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ABSTRACT

The results of certain theoretical and experimental
investigations in the field of force balancing of planar
mechanisms, which introduce novel computer-aided design
methods, are presented.

Experimentation showed that a mechanism designed to
be fully force balanced exhibjits a residual imbalance,
brought about by unavoidable manufacturing tolerances and
material nonhomogeneities. A new theory for a group of
devices which allow the complete removal of these residual
shaking forces of a four~bar linkage and other balanceable
mechanisms, is shown.

This theory was subsequently applied to the actual
design of a balancing device for a four-bar linkage. It
was found that the goal of complete elimination of the
residual shaking forces was not attainable and that it
was necessary to modify the theory such that the best
possible reduction in these forces could be obtained.
Subsequent experiments, which use minimax as well as least
squares approaches and had most successful outcomes, are
described.

Further, a new two-counterweight method of partial



vi

force balancing which makes it possible, by way of what
has been called the equipollent circle constraint equation,
to prescribe the maximum shaking force of a constant input
speed four-bar linkage by way of a wide range of practical
counterweight configurations, is given.

Finally, a novel nonlinear optimization formulation
which makes it possible to simultaneously minimize the
maximum values of the various dynamic reactions of a
four-bar linkage while maintaining the ability to prescribe
the maximum shaking force, is introduced. This computer-
aided design technique, which employs counterweights on
all links, was applied to both partial as well as full

force balancing and produced gratifying results.
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NOMENCLATURE

a, = pivot=-to=-pivot dimension of link j

3

aj'(t) = jth time dependent link-to=-link length

A, A° = magnitude of equivalent mass-~distance product of input
and coupler link for counterweighted and original

mechanism, respectively

B, B° = magnitude of equivalent mass-distance product of output
and coupler link for counterweighted and original

mechanism, respectively

C, C{, C; = center of smallest circumscribing circle to shaking
force hodograph of four-bar mechanism using simple
reduction method, two=-counterweight reduction method

and three-counterweight reduction method, respectively

Cgye CSy = x and y compcnents of center of smallest circumscribing
circle to shaking force hodograph of four-bar mechanism

with input counterweight only
th
cy{R) = i~ constraint of optimization problem
d = constant vector

d. = width of link j

3



xviii

Fh/Gx' Fh/GY = x and y components of shaking force

Fl, = bearing force

Fa3

Fig ® bearing force

between

between

input link and coupler link

= bearing force between coupler link and output link

cutput link and ground link

Fa1 = bearing force between ground link and input link

Fbxi, Fin = 1th computed value of x and y components of
shaking force

FExi‘ FEYi = ith experimental value of x and y components of
shaking force

in, FYi = ith difference of computed and experimental
shaking force components

Fix» Fpy = X and y components of output of left force platform

FRX' FRY = x and y components of output of right force platform

FTOT = experimental reading of sum of bearing force components

in x or y direction

h, = thickness of link j

p

h

j* = thickness of counterweight on link j



xix
hrj' hkj = fixed pivot-to-pivot dimension of link j

K = parcentage error of individual bearing force component

readings
Kj = kinematic variable relating to link j

my ., mjo, mj* = masses of total link, existing link and

counterweight, respectively

mjpc. quc = correction masses required to fine balance

a mechanism

myp4, Myqy = mass-distance product of link j along x and y axis,

respectively
M = total mass of moving links of a mechanism
My/G = shaking moment
Mg41 = input moment

pj, qj = body-fixed coordinates of the position of the center

of mass of link j

pjc, qjc = location of balancing holes on link j along x and y

axis, respectively

Pj. Qj = general mass-distance terms



XX

ry = body-fixed link dimension locating center of mass of

link j

R = radius of smallest circumscribing circle to shaking force

hodograph of four-bar mechanism with multiple counterweights
RE = radius of equipollent circle

*
R

y - radius of counterweight attached to link jJ

RB = radius of smallest circumscribing circle to shaking
force hodograph of four-bar mechanism with input

counterwaight only

W, = weighting factors for reactions used in nonlinear

3

optimization procedure

z = objective function used in certain nonlinear optimization

procedures

o
a, a = angle of equivalent mass-distance product of input
and coupler link for counterweighted and original

mechanism, respectively

B, ﬂo = angle of equivalent mass-distance product of output
and coupler link for counterweighted and original

mechanism, respectively
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rj = kinematic variable

8g¢ 8, & = angles of inclination with respect to x axis of

circumscribing circles to hodograph with centers

CS, C and Cl' respectively
{ = angular position of center of circumscribing circle
n= factor expressing reduction in unbalanced maximum shaking
force

05 = angle of inclination of center of mass of link j with

respact to body-fixed x axis
‘j* = angle to center of counterweight on link j as measured

from x axis
» = proportionality factor relating R to Rg

*
pj = density of counterweight on link j

¢j = angular position of link j taken with respect to x axis

Jj' ;3 = angular velocity and angular acceleration of link j,

respactively

¥= angle of rotation of shaking force hodograph



I. INTRODUCTION

The elimination or reduction of disturbances transmitted
by high speed or heavy duty machinery to their surroundings
is of great importance. These disturbances are objectionable
because of their negative effects on the productivity of
these machines. The resulting vibration, wear and fatigue
problems limit their speeds and, with that, their full
potential. In addition, the associated noise may represent

a serious threat to the health of the operator.

The present work represents an attempt to answer some
of the unresolved questions in this field.

Experimentation had shown that if a mechanism was
designed to be fully force balanced, it did not necessarily
imply that all the shaking forces were removed. This
residual imbalance is due to unavoidable manufacturing
tolerances and the unpredictable nonhomogeneity of the
materjals used. Thus, clearly there was a need to devise
some procedure by which this residual imbalance could be
totally removed or, at least, considerably reduced. To
this end, a theory for a group of devices which would allow
the complete removal of the residual shaking forces of a

four-bar linkage and other balanceable meachanisms, was



developed.

When this theory was applied to a specific design of
a balancing device for a four-bar linkage, it was found
that this goal of complete elimination of the residual
shaking forces was not attainable and that it was necessary
to modify the theory such that the best possible reduction
in these forces could be achieved. An experiment which uses
this new approximating method was most successful and a
reduction of as much as 65 percent of the residual shaking
force could be obtained.

Secondly, since at the time of the inception of this
work G. G. Lowen and F, R. Tepper had just completed a single
counterweight method of prescribing the RMS shaking force of
a four=bar linkage [BO]. it was felt that it would be desirable
to develop a technique of partial force balancing which allows
the limitation of the maximum shaking force of such a mechanism,
This goal was realized by the adaptation of a Chebyshev-type
partial balancing procedure devised by Ya. L. Gheronimus [25].
The resulting new two-counterweight method makes it possible,
with the help of what has been called the equipollent circle
constraint equation, to attain the identical prescribed
maximum shaking force by way of a considerable range of

practical counterweight configurations.



While this work proceeded, and with some insights
provided by previous work of G. G. Lowen, F. R. Tepper
and R, S. Berkof [51], it became clear that if one extends
the above approach by introducing an additional coupler
counterweight, it becomes possible to obtain significant
reductions in such dynamic reactions as the maximum bearing
forces, the maximum input moment and the maximum shaking
moment of a four-bar linkage, while maintaining the ability
to prescribe the maximum shaking force., Professor Donald
Goldfarb, of the Computer Science Department of the City
College of New York, suggested that a simultaneous
optimization of these reactions may be obtained by the
use of an optimization method previously used to solve
linear minimax problems. In this formulation, the increases
in the dynamic reactions, due toc balancing, are controlled
by a common minimizaticn parameter which represents the
objective function of the problem. This new approach was
incorporated into the Harwell Augmented Lagrangian optimization

code’ and it was found that it led to most gratifying

It was found that this code could also be used to excellent
advantage in connection with the balancing machine as well
as the method for prescribing the maximum shaking force of
a mechanism. Appendix C serves as a guide for the use of
this program.



results. It was possible to keep the increases in the
various dynamic reactions of both partially and fully
force balanced mechanisms, when compared to those of the
unbalanced linkage, to values that previously had not been

attained.



A. Background

Since the mechanism balancing literature was reviewed
by G. G. Lowen and R. S. Berkof in 1968 [49] and again by
the same authors, together with F. R. Tepper, in 1977 [10],
only those references which are of importance to the present
work, and which have not been mentioned in the previous
section, will be briefly discussed.

The Msthod of Linearly Independent Vectors, first
given by R. S. Berkof and G. G, Lowen[a ] , represents
the point of departure for the investigation of a four-bar
linkage balancing device. This method was later generalized
by F. R. Tepper and G. G. Lowen [75]. The latter work also
gave a balanceability criterion which is used to good
advantage in the generalization of the theory of full force
balancing machines.

In the field of mechanism optimization, J. P. Sadler
and R. W. Mayne [63] introduced the use of nonlinear
programming technigues for the minimization of the maximum
values of certain reactions in a constant input speed
general four=-bar linkage. They minimized the maximum shaking
force while limiting the magnitude of the shaking moment.
This optimization was repeated with an additional constraint

on the maximum value of the largest bearing force. All



solutions are represented by trade-off charts. These
optimizations were accomplished with point mass counterweights
which are attached to the input and output links. (While the
neglect of the counterweight moments of inertia is of no
consequence as far as the shaking force 1s concerned, it
matters to varying degrees when it comes to the shaking
moment, the input moment and the various bearing forces.)
The mathematical technigque consisted of converting constrained
optimization problems to unconstrained ones by using the
exterior penalty function approach. The subsequent optima
were then determined with the help of a variable metric
procedure.

J. P, Sadler [64] applied the above optimization
procedure to six-bar linkages and individually minimized
the maximum values of the shaking force, the shaking moment,
the input torque fluctuation as well as a bearing force by
both one and two point masses of prescribed magnitude. A
trade~off between maximum shaking force and input torque
fluctuation was also undertaken, using either two or three
balancing masses. For the two balancing mass case, this was
accomplished both with and without an additional bearing
force constraint. Finally, a 40 percent reduction in both

maximum shaking force and shaking moment was accomplished



for a six~bar stone crusher mechanism with the help of a
composite objective function. The efficiency of nonlinear
programming, when applied to linkage balancing, was demonstrated
by duplicating the analytically obtainable full force balance
results for both four-bar and six-bar linkages.

In a unique study, combining kinematic synthesis and
the dynamic design of four=-bar linkages, F. L. Conte,

G. R. George, R. W. Mayne and J. P. Sadler[14] showed

that nonlinear programming can be successfully applied for
the determination of that linkage which not only satisfies
the kinematic objectives, but also provides optimum dynamic
characteristics.

B. Porter and D. J. Sanger [59] also showed the
application of nonlinear programming technigques to the
optimization of certain dynamic reactions of an inline
four-bar linkage with links of constant cross-section. To
this end, an objective function consisting of the sum of
the weighted mean square values of the shaking force, the
shaking moment, the input torgque and the bearing forces was
introduced. The minimization of this function is subject to
constraints on the two design variables which are represented
by the inline location as well as the magnitude of the radius

of a circular counterweight attached to the input link. (The



input 1link counterweight was designed according to the
Method of Linearly Independent Vectors and was chosen to
have a minimum moment of inertia.) The authors selected
the weighting factors in such a way that they only performed
the simultaneous optimization of two reactions. Their
success was greater for forces than for moments,

S. Schonfeld [55] reported on a computer program
which combines the ability to generate the various reactions
of planar linkages together with their optimization by means
of nonlinear programming techniques, A successful example of
a weighted optimization of the shaking moment and the input
torque of a six-=bar linkage is shown. The same author
together with H. Dresig'[ﬁs] discussed, without example,
the simultaneous optimization of all linkage reactions by

the application of the usual techniques of linear analysis.



B. Results Of Investigation

The present section reports briefly on the results of

the investigation which consists of the following parts:

l.

Theory Of Full Force Balancing Machines For
Reciprocating Mechanisms

A Practical Balancing Machine For Four-Bar Linkages
A New Method For Prescribing The Maximum Shaking
Force Of A Four-Bar Linkage With Flexibility In
Counterweight Design

Simultanecus Optimization Of Dynamic Reactions

Of A Four-Bar Linkage With Prescribed Maximum

Shaking Force

Theory Of Full Force Balancing Machines For

Reciprocating Mechanisms

The theoretical basis for new balancing fixtures

capable of removing the unavoidable residual shaking force

found in theoretically balanced mechanisms is presented.

This new approach is first applied to a four-bar linkage

with a general mass distribution. Subsequently, it is

generalized to include all balanceable planar mechanisms.

In both instances, sets of shaking force component



equations are solved for certain general mass-distance
products. To obtain these parameters, which form the basis
for the design of the required correction masses, the values
of the residual shaking force components and of all kinematic
properties must be known from experimentation for certain

positions of the mechanism,

2. A Practical Balancing Machine For Four-Bar Linkages

The development of an actual force balancing machine
along the lines of the new theory and capable of removing
a large portion of the residual shaking force found in a
theoretically fully force balanced four-bar linkage, is
described.

While it was not possible, because of experimental error,
to obtain unique answers for the desired correction masses
from various sets of balancing equations, a method was
devised which makes use of many sets of such expressions.
The problem was interpreted as cne of finding the best
possible solution to an overdetermined system of balancing
equations. Both a least squares and a minimax approach
were developed.

Although it was not poseible to remove all residual

imbalance, both methods furnished considerable reductions

10
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of the shaking force components. The minimax method was
found to give a somewhat greater reduction than the least

squares approach.

3. A New Method For Prescribing The Maximum Shaking

Force Of A Four-Bar Linkage With Flexikility In

Counterweight Design

This novel two=-counterweight method of partial force
balancing of a four-bar linkage, which forms the basis for
a comprehensive optimization method discussed later, allows
the designer to realize a prescribed value for the maximum
shaking force anywhere between zerc and an inherent upper
limit. 1In addition, by taking advantage of a certain
mathematical property, which has been called the equipollent
circle constraint equation, it becomes possible to attain
the identical prescribed maximum shaking force for a wide
range of output and associated input link counterweight
configurations.

This technique, which is generally only applicable to
constant speed mechanisms, builds upon a Chebyshev-type
partial balancing method, first given by Ya. L., Gheronimus,
which only uses an input link counterweight. The equipollent

circle constraint equation, which allows flexibility in
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counterwaight design for a prescribed maximum shaking force,
represents an adaptation of a parallel concept, used by

G. G. Lowen and F. R, Tepper to prescribe the RMS shaking
force.

Examples involving both a 50 and a 75 percent reduction
in the maximum shaking force are given and the associated
ranges of possible counterweight designs are determined.

The magnitudes of such maximum dynamic reactions as bearing
forces, input moment and shaking moment have been computed
for each of the above reductions in the maximum shaking force
for a full range of counterweight designs, These reactions
show little variation in magnitude over a substantial portion
of this range. In 1igﬁt of the above, this flexibility in
counterwe ight configuration offers advantages when certain

space limitations have to be observed.

4. Simultaneous Optimization Of Dynamic Reactions

Of A Four-Bar Linkage With Prescribed Maximum

Shaking Force

This extension of the previously described new partial
balancing method makes it possible to simultaneously minimize
the maximum dynamic reactions of a constant speed four-bar

linkage while maintaining the ability to prescribe the



maximum shaking force. The general reduction of the values
of these reactions, when compared to those obtained by the
previous method, is based on the introduction of a coupler
counterweight in addition to those located on the input and
output links. The resulting increase in the number of design
variables is reflected in what has now been called the general
equipollent circle constraint equation. The simultaneous
optimum reduction of the maximum bearing forces, the maximum
input moment and the maximum shaking moment now becomes a
function of the proper combination of the coupler and output
link counterweight parameters.

To this end, an optimization procedure was devised
which allows for the determination of these counterweight
parameters. This procedure satisfies the general equipollent
circle constraint equation while it imposes constraints on
the maximum dynamic reactions. The latter inequality
constraints are controlled by a minimization parameter z
which serves as the objective function of the optimization.

The above optimization procedure was incorporated into
the Harwell Augmented Lagrangian optimization code which was
used to obtain optimum counterweight designs for a 50 and a
75 percent reduction in the maximum shaking force. It was

found that the benafits of this optimization were most
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pronounced for the larger reduction in the maximum shaking
force.

This three-counterweight method was also adapted to a
fully force balanced mechanism. The associated reductions
in the dynamic reactions, when compared to those associated
with the two=-counterweight Method of Linearly Independent
Vectors, was found to be especially gratifying.

Finally, the optimization procedure was modified for
an input moment minimization of a fully force balanced
mechanism. Again, a comparison of the resulting maximum
input moment with that associated with the above two-

counterweight method shows a considerable reduction.
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II. THEORY OF FULL FORCE BALANCING MACHINES FOR

RECIPROCATING MECHANISMS
A. Introduction

While it is theoretically possible to design linkages
which are fully force balanced, there are practical
difficulties in attaining this aim. Due to unavocidable
manufacturing tolerances and the unpredictable nonhomogeneity
of the materials used, the shaking force of an actual
mechanism, built to be thecoretically force balanced, generally
does not vanish completely. Furthermore, this residual
imbalance may be amplified by any variation in the input
velocity.

The following describes the first theoretical approach
to full force balancing machines for reciprocating mechanisms.
It is felt to be unique because it represents the first attempt
at such machines for mechanisms in which the counterweights
do not all rotate at the speed of a single shaft, as is the
case in automotive engines.,

The new theory is first applied to a four-bar linkage
with a general mass distribution. Subsequently, it is

generalized to include all balanceable planar mechanisms[?G].



In both instances, sets of shaking force component
equations are solved for certain general mass-distance
productas. To obtain these parameters, which form the
basis for the design of the required correction masses,
the values of the residual shaking force components and of
all kinematic properties must be known from experimentation

for certain positions of the mechanism.

le
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B. Theory Of Four-Bar Linkage Balancing Machine

To understand the concept1 of the balancing machine
for a four-bar linkage with a general mass distribution, as
shown in Figure 2.1, consider first the following compact

form of the shaking force expression, as given by eguation (A.7)

of Appendix A:

173

Fysg = (P + 101 )Kge™ "l + (B3 + 1Q3)K3e (2.1)
where P} = mp; + mya; - ;%-mzpz
a)
Qp = ma; - 33 M2
ajz
P3 = M3P3 *+ 37 M2P2
agz
Q3 = myq3 * 35 M2
b
o * 4 © 2
%3 ‘/“'j MRS
Yj = ’j - ¢j' > i = 1,3
' -1 "j
¢j = tan Iz
j' 7

lIn the search for a force balancing machine for four~bar

linkages, it became evident that the present approach
represents the only feasible one. Appendix B.l proves this
by showing that one may not uniquely determine the individual
link mass-distance products mypy and m4q (j=1,2,3) which
could possibly be modified by suitable cdrrection masses.
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For a fully force balanced mechanism, the shaking force

|

M/G vanishes because the general mass-distance terms Pj
and Qj have been made to vanish. For the almost balanced
mechanism, these factors are not equal to zero because of
the various previously mentioned uncertainties. If their
actual magnitudes for a given mechanism can be found
axperimentally, they can be made to vanish by a suitable

adjustment of the mass distribution of the links involved.

For example, with

P, » 0,

1

one may then find a correction quantity defined as

such that

pl + APl = 0, (2.2)

This corrective mass~distance product AP may be positive

1
or negative, depending on the sign of P;. It can be
physically realized by adding or subtracting a correction

c
mass mlpc at a distance p; along the body=-fixed x-axis

of link 1. Similar corrections to the remaining mass-distance



products can be defined as follows:

4Q; = @) = mqp© (2.3)
c
4Q3 = =Qq = m3chI3 (2.5)

Appendix B.2 proves that if one applies the component
forms (A.17) and (A.18) of the shaking force equation (2.l)
at two mechanism positions for which all kinematic values and
shaking force components are known from experimentation, one

may solve uniquely for the four general mass-distance products

P. and Q
b| 3

expressions becomes (see equation (B.9)):

(3=1,3). When given in matrix form, this set of

20
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wherel

Kllc08711
Kllsimrll
K12C°s712

Klzsinle

Ki-

-KLISinYll

-Klzainle

Klzcosrlz

i

K3lcosv3l -KBlsinral Pl
Kalsin731 K31c05731 Ql
K32COSY32 -K3251nY32 P3

K3zsin732 K32C03732 03

37 %
-1 %ij
D]

2

¢ij

;ijz (These terms are
always positive.)

(The second subscript in these terms indicate at which

position the guantity is evaluated.)

or not fricticn in the joints is considered.
shown by the following reasoning:
residual shaking force,

has, according to Newton's law for systems of rigid bodies,

This procedure furnishes the identical results whether

This may be
Whenever there is a

the force equal and opposite to it

21

(2.6)

The required kinematic relationships are reproduced in

Appendix I.
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the same magnitude as the vector which represents the
product of the total mass of the mechanism and the vectorial
acceleration of its total center of mass. This net force

of the ground on the mechanism remains the same whether or
not friction is present. (Of course, the individual ground
pivot forces are changed when cognizance is taken of bearing

friction in a mechanism,)
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C. Generalization Of Theory Of Full Force Balancing Machines

The following shows that the principle of the four-bar
linkage balancing machine may be extended to all planar
single degree of freedom linkages in which no group of links
produce identical kinematic terms at all times and which
meet the balancing criterion given by F. R. Tepper and
G. G. Lowen [75]. This criterion states that "A planar
mechanism without axisymmetric link groupings can be fully
force balanced by internal mass redistribution if, and only
if, from each link there is a contour to the ground by way
of revolutes only”.

The following generalization will focllow the same line
of reasoning as used in Appendix B where it was shown that
the general mass-distance products Pj and Qj can be found
from the repeated application of shaking force component
equations which are made up of linearly independent terms.
This linear independence is again assured by the use of
constraint equations which have their origin in the double
differentiation of the applicable mechanism loop equations.
As before, the values of the kinematic terms and the shaking

force components must be known from experimentation at the

applicable mechanism positions.
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The generalization of balancing machines will first
be shown for linkages which contain only revolutes.
Subsequently, it is extended to mechanisms which also

contain sliders.

1. Generalization For Mechanisms Containing Revolutes Only

In order to derive the shaking force equation for an
n-linked mechanism containing revolutes only (for a typical
case, see loop 0O;ABO, of Figure 2,2), F. R. Tepper and
G. G. Lowen [76] showed that the mass-distance product

associated with its center of mass is given by:

*

n-l k .
Mty = 3 [mjrjeioj + 2 (mheia)kj] el®) + a (2.7)
j=1 k=1

In the foregoing, there will always be n-l terms of
the type mjrjeiaj , which refer to the mass-distance
products of the individual link centers of mass with respect
to their body-fixed origins. The k* terms containing
the constant coefficients (mheia)kj represent the k"
mass-distance products which involve the fixed pivot=to=-pivot
vectors heia (such as bzeia2 in Figure 2.2). They
occur only when the description of the center of mass

trajectory of a specific link includes the fixed pivot=to-pivot

distances of another link (for example, when the center
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of mass trajectory §g2 is defined by way of the contour
OZBAS2). Finally, d 1is a constant mass-distance vector.
Double differentiation, change of sign and rearrangement

of the above furnishes, according to Newton's law, the

following shaking force component equationslz

n-1
El[(!(jcoa’fj )Aj - (stin'}'jo)Bj] - —Mi:sxj - FWij (2.8)
and
n-1
EEstian)Aj + (choan)Bj] = "M.r.'sy = Fm/G (2.9)
=1 ] Y3
k*
where Ay = myrycoséy + égi(mh)kjcosakj
k*
Bj = mjrjsinaj + égi(mh)kjSi“‘kj

-4 ¢.2
Kj"\/"’j * %y

Yj = ¢j - ¢j

' =1 ;3

¢j = tan -‘;T
J

1
Equations (2.8) and (2.9) hold regardleas of whether or not
friction in the various bearings is taken into account.
See page 21,



Each of the component equations consists of a sum of
2(n - 1) terms with constant mass-distance products. Many
of these terms are proportional to each other. It will now
be shown that this proportionality can be eliminated by
making use of the doubly differentiated component forms of
the %-- 1 independent loop equations associated with an
n-linked mechanism [57].

The rth independent loop equation of such a mechanism

containing revolutes only may be resolved into the following

component form:

n
j{:lhrjcos(arj +85) =0 (2.10)
and n
jglhrjsin(arj +$5) =0, (r=l,2,..., == 1)
(2.11)

Double differentiation of the above results in the

following component form:

n=l
- Zhrjf(jc‘:’ﬁ(“rj + Yj) = 0 (2.12)

j=l

anda nel
- L hoyKysin(apy + v4) = 0 (2.13)

j=l

27
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with ( g-- l) loop equations there will be 2({ %-- 1l)
constraint equations of the above type. The simultaneous
application of these constraint equations to each of the
shaking force component expressions reduces the number of

terms in these expressions to n , i.e.
n
n-2(n-1)-2(3-l) (2.14)

The resulting expressions are:

n/2 ]
Z:l[(l(jcos“/j)Pj - (stinvj)Qj_ = FWij (2.15)
J-

n/2

jzl[(stian)Pj + (Kycos 7y .\Qj: = FM/GYJ' (2.16)

and

In the above, the general mass-distance products Pj
and Qj, which again must be determined to obtain the
corrective mass-distance products APj and AQj , are

of the following form:



n-1
Py = mypy + 2 Eyymyrycos(oy,y + 6y)
w-'z‘- +1
k* n=1
+ z& [(mhcosa}kj + ) fwy (mh )y cos o,y + “kw)]
K= n
we=y *1 (2.17)
and
n=-1
Q4 = myqy + D friMwEwsinle s + 60,)
w= 41
- 2
x n-1
b a o o
+ 2 [(mnsina)cy + nf_j £,4(mh )y sinloy; + kW)]
w=s tl (2.18)
The fwj and ’wj terms represent constants which result

from the elimination of the linear dependence,

Because of the use of constraint equations, each of
the above force component expressions is made up of a sum
of n linearly independent terms. Both expressions are
linearly independent of each other since they represent the
orthogonal components of a single vector.

In order to solve for the n corrective mass-distance

products, it is neceasary to use % pairs of shaking force

component equations, of the form of equations (2.15) and (2.16),

for g- mechanism positions for which all kinematic and

29
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shaking force component values are known from experimentation.
The resulting set of simultaneous equations takes the

following matrix form:

p— — — g —

Kllsinrll Kllcosvll > e = Kglsinvgl Kglcoarnl Q1 FM/GYI

Kl gc o8 Ylg _Kl gs in ?lt_l « - - Kngc os Ynn -Kggs in ?gg pg FM/Gxn

2 2 2 22 22 5
2 2 2 2 22 22 22 ZZJ 2 EJ

The second subscript in the above expression refers to the

% mechanism positions.

Each of the resulting n row vectors of the coefficient

matrix is linearly independent as long as no groups of the

%. 1inks produce identical kinematic terms for all <%

positions of the mechanism. Thus, the matrix has rank n
and may be solved uniquely for the n general mass-distance

products Pj and Qj'



With the Pj and Qj terms now avajilable, the corrective
mass-distance products aPy and 8Q (and therefore the
corrective masses mjc ) required to eliminate the residual

imbalance are found from:

pj + an = 0 (2.20)

i =1,2,...,
and Qj + AQj = 0 (2.21)

NS

2. Generalization For Mechanisms Containing Both

Revolutes And Sliders

For an n-linked mechanism which contains s sliders
in addition to revolutes (see Figure 2.2), the mass-distance

product associated with its center of mass is given by:

n=l-s *

k .
ie ia i¢
ME, = 3} f(mirie 3 + Y (mhe )y le 3
s =1 [ 3% =1 k]

8
+ 2 (m'(t)eiﬁ)uje“j] +d (2.22)
us=l

The s time dependent mass-distance products (ma'(t)eiﬁ)uj

are due to the variable "link lengths" asscciated with the s

sliders (for example, see eaz'(t)ci‘s2 in Figure 2.2). All

other terms are identical to those given in equation (2.7).

3l



For each of the 8 sliders in a balanceable mechanism
there is a loop equation which contains only one time

dependent term, i.e.:

n
ar'(t)ei(ﬁr by + z:r&dei(arj ¥ ¢j) = 0, (r=1,2,...,8)
jml (2.23)

These 3 loop equations are now used to eliminate the
time dependent mass-distance products in equation (2.22).
This results in an expression similar to equation (2.7)
containing (n -1 - 8) terms with constant mass-distance

products in addition to the constant:

n=l-=g x'

i ia i -
ME_ = 3 [mjrje aj + 2 (mhe1 )k;]e * + d (2.24)
j=l k=]

(Note that the use of the loop equations leads to a greater
number of terms of the type mheia .)

Again, following the procedure outlined in the previous
section, the above expression is doubly differentiated and
put into component form. Each of these component expressions
now consists of a sum of 2(n - 1 - 8) 1linearly dependent

terms. These are made linearly independent with the help

of 2(%-- l - s8) component constraint eguations of the type

32



of equations (2.12) = (2.13) which are obtained from the
remaining (%-- 1 - s8) independent loop equations. The
resulting number of linearly independent terms in the

shaking force component equations will again be n, since
n-2(n-1-s)-2(%-l-s)

These final expressions are identical with equations
(2.15) and (2.16) and the n corrective mass-distance
products may again be obtained with the help of equation (2.19)

with its associated matrix of rank n.

33
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III. A PRACTICAL BALANCING MACHINE FOR FOUR-~BAR LINKAGES

A. Introduction

The following reports on the development of an actual
force balancing machine capable of fine balancing a four=-
bar linkage.

Because of the experimental errors inherent in the
determination of the shaking force components and the various
necessary kinematic quantities, it was not possible to proceed
completely along the lines of the theory given in Section II-B.
Whenever the general mass-distance products Pj and Qj (4=1,3)
were evaluated for a given set of two angular positions,
according to equations {2.6), the results differed from those
obtained for any other set of two angular positions. Thus, it
became clear that a method for determining these quantities,
which makes use of many sets of observations, had to be
developed.

Section B shows that this problem may be interpreted as
one of finding the best possible solution to an overdetermined
system of balancing equations. It further outlines how
solutions may be obtained by both a minimax and a least

1
squares approach .

lThis was accomplished for both cases with the help of an
existing Augmented Lagrangian optimization program (Harwell
Subroutine Library, VFOlAD). While more conventional programs
could have been used for these solutions, it was found most
convenient to formulate these problems for the above program
since it was used in other parts of this dissertation.



35

Section C gives a description of the experimental
apparatus and explains the methods by which data are
obtained.

Section D shows examples of both minimax and least
aquares fine balancing procedures. Wwhile both approaches
furnished considerable reductions of the shaking force
components of a theoretically fully force balanced mechanism,
the minimax method led to the greater reduction of these
components.

Section E gives a detailed discussion of the sources
of the experimental errors and concludes that there is
good reason why the minimax method furnishes the more
desirable results.

Appendix C shows the use of the Harwell code as well
as its adaptation to the minimax approach of finding the
best possible solution to the overdetermined system of
balancing equations.

Appendix D shows the adaptation of the same program

to the least squares approach.



B. Adaptation Of Balancing Machine Theory

Since, as stated earlier, due to experimental errors,
more than two sets of data must be employed for the
determination of the general mass—-distance products Pj and
Qy (4=1,3), the following overdetermined system of balancing

equations, based on equation (2.6), results:

-K11c°3711 -Kj18invy; Kijcosvgg -K3lsin73;..P; _FM/Gx;1
Kyy8invy; Kyjcosvy; Kgysinvg; Kjyjcosvyal|| Q1 FM/GY1
: ) : o
: : : Co e |
KimCo8 Y1y =KypmSinv g, Kj,co08745,, 'K3uFin7&4 - FM/me
i KimSinYi, Kipc0871,  Kysinvg, Ky cos 73'3 _FM/GY@

where m represents the total number of pairs (i.e. angular
positions) of data chosen.

The solutions of the above system will furnish values
for the P.

]
the matrix equations approximates the right hand side

and Qj terms such that the left hand side of

either in a minimax or a least squares sense at all chosen

positions,

36
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Figure 3.1 shows the above from a different point of
view. The solid curves represent purely experimental values
of the shaking force components FM/GX and FM/GY as
plotted against the crank angle ¢1. The dashed curves
stand for computed values of these forces. They are
obtained with the help of experimentally determined angles,
angular velocities and accelerations of the input link.

The Pj and Qj terms in these expressions are chosen such
that the differences AF, and AFY between the two sets
of curves are minimized according to a minimax or a least
squares criterion.

Both of these approaches will now be discussed. The
results of their actual implementation are shown in Section D.

(The use of the Harwell program for this purpose is shown

in Appendices C and D.)

1. Minimax Balancing Optimization

The maximum value of the differences A4F, and AFY
between the sets of shaking force curves is minimized in
this approach.

To accomplish this by way of the Augmented Lagrangian

37
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program, the square of the differencesl AF, and aFY
are constrained at m values of the input angle ¢; to
be less than or egqual to a new variable z. This variable

represents the objective function which is to be minimized.

In equation form, the above becomes
minimize =z (3.2)

by the optimal choice of Py, Q. Py and Qq, subject to
the following inequality constraints:
2
( aFy ) £ 2 ‘

i L (i=1,2,....m) (3.3)

2
<
( AFYi) < z

whera ﬂin = chi - FEXi

AFYi = PCYi - FEYi

and

ith

chi = computed value of shaking force component FM/Gx

th
FCYi = i computed value of shaking force component FMWGY

1The reason for constraining the squares of these differences
between the curves, rather than the actual differences or
the absolute values of the differences directly, lies in the
nature of the optimization program. In essence, the
absolute values of the differences are constrained.



FEXi = jth experimental value of shaking force component FM/Gx

FEYi = ith experimental value of shaking force component FM/GY

The subscript 1 indicates that the constraints are evaluated

at the m mechanism positions.

2. Least Squares Balancing Optimization

In the least sguares approach, the sum of the squares
of the differences 4aF, and AFY are minimized at the m
mechanism positions. This sum also represents the objective

function. Thus formally,

m
minimize 3 [( aFg;)? + ( aFy?] (3.4)
i1



Cc. Balancinggyachine Design And

41

Instrumentation

The following describes the
balancing machine as well as the

required test data are obtained.

1.

design of the experimental

manner in which the

Basic Configuration Of Balancing Machine

Figure 3.2 shows an overall

view as well as a schematic

of the experimental balancing setup while Figure 3.3 gives

photographs of the final configuration.

are listed in Table 3.1.

All components

The variable speed DC motor, whose armature becomes

part of the input link of the mechanism,

of the force platforms while the
support is mounted on the other.

attached to the flywheel portion

is mounted on one
output link ground bearing
The coupler link is

of the input link. Both

input and output links carry circular counterweights which

are designed according to the Method of Linearly Independent

Vectors [8] In addition, each
four symmetrical balancing holes
their axes of revolution., These
to receive the correction masses

distance products Apj and AQj

of these links contains
at known distances from
serve, depending on need,
associated with the mass-

(i=1,3).
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Figure 3.3t Photographs of Balancing Setup
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Motor

Motor Speed
Control

Force Platforms

Amplifiers

Fiber Optic Probe

Angular Encoder

Electronic Counter

Electronic Filters

Oscilloscope

44

Westinghouse
DC Type FK, 1/6 HP

Boston Gear
Radiotrol 1/3 HP Motor Speed
Control

Kistler Instrumente, A.G.
Three Component Measuring Platform
Type 9257A

Kistler Instrumente, A.G.
Charge Amplifier, Type 5001

MTI Instruments Division
Fotonie Sensor
Model KD-38

Theta Instruments
Optical Incremental Shaft Encoder
Model 05-=720-3

Hawlett=-Packard
Timer-Counter
Model 5326 A

Krohn-Hite Corporation
Electronic Filter
Model 3750

Tektronix
Dual Trace Storage Display
Model 5103N/D1l

Table 3.1: Eguipment Used In Experiment
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The piezocelectric force platforms furnish the X
and Y components of the ground bearing forces of the
input and output links.

The fiber optic probe together with the reflecting
strips on the flywheel are used for the determination of
the angular position of the input link.

The angular encoder, which is driven directly by the
armature shaft of the motor, supplies the signal for the
instantaneous angular velocity measurement of the input link.
It is also used in conjunction with an electronic counter
to obtain the average angular velocity for one mechanism
cycle.

Figure 3.4 shows the important dimensions of the
linkage, including the locations of the balancing holes
and of the centers of the circular counterweights. In
addition, it indicates the position of the edge of the
"zero~-degree" reflecting strip with respect to the axis

A (see Section 2b below). Table 3.2 lists all link

oM
mass parameters before and after the theoretical full force
balance.

In order to solve for the correction masses, it is
necessary to xnow, in addition to link dimensions, the

magnitudes of the shaking force components together with

the corresponding values of the input link angular velocity
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Table 1.2:

Experimental Mechanism Data

Before Thecoretical Balance

After Thecoretical Ralance

Link } Link 2 Link 3 Link } Link 3
P1O=  .046 in pyOo=p,= 4.950 in[py0= .i42 infp;*=-2.702 injp;=- .105 in |py*=-1.813 in [py=- .545 in
419= 0.0 in  |g;0=qy= 0.647 in|y3°= .00l infq,*= 0.346 infg = 0.019 in [g3"=-0,204 in fyy=- .071 in

.103 *‘20=mz= ]n30= '1.= T‘1= h3*= r\3=
274.041x10-% | 36.503%x10-4 75.855x10-9 | 15.933x10"? [289.964x10™*% | 41.08exi0"% H16.943x1074
lb-sec?/in lb-sec2/in lb-sec?/in 1b-sec?/in 1b-sec?/in lb-sec2/in \b-sec2/in

LY
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and acceleration as functions of the input link angle.
The method of measuring these guantities will now

be discussed.

2. Instrumentation And Data Evaluation

a. Shaking Force Components

The shaking force components FM/Gx and FM/GY are
ocbtained by adding the respective X and Y components
of the ground bearing forces. These signals, once processed
through charge amplifiers, are fed directly into the dual
trace oscilloscope., When filtered traces are desired, a
low pass electronic filter, adjusted to eliminate signals
above 30 Hz, is used. {For typical unfiltered and filtered

traces, see Figure 3.7.)

b. Input Link Angle

The flywheel carries 72 equally spaced reflecting
strips which return the light of the fotonic sensor. The
light beam is of sufficiently small diameter so that the
probe is capable of furnishing a clearly defined signal on
the oscilloscope as soon as the leading edge of the reflecting
tape crosses the beam. (See the spiked signals on the

bottom of the photographs in Figures 3.6a and 3.6b.) The



alignment of the reflecting strips was guided by radially
engraved lines on the flywheel. The first of these accurately
placed 5 degree lines coincides with the axis AjA; which
is used to define the input angle ¢y -

When ¢, equals zero, the leading edge of the
"zero-~degree" reflecting strip coincides with a vertical
line through the center point AO‘ Figure 3.4 shows this

reflecting strip located to the left of this line which is at

49

90 degrees to the axis Agh,. This configuration is necessitated

by the counterclockwise rotation of the link. 1In order to

make sure that the signal indicating the zerc position is

initiated at the correct point, the probe is adjusted

while the mechanism is clamped to make line AnA; horizontal.
The angular encoder could not be used for this purpose

since no simple alignment for the zero position could be

devised.

c¢. Instantaneous Input Link Angular Velocity

The instantaneous input link angular velocity is
obtained by determining the time intervals between the
one-half degree signals from the angular encoder with the
help of a digital counter. Subsequently, this count is

converted to an analog voltage. Thus, the shorter the time,
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the lower the voltage. Because of the nature of the counter
and the digjital-to-analog converter, it was necessary to
correlate the voltage range to a given interval of angular
velocities, Since the mechanism was run at speeds between
100 and 150 RPM, the 10 volt range had to correspond to
time intervals of between 1/1200 to 1/1800 of a second’.
Figure 3.5 illustrates the appearanc; of the velocity=voltage
trace on the oscilloscope screen in relation to the input
link angular position signals. The zero voltage line
corresponding to 150 RPM is on top of the figure, while,
due to an inverted voltage scale, lower speeds, as expressed
by higher voltages, appear further down.

The determination of the angular velocity at point A

of the above figure now serves as an example of the conversion

of voltage to angular velocity:

a. Measure the voltage V, with the help of the
oscilloscope acale.

b. Convert this voltage to time:

v
1 A 1 1 :

t B eve— el — - ! .("
1800 (10) ( 1200 1800 ) \3.5)

1The time for each of the 720 one-half degree intervals is

1
12xXRPM

(sec) .

given by t =
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FIGURE 1.5: DETERMINATION OF INSTANTANECUS ANGULAR VELOCITY
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c. The angular velocity corresponding to this

time interval between one-half degree signals

is given by:

60
720t

RPM =

o 2n

or ¢l = T30C (rad/sec) (3.6)

d. 1Instantaneous Input Link Anqular Acceleration

Once the instantaneous angular velocity ;1 of the
input link has been determined experimentally for all of
the 72 five degree positions ¢1, it is expressed in the
form of the Fourier series ;1 = f(¢1) . This series is
differentiated with respect to time to obtain the instantaneous

input link angular acceleration ;i , lL.e,

.e af .
3 (¢)

d#,;

{(3.7)

The value for Jl is taken from the experimental data.
This is accomplished by computer program FOURIE which
is reproduced in Appendix C along with the Augmented

Lagrangian package.
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D. Experiment And Application Of Balancing Optimization

Techniqggs

The following section shows how the experimental data,
cbtained from the theoretically balanced mechanism, are
used in both the minimax and least squares fine balancing
approaches. It further illustrates that the results of both
methods lead to considerable shaking force reductions by
way of the associated correction masses. The computational
details of the minimax optimization are described in Appendix C.
{This appendix also serves as an example of the use of the
Augmented Lagrangian optimization program.) Appendix D
shows the details of the program modifications for the
least squares balancing optimization.

To put certain experimental procedures into proper
perspective, the experience gained in connection with the

unbalanced mechanism is discussed first.

1, Experience With Unbalanced Mechanism: Motor

Vibrations And Speed Variations

Figure 3.6 shows oscillograms of the shaking force
components of the unbalanced mechanism running at an average

speed of 120 RPM, together with the associated angular
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position signals of the input link. (Note that in all
shaking force oscillograms, the downward direction is
positive.)

The superposed 120 cps wave is due to the vibrations
of the DC motor which runs on a rectified 60 cps AC current.
This effect, which is due to the magnetic contraction of the
motor housing, becomes more pronounced as the force signals
require greater amplification with improved force balance.
Since this "noise" could not be excluded without totally
changing the experimental setup and since electrical
filtering distorts the cutput, it was decided to use
graphically faired versions of these experimental curves for
computational purposes.

Figures 3.6a and 3.6b also show comparisons of such
faired experimental and ccmputed force component curves of
the unbalanced mechanism. {(The computations were made with
the parameters of Table 3.2 for a constant speed of 120 RPM.)
These comparisons indicate that the experimental values of
the forces exceed the computed ones by as much as 25 and 34
percent for the X and Y components, respectively. Investigation
showed that a good part of this difference may be attributed
to the variation of angular velocity during one mechanism

cycle. This varlation is even more pronounced for the
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theoretically balanced mechanism, and it became clear early
in the investigation that this change in angular velocity
had to be determined and included in the computations.

(See Section C=2-c for the actual experimental determination

of the instantanecus velocity.)

2, Theoretically Balanced Mechanism

Figure 3.7 shows original, filtered as well as faired
traces of the theoretically balanced mechanism when run at
an average velocity of 120 RPM, (See Table 3.2 and Figure 3.4
for design data.)

The maximum shaking forces are (0.480 pounds and
=0.590 pounds in the X and Y direction, respectively.
These surprisingly large residual shaking force components
furnish the justification for the present investigation.
In addition to the shaking force components, Figure 3.7
gives simultanecus five degree angular position signals of
the input link as well as the associated voltage-velocity
trace. (MNote the intentional enlargements of the angular
position signals at 0, 90, 180 and 270 degrees.)

Table 3.3 lists force, angular velocity and angular
acceleration values for each five degree interval of the

input link angle ¢, . The values for angular velocity
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and acceleration were determined by the methods of Section C-2-¢
and C~2-d, respectively. (See also program FOURIE in
Appendix C-3-b.) This table furnishes the data for the

minimax as well as the least squares balancing optimizations.

3. Results Of Minimax Balancing Optimization

This section gives the results of the minimax balancing
optimization. Equations (C.9) in Section 3-d& of Appendix C
gives the following values for the "minimax"” mass-distance

products P. and Qj {(j=1,3):

]
P = -50.85 x 107  1b-sec?
Q, = =57.56 x 107>  lb-sec?
(3.8)
-5 2
P3 = 181.98 x 10 lb-sec
Q, = 21.95 x 10”5 lb-sec?
According to equations (2.2) - (2.5), the mass~distance
products of the correction masses then become:
c -
APy = mlpc(pl }) = 50,85 x 10 3 lb-sec2
c, ¢ -5 2
aQ, = Mg (ql }) = 57.56 x 10 lb=gec
(3.9)

o) c =5 2
AP3 - m:,'lp (p3 } ==181.98 x 10 lb=sec

5 2

A03 = m3qc(q3c) = =21.,95 x 10~ lb=sec
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With the values for p;° and qic (i=1,3) as given

in Figure 3.

Figure

4 the four correction masses are computed to be:

- 2
AP 5 - -
1 _ 50.85x10 = 14.53xL0 5 (lb sec )

plc 3.500 in
at the positive plc location

aQL _ 57.56x10"> - 16.45x10-5 (lb-secz)
qlc 3.500 in .

at the positive q; location

(3.10)

APy _-181.98x107% .. .. 075 lb-sec?
p3c 1.375 in .

at the negative P3 location
493 _ -21.95x107 o 15 sexlo (1b-sec2
q3c 1.375 ) in

at the negative q3c location

3.8 shows a photograph of the installed correction

masses as they appear in both the input and output links.

Figure 3.9 gives a comparison of the filtered shaking force

components before and after minimax fine balancing at the

same average input velocity of 120 RPM,

The maximum shaking force components are now

FM/GX = ,174 1b and FM/GY = =,215 1b. This represents

a reduction

of approximately 65 percent for each of the

components when compared to the theoretically force balanced

case. (See Section 2 above,)



Correction Masses

Figure 3.8: Photograph of Minimax Fine-Balanced
Experimental Mechanism Showing Correction
Masses Installed
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(All Force Scales: 0.5 1lb/div)

Figure 3.9: Comparison of Filtered Shaking Force Components Before and After Fine
Balancing By Minimax Optimization Method (Average Input Speed: 120 RPM)
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4. Results Of Least Squares Balancing Optimization

This section reports on the results of the least
squares balancing optimization. Equations (D.6) in Section 3
of Appendix D give the following values for the "least squares"

mass-distance products Pj and Qj (§j=1,3):

P, = -56.25 x 107°  1b-sec?
Q, = -51.81 x 10>  1b-sec?
(3.11)
P, = 158.42 x 10'5 lb-sec2
Q, = 0.36 x 107° 1p-gec?

According to equations (2.2)-(2.5), the mass-distance

products of the correction masses then become:

c c -5 2
AP; = mlp (p1 ) = 56.25 x 10 lb-sec
c c -5 2
AQl = mlq (q1 ) = 51,81 x 10 1b=-sec
" (3.12)
c c -5
AP, = LE (p, ) ==158.42 x 10 lb-sec

c C -5 2
AQa = m3q (q3 ) = =0.36 x 10 lb=gac

With the values for pic and qic (i=1,3) as given in

Figure 3.4, the four correction masses are computed to be:
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-5 2
c APy 56.25x10 -5 , lb=-sec
™, === T = 16.07x10 (——i—n—-—)
pl *
at the positive plc location
m e _ AQq - 51.81x10-5 - 14 BOxlO-s (lb-secz)
c L]
q a, 3.500 in -
at the positive q; location
{(3.13)
c 4P3 -158.42x10"° -5  lb-sec’
my = = - = 115.21x10 (~— )
P p3C 1.375 in
at the negative p3c location
-5 2
e AQ; -0.36x10 -5 1lb-~sec
Myg ™ — ™ =  0.26x10 (——r——-—)

at the negative q3c location

Figure 3.10 gives a comparison of the filtered shaking
force components before and after least squares fine
balancing at the same average input velocity of 120 RPM.

The maximum shaking force components are now
FM/Gx = ,241 1b and PM/GY = =~,243 1lb. This represents
a reduction of approximately 50 and 60 percent, respectively,
for each of the components when compared to the theoretically

force balanced case,
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Figure 3.10: Comparison of Filtered Shaking Force Components Before and After Fine

Balancing By Least Squares Optimization Method (Average Input Speed: 120 RPM)
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E. Discussion Of Results

The following sections first discuss the sources of a
number of experimental inaccuracies as well as their influence
on the magnitudes of the shaking force readouts. Subsequently,
the two optimization approaches are compared in the light
of these experimental inaccuracies and it is concluded that
the minimax method is to be preferred since it furnishes the

lowest residual shaking forces after fine balancing.

1. Sources Of Experimental Inaccuracies

a. Motor Vibration

As discussed in Section D=1, a 120 cps vibration of
the motor was responsible for the superposed wave of
approximately 0.1 lb. in amplitude in the shaking force
readoutsl. The necessary use of faired shaking force component
curves clearly represents a scurce of inaccuracy.

The direct mounting of the motor on one of the force
platforms is the result of a design compromise. In an
earlier version of the setup, the motor was mounted separately

and its moment was transmitted to the input shaft of the

1T'his motor vibration due to the rectified AC current was
also found in another motor of higher horsepower.
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mechanism by way of two universal joints. The input shaft
bearing assembly was mounted on the force platform in the
manner of the present output shaft bearing assembly (see
Figure 3.2). Because of the inaccuracies of the universal
joints, certain forces, in addition to the moment, were
transmitted. These forces, which were then picked up by
force platform, were sufficiently large toc obliterate the
shaking force component readings.

An improved signal-to-noise ratio might have been
obtained if one could have run the mechanism at higher
speeds. The clearance in the motor bearings made speeds
much above 120 RPM impossible since the resulting impacts
at the crank reversal points distorted the force traces
even more than the motor vibrations.

In order to exclude the motor vibration as well as

the unwanted force transmission from the motor, it would

be best to redesign the setup such that the motor is mounted

off the force platform and that it is uncoupled from the

mechanism while the force readings are taken.

b. Cross Talk In Force Platforms

According to the manufacturer, the component charge

outputs of the individual force platforms are subject to

67
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cross talk, i.e. the ocutput due to the force in one direction

is influenced by that in the other. The specification

sheet shows the following relationships:

where

Fry

Fagx + -002F34y (3.16)
Fyqy + -009F34x (3.17)

X component output of left force platform

Y component output of left force platform

X component output of right force platform

Y component output of right force platform

This type of error may become significant with the

present two=-platform design since, at certain points in

the cycle, the bearing force components become dquite large.

It might be reduced by mounting the entire mechanism on a

single force platform. In such an arrangement, the sums of

the bearing force components would be measured directly.
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Since these sums are much smaller than the individual
components, the effect of the cross talk will also be

considerably reduced.

¢. Ground Bearing Force Addition

The shaking force components were obtained by the
addition of the appropriate individual force platform
charge outputs. Because only two charge amplifiers were
available, it was necessary to add the respective component
signals before they entered these amplifiers. Since each
component force pickup of a given platform requires a unique
predetermined charge amplifier setting, the addition of the
gsignals makes it imposaible to obtain the correct setting for
both force gauges simultanecusly. On the suggestion of the
manufacturer, an average setting was chosen, even though
this causes the component outputs of the left (input link)
platform to read somewhat higher than the actual value. The
opposite effect occurs for the output of the right (output link)
platform.

It will now be shown that this condition leads to an
error which is proportional to the sum of the absolute

values of the individual ground bearing force components.
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For this purpose, let

F;, = output of left force platform (X or Y

component force)

Fp = output of right force platform (X or Y

component force)

and K = percentage error of individual bearing force
component readings, assumed to be common to

both platforms,

The resulting reading, FTOT' of the sum of the bearing

force components in a given direction is then given by:

Frop = (1 + K)FL + (1 - K)Fp {(3.18)

If the actual shaking force component is

represented by

R = F + Fp (3.19)

equation (3.18) becomes:

Fpor = R + K(F = FR) (3.20)

Since, near or at full force balance, F; will always

have a sign opposite to that of Fg, the above clearly shows
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that the absolute magnitude of the error term K(F; - Fp)
becomes largest when the magnitudes of the bearing force
components are at their maxima. Thus, the reading at
¢, = O degrees becomes more distorted than at all other
positious.

To avoid this distortion, it would again be best to

use only a single force platform.

2. Influence Of Cross Talk And Addition Errors On

Magnitudes Of Experimental Shaking Force Readouts

Evidence (not shown here) from certain computer runs,
in which the judicious variations of mass~distance products
were made, indicates that the experimental results near
¢1 = () degrees are more exaggerated than at all other
positions. (See Figure 3.6 for unbalanced mechanism and
Figure 3.11, which is used in conjunction with the fine
balancing optimizations.} It will now be shown how a
combination of cross talk and addition errors contributes
to this exaggeration.

The approximate magnitudes of the ground bearing force

components of the theoretically balanced mechanism, at

¢l = 0 degrees, are:
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1b F34Y:~.¢-2.5 1b and FM/GY::-O.S 1b

The absolute values of the above components represent

maxima for the cycle,

Due to cross talk alone one obtains, according to

equations (3.14)-(3.17):

= 10.2

Foy = -2.5

With these

and Cy, become :

- .003(2.0) = 10.194 1b (3.21)
- .002(10.2) = 1,980 1b (3.22)
+ .002(-2.5) = =9,805 1b {3.23)
+ .009(-9.8) = -2,588 1b (3.24)

values, the cross error components, Cx

(10.194 = 9.805) - ,400 = =-,0l1 1b (3.25)

y = (Fpy + Fpy) - FM/Gy

= (1,980 - 2.588) + .500 = =,108 1D (3.26)

Thus, the cross talk error is larger for the Y component

of the shaking force than for the X component.
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Now consider how the addition error further influences
the magnitudes of the final shaking force components. With
the assumption that the percentage error of the individual
bearing force component readings is represented by K=.005,
substitution of the results shown in equations (3.21)-(3.24)
into equation (3.18) yields the following wvalues for the

shaking force component readings:

F, = 1,005(10.194) + ,995(-9.805) = .489 1b
TOTx
FTOTY = 1,005(1.980) + .995(-2.588) = -,585 1b

Thus, the X component reads too high by .089 1b (.489 1lb vs,
.400 1b) while the Y component is too negative by .085 1lb
(-.585 1b vs. =.500 1b)*.
Investigation, using equation (3.20), showed that after
the addition of c¢orrection masses, i.e. at oOr very near to
full force balance, there will be a reading error of
esgentially the same magnitude as long as the same instrumentation

is used (i.e. K remains unchanged).

1
For comparison with the oscillograms, recall that the

direction of the positive axes is downward.
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3. Comparison Of Optimization Methods

In order to compare the relative advantages of the
minimax and least squares methods, it is necessary to
consider how well the curves associated with each of these
methods, and which are used to determine the correction
masses, approximate those obtained from experimentation,
Further, it must be kept in mind that the experimental
values are most exaggerated at ¢, = O degrees, as has been
discussed in the previous section. Figure 3.11 shows
such comparisons for both methods.

The minimax method, as might be expected, makes the
differences between the experimental and optimized curves
essentially equal. For the least squares approach, these
differances in each of the shaking force components are
largest near ¢; = O degrees. In addition, when compared
to the minimax case, the absolute magnitudes of these
differences are greater near ¢; = 0 degrees and somewhat
smaller near ¢; = 90 and 180 degrees.

These results are consistent with the fact that the
exaggeration of the experimental readings are most pronounced
near ¢1 = 0 degrees. The minimax approach would give equal

weight to all the data and attempt to equalize the differences
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between the curves. The least squares approach puts less
weight on a single area of exaggerated readings and thus
furnishes a somewhat better match at the remaining portions
of the curvesl.

Even though the minimax method may somewhat overcompensate
at ¢, = 0 degrees due to the greater exaggeration of the
experimental values associated with this position of maximum
shaking force components, it nevertheless reduces the
magnitude of the shaking force components more than the
least squares method. In view of the fact that these
desirable decreases in the maximum values are not accompanied
by substantial increases in the shaking force components
at other locations during the cycle, one may conclude that
the minimax method is to be preferred. This latter point
especially holds in comparison with the mid-cycle results
of the least squares method. (The above may best be seen
by comparing the oscillograms of Figures 3.9 and 3.10.)

Finally, it should be noted that, because of the
various experimsntal errors, no improvement could be osbtained

by a sacond fine balancing run.

Notwithstanding all of the above limitations, the

1

Computations which attempted to compensate for the errors
at él = 0 degrees alone resulted in a small improvement in
the matching of these curves.



reductions in the maximum shaking force as obtained by

both methods are most gratifying.
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IV. A NEW METHOD FOR PRESCRIBING THE MAXIMUM SHAKING
FORCE OF A FOUR=-BAR LINKAGE WITH FLEXIBILITY IN

COUNTERWEIGHT DESIGN

A. Introduction

This section presents a new two-counterweight method
of partial force balancing of a four-bar linkage which
allows the designer to realize a prescribed value for the
maximum shaking force anywhere between zero and an inherent
upper limit. By taking advantage of a certain mathematical
property, which has been called the equigollent circle
constraint equation, it is possible to attain the identical
prescribed maximum shaking force for a wide range of output
and associated input link counterweight configurations.

This technigque, which is generally only applicable to
constant speed mechanisms, builds upon a Chebyshev=type
partial balancing method, first given by Ya. L. Cheronimus [25]
which only uses an input link counterweight. (For a brief
review of this work of Gheronimus, see Appendix E.) The
equipollent circle constraint equation, which allows
flexibility in counterweight design for a prescribed
maximum shaking force, represents an adaptation of a

parallel concept, used by G. G, Lowen and F. R. Tepper'[§2]
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to prescribe the RMS shaking force.

In the method of Gheronimus, the shaking force expression
is divided by the instantaneous input angle, which has the
effect of projecting the shaking force hodograph onto the
input link. The resulting hodograph now consists of a constant
vector which represents the shaking force contributions
proportional to the square of the input link speed, while
the contributions of the coupler and output links are
represented by a rotating vector of variable length. In
order to reduce the maximum shaking force, a counterweight
is added to the input link which is proportional to the
distance from the origin to the "center” of the hodograph.

To this end, the smallest circumscribing circle to the
hodograph is determined. Its center represents the Chebyshev,
or best uniform, approximation to the given hodograph by

a polynomial of degree zero, i.e. a constant. The resulting
maximum shaking force is proportional to the radius of the
smallest circumscribing circle.

The present extension of this method addresses itself
to that portion of the original hodegraph which is due to
the contributions of the coupler and the output links. It

is reasoned that if the inclusion of an ocutput link

79

counterweight can reduce the size of the smallest circumscribing
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circle, the resulting shaking force can alsc be decreased
and, with that, limited in magnitude to a prescribed value.

Such a limiting procedure, which gives unique input
and output link counterweights by the direct reduction of
the circumscribing circle, is first shown.

Subsequently, the equipollent circle constraint equation
is introduced. By offering an invariant relationship
between the parameters of the output link counterweight,
it presents the possibility of accomplishing the identical
reduction in the maximum shaking force by a whole range of
counterweight designs.

The determination of the smallest circumscribing circle
as well as the coordinates of its center have been mechanized
with the help of the Harwell Augmented Lagrangian optimization
routine. Other computer programs which are based on the
appropriate design equations furnish the counterweight
dimensions for both of the aforementioned methods.

Examples involving both a 50 and a 75 percent reduction
in the maximum shaking force are given and the associated
ranges of possible counterweight designs are determined. The
magnitudes of such maximum dynamic reactions as bearing
forces, input moment and shaking moment have been computed for

each of the above reductions in maximum shaking force for a



full range of counterweight designs. While it is clear that
for some of the counterweight designs there are unreasonable
increases in these dynamic reactions, there is a substantial
range of counterweight configurations for which the variation
in these reactions is not very large. 1In light of the above,
this flexibility in counterweight configuration offers
advantages when certain space limitations have to be cbserved.
The present work furnishes the basis for the effort
in the next section where, in addition to prescribing the
maximum shaking force, a simultaneous optimization of the

maximum dynamic reactions is accomplished.
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B. Hodograph And Statement Of Problem

Equation (A.26) in Appendix A, when modified for a

constant input speed, gives the following expression for

the shaking force of an unbalanced four-bar linkage

(see Figure 2.1)1=

- o, 1i(¢, + a%)
FM/G-AKle 1 + B

o

K

3

where AC = ‘/(Plo)2 + (010)2 (See equation (A.27).)

B® = J{P30)2 + (030)2 (See equation (A.29).)

ei(73

+ 8%

where the mass-distance products Pjo and Qjo (j=1,3) are

given by equations (A.31)-(A.34) and

2
Ky = ¢

! )

-1 ¢
73- ¢3-tan —31.

(See

(See

{(Sae

(See

(See

equation

equation

aequation

equation

equation

(A.3).)

(A.3).)

(A.3}.)

(A.28).)

(A.30).)
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(4.1)

(4.2)

1The notation for parameters of balanced and unbalanced
linkages, as given in Appendix A-3, is used.
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The vector associated with the first term of the above
expression is of constant magnitude and rotates with the
constant angular velocity $1 . The vector corresponding
to the second term has a time-dependent magnitude and
rotates with a time-dependent angular velocity.

If one now divides both terms of equation (4.1) by the
unit vector ei¢1 associated with the input link, one

obtains:

o
1(73 + 8 - ¢1)

+ BoKae (4.3)

This operation leaves the magnitude of the shaking
force vector corresponding to any mechanism position intact,
while its instantaneous direction is rotated through the
angle =-¢, . (See also Appendix E.)

Figure 4.1 shows a hodograph corresponding to equation (4.3).
The constant vector OD° represents the first term on the
right hand side of equation {(4.3), while vector 53;6 stands
for the second term. The magnitude of the maximum shaking
force of the unbalanced mechanism is given by ROMAX' RS is
the radius of the smallest circumscribing circle to the
hodograph. 1Its center is located by the vector SES at

angle 35 with respect to the X-axis. As shown in Appendix E,

the radius Rg represents the maximum shaking force which
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results from a Chebyshev-type optimization involving a single
counterweight attached to the input linkt.

If one now introduces an additional output link
counterweight, one may reduce the maximum resulting shaking
force further to a value corresponding to a radius R , which
is smaller than Rg . Such a reduction may be related to the
maximum unbalanced shaking force by way of reduction

factor ., i.e.

R

(4.4)
R%Max

The following sections show the realization of this
goal. For the sake of clarity, a special case of the more
general approach will be discussed first. It involves
a proportional reduction of the hodograph which leads to
unique counterweight parameters.

The more general approach shows that a whole range of
counterweight parameters will satisfy the identical prescribed
maximum shaking force. This method involves a rotation of
the hodograph, in addition to its proportional reduction,

In either case, the radius Ry of the smallest

circumscribing circle to the hodograph of the unbalanced

This single counterweight method alone causes an approximate
35 percent reduction in maximum shaking force when applied

to a four=~bar linkage.



mechanism, according to eguation (4.3), together with the
location of the center Cg of this circle must first be
found.

The required Chebyshev criterion is satisfied by the
solution of the following minimization problem with inequality

constraints:
minimize Rg' (4.5)
subject to the inequality constraints
. 2 ' 2 -
(in - C Sx) + (FYi - C Sy) S (RS ) (4.6)

where Rg = the "trial radius" during the optimization

(with units of force)
Fki = X coordinate of equation (4.3)
FYi = Y coordinate of equation {(4.3)

c' ,C = coordinates of point C ', i.e. center of
Se’'" S s

circumscribing circle of radius RS'.

i=1,2,...,360, which corresponds to the

angles ¢; = 0,1,...,359 degrees.

Appendix F shows how this optimization, which uses the

parameters RS', C'S and C'sy as variables, may be
X
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accomplished for an example linkage with the help of the
Harwell Augmented Lagrangian optimization program. (For
program details, refer to Appendix C.)

When this optimization is completed, the objective
function RS‘ equals the desired radius Rg and the
associated point Cg' becomes the final center Cg . The

angle 3, may be obtained from

3. = tan — (4.7)
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C. Special Case Of General Solution: Simple Reduction

Of Hodograph

The prescribed maximum shaking force corresponding to
radius R is obtained by proportionally reducing the
hodograph in such a way that R Dbecomes the radius of the
resulting circumscribing circle. Figure 4.2 shows the

reduced hodograph which is traced out by vector

DE= uDE . (4.8)

The proportionality factor u relates the radius R
of the reduced circumscribing circle to the radius Rg
of the original smallest circumscribing circle, i.e.

h o= 2 r (2 1) (4.9)

Rs

where u may be cobtained with the help of equation (4.4):

(4.10)

After the reduction, the sides of the quadrilateral

D°ETC of the smaller hodograph have the proportionality

with respect to the sides of the quadrilateral DOEOTOCS of

g8



Im{Y)

FiG. 4.2 ORIGINAL AND SIMPLY REDUCED
SHAKING FORCE HODOGRAPH
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the original hodograph. Therefore, the center of the
reduced circumscribing circle of radius R is moved along

line D°Cs and may be found by:

p°Cc = uD° S (4.11)

In order to realize the prescribed maximum shaking
force, both output as well as input link counterweights

must be designed. The output link counterweight must be

such that the force corresponding to vector D°E° is

reduced to one corresponding to vector D°E . The input

link counterweight must be proportional to the vector -=0C .

1. Design Of Qutput Link Counterweight

The proportiocnal reduction of the magnitude of the

vector DPE° to D°E is accomplished with the help of

an output link counterweight. Accordingly, the second term

in equation (4.3) becomes:

D°E = BKaei(Y3 + 8 - ¢1)

(4.12)

where

Be uB = §(P3)? + (@2 (4.13)

(See equation (A.15).)
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When the counterweight parameters m3*p3* and m3*q3*
are included, as shown in egquations (A.37) and (A.38), one

obtains:
P3 = ma*p; + Pao (4.14)
and Qy = mg*q3* + Q3° (4.15)

Further, angle 8 becomes, according to equation (A.l6),

g = tan’! 9 (4.16)
Py

The simple reduction method satisfies the requirement

of equation {4.13) by letting
Pa = pP3o (4.17)
o
and Q3 = rQ; . (4.18)

The output link counterweight parameters can now be
obtained by substituting equations (4.17) and (4.18) into

equations (4.14) and (4.15). This results in:

- * ()
my Py = =(1 = u )P, (4.19)

* w® __ o
and my qy = =(1 #)Qq . (4.20)
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The above may be reduced, with the help of equations (A.2l1)

and (A.29), to give
* % o
my'ry = (1 - 4 )B (4.21)

Use of equations (A.22) and (A.30) leads to the

counterweight angle

83* = tan 1 —_ = 8 4+ x . (4.22)
L

(See Figure A.2)

The fact that the reduced hodograph has the same
relative position as the original one also reflects itself
in the angle g . When equation (4.16) is applied toc the
present case, one obtains:

-1 “030 o
B = tan —_— = f (4.23)

o
#Ps

2. Design Of Input Link Counterweight

The force due to the required input link counterweight
is represented by vector -oC at angle 3+ r . The
fellowing, which shows how the vector OC = OCeia is obtained,

forms the basis for the design of the counterweight:



a. The coptimization routine supplies the force components

(‘sx and Csy . associated with the center point Cg .

Thus, the vector OCg 1is given by:

oCg ells - J(C‘Sx)2 + (CSY)2 ells (4.24)

-1 Cg

where BS- tan =L
Cs

X

b. The vector OD° is known from equation (4.3), i.e.

— 0
op° = A%K;el® (4.25)

i3

¢. To obtain the vector OCae it is further necessary

to define the vector DOCS by way of
p°cg = OCg = OD° (4.26)

This becomes, with the help of equations (4.24) and

(4.25):

: O
D°cs otf - J(Csx)z + (C‘sy)zei’s - A°K1e“ (4.27)

o
=1 D°C
where ¢ = tan Sy

DOCSx



d. The vector oc may now be found with the help of
equation (4.11) in addition to equations (4.25)
and (4.27). Thus,

o

{

— is o i i
OC = 0Ce ’ = A Kje = + uDCge (4.28)

-1 OCy
where 4 = tan —
OCx

e. As stated earlier, the force supplied by the input

link counterweight must equal

. . +
-OCelaﬂ OCel( 8 ™) (4.29)

This suggests the following design equations:

oc
Mmooy = |5<l (4.30)
1 *1 ‘52
1
*
and 8, = 3 + (4.31)

3. Relationship To Full Force Balancing

The full force balancing results associated with the
Method of Linearly Independent Vectors [8 ] are obtained
by first letting # = 0 . Substitution of this value into

equation (4.21) and use of equation (4.22) furnishes the
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output link counterweight parameters. The radius of the
reduced circumscribing circle is now zerc and its center C
is coincident with point D° (see Figure 4.2 and equation {(4.11)).

Therefore, the input link counterweight parameters are found

by substituting oc = op° and 8§ = a® into

equations (4.30) and (4.31), respectively.



D. General Solution: Equipollent Circle Constraint

Egquation And Flexibility In Countexrweight Design

The following shows that the prescribed maximum
shaking force which the mechanism exerts on the ground
remains constant as long as the mass-distance products
associated with the center of mass of the output link
lie on certain circles. This invariance phenomenon
gives the opportunity for flexibility in counterweight
design since a whole range of counterweight radii and

angles produce the identical maximum shaking force.

l. Equipollent Circle Constraint Equation And

Resulting Hodograph

When equation (4.13) is rewritten with the help of
equations (A.10) and (A.ll), one obtains, after squaring

both sides of the resulting expression:

a a
3 2 3 2 0.2
{m + =—m ) + {m + —m ) = (uB7) (4.32)
3P3 T 5 MeP2 3% T T, M2 "
This form implies that the magnitude of pEO , as

well as the absolute magnitude of a force vector analogous

to vector D°E = #DQEo in Figure 4.2, remains the same as




97

long as the mass-distance product terms map; and m3ds3 ,
associated with the center of mass of the balanced output

link, lie on a circle of radius
Ry = «B° . (4.33)

Thus, a range of output link counterweight configurations
will lead to the identical prescribed maximum shaking force.
Because of this invariance, the circles represented by
equation (4.32) have been termed equipollent circles while
the expression itself is called the equipollent circle
constraint equation. (This terminclogy was first used
in [52] .)

For the purpose of counterweight design, one must
consider how the above influences the angular position of
the reduced hodograph and, with that, the location of the
center C; of its smallest circumscribing circle.

Equations (4.14)-(4.16) show that a given choice of
output link parameters m3*93* and ma*q3* decides the
magnitude of the general mass~distance terms P, and Q,
and, with that, the angle 8. Consequently, whenever the

angle 8 1is not equal to

Q
o -1 Q3
B = tan —s
p
3



the reduced shaking force component

Y3+ﬁ-¢1)

i(
BKéa
leads the original term

o
i + -
B°K3e (13 + 8 #1)

by the constant phase angle
v = B8 - g° . (4.34)

Figure 4.3 represents this reduced force component by
the vector Eagi . It is shown to lead the vector ;Ego
by the angle ¢ . As a consequence, the center cof the
circumscribing circle is rotated into the new position C1
(with magnitude Doc1 - p°C ) and is located by way of the
angle 3, with respect to the X~axis. The input link
counterweight must therefore provide a force proportional

to vector -551 at the angle ’1 + T,

2. Adaptation To Output Link Counterweight Design

a. Determination Of Theoretical Deaign Range

In order to explore the range of counterweight designs

which produce the identical prescribed maximum shaking force,

28
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equation (4.32) is rewritten in terms of output link

counterweight parameters (see equations (4.14), (4.15)):
2 2 2
(m "oy " + P30)° + (m 3™ + 3™ = (4B°) (4.35)

For convenience, the above is transformed to the

following using equations (A.21), (A.22) and {A.29):

* L

(ma*r3*)2 + 2(P3°c0583* + Q3°sin03*)m3 r,

+ (1 - u2)(B92 =0 (4.36)

All combinations of ma*rs* and 03* which satisfy
the above expression represent theoretically possible designs
for a given maximum shaking force. To determine the limits

w * * * *
of my ry =my ry (63 ) within which this flexibility

exists, equation (4.36) is first implicitly differentiated
d(M3*I‘3* )

*
d03

*
with respect to 64 and then is set equal to

zero. Thus,

o dlma*ra™)
2Ma T, + 2(P, cosd, + Q. sin ") 3 3
3 *3 3 3 3 3 *
d83
o * o * * %
= 2(P3 sing, - Q, cosd, )m3 r, (4.37)
d(m;"r;") .
For T = 0, one obtains the two extremum
ds
3

conditions:
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* 1
(83 )E},[]”2 = tan 3. (4.38)

These two possible asolutions for the extreme
counterweight angles correspond to angles ﬂo and B° +
(see equation (A.30)),.

Solution of egquation (4.36) for the associated mass-
distance products (ma*ra*)Ex shows that the necessary
positive values of these parameters can only be cbtained

for
9. = B° + « {(4.39)

This requires substitution of the following into

equation (4.36):

(o)
Q3
= =2 (4.40)
B

*
sin(83 )Ex

* -P3

) o w3 | (4.41)

and cos (@ EX

3

where BY = J(PBOJ2 + (Q3°)2

The resulting solution of the gquadratic equation

furnishes the minimum and maximum counterweight parameters
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of the theoretical design range:

(m3*r3*)MIN a (1 - u)B° (4.42)

and (my"r 3" hyax = (1 + #)B° (4.43)

Note that the minimum case is identical to that
obtained by the simple reduction of the hodograph (see

equations (4.21) and (4.22)).

*
b. Determination Of Output Link Counterweight Angles ¢,

*
To determine the values of the angles 0, corresponding

to any mass=distance product ma*r3* within the theoretical
design range, the desired ma*r3* is substituted into the

following modification of equation (4.36):
] -
Kg + Kgcosé, = -Kgsind, (4.44)
* w 2 2 Q0,2
where K4 = (m3 r, Y + (1L = u")(B )

O % =%
= 2P, m, r

Kg 3 My ry

2 Q * *
Kg = 2Q3 mg 1y

Squaring, simplification and subsequent rearrangement

leads to the following quadratic equation:
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[(k)2 + (ko) cos?s,” + 2K xge0m0," + (KZ - (k412 = 0

{4.45)
Solving for c0563* yields:
o KgKs T Kg y (K5)? + (K)? - (k)2
cosfdy = ; (4.45)
(Kg)? + (Kg)?

Bacause of the squaring of equation (4.44), there will
be four possible solutions. The two valid ones must satisfy
equation (4.44).

It is to be noted that for any given mass-distance
product m3*r3* within the thecretical design range, there

*
are two possible angular locations 64 .

3. Design Of Input Link Counterweight

*
Since there are two possible angles 83 for a given

* *
M, ry within the theoretical design range, there must also
. . . . 1
be two corresponding input link counterweight designs .
*

For a given choice of angle 65 , there will be a

vector

Recall that for each of the extrema, there is only one
input link ccunterweight.
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which forms the basis of the input link counterweight
design (see Figure 4.3). This design is accomplished by

the following steps:

a. Angle B8 is found with the help of a modification
of equation (4.16), i.e.
Q * *
=1 03 + m3 rjy 81!193

ﬂ = tan - - (4.47)
P3° + my ry coso3

b. The angle of rotation y is then obtained by way

of equation (4.34):

v = 8- 8° (4.48)
o
O =1 Q3
where B = tan —— {See equation (4.2).)
P
3

5)
c. The vector D C, , as shown in Figure 4.3, is found

by the rotation of vector p°c . Thus, with the

help of equation (4.27):

Docl = MDOCSei( L+v) (4.49)

d. With the above, the vector 651 may be determined



from:
o
is o i o) i(l+v¥)
oC;e 1 = OD e = + uD Cge (4.50)
-1 C1y
where 81 = tan
OCy %

Finally, the force of the counterweight must equal

+ 7))

-oc,et?1 = oc et (4.51)
This leads to the design equations
* * l§ll
lTll rl = ) (4.52)
¢l
" . (4.53)
and 6, = 81 + . 4.
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E. Examples

The following sample calculations apply the previously
developed techniques to the four-bar linkage shown in
Figure 4.4, which is assumed to run at a constant speed of
500 rpm. While a 50 percent reduction in the maximum shaking
force is shown in detail, only the results of a 75 percent
reduction are given. The influence of the design flexibility
on the dynamic reactions is considered for both cases.

The counterweights are assumed to be circular as well as

tangent to the pivots A, and A;, respectively.

1. Parameters Of Unbalanced Mechanism

Table 4.1 lists the parameters of the unbalanced
mechanism. All links and counterweights are made of steel
(density = 0.283 1b/in3).

The general mass-distance terms of the unbalanced

mechanism are, according to equations (A.31)-(A.34):

-4
Plo = 18,777 x 10 1b-sec2 (4.54)
-4
Qlo = =1.836 x 10 1b-sec? (4.55)
o -4 2
P,° = 30.913 x 10 1b-sec (4.56)
Q%= 2.755 x 1074 1p-sec? (4.57)
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Table 4,1: Parameters of Unbalanced Linkage

Link lengih;
(in)

6.000

3.000

(in) ]

Link width, dj 1.000 As shown 1.000
(in) in Figure 4.4
Link thickness, h; 0,250 0,250 0.250

Link mass, my°
(1b-sec2/in)

5.1062 X 10-4

3.6710 X 104

6.9378 X 10~4

Center of mass

o -
kj (in)

location, pjo 1.000 3.000 1.500
{in)

Center of mass

location, q4° 0.0 0.403 0.0
(in)

Radius of gyration,]Not required 2.0970 1.6747

801
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Substitution of the above into equations (A.27)=(A,30)
leads to the following coefficients and angles associated

with equation (4.3):

2° = 18.867 x 10°Y 1p-sec? (4.58)

O

a = =5,585 deg = -~.09747 rad (4.59)

B° = 31.036 x 10~% 1b-sec? (4.60)

Q

B = 5.093 deg = .08889 rad (4.61)
2

K, = 2741.557 rad/sec (4.62)

2. Determination Of Radius And Location Of Center Of

Smallest Circumscribiqg:Circle To Rotated Shakiqi

Force Hodograph. Maximum Shaking Force.

Appendix F.l shows the essential parts as well as the
cutput of program CIRCLE which is used for the determination
of the radius and the coordinates of the center of the
smalliest circumscribing circle to the rotated shaking force
hodograph. This program is an adaptation of the Harwell
optimization routine and is based on the formulation given
by equations (4.5) and (4.6).

Equations (F.7)=(F.9) give the following results:



RS = 15.734 {1lbs) (4.63)
Coy = 8.987 (1lbs) (4.64)
cSY = ~3.464 (lbs) (4.65)

It is to be noted that all "geometric” results are now
given in the units of pounds.

From the above, according to equation (4.7):
85 = =21.079 deg = -.36790 rad (4.66)

The maximum shaking force is obtained by way of
program FMAX, This program, which is given in Appendix F.2,
evaluates the absolute magnitude of the shaking force at one
degree intervals of the input angle ¢l and chooses the

largest value. Equation (F.l16) shows the final result:

o

R vyax = 25.004 (1lbs) {(4.67)

With »%= 0.5 , the proportionality factor g , as
given by equation (4.10), and with equations {(4.63) and

(4.67), becomes:

= ,795 (4.68)
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3. Determination Of Counterweights For Simple

S0 Percent Reduction

a., Output Link Counterweight

When the simple reduction method of Section C is used,
the mass~distance product of the output link counterweight
is determined according to equation (4.21), With equations (4.60)

and (4.68), one obtains:
m3*r3* = (1 = p )BD = 6,362 x 10-4 lb-sec2 (4.69)

L g
The counterweight radius, R3 . is then found with the

help of the following general design equation for circular

and tangent counterweights as shown in Figure 4.4:

* * }_
* my ry 3
R, = —_— , j=1,3 (4.70)
] * h *
., v N
P37 73
* .
where Rj = counterweight radius
¥
pj = density of counterweight

h., = thickness of counterweight

*

With equation (4.,69) and letting hj = 0.625 in., oOne



cbtains from the above:

*

R3 = ,762 in (4.71)

Further, with equations (4.22) and (4.6l), the

counterweight angle is given by

> o
6, = B + = = 185,093 deg (4.72)

b. Input Link Counterweight (See Section C.2)

The vector GES is obtained with the help of

equations (4.24), (4.64) and (4.65):

i -.36790 i

3
ocge 5 = 9,631 e (4.73)

The vector OD° is determined according to equations

(4.25), (4.58), (4.62) and (4.59):

o -.09747 i
oD” = 5.172 e . (4.74)

Equation (4.27) gives the vector DOCS with the help

of equations (4.73) and (4.74):

D Cqg 4.848 (4.75)

and { = =37.638 deg = =-,65690 rad (4.76)
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The vector OC is found with the help of equations

(4.28), (4.74), (4.75) and (4.68):
oC =8.683 (4.77)
with 8 =-19.210 deq =-.33527 rad (4.78)

The input counterweight parameters become, according

to equations (4.30) and (4.31):
* -4 2
m; r; =31.672 x 10 lb=-sec (4.79)

*

and ﬂl = 160,790 deg (4.80)

The associated circular counterweight is again obtained

by way of equation (4.70) with hl* = 0,625 inches. Thus,
*
Rj =1,301 in ‘ (4.81)

4. Determination Of Counterweights For 50 Percent

Reduction Of Maximum Shaking Force By General

Solution

a. Theoretical Design Range

The theoretical range of possible output link counter-
weight parameters associated with the general solution is

found with the help of equations (4.42) and (4.43).
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Accordingly, the minimum mass-distance product is given by

LA 0 -4 2
(my r3 Iy = (L - » )B =6,362 x 10 lb-sec , (4.82)

while the maximum mass-distance product is represented by

3 T3 Jvax

-4 2
= (1 + #)B° =55.710 x 10° " 1b-sec”. (4.83)

(For Bo and u , see eqguations (4.60) and (4.68), respectively.)

Equation (4.39) indicates the counterweight angle for

both extrema as

= B + » = 185,093 deg (4.84)

(See also equation (4.61).)

The associated

*
h3 = 0,625 inches,

and

Note again that the

to that obtained by

output link counterweight radii, with

are, according to equation (4.70):

(Rg*)MIN =0.762 in (4.85)

(R3*)MAX = 1.570 in , respectively. (4.86)

minimum mass-distance solution is identical

the simple reduction.
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b. Counterweight Design For Arbitrary Point

Within Theoretical Design Range

To show the determination of output as well as input
counterweights within the theoretical design range, the

following example uses the output link parameter
* -3 2
m3 ry = 24.880 x 10 lb-sec (4.87)

which is approximately in the center of the design range.

i. Output Link Counterweights

The angles associated with the above value (which also

must satisfy equation (4.44)) are given by

w
837 =134.168 deg {(4.88)

*
and 832 = 236.017 deg (4.89)

The corresponding counterweight radius as found with
*
the help of equation (4.70) and with h; = 0.625 inches, is

»

R3 = 1,200 in (4.90)

The above ahows that counterweights of the same mass
but with two different angles will produce the identical

maximum shaking force.



ii. Input Link Counterweights

The following shows the detailed determinatic. of the
input link counterweight parameters corresponding to the
output link parameters of equations (4.87) and (4.88) and
only gives the results for the input link counterweight

»
design which corresponds to angle ¢,, as given by

equation (4.89). Because of these two output link counter=-
weight design possibilities, additional subscripts are
introduced where appropriate. The computational sequence

indicated in Secticn D.3 is followed.

a. Angle j; Dbecomes, according to equations (4.47),

(4.56), (4.57), (4.27) and (4.88):

2 * o, *
=1 Q3 + m3 r3 s:.nﬂal

2, = tan 3
L P3 + ma*r3*c05931*

cant 2.755x10~% + 24.880x10 %sin (134.168)

30.913x10~% + 24.880x10 %cos (134.168)

=56,.613 deg {(4.91)

b. The angle of rotation ¢; is then obtained by

way of equations (4.48) and (4.91):
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Q
v = B - B8 = 56.597 - 5.093
= 31.520 deg = .89919 rad (4.92)

where po is given by equation (4.61).

The vector DOC1 is found with the help of

equations (4.49), (4.68), (4.75), (4.76) and (4.92):

= 107+ ~.65690 + .89919 )i
p°c; = uD°Cge (6* ¥ 795x4. 8486

.24229 {
= 3.854e {4.,93)

With the above, the vector 661 may be determined

with equations (4.50) and (4.74):
0C; =8.899 (4.94)

and 3 = 2.714 deg = .04737 rad {4.95)

The input counterweight parameters become, according

to equations (4.52) and (4.53):

15C;] _ 8.899

12 2741.557

(my*e, ) = 32.460 x 10™% 1b-sec? (4.96)

-6-.

*

and 011, = 61 + 7 =182,714 deg (4.97)
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The corresponding circular counterweight radius is

*
again found by way of equation (4.70) and with h; =0.625 inches:
*
(Ry )1 = 1.311 in (4.98)

When the ocutput link counterweight of angle

*
09 = 236.090 degrees is chosen, one obtains the following:

B, = -46.427 deg (4.99)
¥, = =51.520 deg (4.100)
With the above:
(R,"), = 1.198 1in (4.101)
and 912* = 140.064 deg (4.102)

€. Counterweight Design Flexibility And Its

Influence On Various Mechanism Reactions

Figure 4.5 represents a graph of associated output link
counterweight parameters RS* and 83* for the full design
range, The counterweight thickness of 0.625 inches is
maintained throughout. In addition, this graph shows input
link counterweight parameters Rl* and 81* for selected

output link counterweight configurations. For purposes of
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comparison, the counterweight parameters of a fully force
balanced mechanism are alsc indicated.

To gain perspective concerning the usefulness of this
design flexibility, one must also consider the associated
variations in the mechanism reactions. Table 4.2 lists the
absolute maximum values of all the bearing forces, the input
moment and the shaking moment (taken with respect to the
midpoint between the ground pivots) for the counterweight
configurations of Figure 4.5 and compares them with those
of both the unbalanced and the fully balanced mechanisml.
The table shows that the smallest increases of the maximum
dynamic reactions are, for the most part, associated with
the minimum mass-distance product of the theoretical design
range.

If one considers increases in these reactions of as
much as 20 to 30 percent above thosea of the unbalanced
mechanism as an acceptable trade~off for a 50 percent
reduction of the maximum shaking force, that portion of
the curve in Figure 4.5 which lies tc the left of the vertical
line at Ra* = ,90 inches represents a practical design
range. Within this practical range, the cutput link counter-

weight angles may be varied between 140 and 230 degrees

1
Expressions for these reactions are given in [75}.



Table 4.2: Influence of Partial Balancing (7=0.5) on Various Forces and Moments

Percentage Input Output Maximum |Maximum
Reduction Counterweight |Counterweight| Maximum Bearing Force Input Shakinq
in parameters (1) |parameters(1) _ Moment |Moment (2)
Maximum RI" [ 61" Ry¥ Fy IF4}| L F200 tF23p] 1 Fa3r| 1 Maaf [t Mgl
Shaking Force (in) {(deqg) | (in) (deq)} (1b {(1b) (1b) (1b) (in-1b) | {in-1b)
#?%m%

Unbalanced - - - - 52,12 50.74 40,38 39,27 38,72 90.99
(FM/G)MAx = 25.00 1M

100
Fully Balanced(3)] 1.09|174.42| 1.29|185.09| 78.52| 82.09| 71.23| 78.52] 64.84 | 95.45

(FM/G)MAX =0 1b
1l60.79 185.09] 49,05 54.47 44,00 43,73 41,83 94,139

1.,31|168.14 .901140.59] 51,75 58.13 47.58 42.9] 44 .88 84,31

ractical

153.56 229,.60] 53.78 58.13 47.58 52.13 44 .88 |116.59

T I e EReeaeeess. |

50 1,31|182.71 1.20(134.17} €6.69 74.08 63.30 54.39 58.17 72.05
Partially
Balanced 1.20)1140.06 1.201236.02] 71,91 74.08 63.30 76,92 58,17 (140,72

(Fy/c) = 12.50 1
/G HAX 1.07f219.30| 1.s55(171.06|112.70] 115.70| 104.64| 114.73] 92.36 | 87.25

.69[175.09 1.55}199.,131115,83| 115.70] 104.64| 127.28 92.86 [136.55

.89)221.44 1.57}1185.09]118.16} 119.20)] 108,13] 126.05 95.77 |111.64

(1) Steel counterweights, 0,625 inches thick (This is 2.5 times link thickness).
(2} Shaking moment is taken with respect to midpoint between ground bearings.
(3} Fully balanced by the Method of Linearly Independent Vectors[a].
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while the associated output link counterweight radii remain
considerably smaller than thoss needed for full force
balancing. The resulting input link counterweights are

somewhat larger than those of the fully balanced linkage.

5. Rasults For 75 Percent Reduction In Maximum

Shaking Porce By General Sclution

Table 4.3 lists counterwaight parameters and maximum
dynamic reactions, again corresponding to a constant input
speed of 500 rpm, for the extrema of the theoretical design
range of a 75 percent reduction of the maximum shaking force
by way of the general solution. In addition, the results
for the unbalanced mechanism and the fully balanced mechanism
are shown together with the limiting values of the 50 percent
reductions, discussed in the previous section.

The smallest increases of most cof the dynamic reactions
are again associated with the smallest possible output link
countarweight, i.e. the minima of the design range.

(Table 4.3 will also serve as a basis for certain
comparisons presented in the following section on simultaneous

optimization of dynamic reactions of a four-bar linkage.)



Table 4_.3:

Maximum Dynamic Reactions Por Extrema Of Design Ranges Corresponding

To 50 And 75 Percent Raductions OF Maximum Shaking Force

Percentage 1 Maximum | Maximum
Reduction Counterweight Parameters (11 Maximum Bearing Forces Input Shakin?
in — . Moment |Moment(2)
Maximum R (71 R3‘ # Fa1} Fql Fa4l Fay TH] 1%/
Shaking Force {in) {deg) | (in) {deg} l(lb) II b} ll{%) I(lb) {in-1b}] {in-1b}
0
Unbalanced - - - - 52.12 50.74 40,38 39.27 38,72 30.90
(Fuycimax = 25.00 1h
100 (3}
Fully Balanced 1.09|174,42 1.291185.09 | 78,52 82.09 71.22 78.52 64 .84 95.45
{FH/G)HAX = 0
50
(Py/glmax = 12.50 1 1.30]160.79 _764185.09 | 49.05 54.47 44.00 43.713 11.83 94.139
(Minimum Rj')
50
(Fy/glMax = 12.50 1h .89 271 .34 1.57(i85.909 118,16 |119.20 |108,13 |126,05 95.77 J1l1,.64
{(Maximum R3%)
75
(Fy/ }HAX = 6.25 1y 1.20]165.B8 1.090i85.09 | 62,16 66 .08 55,99 58.90 52,01 92 B4
Bl R Ry™)
S
75
(FH/ }MAX = 6,25 1 .96 190,51 1,44 |t85.09 | 97.3% 99.67 88.69 |101.17 79.49 |102.43
(Maximum Ry*)

{1} Steel counterweights .625 inches thick

{2) Shaking moment is taken with respect to midpoint between ground bearings.
{3) Fully balanced by the Method cof Linearly Independent Vectors[8]

{This is 2.5 times the 1ink thickness.)

LTl
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V. SIMULTANEQUS OPTIMIZATION OF DYNAMIC REACTIONS OF A

FOUR-BAR LINKAGE WITH PRESCRIBED MAXIMUM SHAKING FORCE

A, Introduction

The following section introduces a technique which
makes it possible to simultaneously minimize the maximum
dynamic reactions of a constant speed four-bar linkage
while maintaining the ability to prescribe the maximum
shaking force. The general reduction of the values of
these reactions when compared to those obtained by the
method of the previocus section is based on the introduction
of a coupler counterweight in addition to those located
on the input and output links. The resulting increase in
the number of design variables is reflected in what has
now been called the general equipollent circle constraint
equation, which makes it possible to prescribe the maximum

shaking force. The simultaneous optimum reduction of such

dynamic reactions as the bearing forces, the input moment
and the shaking moment now becomes a function of the proper
combination of the coupler and output link counterweight
parameters.

To this end, an optimization procedure was devised

which allows for the determination of these counterweight



parameters. This procedure satisfies the general equipollent
circle constraint equation while it imposes constraints on
the maximum dynamic reactions. The latter inequality
constraints are controlled by a minimization parameter 2z
which serves as the objective function of the optimization.
The following first gives the form of the new general
equipollent circle constraint equation and then describes
the formulation of the optimization as well as its adaptation
to the Harwell Augmented Lagrangian program. Subsequently,
the design procedure for this type of partial force balancing,
which also includes the determination of the input link
counterweight parameters, is ocutlined. This procedure is
incorporated into program OPTIMIZE, which represents the
adaptation of the Harwell code. (Program OPTIMIZE is listed
and explained, together with a sample run, in Appendix G.)
The design procedure has been applied to a 50 and a
75 percent reduction in the maximum shaking force. It was
found that the reduction in the dynamic reactions due to the
simultaneous optimization became most pronounced for the
larger reduction in the maximum shaking force.
This new three-counterweight method is also adapted to
a fully force balanced mechanism. The associated reductions

in the dynamic reactions, when compared to those of the two-
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counterweight Method of Linearly Independent Vectors, was
found to be especially gratifying.

Finally, the optimization procedure was modified for
an input moment minimization of a fully force balanced
mechanism. The constraints on all dynamic reactions, with
the exception of that for the input moment, were removed.
Again, a comparison of the resulting maximum input moment
with that associated with the Method of Linearly Independent
Vectors shows a considerable reduction. In additicn, even
though unconstrained, all other reactions were either
considerably smaller or, at worst, remained substantially
the same as those obtained by the ahove two-csunterweight

method of full force balancing.
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B. General Equipollent Circle Constraint Equation

Equation (4.32) in Section IV, which is an expanded
form of the equipollent circle constraint equation (4.35),
shows that a prescribed maximum shaking force can be maintained

as long as the following relationship is satisfied:

2 2
(p3)% + (@507 = ( u89? (5.1)
a3
where P; = mypy + 1) (5.2)
2

)
If one desires to make changes in the mass distribution
of the coupler link in addition to that of the output link,

equation {5.1) must be modified tc become the fcllowing

general equipollent circle constraint equation:

2
(By* + 237" + (@)% + ;%)% = ( WB%)? (5.4)
* * A aj * W
where P = m + — 5.5
3 3Py Y™ P (5.5)
- ] » a3 L -
9 =M 93 =M G (5.6)
2
o © 6 a3 o o
P = +—-—- .7
3 TM P TP (5.7)
o Q a O Q
030 = m3 CI3 + a—am'z q2 (5.8)
2

(See also equation (A.25).)
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In order to be able to optimize mechanism reactions,
a specific counterweight configuration has to be adopted.
For the present work, circular counterweights which are
tangent to their pivots will be used. (See Figure 5.2)

Equations (5.5) and (5.6) then become:

a
p3* = p3*,h3*(33*)3c0393* + —g-pz*rhz*(Rz*)scosﬂz* (5.9)

a

2

3 a 3

and Q3" = p3"vhy" (Ry")78iney" + =2 o, en, " (R)Y ) 8ins,” (5.10)

a

2

*
where Rj = counterweight radius

aj = counterweight angle
p. = density of counterweight

hj = thickness of counterweight



C. Formulation Of Optimization Problem

The basic objective of the optimization consists of
* »* * *

choosing the variables Ry , &5 , Ry and 64 such that
the maximum values of all bearing forces, the input moment
and the shaking moment are simultaneously minimized while
holding the maximum shaking force to a prescribed value by
way of the general equipollent circle constraint egquation,
The magnitudes of the input link counterweight parameters
depend entirely on the choice of the coupler and output link
counterweight parameters and are attained in a manner similar
to that shown in Section IV, (These values, of course, are
necessary t2 compute the mechanism reactions.)

The optimization method is formulated in the following

way:
minimize =z {(5.11)

subject to the equality constraints of the general
equipollent circle constraint equation (5.4) as well as

the following inequality constraints:
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i 2 0,2 |
(Fgq )" = (Fgy )
W 41 42 < z (5.12)

0.2
3 (Fgy ) J mMax

2 0.2
(F15) = (F157)
Wo 12 -2 < z (5.13)

2
I (F;5°) 1 max

2
(F23)2 - (F23o)

L (F23°) J MAX
(F34)2 - (F340)2 ]
Wy > < z (5.15)
- (F34°) - MAX
2 o 2
(My/g) " = (Mysg°)
Ws > £ z (5.16)
2 o 27
(M41) - (M4l )
We > < 2z {$.17)
(M41°) 4 MAX
where F41 = bearing force between ground link and input link
Fip, = bearing force between input link and coupler link
F23 = bearing force between coupler link and output link
F34 = bearing force between output link and ground link
MM/G = ghaking moment taken with respect to midpoint

between ground pivots A, and Aj

M41 = jnput moment

W, = weighting factors for each reaction , (j=1,2,...,6)
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The usual notation is used whereby a zero superscript
corresponds to the unbalanced linkage while the absence of

a superscript represents the balanced linkage. (See Appendix A.3)



D. Computational Sequence Of Optimization Procedure

The following outlines computational procedures for
partial as well as full force balancing which are used in

program OPTIMIZE (see Appendix G}.

1. Determination Of Counterweight Parameters For
Partial Force Balancing

To determine all mechanism reactions, each iteration

of the optimization procedure requires a complete counter-

132

weight design. The following shows the necessary computational

sequence. It is different from those used previously
because of the changes in the mass distribution of the

coupler link:

l. As in Section IV=B, from the dimensions of the

unbalanced mechanism as well as for a given input

speed and reduction factor =7 , the parameters Rg

0
CSx, Csy, as and R Max Bre first obtained.

Subsequently, the proportionality factor u is

found according to equation (4.10).

2. The value of B = MBO is then computed with the

help of the parameters of the unbalanced linkage

for use in equation (5.4).



3.

A set of output link and coupler counterweight

* n L *
parameters R, , 8, , Ry and 63 , which satisfy
the constraint equation (5.4), is chosen. (The

-
thickness h and density p are prescribed.)

To devise a method for determining the input link
counterweight parameters, one must consider the
changes in the shaking force hodograph as indicated

by equation (4.3), i.e.

i¢ ia i(7g + 8 = ¢1)

EL/GG- 1l a AK, e + BKje (5.18)

In the previously shown flexible counterweight
design (see Section IV-D), only the parameters

B and A8 are different from BO and Bo .
respectively. The added change in the coupler 1link
configuration alsc results in changes in the
magnitudes of the parameters A° and «° to

A and « . To illustrate how this difference
reflects itself in the shaking force hodograph,

it is useful to review Figure 4.3 which shows the
effects of the changes in the parameters B and §8
only. Figure 5.1 indicates that, for the present

case, there must not only be a rotation of the line

DOC through the angle ¢ , but there must also be
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FORCE HODOGRAPH RESULTING FROM
THREE-COUNTERWEIGHT OPTIMIZATION

METHOD



a shift of point p° to point D ., This shift

is due to the changes in A and « . The input
link counterweight is finally determined with the
help of the vector 532 at the angle 3, . It
may be noted that for the same reduction in shaking
force, the vector 562 is identical in magnitude
and direction to the vector 5351 of the flexible
method of Section IV=D. As a consequence of the
above, the computation for the input link counter-

weight procedes as follows:

The angle g is obtained with the help of equation
(4.16), i.e.

-1 Q
8 = tan 1 ;1 (5.19)

3

o " » w 3 *
where Py = Py + py rhy (R3 ) cosé,

a
=,
as

+ S, (R ) cose,”
Q3 = % + p3"wny" (R, )sine,”
a5 * » * .3 *
+ ;;-92 rhy (Ry ) siné,
(See equations (5.9}, (5.10), (A.33), (A.34),

(A.41) and (A.42).)
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b. The angle of rotation ¥ is then found from

0

v = B - B (5.20)

0

o -1
where B = tan —13

3

D

(See equations (4.2), (4.34).)

R + -
¢. The wvector DC2 - BK3ei(?3 A ¢1) is found with

the help of equations (4.27) and (4.49):

D'C2 = Docl = P,Dc% ei(c+¢’) (5.21)

(See equations (4.2), (4.7), (4.10), (5.20).)

d. The vector oD is obtained by way of:

—_— ia
OD = AK;e (5.22)

where



137

A=

o] a .
( Pl + Pziwhz* (RQ* )2a1 - ;-]2'— Pz*'lr hz* (Rz* )3008 82*) 2
as

1l
a -—
+ (Qlo - _]; Pz*ﬂ'hz* (Rz* )3511‘1 92*) 2 l 2

- Oy

ODy

a = tan

(See equations (A.3l1) and (A.32).)

With the above, the vector 562 , which determines

the input link counterweight, is found from:

ia+ ei(C*‘\")

oczei’Z = ODe DC, (5.23)
-1 2y

where 82 = tan
OCax

Finally, since K, = ¢, , the force of the input

1ink counterweight must equal:

*
* w*2 i@ 182

i(8, + »)
m Ty ¢p e 1 = -0Cpe 2

= 0C23 (5-24)
This leads to the design equations:

My Ty =y (5.25)

and 6, = 82 + {5.26)
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Determination Of Counterweight Parameters

For Full Force Balancing

Just as for partial force balancing, each iteration of

the optimization procedure for full force force balancing

requires a complete counterweight design. The computational

procedure given below represents a simplification of the

partial force balancing procedure, since now the radius of

the circumscribing circle vanishes:

For full force balancing, the proportionality
factor pu in equations (5.1) and {(5.4) is set

equal to zero.

A set of coupler and cutput link counterweight

* » * &«
parameters R, , 4, , Ry and 44 which
satisfy this revised equipollent circle constraint

*
equation is now chosen. (Again, the thickness h

»*
and density », are prescribed.)

To devise a rnathodl for determining the input link

The present method for designing the input link counterweight
was chosen because it is used in the existing computer program.
With the mass of the cocupler known, the identical counterweight
design may be obtained with the help of equation (8) ofl:a] .



139

counterweight parametears Rl* and 01* , one
considers the shaking force hodograph equation (4.3),
which now has been reduced to:

- -i¢ ia

This, of course, indicates that the hodograph

has been reduced to a single constant vector whose
negative furnishes the input link counterweight.
This vector corresponds to the vector oD at

angle a in Figure 5.1l.

The quantities A and a of equation (5.27)

are now obtained with the help of equation (5.22):

2 a * 3 *
A = (Plo + Pz*rhz*(Rz*) a; - ;-l— 92*1rh2*(R2 ) C0832 ) 2
2

L
2

a 3
-l-(Qf’ - a_]‘z._pz*rhz*(Rz*) Binﬂz*)zi

=1 ODy
0Dy

a = tan

Since K, = '¢12 . the force of the input link
counterweight is obtained, in a manner parallel to

that represented by equation (5.24), from



on the ground vanishes regardless of input speed.

*
e 2 i# i i(a+7)
m*r "¢, € 1 = -ODe = ODe

The counterweight design equations become:

* ok |58
m r =
1 *1 )
¢1
*
and 01 = a + w

It is to bea noted that the magnitude of the

* *
counterweight mass-distance product m ry

equal to the quantity A in equation (5.27).

Since the total mechanism center of mass is stationary

considering the form of equation (5.27) when ;1 » 0.

According to equation {(A.12), equation (5.27) becomes:

= -i7 ia

FM/Ge l = AKle
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is

The above method also furnishes the correct answer

even if the input link does not rotate at constant speed.

in a fully balanced mechanism, the net force by the mechanism
This may

be shown in terms of the present method of derivation by
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Again, the quantity A in the above is identical with that
in equation (5.27), even though one deals with a vector of
variable length (and constant direction). If a counter-

waight whose mass-distance product equals the magnitude of

A 4is added, the shaking force is reduced to zero.

3. Determination Of Optimum Mechanism Reactions

* w
Once the optimum counterweight parameters R, and Oi

(i=1,2,3) have been obtained, the associated maximum mechanism
reactions are obtained with the help of program FMAX which

is listed in Appendix F.2.
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E. Examgles

The present section gives the results of several groups
of optimization runs and discuasses their significance in the
light of previously shown methods of limiting the maximum
shaking force. The example mechanism is the same as that
used in the previous section, with the exception that now
an additional coupler counterweight is introduced (see
Figure 5.2 and Table 4.1). As befors, both the original
mechanism and all counterweights are assumed to be made of
steel and the mechanism speed is taken to be 500 rpm.

The following groups of optimizations are involved:

1. Reduction Of S50 And 75 Percent In The

Maximum Shaking Force

Optimized dynamic reactions were cktained both for a
50 percent and a 75 percent reduction in the maximum shaking
force. The weighting factors W; to Wg, associated with the
constraint equations (5.12)=(5.17), were set equal to unity
(see discussion below). The optimum counterweight parameters
were obtained with the help of program OPTIMIZE., Appendix G
shows the details of the optimization associated with the
50 percent reduction of the maximum shaking force. Program

FMAX was subsequently used to obtain the maximum dynamic
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reactions associated with the counterweight parameters of

program OPTIMIZE serving as the input.
2, Full Force Balance

The optimum dynamic reactions were also obtained for
a fully force balanced mechanism employing three counterweights.
The methods of optimization are identical to those described

above.

3. Input Moment Optimization For A Fully

Force Balanced Machanism

An input moment optimization for a fully balanced
mechanism was also performed. Appendix H, which outlines
a modification of program OPTIMIZE, was used for this purpose.
In order to minimize only the maximum input moment My, , the
conatraint equations for all other dynamic reactions were
removed from tﬁe program. This is equivalent to letting

Ws-l and WJ. 'Wz =W3 -W4-W5 =0,

4. Results Of Optimizatjons And Conclusiocns

Table 5.1 gives the results of the various optimizations.
The three sets of optimized counterweight parameters, the four
maximum bearing forces, the maximum input moment, and the

maximum shaking moment are listed together with the minimization



Table 5.t: Comparison of Maximum Dynamic Reactivas of Uubalanced, Balancad and Optimized Example Mechauism

Perventagu Counterwe ight #Ma ¢ i smum | Ma x { s IOpti.nizat.iun
R Reduction Quantity Paramesturs{l) Maximum Bearing Forcesa Input shakin%
u in RE(in) [R3(1n) [R70in) Moment |Mowenti?] paraweter
f Max imus Opt imized|—, A A Pad | P2yl | IP3 | 1Pgy | Mgy My ql R
Shaking Porce # {deg] ) (deglfldeg) (1n) | ap) | (b)) | (1B) {(in-1b) | (in-1D) (1b2)
0
1 Unba 1anced None - - - 52.12 | 50.74 {40.38 | 39.27] 38.72 | 9v.90 -
(P"/G)w=25.00 b
50 Bast Two-| 1.30 0.76 _
- 9. .47 . . . 94, -
2 (P.Vglm‘l2.50 b|Cwt Cas 160,79 185,09 49.05 1 54.4 44.00 1 43.73] 41.83 4.39
50 All 1.65 [ 1.07 | 0.42
. a 0, 9.1, . . -
3Py e by =12.50 b Reactions |172.57 [230.90 170 95 | 4° 08135.07 140.30 | 39.12) 33.42 | 92.57 v.178
M/G ' MAX
15 Best ‘Twa-| 1.20 - 1.09
4 (Puo/c k= 6-25 Bfowe Casd|165.88 16509 | ©2-16 ] 66.68 | 55.99 | s8.90| 52,01 | 92.84
75 All 1.81 | 1.372 |o.mv )
5|07/ dany= 6-25 D{Reactions|179.10 [214,67 [153,20 | 4149 | ©2.29 1 45.30 1 43.004 38.53 | 91.72 | 0.507
MG HA')Q_
100 ,
6] ranry aalanceumﬂ None: liiozz - l;;z::q 78.52 | 82.09 | 71.23 § 78.52| 64.84 | 4y5.45 -
(Fy/clmax= O
100 All 1.68 | 1.48 | 0.92 o 1.
7 (Fuscdung= © B |Reactions [182.50 [202.92 146.43 49.10 1 72.68 | 53.23 | 49.10{ 5).19 | 92,40 1.052
a8 100 ;2.‘.1".; 1-86 | 1-4% 1 1.19 55.82 1 79,70 1 64.43 | 55.82| 44.03 | 75.40 0 293"“
- 0 - . . . . . . .
(Puchax 0 P Oty 187.10 (236,17 [135.63

(1)
(2)
(1)
(4)
(s)

Steel counterweights, 1.625 inches thick.
Shaking mument is taken with respect to midpoint between ground bearings.
Fully balanced by the two—cuanterweight Method of Limearly lmvdependent Vectors [B]
Apgrlies only to input soment constraint,
lsing the method of Section JV with minimum radius output link counterweight,

('Mmis is 2.5 times the link thickness.)

{Se« Table 4.3)

SYT
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parameter 2z for each of the optimization groupings discussed
above. For purposes of comparison, similar data are given

for the unbalanced mechanism, as well as a mechanism which

has been fully balanced by the two~counterweight Method of
Linearly Independent Vectors. 1In addition, the results
associated with the minimum radius output link counterweight
for the 50 percent and the 75 percent reductions in the
maximum shaking force by the method of Section IV are
reproduced from Table 4.3.

The following conclusions may be drawn:

a. The optimizations associated with the 50 percent
and the 75 percent reductions in the maximum shaking
force are of interest from two points of view., First,
it may be seen that when the values of the maximum
dynamic reactions of the new optimization technique
are campared to those of the minimum radius output
link counterweight method of the previous section,
it becomes clear that the value of the present
optimization method increases as the prescribed
reduction in the maximum shaking force increases.
While run 3 of Table 5.1 shows some improvement in

the maximum reactions over those of run 2, a
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comparison of runs 4 and 5 clearly shows the
advantages of the present optimization method.

For this latter case, the majority of the dynamic
reactions are from approximately 19 to 33 percent
smaller than those obtained from the two-counterweight
method.

Secondly, when comparing runs 3 and 5 with run 1,
which gives the maximum dynamic reactions of the
unbalanced mechanism, one finds decreases as well

as suprisingly small increases in many of these

reactions.

The present three-counterweight optimization is
especially effective when applied to the fully force
balanced mechanism. Comparison with the two-
counterweight method (see runs 6 and 7) shows a
substantial decrease in all reactions, with the
exception of the shaking mament, which remains
essentially unchanged. This most advantageous
result is obtained at the cost of the additional
coupler counterweight as well as an increase in the
size of the input counterweight. (This is associated
with some decrease in the size of the output link

counterweight. )
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¢. The input moment optimization of the fully force
balanced mechanism also shows favorable results
when compared to the mechanism balanced by the
Mathod of Linearly Independent Vectors (see runs
6 and 8), The maximum input moment is decreased by
approximately 32 percent. In addition, all other
reactions are either considerably decreased or,

at worst, remain substantially the same.

While only a limited effort in this direction has
been made, it has been found that the cutcome of the various
optimizations cannot be greatly influenced by modifying the
weighting factors of the controlling constraint equations.

If desired, this controlling expression may be found by
substituting the maximum reactions into the appropriate
constraint equations (5.12)-(5.17) and by determining that
result which is closest to the governing optimization
parameter 2z . For example, in the optimization associated
with the 50 percent reduction in maximum shaking force (see
run 3 in Table 5.1), the constraint equations (5.12) and (5.13),
pertaining to forces F41 and F21 , respectively, furnish

the following values:
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2 2
(F41)2 - (F41°)2 (40.08)" - (52.12)
o
(Fqg ) (52.12)
and

2 2 2 2

(Fyy)” = (Fp ) (55.07) = (50.74)

" 2 = (1) ) = 18
(Fy1°) (50.74)

Clearly, the second value is closest to 2z=,178 and

therefore, the constraint on the force F21 controls.
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APPENDICES

APPENDIX A

SHAKING FORCE EXPRESSIONS FOR A FOUR-BAR LINKAGE

WITH GENERAL LINK MASS DISTRIBUTION

For the purpose of this work it is sometimes advantageous

to use the general shaking force expressions as functions of

the link angles ¢l’ ¢2 and ¢3, while at other times

it is more desirable to have them as functions of ¢1 and ¢3

only (see Figure A.l). Both approaches are outlined below

and expressions, both in exponential and Cartesian component

form, are given. Finally, the previously introduced

notation [8] , Which allows the distinction between the

mass parameters of balanced and unbalanced mechanism, is

reviewed.

1. Shaking Force Expression in Terms of $,. éo and ¢3

a. Exponential Form

The mass-distance product associated with the center

of mass trajectory of the four-bar linkage shown in Figure A.l

may be expressed as follows [8] 1
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FIG, A.l GENERAL FOUR-BAR LINKAGE
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i ie, i
My, = (mlrleiol + mpa, Je 1, myraoe 2¢1%2

+ m,r eia3ei¢3 + m.,a (A.1l)

373 374

Since the shaking force FM/G is equal to the sum of
the D'Alembert forces of the individual links, it may be

cbtained by double differentiation of the above and the

subsequent change of sign of the resulting expression:

= ir
M/G = -Mf, = [ml(Pl +iq;) + mzal] K, e 1
ir iy
+ mz(pz + iq,)K e 2 4+ m,(py + iq3)K3e 3 (a.2)
where pj = r coaoj W

3

g, = rjsinaj

= .- ' = 1,2,3 A.
7y ¢J ¢j > 3 ( ) (A.3)
¢; = tan-1 ::12
\>

« 4 o 2
6 i A

b. Cartesian Component Form

Transformation of equation (A.2) yields the following

X and Y components of the shaking force:



F = (K1°°’71)M191 - (Klsinrl)mlql + (chosrz)m292

M/Gy
- (Kzsin'rz)mzq2 + (K3c03731m3p3 - (Kasinr3)m
m2a1K1c0371

and F - (Klsinrl)mlpl + (choavl)mlql + (Kzsinrz)m

WGy

+ (chosrz)mzqz + (K331n73)m393 + (K3c0373)m3q3

+ mzalKlsinrl

2. Shaking Force Expression in Terms of $, and ¢3

a. Exponential Form

When the loop equation is used to express the angle
in terms of ¢; and ¢, [B ] . the expression for the
mass~distance product associated with the center of mass
trajectory becomesl:

T = 1 -2 19y
Mz, [(“‘1"1 + mya, mypy) + i{maq, a"“‘zqz)] e

az 2
a i¢
i § 3 ] 3
+ [(map3 + W mzpz) + :I.(m3q3 + ™ mzqzl e
a a
4 4 ]
+ [("‘3“4 * a, mypy) + 4 a, 2%

393

2P2
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(A.4)

(A.5)

¢

(A.6)

Equation (A.6) can also be expressed in terms of other

combinations of individual crank angles ¢,, such as 1

and ¢, or ¢ and ¢,.
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Double differentiation of the above and change of sign

again furnishes an expression for the shaking force ?M/G 3

iy 17y
Fu/c ™ (P} + 1Q,)K,e"'L + (P3 + iQy)K,e 3 (A.7)

where the following "general mass~distance products" are defined:

a
- 1
Q m, q; ;-2— m,d, (A.9)
P, = + 23
3 T M3P, a, m,p, (A.10)
23
Q = myqy ¢ Py m, 95 (A.11)
The Kj and Yj terms are identical with those of
equation (A.3) (now j =1,3).
Under certain circumstances it proves useful to
modify equation (A.7) further, i.e.
- i(r, + ) i(r, + B)
1 3 .
FMAG = AKle + BK,e (A.12)
2 2
where A= (Py)° + (Ql) (A.13)
Q
a = tan-l Fl— (A.14)
2 2
= +
B ‘J(P3) (03) (A.15)

03
8 = tan 15'3‘ (A.16)



b. Cartesian Component Form

Transformation of equation (A.7) gives the following

X and Y components of the shaking force:

FM/GX = (chosvl)Pl - (Klsin71)01

+ (Kscosra)P3 - (K3sin73)Q3

and FMﬁGY - (KlsinYL)Pl + (choavl)Ql

+ (K3sin73)P3 + (Kacosr3)03

3. Notation Allowing Distinction Between Balanced and

Unbalanced Mechanisms

In order to distinguish between the parameters of the
links of balanced and unbalanced mechanisms as well as

those of counterweights, the following notation is used:

a) the superscript zero refers to parameters of the
unbalanced mechanism

b) the superscript asterisk refers to counterweight
parameters

c) the absence of any superscript refers to parameters

of a balanced linkage.

Accordingly, the distances to the various centers of
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(A.17)

(A.18)



mass, as shown in Figure A.2, and their corresponding

angles are given by:

o 9 0.2
ry = J(pj") + ay)
(s ]
) © . tan-l 216"
b Py
L e * 5
AEER TS
. B (3 =1,2,3)
} -1 4y
aj tan ;;r
Ty v Py T 9y
g, = tan~t 21
) Py /

The mass-distance products for a balanced linkage

bacome :

- 0 .0 S
3Py T Ty Py T MRy
(] =1,2,3)

[« =] & ®
mydy = Mgyt T omgtdy

When equation (A.12) represents an unbalanced

mechanism, it becomes:

o
- o) i(y, +a7) o iy, +87)
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(A.19)

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)






where A

p o
and 1

When equation (A.l12) describes the shaking force of a

mechanism with counterweights on links 1 and 3, the general

tan”T —
Py
o o
=m P ¢ “‘20“1
e m O © - 21
m 9 a, 2 9
0 aj
- m3 p3 * az

mass=-distance products become:

]

o
1 pt + P

= m
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(A.27)

(A.28)

(A.29}

(A.30)

(A.31)

(A.32)

(A.33)

(AR.34)

(A.35)

(A.36)

(A.37)

(A.38)



moving links, the general mass—distance products become:

where

Finally, when counterweights are attached to all three
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(A.39)

(A.40)

(A.41)

(A.42)

(A.43)

(A.44)

(A.45)

(A.46)
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APPENDIX B
ON THE NUMBER OF MASS-DISTANCE PARAMETERS
OF A FOUR-BAR LINKAGE WHICH MAY BE DETERMINED

WITH THE HELP OF THE SHAKING FORCE COMPONENTS

When the investigation concerning a force balancing
machine for four-bar linkages was first started, it was
felt desirable to determine the actual values of the
individual link mass-distance products myPy and quj (j=1,2,3)
in order to be able to modify them, by whatever force
balancing method chosen, in the direction of full force
balance.

It was subsequently found that this is not possible
because the resulting set of shaking force expressions,
which have to be based on the repeated use of equations (A.4)
and (A.5), produce a sinqular coefficient matrix due to
the linear dependence of certain coefficients.

The present approach resulted once this linear dependence
was removed with the help of the component loop aquations.
In this formulation, the repeated use of equations (A.17)
and (A.18) allows for the determination of the general
mass-distance products Pj and Qj (3=1,3) from a resulting
nensirgular matrix.

The. following illustrates the above in detail.



1. Proof Of Sinqularity Of Matrix Originally Proposed For

Solution Of Individual Link Mass-Distance Products

If it were possible to solve for the six mypy and quj
terms, a set of six simultaneous equations would have to
be generated by writing the two shaking force component
equations (A.4) and (A.S5) for three different positions
of the input crank. For each of these three sets of
expressions, the associated shaking force components,
together with the applicable kxinematic quantities as well
as the mass m;, would have to be availabla.

To demonstrate that the solution matrix of such a set
of component shaking force equations is singular, consider

the conly available loop equation [‘8] for the given mechanism:

a1a1¢l + azei¢2 - aaei¢3 - a4ei¢4 = 0 (B.1)

Double differentiation of the above leads to:

K.el72 = = 3L k o171 4+ 23 ¢ oi73 (B.2)

Equating real and imaginary parts, one obtains the

following constraint equations:

K - -2l g + 23 ¢
zcosrz - lcosvl = 3cosv3 (B.3)
2 2
- - 21 a

16l
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If these relationships are now substituted into the

component expressions (A.4) and (A.5), one obtains:

al 3.3
(chosvl)mlpl ~ (Kysinv) )mq; + (- ;;'KICOIYI + E—-K3c0373)m2p2

2

- (Kasin‘ra)maq3

a a

2
- FM/GX - mlealcOBTl (B.5)
and

ay a
(Kysinvy )myp; + (Kjcosv))myqg; + (- ;;-Klsinrl + ;1 K3sin7v4)mypy

a a
+ (= ;l-choavl + 32-K3cosv3)m2q2 + (K3sinvylmgpy + (K3c0873)myq,
2 2

It may now be seen that the coefficients of myp, and
Myd 4 in each of the above expressions are linear combinations
of the coefficients of the remaining terms.

This linear dependence will cause the resulting 6 x 6
matrix, obtained by writing equations (B.5) and (B.6} for
three positions of the input angle ¢ and needed for the
solution of the six mjpj and quj parameters, to be

singular.
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2. Proof Of Nonsinqularity Of Balancing Equation Matrix

Used To Solve For General Mass-Distance Products

Whan the linear dependence of terms in equations (B.5)
and (B.6) is removed with the help of the component loop
equations (B.3) and (B.4), equations (A.17) and (A.18)

result, i.e.

FM/GX = (Kjcosv1)Py = (Kysinvy )Qy

+ (Kycos74)P3 = (K38inv3)Q, (B.7)

and FM/GY = (Klain?l)Pl + (choarl)Ql

+ (K3sinv3)P3 + (K3coar3)03 (B.8)}

The linear independence of terms in each expression
is assured since there are no further mechanism loop
equations. Furthermore, both expressions are linearly
independent of each other since they represent the orthogonal
components of a single vector.

In order to solve for the four Pj and Qj parameters,
two sets of shaking force component equations of type (B.7)

1

and (B.8) are now written for two mechanism positions”. 1In

matrix form this becomes:

lOf course, all kinematic values and shaking force components
must be known from experimentation for these two positions,
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Kllc08711 -Kllsin711 K31C°ﬂ?31 -KslsinY3l Pl FM/GXl
Ky18in7, Ky1c087y4 Kq18invq,y Kyjco874, Q FM/GY1

(B.9)
Klzcosle -K1231n712 K32c08Y32 -K3281n732 P3 FM/ze

Klzsinle KlchBle K32’in732 K32c03732 Q3 FM/GYz

- - - -

The second subscripts in these terms indicate at which
poaition the quantity is evaluated.

Each of the four row vectors of the coefficient matrix
is linearly independent as long as no pairs of links produce
identical kinematic terms for the two chosen positions of
the machanism. Thus, the matrix has rank four and may be
solved uniquely for the four general mass-distance products.
(The only known exception to this is the parallel=-bar linkage
in which the first and third terms as well as the second and

fourth terms of equations (B.7) and {B.8) will be identical.)



APPENDIX C
DESCRIPTION OF AUGMENTED LAGRANGIAN OPTIMIZATION PROGRAM

AND APPLICATION TO MINIMAX BALANCING OPTIMIZATION

This appendix deals with the Augmented Lagrangian
program which is used in various parts of this dissertation.

Section 1 briefly cutlines the theory which forms the
basis of this optimization method. Section 2 describes the
associated computer program and details the manner in which
it is used. Section 3 shows the minimax solution of the

overdetermined system of balancing equations as an example.

1. Theory Of Optimization Method

The optimization program is based upon the minimization

of the Augmented Lagrangian type of penalty function:

(%,7.5) = F(R) + & § ‘, (ci(z) . ai)f (C.1)

In the above, F(x) = F(X),X5,+4..%,) 18 the function to be

minimized, which may be subject to the equality constraints
c;(x) =0 (i =1,2,...,k), X<n, (C.2)
as well as the inequality constraints

citi)z 0 ({ = kX+1,...,m). (C.3)
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The optimization variables are represented by x; (i = 1,2,...,n).

The negative subscript following the penalty terms implies
that a specific term of this type only then becomes active
when the associated constraint is violated,

In each inner iteration, with fixed values of the

parameters ¢ and # , the function ®&(x,s,8) is then

minimized by the variable metric method of Davidon, Fletcher

and Powell [21] . OQuter iterations vary the values of the
parameters ¢ and @ such that the sequence of minima ;aa

tends to the solution of the constrained problem.

2. Dascription Of Computer Program

The core of the caomputer program consists of the five
subroutines VFOlAD, VF0l1ZD, MCLlAD, VAOSAD and VE04AD1.
In addition, the user must supply a main program and an
additional subroutine VFO1lBD. The latter serves to define
the specific objective function F(X) and the associated
constraints cj(X) together with the derivatives of the
objective function and the constraints with respect to
all the variables involved.

The following gives sequential inatructions for the

1
arithmetic.

All subroutines are written in Fortran with double precision



formulation of the main program and the subroutine VFOLBD.
The core program is reproduced in conjunction with the

example in Section 3 of this appendix.

a. Main nggram

The main program begins with the following COMMON
statements which define the array sizes for the constraints
and their derivatives GC (the latter is only necessary
if any of the derivatives are conatant):

COMMON/VFO1ED/C({ 3M)
COMMON/VFO1FD/GC(N,M).

Subsequently, the following arguments are defined:

N

M - An integer, set to the total number of

constraints m (M21)

K - An integer, set to the total number of equality

constraints Xk

X = A real array of N elements representing the initial

estimate of the solution set. (This estimate

An integer, set to the number of variabhles n (N2 2)

cC

need not be feasible, i.e. satisfy the constraints.,)

After the first iteration, VFOlAD returns the

solution ; in X.
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AKMIN - A real number in which the relative error tolerance
required in the constraint residuals must be set.
(For example, AKMIN = 1x10~3 indicates that no
further outer iterations will take place if the
largest scaled constraint residual changes by

less than 1x10~3, (See below. ))

EPS - A real array of N elements in which the tolerances
for the unconstrained minimizations must be set (i.e.
if all the variables do not change by more than
these values in the successive inner iterations,
this inner iteration is terminated). EPS(I) should

be set so that EPS({I)/X(I)= AKMIN,

DFN - A real number in which the likely reduction in
F(x) from its initial value as obtained from X
must be set. Since DFN is used conly in the first

iteration, an order of magnitude estimate suffices.

MAXFN <« An integer in which the maximum number of calls
of VFOLBD (the user supplied subroutine) on any
one unconstrained minimization, i.e. inner
iteration, must be set. The number 500 has

proven to be reasonable for this purpose.



IPR1

IPR2

IW

MODE

An integer controlling the frequency of the
printing of the outer iterations. Printing
occurs every IPRl outer iterations except for
details of increases to the ¢; which are always
printed. No printing at all occurs (except for

diagnostics) if IPR1I=0.

An integer controlling the frequency of the
printing of the inner iterations. 1Its use is

similar to that of IPRl.

An integer giving the amount of storage available
in COMMON/VFOLLD/W(IW)}. Set to 2500 unless the

restrictions that N<£25 and M <50 are viclated.

An integer controlling the mode of operation
of VFOlAD. A usual setting is MODE=l., (See

specification sheet for Harwell Subroutine Library.)

Next, the constraint scale factors, also designated

c(rL),Cc(2),...,C{M), are set by substituting the initial

approximations of Xi{ 1into the constraint equations and

using the absolute values of the results.

If any of the constraints are linear functions of any

of the variables, their derivatives with respect to these
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variables, i.e. the resulting cons;ants, must be given
by way of the array GC(N,M), where N represents the
variable number and M stands for the constraint number.

Finally, the subroutine is called by:

CALL VFOlAD(N,M,K,X,EPS,AKMIN,DFN,MAXFN,IPRl ,IPR2,IW,MODE}.

b. Subroutine VFO1lBD

This subroutine starts by way of:

SUBROUTINE VFOlBD{(N,M,X)
REAL X(N)
COMMON/VFOLCD/F
COMMON/VFO1DD/G(2N)
COMMON/VFO1ED/C(3M)
COMMON/VFO1FD/GC(N,M)
where T is the objective function F(X) in terms of

variables x

G represents the derivatives of the objective

function with respect to the variables

C represents the constraints

GC reprasents the derivatives of the nonlinear
constraints with respect to the variables.
For use of derivatives of linear constraints,

see previous section.
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The subroutine must now define the terms listed below.
Data as well as expressions required to obtain these terms

may be introduced where convenient.

F = F(xl.xz,....xn)

G(1),6(2),...,G(N) = .g_;..g_: ,,,,,_g_i'
2 n

(n]
|

Q
]

c(1),c(2),...,C(M). (These constraints must be
given such that the resulting expression is equal
to or greater than zero. For an example, see

Section 3b.)

GC = GC(1,1),6¢(1,2),...,6C(N,M) = gcm, gc(z)_“”%cj_f‘l_}_
X1 X1 Xn

3. Example: Minimax Solution Of Overdetermined System

Of Balancing Equations

The following shows how the computer program is adapted
to the minimax solution of the overdetermined system of
balancing equations according to the formulation given by
equations (3.2) and (3.3). Section 3a shows how the
various parameters are defined in the main program according
to Section 2a above. Subsequently, a listing of the actual

routine is given. Section 3b gives the applicable subroutine



VFOlBD,., Again, the listing of the final program is preceded
by a detailed discussion., This subroutine is also used to
call on subprograms FOURIE and MOTION which furnish certain
kinematic terms of the mechanism. Section 3c shows the
Augmented Lagrangian subroutines VFOlAD, VFOl1ZD, MCLllAD,

VAQ9AD and VEQ4AD. Section 44 gives the most important

parts of the ocutput of the program and interprets the results,

a. Main PrOQFam

The main program, which is listed at the end of this
section, begins with comment cards which are designed to
serve as addjitional explanations. These are followed by
the COMMON statement which defines the array size for the

constraint C. The following variables are then defined:

N = 5;: stands for the five variables Pl' Ql' P3, 03

and the objective function z.

M = 144;: stands for the number of constraints,
representing the square of the difference of the two
shaking force components evaluated every 5 degrees

between 0 and 355 degrees.

K = 0, since there are no equality constraints.
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X(1) to X(5), the starting point estimates of the
variables, are made 0.5 and 1x10"3 since previous
experience has shown these values to be of this

order of magnitude. (Such accurate estimates are not
necessary. They only serve to decrease the number of

iterations.)

With AKMIN chosen arbitrarily to be 1x10"3, EPS(l) to

EPS(5) result from X(l1) to X{(5).

DFN is chosen to be smaller than X(l) = 0.5, i.e it

is made 0.4.

MAXFN = 500, as discussed earlier.

IPRlL = 1, to print every outer iteration.

IPR2 = 1, to print every inner iteration.

IW = 10,000, since there are more than 50 cnnstraints.
MODE = 1, as indicated earlier.

Subsequently, a DO loop is set up to set the scale

factors C(I) for all 144 constraints equal to 0.3,

These are

estimates of the magnitudes of the constraints when evaluated

with the starting point values of the variables,

Since there are no linear constraints, the derivatives

GC(N,M) do not enter this routine.
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Subroutine VFOLBD (See program, followed by

subroutines FOURIE and MOTION, at the end of

this section.)

After allocating storage for the variocus subscripted

variables, the subroutine VFOLBD starts with the COMMON

statements indicated in Section 2a. The subsequent steps are:

1.

3.

F= X(l), i.e. the objective function 2z is

declared as the variable x; (see equation (3.2)).

: oF
G(l) = 1, represents the derivative —g;i . Since
all other derivatives of F vanish, they must be

set equal to zero (i.e., G(2) to G(5) = 0).

Al to A4 represent the link dimensions of links

l to 4.

DELPHI = 5, stands for the 5 degree increments of

the input angle ®, -

Pl' Ql' P, and 03 are defined as the remaining

variables Xor Xq. Xg and Xg .

FEX(l1) to FPEY(72) are the 144 experimentally
cbtained shaking force components at 5 degree

intervals from 0 to 355 degrees., (See Table 3.3)
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7. A DO loop is set up to compute the constraints
(see equation (3.3)) as well as their derivatives.
Since the constraints must be set up such that
they are equal to or larger than zero, the

constraints of the type

2
(ch - FEX) < z (C.4)
2
or (FCY - ng) < z (see equation (C.3)), (C.5)
bacomea
C(I) = - (F - F )2 {C.6)
z cx EX ”
y
or C(I) = z = (FCY - FEY) (C.7)

The derivatives of the constraints are derivatives
with respect to the variables z, Pl' Ql' Pj, 03.
i.e. x5, Xos Xq0 Xgr Xg respectively. Both the
constraints and their derivatives are cbtained
with the help of expressions for the computed
shaking force components Fox and FCY' The
following first shows how these specific 144
quantities are computed. Subsequently, the

formulation of the constraint egquations and

their derivatives will be discussed:



i) Subroutine FOURIE starts from the experimentally

ii)

iii)

VARL(I)
VAR2(I)
VAR3(I)
VARA(I)
VARS(I)
VAR6(I)
VAR7(1)

VARS(I)

terms of the angle ¢y

KAY1 (I)
KAYL (1)
KAY3(I)
KAY3(I)
KAY1(I)
KAY1(I)
KAY3(1)

KAY3(I)

which the angular velocity 5

Subroutine MOTION computes

X

X

X

1

is expressed in

RPM, and converts these to a Fourier series in

obtained angular velocities, read in in terms of

The associated angular

$qe

expressions (see equations (A.3),

¢

as functions of ¢1, ¢1 and ;1 R

3

are camputed in the following manner:

accelsrations are subsegquently obtained from

and ¢3

The coefficients of the shaking force component

COS (GMA1(I))

SIN(GMAL1(I))

COS(GMA3(I))

SIN(GMA3(I))

SIN(GMA1(I))

COS(GMAL1 (1))

SIN(GMA3 (1))

COS (GMA3(I))

(c.8)

(A.17) and (A.18))
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where

RL 42
KAY1(I) = J( $,1) * (¢,4)
- - .4 2
KAY3(I) J( $,7) * { "31)

¢
GMAL (1) = #,; - tan 1 AL 2
I $11)

)
GMA3(I) = ¢, - ta t 2L

iv) The shaking force components FCXi and FCYi are

evaluated in terms of Pl’ Ql' P3 and 03' These

are given as:

F = P XVARL(I} = leVARZ(I) + P

CXi 1 3

F = P xVARS(I) + leVARG(I) + P

CYi 1 3 3

v) The constraint equations are written in the form

of equations (C.6) and (C.7), i.e.

C(I) = X{(1) -~ {( F 2

Foxs = Fexi!

2
and C(I+72)= X(1) - (Fcn - FEYi)

vi) Finally, differentiatiocn of the constraints with

178

XVAR3(I) = QBxVARuI)

xVAR7(I) + Q_xVARS8(1)



respect to the variables gives:

GC(1,I) 1
GC(1,I+72) 1
GC(2,1I) AAxVAR] (I)
GC(2,1I+72) BBxVARS (I)
GC(3,I) = =-AAXVAR2(I)
GC(3,I+72) BBxVAR6 (I)
GC(4,1) AAXVAR3(I)
GC(4,1I+72) BBxVAR7 (1)
GC(S5,I) = =-AAXVAR4(I)
GC(5,1I+72) BBxVARS (I)
whare AA = -2(Foy; = FExi)
BB = -2(F - F )

CYi EYi
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c. Augmented Lagrangian Subroutines

The following lists the Augmented Lagrangian subroutines
VFOlAD, VFOlZD, MCl1lAD, VAQO9AD and VEO4AD for the convenience

of the reader.
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d. Essential Elements Of Pragram Outpbut

The output 2f the program contains a series of cuter
iterations each of which consists of a number of inner ones.
Each outer iteration is made for a chosen set ¢f the

parameters ¢ and # , while the variables x; are changed

i
in each inner iteration. The following shows compcsites
of the essential portions of the first and fourth (last)
outer iteration and gives all necessary explanations. The

listings 2f the +¢'s, the #'s, the Lagrange multipliers,

etc, are omitted.

i) Pirst Outer Iteratisn
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PSRRI R R N R PO R R R L LT I - e R AP R L L R R R R e A I P PR R LS TS R L Y P S B R T S RN LRI T ST AT
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The above shows the first and last inner iteration
associated with outer iteration number 1., The following

explains the format of the inner iterations.

First line: The first number stands for the total

number of previously completed inner iterations. The
second number represants the number of times the
subroutine VFOlZD has been called. (Only the last
iteration has a third number in this line. It represents

a code number for stopping the iteration.)

Second line: This number represents the current value

of the applicable composite function ¢ according

to equation (C.1l},.

Third line: This line gives the current values of

the variables z, Py, Q;, Py and Q; (in the given

order). In the first iteration, the initial values

are reproduced. (It is to be recalled that the solution
of the problem becomes better as the value of 2

decreases. )

Fourth line: These numbers represent the derivatives

of the composite function ¢ with respect to the

variables in the order of their subscripts.
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ii) Fourth (Last) Outer Iteration

bEa TTESAP L0y numwded |5 &

7 i

FALETRLEE L IL T IR D

LW P

1 3
RERASTAL ERAt DR RPN |

[V RV

? ] L
FEARASREE ET.EFES FYE RS |

[V I )

COVETITLETLI ANt w i ng tas v lalal Taaned) eV, T2 ar 22T =0Y 2, 022310001 TINI 190932 A2 181328990 7428 4000
PR LR SR AL BEDE B FE Tkt 24 F LirPh . 5 Ll IALIT VIR 1A N2 S AL AR FAALD 3| +)L,fR 0 a¥TITY AT T D

AL FE AL TR LR L P R RO LIBTI N E IR B PR RAL IR RLILEAS LIS TIEN B I RSP O SR TY VLD RAGEL PN RPRE] BN LT LR FRaLE (L] B
e Tl YR RRCI RN S P A)Sd N4 IOIL 0 JL VAT 4G AN AL AT LS4 RGP (6TRY T -0 (RTB2LLTRTII2IT24TY 3
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The. last group of inner iteraticns in the above

contains the results of the minimax cptimization, i.e.

z = .,0235 1b

P, = =50.85 x

Ql = -57.56 x

P, = 18l1.98 x

21.95 x

o
L

2

10

10

10°

10

-3

-5

lb-sec2
2

1b=-geac

lb-sac

lb=-seaec

The ccmputation was terminated at this point since no

further significant decrease in the value of 2z was possible,

i.e. the prescribed value cf AKMIN was reached.
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APPENDIX D
APPLICATION OF AUGMENTED LAGRANGIAN OPTIMIZATION PROGRAM

TO LEAST SQUARES BALANCING OPTIMIZATION

The present appendix shows how the Augmented Lagrangian
program is adapted to the least squares solution of the
overdetermined system of balancing equationsl. (For
formulation, see equation (3.4).) Section 1 first outlines
how the various parameters must be defined in the main
program according to Section 2a of Appendix C. Subsequently,
a listing of the actual routine is shown. Section 2 gives
the applicable subroutine VFOl1BD and discusses it. Section 3

contains the important parts of the output of the program

and interprets the results.

1. Main Program

The main program, which is listed at the end of this
section, begins with comment cards which are designed to
serve as additional explanations. These are followed by
the COMMON statements which define the array size for the
constraints C and their derivatives GC. The following

variables are then defined:

Since the Harwell program requires constraints and the least
squares optimization represents an unconstrained problem, it
becomes necessary to introduce a dummy constraint. This
constraint is chosen in such a way that it will never be
vioclated.
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N = 4; stands for the four variables Pl' Ql' P3 and 03.

M= 1; refers to the single dummy constraint required

for the program to operate. (See Section 2 below.)
K = 0, since there are no equality constraints.

X(l) to X(4), the starting point estimates of the

3

variables, are made lx10 ° since previous experience

has shown these values to be of this order of magnitude.
(While accurate estimates are not required, they

decrease the number of iterations.)

With AKMIN chosen arbitrarily to be 1x10-3 . EPS(1)

to EPS(4) result from X(1) to X(4).

DFN is estimated to be 0.4.

MAXFN = 500 (See 3ection 2a of Appendix C.)
IPRL = 1, to print every outer iteration.
IPR2 = 1, to print every inner iteration.

IW = 2500, since the restrictions that N<25 and

M<50 are met.

MODE = 1 (See Section 2a of Appendix C.)
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The scale factor C{(l) = 10.001 represents the
magnitude of the constraint when evaluated at the starting
point X(1) = lxlO-3 . G(1,1) to G(4,1) represent the
derivatives of the single linear dummy constraint with

respect to the four variables X(l1) to X(4).
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2. Subroutine VFOlBD (See program at the end of this section.)

After allocating storage for the various subscripted
variables, the subroutine VFOLBD starts with the COMMON
statements indicated in Section 2b of Appendix C. The

subsequent steps are:

a. Al to A4 represent the link dimensions of links

l to 4.

b. DELPHI = 5, stands for the 5 degree increments of

the input angle +¢;.
C. Pl, Ql' P3 and 03 are variables X1 xz, Xq and Xg-

d. FEX{(l) to FEY(72) are the 144 experimentally
cbtained shaking force compcocnents at 5 degree

intervals from 0 to 355 degrees. (See Table 3.3)

e. The dummy constraint C(l) = X(1) + 10 was
chosen such that it never will become negative
for the anticipated range of the variable X(1).

(See equation (C.3).)

f. SUMF, SUMX1l to SUMX4 represent the initialization

of the objective function F and its derivatives,
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g. A DO loop, encompassing the 72 positions of the
machanism, is set up to compute the objective
function as well as its derivatives. The objective

function becomes, according to equation (3.4):

355°

un

2 4 (Fey, = FEYi)z] (D.1)

The derivatives of F with respect to the four

variables are given by:

355°
SF Y [AAxPFCX1 + BBxPFCYl] (D.2)
P, =00
R 355°
OF o ) [AAxPE‘CXZ + BBxPFCY2] (D.3)
BQ]_ o
i=0
3 355°
OF . 2: [AAxPFCX3 + BBxPFCY3] (D.4)
OP; 1=0°
3 355°
LE - 5 [AAxPFCX4 + BExPFCY4] (D.5)
603 O
i=0
whera

AA = 2(FPCX(I) - FEX(I))

BB = 2(FCY(I) - FEY(I))
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.2 v
PFCX1 = my( ¢, ;co8¢;; + ¢ 85inéy,)

.2 *n
PFCYl = l‘l'll( ¢liain¢li - ¢licos¢li)

'2 LI

.2 e
PRCY2 = m ( #; c08¢); + ¢;;8in),)

.2 .
PFCX3 = m3( ¢3icoa¢3i + ¢aiain¢3i)

PFCY3 = =m,(-¢,,;8in¢,, + ¢3icos¢3i)
02 »e

-2 .o
PFCY4 = m3( ¢31C03¢3i + ¢3181n¢31)

All force and motion computations are identical to

those in Section 3b of Appendix C.
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3. Essentjial Elements Of Program Output

The output format of the least squares sptimization
shown below is similar to that given in Section 34 of
Appendix C., For the present optimization, only one outer

iteration was required.

JUTEA [TEAATION NUMBER (S )

9 |
-l ALY e e e e e e — e
G AARTVITITNIINNG=0 T A TPFPMIMNITTIIIFIIUC0Y G 1HVITIMETITT 14040 0, TISTHISRII9949998-0 )
N PEARLIT L TSTATLL Y SRS B YR FRCPYRTDRLN D L NN PRPR L FRITL BLGTLY - JUYNS. PY TS L) RLT T AATYDES [0S B

] L] . .
[ . . .
L] L] 4 ]
- . . *

td 1 e 1

IPIIE-RALTSFERATL] [ LA
LR ER L FA LRI LRI Rl RS DRSS BEL PR IR FRRL FALE L ER TR TEL NN PN LI PRI R RE IR AV P IS LR FLLLEE LY LR LR ] ]
J. OO ITHAI NI L1 L LAXNMVIITONILLIAN L1 2. TTRAMGITAINNTININ 39 Q. LVVeeTAILINLIL MY LY

Again, a set of four lines represent an inner iteration
where the first number in the first line stands for the
total number of iterations. The second number in this line
stands for the number cf times the subroutine VFOlZD has

been called upon,
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The number in the second line represents the current
value of the composite function ¢ according to equation (C.l1l)
of Appendix C.

The third line gives the current values of P;, &y,

93 and 03. In the first inner iteration the initial wvalues
are reproduced.

The fourth line shows the derivatives of the composite
function with respect to the four variables.

The last group of inner iterations in the above

furnishes the results of the coptimization, i.e.

-5
Pl = -56,25 % 10 lb-sec2

Q. = =51.81 x 10-5 1b-sec2

(D.6)

P; = 158.42 x 107> 1lb-sec’

-5

Q. = 0.36 x 10 lb-sec2

The computation was terminated at this point since the
value for AKMIN of ].:-clo'3 was reached and, with that,
no significant further reduction in the compeosite function

could be obtained.



APPENDIX E
REVIEW OF A CHEBYSHEV-TYPE SINGLE COUNTERWEIGHT SHAKING

FORCE OPTIMIZATION OF CONSTANT SPEED PLANAR LINKAGES

This appendix briefly reviews a Chebyshev-type
minimization of the maximum shaking force of a constant

input speed mechanism which is accomplished with the help

of a single counterweight attached to the input link. This

approach was first described by Ya. L. Gheronimus [?5] .

Figure E.l shows the shaking force hodograph of such

226

a mechanism as it appears when it is rotated by the negative

of the angle corresponding to the instantaneous position
of the input link.

If vector OD represents what is before the above
rotation a constant magnitude shaking force component
which revolves with the constant angular velocity of the
input link, it must be stationary in this figure. Vector
which is due to a component of the shaking force which
originally is of variable magnitude and rotates with an
angular velocity different from that of the input link,
actually traces out the hodograph.

Assume now that a counterweight is attached to the

input link which produces a force equal in magnitude but

DE,
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variable component
; of shaking force:

constont magnitude —

shaking force component \ total 9 force

FIG. E1 SHAKING FORCE HODOGRAPH OF
CONSTANT INPUT SPEED MECHANISM
ROTATED BY NEGATIVE OF INPUT ANGLE
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opposite in direction to that represented by the arbitrary
vector 05 , at angle & , Figure E.2 shows that this
operation causes a shift of the hodograph with respect to

the coordinate system such that point S of the hodograph

now coincides with the origin O. If point S is appropriately
chosen, a reduction of the maximum shaking force may be
realized.

Ya. L. Gheronimus has shown that the maximum shaking
force can be minimized if point S is chosen as the center
Cg of the smallest circle which circumscribes the hocdograph
(see Figure E.3). The center of the circumscribing circle
represents the Chebyshev, or best uniform, approximation
to the given hodograph by a polynomial of degree zero, i.e.
a constant. The maximum modulus of difference between the
hodograph and its Chebyshev approximation is represented by
the radius Rg of the smallest circumscribing circle.

When this point Cg is now moved to the origin in the
manner indicated above, the resulting shaking force can
never be larger than the force which is represented by the

length of the radius Rg of the circumscribing circle.
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FIG.E2 SHAKING FORCE HODOGRAPH OF
FIG. E1 MODFIED BY ADDITION
OF INPUT LINK COUNTERWEIGHT
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S~

FAG. E.3 SMALLEST CIRCUMSCRIBING CRCLE TO
HODOGRAPH SHOWN IN FIG. E.



APPENDIX F
COMPUTER PROGRAMS CIRCLE AND FMAX

This appendix gives the essential parts of program
CIRCLE which represents an adaptation of the Harwell
optimization code to the determination of the radius RS

and the coordinates Csx and C of the center of the

SY
smallest circumscribing circle to a given rotated shaking
force hodograph. This program is based upon the formulation
of equations (4.5) and (4.6)., With the exception of the
specific main program and subroutine VFOlBD, the Harwell
code is used as given in Appendix C.

In addition, the program FMAX, which finds the maximum
values of all the reactions of a given mechanism, is shown.

Outputs of programs CIRCLE and FMAX are required for the

work of Appendix G.

1. Program CIRCLE: Determination Of Smallest Circumscribing

Circle To A Given Shaking Force Hodograph

a. Main Program

The main program, which is listed at the end of this
section, begins with the required COMMON statement which

describes the array size for the constraints C, The
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following variables are then defined:

N = 3; stands for the three variables X(l1) = Rs',
X(2) = C ' and X(3) = Cgy'.
M = 360; stands for the number of constraints.

(These constraints are formed by the use of equation (4.6)

at 1 degree intervals of the input angle ¢, See

subroutine VFOLBD below.)
K = 0, since there are no equality constraints.

X(l), X(2) and X(3), the starting point estimates of

the variables, are made equal to 25, 6 and 1, respectively.

With AKMIN chosen arbitrarily to be 1x10-3, EPS(l) to

EPS(3) result from X(l1) to X(3)}.

DFN is estimated to be 1l0.

MAXFN = 500 (See Section 2a of Appendix C.)
IPRlL = 1, to print every outer iteration.
IPR2 = 1, to print every inner iteration.

IW = 10000, since there are more than 50 constraints,
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MODE = 1 (See Section 2a of Appendix C.)

Subsequently, a DO loop is set up to make the constraint
scale factors, C(I), equal to 500 for all 360 constraints.

(See Appendix C.)
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CIRGLE AFTER THE OPTUMIZATION [S CCMPLETE.

—

IRE CQHSTRA[YTS ARE
. GOl L » Xit)1®se2 « PESXI([) = Xi21)002 = (FSYRU({) = £{3))med

Ao OO0OaOOO0OnaOanOnn

CTHE w3005 ARPY WILL BE APDROXIMATED AY NDISCRETE POINTS | | e

TaEy AT 1 NEZREE [NTEAVALS JF THE INPUT AHGLE PHI .,

_THE STARTIMG POINT S _  _
Xi1)eg%, Xi2)1eb X{Y)=]

JMPLICLT REaL®8{4=H,0=i]) — ———

COMMON/VFQLED/CLLIGBGD
FEAL*S ({3) ,ERPSI M)

N = 3

——— M NG o e I e L -
L9 s}

Plal, 14139307 — —m . F R —

C IHE STAATING PIINT ts LSTIMATFD 10 9E

— CtL1y=2.50) et e e -
{2125,400Q
w4111 »1.N00 — — —— e = . .- -
C
LL S L3 B S —_ ——- —

e g — - i ——-

HATEREPES-FLF
. EPS[2)1%5,00=)
EPSILYI)nL, 20-)
TFs D1
WANFYS0
[PR=}
e, IPAZs} . —— S - _
C SET (Wel0300. [F MORE STORAGE (S REQUIRED, VFOiIaD #ILL
€ _ SIOP aND PRINT_OUT NEW_AFSQUIAENENT, __
{W=100G0

A o me e e i —— _— — - - i —e = . -

c Tl'E CONSIRIINI SC‘LE FlCI'ORS QRE GLL :SHMAI'ED o ﬁE 500
A1 I R T U 1 Y
i0 Ct{1=5D2
CCALL NFILATI M, M K X EPS AKMEN,DF N MAXFN,, [PAL,IPR2Z, 14 MOOE)
sTOP

———— e = &ND e — e m
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Subroutine VFQLBD (See listing of program at

the end of this section.)

After allocating storage for the various subscripted

variables, subroutine VFOlBD lists the COMMON statements

described in Section 2a of Appendix C. The subsequent

steps are:

1.

F=X{(l), i.e the objective function RS' is

declared as the variable x;. (See equation (4.5).)

G(l) = 1, represents the derivative —gf- .
1l

Since all other derivatives of F vanish, they must

be set equal to zero {(i.e. G(2)=G(3)=0).

Al to A4 represent the link dimensions of the

sample mechanism of Section IV.E,
RPM = 500, stands for the constant input rpm.
PHIVEL converts RPM to the input angular velocity él‘

PHIACC = 0, represents the zero input link angular

acceleration ;1 .

DELPHI = 1, represents the 1 degree increments

of the input link angle $y-



8. The constant general mass-distance products are
defined in P1, Ql, P3 and Q3 according to

equations (4.54) to (4.57).

A DO loop is then set up to compute the constraints
as well as their derivatives for each of the 360 positions
of the mechanism. To this end, the shaking force components
FSX and PSY' given in lines 50 and 51 of the program, must
first be found.

The required kinematic values are supplied by way of
subroutine MOTION (see Section 3b of Appendix C both for

subroutine MOTION and the determination of FS and F

X SY)'

The shaking force compcnents are then rotated by the
negative of the input angle é,, according to equation (4.3),

and one cbhtains:
FSXR(I) - FSX(I)coa¢1' + Fgy(I)sing, (F.1)

FSYR(I) ==Fgy(I)sing, + Fgy(I)cos¢, (F.2)
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Finally, the constraint equation (4.6) and its derivatives

with respect to the three variables are evaluated. Thus,

c(1) --(xl)2 - (FSXR(I) - Xz)2 - (FsyR(I’ . x3)2 (F.3)
GC(1,1) = 2%, (F.4)
GC(2,I) =

R

2(st (1) =- x2) (F.5)
) (F.6)



10401 SUBRUUTINE VEILBD (N, 1)
COC2 L IWPLICLT REMLeBiA=HA=L o et e e e =
gcey REAL®*S xI[3)
CO04 .. _INTESER PHID, PHI[DL, DELPHIL e — = s o —am
aces REAL®3 KAYL{340),xaY3{3b60)
GCCH O DIMENSION SMALI340)+3MAD{IAD)FSXIIGN) FSYL 0O
coe? UIMENSTION VARLIIGN) ,VARZ2(03%O) ,VARI{ IS VARG (34D
cria __ e L L DIMEYS|UMN YARSIIAN ), ARG 36D, VART( IGO0 ) VRSB IEN) R
o219 OIMEMSIUN PSIALYI&SD),2S5L 413500 FSAR(340) ,FSTRI3AND)
coila CROUBLE ARECISINN DCIS,CSIN,0533T,DaTang ; .
731l COMuOMIVEQLICD /F
0012 COMMON/YFRALOD/GES) et e — —— - - -
gc112 COMMUNZYFOLED 7C1 L08D)
COLS o __CUMMON/YFOLIED/GL{3.3500 e e o e et e
cc1s o=}, l6l%9100Q
B} C___ IrE NAJECTINE FUNCTION LS ___ o . __ T,
cols Faxil} ,
e __GLL)ePARTIAL DERIVATIVES NF QOMJECTIVE FONCTION (FLX{L)) WiITH __
c AESPEIT TO VARIABLES XILPXE2),%x02).
nevr . LtlielDo e e
ccLe 2121800
oy .. Gi))=000 _ _ el o o __
c THME LINK DIMEXNSIONS ARE
ne29 T 1 13+ 1 1 U
tct A2=2400
nne2 e __A3=3DC__
4023 1425,.50
— G . THAE ANGULAR _ MELOC XY IS _ e L i e
2024 ADM = 802
002 _ . ___lwelsL1,3702 e
0G26 PHIVEL®IPMHe 29500
- £ IHE _ANGULAY ACCELEAATIAN QF THE INPUT_RINK_ 1S _ -
6a27 PrHYAlC=]0Q
_ € ____ THE ANGULAR_ INCREMENF _FOR THE HODOSRAPH FDRCES (S _ o
ng2s CELPHI = 1
6 _THE SENCA AL MasS-0iSTANCE pP2QOQUCTS 8RE . -
9023 Pl = L137T7120-2
80130 Il 3-,193447)10-1 ——
Qcit 73 » ,300922N0-2
1012 .. . . L A3_x L21S64T0CAND=Y el . e
[
LB R | o CO 1E0 PHILL=1, 38, 0EBLPHL_ _ _
cole PHID=PHINL - |
Qgls PHI=Ll & PWID. __ . ———
Co3s [ = PHIV/DELPHI + |
CC _ . THE K[NEMATILS NF_THE_L [NKAGE_ARE DETEAMINED IN T,
< JVBROUTIME MITICN
bE BN CCaLl MOTIQN (PHE A1, 82,43 ,44,PS| PHIVEL ,PHIACT, | —
1 PSIVIL)YPSLALTTY
cng KAYL(!Y o _DSORTIPHIVEL®®G » AHlACCe*?) = _ o
S0139 KAYI([) = USQRTIASIvIIImee + PSLAC] I%02}
NG&0 CMAEU) I_=_PH{ «_DATANZ(PHIALC,PHIVELE®2) A
Coal GMASII) = PS[ = ODATANZIPS (AT} PSIViI[Ien2)
CGh2 L VARLUT_» KAYLULIYeDCOSIGMAT L)} _ o ~ _ _
004} YAT2(1) « RAYLLL)OOSENIGMAL LI D)
Nout YARILL) = <AY3l1)1enCOSLsMaY{l)]
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e CAYI([IONSINIGNAY
o <AYL{11#DSIN(GMAL

FARSG () ti1}
(I
» KAYLE[ )1 eDCOSICMALTTY)
e
ti)

)]
vaas (i _
Ulablll

VART{T) = XAYI({[)euDSINIGMA)
VARA( [} = Kav3I({1eDCOSIGMAY
SHAK NG FORCES 4ARC
FSXCT) m PLOVARLL[I=-ALevaR (I 1+P YO ARI([ I =UdeVARLIL)
FSYU[) = PLOyEAS(LJeI1IOVARS([IePISYRRT{[Te3ovaRS (T}

THE Z0MPANGNTS F THE SHAKING FARCE QOTATED 8y THE NEGATLVE
TF THE [NPUT ANGLE 04| 4REY :

FSET{ [ I=sFSX{ [1euCOS{oMHL) » FSY({Y®SINIPHDY

v FSYL[)1e0CAS(PNTLY)

THE CONSTRAINTS aos

CUlY a (1) )em? LESXRITY = X1211%32 = {FSYR([] ~ X(3))ea2
UFI[vATIVES OF rHE SONSTRAINTS A{TH RESPFECT TQO THE vAR! ALES A
SCUL.1Y = 200mx{ L] o . L .
GCiZyl) = Z0N®{FSXRIL) - XU2))

SCE3,1 = ZNOMIFSYRIT) =_1%13} _

CONTINUE

RETURN —— e e oot e+ = — e e e
NN
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¢. Essential Elements Of Program Cutput

The output format shown below is similar to that
described in Section 3d of Appendix C. PFor this optimization,

three outer iterations were required.

JUIER (TERATION NUMBEA_IS 1 __

C 1
—.0.,2%C200300000900QC_¢2___ . ____ . e .
0.2%79790039920C0C2C0 22 2.63097°000000030200 0L 3.10Q000260C0720000C a1

- e mm o amm e —— e R MR == % - % i e e T -

- 0.tecgounaaaenangn at 2.0 _ . . _ . .. I Y
. . .
* . "
’ . .

13 23 1
1.152587066%6822410 %2 __ _ . . . . .. : —
0.,16492040641%677160 T2 U.29315658T40766510 D1 -0,333467080Ca9616710 01
= 0.537636341637A1110204 ~0.44041735242100C0650204__0,14531632312196340-06

_ JUTE® [TERATICN NUMSEX I3 3 ..

——— i h R —— i ——— — - r s o e e ———————— - —

a 1
o 0. 1583885192764 720_ 02 . e e e e -
0,15828884040015580 02 0.A7377482524292%60 N1 -3.345488073%6036218C O
0.TACP4554188739120 00 =0, 11317110600782911D 90 . 2.7445)2744C90627700-01 .
1 2
. 0.15801620664633090_ %2 . . _. . et e =
0.15763980965143670 (2 0.8963375050235685D Q1 =0.36A86137437607365C 01
e D.8%344978972423720C-0 =3.43223137 191 512810-00 0,399 1 1488302926000 . _
F )
3,153013112642318%290 2. . _ . . . ; ) -
0.15734168577876213 72 N.BITASSAINGIALZITY O1 =0.36T295751827463540 01
. 1873753325081 790C=0) =0,7543329%580955150n=-02 _ 3.527125910297%4190-02 __
3 4
__Q.15901001027578297_¢C2 e e
3.1973427)1096447360 02 0.89850917082630360 0L -9,3464566349041 77630 11
“0.93315450257641610-23 -0,10730788345186310+02 _0,8172520299255422N-33
T e s t .
0.1%90100079435326C €2 _ . ____ —— .
0. 197364631231227240 22 0.B87974437157026300 0% =0.34647600738945%30 01
L. =0,.43785840770245260=06 =9,85226643782450039)=0%__2.56312344373433030205 . _

Again, a set of four lines represent an inner iteraticn
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where the first number in the first line stands for the
total number of inner iterations within the given outer
iteration. The second number in this line stands for the
number of times the subroutine VF01ZD has been called upon,

The number in the second line represents the current
value of the composite function ¢ according to equation (C.1l).

The third line gives the current values of Ro', Cgyf
and Cgy'. In the first iteration, the initial values are
reproduced.

The fourth line shows the derivatives of the composite
function with respect to the three variables,

The last group of inner iterations shown represents

the final results, i.e.

Ry = 15.734 (1bs) (F.7)
Cox = 8.987 {(1bs) (F.8)
C = =3,464 (ibs) (F.9)

5Y
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2. Program FMAX: Determination Of Maximum Bearing Forces,

Shaking And Input Moments Of A Given Mechanism (See

listing of program at the end of this section.)

This program, which is specifically written for the
example mechanism of Section IV.E, first determines the X
and Y components of the mechanism reactions with the help

of the following subroutines:

MOTION: Finds the coupler and output link angles,
angular velocities and angular accelerations.

(See Appendix C for a listing of the program.)

KINMAT: Evaluates the positions, velocities and
accelerations of the mass centers on the

input, coupler and ocutput links.

REACTS: Defines the X and Y components of each bearing
force, the shaking force and the input moment

as functions of the input angle ¢ ,.

Programgs KINMAT and REACTS are also reproduced below.
The absolute magnitudes of each of the reactions are

then found for all 72 mechanism positions by way of:
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FM/G(I) =

F43(I) =

—oa\L
[F43x‘”]2 * [Fasyll) 2) 2

1
Fya(I) =

[Faax(11]? + [Fa3y(1)] 2 )
My/(D) = ([2.75F, (1) = 2.75F,54(1) - M41(I)] )%‘
My (1) = ([M“(I)]z)%

The maximum values of each of the above is obtained

Fyy (I) = ([anm]z + :FZIY(IE 2

by continuous comparison with the previously established

largest value. The results are given by:

(Fa1lmax = 52.122 1bs (F.10)
(Fy) Imax = 50.743  1bs (F.11)
(Foqlumax = 40.377  1bs (F.12)
(Faadmax = 39.273  1bs (F.13)
(My/c)max = 90.902  1b-in (F.14)
(Mgy )yax = 38.720 1b-in (F.15)

and  (Fy,c)yax = ROW = 25.004 1bs (F.16)
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C THIS PINGRAM W[LL EIND THE MAXIMYM ABSOULLTE VALYES OF THE_ __
C BEARAING REACTIONS ., SHAK[MNG MOMEMT, [HPUT MONENT aND SHaK[NG
C FURCE _FOR_& GIVEN MECHANLSM. . . _ . e
tast IMPLICIT REAL®A(A=H.0=1)
£sc2 — INTEGER_PHIN, PHIOL, DéLPHI _ e e e e e -
coga REALSS K2,83,M01,M42,M3,LaMBOA,LANY (73}, Lava(T3)
co04 JAEAL®D MMGITY) M LT3 ) HeL AT TI)  MIGMAX  MELNAY e
gocs GIME IS [AN Fhlxl?3l.Flel73l.le!trll.FZIYi?:I.FZB!t?EJ.
- L LE2IY TN FedX (T FeIVITI),FSXITI)FSYLTIY A,
cQué CIMENSIIN FaX( 731 ,Fal T3 .F21{T31,F23(731
_agor e _CMENSTUN PSIVITIN L PSISUT N RS e
cces Dl“‘:il.ﬂ ALOTS o YL0T 30 X20T30,¥20730,031730,Y3(T73})
_ggee9 CIMEMSIUN VALITII VY L{T3i,wx24730,vy24730, V3173, VYI{T3Y__
GOLQ CIVENSION aX 1T AYLITY) o X2073),8Y20730,aX3073).,AY2TH)
9911 COUALE PRECISINN DCISOSIN,DSQRT,DaATANY e e e
aci2 PIe3,.14199100Q
241} o m P B0 e e e
o IHE LINK DIMENSLIONS 4ARE
8014 Al=200 e v« —— o
cCLS 422400
cats . .. A YOG o e . e e
aoLT aen%, %00
e . G _._. THE ANGULAR VELOCITY QF _THZ_ _IMPUT LIINK S . -
rQ1s apv a 52
L£a19 AHIVEL = _3IpMeZenn0 e e e e e o ——— e e ———
C THE ANGULAR ACCELERATION CF THME ITNPUT LN [S
Ce20 __ __ ... . ._. ®wpalc = O0G . - _
C THE AMGULAY TNCREWENT (35
_2021 _ _.CELoRL « § : R . . N
€ T ThE ZENTEY OF 4AS5 LIACATIOMS FOR EACH LINK aRE
Lgez2 Al = 100 __ e e e e ———e e —
¢a213 1 = agv
£Q2s e _.¥2 = 3D . ) . .
cez2s o2 = L,&01300
ceés . __ __. _PY & 1,500 _ _ _ . _._ e e . [
0q2? <3 = Q0N
- THE_AQ1] SF_JYyRATION QF COUPLER_AND OLTAUTN LINKE ARE . _ _ .
co28 K2 = 2.397C00
coz2? oL __ K3} = 1.5T4I00 o — e - -
I THE LINX %LSSES an»
CCY0 __ _ _ .. %1 =z $5.10A N~4 e e e el - e -
ccil 2 s |2.87170~4
-nn12 MY = $,33730-4___ ——————— -
c
g03) - __ __ _ F&lMaAX e QUJ_ . ... . L . . .
oo K F2lMax = 039
eI . ___F2ax = NG e - -
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CCIY . _ __ . __ FuGMax 2 QU1 - -
CO40 co 120 94!0[-1.356.DELPH1
Coey__ ___ _  _OHIJ®AHIDL - 1 e . ; e e im o
0042 PHIslePHID
LG43 [_= PHIJ/DELPMI_*_1

CALL MOTION(PHL AT 82,383, 45, PSI PHIVEL,AHTACT, ASTVIT ) PSIALTY,
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—CQOL...-___ e e e SUBROUTLLUAE M N™aT APMIL o PHLVEL 4PHIACC P51 «PSIVEL,PS{ACC 21002443, -
1 164,01,31.,02,42 AT 03 0L YL A2 Y ALY UL VY LLYR2,VY2,
pa L NEIYYIAXL L AYL ANZAY2, AN ,,4Y ) .. e
o CALSULATION OF X AND ¥ COMPONENTS OF PCSITION, VELGCITY, aND
[ ACCELERATIIN TF ARAITAARY RTDINTS_ON. CRANK. CIUPLER, AND QUTPUT _ __ _
c LINK OF A FOUR 3aR LINKAGE.
- —— e L GLVEN_IMPUT_INQ _OUTPUT ANGLES, LINKAGE _QIMENSICHS, _ o .
ooa2 {ueg 11T REAL%RIA-H.N)=2]}
9cY COUALE »RECLSION_DCSSy OS50 1, 0SART,JaTaN2 ,0ABS . e et m———
CCCs 54 = OSIN (PHIY
cees LA = CCJS 1PHI) e e e e e el
coCe S8 = CSIiN (PSS
Leer . . CA = DCOS PSS _ —m s —
(A | L] = PleCa - Q|e5A
ccecr .Yl = PAmSA » QVEGA e
Q010 YAl = =Y LeOMIVEL
cott e e _dYl._® __XlePHVEL o . _— e o —m —o
cciz AAL s ~¥LePHIACLC ~ VYLeOH[VEL
S0 B N Y]l » _3levHtacC _+ vXLROHVEL . — o - -
Ccotie T4 = (a2 -~ P27 = al#aQ
cc1s ___ .. __.__Ta =_N2 % Aal/42 _ I e
coié C = 22 = 43/42
oLy _ e ._.. 1D = Q2 » a3/42 e . B . - e
co1g APH = faeCA ¢ TRaSy
_to19 ~ BPH » TAeSA - TR#CA R,
oo B | APS = TCesCp « TDe5B
L Rg2! o ___w9s = TCeS3 ¢+ TOeCR _ e iiae-
[ r I J A2 = APH + APS » AL¥P2/AQ
hedd . ¥) = BPH » BOS ¢ 4402782 | - e o
24 VX2 = -RPHEPHIVEL - 3PSePSIVEL
.. Beas VY2 =3 APHeRPRIVEL _* _APSSPSIVEL _ . . . L o
Qcis 2342 & =IPHSPHIALL - APHePHIVEL®w? - BPSepSTall = APSepPSiVEL#s?
. Coe7 e . . 8Y2 & APHEIH[ACC_ = UPHSPH|VEL®S2 + APSeRS[ACL - 3PSEPS[VELEe2
ngza A3y = PISCA ~ QIOSE » AL
cees . ...¥) = DYeSA » YIN(P . e~
CG10 VXY = =¥3epS| yEL
=0 Vil s =YI®PSJVEL ——
2012 vY3 = (X3 - &&) & PSIVEL
CoY) . LWYd = (%3 =~ L4} w PSIVEL e e I . .
R A%X3 = «y3=ssS|aCC = vYISPSIVEL
go2% e WYY » (MYI=AL )OS [ACC ¢ WXISPSIVEL_ . . - e
gee RETYRN
. GoAt END N _—
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eool L. SUBROUTLNE. AEACTSIPHI (PHIVELPHIACE, LAMBDA.LAMVEL  LAMACC PSS (0. e .
IPSIVEL JPSIACC s81 82,273,361 sQL+P2,024P3.0)4K2,K3 ML, M2, M3, FolX
— . 2 FNLY G F2IXF2LY F23X,F2IY.F43X.F43Y, FSA,ESY, M41] _  _

e ——— — m————

rngec? IMPLICIT REAL*BIA-H,O=1])
Q0¢c) . . . UQUBLE #RECLSION DCUS, DSIYDSRRT,DATANZ,DABS . - -
o REAL®A L AMIDALLAMYEL ML M2, MI ML, LAMVZ, 12,13, ,LAMACT ,K24KD
LOCS e L3P = DSINIPHL) —_—— —
caca CP = OCISIPHD)
gecr _ .. .. . SL = DSIN{LAMADA) _ - —_ —— e e e+ ———
coey CL = DCUSILAMADAI
is1oled ] oo 55 .= OSINIPSTY . L e e el e e e e ———— .
agLo S = CCASIPSTY
Lol _Taul_® DSIMIPMI_~ LAMBDAY -
cc12 TaULl w DCOSIPML = LAMBDAY}
CCLI. e e YYD = DSIMEPSTE - LAMBDAY_ e e —
Colé PHIVY = PHIVELSPHIVEL
CCLS e e AMY 2 _m | AMYELSLAMYVEL e e e i —— — ——————
geis PSIVZ = PSIVELPSIVEL
_GniT_ {2 s M2s[R20P2 »_ Q29702 +_KX2eK2} —_ ——
Qo119 I3 = H!HP!OP! * QYe}) ¢ KIeKI)
L1 B S B2 = 125 LAMACC/LAZOTAUN _— e - - e e e e —
(ods B 20] 53 = 13epStaCC/{aletayll
_CQ2V_ . L. 2Ty = a2sTAYY L e =
¢n22 T Felx -nzu[apﬂlvzocp - MISPL¥PH{Y2eCP + MLSCLIePH[V2OSP
_ 1 - M2wPatLAMACCOSL + LAMYIZRCL = alerSepmivaestaulsadryy
2 - M2eD2e(LAMACCOCL = LAMVISSL + ALMCSePR[V2eTAULL/42TT)
— e 3 _ = D2eCS - DISLL_ I,
ce23 Faly = -uzultpmvz-sp - mtp[tPsz-sp - n[ng[cPHIVZ-cp
e | y MIUP2W LAMACCECL = LAMV2eSL_ o ALOSSOPH|VZelaULl/A2T3} —
2 - M2eD2w({LAMACCH®SL + LAMVZSCL o BlwSSePMiv2eTaULL1/a27Y)
-3 = _D2e8S_=_03eS¢ e e e
(o] 23 F21x a MZeAoPHIVIECP » NZ*ﬁZOILlMCCOSL . LMWZ‘CL - klwl§
e Y oM v2eTaULsA2TY) e M2eQ2eLAMMCCECL - LAMY2eSL .
2 ¢ ALSCSERARMIVIaTAULLZAZTY) +» D2eCS ¢ D3l
C02% ... . __ F2lY_& M2ea|sPHIVZIeSP + M2eP2e{-LAMACCHCL » LAMV2eSL - ALl®SS_ _ __
! SPHIV2OTAUL /2T » M2eQ20(LAMACCESL & LAMY2SCL
e - — v_ALeg5eop[v2etalll/a2Td) +_D2%58 _» N3eSL _
“002s F2Ix = M2ep2edin(S*pyv2eTaul/a2T} - M2e02waleCSORPHIV2eTAULL/ A2l Y
. Y o DR2CS = D3WLLLL L .
0027 E21Y » wzonzuuss-uuwzonulnzr) - M2U020ALSSePHIV2STAULL/42TS
. R = D2¢S8S =_DIisSL i o
cgan Fe3x = -nthEO&l*CStPHIvz:r!UlMZH Te W2eQ2eALOCSePUIVIATAULL/AZTI
I = MISPAC(PSIACLESS ¢+ _PSIVReLS) = M3I#J3w(PS[alCeCsS_= RSIV2
b3 551 ¢ N2eCS & DAl
coz9 o _ _Fa3Y m =M2ep2ea[nS5S5e0HIvZelaUL/A2TT ¢ M2ZeQ2sALOSSePK Y OTAULIL/A2TY__ _
1 * MISPI(PSIACCECS -~ PSIVINSS) = MIAQ3e(PSTACCHSS » PSIVZ
_____ 2 —*CS) v D2wS35 ¢ _D3®SL _ — e e e ——
caMm FSX = -tFtll + F&3IX])
2011 ESY » ~iF4)Y » Fo3T)_ —_ -
cci2 Nal = N2#P2® (A1 (LAMACC*TAULL » LANV2eTAUL)

R Y = _ALBALODSIN(PHI = MSI _ JSPHiv2eTAUL/4213) .
2 ¢ M2eQ2e[ALlS(LAMACCOTAUL - LAMV2eTAULI)
. R *_Aloa)sDSINIPHI_=_PSL___ _1#PHI+2*TAULL1 /42T e
& » D2eR1*DSINIPHE - PSI 1 + D3saleTAUL
tg2l RETURN

9034 END
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OQutput from program FMAX:

TRtk T T TUF2IMAXT T R23max T Fadmax T MMGWAX T MelMax
——C,52322020 02 0,50743260 p2_ Q.%0376340_02__1.39273270 02 0.979931220.02_. 0,381290%" 02
THE MAXIMUM SHAKING FORCE IS . Lol il e e 4 e m e wmemeea

' 0.29C03760 02
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APPENDIX G

COMPUTER PROGRAM OPTIMIZE

This appendix describes program OPTIMIZE which adapts
the Harwell optimization code to the problem of simultaneocusly
minimizing the maximum bearing forces, input moment and
shaking moment associated with a prescribed maximum shaking
force of a given four-bar linkage. This program is based
on the formulation of equations (5.11) = (5.17) and follows
the computational sequence outlined in Sections V-D-1 and
V=D=2., The main program and the subroutine VFOlBD, which
are written for the sample mechanism of Section IV-E and a
50 percent reduction in the maximum shaking forcal, are
first described. Both of the above routines follow the
outline of Appendix C which shows the use of the Harwell

code, Subsequently, essential elements of the output of

the program are given.

1. Main Program

The main program, which is listed at the end of this
saction, begins with COMMON statements which define the

array size for the constraints C and their derivatives GC.

lBoth the main program and the subroutine VFOlBD may be

easily adapted to other four-bar linkages and reductions
in maximum shaking force, including full force balance.
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The following variables are then defined:

N = 5; stands for the five variables X(l)=z, x<2)-n3*,

* »* -
x(a)-o3 , x(4)-R.2 , and x(s)-02 .

M = 439; stands for the number of constraints. (See
comment cards at beginning of program for definition

of constraints.)

K = 1; refers to the single equality constraint as
rapresented by the general equipollent circle equation.

(See equation (5.4).)

X{(1) to X(5), the starting point estimates of the
variables, are made equal to LI, .705, 3.23, .559,
and 3.23, respectively (a guess based on the two-

counterweight method of Section IV).

With AKMIN chosen to be 1x10-4, EPS(l1) to EPS(5)
result from X(1) to X(S5). {(This value results in
sufficiently close adherence to the equipocllent circle
equality constraint to insure an accurate prescribed

maximum shaking force.)

DFN is estimated to be 0.5.
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MAXFN = 900 was specified, rather than the usual 500,

bacause of the increased number of constraints.

IPRl = 1, to print each outer iteration,

IPR2 = 1, to print each inner iteration.

IW = 10000; since there are more than 50 constraints,

MODE = 1

After setting scale factors for the constraints
C(l) to C(7) equal to their starting point estimates, a
DO loop is used to make the remaining 432 constraints
equal to 0.5. (This again represents an arbitrary estimate.)
Subsequently, all derivatives of constraints which result in
a constant term are defined by the parameters GC(N,M)., (See
line 37 in Section 2.) Finally, the subroutine VFOlAD is

called.
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2, Subroutine VFO1BD (See listing of program at the end

of this section.)

After allocating storage for the various subscripted
variables, subroutine VFOlBD lists the COMMON statements
described in Section 2a of Appendix C. The subsequent
steps satisfy program requirements and introduce necessary

functions and input data:

1. F = X(1); the objective function 2z 1is declared

as the variable X(l). (See equation (5.11).)

2. G(l) to G(5); represent the derivatives of the
objective function F with respect to the five

variables X(l) to X(5).

3. Al to A4 represent the link dimensions of the

sample mechanism as given in Table 4.1

4. RHOLST, RHO2ST, and RHO3ST represent the densities
of the steel counterweights used on the input,
coupler and output links. (All are made

7.3316x10™% 1b-sec2/in%.)

5. H1STAR, H2STAR, and H3STAR define the counterweight

thicknessaes as 0.625 inches.



10.

11.

12,

13.

14.

15.
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o
MAX

the unbalanced linkage is obtained with the help

R = 25,004 lbse: this maximum shaking force of

of program FMAX (See Appendix F.2)

RS = 15.734 lbs, CSx = §.987 1lbs, CSY = =3.,464 1lbs;
the radius and coordinates of the center of the
smallest circumscribing circle to the rotated

shaking force hodograph are found with the help

of program CIRCLE. (See Appendix F.l)
OCg = magnitude of vector 5&5 (see equation (4.24)).

DELTAS = angle 3_ of vector 555 (see equation (4.24)).

[
ETA = 0.5; defines reducticon factor 7.

MU: proportiocnality factor . , as given by

equation (4.10).
RPM = 500; stands for the constant input rpm.
PHIVEL converts RPM to the input angular velocity Jl

PHIACC = (0, represents the zero input link angular

acceleration ;;

DELPHI = 5, represents the 5 degree increments of

the input link angle ¢,



16.

17.

18.
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Wl to W6, stand for the weighting factors of
equations (5.12) to (5.17). They are set equal

to unity.

(Fgr ") ypy = 52012 1bs, (Fg3%)y = 39.27 1bs,

MAX

(F21°) = 50.74 lbs, (F23°) = 40,38 lbs,

MaX MAX
(My /6% yax = 90-90 in-1bs, and (Mg, %)yax = 38.72 in-1bs
represent the maximum values of the reactions of

the unbalanced linkage as found with the help of
program FMAX (see Appendix F.2) and used in

equations (5.12) - (5.17).

At this point, the masses, center of mass locations
and the radii of gyration with respect to the centers
of mass of the input, coupler and output links of

the unbalanced mechanism are defined according to

Table 4.1:

4

mlo = 5.1062 x 10~ 1b-sec?/in

m2° =13.6710 x 10~% 1b-sec2/in

o 4

3 lb-secz/in

m.° = 6.9378 x 10

p,° = 1.0 1in

O'
q1 0.0 1in



P © = 3,0 in

2

q2° = 0.403 in

p3° = 1.5 in

q3° = 0.0 in

k,” = 2,0970 in
0

k3 = 1.6747 in

Subsequently, the following computations are made:

m Py tmyray

a a
a

L e |

Q
2 Py

(See

{See

(See

(See

(See

(See

(See

(See

equation

equation

equation

equation

equation

eguation

equation

equation

(A.31).)

{A.32).)

(A.33).)

(A.34).)

(A.26).)

(A.27).)

(A.28).)

(A.29).)
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19. The coupler counterweight, which is circular and
tangent to point A, (see Figure 5.2), has the

following parameters:

* * * w2
m2 = py whz (R2 )
* * * L]
P, = R, cosﬂ2 (See Figure A.2)
* * |
= F Acz
1, R, sinﬂ2 (See Figure )

20. The parameters of the balanced coupler link are

given by:
my = my® + my’
o O .
Py = (mp py + mz*pz*)/mz (See equation (A.25).)

qy = (m2°q20 + mz*qzt)/mz (See equation (A.25).)

21. The radius of gyration of link 2 with respect to

its center of mass is defined as:
ky = [(m24(0,2)2 + (@212 + (x2°)?}
" *12 2, .2 ] L
+ 1.5m" (Ry")°) /my = (py q927)] 2

22. The output link counterweight, which is circular
and tangent to point A3 (see Figure 5.2), has the

parameters:



23.

24.

25.
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m3* - P3twh3*(a3*)2
p3* = Ra*cosa3*
q3* = R3*aine3*
The balanced output link parameters are given by:
my = m3° + my"
p3 = (m3%p3° + m3*pg™)/my

a3 = (m3°q3° + my*qy*)/my

The radius of gyration of link 3 with respect to

its center of mass is defined as:
- 0 042 2 2
ky = [(m2(p3)2 + (a;,2)2 + (k;°)2}
* w2 2 2d L

The parameters of the input link are now found
according to the computational segquence outlined

in Section V-=D-1:

a., B = tan — {See equation {5.19).)
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o

b. ¥+= 8-2 , where ¥ equals the angle of
rotation of the shaking force
hodograph.

c. Vector DOCs is found with the help of

equation (4.27):

1
DQC = |(D°CS )2 + (DOC'S )2]7
whera

DOCSX = OCgcosidg - AOJ%COS ao
0 02 0
D CSY = msﬂinas - A ¢151nﬂ

and angle { is given by

0
-1D"Cgy
I

le]
D Csx

{ = ta

d. Vector 552 is then found by way of equatiocn (5.22),

i.e.

2 241
DC2 = [(DCZ)() + (Dczy) ];
where

DChy = pDOCSCOB( C+v)
DCyy = #D°Cgsin( { + ¥)

e. The term A 1is found according to



equation (5.22):

2 2,1
A= (P° +0Q,°)F
where P, = m, %%, ° + - iLtn
1 1P 2%y a, 2P2

e m O © _ a1
Q =mTq a, "2%2

and the angle a is given by

“lay
Py

a = tan

The resulting location of the rotated center
of the circumscribing circle is given by

vector OC, at angle 3, (see equation (5.23)):
oc, = [(0c,)2 + (0c,v)2]F
2 2X 2Y 2
where OC2x = Achosa + Dczcos( {+¥)

0C,yy = Aifsina + DCysin( { + ¥)

at angle

82 = tan
2X

The input counterweight radius and angle is

then found with the help of equations (4.70),

260
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{({5.25) and (5.26):

w 002

1
3
Rf = .

P *h) %7 82

-
and 31 = 82 + w

26. The input counterweight parameters are given by:
* * * k
m =P F(Rl )2
w - *
Py ™ Ry cosé;
q," = R;"sing”
27. Finally, the input link parameters are given by:
o) *
l'l'll = rnl + ml
o 0 * %
PL = (m pp +m pp }/m
Q0 O *
qp = (m qp +m q }/m

28. Constraints C(l) to C(7) are now set along with
the derivatives of C(l) with respect to variables

X(2) to X{(5):

a. C(l); general equipcollent circle constraint equation

(see equations (5.4), (5.9) and (5.10)).
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b. C(2) = X(2): the constraint on the output

counterweight radius, i.e. R_ 2 0.

c. C(3), C(4); the constraints on the output link

counterweight angle, i.e. *20 and 2n - 03*2 0.

%3
d. C(5) = X(3); the constraint on the coupler

counterweight radius, i.e. R, 2 0.

e, C(6), C(7): the constraints on the coupler

o L

counterweight angle, i.e. 4, 2 0 and 2r - 82 2 0.

f. GC(2,1) to GC(5,1); represent the partial
derivatives of the equipollent circle constraint
equation with respect to the variables X(2) to
X(5). (Note that GC(l,l), the derivative of
C(l) with respect to X{l1), is zero and is given

in the main program because it is a constant.)

With all appropriate mechanism parameters now
defined, a DO loop is set up to evaluate the
remaining constraints and their derivatives. The
mechanism reactions corresponding to each input
angle ¢; are first obtained by way of the

following subrcoutines which are listed in Appendix F:
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31.

32.

33.

34.
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MOTION: evaluates coupler and output link
angles, angular velocities and angular

accelerations,

KINMAT: finds positions, velocities and
accelerations of mass centers on

input, coupler and output links.

REACTS: determines the X and Y components of
each bearing force, the shaking moment
as well as the input moment as functions

of the input angle ¢1.

SHAKM(I) = 2.75F41Y - 2.75F43Y - M41 : defines the
shaking moment MM/G with respect to the midpoint

between the ground bearings for the given

configuration.

2 2 L
Fhl(I) = (E4lX + Fle }) 2 : the absolute value of
bearing force F41.

2 2, =
Fp3 (1) = (Fg34” + Fy3y°) 2 7 the absolute value of
bearing force F,,.

2 2, =
Fél(I) = (Fblx + Fyr o ) 2 ; the absolute value of
bearing force le.

1

Fpa(I) = (Fyay? + Fyau?) 7 ; the absolute value of
23 23X 23y /2

bearing force Fjp,,
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The constraints are now evaluated according to

equations (5.12) - (5.17), where I = 1,2,...,72:

[(Faq)2 = (Fyq9)2]
a. C(I +7) = X(1) - w1|-=3L 41

| (F41°)2

-

32|

B 2 (o]
(Fgaa)” = (F
b. C(I + 79) = X(1) - wa|_23 43

I (Fg3°)2
i 2 0,2
(Fa1) = (F )
c. C(I +151) = x(1) - w2|—2% . ;1
! (Fa17) ]

™ 2 a,2"
(FPy2)" = (F )
d. C(I + 223) = X(L) - W3|—23 23

| (F3®?
-
( 2 _ 032
e. C(I + 295) = X(L) - W5 "w/e! My~
a (My,/°)2
[ 2 0,2
(Mp,)" = (M )
£. C(I + 367) = X(1) - W6 |—t ;1
(Mg, )

The following partial derivatives are then defined
s0 that the derivatives of the constraints with
respect to the five variables X(1) to X(5) may
be found. (The subscript K is introduced here

to distinguish between these variables.):

JF )
a. PFA3X(K) = —23X
aXK
Y K= 2,3,4,5
aF
b. PF43IY(K) = —.33¥
BXK




37.

oF
c. PP41X(K) = _fx;_’(_
> K= 2,4,5
oF
d. PF4ALY(K) = _.S“—Y
x )
~
AF
e. PF21X(K) = i;:x
? K = 2,4,5
oF
£. PF21Y(K) = i:‘ |
SF )
g. PF23X(K) = i”‘
K
) K=2,4,5
oF
h. PF23Y(K) = i3Y
K
M
i. PMAL(K) = 41 , K= 2,4,5
Xy

j. PSHAKM(K) = O/ K= 2,3,4,5
- T 1 f f

g

Finally, GC(N,M), the partial derivatives of
constraint M with respect to variable N, are
found. Note that the partial derivatives of

Faix' Fa1yr Faixr Faryr Faaxr Fazy and My,

with respect to x3 are zero. This is the reason
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why GC(3,I+7), GC(3,I+151), GC(3,1+223) and
GC(3,I+367) have been set equal to zerc in the

maln program for I = 1,2,...,72:

GC(K,I+7) M (p Fa1x + F oF4 Y) 2,4,5
a. ’ == 41x--—- 412-“——— ’ = 4,
41°)2 Xk Ay
2”4 aF43x aF43Y
b. GC(K,I+79)= = -— (F — t+ F ). K= 2,3,4,
2w oF oF
c. GC(K,I+151)m= —2- (F, 21X 4+ p) ~—2Y), K = 2,4,5
2w oF aF
d. GC(K,I+223)=~ g ) (Fyay 23X 4 p,, ~23X), K = 2,4,5
(F23 ) aXK aXK
2W BMM/
e. GC(K,I+4295) = - —2— M, ,.——*2 , K = 2,3,4,5
(Mm/c ) Xy
2W, ]
£. GC(K,I+367) = = —2 o2 , K =2,4,5

M
(M3,°)2  3xy
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3. Essential Elements Of Program Output

The output reproduced below shows the first inner
iteration of outer iteration number 1 as well as the two
inner iterations of the last outer iteration number 5.

(For format details, see Section 3d of Appendix C.)
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Again, an inner iteration consists of a set of four lines.
The first number in the first line stands for the total
number of inner iterations within the given outer iteration.

The second number in this line stands for the number 0fF times
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the subroutine VFOlZD has been called upon in the specific
outer iteration.

The number in the second line represents the current
value of the composite function ¢ according to equation (C.l).

The third line gives the current values of 2z, R3*, 03*,
Rz*, and 02*. In the first iteration, the initial values
are reproduced.

The fourth line shows the derivatives of the composite
function with respect to the five variables.

The last group of inner iterations shown represents the

final results, i.e.

z = 0.178  1b° (G.1)
R,* = 0.42 in (G.2)
93* = 2,984 rad = 170.95 deg (G.3)

W
R, = 1.07 in (G.4)
6," = 4.032 rad = 230.99 deg (G.5)

The computational sequence given in Section V=D=l

is then followed to determine the final input link counterweight
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parameters (see equations (4.70), (5.19) - (5.26)):

al* = 1.65 in (G.6)

,1* = 3.012 rad = 172.57 deg (G.7)
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APPENDIX H

COMPUTER PROGRAM OPTM41l

The present appendix shows how program OPTIMIZE is
modified for the exclusive optimization of the maximum
input moment My, of a fully force balanced four-bar linkage. To
this end, the constraints on the forces F4y, F13, F33, F34
as well as on the moment MM/G are removed. Thus, the number
of variables remains the same as in program OPTIMIZE while the
number of constraints is reduced from 439 to 79.

Only the modifications to the main program and subroutine
VFOlBD are detailed below. These are followed by the essential

elements of the program output.

l. Main Program

The main program, which is listed at the end of this
section, begins with COMMON statements which define the
array size for the constraints C and their derivatives GC,
The remainder of the program is identical to that given in

Appendix G except for the following modifications:

M= 79; stands for the number of constraints. (See
comment cards at beginning of program for definition

of constraints. Note that only the input moment appears,)
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GC(1,I) = 1 and GC(3,I) = 0 for I = 8,9,...,79. These

changes are a result of the fewer number of constraints.
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2. Subroutine VFOlBD (See listing at end of this section.)

After redefining the COMMON statements, the following

modifications are made to the subroutine detailed in

Appendix G:

ETA = 0; defines the reduction factor » associated

with full force balance.

Wé = 1; only the weighting factor associated with
the constraint on the input moment M,, need be

dafined.

o
(M, Jmax = 38.72: the maximum bearing reactions

and shaking moment are not needed.

SHAKM(I), F4q7(I), F43(I), Fp3(I) and Fy5(I) are

not required,

2 0,2

(M,;)° = (M )

C(I + 7) = X(1) - W6 4l ( 41 , I = 1,2,...,72,
0)2

(Mg,

The input moment constraints are designated as C(8) =

C(79). All higher numbered constraints are eliminated.

All partial derivatives which do not involve Ms1

are eliminated. This leaves

dMg)

PM4l (K) = ., K=2,4,5




Finally, the derivatives of the constraints dealing

with the input moment are defined as:

.

2W6 Mga

GO(K,I+7) = -~ =2 _ M , Km=2,4,5
(M4l°)2 4 axl(

All other derivatives are deleted.

282
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3. Egsential Elements Of Program Output

The output reproduced below shows the first inner
iteration of outer iteration number 1 as well as the seven
inner iterations of outer iteration number 7. The format

is identical to that described in Sectison 3 of Appendix G.
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The last group of inner iterations shown represents

the final results, i.e.

z = 0,293 1b2 (H.1)
-

R, =1.19 in (H.2)
k|

#; = 2.367 rad = 135.63 deg (H.3)
*

R, =1.49 in (H 4)
»*

8, = 4.122 rad = 236.17 deg (H.5)

Again, the corresponding final input link counterweight
parameters are found with the help of equations (4.70) and

(5.19)~(5.26):
*
Rl = 1,86 in (H.6)

*
9. = 3.266 rad = 187.10 deg (H.7)

1
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APPENDIX I

KINEMATIC EQUATIONS OF A FOUR~BAR LINKAGE

The present appendix reproduces a collection of
kinematic equations for the four-bar linkage shown in

Figure 2.1 [4] .

1. Link Aqg;es

- 2 2 _ 2
¢-2tanl A:tJA + B C
3 B +C

where A = simpl

N - ,
sin¢1 pslmﬁa

¢ = tan
2 .\cos¢1 - ,ucoa¢3 - v
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(1.1)

(1.2)

(I.3)
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2. Link Aﬂular Velocities

» * L

$, = - sin(¢, - $,) ¢, (I.4)
3

. AT .

$, = = ¢, (I.5)
1‘73

where rl - nain(tﬁl - ¢3) + vsirwl
(1.6)

r3 = Asin(¢1 - ¢3) + vsin¢3

3. Link Angular Accelerations

o d5\ .. v . . .
¢2 -(_,_2_)4.1 + T:;’;z [cos(af:l - ¢3)¢ls.1.n¢3 - ¢351n¢1]¢1 (1.7)

e 43 - A * * 2
1 3
+ e (A 2 , 2 )
— (re, cos¢, = #¢3 c05¢3 (1.8)

F-"'3
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