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Abstract

Moduli Spaces of Compact Riemann
Surfaces Admitting Automorphisms

by
Anthony Weaver
Adviser: Professor Ravi S. Kulkarni

By focussing on hyperelliptic surfaces, a geometric picture of
a large subvariety of the moduli space of compact Riemann sur-
faces in arbitrary genus g > 2 is obtained. Since the hyperelliptic
involution is central in any automorphism group containing it, and
since the quotient modulo the action of the group generated by the
hyperelliptic involution is a sphere, any automorphism group of a
hyperelliptic surface which contains the hyperelliptic involution is
a central extension of Zs by one of the finite automorphism groups
of the Riemann sphere, namely, Z,,, Ds,, A4, S4, or As. There are
eight infinite families of such groups, plus another eight individual
groups. The possible branching data for the actions of these groups
are determined from a knowledge of the orbits of the correspond-
ing spherical automorphism group on the sphere. The actions of
these groups are classified, up to topological equivalence, using fi-
nite group theory, and some of the theory of Fuchsian groups. A
geometric picture of the moduli space of hyperelliptic Riemann sur-
faces is obtained, using the subgroup lattices of the groups. The
full picture is obtained in genus 3. A generalization of the notion
of hyperelliptic surface leads to clear lines of future research.
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Moduli Spaces of Compact Riemann
Surfaces Admitting Automorphisms

Anthony Weaver

Introduction

The set of conformal equivalence classes of compact Riemann
surfaces of genus g > 2 is a quasi-projective normal complex alge-
braic variety of complex dimension 3g — 3 called the moduli space
(Mg). The singular set S; C M, consists of those surface classes
which admit non-trivial automorphism groups. In this thesis we
obtain a complete geometric understanding of a large (dimension
2g—1) subvariety Hy C S,, called the moduli space of hyperelliptic
Riemann surfaces. In particular, we show, for arbitrary g > 2, how
to decompose H, into a nested union of connected subvarieties of
successively smaller dimension, each labelled with a finite group
action. The group action corresponding to a particular subvariety
is the largest action contained in the full automorphism group of
every surface class in the subvariety; and is the full automorphism
group of at least one point (surface class) in the subvariety. Every
group which acts as the full automorphism group of a hyperellip-
tic Riemann surface of genus g occurs as the label of one of the
subvarieties.

The full automorphism group of a hyperelliptic Riemann sur-
face contains a unique central element of order 2, called the hy-
perelliptic involution, which has the maximum possible number of
fixed points (2g +2). In Section 2, we prove the following theorem.

Theorem 1. Let G be an automorphism group of a hyperellip-
tic Riemann surface which contains the hyperelliptic involution.
In particular, G could be the full automorphism group of a hy-
perelliptic Riemann surface. Then G is isomorphic to one of the
groups listed in Table 1. These groups are precisely the central
extensions of Zs by one of the groups Z,, Dj,, A4, Ss or As.

1
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Table 1. Central extensions of Zy by Zy, Da,, A4, Sy and As (@)-(0)

3

6.... (@

,6,... @
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&

),4, 6, .. .(f) (SDg ad Z2 X Z4)

SLy(Z3)
A4 X Z2
GL2(Z3)
O*
S4 X Z2
SLy(Zy)
SLy(Z5)
A5 X Zg

Notes on Table 1.

(a) Group Nomenclature: D4n is the dihedral group of order 4n. Q4, and SDg4, are the
generalized quaternion and semidihedral groups of order 4n, respectively. D4 n. -1 and
G4n have order 4n and semidirect product structures Z4 X Z, and Z2 X (Z22x2Z,),
respectively. O® is the binary octahedral group. Other nomenclature is standard. For
presentations, see §3.

(b) Low-order isomorphisms (and corresponding values of n) are listed in parentheses (see
Table 4b).

(¢) Z2x Zy is defined for odd n, but is isomorphic to Zay.

(d) Z2x D2y is defined for odd n, but is isomorphic to Dyy,.

(e) D4,n,-1 is defined for odd n, but is isomorphic to Q4n (see Table 4b).

(f) Gan and SDy, are not defined for odd n (see Lemma 3.2.1).

In Section 3 we determine the possible branching data for hy-
perelliptic actions, using the known orbit structures for the actions
of Zon, Z2 X Zp, D4n A4, As and S4 on the Riemann sphere. The

2
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branching data are given in Tables 7, 8, 12, 13 and 14. In Section
4 we match the groups in Table 1 with the appropriate branch-
ing data, and specify the hyperelliptic actions, up to topological
equivalence, by giving a representative of an equivalence class of
generating vectors. The results are given in Tables 9, 10, 15, 186,
and 17. One of the reasons for classifying the actions up to topo-
logical equivalence is that the set of surface classes admitting a
topological equivalence class of action is a connected subvariety of
the moduli space (see Section 5).

In Section 6 we show how to obtain a list of maximal hyper-
elliptic actions in each genus g > 2 in a routine manner. (Max-
imal actions are actions that are the full automorphism group of
at least one point in the moduli space.) For the first eight genera
(2 < g < 9) we present the maximal actions organized into lat-
tices with respect to inclusion of one action in another (Figures 3
through 10). These lattices correspond precisely to the geometric
decomposition of H, spoken of above. Figures 11 and 12 can be
used as a guides for constructing the lattices in genera greater than
9. They indicate the major features of the lattice in odd and even
genera, respectively.

Subvarieties of dimension 0 corresponding to a topological type
of group action are called exceptional points. In Section 6.3 we
obtain the following general result:

Theorem 2. H,, g > 2, contains three distinct exceptional points
whose full automorphism groups are Z4q.2, Ggg+s, and SDg, (the
latter group extends to GLy(Z3) in genus 2). If g > 30 these are
the only exceptional points. If g < 30, there are other exceptional
points. These are given in Table 20.

Finally, in Section 7 we give the complete lattice of maximal
actions in genus 3. This extends the lattice of maximal hyperellip-
tic actions, and gives a complete geometric picture of the singular
set in the moduli space in genus 3. In Section 8 we indicate some
lines of future research. In particular, we show that a hyperelliptic
surface is a special case of a -hyperelliptic surface (y > 0), and

3
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indicate how to obtain the lattice of maximal v-hyperelliptic ac-
tions in genera > 3. This will be a further step toward obtaining
the complete lattice of maximal actions in genera > 3.

1. Preliminaries

1.1. Hyperelliptic Riemann Surfaces

Let 34 be a compact Riemann surface of genus g > 2, and let
P! be the Riemann sphere. If there exists a meromorphic func-
tion z : £; — P! having either a single pole of order 2, or two
simple poles, ¥, is said to be hyperelliptic, and z is said to be a
hyperelliptic function. The field of meromorphic functions of ¥, is
generated by z and another meromorphic function w which satisfy
the equation

w? = (z—e1)- - (z — egq42),

where ey, . .., egg42 are distinct points in Pl. z determines the sur-
face £, as a double covering of P!, branched over the 2g+2 points
e1,...,€e2g+2. Lhe mapping (w,2) — (—w, z) which interchanges
the sheets of the covering is a conformal self-homeomorphism hav-
ing order 2 and 2g + 2 fixed points, called the hyperelliptic invo-
lution. It is unique in the full group of conformal self- homeomor-
phisms of 2. It will be denoted ¢ in the rest of this paper.

1.2. Group Actions.

We now recall some terminology and general facts about group
actions on Riemann surfaces. A group G is said to act on a Rie-
mann surface ¥ if there exists a monomorphism ¥ : G — Aut(X),
where Aut(X) is the group of conformal self-homeomorphisms of
¥. Such an action will be denoted (G, ¥). It is well-known ([Hul)
that if ¥ is a compact Riemann surface of genus g > 2, then G is a
finite group of order d < 84(g — 1). When such a group G acts on
a compact Riemann surface ¥4, g > 2 with orbits O; ,i=1,...,k,
of length m; < d, then m; divides d, and the isotropy subgroup
of any point in O; is isomorphic to Z.,, where r; = d/m;. (The
generic orbit has length d.) The space of orbits has a topology and

4
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holomorphic structure which makes it a compact Riemann surface
Xy of genus h < g, with respect to which the orbit map is a reg-
ular branched covering. The numbers 7;, i = 1,...,k are called
the branching indices of the action of G. The k points of ¥, corre-
sponding to the orbits O; are called the branch locus of the action.
They are labelled with the branching indices r; since any point in
the fiber over the ith point has isotropy subgroup cyclic of order r;.
We say that the k + 1 -tuple (h; rq,..., %) is the branch data for
the action of G. When the indices are listed in weakly increasing
order, this £ + 1 -tuple is unique. (It is shown in [MB] that the
ordering of the branching indices is immaterial.) If a particular in-
dex r; is repeated n times, it is listed as r} for brevity. If A =0, as
will almost always be the case in this paper, it is omitted from the
branch data. Finally, the numbers d, g, h,7,...,rr must satisfy
the well-known Riemann-Hurwitz relation:

29 — =d{2h—-2+zk:(1—;1_->}. (1.1)

The following well-known theorem (see [H1], [MB], [M], [B])
contains a necessary and sufficient condition — the existence of a
generating vector — which guarantees that a group isomorphic to
G actually acts on on a compact Riemann surface of genus g.

Theorem 1.1. A group G of order d acts on a compact Rie-
mann surface ¥4, with branch data (h;ry,...,7), if and only if
d,g,h,T1,...,7r satisfy the Riemann-Hurwitz relation (1.1), and
there is an ordered set of elements (an (h;ry,...,T¢)- generating
vector) of the form (a1,bs,...,an,br,c1,...cx) such that

(i) the elements ay,by,...,an,bn,c1,...cx generate G,

(ii) the order of ¢; is i, and

(iii) H?=1[a,-, bs] H§=1 ¢c; = e, where [a,b] = aba~b"! and e is the

identity in G.

Remark. Because of (iii), G is in fact generated by any subset of
the generating vector obtained by removing one of the elements c;.

S
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The proof of Theorem 1.1 is essentially topological; it stems
from combinatorial arguments due originally to Hurwitz [Hu| and
Wiman [Wi]. It was later shown that every action of a finite
group with branch data (h;ry,...,7¢) on a surface of genus g > 2
corresponds to the existence of a Fuchsian group with signature
(h;r1,...,TE) containing a torsion-free normal subgroup isomor-
phic to the fundamental group of the surface.

1.3. Relative Branching

Let K C G be an inclusion of finite groups. If both K and
G act on a compact Riemann surface, and the K-action is the
restriction of the G-action, we say that the K-action is included in
or extends to the G-action.

Let S; be the quotient space £, / K and S, the orbit space £,
/ G. Let Bg C Sy be the branch locus of the K-action, and Bg C
S, the branch locus of the G-action. The map ® taking a K-orbit
(point in S;) to the G-orbit (point in S3) containing it is a branched
covering map with respect to the holomorphic structures induced
on S; and S; by the G- and K-actions, respectively. ® is called the
relative projection between S; and S,, and the branching behavior
of ® is called the relative branching. Let Bj = ®~(Bg) C S1.
Note that By 2 Bk, and the inclusion may be strict. Outside of
B}, ® is a regular d : 1 covering map, where d = [G : K]. Thus all
the branching of ® occurs on Bj.

We now develop a notation for recording the relative branch-
ing. (This notation was suggested by a similar one in [B].) Label
the points in Bg by their branching indices with respect to the G-
action. List them in some order, say, weakly increasing, seperated
by semicolons. Thus one obtains a list of the form [ry;7s;...; 7],
where 7 <79 <... <71k, and k = #(Bg). Label the points in By
by their branching indices with respect to the K-action, and the
points in B — Bg by 1’s. To each r; there corresponds the subset
B; = &~ 1(r;) € B. List the labelled elements of B; in weakly
increasing order. Concatenate the lists so obtained, in order of

6
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increasing j, seperating adjacent lists by a semi-colon. The restric-
tion of ® to B (the relative branching) may then be symbolized
by the mapping

[311,---,313,1; S$21,---582y23 - -3 Sk1,---,3kyk]
— [r1; . TR, (1.3.1)

where the s;; are the elements of B;. There are k "slots” (pairs
of corresponding spaces between semicolons). The sj; are either
branching indices of the K-action, or 1.

If sj; = Sj(i4+1) =+ = 8j(q), Where 1 <1 < g < y;, we write
(s5:)97* for brevity. If rj =rj41 =--- =1y, where 1 < j <q <k,
and if the elements of the corresponding sets Bj, Bjt1,... B are
the same (up to ordering), we abbreviate as follows. The elements
of B; are sj1,...,S;y;- By hypothesis, these are also the elements
of Bjt1,...,Bq. We write

R R L N e e (r;)?7; ...
In this way we avoid filling ¢ — 7 consecutive "slots” with the same
data.

If, for each j, all the s;; are equal, the branching is said to be
uniform, and the notation simplifies to:

[(s1)¥%; (82)¥% ...;(sk)¥ ]~ [r1; ..o 7] (1.3.2)

Uniform branching occurs if K is a normal subgroup of G. For then
® is the orbit map for the action of the group G/K on S;, hence a
regular branched covering. The sets ®~1(r;) are then G/K-orbits,
all of whose points must have conjugate isotropy subgroups. Such
subgroups are isomorphic to G'/K, where G’ is a subgroup of G
which normalizes K. The G-orbit corresponding to r; therefore
consists of [G : G'] K-orbits of equal length (| G | /r;) / [G: G'].
These K-orbits are therefore points in By having equal branching
indices (which may all be 1).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Example 1. G = GL3(3) (a group of order 48) has Sylow
2-subgroup K = SD;¢ of index 3. We shall see that on surfaces
of genus ¢ = 2 mod 12 there is a hyperelliptic action of G with
branch data (2(9—2)/12 2,3, 8). This action contains a hyperelliptic
action of K with branch data (2(9‘2)/ 4,2,4,8). The 3 : 1 relative
branching is

[209-2/4; 1,2; 1; 4,8] > [20672/12; 9; 3. g].

The notation decodes as follows: over the point in Bg labelled 8 lie
the points in Bg labelled 4 and 8; Over the point in Bg labelled 3
lies a generic point (with respect to the K-action) labelled 1; etc.
The first slot is actually an abbreviation for (g — 2)/12 slots of the

form
[..;2% . ]—=[...;2;...]

Example 2. G = GL3(3) contains K = Qg as a normal sub-
group of index six. The hyperelliptic action of G on surfaces of
genus ¢ = 2 mod 12 in the previous example contains a hyperel-
liptic action of {)g with branch data (2(9‘2)/ 24,4,4). The6:1
uniform relative branching is

[209=2)/2; 13, 12; 43] s [20972)/12; 2. 3; g].
Lemma 1.3. Let K C G act on on a compact Riemann surface
X4, with the K-action included in the G-action. Let (1.3.1) be the

relative branching from S§; = £,/K to S; = £,/G. Then for each
j, the following relation is satisfied:

(1.3.3)

| K|, K] | K| _|G]
+ ++ =
Sj1 Sj2 Sjv; T

If the relative branching is uniform (1.3.2) this relation simplifies

“ K1\ _ 1G]
yj{ } i (1.3.4)

Sj T’j

8
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As a consequence, for a uniform relative branching, r; is a multiple
of s;, for all j.

Proof. Each side of relation (1.3.3) is a count of the number of
points in ¥, lying over the point in Bg labelled ;. Relation (1.3.4)
follows immediately from the definition of uniform branching. The
last statement follows from (1.3.4).

1.4. Topological Equivalence of Actions

Let o € Aut(3y) have order n, and H = (a). Suppose H acts
with branch data (ry,79,...,7t), so that the quotient £,/H = S is
a sphere. (This is always the case for a hyperelliptic action). Let
p: Xy — S be the orbit projection, and B = {s1,82,...,5} C S
the branch locus of the action. In a neighborhood of each point
z € p~1(s;) C Iy, a acts as rotation about z through some angle
2¢;w/n, where 1 < ¢; < n— 1. By the Riemann-Hurwitz relation.
o has order r;, and (a®,a,...,a%) is a generating vector for
the action of H. (This implies that ¢; + ¢z +...ck =0 (mod n).)
The numbers c¢;,7 = 1,...,k depend on the choice of the genera-
tor for H. Two generating vectors for H determine topologically
equivalent actions if there exist generators of H such that the two
sets of ¢;’s coincide.

The notion of equivalence of generating vectors for cyclic group
actions (due originally to Nielsen ([N])) can be extended to actions
of arbitrary automorphism groups of ¥,. This involves the theory
of Fuchsian groups in an essential way (see, e.g., [B| or [H]). Two
actions (G, ®) and (G, ®’) on surfaces ¥ and ¥’, respectively, are
defined to be topologically equivalent if there exist an orientation-
preserving homeomorphism h : ¥ — ¥/ and an automorphism w of
G such that

®'(g9) = h®(w(g))h~! for all g € G. (1.4.1)

Let a finite group G and branching data (h;r;,...,rx) be
given. Assume that the order of G, and the numbers h,7ry,... 7%

9
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satisfy the Riemann-Hurwitz relation (1.1) for some g > 2. Then
there is at least one surface class ¥, on which G acts with the
branching data above. G may be represented as a factor group
'/K,, where T is a Fuchsian group with signature (h;ry, 72, ..., 7%),
and K, C I is torsion-free subgroup with signature (g; ~). (Kj is
called a surface group with orbit-genus g.) I" acts properly discon-
tinuously on the Poincaré upper half plane D; K, acts freely on
the same space. The surface ¥, may be represented as the orbit
space D/K,. The action of G ~T'/K, on D/K, is as follows: a
coset [y]| € I'/K, maps the K -orbit of z € D to the Kgz-orbit of
vz (v € T'). The orbit space of this action is a compact Riemann
surface of genus h which may be represented as X, = D/I.

It follows that to each G-action with branch data (h;7ry,...,7%)
there corresponds an exact sequence

1-K—->T-LG-—1,

in which 7 is an epimorphism with kernel K isomorphic to K.
Since A is always 0 for a hyperelliptic action, we will assume this
is the case to simplify notation. I" has a presentation of the form

(T M ===y = =1).

In some fixed presentation of G, let g1, ..., gr be the images under
n of v1, ..., Yk, respectively. Because the kernel of 7 is torsion-free,
theorderof g; in Gisr; (i =1,...,k). The product g, - - - gk equals
the identity in G; and, since 7 is surjective, the elements g,, ..., gk
generate G. Thus (g1,...,9k) is a generating vector for the action
of G. The set of possible surjections I' — G evidently corresponds,
in one to one fashion, with the set of possible generating vectors
for G-actions with branch data (ry,...,7%).

Let 1 be a surjection of I' onto G, with kernel K isomorphic
to Ky4. Define

n'=won,

where w is an automorphism of G. Then 7’ is another epimorphism
which also has kernel K. Take ® : G — I'/K to be the canonical

10
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isomorphism. We may associate to n the action (G,®) on £, =
D/K defined by ®(g) : Kz — K®(g)z, where z € D. Similarly.
we may associate to n’ the action (G, ®') defined by &'(g) : Kz —
K®(w(g))z. That is, the monomorphism ® : G — ['/K is just
® o w. Taking h to be the identity in (1.4.1), we see that the
actions (G, ®) and (G, ®’) are topologically equivalent.

Lemma 1.4. Let 7 = (g1,..., gr) and 7’ = (g1', ... gx') be two
(r1,...,7k)-generating vectors for the action of a finite group G
on a compact Riemann surface of genus g > 2. If there exists
w € Aut(G) such that

gi, =w(g,-), 1= 1,...k,
then 7 and T’ determine topologically equivalent actions of G.

Knowledge of the topological equivalence classes of group ac-
tions in a given genus g > 2 is desirable since each topological type
of group action corresponds to a connected subvariety of the sin-
gular set of the moduli space in the given genus (see Section 5). In
addition, there is a one-to-one correspondence between topological
types of group actions and conjugacy classes of finite subgroups of
the mapping class group in the given genus.

1.5. The Reduced Type of a Hyperelliptic Group Ac-
tion

Theorem 1.5. (Schwarz) Let A be an element of Aut(X,), where
¥, is a hyperelliptic Riemann surface. If A fixes more than four
points, it is either the identity or the hyperelliptic involution t.

Proof. Let z: £4 — P1 be the double branched covering for which
the involution ¢ is the sheet interchange. Suppose A € Aut(X,) has
more than four fixed points. Consider the map f : £, — P! defined
by f =z~ 20 A. f has more than four zeroes, since A has more
than four fixed points. On the other hand, f has at most four poles:
Suppose z has simple poles at p; and p; € £,. By changing the
coordinate on P!, if necessary, we may arrange that p; and p, are

11
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not among the fixed points of A. If A(p,) # p2 and A(p2) # p1,
f has distinct poles at p;,p2, A~1(p;) and A~ (p,). If A(py) =
p2 or A(ps) = p1, (or both), then f may lose one or more poles.
Similarly, if z has a double pole at a point p € £, and, as before,
the coordinate on P! is such that p is not a fixed point of A, then
f has two poles at p and A~!(p). In any case, f has no more
than four poles. Now, since a nonconstant meromorphic function
between compact Riemann surfaces has as many zeroes as poles,
counting multiplicities, f must be constant, and hence identically
equal to 0. So 2z = z0 A. A must therefore fix the 2g + 2 fixed
points of z, and permute the set z~1(z), for each z € P. If A is
not the identity, it must be the sheet interchange, t. (The essence
of this argument is in [KN].)

Corollary 1.5. Let G be a group of automorphisms of a hyperel-
liptic surface of genus > 2 which contains the hyperelliptic involu-
tion t. Then G centralizes (t).

Proof. Let g € G. Then g~'tg has 29+ 2 > 4 fixed points and thus
must be t itself, by Theorem 2.1. So t commutes with all elements
of G, i.e., (t) is central.

Let (G, ®) be an action of a finite group G on a hyperelliptic
surface £, We shall say that (G, ®) is a hyperelliptic action if
®(G) contains the hyperelliptic involution ¢. Since (t) is a normal
subgroup of ®(G) by Corollary 2.2, the relative projection between
S1=XZ,/(t) and S = ¥4/®(G) is the orbit map for the action of
the group ®(G)/(t) on S;. Now S is is conformally equivalent to
P; (the Riemann sphere), hence ®(G)/(t) must be a (finite) group
of automorphisms of the Riemann sphere. It is well known that the
only such groups are cyclic, dihedral, or isomorphic to the group of
symmetries of the regular tetrahedron, octahedron or icosahedron.
(The last three are isomorphic to A4, S4 and As, respectively.)
These groups will be referred to collectively as the finite spherical
automorphism groups.

By the preceeding argument, any hyperelliptic action (G, ®)
has associated with it a particular finite spherical automorphism

12
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group H. We shall say that (G, ®) has reduced type H (the ter-
minology is used in [KN]). Furthermore, there is a surjective ho-
momorphism h : &(G) — H with kernel (t). This places a strong
restriction on the structure of G as an abstract group: it has a
distinguished element ¢’ of order 2 (namely, ®~!(t)), and there is a
surjective homomorphism (namely, ko ®) of G onto H with kernel
(t') ~ Z5. In the language of group theory, G is a central eztension
of Z> by H.

2. Central Extensions of Z, by Finite Spherical Auto-
morphism Groups

We use the standard presentations of the finite spherical auto-
morphism groups given in Table 2 below. They have the minimal
number of generators in each case. They are easily derived from
a knowledge of the branching data of the actions of these groups
on P! (given in Table 6). For example, Since S; acts on P! with
branching data (2, 3, 4), it has a generating vector (X, Y, Z), where
X,Y and Z have orders 2, 3 and 4, respectively, and XY Z = F,
where E is the identity. By the last relation, Z = (XY)~!, so a
preaentation of Sy with two generators is (X, Y | X2 =Y3 =

(XY)* =E).
Table 2. The Finite Spherical Automorphism Groups.

Z. (X|x" -_-E)

Dy (XY |Y?2=X"=(YX)}=E)
Ay (XY |X*=Y®=(XY)?=E)
S4 (X,Y| X% = Y3 (XY)* =E)
As (X,Y | X?=Y3=(XY)*=E)

Let G be an arbitrary central extension of Z9 by H, where A
has one of the presentations given in the Table. We have seen that
G has a distinguished central element of order 2. For simplicity.
we denote this element t instead of ¢’ as in the last section. The
notation is meant to be suggestive, since we are interested in those

13
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G-actions in which this element is mapped to the hyperelliptic in-
volution.

There is an exact sequence

{e} — Z = G 2 H — (B}, (2.1)

where ® is a surjective homomorphism, e the identity in G and
Z,=(t) CG. Pickze® Y (X)C Gandye ® L (Y)CG,ifY is
a generator of H. Since ® is 2 : 1 with kernel (t), #~}(X) = {z, tz},
and ®~1(Y) = {y,ty}. G is generated by z,y and t, and ®(¢) = E.

Lemma 2.1. The preimage under ® of a generator of odd order
in H may always be assumed to have minimal (odd) order.

Proof. Let Z € H be a generator of odd order q. Pick z € $~1(2).
27 is either e or {, since it lies in the kernel of . Suppose 27 = ¢.
Then z has order 2q. G is generated by z,t, and possibly other
elements. But G is equally well generated by tz,t¢, and the other
elements. So renaming tz as z does no harm. But now things are ar-
ranged so that 2 has minimal order q.

Let us examine the relations which hold in G = (z,y,t). First,
since t is central, the relation t2 = [z, t] = [y, t] = e will always hold.
Second, a relation such as X™ = E in H will lift to the relation
z" = a in G, where o € {e,t}. If there are 3 such relations in H,
each lifting to two possible relations in G, then there are as many
as 23 = 8 different presentations of G. This number can be reduced
by making use of Lemma 2.1.

2.1. Central extensions of Z; by Z,
A central extension of Z; by a cyclic group Z,, has presentation
G = (z,t | z™ = q, t?2 = [z,t] = e), where q, as above, is either e
or t. We obtain
Table 3. Central Extensions of Z3 by Z,

Name Presentation
Zo x Zn Az t| 2" =t%=[z,t] =€)
Zan (x| 22" =e)
14
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In the second presentation, the generator t has been eliminated by
renaming the generating element zt as . When n is odd the two
groups are isomorphic.

2.2. Central Extensions of Z; by D-,

It will be convenient to alter slightly the presentation of D,
given in Table 2, so as to obtain the well-known presentation

Dyy =~ (X, Y|X"=Y?=E, YXY l=X"1).

(The third relation is equivalent to (YX)2 = E.) A central exten-
sion of Zz by Ds, is then a group G of order 4n with presentation

<$:y?t l " = «, y2 =B, yxy_l = x—_l'Ya

t? = [z,t] = [y, t] =€) (2.2.1)

where @, 8, v € {e,t}.

In Table 4a below we list the eight possible presentations of G.
simplified by eliminating the generator ¢ where possible. A name is
supplied only for those groups which, for some values of n, are not
isomorphic to any other group in the table. (Isomorphisms between
the presentations for certain values of n are given in Table 4b.)
Nomenclature is the same as that in Table 1.

Table 4a. Central Extensions of Z3 by Dap,
(a.8,y) Name(®) Presentation(®

(i) (e,e.e) Zo X Doy, (z,y.tlz"= y3= 2= e, yzy~l= z7 1, ...)
(ii) (e.t.e) D4,n,-1 (z,ylz"= y4= €, ny—1= z—l) (t=y2)
(iif) (e.et) Guan (z.y,tlz"= y?= t¥= e, yzy = 271, ..)
(iv) (e,t,t) — (z,ylz™= yi*= ¢, yoy~l1= z7 192, ..)  (t=¢?)
) (tee)  Dan  (zple®= yP=e, yzy~i= 27 (t=2")
(vi) (t.t.e) Qan (zylz®"= e, y?= z", yzy~'= ) (t=z")
(vil) (t,e,t) SDgyy, (z,y|z%"= y?=e, yzy~t= z™ ) (t=z™)
(viii) (t,t,t) — (z,yjz®"= e, y¥= 2™, yzy~l= ") (t=z7)

(Notes appear on the following page.)

15
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Notes on Table 4a.

(a) Nomenclature is explained in Note (a) of Table 1. Unnamed groups are isomorphic to the
ones immediately preceding them in the Table.

(b) "..." signifies the further relations [z,t]=[y,t]=e.

Table 4b. Isomorphisms among the groups in Table 4a.

(iv) ~ Gyn (2.2.2)
(viii) ~ SDy, (2.2.3)

Zo X Dy, ~ Dy, ifnodd (2.2.4)
D4gn,—1 =~ Qun ifnodd (2.2.5)
Gg ~ Dy (2.2.6)
Dyo,—y >~ SDg ~ 25 x Z4 (2.2.7)

Construction of the isomorphisms. To construct the first four iso-
morphisms in Table 4b, assume that the presentation of the left-
hand member in each isomorphism is the same as that in Table 4a,
but with the generators in uppercase letters. (2.2.2) can then be
defined by X + z, Y + yz with inversez — X, y— Y X! t—
Y2 (2.2.3) can be defined by X — z, ¥ — yz with inverse
z+— X, y— YX"1. (2.2.4) can be defined by X — z"*!, Y —
y, T — z™, with inverse z — TX, y— Y. (2.2.5) can be defined
by X = y?z, Y — y with inverse £ — Y2X, y — Y. For (2.2.6),
we note that Gg has relations z? = y? = t2 = e, and yzy = zt.
From the latter, we derive (yz)? = t, and using this, that yz has
order 4. It is easy to see that the group is generated by y and yz,
and that conjugation by y inverts yz. Thus Gg ~ Dg. (2.2.7) can
be defined by X — vy, Y + yz, with inverse z — Y X, y — X.

Lemma 2.2.1. Let G be a central extension of Z3 by Ds,, with
one of the presentations (2.2.1.) If vy = t, then n is even.

Proof. We prove the contrapositive statement: if n is odd, v = e.
Suppose n is odd and v = £. « is either e or t. If a = e, then,
since conjugate elements have equal order in any finite group, 2n =

16
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O(tz) = O(ytzy™!) = O(z~!) = n, a contradiction. On the other
hand if a = ¢, similar reasoning implies n = O(tz) = O(ytzy~}!) =
O(z™!) = 2n, another contradiction.

The lemma implies that the groups SDy, and G4, can exist
only if n is even. This fact, together with isomorphisms (2.2.4) and
(2.2.5), shows that, up to isomorphism, there are only two central
extensions of Zs by Dy, if n is odd.

We summarize the results of this section in

Theorem 2.2.2. The central extensions of Zy by D, up to iso-
morphism, are:
(1) D4n and Q4n; ifn is Odd,'
(ii) the six named groups in Table 4a, if n is even, n # 2;
(iii) (Z2)3(2 Z2 X D4), Dg, Qg, and Zg X Z4, ifn=2.

2.3. Central Extensions of Z; by A4, As and S,

Before proceeding, we note that there are always at least two
central extensions of Zs by H, where H is any finite spherical au-
tomorphism group (indeed any subgroup of Aut (P!) = PSLy(C)).
These are the trivial extension Zs x H, and the binary group H*.
The binary groups arise as follows. PSL,(C) has universal cover-
ing group SLo(C). If H is one of the finite spherical automorphism
groups, H* is defined to be the preimage in SLy(C) of H under
this 2 : 1 covering map. The kernel of the covering is the center
{x} ~ Zy € SLy(C). The restriction of the covering map to H*
is a homomorphism onto H with kernel ~ Z,. So H* is a central
extension of Z; by H. Since —1I is the unique element of order two
in SLy(C), the binary groups likewise contain a unique element of
order two.

The binary cyclic group Z is Z3,. The binary dihedral group
D3, is Qqn (=~ D4n,—1 if nis odd). The binary polyhedral groups
(see [W]) are: the binary tetrahedral group T* = SL3(Z3); the
binary icosahedral group I* = SLs(Zs); and the binary octahedral
group O*. (O* is a subgroup of index 15 of the group SLy(Fy),

17
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where Fjy is the field with 9 elements. Note that SL,(Fy) contains a
subgroup K isomorphic to SLy(Z3). O* is the subgroup generated
by K and the matrix (6 -?z))

A central extension of Z; by A4, where A4 has the presen-
tation given in Table 2, is a group of order 24 with two possible
presentations

(2!, y,t I :L.3 =€, y3 =€, (xy)2 =7
t2 = [z,t] = [y,t] = e), (2.3.1)

where v € {e,t}. (We have assumed z° = y® = ¢, by Lemma

3.1.) Of the two possible presentations, the one corresponding to
~ = e is clearly the trivial extension Z; x A4; the second must
therefore be the binary tetrahedral group SLy(Z3). Similarly, a
central extension of Z; by As, where As has the presentation given
in Table 2, is a group of order 120 with two presentations

(z,y,t | 22=17, y*=e (zy)°=¢,
t? = [z,¢] = [y,t] = e) (2.32)

where v € {e,t}. v = e gives Z3 x As, so v = t must give the
binary icosahedral group SLs(Zs).

A central extension of Zy by S4, where S; has the presenta-
tion given in Table 2, is a group of order 48 with four possible
presentations

@yt | ?=a, y'=e, (zy)*=045,
2 = [z,t] = [y,t] = e), (2.3.3)

where o, 8 € {e,t}. S4 x Z; clearly corresponds to (a, B) = (e, e).
It is easy see that the binary group O* corresponds to (a, B) =
(t, t): this is the only presentation in which there is a unique
element of order two. To identify the two remaining presentations,
we make use of the isomorphisms

54 ~ PGLg(Z;;) (2.3.4)
18
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(2.3.4) arises from the fact that GL2(Z3) acts transitively on the
projective line P1(Z3), a set containing four elements. This gives a
homomorphism GL3(Z3) — S; whose kernel is easily seen to be
{£I}. Thus GL2(Z3)/{£I} ~ PGLy(Z3) injects into Sy; since the
orders of the two groups are equal, the injection is also an epimor-
phism. (2.3.5) comes from the fact that both Sy and PSL,(Z,)
are homomorphic images, in natural ways, of the modular group
PSL,(Z). Since the kernels of both homomorphisms are the same,
namely, the principal congruence subgroup of level 4 of the modular
group, the isomorphism (2.3.5) is induced (See [JS] §6.9).

From these two isomorphisms, we see that the other two cen-
tral extensions of Z; by Ss are GL2(Z3) and SLy(Z4). In both
cases, —I =t in (2.3.3). The presentation determined by (a, ) =
(e,t) must correspond to GLy(Z3), since the relation (zy)* =t im-
plies that zy is an element of order 8 in G, and there are no elements
of order 8 in SLy(Z4). The remaining presentation, determined by
(e, B) = (t, e), must therefore correspond to SL,(Z,).

We summarize the results of this section in
Table 5. Central Extensions of Zs by A4, As and Sy

Group Presentation’

by Ay:  Asx Zz  (zyt| 2P=e, yi=e, (zy)’=e, ...)
SLa(Z3)  (zut | z3=e, y3=e, (zy)?=t, ...)

by A5: A5 X Zz (z,y,t | z2=e, y3=e, (zy)’=e, ...)
SLg(Zs) (z,y,t | 22=t, y3=e, (zy)’=e, ...)

by Sy: S4 X Z2 (z,y,t | z2=e, y3=e, (zy)*=e, ...)
o* (z.yt | £2=t, y3=e, (zy)i=t, ...)

GL2(Z:3,) (z,y,t | z2=e, y3=e, (zy)i=t, ...)

SLQ(Z4) (z,y,t | z2=t, y3=e, (zy)i=e, ...)

fo ..." signifies the further relations t2=[z,t|=[y,t|=e.

We have now obtained, up to isomorphism, all the central
extensions of Z; by the finite spherical automorphism groups (Ta-
bles 3, 4a, and 5). Together with the argument in § 1.5, this proves
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Theorem 1, stated in the introduction. It remains to determine the
hyperelliptic actions of these groups, up to topological equivalence,
on (hyperelliptic) surfaces of genus g > 2.

3. Branching Data for Hyperelliptic Actions

The branching data for a hyperelliptic action (G, ®) of reduced
type H on a hyperelliptic surface %, is determined by the uniform
relative branching §; — Sz, where §; = £,/(t) and Sz = £,/G.
This is just the branching associated with the action of H on S;.
Since the branching is uniform, each ®(G)-orbit is a union of (t)-
orbits of equal length. (see §1.3.) Now a (t)-orbit can have length 1
or 2; the branch locus B C S of the (t)-action consists of the 2g+2
(t)-orbits of length 1. So an arbitrary ®(G)-orbit is either a union
of (t)-orbits contained in B, or a union of (¢)-orbits disjoint from
B. Since each H-orbit is also a G-orbit (when both are considered
as subsets of ¥,), an arbitrary H-orbit is either contained in B, or
disjoint from it.

The orbits of H on S; = P! are given in Table 6 below. In each
case there are generic orbits of length |H|, and finitely many smaller
orbits. The lengths of the smaller orbits are listed first, followed by
the length of a generic orbit in parentheses. The branching data
for each action is also given.

Table 6. Actions of the Finite Spherical Automorphism Groups

H Branch Data  Orbit Lengths

Zn (n,n) 1,1,(n)
D, (2,2,n) n,n,2, (2n)
Ay (2,3,3) 6,4,4, (12)
Sy (2,3,4) 12,8, 6, (24)
As (2,3,5) 30, 20,12, (60)

Suppose there is a hyperelliptic action (G, ®) of reduced type
H on the hyperelliptic surface ¥,. Let the orbit-lengths of H on S,
(taken from Table 6) be a1, as, a3, (d), whered = |H|. (If H = Z,,
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a3 is omitted.) Let A; be the orbit of length a;. Define

. _J1 fACB
=10 ifA; ZB.

Let the number of generic (length d) H-orbits contained in B be
q- Then
a1€1 + az€z + azez + dg = 2g + 2. (3.1)

Equation (3.1) will be known as the orbit equation for hyperelliptic
actions of reduced type H on surfaces of genus g. The eight possible
ordered triples (€, €2, €3) determine the possible branching data, as
follows.

Suppose €; = 1. Then the orbit A; is contained in B and
consists of a; (t)-orbits of length 1. The corresponding ®(G)-orbit
has the same length. Since |G| = 2d, this orbit corresponds to
a point in S having branch index 2d/a;. On the other hand, if
€; = 0, A; lies outside of B and consists of a; (t)-orbits of length 2.
The corresponding ®(G)-orbit has length 2a;; the associated point
in S has branch index d/a;. The d : 1 relative branching in the
general case is therefore

[101(1—61); 10-2(1—62); 10-3(1—63); Qa1€1. gazez. 9ases, QdQ]

— [(d/a1) )5 (d/a2)t=); (d/a3) ),
(2d/a1)t; (2d/a2)?; (2d/a3)®?; 29]. (3.3)

Since for each i, either ¢; or (1 —¢;) = 0, there are in fact only four
slots in any particular case (three if H = Z,). (If an "exponent”
on either side is 0, the corresponding slot is omitted.) Note that
the last slot is an abbreviation for g slots of the form

[...; 29 e 25

The right-hand side of (3.3) is (up to ordering) a possible
branching data for a hyperelliptic action (G, ®) of reduced type
H. In general, there are eight different types of branching data,
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corresponding to the eight possible triples (e1,€2,€3). (If H = Z,
there are at most four types of branching data, corresponding to
four ordered pairs (e1,€2).) However, if a; = a; for some i # j,
certain triples give the same branching data, after reordering.

Example. We consider hyperelliptic actions of reduced type
Doy, n 2 2. From Table 6, a; = a3 =n, a3 = 2, and d = 2n. The
orbit equation (3.1) is therefore

ney + nég + 263 + 2ng = 29 + 2.

The particular triple (e, €2,€3) = (1,0,0) gives (using (3.3)) the
n : 1 relative projection

[17; 1% 2™ 22 = [2; n; 4; 29].

Reordering the right-hand side, we obtain the branch data (29, 2,
4,n). In this case the orbit equation reduces to

n+2nqg =29 + 2,

which yields
_2g+2

n=_—.
2¢+1
This implies that n must be a divisor of 2g+2; moreover, n must be
even, since it is the (integral) quotient of an even integer by an odd
integer. ¢ may be any nonnegative integer. All this information is
summarized in Table 7 as type IL

The other possible types of branching data for hyperelliptic
actions of reduced type D,, are obtained from the other ordered
triples (€1, €2, €3). Since a; = ag, the triple (0, 1, 0) yields the same
branching data as (1,0,0), and (0,1, 1) yields the same branching
data as (1,0,1). So we obtain only six distinct types of branching
data (cases I — VI in Table 7).
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Table 7. Possible Branching Data for
Hyperelliptic Actions of Reduced Type Ds,

Type (e1,€2,€3) n Branch Data

I (0,0,0) e (29,2,2,n) g#0
I (1,0,0) %-3{% (29,2,4,n) (n even)
II (1,1,0) Zh (29,4,4,n)

IV (0,0,1) Z (29,2,2,2n) g#0

\% (0,1,1) 5(—?—% (29,2,4,2n) (n even)
\2! (1,1,1) &= (29,4,4,2n)

Note that the admissible values of n for a given triple are found
among the divisors of simple expressions involving g. This is also
true of group actions of reduced type Z, (see Table 9). In contrast.
for actions of reduced type A4, S4 and As, the absence of the
parameter n allows the orbit equation to be solved for g explicitly
in terms of g for each particular triple. This puts restrictions on g
in the form of linear congruences mod 2, 12 or 30 (see Tables 12,
13 and 14).

4. Determination of the Hyperelliptic Actions

4.1 Hyperelliptic Actions of Reduced Type Z,

The orbit equation for a hyperelliptic action of reduced type
Z, on a surface of genus g is

€1+€2+np=29+2, 611626{0,1}1 p=0’172,'°-7

where p is the number of generic (length n) Z,-orbits contained
in the branch locus B C ¥,/(t) of the (t)-action. Corresponding
to the four possible pairs (e;,€3), we obtain three distinct types
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of branching data (A, B and C in Table 8). (The pairs (0,1) and
(1,0) give the same branching data). From the expressions for n it
is evident that p # 0 in all three cases.

Table 8. Possible Branching Data for
Hyperelliptic Actions of Reduced Type Z,

Type (e1,€2) n Branch Data
A (0,0) -2-9pi2- (27,n,n)
B (1,0) ggpil, (27,n,2n)
C (1,1) 2 (27, 2n, 2n)

The possible groups are Z; x Z, (n even), and Z;,. Their
hyperelliptic actions on surfaces of genus g are specified in Table 9
below. Each row of the Table corresponds to a family of group
actions indexed by the parameter p; for a given genus g there are
obviously only finitely many values of p making n an integer. An
expression such as (:z:")[P] in a generating vector means the element
z™ is repeated p times. We show shortly that the given generating
vectors are unique up to equivalence.
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Table 9. Hyperelliptic Actions of Reduced Type Z,

Group n Presentation Branch Data Gen. Vector(s)
Al ZoxZ, 35:—2 (t,z|t?=z™=e) (2?,n,n) (tPlz =1 z) P even
n>1""*" (tPltz—1 1) p odd
B| Zan |28 | (zlz®=e) | (2Pn2n) | (=™l z""'z) podd
n oddT
C Zan 2—,?- (z|z%™ =e) (27,2n,2n) | ((z™)Pl.z=1,z) p even
n>1" (™) 2" 1.z) p odd

Notes on Table 9.

« If n=1in (A) or (C), the action is Z (229%2), which is (B) for n=1.
«* If n=2 in (A), the group is >~Dy (see also Table 10.)

t The expression for n in (B) shows that both n and p must be odd. The element z

in the generating vector has order 2n since g.c.d. (n—2,2n)=1 for odd n.

We now show, using Lemma 1.4, that all possible generating
vectors for each of the actions of type (A), (B) and (C) are equiv-
alent to the ones given in Table 9.

In any generating vector of type (A), the first p elements must
be t (the only other possibility is /2, if n is even), since the points
in ¥4 lying over the p points with branch index 2 are, according to
the orbit equation, fixed points of . Any point fixed by ¢ must have
an isotropy subgroup in Z3 x Z, which is a cyclic group containing
(t). But t is not contained in any larger cyclic subgroup of Z5 x Z,,.
Generating vectors of type (A) must therefore have the form

(tPl ¢1,c0) if pis even
(tP), dy,dy) if p is odd,
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where cjc2 = e and d;dy; =t. The possibilities are

ca=zx7, c=2

d1 = t.’L'—j, d2 = SCj,

where (j,n) = 1. The case j = 1 is the one given in the Table.
Generating vectors corresponding to other values of j are equivalent
to this one under the automorphism of Z; x Z, which fixes t and
sends z — z7.

In any generating vector of type (B) or (C), the first p ele-
ments must be z™, since this is the only element of order 2 in Z,,,.
Generating vectors therefore have the form

((z™)P,c1,c3) if pis even
((z™)P,dy,ds) if pis odd,

where c;co = e and dydy = ™. The possibilities are

cL = :v"j, Cy = zJ
dy=z"7, dy =2,
where (j,n) = 1. The case j = 1 is the one given in the Table.

Generating vectors corresponding to other values of j are equivalent
to this one under the automorphism of Z3, taking z +— z7.

4.2. Hyperelliptic Actions of Reduced Type D,

The hyperelliptic actions of reduced type Ds, are given in
Table 10, below. The six types branching data are taken from
Table 7. The six groups are the ones named in Table 4a, with the
presentations given there.
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Table 10. Hyperelliptic Actions of Reduced Type Dy,

Group n Branch Data Generating Vectors
Dan Z (29,2,2,2n) | ((z™)9), yz, y, z) q even, g0
(™), y, yz"~1, z) qodd

Z2XDan 9—;‘—1 (2%,2,2,n) | (t9, yz, y, z) q even, g#0

n>1 (t["], tyz, y, ) g odd

Qin | o4 (29,4,4,2n) | ((z™)!9, y, yz™~!, z) qevenor0

n>1 (=™, y, yz=!, z) g odd
Dan.-1 | &5 (2%4.4,n) | (@), yz, y=', 1) qevenor0

n>2 (@®), yz, y, z) q odd

Gan | 3257 (29,2,4,n) | (¢l y, yz~?, 2) q evenor 0
n even, (t[ql, y, tyz "t T) q odd

n>2

SD4n —-9—2:+1 (29,2,4,2n) | ((z™)9, y, yz~!, ) qevenorO
n even ((z™)9, y, yz"~!, z) ¢ odd

Notes on Table 10.
(i) When n=1, all the groups are isomorphic to either Z4 or Dj4, or not defined. The action
of Z, is given in (C) of Table 9. The action of D4 is given in the first row of the present

Table, with n=1, and also in (A) of Table 9, with n=2.

(ii) The actions of D4 2, -1~=SDg~Z3 %X Z4 are topologically equivalent, but topologically

distinct from the action of Z2 X Z4 in (A) of Table 9. See Part (i} in this section.
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(ili) The action of Gg~Dsg is topologically equivalent to the action of Dg given in the first
row, with n=2. See Part (i) in this section.

The rest of this rather long section is devoted to showing that
all possible generating vectors for the hyperelliptic actions in Ta-
ble 10 are equivalent to the given ones. We verify each row of
the table in turn, first for even values of n, and then, where ap-
plicable, for odd values of n. In (i) we deal seperately with the
groups Dg and Z; x Z,, which occur twice each in the table, due
to isomorphisms 2.2.6 and 2.2.7.

Induced Generating Vectors. We will make extensive use
of the following technique for determining the possible generating
vectors for the action of a group, given the generating vector for
the (included) action of a subgroup. Each of the six groups in
Table 10 contains a unique index 2 subgroup isomorphic to Z3, or
Za X Zn, whose hyperelliptic actions and generating vectors have
been determined in the previous section (Table 9).

We illustrate with an example. Suppose we wish to determine
whether a hyperelliptic action of D4,, n even, can have branch data
(29,2,2,2n) (type IV from Table 7). In any hyperelliptic action of
D4n, n even, on a surface ¥4, the index 2 subgroup (z) ~ Zs, must
have the hyperelliptic action of type (C) (27, 2n,2n) from Table 9.
Equating the expressions for n in (C) of Table 9 and IV of Table 7,
we find that p = 2¢q. There must be a 2 : 1 relative projection

zg/Z2'n. - Z29/1)411.,

uniformly branched, which maps the branch locus of the Z,,, action
with indices (229, 2n, 2n) to the branch locus of the Dy, action with
indices (29,2,2,2n). It is easy to establish that the only possibile
relative branching is

[229;1;1; 2n, 2n] — [2%;2;2; 2n). (4.2.1)

The branching data on the left-hand side are associated with the
generating vector ((z")1?4, z~1,z) for Zs,, taken from Table 9
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(p = 2¢). We rewrite the generating vector in the form
((z™)9; — —; 271, z)

to emphasize the connection. The dashes represent the identity
element in Za,, corresponding to points in ¥, whose isotropy sub-
groups in Zs, are trivial. The branching data on the right-hand
side of (4.2.1) are associated with an unknown possible generating
vector for Dy, of the form

(b1,b2, ..., bg; 1525 C3),

where the elements b; have order 2, and c;, co and ¢3 have orders
2, 2 and 2n, respectively.

The relative branching (4.2.1) "induces” a map
((xn)[Zq]; it x_l,x) — (b1, ba,y..., bq; C1; C2; 63) (4.2.2)

on generating vectors which narrows down the possibilities for the
b; and the c;. The general principle is that each element on the
right-hand side of (4.2.2) must generate a subgoup of Dy, which
contains a conjugate of the (cyclic) subgroup(s) generated by the
corresponding element(s) of Z,, on the left-hand side, but no larger
cyclic subgroup of Z;,. In this example, b;,...b, must all be z"
(in the presentation of D4, given in Table 4a), since z™ (the hy-
perelliptic involution) is the only element of Dg4, which generates
(™) C Z2n. The restrictions placed on c; and c; are: {c;) and (c3)
must have trivial intersection with (z) = Z5,. The restriction on
c3 is: {(c3) must contain (z,z7!) = (z) C Z3,. That is, c3 = z7 or
z~7, where (j, 2n) = 1. Further restrictions are placed on the ele-
ments ¢; by the parity of ¢, and the requirement that the product
of all the elements in any generating vector be the identity. (See
(a) for the conclusion of this example.)

For ease of reference, we say that the 2 : 1 uniform relative
branching (4.2.1) has type C-IV, meaning that the overgroup has
branch data of type IV from Table 7, and the index 2 subgroup has

29

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



branching data and generating vector of type (C) from Table 9. Of
the 18 possible relative branchings, only six (A-I, A-II, A-III, C-IV,
C-V and C-VI) are numerically possible for all positive values of n.
We shall refer to these as the unrestricted relative branchings. For
convenience, they are collected in Table 11. They are calculated,
as in the example above, by equating the expressions for n in the
appropriate rows of Tables 7 and 8, solving for p in terms of ¢, and
using Lemma 1.3.

Table 11. Unrestricted Relative Branchings

A-I [229;1;1;n,m] —  [29;2;2;n)]
A-II [229;1;2;n,n] — [29;2;4;n]
A-III [229;2;2;n,n] — [29;4;4;n)]
C-Iv [229;1;1;2n,2n] —  [29;2;2;2n]
C-v [229;1;2;2n,2n] —  [29;2;4;2n)]
C-VI [229;2;2;2n,2n] —  [29;4;4;2n)]

(An example of a restricted relative branching is A-IV: p and ¢ are
integers only if n is a divisor of both g and 2g + 2; this requires
that n < 2. Other examples are: all relative branchings of type B-*,
which are possible only if n = 1. The restricted relative branchings
are treated in section (j).)

In sections (a) and (b) we treat the groups D4, and Z5 x Z,,
for even values of n, and in section (c) the same two groups for
odd values of n (when they are isomorphic). In sections (d) and
(e) we treat the groups Q4n and Dy, -1, for even values of n, and
in section (f) the same two groups for odd values of n (when they
are isomorphic). Finally in sections (g) and (h) we treat G4, and
SDyy,, which are defined only for even values of n. For each group,
we give the conjugacy classes of elements of order 2, 4, n and (where
they exist) 2n, since these are the only elements which can belong
to generating vectors for the branch data from Table 7. Elements
enclosed between curly braces ({ }) form a conjugacy class. There
is usually a simple rule, easily derivable from the presentation of
the group, which facilitates computation in the group. This is given
for reference. The reader may find it useful to consult Appendix
B, which gives partial subgroup lattices of the groups in question.
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(a) Dan =(x,y | x =y2 =¢, yxy~ ! =x71),
n even, (t =x").

Rule: . .
yriyzh = k7
The relevant conjugacy classes are

Order 2:  {z"}
{yz?* | k=0,1,...,n -1}
{yz?*+! | k=0,1,...,n -1}
Order 4¢:  {z™/2,z~"/?}
Order n:  {z7,z77} (j,2n)=2
Order 2n:  {z7,z77} (j,2n)=1.

Any hyperelliptic action of D4, must contain the hyperelliptic
action of the index 2 subgroup Z;, = (z). This action must be
of type (C) from Table 9, if n is even. The unrestricted relative
branchings which must be considered are therefore C-IV, C-V and
C-VL

C-IV: This is the example used in the introduction to this
section. The 2 : 1 uniform relative branching

[227;1;1;2n, 2n] — [2%;2;2; 2n),
induces a map on generating vectors

(@) — — 271 z) = (™) cr5005¢3),  if geven
((z™)4; - —; 271 2) = ((z™)9; d1; dp;ds),  if g odd,

where c1, ca, d1, dy belong to one of the two conjugacy classes
{yz? | j even or 0}, {yz’ | j odd}.

Note: We may assume c3 = d3 = z, since a generating vector
with, say, c3 = z7, where (j,2n) = 1, is equivalent under the
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automorphism z7 — z, y — y to one in which c3 = z. This
automorphism may alter ¢y and c3, but has no effect on z™, which
is invariant under all such automorphisms. (Arguments of this type
will be used tacitly in the rest of this section, since the map sending
T + z7, where j is relatively prime to the order of z, and fixing
the other generators, is an automorphism in each of the central
extensions of Z; by Ds,.) Since the product of the elements in a
generating vector must be the identity, we then have c;c; = z71,

and di1dy = 2™~ 1. The possibilities are

€1 = yl‘j“, C2 = yzj
and
dl = yxj’ d2 = ymj-'-n—l’

where 7 = 0,1,...2n — 1. In both cases we may take j = 0, since
generating vectors corresponding to other values of j are equivalent
to this one under an automorphism of Dy, defined by conjugation
by a power of z, possibly preceded by the automorphism defined by
T+ z, y+— yz (with inverse z — z, y — yz~!). (The latter
automorphism maps elements in the conjugacy class of y to those
in the conjugacy class of yz and conversely.)

C-V: The uniform 2 : 1 relative branching
[229; 1; 2; 2n, 2n] — [29;2; 4; 2]
induces the map on generating vectors

(z™)2; = 2™ 2™ 1) — (™)) ¢r;¢05c3)  if g even
((z™)Bd; —; 2™ 2771 ) — ((2™)9); dy; do;ds)  if g odd.

¢ and dy must be elements of order 4 in Dy, whose square is z™.
But there are no such elements.

C-VI: The 2: 1 uniform relative branching
[229;2; 2; 2n, 2n] — [29; 4;4; 2n] (4.2.3)

32

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



induces the map on generating vectors

(z™)B9; 27 2™ 27 z) — (29 e15¢05¢3)  if g even

4.2.4
(™) 7 2™ 271 z) — (29 dy;do; ds)  if g odd. (4.2.4)

For the same reason as in C-V above, ¢; and d; (¢ = 1,2) are not
possible elements of Dy,,.

(b) Z2 xDap = (X,y,t|x" =y2 =tZ2 =[t,x] =[t,y] = e,

yxy ! =z~1), n even

The relevant conjugacy classes are

Order 2:  {t}, {z™/?}, {tz"/?}

{yz** | k=0,1,..., 252}

{tyz2F | I<:=0,1,...,-"—;2

{yz***! | k=0,1,..., 252}

{tyz***! | k=0,1,..., 252}
Order 4:  {z7,z77}, {tz’,tz™7} (5, 2n)=2% (ifn=0(4))
Order n:  {z7,z77}, {tz7,tz77} (4,n)=1

Since there are no elements of order 2n, only branch data of
types I, II and III are possible. The index 2 subgroup (t,z) =
Zs X Zp can have only the hyperelliptic action (A) in Table 9. So
we must examine the unrestricted relative branchings A-I, A-II and
A-IIT.

A-I: The 2: 1 uniform relative branching
[229;1;1;n,n] — [29;2;2; 7]
induces the map on generating vectors

t2d; - —; 271 z) - (t9;¢1;c0;¢3)  if g is even
(t[241; — -z ) —> (t[Q]; di;dq;d3) if g is odd.

Using the note in (a), we may assume that c3 = d3 = z. Then
cico =z~ ! and dids = tz™!. ¢;,d;(i = 1,2) must belong to one of
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the four conjugacy classes of elements of order 2 not contained in
(t,z). There are two sets of possibilities:

i) a=yz* =y
d; = tyzI ™l dy = yz’
(ii) ¢ =tyzitl ¢y =tyx’
dy = yr’tl  dp = tyad,
where 7 = 0,1,2,...,n — 1 in all cases. The generating vectors in
(ii) are equivalent to the corresponding ones in (i) via the automor-
phism which sends y to ty and fixes the other generators. In (i), we
may take j = 0, since all other values of j correspond to generating
vectors which are equivalent to this one by conjugation by powers
of z, possibly preceded by the automorphism which sends y to yz
and fixes the other generators.

A-II: The 2: 1 uniform relative branching is
[2%9;1;2;n,n] — [29;2;4;n]
with corresponding map on generating vectors

(t[z‘ﬂ; —:t: t:z:"l,:z:) — (t[QJ; c1;¢o;c3) if g is even
(t[2"]; —t;tz~tz) — (t[‘”;dl; da; d3) if q is odd.

However, ¢y and ds are not possible elements: there is no element
of order 4 in Z5 x Dj, whose square is ¢.

A-III: This is not possible by an argument similar to the one
above.

(C) Dyn ~ Z2 x Doy, n odd

The relevant conjugacy classes are the same as those in (a),
except that there are no elements of order 4. Because of this fact,
we need consider only branch data of type I and IV. The possible
unrestricted relative branchings are A-I and C-IV.
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A-I: The argument is almost exactly the same as the corre-
sponding one in (b). The only difference is that the automorphism
mentioned in the last sentence is now an inner automorphism (de-
fined as conjugation by the element z~("+1)/2), Hence besides {t},
there are only two conjugacy classes of elements of order 2, namely,
{yz7,7=0,1,2,...n—1} and {tyz?,j =0,1,2,...n—1}. But this
has no effect on the outcome of the argument.

C-IV: The argument is exactly the same as the corresponding
one in (a).

(d) Qun=(xy|x™=¢, y?=x", yxy 1 =x71),
n even (t=x"=y?

Rule:
ya:’y:z:k = y2$k—_7 — xn+k—3.

The relevant conjugacy classes are

Order 2:  {z"}
Order 4:  {yz?* | k=0,1,...,n ~1}
{yz**1 | k=0,1,...,n —1}
{xj’x_j} (4,2n) =
Order n: {27,279} (j,2n) =
Order 2n: {27,277} (j,2n) =1.

In any hyperelliptic action of Q4,, the subgroup (z) = Z,
must have the hyperelliptic action (C) from Table 9. Since Qun
is not generated by the unique element of order 2, branch data
of type I and IV are not possible. Similarly, since the square of
every element of order 4 is the element of order 2, the group is not
generated by the unique element of order 2 and a single element of
order 4. Hence branch data of type Il and V are also not possible.
(We have used the Remark following Theorem 1.1.) Thus C-VI is
the only possible unrestricted relative branching.

C-VI: The 2 : 1 uniform relative branching and induced map
on generating vectors are (4.2.3) and (4.2.4), respectively. As in
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previous arguments, we assume that ¢; = ¢3 = z in (4.2.4). Then
c1, ¢y are elements of order 4 satisfying c;co =z, and d;, d> are
elements of order 4 satisfying d;d; = z™~}. The possibilities are

e =yz!, cp=yzit"!
! -
dy =yr’, dy=yz’™,

where 7 =0,1,...,2n — 1. We may take j = O in both cases, since
generating vectors corresponding to other values of j are equiva-
lent under conjugation by powers of z, possibly preceded by the
automorphism which sends y — yz and fixes z.

(6) Dan-1=(xy|[x"=y*=e, yxy ' =x71)
n even (t=y?)

Rule:

1 1k

ya:j -y:z:" = y2:ck‘j =y zl - Yy oz

The relevant conjugacy classes are

Order 2:  {3%}, {z"/?}, {y%z"/?}

Order 4: {yz?* | k=0,1,..., 252
{y~'z? | k£ =0,1,..., 252}
{yz?+1 | k=0,1,..., 2532}
{y~1z?+1 | £ =0,1,..., 252}
(#,a7}, {0, ha 7} (7,2m) =  (if n = 0(4)

Order n:  {z7,z77}, {y%z7,y%x7} (j,2n)=2

I

Since there are no elements of order 2n, branch data of type
IV, V and VI are not possible. I is also not possible since the
elements of order 2 do not generate the group. In any hyperelliptic
action of the group, the index 2 subgroup (2, z) = Z3 x Z, must
have the hyperelliptic action (A) from Table 9. So the possible
unrestricted relative branchings are A-II and A-III.

A-II: The 2: 1 uniform relative branching is
[2%9;1;2;n,n] — [29;2; 4; 7.
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The induced map on generating vectors is

(7*)R9; —; 4242271 2) — (¥*)9; 15 ¢05¢3) if g is even
(y*)Ra); - y2; 2271 ) — ((v2)4; dy; dg; dy)  if g is odd.

(Since the subgroup Z, x Z,, = (y2, =), we have used y? instead of ¢
in the generating vector on the left-hand side.) However, c; and d;
are not possible elements: there are no elements of order 2 which
do not belong to (¥2,z).

A-III: The 2 : 1 uniform relative branching is
[229:2; 2; m,n] — [29; 4; 4;n).
The induced map on generating vectors is

(7R 42942, 271 ) — (¥?)9;¢15¢0;¢3)  if g is even
(v?)R; 42,42, 271, ) — ((¥2)9; dy; da;ds)  if g is odd.

Assuming ¢3 = d3 = z, we have: ¢;,d;, i = 1,2 are elements of
order 4 with c;c; = 27! and d;dy = y2z~1. None of these elements
can be of the form z*7 or y2z*7, where (j,n) = n/4, since the
product of any two such elements, or an element of this form with
one of the other elements of order 4, cannot equal z=! or y?z~!.
There are two sets of possibilities:

(i) ¢ =yztl ¢y =yl
dl _ yx%"'l d2 — y:r2k
@) e =yz* cy =y tz?kl

dy =yz*  dp =y,

where k =0,1,2,...(n—2)/2. Generating vectors in (ii) are equiv-
alent to the corresponding ones in (i) by the automorphism which
sends y — yz and fixes z. In (i) we may take k = 0, since generat-
ing vectors corresponding to other values of k are equivalent under
conjugation by a power of z.
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(f) Qin =~ Dgn,-1, nodd

We may eliminate branch data of types LII, IV and V for the
reasons given at the beginning of (d). The index 2 subgroup Z,, ~
() C Qan, (= (y%,z) C Dy n 1), can have hyperelliptic action of
type A, B or C from Table 9. The possible unrestricted relative
Zom =~ (z) € Quan, (= (¥%,2) C D4n,—1), can have hyperelliptic
action of type A, B or C from Table 9. The possible unrestricted
relative branchings are A-III and C-VI.

A-III: The argument is almost exactly the same as the one
given in (e). The only difference is that the automorphism which
sends y to yz and fixes z is now an inner automorphism. So there
are only two conjugacy classes of elements of order 4, namely,
{yz | j = 0,1,2...n~1} and {y~'27 | j = 0,1,2...n — 1}.
But this has no effect on the outcome of the argument.

C-VI: The argument is exactly the same as the one given in

(d).

(8) Gan = (x,y,t | x" =y? =t? =e, yxy™' =tx},
[x,t] = [y,t] =€), n even.
Rule: s
ik — ) tx77 if j odd;
vEyr {x"'j if j even. (4.2.5)

The rule implies that yz’7 and tyz’ have order 4 if j is odd
(their square is t), and order 2 if j is even.
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The relevant conjugacy classes depend on whether n = 0(4) or
n = 2(4).

n = 0(4)

Order 2:  {t}, {z™?}, ({tz"/?}
{yz®*, tye®*+2 | k= 0,1,..., 272}

{yz***+2, tyz** | £ =0,1,..., 254}
Order 4:  {yz**1,tyz®+3 |k =0,1,..., 23}
{yz®*3, tyz* 1 | £ =0,1,..., 254}

{z™/4, /%), [tz™/4,tz 4} (n = 0(8))
{4, tz~™/4}  {tz"/4, 24} (n=4(8))
Order n:  {z%,tz~7} (j,n)=1.

n = 2(4)

Order 2:  {t}, {z™/?,tz"/?}

{yz?*, tyz?* | k=0,1,..., 252}
Order 4:  {yz?+1 tyz?*+! |k =0,1,..., 22}
Order n:  {z7,tz77} (j,n)=1

{tzd,tz~7} {27,277} (j,n)=2.

Since G4, contains no elements of order 2n, we need not con-
sider branch data of type IV, V and VI. The index 2 subgroup
(t,z) ~ Zy x Z, can only have the hyperelliptic action (A) from
Table 9. The possible unrestricted relative branchings are therefore
A-I, A-II and A-IIL

A-I: The 2:1 uniform relative branching is
[22%;1;1;n,n] — [2%;2;2; 7],

which induces the map on generating vectors

(124, —; —; 271 ) — (1) ¢1; ¢o; ¢3) if q is even
39
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If n = 2(4), c3,d3 # tz?, (j,n) = 2 since z, z~! ¢ (tz’). Thus c;
and d3 belong to one of the conjugacy classes {z7,tz~7}, (j,n) = 1.
By the usual argument, we may assume j = 1. A generating vector
with, say, c3 equal to tr~! is equivalent under the automorphism
conjugation by y to one in which ¢ = z. Thus we may assume
c3 = d3 = z. This implies c;c; = 7! and d;dp = tz~!. However,
there are no two elements of order 2 whose product is z~! or tz !

A-II:  Equating the expressions for n in (A) of Table 8 and
IT of Table 7, we obtain p = 1 + 2¢g. The 2:1 uniform relative
branching is
[229;1;2;n,n] — [29;2; 4; n].
The induced map on generating vectors is of the form
(t[z‘ﬂ; — itz z) — (t[q]; C1;C2;C3) if q is even
(t[z‘”; — itz z) — (t[‘”; dy;ds;d3) if q is odd,

where c;,d; are elements of the form yz7,tyxz?, j even or 0, and
c2 and dy are elements of the same form with 7 odd. By the same
argument as in A-I, we may assume ¢3 = d3 = z. Then c;cp =z7!
and did, = tz—!. We then have two possibilities:

(i) ec=yr? ca=yz’"! jevenorO
di =yz? dy=tyz’~! jevenorO0
(ii) c1=tyz? cy=tyz’"! jevenorO0
di =tyz! dy =yx’~! j evenorO.
Any generating vector of type (ii) is equivalent to the corresponding
one in (i) under the order 2 automorphism of G4, which takes
y — ty and fixes the other generators. Finally, we may take j = 0
in (i), since generating vectors corresponding to other values of j
may be obtained from it by conjugation by a power of z, possibly
preceded by the outer automorphism which sends y — yz? and
fixes the other generators.

A-III: The 2:1 uniform relative branching
[229; 2;2; n, n] — [2%;4;4; n).
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induces the map on generating vectors

(t[2q}’ t,t, x—l’ ZE) — (t[q], Ci, Co, C3) if q is even

24 t,t,z71, 2) — (t¥,dy,da,d3)  if q is odd.
We assume as above that ¢z = d3 = z, which implies c;c3 = £~}
and did; = tz~! Now ¢;,d; (i = 1,2) are elements of order 4. We
exclude the possibility that some of these elements are conjugates
of z™/% or tz™/* (if n = 0(4)), since it must be true that ¢? = d? =
t. c¢;,d; must therefore be of the form yz’ or tyz?, j even or 0.
However, no product of elements of this form can equal z or tz~!.

(h) SD4n = (x,y | x** =y? =e, yxy ! =x""1),
neven (t=x")
Rule: s
ok — I . if 7 even
yrye {x“""“’ if j odd.
The relevant conjugacy classes of elements of SD4,, n even

are: :
Order 22 {z"}, {yz?|j even or 0}

Order 4  {yz’ | j odd}
{z™/2,£%/2} ifn =0(4)
{z™/?}, {z%"/?} ifn =2(4)
Order n:  {z7, z77 | (j,2n) = 2}
Order 2n:  {z7, "7 | (j,2n) = 1}

Since the elements of order 2 do not generate the group (they
generate the subgroup (y, z?) =~ D,,), we may eliminate branching
data of types I and IV (see the Remark following Theorem 1.1).
In any hyperelliptic action of SDy,, the subgroup (z) ~ Z>, must
have the hyperelliptic action (C) from Table 9. We consider the
unrestricted relative branchings C-V and C-VI.

C-V:  The 2:1 uniform relative branching
[229:1;2; 2n, 2n] — [29;2;4; 2n]
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induces the map on generating vectors

((z™)Rd; — 2™ 271 ) — ((z™)9; ¢y co;c3) if g is even
((xn)[2Q]; -zl ) — ((:c")[ql;dl; do;ds) if q is odd.

We assume c3 = d3 = z. Then we have c;ca = z7! and dids =
z"~1. ¢; and d; belong to the conjugacy class {yz’ | j even or 0};
c2 and ds to the conjugacy class {yz7 | j odd}. (It is not possible
that ¢ or dy = z™/2, since no product of the form yz’ - /2 can
equal z or z7!.) The possibilities are:

. -
ci =yzl, co=yz?"",

' i+n—1

dy =yz?, dy=yzdt",

where j is even or 0. We may take j = 0, since generating vectors
corresponding to other values of j are equivalent under conjugation
by powers of z.

C-VI: The 2 : 1 uniform relative branching and induced map
on generating vectors are (4.2.3) and (4.2.4), respectively. Assum-
ing c3 = d3 = z in (4.2.4), we have c;c; = z~1 and didy = z™ 1.
c1,¢2,d; and dy are either /2, or elements of the form yz7, where
j is odd. However, no product of two such elements can equal z or
z~1. So C-VI is not a possible relative branching for SDy,.

(i) The Groups Dg and Z; x Z4

Setting n = 2 in first and fifth rows of Table 10, and solving for
g, one obtains, in both cases, ¢ = g/2, and branch data (29,2, 2,4).
Because of isomorphism 2.2.6, the groups are both isomorphic to
Dg. It is evident (after correcting for the different presentations
of the two groups), that the two generating vectors are not the
same. Nonetheless, they are equivalent: the argument in (a) can
be adapted to show that there are exactly eight possible (29,2, 2,4)-
generating vectors for a hyperelliptic action of Dg. Aut(Dg) =~ Dg
acts freely on the set of (29,2,2,4) generating vectors, since an
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automorphism which fixes a generating set must be trivial. Since
the number of automorphisms equals the number of generating
vectors, all the generating vectors are equivalent. Hence there is
only one topological type of hyperelliptic Dg action.

The group Z; x Z4 appears in Table 10 as SDg and Dy
(see isomorphism 2.2.7). Setting n = 2 in the appropriate rows of
‘Table 10 and solving for ¢ shows that both actions occur on surfaces
of odd genus with branch data (2(9—1)/2 4, 4,2). After correcting
for the different presentations of the two groups, and reordering
(which we may do since the group is abelian), one sees that the
two generating vectors are equivalent by the automorphism send-
ing an element of order 4 to its inverse. Zs x Z4 also occurs in
Table 9 (A) with the same branch data. However, this action is
not equivalent to the preceding one. The generating vectors differ
in the number of occurrences of the hyperelliptic involution, since
p # q. By aresult of Broughton ([B], Proposition 2.6), two generat-
ing vectors for equivalent actions of an abelian group with quotient
a sphere, can differ, up to automorphisms of the group, only by a
permutation of their elements. But the hyperelliptic involution is
invariant under all automorphisms.

Note. To distinguish the two topologically distinct hyperelliptic
actions of Z; x Z4, we will henceforth use the notation (Z3) x Z,
for the action of reduced type D4 (D4,2,—1 and SDg) and Z; x (Z4)
for the action of reduced type Z,. The parentheses indicate the
factor that does not contain t.

() Restricted Relative Branching Types.

We now show that the relative branching types which are de-
fined only when n = 1 or 2 give no hyperelliptic actions other than
those already obtained.

The case n = 1 can be interpreted if we define Dy (the dihedral
group of order 2) to be Zz. But the central extensions of Z; by D5
are just the groups Zs x Z3 and Z4, whose hyperelliptic actions have
already been obtained and and shown to be topologically unique.
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The 2 : 1 uniform relative branchings that are defined when
n = 2 but for no larger values of n are

C-II, n=2 [29; 1; 1; 4,4] —  [29/2;2;2; 4] g even
C-III, n=2 [297%; 1; 2; 4,4] — [209711/2;2:4;4] g odd
A-IV,n=2 [29;2,2; 1; 2] — [29/2;2;2;4] g even
A-V, n=2  [2971; 2,2; 2; 2] — [209-1)/2;2:4:4] g odd.

The last three are just repeats of the unrestricted relative branch-
ings C-V, A-II and A-III, respectively, with n = 2 (cf. Table 11).
If C-II is possible, the branching data on the right-hand side is
the branching data for one of Qs, Dg, Zo x Z4 or (Z3)3. We may
eliminate the first three since these groups are not generated by
elements of order 2 (see the Remark following Theorem 1.1); (Z5)*
is eliminated since it contains no element of order 4.

There are two other restricted relative branchings, C-I and A-
VI, n = 2, which are numerically but not topologically possible :
for C-I, the branching would be of the form (27,4, 4) — (29,2, 2, 2),
which is not possible since there are no branching indices on the
right which are multiples of 4 (see Lemma 1.3). For A-VI, the
branching would be of the form (27, 2,2) — (29,4, 4, 4), which is not
possible since it implies the existence of an orientation-preserving
Z, action on the Riemann sphere which fixes three points.
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4.3 Hyperelliptic Actions of Reduced Type A4, As, S4

The possible branching data for actions of reduced type Ay,
As and S, are given in Tables 12, 13 and 14. They are calculated
from the given orbit equations. Recall that €1, €3, €3 are either 0 or
1, and g is a nonnegative integer (see §3). (In the case of reduced
type A4, the eight possible ordered triples (€1, €2, €3) give rise to
only six distinct types of branching data.) The possible groups are
the ones listed in Table 5, §2. We use the presentations given there.
Tables 15, 16 and 17 give the hyperelliptic actions of these groups.

Table 12. Possible Branching Data for
Hyperelliptic Actions of Reduced Type A4

(Orbit Equation: 6e; + 4€5 + 4e3 + 12 = 2g + 2)
Type (€1,€2,€3) Branch Data q Restr. on g

(8)  (0,0,0)  (29,3,3,2) Qig—l g =5(6)
®)  (0,L0) (%362 L= g=1()
@ L) @662 L2 g=306)
@ 100 @334 L2 g=24)
@ @LL) @364 L% g=40)
6 @LLl) (29664 =  g=06)
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Table 13. Possible Branching Data for
Hyperelliptic Actions of Reduced Type As

(Orbit Equation: 30e; + 20€e2 + 12¢3 + 60q = 2g + 2)

Type (€1,€2,€3) Branch Data q Restr. on g
g+1

@ (0,00 (20235 L= g=2000)
b))  (0,0,1)  (29,2,3,10) 97‘03 g = 5(30)
© (01,00  (29,2,6,5) 97“09 g = 9(30)
@  OL) (2926100 L2 g=1500)
€  (1,0,0)  (29,4,3,5) g—;# g = 14(30)
6 (1,01)  (29,4,3,10) % g = 20(30)
@ LL0) (29465 L2 g=200)
M @LLY (294610 L2 g=000)
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(Orbit Equation:
Type (€1,€2,€3)
(a) (0,0,0)
(b) (0,1,0)
(©  (1,0,0)
(d) (1,1,0)
()  (0,0,1)
£  (0,1,1)
(2) (1,0,1)
(h) (1,1,1)

Table 14. Possible Branching Data for
Hyperelliptic Actions of Reduced Type Sy

12€; + 8eg + 6e3 + 249 = 2g + 2)

Branch Data

(29,2,3,4)
(29,2,6,4)
(29,4,3,4)
(29,4,6,4)
(29,2,3,8)
(29,2,6,8)
(29,4, 3, 8)

(29, 4,6,8)

47

q
g+!

Restr. on g
g=11(12)
g9 =3(12)
g =5(12)
g =9(12)
g = 2(12)
g =6(12)
g =8(12)
g =0(12)
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Table 15. Hyperelliptic Actions of Reduced Type A4

Group Branch Data q Generating Vectors

(a)| AsxZ2 | (293,3,2) (&2 (9 zy,zy)  g=11(12)
¥ zytzy)  g=5(12)

(b)| AsxZ; | (293,6,2) | &5 (t19) z,ty,tzy) g=1(12)
(¢l9) 2 ty,zy) 9=7(12)

()] Aax2Z2 | (29.6,6.2) | 232 (19 tz,ty,zy) 9=3(12)
(¢l tz ty, tzy) g=9(12)

(d)| SL2(Z3) | (293,34) | 52 | (e (zy)™)  g=2(12)
(¢l z,y,zy) g=8(12)

(e)| SL2(Z3) | (29.3,64) | 252 | (¢l9,z,ty,(zy)~ ) g=10(12)
(19l z,ty,zy) g=4(12)

(f) | SL2(2Z3) | (29,6,6,4) | 432 | (tld ez ty,(zy)~1) ¢=6(12)
19tz ty,zy) g=0(12)
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Table 16. Hyperelliptic Actions of Reduced Type As

Group Branch Data q Generating Vectors
(a)| Asx 22 | (29,2,3.5) | &&* (tl9,z,y,(zy)"')  g=59(60)
(1 tz,y,(zy)"t)  9=29(60)
(b)| AsxZz [(2923,10) | &5 | (tldtzyt(zy)~!) g=5(60)
(t19,z,y,t(zy) ")  g=35(60)
()| AsxZ> | (29,2,6,5) =2 | (¢l ez ty,(zy) ") g=9(60)
(t[q],:z:,ty,(zy)"l) g=39(60)
d)| AsxZ2 |[(29,2,6,10) | 2532 | (tlh,z,tyt(zy)"t) g¢=15(60)
(t["],t:c,ty,t(:r:y)‘l) g=45(60)
(e) SL2(Z5) (2qv413v5) ;(}4 (t[q]axvyr(zy)—l) 9514(60)
(¢l tz,y,(zy) ") g=44(60)
(F) | SL2(Zs) | (27.4,3,10) | 522 | (%) tz,y,t(zy) ") ¢=20(60)
(tl9,z,y,t(zy) ")  g=50(60)
(8) | SL2(Zs) | (2914,6,5) | 45582 | (¢ tzty,(zy)™t) g=24(60)
(t19,z,ty,(zy) ")  g=54(60)
(h) | SL2(Zs) | (29.4,6,10) | 2522 | (tl9),z,tyt(zy) ') ¢=30(60)
(¢l tz,ty t(zy)~')  g=0(60)
49
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Table 17. Hyperelliptic Actions of Reduced Type Sy

Group Branch Data q Generating Vectors
()| SaxZz | (29.234) | &5 | (tlWzy(zy)™!) ¢=23(29)
(¢l zyt(zy)t) g=11(24)
(b)| Sax2Z2 (29,2,6,4) 52 | (¢l gty t(zy) ") g=3(24)
(t19 ,zty,(zy) 1)  g=15(24)
(c)| SL2(Zs) | (294.3.4) 5 | 9zy(zy)7h)  g=5(24)
(¢l zyt(zy) 1Y)  g=17(24)
(d)| SL2(Z4) | (29,4,6,4) 223 1 (el 2ty t(zy) ) 9=9(24)
(tld z,ty (zy)"Y)  g=21(24)
(e)| GL2(Z3) | (29,2,3.8) =2 | tllzy(zy)7l)  g=2(24)
(¢l zy t(zy) ) g=14(24)
()| GL2(Z3) | (292.6.8) | 452 | (¢t zityit(zy)™") g=6(24)
(¢l 2ty (zy) ') g=18(24)
| o (29,4,3,8) 22 |tz (zy) 7)) 9=8(24)
(¢l z,yt(zy)"t)  ¢g=20(24)
(h) o (2q,4,6,8) 9:—21?- (¢l 2ty t(zy)™Y) g=12(24)
(t¥,zty,(zy)"")  g=0(24)
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The rest of this section is devoted to showing that all possi-
ble generating vectors for hyperelliptic actions of reduced type A4,
As and S, are equivalent to the ones given in Tables 15, 16 and
17. (One may easily verify from the presentations in Table 5, §2,
that the vectors given in the tables do generate the corresponding
groups, and have the required form.) We use an approach, different
from the previous cases, which is due to Broughton ([B], [B1]). Let
G be a finite group and V the set of (71, ..., r¢)-generating vectors
for an action of G. Aut(G) acts freely on V, since an automor-
phism which fixes a generating set must be trivial. This implies
that for a;,as € Aut(G) and v € V, oqv = apv <= a1 = as.
Hence, |Aut(G)| < |V|. To show that the generating vectors in V
are equivalent, it suffices to show that |Aut(G)| > |V|. The fol-
lowing formula from the character theory of finite groups proves
extremely useful (a related formula, from which the one below is
easily derivable, is proved in [Go], Theorem 2.12). Let K, K, ...,
K be conjugacy classes in G, and let X(Kj,..., K;) be the set of
distinct s-tuples (gi,...,9gs) of elements of G with g; € Kj;, such
that the product g192---gs = 1. An element of X(K;,...,K;) is
called a (K3, ..., K;)-vector. Then

IX(Ky,..., K| =

s—1 e eve
|G| Z X(gl)x(l x(gs)’ (4.3.1)
X

|Cent (g1)|---- -|Cent (gs)| )s—2

where the sum is over the irreducible characters of G. We shall use
this formula to determine |V)|.

A4XZ2

A4 X Zy cannot have branch data of type (d) (e) or (f) from
Table 12, since it contains no elements of order 4. Any (29,3, 3. 2)-
generating vector for a hyperelliptic action of A4 x Z3 must be of
the form

(9, c1,c0,c3) ifgeven (g=11(12))

(4.3.2)
(t[ql’ €1, CQ,tC3) if q odd (g =35 (12))7

91

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where (c3,¢2,¢3) is a (3, 3, 2)-generating vector for A4. Note that
all (3, 3,2)-vectors in A4 are generating vectors, since A4 contains
no subgroups of order 6. Let 3; and 3; denote the two conjugacy
classes of elements of order 3 in A4, and 2; the single conjugacy
class of elements of order 2. Using (4.3.1) and the character table
for A4 (see Appendix A), we calculate

| X(31,31,21)| =X (32,32,21)| =0

and
| X (31,32,21)] = |X(32,31,21)] = 12.

Thus there are 24 (3, 3,2) generating vectors in A4, and hence 24
(29,3, 3, 2)-generating vectors for A4 X Z3 of the form (4.3.2). Now
Aut(A4) ~ S4 has order 24, so all (3,3, 2) vectors in A4 are equiva-
lent. Every automorphism of A4 extends to a unique automorphism
of A4 x Zz which fixes t. Thus |Aut(A4 x Z3)| > 24, and so all 24
(29,3, 3, 2)-generating vectors for A4 x Z; of the form (4.3.2) are
equivalent.

The argument above is easily adapted to branching data of
types (b) (29,3,6,2) and (c) (2¢,6,6,2). For example, any (29,3,
6, 2)-generating vector for a hyperelliptic action of A4 x Z3 must
be of the form

(t[‘”,cl,tcz,tc;;) ifgeven (g=1 (12))
(9, c1,tecr,c3) ifqodd (g9=7 (12)),

where, as in the previous case, (c1,¢2,c3) is a (3,3, 2)-generating
vector for A4. The argument proceeds exactly as before.

SL2(Z3)

SLy(Z3) cannot have branching data of type (a), (b) or (c)
from Table 12 since any generating vector of one of these types
would have the form

(t[q+1] y C1, CZ)v

52
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where c;cz equals ¢ or e, depending on the parity of ¢ (¢ being the
unique element of order 2). Let K be the group generated by ¢, c;
and c;. We claim that K cannot be all of SL3(Z3). Let Cy and C;
be the images of ¢; and ¢y under the surjective homomorphism ¢
in the exact sequence

(t) = SLa(Z5) 2 As.

C: and C5 have order 3 in A4, and their product is the identity; that
is, Co = C 1. Thus K is the preimage under a 2 : 1 homomorphism
of a cyclic group of order 3, and so has order at most 6.

Any vector in SL3(Z3) of the form (d), (e) or (f) from Table 12
generates the whole group, since there are no subgroups of order
12. There are two conjugacy classes (3; and 33) of elements of
order 3 in SLo(Z3), two of order 6 (6; and 653), and one of order 4
(4;). Using the character table of SLs(Z3) (see Appendix A) and
(4.3.1) we derive

| X ((21)%,31,32,41)| = |X((21)%, 32,31, 41)| = 12

and
IX((Zl)q’31331’41)| = IX((21)q, 32';32’41)' = 0.

Thus there are 24 (29, 3, 3,4)-generating vectors in SLy(Z3). Now
GLy(Z3) acts by conjugation on SLy(Z3) with kernel £1, so

|Aut(SLa(Z3))| > |[PGL2(Z3)| = |Sa| = 24,

and hence all the (29, 3, 3, 4)-generating vectors are equivalent. (In
fact this argument shows that

Aut(SLy(Z3)) = Ss,

since Aut(SL2(Z3)) acts freely on the set of (29,3, 3, 4)-generating
vectors.)

33
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Similarly one shows that there are 24 (29, 3, 6, 4)- and 24 (29, 6,
6, 4)-generating vectors in SLy(Z3); the arguments in these cases
conclude exactly as above.

A.5X22

(The arguments for As x Z2 and SLy(Z3) are analogous to the
ones given for A4 x Z; and SLs(Z3).)

As X Z5 contains no elements of order 4, and so cannot have
branching data of types (e) - (h) from Table 13. Any (29,2, 3,5)-
generating vector for a hyperelliptic action of A4 X Z; must be of
the form

(t[Q], c1,cz,c3) ifgeven (g =59 (60))

(4.3.3)
(t[‘”, tci,co,c3) ifgodd (g =29 (60)),

where (c1, g, c3) is a (2, 3, 5)-generating vector for As. All (2, 3, 5)-
vectors in As are generating vectors, since As contains no subgroup
of order 30. Let 5; and 52 denote the two conjugacy classes of
elements of order 5 in As, 3; and 2; the single conjugacy classes
of elements of order 3 and 2, respectively. Using (4.3.1) and the
character table for As (see Appendix A), we calculate

IX(21731151)| = IX(2].’31,51)| = 60.

Thus there are 120 (2,3, 5)-generating vectors in As, and hence
120 (29,2, 3, 5)-generating vectors for As x Z3 of the form (4.3.3).
Now Aut(As) ~ Ss has order 120, so all (2,3, 5)-vectors in As
are equivalent. Every automorphism of As extends to a unique
automorphism of As x Z; which fixes ¢t. Thus all 120 (29,2, 3, 5)-
generating vectors for As x Z; of the form (4.3.3) are equivalent.

The argument above is easily adapted to branching data of
types (b), (c) and (d) from Table 13. For example, any (29,2, 6, 5)-
generating vector for a hyperelliptic action of A5 x Z5 must be of
the form

(t[ql,tcl, tca,c3) ifgeven (g =9 (60))
(t19) ¢;,tea,c3) if godd (g =39 (60)),

o4
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where, as in the previous case, (c1,cz,c3) is a (2,3, 5)-generating
vector for As. The argument proceeds exactly as before.

SL2(Zs)

SLy(Zs) cannot have branching data of type (a) — (d) from
Table 13, since any generating vector of one of these types would

have the form
(t[q+1]1 Ci, 62)’

where cjca equals ¢ or e, depending on the parity of ¢ (¢ being the
unique element of order 2). c; has order 3 or 6, and c; has order 5
or 10. Let C; and C; be the images of ¢; and ¢; in As under the
surjective homomorphism ¢ in the exact sequence

(t) — SLy(Zs) > As.

C; and C3 have order 3 and 5, respectively, and their product is
the identity; there are obviously no such elements in As.

Any vector in SLy(Zs) of the form (e), (f), (g) or (h) from
Table 13 generates the whole group, since there are no subgroups
of order 60. There are two conjugacy classes (5; and 52) of elements
of order 5 in SL2(Zs), and one each of order 3 and 4 (3; and 4,).
Using the character table in Appendix A and (4.3.1) we derive

| X ((21)%,41,31,51) = | X((21)7, 41, 31, 52)| = 60.

Thus there are 120 (29, 4, 3, 5)-generating vectors in SLy(Z5). Now
GLy(Zs) acts by conjugation on SL2(Zs) with kernel +1, so

|Aut(SL2(Z5))| = [PGL2(Zs)| = 120,

and hence all the (29,4, 3, 5)-generating vectors are equivalent. (In
fact Aut(SLa2(Z5)) = PGLy(Zs5), since Aut(PGL5(Zs)) acts freely
on the set of (29,4, 3, 5)-generating vectors.)

Similarly one shows that there are 120 each of (29,4, 3, 10)-,
(29,4, 6,5)- and (29,4, 6,10)-generating vectors in SLy(Zs); the
arguments in these cases conclude exactly as above.
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GL2(Z3)

A hyperelliptic action of GL2(Z3) can only have branch data
of types (e) through (h) in Table 14, since its subgroup SLy(Z3)
has hyperelliptic actions only in even genera. All vectors of type
(e) through (h) generate since the only subgroup of order 24 is
SLy(Z3) which contains no element of order 8. Using 4.3.1 and the
character table in Appendix A, we calculate

1 X ((21),21,31,81)] = 1X((21)7,21,31,82)| =0
1X((21)7,22,31.81)| = |X((21)7, 22,31, 82)| = 24.

Thus there are 48 (2‘7 , 2, 3, 8)-generating vectors in GLo(Z3). Since

, C—Giﬁfgf = |PGL2(Z3)| = |S4| = 24, there are 24 non-trivial inner

automorphisms. In addition, the outer automorphism

T — tzx, Y — Yy, t—t

has order 2, commutes with all the inner automorphisms, and in-
terchanges the conjugacy classes 8; and 8;. Thus |Aut(GL2(Z3))|
> 48 and all (29,2, 3, 8)-generating vectors are equivalent. (This
argument shows that Aut(GLy(Z3)) = Ss x Z3.) One shows sim-
ilarly that there are 48 equivalent (29,2, 6, 8)-generating vectors,
and no generating vectors of the other two types.
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O*
Because the author could not locate the character table for O*
in the literature, it is included below.

Table 18. Character Table of O*
Class: 1 21 31 61 41 42 81 82

ICl(g)): 1 1 8 8 6 12 6 6
x: 1 1 1 1 1 1 1 1
x2:0 1 1 1 1 1 -1 =1 -1
xs: 2 2 -1 -1 2 0 0 0
xe: 2 -2 =1 1 0 0 2 =2
xs: 2 =2 -1 1 0 0 =2 2
x: 3 3 0 0 -1 -1 1 1
x> 3 3 0 0 -1 1 =1 =1
xs: 4 -4 1 -1 0 0 0 0

Note that this table is identical (except for the labelling of the
classes) to the character table of GL,(Z3) given in Appendix A.
This illustrates the fact that a group is not determined uniquely
up to isomorphism by its character table.

Since O* contains SL9(Z3), which has hyperelliptic actions
only in even genera, it cannot have a hyperelliptic action with
branch data of types (a) through (d) from Table 14. Using the
character table and (4.3.1) we calculate

1X((21)%,21,31,81)] = 1X((21)% 21, 31,82)
| X ((21)%,41,31,81)| = 1 X ((21)%,41,31,82)
| X ((21)%,42,31,81) ] = |X((21)%, 42,31, 82)| = 24.

Thus there are 48 (29,4, 3,8)-vectors in O*. They all generate
since the only subgroup of order 24 is SL2(Z3), and it contains no

. o* _ _ _
element of order 8. Since ‘m' = |S4| = 24, there are 24 non
trivial inner automorphisms. In addition, the outer automorphism

T — iz, Y-y, t—t
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has order 2, commutes with all the inner automorphisms, and inter-
changes the conjugacy classes 8; and 8,. Thus |Aut(O*)| > 48 and
all (29,4, 3, 8)-generating vectors are equivalent. One shows simi-
larly that there are 48 (29,4, 6, 8)-generating vectors, and that they
are all equivalent. (This argument shows that Aut(0O*) ~ Sy x Z5.)

S4XZ2

S4 X Zo contains no element of order 8, and so cannot have
branching data of types (e) through (h) from Table 14. (c) and
(d) are also not possible since the Sylow 2-subgroup Z; x Dg has
a hyperelliptic action <= 9—2—1— =4 < g = 3(4) (see Ta-
ble 10). Thus we need only consider branch data of type (a) and
(b). We first consider type (a). The character table of Sy x Z; is
easily calculated, but for our purpose it is only necessary to know
the character table for S4. Let (c;1,co,c3) be a (2,3,4)-generating
vector for Sy. All (2,3,4)-vectors in Sy generate the whole group.
since the only subgroup of order 12, A4, contains no element of or-
der 4. Any (29,2, 3, 4)-generating vector for a hyperelliptic action
of S4 x Z> must have one of the two forms

(t[QI: C1,C2, C3)

ifgeven (g=23 (4 4.3.4
) SUEERECEUNNEY

(a]

(% enentes) 1y oad (g =11 (24)). (4.3.5)
(¢l tey, €2, €3)

Note that since g # 0 for branch data of type (a), the vectors gener-
ate S4 X Z5 in all possible cases. Let 3; and 4; denote the conjugacy
classes of elements of S; having order 3 and 4, respectively, 2; the
class of transpositions, and 22 the class of even permutations of
order 2. Using the character table for Sy (see Appendix A) and
(4.3.1), we calculate

|X(21,31,41)] =24

and
| X(22,31,41)| =0.
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The 24 (2, 3,4)-generating vectors in Sy give rise to 48 (29,2, 3, 4)-
generating vectors for Sy x Z; of the forms (4.3.4) and (4.3.5). S,
acts effectively on itself by conjugation, since the center is trivial.
Thus all (2, 3, 4)-vectors in S are equivalent. Every automorphism
of S, extends to a unique automorphism of S; x Z5 which fixes ¢,
so in (4.3.4) and (4.3.5) we may take (c1,c2,¢3) = (z,y, (zy)™?)
(using the presentation in Table 5, §2). The map

t—t, z —lz, Yyr—y

is an additional (outer) automorphism of S; x Zs of order two
which commutes with the inner automorphisms. When (c, ¢z, ¢c3)
is taken as (z,y, (zy)™!) in (4.3.4) and (4.3.5), this automorphism
interchanges the upper and lower generating vectors. Thus all 48
(29,2, 3,4)-generating vectors for Sy x Z5 of the form (4.3.4) and
(4.3.5) are equivalent. (This argument shows that Aut(Sy x Z5)
>~ 54 X Zg)

The argument is easily adapted to branching data of type (b)
from Table 14. One simply replaces ¢y by tcs and c3 by tc3 in
(4.3.4) and (4.3.5).
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SL2(Z4)

Because the author could not locate the character table for
SLs(Z4) in the literature, it is included below.

Table 19. Character Table of SLy(Z,)
Class: 1 21 22 23 41 42 43 44 31 61

ICl(g)|: 1 1 3 3 6 6 6 6 8 8
x1: 1 1 1 1 1 1 1 1 1 1
x2: 11 1 1 -1 -1 -1 -1 1 1
x3: 1 -1 -1 1 T -t =1 1 1 -1
xe: 1 -1 -1 1 =~z 1 T —t 1 -1
Xs: 2 2 2 2 0 0 O 0 -1 -1
xXe: 2 -2 -2 2 0 O O 0 -1 1
xr: 3 -3 1 -1 —-i ¢ —i 1 0 O
xs: 3 -3 1 -1 4+ - ¢ — 0 0
x: 3 3 -1 -1 -1 -1 1 1 0 O

Xwo: 3 3 -1 -1 1 1 -1 -1 0 O

A hyperelliptic action of SLy(Z,) can only have branch data
of types (a) through (d) from Table 17, since the subgroup 44 x Z,
has a hyperelliptic action only in odd genera. Moreover, (a) and (b)
are not possible since the Sylow 2-subgroup G1¢ has a hyperelliptic
action <<= %gi—f =4 < g = 1(4) (see Table 10). So we
need only look for generataing vectors of types (c) and (d) from

Table 14.

Using the character table and (4.3.1), we find that for each
value of g there are 8 x 24 = 192 each of (29,4, 3,4)-vectors and
(29,4, 6,4)-vectors in SLa(Z4). Not all of these generate the whole
group, since SLy(Z4) contains the subgroup @12 ~ D43 -1 which
has hyperelliptic actions with branch data of both types (see Ta-
ble 10). A little experimentation shows that exactly half the el-
ements of order 4 in SLy(Z4) (43 and 44 in the character table),
have square equal to t = —I. Since Q12 contains ¢ as its unique
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element of order 2, the (29,4, 3,4)- and (29,4, 6, 4)-vectors which
generate (J12 are the ones of the form

(2‘{1 4A7 317 43) and (2(]1_1 4A7 611 43)1

where A, B € {3,4}. For each value of g there are 48 such vectors
of both types in SLy(Z4). The remaining 6 x 24 vectors generate
SLy(Z4), since the only other subgroups of order divisible by 12
are Ay and Ay X Z3, neither of which contains an element of or-
der 4. Not all of these, however, can be generating vectors for a
hyperelliptic action of SLy(Zy,).

Any hyperelliptic action of SLy(Z4) must contain a hyperel-
liptic action of the index 2 subgroup A4 x Zs. If a hyperelliptic
SLy(Z4) action has branch data of type (c) from Table 14, then,
since g = 5(12), the hyperelliptic action of A4 x Z> must be of type
(a) from Table 15. Similarly, if a hyperelliptic SLy(Z4) action has
branch data of type (d) from Table 14, then, since g = 9(12), the
hyperelliptic action of A4 X Z; must be of type (c) from Table 15.
In either case, the 2 : 1 relative projection

239/(A4 X Z2) — Z‘g/(SL2(Z4))

maps the branch locus of the A4 x Z5 action to the branch locus of
the SLo(Z,) action. The resulting 2 : 1 uniform relative branchings
are easily calculated to be:

[2(9=5)/6; 2; 3,3; 2] — [2975)/12; 4; 3; 4]

or
[2(9—9)/6; 2; 6,6; 2] — [2(9_9)/12; 4; 6; 4].

If t, z, y are the generators for A4 X Z; (in the presentation used in
Table 15), the induced maps on generating vectors are

(=578, ¢ z,y; tzy) — (E97/12; ¢1: co; c3)

or
(=98, t: tz ty; tay) — (E9N12; dy; dy; d3),
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respectively, where c¢; and d; are elements of SL(Z;) of the appro-
priate orders. The maps show that c¢; and d; must be elements of
order 4 whose square equals ¢, and that c3 and d3 must be elements
of order 4 whose square is not equal to ¢.

Thus, generating vectors for hyperelliptic actions of SLy(Z,)
of types (c) and (d) from Table 14 can only be the ones of the form

(2‘{’ 4A7 31743) and (2(]1,7 4.41 617 43):

respectively, where A € {3,4} and B € {1,2}. Let us examine
the four possibilities for type (c). Calculations using the character
table show that

24 if g even
q —
| X (21,43,31,41)| = {() if ¢ odd

0 ifgeven
q —
| X(21,43,31,42)| = {24 if ¢ odd

0 ifgeven
q —_—
|X(21,44,31141)| - {24 if g odd

24 if geven
q —_
IX(21,44731142)| - {O if q Odd.

Thus for a given value of g, there are 48 generating vectors of type
(c) for SLy(Z4). To show that they are all equivalent, we must
show that they lie in the same Aut(SL2(Z4)) orbit. Suppose g
is odd. The 24 (21, 45, 31, 42)-generating vectors are equivalent by

Tals)| = |PSLy(Za)| = |Sal = 24,

there are 24 non-trivial inner automorphisms). Similarly, the 24
(27,44, 31, 4,)-generating vectors are equivalent by inner automor-
phisms. Finally, the two sets of generating vectors are equivalent
by the outer automorphism

inner automorphisms (since l

T — tz, y—y, t—t,
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which may be realized as conjugation by + (é _01 € GLy(Zy).

This automorphism has order 2, commutes with all the inner auto-
morphisms, and permutes the conjugacy classes in the pairs (4,, 42)
and (43,44). (It is not difficult to show that Aut(SLy(Z4)) =~
Z3 x S4.) Similar arguments apply if q is even, and to generating
vectors of type (d) from Table 14.
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5. The Moduli Space and the Lattice of Max-
imal Actions

Let X be a fixed compact oriented topological surface of genus
g- Riemann observed that the set M, of conformal structures (up
to conformal equivalence) that can be placed on X has complex
dimension 3g — 3 if g > 2, one if g = 1, and zero if g = 0. (M is
a single point since, up to conformal equivalence, there is only one
compact Riemann surface of genus 0, namely, the Riemann sphere.)
M,, called the moduli space in genus g, is a singular complex al-
gebraic variety whose singular set S, € M, corresponds to those
surface classes of genus g which admit non-trivial automorphism
groups. (When g = 2, "non-trivial” means "strictly containing
Z5"; all genus 2 surfaces admit the action of the hyperelliptic in-
volution.) In [H2] it is shown that S is a finite non-disjoint union
of smooth subvarieties, each corresponding to a topological type
of action of some finite group. In [BSS|, Theorem 7, it is shown
that each of these subvarieties is connected (see also [E]). Their
dimension can be determined from Theorem 5.1 below. Not all the
subvarieties arising from group actions in a given genus are dis-
tinct. Theorem 5.2 gives a crucial example of a situation in which
two subvarieties actually coincide. This leads us to define maxi-
mal actions, which correspond bijectively to distinct subvarieties.
The arrangement (with respect to inclusion and intersection) of the
distinct subvarieties arising from group actions in a given genus is
mirrored exactly in the lattice (with respect to inclusion of one
action in another) of maximal actions.

We first determine the dimension of the subvariety associ-
ated to a group action. Suppose G acts on ¥, with branch data
(h;r1,... ,7c). Let B C Zp be the branch locus of the action,
and S the preimage of B under the orbit map. The holomorphic
structure on ¥ \ B can be pulled back to £, \ S via the restric-
tion of the orbit map, and canonically completed to a holomorphic
structure on all of ¥,;. Thus the holomorphic structure on ¥, is
determined up to conformal equivalence by the equivalence class of
holomorphic structure that exists on the quotient surface ¥, with
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k punctures.

The space of such equivalence classes of structures has complex
dimension dim(Mp) + k — q, where ¢ is the transitivity of the group
of automorphisms of a surface of genus h. If h > 2,¢=0; if h =1,
¢ = 1; and if h =0, ¢ = 3. One may verify that the dimension is
given by the formula 3h —3+k in all cases. (Note that when A = 0,
and g > 2, the Riemann-Hurwitz relation implies that £ > 3, so
one never obtains a negative dimension.)

We summarize:

Theorem 5.1. Let (G, ) be a topological type of G-action which
has branch data (h,r1,...,7¢) in some fixed genus g > 2. Let
V.o © Sy be the set of conformal equivalence classes of compact
Riemann surfaces admitting (G,a). Then Vg, is a smooth con-
nected subvariety of S, having dimension (3h—3+k). In particular,
ifh =0 and k = 3, Vg o is a single point, i.e., there is a unique
Riemann surface (up to conformal equivalence) admitting (G, o).

Let (G,a) and (H, o) be topological types of actions in some
fixed genus g > 2.

Definition. (H,a) is included in (G, ) ((H,a) C (G,a)) if H is
a subgroup of G, and if, on surfaces admitting (G, @), (H, «) is the
restriction of (G, a).

If (G,a) C (H,a), it is obvious that Vg o C Vg . If the quo-
tient of both actions is a sphere with three branch points, the
reverse inclusion follows immediately, since then Vg, and Vg 4,
being connected and O-dimensional by Theorem 5.1, must be the
same point. A theorem of Singerman ([S2], Theorem 1) implies
that if d = dim (Vg o) = dim (Vg,.) # 0, and the quotient of
both actions is a sphere, then d < 1, and, if d = 1, there are only
two possible sets of branching data for the actions, according to
whether the index [G : H] is 2 or 4. We shall need only the special
result given in Theorem 5.2. Our proof of this result uses methods
different from those of Singerman. We first prove
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Lemma 5.2. If P, P>, P; and P, are four distinct points on the
Riemann sphere, there exists a unique involution T € PSL(2,C)
such that T' permutes the points in the pair (Py, P;) and the points
in the pair (Ps, Py).

Proof. It is easy to show that the involutions in PSL,(C) (the
group of Mobius transformations) correspond precisely to equiva-
lence classes (mod +I) of traceless matrices in SLy(C). By the
three-transitivity of PSL,(C), we may assume that P;, Py, P3, P,
are 0,1, 00, A, respectively, where A € C, A # 0,1. We seek a
Méobius transformation T such that T2 = id and T permutes the
elements of the pairs (0,1) and (), 00). Suppose

az+b
cz+d

T:2z—

is such a transformation. By the trace condition on involutions,
d = —a. SinceT : 0 — 1, b = d and hence b = —a. Since
T: A+~ o0, c= —d/A, and hence c = a/\. Thus T must be of the

form

T:2w .
T—a

Since the determinant of the matrix

(5 =)
S -a
must equal 1, we must have
= £/ ——.
¢ T— A

Since A # lor0, a # 0 or co and thus the matrix belongs to
SLo(C). Since the matrix is unique up to multiplication by +I, T is
a unique Mobius transformation. One may verify that it permutes

the elements of the pairs (0,1) and (A, o0).
3
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Theorem 5.2. Let (H,a) C (G, a) be actions in some genus g >
2, with [G : H| = 2 and branching data of the form

(H,a) (G,a)
(a,a,b,b) (2,2,a,b),

where a and b are integers > 1. Then Vi o = Vg 4.

Proof. We need only show that Vi o C Vig,o. Let £, be a compact
Riemann surface admitting (H, a), with branch data of the form
(a,a,b,b). Let By = {Py,..., P4} C £,/ H be the branch locus of
the H-action. Assume that a is the branching index at P; and P,
and b the branching index at P; and P;. The sphere ¥,/H has a
complex structure induced from the complex structure on £,. We
take the unique involution T' € Aut (¥,/H) given by the lemma
to be conformal with respect to this structure. It is then evident
that there exists a group K of automorphisms of ¥, which is an
extension of H by (T') (i.e., K/H ~ (T)), and whose action on X,
is (H, a) followed by the action of T on the quotient. Call this
action (K, ). Since T permutes the points in the pairs (P;, P,)
and (Ps, Ps), the relative projection

Eg/H = 5g/K
(which is the orbit map for the (T")-action), has relative branching
[1;1;a,a;b,b] — [2;2; a; b].

In other words, (K,a) has branch data (2,2,a,b). It is clear
that (H,o) C (K, ). Thus any surface admitting (H, ) admits
(K,a). K may be any extension of H by Z; which acts with
branch data (2,2,a,b). In particular, K may be taken to be G.

o

Definition. (G, ) is said to be a maximal action if it is the full
automorphism group of at least one point in the moduli space.
Equivalently, (G, a) is a maximal action if Vg o # Vo g for any
action (G’, @) strictly containing (G, ).
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Note that every action is contained in a unique maximal action.
The point of the definition is that the maximal actions correspond
bijectively to the distinct subvarieties of S, arising from group ac-
tions. It is convenient to label the distinct subvarieties with the
names of the corresponding maximal actions. Thus the subvariety
arising from a maximal action (G, &) is called a (G, a)-maximal va-
riety. The maximal actions fall naturally into a lattice with respect
to inclusion of actions. Moreover, inclusion of one maximal action
in another is precisely reflected in the inclusion (in reverse order)
of the corresponding subvarieties. A complete geometric picture of
Sy is thus implicit in the lattice of maximal actions.

The following facts are immediate consequences of the defini-
tion:

(i) (G,a) is a maximal action <= (G, a) is the largest action
contained in the full automorphism group of every point in
Ve.a-

(ii) (G, ) is a non-maximal action <= (G, a) is not the full
automorphism group of any point in S; <= (G, a) extends
automatically to a larger group action.

(iii) The full automorphism group of an arbitrary point X € S, is
just the label (group name) attached to the maximal subvari-
ety of lowest dimension which contains X.

6. The Lattice of Maximal Hyperelliptic Ac-
tions

We are in a position to determine a substantial portion of the
lattice of maximal actions in all genera g > 2, namely, the lattice
of maximal hyperelliptic actions. This in turn gives us a geometric
understanding of a large subvariety of S;, namely, the moduli space
of hyperelliptic Riemann surfaces (Hy). By Theorem 5.1, Hy is a
connected subvariety of M, of dimension 29 — 1. H, C S, C M,
for all ¢ > 2, and (in accordance with the special definition of S5)
52 C H2 = A/fg
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The list of hyperelliptic actions in a given genus ¢ > 2 is
obtained from Tables 9, 10, 15, 16 and 17. Recall that the only
group which has hyperelliptic actions of two distinct topological
types is Z2 X Z4. We use (Z2) X Z,; to denote the action of reduced
type D4, and Zs x (Z,) to denote the action of reduced type Z,.
(The factor in parentheses does not contain t.) In all other cases
the name of the group suffices to specify its hyperelliptic action
uniquely.

6.1 Non-maximal Hyperelliptic Actions

Theorem 6.1. For a given genus g > 2, the non-maximal hyper-
elliptic actions are:

Zagy, Zag, Zax(Zg41), Za X Zagra, Qag, Dagt1.-1.

and, in addition,

ifg = 2: SDls
SLy(Z3)

ifg =3: (Zg) X Z4
Ay X Zy

ifg = 6: SL2(Z3)

Proof. Figure 1 shows partial subgroup lattices of Ggy4s and
SDgg. The accompanying branching data are obtained by setting
p=1and p=2in rows A and C of Table 9, and setting ¢ = 0 (if
possible) or (otherwise) ¢ = 1 in each of the rows of Table 10. It
follows from Theorem 5.2 that Zy, extends automatically to Dy,
and that Z; x Zg4; extends automatically to Z; X Dagya. It is
also evident (since the number of branching indices is three) that
Z4g and Q4g extend automatically to SDgy, and that Z; x Zyg12
and Dg,g4+1,—1 extend automatically to Ggg4s. In genus 6, SLy(Z3)
(6,6,4) (Table 15 (f)) extends automatically to GL,(Z3) (2,6,8)
(Table 17 (f)). In genus 3, (Z3) x Z4 (2,2, 4, 4) extends automati-
cally to Zo x Dg (2,2,2,4); A4 X Z; (6,6,2) (Table 15 (c)) extends
automatically to Sy x Z3 (2,6,4) (Table 17 (b)). The special sit-
uation in genus 2 is summarized in Figure 2, which replaces the
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upper portion of Figure 1 when g = 2. SL2(Z3) (3,3,4) (Table 15
(d)) extends automatically to GL3(Z3) (2,6,8) (Table 17 (e)). So
does SDi6 (2,4, 8), although in this case the index is 3, and the
inclusion is not normal. The 3 : 1 non-uniform relative branching
is:

[1,2;1;4,8] — [2; 3;8].

(see Example 1, §1.3).

To show that the actions in the Theorem are the only non-
maximal hyperelliptic actions, one must verify that there are no
other instances of a proper inclusion of hyperelliptic actions hav-
ing the same number of branching indices. We need only look for
inclusions between actions having three branch points, and, accord-
ing to the Theorem of Singerman mentioned before Theorem 5.2,
inclusions of index 2 or 4 between actions having 4 branch points.
We first note that none of the inclusions can be between groups
belonging to the same family, e.g., Gig C G4g or Z4 C Z¢, since
the number of branching indices of the smaller and larger actions
are ¢ + 3 and ¢’ + 3, respectively, with ¢ < ¢’ (if the actions are
from Table 10), or p+ 2 and p’ + 2, respectively, with p < p’ (if the
actions are from Table 9).

We begin by examining index 2 inclusions of actions from Ta-
ble 9 in actions from Table 10. The six possibilities, together with
their relative branching types (see Table 11, § 4.2) are

Z2 X Zn g Z2 X D2'n (A'I ) Z2n _C_ D4n (C'IV )
Zy X Zn C Gyn (A-IT) Zon € SDyy (C-V)
Z2 X Zn g D4,n,—1 (A‘III ) Z2n (_: Q4n (C'VI )

The relative branchings are the ones given in Table 11, § 4.2.
Equating the number of branching indices on the left with the
number of branching indices on the right in each case (recall that
1 is not counted as a branching index), and solving for ¢ yields

=-1 (A-III and C-VI)
0 (A-II and C-V)
1 (AT and C-IV).

Q QW
I
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q = —1 is obviously not possible. ¢ = 0 and ¢ = 1 correspond
to inclusions we have already obtained, namely, those illustrated
in Figure 1. We need not consider inclusions of this type having
larger index, since any such inclusion implies an inclusion of actions
belonging to the same family. For example, if Z3 x Zg C Gys
extends automatically to G4s then Z; x Zg extends automatically
to Z X Z13 C Ggs.

Next we examine inclusions of actions from Tables 9 or 10 in
actions from Table 15. Those of smallest index are

Zsg C Ay xZ Zge < SLa(Z3)

(Z2) C Ayx Z, Qs <€ SLi(Z3)

We need not consider inclusions of larger index for the same reasons
as above. From Table 9, there are three types of branching data for
Zgs and from Table 15, three types of branching data for each of 44 x
Zy and SLy(Z3). In a given genus, the relative branching depends
on the congruence class mod (6) of g. For example, if g = 5(6), the
relative branching must be of type A-(a), i.e., Zg must have branch
data of type (A) from Table 10, and A4 X Z; must have branch data
of type (a) from Table 15. The six possible relative branchings of
this type are listed below, together with corresponding values of
the parameters p and gq.

p q b q
A-) 2P A-d) Mg o2
B-(b) = & Be) 2
SONEE B c®m  F %

The number of branching indices of the Zg-action is always p + 2,
and the number of branching indices of the A4 x Z3 or SLs(Z35)
action is always ¢ + 3. Thus for equality to hold we must have
p = ¢ + 1. Substituting the six pairs of values of p and g into this
equation and solving for g shows that in all six cases, g < 2.

Table 10 indicates that Qg acts on surfaces of even genus with
branch data (209=2)/2 4, 4,4), so that the number of branching
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indices is 3 + (g — 2)/2. Setting this equal to ¢ + 3, where ¢ takes
the values corresponding to (d), (e) and (f) in the table above, and
solving for g, one obtains g = 2 in case (d), and g < 2 in the other
two cases. Thus, in genus 2, Qg (4, 4,4) extends automatically to
SL2(Z3) (3,3,4) (d). However, Qg has already been shown to be
non-maximal in genus 2, since it also extends to SDjg (2,4, 8) and
GL2(Z3) (2,3,8) (see Figure 2).

Table 10 indicates that (Z3)3 (=~ Z5 x Dy4) acts on surfaces of
odd genus with branch data (2(9+1)/2,2 2 2) so that the number
of branching indices is 3 + (g + 1)/2. Setting this equal to ¢ + 3,
where g takes the values corresponding to (a), (b) and (c) in the
table above, and solving for g, one obtains g < 2 in all three cases.

Inclusions of actions from Table 15 in actions from Table 17
are all of index 2, and the number of branching indices is g+3 for all
actions in both tables. Hence, if the number of branching indices
of the smaller and larger actions is equal, ¢ = 0 or ¢ = 1 in both
sets of branching data simultaneously. It is easy to see that this
is only possible if g = 2, 3 or 6. The corresponding non-maximal
actions are ones we have already obtained.

Of the remaining possible inclusions, those of smallest index

are
Qe <& O SDig C GL3(Z3)

Q2 € O D2 C GL3(Z3)

Gie € SLa(Zs) ZyxDg C S4x2Z

Rz € SLi(Zy) Dia C 54 x 2

A4 X Z2 - A5 X Zz SL2(Z3) - SL2(Z5)
Dy C Asx 2 Qo C SLi(Zs5)

As before, we need not consider inclusions of larger index since
they imply inclusions between actions belonging to the same fam-
ily. We have already noted that $D;g is non-maximal in genus
2 because it extends automatically to GLo(Z3). To show that
there are no other automatic extensions, one equates the num-
ber of branching indices for each pair of actions. This amounts
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to equating the expressions for the parameter ¢ in each pair. In
each case one obtains g < 2, or if g > 2, ¢ is not an integer.
o

6.2 Construction of the Lattices

The list of maximal hyperelliptic actions in any given genus
g > 2 is now easily obtained. One simply lists all the actions from
Tables 9, 10, 15, 16, and 17, and crosses out those listed in The-
orem 6.1. The inclusion relations among the actions are obtained
from the subgroup lattices of the various groups (see Appendix B).
Figures 3 through 10 give the lattices of maximal hyperelliptic ac-
tions for the first eight genera > 2. The numbers running down
the right-hand side of the lattices indicate the dimensions of the
subvarieties at that level, calculated from Theorem 5.1. The lattice
in genus 2 (Figure 3) appears in [KN]; the others are new. The lat-
tices are drawn so as to bring out some regularities which depend
on the parity of g. We shall have more to say about this shortly
(see Section 6.4).

In genus 2 it is possible to convert the lattice into an actual pic-
ture of Hy. This is done in the lower portion of Figure 3. The lattice
indicates that Hs is 3-dimensional, and that Ss is the disjoint union
of a O-dimensional Z;p-maximal variety and a 2-dimensional Dy-
maximal variety. The D4-maximal variety contains a 1-dimensional
Dg-maximal variety and a 1-dimensional Z3 X Dg-maximal vari-
ety, which intersect in two distinct points: a 0-dimensional Go4-
maximal variety and a 0-dimensional GLy(Z3)-maximal variety.

In higher dimensions, the lattice is the only way to fully rep-
resent the geometry. For example, H3 is 5-dimensional. However,
the lattice in Figure 4 indicates that most of the interesting (in
the sense of admitting "large” automorphism groups) hyperellip-
tic surfaces of genus 3 live on a 3-dimensional D4-maximal variety.
The geometry of this variety is quite complex; the lower portion of
Figure 4 is a picture of part of it.
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6.3 Exceptional Points in Hg

Let us call a O0-dimensional subvariety of S, corresponding to
a group action an exceptional point. We now show that there are
always at least three exceptional points in Hy; if g > 30 there are
exactly three. Considerations of order alone show that Ggy. g and
(except in genus 2) SDg, are not contained in any larger hyperel-
liptic actions on a surface of genus g. Hence the exceptional points
in H, determined by these actions are distinct, and their full au-
tomorphism groups are Ggg4s and (except in genus 2) SDg,. Let
us denote these points XZ and X7 .

Putting p = 0 in row B of Table 9, one obtains the action of
Zag+2 with branch data (2,29 + 1,49 + 2). Since 4g + 2 does not
divide 4¢g, 4g+4, 8g+8 or 8¢, this action is not inlcuded in any other
action from Tables 9 or 10. In particular, it is not included in Ggg+3
or SDgy. So we have located an exceptional point distinct from X2
and XZ,. We shall call it X}, since its full automorphism group
is Z4g+2: the order of the largest cyclic subgroup of the groups in
Tables 15, 16 and 17 is ten (Z19 C As x Z3), which is less than
4g + 2 for g > 2; when g = 2, A5 X Z3 does not act. Thus Z4g9
is not contained in any larger hyperelliptic action on a surface of
genus g.

For certain g < 30, there are actions from Tables 15, 16 and
17 having three branching indices. Excluding those which are non-
maximal, we obtain the exceptional points listed in Table 20. They
are identified by genus and full automorphism group.
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Table 20. Other Exceptional Points in H,
Genus Full Automorphism Group Branch Data

2 GLy(Zs) (2,3,8)
3 S4 X Zg (2, 6, 4)
4 SLy(Zs3) (3,6,4)
5 SLy(Zs) (4.3, 4)
5 As X Z2 (2,3,10)
6 GLZ(Z3) (27 6, 8)
8 o~ (4, 3,8)
9 SLy(Za) (4,6,4)
9 As X Zo (2,6, 5)
12 o (4,6,8)
14 SL2(Z5) (4’ 3, 5)
15 As X Z (2,6, 10)
20 SLa(Zs) (4,3,10)
2 SLo(Zs) (4,6,5)
30 SLy(Zs) (4,6, 10)

With one exception, these surfaces are distinct from each of
X%, X, and X7, and, when two or more are of the same genus,
from eachother. The exception is in genus 2, where the exceptional
point whose full automorphism group is GL3(Z3) is X § p- We have
now proved Theorem 2, stated in the introduction.

Historical Remarks. The families {X%} and {XJ,}, g > 2, were
known to Wiman ([Wi]), who showed them to be hyperelliptic,
and unique in each genus. Wiman also showed that 49 + 2 is the
maximal order of a cyclic group of automorphisms of a compact
Riemann surface of genus g > 2. Kulkarni ([K6]) showed that the
full automorphism group of Xgp is SDgy. Accola and Machlachlan
discovered independently ([Ac], [M2]) that, in a given genus g > 2,
the maximum order of the full automorphism group of a surface is
at least 8g + 8; and that in each genus there exists a surface whose
full automorphism group has order exactly 8g+8. Kulkarni showed
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([K4]) that, for g = 0,1 or 2(4), this surface is unique, and that its
full automorphism group is isomorphic to our Ggg+s, although he
derived a different presentation (in fact, the presentation (iv) in
our Table 4a). Kulkarni also pointed out that, for g = 3(4), there
is, in addition to X2, another surface whose full automorphism
group is a different group of order 8g + 8, also acting with branch
data (2,4,2g + 2). Our work shows that this surface cannot be
hyperelliptic. (This action is that of Zs x Dy g 5. See Table 22.)

6.4. Regular Features of the Lattices

Figures 11 and 12 indicate some of the regular features in the
lattices of maximal hyperelliptic actions for ¢ > 3 in odd and even
genera, respectively. The figures are constructed using Theorem 6.4
and Lemma 6.5 below, and other general results proved elsewhere
in this thesis. Except where noted, all the actions in the Figures
are maximal. Most of the lines have been drawn lightly to indicate
places where the lattice may be incomplete. Using Figures 11 and
12 as guidelines, in conjunction with Tables 10, 15, 16, 17 and
Theorem 6.1, it is a routine matter to construct the lattices of
maximal hyperelliptic actions in arbitrary genera g > 2.

Theorem 6.4. The exceptional point X7 lies on the intersection
of the (Z3) x Z4-, Zy x (Z4)- and (Z,)®-maximal varieties if g is
odd, and on the Dg-maximal variety if g is even. The exceptional
point X2, lies on the intersection of the Zg-, Qgs- and Dg-maximal
varieties if g is even, and on the (Z) x Z4-maximal variety if g is
odd.

Theorem 6.4 is a special case of Lemma 6.5 below.
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The hyperelliptic actions of groups of order 8 are given below,
together with the dimensions of the corresponding subvarieties. It
is evident that the parity of g determines which groups of order 8

act. . . )
Action Dimension

(Z9)3 (g +1)/2
(Z3) x Z4 (g—1)/2
Zz x (Z4) (g—-1)/2

Dg 9/2
Qs (g—2)/2
Zg (9-2)/2

Lemma 6.5. Any hyperelliptic action of G4, C Ggg+s8 on surfaces
of odd genus includes the hyperelliptic actions of (Z2)3, Z3 x (Z4)
and (Z2) x Zs. Any hyperelliptic action of SD4, C SDgg on sur-
faces of odd genus includes the hyperelliptic actions of Dg, Zg and
Qs.

Proof. Recall that Gg,4s has presentation

(z,y,t | 229 =2 =t = [2,t] = [y,t] = e, yzy~ ' =z 1¢).
(6.3.1)
According to Table 10, the action of Gg443 includes the actions of
the subgroups G4, where n = (29 + 2)/k, and & is an odd divisor
of 2g + 2 satisfying 1 < k < g+ 1 (if kK = g + 1, the group is
isomorphic to Dg). Such groups have the presentations

G4n = (xka Y, t>,

using the generators in (6.3.1). It is not difficult to verify that the
subgroups of order 8 of G4, C Ggg43 containing t are all conjugate

to one of:
g odd g even
(tr xn/2) y) = (22)3 D8
(t, z™/%) ~ Zy x (Z4) —
(yz, c™?) =~  (Z2) % Z4 Ds.
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(The reader may find it useful to consult the subgroup lattices given
in Appendix B.) The different isomorphism types for odd and even
g are explained as follows. If g is even, n = 2(4), i.e., n/2 odd.
In this case, yz™/2? has order 4 (see §4.2 (g)). Putting b = yz™/2,
a = y, one may verify that aba~! = b~!, and that

{t,z™?, y) = (a,b) ~ Ds.

Still assuming g is even, and putting b = yz, a = z™/?

verify that aba™! = b~! and that

, one may

(yz,z™?) = (a,b) ~ Ds.

The isomorphisms types for odd g are clear.

SDg, has presentation
(r,y | %9 =y® =e, yzy~! =2%971) (t = z29), (6.3.2)
and the action of SDg, includes the actions of the subgroups
SDyn = (2, y),

where k is an odd divisor of 2¢g and n = (2g/k). The subgroups of
order 8 of SDy4, € SDgy which contain ¢ are conjugate to one of:

g odd g even
(xn/2,y> = (Z2) X 24 Dg
(:12"/4> = — Zg
(yz,z™?) = (Z) x Z4 Qs

The isomorphism types for odd g follow from: g odd <= n/2 =
2(4) => z™/? is central in SDy, (see §4.2 (h)).
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7. The Full Lattice of Maximal Actions in
Genus 3

For convenience, we list the hyperelliptic actions in genus 3
below. The maximal actions (marked with an asterisk) were deter-
mined using Theorem 6.1.

Table 21. Hyperelliptic Actions in Genus 3

Group Br. Data Order Dim.
* o (28) 2 5)
Dy (26) 4 3
* Z4 (23,42) 4 2
Zs (22,62) 6 1
Zz X (Z4) (22,42) 8 1
(Z2) x Z4 (22,42) 8 1
*  (Z2)3 (2°) 8 2
x* Dio (23,6) 12 1
Q12 (4,4,6) 12 0
Z12 (2,12,12) 12 0
AP (2,7,14) 14 0
Z2 X Zg (2, 8, 8) 16 0
x Jo X Dg (23,4) 16 1
Dy 4,1 (4,4,4) 16 0
x  SDagy (2,4,12) 24 0
Ay X 2o (6,6,2) 24 0
G32 (2,4,8) 32 0
54 X Zz (2, 6, 4) 48 0

(Actions with asterisks are maximal.)

Table 22 below lists the non-hyperelliptic actions on surfaces
of genus 3. With the exception of the group Kyg, this information is
taken from a table that appears in Broughton’s paper ([B], Table 5).
Actions with an asterisk are maximal, although this information
was not included in Broughton’s paper.
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Table 22. Non-hyperelliptic Actions in Genus 3

Group
[Z2]

Za X Z4

Zg X (22 X Z4)

D372
SLa(Z3)
Sy

S

Br. Data
(1;24)
(2;-)
(3°)
(1;3%)
(4%)

(4%)
(1;22)
(2°)
(1;22)
(2,3,3,6)
(24,3)
(1;3)
(7,7,7)
(7,7,7)
(4,8, 8)
(4,8,8)
(22,4%)
(2%)
(22,4%)
(1;2)
(1;2)
(3,9,9)
(3,4,12)
(22,32)
(2,8, 8)
(4,4,4)
(2%,4)
(3,3,7)
(3,3,6)
(3,4,4)
(28,3)

Top. Type

[1,1,5]
1,2,4]
[1,1,6]
[1,2,5]

(cont. on next page)
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Table 22. (continued)

Group Br. Data Top. Type Order Dim.
Zg X D2,3,5 (2, 4, 8) 32 0
Z3 X (Z4 X Z4) (3, 3, 4) 48 0

* Kyg (2,3,12) 48 0

¥ Dgx (Zs4x2Z4) (2,3,8) 96 0
PSLy(Z7) (2,3,7) 168 0

Notes on Table 22.

(a) The determination of the maximal actions was made using two theorems of Singerman
(see below).

(b) Bracketed groups denote actions distinct from hyperelliptic actions of the same groups.

(c) Topological types of cylic group actions with the same branch data are distinguished by
their "Nielsen signatures”. e.g., the Nielsen signature [1,1,6] for Zs with branch data
(4,8,8) indicates that the action has a generating vector equivalent to (z,z,z%), where
z is a generator of Zg.

(d) Presentations of non-standard groups are given below.

D235 (v,z | y2=28=e, yzy~1=2%)

Z2X D3 g5 (z,y,2 | 2=y?=z8=e, yzy~1=2% zyz~l=yz*,

zzz " l=y2z3)
D3,7.2 (z,y | 8=y  =e, zyz "1=y?)

Z2X(Z2xZ4) (a,b,c | a?=b%=c*=[b,c]=[a,c]=1, aba™=bc?)

l=w, ywy " l'=(zw)"?)

=w=(z,w]=1,zyz "=y !,

1

Z3X(Z4xZs) (y,z,w | yi3=zt=wi=[z,w]=1yzy~

DSX(Z4XZ4) (zryvz1w | $2=y3=24

zzz " l=w, zwr =z, yzy

Kgs (a,b,c | a®?=b3=c'?=abc=1) (See note (e) below.)

=w, ywy~'=(zw)"!)

(e) The action of K4s was missed by Broughton. It was discovered by Kulkarni ([K6]). The
group is isomorphic to the factor group G/ B, where G ~SL3(23)xX Z4, and B is the
central subgroup of order 2 generated by the element (~1,u?), with I the identity matrix

in SL2(Z3) and u a generator for Z4.

The maximal non-hyperelliptic actions were determined using
two crucial theorems of Singerman which list all possible inclusions
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of finite index between two Fuchsian groups with compact quotient
space, such that the corresponding Teichmiiller spaces coincide (see
([S2], Theorems 1 and 2). The signatures of these pairs of Fuch-
sian groups are precisely the pairs of branching data for actions of
a group and a subgroup on a compact Riemann surface of genus
g > 2 for which the corresponding subvarieties of the moduli space
coincide. In these cases, the action of the subgroup extends au-
tomatically to the action of the larger group. We shall call such
automatic extensions Singerman-type extensions. (Theorem 5.2,
from which Theorem 6.1 follows, is an example of a Singerman-
type extension.) Table 23 lists all the Singerman-type extensions
involving the nonhyperelliptic actions in genus 3. An action which
does not appear in any of these extensions, or which appears as the
final member in one of them, is a maximal action.
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Table 23. Singerman-type Extensions in Genus 3

(a) Z2 (2i=) -— D (2°) (hyperelliptic).

(b) Z3 (1;3%2) — Ds (24,3).

(¢) D4 (1;2%) —  (22)° (2°) (hyperelliptic).

(d) De (1;3) — Dj2 (23,6) (hyperelliptic).

(e) Dg (1;2) —~— 2Z2xDg (23,4) (hyperelliptic).

(f) Z4 (4%) [1,1,3,3] — Dg (22,4%3) — Z;xDg (23,4) (hyperelliptic).

(&) Z4 (1;2°) — Dg (25).

(h) Z7 (7.7,7) [1,1,5] —  Zi4 (2,7,14) (hyperelliptic).

(i) 27 (7,7,7) 1,2.4f — Dsz72 (33,7 — PSL3(Z7) (2.3,7).

() Zs (4,8,8) [1,1,6] — G322 (2,4,8) (hyperelliptic).

(k) Zs (4.8.8) [1,2,5] — D2ss (2,88) — Z2XDigs (2,4,8)
—  DX(Z4x2Z4) (2,3,8).

() ZaxZ, (4,4,4) — Z3X(Z4xZ4) (3,3,4)
— DX (Z4x2Z4) (2,3,8).

(m) Qs (1;2) — 22X (Z2x2Z4) (2°,4).

(n) Z4 (4%) [1,1,1,1] — [Z2x2Z4] (224%) — Z2X(Z2x2Z4) (22.4).

(0) As (22,3%) — 54 (23,3).

(p) SL2(Z3) (3,3,6) — Kug (2,3,12).

(@) Ss (3,44) — Sa¢xZz (2,4,6) (hyperelliptic).

(t) Zi2 (3,4,12) — Kas (2,3,12).

We now discuss some of the less obvious inclusions among the
actions in Tables 21 and 22.

(i) There are three nonhyperelliptic Dg-actions, all included in the
(hyperelliptic) action of Z; x Dg. This is not a contradiction,
since Z3 x Dg contains four subgroups isomorphic to Dg. In
the presentation

Dy = (t,z,y |zt =y =t* = [t,z] = [t,y] = e, yay~ ' =e),

83

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the groups (z, y), (tz,y), (z,ty) and (tz,ty) are all isomorphic
to Dg.

(ii) Both Dg actions are included in the hyperelliptic action of
D12. This is not a contradiction since D5 ~ Z5 x Dg contains
two subgroups isomorphic to Dg. The argument is similar to
the one in (i).

(ili) Both Sy actions are included in the hyperelliptic action of Sy x
Z>. This is not a contradiction since Sy x Z, contains two
subgroups isomorphic to S;. Let {e,t} = (t) be the Z, factor
in S4 X Z5. The set of elements

{(z,e) lre Ay} U {(wt)|lyeSsi—A} C Sax 2,

is closed under multiplication (note that Sy — A4 is just the set
of odd permutations in S4), contains the inverse of each of its
elements, and the identity. It is therefore a subgroup which is
easily seen to be isomorphic to Sy.

(iv) Z3 X (Z9 x Z4) C Dg x (Z4 x Z4). In the presentations given
in Note (c) to Table 22, take a = wx, b= 2% and c = y.

(v) S4 C Dg x (Z4 x Z4). This follows from the fact that S,
has the semi-direct product structure Dg x (Z2 x Z3). (Recall
53 = Ds)

(vi) Dg C Z5 % (Z3 x Z4). In the presentation of Note (c) to
Table 22, let p = b and ¢ = ab. Then

(p.q) = (p,q|P*=¢*=1, pgp' = ¢"!) ~ Ds.

(vii) Qs C Z3 X (Z3 x Z4). In the presentation of Note (c) to
Table 22, let ¢ = bc, j = ac, k = ab. Then Qg = (i,],k).
(1,7, k may be interpreted as the usual unit quaternions).

(viii) Sy C PSLs(Z7). PSLy(Z;) is isomorphic to GL3(Z3). The
latter group acts transitively on the projective plane PG(2, 2)

consisting of the one dimensional subspaces of a three dimen-
sional vector space over the field Z;. PG(2,2) contains seven
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points. Sg = GLy(Z3) % (Z2 x Z3) = S3 X (Z3 x Z5) arises as
the stabilizer of a point in PG(2, 2).

(ix) Za % (22 x Z4) C Kyg. The Sylow 2-subgroup of K,z is normal
and consists of elements of order 2 and 4, since K45 contains
exactly 15 elements of those orders, and no others (except
the identity) whose order divides 16. The two possibilities for
the Sylow 2-subgroup are thus Z4 x Z; and Z; x (Z5 x Z,).
Since the former extends automatically to Dg x (Z4 x Z4) (see
Table 23 (1)), the latter is the only possibility.

Figure 13 shows the complete lattice of maximal actions in
genus 3. The left-hand portion of the figure is the lattice of maximal
hyperelliptic actions (see Figure 4). Note that the lattice of non-
hyperelliptic actions can only link up with the lattice of hyperel-
liptic actions in the direction of decreasing dimension (downward),
since no hyperelliptic action can be included in a nonhyperelliptic
action.

Remarks. (1) Of the eight exceptional points in S3 C M3, one
is the famous Klein surface, whose full automorphism group is
PSLy(Z3). This is a Hurwitz group, that is, it has the maximum
possible order (84(g — 1)) for an automorphism group of a surface
of genus 3.

(2) Note that the Z3-maximal variety has empty intersection
with H3. This follows from the fact that the Z3 action, which has
branch data (3°), fixes more than four points (see Theorem 1.5).

8. Conclusion

I plan to obtain the full lattice of maximal actions in low gen-
era, say, up to genus 10. Knowledge of the lattices of maximal
hyperelliptic actions is a big step in this direction. The set of
possible branching data are of course the set of solutions of the
Riemann-Hurwitz relation for the given genus. The difficulty is
that the set of groups which can have a non-hyperelliptic action
in a given genus is not known a priori as in the hyperelliptic case.
Some systematic procedures can be applied to find these groups.
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(1) It is easy to determine all the primes p such that a cyclic
group of order p acts on a surface of genus g. Such p are bounded
above by 2g + 1 (see [H1]). Having determined that Z, acts, it is
then relatively easy to list all possible actions of p-groups. (There
are restrictions on the structure of such a group, depending on the
highest power of p dividing g — 1. See [K2].) This information
narrows the search for other groups, since their Sylow p-subgroups
must be among those in the list. Some of the recent advances in
the theory of finite groups - in particular, the interaction of the 2-
Sylow subgroup of a given group with the other Sylow p-subgroups
— should also prove useful. As the genus and hence the group orders
rise, it will be essential to employ a computer algebra system to
facilitate some of the group theoretic computations.

(2) In [FK], §V.1.9, a compact Riemann surface is defined to be
v-hyperelliptic (y > 0) if it is a two-sheeted covering of a compact
Riemann surface of genus v. (Ordinary hyperelliptic surfaces are 0-
hyperelliptic by this definition.) By the Riemann-Hurwitz relation
(1.1), a y-hyperelliptic surface of genus g admits a ~-hyperelliptic
involution which has 2g + 2 — 4+ fixed points. It can be shown that
any automorphism of a y-hyperelliptic Riemann surface of genus
g > 4y+1 which fixes more than 4(«y+1) points is either the identity
or the v-hyperelliptic involution. It follows that on a y-hyperelliptic
surface of genus g > 4+ 1, the v-hyperelliptic involution is unique
and central in the full automorphism group of the surface. (The
reader will recognize Theorem 1.5 and Corollary 1.5 as special cases
(v = 0) of these results.) Therefore, the full automorphism group
of a ~-hyperelliptic surface must be a central extension by Z5 of
one of the finite automorphism groups of a surface of genus +.
This gives us an inductive way of producing many of the groups
acting in higher genera. A further useful fact about y-hyperelliptic
surfaces is: if g > 4y + 1+ 2r (r > 0), then a surface of genus
g cannot be both v-hyperelliptic and (v + r)-hyperelliptic. This
implies, for example (taking v = 0 and r = 1), that no surface of
genus g > 3 can be both hyperelliptic and 1-hyperelliptic. Thus the
moduli space of 1-hyperelliptic surfaces of genus g > 3 is disjoint
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from H,. Further disjointness results in higher genera provide a
method of assembling much of the full lattice of maximal actions
out of disjoint pieces.
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Zog

(2,2, 2g, 29)
(4, 4, 29) (2, 4g, 49) (2, 2,2,29)
. /
(2, 4, 49)
Z2 X Zg+1
(2, 2, g+1, g+1)

D4 ge1,-1 £ X Zrg.2 Z3 X Dagsz
(4, 4, g+1) (2, 2g+2, 2g+2) (2,2,2, g+1)

oL

G89+8
(2, 4, 2g+2)

Boxed actions are maximal
* 8D, is non-maximal in genus 2 (see Fig. 2)

Portions of the Lattice of Hyperelliptic Actions
Figure 1.
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Z,

(2.2, 4,4)

Qs 28 DB
(4,4, 4) (2,8, 8) 22,2, 4)
SDyg
(2, 4,8)

SLy(Zy)

(3,3,4)
GL,(Z3)
(2,3, 8)

Boxed actions are maximal

A Portion of the Lattice of Actions in Genus 2

Figure 2.
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dim

GL,(Z3) Goy Zio 0

®Zp

Figure 3.
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H3 dim

Z, 5
D4 3

Z, (Z,)3 2

Dy2 Z, X Dg 1

Z.4 SD,, S, X2, Gg, 0

Figure 4.
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peN
R

SLx(Z,) SD3, Gao Z1g 0

Figure 5.
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dim
Zz\ 9
D, 5
Z, 4
Zs (Z5)3 3
(Zo) X2, Z, XM 2
Dy Daga.-s Gyg Z, XDy, AL XZ 1
~—\ \ N
=
Z2 SD40 Gag SLaZy)  AsXZ 0
Figure 6.
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dim

)

Z, XDy, 1

R

Figure 7.

94

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



dim

Zs (Z® 4

(Z) X 2, Z, X(Zy) 3

\ Z, X Dg 2

Zy Dog D4 4,1 Z,XDig  AgXZy 1
Z SD G 0
30 56 64
Figure 8.
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dim

15

Figure 9.
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dim
17
8
(Z5)2 5
Z, X (Z,) 4
Z,XZg 3
Dy 5,1 T16 Z, XDyg Qq2 2
22 X DZO A4 X 22 i
Figure 10.
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Hgy, g even (g > 2)

2,
D4\
Z4
!
/
/
/ Ds
b
QB Za (@) '!
| / I
1/ /
— | //
2™ —
\ '.‘\ J g
\ / ;'
* fadd \ ,//
\ / |
| | |
/JD49 2 XDZQ |
SDg,q Gag+s

*

GL,y(Z;) if g=2,6(mod 12); = O*if g =0, 8 (mod 12)
SL,(Zg) if g =0, 14, 20, 24 (mod 30)

*i

(@) Zgis non-maximal in genus 4
(b) SL,(Z;) is non-maximal in genus 6

Light lines represent branches of the latice which may need filling in
Figure 11.
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Hg, g odd (g > 3)

dim

’/_ 22 29_1

i
'

Z4ge2 SDg, Gag+s 0

* =8§,XZ,ifg=3,11 (mod12); = SLy(Z,)ifg=5,9 (mod 12)
" = AXZ, ifg=5,9, 11,15 (mod 30)

Light lines represent branches of the lattice which may need filling in.
Figure 12.
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Appendix A
Character Tables

(These tables may be found in [FH] and/or [I]) (For the char-
acter tables of O* and SL2(Z;), see Tables 18 and 19, §4.)

1. G=A,
IG| =12; w = e?™/3

Class: 1 31 32 4

|ICl(g)]: 1 4 4 3
X1i: 1 1 1 1
X2: 1 W w2 1
x3: 1 w? w 1
X4: 3 0 0 -1
2. G=SLy(Z3)
IG| = 24; w = ?™/3
Class: 1 21 41 31 32 61 62
|Cl(g)|: 1 1 6 4 4 4 4
x1: 1 1 1 1 1 1 1
x2: 1 1 1 w w? w w?
x3: 1 1 1 w? w w? w
Xa: 3 3 -1 0 0 0 0
X5: 2 ~2 0 -1 -1 1 1
xs: 2 @ =2 0 —w —w? w w?
x7r: 2 =2 0 ~w? —w w? w
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3. G=As
1G] =60; o1 =(1+V5)/2; ag=(1-V5)/2

Class: 1 21 31 51 592
ICl(g): 1 15 20 12 12
x1: 1 1 1 1 1
X2 4 0 1 -1 -1
X3: O 1 -1 0 0
xXe: 3 -1 0 Q) Qa9
Xs: 3 -1 0 Qs a1
4. G = SLy(Zs)
Gl =120, oy =(1+V5)/% az=(1-V5)/2
Class: 1 21 51 52 101 102 41 31 61
ICl(g)): 1 1 12 12 12 12 30 20 20
x1: 1 1 1 1 1 1 1 1 1
xX2: 9 5 0 0 0 0 1 -1 -1
x3: 6 -6 1 1 -1 -1 O 0 O
X4: 3 3 (03] (0%} 03] (85 -1 0 0
Xs: 3 3 Qg a; a o -1 0 0
x¢: 4 -4 -1 -1 1 1 0 1 -1
x: 4 4 -1 -1 -1 -1 O 1 1
X8 2 -2 —Qy —Q1 Q3 a1 0 -1 1
Xo9: 2 -2 -1 —Qo Q1 (0] 0 -1 1
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5 G =54

IG| =24
Class: 1 2 29 3 4
ICl(g)]: 1 6 3 8
x1: 1 1 1 1 1
x2: 1 -1 1 1 -1
X3: 2 0 2 -1 0
x4 3 1 -1 0 -1
Xs5: 3 -1 -1 0 1
6. G = GL3(Z3)
|G| = 48

Class: 1 21 31 61 41 22 81 82
ICl(g)]: 1 1 8 8 6 12 6 6

x: 1 1 1 1 1 1 1 1
Y22 1 1 1 1 1 -1 =1 =1
x3: 2 2 -1 -1 2 0 0 0
xa: 2 -2 =1 1 0 0 V2 =2
xs: 2 -2 -1 1 0 0 —v2 2
xYe: 3 3 0 0 -1 -1 1 1
x: 3 3 0 0 -1 1 -1 -1
xs: 4 -4 1 -1 0 0 0 0
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Appendix B
Partial Lattices of Subgroups Containing t

D4n, N even
<x,ylx2N=y2=¢, yxyl=x1> t=x0
D4n

e

DZn Z2n Dan
<y, x2> <> <yx, x2>
. Zy )

<x2>
Drs‘/ | Da
2 -

RN " <yX, xN2y
D4 24 / D4
<y, x> <xV25 <yx, x>

22 /
(") Noinclusionifn=2 mod 4 <>
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Z> X Doy, N even
<t,x,ylx"=y2=t2=¢, yxy''=x1, t=ftyl=e>

sz Dzn

Z, XD, Z, XD,
<t y, x2> <t, yx, x>

) y

(Z5)° 2
/2 "
<t y, xVes ) <t,yx,x”’2>
D4 D4 Dy
<tv y> <t, Xn/2> <t' yx>
22
(") Noinclusionifn=2 mod 4 <t>
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Q4n, N even (n>2)
<X,y|x2n=e’ y2=xn’ yxy‘1=x’1> t:xn=y2

Qtl»n
QZn 22n an
<y, x2> <x> <yx, 2>
") z, “
<x2>
Qg . o
<Y, XN/2> ") - o xn/2>
<y> <xN25 x>
Z,
(") Noinclusionifn=2 mod 4 <xN>
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D 4,n/2, -1
< yX, x2>

")

“ ):1/54 o (Zy)xZ,
<y, X"e> (); <yx'xn/2>
Z, D, 2,
<y> <y2, xn/ 2> <yx>
Z,
(") Noinclusionifn=2 mod 4 <y2 -
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Q4n, nodd (= D4,n’-1, n odd)

<x,ylx2=g y2=x", yxyl=x1> t=x"

Q4
Zyn
Z, <x> Z,
<y> <yx>
Z,
<x">

D4n, nodd (=2, X Do, N 0dd)

<x,ylxM=y2=¢ yxyl=x1> t=x"

D4n
Z2n
D, <x> D,
<y, x> <yx, x>
Z,
<x">
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SD4n, n=0 (4)

<x,ylx@N=y2=¢ yxyl=x"-15 t=x"

SDy,
D2n Zzn QZn
<y, x>> < x> <yX, x2>
Z,
<x®>
)
D
?‘/2 28 Qa
<Y, X'e> <xV4 <yx, xV2 >
<y, XT> <xV2, <yx>
(*) Noinclusionifn=4 mod 8 <" >
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SD4n, n=2 (4)

<x,ylx2n=y2=¢, yxyl=x"-15 t=xn
SD4n

N

D2n Zzn QZn
<y, x2> <X> <yX, x2>
Z,
<x?>
@2, 2axz,
<Yy, X'e> <yX, X2 o
D, z, / 24
<Y, x> < xn/2 > <yx>
22 /
<xn >
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G4n, n=0(4)
<xytixn=y2=t2=e, yxy'l=tx1, [t,X]=[t,y]l=e>

G4n
%2 % n Za X (Zn) Dynvi2,-1
<t| y; x2> < t' X > < y_x’ x2>
22 X(Z0)
<t, x2 >
"
3
(22) 2, X (Z4) (Z) X2,
<t v x> <, xV4> <yx, X2 >
D, D4 Z,
<t, y> <t, xV2 > P
Z,
(") Noinclusionifn=4 mod 8 <t>
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G4n, n=2(4)
<x,y,tIx"t=y2=t2=¢, yxyl=tx1, [t, x]=[t, y]=e>

G4n

Z, XD,

<t, v, x2>

<t, Y1 xn/2 >

D4 D4 Z,
<tv Y> <t: xn/2 > <yx>
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O*

SLy(Z)

(Subgroups containing t are highlighted in boldface)
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GLy(Z3)

SL,(2y)

(Subgroups containing t are highlighted in boldface)
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(Subgroups containing t are highlighted in boldface)
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SLa(Zs)

SL,(Z3)
Q20
Z40 Qg
Z,
Zs
. |
/ )
z, /
1

(Subgroups containing t are highlighted in boldface)
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