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PREFACE

There are presently three main ways of attacking the celebrated
Goldbach conjecture: (i) the approach introduced by Euler and Sylvester
[3, 12], involving partitions and asymptotic formulas leading to various
other analytic techniques; {ii) the approach introduced by Brun [1],
involving generally the so-called elementary techniques; (iii) the latest
approach introduced by Kemeny [6], involving model-theoretic techniques.
It is the purpose of this work to introduce a fourth approach to the Goldbach
conjecture, namely, one involving abstract word-theoretic techniques
concerning Goldbach sentences in abstract arithmetics ak(A) (k > 0) on
commutative free monoids with an infinite number of generators. To a
degree, our approach has contacts with each of the above-mentioned
approaches. Goldbach sentences in arithmetic ak(A) (k 2 0) correspond
exactly to the usual Goldbach conjecture in certain arithmetizations of
aa.

Among various other results, we show the following. (1) For any
k > 0, 1if a Goldbach sentence is a theorem in arithmetic &k(A), then
the Goldbach conjecture is true. {(2) For any k Z 0, 1if all Goldbach
sentences in an arithmetic ak(A) are independent of ak(A), then the
Goldbach conjecture is independent of arithmetic ak(A). {3) For any
k z 0, there are an infinite number of different Goldbach sentences in each
arithmetic ak(A). (4) We give a general classification of all Goldbach
sentences in each arithmetic ak(A) (kz 0). (5) For a certain constant
[32 z 3, there exist Goldbach sentences in an infinite number of arithmetics
ak(A.) (k > [32) which are independent of ak(A) (k > BZ) respectively.

(6) We show that arithmetics ak(A) (k‘_>__' 0) are simultaneous abstractions
of both the multiplicative arithmetic of the prime numbers and the

arithmetic of partitions (partitio numerorum). (7) We show that there

exists a weakened form of the Goldbach conjecture which is false.
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CHaP Tl L

HILB EAT-ACTER AN NUiBih-SYSTEAS

§1.1, Hilbert-Ackxermenn functions

Ls in (4,5), tane Hilbert—Ac:ermenn functions Ei(x,y - x¥

gz(x,:,'), +es 2re celined by the foilowinz equetions for k 2 1:

%,0
3, (90)
‘S (%5 + 1)"'8 (%, E (x,7)) .
kel K+l
Yie 2lso include S (x,5) = x+y to tne nllD sart=fOgeraran Lunenions,

he introduce the complenentary aunber-s,;stems QR {2 Q) as

foliows:
K
=13 (uy) 1x>1, y>1} (k2 0).
[

1.1.1. Lemma, ("5 ¢*' (kx20).

The proof is by induction, Cleurly, Q°D Ql, since every eleient

R

I ; o oo
of € is not & prime number, Hext, sucpose for some & that { 3 .

In tura, assule that z:-sh_z(x,.'f). If y=2 then z= (x.2) and

~;"E*\«-:z
;€ QKTJ’ since gK I(x,x) =%, If y = w+ 1 then z=% (x,w+1)
r X3
: el : . R o
and z G G , since gkﬂ(x, §K+1(x,h))=gg+l(3\,m+l). Therefore,
1
> &
1.1.2. Leums,  For k20, we have 4 € 0%,
Since 4 is not a orime nudbesr, we nzve 4 G Q? . £ls0, SI (242) = 4,

1 Qe , b 'r.')_ : ' = oy o) o
hence 4 € ¢ . Supvose now tnat ER(L,‘_) = 4. Then g (g,,_)_SR(ﬁ_,‘gkﬂ Z,1))

= ~%y\(z.;&) = 4. 7Therefore, il Z..G:Qk then 4 & QKH



1.1.3. Lemma. For k>1 and x> 2, gk(x,y)>0.

For x> 2, gl(x,y) = x’ > 0. Suppose gk(x, y)y > 0 for some k.

Then £  (x,0)=1>0 and § . (x,y+l) = (x,¥)) >0 by the

k4l Bt B

inductive hypothesis.

k+l

1.1.4. Lemma. For kzl and xzz, if gk(x, y) = gk(x, 0)

then y = 0.

0
Consider the case k =1. Clearly, if x) = x  then y = 0. Assume
k']"l(x, Y) = Ek'i'].(x' 0)‘

§k+1 k+l(x’ 0) = gk(xt 0)! l'e'l
ék(x, §k+1(x, z)) = gk(x, 0), and by the inductive hypothesis £ zy = 0.

that the lemma is true for some k and assume that §

If y>0 then y = z+l. Therefore, (x, z+l) = &

k1t
However, this contradicts Lemma 1.1.3. Consequently, we must have

y = 0,
1.1.5. Lemma. For k>1 and x>2, if ijk(x,y) = gk(x, z) then y = z.

First, consider the case k =1. If §1(x,y) = gl(x, z), i.e.,

x) = xz, then clearly y = z. Assume that the lemma holds for some k.

In turn, let (x,v) = X, z). If = z then clearly the lemma is
k1Y Y

gk-i-l
true. If y>2z and 2z =0, we have y=0 by Lemma 1l.1.4., Consequently,

there are ¥y and z, such that y = y1+1, z =z +l and Y >z From

1 1 T
and by the inductive hypothesis §k+1(x, yl) = gk+l(x, zl). Repeating this
z-times we get §k+1(x,y- z) = gk+1(x, 0). Then, by Lemma 1.}1.4, we have

y-z=0, i.e., y=2z. The case y < z is carried out similarly.

1.1.6. Lemma. For k>1, x>2 and y > 2, we have (1) i lxy) > yH
and (2) gk(x, y} > gk(x, y-1) + 1.

We consider the case k=1. We have to prove: (i) x’ > y+l for

b

x>2 and y > 2; (i) x* > y-.1-4-1 for x>2 and y > 2. Firstly, the



. 2 .
relation x >3 for x >2 is clear. Assume that xn> n+l for x >2

and n > 2. Then xnﬂ = x x> (n+l)x > 2(n+l) > n+2. This proves {i}.

Clearly x.z = XeX 2> X 2 = xtx » xtl. Assume xn > xnﬂl +1. Then

1 -T
S x> (3 H)x = xM4x > X741, This proves (ii).
In turn, for some k, let(l) and (2) of the lemma be true. Clearly,
§k+l(x, y) = §k+l(x, (y-1)41) = gk(x, §k+l(x’ y~1}). From (1), by the inductive

hypothesis, we obtain gkﬂ(x, y) > &  Ax,y-1) +1. This proves (ii). On

k+l
the other hand, by (2), we get

(3) gy > g Gay]) 41

Since §k+l(x, y-1) = gk(x, gk+l(x, y=2)) (y z 2), we obtain
§k+1(>:. y-1) > §k+1(x' y-1) +1, i.e., Ekﬂ(x, y) > E.k_H(x, y-2) +2, by {l).

For y =2, this gives £ (x,2)> §k+l(x, 0)+2=3, i.e.,

k+l
> . > . 1
gk+1(x, 2}y >2 +1. Let §k+l(x, n) > n+l. By (3) we then obtain
> P i. e, > .
gk+1(x, n+l} ng(X, ny +1>(n+l) +1, i.e., Ek-i-l(x' y} > y+l

1.1.7. Lemma. For k>1, x> 2, 2122. and 2222., if

= > .
gk(x, Zl) gk+1(x, zz} then 2 > 2,

Since 22 > 2, let z‘,’1 = z3 + 1. Consequently, we have

gk(x, zl) = §k+l(x, z3+l) = gk(x, §k+1(x, 23)). By Lemma [.1.5, we obtain
= 1. > i
3] gk+l(x’ 23}, and by Lemma 1.1.6, we get z) 23+l Therefore,

> .
27 %

1.1.8. Lemma. For x>Z and k21, gk(x, y} = x if and only if vy =1,

Let y =1. Then gl(x,l) = X. Assume that gk(x,l) = x. Then

gk_l_l(x! 1) = gk(xt gk_l_l(x? 0)) = gk(x? 1) = X.

On the other hand, assume that gk(x, y)=x. For k=1, we have
x’ = x and since x > 2 this gives y = 1. Supposc that for some k > 1,
if gk(x, y) = x then y =1. Let §k+1(x, y) = x. We cannot have y =0,

since §k+1(x, 0) = 1. Therefore, let y = Y +1. Then we have



r— (k) _
Ser<®y TF

(k) _ — (k)
‘—‘lSrf,uer - gk(x,u+l’ l:—llfrf,uxr) ’

and we let

=0
""""l'_irf,uxr " Def ﬂlfrf,uxr

When using elements in the Hilbert-Ackermann number-systems

k) (k)

Pk a ient notati f
N convenlent n 10 10T """'lfrf;.z r

is the following concatenative

notation:
(k) (k} (k} (k) (k) (k)
. >
Py i i, " Def ;.:1<r<p 1 (ke = )
L ,u -1 2 1
- (0} {0) (0) _ : e
For example, p; 'p. .= p. Xp, Xp, (ordinary multiplication)
i, i Fi i i i
1 2 3 1 2 3
1
p? ) ‘l) gl) = gl( ?1), g (p gl))) (ordinary exponentiation}, and so on.
2 3 | ' 13

We recall {8,9] the author's unique resolution theorems with

respect to the Hilbert-Ackermann number-systems:

1.2.4. Theorem. For any k> 0, every positive integer n > 1 can be

k k
uniquely expressed in unique order as n = p(k)pg ). ‘e pg )

1
where p( ), ng)’ ceey pgk) e Pk. 2 H
i 2 u

¥

This theorem was proved by the author using noncommutative free
monoids with an infinite number of generators.
Note, we can express the familiar prime-number unique resclution

theorem as follows:

1.2.5. Theorem. For k =0, every positive integer n>1 can be uniquely
(k) {ky (k)

expressed in nonunique order as n = P, Py -.-P
1
where pik), ceey, pgk) € Pk. . H

1 M
We conclude this section with a short Table of some initial elements
. . 3 .
in the Hilbert-Ackermann number-systems PO, Pl, P2 and P, in which

the rows contain equal numbers:



Value P P i P % P ;

R (N (R (R (I

; p(ZO) p;l) p{ZZ) pg.%)

4 2x2 £(2,2) £,(2,2) £,(2,2

5 pgc)) pgl) sz) p(33)
T 0 RIRNG
- o) o) o2 o2

8 2x2%2 £,(2,3) p(éz) p(63)
%k (o, 2) RN
BT 2x5 ol g o)
— ng) p"gl‘) PS;Z) pg3)

12 3XZX2 pg) p](.g) p](_g)
BT R B
R B
T 2X2X2X2 £,(2,£,(2,2) £,(2,3) pﬁ)

T N I
I -

T S B R

0 B

R T B

22 2x11 pg) pgf)) p(230)
B SO T SR 1\
e 2X2X2X3 p%) __sz‘;‘;) p;32)

R £,5.2) X
3 27 3x3x3 £,(3,3) £,(3,2) pg) |



§k+l(x, yl+l) = x, i.e., gk(x, §k+l(x, yl)) = x. By the inductive hypothesis,

we get § (x, yl) =1= §k+l(x, 0). By Lemma 1.1.5, we obtain Y, = 0,

k+l
i.e., y=1.

k
1.1.9. Proposition. For any k>0, Q is infinite and has an infinitfe

complement,

The set QO trivially satisfies the theorem. For k > 1, since

Qk = {gk(X, y}x>1, y>1} and gk(z, 2y > 0 by Lermmma 1.1.3, we obtain
the inequality gk(x, y+l) > gk(x, vy} +1 for x> 2 and vy > 1, by virtue of

(2) of Lemma 1.1. 6. Therefore, gk(z, y} 1s a monotonically increasing
sequence such that between gk(z, v) a;.{nd gk(Z, y+l) there is g.t leaL.(st one
positive integer. This proves that Q  is infinite. Since Q CQ (k 2 1),
the complement of QO is contained in the complement of Qk (k 2 1). Since
the complement of QO is infinite, it follows that every complement of Qk

is also infinite.

1.1.10. Lemma. For kzl, XZZ and yzl, we have §k(x,y) 2.

nv

This lemma follows from Lemma 1.1. 6.

1.1.11. Lemma. For k>1, x>2 and y >4, we have gk(x,y) > x.

Y

2
For k=1, we have x’ >x > x, since y>2 and x> 2. Let

the lemma hold for some k. Then, by Lemma 1.1.10,

- = - - > 2. i 1
§k+1(x, {y-1) + 1) gk(x, gk+l(x, y-1)}) and §k+1(x, y-1) 2 2. By the inductive
hypothesis, gk(x, z) >x if x> 2 and 2z > 2, consequently §k+1(x, y) > x.

1.1.12. Lemma. For some k>1, x> 2, z122, z222. and n>1, if

= pd .
gk(x, zl) §k+n{x, zz) then 2, > 2,

For n =1, the lemma is true by virtue of Lemma 1.1.7. Assume

that the lemma is true for some n, and let gk(x, zl) = {x, zz). Since

§k+n+1



§k+n+1(x’ ZZ,) = §k+n(x, §k+n+1(x, zz-l)), we obtain by Lemma 1.1,10

- = > -1y, - P

Eringt® 270 22 and 2, >¢ . (x,2,-1). We have to consider the cases
Z5 > 2 and z, = 2. If z, > 2, then by (1} of Lemmma 1.1, 6 we obtain

Gz, 1) > - = i.e. >z, = 2.

Epna\Fr 2y ) > (2= #1=2,, i.e., =z >z, Next, assume that z, = 2

>2, i.e., z, > =

> ’ - X. ] > i .
Then Zl gk-i-n-{-l(x 1) = x. Since x:Z, we obtain z 1 >

1

k
1.1.13. Theorem. If n # 4, then there exists a k such that n¢Q and
h
n¢Q for all h > k.

Suppoese that ng Qk for all k>=' 0. Since n EQO, this means that
n is not a prime number. Moreover, there is a double sequence (ui, vi),
where u, >2 and v. 2 2, suchthat n = gi(ui, vi) (i>1). By Lemma l.1. 6
and Lemma 1.1.10, n > vi-}-l and n > u,l(i Z 1). Consequently,. an infinite
number of the vy must be equal and also an infinite number of the u,
must be equal. Therefore, there is an infinite number of indices

il < iz < ... and two fixed numbers s and t such that gi (s,t) = n
a
{a >1). From gi (s,t) = gi (s, t) (‘11 < iz), by Lemma 1.1.12 we obtain the
- 1 2

contradiction t > ¢,

§1.2. Hilbert-Ackermann number-systems

We introduce the Hilbert-Ackermann number-systems Pk (k>0

as follows:

k (2) A~k
P = NTINQT (k> 0)

where N(Z) = {2,3,4,5, ...}. We denote the elements of Pk as:

P el el el Ly ez

We include the set of all prime numbers as a Hilbert-Ackermann

number-system, which we denote as:

0 0) (0 0
P ={p§ ).p(z ),p(3 ), bee} oy



where pynz: “. In the case of priue ausbers 1t 1s coavenlicat bo wsnoies

tnen &lso as Tollows:

Q
P = P U tool [}
}t Pl » 50 B o b
: TR .
1.2.1. Theorea. P e P (k> Q).

Tnis tueoream foliows iroan Lewne 1.1.1.
. 0 K .
1l.2.1.1, Corollary. P c P (k2 1).

1.2,1.%2. Coroliary. If w < n, taen

{p':"’ y BN, e | - p;”’ s oeee )

— {(m) An) LN} . (my
It {p , ™, o= 2 sy D. 5 +ee}y waere p = g,
1 L H ta k LK

. . m . N . . . . N . .
then we say tnat P7 is written in the aumbering of P, and we denote
this renumbering as [P™]" and dencte the eieaents or [P™1" as [p'™ Y.

L
1.2.2. Theorem. For every positive integjer n# 1 and n 4, thers
. . . LK . .
e<lsts & k¥ 3uch thet nE& P snd n € 2" for sll Naka

This theorem follows frow Theorex 1.1.13.

1.2.3. Proposition. For anv k> 0, there exlst an infindte uumper of

S

positive integsrs which are not couteined in P,

This proposition follows froum Progocivion 1.l.3,.

we aefine the aritameticel coains

T“‘\)

by the following equations for %k 2 1:



§1.3. Brun number-system

We introduce the Brun number-system B as follows:

0

= = s . 3ot rey . » <u< .

B Def {Xlx#l, X pi pi * P-l H pl 9pi Pl e P 1,__.‘" = 9}
172 M 1 2 7

We call the elements in B the Brun almost-prime numbers.

i

In order to prove a relation between the Brun number-system and

the Hilbert-Ackermann number-systems we need the following lemmas,

1.3,1. Lemma. Forany k>0 and r>1, if n--pgk)pgk) p?k), where

i i
p@k). ey pgk} are not all equal, ror-l !

r
then n€ Pk+1.

Let the assumption of the theorem hold. On the strength of Theorem
1.2.4, let

k+l} (k+l k+l
n = ploHpler) et

{(s>1) .

g Jg-1 1 B

We shall show that s =1. For convenience, let p(kﬂ} = p§k+l) and let

= p(,k+1) ‘e p(.k+1). Consider 'S
Ig-1 g
k) (k k k+l
wepIpl e

r r-l 1 H

and in turn

(k} (k) (k), _ (k+1) _ {k+1) (k+1)
gk(pir ? pir_l .. pil ) - §k+l(Pu ! Y) = gk(pu H gk"l"l(p,u H Y l))

On the strength of Theorem 1.2.4, let

(k+1) (k) (k) (k)
P =p P 0. I
H b "By By
Consequently, we have
k) (k k+l
I N R L L 0 TP Y SR RS
: T r-1 1 t t-1 1



10.

Again, by Theorem 1.24, we must have

k) {k k
(ky _ (k) (k) (k) plk) )

. =p : P, =P RN .
t he i TR H b

Therefore, from (1), it follows that

(k+1) B
ékﬂ(pﬂ yy-1) =1,

and by the definition of Hilbert-Ackermann functions it follows that

y-1=0 or y=1, i.e., s=1. Hence, n= kaH) and nEPk+1.
1.3.2, Lemma. For any r >1, if gcd(al, Qo vons ur) =1 and
a, a, a.
n=p. p. ...P. , where i, ..., 1 are all distinct,
i i 1 1 r
1 2 T :
then nG.Pl.

A ssume that n¢P1. Hence, ng Ql and n = gl(x, vy} = %7 {(x>1,y>1)

. 1 . . . .
by the definition of . By the ordinary unique factorization Theorem 1.2.5,

we have
y l31 ‘52 ﬁr ¥ * “r
=P Py - P ) =R Py
1 72 r 1 T
and from y > 1, we obtain the contradiction that gcd(ul, . ar) £ 1.
(11 a ﬁ
1.3.3, Lemma. For any r >»1, if gcd(ul, ce e, ar) =1, n= (pi N p.lr) ,
1 r
where [3&131 and il, ‘i, ir are distinct, and
a a
pi1 ces p.lr £, then néPZ.
1 T

By Lemma 1.3.2 and the assumption ¢f the theorem, we obtain

a Q a Qa

1 1 o
p.1 v.s D, IQP . Let p( ) = p.1 .e. p. and p(l) = . Consequently, we
i i u i i v
1 r 1 T
! “rp_ (1) (1) (1, W
have {p, ... p. ) =p 'p.'. Since p ' #£p by assumption, we obtain
i i TS 7 v

2 2
le)pS')E P, i.e., n€P , by virtue of Lemma 1.3.1.



11.

1.3.4., Lemma. For any r > 1 and k>0,
(k) (k) (k) (k) ,_(k)

, T ‘e r-times),
EenPy 2T =P, P, p, (P, )
This lemma follows directly from the definition of Hilbert-

Ackermann functions.

1.3.5. Lemma. For any pue PO, we have the following properties:
2
(1yif n=1,6,8,9 then gl(p‘u,n)eP , (2)if n=3,5,7

2

and P, # n then gl(pu,n)EP , {3) if P, = 3,5,7 then

6,(p B EP, (4) 1 iz then £(b, HEPS, (5) i
p‘u = 2 then gl(p#, 4)e P,
For property (1), since 8 = g (2,3), 9= g (3,2) and 6 GP we
have § (p ,n)€ P by Lemma 1.3.1 and Theorem 1. 2.1.
For property (2}, since n €P and Pu # n, we have gl(p‘u,n) €P2
by Lemma 1.3.1.
For property {3), since gl(p p ) = gz(p}u,?.) by Lemma 1.3.4, we
have g(p ,p YE P3 by Lemma 1.3.1.
For property (4), since g (p ,4) = gl(pu, 61(2, 2)}, we have
& (P 4)61:’ by Lemma 1.3.1.
For property (5), we have gl(z 4) = g (2, g (2,2)) = gz(z 3} and
£,(2, 3)€ P’ by Lemma 1. 3. 1.

1.3.6. Theorem. B( P3 v {4}.

In accordance to B, we have to consider all possible products of

the form

P. P. .«.. P, (1§r§9),

where rea ta, .., +urf9(1§r§9). When r satisfies 2<r <9,

we clearly have the greatest common divisors gcd(ul, a . o.r) =1,2,3 or 4.

2, L
There are 96 different possibilities to consider and we dispcse of them as
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follows,

(i) The Brun almost-primes where r satisfies 2 <r <9 and the

greatest commeon divisor gdc(ul,a - ar) is equal to 1, 2 or 3

2!
belong to Pl or Pz by Liemma 1.3.2 and Lemma 1.3.3 and hence belong

to P3 by Theorem 1.2.1.
(ii) The Brun almost-primes with property gcd(al, e ur} =4

4 4

turns out to be a single case, namely, p. -p. = £ (p. P. ,£,(2,2}) and by
11 12 1 11 i, 1

Lemma 1.3.2 and Lemma 1. 3,1 it belongs to Pz, and so in P by

Theorem 1. 2.1,

(iii) With the exception of ‘§1(2, 2)& B, all the Brun almost-primes

with r =1, i.e., p. (1<a

A

1 9), are exactly accounted for by Lemma

1.3.5, which means that they are either in PZ or P3 and therefore in
P3 by Theorem 1.2.1.
(iv) The final case §1(2, 2) =4 certainly satisfies 4¢€ P3 u {4},
From the above, it follows that all elements in B are contained in
P3 v {4}. On the other hand, it is clear that B#PB' v {4}, since P3

contains prime-number products of length greater than 9.

§1.4. Partition number systems

‘Let S denote any set of positive integers. We define the

partition number~-systems G(S) by the following three conditions:
(1) For any Sy sze S, if sl-l-s2 is an even number, then sl+sz € G(S).
(2) If e€ G(S), then e is an even number and e = s_+s_ for some

1 2
S5 szé S. (3) G(S) contains only the elements prescribed by conditions

(1) and (2).

In other words, G(S) consists of all even ordinary sums s +s_,

1 72

where Sl and 5, are in the set S.

Let E” denote the set of all even numbers greater than the

positive integer n.

By ordinary arithmetic, we clearly have E42 G(PO\ {2}). The



Goldbach conjecture claims that the following relation holds:

4 0
E =GP \N{2})
We now state a corollary of a well-known theorem due to Brun [1]:

1l.4.1. Theorem. There exists a positive-integer constant i31, called

the first Brun constant, for which we have the relation
Bl
E " G(B), where B is the Brun number-system.

The following is a consequence of Theorem 1.4.1, Theorem 1. 3. 6,

Theorem 1.2.2 and Theorem 1.2.1.

1.4.2. Theorem. There exists a constant [32}3,ca11ed the second Brun

constant, for which we have the equality
p
4 2
E =GP “\{2}.
. k .
For any k> 0, since G{P v {4}) contains only even numbers,

we clearly have

() E°2 G(P"u {4)).
By Theorem 1.4.,1 and Theorem 1. 3. 6, it follows that

B
(2) E ‘Cap®ua),

where E)l is the first Brun constant, In turn, we let
B .
1 2
(3) E VE=E",
where E is a finite set of even numbers 4, 6, 8, ..., 2n< [31. By
ordinary arithmetic, it follows that the even numbers in E can be
expressed as sums of two elements taken from some finite set

I= {nl,nz, caes nm} of positive integers greater than 1. If the set I



. . P 3 . \ . . o3y . . . .
is not containec ia P u{.&}, tne:n by Tascreas l.z.2 1iv will oz coateined

xu 14} for so:ﬁe X > 3, in otner worus, I qu {1 4% for soxe

in P
¥2 3. Consequently,
(4) E < op¥u 4.
By Treorem 1,2.1 and (2), we have
(5) ™ ¢ oo £43).
From (3), (4) =znd (5), it follows tact
O (8) 82 o a@¥u {4d).
In turn, froa (1) zad (6}, it follows that
(7) B2 = a(p¥u 14}).
Next, we consider tae set of all swus of the fora pw)-&- 4 in G(qu{A}).
cimse. sy 4= (49 o

d‘, (p(:)-\- 2)+ 2 € G(P‘P) for some constent ¢ > ¥ s by vir-

4 2) 4+ 2 for all > 2, if ;}r-’r 2¢ PK, then eleerly
(54 2) € P
tue of Theoren 1.,2.1 znd 1.2.,2. Combinineg tne sbove, since 55”-{- 4L & G(PJ‘)
for §> 3, we must haves

(8) a(Fo i) = a(z?),
by Theorca l.Z.1 and (7).

. - y s - ¢ )
Fluxliy, conslder the set of 21l sums of tne fora D J‘-t- 2 in G(P‘P),

1 ' ()
¥nere pﬁ)e P \5_2} . Clezrly, we have Pu + 2 -.:(p[:?- 1) 4+ 3, waere
g ; 3
obviously ;gf‘)- 1 is odd, p:f)# 1l anc pr::’;é 2+ Again, if (p(?— l)¢

2\ { 2}. then certeinly (pf:-"—l) e PP{2}, (;f;?-—!) + 3¢ a2}

for some constant fiz >4 , i.e., the second Brun consatant. Conseguently,
d n
(9) G(P~\{z}h) = &P Nz,

by Theoren 1.2.1, (8) and B ~[2} = G(PIN12}). Since 4A=2 4 2 wnd

we eliminsted z, from (7), (3) and (9) we pet



4= o™iz,

where [, is the second Brun conctant.

l.4.3. Theorem. For any X>[(3,, where (3, 1s the secoad Brun

. - 4 K L
constent, we have tae ecuslity E = G(27 N2 }).

Thig theorem is a siaple consenuence of Theorzu 1.4.2 &nd
Thaoren 1.2.1.

fe conclude thls section with the following nuaber-systeis:
. 0 )
&s-_-{zp” PLEP ,pEP,PZ 2}.

l.4.4. Theorem. (1) & C p! ’

(z) E“# cu).

Property (1) is & consequence of Lemma 1.3.2. For properuy (2), we
cite the following example. We note that the vositive laveyer 30 cun
be expressed only by the followling representations:

9, +

. U P+ B [
A 9:1-'5 s B 4 B

[2) [A T

iy, 7423, 11+19 2nd 13 4+ 17. Cleszrly, no pzir of indices in
and gre coth prime auuabers. Therelfor

p"-i‘ l:’(D 3 Ps+ Ps Pb+ P,,r P nuaiso Lhereflore,

e i 4 o {
30 #: p’; + ppy for all pt‘ ) B, & P . From t1his, it follous

that  2-30 % 2(p 4 p ) and 60 # 2p 4+ 2p for all Zp , Zp & il.
# (p{:—t ) # A 3 0.1 4B,

k
On the strength of Theorem l.4.4, we shall write [HM]  to denote

the set #@ written in the numbering of Pk (k= 1).
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CHAPTER II

FREE #ONOIDS AND FREE MOSOIDULES

§2.1. Nonconcatensztive commutative monoids

i K
In abstract arithmetics 6\ (A) introduced in the following chapter,
we work with a denmumerably infinite set A cazlled an alphabet consisting

of abstract signs 8,y 8,5 &

a2 Byr sve where the signs in question are com-

bined concatenatively, nonconcatenafively or in both ways by means of cer-
tain lews of composition., In this section, with respect to the above-
mentioned signs, we introduce algebraic structures with laws of coaposi-
tion whicn are not concatensative.

The alphsbet 4 = § 8.5 8,5 «so Will be our ground alphabet througi-
vub this paper. We assune that the sigus in A are ordered by the relation

a,< a, for any 8. a, €A defined by =&

< < a, if and only if p<vy.

'J
Let # denote the enpty word. 1t is convenient to denote the empiy

word F alternatively as &, , and to denote the set {a,, a,, a,, eeo}

o 4

3
asz A" , where ay < B for ell ape A.

A nonconcatenative additive monoid, denoted SA , consists of the set
A# together with the law of composition ar‘iB e, (a!_‘ y 8, & A# )s

satisfying the associstive, commutative and cancellative laws and axioms

“ *
(1) a. 8 a = 8, and (2) arlﬂff.-atk (a!‘GA ).

A nenconcatenatlive multiplicative monoid, denoted M AP consists of

the alphabet A together with the law of cosposition e.[ a, (az»b‘u 8, €A),
which satisfies the associative, commutative and cancellative laws and the

equation e, @1 a = 8, (a.‘u € A), and furtharmore it is assumed that M ,-

F
has a unique factorization into prime elements in nf{ Adiy, e},
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where IT(_L = aP
,.I-

A nonconcatenative semliring, denoted SMA , conaists of the monoids

(peP).
s

SA and MA , comnected by the distributive law arm (P;‘EB aﬁ) = (&;12] %)[a(arm eb) .

2,1.,1. Proposition. In the semiring SMA » we have the following:

i
(1) a.rm a, = aP_w (art a, & A s
(2) arEl 8, = a,, (a# 18, & A),

':H‘.
(3) e =¥ = i (a.€27).

For property (1), we use axiom (1) of SA, for (2) and (3) we use

axiom (1) of SA and the distributive law,

§2.2. Free monolds

In algebra (2), definitions of free momoids F ere based on the pro-
perty that every mep from any set S into any monoic i extends to a unique
homorphism Y : F—> M. In this section, however, we introduce free mo-
noids by arithmetical meuns using successor functions rather then homo-
morphisms.

A commuteztive free momoid F(A) in the alphabet A={e, , a, eset
witn the idenmtity F#F , satisfying &t‘## (aheix), is defined as:

F =) B

. K=o
where Ho'-‘-'{#f ’ HK+1= {arx | a, &4, X€ F(A}, .where the denumerably

infinite set of guccessor functiong a‘_\x (%.GA’ X&F(A)) setisfy the axioms:

LT N g i . F EA i == -
2.2.,1. Axiom or any 8€4, e.P#" 8a

2.2.2. Axiom. For any &, 4,, & &}56 A ani X, Y € F(4),
(1) aP(avX) = ay(ar‘l) iff X=Y, (2) ap(a,X): a«(ahl) iff

either a =a and &=a , 6ra=8a8  and a = & .
B b Fo »

ﬂ <l

2.2,3, Axiom. For any &t" a, & A, X€& F(a), if a,X= ap#- then af,‘:avand X=7.
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The elements of F{4) are called words, and # is caulled the ewmpty word.
2.2.4. Proposition. In F(4), we have the following properties;
(L)# € F(a); (2) for eny L € F(A), if X s# then X = a, X
for some aPG A and YeF(r); (3) for any XeF(a), aﬁ}{f#(aﬁea).
Properties (1) and (3) follow from the defi.dtion of F(A) end Axioms
2.2.1 and 2,2,2, As for (2), from its assumption X€ F(A) and X ##, and the
definition of H.K ; we get X € HK for some k, therefore X=a,X for some
Ye HK—-I and %‘EA.
2.,2.5. Theoram. (Induction Theorem) If S is any subset of F(A) such that

(i) #€ S end (ii) whenever X€S then a X€S5 (S‘LE'A), then S=F(4).

’A
Let the assuaption of the theorem hold. Assume that S# F(4), which
means that there must exist a nonenpty word Xé& F{A) containing the least

munber of signs sucn that X é S. By Proposition 2.2.4, we have X = g Y,

g

and since aFI4£S, by the least-sign assumption and (i) we must have YES,

but tnis means abI¢—S and Y€ S, which contrzdicts the essumption of the

theorem,

2.2.6. Theoreu, (Symbolic uniqueness theorem) Every noneumpty wvord X& F(A)
can be expressed unliquely, save for the ordering of the signs,
as X = &7 Bi e 8 (rz1), where B85 eon s a‘.rEA.

Existence. For any X€F(a), if X## , we heve X¢ i, for some k.

Therefore, X = a; Yi for some a.€ A and TEH 5 eee s ¥ .(ea.;‘I‘_ for some

r " k-t
a;f € A and I e Ha » which means X= a’;.-a;r_.l.. a,;1 .
Uniqueness. Word length is clearly unique. Assune tbet a;a; ...8; =

r Cr=i (
B85 Lt for some odd r > 1 and assuue that tnere exists an By such
r—- t

(h = l, 2’ saw 3 I‘). Let the 'r'.'OI‘ds a"_ vee &-
(o t1

that &‘}{:.éaJ.h and aJ' ees a._'-'

with a'.'k and some ajh deleted respectively from them be denoted as X and Y.
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If aixrﬁ ajh, then on the strength of Axiom 2.2.2 we must have a.ﬂla'h.1 ...8.“,.__4‘9.,-]4

gttt ar*k__‘ and any permutation of them

denoted as a.y' 3 ses 3 a,..__‘in Hr-l’ and clearly for some words anBp

and 8, 8, -0 8y  in B,._; we must hauve X = B Bp oo al"_fmd Y=

# a‘/t aylo.c a“--la"‘h fOI' all a
*re a}uk_j

a.a ses &

which mezns a: a. _-,Lva- a- a coatradiction
Y Ypot? BT Ty de T T )

Similarly as above for an even r » | , except assume tvwo a; different
froa all a; Case r = 2 follows from Axiom 2.2.2.

On the strength of the abowve theorem, we introduce a notation for the
symoolic eauality ¢+ X =, ¥ Aif and only if the words X anc ¥ contzin pre-

A
cisely the same signs taken from the alghebet A. However, for convenience,

we shall abbreviate X =A Y simply as X= Y.

Yie introduce another notation as {ollows. Let

n

a ves & ( & n-times),

o = Gpdp »
where n > 1 and 2,€ b, end let a:’_L = (a'“e A).
2.2.7. Proposition. Every nonempty word a; 8] e 8 in F(A) czn
be uniquely expressed as
8, 8; w8 = a:‘" :‘::l... a:_" a;"* ,
where N,y N,y «es n‘*":é 0 and ¢+ Z T,

This proposition follows from Theorem 2.2,6 and Axiom 2,2.2.
4L word X in F(A) put in the form given in Proposition 2.2.7 is

called the normal form of X, which we cun denote as X. This terminology
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will be used in the following chapters,

We introduce the usual law of composition of the free monoid F(A},

called word addition or word sum, by the following equations:

XxXoH= X,
X®aY=2a(X8Y) (a€a).

2.2.8. Proposition. For any X, Y, Z& F(A),
) X@({ve2)= (X8 Y)® Z,
(2) X Y=Y & X.

Property (1) clearly holds for Z =#. Assume (1) to be true for some

Z, then by three applications of the definition of word addition we have

X0 (Y@auZ) XO@a“(Y@Z)=au(X9(Y$Z))

a#((XQ Y)D Z)= (X D Y)@auz .

Consequently, the proposition is true for all Z by virtue of the Induction

theorem,

With respect to property (2), since H# @ # = # and # @ auY = a“(#(-B Y),
we can see that the property holds for Y = #. Let the property hold for some
Y, then by (1)

1

XGDaHY a“(XGB Y) = a“(YG)X)= a”GB(YQX)

= Y X.
(a‘u @ Y& X a,u @

Commutative free monoid F(a.l) in the one-sign alphabet {a.l} is de-

fined as follows: Given the one-sign alphabet {a.l}, the empty word #, the
successor function a.lX = a) @ X satisfying the usual axiom, if alX = a.lY

then X = Y, and finally given the equations H_ = {#} and Hk =
{a1X| Xe Hk}’ the free monoid F(al) is introduced by F(al) = Def U Hk

k=0
It is evident that F(al) is embedded in the free monoid F{A). We assume

the obvious linear ordering relation X £ Y on F(al).
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We denote the nonempty elements in the free monoid F(a.l) as
aT e>1), ie., ai' = a) and aTH' =23 &b aT. Words in the free monoid

F(al) are called natural words. Clearly, a."f 11%] a;" is the word addition in

F(a.l).

2.2.9. Proposition. For any a.T,

(L (a‘;‘ ® a{’) ) ai’ = a’f @ (a{‘ =) af),

v a

i v_ v 7
(2) alEBal~a1®a1,
(3) a?®#=a;f,

(4) a’f & Gr = a‘iH-v .

This proposition is obvious.

~We recall from Section 1. 2 that PO, Pl. Pz, ... denote the Hilbert-
Ackermann number-systems, where PO denates the set of all ordinary prime
numbers., Since the nonempty words in F(al) are of the form a.i, af, af, . ey
we can give names to certain subsets of F(al) as follows. For every ki 0,

(1) Pﬂk) (k) ok

(1) Ty = pet 3 (b, €PHu2 1),

(k) _ (k)
(2) UF(al) = bet 1T, M2

For convenience, we also write the notation

~[-|-(0) = {wie), wfzo), v}

more briefly as
{3) ﬂF(al) = {7r1, Tor e 1.

(k)
2.2.10. Theorem. TTF(al)C TrF(al) (kz 1) .

This theorem is a consequence of Corollary 1.2.1.1.

By virtue of the above theorem, we denote the elements of .{TF(a )
1
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. . : (k) (k) . (k}
f > P B,
written in the numbering of | lF(al) (k> 0) as [T [F(al)] , i.e 1 |F(a1)]
denotes a set of elements wgk), wgk), ... in | |(k) ) which are precisely the

1 Fla,

elements in T[ .
F(a.l)

By a numbered free monoid Fk(al) we mean the free monoid F(al)

together with the names (1) and (2) given to relevant words in F(a.l).

§2.3. Commutative free monoidule

By a commutative free monoidule on F(A), denoted MAF(A.), we
mean the combination of algebraic structures consisting of the nonconcatenative
multiplicative monoid MA and the commutative free monocid F{A) connected

by means of the law of composition a“ 0OX (aﬂe M X €F{A)), which

Al
satisfies the following axioms:

2.3.2. Axiom. a O#=#(a = M,).
—_— 1 A

and X&€ F(A),

2.3.3., Axiom. For any a‘u,ave MA

a.u@ (ay d X)= (a.MEl ay) @ (a.“@ X).

2.3.4. Proposition. In the free monoidule MAF(A) we have the following
properties:
(1) 8,0 X=X,
(2) a‘u(b (XPY)= (auO X) & (a.uG) Y),
(3) (a“B 2a)0X=2a 0 © X),
(4) 2, o} a = a“@ a .
Property (1} is true for X = # by Axiom 2,3.2. Let it be true for
some X, then by Axiom 2.3.3

ale a“X = a.lta(a“ @ X)= (alEJ a“) @ (alf:'J X) = a.‘u DX = a”X.

Property (2) for Y = # is true by virtue of X @# = X and Axiom
2.3.2. Let (2) be true for some Y, then, by Axiom 2.3.3,



a,®(X®al)= a0 3 (XOY) = a.0(s0(Xa 1))
= (aPF_\ ap) ® (aPQ (X 1))
= (aPEl a,) @ ((a'p X ® (aﬁ@ 1))
=(200)@ (2,0 8) ® (s, 0Y))
= (aPGX)&)(aPO (a,® 1))

- (aﬂox) ® (a.PG) e.yI).

Hence, property (2) is true for &1l Y on the strength of the Induction
theorenm,

Property (3) holds for X= # by virtue of Axiom 2.3.2. Let (3) hold
for gcme X, then by Axiom 2;3.3

(aPEl ay)@ a X = (aptaap) o) (%‘EB %)

I

(a5 8)8 2)® (3.0a)0 1)
= (aPE! (ayE] %‘) ® (at‘g (ay@ X))
ar@((ayE] &)EB (ay@ X))

= ar‘_@(ay(D (E&@ X))

- aPCD (aVG.) aukX).

Finelly, property (4) is &n obvious consequence of property (3).
Because properties (1), (2) and (3) of Proposition 2.3.4 resemble
the axioms of a free module, one naturelly asis whether it is poscible
to replace the nonconcatenmative multiplicative monoid M {, by the non-
concatenztive semiring SM, in order to obtain sometiaing like (arﬁa a,)oX
= (arG)- ) & (ay@ X}, however this is false in a free moncidule and the
only property regembling it is a version of Axiom 2.3.3, namely, (aPEB X)©a

= (aPE.l ay) P (ay@ X).
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~ We conclude this section by showing that the free monoidule MAF(A)

can be extended to a commutative semiring RM A F(A) by assuming the axioms

A

of the free monoidule MAF(A) and by introducing the law of composition

X0Y (X,Y€ F(A)) satisfying the following axioms:

2.3.5, Axiom. X O ¥ = #.
2.3.6. Axiom. X© (a‘u @ Y) = (a“o X) @ (X ® Y).

2.3.7. Proposition. In the semiring RMAF(A), we have the following

properties:

(1} a,@ X=X,

(2) X0(Y® 2)=(XO0Y)® (X0 2),
B {vydz)oX=(YoX @ (Ze X),
(4) X@Y=Y @X

(5) ap@(XG)Y)= (a“(_:) X))oy,

(6) X@(YyoZ)= (X6Y)OZ.

Property (1) follows from Proposition 2.3.4.
Property (2)-£or 7. = is clear. Let property (2) be true for some
Z, then, by definitions @ and @ .and Proposition 2.2.8, we get

X0(Y®a 2= Xoa (YO 2Z)

(a#o Xy (Xo (Y@ 2Z))

(auG) XNNe((XeY) e (Xez)

(XOoY) & (a“@ Xy (X @ 2}

(XOY)&XO(a“GE)Z)

(XOY)@XGa“Z.

Property (3) is obvious for X =3#. Let (3) hold for some X, then, by
Proposition 2. 2.4 and Proposition 2.2.8
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i

(Y® 2)o a“X apO(Y&)Z)&)(Y@Z)G)X

u

au(D(YEB ZYyai{iyeoex)e (Zo X)

11

(a,0Y®YOZ)® (@ 0220 X)

(YO a“X) ®(Zo auX).

Property (4) is clear for Y = #H . Assume the inductive hypothesis,
then by property (3) we have

XOaY=((a 0 X)) (XO0Y)
[ u

(au(D X) & (YO X)

a YYOX=a YO X.
(2, & Y) 2,

Property (5) for Y =4t is clear. Let it be true for some Y, then by

Proposition 2, 2.4 and commutativity in M we get

A!
auo (av@ XeX0Y)

a‘u O X aVY)

2,0(,0X@2,0 (XY

a“@(ay@ X)@(aﬁ@ XYov

(a“cgay)@xe (auGX)(DY

avo(au@ X)@(a“a X)oY

i

(2,0 X)®a, ®Y)

(3—“@ X)© a.VY .

Since property (6) is clear for Z = 4 » assume the inductive hypothesis,

then by properties (2), (4) and {5) we get

X@(Y@a“Z) Xa(au'@YeYG)z)

X0 (2,0 Y)®X0(YOoZ)

a“O(X@Y)GB(X@Y)GZ

(X Y)G)(aNQZ)

I

(X@Y)@a“Z.
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§2.4. Arithmetical maps

The arithmetics in the following sections depend on certain mappings

of words contained in the three objects in the following mapping diagram:

F(A) F(al)
\A# /

In particular, we need to define the following set of mappings for k > 0:

9 0
Mr) 2 Oleg)]

S

Fla) D I,
cr,[ 5 -;“—r
D) A

We define the above mappings as follows:

The additive maps ¢ and ¢, mapping S, and F(al), are defined

A

by the following equations:

(1) o#) =¥ , G(au Ba)= G(a“) D 2 (aue Sp)b

(2) G =¥, Sl@ @a)= 5 Ba (e Fla)).

2.4,1. Proposition. For any ELM,a.vE.SA and a‘f,are_F(al).
1) ofa,) = a’i‘, o(ak) = 2

(2) ola, W2 )= ola,) ®ocla),

(3) c-r(af; (4] a:) = 6(a‘;) ¢} é(a;) .

Property (1} is trivial for apt = afi‘ = 2.

a , then by the above definitions we get G(ap+1) = cr(:a,‘u B al) = o(a“) (4] a, =
a; 2] a, = a'lfﬂ, and in turn &(affﬂ) = c_r(a}l‘ @"a‘l) = &(a}f) B a, = a‘u B a, = ap+l'
Property (2) for a = a

Assume that (1) holds for some

1 follows from definition, and using above
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definitions, property (1} and induction, we obtain ola Ba ,.J=0o((a fa)Ba)-=
vl u vl u“ v 1
G(a“) 53] ola ) @ ala)) = G(a“) @a = G(au) @ G(av+1)'
Property {3} is clear for av = 2, and for av+1, like (2), we have
- v+1 _ = v RN -V - TN _
U-.(a' e a - C‘((O}f @ a].) ® al) - G(al) E G(al) E G(al) - G(al) B av+1 -
o(a}) B c(a;""l).

The multiplicative maps Ty and ';k (k > 0), mapping F(al) and

ﬂ(k) ) (k > 0), are defined by the following equations for k> 0:

(1} For any a’i_‘e F(al). Tk(a‘;) = TT:‘k) WF( ) 2 b
- k k
(2) 'rk(ﬂi h = a; if 7? “e [UF(a )]( )

|
1
sy
E
-
i
fJJ
E

Note, 7-1{ is the inverse of T only if k= 0, and of course G is the

inverse of the map o.

The alphabetical multiplicative maps T and T, mapping A and .ﬂ'

are defined by the following equations:
1 Forany a € A, 7(a )= 7 T .
(1) y 2, (a) (m, &l ,)

(2) For any 1r‘u G-ITA, 'T(yr”) = a..u (a“é A .

We state the following consequence of the above definitions:

2.4.2. Proposition. For any u > 1 and k> 0,

™0
(1) 2, f F:{k),
o
k k k
(2) ‘JTL )—> au if 7r [-H-F(a )]( )

Next, we have the length map, a mapping between F(A) and F(al),
usually called a length function, denoted as A (X), defined by the following

equations:
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}\(#‘) = #:
Ma#X) = a‘l B AX) (a“e A, XeF(A)).

2.4.3, Proposition. For any X, Y&F(A),
(1) MX® Y)= MX)® MY),
(2) in the free monoidule MAF(A), Ma..u ® X) = ANMX),
(3) MX @ Y) = \X) &\(Y).

Property (1) for Y =# is clear. Let (1) hold for some Y, then
MX @ a,Y) = Ma (X @ ¥)) = 2, ® MX @ Y)
a, @ MX)D MY)= MX) @ (a.l @ AY))
AMX) @ K(a‘uX).
With respect to (2), the equality clearly holds for X =#. Let it hold

H

for some X, then by Proposition 2,3.4 and property (1)
Ma O aX)=ANa ©a)Dla © = Ma a AMa © X
(2,0 2,% = Mo, ©2)B0 OX) = Ma,0 2) ®Ma, O X)
k(a“G) a'v) @ AMX) = h(a.‘lzla') ® NMX)
a, D AMX) = Ma“X).
Property (3) is clear for Y =3F. Let it hold for some Y, then by

it

i

properties (1) and (2)

MX© a,Y) X(@u oxXeX oY) = Ma.Ju ©X)OMXOY)
MX) 8 MX) © MY)= MX) O (2, ® MY))
MX) © Ma.“ Y).

*
The auxiliary additive map o (X), mapping F(A) and S

is defined

Al
by the following equations:

o b =3,

* *
c (a“X) =a @80 (X) (ape A, XeF(A)).

2.4.4., Proposition. For any X, Y&F(A),

* * *
o (X@ YV)=0 (XBo (Y).

For Y =# , the theorem is clear. Assume that the equality holds for

some Y. Then
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o (X @ a,¥) o (2, (X0 ) =2 @ ¢ (X @ Y)

* *
a“mcr (Xy@8 o (Y)

il

* *
c (X)8 (au |8 o (Y))

* *
o (XH o (a“Y).

*
With the help of ¢ (X) we define the map &K(X), between F(A)} and

i

» by the following equations:

K(#) = #,
K(X o auY) = (a“e c*(X)) B KX o Y).

2.4.4. Proposition. For any X,Y &€ F(A),
(1) KX) = o (%),
(2) K(aﬂx) =2, a8 kix),
(3) KIX @® Y) = kiX) 8 k(Y),
(4) K(XO Y) = kiX) @ K(Y),
(5) if X #3F then MK(X)) = 2
(6) K(X) @ KY) = K(X) @ K(Y).

Since we only need the above properties incidentally, we omit the long

proof.
We conclude this section with the map d(X), mapping F(A) and M, ,

A
defined as follows:

() = 2,
a(auX) = 'r(a‘u)EI 2{X) (a“E- A, X&F(A).

2.4.5. Proposition. For any X, Y & F(A),

(1) X @Y)= d(X)@aly),
(2) 9(X) = 9(Y) ifandonlyif X =Y.

Property (1) for Y = # is trivial. Let it hold for some Y, then

X @ a.uY) a(au(X @Y)=" (a,“) DX @ Y)
T (a“) & a(X) @ o(Y)

o{X) & a(a“Y)-

il
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Property (2) follows from the symbolic uniqueness theorem  and the

unique factorization in MA

§2. 5. Noncommutative free monoids in finite alphabets

In this section, we simply introduce a terminology for later use.

i

= > .
Let A {ao,al,az, cees an_l} (n>1)

The additive monoid Sn (n > 1) consists of the set A#: together with

the law of composition a H a = a which of course satisfies
M onov @+v modulo n 4

the associative and commutatlve laws and the equation a“ 22 a.o = r:i]u (a € An).

The additive groupoid S (n>1) in the nonconcatenative additive monoid

A
of the monoid SA, by the following equations:

5, consists of the law of comp051t10n a.“L E 2, defined on A:‘:, with the help

*
a B a = a if a BHa <a,
¢ n v 0 4 v n
= i > .
a.1 if au B av 2 an
The multiplicative monoid MlO consists of the set A.:{:’S together with
1 ‘s - . £ e
the law of composition a an a a“.y modulo 10 which of course satlsfles:ﬁ:
the associative and commutatlve laws and the equation a Ello L= a. (a. =3 Alo).
The multiplicative groupoid MlO in the nonconcatenatlve mult1p11cat1ve
*
monoid M consists of the law of composition a &, a defined on A#
A o 10 v 10

with the help of the monoid MA by the following equations:

*
= i < <
a,u EJLO av a.0 if ao < a,.u s av < a‘g

= a.1 if 10< a“l:zl av g 18
= a2 if a19 § a.’-Jt G a 'é aZB'
= a3 if a29 § a‘u[_a ay § a36,
= a, if a37§ M(:-:‘.a §a49,
= a5 if a,50§ um a § a56,
=a6 if a57§ urga §a64,
= a, if a s < a“ B2, < Py
= ag if 3o, < a.‘u ma < agy-
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The free monoid G(Aﬁ) (n>1) in the finite alphabet A, #ith

the empty word # ig defined as follows:

# [~~]
Kzo
- - 13
where B ={#ff{ , Hh-z"{af*x | aeal ,Xe Hk} ,
where the seccesscr functions e X, a1x, eer 5 & X with B9 85 evey

s, in A and XE€G(AY ) satisfy the following axioms:

- .
2.5.1., Axiom, a.a, = &# (aPéAh } and a, = .
2s5e2s Axiom, For any a;*c-' Ar‘ and X, & G(Af )

if ar}[:.at,,I then X = X.

“#H# . . .
The equality relation of G(A, ) is = , , which we abbreviate as = .

"

Wita respect to G(.ﬂt.-i')t ), for n = 10, it is customary to denote the
signs in the alphabet Ai as 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. Note that
the words in G(A;,E ) are read from left to right, i.e., e.g., the digits
in the number 1230 are reversed and written in G(Aﬁ;) as 0321.

As in the case of the free monoid F({A), we immedistely have the
following:

2.5.3. Theorem. For the free monoid G(A ﬁ: ) (n>1), we have the

following:

1 # e,

(2) for any X&G(Aﬁ: )y if X#F # then X = a,Y for some
aPE A": and Y € G(Aj: )

(3) for any s./_‘:ﬁan and X €& G(Af )s aFX 34

(4) if S is a subset of G(Af ) such that
(i) #€ 5 end (ii) if xeG(Af) then & X € 8,

then 8 =G(A:]# ).

31.



32.

The word addition X Qn Y of G(A:tfl) is introduced by the equations:
X0 H=X X@ aY=2a @ (XO_Y).
n nou Hoon n

By an additive free monoidule on G(Aﬁ) (n>1}), denoted SnG(A:'::),

*
we mean the combination of structures consisting of Sn’ Sn and G(Aﬁj,

connected by means of the law of composition a.u D 0 X (aue Sn, Xe€ G(A.:‘:)),
satisfying the following axioms:
2.5.4. Axiom. a @n#= 2, #® x-=x
*
2.5.5. iom. = .
Axiom a.u ®n (ay en X) (a.u En av) en ((a# En av) ®n X)

By a multiplicative free monoidule on G(Aﬁ), denoted MIOG(A:‘;%),
*

we mean the combination of structures consisting of MlO’ MlO’ SlO and G(Pfﬁ)),
connected by the law of composition a.u olO X (aueMIO’ X EG(A;%:)), satisfy -

ing the following axioms:

2.5.6. Axiom. a O, . H=H%, #£ 0, X= 4.
£Lxiom- 2, %o 10

*
2.5.7. Axiom. a.‘_l 010 (av @10 X) = (au ﬁm av) 910 [(a“ E‘IO av) mlO (a]u GlO X}].
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CHAPTER III

ABSTRACT ARITHMETICS@N(A)

§3.1. Commutative frames and definition structures

For any k> 0, by a commutative k-frame we mean the collection

of algebraic structures consisting of the nonconcatenative structures SA’
MA and SM.A.’ the free monoids F(al), Fk(al) and F(A), the free monoidule

MAF(A), and the arithmetical maps o, a, T, T, Ty 7., X and 3. We de-

k
) k . . .
note a commutative k-frame as % . (Actually, ¢ is redundant, since it

can be introduced by T.)}

For any k> 0, by a k-definition structure, denoted 08k, we mean

the collection consisting of the frame xk' a class of starting functions
enumerated below, certain schemes enumerated below for generating new
functions, the inequality relations <, % on i“:, F(al) respectively, and the

symbolic equality relation = of F(A) which we abbreviate as =.

A
. . k - .
The starting functions of o&- are the laws of composition and arith-

metical maps included in the frame %k, together with the empty -word

functions Zn(Xl, X.ye-o ’Xn) =% (n > 1) and the projection functions

- 2’
P;(Xl’ ey Xi’ ey Xn) = Xi (n>1, 1< i< n). We point out that the successor

functions a‘uX are already included in F(A).
Let %n denote the set of variables Xl' XZ’ .

o2 X {n> 1), We
k nooE
enumerate the schernes of J‘ (k> 0) as follows.

- k., . .
(1} The composition scheme of J is given by the equation:

F(&) = HG (). ... G (€)),

where the functions H’GI’ GZ’ ey Gm are either defined functions or starting

functions of oﬁk.

(2) The single arithmetical schemes of gﬁk are given by the following

equations:

FE", ) = GOED),
n n n
F¥"2,Y) = H¥,Y,Gla,X)....G (2, X ), F(¥, Y)),

F(X" , at‘avY) = FX¥", avaPI),
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2

F(gnv #) = G( in)v
X", a.:'f_{-) =¥ Y, Gl(a:, X), . ..,Gn(a:, }?n),F(a”e“, ™,

. . . k
where H, Gl, L& SR Gn are defined or starting functions of J ;

where the variables are in normal form (see section 2. 2) and the functions
H'l’ Gl vy G are either defined or starting functions of aﬁk
(3) The double arithmetical schemes of oﬂ are given by the follow-

ing equations:
(X", X, #) = A%, X),
FOE"#.2,7) = B, Y, A,(a . X)),
FX"a X, a,¥) = C(¥",%,7v, B(a X)) Cyla,, X)), F(XT, X, ¥))
(] " - (1 S 15 n)l
f(’f ’ ay&rz-s 8“8}’1)'—‘}?(1 ’ al‘a,x, BPB“Y), -7
. , . . k
where A, B, C, Ai, Bi’ Ci (1 <i '=< n} are defined or starting functions of q@- :
FX X, #) = A", %),
F(in ¥#, a:?) B(x Y, A, (a X.),
F(¥" ,aﬁ"aY)_C(i““ z3x)c;(a,x)F(x XY))(1<1<n),

v

where the variables are in normal form and the functions A,B,C, A B C

(1< i< n) are defined or starting functions 03

With respect to the definition structure oﬁ' {(k > 0), we note that we
do not assume that the maps 'r,'i_','rk and ;k' taken as starting functions in
ﬁ- ., are recursive in the usual sense, i.e., recursive with respectto

F(al) or A

§3.2. Foundations of abstract arithmetics ak(A)

For any k> 0, the abstract arithmetic_alj(A) consists of the follow-

ing objects and rules:
. k
(I) Commutative k-frame .
(I1) The k-definition structureaB’k.
(I1i} Propositional calculus with the logical constants: #{conjunction),

Vv (disjunction, => (implication), <=> (equivalence), non oy / (negation),
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AB(X) < d{Y) (restricted universal quantifier), VB(X) g 9{Y) (restricted
existential quantifier), and pd(X) < 9{Y) (restricted minimalization).
{(IV) The rules of proof in arithmetic ak(A) are restricted to those in the
propositional calculus and the following induction rules:
(1} Suppose that for each word X in F{A) we are given a sentence
#(X), and that we can prove the following. (i) The sentence B )
is true. (ii) For each word X, if B(Y) is true then ﬁ(apY) is

true. Then sentence F(X) is true for all X. This is the Induction
Theorem 2.2.5.

(2) Suppose that for each word X in F(A) we are given a sentence
§(X), and that we can prove the following. (i) The sentence

5@ is true. (ii) For each word X, if &(Y) is true forany Y

with one of the following properties
(a) #F AMY) £ NMX),
(b) # < 3(¥) < 3X),
(c) # <KY) < KX),

then 5('aﬂx)is true. Then the sentence {(X) is true for all X.

A

As Skolem [10,11] pointed out, the main purpose of the above type of
restrictions is to insure us against inconsistency occurring in arithmetics.
In the following chapters, for convenience of reading, we shall not

in general fully adhere to the usual complete symbolic statements of defini-

tions and theorems in ak(A) (k > 0).

§3.3. Inequality and word subtraction

Recalling chapter II, in arithmetic ak(A) (k > 0), the word addition
is X® Y and word multiplicationis X @Y,

which we reintroduce as follows:

(l) X 9#= X!

X a“Y = au(X @ Y),

X o #= #,

X Qa“Y = (a“t?_) X) P (X @Y).

(2)
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See Proposition 2. 3.7 for the properties of word multiplication,

In turn, the inequality relation X 4 Y with respectto X @ Y is de-
k
fined in arithmetic (@ (A) (k > 0} as follows:

(3) X% Y<e=Vaz)<av{y=xo z}.

3.3.1. Proposition. In arithmetic ak(A) (k 2 0), we have the following:
() X4 X,
(2) f XY and Yo X then X =Y,
(3) if X%Y and Y4 Z then X% Z.

Property (1) is obvious. As for property (2), from its assumption we

have Y=X @ Il’ X=Y@ IZ for some words I in F(A)}., Substituting

1’ I2
and using the associative law, we obtain X = (X @ 11) (23] IZ. =X (I1 2] IZ).
By the symbolic uniqueness Theorem 2.2.6, both Il and 12 must be empty
words, consequently, X = Y.

For Property (3}, from its assumption, we have Y = X @ I. and
Z=Y@ 12’ and by substituting and using the associative law, Z = Y @ IZ =
(X 11) © I‘2 - X0 (I1 (4] IZ), consequently X 432 ..

. . . k o s .
In order to define word subtraction in @ (A) (k> 0), it is convenient

to introduce the word predecessor function predv(X) by the following equa-

tions:

pred (#) = #,

predv(apX) =X if v=u,

= alu o predv(X) if v#u,
With the help of predV(X), we define word subtraction X [=] Y in

&k(A) as follows:

X [ #= X,

X[-—]a Y = pred (X [——] Y).

[+1a,¥ = pred (X {=]Y)

We note that in ak(A) (k > 0) there are various other forms of word
subtractions, which we shall not study in this paper. In turn, we note that the
length function A (X} is introduced in arithmetic ak(A) as shown in section
2.4.
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3.3.2. Proposition. In arithmetic (R (A) (k> 0),
M) aX[—]a¥=X[~]Y,
(2) X[]X =¥,
(3) #F[—]X = #,
(4} X® Y)[]Y=X,
(5) if Y& X then (X[—]Y)® Y = X,
(6) if X[=]Y =Hthen either X =F , XL Y or X =1,
(7) if XY then MY []X)= MY) [=] MX).

Property (1) is trivial for Y = F# . Let it hold for some Y, then

a.“X' [—] au(aaY)

preda(au}{ [—] a,uY)
preda(X [+—] Y) = X [-=] a.aY. -

Consequently, this property holds for all Y.
Property (2) is also trivial for X =3, Suppose it is true for some X.

Then by property (1}, using the inductive hypothesis, we have a“X [—] a,“X =
X [ X =% _
Property (3) is obvious for X = F%. Let it hold for some X, then

#{—=J]a X = pred (#[—]X) = pred (#) =#,
2 2 2
Property (4) is clear for Y =%, and supposing the inductive hypothesis,
by property (1) we get
(XQa Y)[~laY=a (XOY)[~]a¥Y=(XDYVN[~]Y=X.
W u u u
For property (5}, let Y& X, then X =Y @ I for some 1 in F{A),
and in turn by property (4) we obtain
X0 Y=(YQD)D-—YV)OY=1QY= X

Property (6) follows from properties (2) and and deilnitions.

For property (7), let X4 Y and Y= X@ I forgome I € F(A). Then by
(4), MY [—] X) = M{X @D I) [—] X) = MI). On the other hand, since
MX @I = MX)@ MI) by Proposition 2.4.3, we obtain by property (4),
MX@I) [] MX) = (MX) @ MI)) [—] MX) = MI). Consequently, property (7)

is true.
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In order to give our next result, we recall from section 2. 2 that the
words in F(A) can be put in normal form as a.:l}_{ (k> 1, m >0). Inturn,

note the following definition

as[;]a;n=# i_fngmand,uﬁv,
or n<m and g > v,

or n>m and u < v,

=a::1:1 if n>m and u > v.

3.3.3. Lemma. For normal-form words in F(A), we have

a:}_{ [~] a;n?z = (a [=] a.;n) ® (X [~] 7).
josl

When X =3, then it is clear from the definitions of a:: [~=] a.’u and

X [—] ¥. Let the theorem hold for some normal-form word Y. Let

s .
predg(X) = predc(predc(. .o predg(predU(X)). .- ))(predo_ s-times).

Then, using the definitions in this section, we have

(:a.:'l [—] aLn) D (X [—] az—l—’) (a:: [—-] a;n) (23] predz_(}_{ [~] Y)

pred ((a) []a,) @ (X [--] 7))

S, ngT .4 M3
predo_(a.v X [] 2, Y)

n— . . S, M

avX [—] acr(au Y)
ng ..., M, 55

a X [—] a“ (aUY).

I

3.3.4. Theorem. Forall X, Y and Z in F(A),
zo X[V =(z0Y)[](Z® Y).

In this proof we assume all variables to be in normal form. Firstly,

let Z = as, X = a.n and Y = am. If an = a.m then clearly aso an = as (o) a.m
s _ %n g m s n ¥ mF g Y n% m
and a_ @ a [~]a_®a =a_ 0Ofa [=]a ). Onthe other hand, if a_# a
o) v c 7] o v 7] v 7}
then clearly a®ea" % a’oa" and
o v o U

s n n.,, m s n
aSGJan[—-—']asoa.m=a. G)a.,a.so(a [—la)=a oa .
G v o U o v o v 7 a v
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Secondly, consider the case Z = a.:r and X and Y arbitrary, I
X =Y, then az ©X=a’0Y and clearly
5 ] S, _ _S e
a_ o.X [~=] a Y=a o (X [=] Y).

In turn, consider the case X # Y. Putting X and Y in normal form, assume

that the theorem holds for some X and .‘5_.’, then by using Lemma 3. 3. 3 and the

above we get

5 - _ .8 Nz LB mz, _
aOOX[—]aGOY-(aGGavX)[ ](acea“Y)-

[(az ) a?) & (aj o X7 [~ [(az © a:‘) o (afr o Y]

n

[, 0 a) [ (a0 2 )] @ (a) 0 X[]a’ 0 V)

i

v

a_ o (a.n [—] a:(n) o a.z o (X [~ Y)

o [(a [] a’) @ (X [+]7)]

G)(a X[—]a. Y)

e (X [—] ).

qmmemqm

Finally, for arbitrary Z, X and Y, the case X = Y is obvious, and
8
for the case XA Y, let Z= a 0-a. 9- 1...a 1, X=2a"X and Y = a'Y. Using
o o-1 1 M v

the definition of word multiplication, definitions of word subtractions above,
the distributive law, Lemma 3.3.3, carrying out the following procedure term-

by-term, we have:
S s s 8

zoxXf-]zov=2a'...2 0x[+]a’ . .2 '0¥>-
o ®1 g ®1
= (aooxe @al 0 X) ['—](acr oY ® ... @al oY)
5, 5 s s s
1 G n C_= 1
= ((a. 93. eX)@ eal 0 X) [-—‘-]((aceaveaaoY)e...aaloY))
s . B s s 5 s

(aUanm [—]a Gm an) ® [(ao"oie . @al IQX) [—] (ao_gcp:f@ .. @ a, 19 )]
s 8 5

S
a_ @(a [-—]a )6[(3. G)X@ Gallex) [—] (ao_am?e...aalloY)]

5 5 =

[a o 2 @... 0 alle)(a;n [~ aD]@fe, X =D e... 0. oX[] )




i

]

]

= a

g

g

il

B
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8 =]

[a.o_c. .. 311@ (a;n (—] a.I:)] @ [acg. . a'l 10 (X [—] V)]

s — —
caolley) e @ (R [ 1)

yAl o] (a:?)_{ [(—] a::'l—’)

ze (X [ Y).

§3.4. Divisibility theory

In ak(A) (k > 0), we introduce the divisibility relation X|Y as

follows:

X[|Y<=>Va(2) < 3X){X = YO ZAZ#FHF]}.

3.4.1. Proposition.

1)
(2)
(3)
(4)
(5)
(6)

In Qk(A) (k> 0), we have the following:
X||Y and Y||_Z then X|| 2,

X[|¥ and Y||X then X = Y,

X||Y then Co® X||C oY (C##),

X|[|Y and X||Zz then X|(Y ® 2),
Z|(X ® Y) and Z||Y then Z|X,

Z| (X3 Y) and Z|Y then Z|X.

For property (1), let X|Y and Y||Z, then Y= X0 I, and Z= YOI,

for some Il and I

FA

in F(A)., By substitution, we get Z = YO 12 = (X0 Ll) © 12 =

Xo (Il o) Iz), which means that XH Z.

For property (2), let Y= X091

o) o
(Yo 1,)o1

a.l,

1

land X=Y0oO 12, then Y = XCDIlz

YO (IZO Il), which means that I, and I, must be equal to

hence Y = X.

1 2

For property {3), let X||Y, then Y= X @1, for some I. Multiplying
on both sides of this equation by C, where C # #, we obtain CO Y =
Ce(X0I1=(C®X)©®I, which meansthat C @ X||C @ Y.

For property (4), from the assumption of this property, we get

Y=X0I and Z = XO I, for some I and I,. By the distributive law we

1

2 1 2

obtain Y@ Z= (X0 Il) & (Xo IZ) = X0@ (Il o 12), which means that

x|[(y @ z).
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For property (5), let Z|[(X @ ¥) and Z|Y, then X@® Y = zOI
and Y = ZQIZ, for some I1 and IZ. Hence, X® Y =X@ ZOIZ= ZmIl,

and by the distributive law there must exist a 13 such that X = Z2 ® 13, i.e.,

X@®(z GIZ) = Z 013 @ Z G)IZ = Z 911, where Il = 13 @ IZ’ which means
that Z| X.

For property (6), let Z||(X [-~] Y) and Z|Y. Then X[]Y =20 L

and Y = ZOIL,. Substituting, we obtain X [ Y=X[+](z® IZ) =zZol,

and by Theorem 3.3.4, we must have X = Z @1 complying with X [] Z® I

zel, [—]zo L=2z20e(, [—'—]12).

37 2

Before introducing the prime words of the divisibility theory of arith-

metic ﬁk(A) {k > 0), we note that word exponentiation in ak(A) is defined

as follows:

XA#= a;s
XAauY = (a”G XIO(XAY).
3.4.2. Proposition, In ak(A) (kz 0}, for any X, Y in F(A) and nonempty B,
(1Y) XA a, = X,
(2} (BAX)O(BAY)= BAX@Y).

For property (1}, given X =# , we have #A4 2y = (alc) #)0 (¥WA#H) =
#@ a, = . Assume the inductive hypothesis, then
aXAa, = (2,02 X)@(a XA¥)=a X@a, = a X.
H 1 1 L [T M 1 T
With respect to property (2), for Y =#, we have

(BAX) @ (BA#) = (BAX) @a, = BAX,

BA(X®O#) = BAX .

Assume the inductive hypothesis, then

I

(BAX)O(BAapY) (BAX)G(aueB)CD(BAY)
(a“ ® B)O(BAX & Y))

B Aap(X@ Y) = BA(X@a‘uY).
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14
In Q (A) (k> 0}, the prime-word relation pw(X)} is defined by:

}.

In turn, we define the prime words f,, Pz’ f.... inarithmetic
ak(A) (k > 0) as follows:

pwix) <= Ad(z) < sx{z]|x =z = Xv = a,

Fl i az 2 A +1
P =#32) S da AlayAa Map) < 3(2)apw(Z)},

obtaining Pl = az, FZ = ala.l, F3 = a3, «.v. . We denote the set of all prime
words in ak(A) by

3.4.3, Lemma. If X## and X # a), then either pw(X} or X = YIGYZ

for some Yl and YZ in F(A).
This lemma follows directly from the above definition of the relation

pwi{X).

A word in F¥(A) 1is called a composite word if it is not a prime word,

of course, except-# and a

We define the greatest common word divisor of X and Y, denoted

gcd(X, Y), as follows:

Z = ged(X, Y) <> Z|| X a Z|| YaAD(W) < 3(X) AD(W) < HYHW|| XAWIY => W[z}

3.4.4. Lemma. In arithmetic ak(A) {(k > 0},
(1) ged{X,V)|X and gecd(X, V)| Y,
(2) ged(X, a.l) = a,.

Both of the above properties are consequences of the definitions of gcd

and the divisibility relation.

In the following lemmas we shall assume that they pertain to any arith-

metic ak(A) {k > 0), thereby avoiding needless repetition.

3.4.5., Lemma. If A, B and' C are nonempty words in F(A), then
ged(CO® A, CO B) = C © gcd(A, B).
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To prove this lemma we need to consider the following cases:

(I) A=B; (II) B4A or BY»A; (II) B#Z A, BKA and B A.

(I) Let A= B, We dispose of this case by observing that gcd(A, B) =
A=B, thus gcd{C®A, COB)=COA=C0O®B=C®@gcdlj,B).

(II) Let A, B and C be nonempty words and let B4 A, If B = 2
and A is any word satisfying B <4 A, then by L.emma 3.4.4 (2), we have

gcd(A,B) = a and consequently gcd(CO® A, C® B)= C @a, = CO gcd(A, B).

1’ 1
Assume that case (II) holds for every A and B such that A(A) @ A(B)} < A (N}
for some N in F{A).

Since B« A, by Proposition 3.3, 2(5) we have (A[—] B)@® B = A.
By Lemma 3.4.4(2), we have gcd(A [<=] B, B)||B and gcd(a [=] B, B)||{A [=] B).
By Proposition 3.4.1(4), we have gcd{A [-~] B, B)|A. Consequently, from
the definition of gcd it follows that

(1) gcd{A [-—] B, B) |l gcdla, B).

On the other hand, by Lemma 3.4.4(l) we also have gcd(A,B)|A and
gcd(A, B)||B, and gcd(A,B)[(A[—]B) @B since (A[-]B)@® B = A. By
Proposition 3. 4.1(5) we obtain gcd{4, B}|| (A [=-] B).

Finally, since gcd(A, B) “ (A [-~] B) and gcd(A, B)" B, by the definition
of gcd we get

(2) ged(A, B)| ged(A [~] B, B).
By Proposition 3.4.,1(2}, combining (1) and (2) above, we obtain

(3) gecd(A,B) = ged{(A [-~] B, B).

Since B -4 A and A ##, by Proposition 3.3,2(6) we have
A [-—] B # # and by Theorem 3.3.4 we get

C@®(A[-]B)= COA[+~]CeB,
consequently CO A [=] Co® B # #, and so from (3) it follows that

{4) gcd{C® A, C ®B) = gcd(C @ A [~} C® B, B).
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At this point we observe that
MA [=] B) @ MB) < MN)

because MA [=] B) @ AB) = M{A [=] B) @ B) by Proposition 2.4.3(1}, and
by Proposition 3.3.2(5) we have (A [—=]B)@® B = A, which means that
MA [] B) @ MB)=< AMA) ® MB), since B # #-. Therefore, by the inductive

hypothesis we obtain
{5) gcd(CO(A[~]B), COB)= CO gcd(A [~] B, B).
Since by Theorem 3. 3.4 we have
CoA[—]B)=COA[—=—]COB,
it follows from (4) that
gcd(CO A, CO B) = gcd(C © (A [-—] B), C © B),

and from (5) and (3} that

gcd{C® A, CO®B) = C ©gcd(A [—] B, B)

C ® gcd{A, B).

1]

(III) The final case we leave, since it requires introducing other forms
of word subtractions relating to functions K(X) and 2(X) given in section 2.4,

which take us too far afield from the main purpose of this paper.
3.4.6. Lemma. If C||A and C||B, then C| gcd(A,B).

If C|A and C|B, then A= CO®OL, B=COI, and

2
(1) gcd(A,B) = gcd(CO1 COIZ),

1!
for some I1 and IZ' By Lemma 3.4.5 and (1) we get

ged(A,B)=C©® gcd(Il, 12),
which means that C|| gcd{4, B).

3.4,7. Lemma. I B|C®A and gcd(A,B) = a,, then BJC.

ll
From B|C® A, B|C®B and Lemma 3.4. 6, it follows that
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Bllged(C @ A, C @ B).
In turn, from the assumption gcd(A, B) = a, and Llemma 3.4.5 we get
gcd(CO A, COB) = C® gcdlA,B) = C,
and consequently BH C.

3.4.8, Lemma. If X"Pu then X = or X = a.

If X“ P“, then clearly by definition of a prime word it follows that
= X = .
F# or F“ ay

3.4.9. L . If X, th d X)) = a,.
9 ermma, F“/H’ en gc (P,u } 2
From Lemma 3. 4. 4(1) we obtain ng(Pu’ X)" P“, and by Lemma 3.4.8

it follows that either (1) ng(P,u’ X) = a, or (2) gcd(P“,X) = PIJ' Considering
the case ng(Pu’ X) = F,U' we see this by Lemmma 3.4.4(l) leads to the contra-

diction F“ "X Therefore, case (1) must be true.

3.4,10. Lemma. If X @Y, then X or Y.
" BI% or pl

According to Lemma 3.4.9, either P“ | X or gcd(Pu,X) = a,, andfrom

l!
the assumption P,u "X ® Y it follows that either (1) P“ X or (2) F” |Xe v
and gcd(P“,X) = a

In turn, by 3.4.7, if p“||x ® Y and gcd(P“,X) = a
then P“"Y.

1" 1

3.4.1l. Lemma. If Pp "XIQXZG... @X_, then P,u"xk for some k (1< k< n).

The lemma is trivial for n = 1. Assume the lemma to be true for
some n., Then, by Lemma 3.4.10, we obtain P“ I Xn+1 or Pp I X©@...0 Xn’
and in turn by the inductive hypothesis we get P“ I Xk for some k {1< k < n).
Therefore, from P“ ”Xk for some k (1 § k § n) and ':“ "Xn+l’ it follows

1 < k < -
that F;.t"Xk for some k (1< k< n)
3.4.12. Lemma. If P“"Pino Pin Q.0 Fi , then Fu = F1k for some

-1 1
k (L< k< n).
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According to Lemma 3.4.11, if P” I Fire. - @Pil then F,u ”Fik for
some k (1< k< n), From P“"FI for some k (1< k< n) and Lemma 3.4,8
= = K = =
it follows that F“ = Pik for some k {1< k< n) or Pﬂ = a,. Since P# # a
we must have P“ = I:I for some k (1< k< n).

3.4.13, Theorem. (Prime-word unique factorization theorem)
Except for # and a;, every word X in F{A) can be uniquely
expressed in nonunique order as X = B O0R ©O...0H8 .
hok b,

r-l
where Pila Piz’ ceey Piré P .

Existence. Assume that there exist words which cannot be expressed
as word-products of prime words. By Lemma 3.4.3, since such words cannot

be prime words, we must have X = Yl OYZ for some Yl and YZ' From the

set of such words X select the word XO with the least value B(XO). Clearly,

XO = Xl@ X, for some Xl, XZ’ and X, # X, and XO # X,. By Proposition
2.4.5(2) it follows that B(XO) £ B(Xl) and B(XO) # B(XZ). On the other hand,

since XO = Xl o XZ’ if Xl = airair 1. ..a.ll, then XO =

a. OX. @a, 0 X,0 ... ®a, ©X, and by Proposition 2.4.5(l) we have
A LT

X ) =90z ©X,)8...A0a, ® X,), consequently we must have (X ) > 9(X.)
0 11‘ 2 11 2 0 2
and also by the same way a(xo) > B(Xl). Therefore, by our assumption, the

words Xl and X2 are expressible as word-products of prime words, hence
the word XO must also be expressible as a word-product of prime words,

which is a contradition.

Uniqueness. To prove uniqueness of prime-word factorizations,

consider

Fir@ ir_lo . .GFil = FJSG P_] -e. O le.

For the case r = 1, if ‘Ii = Fj 0...0 Pj , then by Lemma 3.4.12 we must
1 s 1

have Fi = Pi for some k (1< k < s). Hence the theorem is true for r = L.
1 k -7
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- Assume that the theorem is true for some r., Then, from

. b omook T Bop o-of

we obtain

B FJG"' mpjl

and by Lemma 3.4,12 in turn we get I: = P for some k (1< k< s).
1 J = =
r+l k
For convenience, let k = s, Then by the inductive hypothesis it follows that

Piro. Y o) Pll = Pjs-].@ Y ] P‘]l:

where each se+-3 B. equal e e B
F1 Plr quals som F_] R PJS_]_
equals some Fi s e e Pi . Therefore, the prime-word factorizations are
1 T
unique for all =r.

r+i

and each l;i,...,’:ljs .

3.4.14, Corollary. (1) Theorem 3. 4.13 implies unique factorization in the

nonconcatenative multiplicative monoid M (2) Theorem 3.4.13

A.
implies unique factorization of natural words a,T in the free

k
monoid F(al) or a numbered free monoid F (al) (k> 0) in

terms of prime words in ﬂF(a )’
1

§3.5. Various even and odd words

In order to introduce a certain type of even words in dk(A) (k> 0),

we need the additive conjugation function or briefly conjugation function X(X),

in fact a map between the free monoids F(A) and F(a.l), defined by the follow-

ing equations:
i) = #,
z X) = agla @ =X},
(atJu ) ( u) (X)
where o is defined in section 2. 4.

Without further mention in this section, we assume relevance to arith-

metics dk(A) (k z 0).
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3.5.1. Proposition. For any words in F{A), we have the following properties:

(1) ofa @a )= ofa)e o))
(2) Z(X @ Y) = 2(X) ® Z(Y),
(3) Bz 0 X) = ola)) @ Z(X),
(4) Z(X o Y) = Z(X) @ =(Y).

With respect to property (1}, recalling the nonconcatenative semiring

SM,, wehave o{a B a) = ola and ofa )@ ola,)= ola )o a, = ola ).
A (a,m a) = ofa) @,) @ ola) = ola ) © a = ola )

Let property hold for some a then by properties of SMA and word multi-

plication we obtain

G(a',u o] (av 5] al))

1]

U((au o av) B (a."1 o al)) = cr(au = av) © O‘(au)
(o) @ o2 )) ® ola,)

o(a,) @ (o(a ) @ a))

G(au) © ofa ©a).

i

Property (2) is clear for Y = #. Assume that this property is true

for some Y. Then

I

Z(X QD apY) E(a“(x @ Y)-= G(au) @Z(XDY)

i

cT(au) @ =(X) @ =(Y)

Z(X) @ U(au) O =(Y)

n

2(X) ® Za, ¥).

Property (3) is obvious for X =3#. Let it hold for some X. Then by
properties (1} and (2) we get

Z(a]u (o] avX) Z{a © (av d X)) = E((a.“e av) (13) (a“ Q X))

“*

= Z{a © av) [45) E(a}u © X)

= Z{a © av) Ga(a“)o Z(X)

= U(aﬂl’.'l av) @ cf(at‘u) © Z(X)

= (0(2,)® o(a ) @ (o(a ) © B(X))

= U(a“) © (ola ) @ Z(X)) = cr(a“) © =(a X).

" ®
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Property (4) is also obvious for Y = # . Assume this property for

some Y. Then by properties (2) and (3),

Recalling that the prime word PZ denotes the word a.a, and that a

22X 0 a.#Y) E(au OXPX0OY)

E(El‘u @ X)O =X OY)

E(au @ X) @ Z(X) @ Z(Y)
(U(au)e Z(X)) @ (Z(X) © =(Y))
Z{X) @ (G(a“) D =(Y))

Z(X)© E(a“Y).

!

I

1]

M’
11 1

denotes a nitural word in F(a ), we define various even and odd words in

Q (A) (k > 0) as follows:

(1)

(2)

(3)

(4)

(5)

(6)

A word X is an a;-even word, denoted as even {X),
if and only if al-( X. "1

A word X is an al-odd word, denoted odda (xX),

1

if and only if X ## and al* X.
A word X isa Pz even word, denoted as even':l (X},

if and only if | x.

A word X isa PZ-odd word, denoted as odd, (X),

if and only if X ## and pzau’x.

P

A word X isa O-even word, denoted as evenU(X),

if and only if X is a solution of the equation

=(X) = a‘l‘ ,

[T
where al 15 a PZ -even word.

A word X is a o0-odd word, denoted as oddo_(X)

if and only if X is a solution of the equation

Z(X) = a"'f ,

where a" isa ‘:lz-odd word.

1
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3.5.1. Proposition, (1) If X and Y are a ~even words, then even (X0 Y).

1
1
(2) If X and Y are al-odd words, then odda (X @ Y).
1
(3) If even (X) and odd (Y), then even (X @ Y).
% * !

For property (!}, by definition, if X and Y are a;-even words, then
2, £ X and alﬁ Y, soclearly a, £ X @ Y.

With respect to property (2), if al,ﬁx and a.1¥ Y, where X and Y
are nonempty words, then obviously al¥ XY,

For property (3), if alﬁ X and a1$ Y, then clearly alﬁ X@Y.

3.5.2. Proposition. If X and Y are both Pz-even words, then even’:I (X @ Y).

P
By definition, if X and Y are Fz-even words, then FZHX and

PZ" Y. By Proposition 3.4,1(4)}, it follows that PZ " (X@PY), ie., XOY

must be a Fz-even word.

In general, Pz-even and Pz-odd words deo not behave with respect
to word addition in the classical positive-integer sense. For example, words
a,la.za5 and a1a3a5 are PZ_Odd words, however their word sum a.,a.a,. @ a.a.a

17275 1375
is obviously not a PZ -even word. However, we do have the following special

cases:

3.5.3. Proposition. (1) I X=Y orif XY and Y[—]X isa g-even
word, where X and Y are nonempty words, then if oddP (X)

and odd g (Y), then even (X @ Y). 2
b, b

2
{2) The Pz—even and Pz-odd words behave in the classical

manner when they are words in the free monoid F(al).

{1} For the assumption X = Y, the conclusion follows by virtue of the
definition of Pz—even words., If X=Y and Y [~—]X is I:lz—even, then by
Proposition 3. 3. 2(5) we get '
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X0 Y

X@ Y [HX0x
(X@®X) O (Y [=]X)
p,0 X@ (Y [--] X).

1

Since by assumption Y [-~]X is Pz-even, it follows from Proposition 3.5, 2

that evenh (X @ Y). (2) This part of the proposition is obvious.
2

With respect to o-even and o-odd words, the following shows that

they behave in the classical manner.

3.5.4. Proposition, {(l) If X and Y are both o-even words, then
evencr(X@Y).
(2) If X and Y are both o-o0dd words, then eveno(XQY).
(3) 1 evenc(X) and oddg(Y), then oddU(XB Y).

With respect to property (1), if X and Y are o-even, then by defini-

tion they are solutions of the equations Z(X) = a'L; and Z(Y) = ar, where a"f
and ar are Pz-even words, which means that a.’“ll and a; are divisible by

h,- From this by Proposition 3.4.1(4) it follows that a‘l‘ ) a,l’ is also divisible
by ﬁz. By the definition of the conjugation function, we have Z(X) @ Z(Y) =
Z(X @ Y), and therefore Z(X @ Y) = a'(ll @a;, where a.T (23] ar is Pz-even,
which means eveno_(X e Y).

For property (2), if both X and Y are o-odd words, then X and Y

are solutions of the equations Z(X) = a‘f and Z(Y) = a’, where a3 and a’

1’ 1 1
are some ’Jz-odd words, and of course Z(X) @ =Z(Y) = a"'; o a;, which means

X @O Y) = a."f ® 2,. To expedite matters, note by Proposition 2.2.9

M v utv . u v g 2atl
a @ a, =a and if al and a, are both Ilz-odd then a) = &
2
and af = afp“ for some o and B, and clearly a12a+1 = (a1 (o) a;l) (2] a1 =
a 2341 2 B _ B
(l:2 o) al) (53] 2 and a, = (a.1 (o] al) (35) a) = (er_ al) @ 2, Consequently,

by the distributive law aT @ ar = (on af’) (4] a, i¢ ) q;z (o) af) + a, =
a p a B . 7] v
?2 (0] 2 ® FZ o] 2y [2:] PZ = PZ o (al @ a; (42) a.l), which means that 3 @ a

is an Fz-even word. Therefore, since Z{(X @ Y) = a‘f (22 ar, where a’f fis) af
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is Fz-even, it follows that evenU(X 0 Y).

7

For property (3), let evenG(X) and oddo_(Y), i.e., =Z(X)= 2 and
Z(Y) = ar, where evenF (aT) and oddp (a;). In the same way as in the

proof of property {2), using Proposition 2.2, 9, we arrive at d@al=

1 1
2a 2041 2a+2B+1 _ _2(at+p)+l _ a B .
a (e:) 2, = a; = a, = PZ [ (a.l @ al) (5] a, which means that

aT @ a, is PZ ~odd. Combining the above equations we obtain Z(X @ Y) =

v

1

a* @ a’, where aH @ is ’.1 -odd, therefore odd (X @ Y).
1 1’ 1 1 2 ! g

At this point, we sketch the relation between sets of a -even, pz-even

1
and o-even words, in terms of the following example. All solutions X of

the equation Z(X) = a6 are clearly o-even words, which can be enumerated

1
according to length as follows:
M a,
(2) 2@, azdg, 2,3,
(3) a,a_a , a,a_a

122%37 332y B58,%,
(4) alala.la3, alalazaz,

(5} a,a.a.a a

1717171727
(6) 2)2,2,3,2,2,.
Clearly, alas, alazas, alala.4, alala.la.s, alalazaz, a.lala.lala.2 and alala.lalalal

- ds, , - .
are a.l even words, and 8.33.3 alalazaz and alalalalalal are PZ. even WOI‘dS

From this example, we can see that the set of a,-even words, the set of b2~even
words and the set of o-even words have a common intersection, however, the
set of a, -even words does not subsume the set of o-even words, and conversely,

1

since, e.g., alp(ppe PO, @ >1) are a,-even words and certainly not o-even

1

words. Also, the set of a -even words does not subsume the set of Fz-even
P
words, and conversely, since al'u

have the following relation between the set of Fz-even words and the set of

are not flz-even words. However, we do

g-even words:

3.5.5. Hliroposition. If X is a '.!Z-even word, then X is alsoa o¢-even word,
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Let X bea Fz-even word, then X = ﬁZ ®Y for some Y. By
Proposition 3. 5.4 since pz ®Y=Y &Y, whether Y is o-even or o-odd,

it follows that X is an o-even word.,
3.5.6. Corollary, If X isa o-odd word, then X is alsoa Pz-odd word.
3.5.7. Lemma. I MX) isa Pz-even word, then \X) [~—] 2, is PZ

Clearly, if A(X) is Pz-even, then \(X) {=] a, = al2 [—] a, for some

2u

a," which means that A (X) [-] 2 must be pz-odd.

3.5.8. Lemma. If X is Pz-even, then AX) is Fz-even.

If X is ’Iz-even, then X = PZ. @Y for some Y. In turn, since
clearly AX) = J\(FZ ®Y) and A{ PZ) = PZ’ we have by Proposition 2. 4. 3(3)
AMX) = MFZ) O MY) = FZ © AMY), which means that MX) is FZ -even.,

3.5.9, Corollary. If MX) is ,:lz-odd, then X is ’:Z-odd
3,5,10. Lemma. Any a.“l in the alphabet A is a PZ -odd word.
This proposition follows from the definition of pz-odd words,
3.5.11, Lemma. If X is Pz—even, then X @ a.‘u is I:z-odd for any a‘u & A.

Let X be Fz-even and assume that X @ :»3let is Pz-—even for some a.”.
Letting Y= X @ a, we clearly have a”-( Y and X = Y [—] 2, Next,
since a.“-( Y, by Proposition 3.3.2(7) we have

MY [Ta ) = MY) [T Ma ) = MY) [ a)

Since Y is F2-even by assumption, we have A(Y) is }:Z-even by L.emma

3.5.8. Inturn, by Lemma 3.5.7 AY) [—] a, is Pz-odd, and since X = Y [—] 2,
it fo%gv;s that AX)} must be Pz-odd However, by Corollary 3.5.9, from

AXD) / Fz-odd we get the contradiction that X is a Pz-odd word.,

3.5.12. Theorem. Every Pz-even word can be expressed as a word sum of

two Pz-odd words.
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Let X bea Pz-even word, then X = F?, © Y for some Y, We proceed
by induction. By virtue of Lemma 3,5.10, the theorem is true for Y = a .
Next, assume that the theorem is true for some Y such that Y @& FZ = Y1 o YZ’

where Y, , Y

1 5 are some Fz—odd words. Then

a“Y © FZ

It

(a“ @Y)op, = (auo }!Z) o (Yo PZ)

Since Y]. D Y2 is Pz-even, it follows from Lemma 3.5.11 and Lemma 3. 5.10
that a.u QD (Yl (35 YZ) is Fz-odd. Consequently, the theorem is true for all Y.

3.5.13. Proposition. Every prime word is Pz-odd, except for FZ.‘ which is

a Fz-even word.

This proposition follows from the definitions of Fz-even words and

prime words.

§3.6. Conjupations of words

For any natural word a’f € F(al), where i > 2, the set of all solutions

X of the equation

Z(X) = a!f
is called an additive conjugation of aT or more briefly conjugation of a‘f. We

denote a conjugation of aff > 2) as C(a"f). We call a subset of a conjugation

a subconjugation.

Conjugations of a‘; are like partitions (partitio numerorum) of positive

integers u, exceptfor the following property (1)

3.6.1. Proposition, (1) The words in each conjugation C(a"f) are distinct,

(2} Each conjugation C(aT) is nonempty and contains
a finite number of words.

(3) No two conjugations contain a common word.

For property (1), the words in each conjugation must be distinct by
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virtue of the symbolic equality relation = A in F(A).

Property (2). The conjugate function Z(X), defined in section 3.5.,

1 1 -1 11

maps words a, a, «».a, 1in F(A) onto natural words a ¥ @ a T S ... D=
i i 1 1 1
r r-l 1

in the free monocid F(al). By associative law and the symbolic unique-

ness theorem of F(al), it is not difficult to see that any natural word a"l can

1
be represented only by means of a finite number of proper pairs of parentheses,

i.e., as a finite '"partition' of the natural word aT. Considering the definition
of a conjugation of a‘(f, the above means that the equation Z(X) = a'lf can

have only a finite nurmber of solutions, or that C(a"l)') contains only a finite
number of words, It is clear that conjugations are nonempty.

Property (3). If two different conjugations C(a‘;) and C(ar) contain
a common word X, then Z(X) = a."f, =Z(X) = ar and a’f = ar, which imme-
diately contradicts the assumption that the conjugations in question are different.

We call a conjugation of the form C(af”) {u > 1) a o-even conjugation
2u+1 -

{ Y21 an 0-o0dd conjugation.

and a conjugation of the form C(a

Given any conjugation C(aff) (u > 1), the set of all words of length n

(1< n< u) is called the subconjugation of C(a’f) of length n, which we denote

by cn(a"l‘) if 1< n<y.

For example, the words in the conjugation C(als) can be enumerated

according to length as follows:
8
8
Colapd = {aga) a2y, agag, a2,h

C(a.B):{a.aa. aa.a_, a.a.a,, a.a.a_, a_.a.a,t,
3'1 17176 172757 17374 27373 T2T274
8

Cyla)) = {ajajaay, 223 2,, 2j2,2,3,, a,2,2,a,, 8232133},
8
Cyla)) = {aja2aa,, 22j2)212,3), 3,313,353,

8
Cola)) = {a3a)2/33,, 2,2131213,3,},
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8
C,la)) = {a2)2)a,2)2,3,},

8
C8(al) = {alalalala.lalalal} .

Clearly, C(af) is o-even conjugafion and each Cn(af) {L< n< 8) is the sub-

conjugation of C(af) of length n.
3.6.2. Proposition., Forany u>1, if X & C(a."f), then X ® pze C(af'u).

Forany p>1, let X@ C(a’f), which means that X is a solution of

the equation Z(X) = aT.

Assume that X 0O I:IZFC(af“), which means that

Z(X0 Pz) # af#. By Proposition 3.5.1(4), Z(X O Fz) = T(X)o =( FZ)’ and of
course E(PZ) = af'. Consequently, from the assumption Z(XO PZ) P4 afﬂ’ we
obtain Z(X)® af' £ a‘;o a2

X which leads to the contradiction Z(X) # a"ll, i.e.,
U
xﬁqﬁh

Let p(af:) denote the number of words in the conjugation C(aT). For

example, the number of words in the conjugation C(alzoo) is P(a-foo) _

3,972, 999, 029, 388,

3.6.3. Proposition. For any natural Pz-even word azﬁ'1 (t > 1}, the number
of Pz-even words in the conjugation C(al'u) is p(aT).

This is a consequence of Proposition 3. 6. 2.

Given any oO-even words in C(alzu) (u > 1) we call the set of all P2~even
2u
e
subconjugation of C(a.?), enumerated above, is the set {a,‘4

words in C(afp) a Ilz-even subconjugation of a For example, the Pz—even

a,s 3,358,323,

8
aa;aa,, 232233, a.l}.
3.6.4. Proposition. Every o-even conjugation contains a P2~even sub-

conjugation.
This is also a consequence of Proposition 3. 6. 2,

3.6.5. Proposition. (1) Every conjugation C(a.il) (u > 1) contains u sub-
o "y o M u T T
conjugations, na.m-ely, C(a.l) = Cl(al) v Cz(al)u. . .uC” _l(al)u Cu(al)'
(2) For u > 2, the subconjugations Cl(a’f), C,u 1(«’:\.‘th) and
Cu(a’f) in C(aT) are the only subconjugations containing a

single word,
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The above properties are obvious.
For use in the following section, we introduce a terminoclogy for certain

sets of conjugations.
{1} We call the union U C(a. } of all conjugations a range, which
we denote by q He
{2) Any set of subconjugations in@ is called a subrange. We call the

subrange C (a ) the trivial subrange of , the subrange
g B g

U C (a. the natural subrange of @ We call the union U C(az#

u=1
the o-even subrange of @ The nontrivial subrange
oo 2 Q© 2u
“L:JBC(al )\ U Cy(a")

{i.e., the o-even subrange of @vnth the conjugations C(a ), C(a ),
and the subconjugations C (a Ju) 7] > 3} removed) is called the

ordinary o-even subrange of @ which we denote by @

*
{3) For any r > 2, letthe union of all subconjugations in Q of
= *
length r (i.e., the set of all words in (®  with length r) be
denoted as d,a In terms of OZ‘;.: we define the Euler r-subrange

of Q* denoted as E’r, as follows:

(i) If Zgrgé, then Er=Def°2$'
(ii) If r= 2n(n> 4), then

n-3
2k
EZn " Def 1'{—:)3 Cola ) “"Z’gn'

(iii) If r = 2n+l (n> 4), then

n 2k
EZn-i-l ~ Def U CZk(al v Qf;nﬂu'

k=3

In the following table we point out several examples of Euler subranges

*
in the ordinary subrange Q
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c:(af) J C(af) C(aio) ..
ce® | ch | eyl |
C3(a$) | C3(af) | C3(aio) :
C4(af) C4(af) ! C4(a’io) ,
,
ce(af) Ce(af) l Cs(aio’
CC ) coa))
Cs(af) Cs(aio)
Cylay)
: Clo(aio) :

*
In the above ordinary subrange Q , we have the following:

6 8 10
{C.la)), C,la)), Cyla; ).}

{C,(a)), Cofa, ) Colar®),..

10 12 14
- {CQ(al ): C9(al )l c9(al ):-"}r

(C, a1} vals,
{C6(af)} uofg,

6 8
{Cyla), Cgla))} 0.2,09.

\gu m%qm\op*hc?‘&

We call words of the form

ko

>L,u>1, a>1
aa (v lu= o,=)

ramified words.

3.6.6. Proposition. Words in the subcenjugation C“ _l(a‘lf) (it > 2} and in the

2u
1

m .
subrange U C (a,” ) are ramified words.

P
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This follows directly from the above definitions.
We conclude this section with the foliowing.

The multiplicative conjugation function Wk(X), for any k> 0, is de-

fined as follows:

o) =
T[k(au}{) =T kcr(au) eﬂk(}{).

We recall that, by Proposition 2. 4.2, the composition 7,0 of mappings o

k

a.nd Ty (k> 0) maps signs in A onto the set ﬂ(k) (k > 0}, a subset of

F(a}

)

3.6.7. Proposition. For any k> 0,

Txe v = T o TTNw.

This proposition is clear for Y =#£ . Assume that it holds for some

Y, then we have

Txewn

Ta,x@ = o) @ Txe

rota) o T o T
M@ e TT e, v,

For any k> 0 and any natural word aTeF(al), where u > 2, the

set of all solutions X of the equation

ﬂ-k(X} = 2"
1
is called the multiplicative k-conjugation of afi‘. We denote a multiplicative
. k
conjugation of a.‘f as D (a’u).
For example, D (a. ) {alab, alalala.l} and D (a. = {a 30 212 B4R

» 22, With respect to p! (a. ), note that D (::Ll ) is related to the

(1 ) e ) L0 2,30 (1) ) (1) (1)
T @7y =2y (M Ty € [T[F(a )] )
can be associated by pairs of parentkeses governed by the assoc1a.t1ve 1aw,

1 1 1 1 1 1
(23)’ (W() (al)ﬁﬂ'g))s ng) {1)__ (1)0(“(2)9“())' () (3)_

(1) (1 ()

(’n’l e, \Or 3 and so on. In particular, note if a pair of parentheses encloses

2% a3t
ways in whic:h the product ™

i.e.,
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(k)

a factor which is not an element of WF(a )
1

then the relevant word X cannot
be a solution of TTk(X) = aff.
3.6.8. Proposition. For any k z 0, we have the following properties.
(I} The words in any multiplicative conjugation Dk(a!;) are
distinct.
(2) Each multiplicative conjugation Dk(a'lf) is nonempty and

contains a finite number of words.

(3) No two multiplicative conjugations contain a common word.

Property (1) follows from the symbolic equality relation of F{A).
Property (2). For any k > 0, the multiplicative conjugate function

TTk(X) maps words a, a, .2 in F(A) to natural words ﬂ(k)e w!k) o-- .oﬂ!k)

i i
r r-1 1 (k (k) k r r-1 1
P, )x N x---xp(i )
in Fk(al), i.e., to words of the form 2, r r-l L (pgk), ceay pgk)e Pk).
1 r

By the associative law of word multiplication and the unique -factorization

Corollary 3.4.14, a word can be represented only by a finite number of proper

(k)

pairs of parentheses involving factors taken from -ﬂ-F(a )
1

whose product

equals a.T. By Corollary 3.4.14, multiplicative conjugations are nonempty.

Property (3). For a given k> 0, if two different multiplicative con-

jugations Dk(a"f) and Dk(a;) contain a common word X, then

ﬂk(X) = ﬂ!k%. . .@ﬂgk) = a.T and ﬂ_k(X) = ﬂgk)g. . .@‘ﬂ'gk) = ar, and of course
r n r 1
a¥ = a

1 r, which contradicts the assumption that the conjugations in question

are different.

§3.7. Subprimewords and Pz—subeven words

By definitions in section 2.2 and Corcllary 3.4.14, the set
WF(al) = {Wlu WZ' 3'T3, . } denotes the set of all prime words in the free
monoid F(a.l).

We call a word X € F(A) a subprime word if X is a solution of the

equation
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ZX) = 71'“ ,

where 7 is some prime word in .
K P TTF(al)
3.7.1. Theorem. If X is a subprime word, then X is a prime word in P

The converse is not true.

Let X be any subprime word, and assume that X is not a prime
word. Let Xl = Xl (o] XZ' for some Xl’ XZG F(A). By Proposition 3.5.1{4}
we obtain Z(X) = Z(X)) ® Z(X,), which means that z(xl-)nz(}c) and
Z‘.(Xz) |=(X), however, this implies the contradiction that X is not a sub-
prime word by the definition of subprimes. With respect to the second part
of the theorem, since there are prime words which are not subprimes, e.g.,

23, is a prime word and certainly not a subprime, the converse cannot be

true,.

*
On the basis of Theorem 3.7.1, let FJ denote the set of all subprime
words in F

We note that unlike the ordinary prime numbers there are many Pz—odd

prime words which can be expressed as word sums of two Pz-odd words, e.g.,
the FZ'Odd prime word a1a3a5a7 is expressible as 2,2, (¢5] agd., where 2,2,
and aga, are obviously PZ-odd prime words. However, the subprime words

do not behave in this manner:

3.7.2. Proposition. If F“ is a Pz—odd subprime word, then Pf-l cannot be

expressed as a word sum of two Pz-odd subprime words,

Let P“ be a ‘Jz-odd subprime word. Assume that F.u = PQQ Fﬁ
for some FZ-Odd subprime words Fa. and PB' By Proposition 3.5.1{2) we
_ ; to b
have E(’Iu 2 Pﬁ) Z( FU-) o) E(Ff’)’ and since Pa and P|3 are assumed to be
- i = = f
PZ odd subprime words, we also have E(F,u) ={ Pu.) @ =( Fp) T (i) m for

some natural FZ—-odd words T ?TTe TTF( other than = which by Proposi-

a )8 ll
tion 3. 5. 3(2) contradicts the assumption thét }:I“ is a FZ-_odd subprime word.
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3.7.3. Lemma. If a.“ > 2, and a.M"(X@ Y) (X, Ye F(A)), then a.M HX and
ca " Y.
u

Let a.,u >a.1 and aull(Xe Y)., Let X@Y = a”e Z for some Ze@ F(A).

it follows from the symbolic uniqueness Theorem 2.2. 6 that for every a @A such
a

ﬁEA such that aB-<X®Y and

a, = a . Consequently, for every 2, such that aa.< ap@ Z, we must have

that a o4 EL‘u ® Z there must exist a sign a
' a

a,u \ a - Also, similarly as in the above, we get a ||a_ for every a_ such

P B

that a, = au. This means that a "X and au" Y.

p [
3,7.4. Lemma. a = a © at u>1 v>1l a €A a.’ue F(a.)).
T I Ty v 1 = =7 Ty | 1

This follows from the definitions of a‘: and word multiplication.

3.7.5. Theorem. Forany s3> 1 and v>1, if X satisfies a"[|X, then X

cannot be expressed as a word sum of two prime words.

Let a’l:HX for some u Z 1 and v > 1. Suppose X=PG@ Pﬂ' for some
prime words Fu.' Pﬁ € p By assumption of the theorem, Lemma 3.4.8 and
Lemma 3.7.4 we have a":’/Hﬁl and aﬁi:"lpﬁ. Since v > 1, on the strength of
Lemma 3.7.3 it follows that a‘:#( Pue P[S)’ which means that al':'#’x, a

contradiction.

3.7.6. Corollary. If X isa Pz-even word or a o-even word such that
a.":"X {t>1, v>1), then X cannot be expressed as a word

surm of two subprime words or a word sum of two prime words.

For later use, we further reduce the size of the set of all Pz-even
words as follows:

If a ,lz-even word X satisfies the condition a’(:'H’X (u 2 1, v>1) and
a";/lrx {u > 2), then we call the Pz-even word X a PZ-subeven word,

2
3.7.7. Proposition, (1) The ‘Iz-even word a.la16C(al) and a,a., a,a,2.a EC(af)

2 2 17171

are not Fz—subeven words.

(2) Every natural Pz-even word is not a Fz-subeven word.
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These properties are simple consequences of the definition of F—subeven

Z
words.

3,.7.8. Lemma. Ramified words aTav {u > 1, v>1) are prime words.

This is clear, since gcdiu,l) = ged{l,v) =1 forall g >1 and v>1.

3.7.9. Proposition. Ramified words a‘l;av@ PZ {u>1, v>2) are

FZ ~subeven words,

Clearly, a“i‘ave ':2 (e z 1, v z 2) are Pz-even words, For such
words to be hz-subeven words, we have to show that they are not divisible
by a.t (e z 1, v>1) and aT (u > 2). By Lemma 3.7.8, ramified words
a‘fav are prime words and of course PZ is a prime word. On the strength
of the prime -word unique factorization Theorem 3.4.13, since words
a":’ {u z 1, v>1) and a’f (u > 2) are obviously different from the ramified

words a'ua. and P , it follows that words of the form a’ua © Pz (u>1 v> 2)
]. v 2 ]_ v = =

cannot be divisible by a‘“ W>1, v> 2) or a‘l‘ > 2).
3.7.10. Proposition. afa,® f,€C(a; 22WH2)y s,
Not h e = 2] = Z,u @az and clearl
ote, we have a a PZ = alaz ala.z = 2 2 y

af‘uai (u > 1) are solutmns of the equation Z}(az“‘a ) = 2(’“’2) (u z 1). There-

fore, aha,® b, €Cla; a2l sy,
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CHAPTER IV

ARITHMETIZATIONS OF ABSTRACT ARITHMETICS ak(A)

§4,1. Primitive arithmetics

Very generally speaking, certain types of elementary properties
(additive, multiplicative, exponential and so on) of the natural numbers
can be, on the one hand, described elegantly in different arithmetics on
different free monoids (F(a.l), F{A), noncommutative free monoid in an
infinite alphabet [9]) and then, on the other hand, to a certain degree
"compressed'' on any one of these arithmetics. Because of this loose
character of the properties of the natural numbers, it is convenient to
select a '"ground' arithmetic to serve as a frame of reference for certain
properties of the natural numbers. Such an arithmetic is described in
this section.

We point out that whatever ''completely' means, one should not
indulge in the nonsense that any single arithmetic on a given free monoid,
however rudely compressed, can ''completely' describe all the properties
of the natural numbers, which is very much like expecting a single
algebraic number-field to '‘completely' describe all the properties of the
set of all algebraic numbers. In passing, we point out that there is an
interesting analogy between the natural numbers and the algebraic integers,
which we plan to describe in another paper.

For convenience, in order to avoid introducing another infinite
class of different arithmetics involving an infinite number of different
finite-alphabetical free monoidules and arithmetical maps together with
relevant algebras with infinite numbers of laws of composition in each
" algebra, we shall instead indulge to a degree in the usual '"compressions"
on certain arithmetics. Consequently, in the following constructions we
do not employ any restrictions of the type introduced in sections 3.1 and 3. 2.

To construct primitive arithmetics @(Att) (n>1), we start by
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assuming the monoids S o’ groupoids S:, free monoids G(Ai), and
the additive free mon01dules S G{A#), all introduced in section 2.5.
In each primitive arithmetic @(A#') (n>1), we take the law of composition
X @ Y of G(A#) to be the word addition of @(A*:)
Secondly, we introduce the functions d(X) and D(X) in @(A#)

as follows:
(1) dif) =4k, d(a“X) =2,
(2) D) =, D(a“X) =X

Thirdly, we define the function X $; Y in p(Aﬁ) by the following

equation:

X @ Y =dx)@_ (D) Q_Y)
3

where ®n is the law of composition of the free monoidule SnG(An).

With the help of the above functions, we define word multiplication

X (+)n Y in G)(At), which is in fact nothing else than ordinary addition
defined in @(A#n)' by the following equations:

X(H#H=Xx,
X (4, 2,Y = (a2, @ 4X) @ (DIX) (4, V)

We can define the word divisibility relation X"( )Y and the

prime-~word relation pw( )(X) in @)(A#'.) as follows:

{3) Y| (n’x “=> VZ{X =Y (+)n Z}

(4) pwi™(X) e=> X £ #AX £ 25 A

vY =%}

Ariy|®x = v=-xvy- 2,

Note, the prime words in @(At-) are of the form a‘u or
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2By e aoaM (,uzl, a, n-times (n z 1)}.

We simply state the prime-word factorization theorem in arithmetic

@(Aﬁ) as follows:

4.1.1. Theorem. Except for $# and 2, every word in p(Aﬁ) (n>1)
can be uniquely expressed as a word product
B, 0 B, B o0 P

r n 1r-l : 1

where Pil, I:liz, e, hi are prime words of @(Af)
r

with different lengths.
The above unique factorization theorem is related toc the usual

n-adic unique representations of positive integers.

At this stage of the section, we select our ground arithmetic to be

@(Aﬁ;). A s pointed out in section 2.5, it has been customary for several

milleniums to denote the signs in the alphabet A

+#
AIO)’
denote its word multiplication X (+)10 Y as X 4+ Y, however we shall

10 as 0,1,2,3,4,5,6,7,8,9.

With respect to the ground arithmetic @( it is also customary to

have occasion to make use of both notations.

We now proceed to define ordinary multiplication X X Y in

arithmetic @(Afo) as follows,: by agsuming the additional free monoidule
. #* oL
i G(A,) in G(Aﬁ,):

X x4k =9,

¥
X X auY = (a.uCDw X) @10(}{ XY) .

In arithmetic (?(A%) we can construct the familiar set of prime numbers
PO and its divisibility theory using the above ordinary multiplication. In
turn, we can define the Hilbert-Ackermann functions {E,l(X, Y), E,Z(X, YY), .- ,.
simply by iteration, i.e., gl(x, Y)=XXXX... XX(X Y-times), and

so on. Consequently, we can obtain the Hilbert-Ackermann number

systems PO, Pl, PZ, ... inarithmetic @(Aﬁ).

For convenience, in the following sections, in addition to the
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notation G(Aﬁ), we shall also use the notation N to denote the free

monoid G(A?(:)) .

§4.2. Arithmetizations of arithmetics ak(A)

Recall that N also denotes the free monoid G(Aﬁ)). In turn,
note that if @(X,Y) is a function of arithmetic @(Aﬁ)) then we also

write it as X(PY, and we also write concatenations of the form
(... ((XIQXZ)(PX3) t‘) Ca (PXn_l) ?Xn or }{11\0("}{2(‘)(}&'3 @... (P(X.n_ltpxn). )

as XICPXZ(P ve q}{n_lql}(n.
We say that FCP(q) is an arithmetization of the free monoid F(al)

if the following relations hold between F(al) and the arithmetic @(A'g)):
(1) there exist words p and g in the free monoid N, where q is
different from p, such that p corresponds to the empty word # and
{a} corresponds to the alphabet {a.l} in F(al); (2) there exists a
function (P(X, Y) in arithmeti; @(A’l'g) such that tp(q, X} corresponds

to the successor function a.l B X of F(al), and every finite concatenation

qq)qq). .- g is unique, thus satisfying the axioms of the free monoid
F(al).

4.2.1. Proposition. For any k> 0, if n denotes any nonzero element
(k)
H k
number-system P and gk is any Hilbert-

in N, p any element in the Hilbert~-Ackermann

Ackermann function in arithmetic (P (A.;%), then

k
F+(n) and F (PH) are arithmetizations of the free

gk
monoid F(al).
For any n > 0, the arithmetizations F+(n) involving the words
0, n, n4n,ntn+n, ... are obviously unique and constitute the familiar
interpretations of the free monoid F(al). On the other hand, for k> 0,

the arithmetizations FE, (p’(_‘k)) (k > 0) involving the words of the form
K =
1, i, plkh (k) (k) (K} (k)

w Py Py ,p‘u pu P# , ««s+, defined in section 1.2, which are unique
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on the strength of Theorem 1.2.4 and Theorem 1.2.5, are clearly also
arithmetizations of F(al).
We say that F(P(Q) is an arithmetization of the free monoid F(A)

if the following relations hold between the free monoid F(A) and the
ground arithmetic p(A::S): (1) there exists a word p in N and an
infinite set Q = {ql, Qs oo } of w_ords in N, all different from p, such
that p corresponds to the empty word and {Q corresponds to the alphabet
A in the free monoid F(A); (2) there exist a function q(X, Y) in
arithmetic @(Aﬁ)) such that Lp(q'u, X) (qu € Q) corresponds to the
successor functions a“ D x (a.”e A) in the free monoid F(A), and every

finite concatenation q @9
r r-1
relation =, corresponding to the equality relation =, in F(A), hence

Q A

satisfying the axioms of the free monoid F(A).

voe . is unique under the equality
AR LN

By an arithmetization ak(Q) of the arithmetic &k(A) (k > 0}, we

mean the existence of an arithmetization F‘P(Q) of the free monoid F(A)

and in turn the full development of an arithmetic on F,_(Q) which satisfies

tp

the axioms and rules of arithmetic ak(A).

4,2.2. Proposition, For any k>0, if FCP(Q) is an arithmetization of
F{A), then any arithmetic a;(Q) constructed on
F,_(Q) is an arithmetization of ak(A).

?

This proposition is clear.
Let N = G(Afg) “N{# ao}, and again recall that Pk {(k > 0)

denote the Hilbert-Ackermann number-systems.

s k, k,_k
4.2.3. Proposition, For any k>0, a+(N ) and ax(i ) are
arithmetizations of arithmetic a (A).

By virtue of Proposition 4. 2,2, it is enough to show that F_!_(N-P)
and Fx(Pk) are arithmetizations of F(A).
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* 5%
With respect to F+(N }, by definition N corresponds to the

alphabet A in F(A), the equality relation = . in F+(N*) corresponds
to =, in F(A), and n, + X (n“E N*) correszonds to 2, @ X (aMG A).
Clearly, O€ N must correspond to # in F(A) and 1&N corresponds
to 2y in F(A). On the strength of Proposition 3. 6.1, we can set-
theoretically partition the words in the free monoid F{(A) into additive
conjugations C(a.f) {1 2 2), where in each conjugation C{a. ) the words
are finite in number and distinct. On the other hand, in F (N ) we
consider the set of partitions P{u) (partitio numerorum) of M g 2).
We can see that P(u) {(u z 2) in F+(N*) corresponds exactly to the
additive conjugations C(a‘f;) (u > 2) in F{A) and conversely, by their

definitions. Since the symbolic equality relation = is assumed in

N |
F (N }, this relatmn renders each word in F (N ) unique. From this

it follows that F (N ) is an a.rlthmetlzatlon of F(A).

With respect to F (P } (k > 0), by definition Pk corresponds to

the alphabet A of F{A), the equality relation = K corresponds to the
3 (k) k
symbolic equality relation =, of F(A), and p}&k)XX(p}u €r)

corresponds to a.#@X(auG A} in F(A). Clearly, 1€N corresponds

to :ﬂ! in F(A) and 2€ N corresponds to a, in F(A). By virtue of

1
Proposition 3, 6.8, we can set-theoretically partition the words in F(A)

into multiplicative conjugations Dk(a.'u) (u > 2) for a given k > 0. On the

other hand, in F (Pk) we consider the set of all "multiplicative partitions"

(k) ,, (k) . )

cee XA
r Tl 1
with factors taken from the Hilbert-Ackermann number-system P and

P (/.1) of u, i.e., sets of all ordinary products ™

such that the above-mentioned products are all equal to the positive
integer u. Similarly as pointed out in section 3. 6, the set Pl;(u) is
obtained by means of the unique factorization theorem 1.2.5 and the
associativity of ordinary multiplication. It is clear that each set Pi:(y)

corresponds to the rnultiplicative conjugation Dk(af) and conversely by
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virtue of their definitions., In turn, the symbolic equality relation = K
. k
in Fx(Pk) renders each element in Px(u) unique. From this it :Eolllgws

that FX(Pk) is an arithmetization of F(A).

4.2.4. Corollary. (1) Forany h>0 and k>1 such that h<k, if
' [Ph]kc Pk then ai([Ph]k) is an arithmetization of
k
G a).
(2) ak([M]k) (k > 1) is an arithmetization of ak(A)
X = !

where [M] is the set defined in section 1.4.

%
4,2.5. Proposition. In the arithmetization ai(N ) of ak(A) {k > 0)

0 * 0
we have P = P , Where P denotes the set of

ordinary prime numbers and Pm denotes the set of

k
all subprimes in a (A).

This proposition follows from the definition of the set P‘!‘: of
subprimes given in section 3.7 which precisely selects in the arithmetiza-
tion a,]i(N*) only words which equal ordinary prime numbers.

We now turn our attention to a certain relation between arithmeti-
zations of the free monoid F(al) and the arithmetizations of the free
monoid IF(A).

We say that an arithmetization F<P(q) of the firee monoid F(al)
is extendible to an arithmetization of the free monoid F{A) if there
exists an arithmetization F?(Q) of F(A) such that g€ Q, the function
(P of F(P (q) is also the '"concatenative'' function of F‘P(Q), and F‘P(q)
is embedded in F._ (Q). ,

?

4.2.6, Proposition. (1) For any k>0, F

(p(k)) (4 > 1) is not extendible
gk M =

to any arithmetization of F(A).
(2) If F,_(2) is extendible to an arithmetization of
F(A), then ¢ is either ordinary addition or

ordinary rnultiplication.
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(3)If ¥ ,(1) is extendible to an arithmetization of

(P
¥{A), then (P is ordinary addition,

Property (1) follows from Theorem 1.2.4, where it can be seen
that concatenations involving Hilbert-Ackermann functions gk and
number -systems Pk (k > 0) are all noncommutative, consequently the
concatenations in question cannot possibly satisfy the axioms of the
commutative free monoid F(A).

Property {(2). Let F(P(Z) be extendible to an arithmetization of
F(A). Aside from Theorems 4.,1,1 and 1. 2.5 and Proposition 4.2.1, the
only other possible unique representations are those given by Theorem
1.2.4. Consequently, if F(P(Z) is extendible to an arithmetization of
F(A), then it must in some way involve the above-mentioned unique
representations, including unique representations which are variations
of the above, i.e., e.g., representations of the form
R R R WL Y
and so on as shown earlier by the author [7]. In all the above-mentioned

possibilities, aside from ordinary addition and ordinary multiplication,

we see that they involve concatenations which are noncommutative. It

follows that ¢ must be either ordinary addition or ordinary multiplication.
Property (3). From what was said above, it is clear that in this

case the function (P can only be ordinary addition.

§4.3. Ordinary addition in arithmetizations of ak(A)

For any k > 0, with the help of the arithmetical maps o, o, T

and ;k’ defined in section 2.4, we introduce the following functions

in ak(A):

®  L@=a
Lia,X) = 1002 ) QLX) ,

K
note, I, (X) is an abbreviation of []1(X),
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2) Lk(n(’ovr(k)@ on ;

= oT (7r )@cr’r (7r( ) ) ... @c-r;k(ﬂ'gk))
r—l 1

1 1

K () (1) (k)
f s M, y vy T & [ﬂ ] '
1 2 e F(a'l)

and undefined otherwise.

4.3.1. Proposition. (1) For any X and Y in F{A),

L(X®Y) =1 (X)@L(Y) .

(2) For any X and Y in F(a.l) satisfying
the definition of _ik

LXOY) =L (X) @LY) .

{3) For any X in F(a.l) satisfying the definition of
L, L{L(x) =X

Property (1). For Y =3, we have Ik(X D#) = Ik(X) and
Ik(X) (O] ka;H:) = Ik(X)G a = Ik(X). In turn, suppose that property (1)
holds for some Y. Then by the definition of the function Ik we have

LX@a Y=L (X@Y)=700a)0L(XOY)

= 7,002 ) O I (X) @1 (Y)
= L(X)O L(a Y) .

Property (2). By Corollary 3.4.14(2), let X = ﬂ(k)a. .0 ik)
I'
and Y = ﬂ‘gk)o @wj ), where all the above factors are in [ﬂ )](k)
8 1



Then by the definition of I, we get

k
I (x0Y) -1 (n e ...onY) o nVe... o)
r 1 ‘]s ']1
=a, a, e ea &, @a., a, e e B,
s | l1 Jg Jg-1 ‘]1

)
bl

(
J

ieMe...o eLnYe...on i") - L (%) @ L (Y)
T _ 5

Property (3). By Corollary 3.4.14(2), let X = rgk)@ O] wik),
T 1
(k) (k) (k) e -
L e T < [I—I-F(a'l)] . Then by the definition of Ik and I.k

i
and Proposition 2.4.2, we obtain

where 7

L@, () = LT e .
r 1

|}
—

k(ai ceeoBy ) = 'rkcr(ai ®. .. @chr(ai )
T 1 r 1

k k

ﬂg )QGTI':(L )-":X

r 1

1

For any k>0, we now define the functions X [+]k Y and X [><]k 3

in ak(A) by the following:
if ]'.k(X) and I.k(Y) are expressible as Ik(X) = wgk)ﬁ) v (917?{)

r 1
and L (Y) = rgk)O O w‘(jk) ](k)
s 1

O %[+ Y =T (%) @ L (V) .
(2) X X ¥ =T 1, (0 @ 1(¥)

, where the factors in [Tf

F(al) , then

With respect to the above definition, we point out that X [+] Y
and X [)(]k Y can also be defined equivalently in terms of the laws of
composition a’u an and a# 0]} a, in the nonconcatenative semiring
maps. We chose the above definition on the grounds that this type of

introduced in section 2.1, together with the suitable arithmetical

73,
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definition can be easily used involving other functions in dk(A), whereas

the above-mentioned semiring is limited to its two laws of composition,

4.3,2. Proposition., In accordance with the conditions in the definitions

of the functions X [+]k Y and X [)C]k Y,
(1) X [+]k Y=Y [+]k X,

@) X [+ (¥ [+1° 2) = (x [+]° vy [+F z,
XX Y=X@ vV,

HXOH 2 =(xOV [+ (X 2).

Property (1). By the definition of X [+]k Y and the commutativity

of word addition, we have
% [+ ¥ = T (1, (%) @ 1))
=T (D @ LK) = ¥ [+ Y .

k
Property (2}. By the definition of X [+] Y, Proposition 4.3.1(3)

and the associativity of word addition we get

x [+ (v [+ 20 = x 4L 00 @ L (2))
= L (L (X) @ L (L(L (V) @ L(2)))
= L (L (X) @ (L (Y) @ L, (2))
= L {1, (X) @ L(Y) © L (2)
= L L (L (L(X) @ L (Y) ©L(2))
T 0 @ L (v (+° 2
= (X [+]k vz .

Property (3). By Corollary 3.4.14(2), let Ik(X) = ﬂ(k)O . Gﬂgk)

; LA
(k)

k Tk L
and Ik(Y) =7 Q... Q‘J’Tg ), where the factors are in [ﬂF(a )]( ). Then
1

5 1
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by Proposition 4, 3.1{2) and definition of I.k, we have

X [ ¥ =T (1 (X) © L (¥))

=Tk(1k<xn eikukt‘m

)y

1

Xy .

Property (4) is obtained by Proposition 4. 3.1(3) and the distributive
law with respect to word addition and word multiplication as follows:
X @ (Y [+ 2) =T (1, (00 1 (¥ [+]" 2))
= LL(X)@ L (L (L (Y) @L(Z))
= L(L(X) O (L(Y) DL (Z)
= LIL(X)O L (V) @L(X)O L(2)
= L (L (LL(X) O L (V) @ L (I (L (X) @L(2))
= T (LX) @ L (¥) [+ T L (%) O 1, (2)
- XeVN [ xen .

4.3.3. Proposition. (1) For any k>0, the function X [+]k Y corresponds

to ordmary addition in the arithmetization a (P )

of (A5(A).
(2) For any k > 0, the function X @ Y corresponds

to ordinary addition in the arithmetization al_:(NT).

Property {l}. For any k > 0, consider the function X [+]k Y in

the arithmetization Ci]‘;(Pk) of a (A) RE5), let
X = p(k) sk) X.o.. X pgk) and Y = p (15( oo be any
Ty Yre1 1 ‘]s J 1 ‘]1

nonempty words in Fx(Pk). By the definition of I.k, Theorem 2.4.2 and
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Coroilary 4.2.14, we have

@ refx.xp = Me.en?
' r 1 r 1
(k) k), _ (k) (k)
@ gt xe 0. @vrjl :
(3) LX) @L(Y) = ('n'(k) Lorhewe...onh =10...0m)
B! 8 1 t 1

(k)

(k) (k)
where 7rn1 s e aes 7rnt E[I—[F(a.l)] .

In other words, (1), (2) and (3) mean

the following:

gl P gl
1L(X) =2 g L IL(Y) =2 . L,
i T O R
Y 1 5 1 t
Ik(x) D lk(Y) =2, =a, ;
where p(k), ey p(k)e [Po]k. With respect to the functions “ik' by

t
Theorem 2.4.2, we have

k k k k
(()O @ ;(Q)XPL) X...Xp() ,
1 t t-1 “1
which obviously is precisely the value of X + Y in a (P } for X and Y.
Property (2) is trivial, since ordinary addition in a (N } is

defined to correspond to word addition in a (A).

%
4,3.4, Lemma. If S is any subset of N such that PkCSQ P", where
k < n, then ordlna.ry addition in a (S) of ak(A)
corresponds to X [+] Y, defined only for words X

and Y in Fx(S) which are products with factors in Pk.

The underlying frame %k of arithmetic ak(A)wao constructed

precisely in order to define ordinary addition in al;(Pk) as the function



X [+]k Y. Let S = {sl, 5 }. In ai(S), by definition of X [-I-]k Y,

PR
if X:si s,1 Si and Y = s. 8. +++ 8., then
o ‘a-1 1 I8 Ip-1 Sl
k
s, Xs, X...Xs [+] s, X85, X.,.Xs8g, =
1 1 1 J J 3
a a-1 1 P B-1 1

=—fk((1r§k)0 AN wgi{)) D (WJ(.k)Q ) 7))
a

B !

which clearly can correspond to ordinary addition if S s f
are elements in Pk. 1 @ 1
4.3.5. Theorem. For any k > 0, the functions X @ Y and X [+]k Y

are the only functions in ak(A) which correspond to

ordinary addition in the arithmetizations of ak(A).

Since # and 2, of N cannot be in any alphabet corresponding
to A, let S be some infinite subset of N$. In turn, let 0‘1;(5) be any
arithmetization of Qk(A). We have to consider the following two cases:

(a) sC P,

(B) s DP,
where Pk is a Hilbert-Ackermann number-system.

For case (A), where S Pk, on the strength of the frame xk
and definition structure oak underlying arithmetic dk(A), ordinary
addition in a;(S) can only correspond to X [-!-]k Y and of course ¢
must be ordinary multipiication.

For case {B}, where S DPR, we are obliged to consider the
following cases:

(1) Pkc Sq;P'n for any n >k,

an 25C sCP® for some n> k.

If case (I) holds, then by Theorems 1.2.1 and 1. 2. 2 one of the

following cases must hold:

7.
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Kk
(i) S = P y{L,4} 4N}, where P, {1,4} and N

and N, may be empty;

1
(i) S = P*u{l} uN,, where P, {I} and N

| are disjoint

are disjoint and

2’ 2
NZ may be empty;
(iii) S = Pku {4} uN3, where = , {4} and N3 are disjoint and
N3 may be empty;

k

(iv) S=P uN where Pk and N, are disjoint and 1,44 N4.

In cases (i) an‘cil (i1}, since 1€ S, b; Proposition 4. 2. 6(3) we have
F (1) which is extendible to an arithmetization of a (A), and clearly
we must have a (S), which means that 1n this case ordinary addition
must correspond to the function X @ Y in a (A).

In case (iii), since 2€& Pk, by Proposition 4.2. 6(2), we have
F (2) or F,{(2) which are extendible to arithmetizations of ak(A).
However, in case (iii), since 4@ S, we cannot have arithmetization
FX(Z), since 4 is not irreducible in any unique resolution theorem,
except Theorem 4.1.1 which is irrelevant here. Consequently, we have
F+(Z), which means that in this case ordinary addition in ai(S)
corresponds to X @ Y.

Case (iv) is the same as case (II) by virtue of Theorem 1.2.2
which we take up next.

If case (II} holds, where we have PkC Sg P” for some n > k,
then we are obliged to consider the following cases:

(a) S = P" for some n > k,

(v) sC P" for some n > k.

For case (a), since 25, like the above case {iii), we have F (2)
or FX(Z). Clearly, for F (2), we are led to a (S) and in turn to Drdlna.ry
addition corresponding to X ® Y. For F (2), by Lemra 4,3.4, since we
are dealing with arithmetic a (A) and we have P C P" = S, we obtain
ordinary addition as a partial function corresponding to X [+] Y.

For case (b), where PkCSC P for some n > k, asin case (a),

since we are dealing with arithmetic ak(A) and 2€ S, by Lemma 4.3.4,
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ordinary addition must correspond to the partial function X [+]k Y.

4.3.6. Proposition. If S is an infinite subset of N* such that a:(S)
‘ is an arithmetization of dk(A) in which ordinary
addition corresponds to X [-I-]k Y in ak(A), then
sC P,

This follows from the definition of X [+]k Y and the underlying

frame %k of d‘(A).

4,3,7. Proposition. (1) For any k > 0, the function X [+]k Y does not

correspond to ordinary addition in the arithmetiza-
tion (AF (N ) of dk(A)
{2) The functlons X [+] Y have a different range of

values in the free monoid F(A)} for each k> 0.

s
Property (1}. In the arithmetization a:c_(N } of ak(A), for any

k >0, we have

-

k
(n. +...+n.)[+]k(n. +...+n)-lk(p() “ngk) (k)
i i j i j
r 1 8 1 ]
and it is clear from the above equation that X [+] Y cannot correspond
to ordinary addition in al_:_(N'r).

Property {(2). On the strength of Proposition 1.2.3, for any k > 0,

we can always find p(k) (k) in P and p(kﬂ) (kH) in Pk+1 such that
kaH) (k) and p(kH) < p(k). Clearly, if (k+l)v and p?(jkﬂ) < pl(}k),
then kaH') + pr(}kﬂ-) < pL + pf}k), consequently p(k+1) I(}kﬂ) # Lk) + p](}k).
Since
( (k)
+P
2 e, =T @ =T ¥ TV,
(k+1)+p(k+1)
k+l (k+1) (k+l) v

+pr X ...

(k)

X p.

J)

)



it follows that the ranges of X [+

]k

Y and X [+]k+1 Y cannot be the same

on the free monoid F(A). The above argument can be easily extended to

any two different Hilbert-Ackermann number-systems. Consequently,

property (2) holds for any k > 0.

80,
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CHAPTER V

GOLDBACH SENTENCES IN _(2(4)

§5.1. Goldbach sentences

A sentence in arithmetic ak(A) (k > 0) 1is called a Goldbach
sentence if there exists an arithmetization of QR(A) in which the sentence

in question is the well-known Goldbach conjecture,

5.1.1. Theorem. For any k > 0, if a Goldbach sentence is a theorem

of arithmetic d((A), then the Goldbach conjecture

ig true.

For any k z 0, let % be a Goldbach sentence which is a theorem
in arithmetic ak(A). As in model theory, from the preceding assumption
it follows that sentence % will be true in every arithmetization of
arithmetic ak(A.). In particular, sentence will be true in the
arithmetization in which 3, is the Goldbach conjecture.

5.1.2. Theorem. For any k> 0, if every Goldbach sentence in
arithmetic ak(A) is independent of ak(A), then the
Goldbach conjecture is independent of arithmetic ak(A).

Assume that all Goldbach sentences in a given arithmetic
ak(A.) (kz 0) are independent of ak(A) and suppose that the Goldbach
conjecture is not independent of ak(A). To say that the Goldbach
conjecture is not independent of ak(A) means that there exists a
sentence in ak(A) which in some arithmetization of a,k(A) corresponds

to the Goldbach conjecture, a contradiction.

An alphabetical Goldbach sentence in arithmetic ak(A) (k > 0)
is a Goldbach sentence in ak(A) involving in its staterment the function

X[+]k Y, where X and Y range over some set A_ such that AOC_A.,

0



where A is the alphabet of the free monoid F(A) in arithmetic ak(A).
A prime-word Goldbach gentence in arithmetic ak(A) (k>0) is

a Goidbach sentence in ak(A) involving in its statement word addition
XY of a (A}, where X and Y range over some set P such that
Fl C P where P is the set of all prime words in a (A).

5.1.3. Theorem. For any k> 0, if 3, is a Goldbach sentence in
arithmetic a (A), then ?, is either an alphabetical

Goldbach sentence or a prime-~word Goldbach sentence

in @%a).

Consider any arithmetic ak(A) (k> 0). If sentence g. is a
Goldbach sentence in arithmetic a (A), then there must exist an
arithmetization a?(S) of ak(A) in which 3, corresponds to the
Goldbach conjecture. In the arithmetization a‘P(S), since the Goldbach -
conjecture must involve ordinary addition in its statement, by virtue of
Theorem 4.3.5 it follows that must involve in its statement either
X [+]kY or X@Y of @(A). |

If sentence %, involves the function X [+]k Y in its statement,
then by Proposition 4.3. 6 we must have SC Pk in the arithmetization
a?(S) of ak(A.) Since the Goldbach conjecture also 1nv01ves the set PD
of prime nuznbers a.nd by Coroliary 1.2.1.1 we have P C P (k 2 0), it
follows that P C P C S, where S corresponds to the alphabet A of
a (A). In other words, the Goldbach sentence 3, for the case involving
the function X [+] Y must be an alphabetical Goldbach sentence in
Aca).

If the Goldbach sentence in ak(A) involves the function
X@® Y in its statement, then we consider the following. The sentence
being a Goldbach sentence, there must exist an arithmetization a?(S) of
a (AY in which % corresponds to the Goldbach conjecture, where Ia, in

atS) involves ordinary addition and the set Po of prime numbers. Since
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we are involved with the word addition X @ Y of ﬁk(A), the concatena-
tive function ? must be ordinary addition. We now have to show that X
and Y in the domainof X @ Y must range over prime words. Assume
that some X and Y in the domain of X @ Y with respect to the Goldbach
sentence :y are not prime words. Clearly, X and Y in the arithmeti-
zation a (S} must correspond to prime numbers, otherwise 3. could
not be a Goldba.ch sentence in this case, If X and Y in the domain of

X @Y are not prime words, then by Lemma 3.4.3 they must be of the
form X = X OX and Y = Y (0] Y for some X XZ’ Y1 and YZ in
F(A). On the other hand, in the ar1thmet1zat1on a (S), regarding to X

and Y, we must also have

X=X 0OX =(s, +5, +...4+5 )@(s, +s5, +...+5,) ,
R 198 Jpa1 h

Y=Y10Y2=(sm+s oo s _)0Q(s +8 ...t ),
(o3 ag-1 1 T T-1 1

where the two sums on the right side of the first equation correspond to

Xl and Xz and the two sums on the right side of the second equation

correspond to Y., and YZ respectively. In turn, by the definition of

1
word multiplication in a (A) we have in the arithmetization a (S) of

@5a) the following:

X=X O(s, +...48,) = 0X)+(s @ X)+... +(s. @X)
1 g Ji Jﬁ Jp-1 o1

= (s, +...+s.i)+...+(S. +...48. . ),
Jgla Igh e 1t

Y:Yle(sn +...+sn)=(sn@Y1)+(s @Y)+ . +(sne:Y1)
T 1 T 'rl 1

It is clear from the above eqguations that X and Y could not possibly be
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. - . s k
prime numbers in the arithmetization a+(S). Therefore, sentence 3,

involving X + Y must be a prime-word Geldbach sentence.

§5.2. Alphabetical Goldbach sentences

Firstly, we need the relation H(X) and functions gl{}{) and
gZ(X) in arithmetic a (A) (k > 0), which we introduce as follows:

(1) H(X) = V3(Y) < 3(X)Va(2) < 3(X)

X=Y@ ZaAXLtH=>Y =%v Z =)

(2) gl(x) = ud(Z) € AX){Z = H(Z) AZ = 0dd_ (Z) A
1

Va(Y) £8(2){Y = H(Y) AY = 0dd_(Y) aX = 2Z [+ Y1)

1
(3) £,(X) = 4B(Y) SAK){Y = H(Y) A Y = odd_(¥) A
1
Va(Z) £ 3(Y){Z = H(Z)A Z = odd_(Z) A X = Z [+]° ¥})
1

In turn, we introduce the sentence ﬁ_k(A) in arithmetic ak(A} (k > 0)

as follows:

%k(A): If X iz an a -even word and X # Pg’

1
then X = gl(X) [+]k g,{X).

The above sentence is in quantifier~free form, however it can also be
stated in a more readable informal form as follows:

%k(A): It X is2an a

L -even word and X # PZ’

then there exist two al—odd words a and a

in the alphabet A such X = 2, [-I-]k a .

5.2.1. Proposition. For any k > 0, the sentence % (A) in arithmetic
a (A) is an alphabetical Goldbach sentence in

A~ ).
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For k =0, by Proposition 4.2.3, a‘X(P } is an arithmetization
of a (A), andin turn by Proposition 4.3,3 p(o} [+](0) ( ) corresponds

0
to ordinary addition in aX(P }. Clearly, products of prime numbers
0
pg ) X pg ) X... X p}l ) containing the prime p( ) o = 2 are even numbers,
r r-1 1

otherwise they are odd numbers.

For k>0, consider [P ] C pX By Corollary 4.2.4, @ ([P ] )
are arithmetizations of a (A), and in turn by Proposition 4.3.3 and
Lemma 4 3.4 [ LO)](k) [+] [p (0)]( ) correspond to ordinary addition in
a ([P The question regarding even and odd numbers is obvious.

Consequently, we have all the ingredients of the Goldbach conjecture

in arithmetizations ak([Po]k) of a (A) (k> 0). The fact that 9, (A) is
an alphabetlcal Goldbach sentence 1nd {A)follows from the definition of the
sentence ﬂ, {A).

5.2.2. Theorem. For any k> |32, where ESZ is the second Brun constant
of section 1.4, the alphabetical Goldbach sentence
. k . . .
?k(A) in a_ (A) is independent of arithmetic ak(A).

Firstly, we consider the case k = ﬁz, where [32 is the second

Brun constant. We denote the negation of the alphabetical Goldbach

k
sentence ?k(A) as non% (A) in the following. By Proposition 4.2.3,

B, B P B, B
2
aXZ(P } is an arithmetization of a 2(A). In a 2(P 2'), the sentence
P, B, .
2(P } is nothing more than a statement of Theorem 1.4,2 of section 1. 4.
BZ l32
On the strength of Theorem 1.4.2, we know that sentence 3, (P ) is
P

o
true. Therefore, sentence n n?Z(A) cannot be proved in arithmetic

B, A 6,
a (A) and consequently 3, (A) cannot be a theorem of a (A).

p
On the other hand, by Corollary 4. 2. 4(2), we know that a ([M] .

Ps
an arithmetization of a (A}, By Theorem l.4. 4(2), sentence



P B p

2
non% {[M] Z) is true. Consequently, sentence 5‘ Z(A) cannot be a
p
theorem of arithmetic a 2'(A). Therefore, the alphabetical Goldbach
p p

2
sentence (A) is independent of arithmetic (, 2(.Jf-‘e.).
The second case, where k >-[32, is obtained in essentially the

same way as above, using Theorem l.4.3 instead of Theorem 1.4, 2.

§5.3. Prime-word Goldbach sentences.

To abbreviate matters, we shall state the Goldbach sentences in
this section informally, i.e., without resorting to their guantifier-free
forms as shown in section 5. 2.

We recall the following from section 3.6. A conjugation
C(a } (u > 2) consist simply of the solutions, f1n1te in number, of the
equation Z(X) = ai‘. If uw=2v (v > 1}, then C(a ) is called a o~even
conjugation. A ':Iz—even subconjugation of C(af'v) is simply the set of

all Fz-even words in . C(a Generally, Euler subranges consist of the

).
—set of all subconjugations ionsisting of words of a given length.

With respect to a prime-word Goldbach sentence, one is obliged,
on the one hand, to cut through all conjugations C(a. ) (v > 1), and on the
other hand, to consider certain subconjugations with a certain number of
words in each conjugation. The general idea is to reduce the number of
words in each such subconjugation to a single word. We shall do this

successively in the following.

We start with the following type of sentences:

?k(qu): In arithmetic ak(A) (k > 0), there is at least one hz-even
word in every Fz-even subconjugation which can be expressed

as a word sum of two Fz-odd subprime words in F

5.3.1. Proposition. For any k > 0, the sentence 3, (P ) in arithmetic
a (A) is a prime-word Goldbach sentence.

On the strength of Proposition 4.2.3, for any k> d, consider the

86.
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arithmetization a (N ) of ak(A) By Proposition 4.3.3, X@Y
corresponds to ordlna.ry addition in a (N }. By Proposition 4.2,5, the
set Fl of subprimes corresponds to the set P0 of prime numbers in
al_;(N ). Every Pz-even subconjugation in a]:_(N*} consists of sums of
the form X + X, consequently they are a.ll even numbers. Clearly, the
hz-odd words are odd numbers in a (N ). Therefore, sentence E’ (F )
corresponds to the Goldbach conjecture in a (N ). It is clear from the
definition of %. (Fr) that it is a prime-word Goldbach sentence.

Abstract versions of the classical Euler sentence [12] are the

following.

Ol
e ];(F ): In arithmetic ak(A) (k > 0), every subconjugation in the Euler
subrange &2 contains at least one o-even word which can be

ks
expressed as a word sum of two ¢-odd subprime words in F| .

We can subsume the above sentences in the following class of

Euler sentences:

1;(I:r"): In arithmetic ak(A) (k> 0), for any r > 2, every subconjugation
in the Euler subrange gr contains at least one ¢-even word

which can be expressed as a word sum of two ¢-odd subprime

words in P*.

5.3.2. Proposition. For any k > 0, every Euler sentence & (F ) (T >2)

in arithmetic a (A) is a prime-word Goldba.ch

sentence.

Firstly, we note that Euler sentences E (F ) (r > 2) in arithmetic
a (A} involve o-even words and word sums of o-odd subprime words.
In the arithmetization Cz_[_(N ) of ak(A), the set of all prime numbers
corresponds to the set F* of subprime words by Proposition 4.2.5, the

set of even numbers greater than 4 corresponds to the set of o-even
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words for any given length by the definition of c-even words and the
definition of Euler subranges in the ordinary o-even subrange dz*,
similarly for the odd numbers and c-odd words. By Proposition 4. 3. 3,
ordinary addition corresponds to word addition in ak(A). In al_:(N*),
for any r 22, by the definition of Euler subranges we see that eacl.
subconjugation in the Euler subrange Er consists of all ways of
expressing the same even number as an ordinary sumn consisting of
exactly r summands. In ai(N*), every Euler sentence EI:(P*) (r > 2)
states that each of the above-mentioned subconjugations contains at least
one even number expressible as 2 sum of two odd prime numbers, hence

the Goldbach conjecture. —

5.3.3. Theorem. For any k > 0, there exist an infinite nurnber of

différent Goldbach sentences in arithmetic ak(A).

On the strength of Proposition 5.3.2, we need only show that the
prime-word Goldbach sentences EI;(FI*) (r z 2) are different Euler
sentences in a,k(A). For any r 22, we immediately see that the Euler
subranges Er involved in EI;‘(P*), except for the initial words taken
from the natural subrange of Q , are concerned with sets of words of a
given length r. Consequently, for each r 2 2, we are dealing witha
different set of words in ak(A), which means that each sentence
EI:(F*) (r > 2) must be a different sentence.

We consider next sentences in which the number of words in each
subconjugation is reduced to a single word, thereby dispensing with

subconjugations:

5k(p'"): For any k > 0, in arithmetic dk(A), every pz-subeven
word can be expressed as a word sum of two pz-odd subprime

words.

*
5.3.4.Propésition. For any k >0, sentence 5k(p } in ak(A) implies a

prime-word Goldbach sentence.
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Firstly, we note that sentence 5R(FH*) in arithmetic ak (4) (k=20)
involves e-subeven words and word sums of é-odd subprime words. By
Propogition 4.2.5, in the arithmetization aji (M#) of B:R (A), tue
set A% of subprime words coincides witn the set P° of prime numbers,
‘and the matter of }il-odd subprime words is clear. By Proposition 3.7.9,
we «now that ramified words a':aao e ( B3 1) are ji-subeven words. In
turn, we nobe that evary e_—even word corresponds %o an even number in
the arithmetization ﬁ}i(b}*) by virtue of the definition of & -even
words. Since 2(r+ 2) (l-t'-‘_; 1) runs throught all even muubers greater
than 4, by Proposition 3.7.10, it follows that each word a':a,_(aé (fn; 1)
in &i(lﬂ-) corresponds to some even nusber greater than 4 end conversely.
Consecuently, sentence 53 ( F.\*) implies the Goldbach conjecture in
gl .

Lastly, we polnt out there exists a certain weakened form of the

Goldbach conjecture which is false, Consider the following sentences:

£K ( [ *): For amy k 20, in arithmetic &F‘ (4), every A:_I-even word

such that 2.(X) > a‘; can be expressed &5 a word sum

of two é‘l -odd subprime words.

5¢3.5. Theorem, For any k 2 0, sentence K { P #*) in arithmetic

K
(3l (a) is false.

This theorem follows from Corollary 3.7.6.

In the arithmetization @3:_(1\}*) of d(A) (k 2 0), senteaces
X (P*) lead obviously to a weakened form of the Goldbach conjecture
in arithmetieation G\Z:(NH'), wnich is false in every case on the strength

of Theorem 5,3.5.
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