient {implementations of

this subroutine have been published. See, for example, [4]).
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CHAPTER 1I1.

O. INTRODUCTION

We will now present one more algorithm for DFT(pzzn), which
uses the same ring structure for the indexation purposes.
This other algorithm will be given first as an example
( DFT(9:2) ) and will be justified in the next Chapter. The
notation which we are going to use will be compatible with
Chapters I and II.

The reader will observe that the algorithm we are about to
present will combine some features of Winograd type
algorithm (cf.[2]) with construction, similar to the one

appearing in the Cooley-Tukey algorithm ( c¢f. [1] ).

I. ANOTHER ALGORITHM FOR DFT(9:2).

The input data for the Finite Fourier Transform on 9 by 9
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points is given as a 9 by 9 array A(K,L), where K,L=0,1,..8.
Let us rearrange the data into the one-dimensional array B

of léngth 81 as shown in the following table:

TABLE I.
R e T T L L L LT L e L L T T +
| B(O) = A(0,0) | B(27) = A(0,2) | B(54) = A(1,7) |
| B(l) = A(3,0) | B(28) = A(5,4) | B(55) = A(6,7) |
| B(2) = A(6,6) | B(29) = A(2,0) | B(S6) = A(7,8) |
| B(3) = A(0,6) | B(30) = A(4,4) | B(57) = A(1,6) |
| B(4) = A(6,3) | B(31) = A(0,7) | B(58) = A(8,5) |
| B(5) = A(6,0) | B(32) = A(4,5) | B(59) = A(6,8) |
| B(6) = A(3,3) | B(33) = A(1,3) | B(60) = A(5,1) |
| B(7) = A(0,3) | B(34) = A(5,8) | B(61) = A(8,3) |
| B(8) = A(3,6) | B(35) = A(3,8) | B(62) = A(1,4) |
| B(9) = A(1,0) | B(36) = A(8,4) | B(63) = A(3,1) |
| B(10) = A(2,2) | B(37) = A(8,6) | B(64) = A(4,8) |
| B(l11) = A(0,8) | B(38) = A(4,1) | B(65) = A(4,6) |
| B(12) = A(2,7) | B(39) = A(6,1) | B(66) = A(5,2) |
| B(13) = A(8,0) | B(40) = A(1,5) | B(67) = A(6,5) |
| B(l4) = A(7,7) | B(41) = A(4,3) | B(68) = A(2,4) |
I B(1S5) = A(O0,1) | B(42) = A(2,5) | B(69) = A(5,3) |
| B(16) = A(7,2) | B(43) = A(3,5) | B(70) = A(4,7) |
| B(17) = A(4,0) | B(4&) = A(5,7) | B(71) = A(3,4) |
| B(18) = A(8,8) | B(45) = A(5,6) | B(72) = A(7,5) |
| B(19) = A(0,5) | B(46) = A(7,4) | B(73) = A(7,6) |
| BC20) = A(B8,1) | B(47) = A(6,6) | B(74) = A(2,8) |
| B(21) = A(5,0) | B(48) = A(4,2) | B(75) = A(6,2) |
| B(22) = A(1,1) | B(49) = A(7,3) | B(76) = A(8,7) |
| B(23) = A(0,4) | B(50) = A(8,2) | B(77) = A(2,3) |
| B(24) = A(1,8) | B(S51) = A(3,2) | B(78) = A(7,1) |
| B(25) = A(7,0) | B(52) = A(2,1) | B(79) = A(3,7) |
| B(26) = A(5,5) | B(53) = A(2,6) | B(80) = A(1,2) |
R e LT Y et L B T R Rt L L e LT +

Analogously we define a one-dimensional array ﬁ of length
81 which will correspond to the two-dimensional output

A
A(K,L), where K,L=0,1,. 8, as follows:
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TABLE II
R e LT e L T it T +
| Bc0) =4¢0,0) | B(27) = R(0,5) | B(54) = R(2,5) |
| (1) = 4(3,0) | B(28) = 2(1,8) | B(55) = £¢6,4) |
| B¢2) = &(3,3) | B(29) = 2¢(5,0) | 4(56) -’k(s 7) |
| B(3) = 2(0,6) | B(30) = A(8,8) | 4AB(57) = 4A(1,6) |
| B(s) = &(3.6) | B(31) = R(0.4) | B(58) = R(1.4) |
| B(5) = %(6,0) | B(32) = A(8,1) | 4#B(59) = 4(6,8) |
| (6) = %(6,6) | “B(33) = %(1,3) | B(60) = A(4,8) |
| B(7) = %(0,3) | “B(34) = R¢4,1) | B(61) = 4(8,3) |
| B(8) = 2&(6,3) | “B(3s5) = A(3,8) | B(62) = X(8,5) |
| 8¢9) = %&(1,0) | B(36) = &(1,5) | B(63) = 4&(3,1) |
| (10) = R(7,7) | B(37) = 4(8,6) | B(64) = A(5,1) |
| #¢11) = £¢0,8) | #(38) = &(5,8) | B(65) = 4(7,6) |
| B(12) = 2(7,2) | “B(39) = 4¢6,1) | 4B(66) = &(7,1) |
| #(13) = %(8,0) | B(40) = A(8,4) | #B(67) = %(6,2) |
| B(14) = 2(2,2) | B(s1) = R¢7,3) | 4(68) = &(1,2) |
| B(15) = 2(0,1) | B(s2) = 4(1,7) | B(69) = %(2,3) |
| B(16) = X(2,7) | B(43) = R(3,2) | 4B(70) = £(2,8) |
| B(17) = ®(7,0) | 4B(44) = %(7,8) | B(71) = £(3,7) |
| B(18) = &(4,6) | B(4S5) = R(2,6) | B(72) = 4(8,7) |
| B(19) = %(0,2) | 4B¢46) = 2(8,2) | B(73) = R(¢4,6) |
| B(20) = R(4,5) | Ba7) = &(6,7) | B(74) = £¢4,7) |
| B(21) = X(2,0) | “B(48) = 4(2,1) | 42B(75) = %(¢6,5) |
| B¢22) = &K(5,5) | B(49) = R(4,3) | 4B(76) = t(7,5) |
| #(23) = %(0,7) | B(50) = &(7,4) | B(77) = %(5,3) |
| B(24) = R(5,4) | B(51) = R(3,5) | “B(78) = 2(5,2) |
| B(25) = R(4,0) | B(52) = A(4,2) | B(79) = 2(3,4) |
| B(26) = R(1,1) | “B(53) = &(5,6) | B(80) = ®(2,4) |
e it Y et DL TP R ittt +

The permutations presented in the Tables I and II are
once again connected with the underlying ring structure and
will be justified in the next Chapter.

The finite Fourier transform on 9x9 points is8 given by the

following equations:
S 8 A

A
2R -ZE v eIk, Ly, (1)

K=0 L=O
where K and 1 range from O to 8 and w _e2a1/9.

We will write the Finite Fourier transform operator 1in
the matrix form as follows:

2=7F x B, (2)

where F is an 81 by 81 matrix.
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all the details one sees that the matrix

F has the following block structure:

After writing out

+—t———t———_—t——— e —_————_—— b, ——— b —— e b b ——— ——— ¢
] ! [} [} ] ] ] [} ] ] ] )
1 ] t (2] [} o~ t - ] 4] ) o~ [} - ] oy ] o~ ] - ]
[ | -4 ] (2 | o 1 (e} 1 o~ ] ~ J o~ 1 - [} — ] - !
1 ! ! Q [} Q ] (& ] ] (8] ] [&] ] (& ] t (8] [} (8] ] (8] ]
] 1 ] ] ] ] ] ] 1 ] ] ]
t—t—————— b — b ——— b, b b b ——— ——— %
] ] [} ] ] ] [} ] ] [] ! [}
[] ] ! o~ ] -l ] ™ ] ™~ ] i ! [2g] ] o~ ] — [} [1q] ]
[ I ) = [} ™ ] [ } ™ 1 o~ ] o~ ] o~ ' - [} — ] -4 ]
] ] ] [&] ! (8] 1 (8] ! (8] ] (&) ] (&) [} [&)] [} (8] [} (&) !
[} ] ] ] 1 ] ] ] ] ] ] ]
t—t——— b ——— bt b b b b b ———— 4
] ! ] (] ] ] t ] ] ] [} ]
} [} ] -t ] L2g] ' o~ ] 4 ] o ] o~ ] -t ] o ] ™~ ]
[ | = t (2] \ (2] ] () \ ~ ] o~ ] o~ ] - ] - ] -t 1
[} ! I (8] [} (8] ] (8] ] (&) ] (8] ] (8] ] [$] ] (] ] o ]
} ] ] } ] ] ] ] ] ] [} ]
t—t———t——— Y ——————— b b — b ——— ——— ¢
[} [} ] ] ] [} [} [} ( [} ] ]
] t [} [3a] ] ()] ] - [] [1a] ] o~ ! - ] o 1] o~ ] L) ]
P~ -4 ' o~ ] o~ ] o~ ! — [} - ] —t 1 (4] ] (2] ] (4] !
] ] [} (& ] ] (8] ] [&] ] (8] | [&] ! (8] 1 [$] ] (8] ) [&] [}
] ] ] ] ] ] ] ] ] 1 [} 1
t—t——————_———— bt — b — b ——— b ———— ¢
[} ] ] ' ] ] } ] [} ] ] ]
] 1 ] o~ [} — 1 [1g] ] o~ t - ] L] ] ~ 1 ~ ] ” [}
[ ) = ) o~ ] o~ ] o~ ] - ] — 1 —t ] ™ ] ™ ] (2] }
[} [} [} Q t (& ] [&] ] (8] ' [$] ] (&) ] [ &] 1 (&) ] (&) [}
] ] ] ] ] ] | ] ] ] ] ]
t—t——— b — bbb b e b e b ——— ¢
[} ] ] 1 ] ] ! ! [} ] ] ]
] L] ] (] ] [1g] [} o~ ] -t ] [2g] t o~ [ ~t ] [1a} ) o~ ]
[ | = ] o~ ) o~ ! o~ [} - | - t - ] () ] (2] [} (4] ]
] [} ] (] ] (8] [} (8] ] (&) 1 (8] ) (6] ) (& ] [} (8] 1 (& ] [}
] ] ] ] } ] 1 ] ] ] ] ]
+|+|'|+|I|.|+|..||+lll|+l-'ll+||'+|l||+|.||+.||l+|ll|+
] ] ] ] 1 ] 1 ] ] [} ] [}
[} ] [} (g} ! o~ ] — ] (0] ] o~ ! — ] (0] ] ~N ] - [}
[ I | = ! — ) —t [} —t ] ™ [} (4] ] ™ t o~ ] o~ } o~ ]
] [} ] (8] ] (8] [} (&) [} Q [} (&) ] (&) ] [ &) } (8] ] (8] [}
[} [} [} | [} ] ] ) ] ] ] [}
t—t——— b b b b b e e b ——— 4
[} ) ] [} ] [} [} ] ] ] [} ]
] ] ] o~ ] - ] (g ] ! (5] ! - ] [2e] ] N ! -t ] [1a] ]
[ I | = ] —t ] -t ] —t ] (20} [] [} ) [.g} | o~ [} o~ ] o~ t
] ] ] (4] ] [&] [} (8] [} Q ) (8] [} (& ] ! Q ] Q [} (8] }
} ] ] | 1 ] ] ] } ] ] }
t—t—m——tr—— b b — b b b e b b ——— ¢
[} ] [] ! ] [] ] ] [} ] [} [}
1 ] ] - ] o ] o~ ] —4 ] [1a] ' o~ ] - 1 [2g] ] o~ ]
[ I | -4 [} - ] — ! — ] (2] [} ™ [} ™ [} ~ [} o~ [} o~ ]
[} [} [} [&] ! (8] ) (&) t (8] [} (& ] ] (8] } (& ] (8] ] (& J
] [} ] } 1 ] ] ] ] ] ] }
t——_——t——— bt — b b b, e e e ———
] 1 ] ! ! L] [ ] ] ] ] ]
] ] ] ] ! ] ] ] ! ! ] ]
1w | - t -4 ] = ] = ] = ' = ' = [} = [} = [} = ]
[} ' [} [} [} ] 1 1 [} ] ] ]
] [} ] 1 ] ] [} 1 ] ] ! ]
t—t———t——— e — bt b ——— b ———  ——— &
[ I | - ] -t ] -t ] —t ] - ] - ] — ] -t ] -t ] —t ]
t—t———t————————— b ——— e ———— e ————— ——— %

all blocks

contain only entries equal to 1.

'l’
Let C be the 72x72 matrix containing the blocks Cll,

Here the blocks Cij and N are 8 by 8 matrices,

denoted by
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C2=cyc(C21,C22,C23),

69

€C33. Then C=cyc(C1,C2,C3), where Cl=cyc(Cl1,C12,Cl13),

Cl=cyc(C31,C32,C33). We will say that C

is tﬁe core of the two-dimensional FFT on 9x9 points. Let

v _e2ﬂ1/9. Then the described blocks are:
N = cyec ( w3,v6,1 ,w6,w6,93,1 ,93)
Cll = cye ( wl,vz,l ,wz,v ,w’.l ,w7)
Cl2 = cyc ( w ,ws.l W, W ,vl,l ,wl)
Cl3 = cyec ( w ,ws.l ,vs,vz,w4.l ,w“)
C21 = cye ( w ,ws,w3,w , W ,wa,w6,w1)
C22 = cyec ( wa,wz,w3.w YW, W ,w6,wk)
C23 = cyc ( w7,w8,w3,v ,vz,vl.w6,v7)
C31 = cye ( wl,ws.ws,ws,vs,wl,va,vk)
C32 = cye ( w‘,ws,w6,w W ,w‘,vs,w7)
C33 = cyc ( w7,w2,w6,w8,w2.w7.w3,w1)

We will now introduce a few more 8x8 matrices.

D1l = Cl1
D12 = Cl1
D13 = (C1l1
D21 = C21
D22 = C21
D23 = (21
D31 = 31
D32 = (C31
D33 = C31

Then 1f

D = (18QF3QI3)C(18.F3

+

+w3012

+w6C12

+w6C13

+w3013

+ C22

+93022

+ €23

+wlc23

3

+w6C22 +w C23

+ €33

+w6C33

+w3C33

+ €32
+w3032
+w6C32

we define

D = cyc( D1,

D2

Cl2 + (C13 = 3-¢cyec( O ,0

Jecye( O ,w
Jecye( wl,O
3ecye( O ,0
3ecye( O ,w
3ecye( wl,O
3ecyc( O ,0
3ecyc( O ,w8
3ecye( wl,O

1
013).

, D3 ), where

5 o

We define:
1,0 ,0 ,0

2 8

1,0 )

2.0 yw ,w ,0 ,0 ,0 )

7

yw ,0 ’w7)

w80

,0 ,0 ,0

,93,0 ,0 ,0

,ws,wa,o ,0 ,0 )

,0 ,0 ,0 ’wl.oo ’wl)

w80 .0 ,0 ,v%0)

)wspwaio ,0 'O )

RPLIY St

,0

,0 ,0 ,0

(3)
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D1 = diag(Dil, D12, Di3), 1=1,2,3

We repeat this procedure once more. Let

El1l1 = D11 + D21 + D31 = 9 ¢cye( O ,0 ,0 ,0 ,0 ,0 ,0 ,0)

E21 = DI1 +w>D21 +w®D31 = 9 cye¢ 0 ,0 ,1 ,0 ,0 ,0 ,0 ,0 )
E31 = p11 +v®p21 +w¥p31 = 9 cyec 0 ,0 ,0 ,0 ,0 ,0 ,1 ,0)
E12 = D12 + D22 + D32 = 9 cyc( 0 ,0 ,0 ,0 ,w>,0 ,0 ,0 )
E22 = D12 +w°D22 +w®D32 = 9 cye( 0 ,0 ,0 ,w?,0 ,0 ,0 ,0 )

E32 = D12 +w®D22 +w D32 = 9 cyc( O ,w?,0 ,0 ,0 ,0 ,0 ,0 )

E13 = D13 + D23 + D33 = 9 cyc( w',0 ,0 ,0 ,0 ,0 ,0 ,0 )
E23 = D13 +wD23 +w®D33 = 9 cyc( 0 ,0 ,0 ,0 ,0 ,w .0 ,0 )
£33 = D13 +w®p23 +v®D33 = 9 cyc( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,v)

Then, if we define

z-(xuo r3)xnx(1“o r3'1), (4)

E=diag(Ell, E21, E31, E12, E22, E23, E13, E23, E33)
Combining (3) and (4), we obtain:
-1 ~1
E=(1,,0 F3)(1,0F,@1,)C(1,0F, ® I,)(I,,@8 Fy )  (5)

and hence in order to calculate CxX, where X is a vector of

length 72, one should calculate

1

(10 F, 7 '@1,) (1,0 Fy 1 )E(T, @F, ) (10F,1,)V (6)

Rere
(I,,@ Fy)(Ig0F10I;) = (IB1,8F,) (10 F.0l,) = (7)
= Igo ( (Fy@ I3)(I;@ F3) ) = Iz® Fu@ Fy

Then

“lo r,"HE(10 Fie PV (8)

C = (180 F3
and wve can use the algorithm described in [3] to calculate

Ffﬁ F3 and the inverse transform.

Thus the core step of the algorithm will have three
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following stages:

1) We apply DFT(3:2) 8 times to the input 9-tuples (these
9-tu§1en will be described i{in Chapter IV).

2) We multiply an input vector of length 72 by matrix E.

3) We apply the inverse DFT(3:2) 8 times.
It is easy to see that the second stage will require 40
essential wmultiplications, while the first and the third

will need 8N each, where N3 is the numnber of essential

3
multiplications, needed to compute DFT(3:2). Altogether we
will need loO+16N3 essential multiplications for the core
step.
The remaining part of the computations is connected with
8x8 block N, where
N = cyc ( w3,v6,l ,06,w6,w3,1 ,wa)

We observe that N is nothing else than the matrix of
DFT(3:2) and hence the algorithm described in [3] will once
more be applicable.

Thus the wmultiplication of N by a vector of length 8,
which 1is to be done twice, requires N3 multiplications.
Altogether we have 60+18N3 multiplications. N3 becomes 4 1f
we use the algorithm [3] and thus wve conclude that the

described DFT(9:2) algoritha will require 112 essential

multiplications.
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II. THE ALGORITHM FOR DFT(9:2): SUMMARY.

We conclude this section with a brief step-by-step scheme

of the algorithm.

ms=)> STEP 1. Calculate the sum of the elements of A(K,L) and
store 1t at A(0,0).

e=> STEP 2. Store B(2),B(3)... B(8) as a one~-dimensional
array BNl of length 8 (cf. Table I).

w=> STEP 3. Store B(9),B(10),..B(80) as a two-dimensional
9x8 array BC. The following diagram displays the

distribution of the elements of A in the array BC.

TABLE III.
BC: \ J 1 2 3 4 S 6 7 8
I\ +----- ¥ . $mmmme $mmmmm $ocmee T PO $ommme +
1 f¢(1,0)1¢2,2)1¢0,8)1(¢2,7)1(¢8,0)1(¢7,7)1(0,1)1(7,2)]
2 1¢4.0)108.81€0.591¢8.121¢5.051¢1.11¢0.491¢1.891
3 107.09105.5)1¢0.291(5.8)1¢2,001¢4.891¢0.791¢4.551
o 101.3)105.8913.8)1¢8.8)1¢8.81¢4.1>1¢6.101¢1.591
5 108.39102.5)103.591¢5.7)1¢5.601¢7.0>1¢6.4)1¢4. 291
6 107.3108.2)103.2) 12,19 1¢2.6) 11,75 1¢6.771¢7. 891
7 10L.6) 18,59 106.8)1¢5.1)1¢8.3>1¢1.41¢3.171¢s.891
8 106.69105.2)106.5)1¢2.471¢5.391¢4.7)1¢3.471¢7.591
9 l?§'E;|ZZ'E§|ZE'E§|Z§';;|?E’E;IZ;'I;IZE';JIEI°§§|

(The entries are the subscripts of the corresponding

elements of A(K,L)).

Remark. One can see that the indices in any column of the

Table III are the same modulo 3. This event enables us to
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perform the transformation of the {input data rather
efficiently. We will give a justification {n next Chapter.

==> STEP 4. We consider each coluan of BC as input data for
the DFT(3:2) and perform the transform (Cf.[3] for an
efficient algorithm). After this step is completed, we store
the output back 1into BC. Then the first row of BC will
contain the sums of the entries which were 1in each column
before the Step 4. We store the first row of BC into a one-
dimensional array BN2.

wa> STEP 5. We nmultiply each row of BC by the corresponding
block of the matrix E. Thus the first row is nmultiplied by
Ell (which is zero matrix), the second by E21,.. the ninth
by E33. As shown above, the aultiplication by Eij 1is just
multiplication by a constant, followed by a cyclic shifte.
The output is stored back into BC.

=a)> STEP 6. We apply inverse DFT(3:2) to each column of BC
(cf. with the Step 4). The output is stored back into BC.
==)> STEP 7. We multiply BN2 by the matrix N. As shown 1in
[3], 1t can be done using only 4 multiplications. The
output is saved as 3(2),...@(8), or ?(3,0),.. ?{6,3) (cf.
Table II).

==)> STEP 8. We multiply BNl by N and store the output back
into BNl.

==)> STEP 9. We add BNl to each row of BC and store the
outputs back into BC.

==)> STEP 10. We unravel the data contained in the array BC

and store 1t as B(9),3(10),..8(80), or A(1,0),...2(2,4) (cf.
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Table II).

As will be shown in the next Chapter, the same scheme can
be applied not only for 9-32, but for any square of a prime

number.
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CHAPTER 1IV.

O. INTRODUCTION

In this Chapter we discuss a new algorithm for the n-
dimensional Finite Fourfier Transform on p2 points along each
axis, where p is a prime number (DFT(pz-n)). This algorithm
is logically based on the algebraic structures, presented in
Chapter II. In order to avoid numerious repetitions we will
restrict ourselves to the 1ist of definitions and results
from Chapter II used in this construction. The notation we
are going to use is fully compatible with Chapter II. The
reader interested in complete understanding of new algorithm
is thereby urged to read this Chapter after a certain level

of familiarity with Chapter II has been reached.
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We have introduced Zq(n), q-p', in Section 1 of
Chapter 1II. We will now recall the definitions in the

notation adjusted for the case s=2.

We start with local ring Zq of integers modulo q-pz, vhere

p is a prime. Let f€Zq[u), deg(f)=n be a locally irreducible

polynomial over Zq (cf.Chapter II, Section I). We define
2q(n)=2q[u}/<f(u)>. It was shown 1in Lemma 2, Chapter II,
that 2q(n) is a local ring with the maximal nilpotent ideal
(p) and the residue field 2p[u)/<f (u)>, where f°(u)€Zp[u]
is the image of f(u) in 2p{u] under the canonical ring

epimorphism Zq[u)-->Zplu).

We observe that Zq(n) contains p2n elements. Amongst them,
pn are zero divisors, pzn-pn are invertibdle. Let D be the
set of all zero divisors different from O; let U be the unit
group of Zq(n). The structure of the group U is given by

Theorem 3 of Chapter II1. For q-p2 we obtain:

Lemma 1.

Let H=1+(p), for i=0,1,..n-1 let

H(1) = {1+pkul | k=0,1,..p-1}). Then ® and H(1) are

subgroups of U; for every 1 H(1)%Zp and H -1§LH(1).
'

Furthermore, U = H @ G, where G 1is a cyclic subgroup of
order pn-l.

The proof follows from Theorem 3 of Chapter II.

We will introduce the following notation: 1let x be one of
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i

the generators of G. The elements h1-1+pu (1i=0,1,..n-1)

will generate subgroups H(1).

Thha, we can uniquely write any element of U as

ket k

ko, ky
hg Ohy V.ot h )

for some ko,kl,.. kn_l-o,l,.. p-1 and
k-O,l,..p"-Z (cf. Chapter II, Theorem ).

Similarly, any element of D can be uniquely written as pxk
for sone k-O,..pn-2. ( see Corollary after Theorea 4,

Chapter II ).

Let a= 3 'a,ul€ Zq(n), b-:E:b ule Zq(n). We define
29, : i=o !
<a,b> -Zaibii 2q and @(a)-ao

isgo
It was shown in Section V of Chapter II that there exists

a bijective homomorphism T of the additive structure of
Zq(n) such that the following equation holds for every
a,b€2q(n):

<a,Tb> = @(ab).

(cf.Theorem 5,Chapter II).

We now obtained all the information necessary to start the

construction of the algorithm.



78

I1. DFT(Q-N) AND THE STEPS OF THE ALGORITHM.

The Discrete Fourier Transform DFT(pzsn) is given by the

following equations. a2 e

IS FRRE ST 'lo:ol v Eldagg g, @)
®x20,x= ML
where AR : 2q® 2q ®.. @2q~—>0 and w-ebu/q.

n-|
i
For a Z;'i“ € Zq(n) we will write A(a)=A(a,,... a__,) and
A A.s—o
A(a)-A(ao,... .n-l) and wve will consifder A and A as

functions from Zq(n) to C. Using the previously established
notation, we rewrite the DFT equations (1) in the following

form:

Rvy= D w0 (2)
atzqoo

Using defined mapping T, we will rewrite (2) once more:

B(b)=A(T 'b)= D . V(ab)eA(a), (3)
aiZ‘(n)

where V(t)-uv(t); V-2Zq(n)-->C.

Following Section VI of Chapter 11 we will subdivide these

equations onto "Steps”. We rewrite (3):

B(0) = g(;(a) (4)
° ",
B(b) = A(O0) + Z V(ab)A(a) + z :V(:b)A(a).

a €D aeyU
for every bE€ED.

B(b) = ACD) + ), V(ab)A(a) + D} V(ab)A(a),
aed a€U
for every bEU.

Similarly to Section VI of Chapter Il we will 4introduce
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four Steps of the algorithm*

Let the (X.Y)~th Step of the algorithm be the problem of
the évaluation of sums

By y(b) = 2 v(ab)A(a) (5)

’ acY

for all b€X, where X,Y=D or U. Thus we are to perform 4
Steps: (p,p), (D,U), (U,D) and (U,U) and to add up the
results in order to evaluate (4).
Remark. Here our notation somewhat differs from the one
used in Chapter II. We recall that W(a)=V(a)-1l, where W was
defined in Chapter II. Further, our four Steps correspond
to Steps (1,1), (1.0), (0,1) and (0,0) as defined 1in

Chapter 1II.

We observe that the (D,D) Step will require no essential
multiplications. Indeed, every elements a,b€D can be written
as a=pa“, b=pb~ for some a“,b"€ Zq(n). Hence,
V(ab)-v(pza’b’)-V(O)-l and the equations (5) for (D,D) Step

can be written as

BD D(b) = z : A(a), for all be¢D. (6)
] Q‘)
Remark. This result 1is just a consequence of much more

general Lemma 7 of Chapter 1II.

In the next Section we will analyze the (D,U) and (U,D)
Steps. They will be handled in almost the same way as 1}
was done in Chapter II. The core or (U,U) Step will be
discussed in Section 4, where some new techniques will be

presented.
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Let us rewrite the equations (5) for the (D,U) Step first.
We recall that any element of D can be uniquely written as
pr for some L=0,1,.. pn-2 and any element of U can be
uniquely written as xkh for some k=0,1,.. p"-Z and h&EH.
Thus we are to calculate for all L=0,1,.. p“-2

B, ,(px")= ZE%V(pra)A(a)- 2o vipxtxFmas®) = (1)
’ Q

no ae¢yU
- 5 ' vipx Tl Z A(hx®)).
x=0 REH
Let B7(L)=B ,(px") and  AT(K)= D A(hx¥) for
X ’ X
K,L=0,1,.. p"-2. Let further
M= "VK*L" ( K,L-O,l..,. Pn'z ) be (Pn‘l) by (pn-l)

matrix. Thus 1in order to evaluate (7) we have to evaluate

the product B =MxA” for an arbitrary vector A~.

We will now similarly rewritefi for the (U,D) Step:

BU’D(hxk)- Z: V(hx*Xa)A(a)=
o€) L0

vipx Tlyacpxly, (8)

where a-pr and b-hxk

We define A”(K)-A(pxk) for all K=0,1,...p"-1 and
B"(L)-BU,D(th) for all L=0,1,.. pn-l. ( The right hand
side does not depend on h, as shown in (8)). Thus, (U,D)
Step 18 also reduced to the evaluation of B"=MxA" and
therefore 1is equivalent ( up to & certain number of

additions ) to the (D,U) Step.



81
Reuark. The reduction we applied to the (D,U) and (D,U) 1is
discussed in details in Section VII, Chapter II. It further
follows from there that M-1 can be permuted into the core
matrix of DFT(p:n), using the inverse permutation on U ( See
Chapter II, Section IX ). Note that by M-1 we understand
the matrix obtained from M by subtracting 1 from every
entry. The algorithm for the evaluatfon of DFT(p:n) {18

discussed in [2] and final Sections of Chapter II.

IV. (U,U) (OR CORE) STEP.

We now face the problem of the evaluation of

By y(®)= 23 V(ab)a(a) (9)
for all bQ U. Let Bo(b)-BU U(b ) for every element b of U.
We rewrite (9) as

Bo(b) = 23 V(ab ')A(a) (10)

aeyU
Every element t €U can be uniquely vritten as

h:°h:5. hn_t““xk. We will induce an order on U by

lexicographically ordering the (n+l)-tuples

(ko,k k k). Thus we can now rewrite (10) 1in the

1°° " "n-1"
following matrix form:
B = N x A, (11)
n, n n, n
where N is8 an p (p -1) by p (p -1) matrix. Repeating the

argument from Chapter II, Section IX, we observe that N can

be written as a sum of tensor products as follows:



- 82
ﬁ s™ on 19 (o s“' )xV(hg °h1“'.. o x*) (12)
K:=0

120 n-1

ﬁe recall that Fourier transform is the diagonalization
operator for the Shift operator S; more precisely, 1f F‘ is

the matrix of DFT(a*1l), then Fa‘ SJD F.-l {s the diagonal

matrix diag(l,vl.wz,... .-l), where w-ezjil‘. Let F be
the matrix (I - 1)Q(?;‘)l-‘p) We will partially diagonalize
N, using F. .
Lemma 2. Let N = F@N@ F . Then:

1). N is a block~diagonal matrix with pn blocks, each of
them being a (pn-l)x(pn-l) matrix.

2). Furthermore, these blocks are matrices

N(1, 1,...1“_1) - (13)
P"‘Z n-\ n-\ .
Z Z A}?,Pish)v(x"hojo .};’ 1) s% -1

K=0 j5=0,8320,1..
Proof. The proof follows from elementary properties of the
tensor product.

The next theorem 1is of key {mportance and justifies the
algorithm.
Theorem 3. Any of the circulant (pn-l) by (pn-l) matrices

a, b,
N(i,,1 ..1n_l) can be written as w S#,_lfor some

1°*°
2n n
a=0,1,... p""-1 and b=0,1,... p -2, where both a and b
depend on (10,11,..10_1).
Proof. Recall that the blocks N(l 1,... 1n_1) are given
by (13). We evaluate part of the right hand side of the

latter equation as follows:
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n-t .
2 KTT nis
w( s-opjsis )"' (x S=o hs” ) . (14)

n=) N=|

W(rastg), R D ps )y

S$=»o0
n-{ N}

WO 2D Picts) + R D pyuty)

$=0

We rewrite the exponents as follows:

If xk- zat(k)ut, then
t=0

n_t n-|
P23 1 +®(xK(14p S35 u®)) = (15)
Smpo 8 8 smo B
a=\ n-\ n-t

P21, 1, R, & (Ot (14p ST 5,u)) =
S=0 £~0 $=0
n=1| n—1 n-4

Ne=|
( (k)ub)+p P (( 1 )+(( (k)u®) £) -
22:,‘: ut)+p @ ?:—:’-e gat )u (EJ,..
n-\ nel o=\

8o (k)+p @2 3,1 )+ 233, ( T e, ()ut*?))) =

$=®0 sS=0 <+ =0

o=\ n-
8o (k)+p @( T 3 (1 + Zjat(k)u"”n-

$=0 <=0

Hence we can rewrite (13) as

M(1g, 10,00 1))
p-2  _n-t

- (16)
n—t

ne=l
t+s
wao(k)uPQ(”S.’ js(‘.""g.t(k)u ))s:n_l

=
K==0O 1,20,5:0,..
-2 PRI aad n—{ n-t

WK 3~ 1 p(FT3 15(1,+30a,(k0u*"%))) k
ts0

()]
=0 45%0,370,),.. §=0 p -1

- n=1{ (Rt Nt
ﬁ,a.(kxz: WPIs®IT (15433, (Du* )y e

=0 Jg=0,5201 tz0 P” -1
2 n-{ n-t -y

ﬁlwa.(k)(z ﬂ wPJsP(1,+Ea*_(k)ut"‘))sk -
% =0 J®0 S=0 t=0 -1
~-2 n=t o=l n-|

i:..h“"‘n > ij,<v(1s+f'~"_,at<k)u**‘>)su" .
k=0 $=0  yg=0 =e p -1

n-! S t¢s
We observe that z :ijsg(is"'g;a*(k)u ) =0, unless

Js=0



'
n=\ 8

( Ent(k)ut+.) = -1_ (modulo p) (17)
£=0

Hence in order to prove the assertion we have to show that

for fixed {_.1 .1 there {s at most one k, such that

0*"'1*"" " "“n-1
(17) holds for all s=0,1... p-1.

Let wus assume that (17) holds for kl and kz.'l'hen let

at-.t(:-l‘)-lt(kz). We assume that

Q( Z atut+')(0)'0 (mod p) for every =0,1,.. p-1 (18)
4+=0

We proceed with an informal induction: Let s=0. Then (18)

n=94

implies that ¥( Entut)lo, and hence ao'O (mod p). Next let
t=o0
T 41
s=1. Equation (18) implies that P ( Z't“
4t=0
ne-| 1
+an_l§(-f1u ))=0 (mod p), where fo,fl,.. fn-l are the
‘-

coefficients of the polynomial f(u) which has been used in
the definition of the ring. The latter expression is equal

to a fo.As is easy to see, the coefficlent fo has to be

n-1
relatively prime to p, since otherwise the polynomial
f°=(X[{u))(f) has less degree over Zq than f has over Zp.
Therefore, an_l'o (mod p).

.We will proceed with s=2,3,... and will analogously prove

that .(n-2)’ .(n-3)"" %0 (mod p). Thus we prove
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that at(kl)=nt(k2) (mod p) for every t. It 4implies that

l\—‘
.(nt(kl)-nt(kz))ut=0 (mod p). The left hand side 13
=0

equal to xk' -xkz and hence xkz(xk‘-kz -1) €D, where xka is

invertible. Therefore, xk'-kzelﬂ)-ﬂ. We conclude that

k| -kz

x =1, kl'kz (mod p"-l), and the assertion follows.

Recall that (U,U)-step of the construction is given by

equations (10)-(11). We will rewrite (l1) now:
-1
Bo (F

Thus, (U,U)-step is subdivided into three stages:

@ N ®F) x Ay (19)

=1
1. Multiplication by the matrix F=1 ., @ (® F ).
P -1 "X ] -] P

2. Multiplication by the matrix N-.
3. Multiplication by the matrix P-I-Ipn_lg (".;rp'l).

We observe that F 1s a tensor product of an {identity
matrix with the matrix of DFT(p'n): thus the algorithm of
[3] can be conveniently used (pn-l) times in the first
stage. We will further mention that DFT(p:n) can be applied
independently to the entries, indexed by different cosets of
H in U. Similarly, we will use the inverse DFT(p:n) (p"-1)
times for the third stage. Certain number of multiplications

( at most pn(pn-l) ) will be performed in the second stage.
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V. THE DATA TRANSFORMATIONS IN THE ALGORITHM.

As ve have seen. the first stage of (U,U) step of the
algorithm works independently on D and on the cosets of H in
u. Further, (D,U) step also can be split onto DFT(p:n)
calls using data indexed by different cosets of H. Finally,
(U,D) step uses only data, indexed by elements of D. We
observe that the multiplicative cosets of H are the additive
cosets of D. The problem we face is how to extract the data
indexed by a coset of D from an n-dimensional p2 by p2 by
e p2 input array A.

First, we observe that the data, indexed by D itself, {is
collected into a lattice in A: D is indexed by

(15,1;,-- 1 ), where pli, for every j. Analogously, the

n-1

h |
data 1indexed by a coset a+D=aeH (a€U) 1is 1indexed by

(10.11,... in-l)’ where ij is congruent to the j-th
coefficient of a modulo p.

Example. The Table III of Section III 41llustrates these
lattices for the case p=3,n=2.

The lattice structure of input allows us to transform the

data as follows:

We extract subarrays Aj|-(A(10,11,.. 1n-1)’ jl'in-l mod
P }. Then each of the arrays Aj.’ jro,l,..p-l, contains

p(n-l) cosets of D. We <consider the next 41index and

subdivide A onto A .
‘ 3, 3,9,

Remark. We start with the last or the first index depending

32'0.1.-- p-1, et cetera.

on the sequence of storing of the elements of an array used



87
by the software: 1t differs with the programming language.
The output transformation will proceed analogously, as shown
by tﬁe following
Lenma 4. T respects cosets of D, {.e. 1f a and b belong to

the same coset of D, then so do T(a) and T(b).

Proof.
Let b=a+pez, for some z€ 2q(n). Then
T(b)-T(a)=T(a+pz)-T(a)=T(a)+pT(z)-T(a)=pT(2), hence

T(b)=T(a)+pT(z), Q.E.D.
Remark. Extreme care should be exercised in the actual
progranming of this algorithm vith respect to the

permutations.
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