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Abstract

Continuum Damage Model for Plastic Fracture 
of Work-Hardening Materials

by

KHALED M. MAHMOUD

Adviser: Professor Mumtaz K. Kassir

This dissertation proposes a continuum damage model for plastic fracture o f work-hardening 

materials containing cracks subjected to mode I and mode HI loadings. The model, which 

is based on interaction between a well-developed crack and microvoids ahead o f its tip , 

describes the conditions necessary fo r the onset o f crack instability, fatigue crack propagation 

due to cyclic loading, and rates o f crack growth due to steady-state creep. This is 

accomplished through the introduction o f a mechanical damage variable into the constitutive 

equations o f an elastic-plastic form ulation o f a work-hardening m aterial. The main 

hypothesis throughout the dissertation is that damage is proportional to the crack opening 

displacement.

Because o f mathematical sim plicities, an anti-plane stationary crack subjected to shear 

loading (mode m ) is dealt w ith firs t to illustrate the model. A  hodograph transform ation is 

used to derive a closed form expression fo r the displacement, and also to determine a circular 

damage-zone engulfing the crack-tip. Damage is assumed confined w ithin th is damage-zone 

and any damage outside the zone is neglected. For an embedded stationary crack subjected
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to remotely applied tensile loading (mode I), under plane strain conditions, the leading term 

o f an asymptotic expression o f the displacement is determined. Guided by the results o f 

mode m , a circular damage-zone centered at the crack-tip is postulated.

A  critica l stress is determined and found to be proportional to a<fl/(rtH) fo r crack extension 

and growth, where a<, is the in itia l crack length and n is the strain hardening exponent. For 

fatigue crack propagation, a period o f incubation (where damage accumulates w ithout a 

crack extension) followed by a growth period and then failure are observed. The number o f 

loading cycles required to cause the onset o f crack growth and failure increases w ith reducing 

the external load and/or reducing the material parameters. For given m aterial parameters, 

the influence o f strain hardening on the number o f cycles required fo r fa ilure is revealed and 

shown graphically. In the steady-state creep, the incubation and growth periods that precede 

failure are also demonstrated. The elapsed time required to cause the onset o f crack growth 

and failure is found to increase w ith  a decrease in  the external load, a decrease in  the material 

parameter and/or an increase in the modular ratio. Variations o f the normalized crack length 

w ith tim e are graphically exhibited.
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1

1 INTRODUCTION

The success o f any structural component design depends on an appropriate selection o f a 

specific material w ith respect to its mechanical and physical properties. U n til very recently, 

the only material properties o f any interest were the elastic properties. The wide safety 

margins inherent to this design philosophy (when applied to ductile materials) effectively 

discouraged inquiries into the true behavior o f solids, relegating the research into the 

inelastic material theories to the more rarefied atmosphere o f the academic world. However, 

the ever increasing demands placed by modem industry on materials, which more and more 

frequently have to cope w ith severe thermal and chemical environments, coupled w ith the 

emphasis on economy (reflecting the dim inishing resources) present a strong incentive to 

re-examine the general philosophies o f design.

The in itia l e ffort in  unfolding the mysteries o f the nonlinear behavior o f solids was mostly 

developed w ithin the framework o f the classical theory o f plasticity. However, phenomena 

such as: softening (negative slope o f the stress-strain curve), positive dilatancy (volum etric 

strain), and the gradual change o f the elastic modulus in subsequent cycles o f loading can not 

be satisfactorily interpreted w ith in  the framework o f the plasticity theory. Hence, there is 

a need fo r a theory which w ill recognize the difference between a plastic flow  and 

microcracking. To this end, it  appears reasonable to introduce the damage experienced by 

structural components due to the accumulation o f micro voids and investigate their failure 

w ith in  this framework. This dissertation addresses the interaction between a macroscopic 

crack and microvoids ahead o f its tip . Elastic-plastic solutions o f the deformation theory o f
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plasticity are used in  conjunction w ith continuum damage mechanics to model fracture o f 

work-hardening materials.

1.1 Historical Background

Since man began to design structures, fracture has been studied as a "yes or no" process 

related to a critica l value o f load, stress, strain, and time or number o f cycles o f loading. To 

analyze or predict the failure o f a structural component is one o f the main goals o f 

engineering science. Consequently, fracture mechanics became one o f its leading branches. 

Fracture mechanics is based on the analysis o f existing cracks. However, especially under 

conditions o f cyclic loading, this m ight be too late to prevent failure. Therefore, the question 

regarding the precursory state, that is, the evolution o f internal damage before macrocracks 

become visible, was then posed. In  the firs t ha lf o f this century, many attempts were made 

to develop a variable related to the progressive deterioration prio r to failure. One o f the 

successful approaches to the problem was W eibull's theory (see fo r example Bolotin [1 ] and 

Cherepanov [2 ]) which examined, in  a statistical manner, the "weakest lin k " in  the material 

volume under consideration. Unfortunately, it  proved too d iffic u lt mathematically to be 

applied to structural components. It was not until 1958, when L. M . Kachanov published the 

firs t Paper [3] on a fie ld  variable, Q, called "continuity" to describe the damage process. 

About fifteen years later, a scalar damage variable, D = (1-Q ), which represents the fraction 

o f the original cross-sectional area occupied by voids, received the status o f an internal state 

variable in  the thermodynamical sense, where, 0 s D  ^ 1 (0 fo r the undamaged state and 1
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fo r failure).

During these fifteen years, this concept was practically ignored and only one important 

result appeared, in  1968, w ith the concept o f effective stress introduced by Y . N. Rabotnov 

[4]. In his orig inal paper, Kachanov [3] did not specify the physical meaning o f the damage. 

Rather, he introduced its complement Q = 1-D, which as previously mentioned, he called 

continuity. Rabotnov proposed that the cross-sectional area available fo r the transfer o f loads 

is a meaningful measure o f the recorded history o f loading. The basic development o f 

damage mechanics occurred during the 1970s, at least twenty years after the tremendous 

development o f fracture mechanics. Damage mechanics can be defined as the branch o f 

continuum mechanics that studies, through the introduction o f mechanical variables, the 

mechanisms involved in  the material deterioration when they are subjected to loading. A t 

the microscale level, the damage o f the material occurs due to the accumulation o f 

microstresses in  the neighborhood o f defects and also the breaking o f bonds which create 

voids and cracks. A t the macroscale level, this manifests its e lf in  the growth o f a crack. 

W hile the theory its e lf can be traced back to its progenitor, L . M . Kachanov [3], the name 

"continuum damage mechanics” was, according to K rajcinovic [5 ], coined by Janson and 

H ult [6] in  1977. The damage concept and its applications to predict the behavior o f 

structures have been expanded in  the works o f Lemaitre and Chaboche [7 ], Leckie and 

Hayhurst [8 ], H u lt [9 ], Broberg [10] and others.

Many investigators suggested further modifications to the scalar damage model, including 

tensorial representation o f damage. However, the scalar representation is more appropriate 

to characterize the damage experienced by ductile materials in  form  o f a sufficiently dilute
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concentration o f spheroidal voids (Krajcinovic [11]).

In the past few  decades, and in  an effort to unlock the enigma o f fracture mechanics, 

many works have been developed to investigate the asymptotic solutions o f stationary crack- 

tip  elasto-plastic fields. For power-Iaw hardening materials, Hutchinson [12] and Rice and 

Rosengren [13], independently, developed the well-known HRR solution fo r mode I crack- 

tip  singularity fie ld  under plane strain and plane stress conditions. The amplitude o f the 

HRR singularity fie ld  is given by the path-independent J-integral discovered by Rice [14] 

and Eshelby [15 ]. The J-integral provides the theoretical basis fo r non-linear fracture 

mechanics. This pioneering work established the comer stone o f the current applications o f 

fracture mechanics to analyze and predict failures in  structural components. Rice [14] was 

able to generalize the energy release rate to nonlinear materials by idealizing plastic 

deformation as nonlinear elasticity. He showed that the nonlinear energy release rate can be 

expressed as a line integral, which he called J-integral, evaluated along an arbitrary contour 

around the crack. In  1971, Begley and Landes [16] characterized fracture toughness o f 

nuclear pressure vessel steels w ith  the J-integral. Their experimental w ork was a break­

through and led to the publication o f a standard procedure fo r J-testing as a measure o f 

fracture toughness o f metals [17]. In  1976, Shih and Hutchinson [18], introduced the 

theoretical framework fo r the mathematical relationship between toughness, stress, and crack 

size based on the J-integral. Using their methodology, the E lectric Power Research Institute 

(EPRI) published a fracture design handbook [19] fo r the analysis o f elastic-plastic fracture. 

Shih [20] devised a relationship between the J-integral and crack-tip opening displacement 

(CTOD). This relationship confirm s that both the J-integral and CTOD are equally valid
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characterizing parameters fo r fracture. To this end, it  is worth mentioning that in  1971, in 

B rita in , Burdekin and Dawes [21] applied the ideas suggested by W ells [22] several years 

earlier and developed the CTOD design curve, a semi-empirical fracture mechanics 

methodology for welded steel structures. The B ritish nuclear power industry developed their 

own fracture design analysis [23] based on the strip yield model o f Dugdale [24] and 

Barenblatt [25].

On the other hand, only in  the last two decades, continuum damage mechanics has been 

extended to investigate the fracture associated w ith damage. The earliest attempt at applying 

the continuum damage mechanics theory in conjunction w ith fracture mechanics fo r a w ell- 

developed crack was considered, in  1977, by Janson and H ult [6 ]. In 1978, the interaction 

between existing cracks and microvoids was explored by Janson [26,27] who studied an 

idealized Dugdale model w ith  continuous damage form ation fo r a crack under mode I, 

subjected to cyclic tensile loading and time-dependent deformation. Alam and Kassir [28] 

studied a plastic strip  model fo r an axisymmetric penny shaped crack w ith damage 

accumulation, under mode I conditions. However, none o f the aforementioned works uses 

elastic-plastic solutions to investigate the interaction between a macrocrack and the damaged 

material near the crack-tip.
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1.2 Objective of Dissertation

It is now generally agreed that both localized macroscopic defects (m ajor cracks) and 

distributed microscopic defects (damage) have significant influence on the fa ilure o f 

materials. Conventional fracture mechanics deals only w ith the influence o f a m ajor crack 

in a defect free continuum. Damage mechanics deals w ith the collective effect o f distributed 

defects w ithout a major crack. However, in  real situations, both a m ajor crack and 

microscopic damage may exist simultaneously, especially in  the neighborhood o f a crack-tip. 

So the interaction between the major crack and microscopic damage need to be considered. 

Therefore, a realistic and convenient way o f achieving this would be the introduction into 

the constitutive equations o f a homogeneous continuum scalar damage variable, and the 

resulting stress-strain fie ld near the crack-tip should dictate the instability and growth o f the 

crack. In conventional fracture mechanics, the critical value o f the stress-intensity factor, 

is used as a measure o f fracture toughness in  linear elastic analysis. Fracture in  the plastic 

domain is characterized by the fracture resistance, Jc, o f the material. However, in  this 

dissertation, the fracture criteria  required fo r the onset o f crack extension, fatigue crack 

propagation, and time-dependent crack growth are based on the evolution o f a scalar damage 

variable, D, coupled w ith the opening displacement obtained fo r elastic-plastic solutions o f 

a cracked body.

Extensive experiments [29,30,31] have shown that ductile fracture in  metals involves 

considerable damage via the nucleation, growth and coalescence o f m icrovoids or 

microcracks. The material ahead o f the crack-tip deforms intensely and a "damage-zone" 

w ill form  in which microvoids or microcracks are usually nucleated by cracking and then
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grow w ith increase o f deformation. Consequently, the crack propagates by the coalescence 

o f the voids. This process w ill continue un til the fina l failure. Apparently, the constitutive 

behavior o f the material near the crack-tip is different from  the orig inal v irg in  material due 

to the anticipation o f distributed damage. So, this coupling behavior should be taken into 

account in  the analysis o f the crack-tip deformation and damage fields, which in  turn have 

fundamental importance in  describing fracture. To the author’s best knowledge, only a few 

o f these works have been carried out so far.

This dissertation investigates crack-tip fields o f deformation and damage fo r a power-Iaw 

hardening material containing cracks subjected to mode I  and mode III loading conditions. 

Because o f mathematical sim plicities, and in  order to establish basic characteristics o f the 

model, a crack subjected to longitudinal shear loading (mode H I) is firs t investigated. 

Second, the deformation and damage fields for a crack subjected to tensile loading (mode 

I) are investigated using the HRR singularity fields. A  scalar damage variable, D, which 

represents the fraction o f the orig inal cross-sectional area occupied by voids, is introduced 

to describe the mechanical effect o f distributed microscopic damage ahead o f the tip  o f a 

macroscopic crack, a postulation substantiated by an assumed ductile behavior o f the 

material o f the components. Due to the elevated strains ahead o f the crack-tip, the damage 

fie ld  is envisaged to be concentrated in  the plastic zone, which w ill also be called the 

damage-zone throughout the dissertation. Any damage outside the damage-zone is 

considered small and negligible. Inside the damage-zone, damage is assumed to vary 

linearly w ith the crack opening displacement.
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13 Organization o f Dissertation

This dissertation is organized into 8 Chapters including this introduction. Cracks subjected 

to anti-plane shear loading (mode H I) are dealt w ith in  Chapter 2 through Chapter 4. The 

remaining part, Chapters 5 and 6, investigate cracks subjected to in-plane tensile loading 

(mode I)- A  b rie f description o f the content o f each Chapter is as fo llow s: Chapter 2 is 

devoted to the determination o f damage fie ld  for a crack subjected to anti-plane shear loading 

(mode m ). A  hodograph transform ation is employed to linearize the non-linear governing 

differential equation and derive a closed form expression fo r the displacement and the size 

o f a circular damage-zone, engulfing the crack-tip. The conditions necessary fo r the onset 

o f crack instability in  the small-scale yielding and fu lly-p iastic solutions are investigated. 

The remotely applied stress, t _, is found to be proportional to a, , '11 (ttM), where is the 

original crack length and n is the strain hardening exponent o f the m aterial. This result 

reduces to G riffith  classical result, obtained by energy criterion [32], fo r elastic material 

(n = l). Fatigue crack propagation due to cyclic loading is also considered, w ith attention 

focused on the small-scale yielding solution. In Chapter 3, numerical results and discussion 

o f the influence o f strain hardening and material parameters on the onset o f crack instability 

and fatigue crack grow th are presented and graphically exhibited. An insignificant 

dependence o f the strain hardening exponent on the crack instability criterion is observed in  

the small-scale yielding range w hile somewhat appreciable dependence is shown fo r the 

fu lly-p lastic solution. Extensive numerical results o f fatigue crack propagation are then 

presented to reveal the influence o f the strain hardening exponent and material parameters 

on the relationship between the number o f load cycles and crack length required for failure.
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Chapter 4 describes the time-dependent damage fie ld  fo r a crack subjected to mode III 

loading under steady-state creep conditions. A  b rie f summary o f the basic mathematical 

equations required fo r the analysis o f steady-state creep is presented, and the criterion fo r 

creep crack growth under constant load is then developed. Numerical analysis is performed 

and the elapsed tim e required fo r the onset o f crack growth and the elapsed time required for 

failure are determined and graphically exhibited fo r different combination o f material 

parameters. The theoretical tim e o f rupture, which is basically a creep phenomenon, is 

determined and found to envelope a ll other time curves. It is also found that the theoretical 

time curve demonstrates an asymptotic slope o f -I/O  when tR —►», where 0 is a material 

constant that is independent o f stress and tim e and tR is the theoretical time.

Chapter 5 investigates the damage fie ld fo r a crack subjected to tensile loading (mode I). 

S im ilar to the HRR solution, the form ulation o f the governing equations o f a damaged 

material and the derivation o f the asymptotic leading term for the displacements are 

presented. Guided by the results obtained in  Chapter 2, a circular damage-zone, centered at 

the crack-tip is postulated. Then, a criterion fo r the onset o f crack instability fo r the 

small-scale yielding and fu lly-p lastic solutions is developed. The remotely applied stress, 

o_, is found (as expected) to be proportional to I/(n+I). It is clear that this also reduces to 

G riffith 's  classical result fo r elastic material (n = l). This confirms the well-known 

observation that the characteristics o f the anti-plane mode are sim ilar to those o f the opening 

mode. Another noteworthy feature o f the onset o f crack instability criterion, fo r mode I, is 

its dependence on Poisson's ratio. Fatigue crack propagation under cyclic loading and 

time-dependent crack propagation under steady-state creep conditions, are also investigated.
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Chapter 6 is concerned w ith  numerical results and discussion o f the influence o f the strain 

hardening, creep exponent, and material parameters on the criteria developed earlier. The 

influence o f Poisson's ratio on the crack instab ility  criterion is explored. For highly ductile 

material, the crack length required to cause instability is found to be higher than that required 

fo r m aterials w ith  lower value o f Poisson's ratio. As expected, in  the criterion fo r fatigue 

crack propagation, the number o f cycles required fo r failure increases w ith decreased values 

o f the applied loads. The variations o f the normalized crack length w ith the number o f cycles 

required fo r failure are shown graphically. For creep crack growth, a reduction in  the elapsed 

time required to cause failure is observed fo r higher values o f the applied stress. S im ilar to 

the anti-plane mode, the theoretical time curve exhibits an asymptotic slope o f-1 / & when 

tR —► co. For given material parameters, rates o f crack growth are graphically exhibited. 

F ina lly, the dissertation concludes by summarizing the contribution o f this research in  

Chapter 7 and recommending extensions fo r future research in  Chapter 8.
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2 DAMAGE FIELD FOR A CRACK SUBJECTED TO 

ANTI-PLANE SHEAR LOADING (MODE HI)

2.1 Introduction

The damage fie ld  near the tip  o f a stationary crack subjected to anti-plane shear loading is 

investigated in  this Chapter. A  material w ith a power hardening stress-strain relationship is 

considered. The strain concentration near the crack-tip leads to nucleation, growth, and 

coalescence o f microcracks or microvoids in  the material. Consequently, the constitutive 

behavior o f the material near the crack-tip becomes different from  that o f the material far 

away from  the crack-tip. A  damage variable, which represents the fraction o f the orig inal 

cross-sectional area occupied by voids, is introduced to describe the mechanical effect o f 

distributed m icroscopic damage. The constitutive equations coupled w ith  damage and 

appropriate boundary conditions are used to derive the governing equations. Since the 

governing differentia l equation for the normal displacement is non-linear, a hodograph 

transformation technique is employed to linearize the problem and determine a closed form  

expression fo r the displacement.

Section 2.2 contains a b rie f summary o f the basic mathematical equations required fo r the 

analysis. In  section 2.3, a circular damage-zone is determined engulfing the crack-tip. 

Section 2.4 describes the conditions necessary fo r the onset o f crack instab ility  . A  critica l 

stress is determined as a function o f crack length and a material parameter. The remotely 

applied stress, t_, is found to be proportional to a0' ,/(IH'l) and fo r n = l, this result reduces to 

G riffith  classical result. Section 2.5 deals w ith fatigue crack propagation under cyclic
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loading. For given material parameters, the number o f load cycles required fo r the onset o f 

crack propagation, Ni5 and the number o f cycles required to failure, N f , are determined and 

shown graphically.
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2.2 Summary of Basic Equations

Consider a sem i-infinite body occupying the region x ^ -=° < y, z < °° as shown in  Figure

2.1. In  terms o f the usual cartesian coordinates (x,y,z), centered at the crack-tip, the body 

is subjected to remotely applied shearing stress, x^  =t_. By symmetry, this problem is 

equivalent to the problem o f an in fin ite  body w ith a crack o f length 2a,, subjected to the 

same loading. The nonvanishing displacement component is the z-component w(x,y). 

Consequently, the shearing strains ( y« =dw/3x and =dw/8y) and the corresponding 

stresses ( tn and ty j must satisfy the com patibility and equilibrium  equations:

dYx2/ d y = d Yyz/dx (2.1)

dx^/dx  + dx^/dy = 0. (2.2)

The principal anti-plane shear stress and engineering strain which are given by:

T=(TX22.T y22) 1'2, Y = (Yxz2 + Yyz2) l/2 (23)

obey a linear law to the reference point ( r0 ,y0) and thereafter a power hardening relation 

given by:

y/Yo = (t /t0)” (2.4)

where, t 0 = Gyo, w ith  G being the elastic shear modulus and n is the power hardening 

exponent. The Hencky stress-strain relations take the form:

Yxz/y = t xz/ t  and Yyz/Y = *yz/x (2.5)

Equations (2.1) through (2.5) need to be solved subject to the appropriate boundary 

conditions, namely, the crack faces are stress free, specified loading at the remote boundary, 

and the stress and strain distributions become elastic at the elastic-plastic boundary at some 

distance from the crack region.
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Figure 2.1 Edge crack physical plane.
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It is clear from  equations (2.4)-(2.5) and the strain displacement relations that the governing 

d iffe ren tia l equation fo r w  is nonlinear. However, the problem can be reduced to a linear 

problem by the hodograph transformation.

In  this transformation, the roles o f the dependent variables (yn  and the independent 

variables (x,y) are interchanged using im p lic it function theory. The hodograph 

transformation was firs t used by Rice [33] to obtain a perturbation solution o f the anti-plane 

problem fo r elastic-plastic materials. Earlier, Neuber [34] used a stress hodograph plane to 

analyze the double-notched problem. S im ilar techniques are employed in  flu id  mechanics 

w hich reduce the nonlinear equations o f two dimensional compressible flow  to linear 

equations in  terms o f velocity components [35]. The transformation which is performed by 

regarding the physical coordinates as functions o f the strains, namely, x = and y

= y(Yxz»Yyz)> maps the physical plane shown in  Figure 2.1 onto the strain or hodograph plane 

shown in Figure 2.2. It is readily shown that the com patibility equation reduces to:

d x l d Y y z  = ay/SYxz (2.6)

w hile the equilibrium  equation becomes:

Sx/Stjq + dy/dtyz = 0. (2.7)

The com patib ility equation (2.6) implies the existence o f a scalar potential function, t|r = 

qr(Y,d>), such that the physical coordinates are related to the derivatives o f the potential 

function by:

x = -simj) (dijr/dy) - cos<J) (di|r/d<f>) /  y (2.8a)

y = C0S(J> (3i|r/5y) - sin<|> (3i|r/3<|>) /  y (2.8b)

In equations (2.8), $ is the angle between the y-direction and the principal shear direction,
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Figure 2.2 Map o f physical plane into strain plane [33].
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measured positive counterclockwise (see Figures 2.1 and 2.2).

It has been established in  reference [33] that the potential function, i|r(y,<|>), satisfies the 

differentia l equation:

[t ( y ) /y t '(y ) ]  (^ ijr/aY2)  +  (1/ y )  (3 i|t/3y )  +  (1 /y 2) (S2̂ / ^ 2) =  0. (2 .9 )

where, t'(y) stands fo r dT(y)/dy. Moreover, the expression fo r the displacement, w, in 

terms o f the potential function, i|r, is obtained from  the Legendre transformation:

w(y,4>) = Y (dty/dy) -  i|r (2.10)

In  this manner, the problem is reduced to a partial d ifferential equation in the hodograph 

plane which must be satisfied by the potential function i(t( y ,({>) subject to appropriate 

boundary conditions. Since y = 0 on the crack surfaces, equation (2.8b) requires at|r/a«j> = 0 

at $ = ±  %/2 . The crack-tip point in  the physical plane is mapped into points at in fin ity  in 

the strain plane, and thus the derivatives o f i)r must vanish at in fin ity , since x =  y =  0 at the 

crack-tip. Therefore, at the elastic-plastic boundary, (3i|t/9y) and (1/y) (3i|r/54») approach zero. 

The strain plane in  Figure 2.2 shows the map o f the physical plane and the aforementioned 

boundary conditions.

In  the next section, the potential function, i|t(y>4>)> coupled w ith continuum damage 

mechanics, are used to obtain a solution o f the governing equation (2.9) and the expression 

fo r the displacement follow s from equation (2.10).
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2.3 Determination of Damage-Zone

In this section, the concept o f continuum damage mechanics coupled w ith the basic equations 

o f the previous section are used to determine the extent o f the damage zone ahead o f the 

crack-tip using small-scale yielding solution.

Continuum damage mechanics deals w ith the load carrying capacity o f solids due to the 

presence o f microscopic defects such as microcracks or voids. The theory was orig ina lly 

conceived by Kachanov [3] and Rabotnov [4 ]. This concept has been further extended by 

Lemaitre [36], Lemaitre and Chaboche [37], and Hayhurst and Leckie [38] and others. 

Because o f the elevated strain ahead o f the crack-tip, the damage fie ld  is envisaged to be 

concentrated in  the plastic zone in  the v ic in ity  o f the crack-tip, and any damage outside the 

plastic zone is considered small and may be neglected.

The nom inal shear stress, r , is related to the effective (or net) shear stress, s, by the 

relationship:

r  = s (1 -D )=  Q s (2.11)

where Q is the continuity function and D is a scalar damage parameter, defined as:

D = Avoid/A  = 1 - (A ^ /A ) (2.12)

where A  and A,** are the macroscopically observable orig inal and net cross-sectional areas, 

respectively. A ^a is the fraction o f cross-sectional area occupied by voids.

The damage accumulation and growth are determined by the effective stress in  the damage- 

zone near the crack-tip. W ithin the zone, the effective (net) stress, s, equals the effective 

(net) yield stress, s0. In this dissertation, the follow ing damage hypothesis is used: Inside 

the zone, damage varies linearly w ith  the crack opening displacement, i.e.
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D =  JL.w  (2.13)

where A. is a damage parameter denoting a fraction o f the crack opening displacement in  the 

damaged m aterial, and w is the anti-plane displacement determined from  equation (2.10). 

In  order to derive the expression o f w  in  the damage-zone, Lemaitre's strain equivalence 

principle [39] which states that "any strain constitutive equation for a damaged material may 

be derived in  the same way as for a virg in  material except that the usual stress is replaced by 

the effective stress" is used. Introducing this principle into equation (2.4), the constitutive 

relation fo r an isotropic material w ith isotropic damage may be expressed as:

y/Yo = ( s / s„)“ , y>  Yo (2.14)

To obtain the extent o f the damage zone near the crack-tip, a solution, i|t(y,4>), o f the 

governing partial differential equation (2.9), defined in  the interval y e  [0,°°] and $ e  [-re/2 , 

tt/2 ], is needed. Assuming a solution fo r t(r in  the form  o f sin<{> times a function o f y , the 

boundary conditions on the crack surfaces in  the strain plane are automatically satisfied, and 

the problem reduces to determining i|r(y ) so that the differential equation (2.9) and the 

remaining boundary conditions at the orig in and at elastic-plastic boundary are satisfied. It 

has been shown in  reference [33] that fo r small-scale yielding:

♦  “  (- Krii2 Yo /  *  t0) { Y JT" tdu /  0 ^ T(u))]} sin4> » Y > Yo (2-15a)

^  = (- Kni2 Yo2 /2tct02) { ( 1 /y )  + (y /Y o 2)

• (2yoT0 Jr." [du /  (u2r(u ))] - I) }  sin4> , y <  Yo (2.15b)

where Km is the elastic stress-intensity factor fo r mode III.

Substituting equation (2.11) in equation (2.15a) yields:
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♦ = (- Km2 Yo I  *  Q So){yJt" [1 /  (irQ  s(u))]du } sin«t> , y > y„ (2.16)

The derivatives o f the potential function, i|r, w ith respect to y and <(>, respectively, are: 

3i{r/54> =  ( -  Kra2 Yo /  7t Q So) { y /r" [1 /  (u2Q s(u))]du } COS$ (2.17)

3i|r/ay = ( -  Kra2 Yo /  7C Q So) { f -  [1 /  (u2Q s(u))]du

+ [1 / (y Q s(y))]} sin«j» (2.18)

Equations (2.8) when combined with equations (2.17) and (2.18) yield: 

x=(Kai2Yo/(2itQs0)){(2 ;T“[l/(u2Qs(u))]du-[l/(yQs(y))])

+(cos2«j>/[l/(yQ s(y))])} (0<y<«,-7t/2i4>sjr/2) (2.19a)

7 = (KmVCfcrOSa)) (sin2«f> /  [l/(yQ s(y ))]) (2.19b)

Subtracting the term independent o f cf> from  equation (2.19a), squaring both x and y and 

adding, the equations o f lines in  the plastic region along which the strain has the constant 

magnitude y are circles:

[x -X (y )]2 + y2= [R (y)]2 (2.20)

centered ahead o f the crack-tip at the distance:

X (y) = (Km2Yo/(27iQs0))(2;T-[l/(u 2Qs(u))]du-[l/(yQs(y))]) (2.21)

and with radius:

R (y )»  (Kra2Yo/(2*aso))(l/(Yas(y))) (2.22)

Now, the solution is particularized to the power-hardening law described by equation (2.14). 

The integral appearing in  equations (2.16) and (2.21) can be evaluated as:

Jr- [l/(u 2Qs(u))]du = [n /(n + l) ] [l/(yQ s(y ))] (2.23)

Also, the parameters X (y), R (y) describing the geometry o f the plastic region become (see
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Figure 2.3):

X (y) = [(n-1) /  (n + i)] [K ^T tC Q S o)2)] (Yo/Y)(n+iyn (2.24a)

R(Y) = [K tII2/(27c(Qs0)2)] (YA r lVn (2.24b)

It is apparent from  Figure 2.3, in  terms o f polar coordinates (r, 0) centered at the crack-tip, 

that:

r=  R(y) (sin2* /sin0) (2.25)

It then follows from  equations (2.24b) and (2.25) that:

Y =  Y o [K ra2 sin2<t>/2ir(QSo)2r s in O ]^ 0 , Y > Yo (2.26)

which indicates that the strain has a r ' n/̂ n+Î  singularity at the crack-tip.

U tiliz ing  equations (2.24), it  may be readily shown that the circular plastic zone extends a 

distance:

R(Yo) + X (yo) = [n /(n + l)][K ni2/(7t(Qs0)2)] (2.27)

ahead o f the crack-tip and a distance:

R(yo) - X (Yo) = [1 /  (n + l)][K tn2/(7t(Qs0)2)] (2.28)

behind the crack-tip. Substituting fo r the integral from equation (2.23) into equation (2.16), 

the potential function, i|r, can be w ritten as:

t  = [-Km2Yo(Yo)l/n/  (it(QSo)2)] [n /  (n+1)] ( l/y ) l/n sin<{> (2.29)

and it  follows that:

= [Km2Yo(Yo),/n/(7t(Q s0)2)] [1 /(n + 1 )] ( l/Y)(n+,Vn sin* (2.30)

Substituting equations (2.29) and (2.30) in  equation (2.10), the expression fo r anti-plane
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displacement w ( y  , * )  is obtained as:

w(y,<t>) = [K m2Yo (Yo)17" / ( tc( Q so) 2) ]  ( y ) ' 17" s in * (2.31)

Combining equations (2.26) and (2.31), the anti-plane displacement, w, is fin a lly  expressed 

as:

w  = [K ra2(Y0) /  Ot(Qso)2)] [K m2 {h (0)/r} /  (ic(Qs0)2)]‘ ,/(n+,) s in * (2.32)

where h(0) = (sin2*/2sin0).

Note that fo r the small-scale yielding, the stress-intensity factor is related to Rice's J- 

integral [33] by the relation Km2 = 2GJ.

In the sequel, the conditions required to describe the onset o f crack instab ility and crack 

growth under cyclic loading, on the elastic-plastic boundary, are determined.
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2.4 Criterion for Crack Instability

In this section, the concepts o f continuum damage mechanics developed earlier are applied 

to the stress and displacement fields to determine the conditions required fo r the onset o f 

crack instab ility. As mentioned earlier, the damage is confined to circles o f c ritica l strain 

w ith in  the plastic zone and any uniform  damage induced outside the plastic region is 

neglected. Inside the zone, the continuity function, Q, is assumed to take constant values. 

From equation (2.32), the anti-plane displacement, w (r,0), expressed in  terms o f polar 

coordinates (r,0) measured from  the crack-tip, can be shown to take the fo llow ing  simple 

form  on the elastic-plastic boundary (see Figure 2.3):

w(r,0) = [2 J /  (rcQ2So)] sin«f> (2.33)

where J is Rice's path-independent integral and r/h(0) =2 R(y0) •

W ithin the damage-zone, the principal shear stress is given in  terms o f the net yie ld stress: 

t  = So [ I - k .w(r,0) ] (2.34)

One way o f obtaining an expression fo r the continuity function, Q, is to equate the exact 

shear stress given by equation (2.34) to the approximate stress, Q Sq, at (r, 7t/4). This yields: 

(1- Q) = k .[2 J /  (irQ 2So)] s in * (2.35)

Then;

Q2 *  G3 + k .(2 J /  (*  s0)) f(n ) (2.36)

where,

f(n ) = ( [3n + 1- (n2 + 6 n + l),/2 ] /  4 (n + l)}1/2 (2.37)

The measure o f damage, D, is computed from  the crack-tip opening displacement, 2 w(r, 

n/2), which yields:
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D = k .[2J /  ( *  Q2So)] g(n) (2.38)

where,

g(n)=  2. [n/Cn+l)]172 (2.39)

The criterion fo r the onset o f crack instability is established by requiring D (r,ir/2) in 

equation (2.38) to approach un ity and using equation (2.36) to elim inate the continuity 

function, Q. The result is:

A. .(2 J /  (*  So)) = [1 - (f(n)/g (n))]2 /  g(n) (2.40)

In  the remaining part o f this section, equation (2.40) is used to predict the onset o f crack 

instability fo r external loading characterized by the small-scale yielding and the fu lly  plastic 

solutions.

2.4.1 Small-Scale Yielding Solution

For small-scale yielding, the J-integral is replaced by the elastic stress-intensity factor, 

namely, J = Kra /  2G, and equation (2.40) yields:

k .[K n,2/(it SoG)] =  [1 - (f(n)/g(n))]2 / g(n) (2.41)

It follows that for a crack o f length 2a<j, in  an infinite body subjected to stress t .  at the remote 

boundary, where K m2= T.2uao, the fo llow ing condition fo r the onset o f crack instability is 

obtained:

(k s0ao/G)(Tyso)2 = [ l  -(f(n )/g (n ))]2/g (n ) (2.42)

In order fo r small-scale yielding solution to be valid, ( t _ /s0)  has to be less than about 0.5. 

It is clear that equation (2.42) confirms G riffith 's classical result, namely, t_ is proportional 

to a,,'s. The constant o f proportionality in  equation (2.42) is a material parameter.
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2.4.2 Large-Scale Yielding Solution

The extension to large-scale yielding involves using the fu lly  plastic solution fo r Rice's 

J-integral in  equations (2.36) and (2.38). For large scale yie ld ing, when the plastic zone 

reaches across the entire uncracked ligament, the plastic zone assumes an elongated shape. 

As demonstrated by Rice [33], the transition from the circular plastic zones o f small-scale 

yielding to the highly elongated zones o f large-scale yielding occurs at stress level o f about 

■cJ sq > 0.5. However, in  this dissertation, the damage is assumed confined to the plastic zone 

o f the small-scale yielding solution. The fu lly  plastic J fo r the damaged material can be 

obtained along the same lines developed by Amazigo [40]. For a crack o f length, 2a<j, in an 

in fin ite  body subjected to a constant stress, x_, at the remote boundary, it  can be shown that: 

J/So =  (Soao/G) ( r ./s o r1 Q-" h(n) (2.43)

where h(n) is a function o f the strain hardening exponent [40], whose numerical values are 

given in  Table 1.

Substituting equation (2.43) into equation (2.38) and setting the damage parameter, D, to 

unity, the fo llow ing relation is reached:

Q = {(2 A. /* )  (soao/G) (t. / so) ^ 1’ h(n) g (n )}, w  (2.44)

In addition equations (2.35) and (2.43) yield:

Q = 1 - (2 k / [*  Q(n+2)]) (soao/G ) (T ./S o r1 h(n) g(n) (2.45)

Elim inating Q from  equations (2.44) and (2.45) results in:

(,X Soao/G) (t./S o r1 = {(2 /* )  h(n) g(n)}-‘ [1 - (f(n )/g (n ))]^2> (2.46)

Equation (2.46) is valid fo r values o f / sq in  the range 0.5 to 1.0.
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Table 2.1

Numerical Values o f the function h(n) in  equation (2.46)

n h(n)

I 1

1.5 1.23

2 1.45

3 1.82

5 2.46

10 3.69

20 5.43

30 8.83

50 12.61

100 40.22

It is worth noting that equation (2.46) o f the large-scale yielding reveals that the critica l 

stress is proportional to a0' 1/ (IH'1), which reduces to G riffith ’s classical result for elastic 

m aterial (n = 1).

Num erical evaluations o f conditions (2.42) and (2.46) are carried out and discussed in 

Chapter 3.
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2.5 Fatigue Crack Propagation

Fatigue crack propagation under cyclic loading is considered in  this section. A ttention is 

focused on the small-scale yielding solution. In  each cycle, the structural component is 

subjected to a constant step function varying from  0 to t _ and an instantaneous damage 

increment is accumulated in  the circle  o f critica l strain. Unloading from  t .  to 0 does not 

cause any damage. W ithin the elastic-plastic circle, the damage increment, AD, per each 

cycle o f loading is proportional to the crack opening displacement, w (r,0).

Denoting by D (r, re/2), the damage at a point (r, tt/2 ) from the crack-tip, it  follow s that 

after N  load cycles:

D (r, 7t/2; N ) = D (r, it/2: N -l) +  q. w (r, */2 ; N) (2.47)

where r\ is a damage parameter and D (r, i t /2 ; N ) is a function o f the continuity function, £2. 

To obtain a value o f the continuity function, Q, the exact and the approximate principal 

stresses are set equal at (r, it/4), i.e.

Q(N) = 1 - D (r, ic/4 ; N ) (2.48)

where now D (r, jc/4 ; N ) is given by:

D (r, it/4 ; N ) =  D (r, it/4 ;N-1) + 1\ . w (r, it/4 ;N ) (2.49)

Combining equations (2.33), (2.48) and (2.49), one can write:

Q(N) = 1 - n (K m2 / (Gtc so)) f(n ){[l/Q 2(N - I) ] + [1/Q2(N )]} (2.50)

For N = 0, there is no damage and £2=1, while corresponding to N = 1, there is instantaneous 

damage accumulated in  the plastic zone, whereby, the extent o f the damage-zone and the 

crack opening displacement in  the damage-zone can be evaluated. The extent o f damage- 

zone ahead o f the crack-tip is obtained from  equation (2.27) as:
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C(N) = [n  /  (n + l)][K ni2/(7t(QSo)2)] (2.51)

For each cycle o f loading, w (r, ir/2 ), w (r, */4 ), Q(N) and C(N), are calculated using 

equations (2.33) and (2.48)-(2.51). Figure 2.4 depicts a description o f the crack growth 

criterion, where D (r, 0; N ) is shown versus r, the polar distance ahead o f the crack-tip. As 

schematically indicated in  Figure 2.4, fo r N=1 and N=2, where D(r, n/2;N) is less than unity, 

a(N) = ao, the in itia l crack length. Next, the number o f cycles is increased by one and Q(N) 

o f the previous step is used to update w (r, tc/2), w(r, it/4). By using equations (2.47)-(2.51), 

an iterative procedure is repeated un til D (r, rr/2;N) assumes a value slightly above one (1+), 

then the crack has grown during the actual cycle.

The new crack length, aN, which is found from the condition:

D (a*,,N ) = l.  (2.52)

is incrementally computed from :

3n = + da*, (2.53)

where:

da*, = [1 - {1 / D (r, */2 ;N )}] C(N) (2.54)

Using the new crack length given by equations (2.53) and (2.54), the iterative process can 

be repeated to obtain the final values o f a(N), C(N), w(r, 0 ;N), D(r, 0 ;N) and Q(N) at which 

instability is reached, i.e., the critica l crack length to cause crack propagation is reached. 

Numerical calculations have been carried out and the influence o f strain hardening and 

m aterial parameters on the variations o f load cycles w ith the critica l crack lengths are 

presented in  Chapter 3.
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D(r. 0;N)

N— 1

C(N)

Figure 2.4 Description o f fatigue crack growth criterion.
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3 MODE m  NUMERICAL RESULTS AND DISCUSSION

31

3.1 Introduction

In  Chapter 2, a circular damage zone engulfing the crack-tip was determined and used to 

establish the conditions o f crack instability and crack growth under cyclic loading. This 

Chapter presents numerical results and discussion o f the influence o f strain hardening and 

material parameters on these criteria.

The numerical results are presented in  two parts: F irst, the onset o f crack instab ility  fo r 

external loading characterized by the small-scale and the fu lly-p lastic solutions are 

numerically evaluated and displayed graphically. Second, extensive numerical results o f the 

fatigue crack growth are obtained, fo r the small-scale yielding solution, to reveal the 

influence o f the strain hardening and material parameters on the relation between the number 

o f load cycles and crack length required fo r failure.
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3.2 Criterion for Crack Instability

The criterion fo r the onset o f crack instability is given in  equations (2.42) and (2.46). These 

equations are plotted in  Figure 3.1 where the variation o f the critica l external stress, t _ /s„, 

w ith the material parameter (A-s^ /G) is shown. When the critical state is reached, the crack 

w ill start to grow unstably. The crack instab ility  is followed immediately by crack growth 

to failure. In order fo r small-scale yielding to be valid, x js0 has to be less than 0.5. On the 

other hand, large-scale yielding prevails when xJSq assumes values in  the range 0.5 to 1. 

For the small-scale yielding solution, Figure 3.1 demonstrates a straight line  relationship 

between (xJsq) and (A -s^ /G ), in  which is proportional to a-0-5, which is G riffith 's  classical 

result obtained by energy criterion [32]. For the large-scale yielding solution, Figure 3.1 also 

reveals that the critica l stress is proportional to ao'1/(n+I), which reduces to G riffith 's  classical 

result fo r elastic m aterial (n = 1).

It is clear from  Figure 3.1 that the external load required to cause instab ility  decreases 

w ith increasing the strain hardening exponent n. The curves also show, re la tive ly, little  

dependence on the hardening exponent in  the small-scale yielding solution. This little  

dependence may be attributed to the fact that the J-integral is independent on hardening fo r 

small-scale yielding solution. However, somewhat appreciable dependence on hardening is 

shown fo r large-scale yielding solution. It is worthy to note that, as the crack length 

increases, lower external load is required to cause the onset o f crack instab ility.
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3.3 Fatigue Crack Propagation

The course o f fatigue crack propagation has been studied num erically fo r different material 

parameters and external stress levels, zJ sq. The numerical analysis revealed a strong 

influence o f strain hardening, (n = l to n=100), on the fatigue process.

Figures 3.2 and 3.3 exhibit the relationship between the normalized crack length, a(N)/ao, and 

the number o f loading cycles, N , w ith  the stress level, t_/s0=0.4 and different values o f 

material parameter, t is ^  /G , namely, 0.02 and 0.01, respectively. Figure 3.4 reveals the 

same behavior fo r t_/So=0.6. Figures 32  through 3.4 show a period o f incubation, where the 

damage accumulates w ithout crack growth, followed by an accelerating crack growth period 

resulting in  instability at certain crack length and number o f loading cycles to failure, Nf. 

The crack growth period starts at the end o f the incubation period where the damage 

parameter reaches unity at (r/2, ir/2) and the corresponding number o f cycles is N „ signifying 

the onset o f crack growth. A  schematic diagram depicting the appearance o f the incubation 

and the growth periods is shown in  Figure 3.5. Comparing Figures 3.2 and 3.3, it is readily 

obtained that for the same stress level, (x_/So=0.4), upon varying the material parameter 

/G ) from .02 to .01, the number o f cycles required for the onset o f crack propagation, Nf, and 

fo r failure, Nf, is doubled fo r the lower material parameter. Moreover, Figures 3.3 and 3.4 

indicate lower load cycles as the external stress ratio is increased from  0.4 to 0.6. This 

im plies faster reach to the onset o f crack growth and crack instab ility as the applied load, 

( t _ /s0) ,  and/or the material parameter, (ns0ao /G), are increased.

The variations o f the number o f cycles required for the onset o f crack growth, Nf, and the
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number o f cycles required fo r failure, Nf, w ith external stress, t_, are demonstrated in  Figures

3.6 and 3.7, respectively, where (xJ sq) is shown versus N; and Nf , fo r different strain 

hardening values, (n = l to n=l00), and fixed material parameter. The influence o f the strain 

hardening on N; and N f is depicted in Figures 3.8 and 3.9, respectively, where O is ^  /G ) is 

shown versus N{ and N f, at (xyso=0.4). The curves show how the number o f cycles to the 

onset o f crack growth, N ;, and number o f cycles to failure, Nf, vary w ith  the damage 

parameter, r\, in itia l crack length, external stress ratio, (-r_/s0), or strain hardening 

exponent, n. Figures 3.10 and 3.11 demonstrate the variation o f the number o f cycles to the 

onset o f crack growth, N{, and number o f cycles to failure, N& respectively, versus the strain 

hardening exponent, n, fo r CnVo /G) = 0.01 and fo r different external stress, namely, (t_/s0) 

= 0.4 and 0.8.

To demonstrate the effect o f material parameters and external load on a particular strain 

hardening exponent, Figures 3.12 thru 3.17 are developed fo r n=3. In Figures 3.12 and 3.13, 

the normalized length o f the crack, a(N)/a<,> is shown versus the number o f load cycles, N. 

Figure 3.12 shows the influence o f material parameter, ( t is ^  /G ), on the number o f load 

cycles at a fixed external load and n = 3. It is clear that increasing the material parameter 

results in a lower number o f cycles for the onset o f crack growth and for failure. It is worthy 

to note that doubling the material parameter reduces the required number o f cycles by half. 

Figure 3.13 exhibits the influence o f the external applied load at constant material parameter, 

(Tis0ao /G ), and n = 3. For decreasing value o f the stress level, the number o f load cycles 

required fo r failure increases. The variation o f the number o f cycles to the onset o f crack 

growth, N j, and the number o f cycles to instability, N f, is shown in Figures 3.14 and 3.15,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



36

respectively, where ( t _/s0)  is shown versus Ns and Nf, fo r material parameter (ns0ao /G ) 

ranging from  0.01 to 0.08. The influence o f the external stress level, ( t _/s0) ,  on N ; and N f, 

is demonstrated in  Figures 3.16 and 3.17, respectively, where (n s ,^ /G ) is shown versus N, 

and N f, fo r ( t _ /s0)  ranging from  0.3 to 0.8. I t  is clear from  Figures 3.14 thru 3.17 that the 

number o f cycles required fo r the onset o f crack growth, N;, and for failure, Nf, increase w ith 

the reduction o f damage parameter, r|, in itia l crack length, ag, and/or external stress ratio, 

fo r a specific strain hardening exponent.

From the results obtained in  this Chapter, one is tempted to conclude that the continuous 

damage approach, adopted in  this dissertation, describes the criterion fo r the onset o f crack 

in s ta b ility  and the crack growth process very w ell, rendering reasonable figures that are 

comparable to conventional fracture mechanics.
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incubation period growth period

Figure 3.5 P rincipal appearance o f the incubation and growth periods.
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4 TIME-DEPENDENT DAMAGE FIELD FOR A CRACK SUBJECTED 

TO ANTI-PLANE SHEAR LOADING (MODE HI)

4.1 Introduction

The failure o f structural components can occur by crack growth in  the presence o f creep, that 

is, crack growth due to increasing strain at a constant stress. Metals exh ib it creep at 

temperatures greater than about th irty percent o f their absolute melting temperatures. Many 

components o f gas turbines, fossil and nuclear power plants and aerospace structures are 

required to perform at service temperatures in  excess o f the creep threshold temperature. On 

the other hand, substantial creep deformation in  polymeric structures; fo r example, plastic 

piping components, can be observed at room temperature. Thus, in  many situations, the 

service life  o f a structural component can be dictated by time-dependent crack growth. 

Figure 4.1 illustrates the typical creep response o f a material subject to constant stress. 

Creep deformation can be divided into four regimes: instantaneous (elastic) strain, prim ary 

creep, secondary (steady-state) creep, and tertiary creep. The elastic strain occurs 

im m ediately upon application o f the load and is not shown in  Figure 4.1. Prim ary creep, 

which dominates at short times after application o f the load, is characterized by decrease in 

strain rate w ith tim e as the material strain hardens. In  the secondary creep stage, the 

deformation reaches a steady state where strain hardening and strain softening are balanced. 

The creep rate is constant in  the secondary stage. In  the tertiary stage, the creep rate 

accelerates as the material approaches ultim ate failure.

During growth o f a macroscopic crack, a ll four types o f creep response can occur
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Figure 4.1 Schematic creep behavior o f a material subject to a constant stress.
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simultaneously in  the most general case, see Figure 4.2. The material at the crack-tip is in  

the tertiary stage o f creep since the material is obviously fa iling locally. A t remote distance 

from  the crack-tip, the material may be elastic, and the primary and secondary stages o f creep 

at moderate distances from  the crack-tip.

M ost analytical treatments o f creep crack growth assume lim iting  cases where one or 

more o f these regimes are not present or are confined to a small portion o f the component. 

If, fo r example, the component is predominantly elastic, and the creep zone is confined to 

a sm all region near the crack-tip, the crack growth can be characterized by the stress- 

intensity factor [41]. In the other extreme, when the component deforms globally in  steady- 

state creep, elastic strains and tertiary creep can be disregarded. In  this latter case, a path- 

independent energy rate integral (C*-integral) is the loading parameter that determines the 

strength o f the crack-tip fields in  a body undergoing steady-state creep [42,43].

Time-dependent fracture in  terms o f a damage variable due to creep crack growth is 

considered in  this Chapter. W hile environmentally-assisted crack growth is im portant and 

at times is d iffic u lt to separate from  creep crack growth, time-dependent fracture due solely 

to environmental effect is not treated here. In  this dissertation, creep is assumed to be 

a rtific ia lly  confined to a narrow region ahead o f the crack-tip, fo llow ing the idea o f the 

Dugdale crack model [24]. Hence, the structural component is assumed to be predominantly 

elastic, and the steady-state creep zone and the resulting damage fie ld  is confined to a sm all 

region near the crack-tip.

By lim itin g  the analysis in  this dissertation, to small-scale yielding and to  power law 

creep o f the Ramberg-Osgood form , steady-state, or secondary creep is prevalent.
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Section 4.2 contains a b rie f summary o f the basic mathematical equations required fo r the 

analysis o f steady-state creep. Section 4.3 deals w ith  creep crack growth under constant 

load. For given material parameters, the elapsed tim e required fo r the onset o f crack growth 

and the elapsed time required to cause failure are determined. Section 4.4 is concerned w ith  

the numerical results. For given material parameters, the time required fo r the onset o f crack 

growth and the tim e required fo r failure are determined and graphically exhibited.
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4.2 Time-Dependent Basic Equations

The constitutive equations used in  the time-dependent case express the rate o f growth o f 

deformation and damage fo r steady-state (or secondary) creep. The time-dependent 

deformation is characterized by the strain rate. As noted by Goldman and Hutchinson [44], 

and also follow ing H offs analogy [45], for a creep law  o f the form :

Ŷ Yo = (T /To)" (4.1)

the constitutive equations have the same form as the equations governing the rate-insensitive, 

power law strain hardening material. Thus, the formulas developed in Chapter 2. describing 

the displacement fie ld and plastic zone extension ahead o f the crack-tip all continue to hold 

i f  the strain, y, is replaced by the strain rate, y, and the displacement, w, is replaced by its 

rate, w. Here n is the creep exponent, and the dot indicates differentiation w ith time. 

Introducing Lemaitre's strain equivalence principal to equation (4.1), one can w rite:

y / yo  =  ( s / so ) “  (4.2)

For time-dependent deformation, the reference stress, r 0, is related to the reference strain 

rate, y0, fo r a v irg in  m aterial, by the relation:

t0 = H . Y0 (4.3)

where H is a time-dependent material parameter.

The deformation is composed o f one instantaneous part and one time-dependent part No

damage is assumed to be induced immediately on loading. Thus, introducing the rate o f

•  •

damage o f the material, D, consisting o f a uniform  component, D0, and a component

proportional to the crack opening displacement, one can w rite:

D (r,0;t) = D0 + p.w (r,0;t) (4.4)
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where p is a damage parameter and t denotes the time. This equation can be integrated in  

tim e to give:

D(r,0;t) = JV D0 dt' + p JV w (r,0;t') dt’ (4.5)

As assumed in the rate-insensitive case (Chapter 2), most damage is confined to a narrow 

band o f large deformation ahead o f the crack-tip. Then, as w ith equation (2 .11), the stress 

in the damage-zone can be expressed as:

x(r,0;t) = Sq { I - J0‘ D0 dt' - p JV w (r,0;t’) d t ' } (4.6)

In the time-dependent case, both the crack and the damage-zone boundary w ill grow into the 

component w ith time. D0 has been assumed to depend on the net stress far from  the crack. 

s_. It follow s that, using equation (2.11):

s_ = x . / ( l - D 0) (4.7)

where D0 = Jo1 D0 dt'.

A  power law, commonly used in  b rittle  creep rupture [3 ], may be used to relate D0 to s., such 

that:

D0 = k ( s. / so) # (4.8)

where k and 0 are material constants independent o f stress and tim e. Combining equations 

(4.7) and (4.8) yields:

Do =  k [ t. / ( S o( 1 -D o))]# (4-9)

Assuming the applied load, x „ is constant in  tim e, equation (4.9) can be integrated in  tim e, 

using zero in itia l conditions, to yield:

D0 = 1 - [1 - (0 + 1) k ( t . /  So)* t (4.10)

Additional damage due to deformation o f the material in  the creep-damage-zone is added to
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equation (4.10). It is assumed that, at a certain time, every point in  the component except 

fo r the damage-zone around the crack-tip, has a damage D0 given by equation (4.10). 

Because o f this uniform damage outside the zone, the stress and net stress distributions w ill 

be the same as in  the rate-insensitive case, developed in Chapter 2, an im portant fact for the 

follow ing analysis. The damage and stress w ithin the damage-zone can now be w ritten using 

equations (4.5), (4.6) and (4.10) as:

D (r,0,t) = 1 - [1 - (ft + 1) k (t.  /  s.,)ft t ]U‘M > + p w(r,0;tr) dt' (4.11)

x(r,0;t) = So {[1  - (0 + 1) k (t. / so)" t - p J0l w(r,0;t*) dt’ } (4.12)

Assuming t(r,0 ;t) = Q(t) Sq = constant, the extension o f the creep-damage-zone ahead o f the 

crack-tip is obtained from :

C (t)=  [n /(n + l)][K ni2/(7t(Q(t)So)2)] (4.13)

A t a certain time:

w(r,0;t) = w(r,0;O) + J0‘ w (r,0;t') d t (4.14)

where according to equation (2.33), fo r small-scale yielding:

w(r,0;t) = (K ra2 /  (G7t[Q(t)]2So)) sin* (4.15)

and the rate o f displacement fo llow s as:

w(r,0;t) =  (Km2 /  (H jc[Q (t)]2 So)) sin* (4.16)

In  section 4.3, equations (4.2) through (4.16) are used to develop the conditions fo r time- 

dependent damage due to steady-state creep. It should be noted that r, in  the follow ing 

calculations, indicates the distance from  the crack-tip to the elastic-plastic boundary, given 

in  equation (4.13).
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4J Time-Dependent Damage

By equating the approximate stress value Q (t)S o  and the exact stress value from equation 

(4.12), at (r, ir/4 ), the continuity function, Q(t), is given by:

where one can solve fo r Q(t) in  equation (4.17) at a certain tim e by iteration. To solve for 

D (r,0;t), one needs to perform an integration in  time. This is made approximately by 

straight-forward calculations at fin ite  time steps as follows: A t time t=0, there is no damage 

and Q(0) =1. The displacement and displacement rate, w(r,0;O) and w(r,0;O) are determined 

from equations (4.15) and (4.16), respectively, w ith  Q (0)= l. A t time t=At. assume a linear 

variation o f w (r,0;t) during a time step. Then, from equation (4.11), it is readily shown that:

D(r,0;At) = l- [l- (0  + 1 )k  ( t .  / s*,)41 ] ,/(4+I) +p[ w(r,0;O)At + (1/2) w(r,0;O) (A t2) (4.18)

As shown in  Figure 4.3, i f  the damage, D(r,tc/2 ;A t), is less than unity then the crack has 

not grown during the tim e interval and, a(At) = ao, the in itia l crack length. The damage at 

(r, x/4) is obtained from equation (4.11) and the continuity function from  equation (4.17) and 

the time t is increased to (t+  A t) and Q o f this step is used to update the displacements and 

the displacement rates at (r,7t/2) and (r,jt/4 ). By using equations (4.11) and (4.15)-(4.19), an 

iterative procedure is repeated un til D (r,ic/2;t) s ligh tly  exceeds unity, then the crack has 

grown during the time interval as indicated schematically in  Figure 4.3.

The new crack length is found from the condition:

Q(t) = [1 - (0 + 1) k (t.  /  So)41 ] l/(4*‘> - p J0' w(r,Tt/4;t') d f } (4.17)

and the crack opening is obtained using:

w (r,0 ;A t) =  w(r,0;O) +- w(r,0;O) A t (4.19)

D (r,jt/2;A t) =  1. (4.20)
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Figure 4.3 Description o f creep crack growth criterion.
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The new crack length is given by:

a, = ao + da, (4.21)

where:

da, =  [l-{l/D (r,jr/2 ;t)}] C(t) (4.22)

Using the new crack length, the iterative process can be repeated fo r t  =2At, 3 A t,...., etc., 

u n til instab ility  is reached, i.e., the critica l length o f the crack grows to very high values.

The creep crack growth numerical results are dealt w ith  in  section 4.4. The influence o f 

creep exponent and material parameters on the variations o f the tim e w ith the c ritica l crack 

length are presented and graphically displayed.
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64

In  sections 4.2 and 4.3, a circular creep-damage zone in  terms o f tim e parameter, engulfing 

the crack-tip and crack growth under steady state, or secondary, creep was determined. This 

Chapter presents the numerical discussion o f the developed creep crack growth criterion.

The numerical results are presented in  two parts. F irst, the variation o f the crack length 

w ith tim e, and the tim e required fo r the onset o f crack growth as w e ll as the tim e required 

fo r reaching a critical crack length, causing instability are found fo r various external loads 

and material parameters and graphically presented in section 4.4.1. Second, the theoretical 

insta b ility  tim e, which is purely a creep phenomenon, is determined fo r d ifferent external 

loads and material parameters and graphically displayed in  section 4.4.2.
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4.4.1 Creep Crack Growth

The course o f creep crack growth has been studied num erically fo r different material 

parameters and external stress levels. The numerical analysis revealed a somewhat moderate 

influence o f the creep exponent, n= l to n=100, on the creep process. Figures 4.4 and 4.5 

exhibit the relationship between the normalized crack length, a(t)/a<,, and time for various 

creep exponents and material parameter (psoa</G) at constant stress level and modular ratio 

H/G. Figures 4.6 thru 4.8 exhibit sim ilar relationship between the normalized length o f the 

crack, a(t)/ao, and tim e fo r various modular ratio H/G and m aterial parameter. Figures 4.4 

through 4.8 reveal a period o f incubation, where the damage accumulates w ith no crack 

growth, followed by a period o f accelerating crack growth resulting in  instability at a certain 

fin ite  tim e. The crack growth period starts at the end o f the incubation period where the 

damage parameter reaches unity at (r, jc/2) and the corresponding tim e is t,, signifying the 

elapsed tim e required fo r the onset o f crack growth. A  schematic diagram depicting the 

appearance o f the incubation and growth periods is shown in  Figure 4.9.

Upon examining Figures 4.4 through 4.8, it appears that fo r a fixed stress value, t _/s0, an 

increase o f the damage parameter, p, and/or a decrease o f the ratio, H/G, w ill lower both the 

time needed fo r the onset o f crack growth and the time needed fo r failure. In  particular, the 

effect o f in itia l crack length, ao, in  speeding up the crack growth can be noticed. It is also 

clear from  examination o f these Figures that an increase in  the stress level, t_/so, corresponds 

to a decrease in  the tim e required fo r the onset o f crack growth and failure. This decrease 

w ill be even more pronounced when the increase in  the stress level is associated w ith an 

increase in the damage parameter, p, (and/or a decrease in  H/G), which implies a faster reach
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to the onset o f crack growth and crack instability.

The variations o f the elapsed tim e required fo r the onset o f crack growth, tj, and the 

elapsed tim e required fo r failure, tf, w ith external stress, t _ ,  are shown in  Figures 4.10 and 

4.11, respectively. As expected, lower stress level is needed to cause crack growth fo r 

decreasing values o f the creep exponent n. The variations o f t, and tf w ith  (psoa</G) are 

shown in  Figures 4.12 and 4.13, respectively. The curves show how the elapsed tim e 

required fo r the onset o f crack growth, t,, and the elapsed tim e required fo r failure, tf, vary 

w ith the damage parameter, p, in itia l crack length, ao, external stress level, (x_/s0), and the 

creep exponent, n. It is clear that the elapsed time required fo r the onset o f crack growth and 

the tim e required fo r failure increase w ith reduced values o f the m aterial parameter, 

(Ps0ao/G), and/or values o f the creep exponent, n. Figures 4.14 and 4.15 demonstrate the 

variation o f the creep exponent, n, w ith the elapsed tim e required fo r the onset o f crack 

growth, t,, and the elapsed tim e required for failure, t^ respectively, fo r stress levels varying 

in the range, (zJso)=0.3 and (zJsq)=0J. N o significant change in  the elapsed times tj and tf 

occur fo r values o f n greater than 10.

To demonstrate the effect o f material parameters and external stress on a particular creep 

exponent, Figures 4.16 thru 4.22 are developed fo r n=3. Figures 4.16 thru 4.18 show the 

normalized length o f the crack, a(t)/a<„ versus tim e fo r different combinations o f material 

parameters. In  Figure 4.16, the effect o f material parameter, (ps0ao/G), ranging from  2.0 to 

16.0, is shown fo r constant stress level and modular ratio. It is clear that increasing the 

material parameter corresponds to a decrease in the elapsed time required fo r failure. Figure

4.17 depicts the influence o f the external stress ratio, (tjso), ranging from  0.3 to 0.7, fo r
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constant material parameter and modular ratio. The figure shows that an increase in  the 

stress level w ill accelerate the damage process and result in  a reduced elapsed time. Figure

4.18 demonstrates the effect o f the modular ratio, H/G, ranging from  5.0 to 40.0, for constant 

stress level and material parameter. Contrary to the influence o f m aterial parameter and 

stress level, a decrease o f the modular ratio, H/G, corresponds rather to a decrease in  the 

elapsed time, as displayed by Figure 4.18. These findings are reiterated in  Figures 4.19 thru 

4.22. The variations o f the elapsed tim e required fo r the onset o f crack growth, t,, and the 

elapsed time required fo r failure, tf, w ith external stress, x_ are depicted in  Figures 4.19 and 

4.20, respectively. The stress level, (x./s0), is shown versus t; and tf, fo r different values o f 

material parameter, (psoao/G), ranging from 2.0 to 16.0, fo r H/G=10. The influence o f the 

external stress ratio, on the elapsed tim e to the onset o f crack growth, tj, and the

elapsed time to failure, tf, is demonstrated in  Figures 4.21 and 4.22, respectively. The 

material parameter, (psoao/G), is shown versus tj and tf, fo r H/G=10.0. Figures 4.16 thru 4.22 

reveal that the elapsed tim e required fo r the onset o f crack growth, tj, and the elapsed time 

required fo r failure, tf , reduce when there is an increase in  the external stress ratio, ( t _/s0) ,  

and/or the material parameter, (psoao/G). On the other hand, when H/G decreases, there w ill 

be a faster reach to the onset o f crack growth time, tj, and the elapsed tim e required to cause 

failure, tf.
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incubation period growth period

Figure 4.9 Principal appearance o f the incubation and growth periods.
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4.4.2 Theoretical Instability Time

Considering the fact that the crack grows in to  the material at a ll the tim e w ith  damage D0, 

the theoretical instab ility tim e, *R> is obtained by setting s_= Sq. Using equations (4.7) and 

(4.10), it  fo llow s that:

=  [1 - ( t./S o) ^ ] / [ ( »  + 1 )k (t./S o)# ] (4.23)

The instab ility  time in  equation (4.23), does not depend on the existence o f a crack but 

is purely a creep phenomenon satisfying the assumption that the crack growth is not 

influencing the external stress. The instab ility  tim e, tR, is shown as the top curve in  Figure

4.23, where log (tJsq) is plotted versus log t^  fo r material parameters (psoao/G) = 6.0, H/G 

=10.0, k = 01 and & = 0.8. However, fo r high values o f (ps0a</G), low  values o f H/G , and/ 

or high external stress, the crack grows to very large size compared w ith the in itia l crack 

length before the theoretical instability tim e, t^  is reached. Therefore, tR is not a relevant 

measure o f the fracture tim e, because a real, macroscopic crack seldom has the possib ility 

to grow to such large size under a state o f constant stress. Considering this fact, log ( t _ /  s0) 

is plotted versus log tj, fo r different values o f the creep constant, n= l to n=100, in  Figure

4.23, where t2 is the time needed to double the in itia l crack length, i.e., a(t2>=2 ao- It is 

interesting to note that a longer time is required to double the in itia l crack length fo r reduced 

values o f the creep exponent, a readily established fact o f the previous analysis. It  is also 

clear that the dependence o f the time t2 on the creep exponent, n, is very m ild. On the other 

hand, the theoretical time tRis independent o f the creep exponent, n, as indicated in  equation

4.23, It should be noted that the theoretical tim e curve in  Figure 4.23 envelopes the curves 

corresponding to different values o f n. Upon further examination o f Figure 4.23, it is worth
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noting that at high stresses, the crack growth instability dominates, but at low  stresses the 

creep damage instability prevails.

A  theoretical instability time curve and also the time t, required to double the in itia l crack 

length are plotted versus the external load ratio, (t„ /  s„), to show the influence o f different 

material parameters for a creep exponent, n =  3, in  Figure 4.24. An important aspect shown 

in  Figure 4.24, is the influence o f the material parameter and the modular ratio. A  decrease 

in  the elapsed time is observed corresponding to an increase in  the material parameter and/or 

a decrease in  the modular ratio. The theoretical time curve in  Figure 4.24 is the envelope o f 

a ll the tim e curves generated fo r different material parameters.

It  is interesting to note that the theoretical tim e curves in  Figures 4.23 and 4.24 have an 

asymptotic slope o f -1/ & in  the log-Iog plo t when tR —►». It can be shown using equation 

(4.23), when tR -+ » , that:

d [ log ( t . /  Sq) ] /  d Gog ^ ) = -1/ & (4.24)

From equation (4.23) this condition is satisfied when (t.  /  s0 ) —► 0. In  the present 

calculations the slope o f the theoretical tim e curve is found to be -1.25. In  mode I 

calculations, in  Chapter 5, a different value fo r ft is used to demonstrate the va lid ity  o f 

equation (4.24).

The main conclusion o f the analysis is that the continuous damage model considered in  

this dissertation, predicts creep rupture curves which are w ell known from  creep rupture 

tests.
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5 DAMAGE FIELD FOR A CRACK SUBJECTED TO 

TENSILE LOADING (MODE I)

5.1 Introduction

This Chapter is concerned w ith the damage fie ld  near the tip  o f a stationary crack subjected 

to tensile loading under plane strain conditions. A  material w ith  a power hardening stress- 

strain relationship is considered. As mentioned previously, the strain concentration near the 

tip  o f a crack leads to nucleation, growth, and coalescence o f microcracks or micro voids in  

the material and may lead to crack instability and growth. Consequently, the constitutive 

behavior o f the m aterial near the crack-tip becomes different from  that o f the material far 

away from the crack-tip. A  damage variable, which represents the remaining load bearing 

area o f the cross-section, is introduced to describe the mechanical effect o f distributed 

microscopic damage. Damage is assumed to accumulate inside the plastic zone and cause 

the crack to grow and propagate. The constitutive equations o f sm all-strain deformation 

theory o f plasticity coupled w ith  continuum damage and the appropriate boundary conditions 

are used to derive the governing equations. Since the governing d ifferentia l equation is 

nonlinear, its integration has been performed numerically by treating the problem as an in itia l 

value one, and the leading term o f the asymptotic expressions fo r displacement is 

determined.

Section 5.2 contains a b rie f summary o f the basic mathematical equations required fo r the 

analysis. This follow s closely the work o f Hutchinson [12] and Rice and Rosengren [13]. 

Section 5.3 is concerned w ith  the damaged material governing equations. In section 5.4, a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



92

damage-zone is postulated as a circle, centered at the crack-tip. Section 5.5 describes the 

conditions necessary fo r the onset o f crack instab ility  under small-scale yielding and large- 

scale yielding conditions. A  critica l stress is determined as a function o f crack length and 

a material parameter. The remotely applied stress, am, is found to be, like  the anti-plane 

mode case, proportional to a0' l/(l*M), where ao is h a lf o f the original crack length, and fo r n = l, 

this result reduces to G riffith 's classical result The developed criterion fo r crack instab ility 

is noted to depend on Poisson's ratio, v. Section 5.6 deeds w ith  fatigue crack propagation 

under cyclic tensile loading. For given m aterial parameters, the number o f load cycles 

required fo r the onset o f crack propagation, N j, and the number o f cycles required fo r failure, 

Nf , are determined. Section 5.7 describes time-dependent crack propagation under steady- 

state creep conditions. For specific material parameters, the elapsed time required to cause 

onset o f crack growth, tj, and the elapsed tim e required to cause failure, tf, are determined.
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5.2 Summary of Basic Equations

Consider a homogeneous body containing a traction free crack o f length 2ao, subjected to a

two dimensional deformation fie ld under plain strain conditions, as shown in  Figure 5.1,

where a ll stresses depend on x and y only. In  terms o f polar coordinates, r  and 0, measured

from the crack-tip, the in-plane strain tensor, eg, and the corresponding stress tensor, ay, w ith

i, j  = r and 0, must satisfy the com patibility and equilibrium  equations, namely:

r '2 (d2 zJdQ*) - r 1 (dzjdr) + r ‘ (^ !d f)[rzw ]- 2 r '2 (3/dr) [ r  dzJdQ)] = 0 (5.1)

and;

(do, /dr) + (1 /r) ( d a jt t )  + (a , - a j/ r  = 0 (5.2a)

(1 /r) (daJdQ) + (dojdr) + (2 a J r )  = 0 (5.2b)

An elastic-plastic material obeying a linear relation to the yield point (o0 ,e0) and a power- 

hardening law thereafter, namely:

e/e0 = (o /o 0) n (5.3)

is assumed fo r the component. The yield stress, o0, and yield strain, e0, are related by o„ = 

E e0, w ith  E being the Young’s modulus and n is the strain hardening exponent. The stress- 

strain relationship is expressed as:

eg = [(1 + v)cy ] + [(1 - 2v)0|cjt6y /  3E] , z < e0 (5.4a)

Eg = [(1 + v)gg] + [(1 - 2v)okk6g/  3E] + {[ SbqC.j/C 2o0 )][o e/o0] n’1} , z >  e„ (5.4b)

where cy and ae are the deviatoric stress and the von Mises equivalent stress given, 

respectively, by:

Cy = Oy - (Ou/3) 6y (5.5)
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oc = {[(3 /4 ) (on - ooe)2 ] + So,,,2} w (5.6)

where (ou/3) is the hydrostatic component o f the stress tensor, 6;j, is Kronecker delta and v 

stands fo r Poisson's ratio. In  the vicin ity o f the crack-tip, the elastic strain can be neglected 

and equation (5.4b) reduces to:

H  = [  3e0c,j/( 2a0 )][a e/o0] - ' (5.7)

The equilibrium  equations are satisfied by introducing the usual A iry  stress function, a, 

where:

a„ = r '2 (d2a /BO2) +  r '1 (da /dr) (5.8a)

Oae = d2a> /dr2 (5.8b)

0,0 = (d /dr) [ r-‘ (da /a©)] (5.8c)

The partia l d iffe rentia l equation governing the stress function, a, can be obtained by 

elim inating the strains from  the com patibility equation (5.1) after using equations (5.6) 

through (5.8). This yields:

v4 Co + {r2 (d^de2) - r l (d/dr) - r ‘ [a2(r)/ar2]}.{o en-1 [r1 (da/dr)+ r 2 (d2a/dQ2) - (a War2)]}

+ 4 r*2 (d/de) {(d/dr) [ r o f 1 (d/dr) (da/dd) ]}  = 0 (5.9)

Equation (5.9) is solved over the interval 0 e [0, it], r e [0, »] subject to the boundary 

conditions which ensure a solution corresponding to symmetrical deformation relative to the 

crack line. Traction-free crack surfaces require oM and ort to vanish at 0= n, so th a t:

to ( it) =  a' (it) (5.10)

Symmetry o f deformation requires that o**, dajdd, and da^dd a ll vanish at 0 = 0, leading to 

further requirements:

co’ (0) = com (0) (5.11)
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Here, prime indicates differentiation w ith respect to the variable 6.

In  order to obtain an asymptotic solution o f equation (5.9), Hutchinson [12] introduced the 

follow ing expression fo r the stress function, &>:

g> = C,(0) r» + QCe) r< (5.12)

where C, and C2are constants that depend on 0, the angle from  the crack plane, and p and q 

are arbitrary constants. He showed that [12] the dominant term assumes the form :

co = x c „rp a(0) (5.13)

where x is the amplitude o f the stress function and ©(0) is a dimensionless function o f 0. 

Except for its amplitude, x, the dominant term is determined entirely by the nonlinear terms 

in  the governing differential equation (5.9). Form ally, this follows from  a substitution o f 

equation (5.13) into (5.9). W ith the biharmonic term omitted, equation (5.9) is homogeneous 

in  both co and r and derivatives w ith respect to r. For this reason, an exact separation o f the 

nonlinear terms in  equation (5.9) is accomplished by the term assumed in  (5.13). The 

resulting equation, which is homogeneous in © and is associated w ith the homogeneous 

boundary conditions given is equations (5.10) and (5.11), is in  the form  o f an eigenvalue 

equation fo r p:

[(a2 /302)-n(p-2){n(p-2)+2}].[«“-,{p(2-s)a (0) +  ©" (0 )}]

+ 4 (p -l){n (p -2 )+ l}(« “-' ©' (0))’ = 0 (5.14)

where:

&(0) = {(3/4) [© " -p2 ©]2 + 3 [ (1-p) ©' ]2}1/2 (5.15)

and the nonlinear eigenvalue problem given in  equations (5.14) and (5.15) is solved 

numerically to determine ©. Hutchinson [12] numerical analysis also indicated that p could
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be described quite accurately by a simple form ula o f the form :

p = (2n+ l) /( n  + 1) (5.16)

This completes the review o f the Hutchinson [12] and Rice and Rosengren [13] solution 

which popularly has entered the literature as the HRR stress-strain fie ld  near the crack-tip. 

S im ilar formulation w ill be used in  the sequel to determine an asymptotic expression fo r the 

displacement in  the damage-zone.
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5.3 Damaged Material Governing Equations

In  this section, the concept o f continuum damage mechanics coupled w ith  the basic equations 

o f the previous section are used to obtain an asymptotic expression o f the displacement 

components near the crack-tip using small-scale yielding solution. Introducing Kachanov 

damage parameter, one can w rite:

o = s (1-D) = Qs (5.17)

where s is the net stress, Q is the continuity function, and D is the damage parameter as 

defined in Chapter 2. In  the damaged material near the crack-tip, using Lemaitre's strain 

equivalent principle, the power-Iaw equation (5.3), the stress-strain re lation (5.7) and the 

stress function equations (5.13) can be w ritten, respectively, as:

e/e0 =(S/So)" (5.18a)

eg = [3e0sl7/(2QSo)][se/QSo]'"1 (5.18b)

g> = x Qsorpa(0) (5.19)

where s0 is the effective (net) y ie ld  stress, s;j is the effective deviatoric stress and se is the 

effective von Mises equivalent stress.

The amplitude, x, however, cannot be obtained w ithout connecting the near-tip analysis w ith 

the remote boundary conditions. The J-integral provides a simple means fo r making this 

connection in  the case o f small-scale yielding. For a traction free crack in  plane strain (or 

plane stress) w ith the crack lying along the x-axis, the J-integral is defined as:

j  = Jr [We dy - T . (au/ax) dfl] (5.20)

where T  is the traction vector on the counterclockwise contour r  (Figure 5.1), defined
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according to the outward normal, T, =  aV} np u is the displacement vector, H is arc length, and

We denotes the energy density o f an elastic material.

Consider two circular contours o f radii r, and r2 around the tip  o f a crack in  small-scale 

yielding, as illustrated in  Figure 5.2. Assume that r, is in  the region described by the elastic 

singularity, while r2 is w ell inside the plastic zone. Due to  the path-independence o f J, the 

near-tip problem fo r small-scale yielding can be solved by evaluating J at r2 and relating J 

to the amplitude, x. Evaluating the J-integral at r, leads to:

J = Jri [W e dy - T . (du/dx) dfi] =  Kr2 (1-v2) /  E (5.21)

where K t is the stress-intensity factor for Mode I.

Evaluating the J-integral at the circular contour o f radius r2 leads to:

We = Qsoe0x * l [n/(n+l>] r,0* 1*^ ) (5.22)

where o is defined in  equation (5.15).

The radial and tangential displacements, u,. and Ug, are readily found using the strain- 

displacement relations, namely,:

e„ — dUf /  dr (5.23a)

aUo/80 = r ew - ^  (5.23b)

Using equations (5.6), (5.7), (5.8), (5.19) and (5.23), one can w rite:

T  (au/Sx) = Qs0e0 x ^  {sin  6 ([pa(0) + o "(0 )][u e -u 'r ]-(l-p )t9 '(0 ) (ur+u'0))

+ cos 0 [n  (p-2) + l][(p a (0 ) + t3"(0))Or + (p (p - 1) ta (0))u„]} (5.24)

where ur and 0e are dimensionless displacement functions, related to the polar components

o f the displacement, ^  and u ,, by:
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Figure 5.2 Two circular contours around the crack-tip. r, is in the zone 
dominated by the elastic singularity, while r, is in the plastic 
zone where the leading term o f the HRR asymptotic expansion 
dominates.
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ur= e 0x nrn(P-2>H 6r (0) (5.25a)

Ug = e0 x 0 rn(p‘2>H uB (0) (5.25b)

The quantities ur and uB can be derived from the strain displacement relations fo r e^and 

as:

ur =  [(3/4) a"*1 /  (2 -p)][a" + p(2-p) a  ] (5.26)

3u8/a0 = [p -3 ]u r (5.27)

Evaluating the J-integral at r2 gives:

J = e0QSoX 0+1 In (5.28)

where In is an integration constant given by:

In = J-*' {[n /(n + l)] d -1 cos 0 -[sin  0 ([p©(0) + o "(0 )][u „ -u’r ]-(l-p )ta ’(0) (ur+u’B))

+ cos 0 [n (p-2) + l][(p o (0 ) + a"(0))ur + (P (P - 1) ® (0))u9]]}  d0 (5.29)

The J-integral in  equation (5.28) must equal the value obtained from  the r, integration

according to equation (5.21), in  order fo r J to be path independent, thus:

e0QSo x ■*' 1 In = K ,2 (1-v2) /  E (5.30)

and this condition can only be met (as r2 —► 0) if:

p = (2n+  l) /( n +  1) (5.31)

which is identical to equation (5.16), obtained num erically, also by Hutchinson [12].

Thus the amplitude o f the stress function is given by:

x = [K ,2(1-v2) / (EeoQSo (5.32)

Substituting equation (5.32) into equations (5.25a) and (5.25b), the leading terms o f the 

displacement components, fo r a damaged material, are obtained, in  terms o f J-integral as: 

ur = e0[J /(e 0Qs0 In) r (- ”  r " * - ”  ur (0) (5.33a)
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Ue =  e„[ J / (e0QSo In)]n/(̂ I) r,/(ltH> i5B (0) (5.33b)

The numerical values o f ur (0), ue (0) and I„ for different strain hardening exponents are given 

by Shih [46].

In the sequel, equations (5.33) w ill be used to describe the damage law assumed in  this 

dissertation and the criterion fo r the onset o f crack instability fo r the small-scale y ie ld ing  and 

the fully-plastic solutions. A lso, based on the small-scale yielding solution, the criteria fo r 

fatigue crack growth and steady-state creep crack growth are investigated.
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5.4 Determination of Damage-Zone

Precise estimates o f the size o f the plastic zone ahead o f the tip  o f a crack subjected to mode 

I are d ifficu lt to make. In  this section, a review o f the efforts o f estim ating the plastic zone 

size in  the literature is presented, and plastic zone shape and size are then postulated and used 

as the damage-zone.

It is clear from  equation (5.33a) and (5.33b) that the intensity o f the crack-tip fields in  the 

J-dominant region depends only on the parameter J. Interpreting J not as an energy release 

rate but as a measure o f the intensity o f the HRR fields forms the basis o f plastic fracture 

mechanics. Let R in  Figure 5.3 denote the radius o f the zone o f dominance o f the HRR fie ld, 

and R, denote the characteristic size o f the fracture process zone where nonproportional 

loading, large strains, and other phenomena associated w ith  fracture occur, but are not 

properly accounted fo r in  a small strain deformation theory o f plasticity. I f  R, is small 

compared to R, it  can be argued that any event that occur w ith in  the process zone must be 

controlled by the deformation in  the surrounding "J-dominant" region. Therefore, where J- 

dominance exists, the in itia tion  and growth o f a crack can be expected to be governed by a 

c ritica l value o f J. In  the discussion that follows the crack opening displacement plays an 

important role. A ttention is focused, firs t, on a v irg in  m aterial, and the conclusion is then 

extended to the damaged material. Except fo r the lim iting  case o f perfect plasticity (n = »), 

the displacements tend to zero w ith r at 0 = 0. Due to th is property, the defin ition o f an 

effective crack-tip opening displacement is somewhat arbitrary. Tracey [47] used the 

definition, as illustrated in  Figure 5.4, that the crack-tip opening displacement, 6V is the crack 

opening at the intercept o f the two symmetric 45* lines from the deformed crack-tip and the
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Figure 5.4 D efinition o f crack-tip opening displacement [47].
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crack profile . Shih computed this value and the result is [20]:

6t = d„ J /  o„ (5.34)

w ith  values o f d,, ranging from  about 0.8 fo r large n to about 0.3 fo r n=3. The crack-tip 

opening displacement provides a measure o f the size o f the zone in  which fin ite  strains are 

important. Finite element studies based on fin ite  strain incremental p lasticity form ulations 

have been performed fo r the plane strain small-scale yielding problem [48,49]. For distances 

from  the crack-tip that are greater than 2 or 3 times 6t, the deviations from  sm all-strain 

theory become unim portant

Hutchinson [50] postulated that two conditions are required fo r J-dominance. First:

Second, the radius R should be greater than the fracture process zone in  which the 

microscopic separation processes occur. The fracture process zone extent is typ ica lly on the 

order o f 6t fo r ductile rupture [51]. The predominant ductile fracture mechanism is void 

nucleation, growth, and coalescence. Since hole growth is itse lf a fin ite  strain process, the 

fracture process zone fo r this mechanism is roughly comparable to the zone o f fin ite  strains, 

and therefore equation (5.35) again serves to ensure J-dominance.

The characteristic size R o f the zone o f dominance o f the HRR singularity fie ld  depends 

strongly on hardening as shown by Rice and Rosengren [13]. From the expressions o f the 

Mises equivalent shear stress, x, and shear strain, y, they determined the approximate 

distance from  the crack-tip to the elastic-plastic boundary R(0) as:

where R(0) = R(0;J,n). From equation (5.36), one immediately sees that R(0) gives the shape

R > 3 6t (5.35)

x = xo [R (0 )/r]I/(ttH) , y = Y„[R (0 )/r ], /<n+I) (5-36)
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o f constant equivalent strain lines very near the crack-tip and that R(0) can be interpreted as 

an approximate indication o f the distance from  the crack-tip to the elastic-plastic boundary 

(approximate since HRR solution gives the singular term only, and not o f necessity the 

complete solution in  the plastic region).

Figure 5.5 shows the nondimensional distance [ y ot oR ( 0 )  /  J ] fo r different values o f n. 

One noteworthy feature o f this figure is the strong dependence o f R(0) on the strain 

hardening. It also indicate that the plastic zone engulfing the crack-tip in  plane strain mode 

I cracking is elongated in  shape and not a circular zone like that o f the anti-plane case (mode 

III) , even fo r small-scale yielding. Additional details are available in  Rice [52].

Numerical solutions in  small-scale yielding indicate that the HRR singularity fields 

provide a fa irly  good approximation out to a distance ahead o f the tip  o f roughly [50] :

where rp is the distance to the elastic-plastic boundary fo r linear-elastic fracture mechanics. 

Expressing rp in terms o f the J-integral, fo r plane strain, yields:

It is recognized that the extension o f the plastic zone ahead o f the tip  o f a crack, subject to 

mode I  in  plane strain, is o f elongated oval shape. However, fo r convenience o f calculations, 

the damage-zone in  this dissertation is postulated as a circle o f radius (0.25 rp), centered at 

the crack-tip. This assumption is substantiated by equation (5.37) introduced by Hutchinson. 

Therefore, fo r a virg in  material, the plastic zone size, C, is given as:

R = (0.2 to 0.25) rp (5.37)

rp = (1/3-rc) [ J /  (a0)2 ] [  E / (1 - v2) ] (5.38)

C = (l/12 ic) [ J /  (o0)2 ] [ E /  (1 - v2) ] (5.39a)

In the damaged material, it follow s that the distance C becomes:
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C = (1/ l l n s j  (J /  So) [  E /  (1 - v2) ] Q-2 (5.39b)

where Sq is the net yield stress o f the material. It should be noted that the size o f the damage- 

zone given in  equation (5.39b) is not dependent on the strain hardening exponent fo r the 

small-scale yielding solution. The effect o f this independence w ill be addressed in  the 

discussion o f numerical results o f crack instability criterion in  Chapter 6.
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5.5 Criterion for Crack Instability

In  th is section, the concepts o f continuum damage mechanics are applied to the stress and 

displacement fields derived earlier to determine the conditions required fo r the onset o f crack 

instability. The damage is confined to the damage-zone postulated in  the previous section, 

whose radius is given by equation (5.39b). Any uniform  damage induced outside the zone 

is neglected. Inside the zone, the continuity function, Q, is assumed to take constant values. 

Inside the damage-zone, the tensile stress is given in  terms o f the net (effective) yield stress: 

<>;= S o[l-A .U i] (5.40)

where Uj is the HRR displacement given by equations (5.33a) and (5.33b), fo r i = r  and i = 

0, respectively, and k is the damage parameter defined in section 2.3. In  particular, equating 

the value o f the exact tensile stress given by equation (5.40) to the approximate stress, Qs0, 

at (r, 7t/4), w ith  r  set equal to C in  equation (5.39b), yields:

(1- Q) = (A.Sq /  E) .[J / So] q-K-*w >I £(n) (5.41)

where,

5(n) =  e0' 1.[ [12 it (1 - v2) ] '1' ^  [u ^ /4 ) + 0B(it/4 )] cos (ir/4 ) (5.42)

The measure o f damage, D, is computed from  the crack-tip opening displacement, 2 u /r, 

7t/2), w ith setting r  =  C, which yields:

D = (A.So /  E) .[J / So] Q-[(n+2)/(nH)> C(n) (5.43)

where,

C(n) = 2. e0'1. [ Inr /(rtH) [12 *  (1 - v2)] [5 ,(it/2 )] (5.44)

The criterion fo r the onset o f crack instability is established by requiring D (r,jt/2) in equation

(5.43) to approach unity and using equation (5.41) to elim inate the continuity function, Q.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



I l l

The result is:

(Aso /  E) .[J /  so] = {1 - R(nyc(n)]}^2)/ C(n) (5.45)

A  noteworthy feature demonstrated by equation (5.45), combined w ith equations (5.42) and

(5.44), is the effect o f Poisson's ratio, v, on the onset o f crack instability criterion. This 

dependence w ill be further discussed in  Chapter 6.

In  the rem aining part o f this section, equation (5.45) is used to predict the onset o f crack 

instability fo r external loading characterized by the small-scale yielding and the fu lly  plastic 

solution.

5.5.1 Small-Scale Yielding Solution

For small-scale yielding, the J-integral is replaced by the elastic stress-intensity factor, 

namely, J = (1 - v2) K t 2 /  E = rc (1 - v2) a }  a<j /E . Substituting in  equation (5.45), the 

fo llow ing condition fo r the onset o f crack instab ility  is obtained:

(Xsoao /  E ) .[ti (1 - v2) e0 ] (o A )2 = {1 - K (n )/f(n )]}^ 2>' (n+,V £(n) (5.46)

In order fo r small-scale yielding to be valid, (o js j) has to be less than about 0.5. It is clear 

that equation (5.46) confirms G riffith 's classical result, namely, o_ is proportional to a,,"-5. 

The constant o f proportionality in  equation (5.46) is a material parameter. It is w orthy to 

note that the same result was obtained in  section 2.4.1 fo r the small-scale yielding solution 

fo r the anti-plane case (mode H I), where equation (2.42) which describes the crite rion fo r 

crack instab ility  in  mode HI, resembles equation (5.46) fo r mode I.
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5.5.2 Large-Scale Yielding Solution

The analysis that leads to the HRR singularity does not consider the effect o f the blunted 

crack-tip on the stress fields, nor does it  take account o f the large strains that are present near 

the crack-tip. As mentioned earlier, this analysis is based on small-strain theory, which is 

the m ulti-axia l equivalent o f engineering strain in  a tensile test.

McMeeking and Parks [53] performed crack-tip fin ite  element analyses that incorporated 

large strain theory and fin ite  geometry changes. Some o f their results are shown in  Figure 

5.6, which is a plot o f stress normal to the crack plane versus distance. The HRR singularity 

is also shown on this plot. Note that both axes are nondimensionalized in  such a way that 

both curves are invariant, as long as the plastic zone is small compared to specimen 

dimensions. The solid curve in Figure 5.6 reaches a peak when the ratio xo0 /  J is 

approximately unity, and decreases as x —► 0. This distance corresponds approxim ately to 

tw ice the crack-tip opening displacement, 6t. The HRR singularity is inva lid w ith in  this 

region, where the stresses are influenced by large strains and crack blunting. However, Shih 

fin ite  element analysis [20] uses the HRR solution to evaluate displacements w ell w ith in the 

large strain region. Crack-tip fin ite  element analyses [20] are in general agreement w ith 

equation (5.34). Thus the displacement fields predicted from  the HRR theory are reasonably 

accurate, despite the large plastic strains at the crack-tip.

The extension to large-scale yielding involves using the fu lly  plastic solution fo r Rice's 

J-integral in  equations (5.41) and (5.43). For convenience, the damage-zone extension in  

large-scale yielding is assumed to be the same as that postulated in the previous section fo r
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small-scale yielding. The fu lly  plastic J fo r the damaged material can be obtained along the 

same lines developed by Kumar et a l. [19]. For a crack o f length 2ao, in  an in fin ite  strip o f 

w idth, 2W, subjected to a constant stress, ct„, at the remote boundary, under fu lly-p lastic 

conditions, when the plastic zone has reached across the entire uncracked ligament, b, it  can 

be shown that:

J /sq = (Soao/E) (o./so)1̂ 1 (b/w ) h, (n) Q n (5.47)

where h, (n) is a function o f the strain hardening exponent and geometry [19 ], whose 

numerical values are given in  Table 5.1, fo r (ao/W) = 0.125.

Table 5.1

Numerical values o f the function h, (n) in equation (5.47)

n h ,(n )

1 2.8

2 3.61

3 4.06

5 4.35

7 4.33

10 4.02

13 3.56

16 3.06

20 2.46

Substituting equation (5.47) into equation (5.43) and setting the damage parameter, D, to 

unity, the follow ing relation is reached:

Q =  { (  Xs0 a o /E )  ( o . /S o ) (n+I)e0 (b/w) h, (n)C (n)}m (5.48)
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where the superscript, m, is given by: m = (n + l) /  (n2 + 2n + 2).

Setting the exact and approximate stress equal at 0 = tc/4, one can w rite:

Q = 1 - ( A.Soao/E) (o. / sq) ^ 0. e„ (b/w ) h, (n).£(n) Q *B (5.49)

E lim inating Q from equations (5.48) and (5.49) results in:

(A-Soao/E) (o. / sq) ^ 0 [e0 (b/w) h, (n) ] =  {1 - [5 (n )/((n )]}m/ ((n) (5.50)

Equation (5.50) shows that o. is proportional to a^17 (l̂ °, which is s im ila r to the result 

obtained in  section 2.4.2 fo r the anti-plane mode. It is interesting to note that fo r n = l, this 

result reduces to G riffith  crack, namely, a . is proportional to â 0-5, which was also observed 

fo r mode IQ. Equation (5.50) is va lid  fo r values o f ct. /S q in  the range 0.5 to 1.0.

Numerical evaluations o f conditions (5.46) and (5.50) are carried out and discussed in 

Chapter 6.
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5.6 Fatigue Crack Propagation

Based on the small-scale yielding solution, fatigue crack propagation under cyclic tensile 

loading varying from  0 to is investigated in  this section. An instantaneous damage 

increment is accumulated in  the circular damage-zone in  each cycle. No damage is caused 

upon unloading from  o . to 0. W ithin the postulated damage-zone, the damage increment, 

AD, per each cycle o f loading is proportional to the crack opening displacement 

(displacement components normal to the crack plane). In the follow ing calculations, r is set 

equal to C given in  equation (5.39b).

Denoting by D (r, 7t/2), the damage at a point (r, n/2) from  the crack-tip, it  follows that 

after N  load cycles:

D (r, n /2 ;N ) = D(r, « /2 :N -l) + t|. u,.(r, n/2; N) (5.51)

where r\ is the same damage parameter, defined in section 2.5, and D (r, n /2 ; N) is a function 

o f the continuity function, Q.

To obtain a value o f the continuity function, Q, the exact and the approximate principal 

stresses are set equal at (r, it!4), i.e.

Q(N) = 1 - D(r, ir/4  ; N) (5.52)

where now D (r, i t l4 ; N ) is given by:

D(r, n /4 ; N) = D(r, t c /4 ;N-1) + ̂ .[^ (r, t c /4 ;N) + u„(r, ir/4  ;N )] (1 /  /2 )  (5.53)

Combining equations (5.33), (5.52), and (5.53), one can w rite:

Q(N) = 1 - Oisoa* /  E ) .[it (1 - v2) e0 ]n/(rtH) (o js0f  5(n)

.{[Q-K«*-2)/0H-‘ )I ( N - l ) ]  +  [Q "K tH-2)/(ir+I)| ( N ) ] }  ( 5  5 4 )

For N = 0, there is no damage and Q =l, while corresponding to N = 1, there is instantaneous
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damage accumulated in  the damage-zone, whereby, the extent o f this zone and the crack 

opening displacement w ith in the zone can be evaluated. The extent o f damage-zone ahead 

o f the crack-tip is obtained from  equation (5.39b) as:

C(N) = (1/12*) (K , /Q (N) So)2 (5.55)

For each cycle o f loading, u ^ r, tc/2), u ^ r, tc/4), (r, tc/4),Q(N) and C(N), are calculated

using equations (5.33) and (5.52)-(5.55). As previously mentioned, Figure 2.4 depicts a 

schematic description o f the crack growth criterion, where D (r, 0; N ) is shown versus r, the 

polar distance ahead o f the crack-tip. For N=1 and N=2, where D(r, tc/2;N) is less than unity, 

a(N) = ao, the in itia l crack length. Next, the number o f cycles is increased by one and Q(N) 

o f the previous step is used to update u^r, tc/2), u,.(r, tc/4) and u,, (r, tc/4). By using equations 

(5.51)-(5.55), an iterative procedure is repeated un til D (r, tc/2;N) assumes a value slightly 

above one (1+), then the crack has grown during the actual cycle.

The new crack length, a, which is found from  the condition:

E K a * , N ) = l .  (5.56)

is incrementally computed from :

a*j = ao +- da^ (5.57)

where:

da*, = [1 - {1 /D (r, tc/2 ;N )}] C(N) (5.58)

Using the new crack length given by equations (5.57) and (5.58), the iterative process can 

be repeated to obtain the fina l values o f a(N), C(N), w(r, 0 ;N ), D (r, 0 ;N) and Q(N) at which 

instability is reached, i.e., the critica l crack length to cause crack propagation is reached.
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Numerical calculations have been carried out and the influence o f strain hardening and 

m aterial parameters on the variations o f load cycles w ith  the critica l crack lengths are 

presented in  Chapter 6.
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5.7.1 Introduction

Time-dependent fracture in  terms o f a damage variable due to steady-state creep crack 

growth, under mode I  conditions, is considered in  this section. Creep is assumed to be 

a rtific ia lly  confined to a narrow region ahead o f the crack-tip fo llow ing the idea o f Dugdale 

crack model [24]. Hence, the structural component is assumed to be predominantly elastic, 

and the steady-state creep zone and the resulting damage fie ld  is confined to a sm all region 

near the crack-tip. In  this case, the crack growth can be characterized by the stress-intensity 

factor [41]. By lim itin g  the analysis to small-scale yielding and to power law creep o f the 

Ramberg-Osgood form , steady-state or secondary creep is prevalent.

Section 5.7.2 contains a b rie f summary o f the basic mathematical equations required for 

the analysis o f steady-state creep under mode I conditions. Section 5.7.3 deals w ith  creep 

crack growth under constant load. For given material parameters, the elapsed tim e required 

fo r the onset o f crack growth and the elapsed time required fo r fa ilure are determined.
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5.7.2 Time-Dependent Basic Equations

The constitutive equations used in  the time-dependent case express the rate o f growth o f 

deform ation and damage for steady-state, or secondary, creep. The time-dependent 

deformation is characterized by the strain rate. As noted by Goldman and Hutchinson [44] 

and adopting H offs analogy [45], for a creep law o f the form :

e/e0 = (o/o0)n (5.59)

the constitutive equations have the same form  as the equations governing the rate-insensitive, 

power law strain hardening material. Here, n is the creep exponent o f the material and a dot 

on top o f a letter indicates differentiation w ith respect to time. Thus, the formulas developed 

in sections 5.3 and 5.4, describing the displacement fie ld  and plastic zone extension ahead 

o f the crack-tip, a ll continue to hold i f  the strain, c, is replaced by the strain rate, e, and the 

displacement, Uj, is replaced by displacement rate, Uj.

Introducing Lemaitre's strain equivalence principal to equation (5.59), one can w rite: 

e/e0 =(s/sof (5.60)

For time-dependent deformation, the reference stress, o„, is related to the reference strain 

rate, e0, fo r a v irg in  material, by the relation:

o0 = F.e„ (5.61)

where F is a time-dependent material parameter.

The deformation is composed o f one instantaneous part and one time-dependent part No 

damage is assumed to be induced immediately on loading. Thus, introducing the rate o f

damage o f the material, D, consisting o f a uniform  component, D0, and a component

proportional to the crack opening displacement, one can w rite:
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D(r,0;t) = D0 + p.[u,. (r, 0;t) sin© + u, (r,0;t) cos0 ] (5.62)

where p is the same damage parameter, defined in  Chapter 4, and t denotes the tim e. This 

equation can be integrated in  tim e to give:

D (r,0;t) = /o' D0 dt' + p JV [u,.(r, 0 ;f) sin0 + u, (r,0 ;f) cos0 ] dt* (5.63)

As assumed in  the rate-insensitive case, most damage is concentrated to a narrow band 

o f large deformation ahead o f the crack-tip, which is called creep-zone. Then, as w ith 

equation (5.17), the stress in the creep-damage-zone can be expressed as:

o(r.0;t) = Sq { 1 - JV D0 dt' - p JV [u,.(r, 0 ;f) sin0 + u„ (r,0;t’) cos0 ] d t ' } (5.64)

In the time-dependent case, both the crack and the damage-zone boundary w ill grow into the 

component w ith time. D0 has been assumed to depend on the net stress far from  the crack, 

s.. It follow s that using equation (5.17):

s_ = o_ /( l -D 0) (5.65)

where D0 = JV Do dt’.

A  power law, commonly used in  brittle  creep rupture [3], may be used to relate D0 to s_, such 

that:

D0 = k ( s. /  Sq)# (5.66)

where k and ft are material constant independent o f stress and time. Combining equations 

(5.65) and (5.66) yields:

Do = k [ o. / ( S o(1 -D 0))]* (5.67)

Assuming the applied load, o_, is constant in  tim e, equation (5.67) can be integrated in  time, 

using zero in itia l conditions, to yield:

D0 = 1 - [1 - (ft + 1) k (o . / So)81 (5.68)
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Additional damage due to deformation o f the material in  the creep-damage-zone is added to 

equation (5.68). It is assumed that, at a certain time, every point in  the component except 

fo r the damage-zone around the crack-tip has a damage D0 given by equation (5.68). 

Because o f this uniform damage outside the zone, the stress and net stress distributions w ill 

be the same as in  the rate-insensitive case, developed in  sections 5.3 and 5.4, an important 

fact fo r the follow ing analysis. The damage and stress w ith in the zone can now be w ritten, 

using equations (5.63), (5.64) and (5.68), as:

D(r,0;t) = 1 - [ I  - (d + I)  K (a . /  So)* t ] v™  + p J0‘ ui(r,0;t') dt’ (5.69)

o(r,0;t) = So { [1 - (0 + 1) k (o . /  So)# t }l/^  - p J0‘ ui(r,0;t’) d f } (5.70)

Assuming o(r,0;t) =  Q(t) Sq = constant, the extension o f the creep-damage-zone ahead o f the 

crack-tip is obtained from :

C(t) = (1/12jt) (K t /Q(t)So)2 (5.71)

A t a certain time:

uj(r,0;t) =  Uj(r,0;O) + JV Uj(r,0;tO dt (5.72)

where according to equations (5.33a) and (5.33b), for small-scale yielding:

Ut(r,0;t) = e0[ K t2 (l-tt2) /  (Ee0Q(t)So In)]w > 0r (0) (5.73a)

Ue(r,0;t) = e0[K ,2 (1-02) /  (Ee0Q(t)So I„) ]W )  r,/ »̂> u, (0) (5.73b)

and the rate of displacement follows as:

Ut(r,0d) = e0[ K , 2 (1-02) /  (Fe0Q(t)So In) ]" '^ 1> r17̂  ur (0) (5.74a)

U9(r,0;t) = e0 [  K ,2 (1-02) /  (Fe0Q(t)So t"™  v„ (0) (5.74b)

In the next section, equations (5.60) through (5.74) are used to describe the criterion for 

steady-state creep crack growth, where r  is set equal to C given in  equation (5.39b).
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5.7 J  Steady-State Creep Crack Growth

By equating the approximate stress value Q(t)s„ and the exact stress value from equation 

(5.70), at (r, x/4), the continuity function, Q(t), is given by:

Q(t)= [ l - ( f r  + l ) K ( o . / s 0) * t ] ,/(#+,)

- p /0‘ [u, (r, a/4 ;t’) + U, (r, a/4 ; f) ]( l/  /  2) dt' (5.75) 

where one can solve fo r Q (t) in  equation (5.75) at a certain tim e by iteration. To solve for 

D (r,0:t), one needs to perform an integration in tim e. This is made approximately by 

straight-forward calculations at fin ite  time steps as follows: A t time t=0, there is no damage 

and Q(0) =1. The displacement and displacement rate components u,(r,0:O) and Uj(r,0:O) are 

determined from  equations (5.73) and (5.74), respectively, w ith  Q(0)=1. A t time t=At, 

assume a linear variation o f Uj(r,0;t) during a time step. Then, from  equation (5.69), it is 

readily shown that:

D (r,0;A t) = l- [ l- ( fr  + 1)k  (o_ /  So)* t +

p[ u,(r,0;O)At + (1/2) ^ (r^O ) (A t2) (5.76)

and the crack opening is obtained by using:

Ui(r,0;At) =  Ui(r,0;O) +  U;(r,0;O) At (5.77)

Here, i = r and 0.

As shown in  Figure 4.3, i f  the damage, D (r,x/2 ;A t), is less than unity then the crack has 

not grown during the tim e interval and, a(At) = the in itia l crack length. The damage at 

(r,7t/4) is obtained from  equation (5.69) and the continuity function from  equation (5.75) and 

the time t is increased to (t+  A t) and Q o f this step is used to update the displacements and 

the displacement rates at (r,x/2) and (r,x/4). By using equations (5.69) and (5.73)-(5.77), an
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iterative procedure is repeated un til D (r,x/2;t) slightly exceeds unity, then the crack has 

grown during the tim e interval, as indicated schematically in  Figure 4.3.

The new crack length is found from the condition:

D (r,ic/2;A t) = 1. (5.78)

The new crack length is given by:

at =  ao + da, (5.79)

where:

da, = [l-{l/D (r,7 i/2 ;t)}] C(t) (5.80)

Using the new crack length, the iterative process can be repeated fo r t  =2At, 3 A t,..., etc. un til 

instability is reached, i.e., the critical length o f the crack grows to very high values.

The creep crack growth numerical results have been carried out and the influence o f creep 

exponent and m aterial parameters on the variations o f elapsed tim e w ith the critica l crack 

lengths are presented in  Chapter 6.
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6.1 Introduction

In  Chapter 5, a circular damage zone engulfing the crack-tip was postulated and used to 

establish the conditions fo r the onset o f crack instability, crack growth under cyclic loading 

and crack growth due to steady-state creep, employing the HRR asymptotic solution. This 

Chapter presents numerical results and discussion o f the influence o f the strain hardening, 

creep exponent and material parameters on these criteria.

The numerical results are presented in  three parts: First, the onset o f crack growth instability 

for external loading characterized by the small-scale yielding and the H illy-plastic solutions 

are num erically evaluated and displayed graphically. Second, numerical results o f the 

fatigue crack growth are presented to reveal the influence o f the strain hardening exponent 

and material parameters on the relation between the number o f load cycles and crack length 

required fo r failure. Third, fo r given material parameters, the time required fo r the onset o f 

crack growth and the time required fo r fa ilu re are determined and graphically exhibited to 

show the influence o f the creep exponent and material parameters on the creep crack growth 

process.
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6.2 Criterion for Crack Instability

Equations (5.46) and (5.50) give the criterion fo r the onset o f crack instab ility fo r the sm all- 

scale yielding and the fo lly-p lastic solutions, respectively. These equations are plotted in  

Figure 6.1 where the variation o f the c ritica l external stress, o_/s0, w ith  the material 

parameter (A-s^ /E) is shown, fo r v = 0.3. When the critica l state is reached, the crack w ill 

start to grow unstably. The crack instab ility is followed immediately by crack growth to 

fa ilure. In  order fo r small-scale yielding to be valid, a js 0 has to be less than 0.5. On the 

other hand, large-scale yielding prevails when a js 0 assumes values in  the range 0.5 to 1. 

For the small-scale yielding solution, Figure 6.1 demonstrates a straight line relationship 

between (oJ sq) and (A -s^ /E), in  which o_ is proportional to a-0-5, which is G riffith 's  classical 

result obtained by energy criterion [32]. For the large-scale yielding solution, Figure 6.1 also 

reveals that the critica l stress is proportional to a<,‘ ,/(n+1). This reduces to G riffith 's  classical 

result fo r elastic m aterial (n = 1). It is interesting to note that the same order o f 

proportionality between the applied stress and the orig inal crack length is observed fo r the 

anti-plane mode, as shown in  Chapter 2. This shows the sim ilar characteristics demonstrated 

by the two basic modes o f crack extension and growth.

It is clear from  Figure 6.1 that the external load required to cause instab ility decreases 

w ith increasing the strain hardening exponent, n. For small-scale yielding, Figure 6.1 shows 

insignificant influence o f the hardening exponent, n. For the large-scale yielding, the figure 

reveals somewhat appreciable dependence on the hardening. However, upon comparing the 

results shown in Figure 6.1 versus those o f Figure 3.1 o f the anti-plane mode (mode H I), one 

can see that the dependence on the strain hardening exponent is more pronounced in  Figure
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3.1 (mode HI case). This difference may be attributed to the fact that the radius and center 

o f the plastic zone postulated fo r mode I, given in  equation (5.39b), are basically independent 

on the strain hardening fo r the small-scale yielding, while the plastic zone size expression 

derived in  Chapter 2 depends on the strain hardening exponent as evident by equation (2.27). 

It is worthy to note that, as the crack length increases, lower external load is required to cause 

instab ility. Another noteworthy feature about the developed criterion is the effect o f 

Poisson's ratio, v , on the crack instability. Figure 6.2 exhibits the instab ility curve 

corresponding to a strain hardening exponent, n = 20, for two different values o f Poisson's 

ratio, namely, v = 0.0 and v = 0.5. The influence o f Poisson's ratio, v, on the fully-p lastic 

solution is by no means sign ificant However, Figure 6.2 shows a more pronounced 

influence o f v on the small-scale yielding range o f the curve. It is also clear from  the figure 

that the higher value o f Poisson's ratio, namely, v = 0.5 corresponds to a higher value o f the 

crack length at instability compared w ith v = 0.0, for the same load ratio and (hypothetically) 

the same material parameter. This result is expected, as higher value o f Poisson's ratio 

reflects higher du ctility  o f the material and larger capacity to sustain plastic deformation 

imposed by the damage process.
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6.3 Fatigue Crack Propagation

The course o f fatigue crack propagation has been studied numerically fo r d ifferent m aterial 

parameters and external stress levels, oJ sq. The numerical analysis revealed a strong 

influence o f strain hardening, (n=2 to n=100), on the fatigue process.

Figures 6.3 and 6.4 exhibit the relationship between the normalized crack length, a(N)/ao, and 

the number o f loading cycles, N, w ith  the stress level, a_/so=0.4 and different values o f 

material parameter, ns0ao /E, namely, 0.8 and 0.4, respectively. Figure 6.5 reveals sim ilar 

behavior fo r o_/s0=0.6. Figures 6.3 through 6.5 show a period o f incubation, where the 

damage accumulates without crack growth, followed by an accelerating crack growth period 

resulting in  instab ility at certain crack length and number o f loading cycles to fa ilure, N f. 

The crack growth period starts at the end o f the incubation period where the damage 

parameter reaches unity at (r/2,7c/2) and the corresponding number o f cycles is N;, signifying 

the onset o f crack growth. A  schematic diagram depicting the appearance o f the incubation 

and the growth periods is shown in  Figure 3.5. Comparing Figures 6.3 and 6.4, it  is readily 

obtained that fo r the same stress level, (a./s0=0.4), upon varying the material parameter 

(nSoao /E) from 0.8 to 0.4, the number o f cycles required fo r the onset o f crack propagation, 

N:, and fo r failure, N f , is doubled fo r the lower material parameter. Moreover, Figures 6.4 

and 6.5 indicate lower load cycles as the external stress ratio is increased from  0.4 to 0.6. 

This im plies faster reach to the onset o f crack growth and crack instability as the applied 

load, (a js 0), and/or the material parameter, (qs0ao /E ), is increased. From Figures 6.4 thru 

6.5, one concludes that, the number o f load cycles decreases w ith the increase in  the material 

parameter and/or the increase o f the strain hardening exponent. This decrease is more
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pronounced i f  combined w ith an increase in  the external load.

To demonstrate the effect o f material parameters and external load on a particular strain 

hardening exponent, Figures 6.6 and 6.7 are developed fo r n=2. In  these figures, the 

normalized length o f the crack, a(N)/ao, is shown versus the number o f load cycles, N. 

Figure 6.6 shows the influence o f m aterial parameter, (n s ^  /E ), on the number o f load 

cycles at a fixed external load and n = 2. It is clear that increasing the material parameter 

results in  a lower number o f cycles fo r the onset o f crack growth and fo r failure. It is worthy 

to note that doubling the material parameter reduces the required number o f cycles by half. 

Figure 6.7 exhibits the influence o f the external applied load at constant material parameter, 

(tis0a<) /E ), and n = 2. As expected, fo r decreasing value o f the stress level, the number o f 

load cycles required fo r failure increases. Figures 6.6 and 6.7 reveal that the number o f 

cycles required fo r the onset o f crack growth, N;, and fo r fa ilure, N f, increase w ith the 

reduction o f damage parameter, r\, in itia l crack length, a<>, and external stress ratio, (o_/s0), 

fo r a specific strain hardening exponent.

From the results obtained thus far, one can see the same pattern observed in  the mode III 

loading results presented in  Chapter 3. This interesting finding confirm s the well-known 

observation that mode III  is instrumental in  predicting mode I behavior.
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6.4 Time-Dependent Crack Growth

In Chapter 5, a circular creep-damage zone in  terms o f time parameter centered at the crack- 

tip  was postulated and the crack growth criterion under steady-state, or secondary, creep was 

determined. This section presents the numerical discussion o f the developed creep crack 

growth criterion. The numerical results are presented in  two parts: First, the variation o f the 

crack length w ith time, and the tim e required fo r the onset o f crack growth as w ell as the time 

required to reach a critica l crack length, causing instability are found, fo r various external 

loads and material parameters, and graphically exhibited in  section 6.4.1. Second, the 

theoretical instability time, which is purely a creep phenomenon, is determined, for different 

external loads and material parameters and graphically displayed in  section 6.4.2.

6.4.1 Steady-State Creep Crack Growth

The course o f creep crack growth has been studied num erically fo r different material 

parameters and external stress levels. The numerical analysis revealed a somewhat moderate 

influence o f the creep exponent, n=2 to n=100, on the creep process. Figures 6.8 and 6.9 

exhibit the relationship between the normalized crack length, a(t)/a<„ and tim e fo r various 

creep exponents and material parameter, (psoao/E), at constant stress level and modular ratio, 

F/E. Figures 6.10 and 6.11 exhibit sim ilar relationship between the normalized length o f the 

crack, a(t)/ao, and time fo r different modular ratios, F/E, at specific material parameter and 

stress level. Figures 6.8 through 6.11 reveal a period o f incubation, where the damage 

accumulates w ith no crack growth, followed by a period o f accelerating crack growth 

resulting in  instability at a certain fin ite  time. The crack growth period starts at the end o f
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the incubation period where the damage parameter reaches unity at (r, n/2) and the 

corresponding tim e is t;, signifying the elapsed tim e required fo r the onset o f crack growth. 

A  schematic diagram depicting the appearance o f the incubation and growth periods is shown 

in Figure 4.9.

Upon examining Figures 6.8 through 6.11, it  appears that fo r a fixed stress value, a js , an 

increase o f the damage parameter, p, and/or a decrease o f the ratio, F/E, w ill lower both the 

time required fo r the onset o f crack growth and the tim e required fo r failure. In  particular, 

the effect o f in itia l crack length, a*,, in  speeding up the crack growth can be noticed. It is 

also clear from  examination o f these figures that an increase in  the stress level, a js 0, 

corresponds to a decrease in  the time required fo r the onset o f crack growth and failure. This 

decrease w ill be even more pronounced when the increase in  the stress level is associated 

w ith an increase in  the damage parameter, p, (and/or a decrease in  F/E), which im plies a 

faster reach to the onset o f crack growth and crack instab ility . As expected, lower stress 

level is needed to cause crack growth for decreasing values o f the creep exponent n. The 

curves show how the elapsed tim e required for the onset o f crack growth, tj, and the elapsed 

time required fo r fa ilu re , tf, vary w ith the damage parameter, p, in itia l crack length, ao, 

external stress level, ( o _ /sq) ,  and the creep exponent, n. It  is clear that the elapsed tim e 

required to cause the onset o f crack growth and to failure increases w ith reduced values o f 

material parameter, (psoao/E), and/or values o f the creep exponent, n.

To demonstrate the effect o f material parameters and external stress on a particular 

creep exponent, Figures 6.12 thru 6.14 are developed fo r n=2. Figures 6.12 thru 6.14 show 

the normalized length o f the crack, a(t)/ao, versus time fo r different combinations o f material
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parameters. In  Figure 6.12, the effect o f material parameter, (Psoao/E), ranging from  30.0 to 

240.0, is shown fo r constant stress level and modular ratio. It is clear that increasing the 

material parameter corresponds to a decrease in  the elapsed tim e required fo r failure. Figure

6.13 depicts the influence o f the external stress ratio, (a js 0), ranging from  0.3 to 0.8, fo r 

constant material parameter and modular ratio. The figure shows that an increase in  the 

stress level w ill accelerate the damage process and result in  a reduced elapsed time. Figure

6.14 demonstrates the effect o f the modular ratio, F/E, ranging from  5.0 to 40.0, for constant 

stress level and m aterial parameter. Contrary to the influence o f material parameter and 

stress level, a decrease o f the modular ratio, F/E, corresponds rather to a decrease in  the 

elapsed tim e, as displayed in  Figure 6.14.
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6.4.2 Theoretical Instability Time

Considering the fact that the crack grows into the m aterial at a ll the time w ith  damage D0, 

the theoretical instability time, t*, is obtained by setting s„=  s„. Using equations (5.65) and 

(5.68), it  fo llow s that:

t* =  [ l - (o _ /s b ) {W>]/[(i> + l ) K ( o _ / * ) # ] (6.1)

The instab ility time in  equation (6.1), does not depend on the existence o f a crack but is 

purely a creep phenomenon satisfying the assumption that the crack growth is not 

influencing the external stress. The instab ility tim e, t,*, is shown as the top curve in  Figure 

6.15, where log (o_/s0) is plotted versus log fo r material parameters (ps0ao/E) = 60, F/E 

=5, k = 01 and 6 = 1. However, for high values o f (psoao/E), low  values o f F/E, and/ or high 

external stress, the crack grows to very large size compared w ith the in itia l crack length 

before the theoretical instability time, *R> is reached. Therefore, tR is not a relevant measure 

o f the fracture tim e, because a real, macroscopic crack seldom has the possibility to grow to 

such large size under a state o f constant stress. Considering this fact, log (o_ /  s„) is plotted 

versus log tj, fo r different values o f the creep constant, n=2 to n=100, in Figure 6.15, where 

t, is the tim e needed to double the in itia l crack length, i.e., a(tj)=2 ao. It is interesting to note 

that a longer tim e is needed to double the in itia l crack length fo r reduced values o f the creep 

exponent, a readily established fact o f the previous analysis. It is also clear that the 

dependence o f the tim e t2 on the creep exponent, n, is very m ild. On the other hand, the 

theoretical time t^is  independent o f the creep exponent, n, as indicated in  equation (6.1). It 

should be noted that the theoretical time curve in  Figure 6.15 is the envelope for other curves 

corresponding to different values o f n. Upon further examination o f Figure 6.15, it is worth
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noting that at high stresses, the crack growth instab ility dominates, but at low  stresses the 

creep damage instability prevails.

A  theoretical instability time curve and also the time t2 needed to double the in itia l crack 

length are plotted versus the external load ratio, (o_ /  s0), to show the influence o f different 

material parameters fo r a creep exponent, n = 2, in  Figure 6.16. An im portant aspect shown 

in Figure 6.16, is the influence o f the material parameter and the modular ratio. A  decrease 

in  the elapsed time is observed corresponding to an increase in  the material parameter and/or 

a decrease in  the modular ratio. The theoretical time curve in Figure 6.16 is the envelope o f 

a ll the tim e curves generated fo r different material parameters.

S im ilar to the anti-plane mode case, it  is worthy to note that the theoretical tim e curves in  

Figures 6.15 and 6.16 have an asymptotic slope o f-1 / h in  the log-log p lo t when tR —► ». It 

can be shown using equation (6.1), when tR », that:

d [Io g (a „/S o )] / d (lo g tR) = - l/ f r  (6.2)

From equation (6.1) this condition is satisfied when ( o . /sq) -+ 0. For mode I calculations 

the slope o f the theoretical time curve is found to be -1, confirm ing the va lid ity  o f equation 

(6.2). It is interesting to see the identical sim ilarity o f equations (4.24) and (6.2) fo r mode 

I I I  and mode I, respectively. This sim ilarity reveals that the theoretical instab ility time 

exhibits the same behavior regardless what mode o f loading the structural component is 

subjected to.

It is interesting to observe that the results obtained in  this section resemble those o f mode 

III, obtained in  section 4.4. This observation suggests that the characteristics o f time- 

dependent behavior o f mode I are sim ilar to the corresponding ones in  mode III.
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7 SUMMARY AND CONCLUSIONS

Elastic-plastic solutions o f the deformation theory o f plasticity are used in  conjunction w ith 

a continuum damage model to describe the conditions necessary fo r the onset o f crack 

instability, fatigue crack propagation due to cyclic loading, and rates o f crack growth due to 

steady-state creep. A  power law relates the stress to the strain o f the m aterial. The damage 

which invokes nucleation, growth and coalescence o f micro voids due to elevated strain very 

near the crack-tip, is confined to a damage-zone engulfing the tip .

Because o f mathematical sim plicities, an anti-plane crack subjected to shear loading 

(mode HI) is used to illustrate the model. Then, the model is applied to a crack subjected to 

remotely in-plane tensile loading (mode I). For applied loadings below the yie ld stress, the 

small-scale and large-scale yielding solutions are used to develop a criterion fo r the onset o f 

crack instability. Crack growth due to cyclic loading and due to steady-state creep are 

investigated.

A  critica l stress is found to be proportional to ao*1' (ItVl). For mode I, the influence o f 

Poisson's ratio is demonstrated. It is found that the crack length required to cause the onset 

o f crack instab ility has an insignificant dependence on Poisson's ratio in  the large-scale 

yielding and more appreciable dependence in  the small-scale range. For a highly ductile 

material, the crack sustains more external load. Fatigue crack propagation and steady-state 

creep crack growth results exhibit an incubation period ending w ith an onset o f crack growth 

establishing a well-defined criterion fo r the onset o f crack extension. A  growth period 

follow s immediately after the onset is triggered. It is also found that the theoretical time
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curve demonstrates an asymptotic slope o f-1 / ft when tR —► fo r the two modes o f cracking. 

A ll results indicate an interesting sim ilarity o f the basic characteristics o f the two modes fo r 

crack extension and growth, an observation that is well-known from  conventional fracture 

mechanics analyses.

The model demonstrates the powerful capabilities o f continuum damage mechanics which 

can be used to predict failure at the microscopic level.

In modelling the interaction between fracture mechanics and damage mechanics, this 

study differs from previous sim ilar studies in  its consideration o f the strain hardening o f the 

material past the yield po in t It also introduces a criterion o f pin-pointing the onset o f crack 

growth through a clear defin ition o f the incubation period fo r time-dependent and tim e- 

independent deformations. Through the revealed results, this study lays out another bench­

mark in establishing damage mechanics as a powerful tool in  achieving interaction w ith  the 

well-established nonlinear fracture mechanics techniques.
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The most obvious extensions to this research effort would be those issues identified as

lim itations throughout the dissertation. These include, but not lim ited to, the follow ing:

•  Assuming a more complicated form  o f the continuity function that is not constant in  

the damage-zone.

•  Development o f a different damage law by postulating damage to be proportional to 

critica l principal strain or considering a kinematic evolution o f damage.

•  Identification o f damage parameters, A.,n, and p, which involves extensive 

experimental work.

•  Extending the model to study mode II (sliding mode) behavior and develop a 

criterion fo r the mixed mode problem.

•  Assuming no elastic damage, the model demonstrates a "fractal set" characterization 

o f damage, suggesting that damage is a self-sim ilar process, an issue that needs much 

further explorations on the possible relation between metal fracture and the chaotic 

nature o f fractal geometry.
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