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Part 1

Screening Effects in QCD
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Chapter 1

Introduction

It has been more than twenty years since non-Abelian gauge theory emerged
as a primary model for our attempt to describe strong interactions. Due to
the numerous successes that it had in predicting and explainihg phenomena
at high energy (~ 10 GeV), Quantum Chromodynamics (QCD) is firmly
believed to be the "correct” theory describing quarks and gluons. This belief
is largely based on the possibility of applying perturbation theory at such
regimes, which is expected to produce reliable results that can be tested in
the experiment. However, multiple attempts to develop any approach valid
for low energy processes have failed so far.

Thus, upto now physical conditions when perturbation theory can be
applied to QCD could only be obtained in particle accelerators and can occur
naturally only in astrophysical context.

Recently, however, a new possibility for studying the physics of quarks
and gluons has appeared. With the development of the relativistic heavy
ion colliders (like RHIC being constructed at Brookhaven National Lab) it
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is believed to be possible to model some of the processes that take place in-
side super-dense and hot nuclear matter. This idea is based upon interesting
qualitative feature of QCD - the so called "de-confinement phase transition”
which is expected on the basis of some lattice simulations as well as theoret-
ical arguments [1, 2]. This transition should happen when ambient temper-
ature is raised higher than certain critical value T, (which is of the order of
the QCD scale Agep = 200 MeV'.) At such a high T quarks and gluons are
no longer "locked” inside the hadrons; the plasma of quarks, anti-quarks and
gluons is formed.

It is proposed that this new state of matter, the quark-gluon plasma
("QGP” from now on) can perhaps be obtained by colliding two nuclei of
heavy ions at relativistic energies. This possibility is very interesting for
possible further test of QCD as a model for strong interactions as well as our
understanding of physics of early Universe.

There are many questions about wether it is possible to to obtain such
a plasma in the laboratory [3]. Will it reach thermal equilibrium? If so,
for how long? Perhaps one of the most important questions to ask is what
is the signal that this plasma state has been formed, since it will cool and
rehadronize on extremely short time-scale [4].

In order to start addressing all these concerns, as a first step it is useful
to understand properties of the QGP at equilibrium. The immediate ques-
tion then is about the possibility of applying perturbation theory to QGP
calculations.

There are several well known effects that occur in the usual plasma of

electrons and photons at high temperature and density. Effects like Debye
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screening, Landau damping and Thomas-Fermi screening are well understood
within perturbative analysis of Quantum Electrodynamics (QED) [5]. While
successful in describing these phenomena in QED, it turns out that naive
application of the standard perturbation theory to high temperature QCD
fails. This manifests itself in the fact that several physical quantities that
one tries to compute as a power series in coupling constant turn out to be
gauge-dependent. For example, this is true for the gluon damping rate in
hot QCD. In some cases a new type of infrared divergence appears.

As pointed by Pisarski [6], this happens due to the fact that connection
between perturbative expansion in powers of coupling constant and loop-
order breaks down at high temperature. Naively higher loop diagrams can
contribute to the same order in coupling constant as the lower ones, thus
destroying usual power expansion.

This problem has been studied by many authors [6, 7]. By analyzing
diagrams that break the loop-power connection one can notice that the “bad”
terms come from only a part of the diagram - region of integration at special
kinematic regime. One can show that “mixing” comes from one-loop graphs
where internal loop momentum is of the order of temperature 7" (“hard”) and
all external legs carry the so called “soft” momenta (~ gT'). These diagrams
have been labeled as Hard Thermal Loops (HTL from now on). In order to
be consistent one has to reorganize perturbation series by computing these
HTL-diagrams first and then including them as a tree-level action for further
computations (we will use I'(A) to denote full HTL action). Then one has to
use new propagators and vertices redefined with this new action to perform

perturbative computations. In principle, HTL approximation must be used
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in any theory considered at sufficiently high temperature. However, it is in
the gauge theory and in the non-Abelian gauge theory in particular where
it turns out to have great importance. While in scalar field theory only a
handful of diagrams have to be included in the HTL action, this quantity is
infinite in non-Abelian case. All these new terms are nonlocal and contain
all powers of the gauge field. However, the full HTL action is gauge-invariant
and the form of I'(A) does not depend on the gauge-fixing condition used
to define propagators and vertices [6, 8]. In fact, it can be thought of as a
non-Abelian generalization of the Debye mass in QED.

This HTL-effective action has several remarkable properties. First of
all, since it represents the correlation between scattering of field quanta off
the particles in the thermal bath it is entirely classical. As a matter of
fact, it can be derived from the classical kinetic theory without any use
of Feynman diagrams [9]. Besides being gauge-invariant it is also closely
connected to the eikonal function of the Chern-Simons theory [10] - a feature
that will be used in this thesis. This connection provides for several new
possibilities to study long-wave length excitations in the QGP state. Using
Chern-Simons eikonal form of the Hard Thermal loops one can re-write the
whole generating functional as a local expression [12] (using some auxiliary
fields, of course) without introducing new degrees of freedom. This may allow
a Hamiltonian analysis of the problem, which is very difficult otherwise due
to the nonlocality of the I'(A4).

Nevertheless, some difficulties remain even after the HTL'’s have been
taken into account. The most important one is the so called magnetic mass

problem. It arises when one tries to compute the two-loop correction to some
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of the physical quantities that have been computed using I'(A). As it turns
out, there may exist an infrared divergence even if I'(A) is taken into account
- in spite of the inclusion of effective propagators and vertices. The reason for
that lies in the fact that only time-dependent components of the gauge field
get “screened” by the quadratic terms in I'(A); the spatial part, even though
it gets corrected by some momentum-dependent terms from I'(A) still does
not have an infrared cut-off for the loop integral for the spacelike momenta;
this causes the IR divergence [12].

This problem is very important because one needs to be able to do pertur-
bative calculations at high temperature. There are several ways to approach
this difficulty [38]. First, it is possible that there may be a dynamically gen-
erated “mass” term for the spatial part of the gluon as well [13]. This is
what is called the “magnetic mass”. Unlike the I'(A) however, the effective
action responsible for this screening does not seem to result from summation
of some (infinite) subset of Feynman diagrams for the theory. This is to
be expected, though, because arguments for its existence are based on di-
mensional reduction and low-energy behavior of the 3-dimensional Euclidean
Yang-Mills theory, which is essentially nonperturbative. The coupling con-
stant of the effective, 3-d YM theory has dimension of mass e2;; ~ ¢>T (g
being the dimensionless coupling of the original, 4-d action). Because of this,
any possible mass must be just m = g T x <some number >. This number
is determined purely from the combinatorial coefficients and group-theoretic
factors in the loop expansion. Thus, there is no obvious small parameter
controlling the mass generation.

Second, one can just try to reorganize the perturbative expansion even
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further by adding and subtracting specifically chosen mass terms but treat-
ing them formally as different orders in loop expansion. This approach was
developed by Nambu and Jona-Lasinio [33] for the meson theory. The consis-
tency conditions for this method lead to the gap equations which determine
value of the screening mass. This value should then be included in evaluation
of all the physical quantities at the same loop order.

We want to emphasize an important difference between using gap equa-
tions to evaluate the value of magnetic screening in a self-consistent re-
summing of perturbation theory and concluding that some real and positive
solution of the gap equation indicates that mass is being generated. The
former situation just ensures us that there will be no infrared divergence in
loop computations, while the second implies 2 much stronger statement: that
loop expansion for this mass is convergent, with higher loops contributing
smaller amounts for some reason.

Upto now, this problem is still unresolved. Several attempts to solve gap
equations for the magnetic mass [41, 42, 44, 45, 46, 47, 48] (one of them
described in this thesis, [41]) yield different results and raise some questions
about the validity of the whole approach. Some hope may come from the
lattice simulations [66], which find values that are close but so far do not
produce consistent results in different gauges. Another hope is that there are
some of the new results from the purely Hamiltonian analysis of the 2+1 YM
theory in the continuum [64, 65], which finds the mass of the glueball states
to be very close to some of the gap equation results.

In what follows we first discuss the HTL approximation and its connec-

tion with the Chern-Simons and WZNW theory (chapter 2). In chapter 3
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we consider situation when quarks are kept at very high density and low
temperature. In a standard QED plasma this leads to the Thomas-Fermi
screening phenomenon. We consider the non-Abelian analog of this effect
and show that an effective action similar to that of HTL (only Hard Dense _
Loops now) appears as a result of summation of the one-loop graphs [34].
We compute the value of the Thomas-Fermi screening mass in this case and
show that its value is determined by chemical potential for quarks, rather
than the temperature.

In chapter 4 we discuss the problem of the magnetic screening and gap
equation scheme for the reorganization of perturbative expansion. We con-
sider possible candidates for the “magnetic mass” term to use with this gap
equation and choose one of them using HTL - WZNW connection as a guid-
ing principle [32]. Chapter 5 contains detailed calculation of this mass up
to a one-loop order [41]. In chapter 6 we conclude by comparing our re-
sults to some of the proposals put forward by other authors and discuss the

difficulties and advantages of our approach [40].
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Chapter 2

QCD at high temperature

In this chapter we will give a short review of the situation that occurs when a
gauge theory is considered at high temperature. In what follows it will be as-
sumed that T is much greater than the T, and Agcp scales. At temperatures
this high, all the quarks are essentially deconfined and can be considered (in
the first approximation) as free fermions. The gauge degrees of freedom are
represented by N? — 1 gluons.

In order to illustrate some of the specific features of the field theory at
high temperature we first start with a simple scalar theory with quartic self-

interaction (A\¢p*). We assume that theory is massless and has action
1
§=—3 / oD% + / At (2.1)

Even though imaginary time formalism is widely used for treating field
theory at finite temperature at equilibrium, we will not use it here. When
studying one-loop diagrams the real time form of the propagators will be

very useful for us in identifying which diagrams are going to dominate at
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high temperature. However, when computing higher order effects and dis-
cussing time-dependent processes this form is inadequate - one has to use

time-contour approach of [22].

In the real time formalism, the expression for the propagator at finite

temperature can be written as

P iy (3 2 2
G(z,y) = @n® 7 tic + = 15(1? ) (2.2)

The one-loop contribution to the effective action I' is given by the simple

tadpole diagram (fig.2.1), and is equal to

Figure 2.1: A¢* tadpole

[ =6 / G(y,y)d'y ¢*(z) (2.3)

This expression has two parts. The first one is quadratically UV-divergent
due to the 1/p® term in the (2.2). It is easy to see that it is temperature-
independent. It will be assumed that this kind of divergence is canceled
by a standard renormalization procedure and the remaining, temperature

dependent part is

dsp 2 2 1 2 AT? 2
I _6,\/——(2#)3 Ao 0(pf ~ 7) ——#*(z) = 5-¢*(=)  (24)
Here we have used
o g w2
b #=t=% 29
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Figure 2.2: II(p) insertion

Expression (2.4) looks just like the mass term in the effective action, with the
dynamically generated thermal mass m ~ VAT. In order to do the consistent
perturbation theory one has to resum all the II insertions by including mass
term (2.4) in the action and defining new propagators. For the A¢*-field the-
ory this is all there is to resummation - one has to change all the propagators
from 1/P? to 1/(P?+m?), m? being the thermal mass defined by (2.4). This
not the case in gauge theory. Here the need for resummation can perhaps
be better explained by the following argument due to Pisarski [6]. Look at
the fig.2.2. It represents elementary vacuum polarization diagram for gluons
and its first correction at two-loop level (we will drop all space and color
indices for a moment). Due to the Debye screening the small-p expansion of
the II(p) is -

I(p) =¢°T*+¢*Tp| +--- (26)
therefore, at small p regime of integration (p ~ g T') ratio of the two expres-

sions is

Ip) T +---
p? p?

and formally higher-order diagram gives contribution of the same order in

~1 (2.7)

coupling constant as the lower one. Since the origin of this problem is in the
T? contribution to II(p), one therefore needs to identify all of the Feynman

graphs that can generate terms proportional to T2 in the effective action.
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Using real-time perturbation theory it is possible to develop a set of spe-
cial power-counting rules that will allow us to determine which diagrams will
be dominant in the high temperature limit.

Quark and gluon propagators at finite temperature can be defined as

S(z,y) = (T a@)a(y))r (2.8)
G%(z,y) = (T A%z)AL(y))r (2.9)

Here 7 is the time ordering operator. Index T for the average means that
one has to use thermal averages for the creation and annihilation operators.
Using Minkowski signature, the quark part can be evaluated as

p 1
(2m)3 2p°
o@° - 330)[.3;76_"?'(2—!’)7 p+ &peipl'(x—y)'Y -p']} (2.10)

S(z,y) = {0(2° — y°)[ope Py . p 4 e =¥y . p'] —

where p° = |5, p = (9%, 5), p' = (p°, —P), and O(z) is the usual step function.
Also
ap =1—n,, Bp = Nip. (2.11)

Expressions n, and 71, are quark and anti-quark distribution functions;

(blTbE®) = nym5ef (2.12)
(dimdBs) = my6m§of (2.13)

Here (b}*",b2), (di*",d2™) are the creation and annihilation operators for
quarks and anti-quarks; Greek letters used for spin indices and 7, s are color
ones. In general, for the plasma of zero chemical potential values of n, and
i, are equal and given by Fermi-Dirac distribution as

_ 1
Np =TNp = e?®/T +1 (2.14)
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O,

Figure 2.3: Quark Loop contribution to I'(A)

It is useful to rewrite quark propagator in momentum space as

— d4p —ip(z—y) | ; Y D 2
Sy = [ ik i B~ 7op 2w n8(s?) (2.15)

Similarly, one can evaluate gluon propagator G(z,y) in terms of its cre-

ation and annihilation operators (a;f,""", ag™)

dp 1
(2m)3 2p°

+ O(y® — 29 {5pe—ip(=—y) + apeip(z—y) }]

G = g 0068 —9) ayen 4 gemen)

ab d'p i 2
0% guv @r) |7 +ie + 2mnyé(p®) (2.16)

Here g,, is the metric tensor, a,b are color indices and and o, = 1 +
Ny, Bp = Np, np being the Bose-Einstein distribution function,

1

np = ?/T————l_ (217)

The power-counting rules which emerge from the consideration of the

integrals in the loop diagrams are:

1. T3 for each d® p (loop integration)
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2. 1/T for each propagator (from 1/(2p°%))

3. One power of T for each momentum p, in the vertex

4. For more than one propagator in the diagram, factor + ~ 9—17:

5. For each loop that has more than one propagator of the same type a

factor of k/T(~ g)-

While items 1-3 are coming from the fact that most of the thermal quanta
have momentum of the order of T, the last two perhaps deserve more expla-
nation. Rule number 4 comes from the fact that for a diagram with external
momentum k there will be some denominators that involve differences of the
“hard” momenta of the propagators ¢° — p°® ~ k. This will occur only if you
have more than one such momentum, so one needs more than one propagator
in the diagram. Item 5 comes from the fact that there will be difference of
the distribution functions multiplying each diagram, ny — n, ~ k/T. Using
these rules one can establish that the dominant diagrams scale as 7?2 and
consist of all the one loop graphs depicted on fig.2.3, fig.2.4, plus the tadpole
graph for gluons, fig.2.5. One can also show that in HTL approximation all
diagrams that contain ghosts are subdominant, which is essentially the result
of the fact that it is essentially a classical effect, due to the interactions with
on-shell particles from the thermal bath. There are several ways to find the
explicit expression for the HTL action. One can compute a few first diagrams
from fig. 2.3 and 2.4 and find a set of rules that can give generic term in
I'(A). In fact, this is how it was first obtained {6, 7]. We will present some el-
ements of this computation in the next chapter where we study the analog of

the Thomas-Fermi screening for the QGP. Here we want to describe another,
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a) b) c)
Figure 2.4: Gluon Loop contribution to I'(A)

symmetry-based argument for derivation of the HTL action [15] which also
illustrates its connection with the Chern-Simons (CS) and WZNW theories.

Let us start by asking the following question: how does I'(A) depend
on gauge potentials? It is possible to identify all the tensor structures that
are present in I'(A) by analyzing the vertex structure of different diagrams
without actually computing them. In order to contribute a 7T2-term to ['(A),
diagrams from fig.(2.3) and fig.(2.4) that have three or more legs must have
loop momenta q at each vertex. The only possible tensor structures are A - g
and A%2¢%2. But ¢> = 0 since q is on-shell 4-momentum, so that the only
permissible structure is A - g. One can rewrite g as g, = ¢° Q,,, where Q, =
(1,Q), 02 = 1 defines a 4-dimensional null-vector. Then, any expression of
the type A - g becomes ¢° A - Q. Therefore, the total contribution to I'(A)
from graphs of type (2.3 b,c) and (2.4 b,c) must be some functional of A - Q
integrated over all possible directions of the vector g, since g, is the loop

momentum and is integrated,

~ (w9 (2.18)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



16

Are there any other tensor structures that can be generated? The answer is
yes, since there are three more diagrams that contribute to the to the HTL
effective action, namely two vacuum polarization diagrams fig. 2.3 a) and

fig. 2.4 a) and the gluon tadpole, fig. 2.5: The tadpole is the only diagram

Figure 2.5: Gluon ’tadpole’ contribution to I'(A)

with the quartic vertex that can contribute in the HTL approximation; its
evaluation is very similar to the scalar tadpole on fig.(2.1). We will not need
the explicit computation here, the only fact that we need is that this term
produces A, A¥-type expression in the end. The same is true for the other
two diagrams - they can produce A? type expressions. Using simple angular

integration we can rewrite it as
2 _ 1 2 dQ
A AR =AZ— 4 =4A0—3/(A-Q)Z1F (2.19)

Notice that the second term on the right-hand side is exactly of the type
(2.18); this leaves us with the only other permitted tensor structure - A3.

Since there are no more diagrams that contribute to the HTL, we can say
that ['(A) is given by some linear combination of A2 and functional of type
(2.18). We will assume the following ansatz for the I'(A) [15]

T = (N + 1Np) % [ [ &'z omazaz + [aa wa- Q)] . (220
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Here N is number of colors, Ny is equal to number of quark flavors (only light
quarks should be taken into account, since for them 7' >> m) and overall
coefficient can be fixed by explicitly computing diagrams of figs. 2.5,2.3 a)
and 2.4 a). One does not have to evaluate these graphs completely - only
coefficient of A2 is needed. It remarkable that the full form of W can be
determined from the gauge invariance alone [15]. Requiring that T'(4) do
not change under the SU(N) gauge transformation §A4, = d,w + [A,,w]

where w is a transformation parameter leads to the condition
/ SWdQ = 4 / &'z A®- Qu® (2.21)

Taking into account that W must be a functional of A - @ the solution must
be such that

W = / d'z A% Qu® (2.22)
Equation (2.22) can be rewritten as
A JW 6W a, a
§W = — / d4z(Q - Syt A Qs (2.23)

It is convenient to change coordinates from Ay, A - Q to a new pair v =
3A-Q, v=3A-Q where @', = (1, —@) is another null vector. In a similar
way the space coordinates z,, are replaced by z, = z-Q, z_ = 3z - Q' and
T = Z— (Z- Q)§. The volume element d*z changes to dz dz_d?zT. These

are the “light-cone” variables. If we define a new function f as

)% %4

f=sag t4 e 229
then the condition (2.23) takes form
of 19(A-Q)
3u + [A -Q, f]+ 5 e 0 (2.25)
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If we perform the standard Wick rotation with definitionof 24-Q = A, — A,
and define a; = — f, then the equation (2.25) (which is originally just gauge-

invariance condition) becomes
aiAz - azaz + [az, Az] =0 (226)

This equation illustrates the connection between Chern-Simons (CS) theory
and HTL approximation that we wanted to expose. If one thinks of A, and a:
as of two components of the gauge potential of some theory in two dimensions
then (2.26) is just a zero field strength condition F,: = 0. The gauge theory
which has this equation as its equation of motion is called the Chern-Simons

theory [16, 17). Using 8,(2

) = w6®(z — 2') and the fact that equation

z—z

2.26) does not contain any derivatives with respect to 2T one can solve for
P

az as a power series in A; as

Y S SOV WA BT

7r E-Z)(za—2)-. (' —Z)
(2.27)

Performing functional integration with respect to A. we find that
W = —4mil(A,) / diz A®A° (2.28)

where I is the eikonal for the CS theory [17, 18]. (with additional integration

over the transverse coordjnates)

_zz( © [ &aT &z ...dzz“ trdeon) - A:2m)) (g o)

™ 212223 .. - Zn1

Using properties of the Q integration and defining T (Az) = (I(A;))* one can

write the final answer as

r = (N+1Np)——/dﬂ[ d*z tr(A,A;) +inl(A,) +irI(A; )]

- (N+ %NF)? [ 42 K(4., 45) (2.30)
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Chapter 3

Screening in the dense, cold

plasma

The screening of electromagnetic interactions in a plasma of charged parti-
cles, the so-called Debye screening, is quite well-known. An analogous ef-
fect, the Thomas-Fermi screening, occurs in the case of a degenerate charged
fermion system such as the electron gas in metal [35]. Both effects can
be easily understood, in a field-theoretic language, by calculating the one
loop photon propagator in which the charged particle propagators are at
finite temperature and density. (The two effects are in fact quite similar;
for the degenerate fermion gas, the excitations generated by the propagating
photon are particle-hole pairs which behave like plasma background). The
non-Abelian analogs of these screening effects are of considerable interest es-
pecially in view of the possibility of obtaining hot and dense quark matter
systems in heavy ion collisions [3]. A non-Abelian Thomas-Fermi effect can

also be of interest in calculations of the equation of state for quark matter
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inside neutron stars.

In this chapter we analyze the non-Abelian Thomas-Fermi screening for
degenerate quark matter of finite baryon number. We will use the diagram
analysis approach to illustrate both the calculation and its connection to the
zero density - high temperature case of Hard Thermal Loops. However, as
we have mentioned in the introduction the effective action that emerges in
this calculation is essentially classical by nature, so it can be done entirely
in the kinetic theory framework with similar results [37].

Since the quark contribution to the two-point function for gluons is sim-
ilar to that for photons, there should be Thomas-Fermi screening for quark
matter. For reasons of non-Abelian gauge invariance, as with Debye screen-
ing, there will be higher point contributions, the whole series again summing
up to an effective mass term. This term will have the same structure as the
effective action for hard thermal loops; the numerical value of the screen-
ing mass, however, will be determined by the chemical potential rather than
temperature.

Consideration of the one loop two-point function shows that the screening
mass ~ gi where g is the coupling constant and p is the chemical potential.
It is then clear that a higher loop diagram in which such a term is inserted
can give contributions of the same order for the integration range of loop
momenta ~gu. This is exactly as in the hard thermal loop case. One must
therefore sum up diagrams with loop momenta ~ g and external momenta
Sgu. This effective action must then be used for a self-consistent evaluation
of the screening mass. We obtain this effective action in what follows.

Let us start by considering the two-point function for gluons. The con-
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served baryon charge is given in terms of the quark field ¢(z) by [ ¢'q. With
a chemical potential term x [ q'q added to the action, the quark propagator
defined as S(z,y) = (T'q(x)q(y)) sgiven by

d3 1 —f — A ip’ (z—
(27:;3 50" — ¥ epy - peP Y 4 By - peF I} +

~ 03" —2°){Bpy - pe Y 4 Gy - PP EVY] (3.1)

S(xvy) =

where p° = |5}, p = (p°,5), P’ = (p°, —P) and 6(=z) is the step function. Also
ap =1 —ny, Bp =1np (3.2)

The distribution functions n,,7, corresponding to quarks and anti-quarks
respectively are given by

1 ) 1
Mp = C°-WIT + 1’ T = S@+mIT 1+ 1 (33)

The one-loop quark graphs are given by the effective action

I' = —iTr log(1 + Sy - A) (3.4)

A, = —it®gAj is the gluon vector potential, ¢* are hermitian matrices corre-
sponding to the generators of the Lie algebra in the quark representation. In
the above expression for I' a functional trace is implied as well as the trace

over the spin and color labels. The two-gluon term in I is given by
i
@ =2 [d'z d'y Tely - A@)S(z 90y - AW)S(v, )] (3.5)

Using equation (1) and carrying out the time-integrations we get
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3
0 = = [ g

[T o) P - e )+

Tl ,)(po + qoap—a;co —ie P+ q"‘ip—ﬁz;co + z'e)

T(‘I)”Q)(po + q?‘f;c" —ie P+ q"ﬂ;fzo -+ et
T4 (5= qf’f W qf‘f g =) G

where

M) = [ e A (37)
du(k) = (2n) &k dF (3.8)

et 2’
T(p,g) = Trly-Ak)v-pv-AK) 7-d (3.9)
and 7= § + k in equation(6).

The i€’s can be taken to go to zero at this stage. They were introduced for
convergence of time-integrations and contribute to the imaginary part. Here
we are interested in screening effects which are described by the real part
of the two-point function. (Also for many physical situations, the relevant
imaginary part is that of the retarded function which is not directly given
by the above time ordered function [11].) Further we are interested in a
degenerate gas of quarks; it is therefore appropriate to consider T < p.
As T/u — 0, the anti-quark occupation numbers 7, — 0 (for positive u).

Equation (3.6) then simplifies as

d3
P(2)=——/ #() ? 2;02;[ (2, )po(——n" ”Lo+ T(p, ’)———-O+n” 3
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- TE.)5———%5 (3.10)

P+ q° + k°]
As explained in the introduction, the relevant kinematic regime is |9}, |q] >
|k|, so that p° —g® — k% =~ —k-Q, 1° +® £ k% ~ 2¢°,Q = (1, §/q°). Further,

T(p,q) ~ 8¢°*tr(41 - Q42 - Q) (3.11)

T(p,q) ~4¢%%tr(A; - QA2 - Q + Ay - QA>- Q' — 24; - A;)  (3.12)

T, q) =~ T(p,q) (3.13)

where A; = A(k), Ay = A(K'), @ = (1,—§/q°). Expression (3.10) now
simplifies as

1 d®q dn A -QA2-Q_.= -~ n
(2 — _Z L ke — — O A, -
r Q/d“(}”)@w)str[dqo 5 Q 2Q-k pr (A1-QA42-Q +

Ar-QAz- Q' —24; - A))| (3.14)

Using [ d%q diq’-z- f(Q) =—[d ?J’} f(Q), and some properties of Q-integration,
I'® simplifies to

r®= (3.15)
_2 / du(k) / (zw)s 20 8tr[2A1+A2_ gA1+A2+ ]': g,A1 Ap_]
== / du(k)( 4 A / dQ tr[24;4 As — gA1+A2+ : S,AI_AQ ]

where A, = A—ﬁ, A_ = A_-2Q_' and we have taken the limit of T — 0 (small
compared to p). As with hard thermal loops, we can transform this back to

coordinate space and write

(2)___&2_ ()
I® = -5 [ d2 K (4,, A) (3.16)
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where

K(An, A) =] / diz tr(ALAL) +inI(Ay) +irl(A)]

& (=) d?z;  dzptr[Ai(z1) - As(zn)]
I(A+)_z§; = /d%;T 2.2 fzzi---(zn-zl) (3.17)

[ dQ defines integration over the orientations of §. K in equation (3.16) de-
notes the terms in K which are quadratic in A’s; z and Z are the Wick-rotated
versions of z-Q’ and z-Q respectively and z7 is transverse to @, i.e §-ZT = 0.
I(A_) is obtained from I(A,) by z ¢ z. I(A,), as explained elsewhere, is
essentially the eikonal function for Chern-Simons theory. K(A+, A_) can be
related to the WZW-action for a hermitian matrix MTM defined in terms of
Ax.

Consider now the three-point function. One has twenty-four terms with
denominators involving different combinations of loop momenta and external
momenta. The simplification of this expression proceeds in much the same
way as for I'® - one can neglect terms with denominators that are of the
order of iz and leave the terms that involve differences between loop momenta,

which are of the order of k <« u. After that, the relevant contributions will

be
1 n 1
@ _ i
H= (2'”)3 {ko'*'P —q0r0—¢0 - k°+q°—r°+kgp°-—r°—k?+
n, 1
P°—r:—k?P°—q°+k°} Tr(Ar- QA2 - QA3 - Q) (3.18)

where p, ¢, r are the loop momenta, ki, k; and k; are the momenta of external

gluons and p'= g — ky, 7= g+ k3. After performing the dq®-integral the final
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expression is

2 ko -Q — ko - k3 -Q—k3-Q’
0~ o [ (5 g g ) T Qe 0s-Q)
(3.19)

Using definition (3.17) one can show that
3) w (3)
r® - £ / dQ K®(A,, A) (3.20)

The fact that the same coefficient appears in both (12) and (14) is crucial; this
guarantees gauge invariance of the full effective action I'. The non-Abelian
gauge-invariant completion of K + K©® is given by the full K of equation
(3.17). The final answer is thus

2
K
r=-£ [ 9 K(A,, A_) (3.21)

We now turn to the question of the coefficient of K in equation (3.21).
In calculating the screening effects using I', we should not change the La-
grangian for the theory, which may be, say, Chromodynamics; we should
only rearrange terms in the perturbative expansion and sum certain classes
of diagrams. There are then two different but closely related ways of pro-

ceeding. We write the action as
S =5+AfdAK (3.22)
So = SQCD ~m? fdQ K (3.23)
Sp is used to define propagators and vertices and A is treated as being nom-
inally one loop order higher than S;. In the first case, we use the value as

calculated above ( or the analogous value for hard thermal loops) for m2. Af-

ter calculating higher order corrections, A is set to m2 ( so that S — Sgcp

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



26

). The corrections are in general non-vanishing and this is useful if the cor-
rections are small compared to the lowest order value. The alternative is to
keep m? as an arbitrary parameter and choose A ( as a function of m, say
A(m) ) so as to cancel out all the corrections. Upon setting A to m?, we
get a gap equation, A(m) = m?, which can be solved for m. In the case
of the hard thermal loops, the first approach is satisfactory. The relevant

distribution for the momentum-integration is

2
_ q'dg
f(g)dg = T 11 (3.24)

The lowest order calculation only evaluates the contribution from the region
of gRT. The probability contained in the region q > %T for the distribution
is approximately 0.99. We can therefore expect that the neglect of the low
g-regime is not very significant for the numerical value of the screening mass
( within a calculational scheme with re-summations as explained above ).

For the case of Thomas-Fermi screening, the relevant distribution is
f(@)dg ~ 6(p — 9)g’dg (3.25)

The probability contained in the region g > %u is now 0.875. We thus expect
that the lowest order value of the coefficient of — [ dQ? K in equation (3.19),
viz., u2/4n3, is somewhat less accurate than the analogous quantity for hard
thermal loops. In this case a self-consistent calculational scheme for including

higher order effects might be more appropriate.
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Chapter 4

Magnetic mass terms in QCD

In this chapter we discuss the problem of the magnetic screening. We have
already mentioned in the introduction that one way to determine the mag-
netic mass is to use the gap equation method [33], which can be described
as follows.

Let us consider a gauge-invariant (arbitrary at first) functional Sp,(A)
such that when expanded in powers of the gauge field the first term is propor-
tional to [ A%2d%z.(In what follows we will consider 3-dimensional Euclidean
YM theory, because of the dimensional reduction argument). This will be

our trial “mass term”. We write,
S = Sp + m?Sn(A) — AS(A) (4.1)

Here Sy is the original YM action; m and A will be determined in the loop
expansion by the following rule. Taking Sy + m2S,, as zeroth order term
in the loop expansion, let us compute, loop by loop the corrections to the

term of the S,, type. If (™ represents n-th loop correction the total effective
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action will be
T'= S5 +m2Sm + (Y +42 + ... — A)S, (4.2)

By definition, we want to say that S, is the dynamically generated mass.

Therefore, there should be no loop corrections to it, which implies
A0 A A (4.3)

On the other hand, we would like to keep the original action intact, which

means that
A =m? (4.4)

This condition will hold only for certain values of m, since A itself is m-
dependent due to the condition (4.3). Expression (4.4) is the gap equation
we are looking for.

The next question to ask then is: what kind of mass terms should one
use? In general one can construct an infinite number of the mass terms for
the 3-dimensional Yang-Mills theory. It can be done in the following fashion.
The guiding principles are gauge invariance and asymptotic behavior in the
ultraviolet limit - as we mentioned earlier any possible mass term should not
change the UV limit of the theory.

To the lowest (quadratic) order in gauge field gauge invariance reduces

to just transversality of the term,

So=M / A%(z) (5,, - %’%) A%(z) d*z (4.5)

Here, as before, k is a 3-dimensional Euclidean vector and A(x) has dimension

1 (as do momenta). The constant in front of the expression has the dimension
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of mass and can be "dynamically” generated as a pure number multiplied by
the 2.

As written, this expression is not gauge-invariant with respect to the non-
Abelian gauge transformations since they involve the commutator term.. It
is necessary therefore to correct this by adding another term which is cubic in
A and compensates for the terms that one gets by gauge transforming (4.5).
This third-order term will in turn require a 4-th order for gauge invariance.
It is easy to see that one can never stop and any invariant mass term will
have all orders in the gauge field.

It is easy, in fact, to construct all of these mass terms explicitly. Let us

COIlSider expreSSion
S. = F —1 F; d3 da’

It is obviously gauge invariant (since both D and F transform as an adjoint).
Dimension of the 1/D? can be determined from the D? (1/D?),, = é(z — y)
and equals 1. M therefore has the dimension of mass, as before. Expanding
this term in powers of the gauge field we immediately get (4.5) as a first term,
and all the corrections hereafter. This expression corresponds to a particular
choice of the way to correct the quadratic term to render it gauge-invariant.
As we mentioned before, this procedure is not unique. To see this consider

another expression,
Sma =Mt [ Fi(@) (=) F)(55)Ful(e) 'z Py =z (47)
m3 ij D2 zy E\Y D2 yz ki Yy .

This term is gauge invariant as well. Using dimensional analysis devel-

oped before one can see that constant M still has dimension of mass. When
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(4.7) is expanded in powers of the gauge fields the first term will be cubic in
A’s and as a consequence of the gauge invariance totally transversal.
Obviously, any linear combination of (4.6) and (4.7) will represent a pos-
sible mass term. Now we can generalize this argument to higher orders in the
gauge field. In order to do this, notice that when compared to formula (4.6)
expression (4.7) has one more integration ( brings -3 to the total dimension),
one more F (brings +2) and one extra 1/D? (contributes another +1); total
of the additional "dimensions” is zero. This is the trick - it tells us that, in
fact we can add as many groups of (1/D?)Fd3z, as we want, which makes it

possible to write a whole class of mass terms:

Spm =M tr g Ca [ Fislan) (513) Fyu(z2) -+ (%) F.(zs) @21 ...,
(4.8)
Here C,, are pure numbers; different choices of C’s correspond to the different
mass terms.

Eventhough it is manifestly gauge-invariant, expression (4.8) may not
satisfy some of the other conditions that we mentioned as necessary for the
"good” magnetic mass term. As one can see this expression is extremely
nonlocal, thus increasing the possibility that new degrees of freedom might
have been implicitly introduced in the theory. If this is the case they have
to decouple at UV regime and must be massive in the IR regime, with mass
greater than that of the gluon. Otherwise, it would be possible for the gluon
to decay into these new quanta, thus creating complex solutions for the (4.4).
We will comment on this issue later, following recent results of several other
authors.

Because of these last problems it is still difficult to select ary special mass
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term for the non-perturbative computation that we want to do. However,
one can look at the problem from another point of view. As we have shown
in chapter II one can obtain an "electric” screening term by summing an
infinite set of Feynman graphs. Yet no similar summation seems to work for
the static or "magnetic” part of the gluon. It was suggested in [32] that one
can use a Chern-Simons form of the HTL-effective action derived in [10] for
a hint. The generalization of the Chern-Simons eikonal to a moving plasma
suggests that there is another closely related gauge-invariant mass term which
gives screening of static magnetic interactions, in other words, a magnetic
mass term [6]. Although nonlocal, the equations of motion for this term can
be written in a local way by using auxiliary fields and without introducing
additional degrees of freedom. Because of this last property, the ultraviolet
behavior of the theory is unchanged. On this basis, it was suggested that
this mass term could be used as a gauge-invariant infrared cutoff for loop
calculations in QCD at high temperatures. The explicit construction of this
term is related to the general parameterization of the null-vectors by use of
spinors. It is necessary in order to restore Lorentz invariance of the system
at finitel temperature. We will not review it hefe, but just present the result.
Following [32] we can notice that one of the features on the electric mass
defined as (2.20) was the pair of (Minkowski) null-vectors @, = (1,Q) and
Q. = (1, —@),|Q| = 1. If one relaxes condition that Q’s must be real it is

possible to write another pair of null vectors

Qu=(0,n) Q,=(0,n) (4.9)
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where

n; = (— cos 6 cos ¢ — isin p, — cos @ sin @ + 7 cos g, sin §) (4.10)
7:(Q) = ni(-Q) = m(Q)’ (4.11)

n?=n2=33 nn;=0 (4.12)

Here angles ¢ and 6 parameterize the unit vector @. Now if we just replace all
Q.. expressions in (2.20) by the (4.9), we obtain the magnetic mass term. It
will contain only spatial part of the gluon, since, according to (4.9), Qo = 0.
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Chapter 5

Nonperturbative evaluation of

the magnetic mass

A consistent implementation of a gauge-invariant infrared cutoff will lead to
a gap equation for the value of the magnetic mass. We obtain this equation
to one-loop order; as usual, this means a self-consistent summation of one
loop self-energy insertions. The magnetic mass to this order is obtained as
~ 2.38Cg2T/4m where g is coupling constant, T is the temperature and C
is defined by C§? = fomn fbmn  famn heing the structure constants of the
gauge group.(C = N for an SU(N)-gauge theory.) An immediate question
is whether the two- and higher loop contributions are smaller than the one-
loop terms. Purely based on counting dimensions of momentum integrals
and powers of g , we cannot conclude whether higher loop effects are smaller
or not. It is really an issue of numerical factors and possible logarithms of g.
Now, the magnetic mass, by the standard arguments of dimensional reduc-

tion at high temperatures is related to the mass gap of the three-dimensional

33
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QCD. For the mass gap of three-dimensional gauge theories, the one-loop
calculations can hardly be adequate. However, for the quark-gluon plasma,
perturbative loop expansion, perhaps with re-summations, is expected to
be reasonable at high temperatures, at least for a number of processes of
interest and our approach is applicable. In any case, qualitatively, it is inter-
esting that a nonzero value can be obtained to this order; computationally,
it is useful to have a loop-wise implementation of gauge-invariant magnetic
screening, irrespective of the specific numerical value.

In the rest frame of the plasma, the magnetic mass term considered in

[32] has the following form

r = —M?2S,, (5.1)
S = [dQ K(Aq, Az) (5.2)

where A, = 1Ain;, Az = $Aifi;. n; is a (complex) three-dimensional null

vector of the form
n; = (—cos@ cos p — isin @, — cos@sin ¢ + i cos @, sin 6) (5.3)

In Eq.(1), dQ = sinf dfdy and denotes integration over the angles of n;.
K(A,, Az) is given by

K(Ay, Ag) = —% [T [ [ &2 Te(An, 4s) +inl(A0) + mI(A,-,)] (5.4)

z=n-Z,zZ="n-Z, 27 denotes coordinates transverse to n, i.e., % - = 0.
Also
Az, Tr(An(z1) - .. An(zm))

TR (5.5)
s 212223 - - - Zm—1m<Zm1

I(An) = zi (-7:;)”1 /- derI L
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Z;; = Z;—Z;. The argument of all A’s in Eq.(5.5) is the same for the transverse

coordinates zT. The lowest order term in S,, was shown to be

Sm= [ e YAHRAE(5 - ) + 048 (59)

= (2?)7 :
This term involves only the transverse potentials, as expected for magnetic
screening and on account of gauge invariance. The terms with higher powers
of A make S,, invariant under the full non-Abelian gauge transformations.
The general strategy for the inclusion of this term is as follows. We write

the action as
S =38+ MS,—AS, (5.7)

Sp is the standard quark and gluon part of the action. Below we shall not
consider the quark terms since their effects are small and have the same
general qualitative features. Sy will be just the Yang-Mills action. A is
taken to have a loop expansion, A = A®M + A® 4+ ... Calculations can
be done in a loop expansion. We require the pole of the propagator to
remain at k2 — k2 = M? (for the transverse potentials) as loop corrections
are added. This requires choosing A() to cancel the one-loop shift of the
pole, A to cancel the two-loop shift of the pole, etc., as is usually done for
mass renormalization. Of course, we do not want to change the theory, only

rearrange and re-sum various terms. Thus we should impose the condition
A=AD L A 4 = M2 (5.8)

This condition is the gap equation determining M in terms of g? and 7.
This procedure of adding and subtracting a mass term, with a gap equation

required for consistency, is very standard, for example, in the Nambu-Jona
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Lasinio model. It amounts to the self-consistent summation of self-energy
corrections. The difference in the present case is that, for reasons of gauge
invariance, the mass term involves an infinite number of interaction vertices
as well.

We shall now turn to the explicit one-loop calculations. For the plasma at
high temperatures, the effects of magnetic screening will be insignificant for
high momentum processes. The regime of interest involves momenta small

compared to T. The thermal part of the gluon propagator simplifies as

O(k® — M? T
iwk/’l" _ 1) ~ Q2 [6(ko — we) + 0(ko + wk)] (5.9)

we = k2 + M2. This is equivalent to using Euclidean three-dimensional
propagators, with a coupling constant e = /g27T; the thermal part of the
loop contributions can be done in a three-dimensional theory. This is, of
course, the standard dimensional reduction argument. The electrostatic field,
with a Debye mass of order ¢gT, will also be neglected for low momentum
calculations. The relevant momenta for which this approximation is valid
will be of order g2T'; the coupling constant is also self-consistently evaluated
at a scale of order ¢g?7". This is all in keeping with the assumed hierarchy of
Agcp << ¢*T << gT << T for the hot quark-gluon plasma.

The action for momenta small compared to T and g7 can be written as

de2 B mv

1 M2 A
S = / Bz [——F“ Fe + ?cm] -5 / &z Lom (5.10)

F2, = 8,A% — 8,A% + f**Ab A. The integral of L, is the three-dimensional
Euclidean version of Eqs.(5.2,5.4,5.5). There is now only one transverse co-

ordinate z7. A convenient gauge-fixing term is 20 - A(1 — M?2)0 - A. This
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gives the gluon propagator as §°°4;;(k? + M?)~!. The sum of all one-loop
contributions to the gluon polarization is finite. The functional integral is

thus
Z= / [dA] det(—8- D)e=S (5.11)

D2t = 3,6 + foPAc. The action simplifies as

S= [ JAN-07+ MIAT 4+ APASAGTH(ug + Vig)
+1fomnfobe [ AMATAPAS+...  (5.12)

vijr(k,q, —(k + q)) = -[(2’» + )0k — (2 + k)idjx + (g — k)rd:;](5.13)

- - _ n;n,nk q ﬁ_(q+k)-n]
Vijk(k, ¢, —(k + q)) e /d [q.n R (5.14)
This, after angular integration, becomes
: ;M 1 gk g-(@a+k)\,, .
Vil 0, ~(k+0)) = ~1 g [{ % — T e Jbohe
k
———(q(-(f- k)2 )(Q1q_7kk + qrgik; + qiqeki) — (g & k)](s 15)

Expression (5.15) is the contribution from S,,. The four-point vertex involves,
in addition to the standard Yang-Mills vertex of Eq.(5.12), a term from S,, of
the form [dQ2 (ninjngn;). Since n; is a null vector we get zero from this term
to one loop order. This is one of the advantages of our form of S,,; because
n; is null, Wick contractions at the same point, with a propagator of the
form 4;;(k? + M?)~!, give zero. Vertices of higher than quartic order do not
contribute at one-loop level. The relevant Feynman diagrams are shown in

fig. (5.1). The calculations are straightforward although somewhat tedious.
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Despite the algebraic complexity of Vjjz, there are many cancellations and

for the one loop part of the effective action we find
a3k

[(1—toop) _ TR LAZ(—k)IL;(k)A2(K) + - .. (5.16)
(1) o
o, oo _A kik

IL; =" + 15" — —ez—(aﬁ - 'k_'z]') (5.17)

o[- M ' {i 2(q — a2 sk —a?
it _05,,[ o+ [ de { ==+ M7 - =\ fla - o)
_ kK  5-2a+2a° }]

167"\/k2(a—a2)+M2

s 1 — a2

+C_Is_:,_k_,_/‘ a[ 3 +6(a—a?)
167 Jo \/k2(a—a2)+M2

-% (@ —az)] (5.18)

@ _C kik;\ ! ,
I = 4—7;(6,-1- — 3?’—) /0 da [ﬁz(a —a?) + 1\/[2—\/1#(0: —a?) + Mza]
_._C_ kik; ! 2(ry — 2 2n— S 12y — 2 2
811'(6' +-k7)/0 da[2\/k (¢ — a?) + M2« \/k (x—a?®)+M

—kva — a2} (5.19)

H,(-;) is the contribution of the standard Yang-Mills diagrams. Hg) involves

the new vertex (5.15), by itself and mixed with (5.13). The o-integrals can
actually be evaluated in terms of elementary functions but we do not need the

explicit form in what follows. The total contribution to II;; can be written

as
(5.20)

kikj) M?

A
= (05— 550) & ]

[B FI(K) - 5

2 sl
I(K) = Ce /da[g\/?((a—-a2)+1—a+a2+l—2\/K(a—a2)+a2

4 M Jo
- _ 2
KD _ GoZat?e) 5 fiTavar
4 \/K(a—a2)+1—a+a2

3 1
—zm} (5-21)
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Ce? 1 3 1
= Vi—-a+a? 4 - — ]
B (471'M)/o da[5 @Ta 4/1—-a+a? 3

Ce?
(2.384) (5.22)

K = (k? + M?)/M?. Notice that II;; is transverse as expected on grounds
of gauge invariance. II(K) vanishes at K = 0 and has no other zeros for
positive K as can be checked graphically. (For negative K, II(K) is complex
and our calculation which uses time-ordered products is not applicable; see
ref. {11].) The one-loop corrected inverse propagator has the form f—:[K' +
I(K) + (B — %—1})]. Since II(K) = 0 at K = 0, we see that the pole of the
propagator will not be shifted if we choose B = —AA—;} or A  CM (9 384)
The gap equation (5.8) then gives

Ce? Cg*T

(5.23)

With this choice of A(!), the inverse propagator has the form %’;—[K +II(K)).
The correction II(K) is significant compared to K, for small K; for large K,
it approaches the result for massless Yang-Mills theory; this is a necessary
check for any infrared cutoff.

Eventhough II;; is transverse in agreement with gauge invariance, it de-
pends on the gauge fixing used for the gluon propagator in the loop. The
position of the pole and hence the gap equation do not depend on this. One
can explicitly check this. The simplest way is as follows. In the effective
action, one can have a gauge-dependent II;;; Generally, the higher point
functions are gauge dependent as well. Physical results, such as scattering
amplitudes, are independent of the gauge fixing used. Alternatively, one can

define a new two-point function, a new three-point function, etc., which are

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



40

independent of the gauge-fixing and which lead to the same physical results.
One shifts some of the contribution (to the scattering process) from the three-
point vertex to the propagator; similar shifts are done for the higher point
functions as well. The amount of shift is determined by requiring the physi-
cal results to be the same and leads to the pinching procedure [39]. For our
gauge choice, the pinching terms arise from the last two diagrams shown in
fig.(5.1) (A quark scattering process suffices to identify these terms.)
The total pinching contribution to the two-point function is
fl(K) = "082:KA1 da { 5 2a

16 \/K(Oz—(.xz)-|~1—-a+a2 -—\/K(a—oﬂ)-l-a?
(5.24)

This is to be added to II(K) to obtain the gauge-independent two-point
vertex function. From the explicit factor of K in Eq.(5.24), we see that the
pole remains at K = 0.
We shall now briefly consider two-loop corrections. These must involve
e* and since e has the dimension of mass, the two-loop contribution to B
has the form
(Ce?)?

gt 5 (9 1y, 4 o log(r/a)) (5.25)

where 7;, ¥, are pure numbers. The gap equation now reads

2.384
= T TFntm log(T /M) (5.26)

M = Ce?z. The numerical values of 7;,7. determine whether the two-loop
corrections are small. There are seventy-nine diagrams for II;; at two-loop
level as opposed to five at the one-loop level. Since the vertices given by

S are fairly complicated we have not completed the two-loop calculation.
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Figure 5.1: Diagrams contributing to II(K) and quark scattering
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A preliminary analysis of some of the diagrams suggests that the two-loop
effects may be smaller by a factor of three or four. It should be noted that
this issue does not impinge on the use of S,, as a gauge-invariant infrared
cutoff using the above procedure. It only affects the numerical determination

of M in a loop expansion.
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Chapter 6

Alternative proposals for the

magnetic mass

As we have already mentioned in the beginning of this calculation, there
exist, in principle, infinite number of ways to write down gauge-invariant
mass terms for the 3-d Yang-Mills theory. The number of possibilities grows
even larger if one allows auxiliary fields (like Higgs fields) for the dynamical
mass generation. Eventhough we have used the expression ”induced” by the
form of the electric mass term, it is important to see what happens if some
alternative form is used in a similar gap equation framework.

Recently, several authors [42, 44, 45, 46, 47] have investigated a few other
such possibilities. The results were mixed. One of the most natural things
to try is to use form F' # F, discussed earlier in the text. This was used by
Jackiw and Pi in [45]. We use term "natural” because a similar term plays

role of a mass term in a Schwinger model, and appears in Polyakov’s induced

43
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gravity action. Using
L(4) = / &z tr F‘—F’ (6.1)

as a mass term, they have obtained the following expression for the vacuum

polarization tensor,

IL;(p) = N(s5 — pib;) X

6 4 2 3
PP 3p Lqe v v, 1P
1287p5 | 32wpd  32mp 64w 16mp?) p 2u
r° p P2 e (k. D
- — L Ztan~l =
(3271—/1,5 + 167u3  16mu + 3211') (p2 + 1) p an u
2 49 3 5 5 3 5
AN T S S A R
R2np  4r  96mp®  32wpt 128yt 32u? 64

This expression has all the right properties: it is transversal (as required by
gauge invariance) and reduces to the pure YM result in the limit g — 0 (or
p — 00). Looking at (6.2) one can see that there are threshold singularities
at p? = —4u2, p* = —u? and at p? = 0. While the first one is beyond our
region of interest (p? = —4u?), the second one is "removed” by a prefactor
(%/p® + 1)2, the one at p? = 0 is not - it renders II(p)[y2——,2 complex when
p? < 0, thus making solutions of the gap equation complex as well. This, of
course, indicates an instability of the vacuum of the theory and makes (6.1)
unacceptable at least at one-loop level.

This result raises several questions about our approach. As we mentioned
before, the dynamically generated mass does not depend on any small pa-
rameter in the theory. It means that unless there exist some arguments on
why higher loops are less important or there is some purely numerical reason

why they can be neglected there is no way to tell what order is sufficient
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to determine the mass value. In other wdrds, there is a danger that second
loop contribution to the gap equation for the mass term proposed by Nair
may make it complex as well. The only way to answer this question is to
do a two-loop calculation. However, the task seems to be formidable at the
moment and may very well be inconclusive if it turns out that the second
loop is of the same magnitude as the first one (even if solution remains real).

Nevertheless, there are indirect arguments that indicate some important
differences between (6.1) and (5.2). First of all, when considering new vertices
introduced by (6.1) one can see that vertices used for "our” mass term are
less singular for any value of the momenta than the corresponding vertices
of (6.1). We have also mentioned before that any "good” candidate for
the mass term should not add new degrees of freedom to the theory. The
condition that II(p) reduces to the pure YM value (—7/32p) is not enough:
it just assures us that in the UV limit any extra degrees of freedom (if any)
decouple, and one gets the correct S-function. The way to determine the
existence of the extra modes may be described as follows. Let us rewrite an
action corresponding to the use of the mass term (6.1) us.ing a multiplet of

adjoint auxiliary massless fields $¢

___l 2 ; a a__]_' ar N2\ebFHd
L= 2tr/F+z/F‘I> 2/<I>(D)<I> (6.3)
Shifting ®° as \
2' Qa
<I>“—><I>“+(b3) F? (6.4)

one can get the action with the mass term (6.1) with the & field entering only
as —1 [ ®%(D?)°®®®. If one assumes that measure for @ includes det(D) (This

can be achieved by including a ghost-like term in (6.3)), it can be integrated
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out yielding (6.1) as a mass term. However, equation of motion for the field
® is 2®* = F<. It has some nontrivial solutions even if F = 0, - they are
just plane waves. It indicates that nonlocal expression (6.1) may implicitly
introduce additional degrees of freedom which, although decoupled at UV-
limit, still play some role in the infrared. The region p?> < 0 in Euclidean
theory corresponds to the physical values of momenta in the corresponding
Minkowski space. The complex value of II(p) may then be just a consequence
of the decay of the massive glue states to the massless & modes.

Another criticism of our result on the magnetic mass is due to Cornwall
[47]. In his paper he looked at the application of the pinch technique to the
gap equation method that was also used in [44]. The key idea was to look
at the residue of the propagator defined by the pinch technique which we
discussed earlier in connection with the position of the pole. The reported
value is Z =~ 150. This is the main reason for concern, since when computing
higher loop contributions such a large value (compared to the ”input” value of
1) when raised to higher power (at least 2, since one has more propagators at
two-loop order) can make two-loop result much larger than that of one-loop
and render mass complex, as in (6.1) case.

We have already mentioned that if one allows some auxiliary fields into the
problem, then it is easy to obtain a gauge-invariant mass term by the means
of spontaneous symmetry breaking. The non-Abelian Higgs Lagrangian has
been considered by Buchmiiller and Philipsen in [42, 43] (a similar way to
generate mass was suggested by Cornwall in [44]). They considered the action

for the scalar coupled to a gauge field as

5= [date (%W,‘,,Wu,, +(D,®)!D,® + 128'® + 2,\(<1>f<1>)2) (6.5)
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This model describes the deconfinement phase transition that is supposed
to happen in the standard model at sufficiently high temperature. In the
symmetric phase they found mass that has very weak dependence on p and
) parameters and equals 3/4 of the value obtained in (5.23). This calculation
can be done equivalently by use of the action (), where U is the unitary matrix
that satisfies UU = 1.

Smp.p = tr / (8,8 + A,8)1(9,® + A,8) (6.6)

Using R, family of gauges (where the II(p) is not transverse) the transverse

component in the £ = 1 gauge gives

Ng*m 27 p®> 9\ 2m 3

one—loop, 2y _ g _ &« pr  g)em -1 P _ 9

Opr ™07 = =57 [( 16m? 4) p 2t on 4] (67)

Solving the gap equation with this II yields a real and positive solution
Ng? 63 3

It is very interesting to note that this mass is ezactly % of the mass value that
we find in chapter III. There is no explanation of this fact so far. In the end
we add that the same result can be obtained by considering the Yang-Mills
action with just A2 mass term [46]. It can be thought of as “unitary gauge”
of the model (6.5) and yields an answer identical to (6.8).

Because of all of these problems that seem to appear at one-loop calcu-
lations it would be very important to have two-loop results at least for the
some of the possibilities considered above. Recently, this question has been
investigated by Eberlein [48, 49]. The claim is that it is possible to construct
the two-loop gap equation for both the nonlinear g-model and the SU(2)
Higgs lagrangian. It is interesting that at two loops the gap equation will
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be quadratic and existence of real positive solutions provides an additional
check for the whole concept of using gap equations for the nonperturbative
mass evaluation. For the nonlinear o-model the reported results have weak
dependence on the choice of the gauge-fixing parameter £, and additional
dependence on the scale at which subtraction is performed, pars is present.
When subtraction scale gps = 0.3m, numbers vary from m = 0.343 g* at
£ =100 tom = 0.35 g! at £ = 10. Answers tend to become smaller for
larger uars - taking g = 3 m, reported range changes as m = 0.327 g2 at
£=1,00tom=0.334 g' at £ = 10.

Similarly, the results of a much more complicated 2-loop calculation of
the mass for the full Higgs action (in the symmetric phase) are both uars and
£ dependent. In addition, there is another parameter z = M/m, where M is
the Higgs mass and m is the gauge boson mass. Neglecting the subtraction
point dependence (which turns out to be very small numerically) the reported
result is m ~ 0.31 g® and is almost independent of Higgs mass.

What do these results tell us about the mass generation? Of course, one
cannot draw the definite conclusion that value of magnetic screening is as
defined by (5.2). Eventhough there seems to be a good agreement between
two-loop results, whith the second loop contributing about 20% of the first,
the gauge-parameter dependence of the answer is a cause for concern. Gen-
eral arguments that would ensure convergence of the loop expansion are still
lacking.

Nevertheless, one can make a series of interesting observations concerning
the trial mass term (5.2) proposed in [32] and used for calculations in chapter

3 and 4. Clearly, besides the perhaps empirical connection with the generat-
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ing functional of the hard thermal loops, it has some interesting advantages
when compared to any of the other proposals. While nonlocal, it still does
not seem to introduce any additional degrees of freedom to the theory. The
value of the magnetic mass that one obtains by using it with gap equation at
one loop level is very close to the two-loop results obtained recently. It is in-
teresting that the one-loop results for the mass terms in Higgs and non-linear
o-model are farther from our term than the two-loop ones. One can hope
that this may indicate convergence. Third, the only known lattice result
[66] seems to be extremely close as well. And at last, the recent attempt to
treat {2+1) Yang-Mills theory in continuum by using Hamiltonian formalism
[64, 65] predicts existence of the mass gap of the order of e?N/2w, which
is again a very close result. Does it all mean that this mass term is some-
how special? The above provides some evidence for that; it is our opinion
that further investigation of it is required and would be interesting. As a
conclusion, we must add that another question that we set to investigate in
the beginning of this work seems to have a positive answer: one can set up
an infrared finite perturbation theory in non-Abelian gauge theory at high
temperature. Gap equation is needed for the self-consistent reorganization
of perturbation theory and explicit one-loop calculations yield a real solution
for magnetic screening. Several nonperturbative methods may test that in

the future [40].
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Renormalization of

Hamiltonian
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Chapter 7

Introduction

The subject of renormalization for the Hamiltonian operator has been looked
into extensively for the past decade [51]. Yet it is hardly being used in
any practical computation in field theory, since usually all the intermediate
steps are non-covariant and, generally, rather complicated compared to the
standard approach. Nevertheless the concept of “integrating out” of the high
frequency degrees of freedom has much more physical meaning precisely in the
Hamiltonian framework. One way to present it would be to set up the whole
procedure as a Born-Oppenheimer approximation used in atomic physics [52].
Another way to look at it would be to introduce a unitary transformation
in order to decouple “high” and “low” modes and then look at the low-
energy part of the spectrum [53]. In this chapter we want to introduce a
renormalization technique in the spirit of the Wilsonian renormalization [54],
i.e., integration of fast degrees of freedom, appropriate for the Hamiltonian
(Schrodinger) formalism [55]. It is similar in essence to both [52] and [53], but

appears to be very different in practice. Basically what we want to see is how
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the high frequency degrees of freedom modify the low energy Hamiltonian
operator, or equivalently, what Hamiltonian in terms of low frequency modes
produces the same low energy physics as the original Hamiltonian. It is also
interesting to mention that procedure for renormalization of Hamiltonian
operator opens interesting possibilities in interpretation of dynamics of the
non-Abelian gauge theories. The kinetic energy operator can be considered
as a Laplacian defined on the configuation space of the system. As such
it is related to the metric and its renormalization properties can be of some
interest with regard to the change of some geometric parameters of this space
under RG transformation.

This part of the thesis is organized as follows. In the following chapter we
introduce a novel method for the renormalization of the Hamiltonian operator
in Quantum Field Theory in the spirit of the Wilson renormalization group
(chapter 8). By a series of unitary transformations that successively decouple
the high-frequency degrees of freedom and partially diagonalize the high-
energy part, we obtain the effective Hamiltonian for the low energy degrees
of freedom. We then test this method using simple example from Quantum
Mechanics (chapter 9). In the chapter 10 we successfully apply this technique
to compute the 2-loop renormalized Hamiltonian in scalar A ¢* theory. In
chapter 11 we discuss several ideas on geometry of configuration space in
non-Abelian gauge theory and their connection with renormalization method
presented in chapter 8. In chapter 12 we compute the 1-loop renormalization
of the SU(N) Yang-Mills Hamiltonian. Chapter 13 contains similar analysis
of Quantum Electrodynamics. In chapter 14 we discuss the relation between

renormalization of the metric and asymptotic freedom. And finally Chapter
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Chapter 8

Renormalization of

Hamiltonian Operator

For the sake of explicitness let us consider a system described by a Hamil-
tonian H(A) defined up to the momentum scale (cut-off) A; that is, H(A)
produces finite results. Now if z is a lower momentum scale, we want to find
a new Hamiltonian operator H(x) that generates the same results for all the
physical processes which do not involve momenta greater than p. The defi-
nition of H(u) is simple: H(u) is the projection of the original Hamiltonian
H(A) onto the low frequency subspace, i.e., the high frequency vacuum,

H(p) = Prow H(A) Piow- (8.1)

The claim is that, at least perturbatively, it is possible to decouple the low
frequency modes from the high frequency modes and thus give sense to the
notion of “low frequency subspace”. In essence we will show that after a

suitable unitary transformation we can partially diagonalize the Hamiltonian
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and construct the vacuum for high momentum modes. Therefore we can

rewrite eq. (8.1) as
H(p) = (Onign|UT(A, p) H(A) U(A, 12){Ohign)- (8.2)

Now let us explain how to construct the unitary operator U(A, p). As we
have explained before, the main goal is to identify the ground state of the high
frequency modes and then project the whole Hamiltonian onto this state. So
if we can find a unitary transformation that: i) separates the low energy
modes from the high energy modes and, #i) diagonalizes the high energy part
of the Hamiltonian (for example in terms of the creation and annihilation
operators of the high frequencies), we are done: the ground state will be
then the state annihilated by all the high frequency annihilation operators.
This task is of course difficult, but in fact we need less than that. Since we
only need to identify the vacuum state of the high momenta Hamiltonian and
not the whole spectrum, only a partial diagonalization is enough. In fact,
only those non-diagonal terms containing purely creation operators or purely
annihilation operators have to be removed from the Hamiltonian. Other non-
diagonal terms containing both creation and annihilation operators do not
change the vacuum state of the theory (once the aforementioned terms have
been removed).

We now show how this work in more detail. Suppose that after a uni-
tary transformation we bring a Hamiltonian to the form Hgiqqy + V where V
contains only terms with at least one creation operator and one annihilation
operator. That is, V' can be written as V' = a:f M;;a; where M is an arbitrary

operator and i, j are generic indices. Then, standard perturbation theory tell
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us that the correction to an arbitrary state |n) is given by

({[Vin) (lVim)(m{Vn)

o) =2 m— B 2 Bi- BB B T B9

Therefore, if |n) = |0), the vacuum state, it is annihilated by V" and there is
no correction to it at any order in perturbation theory. The ground state is
unaffected by V.

Now we can proceed to find the unitary transformation of eq. (8.2). First

we split the original Hamiltonian into four pieces,
H=H,+ Hy+Vs+ Vp. (8.4)

Here H; contains only the modes with momenta less than p, H, is the free
part for all the modes with momenta greater than x and V4 + Vp contains
mixing terms and all non-diagonal high-momentum operators; V4 contains
the “pure” terms that have only high frequency creation operators or high
frequency annihilation operators, but not both, and Vg the “impure” remain-
ing terms (we assume here that V4 and Vg are normal-ordered with respect
to the free perturbative vacuum). Then we break the unitary operator U
in a product series, U = Uy U; --- Uy, - - - and we compute all the terms suc-
cessively. The objective of each individual U, is to partially diagonalize the
Hamiltonian, at a given order in A (a generic coupling of the theory) and
u/A. Let us show how to achieve this.

We proceed iteratively by first diagonalizing the Hamiltonian at leading
order in A, up to the desired accuracy in p/A. Consider first a unitary
operator U written as e*%. Now we perform a unitary transformation on

equation (8.4), expanding in powers of §2 (in the general case Q is at least of
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order )\ so at a given order only a finite number of terms are needed):

e—iﬂo(HI + Ho+Vy + VB)eiﬂo = Hi+ Hy+Vy+Vg+1 [Hl,Qo] +
+1 [HQ, Qo] +1 [VA, Qo] +1 [VB, Qo] cee (8.5)

As we have explained above, we want to eliminate the “pure” mixing terms
V4, while we generate an expansion in g/A. Thus, we impose the following
condition on g,

i[H,, Qo] +Va=0. (8.6)

This equation can be solved perturbatively and since commutators with
H, generate time derivatives of the high frequency fields we have the desired
expansion.

Notice that equation (8.6) defines Qg up to the terms that commute with
H,. As it is shown in the appendix A this freedom corresponds to the ar-
bitrariness of the definition of the low energy Hamiltonian up to a unitary
transformation. Therefore we will assume some kind of “minimal” scheme -
namely that o, after normal ordering, does not have a part that commutes
with H, (terms function of alay).

After Qg is chosen to cancel V, in the effective Hamiltonian, a new mixing
term of order A appears from i [H}, Qo). However this new term is of a higher
order in /A and will be eliminated by the next unitary transformation
Uy = e, Explicitly,

e Me™N(H 4 Hy + Vg + Vp)e® e = Hi + Hy+ Vg +
1[Hy, Q) + i [Hp, Q] + 2 [H1, 4] + second order terms---  (8.7)
and we now choose §; so that

i [Hl, Qo] + 1 [Hz, QI] =0. (88)
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Using equations (8.7) and (8.8) we obtain:
e MMe N (H + Hy + Vig)e™e™™ = H, + Hp + Vg + % [Va, Qo] +
iV, Q0] +1 [V, ] + i [Hy, 4] — 3 [[H1, 0] 2] -
-;— [[H1, Q0] , ] — % [[H1,Q1],8] + higher order terms---  (8.9)

Now it is easy to deduce the logic of the procedure: the next step is to
introduce Q; in order to cancel 7 [H;, Q;], which is of higher order in /A, and
continue with the same process until we have attained the desired accuracy.

Notice that by construction
[H21 Qn-{-l] = - [H17 Qn] (8'10)

and Hy = A, H; = pu, then
Qi1 = £ Q, (8.11)

o

and any new {2 is smaller than the previous one by a factor of u/A.

Of course so far we have only eliminated the high momenta degrees of
freedom up to the first order in the coupling constant. Requiring the absence
of the A? - order mixing terms will lead to the introduction of a whole new
series of unitary transformations, and the same arguments can be applied to
them.

As a final remark, notice that the “partial” diagonalization at first order in
A defines a correct low-energy effective Hamiltonian (after projecting onto the
high frequency vacuum) which is valid up to the order A3. The reason is that
since all the relevant terms of order A have been cancelled, the introduction
of the new series of ’s of order A? will only modify the Hamiltonian at order

AL
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Chapter 9

A quantum mechanical example

In this chapter we illustrate the ideas of the previous section by studying in
some detail a quantum mechanical “toy model” where the main ingredients
of our technique can be presented in a simpler context.

Consider the following Hamiltonian of two coupled anharmonic oscilla-
tors,

H=%(P2+Q2)+£‘]2—2(p2+q2)+/\(Q+q)4 (9.1)
where w; << wy. Now we want to find the effective Hamiltonian for P and
Q resulting from “integrating out” the high frequency modes p and q. We
choose to compute the effective Hamiltonian up to to order A% and (w; /w2)3.

According to the discussion of the previous section we divide the Hamil-

tonian in four pieces as in eq. (8.4),
H=H,+H,+V,+Vp (92)

where the various terms have the form:

H, = %-(P2+Q2)+/\(%+3Q2+Q4),

59
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H2 = wgafa,
32 34 1,4, 14 f .3, 13
Va = /\{Ea +§a'f +Za +Za +\/§Q(3a+3a +a’°+a )+
3Q? (a2 + a?z) +22Q8 (a + af)} ,
Vg = /\{3afa+afa3+6a"2a2+a73a+3\/§ Q(afa2+af2a)+
6 Q* a'a}. (9.3)

In eq. (9.3), a and af are the annihilation and the creation operators re-
spectively of the high frequency states, defined through a = (p+1iq)/+v/2 and
at = (p—iq)/V2.
Now we are ready to perform the first unitary transformation Uy = e*%.
As explained in Section 1, € is chosen in order to satisfy equation (8.6).
Using the expressions given in eq. (9.3) we obtain:
Q = z’/\c‘%2 {-534;(a1r2 —-a?)+Vv2Q (3(a'r —a)+ ;j);—(a"3 — a3)> +
g Q? (at? —a?) +23Q° (at —a) + %(af4 — a4)} . (9.4)
After performing the unitary transformation with the above expression
for Qy, we obtain the leading order approximation of the diagonalization of
the whole Hamiltonian: we have eliminated the non-diagonal “pure” terms
V4 at the expense of creating new ones in [Hi, ). However those new terms
are of order of w; /w, as can be seen clearly from egs. (9.3) and (9.4).
The following step is then to cancel this newly created non-diagonal terms
with the next unitary transformation U; = e where Q, satisfies equation
(8.8). A straightforward calculation gives

1
O = i/\:J—J—; {z-(aT2 +a?) +iV2 P (3(a7 +a) + §(a.f3 + a3)) +
2

zg QP (a’f2 + a2) — i6vV2Q*P (air + a)} . (9.5)
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Finally, to reach the desired accuracy in > we need also Q, defined through
the relation [H1, Q] + [Hz, Q2] = 0. We ﬁnd

2 1
Q = 2 {12(a’f —a)-iv3Q (3(af —a)— —(af® = a3)) _
ws 27
i % (P*+ Q) (a%? - a®) +i 12v2 QP? (o — a) i 6v2 Q* (af - a)} .(9.6)
Now we are ready to compute the “low energy” effective Hamiltonian.

Recalling the discussion of the previous section, we have the following ex-

pression for the effective Hamiltonian, up to the order A3 and 1/w3:

Heyp = (0] {Hl +Hy + Vg + ‘;'[VA, Qo] + i[Ve, Qo] + i[Ve, U] + i[Vs, Q] -
1 1 1 1
5[[H1,Qo], Qo) — 5[[H1, Qq], 4} - §[[VA1 Qo), Qo) — -2-[[V.4, Qo), ] —

%[[VByQO]: Qo] — [V, o], ) — é[[[Hu Qo] Qo]rQo]} |0). (9.7)

Here |0) is the vacuum associated to the operators a and a' leaving the P
and @) operators untouched. For the sake of completeness we have written
the whole expression derived from the rules described in Section 1. However,
some of the terms vanish upon projection.

Finally after a long but straightforward computation we have the desired

low frequency Hamiltonian :

3 211 29w,
— 2 2 2 4 2({_&= = —_——
Heyp = 5 (P +Q)+A( +3Q +Q)+A ( s T3
153 w? 2 166w} 2,
15 +( 31— +45 22+144 )Q 5 sz

3
162z—QP 81 Q2P2+288z Q3P+(6—§—2—>Q4+
5] 2

333 1 168 1
i (18

w? 8
2_1_ i4p2 _ = 3
7ngP w2Q)+/\(16
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3653 w1) Q + (§3§ —3132-L ) Q* + (5“—3% — 122421 ) Q° +

2&)2 2 2

2 Q“) + 0\, 1/w3). (9.8)

The skeptical reader can verify, using standard Rayleigh-Schrédinger per-
turbation theory, that the spectrum of the effective Hamiltonian (9.8) is the
same as the low energy spectrum (:.e., the part of the spectrum that remains

finite if ws — 00) of the original Hamiltonian (9.1).
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Chapter 10

Rencrmalization of Scalar Field

Theory Hamiltonian

In this chapter we apply the same formalism to the case of a scalar field with
the quartic self-interaction, A ¢*. We will determine the effective Hamiltonian
H up to the two-loop order.

Before proceeding to the loop calculation we have to explain how renor-
malization is performed in our formalism. As was shown in Section 1, by
projecting to the vacuum state for the “high” momentum modes we obtain
the effective Hamiltonian H.fs. Since our system is supposed to have had an
ultraviolet cut-off A from the very beginning, H.s will explicitly depend on
this UV scale. The renormalization procedure consists of modifying the orig-
inal Hamiltonian H by introducing renormalization Z-factors that depend
on the UV cut-off A and some arbitrary “renormalization scale” M. Each of
the Z’s depends on A and M in such a way that the effective Hamiltonian
obtained from it does not depend on A; in fact it has to look exactly like the

63
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original one except that all A’s should be replaced by x - the scale down to
which we are integrating out.

Let us start from the “bare” Hamiltonian
1 1 -
H=[d%s (51'1(2;,(1:) +50(2) (-7 + m?) &(z) + ,\cp‘*(x)) .oy
and introduce a Z factor for each composite operator,

g= (%ng(x) + %@(z) (~97) 8(z) + ZnZsm?®*(@) + A2, Z384(2)

(10.2)
Each of the Z-factors has a perturbative expansion in A\, where we are as-
suming that A has been defined by some renormalization prescription at the
renormalization scale M (A is the “renormalized” coupling in the language

of the standard renormalization group). Generically
Z =1+ filA)A+ L{A)N + f5(A)X3 +---. (10.3)

The functions f, will be chosen order-by-order from the requirement that af-
ter integration of the modes from u to A all the corrections sum up in such a
way that Z(A) — Z(u). When doing the one-loop corrections one can there-
fore assume that all the Z’s are initially 1 and choose the corresponding f's
from the condition that high-cutoff dependence be cancelled after computing
the H.ys to one loop. For the second loop we use the one-loop Z-corrected
Hamiltonian and determine f, to the next order in A by the same procedure.

According to our philosophy we have to identify the purely “low” part
Hj, the free “high” momentum part H; and the interaction terms V4 and
Vp. First we split the original field ®(z) into its low and high frequency

components:

®(z) = o(z)+x(z),
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p(z) = 3 e, x(@)= Y Bpe*. (10.4)

k<p p<k<A
By virtue of the equations (10.4), [ ¢(z)x(z) = 0 and the original Hamilto-

nian (10.1) can be rewritten as sum on the four pieces H = Hi+Hy+V4+Vp:
B = [(57@ + 56 (-5 +m*) 6(s) + M4 (2) ) , (105)

#, = [ (3720 +3x@) (-5 +m?) x(@), (106)

Va+Vg = A / (x*(z) + 46x° + 6% + 46°X) - (10.7)

In order to separate V4 and Vjp, according to the discussion of Section 1, we

introduce the second-quantized form of the high-momentum modes Y,
1

x(z) = “dz;l\ 2ok

Here wy = vk2 + m? and can be taken wy = |k| for 4 >> m. The operators

(ake“’cz + a}:e“""‘) (10.8)

ax and af satisfy the standard commutation relations [at, a}] = 8k Upon
substituting this definition in the expressions (10.6) and (10.7) and normal-
ordering the result with respect to “high” modes we can identify all the terms .
that contain only creation or only annihilation operators; these terms form

V4. The rest of the interaction part forms Vg.

H, = Y wadla, (10.9)
p<k<A
Ve - )‘z ei(k+p+q+r)zakapaqar . 9 ¢(x)e‘("+3’+q)‘aka paq+
4, [y V2 WiWplg
2 i(k+p)z 4 &3 tkz 1 _
3 ¢*(z) € arap + ¢°(z)e**ay §__ Qr0_f +h. c. $(10.10)
V&rWp V2 wi 2wp Wy
v \ ei(p-**q-i-r—k)zazapaqar 3 ei(q+r-k—P)zaLa;aqar
B = /ORI agGly VEkWpWaWy
i(p+q—k)z .1
LB é(z)e BIp0g | 4 . (10.11)
V2 Wipg

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



66

Notice that already at this stage we have some contributions to the effective
Hamiltonian due to the normal-ordering of the terms of type ¢*(z)axal; this
term explicitly depends on the UV cut-off A and can be included into H;,

SHi =60 3 -— / ¢>2(:z:)~3/\ " / #*(z), (10.12)

y.<k<A

where we have made the standard replacement Y, — [ (‘2‘3—”’)% Equation
(10.12) is, of course, the standard “tadpole”, one-loop mass renormalization.
In order to pick up the only other one-loop contribution, the coupling
constant renormalization, we have to follow the general procedure of Section
I and determine Q0 for the first unitary transformation. Using equation (8.6)
we deduce
- (Y {4 P (z)e*a, 3 P*(z)eF+Plga, 31 %%._k
V2w Wi Ok, (Wi + wp) 4wp w?
24(z)ec+7+ 020, a,0, ekt ,ae, }

V2 Wrwpg(wi + wp + wy) 1 VIR WqWr (Wi, + Wp + We + W)

(10.13)

To find the correction to the Hamiltonian we expand the unitary trans-
formations and project onto the high energy vacuum. The contributions to
H, gy are exactly the same as in equation (9.7).

Now we have to determine the potentially divergent contributions (if A —
oo) that will emerge after projection to the vacuum state. In doing so the
following naive power-counting rule is useful:

a) Each Q, brings £(™*!) (momentum) to the denominator.

b) Each contraction contributes ﬁth kL.

c) For each loop integration we have a contribution of k3.
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Therefore, each term for which the total degree of divergence of a term
is greater than or equal to zero, has to be taken into account. Of course,
there may be overlapping divergences in computing the proper expressions,
but those have to be studied individually, term by term.

By inspection of equation (9.7), is easy to see that at this order there are
no contributions to the terms I12 and &(—2)& (i. e., Z, = Z4 = 1) and
the only other one-loop term is the coupling constant renormalization. This
contribution comes from the commutator [V, €] when contracting twice the
high energy fields. The rest of the terms are not important at this stage: the
commutators [V, Q] and [H;, Q) are zero when projected onto the vacuum.

After projecting onto the high frequency vacuum we have

A2 2 dp dq 1
5}’;[1|¢,4 = 18\ /¢(-’B)¢(y) (27)8 Wkwp(wk_i-wp)

- _gi—z m(%) [/ $'(z) d“z] (10.14)

Expressions (10.12) and (10.14) give the two contributions to H.ss at one-

etlP—a)(z—y)

loop. From them we can deduce the renormalization factors Z,, and Zj:

Zm=1—3X\ (10.15)

(A2 — M?) 9A? (16[)

o2 ; Z,\=1+§7-r-2'1n

This finishes the one-loop renormalization procedure. (In refs. [52, 57]
there is an extra one-loop counterterm of order A due to the definition of
the “effective” wave functional in the Schrédinger representation). Before
going to the next order in coupling, we should notice that there is a two-loop
contribution coming from the same term [Vy4, ] in (9.7), when contracting
the high energy fields three times. Its leading divergence is quadratic and it
has a logarithmic subleading divergent part that gives rise to the two-loop
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wave-function renormalization,

5H1|'\; _ _ 12)2 {/ d31'¢(1‘)¢(—r)}/ d’p d*q

(27")9 WpgWr—p—q(Wp + Wq + Wr—_p—q)
2
=_?_A_(2 In2— 1)A2/§¢2(x) d*z +g’\F1n( )/ (Vé(z) )
(10.16)

Extra contributions to H.sy at two-loops come from the terms
1 . 1
= (0] (~5 [#1, Q0] ] +i [V, ] - 3 [, ], 1) [0} (10.17)

However using the power counting rules described above we can see that the

only divergent contribution comes from the first term. Following equation

(8.8) we determine the operator 2, as

(=AY {4[H1,¢3($)] e*a, 3 [Hy, ¢*(z)] P qpa,
Vi V/Zasiy (w + )

2[Hy, ¢(z)) eilk+pta)zy kpQq ei(k+p+q+r)zakapaqar he }

V2wiwpwe(wk + Wp + we)? 4, fWkWpWawy (Wi + Wp + Wy + wr)?

Ql=

(10.18)

and after evaluating a momentum integral similar to the one in eq. (10.16)

SHIY = —-§£1n( ) {/ } (10.19)

It is important to point out that the corrections to (¢)?, eq. (10.16), and 72

we finally get

eq. (10.19), have equal magnitude and opposite sign as it must be, due to the
Lorentz covariance of the theory. In fact, since 7, is represented by -5%, then
if ¢? gets corrected by Z then 73 should change by £, so that the equal time

commutator is preserved. Now we can define the two-loop wave-function
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renormalization factors Z and Z; as

32 A
1 32 A
Z,r = Z—¢ =1+ g; In (-;) . (1021)

Finally there is one more two-loop contribution that comes at the order

A% and renormalizes the ¢%(z) term. It comes from the terms
1 1

After a somewhat tedious computation we get
2
(2—toop) _ 27 1 43 A A 4 3
6H =3 7‘_4/\ {ln (# + |In . ¢*(z) d°z. (10.23)
To compute the entire two-loop correction we have to add to this result
the contribution of the one-loop counterterms ,i.e., the one-loop terms with
the order A contributions to the Z-factors. Thus, we can finally deduce the

value of the Z, factor at two-loops,

Zy = 1+ —= log(A/M) A% + (gz(log(A/M))z _ 15—;4- Iog(A/M)) 2,

22
(10.24)
From equations (10.20) and (10.24) we get the correct two-loop S-function
of the theory,
3/\ -1 aZ,\
B(A) = Blog M|, ~ ((Ox(A Z3)ape) ™ A log M|, ,
9 ., 5l 4
=t (10.25)
and the correct two-loop anomalous dimension vy
"N =3 Fiogar|, ~ o (10.26)
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In summary, in this chapter we have described a novel perturbative tech-
nique of renormalization in the Hamiltonian (Schrodinger) formalism. We
have showed that this method successfully gives the two-loop renormalized
Hamiltonian for a scalar Field Theory with a quartic potential. In what fol-
lowing chapters we apply this formalism to gauge theory and compare our

results with the covariant computations.
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Chapter 11

Geometry of the configuration

space and mass gap

Looking at the great success that the Standard Model has had since it was
introduced more than 20 years ago, it is quite striking that we still lack
understanding of the strong interaction part in the low energy regime. In
spite of excellent results in the perturbative QCD we are unable to produce
any analytical computation of quantities such as the magnetic moment of
proton which is known with great accuracy. Some important puzzles, like
where does Agcp come from, still need to be addressed. Apart from the
numerous lattice results (which reinforce our belief that QCD is the right
theory for the strong interactions) the situation remains largely the same
more than 20 years later. Many attempts to apply a variational approach
have not yet produced any effective calculational method for the solution of
the problems mentioned before.

It was suggested in [58] that perhaps we need an alternative way to look at

71
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the Yang-Mills theory based on a more geometrical point of view. Namely,
one tries to study quantum mechanics of the fields in the space of gauge-
inequivalent configurations. The following analogy with quantum mechanics
is used. Consider a free particle inside a box of size L. The lowest eigenvalue
of the Hamiltonian (which is just a Laplacian) is of the order of ~ 7}; This
is realized by the state of the longest possible wavelength, A ~ L. It is clear
therefore, that the spectrum of such a system will have a gap due to the
fact that L is finite. In other words, the spectrum is going to be discrete as
long as distances in the configuration space cannot become arbitrarily large.
Feynman’s suggestion was to try to adapt this idea to Yang-Mills theory.

In general, in order to determine the distance between field configurations
we need to know the metric of the configuration space. The geometry of the
configuration space of Non-Abelian gauge theories was considered by many
authors ([59, 60, 61]) and, recently, in [62]. The major problem is to extract
the metric on a space of the gauge-inequivalent configurations A/G. _

A natural distance between two arbitrary gauge configurations A; and A,

(that is gauge connections modulo gauge transformations) is given by [62]
141 = 42l* = inf( [ Tr((41(@) - Ax(2))), (1.1)

where A is a gauge-transformed A;. However the extremum solution of
this expression is highly non-local and very difficult to work with. Never-
theless one can try to see some qualitative features of this distance. In [58]
it was argued that due to the non-Abelian nature of the gauge group the
low-potential-energy configurations are in a space of finite diameter for 2+1
dimensional Yang-Mills theory. According to our very crude analogy with the

quantum mechanics it would mean that the kinetic energy operator will have
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a discrete spectrum. Of course, these are only qualitative arguments that
require a rigorous mathematical formulation if one is to draw any conclusion
on the existence and value of the mass gap. Also, as a word of caution we
must say that some properties of the configuration space obtained in 2+1
dimensions may not necessarily be the same as in the 3+1 dimensional case
(as, for example, the statement above in the case of YM in 3+1 and 141
dimensiona! sigma model [62, 63]).

Another reason to believe that this approach could lead us to a better
understanding is the recent progress in Hamiltonian formulation of the 2+1
dimensional Yang-Mills theory. In a series of papers [64, 65] it was shown
that by introducing special gauge-invariant variables one can prove that the
(properly regularized) volume of the configuration space for the non-Abelian
theory is finite, while the corresponding quantity for the Abelian field is
infinite. The discreteness of the spectrum of the kinetic term, E?, has been
also shown explicitly and the string tension computed in [65] is in remarkable
agreement with the recent Monte-Carlo simulations [66].)

Behind all this discussion a natural question arises: What is the behav-
ior of the configuration space as we integrate out high momenta degrees of
freedom? Of course we can not answer completely this question, and even
a partial response deserves a profound, probably non-perturbative, analysis.
However we still can say something, and answer specific matters as the behav-
ior of the configuration space metric under the renormalization group, which
encodes much of the properties of the space. Notice that those issues acquire
a special significance in Hamiltonian formalism: there the kinetic term is

essentially a Laplacian in configuration space and the energy spectrum, at
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least in the strong coupling regime, is dominated by it.

The choice of this topic was not fortuitous but we have an idea in mind.
In the standard understanding of asymptotic freedom all the significance is
put in the interaction potential through the statement that the couplings de-
crease to zero as the energy at which the theory is tested increases to infinity.
However in the Hamiltonian picture we can state the problem in a different
way. In the Hamiltonian there is an obvious competition between the kinetic
energy and the potential energy. So it is natural to analyze the asymptotic
freedom in its “dual” form, i.e., the variation of the kinetic energy (with
respect to potential energy) as the renormalization scale changes. In partic-
ular we conjectured the following, in asymptotically free theories the effective
distance between configurations decreases as the momentum is lowered.

Notice that this question does only makes sense in a Hamiltonian formal-
ism, since it is only in this case that all the geometrical properties of the
configuration space can be precisely defined (the Hamiltonian is an operator
that acts on the Hilbert space of functionals defined on the configuration
space). It can be argued that one can always work in a Lagrangian formal-
ism and at the end construct the respective Hamiltonian by the standard
Legendre transformation. However this cannot be done if renormalization is
involved at any moment. In the Lagrangian formalism, even in the frame-
work of perturbation theory, the process of renormalization generates high
time-derivative terms in the Lagrangian, making impossible even the very
definition of a Hamiltonian, as the system is governed by high order time-
derivatives equations of motion. Even an application of the Ostrogradsky

method can in general lead to negative norm states if higher time derivatives
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are involved in the Lagrangian. Thus, a prescription for renormalization
within the Hamiltonian formalism is indispensable. One must not leave the
phase, thereby maintaining the first order time derivative nature of the equa-
tions of the system.

Therefore we will use a novel procedure of renormalization of Hamiltoni-
ans, already introduced in previous chapters where a successful renormaliza-
tion of the Hamiltonian of A ¢* was performed. To suppors our conjecture
we will have to do a detailed analysis of two particular examples: Quantum
Electrodynamics and Yang-Mills theory in 341 dimensions, where we con-
structed the renormalized Hamiltonian up to one loop. Now let us proceed

to explicit calculations.
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Chapter 12

Renormalization of

non-Abelian gauge theory

12.1 SU(N) Yang Mills theory: Preliminaries

The kinetic energy term for the Hamiltonian of Yang-Mills theory is essen-
tially a Laplace operator on the configuration space. However, due to the
gauge invariance, the physical degrees of freedom belong to the space of
gauge connections modulo the group of gauge transformations, i.e, the space
of non-equivalent gauge potentials, and a satisfactory parametrization of this
space is needed. In this section we find a perturbatively adequate coordinate
system of the configuration space (a similar analysis was done in ref. [71])
and compute the associated metric . '
We consider a SU(N) Yang-Mills theory in the temporal gauge, Ag = 0.

The canonical variables are the vector potential A?(z) and the electric field

76
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E%(z). They satisfy canonical commutation relations
[A3(2), E¥(y)] = i6°6]6® (z — ) (12.1)

which permit the representation of the electric field as

)

Eai(l') = —im.

(12.2)

The Hilbert space of the theory is supplemented by the Gauss law that
enforces a constraint on the wave functionals, essentially only allowing gauge
invariant configurations,
G%(z)¥[A] = —iD[A]® EA%(-E@[A] =0 (12.3)
where D[A]?® = V;6%® — ef** A¢(z) is the covariant derivative.
The gauge potential can be written also as a Lie algebra valued field
Ai(z) = t*A¢(z) where t* are the hermitian generators of the Lie algebra of

SU(N) in the fundamental representation, normalized to tr(t*t*) = 4.

The Hamiltonian can be written as
H=1 [ &z (B%(z)E%(z) + B (2) B%(2)) (12.4)
2
where the magnetic field B is given as
. 1
B(z) = e (ajAz(x) +5e fabCAg(x)A;(z)) : (12.5)

Note that due to the constraint (12.3), not all the degrees of freedom in
the Hamiltonian (12.4) are “physical”. In order to isolate the physical degrees
of freedom we will perform a change of coordinates in such a way that the

Gauss law takes its simplest form. We parametrize an arbitrary configuration
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in terms of a “gauge fixed” configuration plus gauge transformations. The

former will define a coordinate system of the orbit space. We write
Ai(z) = g7 (z) Ai(z)g(z) +ig™" (z)0i9(2) (12.6)

where g is a SU(NV)-valued matrix and A; is a configuration satisfying the

Coulomb gauge condition
VA =0. (12.7)

It is well known that the parametrization (12.6) with condition (12.7) is not

well defined globally due to the Gribov ambiguity problem. However, we will

work in the framework of perturbation theory where the parametrization

(12.6-12.7) defines an acceptable isomorphism in the configuration space.
From eq.(12.6) we deduce,

6A; = g™" (8A: + D[ AL, i8997']) g (12.8)

where D[A;] = 0; — ieA..
Thus we can decompose the metric of vector valued configurations in“gauge
fixed” and “pure gauge” parts
5 = / diz 8A%(z) §A%(x)
= [d*% (642(z) 542(z) + DIAJ*(i69g™")* DIl (idgg™")}12.9)

The normalization of the wave functionals is then given by

(Wil) = g [1DAS] UilA] To(4)
[ID45] VG wi(A] T[4 (12.10)

where G is the matrix metric defined by equation (12.9).
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Using the Coulomb gauge condition eq.(12.7) we can invert eq.(12.8) and
write
i(6997")" = (V- DlA), "V - (AR (12.11)
and

(5,,5“ — D[4 (V- BlA) v, ) (6A;R)°. (12.12)

where R = R(g) is the adjoint representation representative of g.
Notice that not all the components of A; are independent as they are
subject to condition (12.7), so we can parametrize the space of gauge config-

urations modulo gauge transformations with the 2(N?—1) functions A?, i=

1,2.
From eqs.(12.11-12.12) we can write the functional derivative as
—lad e\ vi bd o
e~ [ R (V0 95" gy

/ R-W‘(J,a% o)+ (DUAEVEB - 9)gko) ™) Puto 53505
(12.13)

where P;;(z,y) = 8;;0(z,y) — ViV; A~™Y(z,y) is the projector on the trans-
verse modes.

As previously announced, in these variables the Gauss law has the simple

form
SUA]l _
(i6g g71)°
so it is trivially imposed by demanding that the wave functionals be inde-

(12.14)

pendent of g.

It is useful to define a “transverse” functional derivative as

J.A,(sj /d3z Py(z, Z)J.A“( ] (12.15)
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restoring rotational invariance at the expense of modifying the canonical

commutation relations:

6T
460 ﬂ(—y)] = —Py(z.y) 5 (12.16)

Now we can write the kinetic energy term in terms of the variables A{

(taking into account eq.(12.15)),

. 0vT 00,
(O[T T2) = Vlgf[DA] /d3 5A%(z) 0A¢(z)

= / [DA?] VdetG = / dz d*y d®z x

5T
ab T
(5*15 5(z,y) + (DIAEVE(D - 9)5L,) ) B
(6%6°6(z, z) + (DIAEVE(D - V). %) &. (12.17)
kVi (z,x) J.Ai(z)
That is, the kinetic energy density term takes the form
T=->7 fs'a (@)VG GE (z,y) E%(y) (12.18)
where £ = —iz‘% and G 4/g is the effective metric of the space of gauge
configurations module gauge transformations,
Gl () = [dz (F566(z, 2) + (DIAEVED - 9)gh))™) x
(afka‘”a(y, 2) + (DIARVL(D - V)gh,) ) : (12.19)

As we mentioned above, the previous analysis was only valid in the frame-
work of perturbation theory where condition (12.7) defines a local system of
coordinates on the orbit space. So it is consistent with this approach to com-

pute all the elements of 7~ (the metric of the space of gauge transformations

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



81

G and the metric of the true configuration space G 4/g) in powers of the cou-
pling constant e. In fact, after a straightforward computation, the kinetic

energy, up to order €2, can be shown to be

1 ia)(g ai ]
T = 5 [dady G5 1) @)E(v) -
]

2eca ATH(0) / Bz A2E%(x) (12.20)

where c,4 is the Casimir of G in the adjoint representation,

GL (@,y) = 695%8(z,y) = & f* P A @) AW)AT (z,9) +O(")
(12.21)
and the transverse variables A¢ and £¢ satisfy the commutation relations
(see eq.(12.16):
[A2(z), E2(y)] = i6*° Py(z,y). (12.22)

12.2 Renormalization of Yang-Mills Hamilto-
nian

In this section we will compute the renormalization contribution to the E?
and B? terms in the effective Hamiltonian. In what follows, we will assume
the “gauge-fixed” variables from the previous section and will use A and E
instead of A and £. Using expression (12.20) the gauge-fixed Yang-Mills

Hamiltonian can be written as follows:

H=3 [ o@u)BE)E) + 5icad @B @)6(,) + BB (2)
(12.23)
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where c4 is N for SU(N) and

o (z,y) = 668 (z — y) + O 2% A{(z) A5(v)G (2, y) + - - -(12.24)

1 —ig(z— tpq
G(z,y) = /q—2 el ”)W (12.25)

This is the so called “bare” Hamiltonian. For the loop calculations we have
to introduce the Z-factors by the following procedure. Using (12.24) let us

rewrite expression (12.23) as
H = 5 Z5(A) B + 2 Zaasn(A)e £ 4 A5(2) A5(0)G 2, 1) B2 () EX(y)
+%Z32(A)B2 + eZ1(A) f* 8, AZAAS + 64—2Z4(A) feeflec AZALALAS + (12.26)
Each of the Z-factors will have the following form
Z=1+efi(A)+efo(A) +--- (12.27)

The functions f, will be chosen order-by-order from the requirement that
after integration of the modes from g to A all the corrections sum up in
such a way that f,(A) — fa.(p) and Z(A) — Z(u), accordingly. When
doing the one-loop corrections one can therefore assume that all the Z’s are
initially 1 and choose the corresponding f’s from the condition that high-
cutoff dependence be cancelled after computing the H.fs to one loop. Since
one-loop wave function renormalization in QCD is of the second order in
coupling constant it is easy to see that we need 2 only up to the first order

in e. Then there is only one term of V that is relevant:
V® = e f5,A2ALAS. (12.28)

To compute the renormalization of the quadratic terms in the Hamiltonian

we have to assign, according to the general procedure of Section 2, two A’s
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to be “high” and one “low”. Therefore, the relevant part of V(® looks like !
VO = e fobe(20,A3; A5 A3; + 8: A3, A%, AS;) (12.29)

We now write A; and E, in second-quantized form,

5:(z) = r (ake™ + afle™™) (12.30)
k)
2 (z) = Z (‘i;ﬁ) : (agte™™ — ag.e™), (12.31)
k
where the creation and annihilation operators satisfy
kik;
ot o] = (5,-,— 3 ) 896y (12.32)

After normal-ordering, V® can have three kind of terms: ala!, axa, and

ala,. As was explained in Section 2, only the first two types will be used to

in order to determine €, so the final form of V3 is therefore

VO = ¢ fabe S / d’z {2 af gct g —i(Pra)e +a;,-a§je‘(”+q)‘) 9;A(z)—
P

P' QJ
. a 1 1 c 1
ig; (a fabfe i(ptg)z _ a;‘_agt_e (P'Hl)z) Aj(z)} m (12.33)

In order so solve equation (8.9) with the interaction given by (12.29) we use
Zw(k)ahak,, [Hp,a®] = wpasl, [Ha,a%] = —wpa%.  (12.34)
Then,
Q=ie f¥ Z / d*z {2 a;,'a;;e"'(p*"’)z - a;,-a;jei("'*ﬂ)’) 8; A} (z)—

(12.35)

ig; ( sfable=iras 4 gagb. ez(p+q)x) Ac(x)} 5

1
VWp Wq (wp + wy)
I'We use the following convention: fields with subscript 1 indicate “low momenta” fields

and fields with subscript 2 indicate “high mormenta” fields
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According to the equation (8.11), the next 2 will be

Q=—ief®™ ) / d*z {2 (a;!a;}e"i(p*q)’ + a%al,e’ Pt ")") [Hy,0;A%(z)]—
P

iq; (a;;'ag:(e—iwq)x - a;‘.azq’iei(P'*‘Q)I) [Hh A;(:E)]} 2

1
12.36
vWp Wy (wp + wq)? ( )

To study the renormalization of the metric we have to determine the cor-
rections to the E2 term in the Hamiltonian. There are only two possibilities.
The first one is —3 [[H1, Qo] ,Q1], since Qg ~ A and Q; ~ E. The other
comes from the normal-ordering of the quadratic part of the o term in the
equation (12.24). When computing the double-commutator, there is only

one divergent term,
1 1
—5 (B, Q) ] = €35 [, AX)] [Hy, ALW)] £ f ™ kg %
kp

(e 8 + SEST) Pry(k)Piy(p) (67490 gihan)e-0)Y
1

(12.37)

4 (wie + wp) (wq + w,)? /ORI
At this point we can say that momenta (k + p) and —(k + p) are essentially
the momenta of the “low” fields. Therefore |k + p| < . We can now change
the summation by the following trick: say K+ p = r and |r| < p. Then
k = r —p and the summation goes over k£ and r. Any possible divergence can
only come from the summation over k. Using f%% f%¢ = ¢ 46% the expression
(27) can be simplified as follows,

ca [Hy, A [Hu, As(=n),,. . _ . .
2 Ty (et ke~ kipe) Piy(K) B (p) - (12:38)

Noticing that the leading divergence of the expression is logarithmic, which

means that we can neglect the difference between k£ and p (for the divergent
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contribution only) and using

r &k
; =]/ (2—71:)'57 we = |kl, k~-p (12.39)
Pjy (k)P (p) = (1 + (’;;52) 2) ~2, (12.40)

we obtain
CA c c 1 . c4 1 A 3 2
24 Z [Hy, A§(r)] [Hy, AS(—T)] ; i ﬁ%’zlog (;) /d z E* (12.41)

As we mentioned earlier, there is another term that can correct the E? term
of the effective Hamiltonian. It is the “Coulomb interaction” term from
the kinetic term in (12.24). Looking at the e? order correction part of the
(12.24,12.28) and choosing the A's to be “high” and the E’s to be “low” we

have
2
Sreepe [ AL(2)ALWCEERDEE)  (12.42)

z,y
As written, this term is not normal-ordered with respect to the high-energy

vacuum. Using (12.30),(12.31) and (12.32) we obtain

2 5cepij k k(2 "
%fadc:fbde/;/y;__z_a%_)_e k( y)G(x,y)Eu(x)E{’j(y) (12.43)

Upon using the definition (12.25) of G(z,y) one can see that the leading

divergence is logarithmic and that the final expression reads

— — = —— — . 2.44
scAzk:w;’;/de 5 aantos (5 /dzE (12.44)

The sum of the terms (12.41) and (12.44) gives the total correction to the

kinetic energy at one loop:

2
§Hpz = A5 log (%) / &z E2(z) (12.45)
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At this point we can say that the Zg2 factor is therefore,

Zpm=1— %%log (—%) . (12.46)
Since the operator E; is represented by a variational derivative with respect
to gauge field, %, one would naturally expect that Zg2 should be equal to
the ZBT}. It is therefore an important check on our method to show that it
is indeed so. To compute Zg: = Z; we need to find out B? correction to
the effective H. In comparison with the computation of the E? correction it
is much more involved due to the fact that for most of the terms B2 comes
as a sub-leading divergence. We will not present detailed computation but
sketch the main steps and give the final result. B2 contributions can arise
from the following terms: } [V, Qo] and normal ordering of the o term from

the equation (12.24) again. This term is similar to the (12.42), the only

difference being how the “high” and “low” components are assigned:
2
€ (o4 [4 a
E‘fadcfbdeAli(x)Au(y)G(x, y) 2i($)Egj(y)' (12.47)

Leading divergence for both terms is quadratic and gives correction of the
form A% The appearance of this term is related to our choice of the cut-off
procedure as a way of regulating the theory; it can be dealt with by introduc-
ing a A%2A? counter-terms in the bare Hamiltonian and defining appropriate
boundary conditions at the ends of the RG flow trajectory [72]. To capture
the logarithmic contribution one has to expand the denominators of the g
up to the second order in the momenta of the “low” fields. Tedious but

straightforward computation gives

—'% [‘/, Qo] = —1—26 62 Ca (Z ﬁ) /ds:z: B2. (12.48)
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The logarithmic divergent part of the normal ordering of the two E’s from
(12.47) gives

-—e ca (Z k3) / d3z B? (12.49)

The final result is
2
6Hpr = —2 5 _log (é) / &%z B? (12.50)
T 7
which makes the corresponding Z factor
Zgp=Zs=1+ £:ie—lo (m) (12.51)

This coincides with the value of Z; for QCD in the Coulomb gauge obtained
in the Lagrangian formalism [73].

12.3 Three-point function renormalization

Let us show briefly the renormalization of the three point function within our
formalism. To do that let us recall the general method of Section 2. We will
have to be a little more careful in the analysis of the relevant contributions
to the renormalized Hamiltonian.

According to the notation of Section 2, we write the Yang-Mills Hamil-

tonian in terms of the low momentum and high momentum fields as:

H=H +H+ VY +VP +v® .. (12.52)

where H is the part of the Hamiltonian that only contains low momentum
fields, H, is the part that only contains high momentum fields, and the

V’s are the “mixing” terms. For convenience we have separated these last
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terms according to the vertex number and the high momentum creation-

annihilation operators structure

vE® = ¢ foe ) / Bz {2 (aa.ac_ei(p‘iﬂ)z 4 aﬂaﬁ}e"imq”’) 8; Ab(z)+
g

Ptq)
. . 1
: i af bt _—i(p+
igj (a&a'q’ie (p+a)= _ gilagte m) Af(f)} SN (12.53)

v = e s 3 [ {2(afane® " + aglage®97) 9, A%(=)+
pq

. . 1
. af b —i(p—q)z __ bt et i(p—q)z Ac
ig; (ayja e asiae (z) p — , (12.54
J ( Pt Qe qt—pt ) J }2 W, Wy )
e : :
v = 3 qu / d*z {(a;,-ag,-e’(”*")” + alfate o+ ‘7)’) fobe fede Ab(z) A ()
+ (a;_;agjei(" t)z 4 gotglte=ilPt q)”) ( fobe fede 4 f“d"f‘be) Af(x)A;-'(:z:)} X
1

- 12.55
2, /Wy Wy ( )

Now we have to analyze which terms contribute to the three point vertices.
At this order only (2 at order e is needed, moreover, one can convince oneself
that only €2, i.e, the first iteration of the unitary transformation leads to

divergent contributions. Then eq.(8.5) reads in this case
H = H+H+VS+v® 1 v® .o 4 i[H, Q] + i[Ha, Qo] +
V£, 9l + V", Qo] + iV, Q0] — 5{[H, Rol, R0l -
(1B, 2], Q0] ~ 2{IVE, ], ] — VA, ], ] -
2V, ], ] ~ L[, Qal, ], Q] ~ {[[Hz, o], Q] + - (12.56)
As explained in Section 2, we choose { in in such a way that its com-

mutator with H, cancels the mixing terms that contain high momentum

annihilation operators or high momentum creation operators, but not both.
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Also, we note that up to this order, only V® is of order e. Then § satisfies
[Ha, Qo] = iV® (12.57)

(which is precisely the equation that gives eq.(12.35) ).
Now it is not difficult to individualize the only terms that contribute to

the three point vertex
SH® = AH, +i[Hy, Q]@ + [V, 0] — —;-[[Vés’, Q], Q@ (12.58)

Here AH, stands for the normal ordering contribution (tadpole diagram) of
order e® in the kinetic energy. In fact, at this order, the kinetic energy has a

term of the form

Teo = foefose ™ [ A4(x)G(z, 1) Aw)0G(y, 2) AT (2) B () B )

(12.59)
which, when properly contracted, generates the contribution:
1 A
AH, = 5¢A e3 log (;) fobe /z B;AJALAS. (12.60)

The remaining terms in eq.(12.58), are computed similarly to the ones of
Section 2. After a very lengthy, but straightforward computation, we get the

following results:

.5 1 A @ Ab Ac
[Hy,Q]® = —i5Ca e Wlog (;) fo /x O ATALAS
3 1 A
[V(4),Qo](3) = igCA 63 ﬁlog (;) fabc‘/ta,A;AfA; )
1 1 A
(V5" 2], 2]® = ~zca € 5log (;) fo / B, AZANA;  (12.61)
Finally, adding up all the contributions we have
1 1 A
3) 3 abe a 4b gc
5H( ) = ECA e ‘-?;;log (;) f L@,AJA,AJ (1262)
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This result corresponds to a renormalization constant Z; equal to:

1, 1 A
Z1 =1- ECA € 2—1r—210g (*n—z) . (1263)

which is the same as the Coulomb gauge result in the Lagrangian approach
as well [73].
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Chapter 13

Renormalization of QED

In this chapter we will outline a similar computation for Quantum Electro-

dynamics. The QED Hamiltonian can be written as follows
_1l 13 2 2 3. {7 (= & 7
H= 5/d z (B + B?) +/d z {(i7-5+m)p+edA-y}. (13.1)
The imposition of the Gauss law constraint,
8,E' = ey (13.2)
generates an “instantaneous” Coulomb interaction and H takes the form

B = 3 [da (B +B) +5 [ [ 5 0@)0E 06 vw)
+ / &z {§ (7-5+m) v +efA- vy} (13.3)

where G(z,y) is given by the (12.25). According to the general idea we are
supposed to split it in to “high” and “low” energy parts,

H = %/d% (Ef-l—Bf) +/d3x1,/71 (i5-7+m) U1 + e A - v{i3.4)

91
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Hy = Y wiblobra + D wpdisdps
k P
Ve = e / d*z {1!72A1 - Y2 + el Ay - yiby + et Ap - ’7¢2} (13.5)
ve = /z/ye2152($)7°¢1 ()G (z, )1 (¥)1 P2 (y) + - (13.6)

Here dots mean that we show only those terms that play role in one loop
effects. Using arguments similar to those in Yang-Mills theory one can see
that in order to determine Z factors up to the order €2 we need 2 only
up to the first order. It turns out that only first two iterations in p/A are
needed - Qg and ;. In parallel to the previous sections, we determine Zj3
and Z; by identifying corrections of the type E?, B? and ©¥A - y3. There
is only one commutator that can contribute to the B? term: [V, o] where
one has to take subleading divergence to identify the log corrections. FE?
correction is given by two commutators —1[{Hy, Qq}, ] and commutator of

the “Coulomb” term with 5 : i[V*),Qg]. The final result is

e? 1 A 3 2
0Hg: = f——log ( ) /d3$ B? (13.8)
which leads us to the well-known answer for the Z3-factor in QED:
Z531=232=Z3—1—-§2 2log( ) (139)

Up to this point all our Z’s were identical to those known from the covariant
calculations in the Coulomb gauge. However, when computing the other two
renormalization constants: Z; and Z, we find results which are different from
the covariant ones. In the case of Z> - fermion kinetic term renormalization

there are three possible contributions arising from £ [V, Qo], —3 [H1, Qo] , Q0]
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and normal-ordering of the four-fermion term in the Hamiltonian (13.3).
Extracting 7 - 5z,b-type corrections from each of these terms one can see
that they cancel. The similar thing happens in case of Z; as well: all the
1) - Ah-type terms cancel at the e? order. This makes both Z; and Z, equal
to 1 at one loop. Nevertheless there is no contradiction between our result
and the conventional one. In covariant formalism there exists a Ward Identity
Z, = Zy which is essential for the maintaining the gauge invariance of the
effective action. It is satisfied, presumably, in our case as well. But values
of Z; and Z, are gauge dependent and cancel out from the final expression
that defines the beta function for QED, which is determined by Z3; only.
There is an obvious reason why, say Z, must be 1 in our case. Since ¥
and 1) are conjugated variables, in the Hamiltonian formalism one should be
represented by the variational derivative with respect to the other. Then,
similarly to the E? and B? terms for the gauge field, they will have inverse
renormalization factors which will cancel each other in the final expression

for the kinetic term for fermions.
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Chapter 14

A geometric interpretation of

asymptotic freedom.

Let us recall the Yang-Mills Hamiltonian, after integrating the high momenta
modes down to the scale p (at order e?), incorporating the correct renormal-

ization factors Z;.

Hyw = % ‘z‘(‘j’-’p 2 Za(u) (AT — 8,A9)° + Zu(1) enfPOATALAT +

Zs() eRf“‘”f““A“A"-A:‘A; +ee (14.1)

Similar expression for the QED Hamiltonian will be

Hgep = 11 p + = Zz(#)B + Zo(p) i 7 - By + Zy () erDA -y -

2 Z3(u)
(14.2)
Here ep, is a fixed quantity at certain scale and all the dependence on the scale
is hidden in the Z factors. The definition of the “renormalized” fields through

the incorporation of the Z factors was done in analogy with the Lagrangian
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covariant approach where the renormalized quantities are included in such
a way that the “renormalized” effective action gives finite results when the
cut-off is removed. But in the Schrodinger picture this requirement is not
necessary as the fields are only coordinates of the configuration space and do
not enter explicitly in the computation of correlation functions. With this
fact in mind we will alter this requisite and adapt it to our needs.

The usual covariant renormalization program puts the emphasis on the
interactions, and the scaling properties of the theory are extracted from the
study of the S-functions. However, in a Hamiltonian description the kinetic
term plays a significant role since essentially it is nothing but the Laplacian
in configuration space. Hence, many of the properties of the QFT can be
inferred from the geometrical features of the configuration space (as compact-
ness, boundness, etc.). In particular we are interested in the change of the
configuration space metric under the renormalization group flow. We claim
that in asymptotically free theories the distance between configurations in-
creases as we move to the UV limit, thus “flattening” the potential energy
and consequently fading the interaction. We will support our claim with the
analysis of the one-loop Yang-Mills theory.

It is clear then, that in the spirit of our work we want to stress the kinetic
term (better, the configuration space metric) over the potential energy and
try to understand the asymptotic behavior of the theory through the renor-
malization flow properties of the distance in the configuration space. For this
reason we will rescale the fields in such a way to transfer the renormalization

scaling properties to the kinetic term.
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Then let us rescale the fields as:
1 - a [+1 Gt a
A — on Zs(1) Z1(p) ™ A, E} — en 23 (1) Z1(p) E; (14.3)

so the QCD Hamiltonian takes the form:
1, (Z2\ 2 Y (Z3\(1,, .. a2
Hocp = 3¢€r (z_g E; ta\Z {5(3:'1‘13' — 9;A5)"+

a [ 1 Q eC AQ e
DA ALAT + £ f e A Ag.A;!AJ.} P (14.4)

where we have used the Slavnov-Taylor identities (adapted for the Hamilto-
nian formalism) }

% - % (14.5)
Note that with this normalization we have “homogenized” the potential term
(up to an overall factor) by transferring all the cut-off dependence to the
kinetic term. Now we can read from the kinetic term, the cut-off dependence
of the (inverse of the) metric. In fact, using the result of Section 3, we can

write the cut-off dependent configuration metric as:

11N 1
Glay (@3 8) = (1 + ek == 5= 10g(4/mn) ) Gy (2:9) + O(el)

(14.6)
where G{;,(; iS the metric defined in equation (12.19) written in terms of
the rescaled fields (14.3) and ep.

Looking at the QED Hamiltonian and using Z; = 1 and Z; = 1 one

can see that no rescaling is needed at all, since all the cut-off dependence is

!By writing both the Hamiltonian H and Gauss law G° in terms of renormalized fields
with the explicit Z factors and requiring [H, G%] = 0 one can get linear relations between
Z’s that lead to (14.5).
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already shifted to the kinetic term,

1

Hoeo =

=) B+ 3B + §i7- 0y +enbA -y (147)
3

Following our procedure the corresponding metric will be

Gan(@,uim) = (1= eh 3 57 108(s/ma)) Sanb(a—9) + Olek).  (148)
At this point it is easy to compare relative behavior of the two metrics under
the renormalization flow. Equation (14.6) clearly shows that the distance
between configurations decreases as the cut-off is lowered, while the corre-
sponding expression (14.8) increases, sustaining then our claim. Incidentally,
it is worthwhile to mention that the combination -g—; that appears in equa-
tion (14.4) is precisely the one that defines the B-function of the Yang-Mills
theory and, at least in the Lagrangian approach, it has been proved to be in-
dependent of the gauge fixing condition. Similarly, QED expression involves
only Zs, since Z; = Z is 1 to this order, and Zj is the only constant that
determines beta-function for QED and it is known to be gauge-independent

to all loops.
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Chapter 15

Summary and Conclusion

There are several issues that are more natural to address in the Hamiltonian
picture than in the usual covariant Lagrangian formalism. One of them,
which we are interested in, is the relevance of the geometry of the configu-
ration space to the properties of the corresponding Quantum Field Theory.
The reason is simple: in the Hamiltonian formalism the kinetic energy term
is nothing but a Laplacian operator in the configuration space and its topo-
logical and geometrical features determine the nature of its spectrum. Then
it is natural to ask what is the behavior of the configuration space as we
integrate out high momentum degrees of freedom.

To answer a small part of this question was the aim of this chapter. To
be precise we were interested in the following aspect of the problem: the
evolution of the distance between field configurations (and more precisely
the metric) with the renormalization group in asymptotically free theories.
In particular we state the following conjecture: in asymptotically free theo-

Ties the effective distance between configurations decreases as high momenta
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degrees of freedom are integrated out.

To support this statement we first developed an original renormalization
group technique for Hamiltonian formalism in the framework of perturbation
theory. This method resembles the Hamiltonian renormalization approaches
of Glazek and Wilson [51] and Wegner (53] and operates by a progressive di-
agonalization of the Hamiltonian by means of a succession of iterative unitary
transformations followed by a projection onto the Hilbert space of the low-
momentum degrees of freedom. We have tested this approach by computing
renormalized Hamiltonian to two loops in scalar field theory with quartic
interaction. Finally we applied the formalism to two conspicuous QFT’s:
Quantum Electrodynamics and Yang-Mills theory in 341 dimensions, where
we constructed the renormalized Hamiltonian up to one loop.

Our results were substantially supportive of our conjecture. In the case of
Yang-Mills, an asymptotically free theory, the one-loop metric renormaliza-
tion showed that in fact the distance between configuration increases as the
momentum scale increases, and on the contrary for QED, not asymptotically
free, the behavior of the metric is the opposite.

We are aware, of course, that our results are not decisive but just con-
sistent with the conjecture. After all we have only studied two examples at
one-loop order in perturbation theory. However from the examples consid-
ered we can observe a pattern that seems to repeat at any instance: when
moving all the weight of the renormalization group onto the configuration
space metric, it acquires a renormalization factor which is a function of the
same combination of renormalization constants that defines the SB-function

of the theory, and thus, presumably, inheriting its asymptotic behavior prop-
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erties.
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Appendix A

In this appendix we show that the ambiguity in the definition of the effec-
tive Hamiltonian due to the freedom in the solution of equation (8.6) (and
generally (8.10)) is just the standard ambiguity of the Hamiltonian operator,
namely the freedom of unitary transformations.

Let us recall that the solution of (8.6), (8.5) or (8.10) is not uniquely
defined; if Q, is a solution so will be Q, + O, with O, satisfying the ho-
mogeneous equation [Hs, O,] = 0. Now let us consider two sets of Q's - say
Q@) and QO all of them satisfying the proper equations (8.6) and (8.10) but

generated from different type of solutions. Then we have

.0@) .ol la) cofa)
Hy = ... e~ e"’ﬂt()c He'ﬂo“)e‘nga

—i0® o) o®) o)
Hg = ...e " e He% e | | (A.1)

Obviously H4 and Hpg are unitarily related: H4 = U 'HgU and con-
sequently they have identical spectrum. What we have to show is that
this property remains after projecting onto the “high” perturbative vacuum

|Okigh)-

Following the prescription given in section 2, we have shown that, up to
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given order n in coupling constant A and a given order m in p/A we can

write:

Hy = H®(low)+ Hi*(high) + 3 afS&a, + O (A", (u/A)™)

k.p>u
Hp = H®(low) + HF*(high) + 3 afSPa, + O (A", (u/A)™) (A-2)
k,p>p

where the Hamiltonians H f“’b) depend only on the low energy modes, Ho is
the free Hamiltonian for the energy modes and S(®*) are arbitrary operators
of low and high frequency modes.

Without losing any generality we can assume that Hl(“)) and H® are
diagonal, as they can always be brought to that form with a “low energy
modes”-unitary transformation that respects the structure of (A.2).

Now we will show that the low energy Hamiltonians H® and H® have
the same spectrum and consequently they are unitarily related.

Consider the eigenvalue equations for H{® and H®:

H® g2 = E2 42 H® yb = ES yb (A.3)

a !

Using standard perturbation theory we can compute the eigenvalues of
the whole Hamiltonians, A and B as an expansion in powers of the matrix
elements of the interaction terms

vEd = S afsitq, (A.4)
kp>p

We get, for the eigenvalues of the operator Hy,,

anah,’ m) (7’ mlvala’ n) 4.
Es+ EO, — E2 — EO

ETOT = B2 + B9 + (a,n|Vaym) + 30 &
v m
(A.5)
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and a similar equation is valid for the eigenvalues of the operator Hg. But
the low energy spectrum corresponds to those states with n = 0, and in
this case, due to the particular form of the interaction, all the perturbative
contributions vanish and the eigenvalue E? is the eract eigenvalue of the

whole Hamiltonian (up to the given order in A and p/A):
Esot = ES+ O\, (u/A)7) (A.6)

And finally, since both Hamiltonians H4 and Hp have the same spectrum,

or since ET9T js the same for both H4 and Hg, we deduce that

E;=E.+O (X, (u/N)7) . (A.7)
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