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Abstract

An Analysis of Interferometric Measurements

Using the Quantum Phase Formalism

Brian Han

Advisor : Mark Hillery

Employing the quantum phase formalism. we investigate the sensitivity of an
interferometer. This sensitivity depends on the state of light which enters the
interferometer through the difference phase distribution of the state of the light
it provides inside the interferometer. It is known from a semiclassical analysis
that difference phase squeezing inside the interferometer can be achieved from
amplitude squeezing of the input beams. Following this analysis. we study the
effect of quantum amplitude squeezing of the input beams on the sensitivity
using a squeezed state. We find that quantum amplitude squeezing enhances the

accuracy of the interferometer.

We then study number state inputs with equal intensities which lead to light
inside the interferometer with narrow peaks in the difference phase distribution.

iv
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We find that even though the peaks are narrow for this input state. effect of
two peak structure inside the interferometer causes the signal to cancel. We also
study the case for [n,0). input state with n number of photons and a vacuum
state. We find that for |n,0) state the peak in the differnce phase distribuiton is
located at 5 with the width of the peak to be in the order of —\/1; Then we study
the effect on the difference phase distribution of increasing photon numbers in
one of the input ports from the zero, i.e. input states |n.1). [n.2) and so on. We
also study how the input state which is a linear combination of number states
behaves inside the inteferometer and find that we obtain the sensitivity for this

input state to be in the order of 1/n.

Finally. we examine the role of losses. These cause the phase distribution to
spread and thereby reduce the accuracy to which the phase shift can be deter-
mined. We determine relations between how great the losses are. how much the

accuracy is degraded.
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Chapter 1

1 The measurement of phase inside an interfer-

ometer

1.1 Introduction

The modern quantum phase formalism was invented by Susskind and Glo-
gower [1] in 1964. and expanded upon by Carruthers and Nieto in 1968 [2]. More
recently, a series of papers by Pegg and Barnett stimulated considerable work in

this area which both expanded the formalism and led to its application [4.53].

Here we would like to discuss the application of the quantum phase formalism
to the analysis of the sensitivity of an interferometer. An interferometer has
two input ports and two output ports. Light is sent into the two input ports.
travels through the interferometer along two different paths. and emerges from
the output ports where it is detected. In one of the paths in the interferometer. a
phase shift is introduced, and by measuring the ouput light. this phase shift can
be determined. The accuracy to which it can be measured depends on the state
of light which enters the interferometer. If the input state consists of coherent

states, the accuracy is 1/v/ N, where N is the total number of photons in the
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input state. With other kinds of light, an accuracy of 1/N can be achieved [6.7].

The place in the interferometer where employing the quantum phase formal-
ism is useful is between the input and output ports. There one has a two-mode
light state (one mode for each path), and the effect of a phase shift , @. is to
shift the phase difference distribution of this state bv ©. One wants the phase
shift to cause as large a change as possible in the state. The accuracy with which
the phase shift can be measured is directly related to how distinguishable the
two states before. |v,), and after, |vp). the phase shift. are. If the two states are
almost orthogonal. then they are distinguishable and it is easy to tell whether
the phase shift occurred or not. On the other hand. if the overlap between the
states is large. then it is difficult to distinguish between them. and consequently.
difficult to tell if a phase shift occurred . It can be shown that if the overlap
between the phase distribution of two states is small. then the overlap between
the states themselves is also small [8]. If the difference-phase distribution of |u,)
consists of a single narrow peak. then the difference-phase distribution of |v}) also
consists of a single peak, but the location of the peak is shifted by o. If o is larger
than the width of the peak. then |1,) and |vs) are almost othogonal, and the
existence of a phase shift can i)e easily inferred. Therefore. we can detect phase
shifts larger than or comparable to the width of the peak, which implies that
in order to detect small phase shifts, we want states |),) whose difference-phase

distributions have narrow peaks.
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A semiclassical analysis shows that for input fields of equal intensity. the initial
beam splitter in a Mach-Zender interferometer converts intensity fluctuations
into phase-difference fluctuations [9. 10]. This suggests that if the input state
has squeezed intensity fluctuations. then the state after the beam splitter. which
corresponds to the state |v,), will have reduced phase difference fluctuations. i.e.

exactly what we wish to achieve.

We begin this study with a more thorough analysis of the relation between the
amplitude fluctuations at the input of a beam splitter and the phase difference
fluctuations at its output. We examine the case of an input state consisting of
two quadrature-squeezed states. and find that initially the squeezing improves
the sensitivity. but if the squeezing becomes too great. then the sensitivity de-
teriorates. We also look at the case of an input state consisting of two number
states with equal numbers of photons ( for which the amplitude fluctuations are
zero). This has been considered before [9, 10}, and it has been shown that the
difference-phase distribution of the state after the beam splitter has two peaks.
one at 0 and at 7 [10]. We discuss why this two-peaked structure makes the
usual method of measuring the photon-number difference at the output of inter-
ferometer to detect a phase shift useless, and examine a proposal to overcome
this problem. We also consider the situation when the photon numbers entering

the two input ports are not equal.

We finish by examining the role of losses. These cause phase distributions to

3
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spread and thereby reduce the accuracy to which the phase shift can be deter-
mined. We determine relations between how great the losses are, and how much

the accuracy is degraded.

1.2 Quantum phase formalism

In the classical theory of light waves. it is convenient to write the complex
amplitude as a product of a real amplitude and a phase factor. We write the

classical vector potential as Ax = Age'® and for a single mode we can write it as
A= Ao{exp(—iwt +tk-r+io) +exp (it —ik-r —io)} (1.2.1)

It is similarly convenient in quantum mechanics to make a separation into ampli-
tude and phase factors. analogous to equation (1.2.1). To do this. it is necessary
to introduce the concept of phase into the quantum-mechanical description of the

field. The single mode quantum mechanical vector potential operator is
A= (ﬁ/QeoVw)%{aexp (—iwt + ik - T +id) + a' exp (iwt — ik - T — ip)}. (1.2.2)

The analog of equation (1.2.1) is thus a separation of a into a product of amplitude
and phase operators. There is, in fact, no exact prescription for the way in which
the separation should be accomplished in quantum mechanics and therefore. there
is corresponding degree of arbitrariness in the defintion of the quantum mechan-
ical phase operator. The main considerations are that the quantum mechanical

4
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phase should have the same significance as the classical phase in the appropriate
limit. and the phase should be associated with the Hermitian operators so that

it is an observable quantity. [20]

According to Susskind and Glogower(SG) [1]. and later Carruthers and Nieto
[2]. @ is decompoesd as (n + 1)2 exp (io) and a' as exp (—io)(n + 1); where the
exp (i¢) is defined as the exponetial phase operator and we have the following

expressions for SG the phase operator

exp(io) = (n-.*—l)‘%a (1.2.3)

R
—
o
SN

~

exp(—io) = a'(n+1)72. {1.2.4)

Applying the phase operators to the number state. we have

exp(i0)ln) = |n—1) forn#0
=0 forn =90 11.2.3)
exp(~io)ln) = |n+1). (1.2.6)

If we expand operator exp (io) and exp (—i@) in the number state basis. we have

xT

exp(ip) = Y |n)(n+1] (1.2.7)
n=0

exp(—ip) = Z n+ 1)(n|. (1.2.8)
n=0

Thus, these two exponetial phase operators have non-vanishing matrix elements
in the number state representation. These matrix elements are similar to those of
the creation and destruction operators except they do not have the normalization

)
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factors, v/n for a and /n + 1 for a'. The “eigenstates” (these states cannot be

normalized) for the SG phase operator are given by

|6) = S e"ln). (1.2.9)

n=0

These operators are well defined but they are not unitary : since we have
aat =n+1 (1.2.10)
it follows from equations (1.2.7) and (1.2.8) that
exp (io)exp(—io) = 1. (1.2.11)

However, the reverse order product of the exponential operators is not equal to
unity:

exp (—i0)exp(io) = 1 — |0)(0}. (1.2.12)

This can be expressed in the commutation relation
[e®.e7°] = |0)(0]. (1.2.13)

The termination of the eigenvalue spectrum of n at zero is responsible for the non-
unitarity of e*® and therefore, the non-existence of a conjugate Hermitian phase
varibles, ¢ = —iloge™. If we try to define commutation rules for the intensity
and the phase analogous to those of position and momentum. then we end up
having the eigenstates of the phase as |p) = E €™®|n), and this violates the

n=—oQ

physical priciples; we can not have negative photon numbers.
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The commutator

[z.p] =% (1.2.14)

is satisfied if we let p act as a differential operator in the position space
p = —ih(d/dz). (1.2.15)

The momentum eigenfuctions are then (z|p) = 7217’;5"’. The position eigenkets

is expanded in terms of momentum eigenkets which spans the same space

z) = [ dplp)pia) (1.2.16

P = [dala)pla). (1.2.17)

If we try to use the analogy for n and o,

[n.o] = i (1.2.18)

d

) — 1.2.
zd@ ( 19)

then we have the eigenfunctions of n whose eigenvalues run from —oc to < and

therefore we would have phase state as [2]

o) = Y e ™). (1.2.20)

n=-—0c
Neverthless we note that the these state as defined in the equation (1.2.9) do

provide a resolution of identity

[ dolonal =2 (1.2.21)
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and. for the phase distribution defined below for any state |v). there are theoret-
ical grounds [11,12] for believing that it is the correct distribution for the optimal

phase measurments.

1
P(o) = ;!(ow- (1.2.22)

One can construct the Hermitian operators from the exponetial phase opera-

tors [2]

cos(0) = %{exp(io)+exp(—io)} (1.2.23)

sin (o) = ;{exp(io)—exp—(io)}. (1.2.24)

The eigenfunctions and eigenvalues for those Hermitian operators are

cosolcoso) = coso|coso) (1.2.25)
S - . ‘
lcoso) = (=)7 ) sin(n+1)oin) (1.2.26)

" n=0
sin@|sin®) = sino|sino) (1.2.27)
: 111 titn+1lo) (=i(nr1)(o—m)) 1| ‘ :
|sino) = (=)z > {eltnrhe) _ gl=tinrlie=mn) (1.2.28)

" n=0

1.3 Beam splitter

The beam splitter is a linear device and hence can be analyzed by considering

the modes of a single frequency. The single mode fields will thus be sufficient for

our present needs. In practice, beam spitter is a partially refecting mirror: some
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of the incident light is transmitted and some reflected. (Fig. 1) Classically. it

can be described in terms of a matrix.

EP Un Un P
_ (1.3.29)
Eg» Un Un |\ EF
where the actual field are
E(7.t) = éRe(Ee 157 11.3.30)
and similarly we have
EoM(7.t) = éRe (ESue =67 (1331

The U;; are complex numbers whose values depend on the detailed construction
of the beam splitters. General physical consideration place some restrictions on

the U,,. however.

Quantum mechanically. using the correspondence between Ej“ and a,. we

have

—rvp N ha e
E[M N7 1) = —ié Vs @ et =R A (1.3.32)

where a; is the annihilation operator in the input mode j and j runs 1 and 2.

Similarly, we have

. hw -
B0 1) = it 5 by €57 (1.3.33)

where b; are the annihilation operators in the output mode j and j runs 1 and
2. In Fig. (1) we represented the annihilation operators in the output mode as

9
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305t

3n >

2

> 3y

Figure I: A beam splitter. The annihilation operator aj;, and ag, correspond the

inpur fields Eil" and EX respectivelv and ayqy and aagy, correspond the output fields

EPY and E3"* respectivelv.

unitaryv rransformarion.

The outpur fields are related ro rhe input fields via a

0y0ur- b) = a,04. Substituring (1.3.32) and 1.3.33} inro :1.3.29}. one obtains

ln G

a;

Uar U a2

(1.3.34

/

The beam splitter thus effecrively performs a linear fransformarion on the an-

nihilation operators.

Before rhe incoming fields arrive ar the beam splitters.

thev consist of two independent modes and hence musr sarisfy the commurtation

relations for the harmonic oscillator. i.e..

a,.a,}=0
la,.a;] —(51]
10

(1.3.35)

(1.3.36)
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for i e {1.2} and je {1.2}. Similarly. once the field has left the beam splitter. it

propoagates as two separate modes which also satisfy commutation relations
[b: .61 =6, (1.3.38;

Enforcing the above contraints leads to the following restrictions on the U’;:

U P+l = 1
[ U P+ | U2 = 1
Culy + UnaUp = 0. (1.3.39)

This is equivalent to saying that the matrix

Un Uhe

U= ¢1.3.40.
Uar U
Is unitary, i.e..
UUt =0 = 1. (1.3.41)

Hence the mode transformation performed by a beam splitter must be unitary if

it is consistent with quantum mechanics. From the equations (1.3.39). we have

| Un P=|Un ’=T (1.3.42)
and
| Ura P=| Un =R (1.3.43)
11
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o]] Dj

Figure 2: An exampie of a svmmetric beam splitter and an asvmmetric beam splitter.
a! The svmmetric beam splitter consists of two back-ro-back prisms with an air gap in
between. b) The asvmmetric beani splitter consists of a piare of giass that has been

parrlv silvered on one side.

where T and R denote respectively the transmussion and reflecrion coefficients.
g4

In principle. any unitary transformation 1.3.39: can be realized by suitably en-

gineering the beam splitter. For example. the symmertric unitary transformation

vT VR
U= (1.3.44;
L\/’ﬁ \/’T

might be realized by a symmerric beam splitter construcred by rwo back-to-back

prisms with an air gap between. (Fig. 2) An antisymmerric beam splitter

3

vT
(1.3.45)
-vR

\Y

~|

might be constructed by. for example. silvering a glass plate on one side. (Fig.

12
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2)

Classical analysis shows that if a stream of n photons is incident on the beam
splitter. then the probability that the k£ photons are transmitted and n—k photons

are reflected is

n!

k pn—k .

Plk,n - k) =
Quantum mechanically. the beam splitter performs the unitary transformation

by = Una, + U0z

by = Uga; + Ugaas (1.3.47:

where a; and a, are the two input modes and b, and b, are the two output modes.

Inverting equation (1.3.47), we have
ny = U by + Uy bo
ay = Ulby + Ugybs. (1.3.4%}

The svstem we wish to consider is one which n photons are entering the a; port

of the beam splitter

[v) = [\a/‘_]f (1.3.49}

From (1.3.48). we have

n n'

[a:]" = Z W—[Uu] “ U] (ol (3] (1.3.50)
Therefore, in terms of the number basis |m, n; out)
m f n
|m,n;out) = E/ll_ [b\;_IO 0) (1.3.31)

13
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one has

n n!

) = é(m)%[yu]k[um]"-ﬂk_ n — k;out). (1.3.52)

The probability amplitude that & photons are transmitted is thus

(k.n — k:outfy) = (7 2UK U+ (1.3.53)

n—k)

The probability P(k.n — k) is just the norm squared of this amplitude
P(k.n — k) = [(k.n — k:out|¢)|? (1.3.54)
and therefore.we have

- ) n! k pn—k g ==
Plk.n-F)= in = A’)!T R (1.3.33)

where the transmission and reflectin coefficients are given by

I = I'quz

R = |Un | (1.3.36)

Equation (1.3.46) is identical to equation (1.3.33). Therefore. when light enrers
only one port of a beam splitter. the photons are partioned randomly as if they
were statistically independent particles; photons display classical-like particle be-
havior if the photons enters only one input port of a beam splitter. However.
photons have also wavelike properties. If two light beams enter a beam spitter.
they will interfere with each other. For a 50-50 beam splitter. one finds that
if two identical one-photon wave packets enter the beam splitter. both will exit

14
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through the same port. Let’s we consider case where a single photon enters each
input port
[¥) = alal.|0) (1.3.57)
Using the inverse transformation equation (1.3.48), one obtains
[¥) = 231U, U2 0: out)
+ 22Uy, Un|0.2: out)

+ [UuUQQ + 0-12[/"21]”1. 1: out) (1.3.38)

where

[2.0:0ut) = [i’/{_};lO) 1.3.59)

is the state in which both photons exit through port # 1.

i
0 (1.3.60)
2L 1)

is the state for which both photons exit through port #2. and

|0.2: out) =

I1.1: out) = b1b}|0) (1.3.61]

is the state for which each photon exits a different port. The U, can be expressed
in the followng form

Uy = TY2en

Uyy = RY2e™12

Us; = RY/2e'on

Uy = T'/e'2 (1.3.62)

15
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where T and R are the transmission and reflection coefficients respectively. Since

unitarity requires that the U;; satisfy
U11U2.1 + L"12L"2-2 =0. (1.3.63)

the ¢;; are not independent but must satisfy

etlon+o22) — _ gi(012+d21) (1.3.64)

Equation (1.3.38) can thus be put into the form

lv) = V2T R[e'®1*12)12_0: out)

+et(en*enlig 2: out)]
+(T — R)e'°n=°22)|1 1;out). (1.3.65)
The minus sign in the third term of the equation (1.3.38) can be interpreted
as destructive interference between the probability amplitude for the process in
which both particles are transmitted through the beam splitter and the proba-
bilitv amplitude that both particles are reflected from rhe beam splitter. When

T = R. that is , when one has 50-30 beam splitter. the destructive interference

is complete and one has
[v) = V2T R[e'®11*922)(2 0; out) + €*®2¥°21)]|0, 2: out)]. (1.3.66)

Hence, both photons exit through the same port. These cases are illustrated in

Fig. (3).

16
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Q) b)

Figure 3. a) When photons enter only one input port of the beam splitter. the pho-
tons are partitioned randomly between the two output ports. b) Because of photon
interference effect when two identical photons enter a beam splitter. one in each port,

both phorons must exit through the same output port.

The above discussion can be generalized ro the case when n photons enter

each of the two input ports of the beam splitter. The state vector in this case is

(lT(I.j;]n . _
jv) = (aiaal” ‘n," 10). (1.3.67)

Now for the 30-30 beam splitter
a{a{, = é[ez(on*ou)b{b{ +e-z(¢21—ozszjl 721 (1.3.68)

S0

T . Tn 1 = n! 1 +@12) i(n—K +D22 T2 < -k
[‘1'1“51’ = ?Z mekwu o12) pr(n—k)(o21 oz-)(b{)(”k)(bg)Z(n ) (1.3.69)

Substituting this into Eq.(1.3.69). one finds

lv) = nl i |(n k)! { [( K)(2n - 2k) ']1“

17
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eH(Pu+dn) i(n=k)Gu+enlior 9(n — k);out) } (1.3.70)

where

12k [h112(n—~k)
i) 0) (1.3.71)

126, 2(n = k); out) = J@k)en — 2k

From Eq (1.3.71) one sees that the number of photons in either output beams is
always even. This phenomenon can not be explained by treating the photons as
non-interacting classical particles. Much of the discussion in this section is based

on the work of Yurke. [21]

1.4 Coherent state input

The coherent state |a) [13] is generated by applyving the displacement operator

D(a) = ef@2'=2"%) op the vacuum state
la) = D(a)|0). (1.4.72)

Now. if we send the two coherent state |a;) and |as) as our input beams to the

beam splitter

lwiin) = |ay, ag;in) = (D(a1)inD(a2)in)(0)- (1473

In order to see what comes out after the beam splitter for the coherent state

input, we express in mode operators,a;, in terms of the out mode operators. b;.

18
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using the equation (1.3.48)

ay 1 Us by
= . (1.4.74)
az 12 Usn ba
We can also have for the creation operators
0; U Uy b;;
= (1.4.75)
al Uz Ux b

Expressing the displacement operator.D(a). in terms of out quantities. we have

(D(a)y)in = exii—i

= @1 (U11bl +Ua16)~aj (U, b +U5,6}) (1.4.76)
and
(Dl@))in = €723
— 02(U2b] +Uz2b3)~03 (U] +Usb3) (1.4.77)

Therefore. we can now express the displacement operator in terms of out opera-
tors, b; and bs. Rearranging the equation (1.4.73) in terms of out operators we

have

, t nerre 4ol BT (et i e -
Ill.-"'in) = e(ﬂlU11+°2U12)61 (oxbnd-a?(/lz)ble(alUgl-{-angz)b._, (01"21"02%2)52[0). (14(8)

If we define,
1o Un Un ag
= (1.4.79)
B2 Ua Usx Qs
19
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then we have for the equation (1.4.78)
[ in) = |Br. Bo) = ePibi=Bibi1 Pty =B3b2 ) (1.4.80)

This is just two coherent states in the output modes. Quantum mechanically. the
beam splitter transforms two coherent state inputs to two coherent state ouputs

with the ouput amplitudes related to the input amplitudes classically
|v:out) = Ugg|v: in) (1.4.81)

where Ugg represents the actions of the beam splitter on the incoming fields. In

the Heisenberg picture. we have

b1 ay
= Ugzs Ugs (1.4.82)
b2 ag
U U2 a,
= . (1.4.33;
Uy Un as

1.5 Mach-Zender Interferometer

A Mach-Zender interferometer [14] consists of two beam splitters and a phase
shifter. Each beam splitter has two input ports and two output ports as shown in
Fig. 4. Using a group theoretical approach, Yurke. McCall. and Klauder elegantly
showed [6] the connection between the group SU(2) and a beam splitter. Since

SU(2) is equivalent to the rotation group. this will allow one to visualize the

20
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operations of beam splitters and phase shifters as rotations in 3-space. Let’s

define the following operators [6]

J, = (a’{ag + aldg)/‘Z.
J, = ~i(a§ag - ala;)/2.
Js = (ala; — azad)/2. (1.5.84)
and
N = a{a; + agag. {1.5.83)

The operators in equation (1.5.84) are the Schwinger representation of the angular-

momentum operators [15]. They obey the SU(2) commutation relations
[Jk. I} = t€kmndn (11.3.36

where k. m and n run from 1 to 3 and €x, is the completely antisymmetric tensor

of rank 3. The Casimir invariant for this group can be put into the form

NN . = o

ﬂ:%“7+ﬂ (1.5.87)
n Th

The scattering matrix of a beam splitter. " = . will in general
U U

transform (J; Jo J3) among themselves.

Consider a beam splitter with the scattering mattrix which is effectively equa-
tion (1.3.44) where we replace the /T by cos(3) and VR by — sin(%).
cos(%$) —isin(%)
U= 2 ? (1.5.88)

—isin($) cos(%)
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This transformation will transform J according to

Ji 1 0 0 J
J2 =10 cos(a) —sin(a) A (1.5.89)
J3 I 0 sin(a) cos(a) Js |

- < out P L J4in

Thus the action of this beam spliitter is to rotate the abstract angular momentum

vector. J. about the z axis by an angle of a. This transformation can be expressed

in the form ) ) i
J1 ]I
J2 ean; ']2 e“OJi‘ (1590;
J3 J3
- < out = < in

This equivalence of (1.5.89) and (1.5.90) can be checked using the operator iden-
tity
32
e*Be™* = B+ 3[A. B] + o [4.[4. Bl + ... . (1.5.91,

We can also work in a Schrédinger picture. Suppose that we have an input state
|v:in) and we want to evaluate some observable. F(ajou@2u:) at the output of a

beam splitter. then we have

(U; ian(aloutUQOUt)lug ln) = (LI": ir‘ll'[:‘(L'B—Slalin L-in~ Lrs—slaﬁnc’in)l L 1n>

(¢:in|Ugg F(a1in@2in ) Uss|v: in). (1.5.92)

Therefore, if we define |¥; out) = Ugs|w:in). then we have

(v:in| F(a10ut@20u ) [¥0; In) = (¥; out|F(ainaa,)|v: out). (1.5.93)

22
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In the Schrodinger picture the operators,J;, J,. J3 do not change but the state

vectors do.

As was shown by Yurke. McCall. and Klauder [6]. a Mach-Zender interferom-
eter can be described in terms of these operators alone. This is because what is
measured at the ouput of the interferometer is J; and the beam-splitter trans-
formations act like rotations which transform the angular momentum operators
among themselves. Therefore. the measurement of J3 at the output corresponds

the measurements of a linear combination of J, J>. and .J3 at the input.

The operator U can be expressed as the exponential of ¢ times a linear com-
bination of the operators in Eq. (1.5.84) [6.16]. We shall be interested in two
particular examples. The first is described by the operator U} = exp(—inJ;/2).

which corresponds to the 2 x 2 matrix

:
QA1ou 1 -1 11in
=12 (1.5.94)

A20ut -1 1 Q2in

and the second is given by U, = exp(iwJ;/2), which corresponds to

Hew | VB P (1.5.95)
Q90ut 11 2in
We are now ready to form a Mach-Zender interferometer(see Fig. 4). The first
beam splitter is described by U; and the second by Us. The device producing
a phase shift ¢ in one of the legs is described by the unitary operator U(o)=

exp(—igpala;). It produces the phase shift which we want to measure. After the

23
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aan ‘2:!.‘

Figure 4: A Mach-Zehnder interferometer. The first beam splitter is described bv
the unitarv operator U} and the second operator ;. The device between the beam

splitter. phase shiftor. produces a phase shift o.

first beam splitter. the out operators b; and b, are related to in operators by the

equation (1.5.94)

-

bl 1 —t 1
=1/v2 . (1.5.96}

b‘2 -1 1 ] 13

After the first beam splitter. the two beams propagate along different paths and
one of the beam is going through the phase shifter. These changes in the operators

are represented by

Cy e“("”‘” 0 b1
= . (1.53.97)
C2 0 e~He2) ba
For the second beam splitter. we have
dy 1 Cy
=1/V2 (1.5.98)
d2 1 Co
24
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Putting them all together and assuming ¢; = ®,. we have

d; .. | cos(2) —sin(2) a,
= e~ H1+3) 2 2 . {1.5.99;
d2 sin(%) COS(%) as J

What we measure is the photon number differences at the outport which is d;d 1 —

d;dg. From equation (1.5.99). we have

did, - dids = cos o(ala;, — aba,) — sino(ala; — aal). 11.5.100)

If we consider the interferometer as a whole. the output state is related to the
input by

lout) = UL (0)L7]in). (1.5.101)

In order to measure changes in the phase shift o. we usually meassure the differ-

ence between the photon numbers at the output ports. ie..

J3 = (ala; —ala})/2 . 11.5.102)

Changes 6o in the phase angle are detected by the changes they create in the
expectation value of J3oy:. Since there are fluctuations in J3ou. 2 phase change is
detectable only if it induces a change in (J3ou) Which is larger than than AJzo.

Therefore, the minimum detectable phase change is given by

(1.5.103)

d{J3our) |
6¢=AJ3°m/<—d3ﬂ.

(&)
(]
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We are interested in which input states will produce a small value of 0. so it is

useful to express equation (1.5.103) in terms of the input state. Using (1.5.89).

one finds that

(J2ou) = ({outjJzJout)

= —sino(in|Jynlin) + cos o(in!J3,, |in) (1.5.104)

from which one concludes that

d(']Sout) —

7o — cos o(in|.J};, |in) — sin o(in|.J3;,|in) (1.5.105,

To consider small changes about ® = 0 we evaluate the equation (1.5.103). at 0 =
0. The quantity to be measured. usuallyv a phase shift. is determined bv measuring
the difference in the number of photons emerging from the two output ports.
The minimum shift which one can measure. the accuracy of the interferometer.
is determined by the fluctuation in the input light. If a coherent state is sent
into one of the input ports and the vacuum into the other. then the accuracy. éo.
is 1/(Ja]) = 1/(v/Nm). where N, is the mean number of photons in the inpur
state. .V, = (aTlmal,-,, + a;inagm). If a standard squeezed state with squeezing
parameter r > 0 is sent into the second port instead of the vacuum. then rhe
accuracy becomes e{="/v/N. It is possible to do better. This was shown by Yurke.
McCall. and Klauder [6]. They showed that a Mach-Zender interferometer can
be analyzed using the group SU(2) and other interferometers. in which the beam

splitters are replaced by four-wave mixers. can be analyzed using SU(1.1). These
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observations have been employed by them and subsequent authors to examine
how different input states are transformed by beam splitters and four-wave mixers
[16.17]. Their group-theoretical analysis allowed Yurke, McCall. and Klauder to
find an input state which allows one to measure a phase shift of order 1/.N.
Also. Hillery and Mlodinow (8] achieved the same degree of minimum sensitivity.

& = 1/N. using the su(2) minimum uncertainty states.
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Chapter 1II

2 The input state with reduced number fluctu-

ation

2.1 Classical analysis

Hillery. Zou, and and Buzek [10] examined the phase properties of the heam-
splitter output. It is the behaviour of the phase difference between the output
beams which determines how the beamsplitter will behave as part of an interfer-
ometer. They studied a beam splitter which relates two classical input fields to

two classical output fields as

Q1out 1 1 — Qlin
= — (2.1.1)

Q20ut -1 1 Qun

where a,, and aj;, are the complex amplitudes of two input fields and a;e,, and

Q20u: are the complex amplitudes of two ouput fields as shown in Fig. (3).

The complex amplitudes of the two input fields can be expressed as a;;, =

re® and agi, = m2€®2. From the classical analysis. they determined the phase
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Figure 3: Classical analyvsis of the difference phase fluctuation of beam splitter output
beams. It is assumed that the both r;| and ry have the same mean value. r = {r;) = (r3)
and the mean value of 6; — 0 is zero. We define ér;, = r, — (r;) where j = 1,2 and

5604 = 04 ~ (8a).

difference of the two ouput fields.dy, in terms of parameters of the input field.

2 2
Ty — T2

61 = arg(Qones,,,) = arctan (2.1.2)

2riracos (8 — 6a)
We now need to discuss which branch of arctan should be taken. The quantity
2ryrocos (6; — 6,) is the real part of the ajuc03,,,. If the real part is positive.
tangent fucntion is in either first quadrant or 4th quadrant and therefore the
argument of &oye@s,,, is between —7/2 and /2. If the real part is negative. the
tangent fucntion is either on 2nd quadrant or 3rd quadrant and the argument of
Q10ut @5y, 1S between 7/2 and 7 or between —7 and —7/2. So, if cos (6; — 6;) > 0.
then we have ~7/2 < 6; < m/2 . If the cos(f; — 6,) < 0. then we have either
7/2 < 83 < wmor =% < B4 < —7/2. If we consider the case of rj =1y =1,
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64 is either zero or 7 depending whether cos (; — ;) is positive or negative: if
cos (6, — 05) is positive, 8, is zero and if cos (6, — 6,) is negative, 04 is 7. If we
include fluctuations. we can represent the phase angles of the input fields in terms

of the mean values and fluctuations

0y = () + 605. (2.1.4)

Suppose the mean phase angles of the two input beam are equal. (6;) = (6,).
Then cos (6; — 82) becomes cos (66; — 66,) cancelling out the mean phase anligles
of the input fields and if —7 < 68, — 66, < 5. then the phase difference of the two
ouput beams is zero, 84 = (64) + 60d = 0. In this case. we find the fluctuation of
the phase difference of the ouput beam will be very small if the phase fluctuations
of the input beams are less than § . -3 < 66, < § and -3 <66, < 3. Thus one
can obtain very small fluctuations of the difference phase of the ouput fields after
the beam splitter even if there are substantial fluctuations of the phase in the
input beam as long as the the magnitudes and the mean phases of the input fields
are assumed to be the same. Such beams should be useful in the measurement

of phase shifts in the interferometer.

The classical analysis by Hillery, Zou, and Buzek [10} provides good direction.
By assuming small fluctuations in both amplitude and phase of the input fields.

they showed that for two equal intensity input beams the noise in the phase
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difference of the output depends only on the intensity noise of the input beams and
not on their phase noise; a beam splitter turns reduced number state fluctuation

into reduced difference phase noise
1
((664)*) = 7,—2((571 ~ br2)?). (2.1.3)

where 67, and ér, are intensity fluctuations of the input beams. This suggests that
in the quantum case intensity squeezing could be converted to phase difference
squeezing by a beam splitter. The most extreme case would be if r; = érs.

which classically, leads to no difference-phase noise at all.

2.2 Quantum squeezing

Following the classical analvsis. we will investigate the effect of the intensity
squeezing in the quantum case. For the purpose of utilizing Eq. (2.1.5). we are
tempted to use number state as our input beams because there are no intensity
fluctations. An = 0. in number state. However. the Heisenberg uncertaintyv
principle AAAB > }[([A, B])| between the standard deviation of two arbitrary
observables, AA = \// ((A - (A))? and similarly for AB, states that one can
squeeze the standard deviation of one observables provided one stretches that for
the conjugate observables. For example the position and momentum standard

deviations or fluctuations obey the well known uncertainty relation

AxlAp > h/2 (

©
o
o
N

31

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



If we try to reduce intensity fluctations, then we will increse the noise in another
conjuage variable, the phase, according to the Heisenberg’'s uncertainty principle:
for a number state where there are no intensity fluctuations. fluctuations in the
phase are infinite. [f we use two number states with equal intensities as the
input fields for a beam splitter. then the phase difference for the output fields. ;.
could be either zero or = and this point was well discussed in the paper by
Hillery, Zou and Buzek {10]. We will discuss the number state input case and
the related subjects in the next two chapters. We need a state where we can
decrease the intensity fluctuaions and still have small fluctuations in phase. A
general class of minimun uncertainty states known as squeezed states [18] meets
our criterion. This squeezed state can be used to improve the sensitivity of
the interferometer. As we have seen in the classical analysis. the decrease in
the amplitude fluctuations of the input beams leads to the decrese in the phase
difference fluctuation after the beam splitter. Thus, if we can send the beam
squeezed in the direction of the amplitude, then we can increase the sensitivity

of the interferometer.

For the single mode field. we may write the annihilation operator a as a linear

combination of two Hermitian operators

a=X,+iX,. (2.2.7)

X; and X5, the real and complex amplitude, give dimensionless amplitudes for the
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(a) (b)

Figure 6: Phase-space plot showing the uncertainty in (a) a coherent state a;.

and (b) a squeezed state |a.r).

mode’s two quadrature phases. Thev obey the following commutation relation

[.X'l..YQ} = l/2 ( 2.

(3]
to
(¢ ¢)
~—

The corresponding uncertainty priciple is

AXAX, > 1/4. (2.2.9)

The coherent state state la) has the mean complex amplitude a and it is a
minimum-uncertainty state for X; and X,, with equal uncertainties in the two
quadrature phases. A coherent state may be represented by an “error circle ~*
in a complex amplitude plane whose axis are X; and X, (Fig. 6a). The center
of the error circle lies at (X + iXs) = a and the radius AX; = AX, = 1/2

accounts for the uncertainties in X; and Xo.
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Figure 7: Plot of AX, versus AX, for the minimum-uncertainty states. The
dot marks a coherent state while the shaded region corresponds to the squeezed

states.

There is obviously a whole familv of minimum-uncerrainty states defined byv
AN LN, =1/4. If we plot AX, against AX,. the minimum uncertainty stares
lie on a hyvperbola (Fig. 7). Only points lving ro rhe right of rhis hyperbola
correspond to physical states. The coherent state with £, = AX); is a special
case of a more general class of stares which may have reduced uncertrainty in one
quadruture at the expense of increased uncertainty in the other. These states.
called squeezed states {18]. can be used to improve the accuracy of interfero-
metric measurements. and to reduce quantum noise in measurements in general.

Formally. we can generate such a state by using the squeeze operator {19]
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which acts as follows:

S'(2)aS(z) = acoshr + a'e?sinhr (2.2.11)

St(z)a’S(z) = at coshr + ae™*sinhr (2.2.12)

where z = re®®. The squeeze operator attenuates one component of the complex
amplitude. and it amplifies the other component. The degree of attenuation and
amplification is determined by r. which we called the squeeze factor. The squeez-
ing parameter z = re*? also contains the phasor § which controls the direction
of the squeezing in the phase space: if we calculate AX, =\, (X?) — (X)? and

AX, = \/(Xg) — (X3)? for a squeezed vacuum. S(z)|0). we have

1
AX, = 5\/25inhr2+1+2coshrsinhrc059 (2.2.13)

1
DXy = 5\/2sinh r2+ 1 —2coshrsinhrcosé. (2.2.14)

For # = 0 we have AX; = %e’ and AX,; = %e". In this case we have X,
quadrature squeezed and fluctuations in X; have increased to satisfy the Heisen-
berg’s uncertainty priciple. For a vacuum state without any squeezing. we have
AX, = AXy; = 1/2. We can also state that the X; operator has been trans-

formed as e"X; and X, operator as e”"X,. For § = «. then X quadruture is

squeezed and X, quadruture is amplified: AX; = 3" and AX, = Je”.

For a squeezed-coherent state. we squeeze the vacuum first and then displace

it. The squeezed-coherent state is formally obtained by

|a, z) = D(a)S(2)|0) (2.2.13)
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x, (a) x, (b)

Figure 8: Phase-space representation of amplitude and phase squeezed states. (a) The
quadruture carrying the coherent excitation is squeezed. (b) The quadruture out of

phase with the coherent excitation is squeezed.

where

D(a) = el-oe'+aa), (2.2.16)

If we displace along with the direction of the squeezing (Fig. 8a), then we have
the effect of the squeezing the amplitude ; for example, if we have a as real
number and the direction of the squeezing is =, then we are squeezing the X
quadrature and therefore we are squeezing fluctution in a . |a|? is the mean
number of photons in the field and therefore, we are squeezing the amplitude of
the field. On the other hand if the direction of the squeezing is out of the phase
with the coherent excitation , we have squeezing in the phase and thus, increased

in noise of the amplitude (Fig. 8b).
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2.3 Squeezed states and the phase shift measurements

As discussed in the classical analysis. beam splitter turns reduced fluctuations
in intensity of the input beams into difference phase squeezing; a peak in the
difference phase distriubution will become narrower for the intensity squeezed
state input beams. Therefore. the squeezed-coherent states we choose for input
states are both squeezed and displaced along the x-axis (Fig. 8a). The complex
amplitude is then real and the squeezing is such that it is in magnitude of the
complex amplitude: it is the intensity fluctuations which are squeezed. We assume
amplitudes of the two input beams to be the same. a; = a3 = a. In this squeezed-

coherent state with the squeezing in phase with the complex amplitude. we have
V(n) = |al®e™?" + 2sinh®[r] cosh?[r] (2.3.17)

where V(n) is the variance in the photon number. V(n) = ((aa®)?) — (aa")Q.
The first term corresponds to the reduction in number fluctuation in the original
Poisson distribution. The second term is due to the fluctuation of the additional
photons in the squeezed vacuum. In this squeezed-coherent state. the amplitude
fluctuation is “squeezed” if the squeezing factor,r, becomes large but not large
enough so that the second term becomes dominant. It then behaves more like a
number state where the amplitude fluctuation, An = 0. For example if |a|? >
2sinh® r cosh? r, this is an amplitude squeezed state with sub-Poissonian photon
statistics. The maximum reduction in photon number fluctuations one can get
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Figure 9: Phase fluctuations in the squeezed-coherenr state: éo gets bigger as the

squeezing increases.

in an amplitude squeezed state may be estimated as follows: For r > 1
- 112 =2r l 4r ) Q'
Vin)=ijale™ + -e (2.3.18)

The minimum value of V'(n) occurs for %™ = 4|a|? which corresponds to Vipn(n) =
0.94]a{*3. The maximum intensity squeezing occurs for r = : Int4]a}?). As shown
in Fig. (9). as we increase the intensity squeezing. .\'; quadrature components
hecomes smaller and .X» quadrature component becomes bigger. The phase fluc-
tuation of the input beams.tan(éo) = ir; also becomes larger. Now the minimum

phase that can be detected using squeezed-coherent states with decreased ampli-

tude fluctuation is calculated

Ed<J.'30ut>.
min = JAW/ out/ T
60 ’ l/‘ dczd<J.'30ut>
1
2vp: 1
(804) = ga3h* (2.3.19)
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where

p = 16cosh®{r]sinh?[r] + 96 cosh*[r] sinh*[4]
+ 16 cosh?[r] sinh®|r]
+a? {2 cosh®[r] — 28 cosh®[r] sinh(r]
+ 126 cosh*[r] sinh?[r] — 200 cosh®|r] sinh®[r]
+126 cosh?[r] sinh*{r] — 28 cosh[r] sinh®[r] + 2 sinh® [r]}
ot { 8 cosh*[r] — 32 cosh®[r] sinh[r]
+ 48 cosh*[r] sinh?[r] — 32 cosh®[r] sinh?[r]

—32 cosh|r] sinh®[r] + 8 sinh“‘[r]} (2.3.20)

For the 6o for squeezed-coherent state input is in the order of 1/a when there
is no squeezing. coherent state. Thus. the minimum detectable phase shift for a
squeezed-coherent state works in the limiting case. In Fig.10 and Fig. 11. we have
plotted the A(n; —n,)? and the minimum detectable phase angle.§o as functions
of the squeezing parameter.r. As expected. the sensitivity of the interferomerer
gets better as the squeezing gets larger and larger until the maximum intensity
squeezing. After the squeezing parameter reaches maximum point. the sensitivity
deteriorates. Also, A(n; — ny)? behaves the exactly same way as §o. And these
confirm the classical analysis that difference phase squeezing is achieved from the
amplitude squeezing if the amplitude squeezing is not too big and this enhances

the sensitivity of the interferometer.
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Figure 11: Plot of o versus rr when a is 100
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Chapter III

3 Number state inputs

3.1 Introduction

A number state is a state with no intensity fluctuations but with arbitrary
phase. an obvious consequence of Heisenberg's uncertainty priciple. We choose to
have two number states as our input beams to the interferometer: two input states
with no intensity fluctuations and equal intensities. Classically, from equation

(2.1.2)

12— 2

6, = arg(Qour 5 = arctan .
¢ 8(Q1our Oz0ut) 2ryracos (6 — 62)

we see that for number state inputs the cos (6; — 6;) term in the denominator can
be positive or negative because the phase of a number state is arbitrary. This
indicates that the phase of the output state after the first beam splitter in the
interferometer but before going through a phase shift can be either 0 or = for the
two number states with the equal intensities. Quantum mechanically. Hillery. Zou
and Buzek [10] showed that the difference phase distribution of the output beams
for the two number state inputs consists of two narrow peaks centered around
at # = 0 and 8 = 7, the output state after the beam splitter is a superposition

of a state with a difference phase of 0 and another with a difference phase of
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Figure 12: The difference phase distriburion for number state inputs with equal inten-

sities. {n.n): a) n=10 case b) n=50.

7. This is shown in Fig. (12). This double peak strucrure of difference phase
distribrution after the first beam splitter inside rhe interferometer causes the
output signal of the interferometer to vanish. What is measured at the output
of the interferometer is the photon number differences . {out{Jzjout) where {out)
is the state of the photon field leaving the interferometer. From the equation

(1.5.104). we have for the number state inputs

<J3our.) = (out!JIiinlout)
= —sino(in|Jijnlin) + cos o(in|J3,|in)

= %cos o(n; — ny) (3.1.1)

where n; and n, are the photon numbers at each input ports of the interferometer.
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For input beams with equal intensities, n; = nj, the expectation value of J3
is zero: the mean number of photons counted at the two outputs is same and
therefore, the signal coming from measuring the photon number differences will
vanish. Equation (3.1.1) shows that the (Js.y) is independent of @ for the input
beams with equal intensities. Changes in é® in the phase angle are detected
by the changes they create in the expectation of J;. Therefore. the phase shift
introduced in the inteferometer does not induce any changes in the expectation
value of J3,,, for the two number state input beams with the equal intensities and

consequently, we cannot measure the phase shift introduced in the interferometer.

We have calculated the minimum detectable phase shift for the general number

state input |n;.ns)

Jsout ..
AJsone/ d! jio'>

n+ fn2-1x2
_ yntal ) (3.1.2)
z

bo

where n = n; + ny is the total number of photons for the incoming fields and
T = n; — ny is the photon number difference between the two input ports. The
minimum detectable phase shift for these states is 1/\/n when r = n : the case
when we have vaccum state in one of the input ports and n photons in the other
input port. As disccussed above, the minimum detectable phase shift is undefined
as x approaches zero (see Fig. 13); the case when we have two number state inputs

with equal intensities. We also notice that the sensitivity of the interferometer
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Figure 13: Minimum detectable phase shift for number state inputs, [n1,n2,. as a

function of photon number difference. £ = ny — n2

deteriorates from the case when we have vaccum state in one of the input port

as soon as there is beam coming in the second input port.

We can interpret the above analysis in a different way. Since we have from

the equation (1.5.89)
(out|Jsjout) = (intermediate|Js|intermediate). (3.1.3)

measuring the photon number differences at the output ports is equivalent to eval-
uate the expectation value of Ja, (intermediate|Jz|intermediate) where |intermediate)
is the state of the photon field after going through a phase shift inside the inter-
ferometer. We find the classically corresponding quantity for J, by replacing a,
and a, by rie*® and rpe'®? respectively,

. 1 7 - —_fn I —
Jg = —L.((I,{(l,g - (110.;)/2 = -'-25\7'17'2)(6 U6 ~62) _ e'(a‘ 02))
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= —TmMTa sin (01 - 02) (314)

By comparing the equation (3.1.3) and the equation (3.1.4), we find that measure-
ment of the photon number differences reveals implicitly the phase information
inside the interferometer. Alternatively. we can say that the phase distribution
after the first beam spitter determines the sensitivity of the interferometer. The
narrower the difference phase ditsribution peak, the smaller the minimum de-

tectable phase shift.

After the first beam splitter but before going through the phase shift. the
difference phase distribution for the two number states with the equal intensities
has peaks at 0 and 7 shown in Fig. (14). Now one of the beams goes through a
phase shift. ¢, and this shifts the two peaks of the difference phase distribtution by
o as shown in Fig. (14). The measurment of J3 at the output ports is equivalent
to measurement of J, for the fields just before the second beam splitter. and .J;
classically corresponds to —sin(8; — ;). Therefore, measuring the expectation
value of J, is classically equivalelnt to calculating riry [~ P(84) sin 84 d84 where
P(8,) is the difference phase distribution for the beams inside the inteferomerer

after the phase shift is introduced into one of the legs.

For number states with large numbers of photons the peaks at zero and 7 are
very narrow. The rotational width is proportional to 1//V where N is the number

of photons going into the interferometer [4]. The rotational width is derived from
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P8

Figure 14: The differece phase distribution for two number state inputs with equal
intensities after the first beam splitter (dotted line) and the difference phase distribution

after the phase shift introdued in one of the leg (solid line:.

examining the overlap between a state and a rotated version of itself. It gives a
good indication of the utilitv of a state for measuring phase shifts . In the case
of the difference phase we can determine the rotational width by considering the

function

F(By) = |(ule B2 (3.1.5)

This function has a maximum value of one for §; = 0 and near this peak it is
peak is given by

F(82) = 1— (AJs)262. (3.1.6)

From this Hillery, Buzek and Zou [4] deterimed the rotational width for the

number state input beam with equal intensities from the equation (3.1.6).
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If the number of input photons is reasonably large, we can roughly repre-
sent the phase difference distribution as a sum of dirac-delta functions, P(6;) =
5(6(64) + 6(64 — 7)). The classical equivalent of the expectation value of .J; after

the first beam splitter is

2% T ]
r2 / P(8,)sin0,d8; = 72 / Z(6(84) + 6(B4 — 7)) sin Badba
0 o 2

- %rz(sin(O) +sin(m)) = 0 (3.1.7)

The above classical equivalent is zero even for the case of a difference phase
distribution which has only a peak either at zero or 7. because the sine functioin
is zero at zero and w. After the beams go through the phase shifter. if there is
only one peak at either at zero or at w, the integration is not zero because the
difference phase distribtion is now shifted by the amount of ¢. For example. for
the case of two coherent state input beams with the same mean photon numbers.
we have a difference phase distribution peaked at zero after the first beam splitter.

After the phase shift.¢, we have

2= 27
r? / P(64)sin0.d8; = r? / 5(84 — ©) sin 8adfa
0 0

= r2sin (o). (3.1.8)

Therefore, for the case of two coherent state input beams, the phase shift inside
the interferometer will create changes in the expectation value of J;. However, if
we have two peaks located at zero and =, then the contributions to the integral
from two shifted peaks cancel each other, and therefore the integral is zero. For

47

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the number state input with the equal intensity, we have

2x . 2r 1 .
r? [T P(@a)sinuddy = 1 [ (664~ 6) + (64— 6 = 7))sin Badbs

= —;-rz(s'm (¢) + sin (7 + ¢))

- %ﬁ(sm () — sin (8))

= 0. (3.1.9)

This analysis shows that the signal coming from the expectation value of J; is
zero, and we can not measure the phase shift by measuring the mean photon
number differences at the output ports of the interferometer. This is unfortunare
because the peaks are very narrow. having rotational widths of 1//N. It is a much
narrower width than the case for the two coherent state inputs with the same
amplitudes. In that case the difference phase distribution after the beam splitter

is peaked at zero with the width of the peak being of order of 1/

In order to circumvent the difficulties for the detection of phase shift intro-
duced inside the interferometer by measuring the photon number differences at
the output ports of the interferometer, (J3). we examined the possibility of us-
ing the expectation value of J? instead of J;. While there is no signal when we
measure the expectation vaule of J3, there will be signal when we measure the
expectation value of J2. However, signal to noise ratio for this measurement is

poor. From the equation (1.5.104), we have

J3our = —J1sin @ + J; cos ¢.
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If we take the expectation value of Js,y, in the two mode number state with equal
intensities, then we have

(n.n|Jzoun. n) = 0. (3.1.10)

If we square the J3,.., then we have
(J3our)? = JEsin? & — (JyJ3 + J3J;) cos dsin o + JZ cos® & (3.1.11)

From the above equation. the only term that will give a contribution when we
take the expectation value of J? in the two mode number state with the equal
intensities. |n.n). is J2. JiJ3 and J3J; will give no contribution because the
number of creation and annhilation opearators is unequal. J? term will give no
contribution either because J3|n.n) = 0. Therefore. we have for the expecration

value of J32

(Jaou)?) = (J})sin?o
1 f (ot t 2
= Z(n. n|(ajas + a1a3)(a az + a1a;3)|n.n)sin” o
l t i £t o
= Z(n nlajaja;al + ajayayaz|n. n)sin® o

1
= sn(n+ 1)sin®o. (3.1.12)

Now we need to calculate A(JZ,,.) to see how big the noise is . e have

A(JEu) = /(Jdou) = (J3ous)?. There are 16 terms when we take the fourth
power of the equation (1.5.104) to calculate the (J3,,). Out of those 16 terms.
anything with J3 on the outside will give zero and we have

(J3oue) ={(J1 sin @)(—J; sin ¢ + J; cos 9)(— Jy sin ¢ + J3cos 0)(Jy sin 0)). (3.1.13)
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There are four terms in the equation (3.1.13) and among them two terms will
not contribute to the expectation value of J3,,.; terms of the form J2J3J; and
J1 J;:,J;1 have unbalanced numbers of J.'s and J_'s and therefore. they will give

no contribution. For the expectation value of J;i. we have

l
(J) = pin-nlaler + aial)n.n)
= é[n(n —1)(n+1)(n+2)+2n%(n+1)%sin0 (3.1.14)

and we also have for the expectation value of JyJ2J,

(LWJR) = >(n.nlJiJ3Ji|n.n)

==

n(n+ 1) (3.1.15)

|
N -

Using the equation (3.1.12). (3.1.14) and (3.1.15). we obtain the dispersion of

2
J. 3out

A(J.Zzout) = V (Jé‘out) - <J§out>2

= {l[n(n - 1)(n+1)(n+2)+2n%*n+ 1)}sin’o

1 2 27 - 1
[n(n+1)]sin? @ cos® 0 — Z[n'(n + 1)?]sin? 0} =

N | = oo

-+

={-;-[n(n ~1)(n+1)(n+2)]sin*o+ %[n(n + 1)) sin® 0 cos® 9}%(3.1.16)

From the equation (3.1.12) and (3.1.16) we have for large numbers of photons

2

AJZ,. = 2\'/§sin2(o) (3.1.17)
(Jsow)?) = %nzsinz(d)). (3.1.18)
50
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Noise increases just as fast as the signal and their ratio is order of 1. This
is disappointing because we obtain our signal by measuring JZ,,.. This means
that by measuring the expectation value of J? we will not be able to accurately

measure the phase shift. This was aiso proved independently by other group [22].

3.2 A number state and a vaccum state as input beams

So far we have considered the case of two number state inputs with equal
intensities, [n, n). When n photons are sent into one of two input ports of the in-
terferometer and a vaccum state is sent into the second input port. the minumum
detectable phase shift.60, is 1//n where n is the number of photons entering into
the interferometer. This is the same as the case when a coherent state and a vac-
cum state are sent into the input ports of the interferometer. In this case. n is the
mean number of photons in the input state. This sensitivity can be explained in
terms of the difference phase distribution after the first beam splitter inside the
interferometer. In Fig (15), we present a numerical simulation of the difference
phase distribution for the input state |n,0). The difference phase distribution
has a peak at §; = 7/2. Here in this case. there is only one peak and therefore.
rotational width of the difference phase distribution will determine the sensitivity

of the interferometer.
We would like to calculate (;,68,|U;|n.0). The output state after the first
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Figure 15: The computer-simulation of the difference phase distribution for 2)

[20.0) input state and b) |50,0) input state.

beam splitter insider the interferometer is

[Youe) = Utl¥n) = e—id’-hln’ 0)

t\n
e~ (_al_)_lo, 0)
n!

v

—ioJy (aDn 1oy 3.2 19)
e 7_—'—6 IO, 0) ( i
n:

where we have used e*/1(0,0) = [0,0) . Using UalUy! = 715(a{ —ial) , equation

(3.2.19) becomes

o) = —\/l;l——!(%)"(a{-iaL)"lo,O)
(L VAL e 3.2.20
- (S T I h. (220
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We now have

n
__ VM -0 5)

1 .
81, 6 You) = (—)"e™"%2(—0)" (3.2.21)
( i 2| r.) \/5 g v/l!(n — l)!
We would like to approximate the following for a large value of n
_n 3.2.22
f(l)—l!(n_l)!’ ( hindd “)

Using the Sterling’s approximation. In(n!) = nlnn — n. we have for equation

(3.2.22)

n!
g()=Inf(l)=In n =11

~nlnn—Ilnl—(n-1ln(n —1). (3.2.23)
Differentiating the equation (3.2.23) with respect to [ and setting it equal to zero.
we obtain

d
Zg(l)z—ln[%—ln(’n—l):O. (3.2.24)

n

From equation (3.2.24) . we find that when [ = Z. the function g(/) is at its

o)

maximum value. We then do a Taylor series expansion about / = % up to the

second order

. , | — 1)2
9(1)=9(%)+(l—%)g'(%)+( 9,2) g"(%) (3.2.23)
We now have
_ n! .. nl (1-2)2 4
g)=nf(l) = ln(“(—n:l—)!) = mt(%!)(%”) + 22 (-;). (3.2.26)

Using the Sterling’s approximation again including the next highest term.In(n)! =
nlnn — z + In(v/27n) we have for the first term on the right-hand side equation
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(3.2.26).

() ~ In(ny [ ) (3.2.27)
—————— z —_— 2. {
(%‘)(%‘) ™
Substituting In(2" \/g) for ln(ﬁﬁ) in the equation (3.2.26). we have
27220
n! 2 2 n.
—_—) = my = — (- =) 3.2.2
(e = B, Rl (3.2.28}
Therefore. we have
n'! ‘—2— 2 n 2
o e 3D 5
=i =@ \/me 3.2.29)
and
/ n’ n 1) 1 1 n.2
— = (2)I(=)3e T 3.2
\/l!(n—l)! (2)2(—)3e : (3.2.30)

With equation (3.2.30). equation (3.2.19) becomes

n 2 n 1 n\2 < .
(1. 6afon) = (—=)"(2)F (—=)Te ™2 (—i)" § e nl-$e0=3)  (3231)

\/2- an =0

where 6; = 8; — 8;. Now we would like to replace the summartion in the equation

(3.2.31) by an integration

Lyg_n\2 < _ly_ny2 _ o
e t=5)% o—il3 dle— =3 g3 (3.2.32)
=0 T

where 3 = 6;—%. The replacement of the summation by an integration is justified
only when 3 is small. The integrand in equation (3.2.32) is e~*% times a Guassian
whose width is \/n and whose peak is located at [ = 5. As long as the oscillating
function e~*#* changes little across the peak. then the going from a summation
to an integration for approximation is justified and therefore. we require that
Byv/n < 1. Therefore, the approximation should be good for all values of 3; it is
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good when g <« —\/% where distribution is large and is not good when distribution

is negligible. If we perform the integration, then the integration becomes
g —ii-2)2 B | —ign _ng? aa -
/ dle =727 = (/mn)e "WzIe 3 {3.2.33)
—nc

Putting everything together, the equation (3.2.19) becomes

2

1 n ; 2 1. n n
(01. O2]Wour) = (ﬁ)”@)56"""”(-1')"(;7;)3(\/Tm)e"‘s?e‘f‘3 : (3.2.34)

For large numbers of photons. we now have the difference phase distribution for
the input state. |n.0)

1
P(6:,.6;) = 472|<01-92|U0ut>|2

1 S~ n T2
- 47r2V 2n e~ 2004=3)° G, =6, — 5. (3.2.35)

From this equation. we see that the analytical analysis agrees with the numerical
simulation. They both show that the the difference phase distriburion is peaked
around 3. From the equation (3.1.37). we find that the rotational width is in
the order of % and this explains why the sensitivity of the inferometer for the
input state |n.0) is in the order of 7‘;—- Here we again showed the relation of the
difference phase distribution to the sensitivity of the interferometer: the narrower

the rotational width. the more sensitive the interferometer.

3.3 N photons and one photon as input beams

Now we like to consider the case when there is one photon coming in the one of
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Figure 16: The computer-simulation of the difference phase distribution for |20. 1)

input state.

the input ports instead of the vaccum state. |n. 1). From the equation (3.1.2). we
have noted before that the sensitivity of the interferometer deteriorates as soon
as there is beam coming in instead of vaccum state. For this input state |n.1) .
the minimum detectable angle is 60 = -‘\/% for large enough input photons. This
deterioration comes not from the rotational width but from the cancellation of the
signal as in the case of the two input states with the equal intensities. Actually,
the rotational width of the difference distribution is in the order of 1/n for each of
the peaks centered at 0 and m. From the numerical analysis shown in the Fig (16).
there are two peaks for the difference phase distribution. It looks as though the
one photon splits the phase difference distribution and shifts the peaks left and

right symmetrically from 7. As soon as there is one photon in the input port. two
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peaks shows up spontaeneouly. This two-peak structure causes the deterioration
of the sensitivity of the interferometer. We wish to calculate (8, 6,|U;|n,1).The

output state after the the first beam splitter inside the interferometer is

I"/Jout> = Ullwm) = e—io‘hln' 1)

e—-ubJ;( )
\/—( 2){0.0.)

f n
v (‘/l 1)e'1(0.0.). (3.3.36)

il

Using UyalUT! = (cal + sab) and UyabU" = (sal + cal) where ¢ = =5 and

= ‘7; equation (3.3.36) becomes

1

|tout) = 7o

(cal + sag)"(sa‘; + ca})|0.0)

(a])'**(a})"7|0.0)

n'Cl.Ll -k t\n—i+
l |( l)( ':?) l.IIO‘O>

n |
_ 1 / n.(k. + 1). cksn—kd.-llk +1ln— k)
VAl i \Jk+ )i — k!
1 & nl(n—k+1)!

+\/7-;Tl—o\/( n—k‘+l)

" ke n — k+1). (3.3.37)

For the amplitude of the phase distribution, we have

Val(l+1) ol gn=1+1 =0l
6 . 9— vlrévou —_ _1(91+n92) S e d
(61 62ltour) gwﬂ,(n_l)
_‘.(nﬂ),,zi Val(n—1+1)

= (O -1+ 1)

Atlgn—lg—10al (3.3.38)

+e

As in the previous section, we have approximated the the factorials and changed
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the summations to integrals. For the first term in the equation (3.3.38). we have

\/7?7?1
(,,)\/'

) ) 9 (n—1
_,19%126_,(91.,.,,92)8_,_4(';_).

) — )2~ "0(1 - if,){

€

= - _L(u
+e —1 z(n+l)02e ]

(3.3.39)
From the above equation we obtain the difference phase distribution

(1 + (82 — =)?)(1 + cos (284))e~ 25— (3.3.40)

P(91192) )

( n+ 1)n+1 \/8

The width for each of the two peaks is %ITT and this is narrower than the case
for vaccum state in one of the input beam. However. the sensitivity is worse than
the case of the vaccum state in one of the input beam because of the two peak
structure. In order to estimate the locations of two peaks. we differentiated the

equation (3.3.40) and set it equal to be zero .

264 = 5)(1+cos(262) = (1+ (02— 5)°)

(1 + n)(8s — %)(1 + cos(204) + 2sin(26,)}.  3.3.41)

Equation (3.3.41) is a transcedental equation and using numerical method we
have identified the location of the two peaks for the case of n = 10. n = 50 and

= 100. For the case n = 10, the two peaks occur at 65.3 degrees and 114.7
degrees respectively. For the case of n = 50, the two peaks occur at 78.6 degrees
and 101.4 degrees respectively. For the case of n = 100, the two peaks occur at
81.8 degrees and 98.2 degrees respectively. As the number of photons increases
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, the separation of the two peaks gets smaller and smaller as expected. As we
increase the number of photons in one of the input ports from one photon. the

number of peaks in the difference phase distribution also increase.

For the the case of a two-photon and eight-photon input . we have three
peaks; one of the peaks is smaller than the other two while the other two peaks

are sharper than in the case of the |n.0) state. The suppressed peak is located

]

at T and other sharper two peaks are located symmetrically about %. From

2 2

our numerical studies we see that the number of peaks in the difference phase
distribution is n. + 1 where n is the smaller number of photons coming into one
of the legs. If the n is even. then one of the peaks located at 7. While the
number of peaks increases as the photon number difference between the input
beams decreases. these peaks will be suppressed except for the two peaks. which
are the left-most and right-most. Increasing the number of photons until the
photon number difference is zero. we have the two number state input with equal
intensities, where two peaks occur at 0 and 5. Actually. there are n+1 peaks bur
only two peaks matter because all the peaks between the two peaks located ar 0
and 7 are suppressed , so it appears that there are only two peaks for the number

state inputs with equal intensities. These results are shown in Fig. (17).
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Figure 17: The difference phase distribution for a) {10,0) input state. b) 19.1)

input state c) |3.2) input state and |5.3) input state
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Chapter IV

4 A linear combination of number state as an

input state

4.1 A state with phase

So far the number state inputs we have considered have precise number of
photons and therefore. arbitrary phase due to the Heisengberg's uncertainty prin-
ciple. Here we would like to consider a state with a linear combination of number
states as our input state. Since the input state has an uncertainty in its photon
number. the phase of the input state is no longer totally arbitrary. The stare we
shall send into one of the input ports of the interferometer is

1
{1+ 1v])?

o) = s (lm) + rin + 1)) 0< v < 411

-

Then the total input state of the system becomes

lvin) = (In.n) +v(n.n+1)+in+1.n)) + Pln+1l.n+ 1)) (4.1.2;

1
(1+z))
The phase distribution of this input state is

1
P(el, 92) = pl(wielegz)lz

1 1
(= Tiep?)

(1 + v(cos8y + cos )

61

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



+ v%(2 + cos(8; + 8,) + cos(6; — ;)

+13(cos 8, + cosby) + v*). (4.1.3)

Here. we are interested in the difference phase distribution P(6,). However. the
equation (4.1.3) has not only the term containing 6, which we define it to be 8; —6,
but also has the term containing 8, which is defined to be Q;_;_Gz . Substituting A4

and 6, for 8, and 6,. we have

1 1 84
P(84.9,) = (471_2)((1 " |v|2)2)(1 + v(2cos 8, cos —2—)
+1%(2 + cos 28, + cos 84)
3 ed I .
+v”(2cos 8, cos 5—)+z' ). (4.1.4)

We need to integrate out 4, in the phase distribution. If we integrate the phase
distribution over 6, and ;. we are integrating over a square in the Cartesian
coordinates whose axes are #; and §,. With the change of integration variables.

6, =6,+ %0,1, 0, =86, — %Bd, the integration over the same rectangle becomes

u}_f'

2% 2 0 N 2= 0 27— \

/0 del/o 46, P(61,8,) = (/_27 dod/_% dé, 1-/0 d d/e? d6,)P(64.85)
(4.1.3)
After integrating out ,, we nave difference phase distribution for —27 < 65 <0

1
47(1 + [v]2)?

P = ( ){2r — b

—v(2sin fy) + v* (4w — 264 — sin 6q + cos )

—v3(2siné,) + v* (27 — 64)}. (4.1.6)
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Figure 18: The difference phase distibution for the linear combinatin input state

for two different values of v; a) v = § case b) v = ;%5 case.

Also. for 0 < 6,; < 2, we have

1

Poa) = (4ﬁ2(1+|v(2)2

{27 + 64
+u(2sin 8y) + v2(4T + 204 + sin 84 + cos O4)

+v3(2sin8y) + v* (27 + 84) }- (4.1.7)

From the equation (4.1.6) and (4.1.7), we know that the input state system
has a phase as long as v is not zero. If v is zero, then this corresponds to the
input system of two number state input with equal intensities and therefore the
phase is arbitrary. In Fig. (18), we have plotted the difference phase distribution
for this input state of the system for two different values of v. For nonzero v
values. we expect the difference phase distribution after the beam splitter inside
the interferometer will be different from the case for the number state input with
equal intensities, but not too drastically different.
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We have for the phase distribution of this input after the first beam splitter

1
2{ I(GI? 02[” Tl>|2

PO = artt oy

+ v ((61.02|n.n)(61,602|n.n + 1)* + (61.6|n.n)(6:.64jn + 1. n)"

+ (61,02|n,n + 1)(61,62|n. n)" + (61,.02in + 1,n)(6,.0,|n.n)")
+v2((81,02|n.n)(61.6ain + L. n+ 1)" + (61.62|n + 1.n + 1)(6;.65(n.n)"

+ (61, 02n.n+ 1))> + |(61. 62| + 1.7)|?

+ (01.62ln.n + 1)(6;.02|n + 1. n)* + (01.62|n + 1.n)(0,.02|n.n + 1)7)

+ 13 ({81.02|n.n+ 1)(01,62ln + L.n+ 1) + (6,.62n+ 1.n)(f.0sn + 1.n+ 1;°
+ (01.62in 4+ 1.n+1)(01.62n.n+ 1) + (61.02in + L.n+ 1)(0;.02ln + 1. n)")

-+-v4|(01.6?2|n-+-l.n-i-l)i2 } (4.1.%)

For the general number of photons. we have

(61.62|Uh|n.m) = Z Z

p=0q=0

/(m + b—- Q)'(n + q-— p)!e—z(m+p—q)01?(n+q—p)02
n!m!

( n!m!cP9s" m-P-q

plgt(n — p)l(m — q)!

(1.1.9)

where ¢ = —v% and s = % By substituting the above equation into the equation
(4.1.8). the difference phase distribution of this system after the first beam splitter
has been computer-simulated and it is shown in Fig. (19). In Fig. (19). there is
one big peak located at §; = O and there is a peak at §; = 7. There is no peak
at §; = 2m. Comparing these peak structure to the case for the number state

input , |n,n), which has same peaks at those locations, we notice that the peak
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Figure 19: The difference phase distibution after the first B.S. for the linear

combinatin input state for two different values of v; a) v = 3 case b) v = 715 case.

at #; = 0 is amplified and the peak at §; = 7 become smaller and there is no
peak at all ar §; = 2=. This peak structure in the difference phase distribution
allows us to urilize the narrow rotaional width of the peak which is in the order
of 1. In the rwo photon number state input case, |n.n), the peaks at 63 = 0.7
and 27 have the same height. This causes signal to vanish and therefore destroys
the sensitiviry of rhe interferometer. The problem of the number state input
with two equal intensities is the problem of two peaks located at 0 and 7 with
equal distribution and these two peaks contribute to cancel each other. For the
input state with the linear combination of number states, peaks at §; =0 and 7
are different: the difference phase distribution around the peak at the §; = 0 1s
greater than the distribution around the peak at §; = 7 as shown in Fig. (19).

The area under the curve located around 8; = 0 is about twice as large a that
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under the curve located at 8; = g Thus. the contribution to the signal from
these two peaks will not cancel out and therefore, we can use this signal to detect

a phase shift inside a inteferometer. Using this liner combination of number state.

we improve the sensitivity of the interferometer.

For this state, we have calculated the expectation value of J; at the outpur.
<J30ut) and AJSout

1

(W J3|e) m(zﬂ@(n + 1)sin o)) (4.1.10)
1 .
('WIJ:?w} = m@ﬁ cos?o+ (2n + 2% + 22 + 8n + 4n2)
+ v'(4 4+ 6n + 2n?)) sin’ o). (4.1.11)

The minimum detectable phase shift about © = 0. the sensitivity of the interfer-
ometer. is calulated to be in the order of n

V2(1 + o) 1 ,
0 = ——————* <p < —. 1.1.12
o T2 1) 0<v< ( )

V2

We can find that in equation (4.1.12) the sensitivity of the interferometer dete-
riorates as v approaches to zero; this is the case of the two number state input

with the equal intensities. Thus. the minimum detectable phase shift in equation

(4.1.12) does match in the limiting case. For v = % the minimum detectable
phase shift is
3
bo = —m—. 4.1.13
M TESE ( )

The minimun detectable phase shift is in the order of n and the sensitivity of the
interferometer dependé on the difference phase distribution after the first beam
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splitter inside the interferometer; the sensitivity is directly proportional to the
rotational width of the peak in the difference phase distribution. The narrower
the width, the better the sensitivity. However, as shown in the number state input
case with the equal intensities, if the difference phase distribution is symmetric
with respect to §; = 3, we can not take the advantage of narrower rotational
width. Now for the case of linear combination of the number state. we have good
sensitivity because there is only one big peak in the difference phase distribution

after the first beam splitter inside the interferometer.

4.2 Quasi-Analytic approximation for the linear combina-

tion of number states

In order to evaluate the difference phase distribtion for the large numbers of
photons, we need to approximate the equation (4.1.8). We notice the equation
(4.1.8) basically consists of combinations of three terms and their complex conju-
gates; (0, 65U [n.n). (6,,.6:|U1|n + 1.n) and (6,.6,iU;|n.n + 1). First. we wish

to approximate (6. 6,|U;|n.n).

IUOUt) = Lrl!qu> =Ul|n‘~,n>
= |wo) + |vx) (4.2.1)
67
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where we have

R 1
o) = —COS(—) > emliim)icm = \/g( — = Ys for m#j (4.2.2)

m——J t ] - m2
[n) = —cos(—) }: em(—1)"j, m). (4.2.3)
m=—j
For the phase state, we have
l019 62) — Z Z ez(n191+n292)ln1 n2>
n1—0 no=0
1 oC - m=] )
_ —_— Z e'](al+02) Z e!ﬂl(el —6r) (4.24)
27 o — i

where we have used j = %(nl +ny) and m = %(’nl — ny). Therefore. we have

(61, 63lwo) = e e~i61+62) oo “,)] e~mBi=62)c (4.2.5)

m=-—}
We can approximate the above equation by changing the sum into an integral

=y —im(6; ~82) —imo 1
Z e 1= = dme

—_— (4.2.6)
m=—j E (J2 —m?)s

which will be good approximation for ¢ < 1. By letting = = ? the integral in

the equation (4.2.6) becomes

T _ime 1 _ 7/1 —ijzo 1
/Ae S ST = \/_7 dre —-—-_12)%

- (72 — m?)3

= Tr] (—_)0 (4.2.7)

ﬁ(%)ér(zw—mn (428)

The imaginary part of the equation (4.2.7) is an odd function and only the real

part survives integration. Therefore, we can replace ¢ by |¢|. The equation

68

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(4.2.5) becomes

V2] W] _iie+en) 3y 2 \E 1 (s
_— —_— t -_ 4 J1 429

Similarly we have

2
jl¢ — =l

Putting the equation(4.2.9) and (4.2.10) together, we have

V2] T i+
(91,92|’w,r> = E;—COS -2—6 r(4)(

Bl -7 (4210)

(61, 62|Ui|n, n)

V2] T i+
= | = cos —=¢' NG
(471- cos —-e (4)

2 1. .
(a3 o) +

2
jlo — |

)%Ji(jlcv— ﬂ)}) (4.2.11)

b
Let’s consider [in) = |n.+ 1,n) = —==|n.n). For the output state after the

first beam splitter we have

[Voue) = Utltoim) = Uhin.n+1)
T
— ajy
= Ul( n+1)ln,n)
1 oyt
= malalUlUlln.n)
1 |
= —;\/—I—-—l-—\/—i(a{—zag)Ulin,n)
1 .
= m(ai—ia&)(lmnlun. (4.2.12)
n

We need to know how a! and a} operate on the the state |j,m). We know how
1 2

the the creation and the annihilation operators act on the number state

alln,ny) = Vi +1jn; + 1.n5)
ad|n,,ny) = Vg + 1ing,na + 1). (4.2.13)
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From the equation (4.2.13) and j and m. j = (n1 + np) and m = 3(n; — na). we

obtain
. — 1 L,
aijlj.,m) = V]+m+1|_]+5 m+§
Ni = ! (4.2.14)
aslj.m) = V_}—m—rll_1+3 m—;). 2.14)

Using the equations (4.2.14). we have for {€ou)

I'wout> = D—llwm)
= Ulln-i-l.n,‘)
1 e —_— 1
= ————__cos(—){ Y cm\,JJ—m+l[J+ m-——)
2\1/2(] -+ ].) m=-j
— —_— 1 1
+ cm(—=1)" \,J*m+1|]+—m-*-3,‘
m=-j =
= - 1 1,
Y enl =l T m e w3
m=-,] -
m=} —_ l - -
-t Z cm(=1)"yj—m+1j+ - m——)} (4.2.15]
m=-)

If we project the |woy) oOnto the phase state. we have

(01.02lvom) = (01.62(01|win)

= (91 62'[/'1‘71 + 1. n.)

= b s (T )emitehong

471'\/"2(3. +1)

m=J] e,

s e e~ M ~0) G+ m+ 1

m=-—j
ms=j o _

+ 5 em(=)mem im0 e m 1
m=—j
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m=-—j
m=j ——
—i 3 em(=1)me im0, [ _m 1} (4.2.16)

We want to approximate the equation (4.2.16) by turning the sums into integrals.

For the first term. we have

m=j
+m+ 1
Z e—:m(01—92)cm /]+m+1 ~ \/— dm —:mo ] :91—-92
~J

m=—j (2 - mz)

Q

v dm """"(}——-)% T =
}—

- ])\/T/ dre~* 1_T)z (4.2.17)

The integral in (4.2.17) can be expressed in terms of a Kummer function [23].

k.,|3

T'(b -
M(a.b,z) = (6) )21—"ef= / (1—£)P=o~1(1 + )2 le3?dt.  (4.2.18)
-1

F(a)'(b—a
Comparing the equation (4.2.17) and (4.2.18). we find that in our case we have

z=—2ijo.a =2 and b =2 and the first term in the equation (4.2.16) becomes
m=j

Z cme"”‘°\/J+m+1~(23)( % ( )(

Similarly for the second term which is different from the first term by €'7°. we

Adw™

)(:t- 'J°z\f(3.2,-2i10)' (4219)

have

m=j — 3IHr(s
Z Cme —tm(d—~% )\/_]-‘-m+1~(2])(2) E%')(?_;‘l

m=-j

W

efﬂM)M(Z. 2. -2ij(o — =)).
(4.2.20)

Combining the equations (4.2.19) and (4.2.20) we have

—i30o=i(j+3)(01+62) ﬂ)r(%)r(%)

J
(61, 0a)al[{|wo) + [¥x)} = —e VrU+1) S TR
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{eij"j\/l(g-, 2, —2ij0)

67 M(Z, 2, -2ij(¢ — )} (4.2.21)

For the third term in the equation we have

. /2 7 1 Sum—
-tmo [ ) 1] =~ __/ —imao g dm
Z Cmé V] —m+ - _]_e ——-—————(j2~m2)%\/] mdam

m=—j
2 1 _. | —m ‘
= \/j/ e""“”(J_ m)%dmz,':z
T J—j ]J+m J

~ (j)\g [ e -niarnt a2

Comparing to the equation (4.2.18), the equation (4.2.22) becomes

m=y L [2T)r(E) 3
—imo [ ~ (27) ] 222 \3) e pr(S 9 _9ii6) 2.2
m;,»cme Vi-m+1 (2])\/7r ') e M(4 2, —2ijo) (4.2.23)

Similarly for the last term which is different from the third term by e'™®, we have

ey —_ 2TETE) tomrrr3 o o
—memm i —m + 1A (2)) ] = — eV A (S, 2. < 2i(0 — 7).
m;_jcme yi—-m+l (J)\/; re ¢ (3 ijlo—m))
(4.2.24)
Combinig the equation (4.2.23) and (4.2.24), we obtain
L- ei%o'e—-i(j-i-%)(ﬂl-i-ﬂg) 7] F(%)F(%)

(81, 65|} |{|vo) + [¥m)} = )

——— COS 0=
{e"fd’M(%, 2, —2ij o)
i1 M(%, 2, —2ij(¢—m))}.  (4.2.25)

From the equations (4.2.21) and (4.2.25), we have

7 eibe—ili+3)(61+62)

cos (3 FATE)

(B, balel — ioil{lvnl} = (G = 27T
A
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{e'%“’M(Z, 2, —2ij¢)

—ie5°’1\/[(%, 2, —2ijd)} (4.2.26)

Using M(a.b. z) = e*M(b—a.b. —z) and ['(2) = 1. the equation (4.2.26) becomes

i oli+3)0 ,—i(i+3)(61+062) w1 3 5
. | j . elUtiloe z ]
(61,62)(a1 — iaz)l{lvo)} = —21) \/_—_(j D 5 I 1 I 1

{e_i(21+1)¢1\,[(-2-, 2,21j0)

-iM(%, 9.-2ijo)}. (4.2.27)

Similarly. we have

§ elli+1)(@—7) o—ili+3)(61+62)

2w VT +1)

. ), 3., d
(61.6)(a} — ia})|{lvs)} = cos () T(I()

{_ie—z(2]'+1)(0-")Af(§. 2,2ij(¢ — 7))

(V]
(]
(V4]
S

—iM(%.?. —2ij(o — )} (4.2.1

Finally. putting everything together. we have

. i 1 % IO N N,
(61, 0s)a! — iad|ton) = (i)+c05 _])F(Z)F(Z)e (J+3)(61+02)

{e'U*a)O{e-'@J“)%M(%, 2,2i9) — iM(3.2,-2ijo)}
+{ef<f+%)(°-">{-ie-"(21+”(“”-">M(§. 2,2ij(¢ — 7))
7 22l

—i]\'[(%,?., —2ij(o — 7)) }} (4.2.29)

Similarly for the case of |n,n + 1) input state, we have

. j 1 TI v 3Oy —ili+3)(01+62)
01, 6]al — iad|on) = (2=)—==—=cos(==)[(>)['(5)e 0+
( 1s 2[‘11 2| :) 2ﬂ_) 7r(j+l) 5 4 1
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o o 3
{e‘“*%"”{—ie"'a’“)‘”M(Z—, 2,2i50) + M(Z’ 2, -2ijo)}
+{e‘(3+%)(’”“”){—e“""’"“)“”")M(%, 2.2ij{0 — 7))
+iM(§-,2. —2ij(¢p ~m))}}. (4.2.30)
Now we have approximated all three terms and we have done a computer sim-
ulation of the difference phase distribution based upon these approximation for
the large numbers of photons. In Fig. (20). those reults are plotted and they

show roughly the same difference phase distribution; one big peak at ; = 0 and

a small peak at §; = .
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Chapter V

5 The effect of losses

5.1 Changes in the phase distribution due to losses

So far our discussion has been confined to the case of lossless situation. In this
chapter we deal with effect of losses on the difference phase distribution. For
this purpose we begin by choosing the cosine difference state to study how losses
will change the difference phase distribution. Let us consider a field mode in an
initial state p(0) which is coupled to a loss reservoir. The density matrix obeys

the master equation

| )

¥
!

SIS

(2apa’ —a'ap — pa'a). (3.1.1}

(8]

We wish to evaluate the phase distribution.
1 -
P(6,.6,) = :1—__—2(91-92|P(f)|91-92)- (5.1.2)

At t = 0 we assume the state of the system is in cosine difference state

N

2 . -
| cosOn,) = N3 ngosm[(n + 1)0n|In. N = 1) (5.1.3)

where r =1,2,...,N + 1. We will use the r=1 cosine difference phase state
2

N
) Y sin[(n + 1)6n1]in. N — 1). (5.1.4)

n=0

| cos @) =
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This state has a precise phase and its difference phase distribution has a narrow
peak at 8; = 0. Using the equation (5.1.4). we would like to study how the single
peak changes due to losses as time progresses. At ¢ = 0, we assume the state to

be in |cosfy,). Thus. we have for the field density operator at ¢t = 0

p(t = 0) = | cosOn1){cos On1|
2 N N
= ¥3 > > sin{(n + 1)0n]sin[(n’ + 1)8n1]Pnin; (0)pnyny (0) (5.1.5)

n=0n’=0
where 7,0, (0) = [n1)(n}] = [n)(n| and Nnyy (0) = [n2)(n2r| = |V — n)(V = '],

From the above equation. we obtain the time-dependent field density matrix

p(t) = | cos On1(t))(cos On1(t)]
N
= r\% go gosin[(n + 1)91\,'1] sin[(n’ + l)g.vlln(t)nxn'lrl(t)ﬂ'zﬂ'z (316‘

where

—=~t )l

_atale e (1—e
g (1) =~ el 35 (L= e

(1) %y, (0)(a])le™ T2 (5.1.7)

Ytate, & (1= e

T (@2)' Ty (0) (a}) e T %% (5.1.8)

come from the solution of equation (5.1.1). Using equation (5.1.6). equation

(5.1.2) becomes

1
m(N +2)

N N N N
{Z > 3> sin[(n + 1)8n]sin[(n’ + 1)0y; eV e 0 gmH )
n=0n’=0 [=0 k=0
(1 — e )i+ nn'I(N - n)i(N = n'!) 1/2 510
Lkt D — DN =m —F)(N—n=Ri) [

P(ol’ 62) =
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Figure 21: The changes in the phase distribution due to losses for cosine difference
state.

In Fig. (21), we have plotted the above equation and find that phase distribution
gets quickly broadend as time progresses due to the losses;when 7 = ~t is 2.
then the difference phase distribution flattens out. We wish to have an analytic

approximation about how fast the sharp phase distribution spreads out.

We want to examine the effects of the losses on the phase of the state by
finding the expectation of the operator E_ as a function of time. We define E_
to be ¢, E_ = e. If |(E_)] is close to 1, then the phase is well defined., i. e. the
phase distribution has a sharp peak, but if it is significantly less than 1, then the

phase distribution is broad. We expect to find that the losses cause an initially

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



sharp phase distribution to spread out. and the question we wish to answer is

how fast this happens.

Multiplying equation (5.1.1) by E_ and taking the trace of both sides. we find
that

d
C(EL) = L((2a'E_a - E_a'a — a'aE_)). (5.1.10)
dt 2
Using the fact that
E_N=(N+1)E_ a=E_VN. (5.1.11)
where N = afa. we find that
2'E_a—E_N-NE_=(2"E_V/N+1- (2N +1))E_. (5.1.12)
Furthermore. we have that
20'E_VN +1-(2N+1)=2/N(N+1)- (2N +1). (5.1.13)

which gives us

d ——
E<E"> =7((\/N(N+1)-(N+%))E_). (3.1.14)
Applying the Schwarz inequality. we obtain an upper bound for the derivative of

(E-)
d

! | —_— ’
!Ew‘)i S{(YNNV +1) - (N + é))z)l“2 (5.1.15)

Finally, noting that

1 N(N +1) = (N +1)?
VNIN+1)—(N+=) = 2
N+1)=(N+3) YNV +1)+ (N +4)
1
= - 5.1.16
4(/N(N+1)+ (N +})) (5.1.16)
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and that \/N(N +1) 2 N, we find
1 1/2
Y 1 -
WM< = ( e . 5.1.17

This inequality implies that the rate at which losses cause the phase distribu-
tion is related in a simple way to the photon number. For large photon numbers
the phase spreads slowly while for small photon numbers it spread quickly. There
will be some dependence on the exact form of the number distribution. In par-
ticular, for two states with the same mean photon number but different phase
width. the phase of the state with the smaller phase width will diffuse more
rapidly. This is because it will have a broader number distribution implying that
smaller photon numbers will have a greater weight leading to a larger derivative

for (E_).

In order to proceed we need to find the time dependence of the right-hand

side of Eq. (53.1.17). Taking its time derivative we find

d 1 i ]- .'\lr
dt \ (2V + 1)? ' N+ v+

o 8n —2

= ‘nn 5 —. ’-—'l.l
r;np (277.—%)2(217,_;_%)2 (3.1.18)
This can be expressed as
d 1 .
2 nn —- -
<(2V+ > g" g(n 7n+%) (5.1.19)
where
2n(2n — 3)
g(n) = G =3
80
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) 3

= M-t

(5.1.20)

The function g(n) takes its maximum value of 12 when n = 1. Making use of

this fact gives us the inequality

%<(2Ni—§)2> =24”’<(2V1 +3)? > (5121
The factor of 24 is really too large under most circumstances. It is a consequence
of evaluating g(n) at its maximum value. which implies that this factor will only
be accurate if the photon number distribution is peaked near n = 1 where g(n)
reaches its maximum. If the photon number is concentrated near large photon
numbers. which is the case of interest. then it should be possible to replace g(n)

by something close to its limiting value of 1.

In order to take these considerations into account we split the sum on the
right-hand side of Eq. (5.1.19) into two parts an a particular value of n which we

shall denote by ng. Defining

1
= _ 3 29
F(t) <(2.V+§)2>' (5.1.22)
we have that
daF | |& g(n) — g(no) "o) _g(no) = g(n)
ax - 2 nzzo”’"‘ @2n+ 1 +Z Prnon + 12 +n=§+l”"" (2n + 1)
< 2’78(no)(Pno)+2’79(no)F, (5.1.23)
where
1g(n) — g(no)| -
= T < . 2
s(ng) supl @n+ 1P | for 0<n<ny. (5.1.24)
81
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and P, is the projection onto the number states containing ng or fewer photons.
1. e

Py = i [n)(n|. (5.1.25)

n=0

Making use of the fact that F' < 4, which follows immediately from its definition.
the inequality in Eq. (5.1.23) gives us that

1dF - \
Far = 8v5(ng){(Fro) + 279(n0)- (5.1.26

Integrating and then exponentiating both sides of this inequality vields
t
F(t) < F(0) exp[2g(n0)vt + 8s(no)~ /0 dt' (P (1'))]- (5.1.27)

For large initial photon number, we expect that (P,,) will be small (if ng is chosen
to be much smaller than the mean number of photons), so that the behavior of
the exponent in the above inequality will be dominated by the first term. which

is approximately 2f.

Finally. we can use the above result for F(#) to find an upper bound for (E_).

We have that

t oo d
(E-() = (E-O)] < [ dt' Z(E_(t))
’7 t / 7 =q G
< Z/o dt'\/F(¢). (5.1.28)

In the event that (P,,) is small the right-hand side of the above inequality is

approximately given by
%\/F(O)(e” - 1). (5.1.29)
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This should give a good estimate of how the phase of a state, which initially has

a large number of photons, spreads.

5.2 Losses in a 2-mode system

So far we have only discussed one mode system and we like to extend discus-
sion in (5.1) to two mode system. For a two mode system we have A = E|_E,.
and A* = E, E5_ and we like to fine the expectation value of A.{A). as a fucn-
tion of time which is two mode analog of E_ for the single mode system. For the

master equation for this system, we have

d s .
Td? = %(2a1pa{ —alap - pala; + 2a,pa} — alasp — palay). (5.2.1)

Multiplying the above equation by A and taking the trace of both sides. we obtain
d ~ + +
(= (20} A0y — Aalas - aa14) + (2a}4a; — Aa}az - ajazd)). (52.2)

Now let’s look at the first three terms, 2a{Aa1 - Aa{al - aflalA. As in the single

mode case. we have
20} Aa; — Aaja; —ala1 A = (2\/Ni(M+1) - 2V +1))A (5.2.3)

using the fact
AN]_ = EI_E2+N1 = (N1 + 1)A (524)
and
aI{Aal = V 1V1E1+E1_E2+E1- \/N1
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= VNI =10} (0D E2s Ero /N1

= /NN +1)A (

(@]
!\3
(@]]

where N = ala,. Now look at 2a}Aa; — Aala; — ala, A. Similarly, we find
20} Aay ~ ANz — NoA = A(2y/Na(Np + 1) — (2N + 1)) (5.2.6)

using the fact
NoA = NpE\_E;, = A(Ny + 1) (5.2.7)
and
ajAe; = \/’1\7252+E1—E2—v’?\g
= A\/(‘\"z + 1)E2.&E2_\, A

= AN+ 1)(N2) (5.

(e}
o
[0 ¢]

where N, = 0502. Therefore. we have an upper bound for the derivative of {.4)
after applying the Schwarz inequality

’.%A@ = %§<(2¢N1(N1+1) -(24\'1+1)).4>+<.4(2V".v2<.\’.2+1)—(2.\’2+ 1))

/

1/2 127

— . ~ - - Lo
< v [<(v/1V1(1V1 +1) = (M + é))2> + <(V'-\’2(o\/2 +1)—-(Ma+ 5))'>

1 1/2 1 172
() ewem) | :

The equation (5.2.9) is essentially the same as the equation (5.1.15) and can be

~

< - 2.9)
- 4

ot

treated in the same way as before. So if we have

1

B0 =y e

) (5.2.10)
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then

t .
F;(t) < Fj(0)exp [2g(no)~n + 85(no)y /0 dt’(P&;’(t’))] (5.2.11)
where
PR =3 In)(ni|®L (5.2.12)
ny=0

and similarly for P

ng
PP =Y |ny)(no| ® I (5.2.13)

ny=0
Finally, putting everything together, we have

KA(E)) — (AQ)] < /O‘dffii

A

< 7 /0 dt' (\/Fi(#) + Y Ba(t))

~ ;[VEOE -1+ VEOE -] G214

5.3 Comparison of the effect of losses for two different

states

In this section we would like to compare a coherent state and a state with
well-defined difference phase to examine the effects of the losses on the phase of

state . For a state with well-defined difference phase we take
N-1 . )
) =7y sin (5)n) (53.1)
n=0
where 1 is a constant to be determined from the normalization requirement.
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Then, we have

N-1
(Wwy=1 = nZZsinz(%

n=0
i 27n

- lavY 1—cos (1)) (5.3.2)
2 n=0

The summation of cosine term in the equation (5.3.37) is evaluated
27 =
Z cos (-2) = Re Z e = (f-,——) =0. (5.3.3)
n=0 n=0 eV —1

Using the above equation , we find

@Why=1 = P Y sin?(Z2)
o N
= —nzz(l—cos( ))
"‘ n=0
= ; N (5.3.4)

so that the normalization constant is n = \/% For the mean photon numbers in
this state, we have

~ 1 V=l 2mn

(winly) = Z nsin? (30) = 5 3 n (1 - cos(30) ) (5.3.3)

n=0 n=0

In order to calculate the equation (5.3.5), we need to evalute the ncos(%2) term

in the summation and we have

N-1 . d N-1
Z ncos( ~ ) =Re Y ne’™ = {d/\ > eA"IA_sz } i (5.3.6)

n=0 n=0

After summing the equation (5.3.5) over n and differentiating and evaluating the

expressing at A = 2, we have
d eV —1] NeN(e* — 1) — (e — 1)e*] N o
N er — _'fl = (e* —1)2 | a1 (.37)
A=_2_;\% A:z—;:'= eN —
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For the real part of the equation (5.3.7), we have

N NEF*-1)] _ N _
Re{ﬁ—_}‘Re{xpm(;))}" 2" (5-3.8)

With the above equation and the equation (3.3.6). we find the mean number of

photons in this state to be

-~ 9

[V(V—l) A

Similarly we have for the difference phase operator

2 +1
(C|E_v) = Zsm —)sm (n ))
‘ n=0
Nl % (2n + 1
= — [cos(—)—cos(—n—z—))] (3.3.10;
‘\ n=0 ‘\( 4

From

"(‘7n -1-1 VIl zanes pinlgy
Zco: {Ze ~ } =Re{e’”Ze'—§"} =0 (3.3.11)

n=0 n=0 n=0

we obtain the expectation value for the difference phase operator

(vlE-|v) = cos( ). (5.3.12)

/|:|

We have

1-(wlE-lw))P=1— cosz('g) ~1—(1-2(=)2)2=(=)2 (5.3.13)

2 N T

Therefore. we have for the minimum detectable phase shift for this state

T

Ao = (1 - |(¥|E-le)P)T = ¥

(5.3.14)
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For a coherent state |a). we have for the mean of difference phase state

«a K17
(a|E_|a) = ﬁ(l + m) o \/—(\/

\/—(1 - 2_.)(1 + g:)

\/—(1—411

1R

1R

(5.3.15)

where 7 is the mean number of photons in this state. For the coherent state .

the minimum detectable phase shift is in the order of 1/\/n

(1= [l E_[&)[):

1
(1-(1 —4—_)2)

Do

it

2
(S

1
= —= (5.3.16)

V2
At t = O the state with a well-defined difference phase has a sensitivity of 1/n
while the coherent state has a sensitivity of 1//n. Now we want to find how the
upper bounds for the difference phase change for these two states as a function

of mean number of photons. From the equation 5.1.17. we have

d R 1 1/2
adl L )
dt<E‘); ~ 4 <(2N+ %)2>

For the coherent state, we obtain the expectation value of @T:l—)?

2 2n 1 o
(a I( ) Ia)—e_|al Z‘ l| (4n2+2n+i>' {3.3.17)

n=0

and for the state with a well-defined difference phase, we have

, 1 2N L, an 1 ;
Uerp™ =¥ ) (errme) (33.18)

88

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



S °
(ZN+« (%))
<N>

Figure 22: Plot of ((—21—\,—1_:)—2) as a function of the mean number of photons. (.V).
2

In Fig. (22), we have plotted equation (5.3.17) and (5.3.18) as a function of
the mean number of photons. (V). For a small number of photon numbers.one
to eight photons. the coherent state has bigger upper bound in the change in
the phase. For large number of photon numbers, the state with a well-defined
difference phase has a bigger uppper bound and it means that the phase noise in
the state with a well-defined phase is increasing faster than in the state whose
phase is not as well-defined. This suggests that for large photon-numbers states
with very sharply defined phases, which are intrinsically quantum mechanical. are
more susceptible to the effects of losses than are classical states. such as coherent

states.
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Chapter VI

6 Conclusions

Applying the quantum phase formalism. we have studied the relation between
the phase distribution of the quantum state inside an interferometer to the sen-
sitivity of interferometer. Follwing the classical analysis, we have studied the
effect of quantum amplitude squeezing of input beams on the sensitivity of in-
terferometer. Classical analysis predicted that difference phase squeezing can be
achieved inside the interferometer from amplitude squeezing of the input beams
as long as phase fluctuations of the input beams are less than §. For this purpose
we have emploved squeezed states as input beams. For this squeezed state. we
have studied the relation between quantum amplitude fluctuation and sensitivity
of the interferometer and we found that as we squeezed the quantum amplitude
fluctuations up to the point of maximum squeezing, the sensitivity of the interfer-
ometer improved. We also found that at the maximum amplitude squeezing, the
phase fluctuations in the input beam were well below 5. The quantum analysis
confirmed the classical one; the sensitivity of the interferometer depends on the
phase distribution of quantum state inside the interferometer, and the sharper
the width of the peak in difference phase distribution, the more accurate the

interferometer if there is only one peak.
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We also have looked at the case of an input state consisting of two number
states with equal intensities (for which the amplitude fluctuations are zero). From
our analysis, we have found that sensitivity of the interferometer depends not only
on the width of the peaks but also on the number of peaks and their locations. For
example, narrow peaks can provide poor sensitivity because their contributions
cancel. For the number state inputs with equal intensities, there are two identical
sharp peaks at §; = 0 and 6; = 7 with the width of each peak of order of 1/n
where n is number of photons in one of the input ports. However, because of
the locations of the peaks, their contributions to the sensitivity cancel each other
totally; there is no signal to measure. If we have one narrow peak at either
84 = 0 or §; = w, we could have taken the advantage of the sharp peak in the
difference phase distribution. Or if we have two peaks located at 6; = 0 and
84 = m with different height, then their contributions no longer cancel each other.
We have found that for input state with a linear combination of number states.
there are two peaks at zero and 7 and the peak at zero is higher than the peak
at w. Therefore, their contributions do not cancel each other totally. Thus, for
this input state, we could utilize the narrow width of the peaks and found the
accuracy of the interferometer is in the order of 1/n where n is the number of

photons in one of the input ports of the input beam.

Finally, we have examined the role of losses. As expected losses degraded

sensitivity and we gave an estimate for the relation between these quantities. We
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have determined relation between how great the losses are, and how much the
accuracy is degraded. We also have found that for large photon numbers. the
effect of losses on a state with a sharply peaked phase distribution is larger than

on a state whose phase is less well defined.

92

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



References

[1] L. Susskind and J. Glowgower, Physics 1.49 (1964).

[2] P. Carruthers and M. Nieto. Rev. Mod. Phys. 40. 411 (1968).

[3] Quantum Phase and Phase-Dependent Measurments. edited by W. P. Schle-

ich and S. M. Barnett, special issue of Phys. Scr. T48 (1993).

(4] S. Barnett and D. Pegg, J. Phys. Opt. 19, 3849 (1986).

[5] S. Barnett and D. Pegg. J. Mod. Opt. 36, 7 (1989).

[6] B. Yurke. S. McCall. and J. Klauder, Phys. Rev. A. 33. 4033 (1986).

[7] M. Hillery and L. Mlodinow, Phys. Rev. A. 48. 1548 (1993).

(8] M. Hillery. M. Freyberger. and W. Schleich Phys. Rev. A. 51. 1792 (1995).

[9] M. Holland and K. Burnett, Phys. Rev. Lett. 71, 1355 (1993).

[10] M. Hillery, M Zou, and V. Buzek. Quantum and Semiclass. Opt. 8. 1041

(1996).

[11] A D. F. Walls and G. J. Milburn, Quantum Optics (Springer-Verlag. New

York, 1994).
[12] J. H. Shapiro, S. R. Shepard, Phys. Rev. A 43, 3795 (1990).

[13] R. J. Glauber, Phys. Rev. Bl, 2766 (1963).

93

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[14] M. Bonn and E. Wolf, Principles of Optics (Pergamon, Oxford, 1975).

[15] J. Schwinger, in Quantum Theory of Anguler Momentum, edited by C. Bei-

denharn and H. Van Dam (Academic, New York. 1963).
[16] R. A. Campos, B. E. A. Saleh, and M. C. Teich, Phys. Rev. 40.1371 (1989).
[17] F.Singer, R. A. Campos. and B. E. A. Saleh, Quantum Optics. 2. 307 (1990).
(18] D. F. Walls, Nature 324. 210 (1986).
[19] C. M. Caves. Phys. Rev. D 23. 1693 (1981).

[20] R. Loudon. The Quantum Theory of Light (Oxford Univ. Press. Oxford.

1973).
[21] B. Yurke (Unpublished paper).

[22] T. Kim, O. Pfister. M. J. Holland. J. Noh and J. Hall. Phys. Rev. A 57.

4004 (1988).

[23] I. S. Gradshteyn and I. M. Ryzhik. Table of Integration. Series and Products

(Academic Press, New York, 1994).

94

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



V4
z"
=3
25
S8
%m
$h
T
KN

nll ol ©
R

m
= B2
o 1
4 =

16

|

1653 East Main Street
Rochester, NY 14609 USA
Phone: 716/482-0300

- 71

1.4

150mm

.25

© *993. Applied Image, inc., All Rights Reserved

APPLIED = IMAGE .Inc

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



