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ABSTRACT

A comprehensive theoretical and experimental study 
which investigates the jet-boundary interaction of a 
heated two-dimensional jet discharging offset from and 
parallel to a solid wall is presented. The limiting case 
of a heated wall jet is also considered.

An integral formulation of the conservation equations 
coupled with appropriate entrainment closure assumptions 
provide for the solution of both the velocity and temper­
ature fields, while accounting for the effects of ambient 
motion. The theoretical model is unique in that the base 
pressure and radius of curvature in the initial region of 
the jet are retained as variables. Two momentum relation­
ships are introduced to provide closure of the governing 
equations.

Experimental velocity, pressure and temperature mea­
surements were made to confirm basic assumptions regarding 
their profiles. Additional data in the pre-attachment region 
of the offset jet reveals a region of uniform temperature 
separating the jet and the boundary.

Various comparisons between predicted and measured val­
ues of velocity and temperature decay, maximum wall pressure, 
re-attachment length and recirculation region temperature 
were made. In general agreement is good.
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I. Introduction

A. Background

The free jet has long been of major interest in the 
study of turbulent shear flows. Besides having many en­
gineering applications, the free turbulent jet provided 
early investigators with a simple geometry upon which to 
base various speculative models. Most important among these 
were the different forms of the mixing length theory deve­
loped by Prandtl and Taylor. These early studies provided 
the framework for much of the later work on more complex 
turbulent jet problems.

In recent years, considerable attention has been di­
rected toward obtaining an improved theoretical model of 
turbulent submerged heated flows discharged into quiescent 
and moving ambients. These efforts have been motivated 
largely by needs arising from problems of pollution control, 
such as the dispersion of effluents from industrial'chim­
neys and cooling towers, and the discharge of condenser 
water and sewage into rivers, lakes, and oceans. These 
problems introduce such complicating factors as ambient 
fluid motion, buoyancy, discharge geometry and jet-boundary 
interaction (see Figure 1).

Most of these studies implicitly account for the tur­
bulent structure and ensuing entraining mechanism of the jet, 
of which little is known. They thereby avoid the difficulty
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free jet buovancv effects

v

free stream effects jet-boundary interaction

Figure 1. Illustrations of a Variety 
of Jet Problems
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of directly describing the turbulent nature of the flow.
This is achieved by relating the entrainment velocity to the 
mean characteristics of the jet. This relationship', or en­
trainment assumption, is usually expressed in terms of at 
least one empirical unknown which is determined by comparison 
with experimental data.

Although much attention has been focused on the develop­
ment of theoretical models to predict the jet characteristics 
of unbounded flows, the effects of possible jet-boundary 
interaction have not been fully explored. Three types of 
jet-boundary interaction are commonly encountered in many en­
gineering applications (see Figure 2): (1) the wall jet,
where the fluid is discharged at the boundary, (2 ) impinging 
jets, where the discharge is aimed towards the boundary, and 
(3) the offset jet, where the fluid is discharged at some dis­
tance from the boundary and eventually attaches to it due to 
the bending of the jet by forces acting upon it. The wall 
jet may be considered a limiting case of the offset jet.

The case of a heated submerged jet in the vicinity of a 
solid boundary is of special interest because of its-applica­
tion to thermal discharges from power plants which emerge near 
the bottom of rivers and lakes. The subsequent interaction 
with the solid surface may significantly alter plume behavior. 
Furthermore, pressure and shearing forces by the floor-bound 
jet give rise to scouring and bed erosion resulting in discharge 
structural problems [l, 2].
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wall jet impinging jet

offset jet

Figure 2. Examples of Jet-Boundary Interaction
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B. Basic Features of Two-Dimensional Jet-Boundary Interaction

Jet-boundary interaction occurs when a discharge is 
located in the vicinity of a solid boundary. The presence 
of this boundary may have a significant effect on the jet 
characteristics by limiting entrainment between the jet and 
the boundary. This, in turn, sets up a low-pressure region 
between the jet and the boundary. Consequently, the jet 
bends towards the boundary or wall, eventually attaching to 
it.

In the flow regime prior to jet attachment, known as 
the pre-attachment region (see Figure 3), pressures are 
generally lower than hydrostatic levels. As the jet ap­
proaches the boundary, pressure levels inside the jet in­
crease, reaching a maximum as the jet attaches.

By attaching to the boundary, the jet encloses a re­
gion of eddying motion known as the recirculation region.
Fluid entrained from this region by the jet is eventually 
returned as the jet attaches to the boundary. The recircu­
lation region is bounded by the dividing or re-attaching 
streamline, across which there is no mass flow. For a heated 
jet the temperature inside the recirculation region is above 
ambient levels and therefore may affect the overall jet 
temperature distribution.

The portion above the dividing streamline is accele­
rated along the boundary due to the jet's positive pressure.



recirculation
region

Impingement
Region Wall Jet RegionPre-attachment Region

Figure 3. Schematic of a Plane Offset Jet Discharging 
Parallel to a Solid Boundary

CTl



7.

In the second, or impingement region the pressure decreases, 
eventually reaching hydrostatic levels, and the acceleration 
ceases. The jet then undergoes turbulent diffusion anala- 
gous to that of a plane turbulent wall jet in what is known 
as the wall jet region.

Prior investigations of two-dimensional jet-boundary 
interaction were primarily concerned with the pre-attach­
ment region, focusing on the determination of the point of 
re-attachment. To achieve this, simplifications such as 
the assumptions of constant negative base pressure in the 
recirculation region and constant jet-axis radius of cur­
vature were introduced. These assumptions facilitated the 
use of the free jet velocity distribution, thus bypassing 
the need to solve for the velocity.

Although these models give reasonable results for the 
position of the point of jet re-attachment as a function of 
offset height, the assumptions regarding velocity, pressure 
and radius of curvature are unrealistic. It is apparent 
that there is a need for a more substantive model, based on 
sounder physical reasoning; which could be extended to give 
the velocity, temperature and pressure distributions in all 
regions of the jet.

C. Objectives of This Study

It is the aim of this research to investigate both 
theoretically and experimentally the problem of two-dimen­



sional jet-boundary interaction of a submerged turbulent 
thermal discharge. In particular, this study focuses on 
the problem of a two-dimensional jet discharging offset from 
a solid boundary, and its subsequent dissipation. It is 
hoped that this study will help provide an understanding of 
the nature of jet-boundary interaction, and will serve as a 
useful limiting case of the more prevalent and complex pro­
blem of three-dimensional jet-boundary interaction.

Unlike previous models, the theoretical study gives 
full consideration to the variation of pressure forces in 
the pre-attachment and impingement regions of the jet. This 
leads to a more realistic and unique velocity solution. 
Solutions for velocity, temperature, jet spread and base 
pressure are obtained for the pre-attachment region and serve 
as an input into the solution of the impingement and wall 
jet regions. Effects of free stream on jet characteristics 
are also considered.

Experiments were performed to provide the necessary 
data for a better understanding of flow patterns in jet- 
boundary interaction and for verification of the predictive 
model.

In addition, because of its importance as a limiting 
case and the lack of adequate temperature data, the two- 
dimensional heated wall jet is also examined.
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II. LITERATURE SURVEY

Because of the extensive use of jets in engineering 
applications, their study has long been of interest. Jets 
have application in film cooling, combustion, sewage dis­
posal, fluidics and heat dissipation from power generation. 
Recent concern with thermal pollution from power plants 
has motivated new studies on heated turbulent jets. Theo­
retical analysis of such jets may be complicated by such 
factors as the turbulent nature of the flow, ambient fluid 
motion, buoyancy, discharge geometry and jet-boundary 
interaction.

Theoretical investigations have been mostly concerned 
with free jets discharged from round outlets or infinite 
slots. In a free jet the ambient fluid is assumed infinite 
in extent and consequently the problem of jet-boundary 
interaction is bypassed. Round outlets lend themselves to 
axisymmetrical treatment while infinite slots limit the 
analysis to two-dimensional jets. Both geometries avoid 
the complexity of the three-dimensional nature of rectan­
gular outlets.

A. Free Jets: Axisymmetric and Two-Dimensional

Analytic models for complex jet problems rely heavily 
on methods formulated from the solution of the more simple
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momentum turbulent jet. The structure of this jet is broken 
down into two regions (see Figure 4). The first is the zone 
of flow establishment, ZFE, in which the mean flow profiles 
undergo a transition from their internal flow shapes to a 
free turbulent flow condition, with the centerline velocity 
remaining constant. The second is the zone of established 
flew, ZEF, where the turbulent mixing has reached the jet 
centerline and the core velocity begins to decay. It is 
in this region where velocity and temperature distributions 
assume a Gaussian shape.

Two different analytic approaches have been applied 
to the free momentum jet. The first, is a solution of 
the governing differential equations making use of experi­
mental evidence regarding the similarity of mean-velocity 
profiles in successive downstream sections of the jet. 
Together with this similarity assumption, an adequate 
hypothesis is introduced relating the eddy viscosity to 
the mean flow. Tollmien [3] used this approach to solve 
for the shape of the similarity function, and thus the 
velocity distribution.

The second approach is to solve the integral form 
of the conservation equations. This integral approach re­
quires prior specification of the velocity profile. The 
most frequently used profile is the Gaussian distribution. 
The integral analysis is then used to solve for the jet
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Figure 4. The Zone of Flow Establishment for 
a Simple Momentum Jet
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centerline velocity and jet width.
As with the similarity solution, the integral solution 

requires an appropriate closure assumption that describes 
the turbulent nature of the flow. Two possibilities exist: 
either postulating some geometric relationship (generally 
linear) for the jet spread, or using the continuity equation 
with an appropriate entrainment assumption.

Albertson [4] was one of the first to use the integral 
method to solve for the centerline velocity distribution of 
both axisymmetric and two-dimensional free momentum jets. 
Employing a Gaussian-shaped velocity profile, Albertson 
proposed a linear rate of jet spread as his closure assump­
tion. Theoretical results compared very well with experi­
mental data.

The entrainment concept, first introduced by Morton, 
Taylor and Turner [5] has dominated most theoretical studies 
on thermal discharges. Integral equations for the conser­
vation of mass, momentum and density deficit are formulated 
for instantaneously released or maintained plumes in a 
uniform or stablely stratified ambient. The entrainment 
assumption that the lateral velocity of the entrained mass 
is proportional to the jet centerline velocity is used to 
provide closure of the governing equations. The constant 
of proportionality, or the entrainment coefficient, is 
determined experimentally. For a pure momentum jet or 
buoyant plume the value of the entrainment coefficient can
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be related to the rate of jet spread [6 ]. This provides 
a convenient technique for measuring the entrainment coef­
ficient.

The entrainment method was applied by Fan and Brooks [7] 
and Anwar [8 ] to buoyant discharges in a stagnant infinite 
ambient fluid. Fan and Brooks present working charts for 
both round and two-dimensional outlets. The entrainment 
coefficient was determined from the experimental data of 
Rouse, et al. [9].

One of the most common arguments against the use of 
the entrainment methods in the analysis of buoyant jets is 
that the entrainment coefficient should be a function of 
local buoyancy as well as centerline velocity. To account 
for the effect of buoyancy on the entrainment coefficient, 
the integrated jet kinetic energy equation, or the first 
moment of axial momentum, is used. This equation is con­
structed by multiplying the axial momentum equation by the 
local axial velocity and then integrating across the jet 
width. This approach was first used by Priestly and Ball [10] 
in the analysis of vertically rising plumes. By assuming 
linear jet spread and similarity of the turbulent shear dis­
tribution, the first moment of axial momentum was formulated 
to obtain closure of the governing equations. With the 
additional assumption of equality of temperature and velo­
city profiles, they show that the entrainment coefficient 
for a buoyant jet can be expressed in terms of the local
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Froude number. Fox [11] extended the work of Priestly and 
Ball and treated the problem of a buoyant plume in a stra­
tified fluid. Here, the entrainment coefficient is presented 
in terms of the local Froude number and the turbulent Schmidt 
number. This removes the restriction on the equality of the 
temperature and velocity profiles imposed by Priestly and 
Ball. Hirst [12], using the same method, solved the non­
vertical round jet problem. However, Hirst did not use the 
first moment method in the zone of flow establishment. He 
assumed a form for the entrainment function which is simi­
lar to that derived for the zone of established flow using 
the integrated kinetic energy equation. The corresponding 
problem of a discharge from a two-dimensional slot was 
solved by Jirka and Harleman [13].

Jiji and Hoch [14, 15] applied the first moment method 
in a slightly different manner to solve a variety of free 
jet problems for both the zone of flow establishment and 
the zone of established flow.

B. Two-Dimensional Jet-Boundary Interaction (Offset Jets)

Jet-boundary interaction occurs when a discharge is 
located near a solid boundary. Most previous models on the 
offset jet are limited to the pre-attachment region. In 
general, these models are only able to solve for the point 
of jet re-attachment, and cannot be extended to yield results 
in the subsequent flow regions. However, they do provide
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evidence that the entrainment mechanism of a jet is not 
altered significantly as it interacts with a boundary.

Bourque and Newman [16] were among the first to in­
vestigate the velocity and pressure behavior of a two-dimen­
sional jet in the vicinity of a solid boundary. The problem 
was greatly simplified by assuming that the presence of the 
boundary has little effect on the velocity distribution of 
the jet. Thus, the velocity field is taken from the solu­
tion of the two-dimensional free turbulent jet. This assump­
tion implies a zero pressure gradient along the jet tra­
jectory. This is accomplished by assuming that the radius 
of curvature of the jet centerline and the pressure inside 
the recirculation region are constant.

With the velocity known, the introduction of an addi­
tional equation, or closure assumption, is necessary to 
determine the only remaining unknown: the radius of cur­
vature. This is achieved by applying the horizontal compo­
nent of momentum locally at the point of re-attachment 
while neglecting local pressure variation.

Bourque and Newman applied this solution using the Gort- 
ler velocity distribution [17] for a two-dimensional free 
turbulent jet. This velocity distribution is in terms of 
a constant jet spread parameter. Some adjustment of this 
parameter was necessary to obtain satisfactory comparison 
with experimental data. The value of the jet spread para­
meter differs from its free jet value owing to the reduced
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entrainment on the lower side of the jet.
Though resonable results for the value of the re-attach­

ment point are obtained, the assumption of constant radius 
of curvature and base pressure is not borne out by experi­
mental data (see Figure 5). This model also fails to ac­
count for the rise in pressure and deceleration of the jet 
as it approaches the point of re-attachment.

Figure 5. Approximate Pressure Contours 
Inside the Pre-attachment Region [16]



In a later model, Bourque [18] relaxed the constant 
radius of curvature restriction by assuming a sinusoidal 
shape for the re-attachment streamline, and jet centerline.
He obtained reasonable agreement with experimental data 
using a single fixed value for the spread parameter. Bourque 
points out that this assumption offsets the unrealistic 
model of constant recirculation region pressure. He still, 
however, failed to detail the pressure distribution and re­
late it to the velocity field.

The constant radius of curvature assumption has domi­
nated subsequent jet-boundary interaction models. Sawyer [19] 
using a control volume approach together with the constant 
radius of curvature assumption, obtained a solution for the 
re-attachment point as a function of discharge offset dis­
tance using a single value for the spread parameter. In 
addition, he found that the velocity profiles of the jet 
as it curved towards the boundary exhibited no obvious as- 
symmetry. This observation was in apparent disagreement with 
the arguments put forward by Prandtl [2 0 ], which indicated 
that there should be enhanced entrainment in the outer por­
tion of a curved jet, and reduced mixing in the inner portion, 
due to the influence of centrifugal forces on parcels of 
fluid which transfer momentum from layer to layer. Experi­
ments on the effects of curvature upon wall jets blowing 
around circular cylinders [21] were in agreement with Prandtl1 
momentum-transfer arguments.
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In a later paper, Sawyer [22] resolved this discrepancy 
by postulating that there must be a flow of fluid across the 
jet centerline for the observed symmetry of the velocity 
profiles to be compatible with different entrainment rates 
on the two sides of the jet. A first-order mixing length 
theory was used to show that the effects of different en­
trainment rates on the two sides of the jet does not sub­
stantially alter the velocity profiles from their free jet 
shapes. Therefore, the total entrainment to the jet will 
remain unchanged. This finding has substantial importance 
for any integral solution of the jet-boundary interaction 
problem, in that it enables the use of free jet entrainment 
theory in the solution of the jet-boundary interaction pro­
blem.

In a study related to jet-boundary interaction, Mar- 
sters [23] investigated the interaction of two parallel 
two-dimensional jets issuing into a stagnant surrounding. 
Because of reduced entrainment between the jets, they will 
bend towards each other and eventually merge. The problem 
is unique in that the area between the jets is open, enabl­
ing entrainment of ambient fluid into the low pressure re­
gion. If the jets are far enough apart, the entrainment 
may prevent the jets from merging. Marsters' analysis is 
based on the constant radius of curvature assumption used 
by Bourque and Newman. Although the theory predicts the 
merging of the jets reasonably we.ll, it does not predict
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accurately the secondary flow entrained into the unobstructed 
space between the nozzles.

Bourque and Rougier [24] examined the problem of jet- 
reattachment for a round discharge. They based the solution 
to this problem on the corresponding solution of the two- 
dimensional jet [16]. Comparison between theoretical results 
and experimental data was found to be good over a wide range 
of geometries.

Rajaratman and Subramanya[25] experimentally investi­
gated the velocity and pressure fields of a two-dimensional 
jet initially offset from a parallel bottom surface. In 
particular, attention was focused on the transition of the 
jet from the pre-attachment region to the re-attached wall 
jet region (see Figure 3). Detailed measurements of the 
velocity field, wall pressure and shear stress are presented 
for small values of the offset parameter.

C. Two-Dimensional Wall Jets (Zero Offset)

A special case of the offset jet is the wall jet where 
the discharge is issued along the surface (see Figure 6 ). 
Although considerable research has been done on this problem, 
little attention has been given to the temperature field.

An experimental study of a two-dimensional wall jet 
was undertaken by Forthmann[26]. Using a very wide nozzle, 
he observed that the velocity distribution for a wall jet
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becomes nearly self similar after approximately 25 diameters 
downstream.

Glauert [27] studied both radial and two-dimensional 
wall jets for laminar and turbulent flows. He pointed out 
that the turbulent wall jet has features in common with 
both the free jet and the boundary layer. The spreading 
fluid is retarded by the frictional resistance of the wall 
and the inner part of the flow is expected to show a struc­
tural similarity to a boundary layer, whereas entrainment 
of ambient fluid occurs near the outer edge of the flow. 
Based on this assumption, Glauert divided the flow into two 
regions by introducing an eddy viscosity near the wall con­
sistent with the Blasius l/7th power-law profile, and a 
constant eddy viscosity in the outer portion of the flow.
The division of these two flow layers was assumed to occur 
at the point of maximum velocity. Although complete simi­
larity is not possible, Glauert assumed that variations in 
the Reynolds number within the inner layer are small. These 
two layers were then treated separately and matched at the 
point of maximum velocity. The similarity exponents were 
then determined by comparison with experimental data.

Sigalla [28] measured the skin friction and velocity 
distribution in a plane turbulent wall jet. He demonstrated 
that it is possible to describe the variation of the skin 
friction coefficient using a formula with the same Reynolds 
number dependency as the Blasius empirical formula for pipe



flow. This formula is also used to calculate the skin 
friction for turbulent flow over a flat plate for a wide 
range of Reynolds numbers. Sigalla also measured maximum 
velocities and jet spread for the wall jet. Although the 
jet spread rate is constant downstream of the outlet, the 
value of that constant was found to be lower than that for 
free jets.

Myers, Schauer and Eustis [29] studied the two-dimen­
sional turbulent wall jet in a stationary ambient. An in­
tegral method was used to solve for the maximum velocity 
and jet width. Closure was provided by making use of the 
first moment of momentum equation in the outer layer of 
the wall jet. The shear stress in the outer layer was ob­
tained using Prandtl1s hypothesis. The free jet value of
the empirical constant in Prandtl1s hypothesis, k, was 
used for the outer layer. Experiments were run for values 
of the Reynolds number ranging between 7,000 and 25,000. 
Theoretical results for maximum velocity and jet width com­
pared well with experiment and did not show significant 
Reynolds number dependency. Myers et al. claim that the 
solution for maximum velocity and jet width is also not sen­
sitive to the value of k. This is not the case for free 
jets. It is also surprising that the free jet value of k 
gave good results for the jet width of a wall jet. The 
lower value of the jet spread rate of a wall jet would
imply a lower value of k.



23.

By assuming that the wall jet is a self-preserving 
flow, Schwarz and Cosart [30] were able to show that the 
jet width of the two-dimensional wall jet is a linear func­
tion of the axial distance from the jet outlet. Furthermore, 
the maximum axial velocity decays exponentially over a wide 
range of Reynolds numbers. Experimental measurements of 
jet spread and velocity agree closely with Sigalla's data.
Their measured value of the skin friction showed very little 
dependence on the Reynolds number, but was approximately 
twice the average values measured by Sigalla.

A two-dimensional turbulent wall jet discharging paral­
lel to a free stream was investigated by Kruka and Eskinazi [31]. 
A similarity transformation was introduced for both the inner 
and outer layers of the jet. The width of the inner layer 
was shown to be a linear function of the axial distance, 
and is independent of the free stream to jet velocity ratio.
They demonstrated that the maximum axial velocity decays 
exponentially, however the value of the exponent varies with 
the velocity ratio. The variation of the exponent as well 
as a scaling constant were taken from experimental data. 
Measurements of maximum axial velocity and jet spread for 
low velocity ratios approach the results of previous inves­
tigators for zero free stream. Kruka and Eskinazi also mea­
sured the skin friction for different velocity ratios.
Results for low velocity ratio seem to confirm Sigalla's 
findings for zero free stream.
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Using a velocity distribution that is consistent with 
existing universal turbulent boundary layer and free jet 
profiles, Spalding [32] obtained an expression for the en­
trained mass in a wall jet discharging into a co-axial free 
stream. His results showed the entrained mass for a wall 
jet to be lower that the free jet value. This resulted in 
a lower entrainment coefficient for wall jets. Measure­
ments by Escudier and Nicol [33] confirm his postulation.

Using the results of previous investigators for axial 
velocity decay and jet spread, Rajaratnam [34] obtained a 
value for the entrainment coefficient for wall jets which 
is approximately half the free jet value. This is in agree­
ment with Spalding's findings. Townsend [35] postulated 
that the reduction in entrainment is due to two factors. 
First, the presence of a solid boundary, in contrast to 
a plane of symmetry, would restrict eddies of the outer 
layer to sizes somewhat smaller than those found in a 
free jet of the same width causing a reduction in the dis­
sipation length scale. In addition, a smaller entrainment 
constant would imply a larger effective stain of the tur­
bulence and a somewhat smaller ratio of Reynolds stress to 
the turbulent intensity.

In the only study on heated two-dimensional adiabatic 
wall jets Seban and Back [36] carried out experiments on 
a wall jet discharged below a surface at low values of free 
stream to jet velocity ratio. It should be noted that the
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configuration used in this study differs from a wall jet 
discharged over a surface. Buoyancy action in these two 
arrangements of heated wall jets may differ substantially. 
Seban and Back made velocity measurements and observed a 
correspondence to turbulent wall jets in stationary am­
bients. They point out that Glauert's similarity assump­
tions are still valid in the presence of-a small free 
stream. Based on this assumption, a semi-empirical formula 
is presented for maximum axial velocity which is independent 
of the velocity ratio. By adjusting the eddy diffusivity 
Seban and Back were able to predict temperature profiles 
for an adiabatic wall jet. Their experiments showed that 
temperature profiles are nearly linear throughout the jet 
even in the small region near the wall where the tempera­
ture is constant. They were unable, however, to find this 
region of constant temperature•experimentally. Seban and 
Back did not take into account variations in velocity and 
temperature as a function of the free stream velocity ratio. 
Their predictions for velocity and adiabatic wall tempera­
ture do not agree well with experimental data. Apparently 
the velocity ratio does affect the temperature distribution 
in a wall jet even for small value of the velocity ratio.

D . Related Studies - Three-Dimensional Jets

Although considerable work has been done on free two- 
dimensional and axisymmetric jets, little attention has been



given to discharges from rectangular outlets. This is due 
to the geometrical complexity and possible asymmetry intro­
duced. Furthermore, studies on the problem of three- 
dimensional jet-boundary interaction are extremely limited.

An experimental and theoretical study of the three- 
dimensional flow characteristics of a long slender dis­
charge in the vicinity of a solid boundary was presented 
by Sacks, et al. [37]. Although experiments showed that 
for such discharge configurations, the velocity distribu­
tion in the near field could be approximated by the velocity 
distribution of a two-dimensional free jet, the pre-attach­
ment interaction regions between the jet and the boundary 
exhibit totally different characteristics. For a three- 
dimensional jet, this region was dominated by significant

crossflow from the sides, in contrast to a two-dimensional 
jet where a reverse flow vortex is formed. This entrain­
ment from the sides of the jet inhibits the jet from bend­
ing towards the boundary.

Assuming that the crossflow in the sides of the jet 
due to entrainment is perpendicular to the direction of 
the jet flow, Sacks et al. were able to model the influence 
of the nearby boundary on the jet. A dynamic equation in 
terms of the pressure difference across the jet is used to 
obtain the jet displacement.

The limiting case of a three-dimensional rectangular 
turbulent wall jet (zero offset) was investigated by
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Sforza and Herbst 138]. They experimentally examined the 
velocity field and found it to be characterized by three 
distinct regions of axial velocity decay. The decay rate 
in the near field was found to depend on the aspect ratio, 
whereas far downstream, the velocity decays at the same 
rate as a radial wall jet. For low aspect ratios, decay 
rates seem to be near those of two-dimensional wall jet, 
although some spanwise irregularities were evident in the 
measured velocity profiles.

Another limiting case which is of interest is the free 
rectangular jet (infinite offset). Trentacoste and Sforza [39]. 
carried out an experimental investigation on a rectangular 
three-dimensional free jet. They observed that, unlike 
the axisymmetric jet, the rectangular discharge is character­
ized by three distinct flow field regions: (i) The poten­
tial core zone in which the centerline axial velocity cor­
responds to the jet discharge velocity. (ii) The character­
istic decay zone where the velocity profiles in the plane 
of the minor axis are found to be "similar," whereas 
those in the plane of the major axis are "nonsimilar."
(iii) The axisymmetric decay region, where the velocity 
profile is developed along both axes. The length of both 
the potential core and the distance where the axisymmetric 
decay begins is shown to be dependent on the aspect ratio.
The entrainment rate is shown to vary linearly with axial 
distance. Corresponding data on the temperature field was
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recently obtained by Sforza and Stasi [40].
An experimental investigation of rectangular jets was 

also carried out by Yevdjevich [41], who found that in the 
characteristic decay region, the centerline velocity decays 
at the same rate as a two-dimensional jet, regardless of 
aspect ratio. Therefore, the centerline velocity decay 
of rectangular jets of different aspect ratios was repre­
sented by a single curve throughout tne characteristic 
decay region. According to Yevdjevich, only the length 
of the characteristic decay region, after which axisymmetric 
decay begins, varied with aspect ratio. His recorded values 
of this length were also in disagreement with Trentacoste 
and Sforza.

Sfier [42] measured the mean velocity and temperature 
profiles of non-buoyant rectangular jets having different 
aspect ratios. He observed that the temperature fields 
for rectangular discharges can be divided into three regions 
of temperature decay. This is analogous to what Trenta­
coste and Sforza found for the velocity field. He also 
found that the temperature spread along the major axis was ap­
proximately equal to the velocity spread, up to the point 
where axisymmetric decay begins.

Narian [43] presented a solution for the velocity dis­
tribution of a three-dimensional rectangular jet. He con­
siders the discharge as being made up a distribution of ele­
mental sources of equal strength. The summation of the sources 
gives the three-dimensional velocity distribution. The final



velocity solution is given in terms of a number of empirical 
constants that vary with aspect ratio.

A comprehensive review of both wall jets and three- 
dimensional jets is contained in a recent text by Rajarat- 
man [34].
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Ill. Scope of Work

The survey of previous literature reveals that there 
are several important jet-boundary interaction problems that 
have yet to be studied experimentally or theoretically.
Most studies on wall jets have been limited to the velocity 
field. Some experimental data is available on the tempera­
ture field of a wall jet in a moving ambient (film cooling) 
with an adiabatic wall boundary condition. However, there 
has yet to be a comprehensive study detailing the effects 
of free stream on the temperature distribution of a wall 
jet.

The majority of previous experimental and theoretical 
studies of the two-dimensional offset jet were limited to 
the pre-attachment region and the determination of the 
point of re-attachment. Variation of the pressure inside 
the recirculation region was not taken into account in the 
theoretical models. Instead, the radius of curvature of 
the jet trjectory was assumed constant, thereby yielding 
a uniform base pressure [16, 19, 23], This was coupled 
with the assumption that the jet velocity distribution was 
similar to that of a free jet. These assumptions are not 
borne out by experimental data. To date, no theoretical 
model has predicted the velocity or pressure variation of 
a two-dimensional offset jet.

Only one experimental study [25J considered the velocity 
distribution of an offset jet (for small offset heights).
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This study was also the only one to investigate the transi­
tion from a detached to a re-attached jet. However, there 
is still a need for more experimental data on jet trajectory 
and velocity decay over a wide range of offset heights. 
Furthermore, the effects of free stream on jet characteris­
tics has yet to be studied either experimentally or theore­
tically.

Finally, there has been no work on the temperature 
distribution of a heated two-dimensional offset jet. There 
is a need for both analytical and experimental studies of 
the temperature distribution.

A. Statement of Problem

This study was undertaken as part of a wider research 
project examining the multi-dimensional effects of jet-boundary 
interaction. This investigation will be limited to the pro­
blem of two-dimensional jet-boundary interaction. The re­
search is both experimental and theoretical. Both the velo­
city and temperature field will be considered. The purpose 
of this study is to help fill the gap in present knowledge 
on two-dimensional jet-boundary interaction.

The discharge geometry considered is that of a heated 
two-dimensional (slot) jet whose orientation is horizontal, 
and which is discharging offset from, and parallel to an 
adiabatic boundary. The jet is assumed to be fully turbulent. 
Free stream effects will also be considered. The free stream



Is parallel to the discharge direction. Ambient turbulence 
effects are not considered. The trajectory, dilution and 
spread will be examined for all the flow regions of the 
heated jet.

1. Theoretical Study

The theoretical analysis considers the effect of the
offset parameter and free stream motion on the velocity and
temperature distribution of a two-dimensional discharge 
parallel to a solid boundary. The limiting case of the wall 
jet (zero offset) is also considered.

The analysis is based on the integral formulation of
the basic conservation laws. This approach yields a set 
of governing ordinary differential equations instead of the 
more complicated partial differential equations.

The flow field is divided into three main flow regimes: 
(i) the pre-attachment region, where the jet bends towards 
the boundary due to the reduced pressure below, (ii) the 
impingement region which immediately follows jet attachment 
and where pressures are higher than hydrostatic levels, and 
(iii) the wall jet region where the jet behaves like an or­
dinary wall jet. The integral equations are derived for 
each region. Appropriate velocity and temperature profiles 
are introduced for each flow region.

Due to the turbulent nature of the flow, a closure scheme
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for the governing equations is necessary. Previous studies 
of two-dimensional offset jets [1 9 *2 2 '] have shown that the 
entrainment closure model for free jets can be used for the 
first region of the offset jet. Therefore, in all cases, 
closure will be provided through use of an appropriate en­
trainment assumption.

Unlike previous studies, the present model will not 
assume that the base pressure or jet axis radius of curva­
ture are constant in the pre-attachment region. These will 
be left as dependent variables to be determined by the solu­
tion. Because these variables are left as unknowns, two 
additional conditions are necessary to complete the solution. 
These equations are obtained through an iterative procedure 
by uniquely applying conservation of momentum at the point 
of re-attachment. Wall jet theory is used to determine the 
velocity distribution in the re-attached jet.

Once the velocity field is established, the temperature 
distribution in each region is obtained using the appropriate 
integral energy equation. Both the energy equation and tem­
perature profile in the pre-attachment region are derived 
so as to reflect the higher than ambient temperature inside 
the recirculation region.

Details of the theoretical model are provided in chap­
ters IV and V.
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2. Experimental Study

To aid in the modeling of the various flow regions and 
to provide verification for theoretical solutions, an experi­
mental study of two-dimensional jet-boundary interaction 
was undertaken. Experiments were conducted in a low-speed 
wind tunnel primarily designed for environmental studies. 
Velocity and temperature distributions as well as surface 
pressure measurements were obtained throughout the flow 
field, at various offset heights. Particular emphasis was 
placed upon the temperature field inside the.recirculation 
region. Flow visualization using smoke tracers were also 
studied. Details of the experimental setup are provided 
in chapter VI.
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IV. MATHEMATICAL FORMULATION

In this section we present the integral form of the 
conservation equations for the interaction of a heated jet 
discharging parallel to and offset from a solid boundary.
The limiting case of zero offset, or a wall jet, is con­
sidered first.

A. Two-Dimensional Wall Jet

In a two-dimensional discharge from a slot situated 
along a wall two flow regions exist. The first zone, which 
immediately follows the outlet , is characterized by a core 
region of uniform velocity. In this zone the outer layer 
of the jet mixes with the ambient fluid setting up a free 
jet boundary while a boundary layer is formed in the re­
gion between the core and the wall (see Figure 7). The 
second zone begins at the point where these two mixing 
regions meet. In this zone, which is analogous to the 
zone of established flow for a free jet, the outer region 
has a structural similarity to a two-dimensional free jet, 
whereas the inner region behaves somewhat like a boundary 
layer flow over a flat plate. The velocity and temperature 
profiles differ from one region to another, however the 
basic governing integral equations are the same.

For constant fluid properties, hydrostatic pressure 
distribution and negligible buoyancy effects (see page 154), 
the two-dimensional integral equations are:
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Conservation of Mass:

(1)

wh§re u*is the axial velocity, w* the jet's outer limit, 
dQedx* the volumetric rate of entrained mass, x* and y* the 
axial and normal distances respectively.

Conservation of Momentum:

Conservation of momentum for both the inner layer, 
where the flow behaves like a boundary layer, and the outer 
layer, where the flow behaves like a two-dimensional free 
jet, gives:

where u^ is the maximum axial velocity, u* the free stream 
velocity, & the boundary layer thickness, p  the jet den-

In writing separate momentum equations for the inner 
and outer regions, it is assumed that the shear stress at 
the point of maximum velocity is zero. Although this is

(2 )

and

(3)

sity and the shear stress at the wall.



not precisely the case it should not be critical in an 
integral solution [29].

Conservation of Energy:

The integral form of conservation of energy for a 
wall jet is:

«■* - °  (4>
a

where T* and T* are the jet and ambient temperatures respec­
tively.

Equations (l)-(4) may be non-dimensionalized by intro­
ducing the following non-dimensional quantities:

u - “ ■/«; y * y>d
Um / *

K 3 S/d
* (5)

*

e = 7-1 -rj- w  -

V- V
d, u* and T* are d d the discharge width, velocity and

temperature respectively and uw the free stream to discharge 
velocity ratio. Substituting the above non-dimensional 
quantities into equations (])-(4) the integral conservation 
equations become:
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Conservation of Mass:

nL f  U a/y =s 4J$c

Conservation of Momentum:

and

c

where c_̂  is the skin friction and, is defined as:

-f -

Conservation of Energy:

nr

e

(6)

(7)

(8)

fuedy = o o)



B. Two-Dimensional Jet-Boundary Interaction

The discharge of a two-dimensional jet in the vicinity 
of a boundary is characterized by three distinct flow re­
gions (see Figure 8 ). In the first, or pre-attachment re­
gion, the jet closely resembles a two-dimensional free jet. 
However, because of limited entrainment between the jet and 
the boundary an area of reduced pressure is established.
This causes the jet to bend and eventually impinge onto the 
boundary enclosing a region of separated flow. In the sec­
ond zone, or the impingement region, the wall pressure 
is higher than the hydrostatic pressure causing the fluid 
to accelerate. After a short distance the jet reaches 
hydrostatic pressure and the flow behaves as if it were a 
wall jet. This last region is referred to as the wall jet 
region.

The presence of a free stream, for low values of u ^  ,
should have little direct influence on the pressure distri­
bution in the pre-attachment region. The free stream will 
reduce entrainment into the jet. This will cause the jet 
momentum to be more concentrated thus delaying jet attach­
ment and causing slightly higher wall pressure in the impinge­
ment region.

To adequately model two-dimensional jet-boundary inter­
action consideration must be given to the variation of pres­
sure forces in the pre-attachment and impingement regions.
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Figure 8 . Schematic of Two-Dimensional Jet-Boundary Interaction
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A new approach which adequately accounts for the pressure 
variations is presented. The unique characteristics of each 
of the flow regions necessitate different sets of integral 
conservation equations. We therefore present the derivation 
of the governing equations for each of the flow regions 
individually.

1. Pre-attachment Region

For constant fluid properties and negligible buoyancy 
(see page 154 ) the integral conservation equations written 
in the jet coordinate system shown in Figure 8 are:

Conservation of Mass:

where xj and x^ are the transverse and axial directions re­
spectively.

Conservation of Axial Momentum:

(10)

Conservation of Transverse Momentum:

(12)
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where P is the pressure acting on the integral control volume,

(1 2 ) is the effective pressure gradient normal to the jet 
which causes the jet to bend towards the boundary.

Conservation of Energy:

The conservation of energy equation for the pre-attach­
ment region has to reflect the fact that the temperature 
of the fluid inside the recirculation region is greater than 
that of the ambient. Although this temperature is unknown, 
efficient mixing inside the recirculation region allows us 
to assume it to be constant. This assumption will be veri­
fied experimentally (see page 130 ). Conservation of energy 
applied to a control volume bounded on one side by the 
ambient temperature T* and the other side by T*, the tern-CO R
perature inside the recirculation region, gives (see Figure 9):

*the effective base pressure bordering the jet and r the 
local radius of curvature. in the transverse equation

(13)

or:

o
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Figure 9. Conservation of Energy on an Integral 
Control Volume in the Pre-attachment Region



Introducing the non-dimensional variables in equation (5), 
the governing integral equations in the pre-attachment region 
become:

Conservation of Mass:

d  f l L
c/%. J  ' d %3

Conservation of Axial Momentum:

~hJ

Conservation of Transverse Momentum:

L J i f d * ,  - - Pk (x3)
r - „

Conservation of Energy:

£  f u o d x ,  - i  f t i * ,  dx, = o

(15)

(16)

(17)

(18)



where:

"fit
7 Z f

and

Equations (15)-(18) represent the governing integral 
equations for the pre-attachment region. An additional re­
lationship is necessary to fix the extent of the pre-attach­
ment region. Assuming that there exists a re-attachment 
(dividing) streamline extending from the edge of the dis­
charge to the point of re-attachment across which there is 
no mass flow, all the mass entrained in the inner part of 
the jet will eventually be returned to the recirculation 
region at jet impingement. The equation for this dividing 
streamline is therefore given by:

where b is the distance from the jet axis to the dividing R

0

J *  LL <Lx, - 2
- 4* (19)
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streamline. The pre-attachment region ends as the dividing 
streamline intersects the boundary (see Appendix A).

2. Impingement Region

This region begins at the point of re-attachment. We 
assume, that the jet has completely bent and is parallel 
to the boundary. The high pressure associated with jet im­
pingement causes a slight acceleration of the jet. Other­
wise, there is little difference in comparison to the behavior 
of a wall jet. The wall jet momentum equations must be modi­
fied to account for the excess pressure in this region. 
Equations (7)and(8 ) may be rewritten as follows:

Conservation of Axial Momentum:
Inner Region:

Outer Region:
W f

The integral form of conservation of mass and energy are 
the same as for a wall jet, and are given by equations (6) 
and (9).
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3. Wall Jet Region

This region begins once the jet pressure drops to hydro­
static level. Equations (6 )-(9) which govern a wall jet, are 
used to predict the velocity and temperature distributions 
in this region.
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V. Solutions

In this chapter the governing integral equations for 
the wall jet and jet-boundary interaction problems are 
solved. To complete the integral solution, appropriate • 
velocity and temperature profiles, boundary conditions and 
closure assumptions are made, and outlined for the various 
flow regimes under consideration.

A. Wall Jet

1. Assumed Profiles: Zone of Established Flow

To evaluate the integrals in equations (6 ) - (9), 
velocity and temperature profiles must be introduced. For 
the inner layer, which resembles boundary layer flow over 
a flat plate, a l/7th power law applies, therefore:

In the outer region where the flow is similar in nature to 
a free jet, we will assume a Gaussian-shaped velocity profile:

where b is a measure of the jet spread.
For an adiabatic boundary condition at the wall, our 

experimental results (see Chapter VII) reveal that the tem­
perature profile of a wall jet can be represented by a

J (22a)

*  3 UJ  e  * U V ,



Gaussian profile of the following form:

e = eM e- C % r ) y > o (23)t

where €^,is the maximum axial temperature, and bj a measure 
of the thermal spread of the jet.

We should point out that equation (23) does not agree 
with the results of Seban and Back (46), who concluded that 
the temperature profile was linear in shape. This, however, 
does not satisfy the adiabatic wall condition, whereas a 
Gaussian profile would.

For two-dimensional free jets, the thermal half-width 
is related to the jet half-width as follows:

of the turbulent Schmidt number vary from 1.12 to 1.41 [44, 4 
In terms of spread parameters equation (24) can be rewritten 
for a wall jet as follows:

(24)

where A is the turbulent Schmidt number. Reported values

bT s A {s + .*33 b) /. 933 (25)

where ( $  + .833 b) represent the velocity half-width y^/2* 
The temperature profile can then be rewritten as;

e = e„ e (26)
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2. Evaluation of Integrals

Using the assumed profiles (22) and (23), integrating 
all Gaussian integrals to infinity, and setting w= fl b + S , 
equations (6) - (9) become:

Conservation of Mass:
Jt,

(27)

Conservation of Momentum:

1~ ul i£ -02. u„s4̂~' = —  ul7 X  d x  d x  Z  *  (28)

and:

[ M  £ g u ~‘~ ua, ] j z

(29)

Conservation of Energy:

Equation (9) can first be integrated with respect to x, 

yielding:

ti 0  d y  = constant (30)



The constant of integration is obtained by evaluating the 
above integral at the discharge, where:

Li - e - 1  , o ± y
Using the above boundary condition, we obtain:

&J U  & d y  = X
o

Substituting velocity and temperature profiles into the 
above we obtain:

The three simultaneous equations (27) - (29) governing
the velocity distribution have three dependent variables B,
b, and u^. However, they cannot be solved until appropriate
assumptions describing the rate of entrainment, dQg/dx, and
the skin friction, c^, are introduced. In addition, boundary
conditions on b and u must also be specified.m

3. Entrainment Assumption

In order to obtain closure of the governing equations, 
an entrainment assumption will be used to describe Qe> For 
two-dimensional free jets Morton, et al.,£ 5 J introduced the 
following hypothesis:
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d & e s  X OL ltc 
J  %

where the entrainment coefficient oC is determined empiri­
cally and is equal to .069 for two-dimensional free jets, 
and uc refers to the centerline velocity. For a wall jet 
this is rewritten as:

d  -  oL U  **
X

where the maximum velocity u^ replaces the centerline velocity 
u^ of the free jet. Based on an average of most existing 
data for the wall jet spread and velocity decay rates, Rajarat- 
man [19] found the value of OC to be .035. For a co-axial 
wall jet, the above equation can be modified to:

c / Q z  -  o c  (  - U, )
~ r z  ~  < (32)
a  X

4 . Skin Friction

The skin friction, c^, in equation (28) can be deter­
mined using the Blasius law, which calculates the skin fric­
tion for turbulent flow through pipes and over flat plates.
For boundary layer flow over a flat plate the Blasius law 
gives [46]:
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< V H

%
Cj. *  0 .0 y r  / ■—  1 «3)

where is the free stream velocity, 2/ the kinematic vis­
cosity and 5 *  the boundary layer thickness. By substituting 
the dimensional maximum velocity u* for the free stream velo­
city, and redefining $  * as the thickness of the inner layer, 
equation (33) can be rewritten for a wall jet as follows:

Cy js 0 . 0 * S'

C = 7 » )

Sigalla's [32] measurements showed that the constant 0.045 
should be adjusted upwards for a wall jet. He determined 
that:

e'  • (  s t f ) *

In terms of non-dimensional quantities equation (34) can 
be rewitten as:

-Vy
Cy = o.o s' & ( Re.j S J (35)

where Re^ is the discharge Reynolds number and is defined as:

= u j  d
I S
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5. Boundary Conditions: Zone of Flow Establishment

The system of equations (27) - (29) can now be solved
for u (x), b(x), S (x), 0_(x), given their appropriate m 111
boundary conditions. These boundary conditions, bD , u ^  

and S Q are obtained from the solution of the zone of 
flow establishment.

The flow in the zone of flow establishment is character­
ized by a potential core of constant velocity, whose width 
decreases downstream of the discharge. This is due to the 
increasing width of the boundary layer near the wall, and 
the turbulent mixing, or free jet boundary, in the outer 
layer of the jet. The zone of flow establishment ends when 
the boundary layer and the free jet boundary meet (see 
Figure 7). Further turbulent mixing causes the maximum 
axial velocity to decay.

The governing integral conservation equations (6) - (8 ) 
are still valid for the zone of flow establishment. However, 
they can be simplified, since the maximum, axial velocity, um , 
is constant in this region. Integrating equations (6 ) -(9) 
along x between the discharge and the end of the zone of
flow establishment, x = x , and setting u = 1 , we obtain:° m

Conservation of Mass:

UfJ a C%9) c/y - oc (/- uv) x0 + X (36)
o



Conservation of Momentum:

Inner layer:

(37)
o o

Outer layer:
S

('-uj * f  f a J y  (38)

where the rate of entrainment is determined using equation (32)
with u = 1 ,  and the skin friction c is given by equation (35). m f
It should be noted that the value of the entrainment coeffi­
cient H  is different in the zone of flow establishment.

The integrals in equations (36) - (38) are evaluated 
at x = xQ , where the width of the potential core is zero. 
Substituting velocity profile (22) into equations (36) - (38), 
we obtain:

X. ♦ bft.) -i.

(40)
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and

.  -'/*■ V r
« (*•) - o . q y z .  ( % * d ) X *  (4i)

Equations (39) - (41) give the three necessary boundary 
conditions b(xQ ), $  (xQ ) and xQ .

6 . Numerical Solution

The system of equations (27) - (29) are solved numeri­
cally for um (x)/ b(x) and $ (x). A Runga-Kutta procedure 
is programmed to carry out step-wise integration for each 
of these unknown variables. The maximum temperature can 
be determined from equation (31) at any axial distance x,
once the local values of u , S and b are determined. Them
integrals in equation (31) are evaluated numerically using 
the Adaptive Simpson Quadrature Method.

B. Jet-Boundary Interaction

1. Pre-attachment Region - Velocity Distribution

Equations (15) - (18) represent the conservation equa­
tions for the pre-attachment region of a jet discharging 
offset from and parallel to a solid boundary. In order 
to evaluate the integral equations it is necessary to intro­
duce appropriate velocity and temperature profiles.



a. Velocity Profiles

For a stationary ambient, since the velocity inside 
the recirculation region is very small, we will follow pre­
vious studies in assuming that the bending of the jet does 
not influence the shape of the velocity profile. Therefore, 
the velocity profile is given by:

For small values of free stream, we will assume the velocity 
inside the recirculation region to be very small. Therefore, 
in the presence of free stream, the velocity profile is given

Hot wire anemometer measurements inside the recirculation 
region generally confirm this assumption (see Chapter VII).

b . Evaluation of Integrals

Substituting velocity profiles (43) into the integral 
equations for the pre-attachment region (15) - (17) , inte­
grating all Gaussian integrals to infinity, and setting

u  *  e
(42)

b y:

* 1 cum -uv )e * f * , > o (43a)

I L = U m C
J

(43b)
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w = n  b , we obtain:

Conservation of Mass:

Conservation of Axial Momentum:

-H/
Conservation of Transverse Momentum:

P A =  f  7 - [ < *  *  */r v a~-MJ  * | _ « C /

(45)

(46)

(47)

c. Entrainment Assumption

Sawyer [22] showed that a jet discharging offset to a 
parallel plate does not maintain an even spread due to the
different rate of entrainment on either side of the jet.
However, this small difference does not affect overall 
entrainment rates. We will therefore assume that the en­
trainment rate in the pre-attachment region is similar in
nature to that of the free jet, or:

d % 3



This is in accordance with our assumed velocity profile.
In the presence of free stream, the entrainment rate must 
be adjusted for the outer portion of the jet where free 
stream effects occur. Therefore:

= 0 O L(U ^-ll ) {49)

The value of the entrainment coefficient is expected to 
lie between the two limiting cases of the free jet and the 
wall jet. For a two-dimensional free jet, the value of the 
entrainment coefficient is approximately .036 in the zone of 
flow establishment (based on Albertson's [4] data), and .069 
in the zone of established flow. The value of C(. for a wall 
jet is approximately .031 in the zone of flow establishment, 
and .035 in the zone of established flow. Therefore, the value 
of in the pre-attachment region will most likely vary
between these two extremes, depending on the initial offset 
height.

The solution should not be too sensitive to the value 
of CC , since pressure effects are predominant in this region, 
especially prior to jet impingement. It therefore seems 
reasonable to use an average of the two limiting values of 
OC for the pre-attachment region. Therefore, OC is set 
at 0.033 and 0.052 for the zone of flow establishment and the 
zone of established flow respectively.



d. Pressure Variation
Two different pressure terms appear in equations (45) - 

(47) : the base pressure P^, which represents the pressure 
difference normal to the jet axis, and dP/dx3 , the axial pres­
sure gradient. Based on an analysis of pressure contours 
within the pre-attachment region (see Figure 5), it seems 
reasonable to assume that P varies linearly across the jet, so:

P(x-i) = t  <50)

Where P is the average pressure inside the jet and is a 
function of x^. The axial pressure gradient can then be eva­
luated in a numerical step-wise solution, using previous values of Pj-,

e. Closure of the Governing Equations

Even after making appropriate assumptions to evaluate
dQe
d%3 and dx^, we are still left with a system of three equa­
tions, (4 5) - (47), and four unknowns: u ,b,r, and P. Inm
order to obtain closure of the governing equations without 
introducing any additional empirical data, we will indepen­
dently solve for the approximate jet trajectory. This will 
in effect give us the value of the radius of curvature, 
leaving only three unknowns: u^, b and P.

We begin by postulating an arbitrary polynomial shape 
for the jet trajectory. Using a fifth order polynomial for 
the assumed jet trajectory, we have:
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y -  da * + *4i %* (51)

where x and y are the Cartesian coordinates, and a^ through
a_ are constants to be determined from boundary conditions.5
This is the minimum order polynomial that can be expected 
to adequately represent the axis trajectory.

At the discharge, assuming the jet axis is horizontal 
and higher order derivatives are zero (i.e. P(0)=0), we have:

O y -  * v2

* % £ 2  = d lx  = o
Jx* dx*

It should be noted that for small offset heights (h<2), 
the higher order derivatives may not be zero.

Substituting these four boundary conditions into equa­
tion (51), we obtain:

/ =  ( A *  & )  (52)

Two more boundary conditions, which describe the effect of 
the boundary on the jet trajectory, are still necessary.

The remaining boundary conditions are obtained by 
applying horizontal and vertical momentum principles at 
re-attachment. Bourque and Newman (15) applied the hori­
zontal momentum principle locally at the point of re-attachment.
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Following their method, which neglects local pressure varia­
tion, we have:

Q X f  Y  J J x ,  ~  (53)

where Y  is the angle at which the dividing streamline hits
the boundary (see Figure 10), Ja the momentum that proceeds 
downstream along the wall, and the momentum of the jet 
below the dividing streamline returned into the recirculation 
region.

Basically, this equation balances the momentum that 
continues downstream with that which is reversed into the 
recirculation region. Assuming that at the re-attachment 
point the jet flow divides in such a way that the momentum 
of the initial reversed flow and flow downstream are similar
to the parts of the jet profile (4 3) above and below the
dividing streamline, we have:

Hf

S  J ' lC  c / % /

and

*  ' h ' M
'A/

where bR , the position of the dividing streamline is given 
by equation (19) . Although a Gaussian profile may not ac­
curately represent the velocity at the point of re-attach-
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Figure 10. Horizontal Momentum Condition



ment its use in equation (5*0 is reasonable as far as the 
overall volume and momentum are concerned.

Although this last assumption may be inaccurate it 
should not have much of an effect on the final shape of the 
assumed trajectory profile (see Appendix C). Using 
equation (43) and integrating equation (53) is rewritten 
as:

The only additional unknown introduced here is the angle 
which is the angle the dividing streamline makes with the 
boundary and can be determined knowing the position of the 
dividing, streamline (see Appendix A) .

The final boundary condition can be obtained by applying 
conservation of momentum in the vertical direction for a 
control volume enclosing the portion of the jet that continues 
downstream following re-attachment. The vertical component 
of the momentum above the dividing streamline just prior to 
re-attachment, J , must be balanced by the pressure force 
necessary to move this portion of the jet away from the wall. 
With reference to Figure 11, we can write the vertical momen­
tum equation as:

(56)



control volume 
boundary
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Figure 11. Vertical Momentum Condition
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where F is the total pressure force along the boundary, w
Fp the pressure force acting on the control volume surface 
normal to the impinging jet, and 0  the local angle of inclina­
tion of the jet axis, given by:

J_ and F are functions of tne velocity and pressure at c P
the point of re-attachment, while F is determined from 
the pressure distribution in the impingement region (see 
Section 3). Using equations (43) and (54), we have:

and is evaluated at the point of re-attachment.
Although equations (55) and (57) represent two indepen­

dent boundary conditions that should be sufficient for solv­
ing for the remaining constants in the trajectory profile, 
they cannot be directly applied. This is because the condi­
tions are on the dependent variables ujn, b and P rather than 
the independent variables x and y. Equations (55) and (57)

The value of J is determined using equation (54). Both c

(57)

where F is given by: P
hf

(58)
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cannot be evaluated until equations (45) - (47) are solved

integrated until we have described the shape of the trajec­
tory.

In order to resolve this dilemma, we introduce two 
substitute boundary conditions on the independent variables 
x and y. These boundary conditions amount to little more 
than a guess on the trajectory shape, to be verified using 
equations (55) and (57). This guess makes use of the fact 
that there is an inflection point in the trajectory up­
stream of re-attachment. At the point of inflection, the 
following conditions apply:

point.
Substituting these conditions into equation (52), we obtain:

for um b and P, while this system of equations cannot be

y-yi (59a)

and

(59b)

where x. and y. refer to the coordinates of the inflectioni l

y
y - ~ !/sr(X/K)J (60)



With suitable values of x^ and y\, the radius of curvature 
of the jet axis can be determined from [47]:

[ • » ( % 4 J
V x

f  -  ± --------------    (61)

where the derivatives ay/dx and d2y/dx2 are obtained using
equation (60).

For a given value of x^ and y^ the radius of curvature
is determined and we are left with only three unknowns: um ,
b and T?, and three equations, (45) - (47) . This system of
simultaneous equations can then be solved for the velocity
and pressure field in the pre-attachment region. After
the solution =is completed, we check to see if conditions
(55) and (57) are satisfied. If not, we alter the values
of either x, and y. until both conditions are met. This l J x
iterative procedure is carried out by first fixing x^ and
determining the' value of y that satisfies condition (55).i
Condition (57) is then applied to determine the correct
value of x ..x

f. Boundary Conditions: Zone of Flow Establishment

The solution for the two-dimensional jet boundary inter­
action problem in the pre-attachment region is not complete 
until adequate boundary conditions for u , b and P are
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specified. These boundary conditions are obtained from the 
solution of the zone of flow establishment in which a transi­
tion of the relatively uniform discharge conditions to a 
Gaussian distribution takes place.

Only the boundary conditions at the start of the zone of 
established flow are needed. Therefore, we can integrate the 
continuity and momentum equations (15) - (16) between x^=0 
and xQ , using entrainment relationship (49), noting that 
um = 1 and assuming 0 at the discharge. Equations (45) -
(4 7) become:

Conservation of Mass:

Using equations (47) and (50), the pressure integral in 
equation (63) can be related to the radius of curvature. 
Therefore:

(62)

Conservation of Axial Momentum:

J,ux(x»)Jx, -  U  [ « ( * ■ -  u „ )  V . J  +Jrdv, =  1  (63)
-I.M

(64)



where the radius of curvature is evaluated using equation (61). 
Integrating equations (62) and (6 3), and using equation (64), 
we obtain:

6(z0) =
r  [ + * u a> i £ ]

0-û )zo~] (65)

and:

ZVU-M^ )
(66)

A numerical solution of equations (65) and (6 6) will give the 
values of b(xG ) and xQ for a given jet trajectory and radius of 
of curvature.

2. Pre-attachment Region - Temperature Distribution

The conservation of energy equation (18) can be integrated 
along the jet axis x^ , yielding:

The constant of integration is evaluated by applying equation

(67)

(67) at the discharge (x =0), where both u and 0 are equal 
to unity.
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Substituting these conditions into equation (67) , we have:

kf °

J il ddz, - f u .  eRdxt - X - <68>
- M

a. Temperature Profile

The temperature profile of a two-dimensional jet dis­
charging near a boundary will differ significantly from 
that of a heated free jet. This is due to the temperature 
inside the recirculation region, 0 , which is above am-R
bient levels. Assuming the temperature inside the recir­
culation region is constant, the temperature profile for 
the pre-attachment region may be given as :

(69)

where 0m is the temperature along the jet axis. Note that 
0m is not necessarily the maximum axial temperature. When
0 becomes less than 0 , the maximum axial temperaturem R
will occur within the recirculation region, and not along 
the jet axis.
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Introducing profiles (4 3) and (69) into equation (6 8), 
and integrating, we obtain:

-

where

A F E S ' \Ji+ y
b. Recirculation Temperature, 8

The value of , though constant, still has not beenK
determined. Because the recirculation region is well mixed 
and uniform, its temperature can be approximated by the 
value of the maximum temperature near the point of re­
attachment, where the fluid is returned into the recircu­
lation region.

Assuming that the jet begins to divide at the axis 
inflection point (x  ̂ , y ^ ), we have:

(70)

(71)

=     (72)
t o y  A -w„]* « « y y j  ♦ V  *1



where u (x.) and b (x) are the values of u_ and b at them  i 1 m
inflection point.

3. Impingement Region

This region is characterized by its excess pressure. 
Except for this, the impingement region resembles a wall 
jet. Therefore, the velocity profile is given by equation 
(22). Introducing equation (22) into the conservation of 
momentum equations (2 0 ) and (2 1 ) for the impingement region, 
we obtain:

Inner layer:

S
(73)

o

Outer layer:

dQewhere ax^ and c^ can be approximated Py their wall jet values.

a. Wall Pressure

The surface pressure variation in the impingement region 
is shown for h=5.7 in Figure 12. The pressure at the beginning
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Figure 12. Experimental Wall Pressure in the 
Impingement Region of an Offset Jet
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of the region, is maximum and then eventually drops down to
ambient levels. If P is the wall pressure in this region,w
we could write:

P„ = hj X-ZA)  (75)

where P is the maximum wall pressure, h the offset height m
and Re^ the discharge Reynolds number and x^ is the value 
of x at jet re-attachment.

For turbulent jets, we do not expect any significant 
variation in flow properties with Reynolds number; there­
fore, we have:

P„ - -f (p~, h. i *-xA)
or normalizing the above, we have:

r /  (Aj X-X4)
r#i

This is analogous to the case of free impinging jets 
onto solid surfaces, where it has been found 148-50] that:

Where H is the distance from the jet discharge to the boundary 
(see Figure 13), X is the distance along the surface measured
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Figure 13. Schematic of a Plane Impinging Jet
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from the stagnation point, and is an empirical constant. 
This constant is, in effect, a pressure spread parameter, 
which is independent of H.

The value of was found to be 38.5 for two-dimensional 
jets [48]. Figure 14 compares the pressure distribution 
along the wall for an offset jet in the impingement region, 
and an impinging jet, where bpjy2 ;*‘s distance along 
the surface where the pressure is half the stagnation pres­
sure. It is apparent that the pressure distribution for 
these two cases are similar in nature. Therefore we will 
assume:

- f firM*
Pm . p J (76)

The value of £  is determined by comparison to experimental 
data. Taking the derivative of equation (76), we obtain:

&  (z-xA) e J (77)
d% 4

Assuming the pressure varies linearly across the jet, 
the pressure terms in equations (73) and (74) become:

S H dr *  rfx[x- ^ V S) ]

filJv - - 7J dx 1 jx L E* *rJ
(78)
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Figure 14. Comparison of Wall Pressure Profiles 
of Impinging and Offset Jets



Having determined the wall pressure profile in the 
impingement region we can also evaluate F^ in equation (57). 
The wall pressure force, F , is given by:

/> = f  <79>
*4

or using equation (76) we have:

b. Boundary Conditions

The boundary conditions for the impingement region
are obtained by matching with the pre-attachment region
at the point of re-attachment. The values of u and bm
are taken directly from the velocity profile just prior 
to the point of impingement, whereas S is set equal to 
the distance between the boundary and the jet axis.

4. Impingement Region: Temperature Distribution

As with the velocity distribution, the temperature 
distribution is expected to be similar in nature to the 
wall jet. The excess pressure does not affect the conser­
vation of energy equation or the temperature profile. The



value of © in the impingement region is therefore obtained m
from equations (26) and (30).

5. Wall Jet Region

Two-dimensional wall jet theory can be used to describe
the jet behavior in this region. As x becomes sufficiently 

dPl a r g e , i n  equations (6 8) and (69) becomes zerc, and the 
governing equations become exactly identical to the wall jet 
equations. The solution to these equations has already been 
described in Section A.

6 . Numerical Solution

The equations governing the jet-boundary solution are 
sclved numerically for each of the regions. Figure 15 shows 
a schematic flow diagram of the computer program. The only 
input to the program is the offset parameter h plus a suit­
able guess for x^ and y^. If h=0, the program gives the 
wall jet solution outlined in Section A. Otherwise, it first 
calculates the jet trajectory based on the initial guess 
of x^ and y^, and then calculates the appropriate zone of 
flow establishment boundary conditions. Equations (4 5) to
(47) are then solved numerically for u , b and 1? untilm
the jet attaches (see section B, part 1 ). Once the jet
hits the boundary, the program checks to see if the re­
attachment boundary conditions (56) and (58) are satisfied.
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If they are not satisfied, the program chooses a new value 
foe either x^ and y^, depending on which condition the pro­
gram is iterating. This procedure continues until both 
equations (53) and (56) are satisfied. Once the velocity 
field is known, equation (65) is used to solve for the 
temperature along the jet axis.

Using the values of b, um and S from the pre-attach­
ment solution as boundary conditions, the program then 
solves equations (23), (73), (7^)and (30) for um , b,£ and ©m 
in the impingement and wall jet regions.
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VI. EXPERIMENTAL SETUP

Experimental investigation of the two-dimensional jet- 
boundary interaction problem was conducted in the low speed 
wind tunnel facility of the Mechanical Engineering Labora­
tory of the City College of New York.

A. Wind Tunnel

The wind tunnel is shown schematically- in Figure 16.
The design is similar to one built by Sexton 151] for Build­
ing Research Station and was used previously by Tandowski [52] 
to model street level pollution due to short stack emissions. 
The tunnel has a test section measuring 42 in. wide by 30 in. 
high by 90 in. long. The working section is enclosed in a 
large pressure tight chamber.

Air flow through the wind tunnel, which simulates free 
stream motion is produced by a 7.5 horsepower centrifugal 
blower which exhausts air from the observation chamber.
The flow is drawn through a bellmouth entry constructed of 
flexible 1/8 " plywood molded over a rib and spar framework.
The smooth curves of the bellmouth accelerate the flow 
smoothly and avoid separation problems associated with sharp 
edged entrances. After passing through a short settling 
length the flow passes through a 3-inch section of honeycomb 
with 1/4-inch cells, wnich breaks up any large scale tur­
bulent eddies and produces unidirectional flow. Immediately
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Figure 16. Schematic Drawing of the Low 
Speed Wind Tunnel



86 o

following the honeycomb there is screening composed of 
Scott Filter Foam sandwiched between wire screens. The 
uniform distribution of flow resistance over the entrance 
area produces a flow with uniform velocity when the chamber 
is evacuated by the blower. The maximum velocity that can 
be obtained under this arrangement with the blower operating 
at full capacity is approximately 13 ft/sec. Any velocity 
below that can be produced by adjusting baffles at the 
blower's exhaust, by adjusting a variable speed belt drive 
on the blower motor, or by the amount of screening across 
the entry.

B. Heated Air Supply

The heated jet supply system, shown in Figure 17, was 
designed to provide a wide range of discharge velocity and 
temperature. A centrifugal blower with a capacity of 70 scfm 
was used to supply air to a 4.5 kw Chromolox electric circu­
lation heater. The air flow rate to the heater was controlled 
by a valve located upstream of the discharge. A calibrated 
venturi-meter was used to measure the flow rate.

The electric heater was equipped with a thermostat for 
maintaining a supply of constant temperature air. Because 
of the long distance between the heater and the tunnel, there 
was considerable heat loss through the pipe. However, this 
length of pipe helped dampen small temperature fluctuations 
not picked up by the thermostat. Maximum temperatures up to
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250°F were maintained to +1°F.

C . Test Section

Observations and measurements on two-dimensional jet- 
boundary interaction were made in the test section shown in 
Figure 18. The free stream velocity through the test sec­
tion was designed to be steady and uniform with recorded 
turbulence intensity levels below .1%. The heated air was 
supplied to the test section through an insulated rectangu­
lar inlet duct which was connected to a horizontally oriented 
rectangular nozzle. Two different nozzles were used, one 
with a nozzle height of 0.26 in. and the other of 0.46 in.
Both had a nozzle width of approximately 4 7/8 in. A cali­
brated venturi-meter was used to calculate the value of the 
flow rate. The discharge jet velocity for these nozzles 
could be varied from approximately 10 to 120 ft/sec, depend­
ing on nozzle height. Discharge Reynolds numbers were well 
within the turbulent range. The Froude number based on noz­
zle height d and the available capacity of the electric 
heater can be varied from approximately 10 to infinity.
Sample discharge velocity and temperature measurements are 
shown in Figure 19.

The offset distance h* between the jet and the bottom 
plate was varied using removable connecting ducts of differ­
ent dimensions (see Figure 20). The offset parameter, h=h*/d , 
was also varied using different nozzle heights d* at a fixed
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û - =90 ft/sec

o\

z (in.) 
0

°—O- o—O -o- 0—0

■ v \

1
0 - 0 - 0^5Cr

/
^  .

1  //
o

u*(0)
Um(0)

.5

1.0

.5
u*(0)/u*n (0)

1.0

Figure 19a. Velocity Profile at Jet Discharge Nozzle



90.

1/4 -

Y (in.) 
1/8

z (m.)

\

\

1
T (0)-l^= 118 F

-r .5

T*(0)-t£  
* *

_ 1.0

.5 1.0
T *(Q)-T*
* * T (0)-^ m "

Figure 19b.Temperature Profile at Jet Discharge Nozzle



91.

d is charge
nozzle

r e m o v a b 1e 
duct

inlet
duct

inlet
pipe

Figure 20. Schematic Drawing of Removable Duct



location h*. This arrangement gave a range of h from zero 
(wall jet) to 13.8.

In order to insure the jet remains two-dimensional, two 
plexiglass plates were placed vertically on each side of 
the jet nozzle, forming a channel with a spacing equal to 
the nozzle width. Each plate is 72 in. long, 20 in. high 
and 3/8 in. thick with a tapered upstream leading edge de­
signed to prevent separation of the free stream. A horizon­
tal plate was inserted at the bottom of the channel with 
which jet interaction took place.

D. Instrumentation

Probes for measuring jet velocity, temperature and pres­
sure were mounted on a uniquely designed three-dimensional 
traversing mechanism [52] . The traversing mechanism con­
sists of a probe carriage mounted on ball bushings which 
ride two horizontal rails, and a feed screw that moves the 
carriage across the working section. The probes were sus­
pended well below the probe carriage so that the flow in 
the vicinity of the probes was not affected by the presence 
of the carriage. The horizontal traversing mechanism was 
mounted on vertical rails and feed screws to the probes 
could be moved to any position on a cross-section plane of 
the test section. The feed screws were turned by Minarik 
variable speed motors and controls.
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To measure mean velocities, a TSI (Thermo-Systems Inc.) 
1050 series constant temperature hot wire anemometer system 
with DISA 55A22 (Danske Instruments Inc.) hot wire probe 
aligned perpendicular to the mean flow direction was used.
The hot wire calibration was done on a TSI model 1125 Cali­
brator which is, in essence, a precision orifice meter where 
the pressure drop across the orifice is related to the velo­
city. The pressure drop was measured using a Furness Con­
trols Ltd. micromonometer capable of measuring down to 0.1 mm. 
of water full scale, with 3% accuracy full scale.

Velocity measurements of heated wall jets were also 
made using a total pressure pitot tube connected to the micro­
monometer at small velocities or a Valadine model 3300 pres­
sure transducer for higher velocities.

Temperature measurements were made using copper-constantan 
thermocouples coupled with either an Omega Engineering Inc. 
electronic ice point, or an Omega Engineering Inc. model 17 5 
Digital Temperature Indicator. Kicimonometer, pressure 
transducer and thermocouple readings were fed into a Hewlett- 
Packard HP 34 8 0 Data Logger (digital voltmeter and recorder) 
for further data reduction. Mean velocities for the heated 
wall jet were computed using the measured dynamic pressure 
and temperature at any given point. Mean velocities measured 
with the hot-wire anemometer or the pitot tube probe were 
found to be nearly identical.

RMS turbulence measurements were made using a DISA 
55D35 RMS meter. The RMS values are read off the face meter
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on the unit. The time constant was chosen such that the 
the meter's needle remained on a fixed position. RMS read­
ings were used to locate the boundary of the recirculation 
region (the dividing streamline) which is characterized by 
the locus of peak RMS values [52].

To determine the pressure distribution at the bottom 
surface, pressure taps were used to obtain measurements with 
the micromonometer. Pressure taps at the step face of off­
set jets were also used to examine streamline separation in 
the recirculation region.

To examine the basic features of the flow field, a 
smoke visualization scheme was used. An opaque white smoke 
is produced by vaporizing light oil [53] in a modified 
Preston-Sweeting type smoke generator [54] . The smoke pro­
duced in this manner differs in density by less than 5% 
from the density of air at the'same temperature [55], This 
means that the smoke follows the streamlines of the flow with­
out appreciable settling over the length of the test section.
A schematic diagram of the smoke generator is shown in Figure 21.

insulation pressure oil in
equalizer

heating
element oil resrvoir

air msmoke out

Figure 21. Schematic Diagram of the Smoke Generator



E. Verification of Experimental Data

To establish confidence in our experimental setup, 
and measuring techniques we compared our own experimental 
results with previously published experimental data for the 
wall jet. Figure 22 shows our experimental results for the 
maximum axial velocity decay of a wall jet at various Rey­
nolds numbers. Also shown are the experimental results of 
Myers et al [29] . The broken line represents an approximate 
average of previous data compiled by Rajaratnam [34]. Agree­
ment with previous experimental data is good. We also see 
that, as expected, variation of axial velocity decay with 
Reynolds number is small. This is because the effect on 
the velocity of the boundary layer is small compared to the 
turbulent mixing in the outer layer.

Figure 23 shows the velocity profile of a wall jet at 
various axial distances. As we can see, the jet profiles 
are nearly similar, and comparison with previous experimen­
tal data [28] is good.



96.

1.0

um K

O Re = 16800
□ Re = 3310
A  Re = 8700
• Ref. 29

 Ref. [34]
average of 
previous data

s --

50 100
x

Figure 22. Experimental Axial Velocity 
Decay for a Plane Wall Jet



97.

1.0
60

x = 80 
Ref. [2 8]

Y,

. 5

0
1.00 . 5

u/u™' m

Figure 23. Experimental Velocity Profile 
for a Plane Wall Jet



VII. Presentation and Discussion of Results

The method of solution outlined in chapters IV and V 
has been used to solve for the velocity and temperature 
field of the two-dimensional jet-boundary interaction pro­
blem. Comparisons are made wherever possible with experi­
mental data, in order to verify the accuracy of our solu­
tion. Additional experimental results that substantiate 
the basic assumptions used in the formulation of our model 
are also presented.

We will begin by examining the heated wall jet, and 
proceed to the more complex case of a jet discharging off­
set from, and parallel to, a solid boundary.

A. Wall Jet

1. Velocity Distribution

Equations (27) - (29) were solved, using boundary con­
ditions (39) - (41) to obtain the solution for the wall jet. 
Figures 24 and 25 show the comparison between theoretical 
predictions and experimental data for the maximum axial velo­
city u and jet half-width y^ at various values of the free m ^
stream velocity ratio. As can be seen, agreement is very 
good.

The value of the entrainment coefficient, <j(. , used was
0.035. This was taken from Rajaratnam [34] and is based on



99.

1.0

.5

Theory Exp — co

.12

0
500 100

Figure 24. Axial Maximum Velocity Decay for a Two- 
Dimensional Wall Jet in a Coaxial Free Stream



Theory

00
.12CO

.2500 =.1;

=.25

0 50 100
x

Figure 25. Jet Half-Width for a Two-Dimensional 
Wall Jet in a Coaxial Free Stream



101.

the average of a number of experimental studies on the wall 
jet. This value was also used in the re-attached portion of 
the jet-boundary interaction problem where the entrainment 
mechanism is identical with that of a wall jet.

In the zone of flow establishment, Rajaratnam found that 
the value of the entrainment coefficient was somewhat lower 
and hence 6C was set at 0.031.

2. Temperature Distribution

The solution for the maximum axial temperature of a wall 
jet is obtained from equation (31), which is in terms of the 
turbulent Schmidt number.

Before fixing the value of the Schmidt number, we must 
ascertain the validity of our assumed Gaussian temperature 
profile. Figure 26, which shows measured temperature pro­
files for a wall jet, demonstrates that the Gaussian shaped 
temperature profile is indeed valid. Previous investigators 
[36] were unable to measure a region of constant temperature 
near the wall, and therefore assumed a linear-shaped tempera­
ture profile.

a. Turbulent Schmidt Humber

Reported values of the turbulent Schmidt number for a 
two-dimensional free jet vary from 1.12 to 1.41 [44,45].
The value should not differ significantly for a wall jet, 
although it is defined differently. Experimental velocity
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and temperature half-widths for a two-dimensional wall jet 
are shown in Figure 27. A least squares fit of both curves 
yields a value of 1.. 15 for the turbulent Schmidt number.

Using this value of the turbulent Schmidt number, Fig­
ure 28 shows the solution of equation (31) for the maximum 
axial temperature at various values of Uj,, . Agreement with 
experimental data is good.

B. Jet Boundary Interaction (Offset Jet)

Theoretical results for velocity, temperature and pres­
sure distributions of the two-dimensional jet boundary inter­
action problem are presented and compared with appropriate 
experimental data. In addition, experimental data is pre­
sented that helps describe the general flow field.

1. Flow Field - Smoke Visualization

The flow pattern of a two-dimensional heated offset jet 
was examined by injecting small quantities of smoke into the 
recirculation region from two ports in the rearward-facing 
step. The smoke was observed to remain trapped under the 
dividing streamline while moving in a vortex-like motion in 
the recircula-tion region. The outline of the dividing stream­
line can be approximated from photographic studies. Figure 
29 shows a typical photograph of the recirculation region.

The location of the dividing streamline can also be 
obtained by taking measurements with an RMS voltmeter. The
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locus of peak RMS values roughly corresponds to the position 
of the dividing streamline. Peak RMS values are superimposed 
on the smoke photograph in Figure 2 9 to demostrate their 
correlation with the dividing streamline. In addition, sur­
face pressure measurements are also shown to illustrate the 
fact that the wall pressure was found to peak near the end of 
the recirculation region where the dividing streamline inter­
sects the surface. Therefore, the beginning of the impinge­
ment region can be characterized by the maximum wall pres­
sure .

Figure 30 shows wall pressure measurements for jet- 
boundary interaction at various offset heights h. The ef­
fect of free stream velocity u on the wall pressure is

CD

illustrated in Figure 31. Apparently, the free stream's 
only effect is to delay jet-attachment and slightly increase 
the maximum value of the wall pressure. Otherwise, the 
pressure distribution appears unchanged. This is in agree­
ment with our model assumption that for small values, the 
free stream will have no other effect than limiting entrain­
ment on the outer portion of the jet, thereby restricting 
the spreading of the jet.

Surface pressure measurements were also obtained along 
the step face of the jet in order to examine the possibility 
of any streamline separation. The pressure on the step was 
found to be uniform.
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The delay in attachment is due to the fact that the jet mo­
mentum is slightly more concentrated. This also causes the 
increase in maximum wall pressure levels.

2. Pressure Spread Parameter

In arriving at our theoretical solution of the velocity 
field, one semi-empirical constant was left undetermined: 
the pressure spread parameter that appears in the im­
pingement region wall pressure profile, equation (76). This 
profile is employed in both the momentum equations of the 
impingement region (73) - (74) and in the vertical momentum 
boundary condition used to determine the jet trajectory in 
the pre-attachment region. Because of the importance of 
this pressure profile in the determination of the velo­
city field, we must' substantiate its validity and show that 
the spread parameter ft is unaffected by variations in either 
offset heights or free stream velocity u^ .

Figure 32 shows the variation of normalized wall pres­
sure in the impingement region for various values of h and 
Uqj . As can be seen, there is good agreement between the 
assumed wall pressure profile and experimental data with 

set equal to 3.4. This appears to be true over a wide 
range of offset heights and free-stream velocity ratios.
The spread in the data at the end of the impingement region 
is most likely due to the extremely small pressures being 
measured in some cases.
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Having thus established the value of the pressure spread 
parameter, we can proceed to apply our theoretical model.
We begin by looking at the pre-attachment region.

3. Pre-attachment Region

a. Jet Trajectory

By allowing the pressure to vary in the pre-attachment 
region, we were not forced to assume a constant jet trajec­
tory radius of curvature. Figure 33 shows the predicted jet 
trajectory for various offset heights and values of 1̂  

compared with experimental data. Agreement is very good.
The fifth order polynomial profile seems to adequately des­
cribe the jet trajectory for this range of h. At high 
values of h, the predicted trajectory does not agree as 
well with experimental data. Figure 34 shows the jet tra­
jectory for h = 13.8. Poor agreement between theory and 
experiment is perhaps due to the fact that a fifth order 
polynomial is of too low an order for large values of h.
The prescribed trajectory, therefore, does not have a high 
enough number of zero derivatives at the discharge and is 
forced to bend down towards the boundary too early. At 
higher values of h, the model could be modified by using a 
higher order polynomial.

Figure 35 shows the variation of the re-attachment length 
xA with offset height and free stream velocity ratio. Here,
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the experimental point of re-attachment is defined as the 
point of maximum wall pressure. Also shown are the experi­
mental data of Bourque and Newman [16] and of Sawyer [19]. 
The lower theoretical prediction may be due to the assumed 
polynomial shape of the trajectory. A higher order polyno­
mial may give better results.

Although the theory does not predict the pressure dis­
tribution inside the recirculation region, it does give the 
solution for the base pressure Pj-j, or the effective pres­
sure difference perpendicular to the jet axis. This varia­
tion is shown in Figure 36 for an offset parameter of 12.5. 
Also shown is the pressure difference across the jet taken 
from Bourque and Newman's [16] approximate pressure con­
tours. Although agreement for the maximum pressure is 
good, the higher negative pressure predicted by the theory 
is due to the fact that the jet attaches too early.

b. Maximum Wall Pressure
Theoretical predictions for the maximum wall pressure, 

or pressure coefficient c , are shown in Figure 37 for 
various values of free stream velocity. This is the pres­
sure that occurs just as the jet impinges onto the wall. 
Sawyer's [19] data for the maximum pressure is also shown. 
Agreement with experimental data is good. It should be 
noted that previous solutions of this type of jet-baun- 
dary interaction problem using a constant radius of curva-
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ture assumption were unable to predict the maximum wall pres­
sure [18, 19, 25].

o. Velocity Profiles

Sample experimental jet velocity profiles in the pre­
attachment region are shown in Figure 38. Figure 39 shows 
similar velocity profiles, at the same value of the offset 
parameter, and with a free stream velocity o f •14-. It is 
apparent that the free stream does not affect the velocity 
distribution in the lower half of the jet.

4. Velocity Distribution

Theoretical predictions of the maximum axial velocity 
as a function of offset parameter are shown in Figure 4 0 
for various offset heights in the absence of free stream. 
Close inspection of this figure reveals a change in slope 
of the velocity decay curve just prior to jet-attachment.
This corresponds to the change in the sign of the pressure 
gradient of dP /dX^ soon after the jet is issued. The 
jet first enters a region of decreasing pressure which 
tends to slow down the velocity decay. For this reason, 
too, the zone of flow establishment is longer than for a 
free jet. However, the base pressure soon begins to in­
crease, causing a more rapid jet deceleration. This can 
be seen more clearly in Figure 41, where the velocity de­
cay and wall pressure distribution are both shown.



Figure 38. Velocity Profiles in the Pre-attachment 
Region of a Two-Dimensional Offset Jet
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Following jet attachment, the maximum axial velocity 
increases until the jet reaches hydrostatic pressure levels. 
Eventually, in the wall jet region, all jets, regardless of 
offset parameter, seem to decay at the same rate.

Figures 4 2 - 4 4  show the variation of maximum axial 
velocity with free stream velocity for offset distances of 
3.0, 5.7 and 8.7. Ambient motion does not greatly affect 
the maximum axial velocity in the pre-attachment and impinge­
ment regions. This is probably because there is only a 
small perturbation in the pressure field for low values of 
the free stream velocity ratio ( uro <  .3), and the jet dy­
namics rather than the turbulent mixing govern the flow in 
these regions.

Comparisons with experimental data of the outer jet 
width for re-attached jets are shown in Figures 45 and 46. 
Agreement between theory and experiment is good. Note the 
decrease is the jet outer boundary in the impingement re­
gion due to the acceleration of the jet.

5. Temperature Field-: Experimental Results

a. Recirculation Temperature

The basic assumption in our derivation of the energy 
equation was that the temperature inside the recirculation 
region is constant. This is due, it was felt, to the effi­
cient mixing in this region. In addition, the recirculation
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temperature was assumed equal to the maximum axial tempera­
ture of the jet at the inflection point in its trajectory. 
Figure 47 shows the temperature distribution in the pre-at­
tachment region of a heated jet discharging into a station­
ary ambient. Figure 47 also shows the temperature distribution 
in the presence of a coaxial free stream. Also shown are 
the experimental jet axis and the approximate position of 
the dividing streamline as measured from peak RMS voltmeter 
readings. Both these figures illustrate the fact that the 
temperature distribution inside the recirculation region is 
uniform and approximately equal to the maximum axial tem­
perature at the trajectory inflection point. This is where 
the fluid begins to return, or turn back, into the recircu­
lation region.

b. Turbulent Schmidt Number
The value of the turbulent Schmidt number in the pre­

attachment region- was difficult to obtain experimentally.
This is primarily due to the difficulty in obtaining the 
temperature profile in a plane perpendicular to the jet 
axis. In addition, because of its proximity to the discharge, 
the jet has not yet diffused sufficiently to permit accurate 
measurement of the jet half-width. This is especially true 
on the inner portion of the jet where maximum temperatures 
are almost equal to the recirculation temperature. This is 
illustrated in Figure 48, where sample temperature profiles
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in the vertical plane are shown for h = 5.7. Also note the 
general agreement with our assumed temperature profile.

Figure 4 9 shows a comparison between the velocity and 
temperature half-widths. The ratio of the slopes of the 
two widths is equivalent to the turbulent Schmidt number. 
This value of the turbulent Schmidt number is equal to the 
wall jet value of 1.15. However, unlike the wall jet, where 
both widths start out at the same value, for an offset jet 
the temperature width has a higher value at the beginning 
of the impingement region. This may be due to the fact that 
the value of the turbulent Schmidt number is slightly higher 
in the pre-attachment region. Using the wall jet value of 
A  leads to slightly higher values for the maximum axial 
temperature, Gm .

Eecause of the difficulty of measuring the turbulent 
Schmidt number in the pre-attachment region, the wall jet 
value was used.

c. Maximum Axial Temperature Decay

Theoretical results for the maximum axial decay are 
compared with experimental data for various offset heights 
in Figure 50. Also shown is the maximum axial temperature 
decay for a wall jet. Comparison with experimental data is 
good. The effects of the offset heights are most noticable 
in the pre-attachment region. Eventually, the curves for 
different offset heights coalesce. Figures 51 and 52 illus-
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trate the effects of free stream on the maximum axial tempera­
ture decay. Apparently ©m is not affected by the presence of 
a free stream.

Figure 53 shows the comparison between theory and experi­
ment of the recirculation temperature. Again, agreement is 
good. The experimental values of ©R were obtained by averag­
ing measured values of temperature inside the recirculation 
region.'
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VIII. Summary and Conclusions

The conclusions drawn from our theoretical and experi­
mental studies may be summarized as follows:

A. Two-Dimensional Wall Jet

An integral-type solution, using an entrainment assump­
tion, was employed to yield the velocity and temperature 
distribution of a two-dimensional heated wall jet. Agree­
ment between theory and experiment, in general, is good. 
Experimental and theoretical results reveal that both the 
velocity and temperature distribution are sensitive to the 
free stream ratio, although this sensitivity is more pro­
nounced for the velocity distribution.

Experimental data seems to verify the choice of a Gaus­
sian temperature profile. Based on this assumed temperature 
profile, the value of the turbulent Schmidt number was mea­
sured as approximately 1.15. This value falls inside the 
range of measured values of the turbulent Schmidt number for 
two-dimensional heated free jets.

B . Jet-Boundary Interaction (Offset Jet)

1. Pre-attachment Region - Velocity Field

An integral solution utilizing an entrainment closure 
assumption was used to obtain the solution for the velocity 
and pressure fields of a two-dimensional jet discharging
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offset from a solid-boundary. Besides the inclusion of a 
pressure term in the axial momentum equation, the integral 
conservation of mass and momentum equations, as well as the 
entrainment relationship and the velocity profile were simi­
lar to their free jet counterparts. The value of the en­
trainment coefficient was chosen midway between the limiting 
case of the free jet and wall jet.

The solution is unique in that base pressure as well 
as the local jet-axis radius of curvature were not held 
constant, thereby altering the velocity distribution from 
its free jet value. The addition of these new unknowns re­
quired the introduction of two closure equations in the form 
of two additional momentum relationships.

The horizontal momentum principle, applied locally at 
the point of re-attachment, was previously introduced by 
Bourque and Newman [16]. The vertical momentum principle, 
applied to a control volume enclosing the impingement region, 
is new and required specification of the surface pressure 
inside the impingement region. These relationships could not 
be applied directly in the stepwise numerical procedure be­
cause of their implicit nature, necessitating the use of an 
assumed jet-trajectory profile.

The introduction of ambient motion was accounted for by 
modifying thevelocity profile and entrainment relationship 
so as to account for the near-zero velocity inside the recir­
culation region.



In general, agreement with experimental data was good. 
The model accurately predicted the jet trajectory and axial 
maximum velocity decay for a wide range of offset heights 
and free stream values. Predictions of the maximum wall 
pressure and re-attachment length also compared well with 
experimental data.

Additional conclusions may be stated as follows:
a) Experimental data seems to confirm the choice of 

a Gaussian velocity profile -in the pre-attachment region.
b) The introduction of a polynomial jet trajectory 

coupled with an iterative procedure provided a convenient 
and successful way of satisfying the two implicit momentum 
conditons at the point of re-attachment.

c) The free jet entrainment relationship could be used 
in an integral solution of the pre-attachment region of an 
offset jet. The solution was not sensitive to the value of 
the entrainment coefficient.

d) The theory does not agree as well with experimental 
data at high offset distances (h > 12). This is probably due 
to the choice of a fifth-order polynomial for the jet trajec­
tory profile. It is likely that a higher order polynomial or 
perhaps another functional profile would improve the results 
at higher values of h.

e) The model as derived cannot be applied directly for 
very low offset values (h X  2). This is because jet attach­
ment occurs in the jet's zone of flow establishment. This
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complicates the solution because the velocity profile has not 
had a chance to become fully developed. However, at low off­
set heights, the velocity and temperature distributions do 
not differ significantly from their wall jet values.

f) The introduction of a moving ambient, at low values 
of free stream (u^ -<£• .3), has minor effects on the jet
characteristics in the pre-attachment region. However, the 
effects become more pronounced as the offset height increases.

2. Pre-attachment Region - Temperature Distribution

The jet integral equation was derived for the pre-attach­
ment region of a two-dimensional offset jet. Both the energy 
equation and temperature profile were modified to account for 
the above ambient temperature inside the recirculation region. 
Results for maximum axial temperature decay and recirculation 
region temperature compared very well with experimental data. 
The following additional comments can be made:

a) The assumption of constant temperature inside the 
recirculation region was confirmed by experimental measure­
ments. This temperature was roughly equal to the tempera­
ture of the fluid returned by the jet into the recirculation 
region.

b) Experimental data generally confirmed the form of 
our modified Gaussian temperature profile.

c) Though measurements of the turbulent Schmidt number 
were not made for the offset jet, values of the jet width
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in the re-attached portion of the jet indicate that the value 
may be somewhat higher than that of a wall jet.

d) The temperature inside the recirculation region was 
found to decrease as free stream velocity increased. This is 
due to the fact that ambient motion tends to delay jet attach­
ment.

3. Impingement Region

The wall pressure in the impingement region was found 
to resemble the wall pressure of an impinging jet. This led 
to the introduction of a Gaussian-shaped wall pressure pro­
file. The pressure spread parameter was determined empirically, 
and was found to be independent of either offset height or 
free stream motion.

Except for the pressure term, the integral equations for 
conservation of mass, momentum and energy resemble those of 
a wall jet. Agreement with experimental data in this region 
and the subsequent wall jet region is good.

c . Recommendations for Future Research

The theoretical approach should be adapted to other two- 
dimensional jet-boundary interaction problems. For example, 
the problem of a jet discharging at an arbitrary angle to a 
solid boundary or that of "ventilated" jets where, entrain­
ment of secondary flow between the jet and the boundary is 
possible, might be considered.



In addition, there is the need for a large-scale experi­
mental and theoretical investigation of the more general 
three-dimensional jet-boundary interaction problem. Experi­
mental data will help ascertain the range of applicability 
of the two-dimensional model. Though it is unlikely that 
the model can be directly applied to the far more complex 
three-dimensional jet-boundary problem, its importance as 
a limiting case is significant. The solution demonstrates 
the successful application of an integral-type solution cou­
pled with an entrainment assumption to a jet-boundary inter­
action problem without introducing unrealistic assumptions 
regarding base pressure and velocity decay.
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Appendix A

Determination of the Re-attachment Point

The position of the dividing or re-attaching streamline 
may be obtained at any location inside the pre-attachment 
region employing equation (19). This equation is obtained 
by applying conservation of mass between the jet axis and 
the dividing streamline. Substituting the velocity profile 
for the pre-attachment region (43a) we obtain the following 
implicit solution for b^.

At any point in the pre-attachment region, once we have solved 
for b and um , we can obtain the value of bR .

Application of equation (A-l) near tbe point of re-attach- 
ment, however, may be incorrect. This is because a Gaussian 
velocity profile was used, thus implying a non-zero velocity 
at the point or re-attachment which is in reality a stagna­
tion point. This problem does not occur in the solution of 
the governing integral equations, since only the integrated 
value of mass, momentum and energy are important, and using 
the Gaussian profile is the best means of attaining these 
values for both sides of the dividing streamline. In addi­
tion, because of the small axial distances involved, the

1 (A-l)
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application of the no-slip boundary condition as the jet 
impinges on the boundary is of no great consequence. How­
ever, when solving equation (19) for b at the point of 
re-attachment, because the distance between the jet axis 
and dividing streamline diverge in order to conserve mass 
as a portion of the fluid stagnates, a more relatistic pro­
file must be used.

The stagnation condition can be satisfied by assuming 
a polynomial velocity profile of the following form:

XL * <Za + d,% + ; 0>*4>-i>g (a-2)

The constants can be determined from the following boundary 
conditions:

4liW =. o
d  % i

jo) (A_3)

and

--o



The first three boundary conditions satisfy the Gaus­
sian profile too. Substituting conditions (A-3) into 
(A-2), we obtain:

Substituting equation (A-4) into equation (19), we have:

Equation (A-5) represents the re-attaching condition. When 
the distance between the jet axis and the boundary along the 
x^-axis is equal to this value, we can consider the jet to 
have re-attached (see Figure A-l).

Once the point of re-attachment is known, the re­
attachment angle j' can be approximated by assuming the 
dividing streamline follows a straight line from the jet 
trajectory inflection, where the velocity is still Gaussian 
shaped, and the value of bR is given by equation (A-l) to 
the point of re-attachment which is only slightly downstream.

Figure A-2 shows a comparison between experimental and 
theoretical trajectories and dividing streamlines at h=3 
and 8.7. The experimental dividing streamline is represented 
by maximum RMS readings.

(A-4)

(A-5)
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Appendix B - BUOYANCY EFFECTS

Before attempting to solve a thermal discharge problem, 
it is necessary to determine whether or not buoyancy effects 
will be important. This is especially true for jet-boundary 
interaction, where buoyancy may significantly affect the 
jet trajectory. If buoyancy effects are important, the 
governing integral equations would have to be formulated 
accordingly.

Buoyancy effects are gauged by the densimetric Froude 
number, which is defined by:

If buoyancy does play an important role in two-dimensional 
jet-boundary interaction, one would expect experimental data 
to show significant variation as the Froude number is lowered.

However, due to the two-dimensional behavior of the jet, 
buoyancy effects are expected to be negligible. Previous 
experiments [56] on two-dimensional water jets discharged per­
pendicularly from the bottom of a moving water stream showed 
that the jet trajectory does not change appreciably with dis­
charge temperature. This is due to the fact that in a two- 
dimensional jet, the cold ambient fluid cannot pass around 
the jet and exert a buoyant force on it.

Irr (B-l)
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The same is also true for a two-dimensional offset jet. For 
the jet-boundary interaction problem, as long as the fluid 
maintains its jet structure, buoyancy would not play a major 
role.

Surface pressure measurements at two different Froude 
numbers were compared to illustrate this point. Although 
the pressure values for the low Froude number are not very 
accurate, due to the extremely low velocities and pressures, 
they clearly show that the point of maximum pressure, which 
represents the re-attachment of the jet, is not affected 
by variations in the Froude number.

Once the jet re-attaches, it resembles a wall jet. For 
a wall jet, too, there was no perceptible variation in jet 
behavior over the range of Froude numbers used in our experi­
ment. This is again due to the fact that cooler ambient air 
cannot get around the jet and lift it off the wall. There­
fore, as long as the jet retains its momentum, it will have 
a tendency to hug the boundary. Smoke tracer tests failed 
to indicate any detachment of the jet from the wall for 
fairly low Froude numbers (Fr ^  10).

For extremely low Froude numbers, where the jet poten­
tial energy is the same order of magnitude as the kinetic 
energy, there is a likelihood of buoyancy induced jet in­
stability causing a disintegration of the jet structure.
This case was not considered.

It should be emphasized that for three-dimensional
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jet-boundary interaction, buoyancy will play a more promi­
nent role. This is because the entire entrainment mechanism 
is different. There exists a possibility of entraining 
cooler ambient fluid between the jet and the boundary, which 
will give rise to a buoyancy force on the jet. This, in 
turn, may delay or entirely prevent attachment of the jet 
to the boundary.
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In applying the model for the solution of the 
velocity field in the pre-attachment region of a two- 
dimensional offset jet it became necessary to introduce an 
assumed trajectory profile to provide closure of the govern­
ing equations. Two momentum equations {53) and (58) are introduced 
as boundary conditions to help determine the shape of the 
jet trajectory.

The first of these boundary conditions is an horizontal 
momentum equation applied to a control volume surrounding 
the re-attachment point (see Figure 10). Local pressure 
variations on the control volume surface are neglected. This 
momentum relationship balances the momentum flowing downstream, 
following re-attachment, with the momentum returned into the re­
circulation region. These momenturns are evaluated by assuming 
that the momentum above and below the jet remain the same as the 
jet divides and flows along the wall. This momentum equation was 
taken from Bourque and Newman [16] and adjusted for our model so as 
to account for local variation of jet momentum in the pre-attachment 
region. In Bourque and Newman's model the jet momentum was assumed 
to be constant thereby simplifying this relationship and eliminating 
the need for any additional closure assumptions.

The second boundary condition is obtained by applying 
conservation of vertical momentum on a control volume cover­
ing the impingement region (see Figure 11). This boundary condition 
makes use of the wall pressure distribution in the impingement region.
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Though the vertical momentum boundary condition is 

straightforward and requires only the specification of the 
wall pressure distribution in the impingement region, the 
horizontal momentum relation requires additional implicit 
assumptions regarding the pressure distribution near the point 
of re-attachment and the way the jet divides, which appear 
arbitrary and may be unrealistic. Equation (53) as written 
implies that the net pressure force on the control volume 
boundary is zero. This may be true since there is some symmetry 
in the pressure distribution around the re-attachment point, 
where the pressure is maximum. Figure 29 shows this to be 
true. However, the assumption that the jet divides in such a 
way so that the momentum of the intial reversed flow and the 
flow downstream of re-attachment are similar to themomentum above 
and below the dividing streamline is arbitrary and may be unrealistic 
for large pressure variations in the control volume.

In an effort to measure the effects of this assumption 
on our trajectory profile we will introduce a substitute 
horizontal momentum boundary condition. For the control volume 
shown in Figure C-l, neglecting frictional effects, conservation 
of horizontal momentum gives:

(C-l)
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Figure C-l. Horizontal Momentum Condition

F.r. w.

Figure 0-2. Conservation of Horizontal Momentum for 
a Control Volume Covering the Pre-attachment Region.



161.

where is the momentum at the jet discharge and l a equal 
to unity, F is the pressure force on the rearward3T • W •

the impingement region, where the pressure is at hydrostatic
levels. This equation alone cannot be used as a boundary
condition since F_ . is unknown. We solve for F„ „ byr.w. r.w.
applying conservation of horizontal momentum on the control 
volume shown in Figure C-2:

Equations (C-l) and (C-2) are used together as an imp­
licit boundary condition in place of equation (54). Except 
that now the iterative procedure has to be extended to the 
impingement region. Unlike equation (54) these substitute 
equations can only be readily applied to the case of zero 
free stream.

Substitution of equations (C-l) and (C-2) into our 
numerical program for offset heights of h=3, 5.7 and 8.7 
did not show any significant variation in results (see Table C-l). 
The solution of equations (C-l) and (C-2) for P , the3T * W •
pressure on the rearward facing step, are compared with 
experimental data for h=5.7 in Figure C-3, where:

facing step and J . is the jet momentum at the end ofW.J.

(C-2)

(C-3)
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Equation (53) 

Equation (C-3)

Figure C-4. Comparison of Jet Trajectories
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Comparison with experimental data is very good.

By obtaining similar results with the substitute 
horizontal boundary condition we have demonstrated that 
application of equations (53) and (54), though approximate and 
to some extent arbitrary, still results in an accurate jet 
trajectory. This is probably true since any approximations in 
the boundary conditions will cause only a slight variation in 
the trajectory. This is usually the case with most integral 
method solutions.
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NOMENCLATURE

jet trajectory profile constants

dimensionless measure of jet spread
pressure profile half-width, see Figure 13
dimensionless measure of thermal jet spread
dimensionless distance from the dividing 
streamline to jet axis
specific heat
skin friction coefficient,

p * _ p *pressure coefficient ,
Hfua*2

discharge width
pressure force on control volume shown in 
Figure 11
pressure force on wall in Impingement Region
pressure force on the rearward facing step, 
see Figure C-l
Densimetric Froude Number, defined in Equa­
tion (B-l)
gravitational force
dimensionless offset height
distance from the jet to boundary in an im­
pinging jet, see Figure 13
jet momentum at re-attachment 
downstream jet momentum at re-attachment 
reversed jet momentum at re—attachment 
jet momentum above dividing streamline

wall jet momentum, see Figure C-l 
dimensionless pressure 
dimensionless base pressure 
dimensionless maximum wall pressure



dimensionless volumetric mass entrained 
dimensionless radius of curvature 
Reynolds number, 
temperature
dimensional recirculation temperature 
dimensional ambient temperature 
dimensionless axial velocity 
centerline velocity of a free jet 
dimensionless maximum axial velocity 
dimensionless free stream velocity 
free stream velocity in boundary layer flow 
dimensionless jet width
horizontal coordinate of an impinging jet 
shown in Figure 13
dimensionless horizontal cartesian coordi­
nate, see Figures 7 and 8
reattachment point, see Figure 8
dimensionless jet coordinates in pre-attach 
ment region, see Figure 8
dimensionless vertical cartesian coordinate 
see Figures 7 and 8
jet half-width, value of y at which
U-UX3

u m - u  =  ^m oo
entrainment coefficient
pressure spread parameter
angle at which the dividing streamline 
intersects the solid boundary
dimensionless thickness of inner layer for 
a wall jet
dimensionless temperature
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A
A
v
0

T *

Superscripts
*

Subscripts
1/2

d
m
o
R
T

CO

dimensionless maximum temperature
dimensionless temperature in the recircula­
tion region
turbulent Schmidt number 
quantity defined in equation (71) 
kinematic viscosity
jet inclination angle in the pre-attachment 
region, defined in Figure 8
wall shearing stress

dimensional quantity

location where velocity or temperature is 
one-half the maximum value
discharge
maximum
quantity evaluated at end of zfe
recirculation
thermal
ambient quantity


