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I. Introduction

In fluid systems serving as chemical reactors, the
mixing processes that take place have pronounced effects
on the reactor performance, Often, these processes in-
volve turbulent motion of the fluid, thus introducing
randomly fluctuating behavior into the system. Various
approaches have been developed to take the mixing pro-
cesses into account when describing reactors analytically
for design, optimization, control, etc. It is often
possible to neglect the detailed structure of the mixing
processes and represent the system by some sort of ideal-
ized model, such as a perfectly mixed tank, a plug flow
reactor, an eddy-diffusion model, or some combination
of these connected together [1]. The formulation of such
models is accomplished through physical reasoning and,
frequently, tracer experiments (see [2], for example.)

When all the flows iIn the reaction system are steady,
certain of these tracer experiments can be interpreted in

terms of the probability distribution of residence times
experienced by individual particles passing through the

system. Thus, in a system with a single inlet and outlet
stream, the residence time density function is obtained

as the concentration response at the outlet to a unit



impulse of tracer at the inlet. Similarly, the residence
time distribution function is the response to a step
input of tracer, assuming, of course, that the flow dis-
tribution 18 unaffected by the presence of tracer, so that
the tracer output is linearly related to the tracer input.
Because it is easily measured and is independent of any
assumed model of the process, the residence time distri-
bution serves as a useful characterization of the mixing
system. The nature of this distribution can be used

to ascertain some of the gross features of the mixing
process [3], and it determines the conversion for passive,
first order reactions. In other cases it is a useful
device for discussing the behavior of the system ( see,
for example, [4,5]). Danckwerts [6] and Zwietering [7]
have developed a method for using the residence time
distribution to find bounds on conversion for a large
class of reactions. (There are many practical cases
where the method fails, however.) Various methods have
been proposed to construct models consistent with a

given residence time distribution, where the models have
some free parameters, to study the types of behavior
possible under the constraint of a fixed residence time

distribution [8, 9, 10]. Thus the probability



distribution of particle residence times can be applied
in various ways to the investigation of reaction behavior.

When the flow patterns in the reactor are not steady,
however, the relationship between the results of tracer
response experiments and the residence time distribution
is not so obvious. In this case the result of a given
tracer experiment is a random process, and only the
statistics of this process are experimentally accessible.
In many systems this randomness in the tracer response
is quite apparent [11], 12}. Also, the reaction behavior
of such a system will be random, and one is therefore
interested in predicting the statistics of the reactor
output. One of the results of this thesis is to extend
the concept of residence time distributions to systems
with randomly fluctuating flows and to see how 1t is
related to the statistics of tracer experiments perform-
ed on such systems and the statistics of the systems'
reactor performance.

Various approaches have been used to analyze fluc-
tuating systems in more detail. The most fundamental
approach makes use of the statistical theory of isotropic

turbulence (see [13]), This has been applied to the prob-

lem of pure mixing in turbulence [14, 15, 16], and



extended to isothermal, first and second order reactions,
albeit in an approximate way [17]. At the present time,
however, this approach is of rather limited applicability
because of difficulties inherent in the method. Apparent-
ly, questions posed within this framework ask for too
much information about the fine structure of the turbu-
lence spectrum. It seems that a more coarse-grained
approach to turbulent mixing would supply a more tract-
able theory. What is required is a model somewhere
between the extremes of the steady-flow eddy diffusivity
models, and the more exact descriptions of the flow
processes employed in statistical turbulence theory.
Such a model would exhibit the randomly fluctuating be-
havior so characteristic of turbulent mixing, but retain
sufficient simplicity to make its analysis feasible. It
would also be useful if the model could incorporate in-
formation derived from tracer experiments.

Some beginnings have already been made in this dir-
ection. Gibson [18] has developed a stochastic model
for turbulent wakes that makes use of the extensive data
on velocity fluctuations and tracer diffusion that exists
for this specific flow geometry. A Monte-Carlo compu-

tation is used to derive the reactant concentration



statistics. A stochastic model for emulsion phase reactions
in a well stirred reactor was developed analytically by
Curl [19] and solved using Monte-Carlo methods by Spielman
and Levenspiel [20]. The model was extended to arbitrary
residence time distributions by Kattan and Adler [21].
Monte-Carlo solutions for a plug flow reactor were also
presented in [21]. 1In analyzing this model the emphasis
was on the effects of segregation on the mean conversion,
rather than on the effects of randomness on the statistics
of conversion, but the stochastic effects are clearly
present.

In the present study a new type of stochastic mixing
model 18 proposed which is thought to be applicable to a
large class of systems, but which retains sufficient
analytical structure to allow meaningful conclusions
about its properties. The model consists of a network of
well mixed tanks, interconnected in some arbitrary way,
where the interconnecting flows fluctuate randomly in time.
It may be noted that such a model with steady flows can be
used to simulate steady mixing processes by taking appro-
priate arrangements of tanks and allowing their number to
increase. Axial diffusion, for example, may be approxi-

mated to any degree with a sufficiently large number of



tanks in cascade, with forward and backward flows be-
tween each tank. The added feature of randomly fluctua-
ting flows should make it possible to simulate any turbu-
lent mixing process if suffcient numbers of tanks are
taken. Of course, such a large number of tanks might
be required that there would be no saving in effort over
a complete description of the flow process. On the other
hand, if conclusions may be drawn about such a model
with the number and arrangement of tanks left arbitrary, |
it 18 clear that they will apply to a very general class
of mixing processes. Also, it may well happen that certain
processes allow a representation of this type requiring
only a few tanks, in which case many useful predictions
can be made with reasonable effort.

One assumption is added to make the analysis possible.
This is that the interconnecting flow rates vary in time
as discrete-state Markov processes. Such processes are
described in detail in Feller [22]. The fact that the
states are discrete is not important, since their number

is arbitrary. The fact that the process is Markov is an
extremely mild restriction because the dimensionality of

the state space is arbitrary. This is true because a

Markov process 1s one whose present state determines the



probability structure of its future, independently of its
history. But if the meaning of the term '"present state'
is expanded to include the past of the system, any non-
Markov process becomes Markov.

In the analysis that follows, the general model is
studied from two different points of view. Attention is
first concentrated on the behavior of a single particle
traveling through the system. This serves to provide
a conceptual framework in which to formulate questions
about residence times and other single particle statistics
unambiguously. The system is then studied as a mixer,
with concentrations in each tank, both with and without
chemical reactions. Following this discussion some simple
cases of the general model are studied in more detail to
provide additional insight into the behavior of such

systems,



II. Formulation of General Model

A. Nomenclature of Tank Models

In the most general case the model consists of n
stirred tanksg arbitrarily connected by interstage flows
(see Figure 1), where the volume of the i th tank is Vi
and the volumetric flow rate from the ith tank to the jth
is wij (1,j=1,2,...,n). The inlet stream is distributed
to the tanks arbitrarily, and the feed rate to the 3D
tank is denoted woj' The contribution of the jth tank
to the outlet stream is similarly called WTSE The
amount bypassing the system entirely is Yo ,ml"

Although the flow rates will be permitted to vary
with time, it will be assumed that the volumes, Vi
remain constant. Thus, the total flow entering the jth

tank at any instant is equal to the total flow leaving
it:

E WtJ —-— ‘2 l‘l WJ" ) j‘ ‘,1,...,“ (II‘].)
(=0 b
i?) C#)

Also, the total flow entering the system is equal to the

total leaving. Denoting this quantity by w,

nel, n
W= D W, = Z,'o Wi, me (11-2)
j= i

It will be convenient to define '"diagonal' quantities of
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Row Index

Table 1. Typical Flow Matrix for Figure 1
Column Index

1 2 3 4

0 1 0 1 0

1 [-3] 2 1 0

2 2 (-3 0 1

3 0 1 [-2] 1

10
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the form wjj such that the total inlet flow to the jtﬁk
tank (equal to the total outlet flow) is the negative

of wjj' Thus,

n M+
VJJ_J. - —r ‘.Eo wl..j - - Z: W“' ') ji'jl,---," (11-3)
L] (3
Y C ¥

The flow rates wij so defined fill out a square matrix

(n+1 by nt+l) which has the property (see Table 1):

" M+ |
Lowij = Wik =0 i jrirem (114
L1t o k=i

and where all the elements iy with i¥j are non-negative.
B. Structure of Mixing Flows

The random variation of the flow states with time
will be'assumed to arise from a Markov process with a
finite number of states. Each state of the Markov process
will correspond to a given matrix of flow rates. Letting
o be the index of a flow state, the flow rates cor-

responding to e are written

VVq¢ ) t=Oo, L, L, jE Ly, ., nel
For every state &
My

ﬂ
2o Wie T L Wika =03 jrhr,em (I1-5)

i+ 0 k<t



Nl n
Z,| Wojn = 2. Wi ™ Wa j all « (11-6)

The probability structure of the flows now resides in
that of the transitions of the underlying Markov process
from one state to another. Denote the probability of

a transition from one state o to another, p , in a time
T by (x-S ; T) . Then the behavior of this func-
tion for small T can be described by

T (t=>p; T) = Aupg T + o(T); opp (11-7)
In this equation 7\" is an assigned matrix of
switching rates and o(v) 1is a function of T satisfying
lim 22X - 0O
Tso0 T
Since in a time T the state of the process must either
change or remain unchanged, the probability of not

changing is

TT(k=ot; T) = | — ;‘:‘)\,‘F

Defining the diagonal quantities Aux 80O that

T roel®) (11-8)

(11-9)
Auw ™ Z Au'
pre

the full set of probabilities may be described by the

matrix A

d':

N
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TT(*-'PH:)-&’ + AT *+ o(®) (11-10)

where the matrix elements satisfy

; A“’ = O 3 all ot (1I-11)

and where all the off-diagonal terms are non-negative.
The form of the transition probabilities for small
times may be used to derive a differential equation
describing the evolution of the probability distribu-
tion of states with time by using the defining property
of a Markov process: that the probability structure
of the future course of such a process depends only on
its present state, and is independent of its previous
history of states. In particular, the conditional
probability of the system being in state g at time
t+ given that it was in state o« at time t 1is the
same as the conditional probability of being in state
p at time t +T given that it was in state & at time
t and that it was in some combination of states at
some set of previous times. Any of these conditional
probabilities are just equal to T((ot-rp s T ). The
fact that - is not a function of t makes this a station-
ary Markov process. Non-stationary Markov processes
will be encountered later in conmmection with random
walks and tracer experiments. Let us define p,(¢)

to be the probability that the process is in state «
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at time ¢ , given some initial distribution ¢,(0).

Then, by the defining property of Markov processes,
Pplt+ X)) = Z_ P (£) TO (k> p 5 ) (11-12)

This relationship, called the Chapman-Kolmogorov

equation, simply states that the transition probabil-

ities are independent of the past history of the process.

Substituting equation (II-10) into equation (II-12) and

letting = go to zero, one finds that

dp,lt)
IE’ = ;. 7\4‘0 Pe (t) (I1-13)

Specifying the initial probability distribution, p_(0),
then allows calculation of the entire time history of
the process. In what follows it will be assumed that
the flow system is quasi-steady, that is, that the
probability distribution of flow states becomes station-
ary and no longer varies with time. It will also be
assumed that this distribution is unique, independent
of the initial distribution. Denoting the stationary
distribution by Px , this requires that the equation
2.; Nep P = O (I1-14)
together with the normalization, § P. =!, have one and
only one solution, or, stated another way, that the
transpose of the matrix A‘P have only a single zero
eigenvalue. Note that equation (II-11) ensures the

existence of at least a single zero eigenvalue, and,



together with the fact that all off-diagonal terms
are non-negative, also insures that no eigenvalue can

have a positive real part.

15



II1. Treatment of Mixing Model as a Random Walk
A. Trangsition Probabilities

In order to define such concepts as residence time
distribution in an unambiguous way, it is useful to
analyze the random passage of a single particle through
the mixing system. For thils purpose the system consists
of the n tanks plus an outlet station, and the state
of the particle is just its location index i (ranging
from 1 to nt+l). If the flow state remains unchanged
for a small interval T, the conditional probability
of the particle moving from i to j can be taken as

w'.

Prii-jlu=x}- b + T o qu-y

In case the flow state does switch, it is assumed that
Prii»jlasp] = 5;j

where C?qj is some bounded quantity. Considering

V—U"
+ ?"—f‘ T + o(x) (111-2)

the transition probability Tt (x,c —» g,); ¥) of
changing from state («,L) to state (g,)) in time T,
where the first index of (o, t) corresponds to the
flow state and the second to the particle state, it

is seen that

T (o, >p,)5%) = ‘Séj 6“’ + b S (111-3)

o

+ é;j 1#‘: + o(T)

16
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It seems reasonable to assume that the composite process
with states (e«,.) has the Markov property, that is,
that the probabilities of changing tanks given by (III-1)
or (III-2) will be independent of any previous states

of the system. Again the Chapman-Kolmogorov equation
may be applied to yield a differential equation describ-
ing the evolution of the probability distributionm.
Defining p,;(t) to be the probability of the system

being in state (x,L) at time t , one finds that

APty o S Wi o (e (t) : -
it 2 Pat) '*’Z“-A.:‘.P.J(t), (111-4)

;sl

J': I)L, ...Jn+‘

B. Initial Distribution

In this case, however, the stationary distribution
is of no particular interest, since the particle will
eventually find its way to the outlet with probability
one. It is necessary to state explicitly the initial
distribution in order to calculate the probability struc-
ture of the random walk. If the total flow through
the system, wy, 18 constant (W, = Wjallx) the initial

distribution is given by

(o) = § Hejs
Pej (o) Pe "W (III-5)
which is to say that the flow state distribution is in

its stationary condition, and that the probability



18

of starting in a certain tank, given the flow state,

is proportional to the flow to that tank from the inlet
stream. In case the total flow is not constant, some
ambiguity arises. One could either assume that at the
instant a particle enters, the flow state probabilities
have their stationary values, P, , implying that the
chance of a particle entering at a certain time is
independent of the flow state, or one could assume that
the chance of a particle entering at a given instant

is proportional to the total flow rate at that instant,
so that the initial distribution of flow states, say p; ,
1s different from P, . In the first case the initial

distribution would be given by

= Wo.
Paj (@) = Py 3F (I11-6)
In the second case,
po = L2,
;-waf | (I11I-7)

since the arrival of a particle in a short time given
that the flow state is8 o« is proportional to w, . The

initial distribution of the composite process is then

0o Wej - W,
Pej (0) = Py 7:" ol et (111-8)

Note that if all the w, are equal, equations (III-6)
and (I111-8) are identical to equation (III-5). It will
be shown later that the initial distribution (I11-6)



corresponds to tracer experiments in which the tracer
is injected as a pulse at a random time or as a step
function in tracer flow rate (constant flow rate of
tracer, fluctuating inlet concentration). The initial
distribution (I11-8) corresponds to tracer experiments
in which a constant concentration of tracer 1is fed
regardless of instantaneous total flow rate.
C. Equations for Probability Distribution

At any rate, once the initial distribution is spec-
ified by either equation (III-6) or equation (III-8)
the complete time history of the probability distribution,
Psy(t) , can be calculated. The cumulative residence

time distribution is then given by

(&) = 2, Ppmer (0 (111-9)

which is the probability that a particle entering the
system at time zero will be in the outlet at time t.
The age distribution of a particle in tank j would be
given by

7 Psj (£)

J7Z pay ey dt
o M
where the probability that a particle has been in the

g;(v) = (111-10)

system a time between t, and t, given that it is in
t
tank j§ is jt. q;(t)dt.
It is interesting to compute the mean residence

time to see how it compares with the value for a steady

19



system, in which case it would be the total volume

divided by the total flow rate. To do this note that

i Paj (t) (I11I-11)

- FO=ZZ
which simply states that 1-F(t) is the probability that
a particle which entered at time zero is still in the

system at time t. Then &, the mean residence time,

is given by

6~ j:[ - Fwlde = 2 3 j"pﬂ(t)u (111-12)

= o

Integrating equation (III-4) one finds

w, oo
Poi(o0) = Py (0) = i, L etoa (111-13)

oe
+ g 7\." J.o Pay ()t 5 j2b2,...,m

Defining @; > J Paj(t)dt , and noting that p,;(e)= O
-]
(j=1,2,...,n), this becomes

N v
“Py 0= 2 L:,‘j’ TR S (I1I-14)

.\3‘,2.,---,“

I1f equation (III-14) is solved for the 9'3 , the mean

residence time can then be calculated:

6 = ;: i &,; (II1-15)

EY



Substituting the initial distribution (III-8) into
equation (III-14),

— W, W
PA_WJ Z‘ 7.7{“ Opc é 7\." 6..j > (I1I-16)

j:\’L'”.,n

This equation may be solved to yield

Pa
9,1 = U’B (111-17)
as can be seen by substitution, and by using equations
(I1-14) and (11-5).
Substituting (III-17) into (III-15) gives

0. B0 (II1-18)

w
which states that the mean residence time is just the
total volume over the mean total flow. Note, however,
that the initial distribution (II1I-6) does not give
this result.

D. Contact Time Distribution

Another important property of the random passage
is the contact time distribution of the particle with
some part of the system. Such distributions arise,
for example, in analyzing the performance of fluidized
bed reactors in which the solid is a catalyst. To
calculate this distribution, let & be the instantaneous

value of accumulated contact time for a particle in

21



the system. Then
_:1‘_2 = A, (=, ) (I111-19)
gives the variation of 6 with clock time, where A is
the set of states for which the contact time distri-
bution is desired, and X,(«,)) is equal to one if
(#,)) € A and equal to zero otherwise. The variable ©
is then included as a variable of state to define a
new Markov process whose states are of the form («,j, 8).

The transition probability density, defined by

’Tt'[(e('u'.,e,) - (fij: 9) J t]JB
= Pr {discrete state is (’,j) and ©

(I11-20)
is in interval (6, 0+d6 )
at time t+7T given that state
was (o(’l',’ 8, ) at time t}
is given for small times by
TC)] (e, L, 8) — v, 09);
[, 00— (p,),0)5 T] (111-21)

= [ («,i)>p)) ;€] S[e-8,- X, )T +~ o(r) ]

if («,l) =(p,j) , and by the same formula with X, (x,i)

replaced by YA if (%,0) # (F,_')) . Expanding the

& -function in a power series, one finds

22



6[6-86,~X, (x,) T+ o0(0)] (111-22)

= 6(8-8) = X, (x,) T f[6(s-6)] + o(x)

Defining the joint probability density p‘j(t,a) 80
that the probability that the discete state is (gg,J)
and © is between @ and © +dP at time t is given by

Puj (t,0)d® . The Chapman-Kolmogorov equation then

becomes

ppjlt=x, 0= T L [do, -

(111-23)
Pui (t,8) Tr[ (ujilel) - (Pljla) ) ‘t]

Substituting (III1-22) and (III-3) into (III-21) and
(III-21) into (III-23), and allowing ¥ 0, glves

3 Py;(t,9) d Pg;(t,0)
oy _ , aj it
ot = XA (B 36

(I11-24%)

L W
+Z,| ! Pailt,e) + Z;MP Puj (t,8) 5
JEA L, e, R

In what follows it will be convenient to lump all the

exit states (o, m+l) into a single absorbing state a .
Then defining

P (t,8) = ; Pe, ney (£,0) (11I-25)

23



it is seen that

ap,(t,0) LR

S0 7 2z T e (2o
Y

since X‘(p , 1) = 0 and since; A“'-O by equation

(I1-11). Equations (III-24) for j=1,2,...,n, and

equation (III-26) then describe the contact time distri-

bution completely, once initial conditions are specified.

The initial conditions are

—w Y
- {0, 0) = e 6(9 FoyeL,e, M
P"J( 9) = P w )3} (II1-27)

P.0,0) = 25, Zanup §( )

Note that initial distribution (III-8) has been assumed,
although (111-6) could have been used as well. The
desired contact time distribution, in terms of its

density function f(@ ), is then given by

@)= \im p,(t,8) (II11-28)

ta o0

Integrating equations (II1I-24) and (III-26) from zero
to infinity,

f(e) = Z;", T:;l"jo-n-"m S(e) (11I-29)

*% i. T 9 (9)



where the 3”(9) =J p,:‘(t,o)dt satisfy
0
daa L
XA(P;J)‘I%’J = '——W-’Fé(e) (111-30)

w
+ 2 g0 + X 7\“, Gouy (9)
with initial conditions X , (§.j) 9" (0) =
To eliminate the &-functions let F(9) 'J f(e')de' and
0
Gy t0) = [ 9,; (0740’ . Then

[ 1]

F(e) = Z,T:P—"f;:;,w + ; Z,-"iw“-" Gy ()  (III-31)

and

4Gy w
X, ( ,')-—-" = P Tos ——"’-G
LY b w ~ZT (I11-32)

+§7\“’G.J ) j'\"l.'..."h

The initial conditions for the differential equations
contained in (I1I-32) are

Xa(p, 1)) GpjCo) =0 (111-33)

Since for those values of (B,j) which give X, (pj) =1,
the function gqj(o) has its derivative of order 4(®)
and is therefore bounded. It might be noted that if

the set A consists of all the states in the system
(excluding, of course, the outlet states) then equations

(I11-29) and (I11-30) become equivalent to equation

25
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(I1I-4) with initial conditions (III-8), the equations
for the residence time distribution.

The mean contact time can be calculated by a
method similar to that for mean residence time. Sum-
ming equations (III-30) over 8 and j,using equations
(I1-11), (I1-6) and (II-5), one finds

8(p) - F(0) = ; 2 X A (8, J) —-‘DJ (111-34)

Y

Integrating both sides with X,(g,j)9,;(0-)= O,

(III-35)
I - F(e) = Aalpy) e
; JZ“ Alf) 9!3( )
Thus, the mean contact time, &, , is given by
O, -;_‘_ ?_:,l X cp,_l)f gpj(e)de (IT11-36)

Integrating equations (III-30) one discovers in a manner

similar to equations (III-13) - (III-18) that

6. = = > Z Xatp,)) Py V. (111-37)

im
If the set of contact states, A, consists of certain
tanks in the model independently of the flow states,

then
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X800 = 2 Sjn (I1I-38)

ke A
and (I11-37) gives

|

= Vi (111-39)
W keA

a remarkable result. Again if initial distribution
(111-6) is used rather than (III-8) the result is

different.



E. Outlet Age Distribution

When discussing the significance of tracer experiments

in the nextsection another statistical property of the
random passage will prove useful. This is the distribu-
tion of residence times for a particle chosen at a random
time from the outlet of the system. This will be called the
outlet age distribution. To discuss this situation, it is
useful to modify the transition probabilities slightly so

as to make all the outlet states, (oK ,n+l), absorbing.

Thus, for j¥n+l, the probabilities will again obey (III-4),

A N ia
é‘E‘J = 2 \_M—.'F.:“ Pai (t) + ;A”p,)(t) (111-40)

=1

but the probabilities for the outlet states will be given

by

J + (t) n W,: nel
3::'“' = 2 THENA o (t) (II1I-41)

L=t

The quantity p (t) will then be the probability that

g ntl
at time t the particle has left the system and that when it
left, the flow was in state . As t-w, this will just be

the probability of the flow state being B at the instant
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the particle leaves. Thus, denoting this quantity by p:

Ps = Paner (o9 (111-42)

This may be expressed in terms of the 9.3 defined earlier

and given by equation (III-14). Thus

Ps = Paan() = P4, (O

2 W e o
+ 3 T J; P, () dt

[N |

(I11-43)

or
L - - wl:v\vt .
Ps = Pauefl0) = iZ.;' -—'-—“-'vi 04 (I11I-44)

For the initial distribution (III-8), 6.3 is given by

(111-17) and
- Wo . mae
pp,‘un(o) = Ps —tek

g

Thus
— W - n W
oy = B, Soma 4 3 p e (i)

P =P = = p, (111-46)
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This result is reasonable, since initial distribution
(I1I-8) corresponds to a particle chosen at random from the
entire population, which would imply that the rate of
leaving is proportional to the instantaneous total flow,
just as 1s the rate of entering.

For the initial distribution (I1I-6) the 6” depend
more on the details of the system, so the pﬁ cannot be
calculated so simply.

The joint probability pp ,n+1(t) can be expressed as the
product of the probability that the flow state is g when
the particle leaves with the conditional probability that
the particle has left by time t given that the flow state

when it leaves is g. Thus

pp,"m-\ (t) = pp' pnu(tlp) (111‘47)

If now a particle is chosen in the exiting stream at a
random time, the distribution of flow states is P,

rather than pi . Thus the joint probability of leaving in
flow state o at a time less than t for a particle so chosen

is given by p’; ,n+1(t)’ where

p:,-vu-; = ﬁa\ p‘nﬂ(tl“) (I11-48)

This gives

Pann (0= 5 P,  (QI169)
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For initial distribution (III-8), this gives

Pawn(®) = 2= p_(8) (111-50)

The outlet age density under these conditions becomes

£ () = Z p“ Woaﬂu (S(t)
v Wk e R

(I11-51)

Thus fo(t) is the density function of residence times for
a particle chosen at a random time from the outlet stream,
assuming that particles enter in proportion to the in-
stantaneous total flow rate.

It has been seen that, while it is more difficult to
calculate, one can also define a residence time distribu-
tion for a particle chosen at a random time from the outlet,
assuming that particles enter at a rate independent of the
instantaneous total flow rate. This quantity, fo’ﬁt),

is given by

2
E!, MWone,«
'Fmp“')' ; Pf W (5(1'.)
(111-52)

Pu Pyi ()
-+ — L LB
‘z; éi Pt Lo g

when the initial distribution is given by (III-6).

However, the quantity calculated from equation (III-51)



when the initial distribution is (III-6) has no clear

probabilistic meaning.
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IV, Probability Structure of Tracer Experiments
A. Probability Equations

The method used in the previous section for
deriving equation (II1-24) may be easily extended to
the case where many continuous variable depend on a
discrete state Markov process. I1If the variables
xj(j-l,z,...,n), for example, obey the set of equations

d x
-—__J-dt - 'FJ“(E) 3 :,sl)\.)---,ﬂ (IV-].)
where the subscript o« is the flow state of the system,
then by a derivation similar to that of the last section
we find that the joint probability distribution of the
x's and the flow state satisfies

OPylt, ) L
ot + 2 _a%'tJ[ ‘Fjp (%) Pp(t; .’.‘.)]

§=
(1v-2)
= 2. Aup Pult, %)
where the probability that the flow state is ot and
Xy is between xi(l)and xi(z) at time t is given by
X' ,(LsJ x\
1 "
T X
L}" f'li" . P.‘('t, X) dx|dx1 Jx,‘

Letting xj be the concentration of tracer in the

jth

tank, the material balance equations become
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'U:‘, ‘:lft") = CP“J () + 2 Wi Xi

L=}

i) (1Iv-3)
n+t
_é.wj““ )(J ) J=l‘1.,...,ﬂ
W)

where tp“..' (t) is the rate at which tracer is fed into
tank j when the flow state is of . Introducing the

pseudo-flows Vije and using equation (II-5), equation

(IV-3) may be rewritten

dx; ”
V:j -cT'-t- = CF“J (¢) + tZ‘,' w‘-J-“ X: 3 (Iv-4)
jss,x-,...,ﬁ

Since this is of the same form as (IV-1), the equations

for the probability distribution become

B. Inlet Flow Rate vs. Inlet Concentration

The inlet flow rates of tracer to the individual
tanks may be expressed in terms of the inlet concentra-
tion schedule, or in terms of the total feed rate of
tracer schedule. Thus, if xo(t) is the inlet concentra-

tion schedule and ¢(t) is the total tracer feed rate

schedule, the two expressions are



Pu (¢)= Woju Xo (t) (1V-6)
and
Weojun
Pujle) = 5 P Le) (1v-7)

It is clear that in a system with fluctuating total
throughput, an experiment measuring the response to

a step in xo(t) would be quite different from one measur-
ing the response to a step in cp(t) . In the first case
the tracer inlet concentration would be fixed while the
feed rate of tracer would fluctuate in time with the
total flow, while in the second case the feed rate of
tracer would be fixed and the inlet concentration would
fluctuate. Of course, if the total throughput were
constant this ambiguity would not arise.

The case of fluctuating total throughput also raises
the question of whether to measure outlet concentration
or outlet tracer flow rate. Denoting the outlet concen-
tration by z and the outlet tracer flow rate by y we see

that

"
Y = W=z = 2 Wi ma, e X+ cfd,n-u (1v-8)

T B

For initial conditions to equation (IV-5), assume that
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at the instant the experiment is begun the flow state
probabilities have their stationary values, P, . In
other words the experiment is begun at a random time

independent of the flow state with the system running

continuously. Thus

Pu (0, X) = Pu 0(x)S(x) ... S(x,) (1v-9)

Once the conditions of the tracer experiment are set
either trough equation (IV-6) or equation (IV-7) the
complete probability structure of the process is deter-
mined by equation (IV-5) together with the initial condi-
tions (IV-9). The probability structure of ¥ or z can
then be determined by taking appropriate combinations
of the x's, as prescribed by equation (IV-8).

It should be noted that the flow state probabili-
ties, P“(t) , can be obtained from the functions p_(t, X)

by integration:

P (t) = I Pu (t, X) dXx (IV-10)

If equation (IV-5) is integrated with respect to x over

the whole rangé, the result is

dpgt)
= = % Mg Pu(t) (IV-11)

Similarly, equation (IV-9) gives



P, (0) = P. (1v-12)

Equations (IV-1l) and (IV-12) require that the Pa (t)
remain constant at their stationary values throughout
the process (see equation (II-14)).
C. Equations for First Moments

In order to understand the relationship between
the various possible tracer experiments and the pro-
bability structure of residence times as studied in the
previous section, let us consider the first moments of

p' (t, X) defined as follows:

HMajle) = fxl Pe(t, x)dx = SxjJe 5 (1V-13)

J“ILI .'.I"

Multiplying equations (IV-5) and (IV-9) by X, and
integrating, and using equation (IV-10) gives

P8 _ Pa o, S Wiie ]
dt - 'U'J cf’.l(t) + § "U'J /uﬂ" (1v-14)

+ ;)\dp/“uj y J YUY e,k

and

/u” (0) = O (Iv-15)

The expected outlet concentration response is given by
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— WM e = Pu,net -
(27 = 22 =832 Mfar 2R e

and the expected outlet tracer flow rate by

(y) = ; é Wine,w Mai + é" P P, mes (Iv-17)

It is interesting to compare equation (IV-14) with
equation (III-4). The systems become equivalent if
(Iv-18)-(1V-21) are true:

Pay (¢) = Vv, /untt) i )= Y2, n (IV-18)
P,3(0)5(t)= ﬁ, Poy(t) 5 jryz,.,m (1V-19)

F(t) = ';%: ? Pani (t) = YD (1v-20)

o= £ 2 g0 =W<® v

where £(t) is the residence time density function for

particles chosen at random from the entire population or
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for particles entering the system at a random time, and

fo(t) is the residence time density for particles leaving
the system at a random time, provided initial distribution
(I11-8) applies. The different initial distributions,
(II1I-6) and (III-8), can be matched by supplying the
appropriate tracer inputs. Thus, to experimentally deter-
mine statistical quantities for initial distribution (III-6),

the tracer input must be

Pyy ()= "2t 6 (¢) - we2)

which can be achieved by an impulse in tracer feed rate:

®(t) = 8(t) (1v-23)

To determine statistical quantities for initial distribution
(III-8), the input is

P (£) = \-'-V;_,%"-‘ 8(¢) (IV-24)

which can be achieved with an impulse in inlet concentra-

tion:
X, () = = & (&) (IV-25)
o \"2;
The difference between an impulse in tracer flow rate
and an impulse In tracer concentration is that the amount

injected for an impulse in flow rate is the same for each



realization, while for an impulse in concentration, the

amount injected is proportional to the instantaneous total

flow rate.

Since the system of equations (IV-14) is linear in

the M8 and also in either ¢ (t) or xo(t), whichever is

used to describe the tracer input, the expected response

to arbitrary inputs are given by the convolutions:
t
Ly = [ Kyae-13) ot dx
t
Cpw) = [ pplt-v)) plx)dT (1v-26)
| £
(Z () = L CZ, (t-T)) X (T)dT

CZ () = j: KE LH(t-T)) P(T) AT

where y/x(t) is the response in flow rate to an impulse
in concentration, Y, (t) is the response in flow rate to
an impulse in flow rate, zx(t) is the concentration
response to an impulse in concentration, and z,(t) is
the concentration response to an impulse in tracer flow

rate. The various residence time densities are given by
=

Fole) = Sy,(t))

Folt) = < Z (%)
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where fx(t) is the residence time density of a particle
chosen at random from the entire population, fqp(t) is that
of a particle chosen at a random time at the inlet of the
system, and fo(t) is that of a particle chosen at a random
time at the outlet of the system. Because of (IV-26) it is
clear that the responses to a step input 1s just the integral
of the corresponding impulse response. Thus, the distri-
bution functions corresponding to fx’ f,, and fO are just
the expected step responses. The impulse response (z,,m),
however, is difficult to interpret as a probability distri-
bution.
D, Equations for Second Moments and Autocorrelations

If tracer experiments are to be used to determine
a model's suitability for a given system or to calculate
various parameters in the model, one can use, in additiomn
to the mean response just discussed, further tracer
response statistics for comparison with the model.

Defining second moments of p, (t,x) by
Saik ) = <x;x, 0 = [x)x, Pelt,x)dx ;  (IV-27)

Jok 21,2, ..,
one can derive in a manner similar to that used in

deriving equation (IV-14) the result



_i:.éﬁ..ll‘ - [ “l’;'j.(t)/"pk v-ut(” fJ]
+ i' ( 1";—;:4 Seiw + s, (1V-28)
+2“:7\“’ Squ s e T LY, e,
Suk (0= 0 5 k=2, o m (1V-29)

with the }4” (¢) calculated from equation (IV-5).

The mean-square outlet tracer flow rate is then given by

<W > = z— Pv. (P-t ne + Z z"fguuzw‘n"qﬁa\

[k}

(Iv-30)

"'Zi Zwintluw

Similarly, the mean-square outlet concentration is given by

<z*>=Z 75, (Lo2=) « S2%m 3 > S

(1Iv-31)

w
Z w' Nt wilﬂol 8 s
® &1 1w W‘ W‘

uiJ'
The corresponding variances can also be calculated:

orle) = (i) — Ky (IV-32)
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ot =<K=y - K=z> (1v-33)

Another useful statistical measure would be the
autocorrelation function of the output, although for a
non-stationary process one does not have much insight
into the meaning of this quantity. Thus (o*('r:) may be

defined either as
Cyle) Plerx)d = (ylt)dyitew))

T) = IV-34
0u(®) oy (t) eg (te ) ¢ )

or as

(ZOZ(t+7x)) — {Z2L)) (B(t+7T))
o3 (t) og(t «v)

p(T) = (IV-35)
For a stationary process this would just be the ordinary
autocorrelation function and would be independent of t.

To calculate this function for the model, note that

"
Yt) = P (t) + ; Wi mee % (t) (1V-36)
and
Yieer)= @ ., (te) + é Wian, g X (£4T) (IV-37)

where o« is the flow state at time t and # is that at

time t+v. Then
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(ywyern) = 2 2 fox fay
(P () Z Wi ne e %) (1v-38)

(Gaer (579 2 wias Y R O T (o, x 2,y 5 T)

where ™ («,x » s, ; ¥v) is the transition probability
density of the non-stationary tracer response behavior.

It is defined so that T («,s =+ 4,y;¢)dy 1is the proba-
bility of being in flow statep and in the region (y, y«+dy)
at time t+7 given that the system was in state (o, X )

at time t. Since the probability p_ (¢, x) obeys equation
(IV-5) for arbitrary starting conditions, it must be that

m, (&, x84 ;%) also obeys it in the following sense:

L M (x, 5> 8,4 7)

(++%) (1Iv-39)
* 2 &I LS WMo
J= Yl
27\,'";(“,21—’7:35'5)
with initial conditions
T, (,x =p,4;0) =&, 0(y-x) (1V-40)

Equation (IV-38) may be rearranged to give



Cywylesty) = Z‘. RTRLA

(1V-41)
" i O
where
AP ATTY P R ANDED AV
(1V-42)
P lt, )T (%, x =8,y ;T)
and
4 = ;- Idﬂ Idy [ P, (t) + é. Wi, mey & %] Y;
(1V-43)

'Pq(*:l)"}(“,é =AY 31:)

Differentiating (IV-42) with respect to T and using
(IV-39) and (IV-40), it is found that

av;
.;_:ce = ; Aup Y (IV-44)

with initial conditions,
T=0:

5% P B () T 2 W, Myle) (1V45)

I

Similarly, a”j is found to satisfy
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. (b »
LLO N 2“17-:—") 2 2 m(x=p;7)

w.i-"*‘;“ (1IV-46)

je

Maj (£) +

with initial conditions

w-o
Y s Z Nap G

(x|

T=0:

2 (Iv-47)
qyp;‘ = (Pp,uﬂ (t)/U‘J (t) + §|wh,uﬂ,p 6pjk

The flow state transition probabilities W(x+p;T) in

equation (IV-46) are determined by

L m(xp;) - S Ayp T 7 i ) (1v-48)

with

—

T?'(OK-"P;O) = & (Iv-49)

“p
To find p*(-:) , then, one must solve equation (1IV-48)
for the Tr(e=p ;x) , equation (IV-14) for the /"!j(‘)'
equation (IV-27) for the 5.jk(t) , equation (IV-44) for
the rp(t) , equation (IV-46) for the 9] () , substitute
in equation (IV-41) for < VY(t)y(tex)) | and, finally,
use equation (IV-34) to determine @ ,(x) . Similar
equations can be derived for (& (¢t) Z(t+<x))

Comparing equation (IV-44) with equation (II-13),
one notes that the two differ only in the initial condi-

tions. Similarly, equation (IV-46) differs from equation
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(IV-14) only in the initial conditions and the non-
homogeneous terms.

The methods given above can be extended to calcu-
late many other statistical measures of the tracer re-
sponse. Such calculations could be used for deciding
upon the applicability of a given model for a given
physical system or for fixing the values of parameters
in the model by comparison with experimentally deter-

mined tracer response statistics.
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V. Behavior of Model as a Reactor

A. Probability Equations
It is clear from equation (IV-2) that quite general

processes occurring in the model under the influence of
the random disturbances can be treated. For brevity,
however, this section will deal only with the case of a
single isothermal chemical reaction. Some other situa-
tions will be studied for specific examples of the model
later.

In the presence of reaction equation (IV-4) becomes

slm

= (Fdj ) Z tJ“ X, — Vj R (XJ) (Vv-1)

where xj is now the concentration of reactant in tank j,
and R(x) is the reaction rate expression. Applying (IV-2),
it is found that the joint probability distribution of

reactant concentration and flow state is given by

( ) . A ¥
TAUE N ,236%[{3%4 + Zl"\—,lw X =ROHY

) P‘tt’ 5)] = Z: )\dp Pu(tl 5-)

B. Inlet Flow Rate vs. Inlet Concentration

In considering the model as a reactor, one is
primarily concerned with its stationary behavior, that
which prevails at some large time after startup. Such

a stationary distribution will exist only if quj is



independent of t. Again, two possibilities occur,
depending on whether one feeds reactant at a constant

rate or at constant concentration. Thus either

?ﬂj - woju Xo (v-3)

or

Wo
Puj > W ¥ (V-4)

where X, is the constant inlet concentration and ® is

the constant reactant feed rate. Defining P, (X)

= Py (o0, %),

Z 33;3[ {%3"' + 2.5-1}:" X, = R(x} P, (0]  (v-5)

:"u 1!

= 2. Mg Pu(x)

The outlet reactant concentration and reactant flow rate
will again be given by equation (IV-8).

C. Equations for First Moments

To compare the reactor behavior to the tracer

response behavior, define

mpj = { xj>,s = ij F,(&)d.& (V-6)

Then, from equation (V-5),
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transform variable k, and with

-~ - " _kt
LT A ORI

Thus, the moments of reactant concentration,'m'j , for

a system with first order reaction and with feed dis-
tribution ¢%j are just the Laplace transforms of the
moments of tracer concentration, //A‘j(i), with tracer
feed rate kaj S(t) . Since the expected outlet concen-
tration and the expected outlet flow rate of tracer and
reactant are given by the same linear combination of the
respective individual moments, and since the Laplace
transform operation is linear, the expected outlet
concentration in the reaction case will be the Laplace
transform of the expected outlet concentration for the
corresponding tracer experiment, and the expected outlet
reactant flow rate will be the Laplace transform of the
expected outlet tracer flow rate. The tracer input

that corresponds to the constant inlet concentration

reactor case,

Baj (t) = Wojg X S(¢), (V-12)

as comparison with equation (IV-6) shows, is an impulse
in tracer inlet concentration of height X, - Similarly,
the tracer input corresponding to the constant reactant

feed rate case is
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Pyy () = TP @ 8(2) (V-13)
which is seen to be an impulse in tracer feed rate of
height ¢ on comparison with equation (IV-7). Since
fx(t) and f (t) are the expected responses in outlet
tracer flow rate for an impulse in inlet tracer concen-
tration (of height %) and a unit impulse in inlet tracer
flow rate, respectively, it is seen that, for a reactor

with constant inlet reactant concentration X,

Ly? = j:' e £ () dt (V-14)

w Xg
and for one with a constant inlet reactant flow rate

%2 - f: e " {,(t)dt (v-15)
Similarly, one can express the expected outlet concen-
tration of reactant as the Laplace transform of the ex-
pected outlet tracer concentration for the appropriate
tracer input. The terms on the left of equation (V-14)
and (V-15) are both seen to be the expected fraction of
reactant which leaves unconverted.

The results above can be applied to systems with a
number of first order reactions occurring simultaneously
by expressing the concentration as linear combinations
of independent components. The conversion of each of the
independent components can then be calculated from equation

(V-14) or (V-15). The independent components, as explained by



Prater and Wei [13,2¢], are just eigenvectors of the
reaction rate constant matrix. Thus, suppose the rate

of reaction of species 1 is given by

ro= 2 kjix (V-16)
J
Then, by diagonalizing,
' ! /
ri = kl. Xl (v-17)
th

where xi is the contribution of the i~ eigenvector of

itheigenvalue.

kij to the concentration, and éi is the
If the reaction system contains a region where

reaction takes place, with the rest of the reactor being

inert, the contact time distribution for the active

reglon replaces the residence time distribution in

(V-14) or (V-15) sbove. To see this consider the Laplace

transform of equation (III-30):

Comparison of (V-18) with (V-10) shows that m’j = —a;?-

when kmy is set to zero for j & A . Comparison of

(V-9) with (III-29) then finishes the proof.

D. Equations for Second Moments and Autocorrelations

Second moments are calculated from equation (V-4)

in a similar manner to first moments. Thus one finds
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CRx)) = _55.%? > tzfj"’"‘

(v-7)
,Jlll 11

+ 2 A, s My

The expected outlet concentration will then be given by

<z>=;2——m¥m - 25, Lo (v-8)

te) ok [ 3

which corresponds to equation (IV-16) for tracer experi-
ments. Similarly, the expected outlet flow rate of

reactant will be given by

<w> = ; z‘ W._ “*'u z Pu ‘pd- net (Vv-9)

[

The set of equations (V-7) will determine the wm_
completely only 1if R(xi) is a linear function of Xy -
Thus, let R(xi)-kxi. Then one obteains

(V-10)
+ Z?\“'m“j ; j:l,z., .
which is a set of algebraic equations sufficient to

determine the wm Comparing equation (V-10) with

(T
equation (IV-14) it is seen that replacement of cp‘jlt)
in (IV-14) with ¢f,; é(t) , where ‘Pp) is constant,

makes (V-10) the Laplace transform of (IV-14) with
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+ éj P (xj X Vu

Again, for first order reactions, R(xk)-kxk. Letting
s’ljk =(xj xk)' , this gives
' _ <p cf
(V-20)
"
Wiis < Wi!' '
"'Z{ Vv, 5pij - Vi 5“1‘3

+
™M
>

-

This may be compared to the Laplace transform of equation
(IV-28):

/\ /\

[ Gy (t) paytt) ] + L Poultlpag () 3

]
K& =
pik Vi Vi

(v-21)

W 2
iwy ‘sﬂle -~ -—"\}i’ Sp‘kl

For the impulse inputs (IV-21) or (IV-23), equation
(V-21) is different from (V-20), for in this case

54



Pay (£) = Ps; '6(t) and Py lt) Mg (t) = %‘i —‘P&iﬂ - &lt).

However, if fkpstt) is taken for the impulse response
and @i (t)
constant, equations (V-21) and (V-20) become identical,
with

is taken as the step input, (,0'3 (t) = gp'j -

k = 2k
5'3" - Sﬂjk (V-22)
Mo = Mgy

In this situation, equation (V-21) does not describe
any realizable experiment with a single tracer, so it
must be concluded that tracer response measurements of
the type described cannot be used to predict the variance
in conversion for first order reactions.

Actually equation (V-21) can describe an experiment
performed with two tracers, one of which is injected as
a pulse and the other of which is injected as a step.
The expected product of the two concentrations will then
be described by (V-21) with Pajlt) = % and with Mp3
equal to expected impulse response. The mean-square

unconverted fraction with first order reaction will then

be the Laplace transform of the expected product of the

two outlet flow rates, with the Laplace transform variable

replaced by 2k.
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The calculation of the autocorrelation function of
outlet concentration or reactant flow rate for the first
order reaction case is entirely annlogoué to that for
tracer experiments. However, in this case @th:) is no
longer dependent on t because the process is stationary.
Again, experiments with two tracers are required to
predict the autocorrelation function with a reaction
from tracer experiments.

The expression for (y(t)‘yltﬂf)) corresponding to
equation (IV-41) becomes, for the first order reaction

case,

(w(t)‘y/(ht» = % Gomei V3 * ; z,:*w'mﬂ,p‘hj (V-23)

where a gsatisfies
dr
—_—t = -
Tt T2 N e (V-24)

L]
20 V= By Gper T 2 Wi g My
and qvpj satisfies

"G, * %" 2'.‘2 T{A2B i T) Wjaay, « Maj

e »

| 1

2 W
+.Z' . %i, +2“-)\¢’q,uj (V-25)
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V1. Some General Conclusions
In the course of describing the general model
mathematically, some interesting conclusions have
emerged. Since the number and configuration of the tanks,
the number of flow states, and the flow state transition
matrix have remained arbitrary so far, one would expect
that such conclusions would have a rather general validity.
One of these involves the relationship between the
probability structure of particle residence times in the
system and the statistics of tracer response experiments.
It was found that the expected response of the model to a
step input in tracer concentration, Fx(t)’ is just the
distribution function of residence times for one initial
probability distribution, and that for a step input in
tracer feed rate, Ev(t)’ is the distribution function
of residence times for another initial distribution,.
The corresponding mean impulse responses, fx(t)’ and
f,(t), are equal to the respective density functions.
The two types of distribution become identical where the
total flow rate through the system remains constant.
In both cases it is the outlet tracer flow rate rather
than the outlet tracer concentration that must be measured.
The experimental conditions corresponding to fx(t)
would be hard to realize in practice, since it would require
that the instantaneous flow rate at the (random) instant of

injection be known and used as a weighting factor in
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averaging together the experimental realizations. If
this is not done, the result will be f’, (t) instead.
Note that if the total flow rate at the instant of in-
jection is8 known, the same set of experiments could

be used to calculate fx(t) or f,,(t), where as the
corresponding step experiments would have to be carried
out differently for the two cases.

Another interesting conclusion is that the mean
residence time calculated from fx(t) is equal to the
total volume of the system divided by the mean total
flow rate, while that calculated from f,,(t) is not.
Thus, if tracer experiments are used to find the volume
of a flow system, as is done in determining the volume
of the circulatory system for medical diagnosis, it is
fx(t) that must be determined (or Fx(t)).

It was noted, in addition, that the mean contact
time with a given region of the system of a particle
traveling through the system assuming the same initial
distribution as for fx(t), is equal to the volume of the
region divided by the mean total flow through the system.
Again, for the initial distribution corresponding to
fq, (t), this is not the case.

The two distributions can be described intuitively
by giving the corresponding populations of particles.
For fx(t), the particle is chosen at random from the

whole mass of particles that eventually travel through
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the system, while for f (t) the entrance time is chosen
at random and the particle is started in the system at
that instant.

The relationship between the tracer response statis-
tics and the mean conversion for a first order reaction
occurring in the model was also investigated. It was
found that the mean value of the fraction of reactant
unconverted is given by the Laplace transform of fx(t)
when the reactor is run at constant inlet concentration
of reactant, and by that of f'(t) when run at constant
inlet flow rate of reactant. Also, 1f the reaction is
limited to a certain region of the reactor, the mean
fraction unconverted is given by the Laplace transform
of the contact time distribution with that region, where
the initial distribution used in calculating the contact
time distribution is the one appropriate to fx(t) for
constant concentration input, and to f,(t) for constant
reactant flow rate.

The mean outlet concentration for a first order
reaction (rather than the mean outlet reactant flow
rate) can be calculated from the expected concentration
response of the corresponding tracer experiment, (Z(¢)) in
the same way, although such functions cannot be inter-
preted as residence time distributioms.

The results for a single first order reaction may

be extended to complex first order systems by means of
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a transformation suggested by Prater and Wel [23,14).
Finally, it should be noted that the results above

also apply to any non-stochastic system with time-varying

flow rates, since a variable following a fixed function

of time is trivially a Markov process.



VI. Some General Conclusions

In the course of describing the general model mathe-
matically, some interesting conclusions have emerged.

Since the number and configuration of the tanks, the number
of the flow states, and the flow state transition matrix
have remained arbitrary so far, one would expect that such
conclusions would have a rather general validity.

One of these involves the relationship between the
probability structure of particle residence times in the
system and the statistics of tracer responce experiments.
Four impulse response experiments were discussed, ¥, ,

y? » & .y &,, which are the tracer flow rate responses to
impulse in concentration and tracer flow rate respectively,
and the concentration response to concentration and flow

rate respectively. When the total flow rate through the

system is constant, all four expected responses are identical.

In general, however, three of these can be given a proba-

bilistic interpretation. Thus
\
Fete) = = Sy ()

£ (t) = K Yy () vi-b)

fo(t) = < zx("-))

where fi(t), fy,(t) and fo(t) are residence time density
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functions for different populations of particles. The
functions fx(t) is the density for the entire population
of particles that pass through the system. This 1is the
"true" residence time distribution for the system. It
has the property that its mean value is equal to the total
volume of the system divided by the average total flow
rate, while the other distributions do not, in general,
have this property. The function f (t) is the residence
time density of a particle injected into the system at a
random time, and fo(t) is the residence time density of
a particle taken from the outlet stream at a random time.
In general, all three functions are different. However,
fo (t) and fo(t) are rather closely related. At the point
t=o, for example, the functions are equal (f’,(o)-fo(o)).
The density functions can be evaluated from impulse
experiments, as described in (VI-1), or from the corres-
ponding step experiments. 1In the case of step experiments
the expected response will just be the distribufion function
for the corresponding density function. When conventional
experimental techniques are used, however, not all the
responses are as convenient to determine. It is usual to
measure tracer outlet concentration directly. Determina-

tion of tracer outlet flow rate thus requires simultaneous



knowledge of the total outlet flow rate. Also, it is more
convenient to inject pulses of constant amount which
correspond to pulses in inlet tracer flow rate, than to
vary the amounts in proportion to the instantaneous total
inlet flow rate, which would correspond to pulse in inlet
concentration. Of course, since the expected response of
the system depends linearly on the input, the response to a
concentration impulse can be determined by injecting equal
pulses but multiplying the output by the total flow rate
at the instant of injection before averaging the realiza-
tions together. Again, this would require knowledge of
the total flow rate. The twostep inputs, constant tracer
inlet concentration and constant inlet tracer flow rate,
can both be achieved without measuring flow rate. Thus,
i1f total flow rate is measured along with outlet concentra-
tion, all the responses, both impulse and step, can be
measured, but if total flow rate is not measured, only the
impulse response <z.‘,(£)> and the step responses corres-
ponding to {Z,(t) and {R& ,(¢)) can be found. It has been
shown that (Z _(t)) is hard to interpret in any proba-
bilistic sense, while (& ,(¢)) glves the residence time
density for a speclal class of particles, those chosen at

random times from the outlet stream. The true residence
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time density, £ (t)= {Y¥4®) , could not be determined

by such experiments, This is of some interest when tracer
experiments are used to determine the volume of the system,
as is done in medical diagnosis. Only the density fx(t)
has the mean value given by total volume divided by mean
flow rate.

It was also noted that the mean contact time of a
particle with a given region of the system, considering
the entire population of particles, is equal to the
volume of the region divided by the total flow through

the system. For other populations this is not true,

The relationship between the tracer response statistics

and mean conversion for a first order reaction occurring
in the model was also investigated. It was found that the
expected outlet flow rate of unconverted reactant when the
reactant enters at constant concentration is the Laplace
transform of fx(t)- —\.:-7(1/’,&))- Similarly, when reactant
enters at constant flow rate, the outlet flow rate of
unconverted reactant is the Laplace transform of f ¢,(t:)-
<¥p(t)) . The outlet concentration of unconverted reactant
for constant inlet concentration of reactant is the
Laplace transform of f (t)= (Z,(t)) . Finally, the expected

outlet concentration of reactant for constant inlet flow
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rate of reactant is the Laplace transform of { & e (8))

When the reaction occurs only in some zone of the
entire system, the unconverted fraction is given by the
Laplace transform of the contact time distribution. This
is not easily obtained from tracer response statistics,
however.

The results for a single first order reaction may
be extended to complex first order systems by a method

suggested by Wel and Prater [23,14].
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VII. Single Tank Model
A, Formulation

In order to study the properties of stochastic models
in more detail, some simple examples will be analyzed by
the methods described. The simplest that comes to mind
consists of a single tank with a fluctuating flow rate.
Also for simplicity, the number of flow states will be taken
as two,

For the case of two flow states, because of condition
(I1-11), the transition matrix 7\.“’ can be expressed in

terms of two parameters, \ and A, . Thus letting the

3 ’
matrix element A,, equal the parameter A, , and, similarly,

Ay=A,, the diagonal terms become A, =~),, and Ay~ Ay

The probability distribution then satisfies

L1 .
2t = "2P AP (VII-1)

d
-;TE’.= AIPn”Ai.pm

corresponding to equation (II-13). 1If the initial values
o o 0, 0
of Py and P, are p; and Py » with p1+p2-1, the solution

to (VII-1) becomes

— ° -(Aﬂ"};)t
P- = P. - (pl - ﬁt) e (VII-Z)

~ (A TAE

Pt’pt* (P:' ﬁg)e



where pl and pz are the stationary probabilities, given by

= Al - A, -
P' = P‘ - A.""\; (VII 3)
Equation (VII-2) can be used to find the transition pro-
babilities, (a3 p; T) , by choosing the proper initial
distributions. Thus, (1#+2; ) is just pz(‘c) with the

initial distribution pg-l, pg-e. Thus,

- - A."A;'t
w(i»2;0)= B[ - e ) ]
PN (VII-4)
r(1+1;%) = B, + poe M AIT
- ).’A;)t
w(221;%) =B [1 - e’ ]
= (A *2))T

m(a22;%)=p, +p, €

The transition probabilities given by (VII-4) define the
probability structure of the flow states completely.

It will be useful to compute some statistics of the
stationary flow state distribution. If the two values

of flow rate are vy and Vs,

S

- ﬁ‘w‘ -+ p'l.wl (VII‘S)

O ® BibPslw,- wa) (VII-6)

where w is the mean flow rate and O"é is the variance

of the flow rate. The autocorrelation function of the
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flow rate may be calculated from the transition probabili-
ties (VII-:ls):
(Wt wit +e))= WP, T+t )
* W, W, F. (192 3, T)+Ww, P-."'(’-"‘ ;) (VII=7)

* WP, Tr(222;%)

aQ

(wWit)w it +e)> = <wit))
d-l
v

9(1:) - (VII-8)
Substituting (VII-4), (VII=5), (VII-6) and (VII-7) into
(VII-8) gives

ele) = g (M AT (VII-9)

Actually (VII-9) applies only 1f T2 O , Since the process
1s stationary, e(-T) = p(¥) can be used to find o for
negative v . This is eciuivalent to replacing = by 1\ in
eq'uation (V1i1i-9).
B, Tracer Experiments

With the probability structure of the flow states
established, let us next investigate the tracer response
of the single tank model. For a single tank, the tracer

material balance, equation (IV-4) becomes

v% =@ () - w, X (VII-10)



The probability density, p, (t,x), then satisfies

2ptn o 2 [ (82 - 39 px)

=" A\F’.('t/") + A Pa(t,x)

(VII-11)
2psea . & (B - 2 )0
= A, Pt x) = Ay Palt, )
with initial conditions
p.0,x) =B, 8X) , pio, ) = B &(x) (VI1-12)

Rather than solving equation (VII-1l) directly for the
probability density, the tracer response will be character-
1zed by its moments. Corresponding to equation (IV-14)
for the first moments, one finds for a single tank

d Wi

;%' - T‘;—"‘P-(t) -(F ~ A ) Ay py

(VII-13)
il XCE W T Y PN

with u 1(0)-}.42(0)-0. Recall that /ul(t)' jx Pt x)dx =<x>,

according to definition (IV-13). The expected outlet

concentration, which 1s equal to the concentration in the

tank, is then given by
CRD = ph =+ pa, (VII-14)

and the expected outlet tracer flow rate by

<y = W, M w,,/ul (VII-15)
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The two types of impulse inputs discussed in section IV
are different for the single tank model because the total
flow rate through the system fluctuates. For an impulse in
tracer concentration, ¢ l(t) and (pz(t) are given by

@ () = w, &(t) (VII-16)
Palt) » w, 6 (t)
For an impulse in tracer flow rate, these become

@, (t)= @, (¢) = 6(t) (VII-17)

The expected response to these inputs are, using the

symbols Yy (8D, (Pp(t)) s SZL(B)), CZp(t)D
as previously defined (see equation (IV-26)),

{ |w"0 ? w,' b'gb‘*. » bt
F ) = = K 1)) = B TR e (vI1-18)
_ SPwle Wi " Lw.--\,\,.ol A P

v w v w P' LI Y

- nt_ bt
Fplt) = (pp(t)) » S5 AE—"0E (VII-19)

5.'”-‘ + ﬁ;W:' e\B_ e"t

v — LA

= v a%t poe"t

folt) = (2,(1)) = L 28— (VII-20)

_ Bwlr e B ebt. ent
v b!- hl.
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— b, t L B

where bland b2 are the two roots of

—_— bt 1N -
(v) TN (VII-21)

b e [P an, o0 ]b+ 2P o (AN )E = 0 (VII-22)

W, W,
v
The function fx(t) is the true residence time distribution,
that is the one for the entire population of particles.
As indicated, it is given by the expected response in
tracer flow rate to an impulse in tracer concentration.
The function f,,(t) is the residence time distribution
for a particle chosen at a random time in the inlet
stream and fo(t) that for a particle chosen at a random time
in the outlet stream. The concentration response to an
impulse in tracer flow rate, (Z,(t)) , has been multiplied
by W to make its dimensions consistent with those of the
other responses.
Comparison of equation (VII-19) with (VII-20) shows
that for the single tank model, the desnity functions £, (t)
and fo(t) are identical, which means that particles chosen
at a random time in the inlet stream have the same residence
time distribution as particles chosen at a random time in

the outlet stream. The fact that this 1s true for the

single tank model might lead one to suspect that a similar
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result would be true in general. In fact it is not hard
to show, using equations (IV-16) and (IV-17), that the two
functions have the same initial value. However, although
the functions are élosely related and are equal in certain
simple cases, they are not equal in general. In the
network shown below, for example, they are different,
provided r¢s:

(A $ o Wi
1"' N

ol S L Y,
O-vvgl B T G- s 0w

One would expect the two functions to be different in

general because the two populations are not the same.
At the inlet, one chooses particles entering in one flow
state or another with a certain probability. At the exit,
particles leaving in one flow state entered in various
flow states, so that the population changes. Apparently,
in the single tank case there is a cancellation of effects
that causes the second population to have the same residence
time distribution on the first.

The mean residence time calculated from fx(t),
equation (VII-18), is just equal to %%, as explained
earlier. The mean residence time calculated from fg (t)

or fo(t), equation (VII-19) or (VII-20), is given by
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v % T TR Ay T ww, (VII-23)
which can differ appreciably from %i . Values of 6y
calculated from equation (VII-23) are always greater than

¥ . This occurs because a particle injected at a random

w

time is more likely to start when the flow rate is low than
an average particle is, and low flow rates cause larger
residence times. Similarly a particle injected at a ran-
dom time is less likely than an average particle to begin
when the flow rate is high.

The expected response in tracer concentration to an
impulse in tracer flow rate given by equat:ion- (Vii-21),

is difficult to interpret as a residence time distribu-
tion. In fact its integral from zero to infinity 1is equal
to —-w—.:-” where 6, is given by equation (VII-23), rather
than being equal to one.

In the limit of large switching rates, as (A,+2,) - oo,
it can be seen that 6y - ;':r, . In fact, in this limit, all
four responses, equations (V1I-18)-(VII-21), become identical
and approach the impulse response of a steady flow system
with flow rate w and volume v . This is clear from

equation (VII-22), which shows that as (A,+ A,)* oo , the

roots b1 and b2 become
b= =& ,  b.=-(x,+2,) (VII-24)



The contribution of b2 to the solution decays almost

immediately, so the remainder of the curve is just

W
=V o~ FF (VII-25)
flt)= = €
The constant %} appears in front because the integral of

fx(t) or f,(t) is one for any parameter values, and that
of W{ Z,(t)) approaches one as (A,+A)»®. Thus, as
the switching rate becomes large, the expected behavior of
the system becomes the same as the behavior of a steady
system,

One recalls that the expected response to an arbitrary

input can be calculated from the four expected impulse

responses:
Thus
t
(L)) = J; (Y (t-T)) X, (E) dT (VII-26)
(V’(t)) = f:( Ve (t- x)) @) dT (VII-27)
t
Czt)) = [ (2 lt-2) X, (v)dv (VII-28)

(z2(t))= f (Z (t-T))P(T)dT (VII-29)
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Then the distribution function Fx(t) corresponding to fx(t)
18 just the expected response in outlet tracer flow rate

to a step change in inlet tracer concentration. Similarly

Fo (t) is the expected response in outlet tracer flow

rate to a step change in inlet tracer flow rate, and Fo(t)

is the expected response in outlet tracer concentration

to a step change in inlet tracer concentration. Of course,
for the single tank, Fo(t)-F,,(t). Equation (VII-29) shows
that when tracer is fed at a constant rate ¢ , the expected
outlet concentration after a large time has elapsed is

given by
o0
CZ2(0)) = @ J (Zg(t))dt (VII-30)

0

Then, from equation (VII-21),

(2(00)) = .99_1;9.! (VII-31)

where ©_, 1is given by equation (VII-23).

L 4
Curves of fx and f? for some typical values of the

parameter are shown in Figure 2. 1In this plot, v=w=l,
Actually, this is equivalent to introducing dimensionless

time and flow rates, t', wi and wé given by

. wt '

t =7 W,

W, , W, (VII-32)
= M TR
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The quantity € , defined as W)=V, has been taken as 2
and A=A,* | . Note that this requires that wl-O, w2-2,
and'pl-ﬁz-k. The impulse response of a steady system with
flow W is shown for comparison.

It is seen that the intercept of fx(t) is 2.0, while
that of f' (t) 18 1,0. This fact can be understood in
terms of the tracer experiments corresponding to the two
curves. In the tracer experiment corresponding to f,,(t),
the same amount of tracer is injected for each reallzation,
regardless of the initial flow state. Thus, the initial
concentration for the given parameter values is equal to
1.0 for each realization. The initial outlet flow rate of
tracer is then equal to either 2.0 or 0.0, each with
probability %, so the expected initial value is 1.0.

In the tracer experiment corresponding to fx(t), the

amount of tracer injected for a given realization is pro-
portional to the flow rate at the instant of injection.
Thus, in this case, the initial concentration of tracer will
be either 2.0 or 0.0, each with probability %. If the
initial concentration is 2.0, corresponding to w=2.0,

the initial outlet flow rate of tracer will be 4.0. Thus,
the initial outlet flow rate of tracer is either 4.0 or

0.0, each with probability %, so the expected initial value



is 2.0. For the values of the parameters choosen in this
case, the mean residence time calculated from fx(t) is
1.0, while that calculated from f., (t) is 1.5, which

is significantly different.

A useful device for evaluating residence time distri-
butions is to express them in terms of the escape intensity,
h(t), as defined by Shinnar and Naor [ 3 ]:

hity= —£8 = e

$iods I~ F(¢) (VII-33)
where f(t) is the f;sidence time density function and
F(t) 1s the corresponding distribution function. The
quantity h(t) has the significance of the rate at which
particles which have been in the system a time t will
escape from the system. This is plotted in Figure 3 for
the two density functions of Figure 2. 1In the graph,
hx(t) corresponds to fx(t) and h 4, (t) corresponds to fo(t).
The two functions have the same interpretation, except that
they refer to the two defferent populations of particles.

In a steady system, when the curve of hx(t) decreases
over some range, it is an indication that the flow pattern
exhibits bypassing or stagnancy, since the tendency of a
particle to leave the system is higher when it has been in

the system a short time than it is at longer times.
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It is shown in Figure 3 that this effect is present in
hx(t)’ the intensity corresponding to fx(t), and in h,,(t),
the intensity corresponding to f,, (t), both. The effect
is much more noticeable in hx(t), however. Thus the effect
of the fluctuating flow rate is similar to that of bypassing.

Second moments of the tracer response can also be
calculated, as indicated in equation (IV-28). 1In this case,

taking second moments in equation (VII-11l) yields

d \
-;%'— = 2 %‘ﬂp,(t) - (z% -rx.)s‘-r A, S,
(VII-34)
(
t=0: S, *S,*»0
where 8 = < x*), = [ x*p/(t,x)dx . Then
Cy*) 2 w's, +w'Ss, (VII-35)
CZ'D = 5, +5, (VII-36)

The variables F-(t) and M,(t) in equation (VII-34) must
be determined from equation (VII-13). Note that, taken
as a group, equations (VI1I-34) and (VII-13) together form
a nonlinear system, although the independence of (VII-13)
permits them to be reduced to two linear systems that can
be solved sequentially. This nonlinearity makes it im-

possible to express the mean-square output for an arbitrary



input as a convolution with the mean-square impulse response.
Thus it is not clear how the knowledge of the mean-square
impulse response can be used to calculate the mean-square
step response. This fact is true in general and is not
restricted to the single tank model.

By the procedure explained, the following mean-square

impulse responses are obtailned:

- L%, = 4 (W ht
P, QP.WI g - be
<‘w:.> - vl-wl. b, - b‘_
. . l' (VII-37)
N AW -wy) + %( P~ BW.) .ﬂ."" I:‘t
B vt b - b,
. B B vt bt
< V“i!) - »r* b~ (V1I-38)
"t bt
r 3 - 3 -
— alpw’+ pw,) 3———9—.,.- -
- - plwl“ ﬁ‘lw: _b,g“t- bgeht
(z**> - rr bo" b‘l.
nt -t (VII-39)
— = 3 = Jye ' - €
'&i(P.W. T PuWa b, - b,
- 1 ot bt - 3 »t »nt
2 - W b, €™ = b & - w - @ _
T e 2373 ‘———.,__ by (VII-40)

In all of the above, b1 and b2 are the roots of



belaen~2T-23)b vaZD2(aen )% 0 (VII-41)

Note that (Z) = (Vs> , again by coincidence. This shows
a fortuitous balancing between the corresponding variances
within each realization and between realizations.

The variances of the various quantities can be calcu-
lated from

Oy = {x*) - < x) (VII-42)

where 0;, 18 the standard deviation of some quantity x.
The results for O (t) for the values of the parameter used
in Figures 2 and 3 are shown in Figure 4. It is seen that
the variability of Y is appreciably greater than that of
Y¢ » so that it would require more experimental runs to
estimate fx(t)-é(y,) with a given accuracy than f o (t)={¥y)
This 18 seen more clearly in Figure 5, which gives the
coefficients of variation, @ (t)//A(t) , of the various
impulse responses. The variability of outlet concentration
for a given input is less than that of outlet tracer flow
rate because the outlet tracer flow rate takes a jump
whenever the total flow rate changes.

The values of iE for the various responses increase
without bound with increasing time, so that estimation of

the impulse response at large times after injection becomes
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very unreliable. In the limit of large switching rates,

(A, *A)*>00 , it is found that, for ¥,

£ - TR R@FI-T  om

for Ve and =, ,

< - \/5. (2) =~ B, () - (VII-44)

and for 2y

_%'. - 0O (VI1-45)
Thus, even though the average behavior of the system
approaches the steady behavior as (A,+A,)+> & , the variance
of some of the outputs does not drop to zero.

Equation (VII-45) shows that, in the limit of large
switching rates, the concentration response to an impulse
in tracer input rate becomes completely deterministic. The
tracer flow rate response, however, will still fluctuate as
the total flow rate changes, as shown by equation (VII-44),
The concentration response to an impulse in tracer concen-
tration is not deterministic because the amount of tracer
injected will vary from one realization to another.

The correlation functions of the various tracer responses

can be calculated from equations corresponding to (IV-46).

For the correlation of outlet tracer flow rate,



(
da, L BB 0 (D)w, g (1) T (O W,

dx M) (VII-46)

_(y\'}"—* 1t)ay. + A9,

de., W(t
23 = BT [, o w0 ¢ T ) Wy gy )]
+ Alﬂq "(%,"-.-A;)q,,, y T=O: iq-' w, 5, (¢)

Then % * W, s &)

(ylt)ylt+x)) =wq, +wq, (VII-47)

Similarly, for tracer outlet concentration,

dg, . 2D om0+ T o) ]

P LA
_(:;’:J 'rAl)% -+ A;q; (VII"48)
o, . BEY [y 0e) + T () puee)]
+ - (¥ , o Vi )
Mo, (P +2)g. 5 Tro i'h- 8. (%)
Then
(z(t)E(t+x)) =9, ,6+4q3, (VII-49)

For impulse responses, the inhomogeneous terms drop out of
the equations. To solve (VII-46) or (VII-48), /Jl(t),
/“2(':)’ sl(t) and sz(t) must already have been calculated
from equations (VII-13) and (VII-34).

In this manner one obtains
' LN 5T
CYiE) Pleer)) =  pra)yue——=hs
3 3
R E-EXOE 25 6+ (wi- w280 w, (VII-50)

bi
- 2,.-";“)"":.]} '-»:'L;e_t
v T By
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{ Z(t) Z(t+x)) = 2" (t) h.cb - 1, 0

N TN

_ ws(t)rw s (t) e"To g™T
v b, - b,

The quantities (M) , (2 (v)) , sl(t), sz(t),

and {Y(¥)) are calculated as before. The corresponding

(V11-51)

autocorrelations, pth:) , can then be calculated from
equation (IV-34) or (IV-35).

It is interesting to calculate the slope of et(-:,)
at T =0. Since pt(‘r.)=l when T =0, and since eth,) & | for
all t and ©, a non-zero slope at T =0 indicates that the
curve of &L‘t) at constant t will have a corner point at
T =0, whereas a slope of zero at T =0 allows the curve to
be smooth. The autocorrelation function of the total flow
rate given by equation (VII-9), for example, exhibits such
a corner.

From the difinition of Pttﬁc) , equation (1V-34),

Zilewml = &, [ & <vopeepl
(VII-52)

T=x0

-3 & <yen]

A similar relationship can be obtained from equation (IV-35).

Thus it is found that, for the correlation of vy,

5?‘.& ipt(‘t)z == 1‘[ (wl - wz)z()‘\s.“)"' A‘s‘w)(VII'S”

=0

and for the correlation of 2z,

87



2 i x } = 0 VII-54
The auto correlation of outlet concentration is,
therefore, smooth at 7T'=0, while that of outlet tracer
flow rate has a corner. This fact is related to the

smoothness of the corresponding realizations.

C. Moments of Conversion with First Order Reaction

In the case of first order reaction, the equation of

change becomes
vEX o (8 - wy X - kx (VII-55)

corresponding to equation (VII-10) for tracer response.
The probability distribution then satisfies

A, 2 [ (B M« - wx)p,(t,0]
(VII-56)

= =2, P, x) + A, P, ()

2pe) 2 [ (BY - Y x - kx) pe0)]

= A|F3|(":;*"‘) - AL P,(t/ x)
In the case with chemical reaction, the probability
distribution of interest is the stationary one, which
2Rt (
satisfies (VII-56) with _§'€‘& - 3-%\{99-0. Equations
(VII-56) then become ordinary differential equations

which can be solved directly for the probability distri-

bution:
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d o : -
A I - - (F+w) "} Pt(")] =T MP) AR yrro57)

112 - (2 Wxdpad]= A p00- A0

The solution to these will be described later. The
moments of the steady state conversion will be calculated

first.

Taking moments in (VII-57), one obtains

(%'*1u""‘)ml' A,m, = % )

w B, (VII-S58)
-A,m -+ (-1-;1+At+k)m,‘= v 429

where my= IK p,Lydx mz- JX pndx , corresponding
to equation (V-6). Equation (VII-58) is a speclal case
of equation (V-10). The expected outlet flow rate of

unconverted reactant is given by

Y¥)=wm +wm, (VII-59)
Similarly, the expected outlet concentration of uncon-

verted reactant is given by
(ZD = m, + m, (VII-60)

For constant reactant inlet concentration, the reactant

feed rate is given by
P, =W Xy Py * W,y X (VII-61)

For constant reactant feed rate these become
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P - P P (VII-62)

In discussing first order reactions it 1s useful to redefine
some symbols. Let y, and Yy, now stand for the outlet
reactant flow rate for constant input concentration and

for constant inlet reactant flow rate, respectively.

Also, let Z  and Z, be the corresponding outlet reactant

concentrations. Solving (VII-58), the following results

are obtained:

wre Bow, -
Povie Bl \ L WAL g (aea)
W2 o __VE L AR 4 — (VII-63)
w X, k =+ ["G“""#‘*A.*A;]k*ﬁ‘;—"‘-_"'ﬁ -3-()'#)‘)
A W W, W
<> - . Fh+ 27+ T2 (V1I-64)
P kt-t[-\%'#%’41'*111‘&1“—"1‘%14%(1.*3;)
W W, W, W
(B> _ Tk 2Rt v () (VII-65)
Xg kt't[-\%-‘ -o-\:rL".pl'q-lt]k-o\f_:L’Y.:\-r%(A‘vA.)
) W, W v —_ W 2
WlRD, ¥ k + =30 + %“"’*‘)*“MT"?) (VII-66)

PR [Tk M L B0y

The left hand sides of equations (VII-63) and (VII-64)

are equal to the fraction of reactant that remains uncon-



verted. It may be noted that as (X,+) . )=» o0 , the right

1 h ‘ h
hand sides of all four equations approaches TT:_?EFT’ the
unconverted fraction for steady flow. The unconverted
fraction calculated from (VII-64) is always lower than
that calculated from (VII-63).

In fact it can be seen that

<‘\;¢) < \ < ¥ (VII-67)

|-¢-‘.ﬂ‘ W X,

for any values of the parameters. A plot of equations
(VII-63) and (VII-64) for typical values of the parameters
is given in Figure 6 for illustration, along with the
unconverted fraction at steady flow.

The implication of (VII-67) is that if reactant is

fed at a constant rate, fluctuations in the flow rate will

improve the conversion, while if reactant is fed at constant

concentration, the fluctuations will make conversion

worse.
The second moments for first order reactions are

obtained from the following equations:

= 9,
(22 +2w )]s, - 28, = 23 m,

(VII-68)

=28, vl 2k +,] =2 ?;-;ml

<Yy = wrs, + w's (VII-69)

r R
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(2> = 5,+ 5, (VII-70)
These correspond to equation (V-20) for the general case.
These are easily solved, but since the formulas are some-
what unwieldly they are not presented. The coefficient of
variation, f; , of the various quantities are shown in
Figure 7 for the same values of the system parameters
as used in Figure 6.

It is seen in Figure 7 that the coefficient of varia-
tion of the outlet reactant flow rate is close to one for
both inputs, while that of outlet concentration is appre-
ciable smaller. It is also noted that the curves for the
two inputs, constant inlet concentration and constant
inlet reactant flow rate, cross over at some value of the
rate constant for either measure of the output, = or v .
The value of one, that is asymptotically approached by
three of the curves, occurs because of the parameter
values used. At € =2 the flow switches between 2.0 and
0.0, an extreme situation.

The equations for the autocorrelations of ¥ and 2Z

are quite similar to those for tracer response, (VII-46)

and (VII-48). These become, for outlet reactant flow rate,
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¢
.i&n = 3 \:ﬂ"“("l.'-)\ﬂ.m. + 1T, lt)wlml]

P Sa 4
~(F +X+%)q, * A q, (VII-71)
%%r‘ * _:;" [ma(TIw, m, "'"n(")wz"'z]
* }'o', - (% + X'L""‘)c‘v'u.
T=0: g=wsS, , q. WS, (VII-72)
(Y yleex)) = wq, rw, q, (VII-73)

Similarly, for outlet reactant concentration,

dq, _ "?'j'- [n'“(-g)m' + Tt',‘|('=)rn,_]

d~x
-(g + 2 +k)q, * g, (VIL1-74)
%\%t‘ = %[-rr;,‘(-;)m,* ™, (%) ml]
*A|%I - (%‘ *At"k)qv'l.
Tzo: 9 =5, , q,%S, (V1II-75)
CE(E)Z(t+) ~9,+ 9, (VII-76)

These were solved for some typical values and the
results plotted in Figure 8. The curves for the auto-
correlation of outlet concentration for the two inputs,
2, and Z, , are seen to colncide, while those for

outlet reactant flow rate, y, and Vo s differ. Again,
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this is a peculiarity of the single tank model. In general
all four curves would be different. As was the case for
tracer response, the slope of etz) at T =0 1is equal to
zero for the autocorrelation of concentration, but not for
the autocorrelation of outlet reactant flow rate.

D. Probability Distribution for Single Tank with Reaction

The fact that equation (VII-48) 1is an ordinary differen-

tial equation makes its solution especially simple. In
fact it can be solved just as easily for reactions with
non-linear rate expressions. To see this let us rewrite

(VII-46) more generally:

dx -
o L 00 (VII-77)
Then, for two flow states, the stationary probability

density satisfies

L (5 p0] == A p, 0+ A, pa(x)

(V1I1-78)
o_:i; [ Fl- P,_(x)] * A plx) - >‘1 P:l.(")
Adding the two equations in (VII-78) together,
j’-‘;{ Lfp+fp)=o0 (VII-79)
Thus
fop,* f,p, = C (VII-80)

where ¢ 1is some constant, independent of x.
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If f1+f2 are to have finite expectations, it is clear
that c=0. Thus

tp = - £, P, (VI1-71)

, e
4 (407 AEEAE S T (4 o 87

Using (VII-71) in (VII-72),
A A\ -~
tfpl+LF~F)fp =0
f’-‘ P fi ‘] (VII-73)
Note that because of (VII-71), P; and P, can be different
from zero only where f1 and f2 have different signs. Define

q(x) so that

gx)= | £ 00 P,(x)\ = | £, p, (0| (VII-74)

Then

%9)‘ + [3;: + AT: ]g =0 (VII-75)

Separating variables,

%{1.'3=—[’%'*’-‘;*‘] (VII-76)

To find boundary conditions on g to use with (VII-76),
consider the points where either fl(x) or fz(x) passes

through zero. 1If Py is to be normalizable, it 1s necessary

<
that pl(x)- I_?_(:-:\ be integrable. Unless fi(x)- oo at
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that point, an unusual situation, g(x) must approach zero
at such a point. Thus (VII-76) is applied to regions on
the x-axis over which f1 and f2 are of opposite sign. The
values of g at the end points of such a region, which are
necessarily zeros of either f1 or f2’ are zero. Infact

a further condition must be satisfied by fland f2 over

the region. Since g—o at each singular point (i.e.

a zero of either £. or fz), 1"'3" -0 , Thus j‘:—{-‘nJ must

1
—» + o at the left end of the region and ~o¢ at the right
end, so that the function that goes to zero at the left

end (either £. or f2) must be negative over the region,

1
and that which goes to zero at the right end must be
positive over the region. Therefore, in any region of

the x-axis where g(x) is non-zero, the functions fl(x) and

fz(x) must appear as in the sketch:

region where g 1is
non-zero

Physically, the points where f1 or f2 pass through
zero are steady states when the flow is fixed at W, or w,
respectively. The requirement that the slopes of f1 and f2
be negative at these points for solutions to exist between

them is just the same as the conditions for stability of
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these steady states. At the stationary condition, then,
the system will oscillate in a region bounded by stable
steady states corresponding to the two different flow rates,

For first order reactions,

(7]
Fo = 5 - (B w)x

W (VII-77)
f.(x) = -:é - ('-;;"-‘-k)x
Substituting in (VII-76) and integrating,
Ay iy
d \ w"_k
guo = ¢ | T - (% a)x|¥0 |2 - (x| T
(VII-78)
for values of x between A and S . For values
w, + Wy W, + kv
of x outside this region, g{x) T 0O . The value of the

constant ¢, is determined by the fact that the integral
of pl(x) + pz(x) is one.

It is convenient to define a new variable, y, as follows:

<4,

X = vy
Yix) = —- - q}f (VII-79)

W, + kv W, + kyr

The probability distribution of the variable y is then given
for O<y<| by

S
- - yl“-l('_.y)
p|(y’ pl B("', s _._|)

(VII-80)
8-

e YO-¥)
PI.(Y) 2 B(re1, S)
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where

w ) w

v v (Vii-8l1)
and B(r,s) is the beta-function of r and s defined as
follows:

B(r,s) = fltr"(u-t)s" dt
° (VII-82)
The distributions (VII-80) are called beta- distributions,
and the indefinite integrals are tabulated functions, called
incomplete beta-functions.
The probability that outlet concentration Z is be-

tween &, , and Z, is then given by

y(#,)

Pr i £,{ Z2 < z,:( = j L p)s p,)] dt  (vII-83)
yis,)
Similarly, the probability that outlet reactant flow rate,

v , is between vy, and y, is given by

3(!&) y(%ﬁ)
Privicy <w}] = f p.(wdt + j P.le)dt (VII-84)
(%) ()

In both (VII-83) and (VII-84) it must be kept in mind that
pl(y) and pz(y) are zero unless O < y < |
The shape of the probability distribution depends on

the values of r and 8. If r is less than one, there will



be an infinity in the probability distribution at y=0, and
if s 1is less than one, there will be an infinity at y=1,
Values of r or s greater than one give zeros at the corres-
ponding points. For large values of r and s the distri-
bution becomes very peaked and narrow, which corresponds

to large values of A, and 2, . For small values the
probability becomes concentrated near the steady states

at the edges of the region. Density functions for x& or

yw are easily calculated by differentiating (VII-83) or
(VII-84) with respect to =, or ¥, , respectively. Note
that the density for ¥ may split into two regions if v
and w, are sufficiently different. If one of the flow rates,
say w,, is zero, then the distribution of y will have an
atom of probability at y =0, of weight p .

The shape of the distribution of y does not depend on
whether reactant 1s fed at constant concentration or at
constant rate, since r and 8 are independent of this condi-
tion. It is simply a question of how the switching rates,
A, and A, , compare with the characteristic response
rates of the system, %‘ +k and "—:r‘-o k , respectively.

The density function of outlet concentration for some

typical values of the parameters is shown in Figure 9,

The quantity A 1s defined as 5(x,+ 2, ), which is the
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mean switching rate. Note how the distribution narrows
with increasing switching rate.

For second order reactions, the corresponding fl(x)

and fz(x) are

‘F,(x)=% - "\%'X - kx?
(VII-85)
f,(x)'% - Px - kx?

In this case, a
v 1

W wll \ U E-G') * ‘kﬂ'

gox) =

(V1i1-86)

LYY

* h 9
|1kx*%‘-ﬂ¥,‘)t+4kﬂ€‘ J(v%)'fq'k z
|zkx-%+\/r“=e)‘wk'€

where, again,the constant N must be determined by the

condition that J.[pl(x)+p2(x) ]Jéx =1, Equation (VII-86)

may be written

= X G. —G;
M o -~
where
A A
r= w ‘ ) 3*® =
- *tka, “—fllr,-‘-lka.,_ (VII1-88)

The quantities aland a, are the steady solutions corres-
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ponding to vy and Wy respectively, and -bland -b2 are

the extraneous roots of fland fz. Thus, in these terms,

F(0x) = ~k(X-a)(x+1bv)

(VI1-89)
FL00= -k x-a,)(x~+b)
so that
C, Vx=a) ' ix al
= 1 XX A
PO K T o™ w5,
(V1I-90)

¢ Ix-—a\" |x=-a,|*"

[
- ——
P.(X) K [x+b, )" Ix+b,]8"!

The shape of the density functions given by (VII-90)
are quite similar to those for first order reactions, as
given by (VII-80). The constant ¢, must be determined by
numerical integration. The density function pl(x)+p2(x)
from equation (VII-90) is shown in Figure 10 for some
typical parameter values.

It can be seen that the values for r and s given by
equation (VII-88) and those given by equation (VII-81)

may both be expressed by the relationship

y"-_.?—l__. S __.é.i.._

| } * i
) £'(ay) \ £, (ap) (VII-91)
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The shape of the probability density for more general
kinetics may be inferred by considering its behavior near

the roots of fland f2' Near the roots of fl' for example,

£,00 = f.'(a.) (x-a,) (VII-92)

)
If the root a; is stable, then fl(al) will be negative.

For values of x near a;, equation (VII-76) then becomes

- Al
~
%x I 3 -F_'(a,) (x-a)) (VII-93)

A A
since 2 will be negligible by comparison to ————oHo

£,(x) 878 4 P f/wo(x-a,)
This gives

A
K ATY

g = ¢l x-a (VII-94)

Similarly, near x=a,, where a, is a stable root of f2’
L3
\

RPN ¢ )
gy = < |x-a,l (VII-95)

Thus the quantities r and s given by equation (VII-91) are
seen to determine the behavior of the probability density
near the ends of the rangeNfor arbitrary kinetics. Again,
if r and s have values less than one, the probability

density will have infinities at the corresponding points,

and if r and s are greater than one, it will have zeros

at the corresponding points.
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Another case of interest 1s an exothermic reaction
under adiabatic conditions. For this situation both the
material and energy balance must be considered. The

material balance is, for constant X

v-jg =2 W(Xe=-x)- v R(x,T)

(VII-96)
and the energy balance is
v4T = W (To~-T)~v —4-1-:-*9.(»: )
dt %o ¢ (V1I-97)

where T 1is temperature, R(x,T) is the reaction rate, and

AT* 18 the temperature increase resulting from complete
AT *

conversion. Multiplying (VII-96) by X and adding
o

to (VII-91),

v j"— [x&T”, T] = wiloTv.r]- (27511}

t ° °©  (VII-98)
x HT *
Since w is always positive, the quantity [ =5 ="+ T}
_ - ]

will approach [ AT"‘-.-'TO ] monotonically, even though w
fluctuates, so that after a long time, when the process

becomes stationary,
X
T = To -+ AT*(I--’TO)
or, scaling x so that xo-l,

T = To + ATY¥ (V- )() (VII-99)
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Actually, it can be shown using the general stability
criterian for Markov Processes [ 25 ] that (VII-99)
would be true for the stationary solution even if one of

the states of w were negative, provided only that

These relations are automatically true 1if wland w, are

both positive. The reaction rate, R(x,T), may be taken

as
_ K
Rix,T) = ko & T x™
(V1II-100)
Substituting (VII-99) into (VII-100),
_ o (VI1I-101)
R(x,T)= k,, € lrestm §
where
E AT ™
*=RT, o= =

Thus, for this case,

ol
W| w - [-———-—-:—'
'ﬁ(\()'—t—-—v - —-va - k“e P+ B(v-x) }Xﬂ

- (VI1-102)
ﬂ(X) = ‘\:’—} bl - k..e-[‘*ill-x); Vaa

~ % X

v
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The interesting feature of this system is the existence of
multiple roots of fl(x) and fz(x), allowing the possibil-
ity of disjoint regions of non-zero probability. Figure 11,
for example, shows a case where both fl(x) and fz(x) have
three roots. In this case the entire probability distri-
bution would be contained in two small regions. One

region 18 bounded by the smallest root of fl(x) and the
smallest root of fz(x), and the other by the largest root
of fl(x) and the largest root of fz(x). The latter two
points are very close together and also very close to x=1,
so that they cannot be seen distinctly on the graph. Note
that there will be no probability of being between the two
middle roots, since fl(x) and fz(x) cross the axis with
positive slope at these points. The middle roots of the
two curves represent unstable steady states of the system
with constant flow rates. The relative weights of the two
regions are arbitrary, depending on the initial probability
distribution of the system. The fact that the probability
of being anywhere between the two reglons 1s zero, together
with the fact that the concentration varies continuously
with time, shows that once the concentration is within one
of the two stable regions, it will never leave that region.

The stable region at low concentration, or high
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conversion, corresponds to an ignited state of a combus-
tion process, while the stable region at high concentra-
tion, or low conversion, corresponds to an unignited state.
Thus, under conditions where each of the allowable flow
rates through the stirred tank result in both ignited and
unignited steady states when held steady, the probability
distribution will be concentrated over two stable regions.
If the system 1is once ignited it will not become extinguished,
and if it is not ignited it will not spontaneously ignite.
Another situation is shown in Figure 12, Here the
function fl(x) has three roots, but fz(x) has only one,
very close to x=1, In this case the entire stationary
distribution will be concentrated in the very narrow
region between the highest root of fl(x) and the only root
of fz(x). This means that the system, which may begin in an
ignited state, will eventually become extinguished with
probability one. Thus, in cases where the range of allow-
able flow rates is such that at one extreme of flow rate
the system has both ignited and unignited steady states, the
system will eventually become extinguished and will not
ignite spontaneously.
Other configurations are possible. It could. happen

that fz(x) has three roots, but fl(x) has only an ignited
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solution, in which case there would be only one stable
region, corresponding to an ignited state of the system.
A case where the details of stationary distribution
within stable regions is of somewhat more interest 1is
where fl(x) has only an ignited solution, and fz(x) only
an unignited one.

The time derivatives fl(x) and fz(x), are shown for
such a case in Figure 13, along with the resulting proba-
bility distribution, computed numerically from equation
(VII-69). The distribution is concentrated mostly at
the high concentration end of the scale for these values
of the parameters. This occurs because the absolute
value of the negative derivative, fl(x), is somewhat
less than that of the positive derivative, fz(x), over
most of the range. A slight change in the parameters
which shifts both fl(x) and fz(x) down slightly changes

the shape of the distribution markedly as seen in Figure 14,
aT»

(-]
heat release of the reaction, is changed from 0.22 to

Here the value of

, which is proportional to the

0.23, Comparing the curve for A =5 in Figure 14 to the
curve in Figufé 13, one notes that the distribution

shifts toward the low concentration end of the scale

when 2T ig increased. It is also seen that the
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distribution becomes bimodal, with one peak at the low
concentration end and one at the high concentration end.
This means that the system will spend relatively little
time in the central region of the concentration scale,
compared to the ends of the scale. Increasing the switch-
ing rate, A , tends to narrow the distribution, as is
seen for A = 10 in Figure 14. It is also seen that the
probability of being at high concentrations decreases
sharply with increasing switching rate, for the parameter

values shown.
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VIII. Series and Parallel Models

A. Formulation

Two special cases of the general model will be
treated in this section. One consists of two tanks
connected in parallel, as shown in Figure 15, and the
other consists of two tanks in series, shown in Figure 16.
In both cases it is assumed that the total flow rate
through the system, w, is constant, so that the different
tracer experiments described previously are identical.

In the parallel model, the proportion of the total flow
that enters each tank fluctuates. Denoting the fraction
of the total flow entering tank one when the flow state

is &« by r,, the various flow rates become

Woi = Wiz = Ty W

(VIII-1)
Woae = Wiz = (1= )W

In the serlies model, the rate of mixing between the two

tanks fluctuates. Again, the various flow rates can be

expressed in terms of a random quantity r, :

W™ (1t+r )w

(VIII-2)

Vva‘“.= Yo W

It will be assumed in both cases that the random flow
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Figure 15: PARALLEL MODEL
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state index, ot , takes on only two values, so that the
probability structure of the mixing flows will be the
same as that described in section VII A.
B. Tracer Experiments

The tracer material balance, equation (IV-4), be-

comes for the parallel case
X
‘U',-;L—' = @, (t) - w r x,
d p T )__
Vige ° Pealt w(i-r) x,

(VIII-3)

X -«

Since the total flow rate, w, is constant, inputs in
tracer concentration are equivalent to inputs in tracer
feed rate, the outputs differing only by a constant
scale factor. Thus the input tracer feed rate, ¢ (t),
and tﬁe input tracer concentration, xo(t), are related
by

Pt) = w X, (¢t) (VIII-4)
Writing the g%q(tj in terms of xo(t), equation (VIII-3)

becomes

m%' = wr [ x,(¢) - x,]

J (VI1I-5)
X

v, = w2, ]

The outlet concentration, &2 , is then given by

E o= r X, * (1= rJ)x, (VIII-6)



and the outlet tracer flow rate, y , by

y=wz=z (VIII-7)

The nature of the output of the parallel model is shown
by a typical response to a step input, shown in Figure 17.
This curve was calculated by a Monte-Carlo procedure.
It 18 seen that switches in flow state produce discon-
tinuous changes in outlet concentration.

For the series case, the material balance becomes

o x
v, T‘ T WX (t) - Wi+ r) X, t Wi, x,

t
(VIII-8)

v, S5 = wi+r ) x, - X, ]

In this case the outlet concentration is equal to the

concentration in tank two:

Z = X, (VIII-9)

A typical step response of the series model is shown in
Figure 18. Here the switches cause discontinuous changes
in the first derivative of the output concentration, but
not in the output concentration itself.

For eilther case, equations describing the probability
density, p(t,x), may be written, corresponding to equation

(IV-5). For the parallel model it is found that
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2B | 2 U5 [ x,0- x,] PO}

+ R R - ] Pty 0]

=- A, Pt %) + A, p,(6X) (VII1-10)
3 Pyltx) i-—-‘('_x,(e) X} P;U‘;&)g

ot 7 X,

+ £ {-Y"—L'—'*-[K &)= X%, ] Pyt %)

= A, p.(t, x) — A, p, (¢, %)

with initial conditions

p.(0, X) = P, 6(x,) &(x,)

P, (0, X)= P, 8(x.) 5(»‘<~.) (VIII-11)

The corresponding equation for the series case is
aP.(tz _ba_i[— Xole) ~ T (|+r-)x + ¥ )(-]p|(t1)}
"'33;’- -\-"V];;‘(|+rl)(xl- x:.) pz,(tz &)}

= -A P, x) + AP, (%)

i%.;ﬁ.ﬁ) -(-ax {[vx (t)‘w(\'*i")x "'w"x a.]pa.\t!ﬂ}
(VIII-12)

& 15 Orrd(x- x) pate, x)

= AIplt't)x-) - Atpx(tzﬁ)
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with the same initial conditions, (VIII-1l). As in the

previous case, ordinary differential equations describing
the time behavior of the first and second moments of
tracer concentration can be written, corresponding to

equations (IV-14) and (IV-28). Thus for the parallel

case, the first moments are given by

dm, =

s o B 1 xott) = (e A * A

Gl o 5% %00+ A - (Y A pa
%%1=5_\3( v)x, () - [w("")"'l]lun A M

A

. L - ﬁz-“é(;-rl)x,(t)-v Ay Mg~ [%(I“Y,_)‘l' A,_]/.A“_

(VI1I-13)

where (4,; (t)-ij p’(t, x)dx . The initial conditions
for (VIII-13) are

HMu(0) = phy (0) = pp(0) = Myy(0)= 0 yr11.14)

The expected outlet concentration, CR(L)) is then
given by

CZ(£) = M, l8) * i U, () + Qo) o, ()

(VIII-15)
+ (- "x)/uu(t)
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which is the same as equation (IV-16). Similarly, the

first moments for the series case satisfy

"#'” = P X,U) = \':'Jr‘("“'t) "AJF.. * A1/"1.:"'%."1}“!:.

o u,, =

Al R EACEE W L IR N REE T Y

%\ﬁt— b (l"' r‘)/A“ %-._(Hr')* A‘]/u“ M A"/""’

d

-Jt&l'z = '\%.(1*"';)/"1! * An}‘n'[ '3‘('*rl)*x‘-]ﬂ11
(VI1I-16)

with initial conditions (VIII-14). Then
= -+ t

Comparison of equations (VIII-13) with (VII-13)
shows that, as far as first moments are concerned, each
tank in the parallel model behaves independently. The
expected response of the parallel model is just the
superposition of the expected responses of the two in-
dividual tanks to the appropriate concentration input.
Because the total flow rate through both the series and
parallel models is constant, all the impulse responses

described in the previous section, Ve s Vo r 2> z? s



are identical. The expected impulse response is equal to
the (unique) residence time density function. From the
residence time density the escape intensity, h(t), can

be calculated, as explained previously. This quantity

is shown for the parallel model in Figures 19 and 20,

and for the series model in Figure 21 and 22. 1In these
graphs, & =r,-T, and A =k(A,+A,). The parameters for the
parallel case are chosen so that the model is8 symmetrical
with respect to the two tanks. This makes the responses
of the parallel system identical to those of a single
tank with the same concentration inputs. In fact the
curve of h(t) for € =1 in Figure 19 is identical to

hx(t) in Figure 3, the intensity of the distribution
fx(t) of the single tank.

It is seen in Figure 19 that increasing the size of
the fluctuation, &€ , increases the departure of h(t) from
its value with steady flow and, as noted in connection
with the single tank response, behaves in a manner that
indicates bypassing. In Figure 20 it is shown that
switching rate, A , has a pronounced effect on h(t) for
the parallel case. At high switching rates the behavior
approaches that for steady flow, which in this case is

given by h(t)=rl. At low switching rates a large bypass
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Figure 19: EPFECT OF PFLUCTUATION MAGMITUDE ON BESCAPE INTEMSBITY
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Figure 21: EPFECT OF PLUCTUATION MAGNITUDE ON ESCAPE INTENSITY FOR
SERIES CASE
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Figure 22: BEFFECT OF SWITCHING RATE ON ESCAPE INTENSITY FPOR SERIES CASE
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effect is observed. The curves for the series model,
Figures 21 and 22, show a much smaller effect of the flow
fluctuations on h(t). 1In this case the main effect is a
slight increase in the limiting value of h(t) as t = oe.
Again, at large switching rates the effects become small
and the steady behavior 1s approached.

The equations satisfied by the second moments for

the parallel case are

ds,

—a—é—’-' = 2.— Y. Mo (t) X, (¢) - [l'v{\;:". * 1|‘]5n| * A3.51\1
J-"ul ‘A’ A - w A

]t— = 1rl F;ltt)x (t) * 5“\ E" r’- * ]51”
———::'“ = 1%(!-".)}1.13) X ()= {2 ,‘}i(l"n"' A% Y Aadaa,
d igu = g_ﬁh-n)ﬂt‘u)x. )+ A, 9., [‘1%1(!-\'.) + A;J 512
%‘%t = !{2‘1}‘-1"‘)"-“) + \';}-';(t-n)/x,.(t)x.,(t)

_[ r '.'u("'h +A]sn1. AL Suia

ds
2w = W (k)X (t) + W =R, (4) X, (+)
<t Ma v TR Xl (VIII-18)

w w
+ Alsn-], - [ '.I.J'-,r‘l. * ?1('-“)* A‘]S‘LI‘L



where sgju(t) = jxjxk p’(e’:gd; . The mean-square

outlet concentration, { m*(+)) , is then given by

KB (&) =S, tnr's , ~(-n)s

112

+ (- RYS,, .+ 1R0- )8, * 2R (-x) 5 (VITI-19)

"

which corresponds to equation (IV-31). Because of the
presence of the mixed moments, 8112 and 85199 the super-
position principle, which works for first moments, fails
for second moments. The variance of the output cannot
be calculated from the variances of the individual tank

concentrations. The second moments for the series case are

given by

ds,
-—J--—tJ“' - 1%‘ #“(t)xoit)_[z_%l'(|+n)+ )\33“‘4- ;\;5 +2_%’|r|6||1-

w
%” = 2'-1-’. #l‘u—) Xo(t)"' 1‘5'"-[1‘&(1*&)*1;} 51“*2%&5"‘1

w
‘:lst t= - [7-%‘_(\*"\"*)‘35\1.1*315:11 v l_{’:;(\‘r')s“"

ds a2 w
alt: = 2,5,," [7-\%':("" ";)*11]511.1. v 2 E('*rz) sll)_

(VIII-20)



ds
_Euz = % Malt) X (&) ¥ %(“""l)sm * %’: NnSaa

(S0 e Barm e A]s,, A,

d s,
Tl T M) x )+ 5 Gends,, v B 05,
(VIII-20)
w
(Z* (%)) = S.,. * S,... (VIII-21)

The second moments of the step response for some
typical values of the parameters were calculated for
both models. The results, presented in the form of curves
of o(s) /mu(t) , the coefficient of variation of the out-
let concentration, are shown in Figures 23 and 24 for
the parallel case and in Figures 25 and 26 for the series
case., Figure 23 shows that increasing fluctuation magni-
tude increases the coefficient of variation of the output
for the parallel system in a non-linear way, the effect
being slight until the fluctuation size becomes substan-
tial. It is seen in Figure 25, ho;ever,_fhat the relation-
ship between o (¢)/m(¢) and &€ 1s practically linear
for the series case. It is also seen that the output for

the parallel case fluctuates more strongly than that for

the series case. In Figure 24, it is seen that the
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Pigure 24: BEPFFECT OF SWITCHIMNG RATE ON COEFFICIENT OF VARIATION
‘ .OF STEP RESPONSE FOR PARALLEL CASE
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switching rate has a strong effect on the shape of the
curve for the parallel case. Figure 26
shows that switching rate has a relatively minor effect
on the curve for the series case.
The autocorrelation function of outlet concentration,
defined by equation (IV-35), can be calculated from equa-
tions corresponding to (IV-46). For the parallel case

these become
dq,,
7%? =¥ rimrpE) « (= mu, @]
+ ‘n',,('c)[ nMLlE) « (- R ult)] §

""(%n * A|)q,|'| * Azcl.‘u

3 < W i e[ hp &) (- )]
+ Tru('c)[r,)u“(ty U-n)ﬂu(t)];
+ A, q, ..(.\ZV‘}; n- A'J.)c[,'l-l

dg,
Iq':.t..“ = \:—éh— r“){ﬂ"”("ﬂ)[ﬂp“(t) + (1= n)Pn. (t)]

+ 1, ('t')[ ra-/‘u(t) + (- lf,.)}Au(t)]}

"‘[%(“"‘.)"’lt]q“ * 7\:.‘{,1;
(VI1I-22)
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280 g (1= )L (O] Rp () + (- R ()]
+ My 0] 1 M) + (- W) (9]

+ A9, - L %:L(‘-rl) + x"]qf‘l-?-

(VIII-22)
with initial conditions given by
T=0: Q,= NS, tt)r (1-n)s,, (¢)

%11 *h 5.“‘(1:) + G- \’;) Sul(t)

Q,, = h Suait)* (1-v) 5,2.(t)

q‘r‘ = rl- S 1‘1(t) +(\_ y-'-) 5111(1) (VIII'23)

Then

CZ(e)Z(t+x)) =1 Gu* i (1-%)q,,* (1~ AT PR (VIII-24)

The corresponding expressions for the serles case are

dq .,
T2 = YL Mopma®) + T (D0, ()]

“L¥oem) v Adq,r Aga v BRg,,
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SIr < WML (M) + T My, (D]

+ A.%u‘ [\‘:"r’,(“"‘a.)"')\z]q.u * ’:}frzch;

%ﬂ T [%t("’h)"l.]q,.,_ * 2.9,

+ ¥ Gardq,
i‘&“‘ =

e - {%‘mmﬂ,]qn

W
+ T;;_U*ﬂ)q.u

(VIII-25)
with initial conditions
T=0: q,=S,,(t)
q. = Sln(t)
Qi = Saa(t)
Gua T S (1) e

Then

Cz(t)Z(t+¥)) =2 q ., +q,, (VIII-27)
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The autocorrelation function of the step response,
P*Ct) , 18 shown for the parallel case in Figure 27
and for the series case in Figure 28, 1In both cases the
function depends strongly on t, although for a stationary
process it would depend on 1 only. Also in both cases,
the curves approach zero more slowly than does the cor-
relation function of the flow rates, equation (VII-9).
This indicates a long "memory time' of the process com-
pared with that of the flow. Comparison of the two graphs
shows that the curves for the series case approach zero
considerably more slowly than those for the parallel case.

The coefficient of variation for an impulse response
is shown in Figure 29 for the parallel model and in
Figure 30 for the series model. These become large at
large values of time in both cases. The curves for the
parallel case are considerable higher than those for the
series case (note difference in scales). At large
switching rates, j; for the parallel model approaches
a value of one for the parameters shown, while that for
the series case approaches zero for any parameter values.
Actually, the behavior of the concentration in each tank
becomes deterministic at large switching rates for either
model. 1In the parallel case, however, the outlet concen-

tration will rapidly oscillate between two values of
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concentration.

C. Moments with First Order Reaction

When a first order reaction occurs and the inlet
concentration is eonstant, the equations of change of

the parallel model become

“:’“ =W X, “WRX, - kx,
‘U;_é'%"= W(I-Y‘“)XG-WU'V;))(L" KX,

(VIII-28)

For the series model, the corresponding equations are

v e wxg Wit r )X, *wrx, - kX,

Wigt = wli+ ) (%, - %) - kx,
(VIII-29)

The stationary distribution for the parallel case satisfies
w
31'#.{[ %'Y'. e = (?, n+ k) X,] Pt “’)5)?

+H QU0 % - (¥ - o+ k)%, DR, %))

= Alpl(ttz) + A,p‘(t,a)
fi|{[ |r'-x°-(%:rl.‘k)xl] P;(t,X)}
""51,?1 ![V}:_(I-n))(, - (%:(u-rl)-a k) x, ] P,(t,x)}'

= X.P. (t,!) - Az P. (t, &)
(VIII-30)



The distribution for the series case satisfies
;‘,,{l%fx. (e e k)x, + ¥, 1p.(t, %)}
*?‘x,{[”p‘-’,(l*n)’t. -($ er) k)X,]p.(t,g)]

= -, p,(t,x) + A, P, (¢, X)

%“i[ %" Xo = {v':,‘;.(‘*"ﬂ*'k)xn + u\f-"';"t] p,.(t,a)}

2 X IS TSP CURNES PR EXOY

= A, p.(t, x) - A Palt, x)

(VIII-31)
In both cases the resulting partial differential equations
are difficult to solve. The nature of the solutions to
these equations will be discussed in the next section.
The first and second moments of reactant concentration
are easily calculated, however, using the methods of

section V. The first and second moments for the parallel
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cagse are calculated from

[\'5‘?, + k-rl‘]m" - A, m, = b'!.‘;'n

“Am s [N sk A ]Tmy,

]
ol
r

Kt 3
1
»

[\;{("n)f k + A.]m”’ - A‘.m“‘ - ﬁ’ Tw".(“ r')
- A.mu + [\-":‘(I-r't) * Kk + A‘]mu= ﬁ‘%.“_ l"‘_)

w
[z-ﬁn*lk*lllsm -Alsul "13‘1"‘

) (1}

-At un’[l r'lk*A]‘sul -"'7-%,";'"

ht
W
[‘lﬁ",(hn}*lk*ll]sl\t = A'Ls;;; = l- (l"r')m

S [1 (" n)+1k ’A\] sn; = 1!:"11("' niym,

w
(Sn +Wl-mie2kor]s, - 2,8, = ¥rm, s Yl-nm
III- [% rl. V"l"r‘) +1lik + A‘_] 5‘41 = % r‘m“. 4%‘('_?‘)“‘

(VIII-32)
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Then

CE> = rm,+ rim, ("ﬁ‘mn. * (v, )m,,
(VIII-33)

and
<z‘) = r.llslﬂ * rl.‘slll - (‘-r')‘- 5l\\ * (‘- r‘" sl\\,

+ Lrg(‘- rl)s"‘ + ln(i-r\.) 5,"1

(VIII-34)
Similarly, the moments for the series case are calculated

from

[gOerdakraIm, =a,m, -¥Yrm,~TPp,
Am, c[Plen)s ke ]m - rm,, -3 P
-% (erym, LY Cordekea)m, - Am,, = O
-{(wn)mt. A m - [\Q-}t(n Y+ Ko ).]m“ = O
W

w
“SLgNdSu™ 25 M,

[1%(\-&!;)-&2.&* l.] 5. ~ A,St
w w
-Alsm"' [ 1\5’["?‘) tik A"] 5I-'ll -1 .‘I-f. rls‘l.n. ® lv.m“
[2¥(em)e2kea]s, - As,, - 2% (ev)s,, = O
A8 * [ ()2t dl]s,,, —1"—:'-',‘(14-?.,) S5, = 0

(VII1-35)
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- AGOENER LA WEd IR IR -TTL
*lk*lglﬁn.‘_")& S - ?r."‘u

L Ny

= ?r.""'"\)sm- %.rlszn. - A, 3 * L %-(”'1')

+ ‘ﬁ(wq)-r 1"*11]5;”, = 5. m,.
(VIII-35)
Then
<z> = mn_ - m;‘)_ (VIII'36)
and
(B = 5, " S (VIII-37)

The mean outlet concentration, 4 , and the standard
deviation of outlet concentration, o , are shown for the
parallel case in Figure 31 and 32, and for the series
case in Figure 33, for some typical parameter values.

It is seen in Figure 31 that the effect of the fluc-
tuations in flow rate on the parallel case is to decrease

conversion. For the series case, however, the result
is a very slight increase in conversion, as shown in

Figure 33, The fluctuations in outlet concentration are

lower for the series than for the parallel case. Figure

32 shows that increasing the switching rate, A , makes the
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Figure 32. BEFPECT OF SWITCHING RATE ON
FIRST ORDER REACTION BEHAVIOR
OF PARALLEL MODEL
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Pigure 33. PIRST ORDER REACTION BEHAVIOR OF SERIES MODEL
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conversion approach that for steady flow. The fluctua-
tions in outlet concen;ration do not decrease very rapidly,
however, with increasing switching rate. It is seen that
the fluctuations in output concentration are greatest at
values of A of about one. Smaller or greater values of
A do not give o vs. k curves with as high a peak.
The value of k which gives the peak in the 0" vs. k curve
increases with increasing switching rate. Since the
mean conversion for a first order reaction depends only
on the first moment of the tracer response, and since the
values of the parameters shown for the parallel model
make this first moment identical to the single tank case,
the curves for conversion shown for the parallel model
are identical to those for the single tank model with
constant inlet concentration.

The autocorrelation of outlet concentration may be
calculated for the series and parallel models by equations
similar to (VIII-22) and (VIII-25) for the autocorrelations

of the tracer responses. Thus, for the parallel model

g_grll = g'r. {Tru (1:)[ nm, « ("ﬂ)m.;]
*th‘-‘)‘-rtmu * (""i.)ma.t]l

(VIII-38)
(g +ker)q, +2,.q,,
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g.%t' = \5{. r, {1\-,‘(1)[ rm,+ (-n)m,, ]

+ L le)[rom, - (l-n)mu”

+Ag . - (YN + ke M)q,,
480 . Wik {miw L rm, v (-r)m, )

d v

+ T, (v) [ nm, r (l-";)mu]}

-(% 0 k2], v NG,
23 . Yoen) o lnme « Germ, )

+ ﬂ'n(":)[r; m,, + (- r")m“]}

+ 7\|‘lu. - ["—J‘.(\'h)* K+ A"]qll

with initial conditions given by

(VIII-38)
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= O G, ™S, t-n)s,,

qrn *h3,, + (- r,)sm_
qrn *n 5!11 * (‘-r')'sl'n.

qv'u = rla;n. * (‘-rt)slll-
(VI1I-39)

Then
Cz(t)Z2(t+T)D=Nq,+hrhq, +0-n)q,+(1-r)qQ,,

(VI1II-40)

The corresponding equations for the series case are

dqg,
;?C" =¥ [T (v)m, + ™, (em,]

- [5‘(”‘”)"‘ LS Al.]qu +A,q.," %‘l, g .

éﬂu = #r, \‘-ﬂ'ul't) m, * L () I‘I"Iu}“ )

d~

*Aq,- [%.“"’ n)+ ke *:]Om * %. 19,2
dg,
'a"'?t‘ *= [ %.,U"'-\* W+ Al-}qvl-g * A9, ‘ﬁ("""-)q’u
dq ..

a_ac = A\%l'].-[v\—:‘(‘*rt) ‘k*)l']qtg-’\%:(\*r;)q;‘
(VIII-41)
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with initial conditions

~=:o: Gu* S
G * San
QY. ™ S
Qi * Saaa (VIII-42)
Then
CTE)Z(t+%)> = Q.+ G, (VIII-43)

The autocorrelation of outlet reactant concentration
for some typlcal parameter values is shown in Figures 34
and 35 for the parallel case and in Figure 36 for the series
case, Filgure 34 is for the same parameter values as used
previously. In Figure 35, the ratio of the volume in tank
one to the total volume has been changed from 0.5 to 0.677.
The curves in the two figures differ markedly. This is
due to the fact that when the parallel system is symmetri-
cal, so that the steady-state conversion in either flow
state is the same, the effect of the flow fluctuations
becomes small as the response time of the system becomes
small, which occurs at large values of k. It is seen

that in Figure 34 as k becomes large the correlation
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function drops to zero rather rapidly. In the asymmetric
case, Figure 35, however, the correlation approaches

that of the flow states as k becomes large. The curve for
k=0.1 1s rather similar in both cases, indicating that

at low values of k it is the lag time of the system itself
that becomes important, rather than the switching rate.
The series case is seen in Figure 36, to behave in a
manner quite similar to the asymmetric parallel case.

At high values of k the curves approach the flow corre-
lation.

When the model is used to predict the reaction be-
havior of a real system, curves such as those in Figures
31-36 could prove useful in analyzing problems in process
elements that are coupled to the reaction system. Know-
ledge of the correlation structure of the disturbances
to the process at the design stage allows one to design
optimal controllers at the same time as the processing
equipment.

D. Stable Regions in Concentration Space

While the solution of the partial differential
equations (VIII-30) or (VIII-3l) presents some difficul-
ties, some properties of the solutions may be ascertained

without actually carrying out the solution. It was shown
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in the previous section on single tank reactors that the
stationary probability distribution becomes confined to
certain regions of the one-dimensionial concentration
space. This conclusion could be based on the mathematical
properties of equation (VII-78) or, alternatively, on a
study of possible trajectories in the concentration space.

The second mathod can be used in the series and parallel
cases, provided the trajectories are fairly simple.

For the series and parallel cases, the concentration
space is two-dimensional. At each point in the space
there are two possible trajectories passing through it,
corresponding to the two possible flow states. The
trajectories are just the characteristics of the partial
differential equations (VIII-30) or (VIII-31l), which are
always hyperbolic. These curves afe relatively easy to
calculate, and a careful study of their nature can show
wheih regions of the concentration space have the property
that once the system is in this region there is no chance
that it will escape from it. The stationary distribution
will be concentrated over such regions. In fact it is
known quite generally that the characteristics of hyper-
bolic partial differential equations form the boundaries
of regions where the equations have solutions of different

analytic character (see, for example, [29]), Since the



165

concentrations are always between zero and one it is clear
that there is a region of concentration space where the
probability density is identically zero. The region or
regions where the concentration is non-zero must be
seperated from the zero region by characteristics (or, in
this case, trajectories). The problem then reduces to
finding which of the trajectories will form the bounds of
the stable region.

The procedure that was followed was to first construct
the families of trajectories, to then follow an intuitive
line of reasoning involving the possible paths the system
might take originating from various points In the space, and
finally to reinforce these conclusions with a Monte-Carlo
computation.

In studying such trajectories it is useful to first
derive some general facts concerning their nature.
Regardless of the reaction kinetics, the trajectories
for either the series or parallel case satisfy equations

of the form.

dx,

at - A, (x,,x)r + b (x,,x,)

o x

0—&‘- =&, (x,x)r + b,(x,, x,) (VIII-44)

That is, the derivative functions, fl(x,r) and‘fz(x,r),

are linear (but not homogeneous) in the flow parameter r.



For each value of r, points which make the right hand sides
of (VIII-44) equal to zero are possible steady-state
solutions corresponding to r. If these points are plotted
for all possible values of r, a locus of steady state
solutions is generated. In complex cases this locus may
have more than one branch. Points lying on this locus

have a special property. The trajectories passing through
such a point for any values of r, other than the one for
which the point is a steady state, all have the same slope.
To see this let (xg, xg) be the point on the steady state
locus for r=r_. Then,at the point (xg, xg), the trajectory

for r=r' satisfies
dx
To = 4 (x?, x7)r'-r)
ol

Tt dalx x)(r's r) (VIII-45)

The slope of the trajectory where it crosses the steady state

locus is then given by

ox, _ aix’, x°)
T WT (VITI-46)

which is clearly independent of r'.
For the parallel case with first order kinetics the

trajectories satisfy

dx, w

- w
JE S vrxe - LT r+x]x,
dx,

at ‘%\_(\-Mx, - [‘%‘(\-v) -+ k] X . (VIII-47)
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The locus of steady states is then given by

(VIII-48)
Eliminating r between the two equations gives, for the

locus,

x _x.(|+5a‘,") <. — xg(l*-":-vv'
T EE 10T R0

1+ V,
1 St
x .t k -

Tl k(EXE)]T

(VIII-49)
This is a hyperbola with vertical and horizontal asymptotes.

Along the steady state locus the trajectories passing

through it have slope

dxa _ _ VilXe- X,)
o, Vi(Xo = X) (VIII-50)
The locus of steady states itself has the slope
v, *
dx, - V\.[V'"' kd‘,]
dx, vi[i-r+ew2]t
(VITI-51)

It is interesting to note that at the point on the steady

Y,
locus corresponding to r= —

Vit Vv
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Xo
X = =
s |+ & BSS (VIII-52)

the trajectories are all tangent to the locus. The tra-

jectories are found by solving equation (VIII-47). This

glves
- Qf + k]t
X, = ___L—xu.\r -+ Cle
| + =
rw
(-riw
L= + k]t
X, = ———-‘-—-—"kv + C.Le[ r ]
Heriw

(VIII-53)
where N and Cy depend on the starting point. The time,

t, may be eliminated from (VIII-53) to give

ke Vq
Y-+ o

[X,-———Lx ];-E-TKT.CS[X____x, E_g“_’:-‘:
(VIII-54)

for the trajectories. Equation (VIII-54) defines a one-
parameter family of trajectories for any fixed flow state
r. Two families of trajectories are of importance in any
given case, corresponding to r, and r,, the two flow states
of the system.

In Figure 37, the stable region is shown for the
parallel case for typical parameter values. The lower

boundary is formed by two trajectories, one of which starts
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Figure 37. STABLE REGION FOR PARALLEL CASE
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at the steady state corresponding to ry and the other of
which starts at the steady state corresponding to r,.
The upper boundary is formed by two trajectories starting
at the point given by equation (VIII-52), The directions
of the trajectories are shown by arrows. Note that the
mean concentration of the two tanks define a point lying
outside of the stable region.

For the series case with first order kinetics, the
trajectories satisfy

dx,

w w w
$=Exo'[atl+r)+k]x‘*“‘r“rx‘-
ir-"‘w'(l-rr)x _[\.:t +r)+ k]x

(VIII-55)
The locus of steady states is then given by
T Yu + %‘(Hr)
. © k" '.’(".'r)(g"" %‘)k‘ -+ ‘ﬁ(\-‘»r)
. = % 25 (1+r)
R I B L ) (VIII-56)

Vi
Eliminating r between the two equations gives, for the locus,
w w wt wr
K-,—,‘x,+[kv‘ + v;-lr.,]xz."' v v, Xo (VITI-57)

which is a straight line of slope



do | _ %
olx, 1+ k@ (VIII-58)

Along the steady state locus, the trajectories passing

through it have slope

dx, v,
m— = Ld —
ox, v

(VIII-59)

which, it is seen, is independent of position on the locus.
These slopes can only be equal if vl-O. Otherwise the slope
of the trajectories at the steady state locus is always

more negative than the slope of the locus. Solving equation

(VIII-55) gives, for the trajectories,

bt b (3 bt
% be™ -b e W e'-e
X, = X, -c.i{—'———-—‘——b'_b‘ L% Ger+w] o el
: v' b\- b\_
(X bt
W e e
Xy = *';' = <, V’LL\"") £
b,- b,

bt |
w e '- €
'1-"..('“') + k] __b.— - }

(VIII-60)
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where b1 and b2 are the roots of

b* « [ Cer) (W « ¥ ) +2x]b

+ K - (Hr)(% - g‘)k-'-f-‘;(mr) = O
(VIII-61)
The quantities xI’and xg are the final values, given by
(VI1I-56).

The stable region for the series case is shown in
Figure 38. The situation is somewhat simpler than in the
parallel case, only two trajectories being required to
define the boundary. Comparison of Figure 38 with Figure 37
shows that the stable region for the series case is much
smaller than that for the parallel case (note differenence

in scale). This is in line with the much smaller variance

noted for the series case.
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IX. Fluidized Bed Model

A. Formulation

One of the practical cases where the random fluctua-
tions in flow pattern are quite noticeable is the fluid-
ized bed reactor. It is found in practice that a large
fraction of the total gas flow passes through the bed in
the form of bubbles. When the fluidized particles act as
catalyst for the chemical reactions, the mixing between the
bubbles and the particulate phase is important. In the
absence of such mixing, the gas in the bubbles would by-
pass the catalyst entirely. 1It is also observed that
such systems exhibit pronounced random fluctuations in
their mixing properties due to the randomness of the bubble
motion. Thus, the fluidized bed reactor 1s a good candidate
for stochastic modeling.

Various steady state models of fluidized beds have been
proposed [2, 26, 27], based on the two-phase picture of
such systems. Common to these models is the assumption,
based on observation, that the particulate phase behaves
as an incompressible fluid whose volume is the same as that
of the bed at incipient fluidization, and that the amount
of gas passing through the bed in the form of bubbles is

just the excess of the total gas flow over that at incipient
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fluidization. The models differ in the assumed mixing
between and within the phases. For the purposes of this
study, the simplified model shown in Figure 39 will be
assumed. In this model the partiéulate phase is assumed
to be well-mixed. The quantity v, is the interstitial
volume of this phase. The total flow rate, w, 1s constant
with time, as is the fraction of the total flow which
travels in the form of bubbles, r. The bubble phase is
assumed to be of constant volume, vy and is also well-
mixed. The mixing flow rate, W is assumed to fluctuate
with time, however. It may be noted that while the
assumption of perfect mixing in the particulate phase
seems reasonable, on the basis of the observed uniformity
of temperature in such systems, that of perfect mixing

in the bubble phase seems doubtful. 1In fact it is often
assumed that the bubble phase is in a condition of plug
flow. It will be shown, however, that many properties of
the system are independent of this assumption, so it will
be made for convenience. The assumption that the bubble
phase 1s of constant volume results from defining the
boundaries of the reactor appropriately.

The equations of change for the system of Figure 39

are
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dx, -
v, % WX, - rw + W X, + W, X
et o L nn] 1 m (IX-1)

v :‘-'—t'- = (1-r)}W X, + W X, = [u-r)w + wm] X, - ";R(X;)

Z 2 rx +(-r) X, (1X-2)

where R(x) is the reaction rate expression. It is assumed
here that only one reaction occurs and that it occurs

only in the particulate phase. The concentrations of
reactant in the bubble phase and the particulate phase

are x, and X, respectively. For tracer experiments, R(x)
is just zero. The quantity Z is the outlet concentration.

B. Steady Flow Behavior

Before discussing the effects of fluctuations in Wﬁ
on the system behavior, it is useful to first derive some
properties of the system with constant W Under this
condition the model is just another in the general category
previously mentioned, but the effect of fluctuations can
only be made clear by comparison with this steady behavior.
Also, by analyiing the steady model from the point of view
developed for the stochastic models some interesting

results are discovered.
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Because the reaction takes place, in thelmndel, only
in tank 2, the residence time distribution of the system
is of minor importance compared to the contact time dis-
tribution of gas particles with the particulate phase.
Indeed it was for the purpose of analyzing the fluidized
bed model that this concept was introduced in section III-D.
One of the difficulties with using tracer experiments
to study the properties of such systems is the fact that
an experiment performed with a tracer that does not inter-
act with the solid particles can furnish information only
about the residence time distribution. It is therefore
interesting to compare the two distributions.

The residence time distribution is obtained by solving

equations (IX-1) with inlet concentration, xo(t), given by

and with Xy and x, initially zero. The outlet concentra-

tion 2 will then be the residence time density function.

This is found to be

bt
G-t bleb"t" b,e
‘F(t)' w[u."' v, ] b.—b-._
3 3 e bt
- Ll i g r e’ -
{w‘-[\,;,.*- v;l»]*wwm[‘;‘r“?:] Y
1
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where b1 and b2 are the two roots of

ot LR S N e SRS
(1X-5)

The corresponding distribution function, F(t), is just
the integral of equation (IX-4). This is plotted in
Figure 40 for typical values of the parameters. The
value of r=0.9 corresponds to a ratio %i’ of 10, where
UO is the superficial gas velocity at incipient fluidiza-
tion, and U is the superficial gas velocity at the system
conditions. The ratio of the two volumes corresponds to
a porosity of 0.5 in the particulate phase, and ratio of
bed height to bed height at incipient fluidization, {%; ,
of 2. These values are thought to be typical of commercial
fluidized beds. The values v1+v2-w-1 are chosen by assuming
appropriate scale factors. Under these conditions the
mean residence time 18 equal to one.

The three curves shown are for three values of the
mixing flow rate, W covering the range from zero to
infinity. It is seen that the residence time distribution
is only slightly affected by changes in v

The contact time density function, fc( ©), is calcu-

lated from equations corresponding to (III-29) and (II1I-30),
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which become, in this case,

- r)w

fF.(0) = %%,‘3.(9) + = g.(0) (IX-6)

and

o0=rd)-{ r‘%’l + \%t"‘]g'(o) + '“'.’f.: q,(e)
(IX-7)

T8¢ = (-n8(0) + g, (0) - [ 42« 0 ] g, (o)

with 32(0)-0. The solution to these equations is

L 3 -#(1-\".)6
£(8)= r6(s) + Yl-nye ™
(1X-8)
where r, is given by
v,k = r'w
b rw + w,, (1X-9)

The quantity r,  above 1s just the fraction of gas which

b
bypasses the particulate phase entirely, and thus has a
zero contact time. When wm-O, it is seen that r =r,
meaning that when there is no mixing between the phases,
all the gas that passes through the system in the form of
bubbles bypasses the particulate phase completely. The
corresponding distribution function, Fc(t), which is just

the integral of (IX-8), is plotted in Figure 41 for the

same system as was used in Figure 40. For these values,
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the mean contact time, v /w , 18 equal to 0.333. Com-
parison of Figure 40 and 41 shows quite clearly that while
the mixing rate, w o has only a slight effect on the
residence time distribution, it has a pronounced effect
on the contact time distribution.

The contact time distribution of this system is
closely related to its reaction behavior. Thus the con-
version for a single first order reaction is just the
Laplace transform of fc( ®). The conversion and selectivity
of complex first order systems are also determined by
this function. Finally, for many reactions, the method of
Zwietering [7]) can be used to find bounds on conversion
on the basis of fc( @). Since such large differences in
fc( 8 ), as shown in Figure 41, Are consistant with such
slight differences in £(t), the residence time distribu-
tion, it must be concluded that measurements of £(t), that
is tracer experiments performed with non-interacting
tracer, where the tracer is introduced in the inlet and
1s measured in the outlet stream, provide a very poor
basis on which to construct a model of the system's
reactor performance.

The steady conversion for a first order reaction

catalyzed by the solid particles can be calculated from
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equations (IX-1) by setting the time derivatives equal to
zero and R(x)=kx, or by taking the Laplace transform of
fé( 6). The resulting fraction of unconverted reactant

1s then given by

(1= )t

I=r, + k va, (1X-10)

It 1s interesting to note that this expression is identical
to that derived by Davidson and Harrison [ 26 j by assuming
plug flow in the bubble phase and complete mixing in the
particulate phase. Only the expression for L the bypass
fraction, in terms of the system parameters is different,

being given in thelr work by

- N
Ffpy= r e (IX-11)

where N is the number of transfer units. In fact, as long
as the flows are steady, it can be shown that the contact
time distribution for the well-mixed particulate phase is
given by equation (IX-8) regardless of the nature of the
mixing processes in the bubble phase. This is seen by
noting that whenever the set of states A consists of only
a single state, the system of equations (III-30) reduces
to a single linear differential equation. 1Its solution
must then be of the form

£,(8) = r, 6(8) + a ebe (IX-12)
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where a and b are constants. It is known, however, that
the integral of fc( @ ) is one, and that the mean contact
time is %g . These two conditions determine a and b.

This fact points up another difficulty in using
tracer experiments for studying such systems, namely,
that while the reactor performance is relatively insensi-
tive to the nature of the mixing in the bubble phase, the
residence—time distribution 1s just as sensitive to these
mixing processes as to those occurring within the parti-
culate phase and between the two phases, so that different
agsumptions about the mixing in the bubble phase would
allow very different conclusions about the particulate
phase and the interphase mixing, based on such experi-
ments. On the other hand, for purposes of studying the
reaction behavior of such models, the assumption used here,
that the bubble phase is well-mixed, is seen to be of minor
importance.

The unconverted fraction given by equation (IX-10)
is plottedrin Figure 42. 1t 1s seen there that the mixing
rate, W has a very large effect on first order conversion,
substantiating the conclusion about the importance of this

parameter. At each value of wo the unconverted fraction

approaches an asymptotic value as k, the rate constant,
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goes to infinity. This value 1s just s the bypass
fraction.

Another point that emerges in that equation (IX-8)
for the contact time distribution contains only one un-
known parameter, - In general, w and v, will be known
in advance. Thus, if one is willing to assume that the
particulate phase is well mixed and that the fluctuations
in the rate of exchange between the two phases is unim-
portant, a determination of single quantity r, can be used
to estimate the contact time distribution. This quantity
can be measured by carrying out a fast reaction in the
system or by using a tracer that is completely absorbed
on the solid particles.

C. Behavior with Fluctuating Flow

It will now be assumed that the mixing flow, LAY
fluctuates by switching between two values, LA and LAPY
in the same way as in previous sections. Under these
conditions, the equations for the contact time distribution,

(II1-29) and (III-30), become

£00) = 5 g.(8) + B g, 0« g, (0)
'(':':1)7'?' d1.(0) (IX-13)

and

187



188

0= ro(- L5+ =2 +2,]g,00+2,9,,00+ R g, (o)
O= ré(ﬂ) * A.g"(a) - [ L% - V_U'E'} * A;} 91|(0) r V—Va‘gs\(o)
%%._;(l)‘ (1-¥)S(e) + 31":'.‘9..(9) - [ S":'ttri'y * %E‘*A.]gu(a) +1,9,,(0)

“3u ) (1 y8(0) « H 9,,(8) + A, 9.0 (0)- [P 4 g 2] 9, ()
(IX-14)
with 312(0)-322(0)-0. To find the residence time distri-
bution the zeros on the left of the first two equations
of (IX-14) are replaced by a:l%l' and dg%" respectively.
It 1is found again that fc(ﬂ) contains an atom of proba-
bility at zero contact time which is the bypass fraction

of the system. For the fluctuating case, this fraction is

given by
p—-. 2 :
b rw e+ W,

,_ Ak
(rwewp) [rwe W, + (P, - PIryvia+a,)

(IX-15)

where § = W1 Yo and Wm 18 the mean mixing flow.

Comparison of (IX-15) with (IX-9) shows that the bypass
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fraction with fluctuations 18 always greater than that with-
out for the same mean mixing rate, and that at high switching
rates ( A,+A_* 00 ) the two become equal. To illustrate
the effect of fluctuations on Tys this quantity 1is plotted
for some values of the parameters in Figures 43 and 44. 1In
Figure 43, the quantity é%; has been given its maximum

allowable value. In general, to keep thé,flow rates positive,

"ﬁ: « .s- ‘1‘5- (1X-16)
L}
In the case shown, p;=p,= %, 80 {i has been taken as 2. It
»m

is seen that curves of r, vs. w appear to approach asymp-

£

totes. Inspection of equation (IX-15) shows that, if 1
™»m
is held constant,
r{v+ u \a; )]
'L+"r(p,, B)-t,.w(A-ﬂ.) W Py .
M {T‘.} =
w,,.-boo

\
o) ) ‘*‘4%~<$‘

(1x-17)
Thus, the fact that the curves in Figure 43 approach asym-
totic values depends on the fact that complete cutoff occurs
in one of the flow states. Otherwise ry would approach zero.

When complete cutoff does not occur, it is seen from
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equation (IX-15) that the ratio of r_ to the value of r

b
with steady flow, as given by equation (IX-9), becomes

b

constant under the above conditions. Thus

, ry (rwe W, - ' &-(ﬁ"- P
L () G S TR
: (1x-18)

One notes that, according to (IX-18), the bypass fraction
approaches an asymptote that is independent of switching

rate. In Figure 44,-%% has been taken as 1.8, with the
L]

rest of the parameters the same as those in Figure 43.

Again the effect of the fluctuations on r, is appreciable.

b
, the effect of fluctuations

e

For smaller values of

£

on ry is much smaller. ;hus, if §L.:== 107, the ratio
given by (IX-18) will be = 17%.

From the discussion in the previous section about the
behavior of the system with steady flow, it is clear that
changes in ry have a large effect on the reactor perfor-
mance, Thus, the fluctuations will have an effect on the

reactor performance by changing rye However, when a model

is set up for a particular unit, the parameter ry will be

fixed by experimental means, since it is so important.

One would then be interested in how the fluctuations would

affect reactor performance once r, is fixed.

b
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Figures 45 and 46 illustrate the effect of fluctua-
tions on the contact time distribution once rb is fixed.
The distribution has been plotted in the form of hc( e),

the contact time intensity function, where

h(9) = —

| - F.(0) (IX-19)

In Figure 45 the parameters were chosen to keep rb-O.S,
while in Figure 46, rb-.OS. In both cases &/W, was
given its maximum value., It is seen that for rb-0.5
the effect of fluctuations on the contact time distribu-
tion 18 larger than for rb-.OS. In both cases, the effect
is to decrease the value of h( @) for large € , which means
that within the particulate phase itself there is a bypassing
due to the bubbles. It 1is interesting to note that the
effect of fluctuations on the fluid bed model contact
time distribution is very similar to the effect of fluctua-
tions on the single tank model residence time distribution.

The behavior of the fluctuating system with first
order reaction is analyzed in terms of first and second
moments by applying equations (V-10) and (V-20) to the
fluid bed model. Thus the first moments, '“ﬁj , are found

to satisfy
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Then the expected outlet concentration, { ) , is given by

(ad = rim, « mu) * (=) m, + m, (IX-21)

The second moments, spjk , satisfy

Y
[l[r *!n)"k]bm— 5“,-2.\'—:}:‘5,,,_-2.—,,?’m“

r Wi - W rw
"A:-'-'m"[l('\"}f*'?,t)*As]sw "‘}'!"15“1‘7- v m

rw |, W W _ o -r)w
[2( ";" +—-\-,,‘-:-’+k)"7\.]5“1_ -1‘_5111*2-%5“1- v

- L 8 m ———
xlsu'l. v, M e My,
(IX-22)
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] *

WY o - Y - rw W -
- _\% S v, San 1\s‘n'm" [ v, "?"%H* \'—:’? *k")\]

. w =AW
s‘l.l], b v, mn. + SJ‘\’: mtl

(IX-22)
The mean-square outlet concentration, (&')> , 1is then

given by
& rr(5,+8,,) * (=n7(8,, +35,,)
*2r(-r)(S,, * 5,,,)
(IX-23)

The mean outlet concentration and the coefficient of
variation, 7 = azéu , calculated from (IX-20)-(IX-23)
are shown in Figure 47 for the same parameter values

as used in Figure 46. It is seen that the fluctuations
have the effect of decreasing mean conversion, and that
the coefficient of variation of the output can be quite
large, especially for high reaction rates. Since the
determination of the mean bypass involves an experiment
with high reaction rates (k - o ), whatever fluctuations
there are would make themselves quite noticeable in the

course of this experiment.
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X. Conclusions

In studying the mathematical structure of the most
general stochastic mixing model, with the number and arrange-
ment of the tanks left unspecified, it was found that the
expected response to a tracer input can be related to the
distribution of passage times for certain random walks,
even when the inlet and outlet flow rates fluctuate.
Under the latter condition, however, the situation is more
complicated than when the inlet and outlet flows are
constant. An estimate of the true residence time distri-
bution, that of the whole population of particles that
passes through the system, requires measurement of the
mean tracer flow rate response to an impulse or a step in
tracer concentration. Other methods of carrying out the
experiment result in bilased estimates of this distribu-
tion. Some of these can be interpreted in terms of the
residence time distribution for particles chosen in cer-
tain ways from the total population, however. Thus, the
mean flow rate response to an impulse or step in flow
rate gives the residence time distribution for particles
chosen at random times in the inlet stream of the system,
and the mean concentration response to an impulse or step

in concentration gives the residence time distribution



200

for particles chosen at random times in the outlet stream
of the system. Only the true residence time distribution
has a mean value equal to the total system volume divided
by the mean volumetric throughput, however.

The relationship between tracer response experiments
and flrst order reaction behavior is somewhat more straight-
forward. When reactant is fed at constant concentration,
the expected outlet concentration and outlet flow rate
of unconverted reactant are given by the Laplace transforms
of the mean concentration and flow rate response, respective-
ly, to an impulse in concentration. When reactant is
fed at constant inlet flow rate, the corresponding responses
to impulses in tracer flow rate are used.

If the model is to be applied to heterogeneous systems,
the property of a particle's random walk through the
system that becomes important is the distribution of its
contact times with a given area of the system. It was
found in this case that the mean contact time, based on
the entire particle population, is just the volume of the
active portion of the system divided by the mean volumetric
throughput,

The detailed calculations presented for special cases

of the model cannot, of course, be the basis of such
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far-reaching _generalizations. They do, however, exhibit
many interesting properties and suggest the kind of effects
that stochastic models can be used to explain. One notes,
for example, that the effect of fluctuations on the
residence time distributions of the single tank model
and the parallel model and on the contact time distribu-
tion of the fluid bed model is, in each case, very simi-
lar to that of bypassing or stagnancy. Such effects
produce a characteristic change in the shape of the inten-
sity function and lower the conversion of a first order
reaction. It is remarkable that even a system which is
perfectly mixed, like the single tank model 1is, can exhibit
bypassing and stagnancy effects due to the presence of
fluctuations. The data given by Orcutt, Davidson, and
Pigford [28], show clearly that the contact time distri-
bution in a fluidized bed exhibits these effects. Whii;‘
this may be due to the existence of relatively stagnant
regions in the particulate phase, they can also be account-
ed for by stochastic mixing. It may also turn out that
a simple stochastic model exhibiting these effects is
easier to analyze than an adequate steady model.

In the series case, it was found that the above
effect was negligible. 1In fact it was found that the

presence of fluctuations produced a very slight increase



in first order conversion. Intuitively, one would suspect
that the three-dimensional nature of turbulent mixing
flows would produce effects like those of models with
some parallel flow. The very different behavior of the
series model from the parallel model suggests that the
series model would make a poor representation of turbu-
lent mixing processes.

One interesting result for the single tank model
is that while fluctuations in flow rate will make conver-
sion worse when reactant is fed at constant concentration,
they will make it better when reactant is fed at con-
stant rate. This does not conflict with the previous
statements about stagnancy; the increased conversion
results from an increase in mean residence time for par-
ticles injected uniformly, which counteracts the stagnancy
effect. It is conceivable, however, that such a result
could be of value in reactor design.

In all the cases studied, it was found that in the

limit of high switching rates the mean behavior approach-

ed that for a steady flow system. Moreover, the variances

of the tank concentrations went to zero, except for certain

impulse responses that become more difficult to realize

as the switching rate increases. For any pulse of finite

202
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duration the variances would go to zero. Thus, when the
time scale of the flow fluctuations is much smaller than
the relaxation time of the system it is unlikely that
any stochastic effects will be important.

The calculated coefficients of variation for the
various tracer response of a single tank show that the
experimental estimation of the true residence time dis-
tribution to a given accuracy requires more replications
than the determination of the other residence time dis-
tributions, due to the greater variability of the corres-
ponding tracer response. In all the cases the magnitude
of the coefficient of variation of the impulse response
becomes quite large after a time, so that the '"tail" of
the distribution would be difficult to determine accurately.

The autocorrelation functions calculated for the
non-stationary tracer responses show a strong dependence
on the starting instant. This makes their interpretation
along the lines used for the autocorrelations of stationary
processes rather difficult. The autocorrelation functions
calculated for stationary outputs in the presence of
first-order reactions indicate, in general, somewhat
shorter memory times than do the autocorrelations of the

underlying Markov processes. As the rate constant



becomes large, the former (almost always) approach the
latter. Thus outlet fluctuations at high reaction rates
would be rather sensitive to the nature of the flow fluc-
tuations.

In the case of the fluidized bed model, experiments
at high reaction rates take on additional importance due

to the close connection between the limiting conversion

and the structure of the contact time distribution. Under

the assumption of perfect mixing in the particulate phase
the limiting conversion determines the contact time dis-
tribution completely. On the other hand, it was found
that the important parameters of the fluid-bed model
affected the residence time distribution only slightly,
so that experiments designed to measure this property
provide a very poor means of characterizing such systems.
Some interesting properties came to light in calcu-
lating the probability distribution of concentration for
the single tank model. It emerged that the distribution
becomes concentrated over certain stable regions of the
concentration space. For reactions that give unique
steady solutions under constant flow conditions, a single
region results. For reactions that give multiple steady

states, however, several disjoint regions can develop.
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Direct calculation showed that this occurs in the case of
an exothermic reaction under adiabatic conditions, for
example. These regions merged into one in certain cases,
and the resulting probability distribution was very sensi-
tive to changes in the reaction parameters as well as to
changes in the switching rate. This situation was rather
unusual, though, and it was more likely that one of the
stable regions would simply disappear as the parameters
were changed.

The disjoint stable regions that occur in this case
are characteristic of a kind of ignition phenomenon.
Once the system attains a state in one of the stable regions
it never leaves the region. When these regions merge into
one, the result is a sputtering system with widely fluc-
tuating temperature. When the unignited (low-tempera-
ture) stable region disappears, the result is a system that
will always ignite eventually and stay ignited. When
the ignited stable region disappears, the result is a system
which will eventually be extinguished and stay extinguished.
One can see 1in this work the beginnings of a primitive
probabilistic combustion stability analysis. It might be
interesting to see how the mean extinction time depends on

the various parameters.
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The calculation of the complete probability distri-
bution 18 more difficult for the two-tank models than for
the single tank model because of the higher dimension-
ality of the state space. It was possible, however, to
find the stable regions in the state space by a relatively
simple procedure. The results for first-order reactions
in the series and parallel model were shown for illustra-
tion, but the method could readily be extended to more
complicated chemical kinetics. The partial differential
equations describing the evolution of the probability
density for models of two or more tanks are of the linear
hyperbolic type whose characteristics are simply the steady-
flow trajectories of the system. Following the time be-
havior of an initially uniform distribution numerically,
through the method of characteristics, might be a reason-
able way to compute the complete probability distributions
in such cases.

Finally, it should be pointed out that once a system
is successfully represented by such a model, questions of
analytical difficulty do not really arise, as any desired
statistic can be calculated by a straight forward Monte-
Carlo computation. Thus, the proposed model satisfies

the requirements of wide applicability, sufficient
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analytical structure to allow meaningful conclusions in
the general case, and simplicity enough to allow straight-
forward computation of properties in specific cases. The
mathematical methods for treating such models have been
systematically developed, and these have been used to
calculate both general properties and the properties of

some specific examples.
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Nomenclature

A

b.,b

1’72
€11Cy

£(t)
£(9),£_(0)
£,(t)

£.(t)

£ (t)

fj.(X)

£, (%), £, (x)

F(t)
F(9),F_(0)

Fo(t)

F_(t)

Fp(t)

g(x)
8,; ()
By (9

Gy (O
h(t)

set of states counted toward contact time
distribution

constants

constants

residence time density function
contact time density function

residence time density function for particles
chosen at random times in the outlet

true residence time density function

residence time density function for particles
chosen at random times in the inlet

when flow state is «

h]
(x) for the single tank

time rate of change of x
qu
residence time distribution function
contact time distribution function

residence time distribution for particles
chosen at random times in the outlet

true residence time distribution function

residence time distribution function for
particles chosen at random times in the inlet

£, (x)p; (x)] = |£, (x)p, ()]

jo.pul(tla)dt

Laplace transform of g 1(9)
o ]

[, guite)do

escape intensity; see (VII-33)



P (t)

Py ¢ ()

Py (t:€)

p,(t,0)

P, (t,x%)
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intensity function for contact time distri-
bution

intensity function for fo(t)

intensity function for fx(t)

intensity function for f,(t)

first order rate constant

see (VII-100)

X ™ J’x; Pul x)dx with first order reaction
Wi for single tank

number of tanks in model
reaction order (section VII)
number of transfer units

probability of flow state o at time t

probability that the particle is in tank {1
and the flow state is oo at time t

joint probability distribution of particle
state, (o(,1), and accumulated contact time,
8, at time t

Z Panor (£,9)
joint probability distribution of flow state

and tank concentration, x-[xl, Xpseoos xn},
at time t

asymptotic stationary value of p,(t)

stationary density function of reactant
concentrations

initial probability of flow state «(random particle)

probability of flow state « at the instant a
random particle leaves the system



o
pu,n+1(t)

P (x),p,(x)

P1(¥),Py(y)

Q1

qlan
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probability that a particle chosen in the exit
stream at a random time was in the system a
time less than t and left when the flow state
was o

g“j(x) for single tank

probability density for y; see (VI1-79)

see equation (IV-43)

Qg4 for single tank

constant (section VII)

bypass function

fraction of flow entering tank number one when
flow state 1is (sections VIII and IX)

see equation (IV-42)
reaction rate

reaction rate

constant (section VII)
<xixj>“'inij“(t ,ls) dx

8 for single tank

ai j
time
temperature

inlet temperature

adiabatic temperature rise for complete
reaction

volume of tank i
inlet flow rate (=outlet flow rate)

flow rate from tank i to tank j (i#})
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Wig negative of total flow rate to tank 1i; see
equation (II-3)

v mixing flow rate

Woe value of w when flow state 1is &

wijﬂ value of wij when flow state is &

w value of w_ when flow state 1s «

me m

w mean inlet or outlet flow rate

xj concentration of tracer or reactant in tank j

xo(t) inlet concentration of tracer or reactant

» [ _J

Xys X5 final values of X%,

Yy concentration of tracer or reactant in tank 1

y(x) see (VII-79)

z outlet concentration

z_ outlet reactant concentration for constant
inlet reactant concentration

zx(t) concentration response to an impulse in tracer
concentration

z, outlet reactant concentration for constant
inlet reactant flow rate

zv(t) concentration response to an impulse in tracer

flow rate

Greek Letters

o flow state index
o dimensionless activation energy; see equation
(VII-101)

B flow state index



6(x)

O

|

® © © ©

‘Q

.Q

3

>

Y

>

T i

My (t)
iiai(k)

Moy

(a-2p,%)
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beta function

flow state index
coefficlent of variation
Dirac delta function
Kronecker delta

W, -W,
mean residence time

dimensionless heat release; see equation (VII-10)
contact time

mean contact time

mean residence time for particles chosen at

random times in the inlet stream j; see
equation (VII-23)

o9
j; P.“'_ (t)dt
switching rate
A== for two flow states

12 11

A --)22 for two flow states

21
mean switching rate, %( A r+12)
mean

partial first moment, {( X;}>, = f"i Pu(t,ﬁ)d!

Laplace transform of /Aui(t)

Mui for single tank

probability of transition from state o to
state § in time T
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mlv,54p,y;9 conditional joint probability distribution

Pele)
plx)

o

plt)
P ()

PP
Xalx,i)

¥x

Y (t)

Wy (t)

of p and y at time t+ T, given that state was
(«,x) at time t

autocorrelation function; see equations (IV-34)
and (IV-35)

autocorrelation function for stationary
process; see equation (VII-8)

standard deviation

coefficient of variation

standard deviation of flow rate

standard deviation of outlet concentration

standard deviation of outlet reactant or tracer
flow rate

time interval
inlet reactant or tracer flow rate

rate at which tracer or reactant is fed into
tank 1 when flow state is « at time t

¢,., for single tank

characteristic function of the set A, =1
if (x,1)e€ A and =0 if («,i)¢ A

outlet flow rate of tracer or reactant

outlet reactant flow rate for constant inlet
reactant concentration

flow rate response to an impulse in tracer
concentration

outlet reactant flow rate for constant inlet
reactant flow rate

flow rate response to an impulse in tracer
flow rate
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