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INTRODUCTION.

Over the last twenty years, a number of Finite Fourier 

algorithms has been created in an effort to reduce the 

number of data-dependent operations required to compute an 

arbitrary sized 'Transform'.

The Cooley-Tukey Fast Fourier Transform algorithm (FFT,

see [1]), Introduced over 15 years ago, requires 0(Nlog(N))
2operations rather than 0(N ) (which will be necessary for

the 'trivial' algorithm, performing a straightforward matrix 

multiplication) to effect a one-dimensional Discrete Fourier 

Transform ( henceforth abbreviated as DFT ) on n points 

(DFT(n:1)).

Some refining papers have been published on FFT during 

the subsequent decade and the Cooley-Tukey FFT algorithm is 

( and is likely to stay as ) the most widely used and 

popular algorithm for the one-dimensional DFT. However, in 

1976, FFT met with serious competition. Wlnograd Discrete 

Fourier Transform algorithm (WFTA, see [2]) radically 

decreases the number of multiplications relative to the FFT, 

sometimes at the expense of Increased additions, and 

therefore improves the speed and precision of the Transform.

WFTA in its original form is an extremely efficient 
algorithm only for a few very special cases; it is designed



for D F T (p8 :1) , where p Is priae and both p and a are

relatively small. Theoretically, the algorithm is supposed 

to work for any p and s, but in practice, numerical 

instability makes the use of WFTA impossible for p>13. Thus, 

in all existing implementations, an algorithm for DFT(n:l), 

using WFTA, will be constructed as follows: different WFTA 

will be used on different prime factors of n, and will be 

brought together, using one or another technique.

A few years later, an approach similar to WFTA, was 

tried for the multi-dimensional DFT (We mean the article due 

to L.Auslander, E.Felg and S.Winograd, see [3]). In this

work, the authors constructed similar 'kernels' for 

DFT(p:n), where p is once again a small prime. These new 

kernels, once again, can be brought together to generate a 

multi-dimensional DFT algorithm on a rather large number of 

points along each axis. However, this generalisation was

not complete and no attempts to try to construct an 

algorithm for DFT(ps :n) have ever been made.

In this work we will try to explore this case and will 

describe an algorithm for DFT(p*:n), which is a certain 

generalisation of the WFTA. Once more, the numerical 

instability, Inherent in all algorithms, using WFTA ideas, 

will make the new algorithm suitable for only relatively 

small values of p and a; however, the techniques of 

combining the algorithms on different prime factors still

can be used.
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We will introduce the new algorithm first as an example.

Chapter I will describe a sample DFT(9:2) algorithm, without

going deeply into the theoretical details and/or the

Justification of the suggested construction. However, some

remarks, linking this example with the subsequently

described theory, will be provided. This Chapter will also

Include a sample block-scheme of the DFT(9:2) algorithm.

In Chapter II, we will Introduce the underlying

algebraic construction. All of the observations, made in

Chapter I, will be extended to the general DFT(ps :n) case.

It will be further shown that WFTA DFT(p*:l) and the

algorithm for DFT(p:n ) can be considered as special cases of

the new algorithm and at the same time, as its subroutines.

A sample block-scheme and summary will be supplied at the

end of Chapter II.

Relatively short Chapters III and IV are 'Variations on

a Theme'. We will Introduce a different algorithm for 
2DFT(p :n), first as an example (DFT(9:2), Chapter III) and

then will justify it in Chapter IV. This second algorithm
2will be applicable only for DFT(p :n) and will combine the 

features of WFTA with those of the multi-dimensional FFT.
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CHAPTER I.

0. INTRODUCTION

In this Chapter. we present an example of a new

algorithm for the Finite Fourier Transform on a n-
2dimensional data array with p points along each axis, where 

p is a prime number and n and s are positive integers.

The example we are going to discuss is the case where 

na>2,s~2 and p*3, i.e. the 2-dimensional Fourier Transform on 

9 by 9 points. The discussion of the general theory is 

presented in Chapter II. In this Chapter we tried to avoid 

any generality and hence the reader interested in seeing 

this algorithm as something more than just a magical 

sequence of calculations is referred to Chapter II. Some 

remarks tying the calculations with an underlying algebraic 

structure were Inserted under the heading 'EXPLANATIONS'. 

They are clearly Insufficient for reconstructing the 

algorithm for arbitrary p,n and s, but will be useful for 

those Interested in both the algorithm and its underlying



2

structure- Readers, not interested in the theory involved, 

may skip the 'EXPLANATIONS'.

NOTATION

We will fix the following notation in this Chapter: 

We denote by M"diag(Ml,M2... M q ) the matrix

II 1 1
11 Ml I 0 I II 1 1

.. 1 II 

.. 1 0 II 1 1 1II I 1 •
| | ---- +----- + -
1 1 1

• • 1 II 
1 1 1II 1 1 

11 0 | M2 |
II 1 1 

II 1 1 !

1 II 
.. 1 0 || 
. . 1  II

y. \ ii
II 1 1

II 1 1 * 
11 o 1 0 1 
II 1 1

. . 1  II 

’. 1 II
. . 1 Mq ||
. . 1  II

and say that M is a block-diagonal matrix.

Analogously, we define M-cyc(Ml,M2,.. M q ) as

Mq 

Mq

+ - - + -----

Ml



and say Chat M ia a cyclic or a circulant aatrix.

Here q la any integer, and the Mi's are square aatrices 

of the sane site.

I. THE DESCRIPTION OF THE ALGORITHM

The input data for the Finite Fourier Transform on 9 by

9 points is given as a 9 by 9 array A(K,L); K,L*0,1,..8.

Analogously the output is a 9 by 9 array ^ ( k /£), 
a  /\
K,L*0,1,..8, where

. T  T "  KK+LLA 2Jti/9A(K,L) - ?  w A(K,L) , w - e (1)
K« 0

The Fourier Transform is a linear transformation and hence 

can be written in a matrix form once we are given a way to 

order the input and output, i.e. once we define a linear 

order on the set of indices {(K,L)/ K,L“0,1,.. 8 }. The

orderings for the input and output data will be presented in 

the TABLEs I and II respectively. These orderings are 

Induced by a certain ring structure on the set of Indices. 

This structure for the 9 by 9 case is discussed under 

'EXPLANATIONS'. The reader is referred to Chapter II for 

the generalisations.

He rearrange the input data into the one-dimensional array B 

of length 81 as shown in the following table:
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TABLE I.

+ --------
1 B(0) A( 0 0 ) 1 B 27) A( 0 8 ) 1 B 54) A( 4 I) 1
1 B( 1) A(3 0 ) 1 B 28) A( 8 1 ) 1 B 55) A ( 6 4) 1
1 B( 2 ) A( 6 6 ) 1 B 29) A(2 0 ) 1 B 56) A(7 8 ) 1
1 B( 3 ) A(0 6 ) 1 B 30) A( 7 7) 1 B 57) A( 1 6 ) 1
1 B(4) A (6 3) 1 B 31) A(0 4) 1 B 58) A(5 2 ) 1
1 B( 5) A( 6 0 ) 1 B 32) A(4 5) 1 B 59) A (6 2 ) 1
1 B( 6 ) A( 3 3) 1 B 33) A( 1 3) 1 B 60) A(5 1 ) 1
1 B( 7 ) A( 0 3) 1 B 34) A( 2 5) 1 B 61) A( 5 3) 1
1 B(8 ) A( 3 6 ) 1 B 35) A(3 2 ) 1 B 62) A( 7 1 ) 1
1 B( 9 ) A( 1 0 ) 1 B 36) A (8 4) 1 B 63) A(3 1 ) 1
1 B(10) A (6 8 ) 1 B 37) A( 5 6 ) 1 B 64) A(7 5) 1
1 B(11) A ( 0 2 ) 1 B 38) A( 1 7) 1 B 65) A(7 6 ) 1
1 B(12 ) A(2 7) 1 B 39) A (6 1 ) 1 B 6 6 ) A (8 5) 1
1 B(13) A( 5 0 ) 1 B 40) A(4 2 ) 1 B 67) A (6 5) 1
1 B(14) A(4 4) 1 B 41) A( 7 3) 1 B 6 8 ) A (8 7) 1
1 B(15) A( 0 1 ) 1 B 42) A(5 8 ) 1 B 69) A (8 3) 1
1 B(16) A( 1 8 ) t B 43) A( 3 5) 1 B 70) A( 4 7) 1
1 B(17) A( 7 0 ) I B 44) A( 2 1 ) 1 B 71) A ( 3 7) 1
1 B(18) A( 2 2 ) 1 B 45) A (8 6 ) 1 B 72) A( 4 8 ) 1
1 B(19) A(0 5) 1 B 46) A( 7 4) 1 B 73) AC4 6 ) 1
1 B(2 0) A( 5 4) I B 47) A( 6 7) 1 B 74) AC2 8 ) 1
I B(21) A( 8 0 ) 1 B 48) A( 1 5) 1 B 75) A (6 8 ) 1
1 B(2 2 ) A (1 1 ) 1 B 49) A(4 3) 1 B 76) AC2 4) 1
1 B(2 3) A(0 7) 1 B 50) A (8 2 ) I B 77) AC2 3) 1
1 B(2 4) A( 7 2 ) 1 B 51) A( 3 8 ) 1 B 78) AC 1 A) 1
1 B(2 5) A( 4 0 ) 1 B 52) A( 5 7) 1 B 79) AC3 4) 1
1 B(2 6 ) A( 5 5) 1 B 53) A( 2 6 ) 1 B 80) AC 1 2 ) 1+---------

We similarly rearrange the output:



TABLE II.

$(0)
* ( 1 )
! < 2>
?<3>$(4)
$(5)
£ < 6 >$(7)$(8)
$(9)
$ ( 1 0
$ ( 1 1
$(12
$(13
$(14
$(15
$(16
$(17
$(18
$(19
$(20
$(21
$ ( 2 2
$(23
$(24
$(25
$ ( 2 6

$ ( 0 0 ) 1 $( 7) . $ ( 0 ,1 ) 1 $(54) ■ $(5 1 )
$(3 0 ) 1 8 ) m $(4,4) | $(55) ■ $ ( 6 2 )
$(3 6 ) 1 I< 9) a $(5,0) | $(56) ■ $(5 2 )
$ ( 0 3) i i( 

1 $(
0 ) a $(2,7) | $(57) ■ $ d 3)

$(3 3) 1 ) a $ ( 0 ,2 ) | $(58) a. $(7 8 )
$ ( 6 0 ) 1 $( 2 ) - $ ( 8 ,8 ) | $(59) - $ ( 6 4)
$ ( 6 3) 1 1 ( 3) - $ ( 1 .6 ) I $(60) a $(4 1 )
$ ( 0 6 ) 1 $( 4) - $ ( 1 .2 ) I $(61) ■ $ ( 2 6 )
$ ( 6 6 ) 1 $( 5) - $(3,4) | $(62) ■ $(5 7)
$ ( 1 0 ) 1 $( 6 ) - $(1,4) 1 $(63) ■ $(3 8 )
$*(4 5) 1 7) m $(2,3) | $(64) - $ ( 8 2 )
$ ( 0 4) i $( 

i $(
8 ) - $(2,4) | $(65) a $(4 3)

$(7 7) 9) - $ ( 6 ,8 ) I $ ( 6 6 ) a $ ( 1 5)
$ ( 2 0 ) i $( 0 ) - $ ( 2 ,8 ) | $(67) a $ ( 6 7)
$ ( 8 1 ) i $( 1 ) a $(4,6) | $ ( 6 8 ) a $(7 4)
$ ( 0 8 ) i $( 2 ) - $(4,8) I $(69) a $ ( 8 6 )
$(5 5) i $( 3) m $(3,7) | $(70) a $ ( 2 1 )
$(4 0 ) i $( 4) a $(4,7) | $(71) a $(3 5)
$(7 2 ) i $( 5) a $(8,3) | $(72) a $(5 8 )
$ ( 0 7) i $( 6 ) a $(8,7) | $(73) a $(7 3)
$ ( 1 1 ) i $( 7) a $(6,5) | $(74) a $(4 2 )
$ ( 8 0 ) i $( 8 ) m $(8,5) I $(75) a $ ( 6 1 )
J (5 4) i $( 9) - J(7,6) | $(76) a $ d 7)
$ ( 0 5) i $( 0 ) m $(7,5) I $(77) a $(5 6 )
$ ( 2 2 ) i $( 1 ) a $(3,1) | $(78) a $ ( 8 4)
1 {1 0 ) i $( 2 ) a $(7,1) I $(7 9) a $(3 2 )
$ ( 1 8 ) i $( 3) $(5,3) | $(80) “ $ ( 2 5)

EXPLANATIONS. The DFT(9:2) la Indexed by pairs of Indices 

(K,L) where 0<KtL<8. Let R be the ring of Gaussian Integers 

■odulo 9, I.e. the set of numbers (K+iL), where 1 ■-1 and K 

and L are integers 0,1, ..8 , and the addition and the 

multiplication are the regular complex addition and 

multiplication followed by taking the residue modulo 9.

Thus we can identify the set of pairs (K,L) with R, by 

setting (K,L)<— >K+iL. He will sometimes write A(K+iL) 

instead of A(K,L). The reader is referred to the Sections 

I-II of Chapter II for the definition of the ring R for the 

general case.



It Is not hard to see that R contains exactly 9 zero 

divisors. They are the elements K+1L with K and L divisible 

by 3. The reader will observe that in TABLEa I and II we 

listed all the indices starting with 0 , followed by 8 non­

zero zero divisors ( Indices of B and 1 through 8 ) and 

finished with data Indexed by invertible elements of R. We 

refer the reader to Chapter II for details and explanations.

We rewrite the equations (1) as follows:

'X(O.O) - tt A(K,L), (2)
tc*0 L*0

A(K,L) mJ~f~ wK̂ wLLA(K,L) - 
g g k*o wjo

Z T  A<K»L>+ / / (w wLL-1)A(K,L) -
Kao L«0 g | Kao L*0

^(0,0) + £ ^ ( wKV L-1)A(K,L)
k c o t>o

Hence
* a a  a

A(K,L)-A(0,0) ^ ( w KKwLL- 1 )a(K,L). (3)
Kao l<0

We substitute the one-dimensional arrays B and ^  in place 

of A and and rewrite the equations (3) in the following 

matrix form:

'S'-A(O.O) - F • B' , (4)

where F is an 80 by 80 matrix,

B ' and ^  are the vectors of length 80,

B'-{B(i);i-l,..80};



?

, . .80};

After performing all of the necessary calculations, one 

sees that the matrix F has the following block-atrueture:

1 1 1 1 1 1 1 1 1 1
0 1 M 1 M 1 M 1 M 1 M 1 M 1 M 1 M 1 N 1

1 1 1 1 1 1 1 1 1 1
| I | I

M
1
1I

1
1I

1
1|

1
111

-+1
1
+
1

1
+1

1
+1

M
1
1I Cl

1
1I

C2
1
1| C3

1
1|1

|
1
+
I

1
+
|

1
+
1

M
1
1I

I
1I

1
1I

1
1I1

I
1
|

1
1

M
1
11 1

1
1I

1
1I1

- + 
I

+
1
+I

1
+1

M
1
1I

C3 11
Cl

1
1I

C2
1
1|1

- + 
1

+
1
+
1

1
+
1

M
1
1I 1I

1
1I

1
1|1

1
1
i

1
I

N
t
1I 1I

1
1I

1
1|1

- + 
I +

1
+1

1
+1

M
1
11

C2 1I
C3

1
1I Cl

1
1|1

~ + 
I

+
1
+
|

1
+
|

M
1
11 1I

1
1I

1
1II 1 1 1

Let C be the 72x72 matrix containing the blocks C1,C2



and C 3 ; O c y c (C l ,C 2 ,C3). He tera C the core of the FFT on
2lY 1/99x9 points. Let w»e , w is a primitive 9-th root of 1.

Then the blocks are:

M _cyc(w^-l,w^-l,0 ,w^-l,w^-l,w^-l,0 ,w^-l)

Cl“cyc(w*-l,w®-l,0,w^-l,w^-l,w^-l,0,w*-l,w^-l,w^-l,0,
5 ,  8 , 1 , „ 7 ,  4 . 5 , .  8 , 2 ,  7 , _ 4 , xw - 1 ,w -l,w - 1 ,0 ,v -l,w “l,w “ 1 .0 ,w ” 1 »* “ 1 )

C2«cyc(w*-l,w^-l,w^-l,w®-l,w^-l,w*-l,w^-l,w*-l,w^-l,
5 .  3 ,  2 .  8 . 7 ,  6 . 1 ,  4 . 8 . 3 .W “ 1,W “ 1,W - 1 ,W “ 1,W “ l»w “ l.W -1,W -1,W - 1 ,w -1,
5 1 2 1 * 1 6 1 7 1Xw —1,w — 1,v —1,V -l,w -1)

C3«cyc(w*-l,w^-l,w^-l,w^-l,w^-l,w^-l,w^-l,w^-l,w^-l,
8 . 6 , 8 . 8 . 4 .  3 .  4 .  4 .  2 .  6 .w -l,w -1,W -l,w -1,W “ l.W “ 1,W -l,w -1,* — 1,w -1,
2 1 2 , 1 1 3 1 1 1 XW “ 1,W ” 1,W ~1»W — 1,w -1)

EXPLANATIONS. We observe that the core block C Is the one

Indexed by elements of the unit group of the ring R. The

blocks equal to M are Indexed by the elements of the unit

group U and the elements of D. Finally, the tero block In

the top left corner of the matrix F Is Indexed only by the

zero divisors. He observe that the entries of the block C

are numbers w -1 (with k varying), whereas the elements of M
3kcan be written as w -1 (with k varying). Carrying the

analogy one step further, we say that the elements of the
9kzero block are w - 1 .

EXPLANATIONS. At this point let us analyze the structure of 

R somewhat deeper. The group of units 0 of R contains 72 

elements. U can be factored as a product of a cyclic 

subgroup G ■ Zg and a subgroup



R - H0 e Hj, where Hq ®  " Zy Here G Is generated by the

eleaent x«2+7i; the eleaents and hj*l+3i generate Hq

and Hj respectively. Further, let y"xhg, G'"G 0  V  Z24 ia

the subgroup generated by y. Then every eleaent of U can be
1 kuniquely written as y h^ for aoae J-0,1,.. 23 and k*0,l,2. 

The reader la referred to Theorea 3 of Chapter II for 

details of the structure of the unit group for the general 

case. Thus, the group of units can be lexicographically 

ordered. He observe that the choice of B(9),B(10),...B(80) 

in TABLE I ia is generated by this lexicographical ordering. 

Let T be the iaoaorphisa of the additive structure of R, R+ , 

given by the following rule* T(a+bl)a a-bl . In other 

words, T is the coaplex conjugation on R. The reader Bay 

find the generalisation in Chapter II, Section V. He observe 

the following properties of T, which can be easily proven:

1). Let <a , b>“Sj b^-l^bj , where a^aj+iaj and b^b^+ibj# Then 

<Ta,b>"Re(ab).

2) In the aatrix fora, T given by the following 2x2 aatrix:

II 1 0 ||
II II
II o 8 ||

Thus we observe*

B(9) - A ( T ( D )

B(10) - A(T(y) )

B(11) - A(T(y2 ))

• • • • •  • • • • •

B(32) - A(T(y2 3 ))

B(33) - ACTChj))
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B(34) - AC K y h j ) )

B(56) - A(T(y2 3 h 1))

B( 5 7 ) - A C K h j 2 ))

B( 58) - A C K y h j 2 ))

• • • • •  • • • • •

B(80) - A(T(y2 3 h12 ))

The ordering on the output (TABLE II) Is constructed In a 

similar manner: We use y *»4+5i and h^ *-l+6i instead of y 

and hj.Thus,

t(9) -fl(l)

B(10) - ^ ( y " 1)

$ ( 1 1 ) - $ ( y ' 2)

• •••■ •••••

B(32) - $ ( y ~ 23)

$(33) - ^ ( h j " 1)

$ ( 3 4 )  -  ^ ( y ' ^ j ' 1 )

• • • • •  • • • • •

$(56) -'X(y"2 3 h 1" 1)

$(57) - $ ( h 1“ 2 )

$ ( 5 8 )  -  ^ ( y ' ^ j " 2 )

$(80) - ^(y" 2 3 h 1‘ 2)

The order on B(l),... B(8 ) and $(1),... $ ( 8 ) is also far 

from being arbitrary: it is not hard to see that any zero

divisors of R can be uniquely written as 3x^ for some 

j-0,1,.. 8 (cf.Chapter II, Lemma 2). We have:



B(1) - A(T(3) )
B(2) - A(T(3x) )

B(3) - A(T(3x2 ))

B(8 ) - A(T(3x7 )) ^ ( 8 ) - fl(3x"7)

Theorem 4 of Chapter II describes the nature of the action 

of the unit group on the set of the zero divisors for the 

general case.

We observe that the block Cl has some periodicity features: 

the entries equal to 0 are repeated after three different
3entries. At the same time the entries, equal to v -1 or 

w^-1, occuring in the blocks C2 and C 3 , have the same 

"periodicity" and occupy the same positions as zeroes in the 

first block. This kind of phenomenon will allow us to factor 

the blocks and holds for p different from 3.

We write:

Cl - Ql,

C2 - Q2 + R 2 ,

C3 - Q3 + R3, 

where

Q 2"cyc(w*-l,w2-l,0 ,w®-l,w^-l,w*-l,0 ,w^-l,w7-l,w3-l,0 ,w2-l, 

w®-l,w7- l ,0 ,w*-l, w^-1 , w®-l,0 ,w^- 1 ,w2- l , w^-1 ,0 ,w7-l) 

Q3«*cyc(w*-1 , w 3-l ,0 ,w 3-l ,w7-l ,w7-l ,0 ,w7-l , w7-l , w®-l ,0 ,w®-l, 

w®-l,w^-l,0 ,w*-l,w^-l,w2 -l,0 ,w2 -l,w2-l,w*-l,0 ,w*-l) 

R2-cyc(0,0,w3- l ,0,0,0,w 6 -l,0,0,0,w 3-l,0,0,0,w 6-l,0,0,0, 

w 3- l ,0 ,0 ,0 ,w6 - 1 ,0 )

11

B(l) - ^(3)

t ( 2 ) - fiOx'1) 

t ( 3 )  -  1 ^ ( 3x " 2 )
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R3-cyc(0,0,w6 - l ,0,0,0,w 3- l ,0.0,0,w 6 - l ,0,0,0,w 3- l ,0,0,0, 

v 6 - l ,0 ,0 ,0 , w 3- l ,0 )

EXPLANATIONS. As the reader can see, we collected the
3 6entries containing v and w In the blocks R2 and R 3 . The 

entries of C. containing the 9-th primitive roots of 1 are 

collected in Ql, Q2 and Q3. This technique is generalized 

in the Section IX of Chapter II.

As we will soon see, the blocks Rl,R2,Ql,Q2 and Q3 can be 

"nicely" factored.

It is not hard to see that

Ql - SI x D1

Q2 - SI x D2

Q3 “ SI x D3, where

Sl-cyc(wX-l,0,0,0,w5- l ,0,0,0,w 7- 1,0,0,0,w 8 - 1,0,0,0, 

w 4 -l,0 ,0 ,0 ,w2 -l,0 ,0 ,0 )

Dl-cyc(1,0,0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0) 

D2-cyc(1,0,0,0,0,1,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0) 

D3-cyc(1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,1) 

EXPLANATIONS. The reader will observe that the entries 

equal to 1, occuring in the matrices D1,D2 and 03, occupy 

the same positions as the entries w-1 in the matrices Ql, Q2 

and Q3. This phenomenon is explained in Sections X and XI, 

Chapter II.

Then
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Q -
I I Ql Q2 Q3 
I I Q3 Ql Q2 
I I Q2 Q3 Ql

I I SlxDl SlxD2 SlxD3
I I S1xD3 SlxDl S1xD2
I I SIxD2 SlxD3 SlxDl

I I SI
SI

SI I I

II D1 D2 D3 I I
x I I D3 D 1 D 2 II

I I D2 D3 D i l l
SxD

Here the matrix D contains only zeroes and ones and 

hence the multiplication by D Involves no essential 

multiplications.

Let PI be the permutation, given by the following 

substitution tables

1 2  3 4 5 * 7 R Q 10 11 12 13 14 IS lfi 17 1R 19 20 21 22 23 24
| i | | | i ̂  ^  ̂  1 4'

1 7 13 10 2 R 14 20 3 « IS 21 4 10 If. 22 5 11 17 23 6 12 1R 24

Let PI be the matrix of the permutation PI.

Then PlxSxP^ * ■ d1ag(C 9 ,C 9 ,C 9 ,C9), where C9 is

II w *-1 W 5-1 c 1 H1
00* c *

*• 1 I-* w 2 — 1 I |

1! w 2-i w 1-! W 5-1 W7-1 w8-l w a - i !!

!! w*-i w 2-l w*-l W 5-1 w7-l w 8-i !!

pd1
oc* w*-l W 2-1 w*-l W5-1 Hi
(N»

ii w 7-i W 8-1 WA-1 W2-1 w1-! W 5-l l!

i! w 5-i W 7-1 w«-l w*-l W2-1 w 1-! ii

EJC P L A N A T 1̂ 0 NS^. The matrix C9, described above, Is nothing 

else than the core matrix of DFT(9*1), as defined In [2]. As 

shown In the Section XI of Chapter II, the cores of one-
rdimensional transforms on p points for r<s always occur as

gsubroutines whenever we compute DFT(p -n). We will 

encounter the core of DFT(3-1) as an essential component of 

blocks R2 and R 3 .

Then
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Q -P4 x diag(C9,C9,C9,C9,C9,C9,C9,C9,C9,C9,C9,C9) xP5xD, (5) 

for some permutation matrices P4 and P5.

We will now similarly factor the blocks R2 and R3 . We 

observe that 

R2 ■ S2 x D4 

R3 ■ S2 x D5 , where

S2-cyc(w3- l ,0,0,0,0,0,0,0,0,0,0,0,w 6- l ,0,0,0,0,0,0,0,0,0,0,0)

D4-eye(0 ,0 ,1 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,1 ,0 ,0 ,0 ,0 ,0 ,0 ,0 ,1 ,0 ,0 ,0 ,0 ,0 )

D5-cyc(0,0,0,0,0,0,1,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,1,0)

EXPLANATIONS. Once more, we observe that the ones In D4 and

D5 are not arbitrary; they correspond to the entries equal 
3to w -1 In respectively R2 and R3 .

Hence

1 1 0 R2 R3 1 1 1 1 o S2xD4 S2xD5||
R - 1 1 R3 0 R2 1 1 - 1 1 S2xD5 0 S2xD4||

1 1 R2 R3 0 1 1 1 1 S2xD4 S2 xD5 0 1 1

1 1 S2 0 0 1 1 1 1 0 D4 D5 | |
- 1 1 0 S2 0 1 1 X I 1 D5 0 D4 | |

1 1 0 0 S2 1 1 1 1 D4 D 5 0 11

Once more, the matrix D' containing D4 and D5 has only 

zeroes and ones and hence multiplying by It would require no 

essential multiplications.

At the same time, the block S2 can be further transformed 

as follows *

Let P2 be the permutation, given by the following 

substitution table'

1 2 3 4 5 6 7 P 9 10 11 12 13 14 15 16 17 IP 19 20 21 22 23 24 

1 13 2 14 3 15 4 16 5 17 6 IP 7 19 P 20 9 21 10 22 11 23 12 24
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Let P2 be the aatrix of the perautatlon P 2 .

Then P2xSxP2-1 - dlag(C 3 .C 3 ,C 3 ,C 3 ,C 3 ,C 3 ,C 3 ,C 3 ,C 3 ,C 3 ,C 3 ,C3),

where

I I
C3 - ||

I I

We observe that the aatrix C3 la the core of the one-

3 , 6 .w -1 w -1

I| w 6 -l W 3-1

dimensional DFT(3*1) as given In [2].

THE OUTSIDE BLOCK.

We are going to apply to the outside block M a

factorization siailar to the ones we used for the core. 

EXPLANATIONS. The reader, faalliar with [3], aay observe 

that the aatrix M is nothing else than the core of DFT(3:2), 

as defined In [3]. The factorization we are about to apply 

to M is nothing else than the essense of the factorization 

in [3]. The necessary justification of the factorization can 

be found in [3] or Chapter II. A different and perhaps aore 

interesting question is the following:

In the first place, why do we find the core of DFT(3:2) as a

subaatrlx of M? Section VII of Chapter II provides the

answer to it. It further shows that for »>2 we are bound to

encounter all of the cores of DFT(pr :n) (r<s) as subaatrlces

of the aatrix of DFT(p8 :n).

We write 

M “ Ml x M2, where 

Ml - cyc(w3- l ,0,0,0,w6 - l .0,0,0)



M2 - cyc(l,0,0,0,0,1 ,0,1)

Once nore. If F5 Is the permutation matrix of the

permutation

1 2 3 4 5 6 7 8  

1 5 2 6 3 7 4 8

then p 5xM1xR -1 - eye ( C3 , C3 . C3 , C3 ) .

EXPLANATIONS. We remark that the core of DFT(3’1) la now

encountered at an esaential component of DFT(3:2).

We can observe now that all of the multiplications used in 

this algorithm are concentrated in the blocks C3 and C 9 . 

Hence we will need two subroutines: one to multiply a

vector of length 2 by the 2 by 2 matrix C 3 , and the other to

multiply a vector of length 6 by the 6 by 6 matrix C9.

The matrices C3 and C9 are not arbitrary: they are the

cores of DFT(3*1) and DFT(9:1) as defined in [2J. Thus the 

two mentioned subroutines are exactly the ones used in the 

Winograd's 1-dimensional algorithms.

II. SUMMARY OF THE ALGORITHM.

We conclude this Chapter with a brief step-by-step scheme 

of the algorithm.

STEP 1. Calculate the sum of the elements of A(K,L) and 

store it at A(0,0).

STEP 2. Store the data B(2),B(3)... B(8 ) as a one-'
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dimensional array BN1 of length 8 (cf. Table I).

STEP 3. Store B(9),B(10),..B(80) as a one-dimensional array 

of length 72. We term it BC.

STEP 4. Multiply BC by the 72x72 matrix D. This step does 

not Involve any essential multiplications; we perform only 

additions (576 operations). We apply the permutation PI to 

the output and store the results into the one-dimensional 

array BC1.

STEP 5. Multiply BC by the 72x72 matrix D'. This step does 

not involve any actual multiplications; we perform only 

additions (360 operations). We apply the permutation P2 to 

the output and store the results into the one-dimensional 

array BC2.

STEP 6 . We calculate the sums 

B(10)+B(18)+B(2 6)+B(34)+B(4 2)+B(5 0)+B(5 8 )+B(6 6)+B(7 4) 

B(1I)+B(19)+B(2 7)+B(3 5)+B(4 3)+B(51)+B(5 9)+B(6 7)+B(7 5)

B(17)+B(2 5)+B(3 3)+B(41)+B(4 9)+B(5 7)+B(6 5)+B(7 3)+B(81).

This step involves 64 additions. We store the output into

the one-dimensional array BN2 of length 8 .

STEP 7. We multiply the array BN1 by the matrix N2 and 

apply the permutation P3 to the output. We store the results 

back into the array BN 1 . This step Involves 16 additions.

STEP 8 . We multiply the array BN2 by the matrix N2 and 

apply the permutation P3 to the output. We store the results 

back into the array BN2. This step Involves 16 additions.

STEP 9. We multiply the array BN1 by the matrix
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diag(C3 ,C3 ,C3 ,C3) . We apply the permutation P3 * to the 

output and store the results back into BN1 . This step 

involves four calls of the subroutine I (see below).

STEP 10. We multiply the array BN2 by the matrix 

diag(C3,C 3 ,C 3 ,C3) . We apply the permutation P3 * to the 

output and store the results back into BN2 . This step 

Involves four calls of the subroutine I (see below).

STEP 11. We multiply the array BC1 by the block-diagonal

matrix of size 72x72 with 12 blocks equal to C 9 . This step 

requires 12 calls of the Subroutine II (see below). We

apply the permutation PI 1 to the output and store the 

results back into BC1■

STEP 12. We multiply the array BC2 by the block-diagonal

matrix of size 72x72 with 36 blocks equal to C 3 . This step 

requires 36 calls of the subroutine I. We apply the 

permutation P2 * to the output and store the results back 

into BC2.

STEP 13. We add the arrays BC1 and BC2 and store the output 

into the array BC. This step requires 72 additions.

STEP 14. We make further additions as follows: 

BC(1)-BC(1)+BN1(1),BC(9)-BC(9)+BN1(1),.. BC(65)-BC(6 5)+BN1(1) 

BC(2)-BC(2)+BN1(2),BC(10)-BC(10)+BN1(2),.. BC(66)-BC(66)+BN1(2) 

BC(8)-BC(8)+BN1(8),BC(16)-BC(16)+BN1(8),.. BC(72)-BC(72)+BNl(8) 

This step Involves 72 additions.

STEP 15. Using the Table II we assign the data in the array 

BN2 to the A(3,0)-B(1);A (3,6 )-B(2); . .. A(6 ,6 )-B(8 ). We take 

values for B(9)“A(1,0),... B(80)“A(2,5) from the array BC.
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SUBROUTINE I. Computes the product of the 2x2 matrix C3

with an Input vector of length 2 .

SUBROUTINE II. Computes the product of the 6 x6 matrix C9

with an Input vector of length 6 .

Remark. The given block-scheme should not be considered as 

a block-scheme of an actual computer program. The STORE 

Instructions in the scheme are chosen mostly for the

understanding of the reader, not for efficient use of

storage.
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0. INTRODUCTION.

In this Chapter we present a new algorithm for the 

Discrete Fourier Transform on a mult1-dimenslonal data array 

with p* points along each axis, where p is a prime number 

and s > 1 .

The algorithm we are going to introduce is closely

connected with algorithms due to S.Winograd for the one-

dimensional Fourier Transform on a power of a prime number

of data ( DFT(p® r1), cf. [2] ), and with the algorithm due

to L.Auslander, E.Feig and S.Winograd which computes the n-

dlmenslonal Transform on data with p points along each axis,

p being a prime number ( DFT(p:n), cf. [3] ). The new

algorithm is a generalization of the two mentioned above and
2Includes the algorithm for DFT(p :n), preaented in Chapter I 

as a subcase.

We will refer to these cases as case [2],[3] and [I] of a 

general algorithm.
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He will show further how nore general cases sometimes use 

more primitive ones as steps or subroutines in an algorithm.

PRELIMINARY REMARKS AND NOTATION.

He reserve the letter " p " for a prime number. If s is a 

positive integer, we will often write q instead of pS( In 

this research, the word ''ring'’, whenever used, means "a 

commutative ring with 1". Similarly, "group*' always means 

an abelian group. Further, all algebraic objects are assumed 

to be finitely generated.

Next, we will say briefly "Fourier Transform" Instead of 

"one- or multi- dimensional Discrete Fourier Transform” .

In the course of the construction, we will often 

encounter matrix equations which contain permutation 

matrices. An example will be an equation B 9  A “P^(A 0  B) Pj 

In order to simplify the notation, we will avoid writing 

down the permutation matrices explicitly. Thus, we will 

write the last equation as B •  A ** A 9  B . Although this 

simplification is convenient in this research, in the actual 

programming of these algorithms great care must be taken 

with the permutations.
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I. DFT(P— :N) - MULTIPLICATION STRUCTURE.

Let us outline the first steps of the construction.

Reeders, faailiar vith Winograd's algorithm ([2]) may

recall that the multlplcative structure of the ring Zq, 
8q“p , played an essential role in the course of the 

construction of the algorithm for DFT(q:n).

Similarity, in [3], the authors use the multiplicative 

structure of the finite field with rapn elements, F^ , to 

construct an algorithm for the multi-dimensional DFT(p:n).

He are going to define a certain ring with p8n elements. 

As the reader will aee, both Zq and F^ can be considered as 

special cases of the nev ring.

Let us begin by reviewing some basic definition and 

facts.

Definition. A commutative ring R is said to be a local ring 

if R possesses unique maximal ideal.

Example. The only ideal in a field is the zero ideal. Thus 

the zero ideal of a field is the unique maximal ideal, and 

hence any field is a local ring.

Example. The ring Zq, q*p8 , contains exactly s ideals:

( O ) C ( p 8 * )CT...C(p). Among them only (p) is a maximal

ideal. Thus the ring Zq is local.

Let N be the unique maximal ideal in a local ring R. Then 

R/N is a field, so called residue field of the local ring R.
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Since R possesses only one maximal Ideal, Its residue field 

is unique- The quotient map R— ->R/N will be called the

residue sap of the local ring R.

Lemma 1. Let N be a maximal ideal of R that is nilpotent. 

Then N is the unique maximal ideal of R and so, by

definition, R is a local ring.

Proof. Let a be an noninvertible element of the ring which

is not contained in N. Then (a) is an ideal, properly 

contained in R. Because N is a maximal ideal, (a)+N-R. 

Hence there exist elements b€(a) and n€N, such that b+n-1. 

Since n is a nilpotent element, there exists k>0, such that 

n^-O. Hence
i ik . k (k-1 ) n , (k-l) (k-1 ) .1-1 -b + . . -+kbn + 0 -b(b' +...+kn ),

or b is invertible- Hence (a)-R, and N is the only maximal

ideal in R.

He next review a few basic facts about polynomial extensions 

of rings.

1). Let R be a ring and I be an ideal in R. Then I[u] is a 

subring of R[u] and

R[u]/I[u] • (R/I) [u ] -

2). Let f(u)CR[u]- It is not hard to see that the set

I'“ {g(u)€l [u] I g(u) is divisible by f(u)} is an ideal in

I[u]. Let I[u]/<f(u)> - I[u]/I'- Then

(R[u]/<f(u)>) / (R/I ) [u ] /
/ - /

/ (I[u]/<f(u)>) / <f'[u]>

where f'[u] is the image of f(u) in R/I[u].

3). Let N C R  be a nilpotent ideal. Then N[u] is a nilpotent
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Ideal In R [ u ] .

Let F be a field, and f' an Irreducible polynomial over 

F. Then F[u]/<f'(u)> la a finite field. We are going to 

replace F by a local commutative ring R and look at some 

specific polynomial extensions of R.

Since the polynomial ring over a general local ring is not a

unique factorization domain, it does not make sense to tslk

about an Irreducible polynomial over a local ring. To

overcome this difficulty, we Introduce the following

Definition. Let R be a local ring with the maximal ideal N

and the residue field F. Let 9* :R-->F is the residue map; we

extend it to a homomorphism ft [u ]:R[u]-~>F{u ] by letting

( sr [u ])(u)"u. We say that f<F(u] is a locally irreducible

polynomial iff f' ■ (jr[u])(f)€ F[u] is an Irreducible

polynomial over F and deg_(f ')-deg_(f ).F R
Consider the following commutative diagram, where f£R[u] 

and f is a locally irreducible polynomial.

N ------------- > R --------------> F
I I I
I I I
V V V
u]  > R [u ] —  -> F [u ]

I I
I I

V V V
N[u]/<f(u)>------- > R[u]/<f(u)>---- > F[u]/<f'(u)>

Then 

Lemma 2.

R[u]/<f(u)> “ IT is a local ring with the maximal nilpotent 

ideal T? “ N[u]/<f(u)> and the residue field F » F[u]/<f(u)>. 

Proof.
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Let N “ N[u]/<f(u)> ” N+uN+u^N + . . . +u^n *^N, where n is the 

degree of f. We observe that IT Is a nilpotent Ideal in 

R[uJ/<f(u)>. We will verify that N la a aaxiaal ideal by 

showing that R/N is a field, and the lemma will follow from 

Leaaa 1 above.

By (2), R/N ■ (R/N)[u]/<f' [u]>. We have required f' to be an

irreducible polynoaial over F ■ R/N. Hence we have

^/TT ■ F[u]/<f' [u]>, which is a field.

Ren; ark. It is not hard to show that if F possesses an 

Irreducible polynoaial of degree n, then R has a locally 

irreducible polynomial of the same degree. Indeed, let f' be 

Irreducible over F, deg(f')«n. Let ftR[u], deg(f)"n, be 

sur 'i that (3C [ u] ) ( f )■ f' . Then, by definition, f is locally 

lrreduclible over R.

It is well known that for any n > 1 there is an

irreducible polynomial of degree n over Zp; thus the ring Zq 

has locally Irreducible polynomials of any given degree.

We can now consider the following diagram:

DIAGRAM I.
7fnZq [ u ] / < f ( u ) > -------------- > Zp[u]/<f(u)>

1 -s 1I <9* I *9
V *  V

Zq --------------------------- > Zp

Here Jf and 3T* are projections of the local rings Zq and 

Zq[u]/<f(u)> on their residue fields. The map is defined 

as follows: elements of Zq[u]/<f(u)> are classes of

polynomials congruent modulo f(u). For each such class there 
is exactly one representative of degree less than n. We



identify each class with this representative and define 

aa projection of the representative on its constant tern. 

He define Cf> analogously. It is straightforward to verify 

that the DIAGRAM I is commutative.

We observe that <jP and SP* are not ring homomorphlsms, while 

7C and * re. By a slight abuse of notation, we are going 

to write JT Instead of ^  and Instead of .

NOTATION. For the rest of the discussion we fix n and the 

polynomial f. In order to shorten the notation, we set 

Zq(n) ■ Zq[u]/<f(u)> ■ Zq+Zq« u+ . . .+• Zq»u^n ^  and

Zp(n)*»Zp* (n) ■ Zp [ u ] / <f ' (u) >. Obviously, Zp(n) ■ , r«pn

We will always use the letter 'u ' to denote the coset of u 

in Zq[u]/<f(u)>.

II. Z<̂ (N) - ADDITIVE STRUCTURE.

Let A be a complex function on the additive group of 

Zq0ZqO. . ® Z q . Recall that the DFT(q:n) is given by the 

following equation:

^  1
^(Sq.Sj,.. an_ 1)- 2_______I w ( j?o,l*,b‘> A(b0 ,b1 ,..bn_ 1), (

where a^ ranges from 0 to q-1 for 1* 0 ,1 ,... n- 1 and w ^ e ^ * * ^

Addltlvely. Zq(n) is a direct sum of n copies of the

group Z q . Thus the additive group of the ring, (Zq(n))* is 
exactly the group on which we are doing the Transform. We
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rewrite the equation (1 ) as follows:

^ n-l
^ (a)» y  1 w ( S  a ‘b' A(b) , (2)

for all a€(Zq(n))t Here, In the notation of Section I, a. la
w-* 1

the 1-th coefficient of the polynomial a(u)“ x  .a,u £Zq(n).
n-« *. «o 1

We further write <a,b> “ Then, (2) la the same as

A(a) - 22s w<a,b> A ^ > °  <3>

Our next goal Is to link the bilinear form < , > with the 

multiplicative structure of Zq(n).

III. Z^(N) 2 MULTIPLICATIVE STRUCTURE REVISITED.

The ring Zq(n) was constructed as a pollnomlal extension of 

Zq. The maximal nilpotent Ideal of Zq Is (p), the set of 

elements, divisible by p. Thus, by Lemma 2, the maximal

nilpotent Ideal of Zq(n) Is (p)+(p)u+... (p)u^n We will

also denote It by (p). (p) consists exactly of the non-

lnvertlble elements of Zq(n). As (p) contains p^*

elements, the group of units, U(Zq(n)), Is of order psn -

We observe that the map Jt :Zq(n)-->Zp(n) projects U(Zq(n)) 

onto U(Zp(n)). The latter group Is cyclic of order pn-l, 

hence the former has to contain a cyclic subgroup of order 

divisible by pn-l. As the order of U(Zq(n)) Is p^s

(pn-l), U(Zq(n)) contains exactly one subgroup of order



We denote this lubgroup by C ■ C— and let x be one of Its 

generators. We further define H 8*l+(p)C Zq(n). It is easy 

to verify that H* is a subgroup of U(Zq(n)), and the order 

of H* 1. p < * - 1)n

Notation. The letters 'G ', ' H ' and 'x ' will be reserved for 

the objects now defined.

Theorem 3. The group of units of the ring Zq(n) Is 

Isomorphic to the direct sum of the subgroups H s and G S 

Further, H Is Isomorphic to the direct sum of n copies of

V
Proof. We recall that Zq(n)*Zq[u ]/<f(u)>, for some locally 

Irreducible f. For 1*0,1,.. n_l , let h^*l+pu*. We claim the 

following:

(1) For every 1*0,1,.. n-1, h^ has order p ^8

(2) The elements satisfy the following “Independence" 

condltIon:

(h1)*' - 1 --> for every 1. (4)

The proofs of (1) and (2) are straightforward, while 

lengthy, exercises In elementary algebra, whose details we 

leave to the reader.

Let us now define 

H 8 ( D -  gr(h1 ), (5)

where gr(.. .) stands for the subgroup spanned by elements In 

the parentheses.

( 1 ) and (2 ) are equivalent to the statement that
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H8* 0  H 8 (l), and the order of H 8 (i) la p ^ 8 Becauae the

latter number la relatively prime to the order of G8 ,

U(Zq(n ) ) - G8©  H8.

Example [2]. Let n*l . Then U(Zq) •  Zpj-i. Is cyclic

of order p ^ 8 *^(p-l) * ^ ^ ( q ) ,  where la Euler's Phi

f unc tIon•

Example [3]. Let s-l . Here U(Zp(n)) - Z^ , _ 1 , the cyclic 

group of units of a finite field.
n-l

Example [IJ. Let s*2 . U(Zq(n)) ■ Z * . © ( © Z p ) .  We observe
2«, +  ‘*°that H ~ (Zp(n)) and the Isomorphism Is given explicitly by

zfZp(n)--- >l+pz. Here (1+ptj)(l+p*2 )-l+p(Zj+ij).

IV. THE ZERO DIVISORS OF Z«̂ ( N ).

We observe that Zq(n) contains the following family of

Ideals:

0-(p8) C ( p (8"1))C: ..C(p2)C(p)C Zq (n ) . (6 )

Here and (p*1) contains p ^8 elements for every

k. We define D as the set-theoretical difference
k k+1 k(p) -(p) ; notice that D contains exactly those elements

k (k+1 ) kwhich are divisible by p , but not by p . D contains
(s-k)n (s-k-l)n (s-k-1 ) / n .. _p -p “ P (p “ 1) elements. Notice that
k kD **U(Zq(n)), and for k>0, D contains only zero divisors.

We will now Introduce a few more subgroups of U(Zq(n)). Let

H s ’k - l+(pfc)C Zq(n) .
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We observe that H8 '* ■ H8 Further, the subgroups H8,k ( with

k>0 varying ) fora a sequence, analogous to (6). We have:

{1}-H8,8C H 8,8" 1C. . .CH 8 ‘1C H 8,° -Zq(n). (7)

For k>0, H8,k is a subgroup of U(Zq(n>).
8 8 kRemajrk. Similarly to H , H ’ is composed of subgroups

H8,k(i), where H8,k(i) “ gr(l+pku*). It is not hard to show

that

1) For every i,

H8,8(i)CH8,8'1( i ) C  . . . H 8 ’1 (i)
n n n ,
HS,S C H s,s-l c  . . . H 8 ’

2) For every i and k, Hs,k(i) - (xP I xfH^k 1^(i)}#

The proof of 2) is another lengthy exercise in elementary 

algerba. We leave the details to the reader.

The order of H8,k is p^8 k ^n0 Hence, the order of the

quotient group H 8 ’* /H8 *8 * **{l+(p)}/{l+(p)8 k } is
p (.-l)n-(.-.+k)n . p (.-k-l)„ tet ^  .0 ^ ( H..l /H.,.-k ,

The order of G Is (pn-l)p<’"k-1)n.

The unit group U(Zq(n)) acta on D via ring multiplication,

i.e., for every g(U(Zq(n>) and d*Dk (g, d)-->gdfcDk We next 

observe that for any d€D and g^ , g2*U(Zq(n)) such that

g 1g2" 1t H 8 *8"k , gld-g2d. (Indeed, if g - g ^ ' 1* H8 ’ 8~k ,
8  “ It  lc •g"l+p a for some a; d“p b for some bfZq; hence gda (l+ps

lc lca)p b*d, and the assertion follows). Thus we can say that 

the group G^"G®(H8 * * /H8 ’8 k ) acts on Dk by the following
Vrule: for every dfcD , (g,d)— >g.d-g'd, where g ' is any

of the prei.ages of g in G 8®  The next theorem will
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expose the nature of this action*
|.

Theorem A. Let all notation be as above. For every d^ .dj^D 

there Is one and only one g^G^ such that g'dj-dj, I.e. the 

action of on D is simply transitive.
V VProof. We prove the uniqueness first. Let g^(p a)-p b for

1-1,2, where g j . g ^ G ^ H 8 Then gj" 1g2 (pka )-pka and 
-1 k(g 1 gj-1)? a-0. The last statement Implies that

8 1 182* h8,S k and hence the Images of gĵ  and g^ In Gfc 

coincide, which proves the uniqueness.
VWe discuss the existence next. Recall that the orders of D 

and G^ are the same and hence (by uniqueness) the set G^dj
|talso has the same order for any d^(D . Further, G^d^ Is a

k ksubset of D . Hence G. d, must coincide with D and thek 1
existence follows.

Corollary. Every nonzero element of the ring Zq(n) can be 

uniquely written as product pkxkhgk°hjk|. . hj^,”' * where 

k-0 ,1 , . . . s- 1 , k- 0 ,1 ,.. pn- 2 , and k ^-0 ,1 ,...p ^8 *^-1 for

J*0 j1 ( • n- 1 •

Proof * Let S(k) - {<k,k0 $k j f...k x ) Ik-0,1,...pn- 2 ,

k^-0,1,.. p ^ 8 *^-1 for 1-0 .1 , . .n-1} • Let Exp*1: S( k )-->Zq (n ) , 

Expk (k ,kQ , . . .kn_ 1 )-xkh^. . hKnnj{. Finally , let D(k)-Expk (S(k) ) . 

We observe that

1). D ( k ) C D k (see the definition of Dk ).

2). The number of elements of S(k) Is the same aa that of D
k kThus, In order to proof that D(k)-D , we must show that Exp

Is one-to-one on S(k); It follows from the Theorem A. To
a

finish the proof, we recall that Zq(n)- UD (see
K»0



Section III).

Example [2J. Let n*l . We can choose f(u)*u-l. Then H 8 ’* 
^  B X■ Zp and so H * la cyclic. If we specify ■■p”3, we can 

list explicitly the algebraic objects discussed above:

( 1 )  -  z 27

(3) - { 0, 3, 6, 9, 12, 15, 18, 21, 24 }

(9) - { 0, 9, 18 }

(27) - { 0 }

D° - u <Z2 7 )
D1 - { 3, 6, 12, 15, 21, 24 )

D2 - ( 9, 18 }

D3 - { 0 }

The group of units Is cyclic and we can choose 2 as a

generator:

U(Z2 ? ) - { 1,2,4,8,16,5,10,20,13,26,25,23,19,11,22,17,7,14} 

H3,1 - { 1,4,16,10,13,25,19,22,7}

H3 ’2 - { 1,10,19 }

H3,3 - { 1 }

G - { 1, 26 }
3 1 3  2 1Here (H 9 /H * ) ®  G acts on D In the sense of Lemma 3

(H3,1 /H3,1 ) Q  G *  G acts on D2
2Example [I]. Choose n“2,p»3,s*2. The polynomial f(u)*u + 1 Is 

locally Irreducible over Z? The ring Z^(2) contains 81 

elements.

Here:

D° - U(Z9(2))

D 1 - {3,3+3u,6u,3+6u,6,6+6u,3u,6+3u}
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D2 - { 0 }

G ” {1,2+2u ,8 u ,2+7u,8,7+7u,u ,7+2u }

H2 ’1 - H2,1(0) ©  H 2,1(l) - (1,4,7) • (1,l+3u,l+6u)

H 2,2- { 1 }
2 1 2  1 1 (H * /H * ) 9 G acts on D in the sense of Lemma 3.

V. AN AUTOMORPHISM OF Z^(N).

Theorem 5. There exist an automorphism T of the additive 

group of the ring Zq(n), such that the following equation 

holds :

< Ta, b > - g> (ab), (8)

where 9P Is as It was defined in Section I, for any 

a ,b(Zq(n).

Proof. Let C be the companion matrix of the polynomial f
h-l

over Zq. Then the mapping a u  > 7 ^  a^C »a(C) is a
iw° T^o

matrix representation of Zq(n) in M(Zq;n), the set of all

endomorphisms of n-dimenslonal vector space over Zq. Notice

that the first column of a(C) is (an ,a,,... a , )* , i.e.n-l u l n-i
a* ^  * (a(C))»t1  ̂u* (We are using subscripts to denote the

entries of a matrix.) Let n-i
T(a) " 2  <9 >

1 r o  *
Then, clearly, T is an additive endomorphism of Zq(n).

T also satisfies the equation (8), because



<^T(«), b > - 2 J  (T(a))1b 1 - (•(C))ltl+1-(b(C))1+ltl ■

(,(C))l,i* (b(C))i,l " U ( C ) b ( C »  - ((•b)(C))1>1 - 
(«b)0 - ̂ (ab)

In order to conplete the proof we have to ahow that T is

bijective. Assume otherwise. Let a ^ 0, a(Ker(T). This Is

equivalent to the first row of the matrix a(C) containing 

only teroes. Clearly, then, a(C) Is not an Invertible matrix 

and hence a ^  U(Zq(n)). Further, a Is not one of the

elements p,p2 ,p^,.. p^S since pk (C) contains a nonzero

leading entry. By Lemma 3 there exists an element
b X kg(G ©  H ’ such that ag*p for some k. Then:

k
(P (c))l,l “ 2 j (4(C))l,i (*(C))i,l "°» 

and we obtain a contradiction. This proves that T is an

injection; that T is a aurjectlon follows from the finite

dimensionality of the vector space.

Example [1]. In the one-dimensional caae T degenerates into 

the identity map.

Remark. Ue now state without proof a few elementary 

properties of T.

Lemma 6.

(1) "J^TCa)), for any a6Zq(n).

(2) T(Dk ) - Dk , for every k.

(3) If we specify the basis (l,u,u2 ,... un 1 ), then T is 

given by a aymmetric block-diagonal matrix with two blocks: 

the first one is the l x l  identity matrix and the other is 

an (n-1) by (n-1) matrix.

Using the fact that T is a bljectlon, we can rewrite the
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equations (3) as follows:

A(T(b)) - J 2  w<Tb*a> A(a) - (10)

- 2 H  »* (* b) *(.)
atZjOO

Let us rewrite the equations (10) further. The first entry

of the output, Tf 0) )-fo 01- ^  w** ̂ ° ̂  A (a ) - ? \ A(a). Then
A A a*Z,C"> a«Z^0>)

If B(b)-A(T(b))-A(0) for b*Zq(n), we obtain

B(b)- 2 2  * ^ (*b)-A(a)- J 2  A ( a >* (11)
a‘ẐC.0 a*Z,C«)

J~7(w^(ab)-l)A(a)- Wa(ab)A(a) , where

W8(t)-w*(t) -1. (12)

Reaark. We will often view W 8 as a complex valued function

on R

From now on our task will be the computation of the numbers 

B(b) for all btZq(n); the values A(b) can be reconstructed 

as follows:

fi(b) - B(T_1(b))+A(0) (13)

A(0) In turn can be computed using p -1 additions.

The advantage of subtracting 1 from our coefficients lies 

in the number of additions we are to perform; if the number 

w^(ab) mi t we decrease the amount of additions by 1, since

W 8 (ab)*0: if w ̂ a b )̂*l, we actually gain nothing but also

lose nothing. At the same time the price we pay Is 2(pan-l) 

additions. We perform pSn-l of them, while calculating A(0), 

and p*n-l more adding A(0) to the B(b) for all b-0.
Let us keep in mind that on the last stage of the
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algorithm we will have to perform the permutation T; for 

now, however, we drop the T and thus simplify the notation.

VI. DFT(Q :N ) - STEPS OF THE ALGORITHM.

Let us subdivide the sums In (11) as follows:

B<b > " ^  ■' ( Z ^ w 8 U b>A(a) ), for all btZq(n). (14)
K * o  A i V

We say that the problem of calculating of the sums

Bt v (b) - 2 Z j (W8 (ab))A(a) for all b«DL Is the (L.K)-th step 
L,K

of the algorithm. Clearly, once we have performed all the 

(L.K)-th steps for K,L"0,1,.. s, only additions are

necessary In order to complete the algorithm.

Remark. This breaking up of the algorithm onto steps will 

In matrix notation be equivalent to the breaking of a matrix 

onto subblocks. The examples below will Illustrate this

s tatement.

Remark. Notice that the (s,K)-th step and (K,s)-th steps of 

the algorithm require no calculations. This Is because

WS(0.a)A(a)» C  (*°-l)A(a) -0.
Similarly, the (K,s)-th step Is the calculation of

W8 (a b)A(a) for all b«DL„ We have

T 7 W >(ab)A(a)-W8 (0)A(0)-0.
a a o
Example [2J. Let p*3,s*2,n"l. S.Wlnograd In [2] ordered the 

Input and output of DFT(9:1) and wrote the Transform In the 

following matrix form:
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DIACHAH II.
»(0)ll —  — I I 
■ 0)11 

It
• (6) I I 
 1 I
•  ( 1 ) 1  I 

II
»(2) I I*

II
■ (4) I I 

I I
■ (0)1 I 

I I
■(7)11

I I
»(5) I I 

9

lo|
I I 
lot  
! - ♦ -  
lol 
I I 
lol 
I I 
lol  
I I 
lol  
I I lol 
I I 
lol

0 0 1 0 0 0 0 0 0 | |
0 0 |w3-l .‘-1

1 
• 

m
 

i 
»

i

V «*-l .•-ill
0 0 »3-l « -1 6, • M i l
»3-I w6-J i**-i wJ-l .*-1 V .1 w’-l •4-iM
« -1 *3-l •'-I wl-l V -1 ir8-l .7-l!!
« -1 •‘-1 !v?-l *5-l w1-) V -1 4 . .•-ill
« -1 w3-l iw#-i .7-l »*-l V -1 2 . w*-lii
v -1 •6-l !w4-I •#-I .7-l V -1 1 . vl-»!i
* -1 w3-l L * - i .‘-1 ••-1 V -I *5-l v1-!!!

|A(0)
IA ( 3 ) 
I
I A( 6 )
IA ( 1 ) 
I
IA (2 ) 
I
I A(4 )
I
I A(S )
I
lA(7)
I
I A( 5)

wh t r *  v “ 1.

The nine subuatrlces, highlighted In the DIAGRAM II, 

correspond to the nine (L,K) steps of the algorithm for 

K,L"0,1,2. Readers unfamiliar with Wlnograd's work, may be 

surprised to notice that the submatrlcea, corresponding to 

our (L,K) steps, have rather special forms. Thus, for 

example, the submatrix of the step (1,1) contains only 

teroes. This observation will be made more precise In 

Lemma 5.
2Example [3J. Let p"3,n*2,s*l and f(u)*u +1. The element 

l+u"x generates the group of units U(Z^(2)). We rewrite the 

DFT(3*2) In the following matrix form:
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DI AG R A M  IT.
I ■ ( 0 )

i»(«7) 
i 6 l>(* ) 
I , ll(« )
!■(«*>
!»(*3)
l»<*2>
!»(«*)

lol 0
lol w 2-X •*-! 0
I I 
lol 
I I 
lol 0 
I I 
lol * 
I I 
lol 
I I 
lol 
I I 
lol 0 
I I 
lol «

...--   Z----
w -X »  -1 w  -X 0

2 , X , X i « -1 w -I w -X 0 r1-! » 2 -I w 2-I 0
2 . 1 , X . -* - l w - l w - X  0

-1 0 »2-X w 1-! w 1-! 0
»2-X * 2-l * 2-l 

» l-X * 2-X
2-l w 2-X 0 *2-I w1-! v1-! 0
1 , 2 , 2 . _ - l w - X w - 1  0 2 , X , X , - »  -I » -I » -I 0

X , 2 , 2 . _v -X * -X v  -1 0 2 , X , X , • -I • -X w  -X
■X 0 »*-X * 2-I » 2-X 0 * 2-X w*-X

where w *1.

The four highlighted submatrices correspond to the 

(L,K)-th eteps of the algorithm for K,L"0,1. We observe that 

the 8x8 submatrix, connected with the (0,0) step, has 

circulant form. Further, as we will see later, It can be 

factored as a product of two other matrices, a fact which is 

essential for the new algorithm.

V I I . (L,K)~TH STEP - DEFICIENCY.

DefInitIon. We say that the number K+L Is the deficiency of 

the step (L,K).

As we will shortly see, the deficiency of the step says a 

lot about the atep Itself.

Lemma 7. For K and L such that K+L ^ s, the (L.K)-th step
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requires no arithmetic operations.

Proof. Let us consider W 8 (ab) ,a£Dk ,b<D^ Then a"pka ' t b-pLb' 

for some a',b'€ Zq(n). Hence W8 (ab)-W8(pK+La'b')-W8(0)-0 and 

the lemma follows.

We will assume next that 0 < K+L < s.

We will show that all the steps with deficiency greater

than zero can be reduced to steps of DFT(pr ;n) with r<s.

IfAs we have observed In Theorem 4, any element a of D can 

be uniquely written as pkg, where g€G. “ G 8©(H8 ’* /H8,8-k ).K

Let A" - H 8,8”k-L /H8,8“k , B” - /h 8,8-L . Here A"

Is a subgroup of G^ and B" Is a subgroup of G^- Let

C ” - G ©( H8 ’1 /H8 ’8~k_L ). Then Gk /A" - Gl /B" - C M. We

further define

C - { g1h*Q h *' . . . h'nn_"J / 0<i<pn- l , 0<ij<p8_k“L_1 for

J"0,1,...n - 1 }.

Then C Is a set of representatives of cosets of A" In G^*At 

the same time C Is a set of representatives of cosets of B ”

in G^. Thus for any k,La0,l...s we can uniquely write an

1c 1celement a of D as a ■ p a ' a " , where a'tC and a "6 A ” . 

Analogously, any element b of D*' can be uniquely written as
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p^b'b", where b'€C and b”€B.

Then we observe that

* ^  ̂ m  ̂i n ^ ^  K+L ti« h K+L ^.a b K p a a * p b b  ■ a b • p a b  “ p a b (15)

The last equation follows from the earlier observation that

Thus the product ab does not depend on a ” and b ” .

Remark. Let K “L“ 0.

Here A" and B" are trivial subgroups and C “ U(Zq(n)). At 

the same time, whenever K>0 or L > 0 , C ” la a proper quotient 

group of the unit group.

Ve now return to the algorithm.

entries 1 and let E » Em in, id

Let us consider the equations for the (L,K)-th step. We 

are to compute (see equations 11 and 14 ):

p^(l+p^t)*p^ for J+J >s

Definition. We denote by E the m by n matrix with allm , n

for all b(D L (16)

or, In the matrix form,

B where Ak-{A(t)lt«Dk} ,
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BL R " {BL,K(t)l t^I)Lj* and ML k "^ •«*>*. b(DL ). Let

BL>K(b',b") - BL>R(b), Ak (a',a")-Ak (e) , where a',a",b' and 

b" are aa defined above. We rewrite the equations (16) as 

follows:

BL,K(b'*b,,) “ (17)

Z Z w'(ab)A(a',a") -
a"*** a'<t

2 .  W s(pK+La'b')(( 2 2  A(a',a”),
a"€A"

for all b"^B" and b'£C.

Thus we obtain:

V k -SJ.k •  V , P k ’ (18)

where M? is the square (pn-l)p(s'k-L" 1) by (pn-l)p(s~k”L , K

** matrix with entries W 8 (pK+La'b'), Indexed by elements

a' ,b' of C.

The equations (17) do not depend on the the choice of the 

representatives a ',b ' and thus we can say that the matrix 

R Is indexed by elements of C".

One immediately observes that the matrix M. „ does notL ) lv

depend on K or L separately, but only on their sum.
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Example [2]. The submatrices, corresponding to the steps 

(1,0) and (0,1) of the algorithm are both built from 2x2 

block C^, vhere

11 «3-i »6-i 11
°3 ' !! 6 . 3  "w -1 w -1

where w^*l .

The matrix also occurs In the DFT(3:1), vhere It

corresponds to the (O.O)-step.

We will shortly see the reason for this.

We are going to compare the matrices M* obtained forL ) K
different values of s. Let 57 be the quotient map

K+LZq(n) ■ >Zq(n)/(p ) ■ ZpS-K-L (n ) . The restriction of 37 on

C Is a bljectlon between C and U(ZpS-tt-L(n) ) .

Lemma 8.

W8 (pK+La'b')-Ws_K'L ( *  (a')JT(b')), (19)

for every a',b'€C.

Proo f . Recall thet w^e^**^** * let further v"w^ . We

observe that for a,btZq(n) such the Jl(a)« *(b) we have

v^ ( a)-v*(b)-ya _ (Here the exponents are considered as 

integers; It Is easy to see that there is no ambiguity). 

Hence, W 8(pK+L. ' b ' ) - w P ^ (*'b '>-l-v^(-'b '>-l-v*'b'-l 

■ W* K L ( j7(a') JT (b') ), which concludes the proof.

Corollary.
"Zs . u B-k-L "l ,k "o,0

Let us summarize this discussion in the following
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Theorem 9. The (L,K)-th step of DFT(q:n) Is equivalent ( up 

to additions ) to the (O.O)-th step of DFT(p8 * 14 :n).

Proof. Equation (17) ahovs that in order to multiply a 

vector by R , we have to perfora some additions and then 

multiply the shorter vector by the aatrix M* v .As we saw inL | Iv
Leaaa 8, the latter aatrix la the one which corresponds to

(O.O)-th step of DFT(p8 ** ** :n), which completes the proof.

Reaarjk. Let us look at the practical aspects of Theorea 9.
1»Assuae that we are given aubroutlnes for computing DFT(p :n) 

for k*l,2,.. s-1. Then in order to compute DFT(ps :n) we have 

to perfora all (L,K)-th steps of the latter problem; our 

subroutines will handle all of these steps but one, namely 

(0,0). Thua we see that the computer program for calculating 

DFT(p*:n) will be built from “standard’* blocks. We will see 

that these blocks are actually subroutines for computing of 

Winograd's core of 1-diaensional transform.

From now on, we will concentrate our attention on the 

(0,0)-*th step. We will also call it the core step of the 

algori thm.

Let us Introduce some more notation.

Let y-xhg. Then y generates the subgroup G' ■ G8©  H®(0) of

order p (8-1 *(p"-l). Let H' - © H s(i). Then
i*l

U(Zq(n)) ■ G' © H ' .  Every element t erf the group of units
k

U(Zq(n>) can be written uniquely as t*y h, where 

ka0,l,..p^8 *^(pn-l)-l and hfH'; h ■ h^1 . . for some

k^,k2 ,.« “ 0,1,..p^* *^-l. We rewrite the equations

(17) for the core step.
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®0,0(yL h n-V ) " (20)
p̂ ',(pn-i>-|
i---- — 1 4— -> w (y h, •• h*.., )A(y h,' .. h„_, )K = 0 K;*0

or, shorter,
{TV-lVl

B 0 o(yLh) ' ZZj W 8 (yK+Lhh')A(yK h')
K . O  h'*M'

We now Introduce one nore permutation. Let I map the group 

of units to itself, sending each element into Its 

multiplicative inverse. We rewrite the equations (20) as

Bc(yLh,L‘.. ifci ) ■ Bo,o(I(yLhi'- hL„-’i' >> - <21>

■ > 1 > i W 8(yk~L ..» hk,_L' . . . hJj:-'"L °-' ) Xr»o if; *o
A(ykh|t‘. h^jJ ) .

or, in the matrix form,

B - M A . (22)c c c
We will show now that the matrix N is connected with ac
representation of a certain group algebra.

VIII. DFT(Q;N) - GROUP ALGEBRAS AND SHIFT OPERATOR.

We start this section with some general observations.

Let A be a finite (abelian) group. We are given a 

decomposition of A as a direct product of cyclic subgroups
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A j , i“1,.••N . Let Aj* gr(*j), let m^ be the order of a^.Thus 

we can take A aa the set of N-tuples (Jj,Jj.•••JN ) » where 

0 <J^ < We consider A to be lexicographically ordered.

Let R be a ring. The set of all functions X:A-->R can be

given an algebraic structure, called a group algebra R(A],

1
Let us consider R[A^]. We define a representation of A^ in

M(R,ra ) by mapping a to S , where S is the a. by m.1 l o t  Of 1 1

N
which is canonically Isomorphic to ® R [ A 4 ]

matrix

0 0 0 ... 0 1
1 0 0 ... 0 0
0 1 0 ... 0 0
0 0 1 ... 0 0

II 0 0 0  ... 1 0 ||

Then R[A^] is represented as the algebra generated in 

M(R,m ) by S . For any given XtR [ A ], the laage of X in1 ID | 1
M( R , m ) , denoted a s ? ,  is the matrix I I X (a 1b ) I I ....1 a , t>« A
Let us give two examples.

First, if X(l)-1 and X(a)"0 for a_l , T  is exactly the shift 

operator matrix S
“ l m  "»{ j

Second, if we define X(a)«*l for all a, X ■ ^  S is a
m i

matrix, containing only ones. We have denoted it by E a .

Analogously, we define the representation of R[A] by

mapping X— >X “ I IX(a *b) I I , _. . Then the matrix X is ana , of a
element of the tensor product of algebras;

X - y ( £  SJ*)X(a*), where a ■ | I a . ̂  i 
i = | is i 1

Remark. The reader who is not satisfied with the brevity 

of this discussion is referred to [6] for more detailed 

exposition.

N
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For our purposes It is sufficient to observe that If we 

set R"C, the field of complex numbers, A*U(Zq(n)) and X*WB 

(We now consider W B as a function from U(Zq(n)) to •), then 

the matrix (^belongs to the tensor product of algebras 

C[Hb (1)] •  ... •  ClHB (n-l)) #  C [G8 J and hence can be written 

as

M c = p*‘-l .
J Z Z T J  si-*® s

i-o r (__n
Let us Introduce some additional notation. Let r*p

be the order of the generators h^ . Let •p^B_^^ (pn-l) ,

the order of the generator y. Further, if h Is an element of

H ' ■ 0  H8 (1), we define S (h) as the tensor product *0 S 
n-i r i-i r

where h* TT hj^’.Equatlon (23) can now be written as 
'*i-l

Mo“ Z2 S (h)® s i *WB( h y i ) .  (24)
c “  r

(23)
c1"-1A9 T V - 0 wx (h',' y )

IX. THE CORE - PRIMITIVE ROOTS AND REPETITIONS.

Let u 8 define the mappings W^:Zq(n) —  >C as follows:

W B(g), If (l+WB (g)) s-k - 1

and (l+WB(g))B"k" 1/ 1

wk(g) -
0 , otherwise.

We observe that W B» >  . W. . Further, we define 
«-t XSo k

Mk " E Z _ J Sr(h)*  S*W (y*h). (25)
hew7 *■=©

Then by (24) we have
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We are going to handle the aatricei separately.

Let ua further limit our field of attention. We define, for

every h €• H' ,
<*—1

M.(h) - S1W 8(hy1 ). (27)
i =  ©

Then we obtain:

M « y~ Sr(h )® M. (h) (28)
ke-M'

As we will see in Section XI, for k>0 M^(h) can be always

decomposed as the tensor product E t _ k ® N , ( h )  for someP *
matrix N^(h). Before doing this we will outline the 

remaining steps of the construtlons.

We are going to factor the blocks N^(h) in section XI. In 

order to do this we are going to need to get some additional 

Information about the structure of the ring Zq(n). The 

section X will be devoted to this. Later, in section XI, we 

will extend the factorization to the core itself.

X. Z^(N) ^ CONSTANT ELEMENTS.

As the reader recalls, we constructed the ring Zq(n) as a 

polynomial extension of Zq, using a locally irreducible 

polynomial f. Thus, we may consider Zq as a subring of 

Zq(n). We call the elements of this subring constants. The 

alternative way of defining the constants is the following
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Definition. An eleaent *■ V . t . u Zq(n) la termed a

V-o
constant, if f°r 1>0. Further, z la termed an

almost conatant iff plz^ for all 1>0.

The multiplicative group of all Invertible conatanta la 

clearly a aubgroup of U(Zq(n)). In thla aection we are

contain Invertible conatanta. Aa we will aee later, thla 

Information ia crucial for the construction of the core 

algorithm.

Let us first look at the residue field Zp(n)aZp[u]/<f'(u)>. 

The following lemma can be found in algebra textbooks 

(cf.[Si>:
Lemma 10. If x is a generator of U(F), where F is the 

finite field with pn elements, then the Invertible constants 

of the field F are exactly the elements x 0 , where

In the next few lemmas we will extend this result to Zq(n).

going to find out which of the subgroups H*(i) and G 8 may

6‘-<pn-l)/(p-l), k-0,1,.. p-2.

Lemma 11. G 8 does not contain any almost constants, which
n — I

are not constants, i.e. for every

for i>0) -> ( a 1-0 for i>0).

Proof. Let an almost constant element belong to the

subgroup G of order pn-l. Then

(29)

The right hand side of (30) is equal to its p 8n'th power, 

since it is an element of G8 and the order of G8 divides
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Thus,
n-| ns
2  aiul“ (#o+ p (S a iul>)PI S O -  isl
We evaluate the expression In the right hand side and 

observe that all binomial coefficients except that of
( P*** ) 8S q are divisible by p .Hence,

n - l . rts v
( ^  .a^u )“* q P » which Is constant* We equate the

coefficients of the different powers of u and see that the

elements a'^a0, J*l,2,..p-1, which concludes the proof.

Remark. We observe that the rings Zq and Zq(n) both contain

^ ( P 8 )"P(8 *^(p~l) invertible constants.

Lemma 12. x Is constant If and only If k Is divisible by 

-(pn-l)/(p-l).

Proof. We are going to show that x is a constant in Zq(n). 

Let 7  be the image of x in Zp(n). Then x is a non-zero 

element of the finite field, and hence 7®* is a constant in 

the field. Lifting 7®" back into Zq(n) we observe that X®*

is an almost constant element. By Lemma 11 we conclude that
2T* levx ■ is a ring constant. All elements x ” for k varying are

also constants. There are exactly p-1 of them. We observe
£

that the subgroup H (0) consists exclusively of constants

and contains exactly p^8 ^  elements. Altogether we
(S~l)accounted for all (p-l)p Invertible constants.

We summarize the results in the following

Theorem 13. All Invertible constants of the ring are

elements of the form x*}1q^, where i is divisible by

T  “ (pn~l )/(p~l)« Furthermore, if yaxhg, then y^* generates 
the subgroup of the constants.
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XI. Mr (H) ^ FACTORIZATION.

We are ready now to undertake the factorisation of the 

blocks Mk (h). We will first obtain a few properties of the 

mappings W^ (Lemmas 14,15,16) and then will obtain the 

factorization of H^(h) in Theorem 17. We will continue in 

use of the notation that y * ( p n-l)/(p-1) and «4*(pn-l)p^8

Lemma 14. Let m(Z, z*ya is a constant. Then

1+W8(zyih)-(1+W8 (y1h))*.

Proof. W8(sh))+l-w9 ( h y 'r)-w*y(hy' )-(W8(y1h)+l)*

Lemma 15. Let tfZq(n); 1+W8 (t) be a primitive p8 ^-th root

of 1. Let z*ym as in Lemma 14. Then 1+W^(zt) runs over
0 ~k,all primitive p - 1 h roots of unity as m runs over 

0 1 s-k-l(p-1)-1V , 1 , . . . p

Proof follows from the previous lemma.

Let ®^a*(pn-l)p8 ^ * for k*0,l,... s-1. We observe that

always divides c( and ct “ o^.

Lemma 16.

Wk ( h y 1 ) - W k ( h y 1 + ° S  (30)

Proof. We have to consider two cases. First, we assume that 

both 1+Wk (hy*) and l+Wk (hy^yctR) are not p8 ^-th primitive
1 i

roots of 1. Then both Wk (hy ) and Wk (hy y^*) are zero and

the proof follows. We now assume that 1+Wk (hy*) is a

primitive p8 '‘-root of 1. Then Wk (hy*) ■ 0 and ^ h y * ) " ? * ^

for some integer t, not divisible by p. We want to show that
a-I

CP(hy*-hy y°**)-0. Here y*** - x3* • Let hyi*pk t+
J= I



Then <̂ ( h y 1y-* )- Gf(pkth^+hj1" ^  ̂  a ̂ y ̂ ) . He observe that
k k. p*"k”1 (pn -1) k •*’** rtyr u * Ak\ **,, v i\p kg -p h K - p and hence ^P(hy y ")■ J(hy ),

which concludes the proof In this case. The last possibility

Is that l+W^Chy^y**) Is a p8 ^-th primitive root. The proof

Is analagous to the previous case.

He now combine the results of 13,14 and 15 Into the 

following key Theorem:

Theorem 17. The matrix M^(h) can be factored as a tensor

product of a oL* by <*« matrix N.(h) by E » , where «**-! k PV h)“ H sivhyl)(SO
Proof♦

Using Lemma 16, we can rewrite the definition of M^(h) as

follows:*-lMk(h)"ZZvhyl)-si" (31)
‘-° pK -> <*«-tZ1 tn Vh!’‘,!v+J'"- 12 c *rm

J » 0  1 * 0  P>**— I J a O  » * 0
4 4 ^  1

y-'
L— » jro
i * o  C 1  1 12ji;V 1’1' > • V •

1*0 °*K~I
Let Nk (h)- S ^ W k (hy*). Thus we obtain:

1 = 0
Mk (h)"Nk (h> •  Ep« * (32)

which concludes the proof.

Remark. The previous Theorem is trivial for the case k*0. 

For k>0, however, it allows us to greatly reduce the amount 

of calculation performed. He recall the fact that the 

number of multiplications necessary to perform the
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nultiplleation of a square NxN aatrix A by an arbitrary 

vector V of length N is same as in aultipi1cation of an NQ 

by NQ aatrix A •  E^ by an arbitrary vector of length NQ.

He will see now that the aatrix Nk (h ) can be further 

decoaposed .

Nr (H) - FURTHER DECOMPOSITION.

We are now going to present Nk (h ) as a product of two

natrices. Each of thea will have a rather specific fora (see

Theorea 19). The decoaposition we are about to obtain will

allow us to aubstantially reduce the aaount of perforaed

calculations.

He recall that 
~ I

Nk (h)- S w k (hy1)S^, where <rfK-(pn-l)p8-k_1 (33)

Let Jb*"(p-l)p8 k 1 - 4>(p* k ). For L«0,1,... j&k -1 we

define the seta B^-fj-0,1,.. ®tk” l I Wk (hy^)-W8 (pkyL^  ) }.

We also define B" { J"0 ,1 , . . .«4 -1 | W.(hy^)*0 }. Then 
6 ^  k k

B \J U  Bl- {0,1,... «*k-l}. (34)

We next define the satrices Q. (h)« ^  I SA , Q (h )■ SJ .

Then we obtain the following 

Leaaa 18. Q.(h)-S (h).------- L v

The proof follows froa Leaaa 16.

We now decoapose the blocks N^Oi). The following theorem is 

of the key importance for the algorithm.
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Theorem 19.

1) The * °**t matrix N^(h) can be presented as QgthjC"^

where Qq C M  contains only teros and ones and C " is the
k *L aL matrix ^ W ^ p  y® J S ^ .

2) Further, C"k* I 9  C^s-v, where is the core matrix

of DFT(p*~k :1).

Proof of the assertion 1).
N ”l . .

Nk Ch) - 2 H  Wk (P y ^  >QL (h) + 0xQ(h) - (35)
**-' L‘° fcrt2ZI wK (pkyLr >scifQo < h > " vh)-ZZX(pkyL* )sil ■ Qo (h)ck-
L - O  U « 0

The matrix C''k in the last equation does not depend on h.

We delay the proof of the assertion 2) in order to bring in

a few remarks.

Remark. C "^ and Qq (10 both belong to the same commutative

group algebra and hence commute.

The matrices Q^(h) contain only teros and ones ( cf. with

the example below ), and hence do not affect the

multiplicative complexity. At the same time, most of the

entries of the matrix C" turn out to be zeros.k
Example [3]. The 8 x8 block on the DIAGRAM IV, which 

corresponds to the core step of DFT(3:2) can be factored as 

product QxC"^, where Q is

1 1 0 1 0 0 0 0
0 1 1 0 1 0 0 0
0 0 1 1 0 1 0 0
0 0 0 1 1 0 1 0
0 0 0 0 1 1 0 1
1 0 0 0 0 1 1 0
0 1 0 0 0 0 1 1
1 0 1 0 0 0 0 1
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And S" Is

II w*-l 0 0 0 w2-l 0 0 0 11 1 i
1 1 0 I | w 1-! 0 0 0 w 2-l 0

1 1
o 11 1 11 1

11 oI 1 0 w*-l 0 0 0 w 2-l
1 1

o 11j j1 1
11 oI 1

0 0 w 1-! 0 0 0 w 2-l III I
II W 2-1 I i 0 0 0 w 1-! 0 0

1 1
o 11 1 11 1

11 o 1 1 w2-l 0 0 0 w 1-! 0
1 I

o 11 1 11 1
1 1 o 1 1 0 w 2-l 0 0 0 w X-l

1 1
o 11j1 1

1 1 o 0 0 w 2-l 0 0 0 w 1-! II

where w” e2iri/3

In this example we are given only one matrix N^(h)t so we 

are not able to demostrate very much. The example of 

DFT(9-2) which contains different blocks and different 

factorizations, can be found in Chapter I.

We observe that the matrix <^"■1^ C ^ , where is the the 

core matrix of DFT(3:1).

Proof of the assertion 2).

The matrix C^” is given by the following equation:

c£" S  V p kyL **)s!£ <36>u*o
Here y ^  is a generator of a multiplicative group of the 

ring Z q , which we will denote by y\ At the same time,

^  , (37)s«T‘sf f * Ir  •
Hence

ck" S  Wk (yL )sif-(IIi W (yL ) S ^ )  «  ir  -
U»0 L*0

(38)

Cp6-“®  I,-
where



y-k- )SJ* » *nd (p-1)prk*1
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(39)
L «0

We compare the equations (39) and (24) and obeerve that the

Thus for the second time In this algorithm we have found 

that the subroutines for the DFT on lower number of points 

come up as steps of the algorithm with higher number of 

points.

We conclude this part of discussion, bringing together the 

decomposition of M ^ h ) :

XII. THE CORE - BRINGING PIECES TOGETHER.

The decomposition of Is given by equations (25) and

(40) and we are going to bring them together. In order to do 

this we observe that the only term In the right hand side of 

(40) which depends on h Is Qq (Ii).

Theorem 20. (The factorization of the core).

matrix c pS-k corresponds to the core step of DFT(pB_,t: 1) .

Mk(h> " < V h> _k®1 fiT )} * V (40)

5- I
where contains only zeros and ones

and Cj^-IypCi-kXn-0 ®  y _ k
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Proof.v ZZv -k(h) 9  (Q0 (h)-(C pS_k«  I* )) •  Ep* - (41)

( 2 2  Spt-wCh) •  (Q0 (h).(C^.w®  I *  )) ) 9  Epk - 
*ew'

-tc(h) C  Q0 (h)) (I^-kX"-')* Cpt_w » I ^  ) •  Eplt -

Qk*"Ck 9 Ep , where

Qk- Z 3  S«*-k <h) •  Q0 (h)’
*€«'

W-«M. CpM«V
P k ( I p<*-kX*-l> r  ® C pS-k ) p k " C p*-k •

Here Che maCrix contains only zeroes and ones, while Che 

matrix (Ipcs-kXn-0'g- ) • cp5-k bas the block-diagonal shape and 

consists of p^8 ^)(n ^g* identical square blocks. Each of 

the blocks is a copy of the core matrix of DFT(p8 ^:1).

This concludes the proof of Theorem 20.

CONCLUSION

We now bring together the pieces of the Algorithm.

It will proceed as follows:

1) We calculate ^ ( 0 ) M ^  'A(a), as defined in (13) and (14).

2) Let Ak-{A(t) lt«’Dk }?*Z^ n>

Let M ^ - Q ^ C ^ E  K as given in Theorem 20.
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Let M* q where I is the perautatlon aatrix of the

Inversion aapplng I:U(Zq(n))— >U(Zq(n)) (aee (21),(22)), let 

further

O  V .p ‘  ' "  ,1,e" ln <l8>
and Leaaa 8.

We calculate BT ■ H? JA, for all K and L.L , K L , K k
Reaark. As we have shown ln Leaaa 7, for K+L>_s no

calculations should be perforaed since then M. _ is a zeroL , K
aatrix.

3) We calculate the output of DFT(p*:n):
^  A  «  1
A(b)-A(0) + ̂  Bl K (T_A(b)), as given by (13) and (14). 

aao

XIII. SUMMARY.

1). In Section I we Introduced the conception of a locally 

Irreducible polynoaial over a local ring. We further used 

this idea to define ring Zq(n), q“p*, which coabined the 

properties of a finite field with those of the ring of
|fIntegers aodulo p , We have shown ln Section II that Zq(n) 

can be conveniently used to index DFT(ps :n) and established 

the necessary notation.

2). We analyzed the algebraic structure of Zq(n) in 

Sections III and IV. Theorea 3 (Section III) describes the 

structure of the unit group of Zq(n) and Theorea 4 

(Section IV) describes the structure of the set of zero
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divisors of Zq(n) sod the (multiplicative) action of of the 

unit group on it*

3). He linked the structures of Zq(n) as a ring and as a 

nodule (over Zq) in Section V. Thus we Justified the reasons 

for bringing up the ring structure on the first place.

4). We factored the DFT(p*:n) equations as collection of 

Steps, corresponding to different Ideals of Zq(n) ln 

Section VI. It vas further shown that some of the steps will 

involve no calculations ln the algorithm (cf.Lemma 7, 

Section VII), whereas the others can be reduced to the Core 

step equations of DFT(pr :n), for some r<s (cf. Theorem 9, 

Section VII). By Core step we meant the step, corresponding 

to the unit group of Zq(n). Thus we have shown that the 

problem of evaluating DFT(pS :n) can be reduced to the 

problems of multiplying of a vector by the core matrix of 

DFT(pr ;n) for ral,...s. This problem was discussed ln 

Sections VIII-XII.

5). He have observed in Section VIII that the core matrix M  c
can be viewed as an element of a representation of a certain 

group algebra. This allowed us to further subdivide the 

problem into smaller ones (see Section IX). On the matrix 

language, we subdivided into a collection of smaller

blocks, corresponding to the different cosets of the unit 

group.

6). We analyzed the structure of a single block ln 

Section XI. Some additional Information about the ring 

Zq(n) was obtained in Section X: We found out how the



59
elements of the base ring Zq are distributed ln Zq(n) (see 

Theorea 13). Using this information, we factored a single 

block In Section XI (Theorems 17 and 19).

7). Finally, we extended these factorizations to the core 

Itself (Section XII, Theorem 20). Theorem 20 gives us the 

scheme for the algorithm; it also shows that all 

multiplications in DFT(ps ;n) can be performed as part of the 

core steps of one-dimensional transforms DFT(p8 rl). 

Efficient subroutines which handle these tasks had been 

written for l-dimenslonal Wlnograd's algorithm and thus can 

be used for our algorithm.

8). The whole algorithm can be considered as a step ln 

calculstlon of general multi-dlmenslonal Discrete Transform, 

with number of points along each axis not necessary prime 

and number of points along different axes varying. One can 

obtain an algorithm for this kind of problem, incorporating 

the algorithms similar to one we described using different 

techniques.
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APPENDIX: THE BLOCK-SCHEME OF THE ALGORITHM

We conclude this Chapter with a brief step-by-step scheme 

of the Algorithm. This block-scheme should not be considered 

as a computer program. Exact Implementation of It will Imply 

tremendous waste of storage and multiple unnecessary 

assignments, since the numerous Intermediate arrays we 

Introduce below are Included mostly for the reader's 

convenience and not for the efficient use of storage.

The reader will observe that we will use elements of Zq(n) 

instead of subscripts. Thus, n-l
A(aQ ,a1 ,... • ^  “ A(a), for a- Zq (n) .

i*o
Further, we will consider some multi-dlmensional arrays as 

one-dlmenslonal. This equivalence will be done ln PLI 

manner, rather than ln FORTRAN'S. Thus, the elements of some

2-dlmen8ional 2x2 array M may be considered as a one- 

dlmenslonal array {M(1,1),M(2,1),M(1,2),M(2,2) } of length 4.

Remark. Certain Information about the indexation ring will 

be necessary to proceed with construction. Thus, we will 

assume that we performed the following computations:

1). We have found a locally Irreducible polynomial ftZq, 

deg(f)-n.

2). We are able to reconstruct the subsets D of Zq(n), as 

defined In Section III.

3). We have found a generator x of subgroup G of U(Zq(n)).

4). We can order and list the elements of D as cosets under
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the action of cyclic subgroups of Gs (see Theorem 4).

In other words, we are able to present any element of Zq(n) 

In the form given In Corollary of Theorem 4.

5). We are able to compute the values of permutations T 

( see Section V) and I ( see Section VII).

INPUT? n-dlmenslonal array A with p 8 points along each 

axis.

OUTPUT? n-dimensional array A with pB points along each 

axis.

■> STEP 1. Define constant Z as the sum of all entries of A, 

i.e. Z® A(s ) .

■> STEP 2. For all k*0,l,.. s-1 define n-dlmensional arrays 

Ak with (pn-l)p8 k * points along the first axis and p8 k * 

along any of the other axes. Store elements of A in Ak as 

f ollows:

for all a€Dk , let Ak(k,k.,... k& .) - A(pkykhlJ*, . . . h*8’1. ) -i n *“ i l n “ l
A(a). Thus for every k, Ak will contain exactly elements of

•> STEP 3. For all k,L*0,l,.. s-1 define n-dlmenslonal 

arrays R ,Let R be an array of the same size as A^ 

( ®L K contain the output from (L,K)-th step of the

algorithm, see Sections VI and VII).

-> STEP 4. Perform STEPS 5-8 for all k-0,l,..s-l 

l»0,l,..s-l: than proceed to STEP 9.

■> STEP 5. Define n-dimensional array A. . with (pn-l)p^8 kL | K
L X) points along first axis and p(s-k-L-l) polnt8 along
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other axes. Calculate and atore sums as follows:

A^ g(k,k^,«. k^_j ) ■ ^  A^(J,Jj,... J^_j ), where

suaaatIon Is taken over all n-tuples .) such that1 n-i
for every 1-1,..n-1 (aod p* k ** * ) and J«k (aod
, n s-k-L-1 .(p -l)p )•

REMARK. Arrays A^ R will be used as the Input for the core
8 "* It ™ lastep of DFT(p :n). The output will be stored Into

arrays B. , which we will define next.L ) Iv

-> STEP 6. Define array ^ as a n-dimensional array of the 

aaae size as R

-> STEP 7. Call SUBROUTINE C(/T _,Ff _,p,s-K-L,n) (ThisL | A L ) A
subroutine, described below, will coapute the core step of 

the DFT(p8_k_L :n) ).

-> STEP 8. Store output ?. „ in array B as follows:L | K L | K

Let BL Ln-1^"®L K ^ ’^ l ’** ^n-1^ * where for every
i- 1 , • .n-1 L1« J 1(aod p B~k"L-1 ).nd LafCmod (pn-l)p8~k’L~ 1 )•

REMARK. B. „ is the output from the (L.K)-th step of theL I K
algorithm, cf.(16).

-> STEP 9. Perform additions as follows: for every

L-0,l,..s-l and b6D^, let

fi(b)-Z+ £ , B t _(L,L.,.. L . ), where b-pLyLh . M  hk *,?< .
%Zo 1 n_I 1 0-1

-> STEP 10. Permute the output array A as follows: For

every afcZq(n), let

A(a)-A(T *(a)), where T is as defined in Section S.
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SUBROUTINE C(A,B,p,s,n).

This subroutine computes the core step of DFT(p8 :n).

INPUT: n-dimen8lonsl array A with p^8 *^(pn-l) points

along first axis and p^8 ^  points along all others.

OUTPUT: n-dimensional array B of the same size.

■ > STEP Cl. Define arrays Ak for k»0, . s-1 as exact copies 

of A .

-> STEP C2 . Perform STEPS C3-C11 for all k-0,.. s-1. Then 

proceed to STEP C12.

“> STEP C3. Multiply array Ak by matrix Qk. Here Ak is 

considered as 1-dlmenslonal array (see REMARK at the 

beginning of this Appendix). Matrix is defined in

Section XII and contains only zeros and ones. Thus, this 

step will involve only additions.

We store the output back into A k .

■> STEP C4 . Apply permutation Pk to Ak (see proof of 

Theorem 20 for definition of Pk).

REMARK. As given in Theorem 20, we will have to multiply Ak 

by block-diagonal matrix C^.This will be done in a loop.

■> STEP C 5 . Define arrays X,Y,Z. Let X be a one-dimensional 

array of length p^8 ^ (p-1). Let Y and Z be one-dimensional 

arrays of length (p- l)p8 k * • Let M*(pn-l)p^8

/(p-1). Perform STEPS C6-C10 for all m*0,l,..M-l.

-> STEP C6. For all i-1,..p(s-1*(p-1) let 

X(i)-Ak(i+mp(8_1)(p-l)),

-> STEP C7. For all i»l,..(p-1)p8~k_1 let
Y(i )"^"* X( j ) , where summation is taken over all Jffi (mod
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(p-l)p8"k_1 ).

-> STEP C8. Call SUBROUTINE W(Y,Z,p,a-k). (Thla subroutine
g —computes the core step of one-diaenslonal DFT(p ,1) ). 

Here Y is the input and Z is the output of the subroutine.

-> STEP C9. For all i«1 , ..(p - 1)p*~k let 

X(i)-Z(J), where i*j ( aod <p-l)pB“k" 1 ).

-> STEP CIO. For all i-1,...<p-1)p*~k let 

Ak(i+a(p-l)pn(B“ l) )-X(i).

■> STEP Cll. Apply perautatlon Pk * to the array Ak .

■> STEP C12. Compute array B as follows: For everys
i-1,2, . .(pn-l)pn(*‘ 1) let B ( i ) - 2 H  Ak(i).

K - O

REMARK. On the last STEP of this subroutine we will view B 

as n-diaensional array indexed by eleaents of the unit group 

of Zq(n). Thus, let B(a )-B(k ,k^ , kj , • • *or »-ykhk|.. bk""J

■> STEP C13. Apply the inverse permutation to array B

(cf.(21)).

Let B(a)-B(a *) for all a.

REMARK. As the reader sees. we did not perform any

multiplications in this subroutine. All multiplications are 

performed in Wlnograd's core subroutine V.

SUBROUTINE W(A,B,p,s).

This subroutine computes the core step of 1-diaenslonal 

DFT(p*:l) as described in Wlnograd's works. (cf.[2]>. 

Numerious papers describing efficient implementations of 

this subroutine have been published. See, for example, [4]).
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CHAPTER III.

0. INTRODUCTION

2We will now present one sore algorithm for DFT(p :n), which 

uses the same ring structure for the Indexation purposes. 

This other algorithm will be given first as an example 

( DFT(9:2) ) and will be justified In the next Chapter. The 

notation which we are going to use will be compatible with 

Chapters I and II.

The reader will observe that the algorithm we are about to 

present will combine some features of Ulnograd type 

algorithm (cf.[2]) with construction, similar to the one 

appearing In the Cooley-Tukey algorithm ( cf. [1] ).

I. ANOTHER ALGORITHM FOR DFT(9:2).

The input data for the Finite Fourier Transform on 9 by 9
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points is given as a 9 by 9 array A(K,L), where K,La 0,l>**8. 

Let us rearrange the data into the one-dimensional array B 

of length 81 as shown in the following table:

TABLE I.

+ ----
1 B 0) A( 0 0) 1 B 27) A( 0 2) 1 B(54) A (1 7) 1
1 B 1) A(3 0) 1 B 28) A( 5 4) 1 B( 5 5) A( 6 7) 1
1 B 2) A( 6 6) 1 B 29) A(2 0) 1 B(56) A( 7 8) 1
1 B 3) A( 0 6) 1 B 30) A(4 4) 1 B(57) A( 1 6) 1
1 B 4) A( 6 3) 1 B 31) A(0 7) 1 B(58) A( 8 5) 1
1 B 5) A( 6 0) 1 B 32) A(4 5) 1 B(5 9) A(6 8) 1
1 B 6) A( 3 3) 1 B 33) A( 1 3) 1 B(60) A( 5 I) 1
1 B 7) A( 0 3) 1 B 34) A ( 5 8) 1 B(61 ) A (8 3) 1
1 B 8) A( 3 6) 1 B 35) A( 3 8) 1 B(6 2 ) A( 1 4) 1
1 B 9) A( 1 0) I B 36) A(8 4) 1 B(6 3) A (3 1) 1
1 B 10) A( 2 2) I B 37) A(8 6) 1 B(64) A(4 8) 1
1 B 11) A( 0 8) 1 B 38) A(4 1) 1 B(65) A(4 6) t
1 B 12) A( 2 7) 1 B 39) A(6 1) 1 B(66) A ( 5 2) 1
1 B 13) A( 8 0) 1 B 40) A< 1 5) 1 B(6 7) A( 6 5) 1
1 B 14) A( 7 7) 1 B 41) A( 4 3) 1 B(68) A(2 4) 1
1 B 15) A( 0 1) 1 B 42) A( 2 5) 1 B(6 9) A ( 5 3) 1
1 B 16) A(7 2) 1 B 43) A ( 3 5) 1 B(70) A(4 7) 1
1 B 17) A ( 4 0) 1 B 4 4) A( 5 7) 1 B(71) A(3 4) 1
1 B 18) A(8 8) 1 B 45) A( 5 6) 1 B(72) A( 7 5) 1
1 B 19) A( 0 5) 1 B 46) A(7 4) 1 B(7 3) A(7 6) 1
I B 20) A( 8 1) 1 B 47) A( 6 4) 1 B(7 4) A( 2 8) 1
1 B 21) A( 5 0) 1 B 48) A( 4 2) 1 B(7 5) A (6 2) 1
1 B 22) A( 1 1) 1 B 49) A( 7 3) 1 B(7 6) A(8 7) 1
1 B 23) A( 0 4) 1 B 50) A( 8 2) 1 B(7 7) A ( 2 3) 1
1 B 24) A( 1 8) 1 B 51) A(3 2) 1 B(78) A(7 1) 1
I B 25) A( 7 0) 1 B 52) A( 2 1) 1 B(7 9) A( 3 7) 1
1 B 26) A( 5 5) 1 B 53) A( 2 6) 1 B(80) A(1 2) 1
+---

Analogously we define a one-dimensional array $  of length 

81 which will correspond to the two-dimensional output 

^(K,L), where K,L"0,1,. 8, as follows:



67

TABLE II.

t(°) - 1 0 0) 1 ♦(27) - 1(0 5) 1 ♦( 54 ) - 1(2 5)
5(1) - 1 3 0) 1 '♦(2 8) - 1( 1 8) 1 1(55) - 1(6 4)
♦  (2) - 1 3 3) 1 ♦( 29) - ♦( 5 0) 1 1(56) - 1(5 7)
♦(3) - 1 0 6) 1 1(30) - £(8 8) 1 1(57) - 1(1 6)
♦(4) - A 3 6) 1 ♦( 31) - 1(0 4) 1 1(58) - 1(1 4)
♦  (5) - * 6 0) 1 t(32) - 1(8 1) 1 1(59) - 1(6 8)
♦  (6) - 1 6 6) 1 ♦( 33) - 1(1 3) 1 1(60) - 1(4 8)
*(7) - 1 0 3) 1 ♦( 34) - 1(4 1) 1 1(61) - 1(8 3)
♦(8) - 1 6 3) 1 ♦( 3 5) - 1( 3 8) 1 1(62) - 1(8 5)
♦ (9) - 1 1 0) 1 1(36) - 1(1 5) 1 ♦( 6 3) - 1(3 1)
♦(10) - 1 7 7) 1 ♦( 3 7) - 1(8 6) 1 1(64) - 1(5 1)
♦  ( H ) - 1 0 8) 1 1(38) - 1(5 8) 1 1(65) - 1(7 6)
♦(12) - 1 7 2) 1 ♦( 39) - 1(6 1) 1 1(66) - 1(7 1)
♦(13) - * 8 0) 1 ♦( 4 0) - 1(8 4) 1 ♦( 67) - 1(6 2)
♦  (14) - 1 2 2) 1 ♦( 41) - 1(7 3) 1 1(68) - 1(1 2)
♦(15) - 1 0 1) 1 *(42) - 1(1 7) 1 1(69) - 1(2 3)
♦(16) - 1 2 7) 1 1(43) - 1 ( 3 2) 1 ♦( 70) - 1(2 8)♦ (17) - 1 7 0) 1 1(44) - 1(7 8) 1 ♦( 7 1) - 1(3 7)♦ (18) - 1 4 4) 1 1(45) - 1 ( 2 6) 1 ♦( 7 2) - 1(8 7)♦ (19) - 1 0 2) 1 t(46) - 1 ( 8 2) 1 ♦(7 3) - 1(4 6)
♦(20) - 1 4 5) 1 t(47) - 1(6 7) 1 ♦( 7 4) - 1(4 7)
♦  (21) - 1 2 0) 1 1(48) - 1(2 1) 1 ♦( 7 5) - 1(6 5)
♦ (22) - 1 5 5) 1 ‘♦(49) - 1(4 3) 1 1(76) - 1(7 5)
♦ (23) - 1 0 7) 1 ♦(5 0) - 1(7 4) 1 1(77) - 1(5 3)
♦ (24) - 1 5 4) 1 ♦( 51) - 1(3 5) 1 1(78) - 1(5 2)
♦  (25) - * 4 0) 1 ^(52) - 1(4 2) 1 ♦( 79) - 1(3 4)♦ (26) - 1 1 I) 1 *(53) - 1 ( 5 6) 1 ♦( 80) - 1(2 4)

+ + +  +

The perautatlons presented In the Tables I and II are

once again connected with the underlying ring structure and

will be justified In the next Chapter.

The finite Fourier transfora on 9x9 points Is given by the 

following equations:

£( k /l ) “ S Z j wKKwLLa<r .l >. (l >
L- O  2j % i / 9

where K and L range froa 0 to 8 and w -e

We will write the Finite Fourier transfora operator In 

the aatrlx fora as follows:

♦ - F x B, (2)

where F Is an 81 by 81 aatrlx.
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After writing out all the details one sees that the aatrlx 

F has the following block structure:

+-+-
111 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
+-+- 
1 1 | 1 1 1 1 1 1 I I I1 1 
111 1 1

1
1
1I N

1
1I

N
1
1I N

1
1I N

1
1I

N
1
1I N

1
1I N

1
11 N

1
11 N

1
111 1 

+-+- 
1 1

1
|

l
1

1
1

l
1

l
1

1
I

1
I

1
1

I
1

1
I1 1 

111 1 1
N

1
1| Cll

1
1I

Cl 2
1
1I

Cl 3
1
1I

C21
1
1I

C2 2
1
1I C2 3

1
11 C3 1

1
1I C32

1
11 C33

1
111 1 

1 1
1
I

l
1

1
1

1
I

l
I

1
1

1
1

1
1

l
I

1
I1 1 

111 1 1
N

1
1| Cl 3

1
1| Cll

1
1| Cl 2

1
1I

C23
1
1|

C21
1
1I C2 2

1
1I

C3 3
1
11 C31

1
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1
111 1 

1 1
1
1

i
I

l
1 1

1
1

1
I

1
11 1 

111 1 1
N

1
1|

Cl 2 1I
Cl 3 1I Cll

1
1I

C2 2
1
1|

C2 3 1I C21
1
1I

C3 2
1
11 C3 3 11 C31

1
111 1 

1 1
1
1

l
1

1
1

1
I1 1 

111 1 1
N

1
1| C31 1I

C3 2 1I
C33 1I Cll

1
1I Cl 2 1I Cl 3 1I C21

1
1 C2 2 11 C2 3

1
111 1 

1 1
1
1

1
I1 1 

111 1 1
N

1
1I

C33 1|
C31 1|

C32 1|
Cl 3 1I

Cl 1 1|
Cl 2 1I

C23 1I
C21 11

C22
1
1I1 1 

1 1
1
1

1
11 1 

111 1 1
N

1
1I

C32 1I
C33 1I

C31 1I
Cl 2 1|

Cl 3 1 Cl 1 1 C2 2 1 C2 3 11 C21
1
1|1 1 

+-+- 
1 1

1
1

1
1

1
1 1

1
11 1 

111 1 1
N

1
1|

C2 1
1
1I

C22
1
1I C23 1I

C31 1I
C32

1
11 C33 11 Cll 11 Cl 2 11 Cl 3

1
1I1 1 

+-+- 
1 1

1
1

1
|

1
1 1

1
1

1
1

1
1

l
I

1
i1 1 

111 1 1
N

1
1I C2 3

1
1|

C21
1
1I

C22 1I C3 3
1
1|

C31 11 C32
1
1I Cl 3

1
11 Cll

1
11 Cl 2

1
111 1 

+-+- 
1 1

1
1

1
I

1
1

1
1

1
1

1
I

1
1

1
1

I
I

1
11 1 

111 1 1 N
1
1I C22

1
1I

C2 3
1
1I C21

1
1I C32

1
1I

C3 3
1
11 C31

1
11 Cl 2

1
11 Cl 3

1
11 Cll

1
111 1 

+-+-
1 l 1 1 1 1 1 1 1 1

Here the blocks C1J and N are 8 by 8 Matrices, all blocks

denoted by '1' contain only entries equal to 1.
Let C be the 72x72 matrix containing the blocks Cll,
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Cl 2 , . . C33. Then C-cyc(C l ,C 2 ,C3) , where Cl-cyc(Cl 1,Cl 2,Cl 3),

C2-cyc(C21 .C22.C23), C3-cyc(C31,C32,C33). We will say that C

la the core of the two-dimensional FFT on 9x9 polnta. Let 
2jri / 9w «e Then the described blocks are:

)
)

N - eye 3 6 iw , w , 1 6  6  3 .,w ,w ,w ,1 y w

Cll - eye 1 2 iw ,w ,1 2 8 7 .,w ,w y w ,1 ,w

Cl 2 - eye * 8 , w , w , 1 8 5 1 ,
, W  y W  y W  ,1 , W

Cl 3 - eye 7  5  , w , w , 1 5 2 4 .
, W  y W  y W  ,1 , W

C21 - eye 1 5 3 w ,w ,w 8 8 4 6
9 W  y W  y W  , W  , W

C2 2 - eye 4 2 3 w ,w ,w 5 5 7 6
, W  y W  y W  y W  , W

C2 3 - eye 7 8 3 2 2 1 6

C31 - eye 1 8 6 w ,w ,w 5 8 1 3
9 W  9 W  9 W  9 W  9 W

C32 - eye 4 5 6 w ,w ,w 2 5 4 3
9 W  y W  9 W  y W  , W

C33 ai eye 7 2 6 w ,w ,w 8 2 7 3
9 W  9 W  . W  y W  y W

We will now Introduce a few more 8x8 matrices. We define:

Dll - Cl 1 + Cl 2 + Cl 3 m 3* cyc( 0 ,0 ,1 ,0 ,0 ,0 ,1 ,0 )

Dl2 - Cll +w 3C12 + w 6C13 - 3* eye( 0 29 w ,0 2.w 8. w ,0 ,0 ,0 )

Dl 3 - Cl 1 +w 6C12 + w 3C13 - 3» eye( 1w ,0 .0 ,0 ,0 ,w7 ,0 ,w? )

D21 - C21 + C2 2 + C2 3 - 3 • eye ( 0 .0 3.w ,0 ,0 .0 )

D22 - C21 ♦w 3C2 2 + w 6C2 3 m 3»cyc( 0 5.w ,0 8 89 » .0 ,0 ,0 )

D23 - C21 +w 6C2 2 + w 3C23 m 3»cyc( 1w ,0 ,0 , o ,0 , w* ,0 .v1 )

D31 - C31 + C32 + C33 - 3 • eye ( 0 ,0 69 » ,0 ,0 ,0 ,w3 ,0 )

D32 - C31 +w 3C32 + w 6C33 - 3» eye ( 0 89 v ,0 5
9 »

8
9 » .0 ,0 .0 )

D33 - C31 +w 6C32 + w 3C33 - 3» eye( 1w ,0 ,0 ,0 , o , w 1 ,0 ,w*>
Then If we define

D - (I8#F 3« I 3 )C(I8# F 3_1® I 3 ), (3)

D ■ cyc( Dl, D2, D3 ), where



Di - dlag(Dl1, D12, Di3), 1-1,2,3
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We repeat thla procedure once more. Let

Ell 

E21 

E31 

El 2 

E22 

E32 

El 3 

E23 

E33 

Th

Dll ♦ D21 + D31 - 9 eye( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,0 )

9 cyc( 0 ,0 ,1 ,0 ,0 ,0 ,0 ,0 )Dll + w 3D21 + w 6D31

Dll + w 6D21 + w 3D31 - 9 cyc( 0 ,0 ,0 ,0 ,0 ,0 ,1 ,0 )

Dl2 + D22 + D32 - 9 cyc( 0 ,0 ,0 ,0 , w ® , 0 ,0 ,0 )

Dl2 + w 3D22 + w 6D32 - 9 cycf 0 ,0 ,0 ,w2 ,0 ,0 ,0 ,0 )

Dl2 + w 6D22 + w 3D32 - 9 cyc( 0 ,w2 ,0 ,0 ,0 ,0 ,0 ,0 )

Dl 3 + D23 + D33 - 9 cyc( w ^ O  ,0 ,0 ,0 ,0 ,0 ,0 )

Dl3 + w 3D23 + w 6D33 - 9 cyc( 0 ,0 ,0 ,0 ,0 , w? , 0 ,0 )

Dl3 + w 6D23 + w 3D33

n, If we define

9 eye( 0 ,0 ,0 ,0 ,0 ,0 ,0 ,w')

E- (I - 1,
2 4 F3 )x D x (12A®  F3 *), (4)

E«diag(El1, E21, E31, E12, E22, E23, E13, E23, E33)

Combining (3) and (4), we obtain?

e - ( i 24*  r 3 ) ( i 8» P 3* i 3 ) c ( i e# P3- 1®  i 3 ) d 2 ( .  p 3_ 1 ) (5)

and hence In order to calculate CxX, where X la a vector of

length 72, one ahould calculate

(I8® F3~1» I3 )(I24* F3 1)E(I24®F3 )(I^®F3a I 3 )V 
Here

(I24* F3>(I8# F 3®I3 ) " (I^ I3»P3 )(I8»  F3« I 3 ) - 
- Ig® ( (F3® 13 ) C13d 

Then

(6)

(7)

f3 ) ) - i8®  f3®  f3

C - (Ig® F3_1®  F3_ 1 )E(Ig® F3®  F3 )V (8)
and we can uae the algorithm deacrlbed In [3] to calculate 

f3F g® F, and the Inverse transform.

Thus the core step of the algorithm will have three
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following stages:

1) We apply DFT(3:2) 8 tlaes to the Input 9-tuples (theae 

9-tuples will be described In Chspter IV).

2) We aultiply an Input vector of length 72 by aatrlx E.

3) We apply the lnverae DFT(3:2) 8 tlaes.

It Is easy to see that the aecond stage will require 40 

essential aultlplleatIons, while the first and the third

will need 8N^ each, where Is the nuaber of essential

aultlpllcatlons, needed to coapute DFT(3:2). Altogether we 

will need 40+16Nj essential aul t lpl lcat Iona for the core 

step.

The reaalnlng part of the coaputatlons Is connected with

8x8 block N, where
, 3 6 .  6 6 3 .  3.N - eye ( w ,w ,1 ,w ,w ,w ,1 ,w )

We observe that N la nothing else than the aatrlx of

DFT(3:2) and hence the algorltha described In [3] will once

aore be applicable.

Thus the aultlpl lcatlon of N by a vector of length 8,

which la to be done twice, requires aultlpllcatlons.

Altogether we have 40+18Nj aultlpllcatlons. becoaes 4 If

we use the algorltha [3] and thus we conclude that the

described DFT(9:2) algorltha will require 112 esaentlal

aultlpllcatlons.



II. THE ALGORITHM FOR DFT(9:2): SUMMARY.

Ve conclude this lection with a brief atep-by-step scheme 

of Che algorithm.

■■> STEP 1. Calculate the sum of the elements of A(K,L) and 

store It at ^(0,0).

■“> STEP 2. Store B(2)fB(3>... B(8) as a one-dlmenslonal

array BNl of length 8 (cf. Table I).

■ "> STEP 3. Store B(9),B(10),..B(80) as a two-dimensional

9x8 array BC. The following diagram displays the

distribution of the elements of A in the array BC.

TABLE III.

BC: \ J 
I \ 
1

1 2 3 4 5 6 7 8

1(1,0)1(2,2)1(0,8)1(2,7)|(8,0)|(7,7) (0,1)1(7,2)I

2 1(4,0) 1(8,8) 1(0,5)1(8,1)|(5,0)|(1,1) (0,4) 1(1,8)|

3 1(7,0) 1(5,5)1(0,2)|(5,4)|(2,0)1(4,4) (0,7) 1(4,5)I

4 I(1,3) 1(5,8) 1(3,8)1(8,4)|(8,6)1(4,1) (6,1) 1(1,5) |

5 I(4,3) 1(2,5) 1(3,5) 1(5,7)|(5,6)1(7,4) (6,4) 1(4,2)|

6 1(7, 3) 1(8,2) 1(3,2)1(2,1)1(2,6)1(1,7) (6,7) 1(7,8)|

7 1(1,6) 1(8,5) 1(6,8) 1(5,1)1(8,3)1(1,4) (3,1) 1(4,8)1

8 1(4,6) 1(5,2) 1(6,5) 1(2,4)1(5,3)1(4,7) (3,4) 1(7,5)1

9 1(7,6)1(2,8) 1(6,2)1(8,7) |(2,3) 1(7,1) (3,7) 1(1,2)1

(The entries are the sub 

elements of A(K,L)).

cripts of the corresponding

Remark. One can see that the indices in any column of the 

Table III are the same modulo 3. This event enables us to
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perfora the traneforaatlon of the input data rather 

efficiently. We will give a Justification in next Chapter.

■■> STEP 4. We consider each column of BC as input data for 

the DFT(3:2) and perfora the tranaforn (C f .{3 J for an 

efficient algorithm). After this step is completed, we store 

the output back into BC. Then the first row of BC will 

contain the sums of the entries which were in each column 

before the Step 4. We store the first row of BC into a one- 

dimensional array BN2.

■"> STEP 5. We multiply each row of BC by the corresponding 

block of the matrix E. Thus the first row is multiplied by 

Ell (which is zero matrix), the second by E21,.. the ninth 

by E33. As shown above, the multiplication by Elj is just 

multiplication by a constant, followed by a cyclic shift. 

The output is stored back into BC.

■■> STEP 6. We apply Inverse DFT(3:2) to each column of BC 

(cf. with the Step 4). The output is stored back into BC.

• ■> STEP 7. We multiply BN2 by the aatrlx N. As shown in

[3], it can be done using only 4 multiplications. The

output is saved as ^(2) , . . .3(8), or 3(3,0), .. £(6,3) (cf.

Table II).

-»> STEP 8. We multiply BN1 by N and store the output back 

into BN1.

-»> STEP 9. We add BN1 to each row of BC and store the

outputs back into BC.

»■> STEP 10. We unravel the data contained in the array BC 

and store it as $(9) ,3( 10) , . .$(80) , or 3 ( 1,0),.. .3(2,4) (cf.
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Table II).

As will be shown In the next Chapter, the same scheme can
2be applied not only for 9-3 , but for any square of a prime 

number.
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CHAPTER IV.

0. INTRODUCTION

In this Chapter we discuss a new algorithm for the n-
2dimensional Finite Fourier Transform on p points along each

2axis, where p Is a prime number (DFT(p *n)>. This algorithm 

Is logically based on the algebraic structures, presented In 

Chapter II. In order to avoid numerious repetitions we will 

restrict ourselves to the list of definitions and results

from Chapter II used In this construction. The notation we 

are going to use Is fully compatible with Chapter II. The 

reader Interested In complete understanding of new algorithm 

Is thereby urged to read this Chapter after a certain level

of familiarity with Chapter II has been reached.
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I- Z^(N), CASE Q-P-

We have Introduced Zq(n) , q*P*. in Section I of

Chapter II. We will now recall the definitiona in the 

notation adjuated for the caae s*2.

2We atart with local ring Zq of integera modulo q*p , where 

p is a prime. Let f<Zq[u], deg(f)*n be a locally irreducible 

polynomlal over Zq (cf.Chapter II, Section I). We define 

Zq(n)*Zq[u ]I<f(u)>. It was shown in Lemma 2, Chapter II, 

that Zq(n) la a local ring with the maximal nllpotent ideal 

(p) and the residue field Zp[u]/<f'(u ) >, where f '(u)(Zp[u ] 

is the image of f(u) in Zp[u] under the canonical ring

epimorphism Zq[u ]-->Zp[u ].

We observe that Zq(n) contains p^n elements. Amongst them,

pn are zero divisors, p^n~pn are invertible. Let D be the

set of all zero divisors different from 0; let U be the unit

group of Zq(n). The structure of the group U is given by
2Theorem 3 of Chapter II. For q “ p we obtain:

Lemma 1 .

Let H*l+(p), for 1*0,1,..n-1 let

H(i) ■ {1+pku* I k*0,1,..p-1}. Then H and H(i) are
«-•

subgroups of U; for every 1 H(i)-Zp and H • 9  H(i).
i S O

Furthermore, U ■ H 9  G, where G is a cyclic subgroup of

order pn- l •

The proof follows from Theorem 3 of Chapter II.
We will introduce the following notation ? let x be one of
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the generators of G. The eleaentt h^-l+pu* ( i*0,1,..n-1)

will generate subgroups H(i).

Thus, we can uniquely write any eleaent of U as

h . ^ h .  . . . h for some kA ,k,,.. k ,-0,1,.. p-1 and0 1 n-1 0 1 n-1
k-0,l,..pn-2 (cf. Chapter II, Theorem ).

y
Similarly, any element of D can be uniquely written as px 

for some k-0,..pn-2. ( see Corollary after Theorem 4,

Chapter II ).

n—I n—*
Let a - 7a , u ^  Zq(n), b- '̂*. b . u*^ Zq(n). We define7*0 i-O 1
<a,b> - ^ a j b j C  Zq and 9 ( a ) - a Q 

»»o
It was shown in Section V of Chapter II that there exists 

a bijectlve homomorphism T of the additive structure of 

Zq(n) such that the following equation holds for every 

a ,b C Zq(n) :

<a,Tb> - 9(ab).

(cf.Theorem 5,Chapter II).

We now obtained all the information necessary to start the 

construction of the algorithm.
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II. DFT( Q N )  AND THE STEPS OF THE ALGORITHM.

2The Discrete Fourier Transfora DFT(p :n) Is given by the

following equations; p*-| ^

A( jQ , j. . . Jn_.)- A -  ■ I w 5  1#J,A(i0 ,il f ... in ,), (1)
0 1  n 1 UaO.RwO.1... /

where A,^ : Zq© Zq Q. . © Z q —  >0 and w»e .
n-l

For *“ € Zq(n ) we will write A(s )"A(Sq , . . . s _j) and
A  a  ‘* °  "A(a)-A(aQ ,... *n_j) «nd we will consider A and A as

functions froa Zq(n) to C. Using the previously established

notation, we rewrite the DFT equations (1) in the following

f or a :

"A(b)- 2Z. w < a ’b>A(a) (2)

Using defined aapping T, we will rewrite (2) once aore:

B(b)-A(T_1b)- 2 ^ V ( a b ) . A ( a )  , (3)
a«Z^C">

where V(t)-w'^^t ^; VZq(n)-->C.

Following Section VI of Chapter II we will subdivide these

equations onto "Steps'*. We rewrite (3):

B (0) - 2 2  A(a) (4)
Q € 2 q < * 0  r — i

B(b) - A(0) + 2 _ j  V(ab)A(a) + /  , V(ab)A(a) , 
ok < >

for every b<rD.

B(b) - A(0) + ^ V ( a b ) A C a )  + 7"] V(ab)A(a),
<»e3> a «xJ

for every b€U.

Similarly to Section VI of Chapter II we will Introduce
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four Steps of the algorithm*

Let the (X,Y)-th Step of the algorithm be the problem of

the evaluation of sums

B_ v (b) - C  V(ab)A(a) (5)
X ’Y <x«Y

for all b<X, where X,Y“D or U. Thus we are to perform A 

Steps: (D,D), (D,U), (U,D) and (U,U) and to add up the

results In order to evaluate (A).

Remark. Here our notation somewhat differs from the one 

used In Chapter II. We recall that W(a)*V(a)-l, where W was 

defined In Chapter II. Further, our four Steps correspond 

to Steps (1,1), (1.0), (0,1) and (0,0) as defined In

Chapter II.

We observe that the (D,D) Step will require no essential

multiplications. Indeed, every elements a,btD can be written

as a*pa', b*pb' for some a',b'€Zq(n). Hence, 
2V(ab)*V(p a ' b ')-V(0)-1 and the equations (5) for (D,D) Step

can be written as

B_ n (b) - YZ. A(a), for all b*D. (6)
D ’D <KO

Remark. This result Is Just a consequence of much more 

general Lemma 7 of Chapter II.

In the next Section we will analyze the (D,U) and (U,D) 

Steps. They will be handled In almost the same way as it

was done In Chapter II. The core or (U,U) Step will be

discussed In Section A, where some new techniques will be

presented.
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III. (D ,U ) AND (U ,D ) STEPS

Let us rewrite the equations (5) for the (D,D) Step first. 

We recall that any element of D can be uniquely written as

px*' for some La0,l,.. pn-2 and any element of U can be
k nuniquely written as x h for some k-0,1,.. p -2 and h C H .

Thus we are to calculate for all L*0,1,.. pn-2

B n (pxL )- 2 v ( p x l,)A(a). 22 V(pxLxkh)A(hxk ) - (7)
»-2 a *° ***

-  2 2 2  v <p*k + l h  22 A<h * k >>- 
* * °

Let B'(L)-Bd 0 (pxL ) and A'(K)- 2 ^ A (hxk ) for
V ’K,L"0,1,.. p -2. Let further 

M - llvK + L || ( K,L-0,1,,,. pn-2 ) be (pn-l) by (p"-l) 

matrix. Thus in order to evaluate (7) we have to evaluate 

the product B '“MxA' for an arbitrary vector A'.

We will now similarly rewrite (5^ for the (U,D) Step:

BU,D(hxk)“ 1 2  v <h*k*)A(a)- 2 2  V(pxK+L)A(pxL ), (8)
(XO L*0

where a*pxL and bahxk .

We define A"(K)-A(pxk ) for all K - 0 ,1,...pn-l and

B"(L)-B(J D (hxL ) for all L-0,1,.. pn-l. ( The right hand 

side does not depend on h, as shown in (8)). Thus, (U,D)

Step is also reduced to the evaluation of B "-MxA" and

therefore is equivalent ( u p  to a certain number of

additions ) to the (D,U) Step.



Rcaark. The reduction we applied to the (D,U) and (D,U) la 

diecuaaed In detaile In Section VII, Chapter II. It further 

follows froa there that M - 1 can be permuted into the core 

matrix of DFT(pm), ualng the lnverae permutation on U ( See 

Chapter II, Section IX ). Note that by M-l we underatand 

the matrix obtained from M by aubtracting 1 from every 

entry. The algorithm for the evaluation of DFT(p:n) Is 

discuased In [2] and final Sectlona of Chapter II.

IV. (U,U) (OR CORE) STEP.

He now face the problem of the evaluation of

Blt ,.<b)- 2 H  V(ab)A(a) (9)

for all b C  U. Let B^(b)aB^ y (b ) for every element b of U.

We rewrite (9) as

BQ (b) - V(ab_1 )A(a) (10)
a t U

Every element t € U  can be uniquely written as

h„0 h^‘. . h *•*'• x\ We will Induce an order on U by o i n-1
lexicographically ordering the (n+1)-tuples

(kA ,k, ,..k , ,k). Thus we can now rewrite (10) In theu i n “ l
following matrix form?

B - N x A, (11)

where N Is an pn (pn-l) by pn (pn-l) matrix. Repeating the 

argument from Chapter II, Section IX, we observe that N can 

be written as a sum of tensor products as follows?
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" • 2 1  Z j  V - l »  < •  s‘')»V(h0k<>h1k'.. ^ ; ,,.k ) (12)

K . O  K j S O  »*°

We recall that Fourier transfora la the dlagonalIration

operator for the Shift operator S; aore precisely, If F la

the aatrlx of DFT(a’l), then F^® S^® F# 1 la the diagonal

aatrlx dlag( 1 ,w* , w2 , . . • wa *), where w*e22**^a . Let F be
n-1

the aatrlx (I n . )®( Q  F ). We will partially dlagonallze 
p i*o p

N, using F.

Lemma 2 . Let N ' - F ®  N ®  F J Then:

1). N ' la a block-diagonal aatrlx with pn blocks, each of

theo being a (pn-l)x(pn-l) aatrlx.

2). Furthermore, these blocks are matrices 

H(i0 ,i1 ,...i||_ 1> - (13)

K»0 jg —OjŜ Oyl..

Proof. The proof follows from elementary properties of the 

tensor product.

The next theorem Is of key Importance and justifies the 

algorithm.

Theorem 3. Any of the circulant (pn-l) by (pn-l) matrices

N(1q , ij , . . . lo_j ) can be written as waS^J*^jfor some 

a*0,l,... p2n-l and b*0,l,... pn-2, where both a and b 

depend on (1Q ,ij , . . 1 j ) .

Proof. Recall that the blocks N(in ,l,,... 1 ,) are given— — —  u i n-i
by (13). We evaluate part of the right hand side of the 

latter equation as follows:



k.w ( C p j sis) (xh ( i + 2 Pj.u')) .W i“0 W 1*0 *
. n- 1

w ( Z H  + (xk (l+ Z J p J , u * > >l*e i-o *

We rewrite the exponents as follows: 
n—t

I f  x*1" a  ( k ) u C , t h e n  
-t-o z

f)- |
p S j  1 + <P(xk( l + p S ]  u8)) -S»o 8 8 s-o 8

»-!■ ill, n-\
P Z - 1 J 8 1 8 +  Z j  « t ( k ) u t ) ( l + p 5 l ]  J u 8 ) )  -s-o 8 8 t-o c s.c 8

< C * t(lc)ut)+p 9 ( ( E  J818)+C( ̂ 8t(k)ut) ( C  jf
«-» n-1 n— l ̂

a Q ( k ) + p  $ ( (  Z j  J g i J  +  f  Z H  V  Z j 8 t < k > u t + * > > >  "* » o  8 8 s - o  -t-o c
n-l n-\t

aQ (k)+p 9 ( Z 2 J . d  + Z j a t(k)ut+8)).
s»o -t»o

Hence we can rewrite (13) as

8oOOtfP*>(Z: jsUs+ZUa^Uu*4’* )) k
K *  O  js*0,»*Ojl n- •pP-Z n~\ n-l .> w*o ( k ) ( > , WP9(C Js(is + ZJa^(k)u^-l'S))) k>  . ✓  i w pyv jsiis f^_ia. i k ;u )))c i
£*=o W jf ^ - o >t,.W 8-o * Sp"-1

w8o(k)( 7 ^ ~ !  w pjsy(|fi ( i , + E s ( k ) « t + , )))s >i 
<r5^ p" ' 1
f Z U 8a<k><£] n  wPJs9(ls + £a^(k)u^))>
* 7 o  j k-o  *»° * “° p " - lp^-2 n—I n-l n-l
^  1 wa,(k)( 1TE „P V *  (If + 2  8*( k ) U^-6 ) ) k
kT o *-• j,=o Pn "l

We observe that ^   ̂wPi s ̂  ( *s * a-fc(k )u ) , q , unle
j8»o



( J ^ * t(k)ut+*) - -i# (aodulo p) (17)
t»o

Hence In order to prove the assertion we have to show that

for fixed 1^, 1 j , . . . in_j there Is at aost one k, such that

(17) holds for all s-0,1... p-1.

Let us assuae that (17) holds for k^ and k j . Then let

a t*at (kj)-afc(kj ) • We assuae that 
r>— >

« tu *)(0)*0 (aod p) for every s-0,1,.. p-1 (18)
t*o

We proceed with an lnforaal induction: Let s-0. Then (18)

n-»
implies that *f( )*0, »nd hence »o*® (aod p). Next let

ts© n-2. t+1
• ■1• Equation (18) laplles that ^  * a u

4 - 0
° ”1 i+«n_ 1 (-fjU ))-0 (aod p), where f0 ,fj,.. fn-1 are the 
i-o

coefficients of the polynoalal f(u) which has been used in

the definition of the ring. The latter expression is equal

to a , f_.As is easy to see, the coefficient fn has to be n-i u u

relatively prlae to p, since otherwise the polynomial

f '-(itIu])(f) has less degree over Zq than f has over Zp.

Therefore, a .*0 (aod p). n-i

We will proceed with a-2,3,... and will analogously prove 

that *(n _2 )» a(n-3)’‘‘‘ (“ od P)* Thus we prove
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that afc (k j )"«at (k2 ) (aod p) for every t. It iapllea that 

n-l
y ^Xa^ (k, )-a> (k,) )uts0 (aod p). The left hand aide la 
■t-*©
equal to x*1! -x*14 and hence x'll(x't| - 1 ) ^D, where x^a la

Invertible. Therefore, xk' k*£l+D-H. We conclude that

x*1! **-1, kj*k2 (aod pn-l), and the aaaertion follows.

Recall that (U,U)-atep of the construction Is given by

equations (10)-(11). We will rewrite (11) now:

BQ - ( F-1 •  N' 9  F ) x Av  (19)

Thus, (U.U)-step Is subdivided Into three stages:
n-l1. Multiplication by the aatrlx F“ I n ,• ( F ) .

P ~ 1 a-o P
2. Multiplication by the aatrlx N '.

-1 n ~ I _ i3. Multiplication by the aatrlx F aI n ,<& ( &  F ).
P “ 1 »?■o P

We observe that F Is a tensor product of an Identity 

aatrlx with the aatrlx of DFT(pm): thus the algorltha of

[3] can be conveniently used (pn-l) tlaes In the first 

stage. We will further aentlon that DFT(p:n) can be applied 

Independently to the entries, Indexed by different cosets of 

H In U. Slallarly, we will use the Inverse DFT(p:n) (pn-l) 

tlaes for the third stage. Certain nuaber of aultlpllcatlons 

( at aost pn (pn-l) ) will be perforaed In the second stage.
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As we have seen, the first stage of (U,U) step of the

algoritha works independently on D and on the cosets of H in

U. Further, (D,U) step also can be split onto DFT(p:n)

calls using data Indexed by different cosets of H. Finally,

(U , D ) step uses only data, indexed by elements of D. He

observe that the aultiplicative cosets of H are the additive

cosets of D. The problea we face is how to extract the data
2 2Indexed by a coset of D froa an n-diaensional p by p by 

2 ,... p input array A .

First, we observe that the data, indexed by D Itself, is

collected into a lattice in A: D is Indexed by

(1q ,1j ,.. where p I i ̂ for every J. Analogously, the

data Indexed by a coset a+D-a*H (afeU) is Indexed by

(1q ,1]',... in_j), where ij is congruent to the J-th

coefficient of a modulo p.

Example . The Table III of Section III illustrates these

lattices for the case p*3,n*2.

The lattice structure of input allows us to transform the

data as follows*

We extract subarrays A. ■{A(ln ,i1 ,.. i .), J,*i , modjl u i n“ i i n~i
p }. Then each of the arrays A , J"0,l,..p-1, contains

J| '
p^n ^  cosets of D. We consider the next Index and

subdivide A. onto A. . , J«*0,1,.. p-1, et cetera.
J, J, Jj.

Remark. We start with the last or the first index depending 
on the sequence of storing of the elements of an array used
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by Che software: It differs with the programming language.

The output transformation will proceed analogously, as shown 

by the following

Lemma T respects cosets of D, i.e. If a and b belong to

the same coset of D, then so do T(a) and T(b).

Proof.

Let b*a+pz. for some z€Zq(n). Then

T(b)-T(a)“T(a+pz)-T(a)*T(a)+pT(z)-T(a)"pT(z), hence

T(b)-T(a)+pT(z), Q.E.D.

Remark ♦ Extreme care should be exercised in the actual 

programming of this algorithm with respect to the 

permutat ions.
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