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P R E F A C E

T h e r e  a r e  p r e s e n t l y  t h r e e  m a i n  w a y s  o f  a t t a c k i n g  th e  c e l e b r a t e d  

G o l d b a c h  c o n j e c t u r e :  (i) t h e  a p p r o a c h  i n t r o d u c e d  by  E u l e r  a n d  S y l v e s t e r  

[3 ,  12], i n v o l v i n g  p a r t i t i o n s  a n d  a s y m p t o t i c  f o r m u l a s  l e a d i n g  to v a r i o u s  

o t h e r  a n a l y t i c  t e c h n i q u e s ;  ( i i) t h e  a p p r o a c h  i n t r o d u c e d  b y  B r u n  [ l j ,  

i n v o l v i n g  g e n e r a l l y  the  s o - c a l l e d  e l e m e n t a r y  t e c h n i q u e s ;  ( i i i )  t h e  l a t e s t  

a p p r o a c h  i n t r o d u c e d  by K e m e n y  [ 6 ], i n v o l v i n g  m o d e l - t h e o r e t i c  t e c h n i q u e s .

It  i s  t h e  p u r p o s e  o f  t h i s  w o r k  to i n t r o d u c e  a  f o u r t h  a p p r o a c h  to t h e  G o l d b a c h  

c o n j e c t u r e ,  n a m e l y ,  o n e  in v o lv in g  a b s t r a c t  w o r d - t h e o r e t i c  t e c h n i q u e s  

c o n c e r n i n g  G o l d b a c h  s e n t e n c e s  in  a b s t r a c t  a r i t h m e t i c s  £X^(A) (k > 0) on  

c o m m u t a t i v e  f r e e  m o n o i d s  w i th  a n  i n f i n i t e  n u m b e r  of g e n e r a t o r s .  T o  a  

d e g r e e ,  o u r  a p p r o a c h  h a s  c o n t a c t s  w i th  e a c h  o f  t h e  a b o v e - m e n t i o n e d  

a p p r o a c h e s .  G o l d b a c h  s e n t e n c e s  in  a r i t h m e t i c  ^ ^ ( A )  (k > 0) c o r r e s p o n d  

e x a c t l y  to  t h e  u s u a l  G o l d b a c h  c o n j e c t u r e  in  c e r t a i n  a r i t h m e t i z a t i o n s  o f

aV>.
A m o n g  v a r i o u s  o t h e r  r e s u l t s ,  w e  sh o w  the  f o l l o w i n g .  (1) F o r  a n y

k  > 0, i f  a  G o l d b a c h  s e n t e n c e  i s  a  t h e o r e m  in  a r i t h m e t i c  A),  t h e n

th e  G o l d b a c h  c o n j e c t u r e  i s  t r u e .  (2) F o r  a n y  k  > 0, if  a l l  G o l d b a c h

s e n t e n c e s  i n  a n  a r i t h m e t i c  ( jt^(A) a r e  i n d e p e n d e n t  o f  Q.^{A), t h e n  th e
.o kG o l d b a c h  c o n j e c t u r e  i s  i n d e p e n d e n t  of a r i t h m e t i c  CL (A).  (3) F o r  an y

k  > 0, t h e r e  a r e  a n  i n f i n i t e  n u m b e r  of d i f f e r e n t  G o l d b a c h  s e n t e n c e s  in  e a c h  

a r i t h m e t i c  (A).  (4) We g iv e  a  g e n e r a l  c l a s s i f i c a t i o n  of a l l  G o l d b a c h

s e n t e n c e s  i n  e a c h  a r i t h m e t i c  ^ ^ ( A )  (k  > 0).  (5) F o r  a  c e r t a i n  c o n s t a n t

(3 > 3,  t h e r e  e x i s t  G o l d b a c h  s e n t e n c e s  i n  a n  i n f i n i t e  n u m b e r  of a r i t h m e t i c s
Ic'" 1cQ  (A) (k > (3 ) w h i c h  a r e  i n d e p e n d e n t  o f  Ct (A) (k > r e s p e c t i v e l y .

”  k( 6 ) W e  s h o w  t h a t  a r i t h m e t i c s  CL (A) (k  > 0) a r e  s i m u l t a n e o u s  a b s t r a c t i o n s

o f  b o th  th e  m u l t i p l i c a t i v e  a r i t h m e t i c  o f  t h e  p r i m e  n u m b e r s  a n d  th e

a r i t h m e t i c  of  p a r t i t i o n s  ( p a r t i t i o  n u m e r o r u m ) .  (7) We show t h a t  t h e r e

e x i s t s  a  weakened form o f  t h e  Goldbach c o n j e c t u r e  which i s  f a l s e .
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CHAPTER I

HILB LuT-AC 1'dPuiA rii'i NUmnSh-Si STS/AS

§ 1 . 1 .  H i lbe r t -A ckerm ann  f u n c t i o n s

As in. C4>£)> t h e  H i lbe r t -A ckerm ann  f u n c t i o n s  £ ( x ,y )  - x y ,

^ ( x fy ) ,  . . .  a r e  d e f i n e d  by tbe  f o l l o w i n g  e q u a t i o n s  f o r  k ^  1 :

\  ( x , 0 ) =  1 , 
k*l
( x , y + l ) = \  ( x ,  t  ( x , y ) ) .

V i  K V l

Y<e a l s o  i n c lu d e  ^ ( x ,y )  -  x - y  t o  t h e  n i lb e r t - A c k e rm a n n  f u n c t i o n s .
Jo

Vi e i n t r o d u c e  th e  complementary nun b a r - s y s t e m s  (k  W 0) as

fo l l o w s :

Qk | x > l ,  y > l  } ( k > 0 ) .

1 . 1 . 1 .  Lemma. Q*y>Q* +1 (k £  0 ) .

The p r o o f  i s  by i n d u c t i o n .  C l e a r l y ,  2> Q1, s i n c e  e v e ry  element 

o f  Q i s  no t  a  prime number.  Next, suppose  f o r  some k t h a t  Q d .

I n  t u r n ,  assume t h a t  z -  $ ( x , y ) . I f  y =  2 th e n  z ^  (x ,2 )  and
J A + Z } K+ 2

z £  QKtJ , s i n c e  £ ( x ,x )  = z .  I f  y  -  w -v 1 t h e n  z = ^ (x,v(T l )
K.i W.x

and a (- , s in c e   ̂ (x ,  ^ K + i (x Jw) ) = ^  (x,w + l ) .  T h e re fo re ,

QK" 3 $ * 2.

1 . 1 . 2 .  Lemma. For k i  0 ,  wa have A G  QK *

Since  A i s  n o t  a pr ime number,  vre nave A G Q° . A lso ,  ^  ( 2 , 2 ) j= A,

hence A £  Q*. Suppose now t n a t  ^ ( 2 , 2 ) -  A. Then ̂  t( 2 ,2 )  =  ^ ( 2 , ^  ^ 2 ,1 ) )

=  ( 2 , 2 ) -  A. T h e r e f o r e ,  i f  A <cr Q* t h e n  A &
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1.1. 3.  L e m m a .  F o r  k > 1 a n d  x  > 2,  £, (x, y) > 0.
— — k

y
F o r  x  > 2,  £ (x, y) = x  > 0 .  S u p p o s e  £ {x, y) > 0 f o r  s o m e  k .

— 1 K
T h e n  ^ ^ ( x ,  0) = 1 > 0 a n d  £k + 1U ,  y+1) = £fc(x,  l k+1(x . y)) > 0 by  th e  

i n d u c t i v e  h y p o t h e s i s .

1 . 1 . 4 .  L e m m a .  F o r  k > l  a n d  x  > 2, if  £, {x, y) = £, (x, 0)
— -  K k

t h e n  y  = 0 .

y  0C o n s i d e r  th e  c a s e  k  = 1. C l e a r l y ,  i f  x  = x  t h e n  y  = 0. A s s u m e

t h a t  t h e  l e m m a  i s  t r u e  f o r  s o m e  k  a n d  a s s u m e  t h a t  £ ( x , y )  = £ >itx < ^)*k +1 k +1
I f  y > 0 t h e n  y  = z+1. T h e r e f o r e ,  £ (x , z+1) = £ (x;, 0) = £ (x, 0), i .  e . ,

k t I Kt I K
£ (x, £ (x,  z)) = £ (x, 0 ), a n d  by  th e  i n d u c t i v e  h y p o t h e s i s  £ (x,  z) = 0 .K Kt I k  Kt I
H o w e v e r ,  t h i s  c o n t r a d i c t s  L e m m a  1 . 1 . 3 .  C o n s e q u e n t l y ,  w e  m u s t  h a v e  

y  = 0 .

1 . 1 . 5 .  L e m m a .  F o r  k  > 1 a n d  x  > 2 ,  if  £, (x, y) = £, (x, z) t h e n  y = z.— -  k  K

F i r s t ,  c o n s i d e r  t h e  c a s e  k  = 1. I f  £^{x, y) = £^(x, z), i . e . ,
y zx  = x  , t h e n  c l e a r l y  y = z .  A s s u m e  t h a t  the  l e m m a  h o ld s  f o r  s o m e  k.

In  t u r n ,  l e t  £ (x, y) = £. , . (x ,  z).  I f  y = z t h e n  c l e a r l y  th e  l e m m a  i sk +1 k +1
t r u e .  I f  y  > z an d  z = 0,  w e  h a v e  y = 0 by L e m m a  1 .1 .4 ,  C o n s e q u e n t l y ,  

t h e r e  a r e  y^ a n d  s u c h  t h a t  y = y^+1, z = z^+1 a n d  y^ > z^. F r o m

^k+l^X' y l +1  ̂ ” ^k+l^X’ Zl +1^’ WS o b t a i n  ^ X’ ^ k + l ( x ’ Yl ^  = ^ X’ ^k+l^X’ Zl ^  
a n d  by  th e  i n d u c t i v e  h y p o t h e s i s  £k .jq(x > Yj) = £k+l^X' Z]+  R eP e a t in g  t h i s

z - t i m e s  w e  g e t  £1 ( x , y - z )  = £ (x,  0).  T h e n ,  b y  L e m m a  1 . 1 , 4 ,  w e  h a v e
k +1 k +1

y - z  = 0, i . e . ,  y = z.  T h e  c a s e  y < z i s  c a r r i e d  o u t  s i m i l a r l y .

1.1. 6 . L e m m a .  F o r  k  > 1, x  > 2 a n d  y  > 2, w e  h a v e  (1) £^_(x, y) > y+1

a^ d  (2 ) £k (x,  y) > ^ ( x ,  y - 1) + 1.

y
We c o n s i d e r  the  c a s e  k  = 1. W e  h a v e  to  p r o v e :  (i) x  > y+1 f o r  

V y -1x  > 2 a n d  y > 2;  (ii) x  > x  + 1  f o r  x  > 2 a n d  y > 2.  F i r s t l y ,  th e
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<L n
r e l a t i o n  x  > 3  f o r  x  > 2 i s  c l e a r .  A s s u m e  t h a t  x > n+1 f o r  x  > 2

a n d  n  > 2. T h e n  x*1^  = x*1, x  > (n+l)x  > 2(n+l) > n+2. T h i s  p r o v e s  (i) .
” 2 n n -1

C l e a r l y  x  = x* x  > x- 2 = x+x  > x+1. A s s u m e  x  > x  + 1 .  T h e n
n +1 n  ^ , n - f  , ,  n  n  ,x  = x  • x  > (x  + l)x  = x  +x > x  +1. T h i s  p r o v e s  (n ) .

In  t u r n ,  f o r  s o m e  k,  l e t  (1) a n d  (2) of  the  l e m m a  be t r u e .  C l e a r l y ,

^k+l^x ’ = ^k+l^X) (y_1)+1) = ^ X’ ^k+l^X’ y ~1^ ‘ F r o m  U)> by  th e  in d u c t iv e
h y p o t h e s i s ,  we  o b t a i n  £ (x, y) > £ {x, y-1) + 1. T h i s  p r o v e s  (i i ) .  OnK+i Kt I
t h e  o t h e r  hand ,  by  (2 ), w e  g e t

(3) £k+ 1(x, y) > ^k+1(x » y _1) + 1 •

S i n c e  6k+1(x . Y~l) = 6k (x > ^k +l^X’ y ~2 ^  ŷ  -  we  o b ta in

^ k + l t x ' y ' 1) > ^ k + l t x ’ y_1) + lf i ‘ e ”  ^ k + l ( x ’ y) > ^ k + l (X) y " 2) + 2 ’ by 
F o r  y  = 2, t h i s  g i v e s  £k+]j x ,  2) > £k + 1(x ,  0) + 2 = 3, i . e . ,

£1 (x, 2) > 2 + 1. L e t  £ (x, n) > n+1. By (3) we  t h e n  o b t a i nK+1 K+1
£k +l(x,  n+1) > £k+1(x > n) + 1 > (n+!) + i* e - » ^k+l^X’ Y* > y+1‘

1. 1. 7.  L e m m a . F o r  k > 1, x  > 2, z^ > 2 a n d  z^ > 2, if

! k (x,  Zj) = i k+1(x. z2 ) t h e n  ^  > z ^

S in c e  z^ > 2,  l e t  z^  = + 1. C o n s e q u e n t l y ,  we  h a v e

£k (x > = ^k+l^X’ z 3 +1  ̂ = ^ X’ ^k+l^X' Z3 ^ ’ By L ,e m m a  i - 1- 5 * w e  o b t a i n
z = £ (x, z ), a n d  by  L e m m a  1.1.  6 , w e  g e t  z > z +1. T h e r e f o r e ,

X KtI  j  L j

W

1.1. 8 . L e m m a . F o r  x  > 2 an d  k  > 1, £^ (x, y) = x if  a n d  o n ly  i f  y  = 1.

L e t  y = 1. T h e n  £ (x,  1) = x.  A s s u m e  t h a t  £ (x, 1) = x.  T h e n
1 K

W (x,1) = y x ’ ^ k + i ( x ’ 0)) = £k (x ,1) = x -
On the  o t h e r  h a n d ,  a s s u m e  t h a t  £ (x,  y) = x.  F o r  k  = 1, w e  h a v eKy

x  = x  a n d  s i n c e  x  > 2 t h i s  g i v e s  y = 1. S u p p o s e  t h a t  f o r  s o m e  k  > 1, 

i f  £k (x > y) = x  t h e n  y  = 1. L e t  ^k+l^x ’ y ) = x ’ c a n n ° t  h a v e  y = 0,

s i n c e  £ ,(x ,  0) = 1. T h e r e f o r e ,  l e t  y  = y + 1 .  T h e n  we h a v eK+1 1
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an d  we l e t

r- i  (k)
w l< r < l Xr  " X1 ’

X = £ (x * 7 ? ^  x  )
1—*l<r</i+l r  V  ju+1* u->l<r<ju r '  ’

C?(°) = TT
*“ *l<r<qXr  Def  ' ' l< r< / jXr

W hen u s i n g  e l e m e n t s  in the  H i l b e r t - A c k e r m a n n  n u m b e r - s y s t e m s  

p k ,  a  c o n v e n i e n t  n o t a t i o n  f o r  tke  fo l low ing  c o n c a t e n a t i v e

n o ta t io n :

(k) (k) (k) (k) r- ,(k) (k)
Pi  Pi  • ' ' Pi ,  Pi ,  =D ef  i l < r < K Pi (k i  °> ’H fu-1 2 1 = = r

F o r  e x a m p l e ,  = P- x  P. x  P. ( o r d i n a r y  m u l t i p l i c a t i o n )
\  L2 X3 \  *2 *3

p!1,p !1)p!1) = I J p ^ j  £-i (P-^»P.^))  ( o r d i n a r y  e x p o n e n t i a t i o n ) ,  a n d  so on.  
l l 1Z X3 1 12 X3

We r e c a l l  [ 8 , 9 ]  th e  a u t h o r ' s  un ique  r e s o l u t i o n  t h e o r e m s  w i th

r e s p e c t  to the  H i l b e r t - A c k e r m a n n  n u m b e r - s y s t e m s :

1 . 2 . 4 .  T h e o r e m .  F o r  a n y  k > 0, e v e r y  p o s i t i v e  i n t e g e r  n > 1 c a n  be
, . . , (k) (k) (k)u n i q u e l y  e x p r e s s e d  m  unique o r d e r  a s  n = p. p. . . .  p. ,

(k) (k) (k ) ( = p k 11 "2 vw h e r e  p. , p. , . . . , p. £  P  .
l l  X2 V

T h i s  t h e o r e m  w a s  p r o v e d  by  th e  a u th o r  u s in g  n o n c o m m u t a t i v e  f r e e  

m o n o i d s  w i th  a n  in f in i t e  n u m b e r  o f  g e n e r a t o r s .

N o te ,  we can  e x p r e s s  th e  f a m i l i a r  p r i m e - n u m b e r  u n iq u e  r e s o l u t i o n  

t h e o r e m  a s  fo l low s :

1. 2. 5. T h e o r e m . F o r  k = 0, e v e r y  p o s i t i v e  i n t e g e r  n > 1 c a n  be u n iq u e ly
, (k) (k) (k)e x p r e s s e d  m  n o n u n iq u e  o r d e r  a s  n = p. p. . . . p. ,

t, (k) (k) ,  k 11 XZw h e r e  p. , . . . , p. £  P  .
1 ju

We co n c lu d e  t h i s  s e c t i o n  w i t h  a  s h o r t  T a b l e  of  s o m e  i n i t i a l  e l e m e n t s
0 1 2  3in  th e  H i l b e r t - A c k e r m a n n  n u m b e r - s y s t e m s  P  , P  , P  a n d  P  , in w h ic h  

th e  r o w s  c o n t a i n  e q u a l  n u m b e r s :
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£k+ 1(x, Yj+l) = x,  i .  e .  , ^k (x, l k+1(x » y L)) = x - By the  i n d u c t i v e  h y p o t h e s i s ,

w e  g e t  £k k |^x ' Yj) = 1 = ^ k + l ^ ’ By L e m m a  1 .1 .5 ,  w e  o b t a i n  = 0, 

i .  e .  , y = 1.

k
1 , 1 . 9 .  P r o p o s i t i o n . F o r  a n y  k  > 0, Q i s  i n f i n i t e  a n d  h a s  a n  i n f in i t e

c o m p l e m e n t .

T h e  s e t  t r i v i a l l y  s a t i s f i e s  t h e  t h e o r e m .  F o r  k  > 1, s i n c e

= {£ (x, y) j x  > 1, y > 1} an d  £ (2, 2) > 0 by L e m m a  1.1.  3, w e  o b t a i nK K
th e  i n e q u a l i t y  £ (x, y+1) > £ (x, y) + 1 f o r  x  > Z a n d  y > 1, by v i r t u e  ofK K — —
(2) of L e m m a  1 . 1 . 6 .  T h e r e f o r e ,  £k ( 2 , y )  i s  a  m o n o t o n i c a l l y  i n c r e a s i n g

s e q u e n c e  s u c h  t h a t  b e t w e e n  £ (2 , y) a n d  £ {2 , y+1) t h e r e  i s  a t  l e a s t  one
k  O k

p o s i t i v e  i n t e g e r .  T h i s  p r o v e s  t h a t  Q i s  i n f i n i t e .  S in c e  Q G  Q (k > 1),
0 k

th e  c o m p l e m e n t  o f  Q i s  c o n t a i n e d  i n  t h e  c o m p l e m e n t  of Q (k > 1). S ine
0 kth e  c o m p l e m e n t  o f  Q i s  i n f i n i t e ,  i t  f o l l o w s  t h a t  e v e r y  c o m p l e m e n t  o f  Q

i s  a l s o  i n f i n i t e .

1. 1.10.  L e m m a . F o r  k  > 1, x  > 2 a n d  y  > 1, we  h a v e  £k (x ) y) > 2.

T h i s  l e m m a  f o l l o w s  f r o m  L e m m a  1. 1. 6 .

1. 1.11. L e m m a . F o r  k  > 1, x > 2 a n d  y > 2, we  h a v e  6k (x » Y) > x *

y 2F o r  k = 1, we  h a v e  x  > x  > x ,  s i n c e  y > 2 a n d  x  > 2 .  L e t

th e  l e m m a  h o ld  f o r  s o m e  k .  T h e n ,  b y  L e m m a  1.1 .10,

£k +i(x * <y-i) + i) = 6k(x > ^k+i^x ’ y-1^ and ^k+i^x , y "15 = By the inductive
h y p o t h e s i s ,  £ {x, z) > x  i f  x >  2 a n d  z > 2 , c o n s e q u e n t l y  £ (oc, y ) > x.

1C “ — iCt 1

1. 1.12.  L e m m a . F o r  s o m e  k  > 1, x  > 2,  > 2, > 2 a n d  n  > 1, i f

6 k (x - z l> = W Xl z 2 > th 6 n  W

F o r  n  = 1, th e  l e m m a  i s  t r u e  by  v i r t u e  o f  L e m m a  1 .1 .7 .  A s s u m e  

t h a t  t h e  l e m m a  i s  t r u e  f o r  s o m e  n,  a n d  l e t  £ (x, z ) = £ Xl(x > S ineK X Kt IItI u
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I k+n+i(x » z 2 > = ^k+n^X> ^k+n+l^X’ Z2 _1^ ’ W0 o b ta in  L e m m a  1* !• 10
£, , ( x , z  -1) > 2 a n d  z, > £.. , (x ,  z -1). We h a v e  to c o n s i d e r  the  c a s e s

k+n+1 2 = 1 k+n+1 2
z ^ >  Z and z^ = 2.  If  z^ > 2, t h e n  by (1) of L e m m a  1.1. 6 we o b t a i n

£, ( x , z - l ) > { z - l ) + l  = z ,  i . e . ,  z > z_.  N ex t ,  a s s u m e  t h a t  z = 2.k+n+1 2 2 2 1 2 2
T h e n  z > £ (x , 1) = x .  S ince  x > 2 ,  we o b ta in  z > 2, i . e . ,  z > z .

1 k + n +1 = 1 i d

1.1.13.  T h e o r e m . I f  n ^ 4, t h e n  t h e r e  e x i s t s  a k  su ch  t h a t  n ^  Q and

n ^  Qb f o r  a l l  h  > k.

k 0S u p p o se  t h a t  n £ Q  for a l l  k  > 0.  S ince  n £ Q  , t h i s  m e a n s  th a t

n i s  not a  p r i m e  n u m b e r .  M o r e o v e r ,  t h e r e  i s  a  doub le  s e q u e n c e  (u , v^),

w h e r e  u. > 2 a n d  v. > 2, s u ch  t h a t  n = £ . ( u . , v .)  (i > 1). By L e m m a  1.1. 6 
x = 1 = 1 1 1  =

a n d  L e m m a  1 .1 .10,  n > v.+l and  n > u (i > 1). C o n s e q u e n t ly ,  a n  in f in i te

n u m b e r  of the  v. m u s t  be eq u a l  a n d  a l s o  a n  in f i n i t e  n u m b e r  of the  u.
i ^ i

m u s t  be e q u a l .  T h e r e f o r e ,  t h e r e  i s  a n  in f in i te  n u m b e r  of i n d i c e s  

i < i„ < . . . a n d  two f ix e d  n u m b e r s  s a n d  t s u c h  th a t  £, ( s ,  t) = n
1 2  *i a

{a > 1). F r o m  £. ( s ,  t) = £, (s ,  t) (i < i ), by L e m m a  1.1.12 we* o b ta in  th e  
\  *2 1 L 

c o n t r a d i c t i o n  t > t.

§1.2.  H i l b e r t - A c k e r m a n n  n u m b e r - s y s t e m s
ItWe i n t r o d u c e  th e  H i l b e r t - A c k e r m a n n  n u m b e r - s y s t e m s  P  (k > 0) 

a s  follows:

^  =Def  N l 2 ) x Q k  (k I  °)

(2 ) kw h e r e  N = {2, 3, 4, 5, . . .  }. We d e n o t e  the  e l e m e n t s  of P  a s :

k . (k) (k) (k) . „
P  = ̂ P1 , P 2 ' P3 ' * * ‘  ̂  ̂ J *

We in c l u d e  th e  s e t  of a l l  p r i m e  n u m b e r s  a s  a  H i l b e r t - A c k e r m a n n  

n u m b e r - s y s t e m ,  w h i c h  we den o te  a s :

0 _ (0 ) (0 ) (0 )
■P -  lP^ > » P3 > * * * /  i
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where ti ie ca se  oi  Pr ^‘ue numbers i t  i s  co n v en ie n t  bo derots

them a l s o  a s  f o l l o w s :

? " P * P̂  t y * * •  ̂ •

1 , 2 . 1 . Theorem. ? k CL ? K'*'L (x 0 ) .

Th is  theorem fo l lo w s  from Lemma 1 . 1 . 1 .

1 . 2 . 1 . 1 .  C o r o l l a r y .  P° C  ? K (k £  1)

1 . 2 , 1 . 2 .  C o r o l l a r y . I f  m e n ,  tn e n

{ p ' " 1 , , . . . } c  {  p f ’ . p;"> ,

I i ‘ |  , . . .  |  [  p ;u l  , o . 1 ‘ , . .  • , where p ' r"’ -  p.''1'
i - 3  K

t h e n  we say t h a t  P m i s  w r i t t e n  i n  t h e  numbering of  ? n , atv- we denote

t h i s  renumbering a s  [ P m] 0 and deno te  th e  e l em en ts  of a s

1 . 2 . 2 .  Theorem. For every p o s i t i v e  i n t e g e r  n  yt 1 and n .£ 4., t h e r e
k ke x i s t s  a  k such  t h a t  n <2- P and n 6  ?  '  f o r  e l l  h >  k .

Th is  theorem f o l l o w s  from Theorem 1 . 1 , 1 3 .

1 . 2 . 3 .  P r o p o s i t i o n . For any k > 0 ,  t h e r e  e x i s t  an i n f i n i t e  number 0 :
Kp o s i t i v e  i n t e g e r s  winch a r e  no t  c o n ta i n e d  i n  P

This  p r o p o s i t i o n  fo l low s  from P r o p o s i t i o n  1 . 1 , 3 .  

fie d e f in e  t h e  a r i t h m e t i c a l  c s a i n s

1—
( n i )

by t h e  fo l lov / ing  e q u a t io n s  f o r  k > 1 :
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§1.3 .  B r u n  n u m b e r - s y s t e m

We i n t r o d u c e  th e  B r u n  n u m b e r - s y s t e m  B a s  f o l l o w s :

B =D ef  { x | x  £ 1, x  = p.  p.  . . . p. , p. , p. , . . . , p.  e  P ° ,  1 < iu < 9} .
1 2  /u 1 2  /u

We c a l l  t h e  e l e m e n t s  i n  B th e  B r u n  a l m o s t - p r i m e  n u m b e r s .

I n  o r d e r  to  p r o v e  a  r e l a t i o n  b e t w e e n  th e  B r u n  n u m b e r - s y s t e m  a n d

th e  H i l b e r t - A c k e r m a n n  n u m b e r - s y s t e m s  w e  n e e d  the  f o l lo w in g  l e m m a s .

(k) (k) (k)
1. 3 .1 .  L e m m a . F o r  a n y  k > 0 a n d  r  > 1, i f  n  = p. p. . . .  p. , w h e r e

(k) (k) i 1]r l r - l  ^p. , . . . .  p. a r e  no t  a l l  e q u a l ,
1 r

t h e n  n € P k+1.

L e t  th e  a s s u m p t i o n  o f  t h e  t h e o r e m  h o l d .  On th e  s t r e n g t h  of T h e o r e m

1 . 2 . 4 ,  l e t

(k+1) (k+1) (k+ 1)
n = p; p. . . .  p . (s  > 1) .

J s J s -1 h

We s h a l l  show  t h a t  s = 1. F o r  c o n v e n i e n c e ,  l e t  p ^ * ^  = p f ^ ^  ancj l e t
(k+1) (k+1) M J sy = p ,  . . .  p. . C o n s i d e r
J s -1 J1

_ (k) (k) (k) _ (k+1)n — p. p. . . .  p. — p y
1 1 i xi Mr  r -1 1

a n d  i n  t u r n

t  , (k) (k) (k). . , (k+1) . t  . (k+1) (k+1)
^k (p i ’ Pi  , * * * p h  > = W p q ' y) = ^  ’ W pju ' Y-1)) *r  r -1 1

O n t h e  s t r e n g t h  o f  T h e o r e m  1 . 2 . 4 ,  l e t

(k+1) _ (k) (k) (k)
P -  Pv, Pl * * • Pu
M ht ht -l 1

C o n s e q u e n t l y ,  w e  h a v e

m e iJk> J k> Jkh -  £ /„<kU k> „<k> £ i„<k+l> v -m(1) gk(Pi .Pi  . . .  Pi ) -  Ik(ph Ph ■■■ Ph ■ 5k+1(p . y - i »  •
r  r -1 1 t t -1 1
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A ga in ,  b y  T h e o r e m  1. 24 ,  we m u s t  h a v e

(k> _ „ (k)  „(k) _ J k )  J k )  = „(k)
i = P h  ’ Pi = P h  ,  Pi, = P h, *r  t r -1 t -1 1 1

T h e r e f o r e ,  f r o m  (1), i t  f o l l o w s  t h a t

(k+1)
^ k +1 ju , y _ )

an d  by  t h e  d e f in i t i o n  o f  H i l b e r t - A c k e r m a n n  f u n c t i o n s  i t  fo l l o w s  t h a t
(k+1) k +1

y-1 = 0  o r  y = 1, i .  e .  , s = 1. H e n c e ,  n = p a n d  n  G P

1 . 3 . 2 .  L e m m a .  F o r  a n y  r  > 1, i f  g c d (a  , a , . . . , a  ) = 1 a n d— i 2 r
Q1 Q2 a rn = p. p. . . .  p. , w h e r e  i , , . . . , i a r e  a l l  d i s t i n c t ,i. i_ i 1 r
1 2 r

t h e n  n  €. P^.

l 1 1 yA s s u m e  t h a t  n  ^  P  . H e n c e ,  n £ Q a n d  n  = £^(x, y) = x  (x  > 1, y  > 1)

by the  d e f i n i t i o n  of q \  By  the  o r d i n a r y  u n iq u e  f a c t o r i z a t i o n  T h e o r e m  1 . 2 . 5 ,

we h a v e

P, P-> P a a.v 1 2  r  v 1 r
x y = ( p  p . . .  p. ) = p. . . . p.

1 2  r  1 r

and  f r o m  y  > 1, we o b t a i n  the  c o n t r a d i c t i o n  t h a t  gcd(a^ ,  . . . , a^)  1.

a i a r  61 . 3 . 3 .  L e m m a . F o r  a n y  r  > 1, i f  gcd(a^ ,  . . . , a^) = 1, n = (p^ . . . p^ ) ,

iw h e r e  B & P  a n d  i  , . . . ,  i a r e  d i s t i n c t ,  a n d
1 ra.. a

1 r  2
p. . . .  p. £ p,  t h e n  n  £ P  .

\  \

By L e m m a  1 . 3 . 2  an d  t h e  a s s u m p t i o n  o f  the  t h e o r e m ,  we o b t a i n

"̂1 a r  1 q \  (1)
p. . . .  p. £  P  . L e t  p  = p. . . .  p. a n d  p^ = [3, C o n s e q u e n t l y ,  w e

^  a.l r  a ^  11 Xr
h a v e  {p,  ̂ . . .  p. r )^ = p ^ p ^ .  S in c e  p ^  £ p ^  b y  a s s u m p t i o n ,  w e  o b t a i n

*1 1r  ^  ^

p(l)p(l )  ^  p ^   ̂ i . e . ,  n ^ P ^ i  by v i r t u e  of  L e m m a  1. 3 .1.
JS
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1. 3. 4 .  L e m m a , F o r  a n y  r  > 1 a n d  k  > 0,
. , (k) .= (k) (k) "  (k) . (k)
£1 n t P  » r ) = P P . . • p (p r - t i m e s ) .^ k +1 r /d ij, r fj. fj.

T h i s  l e m m a  f o l l o w s  d i r e c t l y  f r o m  th e  d e f i n i t i o n  of  H i l b e r t -  

A c k e r m a n n  f u n c t i o n s .

1 . 3 . 5 .  L e m m a . F o r  a n y  P ^ ,  w e  h a v e  th e  fo l l o w in g  p r o p e r t i e s :

(1) i f  n  = 1 ,6 ,  8 , 9  t h e n  £ (p , n ) £ p 2 ( (2) i f  n =  3 , 5 , 7
^  7a n d  p^  ^ n  t h e n  £ ^ ( p ^ , n ) £ P  , (3) i f  p^  = 3 , 5 , 7  t h e n

M P u . P j £ p 3 . ( 4 ) "  ' n i Z  t h S n  ^ l tP u ' 4 ^ p 2 > (5 > i f
p^ = 2 t h e n  y P M, 4 ) 6 P 3 .

F o r  p r o p e r t y  (1), s i n c e  8 = £ (2, 3),  9 = £. .(3 ,2) a n d  6 £  p \  w e  
-  2h a v e  £ (p , n ) € P  by  L e m m a  1. 3 .1 a n d  T h e o r e m  1. 2 .1 .

0 2 
F o r  p r o p e r t y  (2), s i n c e  n £ P  a n d  p  £ n,  w e  h a v e  £ (p , n) €  P[d A /A

by  L e m m a  1 . 3 . 1 .

F o r  p r o p e r t y  (3), s i n c e  L { p  , p  ) = £U(p , 2 )  b y  L e m m a  1 . 3 . 4 ,  we 
^ 1 M /A 2 fj,

h a v e  £ ( p  , p  ) € P  by  L e m m a  1. 3 .1 .  
1 u  U(JL fd
F o r  p r o p e r t y  (4),  s i n c e  ^ ( p ^ ,  4) = ^ ( p  , ^^(2, 2)}, w e  h a v e  

£ (p , 4 ) £  P ^  by  L e m m a  1 .3 .1 .
X

F o r  p r o p e r t y  (5), we  h a v e  £ ^ 2 ,  4) = £ ^ 2 ,  £ ^ 2 ,  2)) = £2 (2, 3) a n d  

£ ^ ( 2 , 3 ) ^ ? ^  by  L e m m a  1. 3. 1.

3
1 . 3 . 6 .  T h e o r e m . B C  P  u  {4}.

In  a c c o r d a n c e  to B, w e  h a v e  to  c o n s i d e r  a l l  p o s s i b l e  p r o d u c t s  of  

t h e  f o r m

a, a_ a
1 2  r

p. p. . . . p. (1 < r  < 9) ,
1 2 r

w h e r e  r  < a.  + a_ + . . . + a < 9 ( l < r <  9). W h e n  r  s a t i s f i e s  2 < r  < 9, = 1 2  r =  = =  = =
w e  c l e a r l y  h a v e  th e  g r e a t e s t  c o m m o n  d i v i s o r s  g c d (a  , a  , . . . , a ) = 1, 2,  3

i. u I*

T h e r e  a r e  96 d i f f e r e n t  p o s s i b i l i t i e s  to  c o n s i d e r  a n d  w e  d i s p o s e  o f  t h e m  a s

o r  4 .
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fo l l o w s .

(i) T h e  B r u n  a l m o s t - p r i m e s  w h e r e  r  s a t i s f i e s  2 < r  < 9 and. t h e

g r e a t e s t  c o m m o n  d i v i s o r  g d c ( a  , a  , . . . , a  ) i s  e q u a l  to 1, 2 o r  3 
1 2  1 2  r

b e lo n g  to P  o r  P  by  L e m m a  1. 3. 2 a n d  L e m m a  1. 3.  3 a n d  h e n c e  b e lo n g  
3

to P  by  T h e o r e m  1 . 2 . 1 .

(ii) T h e  B r u n  a l m o s t - p r i m e s  w i t h  p r o p e r t y  gcd{a  , , . . , a  ) = 4
4 4 r

t u r n s  ou t  to  be  a  s in g l e  c a s e ,  n a m e l y ,  p. • p. = £.(p.  P. . £ , (2 ,2 ) )  a n d  by

h  2 ^  ' 2 3L e m m a  1 . 3 . 2  a n d  L e m m a  1 . 3 . 1  i t  b e l o n g s  to  P  , a n d  s o  i n  P  by

T h e o r e m  1 . 2 . 1 .

( i i i)  W i t h  the e x c e p t i o n  o f  £ ^ ( 2 , 2 ) £  B, a l l  th e  B r u n  a l m o s t - p r i m e s

Q1
w i t h  r  = 1, i .  e .  , p. (1 < a  < 9),  a r e  e x a c t l y  a c c o u n t e d  f o r  by L e m m al

2 3
1 . 3 . 5 ,  w h i c h  m e a n s  t h a t  t h e y  a r e  e i t h e r  i n  P  o r  P  a n d  t h e r e f o r e  i n  

3
P  by T h e o r e m  1 .2 ,1 .

3
(iv) T h e  f i n a l  c a s e  £^(2 ,2 )  = 4 c e r t a i n l y  s a t i s f i e s  4 £ P  u  {4}.

F r o m  th e  a b o v e ,  i t  f o l l o w s  t h a t  a l l  e l e m e n t s  in  B a r e  c o n t a i n e d  in
3 3 3

P  U {4}. On  th e  o t h e r  h a n d ,  i t  i s  c l e a r  t h a t  B^6 p  W { 4 ) ,  s i n c e  P

c o n t a i n s  p r i m e - n u m b e r  p r o d u c t s  of l e n g t h  g r e a t e r  t h a n  9.

§1.4 .  P a r t i t i o n  n u m b e r  s y s t e m s

■Let S d e n o te  a n y  s e t  o f  p o s i t i v e  i n t e g e r s .  We d e f in e  the  

p a r t i t i o n  n u m b e r - s y s t e m s  G(S) by  th e  fo l lo w in g  t h r e e  c o n d i t i o n s :

(1) F o r  a n y  s , s £  S, i f  S.. + S-, i s  a n  e v e n  n u m b e r ,  t h e n  s + s ? € G ( S ) .
1 L 1 & 1 u

(2) I f  e t  G(S) ,  t h e n  e i s  a n  e v e n  n u m b e r  a n d  e = s +s  f o r  s o m e
JL w

s , s <=. S .  (3) G(S) c o n t a i n s  o n ly  the  e l e m e n t s  p r e s c r i b e d  by c o n d i t i o n s

(1) a n d  (2 ).

I n  o t h e r  w o r d s ,  G(S) c o n s i s t s  o f  a l l  ev en  o r d i n a r y  s u m s  s ^4s^ ,

w h e r e  s a n d  s a r e  i n  t h e  s e t  S.X U
L e t  E  d e n o te  t h e  s e t  of  a l l  e v e n  n u m b e r s  g r e a t e r  t h a n  th e

m
p o s i t i v e  i n t e g e r  n.

4 0B y  o r d i n a r y  a r i t h m e t i c ,  w e  c l e a r l y  h a v e  E  2 G ( P  \ { 2 } ) .  T h e



G o l d b a c h  c o n j e c t u r e  c l a i m s  th a t  t h e  fo l l o w i n g  r e l a t i o n  h o l d s :

E 4  = G ( P ° \ { 2 } )  .

We now s t a t e  a  c o r o l l a r y  o f  a  w e l l - k n o w n  t h e o r e m  d u e  to B r u n  [1]:

1 . 4 . 1 .  T h e o r e m . T h e r e  e x i s t s  a  p o s i t i v e - i n t e g e r  c o n s t a n t  P^, c a l l e d

the  f i r s t  B r u n  c o n s t a n t , f o r  w h ic h  w e  h a v e  th e  r e l a t i o n

E  G(B),  w h e r e  B i s  th e  B r u n  n u m b e r - s y s t e m .

T h e  fo l lo w in g  i s  a  c o n s e q u e n c e  of T h e o r e m  1 . 4 . 1 ,  T h e o r e m  1 . 3 . 6 ,  

T h e o r e m  1. 2. 2 a n d  T h e o r e m  1. 2 .1 .

1 . 4 . 2 .  T h e o r e m . T h e r e  e x i s t s  a  c o n s t a n t  p ^ 3 » c a l l e d  t h e  s e c o n d  B r u n

c o n s t a n t , f o r  w h i c h  w e  h a v e  th e  e q u a l i t y

4  P2
E  = G ( P  \  {2}) .

F o r  a n y  k  > 0, s i n c e  G ( P  {4}) c o n t a i n s  o n l y  e v e n  n u m b e r s ,  

we  c l e a r l y  h ave

(1) E 2 5  G ( P k u  {4}).

By  T h e o r e m  1 .4 .1  a n d  T h e o r e m  1 . 3 . 6 ,  i t  f o l l o w s  t h a t

P1 3(2 ) E  C G ( P  U { 4 } ) ,

w h e r e  p^ i s  th e  f i r s t  B r u n  c o n s t a n t .  I n  t u r n ,  we  l e t

^1 2(3) E  U E  = E  ,

w h e r e  E  i s  a  f in i t e  s e t  o f  e v e n  n u m b e r s  4,  6 , 8 , . . . , 2n  < p^. B y

o r d i n a r y  a r i t h m e t i c ,  i t  f o l l o w s  t h a t  t h e  e v e n  n u m b e r s  i n  E  c a n  be

e x p r e s s e d  a s  s u m s  of two e l e m e n t s  t a k e n  f r o m  s o m e  f in i t e  s e t

I = {n , n _ ,  . . . , n } o f  p o s i t i v e  i n t e g e r s  g r e a t e r  t h a n  1. I f  t h e  s e t  I 
1 2 m



i s  n o t  c o n ta i n e d  i n  ? 3v i{4 \y  th e n  by Theore.ii 1 . 2 . 2  i t  w i l l  be c o n ta i n e d  

i n  P*cj £ 4 } f o r  some )f  >  3,  i n  o t h e r  woras,  I c  ? * o  {4V f ° r  same 

^ ^  3 .  Consequen t ly ,

(4 )  E C  G ( ? * u i 4 } ) -

3y Theorein 1 . 2 . 1  and ( 2 ) ,  we have

(5) EP' C G ( P  * u U } ) .

From (3)* (4) ana ( 5 ) ,  i t  fo l l o w s  t h a t

(6) E3* C  G ( ? * u { 4 l ) .

I n  t u r n ,  from ( l )  and ( 6 ) ,  i c  fo l l o w s  t h a t

(7) £ a  =  G(PV o { 4 » .
($} ifMext, we c o n s id e r  t n e  s e t  o f  a l l  sums o f  the  form p +  4 i n  G(?u{4}-)*

S ince  P^fV 4 =  ( 'P ^ +  2) 2 f o r  a l l  p ^ >  2 ,  i f  p’p  +  2 ^  P^ ,  t h e n  c l e a r l y

( p ^ +  2) 0  P ^  t (p(^ +  2)  +  2 6  ^(P^)  f o r  some c o n s t a n t  >  Y  , by v i r -r  f*
t u e  o f  Theorem 1 . 2 . 1  and 1 . 2 . 2 .  Combining tne  above,  s i n c e  p +  4 £ - G(P )

f*
f o r  3 f vre must have

(8) G(P*o{4V) -  G C ? ^ ) ,

by Theorem 1 . 2 . 1  and ( 7 ) .

F i n a l l y ,  c o n s id e r  t h e  s e t  of a l l  sums o f  t h e  foria p ^ +  2 i n  G{P*^),
~ f*

where ^ 2} . C l e a r l y ,  we have p + 2 -  (pfcfJ— 1) +*• 3,  where
r  r f*

o b v io u s ly  p j ^ -  1 i s  odd, 1 ^ i d  P ^ V  z * A^ain ,  i f  (p(^  — 1) ^

P ^ v f  2 } .  t h e n  c e r t a i n l y  (p^— 1} e  P ^ v f e V  . ( ? £ - 0  ■+■ 3 £r G ^ ^ s f e } )  

f o r  some c o n s t a n t  3̂ >  <T , i . e . ,  t h e  second Brun c o n s t a n t .  C onsequen t ly ,

(9) G(P<rN { 2 » -  G ( p \ { 2 ] - ) ,

by Theorem 1 , 2 . 1 ,  (8) and  E l s v [ 2 } ~  utP^N i 2 } ) . S ince  1 = 2 + 2  an*1

we e l i m i n a t e d  2 ,  from ( 7 ) ,  (3) and (9) we Ket
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E %  G ( P ^ M  2} ) ,

where Pa i s  t h e  second Brun c o n s t a n t .

1 . 4 . 3 .  T h e o re a . For any k > , where i s  t h e  second Brun

c o n s t a n t ,  we have tn e  e q u a l i t y  E 1 z  G(P* } ) .

T h i s  theorem i s  a  s imple  consequence o f  Theorea 1 . 4 . 2  and 

Theorem 1 . 2 . 1 .

Vie conc lude  t h i s  s e c t i o n  w i th  t h e  fo l l o w i n g  number-sys tem:

M { 2Pf.| p ° » t * e  P° > ^  =  2 }  ‘

1 . 4 . 4 .  Theorem, ( l )  Hi C  P * ,

(2) E*°j£ G(M).

P r o p e r t y  ( l )  i s  a  consequence o f  Lemma 1 . 3 . 2 .  For  p r o p e r t y  ( 2 ) ,  we 

c i t e  t h e  fo l l o w i n g  example.  Y/e n o te  t h a t  t h e  p o s i t i v e  i n t e g e r  30 can 

be e x p r e s s e d  on ly  by t h e  f o l l o w i n g  r e p r e s e n t a t i o n s :

?4 +  P9 ’ P5 +  ?6 * % ■*" PT *

i . e . ,  7 + 2 3 ,  1 1 + 1 9  and 1 3 “+ 17. C l e a r l y ,  no p a i r  o f  i n d i c e s  i n

p 4. p , p +  p and p 4. p a r e  b o th  prime numbers.  T h e r e f o r e ,
4 y 5 6 fe *T

0
30 ^  p 4. p f o r  a l l  p , p <z P . From t h i s ,  i t  f o l l o w s

t  ^  \  t  »
t h a t  2 -3 0  2 (p 4 - p ) and 60 i  2p 4 * 2p f o r  a l l  2o , 2p fc

r  t  C £  K ^  *

On t h e  s t r e n g t h  o f  Theorem 1.4»4» we s h a l l  v.Tite [ “ J  to  deno t ;  

t h e  s e t  M w r i t t e n  i n  t h e  numbering o f  p 1 ) .

4.



CHAPTER I I
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§2 . 1 . f lon co n ca ten a t iv e  commutative monoids

I n  a b s t r a c t  a r i t h m e t i c s  & * ( A )  i n t r o d u c e d  i n  t h e  fo l l o w i n g  c h a p t e r ,  

we work w i th  a  denuraerably i n f i n i t e  s e t  A c a l l e d  an a l p h a b e t  c o n s i s t i n g  

o f  a b s t r a c t  s i g n s  a ^ ,  a ^ , a3 , . . .  , where t h e  s ig n s  i n  q u e s t i o n  a r e  com­

b in ed  c o n c a t e n a t i v e l y ,  n o n c o n c a t e n a t i v e l y  o r  i n  bo th  ways by means o f  c e r ­

t a i n  la?/ s  o f  co m p o s i t io n .  I n  t h i s  s e c t i o n ,  w i th  r e s p e c t  t o  t h e  a b o v e -  

m ent ioned  s i g n s ,  we i n t r o d u c e  a l g e b r a i c  s t r u c t u r e s  w i th  l aw s  o f  composi­

t i o n  which a r e  no t  c o n c a t e n a t i v e .

The a l p h a b e t  A = { a ^ ,  a ^ ,  . . .  w i l l  be  our  ground a l p h a b e t  t h r o u g h ­

ou t  t h i s  p a p e r ,  he  assume t h a t  t h e  s i g n s  i c  A a r e  o r d e r e d  by  t h e  r e l a t i o n  

aj~=. a  f o r  any a  , a  e A  d e f i n e d  by a „ ^  a i f  aud o n ly  i f  M . £ y  .r r i 1 ■" ™ •

Le t  d e n o te  t h e  empty word . I t  i s  c o n v en ie n t  t o  d e n o te  t h e  empty

word ^  a l t e r n a t i v e l y  a s  , and  t o  d e n o te  t h e  s e t  {a0 , a1 , a ^ ,  . . . }

a 3 A , where an < f o r  a l l  a ^  e  A.
0 n  r

A n o n c o n c a te n a t iv e  a d d i t i v e  monoid, d e n o te d  , c o n s i s t s  o f  t h e  s e t
#  •#A t o g e t h e r  w i th  t h e  law o f  com pos i t ion  a^ffl a., ( a  , a  fc- A ) ,r  r v *

s a t i s f y i n g  t h e  a s s o c i a t i v e ,  commutative  and c a n c e l l a t i v e  l aw s  and axioms 

(1) a ^  EH a t = a ^ ,  and (2) =  a ^  ( a ^  a ^ ) .

A n o n c o n c a te n a t iv e  m u l t i p l i c a t i v e  monoid, deno ted  , c o n s i s t s  o f

t h e  a l p h a b e t  A t o g e t h e r  w i t h  t h e  law o f  co m p o s i t io n  a ^ E .  a ^  ( a ^  ^ ^ A ) ,  

which s a t i s f i e s  t h e  a s s o c i a t i v e ,  commutative and  c a n c e l l a t i v e  laws and  t h e  

e q u a t i o n  a ^ E  =  a^  (a^  & A),  and f u r th e r m o r e  i t  i s  assumed t h a t  alp­

has  a  un ique  f a c t o r i s a t i o n  i n t o  pr ime e lem en t s  i n  TJ. -  f  n( , na } “  .}■,
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where =. a , (p  e  P ° ) .
r  ?

A n o n c o n c a t e n a t i v e  s e m i r i n g , d e n o ted  Sfli^ , c o n s i s t s  o f  t h e  monoids

S.  and  M. ,  c o n n ec ted  by  t h e  d i s t r i b u t i v e  law a  Q ( a  ffla ) — (aGJa)ra(a E l a  ) ,  
A  A  r  °\ /* y* î /* A

2 . 1 . 1 .  P r o p o s i t i o n . I n  t h e  s em i r in g  SM , we have t h e  f o l l o w i n g :
A l|.

(1) a . ®  a  =  a  ( a ^  , a  <£rA ) ,v * f* v  v /* '  y  ^  ' 1

(2 ) a^ a  ( a ^  , a ^ A ) ,

(3) a ^ B P  =  #=

F o r  p r o p e r t y  ( l ) ,  we u se  axiom (1) o f  S , f o r  (2 )  and (3) we u se  

axiom ( l )  o f  and  t h e  d i s t r i b u t i v e  law .

§ 2 . 2 .  F r e e  monoids

I n  a l g e b r a  (2 ) ,  d e f i n i t i o n s  o f  f r e e  monoids F a r e  based  on t h e  p ro ­

p e r t y  t h a t  every  map from any s e t  S i n t o  any monoid ii ex tends  t o  a  unique  

homorphism ^  : F —>■ M. I n  t h i s  s e c t i o n ,  however,  vre i n t r o d u c e  f r e e  mo­

n o ids  by  a r i t h m e t i c a l  means u s in g  s u c c e s s o r  f u n c t i o n s  r a t h e r  t h a n  homo- 

morphisms.

A commutative f r e e  monoid F(A) i n  t h e  a l p h a b e t  A = { a f , a ^  , . . . ] •

w i th  t h e  i d e n t i t y  ^  t s a t i s f y i n g  a  ̂  #  (a . &■ A),  i s  d e f in e d  a s :t /*

F(A) =  0  H^,
■!

where H0 -  f f  , £ a^X | a^  €• A, X €• F(A)j, where t h e  aenumerably

i n f i n i t e  s e t  o f  s u c c e s s o r  f u n c t i o n s  a,.X ( a  6 A, XfcF(A)) s a t i s f y  t h e  axioms:
"  r ~  1 " P  h

2 . 2 . 1 .  Axiom. F o r  any  a t  A, a  =  a ^  .
f* r  f

2 . 2 . 2 .  Axiom. For  any a ^ ,  a ^ ,  a  ̂ , a^  £  A and X, I  <£= F(A) ,

(1 ) a ^ X )  =* a ^ Y )  i f f  X= Y, (2) a ^ X ) *  6(<( a  I )  i f f  

e i t h e r  a  -  a  and a  -  a  . o r  a  = a  and a  = a  .
A*- at, » r  t* f t  A OC

2 . 2 . 3 .  Axiom. For  any a  , a  fc- A, X £  F (A ) , i f  a  X = a #  t h e n  a = a  and X = # .



The elem ents o f F(A) a re  c a lle d  words, and i s  c a lle d  th e  empty word.

2 .2 .4> P ro p o s itio n . In  F(A), we have the  fo llow ing p ro p e r tie s :

(1 )# "  €■ F(A) j (2) fo r  any F(A), i f  X ^  f t  then  X .= a^Y

fo r  some a € A and YfcF(A); (3) fo r  any X tF (A ), a X ^#(afcA ).r * f*
P ro p e rtie s  ( l )  and (3) fo llow  from th e  d e f i . i i t io n  of F(A) and Axioms

2 .2 .1  and 2 .2 .2 . As fo r  (2 ), from i t s  assum ption X£F(A) and X and the

d e f in i t io n  of , we get X 6 fo r  some Ic* th e re fo re  X = a^Y fo r  some

I f  H and aGA. 
k-1  h

2 ,2 .5 -  Theorem. (Induction  Theorem) I f  S i s  any subset o f F(A) such th a t

( i )  p  €  S and ( i i )  whenever X£S th e n  a^X fS  (a^E A ), then  S = F(A

L et the  assum ption of the theorem hold. Assume th a t  S^i F(A), which

means t h a t  th e re  must e x is t  a nonempty word X6F(A) con ta in ing  the  l e a s t

number o f signs such th a t  X ^  S. By P ro p o s itio n  2 .2 .4*  we have X =

and s in ce  a^Y ^S, by the  l e a s t - s ig n  assum ption and ( i )  we must have Y&S,

b u t t h i s  means aJCfrS and Y ES, which c o n tra d ic ts  th e  assumption of the
r

theorem .

2 .2 .6 .  Theorem. (Symbolic uniqueness theorem) Every nonempty word X6F(A)

can be expressed un iquely , save fo r  th e  o rdering  of th e  signs,

as X — a.* a.- . . .  a- ( r > l ) ,  where a . , a ; , . . .  , a. £A .
V h - f  ( ~ h ■* V

E xistence . For any X€F(A),  i f  X^t# , we have ?or some k.

T h ere fo re , X .= a , Y fo r  some a - €  A and I  t  H, , . . .  , Y =a- Y. fo r  some 
f V 1 V 1 *<-1 f - i  *-| *-

a; & A and Y <= H" . which means X = a* a- . . .  a,- .► o '  V S - j  l 1

Uniqueness. Kord len g th  i s  c le a r ly  unique. Assume th a t  a. a . . . . a -  =r
V h-1 I

a : a ;  . . .  a : f o r  some odd r  > 1 and assume th a t  th e re  e x is ts  an a / such
^  J h-1  J i K.

th a t  a,* zb. a,* (h ^  1 , 2 , . . .  , r )  * Let th e  words a * . . .  a - ana a * . . .  a,*
Jfi V l 1 Jr J

.  id some a-
lk  Jh

w ith a ^  and some a ; d e le ted  re sp e c tiv e ly  from them be denoted as X and Y*
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I f  a- 4- a- , th en  on th e  s tren g th  o f Axiom 2 .2 .2  we must have a ah &L
I j j  r* | “ a  “ t - - i  T i

#  <vt V "  \ . * h l o r  311 V  •••  ’ V — i “ s  any perm utation of them 

denoted as a  , , av in  H , , and c le a r ly  fo r  some words a , . .  aM
*- - 1  Y" —  1 i  \  r i  t  \r — t

and a.. a„  . . .  a,, i n  H ^ i we must have X =: a u . . .  a_, and Y =.
a  * * • - !  1 r i  “ i  r V - i

a., a u . . .  a u , which means a: . . .  a- A  a- . . .  a- , a c o n tra d ic tio n .
va. vi--l ‘V- *| T  Jr J1
S im ila rly  as above fo r  an even r  >  1 , except assume two a t* d i f f e r e n t  

from a l l  a ; . Case r  =  2 follow s from Axiom 2 .2 .2 .

On th e  s tren g th  of th e  above theorem, we in troduce  a  n o ta tio n  fo r  th e  

symbolic e q u a lity  : X Y i f  and only  i f  th e  words X and Y c o n ta in  p re­

c is e ly  th e  same signs tak en  from th e  a lphabet A. However, fo r  convenience, 

we s h a ll  ab b rev ia te  X Y simply as X=. Y.

Yi'e in tro d u ce  ano ther n o ta tio n  a s  fo llow s. Let 

a£ -  a^a^  . . .  ( a^  n -tim es),

where n >  1 and a & A, and l e t  a ° = # =  ( a e A ) .
* I

2 .2 .7 .  P ro p o s itio n . Every nonempty word a y  a ;  . . .  in  F(A) can 

be uniquely  expressed as
■V ^**-1 r\.

a h-a W *  a h  =  V  a e*-‘ *** a i .  a i '
where ^ , n^, . . .  , n 0 and ^  r .

This p ro p o s itio n  follow s from Theorem 2 .2 ,6  and Axiom 2 .2 .2 .

A word X in  F(A) put in  th e  form given in  P ro p o s itio n  2 .2 .7  i s  

c a lle d  th e  normal form of X, which we can denote as X. This term inology



20.

w i l l  b e  u s e d  in  t h e  f o l l o w in g  c h a p t e r s .

W e  i n t r o d u c e  the  u s u a l  l a w  of c o m p o s i t i o n  of t h e  f r e e  m o n o i d  F ( A ) ,  

c a l l e d  w o r d  a d d i t i o n  o r  w o r d  s u m ,  b y  th e  fo l l o w i n g  e q u a t i o n s :

X  © #  = X ,

X ffi a  Y = a  {X 9  Y) (a €_ A) .
P M M

2 . 2 . 8 .  P r o p o s i t i o n . F o r  an y  X, Y, Z £ F { A ) ,

(1) X ©  (Y © Z) = (X 0  Y) ©  Z,

(2) X ©  Y = Y ©  X.

P r o p e r t y  (1) c l e a r l y  h o l d s  f o r  Z = $ .  A s s u m e  (1) to  b e  t r u e  f o r  s o m e  

Z, t h e n  b y  t h r e e  a p p l i c a t i o n s  o f  t h e  d e f i n i t i o n  of w o r d  a d d i t i o n  w e  h a v e

X ©  (Y ©  a  Z) = X ©  a  {Y ©  Z) = a  (X @ {Y ©  Z))
p  fx /x

= a ^ ( ( X  ©  Y) ©  Z) = (X ©  Y) ©  a ^ Z  .

C o n s e q u e n t l y ,  t h e  p r o p o s i t i o n  i s  t r u e  f o r  a l l  Z b y  v i r t u e  of t h e  I n d u c t i o n  

t h e o r e m .

W i th  r e s p e c t  to  p r o p e r t y  (2), s i n c e  ^  ©  4^ = &  a n d  #  ©  a  Y = a  ( # ©  Y), 

we  c a n  s e e  t h a t  t h e  p r o p e r t y  h o l d s  f o r  Y = L e t  t h e  p r o p e r t y  h o l d  f o r  s o m e  

Y, t h e n  b y  (1)

X ©  a  Y = a  (X ©  Y) = a  (Y ©  X) = a  ©  (Y ©  X)
M M M M

= (a ©  Y) ©  X = a  Y ©  X.
M M

C o m m u t a t i v e  f r e e  m o n o i d  F (a^ )  i n  th e  o n e - s i g n  a l p h a b e t  {a^} i s  d e ­

f i n e d  a s  f o l l o w s :  G iv e n  the  o n e - s i g n  a l p h a b e t  {a^},  th e  e m p t y  w o r d  th e

s u c c e s s o r  f u n c t i o n  a^X = a^ ©  X s a t i s f y i n g  th e  u s u a l  a x i o m ,  if  a^X = a^Y 

t h e n  X  = Y, a n d  f i n a l l y  g i v e n  t h e  e q u a t i o n s  = ■Oft} a n d  =

{ a ^ X | X € H ^ } ,  t h e  f r e e  m o n o i d  F (a^ )  i s  i n t r o d u c e d  b y  F(a^)  = A -
k= 0

I t  i s  e v i d e n t  t h a t  F t a ^ )  i s  e m b e d d e d  i n  the  f r e e  m o n o i d  F{A). W e  a s s u m e

t h e  o b v io u s  l i n e a r  o r d e r i n g  r e l a t i o n  X ^  Y on  F (a^ ) .
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We denote the nonem pty e le m e n ts  in  the  f r e e  m onoid  F(a^) a s  

a^ > 1), i . e .  , a j  = and a^*^ = © a^*. W ords in  th e  f r e e  m onoid

F(a^) a r e  c a lle d  n a tu ra l  w o rd s . C lea rly , a^ ©  is  the  w o rd  ad d itio n  in 

F ( a L).

2 . 2 . 9 .  P ro p o s it io n . F o r  any a ^ , a*y, a^€r F ( a p ,

(1) (a** © a*) © a* = a£ © (a* ® aj7),

(2 ) a^  ©  a ^  = a ^  ©  a**,

(3) a^  © #  = a j ,

(4) a^  ©  a *  = a f v .

T h i s  p r o p o s i t i o n  i s  o b v i o u s .
0 1 2

W e r e c a l l  f r o m  S e c t i o n  1. 2 t h a t  P  , P  , P  , . . . d e n o t e  t h e  H i l b e r t  -

A c k e r m a n n  n u m b e r - s y s t e m s ,  w h e r e  P ^  d e n o t e s  the  s e t  of a l l  o r d i n a r y  p r i m e
1 2  3

n u m b e r s .  S in c e  t h e  n o n e m p t y  w o r d s  in  F (a^ )  a r e  of the  f o r m  a^, a^ , a , . .  . , 

w e  c a n  g iv e  n a m e s  to  c e r t a i n  s u b s e t s  of F (a^ )  a s  f o l l o w s .  F o r  e v e r y  k  > 0,

(k )

<l > * r ) = D e f a i "  < ^ k ,e P k . M ; i > ,

<2> = De£ <*ikV  > a  •

F o r  c o n v e n i e n c e ,  w e  a l s o  w r i t e  t h e  n o t a t i o n

rr<°> -  J ° >  i
‘ F ( a^ )  "  * 1 * 2 ’ * ‘ * '

m o r e  b r i e f l y  a s

(3) 'O'pfa ) = {W  ' ' ' J ■

2 . 2 . 10 . T h e o r e m .  TTr (  , C  TT^ 1 , (k > 1) .

T h is  th e o re m  is  a consequence  of C o ro lla ry  1. 2 .1 .1 .

By v ir tu e  of the  above th e o re m , w e deno te  the  e le m e n ts  of Y"j"
Fla, .)
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w r i t t e n  i n  t h e  n u m b e r i n g  of TTF <a  ) (k  > °) a s  f l T F (a  i * 6 - ’ tTTF ( a  j 3^

fki (k) tt (k)d e n o t e s  a  s e t  o f  e l e m e n t s  ir. , n .     i n  J J l , /  * w h i c h  a r e  p r e c i s e l y  the
\  h  F ( a l )

e l e m e n t s  i n  TTF {a

 ̂ kB y  a  n u m b e r e d  f r e e  m o n o i d  F  (a^) w e  m e a n  t h e  f r e e  m o n o i d  F(a^)

t o g e t h e r  w i t h  t h e  n a m e s  (1) a n d  (2) g i v e n  to  r e l e v a n t  w o r d s  i n  F ( a ^ ) .

§ 2 . 3 .  C o m m u t a t i v e  f r e e  m o n o i d u l e

B y  a  c o m m u t a t i v e  f r e e  m o n o i d u l e  o n  F ( A ) ,  d e n o t e d  M ^ F { A ) ,  we 

m e a n  t h e  c o m b i n a t i o n  of a l g e b r a i c  s t r u c t u r e s  c o n s i s t i n g  of t h e  n o n e  one a t e n a t i v e  

m u l t i p l i c a t i v e  m o n o i d  M  a n d  t h e  c o m m u t a t i v e  f r e e  m o n o i d  F{A)  c o n n e c t e d
XI.

b y  m e a n s  of t h e  l a w  of c o m p o s i t i o n  0  X X <rF{A)),  w h i c h

s a t i s f i e s  t h e  fo l l o w i n g  a x i o m s :

2 . 3 . 2 .  A x i o m ,  a  © ^  (a  <£ M  . ) .
---------------  H  f x A

2 . 3 . 3 .  A x i o m .  F o r  a n y  a  , a  £  M , a n d  X € F { A ) ,-----------  ju v  A

a  © (a ®  X) = (a  0  a  ) ©  (a  0  X).  
fX v (X v  tx

2 . 3 . 4 .  P r o p o s i t i o n .  In  th e  f r e e  m o n o i d u l e  M aF ( A )  w e  h a v e  t h e  fo l lo w in g  
' A

p r o p e r t i e s :

(1) a L© X = X,

(2) a  ©  ( X ©  Y) = (a O  X) © (a © Y),
r* r* r*

(3) ( a ^ B  a^ )  ©  X « © (a^  ©  X),

(4) a  G3 a  = a  ©  a  .H v n  v

P r o p e r t y  (1) i s  t r u e  f o r  X = by  A x i o m  2 . 3 . 2 .  L e t  i t  b e  t r u e  f o r  

s o m e  X, t h e n  by  A x i o m  2. 3. 3

a ,  0  a  X  = a ,  S  (a ffi X) = (a, Q a  ) ©  (a. ©  X) = a  © X  ? a X. 
l j u  1 jx l j u  l  M M

P r o p e r t y  (2) f o r  Y = ' ^  i s  t r u e  by  v i r t u e  of X © #  = X  a n d  A x io m

2 . 3 . 2 .  L e t  (2) be  t r u e  f o r  s o m e  Y, t h e n ,  b y  A x i o m  2 . 3 . 3 ,
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a r © ( X ©  a ^ i )  =  a ^ ©  a ^ X f f i Y ) ^  a ^ 0 (ay©(X€E> I ) )  

r s ( a . D a  ) ©  ( a  © (X © X))r  1/ r
- ( a . ©  a , ) ©  ( ( a ^ o x ) ©  (a ^ o  I ) )

^ (a^ p X )©  ((a^EI a) B  ( a ^ OX) )

- ( a 0 X ) © O v ©  ( a , ®  Y))

= (a^OX) ©  (a^©  a^Y).

Hence, p roperty  (2) i s  tru e  fo r  a l l  Y on th e  s tre n g th  of th e  Induction  

theorem.

P roperty  (3) holds fo r  X= ^  by v ir tu e  o f Axiom 2 .3 .2 ,  L et (3) hold 

fo r  some X, then  by Axiom 2 .3 .3

(a^ Q  a^ ) 0  a^X ( a ^ E l a ^ )  0  ^

=  ((a^ 13 a , ) 3  % ) &  ( ( a f J 3  \ )  ©  x ))

=  (a ^ Q  ( a ^ S  a^) ffi ( a ^ 0  (a^©  X))

=  a ^ O ( ( a y a  a) © {ay O  X))

=  a r © ( a v ©  (a ^ ©  X))

-  a ^ O  (a^©  aJL ).

F in a lly , p roperty  (A) i s  an obvious consequence of p roperty  (3) .

Because p ro p e r tie s  (1 ) ,  (2) and (3) of P ro p o s itio n  2 .3 .4  resemble

th e  axioms of a f re e  module, one n a tu ra lly  asks whether i t  i s  p o ss ib le

to  rep lace  th e  nonconcatenative m u lt ip lic a tiv e  monoid M. by th e  non-
A

concatenative  sem iring SM  ̂ in  order to  o b ta in  something l ik e  (a^ffl a ^ J oX 

■= (a^Q> X) ©  (a^Q X ), however t h i s  i s  f a ls e  i n  a f re e  monoidule and th e

only p ro p erty  resem bling i t  i s  a v e rs io n  o f Axiom 2.3*3» namely, (a ©  X)©a
f*

=  (a^ H  a^) ©  (a^G> X).
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We c o n c l u d e  t h i s  s e c t i o n  b y  s h o w i n g  t h a t  th e  f r e e  m o n o i d u l e  M  F ( A )
A

c a n  be  e x t e n d e d  t o  a  c o m m u t a t i v e  s e m i r i n g  R M ^ F ( A )  b y  a s s u m i n g  the  a x i o m s

of the  f r e e  m o n o i d u l e  M  F ( A )  a n d  by  i n t r o d u c i n g  the  l a w  o f  c o m p o s i t i o n
A

X ©  Y (X, Y G. F{A)) s a t i s f y i n g  th e  fo l l o w i n g  a x i o m s :

2 . 3 . 5 .  A x i o m .  X O #  = # •  •

2 . 3 . 6 .  A x i o m .  X  © (a © Y) = (a  © X) ®  (X © Y).

2 . 3 . 7 .  P r o p o s i t i o n .  I n  t h e  s e m i r i n g  R M #F ( A ) ,  w e  h a v e  t h e  fo l lo w in g■ a
p r o p e r t i e s :

(1) a L © X = X,

(2) X © (Y 0  Z) = (X © Y) e  (X © Z) ,

(3) (Y ©  Z) © X = (Y ©  X) ©  ( Z ©  X),

(4) X  ©  Y = Y © X ,

(5) a  © (X 0  Y) = (a ©  X) © Y,
r* r*

(6 ) X ©  (Y © Z) = (X © Y) ©  Z .

P r o p e r t y  (1) f o l l o w s  f r o m  P r o p o s i t i o n  2 . 3 . 4 .

P r o p e r t y  (2) f o r  Z = 'th  i s  c l e a r .  L e t  p r o p e r t y  (2) b e  t r u e  f o r  s o m e

Z,  t h e n ,  b y  d e f i n i t i o n s  0  a n d  ©  a n d  P r o p o s i t i o n  2. 2. 8 , w e  g e t

X © (Y 0  a  Z) = X © a- (Y 0  Z)

= (a © X) © (X © (Y ©  Z))
r*

= (a © X) © ({X © Y) © (X © Z))

= (X © Y) © (a  © X) © (X © Z)

= (X © Y) © X © (a^ ©  Z)

= (X © Y) ©  X  © a  Z *

P r o p e r t y  (3) i s  o b v i o u s  f o r  X = ift. L e t  (3) h o ld  f o r  s o m e  X, t h e n ,  by

P r o p o s i t i o n  2. 2,  4  a n d  P r o p o s i t i o n  2 .  2.  8
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(Y ©  Z) 0  a  X = a  O  (Y ©  Z) ©  ( Y S  Z) 0  X 
M M

= a  © (Y ©  Z) ©  (Y © X) ©  (Z  © X)

= (a © Y ©  Y © Z) ©  {a © Z ©  Z © X)

= ( Y ©  a  X) ©  (Z  © a  X).  
y  y

P r o p e r t y  (4) i s  c l e a r  f o r  Y = . A s s u m e  th e  i n d u c t i v e  h y p o t h e s i s ,

t h e n  b y  p r o p e r t y  (3) w e  h a v e

X 0  a  Y = (a 0  X) ©  (X © Y) 
y  y

= (a^ ©  X) © (Y O  X)

= (a ©  Y) 0  X = a  Y © X.

P r o p e r t y  (5) f o r  Y = ^ -  i s  c l e a r .  L e t  i t  be  t r u e  f o r  s o m e  Y, t h e n  by 

P r o p o s i t i o n  2. 2 . 4  a n d  c o m m u t a t i v i t y  in  M . ,  w e  g e t

a^  0  (X 0  a ^ Y )  = a ^  0  ( a y G  X ©  X © Y)

= a  © (a © X) ©  a  0  (X © Y)y  v  - y

= a  0  (a ©  X) ©  (a  © X) © Yy  v  y  '

= (a El a  ) 0  X ® (a  © X ) O Y  y  v  y

= a  © (a © X) ©  {a Q X) 0  Y y  y

= (a O X) 0  (a ©  Y) 
ju v

= (a 0  X) ©  a  Y .
fX  IX

S in ce  p r o p e r t y  (6 ) i s  c l e a r  f o r  Z  = ^  , a s s u m e  th e  i n d u c t i v e  h y p o t h e s i s ,

t h e n  by  p r o p e r t i e s  (2), (4) a n d  (5) w e  g e t

X O (Y © a  Z) = X ©  {a 0  Y © Y © Z) 
y  y

= X © (a  0  Y) ©  X 0  (Y © Z)

= a  0  (X 0  Y) © (X © Y) © Z

= (X O  Y) O  (a  ©  Z)
M

= (X ©  Y) © a  Z .
y
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§ 2 . 4 .  A r i t h m e t i c a l  m a p s

T h e  a r i t h m e t i c s  i n  th e  f o l lo w in g  s e c t i o n s  d e p e n d  on  c e r t a i n  m a p p i n g s  

of  w o r d s  c o n t a i n e d  in  th e  t h r e e  o b j e c t s  i n  th e  f o l l o w i n g  m a p p i n g  d i a g r a m :

F (A )

I n  p a r t i c u l a r ,  we  n e e d  to  d e f in e  t h e  fo l l o w i n g  s e t  o f  m a p p i n g s  f o r  k  > 0:

TT(k) D  ITT l (k)1 l F ( a L) ^  y  >F(a i )J
J \

F(a > D  TTj
> k.
a  a

A *  D  A

W e  d e f i n e  t h e  a b o v e  m a p p i n g s  a s  fo l l o w s :

T h e  a d d i t i v e  m a p s  O' a n d  o ,  m a p p i n g  S A a n d  F ( a , ) ,  a r e  d e f i n e d  
~ A  X

b y  t h e  fo l lo w in g  e q u a t i o n s :

(1) o ( # )  = #  , o ( a ^  B  a x) = o ( a  ) ©  ^  (a^ €  SA ),

(2) <*(#> = #  , a ( a ^  ©  a x) = o ( a p  ffl &1 ( a j  £  F f a ^ ) ,

U V2 . 4 . 1 .  P r o p o s i t i o n . F o r  a n y  a ^ , a ^ £ S ^  a n d  a ^ , a ^ e F ( a ^ ) ,

(1) c t a ^ )  = a ^ ,  o (a ^ )  = a ^ ,

( 2 ) o ( a ^  ©  a^ )  = CT(a^) ©

(3) o (a^  ©  a^ )  = o (a^ )  ©  ^ a * )  .

P r o p e r t y  (1) i s  t r i v i a l  f o r  a^  = a^ = a^. A s s u m e  t h a t  (1) h o l d s  f o r  s o m e

a  , t h e n  by  th e  a b o v e  d e f i n i t i o n s  w e  g e t  o ( a  . , )  = o ( a  EJ a , ) = o ( a  ) ©  a, =JU o '  '  ju 1 fJ. 1
M M+l . . - /  M+l, u _  . pt. _  _a^ ©  a^ = , a n d  in  t u r n  o ^  ) = ©  "a^) = o{&1) 0  a x = a^  ©  ^  -  a#i+1*

P r o p e r t y  (2) f o r  a ^  = f o l l o w s  f r o m  d e f i n i t i o n ,  a n d  u s i n g  a b o v e
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d e f i n i t i o n s ,  p r o p e r t y  (1) a n d  i n d u c t i o n ,  w e  o b t a i n  cr(a ffi a  ..) = cr((a ffl a  ) B  a , )
V+1 M v+1 ti v 1

°r(a^) ©  CT(av) ©  crfa^ = ff(a^) ©  = a ( a ^ )  ©  °'(a 1/+1)-

P r o p e r t y  (3) i s  c l e a r  f o r  a  = a ,  a n d  f o r  a  , ,  l i k e  (2), w e  h a v ev 1 v+1

^(a -1 ©  a ! ) = 5 <(°^ ©  a i )  ©  a i) = ^ ( a i )  B  ^ a i )  B  ^ a i) = ^ ( a i> B  % +1 =
^ a * )  B  a (aiv+1).

T h e  m u l t i p l i c a t i v e  m a p s  t ,, a n d  t , (k > 0),  m a p p i n g  F {a , )  a n d
rr(k)
T ^ F ( a  ) ^  -  a r e  d e f i n e d  by  t h e  f o l l o w i n g  e q u a t i o n s  f o r  k  > 0 :

(1) F o r  any a ^ e  F t a ^ ,  Tk <a^) = T T ^ a y  V t  !)»

(k h  _ J k ) ,  rTT i<k )( 2 )
w - * ?  “  ■

= #  i f  [ r r F t a i ) ] { k )
N o t e ,  t , i s  th e  i n v e r s e  o f  t , on ly  if  k  = 0, a n d  of c o u r s e  a  i s  the

K K
i n v e r s e  of t h e  m a p  cr.

T h e  a l p h a b e t i c a l  m u l t i p l i c a t i v e  m a p s  t a n d  t , m a p p i n g  A  a n d  TTA * 

a r e  d e f i n e d  by  th e  f o l l o w i n g  e q u a t i o n s :

(1) F o r  a n y  a  £  A, T(a  ) = t t  ( i t  g TT*)*fj. p  ju ju 1 1 A

(2) F o r  a n y  ^ €-TTA » t (jt ) = (a^ €  A) .

W e  s t a t e  t h e  f o l l o w i n g  c o n s e q u e n c e  of t h e  a b o v e  d e f i n i t i o n s :

2 . 4 . 2 .  P r o p o s i t i o n . F o r  a n y  p  > 1 a n d  k  > 0,

TkCT ^  (k)

... (k) a \  (k) rTT ,(k)
(2 ) ?r  -> a  if tt a  [ J

M M V c  F (a^ )

N e x t ,  w e  h a v e  t h e  l e n g t h  m a p ,  a  m a p p i n g  b e t w e e n  F (A )  a n d  F(a^ ) ,  

u s u a l l y  c a l l e d  a  l e n g t h  f u n c t i o n ,  d e n o t e d  a s  X(X), d e f i n e d  by  the  f o l l o w i n g  

e q u a t i o n s :
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M # )  =

X(a X) = a  ©  X(X) (a €  A ,  X € F ( A ) ) .fA X fA

2. 4 .  3.  P r o p o s i t i o n . F o r  a n y  X, Y f F ( A ) ,

(1) X(X ©  Y) = X(X) ©  X( Y),

(2) in  the  f r e e  m o n o i d u l e  M ^ F ( A ) ,  © X) = X(X)t

(3) X(X© Y) = X(X) © X(Y).

P r o p e r t y  (1) f o r  Y = #  i s  c l e a r .  L e t  (1) h o l d  f o r  s o m e  Y, th e n

X(X ©  a^Y )  = X(a^(X ©  Y)) = a'j ©  X(X ©  Y)

= a  ©  MX) ©  X{Y) = X{X) ©  (a  ©  X(Y))

= X(X) ©  X(a X).

W i t h  r e s p e c t  to  (2), th e  e q u a l i t y  c l e a r l y  h o l d s  f o r  X = # .  L e t  i t  h o l d

f o r  s o m e  X,  t h e n  by  P r o p o s i t i o n  2 . 3 . 4  a n d  p r o p e r t y  (1)

X(a O a  X) = X(fc. O  a  ) © ( a  © X)) = X(a © a  ) ©  X(a ©  X) 
f i v  fx v  f x 7 fx v  /x

= X(a © a  ) ©  X(X) = X(apa>  ©  X{X)
(x v  fx y

= a  ©  X(X) = X{a X).

P r o p e r t y  (3) i s  c l e a r  f o r  Y = 4 ^ .  L e t  i t  h o l d  f o r  s o m e  Y, t h e n  by

p r o p e r t i e s  (1) a n d  ( 2)

X{X© a ,  Y) = X(k ©  X )©  &  ® tf) -  x(a  © X) ©  X(X ©  Y)
M '  (X ix

= X(X) © (M X )  © X(Y)} = X(X)© (a ©  X(Y))

= X(X) ©  X(a Y).
* ̂

T h e  a u x i l i a r y  a d d i t i v e  m a p  a  (X),  m a p p i n g  F ( A )  an d  S . ,  i s  d e f i n e d  

b y  th e  fo l l o w i n g  e q u a t i o n s :

O'* (a  X) = a  ©  o  (X) (a  €  A, X G F ( A ) ) .

2 . 4 . 4 .  P r o p o s i t i o n . F o r  a n y  X, Y<&F(A),

a *  (X ©  Y) = a *  (X) 0  o*  (Y).

F o r  Y = 4 ^  i t h e  t h e o r e m  is  c l e a r .  A s s u m e  t h a t  th e  e q u a l i t y  h o l d s  f o r  

s o m e  Y. T h e n
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ct* (X  0  a ^ Y )  = cr*(a  (X ©  Y)) = 03 o*  (X ©  Y)

= a m  a* (X) S  or* (Y)

= or*(X) Q  (a ffl CT*(Y))

= cr* (X) 0  o1* (a Y).

*W ith  t h e  h e l p  of a  (X) w e  d e f i n e  t h e  m a p  *C(X), b e t w e e n  F(A )  a n d
#A  , b y  the  fo l lo w in g  e q u a t i o n s :

* { # )  = # ,

K(X O a  Y) = (a  © a *  (X)) B  fc(X ©  Y).

2. 4* 4* P r o p o s i t i o n , F o r  a n y  X, Y £  F ( A ) ,

(1) #C(X) = or* (X),

(2) fc(a^X) = a^ B  * (X ) .

(3) fc(X ©  Y) = fc(X) Q  JC<Y>,

(4) #C(X© Y) = (C(X) O  K(Y).

(5) if X i  #■  t h e n  X(fc(X)) = a ^

(6 ) Jt(X) a  ifc< Y) = #C(X) 0  #C( Y).

S i n c e  w e  on ly  n e e d  th e  a b o v e  p r o p e r t i e s  i n c i d e n t a l l y ,  w e  o m i t  t h e  l o n g

p r o o f .

W e  c o n c l u d e  t h i s  s e c t i o n  w i t h  t h e  m a p  3(X),  m a p p i n g  F{A) a n d  M  ,
A

d e f i n e d  a s  fo l l o w s :

3 (# )  = a x

3(a X) = t ( a )  EJ 0(X) ( a t  A, X € F ( A ) ) .
r* r* r*

2 . 4 . 5 .  P r o p o s i t i o n . F o r  a n y  X, Y € - F ( A ) ,

(1) 3(X 0  Y) = 3(X) t3 3(Y),

(2) 3(X) = 3{Y) if a n d  on ly  if  X -  Y.

P r o p e r t y  (1) f o r  Y s  ^  i s  t r i v i a l .  L e t  i t  h o ld  f o r  s o m e  Y, t h e n

3(X ©  a ^ Y )  = 3 (a^ (X  ©  Y)) = r  (a^)  0  3(X ©  Y)

= T ( a  ) B  3 ( X ) 0  3(Y)

= 3 { X ) P 3 ( a  Y).
P*
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P r o p e r t y  (2) f o l l o w s  f r o m  the  s y m b o l i c  u n i q u e n e s s  t h e o r e m  a n d  th e  

u n iq u e  f a c t o r i z a t i o n  in

§2. 5. N o n  c o m m u t a t i v e  f r e e  m o n o i d s  in  f i n i t e  a l p h a b e t s

I n  t h i s  s e c t i o n ,  w e  s i m p l y  i n t r o d u c e  a  t e r m i n o l o g y  f o r  l a t e r  u s e .

L e t  A  = {a  , a  , a  , . . . , a  } ( n > l ) .n D i e .  n - i
T h e  a d d i t i v e  m o n o i d  (n > 1) c o n s i s t s  of  the  s e t  t o g e t h e r  w i t h

th e  l a w  of c o m p o s i t i o n  a  ffl a  = a  . , w h ic h  of c o u r s e  s a t i s f i e s
■ pi n  v pi+v m o d u l o  n

th e  a s s o c i a t i v e  a n d  c o m m u t a t i v e  l a w s  a n d  th e  e q u a t i o n  a  ffl a .  = a  (a  £  A  ).+ pi n  0 pi ' pi n
T h e  a d d i t i v e  g r o u p o i d  S {n > 1) in  t h e  n o n c o n c a t e n a t i v e  a d d i t i v e  m o n o i d

n  *  ^S „ c o n s i s t s  of the  l a w  of c o m p o s i t i o n  a  ffl a  d e f i n e d  o n  A  , w i th  t h e  h e l p  A  pi n  v  n
of t h e  m o n o i d  S * by  th e  fo l l o w i n g  e q u a t i o n s :

A
*

a  ffl a  = a,. i f  a E S a < a ,
pi n v  0 pi v  n

= a, i f  a  ffl a  > a  .
1 pi v  = n

-44-T h e  m u l t i p l i c a t i v e  m o n o i d  c o n s i s t s  of the  s e t  A ^  t o g e t h e r  w i t h

th e  l a w  of c o m p o s i t i o n  a  El _ a  = a  , , w h i c h  of  c o u r s e  s a t i s f i e spi 10 v  pi*v m o d u l o  10
th e  a s s o c i a t i v e  a n d  c o m m u t a t i v e  l a w s  a n d  th e  e q u a t i o n  a  a, = a  (a ^  A 1rt).* pi 10 1 pi pi 10 '

T h e  m u l t i p l i c a t i v e  g r o u p o i d  M  i n  t h e  n o n c o n c a t e n a t i v e  m u l t i p l i c a t i v e
*m o n o i d  2vl c o n s i s t s  of the  l a w  of c o m p o s i t i o n  a  CD,„ a  d e f i n e d  on  A, _A  pi 10 v  10

w i th  th e  h e l p  of t h e  m o n o i d  by  t h e  fo l l o w i n g  e q u a t i o n s :

= a -= ao if a„ < a El a0 = pt Lv  ̂ V
ai if aio S a E3 M a <v = ai8’

“ a2 if a19 = a E  M a <v - a28*
a3 if a29 = a Qpi a < v = a36’

—a4 if a37 = a Qt* a < v = a49'
= a5 if a50 = a El a < v = a56’
s: a6 if a57 = a m a < v - a64’
— a7 if a65 = ap B a < v = a72’
= a8 if a73 = a < v = a81’
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-it
The f r e e  monoid G(An ) ( n > l )  i n  t h e  f i n i t e  a l p h a b e t  w i th

t h e  empty word ^  i s  d e f i n e d  a s  f o l l o w s :
OCj

g (a *  ) =  L J  hk »
K-o

where = { a^X | a ^ e A f  , X e  fiK } ,

where t h e  s e c c e s s o r  f u n c t i o n s  a  X, a„X, . . .  > a  ,X w i t h  a  , a , ,  . . . .& ' 1 ' ' n-t c I
-if-

a  . i n  A and x €  G(A' ) s a t i s f y  t h e  f o l l o w i n g  axioms:n—i **
£  j i_

2 . 5 . 1 .  Axiom. =  a ^  ( a ^ A ^  ) and a fl =  w .

2 . 5 . 2 .  Axiom. For any  A *  and X,Y €= G(A^ ) ,

i f  a ^ X  — a . I  t h e n  X r  Y.r  r

The e q u a l i t y  r e l a t i o n  o f  G(A n ) i s  — n , which we a b b r e v i a t e  a s  — .

#  A nh i t h  r e s p e c t  t o  G(A n ) ,  f o r  n  -  1 0 ,  i t  i s  cus tom ary  t o  d e n o te  t h e  

s ig n s  i n  t h e  a l p h a b e t  A)C a s  0 ,  1 ,  2 ,  3> U* 5, 6 , 7 ,  3 ,  9* Note t h a t  

t h e  words i n  G(A |0 ) a r e  r e a d  from l e f t  t o  r i g h t ,  i . e . ,  e . g . ,  t h e  d i g i t s  

i n  t h e  number 1230  a r e  r e v e r s e d  and w r i t t e n  i n  G(A(0 ) a s  0 3 2 1 .

As i n  t h e  case  o f  t h e  f r e e  monoid F (A) ,  vie im m ed ia te ly  have t h e  

f o l l o w i n g :
tfc

2 . 5 . 3 .  Theorem. For t h e  f r e e  monoid G(A ) ( n  >  1 ) ,  we have th e

f o l l o w i n g :

( 1 ) #  e G ( A *  ) ,

(2) f o r  any  X fcG tA ^  ) ,  i f  X ^  t h e n  X =  a^Y f o r  some

K  and Y e  G( A ^  ) ,

(3) f o r  any a  and X Gr G(A )» a^X ^  ,

#
(4 ) i f  S i s  a  s u b s e t  o f  G(A h ) such t h a t

( i )  €: S and ( i i )  i f  I  €■ G(A K ) t h e n  a  X £  S,
n

t h e n  S -  G(A^" ) .
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*T h e  w o r d  a d d i t i o n  Y of  G (A n) i s  i n t r o d u c e d  by  th e  e q u a t i o n s :

X  ©  #  = X, X ©  a Y = a  ©  ( X ©  Y).n  n  ju n  n  n '

B y  a n  a d d i t i v e  f r e e  m o n o i d u l e  on  G(A^) (n > 1), d e n o t e d  S G(A^) ,  ----------------------------------------------  n  + n n
w e  m e a n  th e  c o m b i n a t i o n  of s t r u c t u r e s  c o n s i s t i n g  of S , S a n d  G (A ") ,

n  n  n
c o n n e c t e d  b y  m e a n s  of t h e  l a w  of c o m p o s i t i o n  a  <8 > X (a €  S , X €  G {J& )),ju n  fj. n  n
s a t i s f y i n g  t h e  f o l l o w i n g  a x i o m s :

2 . 5 . 4 .  A x i o m ,  a  &  '$■ = a  , ®  X = X.
--------------  H n  p  n *

2 . 5 . 5 .  A x i o m ,  a  &  {a 0  X) = {a ffl a  ) ®  ((a ffi a  ) &  X ) .-----------  jU n v  n  \jl n  v n  (J. n  v  n

B y  a  m u l t i p l i c a t i v e  f r e e  m o n o i d u l e  on G(A^q), d e n o t e d  M^qG(A^q),

w e  m e a n  t h e  c o m b i n a t i o n  of s t r u c t u r e s  c o n s i s t i n g  of an<^
ff -

c o n n e c t e d  by  th e  l a w  of c o m p o s i t i o n  a ^  © ^  X - ^  ^ G ( A ^ ) ) >  s a t i s f y ­

ing  th e  f o l l o w i n g  a x i o m s :

2 . 5 . 6 .  A x i o m ,  a. O , n O  n X ~ .
--------------  fJi 10 10 +

2 . 5 . 7 .  A x i o m ,  a  ©  (a ©  X) = (a C l a ) © in  [(a  t3 ,n a  ) (a  X)].-------------- H 10 v 10 (j. “ 0 v 10 LV /i ^ 0  v 10 n 10 J
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C H A P T E R  III  

A B S T R A C T  A R I T H M E T I C S Q ^ { A)

§3 .1 .  C o m m u t a t i v e  f r a m e s  a n d  d e f i n i t i o n  s t r u c t u r e s

F o r  a n y  k  > 0 , by a  c o m m u t a t i v e  k - f r a m e  w e  m e a n  th e  c o l l e c t i o n

of  a l g e b r a i c  s t r u c t u r e s  c o n s i s t i n g  of t h e  n o n c o n c a t e n a t i v e  s t r u c t u r e s  S . ,
kM  a n d  SM , t h e  f r e e  m o n o i d s  F ( a  ), F  (a..) a n d  F ( A ) ,  t h e  f r e e  m o n o i d u l e  A  A  i. i.

M . F ( A ) ,  a n d  th e  a r i t h m e t i c a l  m a p s  cr, cr, r ,  T, t . , t , ^  a n d  3. We d e -A  ^  k  k
n o te  a  c o m m u t a t i v e  k - f r a m e  a s  9 ? .  ( A c t u a l l y ,  3 i s  r e d u n d a n t ,  s i n c e  i t

c a n  be  i n t r o d u c e d  by  t . )

F o r  a n y  k  > 0, by  a  k - d e f i n i t i o n  s t r u c t u r e , d e n o t e d  w e  m e a n

th e  c o l l e c t i o n  c o n s i s t i n g  of the  f r a m e  5 t k . a  c l a s s  of s t a r t i n g  f u n c t i o n s

e n u m e r a t e d  b e l o w ,  c e r t a i n  s c h e m e s  e n u m e r a t e d  b e l o w  f o r  g e n e r a t i n g  n e w

f u n c t i o n s ,  t h e  i n e q u a l i t y  r e l a t i o n s  < ,  ^  on  F(a^)  r e s p e c t i v e l y ,  a n d  th e

s y m b o l i c  e q u a l i t y  r e l a t i o n  = of F ( A )  w h i c h  w e  a b b r e v i a t e  a s  = .
jo k

T h e  s t a r t i n g  f u n c t i o n s  of a r e  t h e  l a w s  of c o m p o s i t i o n  a n d  a r i t h -

m e t i c a l  m a p s  i n c l u d e d  in  the  f r a m e  » t o g e t h e r  w i t h  t h e  e m p t y - w o r d

f u n c t i o n s  Z (Xl t X , . . .  , X  ) = $£  (n > 1) a n d  the  p r o j e c t i o n  f u n c t i o n s  —:--------------  n  i  Z n  = ----------------------------------
P  (Xn, . . . , X . , . . . , X  ) = X. ( n >  1, 1 <  i <  n ) .  We p o i n t  ou t  t h a t  th e  s u c c e s s o r  n l  i  n  - i  = =
f u n c t i o n s  a  X a r e  a l r e a d y  i n c l u d e d  in  F ( A ) .

XI
L e t  7C d e n o t e  th e  s e t  of  v a r i a b l e s  X , ,  X,,, . . . , X (n  > 1). We

k  1 Z n =
e n u m e r a t e  t h e  s c h e m e s  of (k  > 0 ) a s  f o l l o w s .

(1) T h e  c o m p o s i t i o n  s c h e m e  of i s  g i v e n  by  th e  e q u a t i o n :

F ( ) f )  = H ^ O f ) ..........G ^ ) ) ,

w h e r e  the  f u n c t i o n s  H ,G , ,  G_, . . . , G a r e  e i t h e r  d e f i n e d  f u n c t i o n s  o r  s t a r t i n g  
k  1 2  m

f u n c t i o n s  of

(Z) T h e  s i n g l e  a r i t h m e t i c a l  s c h e m e s  of a r e  g i v e n  by  th e  f o l l o w i n g

e q u a t i o n s :

F ( 9 f n , # )  = G ( ^ n ),

F < # n , a  Y) = H ( # ^  Y , G  (a , X  ), . . . , G  (a , X  ) , F ( 3 e n , Y)),{* 1 n  1 n ju n

f O G  > =  * ' ( * " >  v / * w >
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^  k
w h e r e  H,  G^» G ^ .  . . . , G ^  a r e  d e f in e d  o r  s t a r t i n g  f u n c t i o n s  of gp*  ;

F d ? 11, # )  = G ( f " ) .

F ( jJ n, a “ y) = H ( J n, Y ,G  (a“, X J a “, X ) ,F ( j ? n, Y)),1*1 l fU 1 n  (*i n

w h e r e  t h e  v a r i a b l e s  a r e  in  n o r m a l  f o r m  ( s e e  s e c t i o n  2 . 2 ) a n d  th e  f u n c t i o n s  

H^, G^, . . . , G ^  a r e  e i t h e r  d e f i n e d  o r  s t a r t i n g  f u n c t i o n s  of

(3) T h e  d o u b le  a r i t h m e t i c a l  s c h e m e s  of < ^ k  a r e  g iv e n  by  t h e  f o l l o w ­

ing  e q u a t i o n s :

F ( # n , X , # )  = A ( 3 f n , X ) ,

a^Y )  = B ( 3 8 n , Y , A . ( a  , X . ) ) ,

F ( % n , a vX , a f jY) = C ( ^ n , X , Y, B . ^ ,  X . ) ,  C .{a^ ,  X . ) ,  F ( X X. Y))

(1 < i < n),
n ^ ,  a „a r X, aKa>i ) = F ( X " ,  a ^ X ,  -  -

w h e r e  A, B ,  C, A ^  B^, (1 < i  < n) a r e  d e f i n e d  o r  s t a r t i n g  f u n c t i o n s  of

F ( j f nt X , # )  = A ( * n.X>.

F ( X n , # , a ^ Y )  = B ( £ ^  Y , A . ( a “ , X  ),

F ( 3 f n , a^X,  a^Y) = C ( £ n , X, Y, B . ( a £ ,  X . ) ,  C . ( a “ , X . ) , F ( % n , X, Y)) (1 < i  < n),

w h e r e  th e  v a r i a b l e s  a r e  in  n o r m a l  f o r m  a n d  the  f u n c t i o n s  A, B ,  C , A . , B . ,  C.
k i l l

(1 < i  < n) a r e  d e f i n e d  o r  s t a r t i n g  f u n c t i o n s  J P .

W i t h  r e s p e c t  to  t h e  d e f i n i t i o n  s t r u c t u r e  0^ k  (k  > 0 ), w e  n o t e  t h a t w e

do n o t  a s s u m e  t h a t  t h e  m a p s  T »T »Tjt  anc* Tjc* t a k e n  a s  s t a r t i n g  f u n c t i o n s  in

a r e  r e c u r s i v e  in  t h e  u s u a l  s e n s e ,  i . e .  , r e c u r s i v e  w i th  r e s p e c t  to  
#F (a^ )  o r  A

yQ lc
§3. 2 . F o u n d a t i o n s  of a b s t r a c t  a r i t h m e t i c s  CL (A)

F o r  a n y  k  > 0, t h e  a b s t r a c t  a r i t h m e t i c  - a  ^ (A)  c o n s i s t s  of the  fo l low -

ing  o b j e c t s  a n d  r u l e s :

(I) C o m m u t a t i v e  k - f r a m e

(II) T h e  k - d e f i n i t i o n  s t r u c t u r e « * $ k .

(III) P r o p o s i t i o n a l  c a l c u l u s  w i th  th e  l o g i c a l  c o n s t a n t s :  ( c o n ju n c t io n ) ,

V (d is junc t io r^ ,  = 2> ( i m p l i c a t i o n ) ,  <£=£> ( e q u i v a l e n c e ) ,  n ° n  o r  /  (n .egation),
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/ \ a ( X )  < 3(Y) ( r e s t r i c t e d  u n i v e r s a l  q u a n t i f i e r ) ,  V a ( X )  < 9{Y) ( r e s t r i c t e d  

e x i s t e n t i a l  q u a n t i f i e r ) ,  a n d  fj.3(X) < 9(Y) ( r e s t r i c t e d  m i n i m a l i z a t i o n ) .

(IV) T h e  r u l e s  of p r o o f  in  a r i t h m e t i c  C t  (A) a r e  r e s t r i c t e d  to t h o s e  i n  t h e  

p r o p o s i t i o n a l  c a l c u l u s  a n d  th e  fo l l o w i n g  i n d u c t i o n  r u l e s :

(1) S u p p o s e  t h a t  f o r  e a c h  w o r d  X in  F (A )  w e  a r e  g iv e n  a  s e n t e n c e  

J}(X), a n d  t h a t  w e  c a n  p r o v e  t h e  f o l l o w i n g ,  (i) T h e  s e n t e n c e  S  (# )  

i s  t r u e ,  (ii) F o r  e a c h  w o r d  X, if  JS(Y) i s  t r u e  t h e n  *$(a  Y) is  

t r u e .  T h e n  s e n t e n c e  tf (X)  i s  t r u e  f o r  a l l  X. T h i s  i s  t h e  I n d u c t i o n  

T h e o r e m  2. 2. 5.

(2) S u p p o s e  t h a t  f o r  e a c h  w o r d  X in  F (A )  w e  a r e  g iv e n  a  s e n t e n c e  

S ( X ) ,  a n d  t h a t  w e  c a n  p r o v e  t h e  f o l l o w i n g ,  (i) T h e  s e n t e n c e

i s  t r u e ,  (ii) F o r  e a c h  w o r d  X, if  f i (Y )  i s  t r u e  f o r  a n y  Y 

w i th  o n e  of th e  fo l l o w i n g  p r o p e r t i e s

(a) #  4 \ { Y )  X  \ ( X ) ,

(b) #  < 3(Y) < 3(X),

(c) #  < IC{Y) < fc(X),

th e n  j5(a^X)is t r u e .  T h e n  th e  s e n t e n c e  J5(X) i s  t r u e  f o r  a l l  X.

A s  S k o l e m  [10,11] p o i n t e d  o u t ,  t h e  m a i n  p u r p o s e  o f  t h e  a b o v e  ty p e  of 

r e s t r i c t i o n s  i s  to  i n s u r e  u s  a g a i n s t  i n c o n s i s t e n c y  o c c u r r i n g  in  a r i t h m e t i c s .

In  the  f o l l o w i n g  c h a p t e r s ,  f o r  c o n v e n i e n c e  of r e a d i n g ,  w e  s h a l l  n o t  

in  g e n e r a l  fu l ly  a d h e r e  to  t h e  u s u a l  c o m p l e t e  s y m b o l i c  s t a t e m e n t s  of d e f i n i ­

t i o n s  a n d  t h e o r e m s  i n  (%  ^(A) > 0 ).

§3. 3. i n e q u a l i t y  a n d  w o r d  s u b t r a c t i o n

R e c a l l i n g  c h a p t e r  II, in  a r i t h m e t i c  a *  fc(A) (k > 0) ,  the  w o r d  a d d i t i o n  

i s  X 0  Y a n d  w o r d  m u l t i p l i c a t i o n  i s  X © Y, w h i c h  w e  r e i n t r o d u c e  a s  fo l l o w s :

(1)  X  =  X ’
X ©  a ^ Y  = a ^ (X  ©  Y),

(2, X O # = * .
X © a  Y = (a  0  X) ©  (X ©  Y).

fX (X



36.

S e e  P r o p o s i t i o n  2 . 3 . 7  f o r  th e  p r o p e r t i e s  of  w o r d  m u l t i p l i c a t i o n .

In  t u r n ,  th e  i n e q u a l i t y  r e l a t i o n  X  Y w i t h  r e s p e c t  to X ©  Y i s  d e ­
le

f i n e d  i n  a r i t h m e t i c  d  (A) (k  > 0) a s  f o l l o w s :

(3) X ^  Y <b=> V a { Z )  < 9{Y) {Y = X 0  Z } .

3 . 3 . 1 .  P r o p o s i t i o n . In  a r i t h m e t i c  CL (A) (k > 0 ), w e  h a v e  th e  f o l l o w i n g :

(1) X 4  X,

(2) if  X ^  Y a n d  Y 3$ X  t h e n  X = Y,

(3) if X ^ Y  a n d  Y ^ Z  t h e n  X j ^ Z .

P r o p e r t y  (1) i s  o b v i o u s .  A s  f o r  p r o p e r t y  (2) ,  f r o m  i t s  a s s u m p t i o n  we 

h a v e  Y = X ©  I^j X = Y ©  1^ f o r  s o m e  w o r d s  1^, i n  F (A) .  S u b s t i t u t i n g  

a n d  u s i n g  th e  a s s o c i a t i v e  l a w ,  we o b t a i n  X = (X ©  1^) ©  I^ = X ©  (1^ ©  I^).

B y  t h e  s y m b o l i c  u n i q u e n e s s  T h e o r e m  2 . 2 . 6 ,  b o th  1  ̂ a n d  1^ m u s t  b e  e m p t y  

w o r d s ,  c o n s e q u e n t l y ,  X = Y.

F o r  P r o p e r t y  (3), f r o m  i t s  a s s u m p t i o n ,  w e  h a v e  Y = X ©  1  ̂ a n d  

Z = Y ©  I a n d  by  s u b s t i t u t i n g  a n d  u s i n g  th e  a s s o c i a t i v e  law, Z = Y ©  I^ = 

(X © I  ) ©  I = X ©  (I ©  I  ), c o n s e q u e n t l y  X .
i  C* X C* -lr

I n  o r d e r  t o  d e f in e  w o r d  s u b t r a c t i o n  in  (A) (k  > 0), i t  i s  c o n v e n i e n t  

to i n t r o d u c e  the  w o r d  p r e d e c e s s o r  f u n c t i o n  p r e d ^ ( X )  b y  the f o l l o w i n g  e q u a ­

t i o n s :

p red^^fc )  =

p r e d  (a X) = X if  v = u ,
c  v fJ.

= a © p r e d  (X ) if  v /  p * fjL v

W ith  the  h e l p  of p r e d ^ ( X ) ,  w e  d e f i n e  w o r d  s u b t r a c t i o n  X [—1—] Y in 

(jL N a )  a s  f o l l o w s :

X [— ] # =  X,

X [ - H  a ^ Y  = p r e d ^ X  [— ] Y).

W e  n o te  t h a t  in  ^{A) (k > 0) t h e r e  a r e  v a r i o u s  o th e r  f o r m s  o f  w o rd

s u b t r a c t i o n s ,  w h i c h  w e  s h a l l  no t  s tu d y  i n  t h i s  p a p e r .  In  tu rn ,  we  n o t e  t h a t  the
jq kl e n g t h  f u n c t i o n  \ ( X )  i s  i n t r o d u c e d  in  a r i t h m e t i c  (A) a s  sh o w n  i n  s e c t i o n

2 . 4 .
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3 . 3 . 2 ,  P r o p o s i t i o n . In  a r i t h m e t i c  GL (A) (k > 0),

(1) a ^ X  [— ] a ^ Y  = X [ ~ ]  Y,

(2) X [— J X  = # ,

(3) #  [— ] X  = # ;

(4) (X ©  Y) [ - ^ ]  Y = X,

(5) if  Y -< X  t h e n  (X[— ]Y) ©  Y = X ,

( 6 ) if X [— ] Y = # t h e n  e i t h e r  X = #  X -<  Y o r  X •=. Y,

(7) if X ^  Y th e n  X{Y [— ] X) = X(Y) [— ] X(X).

P r o p e r t y  (1) i s  t r i v i a l  f o r  Y = # .  L e t  i t  h o l d  f o r  s o m e  Y, t h e n

a  X T -1—] a  (a Y) = p r e d  (a X [-1—] a  Y) 
ju L J p  a  a  fx L p

= p r e d  (X [— 1 Y) = X f - H  a  Y. ^c  a  L 1 J a

C o n s e q u e n t l y ,  t h i s  p r o p e r t y  h o l d s  f o r  a l l  Y.

P r o p e r t y  (2) i s  a l s o  t r i v i a l  f o r  X  =4fc. S u p p o s e  i t  i s  t r u e  f o r  s o m e  X.

T h e n  by  p r o p e r t y  (1), u s i n g  t h e  i n d u c t i v e  h y p o t h e s i s ,  w e  h a v e  a  X [-=—] a  X =

X  [-J-] X = # .

P r o p e r t y  (3) i s  o b v i o u s  f o r  X  = # .  L e t  i t  h o l d  f o r  s o m e  X ,  t h e n

#  [ — ] a ^ X  =  p r e d ^ { #  [ — ] X )  =  p r e < y # )  = # .

P r o p e r t y  (4) i s  c l e a r  f o r  Y a n d  s u p p o s i n g  the  i n d u c t i v e  h y p o t h e s i s ,

b y  p r o p e r t y  (1) w e  g e t

(X ©  a  Y) [™ ]  a  Y = a  (X ©  Y) [— ] a  Y = (X ©  Y) [— ] Y = X .
fA fJ> K

F o r  p r o p e r t y  (5), l e t  Y -< X, t h e n  X = Y ©  I f o r  s o m e  I  i n  F (A ) ,

a n d  in  t u r n  b y  p r o p e r t y  (4) w e  o b ta in

(X [— ] Y) ©  Y = {(Y ©  I) —  Y) ©  Y = I ©  Y = X.

P r o p e r t y  (6 ) f o l l o w s  f r o m  p r o p e r t i e s  (2) a n d  and  d e f i n i t i o n s .

F o r  p r o p e r t y  (7), l e t  X ^  Y a n d  Y = X ©  I  f o r  gome I  G F (A ) .  Then by

(4), X(Y [— ] X) = X((X <© I) [-=-] X) = X{I). t h e  o t h e r  h a n d ,  s i n c e

X(X ©  I) = MX) ©  \( I )  b y  P r o p o s i t i o n  2 . 4 . 3 ,  we  o b t a i n  by p r o p e r t y  (4),

\ ( X  ©  I) [-=—] X(X) = (X{X) ©  X(I)) [-=-] X(X) = X(I). C o n s e q u e n t l y ,  p r o p e r t y  (7) 

i s  t r u e .
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I n  o r d e r  to g iv e  o u r  n e x t  r e s u l t ,  w e  r e c a l l  f rom,  s e c t i o n  Z. Z t h a t  th e

w o r d s  in  F ( A )  c a n  b e  p u t  i n  n o r m a l  f o r m  a s  a m X (p > 1, m  > 0 ) .  In  t u r n ,

n o t e  th e  f o l l o w i n g  d e f i n i t i o n

n . n m  m
a  f  a  i f  n < m  a n d  p  < v,

v P = =
o r  n  < m  a n d  p > v,

o r  n  > m  a n d  p < v,
n - m  . ,  , .= a  if n  > m  a n d  p > v.p - v

3 . 3 . 3 .  L e m m a . F o r  n o r m a l - f o r m  w o r d s  in  F{A),  we  h a v e

a * X  [— ] a™Y = (a vn  [ - - ]  a “ ) ©  (X [-*-] Y).

W h e n  X = #  , t h e n  i t  i s  c l e a r  f r o m  t h e  d e f i n i t i o n s  o f  a 11 a m  a n d_ v  L J p
X  [-=—] Y. L e t  the  t h e o r e m  h o ld  f o r  s o m e  n o r m a l - f o r m  w o r d  Y. L e t

g
p r e d ^ ( X )  = p r e d ^ p r e d ^ .  . . p r e d ^ ( p r e d ^ ( X ) ) .  . . ) ) ( p r e d ^  s - t i m e s ) .  

T h e n ,  u s i n g  the  d e f i n i t i o n s  in  t h i s  s e c t i o n ,  w e  h a v e

<%  M  9  ( S  M  a a Y) = ( a v M  B  p r e d a (^  M

= p r e d ° < ( a ^  [ ~ H  a “ ) ©  (X p - ]  Y))

= p r e d S( a n X [— 1 a m Y) r  cr v 1 J p

= a nX [— ] a S{am Y) v L J c r  p

= a n X [— ] a m ( a SY). v L p  cr

3 . 3 . 4 .  T h e o r e m . F o r  a l l  X, Y a n d  Z in  F ( A ) ,

Z  O  {X [ - H  Y) = ( Z O  Y) [— ] (Z © Y) .

I n  t h i s  p r o o f  w e  a s s u m e  a l l  v a r i a b l e s  to  be  in  n o r m a l  f o r m .  F i r s t l y ,
, .  ~ s n  m  n m  s n  s ml e t  Z = a  , X = a  a n d  Y = a  . If a  = a  th e n  c l e a r l y  a  0  a  = a  O acr v p v p  cr v cr p

s n  r . . s . m  s _ . n r , m  _ . , . t  n  , ma n d  a  © a  — 1 a  O a  = a  O (a —— a  ).  On the  o t h e r  h a n d ,  if  a  F a
c t v  cr p a v L J p  v p
i i s n  / s m  ,t h e n  c l e a r l y  a  0  a  F a  0  a  a n d7 cr v cr p

s _  n r . ,  S _  m  s n  s n  r , , m  s na  © a  f— 1 a  0 a  = a  0  a  , a  0  (a —  a  ) = a  0  a  . a  v L J cr p cr v cr v  ̂ J p a  v



g
Seco n d ly ,  c o n s i d e r  the  c a s e  Z -  a. a n d  X an d  Y a r b i t r a r y .  If

s s
X = Y, t h e n  a  © X = a  © Y a n d  c l e a r l y  a  cr 3

a°  o  X [-=-] a*Y = a® © (X [-H  Y).

I n  t u r n ,  c o n s i d e r  the  c a s e  X ^  Y. P u t t i n g  X an d  Y i n  n o r m a l  f o r m ,  a s s u m e

t h a t  t h e  t h e o r e m  h o l d s  f o r  s o m e  X and  Y, th e n  by  u s in g  L e m m a  3 . 3 . 3  and  the

a bove  w e  g e t

6 i* * n S __ , S l l r r .  r * ~i # S H l“ .a  G X [— ] a  o  Y = {a o  a  X) [— ] (a © a  Y) =a  t J cr cr v L J  cr n

= [{aI 0  a“ ) Q (a* O X)J [-=-] [(a“ e a” ) © (a * O Y)]

S _ J IX r m *1 H"1» _ S , p n |
= a a  © (a v [ ] a^ ) ©  a a  O ( x  [— ] Y)

= a " 0  [{a“  [— ] a®> © (X p - ]  Y)]

= a S o  (an X p - ]  a m Y)cr y L J n '

= a® © (X [— ] Y).

F i n a l l y ,  f o r  a r b i t r a r y  Z, X a n d  Y, the  c a s e  X = Y i s  o b v io u s ,  a n d
s s , s,^  jj XIX XI

f o r  the  c a s e  X ^ Y, l e t  Z = a  a  , . . . a ,  , X = a  X an d  Y = a  Y. U s in gcr c r-1  1 n v 5
th e  d e f in i t io n  of w o r d  m u l t i p l i c a t i o n ,  d e f in i t i o n s  of w o r d  s u b t r a c t i o n s  a b o v e ,  

the  d i s t r i b u t i v e  law , L e m m a  3 . 3 . 3 ,  c a r r y i n g  ou t  th e  fo l lowing  p r o c e d u r e  t e r m -  

b y - t e r m ,  we have:
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= [a‘ a . . . (a™ H  a°)] @ [ a / .  . . a ' 1© (X [— ] Y)]

= ala . . . a ° l © [(a”  [— ] a“) ®  (X [— ] Y)]

= Z O ( a m X  [ - H  a n Y)
[A L J V

* Z 0  (X [ - H  Y).  

§ 3 . 4 .  D i v i s i b i l i t y  t h e o r y

I n  ^2,k(A) > o),  w e  i n t r o d u c e  th e  d i v i s i b i l i t y  r e l a t i o n  X | |  Y a s

f o l l o w s :

x l l  y  <==> V a { z )  < a ( x ) { x  = y o z a z / # }  .

3 . 4 . 1 .  P r o p o s i t i o n .  In  ^  > q), we  h a v e  the  f o l l o w i n g :

(1) if  X || Y a n d  Y | | Z  t h e n  X| |  Z ,

(2) if  X | | Y  a n d  Y | | X  t h e n  X = Y,

(3) if X | | Y  t h e n  C O X | | C © Y  ( C ^ # ) ,

(4) if X | j Y  a n d  X| |  Z  t h e n  X | | ( Y © Z ) ,

(5) if Z | | ( X © Y )  a n d  Z || Y t h e n  Z | | X ,

(6 ) if  Z | | ( X | - 4 Y )  a n d  Z | | Y  t h e n  Zj j X.

F o r  p r o p e r t y  (1), l e t  X| |  Y a n d  Y | | Z ,  t h e n  Y = X 0  ^  a n d  Z = Y 0 l 2

f o r  s o m e  1  ̂ a n d  1^ in  F ( A ) .  B y  s u b s t i t u t i o n ,  w e  g e t  Z  = Y © I ^  = (X O 1 )̂ O I  =

X 0  (1^ O i  ), w h i c h  m e a n s  t h a t  X| |  Z .

F o r  p r o p e r t y  (2), l e t  Y = X O I a n d  X = Y© I  , t h e n  Y = X 0  ^  =

(Y 0  I  ) 0  1  ̂ = Y 0  (I^ O 1^), w h i c h  m e a n s  t h a t  1  ̂ a n d  1^ m u s t  b e  e q u a l  to

a^, h e n c e  Y = X.

F o r  p r o p e r t y  (3),  l e t  X)| Y, t h e n  Y = X 0  I,  f o r  s o m e  I .  M u l t i p l y i n g  

on  b o t h  s i d e s  of t h i s  e q u a t i o n  b y  C, w h e r e  C ^ w e  o b t a i n  C O Y =

C © {X © I) = (C © X) © I, w h ic h  m e a n s  t h a t  C O X| |  C © Y.

F o r  p r o p e r t y  (4), f r o m  th e  a s s u m p t i o n  of t h i s  p r o p e r t y ,  w e  g e t  

Y = X  O 1̂  a n d  Z = X © I^ f o r  s o m e  1  ̂ a n d  1^. By t h e  d i s t r i b u t i v e  l a w  we 

o b t a i n  Y ©  Z = (X 0  I ) ©  (X 0  I ) = X 0  ©  I  ), w h i c h  m e a n s  t h a t

Xll (Y © Z).
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F o r  p r o p e r t y  (5), l e t  Z | | ( X © Y )  a n d  Z | | Y ,  t h e n  X © Y  = Z O ^  

a n d  Y = Z © f o r  s o m e  1̂  a n d  I ^ .  H e n c e ,  X © Y = X ® Z O l 2 = Z O l ^ ,  

a n d  by  t h e  d i s t r i b u t i v e  l a w  t h e r e  m u s t  e x i s t  a  s u c h  t h a t  X = Z 0  I^ ,  i .  e .  ,

X ©  (Z O  I^)  = Z O l j ©  Z O l 2 = Z O I j ,  w h e r e  1  ̂ = ©  I w h i c h  m e a n s

t h a t  Z | [ X .

F o r  p r o p e r t y  (6 ), l e t  Z | | { X  [-1—] Y) a n d  Zjj Y. T h e n  X [-1—] Y = Z 0  1  ̂

a n d  Y = Z O I ^ .  S u b s t i t u t i n g ,  we  o b t a i n  X [ - ^ ] Y = X [——] ( Z ®  I^) = Z 0  1^, 

a n d  by  T h e o r e m  3 . 3 . 4 ,  w e  m u s t  h a v e  X  -  Z O 1 ^  c o m p l y i n g  w i th  X  [ - 1*-] Z O  =

Z © i 3 [— ] Z  o  i 2 = Z © a 3 [— ] y .

B e f o r e  i n t r o d u c i n g  th e  p r i m e  w o r d s  of th e  d i v i s i b i l i t y  t h e o r y  of a r i t h -  

m e t i c  CL (A) (k > 0), w e  n o te  t h a t  w o r d  e x p o n e n t i a t i o n  i n  &  (A) i s  d e f i n e d  

a s  f o l l o w s :

X A # =  a  ,

X A  a  Y = (a ©  X ) 0  ( X A  Y) .
At M

3 . 4 . 2 .  P r o p o s i t i o n . In  f i ^ ( A )  (k > 0),  f o r  a n y  X, Y in  F (A )  a n d  n o n e m p t y  B,

(1) X A  a L = X,

(2) ( B A X )  ©  {B A Y )  = B A ( X  ®  Y).

F o r  p r o p e r t y  (1), g iv e n  X  = &  , w e  h a v e  a^ = (a^ © & )  ©  (#A ^A ) =

0  a  = . A s s u m e  th e  i n d u c t i v e  h y p o t h e s i s ,  t h e n

a  X A  a ,  = (a, ©  a  X) ©  (a  X A # )  = a  X  ©  a. = a  X.
At 1 v 1 At At At 1 At

W i t h  r e s p e c t  to  p r o p e r t y  (2), f o r  Y = ^ ,  w e  h a v e

( B A X )  O (B A # )  = (B A X )  O a  = B A X ,

B A  (X © # )  = B A X  .

A s s u m e  t h e  i n d u c t i v e  h y p o t h e s i s ,  t h e n

( B A X )  O ( B A a ^ Y )  = ( B A X )  © ( a ^ O B ) O ( B A Y )

= (a © B)  0 (B A ( X  ©  Y))

= B A a  (X ©  Y) -  B  A ( X  ©  a  Y).
At At
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I n  {k > 0), th e  p r i m e  - w o r d  r e l a t i o n  pw(X) i s  d e f i n e d  by:

pw(X) < ^ >  A 9( z ) < 3 ( X ) { Z | |X  = >  Z = X v  Z = a ^ .

In  t u r n ,  w e  d e f i n e  t h e  p r i m e  w o r d s  . . .  in  a r i t h m e t i c

Q ,  ^{A) (k > 0 ) a s  f o l l o w s :

f*l = a 2
p a + l = n H Z )  < 3 ( a j A ( a f A a j  )){3(J»n > < 3 ( Z ) A p w ( Z ) } ,

o b ta in in g  = a^ ,  = a^a^, . . . .  We d e n o t e  the  s e t  o f  a l l  p r i m e

w o r d s  in  # k {A) by  P

3 . 4 . 3 .  L e m m a .  If  X ^ a n d  X ^ a^,  t h e n  e i t h e r  pw(X) o r  X = Y^ ©

f o r  s o m e  Y. a n d  Y i n  F ( A ) .
X u

T h i s  l e m m a  f o l l o w s  d i r e c t l y  f r o m  the  a b o v e  d e f i n i t i o n  o f  th e  r e l a t i o n

pw (X ) .

A  w o r d  in  F (A )  i s  c a l l e d  a  c o m p o s i t e  w o r d  i f  i t  i s  n o t  a  p r i m e  w o r d ,  

o f  c o u r s e ,  e x c e p t - ^  a n d  a^.

W e  d e f in e  t h e  g r e a t e s t  c o m m o n  w o r d  d i v i s o r  of X a n d  Y, d e n o t e d  

gcd{X,  Y), a s  f o l l o w s :

Z = g c d (X ,  Y) « = >  Z | |  X a Z| |  YaA 3(W) < 3(X) A 3 (W )  < 3{Y ){w | |  X y \  W|[ Y = i>  Wj| Z } .

3 . 4 . 4 .  L e m m a . I n  a r i t h m e t i c  (A) (k > 0),

(1) gcd{X, Y) j| X a n d  g c d ( X , Y ) | | Y ,

(2) g c d (X ,  a^) = a ^

B o t h  of the  a b o v e  p r o p e r t i e s  a r e  c o n s e q u e n c e s  of t h e  d e f i n i t i o n s  of g c d  

a n d  the  d i v i s i b i l i t y  r e l a t i o n .

I n  t h e  f o l l o w i n g  l e m m a s  w e  s h a l l  a s s u m e  t h a t  th e y  p e r t a i n  to  an y  a r i t h -  
km e t i c  (A) (k > 0) ,  t h e r e b y  a v o i d i n g  n e e d l e s s  r e p e t i t i o n .

3 . 4 . 5 .  L e m m a .  If  A ,  B a n d '  C a r e  n o n e m p t y  w o r d s  in  F ( A ) ,  t h e n

gcd{C 0  A, C O  B) = C © g c d { A ,  B ) .



T o  p r o v e  th i s  l e m m a  w e  n e e d  to  c o n s i d e r  the  fo l low ing  c a s e s :

(I) A = B;  (II) B *< A  o r  B >- A; (HI) B /  A, B ^ A  an d  B  ^  A.

(I) L e t  A = B . W e d i s p o s e  of t h i s  c a s e  by o b s e r v i n g  t h a t  gcd(A, B) =

A  = B, t h u s  gcd{C © A ,  C 0 B )  = C © A  = C O B  = C ©  g c d ( A ,  B).

(II) L e t  A, B a n d  C b e  n o n e m p t y  w o r d s  and  l e t  B ^  A .  If B = 

a n d  A i s  a n y  w o r d  s a t i s f y i n g  B - ^ A ,  t h e n  by  L e m m a  3 . 4 . 4  (2),  we h ave  

gcd(A, B) = a^, a n d  c o n s e q u e n t l y  g c d ( C ©  A ,  C © B) = C 0  a^ = C O  gcd(A , B) .

A s s u m e  t h a t  c a s e  (II) h o l d s  f o r  e v e r y  A a n d  B s u c h  t h a t  A(A) ©  M B)  "4 MN) 

f o r  s o m e  N  in  F (A) .

S in c e  B A, by  P r o p o s i t i o n  3 . 3 .  2(5) w e  h ave  (A [ - i~] B)  ©  B = A.

By L e m m a  3. 4 .  4(2), w e  h a v e  gcd(A  [-1—] B, B) [| B and  g cd (A  [-=—] B, B ) | | ( A  [—=—J B).

By P r o p o s i t i o n  3. 4 .1 (4) ,  w e  h a v e  gcd(A  [-1—] B, B ) | |A .  C o n s e q u e n t l y ,  f r o m

th e  d e f in i t io n  of g c d  i t  f o l l o w s  th a t

(1) g cd (A  [— ] B, B) || g cd (A ,  B).

O n  t h e  o t h e r  h a n d ,  by  L e m m a  3. 4 .  4(1) w e  a l s o  h ave  g c d ( A , B ) | | A  a n d  

gcd(A, B ) | | B ,  a n d  gcd(A ,  B ) | | ( A  [—=-] B) ©  B s in c e  (A [-*-] B) ©  B = A. B y  

P r o p o s i t i o n  3.  4 .1 (5) w e  o b t a i n  gcd(A ,  B)| |  (A [ -1-]  B).

F i n a l l y ,  s i n c e  gcd (A ,  B) || (A [ ~ ]  B) a n d  gcd(A, B ) | | B ,  by  the  d e f i n i t i o n  

of gcd w e  g e t

(2) gcd(A ,  B) || gcd (A  [ ~ H  B, B).

B y  P r o p o s i t i o n  3.  4 .1 (2 ) ,  c o m b in in g  (1) an d  (2) a b o v e ,  w e  o b ta in

(3) g c d ( A . B )  = gcd (A  [— ] B, B).

S i n c e  B -< A a n d  A  , by P r o p o s i t i o n  3. 3. 2(6) w e  h a v e  

A [” ] B ^ a n d  by  T h e o r e m  3 . 3 . 4  we g e t

C 0  (A [— ] B) = C O  A  [ - H  C ©B,

c o n s e q u e n t l y  C O  A  [-i—] C 0  B ^ #  , a n d  so  f r o m  (3) i t  f o l l o w s  th a t

(4) g cd (C  © A,  C 0  B) = gcd(C  O A [-*-] C O B ,  B).
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A t  t h i s  p o in t  w e  o b s e r v e  t h a t

M A  [— ] B) ©  MB) -< \ ( N )

b e c a u s e  M A  [-1-] B) ©  MB) = M(A [-*—] B) ©  B) by  P r o p o s i t i o n  2.  4.  3(1), a n d  

by  P r o p o s i t i o n  3. 3. 2(5) w e  h a v e  (A [——j B) ©  B = A, w h i c h  m e a n s  t h a t  

MA [“H  B) ©  M B ) M A )  ©  MB), s i n c e  B £  T h e r e f o r e ,  by  t h e  i n d u c t i v e  

h y p o t h e s i s  w e  o b ta in

(5) g c d ( C  O  (A [— ] B) ,  C O  B) = C O  g c d ( A  [— ] B ,  B ) .

S ince  b y  T h e o r e m  3. 3 . 4  w e  h a v e

C O (A [— ] B) = C O  A  [— ] C O B ,

it  f o l l o w s  f r o m  (4) t h a t

g cd (C  O  A ,  C O  B) = g c d (C  O  (A [— ] B ) ,  C O  B) ,

a n d  f r o m  (5) and  (3) t h a t

gcd (C  O  A ,  C O  B) = C O  g c d (A  [— ] B ,  B)

= C O  gcd(A ,  B).

(I l l )  T h e  f i n a l  c a s e  we l e a v e ,  s i n c e  i t  r e q u i r e s  i n t r o d u c i n g  o t h e r  f o r m s  

of w o r d  s u b t r a c t i o n s  r e l a t i n g  to  f u n c t i o n s  ^C(X) a n d  3(X) g i v e n  i n  s e c t i o n  2 . 4 ,  

w h ic h  t a k e  u s  too f a r  a f i e l d  f r o m  th e  m a i n  p u r p o s e  of t h i s  p a p e r .

3 . 4 . 6 .  L e m m a .  If C | | A  a n d  C | | B ,  t h e n  C | | g c d ( A ,  B) .

I f  C | | A  a n d  C | | B ,  t h e n  A  -  C O y ,  B =  C 0 I 2 a n d

(1) g c d ( A ,  B) = g c d ( C O I r  C O I 2 ), 

f o r  s o m e  I 1 an d  I  . B y  L e m m a  3 . 4 .  5 a n d  (1) we  g e t

g c d ( A ,  B) = C © g c d t y , ^ ) ,

w h ic h  m e a n s  t h a t  C | | g c d ( A ,  B ) .

3 . 4 . 7 .  L e m m a . If  B  || C ©  A  a n d  g c d (A ,  B) = a^, t h e n  B |j C .

F r o m  B || C O  A, B || C O  B a n d  L e m m a  3. 4 .  6 , i t  f o l l o w s  t h a t
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B || g c d (C  © A ,  C ©  B ) .

I n  t u r n ,  f r o m  t h e  a s s u m p t i o n  gcd (A ,  B) = a n d  L e m m a  3 . 4 . 5  we g e t

g c d (C  ©  A, C O B )  = C ©  gcd (A ,  B) = C, 

a n d  c o n s e q u e n t l y  B j | C .

3 . 4 . 8 .  L e m m a . If  X | |p^  t h e n  X  = o r  X = a^.

I f  X || t h e n  c l e a r l y  by  d e f i n i t i o n  of a  p r i m e  w o r d  i t  f o l l o w s  t h a t

p = X o r  b  = a . .
1 M VfJL 1

3 . 4 . 9 .  L e m m a .  If  U T x .  t h e n  gcd(p^  i t X )  = a r

F r o m  L e m m a  3, 4.  4(1) we  o b t a i n  g c d ( h  , X ) | | h  , a n d  b y  L e m m a  3 .  4.  8
f t f*i

i t  f o l l o w s  t h a t  e i t h e r  (1) gc  d ( p  , X) a  a L o r  (2) g c d ( p ^ , X )  = . C o n s i d e r i n g

t h e  c a s e  g c d ( b  , X) = p  , w e  s e e  t h i s  by L e m m a  3.  4 .  4(1) l e a d s  to  t h e  c o n t r a -

d i c t i o n  fa || X . T h e r e f o r e ,  c a s e  (1) m u s t  be  t r u e .
f fU

3 . 4 . 1 0 .  L e m m a .  If  h  j |X © Y, t h e n  b  j| X o r  p  || Y.

A c c o r d i n g  to  L e m m a  3 . 4 . 9 ,  e i t h e r  p ^  || X o r  g c d ( p ^ , X )  = a^, a n d  f r  

the  a s s u m p t i o n  p  || X © Y i t  f o l l o w s  t h a t  e i t h e r  (1) p || X o r  (2) p  || X  © Y

o m

M 1 M M
, a^.  I n  t u r n ,  by 3. 4.  7, if  p ^  || X O Y a n d  g c d ( p ^ ,

t h e n  pM| |Y .

3 .4 .1 1 .  L e m m a .  If p ^  j| X^ © X ^ 0  . . . © ^ n » t h e n  p ^  || X ^  f o r  s o m e  k  (1 < k  < n) .

T h e  l e m m a  i s  t r i v i a l  f o r  n  = 1. A s s u m e  th e  l e m m a  to  b e  t r u e  f o r

s o m e  n.  T h e n ,  by  L e m m a  3 . 4 . 1 0 ,  w e  o b t a i n  b IIX o r  b H x ,©  . . . © X ,
7 n+1 i f x 11 1 n

a n d  in  t u r n  by  the  i n d u c t i v e  h y p o t h e s i s  w e  g e t  p ^  j| X ^  f o r  s o m e  k  (1 < k  < n) .  

T h e r e f o r e ,  f r o m  p^ || X ^  f o r  s o m e  k  (1 < k  < n) a n d  p ^  || i t  f o l l o w s

t h a t  p ^  || X ^  f o r  s o m e  k  (1 < k  < n).

3 . 4 . 1 2 .  L e m m a . If p  l l p ^ O p ^  © . . . © > t h e n  p  = p . f o r  s o m e
^  Xn ^ n - l  11 ^  \

k  (1 < k  < n ) .
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A c c o r d i n g  to  L e m m a  3 . 4 .1 1 ,  if  |l || ^  ©• • . © t h e n  ja || f o r
^  Xr  11 ^  Xk

s o m e  k  (1 < k  < n ) .  F r o m  M K  f o r  s o m e  k  (1 < k  < n) a n d  L e m m a  3 . 4 . 8
V \

i t  f o l l o w s  t h a t  b  = b  f o r  s o m e  k  (1 < k  < n) o r  b  = a , .  S in c e  fa ^  a , ,Hu T i  = Tju l  TM 1
k

w e  m u s t  h a v e  b = fa. f o r  s o m e  k  (1 < k  < n ) .

3 . 4 . 1 3 .  T h e o r e m . ( P r i m e - w o r d  u n i q u e  f a c t o r i z a t i o n  t h e o r e m )

E x c e p t  f o r  a n d  a^,  e v e r y  w o r d  X in  F (A )  c a n  b e  u n i q u e l y  

e x p r e s s e d  in  n o n u n i q u e  o r d e r  a s  X = ja. © fr O • * * © jx >

□  ' r  l r _1  11
w h e r e  h ' h ,  k 6 " -

1 2  r

E x i s t e n c e .  A s s u m e  t h a t  t h e r e  e x i s t  w o r d s  w h i c h  c a n n o t  b e  e x p r e s s e d

a s  w o r d - p r o d u c t s  of p r i m e  w o r d s .  B y  L e m m a  3 , 4 . 3 ,  s i n c e  s u c h  w o r d s  c a n n o t

b e  p r i m e  w o r d s ,  w e  m u s t  h a v e  X = Y^ ©  Y^ f o r  s o m e  Y^ a n d  Y^.  F r o m  th e

s e t  of  s u c h  w o r d s  X  s e l e c t  t h e  w o r d  w i t h  th e  l e a s t  v a l u e  3{X^).  C l e a r l y ,

X Q = X^ © X^ f o r  s o m e  X^, X ^ ,  a n d  X Q -£ X^ a n d  X Q ^  X ^ .  B y  P r o p o s i t i o n

2. 4 .  5(2) i t  f o l l o w s  t h a t  3(X ) 4- StXH a n d  3(X ) ^ 3(X_).  On the  o t h e r  h a n d ,U 1 u «
s i n c e  X rt = X, 0  X , ,  i f  X. = a .  a .  . . . a.  , t h e n  X n =

0 1 2  1 i i  , i,  0r  r  -1 1
a ©  X_ ©  a  © X_ @ . . .  ©  a .  ©  X a n d  by  P r o p o s i t i o n  2 . 4 .  5(1) w e  h a v e  i  2 i  , 2 i  2r  r -1 1
3(X ) = 3(a.  ©  X ) 0  . . . 0  3(a .  ©  X  ), c o n s e q u e n t l y  w e  m u s t  h a v e  3(X ) > 3(X )

0 i  Z 1. 6 U ti
r  1

a n d  a l s o  by  the  s a m e  w a y  9(X^) > 3(X^). T h e r e f o r e ,  by  o u r  a s s u m p t i o n ,  the  

w o r d s  X^ an d  X ^  a r e  e x p r e s s i b l e  a s  w o r d - p r o d u c t s  of p r i m e  w o r d s ,  h e n c e  

t h e  w o r d  X^ m u s t  a l s o  be e x p r e s s i b l e  a s  a  w o r d - p r o d u c t  o f  p r i m e  w o r d s ,  

w h i c h  i s  a  c o n t r a d i t i o n .

U n i q u e n e s s .  To  p r o v e  u n i q u e n e s s  of p r i m e - w o r d  f a c t o r i z a t i o n s ,  

c o n s i d e r

b .  o b .  ©  • • • © b . = h . ©  [i. © . . . ©  b. .
I I  I 1 1 * J J i  *Jir  r -1 1 s  s -1 1

F o r  t h e  c a s e  r  = 1, if f r  = f r  © . . . © jj. , t h e n  b y  L e m m a  3 . 4 . 1 2  w e  m u s t

h a v e  b  = b. f o r  s o m e  k  (1 < k  < s ) .  H e n c e  t h e  t h e o r e m  i s  t r u e  f o r  r  = 1. 
r i l  ^ k  = =



A s s u m e  t h a t  t h e  t h e o r e m  i s  t r u e  f o r  s o m e  r .  T h e n ,  f r o m

h.  © b i 0 - * * © b -  = fl- o  ft- © •  ■ • © h- »
'■ ' r  r +1 1 r  1 1 J s , J s - l  n l

we  o b t a i n

bi U f a , ©- -  • © f t  *
' r +1 , J s J1

a n d  b y  L e m m a  3. 4 . 1 2  in  t u r n  w e  g e t  h  . .  ■ h  f o r  s o m e  k  (1 < k < s ) .
r +1 ^k

F o r  c o n v e n i e n c e ,  l e t  k  = s .  T h e n  by  the  i n d u c t i v e  h y p o t h e s i s  i t  f o l l o w s  t h a t

w h e r e  e a c h  b. , . . - , b. e q u a l s  s o m e  b. , . . . , h a n d  e a c h  h. » • • ■ > b .
r  r j l  " s -1 Pll * V l

e q u a l s  s o m e  fj, , . . . , |a . . T h e r e f o r e ,  t h e  p r i m e - w o r d  f a c t o r i z a t i o n s  a r e  
1 r

u n iq u e  f o r  a l l  r .

3 . 4 . 1 4 .  C o r o l l a r y . (1) T h e o r e m  3 . 4 . 1 3  i m p l i e s  u n iq u e  f a c t o r i z a t i o n  in  t h e

n o n c o n c a t e n a t i v e  m u l t i p l i c a t i v e  m o n o i d  (2) T h e o r e m  3 . 4 . 1 3

i m p l i e s  un ique  f a c t o r i z a t i o n  of n a t u r a l  w o r d s  a^ in  t h e  f r e e
k

m o n o i d  F ( a p  o r  a  n u m b e r e d  f r e e  m o n o i d  F  (a^) (k > 0) in  

t e r m s  of p r i m e  w o r d s  in  TTF â  y

§3. 5. V a r i o u s  e v e n  a n d  odd w o r d s

In  o r d e r  to  i n t r o d u c e  a  c e r t a i n  type  of e v e n  w o r d s  i n  CC (A) {k > 0),  

we  n e e d  th e  a d d i t i v e  c o n j u g a t i o n  f u n c t i o n  o r  b r i e f l y  c o n j u g a t i o n  f u n c t io n  S ( X ) ,  

i n  f a c t  a  m a p  b e t w e e n  the  f r e e  m o n o i d s  F ( A )  a n d  F(a^),  d e f i n e d  by th e  f o l l o w ­

ing  e q u a t i o n s :

£ ( # )  =  # ,

E ( a  X) = a ( a  ) ©  E (X ) ,
r  r*

w h e r e  c  i s  d e f i n e d  i n  s e c t i o n  2.  4.

W i th o u t  f u r t h e r  m e n t i o n  i n  t h i s  s e c t i o n ,  w e  a s s u m e  r e l e v a n c e  to  a r i t h ­

m e t i c  s # k (A) ( k >  0 ) .
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3 . 5 . 1 .  P r o p o s i t i o n . F o r  a n y  w o r d s  in  F ( A ) f we  h a v e  t h e  fo l low ing  p r o p e r t i e s :

(1) or(a tD a  ) = cr{a ) 0  a ( a  ),fx V (X v
(2) 2 ( X  © Y) = S ( X )  © S ( Y ) ,

(3) S ( a ^ ©  X) = <r(a ) 0  S ( X ) .

(4) S ( X O  Y) = S (X )  0  S ( Y ) .

With  r e s p e c t  to p r o p e r t y  (1), r e c a l l i n g  the  n o n c o n c a t e n a t i v e  s e m i r i n g

S M a , we h a v e  ff(a ED a ,)  = a ( a  ) a n d  o f a  ) O <r(a,) = or(a ) © a = o{a ).A  jJL V (X n ' '  1 fx 1 fx
L e t  p r o p e r t y  h o l d  f o r  s o m e  a  , t h e n  by p r o p e r t i e s  of S M  a n d  w o r d  m u l t i -

V A
p l i c a t i o n  we o b t a i n

a ( a  B  (a E  a , ) )  = cr((a Q  a  ) 0  {a & a . ) )  = c ( a  d a ) ©  cr{a ) 
t x  v  1 (X  v  i x  1 i x  v  n

=  ( c r ( a  ) O  o ( a  ) )  ©  c r { a  )(X V IX
=  CT(a ) O  ( c r ( a  ) ©  a  )

r* V' i
=  c r ( a  ) 0 c r ( a  0  a , ) .  fx v v 1

P r o p e r t y  (2) i s  c l e a r  f o r  Y = . A s s u m e  t h a t  t h i s  p r o p e r t y  i s  t r u e

f o r  s o m e  Y. T h e n

S ( X  ©  a  Y) = 2 {a (X ©  Y)) = cr(a ) ©  S ( X  ©  Y)

= a ( a  ) ©  2 (X )  ©  2 (Y )

= £ ( X )  ©  a{a ) ©  S(Y)

= 2 ( X )  ©  S ( a  Y).

P r o p e r t y  (3) i s  o b v i o u s  f o r  X = # .  L e t  i t  h o l d  f o r  s o m e  X. T h e n  by  

p r o p e r t i e s  (1) a n d  {2 ) we g e t

2 ( a  © a  X) = 2 < a  0  (a ©  X)) = 2 ( ( a  ©  a  ) ©  (a  © X)) 
i x  V  (X  v  i x  v  i x

= 2 { a  ©  a  ) ©  2 ( a  O  X)IX V JX
= 2 { a  ©  a  ) ©  CT(a ) ©  S(X) 

i x  v  i x

= a ( a  H  a  } ©  cr(a ) ©  2 (X )  
ix v M

= ( f f (a^ )©  u (a y )) ©  (a (a  ) ©  S ( X »

= cr(a^) ©  (a{a^) ©  2 (X ) )  = ff(a ) ©  S ( a ^ X ) .
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P r o p e r t y  (4) i s  a l s o  o b v io u s  f o r  Y * # .  A s s u m e  t h i s  p r o p e r t y  f o r  

s o m e  Y. T h e n  by  p r o p e r t i e s  (2) a n d  (3),

2 ( X  O a  Y) = 2 ( a  O  X ©  X O  Y)
M /U

= 2 ( a  0  X) ©  2 ( X  0  Y)

= S{a^  O X ) ©  2{X) O  2 (Y )

= (ff(a ) ©  2 (X ) )  © ( Z ( X ) O S ( Y ) )

= 2 ( X )  O M a ^ )  ©  2{Y))

= 2 ( X )  © 2 ( a  Y).

R e c a l l i n g  t h a t  th e  p r i m e  w o r d  |3^ d e n o t e s  th e  w o r d  an{i t h a t  a^

d e n o t e s  a  n a t u r a l  w o r d  in  F (a^ ) ,  w e  d e f in e  v a r i o u s  e v e n  a n d  o d d  w o r d s  in  

^ k ( A )  (k > 0 ) a s  f o l l o w s :

(1) A  w o r d  X i s  a n  a , - e v e n  w o r d ,  d e n o t e d  a s  e v e n  (X),
1 ----------------  a i

if a n d  o n ly  if a, X.
1 ^

(2) A w o r d  X i s  a n  a  - o d d  w o r d ,  d e n o t e d  odd  (X), --------------- a x

if  a n d  on ly  if  X /  a n d  a ^ ^ I  X.

(3) A w o r d  X is  a  j l ^ - e v e n  w o r d ,  d e n o t e d  a s  e v e n ^  (X),

if  a n d  o n ly  if  fl || X, ^

(4) A  w o r d  X i s  a  | | g - o d d  w o r d ,  d e n o t e d  a s  o d d ^  (X),

i f  a n d  o n ly  if X a n d

(5) A w o r d  X i s  a  cr-e v e n  w o r d ,  d e n o t e d  a s  e v e n  (X),

if  a n d  on ly  if  X i s  a  s o l u t i o n  of th e  e q u a t i o n

S (X )  = a^ ,

w h e ir e  a!j* i s  a  j s ^ - e v e n  w o r d .

(6 ) A  w o r d  X i s  a  c r -odd  w o r d ,  d e n o t e d  a s  odd^(X) 

if a n d  on ly  if X i s  a  s o l u t i o n  of  the  e q u a t i o n

S ( X )  = a^  ,

w h e r e  a^ i s  a  ^ - o d d  w o r d .
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3 . 5 . 1 .  P r o p o s i t i o n ,  (1) I f  X  a n d  Y a r e  a , - e v e n  w o r d s ,  t h e n  e v e n  ( X ©  Y). 
------------------------------------------- 1 a i

(2) If  X a n d  Y a r e  a  - o d d  w o r d s ,  t h e n  o d d  {X ©  Y).
1 cL̂

(3) If  e v e n  (X) a n d  odd  (Y),  t h e n  e v e n  (X ©  Y).
a l  a i a i

F o r  p r o p e r t y  (1), by  d e f i n i t i o n ,  if X a n d  Y a r e  a ^ - e v e n  w o r d s ,  t h e n  

a^ X a n d  a^ Y, s o  c l e a r l y  ^  X ©  Y.

W i t h  r e s p e c t  to  p r o p e r t y  (2),  if  a^ £  X a n d  ^  Y, w h e r e  X  an d  Y

a r e  n o n e m p t y  w o r d s ,  t h e n  o b v i o u s l y  X ©  Y.

F o r  p r o p e r t y  (3) ,  if a ^ ^  X  a n d  a ^ ^  Y, t h e n  c l e a r l y  a ^ - ^  X ©  Y.

3 . 5 . 2 .  P r o p o s i t i o n .  If  X a n d  Y a r e  b o th  ^ - e v e n  w o r d s ,  t h e n  e v e n .  (X ©  Y).
r z

B y  d e f in i t i o n ,  if X a n d  Y a r e  J j^ -e v e n  w o r d s ,  t h e n  a n d

(H^JlY. B y  P r o p o s i t i o n  3.  4 .1 (4 ) ,  i t  f o l l o w s  t h a t  ^ . ^ ( X C D Y ) ,  i. e> f X CD Y 

m u s t  b e  a  ja^-even  w o r d .

I n  g e n e r a l ,  j j ^ - e v e n  a n d  p -o d d  w o r d s  d o  n o t  b e h a v e  w i t h  r e s p e c t

to  w o r d  a d d i t i o n  in  th e  c l a s s i c a l  p o s i t i v e - i n t e g e r  s e n s e .  F o r  e x a m p l e ,  w o r d s

a,a_a,_ a n d  a , a „ a ^  a r e  b-, - o d d  w o r d s ,  h o w e v e r  t h e i r  w o r d  s u m  a , a _ a _  ©  a , a _ a _  1 2 5  1 3 5  rZ  1 2 5 1 3 5
is  o b v i o u s l y  no t  a  | l „ , - ev en  w o r d .  H o w e v e r ,  we  do  h a v e  th e  f o l l o w i n g  s p e c i a l  

c a s e s :

3 . 5 . 3 .  P r o p o s i t i o n . (1) I f  X = Y o r  if X ^  Y a n d  Y [-1—] X i s  a  j^F-even

a^w o r d ,  w h e r e  X a n d  Y a r e  n o n e m p t y  w o r d s ,  t h e n  if  o d d t ,  (X)
r?

a n d  o d d  i (Y),  t h e n  e v e n  ^ (X ©  Y).
2 h

l  \  * / )  l i i c i i  c v s n

*Z °2
(2) T h e  J l ^ - e v e n  a n d  -o d d  w o r d s  b e h a v e  in  t h e  c l a s s i c a l

m a n n e r  w h e n  t h e y  a r e  w o r d s  in  t h e  f r e e  m o n o i d  F ( a ^ ) .

(1) F o r  the  a s s u m p t i o n  X  = Y, the  c o n c l u s i o n  f o l l o w s  by  v i r t u e  of the  

d e f i n i t i o n  of j l ^ - e v e n  w o r d s .  If  X Y  an d  Y [——] X i s  Jj^-even, t h e n  by 

P r o p o s i t i o n  3. 3. 2(5) w e  g e t
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X ©  Y = X ©  ((Y [— ] X) ©  X)

= (X ©  X) ©  (Y [— ] X)

= p z O  X ©  (Y [— ] X).

S in c e  b y  a s s u m p t i o n  Y [-1-] X i s  J j ^ - e v e n ,  i t  f o l l o w s  f r o m  P r o p o s i t i o n  3. 5. 2

t h a t  e v e n  . (X ©  Y).  (2) T h i s  p a r t  of the  p r o p o s i t i o n  i s  o b v i o u s .
2

W ith  r e s p e c t  to  cr -even  a n d  cr-odd w o r d s ,  t h e  f o l l o w i n g  s h o w s  t h a t  

th e y  b e h a v e  i n  t h e  c l a s s i c a l  m a n n e r .

3 . 5 . 4 .  P r o p o s i t i o n .  (1) If X a n d  Y a r e  b o t h  t j - e v e n  w o r d s ,  t h e n

e v e n ^ ( X  ©  Y).

(2) If  X  an d  Y a r e  b o th  cr-odd w o r d s ,  t h e n  e v e n ^ ( X © Y ) .

(3) If  even^ tX )  a n d  odd^(Y),  t h e n  odd^(X  ©  Y).

W i t h  r e s p e c t  to  p r o p e r t y  (1), if X a n d  Y a r e  (7 - e v e n ,  t h e n  by d e f i n i ­

t i o n  t h e y  a r e  s o l u t i o n s  of the  e q u a t i o n s  2 (X )  = a^  a n d  2{Y) = a ^ ,  w h e r e  a^
V t  U  Va n d  a  a r e  p - e v e n  w o r d s ,  w h i c h  m e a n s  t h a t  a  a n d  a  a r e  d i v i s i b l e  by
J.  ̂ M 1 XM y

F r o m  th i s  by  P r o p o s i t i o n  3,  4 .1 (4)  it  f o l l o w s  t h a t  a^ ©  a^ i s  a l s o  d i v i s i b l e

b y  B y  the  d e f i n i t i o n  of th e  c o n j u g a t i o n  f u n c t i o n ,  w e  h a v e  S (X )  ©  £ (Y )  =

2 ( X  ©  Y), a n d  t h e r e f o r e  2 ( X  ©  Y) = ©> a ^ ,  w h e r e  a^ ©  a ^  i s  ^ - e v e n ,

w h i c h  m e a n s  e v e n  (X ©  Y).o
F o r  p r o p e r t y  (2), if b o th  X a n d  Y a r e  a - o d d  w o r d s ,  t h e n  X a n d  Y

V U V
a r e  s o l u t i o n s  of t h e  e q u a t i o n s  E(X )  = a^ a n d  S ( Y )  = a ^ , w h e r e  a^ a n d  a^

t U Va r e  s o m e  p ^ - o d d  w o r d s ,  a n d  of  c o u r s e  E(X) ©  E(Y) = a^ ©  a ^ , w h ic h  m e a n s

2 ( X  ©  Y) = a^ ©  a j \  T o  e x p e d i t e  m a t t e r s ,  n o t e  by  P r o p o s i t i o n  2. 2, 9

a i  ®  a i  = a l  V’ anC  ̂ ^  anc  ̂ a l> a r e  k ° th  1*2-0<^  fh en  a(j* = a ^ a*^
v 2 [HI 2a+l  2 aa n d  a^ = a^ f o r  s o m e  a  a n d  p,  a n d  c l e a r l y  a^ = (a^ ©  a ^ ) ©  a^ =

^t*2 ® a i^  ® a i  a n d  a ^ +1 = O ©  ai  ~ ^1*2® a f^ ®  a l ‘ C o n s e q u e n t l y ,  

b y  th e  d i s t r i b u t i v e  l a w  a^ ©  a|* ~ ( ©  a a ) ©  ©  a ^ )  + a^ =

f*2 O a a  ©  fl^ 0  aj5 ©  = J*2 0  ( a a  ©  a ^  ©  a^), w h i c h  m e a n s  t h a t  a^ ©  a^

i s  a n  j l l^ -even  w o r d .  T h e r e f o r e ,  s i n c e  E (X  ©  Y) = a(j* ©  a ^ ,  w h e r e  a^ ©  a ^
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i s  J i ^ - e v e n ,  i t  f o l l o w s  t h a t  e v en ^ (X  ©  Y).

F o r  p r o p e r t y  (3),  l e t  even^(X)  a n d  odd^{Y), i.  e .  , E(X) = a{j* a n d
V U  V

S (Y )  = a  , w h e r e  ev en  . ( a ^ ) a n d  od d  l ( a^ ) .  In  t h e  s a m e  w ay  a s  i n  t h e
2 2 vp r o o f  of p r o p e r t y  (2), u s i n g  P r o p o s i t i o n  2 .  2. 9, we  a r r i v e  a t  a^ ©  a^ =

a ^ a  ©  a [ P+1 = a 2 a + 2 !3+1 = a 2 (a+P)+l = ^  0  w h ic h  m e a n s  t h a t

a^  ©  a^ i s  jt^ -o d d .  C o m b i n i n g  the  a b o v e  e q u a t i o n s  w e  o b ta in  2 ( X  ©  Y) =

u, v u va7 ©  a , ' ,  w h e r e  a  © a .  i s  fa -odd ,  t h e r e f o r e  odd  ( X ©  Y).
1 1  1 1 r z  cr

A t  t h i s  p o i n t ,  we  s k e t c h  th e  r e l a t i o n  b e t w e e n  s e t s  of a ^ - e v e n ,  ^ - e v e n

a n d  a - e v e n  w o r d s ,  in  t e r m s  of  t h e  f o l l o w i n g  e x a m p l e .  A l l  s o l u t i o n s  X of

th e  e q u a t i o n  2 ( X )  = a r e  c l e a r l y  c r - e v e n  w o r d s ,  w h i c h  c a n  be e n u m e r a t e d

a c c o r d i n g  to  l e n g t h  a s  f o l l o w s :

(1) a^ ,

( 2) a ^ ,  a 3 a 3 , a ^ ,

(3) a 1a 2a 3> a ^ a ^  a 2a 2a 2 ,

(4) a1a 1a 1a 3 , a ^ a ^ ,

(5) a1a 1a 1a 1a 2 ’
(6 ) a 1a l a 1a 1a 1a 1.

Clearly, a^,., a ^ a ^  ^^2*2' V l V l aZ and W l W l
a r e  a  - e v e n  w o r d s ,  a n d  a  a  , a  a  a  a  a n d  a  a  a a  a  a  a r e  b  - e v e n  w o r d s .

X J  ^  1  J. UI  M 1 1 1 1 1 1  u

F r o m  t h i s  e x a m p l e ,  w e  c a n  s e e  t h a t  t h e  s e t  of a ^ - e v e n  w o r d s ,  the  s e t  of ^ - e v e n

w o r d s  a n d  t h e  s e t  of a - e v e n  w o r d s  h a v e  a  c o m m o n  i n t e r s e c t i o n ,  h o w e v e r ,  the

s e t  of a ,  - e v e n  w o r d s  d o e s  n o t  s u b s u m e  t h e  s e t  of a - e v e n  w o r d s ,  a n d  c o n v e r s e l y ,
1 Pu  0s i n c e ,  e . g . ,  a ,  (p C  P  , u  > 1) a r e  a , - e v e n  w o r d s  a n d  c e r t a i n l y  n o t  c r -even

1 p 1
w o r d s .  A l s o ,  th e  s e t  of a ,  - e v e n  w o r d s  d o e s  no t  s u b s u m e  th e  s e t  of h ^ - e v e n

Puw o r d s ,  a n d  c o n v e r s e l y ,  s i n c e  a^ a r e  n o t  f l^ -e v en  w o r d s .  H o w e v e r ,  w e  do 

h a v e  t h e  fo l l o w i n g  r e l a t i o n  b e t w e e n  th e  s e t  o f  b - e v e n  w o r d s  a n d  t h e  s e t  of
u

a - e v e n  w o r d s :

3 . 5 . 5 .  P r o p o s i t i o n .  If  X  i s  a  jj - e v e n  w o r d ,  t h e n  X  i s  a l s o  a  a - e v e n  w o r d .



L e t  X b e  a  j j ^ - e v e n  w o r d ,  t h e n  X = Q  Y f o r  s o m e  Y. By- 

P r o p o s i t i o n  3. 5 . 4  s i n c e  ji © Y = Y ©  Y, w h e t h e r  Y i s  f f -even  o r  cr-odd, 

i t  f o l l o w s  t h a t  X i s  a n  a - e v e n  w o r d .

3 . 5 . 6 .  C o r o l l a r y .  I f  X i s  a  cr-odd w o r d ,  t h e n  X is  a l s o  a  j j ^ - o d d w o r d .

3 . 5 . 7 .  L e m m a . If  X(X) i s  a  | l ^ - e v e n  w o r d ,  t h e n  X(X) [-*—] a  i s  Jj^-odd.

C l e a r l y ,  if  X(X) i s  J l^ -e v e n ,  t h e n  \ (X )  [-*—] a^ = a ^  [ - ^ ] a^, f o r  so m e

a ^ 1, w h ic h  m e a n s  t h a t  X(X) [“M  m u s t  be  J ^ - o d d .

3 . 5 . 8 .  L e m m a . I f  X i s  j j ^ - e v e n ,  t h e n  \{X) i s  j i ^ - e v e n .

I f  X i s  | ^ - e v e n ,  t h e n  X = Jj^ 0  Y f o r  s o m e  Y. In  t u r n ,  s i n c e  

c l e a r l y  X(X) = ^ ( ^ 2  ®  ^  an<  ̂ ^  ~ /*2'  W6 ^ a v e  P r o p o s i t i o n  2.  4 .  3(3)

X(X) = X ^ ^ ) ©  X(Y) = f}^  ©  MY), w h i c h  m e a n s  t h a t  \{X) i s  J j^ -even ,

3 . 5 . 9 .  C o r o l l a r y . I f  X(X) i s  | ^ - o d d ,  t h e n  X i s  j j^ -odd

3 . 5 . 1 0 .  L e m m a . A ny  a^ in  the  a l p h a b e t  A  is  a  ^ - o d d  w o r d ,

T h i s  p r o p o s i t i o n  f o l l o w s  f r o m  th e  d e f in i t i o n  of j l^ -odd  w o r d s .

3 .5 .1 1 .  L e m m a . If X i s  j t ^ - e v e n ,  t h e n  X © a^ i s  j j^ -odd  f o r  a n y  a^ &  A.

L e t  X b e  J j^ -e v e n  a n d  a s s u m e  t h a t  X ©  a^ i s  j j ^ - e v e n  f o r  s o m e  a^ .

L e t t i n g  Y = X ©  a  , we  c l e a r l y  h a v e  a  Y an d  X = Y [—-] a  . N e x t ,
M M  M

s i n c e  Y, by  P r o p o s i t i o n  3.  3. 2(7} w e  h a v e

X(Y [— ] a  ) = MY) [— ] X(a ) = X(Y) [— ] a  .
r* p*

S in c e  Y is  j l ^ - e v e n  by a s s u m p t i o n ,  w e  h a v e  X(Y) i s  |a^ - even. by  L e m m a

3 . 5 . 8 .  In  t u r n ,  by  L e m m a  3 . 5 . 7  X(Y) [ -1—] a^ i s  J l^ -odd, a n d  s i n c e  X  = Y [—1-]

i t  f o l l o w s  t h a t  X(X) m u s t  b e  fj -o d d .  H o w e v e r ,  by  C o r o l l a r y  3 . 5 . 9 *  f r o m  
b e in g  r z

\ (X )  /  - o d d  w e  g e t  the  c o n t r a d i c t i o n  t h a t  X i s  a  - o d d  w o r d .

3 . 5 . 1 2 .  T h e o r e m .  E v e r y  | ^ - e v e n  w o r d  c a n  be  e x p r e s s e d  a s  a  w o r d  s u m  of

tw o  j l^ -o d d  w o r d s .
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L e t  X b e  a  | l, - e v e n  w o r d ,  t h e n  X = Y f o r  s o m e  Y. We p r o c e e d

b y  i n d u c t i o n .  B y  v i r t u e  of L e m m a  3. 5 .1 0 ,  t h e  t h e o r e m  is  t r u e  f o r  Y = a  .

N e x t ,  a s s u m e  t h a t  the  t h e o r e m  i s  t r u e  f o r  s o m e  Y s u c h  t h a t  Y 0  = Y^ 0  Y^,

w h e r e  Y^, Y^ a r e  s o m e  J l^ -o d d  w o r d s .  T h e n

V Y °  h  = % ® Y) ®  h  = <aM°  As> ®  <Y O

= a^o ^  ©  (Yl ©  Y2) = a ,  ©  (a^ ©  ©  Y ^ ).

S i n c e  Y^ ©  y 2 i s  ^ - e v e n ,  i t  f o l l o w s  f r o m  L e m m a  3 .5 ,1 1  a n d  L e m m a  3 . 5 . 1 0  

t h a t  a^  0  (Y^ 0  Y^) i s  J ^ - o d d .  C o n s e q u e n t l y ,  t h e  t h e o r e m  i s  t r u e  f o r  a l l  Y.

3 . 5 . 1 3 .  P r o p o s i t i o n . E v e r y  p r i m e  w o r d  i s  J ^ - o d d ,  e x c e p t  f o r  w h ic h  is  

a  J l^ -e v e n  w o r d .

T h i s  p r o p o s i t i o n  f o l l o w s  f r o m  th e  d e f i n i t i o n s  of j j j^ -even  w o r d s  an d  

p r i m e  w o r d s .

§3. 6 . C o n j u g a t i o n s  of w o r d s

F o r  a n y  n a t u r a l  w o r d  a^  g  w h e r e  (J. > 2, t h e  s e t  of a l l  s o l u t i o n s

X  of the  e q u a t i o n

S ( X )  =  a ^

i s  c a l l e d  an  a d d i t i v e  c o n j u g a t i o n  of a^ o r  m o r e  b r i e f l y  c o n j u g a t i o n  of a(j*. W e

d e n o t e  a  c o n j u g a t i o n  of a^ (/u > 2) a s  C ( a ^ ) .  We c a l l  a  s u b s e t  of a  c o n j u g a t i o n

a s u b c o n j u g a t i o n .

C o n j u g a t i o n s  of a^ a r e  l ik e  p a r t i t i o n s  ( p a r t i t i o  n u m e r o r u m )  of p o s i t i v e

i n t e g e r s  p ,  e x c e p t  f o r  t h e  f o l l o w i n g  p r o p e r t y  (1):

3 . 6 . 1 .  P r o p o s i t i o n . (1) T h e  w o r d s  in  e a c h  c o n j u g a t i o n  C (a^)  a r e  d i s t i n c t .

(2) E a c h  c o n j u g a t i o n  C (a^ )  i s  n o n e m p t y  a n d  c o n t a i n s  

a  f i n i t e  n u m b e r  of w o r d s .

(3) N o  tw o  c o n j u g a t i o n s  c o n t a i n  a  c o m m o n  w o r d .

F o r  p r o p e r t y  (1), t h e  w o r d s  in  e a c h  c o n j u g a t i o n  m u s t  b e  d i s t i n c t  by



v i r t u e  of t h e  s y m b o l i c  e q u a l i t y  r e l a t i o n  = in  F ( A ) .
A

P r o p e r t y  (2). T h e  c o n ju g a t e  f u n c t i o n  S (X ) ,  d e f i n e d  in  s e c t i o n  3 . 5 . ,
^r *r -1 ]

m a p s  w o r d s  a .  a ,  . . . a .  in  F(A) o n t o  n a t u r a l  w o r d s  a ,  ©  a, ©  . . . ©  a ,
1 1 , 1, 1 1  1r  r -1 1

in  th e  f r e e  m o n o i d  F ( a p .  By a s s o c i a t i v e  l a w  a n d  t h e  s y m b o l i c  u n i q u e ­

n e s s  t h e o r e m  of F(a^) ,  i t  i s  no t d i f f i c u l t  to  s e e  t h a t  a n y  n a t u r a l  w o r d  a ^  c a n  

be  r e p r e s e n t e d  only  b y  m e a n s  of a  f i n i t e  n u m b e r  of p r o p e r  p a i r s  of p a r e n t h e s e s ,  

i . e .  , a s  a  f i n i t e  " p a r t i t i o n "  of the  n a t u r a l  w o r d  a ^ . C o n s i d e r i n g  th e  d e f i n i t i o n  

of a  c o n j u g a t i o n  of a ^ ,  t h e  a b o v e  m e a n s  t h a t  t h e  e q u a t i o n  2 (X )  = alj* c a n  

h a v e  o n l y  a  f i n i t e  n u m b e r  of  s o lu t io n s ,  o r  t h a t  C(a^) c o n t a i n s  o n ly  a  f i n i t e  

n u m b e r  of w o r d s .  I t  i s  c l e a r  t h a t  c o n j u g a t i o n s  a r e  n o n e m p t y .
m y

P r o p e r t y  (3).  If  tw o  d i f f e r e n t  c o n j u g a t i o n s  C ( a  ) a n d  C ( a ^ ) c o n t a i n
Li V  LL Va c o m m o n  w o r d  X, t h e n  S{X) = a ^ , S ( X )  = a n d  a^ = a^ , w h i c h  i m m e ­

d i a t e l y  c o n t r a d i c t s  t h e  a s s u m p t i o n  t h a t  t h e  c o n j u g a t i o n s  i n  q u e s t i o n  a r e  d i f f e r e n t .

W e  c a l l  a  c o n j u g a t i o n  of th e  f o r m  C ( a ^ )  {fjt > 1) a  a - e v e n  c o n j u g a t i o n
2u+ l

an d  a  c o n j u g a t i o n  of t h e  f o r m  C(a^ ) {p > 1) a n  g - o d d  c o n j u g a t i o n .

G i v e n  an y  c o n j u g a t i o n  C(a(j*) (p > 1), the  s e t  of  a l l  w o r d s  of l e n g t h  n

(1 < n  < fx) i s  c a l l e d  the  s u b c o n j u g a t i o n  o f  C(a^)  o f  l e n g t h  n, w h i c h  w e  d e n o te

by C (a^f) i f  1 < n < p .
n  1 = =

8F o r  e x a m p l e ,  t h e  w o r d s  in t h e  c o n j u g a t i o n  C (a^)  c a n  b e  e n u m e r a t e d  

a c c o r d i n g  to  l e n g th  a s  f o l l o w s :
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C l e a r l y ,  C(a1 ) i s  a - e v e n  c o n j u g a t i o n  an d  e a c h  C (a ) (1 < n < 8 ) i s  the  s u b -

8 n  i — —
c o n j u g a t i o n  of C (a^)  of l e n g th  n .

3 . 6 . 2 .  P r o p o s i t i o n .  F o r  any  ju > 1, if X ft  C (a^ ) ,  t h e n  X ©  C ( a ^ ) .

F o r  an y  p  > 1, l e t  X f t  C(a^) ,  w h ic h  m e a n s  t h a t  X i s  a  s o lu t io n  of 

t h e  e q u a t io n  £ ( X )  = a ^ ,  A s s u m e  t h a t  X ©  | J ^ ^ C ( a ^ ) ,  w h ic h  m e a n s  t h a t  

X (X ©  (J2) ^ a^M. By  P r o p o s i t i o n  3. 5.1(4) ,  £ ( X  © p2) = £ (X )  © £ (  f e ) ,  a n d  of

. c o u r s e  ~ a f  * C o n s e q u e n t ly ,  f r o m  the  a s s u m p t i o n  £ ( X ©  ^  a ^ ,  w e

o b t a i n  £(X)  ©  a^ ^ 0  a ^ ,  w h i c h  l e a d s  to  t h e  c o n t r a d i c t i o n  £{X) 4 a^ ,  i . e . ,

X ^ C t a J ) .

L-et p (a^ )  d e n o te  th e  n u m b e r  of w o r d s  in  t h e  c o n j u g a t i o n  C(a^) .  F o r
,  I  ! i ' . 2 0 0 . . , 200e x a m p l e ,  the  n u m b e r  of w o r d s  m  the  c o n j u g a t i o n  C(a^ ) i s  p(a^ ) =

3, 972, 999, 029, 388 .

3 . 6 . 3 .  P r o p o s i t i o n .  F o r  an y  n a t u r a l  - e v e n  w o r d  a ^  ip > 1), the  n u m b e r

of >̂2 - e v e n  w o r d s  in  the  c o n j u g a t i o n  C ( a ^ )  i s  p ( a ^ ) .

T h i s  i s  a  c o n s e q u e n c e  of P r o p o s i t i o n  3. 6 . 2.

G iv e n  a n y  a - e v e n  w o r d s  i n  C ( a ^ )  (m > 1) w e  c a l l  t h e  s e t  of a l l  fa - e v e n
2 "" 2

w o r d s  in  C(a^ ) a  ^ - e v e n  s u b c o n j u g a t i o n  of a^ . F o r  e x a m p l e ,  the  | ^ - e v e n
O -

s u b c o n ju g a t io n  of  C (a ° ) ,  e n u m e r a t e d  a b o v e ,  i s  th e  s e t  { a ^ a ^ ,  a 2a 2 a 2 a 2>

a i a 3a i a 3’ a i a i a i a i a 2a 2 ’ a l^*

3 . 6 . 4 .  P r o p o s i t i o n .  E v e r y  a - e v e n  c o n j u g a t i o n  c o n t a i n s  a  ^ - e v e n  s u b ­

c o n ju g a t io n .

T h i s  i s  a l s o  a  c o n s e q u e n c e  of P r o p o s i t i o n  3 . 6 . 2 .

3 . 6 . 5 .  P r o p o s i t i o n .  (1) E v e r y  c o n ju g a t io n  C(a^)  (m > 1) c o n t a i n s  jj. s u b ­

c o n j u g a t i o n s ,  n a m e l y ,  C(a^)  = C^(a^) u  C ^ a J j u . .  . u C ^ ^ l a ^ u  C^(

(2) F o r  n  > 2, th e  s u b c o n j u g a t i o n s  C^(a^),  an<^

C ^ (a ^ )  in  C(a^) a r e  the  on ly  s u b c o n j u g a t i o n s  c o n ta i n in g  a

s i n g l e  w o r d .
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T h e  a b o v e  p r o p e r t i e s  a r e  o b v i o u s .

F o r  u s e  in  th e  f o l l o w i n g  s e c t i o n ,  w e  i n t r o d u c e  a  t e r m i n o l o g y  f o r  c e r t a i n  

s e t s  of c o n j u g a t i o n s .
oo

(1) W e  c a l l  the  u n i o n  ^ J C(a^)  o f  a l l  c o n j u g a t i o n s  a  r a n g e ,  w h i c h

a  "Blw e  d e n o te  b y  .

(2) A n y  s e t  of s u b c o n j u g a t i o n s  i n ^ ^  i s  c a l l e d  a  s u b r a n g e .  W e  c a l l  the
oo —

s u b r a n g e  [ J  C^(a^) the  t r i v i a l  s u b r a n g e  of  , t h e  s u b r a n g e  
H =loo _  co .

( j  C (a^) t h e  n a t u r a l  s u b r a n g e  of G L . W e  c a l l  th e  u n i o n  |[ J  C{a.. ) 
K = 1 *  (1 = 1
t h e  a - e v e n  s u b r a n g e  of ( j £  . T h e  n o n t r i v i a l  s u b r a n g e  

oo oo

U ciai“> s U ci(aiM)
^ = 3  n = 3

( i . e . ,  t h e  c r - e v e n  s u b r a n g e  of  <5P w i th  t h e  c o n j u g a t i o n s  C (a  ), C(a^) ,  

a n d  the  s u b c o n j u g a t i o n s  C^(a^ ) (ju > 3) r e m o v e d )  i s  c a l l e d  t h e  

o r d i n a r y  c r - e v e n  s u b r a n g e  of  w h i c h  w e  d e n o t e  by < r \

(3) F o r  an y  r  > 2, l e t  the  u n i o n  o f  a l l  s u b c o n j u g a t i o n s  i n  a *  of

l e n g t h  r  (i .  e .  , th e  s e t  of a l l  w o r d s  in  6 t  w i t h  l e n g t h  r )  b e

d e n o t e d  a s  A  . In  t e r m s  o f  , we  d e f i n e  t h e  E u l e r  r - s u b r a n g e  

of < x  , d e n o t e d  a s  , a s  f o l l o w s :

(i) I f  2 < r  < 6 , t h e n  < £ = D e f ®2f*

(ii) I f  r  = 2n (n > 4),  t h e n

£ n = D e f
k= 3

(ii i)  I f  r  = 2n+l (n > 4), t h e n
-  n

^ n + 1  D ef  , 0 ,  C 2 k (a i  ̂ V  ^ Z n + l "k=  3

I n  t h e  fo l l o w i n g  t a b l e  we p o i n t  o u t  s e v e r a l  e x a m p l e s  of E u l e r  s u b r a n g e s  

i n  the  o r d i n a r y  s u b r a n g e  a * .
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C(aJ) C ( a f )  ; 10,
C (a  ) |

1 l
C2 (a l6) C 2(a?> S

r  , ! 0 , 1 
2 1 ]  \

C3<-1> c 3 (a f )  | c 3<4°)

cX > C 4 (a l> I1i
CA ° ' j

* * * 

C 6 (al>

. 1 . I

C 6 ( a l J |
^  , 10V 

6 1 ]

C 7 ta l } j
^  / 10 , 

7 1 }

C 8 (a i } :

i

^ / 1°,
8 1 }

s<4°> :

c io (ai°> ;

I n  the  a b o v e  o r d i n a r y  s u b r a n g e  , w e  h a v e  the  fo l lo w in g :

= ( C ^ ( a ^ ) ,  C 6 (a^) ,  C ^ t a J 0) , . . . }

1 ?  = { C 7 t a J ) f C 7 (a |°> ,  C 7 (aJ2) , . . . } ,

=  { C g {a^°) t C 9 (aJ2 ), C g ( a | 4 ) ,  . . . } ,

S 7 = ( c 6 (a f ) } u

V *2?Qf

j f9 = {C6 ( a ^ ) t C g ( a ® ) } u ^ .

We c a l l  w o r d s  of t h e  f o r m

ju a  
a,  a  

1 v

r a m i f i e d  w o r d s .

(v > 1, p > 1, a > 1)

3 . 6 . 6 .  P r o p o s i t i o n .  W o r d s  i n  t h e  s u b c o n j u g a t i o n  C ( -,(a^) (pi > Z) a n d  in  the
oo

s u b r a n g e  C -  i^a i  ) a r e  r a m i f i e d  w o r d s .
V = l
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T h i s  f o l l o w s  d i r e c t l y  f r o m  the  a b o v e  d e f i n i t i o n s .

We c o n c l u d e  t h i s  s e c t i o n  w i t h  t h e  fo l l o w i n g .
k

T h e  m u l t i p l i c a t i v e  c o n j u g a t i o n  f u n c t i o n  ] |  (X), f o r  any  k  > 0, i s  d e ­

f i n e d  a s  f o l l o w s :

rkr n # >  =  v
TTk (a^X )  = T k a ( a ^ )  ©TTV>.

We r e c a l l  t h a t ,  by P r o p o s i t i o n  2. 4. 2, t h e  c o m p o s i t i o n  t o of m a p p i n g s  a
i-r{k)a n d  T^. (k > 0) m a p s  s ig n s  in  A on to  t h e  s e t  T T ^ /  \ (k  > 0), a  s u b s e t  of

f V  = ai

3 . 6 . 7 .  P r o p o s i t i o n . F o r  a n y  k  > 0,

n k(x ©  y) = TTktx) ©TTk(Y).

T h i s  p r o p o s i t i o n  i s  c l e a r  f o r  Y =4fc  . A s s u m e  t h a t  i t  h o l d s  f o r  s o m e  

Y, t h e n  we h a v e

TTk(X © Y) = T T V , (X ©  Y)) = T a ( a  ) ©  T j V  ©  Y)

= V (V  °  TTk(x) °  TTV>
= TTk<x)©TTk< V ) .

F o r  a n y  k  > 0 a n d  a n y  n a t u r a l  w o r d  a ^ g ,F (a ^ ) »  w h e r e  (j. > 2, the  

s e t  of a l l  s o l u t i o n s  X of t h e  e q u a t i o n

ttV> = <
i s  c a l l e d  th e  m u l t i p l i c a t i v e  k - c o n j u g a t i o n  of a ^ , We d e n o t e  a  m u l t i p l i c a t i v e  

c o n j u g a t i o n  of  a s  D (a^ ) .

2 16  1 30
F o r  e x a m p l e ,  D (a_1 ) = { a ^ ,  a ia ^a i a ^  a n d  D ta  ̂ ) = ^ 2 3 ’ a i a n ’ a 4 a 3

a  a . ,  a  a  a  }.  W i th  r e s p e c t  to  D ^ ( a ^ ) ,  n o t e  t h a t  D ( a j ^ )  i s  r e l a t e d  to the  
Z 6  1 Z 3 1 1

w a y s  in  w h i c h  t h e  p r o d u c t  t t ^ ©  7r ^ ©  t t ^  = a ^  t t ^ ,  7 T ^ €  [TTtw J ^ )I £ O i I £ D i? 1
c a n  be  a s s o c i a t e d  by p a i r s  of p a r e n t h e s e s  g o v e r n e d  b y  t h e  a s s o c i a t i v e  l a w ,

i .  e . , 23 — 1 2 ® 3 1 11 ~ 1 2 3 4 ©

{7rj ^© an<^ s o  o n - p a r t i c u l a r ,  n o t e  if a  p a i r  of p a r e n t h e s e s  e n c lo s

3

e s
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a f a c t o r  w h ic h  is  n o t  a n  e l e m e n t  of T T ^  \ th e n  the  r e l e v a n t  w o r d  X c a n n o t
t  F(a. .)

be  a  s o l u t i o n  of ]~|* (X) = a^ .

3 . 6 . 8 .  P r o p o s i t i o n .  F o r  any  k > 0, we  h a v e  th e  fo l lo w in g  p r o p e r t i e s .
k  Lt(1) T h e  w o r d s  in  a n y  m u l t i p l i c a t i v e  c o n j u g a t i o n  D ( a ^ ) a r e  

d i s t i n c t .
k  LL

(Z) E a c h  m u l t i p l i c a t i v e  c o n ju g a t io n  D (a^) i s  n o n e m p t y  a n d  

c o n t a i n s  a  f i n i t e  n u m b e r  of w o r d s .

(3) No tw o  m u l t i p l i c a t i v e  c o n j u g a t i o n s  c o n t a i n  a  c o m m o n  w o r d .

P r o p e r t y  (1) f o l l o w s  f r o m  the  s y m b o l i c  e q u a l i t y  r e l a t i o n  of F{A).

P r o p e r t y  (2). F o r  any  k  > 0,  the  m u l t i p l i c a t i v e  c o n ju g a t e  f u n c t i o n
t t  k  ~ (k) (k) (k)
[ J  (X) m a p s  w o r d s  a .  a,  . . . a .  i n  F (A )  to  n a t u r a l  w o r d s  ir. q t t . q  . . . 07T.

l r  Xr -1 \  (k) (k) (k) 1r  1t -1 \
P, X P- X* • -XP.

. „ k , > . . , , - r  r -1 1 . (k) (k) km  F  (a^), i . e . ,  to  w o r d s  of the  f o r m  a^ (p. , . . . , p^ g  P  ).
1 r

By th e  a s s o c i a t i v e  l a w  of w o r d  m u l t i p l i c a t i o n  an d  th e  u n i q u e - f a c t o r i z a t i o n

C o r o l l a r y  3 . 4 . 1 4 ,  a  w o r d  can  be r e p r e s e n t e d  only  by  a  f i n i t e  n u m b e r  of p r o p e r
_ r ( k )

p a i r s  of p a r e n t h e s e s  in v o lv in g  f a c t o r s  t a k e n  f r o m  J l  . w h o se  p r o d u c tF(a^)

e q u a l s  a ^ .  By C o r o l l a r y  3 . 4 . 1 4 ,  m u l t i p l i c a t i v e  c o n j u g a t i o n s  a r e  n o n e m p t y .

P r o p e r t y  (3). F o r  a g iv e n  k  > 0, if two d i f f e r e n t  m u l t i p l i c a t i v e  c o n -
_ k ,  ju. , k., v. .j u g a t i o n s  D {a^) a n d  D ( a ^ ) c o n t a i n  a  c o m m o n  w o r d  X,  th e n

T T h ,„ ,  (kl (h) n , t t ( k ) (k) v , ,j | (X) = tr. © . .  . 0 jr. = â T an d  \ \ (X) = 7r. q .  . .q t t . = a  , a n d  of c o u r s e
1 1_ J. 1 1- ir  1 r  1

LL Va^ = , w h ich  c o n t r a d i c t s  the  a s s u m p t i o n  th a t  th e  c o n j u g a t i o n s  in  q u e s t i o n

a r e  d i f f e r e n t .

§3. 7. S u b p r i m a w o r d s  a n d  Jb1. , - s u b e v e n  w o r d s

B y  d e f in i t i o n s  in  s e c t i o n  2 . 2  a n d  C o r o l l a r y  3 . 4 . 1 4 ,  the  s e t

TT , = { tt . , jt , 9T , . . . } d e n o t e s  t h e  s e t  of a l l  p r i m e  w o r d s  in  the  f r e e
F(a^)  1 2  3

m o n o i d  F(a^) .

W e  c a l l  a  w o r d  X £  F{A) a  s u b p r i m e  w o r d  if X i s  a  s o l u t i o n  of  th e  

e q u a t i o n
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2<X) = tt ,

w h e r e  tt i s  s o m e  p r i m e  w o r d  in  TT , . .
H *  11 F ^ )

3 .  7 .1 .  T h e o r e m .  I f  X i s  a  s u b p r i m e  w o r d ,  t h e n  X i s  a  p r i m e  w o r d  in  

T h e  c o n v e r s e  i s  n o t  t r u e .

P.

L e t  X b e  a n y  s u b p r i m e  w o r d ,  a n d  a s s u m e  t h a t  X i s  n o t  a  p r i m e  

w o r d .  L e t  X^ = X^ Q X ^ ,  f o r  s o m e  X^, X^ €  F ( A ) .  B y  P r o p o s i t i o n  3.  5.1(4) 

w e  o b t a i n  2 ( X )  = 2 ( X j )  © S t X ^ i  w h i c h  m e a n s  t h a t  2 ( X j ) | |S ( X )  a n d  

S t X ^ J l j S t X ) ,  h o w e v e r ,  t h i s  i m p l i e s  the  c o n t r a d i c t i o n  t h a t  X i s  n o t  a  s u b ­

p r i m e  w o r d  by  th e  d e f i n i t i o n  of  s u b p r i m e s .  W i th  r e s p e c t  to  the  s e c o n d  p a r t  

o f  t h e  t h e o r e m ,  s i n c e  t h e r e  a r e  p r i m e  w o r d s  w h ic h  a r e  n o t  s u b p r i m e s ,  e .  g.  , 

i s  a  p r i m e  w o r d  a n d  c e r t a i n l y  n o t  a  s u b p r i m e ,  t h e  c o n v e r s e  c a n n o t  be

t r u e .

O n  th e  b a s i s  of T h e o r e m  3 . 7 . 1 ,  l e t  P d e n o t e  the  s e t  of a l l  s u b p r i m e  

w o r d s  in P .

We n o t e  t h a t  u n l i k e  t h e  o r d i n a r y  p r i m e  n u m b e r s  t h e r e  a r e  m a n y  f y ° d d

p r i m e  w o r d s  w h i c h  c a n  b e  e x p r e s s e d  a s  w o r d  s u m s  of tw o  Jl^-odd w o r d s ,  e .  g. ,

t h e  h ?-o d d  p r i m e  w o r d  a  a . a  a  i s  e x p r e s s i b l e  a s  a  a  ©  a  a  , w h e r e  a  a  
| 4  I 3 5 f 1 3 5 7  1 3

a n d  a r e  o b v i o u s l y  p ^ - o d d  p r i m e  w o r d s .  H o w e v e r ,  t h e  s u b p r i m e  w o r d s

do  n o t  b e h a v e  i n  t h i s  m a n n e r :

3 . 7 . 2 .  P r o p o s i t i o n . If i s  a  J j ^ - o d d  s u b p r i m e  w o r d ,  t h e n  ^  c a n n o t  b e

e x p r e s s e d  a s  a  w o r d  s u m  of  tw o  b  - o d d  s u b p r i m e  w o r d s .
* c*

L e t  b e  a  | j ^ - o d d  s u b p r i m e  w o r d .  A s s u m e  t h a t  f t . = h *  f t

f o r  s o m e  j i ^ - o d d  s u b p r i m e  w o r d s  a n d  jl . B y  P r o p o s i t i o n  3.  5 .1 (2)  w e  

h a v e  2J(j*a  ©  j)p) = 2 ( | j  ) ®  2 (^1̂ ),  a n d  s i n c e  jj a n d  ^  a r e  a s s u m e d  to be  

j j ^ - o d d  s u b p r i m e  w o r d s ,  w e  a l s o  h a v e  2 { |j^) =  2 { j - j ^ )  ©  2 ( ja^) = t t  ̂  ©  t t ^  f o r  

s o m e  n a t u r a l  - o d d  w o r d s  t t ^ ^ T T p ^  y  ° f h e r  t h a n  tr^, w h i c h  by  P r o p o s i ­

t i o n  3 .  5. 3(2) c o n t r a d i c t s  t h e  a s s u m p t i o n  t h a t  js i s  a  ^ - o d d  s u b p r i m e  w o r d .
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3 . 7 . 3 .  L e m m a . If  a  > a  a n d  a  || (X 0  Y) (X, Y g  F ( A ) ) ,  th e n  a  |jx and

a  || Y.
V

L e t  a^  > a^ a n d  a^  || (X 0  Y). L e t  X ©  Y = a ^  ©  Z f o r  s o m e  Z € F ( A ) .

I t  f o l l o w s  f r o m  th e  s y m b o l i c  u n i q u e n e s s  T h e o r e m  2. 2.  6 t h a t  f o r  e v e r y  a  $  A s u c h
a

t h a t  a  a  ©  Z t h e r e  m u s t  e x i s t  a  s i g n  a „  6  A  s u c h  t h a t  a„ X ©  Y and  a  (x (3 (3 ^
a ^  = a  . C o n s e q u e n t l y ,  f o r  e v e r y  a  s u c h  t h a t  a  a ^  ©  Z, w e  m u s t  have

a  || a  . A l s o ,  s i m i l a r l y  a s  i n  t h e  a b o v e ,  w e  g e t  a  || a „  f o r  e v e r y  a „  s u ch
fx" a & j u " | 3  P

t h a t  a_ = a  . T h i s  m e a n s  t h a t  a  || X a n d  a  II Y. 
p a  fx" (x"

3 . 7 . 4 .  L e m m a . a ^ =  a ^ © a ^  (ju > 1, v >  1, a ^ ^ A ,  €  B(a^)).

u
T h i s  f o l l o w s  f r o m  t h e  d e f i n i t i o n s  of a ^  a n d  w o r d  m u l t i p l i c a t i o n .

3 . 7 . 5 .  T h e o r e m .  F o r  a n y  fx > 1 a n d  v > 1, i f  X s a t i s f i e s  a ^ | | X ,  t h e n  X----------------------------  = v
c a n n o t  be  e x p r e s s e d  a s  a  w o r d  s u m  of t w o  p r i m e  w o r d s .

L e t  a ^ | | X  f o r  s o m e  tx > 1 a n d  v > 1. S u p p o s e  X  = K 9  b  f o r  s o m e  

p r i m e  w o r d s  b  , fa €  P  By a s s u m p t i o n  of th e  t h e o r e m ,  L e m m a  3.  4 .  8 and
P v I K .  u iyLL e m m a  3 . 7 .  4 w e  h a v e  a ^ l j p  a n d  a  *y p ^ .  S in c e  v > 1, o n  the s t r e n g t h  of

L e m m a  3 . 7 . 3  i t  f o l l o w s  t h a t  a ^ / f f  ( fa ©  f* ), w h i c h  m e a n s  t h a t  A T x .  av i a  1 p v
c o n t r a d i c t i o n .

3 . 7 . 6 .  C o r o l l a r y . If  X i s  a  ^ - e v e n  w o r d  o r  a  a - e v e n  w o r d  s u c h  t h a t
[X .j

a ^ | ] X  (p > 1, v > 1), t h e n  X c a n n o t  b e  e x p r e s s e d  a s  a  w o r d  

s u m  of tw o  s u b p r i m e  w o r d s  o r  a  w o r d  s u m  of two p r i m e  w o r d s .

F o r  l a t e r  u s e ,  w e  f u r t h e r  r e d u c e  t h e  s i z e  of t h e  s e t  of a l l  p ^ - e v e n  

w o r d s  a s  f o l l o w s :

If  a  |l - e v e n  w o r d  X s a t i s f i e s  t h e  c o n d i t i o n  a ^ j f x  {fx > 1, v > 1) and| b V ”
4 T x  {ix > 2),  t h e n  w e  c a l l  t h e  J j ^ - e v e n  w o r d  X a  s u b e v e n  w o r d .

2 4
3 . 7 . 7 .  P r o p o s i t i o n . (1) T h e  ^ - e v e n  w o r d  a ^ a ^ ^ C ( a ^ )  a n d  a £ a 2 » a ].a l a la l  ® J

a r e  n o t  s u b e v e n  w o r d s .

(2) E v e r y  n a t u r a l  p ^ - e v e n  w o r d  i s  n o t  a  - s u b e v e n  w o r d .



T h e s e  p r o p e r t i e s  a r e  s i m p l e  c o n s e q u e n c e s  of the  d e f i n i t i o n  of b - s u b e v e n
h.

w o r d s .

3 . 7 . 8 .  L e m m a .  R a m i f i e d  w o r d s  a ^ a  {fj > 1, v > 1) a r e  p r i m e  w o r d s .

T h i s  i s  c l e a r ,  s i n c e  gcd{p, 1) = g c d ( l ,  v) = 1 f o r  a l l  fJ > 1 a n d  v > 1.

3 . 7 . 9 .  P r o p o s i t i o n .  R a m i f i e d  w o r d s  a ^ a  0 fa, (pi > 1, v > 2) a r e  I v  * 2  -  =
Jj2 **subeven w o r d s .

C l e a r l y ,  a ( ^ a ^ ©  ^  (/u > 1, v >  2) a r e  - e v e n  w o r d s .  F o r  s u ch  

w o r d s  to b e  - s u b e v e n  w o r d s ,  w e  h a v e  to s h o w  t h a t  t h e y  a r e  n o t  d i v i s i b l e  

b y  a ^  (j j  > 1, v > 1) a n d  a^  (fj > 2 ) .  By L e m m a  3. 7 . 8 ,  r a m i f i e d  w o r d s

a r e  p r i m e  w o r d s  a n d  of c o u r s e  is  a  p r i m e  w o r d .  O n  t h e  s t r e n g t h

o f  th e  p r i m e - w o r d  u n iq u e  f a c t o r i z a t i o n  T h e o r e m  3 . 4 . 1 3 ,  s i n c e  w o r d s

(j j  >  1 ,  v >  1) a n d  a ^ (/u >  2) a r e  o b v i o u s l y  d i f f e r e n t  f r o m  t h e  r a m i f i e d

w o r d s  a ^ a ^  a n d  Jy^, i t  f o l l o w s  t h a t  w o r d s  of t h e  f o r m  a^ 0  (fj > 1, v > 2 ) 

c a n n o t  be  d i v i s i b l e  by  a ^  (v > 1, v > 2 ) o r  afj* (j j  > 2).

3 . 7 . 1 0 .  P r o p o s i t i o n , ^ a ^ ®  (jJ > 1).

N o t e ,  w e  h a v e  a ^ a ^ O  ®  a i a 2 = a l ^  ®  a 2* a n d  c l e a r l 7 
a j ^ a 2 (ju >  1) a r e  s o l u t i o n s  of t h e  e q u a t i o n  S ( a ^ a ^ )  = a j ^ ^ ^  ( j j  >  1 ) .  T h e r e ­

f o r e ,  a ^ a 2 ©  |l2 € C ( a ^ +2)) (ju > 1).
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CHAPTER IV

A R I T H M E T I Z A T I O N S  O F  A B S T R A C T  A R I T H M E T I C S  f l k (A)

§ 4 . 1 .  P r i m i t i v e  a r i t h m e t i c s

V e r y  g e n e r a l l y  s p e a k i n g ,  c e r t a i n  t y p e s  o f  e l e m e n t a r y  p r o p e r t i e s  

( a d d i t i v e ,  m u l t i p l i c a t i v e ,  e x p o n e n t i a l  an d  so  on)  o f  the  n a t u r a l  n u m b e r s  

c a n  b e ,  on  t h e  o n e  hand ,  d e s c r i b e d  e l e g a n t l y  i n  d i f f e r e n t  a r i t h m e t i c s  on  

d i f f e r e n t  f r e e  m o n o i d s  (F (a^) ,  F ( A ) ,  n o n c o m m u t a t i v e  f r e e  m o n o i d  in  a n  

i n f i n i t e  a l p h a b e t  [ 9 ]) an d  t h e n ,  o n  th e  o t h e r  h a n d ,  to a  c e r t a i n  d e g r e e  

" c o m p r e s s e d "  o n  an y  one of t h e s e  a r i t h m e t i c s .  B e c a u s e  o f  t h i s  l o o s e  

c h a r a c t e r  o f  t h e  p r o p e r t i e s  o f  t h e  n a t u r a l  n u m b e r s ,  i t  i s  c o n v e n i e n t  to 

s e l e c t  a  " g r o u n d "  a r i t h m e t i c  t o  s e r v e  a s  a  f r a m e  of r e f e r e n c e  f o r  c e r t a i n  

p r o p e r t i e s  o f  t h e  n a t u r a l  n u m b e r s .  Such  a n  a r i t h m e t i c  i s  d e s c r i b e d  in  

t h i s  s e c t i o n .

We p o i n t  ou t  th a t  w h a t e v e r  " c o m p l e t e l y "  m e a n s ,  o n e  s h o u l d  no t  

i n d u l g e  in  t h e  n o n s e n s e  t h a t  a n y  s i n g l e  a r i t h m e t i c  on  a  g i v e n  f r e e  m o n o id ,  

h o w e v e r  r u d e l y  c o m p r e s s e d ,  c a n  " c o m p l e t e l y "  d e s c r i b e  a l l  t h e  p r o p e r t i e s  

o f  t h e  n a t u r a l  n u m b e r s ,  w h i c h  i s  v e r y  m u c h  l i k e  e x p e c t i n g  a  s i n g l e  

a l g e b r a i c  n u m b e r - f i e l d  to " c o m p l e t e l y "  d e s c r i b e  a l l  the  p r o p e r t i e s  of the  

s e t  o f  a l l  a l g e b r a i c  n u m b e r s .  I n  p a s s i n g ,  w e  p o i n t  ou t  t h a t  t h e r e  i s  a n  

i n t e r e s t i n g  a n a l o g y  b e tw e e n  t h e  n a t u r a l  n u m b e r s  a n d  the  a l g e b r a i c  i n t e g e r s ,  

w h i c h  w e  p l a n  to  d e s c r i b e  i n  a n o t h e r  p a p e r .

F o r  c o n v e n i e n c e ,  i n  o r d e r  to av o id  i n t r o d u c i n g  a n o t h e r  i n f i n i t e  

c l a s s  o f  d i f f e r e n t  a r i t h m e t i c s  i n v o l v i n g  a n  i n f i n i t e  n u m b e r  o f  d i f f e r e n t  

f i n i t e - a l p h a b e t i c a l  f r e e  m o n o i d u l e s  an d  a r i t h m e t i c a l  m a p s  t o g e t h e r  w i th  

r e l e v a n t  a l g e b r a s  w i th  i n f i n i t e  n u m b e r s  o f  l a w s  o f  c o m p o s i t i o n  i n  e a c h  

a l g e b r a ,  w e  s h a l l  i n s t e a d  i n d u l g e  to  a d e g r e e  i n  t h e  u s u a l  " c o m p r e s s i o n s "  

o n  c e r t a i n  a r i t h m e t i c s .  C o n s e q u e n t l y ,  i n  t h e  f o l l o w i n g  c o n s t r u c t i o n s  w e  

do  n o t  e m p l o y  a n y  r e s t r i c t i o n s  o f  the  ty p e  i n t r o d u c e d  in  s e c t i o n s  3 .1  a n d  3 . 2 .

To c o n s t r u c t  p r i m i t i v e  a r i t h m e t i c s  ) (n > 1), w e  s t a r t  by
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a s s u m i n g  t h e  m o n o i d s  S , g r o u p o i d s  S , f r e e  m o n o i d s  G(A ), a n d
n  n  n

t h e  a d d i t i v e  f r e e  m o n o i d u l e s  S G(A ), a l l  i n t r o d u c e d  i n  s e c t i o n  2. 5.n  ...n
I n  e a c h  p r i m i t i v e  a r i t h m e t i c  < ? ( # )  (n  > 1), w e  t a k e  t h e  l a w  o f  c o m p o s i t i o n

X 0  Y o f  G ( i ^ )  to  b e  t h e  w o r d  a d d i t i o n  o fn  n  n  jj
S e c o n d l y ,  w e  i n t r o d u c e  t h e  f u n c t i o n s  d(X) a n d  D(X) i n  

a s  fo l l o w s :

(1) d ( # )  = #  , d ( a  X) = a  ,
r* f r*

{2) D ( # ) = # ,  D ( a  X) = X .
r*

T h i r d l y ,  w e  d e f in e  t h e  f u n c t i o n  X Y i n  b y  th e  fo l l o w i n g

e q u a t i o n :

X Y = d <X > © n (d<D (X »  ® n Y > -

w h e r e  ®  i s  th e  l a w  o f  c o m p o s i t i o n  of t h e  f r e e  m o n o i d u l e  S G(A ).n  n  n
W i t h  th e  h e l p  o f  t h e  a b o v e  f u n c t i o n s ,  w e  d e f in e  w o r d  m u l t i p l i c a t i o n  

X {+) Y i n  w h i c h  i s  i n  f a c t  n o t h i n g  e l s e  than  o r d i n a r y  a d d i t i o n
XI ^  XI

d e f i n e d  i n  <P(A? ), by  t h e  f o l l o w i n g  e q u a t i o n s :  
n

X (+)n#  = X ,

x  (+) a  Y = (a  ©  d(X)) © *  (D(X) (+) Y) . n /j (j, n  n  n

We c a n  d e f in e  t h e  w o r d  d i v i s i b i l i t y  r e l a t i o n  X|| ^ Y  a n d  the

p r i m e - w o r d  r e l a t i o n  pw^n \ x )  i n  a s  f o l l o w s :

(3) Y | | (n)X <==> V Z { X  = Y (+)n  Z }  ,

(4) p w (n)(X) X j t # A X Jt a 0 A

y \ Y {Y | | t n ) X = 3 *  Y = X V Y  = a Q v Y = # }  .

N o t e ,  t h e  p r i m e  w o r d s  i n  < P (A $  a r e  of t h e  f o r m  a ^  o r
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V o  • • . a QajU ^  1* a Q n - t i m e s  {n > 1)).

0 <At>

W e s i m p l y  s t a t e  t h e  p r i m e - w o r d  f a c t o r i z a t i o n  t h e o r e m  i n  a r i t h m e t i c  

a s  fo l lo w s :

4 . 1 . 1 .  T h e o r e m . E x c e p t  f o r  ^  a n d  a ^ ,  e v e r y  w o r d  i n  (n > 1)

c a n  b e  u n iq u e ly  e x p r e s s e d  a s  a  w o r d  p r o d u c t

K  <+>n K  , <+>n • • ■ <+ >„ K  ■r  r -1 1

w h e r e  ja^ , js  ̂ , . . . , | j .  a r e  p r i m e  w o r d s  of <?(AW) 
1 2  r

w ith  d i f fe re n t  le n g th s .
T h e  ab o v e  u n i q u e  f a c t o r i z a t i o n  t h e o r e m  i s  r e l a t e d  t o  t h e  u s u a l

n - a d i c  u n iq u e  r e p r e s e n t a t i o n s  of p o s i t i v e  i n t e g e r s .

A t  t h i s  s t a g e  o f  t h e  s e c t i o n ,  w e  s e l e c t  o u r  g r o u n d  a r i t h m e t i c  to  b e

A s  p o i n t e d  o u t  i n  s e c t i o n  2 . 5 ,  i t  h a s  b e e n  c u s t o m a r y  f o r  s e v e r a l  
10 ^

m i l l e n i u m s  to d e n o t e  t h e  s i g n s  i n  t h e  a l p h a b e t  A ^  a s  0 ,1 ,  2,  3, 4,  5,  6 , 7,  8 , 9- 

W i th  r e s p e c t  to  t h e  g r o u n d  a r i t h m e t i c  a l so  c u s t o m a r y  to

d e n o t e  i t s  w o r d  m u l t i p l i c a t i o n  X (+)^q Y a s  X + Y, h o w e v e r  w e  s h a l l  

h a v e  o c c a s i o n  to  m a k e  u s e  of  b o th  n o t a t i o n s .

W e  now p r o c e e d  to  d e f in e  o r d i n a r y  m u l t i p l i c a t i o n  X X Y in  

a r i t h m e t i c  a s  follows,-; by assuming t h e  a d d i t i o n a l  f r e e  monoidule

M(0G(a5
X X # =  -#5 ,

x x V = V i o x ) ® > x y > •

I n  a r i t h m e t i c  ) w e  c a n  c o n s t r u c t  t h e  f a m i l i a r  s e t  o f  p r i m e  n u m b e r s
0

P  a n d  i t s  d i v i s i b i l i t y  t h e o r y  u s i n g  t h e  a b o v e  o r d i n a r y  m u l t i p l i c a t i o n .  I n  

t u r n ,  w e  c a n  d e f in e  t h e  H i l b e r t - A c k e r m a n n  f u n c t i o n s  £..(X, Y),  £? (X, Y), . . . ,X M
s i m p l y  b y  i t e r a t i o n ,  i .  e .  , £j(X, Y) = X  X X X . . . X X  (X Y - t i m e s ) ,  a n d

so  o n .  C o n s e q u e n t l y ,  w e  c a n  o b t a i n  t h e  H i l b e r t - A c k e r m a n n  n u m b e r

f t
F o r  c o n v e n i e n c e ,  i n  th e  fo l l o w i n g  s e c t i o n s ,  i n  a d d i t i o n  to  th e

s y s t e m s  P ^ ,  p \  P ^ ,  . . .  i n  a r i t h m e t i c  ^ (Aio>-
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n o ta t i o n  G (A jg), w e  s h a l l  a l s o  u s e  th e  n o ta t io n  N  to  d e n o te  t h e  f r e e  

m o n o id

§ 4 . 2 .  A r i t h m e t i z a t i o n s  o f  a r i t h m e t i c s

R e c a l l  t h a t  N a l s o  d e n o t e s  th e  f r e e  m o n o id  G ( A ^ ) .  In  t u r n ,  

n o te  t h a t  i f  (p{X,  Y) i s  a  f u n c t io n  o f  a r i t h m e t i c  ( p ( A ^ )  th e n  w e  a l s o  

w r i t e  i t  a s  X<pY, a n d  w e  a l s o  w r i t e  c o n c a t e n a t i o n s  o f  th e  f o r m

(. . . {(X1(px2)(px3) <p . . . ( p x n _1) f x n  o r  Xl(fHX2<p(X3 i f . . . . -))

a s  X 19 X 2 < p . . . < r Xn . lV X n .

W e s a y  t h a t  F ^ ( q )  i s  a n  a r i t h m e t i z a t i o n  o f  t h e  f r e e  m o n o id  F(a^) 

i f  th e  fo l lo w in g  r e l a t i o n s  h o ld  b e tw e e n  F(a^) an d  th e  a r i t h m e t i c  ( A * ) :

(1) t h e r e  e x i s t  w o r d s  p a n d  q in  th e  f r e e  m o n o id  N , w h e r e  q  i s  

d i f f e r e n t  f r o m  p ,  s u c h  t h a t  p  c o r r e s p o n d s  to  t h e  e m p t y  w o r d  an d  

{q} c o r r e s p o n d s  to  th e  a l p h a b e t  {a } in  F(a^); (2) t h e r e  e x i s t s  a  

f u n c t io n  (p(X , Y) in  a r i t h m e t i c  ^ ( A ^ )  s u c h  t h a t  <p(q, X) c o r r e s p o n d s  

to  th e  s u c c e s s o r  fu n c t io n  a^ a  X of F (a^ ) ,  an d  e v e r y  f in i te  c o n c a t e n a t i o n  

q(pq<|). . . (pq  i s  u n iq u e ,  t h u s  s a t i s f y i n g  th e  a x io m s  o f  th e  f r e e  m o n o id  

F ( a x).

4 . 2 . 1 .  P r o p o s i t i o n .  F o r  a n y  k  > 0, i f  n  d e n o te s  a n y  n o n z e r o  e l e m e n t
(k)in  N , p a n y  e l e m e n t  in  th e  H i l b e r t - A c k e r m a n n
^  kn u m b e r - s y s t e m  P  an d  £ i s  a n y  H i l b e r t -

A c k e r m a n n  fu n c t io n  in  a r i t h m e t i c  th e n

F  fn) a n d  F .  (p ) a r e  a r i t h m e t i z a t i o n s  o f  th e  f r e e
+ V  ^

m o n o id  F (a^ ) .

F o r  a n y  n  > 0, t h e  a r i t h m e t i z a t i o n s  F  (n) in v o lv in g  th e  w o r d s

0 , n , n+n, n+n+n, . . .  a r e  o b v io u s ly  u n iq u e  a n d  c o n s t i t u t e  th e  f a m i l i a r

i n t e r p r e t a t i o n s  o f  th e  f r e e  m o n o id  F ( a  ). On th e  o t h e r  h an d ,  f o r  k  > 0,
(k)

th e  a r i t h m e t i z a t i o n s  F fi (p ) (k  > 0) in v o lv in g  th e  w o r d s  o f  th e  f o r m
^k M

. (k) (k) (k) (k) (k) (k) , ,. , .It P i P P >P p p , d e f in e d  m  s e c t i o n  1 .2 ,  w h ic h  a r e  u n iq u eju fj, fu n  jJL



o n  th e  s t r e n g t h  of T h e o r e m  1. 2 .  4 a n d  T h e o r e m  1 . 2 . 5 ,  a r e  c l e a r l y  a l s o

a r i t h m e t i z a t i o n s  o f  F (a^) .

W e s a y  th a t  F^p(Q) i s  a n  a r i t h m e t i z a t i o n  of th e  f r e e  m o n o id  F{A)

i f  th e  fo l lo w in g  r e l a t i o n s  h o ld  b e tw e e n  t h e  f r e e  m o n o id  F (A ) a n d  th e

g ro u n d  a r i t h m e t i c  ^ ( A ^ ) :  (1) t h e r e  e x i s t s  a  w o r d  p  i n  N a n d  a n

in f in i t e  s e t  Q  = {q^, q ^ , • • • } o f  w o rd s  in  N , a l l  d i f f e r e n t  f r o m  p ,  s u c h

t h a t  p c o r r e s p o n d s  to  th e  e m p t y  w o r d  a n d  Q c o r r e s p o n d s  to  th e  a l p h a b e t

A  in  th e  f r e e  m o n o id  F (A ) ;  (2) t h e r e  e x i s t  a  fu n c t io n  «p(Xf Y) in

a r i t h m e t i c  (?  ( A ^ )  s u c h  t h a t  X) ( q ^ 6 Q) c o r r e s p o n d s  to  th e

s u c c e s s o r  f u n c t io n s  a  ©  X  (a  6  A) in  th e  f r e e  m o n o id  F (A ) ,  a n d  e v e r y

f in i te  c o n c a t e n a t i o n  q^ {pq^ (p . . . (pq^ i s  u n iq u e  u n d e r  th e  e q u a l i ty
r  r -1 1

r e l a t i o n  == c o r r e s p o n d i n g  to  th e  e q u a l i ty  r e l a t i o n  = i n  F (A ) ,  h e n c e  
w  A

s a t i s f y i n g  th e  a x io m s  o f  th e  f r e e  m o n o id  F (A ) .

B y  a n  a r i t h m e t i z a t i o n  o f  th e  a r i t h m e t i c  f i^ (A )  (k > 0), w e

m e a n  th e  e x i s t e n c e  o f  a n  a r i t h m e t i z a t i o n  o f  th e  f r e e  m o n o id  F (A )

a n d  in  t u r n  t h e  fu l l  d e v e lo p m e n t  of an  a r i t h m e t i c  o n  F ^ ( Q )  w h ic h  s a t i s f i e s  

th e  a x io m s  a n d  r u l e s  o f  a r i t h m e t i c

4 . 2 . 2 .  P r o p o s i t i o n . F o r  a n y  k  > 0, i f  F L (Q )  i s  a n  a r i t h m e t i z a t i o n  of
" T y,

F (A ) ,  t h e n  an y  a r i t h m e t i c  Q J Q )  c o n s t r u c t e d  o n
r  k

F ^ ( Q )  i s  a n  a r i t h m e t i z a t i o n  o f  QL (A).

T h i s  p r o p o s i t i o n  i s  c l e a r .

L e t  N'" = G ( A ^ )  , a Q }, a n d  a g a i n  r e c a l l  t h a t  P  (k > 0)

d e n o te  th e  H i l b e r t - A c k e r m a n n  n u m b e r - s y s t e m s .

4 . 2 . 3 .  P r o p o s i t i o n .  F o r  a n y  k  > 0, <2 k (N*) a n d  £ x ( p k > a r e

a r i t h m e t i z a t i o n s  o f a r i t h m e t i c  :(A).

B y  v i r t u e  o f  P r o p o s i t i o n  4 . 2. 2, i t  i s  e n o u g h  to  sh o w  th a t  F  (N )
ka n d  F  ( P  ) a r e  a r i t h m e t i z a t i o n s  o f  F (A ),
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jj; Oj
W ith  r e s p e c t  to  F  (N ), b y  d e f in i t io n  N  c o r r e s p o n d s  to  th e

'T*
a l p h a b e t  A  in  F (A ) ,  th e  e q u a l i t y  r e l a t i o n  = ^ in  F  (N ) c o r r e s p o n d s'!• 4-

N
to  = i n  F (A ) ,  a n d  n  + X (n 6  N  ) c o r r e s p o n d s  to  a  ©  X  (a & A ) .  

A  ju ju ju n
C l e a r l y ,  O g N  m u s t  c o r r e s p o n d  to  in  F (A )  a n d  1 €  N  c o r r e s p o n d s  

to  a^ i n  F (A ) .  O n th e  s t r e n g t h  o f  P r o p o s i t i o n  3 .  6 .1 , w e  c a n  s e t -  

t h e o r e t i c a l l y  p a r t i t i o n  th e  w o r d s  i n  th e  f r e e  m o n o id  F(A ) i n to  a d d i t iv e  

c o n ju g a t io n s  C (a^ ) (ju > 2 ) ,  w h e r e  in  e a c h  c o n ju g a t io n  C (a ^ )  th e  w o r d s
*

a r e  f i n i t e  in  n u m b e r  a n d  d i s t i n c t .  On th e  o t h e r  h a n d ,  in  F  (N ) w e
r

c o n s i d e r  th e  s e t  of p a r t i t i o n s  P(/u) ( p a r t i t i o  n u m e r o r u m )  o f  ju (ju > 2).

W e c a n  s e e  t h a t  P(ju) (V > 2) in  F ^ ( N  ) c o r r e s p o n d s  e x a c t l y  to  th e

a d d i t i v e  c o n ju g a t io n s  C (a^) (ju > 2) i n  F{A) a n d  c o n v e r s e l y ,  b y  t h e i r

d e f i n i t i o n s .  S in c e  th e  s y m b o l ic  e q u a l i t y  r e l a t i o n  = ^ i s  a s s u m e d  in

F  (N ), t h i s  r e l a t i o n  r e n d e r s  e a c h  w o r d  in  F  (N ) u n iq u e .  F r o m  th i s
+ #  +

i t  f o l lo w s  t h a t  F  (N "*) i s  a n  a r i t h m e t i z a t i o n  o f  F (A ) .
k kW ith  r e s p e c t  to  F  (P  ) (k  > 0), by d e f in i t io n  P  c o r r e s p o n d s  to

A  —

t h e  a l p h a b e t  A  of F (A ) ,  th e  e q u a l i t y  r e l a t i o n  = c o r r e s p o n d s  to th e
P

s y m b o l i c  e q u a l i t y  r e l a t i o n  o f  F (A ) ,  a n d  *  X ( p | ^ g  P ^ )

c o r r e s p o n d s  to  a  0  X (a  €  A) i n  F (A ) .  C l e a r l y ,  1 € N  c o r r e s p o n d s
M M

to in  F (A ) a n d  2 € N  c o r r e s p o n d s  to  a^ i n  F (A ) .  B y  v i r t u e  of

P r o p o s i t i o n  3. 6 . 8 , w e  c a n  s e t - t h e o r e t i c a l l y  p a r t i t i o n  th e  w o r d s  in  F (A )
k  juin to  m u l t i p l i c a t i v e  c o n ju g a t io n s  D (a ) (ju > 2) f o r  a  g iv e n  k  > 0 . On th e

k  -o t h e r  h a n d ,  in  F  ( P  ) w e c o n s i d e r  th e  s e t  of a l l  ’’m u l t i p l i c a t i v e  p a r t i t i o n s "
k  (k) (k) (k)P„ (ju) o f  ju, i .  e .  , s e t s  o f  a l l  o r d i n a r y  p r o d u c t s  Jr. X jr. X . . .  X 7r;X 1 1 , l,

r  r -1 . 1Lr
w i th  f a c t o r s  t a k e n  f r o m  th e  H i l b e r t - A c k e r m a n n  n u m b e r  - s y s t e m  P  a n d

s u c h  t h a t  th e  a b o v e - m e n t i o n e d  p r o d u c t s  a r e  a l l  e q u a l  to  th e  p o s i t i v e

i n t e g e r  ju. S i m i l a r l y  a s  p o in te d  o u t  in  s e c t i o n  3 . 6 , th e  s e t  P  (ju) i s
X

o b t a i n e d  by  m e a n s  o f  th e  u n iq u e  f a c t o r i z a t i o n  t h e o r e m  1. 2 .  5 a n d  th e
k

a s s o c i a t i v i t y  o f  o r d i n a r y  m u l t i p l i c a t i o n .  I t  i s  c l e a r  th a t  e a c h  s e t  P  (ju)
i Xk  Ltc o r r e s p o n d s  to  th e  m u l t i p l i c a t i v e  c o n ju g a t io n  D  (a^) a n d  c o n v e r s e l y  by
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v i r t u e  o f  t h e i r  d e f in i t i o n s .  I n  t u r n ,  th e  s y m b o l ic  e q u a l i t y  r e l a t i o n  =
k  k  Pin  F  (P  ) r e n d e r s  e a c h  e l e m e n t  in  P  (m) u n iq u e .  F r o m  th i s  i t  fo l lo w s

A  ,  X

t h a t  F  (P  ) i s  a n  a r i t h m e t i z a t i o n  of F (A ) .
X

4 .  2. 4. C o r o l l a r y . (1) F o r  a n y  h  > 0 a n d  k  > 1 s u c h  t h a t  h  < k , i f

[ P h ]k C  P k  th e n  f t k ( [ P k ]k ) i s  a n  a r i t h m e t i z a t i o n  o f

a k (A).

(2 ) a k  ([M ]k ) (k > 1) i s  a n  a r i t h m e t i z a t i o n  o f  ^ k (A), 
k  =w h e r e  [M ] i s  th e  s e t  d e f in e d  in  s e c t i o n  1. 4 .

4 . 2 . 5 ,  P r o p o s i t i o n . In  th e  a r i t h m e t i z a t i o n  ) o f  f l V )  (k  > 0 )
0 n *  0w e h a v e  P  = p  , w h e r e  P  d e n o te s  th e  s e t  o f

o r d i n a r y  p r i m e  n u m b e r s  a n d  p  d e n o te s  th e  s e t  o f  

a l l  s u b p r i m e s  in

T h i s  p r o p o s i t i o n  fo l lo w s  f r o m  th e  d e f in i t io n  o f  th e  s e t  P  of

s u b p r i m e s  g iv e n  in  s e c t i o n  3 . 7  w h ic h  p r e c i s e l y  s e l e c t s  in  th e  a r i t h m e t i z a -  
jo k  #t io n  C i ,(N  ) o n ly  w o r d s  w h ic h  e q u a l  o r d i n a r y  p r i m e  n u m b e r s .

T
W e now  t u r n  o u r  a t t e n t i o n  to  a  c e r t a i n  r e l a t i o n  b e tw e e n  a r i t h m e t i -  

z a t i o n s  o f  th e  f r e e  m o n o id  F(a^) a n d  th e  a r i t h m e t i z a t i o n s  of the  f r e e  

m o n o id  F (A ) .

W e s a y  t h a t  a n  a r i t h m e t i z a t i o n  F^p (q) o f  th e  f r e e  m o n o id  F(a^) 

i s  e x te n d ib le  to  a n  a r i t h m e t i z a t i o n  of th e  f r e e  m o n o id  F (A ) i f  t h e r e  

e x i s t s  a n  a r i t h m e t i z a t i o n  F ^ ( Q )  o f  F (A ) s u c h  th a t  q £ Q ,  th e  fu n c t io n  

<jp o f  J Jp tq )  i s  a l s o  th e  " c o n c a t e n a t i v e "  f u n c t io n  of F ^ ( Q ) ,  a n d  F y ( q )  

i s  e m b e d d e d  in  F ^ ( Q ) .

(k)4 .  2. 6 . P r o p o s i t i o n .  (1) F o r  a n y  k  > 0, F ,.  (p ) (ju > 1) i s  n o t  e x te n d ib le
§k  M

to a n y  a r i t h m e t i z a t i o n  of F (A ) .

(2) I f  F ^ ( 2 )  i s  e x te n d ib le  to  a n  a r i t h m e t i z a t i o n  of 

F (A ) ,  t h e n  (p i s  e i t h e r  o r d i n a r y  a d d i t i o n  o r  

o r d i n a r y  m u l t i p l i c a t i o n .
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(3) If  F ^ f l )  i s  e x te n d ib le  to  a n  a r i t h m e t i z a t i o n  of 

F (A ), th e n  cp i s  o r d in a r y  a d d i t io n .

P r o p e r t y  (1) f o l lo w s  f r o m  T h e o r e m  1 .2 .4 ,  w h e r e  i t  c a n  be  s e e n

th a t  c o n c a te n a t io n s  in v o lv in g  H i l b e r t - A c k e r m a n n  f u n c t io n s  £ a n d
kn u m b e r - s y s t e m s  P  (k  > 0) a r e  a l l  n o n c o m m u ta t iv e ,  c o n s e q u e n t ly  the  

c o n c a te n a t io n s  in  q u e s t i o n  c an n o t p o s s i b l y  s a t i s f y  th e  a x io m s  o f th e  

c o m m u ta t iv e  f r e e  m o n o i d  F(A).

P r o p e r t y  (2) . L e t  F (fl(2) b e  e x te n d ib le  to  a n  a r i t h m e t i z a t i o n  of
T

F (A ) .  A s id e  f r o m  T h e o r e m s  4 .1 .1  a n d  1. 2. 5 a n d  P r o p o s i t i o n  4 . 2 .1 ,  the  

o n ly  o t h e r  p o s s ib le  u n iq u e  r e p r e s e n t a t i o n s  a r e  t h o s e  g iv en  by  T h e o r e m  

1 . 2 . 4 .  C o n se q u e n t ly ,  i f  F ^ (2 )  i s  e x te n d ib le  to  a n  a r i t h m e t i z a t i o n  of 

F (A ) ,  th e n  i t  m u s t  in  s o m e  w ay  in v o lv e  the  a b o v e - m e n t i o n e d  u n iq u e  

r e p r e s e n t a t i o n s ,  in c lu d in g  un ique  r e p r e s e n t a t i o n s  w h ic h  a r e  v a r i a t i o n s  

o f  th e  ab o v e ,  i .  e . , e . g . ,  r e p r e s e n t a t i o n s  of th e  f o r m

D(1)DU) J W 01 „ (0) t>(Z>0 (Z) . ( 2 ) U) (1) (1) (0 ) (0 ) (0)
pj  p j  . • • ■ Pj. Pi  i  . ■ ■ • Pi, ' Pk Pk , - " Pk , Pj  p j , ■ • • pj ,  p i  p i • ' • pi,J s s —I J1 r  r -1 1 t  t -1 1 s s -1 J1 r  r -1 1
a n d  so  on  a s  shown e a r l i e r  by th e  a u t h o r  [7], In  a l l  the  a b o v e - m e n t io n e d  

p o s s i b i l i t i e s ,  a s id e  f r o m  o r d in a r y  a d d i t io n  and  o r d i n a r y  m u l t ip l i c a t io n ,  

w e s e e  th a t  they  in v o lv e  c o n c a te n a t io n s  w h ich  a r e  n o n c o m m u ta t iv e .  I t  

f o l l o w s  th a t  cp m u s t  b e  e i th e r  o r d i n a r y  a d d i t io n  o r  o r d i n a r y  m u l t i p l i c a t io n .

P r o p e r ty  (3). F r o m  w h a t w a s  s a id  abo v e ,  i t  i s  c l e a r  t h a t  i n  th is  

c a s e  t h e  function  (p c a n  only  be  o r d i n a r y  a d d i t io n .

§ 4 .3 .  O rd in a ry  a d d i t i o n  in  a r i t h m e t i z a t i o n s  o f  (X  (A)

F o r  any  k  > 0, w ith  the  h e lp  of the  a r i t h m e t i c a l  m a p s  cr, o , T 
—

a n d  t , defined  in  s e c t i o n  2 .4 ,  w e  in t r o d u c e  the  fo l lo w in g  fu n c t io n s  

i n & V ) :

u )  y # >  = ^  . 

W l = V ' % > o V x ' ■

n o te , I .  (X) i s  an abbrev iation  o f | (  (X),



a n d  u n d e f in e d  o t h e r w i s e .

4 . 3 . 1 .  P r o p o s i t i o n . (1) F o r  a n y  X a n d  Y in  F (A ) ,

y  x  ©  Y) = y x )  o  y  Y) .

{2) F o r  a n y  X a n d  Y in  F(a^) s a t i s f y i n g  

th e  d e f in i t io n  o f  y

y x ©  Y) = y x )  ©  y Y )  .

(3) F o r  a n y  X in  F(a^) s a t i s f y i n g  th e  d e f in i t io n  o f

y  y y x ) )  = x .

P r o p e r t y  (1). F o r  Y = # ,  w e  h a v e  y  X ©  # )  = y x )  a n d  

y x >  0  y f r )  = i  k ( X ) ©  a^ = y x ) .  In  t u r n ,  s u p p o s e  th a t  p r o p e r t y  (1) 

h o ld s  f o r  s o m e  Y. T h e n  by  th e  d e f in i t i o n  o f  th e  f u n c t io n  1^ w e  h a v e

v x  ®  % Y) = y  v x ® Y)) = v *  v  °  y x ® Y>
= Y ( a ^ ) O y x ) o y Y )

= y x ) ® v a „ Y )  •
P r o p e r t y  (2) . B y C o r o l l a r y  3 .  4 .1 4 (2 ) ,  l e t  X  = 7r^ 0  . . . 0

r  1
a n d  Y = T r f ^ Q .  . . © tt! ^ ,  w h e r e  a l l  th e  a b o v e  f a c t o r s  a r e  in

J s Jx . F ( a i )



Then by th e  d e f in it io n  o f  I w e get

I ( X O Y )  t(^ fk )G  * • . O ^ k ) ) ©  (7rfk ) © . .  . © 7r(k ) )}
*  *  Xr  l l  J s J1

« cL. s., ■ • < si, pl?a ,  a ,  t < ■
Xr  V l  h  J S V l  J1

= \ ( ^ k ) 0 - • . O ^ k ) ) ©  y ^ k )0  • • • © ff!k>) = y x > ©  y  y )
r  I s J1

P r o p e r t y  (3). B y  C o r o l l a r y  3 . 4 .1 4 (2 ) ,  l e t  X  = Jrfk ^ 0  . . . 0
r  1

w h e r e  7r|k ^, . . . , 7rfk ^€  [T T r/  T h e n  by  th e  d e f in i t i o n  of 1 a n d  L
1 .  1 *E l e i ,  } K, K
1 r  ' 1

a n d  P r o p o s i t i o n  2 . 4 . 2 ,  w e  o b ta in

W « > - W * { k )© " - © ' ? )>>r  1

= Ik (a i  . . .  a. ) = Tk cr(ai  ) © .  . . © ■ y a ^  ) 
r  1 r  1

M  (k)
= 7T, ©  . . .  foTT, — X

1 w  v  1 ,r  1

k  k
F o r  a n y  k  > 0, w e  now  d e f in e  t h e  fu n c t io n s  X  [+] Y a n d  X [X] Y

in  Q  (A) b y  th e  fo l lo w in g :

I f  y x )  an d  y  Y) a r e  e x p r e s s i b l e  a s  y x )  = tt̂ ©  . . . © jrfk ^
r  ,, , 1

an d y Y )  = ?rjk ^O • • • ©  ^ k \  w h e r e  th e  f a c t o r s  i n  [TTp^a  ^3^ ,  t h e n

(1) x  [+ jk  y  = y y x )  ©  y y )) ,

(2 ) x  [x]k y  = y y x ) © y Y )  .
k

W i th  r e s p e c t  to  t h e  a b o v e  d e f in i t i o n ,  w e  p o in t  o u t  t h a t  X [+] Y 

an d  X [X] Y c a n  a l s o  b e  d e f in e d  e q u iv a l e n t ly  in  t e r m s  of th e  l a w s  of 

c o m p o s i t i o n  a^* ® a v a n d  a ^  Q  a ^  i n  th e  n o n c o n c a te n a t i v e  s e m i r i n g  

S M . ,  i n t r o d u c e d  in  s e c t i o n  2 .1 ,  t o g e t h e r  w i th  th e  s u i t a b l e  a r i t h m e t i c a l  

m a p s .  W e c h o s e  th e  a b o v e  d e f in i t io n  o n  th e  g r o u n d s  t h a t  th i s  ty p e  of
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— AC
d e f in i t io n  c a n  be  e a s i l y  u s e d  in v o lv in g  o t h e r  f u n c t io n s  in  ££  (A), w h e r e a s  

th e  a b o v e - m e n t i o n e d  s e m i r i n g  i s  l i m i t e d  to  i t s  tw o  l a w s  o f c o m p o s i t i o n .

4 . 3. 2 .  P r o p o s i t i o n . In  a c c o r d a n c e  w i th  th e  c o n d i t io n s  in  th e  d e f in i t i o n s
lr V

of th e  f u n c t io n s  X [+] Y a n d  X [X] Y,

(1) X [+]k  Y = Y [+jk  X,

(2) X [+]k  (Y [ + f  Z) = (X [+]k  Y) [+]k  Z,

(3) X [X]k  Y = X ©  Y,

(4) X ©  (Y [+]k  Z) = (X ©  Y) [+]k  (X ©  Z).

P r o p e r t y  (1). By th e  d e f in i t io n  o f  X [+] Y a n d  th e  c o m m u t a t i v i t y  

of w o r d  a d d i t io n ,  w e  h a v e

x  [+]k  y  = y y x >  ©  y Y ) i

=  y y y )  ®  v x ) )  = Y  t + ] k  Y  •
P r o p e r t y  (2) . By th e  d e f in i t i o n  of X [+] Y, P r o p o s i t i o n  4 .  3 .1 (3 )  

a n d  th e  a s s o c i a t i v i t y  o f w o r d  a d d i t i o n  w e g e t

X  [+]k  (Y [+]k  z> = x  [+]k  y y ( Y )  ©  y z »

= yyx) © y y y  © y  z > »

= y y x >  © (y(Y) © y z ) »

= y ( y x ) © y Y ) )  © y z »

=  y y y y x )  ® y Y , )  © y z »
= y y x )  ©  y  y ) |  z
= (X [+]k Y) [+]k Z .

P r o p e r ty  (3). By C o ro lla ry  3 .4 .1 4 (2 ) ,  le t  I (X) = r r * ©  . .  . 0  it.

a n d  L (Y) = . . . © ^ ! k \  w h e r e  th e  f a c t o r s  a r e  i n  [TT_, T h e n
k  J s 1 F ( a ^)J



by P r o p o s i t io n  4. 3 .1 (2 )  an d  d e f in it io n  o£ y  w e  h ave

x[x]k y  = y y x ) ©  i k (Y))

= y y x j )  e y y y j )

=\ t7r[k)o . •. ©4k)) e  y  *!k)o ... o ^k))
r  1 J s J1

= X ©  Y .

P r o p e r t y  (4) i s  o b t a in e d  by  P r o p o s i t i o n  4 . 3 .1 (3 ) a n d  th e  d i s t r i b u t i v e  

la w  w i th  r e s p e c t  to  w o r d  a d d i t i o n  a n d  w o r d  m u l t i p l i c a t i o n  a s  fo l lo w s :

X e  (Y [+]k  Z) = T k ( ik ( x ) 0  y Y  [+]k  Z))

= y y x ) o  y y y Y )  0yz))))
= y y x ) ©  ( y Y )  © y z ) )

= y y x)o  y Y) © y x ) o y z »

B v w v x ) °  y Y))) ®  y \ (ik(x) 0 y z)))
= y y x ) ©  y Y ) )  [+]k  y y x > o  y z »

= (X ©  Y) [+]k  (X ©  Z) .

4 . 3 . 3 .  P r o p o s i t i o n . (1) F o r  a n y  k  > 0, t h e  fu n c t io n  X [+] Y c o r r e s p o n d s
— ^ a k  kto  o r d i n a r y  a d d i t i o n  i n  th e  a r i t h m e t i z a t i o n  OL^XP  )

o f  f l k (A).

(2) F o r  a n y  k  > 0, th e  f u n c t io n  X 0  Y c o r r e s p o n d s
a k  'i'

(N ).

P r o p e r t y  (1). F o r  a n y  k  > 0, c o n s i d e r  th e  fu n c t io n  X  [+] Y in

th e  a r i t h m e t i z a t i o n  f l k ( P k ) o f  0 t k (-^-). k f P k ) T l e t

X = p(kJ X p !k) X . . .  X p ! k) a n d  Y = p fk) X p !k '  X . . .  X p fk * be  a n y  
1r  S r - l  *1 J s ^ s - l  **1

n o n e m p ty  w o r d s  i n  F ^ ( P ^ ) .  B y  th e  d e f in i t i o n  o f y  T h e o r e m  2 . 4 . 2  a n d



C o r o l l a r y  4 . 2 , 1 4 ,  w e  h a v e

(k) v (k) (k) _  (k)
(1) ' * ' p i  ' "  i  ©  • • • 0  ^  >

r  1 r  1

m  T  f  J k > X  X T ^ k \ - ^ k ) r \  r » j r ^ k )(2) I  (p X , , , X p  ) -  7T . * Q n  t
K J s J1 J S J1

(3) y x )  © y Y )  = (7r[k)0  . . . < D ^ k ) ) ©  (7rfk ) 0 . . . © ^ k ) ) = Q  . . . O  ^
r  1 J s  J1 t  1

w h e r e  . . . .  €  [TL-w In  o t h e r  w o r d s ,  (1), (2) a n d  (3) m e a nn^ L1 ‘F (a^ )J

th e  fo l lo w in g :

P!k)x . . , x P!k > P!k)x . . . x p < k >
  J s 3i= a .

V x )  = a i  ■ Ik ( Y )  =

(p{k)x . . . x p (k h +(p!k )x . . . x p < k >) p <k > x . . .x p < k >
\  I F J S  \  \  \

y  x> ©  y Y )  = = ai

(k) (k) O k  —
w h e r e  p ^  , . . . , p ^  € [ P  ] • W ith  r e s p e c t  to  t h e  fu n c t io n s  y  by

T h e o r e m  2 . 4 . 2 ,  w e  h a v e

U . tk)0 - O ' tk,l = PW xp|k| x . . . x pW ,
k  n t  V  n t  n t - l  “ l

k  k
w h ic h  o b v io u s ly  i s  p r e c i s e l y  th e  v a lu e  o f  X + Y i n  ( j ,  ( P  ) f o r  X a n d  Y.

O k  *P r o p e r t y  (2 ) i s  t r i v i a l ,  s i n c e  o r d i n a r y  a d d i t i o n  in  CX ,(N  } is  

d e f in e d  to  c o r r e s p o n d  to  w o r d  a d d i t i o n  in  C t  (A ).

# k  r~ n
4 . 3 . 4 .  L e m m a . I f  S i s  a n y  s u b s e t  o f  N s u c h  t h a t  P  (_ S C_ P  , w h e r e

k  < n ,  th e n  o r d i n a r y  a d d i t io n  i n  d h s i  o f  a  (A)
k

c o r r e s p o n d s  to  X [+] Y, d e f in e d  o n ly  f o r  w o r d s  X
ka n d  Y in  F  (S) w h ic h  a r e  p r o d u c t s  w i th  f a c t o r s  in  P  .

A

T h e  u n d e r ly in g  f r a m e  xk o f  a r i t h m e t i c  k(A)wa»- c o n s t r u c t e d
k  k

p r e c i s e l y  i n  o r d e r  to  d e f in e  o r d i n a r y  a d d i t io n  i n  £X V( P  ) a s  th e  fu n c t io n
A
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X [+] Y. L e t  S = {s , b  , . . . In  CL (S )» by  d e f in i t i o n  of X [+]k  Y,
1 ^  A

i f  X = s. s. . . .  s. a n d  Y = s . s ,  . . . s .  , th e n
\  V l  *1 3(3 Jfi-1  J1

lr
s, X s, X . . .  X s. F*t*l s ,  X s .  X . i i X s, ~

Xa V l  L1 JP JP -1  J I

= \ ( ( ^ k ,O . . . O ^ k ) ) © ( ^ k ) G - - - 0 ^ k ) )) .
k  xa *1 Jp h

w h ic h  c l e a r l y  c a n  c o r r e s p o n d  to  o r d i n a r y  a d d i t io n  i f  s. , . . . , s. , s .  , . . . , s .
_ k  \  \  J1 J3a r e  e l e m e n t s  i n  P  .

4 . 3 . 5 .  T h e o r e m . F o r  a n y  k  > 0, th e  f u n c t io n s  X ©  Y a n d  X [+] Y

a r e  th e  o n ly  fu n c t io n s  in  CL (A) w h ic h  c o r r e s p o n d  to
ko r d i n a r y  a d d i t io n  in  t h e  a r i t h m e t i z a t i o n s  o f  CL (A).

S in c e  a n d  a  o f  N  c a n n o t  b e  i n  a n y  a l p h a b e t  c o r r e s p o n d i n g
5n It

to  A , l e t  S be  s o m e  in f i n i t e  s u b s e t  o f  N  . In  t u r n ,  l e t  ^ . - ( S )  b e  a n y
yaka r i t h m e t i z a t i o n  o f  Q  (A). W e h av e  to  c o n s i d e r  th e  fo l lo w in g  two c a s e s :

(A) S C P k ,

(B) s  D P k ,

w h e r e  P  i s  a  H i l b e r t - A c k e r m a n n  n u m b e r - s y s t e m .

F o r  c a s e  (A), w h e r e  S C  P ^ j o n  th e  s t r e n g t h  o f  t h e  f r a m e
fit ka n d  d e f in i t io n  s t r u c t u r e  eO  u n d e r ly in g  a r i t h m e t i c  Q ,  (A ), o r d i n a r y

k  k
a d d i t io n  in  c a n  o n ly  c o r r e s p o n d  to  X [+] Y a n d  o f  c o u r s e  (p

m u s t  be o r d i n a r y  m u l t i p l i c a t i o n .
kF o r  c a s e  (B), w h e r e  S J P  , w e  a r e  o b l ig e d  to  c o n s i d e r  th e  

fo l lo w in g  c a s e s :

(I) P k C S ^  F B fo r  a n y  n  > k ,

(II) P k C s C P B f o r  s o m e  n  > k .

I f  c a s e  (I) h o ld s ,  t h e n  b y  T h e o r e m s  1 .2 .1  an d  1 . 2 . 2  o n e  o f th e  

fo l lo w in g  c a s e s  m u s t  h o ld :
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k  k
(i) S = P  u { l» 4 }  y N ^ ,  w h e r e  P  , {1,4} a n d  a r e  d i s j o i n t

a n d  N- m a y  b e  e m p ty ;
k  k(ii)  S = P  0 ( 1 }  u N ^ ,  w h e r e  P  , {1} a n d  a r e  d i s j o i n t  a n d

N_ m a y  be  e m p ty ;
k  k

( ii i)  S = P  U {4} u N ^ ,  w h e r e  P  , {4} a n d  a r e  d i s j o i n t  a n d

N  m a y  be  e m p t y ;
k  k

(iv) S = P  U N ^ , w h e r e  P  a n d  a r e  d i s j o i n t  a n d  1 , 4 ^ N ^ .

In  c a s e s  (i) a n d  ( i i ) ,  s in c e  1 € S ,  b y  P r o p o s i t i o n  4 . 2 .  6(3) w e  h a v e
1cF  (1) w h ic h  i s  e x te n d ib le  to  a n  a r i t h m e t i z a t i o n  o f  C(, (A ), an d  c l e a r l y

we m u s t  h a v e  (2  . (S), w h i c h  m e a n s  t h a t  i n  th i s  c a s e  o r d i n a r y  a d d i t i o n
k

m u s t  c o r r e s p o n d  to th e  f u n c t i o n  X ©  Y in  a  (A).
k

I n  c a s e  ( i i i ) ,  s i n c e  2 £ P  , by  P r o p o s i t i o n  4 .  2 .  6(2), w e  h a v e
_  k

F  (2) o r  F  (2) w h ich  a r e  e x te n d ib le  to  a r i t h m e t i z a t i o n s  of Q, (-A-)*
T  X

H o w e v e r ,  i n  c a s e  ( i i i ) ,  s i n c e  4 € S ,  w e  c a n n o t  h a v e  a r i t h m e t i z a t i o n  

F  (2), s i n c e  4  i s  no t i r r e d u c i b l e  in  a n y  u n iq u e  r e s o l u t i o n  t h e o r e m ,
A

e x c e p t  T h e o r e m  4 .1 .1  w h ic h  i s  i r r e l e v a n t  h e r e .  C o n s e q u e n t ly ,  w e  h a v e
>9 kF  (2), w h i c h  m e a n s  t h a t  i n  t h i s  c a s e  o r d i n a r y  a d d i t i o n  in  Q, (S)

T  T

c o r r e s p o n d s  to  X 0  Y.

C a s e  ( iv )  i s  the  s a m e  a s  c a s e  (II) b y  v i r t u e  o f  T h e o r e m  1 . 2 . 2  

w h ic h  w e t a k e  up  n ex t .
It n

I f  c a s e  (II) h o ld s ,  w h e r e  we h a v e  P  C  S C  P  f o r  s o m e  n  > k , 

th e n  w e a r e  o b l ig e d  to c o n s i d e r  the  fo l lo w in g  c a s e s :

(a) S = p n  fo r  s o m e  n  > k,

(b) S C  P n  fo r  s o m e  n  > k.

F o r  c a s e  (a), s i n c e  2<£S, l i k e  th e  ab o v e  c a s e  ( i i i ) ,  w e  h a v e  F  (2)
k  ^

o r  F  (2). C l e a r l y ,  f o r  F  (2) , w e a r e  l e d  to  Ct (S) a n d  in  t u r n  to  o r d i n a r y  
X t  *r

a d d i t io n  c o r r e s p o n d i n g  to  X  0  Y. F o r  F  (2), by  L e m m a  4 , 3 . 4 ,  s i n c e  we

a r e  d e a l in g  w i t h  a r i t h m e t i c  0  (A) a n d  w e  h a v e  P  C  P n  = S, w e  o b ta in
k

o r d i n a r y  a d d i t i o n  a s  a  p a r t i a l  fu n c t io n  c o r r e s p o n d i n g  to  X [+] Y.
k  nF o r  c a s e  (b), w h e r e  P  C s C  P  f o r  s o m e  n  > k ,  a s  in  c a s e  (a),

v® ks in c e  w e a r e  d e a l i n g  w i th  a r i t h m e t i c  ( j j  (A) an d  2 *=S, by  L e m m a  4 . 3 . 4 ,
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o r d i n a r y  a d d i t io n  m u s t  c o r r e s p o n d  to  th e  p a r t i a l  fu n c t io n  X [+] Y.

4 . 3 . 6 .  P r o p o s i t i o n . I f  S i s  a n  in f in i te  s u b s e t  o f  N s u c h  t h a t  QL,(S)

i s  a n  a r i t h m e t i z a t i o n  of 2̂ ^(A ) in  w h ic h  o r d i n a r y
k  yaka d d i t i o n  c o r r e s p o n d s  to X  [+] Y in  QL (A), th e n

/*— _ ks C  p  .

T h i s  fo l lo w s  f r o m  th e  d e f in i t io n  o f  X  [+] Y a n d  th e  u n d e r ly in g

f r a m e  3 t k  o f  G W

4 . 3 . 7 .  P r o p o s i t i o n . (1) F o r  a n y  k  > 0, th e  fu n c t io n  X [+] Y d o e s  no t

c o r r e s p o n d  to  o r d i n a r y  a d d i t io n  i n  th e  a r i t h m e t i z a ­

t i o n  f l k (N ) o f  (A).
k(2) T h e  fu n c t io n s  X [+] Y h a v e  a  d i f f e r e n t  r a n g e  of 

v a l u e s  i n  th e  f r e e  m o n o id  F (A ) f o r  e a c h  k  > 0.

P r o p e r t y  (1). I n  th e  a r i t h m e t i z a t i o n  Q  (N ) o f  Q  (A ), f o r  any
+

k  > 0 , w e  h a v e

(n. + . . . f  n. ) [+]k  (n. + . . . + n. ) = L (pi*^ X . . .  X p fk  ̂ + X . . .  X p ! ^ )
h  h  31 k  *r l l  3 b J1

a n d  i t  i s  c l e a r  f r o m  th e  a b o v e  e q u a t io n  th a t  X [+] Y c a n n o t  c o r r e s p o n d

to o r d i n a r y  a d d i t io n  in  (% +{N ).

P r o p e r t y  (2). On th e  s t r e n g t h  of P r o p o s i t i o n  1 . 2 . 3 ,  f o r  a n y  k  > 0,
4- . (k) (k) . k  (k+1) (k+1) . ^ k +1 . “ +w e c a n  a lw a y s  f ind  p , p  m  P  a n d  p , p  m  P  s u c h  th a t

(k+1) ^ (k) , (k-KL) ^ V (k) n i  , . /  ( k + l f .  (k) (k+1) (k)
Pju a n  Py C l e a r l y ,  i f  p ^  < pw a n d  p v < p„ »
_  (k+1) ^  (k+1) (k) ^ (k) ^  (k+1) ^  (k+1) , (k) ^ (k)
th e n  p^  + p v  < p ^  + p ^  , c o n s e q u e n t ly  p ^  + p y t  + Py .

S ince

P(k )+p (k)

w  % -  v ' ? *  ©  ^  -  v * i " * > *
(k+1) (k+1)

%, « k+i % = w r  © ^ k+i,» -  w - i " " > ■



k  k +1
i t  f o l lo w s  th a t  th e  r a n g e s  of X [+] Y a n d  X [+] Y c a n n o t  b e  t h e  s a m e  

o n  th e  f r e e  m o n o id  F (A ) .  T h e  a b o v e  a r g u m e n t  c a n  b e  e a s i l y  e x t e n d e d  to 

a n y  tw o d i f f e r e n t  H i l b e r t - A c k e r m a n n  n u m b e r - s y s t e m s .  C o n s e q u e n t ly ,  

p r o p e r t y  (2 ) h o ld s  f o r  a n y  k  > 0 ,



CHAPTER V

G O L D B A C H  S E N T E N C E S  IN  a f r  a )

§ 5 .1 .  G o ld b a c h  s e n t e n c e s

A  s e n te n c e  i n  a r i t h m e t i c  ^ ^ ( A )  (k > 0) i s  c a l l e d  a  G o ld b a c h  

s e n t e n c e  i f  t h e r e  e x i s t s  a n  a r i t h m e t i z a t i o n  o f  (A) in  w h ic h  th e  s e n t e n c e  

i n  q u e s t i o n  i s  th e  w e l l - k n o w n  G o ld b a c h  c o n j e c t u r e ,

5 .1 .1 .  T h e o r e m . F o r  a n y  k  > 0, i f  a  G o ld b a c h  s e n t e n c e  i s  a  t h e o r e m

o f  a r i t h m e t i c  < f w  t h e n  th e  G o ld b a c h  c o n j e c t u r e  

i s  t r u e .

F o r  a n y  k  > 0, l e t  fi, be  a  G o ld b a c h  s e n t e n c e  w h ic h  i s  a  t h e o r e m  
/Q k  ~

in  a r i t h m e t i c  f f ,  (A ). A s  in  m o d e l  t h e o r y ,  f r o m  th e  p r e c e d i n g  a s s u m p t i o n

i t  fo l lo w s  t h a t  s e n t e n c e  CL w i l l  be  t r u e  in  e v e r y  a r i t h m e t i z a t i o n  of
0

a r i t h m e t i c  Q ,  (A). I n  p a r t i c u l a r ,  s e n te n c e  w i l l  be t r u e  in  th e  

a r i t h m e t i z a t i o n  in  w h i c h  i s  th e  G o ld b a c h  c o n j e c t u r e .

5 . 1 . 2 .  T h e o r e m . F o r  a n y  k  > 0, i f  e v e r y  G o ld b a c h  s e n t e n c e  in
Ita r i t h m e t i c  QL (A) i s  in d e p e n d e n t  o f  (JJ (A), th e n  th e

yO kG o ld b a c h  c o n j e c t u r e  i s  i n d e p e n d e n t  o f  a r i t h m e t i c  £4 , (A). 

A s s u m e  t h a t  a l l  G o ld b a c h  s e n t e n c e s  in  a  g iv e n  a r i t h m e t i c
vftk >ok
(X (A) (k > 0 ) a r e  i n d e p e n d e n t  o f  CL (A) a n d  s u p p o s e  t h a t  th e  G o ld b a c h

yqk
c o n j e c t u r e  i s  n o t  in d e p e n d e n t  o f  CL (A). T o  s a y  th a t  t h e  G o ld b a c h  

c o n j e c t u r e  i s  n o t  i n d e p e n d e n t  o f  CL (A) m e a n s  t h a t  t h e r e  e x i s t s  a  

s e n t e n c e  in  ( J t^ A )  w h ic h  in  s o m e  a r i t h m e t i z a t i o n  o f  ( ^ { A )  c o r r e s p o n d s  

to  th e  G o ld b a c h  c o n j e c t u r e ,  a  c o n t r a d i c t i o n .

A n  a l p h a b e t i c a l  G o ld b a c h  s e n t e n c e  i n  a r i t h m e t i c  a  (A) <k > o) 

i s  a  G o ld b a c h  s e n t e n c e  i n  f l^ (A )  in v o lv in g  in  i t s  s t a t e m e n t  th e  f u n c t io n  

X [+] Y, w h e r e  X  a n d  Y r a n g e  o v e r  s o m e  s e t  A ^ s u c h  th a t  A ^ C  A ,
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w h e r e  A  i s  th e  a l p h a b e t  o f  th e  f r e e  m o n o id  F (A )  in  a r i t h m e t i c  £ k < A ).

A  p r i m e - w o r d  G o ld b a c h  s e n te n c e  in  a r i t h m e t i c  £ k {A) ( k  > 0) i s

a  G o ld b a c h  s e n te n c e  i n  Q  (A) in v o lv in g  in  i t s  s t a t e m e n t  w o r d  a d d i t i o n  
lc

X ©  Y o f  (A), w h e r e  X  a n d  Y r a n g e  o v e r  s o m e  s e t  ^  s u c h  th a t  

P 0 C R  w h e r e  P i s  t h e  s e t  o f  a l l  p r i m e  w o r d s  i n  6 k (A).

5 . 1 . 3 .  T h e o r e m . F o r  a n y  k  > 0, i f  i s  a  G o ld b a c h  s e n t e n c e  in

fa r i t h m e t i c  Q ,  (A), th e n  CL i s  e i t h e r  a n  a l p h a b e t i c a l

G o ld b a c h  s e n t e n c e  o r  a  p r i m e - w o r d  G o ld b a c h  s e n te n c e  

i n  S k (A).

kC o n s i d e r  a n y  a r i t h m e t i c  d  (A) (k > 0 ) .  I f  s e n t e n c e  J  i s  a

G o ld b a c h  s e n t e n c e  i n  a r i t h m e t i c  Q ^ { A ) ,  t h e n  t h e r e  m u s t  e x i s t  a n

a r i t h m e t i z a t i o n  a  y (S )  o f  C t ( A )  i n  w h ich  C^ c o r r e s p o n d s  to  th e

G o ld b a c h  c o n j e c t u r e .  I n  th e  a r i t h m e t i z a t i o n  C ?^ (S ) , s in c e  th e  G o ld b a c h  -

c o n j e c t u r e  m u s t  in v o lv e  o r d i n a r y  a d d i t io n  i n  i t s  s t a t e m e n t ,  b y  v i r t u e  o f

T h e o r e m  4 .  3 . 5 i t  f o l l o w s  t h a t  m u s t  in v o lv e  i n  i t s  s t a t e m e n t  e i t h e r

X [+]k  Y o r  X  ( £  Y o f

I f  s e n t e n c e  (J, i n v o lv e s  th e  fu n c t io n  X  [+] Y in  i t s  s t a t e m e n t ,

th e n  by  P r o p o s i t i o n  4 .  3 .  6 w e m u s t  h a v e  S C  P k  i n  th e  a r i t h m e t i z a t i o n

#p(S) o f  C t  (A ). S in c e  th e  G o ld b a c h  c o n j e c t u r e  a l s o  i n v o lv e s  th e  s e t  P
0 kof p r i m e  n u m b e r s  a n d  b y  C o r o l l a r y  1 . 2 . 1 . 1  w e h a v e  P  C  P  (k >  0 ) ,  i t

O k  ~f o l l o w s  t h a t  P  C P  C  S, w h e r e  S c o r r e s p o n d s  to  th e  a l p h a b e t  A  o f
lc

(X  (A). I n  o t h e r  w o r d s ,  th e  G o ld b a c h  s e n t e n c e  f o r  th e  c a s e  in v o lv in g  

th e  f u n c t io n  X [+]k  Y m u s t  be  a n  a l p h a b e t i c a l  G o ld b a c h  s e n t e n c e  in

0.V).
I f  th e  G o ld b a c h  s e n te n c e  in  (A) i n v o lv e s  th e  f u n c t io n

X ©  Y i n  i t s  s t a t e m e n t ,  th e n  w e  c o n s i d e r  th e  fo l lo w in g .  T h e  s e n t e n c e  CL.
yakb e in g  a  G o ld b a c h  s e n t e n c e ,  t h e r e  m u s t  e x i s t  a n  a r i t h m e t i z a t i o n  o f

/a k( (A) in  w h ic h  c o r r e s p o n d s  to  th e  G o ld b a c h  c o n j e c t u r e ,  w h e r e  i n  

§  (S) i n v o l v e s  o r d i n a r y  a d d i t io n  a n d  th e  s e t  P ^  o f  p r i m e  n u m b e r s .  S in c e
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w e a r e  in v o lv e d  w ith  th e  w o r d  a d d i t io n  X 0  Y of <ak (A), the  c o n c a te n a -  

t iv e  fu n c t io n  <jp m u s t  be o r d i n a r y  a d d i t io n .  We now  h a v e  to show  t h a t  X 

a n d  Y in  the  d o m a in  o f  X 0  Y m u s t  r a n g e  o v e r  p r i m e  w o rd s .  A s s u m e  

t h a t  so m e  X an d  Y in  th e  d o m a in  of X 0  Y w i th  r e s p e c t  to  th e  G o ld b ach

s e n t e n c e  cy a r e  n o t  p r i m e  w o r d s .  C l e a r l y ,  X a n d  Y in  th e  a r i t h m e t i ­
cs kz a t i o n  Q ^ (S )  m u s t  c o r r e s p o n d  to  p r i m e  n u m b e r s ,  o t h e r w i s e  c o u ld  

n o t  b e  a  G o ld b a c h  s e n t e n c e  in  t h i s  c a s e .  I f  X a n d  Y in  th e  d o m a i n  o f

X 0  Y a r e  n o t  p r i m e  w o r d s ,  th e n  by L e m m a  3 .4 .  3 th e y  m u s t  be  of th e

f o r m  X = X 0 X  and  Y = Y 0  Y fo r  so m e  X , X , Y an d  Y in  
I  ^  i  Ct 1  ^  &  1  w

F (A ).  On the  o th e r  hand , in  th e  a r i t h m e t i z a t i o n  (3i (S), r e g a r d in g  to  X
T

a n d  Y, we m u s t  a lso  h av e

X = X, 0  = (s. + s, + . . .  + s.  ) 0  (s.  + s.  + . . .  + s . ) ,
1 2 V  V l  l l J|3 JfJ-l J1

Y = Y , O Y _  = ( s +  s  + . . . + s  ) O  (s + s + . . . + S  ) ,1 2 m  m  m , n  n  n,a cr-1 1 r  r -1  1

w h e r e  th e  two su m s  on th e  r ig h t  s id e  of the  f i r s t  e q u a t io n  c o r r e s p o n d  to

X^ a n d  X^ a n d  the two s u m s  on th e  r ig h t  s id e  of th e  se c o n d  e q u a t io n

c o r r e s p o n d  to  Y^ and  r e s p e c t iv e ly .  In  t u rn ,  by  th e  d e f in i t io n  of 

w o rd  m u l t ip l ic a t io n  in  o t ‘(A) we h av e  in  the  a r i t h m e t i z a t i o n  f l > )  of 

Ct̂ iA) th e  fo llow ing:

X = X 0 ( s .  +.  . . +s .  ) = (s . 0  X ) + (s.  © X )  + . . . + (s .  © X  )
Jp J1 Jp 1 Jp - l  J1

= (s. . . +s. , )  + . . .  + (S. . +. . . + s .  . ) ,
Jp V  JPX1 h \ h \

Y ~ Y ©  (s +. . . + s  ) = (s ©  Y ) + (s 0  Y. ) + . . .  + ( s ©  Y )I n  n,  n  1 n , 1 n,  1T I t t -1 1

= (s +.  . . 4*6 ) + . . . +  (s +. . . +S ) .n  m  -  —~ -  —
r  an m  n m_ n , m n. m , '

r  1 l a  1 1

I t  i s  c l e a r  f r o m  the  above e q u a t io n s  th a t  X an d  Y c o u ld  not p o s s ib ly  be



1cp r i m e  n u m b e r s  in  th e  a r i t h m e t i z a t i o n  £g +(S). T h e r e f o r e ,  s e n t e n c e  

in v o lv in g  X  + Y m u s t  b e  a  p r i m e - w o r d  G o ld b a c h  s e n te n c e .

§ 5 . 2 .  A l p h a b e t i c a l  G o ld b a c h  s e n t e n c e s

F i r s t l y ,  w e  n e e d  th e  r e l a t i o n  H(X) a n d  f u n c t io n s  g..{X) a n d  

g^(X ) in  a r i t h m e t i c  (X (A) (k  > 0 ), w h ic h  w e i n t r o d u c e  a s  f o l lo w s :

(1) H(X) V 3(Y ) < 0 ( X ) V 0 ( Z )  < 9(X)

{X = Y $ Z a X /  # f = 3 >  Y = # v  Z = # }  ,

(2) g ( X )  = ju9 ( Z ) <  9 (X ){ Z  = H (Z) a Z = o d d  ( Z ) A
1 "  a i

V 3 (Y )  < 3 ( Z ) { Y  = H(Y) a Y  = o d d  (Y) A X  = Z [+]k  Y }}  ,
a i

(3) g (X) = » d (Y )  < 9(X) {Y = H(Y) A Y = o d d  (Y) A
L . a i

V 9 ( Z )  < 9 (Y ){ Z  = H (Z) a  Z = o d d  (Z) A X  = Z [+]k  Y}} .
a i

k  akIn  t u r n ,  w e  i n t r o d u c e  th e  s e n t e n c e  ^  (A) in  a r i t h m e t i c  (% (A) (k

a s  fo l lo w s :

k  I
^  (A): If  X i s  a n  a ^ - e v e n  w o r d  a n d  X £ 

t h e n  X = g j(X ) [+]k  g 2 (X ).

T h e  a b o v e  s e n t e n c e  i s  in  q u a n t i f i e r - f r e e  f o r m ,  h o w e v e r  i t  c a n  a l s o  be  

s t a t e d  in  a  m o r e  r e a d a b l e  i n f o r m a l  f o r m  a s  fo l lo w s :

t ,̂ (A): If X  i s  a n  a ^ - e v e n  w o r d  a n d  X £

th e n  t h e r e  e x i s t  tw o  a  - o d d  w o r d s  a  a n d  a
1 fJL v

kin  th e  a l p h a b e t  A  s u c h  X -  a  [+] a  .

k5 . 2 . 1 .  P r o p o s i t i o n .  F o r  a n y  k  > 0, th e  s e n t e n c e  Q, (A) in  a r i t h m e t i c
Ak. "  *(A) i s  a n  a lp h a b e t ic a l  G o ld b ach  s e n te n c e  in
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F o r  k  = 0, by  P r o p o s i t i o n  4 .  2 .  3 , ^ t ^ ( P ^ )  i s  a n  a r i t h m e t i z a t i o n

o f  ( J ,° (A ) , a n d  i n  t u r n  by  P r o p o s i t i o n  4 . 3 . 3  p j ^  [ + ] ^  c o r r e s p o n d s

to  o r d i n a r y  a d d i t io n  in  P ^ ) • C l e a r l y ,  p r o d u c t s  of p r i m e  n u m b e r s

p ! ^  X p ^  X . . .  X p ^  c o n ta in in g  t h e  p r i m e  p j ^  = 2 a r e  e v e n  n u m b e r s ,  
r  r -1  1

o t h e r w i s e  t h e y  a r e  od d  n u m b e r s
0 k  lp
> 1 ( “  "P Rv a TMr 4_ 7_ A* /9

xF o r  k  > 0, c o n s i d e r  [ P ^ f  C  P ^ .  By C o r o l l a r y  4^ 2 . 4 ,  £ £ y ( [ P ^ ] k )

a r e  a r i t h m e t i z a t i o n s  o f  ££  (A), a n d  i n  t u r n  b y  P r o p o s i t i o n  4 . 3 . 3  an d

L e m m a  4 . 3 . 4  [ p ^ ] ^  [+]k  [ p ^ ] ^  c o r r e s p o n d  to  o r d i n a r y  a d d i t io n  in  
j a k  O k  ^f l  ( [ P  ] ). T h e  q u e s t i o n  r e g a r d i n g  e v e n  a n d  o d d  n u m b e r s  i s  o b v io u s ./S

C o n s e q u e n t ly ,  w e  h a v e  a l l  th e  i n g r e d i e n t s  o f  th e  G o ld b a c h  c o n j e c t u r e  

in  a r i t h m e t i z a t i o n s  a l  ( [ P ° ] k ) o f  f i k (A) (k > 0) . T h e  f a c t  t h a t  J k (A) i s  

a n  a l p h a b e t i c a l  G o ld b a c h  s e n t e n c e  in tf£  ( A ) f o l lo w s  f r o m  th e  d e f in i t io n  of th e
k

s e n t e n c e  (A).

5 . 2 . 2 .  T h e o r e m . F o r  a n y  k  > p^ , w h e r e  p^ *s ^ke s e c o n d  B r u n  c o n s t a n t

o f s e c t i o n  1. 4, t h e  a l p h a b e t i c a l  G o ld b a c h  s e n t e n c e  

^ ^ ( A )  in  ^ k (A) i s  i n d e p e n d e n t  o f  a r i t h m e t i c  ^ k (A ).

F i r s t l y ,  w e  c o n s i d e r  th e  c a s e  k  = p ^ ,  w h e r e  P^ th e  s e c o n d

B r u n  c o n s t a n t .  W e d e n o te  t h e  n e g a t i o n  o f th e  a l p h a b e t i c a l  G o ld b a c h
k, A i n o n  k ,  A , * _ . . . .  . __ , , . .s e n t e n c e  a ,  (A) a s  a ,  (A) m  th e  fo l lo w in g .  B y  P r o p o s i t i o n  4 . 2. 3,

J z  P 2 2 P 2 P 2( P  } i s  a n  a r i t h m e t i z a t i o n  of d  (A). I n  ( 3 ( P  ), t h e  s e n t e n c e

P2 P 20  ( P  ) i s  n o th in g  m o r e  t h a n  a  s t a t e m e n t  of T h e o r e m  1 . 4 . 2  o f  s e c t i o n  1 .4 .

1  P 2 P2O n t h e  s t r e n g t h  o f  T h e o r e m  1 .4 . 2 ,  w e  know  t h a t  s e n t e n c e  B, ( P  ) i s
p 0

t r u e .  T h e r e f o r e ,  s e n t e n c e  (A) c a n n o t  b e  p r o v e d  i n  a r i t h m e t i c
^ P 2 n o n  P2 P2
Cj, (A) a n d  c o n s e q u e n t ly  a ,  (A) c a n n o t  b e  a  t h e o r e m  o f  {jt (A).

- P 2 P2
O n  t h e  o t h e r  h a n d ,  by  C o r o l l a r y  4 . 2. 4 (2 ) ,  w e  k n o w  th a t  ( [Ivl] ) i s

^2a n  a r i t h m e t i z a t i o n  of (A ). B y  T h e o r e m  1. 4 .  4 (2 ) ,  s e n t e n c e
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n o n  P 2 P 2 P 2
Î  {[iVt] ) i s  t r u e .  C o n s e q u e n t ly ,  s e n t e n c e  ^  (A) c a n n o t  be  a

P 2
t h e o r e m  o f a r i t h m e t i c  (A ). T h e r e f o r e ,  th e  a l p h a b e t i c a l  G o ld b a c h

P 2 P 2 
s e n t e n c e  ^  (A) i s  i n d e p e n d e n t  o f  a r i t h m e t i c  a  (A ).

T h e  s e c o n d  c a s e ,  w h e r e  k  > P 7 , i s  o b ta in e d  in  e s s e n t i a l l y  the  

s a m e  w a y  a s  a b o v e ,  u s i n g  T h e o r e m  1 .4 .  3 i n s t e a d  o f  T h e o r e m  1. 4. 2 .

§ 5 .3 .  P r i m e - w o r d  G o ld b a c h  s e n t e n c e s

T o  a b b r e v i a t e  m a t t e r s ,  w e  s h a l l  s t a t e  th e  G o ld b a c h  s e n t e n c e s  i n  

t h i s  s e c t i o n  i n f o r m a l l y ,  i . e .  , w i th o u t  r e s o r t i n g  to  t h e i r  q u a n t i f i e r - f r e e  

f o r m s  a s  s h o w n  i n  s e c t i o n  5 . 2 .

W e r e c a l l  t h e  fo l lo w in g  f r o m  s e c t i o n  3 . 6 .  A  c o n ju g a t io n  

C (a^ )  (ju > 2) c o n s i s t  s i m p ly  of th e  s o lu t i o n s ,  f in i te  in  n u m b e r ,  o f  th e  

e q u a t i o n  S (X )  = a£*. I f  yu = Zv (v > 1), t h e n  C(a^ V) i s  c a l l e d  a  a - e v e n  

c o n ju g a t io n .  A  b  - e v e n  s u b c o n ju g a t io n  o f C (a ^ v ) i s  s i m p l y  th e  s e t  of
u ~ X2 v

a l l  p ^ - e v e n  w o r d s  i n  . C(a^ ). G e n e r a l l y ,  E u l e r  s u b r a n g e s  c o n s i s t  o f  th e

_s_et o f  a l l  s u b c o n ju g a t io n s  c o n s i s t i n g  o f  w o r d s  of a  g iv e n  l e n g th .

W ith  r e s p e c t  to  a  p r i m e - w o r d  G o ld b a c h  s e n t e n c e ,  o n e  i s  o b l ig e d ,
Zv

o n  th e  o n e  h a n d ,  to c u t  t h r o u g h  a l l  c o n ju g a t io n s  C(a^ ) (v  > 1), a n d  o n  th e  

o t h e r  h a n d ,  to  c o n s i d e r  c e r t a i n  s u b c o n ju g a t io n s  w i th  a  c e r t a i n  n u m b e r  o f  

w o r d s  i n  e a c h  c o n ju g a t io n .  T h e  g e n e r a l  i d e a  i s  to  r e d u c e  th e  n u m b e r  o f  

w o r d s  i n  e a c h  s u c h  s u b  c o n ju g a t io n  to  a  s in g le  w o r d .  W e s h a l l  do th i s  

s u c c e s s i v e l y  in  th e  fo l lo w in g .

W e s t a r t  w i th  t h e  fo l lo w in g  ty p e  o f  s e n t e n c e s :

k  k
( P  ): In  a r i t h m e t i c  f t  (A) (k  > 0 ), t h e r e  i s  a t  l e a s t  o n e  J a ^ -e v e n

w o r d  in  e v e r y  Ja - e v e n  s u b c o n ju g a t io n  w h ic h  c a n  b e  e x p r e s s e d
tl*a s  a  w o r d  s u m  o f  tw o  J a ^ -o d d  s u b p r i m e  w o r d s  in  p  .

k  rt#5 . 3 . 1 .  P r o p o s i t i o n . F o r  a n y  k  > 0, th e  s e n t e n c e  ^  ( p  ) in  a r i t h m e t i c

Q ^ (A )  i s  a  p r i m e - w o r d  G o ld b a c h  s e n t e n c e .

O n  th e  s t r e n g t h  o f  P r o p o s i t i o n  4 . 2. 3 ,  f o r  a n y  k  > 0, c o n s i d e r  th e



k nt W
a r i t h m e t i z a t i o n  a  (N ) o f  (% (A). B y  P r o p o s i t i o n  4 . 3 . 3 ,  X Q  Y

- k  *
c o r r e s p o n d s  to  o r d i n a r y  a d d i t i o n  in  CU,(N )• B y  P r o p o s i t i o n  4 . 2 . 5 ,  the

+ 0
s e t  H  ° f  s u b p r i m e s  c o r r e s p o n d s  to  t h e  s e t  P  o f  p r i m e  n u m b e r s  in

). E v e r y  fa - e v e n  s u b c o n ju g a t io n  i n  } c o n s i s t s  o f  s u m s  of
T ■ C, T

th e  f o r m  X + X , c o n s e q u e n t l y  th e y  a r e  a l l  e v e n  n u m b e r s .  C l e a r l y ,  th e  

p ^ - o d d  w o r d s  a r e  o d d  n u m b e r s  in  )• T h e r e f o r e ,  s e n t e n c e  f t  &  >
5ji ”

c o r r e s p o n d s  to  t h e  G o ld b a c h  c o n j e c t u r e  i n  Ct , (N ). I t  i s  c l e a r  f r o m  th e  
k  rfrd e f in i t i o n  o f  ( p  ) t h a t  i t  i s  a  p r i m e - w o r d  G o ld b a c h  s e n t e n c e .

A b s t r a c t  v e r s i o n s  o f  th e  c l a s s i c a l  E u l e r  s e n t e n c e  [12] a r e  th e  

fo l lo w in g .

B _ ( P  ): In  a r i t h m e t i c  (A) (k  > 0), e v e r y  s u b c o n ju g a t io n  i n  t h e  E u l e r
M —

s u b r a n g e  c o n t a i n s  a t  l e a s t  o n e  ( 7 - e v e n  w o r d  w h i c h  c a n  b e
j,

e x p r e s s e d  a s  a  w o r d  s u m  of tw o  a - o d d  s u b p r i m e  w o r d s  i n  P  .

We c a n  s u b s u m e  th e  a b o v e  s e n t e n c e s  in  th e  fo l lo w in g  c l a s s  of 

E u l e r  s e n t e n c e s :

In  a r i t h m e t i c  C ^ { A )  (k > 0 ), f o r  a n y  r  > 2 , e v e r y  s u b c o n ju g a t io n  

in  th e  E u l e r  s u b r a n g e  c o n t a i n s  a t  l e a s t  o n e  a - e v e n  w o r d

w h ic h  c a n  b e  e x p r e s s e d  a s  a  w o r d  s u m  o f  tw o  o - o d d  s u b p r i m e  

w o r d s  i n  P * .

5 . 3 . 2 .  P r o p o s it io n . F o r  any k > 0. e v e r y  E uler  sen ten ce  B * ( P * )  (r > 2 )

i n  a r i t h m e t i c  CL (A) i s  a  p r i m e - w o r d  G o ld b a c h  

s e n t e n c e .

kF i r s t l y ,  w e  n o te  t h a t  E u l e r  s e n t e n c e s  E  ( p  ) ( r  > 2) in  a r i t h m e t i c
» k  r  -

Q  (A) in v o lv e  a - e v e n  w o r d s  an d  w o r d  s u m s  o f  c r-odd  s u b p r im e  w o r d s .

In  th e  a r i t h m e t i z a t i o n  N*) of Q ?  ‘(A), th e  s e t  o f  a l l  p r i m e  n u m b e r s

c o r r e s p o n d s  to  th e  s e t  p  o f  s u b p r i m e  w o r d s  by  P r o p o s i t i o n  4 . 2 . 5 ,  th e

s e t  o f  e v e n  n u m b e r s  g r e a t e r  th a n  4  c o r r e s p o n d s  to  th e  s e t  o f  (7- e v e n



w o r d s  f o r  a n y  g iv e n  l e n g th  b y  th e  d e f in i t i o n  of a - e v e n  w o r d s  a n d  th e  

d e f in i t i o n  o f  E u l e r  s u b r a n g e s  in  th e  o r d i n a r y  c r -e v en  s u b r a n g e  QC , 

s i m i l a r l y  f o r  th e  o d d  n u m b e r s  a n d  <7- odd  w o r d s .  B y  P r o p o s i t i o n  4 . 3. 3, 

o r d i n a r y  a d d i t io n  c o r r e s p o n d s  to  w o r d  a d d i t i o n  in  ( £ ^ ( A ) .  In  ),

f o r  a n y  r  > 2, b y  th e  d e f in i t io n  o f  E u l e r  s u b r a n g e s  w e s e e  t h a t  e a c l .  

s u b c o n ju g a t io n  in  t h e  E u l e r  j j u b r a n g e  c o n s i s t s  o f  a l l  w a y s  o f

e x p r e s s i n g  th e  s a m e  e v e n  n u m b e r  a s  a n  o r d i n a r y  s u m  c o n s i s t i n g  o f  

e x a c t l y  r  s u m m a n d s .  In  ), e v e r y  E u l e r  s e n t e n c e  E (P ) ( r  > 2)
T T —

s t a t e s  t h a t  e a c h  o f  th e  a b o v e - m e n t i o n e d  s u b c o n ju g a t io n s  c o n ta in s  a t  l e a s t  

one  e v e n  n u m b e r  e x p r e s s i b l e  a s  a  s u m  o f  tw o od d  p r i m e  n u m b e r s ,  h e n c e  

th e  G o ld b a c h  c o n j e c t u r e .  — ~

5 . 3 . 3 .  T h e o r e m . F o r  a n y  k  > 0, t h e r e  e x i s t  a n  i n f i n i t e  n u m b e r  o f

d i f f e r e n t  G o ld b a c h  s e n t e n c e s  i n  a r i t h m e t i c  GL (A).

O n  th e  s t r e n g t h  of P r o p o s i t i o n  5 . 3 .  2, w e  n e e d  o n ly  s h o w  t h a t  the
k  n #p r i m e - w o r d  G o ld b a c h  s e n t e n c e s  E ( P  ) ( r  > 2) a r e  d i f f e r e n t  E u l e r

k  ^
s e n t e n c e s  in  (J , (A ). F o r  a n y  r  > 2 , w e  i m m e d i a t e l y  s e e  t h a t  th e  E u l e r

s u b r a n g e s  i n v o lv e d  i n  e x c e p t  f o r  th e  i n i t i a l  w o r d s  t a k e n

f r o m  th e  n a t u r a l  s u b r a n g e  o f  , a r e  c o n c e r n e d  w i t h  s e t s  o f  w o r d s  o f  a

g iv e n  l e n g t h  r .  C o n s e q u e n t ly ,  f o r  e a c h  r  > 2, w e  a r e  d e a l in g  w i th  a

d i f f e r e n t  s e t  o f  w o r d s  in  ^ ^ ( A ) ,  w h ic h  m e a n s  t h a t  e a c h  s e n t e n c e
k  MrE (P ) ( r  > 2 ) m u s t  be  a  d i f f e r e n t  s e n t e n c e ,  r  —

W e c o n s i d e r  n e x t  s e n t e n c e s  i n  w h ic h  th e  n u m b e r  of w o r d s  i n  e a c h  

s u b c o n ju g a t io n  i s  r e d u c e d  to  a  s in g le  w o r d ,  t h e r e b y  d i s p e n s i n g  w i th  

s u b c o n ju g a t io n s :

Cj ( P P): F o r  a n y  k  > 0, in  a r i t h m e t i c  £ £  (A), e v e r y  f j ^ - s u b e v e n

w o r d  c a n  b e  e x p r e s s e d  a s  a  w o r d  s u m  of tw o  J j ^ - o d d  s u b p r i m e  

w o r d s .

5 . 3 . 4 .  P r o u t i s i t io i i . F o r  a n y  k  > 0, s e n t e n c e  (2.^(A) im p l ie s  a

p r i m e - w o r d  G o ld b a c h  s e n t e n c e .



k
F i r s t l y ,  we n o te  t h a t  s e n te n c e  sK(P*) i n  a r i t h m e t i c  &  (A) ( k ^ O )

in v o lv e s  k  - su b e v e n  words and word sums o f  i - o d d  suborime words. By
It

P r o p o s i t i o n  A.2 . 5 ,  i n  th e  a r i t h m e t i z a t i o n  &  + (^*) t h e

s e t  p *  o f  s u b p r ia e  words c o in c id e s  w i th  t h e  s e t  P °  o f  p r im e  numbers, 

and t h e  m a t te r  o f  yfc-odd subprim e words i s  c l e a r .  By P r o p o s i t i o n  3 . 7 . 9 ,
(A ,

we know t h a t  r a m i f i e d  words a ^ a ^ O ^  ( j* > 1 )  a r e  ^a-subeven w ords . I n

t u r n ,  we no te  t h a t  ev e ry  yh - e v e n  ?jord c o r re sp o n d s  t o  an  even  number i n  

th e  a r i t h m e t i z a t i o n  ^ +(N^) by v i r t u e  o f  t h e  d e f i n i t i o n  o f  / b - e v e n  

w ords. S ince  2 ( p - H 2 )  (|* ^  1) ru n s  th r o u g h t  a l l  even  numbers g r e a t e r

th a n  4., by P r o p o s i t i o n  3 .7 .1 0 ,  i t  fo l lo w s  t h a t  each  word </.«*>

i n  $ L + (N*) c o r re sp o n d s  to  some even number g r e a t e r  t h a n  J+ and c o n v e r s e ly .  

C o n seq u en tly ,  s e n te n c e  5  ( P * )  im p l ie s  t h e  Goldbach c o n je c tu r e  i n

& + ( » * ) •

L a s t l y ,  we p o i n t  o u t  t h e r e  e x i s t s  a  c e r t a i n  weakened form o f  th e  

Goldbach c o n je c tu r e  which i s  f a l s e .  C o n sid e r  t h e  fo l lo w in g  s e n te n c e s :

t  ( p  * ) :  For any  k ^  0 , i n  a r i t h m e t i c  (A ), ev e ry  yb -e v e n  word
it

such  t h a t  5 . (X )  a-j c an  be e x p re s se d  a s  a word sum 

o f  two js  -odd  subprim e words.

5 . 3 . 5 .  Theorem. F o r  any k  5  0 ,  sen te n c e  t  ( p  *) i n  a r i t h m e t i c

0 T (  A) i s  f a l s e .

T h is  theorem  f o l lo w s  from C o r o l l a r y  3 . 7 . 6 .

I n  th e  a r i t h m e t i z a t i o n  e f t * )  (k g  0 ) ,  s e n te n c e s

t  ( p * )  l e a d  o b v io u s ly  to  a  weakened form o f  t h e  Goldbach c o n je c tu r e  

i n  a r i t h m e t i e a t i o n  Gq+fN*)* w hich  i s  f a l s e  i n  ev ery  case  on  th e  s t r e n g t h  

o f  Theorem 5 . 3 . 5 .  —
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