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Abstract

Crystallographic Space Groups and Algorithms
by
Michael Cook

Adviser: Professor Louis Auslander

A mathematical derivation of the 230 crystallographic space groups is pre-
sented, based on their solvability. This approach only works in three dimensions,
but the deeper insight provided is useful in structuring the computation of crys-
tallographic Fourier transfonﬁs.

Next, attention is focussed on primitive space groups from the triclinic, mon-
oclinic, and orthothombic classes. Algorithms are given for passing from the
space group to a program which computes the Fourier transform on data ex-

hibiting the symmetry of that group. In addition, the program
1. Uses only non-redundant data, that is, data on an asymmetric unit.
2. Reduces to one-dimensional symmetrized transforms on that set.

Thus the computation of the Fourier transform is completely reduced to an
asymmetric unit, while retaining the use of one-dimensional FFT’s,

An abstract data type, “biased” fundamental domains, is developed for rep-
resenting convenient asymmetric units for primitive triclinic, monoclinic, and
orthorhombic space groups. In terms of this data type two basic algorithms are

developed:
1. Compnuting asymmetric units.
2. Mapping between asymmetric units.

The process of going from a given space group to a program has been embod-
ied in a program generator for this class of groups (written in Fortran), which

is thoroughly discussed, and included, together with sample output.



PREFACE

The motivation of this work is the following goal: to create a universal

crystallographic Fourier transform package which has 2 main features:

1. For each of the 230 space groups, it can perform a Fourier transform on
data which observes the symmetry of that space group, as well as the

inverse Fourier transform.

2. It can do this and still retain the NlogN behavior of the Cooley-Tukey
type family of algorithms.

This work presents a contribution to a part of this program, namely: for
certain classes of space groups, it is shown how, using the group theory, to
algorithmically proceed from the description of the space group to the creation of
Fourier transforms that use only data from a non-redundant set of the input; and
which on this set are as fast as the fastest existing algorithms. (In other words,
any future improvement in the efficiency of one-dimensional Fourier transform

algorithms is automatically included in this package.)

These algorithms have been embodied ir: a program generator, which takes
as input a space group in the given class (monoclinic, orthorhombic, or triclinic),
and produces as output Fortran code which computes the Fourier transform of
data on an N x N x N array (N a multiple of 8); but only uses data on a
fundamental dohmin for the action of the space group on this array.

This material, and the program generator itself (a Fortran program), as well
as sample output, is contained in Chapters 4 and 5.

In summary, the program generator is largely based on the creation of an
abstract data type, the “biased” fundamental domain. It is biased towards
performing symmetrized fourier transforms along a particular dimension. The
exact definitions of asymmetric ul_lit boundaries are calculated and maintained.
Precise bookkeeping of isotropy properties is also implemented.

What the program generator does is:



vi

1. Compute biased fundamental domains

2. Generate appropriate calls to one-dimensional symmetrized fourier trans-

form routines

3. Compute the group action which maps from one biased fundamental do-

main to another.

4. Keep book on the phase relations that are generated as the data is fourier

transformed.

5. Generate the symmetry expand routines for input and output fundamental

domains

Testing
Consider the diagram:

expandl
—

FDy DATA
1 symft | F.T.
FD, " oyTPUT

where:

expandl is a routine which symmetry expands the data on an asymmetric unit
for the input.

F.T. is a conventional 3 dimensional fourier transform

symft is a symmetrized fourier transforwi created by the program generator.
expand? is a routine which symmetry expands the data on an output asymmet-

ric unit. (This also includes multiplying by appropriate phase factors.)

The diagram should commute, for all data on FD;, but going counter-
clockwise from the upper left should be faster than going the other way.

Since the finite fourier transform is a linear computation, the programs were
only tested on a basis for the complex vector space of all possible inputs. The

basis chosen was:



FDi(z,y,z) = bir(z, v, 2)
where
6ijk(w’ Yy z) =0 if (i’ Ja k) #* (w, Y, z)

biji(zyyy2) =1 if (3,4, k) = (2,9, 2)
and (@, y, z) ranges over the indices present in the chosen asymmetric unit.

With this scheme, all 40 groups were tested for every possible input, in the
cases NX NxN=8x8x8,and N x N xN =16 x 16 x 16.

In addition, 32 x 32 x 32, and 64 x 64 x 64 cases were partially tested. (Run
for several days on a MicroVax II).

Timing

In the small cases (8 and 16) the results were what would be expected - the
symmetrized routines ran faster than the conventional routines, by a factor of
about the order of the group.

As N increases the data movement becomes more significant and weighs
down the computation. The symmetrized routines still are faster, however. For
instance, the symmetrized routines for a a group of order 8 ran almost 4 times
faster than the conventional routine. However, these issues were not addressed
in the creation of these programs, and there are some obvious improvements to
be made along these lines. In addition, some attention to system tuning (paging
parameters, allocation of more memory) should also improve performance.

Equipment

Al this work was done on a MicroVax II, under the MicroVMS operating

system, using standard VAX Fortran.

Space groups
The first 3 chapters are devoted to a mathematical classification of the 230

space groups. Although it is well known that there are 230 space groups, it is



important from the point of view of algorithms to understand them mathemati-
cally, structurally, and not just to have the list. Work remains to be done in this
area- namely, understanding the Bravais lattices mathematically; and complet-
ing the formulation of the extensions in the language of cohomology. It would

be nice if the cohomology theory ultimately structured some of the programs.

Let R(3) be the set of rigid motions of R?, Euclidean 3-space. We may

represent R(3) as a set of matrices:

A X
0 1
where A € O(3, R), the orthogonal group, and X € R®. If T = the set of pure

translations of R3, then R(3) is a semi-direct product:
R(3) = Tx O(3,R)

Definition 1 A crystallographic group is a subgroup I' C R(3) such thatI'NT
is isomorphic to the lattice Z°, and T'/(' N T) is a finite group.

Thus we have the exact sequence:

1— 23T —G—1

where G C O(3, R), and the projection from I’ to G takes ( "(1) Ji ) to
A

OBSERVATION: Let I be the 3 x 3 identity matrix, let N € Z3. Represent

(s %)

Then conjugation by an element of I' can be written:

(45) (1) (% %) - (6 41)

a lattice element as



From this we see that the lattice is maximal abelian - any element that
centralizes it must be a pure translation, since AN = N foral N == A =1.

This is equivalent to the statement that G, the quotient, acts as a group of
automorphisms of Z2; that is G may be thought of as a subgroup of GL(3, Z),

with an appropriate choice of basis.

Definition 2 2 crysiallographic groups, I' and IV, are equivalent if, as subseis
of the above form, they are related by a change of basis which carries the lattice

for T onto the lattice for I''.

Since

(13 1;) (g xl) (A"; —A-I};) _ (AI‘A'; —(I‘—I)Y—{—AXJ'.).

we lave;
A Y I X A™Y _ACY I AX
0 1 0 1 0 1 0 1
and AX must be a lattice point for I whenever X is a lattice point for I, It
follows that A and A~! are integral matrices, and that I' and I’ are integrally
equivalent.
The above discussion structures the approach to classifying the crystallo-
graphic space groups: first we classify the finite subgroups of GL(3,Z) up to
integer equivalence; this is done (after some introductory material in Chapter

1) in Chapter 2. What this gives us is a list of possible G’s in
1—2°—T—G—1

Next, for each G, we need to compute the possible extensions I'. This
amounts to enumerating equivalence classes of liftings (pre-images in I') of G.
Chapter 3 is the computation of most of these extensions. The extensions

of all the primitive point groups have been computed. The extensions of the



non-primitive groups can be computed based on the computations for the prim-
itive, using the fact that primitive groups are rationally conjugate to their non-
primitive forms. This method is shown, and used for a few of the cases. There
remain about 40 such extensions left to compute. '

A Note on Notation

We have seen that in
1— 23 PG —1

we may take G as a finite subgroup of GL(3,Z). We are often interested in
pre-images of Gin I'. If A € G and

EN

is a pre-image, then /(A) must in fact be the matrix A, since conjugation of

the lattice by v is given by A. Also, if

(573) (57%)

are two pre-images of the element A4, then they differ by a lattice point:

A X At —ATlX' (I (-X'+X)
0 1 0 1 - 0 1
and this element must be in the kernel of the projection I' — G.
Therefore, we write a typical element on 2 pre-image of A as 13 t'; )
where t4 is a choice function differing from any other choice function by an

element of the lattice.
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Background Material



CHAPTER 1. BACKGROUND MATERIAL : 2

1.1 Introduction.

We assemble some basic group theoretic results, with sketch proofs for the simple

ones, and references for the others.

Theorem 1 Let G be a group, A an abelian normal subgroup of G, and let
Aut(A) be the group of automorphisms of A. Then there is a homomorphism of

groups
$: G/A — Aut(A)
where ¢(gA) is the homomorphism defined by the formula:
$(gA)(a) =gag™!, a€Ad

Proof: That ¢ is well-defined depends on the commutativity of A:

gA=hA = g 'heA (1.1)
=> (g7 'hJa(h™'g) = a (1.2)
=> hak™!=gag~l. (1.3)

That ¢ is a homomorphism follows from the fact that conjugation by the element

gh is the same as first conjugating by h, then by g:

$(gA-hA)(a) = &(ghA)(a) (1.4)
(gh)a(gh)™? (1.5)

= ghah™1g™! (1.6)

= g¢(hA)(a)g™? (1.7)

= ¢(gA) o $(hA)(a), for all a € A. (1.8)

Definition 3 A is meximal abelian in G if A is an abelian subgroup of G, and

if whenever B is an abelian subgroup of G containing A, then A = B,
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Theorem 2 With the hypotheses of theorem 1, we have:
¢ is 1 —1 <= A is mazimal abelian in G.

Proof: First, suppose 4 is maximal abelian. If g A is in the kernel of ¢ then, for

ala€c A

¢(9A)(a) = a+= (1.9)

gag™! = a= (2.10)
ga = ag. - (l.li)

Thus g commutes with every element of A. But then gp(g, A) is an abelian
subgroup of G, and since A is maximal abelian, g € A.

Conversely, if A is not maximal abelian in G, there is 2 ¢ € G — A which
commutes with A; in which case the kernel of ¢ contains g4 # A, and so ¢ is

not one to one. .

Definition 4 If G is a group, let [G,G] be the subgroup of G generated by
elements which are products of the form aba~1b~', where a and b are in G.
[G, G] is called the commutator subgroup of G. It is obvious that G is ebelian
if and only if the commutator subgroup of G is the identity element. If we let
G; = [G, G, we may form the higher commutator subgroups of G inductively as

follows:
G2 = [G1,G4], G3 = [Ga, Ga), ..., Gig1 = [Gi, Gi]

The sequence of subgroups

G=Gp>G1>G3>..2G;i > ...

is called the derived series for G.
Definition 5 G is a solvable group if for some i, [G4,G;] = 1.

Theorem 3 (Burnside) Let G have p*q” elements, where p and q are prime

numbers. Then G is a solvable group.
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Proof: see [3].

Theorem 4 (Sylow) If p divides the order of a finite group G, then there is a
subgroup of G of order p*, where p™ is the highest power of p dividing the order
of G.

Proof: see [8]
Theorem 6 If G is a solvable group, then G has an abelian normal subgroup.

Proof: Let G = Gy > G1 > ... 2> G, > 1 be the derived series for G. G,, must
be abelian, since [G,,, G.] = 1. To show that is also normal in G, we show that
any homomorphism ¢ : G — G must map each G; into itself. In particular,
conjuagation by any g € G will map G,, into itself, that is, G, is normal in G.
The proof is by induction. Certainly ¢(Gy) C Go. Now suppose ¢(G;-1) C Gi_1,
and let g be a generator of G;. Then ¢(g) = $(a)@(b)¢(a)~*¢(b)~?, which is a

commutator of elements in G;_;, hence is in G;. .

Definition 8 If G is a group, C € G, the centralizer of C in G is the subgroup

of G consisting of all elements of G that commaute with C.

Theorem 8 If A is an abelian normal subgroup of G, then the centralizer of A

is also normal.

Proof: Let B be the centralizer of A in G. So B = {b € G|ba = abVa € A}.
To see that B is normal, we must conjugate an element of B by an arbitrary

g € G, and check that the result still commutes with A.

The computation is:

(g7tbg)a(g™ 7 g) = (g7 b)(gag™?)(b7?)

(9~'b)a’(b~1g) where a' = gag™!

g™} (ba'b")g
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9" (gag™")g

= a.
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1.2 Semi-direct Products and Split Extensions

Definition 7 A group G is an extension of K by Q if K is a normal subgroup
of G, and G/K = Q.

If G is an extension of K by Q, then G fits into the short exact sequence of

groups:
1—K-4Ha 2@ —1 (1.12)
Here i is an injection, w is a surjection, and the image of K in G is the kernel

of m.

Definition 8 The sequence (1.1) splits if there is ¢ homomorphism s : @ —

G such that mos = 1. Such an s is called a splitting, end G is called a

split exlension.

Theorem 7 If there is a splitting s, and if H is the image of s in G, then:
1)G=HK
2)HNK =1

Proof: To prove 1), let g € G. If g € K or g € H, there is nothing to prove. So
suppose g ¢ K and g ¢ H. Let w(g) = q, and s(g) = h € H. Then

w(h) = 7(s(gq)) = (w0 s)(q) = ¢ = =(g).

Thus w(h~!) = 1, and so h~1g € K. Therefore h~1g = k for some k € K, and
sog=hk,withhe H and k € K.
To prove 2), suppose g € H N K. We have:

9EK = =w(g)=1 (1.13)
g€H = g=3(q), for some q € Q. (1.14)

Now mos = 1 => mo s is one to one. But 7(s(g)) = m(g9) = 1, and so

g=1.
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Theorem 8 The converse is also true. That is, if a group G has two subgroups
H and K, with K normgl in G, and

1)G=HK

2)HNK =1
Then there is a splitting s,

s
1— K — G5 G/K — 1

and s : G/K — H isomorphically.

Proof: We define an isomorphism ¢ : H — G/K. Then s will be the inverse of '
¢. Let ¢(h) = hK. ¢ is the restriction of the natural projection map, and so is
a homomorphism. We must show that ¢ is one to one and onto.
Onetoone: p(h)=K=—=he K=he HNK=h=1.
Onto: Let g¢K € G/K; but g = hk, with h € H, k € K. Thus
gK = hK, and ¢(h) = gX. . : .

Definition 9 A group G that satisfies the hypotheses of the previouis theorem
is called the semi-direct product of H and K.

If we have a split extension

]
l—ﬂK—vG:Q—vl

we may define a homomorphism ¢ : Q — Aut(K) by letting ¢(q) = ¢,|K,

where cy(k) = s(q)ks(g)~!. We now show the converse, namely:

Theorem 9 If Q and K are groups, and ¢ : @ — Aut(K) is a homomor-

phism, then there is ¢ group based on ¥,
G=Kx4Q
such that
1—K—>G—Q—1

18 a split extension.
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Proof: For ease of exposition we look at the case where ¥ is an injection. So we
may as well take @ to be a subgroup of Aut(K). Then we construct a group G
as follows. As a set, let G = K x Q. To define the multiplication, we write X
additively. For k € K, ¢ € Q, define (k, ¢)(k', ¢') = (k + ¢(k'), ¢¢'). Then it is
easy to check that

1) this is an associative operation

2) (0, 1g) is the identity element.

3) (k, ¢)(¢~Y(—k),¢71) = (0, 1), so every element is invertible.
Thus G is a group. It is also easy to see that:

4) K = {(k, 1)k € K} aKx4Q

5) @ = {(0,4)lé € @}

6) G/K = Q (this gives the splitting). .

We close this section with a theorem which will be of major importance in

the classification of point groups.

Theorem 10 If F is a finite subgroup of SL(3, Z), and A is an abelian normal
subgroup which is also mazimal abelian in SL(3, Z), and if, furthermore,

3
1—A—F 5 Aut(4) — 1

is a split eztension, then any other extension of A in SL(3,Z) also splits.

Proof: In fact we show that any extension of A in SL(3,Z) is a subgroup of F,
Fy. Thus, F1/A maps onto a subgroup of Aut(A), and the restriction of s to
this subgroup is the required splitting.

So suppose

s
1— A— F =5 Aut(A) — 1 is split, and

11— K —G—0Q—1

is another extension of A in SL(3,Z). Let f; € F; — A. Conjugation by fi is

an automorphism of A, hence realized, via s, by some f € F. But then
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fiaf{* = faf ! forallac A (1.15)
= aff'f = fi'fa. (1.16)

Thus a and fi ! f commute, and since A is maximal abelian, fI~ 1f € A. So

f{lf = a, for some a € A, that is, f1_1 =af"'eF.So fy € F. °
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1.3 Lemmas on the Orthogonal Group

We record some elementary facts about the real orthogonal groups in two and

three dimensions.

Definition 10 An n X n mairiz A with real eniries is orthogonal if the rows of

A form an orthonormal set.

It is straightforward to verify that: -
1) A is orthogonal = AAT =T = AT = A~1,
2) det(A) = det(AT) = +£1.

Let O(3, R) = the set of 3x3 orthogonal matrices. Then O(3, R) is a group,
and the determinant maps O(3, R) ento {£:1}.The kernel is denoted by O*(3, R).
O(2, R) and O*(2, R) are analogonsly defined in the 2x2 case.

1.3.1 The 2-dimensional Orthogonal Group

Let O(2, R), O*(2, R) be the 2 dimensional orthogonal group, and the subgroup
of orthogonal matrices with positive determinant. Let O~1(2, R) be the subset
of matrices in O(2, R) with negative determinant. Then O(2, R) = O+(2, R) U
0-1(2, R).

Theorem 11 O*(2, R) is abelian. If A€ Ot(2,R) and A2 =1, then A ==I.

Proof: Let A € Ot(2,R), A= ( z (I; ) . Then

AT = (1.17)

.(_f "Z) = (“b 2) = a=db=—c. (1.18)

Thus, 4 = ( _ab : ) , with a®+b% = 1, So O* (2, R) can be identified with

the unit circle; moreover, this is an isomorphism of groups. And so O*(2, R) is

. + _ cos@ siné
abelian, and A € O%(2, R) has the form A = —sind cosf |’ 6 € [0, 2m).

>
L
H



CHAPTER 1. BACKGROUND MATERIAL 11

Now if A2 = I, then A = A~1, so ( _cl: : ) = ( Z _2 ) , from
which b =0, and ¢®> = 1. Thus A = +1.

Theorem 12 Any finite subgroup of O+(2, R) is cyclic.

Proof: Finite subgroups of the circle group are cyclic, generated by an element

closest to the identity, (1,0).

Theorem 18 1. f A€ O~ (2,R),M € O*(2, R), then A"'MA =M1,

2. AcO~(2,R)= A2 =1.

Proof: Note first, any A € O~ (2, R) can be written A = < —(l) (1) B, where
B € 0*(2,R). (Let B = ( _3 2 ) A). Soif M = ( _‘Z 3 ) , then we

can compute:
"—1 a b -1 . a —b - -1
() (S0) (Ta)= (5 2) =

A-1MA = B-1 ( -1 ) ) M ( -1 . ) B=B-'M-1B.

Thus

But BM = MB,so A"'MA=M"1

Proof of 2): If A € O~ (2, R), then A = ( -1 1 ) B, and so

a_ [ —1 -1 — p-lp _
A-—-( I)B( 1)B—B B=1I

1.3.2 The 3-dimensional Orthogonal Group

Definition 11 For v,w € R™, let < v,w >= Y., viw;, the standard inner

producton R™,

Lemma 1l IfA€O(3,R), < v, Aw >=< ATv, 0w > .
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Proof: Switch the order of summation.

Coroilary 1 1. < Av, Aw >=< AT A, w>=<v,w >

2, < Av, Av >=< v, v >.
Thus A preserves orthogonality, and A preserves lengths.

" Theorem 14 If A € O1(3,R) then, if A # I, A has ezactly one eigenvalue 1,

and the other two are complex conjugates of norm 1.

Proof: |Au| = jvy]| = any solutions A to the equation Av = Av must have
|\ = 1. Eigenvalues of A are roots of p(t) = det(t] — 4), a cubic polynomial

with real coefficients, that may be factored over the complex numbers as:

p(t) = (t - /\1)(t - /\2)('5 —_ /\3).

p(0) = det(—A) = The product A3 3A3 = 1. If the }; are all real, either they
are all 1, or one of them is 1 and the other 2 are -1. If they are not all real, two

of them must be complex conjugates, and the third must be 1. °

- -

Theorem 15 If A € Ot(3,R), A is similar to a matriz of the form

=T — 2
n 8 ©
A o ©

, with (‘; 3) € 0*(2,R).

Proof: Since A has an eigenvalue 1 space L, A(L) C L. Let L' be the orthogonal
complement to L. Then A(L*) C L*, since v L w => Av L Aw. Form a basis
by choosing v € L, u and w independent vectors in L. We may also choose u

and w to be orthonormal. Then:

Av = v (1.19)
Au = au+bw (1.20)
Aw = cu+dw. (1.21)



CHAPTER 1. BACKGROUND MATERIAL 13

And since < u, w >= 0, < Adu, Aw >= 0, which implies

<au+bwycut+dw> = <au,cu>+ <bw,cu>+ <au,dw >+ < bw,dw >
= ac+bd
= 0.

Thus @ b is an element of O*(2, R). And if P is the transition matrix

d

from the standard basis to (v, u, w), then

o 8 ©
o @

1
P lapP = 0
0

as claimed.

Definition 12 If R® can be written as the direct sum of orthogonal subspaces

preserved by A, as in the above theorem, then A is called completely reducible.

Finally, we sketch the proof of a result which is a useful tool:

Theorem 18 If F C SL(3,Z) is a finite subgroup, then F is conjugate to a
subgroup of O*(3, R).

Proof: This is a special case of the the “Weyl trick”, and may be sketched as

follows:

1
< uyv D= -'-GTIZ<gu,gv >
gee

defines a positive definite bilinear form, < , >/, on R3. With respect to this

new inner product, g € G is an isometry, and hence can be represented by an

orthogonal matrix.)

Of course if two matrices are conjugate, then they have the same invariants
- trace, determinant, characteristic polynomial, eigenvalues. More precisely, if

P-iMP = M, then



-CHAPTER 1. BACKGROUND MATERIAL 14

1. tr(M) = tr(M'), where tr(M) is the trace of M, the sum of the diagonal

elements.
2. det M = det M'.

3. det(M —tI) = det(M’ —1I), i.e., the characteristic polynomials are equal.

Hence,

4. M and M’ have the same eigenvalues.



Chapter 2

Classification of Point
Groups

15
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2.1 Classification Up To Isomorphism

Our first step is to determine up to isomorphism what finite groups can occur

as subgroups of SL(3, Z).
‘Theorem 17 If M € SL(3,Z), and M* = I, then k = 1,2,3,4, or 6.

Proof: The group generated by M is finite, and so by the Weyl trick is conjugate
to a subgroup of O (3, R). Let M’ be the matrix in O*(3, R) corresponding to
M wunder this conjugation. The order of M’ is also k. Also, M’ has the same
trace and eigenvalues as M. But by theorem 13, M’ has one eigenvalue 1, the
other 2 being complex conjugates of norm 1. The trace of M is the sum of the
eigenvalues, but it is also clear that the trace of M is an integer (it is an integer

matrix). Therefore,
tr(M')=1+60+6€ 2

where 6 = cosa + isina. It follows that 6 + 8 = 2cosa € Z. Since |cosa| <

1,cosax = 0, :1:%, or 1.

cosa=0=—=a= xr/2 =k=4
cosa=i=a= %r/6 =>k=6
cosa=-i=a= £x/3 = k=3
cosa=1l—=a= 0 = k=1

cosa=~-1—=ma= +r —=k=2

Theorem 18 1,2,3,4, and 6 all occur as the order of an element in SL(3,Z2).

oo (1) (7 L) (3 3) (94) (8

then
1 o0\"*_ !
0 C -

for k =1,2,3,4, and 6, respectively. .

1
1

).
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Theorem 19 If F C SL(3,Z), and F is a finite group, then |F| =23,

Prqof: If p divides the ordexr of F, Sylow’s theorem gives the existence of a
p-group in F. Any element in this p-group which is not the identity will have
order a power of p. But this order must also be in the list {2, 3,4, 6}. Therefore,

p can only be 2, or 3. . o
Theorem 20 If F is a finile subgroup of SL(3,Z), F is solvable.
Proof: This is a direct application of Burnside’s theorem. .

Theorem 21 Let A be a finite abelian subgroup of SL(3,Z). Then A is iso-
morphic to one of the following: 1,Z/2,7/3,Z/4,Z/6, or Z/2 & Z/2.

Proof: By the Weyl trick, A is conjugate to a subgroup of O*(3, R). So without
loss of generality, we assume that A C Ot (3, R).

So suppose that M € A C O*(3,R),M # I. Then M has exactly one
eigenvalue 1 space, by theorem 13. Let L be this one-dimensional subspace of

R®, and let v € L,v % 0. Claim: all matrices of A map L into itself. For if
N e A, then

MN=NM
== M(Nv) = N(Mv)= Nv
— NveL

=> Nv = Av, since v is8 a basis for L.

But N preserves lengths, so A = 4=1. Thus all matrices of A have L as eigenspace,

and we may write

Now by the previous result, M and N have order equal to 1,2, 3,4, or 6.
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Case I: M has order 3,4, or 6. We may write:

v () v ()

But if the corner entry of NV is -1, det(N1) = —1, and M N # NM, by theorem
12. Therefore, det(Ny) = 1, and so both M; and N3 € O+(2, R). Therefore,
gp(Mi, Ny) is cyclic (theorem 11). This group is isomorphic to gp(M, N); and
the generator of this group, by the first theorem of this section, has order 2,3,4,

or 6. So in this case, the theorem is true.

Case II: M has order 2. Then, by tlicorem 10, we may write
1
w= (' )

If N = (1 v, ) , and N # M

then the order of IV is 3,4, or 6, and we may apply Case I to N. Therefore

v= (" w)

But N also has an eigenvalue 1, and we may change basis - without changing

M - and write N as:

N = 1

Then gp(M,N) = Z/2& Z/2.

Since any other matrix commuting with M having a -1 in the upper corner also
has an eigenvalue 1, if it is not equal to IV, it must in fact be equal to M N. So
in this case, the theorem is true. And this also shows that gp(M, N) is maximal

abelian in SL(3, Z). .

Theorem 22 If F is a subgroup of SL(3,Z) isomorphic to one of Z/4, Z/6,
or Z/2 @ Z/2, then F is mazimal abelian in SL(3, Z).
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Proof: The list of possible finite abelian subgroups makes this clear. .
Now any finite F in SL(3,Z) is solvable, and hence has an abelian normal

subgroup (theorem 5). But more is true.

Theorem 28 If F < SL(3,Z), F finite, then F contains an abelien normal

subgroup which is also mazimal abelian in F.

Proof: Let A be an abelian normal subgroup of F. If A is isomorphic to Z/4,
Z/6,0r Z/2® Z/2, A is maximal abelian in SL(3,Z), hence in F. It remains
to discuss the cases A = Z/2 and A = Z/3.

We use the Weyl trick as before, and assume F is a subgroup of O+ (3, R).
Let B be the centralizer of A in O*(3, R). Then

1. B is normal. (Theorem 6)
2. B is abelian. (This depends on properties of the orthogonal group.)
3. B is maximal abelian.

Hence, B is the desired maximal abelian, normal subgroup of F.

First, we show that B is abelian. The proof of [this theorem - 2] shows that
there is 1 eigenvalue 1 space L, shared by all matrices of A. We may further

assume each a € A has the form:
a= 4,
Now A 4 F — F leaves L invariant.
(Proof: if v € L,
flaf=ad = af=fd
= (af)v=(fd')v = f(d'v) = fv
+1

Thus F consists of matrices f; = ( o ) , where F; € O(2, R). If such
1

an f; commutes with a, then F; commutes with A;. But this is only possible,
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according to theorem 12, if F; € O*(2, R). Hence, the centralizer of A must be

abelian,

Finally, B is maximal abelian in F, since if gp(g, B) is abelian, ¢ would also

centralize A. b
The existence of an abelian normal subgroup which is also maximal abelian

in F strongly structures F. Let A be this maximal abelian normal subgroup.

Then:

11— A-— F-— F/A—1

is exact, and F/A may be identified with a subgroup of Aut(A4) (theorem 2)

We now prove that F is always isomorphic to a semi-direct product, by
exhiting specific splittings of specific embeddings of the possible 4’sin SL(3, Z).
Theorem 10 then assures us that any extension of this embedded A is split.
Splittings for Completely Reducible Forms

The groups Aut(A) are easy to compute. We list them:

o Aut(Z/2) = {1}

Aut(Z/3) = Z/2.

Aut(Z/4) = Z/2

Aut(Z/6) = Z/2

Aut(Z/2 @ Z/2) = P(3) where P(3) is the permutation group on the
non-zero elements of Z/2® Z/2.

Note that when Aut(A4) =2 Z/2, the non-trivial automorphism of 4 is given

by the map a — a~1.

First, we write down extensions of the completely reducible forms for these
abelian groups. We handle the maximal abelian groups first. By theorem 10
any other extension of a maximal abelian A in SL(3, Z) must be a subgroup of

tlie one we write down.
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e A=Z/2=— Aut(A)=1,—>F=A

1 0 0 -1 0 o0
e A=Z[/4. Let F=gp < o -1 1], 01 >.
1 0 1 0

If A is the first matrix, and B is the second matrix, then

1. gp(A) = Z/4

gp(B) = Z/2

gp(4) 4 F

gp(A) N gp(B) = I, the identity matrix.

Sk wN

Conjugation by B is the non-trivial automorphism of A.

By theorem 7 we see that F' = Z/4x ,Z/2, where ¢ indicates the isomor-

phism Z/2 — Aut(Z/4).

o A= Z/6. The exact same considerations show that

1 0 0 -1 0 0
F=gp< 0 -1 , 0 1 >
1 1 1 0

is isomorphic to Z/6x Z/2.

e A= Z/2@ Z/2. In this case, Aut(A) 2 P(3). We represent this group in
SL(3,Z) as follows:

0 0 1 0 -1 0
Let o = 1 00 and let T = -1 0 0
010 0 0 -1

1 -1 -1 1
A = —'1 y 1 3 '-1 ]
-1 -1 1
Forming the group generated by 4 and P(3), we check the usual condi-

tions:
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1. A is a normal subgroup.
2. AnPB)=1TI
3. conjugation by elements in P(3) acts as automorphisms of A.
Thus we have exhibited a split extension of Z/2Z/2 by P(3) in SL(3, Z).

We may extend Z/2 @ Z/2 by subgroups of P(3) by restricting this split-
ting.

Now let us turn our attention to the case A = Z/3. Since Z/3 is not maximal
abelian in SL(3, Z), we don’t have uniqueness of split extensions, However, Z/3

maximal abelian in F' = the exact sequence
1—wA— F-—F/A—1

holds, and since Aut(Z/3) = Z/2, we may proceed as before, verifying that the

following two groups are semi-direct products:

10 o -1 0 0
1. F=gp< 0 -1 R 01 >
1 -1 1 0
10 o0 -1 0 0
2. F=gp< 0o -1, 0 -1 >.
1 -1 -1 0

Direct computation shows that ( _(1) _(1) ) and ( (l) ‘1) ) are not
integer equivalent, and so these two groups are not integer equivalent. They are
both isomorphic to Z/3% Z/2, which imbeds in Z/6x Z/2 in exactly two ways.
Since there is only one form for Z/6x Z/2, there are only these two forms for

Z[3x Z/[2.

We have showed that any completely reducible form is a semi-direct prod-
uct. Suppose F' is not completely reducible? In this case, F’' possesses a

maximal abelian normal subgroup A4’; this subgroup is conjugate to a subgroup
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of O*(3, R), and hence conjugate to a completely reducible A; and the con-
jugation carries F” into some extension F of A. F', we know, is a semi-direct

product; and F = F/ = F' is also.

Summarizing this section, we have classified finite subgroups F of SL(3, Z)

up to isomorphism. Any such F is isomorphic to one of the following:

1. Z/2

2. Z/3

3. /4

4. 7Z/6

5. Z/2@ Z/2

6. Z/3% Z/2

7. Z/4x Z/2

8. Z/6x Z/2

9. (Z/2® Z/2)» P(3)
10. (Z/2® Z/2)x 2/3
11. (2/20 Z/2)% Z/2

Finally, we note that (Z/2® Z/2)x Z/2 = Z/4x Z/2. This is easily seen
by finding an element in (Z/2 @ Z/2)x Z/2 of order 4, which has a non-trivial
automorphism.

Concretely, let (Z/2® Z/2)xZ/2 = {(a,t)la € Z/2® Z/2, t € Z/2}. Let
Z120Z/2 = {1,z,y, zy}. Without loss of generality, let the action of ¢ be ¢(x) =
y (= t(y) = =.) Then (z,t)(z,t) = (zt(z),1) = (zy, 1), and (zy, 1)(zy, 1) =
(zyt(zy),1) = (zyy=, 1) = (1,1).
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2.2 Classification up to Integer Equivalence

Definition 138 Let F, F' be finile subgroups of SL(3,Z). If there isag €
SL(3,Z) such that gFg=' = F', then we say that F is inleger equivalent to F',

and that F and F' have the same integer form.

The goal of this section is to-enumerate the different integer forms for each
isomorphism class of groups determined in the preceding section. We will first
do this for the finite abelian subgroups of SL(3, Z), then show how to extend

these results to the extensions of these groups.

Theorem 24 Any M € SL(3, Z) is integer equivalent to a mairiz of the form:

<1 ny ng)
MI

with M' € SL(2, Z).

Proof: We know from theorem 14 that M has an eigenvalue 1. Thus the equation
Mz = = has a non-zero solution. We write this as (M — I)z = 0, and observe
that since M — I is an integer matrix, there is a solution v = (71,2, r3) with
each r; a rational number (the theory of linear equations shows that we may
find solutions to a system such as this by means of a firite number of rational
operations over the coefficient field.)

The space spanned by v is a line which thus contains points with integer
coordinates, and therefore there is a non-zero solution with integer entries which
is closest to the origin. Let (a,b,c) be such a solution. Then the greatest
common divisor, ged(a, b, ¢), must be 1, since otherwise there would be an integer

solution closer to the origin.

Claim: (a, b, c) can be completed to a basis for the lattice Z2. Then, if P is the
transition matrix to this new basis, P~*M P is a matrix of the required form.

So we complete the proof of the theorem by proving the claim.

Proof of claim: We seek (7, s,t), and (u, v, w) € Z° such that
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a b ¢
1 = r s
U vow

= afsw —tv) — b(rw — tu) + c(rv — ua);

But we know that there exists integers h, k, I such that ah+bk+cl = 1. Therefore

we want to find a solution to the three equations:

h = sw—1tv
-k = rw-tu
i = rv—us
Let ¢ = (h,k), the greatest common divisor. Then setting v = —h/t, and

u = k/t, we have
1. tv=—h
2. tu=k

3. (u,v) = 1, hence there exists 7/, s’ such that r'u 4 s'v = 1, and so Ir'u +

Is'v=1. Sowelet r=1Ir" and s = ls'.

Then, letting w = 0 we see that (7, s,1), (1, v, w), and ¢ satisfy the necessary

equations, i

Theorem 25 If M € SL(3,2), and M has order k # 1, then M is inleger
l a

equivalent to c where a,b € Z, and Cy is the companion mairiz to
o .
the characteristic equation of the matriz R € O*(2, R),

cosa sina
R = . , where a =2x/k.
—sina cosa

Proof: By the previous theorem, we have a basis {c;, @z, a3} with respect to

which M = 1 aAb . Then M* = I == A* = I. We first show that (a, b)

can be any pair of integers. We have the factorization:
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AT =0= (A-I)(A* 1+ 4* 24 . +])=0.

But 1 is not an eigenvalue of 4, since A is similar to a rotation by 27 /k radians.
Thus det(4 — I) # 0, and so (4 — I) is invertible. Thus

A1 4R=2 4 4 T=0, identically

On the other hand, it is easy to verify that

1 a b\ _ {1 a ¥
A - Ab
where (a, b') = (a, b) + (a, b)A + ... + (a, b)4*~1 = 0.
Thus, there are no restrictions on (a, b), and we may further alter our basis for

R®, without having to observe any conditions on (a,b). We're only interested

in the cases k = 2, 3,4,6.

A2—I=0 = (A-DA+)=0—=A+I=0= A=-1I
A-T=0 = (A-INA2+A+D)=0=A+A+I=0
AeT=0 = (A-IA*+1)=0=A+I=0
AS_T=0 = (A-INAP+I)=0

= A*+I=0

= (A+I)(A®-A+I)=0

= A*—A4I=0.

Thus for k = 3,4,6, A satsifies an equation of degree 2, irreducible over the
integers. Now A € SL(2,2) and A acts on 22, giving it the structure of
a module over the ring Z[4] = Z[z]/(p(z)), where p(z) is one of the above
polynomials. Since this ring is a principal ideal domain, Z? is a direct sum of
cyclic submodules (see, for instance, [7]). Hence, in this case, Z° is cyclic, that

is, thereis an element v € 22 such that < v, Av > is a basis for Z 2,
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If P is the transition matrix to this basis

P-lap = ((1) :i )_, for k=3
P-lAP = (‘1’ s ) | for k=4
P7lAP = ((1] -_i),fork:G

That is, there is a change of basis P, such that

(o) () ) )

which is what we wanted to show.

We have thus reduced our problem is to determining conditions on (a, b)

1 a b clla’b’
c )" c

are integer equivalent,

-1 1 a b (1 o ¥V
() (0

then P may be chosen to be of the form

(* ")

Proof: Any change of basis which brings the (a,b) form into the (a’,d’) form

that tell us when

Lemma 2 If

obviously leaves the first basis vector unchanged. .

Now we may factor such a P as follows:

100 1 m n)
P_( Pl)( I)
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whence

a_(1 -m -n 100
P ‘( I pt

Therefore, we must study the following basic computation:

1 a b a_f[1 d ¥
P ( c ) Pt = ( c ) -
1 00 1 m n 1 a b 1 —-m -—-n 10 0 (1 d ¥
Py I C I Pt ) C
Thus we may analyze the situation by first looking at the action of
1 m n
I

100
p,
Compute:

(1 mIn)(l aCb>(1 -mI-n)='<1 (a,b)+(C’C—I)(m,n) )

Therefore, if (a', ') = (a,b) + (C — I)(m,n) for some m,n € Z, the forms

and then at the action of

represented by (a’,b’) and (a, b) are equivalent.

Before proceeding, we recall a special case of the fundamental theorem of

finitely generated abelian groups:
Theorem 26 Consider the following short ezact sequence of groups:
1—zez L zez7- 54 —1

where M 1is an injective homomorphism, and 7 is the natural projection onto
the coset space. Then if det(M) # 0, A is @ finite abelian group whose order is
equal to the absolute value of det(M).
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Note: in the case at hand, M = (C — I), and letting L? = Z @ Z, and
L(C) = the two dimensional sub-lattice (C — I)L?, A may be identified with

the quotient lattice L2/L(C). That is, we have the short exact sequence:
1—c-ni* L zez 54—

We have seen that each coset in this quotient lattice represents possibly

distinct integer forms for 1 a Cb . But we must also account for the

action of matrices of the form ( 10 PO ) If

1 00 1 o y 100\ (1 (zyP? (1 a ¥
P C p-t )= pCcp-t - C

then we must have

1. PCP-1=¢C,ie. PC=CP

2. (way)P_l = (o', ¥')

Definition 14 IfG is a group, C € G, the centralizer of C in G is the subgroup

of G consisting of all elements of G that commute with C.

Lemma 3 If PC = CP, then P maps the sublaitice (C — I)L? into itself, and
thus induces an automorphism of the quotient laitice.
Proof:

(m,n)(C—-I)P (m,n)(CP - P)
- (myn)(PC - P)

(m, n)P(C —I) € L(C).

i

i

We may summarize the above discussion as follow:
Theorem 27

lab"tr'lt.t 1 da ¥V
c i3 integer equivalent to c
if and only if for some P € SL(2,Z) such that PC = CP, we have (a,b)P =
(a', b') modulo the lattice (C — I)L>

We now carry out the computation for Z/2, Z/3, Z/4, and Z/6.
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2.2.1 Integer Forms for Z/2

1.

2.

-1 0 -2 0
C=( 0 _1),a.ndsoC—I=( 0 _2>.
L}L(C-DI)=(Z2® 2)/(2Z®2Z) =2 Z/20 Z/2.

Thus the possibly distinct forms are represented by (0, 0), (0,1),(1,0), (1, 1),

the elements of the quotient lattice.

. But the centralizer of C € SL(2, Z) is all of SL(2, Z), and

(0,1)(]1l ‘1’) (11

o ( ‘},) =(10)

. Thus, there are only two distinct forms. Representatives may be chosen

to be:

-1 and -1
-1 _ ~1

2.2.2 Integer Forms for Z/3

1.

2.

(0 -1 (-1 -1
C._(l _1),andsoC-—I-< 1,__2).

det(C — I) = 3, and so the quotient lattice is isomorphic to Z/3. Since
(m,n) —1 2 ) = (0, k) has no integer solutions for k = 1, there

are 3 possibly distinct forms represented by (0, 0), (0, 1), (0, —1).

. But —I is in the centralizer of C, and (0, 1) ( -1 -1 ) = (0,-1)

. Thus, there are only 2 forms, which we may represent by

1 0 0 1 0 1
0 -1 and 0 -1
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2.2.3 Integer Forms for Z/4

0 -1 -1 -1
1. C= (1 O),andsoC—I: ( 1 _1>.

2. det(C —I) = 2, and so the quotient is of order two. So there are two pos-
sibly distinct forms, which we may represent by (0,0) and (0, 1). Clearly,

these are distinct, since no matrix can move (0,0). So we have:

10 o0 10 1
-1 -1
1 0 1 0

2.2.4 Integer Forms for Z/6

0 -1 -1 -1
Lo= (1 71)e-1=(71 )
2. det(C — I) = 1, so the quotient lattice has one element, and there is only

one integer form:

1 0 0
0 -1
1 1

2.3 Integer Forms for Z/2 & Z/2

This computation requires a different approach. Because this is a two-generator

group, it is more difficult,

Let 1, A, B, AB, be a representation of Z/2& Z/2 in SL(3,Z). A has an

eigenvalue 1 space, L. By the results on Z/2, we may choose a basis such that

1 a b
A= -1 0
-1

Then A% = I,Va, b€ Z.

Now for v € L, Bv = +V. However, if B # I, Bv = v implies
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1 o Vb
2= (" %)

with det(B;) = 1, and B} = I. This forces

A d Y
B = -1 0
-1

Then AB = BA forces a=d/, b=1b',and A = B.

Thus we see that B = ( -1 mlB ™ ) with det(B;) = —1.
1

But B; has an eigenvalue 1, so we may change basis to represent B; in the form

( 1om ) , and we can do this without disturbing the form of A4, because

-1
( -1 -1 is central, i.e., commutes with everything. Summarizing, we
may choose a basis so that
1 a b -1 my my
A= -1 0 ,and B = 1 ma
-1 -1

We now make 3 observations:

Observation 1:

1 0 ¢ 1 a b 1 0 -t 1 a -2t+b
1 0 -1 o0 1 0 = -1 0
1 -1 1 -1
Observation 2:
1 s ¢ -1 my ma 1 —s -t -1 28+my ma+m3s
1 0 1 ma 1 0 = 1 0
1 -1 1 -1
Observation 3:
1 0 s —1 my me 1 0 —s -1 my —mytdms

1 ¢ 1 m3 1 -t = 1 my — 2t

-1
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Observation 1 says we can force b = 0 or 1in A. Observation 3 says we can
do this without changing B at all. Meanwhile, observation 2 allows us to force
my = 0 or 1in B, and observation 3 allows us to independently force mz = 0
or 1.

The relation AB = BA puts the following conditions on the m; and a: (it

is noteworthy that there are none put on b)

m; = -—a
2my = -—ams

And B =1 =
2ma = myms

This last relation gives us no new information. However, m; and ms are
both either 0 or 1. Hence, my = 0, and m; and my can’t both be non-zero at
the same time. Putting this all together, the possibilities for B, specified by the

triple (my, ma, ma), are:

(m1,m2,m3) = (0,0,0),
(0,0,1), or
(1,0,0)
angl for each of these, A must satisfy ¢ = —m,,b = 0 or 1. It is more convenient

in what follows to force m; to be —1, which we may do.

We list the 6 possibilities we must consider:

L A B C
1 0o o0 -1 0 0 -1 0 0
-1 0 1 0 -1 0
~1 -1 1

IL A B C
1 0 1 -1 0 0 -1 0 -1
-1 0 1 0 -1 0
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1L A B c

1 0 o -1 0 -1 0 o
-1 0 11 1 -1 -1
-1 ~1 1

V. A B c
1 0 1 -1 -1 0 -1
-1 0 11 -1 -1
-1 -1 1

\% A B c
1 1 0 -1 -1 0 -1 0 0
-1 0 1 0 -1 0
-1 -1 1

VI A B c

1 1 1 -1 -1 0 -1 0 -1
0 -1 0 1 0 -1 0
0 0 -1 -1 1

Lemma 4 II,III, and V' are inieger equivalent.

Proof: Each one of these forms has exactly one diagonal matrix. It is easily
verified that the permutation of coordinates that takes one of these to another

in fact carries one entire representation to the other.
So we focus on I, IV, V, and VI, and show that they are inequivalent.

Ain I. is not integer equivalent to any matrix in IV. or VI (else they would
share an eigenvalue 1 space). Similarly, C in V, being diagonal, is not integer
equivalent to any matrix in IV or V1.

A, B, and C in I. are integer equivalent, but C is not integer equivalent to
A or B in V. Hence, I. is a different form than V.

So the last verification is that IV is not integer equivalent to VI, If they
were equivalent, any P conjugating IV to VI would carry the eigenvectors of

trhe one group to those of the other.
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More precisely, compute:

the eigenvectors associated with eigenvalue 1in IV.:

)3 ()

the eigenvectors associated with eigenvalue 1in VI:

()30

If P were a similarity matrix, it would map the one set to the other, at least up
to sign. For example, if Ae = o, BB = 3, and P~1AP = B where o generates
the unique eigenvalue 1 space of 4, and 3 generates the unique eigenvalue 1

space for B.

P-lAPB=BB=p
A(PB) = PP

PGB =l

but det P = 1 => A = =+1
But then, making these eigenvectors the columns of two matrices, say M
and N, we would have PM = £N; and det(M) = + det(N) would follow. But

this is not true.



CHAPTER 2. CLASSIFICATION OF POINT GROUPS 36

2.3.1 Integer Forms of Extensions of Maximal Abelian
Subgroups

We have seen that a finite subgroup F' of SL(3, Z) fits into the following short

exact sequence:

1—A—F—F/A—1 (2.1)
where A is maximal abelian, and thus F/A may be identified with a subgroup
of Aut(A).

We have exhibited the extensions for the completely reducible forms at the
end of section 2.1. Now we must discuss the extensions for the forms of our
abelian groups which are not completely reducible. The automorphism group
of Z/2 is trivial, and Z/6 has only one integer form, the completely reducible

one. So we need only look at the remaining forms for Z/3, Z/4, and Z/26 Z/2.
We take care of Z/3 first, then the maximal abelian cases.

We have one non-completely reducible form of Z/3, which we have repre-

sented by
10 1
Zgp < 0 -1 >
1 -1

To determine forms for Ax Z/2, where Z/2 is generated by the non-trivial

automorphism of Z/3, we first determine 3 satisfying the following conditions:

-1
0 -1\, _ (0 -1 _ (-1 1
1"5(1 —1)‘3 = (1 —1) = (—1 o)
2. B € GL(2,2Z), that is, B is an integer matrix with detf = —1 (det3 =

1 = 8 = &I, which would have a non-trivial action on 4.)

3. 32=1I
b

a ) . Condition 2) implies that A

Condition 3) implies that § = ( Z _
a®+bc=1.



CHAPTER 2. CLASSIFICATION OF POINT GROUPS . 37

e Case 1. a= 0= bc =1 = b = =1, ¢ = &1 Thus we have

0 +1)
A= ( 1 0 )

e Case 2. a?£0and a> =1 —bc=>b =0, or c = 0. Thus a = 1. Note:
we can’t have both b and ¢ = 0, since condition 1) would then fail to be
fulfilled. So we arrive at the four cases:

1. @ = 1,¢ = 0. Imposing condition 1) on ( ; _;’ ) gives b= —1.
Similarly,
2 =1,b0=0=> 0= 1 0
ca=1b= =\1 -1 -
1
1
0
1

.a=-1,c=0= 0=

0 -1 0 . -1 1 0 -1
Butgp < (1 _1),(1 ) > contains (_1 0),and (1 __1).

. . 0 _1 0 —1 i 1 0
Similarly, gp < ( 1 —1 ) N B 0 ) > contains ( 1 -1 ) , and

(7o1):

So we need only look at Gs from case 1. Thus we consider

-1 ny ng -1 n; ng
B = 0 1 , and By = 0 -1
1 0 -1 0
and ask: can we determine n; and nz such that one of these conjugates
1 0 1 1 1 0
0 -1 to its inverse -1 1 ?
1 -1 -1 0
Now 8} =TI = n; = nain B, and n; = —ng in Gs.
~1 n n 10 1 -1 n n 1 -1-3n 0
But .01 0 -1 01 = -1 1
1 0 1 -1 1 0 -1 0
1 1 0
-1 1

-1 0
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has no integer solution, whereas

-1 n -n 1 0 1 -1 n —-n 1 -n+1

0 1 0 -1 0 1 = -1

1 .0 1 -1 1 0 -1
1 10
-1 1
-1 0

has one integer solution. So there is only one integer form of Z/3x Z/2
extending the non-completely reducible form of Z/3. Since the completely re-
ducible form has two integer forms, altogether there are 3 distinct integer forms

of Z/3x Z/2

Case: Extensions of Z/4

1 0 1
We have one non-completely reducible form, with generator 0 -1
-1 0
, -1 0 0
It is an easy matts)t to verify that 0 -1 conjugates this into its
’ -1 0

own inverse, and hence represents the non-trivial automorphism of Z/4. Since
Z/4 is maximal abelian in SL(3, 7Z), there is no other extension of this form. So

altogether for Z/4x Z/2 there are two integer forms.

Case: Extensions of Z/2@¢ Z/2

There are four forms of this group, and since Z/2 ® Z/2 is maximal abelian
in SL(3,Z), we know that once we extend a representation in SL(3,Z) to a
representation of (Z/2@® Z/2)x P(3), the extension will be unique. We list our
forms for Z/2® Z/2:

1 (1] 0 -1 0 0 -1 0 0
Form A: ~1 0 1 0 -1 0
-1 -1 1

2n
-1
0
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(1 0 1) (-10 0 -1 0 -1)
Form B: -1 0 1 t -1 -1
\ -1 -1 1
(1 1 0 -1 -1 0 -1 00
Form C: -1 0 1 0 -1 0
\ —1} -1 1
1 1 1) -1 -1 0 -1 0 -1
Form D: 0 -1 0 1 0 -1 0
0 0 —1) -1 1

(These groups are called P222, 1222, C222, F222 respectively

Now in form (C), we have seen that the diagonal matrix is not integer equiv-
alent to the other two, and thus a cylcic group of order 3 cannot act on this rep-
resentation non-trivially. Hence, form (C) can only extend to (Z/267/2)x Z/2,

a case we have covered since this group is isomorphic to Z/4x Z/2,

Form (A) we take care of as follows:

00 1 0 —1
P@3)=gp< | 1 0 0|, -1 0 >
010 -1

and it is straightforward to compute that
gp < (4, P(3)) >=(Z/2® Z/2)x P(3)
where by A we mean the group indicated in form (A).

It remains to considere forms B and D. We exhibit splittings for these two
forms as follows: we conjugate our diagonal representation into each one, then
observe that the conjugating matrices, though not in SL(3, Z), take our given
representation of P(3) into integer matrices. Thus B and D have integer split-
tings, which are unique, since Z/2 @ Z/2 is maximal abelian in SL(3, Z). The

computations are:

1 0 -1 10 3
Let h; = 1 -1 , then h;l = 1 %
2 i
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and hy(A)h;! = B. Wealso check that hy P(3)h; ! is a group of integer matrices:

0 0 1 0 -1 0
by} 1 0 0 |At'=1]1 -1 0
010 0 21
0 -1 0 0 -1 -1
hi] -1 0 0 |hr*=] -1 0 O
0o o0 -1 0o 0 -1
1 -1 -1
Completely analagous computations using hy = 2 and
2
13 3
h;l = —;— 0 show that Form D also extends to an integer repre-
1

sentation of (Z/2@® Z/2)x (Aut(Z/2® Z/2).

00 1 -1 -1 0
ha] 1 0 0} h;l= 2 11
010 0 10

0 -1 0 1 -1 1

ha -1 0 0 |hAh'=1] -2 0 0

0 o0 -1 0 0 -2

Thus we have 3 integer forms for (Z/2 & Z/2)x P(3) P(3) has only one
subgroup of order 3, from which it follows that (Z/2@® Z/2)x P(3) has a unique
subgroup isomorphic to (Z/207Z/2)x Z/3. Each form for the first group restricts
to a form for the second, so we also have three forms for (Z/2® Z/2)x Z/3

This completes the list of conjugacy classes of finite subgroups of SL(3, Z).
The next order of business is to extend this list to a list of integer forms for all of
GL(3, Z). But first we summarize what we have done so farin a table which lists

our various forms, together with the names given to them by crystallographers.
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PARTIAL TABLE OF POINT GROUPS

Group SL(3, Z) forms
I P1
Z/2 P2
B2
Z/3 P3
- R3
Z/4 P4
14
Z/6 P6
Z/2® Z/2 P222
C222
F222
1222
Z/3% 2/2 P312
P321
R32
Z/4% Z/2 P422
1422
Z[/6xZ/2 P622
(Z/20Z/2)xZ/3 P23
. F23
123

(Z/2@ Z/2)x P(3) P432
' F432
1432
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2.3.2 Going from SL(3,7) to GL(3,2)
Construction I: '

For G C SL(3,2), let G* = gp(G, —I). Then G* is a group with twice as many
elements as G, contained in GL(3,Z). It is obviously not already on our list,

since it has elements with determinant -1.

Construction II:

Let Z7/2 = {1} If & : G — Z/2is a non-trivial homomorphism, then we have
the coset decomposition of G, G = K(a) U C(a), where K(«) is the kernel of

a, and C(a) is the pre-image of —1. We form a new group,
G(a) = K(a) U—-C(a)
where —C(a) = {~Iglg € C(a)}. We note the following two things about G(a):

1. G(@) cannot be conjugate to G, because it has elements with negative

determinant.

2. f: G — G(a) is an isomorphism, where f(g) = gif g € K(a), f(g) = —¢
if g € C(a).

We need to determine when two homomorphism give rise to integer equiva-

lent G’s under this construction.

Definition 15 If @ C SL(3,Z), and a,f : G ~— Z/2, we say a ~ B if
a(g) = B(hgh=1) for some h € SL(3,2), and for allg € G.

Theorem 28 With the notation of Consiruction II, we have
G(a) ~G(B) <= a~p

Proof: Suppose G(a) = hG(B)h~1. Then we may write:

h (E(Byu—C(B)) k™1
RE(B)h~t UR(-C(B))h~!

K(a)U —C(e)

ll
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Since both unions are disjoint, and since h preserves determinants, K(a) =
RK(B)h~1, and C(a) = RC(B)h~!. Now if ¢ € K(«a), then a(g) = 1. Also
h~lgh € K(B), and so B(h~gh) = 1. Similarly for elements of C(a), and thus
a~B.

Conversely, if a(g) = B(hgh™') for some h € SL(3,Z), then K(a) =
k=YK (B)h, C(a) = h=*C(B)h~?, and G(c) is integer equivalent to G(B). e

Thus, we must classify, for each G C SL(3, Z), inequivalent homomorphisms
onto Z/2. (Note: the trivial map into Z/2 simply recaptures G itself under the

above construction.)

Claim: once we have done this, our classification of finite subgroups of
GL(3,7Z) up to integer equivalence will be complete. For if G is a subgroup
of GL(3,Z), G ¢ SL(3,Z), then det : G — Z/2 is onto. If —I € G, then
G = gp(K,—I), where K is the kernel of det. And if —J & G, then forming
Gt = KU —H, where K is the kernel, and H is the other coset, we see that
G* C SL(3,2), and G = ??_*'(a), where a : G — Z/2 is obtained from the
determinant map in the obvious way.

2.3.3 Classification of Homs

In this section we determine the non-trivial inequivalent homomorphisms from

each integer form in SL(3, Z) to Z/2.

1. Z/2

Z/2 admits one non-trivial map into itself, the identity map.

IL Z/3

Z/3 admits no non-trivial homomorphism to Z/2.

IIL. Z/4

Z /4 admits one non-trivial homomorphism to Z/2.
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IV. Z/6

Z/6 admits one non-trivial homomorphism to Z/2.

V. 2/20 Z/2

Z/2@® Z/2 requires more work. Let Z/2® Z/2 = {1, a,b,c}. Abstractly, there
are 3 non-trivial maps to Z/2, with kernel consisting of gp(a), gp(b), and gp(c)
respectively. Two such maps are equivalent if and only if both the kernel and

the other coset are integer equivalent.

We must look at each form separately. We refer to the list of the four in-
equivalent forms found in the section on extensions of Z/2 @ Z/2. We lave
seen, in that section, that forms (A),(B), and (D) all admit extensions to
(Z/2® Z/2)x Aut(Z/2 & Z/2). This means that for these forms, the full group
of automorphisms can be represented as a subgroup of SL(3, Z). In other words,
if g1, g2 are any two elements in one of these forms, there is a matrix in SL(3, 2)
which conjugates one to the other; thus any two homomorphisms onto Z/2 are

equivalent, and these 3 forms each admits 1 equivalence of such maps.

Form (C), on the other hand, only admits one automorphism, which is of
order 2, and which can be represented by an integer matrix. This means that
two of the elements of this form are equivalent, and so there are 2 classes of

homomorphisms in this case.

Summary:

Form A admits 1 equivalence class of Z/2 homs;
Form B admits 1 equivalence class of Z/2 homs;
Form C admits 2 equivalence class of Z/2 homs;

Form D admits 1 equivalence class of Z/2 homs.

Now we continue on to discuss the extensions.
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VI. Extensions of Z/6 and Z/4

There are 3 inequivaient homomorphisms of Z/nx Z/2 onto Z/2, where n = 4
or 6. To prove this, we need some preliminary lemmas. We shall discuss the

case 1. = 6, but the discussion is identical for n = 4.
Lemma & If G = Z/6x Z/2, then [G, G| = Z/3, and gp(a®) = Z/2 is central.

Proof: G may be presented as < a,bla® = 1,b* == 1,bab = a=! >. Then
b=>b"1 s0 aba~lb! = aba~*b = aa = a®. Thus the group generated by the
commutators, [G, G] = gp(e®|a € Z/6) = Z/3.

Next, ba®b~1 = ¢=3 = a2, and so b and a® commute. So a® commutes with

everything, i.e., is central. .

Lemma 6 IfG C SL(3,7), and G = Z[/6x Z/2, and if h € SL(3,2) is such
that R~*Gh = G, then h € G.

Proof: We use the same presentation for G as in the previous lemma.

Z/6 = Z/3® Z/2, and we have seen that Z/2 is central, and Z/3 is [G, G],
hence preserved by any automorphism of Z/6. Thus h determines an automor-
phism of Z/6.

If h~'ah = a, then since Z/6 is maximal abelian in SL(3,Z), h € Z/6.

If the action of & is not trivial, it must map a — a—1. The matrix kb acts

by conjugation:

(hb)a(hb)™* = h(bab~1)r"?!
= ha"lp-!

= a.

Thus, hb and @ commute, and since Z/6 is maximal abelian in SL(3, Z)

(again!), kb € Z/6, which means that 2 € G.

Theorem 29 There are 3 inequivalent homomorphisms of Z/6x Z/2 onto Z/2.
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Proof: Any homomorphism into an abelian group factors through G/[G, G] as
follows:
G — Z/2
'/
G/[G,G]
And any homomorphism from G/[G, G] determines one from G, by composi-
tion with the canonical projection. Now G =< a,bla® = 1,b% = 1,bab=a"! >.

G/[G, G] will have the additional relation ab = ba, hence
a = b%a = b(ba) = bab=a~ 1.

Thus, in G/[G, G} a® =1, and G/[G,G| = Z/2 & Z/2.

Now there are three homomorphisms from Z/2 & Z/2 onto Z/2. Suppose
a,B: G — Z/2 are induced maps corresponding to any two of these,

These maps are equivalent if and only if a(g) = B(h~'gh) for some h €
SL(3,Z). But the second lemma says that if h"1Gh = G, h € G, so f is

actually defined on the element h. But then we have:

B(h~ gh)
= B(h)"'B(g)B(R)
= Pg)

a(9)

since these values are in an abelian group. Thus ¢ ~ 8 =—> a = £, and the

three distinct homomorphism are in fact inequivalent.

VII. Extensions of Z/3

Z/3% Z/2 admits 1 non-trivial homomorphism onto Z/2. The Sylow theorem
implies that Z/3 has exactly one subgroup of order 3, and since it is of index

two it is normal. The quotient map by this subgroup is the map onto Z /2.
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VII. Extensions of Z/2® Z/2
Theorem 80 IfG = (Z/20Z/2)x Z/3, then [G,G] = Z/2®0Z/2, and G/[G,G] =
2/3.

Proof: Let Z/2® Z/2 = {1, a,b,ab} and let Z/3 = {1,¢,t%}. Let the action of ¢

be described as follows:
tat® = b,tbt* = ab
Then the various commutators are:
[t,a] = tat’a = ba

[t,b) =tbt*b=abb=a
[t, ab] = tabt>ab = tat’tbt’ad = baab = 1

Thus, [G,G] = gp(a,b) =Z/26 Z/2.
G/[G, G] = gp(t) = Z/3. Since there are no non-trivial maps from Z/3 to

Z/2, the same is true of G. °

Theorem 31 If G = (Z/2® Z/2)x P(3), then there is ezactly one non-trivial
map from G to Z/2.

Proof: We show that the abelianization of G is Z/2. Let G = gp(a,b, s, t),
where gp(s,t) = P(3). Let ¢ be the automorphism of order 3, and s be the
automorphism of order 2. Since P(3) is isomorphic to Z/3x Z/2, we have the
relation sts = 2. If we add the relation st = ts, we get t = t2, or ¢ = 1. Without
loss of generality, tat~! = b and tbt~! = ab; hence in G/[G,G), a = b = 1. Thus
G/[G,G] = gp(s) = Z/2.
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Group SL(3, Z) forms # of Z/2 homs forms induced by homs
I 1 0 0
Z/2 2 1 2
Z/3 2 0 0
Z/4 2 1 2
AL 1 1 1
Z/2e Z/2 Form A 1 1
Form B 1 1
Form C 2 2
Form D 1 1
Z/3% Z/2 3 1 3
Z/4x Z/2 2 3 6
Z/6x /2 1 3 3
(Z/20 Z/2)% 2/3 3 0 0
(Z/2® Z/2)x P(3) 3 1 3
Total: 24 25

We summarize the information developed so far in the above table.

For each integer form in G € SL(3,Z) we may form a new space group by

adjoining —1I to get gp < G, —I >. Since groups of the form gp(G, —1I) are:
1. not in SL(3,2)

2. not groups which arise from the hom construction (such groups do not

contain —I)

we can list 73 point groups as follows: 24 SL(3, Z) forms, 24 forms gp(G, —I),
and 25 forms from the hom construction.

For convenience we organize a table now with all the crystallographic names
as they appear in the X-Ray Tables. The discussion needed to establish this

correspondence is given in the following section.
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" TABLE OF POINT GROUPS

Group SL(3,Z) forms adjoin —J Hom constr,
I P1 P1
Z/2 P2 P2/m Pm
B2 B2/m Bm
Z/3 P3 P3
R3 R3
Z/4 P4 P4/m P4
I4 14/m 14
Z/6 " P6 P6/m P6
Z2e Z/2 P222 Pmmm Pmm2
C222 Cmmm Amm2,Cmm?2
F222 : Fimmm Fmm?2
1222 Immm Imm2
Z[3xZ]2 P312 P31m P3m1
P321 Pgml P31m
R32 R3m R3m
Z/4x 2/2 P422 P4/mmm P4mm,P42m,P4m2
1422 I4/mmm I4mm,[42m,14m2
Zl6xZ/2 P622 P6/mmm P6mm,P62m,P6m2
(Z/20 Z/2)xZ2/3 P23 Pm3
F23 Fm3
123 Im3
(Z/2® Z/2)x P(3) P432 Pm3m P43m
F432 Fm3m F43m

1432 Im3m 143m
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2.4 Comparison with The International Tables
for X-Ray Crystallography

We want to correlate our list of 73 point groups with those in the above men-
tioned Tables, Vol. 1, ([6]). This is a non-trivial matter, because the notation is
different enough to require some computations to establish the correspondence.
This section should be read with a copy of the Tables for reference. Let me also
say at the outset that this is an ad hoc process, necessary to correlate what’s

been done with crystallographic naming conventions. More will be said later.

As an example of what we must do, we discuss the forms for the group Z/2
in some detail. Recall our two forms for this group in SL(3, Z):

1

Form I. The group generated by -1
-1

Form II. The group generated by -1
-1
The third entry in the tables is P2. The symmetries for P2 are written as

follows:
TyYy 23 T Yy 2.

The bar over the ¢ and y denotes a negative sign. This notation represents
general coordinates of the unit cell under the action of the group. Clearly, form
number 1 represents this action, if we switch the roles of the « and z coordinates.
Thus P2 corresponds to form 1 for Z/2.

But there is also B2, number 4 in the Tables, (Note: there are 2 equivalent
listings for certain groups. They are given the same space group number and
label, and differ only in the choice of the z-axis.) B2 lists the same symmetry as
P2, but also has an added condition, which is stated: ”Co-ordinates of equivalent
positions.” This coordinates in this case are: 0,0, 0; %, 0, % This means that

the point %, O,% is to be added to the lattice.
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The interpretation of this is that the unit cell chosen for the lattice is not
primitive, that is, it contains points not on the corners of the unit cell. Before

we continue, let us make a few definitions to formalize these notions.

Definition 16 A primitive unit cell for ¢ 3-dimensional lattice is a parallelop-
iped such that every lattice point is an integral linear combination of 3 of the

edges.

~ For every lattice, there is a primitive unit cell, in fact infinitely many. How-

ever, crystallographers often choose unit cells which are not primitive,

Definition 17 A non-primitive unit cell for a 3 dimensional lattice is ¢ paral-
lelopiped which contains lattice poinis other than at the corners, such that the
lattice is the set of all integral linear combinations of all these poinis, both corner

and interior.

Such unit cells are labelled by crystallographers according to the following

system: (for more information and pictures, see [2].)

e A,B, or C - with one pair of opposite faces centered, i.e. with a lattice

point at the center of the faces.
e F - all faces centered
o I - body centered, i.e. with a lattice point at the center of the unit cell.
o P- primitivg

R - either a primitive cell in the shape of a rhombohedron, or a cell with

2 internal points spaced 1/3 and 2/3 along the long body diagonal.

The reason for non-primitive lattices is that they are more revealing of syin-

metries; for example, in the two dimensional case compare:

PRIMITIVE CELL ) CENTERED UNIT CELL
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Note: it is clear that if we take the edges of a non-primitive cell as the basis
for our lattice, the centered points will require fractional coordinates. But if we
fill cut the centered points to a basis, then the symmetries of the lattice only

require integer coordinates. This motivates our approach.

We will now show that B2 corresponds to our second form for the group
Z/2.

We complete (3,0, 1) to a basis as follows:

1 3
a= | o0 b= 1 c= 0
0 3

Every lattice point is, by definition of the centered lattice, an integral linear
combination of this basis. If A is the symmetry element of rotation by 180

degrees around the z axis, then with respect to the standard basis,

1
A= -1
-1
Representing A in terms of (a, b, ¢) we have: Aa = a; Ab = —b; Ac = a — ¢; and
50
1 0 1
A~ -1 0
-1

More concretely, writing the change of basis explicitly:

1 0 1 10 -1 1 _ 10 %
A= -1 0] = 1 -1 10
-1 2 -1 1

The moral of this is that our SL(3, Z) representations correspond to primi-
tive and non-primitive unit cells. Specifically, we have that completely reducible
representations correspond to primitive space groups, and non completely re-

ducible representations correspond to non-primitive space groups.
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Continuing with the example G = Z/2, we next want to find gp(G, —I). This
is a simple matter - P2/m, number 10 in the tables, is easily seen to correspond

to:

-1 ) -1 , 1 ) 1
-1 -1 1 1
again, with a trivial relabeling of coordinates.
And B2/m, number 12 in the tables, is the non-primitive version of the same
construction.
Finally, we must apply our homomorphism construction. - There is one non-

trivial homomorphism mapping Z/2 onto Z/2, the identity. The pre-image of 1
1 -1
is M= -1 . Since —I(M) = 1 , we must find a
-1 1
group which in crystallographic notation looks like: =z, y, z; &, y, 2. But number

6, Pm, has this form, again with a relabeling of coordinates. And finally, Bm,
number 8, is the non-primitive version of this construction. So summarizing
what we have done, we have the following list for our various representations of

Z[2:

Space Group Number Symbol Construction
3. P2 Z /2, first form
5. B2 Z/2, second form
6. Pm P2, hom construction
8. Bm B2, hom construction
10. P2/m gp(P2,-I)
12. B2/m gp(B2,-1I)

Now we will go through the tables, and correlate the point groups with our
constructed list. Since there are 13 completely reducible forms in SL(3, Z) ac-
cording to our list, we must make 13 computations similar to the example given.

After that, the only work to be done is when there is more than one inequivalent
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homomorphism. Otherwise, correlating the table entries with our list is very
straightforward. So first we will go through the tables sequentially, and write
down, for each space group, which construction on our list it corresponds to.
We put an asterisk by the ones which take a computation. These computations

are gathered together at the end.

Before proceeding, however, let us point out that we are forging this corre-
spondence in an ad hoc manner. In other words, what we have done is, by trial
and error, determined bases in terms of which the given group is represented
by our forms. Is there some mathematiéal, intrinsic explanation fbr this choice,
or is it truly arbitrary? I do not know. It would certainly be more satisfying
if we could show some intrinsic way of making the identification between the
irreducible forms in our list, and the non-primitive crystallographic groups. On

this matter we are, for the moment, still in the dark.
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Space Group Number

1.

N

16.
20.
22.
23.
25.
35.
38.
42.
44,
47.
65.
69.
71,

75.
79.
81.
82.
83.
87.
89.

P1

P1
P2

B2
Pm
Bm
P2/m
B2/m

P222
C222
F222
1222
Pmm?2
Cmn2
Amm2
Fmm?2
Imm?2
Pmmm
Cmmm
Fmmm

Immm

P4

14

P4

1
P4/m
14/m
P422

Construction

I, the identity group ‘
gp(I, 1)

Z/2, fixrst form

Z/2, second form

P2, hom constr.

B2, hom constr,
gp(P2, —I)

gp(B2, —I)

Z/2@& Z/2, form A
Z/2& Z/2, form C
Z/2@ Z/2, form D
Z/2& Z/2, form B
P222, hom constr.

C222, hom constr.

€222, hom constr.

F222, hom constr.

1222, lom constr.

gp(P222, 1)
gp(C222,-1I)
gp(F222,-1I)
gp(I1222,-1)

Z /4, reducible form

Z[4, second form

P4, hom constr.

14, hom comnstr.

gp(P4, —I)

gp(14,—1)

Z /4% Z/2, reducible form
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97.*
99.*
107.
111.*
115.*
119.
121.
123.
139.

143.

150.

155.
156.
157.
160.
162.
164,
166.

168,
174.

1422
P4mm
I4mm
P42m
Pdm2
I4m2
I42m
P4/mmm

I4/mmm

P3
R3
P3

R3
P312

P321

R32
P3ml
P31m
R3m
P31m
P3m1
R3m

P6
P6

Z[4x Z/2, non reducible form
P422, hom constr.
1422, hom constr.
P422, hom constr.
P422, hom constr.

1422, hom constr.

1422, hom constr.

gp(P422, -I)
gp(1422,—1I)

Z[3, reducible form
Z/3, non-reducible form
gp(P3, —I)
gp(R3, —I)
Z/3% Z[2, reducible form, using
0 -1
-1 0
-1

Z/3x Z/2, reducible form, using

01

10

-1

Z{3x Z/2, irreducible form

P321, hom constr.
P312, hom constr.
R32, hom constr.
gp(P312, -I)
gp(P321,-1I)
gp(R32,~I)

Z/6, the only form

P6, hom constr.
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175.
177.
183.
187.
189.
191,

195.
196.
197.
200.
202.
204.
207.
209.
210.
215.
216.
217.
221.
225.
229,

P6/m
P622
Pémm
P6m2
P62m

P6/mmm

P23
F23
123
Pm3
Fm3
Im3
P432
F432
1432
P43m
F43m
I43m
Pm3m
Fm3m

Im3m

gp(P6,—I)

Z/6x Z/2, only one form
P622, hom constr.

P622, hom constr.

P622, hom constr.
gp(p622, ~I)

(Z/2® Z/2)» Z/3, reducible form
(Z/20 Z/2)» Z/3, second form
(Z2/2@ Z/2)x Z/3, third form
gp(P23, 1)

gp(F23,—1I)

gp(123,-I)

(Z/2® Z/2)x P(3), reducible
(Z/2@® Z/2)» P(3), second form
(Z/2 ® Z/2)x P(3), third form
P432, hom constr.

F432, hom constr.

1432, hom constr.

gp(P432, —1I)

gp(F432,-1)

gp(I432, —-I)
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2.4.1 Computations

Now we include the matrix computations necessary to establish the correspon-
dence between the crystallography tables and the mathematical classification of
the point groups. We have handled the monoclinic groups, in our example, so

we begin with the orthorhombic class.

Centered Unit Cells in the Orthorhombic Class

Body-Centered Cells. One point is added to the lattice, , and all

1= 10 L[

its translates, We complete this vector to a basis as follows:

1

.t
-
B[ [ WO fre

0

Then the change of basis computation is:

10 -1 1 1 1 1 0 1
1 -1 -1 1 3| = -1 0
2 -1 1 -1
and
10 -1 -1 101 -10 0
1 -1 1 1 3| = 1 1
2 -1 3 -1

Thus what we have called Form B corresponds to 1222.

Side-Centered Cells. In this case, the point added to the unit cell is

O W W

and we complete to a basis as follows:

1 i 0
o, {1 ],}]o0
0 0 1
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and we change to this basis as follows:

1 -1 0 1 _ 1 o0 1 1 0
2 0 -1 : = -1 0
1 -1 1 -1
and
1 -10 -1 1 320 -1 -1 0
2 0 1 1 = 1 0
1 -1 1 -1

And so our Form C corresponds to C222,

Face-Centered Cells. In this case, points are added to the center of each

face; thus the “coordinates of equivalent points ” are:

1 1
0 3 3
1 1
9 ’ 9 [} 0
1 1
2 0 2

We map this basis for a rational lattice to one which is integer equivalent:

0 1 3 -1.0 0 1 L3
1100 110|=1]01o0
101 101 0 0 }

Then with respect to this basis, we compute:

1 -1 -1 -1 1 3 3 -1 0 -1
2 0 -1 1 o] = -1 0
2 1 i 1
and
1 1

1 -1 -1 1 1 3 3 1 1 1

2 0 -1 1 0] = -1 0

2 -1 i -1

Thus Form D corresponds to F222,

The body-centered cells and the face-centered cells come up again, in the
cubic class; only body centered cells exists in the tetragonal class; the side-

centered cell exists only in the orthorhiombic class.
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In these other cases we use the same change of basis as we did here. The
cubic groups are extensions of orthorhombic groups, so all we need check as that

under the above conjugations, the automorphisms go into integer matrices.

Body Centering and Face Centering in the Cubic Class
Body-Centering:

10 -1 0 0 1 1012 0 -1 0
1 -1 100 1 3 i=1]1-10
2 010 3 0 21
1 -1 0 -1 0 10 % 0 -1 -1
1 -1 -1 0 o0 1 3 |=]-1 o o
2 0 0 -1 i 0 0 -1
Face-Centering:
1 -1 -1 0 0 1 1 3 3 -1 -1 0
2 100 1 0} = 2 11
2 010 o 3 0 10
1 -1 -1 0 -1 0 1 3 3 1 -1 1
2 -1 0 o0 L o|l=}1-2 0o o
2 0 0 -1 0 1 0 0 -2
Body Centering in the Tetragonal Class
1 -1 -1 10 o0 1 11 10 1
2 0 -1 3 = 0 -1
2 1 0 i 1 0

To handle the one extension of this form, we again check that this change of
basis takes the automorphism to a matrix in SL(3,Z). In fact, it takes the
automorphism to itself:

1 -1 -1 -1 0 0 1
2 0 -1

W=
|
[S
o
(=]

12 2=

(V]
|
pasry
(=}
[T
I
I
O
|
O
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The Non-primitive Lattice in the Trigonal Class

-1 0 0 10 1 -1 0 0 010
-1 0 -1 0 -1 1 0 -1 = 0 0 1
-1 -1 0 1 -1 1 -1 0 1 00

Thus we see that our non-primitive form for Z/3 is integer equivalent to the
representation given in the tables for the group R3: =z, y, z; 2,2, ¥; ¥, 2, x. These
are the thombohedral coordinates. The unit cell for this space group is primitive,
but three times the volume as the unit cell for the completely reducible form.
The hexagonal axes for the trigonal group have coordinates of equivalent

positions listed as:

1 2
3 3
2 1
3 |0 3
2 1
3 3
The computation:
1 1
-1 -1 0 10 0 -1 —-g- —-:1; 10 1
2 -1 0 -1 313- -g = ¢ -1
11 1 -1 - 2 1 -1
is a change of basis from primitive to hexagonal coordinates which also pre-
. -1
serves the integrality of the automorphism 01 . BExplicitly:
1 0
1 1
-1 -1 0 -1 0 0 -1 —:.i; —§ -1 0 -1
1 1 10 -3 2 0 1

For completeness, we include the change of basis from primitive to rhombo-

hedral coordinates:

i 1 1
1 1 0 10 o P33 010
1 0 -1 0 -1 fop =00
1 -1 1 1 -1 TR S 100
1 1 0 -1 0 ~1

—
Qo
|
—
o
-t

Qo C1a L=
|

Qi W= Wi
|

Qi Q= Q=
i
|
-
(=]
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Since there are no non-primitive forms in the hexagonal class, we are done.
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63
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3.1 Introduction

In this section, we determine how to attach translations to our point groups.

First we recall some material from the introduction.

Let R(3) be the grouﬁ of rigid motions of Euclidean 3 space. Let T be the
subgroup of pure translations. Let O(3) be the group of rigid motions which fix

a point. Then
1—T-— R(3) — 0(3) — 1

is an exact sequence which splits. Thus R(3) = T'x O(3). We may represent

elements of R(3) by
A X
= (3 7)

where 4 € O(3), and X € R®.
A crystallographic group is a group I' C R(3) such that

1. ' nT is a lattice.
2. T/(T' N T) is finite.

Condition 1) ==> that the quotient can be imbedded into GL(3, Z), and
condition 2) = that, with a change of basis, the translational components are
rational numbers; that is, if T is a crystallographic group, we may represent I'

as a set

r={ (“3, ]i ) A€ GL(3,2), X € Q%

We say that two such representations are equivalent if they are related by a

change of basis which carries the lattice for one onto the lattice for the other.

Thus,
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if
(B Y) (A x) (B-l —B-IY) _ (A' x')'
0 1 0 1 0 1 0 1
where B € SL(3,Z). From this equation it follows:
Condition I BAB~! = 4’
Condition II —(BAB~! —-I)Y + BX = X'

We may break this computation up into two stages, as follows:
(I YV B o A X B-* 0 I -Y
0 1 0 1 0 1 01 0 1
(I Y BAB-! BX\ (I -Y\
- 0o 1 0 1 0 1
A X
- (% %)

Thus, we may first classify the A’s, which is what we have done in the point

group classification, and then add in the translation pieces.

Proceeding this way, we must limit ourselves to B’s that commute with A4,
once we have settled on a form for a particular point group. This simplifies

condition II above to read:
~(A-I)Y+BX =X’
If B = I, this tells us that we may always replace
X——-A-0Y +X

where Y is any vector in Q3. We will want to kill translations modulo the
lattice, that is, see if we can map replace X with the 0 vector. This amounts to

solving the system of equations
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—(A-I)Y =-X

In particular, if A—I is non-singular, this may be done. In general, the rank
of A is the number of components in X which we may kill. When we speak of
conjugating by ¥, what we mean is replacing X with —(4 — I)Y + X.

What we do with each form is

1. Try to kill translations by conjugating

2. Limit the remaining translations by using the fact that some finite power

of each element in T is 0 modulo the lattice.

3. Impose the conditions arising out of the group multiplication between
elements. For instance, if the point group in questioxn has elements A, and

B, and AB = BA, then
A ta B ip
0 1 0 1

Atp 414 =Bty +1itp

This procedure results in a list of possibilities. We then usually use B’s that
commute with A to collapse some of these, or, if there is no such B, note that

we are done.

This is the general schema. Our program for the rest of this section is to ap-
ply this schema to, first, the primitive (completely reducible) forms in SL(3, Z).
After that’s done, we’ll go through forms arising out of the liom construction.
Next, we’ll attack the forms which come from adjoining —I. Finally, we’ll turn

our attention to the non-primitive forms.
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3.2 Primitive forms in SL(3,2)
3.2.1 P2 |

A= -1 s ta=

We want to determine ¢4.

STEP 1
a a
Replace b ——(A-0)Y + b
c c
Since
0
A-TI= =2
-2
a
(A — I)Y = b
¢
becomes
0 0
—Zyg = b
—2y3 c

which can be solved for y; and y3. So I may replace

STEP II Let L denote the lattice.

(5%) (57%)=(%"*"7)-

= A =-X= 0

67

]
3]

b with 0

( g (1) ) modulo L



'CHAPTER 3. TRANSLATIONS 88

a/2
—=2a=0mod L =14 = 0
0
where ¢ = 0,1. a = 0 gives P2. So we have one form with non-primitive

translations: P2,

1 3
-1 : 0
-1 0
3.2.2 P3
1 0 0 a
A= -1 ;ta=
1 -1 c
STEP I
0 0 0
A-T= -1 -1
1 -2

so I can kill b and ¢ by conjugation.
STEP II Impose finite order.

3
A X _ [ A® A'+AX+ X I o
(0 1) —( 0 1 = 0 1 modulo L
a 3a
=>(A2+A+I) 0 = 0 = (1}
0 0 0
a/3
= 3a=0mod L=—14 = 0

0 4
where a = 0,1,2. a = 0 gives P3. So we have two forms with non-primitive

translations: P3;, and P3,.
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1 3 1 3
0o -1 ]; | o 0 -1 ]; ] o
1 -1 0 1 -1 0
3.2.3 P4
10 0 a
A= 0 -1 |;ty=
1 0 c
STEP 1
0 0 0
A-TI= -1 -1
1 -1
so I can kill b and ¢ by conjugation.
STEP II Impose finite order.
4
A X I 0
(0 1) —-(0 l)moduloL
a 4a 0
= (A +A4%+4+1) | 0 | = ol =100
0 0 0
a/4
= 4da=0mod L = t4 = 0
0

where a = 0, 1, 2, 3. So we get three forms with non-primitive translations: P4,,
P42, and P43.

3.2.4 P6
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STEP 1
0 0 0
A-I= -1 -1
1 2

so I can kill b and ¢ by conjugation.

STEP II Impose finite order.

G
A X : I 0
(0 1) __<0 l)moduloL
a/6
= 6a=0mod L = t4 = 0
0

where a = 0,1,2,3,4,5. So we get five forms with non-primitive translations:

PG, P6,y, P63, P64, P6y.

3.2.5 P222
Things get a little more interesting when we leave the realm of cyclic groups.
1 -1 -1
Let 4 = -1 1 B= -1 C= 1
-1 1 -1
a 0
and let ¢4 = b 1. A-TI= -2 —> we can kill b and ¢,
-2
a
and let t4 = 0 { . Also
0
A’=I=+2a=0mod L
a/2

So we have t4 = 0 where a =0, 1.
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b1
Let ¢ D= bg
b3
n
Now in conjugating t4 to this form, we used a vector ¥ = Ya , but
Y3

we only specified y; and y;. Since y; is still free, we may further conjugate in

order to kill b;.
In addition, AB = BA = C and so

Atp +ta = Bty + 1B

0 af2 af2 0
0 + ba mod L

~b3 0 0 b3

=% 2b3 = 0, 2b3 = 0 mod L.

0
So we may replace tp — ba/2 | , with by, b3 =0, 1.
b3 /2
And AB =C, tc = Atp + ta, so
af2
toc = ba/2 mod L
b3/2

Two possibilities for ¢4, 4 possibilities for g, give 8 possibilities, one of which

is P222. Only four of these are in fact inequivalent; we write them all down,

then relate them.
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Possible translations consistent with P222,

ta tp tc
0 0 0
0 0 0
0) [0 (o
2. | o ] 0 P222,
\ 0 \%) %)
0\ [/ 0) 0
3 0 1 L P222,
\0) \ 0/ (0)
4. | o i 3 P2;2,2
o/ \3/ \13
(%) [0 (%)
5. (] 0 0 P222,
0 o/ \ o
(3) [ °) (%)
6. 0 0 0 P2,2,2,
\o/ \3/ \3:
(3 (°) (%)
7. 0 1 1 P2,2,2
Lo/ \o/) \o
(3 (0) (%)
8. 0 1 : P2,2,2y
\o/ \3/ \3

The first 5 are clearly equivalent to the forms named. In 6., conjugation by

0 1 0 1
Y = ;11- maps the given set into -_f.,- , % 0 , modulo
0 0 1)\t

the lattice, which is the way P2,2,2; appears in the tables.
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In 7. conjugation by the same vector results in the set

Finally, in 8., conjugationby Y = gives the set

O B haim

/"—'\ O W=l

O 1 W —

——9 © O

Wi & W

-3
w

— O Wi

Wi
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3.2.6 P321 and P312

We have showed how to attach translations to P3, and we got

0 -1 0
A= 1 -1 yta= 0
1 af3

where @ = 1,2. Now we want to look at forms for Z/3x Z/2, i.e., add the

automorphism together with its translation vector; (we look at P321 first)

01 i
P= 10 ;1 ip = to
-1 i3
t 13
First, note that we may replace 17 — 17 using (P — I)Y to
' 2 0

kill 3. The reason is that in the conjugating we did to get A into its form we

ounly used y;, and ya.

Next, P2 =1 = Ptp+tp = 0 == t2 +¢; = 0 And so we have

i
ip = -1
0
Next,
P l1AP = A™' =» AP = PA™?
=> Alp +t4 = Pty-1 + tp
0
but tA-z = —A—ltA = 0
: —a/3
so we get .
0 -1 t 0\. 0 1 0 t
1 -1 -t | + 0 = 1 0| + —t
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75
t 4
1 1
3 3
==}
1 31 2
3 3 3
But —I commutes with everything, so 2 ~ -2 ~ 3
. 0 0 0
modulo the lattice.
1 2
3 0 3
But tp = %— can be moved to 0 by conjugating by % ]
0 0 0
and this change of basis does not change ¢4, modulo the lattice.
So we have 3 forms corresponding to
0 0
tg = 0 sa=0/,1,2and ip = 0 ;
a/3 0
P321, P3,21, P3,21 (correspond to tp = 0.)
NEXT: P312
0 -1 0 0 -1 ty
A= 1 -1 ;A = 0 P= -1 0 jip = 12
1 a/3 -1 13
—~t3 31
Ptp +tp = -ty + ta =90
—i3 i3
=11 =1»

Again, we may kill £3 by conjugating, without affecting t4.

i
So we may write : tp = t

0
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P lAP=A"'=—

AP=PA 1 — Atp +t4 = Ptg-1 4+ tp

-1 0 0 -1 ]
= 1 -1 t + 0 = -1 0 0
1 a/3 -1 —a/3

] 4

= 0 = t

a/3 af3

Thus, £ = 0. So the only translation vector we may add to the automorphisin

is the zero vector. So in addition to P312, there are P3,12, P3312,

3.2.7 P422
0 -1 0 0 t
A= 1 o0 jta= 0| P=| -1 | -10-Litp= | t

1. Kill ¢3, as usual.

II. P2 =] = Pip+tp=0

—ta 31
= | s | + | ta | =0
0 0
ﬁ-tl:tz
t
Sotp = t
0

III AP=PA 1= Atp-+its = Pty-r +1tp
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] 0 0 t
= t + 0 = 0 + t
0 a/4 a/4 0

ﬁt:—t=>2t=0=>t=%.

Thus we arrive at

0 -1 0 0 0 -1 b/2
1 0 ; 0 |and | -1 0 3 b/2
1 a/4 -1 0

witha =0,1,2,3and b =0,1.
And these 8 forms correspond to the following entries in the table:

.P422 (a=0;b=0)
. P4;22 (a=1;b=0)
P4,22 (a=2;b=0)
. P4322 (a=3;b=0)
. P42,2 (a=0;b=1)
. P4;292 (a=1;b=1)
. P4,2;2 (a=2;b=1)
. P452,2 (a=3;b=1)

ooqcscn.ag»w:—-

However, there are some differences in the appearance of the entries in the
table, due to different choices of the origin. For example
0
e In number 2, conjugating by ¥ = 0 will shift the z axis in P,
1/8
without affecting A.

¢ In number 3, similarly, conjugating by ¥ = will make our form

ik © O

look like the tables.
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0)

e In number 4, conjugate by ¥ = 0 1.
3/8 )
1
1)
¢ in number 5, conjugating by ¥ = 0 kills the translational part of

0 )
the automorphism, and puts it into the A matrix.

Similar remarks apply to numbers 6,7, and 8.

3.2.8 PB622
0 -1 0 01 1
A= 1 1 1 ta = 0 P = 10 H 12
1 a./6 -1 t;;
I. Kill ¢3 by conjugating.
ta t1
IL Pip+tp =0= 131 + ta =0
0 0
=1 = —1s
t
soip = -t
0
Il AP = PA™? = Atp +tqg = Pty-1 +1tp
0
but t41 = -4, = 0
—a/6
0 -1 t\ 0 0 1 0
= 1 0

Thus 1 1 —t + 0
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t 4
= 0 = -t
a/6 a/6

And thus, t = 0. So in all cases, the only consistent way to add a translation
to the automorphism, is if it is zero. So we have the forms: P6,22, P6422, P6;22, P6,22, P6;22.

Again, the tables move the origin to other places than where we have them;

the details are omitted.

3.2.9 P23

This is the primitive form of Z/2® Z/2x Z/3. What we must look at is

1 -1 -1
A= -1 ytay B= -1 ,tp; C = 1 ' to
-1 1 -1

where t4,1p,t¢ run through the possibilities listed in the section on P222; and

0 0 1 1
P = 1 00 y tp = ta
010 i3

We will first examine the consistency relations stemming from PA = BP, PB =
CP, PC = AP. The following relations follow:

1. Pty +tp = Bip +ip
2. Ptp+tp =Ctp +ic

3. Ptc+tp=Atp+1ia

In the cases where t4 = 0 |, we have from relation (1):

tp = Bip +ig =
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(21 —¥;
ta = —1a +tip
i3 i3

Iftp has a % in the 3d coordinate,b we get an inconsistency: % = 0 modulo L.

0 0
In the other case where t4 = 0, we have tp = % ,and t¢c = %
0 0
Then relation (2) ==
0 ty ~t1 0
0 + ta = ta + -;-
3 ta ~t3 0

which is again inconsistent, in the second coordinate.

So far we have ruled out adding our automorphism to P222; and P2,2,;2.

The only case left is P21212;. We take

3 0 3
ta= i |its= i lite= 0
1
0 3 'le'
i1 0
We now show that we may add P consistently, but only if ty = 0
. ia 0
We again apply the consistency relations (1),(2), and (3).
0 121 —13 0
M=|3]+|t2]=]|-t]|+]3:
1 1
2 ts ta 2

= 2¢t; =0 and 23 = 0 mod L

From condition (2) it also follows that 2¢; = 0.

But
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(PP+P+I)tp=0=>t1+ta+t3=0

=—> either all the ¢; are 0, or exactly 2 are equal to -.f; Thus the possibilities
are:
tp =

or or

O W=
W= O
Wi & W=

But P — I has rank 2, so I can kill these by conjugating by vectors of the form

1
Y = 0| ;esg.
0
1 1 1
3 : 1 0 -1 3 5
—(P - I) 0 -+ -,} = -1 1 0 0 + -'.1'? =
0 0 0 -1 1 0 0
3 7 0
--;— + % = 0 mod L
0 0 0

And it is readily verified that conjugating by such Y leaves t4, tp, tc invariant

modulo the lattice. Therefore there is only one way to add translations to P23,

and this gives us the form P2,;3.

3.2.10 P423

This is the case of Z/2 @ Z/2x P(3). So we're looking at

1 -1 -1
A= -1 ;) B= -1 ; C= 1
-1 1 -1

with the associated ¢4, tp, tc, as above; and

0 0 1
P = 100 ; @ = -1 0
0 1 0
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with their associated ¢p, i().

Case I The discussion for P23 shows that if any of t4,¢p,{c are non-

zero, then we must have P21212;, and tp = 0. So we determine conditions on

a1
tg = q:
\ 93

q

IL @=I=ty= q

a3

II. QA=AQ = Qlia+ilq=Alg+1a

QB =CQ = Qtp 4+t = Ctg+tc
QC = BQ == Qtc +1ig = Blg+1ip

From these we derive that 2¢ = 0, and 2g3 = 0, modulo the lattice.

III.PQ=QP™ ' => Pty +ip=Qtp-s + g

But ip = 0, so
a3 q q
Ptg =t = q = q =g = q
q q3 q
1
0 2
Thus, tg = 0 ortg = %-
0 1
2
' q
Case II We can also have P222, with tp = 0, and ¢4 = g | . The
q3

consistency relations with 4, B, C, and P again imply that t must be of the

form

W LI {4 I s

So we may summarize the 432 case as follows: we have the following possibilities

for adding non-primitive translations to the point group 432.
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1. P222,tp=0,%p =0

2. P222, tp = 0, tQ =

(KT ST SYTYN

3. P2;2:12,tp =0, g = 0

4. P2:2:2;,tp = 0, tQ =

[ RN IR LYY

83
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3.3 Groups Arising From the Hom Construc-
tion, and Non-primitive Translations

The aim of this section is to determine how one can attach translations to those
point groups constructed by means of the hom construction. Recall that the
basic idea is to look at a subgroup of G C SL(3,Z and a subgroup of index two
in H C G; and to form a new group consisting of H together with (—I)(G — H)

(set-theoretic difference).

For each such group, we want to see how many different inequivalent groups
there are with non-primitive translations which have the given group as point
group. (See the Table of Point Groups).

If we organize the results according to isomorphism class, we get the follow-

ing:

Isomorphism Class Point Group Extensions

Z/2 Pm Pb
Z/3 no homs none
Z/4 P4 none
Z/6 Pé none
Z/2® Z/2 Pmm2 Pmec2y, Pcc2, Pma2, Pca2;, Pnc2,
Pmn2;, Pba2, Pna2,;, Pnn2
Z/3% Z/2 P3mil  P3cl
P3im P3lc
Z/ax Z/2 Pémm P4bm, P43cm, P4anm, Pdce, Pénc, P4dame, P43bc
P&2m P32c, P42ym, P42;c
Pidm2 Pic2, P4b2, Pin2
Z/6xZ[2 Pémm . Pé6ec, P6scm, P63yme
P62m P62c
P6m2 P6c2

Z[2® Z[2xZ[3 no homs none
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Z/2® Z/2x P(3) P43m Pd3n

We go through the point groups in question, and show that for each form
in the second column, there are the required number of extensions. The details
of correlating with the names in the tables is omitted. It involves changing the

origin, as has been illustrated in the previous sections.

3.3.1 Z/2
-1
P2 = gp(A), where A = ~1 . The hom comstruction applied
1
1
to P2 gives the point group Pm. Let N = —4 = 1 , and let
-1
1
ty = 2 Then
t3
0
—-A-I= 0 =
-2
we can kill ¢3. Also N2 =T =
31 t1 0
Niy +ity =0mod L, = ta + ta = 0
' 0 0 0

Thus 2¢; =2t =0, and t; = 0 or %. So the possible non-primitive translations

But ¢ty ~ Bty, where B € SL(3,Z) commutes with A. Since

11 0
01
1

are:

O wik O
SO O Wi
© W=

mod L

(=R ] ZY XTI
il

O W
1l

O W=
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1 3 0
and 1 0 0 = %
1 0 0

We have only one non-primitive translation, which gives us the form Pb.

3.3.2 Z/4
0 -1
P4 = gp(A), where A = 1 0 Let N = —A. Since
1
-1 1
N-I= -1 -1

is non-singular, we can kill all the translations. So we can add no non-primitive

translations to the point group P4,

3.3.3 2/6

The identical argument works for this case, since the generating matrix for P6
o 1
is -1 -1
-1

3.34 Z/20Z/2
The hom construction applied to P222 yields Pmm?2:

1 1 1
A= -1 : B = -1 . O = 1
-1 1 -1

We have to determine 9 non split extensions of this group.

a
Case It tA:."O, tD= b
[
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a/2
Bi=I=tg= b
c/2
a a
AB=BA=—A | b = b = ~p=b
c c
af2 -1
Thus we have tg = to = b/2 Now 01 is an automorphism
c/2 \ 10
of Pmm2, switching B and C; and carries
a2 [ a/2
7_1!- [ 0
0 i
0 0 0
Therefore, for a = 0 we have 3 possibilities: 0 |; 3 0 |;
0 ' 1 1
3 2

and for a = %, the same cases for b and ¢. Thus we have 6 possibilities here,

but one of them is Pmma2.

a
Case II: A has translations, t4 = b | .Since A’=1I,a= % And we may
c
0
kill the b and ¢, since A — I = -2 . Thus
-2
1 3
A= -~1 ; ta= 0
-1 0
We also get:
1 a/2
B= -1 i tp = b/2
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where B2 = I restricts the a and ¢; and AB = BA forces the condition on b.

AB=C = tc = Atp +ta, so

0 )

tp=| b2 | =tc= | b2
c/2 c/2/
; 0

tp = b/2 = ic = b/2
c/? c/2/

Thus, switching B and C by means of the group action listed above preserves
the bottom two components, and lets us pick one of these two.

So we have 4 cases, corresponding to b,c¢ = 0, 1.

3.3.5 Z/3xZ/2

There are two cases to consider:

Case 1
0 -1 0o -1
P312=gp<A= | 1 -1 P=] -1 o >
1 -1
Then P31m = gp(A,—P)
-1 -1 0
A—I= 1 -2 =ts= | 0
0 a
0
by conjugation. And A3 =] = t4 = 0 |, witha=0,1, or 2. Next:
a/3
q1
tg = ga .Q2=I=->th+t(3=0

q3
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t
>t = —i3, 23 = 0; soin = -t y t3=0,1.
t3/2
Next:

AQ=QA ™ = At +ta=Qts-1 +1y

t 0 0 t
=4 2t + 0 = 0 + -t
t3/2 a/3 -a./3 t3/2

= 3t =0; 2¢/3 =0 mod L = a is a multiple of 3.

Thus t4 = 0, and £t = 0, & 3 %
1 2
3 3
So far we have two possibilities: o = -3 | or -2
t3/2 t3/2
Since & 3~ —g mod L, and —I is central, these two possibilities are in fact
1
3
equivalent. But more: conjugating by ¥ = % leaves t4 alone:
0
-1 3 -1
(A-DY = =1
, 0 0
and kills the first two components of ¢¢:
1 -1 : - :
—(Q—I)Y+tq= -1 1 % = % + %
0 -0 0 0

Thus there is exactly one non-trivial extension of P31m; given by t, =

W= O o
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Case II
0
P321=gp< A, P= 1 0 >
-1
The hom construction gives:
0 -1
P3ml=gp< A, —P= -1 0 1 >
1
Let @ = —P.
0
I. As above t4 = 0 | ,witha=0,1,2.
\ a/3
q1
11, tg = q2 ; Q2=0:‘
q3
~t2 t1
Qi+t =0— —ty | + | ta | =0
t3 i3
t
= t; =12, and 2¢{3 = 0. Thus ¢ = t | . Next,
t3
AQ=QA ' == Atg+ta=Qlg-1 +1g
—1 0 0 t
= 0 + 0 = 0 + t
i3 a/3 . —-a./3 ia

From this we conlude, as in the preceding case, that t4 = 0; but also, that

t = 0. Therefore, the only non-trivial non-primitive translation is given by
0

tp=

Vi o
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3.3.6 Z/4xZ/2

P422 is the group generated by

There are 3 subgroups of index 2:

1. I, A, A%, A%, with complementary set P, AP, AP, ASP
2. I, A%, P, AP, with complementary set A4, A%, AP, AP
3. I,AP, A%, A3P, with complementary set 4, P, 4P, 43
By inspection of the tables, it is evident that

o Pimm=gp< A,—P >

e PAm2=gp< —A,P >

o PR2m=gp< —A,—-P >

We analyze these three cases in the usual way. First, P4mm.

0 -1 0
A= 1 0 1 4 = 0
1 a/4

with a = 0, 1, 2, 3 as calculated in the previous section.
0
1

1
Q=-P= 0 y tp = ta

I.Qz“_—I:?QtQ-l-tQ:O::}
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t1 = —ts and 2¢3 =0 mod L

II. AQ=QA! = At +ta=Qlg-1 +itp

t 0 0 t
- t + 0 = 0 + —~1
i3 , a4 —a/4 0

=2t =0; 2a/4=050a=0,2.

So we have 8 possibilities here, one of them being the point group itself, corre-

sponding to:

a=0,2
t=0,—2-
t/3=0,1

NEXT CASE: P4m2 Here we must look at

01 0 -1
N=-A= -1 0 i P= -1 0
-1 -1
0
I. (N — I) is non-singular, so we may change basis so that txy = 0
0

I. PP=]—=> Pitp+ip=0—

—t3 t
-1 + [ 2) =0=1t; =1,.
—t3 i3
t
So we have tp = t
t3

. P NP=N"!'=— NP=PN"!
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=> Nip +ty = Pty-1+tp. Butiy =0

t
Nip =itp = ~t = 14 =
—13 t3

3 = 0 mod L. So we have 3 non-primitive groups, given by ip =

, and

1 bk B3 |4t 1O {1md §
© WO b=
we © o

T

NEXT: P4m2. In this case

| —]
(=T )

N=-4;,Q@Q=-P=
1

In this case again, (V — I) is non-singular, so we force tx = 0.

Q2=I=>QtQ+tQ=0=>

ta ty
121 + 123 =0=
t3 t3

t1= —tg; 2U3=0

i
So tg = —t | , which amounts to 3 non-primitive groups corresponding
t3/2
to:
0 3 3
ty = 0 ; or —% 3 OF —%
3 0 3
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3.3.7 Z/6xZ/2

We’ll take P622 as the group generated by

<
|
Y
=0
(=2

A= 1 1 ;i P=
1 -1

(Note: in the tables, the transpose of A is used.)

In P622 there are 3 subgroups of index 2, as follows.
1. gp(4)

2. gp(A*, P)

3. gp(A*, AP)

By inspection of the tables, it is evident that

e P6mm=gp< A,—P >

e P62m =gp <—-A,P>

e Pim2=gp < —A,~P >

Case: P6mm

0 -1 [ 0 -1
A= 1 1 1 Q=—P= -1 0
1 \ 1
0 )
By our previous computations, ¢4 = 0 , where a € {0,..,5}. Let
a/6 )
iy
ip= 12
. ts

L Q2=I=>th+tq=0=>
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—t2 1
-t + 123 =0 =t =1i.
15 13
4
sotp = t ,t3 =0,1.
t3/2

IL AQ=QA™ ! = Atg+ta=Qlg-1 +1g

—t 0 0 4
== 2t + 0 = 0 + t
ta af6 —a/6 ta

= t=0, and 2a/6 =0mod L

0 0
ora=0,3. So we have t4 = 0 ya=10,3,1p = 0 ,t=0,1.
af6 t/2

This gives 3 extensions of P6mm with non-primitive translations.

Case: P62m

Here we must examine

0 1 0 1

N=-A= -1 -1 s P = 10
-1 -1

-1 1
(N-I = -1 =2 , which is non-singular, so we may force
-2
ty = 0. On the other hand, P? =T —
ta t

Pitp+ip=0— 131 + 143 =0
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= iy = —t2. Sotp = -t
13

NP =PN~'= Nitp +ty = Pty-1 +itp; but iy =0, so

—t t
Nitp =itp = 0] = —t
—~13 i3

= 1=0; 2{3=0

0
So we have one non-trivial non-primitive form, corresponding to ¢p = 0
3
Case: P6m2
Again, we have N = —A4, and we can change basis so that £y = 0. This time,
0 -1
though, we have @ = —-P = -1 0
1
—ta 171
Qu+ty=0—= —13 + 2 =0
i3 i3

=> 13 = i3} 2t3=0;

4
so i = t | ,withiz=0,1.
ta/2

But NQ=QN"}, and ity = 0, =

Ntg=typ = ~2t = t
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a/3
From this we see that ¢, = a/3 , with @ = 0,1,2, and b = 0,1. But I
b/2
can kill off the a/3 part of the translation by conjugating by the vector ¥ =
a/3

a/3 [ , without changing ¢y, since:
0
-1 1 a/3 0
(N-IY = -1 -2 af3 = —a €L

-2 0 0

-1 -1 a/3 —a/3

and (@ — I)Y = -1 -1 af3 | = —a/3

0 0 0

So in this case, there is only one real possibility.

3.3.8 Z/2&Z/2x P(3)

The last case to look at is P432, which we think of as being built out of:

" Z[2@ Z[2x Z[3 = P23 = gp(A, B,Q), where

1 -1 0 01
A= -1 y B= -1 1 Q= 1 00
-1 1 010
0 -1
together with P = -1 0
-1

The only non-trivial homomorphism from P432 to Z/2 sends everything but
P to the identity element, and the hom construction for P432 thus produces

one group:
P43m = gp(P23,—P)

We have seen that there are only two ways to add non-primitive translations to

P23. Therefore, we have to look at two cases:
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1. P23 = gp(P222,Q)
2. P213 = gp(P212121, Q)

In both cases, t; = 0 Let R = —P, and compute:

23 i
Rtp +tp = 11 -+ tq =0 ==
i3 i3

t; = —ta and 2¢3 = 0.
RQ =QR =

Rig+ip=Qln+its = tp=Qip =

1 i3
-t | = t = t=1t3 2t =0.
t3 —t
t/2
Thus, tp = -t/2 | ,t=0,1,
t/2 |
/2
Now in the case (2), t4,tp,tc are all the zero vector; and tp = —t/2
/2

is consistent with the relations RA = CR = Ris +itp = Cip + tc, etc.

However, in the P2,2,2, case, we are taking ¢4 = s tg =

O Wi=Wi=
Wikwe= O
-

and t¢ =

Wi S Wi

But Rip +ip = Btp + tp =
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3 t/2 /2 0
ol + | —t/2 | = t/2 | + | 3
3 t/2 —t/2 3

which is inconsistent.

Summary: P432 has only one extension with non-primitive translations,

99
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TABLE OF CENTROSYMMETRIC FORMS WITH NON—PRIMITIVE TRANSLATIONS

Point Group G gp < G,—I > Extensions

P2 P2/m P2;/m, P2/b, P2;/c

P3 P3 none

P4 P4a/m P4y/m, P4/n, P43/n

Pé P6/m Pé63/m

P222 Pmmm Pnnn, Pccm, Pban, Pmma, Pnna,

Pmna, Pcca, Pbam, Pcen, Pbem,
Pnnm, Pmmn, Pben, Pbca, Pnma

P312 P31m P3le
P321 P3mi P3c1
P422 Pa/mmm P4/mcc, P4/nbm, P4/nnc, P4/mbm, P4/mnc,

P4/nmm, P4/ncc, P4da/mme, P43/mem,
P4y /nbc, P4a/nnm, P4da/mbc, P4s/mnm,
P4y /nme, P4a/ncm

P622 P6/mmm P6/mce, P63/mcm, P63/mme
P23 Pm3 Pn3, Pal

P423 Pm3m Pn3n, Pm3n, Pn3m

3.4 Attaching Translations to Centro-Symmetric
Point Groups

In this section we look at groups of the form gp < G, —I >, where G is a point
-1
group, and —I = -1 . We want to establish the information
-1
in the table.

There are two approaches we could take. On the one hand, using the sub-
0

stitution ¢y —(—I —I)Y +2_1 lets us choose Y so that t_; = 0 . We
0

will sometimes use this fact.

On the other hand, we want to build on our previous work and use our

knowledge of forms containing non-primitive translations. If we kill t_;, we
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move the translational componeunts of the other elements, and have to re-analyze
them. So our other approach will be to take a non-split extension, -a.djoin -1,
and then determine conditions on i_r that follow from its centrality.

We shall go through the point groups in question, and show that for each
form in the second column, there are the required number of extensions. As in

the previous section the details of correlating with the names in the tables is

largely omitted.

a
We set t.r = b once and for all.

c

3.4.1 P2,-1

Form: P2

1
A= -1 .14 =0.
-1

I. Consistency relations. A(—I) = (—I)A =

a _ a
A b +t4 = —~tg+ b
o4 c

a a

—4 —-b = b

—C [+

=>2b=2c=0

IL. I can kill a by conjugating, since this does not disturb A.

0 0 0
II1. So we get % H % : 0 : 0
SAACVAREVARY

But

Ve
[~
==
\—/
~
Wik I
\—/
il
NN
Wi
N’
e
N
Vi o

N’



CHAPTER 3. TRANSLATIONS _ 102

0 1 iY_ /0
= (10) (5)= (3
3
' N 0
IV. So there only two inequivalent cases, given by ¢ = 0 or 0
1
5 0
2
.Of course we don’t count the latter, since this would give us P2/m back.
This group is P2/c
Form: P2;
1
ta = 0
0
I
a
A b + tA = —tA “+ _ b
c
a i 3 a
= -b -+ 0 = 0 + b
~c 0 0 c
= 2b=2c=0
IIL. Kill a, by conjugating.
0 0
II1. As above, get casest_; = 0 s 0 (which we must count in this
1) o '
case).
These two forms are P2;/c and P2,/m.
3.4.2 P3,—-1
0 -1 0
A= 1 -1 ita = 0
1 \o

We want to adjoin —I,¢_;. We approach this as follows: ,
L gp < P3,—I >= gp < A(—I) >= {—A, A%, —I,4,—-A% I} = Z/6. So con-

sider
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01 a
—-A= -1 1 1 l_a= b
-1 c
-11
Since (—A—-I)= | ~1 0 is non-singular, we may kill £_4 by
-1

conjugation.
This shows that there are no non-split extensions of P3.

3.4-3 P4, _I
0 -1
A= 1 0
1
P4
0
Litg= 0
0
a a a/2
A b = b == a=-b=b=t_ = a/2
[+ [ C

II. Kill ¢ by conjugation.

0
I11. So we have 0 |;
0

O Wit

which corresponds to P4/m and P4/n.

Form P4,

O
=
i
e o ©
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a a
A b +tp = —14 + b
¢ c
-b 0 0 a
= a + ] = 0 + b
c : -1 c
This is inconsistent. A similar argument rules out any non-split extensions for
0
P43, since t4 = 0
3/4
Form P4,
o
g = 0
1

We gef the same conditions on a, b as above; and kill ¢ as usual by conjuga-

tion; getting:

0
Pay/m; (t-r= | 0
0
1
P42/’n.; (t—l = %
0
3.4.4 PG, —TI
0 -1
A= 1 1
1
a a .—b a
I.A b = b == a+b = b = a=0=0b.
e e c c

We can kill ¢ by conjugating, so this case is settled - there are no non-split

extensions, only P6/m.
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P64, P6y, P63, P64, P6;

0
Let t4 = 0 | . Then
a/6
a a
A b +ta=—t4+ b —
c
-b 0 a
a-+b = 0 +
¢+ af6 —a/6
0
This is only consistent when a = 3, giving t4 = 0 |.a=b=0,and
1
we can kill ¢ as above; so we get the form B
Pé3/m corre'sponding tot_r=0.
3.4.5 P222, -1
1 1 1
A= -1 i B= -1 1 C= 1
-1 1 -1
In this case, whatever t4,%p,ic are, we may easily derive from the various
af2
consistency relations that t_r = b/2 where a,b,¢ = 0,1.
i c/2

Thus there are 8 possibilities for ¢_;, and we must examine these in con-
junction with 4 forms for P222. This turns out to be a bit of a chore, which

will occupy the next few pages.
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COMPUTING EQUIVALENT EXTENSIONS OF PMMM. There are 32
possibilities, 4 extensions of P222, 8 choices for {..r for each. Each possibility is

represented by ta,ip,t.r.

Our strategy is to conjugate ¢t +— 0 | , and see what this conjugation
0
does to t4,t5. This provides a representation for each extension of Pmmm in

which all the non-primitive translations are determined by t4,f{5. We do this
for P222, P222;, P2;2,, and P2;2,2,. Then we can see which of these 32 formns

are equivalent via the automorphism group P(3) of P222,

In the following table, The t4 and {5 vectors have been combined to com-
pactify the information into the table; the vectors along the top are the 8 possi-
bilities for ¢_;; and the entries in the table are the t4 and tp that result when
a change of basis is performed which kills the ¢_r vector. (Note: I can never
change the 1st coordin.a.te of t 4 by conjugating, nor can I change the last coor-
dinate of 5. In the other cases, killing a % in ¢_; forces a 1 to be added in the

corresponding coordinate of t4,%p.

As an example, the 5th entry in the P222 row is ; this are the

o v+ o
O W s

ta,tp vectors that results when t_y = is killed by conjugating by

© Wik

O b=
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When are two forms in this table equivalent under an automorphism of the
group? Unfortunately it is not visible to the naked eye. If conjugating by P
is an automorphism of {I, 4, B, C}, then P must carry t4 to tp-i1pp. That
is, P must permute the associated translations in the same way as it does the

matrices.
P o M ty P19 _ PMP~' Pty
01 0 1 01 - 0 1
Example: to see if t4,tp,tc ~ t4/,tp’,tc’ under the automorphism

P:A— B — C, we
1. permute i4,1p,tc according to P~1, getting tp,tc,ta, then
2. check if Pip = t4/, Ptc =tp, and Pty = tc:

We go through the table, compute the orbit of each form under the action
of P(3), keeping only one representative from each orbit.

We use the following permutation matrices:

01 1
10 i AeC 0 1|; BecC
1 10
001 [0 0 1
0 10 AoB|l 100 A—C- B
100 010
01 0)
0 01 A—-B~C
10 0)

The computation follows; the result is that the following list of 16 forms are
the inequivalent extensions of Pmmim with non-primitive translations (the first
form is Pmmm). We number the forms in the table, in row order, 1 through 32.
These are the numbers used below. We also include the crystallographic name,

indicating the permutation needed to relate our form to the form in the tables.
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( 00
1. 00 Pmunm
\ 00
1
(03
2. 00 Pcem
\ 00
[ o3
5 %% Pban
00
0}
8. 12 Pnnn
1o
00
9. 00 Pmma, via a 3 cyle permutation
0 '
03
10. 00 Pmna
o )
f 00
11. —;-;_12- Peca, via a 3 cycle
03
03
13. i Pana, via a 3 cycle
oi )
00
17. 0l Pbam, via a 3-cycle
ol
3
(03
18. 01 Pnnm, via A+ B
\ 03
[ 00
19. %0 Pbem
\ 03
( 03
21. %0 Pben, via a 3 cycle
\ 03
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00

23. %—0 Pmunn, vian A - B
11
0

24. ( 1o ) Pcen via A — B
11 :
53
30

25. 01 Prma, via A «+ C
o}
10

28. 0% Pbca, via A —+ B
11
33
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THE COMPUTATIONS

In each case is shown, first the result of permuting t4,tp,t¢c according to
P (the first two vectors), then the result of applying P~* to the coordinates
of each vector. The composite is an equivalent {4,¢p under the automorphism
induced by P.

033
(ta,tp,tc) = 000 = #2.
000
[ 20 AL
P:AeB— | oo | == | oo #4.
\ 00 10
03\ , (o
P:Beoc— | oo | 55 | oo #2.
00 \ 00
(35) . (
P:AeC— 00 — %% #4.
\ 00 00
30 - [ 00
P:ABC— 00 — 00 F4.
00 \ 30
Y L (o
P:ACB— [ 00 i #3.
00 00
033
(tartp,tc) = ‘g-go = #5.
000
30 o [ 00
P:A~B— | 11| > i1 #7.
00 30
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ol 0l
2 p-1 2
P:B—oC— %0 — 00 #6.
00 30
33Y) .. [ 93
Pidewc— | o | 5 | 81 #5.
00 / 00
o) (o
P:ABC— | 0% | "~ 00 #6.
00 ) 1o :
1) 00)
3 Pt :
P:ACB— | 30| > | i #7.
00 | o
033
(tartpitc)= | 330 | =#8
19l
272
1 1
0 L 0
P:aoB— | 11| | 11 #8.
01 1o
03\ ... [ %
P:Bwc— | Lo | 5 [ 1t #8.
i1 10
22 2
11
33 ) o [ 03)
P:AeC— | 03 | - | i3 #8.
30 / 30 )
10\ 01
1 | P 11
3/ 30/
' 11 : 0l
10 r 11
P:ACB— | 10 33 #8.
0} Ty
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[ 000
(‘tA,tD,tc)-: 000 . = #9.
oll
22
. o0 (3
p:A—=B— | 00 E 00 -
1
1o 00
00 .
P:B~C— 00 LN 0% -
03 00
00 . 00
piA=C— | 00 ” 00 #12.
11 11
22 22
00 AL
P:ABC~— 00 7 %0 -
1
io 00
00 . -;-%
p.ACB— | 00 r 00 -
1
33 00
0i3
(iA,tB,tc) = 000 = #10.
ol
22
30 30
piAsB— | 00 Pl 00 -
1 1
30 30
1
o3\ . (%
P:B—C— 00 0%— -
03 00
3\ L (0
piaeC— | 00 1 #15.
11 11
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- [ %o [ 00
2 Pt
P:ABC— | 00 | = 30
\ $0/ \ 30
(33) .. (%
P:ACB— 00 — %%
\ 33 00
000
(tartp, te) = ilo = #11
033
[ 00 10
11 Pt 11
P:AeB— | 53| = | 33
1
\ 20 00
([ 00 00
p—!
P:B—C— -;—0 — 0-;-
\ 03 20
00 0l
P—l
P:A—C— oL 00
11 11
22 22
00 [ 03
p-? t
P:ABC— | 03 | = | %0
1o \ 00
00 [ 3%
1 Pt o
P:ACcB— | %o 00
11 1
i \ 30
033
(tarip,te) = | 330 | =#13.
oli
22
30 . 10
P: A« B— %% = %%
10 1o

S N

114
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0l 0
3 2’
1 p? 1
P!BHC-’ -?:0 — 05 -
0% %0
11 1
11 ot
i) = (4
P:AeC— 05 — 53 #16.
11 11
72 32
1o 03
1 p-t 10
1 1
20 30
11 11
a3 pt 22
P:ACB~— %0 — 33 -
11 L))
23 3
000
(tartpyte) = | 031 | =#17
oll
23
00 Lo
1 P i
P:Ao B—+. 50 30 -
o0 00
00 1)
11 p-? p
P:Bo(C— 33 — 00 -
11 ll)
23 72
00 » 00
PiAaCc— | o2 | £ 0} #17.
1 1
03 03
00\ [ 10)
P:aBC— | o | 5 | Lo -
30 \ 00 )
00 i
11 Pt 11
P:ACB-— 55 — 53 -
3 ) 00
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033
(tastp tec) = 0%% = #18.
ol
22
1 1
o\ L[ 30
P:A~B— | 30| = | 30 -
1 1
30 20
: 0% L[ 03
P:Boc— | o | I | od #18.
03 01
11 11
23 -1 23
P:AeC— %% g 7}7} -
i1 11
22 22
o\ (%0
P:ABC— | 20| % 1p -
30 30
11 11
22 p-t 33
P:ACB~— %—;— — -;—-21- -
11 11
22 22
000
(ta,tp,tc) = 101 | =#10.
033
00 10
1 P 1
P:A—B— 03 — 03 —
1
1o 00
00 [ 00
P:BeoC— | 3| 5 | of #20.
ol 11
2 33
00 10
1 r! K
P:AeC— 50 — 00 -
i1 11
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11
A ¢
1
\ 30 00
00 B
p:AcB— [ ot | 5 | oo -
\ i1 oL
22 2
. 033
(tasto te) = | 303 | =#2L
033
1 1
jo . (%
P: A« B— 0-;:— — 0-;- —_
30 10
- o2\ .. (%
P:BoC— | 31| 5| of #22.
o} 4
11 1
i) e [ 30
i1 ) 11
22 32
30 33
3 pet 2
P:ABC— | i1 — 50 -
30 / 30
11 11
i) et | 32
P:ACB~— 0% — -;—% -
11 1
i) \ 02 )
000
(tastp,te) = | 203 | =+23.
11,
22
00 . ii
P:AaeB— | o2 | 5 0l -
1 00
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00 . 00
P:BewcCco | 14| 5| 2o 23,
1o 11
2 22
00 B [ 30
P:AC— %0 r 00 —_
1
o8/ \o
o\ (3
P:ABC— | L ol _
\ ol 00
00 s 10
P:ACcB— [0t | © 00 -
1 1
ol
22
(tA!tB!tC) = "%0%‘ = #24.
11ig
23
o) ., (4
P:AwB— | o} P 0l _
11 1y
22 2
03 : 0
p-
P:BeoC— é—% %0 #24.
bo i
11 1
(33 -t [ 30
P:AeC— | 30| > i1 -
\ 0} \ 0
() . (#
P:ABC— %-;- - 0% -
1 1
\ 03 \ 30
[ 11 10
?.?1. Pt i1
30 \ 03
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19l
202
(ta,tp,tc) = 03! = #25
; oll
22
1 1
oi - Lo :
P: A B— 10 — 1o #27.
o 0}
[ 11 11
33 i 33
P:BoC— | 03 | = 03 #26.
1 1
\ 03 ) 03
1 11
30) o [ %2
P:AwC— | 41 -, 1o #32,
11 i1
22 22
11 1
CER R ( 30
P:ABC— -:1,70 — %0 #31.
1 11
30 ) \ 33
o1\ ., (4
P:ACB— %% — Oal- #30.
11 11
22 / \ 22
1
303
(tastp,te)= | 033 | =28
11lg
22
1 11
2\ - [ 32
P:A—B— bo — 1o #£29.
11 ol
22 2

And we are done - no more forms left in the table.
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3.4.8 Z/3x Z/2,—~I

There are two cases to consider:

P312
0 -1 0 0 -1 0
A= 1 -1 ,sita= 0 s P= -1 0 H 0
1 s/3 -1 0
a
To this set up, we want to add —I,t_y = b We argue as in the discussion
¢

of P3 = gp(P3,-I).
gp < A, P,~I >=2gp < —A, P >, Since (—A — I) is invertible, we may kill

t_4 by conjugation, and this also kills ¢_.; = ¢_ 4s. Thus we only have to worry

about
131
tp = ta
i3
L P(—I) = ("I)P, = Pl r+tp=—tp+it_r
t1/2
=>ip = ta/2 (since t-; = 0)
ta/2
is 121
NP =I=Pip+tp=0— i + 123 =0
i3 i3
=5 t; = —t3. So far we have
. t
tp = -1 where each entry is 0 or %
t3

III. P7IAP= A" =

AP =PA™'=— Atp+ty=Ptyr+1tp
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~t
2¢ +0=0+
t3

t
—t
t3

= it=—t=2t=1¢t=0

Thus there is one non-split extension in this case, P3cl, corresponding to

0
tp = 0

1

2
P312

P3cl is derived from P312 in exactly the same way.

3.4.7 P422,-1

We must look at

0 -1 0
A= 1 0 s ta = 0 1 P =
1 a/4
t1
Lett_; = 2
t3
L A(=I) = (—I)A = Aty +ta=—tag+t_1
—iq 0
== i1 + 0 =
13 af4

= 2¢/4=0=0a/2=0=—a=2,0

and ty = —ty =ta mod L == 2t = 0.

TFrom P(—I) = (—I)P we also get 23 = 0. So we have the following cases:

21
ta
i3
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([ o0

tg= 0 where @ =0, 1;
\ a/2
[ b/2
tp = b/2 where b =0, 1;
\ ©
—t/2
t_r= t/2 where t =0,1; {3 =0,1
t3/2

This gives 16 possibilities, one of which is P422 itself. All of these occur.

3.4.8 P622
0 -1 0
A= |1 1 D tg = 0
1 s/6
1 0
P = 1 1 itp= 0
-1 0
a
Let b= b
c
_ a
I A(—-I):—I(A)———'-}A b +ts=—ta+1_1
c
b 0 0 a
= a+b + 0 = 0 + b
c s/6 —3/6 ¢
Thus 2s/6 =0mod L = s=3o0r0. Alsoa=~b,buta+b=b=—=a=0.
0 0
So far we have determined t_; = 0 yla = 0 ,8=0,1.

c s/2
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0 0
ILBut P(~-I)=(-I)P=P | © = 0 = 2¢ = 0. So we get
' ¢ c
0 0
ta= 0 ];8=0,11t_r= 0 y¢c=0,1
s/2 c/2 |

which gives 3 non-split extensions; P6/mecc, P63/mem, P63/mmec.

3.4.9 P23 I

P2,3 = gp(4, B, Q), where

1 ( L -1 0
A= -1 % i1 B= -1 iip = %
0 1 1
0 01 0
100 |;tg=1|0
0 10 0
a
As usual, let it = b
c
a/2
Lt ;= b/2 follows from the fact that —I commutes with 4, B, and C.
c/f2
a
ILI. —I commutes with Q@ =—> @ b = a=b=c
¢
0.
Thus, t_; = 0 , which is Pn3; or
0

t_r= , which is Pa3.

Ot 80 [1=4 L]
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3.4.10 P432, 1

We must examine

1 -1
A= -1 i B= -1 H

-1 1

0 0 1 0 -1

P= 1 00 1 Q= -1 (]
60 1 0 ~1

-1
~-I = -1
-1

Pm3m =gp < A,B, P,Q,I > and we want to find the non-split extensions

of this group. Suppose t4,1tp,t¢c,tp,tq, t-1 are all given.
We can kill £_; by conjugation. Then we observe the following facts:

L(-I)P=P(-I)= —tp=ip=>ip = taf2
ta/2 ‘
- But P3 = I == ¢, + 13 +¢3 = 0 == either all three entries are 0, or exactly

2 are .

IL Q(~I)=-I(Q) = Qt_r+tg = —to+t_1 =

/2
to= | q2/2
g3/2
—qz q1
But Q=1 — —q1 + q2 =0
=43 q3
q/2
= q1 =¢qa. Thusty = a/2
g3/2

1II. Q-1PQ = P? = PQ = QP? —>
PtQ +tp = Qtpa + tQ =
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a3/2 t1/2 —t1/2 q/2
/2 | + | /2 | = | /2 | + | /2 | =
q/2 ta/2 —t2/2 93/2
g3/2 = g/2 and also #; = ¢3.
0 a/2
Thus we have tp = tf2 and tg = q/2
t/2 q/2

IV. Next we examine the action of P and Q on A, B, and C. We have

P-lAP=RB

P-1BP=C
P-icP=4A
Q-lAQ =4
Q-'BQ=cC
Q-CQ=B
Now AP = PB = Atp +t4 = Pip +tp But Atp =ip and so
ay bs
ta=Pip= | az | = | b
as b2
Similarly, we get
b1 c3
tp = Pte = by = c1
b3 ) c3
And thus we may write:
ay as a3
tg = az | ;tp= a3 | ; tc= ay
asz a) az

V. Finally, AQ = QA = Atg+i4 = Qts+1tg. But Aty =g, 8014 = Qt4.

Similarly, tp = Qtp and ic = Qtc. From this we see

a1 = ~az; a; = —az; a; = az = —az. Since each a; = 0 or %, this means
they must all be zero, since, for example:

Alp +ta =tc =
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=>a3=0.
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3.5 Extensions of Non-primitive Forms

The only task remaining is the computation of extensions of non-primitive forms.

We can bootstrap some of our previous work by means of the following theorem.

Theorem 32 Let P be a primitive point group, B be a non-primitive point

group, and suppose WPW -1 = B, where W € GL(3, Q). Let ( Iz t;; ) be

an extension of B in R(3). Then:

1

(%) (Zm) (") =(2 )

1. there is an extension ( }; tp ) in R(3) such that

then

I WYy B Wip I -wYy _ B With
0 1 0 1 0 1 - 0 1
Proof: for 1), take tp = W—1tpg. Fot 2), note first that tp = ~(P — I)Y +tp.
. . B Wtp I wy
But conjugating 0 1 by 0 1 maps

Wip s —(B — )WY + Wip = -W(P - I)Y + Witp = Wip.

Since I have a list of W’s which conjugate the primitive forms into non-
primitive forms, the theorem tells me that in order to enumerate extensions of
B, 1 need only conjugate the extensions already computed for P, then work
with that list.

Since the W’s developed in chapter 2 are all integral, and

P tp B Wtp
(0 I)H(o 1)
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under conjugation by W, we see that this map may actually transform non-

primitive translations of P into primitive translations for B.

(Remark: the above theorem would be much easier to state in the language

of cohomology: conjugation by W essentially defines a map
H?*(P; 2%) — H*(B; 2%) — 0
It is the onto-ness of this map which we need.)

NOTE: This theorem does not say that if

(1) (%) (4D - (5 70)

then
B Wip - B WCitp
0 1 z 0 1
Indeed,
wew-t o B Wip we-w-l o B W¢cCtp
0.1 0 1 0 1 0 1

But D is not integral, since W~1! is not integral.

This means that the list of P’s we start with must have separate entries for
those groups which are equivalent because of a centralizing matrix. We look
carefully at an example to clarify what we mean.

First, we outline the basic computation we must perform.

Outline of Computation

Given: a primitive group { ( 1:’) tpi ) }; and W such that WP; W“‘1 = B;,

B; a non-primitive form of the point group;

We seek tw € @3 such that

W tw P tp W1 _W-lty _ B tp
0 1 0 1 0 1 - 0 1
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We have seen that:

tp = ~(WPW™! - I}tw + Witp

129

This is the computation; can we simultaneously kill all ¢5, by judicious choice

of tw?
The Example of B2/m

We have P2/b given by the following data:

Ll — T

+

-+

1 0 -1
P = ~1 ; 0 |;P= 1
-1 ;21- 1
1 0 1 -1 0 -1
Bl = -1 0 H Bz = —Bl = 1 0
-1 1
and we have
1 0 -1
W = 1 i WPW-l=p5
2
We want to determine ¢p;; we try to kill them, as usual. Now
0 0 1 uwy
tp, = —(By = I)tw + Wip, = — -2 wa
~2 w3
-2 0 -1 wy
tp, = '—(.Bz —I)tw + Wip, = — 0 wsy
w3

—
(=]

_ O Wie

— O W

and setting wy = wa = 0, w3 = -;— kills both 5, modulo the lattice. All well and

good;

HOWEVER; if C =

[ —)
(=T

replaced by Ctp, = ; this is an equivalent form.

ov- o

~——

, then CP; = P;C and the ¢p, may be
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But performing the computations for {5, again, we get

-2 0 -1 wy 0
tB: = 0 wa + %
0 ws 0

and the 3 can obviously not be killed.
Thus we have equivalent forms P, P! such that WPW-1, WP'W~! are not

equivalent (over the integers).

Similar considerations apply to cases where translations were made equiva-

lent via automorphisms. That is, if

MP].M"1 = Pa; and Mtp, =tip,

where P; € P, a primitive group; and WE,W-! = B;; then WMW=-1! is an

automorphism of B;; but it is not integral, since W-1 is not.

We omit the remaining computations., There are 43 more extensions to
compute, using the above basic computation as a model. The extensions are

listed in the following table.

Non-Primitive Point Group Extensions

B2 none

Bm - Bb

B2/m B2/b

222 Cc222,

1222 12,2424

F222 none

Cmm2 Cmc2;, Cee2
Amm?2 Abm2, Ama2, Aba2
Fmm2 Fdd2

Imm2 Iba2, Ima2
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Cmmm Cmem, Cmeca, Ccem, Cmma, Ccca
Fmmm Fddd

Immm Ibam, Ibca, Imma
I4 I4,

Ia none

I4/m I4;/a

1422 14,22

Idmm I4em, I4ymd, I4ycd
Idm?2 I4c2

I42m I42d

I4/mmm I4/mem, I41/aM, I4,/acd
R3 none

R32 none

R3m R3c

R3m R3c

123 12,3

F23 none

Fm3 Fd3

Im3 Ia3

F423 F4,32

I423 14,32

F4m3 F43c

Iim3 143d

Fm3m Fm3c, Fd3m, Fd3c
Im3m Ia3d



Chapter 4

Automatic Generation of
Programs

4.1 Introduction

This chapter is a description of a program generator which takes as input a
primitive triclinic, monoclinic, or orthorhombic crystallographic space group,
and produces as output Fortran programs which compute the Fourier transform
of data exhibiting the given symmetry.

A modest understanding of the crystallographic space groups is clearly nec-
essary - this is discussed in the second section. (Also, see [1].) We then focus
attention on the three above mentioned classes, which have the useful prop-
erty that the three-dimensional fourier transform can be reduced to a sequence
of three one-dimensional fourier transforms, by means of the orbit exchange
method developed by Myoung Shenefelt in her doctoral dissertation [10]. In the
third section we classify the one - dimensional symmetries than can arise. In
the fourth section we describe the orbit exchange algorithm.

Once we have these tools in hand, we can describe in detail the program
generator itself, which we do in a “step-wise refinement” fashion: first, and
most abstractly, purely in terms of the mathematics involved; second, a more
detailed specification with algorithmms concretely spelled out in pseudo-code; and

finally, we include the actual program generator itself, with sample output.

132



CHAPTER 4. AUTOMATIC GENERATION OF PROGRAMS 133

4.2 On Crystallography Groups

We take as our starting point the 230 space groups as they are described

in The International Tables of X-ray Crytstallography [6]. Here they are pre-

sented as finite groups which act on a unit cell, i.e. a parallelipiped in Euclidean
3-space. Three independent edges of this unit cell span a lattice in R3, and all
arithmetic is done modulo this lattice. As an example, the space group Pbam
is represented in the tables as follows:

T, Y2 55,2 s+ F—WE s o i +tuE

£,0,% &,z 5% +uz L+t -y

The existence of the 230 space groups, though in large part worked out
empirically by experimenters over a period of years, is a purely mathematical
fact. A purely mathematical classification, based on their solvability, is the
subject of the first part of this thesis. It should prove useful in the ongoing
project of optimizing various computations that arise in crystallography, notably
the Fourier transform.

A basic fact about crystallographic symmetry is that if a rotational sym-
metry is present, then it may only be rotation by 60 degrees, 90 degrees, 120
degrees, or 180 degrees. If we restrict attention to only those groups with ei-
ther no rotational symmetry, or at most a two-fold axis of rotation, we get the
triclinic, monoclinic, and orthorhombic classes. An examination of the Tables
reveals that all these groups act diagonally on the coordinates of the unit cell.

That is, if g is an element of one of these groups,

9(2, 9, 2) = (912, 929, g32) (4.1)

where g; is the action of g restricted to the ith coordinate. This is the key
feature of these groups which we exploit in the construction of fourier transform
algorithins which exploit crystallographic symmetry.

To be precise, we state the following definitions and theorem.

Definition 18 Let G x X —+ X be a group action. A fundamental domain
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for the action of G on X is a subsel A C X such thai:

* Ujec94=X |
o ifgid #gjAthen g;ANg;jA=¢

Notation: Let FDX denote a fundamental domain for the action of G on

X. (Such a creature is not unique.)

Definition 19 If a group G acts on a set X, and ¢ € X, then by Iso(z) we
mean the isotropy group of x in G, that is, the set, {g € G |gz = 2}.

Theorem 33 IfG is a group that acts diagonally on a cartesian product X x Y,

then we can construct a fundamental domain for this action as follows:

FDS(X xY)= |J FDM™ X x{y} (4.2)
ye FDSY :
We call this an “X-biased” fundamental domain, since it is biased towards using

symmetrized fourier transforms along the x coordinate. Note that we may apply
this theorem recursively to define an X-biased fundamenial domain for the action

ofagroupon X x Y x Z,

Proof: First we show that this set fills out all of X x Y under the action of G.
To that end, suppose we have (z,y) in X x Y, but not in FDE(X xY). We
want to find (2/,y') € FD¥(X x Y) such that g(z’,¢') = (z, ). -

Case 1: y é FDCY,

Then FD'*°¥) X x{y} is a component of FD®(X xY). Also ¢ ¢ FD*ov)x,
so 3 ¢/ € FD'WX, and g € Iso(y), with gz’ = 2. But then g(zt,y) =

(g=t, gy) = (=, y).

Case 2: y ¢ FDCY.

Then 3 g such that y = gy’, for some y’ € FD®Y.gmoves y = g ¢ Iso(y') =g
fixes FDI*°W )X, Hence, if z € FDW X, g(z,y1) = (z,y) will do; but if
¥ € FDCY, and a ¢ FD!*°W) X, we are back in Case 1.
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Finally, it is easy to see that if g(z,y) # (=,v), and (z,y) € FDG(X x Y), then
g(z,y) isnot in FDC(X xY). o

To discuss the significance of these fundamental domain decompositions, we

need the following notion:

Definition 20 Suppose f : X — C, where C is the complez numbers. Fur-
ther suppose that G x X — X is a group action. By a symmetrized fourier
transform’ we mean an algorithm for computing the fourier transform of f which
requires as input only the values of fon a fundamentql domain for the action of

Gon X.

Note: A simple minded symmetrized fourier transform always exists, namely,
given the data on a fundamental domain, use the group to fill out all of X, then
perform the usual foﬁrier transform. However, we can sometimes do better. For
instance, if X = Z/N, where N is even, and if f(z) = f(—z), then there exist
N/2 point FFT’s which reduce the computation to the points 0, 1,2, ..., N/2.

It is precisely the existence of such fast symmetrized one-dimensional algo-
rithms which make our biased fundamental domains useful.

The form of the X-biased fundamental domain given in the theorem above
shows that we can begin a fourier transform algorithm by performing sym-
metrized one-dimensional fourier transforms along the X-coordinate, for each
point y in FDCY . Then, we can re-arrange the data into a Y-biased funda-
mental domain, and continue the algorithm by performing symmetrized fourier
transforms along the Y-coordinate,

To make these remarks and the general idea as transparent as possible, we

illustrate the procedure in a simple, 2-dimensional case.

Example

Let X xY = Z/8 x Z/8.
Let G = p2; in crystallographic notation, @, y; —x, —y.
First we must choose a one-dimensional fundamental domain for the action

of G on a coordinate. Let Fy denote the fixed points of the action of G on Z/8,
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and let My denote the points that are moved by G. Then we have:

FDX = {0,4}u{1,2,3}
= FxUMx

Now, Iso(Fx) = G and Iso(Mx) = I. So applying our formula:

FDS(X xY)= |J FDM*WX x {y} (4.3)
yeFDCY
and grouping the elements of FDCY into the subsets Fy and My, we get:
FDS(X xY) = (FD®X x Fy)U(FD'X x My)
(Fx UMx) x Fy)U (X x My)
= (Fx X F}')U(Mx ><'Fy)U(.X X My)

We outline this fundamental domain in the following table, which represents
data satisfying the condition f(z,y) = f(—=, —y). Some of the array indices

are indicated.

0,0]01]02]03]04]0,5][0,6]0,7
1,0
2,0
3,0
4,0
5,0
6,0
7,0 77

Now we want to use a row/column approach to the fourier transform, taking

advantage of symmetry. The first column of the array in the figure satisfies:
f(i’O) = f(-—i,O) (4'4)
so we use a COSINE transform. Also, the data in the 4th column satisfies:

f(i,4) = f(=i4) (4.5)
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so again we use a COSINE transform. On columns 1,2,3 we use a 1-dimensional
algorithm.

Now we would like to continue our row/column approach by transforming

along rows. A row-biased fundamental domain is outlined in the next figure:

Our half-transformed data does not lie on this fundamental domain, and so
we must use the group action to permute the data into this new fundamental

domain. In this case, the half-transformed data satisfies the same relation,

f(=*,y) = f(—=*,y), so we may map:

(5,6,7) x (5,6,7) — (3,2,1) x (3,2, 1) : (4.6)

using the p2 action.

This map from one fandamental domain to another is an “orbit exchange.”
This example illustrates what is done in all cases:
The Fourier Transform computation is reduced to a fundamenial domain for the
given space group, and the use of 1-dimensional fouri'er transform routines is
retained.

The general case has some more complications to be treated, including:

1. The fundamental domain decomposition of 3 dimensional sets for more

complicated groups.

2. There are two orbit exchange steps, and two intermediate fundamental
domaiuns for (possibly) different groups. In other words, the output group

is not always identical with the input group.
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3. The possible 1-dimensional symmetries that occur are not limited to cases

that are treated by existing routines (to my knowledge).

We now proceed to a description of the 10 possible one-dimensional symme-

tries that do arise in this context.

4.3 One-dimensional symmetries

We introduce some notation now, which will be useful.

We define four basic operators as follows:

I(z) = =
R(z) = -—=
T(z) = -;— +x
Sz) = i-2

We view these as operating on Z/N, where N is even.

First note that gp < I, R, S, T >= Z/2 & Z /2.

The classification of space groups sho“}s that in the case we are interested
in, in which the action is diagonal, the action restricted to any coordinate must

be a subgroup of this group.
Now let F = vgp < R,S,T >. Then F and its subgroups account for 5

possible one-dimensional symmetries (including the identity map):

fl) = f(=)

fl®) = f(-=)

fl) = f(5-=)

flz) = f(3+=)

fl@) = fl==)=f(5-2)=f(3+7)

T Y S - - I

But other cases occur, because of the following lemma:
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Lemma 7 Let f denote the fourier transform of f. Then:
If f(z) = £(§ + =), then f(z) = (-1)°f(2).
If f(@) = f(} ~ @), then f(z) = (-1)*f(-z).

The factor of (-1) which occurs in the fourier transform of a function .Witll
translational symmetry is called a phase factor. It is the existence of the phase
relations in partially transformed data that accounts for the other forms of one-
dimensional symmetry. The following example should illustrate what happens.

Suppose f(z,y) = f(% + @, —y). Then, after we fourier transform along the

z coordinate, the transformed data exhibits the following relation:

f(z,y) = (-1)* f(=, —v) (4.7)
Thus, for odd values of the index x, when we perform one-dimensional fourier
transforms along the y-coordinate, we must use a sine transform.

We summarize the situation in the following lemma.

Lemma 8 Assume N is divisible by 8. Assume we have data ezhibiting the
symmetry of one of the primitive triclinic, monoclinic, or orthorhombic crystal-
lographic groups. Then on any biased fundamental domain for partially trans-

formed data, the following ten one-dimensional symmetries may occur:

Lf(z) = f(-=)

2.f(z) = —f(-=)
3.f(z) = f(3-%)
4.f(z) = —f(;-=)
5.f(z) = f(3+%2)
6.f(z) = —f(3+2)

7.f(z) = f(-=)=f(3-2)=f(3+2)
8.f(z) = f(-=)=—f(3-2)=—f(3+=)
9.f(z) = —fl-z)=f(5-=2)=—f(F+x)
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10.f(x) = —f(-=)=—f(} -2) = f(} +2)

We now list the one-dimensional fundamental domains that we have chosen for

each of the above symmetries.

For 1.,2. {0,1,2, ..., N/2}

For 3., 4. 0,1,2,...,N/2~1}

For 5.,6. £0,1,2,.0., N/A}U{N/2+1,....3N/4}
For 7. - 10. {0}u {1,2,...,N/4 -1} U {N/4}

Of the 10 symmetries listed above, I have only been able to find coded
versions of 4 - the first, second, fifth, and seventh.

There are two other kinds of symmetry which are important, namely the
case where the data is real, and the case where the data exhibits Hermitian
symmetry: f(—z) = f(z), (the bar denotes complex conjugate). These are
related, because if f(z) is real data, f(x) exhibits Hermitian symmetry. There
do exist optimized Cooley-Tukey type programs which take advantage of these
cases. Crystallographic data typically exhibits Hermitian symmetry, because

the fourier transform of it is the electron density function, which is real data.

4.4 Orbit Exchange Algorithms

The concept of orbit exchange was developed by Myoung Shenefelt in her doc-
toral dissertation.

Given a fundamental domain D, for a group action on a set X, there is a
unique map, X — D, the “choice” map, which chooses the orbit representa-
tive from each orbit. Thus, given any other fundamental domain, D3 we may

compose this choice map with the inclusion map, obtaining:

Dy — X — D, (4.8)

which is a uniquely defined map between any two fundamental domains.
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We may use this fact to permute our data, after performing fourier tra.hs-
forms along one coordinate, from an X-biased fundamental domain to a ¥-
biased fundamental domain. This is the basic idea of all orbit exchange algo-
rithms,

In the summer of 1988, Dr. Shenefelt and I applied this idea to the class
of primitive triclinic, monoclinic, and orthorhombic groups acting diagonally on
3-dimensional space. We were able to coﬁlpletely “solve” all of these groups,
in the case of data given on an 8x8x8 array, where by solve is meant complete
reduction of the fourier transform to a fundamental domain [9].

Two things became clear in the process of wfiting these 40 programs.

1. The methods and algorithms would work just as easily, with virtually no
change, for an array of data of dimension NxNxN where N is divisible by

8.

2. The passage from crystallographic group to the program seemed as if it

should be “automatable”.

4.4.1 Motivation to Create the Program Generator

The motivation to create the program generator was fourfold:

1. It would express a uniform control over this class of groups.

2. It would enable me to gain more insight into the concepts involved - a mix

of group theory, programming, and crystallography.

3. Once the program generator was finished, it could serve as a prototype
model for a more general program generator designed to handle the general

orbit exchange situation.

4. There are two main conceptual parts to the program generator. The
first part is using the group theory to create the relevant data structures:
various fundamental domains, symmetry groups of the data in various

stages of transformation, and arrays of phase relations that come into
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existence. The second part is the interpretation of these data structures in
order to generate the Fortran code which is the output. Once the program
generator was written, the second part could be changed to generate code

in other high level languages, and even (unoptimized) assembly language.

Thus, the project was undertaken, and successfully completed. It consists
of slightly less than 4000 lines of Fortran code. The next section will begin to

describe the program generator.

4.5 Description of the Program Generator

The input to the program generator, which we will refer to as pg, is one of the
primitive triclinic, monoclinic, or orthorhombic groups as listed in the X-ray

Tables. The user chooses from the following menu:

1. P1 21. Pmn21
2. Plbar 22. Pba2
3. P2 23. Pna2l
4, P21 24. Pnn2
5. Pm 25. Pmmm
6. Pc 26. Pnnn
7. P2/m 27. Pcem
8. P21/m 28. Pban
9. P2/c 29. Pmma
10. P21/c 30. Pnna
11. P222 31. Pmna
12. P2221 32. Pcca
13. P21212 33. Pbam
14. P212121 34. Pcen
15. Pmm?2 35. Pbem
16. Pmc21 36. Pnnm
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17. Pcc2 37. Pmmn
18. Pma2 38. Pbcn

19. Pca21 : 39. Pbca
20. Pnc2 40. Pnma

The selected group is displayed for verification. The group is stored inter-
nally in an array whose entries are from the set of operators defined previously:

LR,S, or T. For example, the group Pbam:

- . 1. 1 . 1 1 P
Uz 0,2 55— UhE 5Tyt 0 g

e — = 1 1 . 1 .
5,09,Z, 2,02 5—,34+ 02 5+, 5 U2

is stored internally as:

R| vl = | | | |~
Z B
== | | | o =

We name this group G1, and create three other arrays, G2, G3, and G4 as
follows: Let G2 be the array obtained from G1 by replacing any S in column 1
by an R, and any T in column 1 by an 1. G3 is obtained from G2 by performing
the same operation on column 2 of G2. Finally, G4 is obtained fromm G3 by
performing the same operation on column 3 of G3. These four groups are the
symmetry groups of the data at intermediate stages of the fourier transform.
Note that they all have the same number of elements. If a subgroup 4 < G; is
represented as a list of rows in the G; array, then by the corresponding subgroup

A" in Gj we will mean the corresponding list of rows in G;.
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In this context, all the programs to be generated by pg have the same basic

structure, They all assume that input lies on an X-biased fundamental domain

for G1. Then the algorithm may be informally described as follows:

1.

2.

Compute fourier transform along x-axis

Perform an orbit exchange from the output of step 1 to a Y-biased fun-

damental domain for G2.

. Compute fourier transform along y-axis

. Perform an orbit exchange from the output of step 2 to a z-biased funda-

mental domain for G3.

. Compute fourier transform along z-axis

. Perform an orbit exchange from the output of step 5 to an x-biased fun-

damental domain for G4.

Remark: the reason for step 6 is that if the initial group has no translations,

this step will arrange the data back into the original fundamental domain.

There are two other routines that pg must generate, one called expand, the

other called expand2. As the names suggest, they take data given on a particular

fundamental domain, and use the group to fill out the unit cell appropriately.

Expand uses the group G1, and assumes data lies on an X-biased fundamental

domain; expand2 uses the group G4, and also assumes data lies on an X-biased

fundamental domain.

Thus, the main driving program for all of the groups is exactly the same,

and need only be written once. It looks like this:

call xformx (x,y)
call oex1 (y,s)
call xformy (s,y)
call oex2 (y,s)

call xformz (s,y)
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call oex3 (y,t)

Here, x,y,8, and t are NxNxN arrays, and N is a multiple of 8.
Thus, for each group, pg must create 8 subroutines: xformx, xformy, xformsz,
oexl, oex2, oex3, and the two expand routines.

We proceed now to describe the key algorithms and routines of pg.

4.6 Algorithm for Fundamental Domain Decom-
position

Recall the basic theorem: If G acts diagonally on X x Y, then we may con-
struct an X-biased fundamental domain for this action in terms of fundamental

domains for the action of G on the coordinates as follows:

FDS(X xY)= |J FD™WX x{y} (4.9)
. veFDCY
If G acts on X X Y X Z, we may write:

FDC(X xY x Z) = FDMGNX xY) x {2} (4.10)

and by applying the construction recursively to FD**°:)(X x Y) , we get:

FD°(X xYx2Z)= |J U FDIw X x {y} x {z} (4.11)
e FDCZ ye FDI*ol2)y

From equation 11) we see that we can use a library of 1-dimensional sym-
metrized fourier transforms along the x coordinate to perform a first round of

fourier transforms.
So we now make this fundamental domain decomposition algorithm explicit.
The algorithm may be stated in words as follows:

For each z € FD%Z
compute Iso(z) < G
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compute FDIole)y

For each y € FDI*o2)y
Compute Iso(y) < Iso(z)
Compute FD*)x
Form FD'*WX x {y} x {z}.

To implement this, it is useful to group the elements of one-dimensional
fundamental domains into sets of the same isotropy type, and to store this
representation in an array. We define the isotropy pieces for the various fun-
damental domains by the following equations (R,T, and S are the operators as

defined above, and F is the group generated by all three of them):

FD®X =FRUMR = {0,N/2} U {1,2,...,N/2-1}

FDTX = MT = {0,1,2,...,N/2-1} ' v
FD’X =FSUMS = {N/4,3N/4} U {0,1,..,N/4-1, N/2+1,...,3N/4-1}
FDFX =MoOU Mi U M2 = {0} U {1,2,...N/4-1} U {N/4}

FR, FS denote the fixed points of R and S respectively. Thus the isotropy
group of FR in gp < R > is the entire group. MR denotes the chosen set of orbit
representatives which are “moved” by R, i.e. whose isotropy group in gp < R >
is the identity. Similarly, the isotropy group of MS in gp < S > is the identity.
Finally, Iso(M0) in F is gp < R >; Iso(M2) in F is gp < S >; and Iso(M1) in
F is the identity element. In addition we let NN stand for the one-dimensional

fundamental domain for the identity operator.

These symbols are stored in the pieces array as follows:

FR |FS { MO | MT | NN
MR|MS|[M1}0 0
0 0 M2 |0 0

We restate the GETFD algorithm in terms of isotropy pieces:

Determine FD¢Z
For each zpiece of FD®Z , let A = Iso(zpiece)
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Determine FDAY
For each ypiece of FDAY , let B = Iso(ypiece)
Determine FD?Z
For each zpiece of FD?Z
Let ¥D(i,0) = xpiece, FD(i,1) = ypiece, FD(i,2) = zpiece.

The output of this algorithm is an array with 3 columns and a variable
number of rows. This is a fundamental domain array, one of the key data
structures of the program generator. We show a typical example below.

FR | FR | FR
MR | FR | FR
NN | MR | FR
FR | FR | MR
MR | FR | MR
NN | MR | MR

This array is what we need to generate subroutine calls to one-dimensional

Table 1.

fourier transform routines. This is explained in the next section. We include
here a fragment of pg which actually computes a fundamental domain, based
on the following data structures: the pieces array, a group array as described
above. The group array is. scanned, coordinate by coordinate starting with the
Z coordinate; the “type” of action of the Z coordinate is determined (I,R,S,T,
or F); this type is represented as 0,1,2,3, or 4, and thus can be used as a pointer
into the pieces array. The isotropy pieces are then accessed, and their isotropy
groups are computed. A subgroup is simply represented as a list of rows in
the group array. This subgroup acts on the Y coordinate, and the type of this

action is then determined, etc.

4.6.1 Fortran fragment computing a FD array

the full GETFD algorithm, a Fortran extract.

The supporting routines are:
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40

scan - scans a coordinate of the group array,
and determines the type of action of the
glven subgroup on that coordinate
(the type is one of I,R,S,T,or F).
This type is used as a polnter to the
pleces array.

iso - given a group array, gp, a subgroup,
and an elemenﬁ in the pieces array
(pointed to by the type determined by scan),
and a coordinate, iso determines the isotropy
subgroup of the given piece. The answer is left
in the last argument.

num_pieces - returns the number of pieces in a given

one-dimensional fundamental domain.

ztype = scan (gp,ZCOORD,subgroup)
do 20 i = 0, num_pieces(ztype) ~ 1
call iso (gp,pieces(ztype,i),ZCO0RD,subgroup,isoz)
ytype = scan (gp,YCOORD,isoz)
" do 30 j = 0, num_pieces(ytype) - 1
call iso (gp,pieces(ytype,j),YCOORD,isoz,isoy)
xtype = scan (gp,XCOORD,isoy)
do 40 k = 0, num_pieces(xtype) - 1

output (cptx+k,XCOORD) = pieces(xtype,k)
output (cptr+k,YCOORD) = pieces(ytype,j)
output (cptr+k,ZCOORD) = pieces(ztype,i)

continue

cptr = cptr + k
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30 continue

20 continue

4.7 Interpreting the FD array

Once we have created a fundamental domain array, it is quite a simple matter
to read through it, generating the necessary sequence of subroutine calls to the
appropriate one-dimensional symmetrized fourier transform routines, This part
of the code generation is controlled from subroutine GENXFORM in pg.

For example, the fundamental domain array listed in the previous section,

in Table 1., can be written as follows:

FDEX | FR | FR
NN MR | FR
FOPX | FR | MR Table 2.
NN MR | MR

This array may be interpreted row by row as follows: column 1 determines
which symmetrized routines to call, and the other two columns are the index
sets which are traversed.

Fof example, since FR = {0,N/2}, the first row may be translated directly

into Fortran:

do 10 1 = O,N/2,N/2
do 10 j = O,N/2,N/2
call fteven (x(0,i,3),y(0,1,j))

i

10 continue.

Here, fteven is a name for a cosine fourier transform, and x and y are input
and output arrays. At this point it is assumed that the data is stored in an

NxNxN array, and data to be transformed is always moved to the first column,
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since Fortran stores data column majorant order. This can easily be changed so

that the data is stored in a 1-dimensional array, and the accessing of different

columns is accomplished by different multi-dimensional stride permutations.
Similarly, since MR = {1,2,...,N/2-1}, the second row may be mapped to the

following Fortran code:

do 20 i 1,N/2-1
do 20 j = O,N/2,N/2
call f£t1 (x(0,i,j),y(0,1,3))

20 continue.

Here, ft1 is a standard one-dimensional fourier transform.

For the first round of fourier transforms, this is really all there is to the code
generation. (There is one programming wrinkle - MS is not a connected set of
indices, and thus two sets of doloops are generated for this case. This explains
the existence of the doloop labelled “999” in genxform. The same remarks lolds
for the generation of the expand routines.)

Now the program generator can similarly interpret a Y-biased fundamental
domain for the group G2. However, if there is any translational symmetry in
the X coordinate of G1 (i.e., a T or an S in column 1 of G1) then the partially
transformed data has phase factors of (-1). We must thus apply Lemma 1 to

formulate the following check for phase factors:

CHECK FOR PHASE FACTORS:
Let FD be a Y-biased fundamental domain array for G2.
For each row in the FD array
Let A be the isotropy group of the X and Z pieces
(A is a subgroup of G2)
Let A’ be the corresponding subgroup of G1.
If A’ has any translations in it, then there will be

phase factors in the data.
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Applying Lemma 1, we see that we must generate code of the following general

form:

do 10 i 1,N/2-1
do 10 j = 0,N/2,N/2
if (mod(i,2).eq.0)then
call fteven(x(0,1i,j),y(0,i,3))

else
call fteven2(x(0,i,j),y(0,i,3j))
endif

10 continue

Here, fteven2 is a one-dimensional sine routine.

If we are transforming along the z coordinate, we might have to deal with
translational symmetries in X alone, in Y alone, or in both the X and Y coor-
dinates. This results in phase factors of the form (~1)1¥), (—1)19), or (—1)i+)
respectively.

One further point should be made here about the programming. Generally,
FD arrays and group arrays are kept in X-Y-Z order. However, the GENX-
FORM subroutine permutes the “current” coordinate - the one being trans-
formed - to the first column. This means that there are some supporting rou-
tines which perform the necessary re-arrangements, and should help explain

some movements of the data that take place.

4.8 Generating the Orbit Exchange Map

The algorithm used by pg to generate the orbit exchange map is based on The-
orem 2. This theorem guarantees the existence of a map from any fundamental
domain to any other, and we know that this map is given by the action of an
element in the group. In conjunction with the data structure for a fundamental

domain array, we can formulate the following algorithm:

Suppose that FD1 and FD2 are two fundamental domain arrays for the action
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of a group stored in a group array G. Then the algorithm for generating the

orbit exchange code is:

Algorithm for Orbit Exchange:

For each row in FD1
if the row appears in FD2 then
next row in FD1 (nothing to be done)
else
for each g in G
if g(row) appears in FD2 then
use g to implement the orbit exchange
else
next g
endif
endfor
endif

endfor

The theorem guarantees that this algorithm will succeed, and produce the
necessary group element, g.

A brief explanation of the algorithm: rows in FD1 that appear in FD2 do
not need to be mapped. If a row in FD1 does not appear in FD2, then we search
through the group array until we find an element that maps that row to some
row in FD2,

There may be more than one g that does the trick; we do not distinguish

between them.

4.9 Summary of the Program Generator

This ends the “tour” of pg. In summary, the heart of it is the following three

modules, based primarily on the data structure for biased fundamental domains.
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e GETFD - calcula_tes fundamental domains

e GENXFORM - reads a FD array, generates xformx, xformy, xformsz sub-

routines.
e GENOEX - generates orbit exchange from one FD array to another.

The rest of the routines are lower level supporting routines, that perform
the necessary group functions, and output routines that write lines of fortran

code to the output file.
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TABLE OF CONTENTS OF PROGRAM LISTING

The listing is broken up into 6 modules, as follows:

1)

2)

3)

4)

5)

6)

PG
This is the driver module, which gets
the choice of group from the user (INPUT), and
calls GETFD, GENXFORM, and GENOEX.
GETFD
This module handles creating fundamental domains.
GENXFORM
This module handles generating fourier transform
routines based on a fundamental domain decomposition.
GENOEX
This module handles generating orbit exchange
subroutines, which permute the data from one
fundamental domain into another. .
INPUT
This module gets the choice of group from the
user.
PUTS

This module handles the writing of lines of
fortran code to the output file.

Each module is prefaced with a list of subroutines and
functions that are in it, together with a brief description.
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5.1 SAMPLE OUTPUT: PCC2

e she ok ok s ke e afe o s e s sfe s s e sk e s sk e ok e o e e sk sk abe ok e o ke o ok

[

c GROUP is Pcc2

c

c

[

c X y Z

c -X -y z

c -x y 1/2+z
c x -y 1/2+z
c

oA i R o s oo el o ke ok o oo s o ol ol ool o ke o oo o o e ke ok
c FDX:

c FR FR MT

c MR FR MT

c NN MR MT

subroutine xformx(x,y)
implicit none
include ’dimension.’
complex x(0:n-1,0:n-1,0:n-1)
complex y(0:n-1,0:n-1,0:n-1)
integer i,j,k
do 10 i = 0,N/2,N/2
do 10 j = O,N/2-1
call fteven (x(0,i,j),y(0,i,3j))
10 continue

do 30 i=1,N/2-1
do 30 j = 0,N/2-1

_call ft1 (n,x(0,i,j),y(0,i,3))

30 continue
return
end
FDY: Y-X-Z order

FR FR MT

MR FR MT

NN MR MNT

subroutine xformy(x,y)
implicit none
include ‘dimension.’
complex x(0:n-1,0:n-1,0:n-1)
complex y(0:n-1,0:n-1,0:n-1)
integer i,j,k
do 10 i = O,N/2,N/2
do 10 j = 0,N/2-1
call fteven (x(0,%i,j),y(0,i,j))
10 continue
do 301i=1,N/2-1
do 30 j = 0,N/2-1
call ft1 (n,x(0,1i,3),y(0,i,3))
30 continue

Oa6o0n
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return
end
FDZ: Z-X~Y order
MT FR FR
MT MR FR
MT FR MR
NN MR MR
subroutine xformz(x,y)
implicit none
include ’dimension.’
complex x(0:n-1,0:n-1,0:n~-1)
complex y(0:n-1,0:n-1,0:n-1)
integer i,j,k
do 10 i = 0,N/2,N/2
do 10 j = 0,N/2,N/2
call ftahalf (x(0,i,3j),y(0,1,3))
10 continue
do 20 1 1,N/2-1
do 20 j = 0,N/2,N/2
call ftahalf (x(0,i,j),y(0,1i,3))
20 continue .
do 30 i o,N/2,N/2
do 30 j = 1,N/2-1
call ftahalf (x(0,i,j),y(0,1i,3))

30 continue
do 40 i = 1,N/2-1
do 40 j = 1,N/2-1
call £t1 (n,x(0,i,j),y(0,1,3))
40 continue
return
end
subroutine oexi(x,y)
implicit none
include ’dimension.’
complex x(0:n~1,0:n-1,0:n
complex y(0:n-1,0:n-1,0:n
integer i,j,k

[ I+ I < T+ I+

nn

nn

_1)
_1)

do 10 i = 0,N/2,N/2
do 10 j = O,N/2,N/2
do 10 k = 0,N/2-1
Y(j»i’k )=X(iij’k)
10 continue
do 20 i=1,N/2-1
do 20 j = 0,N/2,N/2
do 20 k = 0,N/2-1
y(j,1i,k )=x(i,j,k)
20 continue
do 30 i = 0,N/2,N/2
do 30 j = 1,N/2-1
do 30 k = 0,N/2-1

y(j »i,k )=x(i)j k)
30 continue

167
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40

50

10

20

30

40

50

y(mod(N-j,N) ,mod(N-1i,N),k )=x(i,j,k)

do 40 i = i,N/2-1

do 40 j = 1,N/2-1

do 40 k = 0,N/2-1
y(3,i,k )=x(i,j,k)

continue

do 50 i = N/2+1,N-1

do 50 j = 1,N/2-1

do 50 k = 0,N/2-1

continue

return

end

subroutine oex2(x,y)

implicit none

include ’dimension.’

complex x(0:n-1,0:n-1,0:n-
complex y(0:n-1,0:n-1,0:n-

integer
do 10 i
do 10 j
do 10 k

y(k,i
continue
do 20 1i
do 20 j
do 20 k

y(k,i

.continue

do 30 i
do 30 j
do 30 k

y(k,1i
continue
do 40 i
do 40 j
do 40 k

y(k,i
continue
do 50 i
do 60 j
do B0 k

y(mod(N/2+k,N),i,mod(N-j,N) ) = x(j,1,k)

continue
return
end

i, i,k
0,N/2,N/2
0,N/2,8/2
0,N/2-1

) = x(§,1

. I

it nn

1,N/2-1
0,N/2,N/2
0,“/2_1
) = x(j,4

[ Rt O O ]

“e it 0ou

1,N/2-1
N/2+1,0-1
0,N/2-1

subroutine oex3(x,y)

implicit
include

complex
complex

integer i

none
‘dimension.’

k)

yk)
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10

20

30

40

10

20

30

do 10 i
do 10 j
do 10 k
Y(i’j’
continue
do 20 i
do 20 j
do 20 k
Y(iaj’
continue
do 30 i

~do 30 j

do 30 k

y(i,3,
continue
do 40 i
do 40 j
do 40 k

y(i,3,
continue
return
end

k

k

k

w=anun

0,N/2,N/2
0;“/2,“/2
0,N-1

) = x(kpivj)

v v
TSN

n===

subroutine expand(x)

implicit none

include ’dimension.’
complex x(0:n-1,0:n~1,0:n-1)
integer i,j,k

do 10 i = 0,N/2,N/2
do 10 j = O,N/2,N/2
do 10 k = 0,N/2-1
x(4i,j,mod(N/2+k,N)
continue
do 20 i = 1,N/2-1
do 20 j = 0,N/2,N/2
do 20 k = 0,N/2-1

)=x(ivjvk)

x(mod (N-i,N),mod(N-J,N),k )=x(i,],k)
x(mod(N-1,N),j,mod(N/2+k,N)
x(i,mod(N-j,N),mod(N/2+k,N)

continue

do 301 = 0,N~-1
do 30 j = 1,N/2-1
do 30 k = 0,N/2~-1

)=x(inj9k)
)=x(i,j,k)

x(mod(N-1i,N) ,mod(N-j,N),k )=x(i,j,k)

x(mod(N-1i,N),
x(i,mod(N~-j,N

continue
return
end

3

ymod(N/2+k,N)
,mod(N/2+k,N)

subroutine expand2(x)

implicit none

include ’dimension.’
complex x(0:n-1,0:n-1,0:n~1)

)=x(i,3,k)

)=x(i’j:k) )

159
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integer i,j,k

do 20 i=1,N/2-1
do 20 j = 0,N/2,N/2
do 20 k = 0,N-1

x(mod(N-i.N).j,k )=x(isj’k)
20 continue

do 30 i = O,N/2,N/2

do 30 j = 1,N/2-1

do 30 k = 0,N-1
x(i’mOd(N—j)N) sk )=x(i’j ’k)

30 continue

do 40 i = 1,N/2-1
do 40 j = 1,N/2-1
do 40 k = 0,N~1

x(mod(N-i,N) ,mod(N-},N),k )=x(4i,j,k)
x(mod(N-1,N),j,k )=x(i,j,k)*(~1)#*(k)
x(i,mod(N-3,N),k )=x(i,]j,k)*(-1)**(k)
40 continue
return
end
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5.2 INCLUDE FILES

c
c params.

integer EO0S,YES,NO
integer 1X, TT, SS, RR, FF

c
c these numbers are
parameter (II

- parameter (RR
parameter (TT
parameter (SS
parameter (FF

parameter (EOS
parameter (YES

parameter (NO

used as indices into the PIECES array;
!identity operatox

) 1-x

) 1/2 + x

) 11/2 - x

) !full group = P21

)
1
2
3
4
-1)
1)

0)

integer FR, MR, FS, MS, MO, M1, M2, NN, MT

parameter (FR
parameter (MR
parameter (FS
parameter (MS
parameter (MO
parameter (M1
parameter (M2
parameter (NN
parameter (MT

integer M3,M4,
parameter (M3=

100)
101)
102)
103)
104)
105)
108)
107)
108)

nwnounuonnan

M&6,M6,M7
109)

parameter (M4=110)
parameter (M5=111)
parameter (M6=112)

parameter (M7=

113)

integer SMS,TMT,RMR

parameter (SMS=114) ISMS = 1/2 - MS
parameter (TMT=115) ITMT = MT + 1/2
parameter (RMR=116) ! RMR = -MR

integer FD_RR,FD_FF

parameter (FD_
parameter (FD_

c
c file parameters

RR
FF

109)
110)

integer codefile
parameter (CODEFILE = 10)
integer stdout

parameter (STDOUT = 6)
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PIECES. ,

the following is in common:

the five types of fundamental domains that arise
Identity, Rotation, Translation, R*T, P21.

aaoagaaon

¢ the file ’params.’ must be included before this file.
c
¢ MAXSIZE governs the size of output array.

integer MAXSIZE

parameter (maxsize = 100)

c the pieces array is good for gemeral N
integer pieces (0:4,0:2)
data pieces / NN, FR, MT, FS, MO,
. 0, MR, 0, MS, M1,
. o, 0, 0, 0, M2 /

c
integer xcoord /0/
integer ycoord /1/
integer zcoord /2/

c

c
integer MAX_G
parameter (MAX_G = 8)

c

¢ ordg is computed at beginning of program.
integer ordg
integer debug

¢ orxdg will hold the real order of G.
common pieces,xcoord,ycogrd,ordg,debug
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5.3 MODULE: PG
SUBROUTINES IN PG
ot b ot o oo ook o ol o s ool o o ook ek
¢ extinguish: creates a group array with one column of
c translational symmetries replaced with the
c symmetry after fourier transform.

subroutine extinguish (g_in,g_out)

the following routines move columns of arrays
around, to facilitate bookkeeping

a0

subroutine y_to_x (g.in,g_out)
subroutine g1_2 (g.in,g_out)
subroutine fdi_3 (fd_in,fd_out)
subroutine gz_to_x (g_in,g_out)

(1]

prt_g: prints out a group array

subroutine prt_g (group,lun)

c .
¢ replace: fdxout is the FD array of fdx after
¢ a fourier transform (it might be larger due to
¢ translational symmetries being "extinguished"
subroutine replace (fdx,fdxout)
c .
[ .
c action: gets the quotient of in_g/sub_g
subroutine action (in_g,sub_g,quo,mod_g)
c ,
¢ strip: a utility routine that strips out duplicate xows;
c used by subroutine action

subroutine strip (mod_g,quo)
AR oo o R AR R ool o R MR e o
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€ 0 sk s 3 e sk ke sk s s e sk sde s s ke ok sk e e s e abe e o sl e o o e ok ke 3 ok b o ke o o e s e s s e e ofe ok e o 3k afe e o o

a0 aAa00aAN0ADNNA0NNN0N0N000DO0N

1)

2)

3)

4)

B)

6)

Program Generator for Orbit Exchange Algorithm;

The plan of this program is as follows:
first generate the data structures needed
by the code generator, then generate the code

We need an x-biased fundamental domain to
generate the first round of FT’s, xformx,
as well as the expand routine.

We need the output fundamental domain (x-translations
extinguished) to generate the orbit exchange code

We need the Y-biased fundamental domain for
G* (G with x-translations extinguished) to
generate the second round of FT’s; xformy

We need the output fundamental domain (y-translations
extinguished) to generate oex2;

We need the Z-biased fundamental domain for Gk
(G* with y-translations extinguished) to generate
the third round of FT’s; xformz

We need the output fundamental domain (z-translations
extinguished) to generate the final expand routine;

K oo 8 0 o R oo o o ok oo o o b o o ok oo o b ks sk ool ok o o ool o o R e ok
program pg

implicit nome

include ’params,’

include ’pieces.’

D000 0O0

DATA STRUCTURES: f£fdx, fdxout, etc.

x-biased, y-biased, z-biased fundamental domains for

G, G*, G+* respectively;

and their "fattened" outputs.

Thus fdxout and fdy are the same up to the orbit exchange.
These are the arrays that are read by the code generator
to generate xformx, xformy, xformz, and oexl, oex2, oex3

integer fdx(0:MAXSIZE,0:2), fdxout(0:MAXSIZE,0:2)
integer fdy(0:MAXSIZE,0:2), fdyout(0:MAXSIZE,0:2)
integer fdz(0:MAXSIZE,0:2), fdzout(0:MAXSIZE,0:2)
integer fdout(0:MAXSIZE,0:2)
integer tempi(0:MAXSIZE,0:2)

G1 is the given group, G2 is G1 with the translations
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¢ in the X-coord "extinguished"; G3 is G2 with the
¢ translations in the Y-coord extinguished; G4 has all
¢ translations extinguished.
¢ G1, and fdx generate expandin
c 64, and fdzout generate expandout (with record of extinctions)
integer G1(0:MAX_G,0:2)
integer GZ(O:HAX_G,0:2)
integer G3(0:MAX_G,0:2)
integer G4(0:MAX_G,0:2)
integer tempg(0: MAX G,0:2)
logical check
integer sub_g(0:MAX_G)
integer out _g(0:MAX_ G,0:2)
integer i
character*20 gpname
character*20 fname

o0

declarations for code generation
integer gen_xform, num
integer gen_oex
integer expandin,expandout
integer status

character*1 ok
integer tflag(0:2)

c
<
¢ got the choice of group from the user
do while (ok.ne.’y’.and.ok.ne.’Y?)
call get_g(G1l,gpname)
call prt_g (G1,STDOUT)
write (6,1) gpname(i 20)
1 format(1x,’Input group is ’,a20,’0K??)
read (5,5) ok
5 format (a)
enddo
write (6,2)
2 format(’$enter debug level ==> ?)
read (5,3) debug
3 format (i4)
c
c FIRST: compute number of rows actually in G

do 10 i = 0,MAX_G
if (61(i,0).eq.E0S)then

go to 20
endif
10 continue
20 continue
ordg = i

€ e ok s e sk afe o she s ok she s e o she sl s s S aje s e afe she sk sl sle s sl e afe sfe sk sk she sk sk sfe s s e 3k o sk ke s 3 e e sk ke ke sk ke

[+4
¢ open up the code file, and the error file, and the log file
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C

G o o o o o o oo oo o o oo e o o o o oo 8 o o B e o s sl ok e o o oo o o o
write (6,*) ’about to generate xformx’
read (*,%)

i=1

do while (gpname(i:i).ne.’ ?)
i=4i+1

enddo

fname = gpname(1:i-1)//’.fox’

open (unit=CODEFILE,file=fname,status=’new’,
. carriagecontrol=’LIST’)

write(CODEFILE, 16)gpname
16 foxmat (2 cokesiolsmiolor kool ok ok skolokololokokoklololokook 3/
. c?,/,
. *¢?,5x,’GROUP is *,a20,/,°c’,/,’c’,/,
. re?)
call prt_g(G1,CODEFILE)
write (CODEFILE,18)
16 foxrmat (7¢?,/ , 7 Gt sh o sk ok o o oo ookl olokol ol e e o ook ke 9 )

ok ks sk sl e e e e o b s oo ko ok s ol s ek ot o s o o o o o o o o
(o]
¢ GET X-BIASED FD and generate the routine xformx.
C
OB R ok st ool s s ke sk s e o o sk e s o e o ol e s e skl il ks ol ol ok s e s o o
call getfd (G1,fdx)
if (.not.check (fdx,G1)) then
write (6,*) ’fdx doesn’’t check’
call prt_fd (fdx,STDOUT)

stop
endif
write (CODEFILE,160)
150 format(’c FDX:?)

call prt_fd (f£dx,CODEFILE)
status = gen_xform (fdx,1,G1,G1)

now replace input with output FD;
MT --> NN; FS U MS --> FR U MR; MO U M1 U M2 --> FR U MR;
after this, X --> FR U MR U -MR.
(all this in the X coordinate)
call replace (fdx,fdxout)
Gl B ool B oo s o ol o o e e s sl e e o o sl e o R e o o sl s e el ol ol e
c
¢ GET Y-BIASED FD and generate the routine xformy
c
G R o o o s oo o o e e B ol o s e ol ol ko ok o e ke e e s e o s e s ke e o e sl ke e ek

aaoaonooao

¢ first re-arrange G, so that it we have

¢ the Ycoordinate first,then X, then Z; XYZ-->YXZ
call y_to_x(G1,G2)
call getfd (G2,fdy)
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if (.not.check (fdy,G2)) then
wvrite (6,*) ’fdy doesn’’t check’
call prt_fd (£dy,STDOUT)
stop
endif
c
¢ print out fdy as comments
write (CODEFILE,160)
160 format(’c FDY: Y-X-Z ordex’)
call prt_fd (fdy,CODEFILE)
status = gen_xform (fdy,2,G2,G1)
c
¢ create output FD - for G
call replace (fdy,fdyout)
c straighten out G2,fdy,fdyout
call fdi_2 (fdyout,tempil)
call fd_copy (tempi,fdyout)
call fdi_2 (£fdy,tempi)
call fd_copy (tempil,fdy)
call gi_2 (G2,tempg)
call gcopy (tempg,G2)
RO AR R R 3o s R ol 8 K e e o R o o o 8 e o e ok e ol o e o ol ke ok ke e s ek
c
c GET Z-BIASED FD, and generate the routine xformz
c
bbb ol R oo o e s el o o Bl o o S e ol 5 o o o o ko e s ks o s S ol sl sk o e e e
call gz_to_x(G1,G3)
call getfd (G3,fdz)
if (.not.check(fdz,G3)) then
write (6,%) ’fdz doesn’’t check’
call prt_fd (£dz,STDOUT)

stop
endif
¢ print out fdz as comments
write (CODEFILE,170)
170 format(’c FDZ: Z-X-Y ordex’)

call prt_fd (fdz,CODEFILE)
status = gen_xform (£dz,3,G3,G1)
c
¢ create output FD, for G
call replace (fdz,fdzout)
c straighten out G3,fdz
call £di_3 (fdzout,templ) imove 18t col to back
call fd_copy (templ,fdzout)
call f£d1_3 (fdz,templ)
call fd_copy (templ,fdz)
call gi_3 (G3,tempg)
call gcopy (tempg,G3)
c
Ao AR A o R R o RS o R R R Rl K S o R o KR o o R ok

c N
¢ GET X-BIASED FD of the OUTPUT.

167
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c
G ¥ s ke o ol b ol ek s s ol e o e o ks ke ool e oo s ot o s b ok o ko o o o o ok ko o e o o f o o ol o
c
c get FD for Gk

call extinguish (G1,G4)

call getfd (g4,fdout)

Q

call prt_fd (f£dx,STDOUT)
write (6,%)’fdx’
read (*,%)

call prt_fd (fdxout,STDOUT)
write (6,%*)?fdxous’
read (*,%)

call prt_fd (£dy,STDOUT)
write (6,%)’fdy’
read (*,%)

call pxt_fd (fdyout,STDOUT)
write (6,+*)’fdyout’
read (*,%)

call prt_fd (£dz,STDOUT)
write (6,*)?'fdz’
read (*,%)

call prt_fd (fdzout,STDOUT)
write (6,%*)’fdzout?
read (%,%)

call prt_g (G1,STDOUT)
write (6,%) ’G1’

read (*,%*) .

call prt_g (G2,STDOUT)
write (6,%) ’G2?

read (%,%)

call prt_g (G3,STDOUT)
write (8,%) ’G3?

read (*,*)

call prt_g (G4,STDOUT)
write (6,%) G4’

read (k,*)

a0 0a00

write (6,%) ’about to generate oex’
- read (*,%)
c
¢ the symmetry group on fdxout is on data
¢ that has been transformed in XCOORD
status = gen_oex (1,fdxout,fdy,G2,G1)
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status = gen_oex (2,fdyout,fdz,G3,G1)
status = gen_oex (3,fdzout,fdout,G4,G1)
status = expandin (fdx,G1)

c .
¢ it’s probably better to compute fd for G4 from scratch -

¢ less pieces

cc call getfd (G4,templ)

¢ find which coords have translations
call get_tflag (G1,tflag)

status = expandout (fdout,G1,G4,tflag)

close (CODEFILE)

stop

end
o8 o8 8 o o o 996 o o8 6 o ok o o o8 e a8 o o koo e o o o o ok b o e o oo o o o s e o ok e s o o o o ook e

switch - permute G1 into G2 like this:
Xy¥sZ —_—> ViZ,X

c
c

[

c

c ~ if the X column has a S, or a T, replace
c with R, or I respectively

c
c

st o e ofe e ok oo ol o ok o ol o sl o ko ol sl s s e oo o kel e e s o
subroutine switch (g_in,g_out)
_implicit none
include ’parans.’
include ’pieces.’
integer g_in(0:MAX_G,0:2)
integer g_out(0:MAX_G,0:2)
integer i

c
do 10 i = 0, ordg
g_out(1,XCOORD) = g_in(i,YCOORD)
g_out(i,YCOORD) = g_in(i,ZCOORD)
g_out(i,ZCOORD) = g_in(i,XCOORD)
if (g_out(i,ZCOORD).eq.SS) then
g.out(i,ZCOORD) = RR
else if (g_out(i,ZCOORD).eq.TT) then
g-out(i,ZCOORD) = II
endif
10 continue

return
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end
e e ok ke e e o e o o e s o o o b o o o s o fe s o she s e ke s afe e o s o e sk o e ke ofe o b e e o e e sk e e o e e e

c
c
c extinguish (g_in,g_out)
c replace TT with II, SS with RR in the group
c
€ e e o b oo s e o e o o o o o o sl o s o o o o o o e Sl o o s o ke e kol ok s e
subroutine extinguish (g_in,g_out)
implicit none ’
include ’params.’
include ’pieces.’
integer g_in(0:MAX_G,0:2)
integer g_out(0:MAX_G,0:2)
integer i,j

do 10 1 0, ordg
do 10 j = 0,2
g_out(i,j) = g_in(i,3)
if (g_out(i,j).eq.SS) then
g_out(i,j) = RR
else if (g_out(i,j).eq.TT) then
g.out(i,j) = II
endif
10 continue

return
end
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C

y.-to_x - permute Gi into G2 like this:
X,¥,Z —=> ¥,X,Z

~ if the X column has a S, or a T, replace
with R, or I respectively

note: could replace this rbutine with a call to
gl_2, followed by call extinguish (out_gp,xcooxd)

aanoaaocoanaaan
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subroutine y_to_x (g.in,g_out)
implicit none
include ’params.’
include ’pieces.’
integer g_in(0:MAX_G,0:2)
integer g_out(0:MAX_G,0:2)
integer i
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do 10 i = 0, ordg
g_out (i,XCOORD)
g_out (i,YCOORD) = g_in(i,XCODRD)
g_out (i,ZCOORD) = g_in(i,ZCOORD)
if (g_out(i,YCOORD).eq.SS) then
g_out(i,YCOORD) = RR
else if (g_out(i,YCOORD).eq.TT) then
g_out(i,YCOORD) = IX
endif
10 continue

g.in(i,YCOORD)

return
end
€9 0 5o R 0 s R K O SR S R 0 4 o 0 S 8 0 O s oo e oo o
c
c
c gl_2 - permute G1 into G2 like this:

[ Xy¥,Z —=> ¥,X,Z
c
(G 3 e e o o s o o o o o o o o o o o oo e e e oo s e ks o o o o ke s ke s o s e ok e
subroutine gi_2 (g.in,g_out)
implicit none
include ’params.’
include ’pieces.’
integer g_in(0:MAX_G,0:2)
integer g_out(0:MAX_G,0:2)
integer i .

do 10 i = 0, ordg
g_out (i,XCOORD)
g._out (i ,YCOORD)
g_out (i,ZCOORD)
10 continue
return

g.in(i,YCOORD)
g.in(i,XCOORD)
g-in(i,ZCOORD)

B

entry gi_3 (g_in,g_out)
do 20 i = 0, ordg
g_out (i, ZCOORD)
g..out (i,XCOORD)
g_out (i,YCOORD)
20 continue

g-in(i,XCOORD)
g-in(i,YCOORD)
g-in(i,ZCOORD)

nwunn

return

entry g3_1 (g_in,g_out)
do 30 i = 0, ordg
g_out(i,YCOORD)
g_out(i,ZCOORD)
g-out (i,XCOORD)

30 continue

g-in(i,XCOORD)
g_in(i,YCOORD)
g.in(i,ZCOORD)
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return
end
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£fd1_3 - put £4(X,Y,Z) to £d2(Y,Z,X)

£fd3_1 - do the inverse

£d1_2 - put XYZ to YXZ

G2 63 8 0 e o s e ool o e 8 6 06 3 58 0 8 o 8 R 8 o 3o S o o 3 o 35 o 4 8 o0 0 o o oo o
subroutine fdi_3 (fd_in,fd_out)

implicit none

include ’params.’

include ’pieces.’

integer fd_in(0:MAXSIZE,0:2)

integer fd_out(0:MAXSIZE,0:2)

[e RS 2T + B 2 I o]

integer i
c
i=0
do while (fd_in(i,0).ne.E0S)
fd_out(i,XCOORD) = £d_in(i,YCOORD)
fd_out(i,YCOORD) = £d_in(i,ZCOORD)
fd_out(i,ZCOORD) = fd_in(i,XCOORD)
i = i+l
enddo
fd_out(i,0) = EOS
return
Cc

C second entry point

entry £d3_1 (fd_in,fd_out)

i=0

do while (fd_in(i,0).ne.E0S)
fd_out(i,XCOORD) = fd_in(i,ZCOORD)
fd_out(i,YCOORD) = fd_in(i,XCOORD)
fd_out(i,ZCOORD) = f£d_in(i,YCOORD)
i=4+1

enddo

fd_out(i,0) = EOS

w0

return
c
¢ next entry XYZ ~-> YXZ
entry f£di_2 (£d_in,fd_out)
i=0
do while (fd_in(i,0).ne.E0S)
fd_out(i,ZCOORD) = fd_in(i,ZCOORD)
fd_out(i,YCOORD) f£d_in(i,XCOORD)
fd_out(i,XCOORD) fd_in(i,YCOORD)
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i =i+l
enddo
£d_out(i,0) = EOS

return

c next entry straight copy
entry fd_copy (£d_in,fd_out)
i=0
do while (fd_in(i,0).ne.E0S)
fd_out(i,ZCOORD) = f£d_in(i,ZCOORD)
fd_out(i,XCOORD) = f£d_in(i,XCODRD)
fd_out(i,YCOORD) = fd_in(i,YCOORD)
i=i+1
enddo
f£d_out(i,0) = EOS

return

end
oot ook ook e ok ok ek skl b o s ae o ok b o o i o ok ke 3k 5 o oo e ke s ok e o b e o e o s skl o ek e s ok

gz_to_x - permute Gi into G3 like this:
X,¥52 ==> Z,X,¥

- if the X column has a S, or a T, replace

c
c
c
c
c
c
c with R, or I respectively
c
G oo o o R R RO Ko R o R R oo o MR ool e el e ol e ol o o o s e o ok

subroutine gz_to_x (g_in,g_out)

implicit none

include ’params.?

include ’pieces.’

integer g_in(0:MAX_G,0:2)

integer g_out(0:MAX_G,0:2)

integer i

do 10 i = 0, orxdg

g..out(i,XCOORD) = g_in(i,ZCOORD)

g_out(i,YCOORD) = g_in(i,XCOORD)

g_out(i,ZCO0RD) = g_in(i,YCOORD)

if (g_out(i,YCOORD).eq.SS) then
g-out(i,YCOORD) = RR

else if (g_out(i,YCOORD).eq.TT) then
g_out(i,YCOORD) = II

endif '

if (g_out(i,ZCOORD).eq.SS) then

173
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g-out (i,ZCOORD) =
else if (g_out(i ZCOORD) eq.TT) then
g_out(i,ZCOORD) =
endif
10 continue

return
end
R AR s ok s e o o o s o o ok st o o R o R R S R R R R R R B R o Bl ol ol o o o
c
c - prt_g(g) - print out table for G,Gwk,Gwk Gk
c
CoeResbofe s oo ofe ol e st o o o o o ol o ol o o ool B o o o ook o o o ol o okl ol o e ke s ook

subroutine prt_g (group,lun) -

implicit none

include ’params.’

include ’pieces.’

integer group(0:MAX_G,0:2)
integer i,j

integer lun

charactexr*1l cchar

character*7 xsym (0:3) /? Yo-x 0, 1/24x 0,

b4 ’,
. ' 1/2~x '/ :
character*7 ysym (0:3) /> 'y *,? -y 1, 1/2+y ?,
. H 1/2_y '/ .
character*7 zsym (0:3) /? 4 1, -z 1,0 1/24z 2,
' " 1/2-z ?/ .

if (lun .eq. STDOUT) then

cchar = ’ ?
else

cchar = ’c¢’
endif
i=0
if(lun.eq.STDOUT)then

do while (group(i,0).ne.E0S)

write (lun,200) cchar,xsym(group(i, 0)),ysym(group(i 1)),
zsym(group(i 2))

200 format (1x,a1,6x,3a7)
= 141
enddo
else

do while (group(i,0) .ne.E0S)
write (lun,300) cchar,xsym(group(i, 0)),ysym(group(i 1),
. zsym(group(1 2))
300 format (a1,5x,3a7)
= i+l
enddo
endif
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c write (6,%) ’group table: *
c do 10 i = 0,ordg-1
c write (6,100% (group(i,j),j=0,2)
c100 format (i1x,3i4)
c10 continue
return
end

€2 8¢ o o e 3k 3 3 0K o e ok e oo e o o 2 e s e e o e e ol o s s ok o e ke afe e 2l e e ok

replace: replace MT or NN with NN
FS U MS with FR U MR
MO,M1,M2 with FR U MR

this replaces a X column of a FD with
what you get when the translations have been extinguished

ao0o00acaan
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subroutine replace (fdx,fdxout)
implicit none
include ’params.’
include ’pieces.’
integer fdx (0:MAXSIZE,0:2)
integer fdxout (0:MAXSIZE,0:2)
integer i,j,k :

d write (6,*) ’on entry to replace;’
d call prt_fd (fdx,STDOUT)

i=0

j=o0

do while ( fdx(i,XCOORD) .ne. EOS)

if ( f£dx(i,XCOORD) .aq. MT .or. f£dx(i,XCOORD) .eq. NN) then
fdxout(j,XCOORD) = NN
do 10 k = 1,2 :
fdxout(j,k) = fdx(i,k)

10 continue
i=1i+1
= j+1

else if ( fdx(i,XCOORD) .eq. FR) then
do 16 k = 0,2
fdxout(j,k) = fdx(i,k)

15 continue
i= i+
j=3j#

else if ( fdx(i,XCOORD) .eq. MR) then
do 20 k = 0,2
fdxout(j,k) = fdx(i,k)
20 continue
i= i+l
j = 3+
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else if ( £dx(i,XCOORD) .eq. FS) then
if ( fdx(i+1,XCOORD) .ne. MS) then
write (6,*) ’error in replace, MS missing’
stop
else
fdxout(j,XCOORD) = FR
fdxout (j+1,XCOORD) = MR
do 30 k = 1,2
fdxout(j,k) = fdx(i,k)
fdxout (j+1,k) = fdx(i+1,k)

30 continue

i = 1i+2

jo=j+2

endif

c .
¢ note: when replacing MO,M1,M2 with FR,MR,0
¢ the extra row must have the same
c Y and Z cooxrds as the previous tvo.

else if ( f£dx(i,XCOORD) .eq. MO) then
if ( fdx(i+1,XCOORD) .ne. M1 .or.
. fdx(i+2,XCOORD) .ne. M2) then
write (6,*) ’error in replace, M1 missing’
stop
else

fdxout (j,XCOORD)

fdxout(j+1,XCOORD)

do 40 k = 1,2
fdxout(j,k) = f£dx(i,k)
fdxout (j+1,k) = fdx(i+1,k)

FR
MR

40 continue
j = j+2
i= i+3
endif
endif
enddo
fdxout(j,XCOORD) = EQOS
c
return
end
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action: computes in_g/sub_g; the ’action group’ corresponding
to the isotropy group sub_g.

for each row of in_g, process xcoord,ycoord,zcoord
look at each coordinate; put it in a ’canonical
form’ relative to the subgroup - eithex
identity, or 4+x, or x;
that is:

noaoconooaca0onan
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c Z/2 + Z2/2 = T,R,RT=S and so
c Mod T , R,S --> R
c ModR , T, -==> T
c Mod § , T,R -——> T
c
C process: (e.g. xcoord); for i .lt. ordg
c cval = in_g(i,xcoord)
c could be I,R,S,T
c I: mod_g(i,xcoord) = cval
c R: if a preceding in_g(i,xcoord) = R
c mod_g(i,xcooxd) = I
c else
c mod_g(i,xcoord) = cval
c S: if a preceding in_g(i,xcoord) = §
c mod_g(1i,xcoord) = I
c else if a preceding in_g(sub_g(i),0) =
R
c mod_g(i,xcoord) = T
c else
c mod_g(i,xcoord) = cval
c T: if a preceding in_g(sub_g(i) ,xcoord) =
T
c mod_g(i,xcoord) = I
c
c at this point, mod_g(*,*) contains
c the quotient group, with dups;
c we must strip out the dups.
subroutine action (in_g,sub_g,quo,mod_g)
implicit none
include ’params.’
include ‘’pieces.’
integer in_g (0:MAX_G,0:2)
integer sub_g(0:MAX_G)
integer mod_g(0:MAX_G,0:2)
integer out_g (0:MAX_G,0:2)
integer quo %0:HAX_G,O:2)
integer i,j,k,cval
integer slen,type,scan
d write (6,%) ’on entry to action,g is’
d call prt_g (in_g)
da write (6,101) (sub_g(i),i = 0,slen(sub_g)-1)
d101 format (ix,’subgroup is:’,1x,91i5)
i=0
j=0
do while ( i .1t. ordg )
do 10 j = 0,2

type = scan (in_g,j,sub_g)
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mod_g(i,j) = in_g (4,3j)

d write (6,123)1i,j,mod_g(i,]J)
di23 format(ix,’in action i, j, mod_g(i,j) = ?,316)
c CASE I:

c CASE R:(i.e. mod_g(i,j) = R
if (mod_g(i,j) .eq. RR) then
if (type .eq. FF) then
mod_g(i,j) = II
else if (type .eq. RR) then
mod_g(i,j) = IX
else if (type .eq. TT) then
mod_g(i,j) = RR
else if (type .eq. SS) then
mod_g(i,j) = TT
endif
c CASE S:
else if (mod_g(i,j) .eq. SS) then
if (type .eq. FF) then
mod_g(i,j) = II
else if (type .eq. SS) then
mod_g(i,j) = II
else if (type .eq. RR) then
mod_g(i,j) = IT
else if (type .eq. TT) then
mod_g(i,j) = RR
endif
¢ CASE T:
else if (mod_g(i,j) .eq. TT) then
if (type .eq. FF) then
mod_g(i,j) = IX
else if (type .eq. TT) then
mod_g(i,j) = II
else if (type .eq. RR) then
mod_g(i,j) = TIT
else if (type .eq. SS5) then
) mod_g(i,j) = TT
- endif

endif
10 continue
i=41i+1
enddo
mod_g(1i,0) = EDS

d call prt-g(mod_g)

d write(6,*) ’mod_g’

c at this point, mod_g(*,*) contains
c the quotient group, with dups;

4]

we must strip out the dups.
call strip (mod_g,quo)
call prt_g(quo)
write(6,*) ’quo, the quotient’

o
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c check: is (# row in quo)*slen(sub_g)-1 = ordg?
return

end
98 3ok e s o s ok b o o e e s b oo ke oo o o o ke o 8 o 3 o b o e ol o o ke o s s e e s s b 3 o e o s e e s o ke o e ke o ok ke

c
c

c

c strip ; remove dups from g_array created in action
c

c

a8 B o o 3 e e o s o o o o o ok s e s ke sk s el ko sl o e sk e o s b o o o ks o o ok ek
subroutine strip (mod_g,quo)
include ’params.’
include ’pieces.’
integer mod_g(0:MAX_G,0:2)
integer quo(0:MAX_G,0:2)
integer i,]j '
logical eqflg

c
¢ copy first row.
deo 10 n = 0,2
quo(0,n) = mod_g(0,n)
10 continune
i=1
=1
do while (i .1t. oxdg)
eqflg = .FALSE.
do 20 k = 0,i-1
if (mod_g(k,0) .eq. mod_g(i,0) .and.
. mod_g(k,1) .eq. mod_g(i,1) .and.
. mod_g(k,2) .eq. mod_g(i,2) ) then
eqflg = .TRUE.
endif
20 continue
c

¢ if current row of mod_g was none of the preceding rows
¢ then copy it; else it has already been copiled.
if (eqflg .eq. .FALSE.) then
do 30 n = 0,2
quo(j,n) = mod_g(i,n)

30 continue
j =3+
endif
i=4i+1
end do

c
d if (j.1t.ordg-1) then
d write(6,*)'in strip: action group not whole group’
d quo(j,0) = EOS
d endif

quo(j,0) = EOS
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return
end .
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C

c call get_tflag (Gi,tflag)
c i find which coords have translations
c

30 e o o e s o o e o ofeofe s o sl afe ke e o o s e o o s s sfe 3 o s ke of e e s 3 s afe e e s o o s sk afe s of s e ke 2 sje o e

subroutine get_tflag(G1,tflag)
implicit none

include ’params.’

include ’pieces.’

integer G1 (0:MAX_G,0:2)

integer tflag (0:2)
integer scan

integer type,i
integer subgp(0:MAX_G)

do 5 i = 0,oxdg-1
subgp(i) = i
5 continue
subgp(i) = EOS
do 10 i = 0,2

type = scan(G1,1i,subgp)

tflag(i) = NO

if (type .eq. FF. or. type .eq. SS .or. type .eq. TT) then
tflag(i) = YES .

endif

10 continue

return
end
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5.4 MODULE: GETFD

SUBROUTINES AND FUNCTIONS IN GETFD

e s o e 2 s e afe s she s o afe s e e o ae o e e s s 3 e o ofe e ofe e

[
C

2]

[+
C

getid: routine which generates a fundamental domain
subroutine getfd (g_array,output)

prt_fd: prints a fundamental domain
subroutine prt_£fd (FD,lun)

gcopy: copies one group array to another
subroutine gcopy (g_in,g_out)

iso: returns an isotropy subgroup

integer function iso (gp,piece,coord,group,isogroup)
fixes: answers question does given operation fix a given piece?

logical function fixes (oper,piece)
scan: returns the type of action a given subgroup of a given
group has along a given coordinate

integer function scan (gp,coord,subgroup)
num_pieces: how many pieces in a fundamental domain of given type?
integer function num_pieces(type)
sizeocf: how many elements in a given row of a FD array?
integer function sizeof (FD,rownum)
iso_row: what is the isotropy subgroup of a given row of a
FD array

integer function iso_row (rownum,FD,gp,aubgp)
check: checks that a given fundamental domain has the right number
of elements

logical function check (fd,gp)

8¢ 06 e s 2 2 o e 3 e 2 o e 3 s 2 o 3 o 2 o ol o ok o o ok e ofe e
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GETFD (g_array,output)

c
c
c Dec 3, 1988

c Get fundamental domain for 3 dimensional space group
c this routine gets an X-biased FD for the group in

c G, leaves it in FDX

c G is in common

c

c

W o e e o ke e o ke o o s o s ol s o o o e s ke b a8 o o ke e afe o ol ke e ok s o ok s o e o s ol e e ok s le s e s s e ofe s e sfe e e ok

subroutine getfd (g_array,output)
implicit none
integer i,j,k

include ’params.’

include ’pieces.’

integer g_array (0:MAX_G,0:2)

integer output (0:MAXSIZE,0:2)

integer cptr fcurrent pointer to output array
integer iso

integer scan

integer type

integer xtype,ytype,ztype
integer isoz(0:MAX_G)
integer isoy(0:MAX_G)
integer subgroup(0:MAX_G)
integer num_pieces
integer gp(0:MAX_G,0:2)

call gcopy (g_array,gp)
¢ let subgroup be G restricted to Z
do 10 i = 0,oxdg-1
subgroup(i) = i
10 continue
subgroup(i) = EOS

¢ initialize pointer to FD array
cptr = 0

c get type of Group restricted to Z: II,RR,TT,SS, or FF (full)
ztype = scan (gp,ZCOORD,subgroup)
do 20 i = 0, num_pieces(ztype) — 1
call iso (gp,pieces(ztype,i),ZCOORD,subgroup,isoz)
ytype = scan (gp,YCOORD,isoz)
do 30 j = 0, num_pieces(ytype) — 1
call iso (gp,pieces(ytype,j),YCOORD,isoz,isoy)
xtype = scan (gp,XCOORD,isoy)
do 40 k = 0, num_pieces(xtype) ~ 1
output (cptr+k,XCOORD) = pieces(xtype,k)
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output (cptr+k,YCOORD) = pieces(ytype,j)
output (cptr+k,ZCOORD) = pieces(ztype,i)
40 continue
cptr = cptr + k
30 continue
20 continue

¢ now put in a terminator.
output (cptr, XCOORD) = EOS

return
end
€ b Bl o oo oo o e sl o kb e o oo o ol b ok oo e sk o o oo e o o ek k¥ o e ke
c
¢ 1iso (gp,piece,coord,group,isogroup)
c
c on the given coordinate the given group acts;
c for the given piece, this routine
c determines the isotropy subgroup
c -
c routine scans the given column of gp,
c only checking those elements in group,
c and sees which ones fix point.
c
G0 ket ke e ke el ol sl s ol i o sl oo s o o o o ok koo ok e o e o s o o o o o ok s ok e e o

integer function iso (gp,piece,coord,group,isogroup)
implicit none

include ’params.’

include ’pieces.’

integer i,k

integer piece

integer coord

integer group (0:MAX_G), isogroup (0:MAX_G)

integer gp(0:MAX_G,0:2)

logical fixes

d write (6,321)piece
d321  format (1x,’in iso: piece = ?,i4)

k=0
i=0
do while (group(i) .ne. E0S .and. i .lt. ordg)
if (fixes (gp(group(i),coord),piece)) then
isogroup(k) = group(i)
1

. k = k+
endif
i=i#1
end do
isogroup(k) = EOS
d write (6,100)group,isogroup
d100  format (ix,’in iso:, group, isogroup are; ?,
d . 9i2,/,31x,9i2) R

return
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end
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C

c
¢ logical function fixes (oper,piece)

c

c routine checks if the given operation fixes the
c glven piece

c

€ e ok e o ke e s a3 e s o ke s e o e s S ok o afe e 3 s afe ke o s s e e o o 3 e e 2 3 o e 3 o o 3 ahe e 3j R e e o sfe o e ofe o

logical function fixes (oper,piece)
implicit none

include ’params.’

integer oper

integer piece

fixes = .true.

¢ IDENTITY
if (oper .eq. II) return
c TRANSLATION
if (oper.eq.TT) then
fixes = .false.
return
endif
c ROTATION
if (oper .eq. RR) then
if (piece .eq. FR .or. piece .eq. MO) then
return
else
fixes = .false. fcase is -1 * movable piece
endif
endif
TR * ROT is only case left
if (piece .eq. FS .or. piece .eq. M2) then
return
else
fixes = .false.
return
endif

[+]

return

end
ek oo ok o ok o e ofe oo ook o fe ok o ok ko e ok oo o o s e ok e oo e o s ke o s o o oo s o e ok s ok ok sk sk
integer function scan (gp,coord,subgroup)

for given coordinate and subgroup, returns
type of fundamental domain

acaoanao
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c subgroup: a 0 terminated list of pointers to rows of G

C
o ke o ok 3k 2 i ol ke o ok o afe e 3 ke s e a o e s sk o o o sk ok afe af o ahe sk afe 3 e o e e o ot o ofe ok e afe e o ok sl afe e s e o e e ol ok o ok ok

integer function scan (gp,coord,subgroup)
implicit none

include ’params.?

include ’pieces.’

integer coord,subgroup(0:MAX_G)

integer type

integer gp(0:MAX_G,0:2)

integer i, irot, itrams, itrot

d write (6,11) (subgroup(i),i=0,ordg),coord
d11 format (1x,’entering scan: subgroup,cooxrd are; */,
d . 9(i3),/,13)
i=0
irot = 0
itrans = 0
itrot = 0
do while ( subgroup(i) .ne. EOS .and. i .1lt. oxdg)
d- write (6,999) i, g(subgroup(i),coord)
doo9 format (ix, ’i = ?,i3, ’g(subgroup(i),coord) = *,1i3)

if (gp(subgroup(i),coord) .eq. RR) then
irot = 1 . :

else if (gp(subgroup(i),coord) .eq. TT) then
itrans = 1
else if (gp(subgroup(i),coord) .eq. SS) then

itrot = 1
oendif
i=1i+l
enddo
c
type = irot + 2xitrans + 4*itrot
c
¢ 0 = 1ID; 1 = ROT; 2 = TRANS; 3 = TR*ROT; 4 = P21
c
¢ fix up type to be between 0 and ¢

if (type .eq. 4) type = 3
if (type .eq. 7) type = 4

scan = type
return
end
oA o o oo o o s o ok o b ol ok ok s sk o oo o e b ool o o e ok ke sk o b o o o ko s ke sk ofe oo e ke o e o o ke o o ok ke sk ok e
c
c
c
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oo b e e e e o b o s o fe oo s o e e o e o e o b o e o o o o o o e o e e e s o o o o e e o ook ke o e ok ke o e o e o ok of ok o o ke

100

d
d200

integer function num_pieces(type)
implicit none

integer type

include ’params.’

include ’pieces.’

if (type.eq.Il.or.type.eq.TT)then
num_pieces = 1

else if (type.eq.FF)then
num_pieces = 3

else if (type.eq.RR.or.type.eq.SS)then
num_pieces = 2

else
vrite(6,100)type

format (1x,’error in num_pieces, type = ’,i3)
endif

write (6,200) num_pieces
format(ix,’in num_pieces, = ’,i3)
return '
end

AR R 8 0o e 3o o 8 00 5 K3 o o e o 6 0 e e o 0 0 0 6 3 o o o o e o oo 0 0 3 8 o o o o o R e o O

o000

sizeof (row); gets size of row of a FD (assuming
unit cell is 8x8x8. This is used in checking the FD
so this assumption is OK.

WARNING: this assumes the FD has no pieces of the form -MR.

€2 30 2 o5 3 o ol o e e o 2 o6 20 3 8¢ 35 ofe 3k 3 e o 3 3 3 ok 3 o5 D s e s she e D o o e e af e 3 ke e 3 a0 e o o e o e 3 ok 3 e s o e o ke oo e ofe ke

integer function sizeof (FD,rownum)
implicit none
integer rownum

include ’params.’?

include ’pieces.’

integer FD (0:MAXSIZE,0:2)
integer i :

sizeof = 1
do 10 i = 0,2
if (FD (rownum,i).eq.FR.or.FD (rownum,i).eq.FS)then
sizeof = sizaeof * 2
else if (FD (rownum,i).eq.NN)then
sizeof = sizeof * 8
else if (FD (rownum,i).eq.MR.or.FD (rownum,i).eq.MS)then
sizeof = sizeof * 3
else if (FD (rownum,i).eq.MO0.oxr.FD (rownum,i).eq.M2)then
sizeof = sizeof * 1
oelse if (FD (rownum,i).eq.M1) then
sizeof = sizeof * 1 )
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else if (FD (rownum,i).eq.MT) then

sizeof = sizeof * 4

else
write(6,100)FD (rownum,i)
100 format (ix,’error in sizeof, FD (rownum,i) = ?,1i3)
endif
10 continue
d write (6,200) sizeof
d200 format(ix,’in sizeof = ?,i3)
return
end
K oo o o o b ko e o o e o o o ok sk ke s ae o o e e o o ol f e o o o6 ke o o o oo o o e ool o 6 oo o ok oo o o
c
c
c

€ sk s sl e e s e ko s se ok s o s ks s b e s sk s sl s s o s s s e ke o sl o ok ks s s sk sl sl e el o ool s e
integer function slen (subgp)
implicit none '
include ’params.’
integer subgp(0:*)
integer i
slen = 1
i=1
do while (subgp(i).ne.E0S)
glen = slen+i

i= i+

enddo

return

end
ot o oo o o ko oo o oo o oo o o s o ok e o o o R oo K R e K o o e o o e o BB ol el e o
c
c
c iso_row: input: rownum,fd,gp,subpg
c
c looks at a given row of FD;
c puts isotropy of that row in subgp
c returns number of elements in isotropy subgp
c
c

Gkt o bbb sl b o ol o o s s oo o ok o e b s o o o o s o oo o o o o o o S R IR B ol 3 Ao o oK e
integer function iso_row (rownum,FD,gp,subgp)
implicit none
include ’params.’
include ’pieces.’
integer FD(0:MAXSIZE,0:2)
integer rownum
integer gp(0:MAX_G,0:2)
integer subgp(0:*)

“integer i,j
logical fixes
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iso_xow = 0
j=0
do 10 i = 0,ordg-1 !for each element of G

if (fixes (gp(1,0), FD(rownum,0)) .and.
. fixes (gp(i,1), FD(rownum,1)) .and.
. fixes (gp(i,2), FD(rownum,2)) ) then

subgp (j) = i

j=3+1
iso_row = iso_row + 1
endif
10 continue

subgp(j) = EOS

d write (6,100)iso_row
d100 format (1x,’in iso_row, size of iso_row = ?,i4)
d write (6,200) (subgp(i),i=0,j) '
d200 format (1x,’in iso_row, subgp =’,9i4)
return

end
ke sl b s e s o b oo b ke b o s o ek oo s b e f e s s e b s oo o ok fe e ae o o ke o oo o b o b o e s ke ke o e e ok o e ko

CHECK(FD,gp) : checks that the fd is a fd for the gp
that G/Iso(piece) * size(piece) = 512
when summed over isotropy pieces

o000 n o

C ekt atof o oo o e ool o o ok st o o o s of 8 O o R KR R R 0 R R O R o SR o o
logical function check (fd,gp)
implicit none
include ’params.’
include ’pieces.’ _
integer FD(0:MAXSIZE,0:2)
integer total, rownum, rowtot, sizeof, iso_row
integer subgp(0:MAX_G)
integer gp(0:MAX_G,0:2)
integer n,m

check = .true.
total = 0
rownum = 0
do while ( FD(rownum,0) .ne. EO0S)
d write (6,100) rownum, FD(rownum,0)
d100 format (1ix,’in check: row#,xvalue *,i2,1x,i4)
n = iso_row (rownum,FD,gp,subgp)
.m = g8izeof (FD, rownum)
rowtot = m * (ordg/n)
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d write (6,121)rowtot
di21 format (1ix,’rowtot = ’,i4)
total = total + rowtot
d write (6,122)total
d122 format (1ix,’total = ?,i4)
rownum = rownum + 1
enddo

"if (total .ne. 512) then
write (6,10)total

10 format (ix, ’error in check, total = ?,i3)
check = .false. .
endif
return
end

G e 3 ok e o ke ok o e e o o o e afe e sl sfe s e s afe e s s s sfe o s s o s e fe s sfe she e s s s e e s s ofe e s s o she e s e s sfe e o s o abe s e ake e

PRT_FD :

ancaoa

€ b o oo e o o o 8 o o8 8 0o o e o o 0 0 0 0 oo o o o 0 0 0 e 3 36 s o e 1 e 0 0 30 e e o 4 0 0 o o 3o 38 ot o o O 0 0 0 o
subroutine prt_fd (FD,lun)
implicit none
include ’params.’
include ’pieces.’
integer FD(0:MAXSIZE,0:2)
integer i,j,kk
integer row(0:2)
integer lun
character*9 char (0:16) /’ FR *,?> MR ’,? FS ?,? MS 7,
. ) MO ’,* M1 ?,? M2,
. $ NN *,» MT 2, M3 *,’ M4 ?,
. ! M6 ?,’ M8 *,? M7 ?,'SMS ’,
. »'=MR?’/

character*1l cchar

c
¢ character version
if (lun .eq. CODEFILE)then
cchar = ’¢?
else
cchar = ? ?
endif

if (lun.eq.STDOUT)then
i=0
do while (FD(i,0) .ne. EOS)
do 10 kk = 0,2
row(kk) = FD(i,kk)

if (vow(kk) .eq. —MR)then
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write (6,%)’ that pesky -MR’
stop

c row(kk) = MT + 1 !install at end of char array
. endif
10 continue
write (lun,999) cchar,(char( row(j)-100 ),§=0,2)
999 format (ix,al,5x,3a4)
i =i+l
enddo
else
i=0

do while (FD(i,0) .ne. EOS)
do 20 kk = 0,2
row(kk) = FD(i,kk)
if (row(kk) .eq. -MR)then
write (6,%)’ that pesky -MR’

stop
c row(kk) = MT + 1 tinstall at end of char array
endif

20 continue

write (lun,1000) cchar,(char( row(j)-100 ),j=0,2)
1000 format (al,6x,3a4)

i=i#1

enddo
endif

c the following code prints out the array with
c the integer token values
i=0
do while (FD(i,0) .ne. EOS)
write (6,200) (FD (i,j),}=0,2)
200 format (1x,3i4)
i = 4i+1
enddo

[ TNy Ny

return
end

c**#***#*********’k**#*******************#************#************

c
c
c GCOPY - copy one g array to another
C
c
c

R BB KR SR R R SRR oK R o o oo o o oo o o oo oo o s o ool s ok o s e e e ko
subroutine gcopy (g_in,g_out)
implicit none
include ’params.’
include ’pieces.’



CHAPTER 5. PROGRAM LISTINGS 191

integer g_in (0:MAX_G,0:2)
integer g_out (0:MAX_G,0:2)
integer i,j

i=0
do while (g_in(i,0).ne.E0S)
do 10 j = 0,2
g_out (i,j) = g_in(4,3)
10 continue
i = 1i+1
enddo
c
¢ copy terminator row
do 20 j = 0,2
g-out (i,j) = g_in(i,j)
20 continue
return
end
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5.5 MODULE: GENXFORM

SUBROUTINES AND FUNCTIONS IN GENXFORN

s s ofe s s s s e afe e e e s sde s o ofe o sfe ofe sk e sfe e o sfe de sfe e sk

[+

anoon

[+]

The following routines put out lines in the

‘various xform routines:

subroutine put_do (lun,label,indx,piece)
subroutine put_line (lun,row,phase)

gen_xform is routine which generates xformx,xformy,xformz
integer function gen_xform (£fd,num,gp,G1)

expandin,expandout generate the symmetry expand routines
for input and output fundamental domains

integer function expandin (f£dx,G1)
integer function expandout (£d,Gi,G4,tflag)

iso_yz counts elements which fix a given row in the
y and z coordinates; used by chk_for_trans.

integer function iso_yz (rownum,FD,gp,subgp)
chk_for_trans checks for translations; needed
to determine which symmetrized routine to call,
for example, a cosine (fteveni) vs. a sine (fteven2)

integer function chk_for_trans (rownum,FD,gp,Gl,

e e s s o sfe ofe e o sl s o 3 o o afe o ofe o of e ofe o o ofe e ofe o o

192
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39 ke s oo ok e oo o e o i o b b ofe st e s oo oo o e e oe s e s e sk e s e ke ke o ot B ke e e e s s e e ke e s e ke e e st

GENXFORM.FOR
contains gen_xform which generates
xformx, xformy, xformz,
also contains routines to generate:

fd is the fundamental domain fdx,fdy, or fdz
num is the round number - 1 2 or 3; which corresponds to
' X y or z coordinate;

if it’s y or z, we must handle possible extinctions due
to translational symmetry in previously transformed
coordinates.
bt b ok ok o o oo sl o s o o b b ok e sk o e s o e o e b b e s s o o o e o s o o ok b e s e o e ok o ok ol e
integer function gen_xform (fd,num,gp,G1i)
implicit none
include ’params.’
include ’pieces.’
integer £d(0:MAXSIZE,0:2)
integer gp(0:MAX_G,0:2)
integer G1(0:MAX_G,0:2)
integer status,label,i,lun
integer num
integer chk_for_trans,xy_flg
integer mscount,ijk
character*2 f£t_type
character*30 subs (0:2) /* subroutine xformx(n,x,y)’,
. ? subroutine xformy(n,x,y)’,
. o subroutine. xformz(n,x,y)’/

OO0 0O0O0

lun = CODEFILE

write (lun,100) subs(num-1)
100 . format(a30)
call put_head (lun)

i=0
do while (£d(i,0).ne.E0S)

c
c the first x piece determines the symmetrized ft that we use.
if (£d(i,XCOORD).eq.MR .or. f£d(i,XCOORD) .eq. MS .or.
. £d(1,XCOORD) .eq.M1 .or. £d(i,XCOORD) .eq. M2) then
go to 26
endif
c

c the following construction - the 999 loop -

¢ is necessary to deal

¢ with the case of MS (0,1,5). In this case, we execute
¢ do the put_do’s in a loop, fixing up the pieces in
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¢ an ad hoc fashion.
if (£d(4i,YCOORD).eq.MS.or.fd(i,ZCOORD).eq.MS) then
if (fd(i YCOORD) .eq.£d(1, ZCOORD))then
write (*,%) ’something horrible occurred’.
stop
endif
mscount
else
mscount
endif

1]
[¥Y

u
o

do 999 ijk = O,mscount
label = (i+1)%10
if (ijk .eq. 1) then
label = label + 5
if (£d(i,YCOORD).eq.MS)then
fd(i,YCOORD) = -MS
else
£d(i,ZCO0RD) = -MS
endif
endif

¢ print out do statements
call put_do (lun,label,’i’,fd(i,YCOORD))
call put_do (lun,label,’j’,fd(i,ZCOORD))

¢ restore fd(i,1:2)

if (ijk .eqg. 1) then

if (£d(i,YCOORD).eq.-MS)then
£d4(i,YCOORD) =
else
f£d(1i,ZCOORD) =

endif

endif

¢ print out call statements
if (chk_for_trans(i,fd,gp,G1,num,ft_type,xy_£flg) .eq.
N0) then

call put_call (lun,fd(i,XCOORD))
call put_cont (lun,label)

else
call put_if(lun,num,xy_£lg)
call put_call (1un fd(i XCODRD))
call put_elge(lun)
call put_call2 (lun,fd(i,XCOORD),ft_type)
call put_endif(lun)
call put_cont (lun,label)

endif

099 continue

25 continue
i= i+

enddo
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c print out return/end.
call put_end(lun)

return
end
3ok e e e e sk oo o o o 3 8o 4 ke 8 o 8 8 o0 e o0 o o ok ke o o e ok ok o o e o e o ol o e o skl oo e sk ok
c i
c
¢ subroutine put_do (lun,label,indx,piece)
c generate do loops which loop over
c the indices in piece;
c
c (also accept TYPES ,e.g. FF,RR,SS,II=0,
c
c e.g. do 10 i = 1,3 for label = 10,indx = ’1’,
c plece = M
G e e o o s s 8 0 0 0 B0 o s o SR o RO S S o S e oo o e e o o o st o o oo e ol oo o o

subroutine put_do (lun,label,indx,piece)
implicit none

include ’params.?’

include ’pieces.’

integer label,piece,lun

character*2 indx

integer i

if (piece .eq. FR) then
call put_f (lun,label,indx)

olse if (piece .eq. MR) then
call put_m (lun,label,indx)

else if (piece .eq. RMR) then
call put_mm (lun,label,indx)

else if (piece .eq. -MR) then
write (6,*) ’we have a -MR in put_do’
stop

else if (piece .eq. FS) then
call put_fs (lun,label,indx)

else if (piece .eq. MS) then

call put_msi (lun,label,indx) 10,1
else if (piece .eq. -MS) then

call put_ms2 (lun,label,indx) 15

else if (piece .eq. MO) then
call put_m0 (lun,label,indx)
oelse if (piece .eq. M1) then
call put_mi (lun,label,indx)
else if (piece .eq. M2) then
call put_m2 (lun,label,indx)
else if (piece .eq. NN) then
call put_xx (lun,label,indx)

else if (piece .eq. MT) then
call put_tt (lun,label,indx)
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else if (piece .eq. TMT) then
call put_tmt (lun,label,indx)
c
c must put M4, M5, M8, M7 for oex’s
else if (piece .eq. M3) then
call put_M3 (lun,label,indx)
else if (piece .eq. M4) then
call put_M4 (lun,label,indx)
else if (piece .eq. MB) then
call put_M56 (lun,label,indx)
else if (piece .eq. M6) then
call put_H6 (lun,label,indx)
else if (piece .eq. M7) then
call put_M7 (lun,label,indx)

c
c types:
else if (piece .eq. RR) then
call put_fd_rr (lun,label,indx)
else if (piece .eq. FF) then
call put_fd_ff (lun,label,indx)
else if (piece .eq. II) then
call put_xx (lun,label,indx)
else
write (8,10)piece
10 format (1x,’error in put_do: unknown piece ’,i4)
stop
endif

return
end
€ 2 e e s o e oo oo s o ok o s ol af o o sk 3 ok e o o e ok b o s o o ke oo o o ok ek e o o e e o e ke e ok o ke ke

EXPANDIN (FDX,G)

c
c
Cc
c generates code to expand FDX to a full
c NxNxN array;

c

c

R SN 3o S R R R S RSORS00 oSS o
integer function expandin (£dx,G1)
implicit none
include ’params.’
include ’pieces.’
integer fdx(0:MAXSIZE,0:2)
integer G1(0:MAX_G,0:2)
integer status,label,lun
character*28 sub /’ subroutine expand(n,x)’/
integer i,j,k
integer quo(0:MAX_G,0:2)
integer out_g(0:MAX_G,0:2)
integer subgp(0:MAX_G)
integer row(0:2)
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integer phase(0:2)

0 e o afe 2 sfe s s s s afe o e o s e o s s o afe o o s o o s e e o b 3 e 2 o s ok e e o s aje e e ofe o o o o o o ofe oo o

intcger msx_.count
integer msy_count
integer msz_count
integer msx_f1g(0:1)
integer msy_f£f1g(0:1)
integer msz_£1g(0:1)
integer hh,jj,kk
integer offset

mgx_count = 0
msx_£1g(0)
mex_£1g(1)
msy_count = 0
msy_£1g(0)
msy_flg(1)
msz_count = 0
msz_£1g(0)
msz_£1g(1)

1
1

nn

1
1

Ll

phase(0) =
phase(1) = NO
phase(2) = NO

lun = CODEFILE

write (1lun,100) sub
100 format(a28)
call put_head2 (lum)

i=o0 -
do while (fdx(i,0).ne.EOS)
call iso_row (i,fdx,G1,subgp)
call action (G1,subgp,quo,out_g)
¢ print do statements
if (quo(1,XCOORD).eq.E0S) then
go to 16 ! group is identity
endif ’
c
label = (i+1)*10
c
¢ set up ms*_counts and flags
if (£dx(i,XCOORD).eq.MS) then
msx_count = 1
max_flg(1) = -1
olse
msx_count = 0
msx_flg(1) = 1
endif
if (£dx(i,YCOORD).eq.MS) then

!quo=G/subgp

197
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msy_count = 1
msy_£lg(1) = -1
else
msy_count = 0
msy_flg(1) = 1
endif
if (£dx(i,ZCOORD).eq.MS) then
mez_count = 1

msz_flg(1) = -1
else

msz_count = 0

msz_£flg(1l) = 1

endif

do 999 hh = 0,msx_count
do 999 jj = 0,msy_count
do 999 kk = 0,msz_count

label = (i+1)*10
offset = hh*4 + jj*2 + kk
label = label + offset

f£dx(i,XCOORD) = £dx(i,XCOORD)*msx_£1g(hh)
£dx(i,YCOORD) = £dx(i,YCOORD)*msy_£1g(jj)
£dx (i,ZCOORD) = f£dx(i,ZCOORD)*msy_£lg(kk)

call put_do (lun,label,’i’,fdx(i,XCOORD))

call put_do (lun,label,’j’,fdx(i,YCOORD))

call put_do (lun,label,’k?,fdx(i,ZCOORD))
¢ put back with :
c right sign

fdx(i,XCOORD) = f£dx(i,XCOORD)*msx_£1g(hh)
f£dx(i,YCOORD) = £dx(i,YCOORD)*msy_£1g(jj)
fdx(i,ZCOORD) = fdx(i,ZCOURD)*mBy_flg(kk)

now use action group to move the data around
loop over each row in action group, print out stuff like

00

"y(mod(8-1,8),j,4+k) = y(i,j,k)*(~1)*x(i+j)"

NOTE! we start with j = 1, because the first
row is the identity element and results in x(i,j,k) = x(i,j,k).

anoonaq

j=1
"do while (quo(j,0).ne.E0S)
do 10 k = 0,2
row(k) = quo(j,k)

10 continue _
¢ print out the group action statement
call put_line (lun,row,phase)
j =34
enddo
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999
16

call put_cont (lun,label)
continue
continue
i = i+1
enddo

call put_end(lun)
return
end

C***************;******************************************

[
Cc
[+
C
[+
[+

100

EXPANDOUT (FD,G1,G4,tflag)

generates code to expand FDX to a full-
NxNxN array;

o ok ok ke s o ke o s o e o ke o ok o o o o o fe o af oo o sk e s 3 3o 2 o e e s e S ok o8 8 e i ol o o ol oK o ok e o

integer function expandout (fd,Gi,G4,tflag)
implicit none

include ‘’params.’

include ’pieces.’?

integer £d(0:MAXSIZE,0:2)

integer G1(0:MAX_G,0:2)

integer G4(0:MAX_G,0:2)

integer status,label,lun

character*30 sub /> subroutine expand2(mn,x)’/
integer i,},k,11,jj

integer out_g(0:MAX_G,0:2)

integer quo(0:MAX_G,0:2)

integer subgp(0:MAX_G)

integer row%O:z)

integer phase(0:2),tflag(0:2)

logical flag, in_gp

integer phases (0:MAX_G,0:2)

lun = CODEFILE

i=0
do while (G1(i,0).ne.E0S)
do 5 j = 0,2

if (G1(i,j) .eq. SS .or. G1(i,j) .eq. TT ) then
phases(i,j) = YES

else
phases(i,j) = NO
ondif
continue
i=i+

enddo

write (lun,100) sub
format (a30)
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call put_head2 (lun)

i=0

do while (£d(i,0).ne.E0S)
call iso_row (i,fd,G4,subgp)
call action (G4, subgp quo,out_g)

¢ quo=G/subgp; out_g = G4 array mod subgp; i.e. with dups
¢ this enables keeping track of corresponding row in Gi
¢ for phase information.
c print do statements
if (quo(1,XCOORD).eq.E0S) then
go to 15 ! action group is identity
endif

label = (i+1)*10

call put_do (lun,label,’i’,fd(i,XCOORD))
call put_do (lun,label,’j’,fd(i,YCOORD))
call put_do (lun,label,’k’,fd(i,ZCOORD))

¢ now use action group to move the data around

(2]

loop over each row in action group, print out stuff like
"y(mod(8-1,8),j,4tk) = y(i,j,k)*(-1)%+(itj)"

NOTE! we start with j = 1, because the first
row is the identity element and results in x(i,j,k) = x(i,j, k)

aoan

j=1
do while (out_g(j,0).ne.EOS)

¢ skip dups:
do 30 jj = 0,j-1
if ( out_g(jj,0) .eq. out_g(j,0) .and.
out_g(jj,1) .eq. out_g(j,1) .and.
out_g(3ij,2) .eq. out_g(j,2) ) then
go to 99 !next j

endif
30 continue
do 10 k = 0,2
row(k) = out_g(j,k)
10 continue

c print out the group action statement
c first determine phases
do 20 k = 0,2
phase(k) =

- 1f element of action group(row) is present in the
original group, there is no phase factor in expand -
it could be moved by an element in the original group.

if ( £d(i,k).ne.FR ) then
phase(k) = phases(j,k)
endif

C
C
[
[
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20 continue
call put_line (lun,row,phase)
write (6,444)(row(11),11=0,2), (phase(1l),11=0,2)

c
c444 format (1x,'row,phase ’,314,3i4)
99 continue
j =in
enddo

call put_cont (lun,label)

16 continue
i = i+1
enddo

call put_end(lun)
return

end
© sk s s s e e s s sl e sl o e sk oo o e e 4 e of b o e o e e ke s ol e o e s ae o fe o fe s e 3 o o sl afe o e ok ok o o e o o oe

c
c call put_line (lun,row,phase)

c generates a line in output file based on

c row of action group:

c x(mod(8-1,8) ,mod(12-1,8) ,mod(4+1,8) = x(i,j,k)
c
c

0 o ool oo e o o e e s o s o ool oo s o e sk o e o o e o o o ok e e e o 6 sk oo ol ek ok
subroutine put_line (lun,row,phase)
implicit none
include ’params.’
include ’pieces.’
integer row(0:2), lun, phase(0:2)
integer i
character*2 indx(0:2) /’1i,’,j,?,’k ?/
character*1l modx(0:2) /’mod(N-i,N),’,

. 'mod(N-j,N),’,
) ‘mod(N-k,N) ?/
character*is modt (0:2) /’mod(N/2+i N),?,
. ‘mod(N/2+j,N),?,
‘mod(N/2+k,N) */
"character*16 mods(0:2) /’mod(3+N/2-1i,N),’,

. ‘mod(3%N/2-j,N),?’,
‘mod (3*N/2-k,N) ’/

character*14 factor(0:7) /? °, 1000
. I(~1)dk(k)?, 1001
. Ta(-1)%*x(§)?, 1010
. ta(~1)*n(j+k)?, 1011
. sw(—1)4n(i)?, 1100
. rx(-1) 4ok (i4k)?, 1101
. Ta(-1)*x(itj)?, 1110
. (1) Rk (i+j+k)?  / 1111

c
¢ fmt(2:4) determined in routine,
¢ item contains ’x(’, 3 coord actioms, ’=x(i,j,k)’
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¢ and, possibily, multiplication by a phase factor ?#(-1)(i+j+k)’
character*20 item(0:5)
data item(0) /’x(*/
data item(4) /?)=x(4,j,k)’/

c
c data item(5) /2#(-1)#x(i+j+k)’/

character*7 fmt(0:5)

data fmt(0) /’(9x,a2,’/ ! for ’x(?

data fmt(4) /’ai0,?/ ! for *)=x(i,j,k)’

data fmt(5) /’al4)?’/ tfor phase factor - could be blank
c
c
c write (6,999)(row(i),i=0,2),(phase(i),i=0,2)

c999 format(ix,’entry to put_line:row,phase ’,3i4,3i4)

do 10 1 = 0,2

if (row(i).eq.II)then
fmt(i+l) = a2,? '
item(i+1)(1:2) = indx(i)(1:2)

else if (row(i).eq.RR) then
fmt(i+1) = ’ati,?
item(i+1)(1:11) = modr(i)(1:11)

else if (row(i).eq.TT) then
fmt(i+1) = ’ailb,?
item(i+1)(1:15) = modt(i)(1:13)

else if (row(i).eq.SS) then
fmt(i+1) = ’al7,?
item(i+1)(1:17) = mods(i)(1:15)

else
write (6,%) ’error in put_line’
stop
endif
10 continue
c
c

¢ now determine contents of item 5, for phase factor

i = 4#phase(0) + 2«phase(1) + phase(2)
item(5)(1:20) = factor(i)(1:14)

c write (6,123) (fmt(i),i=0,4)
c123 format(ix,5a7)
write (lun,fmt) (item(i),i=0,5)
return
end
3o K ok b o e oo o ob oo s o o b o o s o o o b o o o o o e o oo s s Rl HOK oK K HOR O HORHOK R B

[+

aan

in_gp (Gi,row): is row in Gi?
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c
G o b e s b o el b o o b o R o e e ol oo o s e o ol ool e o e e oo o e s s ok e

logical function in_gp (G1,row)

implicit none

include ’params,’

include ’pieces.’?

integer G1(0:MAX_G,0:2)

integer i

integer row(0:2)

c write (6,100) (row(i),i=0,2)
c100 format(ix,’entering in_gp,row = ’,3i4,/,’G1 = ?)
c call prt_g(G1,STDOUT)

in_gp = .false.
do 10 1 = 0,oxdg-1

if (row(0).eq.61(i,0) .and.
. row(1l).eq.G1(i,1) .and.
. row(2).eq.G1(i,2) ) then
in_gp = .true.

return
endif
10 continue
c write (6,200) in_gp
c200 format (1x,’ANSWER IS: ’,L1)
return

end .
€k e o s ab ok s o b b o o s o b e o o s s e e e e e s ko s e s st e s oo s sl ke e s o b e e s s ok ko e e sk ke ofe s o s o ke

c
c
< iso_xz: input: rownum,fd,gp,subpg

c (exactly like iso_row!)

c lookse at a given row of FD;

c puts isotropy of X and Z coordinates of

c that row in subgp

c returns number of elements in isotropy subgp
c .

c
c

ool o o oo oo o ool o o o s o s o o e s oo o ok o o e o o o o s o o o o oo o oo ok ol o e s o ek
integer function iso_xz (xrownum,FD,gp,subgp)
implicit none
include ’params.’
include ’pieces.’
integer FD(0:MAXSIZE,0:2)
integer rownum
integer gp(0:MAX_G,0:2)
integer subgp(0:*)
integer i,j
logical fixes
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iso_xz = 0
j=0

do 10 i = O,ordg-1 {for each element of G’

if (fixes (gp(i,XCOORD), FD(rownum,0)) .and.
. fixes (gp(i,ZCOCRD), FD(rownum,2)) ) then

subgp (j) = i

j=j+1

igo_xz = dso_xz + 1
endif

10 continue
subgp(j) = EOS

d write (6,100)iso_xz
d100 format (1x,’in iso_xz, size of iso_xz = ?,i4)
d write (6,200) (subgp(i),i=0,j)
d200 format (ix,’in iso_xz, subgp =',9i4)
return
end
Gt s s ke st s shob b oo ok s e ok ke e s o s ke s e se ke s s s s e e e st
c
c
c

ook e el ke sk oo e ok skl ke el e ol st ot s e kel o ok s ool o ek oo
integer function iso_yz (rownum,FD,gp,subgp)
implicit none

include ’params.’

include ’pieces.’

integer FD(0:MAXSIZE,0:2)

integer rownum

integer gp(0:MAX_G,0:2)

integer subgp(0:*)

integer 1,j

logical fixes

iso_yz = 0
j=0
do 20 i = 0,0rdg-1 !for each element of G

if (fixes (gp(i,YCOORD), FD(rownum,1)) .and.
fixes (gp(i,ZCOORD), FD(rownum,2)) ) then

subgp (j) = 1

J=3+1

iso_yz = iso_yz + 1
endif

20 continue
subgp(j) = EOS
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d write (6,100)iso_yz
d100 format (1x,’in iso_yz, size of iso_yz = ’,i4)
d write (6,200)(subgp(i),i=0,j)
d200 format (1x,’in iso_yz, subgp =’,9i4)
return
end

G %06 e ke o o o e s afe e e e o e o 3 o o s 3 o S o s 3 o a3 ke 206 ae o o oo 3 s s 3 3 3 o e e 3 fe ok o o of s o e o o o o ok e e ok o e

chk_for_trans(rownum,fd,gp,Gl,num,ft_type)

this routine determines if xformy (xformz) needs
an "after translation" fourier transform orxr not.
extra wrinkle: if the action on Y (Z) is FULL,
must determine whether to use f£t2135,67,0r 37

rownum: rownum of fd
gp: G2 or G3
num: 1,2,or 3

if num = 1, return NO
else if num = 2
for each elt in iso(x,z)

if corresponding elt in G1 has a translation
record that fact

NOTE: FD is arranged with the first coordinate being
the one about to be transformed;
the group is also arranged in this way.
the only thing to do - to keep things in synch with
G1 for instance, and to keep things straight in
my head - is to straighten things out;

OO0 00 OO0 0O0N

(e ok b ok e oo e o o o 8 o a8 0 ¢ o o 8 o0 ke ool ol o e ool o o s o o oo s e o s o e s e o kol 8 e b ol S s e ol o sk o e e o
integer function chk_for_trans (rownum,FD,gp,G1,
.num,ft_type,xy_flg)

implicit none

include ’params.’
include ’pieces.’
integer FD(0:MAXSIZE,0:2)
integer rownum,num
integer gp(0:MAX_G,0:2)
integer G1(0:MAX_G,0:2)
character*2 ft_type
integer xy_flg

integer subgp(0:MAX_G)
integer i,j,k,count,sum
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integer xptr (0:MAX_G)
integer yptr (0:MAX_G)
integer iso_xz,iso_xy,scan
integer iso_yz
chk_for_trans = NO

if (num.eq.1)then
return
endif

if (£fd(xownum,YCOORD).eq.FR .and.
fd(rownum,ZCOORD) .eq.FR ) then
return

endif

if (num .eq. 2) then
if (fd(rownum,YCOORD).eq.FR) then
return 1(-1)**i = 1 always.,
endif

count = iso_yz (rownum,FD,gp,subgp)

c
c iso(x,z) is in subgp; get corresponding elements
c in XCOORD; if there are translations, return YES,
c unless the type of action on YCOORD is FULL - then
c we must determine 36,37,0or 57. REMEMBER! things are
¢ arranged: YXZ so YCOORD in following really means XCOORD
¢ except! G1 is in the right order. Ugh!
=0
go 10 i = O0,count-1
if (G1(subgp(i),XCOORD).eq.SS. or.
G1(subgp(i),XCOORD).eq.TT ) then
xptr(j) = subgp(i)
=34
endif
10 " continue
xptr(j) = EOS
c
c 1f type is not FF, and there were translations, return YES
if (j .eq. 0) then
return
endif

xy_flg = 1
chk_for_trans = YES

if (scan(gp,XCOORD,subgp) .ne. FF) then
return
endif
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write (6,001) j,(subgp(sum),sum=0,MAX_G),
(xptr(sum) sum=0, MAX -G)
901 format (1x,’debug code,2nd round : J = ?,i4,'subgp =
. /' xptr = ’,914)

[

¢ fall through means we must determine 36,57,37
¢ we use the following facts: RR + TT = 1 + 2
c RR +SS=1+3
c S5 + TT = 2 + 3

sum = gp(xptr(0),XCOORD) + gp(xptr(1),XCOORD)
if (sum.eq.3) then
ft_type = ?’67?
else if (sum.eq.4) then
ft_type = 37’
else if (sum.eq.5) then
ft_type = ?35?
else

write (6,210) (xptr(i),i=0,MAX_G-1)
210 format(ix,’error in chk for, xptr = ?,8i4)
call prt_g (gp,STDOUT)
" stop
endif

endif

c
c CASE OF NUM =
if (num .eq. 3) then

write(6,*)’in chk_trans,num=3’
call prt_g (gp,STDOUT)

call prt_£fd %!d,STDOUT)
read(*,*)

[~ - N -1

count = iso_yz (rownum,FD,gp,subgp)

k=0
do 20 i = 0,count-1
if (Gl(subgp(i) XCOORD) .eq.SS .or.
. G1(subgp(i),XCOORD).eq.TT ) then
xptr(j) = subgp(i)
j=3H
endif

if (G1(subgp(i),YCOORD).eq.SS .ox.
G1(subgp(i),YCOORD).eq.TT ) then
yptr(k) = subgp(i)
k = k+1
endif
20 continue

207

’,9i4,
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EOS
EOS

xptr(j)
yptr(k)

write (6,900) j,k,(subgp(sum),sum=0,MAX_G),
(xptr(sum) ,sum=0,MAX_G), (yptr(sum),

. sum = O,MAX_G)

900 format (ix,’in chk_trans,num=3: j,k = ’,2i4,’subgp = *,9i4,
/1%, xptr = ?,9i4,/,1x,’yptr = ’,0i4)

.

(S~~~ -N

if (j .eq. 0 .and. k .eq. 0) then
return
endif
[+
¢ set phase indicator flag for first two coordinates
c 1 means use mod(i,2)
¢ 3 means use mod(i+j,2)
¢ 2 means use mod(j,2) in oex.
if (j.eq.0) then

xy_flg = 1

else if %k .eq. 0) then
xy_flg = 2

else
xy_flg = 3

endif

chk_for_trans = YES

if (scan(gp,XCOORD,subgp) .ne. FF) then
return
endif
c
¢ recall: arrangement is Z X Y, so YCOORD means X;
c also, yptr is pointing to ycoord of Gi;
if (fd(rownum,YCOORD).eq.FR) then
if (k.eq.0) then
chk_for_trans = NO

return
else

sum = gp(yptx(0),XCOORD) + gp(yptr(1),XCOORD)
endif

else
if (j.eq.0) then
chk_for_trans = NO

return
else

sum = gp(xptr(0),XCOORD) + gp(xptr(1),XCOORD)
endif

endif

if (sum.eq.3) then
ft_type = ’57?
else if (sum.eq.4) then
ft_type = ’37? :



CHAPTER 5. PROGRAM LISTINGS 209

else if (sum.eq.5) then
" ft_type = '35’

else -

write (6,220) (xptr(i),i=0,MAX_G-1)
220 . format(1x,’error in chk_for, xptr =,num=3 ’,8i4)

call prt_g(gp,STDOUT) '
stop

endif

endif

d write (6,223) (xptr(d),i=0,MAX_G-1)
d223 format(ix,’exiting chk_for: xptr = *,8i4)

return
end



CHAPTER 5. PROGRAM LISTINGS 210

5.6 MODULE: GENOEX

SUBROUTINES AND FUNCTIONS IN GENOEX

sk o o s ol sl sk b o ok sk ol o o ko sk ol ke
c .

c the following routines are used in calculating

c the orbit exchange; in conjunction they break

c up a fundamental domain into its most basic isotropy
¢ pieces;

subroutine atomize (tdxout,fempz,gp)
subroutine decompose (fd_in,fd_out,gp)

c

c the following routines put out a line of an

¢ oex routine, of the form:

C . -

c y(i,j,k) = x(mod(N-1),j,mod(N/2+k))*(-1)~(i+])
subroutine put_oex1_line (lun,in_row,phase)
subroutine put_oex2_line (lun,in_row,phase)
subroutine put_oex3_line (lun,row,phase)

c :

gen_oex is the routine which generates the orbit exchange code

a

integer function gen_oex (num,fdxout,fdy,in_gp,Gl)

gp_elt finds which group element in gp will map
current row to the given fd (fundamental domain)

00

integer function gp_elt (gp,row,fd)

returns the action of a group element on an isotropy piece;
it is only called when it is well-defined.

integer function mult (elt,piece)
ol oo ol ool ot o e o ok kol sk e ook s ok

a0
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GEN_OEX (num,FDXOUT,fdy,in_gp)
generatex oexl,o0ex2,o0ex3 depending on num

fdxout is a fundamental domain to be mapped to
the next fundamental domain via an orbit exchange;

1: f£dxout --> £dy;
2: fdyout --> fdz;
3: fdzout --> fdout (= FD for Gwhx)

num
num
num

A o 5 e e o s o o o o ol o e e s ok o 3 s A o o ko o ok o o o o o s o s ok o o o e s s skl e e
integer function gen_oex (num,fdxout,fdy,in_gp,G1)
implicit none
include ’params.’
include ’pieces.’
integer fdxout(0:MAXSIZE,0:2)
integer fdy(0:MAXSIZE,0:2)
integer templ(0:MAXSIZE,0:2)
integer temp2(0:MAXSIZE,0:2)
integer temp3(0:MAXSIZE,0:2)
integer in_gp(0:MAX_G,0:2)
integer gp(0:MAX_G,0:2)
integer G1(0:MAX_G,0:2)

integer subgp(0:MAX_G)
integer status,label,lun
integer num

character*28 subs (0:2) /? subroutine oexi(n,x,y)’,
. ’ subroutine oex2(n,x,y)’,
. ? subroutine oex3(n,x,y)’/

integer i,j,kk,n,11,m
integer row(0:2)
integer gp_elt
logical is_fd,stat
integer phase(0:2)

lun = CODEFILE

write (lun,100) subs(num—-1)
100 format(a28)
call put_head (lun)
c
call fd_copy (fdxout,temp2)
call fd_copy (fdy,temp3)
call gcopy (in_gp,gp)
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ananoaaan

10
c

4]

[+

C

now templ and temp2 are lined up in XYZ order, ready for
comparison. And the group is synched up with everything too!
first we must decompose each column into the isotropy pieces
for the group acting on that column

call atomize (temp2,tempi,gp)

call atomize (temp3,temp2,gp)

if

(debug.ge.1)then

write (6,*)’in gen_oex, comparing FD1:?
call prt_fd(tempt,STDOUT)

read(*,*)

write (6,%)’with FD2:?

call prt_fd(temp2,STDOUT)

read(*,*)

endif

i
do

=0
while (temp1(i,0).ne.E0S)
label = (i+1)*10

call put_do (lun,label,’i’,temp1(i,XCOORD))
call put_do (lun,label,’j’,tempi(i,YCOORD))
call put_do (lun,label,’k’,tempi(i,ZCOORD))
do 10 j = 0,2

row(j) = tempi(i,j)
continue

now find which gp elt maps current Tow of templ to
any row of temp2. Answer is index to gp array.

n = gp_elt(gp,row,temp2)

¢ now use row to pass the group element to the
¢ put_oex_line routine.

20

do 20 kk = 0,2
row(kk) = gp(n,kk)
if (G1(n,kk) .eq. TT .or. Gi(m,kk) .eq. SS) then
phase(kk) = YES
else
phase(kk)
endif
continue

NO

if (num.eq.1)then

call put_oexi_line(lun,row,phase)
else if (num.eq.2)then

call put_oex2_line(lun,row,phase)
else if (num.eq.3)then

call put_oex3_line(lun,row,phase)
endif
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call put_cont (lun,label)
i=idi+
enddo

call put_end(lun)

return
end :
S8 3 o e o o e e b o ok o 3 e o 3k o o o o 3B 3 o 3R ol o o i o oo o e o o e o8 o e e e ke o e e e e e o e

c
c gp-.elt(gp,row,fd)

c finds the group element which

c maps given row to given fd

c this is the oex: row is from,e.g.,fdxout,
c and fd is £dy.

c

c

BB R B o e o ko ol o f s s e ol o o o o e e o o o R o OB R ol Ak o ko o
integer function gp_elt (gp,row,fd)
implicit none
include ’params.’
include ’pieces.’
integer gp(0:MAX_G,0:2)
integer f£d(0:MAXSIZE,0:2)
integer row(0:2)
integer 1,j
integer mult

c write (6,99)(row(i),i=0,2)
c99 format(1x,’entering gp_elt, trying to match row: ’,314)
c read(*,*)

i=0
do while (£d(i,0).ne.E0S)
do 10 j = O0,ordg-1
if ( mult(gp%j,o),row(o)) .eq. £d(1,0) .and.
mult(gp(j,1) ,xrow(1)) .eq. £fd(i,1) .and.
mult(gp(j,2),row(2)) .eq. £d(i,2) ) then

go to 100
endif
10 continue
i=1i+1

enddo

¢ go here with j = index in gp table of element that performs oex.
100 continue

if (£d(i,0).eq.E0S)then
write (6,110) (row(i),i=0,2)
110 format(1x,’error: no oex found for: ’,3i4)
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[

cl123
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[
C
[
[
C
C

dtooon

call prt_g(gp,STDOUT)
stop
endif

gp-elt = j

write (6,123)]

i,

format(ix,’gp_elt = *,i4)

return
end

mult(elt,piece)

returns action of group elt on given piece

elt = 0,1,2,3 = IIL,RR,TT,SS

integer function mult (elt,piece)
implicit none

include ’params.’

include ’pieces.’

integer elt,piece,indx

integer table(0:3,0:16)

integer i,j

j entry equals entry in following table:

I R T S
data table / FR, FR, -1, -1,

MR, RMR, -1, -1,

"y
RMR, MR, -1, -1/

if (piece.eq.-MR) then

write (6,%) ’how did this! get here?’

e 2 sk e o o sfe o e s s afe o ke afe o sfe abe e e o e s e s sfe e s e s o e sk sfe s 3 e o sfe s o 3 ofe o o sfe s ofe

214
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else
indx = piece - 100
endif

if (table(elt,indx).eq.-1) then
write (6,1000)elt,piece,indx
1000 format(ix,’bad mult: elt = ',i4,’ piece = ’,i4,’indx=’,i4)
stop
endif

mult = table (elt,indx)

return

end
e e o s b e el o b ke s b ke s ke s s s o 8 e o s sl s b e e o e o s ke s o e e o 39 o oo ke o a8 e o o e o e ol o ok o o ok

call atomize (fdxout,temp2,gp)

c
c
c this routine decompose each column of fdxout

c into its isotropy pieces relative to the action of

c the gp restricted to said column

c it does this by calling decompose, which does

c it for the first column, then switching the

c the columns around and calling decompose again, etc.
c the output is left in temp2, and fdxout is never

c disturbed.

c

c

ol e e e o e b o e e o e s el e e e ks e ook s e el el ks e ke s skl el ok ook ok 8
subroutine atomize (fdxout,temp2,gp)
implicit none
include ’params.’
include ‘’pieces.’

integer fdxout (0:MAXSIZE,0:2)
integer temp2 (0:MAXSIZE,0:2)
integer tempi (0:MAXSIZE,0:2)
integer gp(0:MAX_G,0:2)
integer gp2(0:MAX_G,0:2)
integer gp3(0:MAX_G,0:2)

integer i
integer j

call decompose (fdxout,tempi,gp)

c call prt_fd(templ,STDOUT)
c write (6,*)’decompose of first col’
c read (%,%)

call fdi_2(templ,temp2)
call gi_2(gp,gp2)
call decompose (temp2,templ,gp2)
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[+]

(2]

(2] aaaao

a

(o]

anooo0o0o

call prt_fd(templ,

STDOUT)

write (6,%)’decompose of second col!’

read (,%)

must put templ back in XYZ order, then

bring Z up front

call fdi_2(templ,temp2)
call f£d3_1(temp2,templ)

call gi_2(gp2,gp3)
call g3_1(gp3,gp2)

write(#,*) about to decompose ’

call prt_fd(tempi,

STDOUT)

call prt_g(gp2,STDOUT)

read(#*,*)

call decompose (tempi,temp2,gp2)

call prt_fd(temp2,

STDOUT)

write (6,*)’decompose of third col’

read (k,*)

finally put it back

call f£di_3(temp2,templ)
call f£d_copy (templ,temp2)

write(6,%)’in atomize,input fd, output fd’

call prt_fd(fdxout,STDOUT)

read(*,*)

call prt_fd(temp2,

return
end

STDOUT)

€ e 8¢ 3 90 5 b o 3k 3§ ok o ok s afe e sk 386 o o s s e ok ok sfe s s e s s e s e s s ofe of sfe e sk

C
[+
(<]

ao0ao

aocacaoano0a0caon

decompose: take first
on it; and-

so type Il

RR

1T

ss
FF

column, and type of action
decompose into isotropy pileces;
==> no decompose

==> (NN
=> (NN

=> (NN
=> (NN
(Fs
(Ms
FR
MR
MO
MT

LI

-—>
-—>

-=>
—-=>
—->
-=>
—>
-=>
-=>
-

FR U MR U RMR)
MT U TMT)

FS U MS U SMS)
MO,M1,M2,...,M7)
M2,M6)
MO,M1,M5),

MO,M4

M1,M2,M3

MO,etc
MO,M1,M2,M3
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T T TP
subroutine decompose (fd_in,fd_out,gp)
implicit none

d
d

[}

c we’re ohly interested in the type of action here

include
include
integer
integer
integer
integer
integer
integer
integer

'params.’
'pieces.’

fd_in (0:MAXSIZE,0:2)
fd_out (0:MAXSIZE,0:2)

gp(0:MAX_G,0:2)

scan,subgp(0:MAX_G)

type
i,j,k
kk,11

write (6,%*) ’on entry to decompose;’
call prt_fd (fd_in,STDOUT)

c essentially, we’d like to switch on type.
do 1 i = 0,ordg-1
subgp(i) = 1

c901

io

15

continu

e

subgp(i) = EOS

type =

scan(gp,XCOORD , subgp)

write (6,901) type
format(1x,’in decompose, type = ’,i4)
read(%*,*)

if (type .eq. II) then
call fd_copy (£fd_in,fd_out)
return
else if (type .eq. RR) then

i=

do while ( fd_in(i

0
0

fd_out (j,XCODRD)

fd_out(j+1,XCOORD) = MR
fd_out(j+2,XCOORD) =

do 10 k = 1,2
fd_out(j,k) =
£d_out(j+1,k)
fd_out(j+2,k)

continue

i= i+t

j=j+3
else -

do 16 k¥ = 0,2
fd_out(j,k) =
continue

,XCOORD) .ne. EO0S)
if ( £d_in(4i,XCOORD) .eq. NN) then

= FR
RMR
fd_in(i,k)

£d_in(i,k)
fd_in(i,k)

fd_in(i,k)

217
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i= i+t

j+1

nou

i}
endif

enddo
2d_out(j,XCOORD) = EOS
return
c
¢ CASE: type = §S
else if (type .eq. SS) then
i=0
j=o0
do while ( fd_in(i,XCOORD) .ne. EOS)
if ( f£d_in(i,XCOORD) .eq. NN) then
£d_out (j ,XCOORD) FS

fd_out (j+1,XCOORD)
f£d_out (j+2,XCOORD)
do 20 k = 1,2
fd_out(j,k) = £d_in(i,k)
fd_out(j+1,k) = fd_in(i,k)
fd_out(j+2,k) = fd_in(i,k)
20 continue
i i+l
j =343
else
do 26 k = 0,2
fd_out(j,k) = fd_in(i,k)
256 continue
i=1i+1
j = j+t
endif

MS
SMS

enddo
fd_out (j,XCOORD) = EOS
return
c
¢ CASE: type = TT
else if (type .eq. TT) then
0

j:
do while ( £d_in(i,XCOORD) .ne. EOS)
if ( £d_in(d, XCOORD) .eq. NN) then
fd_out(j,XCOORD) MT
fd_out (j+1,XCOORD) TMT
do 30 k = 1,2
fd_out(j,k) = £d_in(i,k)
fd_out(j+1,k) = £fd_in(i,k)

nn

30 continue
= i+l
3 = j+2
else

do 35 k =

218
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35

40

46

50

£d_out (j,k) = f£d_in(i,k)

continue

i=1i+1

j =it
endif

enddo
fd_out (j,XCOORD) = EOS
return

CASE: type = FF
else if (type .eq. FF) then
i=0

"o

j 0
do while ( fd_in(i,XCOORD) .ne. EQS)
if ( £d_in(i,XCOORD) .eq. NN) then

fd_out(j,XCOORD) = MO
fd_out(j+1,XCOORD) = Mi
fd_out(j+2,XCOORD) = M2
fd_out(j+3,XCOORD) = M3
fd_out(j+4,XCOORD) = M4
fd_out(j+5,XCOORD) = M§
fd_out(j+6,XCOORD) = M6
fd_out(j+7,XCOORD) = M7

do 40 k = 1,2
do 40 kk = j,j+7
fd_out (kk,k) = £d_in(i,k)

continue
i = i+1
j = j+8

else if ( £d_in(i,XCOORD) .eq. MT) then
fd_out(j,XCDORD) MO

£d_out(j+1,XCOORD) = M1
£d_out (j+2,XCOORD) = M2
£d_out(j+3,XCOORD) = M3

do 46 k = 1,2
do 46 kk = j,j+3
£d_out(kk,k) = fd_in(i,k)

continue
1= 1+1
= j+4

else if ( fd_in(i,XCOORD) .eq. FS) then
f£d_out(j,XCOORD) M2
1d_out(j+1,XCOORD) M6
do 50 k = 1,2
do 50 kk = j,j+1 ,
fd_out(kk,k) = fd_in(i,k)
continue
i i+l
j = jt2
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else if ( f£d_in(i,XCOORD) .eq. FR) then
fd_out (j,XCOORD) MO
£d_out(j+1,XCOORD) = M4
do 656 k = 1,2
do 56 kk = j,j+1
fd_out(kk,k) = fd_in(i,k)

513 continue
i = 1i+1
j = j+2

else if ( f£d_in(i,XCOORD) .eq. MR) then

fd_out(j,XCOORD) = M1
fd_out(j+1,XCOORD) = M2
£d_out(j+2,XCOORD) = M3

do 60 k = 1,2
do 60 kk = j,j+2
f£fd_out(kk,k) = f£d_in(i,k)

60 continue
i=1i+1
= j+3

. else if ( fd_in(i,XCOORD) .eq. MS) then

fd_out(j,XCOORD) = MO
fd_out(j+1,XCOORD) = M1
fd_out(j+2,XCOORD) = M5

do 65 k = 1,2
do 65 kk = j,j+2
fd_out (kk,k) = fd_in(i,k)

66 continue
i=1i+1
= j+3
else if (fd_in(i,XCOORD).ne.MO .and.
. fd_in(i,XCOORD) .ne.M1 .and.
. f£d_in(i,XCOORD) .ne.M2 ) then
write (6,123)(fd_in(i,j),]j=0,2)
123 format(1x,’error in decompose: ’',3i4)
stop
else
do 70 k = 0,2
fd_out(j,k) = £d_in(di,k)
70 continue
1= 41+1
J=3in
endif

enddo
f£d_out(j,XCOORD) = EOS
return

endif
end

‘C*************************************************************
C
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call put_oex_line (lun,row)
generates a line in output file based on
row of action group:
y{(mod(8-1i,8),mod(12-1,8) ,mod(4+1,8) = x(i,j,k)

row = (R,S,T) (e.g.); however it is in XYZ oxder,
and so must be permuted to agree with the
oex transposition;

the transpositions are evident in the data
statements for the action.

aoaoacaoaacaco0oa0canoao0

AR oo ok o o o B oo o o o o 8 R O o 0 R R R 0 o 6 e o s o e o
subroutine put_oexi_line (lun,in_row,phase)
implicit none
include ’params.’
include ’pieces.?
integer in_row(0:2), lun, phase(0:2)
integer row(0:2)
integer i
character*2 indx(o 2) /2§,%,°4,,°k ¥/
character*11 modr(0:2) /° mod(N-j N),?,
. ‘mod(N-i,N),’,
‘mod(N~k,N)?/
"character*13 modt(0:2) /’mod(N/2+j,N),’,
. ‘mod(N/2+1i,N),?*,
*mod(N/2+k,N)?
character*ls mods(0:2) /’mod(3*N/2-j,N
. ‘mod(3+N/2-1,N
*mod(3*N/2-k,N
c
¢ fmt(2:4) determined in routine,
c item contains ’y(’, 3 cooxd actions, ’=x(i,j,k)?
character*20 item(0:5)
data item(0) /’y(*/
data item(4) /?)=x(i,j,k)’/

character*7 fmt(0:5)

data fmt(0) /?(9x,a2,’/ | for 'y(?

data fmt(4) /’a10,?/ ! for ?)=x(i,j,k)?

data fmt(5)/’ails)?’/

character*14 factor(0:7) /’ ?, 1000

. 1a(~1)*k(k)?, 1001
te(-1)4x(§)’, 1010

. T (-1)wk(G+K) 7, 1011

. e (-1)%x(i)?, 1100
Y (=1 )%k (i+k) 7, 1101
T (-1)rk(i+j)?, 1110
I (-1)wk(i+j+k)? / 1111
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c first re-arrange the incoming group element:

c 1,§,k ==> J,1,k
row(0) = in_row(1)
row(1) = in_row(0)
row(2) = in_row(2)

do 10 i = 0,2

if (row(i).eq.II)then
fmt(i+1) = ’a2,?
item(i+1)(1:2) = indx(i)(1:2)

else if (row(i).eq.RR) then
fmt(i+1) = ’al1,’
item(i+1)(1:11) = modr(i)(1:11)

else if (row(i).eq.TT) then
fmt(i+1) = 'a13,?
item(i+1)(1:18) = modt(i)(1:13)

else if (row(i).eq.SS) then
fmt(i+1) = ‘ailb,’
item(4+1)(1:17) = mods (i) (1:15)

else )
wvrite (6,%) ’error in put_oexl’
stop

endif

10 continue

i = 4»phase(0)
item(5)(1: len(factoxr(i)) ) = factor(i)
c
c cosmetics: do an internal write to convert len(factor) to character
¢ and concatenate it with ’a’//len to form fmt(5). This will get
¢ rid of extra blanks in the output file

c write (6,123) (fmt(i),i=0,4)
c123 format(ix,ba?)
write (lun,fmt) (item(i),i=0,5)
return
end

A A B R R A RN R o koo e e sl el e o ok o ek e o ok
c
¢ put_oex2_line
c
c
kel s ool ook el s sl BB sl ol sk e o o e s b o s o e o ol e e
subroutine put_oex2 _line (lun,in_row,phase)
implicit none
include ’params.’
include ’pieces.’
integer in_row(0:2), lun, phase(0:2)
integer row(0:2)
integer i
character*2 indx(0:2) /’k,’,’i,?,’j */
character*ii modr(0:2) /’mod(¥-k,N),°’,
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. 'mod(N~-1,N),’,
“ 'mod(N-3,N)?/
character*ia modt(0:2) /? mod(N/2+k,N), ,
‘mod(N/2+i,N),?,
"mod(N/2+j ,N)*/
character*is mods(0:2) /’mod(3*N/2—k N,?,
. ‘mod (3xN/2~1,N),°,
‘mod (3*N/2-j,N) */
c
¢ Ifmt(2:4) determined in routine,
¢ item contains ’y(’, 3 coord actions, ’=x(j,i,k)’
character*20 item(0:5)
data item(0) /'y(*/
data item(4) /’) = x(j,i,k)?’/

character*7 fmt(0:5)

data fmt(0) /?’(9x,a2,’/ ! for y(?

data fmt(4) /’al12,’/ ! for ?) = x(i,j,k)?

data fmt(6)/’ai4)’/

character*i4 factor(0:7) /’ , 1000
Y(=1)*x(k)’, 1001
Yu(-1)x%(3)?, 1010
Ye(~2)wx(j+k)?, 1011

. In(=1)wnx(1)’, 1100

. Ia(—1)wx(i+k)’, 1101
I(=~1)wn(it+]j)?, 1110

Pa(=1)wx{d1+j+k)? / 1111

c first re-arrange the incoﬁing group element:

c i,j,k -—> k,i,j. in_row is in i,j,k order!
row(2) = in_row(1)
row(l) = in_row(0)
row(0) = in_row(2)
do 10 i =

?
if (row(i).eq.II)then
fmt(i+1) = ’a2,?
item(i+1)(1:2) = indx(i)(1:2)
else if (row(i).eq.RR) then
fmt(i+1) = ’ail,?
item(i+1)(1:11) = modr(i)(1:11)
else if (row(i).eq.IT) then
fmt(i+1) = ’ai3,’
item(i+1)(1:16) = modt(i)(1:13)
else if (row(i).eq.SS) then
fmt(i+1) = *ailb,’
item(i+1)(1:17) = mods(i)(1:15)
else
write (6,*) ’error in put_oex2’
stop
endif
10 continue



CHAPTER 5. PROGRAM LISTINGS 224

= 4*phase(0) + 2%phase(1)
item(5)(1:20) = factor(i)(1:14)

c write (6,123)(fmt(i),i=0,4)
c123 format(1ix,5a7)
write (lun,fmt) (item(i),i=0,5)
return
end

C e o8 e 2 e o e afe e e afe b s o e afe o sk s s ofe o s s s of o sk e e ofe e o o e o ofe s o o o e o ofe e e sfe o

c .
¢ put_oex3_line
c
c
R R R oo o 3 R R BB RS B R 8 e s o s e o 0o SR o R0 o o e
subroutine put_oex3_line (lun,row,phase)
implicit none
include 'params.’
include ’pieces.’
integer row(0:2), lun, phase(0:2)
integer n 'this is which group element is doing the oex
integer i
character*2 indx(0:2) /’4,7,7j,?,'k ?/
character*11 modr(0:2) /’mod(N-1i,N),’,
‘mod(N-j,N),’,
. ‘mod{(N~k,N) */
character*13 modt(0:2) /’mod(N/2+i N,?’,
. ‘mod(N/2+j,N),’,
. ‘mod(N/2+k,N) ?/
character*15 mods(0:2) /’mod(3*N/2-1,N),’,
'mod(3+N/2-j,N),?,
‘mod(3*N/2-k,N) ?/
c
¢ fmt(2:4) determined in routine,
¢ item contains 'y(’, 3 cooxd actions, ’=x(i, j k)?
character*20 item(o 5)
data item(0) /’y(’/
data item(4) /’) = X(k,i,j)’/

character*7 £mt(0:5)

data fmt(0) /’(9x,a2,’/ ! for 'y(?

data fmt(4) /’al2,’/ ! for ?) = x(i,j,k)?

data fmt(5) /’ai4)’/ t for #(-1)**(i+j+k)

character*14 factor(0:7) /’ 7, 1000
Yk (~1)*k(k)?, 1001
T(-1)Rk(j)°, 1010
Yk (=1)wk(jH+k)’, \ 1011
T (-1)Hx (1), 1100

Ta(-1) ek (itk) 1101
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Ya(~1)ww(it+j)’, 1110

Yk (=1)wk(i+j+k)? / 1111
c ,
c don’t need to re—arrange the incoming group element:

do 10 i = 0,2
if (row(i).eq.II)then
fmt(i+1) = 'a2,?
item(i+1)(1:2) = indx(i)(1:2)
else if (row(i).eq.RR) then
fmt(i+1) = ’all,’?
item(i+1)(1:11) = modr(i)(1:11)
else if (row(i).eq.TT) then
fmt(i+1) = ’al3,?
- item(i+1)(1:16) = modt(i)(1:13)
else if (row(i).eq.SS) then
fmt(i+1) = ’ais,?
item(i+1)(1:17) = mods(i)(1:15)
else
write (6,+) ’error in put_oex3’
stop
endif
10 continue

i = 4xphase(0) + 2#phase(1) + phase(2)
item(5)(1:20) = factor(i)(1:14

c write (6,123) (fmt(i),i=0,4)
c123 format(1ix,5a7)
write (lun,fmt) (item(i),i=0,5)
return
end

225
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5.7 MODULE: INPUT

SUBROUTINES IN INPUT

ok 3 e o o aje e s s o e 3 o s se e o fe s e e sk e o fe e ofe e sfe ok
C
C

c get_g: gets choice of group from user;
¢ this module has all the groups in it
subroutine get_g (gp,gpname)

90 e o o o e 35 3 o o o o o e of o 2 e o sk e o afe o e s o e ok ok
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subroutine get_g (gp,gpname)
implicit none

include ’params.’

include ’pieces.’

integer gp(0:MAX_G,0:2)
character*20 gpname

¢ this group is P1
integer G10(0:MAX_G,0:2)
character*20 GiOname /’P1’/
data G10 / II,E0S,EOS,E0S,E0S,EOS,EOS,EOQS,EOS,
. I1,EO0S,EOS,E0S5,E0S,EDS,EOS,EOS,EOS,
. I1,EO0S,EOS,E0S,EOS,EOS,EOS,E0S,EOS /
¢ this group is Pibar
integer G20(0:MAX_G,0:2)
character*20 G20name /’Pibar’/
data G20 / II,RR,EOS,EOS,EOS,E0S,E0S,E0S,EOS,
. II,RR,EOS,EOS,EOS,EOS,EOS,EQS,EOS,
. II,RR,E0S,EOS,E0S,E0S,E0S,E0S,E0S /
¢ this group is P2
integer G30(0:MAX_G,0:2)
character*20 G30Oname /’P2’/
data G30 / II,RR,EOS,EOS,E0S,EOS,E0S,E0S,EOS,
. II,RR,EDS,EOS,EOS,EOS,EOS,EOS,EQS,
. 11,II,E0S,EOS,E0S,EOS,E0S,E0S,E0S /
¢ this group is P21
integer G40(0:MAX_G,0:2)
character*20 G4Oname /’P21°/
data G40 / II,RR,EOS,EO0S,E0S,E0S,EDS,EOS,EOS,
. I1,RR,EOS,EOS,EOS,EOS,EOS,EOS,EQS,
. 1I1,TT,EO0S,EOS,EOS,EOS,E0S,E0S,E0S /

c this group is Pm

integer G50(0:MAX_G,0:2)

character*20 G50name /’Pm?/

data G5O / II,RR,EOS,EO0S,E0S,EOS,E0S,E0S,EQS,

. 1I,II,E0S,EO0S,E0S,E0S,E0S,E0S,EOS,
. 11,11,E08,E0S,E0S,EOS,EOS,EQ0S,EOS /
c this group is Pb

integer G60(0:MAX_G,0:2)

character*20 G60name /’Pb’/

data G60 / 1I1I,I1I,E0S,EO0S,E0S,EO0S,E0S,E0S,EOS,

. II1,TT,EO0S,EOS,EOS,EOS,EOS,EQOS,EQS,
. II,RR,EOS,EOS,E0S,EOS,E0S,E0S,EO0S /
¢ this group is P2/m

integer G70(0:MAX_G,0:2)

character*20 G70Oname /'P2overm’/

data 670 / II,RR,RR,II,EO0S,E0S,EOS,E0S,EO0S,

. II,RR,RR,II,EOS,EOS,EOS,EOS,EOS,

. II,RR,II,RR,EOS,EOS,E0S,E0S,E0S /
c this group is P2_1/m
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integer G80(0:MAX_G,0:2)
character*20 G80name /*P21loverm’/
data G80 / II,RR,RR,II,EOS,EOS,E0S,EO0S,E0S,
. II,RR,RR,II,EOS,EOS,EODS,EOS,E(OS,
I1,RR,TT,SS,EO0S,EOQS,E0S,EOS, EUS/
this group is P2_ 1/m 777648 not a group (typo) but goes thru!
data G / IL,RR,RR,II,EOS,E0S,EOS,EOS,EOS,
II,RR,RR,TT,EOS,EOS,EOS,EQS,EOS,
II,RR,TT,SS,EOS,EO0S,EDS,EQS,EO0S/
this group is P2_1/m , in a different order
data G / II,RR,TT,SS,EOS,EO0S,EOS,EOS,EOS,
. II,RR,RR,II,EOS,EOS,EOS,EOS,EOS,
II,RR,RR,IT,EOS,EOS,E0S,EOS,E0S/

anooanaaao

this group is P2/b
integer G90(0:MAX_G,0:2)
character*20 G90name /?P2overb’/
data G90 / II,RR,RR,II,EOS,EOS,E0S,EOS,EOS,
. II,RR,SS,TT,EOS,EOS,EOS,EOS,ECS,
. II,RR,I1,RR,EOS,EOS,EOS,EQ0S,E0S /

¢ this group is P21/b
integer G100(0:MAX_G,0:2)
character*20 G100name /’P21overb’/
data G100 / II,RR,RR,II,E0S,E0S,E0S,EOS,EQS,
. I1,RR,SS,TT,EO0S,EQOS,E0S,EOS,EQS,
II,RR,TT,SS,EO0S,EOS,E0S,EO0S,E0S /
c this group is P222
integer G110(0:MAX_G,0:2)
character*20 G1iOname /’P222?/
data G110 / II,RR,II,RR,E0S,EOS,E0S,EOS,EOS,
. II,RR,RR,II,EO0S,EOS,E0S,EQS,EDS,
II,II,RR,RR,EOS,EOS,E0S,EOS,E0S /
c this group is P2221
integer G120(0:MAX_G,0:2)
character*20 G120name /’'P2221?/
data G120 / 1IX,II,RR,RR,E0S,E0S,E0S,EO0S,EQS,
. II,RR,RR,II,EO0S,EOS,E0S,EOS,EQS,
II,RR,TT,SS,EDS,EOS,E0S,E0S,E0S /
c this group is P21212
integer G130(0:MAX_G,0:2)
character+20 G130name /’P21212°/
data G130 / II,RR,TT,SS,EOS,EOS,EO0S,E0S,EQS,
. II,RR,SS,TT,EO0S,EOS,EOS,EO0S,EOS,
IL,II,RR,RR,EO0S,E0S,E0S,EO0S,EQ0S /
c this group is P212121
integer G140(0:MAX_G,0:2)
character*20 Gi40name /’P212121°?/
data G140 / 1I1I,SS,TT,RR,E0S,E0S,E0S,E0S,EOS,
. II,RR,SS,TT,E0S,EOS,E0S,EQS,EOS,
I11,TT,RR,SS,E0S,EO0S,E0S,EOS,EOS /
c this group is Pmm2
integer G150(0:MAX_G,0:2)
character*20 Gi150name /’Pmm2’/
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data G160 / II,RR,II,RR,EOS,EOS,EDS,E0S,EOS,
. II,RR,RR,II,E0S,EOS,EOS,EOS,EOS,
II,11,11,1I,E0S,E0S,EDS,EOS,E0S/
c this group is Pmc21
integer G160(0:MAX_G,0:2)

character*20 Gi60name /’Pmc21’/
data G160 / II,RR,RR,II,EOS,E0S,E0S,EO0S,EOS,
. II,I11,RR,RR,EOS,EOS,EOS,EOS,EQS,
I1,11,TT,TT,EO0S,EOS,EO0S,E0S,E0S/
c this group is Pcc2
integer G170(0:MAX_G,0:2)
character*20 Gi70name /?Pcc2’/
data G170 / 1II,RR,RR,II,E0S,E0S,E0S,EOS,EQS,
. II,RR,II,RR,EOS,EOS,EOS,EOS,EOS,
iI,11,7T1,TT,EDS,E0S,EDS,E0S,E0S/
c this group is Pma2
integer G180(0:MAX_G,0:2)
character*20 G180name /?Pma2?/
data G180 / II,RR,SS,TT,EOS,E0S,E0S,E0S,EOS,
. I1,RR,II,RR,EOS,EOS,EOS,EOS,EQS,
I1,I11,I11,I1I1,E0S,EOS,E0S,EOS EOS/
c this group is Pca21
~ integer G190(0:MAX_G,0:2)
character*20 Gi90name /’Pca21?/
data G190 / II,RR,SS,TT,E0S,E0S,E0S,EOS,EOS,
. II,RR,II,RR,EOS,EQS,EOS,EOS,EQS,
Ii,TTr,TT7,II,EOS,EOS,EOQS,EO0S,E0S/
c this group is Pnc2
integer G200(0:MAX_G,0:2)
character*20 G200name /’Pnc2?/
data G200 / II,RR,RR,II,E0S,EOS,E0S,EOS EOS,
. I1I,RR,TT,SS,E0S,EO0S,EOS,EOS,EQS,
I1,I11,7T7,TT,EOS,EOS,EOS,EOQS,E0S/
this group is Pmn21 7?7 is this right?
integer G210(0:MAX_G,0:2)
character*20 G210name /’Pmn21°/
data G210 / 1II,RR,SS,TT,EOS,E0S,E0S,EOS,EOS,
. II,RR,RR,IX,EOS,EOS,EOS,EOS,EOS,
ir,11,TT,17,E0S,E0S,EO0S,EO0S,E0S/
this group is Pmn21 ??? is this right?
integer G210(0:MAX_G,0:2)
character*20 G210name /’Pmn21’/
data G210 / II,RR,SS,TT,E0S,E0S,E0S,E0S,E0S,

. II,II,RR,RR,EO0S,EOS,EOS,EOS,EOS,

II,11,T7,TT,E0S,EO0S,E0S,EO0S,EO0S/
c this group is Pba2

integer G220(0:MAX_G,0:2)

character#20 G220name /’Pba2’/

data G220 / IIXI,RR,SS,TT,E0S,E0S,EO0S,EO0S,EOS,

. II,RR,TT,SS,E0S,EDS,EO0S,EQS,EQS,
11,11,11,II,E0S,EOS,EOS,EOS,E0S/

o000 0a0n

229
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(2]

this group is Pna2i
integer G230(0:MAX_G,0:2)
character*20 G230name /’Pna21’/
data G230 / 1II,RR,SS,TT,EO0S,EO0S,EO0S,E0S,EOS,
. I1,RR,TT,SS,E0S,E0S,E0S,EQS,EQS,
. II,TT1,TT,11,E0S,EOS,E0S,EO0S,E0S/
¢ this group is Pnn2
integer G240(0:MAX.G,0:2)
character*20 G240name /’Pnn2’/
data G240 / II,RR,SS,TT,EOS,EOS,E0S,EOS,E0S,
. 1I,RR,TT,SS,E0S,E0S,E0S,E0S,E0S,
. I1,I11,7T7,1T,EO0S,EOS,EOS ,E0S,E0S/
¢ this group is Pmmm
integer G260(0:MAX_G,0:2)
character*20 G250name /*!Pmmm’/
data G260 / II,RR,II,RR,RR,II,RR,II,EOS,
. II,RR,RR,II,RR,II,II,RR,EOS,
. IX,II,RR,RR,RR,RR,II,XII,EDS/
c this group is Pnnn
integer G260(0:MAX_G,0:2)
character*20 G260name /’Pnnn’/
data G260 / II,RR,SS,TT,II,RR,SS,TT,EOS,
. I1,RR,SS,TT,RR,II,TT,SS,EQS,
. ‘ I1,11,55,SS,RR,RR,TT,TT,E0S/
¢ this group is Pccm
integer G270(0:MAX _G,0:2)
character*20 G270name /’Pccm’/
data G270 / II,RR,RR,II,RR,II,II,RR,EOS,
. I1,RR,II,RR,RR,II,RR,IT,EOS,
. 11,1I,TT,TT,RR,RR,SS,SS,E0S/

¢ this group is Pban
integer G280(0:MAX_G,0:2)
character*20 G280name /’Pban’/
data G280 / II,RR,SS,TT,II,RR,SS,TT,EOS,
. I1,RR,S5,TT,RR,IX,TT,SS,EOS,
. II,II,RR,RR,RR,RR,ITI,II,E0S/
¢ this group is Pmma
integer G290(0:MAX_G,0:2)
character*20 G290name /’Pmma’/
data G290 / II,RR,SS,TT,RR,IX,TT,SS,EOS,
. I1,11,11,II,RR,RR,RR,RR,EQS,
. II,RR,II,RR,RR,II,RR,II,EODS/
¢ this group is Pnna
integer G300(0:MAX_G,0:2)
character*20 G300name /’Pnna’/
data G300 / I1I1,85,II,SS,RR,TT,RR,TT,EOS,
. II,RR,SS,TT,RR,II,TT,SS,EOS,
. 11,11,55,55,RR,RR,TT,TT,E0S/
¢ this group is Pmna : )
integer G310(0:MAX_G,0:2)
character*20 G310name /’Pmna’/
data G310 / I1I,11,SS,SS,RR,RR,TT,TT,EOS,



CHAPTER 5. PROGRAM LISTINGS 231

. II,RR,II,RR,RR,II,RR,II,EOS,
. II,RR,SS,TT,RR,1I,TT,SS,E0S/
¢ this group is Pcca
integer G320(0:MAX_G,0:2)
character*20 G320name /’Pcca’/
data G320 / II,SS,TT,RR,RR,TT,SS,II,EDS,
. II,RR,RR,IY,RR,IX,II,RR,EOS,
. : 11,11,8S,5S,RR,RR,TT,TT,E0S/
¢ this group is Pbam
integer G330(0:MAX_G,0:2)
character+*20 G330name /’Pbam’/ :
data G330 / . II,RR,TT,SS,RR,IX,SS,TT,EODS,
. II,RR,SS,TT,RR,II,TT,SS,EOS,
. I1,II,RR,RR,RR,RR,II,II,EO0S/
c this group is Pccn '
integer G340(0:MAX_G,0:2)

character+20 G340name /’Pccn’/

data G340 / II,SS,TT,RR,RR,TT,SS,II,EOS,
. I1,SS,RR,TT,RR,TT,I1,SS,EOS,
. ' I1,11,85,SS,RR,RR,TT,TT,EOQS /

¢ this group is Pbcm

integer G350(0:MAX_G,0:2)

character*20 G350name /’Pbcm’/ :

data G350 / II,RR,II,RR,RR,II,RR,II,EOS,

. II,RR,SS,TT,RR,II,TT,SS,EOS,
. 11,TT,RR,SS,RR,SS,11,TT,E0S/
¢ this group is Pnnm

integer G360(0:MAX_G,0:2)

character*20 G360name /’Pnnm’/ ,

data G360 / II,RR,TT,SS,RR,IX,SS,TT,EOS,

. II,RR,SS,TT,RR,II,TT,SS,EOS,
. 11,11,S8S,5S,RR,RR,TT,TT,EQ0S/
¢ this group is Pmmn

integer G370(0:MAX_G,0:2)

character*20 G370name /’Pmmn’/

data G370 / II,RR,SS,SS,RR,II,TT,TT,EOS,

. II,RR,SS,TT,II,RR,TT,SS,EQOS,
. IX,IX,RR,RR,II,IT,RR,RR,E0S/
¢ this group is Pbcn

integer G380(0:MAX_G,0:2)

character*20 G380name /!Pbcn’/

data G380 / 1I1I,SS,TT,RR,RR,TT,SS,II,EOS,

. I11,85,SS,II,RR,TT,TT,RR,EOS,
. I11,77T,RR,SS,RR,SS,II,TT,E0S/
¢ this group is Pbca

integer G390(0:MAX_G,0:2)

character*20 G390name /’Pbca’/

data G390 / II,TT,RR,SS,RR,SS,II,TT,EO0S,

. I11,88,TT,RR,RR,TT,SS5,1I1,E0S,

. II,RR,SS,TT,RR,II,TT,SS,E0S/
c this group is Pnma
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integer G400(0:MAX_G,0:2)
charactexr*20 G400name /’Pnma’/

data G400 / II,1T,RR,SS,RR,SS,I1I,TT,EOS,

I1,88,TT,RR,RR,TT,SS,II,EOS,
I1,S8S,RR,TT,RR,TT,II,SS,EQS/

232

integer i,j,k,input

c

c

c

¢ output main menu, get choice

1 continue
write (6,%) > 1. P1 (1) 21. Pmn21 (31)?
write (6,*) * 2, Pibar (2) 22. Pba2 (32)*
write (6,%) * 3, P2 (3) 23. Pna21 (33)°
write (6,%) * 4, P21 (4) 24. Pnn2 (34)?
write (6,*) > 5. Pm (6) 25. Pmmm (47)°
write (6,%) * 6. Pc 7 26. Pnnn (48)°
write (8,%) * 7. P2/m . (10) 27. Pcecm  (49)?
write (6,%) * 8. P21/m (11) 28. Pban (E0)°®
write (6,%) * 9. P2/c (13) 29, Pmma (51)°
write (6,*) * 10. P21/c (14) 30. Pnna (52)°
write (6,%) * 11. P222 (18) 31. Pmna (853)?
write (6,%) * 12, P2221 (17) 32. Pcca (564)?
write (6,*) ? 13, P21212 (18) 33. Pbam (56)?
write (6,%*) * 14, P212121 (19) 34, Pcen (56)°
write (6,%) ’ 16. Pmm2 (25) 36. Pbem (567)?
write (6,%) ? 16. Pmc21 (26) 36. Pnom (58)?
write (6,*) * 17. Pcc2 27 37. Pmmn (59)°
write (6,*) * 18. Pma2 (28) 38. Pben (60)?
write (6,%) ’ 19, Pca21 (29) 39. Pbca (61)°
write (8,%) ’ 20. Pnc2 (30) 40. Pnma (62)°
write (6,%)? Which space group do you want? ==
read(5,5,err=2,end=2000) input

5 format (i4)
go to (10,20,30,40,50,60,70,80,90,100,110,120,130,140,150,
. 160,170,180,190,200,210,220,230,240,260,
. 260,270,280,290,300,310,320,330,340,350,
. 360,370,380,390,400) input

2 write (6,%) ’input out of range, type <RET> to try again’
read(5,*)
go to 1

c

c exit

2000 stop

10 continue
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call gcopy (G10,gp)
gpname (1:20) = GiOname(1:20)
go to 1000

20 continue
call gcopy (G20,gp)
gpname(1:20) = G20name(1:20)
go to 1000

30 continue
call gcopy (G30,gp)
gpname(1:20) = G3Oname(1:20)
go to 1000

40 continue
call gcopy (G40,gp)
gpname(1:20) = G40Oname(1:20)
go to 1000

50 continue
call gcopy (G50,gp)
gpname(1:20) = G50name(1:20)
go to 1000

60 continue

: call gcopy (G60,gp)
gpname(1:20) = G60name(1:20)

. go to 1000

70 continue

call gcopy (G70,gp)

gpname(1:20) = G70name(1:20)

go to 1000

80 continue
call gcopy (G80,gp)
gpname(1:20) = G80Oname(1:20)
go to 1000

90 continue
call gcopy (G90,gp)
gpname(1:20) = G90name(1:20)
go to 1000

100 continue .
call gcopy (G100,gp)
gpname(1:20) = G100name(1:20)
go to 1000

110 continue
call gcopy (G110,gp)
gpname(1:20) = G1ilOname(1:20)
go to 1000

120 continue
call gcopy (G120,gp)
gpname(1:20) = G120name(1:20)
go to 1000

130 continue
call gcopy (G130,gp)
gpname(1:20) = G13Oname(1:20)
go to 1000

140 continue
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call gcopy (G140,gp)
gpname(1:20) = Gi4Oname(1:20)
go to 1000

160 comntinue
call gcopy (G150,gp)
gpname(1:20) = G150name(1:20)
go to 1000

160 continue
call gcopy (G160,gp)
gpname(1:20) = G160name(1:20)
go to 1000

170  continue
call gcopy (G170,gp)

gpname(1:20) = G170name(1:20)
go to 1000

180 continue
call gcopy (G180,gp)
gpname(1:20) = £180name(1:20)
go to 1000

190 continue
call gcopy (G190,gp)
gpname(1:20) = G190name(1:20)
go to 1000

200 continue
call gcopy (G200,gp)
gpname(1:20) = G200name(1:20)
go to 1000

210 continue
call gcopy (G210,gp)
gpname(1:20) = G210name(1:20)
go to 1000

220 continue
call gcopy (G220,gp)
gpname(1:20) = G220name(1:20)
go to 1000

230 continue
call gcopy (G230,gp)
gpname(1:20) = G230name(1:20)
go to 1000

240 continue
call gcopy (G240,gp)
gpname(1:20) = G240name(1:20)
go to 1000

260 continue
call gcopy (G250,gp)
gpname(1:20) = G250name(1:20)
go to 1000

260 continue
call gcopy (G260,gp)
gpname(1:20) = G260name(1:20)
go to 1000
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270 continue
call gcopy (G270,gp)
gpname(1:20) = G270name(1:20)
go to 1000

280 continue
call gcopy (G280,gp)
gpname(1:20) = G280name(1:20)
go to 1000

280 continue
call gcopy (G290,gp)
gpname(1:20) = G290name(1:20)
go to 1000

300 continue
call gcopy (G300,gp)
gpname(1:20) = G300name(1:20)
go to 1000

310 continue
call gcopy (G310,gp)
gpname(1:20) = G310name(1:20)
go to 1000

320 continue
call gcopy (G320,gp)
gpname(1:20) = G320name(1:20)
go to 1000

330 continue
call gcopy (G330,gp) :
gpname(1:20) = G330name(1:20)
go to 1000

340 continue
call gcopy (G340,gp)
gpname(1:20) = G340Oname(1:20)
go to 1000

350 continue
call gcopy (G350,gp)
gpname(1:20) = G360name(1:20)
go to 1000

360 continue
call gcopy (G360,gp)

gpname(1:20) = G360name(1:20)
go to 1000

370 continue
call gcopy (G370,gp)
gpname(1:20) = G370name(1:20)
go to 1000

380 continue
call gcopy (G380,gp)
gpname(1:20) = G380name(1:20)
go to 1000

390 continue
call gcopy (G390,gp)
gpname(1:20) = G390name(1:20)
go to 1000
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400

1000

continue

call gcopy (G400,gp)
gpname(1:20) = G400name(1:20)
go to 1000

continue
return
end

236
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5.8 MODULE: PUTS

A1l of these subroutines put out a line of fortran code.
subroutine put_f (lun,label,index)
subroutine put_m (lun,label,index)
subroutine put_mm (lun,label,index)
subroutine put_f£s (lun,label,index)
subroutine put_msi (lun,label,index)
.subroutine put_ms2 (lun,label,index)
subroutine put_fd_ff (lun,label,index)
subroutine put_m0 (lun,label,index)
subroutine put_mi (lun,label,index)
subroutine put_m2 (lun,label,index)
subroutine put_tt (lun,label,index)
subroutine put_tmt (lun,label,index)
subroutine put_fd_rr (lun,label,index)
subroutine put_xx (lun,label,index)
subroutine put_M3 (lun,label,index)
subroutine put_M4 (lun,label,index)
subroutine put_M6 (lun,label,index) -
subroutine put_M6é (lun,label,index)
subroutine put_M7 (lun,label,index)
subroutine put_cont (lun,label)
subroutine put_fteven (lun)
subroutine put_fteven2 (lun)
subroutine put_ftshalf (lun)
subroutine put_ftsiov2 (lun)
subroutine put_ftahalf (lun)
subroutine put_ftaiov2 (lun)
subroutine put_f£t21 (lun)
subroutine put_f£t2136 (lun)
subroutine put_ft2157 (lun)
subroutine put_ft2137 (lun)
subroutine put_fti (lun)
subroutine put_head(lun)
subroutine put_head2(lun)
subroutine put_end (lun)
subroutine put_if (lun,num,xy_£lg)
subroutine put_else (lun)
subroutine put_endif (lun)
subroutine put_call (lun,piece)
subroutine put_call2 (lun,piece,ft_type)

ek o Koo oo ol el o sl el il ool o
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c
c
c
¢ loops that come up in xform routines:

F:

4]

do i = O,N/2,N/2

subroutine put_f (lun,label,index)

implicit none

integer lun,label

character index

write (1lun,100)label,index

100 format (°’ do ’,i3,’ ?’,a,’ = O,N/2,N/2?)
retuxrn

end

(1]

c do i = 1,N/2~1 i
subroutine put_m (lun,label,index)
implicit none
integer lun,label
character index
write (lun,100)label,index

100 format (° do ?,i3,?’ ?,a,’ = 1,N/2-1?)
return
end

c GM:
c do i = N/2+1,N~-1
subroutine put_mm (lun,label,index)
implicit none
integer lun,label
character index
write (lun,100)label,index
100 format (’ do ?,i3,’ ?,a,’ = N/2+1,N-17)
return
end

c FS:
c do i = N/4,3%N/4,N/2
subroutine put_fs (lun,label,index)
implicit none
integer lun,label
character index
write (lun,100)label,index
100 format (* do ',i3,’ ’,a,’ = N/4,3*N/4,N/2?)
return
end

c MS:
c do i = 0,N/4-1
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c and
c

100

100

do i = N/2+1,3%N/4~1

subroutine put_msi (lun,label,index)
implicit none

integer lun,label

character index

write (1lun,100)label,index _
format (? do ?,i3,?’ ’,a,’ = 0,N/4-1?)
return

end

subroutine put_ms2 (lun,label,index)
implicit none

integer lun,label

character index

write (lun,100)label,index

format (? do ’,1i3,’ ?’,a,’ = N/2+1,3%N/4~-1?)
return

end

¢ FT21 loop = fd_ff fundamental domain for full action

C

100

c MO

100

c M1

100

do i1 = 0,N/4

subroutine put_fd_ff (lun,label,index)
implicit none

integer lun,label

character index

‘write (lun,100)label,index

format (? do ?,i3,’ ?,a,’ = 0,N/4?)
return .
end

do i = 0,0

subroutine put_m0 (lun,label,index)
implicit none

integer lun,label

character index

write (lun,100)label,index

format (° do ?,i3,’ ’,a,’ = 0,0°)
return

end

do i = 1,N/4-1

subroutine put_mi (lun,label,index)
implicit none

integer lum,label

character index

write (lun,100)label,index

format (’ do ?,i3,! ’,a,’ = 1,N/4-1)
return

end

239
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c M2
c

100

c TT

100

c TMT

100

do i = N/4,N/4

subroutine put_m2 (lun,label,index)
implicit none

integer lun,label

character index

write (lun,100)label,index

format (? do ?,i3,? ?,a,’ = N/4,N/4?)
return

end

do i = O,N/2-1

subroutine put_tt (lun,label,index)
implicit none

integer lun,label

character index

write (lun,100)label,index

format (? do ?,i3,? ’,a,’ = O,N/2-1?)
return

end

do i = N/2,N-1

subroutine put_tmt (lun,label,index)
implicit none

integer lun,label

character index

write (lun,100)label,index .
format (? do ?,i3,? ?,a,’ = N/2,N-1?)
return

end

¢ FD_RR

[+

100

c XX

100

do i = O,N/2

subroutine put_fd_rr (lun,label,index)
implicit none

integer lun,label

character index

write (lun,100)label,index

format (° do ’,i3,?” ?,a,’ = 0,N/2?)
return

end

do i = 0,N-1

subroutine put_xx (lun,label,index)
implicit none

integer lun,label

character index

write (lun,100)label,index

format (?’ do ?,i3,’ ’,a,’ = 0,N-17)
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return
end

c M3
c do i = N/4+1,N/2-1
subroutine put_M3 (lun,label,index)
implicit none
integer lun,label
character index
write (lun,100)label,index
100 format (? do ’,1i3,? ?,a,’ = N/4+1,N/2-1?)
return '
end

c M4

[ do i = N/2,N/2
subroutine put_M4 (lun,label,index)
implicit none
integer lun,label
character index

. write (1lun,100)label, index

100 format (° do ?,i3,’ ’,a,’ = N/2,N/2?)
return
end

c M5
c do i = N/2+1,3N/4 - 1
subroutine put_M6 (lun,label,index)
implicit none
integer lun,label
character index
write (lun,100)label,index
100 format (° do ?,1i3,’ ?,a,’ = N/2+1,3*N/¢ - 1?)
return
end

c M6
c do i = 34/4,3N/4 :
subroutine put_M6 (lun,label,index)
implicit none
integer lun,label
character index
write (lun,100)label,index
100 format (? do ?,i3,’ ?,a,’ = 3xN/4,3%N/4?)
return
end

c M7

c do i = 3N/4 + 1, N-1
subroutine put_M7 (lun,label,index)
implicit none
integer lun,label
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character index
write (1lum,100)label,index

100 format (° do ’,i3,? ’,a,’ = 3*N/4 + 1,N-1?)
return
end

c

c 10 continue

subroutine put_cont (lun,label)
implicit none

integer lun,label
write (lun,100)label
100 format (i3,° continue’)
return
end

€ o ke o e ok o o s afe o o i e s ofe S ok s e 3k s s sk s aj sl s sfe e s sfe fe sfe e s sk e s sfe e sfe s e s afe s sfe sk s o s e ahe she s ofe e sfe she e e o s sfe o ofe o o

routines follow to put out things like

c
c
c
c
c call fteven (n,x(0,i,j),y(0,i,3))
c
AN K K B NG B a8 6 0 e o oo o oo o o o s o s s o oo o o o o o e o e s o el o o ke o

subroutine put_fteven (lun)

implicit none

integer lun

write (1lun,100)
100 format (° call fteven (n,x(0,1,j),y(0,i,j))* )

return )

end

subroutine put_fteven2 (lun)
implicit none
integer lun
write (1un,100)
100 format (? call fteven2 (n,x(0,i,j),y(0,1i,j))? )
return :
end

subroutine put_ftshalf (lun)
implicit none
integer lun
write (lun,100)
100 format (° call ftshalf (n,x(0,1,j),y(0,i,j))’ )
return
end

subroutine put_ftsiov2 (lun)
implicit none
integer lun
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100

100

100

100

100

100

100

write (lun,100)

format (’ call ftslov2 (n,x(0,1,j),y(0,1,§))* )
return

end

subroutine put_ftahalf (lun)

implicit none

integer lun

write (1un,100) ’ :

format (’ call ftahalf (n,x(0,i,j),y(0,1,3§))? )
return -

end

subroutine put_ftailov2 (lun)

implicit none

integer lun

write (Iun,100)

format (°’ call ftalov2 (mn,x(0,i,j),y(0,1,5))? )
return

end

subroutine put_ft21 (lun)

implicit none

integer lun

write (lun,100)

format (? call ft21 (n,x(0,i,j),y(0,i,j))? )
return

end

subroutine put_f£t2135 (lun)

implicit none

integer lun

write (lun,100)

format (? call £t2135 (n,x(0,i,j),y(0,i,j))? )
return

end

subroutine put_f£t2167 (lun)

implicit none

integer lun

write (1lun,100)

format (! call £t2167 (n,x(0,i,3),y(0,1,3))* )
return

end

subroutine put_f£t2137 (lun)

implicit none

integer lun

write (lun,100)

format (° call ft2137 (n,x(0,i,j),y(0,i,3))* )
return

end
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subroutine put_fti (lun)
implicit none
integer lun
write (1un,100)
100 format (? call ft1 (n,x(0,i,3),y(0,1,3))’ )
return
end

AR AR R R R SHOR B B KR R BB R B R B K o R o o o o o e e
c .
et o oo oo e o R o o o s ol oo e okl ok st ol e ok ke ok
subroutine put_head(lun)
implicit none
integer lun
write (lun,100)
100 format(’ implicit none?,/,

. ’ include ’’dimension.’?’,/,

. ’ complex x(0:n-1,0:n-1,0:n-1)?,/,
. ’ complex y(0:n-1,0:n-1,0:n-1)?,/,
. ’ integer i,j,k?)

return

end

ok oo ookl ok ook e sk s e s e ok e oo sk e o o ol ko o oo oo s koo ok o e
c
¢ this header is for expand routines
c
Gt ko kool o koo oo o s koo o o ko s oo e o o s o R 8o R 4 SRR S e K o o
subroutine put_head2(lun)
implicit none
integer lun
write (lun,100)

100 format(’ implicit none’,/,

. ’ include ’’dimension.’??,/,

. ’ complex x(0:n~1,0:n~1,0:n~1)",/,

. s integer i,j,k’)

return

end
(% ok o s e e s o e o o o o o o e o o ok o o s o o o ok ol s o e e e s o e e sk ko o ok
c

G R o o o ok s ok ol o e s okl oo oo o o o ol oo o o ol o o o s e o ol o o o
subroutine put_end (lun)
implicit none
integer lun
write (Iun,100)

100 format(’ return’,/,
. ’ end’)
return
end

€ e o ok s e e sfe o s ofe ok s ok o s sk o ok sk s s of s sfe o sk ko ke sk sk sk sk 3k e sl e ook sk ok ofe sje e ofe e 3 ko ok ke o e ok

C
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CHAPTER 5. PROGRAM LISTINGS

100

200

subroutine put_if (lun,num,xy_f1lg)
implicit none

integer lun,num,xy_£flg
character*31 ifmods (0:2)

data ifmods /? if (mod(j,2).eq.0) then’,
’ if (mod(i,2).eq.0) then’,
! if (mod(i+j,2).eq.0) then’ /

if (num.eq.2) then
write (lun,100)
format(’ if (mod(i,2).eq.0) then’)
else if (num.eq.3) then
write (lun,200) ifmods(xy_flg-1)
format(a31)
endif
return
end

ook ok ol sk sk s ok ok e ke e sk ok ok ok e sk ae e e e e af s s s e ofe she s she s sk sl sk ofe s o e she o e sl ofe ok of e o ol afe o e ofe o

C

o o e e e 3k e e ok o ot 0K ko sk sfe s ok e s ok sl e ok sk sfe o ok sfe sk sk s ofe sie s e s e ofe sk s s ke o o o e o ofe sfe e o ol

100

. subroutine put_else (lun)

implicit none
integer lun

write (lun,100)
format (° else’)
return

end

% o0 30 3 s 3 o oo ofe 2R o o e s o afe o 3 e o o 3 o le s sfe 3 o s ofe o sfe sk e e o ok e s sfe o s ofe s o oo afe 3k e ke o ofe e

[+

€ 0 sl s e sl s e e e ol ok s o s afe sk ofe sk e e s sfe e ok s s ke o s s s afe o ok s o sk o afe o e o e o ol ol ok o o e ok ok

100

subroutine put_endif (lun)
implicit none

integer lun

write (lun,100)

format (? endif’)

return

end :

€ sk o e s e e ke sh sk e sk s sje s s e sfe st s sk sfe s sfe sl e o o b 3 e s 3 ok sk o o e af e of ok of s s o 3o o afe o afe ok o o sk o ok

[+
c
c

€ e st ol sl sl sl s s s s s obe o sfe s s sfe afe s sfe sfe ofe e s sk afe ofe 2 3k o sl sfe i o s e Sk e o e ok sfe o b o e ol ok o e abeofe e ok OB o sk

aoan0ooaq

subroutine put_call (lun,piece)
implicit none

include ’params.’

include ’pileces.’

integer piece,lun

we’re assuming that FR means cosine

FS means shalf
MO means ft21

245
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10

G e ke o o ade o oo o e of o afeole e o o o o sfe e 3¢ o o o e e o o o sfe e e s s o e sfe s e ofe e o e e s e ofe e sfe ofe o e e e s e e

[+
C
[+
C

G kb b o bl s o ol kol o s sl kol o s sl o o e e s s ol o s s ke sl el ol o e e o ok
subroutine put_call2 (lun,piece,ft_typs)

aonocao0 o

MT means ftahalf

if (piece .eq. FR) then
call put_fteven(lun)

else if (piece .eq. FS) then
call put_ftshalf(lun)

else if (piece .eq. MO) then
call put_£t21(lun)

else if (piece .eq. NN) then
call put_f£t1(lun)

else if (piece .eq. MT) then
call put_ftahalf(lun)

else '
write (6,10) piece

format{1ix, ’exror in put_call, piece

stop
endif
return
end

this routine prints out calls to FT’s with phase shifts
those used after translational symmetries.

implicit none
include ’params.’
include ’pieces.’
integer piece,lun
character*2 It_type

we’re assuming that FR means cosine

FS means shalf
MO0 means ft21
MT means ftahalf

if (piece .eq. FR) then
call put_fteven2(lun)
else if (piece .eq. FS) then
call put_ftsiov2(lun)
else if (plece .eq. MO) then
if (ft_type .eq. ’35°)then
call put_f££2135(1lun)
else if (ft_type .eq. ’37’) then
call put_££2137(lun)
else if (ft_type .eq. ’567’) then
call put_£t2167 (lun)
endif
else if (piece .eq. NN) then
call put_f£ti(lun)

246
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else if (piece .eq. MT) then
call put_ftalov2(lun)

else
write (6,10) piece
10 format(1x,’error in put_call, piece = ’,iB)
stop
endif
return
end
AR R R RSO AN K SRR N R SR B B K R S o oo o o
c
c .
c z_to_x (gp,gp2) permute Y Z X to X Y Z
c .

etttk o ko ok oot ol o ot st ok ot aok st oo o ool o ko s e o oo ksl b o o o ke o
subroutine z_to_x (gp,gp2)
implicit none
include ’params.’

include ’pieces.’
integer i

integer gp(0:MAX_G,0:2)
integer gp2(0:MAX_G,0:2)

do 10 i = 0, oxdg

gp2 (i,XCOORD) = gp (1i,ZCOORD)
gp2 (i,YCOORD) = gp (i,XCOORD)
gp2 (i,ZCOORD) = gp (i,YCOORD)
10 continue
- return

end
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