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Abstract

A mathematical model is presented for studying the stability
and control of a coatinuous crystallizer with fines trap.

Working equations are developed for the open-loop operat on
of the crystallizer. A linearized stability analysis 1s carried
out, and it is shown how proper cperation of the fines trap can
stabilize the crystallizer at large crystal product sizes that
would otherwise lead to instability. As analytical stability
criterion is developed for a crystallizer with poiat fines trap,
that is, one with small fines destruction size and large recir-
culation rate. Dynamic studies for the full non-linear eguations
are carried out numer. ally, aud stable limit cycles exhibited
around unstable equilibrium points.

Various feedback control mechanisms for the regulation
of continuous crystallizers are studies as well. It is dis-
covered that modes of operation unstable in open loop can be
stab.lized by measuring the surface area of the fi.es population
and manipulating the throughput rate. A corresponding manipulation
of the fines recilrculation rate rather tham of the bulk through-
put rate canuot readily stabilize an unstable operation, but seems
to shooth stable operations quite efficiently. The stabilization
criteria are developed from a linearized stability analysis of a
crystallizer with point fines trap. The analytical results are tested

numerically with the full working equations.
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Nomenclature

[6-e+r+mn?enyer 1/ [2-2 + 20 + A2ye™ ]

a -

A = a dimensionless coanstant in Volmer's kinetics of nucleation.

b = 6kB(c)G(c)384 {1+(p-c)B'(c)/ B(c)} , sensitivity nucleation
rate,

B{c) = general nucleation rate function,

c, C1 = golute concentration, and inlet solute concentrat.on.

Cs’ Cm = golute saturated concentration, and a critical concentration

level higher than CB

f(r,t) = number density of the crystal gize Jdistr bution function.
g = ka(c)G(c)aﬁa(o-c)G'(c)/G(c), sensitivity growth rate.
G(c) = general growth rate functioa.

G(s) = transfer function of the plant, 1/G(o) is the static

sensitivity of the feedback control system.
h(x) = One form of the fines selection function, here x*r/ro.

H(x) = a component function of the characteristic equat.on &.12),
see eq. (4.13)

k = particle shape factor.

Kb = rate constant of nucleation fuuction.

l(.8 = rate constant of growth rate function.

K(x) = a component function of the haracteristic equation (4.12),

see eq.(&4.13).

K(s), K = transfer function of the controller, and proportional
control constant,

L = (- CH/C; - c)
M = (Cp- Cg)/{(Cj - Cg)
n, ng = total number of crystals and fines particles per unit

volume, also an subscript.
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a characteristic !inecar d mensuon for particle.
a ¢rjtical size for fines destruction.

r,/(68Y, a dimen:ionics~ paramter f the ~ystem,
the weight average particle ~ize.

(€~ c/c,

dimensioaless, tajiace trancform variable

time dimension

Su is the control action of the feedba.k control
the agtive volume of the system

the volumetric throughput rate, and fines retdrculated
rate.

dummy wvar .able~, &% a4l-0 used as response variable of
coatrol system.

Greek letters:

.
€

g, A,
a, 00
TJ{x)
p

v, (x)
@

]

]

3 .
6kFfc)rnfcy 8" 4 parameter of linear st d system.
liguie. volume ftraction in the ¢ryst V1 lizen

the overall holdup time of the cryotaliicer, and the fines
retenticn € ime

the bulk surfa. e 4nd fines surfa ¢ per voit volume
3 2 e g a2

C 2Ix " +BIx™ #128Br +627/ M+

the crystal Jden.ity

a dimensionless functicn defaned ia cu 13.10)

the total solute-cry=~tal tesource function

the fines selection fuanction
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A = ro/(GBo) a parameter of the fines trap

Mo = nth moment funct.on of f(r,t)

Prefix:

8 : refers to the perturbation var ables of the system,
Subscripts:

i : refers to the variables or functions of the inlet

vondit fon.

s} : pertains to the var.ables or parameters of the fines trap.
e : refers to the steady-state (equilibr.ium) values.
Miscellany:

7. : referas to the Laplace transfer form of the system

variables

Dimensionless parameters:

6 - 9-(kaici3)1ﬂ‘
Bs -Bo(ksici:j)”z‘
; - i/, /8"
T =ro/(Gy kBt
B = B/B,

G = G/Gy

t - /8

r = r/(GB)

f(r,t) wm8Ef(r,t)/ (eB/C)

8 =t (t)/ [ 6ke—B-(c8)" (o))
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CHAPTER 1
INTRCDUCTION

Continuous removal of fines or small crystals from the crystal
magma to increase the average particle size has become a standard
practice in industrial crystallization [?,Q,S,IZ,IJJ. The fraction
of fines removal is often quite high and may reach up to 30% of
the production rate on a mass basils.

A schematic diagram of a typical fines trap is given in fig,

1 [}.12,11]. Part of a mixed crystall.zer is sh.clded by a bafflie.
The circulat oa of the magma through the baffled zo.e is slow .
larger particles fall to the bottom. Only fines particles reach
the top, from which a stream is drawa off to a heater in wh.ch the
smaller crystals are dissolved, or to a mechanical fines removal
Jevice, and the clear solution is fed back to the crystallizer.

The design of the baffle and the crystallizer itself allows
one to fix the maximum particle size r, that will be elutriated
into the fines trap region. This design w.1ll determine the size
distributio.n and magma density at the inlet to the fines trap.

The amount of f.nes digpersion circulated through the fines trap,

w is separately adjustable by the operator. The operator, in

o,
most cages, has very little direct coatrol of r,. In some designs

a chaage in W, algo effects the maximum size which is elutriated

into the fines zoae, but this thesis deals with the first case.



Fineg traps are important tools in the control of the
crystallizer. Not only do thev allow adjustment of particle size
at more or less constant production rate, but proper adjustment
of the fines trap alsc allows one to stabilize the operation of
the crystallizer(},Z) and prevent continued cycling.

Continued cycling of this kind 1is a serious problem in
the scale~up and operation of commercial continuous crystallizers
(},3,8], and quantitative treatment for both mixed and classified
crystallizers has been presented by several investigators [1,6,8,
10,15,12,16,1§]. In these cases the particle size fluctuates in
a periodic way. A few cases of such cyclic operation are reported
in the literature [1,3]. An Industrial example of such cycling 1is
given in figure 2.

This thesis presents a detailed quantitative treatment of
stabilizing and regulating strategies for a crystallizer with
fines trap. It presents first an open loop dynamic analysis,
which shows quantitatively how proper setting of the fines trap
can stabilize the crystallier operation even at large crystal
product sizes. The explicit mathematical results are for a linearized
stability analysis, and for a point fines trap, that is, one with
emall fines destruction size and large recirculation rate, an

analytical stability criterion is presented. For the §{;,'te fines



trap, the characteristic equation is developed analytically, and
stability curves plotted numerically. To test the results of the
linear analysis, dynamic studies for the nonlinear operating
equations are carried out numerically.

With the open loop analysis in hand, transfer functions are
calculated, and some simple schemes for feedback control are present-
ed. The most promising are those, directly applicable to crystallie-
zers with fines trap, that measure the surface area of the fine
crystals and manipulate either the fines recirculation rate or the
bulk throughput rate. The latter has the capability of stabilizing
modes of operation that are unstable in open loop. The former
cannot readily perform this stabilization, but it seems to smooth
quite efficiently modes of operation that are already stable. The
mathematical analysis of the control system 1s all carried out for
a crystallizer with point fines trap. The mathematical methods are
those of linear analysis. The analytical results are tested numeri-
cally with the full working equations for the systems 1in question.

The reults presented in this thesis should provide a theore-
tical background for a better understanding of the operation and

design of continuous crystallizers with fines trap.
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Figure 1 A Schematic Diagram of A Continuous Crystallizer With Fines Trap
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CHAPTER 2
Kinetic of Nucleation and Growth

In any analysis of crystallizer behavior the definition of
the underlying kinetic regime is very important. We make here
the following assumptions.

1. The crystallizer itself is ideally mixed and the product
removed is a representative fraction of the dispersion
inside the crystallizer.

2. The crystal growth rate 1is proportional to the super-

saturation and is Iindependent of particle size.

G(C) = k, * (C-C) (2.1)

3. The nucleation rate B is a function of supersaturation
alone. For most cases the form suggested by Mier, will

be adopted:

B(C) = k, (C-C)" (;.2)

where C. jg gome critical concentration level higher

than the saturation concentration Cg» and n is an
exponent,npl.
If one limits oneself to a narrow range of growth rates
then it is often possible to express this dependence as a simple

power law [8). We might note at this point that all our results



depend very strongly on Assumption 1, but that much of the
mathemat ical analysis Is independent of the particular rate
expresslons embodied in Assumption 2 and 3,

These three are of course strong simplifying assumptions.
ref. [1,6,?,3) show that even simple mixed crystallizers give
slze distributions which strongly differ from those predicted
by Assumption 1 and 2 (Assumption 3 has no effect on the steady
state size distributicn). On the other hand the problem is al-
ready very difficult in its simple form and it was shown in ref.[l5)
that if the growth rate 15 slightly nonlinear or size dependent
this does not effect the basic results of the stability analysis.

The most critical assumption is the form of the dependence
of nucleation rate on supersaturation or on growth rate. 1In
a real crystallizer nucleation occurs mostly by secondary nuclea-
tion and often by attrition, While these depend on the moments of
the size distribution the dependence is weak and for stability
purposes there is some justification to express the nucleation
rate ag a function of supersaturation (or growth rate) only.

Basically we distinguish two cases of interest for cry-
stallizers with fines traps, the first in which the nucleation
sensitivity parameter (b/g) (which is equivalent to the exponent

in the local approximation of ref.8) is low, and therefore the



size is insensitive to residence time. Control of particle size

is only possible by a fines trap. The second case deals with
crystallizers with high values of b/g under practical conditions.
Equation (2.2) allows one to approximate both cases and the general
results can be applied to any case for which the kinetics is

known. To illustrate this, LnB is plotted versus LnG in figure

3 for equation (2.2) and as well for a Volmer relation,
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CHAPTER 3
Steady State Relationaships

In this chapter, we set down the basic differential equations
for a continuous crystallizer with fines trap and find their steady
state golution. The results are illustrated by numerical examples
based on the kinetics of equations (2.1) and (2.2).

The crystals in the system are assumed to be geometrically
similar solids; "r'" 18 used as a characteristic linear dimen~
sion for the solid. The growth kinetics of (2.1) are taken to
apply to this linear dimension r, so that while a particle 1is
in the system, dr/dt = G. A crystal of size r is taken to have
vo lume kr3, the parameter k serving as a particle shape factor.
The dispersion in the crystallizer we characterize by a number
density f(r,t); that 1is, f(r,t) dr is, at time t, the number of
crystals per unit working volume of the crystallizer with sizes

in the range r, r+dr. The fraction of the working volume occupied

by solid is then k.r:3-f-dr, and the liquid fraction I8 accordingly

F
L -]
e(t) = 1 - kJ r3-f(r,t)dr (3.1)
-
The nucleation kinetics of (2.2) we take to hold in this
liquid volume only, soc that, per unit working volume of the crystai-

lizer, ¢B is the number of crystals formed per unit time; these

nuclei are all taken to be of vanishingly small size. The kinetic
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functions B and G are recognized as depending on the solute
concentration C(t).

Now, from the schematic in fig. 1, we see that we may set down
immediately an overall material balance on the system without

taking explicit account of the fines trap operation:

#{ecr amorp)-be -2 e+ axrp)

Here, 8 = v/w is the mean residence time of material in the unit,
Ciy is the inlet solute concentration, and ¢ {s the true crystal
density. The feed to the crystallizer is taken to be ¢lear liquid.
-Describing the cperation of the fines trap calls for the intro-
duction of another characteristic time f = v/wo to stand alongside
the mean resldence time 7. The quantity 1/80 may be Ilnterpreted as
a (probability) rate at which particles are circulated through the
fines trap: that is, dt/Bo represents the fraction of particles
circulated through the fines trap in a (short) time dt. A balance

on particles of size r may accordingly be written in the form:

%% + G(c)-gé = ¢.B(c).b(r) - %_f - éb.n(r)_f (3.3)

The three terms on the right hand side of (3.3) represent respec-

tively the formation of new crystals, the removal of crystal pro-
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duct, and the destruction of crystals in the fines trap. The
function nN(r) represents a selection curve for fines destruction.

We take it in the form:

1 ; f
A = naleg = (L3 e 0.0
» o

where L is a critical size for fines destruction.

The &(r) function in the nucleation term of (3.3) represents
the understanding that all new crystals are formed at size r=0,
mathematically speaking, this term has the force of a boundary
condition (at r=0) for the partial differential equation (3.3).
We recognize accordingly that (3.3) can, so to speak, be expand-

ed out into the more explicit formj

) G(c) ' £(0,t) = e(t) B(c) r =0
(3.3a)
Hrc@ Y=gt - F ) Ere) >0

The equations (3.1-3.3) form a gelf~-contained system for
the determination of the solute concentration C(t) and the
particle number density f{(r.t). Besides the underlying assumptions
about the nature of the kinetic regime discussed in the preceding

section, their validity depends on two further assumptions. First,
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we note, we take the system to be igothermal; the temperature does

not appear explicitly, and there 1s no need to set down energy
balances. Also, we neglect volume changes on crystallization, so

that the system in fact operates at fixed volume v, with a common
flow rate w Iin and out of the <crystallizer, and a common flow

rate v, in and out of the fines trap. (The fines are redissolved

in the destruction unit, not mechanically removed from the system).
The flow rates may of course chauge with time, aud this change will be

reflected in A and Rg ,

We turn now to a consideration of the steady=-state solutions
of the basic equation (3.,1-3.3). This offers no special difficulties,
the ordinary differential equation (3.2) reducing to an algebraic
equation, and the partial differential equation (3.3) reducing
to an ordinary differential equation. The solution to this ordinary

differential equation in f(r) is

T
f(r) = ¢ % . exp. {_- 'g—é - é—;'égo ﬂ(a)ds} r» 0 (3.5)

Here, B and G are to be evaluated for the steady-state concentration
C, but we do not show this functional dependence explicitly. Bring-

ing (3.5) to (3.1) glve an explicit formula for ¢
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1 (3.6)

o0
1 +k B J‘ r3 exp. {- r -1 jr ﬁ(s)dﬁ}dr
¢ Jo 8¢ 846 J,

e’

and bringing this expression for € to the steady-state form

of (3.2) gives

¢;-C KB 003 r 1 r‘
E:E.;__ = C Io r- exp. ‘.' B_G - m o N(s)ds }dr (3.7)

This is not an explicit formula for C, since B and G depend

on C. One may see nevertheless that it is satisfied by only

a single C since the left hand size is a decreasing function

of € and the right hand side an increasing function (at least
for any customary kinetics). Finally, from (3.5) we may evalu-~
ate the welght average crystal size

_(’" ra- f(r)dr
0

.. oo
r f 3. £(c)dr
O

in the crystallizer ( and the product) as

o0
L & exp-{ - .5'3 - Ei_c Jr n(a)ds} dr (3.8)
0

o
r3 ex { - .1 i d d
Jo P 5C Toc go n(s) s} r

r

Equations (3.7) and (3.8) summarize important aspects of
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the steady-state behavior of the crystallizer. Given a know-
ledge of the physical system (p,k), of the kinetics (B and G
as functions of C), of the feed (Ci)’ and of the fines-trap
operations ( Bo,n), these equations contain implicitly the de-
pendence of G and B on C, and hence on each other. To make
these dependencies as explicit as may be, we first rewrite
{(3.7) and (3.8), making suitable changes of variables in the

integrals and taking account of the form of m in (3.4):

A
(F=Ge‘v_3 (3.9)
C;-C
1 1 3 4
D_C=kBG8\,
with
- . 95#/?5
Vpn T J X expgrx- . h(y)dy}dx (3.10)
(s} BOG

These relationships can perhaps be seen more clearly in
dimensionless form. We normalize the rate functions B and G
on their values Bi and Gi for the feed concentration Ci; we
normalize the particle sizes ;, T, and the flow times 9, 90

on suitable constructs of these same inlet kinetic wvalues

By, Gi' That is, we carry



£
[ "> 8 - , 6> °
1/4 1/4
kB,c3) (kB,G} )
E‘( EBi ) r b ES(EBi) Yo Q.

G»Gi§, B>BB

These dimensionless variables will be used throughout the rest
of this section. We recognize that, according to the linear

growth kinetics of (2.1), the dimensionless G is simply

and so may serve as a dimensionless measure of the supersatura-
tion. The concentration C may be expressed in terms of this G,
and we may accordingly regard the nucleation rate B as also ex-

pressed in terms of G. Bringing all this to (3.9), we find

(3.

where p -

16

11)

12)



17

The quantities Va and v, may still be taken from (3.10), since

expressions of the form r remain unaltered by the scale
8G

chaanges (3.11)

This is about as far as the development can be carried in
general. To develop from (3.12) some general quantitative feel=-
ings about the effect of the fines trap parameters 60, r,
on the crystallizer performance, we turn first to the impor-
tant special case where the critical size r, is, in a suitable
sense, small, TIf r, is very small as compared to the average
particle size r the total mass contained in the distribution
for all particles less than T is negligible. Furthermore,
the time needed for a nucleus to grow to size LI is very small
as compared to 8. We can, therefore, with some justification
assume that for very small values of ro/;, we may completely
neglect the contribution of all particles less than rgto the
mass balance, and also assume that the destruction of nuclei
in the fines trap is instantaneous. In mathematical terms, we
implement these ideas by letting r,/G8-+0D. Formaily, the same
result can be obtained by approximatingfby n(r) = r 5(r) cthat
is , approximating h, on consulting (3.4), by h{y) = 6(y)

In any case, to this approximation

r

. __o
v, = n. exp. ( E:E) (3.13)
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and the equations (3.12) can be sclved in turn for 8 and r

In terms of G to give

1/4

8_{ I 1-¢ ex(ro}
J 6(L-1) bod P (B )

1/4
1, r -} 236 . G(1-G) exp.(ro 5}
[6(1.-1) B BoG

(3.14)

It will be convenient to have a form of words for this small

r approximation, and we shall say that (3.14) describes the be-
havior of a point fines trap, while the general equations (3.12)
and (3.10) describe the behavior of a finite fines trap. We

see from (3.14) that the point fines trap approximation amounts
simply to replacing the actual nucleation rate B by an effective
nucleation rate B exp. (-rO/BOG) which depend explicity on the
growth rate G. Thus 1 - exp.(-ro/ﬂoG) represents the fraction
of nuclei destroyed in the fines trap. This interpretation is
quite consistent with the intuitive ideas about the smallness

of r, noted above. While ro/G, the time a nucleus needes to grow
to slize L is small with respect to the mean residence time 8,

it is finite with respect to the much smaller mean recirculation

time 8 . Indeed, for small r_, the ratio r_ /A, completely char-

acterizes the operation of the fines trap.
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The dimensionless equation (3.14) may be regarded as the
parametric representation of r-f curves for a crystallizer with
point fines trap. To this approximation, as noted above, the

two fines trap parameters r Bo merge Into a single parameter

o?
r /8,, and each choice of ro/B0 leads to an r-8 curve. The
dimensionless growth rate G serves as the parameter in the param-
etric representation of these curves, and tc make all complete

we need to express B in terms of G. This can readily be done,

and for the nucleation kinetics of (1.2}, we find for the dimen-

sionless B.
n
G-M
B'(——) i n> 1 (3.15)

where

Fig. 4 shows a family of these curves with L=5, M=1/400, n=1.

We see from these curves how, for a given 8, r Increases with the
fines trap operating parameters ro/GO. Since r=4G8, this increase
of ¥ with ro/BO reflects a corresponding increase in the super-
saturation. We see further from these curves how a given

product size T can be attained in many different ways, by playing
off 8 against rO/Bo. The stability curves superimposed on fig.4,
and on figas. 5,6,7 following, will be developed in the next C.lu.p‘l!r‘

of this M!, and we defer a discussion of them until that time.
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The dimensionless equation (3.14) for a point fines trap
may also be examined from a somewhat different point of view.

That is, we may regard

8 G (3.16)

as a single parameter descirbing the fines trap operation, in

place of rojgo. This serves as a design rather than as an

operating parameter for the fines trap, since in cperation

its value depends on the supersaturation actually attained

in the crystallizer. A choice of A thus represents a design
decision to destroy a fractilon 1-e'X of the nuclei formed,

Bringing (3.16) to (3.14) accordingly gives the parametric repre-

sentation of a family of ¥ ~ @ curves

1/4
J_ 1 1-g6 A
® {G(L-l) " Be3 ’ej
(3.17)
. §256 c(1-G) l}lﬂ'
r i6(L-1) . 5 . e

that we may interpret as design curves for a crystallizer with
point fines trap. A family of these curves is shown in fig. 5,
with the nucleation kinetics of (3.15), and the same values of
L, M, n, as in fig. 4. These curves show the same general be~-
havior as those of fig. 4. (Equivalent results for power law

kinetics are given in ref. 10).
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We turn neaxt to s cengideration of how the general char-

actet of the curves of fige, 4 and § is affected by relaxing

the small ¢, assumption that leads to a peint fines trap. We
]

shall net wmaka this ;nnlxli, in great detail, but simply 1lluas~

trate the effects by qhogln; seme typical cases. Te ses this

ve bring (3.16) te (3.19), and wyite

v, - J::n.exp. [fx-lj:,::;)di}‘x

where we jave sat

r
[ ]

B¢ "~

We nete that rt=e fer the point finea trap.

With r* as a free

paramater in place of L the quantities v_ ne lenger depend

en B, and we may solve the equations (3.10) for 8§ and P directly

in terms of @

1/4
o e

. . IR
re -1 ' " j}

The equatisns (3.20) and (3.18) thus give 8he finite fines trap

behavior cerresponding to the point fines trap equations (3.17).

23

(3.18)

(3.1%)

(3.20)
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Fig, 6 showa the results of some typical calculations. We see
there how the behavior of the system varies with A for a fixed
r*, The plots are made with the nucleation kinetics (3.15), and
the same values of L, M, n, as in figs. 4 and 5.

We may note finally that the general monotone character
of the curves of figs. 4 and 5 does not depend on the particu-
lar numerical values chosen there for illustration. As long
ag we stay with the nucleation kinetics (3.15) that correspond
to (2.2), F will increase steadily with 8 on each curve, and
the general configuration will be a8 shown. This will also
be the case 1f the nucleation rate 13 a simple power of the
supersaturation, in ocur dimensionless wvariables, 1if B=g"
with n> 1. But it need not be true for other common forms
In whiéh one descirbes the nucleation rate. With Volmer
kinetics, for example, where we have for the nucleation rate
in its customary physical units

-A
B = K_ exp. ( ——2— ) (3.21)
% L’ (c/cg)

we may for suitable cholces of parameters find a downturn in
the r - § curve followed by a later upswing.
In terms ¢f our dimensionless variables, the nucleation

kinetics (3.21) may be written
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B = exp. { A - — A } (3.22)
Ln (1+8) Ln° (1+sG)
where
Ci -Cs
S = Cq

Fig. 7 shows an r ~ 8 plot for a point fines trap with the
nucleation kinetics (3.22) for various A for comparison with
fig. 5. All the curves are for L=5, S=1, A*5x10-3. The ex-
istence of the local maxima and minima in these curves de=
pends on the particular values of the parameters chosen, and
the curves can be made monotone by taking, for example, a
somewhat larger value of A.

This phenomenon of r falling as § increases over a suit-
able range is not particularly a question of fines trap opera-
tion but rather of the form of the nucleation kinetics. It
may be observed for a simple mixed crystallizer, and indeed,

taking rOIBO-O in (3.14) or A=0 in (3.17), or, more generally,

h(y)=0 in (3.10) and (3.12), leads to a common set of equations.

1/4
8 1 . g__}
6 (L-1) N

(3.23)
l {256 G(1-§1}”"
- T8

6(L-1)

describing the behavior of a mixed crystallier without fines
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crap.  Curves based on (3.23) show the same behavior. The existernce
of re,ions La wnich r decreaces as O increcscs has oecen predicted [8]
for certain kinds of power law «inetics ( with cxponent<l ), and has
in fact been observed in practice [ 3] .

One can also use figures & = 7 to understand the effect of fines
trap on crystallizers with power law kinetics. £qa.(3.15) for Gw»X
raeduces to B = Gn, and for this case b/ will be equal to n. ( Tne
~ensitivity paramcters b and g will be defined in Eqn.{4.10)) For
our example o = 1, and one wuuld therefore expect { ref. £) that
for G particle size becomes independent of &, which in our exa-
mple is true for & «100. For large 6, the supersaturation becomes small
and approaches asymptotically the metastable limit. b/g increases without
bound. For high values of 8, all the curves T(@), have a linear asywm-
ptote r = 4G6. Similar considerations hold for the Volmer model for
very high supersaturations. B DLecowmes ladependent of G and therefore

v decreasas wiin iacreasing v Lt Y o values of & the suparsaturation
crops and one again notes that equation (l.2) appraximates the basic
behavior of the Volmer reiation very wai.. mnow ifa the ra_ion o al,ax
sunacsaturation, introduclag a point fines trap changes the dependence
of the effective nucleaticn rate Beff on G as the probability of a

aucieus surviving tili r,, depends on G. We note therefora that at

constaant fines trap sectting ( coustant rofeb), r is now a funcrion of



&, It is hard to express this new dependence as a power law as in

this case

Jd luBagg
(b/g)  e— = (b/g) + r /\"'9
< d 1nG o= 0 ©

29



30

CHAPTER 4
Linearized Stabilitx Analxsis

In this chapter, we develop stabllity criteria for the

operation of a continuous crystallizer with fines trap. The
results are expressed in terms of suitable dimensionless param-
eters characterizing the steady-state operation point under
study, and applied to the steady=-state cperating and design
curves developed in the preceding section. Mathematically
speaking, the methods are entirely those of linear analysis.
Our starting point here is the basic set of differential
equations (3.1~3.3), with the variables all in their customary
physical units. It is convenient to rewrite them in terms of

a total solute-crystal resource function:

w(t) = e(t) C(t) + (l-e(t))-p 4.1)

so that, consulting (3.1),

*3
P - p°k-j‘r .f.dr
Q

c = (4.2)
3
1 - EI‘; f-dr
o
and the equations (3.2,3.3) give in turn
2 -g € (4.3)
! G(c) £ = (1-kj:r3f)-3(c) i r=o0
(&4.4)

l§{+cg—f.-%.f-al L) f 3 £> 0
(o]
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We naow lineerize the equations (4.2-4.4) about the steady~

state solution of the preceding section. That is, we carry

@ (t)=o + dy(t)

C (t)sC + BC(t)

f(r,t)=ap £(r) + 0f(x,t)
where C and f(r) are given in equations (3.5-3.7) and the corre-
sponding ¢ by (4.1). The functions &y, 8C and 8§f are regarded
as small perturbations, so that their squares and products
may be neglected. The details are tedious, but straightforward,
and we omit them here. The variable &C can be eliminated alto-

gether by consulting the linearized form of (4.2), and we are

left with

d!bQ} 1L
dt ty -

from (4.3), and

6o = O (4.5)
G'6f + {1 + (p-—c)(% - g'-)}a.krr%f
Q

3(6F) d(6f) o, .
M T % + 90 ) - of

ot (4.6)
T @
L . e __1 -1 I
+ (5 +5F ) Exp. (= eocjo’”("c)cc“j Y
O o
r
g -5_1_3 "
8c 8 G '
TGedo e T FRes x>
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from (4.4). Here B and G are the values of the nucleation and
growth rates at the steady-state under study, and B' and G' the
values of thelr derivative (with respect to the concentration
C) at this steady state,
It 18 convenient at this poilnt to introduce dimension-

less variables into (4.5, 4.6). We carry
f t=Ppt
L r == QGr
1 B 4.7)

Of e € Ebf

A
b =wokes - (@) . (p-C) 8%

\

where the quantities C, €, B, G are evaluated for the steady-
state under study. We may note a difference between this
scaling and that made in (3.11) for the analysis of steady-state
behavior; here quantities are scaled in terms of the steady
state being studied, there, in terms of feed parameters. At

4ny rate, the dimensionless variables of (4.7), will be used
throughout the remaineder of this chapter. And in terms of

them, we have

409 4 gy =0 (4.8)

from (4.5), and
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-
3
5fF + (b-g)j .E + 8f = (b-g-u)bep i1 r =20 4.9)
o

L 24D 208 o (14r-m)-b£ +g<1+rm> RST“C'{‘ ot

_—

= g(1+R'M)e r> o0

In the dimensionless form given by the equations (4.8,4.9),
the linearized behavior of the crystallizer with fines trap
depends on a number of dimensionless parameters. We have for

the system overall the nucleation and growth rate sensitivity

parameters
(- 6kBG 0" {1+ (0-C) g—'}
L g = 6kBGB” (0-C) g— @a.1°)

ag well ag the auxiliary parameter

o= 6kBcn?
(which will not in fact appear in the stability conditions to
be developed). For the fines trap itself, we have the recir-

culation ratie

(4.11)

and the knowledge of the critical fines destruction size con-~
tained in the selection curve M(r). (This last will be brought

out explicitly a little bit later).
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Our stability analysis for the system 1is based on the
equations (4.8,4.9). We carry it out here by a formal spectral
{(eight-value) analysis, which we feel is free of some of the
ambiguities of the customary Laplace transform methods. Since
these spectral methods may be of some interest in related prob-
lems, we lay them out for equations (4.8,4.9) in Appendix I, and
simply quote the results here. The upshot of the argument is

that the characteristic equation for (4.8,4.9) is given by

1 + (b-g) H(8) + g°'K(s8) = 0O (4.12)

» 4 r
with H{s) = J.‘% -exp.l-(s+1)r-R o ﬂ(x)dﬁ} dr

o

® 3 a 9’_‘_1 (4.13)
K(s) -j —% exp.[-(s+1)r-Rj 'r](x)d):}-- -
o O

r sy
+Rj n(y)e dy|.dr

o

The characteristic equation (4.12) determines formally the eigen-
values S asscclated with the system (4.8,4.9) and the stability
condition for the system i8 accordingly that all the roots of
(4.12) have negative real parts.

We now introduce explicitly the dependence of 1 on the
critical fines destruction size r,- Accordingly to (3.4),

n(r)-h(r/ro) where r and r, are in thelir ordinary physical units.
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If r is taken in the dimensionless form given by (4.7), then r must
be so taken also. That is, r, must be replaced by ro/BG. But

this is simply the r* of (3.19), and in the dimensionless variables
of (4.7), we accordingly set

N(r) = h(zfr*)

where
( 1 ; o x< 1 (6.14)
RGO =)o, x> 1
We note from (4.11) and (3.]‘,) that
Rr*x = ) (4.15)
the parameter introduced in (3.16) to characterize the steady-
state operation of the fines trap. The functions H and X of
(4.13) may now be written
f’ 3 r/o¥*
H(s) = —%— exp.[-(s+1)rwi} h(x)d%}dr
Jq o
23 r/r*x (4.16)
K(s) = € ¢XP- =(s+1l)r=-\ h(x)dxj
/ or_q r/ck syr*
- o + 1) h(y)e dy dr
o

While in (4.16), the fines trap is described in terms of the
parameters A and r*, we sBee from (4.15) that any two of the
three parameters R,r*, A could equally well be used.

The form of H and K in (4.16) is not especially transparent,

and to develop some quantitative feeling about the stability
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condition based on (4.12), we turn first, as in the steady-state
studies of the preceding section, to the important special case

of the point fines trap. We let rﬂlo in (4.16), keeping A fixed;
from (4.15), we see that R must $® The functions H and K become

simple rational functions of s, and the characteristic equation
{(4.12) reduces to

8 + (4b+p€)s? + (6rage™)s?

+ (4+6ge™)s + 1+3ge™ + (bhgle™ -0 (4.17)
The polynomial character of (4.17) makes matters especially
simple, and a straightforward application of the Routh-Hurwitz
criterion shows that the system will be stable provided only

that

g > = 'fu;_-)'L

(which will of course always be satisfied), and further that

b & 1_21-JL)33+(87'-8%._)‘3)"57?4(128-16&)f.'Z)ng-s‘frf;e:”k
(g+ael)2 (4.18)
By introducing a function O to represent the stable limit
21g3+8752+128g+64
o(g) = =8—'& LA (4.19)

(g+4)°
we may rewrite the stability condition (4.18) in a form that

shows more clearly the natural groupings of the crystallizer
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parameters

GAgle™ < oge™) (4 .20)

The stability condition (4.20) is shown graphically in
fig. 8. We may note that on setting A = 0 we recover the
stability condition for a mixed crystallizer without fines
trap, since in (4.16), setting A = 0 is entirely equivalent
to setting h, that is m, identically = 0. While fig. 8 em-
bodies the general stability condition for a cryitallizer
with point fines trap, it may be useful for certain working
purposes to replot It in a somewhat more explicit form. We
see from (4.18) that just on the verge of instability, b/g
has a limiting value = 21 = ) as 31., s0 that the larger
we take A (the more fines we destroy), the smaller we must take
b/g to ensure stable operation. The approach to this limit-
ing value 18 not uniform; that is, the larger we take A, the
larger we must take g to approximate the limiting behavior
of b/g. This whole state of affairs is shown graphically
in fig. 9.

The stabllity curves overlying the steady-state charac-
teristic curves of figs. 4,5 and 7 for a crystallizer with
point fines trap may be developed directly from the foregoing

stability conditicns. 1In plotting the curves of (3.14) to give
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fig. 4, or those of (3.17) to give fig. 5, it is only necessary,
for each value of the parameter G, to compute the senaitivity
parameters b and g of (4.10), and consult the stability condi-
tion of (4.18) or (4.20). These sensitivitly parameters can be
directly expressed in terms of the dimensionless quantities

of the preceding section, For the Mier nucleation kinetics

of (3.15), we have

‘ b= e(H)" ¢’ 8* (l-l-n = )
-M 3.4 L-G
g -G(I-Mj-l G 8 G

where G and @ are the dimensionless quantities of (3.11), and
L 1is the dimensionless parameter introduced in (3.12). 1In the
curves of equation (3.14) that lead to fig. 4, A must be com-
puted as rofeoc for each choice of G in order to enter the
stability condition. 1In the curves of equation (3.17) that
lead to fig. 5, A already appears explicitly. Similar con-
siderations apply for the Volmer kinetics on which the curves
of fig. 7 are based.

Re-examining the steady-state curves of figs. 4 and 5
in the light of these superimposed stability conditions
shows how a fines trap may permit the stabilizing of a cry-

stallizer operation without sacrificing product quality.



ge?
10

100

20

Figure 8 Gueneral Stability Condition For A Crystallizer With Polnt Fines Trap

t S .] S S i) L i __

LI 20 50 100 200 500 1000 2000 3000

(b4argle™

6E



40

2x10" sxiof 10}

1o}

]
sxio’

2:10’

Scnsitivily Growth Rote,
10°

500

200

100

50

20

| { i - 1 |

14

Figure 9

1§ 16 17 18 19 20 2
Stabllly Parameter, bsg

Working Stability Curves For A Crystallizer With Point Fines Trap



From the design curves of fig. 5, for example, we may see
that when a desired product size ¥ leads to unstable opera-
tion in a crystallizer without fines trap (A = 0), a cry-
stallizer with fines trap may be designed to give stable
gperation with the some F. The required mean residence time
6 will be shorter in the crystallizer with fines trap, and
the design value of the crystallizer volume correspondingly
smaller for a desired production rate. Corresponding con-
clusiong about the operation of an existing fines trap may
be drawn from fig. 4; here rofﬁo = 0 represents operation
without the fines trap.

We turn now to a consideration of how the character of
the stability curves of fig. 9 is modified on relaxing the
condition r* = 0 that leads to a point fines trap. Our
starting point is the characteristic equation (4.12) with
the general H and K of (4.16) for a finite fines trap. With
h given by (4.14), the functions H and K are no longer simply
rational functions of s, but involve as well delay terms

- *
e 8T The details are shown in Appendix 1I, and the upshot

is that the characteristic equation for a finite fines trap

takes the form

41

P(e) + Q(s)e T = 0 (4.21)



where P and Q are polynomials in s, with coefficients depend-
ing on b, g, r* and A (or R). There are of course various
ways of extracting stability conditions from characteristic
equations like (4.21). We used primarily the method of find-
ing those relations among the parameters b, g, r*, X for which
(4.21) has purely imaginary roots s, and interpreting these re-
lations as stability limits. For fixed r* and A, this leads
to curves in the b-g plane which may be compared with the
point fines trap curves, and with curves obtained by various
approximative methods. All the curves so obtained showed
limiting values of b/g for large g; we recall that for the
point fines trap, r* = 0, the limiting value is (b/g)gy =

21-A, Fig. 10 summarizes our numerical results in this area
by showing how this limiting value (b/gl, depends on the

fines trap parameters A and r¥,

Typical shapes of the full b-g stability curves are
ahown in figs. 11 and 12. Fig. 11 illustrates the orderly
progress of these curves as the parameter A; and hence the
recirculation ratio R, are raised for fixed r*, The limit-
ing value (b/g), goes steadily down as A goes up. Fig. 12
illustrates the more complicated advance and retreat of the

curves with r* for fixed A. Here (b/g),  rises to a maximum

42



as r* goes up from 0, and then decreases; the behavior as r*
nears unity (not shown here) becomes very complicated. The
stability curve superimposed on the steady=-state curves of
fig. 6 was taken from fig. 12 in the manner described earlier
for the point fines trap curves. 1Its shape opens up the
interesting possibility that, with A chosen, perhaps from

the considerations mentioned earlier, there is a value of r*
which gives the largest stable margin for the operation of

the fines trap.
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CHAPTER 5

Nonlinear Dynamic Behavior

In this chapter, we present the results of some numeri-
cal solutions of the full nonlinear dynamic equations (3.1-3.3).
The numerical procedures are shown in Appendix III. All cal-
culations are made about same steady=-state operating point.
Their purpose is primarily to verify the linearized stability
analysis of the preciding section, by following the propagation
of finite perturbations from various steady-state solutions.
From these numerical investigations we conclude that a linearly
stable operating point is stable in the large and that a linearly
unstable operating point has associated with it a stable limit
cycle.

The calculations have also another purpose: to follow
the stabilizing effect of fines destruction noted earlier,
under comparable feed and product conditionas for the system
as a whole. To this end, cases for presentation are not
chosen at random, but rather to have the same inlet conditionsas
and the same mean product size. The precise form in which
the equations are taken for solution, and the details of the
numerical proceduresg, are for brevity omitted here.

We present here a number of cases, all with the same
dimensionless steady-state mean crystal size of (3.11), =5,

and all with the parameter L of (3.12) equal to 5. These

48
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stable margin for fixed A gives the best response in the nonlinear

calculation (fig. 13-4).



CHAPTER 6
Discussion of Open-loop Operation

In the previous chapters some typical general examples
were given of the effect of a fines trap on the operation
of a continuous stirred crystallizer. As stated in the
Introduction, any such analysis depends on the exact kinetics
of both nucleation and growth. Now such data are hard to
obtain. Most published data are obtained under conditions
of relatively high supersaturation and high nucleation rates,
whereas in industrial crystallizers one is very often inter-
ested in large particle sizes and low nucleation rates. It
is therefore difficult to compare the industrial results di-
rectly with published data. Omn the other hand our results
show some basic trends which are not very sensitive to the
exact form of the nucleation rate, and we can compare these
with general experience in industrial practice.

First of all it is well known that cycling in crystal-
lizers can be reduced or eliminated by adjusting the opera-
tion of the fines trap. The results in fig.4-6 explain
this by a quantitative model. The physical explanation for
this stabilization is that the operation of the fines trap
increases the supersaturation, and therefore decreases the
sensitivity parameter of the nucleation rate. This stabili-

zation 18 due to the increase in the fraction of nuclei de-
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stroyed, and occurs both at constant residence time and at
constant mean particle size.

Under some conditions the value of A (or the fractiom
destroyed, l-e-K) necessary to stabilize 1s quite reason-
able (\w«3 or 1-e—¥u.95). In other cases it iz quite high
and the total mass of nuclei destroyed is not negligible at
all, but a significant fraction (up to 30%) of the produc-
tion rate. This can be seen from the general form of figs.

5 and 6 which should have the correct shape for the majority
of systems though in some gpecial cases there could be strong
deviations.

We also ncote that, depending on conditions, increase of
the fraction of nuclel destroyed might destabilize. 1In fact,
we should be able, by strong increases in A, to bring any
stable crystallizer to a cycling condition. Such destabili-
zing effects have also been observed. In practice destabili-
zation due to such traps is even more common than one would
expect from the results. A possible explanation might be the
fact that even in mixed crystallizeras some classification at
the outlet occurs.

As shown in (?é], clagsification reduces the stability

limit for the nucleation sensitivity. Thue instabilities



might occur at much lower values of A+b/g, than would be pre-
dicted from an ideally mixed crystallizer.

For a point fines trap at high values of b and g the re-
sults can be given in a very simple form. 1If instead of b/g
one uses dlnBeff/dlnG, one can use the stability analysis
of (é,lS,lé] without a fines trap. Thus the results of the
clagsified case can also be applied to the point fines trap.

For an ideally classified ¢rystallizer (ﬁﬁ), b/g must
be lege than 2. 1In this case stabilization by the fines trap
is impractical and the fines trap would always tend to de-
staﬁilize.

In a real stirred crystallizer some classification occurs
and the initial value of (b/g#) should be somewhere between
21 and 2. 1Its exact value can be experimentally determined.
The above analysis for an ideally mixed crystallizer while
not applying quantitatively to a partially classified crystal-
lizer, should still provide some useful guidelines in the ef=~
fect of the different design parameters on the stability of
the coperaticn.

Now reversing the argument, the sensitivity of the sys-
tem to cycling and the dependence of cycling on the opera-

tion of the fines trap could be a very important tool in
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gaining some information about B and G at low supersaturations,
just as the dependence of ¥ on 8 gives us at least some par-
tial information at lower residence times,

In addition to explaining the observed behavior of fines
traps, the results presented have provided some useful guide-
lines for their design. 1In designing such traps, T, and 90
are related by the design parameters of the baffle. The
curves of figs. 4 and 5 show that for small values of L
rof; <0.05, the individual values of r_ and 90 are unimportant
as long as rofeo, or, equivalently, the design parameter A,
has the desired value. The designer is free to choose the
optimal combination based on cost considerations.

However, in many cases low values of r, are expensgive
to obtain and one asks oneself what value of ro can one
tolerate., Increasing roincreases the load on the heat ex-
changer in the fines trap, but on the other hand a slight
increase in r, might have beneficlal effects on stability
as long as the optimum value of r, is not exceeded. The
final design choice is again an economic question. The
above considerations should provide some quidelines as the
proper mechanical design of the fines trap.

The actual design of the fines trap strongly depends



on the viscosity of the solution and its density, as these
give the relation between r, and W Our above consldera-
tions indicate that in the absence of other information,
it is deslirable to design for a range of A between 3 and 7.
There are basically two ways in which such fines traps
are designed. One can either have a large fixed recircula-
tion through the settling zone, which keeps r, fixed, and
adjust v, by changing the rate of withdrawal through the
trap. Alternatively, one can withdraw directly through a
settling zone; here r, is related to the withdrawal rate
L being of the order of wol/z. Our above relations indi-
cate that as long as r  over the whole design range re=-
mains less than 0.3r, this dependence of r_on the with-

drawal rate has no detrimental effect on the control and

stabilizing action of the finea trap.
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CHAPTER 7
Open Loop Transfer Functions

We develop in this chapter the open loop transfer func-
tions that will be needed in the control studies that follow.
The development will be all for a crystallizer with point fines
trap, that is, one in which the fines destruction size and the
fines retention time are both very small, their ratio however
being finite.

Following prior work [}5], and our own open loop analysis,
from which we take also the general notation and the plan of the
working equations, point fines trap operation can be represented
by a suitable reduction in nucleation rate, so that the working

equations for the crystal size distribution f£(r,t) become

-T6/8 G (c)
s'c(c)-f=es(c)e ; r =0
(7.1)
Lo ae. s
— — IR e - . —
at T Gl 3 gt 3 >0
where € is the liguid volume fraction in the crystallizer
© 3
€=1-kjrfdr (7.2)
o

here r, is the fines destruction size, Bo the fines retention
time (the ratic of crystallizer volume v to fines recirculation
rate wo) in the system and 8§ the overall holdup time (the

ratio of v to the volumetric throughput rate w). The equa-

tione (7.1,7.2) must be completed by an overall material balance
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on solute-crystal material in the system, and this takes the
form of an ordinary differential equation in the solute

concentration C

Cy

d% (e-c+ (l=€)-p) = 7= --; (€-C + (l=€)-p) (7.3)

Now many of the quantities of interest in the crystal-
lizer operation can be expressed in terms the moments of

distribution f(r,t)

o

w () =f ' f{r,t) dr (7.4)
n o
Thus the number of crystals per unit volume is
no= g (7.5

The total crystal surface per unit volume is

g = 3ku2 | (7.6)
The volume fraction liquid in the system is

e =1 - ku3 (7.7)
and the weight average crystal size is

r = My, /Mg (7.8)
Indeed, the equations (7.1-7.3) can be represented in moment form:

4 {a . RO .
g dt ( "443)'9 lq..l3ﬂ 9 9 -kua)c ku,ap

ds -r /8 G(c)
T2 = (l-kug)B(e)e ° ° -3 h, (7.9)

diu,, _ 1
.ﬁt“ nG(c) Hoe1” 7 v ;) n=1,2, ...
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and the quantities (7.5-7.8) recovered from their solution,.
However, the corredsponding properties for the population
of fines cannot be developed so readily from the point fines
trap equations, since, taken literally, these equations$ put
all the fines at zero size, and hence with zero surface and
s0 on. To arrive at working expressions for these properties,
we consult the steady state solution for the finite fines
trap, in the form

r
r

1 -
UG (c)~ Goc(c)L N(s)ds ; ©>0 (7.10)

£(r) = (1-k“3)m e

G(c)

where M is the fines selection function

1 ; r<r

n(r) = l (7.11)
0

; r>»r
s

In terms of (7.10), we may express the number of fines per unit

crystallizer volume as

-
]

and the fines surface per unit crystallizer volume as

“
2
G, = 3kj; r nef(r)dr (7.13)
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Evaluating the integral (7.12) with the selection curve (7.//)

gives

r

- o -
8G(c) 8 _G(c)
- _ B(c) 1l - e 0
ng = FoI7R43) G o) B i
o + ]
8G (c) 8 ,G(c)

and in the point fines trap approximation, where rO/B is

negligibly small compared to ro/BO, we may write

-r /8 G(c)
n, = r, (l-luy) M2 1€ 22

. 6O Tr e (7.14)

A similar calculation for the fines surface integral (7.13)

gives

2{ _r /p EH@J
r 1 o o
o oy B 1-je oS )s L (Fol6 ) f
o o 37 G(c)
1 3
7 (Fo/fc6(e))

(7.15)
In developing the transfer functions below, and in making
the control studies that follow, the equations (7.14,7.15) are
appended to the moment equations (7.9) and taken to hold dyna-

mically at every instant of time. This does not seem to be a
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bad assumption physically, and we shall have the occasion to use
.only the fines surface expression (7.15).

We now proceed to linearize the moment equations (7.9) about
a steady state, taking into account as driving forces fluctua-
tions both in the bulk throughput rate w and in the fines
recirculation rate W that is, both in 8 and in 80. It is con-
venient to introduce a crystal-solute resource function

® = (1-kuj)C + Kugp

and the moment equations (7.9) give linear equations in the

perturbations 6w, &4, in the form

déy | _1 =
T B 0
dbdp ' '
o 1 /9 G _ B L% G
= + 5 6u_+ kB °{1+(pc)(3+eocc)}6“3
1
| . T 8 (x)
o /SOG E r g an 1/8 - _ ) A)& -]
. . B o (3 + 8;8 G ) v n1/a U m:’)B-: ® ERYCR
®, | knG "Wy . (0-C) nG My )
rra e S i aravoml S M g T (7.16)
Mo 5(1/9)

=--§-—T8—- ; n=1’2’ ooooo
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Here B' and G' are derivatives with respect to the solute
concentration C, and the perturbation in this concentration
can readily be expressed in terms of 66 and the éun

e = 5% = K(-c)bus
1 - M3

as can the perturbations in any of the quantities (7.5-7.8,
7.14, 7.15). We are concerned here primarily with the mean
crysgstal size r, the total crystal surface 0 per unit volume,
and the corresponding fines surface Ty- We find accordingly

from (7.6, 7.8, 7.15)

= Sy 61
br . - =3 (7.17)
T M M3
S
Lo = —2_ (7.18)
g LJ.2

89, _{ﬁ. [*jo“’ oFF 3(ro/00)2+ 2(z59) ] Ol
B G

1 -[1+(eo/8,0)+ 3(r /8 G)Z_} To/806 |'k M3

1 Q+(r0/900)+ %(r0/906)2+ %(r0/900)3] e~ To/80G
3 -
1 - [1+(r0f90G)+ -21;(1‘0/900)2 Je ro/BOG 1 90

- T
.1-!1+(r /8,G)+ =(r /8,6 2+ %(ﬁf’)ﬂe RN
% - - o /8,6 X ;
¢ 1 - [1 +(ro/900)+ %(ro/'BoG)z E-(ro o )T .‘ *H3

-

¥
—{1+o-of - G

(7.19)



66

We are now in a position to assemble the transfer functions

of r, o, 9, with respect to w and L We note first that, the
crystallizer volume being constant, we already have &w/w and

5w /w at hand in the form
o o

8w _ 5(1/8)
w 1/8

Sw & (1/6,)

we 178 (7.20)

o

Nuxt ., we carry

t—» 9t
referring all times to the mean residence time in the crystal=

lizer. Finally, we i{ntroduce Laplace transforms

[ so(s) = F-St 8¢ (t)dt
o]

o (s) =3 e *%8u (t)dt
n o n

) b sy = | e ®%r(eyde
O
\ 6'3(3) -g e 2% so0(t)dt
o
A .
55 (s) -S"e Staa (t)dt
o]

[ .3 -
sw(s) -re By (t)dt
[a]

L L .
\ sv_ (s) -S e %fbu_(t)dt

Q

in the equations (7.16-7.19), taking initial conditions zero, so
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that the system is initially in its steady state. The soclution

of the resulting algebraic equations in the transforms is tedious,

but straightforward. We omit the details and simply quote the

results.
A 9 n
&r _ _ (hgle™ - ge™y | }ﬂ
H w
r (s+¥bﬂg)e-l+ ge-l é (s+1)i+(3+1)4.]
i=1
A 64
l_(ge- +3) Yo
+ Y N 3 2 A Wo (7‘1')
(s+1{£bﬁg)e +ge” E—l (s+1)2+(s+1)
A - R ' i
Se _ (btg)e )‘-ge A i%—1(54-1) })‘g\
o % =
- - { W
(bhgle R-I'-ge A iZI (s+1) +(s+1)4
- )\‘(ge.-l + s + 1) bwc:
\ 3 g, (7.22)
hgre” g™ 2y (s+1) '+ (a1
X < i
85, _ (btag-g)e L,Z(,(am i
% (b-&g)e-l-é-ge-}‘ Z3-_ (s+l)i+ (s+1)" o
i=1
(7.23)

O

W

A (b--g)e“k--abe-}\-‘age-)k %1 (s+1)1-a(3+1)4 j 63
o

3
(bhg)e ™ +ge™ lZl(au) L (e+y?
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The coefficients of &w/w and of éwofwo in the egquations
above are, in dimensionless form, the transfer functions 1in
question. The parameters

6kBG B2 (p-c) %—

2]
]

o
1

6k56394-{1+(p-c)-%L} (7.24)

-
N

r /0 G
o o
are familiar from prior open loop stability analyses, and the

parameter a is

a- 3L -anw2/2 +23/6) e (725
-1 2272y e A

It ‘hould be noted that s is a dimensionless transform variable,

correspunding to the time measured in units of the overall

residence time.
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CHAFTER 8

Coentrel On Mean Cry-ra! Si-e

We analyze here a ¢ . ntro! system bssed on meacurenent of
the mean crystal size r and menipulatic-n of +by bulk flow rate
w. Such a control -<ystem would tike .y bv app.itd 1n practice
on a sampled data basis, r being mei:ured periodicai.y by
screen analysis. It cculd of cour:: be app.ied tquallvy to a
crystallizer with or without fines trap for deve oprment is
carried out on a continuous basis, and alm- trn zhcw the !imits
of stability for a propertionsi! cortrol:rer

The plan ¢f the contre’ -ystems we -tudy in thi- werk

is shown in Fig. l4, which show« also cur negative fredback

convention. In the pr:sent system, the re<pon-e bx is
&x = Er_
T

and the contrel action &u is

du = bw _
W

That 1s to say, formally.

x=lnr
u = Lo

and since we know from pricr werk that r i: a decre:sing funce

tion of w (an increasing functicn of the mean rosidence time §),

we adopt the convention B ¢ Fig. 14 for ocur contrriler.
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Accordingly, we take
A A
Su(s) = K(s) 8x(s)

(the caret'denoting Laplace transform), that is

A by
Buls) o g(sy —HELE) (8.1)
r

where X(s) is the transfer function of the controller. The

plant (crystallizer) transfer function G(s) for this configu-

ration
SBr() . ey 2ue) (8.2)
r w

is given from (7.21) as

(b-ﬁ;g—g)e-’L +1 ’

G(s) = = =Y Y s (8.3)
(s+1) {(bﬁs) eMage™ £1(3+1)1+(8+1)f
{=
and the stability characteristic of the controlled system
l =« G(s)K(s) = O
become
- 4 : -
(s+1)5+ ge A >3 (g+1)‘ + (bhg)e J"(g-l-l)
i=2
: -\
+k(s) iﬁb+kg-g)e + 1 }'- 0 (8.4)

The controlled system is stable according as the charac~
teristic equation (8.3) has all its roots with negative real

part. For a proportional controller, the transfer function
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K(s) 1s simply a constant K, and we have a polynomlial equation
whoe stability we can test by the Routh-Hurwitz criterion. The

condition that the system be stable is

>0

ge-k +5 > 0
5 + ge-}k 1 , ( gts)
>0
10 + 10;;;,.9')L 10 + Sge"‘
5+ ge-k 1 0
10 + 10 ge-l 10 + 536“>l 5 + ge-k
1 + be-l+k,(b+ig-g)e-k+#} 5 + (g+k)ge-l 10 + IOSeAk
-3 ‘&e-’\
[+ +

This gives in the reglon of practical interest a rather narrow
stable range for k. For example, in a typical crystallizer
without fines trap, A = 0, with g = 500, b/g = 20, the opera-
tion will be stable only in the range =-1.2 < K< 0.072.

The nature of the stable range can be seen somewhat more
clearly by going to the limit of large b and g, keeping b/g
finite. This is anyway the region of practical interest, and

the stability conditions (8.5) reduce in this limit to

b b 1
“(HR) < (g A - 1) K< 53 (21-§_,\)(§+x + 14) (8.6)

A plot showing these stable limits 1is given Fig. 15. To

furnish a standard against which to set the size of the con~



troller gain k,, Fig. 15 shows as well a plot of the static

sensitivity of the system in the form

b
sl __g *tr3
G (o) L N
2

As the sensitivity of the controller depends on X and
b/g, the numerical value of K as defined here does not
immediately give a clear indication of the quality of the
control. For two cases with different X and b/g, the steady

state deviations are equal if the values of K are inversely

proportional to the values of G(o).

the steady state devition for a step perturbation.
-1/G(o) along with K accordingly allows one tco compare the

stable range of K for different b/g and A with the desired

Taking K = -1/G(o) halves

Plotting
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(8.7)

value for control, which should be at least - 1/G(c) and probably

less than -5/G(o).

Now we know from prior work that in the limit of large g,

the uncontrolled system is stable only when

E + A < 21
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It may be seen from Fig. 15 that this control system cannot, then,
for a positive K, stabilize an operation that is open loop
" unstable, A limited amount of stabilization is poasible if
one permits negative K, but the stable regions become very

narrow, and shrink to nothing when b/g + L exceeds 41.

" ‘Bmsides negative K introudces the posaibility that new steady-

state golutions will be introduced into the system, umcontem-
plated in the original design. This situation is discussed in
general i{n the Appendix 1¥, and numerical calculations show
the existence of such solutions in our case. We also note that
for b/g less than unity =-(1/G(0)) changes sign and becomes
negative. Now for b/g < 1, the particle size increases with
fncreasing flow rate and (1/G(0))1is positive (Control scheme

A of figure 14). We adopted convention B for figure 15, as
values of b/g > 1 are more frequently encountered. For b/g less
than unity, the useful range of X is therefore negative.

For (b/g + 1) = 1, particle size is independent of flow

rate, and it {s therefore not surprising that one cannot
‘control the particle size by chﬁnging the flow rate. The
M(&I range of such a control i{s therefore limited to

0< b/g< 1/3 and 3 < b/g < 7. 1In theae ranges we can find a

stable and reasonable value of K which 1is sufficiently large
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for control. Very high values of K are normally impractical
even if stable, as they lead to excessive control efforts and
also to amplification of high frequency disturbance.

We conclude our discussion of this control system by
seeing how the nonlinear system responds to this controller.
Qur illustrative calculations for this case will be for the
mixed crystallizer without fines trap. We develop the closed
loop equations by first solving the open loop equatiomns (7.9)
in steady state and calculating the corresponding steady
state T from (7.8). Identifying these steady state values
by the subscript e, we may represent the controller shown differ=-

entially in (8.1) as, for proportional control
W we r - F,

W -
L e

Equivalently, since f = v/w, we may write

4] -
- 1=K (— -1 (8.8)
8 ie

and solve (B.8) together withihe open loop equations (7.8,7.9).
These are ordinary differential equations and their numerical
solution presents we expected difficulties.

Two numerical cases are given here, both having Mier



nuc leation kinetics with exponent unity, and linear growth
kinetics. 1In both cases, an initial disturbance 1is put on
the system, and number density My (norgalized on uoe) is
plotted against time t (normalized on BGJ- In Fig.i6, we
show a controllable case with

b/g = 14,., g = 460,
The stable ra .ge of K here 1is

1.4 < K< 0.52

and we may see from Fig. 16 how a positive K outside this
ranges seems to go into a limit cycle, while a negative K
outside the range approaches numerically a second steady
state solution. 1Inside the stable range, the numerical
solution behave stably. In Fig. 17, we show an uncontrollable
case, with

b/g = 63, g = 490.

All the numerical cases here show limit cy. le behavior.
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CHAPTER 9
Control On Crystal Surface

We analyze here a number of control systems based on
measurement of a suitable crystal gurface per unit volume,
and manipulation of a flow rate. There are two directly
measurable crystal surfaces at hand: ¢, for the population
of crystals overall; and o, for the fines only. There are
as well two accessible flow rates: w, the bulk throughput;
and W the circulation rate through the fines trap. There
are accordingly four different control configurations to
be analyzed, and while stability conditions are given for
all of them, our primary interest focuses on the two in
which the fines surface S, is measured.

Before taking up the stability analyses proper, we show
the form of the steady-state dependencies between the surfaces
g, ¢, on the one hand, and the flow rates w, w, on the other.
For a point fines trap, these relationships are all given by
the steady-state form of eqns (7.5-7.9,7.14,7.15). 1Illustra=-
tive cases have been calculated, normalized on typical base
values denoted by the subscript e. The calculations are all
for linear growth kinetics, and for Mier nucleation kinetics
with exponent 1, Fig.l8 shows the relation between o, and
W, and we see this to be a fairly complicated relationship.

Not only does the slope of the curve through the base point
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change sign as A varies, but we see that the curves for a
fixed § are not monotone over their whole extent. The shape
of these curves is of course slightly different for the finite
fines trap, and Fig. 19 illustrates the order of this difference
by showing how a typical curve of Fig. 18 is broadened in finite
fines trap operation., Fig. 20 shows the relationship between ©
and W, and we see that ¢ is a decreaging function of L
Figs. 21 and 23 show the dependencies of g, and ¢ on the bulk
flowrate w for constant 80. We see that I, and 0 are both
increasing functions of w. Fig. 22 shows the broadening of a
typical O,~w curve with finite fines trap operations.

We begin now an analysis of the O, = wocontroller, where
the fines surface g, is measured and the recycle flow rate
w_ manipulated. The instantaneous effect of 1increasing W,

O

is always to decrease o, If we continue to operate with an
increased v, the supersaturation will increase. Depending

on the value of b/g the new steady state will show either

an increase or decrease in ao. Intuitively one would expect
that a control scheme in which the instantaneous response has
a different direction from tiue I'-21 steady .Tate reaponse

cannot be auccessfully operated with a simple feed back con=-

troller. As will be later shown, one of the necessary condie-
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tions for a practical feed back controller case is that 00
is a decreasing function of LA In Fig. 18 the operating
lines are for a given explicit dependence of B and G on c.
The slope of the dependence of 00 on W, is, however, a function
of b/g only. The condition that this slope is negative , which
is a necessary condition for contrel, can, therefore, be expressed
in a model free way, and this we turn to next.

Now in the steady state operating lines of Fig. 18, we
see that there is a locus of points where S is a maximum,
We can ldentify this locus in a model-free way by setting down
the condition that the O, = v, transfer function of (7.23)

vanish. This condition is:

=X
b ) 3a_+ )\ + a/ge

& )max A-a

(

For large b and g, with b/g finite, it reduces to

3a + A

b
(_) - - a

g ‘max
and is shown as a b/g vs. A plot in Fig. 24. For operating
points below this curve, T4 is a monotone decreasing function
of w,, above the curve, a monotone increasing function. The
operating curves of Fig.|8 can be replotted in the (b/g) - A

plane of F%1.24, and some typical cases are shown there.
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We see that these operating curves are in general steeper than the
locus of maximum Ty and lie below this locus for a conslderable
part or all of their range.

Accordingly, in carrying out the stability analysis for
the Oy = ¥, controller, we adopt the feed back convention B of
Fig. 14, associated with G, @ decreasing function of w,- That
iz, we take

A A

Bw_(s) 80, (s)

= K(s) 7. (9.1)

O

where K(s) 1is the transfer function of the controller. The

crystallizer transfer function G for this configuration

A A

6a_(8) bw_(s)

— e - G(5) ——— (9.2)
C‘o wo

is given from (7.2}) as

- - o <3 4
A (b=g)e L abe A - age A :ZZ(S+1)1 - a(s+l)
i=1 9.3)

G(s) = 3
(bg)e  +ge™ 1Zi (s+1)1 + (s+1)®

and the stability characteristic of the controlled system

1 - G(s) K (8) = 0
becomes

g 4 =X 3 i -A
(1+al<(s))l(8+1) +ge iZ’-;(ssﬂ) }+ (bR g)e

H(s) {(a =X )be-l+ Xge-lJ' = 0 (9.4)



Parameter, b/g

Stability

Pigure 24 locus of Maxima of 0o = ¥, Curves, for .p Crystallizar wich Point Fises Trap

Togethar with Illuwstrative Operating Curves

L

T _ T ; _ ~

Pines Trap Paramster, )\



90

The controlled system is stable according as the char-
acteristic equation (9.4) has all its roots with negative real
part. For a proportional controller, Iwhere the transfer func-
tion K(s) is simply a constant K, we have a polynomial equation
where stability can be tested by the Routh-Hurwitz criterion.

We find that the condition that the 00 - wo controller be stable

is
L +{x +(a-\) E—JK
O B g
ge A 1+all
21ge )3 + 87(ge™)? +128(zge™) + 64
<
ge™h (41ge™)? (9.5)

For large b and g, with b/g remaining finite, this simplifies

to

D oah 4+ a+@@ay ok
-3 < g < 21 (9.6)
1+a¥

The stable region described by (9.6) actually breaks up into

two parts, as shown in Fig. 25. Shown as well in Fig. 25

is a plot of the static sensitivity of the system in the form

- % M
s dog G (o)

where, from (9.3)

b
-l ——3—+)L+3

G(o) (9.7)

(a=}) -;— + 3 +3a
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The practical operating portion of Fig. 25 is the shaded
stable zone in the lower right hand corner lying above the
positive K-axis, and below the asymptote of -1/G(0). (This
asymptote is also the locus of maxima of steady state 00 -
curves). The other stable zones shown are not practically
useful, since in them K has the same sign as G(0), the controllers
are in effect amplifiers (albeit stable amplifiers), and there is
the possib.lity tnat they introdu.e extra steaiy-state solutions.
The practical operating zone .orresponds as we see Lo a mode of
operatio. where Ty is a decreasing functjon of wo. and the
operation is open loop stable. We see further from Fig. 25
that i1t is possible to stabilize uustable moues of operation
w.th arbitrarily large values of b/g, but only by goiug into the
amplifying range of K, and even then working in increasingly
narrow bands arocund K = 1/(.-a). We note, therefore, that
this control mode caanot be used to stabilize a system wh.ch
is unstable due to kinetic reasons (b/g large). It can,
however, stablilize a system which is unstable Jdue to a high
value of .\, if b/g is small.

We turn next to the Oo-w vontroller, where the fines sur-
face S, is measured aad the bulk flow rate w manipulated. We

see from Fig. 21 that G 8 an increasing function of w. Accord-
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ingly, we adopt the feedback convention A of Fig.l4 and take

A
A
8¢ (s)
Lwle) Lok o (9.8)
W o
o

where K(s) is the transfer funCticn of the controller. The
crystallizer transfer function G for this configuration

50 A

9,(8) Sw(s) (9.9)

o e —

o
1a given from (/.23) as
3
- i
(b+ag-g) e }‘1?;_- (s+1)
G(s) = ‘3’ (9.10)
.Y - i 4
(bt g)e +ge '%:1(3+1) + (s+1)
and the stabil.ty characteristic of the controlled system
1 + G(s)K(s) =0
becomes
4 3 i A A 3 i
(s+1) + ge = Z_ (s+1) +(bHgle = + K(s)(b+ag-gle = . (s+l)
i=1 i=o
=0 {(9.11)

For simple proportional control, K(s) = K,a constant, the stabillty
characteristre (9.11) is simply a polynomial, and the Routh-Hurwitz
criterion g.ves us directly the stability conditions for the O,

controller. We have
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210+ 87x°+ 128X + 64 _ g

b+ n 4+ KRB
2

-+

a

1)

x(x-H;)z 1 + l((—z—- +a - 1)

X = ge-l+-K(b+ag-g) e-k

The stabil.ity cond tioin .an be seea a little more

for large b, g w.th b/g f.nite. The cond:ition {(9.12) reduces

in this limiting case to

b

+ 3 =21

g
20 b
- 4+ a -1

yntuitively

and Fig. 26 shows the stable region Jescribeu by (9.13).

shows as well a plot of the static sensitivity of the system

to serve as a standar. against which to measure K.

tivity is in the form

%5 dw o 1
w dg G(O)
o
where, from (9.10)
Lo+ 43
1 - g

G(o)

b
4( g +a-=-1)

94

(9.12)

(9.13)

Fig.26

The sensi-

(9.14)

The most strik.ng feature of the co - w tontroller is that

every mode of operation €an readily be stab lized by taking a
proportional goatroller w.th gain K in & Suituble range.

from Fig. 26 that K> 1/20 gives stable operation for every

We see



b/g. This is a very small value compared with the sensitiv.ty
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index 1/G(0). Further, the stable range .s posit:ve, and hence

can lead to no extraneous solutions.

We conclude the stab.lity analyses w,th a brief discussion

of the controllers :n which the overall f.nes surface O is
measured and one of the flow rates w, or w is manipulated.

For the 0 - W vontroller, we see from Fig. 20 that o is a

decreasing fun.tion of W Accordingly we adopt the feedback

convect.on B of Fig. 14 and write

A A
dw &g

W = K e)

With the transfer fuactioan G (%)

”
[ A
[sJo] o
= G
o w

Q

given from (7.22), the stqbility characteristic

1l -GK =0
becomes
3
(s+1)4+ ge-)L p (s+1)i
i=]1

+ (bﬁg)e')‘ + xx(s+1+ge')‘) = 0

and an application of the Routh-Hurwitz ¢riterion gives for
the stability condition with proportional control and large

b, g with b/g finite,

(9.15)

(9.16)

(9.17)
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b
2l-=— A > K> - 3 4% + ==
X - g (9.18)

As before we need tor good control K> -1/G(o) or

b+
3":_‘8 1

A

k >

We note that th.s .s possible as long as 21 - b/fg - >
3 + b/g +x. Therefore, such a control _.s poss ble only for
(b/g + L) < 9. On the other hand, to insure that K is not
excessivebrlarge, {( 3 +b/g +X)/A should be no more than two
or three., This control scheme therefore requires a minimum
value ot A, wh ch depends on b/g. One has, therefore, to be
very careful in operating th.s control scheme, as the stabil.ty
marginag ( kmax/(-lfc(o)) are quite small., A similar control
scheme ( r o wo) is often used for yndmtal control, and similar
.onsiderations apply to this case.

For the 0 - w controller, we see from Fig. 23 that ¢ is an
increasing function of w. Accordingly we adopt the feedback

convention A of Fig. 14 and wr.te

A
48 50
- - K = (9.19)

With the transfer function Gis)

80 g
o) W
> =G (9.20)



98

given from (7.22), the stability chara_teristic

1 +GK =0
becomes
- 3 -
(s+1)"+ ge A = (s+1)i+ (b +Xig)e A

i=1
3 i - A

—K,Z (s+1) 4ge - (bHgle }= 0 (9.21)
i=1

and an applicatjon of the Routh-Hurwitz criteryon gives for
the stability condition wjth proportijonal control for large
b, g and tinite b/fg

2 4n 43 b

b (9.22)
— 4k =1 b
g - + A -1

(-1/G(o)) for this case .s equal to (3+b/gH )/ (1-b/g-x). We
note that thigs case is very similar to the ¢ontrol scheme
;-w, discussed in Chapter 8, and has the same disadvantages.
It cannot be used to stabilize an unstable system, and .s not
applicable if b/g is close to uaity.

The two last controllers do not as we see have any
especially useful or interestjag stable ranges, and we
accord .ngly drop them from further consideration.

We conclude our stability analyeis of the ¢rystal sur-
face controllers by seeing how the noalinear system responds

to them. Our tirst illustrative calculations are for the
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application of the proport;onal-Jo-w0 and o, W ontrollers
to a crystallizer with point fines trap., The method of calcu-
ltion 18 by means of the moment equatjons (7.9) as for the
crystal size controller discussed earlier. The calculation
proteeds by putting an in.tial d.sturbance on the system and
solving the differential equations forward in time. The
results are presented as plots of number density M (normalized
on uoe) versus time t (normalized on Q'). Several cases have
been calculated, all with 1.near growth kinetics and with Mier
nucleation kinet.¢s with exponent 1. 1In all gases, where the
l.near analysis indicated stability, the numer.cal calculations
showed stable behavior. Where the linear analysis ind cated
instabjlity, the unumerical calculations showed sometimes .yclic
behav or, sometimes (the s.gn of K permitting) the approach to
an extraneous steady state. Fig. 27 shows a case, unstable {n open
loop, stabilized by var ous values of the o= v feedback gain.
Fig.28 shows a stable case, regulated by var.ous of the o, = v
feedback gain. 1In Fig. 29, we take up the co - W, contreller,
and for the same stable case as in Fig. 28, show how the operation
ig regulated by various values of the feedback gain,

The calculat ons ftor the f. .ite f nes trap crystallizer

with proportional Ty = W, control conclude the present analysis.
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The calculation are made by means of the full nonlinear partiasl
differentfal equations of the system, as in the opea loop dynamic
calculdations of our prior work. The plots again show M, (nor-
malized on Moe) against t (nermalized on 8_.). 1Imn Fig. 30, we
present calculat ons about a stable steady-state point where

g is a decreasing function of w_ . The A and b/g here are the
same as in Figs. 28, 29 and we may see how this case 18 again

regulated by positive values of the feedba k gain.
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CHAPTER 10
Discussion of Closed-Loop QOperation

The control schemes invest,gated here all control a flow

rate. The two flow rates chosen were the flow rate to the
crystallizer and the flow rate through the fines trap. Both
methodes .an lead to satisfactory control schemes. The most
.mportant fa.tor in achieviag a satisfactory contreol is the
measured variable, Measuring overall properties of the product
mix leads very often to Jifflculties. 1In the absence of a
fines trap, sut¢h a scheme js practical in a very narrow range
of bfg (3 < bfg < 7). With a fines trap one tan contrel the
flow through the fines trap, measuring some parameter of the
overall particle gize distrjbution. This is often done in
practice by the operator. As shown Iin the text th.s Is sat.s-
factory as long as the system jn the absence of control is
stable. To achieve a reasonable control act:on, (b/g + i)
must be less than nine for an ideally mixed crystallizer.
If these is any classification occurring, (bfg + L) must be
considerably less than in the stable limit without coatrol.
One notes, therefore, that it 1is quite easy for the operator
to Introduce instabilities by using a too large control action
(K = -(1/G(0)) will already be unstable in many cases).

There im a2 strong advantage in using a €ontrol based on

the parameters of the stream leading to the fines trap such as



106

J,: This is not surprising as SR for a peoint fines trap
measures a quautity related to the instantaneous nucleat . on
rate. The time delay between a perturbation in nucleation
rate and the time a significant effect oa overall size distr.-
bution is noticed is thereby elim.nated. It is this time delay
which makes control schemes based on the properties of the total
vrystal mix so difficult to operate especially at h.gher values
of b/g. In a real and finite fines trap this time delay is not
zero but related to rO/G. As long as L is small compared to
the average particle s:ze, this time delay will have a rela-
tively small effect. Measurement of any overall property of
the size digtrybution in the fines trap will lead to superior
control than use of a corresponding property of the size dis-
tribut.on in the crystallizer itself. The total surface o,
in the fines trap was chosen as it .s relatively easily acces-
sible, by light transmission measuremeat, but .f other proper-
ties such as total crystal mass in the fines trap are available
they could serve just as well.

What 1is somewhat surprising in the results are the com-
plications arising when the flow through the fines trap, or in

other words, the amount of fines destroyed ¥s used as a control

varjable. This is due to the fact that for variable flow through



the fines trap, o, is not uuniquely related to the iastantaneous

(o]

nucleation rate. The initial effect of sudden increase of v
is always to decrease 0,s as more crystals are destroye.i in the
trap. After some time the decreased effective nucleation rate
will cause an increase :n supersaturat.on, thereby increas.ug
the real nucleation rate. The effective nucleation rate (the
amount surv.viuag to a size larger than ro) will always decrease
asg w_ 1is i.reased, but 00 will not ne.essarily detrease. In

o)

facr for h gh values of b/g it in.reases. This has a simple
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explanation. For high values of b/g a small change in supersatu-

ration cuases a high .ncrease 1i.n nugleation rate. Fewer will
survive than before but the stream entering the fines trap

will have a larger number of samll .rystals. At h.gh values

of W b/g always decreases and therefore, at high values of Wo
we will always reach a region in which the static doofdwo is
negative., To insure stable and effective control one has to
insure that the instantanecus and the static responses n the
same direction. If b/g (A = 0) is less than (13) this is

true for every W, and this control .s satisfactory. The system
is stable and as shown in Fig. 29 shows a fast and smooth
response. Though the system is always stable we would prefer

to avo:d the region .n which ~1/G{o) 1s large as in this case



a large K has to be used. We want to be in an area where 2 is
sensitive to wo

For A\ = 4, and b/g less than 3, -1/G(o) is less than un.ty
and as all K are stable this leads to a good and smooth control,
as can be seem from Fig. 29 and 30. Now fines traps are very
often used to in¢rease partiCle size in systems in wh.ch
b/g A = 0) is close to unity. For such cases this control
scheme has s.gnificant advantages as upsets in nu leation are
reduced before they effect the particle size.

If the control is used to stabilize unstable systems, then
ag -w controller seems to have signif.cant advantages. If the
instability is due to a too high value of L, and the system
ies stable for X\ = 0, then the a- W, control can be used to
both centrol and stabilize the crystallizer.

All of our above considerations start with ideally mjxed
crystallizers. One co.ld use the same method to study a lassi-
f ed crystallizer, but this is outside the s ope of this study,
However, the resgults allow some intuitive ¢omments. For all
controls involving the overall size distribution the stability

limit 21 -(b/g + L) determines the allowable value of K, and

108

as no stabilization is possible, also the lim;t ot stable control.

Partial classification which always occurs in all crystallizers
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will therefore reduce the range of stable operation (yhich is
already very limited for the ideal case). 1In the case of the
fines trap control we have a control cjrcuit around the tines
trap maintaining a stable nucleation rate, and one would there-
fore expect that with a sufficiently large K one should be able
to stabil.ze the system even in the presence of classification.

Such arguments are however speculative and await vonfirmation.
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Appendix I

The Characteristic Equation via Spectral Analysis

We sketch here the derivation of the characteristic equa-

tion (4.12,4.13) for the linearized crystallizer equations (4.8,
4.9). OQur procedure will be to write the dynamic equations

{4.8,4.9) in the form

2 i) L1

so as to ldentify the linear operatoré[-, and then carry out a

formal spectral analysis onz,by solving the eigenvalue problem

i{g‘g - a{g?} (AL.2)
The conditions on s that (AI.2) have soluticns then give just
the characteristic equation (spectral equatjon) of the system
(AI.l1). We shall of course asseas the stability of the system
by whether the solutions of the spectral equation lie :n the
left half s-plane,
In (AI.l) we recognize that, apart from their dependence

on t, & is simply a sCalar, but §f a function of r. Consult-

ing (4.8,4.9) we may accordingly write

= -
~ e
L 8E(r) s r> oy _)- an_:.!rl)_ - [+Rn(c Pt ()

r ”® 4
+s(1+nn<r))<e""‘j n)taw—_[—g— 8£); r>o
o 0
e« = - (AL.3)
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and we must be careful to complete the description of the operator

by setting down the boundary condition
r3
S5f(c) + (b-g) — &f - (b-g-of) 5p = 0 (AL.4)
o

For (AI.3, AIL.4), the eigenvalue problem (Al.2) becomes

-&p = g . 6{9
- é%f_(ﬂl - (1+RN(r))&f(r)
-r-R_(r ® 3
+g (1+RN(r))e 01’1 (5C|J - J z 5f) = s 6f(r);r > O(Al.s)
(e}

3

8£(0) + (b-g) "6f - (b-g-d)-6p = O

2] Lo

From the first line of (AI.5) we see that either bg=o or
g==1, and since we are only interested in what the eigenvalue
analygis can tell us about possible instabilities, we summarily

set &yp=o0. This leaves

i(g_.fr_(z)_)_ + (8+14+RN(x)) & f(r)

r
L _J
+g (1+Rn(r))e T R &o n. gﬁ,éf - 0; 0 (A1.6)
O
- -]
3
S5f(o) + (b-g) [ raf 6f = o
o

solving (AI.6) as a boundary value problem in 3f{r) gives
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T
S5f(r) =X - exp.{_-(s+1)r-R‘S n.}_
O

T
(-(b-g)-gJ L+nege™ a0 5 3o (AL.7)
O

where A is the moment integral
L

3
A -I r . 8f(r)dr
o ©

But X must be computable also from the Af(r) of (Al.7), and

this requ.res
oo

r
& e -(s+1>r-aj N(y)dy
= . S
Q

r (A1.8)

8x
0[-(b-g)-g& Q+nx)) e ~dx] dr =1
o
The equation (AI.8) is just the characteristic equation of
the system (AI.1), that is, of (4.8,4.9), and can readily be re-

arranged into the form (4.12,4.13).
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Appendix Il
The Characterist.c Equation for A Finite Fines Trap

We develop here the full expression tor the characteristic
equation (4.21) of the finite fia.es trap. Qur starting point is

the general characteristic equation (4.21), with H and K given by

<
) 3 J
L o~ 5T .- '.(1+R1'])

H(s) = r dr (AI1.1)
o 3 Ir r

K(s) = J e e, (M ero e (1+RN (x )Hx
© (AJ1°2)

from (4.13). By interchanging the order of iutegratiou, we can
rearrange the equation (AII.2)} for K into the somewhat more
convenient form
r+r
o C -L (1+8N)
- r+x
K(s) = L e "Tdr -Lﬁ)— e (14RN(x))dx  (ALL.3)

o
For the finite fines trap, we take M(r) = h(r/r*), where
h is the unit square pulse of (4.14). The expression (AII.1l,
AIT1.2) can then readily be evaluated to give
i
(s+1) *

4 4
H(s) = 1 (8+1) +[ (S+R+1) ﬁi- —T

im0 A

(S+R+1)4(S+1)a

i L
-(a+1)4 23 'LS+R+.1) k. _exp[-(SPR-H) r*]} (AIL‘U

i=p i



- . { ‘
_S_(R+1) r* 23 ¢ 1 i (R_H)i r*‘
i=o - (re1) i=o I §
. 1 _R+1 R- o (R¥DIT*
3 4 ' A
s- (R+1) S{S+R+1) S(S+1)
3 (s41)lpwt , (R BHRADICT

b 3 (s+1+R) ewt +1y2 2 (S+1)ir*L
. {(5+1) -3 - (SHR+1) 2 ——

i=o i i=o
To assemble the characteristic equat.on, we bring (AIIl.&,
AIT.5) to (4.12), and rearrange the resulting equation into
the form of equat.on (4.21). The polynomial P turns out to
be of 9th degree, Q, of 7th degree. We write them in the

form

9 ,
P(s) = 2 Mj-SJ

j=o

7
3 - J
Q(s) %0 Nj S

We proceed to set down expressions for these coefficients in
termg of b, g, R and r*, For convenience, we write
D=1+R

Irnl 6r*

TR ERA LR v wihl v dbryvrs
(1+8)> (A+R)° (14R)

. exp. (-(1+R)¥*)

§
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Then the coeffi.leats mJ are given by

mg = 6. .
m8=24D+24+Eg

-Dr*
m, = 36-D2+ 96.-D + 36'D + g- LE({;M) + R-e Dr .r*3}
me = 24'D3 + 14402+ 144D + 24

- w
+g- lE(6D2+16D +6) + R.e DF [(4D+3)r*3 +3r*2~]}

mg = 6% + 96D +216D°+ 96D + 6 +6b
- *
+g {(an3+2492+2an +4) -6 + Re PV (6p%+12D+3)r>
+(12D + 6)r*2+6rt]}
m, = 24D% + 164D°+144D% + 24D + 24b + g [E(D“+ 1603+ 36D7
~Dr* 3 3
+16D + 1) -6D - 24 + R-e L (4D°+ 18p2412D + 1)r*
2 2
+(18D° + 24 D + 3)r*+ (24D + 6)r* + Q]}
m,= 36D + 96D+ 36D°+36b + g \.z(an“+zan3+zanz+ 4D)
- *
~24D - 36 + R-e OF [(D“ + 12D3418p%4+4D) r+°
+(12D°+ 36D2+12D)r*2+ (36D%+ 24D)r* + 2&0];}
m, = 240"+ 2403+ 24p + g is(an“+ 16D+ 6D%) - 36D - 24

- *
+ Re DF [(3n“+ 1207+ 6%} a3 4 (3p%+ 24D+ 18D%)y2

+ (26D°+ 36D%) rx + 36 92]}
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m,& = 6D"+ 6b + g{E(ﬁDa+ 403) - 24D =6

+ R-e 0¥ ‘_(3n“+ apdyrxd+ 6%+ 1207 )exP4 (6D + 24D7 )
+ 2403 ]J
' - »
m = g - E' D% 6D + R.e DT D% (rxi2rx2iorvit 6)

o

and the nj by
-Dr*

*3. R . e

n, = {(b-g) - r

R-e”Dr* éb [Go+ 3yrx?+ 6r*’ ] -g [(4D+ 3)r*3+6r*2J}

3

~Dr* 2 2
ng =R " e b [(31) + 9D+ rae (15D + 15)rl+ 18e% )

-g [(602+ 12D + 3)r#o+ (21D+ 15)c+°+ 1&*_]}

-D b 3
n, =R -e "} bED3+ 9D%+ 9D+ 1)r#3+ (12D2+36D + 12)r°

+ (36D + 36)r*+24 ] -g [(403+ 18D%+(2D+1) %>

+(27D%+ 51D+ 12)r*°+ (54D+ 36)r* + 24]}

2 3 2 2

- -
Dr {b [(302+ 9D243D)r* >+ (3D°+ 27D+ 27D + 3)r+

nB-R-e

2

+(24D°+ 60D + 24)r+ +36(D+lﬂ

3 2 3

-g [(n“+ 12D+ 18D2+4D)r#3+ (15D°+ 63D%+ 39D + 3)r*>

+(60D%+ 96D + 24)r* + 60D + 36]}
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2 2

=Dr*
n2 =R - e ' )I{SBDZ-G- 3D2)r*3+ (6034- 18D" + 6D)rx

2

+ (603+ 30D°+30D +§)r* + 24(02+ D + 11] -8 [(304

3 4 3 2 2

3 + 3%+ 3307+ 45p% + 90)r*

+ 12D"+ 6Dz)r*

+(30D°+ 90D+ 54D +6)r* + 60D°+ 60D + 241}

- *
n, =R eDF { bors>+ 3(0°+ p%)r*? + 603+ D%+ D)pn

3 2

3
+6(D + D2+ D + 12]- g [}304+ 4p3yr*3+ (60%+ 2107+ 9p)r*

3 3

+(6Da+ 36D+ 36D2+12D)r* + 3007+ 301)2+3OD + 6]}

2

24 6(D>+ D2+D)r*

- £,
n=-Re Dr* o [Par*3+ 3(D°+ Doyr*

2

+6(D3+D + D + 1)]
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Appendix TI1

Numerical Methods for the Nonlinear System Dynamics

We sketch here the numerical procedures employed to solve
the noulinear dy.aamic equat .ous (3J.1-3.3) for the crystallizer.
OQur method s to make, as for as possible, with the momeats of the
particle population and of the subpopulation of fi.es. Besides
the moments, 1t turns out to be .uecessary to introduce the value
of the number density f at the fines cut-off size t, and a
numerical procedure is nterested to develop this value as well,
Denote the moments of the particle populations as a value
by W

J ©
w. (L) =\( cli(r,t)dr ;) =0, 1,2 ......
] 0

and the Correspoading pments of the flues population by u;

* ®
uj(t) = I tInery) f(r,t) i ) =0,1, 2......
Q

from (3.1), we note that
e =1 - h43

and an integrat.on of (3.3) or (3.3a) then gives

dit

0 1
Jo - (-kug)B(c) - a= M, -

Zilr-n

¥ (AITI.1)
8]

To get correspondyng equat.on sn the higher moments, we multiply

)

eguation (J3.3) or (3.3a) by r° and integrate, finding

dis
—d . L - L . -
de JHJ_IG(C) r Lij qo HT H j 1: 21 LB (AIII-Z)
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Because cof the apperance of My on the right side of (AIII.1), the
equations (AII1.2) must be carried at least through } = 3. One may
of course want to carry higher moments in order to uevelop more
informat on about the distribution,

The equation (ATI11.1, AIIXI.2) involve the fines moments u? .

we turn accordingly to the developmeat of differential equat.ons

for them. For the square unit pulse selection curve 71 of (3.4)

i

we may develop these eugations by multiplying (3.3a) by r and

integrating up to T, we find

EEE = ( 1- B(c) - (_i + 4
TS k1) B(c) p B MY -f(r ) g(c)  (AIIL.3)

and, for the higher moments

du*
e ERERE PR S - :
Te j My G(c) (5 + g; )u; r £(ry)G(c)

jo=1,2, .... (AT1I1.4)
The equations (AI11.4) must be carried at least through the
same value of i as (AIT1.2)

The equations (AII1.3, AII1.4) involve the value of the number
density f at the fines cut-off size r s and we turn now to a comput -
ing procedure for this value., This is a matter of solving the
boundary value problem (3.3a), and there are of course various

ways of driving this., The one we adopt here is aimply to take
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a grid of equally spaced points in r, and replace 3f/3r by a
bagkword dJiffereuce formula. The value of f at r = 0 is given

by the boundary condition

f(o) = (1 - kua)B(c)/G(c) (AI1I.5)
and for successive values of r on the grid, the partial differential

equation gives

3f(nr /N) f(nr /N) = f((n-1)r /N)
2] = 'G(C) &) O
at r,/N
- (-—é— +;_ Y (nr g /N) 'n =1, 2,w.N (AlLLl b)
(o]

Here we have taken the grid spacing rO/N, and the differential
euqations (AI1I1.6) defined in turn the values of f at rolN, etc,
up to the crit.cal value NrO/N =T, which appears #n the eguat.on
(AII1.3, Al1I1.4). For numerical purpose, values of N of the order
of several tens were found to give satisfactory results.

It remains only to iucorporate the overall material balance
{(3.2) to have a self-sustained set of o‘g‘bﬂic equation. This can
convenie tly be done in terms of a total solut®grystal resource
functioa ?

@ = (1-kiy)C + kugp
The differential equation (3.2) becomes

d . 1 -
dt - €~ » (AI1I.7)
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and we may recover the solute concentration C as

c= @iy (A111.8)
1 - g

The e@quations (AIII.1-AII1.8) form a self-contained set of

equat ions for the dynamic behavior of the grystall zer. The
quantit.es € and f(o) are given by albebraic equations, (AIII.8)
and (AITI.S5) respectivly. The remaining equat.uns ar® first order
cerdinary differential equat.ons, and define jointly the behavior

of the mome.ats uj and uT for j =0, 1, 2, etc., of the distri-

]
—
-

but tonal values f(nrofN) for n 2, ...,N and of the resource
function . Carring both sets of moment equations up to j=J g.ves
N+ 27 + 3 differential equatioas, to gether with the two algebraic
equations in C and f£{0). Calculations were made for var.ous steady
states of laterest, by tak ng . initTGI departures from these steady
states and follow.ng the resulting free transients. Th@gvariables
were scaled on their steady-state values. The resulting systems of
differential equations were solve. by a Runge-Kutta scheme. Cal-

culations were carried out on the IBM 360/50 computer of the City

College Computing Center.



125

Appendix IV
Undesired Steady States through Positive Feedback

Suppose a process, with driving forve x aad response y,
to have the steady-state ovperatiag characteristic
y = f(x) (AIV.1])
The process s designed to operate at the steady-state values

K'Ke. y=ye

so that

Yor f(x,) (ALV.2)
Operation is maintained at the point, Xor Ve with the help of a
feedback tontrol system, which we take in the form

= — (y ~v) (AIV.3)

e f'(xe) ¢
where f'(xe) is the derivative of the steady-state character-
isti {(AlV.]1l) at the set point X, - The normalization of the
controller gain K with this derivative provides a conve.ient
dimeasionless form for K, with positive sign when negative
feedback is being applied.

The steady-state behavior of the closed loop system is

described by the equat.ons (AlLV.1-AIV.3). These have always

the solution x = X, y = ye. and any other solution must satisfy

f(x) - £(x,)

X = X
e

k = =f (xe)/ (ALV.4)
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Now as long as f .38 stead.ly onavreasing or decreasing over its
whole working range, the right hand side ot (AIV.4) 1s negative,
and extraneous solutjons of (AIV.4) <an only exist for negative K.
That is, undesired steady states of the closed loop system can
only arise when positive feedback is being applied.

This line of argument of course fails when f is not
monutonic, siuce the ditference quotient in (AIV.4) may then

well have different sign from the derivative at the setpoint
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