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I .  I n t r o d u c t i o n

I n  f l u i d  s y s te m s  s e r v i n g  a s  c h e m ic a l  r e a c t o r s ,  t h e  

m ix in g  p r o c e s s e s  t h a t  t a k e  p l a c e  h av e  p ro n o u n c e d  e f f e c t s  

on  t h e  r e a c t o r  p e r f o r m a n c e ,  O f t e n ,  t h e s e  p r o c e s s e s  i n ­

v o lv e  t u r b u l e n t  m o t io n  o f  t h e  f l u i d ,  t h u s  i n t r o d u c i n g  

ra n d o m ly  f l u c t u a t i n g  b e h a v i o r  i n t o  t h e  s y s te m .  V a r io u s  

a p p r o a c h e s  h av e  b e e n  d e v e lo p e d  t o  t a k e  t h e  m ix in g  p r o ­

c e s s e s  i n t o  a c c o u n t  when d e s c r i b i n g  r e a c t o r s  a n a l y t i c a l l y  

f o r  d e s i g n ,  o p t i m i z a t i o n ,  c o n t r o l ,  e t c .  I t  i s  o f t e n  

p o s s i b l e  t o  n e g l e c t  t h e  d e t a i l e d  s t r u c t u r e  o f  t h e  m ix in g  

p r o c e s s e s  an d  r e p r e s e n t  t h e  s y s te m  by some s o r t  o f  i d e a l ­

i z e d  m o d e l ,  su c h  a s  a  p e r f e c t l y  m ixed  t a n k ,  a p lu g  f lo w  

r e a c t o r ,  a n  e d d y - d i f f u s i o n  m o d e l ,  o r  some c o m b in a t io n  

o f  t h e s e  c o n n e c te d  t o g e t h e r  [ 1 ] .  The f o r m u l a t i o n  o f  su c h  

m o d e ls  i s  a c c o m p l i s h e d  th r o u g h  p h y s i c a l  r e a s o n i n g  a n d ,  

f r e q u e n t l y ,  t r a c e r  e x p e r i m e n t s  ( s e e  [ 2 ] ,  f o r  e x a m p le . )

When a l l  t h e  f lo w s  i n  t h e  r e a c t i o n  s y s te m  a r e  s t e a d y ,  

c e r t a i n  o f  t h e s e  t r a c e r  e x p e r i m e n t s  c a n  be i n t e r p r e t e d  i n  

te rm s  o f  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  r e s i d e n c e  t im e s

e x p e r i e n c e d  by i n d i v i d u a l  p a r t i c l e s  p a s s i n g  th r o u g h  t h e  

s y s te m .  T h u s ,  i n  a  s y s te m  w i t h  a  s i n g l e  i n l e t  an d  o u t l e t  

s t r e a m ,  t h e  r e s i d e n c e  t im e  d e n s i t y  f u n c t i o n  i s  o b t a i n e d  

a s  t h e  c o n c e n t r a t i o n  r e s p o n s e  a t  t h e  o u t l e t  t o  a  u n i t



im p u lse  o f  t r a c e r  a t  th e  i n l e t .  S i m i l a r l y ,  t h e  r e s id e n c e  

t im e  d i s t r i b u t i o n  f u n c t i o n  i s  t h e  r e s p o n s e  t o  a  s t e p  

i n p u t  o f  t r a c e r ,  a s su m in g , o f  c o u r s e ,  t h a t  t h e  f lo w  d i s ­

t r i b u t i o n  i s  u n a f f e c t e d  by t h e  p r e s e n c e  o f  t r a c e r ,  so  t h a t  

t h e  t r a c e r  o u tp u t  i s  l i n e a r l y  r e l a t e d  t o  th e  t r a c e r  i n p u t .  

B ecause i t  i s  e a s i l y  m easu red  and  i s  in d e p e n d e n t  o f  any 

assum ed model o f  th e  p r o c e s s ,  t h e  r e s i d e n c e  t im e  d i s t r i ­

b u t i o n  s e r v e s  a s  a u s e f u l  c h a r a c t e r i z a t i o n  o f  t h e  m ix in g  

sy s te m . The n a t u r e  o f  t h i s  d i s t r i b u t i o n  can  be u sed  

t o  a s c e r t a i n  some o f  th e  g r o s s  f e a t u r e s  o f  th e  m ix in g  

p r o c e s s  [ 3 ] ,  and  i t  d e te r m in e s  t h e  c o n v e r s io n  f o r  p a s s i v e ,  

f i r s t  o r d e r  r e a c t i o n s .  I n  o t h e r  c a s e s  i t  i s  a  u s e f u l  

d e v ic e  f o r  d i s c u s s i n g  th e  b e h a v io r  o f  t h e  sy s tem  ( s e e ,  

f o r  ex am p le , [ 4 , 5 ] ) .  D anckw erts  [6] and Z w le te r ln g  [7] 

have  d e v e lo p e d  a m ethod f o r  u s in g  th e  r e s i d e n c e  tim e  

d i s t r i b u t i o n  t o  f i n d  bounds on c o n v e r s io n  f o r  a  l a r g e  

c l a s s  o f  r e a c t i o n s .  (T h e re  a r e  many p r a c t i c a l  c a s e s  

w here  t h e  m ethod f a i l s ,  h o w e v e r . )  V a r io u s  m ethods have  

been  p ro p o se d  t o  c o n s t r u c t  m ode ls  c o n s i s t e n t  w i t h  a 

g iv e n  r e s i d e n c e  t im e  d i s t r i b u t i o n ,  w here  th e  m odels  have 

some f r e e  p a r a m e te r s ,  t o  s tu d y  th e  ty p e s  o f  b e h a v io r  

p o s s i b l e  u n d e r  th e  c o n s t r a i n t  o f  a  f i x e d  r e s i d e n c e  tim e  

d i s t r i b u t i o n  [8 ,  9 ,  1 0 ] .  Thus th e  p r o b a b i l i t y
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d i s t r i b u t i o n  o f  p a r t i c l e  r e s id e n c e  t im e s  can  be a p p l i e d  

i n  v a r io u s  ways t o  th e  i n v e s t i g a t i o n  o f  r e a c t i o n  b e h a v io r .

When th e  f lo w  p a t t e r n s  i n  th e  r e a c t o r  a r e  n o t  s te a d y ,  

how ever, th e  r e l a t i o n s h i p  betw een th e  r e s u l t s  o f  t r a c e r  

re sp o n se  e x p e r im e n ts  and th e  r e s id e n c e  tim e d i s t r i b u t i o n  

i s  n o t  so o b v io u s .  I n  t h i s  c a s e  th e  r e s u l t  o f  a g iv e n  

t r a c e r  e x p e r im e n t i s  a random p r o c e s s ,  and o n ly  th e  

s t a t i s t i c s  o f  t h i s  p r o c e s s  a r e  e x p e r im e n ta l ly  a c c e s s i b l e .  

I n  many system s t h i s  random ness i n  th e  t r a c e r  r e s p o n s e  

i s  q u i t e  a p p a re n t  [11 , 12}. A lso , th e  r e a c t i o n  b e h a v io r  

o f  such  a system  w i l l  be random, and one i s  t h e r e f o r e  

i n t e r e s t e d  i n  p r e d i c t i n g  t h e  s t a t i s t i c s  o f  th e  r e a c t o r  

o u tp u t .  One o f  th e  r e s u l t s  o f  t h i s  t h e s i s  i s  t o  e x te n d  

th e  co n c e p t  o f  r e s id e n c e  tim e d i s t r i b u t i o n s  t o  system s 

w i th  random ly f l u c t u a t i n g  f lo w s  and to  see  how i t  i s  

r e l a t e d  to  th e  s t a t i s t i c s  o f  t r a c e r  e x p e r im e n ts  p e r fo rm ­

ed on such  sy s tem s and th e  s t a t i s t i c s  o f  th e  sy s te m s ' 

r e a c t o r  p e r fo rm a n c e .

V ar io u s  ap p ro a c h e s  have been used  t o  a n a ly z e  f l u c ­

t u a t i n g  system s i n  more d e t a i l .  The m ost fundam en ta l 

a p p ro ach  makes use o f  th e  s t a t i s t i c a l  th e o r y  o f  i s o t r o p i c  

tu r b u le n c e  ( s e e  [ 1 3 ] ) .  T h is  h as  been  a p p l i e d  to  th e  p ro b ­

lem o f  pu re  m ix ing  in  tu r b u le n c e  [14 , 15, 1 6 ] ,  and



e x te n d e d  to  I s o t h e r m a l , f i r s t  and second  o r d e r  r e a c t i o n s ,  

a l b e i t  i n  an ap p ro x im a te  way [1 7 ] .  At th e  p r e s e n t  t im e ,  

how ever, t h i s  ap p ro ach  i s  o f  r a t h e r  l i m i t e d  a p p l i c a b i l i t y  

b ecau se  o f  d i f f i c u l t i e s  i n h e r e n t  i n  th e  m ethod. A pparen t 

l y ,  q u e s t io n s  posed  w i t h i n  t h i s  framework ask  f o r  to o  

much In fo rm a t io n  ab o u t th e  f i n e  s t r u c t u r e  o f  th e  t u r b u ­

le n c e  sp ec tru m . I t  seems t h a t  a more c o a r s e - g r a in e d  

ap p ro ac h  to  t u r b u l e n t  m ix in g  would su p p ly  a more t r a c t ­

a b le  th e o r y .  What i s  r e q u i r e d  i s  a  model somewhere 

betw een th e  e x tre m es  o f  th e  s te a d y - f lo w  eddy d i f f u s i v l t y  

m o d e ls ,  and th e  more e x a c t  d e s c r i p t i o n s  o f  th e  flow  

p r o c e s s e s  employed i n  s t a t i s t i c a l  tu r b u le n c e  th e o r y .

Such a model would e x h i b i t  th e  random ly f l u c t u a t i n g  b e ­

h a v io r  so c h a r a c t e r i s t i c  o f  t u r b u l e n t  m ix in g , b u t  r e t a i n  

s u f f i c i e n t  s i m p l i c i t y  to  make i t s  a n a l y s i s  f e a s i b l e .  I t  

would a l s o  be u s e f u l  i f  th e  model c o u ld  I n c o r p o r a te  i n ­

fo rm a t io n  d e r iv e d  from t r a c e r  e x p e r im e n ts .

Some b e g in n in g s  have a l r e a d y  been made In  t h i s  d i r ­

e c t i o n .  G ibson [18] h as  d ev e lo p ed  a s t o c h a s t i c  model 

f o r  t u r b u l e n t  wakes t h a t  makes use  o f  th e  e x t e n s iv e  d a ta  

on v e l o c i t y  f l u c t u a t i o n s  and t r a c e r  d i f f u s i o n  t h a t  e x i s t s  

f o r  t h i s  s p e c i f i c  f low  geom etry . A M onte-C arlo  compu­

t a t i o n  i s  used  to  d e r iv e  th e  r e a c t a n t  c o n c e n t r a t i o n
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s t a t i s t i c s .  A s t o c h a s t i c  model f o r  em u ls io n  phase  r e a c t i o n s  

i n  a w e l l  s t i r r e d  r e a c t o r  was d ev e lo p ed  a n a l y t i c a l l y  by 

C u rl  [19] and s o lv e d  u s in g  M on te -C arlo  m ethods by Spielm an 

and L e v e n s p ie l  [ 2 0 ] .  The model was e x te n d e d  to  a r b i t r a r y  

r e s id e n c e  tim e d i s t r i b u t i o n s  by K a t ta n  and A d le r  [2 1 ] .  

M on te -C arlo  s o l u t i o n s  f o r  a p lu g  flow  r e a c t o r  were a l s o  

p r e s e n te d  in  [2 1 ] .  In  a n a ly z in g  t h i s  model th e  em phasis  

was on th e  e f f e c t s  o f  s e g r e g a t io n  on th e  mean c o n v e r s io n ,  

r a t h e r  th a n  on th e  e f f e c t s  o f  random ness on th e  s t a t i s t i c s  

o f  c o n v e rs io n ,  b u t  th e  s t o c h a s t i c  e f f e c t s  a r e  c l e a r l y  

p r e s e n t .

I n  th e  p r e s e n t  s tu d y  a new ty p e  o f  s t o c h a s t i c  m ix ing  

model i s  p ro p o sed  w hich i s  th o u g h t  to  be a p p l i c a b l e  to  a 

l a r g e  c l a s s  o f  sy s te m s , b u t  w hich  r e t a i n s  s u f f i c i e n t  

a n a l y t i c a l  s t r u c t u r e  to  a l lo w  m e a n in g fu l  c o n c lu s io n s  

ab o u t i t s  p r o p e r t i e s .  The model c o n s i s t s  o f  a n e tw ork  o f  

w e l l  m ixed t a n k s ,  i n t e r c o n n e c te d  i n  some a r b i t r a r y  way, 

where th e  i n t e r c o n n e c t i n g  f low s f l u c t u a t e  random ly i n  t im e .  

I t  may be n o te d  t h a t  such a model w i th  s te a d y  f lo w s can  be 

used  to  s im u la te  s te a d y  m ix ing  p r o c e s s e s  by t a k in g  a p p ro ­

p r i a t e  a r ra n g e m e n ts  o f  ta n k s  and a l lo w in g  t h e i r  number to  

i n c r e a s e .  A x ia l  d i f f u s i o n ,  f o r  exam ple , may be a p p r o x i ­

m ated to  any d eg ree  w i th  a s u f f i c i e n t l y  l a r g e  number o f



t a n k 8 i n  c a s c a d e ,  w i th  fo rw ard  and backward f lo w s  b e ­

tw een each  t a n k .  The added f e a t u r e  o f  random ly f l u c t u a ­

t i n g  f lo w s sh o u ld  make i t  p o s s i b l e  t o  s im u la te  any t u r b u ­

l e n t  m ix in g  p r o c e s s  I f  s u f f c l e n t  numbers o f  t a n k s  a r e  

t a k e n .  Of c o u r s e ,  such  a l a r g e  number o f  ta n k s  m igh t 

be r e q u i r e d  t h a t  t h e r e  would be no s a v in g  I n  e f f o r t  o v e r  

a  co m p le te  d e s c r i p t i o n  o f  th e  f lo w  p r o c e s s .  On th e  o t h e r  

han d , I f  c o n c lu s io n s  may be drawn ab o u t such  a model 

w i th  t h e  number and a r ran g em en t o f  ta n k s  l e f t  a r b i t r a r y ,

I t  I s  c l e a r  t h a t  th e y  w i l l  a p p ly  t o  a v e r y  g e n e r a l  c l a s s  

o f  m ix in g  p r o c e s s e s .  A lso ,  I t  may w e l l  happen  t h a t  c e r t a i n  

p r o c e s s e s  a l lo w  a  r e p r e s e n t a t i o n  o f  t h i s  ty p e  r e q u i r i n g  

o n ly  a few t a n k s ,  i n  w hich  c a s e  many u s e f u l  p r e d i c t i o n s  

can  be made w i th  r e a s o n a b le  e f f o r t .

One a s su m p tio n  i s  added t o  make th e  a n a l y s i s  p o s s i b l e .  

T h is  i s  t h a t  th e  i n t e r c o n n e c t i n g  f lo w  r a t e s  v a r y  I n  tim e  

a s  d i s c r e t e - s t a t e  Markov p r o c e s s e s .  Such p r o c e s s e s  a r e  

d e s c r ib e d  i n  d e t a i l  i n  F e l l e r  [ 2 2 ] .  The f a c t  t h a t  th e  

s t a t e s  a r e  d i s c r e t e  i s  n o t  I m p o r ta n t ,  s in c e  t h e i r  number 

i s  a r b i t r a r y .  The f a c t  t h a t  th e  p r o c e s s  i s  Markov i s  an

e x t re m e ly  m ild  r e s t r i c t i o n  b ec au se  th e  d im e n s io n a l i t y  o f  

th e  s t a t e  sp ace  i s  a r b i t r a r y .  T h is  i s  t r u e  b ecau se  a 

Markov p ro c e s s  i s  one whose p r e s e n t  s t a t e  d e te rm in e s  th e
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p r o b a b i l i t y  s t r u c t u r e  o f  i t s  f u t u r e ,  in d e p e n d e n t ly  o f  i t s  

h i s t o r y .  But i f  t h e  m ean ing  o f  t h e  te rm  " p r e s e n t  s t a t e "  

i s  expanded  t o  i n c lu d e  th e  p a s t  o f  th e  sy s te m , any  non- 

Markov p r o c e s s  becomes M arkov.

I n  t h e  a n a l y s i s  t h a t  f o l l o w s ,  t h e  g e n e r a l  m odel i s  

s t u d i e d  from  two d i f f e r e n t  p o i n t s  o f  v ie w . A t t e n t i o n  i s  

f i r s t  c o n c e n t r a t e d  on th e  b e h a v io r  o f  a s i n g l e  p a r t i c l e  

t r a v e l i n g  th ro u g h  th e  sy s te m . T h is  s e r v e s  t o  p r o v id e  

a  c o n c e p tu a l  fram ew ork i n  w hich  t o  f o rm u la te  q u e s t i o n s  

a b o u t  r e s i d e n c e  t im e s  and o t h e r  s i n g l e  p a r t i c l e  s t a t i s t i c s  

u n am b ig u o u s ly . The sy s te m  i s  th e n  s t u d i e d  a s  a  m ix e r ,  

w i th  c o n c e n t r a t i o n s  i n  e a c h  t a n k ,  b o th  w i th  and w i th o u t  

c h e m ic a l  r e a c t i o n s .  F o l lo w in g  t h i s  d i s c u s s i o n  some s im p le  

c a s e s  o f  t h e  g e n e r a l  m odel a r e  s t u d i e d  In  more d e t a i l  t o  

p r o v id e  a d d i t i o n a l  i n s i g h t  i n t o  t h e  b e h a v io r  o f  such  

sy s te m s .



I I .  F o r m u la t io n  o f  G e n e ra l  Model

A. N o m e n c la tu re  o f  Tank M odels

I n  t h e  m o st g e n e r a l  c a s e  t h e  m odel c o n s i s t s  o f  n 

s t i r r e d  t a n k s  a r b i t r a r i l y  c o n n e c te d  by  i n t e r s t a g e  f lo w s  

( s e e  F i g u r e  1 ) ,  w h ere  t h e  vo lum e o f  t h e  i ^  t a n k  i s  v ^ ,  

an d  t h e  v o l u m e t r i c  f lo w  r a t e  from  t h e  i  t a n k  to  t h e  j

i s  w^j ( i , j - l , 2  n ) . The i n l e t  s t r e a m  i s  d i s t r i b u t e d

t o  t h e  t a n k s  a r b i t r a r i l y ,  and  t h e  f e e d  r a t e  t o  t h e  j*"*1 

ta n k  i s  d e n o te d  w0 j  ■ The c o n t r i b u t i o n  o f  t h e  ta n k  

to  t h e  o u t l e t  s t r e a m  i s  s i m i l a r l y  c a l l e d  Wj • The 

am ount b y p a s s in g  t h e  s y s te m  e n t i r e l y  i s  wq .

A l th o u g h  t h e  f lo w  r a t e s  w i l l  b e  p e r m i t t e d  t o  v a r y  

w i t h  t im e ,  i t  w i l l  b e  assum ed t h a t  t h e  v o lu m e s ,  v ^ ,
t"h

re m a in  c o n s t a n t .  T h u s ,  t h e  t o t a l “f lo w  e n t e r i n g  t h e  j  

ta n k  a t  any  i n s t a n t  i s  e q u a l  t o  t h e  t o t a l  f lo w  l e a v i n g  

i t :

11 *■*■<
Z ! * ' ; )  -  Z  w j i  > r s v v "  ( “ - d
t - fcO * *  *

A ls o ,  t h e  t o t a l  f lo w  e n t e r i n g  t h e  sy s te m  i s  e q u a l  to  t h e  

t o t a l  l e a v i n g .  D e n o t in g  t h i s  q u a n t i t y  by w,

W  «=*■ ZT W o j “  22 W * ,n * i  ( I I - 2)
j« i J j * o  **

I t  w i l l  b e  c o n v e n ie n t  to  d e f i n e  " d i a g o n a l "  q u a n t i t i e s  o f
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T ab le  1 . T y p ic a l  Flow M a tr ix  f o r  F ig u re  1

Column Index

Row In d ex  1 [ -3 ]

[ -3 ]  0

0 [ - 2 ]

0
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f~hth e  form  Wj j  such  t h a t  t h e  t o t a l  i n l e t  f low  to  t h e  j  __ 

ta n k  ( e q u a l  to  t h e  t o t a l  o u t l e t  f low ) i s  t h e  n e g a t i v e  

o f  wj  j  • Thus ,

■n ***
w . j  «  -  E  w , -  -  - Z w ii  j ( I I ' 3 )

J t * 0  J i m l J
tWj ‘ 1*j

The f low  r a t e s  w^j so d e f in e d  f i l l  o u t  a s q u a re  m a t r i x  

(n+1 by n+1) w hich  h as  th e  p r o p e r ty  ( s e e  T a b le  1 ) :

h

£ w i i  * ~ °  > j " j h - - / *  d 1 - 4 )1*0 J

and w here a l l  t h e  e le m e n ts  w^j w i th  is*j a r e  n o n - n e g a t iv e .

B . S t r u c t u r e  o f  M ixing  Flows

The random v a r i a t i o n  o f  th e  f low  s t a t e s  w i th  t im e  

w i l l  b e  assumed to  a r i s e  from a Markov p ro c e s s  w i th  a 

f i n i t e  number o f  s t a t e s .  Each s t a t e  o f  th e  Markov p ro c e s s  

w i l l  c o r r e s p o n d  to  a g iv e n  m a t r i x  o f  f low  r a t e s .  L e t t i n g  

oC b e  t h e  in d e x  o f  a f low  s t a t e , t h e  f low  r a t e s  c o r ­

r e s p o n d in g  to  ck a r e  w r i t t e n

‘ '/ / * ) j  x '/

For e v e ry  s t a t e  c<

Z L  W i j -  * = j * ' ; 1 . ( I I - 5 )
t * o k * '



The p r o b a b i l i t y  s t r u c t u r e  o f  th e  f lo w s  now r e s i d e s  i n  

t h a t  o f  t h e  t r a n s i t i o n s  o f  th e  u n d e r l y i n g  Markov p r o c e s s  

from  one s t a t e  t o  a n o t h e r .  D enote  t h e  p r o b a b i l i t y  o f

a t r a n s i t i o n  from  one s t a t e  oc to  a n o t h e r ,  p  , i n  a t im e

X  by i X )  • Then th e  b e h a v io r  o f  t h i s  f u n c ­

t i o n  f o r  sm a l l  T  can  b e  d e s c r ib e d  by

7T  ( *  — P  i T )  '  r  *  o ( T r )  i (.11- 1)

In  t h i s  e q u a t io n  i s  an  a s s i g n e d  m a t r i x  o f

s w i t c h in g  r a t e s  and o ( x )  i s  * f u n c t i o n  o f  X  s a t i s f y i n g

I ,  nI I r*t _  LJ
O c

S in c e  i n  a t im e  X  th e  s t a t e  o f  t h e  p r o c e s s  m ust e i t h e r  

change  o r  re m a in  u n ch a n g ed , t h e  p r o b a b i l i t y  o f  n o t  

c h a n g in g  i s

TT -* pc ) ~c )  * 1 ^  *  P t "c ^ ( I I - 8 )

D e f in in g  t h e  d ia g o n a l  q u a n t i t i e s  80 t h a t

{11-9)
•̂tK *  ̂Ot i

th e  f u l l  s e t  o f  p r o b a b i l i t i e s  may b e  d e s c r ib e d  by t h e  

m a t r i x  X ^  '•



*Tt (*-* p i “C) - <5*̂ X  + o(r; (11-10)

w h ere  t h e  m a t r i x  e le m e n ts  s a t i s f y

I S  ‘  °  J *  < n - i i )

and  w h ere  a l l  t h e  o f f - d i a g o n a l  te rm s  a r e  n o n - n e g a t i v e .

The fo rm  o f  t h e  t r a n s i t i o n  p r o b a b i l i t i e s  f o r  s m a l l  

t im e s  may b e  u s e d  t o  d e r i v e  a d i f f e r e n t i a l  e q u a t io n  

d e s c r i b i n g  t h e  e v o l u t i o n  o f  t h e  p r o b a b i l i t y  d i s t r i b u ­

t i o n  o f  s t a t e s  w i th  t im e  by  u s i n g  t h e  d e f i n i n g  p r o p e r t y  

o f  a  M arkov p r o c e s s :  t h a t  t h e  p r o b a b i l i t y  s t r u c t u r e

o f  t h e  f u t u r e  c o u r s e  o f  su c h  a p r o c e s s  d ep en d s  o n ly  on 

i t s  p r e s e n t  s t a t e ,  and  i s  in d e p e n d e n t  o f  i t s  p r e v io u s  

h i s t o r y  o f  s t a t e s .  I n  p a r t i c u l a r , ^the c o n d i t i o n a l  

p r o b a b i l i t y  o f  t h e  s y s te m  b e i n g  i n  s t a t e  p  a t  t im e  

t  + x. g iv e n  t h a t  i t  was i n  s t a t e  o< a t  t im e  *t i s  t h e  

same a s  t h e  c o n d i t i o n a l  p r o b a b i l i t y  o f  b e i n g  i n  s t a t e  

P a t  t im e  t  -*-t g iv e n  t h a t  i t  was i n  s t a t e o t  a t  t im e  

t  and  t h a t  i t  was i n  some c o m b in a t io n  o f  s t a t e s  a t  

some s e t  o f  p r e v io u s  t i m e s .  Any o f  t h e s e  c o n d i t i o n a l  

p r o b a b i l i t i e s  a r e  j u s t  e q u a l  t o  T T ( o t - * ^  > "C ) . The 

f a c t  t h a t  '77' i s  n o t  a f u n c t i o n  o f  t  makes t h i s  a s t a t i o n ­

a r y  M arkov p r o c e s s .  N o n - s t a t i o n a r y  M arkov p r o c e s s e s  

w i l l  b e  e n c o u n te r e d  l a t e r  i n  c o n n e c t i o n  w i th  random  

w a lk s  and  t r a c e r  e x p e r i m e n t s .  L e t  u s  d e f i n e  p * (* )  

t o  b e  t h e  p r o b a b i l i t y  t h a t  t h e  p r o c e s s  i s  i n  s t a t e  *
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a t  t im e  t  , g iv e n  some i n i t i a l  d i s t r i b u t i o n  p^CO).

T h e n , b y  t h e  d e f i n i n g  p r o p e r t y  o f  M arkov p r o c e s s e s ,

* *> -  2 .  f c i* >  v i * * ?  j ( I I 1 2 )

T h is  r e l a t i o n s h i p ,  c a l l e d  t h e  Chapman-Kolmogorov 

e q u a t i o n ,  s im p ly  s t a t e s  t h a t  t h e  t r a n s i t i o n  p r o b a b i l ­

i t i e s  a r e  in d e p e n d e n t  o f  t h e  p a s t  h i s t o r y  o f  t h e  p r o c e s s . 

S u b s t i t u t i n g  e q u a t i o n  (1 1 -1 0 )  i n t o  e q u a t i o n  (1 1 -1 2 )  and  

l e t t i n g  "CT go t o  z e r o , one f i n d s  t h a t

~  Zj i t r 4 -  ( i i - i 3 )ĉ
S p e c i f y i n g  th e  i n i t i a l  p r o b a b i l i t y  d i s t r i b u t i o n ,  p^C©}, 

th e n  a l lo w s  c a l c u l a t i o n  o f  t h e  e n t i r e  t im e  h i s t o r y  o f  

t h e  p r o c e s s . I n  w hat f o l l o w s  i t  w i l l  b e  assum ed t h a t  

t h e  f lo w  s y s te m  i s  q u a s i - s t e a d y ,  t h a t  i s ,  t h a t  t h e  

p r o b a b i l i t y  d i s t r i b u t i o n  o f  f lo w  s t a t e s  becom es s t a t i o n ­

a r y  and  no lo n g e r  v a r i e s  w i th  t im e .  I t  w i l l  a l s o  b e  

assum ed t h a t  t h i s  d i s t r i b u t i o n  i s  u n i q u e ,  in d e p e n d e n t  

o f  t h e  i n i t i a l  d i s t r i b u t i o n .  D e n o t in g  t h e  s t a t i o n a r y  

d i s t r i b u t i o n  by  p* , t h i s  r e q u i r e s  t h a t  t h e  e q u a t i o n

Z  P« -  O  ( H - 1 4 )

t o g e t h e r  w i th  t h e  n o r m a l i z a t i o n ,  £  p„ * 1 , h a v e  one  and  

o n ly  one s o l u t i o n ,  o r ,  s t a t e d  a n o t h e r  w ay , t h a t  t h e  

t r a n s p o s e  o f  t h e  m a t r i x  h a v e  o n ly  a s i n g l e  z e ro

e i g e n v a l u e .  N o te  t h a t  e q u a t i o n  (1 1 -1 1 )  e n s u r e s  t h e  

e x i s t e n c e  o f  a t  l e a s t  a s i n g l e  z e r o  e i g e n v a l u e ,  a n d ,
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t o g e t h e r  w i t h  t h e  f a c t  t h a t  a l l  o f f - d i a g o n a l  te rm s  

a r e  n o n - n e g a t i v e ,  a l s o  i n s u r e s  t h a t  no e i g e n v a l u e  ca n  

h a v e  a p o s i t i v e  r e a l  p a r t .
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111. T re a tm e n t o f  M ix ing  Model a s  a Random Walk

A. T r a n s i t i o n  P r o b a b i l i t i e s

In  o r d e r  to  d e f i n e  such  c o n c e p ts  a s  r e s i d e n c e  t im e  

d i s t r i b u t i o n  i n  an  unam biguous way, i t  i s  u s e f u l  to  

a n a ly z e  th e  random p a s s a g e  o f  a s i n g l e  p a r t i c l e  th ro u g h  

th e  m ix in g  sy s tem . For t h i s  p u rp o se  th e  sy s tem  c o n s i s t s  

o f  t h e  n ta n k s  p lu s  an  o u t l e t  s t a t i o n ,  and th e  s t a t e  

o f  th e  p a r t i c l e  i s  j u s t  i t s  l o c a t i o n  Index  L ( r a n g in g  

from 1 to  n+1) . I f  th e  f lo w  s t a t e  rem a in s  unchanged 

f o r  a sm a ll  i n t e r v a l  X  , t h e  c o n d i t i o n a l  p r o b a b i l i t y  

o f  t h e  p a r t i c l e  m oving from i  to  j  can  b e  ta k e n  as

Pr  {<■-* j I *  - * * ]  “ j +  *  ° C ^ )  ( i i x - d

In  c a s e  th e  f low  s t a t e  does s w i t c h ,  i t  i s  assumed t h a t

* <5 1 j  + ^  t  + O ( t . )  ( m - 2)

w here w t- • i s  some bounded q u a n t i t y .  C o n s id e r in g
J

th e  t r a n s i t i o n  p r o b a b i l i t y  —* f i / j  j X )  o f

ch a n g in g  from s t a t e  (o t, L) to  s t a t e  ( /9 yj )  i n  t im e  "C , 

w here th e  f i r s t  in d e x  o f  (o<t i )  c o r re s p o n d s  to  th e  

f low  s t a t e  and th e  second  to  t h e  p a r t i c l e  s t a t e ,  i t  

i s  s e e n  t h a t

i - c )  = 6 ^  6 ^  *  4 ^ ^ *  - s  ( I I I - 3 )

+ <5|J T  -*■ o C"C)



I t  seems r e a s o n a b le  to  assume t h a t  th e  c o m p o s ite  p ro c e s s  

w i th  s t a t e s  h a s  th e  Markov p r o p e r t y ,  t h a t  i s ,

t h a t  th e  p r o b a b i l i t i e s  o f  c h a n g in g  ta n k s  g iv e n  by ( I I I - l )  

o r  (111*2) w i l l  be  In d e p e n d e n t  o f  any  p r e v io u s  s t a t e s  

o f  t h e  sy s te m . A gain  t h e  Chapman-Kolmogorov e q u a t io n  

may b e  a p p l i e d  to  y i e l d  a d i f f e r e n t i a l  e q u a t io n  d e s c r i b ­

in g  th e  e v o l u t io n  o f  t h e  p r o b a b i l i t y  d i s t r i b u t i o n .  

D e f in in g  (-t) to  b e  th e  p r o b a b i l i t y  o f  th e  sy s tem

b e in g  i n  s t a t e  (ot; i. ) a t  t im e  t  , one f i n d s  t h a t

B. I n i t i a l  D i s t r i b u t i o n

In  t h i s  c a s e ,  h o w ev e r , th e  s t a t i o n a r y  d i s t r i b u t i o n  

i s  o f  no p a r t i c u l a r  i n t e r e s t ,  s i n c e  th e  p a r t i c l e  w i l l  

e v e n tu a l ly  f i n d  i t s  way to  th e  o u t l e t  w i th  p r o b a b i l i t y  

o n e .  I t  i s  n e c e s s a r y  to  s t a t e  e x p l i c i t l y  t h e  i n i t i a l  

d i s t r i b u t i o n  i n  o r d e r  to  c a l c u l a t e  th e  p r o b a b i l i t y  s t r u c  

t u r e  o f  th e  random w a lk .  I f  th e  t o t a l  f lo w  th ro u g h  

th e  sy s te m , w * , I s  c o n s t a n t  ( w* •  w j  f th e  i n i t i a l

d i s t r i b u t i o n  i s  g iv e n  by

w hich  i s  to  sa y  t h a t  th e  f low  s t a t e  d i s t r i b u t i o n  i s  in  

i t s  s t a t i o n a r y  c o n d i t i o n ,  and t h a t  th e  p r o b a b i l i t y

( I I I - 4 )

( I I I - 5 )
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o f  s t a r t i n g  i n  a c e r t a i n  t a n k ,  g iv e n  th e  f lo w  s t a t e ,  

i s  p r o p o r t i o n a l  to  t h e  f low  to  t h a t  ta n k  from  th e  i n l e t  

s t r e a m .  In  c a s e  t h e  t o t a l  f low  i s  n o t  c o n s t a n t ,  some 

a m b ig u i ty  a r i s e s . One co u ld  e i t h e r  assume t h a t  a t  th e  

i n s t a n t  a p a r t i c l e  e n t e r s ,  t h e  f low  s t a t e  p r o b a b i l i t i e s  

have  t h e i r  s t a t i o n a r y  v a l u e s , p* , im p ly in g  t h a t  th e  

chance  o f  a p a r t i c l e  e n t e r i n g  a t  a c e r t a i n  tim e  i s  

in d e p e n d e n t  o f  th e  f low  s t a t e ,  o r  one c o u ld  assume t h a t  

th e  chance  o f  a p a r t i c l e  e n t e r i n g  a t  a g iv e n  i n s t a n t  

i s  p r o p o r t i o n a l  to  th e  t o t a l  f low  r a t e  a t  t h a t  i n s t a n t ,  

so t h a t  th e  i n i t i a l  d i s t r i b u t i o n  o f  f low  s t a t e s ,  say  p° , 

i s  d i f f e r e n t  from ft* . I n  th e  f i r s t  c a s e  t h e  i n i t i a l  

d i s t r i b u t i o n  would b e  g iv e n  by

s in c e  th e  a r r i v a l  o f  a p a r t i c l e  i n  a s h o r t  t im e  g iv e n  

t h a t  th e  flow  s t a t e  i s  ot i s  p r o p o r t i o n a l  to  w M . The 

i n i t i a l  d i s t r i b u t i o n  o f  t h e  c o m p o s ite  p ro c e s s  i s  th e n

N ote t h a t  i f  a l l  th e  a r e  e q u a l ,  e q u a t io n s  ( I I I - 6 )  

and ( I I I - 8 )  a r e  i d e n t i c a l  to  e q u a t io n  ( I I I - 5 )  . I t  w i l l  

b e  shown l a t e r  t h a t  t h e  i n i t i a l  d i s t r i b u t i o n  ( I I I - 6 )

P ^ 0 ) *

In  th e  second  c a s e ,

P,j (°) * p,
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c o r r e s p o n d s  t o  t r a c e r  e x p e r i m e n t s  i n  w h ic h  t h e  t r a c e r  

i s  i n j e c t e d  a s  a p u l s e  a t  a  random  t im e  o r  a s  a  s t e p  

f u n c t i o n  i n  t r a c e r  f lo w  r a t e  ( c o n s t a n t  f lo w  r a t e  o f  

t r a c e r ,  f l u c t u a t i n g  i n l e t  c o n c e n t r a t i o n ) .  The i n i t i a l  

d i s t r i b u t i o n  ( I I I - 8 )  c o r r e s p o n d s  t o  t r a c e r  e x p e r im e n ts  

i n  w h ich  a  c o n s t a n t  c o n c e n t r a t i o n  o f  t r a c e r  i s  f e d  

r e g a r d l e s s  o f  i n s t a n t a n e o u s  t o t a l  f lo w  r a t e .

C . E q u a t i o n s  f o r  P r o b a b i l i t y  D i s t r i b u t i o n

A t an y  r a t e ,  o n ce  t h e  i n i t i a l  d i s t r i b u t i o n  i s  s p e c ­

i f i e d  b y  e i t h e r  e q u a t i o n  ( I I I - 6) o r  e q u a t i o n  ( I I I - 8 )  

t h e  c o m p le te  t im e  h i s t o r y  o f  t h e  p r o b a b i l i t y  d i s t r i b u t i o n ,  

P^jC *)  » c a n  b e  c a l c u l a t e d .  The c u m u la t iv e  r e s i d e n c e

t im e  d i s t r i b u t i o n  i s  t h e n  g iv e n  b y

p  t o  -  Z  p , , „ , ( * >
r

w h ich  i s  t h e  p r o b a b i l i t y  t h a t  a p a r t i c l e  e n t e r i n g  t h e  

s y s te m  a t  t im e  z e r o  w i l l  b e  i n  t h e  o u t l e t  a t  t im e  t .

The a g e  d i s t r i b u t i o n  o f  a p a r t i c l e  i n  t a n k  j  w ou ld  b e  

g iv e n  b y

?  p . j
; ( 0  -  t J    .........  ( i n - i o )

w h e re  t h e  p r o b a b i l i t y  t h a t  a  p a r t i c l e  h a s  b e e n  i n  t h e  

s y s te m  a t im e  b e tw e e n  t Q an d  t ^  g iv e n  t h a t  i t  i s  i n  

t a n k  j  i s  J 1' .
t  e

I t  i s  i n t e r e s t i n g  t o  com pu te  t h e  mean r e s i d e n c e  

t im e  t o  s e e  how i t  co m p ares  w i t h  t h e  v a l u e  f o r  a  s t e a d y



20

s y s te m ,  i n  w h ich  c a s e  i t  w ou ld  b e  t h e  t o t a l  volum e 

d i v i d e d  b y  t h e  t o t a l  f lo w  r a t e .  To do t h i s  n o t e  t h a t

i -  F(t )  -  £  £  P,jCt) (iii-u)

w hich  s im p ly  s t a t e s  t h a t  l - F ( t )  i s  t h e  p r o b a b i l i t y  t h a t  

a p a r t i c l e  w h ich  e n t e r e d  a t  t im e  z e r o  i s  s t i l l  i n  t h e  

sy s te m  a t  t im e  t .  Then 6 , t h e  mean r e s i d e n c e  t im e ,  

i s  g iv e n  by

0 ~  )o [ i -  F u n  *  Z  I  J (t)4t (111-12)

I n t e g r a t i n g  e q u a t i o n  ( I I I -4 )  one f i n d s

t o  (o.) -  fVi w  -  (1I1. 13)

-*■ Z  f0

D e f in in g  fyj * J p#j ( t ) J t  , and  n o t i n g  t h a t  p^jCoo)^ O 

( j ~ l , 2 , . . . , n ) , t h i s  becom es

- p,j (<0-  Z  ■* Z  e . j  ( i i i - u )

j .  i , i , ■- •, n

I f  e q u a t i o n  (1 1 1 -1 4 )  i s  s o lv e d  f o r  t h e  9^j , t h e  mean 

r e s i d e n c e  t im e  c a n  th e n  b e  c a l c u l a t e d :

e  '  2  e . j  u n - i s )
j ■!



S u b s t i t u t i n g  t h e  i n i t i a l  d i s t r i b u t i o n  ( I I I - 8 )  i n t o  

e q u a t i o n  ( I I I - 1 4 ) ,

^  e« ; > ( i n - 16 )

J - V; 2. t . . ., W

T h is  e q u a t i o n  may b e  s o lv e d  to  y i e l d

-  T ?  ( i n - 1 7 )

a s  c a n  b e  s e e n  by  s u b s t i t u t i o n ,  and  by  u s i n g  e q u a t i o n s  

(1 1 -1 4 )  and  ( I I - 5 )  .

S u b s t i t u t i n g  (1 1 1 -1 7 )  i n t o  (1 1 1 -1 5 )  g iv e s

0  *  J~  (1 1 1 -1 8 )  
w

w h ich  s t a t e s  t h a t  t h e  mean r e s i d e n c e  t im e  i s  j u s t  t h e  

t o t a l  volum e o v e r  t h e  mean t o t a l  f lo w .  N o te ,  h o w e v e r ,  

t h a t  t h e  i n i t i a l  d i s t r i b u t i o n  ( I I I - 6 )  d o es  n o t  g iv e  

t h i s  r e s u l t .

D. C o n ta c t  Time D i s t r i b u t i o n

A n o th e r  i m p o r t a n t  p r o p e r t y  o f  t h e  random  p a s s a g e  

i s  t h e  c o n t a c t  t im e  d i s t r i b u t i o n  o f  t h e  p a r t i c l e  w i t h  

some p a r t  o f  t h e  s y s te m .  Such d i s t r i b u t i o n s  a r i s e ,  

f o r  e x a m p le ,  i n  a n a l y z i n g  t h e  p e r fo rm a n c e  o f  f l u i d i z e d  

b e d  r e a c t o r s  i n  w h ich  t h e  s o l i d  i s  a c a t a l y s t .  To 

c a l c u l a t e  t h i s  d i s t r i b u t i o n ,  l e t  B b e  t h e  i n s t a n t a n e o u s  

v a l u e  o f  a c c u m u la te d  c o n t a c t  t im e  f o r  a p a r t i c l e  i n
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t h e  s y s te m .  Then

- J f  '  ( I I 1 ’ 1 9 )

g iv e s  t h e  v a r i a t i o n  o f  0 w i t h  c l o c k  t i m e ,  w h ere  A i s  

t h e  s e t  o f  s t a t e s  f o r  w h ich  t h e  c o n t a c t  t im e  d i s t r i ­

b u t i o n  i s  d e s i r e d ,  and  i s  e q u a l  t o  one  i f

(c^j) t  A an d  e q u a l  t o  z e r o  o t h e r w i s e .  The v a r i a b l e  9  

i s  th e n  i n c l u d e d  a s  a v a r i a b l e  o f  s t a t e  t o  d e f i n e  a 

new M arkov p r o c e s s  whose s t a t e s  a r e  o f  t h e  form  (o< | j  , 9 ) .

The t r a n s i t i o n  p r o b a b i l i t y  d e n s i t y ,  d e f i n e d  by

'Tf'l 9 . )  t / * ,  j , 9 )  j t ]

■ P r  £ d i s c r e t e  s t a t e  i s  (a, i) and  9
1 (1 1 1 -2 0 )

i s  i n  i n t e r v a l  ( O d S  )

a t  t im e  t + T  g iv e n  t h a t  s t a t e

was (o( l ; ) a t  t im e  t ^

i s  g iv e n  f o r  s m a l l  t im e s  by

t )  ( m _ 2 l )

=  j ) ; r ]  i  [ e - e , -  X A i « , i ) r  »  o ( t o  ]

i f  t * , i )  , and  by  t h e  same fo rm u la  w i th

r e p l a c e d  by  i f  C0*,*-) ^  C/ *j j )  • E x p an d in g  t h e  

6  - f u n c t i o n  i n  a power s e r i e s ,  one  f i n d s
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<£ [ 0 -  0 , - * A ( * , 0 t : + o ( - e ) ]  (X II-2 2 )

-  5 ( 9 - 6 , )  -  'XAK 0 ' i r ^ [ 6 ( e - e l)] * o(.x)

D e f in in g  th e  j o i n t  p r o b a b i l i t y  d e n s i t y  so

t h a t  th e  p r o b a b i l i t y  t h a t  th e  d i s c e t e  s t a t e  i s  {ckt j )

and 0  i s  betw een 9  and 9  + J 9  a t  tim e  t  i s  g iv e n  by

pA- ( t ,0 )< J 9  • The Chapman-Kolmogorov e q u a t io n  th e n
J

becomes

(111-23)

P*i TT [  -> ^ jJy9) j x ]

S u b s t i t u t i n g  (111-22) and ( I I I - 3 )  i n t o  (111-21) and 

(111-21) i n to  ( X I I - 2 3 ) , and a l lo w in g  f 0 , g iv e s

7 t  I p J '  3  9
(111-24)

i i

j " 1 / 1 / •••,*«■ i

In  what fo l lo w s  i t  w i l l  be  c o n v e n ie n t  to  lump a l l  th e  

e x i t  s t a t e s  (o( , iri-1) i n t o  a s i n g l e  a b s o rb in g  s t a t e  a. . 

Then d e f in in g

fcCt.e) -  £  F U - . ,  Ct,e; (in-25)
AL *
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i t  i s  s e e n  t h a t

-  T .  Z  * * * * *  p , ; ( t , . )  ( I I I - 2 6 )
p  i » I '

s in c e  X A( p  » *H-1) - 0  and s in c e  J  X ,y* 0 by  e q u a t io n  

( 1 1 -1 1 ) .  E q u a t io n s  (1 1 1 -2 4 )  f o r  j « l , 2 , . . . , n ,  and 

e q u a t io n  (1 1 1 -26 ) th e n  d e s c r ib e  th e  c o n t a c t  t im e d i s t r i ­

b u t i o n  c o m p le te ly ,  once  i n i t i a l  c o n d i t i o n s  a r e  s p e c i f i e d .  

The i n i t i a l  c o n d i t i o n s  a r e

P , ^ 0 . 0 )  -  5 i - ( m  2 7 )

—  w e

N ote t h a t  i n i t i a l  d i s t r i b u t i o n  ( I I I - 8 )  h as  been  assum ed, 

a l th o u g h  ( 1 I I - 6 )  c o u ld  have  b een  u se d  a s  w e l l .  The 

d e s i r e d  c o n t a c t  t im e  d i s t r i b u t i o n ,  i n  te rm s o f  i t s  

d e n s i t y  f u n c t io n  f ( 0 ) ,  i s  th e n  g iv e n  by

f ( e )  »  ( i n- 28)
t -*  ©•

I n t e g r a t i n g  e q u a t io n s  (1 11 -24 )  and (111-26) from z e ro  

to  i n f i n i t y ,

f ( e )  * 2 2  p . * * * * '+  ( i n - 29)
P r W

W
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r °*
w here t h e  %j^e ) *  J s a t i s f y

= . K  w -
X A CP- j ^ j g  =  < U I - 3 0 )

w ith  i n i t i a l  c o n d i t i o n s

To e l i m i n a t e  th e  6 - f u n c t i o n s  l e t  F ( 9 )  "■ J f ( 0 ' ) j 0 '  ftnrf 
r* °

=  J0 ^ j 1 0 ^ 0 ' * T h e n

r  co)  ̂ + Z  <m -31>

and

v  / -  -v ^  -3 w gj/t . V  G, .
* a <P*P j e  P, 5S ^  P‘ < i n - 3 2 )

+  2 > ' M G>«j » j * ' , \  •••,•*

The i n i t i a l  c o n d i t i o n s  f o r  th e  d i f f e r e n t i a l  e q u a t io n s  

c o n ta in e d  i n  (111-32) a r e

X A <P-j> G«fj ( 0 )  = O (111-33)

S in ce  f o r  th o s e  v a lu e s  o f  ( 0 , j )  w hich g iv e  X A(/S,j)* I ,

t h e  f u n c t io n  a . ( 0 )  h as  i t s  d e r i v a t i v e  o f  o r d e r  &(*)
“ J

and i s  t h e r e f o r e  bounded . I t  m ig h t  b e  n o te d  t h a t  i f  

th e  s e t  A c o n s i s t s  o f  a l l  t h e  s t a t e s  i n  th e  sys tem  

( e x c lu d in g ,  o f  c o u r s e ,  t h e  o u t l e t  s t a t e s )  th e n  e q u a t io n s  

(111-29) and (111-30) become e q u i v a le n t  to  e q u a t io n
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( I I I - 4 )  w i th  i n i t i a l  c o n d i t i o n s  ( I I I - 8 ) , t h e  e q u a t io n s  

f o r  t h e  r e s i d e n c e  t im e  d i s t r i b u t i o n .

The mean c o n t a c t  t im e  c a n  b e  c a l c u l a t e d  b y  a 

m ethod s i m i l a r  t o  t h a t  f o r  mean r e s i d e n c e  t im e .  Sum­

m ing e q u a t io n s  (1 1 1 -3 0 )  o v er /S  and j , u s i n g  e q u a t io n s  

( 1 1 - 1 1 ) ,  ( I I - 6 )  and  ( I I - 5 ) ,  one f i n d s

6 ( e )  -  f  ( 0 )  *  £  I  x „ ( 111- 34)

I n t e g r a t i n g  b o th  s i d e s  w i th  (/•, j )  ( O ' )  * O ,

(1 1 1 -3 5 )

I -  F ( 0  '  £  £  X A ( f , j J g 0 i ( 9 )

Thus , t h e  mean c o n t a c t  t im e  , 0 e , i s  g iv e n  by

ec -  £  £ J ( e ) d f l  ( I I I - 3 6 )

I n t e g r a t i n g  e q u a t io n s  ( I I I -30 )  one d i s c o v e r s  i n  a m anner 

s i m i l a r  to  e q u a t io n s  (1 1 1 -1 3 )  - (1 1 1 -1 8 )  t h a t

(1 1 1 -3 7 )
j  * 1  P

I f  t h e  s e t  o f  c o n t a c t  s t a t e s ,  A, c o n s i s t s  o f  c e r t a i n  

ta n k s  i n  t h e  model i n d e p e n d e n t ly  o f  t h e  f lo w  s t a t e s ,  

th e n
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X A(f>,j) = Z  * j k  ( 1 1 1 -3 8 )
* k • A J

an d  ( 1 1 1 -3 7 )  g i v e s

0 C =  -=T Z  ( X I I - 3 9 )
W k *A

a  r e m a r k a b le  r e s u l t .  A g a in  i f  i n i t i a l  d i s t r i b u t i o n  

( I I I - 6 )  i s  u s e d  r a t h e r  t h a n  ( I I I - 8 )  t h e  r e s u l t  i s  

d i f f e r e n t .



E. O u t l e t  Age D i s t r i b u t i o n

When d i s c u s s i n g  t h e  s i g n i f i c a n c e  o f  t r a c e r  e x p e r im e n ts  

i n  t h e  n e x t s e c t i o n  a n o t h e r  s t a t i s t i c a l  p r o p e r t y  o f  th e  

random  p a s s a g e  w i l l  p ro v e  u s e f u l .  T h is  i s  t h e  d i s t r i b u ­

t i o n  o f  r e s i d e n c e  t im e s  f o r  a  p a r t i c l e  c h o s e n  a t  a  random  

t im e  from  t h e  o u t l e t  o f  t h e  s y s te m .  T h is  w i l l  be c a l l e d  th e  

o u t l e t  age  d i s t r i b u t i o n .  To d i s c u s s  t h i s  s i t u a t i o n ,  i t  i s  

u s e f u l  t o  m o d ify  t h e  t r a n s i t i o n  p r o b a b i l i t i e s  s l i g h t l y  so 

a s  t o  make a l l  t h e  o u t l e t  s t a t e s ,  ( o ( , n + l ) ,  a b s o r b i n g .

T h u s , f o r  j^ n + 1 ,  t h e  p r o b a b i l i t i e s  w i l l  a g a i n  obey  ( I I I - 4 ) ,

d£,j(t) = £  ^ » p^(t) + (111-40)

j  .  i , x , .  v n

b u t  t h e  p r o b a b i l i t i e s  f o r  t h e  o u t l e t  s t a t e s  w i l l  be g iv e n  

by

d  P a  11+1 ^   ̂ / m+i a ^
a t f =  Z  — ? n

The q u a n t i t y  p ^  th e n  be t h e  p r o b a b i l i t y  t h a t

a t  t im e  t  t h e  p a r t i c l e  h a s  l e f t  t h e  s y s te m  and t h a t  when i t  

l e f t ,  t h e  f lo w  was i n  s t a t e  £  . As t-*oo, t h i s  w i l l  j u s t  be 

th e  p r o b a b i l i t y  o f  t h e  f lo w  s t a t e  b e in g  p  a t  t h e  i n s t a n t
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0
t h e  p a r t i c l e  l e a v e s .  T h u s , d e n o t in g  t h i s  q u a n t i t y  by

p; - <n i-42>

T h is  may be e x p r e s s e d  i n  te rm s  o f  t h e  0^- d e f i n e d  e a r l i e r
J

and  g iv e n  by e q u a t i o n  ( 1 1 1 - 1 4 ) .  Thus

- p . , , . ,  co)
'  ( 1 1 1 -4 3 )

M v _ y , ACO
+  J  P , i W - t

i*|  1 o

o r

P,* * P , , , « < ° )  -  1  <111-44)
i • I 1

F o r  t h e  i n i t i a l  d i s t r i b u t i o n  ( I I I - 8 ) ,  i s  g iv e n  by

(1 1 1 -1 7 )  and

Thus
— n  vi .*1 m   W i

I * »

w h ich  g iv e s

P* -  P,  W  = P?  (1 1 1 -4 6 )
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T h is  r e s u l t  i s  r e a s o n a b le ,  s in c e  i n i t i a l  d i s t r i b u t i o n  

( I I 1 - 8 )  c o r re s p o n d s  t o  a p a r t i c l e  chosen  a t  random from th e  

e n t i r e  p o p u la t i o n ,  w hich  would im ply  t h a t  th e  r a t e  o f  

l e a v in g  i s  p r o p o r t i o n a l  t o  th e  i n s t a n ta n e o u s  t o t a l  f lo w , 

j u s t  a s  i s  th e  r a t e  o f  e n t e r i n g .

For th e  i n i t i a l  d i s t r i b u t i o n  ( I I I - 6 )  th e  depend

more on th e  d e t a i l s  o f  th e  sy s tem , so th e  p® ca n n o t  be

c a l c u l a t e d  so s im p ly .

The j o i n t  p r o b a b i l i t y  p ^  can  ^e e x p r e s s e d  a s  th e

p ro d u c t  o f  th e  p r o b a b i l i t y  t h a t  th e  f low  s t a t e  i s  (& when 

th e  p a r t i c l e  l e a v e s  w i th  th e  c o n d i t i o n a l  p r o b a b i l i t y  t h a t  

th e  p a r t i c l e  h a s  l e f t  by tim e  t  g iv e n  t h a t  t h e  f low  s t a t e  

when i t  l e a v e s  i s  p .  Thus

P , -  P*  P . . . ( ‘ IU) < « ! - « >

I f  now a p a r t i c l e  i s  chosen  i n  th e  e x i t i n g  s t re a m  a t  a 

random t im e ,  th e  d i s t r i b u t i o n  o f  f low  s t a t e s  i s  

r a t h e r  th a n  p® . Thus th e  j o i n t  p r o b a b i l i t y  o f  l e a v in g  i n  

flow  s t a t e  m a t  a tim e  l e s s  th a n  t  f o r  a p a r t i c l e  so chosen  

i s  g iv e n  by p *  n+i ( fc)» where

p t , y , »  “  P «  ( I I I - 4 8 )

T h is  g iv e s

p t  ( t )  -  -& = -  P  ( t )  ( I I I - 4 9 )
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F o r  I n i t i a l  d i s t r i b u t i o n  (1 1 1 * 8 ) ,  t h i s  g iv e s

(1 1 1 -5 0 )

The o u t l e t  age d e n s i t y  u n d er  th e s e  c o n d i t i o n s  becomes

Thus f Q( t )  i s  th e  d e n s i t y  f u n c t io n  o f  r e s id e n c e  t im e s  f o r  

a  p a r t i c l e  ch o sen  a t  a  random tim e from th e  o u t l e t  s t r e a m , 

assum ing  t h a t  p a r t i c l e s  e n t e r  i n  p r o p o r t i o n  t o  th e  i n ­

s ta n ta n e o u s  t o t a l  f low  r a t e .

I t  h a s  been  seen  t h a t ,  w h i le  i t  i s  more d i f f i c u l t  t o  

c a l c u l a t e ,  one can  a l s o  d e f in e  a  r e s id e n c e  tim e d i s t r i b u ­

t i o n  f o r  a p a r t i c l e  chosen  a t  a random tim e from th e  o u t l e t ,  

assum ing  t h a t  p a r t i c l e s  e n t e r  a t  a  r a t e  in d e p e n d e n t  o f  th e  

i n s t a n ta n e o u s  t o t a l  f low  r a t e .  T h is  q u a n t i t y ,  f Q^ ( t ) ,  

i s  g iv e n  by

(111*51)

(1 1 1 -5 2 )

when th e  i n i t i a l  d i s t r i b u t i o n  i s  g iv e n  by ( I I I - 6 ) .  

However, th e  q u a n t i t y  c a l c u l a t e d  from e q u a t io n  (1 1 1 -5 1 )



when th e  I n i t i a l  d i s t r i b u t i o n  i s  ( I I I - 6 )  h as  no c l e a r  

p r o b a b i l i s t i c  m ean ing .
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IV . P r o b a b i l i t y  S t r u c t u r e  o f  T r a c e r  E x p e r im e n ts

A. P r o b a b i l i t y  E q u a t i o n s

The m e th o d  u s e d  i n  t h e  p r e v i o u s  s e c t i o n  f o r  

d e r i v i n g  e q u a t i o n  (1 1 1 -2 4 )  may b e  e a s i l y  e x t e n d e d  t o  

t h e  c a s e  w h e re  many c o n t i n u o u s  v a r i a b l e  d ep e n d  o n  a 

d i s c r e t e  s t a t e  M arkov p r o c e s s .  I f  t h e  v a r i a b l e s  

X j ( j - 1 , 2 , . . .  , n ) , f o r  e x a m p le ,  o b ey  t h e  s e t  o f  e q u a t i o n s

w h e re  t h e  s u b s c r i p t  ot i s  t h e  f lo w  s t a t e  o f  t h e  s y s t e m ,  

t h e n  b y  a  d e r i v a t i o n  s i m i l a r  t o  t h a t  o f  t h e  l a s t  s e c t i o n  

we f i n d  t h a t  t h e  j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  o f  t h e  

x ' s  an d  t h e  f lo w  s t a t e  s a t i s f i e s

w h e re  t h e  p r o b a b i l i t y  t h a t  t h e  f lo w  s t a t e  i s  ot and

} * l, ■ -v *  ( IV -1 )

at
( IV -2 )

x^ i s  b e tw e e n  x ^ ^ a n d  a t  t im e  t  i s  g iv e n  by

L e t t i n g  b e  t h e  c o n c e n t r a t i o n  o f  t r a c e r  i n  t h e
t t lj  t a n k ,  t h e  m a t e r i a l  b a l a n c e  e q u a t i o n s  becom e
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( IV -3 )

*  + i

w h e re  <p{̂  ( t )  i s  t h e  r a t e  a t  w h ich  t r a c e r  i s  f e d  i n t o

ta n k  j  when t h e  f lo w  s t a t e  i s  M * I n t r o d u c i n g  t h e

S in c e  t h i s  i s  o f  t h e  same fo rm  a s  ( IV -1 )  , t h e  e q u a t i o n s  

f o r  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  becom e

B . I n l e t  F low  R a te  v s . I n l e t  C o n c e n t r a t i o n

The i n l e t  f lo w  r a t e s  o f  t r a c e r  t o  t h e  i n d i v i d u a l  

t a n k s  may b e  e x p r e s s e d  i n  te rm s  o f  t h e  i n l e t  c o n c e n t r a ­

t i o n  s c h e d u l e ,  o r  i n  te rm s  o f  t h e  t o t a l  f e e d  r a t e  o f  

t r a c e r  s c h e d u l e .  T h u s ,  i f  x Q( t )  i s  t h e  i n l e t  c o n c e n t r a ­

t i o n  s c h e d u l e  an d  ( p  ( t )  i s  t h e  t o t a l  t r a c e r  f e e d  r a t e  

s c h e d u l e ,  t h e  two e x p r e s s i o n s  a r e

p s e u d o - f lo w s  wj j *  atu* u s i n g  e q u a t i o n  ( I I - 5 )  , e q u a t i o n

( IV -3 )  may b e  r e w r i t t e n
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5 ^ ( 0  = * » ( * > (IV -6 )

and
\ aV

( IV -7 )

I t  i s  c l e a r  t h a t  i n  a sy s te m  w i th  f l u c t u a t i n g  t o t a l  

th r o u g h p u t ,  an  e x p e r im e n t  m e a s u r in g  t h e  r e s p o n s e  to  

a s t e p  i n  xQ( t )  w ould  b e  q u i t e  d i f f e r e n t  from  one m e a su r ­

in g  t h e  r e s p o n s e  to  a s t e p  i n  < ^ ( t ) . I n  t h e  f i r s t  c a s e  

th e  t r a c e r  i n l e t  c o n c e n t r a t i o n  w ould  b e  f i x e d  w h i le  t h e  

f e e d  r a t e  o f  t r a c e r  would  f l u c t u a t e  i n  t im e  w i th  th e  

t o t a l  f lo w ,  w h i l e  i n  t h e  se co n d  c a s e  t h e  f e e d  r a t e  o f  

t r a c e r  w ould  be  f i x e d  and th e  i n l e t  c o n c e n t r a t i o n  would 

f l u c t u a t e .  Of c o u r s e ,  i f  t h e  t o t a l  th ro u g h p u t  w ere  

c o n s t a n t  t h i s  a m b ig u i ty  w ould n o t  a r i s e .

The c a s e  o f  f l u c t u a t i n g  t o t a l  th r o u g h p u t  a l s o  r a i s e s  

t h e  q u e s t i o n  o f  w h e th e r  to  m easu re  o u t l e t  c o n c e n t r a t i o n  

o r  o u t l e t  t r a c e r  f lo w  r a t e .  D e n o tin g  t h e  o u t l e t  c o n c e n ­

t r a t i o n  by  z and  th e  o u t l e t  t r a c e r  f lo w  r a t e  b y  y  we s e e  

t h a t

For initial conditions to equation (IV-5) , assume that
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a t  t h e  i n s t a n t  t h e  e x p e r im e n t  i s  b e g u n  t h e  f lo w  s t a t e  

p r o b a b i l i t i e s  h a v e  t h e i r  s t a t i o n a r y  v a l u e s ,  I n

o t h e r  w o rd s  t h e  e x p e r im e n t  i s  b e g u n  a t  a random  t im e  

in d e p e n d e n t  o f  t h e  f lo w  s t a t e  w i t h  t h e  s y s te m  r u n n i n g  

c o n t i n u o u s l y .  Thus

Once t h e  c o n d i t i o n s  o f  t h e  t r a c e r  e x p e r im e n t  a r e  s e t  

e i t h e r  t r o u g h  e q u a t i o n  ( IV -6 )  o r  e q u a t i o n  ( IV -7 )  t h e  

c o m p le te  p r o b a b i l i t y  s t r u c t u r e  o f  t h e  p r o c e s s  i s  d e t e r ­

m ined  b y  e q u a t i o n  ( IV -5 )  t o g e t h e r  w i t h  t h e  i n i t i a l  c o n d i ­

t i o n s  ( I V - 9 ) . The p r o b a b i l i t y  s t r u c t u r e  o f  y  o r  z  c a n  

t h e n  b e  d e t e r m in e d  b y  t a k i n g  a p p r o p r i a t e  c o m b in a t io n s  

o f  t h e  x ' s ,  a s  p r e s c r i b e d  b y  e q u a t i o n  (1V -8 )  .

I t  s h o u ld  b e  n o t e d  t h a t  t h e  f lo w  s t a t e  p r o b a b i l i ­

t i e s ,  P u C t ) *  c a n  b e  o b t a i n e d  fro m  t h e  f u n c t i o n s  p * ( t ,  

by  i n t e g r a t i o n :

I f  e q u a t i o n  ( IV -5 )  i s  i n t e g r a t e d  w i t h  r e s p e c t  t o  ^  o v e r  

t h e  w h o le  r a n g e ,  t h e  r e s u l t  i s

p * ( o ,  * ) =  p *  < * ( * , )  cSC**.) . .  . < 5 (x ^ )  ( IV -9 )

( I V - 10)

( IV -1 1 )

Similarly, equation (IV-9) gives



37

p * t o )  =  p « (IV -12)

E q u a t io n s  (IV -11) and (IV -12 )  r e q u i r e  t h a t  th e  p ^  ( t )  

rem a in  c o n s t a n t  a t  t h e i r  s t a t i o n a r y  v a lu e s  th ro u g h o u t  

th e  p ro c e s s  ( s e e  e q u a t io n  ( 1 1 - 1 4 ) ) .

C. E q u a t io n s  f o r  F i r s t  Moments

In  o r d e r  to  u n d e r s ta n d  t h e  r e l a t i o n s h i p  be tw een  

th e  v a r io u s  p o s s i b l e  t r a c e r  e x p e r im e n ts  and t h e  p r o ­

b a b i l i t y  s t r u c t u r e  o f  r e s i d e n c e  t im e s  a s  s t u d i e d  i n  th e  

p r e v io u s  s e c t i o n ,  l e t  u s  c o n s id e r  th e  f i r s t  moments o f  

( t  } BL ) d e f in e d  a s  f o l lo w s :

M u l t i p ly in g  e q u a t io n s  ( IV -5 )  and (IV -9 )  by Xj and 

i n t e g r a t i n g ,  and u s in g  e q u a t io n  ( I V - 10) g iv e s

(IV -14)

and

O (IV -15)

The e x p e c te d  o u t l e t  c o n c e n t r a t i o n  r e s p o n s e  i s  g iv e n  by
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< z >  -  z  £  *  £  p *  ( i v ' 1 6 )

and th e  e x p e c te d  o u t l e t  t r a c e r  f low  r a t e  by

<.y>« Z  + Z, p .  p . , . ,  (iv-17)

I t  I s  I n t e r e s t i n g  to  compare e q u a t io n  ( IV -1 4 )  w i th  

e q u a t io n  (1 1 1 * 4 ) .  The sy s tem s become e q u i v a l e n t  I f  

( IV -1 8 ) - ( IV -2 1 )  a r e  t r u e :

P * i  ^  “  v i < I V- 18>

p # i ( o ) 5 ( t ) =  P „  % - ^ t )  ; j ’  ' , 1 , . . . , *  ( IV -1 9 )

f ^ > = *  < Y >  (IV -2 0 )

( °  U )  3  d t  £  3  ^  < 2 >  <IV' 21>

w here f ( t )  I s  th e  r e s id e n c e  tim e  d e n s i t y  f u n c t io n  f o r  

p a r t i c l e s  chosen  a t  random from th e  e n t i r e  p o p u la t io n  o r
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f o r  p a r t i c l e s  e n t e r i n g  th e  sys tem  a t  a  random t im e ,  and 

f Q( t )  i s  th e  r e s id e n c e  tim e  d e n s i t y  f o r  p a r t i c l e s  l e a v in g  

th e  sys tem  a t  a random t im e ,  p ro v id e d  i n i t i a l  d i s t r i b u t i o n  

(1 1 1 -8 )  a p p l i e s .  The d i f f e r e n t  I n i t i a l  d i s t r i b u t i o n s ,

( I I I - 6 )  and ( I I I - 8 ) ,  can  be m atched by s u p p ly in g  th e  

a p p r o p r i a t e  t r a c e r  I n p u t s .  Thus, t o  e x p e r im e n ta l ly  d e t e r ­

mine s t a t i s t i c a l  q u a n t i t i e s  f o r  i n i t i a l  d i s t r i b u t i o n  ( 1 1 1 -6 ) ,  

th e  t r a c e r  in p u t  m ust be

9 , (IV-22)

w hich  can  be a c h ie v e d  by an im p u lse  i n  t r a c e r  f e e d  r a t e :

f(t) - S e t)  (IV-23)

To d e te rm in e  s t a t i s t i c a l  q u a n t i t i e s  f o r  i n i t i a l  d i s t r i b u t i o n  

( I I I - 8 ) ,  th e  in p u t  i s

(ftj It) » $<■*) (XV-24)

w hich can be a c h ie v e d  w i th  an im p u lse  i n  i n l e t  c o n c e n t r a ­

t i o n :

x c c t)  -  -gr 6 ( t )  (IV-25)

The d i f f e r e n c e  betw een  an Im pulse  i n  t r a c e r  f low  r a t e  

and an im pu lse  i n  t r a c e r  c o n c e n t r a t i o n  i s  t h a t  th e  amount 

i n j e c t e d  f o r  an im pu lse  i n  f low  r a t e  i s  th e  same f o r  each



r e a l i z a t i o n ,  w h i l e  f o r  a n  I m p u l s e  i n  c o n c e n t r a t i o n ,  t h e  

am o u n t i n j e c t e d  i s  p r o p o r t i o n a l  t o  t h e  i n s t a n t a n e o u s  t o t a l  

f l o w  r a t e .

S i n c e  t h e  s y s t e m  o f  e q u a t i o n s  ( I V - 1 4 )  i s  l i n e a r  i n  

t h e  a n d  a l s o  i n  e i t h e r  ( p i t )  o r  x Q( t ) ,  w h i c h e v e r  i s

u s e d  t o  d e s c r i b e  t h e  t r a c e r  i n p u t ,  t h e  e x p e c t e d  r e s p o n s e  

t o  a r b i t r a r y  i n p u t s  a r e  g i v e n  b y  t h e  c o n v o l u t i o n s :

=  J  x 0 c - c ) M - t

< - y / ( t »  •=• <  f>v ( t - x ) >  ( I V - 2 6

< z ( * ) >  *  f  < z x ( t - - c ) >  x ^ c - e )  » c e
J o

< Z  ( t ) >  -  f *  < H v C t - - e ) >  (j£> C-C) d r

w h e re  Tp ̂ ( t )  t h e  r e s p o n s e  i n  f lo w  r a t e  t o  a n  im p u l s e  

i n  c o n c e n t r a t i o n ,  i p ^  ( t )  i s  t h e  r e s p o n s e  i n  f l o w  r a t e  t o  

a n  i m p u l s e  i n  f lo w  r a t e ,  z  ( t )  i s  t h e  c o n c e n t r a t i o n3C

r e s p o n s e  t o  a n  i m p u l s e  i n  c o n c e n t r a t i o n ,  a n d  Z ^ ( t )  i s  

t h e  c o n c e n t r a t i o n  r e s p o n s e  t o  a n  im p u l s e  i n  t r a c e r  f lo w  

r a t e .  The v a r i o u s  r e s i d e n c e  t im e  d e n s i t i e s  a r e  g i v e n  by

M O  = 1=7 < V \ U ) >

M o  *  <  z  „  ( t ) >
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w here  £ ( t )  I s  t h e  r e s i d e n c e  t im e  d e n s i t y  o f  a  p a r t i c l e  

c h o s e n  a t  random  from  th e  e n t i r e  p o p u l a t i o n ,  f ^ ( t )  I s  t h a t  

o f  a  p a r t i c l e  c h o s e n  a t  a random  t im e  a t  t h e  I n l e t  o f  th e  

s y s te m ,  and f Q( t )  i s  t h a t  o f  a  p a r t i c l e  c h o s e n  a t  a  random  

t im e  a t  t h e  o u t l e t  o f  t h e  s y s te m .  B ecause o f  ( IV -2 6 )  I t  I s  

c l e a r  t h a t  t h e  r e s p o n s e s  t o  a  s t e p  I n p u t  I s  j u s t  t h e  I n t e g r a l  

o f  t h e  c o r r e s p o n d in g  Im p u lse  r e s p o n s e .  T h u s , t h e  d i s t r i ­

b u t i o n  f u n c t i o n s  c o r r e s p o n d in g  t o  f ^ ,  f ^ ,  and  f Q a r e  j u s t  

t h e  e x p e c te d  s t e p  r e s p o n s e s .  The Im p u lse  r e s p o n s e  

h o w ev e r ,  I s  d i f f i c u l t  t o  I n t e r p r e t  a s  a  p r o b a b i l i t y  d i s t r i ­

b u t i o n .

D. E q u a t io n s  f o r  Second Moments and A u t o c o r r e l a t i o n s  

I f  t r a c e r  e x p e r im e n t s  a r e  t o  be u se d  t o  d e te r m in e  

a  m o d e l1s s u i t a b i l i t y  f o r  a  g iv e n  s y s te m  o r  t o  c a l c u l a t e  

v a r i o u s  p a r a m e te r s  I n  t h e  m o d e l,  one c a n  u s e ,  I n  a d d i t i o n  

t o  t h e  mean r e s p o n s e  j u s t  d i s c u s s e d ,  f u r t h e r  t r a c e r  

r e s p o n s e  s t a t i s t i c s  f o r  c o m p a r iso n  w i t h  t h e  m o d e l.

D e f in in g  se co n d  moments o f  p 0 ( t , x )  by

s / . j k  (*) ■ < * j  "  J x J x h P , , C t , S ) d a  i ( IV -2 7 )

j , k  » i , x ,  w 

one c a n  d e r i v e  i n  a m anner s i m i l a r  t o  t h a t  u se d  i n

deriving equation (IV-14) the result



42

J s £ i i  „  \  M ^ J U  +  o  1I Vj +  v-fc /V j  j

+• I :  ( ^  v *  -  ^  V j )  ( I v - 2 8 )i*i J * J

^  £  A« ,  5* ik  » j . k ’  l/ S  ■*/ "

•It

% j k ^ ° ) ‘a' °  i ) » k  m l' *■/ *■•/ *i ( I V - 29)

w i t h  t h e  y u ^ l t )  c a l c u l a t e d  from  e q u a t i o n  ( I V - 5 ) .

The m e a n - s q u a r e  o u t l e t  t r a c e r  f lo w  r a t e  i s  t h e n  g iv e n  b y

< Y ‘ > “  Z  p.  +  Z  > • % . . . £  /* « ;
( IV -3 0 )

Z r ^  Z  K K ^«*ijK J»» 1*1

S i m i l a r l y ,  t h e  m e a n - s q u a r e  o u t l e t  c o n c e n t r a t i o n  i s  g i v e n  b y  

- 1 1

( IV -3 1 )

+  Z t t  » « y
A j * i l* i  *  *  J

The c o r r e s p o n d i n g  v a r i a n c e s  c a n  a l s o  b e  c a l c u l a t e d :

O ' 1 I t )  -  < ' / ' * >  ~  < V / >1 ( IV -3 2 )
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<rt L -  < B . ‘ >  -  <  H  >X (IV-33)

A n o th e r  u s e f u l  s t a t i s t i c a l  m e a su re  w ould  b e  t h e  

a u t o c o r r e l a t i o n  f u n c t i o n  o f  t h e  o u t p u t ,  a l t h o u g h  f o r  a 

n o n - s t a t i o n a r y  p r o c e s s  one  d o es  n o t  h a v e  much i n s i g h t  

i n t o  t h e  m ean in g  o f  t h i s  q u a n t i t y .  Thus 

d e f i n e d  e i t h e r  a s

F o r  a s t a t i o n a r y  p r o c e s s  t h i s  w ould  j u s t  b e  t h e  o r d i n a r y  

a u t o c o r r e l a t i o n  f u n c t i o n  and  w ould  b e  in d e p e n d e n t  o f  t .  

To c a l c u l a t e  t h i s  f u n c t i o n  f o r  t h e  m o d e l ,  n o t e  t h a t

w h ere  ot i s  t h e  f lo w  s t a t e  a t  t im e  t  and  i s  t h a t  a t  

t im e  t + r .  Then

p , ( r ) - < y ( t )  *y/u + x>> —
a r ^ l t )  ( t *  v )

(IV-34)

o r  a s

pt (-c) = (IV-35)

(IV-36)

and

K
Xj (IV-37)
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<, y/it)y/u**)> "= Z  Z  J i t  ja#

■ { % ,.. ,< * >  -  1  vv-j( X j )  (IV -38)
' j »« 7

-  £ w j, •>«,,» y ^  P*fc/»)**■.I*, * “*/»,¥ •> t )

w here ^ * (* ,2 1  i s  t h e  t r a n s i t i o n  p r o b a b i l i t y

d e n s i t y  o f  th e  n o n - s t a t i o n a r y  t r a c e r  r e s p o n s e  b e h a v io r .

I t  i s  d e f in e d  so  t h a t  TT̂  U , a  x ) 4y ,  i s  t h e  p ro b a ­

b i l i t y  o f  b e i n g  i n  f lo w  s t a t e / )  and i n  t h e  r e g io n  (y. , y+4y) 

a t  t im e  t+ T  g iv e n  t h a t  th e  sy s tem  was i n  s t a t e  ( * ,  21 ) 

a t  t im e  t .  S in c e  th e  p r o b a b i l i t y  pH( t ,2 0  obeys e q u a t io n  

(IV -5 )  f o r  a r b i t r a r y  s t a r t i n g  c o n d i t i o n s ,  i t  m ust b e  t h a t  

1% ( /•/g i *) a l s o  obeys i t  i n  th e  f o l lo w in g  s e n s e :

f r t  (<*., & fi, y. i x  )

j * i  J J '

Z  a. -* y, y j -c)
r

w i th  i n i t i a l  c o n d i t i o n s

77; ( x - » ^ ; 0 ) =  6 ^  6  { y . -  X ) (iv-40)

E q u a tio n  (IV -38 ) may b e  r e a r r a n g e d  to  g iv e
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< y ( t } y ( t - t ) >  -  Z < f  l * » * ) r f

(IV-41)

"* I *  ? .  5 ^

where

-  Z  I << * J H t  '0  -  t  *j 1
' "  (IV -42)

• p.,(t,*)irt -* P>y >*)

and

<\$] “ Z W  W
(IV -43)

• p « U , * ) t r t ( ^ a  -* p , V  ; * )

D i f f e r e n t i a t i n g  (IV -42 ) w i th  r e s p e c t  to  X  and u s in g  

(IV -39) and  ( I V - 4 0 ) , i t  i s  found  t h a t

<**> _
-  2 .  i  <IV- 44>At "

w i th  i n i t i a l  c o n d i t i o n s ,

X  * O-

*i -  p, V?,«. (*> +  Z  w jf / ^ ( t )  ( IV -45)
J»»

S i m i l a r l y ,  i s  found  to  s a t i s f y
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w ith  i n i t i a l  c o n d i t i o n s

* (IV -4 7 )

The f lo w  s t a t e  t r a n s i t i o n  p r o b a b i l i t i e s  - , r )  i n

e q u a t io n  ( IV -46 ) a r e  d e te rm in e d  by

To f i n d  p^C t) , t h e n ,  one m ust s o lv e  e q u a t io n  ( IV -4 8 )  

f o r  t h e  Tr(*-*p i*x) , e q u a t io n  (IV -14 ) f o r  th e  

e q u a t io n  ( IV -27 ) f o r  t h e  , e q u a t io n  ( IV -4 4 )  f o r

t h e  r ^ { x )  » e q u a t io n  ( IV -4 6 )  f o r  t h e  ( t : )  , s u b s t i t u t e  

i n  e q u a t io n  ( IV -4 1 )  f o r  ^  y i t )  if , a n d ,  f i n a l l y ,

u s e  e q u a t io n  ( IV -34 ) to  d e te rm in e  . S im i l a r

e q u a t io n s  c a n  b e  d e r iv e d  f o r

Com paring e q u a t io n  ( IV -4 4 )  w i th  e q u a t io n  ( 1 1 - 1 3 ) ,  

one n o te s  t h a t  t h e  two d i f f e r  o n ly  i n  t h e  i n i t i a l  c o n d i ­

t i o n s .  S i m i l a r l y ,  e q u a t io n  (IV -46 ) d i f f e r s  from  e q u a t io n

( IV -4 8 )

w i th

rr(<x.-»p i o )  -  <SK̂ (IV -4 9 )



( IV -1 4 )  o n ly  i n  t h e  i n i t i a l  c o n d i t i o n s  and  t h e  n o n ­

homo geneous t e r m s .

The m ethods g iv e n  above  ca n  b e  e x te n d e d  t o  c a l c u ­

l a t e  many o t h e r  s t a t i s t i c a l  m e a su re s  o f  t h e  t r a c e r  r e ­

s p o n s e .  Such c a l c u l a t i o n s  c o u ld  b e  u s e d  f o r  d e c id in g  

upon t h e  a p p l i c a b i l i t y  o f  a g iv e n  model f o r  a g iv e n  

p h y s i c a l  sy s te m  o r  f o r  f i x i n g  th e  v a l u e s  o f  p a r a m e te r s  

i n  t h e  m odel by  c o m p a r iso n  w i th  e x p e r i m e n t a l l y  d e t e r ­

m ined  t r a c e r  r e s p o n s e  s t a t i s t i c s .
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V. B e h a v io r  o f  M odel a s  a R e a c to r

A. P r o b a b i l i t y  E q u a t io n s

I t  i s  c l e a r  from  e q u a t i o n  ( IV -2 )  t h a t  q u i t e  g e n e r a l  

p r o c e s s e s  o c c u r r i n g  i n  t h e  m odel u n d e r  t h e  i n f l u e n c e  o f  

t h e  random  d i s t u r b a n c e s  c a n  b e  t r e a t e d .  F o r  b r e v i t y ,  

h o w e v e r ,  t h i s  s e c t i o n  w i l l  d e a l  o n ly  w i t h  t h e  c a s e  o f  a 

s i n g l e  I s o t h e r m a l  c h e m ic a l  r e a c t i o n .  Some o t h e r  s i t u a ­

t i o n s  w i l l  b e  s t u d i e d  f o r  s p e c i f i c  ex am p les  o f  t h e  m odel 

l a t e r .

I n  t h e  p r e s e n c e  o f  r e a c t i o n  e q u a t i o n  ( IV -4 )  becom es 

v i *  %s ( t ) +  Xi -  v} R ( x j )  ( v - i )

w here  i s  now t h e  c o n c e n t r a t i o n  o f  r e a c t a n t  i n  t a n k  j  , 

and  R (x)  i s  t h e  r e a c t i o n  r a t e  e x p r e s s i o n .  A p p ly in g  ( I V - 2 ) , 

i t  i s  fo u n d  t h a t  t h e  j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  o f  

r e a c t a n t  c o n c e n t r a t i o n  and  f lo w  s t a t e  i s  g iv e n  by

a  Pi +  f  f  { ifiej .+ f  y . -  R (x  "|]
»*  1  f e  ' J'J (v-2)

• p , U ,  a ) ]  -  2 ,  pKt t , a )

B . I n l e t  F low  R a te  v s . I n l e t  C o n c e n t r a t i o n

I n  c o n s i d e r i n g  t h e  m odel a s  a r e a c t o r ,  one  i s  

p r i m a r i l y  c o n c e rn e d  w i t h  i t s  s t a t i o n a r y  b e h a v i o r , t h a t  

w h ich  p r e v a i l s  a t  some l a r g e  t im e  a f t e r  s t a r t u p .  Such 

a s t a t i o n a r y  d i s t r i b u t i o n  w i l l  e x i s t  o n ly  i f  . i s
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i n d e p e n d e n t  o f  t .  A g a in ,  two p o s s i b i l i t i e s  o c c u r ,  

d e p e n d in g  on  w h e th e r  one f e e d s  r e a c t a n t  a t  a  c o n s t a n t  

r a t e  o r  a t  c o n s t a n t  c o n c e n t r a t i o n .  Thus e i t h e r

"  w ° j "  X o (v _ 3 >

o r

f « i  •  ^  V  <v - 4)

w h ere  i s  t h e  c o n s t a n t  i n l e t  c o n c e n t r a t i o n  and  C  i so r
t h e  c o n s t a n t  r e a c t a n t  f e e d  r a t e .  D e f i n i n g  ^ ( g )

" P* 2S),

£ ^  X i _ R C xj ^ p> U ) J <v‘ 5)j f  I J * 4*' •*

The o u t l e t  r e a c t a n t  c o n c e n t r a t i o n  and  r e a c t a n t  f lo w  r a t e  

w i l l  a g a i n  b e  g iv e n  by  e q u a t i o n  ( I V - 8 ) .

C.  E q u a t io n s  f o r  F i r s t  Moments

To com pare  t h e  r e a c t o r  b e h a v i o r  to  t h e  t r a c e r  

r e s p o n s e  b e h a v i o r ,  d e f i n e

< x j  >(» *  (V-6)

T h e n , from  e q u a t i o n  (V -5) ,
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t r a n s f o r m  v a r i a b l e  k ,  and w i th

w # i  *  A n  s  J0"*e '  fc7 * « ( t )  d t  ( v ' u )

T hus, t h e  moments o f  r e a c t a n t  c o n c e n t r a t i o n ,  , f o r  

a  sy s tem  w i th  f i r s t  o r d e r  r e a c t i o n  and w i th  f e e d  d i s ­

t r i b u t i o n  a r e  J u s t  t h e  L a p la c e  t r a n s f o rm s  o f  th e

t r a t i o n  and th e  e x p e c te d  o u t l e t  f low  r a t e  o f  t r a c e r  and 

r e a c t a n t  a r e  g iv e n  by th e  same l i n e a r  c o m b in a t io n  o f  th e  

r e s p e c t i v e  i n d i v i d u a l  moments, and  s in c e  th e  L a p la c e  

t r a n s f o r m  o p e r a t i o n  i s  l i n e a r ,  t h e  e x p e c te d  o u t l e t  

c o n c e n t r a t i o n  i n  t h e  r e a c t i o n  c a s e  w i l l  b e  t h e  L a p la c e  

t r a n s f o r m  o f  th e  e x p e c te d  o u t l e t  c o n c e n t r a t i o n  f o r  th e  

c o r r e s p o n d in g  t r a c e r  e x p e r im e n t ,  and th e  e x p e c te d  o u t l e t  

r e a c t a n t  f low  r a t e  w i l l  b e  t h e  L a p la c e  t r a n s f o r m  o f  th e  

e x p e c te d  o u t l e t  t r a c e r  f low  r a t e .  The t r a c e r  in p u t  

t h a t  c o r re s p o n d s  to  th e  c o n s t a n t  i n l e t  c o n c e n t r a t i o n  

r e a c t o r  c a s e ,

a s  com parison  w i th  e q u a t io n  (1V-6) show s, i s  an  im p u lse  

i n  t r a c e r  i n l e t  c o n c e n t r a t i o n  o f  h e i g h t  xq . S i m i l a r l y ,  

t h e  t r a c e r  i n p u t  c o r r e s p o n d in g  to  th e  c o n s t a n t  r e a c t a n t  

f e e d  r a t e  c a s e  i s

moments o f  t r a c e r  c o n c e n t r a t i o n , , w i th  t r a c e r

fe e d  r a t e  6 ( t )  . S in c e  th e  e x p e c te d  o u t l e t  co n cen -

cftj(t) = x„ <5 (t) , (V-12)
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? 6( t ) (V-13)

w hich i s  seen  to  be  an im p u lse  i n  t r a c e r  f e e d  r a t e  o f  

h e i g h t  i f  on com parison  w i th  e q u a t io n  ( I V - 7 ) . S in c e  

f  ( t )  and f -  ( t )  a r e  th e  e x p e c te d  r e s p o n s e s  i n  o u t l e t
X

t r a c e r  f low  r a t e  f o r  an  im p u lse  i n  i n l e t  t r a c e r  co n cen -

t r a t i o n  ( o f  h e ig h t- fe )  and a u n i t  im p u lse  i n  i n l e t  t r a c e r

flow  r a t e ,  r e s p e c t i v e l y ,  i t  i s  seen  t h a t ,  f o r  a r e a c t o r

w i th  c o n s t a n t  i n l e t  r e a c t a n t  c o n c e n t r a t i o n  x .o

and f o r  one w i th  a c o n s t a n t  i n l e t  r e a c t a n t  f low  r a t e

S i m i l a r l y ,  one can  e x p re s s  th e  e x p e c te d  o u t l e t  co n cen ­

t r a t i o n  o f  r e a c t a n t  a s  t h e  L a p la c e  t r a n s f o r m  o f  th e  e x ­

p e c te d  o u t l e t  t r a c e r  c o n c e n t r a t i o n  f o r  th e  a p p r o p r i a t e  

t r a c e r  i n p u t .  The te rm s on th e  l e f t  o f  e q u a t io n  (V-14) 

and (V-15) a r e  b o th  se e n  to  be  t h e  e x p e c te d  f r a c t i o n  o f  

r e a c t a n t  w hich le a v e s  u n c o n v e r te d .

The r e s u l t s  above can  be  a p p l i e d  to  sy s tem s w i th  a 

number o f  f i r s t  o r d e r  r e a c t i o n s  o c c u r r in g  s im u l ta n e o u s ly  

by  e x p r e s s in g  th e  c o n c e n t r a t i o n  a s  l i n e a r  c o m b in a t io n s  

o f  in d e p e n d e n t  com ponen ts . The c o n v e r s io n  o f  each  o f  th e  

in d e p e n d en t  com ponents can  th e n  b e  c a l c u l a t e d  from e q u a t io n  

(V-14) o r  (V -1 5 ) .  The in d e p e n d e n t  com ponen ts , a s  e x p la in e d  by

~ JW X0 J0
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P r a t e r  and Wei [11,14] ,  a r e  j u s t  e ig e n v e c to r s  o f  th e  

r e a c t i o n  r a t e  c o n s t a n t  m a t r i x .  T hus, su p p o se  t h e  r a t e  

o f  r e a c t i o n  o f  s p e c i e s  i  i s  g iv e n  by

»"i '  Z  k j i  X j (V-16)

T hen , by  d i a g o n a l i z i n g ,

f - '  »  ^  * 1  ( v - 17)

w here x i i s  t h e  c o n t r i b u t i o n  o f  t h e  i  e i g e n v e c to r  o f
t t h

to  th e  c o n c e n t r a t i o n ,  and i s  th e  i  e ig e n v a lu e .

I f  t h e  r e a c t i o n  sy s tem  c o n t a in s  a r e g io n  w here

r e a c t i o n  t a k e s  p l a c e ,  w i th  th e  r e s t  o f  th e  r e a c t o r  b e in g

i n e r t ,  th e  c o n t a c t  t im e d i s t r i b u t i o n  f o r  th e  a c t i v e

r e g io n  r e p l a c e s  t h e  r e s i d e n c e  t im e  d i s t r i b u t i o n  in

(V-14) o r  (V-15) ab o v e . To s e e  t h i s  c o n s id e r  th e  L a p la c e

t r a n s f o r m  o f  e q u a t io n  (1 1 1 -3 0 ) :

(V-18)

*+ 2 . * j  * l ; l /  * / *

a .
Com parison o f  (V-18) w i th  (V-10) shows t h a t  » - f  

when i s  s e t  t o  z e ro  f o r  j  j( A . C om parison o f

(V-9) w i th  (1 11 -29 ) th e n  f i n i s h e s  t h e  p r o o f .

D. E q u a t io n s  f o r  Second Moments and A u t o c o r r e l a t i o n s  

Second moments a r e  c a l c u l a t e d  from e q u a t io n  (V-4) 

i n  a s i m i l a r  manner to  f i r s t  moments. Thus one f i n d s
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Z  i j * I I*-/ • -/•"
(V-7)

The e x p e c te d  o u t l e t  c o n c e n t r a t i o n  w i l l  th e n  b e  g iv e n  by

w hich  c o r re s p o n d s  to  e q u a t io n  (IV -16 ) f o r  t r a c e r  e x p e r i  

m e n t s . S i m i l a r l y ,  th e  e x p e c te d  o u t l e t  f low  r a t e  o f  

r e a c t a n t  w i l l  b e  g iv e n  by

The s e t  o f  e q u a t io n s  (V-7) w i l l  d e te rm in e  th e  *mA- 

c o m p le te ly  o n ly  i f  R (x^) i s  a l i n e a r  f u n c t i o n  o f  x^ 

T h u s , l e t  R (x ^ ) -k x ^ .  Then one o b ta in s

w hich  i s  a s e t  o f  a l g e b r a i c  e q u a t io n s  s u f f i c i e n t  to  

d e te rm in e  th e  m • . Com paring e q u a t io n  (V-10) w i th  

e q u a t io n  (IV -14) i t  i s  s e e n  t h a t  r e p la c e m e n t  o f  I t )  

i n  (IV -14 ) w i th  & ( t )  , w here i s  c o n s t a n t ,

makes (V-10) th e  L a p la c e  t r a n s f o r m  o f  (IV -14) w i th

(V-10)
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<xj R( xk)>̂  -+■ <x k R(Xj)> = { ^
(V-19)

i  » i J

+ x j  x k > „

A g a in ,  f o r  f i r s t  o r d e r  r e a c t i o n s ,  R C x ^ -k a t^  

3i j k  » t h i s  g iv e s

L e t t i n g

(V -20)

5 * j w

T h is  may b e  com pared  to  t h e  L a p la c e  t r a n s f o r m  o f  e q u a t i o n  

( I V - 2 8 ) :

*  s , i “ V1

V; Vw ( | l k >t«i i + * >

(V -21)

«- z :  a _  s,

F o r  t h e  im p u ls e  i n p u t s  ( IV -2 1 )  o r  ( I V - 2 3 ) , e q u a t i o n  

(V -21) i s  d i f f e r e n t  from  (V-20) , f o r  i n  t h i s  c a s e
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» <P,j '«*) «nd <P,jlO/WO « 2̂.̂ -  ‘ 6̂ -
H o w e v e r ,  i f  / - ^ j U )  i s  t a k e n  f o r  t h e  im p u l s e  r e s p o n s e  

a n d  <iPp j ( 0  1* t a k e n  a s  t h e  s t e p  i n p u t ,  c p ^  ( t)  « »

c o n s t a n t ,  e q u a t i o n s  (V>21) a n d  (V -2 0 )  becom e i d e n t i c a l ,  

w i t h

k' * I k

^  j k (V -2 2 )

M rt  ■ " a

I n  t h i s  s i t u a t i o n ,  e q u a t i o n  (V -2 1 )  d o e s  n o t  d e s c r i b e  

a n y  r e a l i z a b l e  e x p e r i m e n t  w i t h  a  s i n g l e  t r a c e r ,  s o  i t  

m u s t  b e  c o n c lu d e d  t h a t  t r a c e r  r e s p o n s e  m e a s u re m e n ts  o f  

t h e  t y p e  d e s c r i b e d  c a n n o t  b e  u s e d  t o  p r e d i c t  t h e  v a r i a n c e  

i n  c o n v e r s i o n  f o r  f i r s t  o r d e r  r e a c t i o n s .

A c t u a l l y  e q u a t i o n  (V -2 1 )  c a n  d e s c r i b e  a n  e x p e r i m e n t  

p e r f o r m e d  w i t h  two t r a c e r s ,  o n e  o f  w h ic h  i s  i n j e c t e d  a s  

a  p u l s e  a n d  t h e  o t h e r  o f  w h ic h  i s  i n j e c t e d  a s  a  s t e p .

T he e x p e c t e d  p r o d u c t  o f  t h e  two c o n c e n t r a t i o n s  w i l l  t h e n  

b e  d e s c r i b e d  b y  (V -2 1 )  w i t h  <p$ iI t )  a n d  w i t h

e q u a l  t o  e x p e c t e d  im p u l s e  r e s p o n s e .  T he  m e a n - s q u a r e  

u n c o n v e r t e d  f r a c t i o n  w i t h  f i r s t  o r d e r  r e a c t i o n  w i l l  t h e n  

b e  t h e  L a p l a c e  t r a n s f o r m  o f  t h e  e x p e c t e d  p r o d u c t  o f  t h e  

two o u t l e t  f lo w  r a t e s ,  w i t h  t h e  L a p l a c e  t r a n s f o r m  v a r i a b l e  

r e p l a c e d  b y  2 k .



The c a l c u l a t i o n  o f  th e  a u t o c o r r e l a t i o n  f u n c t io n  o f  

o u t l e t  c o n c e n t r a t i o n  o r  r e a c t a n t  f low  r a t e  f o r  t h e  f i r s t  

o r d e r  r e a c t i o n  c a s e  i s  e n t i r e l y  an a lo g o u s  to  t h a t  f o r  

t r a c e r  e x p e r im e n ts .  However, i n  t h i s  c a s e  i s  no

lo n g e r  d ep e n d en t on t  b e c a u s e  th e  p ro c e s s  i s  s t a t i o n a r y .  

A g a in ,  e x p e r im e n ts  w i th  two t r a c e r s  a r e  r e q u i r e d  to  

p r e d i c t  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  w i th  a r e a c t i o n  

from  t r a c e r  e x p e r im e n ts .

The e x p r e s s io n  f o r  ^ y U )  y  I t c o r r e s p o n d i n g  to  

e q u a t io n  (IV -41) becom es, f o r  th e  f i r s t  o r d e r  r e a c t i o n  

c a s e ,

<yi*)y <».*»> » £  ft,,., r, * £  £  ^  (v-23)

w here s a t i s f i e s

(V-24)

and a ■ s a t i s f i e s
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V I. Some G e n e ra l  C o n c lu s io n s

I n  th e  c o u r s e  o f  d e s c r i b i n g  th e  g e n e r a l  model 

m a th e m a t i c a l l y ,  some i n t e r e s t i n g  c o n c lu s io n s  have  

em erged. S in c e  t h e  number and c o n f i g u r a t i o n  o f  t h e  t a n k s ,  

t h e  number o f  f low  s t a t e s ,  and  t h e  f low  s t a t e  t r a n s i t i o n  

m a t r i x  h av e  rem a in ed  a r b i t r a r y  so  f a r ,  one would e x p e c t  

t h a t  such  c o n c lu s io n s  would h ave  a r a t h e r  g e n e ra l  v a l i d i t y .

One o f  t h e s e  in v o lv e s  th e  r e l a t i o n s h i p  be tw een  th e  

p r o b a b i l i t y  s t r u c t u r e  o f  p a r t i c l e  r e s i d e n c e  t im e s  i n  th e  

sy s tem  and th e  s t a t i s t i c s  o f  t r a c e r  r e s p o n s e  e x p e r im e n ts .

I t  was found t h a t  th e  e x p e c te d  r e s p o n s e  o f  t h e  model to  a 

s t e p  in p u t  i n  t r a c e r  c o n c e n t r a t i o n ,  F ( t ) , i s  j u s t  t h e  

d i s t r i b u t i o n  f u n c t io n  o f  r e s i d e n c e  t im es  f o r  one i n i t i a l  

p r o b a b i l i t y  d i s t r i b u t i o n ,  and t h a t  f o r  a s t e p  i n p u t  i n  

t r a c e r  f e e d  r a t e ,  Fy ( t ) ,  i s  t h e  d i s t r i b u t i o n  f u n c t i o n  

o f  r e s i d e n c e  t im e s  f o r  a n o th e r  i n i t i a l  d i s t r i b u t i o n .

The c o r r e s p o n d in g  mean im p u lse  r e s p o n s e s ,  f  ( t )  , and 

> a r e  e q u a l  to  th e  r e s p e c t i v e  d e n s i t y  f u n c t i o n s .

The two ty p e s  o f  d i s t r i b u t i o n  become i d e n t i c a l  w here th e  

t o t a l  f low  r a t e  th ro u g h  th e  sy s tem  re m a in s  c o n s t a n t .

I n  b o th  c a s e s  i t  i s  t h e  o u t l e t  t r a c e r  f low  r a t e  r a t h e r  

th a n  th e  o u t l e t  t r a c e r  c o n c e n t r a t i o n  t h a t  m ust b e  m easu red .

The e x p e r im e n ta l  c o n d i t i o n s  c o r r e s p o n d in g  to  f  ( t )  

would b e  h a rd  to  r e a l i z e  in  p r a c t i c e ,  s i n c e  i t  would r e q u i r e  

t h a t  t h e  i n s t a n t a n e o u s  f lo w  r a t e  a t  t h e  (random) i n s t a n t  o f  

i n j e c t i o n  b e  known and u se d  a s  a w e ig h t in g  f a c t o r  i n
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a v e r a g in g  t o g e t h e r  t h e  e x p e r im e n ta l  r e a l i z a t i o n s . I f  

t h i s  i s  n o t  d o n e , t h e  r e s u l t  w i l l  b e  f ^ ( t )  I n s t e a d .

N ote  t h a t  i f  t h e  t o t a l  f low  r a t e  a t  t h e  i n s t a n t  o f  i n ­

j e c t i o n  i s  known, t h e  same s e t  o f  e x p e r im e n ts  c o u ld  

b e  u se d  t o  c a l c u l a t e  f  ( t )  o r  f _  ( t ) , w here  a s  th e  

c o r r e s p o n d in g  s t e p  e x p e r im e n ts  w ould h av e  t o  be  c a r r i e d  

o u t  d i f f e r e n t l y  f o r  t h e  two c a s e s .

A n o th er  i n t e r e s t i n g  c o n c lu s io n  i s  t h a t  t h e  mean 

r e s i d e n c e  tim e  c a l c u l a t e d  from  f „ ( t )  i s  e q u a l  to  t h e  

t o t a l  volume o f  th e  sy s tem  d iv id e d  by th e  mean t o t a l  

f low  r a t e ,  w h i le  t h a t  c a l c u l a t e d  from f ^  ( t )  i s  n o t .

T hus , i f  t r a c e r  e x p e r im e n ts  a r e  u se d  to  f i n d  t h e  volume 

o f  a f low  sy s te m , a s  i s  done i n  d e te r m in in g  th e  volume 

o f  t h e  c i r c u l a t o r y  sy s tem  f o r  m e d ic a l  d i a g n o s i s ,  i t  i s  

f  ( t )  t h a t  m ust b e  d e te rm in e d  ( o r  F ( t ) ) .X X
I t  was n o t e d ,  i n  a d d i t i o n ,  t h a t  th e  mean c o n t a c t  

t im e  w i th  a g iv e n  r e g io n  o f  th e  sy s tem  o f  a p a r t i c l e  

t r a v e l i n g  th ro u g h  th e  sys tem  assum ing  th e  same i n i t i a l  

d i s t r i b u t i o n  a s  f o r  f  ( t ) , i s  eq u a l  to  t h e  volume o f  th e  

r e g io n  d iv id e d  by th e  mean t o t a l  f low  th ro u g h  th e  sy s tem . 

A g a in ,  f o r  th e  i n i t i a l  d i s t r i b u t i o n  c o r r e s p o n d in g  to  

f ^ ( t )  , t h i s  i s  n o t  t h e  c a s e .

The two d i s t r i b u t i o n s  can  b e  d e s c r ib e d  i n t u i t i v e l y  

by g iv in g  th e  c o r r e s p o n d in g  p o p u la t io n s  o f  p a r t i c l e s .

For f  ( t ) , t h e  p a r t i c l e  i s  ch o sen  a t  random from  th e  

w hole mass o f  p a r t i c l e s  t h a t  e v e n t u a l l y  t r a v e l  th ro u g h



t h e  sy s te m , w h i le  f o r  f  ( t )  t h e  e n t r a n c e  t im e  i s  ch o sen  

a t  random and th e  p a r t i c l e  I s  s t a r t e d  i n  th e  sy s tem  a t  

t h a t  i n s t a n t .

The r e l a t i o n s h i p  be tw een  th e  t r a c e r  r e s p o n s e  s t a t l s '  

t i c s  and t h e  mean c o n v e r s io n  f o r  a f i r s t  o r d e r  r e a c t i o n  

o c c u r r in g  i n  t h e  model was a l s o  i n v e s t i g a t e d .  I t  was 

found  t h a t  t h e  mean v a lu e  o f  th e  f r a c t i o n  o f  r e a c t a n t  

u n c o n v e r te d  i s  g iv e n  by  t h e  L a p la c e  t r a n s f o r m  o f  f  ( t )  

when th e  r e a c t o r  i s  r u n  a t  c o n s t a n t  i n l e t  c o n c e n t r a t i o n  

o f  r e a c t a n t ,  and by t h a t  o f  f ^ ( t )  when ru n  a t  c o n s t a n t  

i n l e t  f low  r a t e  o f  r e a c t a n t .  A ls o ,  i f  t h e  r e a c t i o n  i s  

l i m i t e d  to  a c e r t a i n  r e g i o n  o f  th e  r e a c t o r ,  t h e  mean 

f r a c t i o n  u n c o n v e r te d  i s  g iv e n  by th e  L a p la c e  t r a n s f o r m  

o f  th e  c o n t a c t  t im e  d i s t r i b u t i o n  w i th  t h a t  r e g i o n ,  w here 

t h e  i n i t i a l  d i s t r i b u t i o n  u s e d  i n  c a l c u l a t i n g  th e  c o n t a c t  

t im e  d i s t r i b u t i o n  i s  t h e  one a p p r o p r i a t e  to  f „ ( t )  f o r  

c o n s t a n t  c o n c e n t r a t i o n  i n p u t ,  and  to  f ^ ( t )  f o r  c o n s t a n t  

r e a c t a n t  f low  r a t e .

The mean o u t l e t  c o n c e n t r a t i o n  f o r  a f i r s t  o r d e r  

r e a c t i o n  ( r a t h e r  th a n  th e  mean o u t l e t  r e a c t a n t  f lo w  

r a t e )  c a n  b e  c a l c u l a t e d  from th e  e x p e c te d  c o n c e n t r a t i o n  

r e s p o n s e  o f  t h e  c o r r e s p o n d in g  t r a c e r  e x p e r im e n t ,  

t h e  same way, a l th o u g h  such  f u n c t io n s  c a n n o t  b e  i n t e r - 

p r e t e d  a s  r e s i d e n c e  t im e  d i s t r i b u t i o n s .

The r e s u l t s  f o r  a s i n g l e  f i r s t  o r d e r  r e a c t i o n  may 

b e  ex ten d ed  to  com plex f i r s t  o r d e r  sy s tem s by means o f



a  t r a n s f o r m a t i o n  s u g g e s t e d  by  P r a t e r  and  Wei [2 3 ,14] .

F i n a l l y ,  i t  s h o u ld  b e  n o t e d  t h a t  t h e  r e s u l t s  ab o v e  

a l s o  a p p ly  t o  any  n o n - s t o c h a s t i c  s y s te m  w i t h  t i m e - v a r y i n g  

f lo w  r a t e s ,  s i n c e  a v a r i a b l e  f o l l o w i n g  a  f i x e d  f u n c t i o n  

o f  t im e  i s  t r i v i a l l y  a M arkov p r o c e s s .
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V I. Some G e n e ra l  C o n c lu s io n s

I n  t h e  c o u r s e  o f  d e s c r i b i n g  th e  g e n e r a l  m odel m a th e ­

m a t i c a l l y ,  some I n t e r e s t i n g  c o n c l u s i o n s  h ave  em erg ed .

S in c e  th e  number and  c o n f i g u r a t i o n  o f  t h e  t a n k s ,  t h e  number 

o f  t h e  f lo w  s t a t e s ,  and  t h e  f lo w  s t a t e  t r a n s i t i o n  m a t r i x  

h ave  re m a in e d  a r b i t r a r y  so  f a r ,  one w ould  e x p e c t  t h a t  su ch  

c o n c l u s i o n s  w ould  have  a r a t h e r  g e n e r a l  v a l i d i t y .

One o f  t h e s e  i n v o l v e s  t h e  r e l a t i o n s h i p  b e tw een  th e  

p r o b a b i l i t y  s t r u c t u r e  o f  p a r t i c l e  r e s i d e n c e  t im e s  i n  th e  

s y s te m  and t h e  s t a t i s t i c s  o f  t r a c e r  r e s p o n c e  e x p e r i m e n t s .

F o u r  im p u lse  r e s p o n s e  e x p e r im e n t s  w ere  d i s c u s s e d ,  y ,

' / ' y  > *  x » w h ich  a r e  t h e  t r a c e r  f lo w  r a t e  r e s p o n s e s  t o

im p u lse  i n  c o n c e n t r a t i o n  and t r a c e r  f lo w  r a t e  r e s p e c t i v e l y ,  

and  t h e  c o n c e n t r a t i o n  r e s p o n s e  t o  c o n c e n t r a t i o n  and f lo w  

r a t e  r e s p e c t i v e l y .  When th e  t o t a l  f lo w  r a t e  th r o u g h  th e  

s y s te m  i s  c o n s t a n t ,  a l l  f o u r  e x p e c te d  r e s p o n s e s  a r e  i d e n t i c a l  

I n  g e n e r a l ,  h o w ev e r,  t h r e e  o f  t h e s e  c a n  be g iv e n  a p r o b a ­

b i l i s t i c  i n t e r p r e t a t i o n .  Thus

-  - k -

V O  *  <■ ( V I ' U

=  <  Z „ ( * ) >

w here  f x ( t ) ,  f ^ ( t )  and f Q( t )  a r e  r e s i d e n c e  t im e  d e n s i t y
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f u n c t i o n s  f o r  d i f f e r e n t  p o p u l a t i o n s  o f  p a r t i c l e s .  The 

f u n c t i o n s  f  ( t )  I s  t h e  d e n s i t y  f o r  t h e  e n t i r e  p o p u l a t i o n  

o f  p a r t i c l e s  t h a t  p a s s  t h r o u g h  t h e  s y s t e m .  T h i s  I s  t h e  

" t r u e "  r e s i d e n c e  t im e  d i s t r i b u t i o n  f o r  t h e  s y s t e m .  I t  

h a s  t h e  p r o p e r t y  t h a t  I t s  m ean v a l u e  I s  e q u a l  t o  t h e  t o t a l  

vo lum e o f  t h e  s y s t e m  d i v i d e d  by  t h e  a v e r a g e  t o t a l  f lo w  

r a t e ,  w h i l e  t h e  o t h e r  d i s t r i b u t i o n s  do n o t ,  I n  g e n e r a l ,  

h a v e  t h i s  p r o p e r t y .  The f u n c t i o n  f ^  ( t )  I s  t h e  r e s i d e n c e  

t im e  d e n s i t y  o f  a  p a r t i c l e  I n j e c t e d  I n t o  t h e  s y s t e m  a t  a  

ran d o m  t i m e ,  an d  f Q( t )  I s  t h e  r e s i d e n c e  t im e  d e n s i t y  o f  

a  p a r t i c l e  t a k e n  f ro m  t h e  o u t l e t  s t r e a m  a t  a  random  t i m e .

I n  g e n e r a l ,  a l l  t h r e e  f u n c t i o n s  a r e  d i f f e r e n t .  H ow ever, 

f p  ( t )  an d  f Q( t )  a r e  r a t h e r  c l o s e l y  r e l a t e d .  A t t h e  p o i n t  

t - o ,  f o r  e x a m p le ,  t h e  f u n c t i o n s  a r e  e q u a l  ( f ^ ( o ) - f Q( o ) ) .

The d e n s i t y  f u n c t i o n s  c a n  be e v a l u a t e d  f ro m  I m p u ls e  

e x p e r i m e n t s ,  a s  d e s c r i b e d  I n  ( V I - 1 ) ,  o r  f ro m  t h e  c o r r e s ­

p o n d in g  s t e p  e x p e r i m e n t s .  I n  t h e  c a s e  o f  s t e p  e x p e r i m e n t s  

t h e  e x p e c t e d  r e s p o n s e  w i l l  j u s t  be  t h e  d i s t r i b u t i o n  f u n c t i o n
m

f o r  t h e  c o r r e s p o n d i n g  d e n s i t y  f u n c t i o n .  When c o n v e n t i o n a l  

e x p e r i m e n t a l  t e c h n i q u e s  a r e  u s e d ,  h o w e v e r ,  n o t  a l l  t h e  

r e s p o n s e s  a r e  a s  c o n v e n i e n t  t o  d e t e r m i n e .  I t  i s  u s u a l  t o  

m e a s u re  t r a c e r  o u t l e t  c o n c e n t r a t i o n  d i r e c t l y .  D e te r m in a ­

t i o n  o f  t r a c e r  o u t l e t  f lo w  r a t e  t h u s  r e q u i r e s  s i m u l t a n e o u s



63

know ledge o f  t h e  t o t a l  o u t l e t  f lo w  r a t e .  A ls o ,  I t  i s  more 

c o n v e n ie n t  t o  I n j e c t  p u l s e s  o f  c o n s t a n t  amount w hich  

c o r r e s p o n d  t o  p u l s e s  i n  i n l e t  t r a c e r  f lo w  r a t e ,  th a n  t o  

v a r y  th e  am ounts i n  p r o p o r t i o n  t o  t h e  i n s t a n t a n e o u s  t o t a l  

I n l e t  f lo w  r a t e ,  w h ich  w ould c o r r e s p o n d  t o  p u l s e  i n  i n l e t  

c o n c e n t r a t i o n .  Of c o u r s e ,  s in c e  th e  e x p e c te d  r e s p o n s e  o f  

th e  sy s tem  d ep en d s  l i n e a r l y  on th e  i n p u t ,  t h e  r e s p o n s e  t o  a 

c o n c e n t r a t i o n  im p u lse  can  be d e te rm in e d  by I n j e c t i n g  e q u a l  

p u l s e s  b u t  m u l t i p l y i n g  th e  o u tp u t  by t h e  t o t a l  f lo w  r a t e  

a t  th e  i n s t a n t  o f  i n j e c t i o n  b e f o r e  a v e r a g in g  th e  r e a l i z a ­

t i o n s  t o g e t h e r .  A g a in , t h i s  w ould  r e q u i r e  know ledge o f  

t h e  t o t a l  f lo w  r a t e .  The tw o s te p  I n p u t s ,  c o n s t a n t  t r a c e r  

i n l e t  c o n c e n t r a t i o n  and c o n s t a n t  i n l e t  t r a c e r  f lo w  r a t e ,  

c an  b o th  be a c h ie v e d  w i th o u t  m e a s u r in g  f lo w  r a t e .  T hus, 

i f  t o t a l  f lo w  r a t e  i s  m easu red  a lo n g  w i th  o u t l e t  c o n c e n t r a ­

t i o n ,  a l l  t h e  r e s p o n s e s ,  b o th  im p u lse  and s t e p ,  ca n  be 

m e asu red ,  b u t  i f  t o t a l  f lo w  r a t e  i s  n o t  m e a su re d ,  o n ly  th e  

im p u lse  r e s p o n s e  and th e  s t e p  r e s p o n s e s  c o r r e s ­

p o n d in g  t o  and can  be fo u n d . I t  h a s  been

shown t h a t  < z  tpKk)) i s  h a r d  t o  i n t e r p r e t  i n  any p r o b a ­

b i l i s t i c  s e n s e ,  w h i le  g iv e s  t h e  r e s i d e n c e  t im e

d e n s i t y  f o r  a  s p e c i a l  c l a s s  o f  p a r t i c l e s ,  t h o s e  ch o sen  a t  

random t im e s  from  th e  o u t l e t  s t r e a m .  The t r u e  r e s i d e n c e
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t im e  d e n s i t y ,  » cou l d  n o t  ^  d e te rm in e d

by such  e x p e r im e n ts .  T h is  i s  o f  some i n t e r e s t  when t r a c e r  

e x p e r im e n ts  a r e  u sed  t o  d e te rm in e  th e  volume o f  t h e  sy s tem , 

a s  i s  done i n  m e d ic a l  d i a g n o s i s .  Only th e  d e n s i t y  f  ( t )  

h a s  t h e  mean v a lu e  g iv e n  by t o t a l  volume d iv id e d  by mean 

f lo w  r a t e .

I t  was a l s o  n o te d  t h a t  th e  mean c o n t a c t  t im e  o f  a  

p a r t i c l e  w i th  a  g iv e n  r e g io n  o f  t h e  sy s tem , c o n s id e r in g  

th e  e n t i r e  p o p u la t i o n  o f  p a r t i c l e s ,  i s  e q u a l  to  th e  

volume o f  t h e  r e g io n  d iv id e d  by th e  t o t a l  f lo w  th ro u g h  

th e  sy s tem . F o r  o t h e r  p o p u la t io n s  t h i s  i s  n o t  t r u e .

The r e l a t i o n s h i p  betw een  t h e  t r a c e r  r e s p o n s e  s t a t i s t i c s  

and  mean c o n v e r s io n  f o r  a  f i r s t  o r d e r  r e a c t i o n  o c c u r r in g  

i n  th e  model was a l s o  I n v e s t i g a t e d .  I t  was found  t h a t  th e  

e x p e c te d  o u t l e t  f low  r a t e  o f  u n c o n v e r te d  r e a c t a n t  when t h e  

r e a c t a n t  e n t e r s  a t  c o n s ta n t  c o n c e n t r a t i o n  i s  t h e  L a p la c e  

t r a n s f o r m  o f  f x ( t ) *  S i m i l a r l y ,  when r e a c t a n t

e n t e r s  a t  c o n s t a n t  f low  r a t e ,  t h e  o u t l e t  f lo w  r a t e  o f  

u n c o n v e r te d  r e a c t a n t  i s  th e  L a p la c e  t r a n s f o r m  o f  f ^ ( t ) «  

CYV^),) * The  o u t l e t  c o n c e n t r a t i o n  o f  u n c o n v e r te d  r e a c t a n t  

f o r  c o n s ta n t  i n l e t  c o n c e n t r a t i o n  o f  r e a c t a n t  i s  th e  

L a p la c e  t r a n s f o r m  o f  f Q( t ) «  ( z „ ( t ) )  . F i n a l l y ,  th e  e x p e c te d  

o u t l e t  c o n c e n t r a t i o n  o f  r e a c t a n t  f o r  c o n s t a n t  i n l e t  f low
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r a t e  o f  r e a c t a n t  I s  t h e  L ap la ce  t r a n s f o r m  o f  ^ z  y, (t)^>

When th e  r e a c t i o n  o c c u rs  o n ly  I n  some zone o f  th e  

e n t i r e  sy s te m , th e  u n c o n v e r te d  f r a c t i o n  I s  g iv e n  by th e  

L a p la c e  t r a n s f o r m  o f  th e  c o n t a c t  tim e  d i s t r i b u t i o n .  T h is  

I s  n o t  e a s i l y  o b ta in e d  from t r a c e r  r e s p o n s e  s t a t i s t i c s ,  

how ever.

The r e s u l t s  f o r  a  s i n g l e  f i r s t  o r d e r  r e a c t i o n  may 

be e x te n d e d  t o  complex f i r s t  o r d e r  sy s tem s by a  method 

s u g g e s te d  by Wei and P r a t e r  [ 2*3,14] .
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V II .  S in g le  Tank Model

A. F o rm u la t io n

In  o r d e r  t o  s tu d y  th e  p r o p e r t i e s  o f  s t o c h a s t i c  m odels 

In  more d e t a i l ,  some s im p le  exam ples w i l l  be a n a ly z e d  by 

th e  m ethods d e s c r ib e d .  The s im p le s t  t h a t  comes t o  mind 

c o n s i s t s  o f  a  s i n g l e  ta n k  w i th  a  f l u c t u a t i n g  f low  r a t e .

A lso  f o r  s i m p l i c i t y ,  th e  number o f  f low  s t a t e s  w i l l  be ta k e n  

a s  two.

For th e  c a se  o f  two flow  s t a t e s ,  b ecau se  o f  c o n d i t i o n

( 1 1 -1 1 ) ,  th e  t r a n s i t i o n  m a t r ix  can  be e x p re s s e d  In" r
te rm s o f  two p a r a m e te r s ,  X , , and . Thus l e t t i n g  th e

m a t r ix  e lem en t A,* e q u a l  th e  p a ra m e te r  A , , an d , s i m i l a r l y ,  

Al( * A j ,  th e  d ia g o n a l  te rm s  become X lt -  and

The p r o b a b i l i t y  d i s t r i b u t i o n  th e n  s a t i s f i e s

* | P .  * p .  (VII- l)

p, -  ^  p ,

c o r re s p o n d in g  t o  e q u a t io n  (1 1 -1 3 ) .  I f  th e  I n i t i a l  v a lu e s  

o f  p^ and p£ a r e  p°  and p^ , w i th  p ^ + p ^ - l ,  th e  s o l u t i o n  

to  ( V I I - 1) becomes

P , »  P . *  ( p r - P . ) e

P . - P .  -  ( P .°- P . ) ©
, CA.+AO*



w here p^ end $2  a r e  t h e  s t a t i o n a r y  p r o b a b i l i t i e s ,  g iv e n  by

E q u a t io n  (V I I -2 )  can  be used  to  f i n d  th e  t r a n s i t i o n  p r o ­

b a b i l i t i e s ,  7 T (o t -* £ iT )  , by c h o o s in g  th e  p ro p e r  i n i t i a l

d i s t r i b u t i o n s .  Thus, > **:) I s  j u s t  P 2 0 t)  w i th  th e
0 0

i n i t i a l  d i s t r i b u t i o n  P j * l ,  P2- ®* Thus,

rr( i i i r )  * p, -► pfce
(V I I -4 )

The t r a n s i t i o n  p r o b a b i l i t i e s  g iv e n  by (V I I -4 )  d e f in e  th e  

p r o b a b i l i t y  s t r u c t u r e  o f  th e  f low  s t a t e s  c o m p le te ly .

I t  w i l l  be u s e f u l  to  compute some s t a t i s t i c s  o f  th e  

s t a t i o n a r y  f low  s t a t e  d i s t r i b u t i o n .  I f  th e  two v a lu e s  

o f  flow  r a t e  a r e  w^ and W2 ,

w  s  p , w ,  ■+ p vW x (V I I -5 )

p .  p ^ ( w .  -  w . f  (V I I -6 )

2
where w i s  th e  mean f low  r a t e  and f f  i s  th e  v a r i a n c ew

o f  th e  f low  r a t e .  The a u t o c o r r e l a t i o n  f u n c t io n  o f  th e
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f lo w  r a t e  may be c a l c u l a t e d  from  th e  t r a n s i t i o n  p r o b a b i l i ­

t i e s  ( V I I - 4 ) :

<  -‘- v ) >  = w f p . f r o - n  , - c )

* w , w x p ,fr (»-*2 .  > *t) + w ,W j j^ M x -n  j x )  (V I I -7 )

w xx ,x )

pc-c) -  ~ <w(t)>1 (VII-8)
W

S u b s t i t u t i n g  ( V I I - 4 ) ,  ( V I I - 5 ) ,  ( V I I - 6 )  and ( V I I - 7 )  I n t o  

(V I I -8 )  g iv e s

p ( r )  =  e T < x ' +  x ' * x  (V I I -9 )

A c tu a l ly  ( V I I -9 )  a p p l i e s  o n ly  i f  t  * 0  . S in ce  t h e  p r o c e s s  

i s  s t a t i o n a r y ,  p t - T ) *  p0*0 can  be u sed  t o  f i n d  p f o r  

n e g a t iv e  % . T h is  i s  e q u i v a l e n t  t o  r e p l a c i n g  r  by I r l  i n

e q u a t io n  ( V I I - 9 ) .

B. T r a c e r  E x p e r im e n ts

W ith th e  p r o b a b i l i t y  s t r u c t u r e  o f  th e  f lo w  s t a t e s  

e s t a b l i s h e d ,  l e t  us n e x t  i n v e s t i g a t e  th e  t r a c e r  r e s p o n s e  

o f  th e  s i n g l e  ta n k  m odel. F or  a s i n g l e  t a n k ,  t h e  t r a c e r  

m a t e r i a l  b a l a n c e ,  e q u a t io n  ( IV -4 )  becomes

v a r  = ^ ( t> ~ w« * (vn-io)
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The p r o b a b i l i t y  d e n s i t y ,  p *  ( t , x ) ,  th e n  s a t i s f i e s

= -  X ,  p . c ^ x )  * X x p . t M )  ( v n . n )

*  \  P ,<*,X ) -  Av p ^ C t ^ )  
w i th  i n i t i a l  c o n d i t i o n s

p,(o, x) = p, 8 { x )  t Pi(o, x) « p i  cScx) (vil-12)

R a th e r  th a n  s o l v i n g  e q u a t i o n  ( V I I -1 1 )  d i r e c t l y  f o r  th e

p r o b a b i l i t y  d e n s i t y ,  th e  t r a c e r  r e s p o n s e  w i l l  be c h a r a c t e r ­

i z e d  by i t s  moments. C o r re s p o n d in g  t o  e q u a t i o n  ( IV -1 4 )  

f o r  t h e  f i r s t  moments, one f i n d s  f o r  a  s i n g l e  ta n k

* < ♦ )  -  ( t f  -
( V I I -1 3 )

w i th  yu 1 (0 ) -y U 2 ( 0 ) - 0 .  R e c a l l  t h a t  / / ^ ( t ) «  J X p t( t ,x ) c lx  * ^ x > , , 

a c c o r d in g  t o  d e f i n i t i o n  ( I V - 1 3 ) .  The e x p e c te d  o u t l e t  

c o n c e n t r a t i o n ,  w h ich  i s  e q u a l  t o  th e  c o n c e n t r a t i o n  i n  th e  

t a n k ,  i s  th e n  g iv e n  by

< X >  , - y u *  (V I I -1 4 )

and th e  e x p e c te d  o u t l e t  t r a c e r  f low  r a t e  by

< y / >  *  w . y u ,  w l y > l  (V I I -1 5 )
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The two ty p e s  o f  im pulse in p u ts  d is c u s s e d  in  s e c t io n  IV 

e re  d i f f e r e n t  f o r  th e  s in g le  ta n k  model because th e  t o t a l

flow  r a t e  th rough  th e  system  f l u c t u a t e s .  For an im pulse in

t r a c e r  c o n c e n t r a t io n ,  <p ^ ( t )  and ) a r e  6*ven by

f l ( t )  •  W, 4  ( t )  (VII-16)

<piU) * <5 (t)

For an im pulse i n  t r a c e r  flow  r a t e ,  th e se  become

*  S U )  (V II-1 7 )

The ex p e c ted  re sp o n se  to  th e s e  in p u ts  a r e ,  u s in g  th e  

symbols < , £ „ ( * ) > ,

a s  p re v io u s ly  d e f in e d  (see  e q u a t io n  ( IV -2 6 )} ,

M * >  -  =  < K ^ ) >  -  £ , ' ^ v L ~> '’' '{ - ' i f ' ' '  <V II- 18> 

_ K^.1 (W.-WJ* x \  t —-  tV
£ v*w v ] *!* K

V ‘ > * <. (*)> * (V I I - 19)

_ £ W,1 5V̂ X
b ,-  K

f 0 U) =  ̂ii. b, b«.efc|t
ir h,- (V II-20 )

5. w > P*.wi*
v * K-
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-* (VII-21)
w h ere  b ^an d  b 2 a r e  t h e  two r o o t s  o f

bX <V I I * 2 2 >

The f u n c t i o n  f  ( t )  I s  t h e  t r u e  r e s i d e n c e  t im e  d i s t r i b u t i o n ,3C
t h a t  I s  t h e  one f o r  t h e  e n t i r e  p o p u l a t i o n  o f  p a r t i c l e s .

As I n d i c a t e d ,  I t  I s  g iv e n  by  t h e  e x p e c t e d  r e s p o n s e  I n  

t r a c e r  f lo w  r a t e  t o  an  Im p u lse  I n  t r a c e r  c o n c e n t r a t i o n .

The f u n c t i o n  f ^  ( t )  I s  t h e  r e s i d e n c e  t im e  d i s t r i b u t i o n  

f o r  a  p a r t i c l e  c h o s e n  a t  a  random  t im e  I n  t h e  I n l e t  

s t r e a m  and  f Q( t )  t h a t  f o r  a  p a r t i c l e  c h o s e n  a t  a random  t im e  

I n  t h e  o u t l e t  s t r e a m .  The c o n c e n t r a t i o n  r e s p o n s e  t o  an  

Im p u ls e  I n  t r a c e r  f lo w  r a t e ,  ^ z ^ ( t ) )  , h a s  b e e n  m u l t i p l i e d

by W t o  make I t s  d im e n s io n s  c o n s i s t e n t  w i t h  t h o s e  o f  t h e  

o t h e r  r e s p o n s e s .

C o m p ariso n  o f  e q u a t i o n  ( V I I - 1 9 )  w i t h  ( V I I - 2 0 )  shows 

t h a t  f o r  t h e  s i n g l e  t a n k  m o d e l ,  t h e  d e s n l t y  f u n c t i o n s  f ^  ( t )  

and  f Q( t )  a r e  I d e n t i c a l ,  w h ic h  m eans t h a t  p a r t i c l e s  c h o s e n  

a t  a  random  t im e  I n  t h e  i n l e t  s t r e a m  h av e  t h e  same r e s i d e n c e  

t im e  d i s t r i b u t i o n  a s  p a r t i c l e s  c h o s e n  a t  a  random  t im e  i n  

t h e  o u t l e t  s t r e a m .  The f a c t  t h a t  t h i s  i s  t r u e  f o r  t h e  

s i n g l e  t a n k  m odel m ig h t  l e a d  one t o  s u s p e c t  t h a t  a  s i m i l a r



r e s u l t  w ould  be t r u e  i n  g e n e r a l .  I n  f a c t  I t  I s  n o t  h a r d  

t o  show, u s in g  e q u a t i o n s  ( IV -1 6 )  and  ( I V - 1 7 ) ,  t h a t  t h e  two 

f u n c t i o n s  have  t h e  same i n i t i a l  v a l u e .  H ow ever, a l th o u g h  

t h e  f u n c t i o n s  a r e  c l o s e l y  r e l a t e d  and  a r e  e q u a l  i n  c e r t a i n  

s im p le  c a s e s ,  t h e y  a r e  n o t  e q u a l  i n  g e n e r a l .  I n  th e  

n e tw o rk  shown b e l o w , f o r  e x a m p le ,  t h e y  a r e  d i f f e r e n t ,  

p r o v id e d  r / s :

1r

One w ould  e x p e c t  t h e  two f u n c t i o n s  t o  be d i f f e r e n t  i n  

g e n e r a l  b e c a u s e  t h e  two p o p u l a t i o n s  a r e  n o t  t h e  same.

At th e  i n l e t ,  one c h o o s e s  p a r t i c l e s  e n t e r i n g  i n  one f lo w  

s t a t e  o r  a n o t h e r  w i t h  a  c e r t a i n  p r o b a b i l i t y .  At t h e  e x i t ,  

p a r t i c l e s  l e a v i n g  i n  one f lo w  s t a t e  e n t e r e d  i n  v a r i o u s  

f lo w  s t a t e s ,  so  t h a t  t h e  p o p u l a t i o n  c h a n g e s .  A p p a r e n t ly ,  

i n  t h e  s i n g l e  t a n k  c a s e  t h e r e  i s  a  c a n c e l l a t i o n  o f  e f f e c t s  

t h a t  c a u s e s  t h e  seco n d  p o p u l a t i o n  t o  have  t h e  same r e s i d e n c e  

t im e  d i s t r i b u t i o n  on th e  f i r s t .

The mean r e s i d e n c e  t im e  c a l c u l a t e d  from  f x ( t ) ,  

e q u a t i o n  ( V I I - 1 8 ) ,  i s  j u s t  e q u a l  t o  a s  e x p l a i n e d  

e a r l i e r .  The mean r e s i d e n c e  t im e  c a l c u l a t e d  from  ( t )

or fQ(t), equation (VII-19) or (VII-20), is given by
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Q .  v  . . ft ft. ( w ,  -  wQ1*
>  *  v w l X , *  X4) w, w t  ( V I I - 2 3 )

w h ic h  c a n  d i f f e r  a p p r e c i a b l y  f ro m  ^  . V a lu e s  o f  0 ^  

c a l c u l a t e d  from  e q u a t i o n  ( V I I - 2 3 )  a r e  a lw a y s  g r e a t e r  th a n  

*&> . T h i s  o c c u r s  b e c a u s e  a  p a r t i c l e  i n j e c t e d  a t  a random

tim e  i s  more l i k e l y  t o  s t a r t  when t h e  f lo w  r a t e  i s  low  t h a n  

an  a v e r a g e  p a r t i c l e  i s ,  and  low f lo w  r a t e s  c a u s e  l a r g e r  

r e s i d e n c e  t i m e s .  S i m i l a r l y  a  p a r t i c l e  i n j e c t e d  a t  a  r a n ­

dom t im e  i s  l e s s  l i k e l y  t h a n  an  a v e r a g e  p a r t i c l e  t o  b e g in  

when t h e  f lo w  r a t e  i s  h i g h .

The e x p e c t e d  r e s p o n s e  i n  t r a c e r  c o n c e n t r a t i o n  t o  an  

Im p u lse  i n  t r a c e r  f lo w  r a t e  g iv e n  by  e q u a t i o n  ( V I I - 2 1 ) ,  

i s  d i f f i c u l t  t o  I n t e r p r e t  a s  a  r e s i d e n c e  t im e  d i s t r i b u ­

t i o n .  I n  f a c t  i t s  I n t e g r a l  f ro m  z e r o  t o  i n f i n i t y  i s  e q u a l  

t °  w h ere  0 ^  i s  g iv e n  by  e q u a t i o n  ( V I I - 2 3 ) ,  r a t h e r

th a n  b e i n g  e q u a l  t o  o n e .

I n  t h e  l i m i t  o f  l a r g e  s w i t c h i n g  r a t e s ,  a s  O ,-* -» oo,

i t  c a n  be s e e n  t h a t  Q+ . I n  f a c t ,  i n  t h i s  l i m i t ,  a l l

f o u r  r e s p o n s e s ,  e q u a t i o n s  ( V I I - 1 8 ) - ( V I I - 2 1 ) , become i d e n t i c a l  

and  a p p ro a c h  t h e  im p u ls e  r e s p o n s e  o f  a  s t e a d y  f lo w  s y s te m  

w i t h  f lo w  r a t e  w  and  volum e v  . T h i s  i s  c l e a r  from  

e q u a t i o n  ( V I I - 2 2 ) ,  w h ich  shows t h a t  a s  ( X , c o  , t h e  

r o o t s  b^ and  b^ become

~ » *>i.s ~ (VII-24)
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The c o n t r i b u t i o n  o f  b 2 t o  t h e  s o l u t i o n  d e c a y s  a lm o s t  

im m e d ia te ly ,  so  th e  r e m a in d e r  o f  th e  c u rv e  i s  j u s t

f ( t ) =  (V I I - 2 5 )

The c o n s t a n t  ~  a p p e a r s  i n  f r o n t  b e c a u se  t h e  i n t e g r a l  o f  

f  ( t )  o r  f ^ ( t )  i s  one f o r  any  p a r a m e te r  v a l u e s ,  and t h a t  

o f  a p p ro a c h e s  one a s  T h u s , a s

t h e  s w i t c h in g  r a t e  becomes l a r g e ,  t h e  e x p e c te d  b e h a v io r  o f  

t h e  sy s tem  becomes th e  same a s  th e  b e h a v io r  o f  a  s t e a d y  

sy s te m .

One r e c a l l s  t h a t  t h e  e x p e c te d  r e s p o n s e  t o  an  a r b i t r a r y  

i n p u t  can  be c a l c u l a t e d  from  th e  f o u r  e x p e c te d  im p u lse  

r e s p o n s e s :

Thus

J < y ' „ t t - ' C ) > X 0 (« )< * 'C  ( V I I - 2 6 )
0

r t
J  ( V I I -2 7 )
o

< E ( i ) >  '  {  < Z x ( t - r ) )  (V I I - 2 8 )

< z  ( t ) >  *  f* < Z , ( t - t ) > f ( r ) l l t  (V I I -2 9 )



Then t h e  d i s t r i b u t i o n  f u n c t i o n  F ( t )  c o r r e s p o n d in g  t o  f  ( t )
X X

I s  j u s t  t h e  e x p e c te d  r e s p o n s e  I n  o u t l e t  t r a c e r  f lo w  r a t e  

t o  a  s t e p  change  i n  i n l e t  t r a c e r  c o n c e n t r a t i o n .  S i m i l a r l y  

F p  ( t )  I s  th e  e x p e c te d  r e s p o n s e  i n  o u t l e t  t r a c e r  f lo w  

r a t e  t o  a  s t e p  change i n  i n l e t  t r a c e r  f lo w  r a t e ,  and FQ( t )  

i s  th e  e x p e c te d  r e s p o n s e  i n  o u t l e t  t r a c e r  c o n c e n t r a t i o n  

t o  a s t e p  change i n  i n l e t  t r a c e r  c o n c e n t r a t i o n .  Of c o u r s e ,  

f o r  t h e  s i n g l e  t a n k ,  FQ( t ) - F ^  ( t ) .  E q u a t io n  ( V I I -2 9 )  shows 

t h a t  when t r a c e r  i s  f e d  a t  a c o n s t a n t  r a t e  jp , th e  e x p e c te d  

o u t l e t  c o n c e n t r a t i o n  a f t e r  a  l a r g e  t im e  h a s  e l a p s e d  i s  

g iv e n  by

w here i s  g iv e n  by e q u a t io n  ( V I I - 2 3 ) .

C urves o f  f  and  f ^  f o r  some t y p i c a l  v a l u e s  o f  th e  

p a r a m e te r  a r e  shown i n  F ig u re  2 . I n  t h i s  p l o t ,  v ~ w - l .  

A c t u a l l y ,  t h i s  i s  e q u i v a l e n t  t o  i n t r o d u c i n g  d im e n s io n l e s s  

tim e  and f low  r a t e s ,  t ' ,  and w^ g iv e n  by

( V I I -3 0 )
o

T hen , from  e q u a t i o n  ( V I I - 2 1 ) ,

( V I I -3 1 )
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The q u a n t i t y  I  ,  d e f i n e d  a s  w^-w^, h a s  b een  t a k e n  a s  2 

and  A,* A * I . N ote t h a t  t h i s  r e q u i r e s  t h a t  w ^ -0 ,  w2*2 , 

and  The im p u ls e  r e s p o n s e  o f  a s t e a d y  sy s te m  w i t h

f lo w  v  i s  shown f o r  c o m p a r is o n .

I t  i s  s e e n  t h a t  t h e  i n t e r c e p t  o f  f  ( t )  i s  2 . 0 ,  w h i le
X

t h a t  o f  f p  ( t )  i s  1 . 0 .  T h is  f a c t  ca n  be u n d e r s to o d  i n  

te rm s  o f  t h e  t r a c e r  e x p e r im e n ts  c o r r e s p o n d in g  t o  t h e  two 

c u r v e s .  I n  t h e  t r a c e r  e x p e r im e n t  c o r r e s p o n d in g  t o  f ^ ( t ) ,  

t h e  same am ount o f  t r a c e r  i s  i n j e c t e d  f o r  e a c h  r e a l i z a t i o n ,  

r e g a r d l e s s  o f  t h e  i n i t i a l  f lo w  s t a t e .  T h u s , t h e  I n i t i a l  

c o n c e n t r a t i o n  f o r  t h e  g iv e n  p a r a m e te r  v a l u e s  i s  e q u a l  t o  

1 .0  f o r  e a c h  r e a l i z a t i o n .  The i n i t i a l  o u t l e t  f lo w  r a t e  o f  

t r a c e r  i s  t h e n  e q u a l  t o  e i t h e r  2 .0  o r  0 . 0 ,  e a c h  w i th  

p r o b a b i l i t y  so  t h e  e x p e c te d  i n i t i a l  v a l u e  i s  1 . 0 .

I n  t h e  t r a c e r  e x p e r im e n t  c o r r e s p o n d in g  t o  f  ( t ) ,  t h e  

am ount o f  t r a c e r  I n j e c t e d  f o r  a  g iv e n  r e a l i z a t i o n  i s  p r o ­

p o r t i o n a l  t o  t h e  f lo w  r a t e  a t  t h e  i n s t a n t  o f  i n j e c t i o n .

T h u s , i n  t h i s  c a s e ,  t h e  i n i t i a l  c o n c e n t r a t i o n  o f  t r a c e r  w i l l  

be e i t h e r  2 .0  o r  0 . 0 ,  e a c h  w i t h  p r o b a b i l i t y  I f  t h e  

i n i t i a l  c o n c e n t r a t i o n  i s  2 . 0 ,  c o r r e s p o n d in g  t o  w - 2 .0 ,  

t h e  i n i t i a l  o u t l e t  f lo w  r a t e  o f  t r a c e r  w i l l  be 4 . 0 .  T h u s , 

t h e  i n i t i a l  o u t l e t  f lo w  r a t e  o f  t r a c e r  i s  e i t h e r  4 . 0  o r  

0 . 0 ,  e a c h  w i t h  p r o b a b i l i t y  so  t h e  e x p e c te d  i n i t i a l  v a l u e
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i s  2 . 0 .  F o r  t h e  v a l u e s  o f  t h e  p a r a m e te r s  ch o o sen  I n  t h i s  

c a s e ,  t h e  mean r e s i d e n c e  t im e  c a l c u l a t e d  from  f  ( t )  I s  

1 . 0 ,  w h i le  t h a t  c a l c u l a t e d  from  f y  ( t )  i s  1 . 5 ,  w h ich  

i s  s i g n i f i c a n t l y  d i f f e r e n t .

A u s e f u l  d e v ic e  f o r  e v a l u a t i n g  r e s i d e n c e  tim e  d i s t r i ­

b u t io n s  i s  t o  e x p r e s s  them i n  te rm s  o f  t h e  e s c a p e  i n t e n s i t y ,  

h ( t ) ,  a s  d e f in e d  by S h in n a r  and Naor [ 3 ]:

U M  «  *  —
J " « o *  »- <VII’ 33>

w here f ( t )  i s  t h e  r e s i d e n c e  t im e  d e n s i t y  f u n c t i o n  and 

F ( t )  i s  t h e  c o r r e s p o n d in g  d i s t r i b u t i o n  f u n c t i o n .  The 

q u a n t i t y  h ( t )  h a s  th e  s i g n i f i c a n c e  o f  th e  r a t e  a t  w h ich  

p a r t i c l e s  w hich  have  been  i n  t h e  sy s tem  a t im e  t  w i l l  

e s c a p e  from  th e  sy s te m . T h is  i s  p l o t t e d  i n  F ig u re  3 f o r  

th e  two d e n s i t y  f u n c t i o n s  o f  F ig u re  2 .  I n  th e  g r a p h ,  

h ( t )  c o r r e s p o n d s  t o  f  ( t )  and h ^ ( t )  c o r r e s p o n d s  t o  f ^  ( t ) .
X 3C

The two f u n c t i o n s  have th e  same i n t e r p r e t a t i o n ,  e x c e p t  t h a t  

th e y  r e f e r  to  th e  two d e f f e r e n t  p o p u l a t i o n s  o f  p a r t i c l e s .

I n  a  s t e a d y  sy s te m , when th e  c u rv e  o f  h ( t )  d e c r e a s e s  

o v e r  some r a n g e ,  i t  i s  an  i n d i c a t i o n  t h a t  t h e  f lo w  p a t t e r n  

e x h i b i t s  b y p a s s in g  o r  s ta g n a n c y ,  s in c e  th e  te n d e n c y  o f  a 

p a r t i c l e  t o  l e a v e  th e  sy s tem  i s  h i g h e r  when i t  h a s  b een  i n  

th e  sy s te m  a  s h o r t  t im e  th a n  i t  i s  a t  l o n g e r  t im e s .
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I t  i s  shown i n  F ig u re  3 t h a t  t h i s  e f f e c t  i s  p r e s e n t  i n  

h  ( t ) ,  t h e  i n t e n s i t y  c o r r e s p o n d in g  t o  f  ( t ) ,  and  i n  h ^ ( t ) ,JC 3C

th e  i n t e n s i t y  c o r r e s p o n d in g  t o  f ^  ( t ) ,  b o th .  The e f f e c t  

i s  much more n o t i c e a b l e  i n  h ( t ) ,  how ever. Thus th e  e f f e c t  

o f  th e  f l u c t u a t i n g  f lo w  r a t e  i s  s i m i l a r  t o  t h a t  o f  b y p a s s in g .

Second moments o f  t h e  t r a c e r  r e s p o n s e  can  a l s o  be 

c a l c u l a t e d ,  a s  i n d i c a t e d  i n  e q u a t i o n  ( IV - 2 8 ) .  I n  t h i s  c a s e ,  

t a k i n g  second  moments i n  e q u a t io n  ( V I I -1 1 )  y i e l d s

* Z “  U l ?  -** W
( V I I - 34)

j f *  ’  -  ( l  ^  4  > 0

t * o = s,* sv* o

w here 5 ,  *  - J  * '  p , ( t / y )o (x  . T h e n

< y l > ’  vy; 's, *  ( V I I -3 5 )

U V  m S i  ( V I I - 36)

The v a r i a b l e s  yu,(t) and  /* t ( t )  i n  e q u a t io n  ( V I I - 34) m ust 

be d e te rm in e d  from  e q u a t i o n  ( V I I - 1 3 ) .  Note t h a t ,  t a k e n  

a s  a g ro u p ,  e q u a t i o n s  ( V I I - 34) and (V I I -1 3 )  t o g e t h e r  form  

a n o n l i n e a r  sy s tem , a l th o u g h  th e  in d e p e n d e n c e  o f  (V I I -1 3 )  

p e r m i t s  them t o  be r e d u c e d  t o  two l i n e a r  sy s te m s  t h a t  can  

be s o lv e d  s e q u e n t i a l l y .  T h is  n o n l i n e a r i t y  makes i t  im­

p o s s i b l e  t o  e x p r e s s  t h e  m e a n -sq u a re  o u tp u t  f o r  an  a r b i t r a r y
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I n p u t  a s  a  c o n v o l u t i o n  w i t h  t h e  m e a n - s q u a re  Im p u ls e  r e s p o n s e .  

Thus I t  I s  n o t  c l e a r  how t h e  k n o w led g e  o f  t h e  m e a n - s q u a re  

Im p u lse  r e s p o n s e  c a n  be  u s e d  t o  c a l c u l a t e  t h e  m e a n - s q u a re  

s t e p  r e s p o n s e .  T h i s  f a c t  I s  t r u e  i n  g e n e r a l  and  I s  n o t  

r e s t r i c t e d  t o  t h e  s i n g l e  t a n k  m o d e l .

By th e  p r o c e d u r e  e x p l a i n e d ,  t h e  f o l l o w i n g  m e a n - s q u a r e  

im p u ls e  r e s p o n s e s  a r e  o b t a i n e d :

( V I I - 3 7 )

( V I I - 38)

(VII-40)

I n  a l l  o f  t h e  a b o v e ,  b^ an d  b 2 a r e  t h e  r o o t s  o f
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b'- * C Xt + \ x "  ♦ i ^ )  b **■ 4* - 7 ?  ♦ 1 (*,'»,X * y ^  * o  ( V I I -4 1 )

Note t h a t  » a g a in  by c o i n c i d e n c e .  T h is  shows

a  f o r t u i t o u s  b a l a n c i n g  b e tw een  t h e  c o r r e s p o n d in g  v a r i a n c e s  

w i t h i n  e a c h  r e a l i z a t i o n  and  b e tw een  r e a l i z a t i o n s .

The v a r i a n c e s  o f  t h e  v a r i o u s  q u a n t i t i e s  ca n  be c a l c u ­

l a t e d  from

(T*1 -  < X *>  -  <X >* ( V I I -4 2 )

w here  0^ I s  th e  s t a n d a r d  d e v i a t i o n  o f  some q u a n t i t y  x .

The r e s u l t s  f o r  0 “ ( t )  f o r  t h e  v a l u e s  o f  th e  p a r a m e te r  u se d  

i n  F i g u r e s  2 and  3 a r e  shown i n  F ig u r e  4 .  I t  i s  s e e n  t h a t  

t h e  v a r i a b i l i t y  o f  I s  a p p r e c i a b l y  g r e a t e r  t h a n  t h a t  o f  

so  t h a t  i t  w ould  r e q u i r e  more e x p e r i m e n ta l  r u n s  t o  

e s t i m a t e  f  ( t ) - i  Cfy)  w i th  a g iv e n  a c c u r a c y  th a n  f ^ ( t  ) -  < y * >  

T h is  i s  s e e n  more c l e a r l y  i n  F ig u re  5 , w h ich  g i v e s  t h e  

c o e f f i c i e n t s  o f  v a r i a t i o n ,  (T , o f  t h e  v a r i o u s

im p u lse  r e s p o n s e s .  The v a r i a b i l i t y  o f  o u t l e t  c o n c e n t r a t i o n  

f o r  a  g iv e n  i n p u t  i s  l e s s  th a n  t h a t  o f  o u t l e t  t r a c e r  f lo w  

r a t e  b e c a u s e  t h e  o u t l e t  t r a c e r  f lo w  r a t e  t a k e s  a jump 

w h en ev er  t h e  t o t a l  f lo w  r a t e  c h a n g e s .

The v a l u e s  o f  ^  f o r  t h e  v a r i o u s  r e s p o n s e s  i n c r e a s e  

w i t h o u t  bound w i t h  i n c r e a s i n g  t im e ,  so  t h a t  e s t i m a t i o n  o f  

t h e  im p u lse  r e s p o n s e  a t  l a r g e  t im e s  a f t e r  i n j e c t i o n  becomes
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v e r y  u n r e l i a b l e .  I n  th e  l i m i t  o f  l a r g e  s w i tc h in g  r a t e s ,  

oo , i t  i s  found t h a t ,  f o r  , 

j z  - *  \ / t  P .  { & ) '  ] ~  > (V I I -4 3 )

f o r  y ^  and z  y ,

>  -  - 1 <v i i - 4 4 >

and f o r  a  ,

-j£- -* 0  (V II-4 5 )

Thus, even  though  th e  a v e ra g e  b e h a v io r  o f  th e  sy s tem  

ap p ro a c h e s  th e  s te a d y  b e h a v io r  a s  (A,+A*)** «* , th e  v a r i a n c e

o f  some o f  th e  o u tp u t s  does n o t  d rop  t o  z e r o .

E q u a t io n  (V I I -4 5 )  shows t h a t ,  i n  th e  l i m i t  o f  l a r g e  

s w i tc h in g  r a t e s ,  th e  c o n c e n t r a t i o n  r e s p o n s e  to  an  im pu lse  

i n  t r a c e r  in p u t  r a t e  becomes c o m p le te ly  d e t e r m i n i s t i c .  The 

t r a c e r  f low  r a t e  r e s p o n s e ,  how ever, w i l l  s t i l l  f l u c t u a t e  a s  

th e  t o t a l  f low  r a t e  c h a n g e s ,  a s  shown by e q u a t io n  ( V I I - 4 4 ) .

The c o n c e n t r a t i o n  r e s p o n s e  to  an  im pu lse  i n  t r a c e r  co n cen ­

t r a t i o n  i s  n o t  d e t e r m i n i s t i c  b ecau se  th e  amount o f  t r a c e r  

i n j e c t e d  w i l l  v a ry  from one r e a l i z a t i o n  t o  a n o t h e r .

The c o r r e l a t i o n  f u n c t io n s  o f  th e  v a r io u s  t r a c e r  r e s p o n s e s  

can  be c a l c u l a t e d  from  e q u a t io n s  c o r re s p o n d in g  to  ( IV -4 6 ) .

For the correlation of outlet tracer flow rate,
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J f e ,  ,  a i i i z ?  [  « .M w> /«,(*>] (V 1 I . 4 6 )

i * »  =  [  «■„.(*> w . / * , ( * )  -  -n -n C x ) W . ^ U ) ]

Then ‘ ( .■ V . 'W . t .U )

^ y ( - fc )y ( t* » x )>  = w (c^( ( V I I - 4 7 )

S i m i l a r l y ,  f o r  t r a c e r  o u t l e t  c o n c e n t r a t i o n ,

Sj&, s I it„Cx.)/x,U) t

X . « v ,  m ” w

X
,tv)
■*tO

Then
< a l t )  X. ( t  * X ) >  * < \y ♦ ( V I I - 4 9 )

F o r  im p u ls e  r e s p o n s e s ,  t h e  in h o m o g en eo u s  te rm s  d ro p  o u t  o f  

t h e  e q u a t i o n s .  To s o l v e  ( V I I - 4 6 )  o r  ( V I I - 4 8 ) ,

JU 2 ( t ) »  s ^ ( t )  an<i 82 ( f )  m u s t a l r e a d y  h av e  b e e n  c a l c u l a t e d  

from  e q u a t i o n s  ( V I I - 1 3 )  an d  ( V I I - 3 4 ) .

I n  t h i s  m an n er  one o b t a i n s

< y ( t ) ^ ( t ^ - t ) >  -  <> y x( o >

-  £ ^ 3S,(t)  * » t w , - w , ) [ k , i , W w ,  (VII-50)

1 7 -V-c _
b, -  bx
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t. A * -  w
< Z ( t )  - < * . * ( ! * >  ^

_  w , s t(t)-*-wt sxu )  e * '* -
V- b . - b , .

(VII-51)

The q u a n t i t i e s  , < Z . ' ( b ) >  , s - ^ t ) ,  s 2 ( t ) ,

and a r e  c a l c u l a t e d  a s  b e f o r e .  The c o r re s p o n d in g

a u t o c o r r e l a t i o n s ,  » can  fĉ en  b® c a l c u l a t e d  from

e q u a t io n  ( I V - 34) o r  ( I V - 35).

I t  i s  i n t e r e s t i n g  t o  c a l c u l a t e  th e  s lo p e  o f  p ^ x )  

a t  'E - 0 .  S in ce  pt (“C ) » I when 'C -O , and s in c e  £ t C*) * 1 f o r  

a l l  t  and X  , a n o n -z e ro  s lo p e  a t  V m0 I n d i c a t e s  t h a t  th e  

cu rv e  o f  a t  c o n s ta n t  t  w i l l  have a c o m e r  p o in t  a t

" £ • 0 ,  w hereas  a  s lo p e  o f  ze ro  a t  X m0 a l lo w s  th e  cu rv e  to  

be sm ooth. The a u t o c o r r e l a t i o n  f u n c t io n  o f  th e  t o t a l  f low  

r a t e  g iv e n  by e q u a t io n  ( V I I - 9 ) ,  f o r  exam ple , e x h i b i t s  such 

a c o m e r .

From th e  d i f i n i t i o n  o f  * e q u a t io n  ( I V - 3 4 ) ,

A s i m i l a r  r e l a t i o n s h i p  can  be o b ta in e d  from e q u a t io n  ( IV -3 5 ) .  

Thus i t  i s  found  t h a t ,  f o r  th e  c o r r e l a t i o n  o f  y/ ,

(V I I -5 2 )

a x  I =  “ T v . ‘0)(VII' 53)

and for the correlation of 2,
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=  °  ( V I I ‘ 5 4 )

The a u t o  c o r r e l a t i o n  o f  o u t l e t  c o n c e n t r a t i o n  i s t 

t h e r e f o r e ,  sm ooth  a t  ^ “ O, w h i l e  t h a t  o f  o u t l e t  t r a c e r  

f lo w  r a t e  h a s  a c o m e r .  T h is  f a c t  i s  r e l a t e d  t o  t h e  

sm o o th n e ss  o f  t h e  c o r r e s p o n d i n g  r e a l i z a t i o n s .

C. Moments o f  C o n v e rs io n  w i t h  F i r s t  O rd e r  R e a c t i o n

I n  t h e  c a s e  o f  f i r s t  o r d e r  r e a c t i o n ,  t h e  e q u a t i o n  o f  

ch a n g e  becom es

v  »  <£, U )  -  W *  X -  k  X ( V I I - 5 5 )

c o r r e s p o n d i n g  t o  e q u a t i o n  ( V I I - 1 0 )  f o r  t r a c e r  r e s p o n s e .

The p r o b a b i l i t y  d i s t r i b u t i o n  t h e n  s a t i s f i e s

( V I I - 5 6 )
=  -  X, p , l t , x )  +  X1 p l ( t / x) 

f  &  [  C ^  "  T ?  X -  t x )

=  X . p . t t , * )  -  A i p l Ct / x )

I n  t h e  c a s e  w i t h  c h e m ic a l  r e a c t i o n ,  t h e  p r o b a b i l i t y  

d i s t r i b u t i o n  o f  i n t e r e s t  i s  t h e  s t a t i o n a r y  o n e ,  w h ich  

s a t i s f i e s  ( V I I - 5 6 )  w i t h  “ 0* E q u a t i o n s

( V I I - 5 6 )  t h e n  become o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  

w h ic h  c a n  be s o lv e d  d i r e c t l y  f o r  t h e  p r o b a b i l i t y  d i s t r i ­

b u t i o n :
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( V I I - 5 8 )

J y  [  1 - v  '  ■ > ' P , t ’‘) + \ f t . « ( V I I . 57)

[ l i r  “ C-^v ■»'*•) x] p,.tx>] * Xi pi W -  A,.PiGO
The s o l u t i o n  t o  t h e s e  w i l l  be  d e s c r i b e d  l a t e r .  The 

moments o f  t h e  s t e a d y  s t a t e  c o n v e r s i o n  w i l l  be c a l c u l a t e d  

f i r s t .

T a k in g  moments i n  ( V I I - 5 7 ) ,  one o b t a i n s

( % '  * * ,-**■)« '. -  Xv m » -  v  CP>

-  X , m ,  •* (. ^  ■* K *  ’  v  V *

w h ere  J *  p,U )djc , ffl 2-  J  x p»00 dx  , c o r r e s p o n d i n g  

t o  e q u a t i o n  ( V - 6 ) . E q u a t i o n  ( V I I - 5 8 )  i s  a  s p e c i a l  c a s e  

o f  e q u a t i o n  ( V - 1 0 ) .  The e x p e c t e d  o u t l e t  f lo w  r a t e  o f  

u n c o n v e r t e d  r e a c t a n t  i s  g iv e n  by

<V/) * ( V I I - 5 9 )

S i m i l a r l y ,  t h e  e x p e c t e d  o u t l e t  c o n c e n t r a t i o n  o f  u n c o n ­

v e r t e d  r e a c t a n t  i s  g iv e n  by

< Z >  » m  , -*■ m  L ( V I I - 6 0 )

F o r  c o n s t a n t  r e a c t a n t  i n l e t  c o n c e n t r a t i o n ,  t h e  r e a c t a n t  

f e e d  r a t e  i s  g iv e n  by

~ * 0 i w x * o  ( V I I - 6 1 )

F o r  c o n s t a n t  r e a c t a n t  f e e d  r a t e  t h e s e  become
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<P, -  <Px * 9
(V11-62)

I n  d i s c u s s i n g  f i r s t  o r d e r  r e a c t i o n s  i t  i s  u s e f u l  t o  r e d e f i n e  

some sy m b o ls .  L e t  and  y y  now s t a n d  f o r  t h e  o u t l e t  

r e a c t a n t  f lo w  r a t e  f o r  c o n s t a n t  i n p u t  c o n c e n t r a t i o n  and  

f o r  c o n s t a n t  i n l e t  r e a c t a n t  f lo w  r a t e ,  r e s p e c t i v e l y .

A ls o ,  l e t  Z  x  an d  Z p  be t h e  c o r r e s p o n d i n g  o u t l e t  r e a c t a n t  

c o n c e n t r a t i o n s .  S o l v i n g  ( V I I - 5 8 ) ,  t h e  f o l l o w i n g  r e s u l t s  

a r e  o b t a i n e d :

( V I I - 6 4 )

T CX, X.) (VII-65)

X,-» X i^ k  *  ♦ *  (X .-X J

The l e f t  h an d  s i d e s  o f  e q u a t i o n s  ( V I I - 6 3 )  an d  ( V I I - 6 4 )  

a r e  e q u a l  t o  t h e  f r a c t i o n  o f  r e a c t a n t  t h a t  r e m a in s  u n co n -
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v e r t e d .  I t  may be n o te d  t h a t  a s  (X ,+X ,.)-*  °o , t h e  r i g h t

h an d  s i d e s  o f  a l l  f o u r  e q u a t i o n s  a p p ro a c h e s  ------' L , t h e
' -  *

u n c o n v e r t e d  f r a c t i o n  f o r  s t e a d y  f lo w .  The u n c o n v e r t e d  

f r a c t i o n  c a l c u l a t e d  from  ( V I I - 6 4 )  i s  a lw a y s  lo w e r  th a n  

t h a t  c a l c u l a t e d  from  ( V I I - 6 3 ) .

I n  f a c t  i t  can  be s e e n  t h a t

<  ----- !— -  <, ( V I I - 6 7 )

f o r  any  v a l u e s  o f  t h e  p a r a m e t e r s .  A p l o t  o f  e q u a t i o n s  

( V I I - 6 3 )  and  ( V I I - 6 4 )  f o r  t y p i c a l  v a l u e s  o f  t h e  p a r a m e te r s  

i s  g iv e n  i n  F ig u r e  6 f o r  i l l u s t r a t i o n ,  a lo n g  w i t h  t h e  

u n c o n v e r te d  f r a c t i o n  a t  s t e a d y  f lo w .

The i m p l i c a t i o n  o f  ( V I I - 6 7 )  i s  t h a t  i f  r e a c t a n t  i s  

f e d  a t  a  c o n s t a n t  r a t e ,  f l u c t u a t i o n s  i n  t h e  f lo w  r a t e  w i l l  

Im prove th e  c o n v e r s i o n ,  w h i l e  i f  r e a c t a n t  i s  f e d  a t  c o n s t a n t  

c o n c e n t r a t i o n ,  t h e  f l u c t u a t i o n s  w i l l  make c o n v e r s io n  

w o r s e .

The se co n d  moments f o r  f i r s t  o r d e r  r e a c t i o n s  a r e  

o b t a i n e d  from  th e  f o l lo w in g  e q u a t i o n s :

[,2^1+ZW. X,] S, - X,
( V I I - 6 8 )

( V I I -6 9 )
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< Z ' > =  5 , - * - S x (V I I -7 0 )

These c o r re sp o n d  t o  e q u a t io n  (V -20) f o r  th e  g e n e r a l  c a s e .  

These a r e  e a s i l y  s o lv e d ,  b u t  s in c e  th e  fo rm u la s  a r e  some­

what u n w ie ld ly  th e y  a r e  n o t  p r e s e n t e d .  The c o e f f i c i e n t  o f  

v a r i a t i o n ,  ~  , o f  th e  v a r io u s  q u a n t i t i e s  a r e  shown i n

F ig u re  7 f o r  t h e  same v a lu e s  o f  th e  sy s tem  p a ra m e te r s  

a s  u sed  in  F ig u re  6 .

I t  i s  seen  i n  F ig u re  7 t h a t  t h e  c o e f f i c i e n t  o f  v a r i a ­

t i o n  o f  th e  o u t l e t  r e a c t a n t  f low  r a t e  i s  c lo s e  t o  one f o r  

b o th  i n p u t s ,  w h i le  t h a t  o f  o u t l e t  c o n c e n t r a t i o n  i s  a p p r e ­

c i a b l e  s m a l l e r .  I t  i s  a l s o  n o te d  t h a t  th e  c u rv e s  f o r  th e  

two i n p u t s ,  c o n s ta n t  i n l e t  c o n c e n t r a t i o n  and c o n s ta n t  

i n l e t  r e a c t a n t  f low  r a t e ,  c r o s s  o v e r  a t  some v a lu e  o f  th e  

r a t e  c o n s ta n t  f o r  e i t h e r  m easure  o f  th e  o u t p u t ,  z  o r  y  . 

The v a lu e  o f  o ne , t h a t  i s  a s y m p t o t i c a l l y  ap p ro ac h ed  by 

th r e e  o f  th e  c u r v e s ,  o c c u rs  b ecau se  o f  th e  p a ra m e te r  

v a lu e s  u se d .  At 6 *2 th e  f low  s w i tc h e s  betw een  2 .0  and 

0 .0 ,  an ex trem e s i t u a t i o n .

The e q u a t io n s  f o r  th e  a u t o c o r r e l a t i o n s  o f  "Y' and 2  

a r e  q u i t e  s i m i l a r  to  th o s e  f o r  t r a c e r  r e s p o n s e ,  (V I I -4 6 )  

and ( V I I -4 8 ) .  These become, f o r  o u t l e t  r e a c t a n t  f lo w  r a t e ,
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, cf
■ j f c  ■* V  [ « ■ ,  I 'C ) '* , +  " i .  l-c )  »>1 J

~ (■£' * A>" k)<V, - (VII-71)

•  -£•■ [rr^txjw.h", -  ffnWw.n', ]
-  >.<V, -  -  Xx -<«.)<».v

*T * O: 4  * W,a, , WfcS i  (V II-72)

( i ) y ( t  + *«)> * w, , i- t  (VII-73)

S i m i l a r l y ,  f o r  o u t l e t  r e a c t a n t  c o n c e n t r a t i o n ,

“ K  "  +

- (VII-74)

* -7  "" i  ]

•* Xi “V, _ I v‘ * x »* k H  •>■

t « o .  <̂  •= s ,  , % x ~ S* (V1I-75)

< 2 ( f c )  ~ « v , ■+ ^  ( v i i -7 6 )

These w ere s o lv e d  f o r  some t y p i c a l  v a l u e s  and th e  

r e s u l t s  p l o t t e d  i n  F ig u re  8 .  The c u r v e s  f o r  th e  a u t o ­

c o r r e l a t i o n  o f  o u t l e t  c o n c e n t r a t i o n  f o r  th e  two i n p u t s ,  

and £  tp , a r e  s e e n  t o  c o i n c i d e ,  w h i le  th o s e  f o r  

o u t l e t  r e a c t a n t  f lo w  r a t e ,  y y and y y  , d i f f e r .  A g a in ,
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t h i s  i s  a  p e c u l i a r i t y  o f  t h e  s i n g l e  t a n k  m o d e l .  I n  g e n e r a l  

a l l  f o u r  c u r v e s  w o u ld  be  d i f f e r e n t .  As w as t h e  c a s e  f o r  

t r a c e r  r e s p o n s e ,  t h e  s l o p e  o f  £>C%) a t  T  - 0  i s  e q u a l  t o  

z e r o  f o r  t h e  a u t o c o r r e l a t i o n  o f  c o n c e n t r a t i o n ,  b u t  n o t  f o r  

t h e  a u t o c o r r e l a t i o n  o f  o u t l e t  r e a c t a n t  f lo w  r a t e .

D. P r o b a b i l i t y  D i s t r i b u t i o n  f o r  S i n g l e  T ank  w i t h  R e a c t i o n

The f a c t  t h a t  e q u a t i o n  ( V I I - 4 8 )  i s  a n  o r d i n a r y  d l f f e r e n  

t i a l  e q u a t i o n  m akes  i t s  s o l u t i o n  e s p e c i a l l y  s i m p l e .  I n  

f a c t  i t  c a n  be s o l v e d  j u s t  a s  e a s i l y  f o r  r e a c t i o n s  w i t h  

n o n - l i n e a r  r a t e  e x p r e s s i o n s .  To s e e  t h i s  l e t  u s  r e w r i t e  

( V I I - 4 6 )  m ore g e n e r a l l y :

T h e n , f o r  tw o f lo w  s t a t e s ,  t h e  s t a t i o n a r y  p r o b a b i l i t y  

d e n s i t y  s a t i s f i e s

( V I I - 7 7 )

( V I I - 7 8 )

A d d in g  t h e  tw o e q u a t i o n s  i n  ( V I I - 7 8 )  t o g e t h e r ,

O ( V I I - 7 9 )

Thus

(VII-80)
w h e re  c  i s  some c o n s t a n t ,  i n d e p e n d e n t  o f  x .
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I f  f ^ + f 2 a r e  t o  have f i n i t e  e x p e c t a t i o n s ,  i t  i s  c l e a r  

t h a t  c - 0 .  Thus

f  P, * -  f v Pi. (VII-71)

^  P .  P. ]  * *, I *. (VII-72)

U sing  ( V I I -7 1 )  i n  ( V I I - 7 2 ) ,

£  l * , p , l  « t  i f | ■* t J ^ . p .  * °
clx ‘ 1 (V I I -7 3 )

Note t h a t  b e c a u se  o f  ( V I I - 7 1 ) ,  p^ and P2 c a n  be d i f f e r e n t  

from  z e ro  o n ly  w here f^  and f^  have  d i f f e r e n t  s i g n s .  D e f in e  

g ( x )  so t h a t

g(y)« | f , M  p , i« ( -  l ^ w p » w |  ( v i i -7 4 )

Then

e iy  +  ^  T» ]*3 '  °  ( V I I - 75)

S e p a r a t i n g  v a r i a b l e s ,

£  ^  3  -  -  [ ^  ^  ] (VII-76)

To f i n d  bou n d ary  c o n d i t i o n s  on g t o  u se  w i th  ( V I I - 7 6 ) ,

c o n s i d e r  th e  p o i n t s  w here e i t h e r  f ^ ( x )  o r  f 2 ( x )  p a s s e s

th ro u g h  z e r o .  I f  p^ i s  t o  be n o r m a l i z a b l e ,  i t  i s  n e c e s s a r y  
9 1*0

t h a t  p , (x )*  —-— . be i n t e g r a b l e .  U n le s s  f  J ( x ) «  oo a t
1 lf.W>) 1



t h a t  p o i n t ,  an  u n u s u a l  s i t u a t i o n ,  g ( x )  m ust a p p ro a c h  z e ro  

a t  su c h  a  p o i n t .  Thus ( V I I - 7 6 )  i s  a p p l i e d  t o  r e g i o n s  on 

t h e  x - a x i s  o v e r  w h ich  f ^  and  a r e  o f  o p p o s i t e  s i g n .  The 

v a l u e s  o f  g a t  t h e  end  p o i n t s  o f  su c h  a  r e g i o n ,  w h ich  a r e  

n e c e s s a r i l y  z e r o s  o f  e i t h e r  f ^  o r  f ^ t  a r e  z e r o .  I n f a c t  

a  f u r t h e r  c o n d i t i o n  m ust be s a t i s f i e d  by f^ a n d  f^  o v e r  

t h e  r e g i o n .  S in c e  g -+o a t  e a c h  s i n g u l a r  p o i n t  ( i . e .  

a  z e r o  o f  e i t h e r  f ^  o r  f ^ ) ,  -oo  . Thus m u st

—» a t  t h e  l e f t  en d  o f  t h e  r e g i o n  and  -  o« a t  t h e  r i g h t

e n d ,  so  t h a t  t h e  f u n c t i o n  t h a t  g o es  t o  z e r o  a t  t h e  l e f t  

e n d  ( e i t h e r  f ^  o r  f 2 > m ust be n e g a t i v e  o v e r  t h e  r e g i o n ,  

and  t h a t  w h ich  g o e s  t o  z e ro  a t  t h e  r i g h t  en d  m ust be 

p o s i t i v e  o v e r  th e  r e g i o n .  T h e r e f o r e ,  i n  any  r e g i o n  o f  

t h e  x - a x i s  w here  g ( x )  i s  n o n - z e r o ,  t h e  f u n c t i o n s  f ^ ( x )  and  

f ^ ( x )  m ust a p p e a r  a s  i n  t h e  s k e tc h :

r e g i o n  w here  g i s
n o n - z e r o

P h y s i c a l l y ,  t h e  p o i n t s  w here  f ^  o r  f ^  p a s s  th r o u g h  

z e ro  a r e  s t e a d y  s t a t e s  when t h e  f lo w  i s  f i x e d  a t  w^ o r  w^ 

r e s p e c t i v e l y .  The r e q u i r e m e n t  t h a t  t h e  s l o p e s  o f  f ^  and  f 2 

be n e g a t i v e  a t  t h e s e  p o i n t s  f o r  s o l u t i o n s  t o  e x i s t  b e tw een  

them  i s  j u s t  t h e  same a s  t h e  c o n d i t i o n s  f o r  s t a b i l i t y  o f
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t h e s e  s t e a d y  s t a t e s .  At th e  s t a t i o n a r y  c o n d i t i o n ,  t h e n ,  

t h e  sy s tem  w i l l  o s c i l l a t e  I n  a r e g io n  bounded by s t a b l e  

s t e a d y  s t a t e s  c o r r e s p o n d in g  t o  th e  two d i f f e r e n t  f lo w  r a t e s .  

F o r  f i r s t  o r d e r  r e a c t i o n s ,

f.t*> 53 'v '  ~ I ^  k )  y
, w  N ( V I I -7 7 )

- 5  -  C ^ - k ) x

S u b s t i t u t i n g  i n  ( V I I -7 6 )  and  I n t e g r a t i n g ,

g o o  -  c , |  £ - ( * - >
( V I I -7 8 )

{/
f o r  v a l u e s  o f  x  be tw een  —— :— and ----- =■— . F o r  v a l u e sw , -* kv- wl+  Wv

o f  x  o u t s i d e  t h i s  r e g i o n ,  g ( v )  *  O • The v a l u e  o f  th e  

c o n s t a n t  c, i s  d e te rm in e d  by th e  f a c t  t h a t  th e  i n t e g r a l  

o f  p ^ (x )  + P2 (x )  I s  o n e .

I t  I s  c o n v e n ie n t  t o  d e f in e  a new v a r i a b l e ,  y ,  a s  f o l lo w s :

y l x ) -  (v i i -79)
«,■* kv W, -t* k v

The p r o b a b i l i t y  d i s t r i b u t i o n  o f  th e  v a r i a b l e  y i s  t h e n  g iv e n  

f o r  0 < y <  | by

(VII-80)
n . x - = y r c i - y) 
P ^ y )  ~ P*-
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w here

r  -  — , a * -
^  -  k  ^  -  k

(VII-81)
and  B ( r , s )  i s  t h e  b e t a - f u n c t i o n  o f  r  and  s d e f i n e d  a s  

f o l lo w s :

B( r , a )=-J  dt
°  ( V I I - 8 2 )

The d i s t r i b u t i o n s  ( V I I - 8 0 )  a r e  c a l l e d  b e t a -  d i s t r i b u t i o n s ,  

and  th e  i n d e f i n i t e  i n t e g r a l s  a r e  t a b u l a t e d  f u n c t i o n s ,  c a l l e d  

in c o m p le te  b e t a - f u n c t i o n s .

The p r o b a b i l i t y  t h a t  o u t l e t  c o n c e n t r a t i o n  Z  i s  b e ­

tw een  z ,  , and  Z  L i s  t h e n  g iv e n  by

P r j z , < H < a 1 ] ’  I L P , l t ) »  p , ( t ) J  d t  ( V I I - 8 3 )
*.)

S i m i l a r l y ,  t h e  p r o b a b i l i t y  t h a t  o u t l e t  r e a c t a n t  f lo w  r a t e ,

, i s  b e tw e en  and  y/x i s  g iv e n  by

P r l v ,  < y  < »  p , l t ) d t  + I p j . l t ) d t  ( V I I - 8 4 )

* £ , )  i * \ )

I n  b o th  ( V I I - 8 3 )  and  ( V I I - 8 4 )  i t  m ust be k e p t  i n  m ind t h a t  

P x ( y )  and  P2 (y )  a r e  z e r o  u n l e s s  O < y  < I

The sh ap e  o f  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  d e p e n d s  on 

t h e  v a l u e s  o f  r  and  s .  I f  r  i s  l e s s  th a n  o n e ,  t h e r e  w i l l



be a n  i n f i n i t y  i n  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  a t  y » 0 ,  and  

i f  s i s  l e s s  t h a n  o n e ,  t h e r e  w i l l  be  an  I n f i n i t y  a t  y * l . 

V a lu e s  o f  r  o r  s g r e a t e r  t h a n  one g iv e  z e r o s  a t  t h e  c o r r e s ­

p o n d in g  p o i n t s .  F o r  l a r g e  v a l u e s  o f  r  and  s t h e  d i s t r i ­

b u t i o n  becom es v e r y  p e a k e d  an d  n a r r o w ,  w h ic h  c o r r e s p o n d s  

t o  l a r g e  v a l u e s  o f  A, and  Ax . F o r  s m a l l  v a l u e s  t h e  

p r o b a b i l i t y  becom es c o n c e n t r a t e d  n e a r  t h e  s t e a d y  s t a t e s  

a t  t h e  e d g e s  o f  t h e  r e g i o n .  D e n s i t y  f u n c t i o n s  f o r  z o r  

y  a r e  e a s i l y  c a l c u l a t e d  by  d i f f e r e n t i a t i n g  ( V I I - 8 3 )  o r  

( V I I - 8 4 )  w i t h  r e s p e c t  t o  o r  ^  , r e s p e c t i v e l y .  N ote

t h a t  t h e  d e n s i t y  f o r  ip may s p l i t  i n t o  two r e g i o n s  i f  w^ 

a n d  W£ a r e  s u f f i c i e n t l y  d i f f e r e n t .  I f  one o f  t h e  f lo w  r a t e s  

s a y  w^, i s  z e r o ,  t h e n  t h e  d i s t r i b u t i o n  o f  y  w i l l  h av e  an  

a tom  o f  p r o b a b i l i t y  a t  f  - 0 ,  o f  w e ig h t  p ( .

The sh a p e  o f  t h e  d i s t r i b u t i o n  o f  y d o e s  n o t  d ep e n d  on 

w h e th e r  r e a c t a n t  i s  f e d  a t  c o n s t a n t  c o n c e n t r a t i o n  o r  a t  

c o n s t a n t  r a t e ,  s i n c e  r  and  s a r e  i n d e p e n d e n t  o f  t h i s  c o n d i ­

t i o n .  I t  i s  s im p ly  a  q u e s t i o n  o f  how t h e  s w i t c h i n g  r a t e s ,  

and  , com pare  w i t h  t h e  c h a r a c t e r i s t i c  r e s p o n s e

r a t e s  o f  t h e  s y s te m ,  rjf -*■ k  and  -*■ k  , r e s p e c t i v e l y .

The d e n s i t y  f u n c t i o n  o f  o u t l e t  c o n c e n t r a t i o n  f o r  some 

t y p i c a l  v a l u e s  o f  t h e  p a r a m e t e r s  i s  shown i n  F i g u r e  9 .

The q u a n t i t y  ^  i s  d e f i n e d  a s  % (A ,f  ) ,  w h ic h  i s  t h e
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mean s w i tc h in g  r a t e .  Note how th e  d i s t r i b u t i o n  n a r ro w s  

w i th  I n c r e a s i n g  s w i t c h in g  r a t e .

F o r  second  o r d e r  r e a c t i o n s ,  th e  c o r r e s p o n d in g  f ^ ( x )  

and a r e
<*. w.

( V I I -8 5 )

f, (x) = "  w X

I n  t h i s  c a s e ,

g(x) * c, l k x
W, /w ,1 <fi

(V I I - 8 6 )

a * .

x / l 4 k  ^

w h e re ,  a g a i n , t h e  c o n s t a n t  c^ m ust be d e te rm in e d  by th e  

c o n d i t i o n  t h a t  J [ p ^ ( x ) + P 2 ( x ) - 1 .  E q u a t io n  ( V I I -8 6 )  

may be w r i t t e n

g t * > '  c ' 1 7 T *t 1
y -  q x 
y-» (V I I -8 7 )

w here

w,
V  I

w, -*■ x k a ^ ( V I I -8 8 )

The q u a n t i t i e s  a^and  a 2 a r e  t h e  s t e a d y  s o l u t i o n s  c o r r e s -
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p o n d ing  t o  and w2 , r e s p e c t i v e l y ,  and -b^and  - b 2 a r e  

th e  e x t r a n e o u s  r o o t s  o f  f^ an d  f 2 * Thus, In  th e s e  te rm s ,

The shape o f  th e  d e n s i t y  f u n c t io n s  g iv e n  by (V I I -9 0 )  

a r e  q u i t e  s i m i l a r  to  th o s e  f o r  f i r s t  o r d e r  r e a c t i o n s ,  a s  

g iv e n  by ( V I I -8 0 ) .  The c o n s t a n t  c^ m ust be d e te rm in e d  by 

n u m e r ic a l  i n t e g r a t i o n .  The d e n s i t y  f u n c t i o n  p ^ (x )+ p 2 (x )  

from  e q u a t io n  (V I I -9 0 )  i s  shown i n  F ig u re  10 f o r  some 

t y p i c a l  p a ra m e te r  v a l u e s .

I t  can  be seen  t h a t  th e  v a lu e s  f o r  r  and s g iv e n  by 

e q u a t io n  (V II -8 8 )  and th o s e  g iv e n  by e q u a t io n  (V I I -8 1 )  

may b o th  be e x p re s s e d  by th e  r e l a t i o n s h i p

* , l x )  * ”* k  (w X -  x *  b »)
(V I I -8 9 )

so t h a t

(V I I -9 0 )

(VII-91)
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The shape o f  th e  p r o b a b i l i t y  d e n s i t y  f o r  more g e n e r a l  

k i n e t i c s  may be I n f e r r e d  by c o n s id e r in g  i t s  b e h a v io r  n e a r  

th e  r o o t s  o f  f^ an d  Near th e  r o o t s  o f  f ^ ,  f o r  exam ple ,

I f  th e  r o o t  a^  i s  s t a b l e ,  th e n  f ^ ( a ^ )  w i l l  be n e g a t i v e .  

For v a l u e s  o f  x n e a r  a ^ ,  e q u a t io n  ( V I I - 76) th e n  becomes

S i m i l a r l y ,  n e a r  x « a2 , where a^ i s  a  s t a b l e  r o o t  o f  f 2 ,

Thus th e  q u a n t i t i e s  r  and s g iv e n  by e q u a t io n  (V I I -9 1 )  a r e  

seen  t o  d e te rm in e  th e  b e h a v io r  o f  th e  p r o b a b i l i t y  d e n s i t y  

n e a r  th e  en d s  o f  th e  ra n g e  f o r  a r b i t r a r y  k i n e t i c s .  A gain , 

i f  r  and s have v a l u e s  l e s s  th a n  o ne , th e  p r o b a b i l i t y  

d e n s i t y  w i l l  have I n f i n i t i e s  a t  th e  c o r re s p o n d in g  p o i n t s ,  

and i f  r  and s a r e  g r e a t e r  th a n  one , i t  w i l l  have z e ro s  

a t  th e  c o r r e s p o n d in g  p o i n t s .

(V I I -9 2 )

(V I I -9 3 )

s in c e  - w i l l  be n e g l i g i b l e  by com parison  to  
♦it*)

T h is  g iv e s

(V I I -9 4 )

gix) «• - a.J
(V I I -9 5 )
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A n o th e r  c a s e  o f  i n t e r e s t  I s  an  e x o th e rm ic  r e a c t i o n  

u n d e r  a d i a b a t i c  c o n d i t i o n s .  F o r  t h i s  s i t u a t i o n  b o th  th e  

m a t e r i a l  and  e n e r g y  b a l a n c e  m ust be c o n s i d e r e d .  The 

m a t e r i a l  b a l a n c e  i s ,  f o r  c o n s t a n t  x q ,

V ^ f  -  W ( x . -  X ) -  V R t x , T )  (V I1_9 6 )

and  t h e  e n e r g y  b a l a n c e  i s

v - 4 t  ’  +el fc °  * o  * (V I I -9 7 )

w here  T i s  t e m p e r a t u r e ,  R (x ,T )  i s  t h e  r e a c t i o n  r a t e ,  and  

A T *  i s  t h e  t e m p e r a tu r e  I n c r e a s e  r e s u l t i n g  from  c o m p le te

a t - **c o n v e r s i o n .  M u l t i p l y i n g  ( V I I - 9 6 )  by —- — and  a d d in g
* o

t o  ( V I I - 9 1 ) ,

c l t  L * o  J  C *“ o ( V I I - 9 8 )

r x  a t  **■ .S in c e  w i s  a lw a y s  p o s i t i v e ,  t h e  q u a n t i t y  L —Z—  ■*’ T  1
°

w i l l  a p p ro a c h  [ A T  *  f  T 0 ] m o n o t o n i c a l l y , e v e n  th o u g h  w 

f l u c t u a t e s ,  so  t h a t  a f t e r  a  lo n g  t im e ,  when t h e  p r o c e s s  

becomes s t a t i o n a r y ,

T  ’ T„ -  A T  » ( > -  -£o 'I

or, scaling x so that XD“1»

T  -  T -  -+ A T  * ( I -  x )  (V II-99)



109

A c tu a l ly ,  I t  can be shown u s in g  th e  g e n e ra l  s t a b i l i t y  

c r i t e r i a n  f o r  Markov P ro c e s s e s  [ 25 ] t h a t  (V II -9 9 )  

would be t r u e  f o r  th e  s t a t i o n a r y  s o l u t i o n  even i f  one o f  

th e  s t a t e s  o f  w were n e g a t iv e ,  p ro v id e d  o n ly  t h a t

-  *  i ( x , * 0

w .

— W  <  3. w ,

These r e l a t i o n s  a r e  a u t o m a t ic a l ly  t r u e  i f  w^and a re  

b o th  p o s i t i v e .  The r e a c t i o n  r a t e ,  R (x ,T ) ,  may be ta k e n  

as
c

~ m- _ n
R ( x , T )  *  ”  X

S u b s t i t u t i n g  (V II -9 9 )  i n t o  (V I I -1 0 0 ) ,

( V I I - 100)

where

f J (VII-101)

E. .  AT *
i r r :  » e  * - t :

Thus, f o r  t h i s  c a s e ,

w> -  £  X -  e " 1 ' * • l" “>
„  ( V I I - 102)

= - - ^ x -  V . c ' 1^  V "
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The I n t e r e s t i n g  f e a t u r e  o f  t h i s  s y s t e m  i s  t h e  e x i s t e n c e  o f  

m u l t i p l e  r o o t s  o f  ^ ( x )  a n d  f 2 W »  a l l o w i n g  t h e  p o s s i b i l ­

i t y  o f  d i s j o i n t  r e g i o n s  o f  n o n - z e r o  p r o b a b i l i t y .  F i g u r e  1 1 ,  

f o r  e x a m p le ,  show s a  c a s e  w h e re  b o t h  f ^ ( x )  a n d  f 2 ( x )  h a v e  

t h r e e  r o o t s .  I n  t h i s  c a s e  t h e  e n t i r e  p r o b a b i l i t y  d i s t r i ­

b u t i o n  w o u ld  be c o n t a i n e d  i n  tw o s m a l l  r e g i o n s .  One 

r e g i o n  i s  b o u n d ed  b y  t h e  s m a l l e s t  r o o t  o f  f ^ ( x )  a n d  t h e  

s m a l l e s t  r o o t  o f  f 2 ( x ) ,  a n d  t h e  o t h e r  by  t h e  l a r g e s t  r o o t  

o f  f ^ ( x )  a n d  t h e  l a r g e s t  r o o t  o f  f 2 ( x ) .  The l a t t e r  tw o 

p o i n t s  a r e  v e r y  c l o s e  t o g e t h e r  a n d  a l s o  v e r y  c l o s e  t o  x - 1 ,  

so  t h a t  t h e y  c a n n o t  be s e e n  d i s t i n c t l y  o n  t h e  g r a p h .  N o te  

t h a t  t h e r e  w i l l  be  n o  p r o b a b i l i t y  o f  b e i n g  b e tw e e n  t h e  tw o 

m id d le  r o o t s ,  s i n c e  f ^ ( x )  a n d  f 2 ( x )  c r o s s  t h e  a x i s  w i t h  

p o s i t i v e  s l o p e  a t  t h e s e  p o i n t s .  The m id d le  r o o t s  o f  t h e  

two c u r v e s  r e p r e s e n t  u n s t a b l e  s t e a d y  s t a t e s  o f  t h e  s y s t e m  

w i t h  c o n s t a n t  f l o w  r a t e s .  The r e l a t i v e  w e i g h t s  o f  t h e  tw o 

r e g i o n s  a r e  a r b i t r a r y ,  d e p e n d in g  on  t h e  i n i t i a l  p r o b a b i l i t y  

d i s t r i b u t i o n  o f  t h e  s y s t e m .  The f a c t  t h a t  t h e  p r o b a b i l i t y  

o f  b e i n g  an y w h e re  b e tw e e n  t h e  two r e g i o n s  I s  z e r o ,  t o g e t h e r  

w i t h  t h e  f a c t  t h a t  t h e  c o n c e n t r a t i o n  v a r i e s  c o n t i n u o u s l y  

w i t h  t i m e ,  shows t h a t  o n c e  t h e  c o n c e n t r a t i o n  i s  w i t h i n  one 

o f  t h e  two s t a b l e  r e g i o n s ,  i t  w i l l  n e v e r  l e a v e  t h a t  r e g i o n .

The stable region at low concentration, or high
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c o n v e r s io n ,  c o r r e s p o n d s  t o  an  i g n i t e d  s t a t e  o f  a combus­

t i o n  p r o c e s s ,  w h i le  th e  s t a b l e  r e g io n  a t  h ig h  c o n c e n t r a ­

t i o n ,  o r  low c o n v e r s io n ,  c o r re s p o n d s  t o  an  u n lg n l t e d  s t a t e .  

T hus, u n d e r  c o n d i t i o n s  w here e a c h  o f  th e  a l lo w a b le  f low  

r a t e s  th ro u g h  th e  s t i r r e d  ta n k  r e s u l t  i n  b o th  I g n i t e d  and 

u n i g n i t e d  s te a d y  s t a t e s  when h e ld  s t e a d y ,  th e  p r o b a b i l i t y  

d i s t r i b u t i o n  w i l l  be c o n c e n t r a t e d  o v e r  two s t a b l e  r e g i o n s .

I f  th e  sy s tem  i s  once i g n i t e d  i t  w i l l  n o t  become e x t in g u i s h e d ,  

and i f  i t  i s  n o t  i g n i t e d  i t  w i l l  n o t  s p o n ta n e o u s ly  I g n i t e .

A no ther  s i t u a t i o n  i s  shown i n  F ig u re  12. Here th e  

f u n c t io n  f ^ ( x )  h a s  t h r e e  r o o t s ,  b u t  f 2 (x )  h a s  o n ly  o n e , 

v e r y  c l o s e  t o  x - 1 .  In  t h i s  c a s e  th e  e n t i r e  s t a t i o n a r y  

d i s t r i b u t i o n  w i l l  be c o n c e n t r a t e d  i n  th e  v e r y  narrow  

r e g io n  betw een  th e  h i g h e s t  r o o t  o f  f ^ ( x )  and th e  o n ly  r o o t  

o f  f 2 ( x ) .  T h is  means t h a t  th e  sy s tem , w hich  may b e g in  i n  an  

i g n i t e d  s t a t e ,  w i l l  e v e n t u a l l y  become e x t in g u i s h e d  w i th  

p r o b a b i l i t y  o n e . T hus , i n  c a s e s  w here th e  ran g e  o f  a l lo w ­

a b le  f lo w  r a t e s  i s  such  t h a t  a t  one ex trem e  o f  f lo w  r a t e  

th e  sys tem  h as  b o th  i g n i t e d  and u n lg n l t e d  s te a d y  s t a t e s ,  th e  

sys tem  w i l l  e v e n t u a l l y  become e x t in g u i s h e d  and w i l l  n o t  

i g n i t e  s p o n ta n e o u s ly .

O th e r  c o n f i g u r a t i o n s  a r e  p o s s i b l e . I t  co u ld , happen 

t h a t  ^ a s  t h r e e  r o o t s ,  b u t  h as  o n ly  an  i g n i t e d
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s o l u t i o n ,  i n  w hich  c a s e  t h e r e  would be o n ly  one s t a b l e  

r e g i o n ,  c o r r e s p o n d in g  t o  an  i g n i t e d  s t a t e  o f  th e  sy s tem .

A c a s e  w here t h e  d e t a i l s  o f  s t a t i o n a r y  d i s t r i b u t i o n  

w i t h i n  s t a b l e  r e g io n s  i s  o f  somewhat more i n t e r e s t  i s  

where f ^ ( x )  h a s  o n ly  an  i g n i t e d  s o l u t i o n ,  and o n ly

an u n ig n i t e d  o ne .

The tim e d e r i v a t i v e s  f ^ ( x )  and  f 2 ( x ) ,  a r e  shown f o r  

such  a  c a se  I n  F ig u re  13 , a lo n g  w i th  th e  r e s u l t i n g  p ro b a ­

b i l i t y  d i s t r i b u t i o n ,  computed n u m e r ic a l ly  from e q u a t io n  

( V I I - 6 9 ) .  The d i s t r i b u t i o n  i s  c o n c e n t r a t e d  m o s t ly  a t  

t h e  h ig h  c o n c e n t r a t i o n  end o f  th e  s c a l e  f o r  t h e s e  v a lu e s  

o f  t h e  p a r a m e te r s .  T h is  o c c u rs  b ec au se  th e  a b s o lu t e  

v a lu e  o f  th e  n e g a t iv e  d e r i v a t i v e ,  f ^ ( x ) ,  i s  somewhat 

l e s s  th a n  t h a t  o f  th e  p o s i t i v e  d e r i v a t i v e ,  f 2 ( x )» o v e r  

m ost o f  th e  r a n g e .  A s l i g h t  change i n  th e  p a ra m e te rs  

w hich  s h i f t s  b o th  f ^ ( x )  and f 2 (x )  down s l i g h t l y  changes  

th e  shape o f  t h e  d i s t r i b u t i o n  m ark ed ly  a s  seen  i n  F ig u re  14. 

Here th e  v a lu e  o f  » w hich  i s  p r o p o r t i o n a l  t o  th e
o

h e a t  r e l e a s e  o f  th e  r e a c t i o n ,  i s  changed  from 0 .2 2  to  

0 .2 3 .  Comparing th e  cu rv e  f o r  \  - 5  i n  F ig u re  14 to  th e  

c u rv e  in  F ig u re  13, one n o te s  t h a t  th e  d i s t r i b u t i o n  

s h i f t s  tow ard  th e  low c o n c e n t r a t i o n  end  o f  th e  s c a l e  

when ——  i s  i n c r e a s e d .  I t  i s  a l s o  seen  t h a t  th e
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Flour* 13. PROBABILITY DISTRIBUTION FOR SZMOLB TANK WITHFIRST ORDBR ADIABATIC RBACTZOM SHOWING LARGE STABLE RBOIGN
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d i s t r i b u t i o n  becomes b lm o d a l,  w i th  one peak  a t  th e  low 

c o n c e n t r a t i o n  end and one a t  th e  h ig h  c o n c e n t r a t i o n  end . 

T h is  means t h a t  t h e  sys tem  w i l l  spend  r e l a t i v e l y  l i t t l e  

t im e  i n  th e  c e n t r a l  r e g io n  o f  th e  c o n c e n t r a t i o n  s c a l e , 

compared t o  th e  en d s  o f  th e  s c a l e .  I n c r e a s i n g  th e  s w i tc h ­

in g  r a t e ,  X , t e n d s  t o  n a r ro w  th e  d i s t r i b u t i o n ,  a s  i s  

seen  f o r  \  ■ 10 In  F ig u re  14 . I t  i s  a l s o  se e n  t h a t  th e  

p r o b a b i l i t y  o f  b e in g  a t  h ig h  c o n c e n t r a t i o n s  d e c r e a s e s  

s h a r p ly  w i th  i n c r e a s i n g  s w i tc h in g  r a t e ,  f o r  th e  p a ra m e te r  

v a l u e s  shown.
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V I I I .  S e r i e s  and P a r a l l e l  Models

A. F o rm u la t io n

Two s p e c i a l  c a s e s  o f  th e  g e n e r a l  model w i l l  be 

t r e a t e d  i n  t h i s  s e c t i o n .  One c o n s i s t s  o f  two ta n k s  

c o n n e c te d  In  p a r a l l e l ,  a s  shown I n  F ig u re  15, and th e  

o t h e r  c o n s i s t s  o f  two ta n k s  In  s e r i e s ,  shown In  F ig u re  16. 

I n  b o th  c a s e s  I t  I s  assumed t h a t  t h e  t o t a l  f low  r a t e  

th ro u g h  th e  sy s tem , w, I s  c o n s t a n t ,  so  t h a t  th e  d i f f e r e n t  

t r a c e r  e x p e r im e n ts  d e s c r ib e d  p r e v io u s l y  a r e  I d e n t i c a l .

I n  th e  p a r a l l e l  m odel, th e  p r o p o r t i o n  o f  th e  t o t a l  f low  

t h a t  e n t e r s  e a c h  ta n k  f l u c t u a t e s .  D en o tin g  th e  f r a c t i o n  

o f  th e  t o t a l  f low  e n t e r i n g  ta n k  one when th e  f low  s t a t e  

I s  *  by rjj , th e  v a r io u s  f low  r a t e s  become

w o m  '  w *3« *  r * w
( V I I I - 1 )

w o ao* *  w xjoc ™

In  th e  s e r i e s  m odel, th e  r a t e  o f  m ix in g  betw een th e  two 

ta n k s  f l u c t u a t e s .  A gain , th e  v a r io u s  f low  r a t e s  can  be 

e x p r e s s e d  In  te rm s  o f  a random q u a n t i t y  :

W f3L0< ■ t  » + r * ) W
( V I I I - 2 )

W . -  T  W  Zl<* e* v

I t  w i l l  be assumed In  b o th  c a s e s  t h a t  th e  random flow
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s t a t e  I n d e x ,  c* t t a k e s  on o n ly  two v a l u e s ,  so  t h a t  t h e  

p r o b a b i l i t y  s t r u c t u r e  o f  t h e  m ix in g  f lo w s  w i l l  be th e  

same a s  t h a t  d e s c r i b e d  i n  s e c t i o n  V II  A.

B. T r a c e r  E x p e r im e n ts

The t r a c e r  m a t e r i a l  b a l a n c e ,  e q u a t i o n  ( I V - 4 ) ,  b e ­

comes f o r  t h e  p a r a l l e l  c a s e

V, (t) - w  rvx,
( V I I I - 3 )

-  w ( i - o x x

S in c e  th e  t o t a l  f lo w  r a t e ,  w, i s  c o n s t a n t ,  I n p u t s  i n  

t r a c e r  c o n c e n t r a t i o n  a r e  e q u i v a l e n t  t o  i n p u t s  i n  t r a c e r  

f e e d  r a t e ,  t h e  o u t p u t s  d i f f e r i n g  o n ly  by a  c o n s t a n t  

s c a l e  f a c t o r .  Thus t h e  i n p u t  t r a c e r  f e e d  r a t e ,  < j0 ( t ) ,  

and  t h e  i n p u t  t r a c e r  c o n c e n t r a t i o n ,  x Q( t ) ,  a r e  r e l a t e d  

by

< p M  ** w  x e (t) (viii-4)

W r i t i n g  th e  i n  te rm s  o f  x  ( t ) ,  e q u a t i o n  ( V I I I - 3 )•tj o

becom es

v ' i u  “  w r * t  “  * . ]
( V I I I - 5 )

1/1 =  w ( l "  x x ]

The o u t l e t  c o n c e n t r a t i o n ,  z  , i s  t h e n  g iv e n  by

z  -  X , +  ( I -  O  X t  ( V I I I - 6 )
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and  t h e  o u t l e t  t r a c e r  f lo w  r a t e ,  y/ , by

y  * w  Z. (VIII-7)

The n a t u r e  o f  t h e  o u t p u t  o f  t h e  p a r a l l e l  m odel i s  shown 

by a  t y p i c a l  r e s p o n s e  t o  a  s t e p  i n p u t ,  shown i n  F ig u r e  1 7 . 

T h is  c u rv e  was c a l c u l a t e d  by a M o n te -C a r lo  p r o c e d u r e .

I t  i s  s e e n  t h a t  s w i t c h e s  i n  f lo w  s t a t e  p ro d u c e  d i s c o n ­

t i n u o u s  c h a n g e s  i n  o u t l e t  c o n c e n t r a t i o n .

F o r  t h e  s e r i e s  c a s e ,  t h e  m a t e r i a l  b a l a n c e  becomes

I n  t h i s  c a s e  t h e  o u t l e t  c o n c e n t r a t i o n  i s  e q u a l  t o  t h e  

c o n c e n t r a t i o n  i n  t a n k  two:

A t y p i c a l  s t e p  r e s p o n s e  o f  t h e  s e r i e s  m odel i s  shown i n  

F ig u r e  1 8 . H ere  t h e  s w i tc h e s  c a u s e  d i s c o n t i n u o u s  c h a n g e s  

i n  t h e  f i r s t  d e r i v a t i v e  o f  t h e  o u t p u t  c o n c e n t r a t i o n *  b u t  

n o t  i n  t h e  o u t p u t  c o n c e n t r a t i o n  i t s e l f .

F o r  e i t h e r  c a s e ,  e q u a t i o n s  d e s c r i b i n g  t h e  p r o b a b i l i t y  

d e n s i t y ,  p ( t , x ) ,  may be w r i t t e n ,  c o r r e s p o n d in g  t o  e q u a t i o n  

( I V - 5 ) .  F o r  t h e  p a r a l l e l  m odel i t  i s  fo u n d  t h a t

( V I I I - 9 )
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5 PaV' + \  Tr? t xec%)- x ,1

+  * » U ) '  x » l P » l * i « > ]

=  -  A . P . U , * )  * * , . P i ( t / X )  (VIII-XO)

■f r ^ tct/g-  -  - & -  $ c  >c« t * ) ■ *  ' i  p*-1^  * J ^

+ ^  { ^ ^ L ^ U ) -  xt ]  p . c e ^ i j

* \ t pt(t, pxU,&)

w i th  I n i t i a l  c o n d i t i o n s

p , ( 0 ,  2£) »  p, <5(X,) 6 ( * , . )

ptCO,  s )  =■ p x 6 ( x , )  8 { X x ) (VIXX-11)

The c o r r e s p o n d in g  e q u a t io n  f o r  th e  s e r i e s  c a s e  i s

- P̂ g )  +  U  ^  *.**> -  ¥ S '+  ^  > x ,  *  r, X » ]p , lV O }

+ &  { T? t ' - ^ K x , - P , . U ,  * ) jL *

= - A, PA*/*-) -•-Xj.Pittr,*)

*  3 ^ ^  + $x,  t t  ^  *.<•*)- v . l '*  V  x, *  ^  r,. x 4] p*U,B)}
(VIII-X2)

♦ ^  { v ;  <■'+ r O  (. x , -  x * ) P i t t ,  * .)  ]

*  A, p , l t , x )  -  K P * ( * , S . )
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w i th  th e  same i n i t i a l  c o n d i t i o n s ,  ( V I I I - 1 1 ) .  As i n  th e  

p r e v io u s  c a s e ,  o r d in a r y  d i f f e r e n t i a l  e q u a t io n s  d e s c r ib in g  

th e  tim e  b e h a v io r  o f  th e  f i r s t  and  second moments o f  

t r a c e r  c o n c e n t r a t i o n  can  be w r i t t e n ,  c o r r e s p o n d in g  t o  

e q u a t io n s  ( IV -1 4 )  and ( IV - 2 8 ) .  Thus f o r  th e  p a r a l l e l  

c a s e ,  th e  f i r s t  moments a r e  g iv e n  by

'  p> %  r > - 1 r< *  -  *» /**■

'  P» V, A* II " r t- +

IX

1ft*1 * P%^0-»v)x,C*>* A.,/*,x- t  ^  11 - x-x") +

(V I I I - 1 3 )

where ( t )  *■ J '  * j  p , ( t ,  • The i n i t i a l  c o n d i t i o n s

f o r  ( V I I I - 1 3 )  a r e

/ t i i C o ) - 0  ( V I I I - 1 4 )

The e x p e c te d  o u t l e t  c o n c e n t r a t i o n ,  < a . ( t ) >  > I s  th e n  

g iv e n  by

<,z(t)>= riyul((t) +
(VIII-15)

-  t i -  i-K) / * , v ( t )
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w hich  i s  th e  same a s  e q u a t io n  ( IV -1 6 ) .  S i m i l a r l y ,  th e  

f i r s t  moments f o r  th e  s e r i e s  c a s e  s a t i s f y

3 ^ '  ”  A . .

+ ^iA*it~ t  v , t ' * r»> + x »]/*j.i * v, *t/^

T u *  ~ V ^ 1 * r ' V u n "  [ “ ( ' ♦ O ’  A. V > 1  ■f  x .  A*»»

'  ^ 1 ' * O a ,h  *  >*,» -  C

( V I I I - 1 6 )

w i th  i n i t i a l  c o n d i t i o n s  ( V I I I - 1 4 ) .  Then

< * ( « > - t )  ( v m  i 7 )

Com parison o f  e q u a t io n s  ( V I I I - 1 3 )  w i th  (V I I -1 3 )  

shows t h a t ,  a s  f a r  a s  f i r s t  moments a r e  c o n c e rn e d ,  ea ch  

ta n k  i n  th e  p a r a l l e l  model behaves  in d e p e n d e n t ly .  The 

e x p e c te d  r e s p o n s e  o f  th e  p a r a l l e l  model i s  j u s t  th e  

s u p e r p o s i t i o n  o f  th e  e x p e c te d  r e s p o n s e s  o f  th e  two i n ­

d i v i d u a l  ta n k s  t o  th e  a p p r o p r i a t e  c o n c e n t r a t i o n  i n p u t .  

Because th e  t o t a l  f low  r a t e  th ro u g h  b o th  th e  s e r i e s  and 

p a r a l l e l  m odels  i s  c o n s t a n t ,  a l l  th e  im p u lse  r e s p o n s e s  

d e s c r i b e d  i n  th e  p r e v io u s  s e c t i o n ,  , Z x , Z ^ ,

ax



a r e  i d e n t i c a l .  The e x p e c te d  im p u lse  r e s p o n s e  i s  e q u a l  t o  

th e  ( u n iq u e )  r e s i d e n c e  t im e  d e n s i t y  f u n c t i o n .  From t h e  

r e s i d e n c e  t im e  d e n s i t y  t h e  e s c a p e  i n t e n s i t y ,  h ( t ) ,  c a n  

be c a l c u l a t e d ,  a s  e x p l a i n e d  p r e v i o u s l y .  T h is  q u a n t i t y  

i s  shown f o r  t h e  p a r a l l e l  m odel i n  F i g u r e s  19 and  20 ,

and  f o r  t h e  s e r i e s  m odel i n  F ig u r e  21 and  2 2 . I n  t h e s e

g r a p h s ,  £  "r ^"r 2 an<* ^  T*1® p a r a m e te r s  f o r  t h e

p a r a l l e l  c a s e  a r e  c h o s e n  so  t h a t  t h e  m odel i s  s y m m e tr ic a l

w i t h  r e s p e c t  t o  t h e  two t a n k s .  T h i s  m akes t h e  r e s p o n s e s  

o f  t h e  p a r a l l e l  s y s te m  i d e n t i c a l  t o  t h o s e  o f  a  s i n g l e  

t a n k  w i th  t h e  same c o n c e n t r a t i o n  i n p u t s .  I n  f a c t  t h e  

c u rv e  o f  h ( t )  f o r  £ - 1  i n  F ig u r e  19 i s  i d e n t i c a l  t o  

h  ( t )  i n  F ig u r e  3 , t h e  i n t e n s i t y  o f  t h e  d i s t r i b u t i o n
X

f  ( t )  o f  t h e  s i n g l e  t a n k .

I t  i s  s e e n  i n  F ig u r e  19 t h a t  i n c r e a s i n g  t h e  s i z e  o f  

t h e  f l u c t u a t i o n ,  £ , i n c r e a s e s  t h e  d e p a r t u r e  o f  h ( t )  f ro m  

i t s  v a l u e  w i t h  s t e a d y  f lo w  a n d ,  a s  n o t e d  i n  c o n n e c t i o n  

w i t h  t h e  s i n g l e  t a n k  r e s p o n s e ,  b e h a v e s  i n  a  m anner  t h a t  

i n d i c a t e s  b y p a s s i n g .  I n  F ig u r e  20 i t  i s  shown t h a t  

s w i t c h in g  r a t e ,  ^  , h a s  a  p ro n o u n c e d  e f f e c t  on h ( t )  f o r  

t h e  p a r a l l e l  c a s e .  At h ig h  s w i t c h in g  r a t e s  t h e  b e h a v i o r  

a p p r o a c h e s  t h a t  f o r  s t e a d y  f lo w ,  w h ich  i n  t h i s  c a s e  i s  

g iv e n  by h ( t ) * l .  At low  s w i t c h i n g  r a t e s  a  l a r g e  b y p a s s
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Figure 19t RFFECT OP FLUCTUATION MAGNITUDE ON ESCAPE INTENSITY
FOR PARALI2L CASE
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Flgur* 20t EFFECT OF SWITCHING RATE ON ESCAPE INTENSITY FORPARALIZL CASE

(v, ■v2 , r«  '/2 , x, ■ x2 , e*i)
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Flgur« 21 1 EFFECT OF FLUCTUATION MAGNITUDE ON ESCAPE INTENSITY FORSERIES CASE

. K

(v, « v 2  , . F « I , X |  ■ X 2 > X . | )
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e f f e c t  i s  o b s e rv e d .  The c u rv e s  f o r  th e  s e r i e s  m odel, 

F ig u re s  21 and 22, show a much s m a l le r  e f f e c t  o f  th e  flow  

f l u c t u a t i o n s  on h ( t ) .  I n  t h i s  c a se  th e  main e f f e c t  I s  a 

s l i g h t  In c r e a s e  I n  th e  l i m i t i n g  v a lu e  o f  h ( t )  a s  t  -* oo . 

A gain , a t  l a r g e  s w i tc h in g  r a t e s  th e  e f f e c t s  become sm all 

and th e  s te a d y  b e h a v io r  I s  ap p ro ach ed .

The e q u a t io n s  s a t i s f i e d  by th e  second moments f o r  

th e  p a r a l l e l  c a se  a re

Sm . w

+  ■ [  $ | > v  *

(VIII-18)
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where "  J x j x U • The m ean -square

o u t l e t  c o n c e n t r a t i o n ,  < , I s  th e n  g iv e n  by

< Z l ( t ) > «  i'",1 S ,„  +  r ^ S ^ - d -

w hich c o r re s p o n d s  t o  e q u a t io n  ( IV - 3 1 ) .  Because o f  th e  

p re s e n c e  o f  th e  mixed moments, s n 2  an<* s 212* t*ie 8UPe r " 

p o s i t i o n  p r i n c i p l e ,  w hich  works f o r  f i r s t  moments, f a i l s  

f o r  second  moments. The v a r i a n c e  o f  th e  o u tp u t  ca n n o t 

be c a l c u l a t e d  from th e  v a r i a n c e s  o f  th e  i n d i v i d u a l  ta n k  

c o n c e n t r a t i o n s .  The second  moments f o r  th e  s e r i e s  c a s e  a re  

g iv e n  by

j  ^  /*»*(£) X ©it) “ t*- v, + 0  +

^  - 1 1 «♦ n> ♦ xj S,„ + ♦ 2. *  c I* O \  »

(VIII-20)
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Then

( V I I I - 2 0 )

( V I I I - 2 1 )

The se co n d  moments o f  t h e  s t e p  r e s p o n s e  f o r  some 

t y p i c a l  v a l u e s  o f  t h e  p a r a m e te r s  w ere  c a l c u l a t e d  f o r  

b o th  m o d e ls .  The r e s u l t s ,  p r e s e n t e d  i n  t h e  form  o f  c u r v e s  

o f  <r(*)/yu(t) , t h e  c o e f f i c i e n t  o f  v a r i a t i o n  o f  t h e  o u t ­

l e t  c o n c e n t r a t i o n ,  a r e  shown i n  F i g u r e s  23 and  24 f o r  

t h e  p a r a l l e l  c a s e  and i n  F i g u r e s  25 and  26 f o r  t h e  s e r i e s  

c a s e .  F ig u r e  23 shows t h a t  i n c r e a s i n g  f l u c t u a t i o n  m a g n i­

tu d e  i n c r e a s e s  t h e  c o e f f i c i e n t  o f  v a r i a t i o n  o f  t h e  o u t p u t  

f o r  t h e  p a r a l l e l  sy s te m  i n  a n o n - l i n e a r  w ay, t h e  e f f e c t  

b e in g  s l i g h t  u n t i l  t h e  f l u c t u a t i o n  s i z e  becomes s u b s t a n ­

t i a l .  I t  i s  s e e n  i n  F ig u r e  25 , h o w ev e r ,  t h a t  t h e  r e l a t i o n ­

s h ip  be tw een  0 " ( t) /y W (t)  and  t  i s  p r a c t i c a l l y  l i n e a r  

f o r  t h e  s e r i e s  c a s e .  I t  i s  a l s o  s e e n  t h a t  t h e  o u t p u t  f o r  

t h e  p a r a l l e l  c a s e  f l u c t u a t e s  more s t r o n g l y  t h a n  t h a t  f o r  

t h e  s e r i e s  c a s e .  I n  F ig u r e  2 4 , i t  i s  s e e n  t h a t  t h e
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Figure 23t EFFECT OF FLUCTUATION MAGNITUDE ON COEFFICIENT OF
VARIATION OF STEP RESPONSE FOR PARALUL CASE

(V, *V2 , ®/2( \| ■ X2 t T*l)
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Figure 241 EFFECT OF SWITCHING RATE ON COEFFICIENT OF VARIATION
OF STEP RESPONSE FOR PARALURL CASE

(v, «V 2 , f *  i f c t  X |  ■ X 2 , S « I )
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Figur* 261 BFFECT OT SHITCHZBR3 RATE OH COEFFICIENT OF VARIATION
OF STEP RESPONSE FOR SERIES CASE

(v, *v2  ,F*I, X,« X2  , 6 * 2 )
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s w i tc h in g  r a t e  h a s  a s t r o n g  e f f e c t  on th e  shape o f  th e  

cu rv e  f o r  th e  p a r a l l e l  c a s e .  F ig u re  26 

shows t h a t  s w i tc h in g  r a t e  h as  a r e l a t i v e l y  m inor  e f f e c t  

on t h e  c u rv e  f o r  th e  s e r i e s  c a s e .

The a u t o c o r r e l a t i o n  f u n c t io n  o f  o u t l e t  c o n c e n t r a t i o n ,  

d e f in e d  by e q u a t io n  ( IV -3 5 ) ,  can  be c a l c u l a t e d  from eq u a ­

t i o n s  c o r re s p o n d in g  to  ( IV -4 6 ) .  F or th e  p a r a l l e l  c a s e  

th e s e  become

+ 1rii (< ) I ri  /* ... C-t) ♦  C > -  rO/* „ ,( t ) ]  ^

- ( % r< * M s -  "■ A * V >

+ Ai  ̂ ** * ^

+  (*v^L +

(VIII-22)
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r</* ..(*) ■*■ C»- O / ' . i U l ]

+  « ■ „ ( « ) [  * ( i -  *!>/■<».. I * ) ] }

-*• * . < W  "  t  v ^ ' " ^  *

(VIII-22)

w i t h  i n i t i a l  c o n d i t i o n s  g iv e n  by

- C - ° -  0^( l = i n .  I t ) *

*  I ' *  r J S i . i t * )

S-,! *  r i S . . i t t > ' n > - * O s i» 1 U )

«Ui * ri S m (t)  (VIIX-23)

Then

< * W * ' ‘ « » =  « v ( v n i - 24)

The c o r r e s p o n d i n g  e x p r e s s i o n s  f o r  t h e  s e r i e s  c a s e  a r e  

^  [ Tr..('»:)/4 ,1 (t) + rr,.,{x)ju l%(t )]

“  [  A ' 3 e( . .  "• A i ^ .  +  ^  n  « i , x
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+ t  H-Xt ’*’ v; tx

f a '  -

-t* l(

f a  -- X > % *  -  t  V * * 1 * * J V v

w i th  i n i t i a l  c o n d i t i o n s

T * 0 :  C^( l - 5 l l f c( t )

< u  *  s l l x U )  

^,11 “ ^111 ^  ) 

^ 1 1  " ^ ixx  I*)

( V I I I - 2 5 )

( V I I I - 2 6 )

Then

< a ( i ) z | i . T ) >  •> <\,x + q . „  ( v m - 2 7 )
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The a u t o c o r r e l a t i o n  f u n c t i o n  o f  t h e  s t e p  r e s p o n s e ,

’ * 8 shown f o r  t h e  p a r a l l e l  c a s e  I n  F ig u re  27 

and  f o r  th e  s e r i e s  c a s e  I n  F ig u re  28* I n  b o th  c a s e s  th e  

f u n c t i o n  d ep e n d s  s t r o n g l y  on  t ,  a l th o u g h  f o r  a  s t a t i o n a r y  

p r o c e s s  I t  w ould depend  on t  o n ly .  A lso  I n  b o th  c a s e s ,  

t h e  c u rv e s  a p p ro a c h  z e ro  more s lo w ly  th a n  d o es  t h e  c o r ­

r e l a t i o n  f u n c t i o n  o f  th e  f lo w  r a t e s ,  e q u a t io n  ( V I I - 9 ) .

T h is  I n d i c a t e s  a  lo n g  "memory t im e "  o f  t h e  p r o c e s s  com­

p a r e d  w i th  t h a t  o f  th e  f lo w . C om parison  o f  th e  two g ra p h s  

shows t h a t  t h e  c u r v e s  f o r  th e  s e r i e s  c a s e  a p p ro a c h  z e ro  

c o n s i d e r a b l y  more s lo w ly  th a n  th o s e  f o r  t h e  p a r a l l e l  c a s e .

The c o e f f i c i e n t  o f  v a r i a t i o n  f o r  an  Im pu lse  r e s p o n s e  

I s  shown In  F ig u re  29 f o r  t h e  p a r a l l e l  model and In  

F ig u r e  30 f o r  t h e  s e r i e s  m o d e l. T hese  become l a r g e  a t  

l a r g e  v a l u e s  o f  t im e  In  b o th  c a s e s .  The c u rv e s  f o r  t h e  

p a r a l l e l  c a s e  a r e  c o n s i d e r a b l e  h i g h e r  th a n  th o s e  f o r  t h e  

s e r i e s  c a s e  ( n o t e  d i f f e r e n c e  In  s c a l e s ) .  At l a r g e  

s w i tc h in g  r a t e s ,  f o r  t h e  p a r a l l e l  m odel a p p ro a c h e s  

a  v a l u e  o f  one f o r  t h e  p a r a m e te r s  shown, w h i le  t h a t  f o r  

th e  s e r i e s  c a s e  a p p ro a c h e s  z e ro  f o r  any  p a r a m e te r  v a l u e s .  

A c t u a l l y ,  th e  b e h a v io r  o f  th e  c o n c e n t r a t i o n  i n  e a c h  ta n k  

becomes d e t e r m i n i s t i c  a t  l a r g e  s w i t c h in g  r a t e s  f o r  e i t h e r  

m ode l. I n  th e  p a r a l l e l  c a s e ,  how ever, th e  o u t l e t  c o n c e n ­

t r a t i o n  w i l l  r a p i d l y  o s c i l l a t e  be tw een  two v a l u e s  o f
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Figure 27: AUTOCORRELATION FUNCTION OF STEP RESPONSE FOR PARALUSL CASE
w . . . .

(v, = v2  , r = £  , X | - X2  , I , £ - 0
1.0

0.8

0.6

CORRELATION0 . 4

t«ai
— 0 2
— OA
—  u o
—  2.0

0.2

- 0.2
2 30

TIM EJN TERV A L^T



A
U

TO
CO

RR
EL

A
TI

O
N

 
FU

N
CT

IO
N

, 
fi 

{*
)

Figure 28: AUTOCORRELATION FUNCTION OF STEP RESPONSE FOR SERIES CASE

(Y, =v2 ,f=l, X| * X2 , X *1 , Es2 )
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Figure 29. COEFFZCZEMT OF VARIATION OF ZMPUL8B
RESPONSE FOR PARALLEL CASE
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F ig u re  30. COEFFICIENT OF VARIATION OF IMPULSE
RESPONSE FOR SERIES CASE
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c o n c e n t r a t i o n .

C. Moments w i th  F i r s t  O rder R e a c t io n

When a f i r s t  o r d e r  r e a c t i o n  o c c u rs  and th e  I n l e t  

c o n c e n t r a t io n  I s  c o n s t a n t ,  th e  e q u a t io n s  o f  change o f  

th e  p a r a l l e l  model become

v ' 5 t  m w  “  w r «*»  ” k *»

W d - r J X . - w l l - O X L -  k x ,  ( V I U . 2 8 )

For th e  s e r i e s  m odel, th e  c o r re sp o n d in g  e q u a t io n s  a re

V'3!t * -  w ( i*  k x ,

v x j ~x *  w ( i +  O  ( * i  -  y x )  -  k
( V I I I -2 9 )

The s t a t i o n a r y  d i s t r i b u t i o n  f o r  th e  p a r a l l e l  c a s e  s a t i s f i e s

ft, it v,r- x. -  * K) *.i p.

+ f t x {t $[l>' O x .  - ( *  (i- r-,> ■* k ) x . ]  p,(t, *)} 

= -  a , p ,  (* ,  g )  + A j p j t ,  a )

a , u  7, ri x« " *r ) *>i

+ fti { t^O-O*. - k)>0 Pfctt/ J£>i

* A, P. lt,X) - A,
(VIII-30)
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The d i s t r i b u t i o n  f o r  t h e  s e r i e s  c a s e  s a t i s f i e s

■* v, r> * 0  P>t*‘ *>}

+ { t  -  C ^ ( i * r , ) *  k ) x t ]  p ,

- - A,p,(t,s) ♦ A,pt (t, u)

*. - CI-H-J+ k)x, +

(VIII-31)

In  b o th  c a s e s  t h e  r e s u l t i n g  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s  

a r e  d i f f i c u l t  t o  s o l v e .  The n a t u r e  o f  th e  s o l u t i o n s  t o  

t h e s e  e q u a t io n s  w i l l  be d i s c u s s e d  i n  t h e  n e x t  s e c t i o n .

The f i r s t  and seco n d  moments o f  r e a c t a n t  c o n c e n t r a t i o n  

a r e  e a s i l y  c a l c u l a t e d ,  how ever, u s in g  t h e  m ethods o f  

s e c t i o n  V. The f i r s t  and  seco n d  moments f o r  t h e  p a r a l l e l
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c a s e  a r e  c a l c u l a t e d  from

[  **• 4 k ♦ ^i]  ̂ ii " X* ̂1,1 " Pi v, H

-  X , m l( *  L v i ^ i  +

[ O  4 ^  ~ ^ i ^ i v  * P» "trfc(» -  O

■ A . l " . i  *  * k  •*■ A 0 m «  * P v  V ,< '-* V >

[ 2 ^  r, ■» i u  ♦ X, ]s,„ - ’  z'g.r.m,,

- ^ , 3 . . .  ♦ L * l k  *  * v ]  ~

L ^ + 2 K + 1 3itt  ” S ju  *  ̂ vv( *” ^ ) ^ i

“ + ^  + ^ i ]  ^  ^ i i

t ? r. ♦ % l ' " - . ) *  l * - * . 3*..x "  A» s ».t ’  *  1 t • - n >m„

3 , , ^  +  [  ? ( t v  *  V v ^ ’ ^ 1  + 2 k  ♦  ^ v ]  S v n  m v ,  ^ v ^ v v  *  * v ) tw 1(

(VIII-32)
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Then

<*> « r, mM -► rx»n1( t Ci- ̂  ♦ (>-Omlx
(VIII-33)

and

< z * >  * r* s l(l ♦ *Vs1M ♦ -  o -» ;)* » xxv

+ >S*„x ^  1 *’l ( ' - rv ) 5 xix

(V I I I -3 4 )

S i m i l a r l y ,  t h e  moments f o r  th e  s e r i e s  c a s e  a r e  c a l c u l a t e d  

from

[ 'OiO-O-' X * Ai] m„ - A* tntl - y  r , m lt» *  p,

-A ,m „  \  -  \  P ,

- Sl l | * r i ) w ii * t  )*  x * A j  » V  -  A, in 4t * O

-  A,m„.-» [ ^ ( i *  r;>* k * A ^ m , ,  * O 

J.K* A,]S„, -  A , s tll -  I ^ r . 6 , ^ -  i ^ m ,

" \® ,n  + A*} 5 i t | "

At S ,w  -  * O

(VIII-35)
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+ m . + X ,3 5,,^ “  Xt  5^,^ "*■ ^r, ^  i x

-  $ 1l»+ ' 0 \ , . -  $ , l \ s » v  * A ,» |( l  * [  ? , ( | - H 1 )

♦ S l ^ O + l k  + ^ l S j , ^  tf,*ix
( V I I I - 3 5 )

Then

< * >  * w ix "■ m ii-  ( V I I I - 3 6 )

and

<**> -  a i%i. * ( V I I I - 3 7 )

The mean o u t l e t  c o n c e n t r a t i o n , y u  , and  th e  s t a n d a r d  

d e v i a t i o n  o f  o u t l e t  c o n c e n t r a t i o n ,  <r , a r e  shown f o r  t h e  

p a r a l l e l  c a s e  i n  F ig u r e  31 and  32, an d  f o r  t h e  s e r i e s  

c a s e  i n  F ig u r e  33 , f o r  some t y p i c a l  p a r a m e te r  v a l u e s .

I t  i s  s e e n  i n  F ig u r e  31 t h a t  t h e  e f f e c t  o f  t h e  f l u c ­

t u a t i o n s  I n  f lo w  r a t e  on t h e  p a r a l l e l  c a s e  i s  t o  d e c r e a s e  

c o n v e r s i o n .  F o r  t h e  s e r i e s  c a s e ,  h o w ev e r ,  t h e  r e s u l t  

i s  a  v e r y  s l i g h t  i n c r e a s e  i n  c o n v e r s i o n ,  a s  shown i n  

F ig u r e  33. The f l u c t u a t i o n s  i n  o u t l e t  c o n c e n t r a t i o n  a r e  

lo w e r  f o r  t h e  s e r i e s  t h a n  f o r  t h e  p a r a l l e l  c a s e .  F ig u r e  

32 shows t h a t  i n c r e a s i n g  t h e  s w i t c h i n g  r a t e ,  A , m akes th e
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c o n v e r s io n  a p p ro a c h  t h a t  f o r  s t e a d y  f lo w .  The f l u c t u a -  

t i o n s  I n  o u t l e t  c o n c e n t r a t i o n  do n o t  d e c r e a s e  v e r y  r a p i d l y ,  

h o w ev e r ,  w i t h  i n c r e a s i n g  s w i t c h in g  r a t e .  I t  i s  s e e n  t h a t  

t h e  f l u c t u a t i o n s  i n  o u t p u t  c o n c e n t r a t i o n  a r e  g r e a t e s t  a t  

v a l u e s  o f  X o f  a b o u t  o n e .  S m a l l e r  o r  g r e a t e r  v a l u e s  o f  

X do n o t  g iv e  O’ v s .  k  c u r v e s  w i t h  a s  h ig h  a p e a k .

The v a l u e  o f  k  w h ich  g i v e s  t h e  p e a k  i n  t h e  o* v s .  k  c u rv e  

i n c r e a s e s  w i t h  i n c r e a s i n g  s w i t c h in g  r a t e .  S in c e  t h e  

mean c o n v e r s io n  f o r  a  f i r s t  o r d e r  r e a c t i o n  d ep e n d s  o n ly  

on t h e  f i r s t  moment o f  t h e  t r a c e r  r e s p o n s e ,  an d  s i n c e  t h e  

v a l u e s  o f  t h e  p a r a m e te r s  shown f o r  t h e  p a r a l l e l  m odel 

make t h i s  f i r s t  moment i d e n t i c a l  t o  t h e  s i n g l e  t a n k  c a s e ,  

t h e  c u r v e s  f o r  c o n v e r s io n  shown f o r  t h e  p a r a l l e l  m odel 

a r e  i d e n t i c a l  t o  t h o s e  f o r  t h e  s i n g l e  t a n k  m odel w i t h  

c o n s t a n t  i n l e t  c o n c e n t r a t i o n .

The a u t o c o r r e l a t i o n  o f  o u t l e t  c o n c e n t r a t i o n  may be 

c a l c u l a t e d  f o r  t h e  s e r i e s  and  p a r a l l e l  m o d e ls  by e q u a t i o n s  

s i m i l a r  t o  ( V I I I - 2 2 )  and  ( V I I I - 2 5 )  f o r  t h e  a u t o c o r r e l a t i o n s  

o f  t h e  t r a c e r  r e s p o n s e s .  T h u s , f o r  t h e  p a r a l l e l  m odel

J x "  * ^  r i J 1*',. <**)[ H * 0 - r ,  ) m (l ]

** j

(VIII-38)
* k -► Ax q,xi



♦ * l i - om, , ]  j

+ A , ^ „  -  ( ’tf .r ;  * k  » A 0 < 1 » ,  

j p k 1 « ♦ I ' - u m . i ]

+  [  rx  m n  r

-  *  * »• , ]< * « .  ♦

* $ l d - r , . ) [ f l ' 1|. C t . ) [ . r 1m,l + 0 - ' - , ) m r t ]

1 . 1 ]

+ * k  * ^  v ] c ^ l x

( V I I I - 3 8 )

with initial conditions given by
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r* o. - r, a,(1 t  (i-r,) sMl

^ ii  "* *v ^ in  11 

<*,l * r t 5 MX *

II. +
( V I I I - 39)

Then

< l ( t ) z ( t  + T ) > *  r , ^ „ +  + ( « - n ) a lt + d - ^ ) q , lv

( V I I I - 4 0 )

The c o r r e s p o n d in g  e q u a t i o n s  f o r  t h e  s e r i e s  c a s e  a r e

j £ “ -  %  In ',, I t )  m,v * Tv,

- t ' g / )-><■* * v, r,q.,v

3®*' * ^  [ f v W m , !  * AT.(» )•" » » } -  

■*

$3? * ■ t  7 .1 '* 1-,)-* k-* >■ 11 <v ,1 * > v < l „ *

3 ^ ‘ V *  ^ . E f v  -  t  % ( ' - , ' \ )  *  k  •> ^ l l < i x v  +  X l w r » ) c l’»,

( V I I I - 4 1 )
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w i t h  i n i t i a l  c o n d i t i o n s

tt * o  :

H l l  " ^111 ( V I I I - 4 2 )

Then

< * ( * )  Z ( t * - 0 >  * < \ tx + q , x% ( V I I I - 4 3 )

The a u t o c o r r e l a t i o n  o£ o u t l e t  r e a c t a n t  c o n c e n t r a t i o n  

f o r  some t y p i c a l  p a r a m e te r  v a l u e s  i s  shown i n  F ig u r e s  34 

and  35 f o r  t h e  p a r a l l e l  c a s e  and  i n  F ig u r e  36 f o r  t h e  s e r i e s  

c a s e .  F ig u r e  34 i s  f o r  t h e  same p a r a m e te r  v a l u e s  a s  u se d  

p r e v i o u s l y .  I n  F ig u r e  35 , t h e  r a t i o  o f  t h e  volum e i n  t a n k  

one t o  t h e  t o t a l  volum e h a s  b e e n  ch an g ed  from  0 .5  t o  0 . 6 7 7 .  

The c u r v e s  i n  t h e  two f i g u r e s  d i f f e r  m a rk e d ly .  T h is  i s  

due t o  th e  f a c t  t h a t  when th e  p a r a l l e l  s y s te m  i s  sy m m e tr i­

c a l ,  so  t h a t  t h e  s t e a d y - s t a t e  c o n v e r s io n  i n  e i t h e r  f lo w  

s t a t e  i s  t h e  sam e, t h e  e f f e c t  o f  t h e  f lo w  f l u c t u a t i o n s  

becomes s m a l l  a s  t h e  r e s p o n s e  t im e  o f  t h e  s y s te m  becomes 

s m a l l ,  w h ich  o c c u r s  a t  l a r g e  v a l u e s  o f  k .  I t  i s  s e e n  

t h a t  i n  F ig u r e  34 a s  k  becomes l a r g e  t h e  c o r r e l a t i o n
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f u n c t io n  d ro p s  to  ze ro  r a t h e r  r a p i d l y .  In  th e  asym m etric 

c a s e ,  F ig u re  35, however, th e  c o r r e l a t i o n  ap p ro ach es  

t h a t  o f  th e  flow  s t a t e s  as  k  becomes l a r g e .  The cu rve  f o r  

k » 0 .1  i s  r a t h e r  s i m i l a r  i n  b o th  c a s e s ,  i n d i c a t i n g  t h a t  

a t  low v a lu e s  o f  k i t  i s  th e  la g  tim e o f  th e  system  i t s e l f  

t h a t  becomes im p o r ta n t ,  r a t h e r  th a n  th e  s w i tc h in g  r a t e .

The s e r i e s  c a se  i s  seen  in  F ig u re  36, t o  behave i n  a 

manner q u i t e  s i m i l a r  to  th e  asym m etric  p a r a l l e l  c a s e .

At h ig h  v a lu e s  o f  k  th e  c u rv es  approach  th e  flow  c o r r e ­

l a t i o n .

When th e  model i s  used  to  p r e d i c t  th e  r e a c t i o n  b e ­

h a v io r  o f  a r e a l  system , c u rv e s  such a s  th o s e  in  F ig u re s  

31-36 co u ld  p rove u s e f u l  i n  a n a ly z in g  problem s in  p ro c e s s  

e lem e n ts  t h a t  a re  co u p led  t o  th e  r e a c t i o n  system . Know­

ledge  o f  th e  c o r r e l a t i o n  s t r u c t u r e  o f  th e  d i s tu r b a n c e s  

to  th e  p ro c e s s  a t  th e  d e s ig n  s ta g e  a l lo w s  one to  d e s ig n  

o p tim a l c o n t r o l l e r s  a t  th e  same tim e as  th e  p r o c e s s in g  

eq u ip m en t.

D. S ta b le  R egions i n  C o n c e n tr a t io n  Space

While th e  s o lu t i o n  o f  th e  p a r t i a l  d i f f e r e n t i a l  

e q u a t io n s  (V I I I -3 0 )  o r  (V I I I -3 1 )  p r e s e n t s  some d i f f i c u l ­

t i e s ,  some p r o p e r t i e s  o f  th e  s o lu t io n s  may be a s c e r t a i n e d  

w ith o u t  a c t u a l l y  c a r r y in g  o u t  th e  s o l u t i o n .  I t  was shown
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i n  th e  p re v io u s  s e c t io n  on s in g l e  ta n k  r e a c t o r s  t h a t  th e  

s t a t i o n a r y  p r o b a b i l i t y  d i s t r i b u t i o n  becomes c o n f in e d  to  

c e r t a i n  r e g io n s  o f  th e  o n e -d im e n s io n ia l  c o n c e n t r a t i o n  

sp a c e .  T h is  c o n c lu s io n  co u ld  be based  on th e  m a th e m a tic a l  

p r o p e r t i e s  o f  e q u a t io n  (V II -7 8 )  o r ,  a l t e r n a t i v e l y ,  on a 

s tu d y  o f  p o s s i b le  t r a j e c t o r i e s  i n  th e  c o n c e n t r a t i o n  sp ace .

The second mathod can  be used i n  th e  s e r i e s  and p a r a l l e l  

c a s e s ,  p ro v id e d  th e  t r a j e c t o r i e s  a r e  f a i r l y  s im p le .

For th e  s e r i e s  and p a r a l l e l  c a s e s ,  th e  c o n c e n t r a t io n  

space  i s  tw o -d im e n s io n a l .  At each  p o in t  i n  th e  space 

t h e r e  a re  two p o s s i b l e  t r a j e c t o r i e s  p a s s in g  th ro u g h  i t ,  

c o r re sp o n d in g  to  th e  two p o s s i b l e  f low  s t a t e s .  The 

t r a j e c t o r i e s  a r e  j u s t  th e  c h a r a c t e r i s t i c s  o f  th e  p a r t i a l  

d i f f e r e n t i a l  e q u a t io n s  ( V I I I - 30) o r  ( V I I I - 3 1 ) ,  w hich  a re  

always h y p e r b o l ic .  These c u rv e s  a re  r e l a t i v e l y  e a sy  to  

c a l c u l a t e ,  and a c a r e f u l  s tu d y  o f  t h e i r  n a t u r e  can  show 

whcih r e g io n s  o f  th e  c o n c e n t r a t io n  space have th e  p r o p e r ty  

t h a t  once th e  system  i s  in  t h i s  r e g io n  t h e r e  i s  no chance 

t h a t  i t  w i l l  e scap e  from i t .  The s t a t i o n a r y  d i s t r i b u t i o n  

w i l l  be c o n c e n t r a t e d  o v e r  such r e g io n s .  In  f a c t  i t  i s  

known q u i t e  g e n e r a l ly  t h a t  th e  c h a r a c t e r i s t i c s  o f  h y p e r ­

b o l i c  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s  form th e  b o u n d a r ie s  

o f  r e g io n s  where th e  e q u a t io n s  have s o l u t i o n s  o f  d i f f e r e n t  

a n a l y t i c  c h a r a c t e r  ( s e e ,  f o r  exam ple, [ i * ] ) .  S in ce  th e
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c o n c e n t r a t io n s  a r e  always between ze ro  and one i t  i s  c l e a r  

t h a t  th e r e  i s  a r e g io n  o f  c o n c e n t r a t io n  space where th e  

p r o b a b i l i t y  d e n s i ty  i s  i d e n t i c a l l y  z e ro .  The r e g io n  o r  

r e g io n s  where th e  c o n c e n t r a t io n  i s  n o n -z e ro  must be 

s e p e ra te d  from th e  ze ro  r e g io n  by c h a r a c t e r i s t i c s  ( o r ,  in  

t h i s  c a s e ,  t r a j e c t o r i e s ) .  The problem  th e n  red u c e s  to  

f in d in g  which o f  th e  t r a j e c t o r i e s  w i l l  form th e  bounds o f  

th e  s t a b l e  r e g io n .

The p ro ced u re  t h a t  was fo llo w ed  was to  f i r s t  c o n s t r u c t  

th e  f a m i l i e s  o f  t r a j e c t o r i e s ,  to  th e n  fo l lo w  an i n t u i t i v e  

l i n e  o f  r e a s o n in g  in v o lv in g  th e  p o s s i b l e  p a th s  th e  system  

m ight ta k e  o r i g i n a t i n g  from v a r io u s  p o in t s  in  th e  sp a c e ,  and 

f i n a l l y  to  r e i n f o r c e  th e s e  c o n c lu s io n s  w ith  a M onte-C arlo  

co m pu ta tion .

In  s tu d y in g  such t r a j e c t o r i e s  i t  i s  u s e f u l  to  f i r s t  

d e r iv e  some g e n e ra l  f a c t s  co n c e rn in g  t h e i r  n a t u r e .

R e g a rd le s s  o f  th e  r e a c t i o n  k i n e t i c s ,  th e  t r a j e c t o r i e s  

f o r  e i t h e r  th e  s e r i e s  o r  p a r a l l e l  case  s a t i s f y  e q u a t io n s  

o f  th e  form.

5 '̂ * a, I*,, *1 ) r  t b, ( x , , xl)
5 f t 1 -  + b j * , , * ! )  (V I I I -4 4 )

That i s ,  th e  d e r i v a t i v e  f u n c t io n s ,  f ^ ( j s , r )  and f 2 (2£>r ) » 

a re  l i n e a r  (b u t  n o t  homogeneous) in  th e  flow  p a ram e te r  r .
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For each  v a lu e  o f  r ,  p o in t s  w hich make th e  r i g h t  hand s id e s  

o f  (V I I I -4 4 )  e q u a l  to  ze ro  a r e  p o s s i b l e  s t e a d y - s t a t e  

s o l u t i o n s  c o r re sp o n d in g  to  r .  I f  th e s e  p o in t s  a r e  p l o t t e d  

f o r  a l l  p o s s i b l e  v a lu e s  o f  r ,  a lo c u s  o f  s te a d y  s t a t e  

s o lu t io n s  i s  g e n e ra te d .  In  complex c a s e s  t h i s  lo c u s  may 

have more th a n  one b ran ch . P o in t s  ly in g  on t h i s  lo c u s  

have a s p e c i a l  p r o p e r ty .  The t r a j e c t o r i e s  p a s s in g  th ro u g h  

such a p o in t  f o r  any v a lu e s  o f  r ,  o th e r  th a n  th e  one f o r  

which th e  p o in t  i s  a s te a d y  s t a t e , a l l  have th e  same s lo p e .

To see  t h i s  l e t  ( x ° ,  x^) be th e  p o in t  on th e  s te a d y  s t a t e  

lo c u s  f o r  r = r Q. T h e n ,a t  th e  p o in t  (x ° ,  x ^ ) ,  th e  t r a j e c t o r y  

f o r  r « r '  s a t i s f i e s

5 ^ ' '  r . )

( r ' -  O  (V I I I -4 5 )

The s lo p e  o f  th e  t r a j e c t o r y  where i t  c r o s s e s  th e  s te a d y  s t a t e  

lo c u s  i s  th e n  g iv e n  by

otxv x /)
J x ,  = a !  (*.,*!•■; (V I I I -4 6 )

which i s  c l e a r l y  in d ep en d en t o f  r 1.

For th e  p a r a l l e l  ca se  w ith  f i r s t  o r d e r  k i n e t i c s  th e  

t r a j e c t o r i e s  s a t i s f y

-- V, irx,, -  t s ,  r -  k ^ x ,

t S L n - O  +  k l x ,  ( V I I I - 4 7 )
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The lo c u s  o f  s te a d y  s t a t e s  I s  th e n  g iv en  by

1SLX ,  =

1 " i +' + (t-r)w (V I I I -4 8 )

E l im in a t in g  r  between th e  two e q u a t io n s  g iv e s ,  f o r  th e  

lo c u s ,

_ * - o + ^ i  [ *  _  i

*o
I L,1-

L ' ■»

(V I I I -4 9 )

T h is  i s  a h y p e rb o la  w i th  v e r t i c a l  and h o r i z o n t a l  asym pto tes , 

Along th e  s te a d y  s t a t e  lo c u s  th e  t r a j e c t o r i e s  p a s s in g  

th ro u g h  i t  have s lo p e

^ Cx o - Xi.)
el* , vi . C ^ o " X 1) (V I I I -5 0 )

The lo c u s  o f  s te a d y  s t a t e s  i t s e l f  has th e  s lo p e

i- . V| -l *•dx,. w _ Vi [ r ■» k ̂  J
d * ,  vr( [>- r  •» k  1

(V I I I -5 1 )

I t  i s  i n t e r e s t i n g  to  n o te  t h a t  a t  th e  p o in t  on th e  s te a d y

lo c u s  c o r re sp o n d in g  to  r=  - ^  ^  :v, *t Vj,
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Xp
*' * I -t k. (VIXI-52)

th e  t r a j e c t o r i e s  a r e  a l l  t a n g e n t  to  th e  lo c u s .  The t r a ­

j e c t o r i e s  a r e  found by s o lv in g  e q u a t io n  ( V I I I - 4 7 ) .  T h is  

g iv e s

x ~ —  + c  e
' I + «1 r  w

x l *  " ‘+ ^
' 0-r)w

(V I I I - 5 3 )

where c^ and depend on th e  s t a r t i n g  p o i n t .  The t im e ,  

t ,  may be e l im in a t e d  from (V I I I - 5 3 )  to  g iv e

‘ t

x , — 1 'v  *  *  =  C j  r  — £ 2 —  I  k
*♦ i s s !  I

( V I I I - 5 4 )

f o r  th e  t r a j e c t o r i e s .  E q u a t io n  ( V I I I - 5 4 )  d e f in e s  a one- 

p a ra m e te r  f a m ily  o f  t r a j e c t o r i e s  f o r  any f ix e d  f low  s t a t e  

r .  Two f a m i l i e s  o f  t r a j e c t o r i e s  a re  o f  im p o rtan ce  i n  any 

g iv e n  c a s e ,  c o r r e s p o n d in g  to  r ^  and th e  two f low  s t a t e s  

o f  th e  sy s tem .

In  F ig u re  37, th e  s t a b l e  r e g io n  i s  shown f o r  th e  

p a r a l l e l  c a se  f o r  t y p i c a l  p a ra m e te r  v a l u e s .  The low er 

boundary  i s  formed by two t r a j e c t o r i e s ,  one o f  w hich s t a r t s
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a t  th e  s te a d y  s t a t e  c o r re s p o n d in g  to  r^  and th e  o th e r  o f  

which s t a r t s  a t  th e  s te a d y  s t a t e  c o r re sp o n d in g  to  

The upper  boundary  i s  formed by two t r a j e c t o r i e s  s t a r t i n g  

a t  th e  p o in t  g iv en  by e q u a t io n  ( V I I I - 5 2 ) .  The d i r e c t i o n s  

o f  th e  t r a j e c t o r i e s  a r e  shown by a r ro w s .  Note t h a t  th e  

mean c o n c e n t r a t io n  o f  th e  two ta n k s  d e f in e  a p o in t  ly in g  

o u t s id e  o f  th e  s t a b l e  r e g io n .

For th e  s e r i e s  c a se  w i th  f i r s t  o r d e r  k i n e t i c s ,  th e  

t r a j e c t o r i e s  s a t i s f y

E l im in a t in g  r  between th e  two e q u a t io n s  g iv e s ,  f o r  th e  lo c u s ,

(V I I I -5 5 )

The lo c u s  o f  s te a d y  s t a t e s  i s  th e n  g iv e n  by

i*. x i L * \rt w; i»i, J x z v, x  *> 

which i s  a s t r a i g h t  l i n e  o f  s lo p e

( V I I I - 5 7 )
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c**t (VIII-58)
Along th e  s te a d y  s t a t e  l o c u s ,  th e  t r a j e c t o r i e s  p a s s in g  

th ro u g h  i t  have s lo p e

w h ich , I t  i s  s e e n ,  i s  in d e p e n d e n t  o f  p o s i t i o n  on th e  l o c u s .  

These s lo p e s  can  o n ly  be e q u a l  i f  v^*0. O th e rw ise  th e  s lo p e  

o f  th e  t r a j e c t o r i e s  a t  th e  s te a d y  s t a t e  lo c u s  i s  a lw ays 

more n e g a t iv e  th a n  th e  s lo p e  o f  th e  l o c u s .  S o lv in g  e q u a t io n  

( V I I I - 5 5 )  g i v e s ,  f o r  th e  t r a j e c t o r i e s ,

dx*
otx ( V I I I - 5 9 )

b , -  bv

(VIII-60)
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w here and  a r e  t h e  r o o t s  o f

b '  + [  -  *  ) + I k ]  b

•+ lc -* ( i *  r ) t i j (  ■* f̂v ) k  -*■ •") ■» O

(V 1 I I -6 1 )

The q u a n t i t i e s  x “  and x “  a r e  th e  f i n a l  v a l u e s ,  g iv e n  by 

( V I I I - 5 6 ) .

The s t a b l e  r e g io n  f o r  th e  s e r i e s  c a s e  i s  shown i n  

F ig u re  38. The s i t u a t i o n  i s  somewhat s im p le r  th a n  i n  th e  

p a r a l l e l  c a s e ,  o n ly  two t r a j e c t o r i e s  b e in g  r e q u i r e d  to  

d e f i n e  th e  b o u n d a ry . C om parison o f  F ig u re  38 w i th  F ig u re  37 

shows t h a t  th e  s t a b l e  r e g io n  f o r  th e  s e r i e s  c a s e  i s  much 

s m a l l e r  th a n  t h a t  f o r  th e  p a r a l l e l  c a s e  ( n o te  d i f f e r e n e n c e  

i n  s c a l e ) .  T h is  i s  i n  l i n e  w i th  t h e  much s m a l l e r  v a r i a n c e  

n o te d  f o r  t h e  s e r i e s  c a s e .
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F igu r*  3 8 . STABLX REGION FOR SERIES CASE
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IX , F l u l d i z e d  Bed Model

A. F o rm u la t io n

One o f  t h e  p r a c t i c a l  c a s e s  w here  th e  random f l u c t u a ­

t i o n s  i n  f lo w  p a t t e r n  a r e  q u i t e  n o t i c e a b l e  i s  th e  f l u i d -  

i z e d  bed r e a c t o r .  I t  i s  found  i n  p r a c t i c e  t h a t  a l a r g e  

f r a c t i o n  o f  t h e  t o t a l  g as  f low  p a s s e s  th ro u g h  th e  bed in  

t h e  form  o f  b u b b le s .  When th e  f l u i d i z e d  p a r t i c l e s  a c t  a s  

c a t a l y s t  f o r  t h e  ch e m ic a l  r e a c t i o n s ,  th e  m ix in g  betw een  th e  

b u b b le s  and th e  p a r t i c u l a t e  p h ase  i s  im p o r ta n t .  In  th e  

a b se n c e  o f  such  m ix in g ,  th e  g as  i n  t h e  b u b b le s  would by ­

p a s s  th e  c a t a l y s t  e n t i r e l y .  I t  i s  a l s o  o b s e rv e d  t h a t  

such  sy s tem s e x h i b i t  p ro nounced  random f l u c t u a t i o n s  i n  

t h e i r  m ix in g  p r o p e r t i e s  due t o  th e  random ness o f  th e  b u b b le  

m o tio n .  T hus , th e  f l u i d i z e d  bed r e a c t o r  i s  a good c a n d id a t e  

f o r  s t o c h a s t i c  m o d e lin g .

V a r io u s  s t e a d y  s t a t e  m odels  o f  f l u i d i z e d  beds  have been 

p ro p o se d  [2 ,  26 , 2 7 ] ,  b a se d  on th e  tw o -p h ase  p i c t u r e  o f  

such sy s te m s .  Common t o  th e s e  m odels  i s  t h e  a s s u m p tio n ,  

b a se d  on o b s e r v a t i o n ,  t h a t  t h e  p a r t i c u l a t e  p h ase  behaves  

a s  an in c o m p re s s ib le  f l u i d  whose volume i s  th e  same a s  t h a t  

o f  th e  bed a t  I n c i p i e n t  f l u i d i z a t i o n ,  and t h a t  th e  amount 

o f  gas  p a s s in g  th ro u g h  th e  bed i n  th e  form  o f  b u b b le s  i s  

j u s t  th e  e x c e s s  o f  th e  t o t a l  g a s  f low  o v e r  t h a t  a t  i n c i p i e n t
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f l u l d l z a t i o n .  The m ode ls  d i f f e r  In  t h e  assum ed m ix in g

b e tw een  and  w i t h i n  t h e  p h a s e s .  F o r  t h e  p u r p o s e s  o f  t h i s

s tu d y ,  t h e  s i m p l i f i e d  m odel shown i n  F ig u r e  39 w i l l  be

assu m ed . I n  t h i s  m odel t h e  p a r t i c u l a t e  p h a se  i s  assum ed

t o  be we11-m ix e d .  The q u a n t i t y  V2 l a  th e  i n t e r s t i t i a l

volum e o f  t h i s  p h a s e .  The t o t a l  f lo w  r a t e ,  w, i s  c o n s t a n t

w i t h  t im e ,  a s  i s  t h e  f r a c t i o n  o f  t h e  t o t a l  f lo w  w h ich

t r a v e l s  i n  t h e  form  o f  b u b b le s ,  r .  The b u b b le  p h a s e  i s

assum ed t o  be o f  c o n s t a n t  v o lum e , v ^ ,  and  i s  a l s o  w e l l -

m ixed . The m ix in g  f lo w  r a t e ,  w , i s  assum ed t o  f l u c t u a t em

w i t h  t im e ,  h o w ev e r. I t  may be n o te d  t h a t  w h i le  th e  

a s s u m p t io n  o f  p e r f e c t  m ix in g  i n  t h e  p a r t i c u l a t e  p h a se  

seems r e a s o n a b l e ,  on th e  b a s i s  o f  t h e  o b s e rv e d  u n i f o r m i t y  

o f  t e m p e r a tu r e  i n  such  s y s te m s ,  t h a t  o f  p e r f e c t  m ix in g  

i n  t h e  b u b b le  p h a s e  seems d o u b t f u l .  I n  f a c t  i t  i s  o f t e n  

assum ed t h a t  t h e  b u b b le  p h a se  i s  i n  a  c o n d i t i o n  o f  p lu g  

f lo w .  I t  w i l l  be shown, h o w ev e r ,  t h a t  many p r o p e r t i e s  o f  

t h e  sy s te m  a r e  in d e p e n d e n t  o f  t h i s  a s s u m p t io n ,  so  i t  w i l l  

be made f o r  c o n v e n ie n c e .  The a s s u m p t io n  t h a t  th e  b u b b le  

p h a se  i s  o f  c o n s t a n t  volum e r e s u l t s  from  d e f i n i n g  th e  

b o u n d a r i e s  o f  t h e  r e a c t o r  a p p r o p r i a t e l y .

The equations of change for the system of Figure 39
a r e
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clx '  r w x 0 - L r w - w ^ x ,  -cwlwx l
( IX -1 )

vt * 0 - O w x ,  + vv/m x, “ t  t i -^)w -♦ ww] ^  R^x*)

2  * r* XN -v «r) Xx
( IX - 2)

w here R (x )  i s  th e  r e a c t i o n  r a t e  e x p r e s s i o n .  I t  i s  assum ed 

h e r e  t h a t  o n ly  one r e a c t i o n  o c c u r s  and  t h a t  i t  o c c u r s  

o n ly  i n  th e  p a r t i c u l a t e  p h a s e .  The c o n c e n t r a t i o n s  o f  

r e a c t a n t  i n  th e  b u b b le  p h ase  and th e  p a r t i c u l a t e  p h ase  

a r e  x^ and  ^  r e s p e c t i v e l y .  F o r  t r a c e r  e x p e r im e n ts ,  R (x )  

i s  j u s t  z e r o .  The q u a n t i t y  z  i s  th e  o u t l e t  c o n c e n t r a t i o n .

B. S te a d y  Flow B e h av io r

B efo re  d i s c u s s i n g  th e  e f f e c t s  o f  f l u c t u a t i o n s  i n  W

on th e  sy s te m  b e h a v io r ,  i t  i s  u s e f u l  t o  f i r s t  d e r i v e  some

c o n d i t i o n  th e  m odel i s  j u s t  a n o t h e r  i n  th e  g e n e r a l  c a te g o r y  

p r e v i o u s l y  m e n tio n e d ,  b u t  th e  e f f e c t  o f  f l u c t u a t i o n s  can  

o n ly  be made c l e a r  by co m p ariso n  w i th  t h i s  s t e a d y  b e h a v io r .  

A ls o ,  by a n a ly z i n g  th e  s t e a d y  m odel from  th e  p o i n t  o f  v iew  

d e v e lo p e d  f o r  th e  s t o c h a s t i c  m odels  some i n t e r e s t i n g  

r e s u l t s  a r e  d i s c o v e r e d .

m

p r o p e r t i e s  o f  t h e  sy s tem  w i th  c o n s t a n t  w^. Under t h i s



B ecause  t h e  r e a c t i o n  t a k e s  p l a c e ,  I n  t h e  m o d e l ,  o n ly  

i n  t a n k  2 , t h e  r e s i d e n c e  t im e  d i s t r i b u t i o n  o f  t h e  s y s te m  

i s  o f  m in o r  I m p o r ta n c e  com pared  t o  t h e  c o n t a c t  t im e  d i s ­

t r i b u t i o n  o f  g a s  p a r t i c l e s  w i t h  t h e  p a r t i c u l a t e  p h a s e .

In d e e d  i t  was f o r  t h e  p u rp o s e  o f  a n a l y z i n g  t h e  f l u i d i z e d  

b ed  m odel t h a t  t h i s  c o n c e p t  w as i n t r o d u c e d  i n  s e c t i o n  I I I - D .  

One o f  t h e  d i f f i c u l t i e s  w i t h  u s i n g  t r a c e r  e x p e r i m e n t s  

t o  s t u d y  t h e  p r o p e r t i e s  o f  su c h  s y s te m s  i s  t h e  f a c t  t h a t  

a n  e x p e r im e n t  p e r fo rm e d  w i t h  a  t r a c e r  t h a t  d o e s  n o t  i n t e r ­

a c t  w i t h  t h e  s o l i d  p a r t i c l e s  c a n  f u r n i s h  i n f o r m a t i o n  o n ly  

a b o u t  t h e  r e s i d e n c e  t im e  d i s t r i b u t i o n .  I t  i s  t h e r e f o r e  

i n t e r e s t i n g  t o  com pare  t h e  two d i s t r i b u t i o n s .

The r e s i d e n c e  t im e  d i s t r i b u t i o n  i s  o b t a i n e d  by s o l v i n g  

e q u a t i o n s  ( IX -1 )  w i t h  i n l e t  c o n c e n t r a t i o n ,  x Q( t ) ,  g iv e n  by

* « ( t )  -  S ( t )  ( I X - 3)

and  w i t h  x^ an d  i n i t i a l l y  z e r o .  The o u t l e t  c o n c e n t r a ­

t i o n  £  w i l l  t h e n  be t h e  r e s i d e n c e  t im e  d e n s i t y  f u n c t i o n .  

T h is  i s  fo u n d  t o  be
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w h e re  a n d  b 2 a r e  t h e  tw o  r o o t s  o f

^  ' ' i  V"i v v
( I X - 5 )

The c o r r e s p o n d i n g  d i s t r i b u t i o n  f u n c t i o n ,  F ( t ) ,  i s  j u s t

t h e  i n t e g r a l  o f  e q u a t i o n  ( I X - 4 ) .  T h i s  i s  p l o t t e d  i n

F i g u r e  4 0  f o r  t y p i c a l  v a l u e s  o f  t h e  p a r a m e t e r s .  The

v a l u e  o f  r « 0 . 9  c o r r e s p o n d s  t o  a  r a t i o  ~  o f  1 0 ,  w h e re
'-'e

U i s  t h e  s u p e r f i c i a l  g a s  v e l o c i t y  a t  I n c i p i e n t  f l u i d i z a -  o
t i o n ,  a n d  U i s  t h e  s u p e r f i c i a l  g a s  v e l o c i t y  a t  t h e  s y s t e m

c o n d i t i o n s .  The r a t i o  o f  t h e  tw o v o lu m e s  c o r r e s p o n d s  t o

a  p o r o s i t y  o f  0 . 5  i n  t h e  p a r t i c u l a t e  p h a s e ,  a n d  r a t i o  o f
u

b e d  h e i g h t  t o  b e d  h e i g h t  a t  i n c i p i e n t  f l u i d i z a t i o n ,  —  ,
H «

o f  2 .  T h e s e  v a l u e s  a r e  t h o u g h t  t o  b e  t y p i c a l  o f  c o m m e r c ia l

f l u i d i z e d  b e d s .  The v a l u e s  v ^ - H ^ ^ w - l  a r e  c h o s e n  by  a s s u m in g

a p p r o p r i a t e  s c a l e  f a c t o r s .  U n d e r  t h e s e  c o n d i t i o n s  t h e  

m ean r e s i d e n c e  t im e  i s  e q u a l  t o  o n e .

The t h r e e  c u r v e s  shown a r e  f o r  t h r e e  v a l u e s  o f  t h e

m i x i n g  f lo w  r a t e ,  w , c o v e r i n g  t h e  r a n g e  f ro m  z e r o  t oID

i n f i n i t y .  I t  i s  s e e n  t h a t  t h e  r e s i d e n c e  t im e  d i s t r i b u t i o n

i s  o n l y  s l i g h t l y  a f f e c t e d  b y  c h a n g e s  i n  Wffl.

The c o n t a c t  t im e  d e n s i t y  f u n c t i o n ,  f  ( 6 ) ,  i s  c a l c u -
c

lated from equations corresponding to (111-29) and (111-30),
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which become, In  t h i s  c a s e ,

f«.C«)= + t T T / g..(e) (ix-6)

and

0= r5(e)- C + ^]g ,(» ) t ^  gxce)
(IX -7)

^ ( • )  = ( l . r )6 ( e )  + ^ q , C 9 j - L i ^ + ^ ] g l t e)

w i th  g2(0 )« 0 . The s o lu t i o n  to  th e s e  e q u a t io n s  I s

fc(8) *  r k 6(e) + £ (i -  y-S e '  v  9
( IX -8 )

where r L i s  g iv en  by
D

r  *  rX W-----
* r w  -v Ww (IX -9 )

The q u a n t i t y  r  above i s  j u s t  th e  f r a c t i o n  o f  gas which 
b

b y p asses  th e  p a r t i c u l a t e  phase e n t i r e l y ,  and th u s  has  a

ze ro  c o n ta c t  t im e . When w - 0 ,  i t  i s  seen  t h a t  r , « r ,m d

meaning t h a t  when th e r e  i s  no m ix ing  between th e  p h a se s ,  

a l l  th e  gas t h a t  p a s s e s  th ro u g h  th e  system  in  th e  form o f  

b ubb les  by p asses  th e  p a r t i c u l a t e  phase c o m p le te ly .  The 

c o rre sp o n d in g  d i s t r i b u t i o n  f u n c t io n ,  Fc ( t ) ,  which i s  j u s t  

th e  i n t e g r a l  o f  ( IX -8 ) ,  i s  p l o t t e d  i n  F ig u re  41 f o r  th e  

same system  as  was used i n  F ig u re  40 . For th e s e  v a lu e s ,



D
IS

TR
IB

U
TI

O
N

 
FU

N
C

T
IO

N
; 

F 
<

t) OB

0.0
0.1
02
0 .5
1.0
2.0
5 .0
Oo

0 6

Figure 41. COMTACT TIMS OI8TRIBDTZOH OF
FUJXDXZBD-BBD MODEL

0.4

0.2

3 .02 .52.01.5

CONTACT T IM E .t
0 .5

182



183

th e  mean c o n t a c t  t im e ,  \  / w  , I s  e q u a l  t o  0 .3 3 3 .  Com­

p a r i s o n  o f  F ig u re  40 and 41 shows q u i t e  c l e a r l y  t h a t  w h ile  

th e  m ix in g  r a t e ,  w^, has  o n ly  a s l i g h t  e f f e c t  on th e  

r e s id e n c e  tim e  d i s t r i b u t i o n ,  i t  has  a p ronounced  e f f e c t  

on th e  c o n t a c t  t im e d i s t r i b u t i o n .

The c o n t a c t  tim e  d i s t r i b u t i o n  o f  t h i s  system  i s  

c l o s e l y  r e l a t e d  t o  i t s  r e a c t i o n  b e h a v io r .  Thus th e  con ­

v e r s i o n  f o r  a s i n g l e  f i r s t  o r d e r  r e a c t i o n  i s  j u s t  th e  

L ap la ce  t r a n s f o r m  o f  f c ( © ). The c o n v e rs io n  and s e l e c t i v i t y  

o f  complex f i r s t  o r d e r  sy s tem s a r e  a l s o  d e te rm in e d  by 

t h i s  f u n c t io n .  F i n a l l y ,  f o r  many r e a c t i o n s ,  th e  method o f  

Z w ie te r in g  [7 ]  can  be used  to  f i n d  bounds on c o n v e rs io n

on th e  b a s i s  o f  f  ( 0 ) .  S in ce  such l a r g e  d i f f e r e n c e s  i nc

f c ( 0 ) »  shown i n  F ig u re  41 , a r e  c o n s i s t a n t  w i th  such 

s l i g h t  d i f f e r e n c e s  i n  f ( t ) ,  th e  r e s id e n c e  tim e d i s t r i b u ­

t i o n ,  i t  must be c o n c lu d ed  t h a t  m easurem ents o f  f ( t ) ,  t h a t  

i s  t r a c e r  e x p e r im e n ts  perfo rm ed  w i th  n o n - i n t e r a c t i n g  

t r a c e r ,  where th e  t r a c e r  i s  In t ro d u c e d  i n  th e  i n l e t  and 

i s  m easured  i n  th e  o u t l e t  s t r e a m , p ro v id e  a v e ry  poor 

b a s i s  on w hich  to  c o n s t r u c t  a model o f  th e  s y s te m 's  

r e a c t o r  p e r fo rm a n ce .

The s te a d y  c o n v e rs io n  f o r  a f i r s t  o r d e r  r e a c t i o n  

c a t a l y z e d  by th e  s o l i d  p a r t i c l e s  can be c a l c u l a t e d  from
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e q u a t io n s  ( IX -1 )  by s e t t i n g  t h e  t im e  d e r i v a t i v e s  e q u a l  to  

z e ro  and R ( x ) -k x ,  o r  by t a k i n g  th e  L a p la c e  t r a n s f o r m  o f  

f c ( 0 ) .  The r e s u l t i n g  f r a c t i o n  o f  u n c o n v e r te d  r e a c t a n t  

i s  th e n  g iv e n  by

3 .  „  r  +  t -  ____
• b i -  yk + k. s> (ix-io)

Vv

I t  i s  i n t e r e s t i n g  t o  n o te  t h a t  t h i s  e x p r e s s i o n  i s  i d e n t i c a l  

t o  t h a t  d e r iv e d  by D avidson  and H a r r i s o n  [ 26 ] by assum ing  

p lu g  f lo w  i n  th e  b u b b le  p h ase  and co m p le te  m ix in g  i n  th e  

p a r t i c u l a t e  p h a s e .  O nly th e  e x p r e s s io n  f o r  r ^ ,  th e  b y p ass  

f r a c t i o n ,  i n  te rm s  o f  th e  sy s tem  p a r a m e te r s  i s  d i f f e r e n t ,  

b e in g  g iv e n  i n  t h e i r  work by

( I X - l l )

w here N i s  th e  number o f  t r a n s f e r  u n i t s .  I n  f a c t ,  a s  lo n g  

a s  th e  f lo w s  a r e  s t e a d y ,  i t  can  be shown t h a t  th e  c o n t a c t  

t im e  d i s t r i b u t i o n  f o r  th e  w e l l -m ix e d  p a r t i c u l a t e  p h a se  i s  

g iv e n  by e q u a t io n  ( IX -8 )  r e g a r d l e s s  o f  t h e  n a t u r e  o f  th e  

m ix in g  p r o c e s s e s  i n  th e  b u b b le  p h a s e .  T h is  i s  seen  by 

n o t i n g  t h a t  w henever th e  s e t  o f  s t a t e s  A c o n s i s t s  o f  o n ly  

a s i n g l e  s t a t e ,  t h e  sy s tem  o f  e q u a t io n s  ( I I I - 30) r e d u c e s  

t o  a  s i n g l e  l i n e a r  d i f f e r e n t i a l  e q u a t i o n .  I t s  s o l u t i o n  

m ust th e n  be o f  th e  form

b ^K W  » rb 6(0) a  e  (ix-12)
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w here  a and  b a r e  c o n s t a n t s .  I t  i s  known, h o w ev e r ,  t h a t

t h e  i n t e g r a l  o f  f  ( 8 ) i s  o n e ,  and  t h a t  t h e  mean c o n t a c tc

t im e  i s  . T h ese  two c o n d i t i o n s  d e te r m in e  a and  b .

T h is  f a c t  p o i n t s  up a n o t h e r  d i f f i c u l t y  i n  u s in g  

t r a c e r  e x p e r im e n ts  f o r  s tu d y i n g  su c h  s y s te m s ,  n am e ly , 

t h a t  w h i le  t h e  r e a c t o r  p e r fo rm a n c e  i s  r e l a t i v e l y  i n s e n s i ­

t i v e  t o  t h e  n a t u r e  o f  t h e  m ix in g  i n  t h e  b u b b le  p h a s e ,  t h e  

r e s ld e n c e ~ t im e  d i s t r i b u t i o n  i s  j u s t  a s  s e n s i t i v e  t o  t h e s e  

m ix in g  p r o c e s s e s  a s  t o  th o s e  o c c u r r i n g  w i t h i n  t h e  p a r t i ­

c u l a t e  p h a se  an d  b e tw een  th e  two p h a s e s ,  so  t h a t  d i f f e r e n t  

a s s u m p t io n s  a b o u t  t h e  m ix in g  i n  t h e  b u b b le  p h a s e  w ould 

a l lo w  v e r y  d i f f e r e n t  c o n c l u s i o n s  a b o u t  t h e  p a r t i c u l a t e  

p h a s e  and th e  i n t e r p h a s e  m ix in g ,  b a s e d  on su c h  e x p e r i ­

m e n ts .  On t h e  o t h e r  h a n d ,  f o r  p u r p o s e s  o f  s t u d y i n g  th e  

r e a c t i o n  b e h a v io r  o f  such  m o d e ls ,  t h e  a s s u m p t io n  u se d  h e r e ,  

t h a t  t h e  b u b b le  p h a s e  i s  w e l l - m ix e d ,  i s  s e e n  t o  be o f  m in o r  

i m p o r t a n c e .

The u n c o n v e r te d  f r a c t i o n  g iv e n  by e q u a t i o n  ( I X - 10)

i s  p l o t t e d  i n  F ig u re  4 2 .  I t  i s  s e e n  t h e r e  t h a t  th e  m ix in g

r a t e ,  w^, h a s  a  v e r y  l a r g e  e f f e c t  on f i r s t  o r d e r  c o n v e r s io n ,

s u b s t a n t i a t i n g  t h e  c o n c l u s i o n  a b o u t  t h e  im p o r ta n c e  o f  t h i s

p a r a m e te r .  At e a c h  v a lu e  o f  w th e  u n c o n v e r te d  f r a c t i o nm

a p p ro a c h e s  a n  a s y m p to t i c  v a lu e  a s  k ,  t h e  r a t e  c o n s t a n t ,
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goes t o  i n f i n i t y .  T h is  v a lu e  i s  j u s t  r ^ ,  th e  b y p ass  

f r a c t i o n .

A n o th e r  p o i n t  t h a t  em erges i n  t h a t  e q u a t io n  ( IX -8 )  

f o r  th e  c o n t a c t  t im e  d i s t r i b u t i o n  c o n t a i n s  o n ly  one un ­

known p a r a m e te r } r ^ .  I n  g e n e r a l ,  w and  w i l l  be known 

i n  a d v a n c e .  T hus , i f  one i s  w i l l i n g  t o  assum e t h a t  th e  

p a r t i c u l a t e  p h ase  i s  w e l l  mixed and t h a t  th e  f l u c t u a t i o n s  

i n  th e  r a t e  o f  exchange  be tw een  th e  two p h a s e s  i s  unim­

p o r t a n t ,  a  d e t e r m i n a t i o n  o f  s i n g l e  q u a n t i t y  r ^  can  be u sed  

to  e s t i m a t e  t h e  c o n t a c t  t im e  d i s t r i b u t i o n .  T h is  q u a n t i t y  

can  be m easu red  by c a r r y i n g  o u t  a f a s t  r e a c t i o n  i n  th e  

sy s tem  o r  by u s in g  a t r a c e r  t h a t  i s  c o m p le te ly  a b s o rb e d  

on th e  s o l i d  p a r t i c l e s .

C. B e h av io r  w i th  F l u c t u a t i n g  Flow

I t  w i l l  now be assum ed t h a t  t h e  m ix in g  f lo w ,  w^, 

f l u c t u a t e s  by s w i t c h in g  be tw een  two v a l u e s ,  w ^  and  wm2 » 

i n  th e  same way a s  i n  p r e v io u s  s e c t i o n s .  Under th e s e  

c o n d i t i o n s ,  th e  e q u a t io n s  f o r  th e  c o n t a c t  t im e  d i s t r i b u t i o n ,  

( I I I - 2 9 )  and ( I I I - 3 0 ) ,  become

f c W -

and
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o *  r 6 C 8 ) -  ^  + A, ]  g„(»)  -  Ax g l l t») - » ^. ^( e)

o -  i-4t9) * A , g „ ( » ) -  [  ^  * ^ 3 g X| ( e ) T ^ 9 n l » )

l . - V K * ) '  ^  g„t») -  [  * = $ *  ♦ ^ ’ - A j g . ^ e )  * A , g u W  

i i s tw. c .-*■>*(•)‘ ^  9 „ (»  * A.g^i#)- *v]9«W
(IX -14 )

w ith  g ^ 2 ( ^ ) - g 2 2 (0 ) “ 0. To f in d  th e  r e s id e n c e  tim e d i s t r i ­

b u t io n  th e  z e ro s  on th e  l e f t  o f  th e  f i r s t  two e q u a t io n s  

o f  ( IX -14 ) a r e  r e p la c e d  by »  and r e s p e c t i v e l y .

I t  i s  found a g a in  t h a t  f c (®) c o n ta in s  an atom o f  p ro b a ­

b i l i t y  a t  ze ro  c o n ta c t  t im e w hich  i s  th e  bypass  f r a c t i o n  

o f  th e  sy s tem . For th e  f l u c t u a t i n g  c a s e ,  t h i s  f r a c t i o n  i s  

g iv e n  by

________________ P ,  ________________________

( r w * * 0 [ r w *  wm -*

(IX -15 )

where £, -  wm̂ “wm2 an<* i s  th e  mean m ix ing  f lo w .

Comparison o f  (IX -15) w i th  ( IX -9 )  shows t h a t  th e  bypass



f r a c t i o n  w i th  f l u c t u a t i o n s  i s  a lw ays g r e a t e r  th a n  t h a t  w i th ­

o u t  f o r  th e  same mean m ix in g  r a t e ,  and t h a t  a t  h ig h  s w i tc h in g  

r a t e s  ( A,-* A,. “► oo ) th e  two become e q u a l .  To i l l u s t r a t e  

th e  e f f e c t  o f  f l u c t u a t i o n s  on r^> t h i s  q u a n t i t y  i s  p l o t t e d  

f o r  some v a lu e s  o f  th e  p a ra m e te r s  i n  F ig u re s  43 and 44 . In  

F ig u re  43 , th e  q u a n t i t y  -£r h as  been g iv e n  i t s  maximum 

a l lo w a b le  v a l u e .  In  g e n e r a l ,  t o  keep  t h e %flow  r a t e s  p o s i t i v e ,

-  J r -  *  - f c  * -ir  ( IX -1 6 )P. w» R
I n  th e  c a se  shown, P^“ P2“ ^» 80 ^  ^a s  been ta k e n  a s  2 . I t

i s  s e e n  t h a t  c u rv e s  o f  r ,  v s .  w a p p e a r  to  ap p ro ach  asymp-
d m

C
t o t e s .  I n s p e c t io n  o f  e q u a t io n  (IX -15) shows t h a t ,  i f  

i s  h e ld  c o n s t a n t ,

U m  { r . ]  -
f*. a  ta »00

r [  ' + P»)3 . c t
v ♦ p . -  I*V *0

i  “ K *  i

( IX -1 7 )

Thus, th e  f a c t  t h a t  th e  c u rv e s  i n  F ig u re  43 ap p ro ach  asym- 

t o t i c  v a lu e s  depends on th e  f a c t  t h a t  com ple te  c u t o f f  o c c u rs  

i n  one o f  th e  f low  s t a t e s .  O th e rw ise  r ^  would ap p ro ach  ze ro , 

When com ple te  c u t o f f  does n o t  o c c u r ,  i t  i s  seen  from
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e q u a t i o n  ( IX -1 5 )  t h a t  t h e  r a t i o  o f  t o  t h e  v a lu e  o f  

w i t h  s t e a d y  f lo w ,  a s  g iv e n  by e q u a t i o n  ( I X - 9 ) ,  becomes 

c o n s t a n t  u n d e r  t h e  above  c o n d i t i o n s .  Thus

A _ ,  f  m r w .  W „) } _   ' —

wm~*oo \  r ' w  J t +

( I X - 18)

One n o t e s  t h a t ,  a c c o r d i n g  t o  ( I X - 1 8 ) ,  t h e  b y p a s s  f r a c t i o n  

a p p r o a c h e s  an  a s y m p to te  t h a t  I s  In d e p e n d e n t  o f  s w i t c h in g  

r a t e .  I n  F ig u r e  4 4 ,  -* r  h a s  b een  t a k e n  a s  1 . 8 ,  w i t h  th e
WM

r e s t  o f  t h e  p a r a m e te r s  t h e  same a s  t h o s e  i n  F ig u r e  4 3 .

A gain  t h e  e f f e c t  o f  t h e  f l u c t u a t i o n s  on  r ^  i s  a p p r e c i a b l e .

F o r  s m a l l e r  v a l u e s  o f  lr- , t h e  e f f e c t  o f  f l u c t u a t i o n s

on r ,  i s  much s m a l l e r .  T h u s , I f  *=■ 10%, t h e  r a t i ob

g iv e n  by ( IX -1 8 )  w i l l  be ^  1%.

From th e  d i s c u s s i o n  i n  t h e  p r e v i o u s  s e c t i o n  a b o u t  th e  

b e h a v io r  o f  t h e  sy s te m  w i th  s t e a d y  f lo w ,  i t  I s  c l e a r  t h a t  

c h a n g e s  i n  r ^  have  a l a r g e  e f f e c t  on t h e  r e a c t o r  p e r f o r ­

m ance. T h u s , t h e  f l u c t u a t i o n s  w i l l  have  an e f f e c t  on th e  

r e a c t o r  p e r fo rm a n c e  by c h a n g in g  r ^ .  H ow ever, when a m odel 

i s  s e t  up f o r  a  p a r t i c u l a r  u n i t ,  t h e  p a r a m e te r  r .  w i l l  be
D

f i x e d  by e x p e r i m e n ta l  m eans , s i n c e  i t  i s  so  i m p o r t a n t .

One w ould  th e n  be i n t e r e s t e d  i n  how t h e  f l u c t u a t i o n s  w ould

a f f e c t  r e a c t o r  p e r fo rm a n c e  once  r .  i s  f i x e d .b
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F ig u re s  45 and 46 i l l u s t r a t e  th e  e f f e c t  o f  f l u c t u a ­

t i o n s  on th e  c o n t a c t  tim e d i s t r i b u t i o n  once r .  i s  f i x e d .D

The d i s t r i b u t i o n  h a s  been p l o t t e d  i n  th e  form o f  hc ( 0 ) ,  

th e  c o n t a c t  t im e i n t e n s i t y  f u n c t i o n ,  where

w
ek '  “  1 -  (IX -19 )

In  F ig u re  45 th e  p a ra m e te r s  were ch o sen  to  keep  r ^ ~ 0 .5 ,  

w h i le  in  F ig u re  46 , r ^ » .0 5 .  I n  b o th  c a s e s  £ / w w was 

g iv e n  i t s  maximum v a lu e .  I t  i s  s e e n  t h a t  f o r  r ^ - 0 . 5  

th e  e f f e c t  o f  f l u c t u a t i o n s  on th e  c o n t a c t  t im e d i s t r i b u ­

t i o n  i s  l a r g e r  th a n  f o r  r ^ - . 0 5 .  In  b o th  c a s e s ,  th e  e f f e c t  

i s  to  d e c re a s e  th e  v a lu e  o f  h ( 0 )  f o r  l a r g e  6 , w hich  means 

t h a t  w i th in  th e  p a r t i c u l a t e  phase  i t s e l f  t h e r e  i s  a b y p a s s in g  

due to  th e  b u b b le s .  I t  i s  i n t e r e s t i n g  to  n o te  t h a t  th e  

e f f e c t  o f  f l u c t u a t i o n s  on th e  f l u i d  bed model c o n t a c t  

tim e  d i s t r i b u t i o n  i s  v e ry  s i m i l a r  to  th e  e f f e c t  o f  f l u c t u a ­

t i o n s  on th e  s i n g l e  ta n k  model r e s id e n c e ,  tim e  d i s t r i b u t i o n .

The b e h a v io r  o f  th e  f l u c t u a t i n g  system  w i th  f i r s t  

o r d e r  r e a c t i o n  i s  a n a ly z e d  i n  te rm s  o f  f i r s t  and  second  

moments by a p p ly in g  e q u a t io n s  (V-10) and (V-20) to  th e  

f l u i d  bed m odel. Thus th e  f i r s t  moments, , a r e  found

to satisfy
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Figur* 45. EFFECT OF FUUCTUATIHQ FLOW ON CONTACT
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Figur* 46. BFFBCY OF FLUCTUATING FLOW ON CONTACTTIME DISTRIBUTION (rb - 0.05)
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rw  . w ,

Wwi
- 3 ? m . i  *

■a r w  
P l - ^

Wh i • J T *  m  m
V, m M. B  * *  P i  v;

]  « V  X ,!*!^* p ,

* * * » » ] ■ » «

(IX -20 )

Then th e  e x p e c te d  o u t l e t  c o n c e n t r a t i o n ,  < , i s  g iv e n  by

<m> « f  w „) -► U -i-Hm ,,,* * 0  (IX-21)

The second  moments, » s a t i s f y

- 2 SfcS#l= 1 T ' »  

- M» * t * I *$ ♦ ** * «0*M a»* “ * sllt * 2

•»1

.  »  E* Wl ■+ M^ui. V, ^ vv rn%,
(IX-22)



(IX-22)
The m e an -sq u a re  o u t l e t  c o n c e n t r a t i o n ,  ^ l 1)  , i s  th e n

g iv e n  by

< z > > *  r ' ( s wl+ S.,,) +

+ S^ .a)
(IX -2 3 )

The mean o u t l e t  c o n c e n t r a t i o n  and th e  c o e f f i c i e n t  o f  

v a r i a t i o n ,  Y  ■ O'jfJL » c a l c u l a t e d  from  ( I X - 2 0 ) - ( I X -2 3 )  

a r e  shown i n  F ig u re  47 f o r  th e  same p a ra m e te r  v a l u e s  

a s  u sed  i n  F ig u re  4 6 . I t  i s  s e e n  t h a t  th e  f l u c t u a t i o n s  

have t h e  e f f e c t  o f  d e c r e a s i n g  mean c o n v e r s io n ,  and t h a t  

th e  c o e f f i c i e n t  o f  v a r i a t i o n  o f  th e  o u tp u t  can  be q u i t e  

l a r g e ,  e s p e c i a l l y  f o r  h ig h  r e a c t i o n  r a t e s .  S in c e  th e  

d e t e r m i n a t i o n  o f  th e  mean b y p ass  i n v o lv e s  an e x p e r im e n t  

w i th  h ig h  r e a c t i o n  r a t e s  ( k - * o o ) ,  w h a te v e r  f l u c t u a t i o n s  

t h e r e  a r e  would  make th e m s e lv e s  q u i t e  n o t i c e a b l e  i n  th e  

c o u r s e  o f  t h i s  e x p e r im e n t .
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X. C o n c lu s io n s

In  s tu d y in g  th e  m a th e m a t ic a l  s t r u c t u r e  o f  th e  most 

g e n e r a l  s t o c h a s t i c  m ix in g  m odel, w i th  th e  number and a r ra n g e *  

ment o f  th e  ta n k s  l e f t  u n s p e c i f i e d ,  I t  was found  t h a t  th e  

e x p e c te d  re s p o n s e  t o  a t r a c e r  In p u t  can  be r e l a t e d  to  th e  

d i s t r i b u t i o n  o f  p a s sa g e  t im e s  f o r  c e r t a i n  random w a lk s ,  

even  when th e  I n l e t  and o u t l e t  f low  r a t e s  f l u c t u a t e .

Under th e  l a t t e r  c o n d i t i o n ,  how ever, th e  s i t u a t i o n  I s  more 

c o m p lic a te d  th a n  when th e  I n l e t  and o u t l e t  f lo w s  a r e  

c o n s t a n t .  An e s t im a te  o f  th e  t r u e  r e s id e n c e  tim e  d i s t r i ­

b u t io n ,  t h a t  o f  th e  w hole p o p u la t io n  o f  p a r t i c l e s  t h a t  

p a s s e s  th ro u g h  th e  sy s tem , r e q u i r e s  m easurem ent o f  th e  

mean t r a c e r  f low  r a t e  r e s p o n s e  to  an  Im pulse  o r  a s t e p  In  

t r a c e r  c o n c e n t r a t i o n .  O th e r  m ethods o f  c a r r y i n g  o u t  th e  

e x p e r im e n t r e s u l t  I n  b ia s e d  e s t i m a t e s  o f  t h i s  d i s t r i b u ­

t i o n .  Some o f  th e s e  can  be I n t e r p r e t e d  In  te rm s  o f  th e  

r e s id e n c e  tim e d i s t r i b u t i o n  f o r  p a r t i c l e s  chosen  In  c e r ­

t a i n  ways from th e  t o t a l  p o p u la t io n ,  how ever. Thus, th e  

mean f low  r a t e  r e s p o n s e  t o  an  Im pulse  o r  s t e p  I n  f low  

r a t e  g iv e s  th e  r e s id e n c e  tim e  d i s t r i b u t i o n  f o r  p a r t i c l e s  

chosen  a t  random tim e s  i n  th e  i n l e t  s t r e a m  o f  th e  sy s tem , 

and th e  mean c o n c e n t r a t i o n  re s p o n s e  t o  an im p u lse  o r  s t e p  

i n  c o n c e n t r a t i o n  g iv e s  th e  r e s id e n c e  tim e  d i s t r i b u t i o n
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f o r  p a r t i c l e s  chosen  a t  random t im e s  i n  th e  o u t l e t  s tre a m  

o f  th e  sy s tem . Only th e  t r u e  r e s id e n c e  tim e  d i s t r i b u t i o n  

h a s  a mean v a lu e  e q u a l  t o  th e  t o t a l  system  volume d iv id e d  

by th e  mean v o lu m e t r ic  th ro u g h p u t ,  however.

The r e l a t i o n s h i p  betw een t r a c e r  r e s p o n s e  e x p e r im e n ts  

and f i r s t  o r d e r  r e a c t i o n  b e h a v io r  i s  somewhat more s t r a i g h t *  

fo rw a rd .  When r e a c t a n t  i s  fe d  a t  c o n s ta n t  c o n c e n t r a t i o n ,  

th e  e x p e c te d  o u t l e t  c o n c e n t r a t i o n  and o u t l e t  f low  r a t e  

o f  u n c o n v e r te d  r e a c t a n t  a r e  g iv e n  by th e  L ap lace  t r a n s fo r m s  

o f  th e  mean c o n c e n t r a t i o n  and f low  r a t e  r e s p o n s e ,  r e s p e c t i v e ­

l y ,  t o  an  im pu lse  i n  c o n c e n t r a t i o n .  When r e a c t a n t  i s  

fe d  a t  c o n s ta n t  i n l e t  f low  r a t e ,  th e  c o r re s p o n d in g  r e s p o n s e s  

to  im p u lse s  i n  t r a c e r  f low  r a t e  a r e  u se d .

I f  th e  model i s  to  be a p p l i e d  t o  h e te ro g e n e o u s  sy s tem s , 

th e  p r o p e r ty  o f  a p a r t i c l e ' s random w alk  th ro u g h  th e  

sys tem  t h a t  becomes im p o r ta n t  i s  th e  d i s t r i b u t i o n  o f  i t s  

c o n t a c t  t im e s  w i th  a g iv e n  a r e a  o f  th e  sy s tem . I t  was 

found i n  t h i s  c a se  t h a t  th e  mean c o n t a c t  t im e ,  b ased  on 

th e  e n t i r e  p a r t i c l e  p o p u la t io n ,  i s  j u s t  th e  volume o f  th e  

a c t i v e  p o r t i o n  o f  th e  sy s tem  d iv id e d  by th e  mean v o lu m e tr ic  

th r o u g h p u t .

The d e t a i l e d  c a l c u l a t i o n s  p r e s e n te d  f o r  s p e c i a l  c a s e s  

o f  th e  model c a n n o t ,  o f  c o u r s e ,  be th e  b a s i s  o f  such



f a r - r e a c h i n g ^ g e n e r a l i z a t i o n s .  They do , how ever, e x h i b i t  

many i n t e r e s t i n g  p r o p e r t i e s  and s u g g e s t  th e  k in d  o f  e f f e c t s  

t h a t  s t o c h a s t i c  m odels can  be used  t o  e x p l a i n .  One n o t e s ,  

f o r  exam ple , t h a t  th e  e f f e c t  o f  f l u c t u a t i o n s  on th e  

r e s id e n c e  tim e d i s t r i b u t i o n s  o f  th e  s i n g l e  ta n k  model 

and th e  p a r a l l e l  model and on th e  c o n t a c t  t im e d i s t r i b u ­

t i o n  o f  th e  f l u i d  bed model i s ,  i n  ea c h  c a s e ,  v e ry  s im i ­

l a r  t o  t h a t  o f  b y p a s s in g  o r  s ta g n a n c y .  Such e f f e c t s  

p roduce  a c h a r a c t e r i s t i c  change i n  th e  shape o f  th e  i n t e n ­

s i t y  f u n c t io n  and low er th e  c o n v e rs io n  o f  a f i r s t  o r d e r  

r e a c t i o n .  I t  i s  rem a rk a b le  t h a t  even  a system  w hich  i s  

p e r f e c t l y  m ixed , l i k e  th e  s i n g l e  ta n k  model i s ,  can  e x h i b i t  

b y p a s s in g  and s ta g n a n c y  e f f e c t s  due t o  th e  p re s e n c e  o f  

f l u c t u a t i o n s .  The d a ta  g iv e n  by O r c u t t ,  D av idson , and 

P ig fo rd  [2 8 ] ,  show c l e a r l y  t h a t  th e  c o n t a c t  t im e d i s t r i ­

b u t io n  i n  a f l u i d i z e d  bed e x h i b i t s  th e s e  e f f e c t s .  W hile 

t h i s  may be due to  th e  e x i s t e n c e  o f  r e l a t i v e l y  s ta g n a n t  

r e g io n s  i n  th e  p a r t i c u l a t e  p h a s e ,  th e y  can  a l s o  be a c c o u n t ­

ed f o r  by s t o c h a s t i c  m ix in g . I t  may a l s o  t u r n  o u t  t h a t  

a s im p le  s t o c h a s t i c  model e x h i b i t i n g  th e s e  e f f e c t s  i s  

e a s i e r  to  a n a ly z e  th a n  an a d e q u a te  s te a d y  m odel.

In  th e  s e r i e s  c a s e ,  i t  was found t h a t  th e  above 

e f f e c t  was n e g l i g i b l e .  I n  f a c t  i t  was found t h a t  th e  

p re s e n c e  o f  f l u c t u a t i o n s  p roduced  a v e ry  s l i g h t  i n c r e a s e
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In  f i r s t  o r d e r  c o n v e r s io n .  I n t u i t i v e l y ,  one would s u s p e c t  

t h a t  th e  th r e e - d im e n s io n a l  n a t u r e  o f  t u r b u l e n t  m ix ing  

flo w s would p roduce  e f f e c t s  l i k e  th o s e  o f  m odels w i th  

some p a r a l l e l  f lo w . The v e ry  d i f f e r e n t  b e h a v io r  o f  th e  

s e r i e s  model from th e  p a r a l l e l  model s u g g e s ts  t h a t  th e  

s e r i e s  model would make a p o o r  r e p r e s e n t a t i o n  o f  t u r b u ­

l e n t  m ix ing  p r o c e s s e s .

One I n t e r e s t i n g  r e s u l t  f o r  th e  s i n g l e  ta n k  model 

i s  t h a t  w h ile  f l u c t u a t i o n s  i n  f low  r a t e  w i l l  make c o n v e r ­

s io n  w orse  when r e a c t a n t  i s  f e d  a t  c o n s t a n t  c o n c e n t r a t i o n ,  

th e y  w i l l  make i t  b e t t e r  when r e a c t a n t  i s  f e d  a t  con­

s t a n t  r a t e .  T h is  does n o t  c o n f l i c t  w i th  th e  p r e v io u s  

s t a t e m e n t s  a b o u t  s ta g n a n c y ;  th e  in c r e a s e d  c o n v e rs io n  

r e s u l t s  from an  I n c r e a s e  i n  mean r e s id e n c e  tim e  f o r  p a r ­

t i c l e s  i n j e c t e d  u n i fo rm ly ,  w hich  c o u n t e r a c t s  th e  s ta g n a n c y  

e f f e c t .  I t  i s  c o n c e iv a b le ,  how ever, t h a t  such a r e s u l t  

c o u ld  be o f  v a lu e  i n  r e a c t o r  d e s ig n .

In  a l l  th e  c a s e s  s t u d i e d ,  i t  was found t h a t  i n  th e  

l i m i t  o f  h ig h  s w i tc h in g  r a t e s  th e  mean b e h a v io r  a p p ro a c h ­

ed t h a t  f o r  a s te a d y  f lo w  sy s tem . M oreover, th e  v a r i a n c e s  

o f  th e  ta n k  c o n c e n t r a t i o n s  went to  z e r o ,  e x c e p t  f o r  c e r t a i n  

im pu lse  r e s p o n s e s  t h a t  become more d i f f i c u l t  t o  r e a l i z e  

a s  th e  s w i tc h in g  r a t e  i n c r e a s e s .  F or  any p u ls e  o f  f i n i t e
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d u r a t i o n  th e  v a r i a n c e s  would go t o  z e r o .  Thus, when th e  

tim e s c a l e  o f  th e  f low  f l u c t u a t i o n s  i s  much s m a l l e r  th a n  

th e  r e l a x a t i o n  tim e  o f  th e  sy s tem  i t  i s  u n l i k e l y  t h a t  

any  s t o c h a s t i c  e f f e c t s  w i l l  be Im p o r ta n t .

The c a l c u l a t e d  c o e f f i c i e n t s  o f  v a r i a t i o n  f o r  th e  

v a r io u s  t r a c e r  r e s p o n s e  o f  a  s i n g l e  ta n k  show t h a t  th e  

e x p e r im e n ta l  e s t i m a t i o n  o f  th e  t r u e  r e s id e n c e  tim e  d i s ­

t r i b u t i o n  t o  a  g iv e n  a c c u ra c y  r e q u i r e s  m o r e ^ r e p l i c a t i o n s  

th a n  th e  d e t e r m in a t io n  o f  th e  o t h e r  r e s id e n c e  tim e  d i s ­

t r i b u t i o n s ,  due t o  th e  g r e a t e r  v a r i a b i l i t y  o f  th e  c o r r e s ­

pond ing  t r a c e r  r e s p o n s e .  In  a l l  th e  c a s e s  th e  m agn itude  

o f  th e  c o e f f i c i e n t  o f  v a r i a t i o n  o f  th e  im p u lse  r e s p o n s e  

becomes q u i t e  l a r g e  a f t e r  a t im e ,  so  t h a t  th e  " t a i l "  o f  

t h e  d i s t r i b u t i o n  would be d i f f i c u l t  t o  d e te rm in e  a c c u r a t e l y .

The a u t o c o r r e l a t i o n  f u n c t io n s  c a l c u l a t e d  f o r  th e  

n o n - s t a t i o n a r y  t r a c e r  r e s p o n s e s  show a  s t r o n g  dependence 

on th e  s t a r t i n g  i n s t a n t .  T h is  makes t h e i r  I n t e r p r e t a t i o n  

a lo n g  th e  l i n e s  u sed  f o r  th e  a u t o c o r r e l a t i o n s  o f  s t a t i o n a r y  

p r o c e s s e s  r a t h e r  d i f f i c u l t .  The a u t o c o r r e l a t i o n  f u n c t io n s  

c a l c u l a t e d  f o r  s t a t i o n a r y  o u tp u t s  in  th e  p re s e n c e  o f  

f i r s t - o r d e r  r e a c t i o n s  i n d i c a t e ,  i n  g e n e r a l ,  somewhat 

s h o r t e r  memory t im e s  th a n  do th e  a u t o c o r r e l a t i o n s  o f  th e  

u n d e r ly in g  Harkov p r o c e s s e s .  As th e  r a t e  c o n s ta n t
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becom es l a r g e ,  t h e  f o r m e r  ( a l m o s t  a l w a y s )  a p p r o a c h  t h e  

l a t t e r .  T hus  o u t l e t  f l u c t u a t i o n s  a t  h i g h  r e a c t i o n  r a t e s  

w o u ld  be r a t h e r  s e n s i t i v e  t o  t h e  n a t u r e  o f  t h e  f lo w  f l u c -  

t u a t i o n s .

I n  t h e  c a s e  o f  t h e  f l u i d l z e d  b e d  m o d e l ,  e x p e r i m e n t s  

a t  h i g h  r e a c t i o n  r a t e s  t a k e  on  a d d i t i o n a l  I m p o r ta n c e  due 

t o  t h e  c lo s e -  c o n n e c t i o n  b e tw e e n  t h e  l i m i t i n g  c o n v e r s i o n  

an d  t h e  s t r u c t u r e  o f  t h e  c o n t a c t  t im e  d i s t r i b u t i o n .  U nder 

t h e  a s s u m p t io n  o f  p e r f e c t  m ix in g  i n  t h e  p a r t i c u l a t e  p h a s e  

t h e  l i m i t i n g  c o n v e r s i o n  d e t e r m i n e s  t h e  c o n t a c t  t im e  d i s ­

t r i b u t i o n  c o m p l e t e l y .  On t h e  o t h e r  h a n d ,  I t  w as fo u n d  

t h a t  t h e  i m p o r t a n t  p a r a m e t e r s  o f  t h e  f l u i d - b e d  m ode l 

a f f e c t e d  t h e  r e s i d e n c e  t im e  d i s t r i b u t i o n  o n l y  s l i g h t l y ,  

so  t h a t  e x p e r i m e n t s  d e s i g n e d  t o  m e a s u re  t h i s  p r o p e r t y  

p r o v i d e  a  v e r y  p o o r  m eans o f  c h a r a c t e r i z i n g  s u c h  s y s t e m s .

Some i n t e r e s t i n g  p r o p e r t i e s  came t o  l i g h t  i n  c a l c u ­

l a t i n g  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  c o n c e n t r a t i o n  f o r  

th e  s i n g l e  t a n k  m o d e l .  I t  em erg ed  t h a t  t h e  d i s t r i b u t i o n  

becom es c o n c e n t r a t e d  o v e r  c e r t a i n  s t a b l e  r e g i o n s  o f  t h e  

c o n c e n t r a t i o n  s p a c e .  F o r  r e a c t i o n s  t h a t  g i v e  u n iq u e  

s t e a d y  s o l u t i o n s  u n d e r  c o n s t a n t  f lo w  c o n d i t i o n s ,  a  s i n g l e  

r e g i o n  r e s u l t s .  F o r  r e a c t i o n s  t h a t  g i v e  m u l t i p l e  s t e a d y  

s t a t e s ,  h o w e v e r ,  s e v e r a l  d i s j o i n t  r e g i o n s  c a n  d e v e l o p .
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D i r e c t  c a l c u l a t i o n  showed t h a t  t h i s  o c c u rs  i n  t h e  c a s e  o f  

an  e x o th e rm ic  r e a c t i o n  u n d e r  a d i a b a t i c  c o n d i t i o n s ,  f o r  

exam ple . T hese r e g io n s  m erged i n t o  one i n  c e r t a i n  c a s e s ,  

and th e  r e s u l t i n g  p r o b a b i l i t y  d i s t r i b u t i o n  was v e ry  s e n s i ­

t i v e  t o  ch an g es  i n  th e  r e a c t i o n  p a r a m e te r s  a s  w e l l  a s  to  

ch a n g es  i n  th e  s w i tc h in g  r a t e .  T h is  s i t u a t i o n  was r a t h e r  

u n u s u a l ,  th o u g h , and  i t  was more l i k e l y  t h a t  one o f  th e  

s t a b l e  r e g io n s  w ould  s im p ly  d i s a p p e a r  a s  th e  p a r a m e te r s  

w ere ch an g ed .

The d i s j o i n t  s t a b l e  r e g io n s  t h a t  o c c u r  i n  t h i s  c a se  

a r e  c h a r a c t e r i s t i c  o f  a k in d  o f  i g n i t i o n  phenomenon.

Once th e  sy s tem  a t t a i n s  a s t a t e  i n  one o f  t h e  s t a b l e  r e g io n s  

i t  n e v e r  l e a v e s  th e  r e g i o n .  When t h e s e  r e g io n s  merge i n t o  

on e , th e  r e s u l t  i s  a s p u t t e r i n g  sy s te m  w i th  w id e ly  f l u c ­

t u a t i n g  t e m p e r a tu r e .  When th e  u n i g n i t e d  ( lo w - te m p e ra -  

t u r e )  s t a b l e  r e g io n  d i s a p p e a r s ,  th e  r e s u l t  i s  a  sy s tem  t h a t  

w i l l  a lw ays i g n i t e  e v e n t u a l l y  and s t a y  i g n i t e d .  When 

th e  i g n i t e d  s t a b l e  r e g io n  d i s a p p e a r s ,  th e  r e s u l t  i s  a sy s tem  

w hich  w i l l  e v e n t u a l l y  be e x t i n g u i s h e d  and s t a y  e x t i n g u i s h e d .  

One can  se e  i n  t h i s  work th e  b e g in n in g s  o f  a p r i m i t i v e  

p r o b a b i l i s t i c  co m b u s tio n  s t a b i l i t y  a n a l y s i s .  I t  m ig h t be 

i n t e r e s t i n g  t o  se e  how th e  mean e x t i n c t i o n  t im e  depends on 

th e  v a r i o u s  p a r a m e te r s .
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The c a l c u l a t i o n  o f  th e  com ple te  p r o b a b i l i t y  d i s t r i ­

b u t io n  i s  more d i f f i c u l t  f o r  th e  tw o - ta n k  m odels th a n  f o r  

th e  s in g l e  ta n k  model b ecau se  o f  th e  h ig h e r  d im e n s io n ­

a l i t y  o f  th e  s t a t e  s p a c e .  I t  was p o s s i b l e ,  how ever, to  

f i n d  th e  s t a b l e  r e g io n s  i n  th e  s t a t e  space  by a r e l a t i v e l y  

s im p le  p ro c e d u re .  The r e s u l t s  f o r  f i r s t - o r d e r  r e a c t i o n s  

i n  th e  s e r i e s  and p a r a l l e l  model were shown f o r  I l l u s t r a ­

t i o n ,  b u t th e  method c o u ld  r e a d i l y  be e x te n d e d  to  more 

c o m p lic a te d  ch em ica l k i n e t i c s .  The p a r t i a l  d i f f e r e n t i a l  

e q u a t io n s  d e s c r ib in g  th e  e v o l u t io n  o f  th e  p r o b a b i l i t y  

d e n s i t y  f o r  m odels o f  two o r  more ta n k s  a r e  o f  th e  l i n e a r  

h y p e r b o l ic  ty p e  whose c h a r a c t e r i s t i c s  a r e  s im p ly  th e  s te a d y -  

f low  t r a j e c t o r i e s  o f  th e  sy s tem . F o llo w in g  th e  tim e b e ­

h a v i o r  o f  an  i n i t i a l l y  u n ifo rm  d i s t r i b u t i o n  n u m e r ic a l ly ,  

th ro u g h  th e  m ethod o f  c h a r a c t e r i s t i c s ,  m igh t be a r e a s o n ­

a b le  way to  compute th e  com ple te  p r o b a b i l i t y  d i s t r i b u t i o n s  

i n  such c a s e s .

F i n a l l y ,  i t  sh o u ld  be p o in te d  o u t  t h a t  once a sys tem  

i s  s u c c e s s f u l l y  r e p r e s e n te d  by such  a m odel, q u e s t io n s  o f  

a n a l y t i c a l  d i f f i c u l t y  do n o t  r e a l l y  a r i s e ,  a s  any d e s i r e d  

s t a t i s t i c  can  be c a l c u l a t e d  by a s t r a i g h t  fo rw ard  Monte- 

C a r lo  c o m p u ta t io n .  Thus, th e  p ro p o sed  model s a t i s f i e s  

th e  r e q u i r e m e n ts  o f  w ide a p p l i c a b i l i t y ,  s u f f i c i e n t



a n a l y t i c a l  s t r u c t u r e  to  a l lo w  m e a n in g fu l  c o n c lu s io n s  in  

th e  g e n e r a l  c a s e ,  and s i m p l i c i t y  enough t o  a l lo w  s t r a i g h t ­

fo rw ard  c o m p u ta t io n  o f  p r o p e r t i e s  i n  s p e c i f i c  c a s e s .  The 

m a th e m a tic a l  m ethods f o r  t r e a t i n g  such  m odels have been 

s y s t e m a t i c a l l y  d e v e lo p e d ,  and th e s e  have been used  to  

c a l c u l a t e  b o th  g e n e ra l  p r o p e r t i e s  and th e  p r o p e r t i e s  o f  

some s p e c i f i c  ex am p les .
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N om enclature

A s e t  o f  s t a t e s  co u n ted  tow ard  c o n t a c t  tim e
d i s t r i b u t i o n

c o n s t a n t s

c l »c 2 c o n s t a n t s

f ( t )  r e s id e n c e  tim e  d e n s i t y  f u n c t io n

f ( 9 ) , f c (0 )  c o n t a c t  t im e d e n s i t y  f u n c t io n

f Q( t )  r e s id e n c e  tim e  d e n s i t y  f u n c t io n  f o r  p a r t i c l e s
chosen  a t  random t im e s  i n  th e  o u t l e t

f  ( t )  t r u e  r e s id e n c e  tim e  d e n s i t y  f u n c t io n

f p ( t )  r e s id e n c e  tim e  d e n s i t y  f u n c t io n  f o r  p a r t i c l e s
chosen  a t  random tim e s  i n  th e  i n l e t

f .  (x )  t im e r a t e  o f  change o f  x ,  when flow  s t a t e  i s  ot.
J J

f ^ ( x ) , f 2 (x )  f ° r  th e  s i n g l e  ta n k

F ( t )  r e s id e n c e  tim e  d i s t r i b u t i o n  f u n c t io n

F ( 9 ) ,F c ( e )  c o n t a c t  tim e  d i s t r i b u t i o n  f u n c t io n

FQ( t )  r e s id e n c e  tim e d i s t r i b u t i o n  f o r  p a r t i c l e s
chosen  a t  random tim e s  in  th e  o u t l e t

F ( t )  t r u e  r e s id e n c e  tim e d i s t r i b u t i o n  f u n c t io n

F ^ ( t )  r e s id e n c e  tim e d i s t r i b u t i o n  f u n c t io n  f o r
p a r t i c l e s  chosen  a t  random tim e s  i n  th e  i n l e t

8 (* )  | f 1 (* )P 1 (* ) |  ■ | f 2 ( x ) p 2 (x ) |

g*^(®) L ap la ce  t r a n s f o r m  o f  g ^ (0 )

W * * ® '

h ( t )  e s c a p e  i n t e n s i t y ;  see  ( V I I - 33)
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v «
h0 ( t>

hx( t )

V « 0

k

^11

“ • I

®1 »m2

n

n

N

Pw l ( t )

P ^ C t . e )

pa ( t , e )

pa ( t . * )

P«

P.U)

O
P i

e
P i

i n t e n s i t y  f u n c t io n  f o r  c o n t a c t  t im e d i s t r i ­
b u t io n

i n t e n s i t y  f u n c t io n  f o r  f Q( t )  

i n t e n s i t y  f u n c t io n  f o r  f  ( t )3C

i n t e n s i t y  f u n c t io n  f o r  f ^ ( t )  

f i r s t  o r d e r  r a t e  c o n s ta n t  

se e  (V II -1 0 0 )

w i th  f i r s t  o r d e r  r e a c t i o n

m ^  f o r  s i n g l e  ta n k

number o f  ta n k s  i n  model

r e a c t i o n  o r d e r  ( s e c t i o n  V II)

number o f  t r a n s f e r  u n i t s

p r o b a b i l i t y  o f  f low  s t a t e  ot a t  t im e t

p r o b a b i l i t y  t h a t  th e  p a r t i c l e  i s  i n  ta n k  i  
and th e  f low  s t a t e  i s  ot a t  t im e t

j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  o f  p a r t i c l e  
s t a t e , ( o t , i ) ,  and a c c u m u la te d  c o n t a c t  t im e ,
B , a t  tim e  t

Z  P*,n*i

j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  o f  f low  s t a t e  
and ta n k  c o n c e n t r a t i o n ,  x 2 , . . . ,
a t  t im e  t  n

a s y m p to t ic  s t a t i o n a r y  v a lu e  o f  P ^ ( t )

s t a t i o n a r y  d e n s i t y  f u n c t io n  o f  r e a c t a n t  
c o n c e n t r a t i o n s

i n i t i a l  p r o b a b i l i t y  o f  f lo w  s t a t e  oc(random p a r t i c l e )

p r o b a b i l i t y  o f  f low  s t a t e  ot a t  th e  i n s t a n t  a 
random p a r t i c l e  l e a v e s  th e  sys tem
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p* n+i ( fc) p r o b a b i l i t y  t h a t  a p a r t i c l e  chosen  i n  th e  e x i t  
’ s t re a m  a t  a random tim e  was i n  th e  sy s tem  a

tim e l e s s  th a n  t  and l e f t  when th e  f low  s t a t e  
was ok

P 1 ( x ) , p 2 ( x )  P ^ j O O  f o r  s i n g l e  ta n k  

P1 ( y ) , P 2 (y)  p r o b a b i l i t y  d e n s i t y  f o r  y ;  see  (V II -7 9 )

see  e q u a t io n  (IV -43 ) 

q^»q2 s i n g l e  ta n k

r  c o n s t a n t  ( s e c t i o n  V l l )

r ^  b y p ass  f u n c t io n

r a  „ f r a c t i o n  o f  f low  e n t e r i n g  ta n k  number one when
flow  s t a t e  i s  ( s e c t i o n s  V I I I  and IX)

r ft see  e q u a t io n  (IV -42)

R (x) r e a c t i o n  r a t e

R (x ,T )  r e a c t i o n  r a t e

s c o n s ta n t  ( s e c t i o n  V II)

s0( i j  < V cj>cx"Jx i x j pot( t : ’2:)<*S

8^,82  s ^ ^  f o r  s i n g l e  ta n k

t  tim e

T te m p e ra tu re

Tq i n l e t  te m p e ra tu re

AT* a d i a b a t i c  te m p e ra tu re  r i s e  f o r  com ple te
r e a c t i o n

volume o f  ta n k  i

w

wi j

i n l e t  f low  r a t e  ( - o u t l e t  f low  r a t e )  

f low  r a t e  from  ta n k  i  t o  ta n k  j  ( i ^ j )
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w . . n e g a t i v e  o f  t o t a l  f lo w  r a t e  t o  t a n k  1 ;  s e e
e q u a t i o n  ( I I - 3 )

w m ix in g  f lo w  r a t em
w„ v a l u e  o f  w when f lo w  s t a t e  i s  <xOS

w. v a l u e  o f  w . . when f lo w  s t a t e  i s  <x
i j *  i j

w v a l u e  o f  w when f lo w  s t a t e  i s  o(m « m
Xi mean i n l e t  o r  o u t l e t  f lo w  r a t e

x .  c o n c e n t r a t i o n  o f  t r a c e r  o r  r e a c t a n t  i n  t a n k  1J
x  ( t )  i n l e t  c o n c e n t r a t i o n  o f  t r a c e r  o r  r e a c t a n t

o v 7

x j , x ~  f i n a l  v a l u e s  o f  x ^ ,X 2

c o n c e n t r a t i o n  o f  t r a c e r  o r  r e a c t a n t  i n  t a n k  i

y ( x )  s e e  ( V I I -7 9 )

z o u t l e t  c o n c e n t r a t i o n

z o u t l e t  r e a c t a n t  c o n c e n t r a t i o n  f o r  c o n s t a n tx i n l e t  r e a c t a n t  c o n c e n t r a t i o n

z ( t )  c o n c e n t r a t i o n  r e s p o n s e  t o  an  im p u ls e  i n  t r a c e r
c o n c e n t r a t  io n

z ^  o u t l e t  r e a c t a n t  c o n c e n t r a t i o n  f o r  c o n s t a n t
i n l e t  r e a c t a n t  f lo w  r a t e

z ^ ( t )  c o n c e n t r a t i o n  r e s p o n s e  t o  an  im p u ls e  i n  t r a c e r
f lo w  r a t e

G reek  L e t t e r s

ot f lo w  s t a t e  in d e x

oc d im e n s io n l e s s  a c t i v a t i o n  e n e r g y ;  s e e  e q u a t i o n
( V I I -1 0 1 )

a flow state index
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B b e t a  f u n c t i o n

T  f lo w  s t a t e  In d ex

y  c o e f f i c i e n t  o f  v a r i a t i o n

£ ( ,£ )  D i r a c  d e l t a  f u n c t i o n

K ro n e c k e r  d e l t a  

t Wl-W2

0  mean r e s i d e n c e  t im e

9  d im e n s io n l e s s  h e a t  r e l e a s e ;  s e e  e q u a t i o n  ( V I I -1 0 )

B c o n t a c t  t im e

0C mean c o n t a c t  t im e

Op mean r e s i d e n c e  t im e  f o r  p a r t i c l e s  c h o se n  a t
random  t im e s  i n  th e  i n l e t  s t r e a m  j ; s e e  
e q u a t i o n  (V I I -2 3 )

9

s w i t c h in g  r a t e  

A, A i 2“ “^ l i  f ° r  two f lo w  s t a t e s

At  *21~“^22 ^o r  two ^ ow 8 t a t e s

3  mean s w i t c h in g  r a t e ,  %( A

yu mean

A<ciU) p a r t i a l  f i r s t  moment, * J x i j j ) d  X

L a p la c e  t r a n s f o r m  o f  y U ^ ^ t )

A 1* !  f o r  s i n 8 l e  t a n k

Tr(oL-*p,r) p r o b a b i l i t y  o f  t r a n s i t i o n  from  s t a t e  a  t o
s t a t e  fi i n  t im e  X
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i*) c o n d i t i o n a l  j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  
* o f  p  a n d  y  a t  t im e  t + x ,  g i v e n  t h a t  s t a t e  w as 

(of»x) a t  t im e  t

p t l x )  a u t o c o r r e l a t i o n  f u n c t i o n ;  s e e  e q u a t i o n s  ( I V - 34)
a n d  ( I V - 35)

p ( x )  a u t o c o r r e l a t i o n  f u n c t i o n  f o r  s t a t i o n a r y
p r o c e s s ;  s e e  e q u a t i o n  ( V I I - 8 )

<T s t a n d a r d  d e v i a t i o n

<r/yu c o e f f i c i e n t  o f  v a r i a t i o n

(TV standard deviation of flow rateW

<r*2  s t a n d a r d  d e v i a t i o n  o f  o u t l e t  c o n c e n t r a t i o n

CHy, s t a n d a r d  d e v i a t i o n  o f  o u t l e t  r e a c t a n t  o r  t r a c e r
f lo w  r a t e

X. t im e  i n t e r v a l

i n l e t  r e a c t a n t  o r  t r a c e r  f lo w  r a t e

f t u  ^  r a t e  a t  w h ic h  t r a c e r  o r  r e a c t a n t  i s  f e d  i n t o
t a n k  i  w hen f lo w  s t a t e  i s  ot a t  t im e  t

f o r  s i n g l e  t a n k

TCa I*  0  c h a r a c t e r i s t i c  f u n c t i o n  o f  t h e  s e t  A, - 1
* i f  (ot, i )  c A a n d  - o  i f  (c( , i )  /  A

y  o u t l e t  f lo w  r a t e  o f  t r a c e r  o r  r e a c t a n t

y x o u t l e t  r e a c t a n t  f lo w  r a t e  f o r  c o n s t a n t  i n l e t
r e a c t a n t  c o n c e n t r a t i o n

y'v ( t )  f lo w  r a t e  r e s p o n s e  t o  a n  im p u ls e  i n  t r a c e r
c o n c e n t r a t i o n

Y y  o u t l e t  r e a c t a n t  f lo w  r a t e  f o r  c o n s t a n t  i n l e t
r e a c t a n t  f lo w  r a t e

I tJ  f lo w  r a t e  r e s p o n s e  t o  a n  im p u l s e  i n  t r a c e r
f lo w  r a t e
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