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A bstract

A n  Analysis o f In te rfe rom etric  Measurements 

Using the Q uantum  Phase Formalism

by

B ria n  Han 

Advisor : M ark H ille ry

E m ploy ing  the quantum  phase form alism , we investigate the sens itiv ity  o f an 

in terferom eter. Th is sensitiv ity  depends on the state o f ligh t w h ich enters the 

in te rfe rom eter th rough  the difference phase d is tr ib u tio n  o f the state o f the lig h t 

i t  provides inside the interferom eter. I t  is known from  a semiclassical analysis 

th a t difference phase squeezing inside the in terferom eter can be achieved from  

am p litude  squeezing o f the in pu t beams. Follow ing th is  analysis, we s tudy the 

effect o f quantum  am plitude squeezing o f the in pu t beams on the sens itiv ity  

using a squeezed state. We find  th a t quantum  am plitude squeezing enhances the 

accuracy o f the interferometer.

We then  s tudy  number state inpu ts  w ith  equal intensities w h ich  lead to  lig h t 

inside the  in terferom eter w ith  na rrow  peaks in  the difference phase d is tr ib u tio n .

iv
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We fin d  th a t even though the peaks are narrow  fo r th is  in p u t state, effect o f  

tw o  peak s truc tu re  inside the in terferom eter causes the signal to  cancel. We also 

s tu d y  the case fo r |n, 0). in p u t sta te  w ith  n num ber o f photons and a vacuum  

state. We find  th a t fo r |n,  0) s ta te  the peak in  the diffem ce phase d is tr ib u ito n  is 

located a t |  w ith  the w id th  o f the  peak to  be in  the  order o f 4 - .  Then we s tu d y  

the  effect on the  difference phase d is tr ib u tio n  o f increasing photon numbers in  

one o f the in p u t ports from  the zero, i.e. inpu t states jn. 1). |n. 2) and so on. W e 

also s tudy how the in pu t sta te  which is a linea r com bination o f num ber states 

behaves inside the in teferom eter and find  tha t we ob ta in  the se ns itiv ity  for th is  

in p u t state to  be in  the order o f  1/n .

F ina lly , we exam ine the ro le o f losses. These cause the phase d is tr ib u tio n  to  

spread and thereby reduce the accuracy to w hich the phase sh ift can be de te r­

m ined. We determ ine relations between how- great the losses are. how- m uch the  

accuracy is degraded.

v
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Chapter I

1 The m easurem ent o f phase inside an interfer­

om eter

1.1 Introduction

The modern quantum  phase form alism  was invented by Susskind and G io- 

gower [1] in  1964. and expanded upon by C arru thers and N ie to  in  1968 [2]. M ore 

recently, a series o f papers by Pegg and B arne tt s tim u la ted  considerable w o rk  in  

th is  area which b o th  expanded the form alism  and led to its app lica tion [4.5].

Here we w ould like to  discuss the app lica tion o f the quantum  phase fo rm alism  

to  the analysis o f the se ns itiv ity  o f an in terferom eter. A n  in terferom eter has 

tw o  inpu t ports and two o u tp u t ports. L igh t is sent in to  the tw o input ports, 

travels through the  in terferom eter along two d iffe ren t paths, and emerges from  

the ou tpu t ports where it  is detected. In  one o f the  paths in  the  in terferom eter, a 

phase shift is in troduced, and by measuring the oup u t ligh t, th is  phase sh ift can 

be determ ined. T he  accuracy to  w h ich  i t  can be measured depends on the  s ta te  

o f lig h t which enters the in terferom eter. I f  the in p u t state consists of coherent 

states, the accuracy is \ / \ / ~ N , where N  is the to ta l number o f photons in  the

1
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in p u t state. W ith  other kinds o f ligh t, an accuracy o f 1/ iV  can be achieved [6.7].

The place in  the in terferom eter where em ploying the quantum  phase form al­

ism is useful is between the  inpu t and o u tp u t ports. There one has a two-mode 

ligh t sta te  (one mode fo r each path), and the effect o f a phase sh ift , o. is to 

sh ift the phase difference d is tribu tion  o f th is  state by o. One wants the phase 

sh ift to  cause as large a change as possible in  the state. The accuracy w ith  which 

the phase sh ift can be measured is d ire c tly  related to  how distinguishable the 

two states before. |^’a), and after, |yb). the  phase shift, are. I f  the two states are 

almost orthogonal, then they are d istingu ishable  and i t  is easy to  te ll whether 

the phase sh ift occurred or not. On the o ther hand, i f  the overlap between the 

states is large, then i t  is d ifficu lt to  d is tingu ish  between them , and consequently, 

d iff icu lt to  te ll i f  a phase sh ift occurred . I t  can be shown tha t i f  the overlap 

between the phase d is tr ib u tio n  o f tw o states is small, then the overlap between 

the states themselves is also small [8]. I f  the  difference-phase d is tr ib u tio n  o f | c’a) 

consists o f a single narrow  peak, then the difference-phase d is tr ib u tio n  o f \ vb) also 

consists o f a single peak, b u t the location o f the perk  is sh ifted  by o. I f  o  is larger 

than the w id th  o f the peak, then \%Ja) and \ vb) are alm ost othogonal, and the 

existence o f a phase sh ift can be easily in ferred. Therefore, we can detect phase 

sh ifts  larger than  or comparable to  the w id th  o f the peak, which im plies tha t 

in  order to  detect sm all phase shifts, we want states \ va) whose difference-phase 

d is tr ibu tions  have narrow  peaks.

2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A  semiclassical analysis shows th a t for in pu t fields o f equal intensity, the  in it ia l 

beam s p litte r in  a Mach-Zender in terferom eter converts in tensity fluctua tions 

in to  phase-difference fluctuations [9. 10]. T h is  suggests th a t i f  the in p u t state 

has squeezed in te n s ity  fluctuations, then the sta te  a fte r the beam sp litte r, which 

corresponds to  the  state w ill have reduced phase difference fluctua tions, i.e. 

exactly  what we w ish to achieve.

We begin th is  s tudy w ith  a more thorough analysis o f the re la tion between the 

am plitude fluc tua tions at the in p u t o f a beam sp litte r and the phase difference 

fluctua tions at its  ou tpu t. We examine the case o f an in pu t state consisting o f 

tw o quadrature-squeezed states, and find th a t in it ia l ly  the squeezing improves 

the sensitiv ity, bu t i f  the squeezing becomes too  great, then the sen s itiv ity  de­

teriorates. We also look at the case o f an in p u t state consisting o f tw o  number 

states w ith  equal numbers o f photons ( for w h ich  the am plitude fluc tua tions are 

zero). Th is has been considered before [9, 10], and i t  has been shown th a t the 

difference-phase d is tr ib u tio n  o f the state a fte r the beam sp litte r has tw o peaks, 

one a t 0 and at ~  [10]. We discuss why th is  two-peaked structure  makes the 

usual m ethod o f measuring the photon-num ber difference a t the o u tp u t o f in te r­

ferom eter to detect a phase sh ift useless, and examine a proposal to  overcome 

th is  problem. We also consider the s itua tion  when the photon numbers entering 

the two in pu t po rts  sure not equal.

We fin ish by exam in ing the role o f losses. These cause phase d is tr ibu tions  to

3
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spread and thereby reduce the accuracy to  w h ich the phase sh ift can be deter­

m ined. We determ ine re lations between how great the losses are, and how much 

the  accuracy is degraded.

1.2 Q uantum  phase formalism

In  the classical theory o f ligh t waves, it  is convenient to  w rite  the com plex 

am p litude  as a product o f a real am plitude and a phase facto r. We w r ite  the 

classical vector po ten tia l as 4  =  and for a single m ode we can w r ite  it  as

.4 =  A o{exp  (—i u t  +  zk • r  +  i o ) +  exp ( iujt. — zk • r  — zo)} (1-2.1)

I t  is s im ila r ly  convenient in  quantum  mechanics to  make a separation in to  am p li­

tude and phase factors, analogous to  equation (1.2.1). To do th is, it  is necessary 

to  in troduce the  concept o f phase in to  the quantum -m echanical descrip tion  o f the 

fie ld. The single mode quantum  mechanical vector po te n tia l operator is

.4 =  (1i/2eaVu j)5{aexp {—iuit  +  z'k • r  4- id )  +  a t exp ( i^ j t  — zk • r  — i d ) } .  (1.2.2)

The analog o f equation (1.2.1) is thus a separation o f a in to  a product o f am p litu de  

and phase operators. There is, in  fact, no exact prescrip tion  fo r the way in  w h ich 

the separation should be accomplished in  quantum  mechanics and therefore, there 

is corresponding degree o f arbitrariness in  the de fin tion o f the  quantum  mechan­

ica l phase opera tor. The  m ain  considerations are th a t the  quantum  m echanical

4
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phase should have the same significance as the  classical phase in  the appropria te  

l im it,, and the phase should be associated w ith  the H e rm itian  operators so th a t 

i t  is an observable quantity. [20]

According to  Susskind and Glogower(SG) [1]. and la ter C a rru the rs  and N ie to  

[2], a is decompoesd as (n  +  1)5 exp ( io)  and ar as e x p (—i o ) ( n  +  1)5 where the 

exp (icb) is defined as the exponetia l phase opera tor and we have the fo llow ing 

expressions fo r SG the phase operator

exp ( io )  =  (n -h l ) ~ ? a  (1.2.3)

exp ( —io )  =  ot ( 'n + l ) ~ 5. (1.2.4)

A p p ly ing  the phase operators to  the num ber state, we have

exp(i<z>)|n) =  |n — 1) for n ^  0

=  0 for n =  0 ' 1.2.5)

exp ( —io ) \n )  =  |n +  1). ( 1.2 .6 )

I f  we expand opera tor exp ( ip)  and exp (—ip )  in  the number sta te  basis, we have

X

exp ( ip )  =  5 2 |n ) ( n  +  l |  U -2-7)
n = 0
30

e x p (—ip )  =  J 2 jn  +  l) (n | .  ( 1.2 .8 )
n = 0

Thus, these tw o exponetia l phase operators have non-tnn ish ing m a tr ix  elements 

in  the num ber sta te  representation. These m a tr ix  elements are s im ila r to  those o f 

the  creation and destruction operators except they  do not have the no rm a liza tion

5
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factors, y/n. fo r a and y/n +  1 fo r a*. The "eigenstates" (these states cannot be 

normalized) fo r the SG phase operator are given by

|<*) =  (1.2.9)
n=0

These operators are well defined but they are not u n ita ry  : since we have

aa* =  n  +  1 ( 1.2.10)

it follows fro m  equations (1.2.7) and (1.2.8) tha t

exp (i<t>) exp ( —io  ) =  1. ( 1.2.11)

However, the  reverse order product of the exponentia l operators is not equal to 

un ity :

exp ( — io )  exp ( io)  =  1 — |0) ( 0 |. (1.2.12)

This can be expressed in  the com m utation re lation

[e ^ .e - ° ]  =  |0)(0|. (1.2.13)

The te rm in a tio n  o f the eigenvalue spectrum o f n at zero is responsible for the non- 

u n ita r ity  o f e '°  and therefore, the non-existence o f a conjugate H erm itian  phase

varibles, <p =  —i  log el®. I f  we t ry  to  define com m uta tion  rules for the in tens ity

and the phase analogous to  those of position and m om entum , then we end up

OC .

having the  eigenstates o f the phase as |o) =  Y. em®|n), and th is  violates the
r t = — OC

physical p ric ip les; we can no t have negative photon numbers.

6
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T he  com m uta tor

[ x7p ) = i  (1.2.14)

is satisfied i f  we le t p act as a d iffe ren tia l ope ra tor in  the position space

p = - i h ( d / d x ) .  (1.2.15)

The  m om entum  eigenfuctions are then (x\p)  =  The position eigenkets

is expanded in  terms o f m om entum  eigenkets which spans the same space

|ar) =  J  dp\p){p\x)  (1.2.16;

|p) =  J  dx\x)(p \x) .  (1.2.17)

I f  we try - to  use the analogy for n and o,

[n .o ] =  i  (1.2.18)

d
n =  i —  (1.2.19)

d$

then  we have the eigenfunctions o f n  whose eigenvalues r im  from  — oc to  oc and 

therefore we would have phase state as [2]

|p) =  Y .  d - 2 .20)
n = —oc

Neverthless we note th a t the these state as defined in  the equation (1.2.9) do 

p rov ide  a resolution o f id e n tity

( 1.2 .21)
J 7T
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and. fo r the  phase d is tr ib u tio n  defined below fo r any state |t/>). there are theore t­

ical grounds [11,12] fo r be liev ing th a t it  is the correct d is tr ib u tio n  for the o p tim a l 

phase measurments.

P(<}>) =  I2. (1.2.22)
An

One can construct the  H e rm itia n  operators from  the exponetia l phase opera­

tors [2]

cos(<z>) =  ^ {e x p  (to ) +  exp (—z©)} (1.2.23)

s in (o )  =  -^-{exp  ( io)  — exp — ( to ) } .  (1.2.24)

The eigenfunctions and eigenvalues for those H e rm itian  operators are

cos ©j cos©) =  cos ©| cos©) (1.2.25)

1 1
| cos©) =  ( —)5 ^  sin (n +  l) o jn )  (1.2.26)

~  n = 0

sin<p|sino) =  sin ©| sin©) (1.2.27)

|s in ©) =  ( i ) 5  £ { eW"+1>*> _ e( - ( " - iH o - ^ ) ) } jn ). (1.2.28)
' *  7 1 = 0

1.3 B eam  sp litter

The beam sp fitte r is a linear device and hence can be analyzed by considering 

the modes o f a single frequency. The single mode fields w il l  thus be sufficient fo r

our present needs. In  practice, beam sp itte r is a p a rt ia lly  re fecting m irro r: some
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of the incident light is transmitted and some reflected. (Fig. 1) Classically, it

can be described in  terms o f a m a trix .

(  \  ({ \  
E out

r o u t  
\  /

U n  U 12 

C/21 C/22

E\n

pin
V

(1.3.29)

where the actua l fie ld  are

E)n( f . t )  =  i  Re ( E ? e - t(ut-* ' - r l ) 1.3.30)

and s im ilax lv we have

E ° ut ( r . t )  =  i  Re (E °  e•out — 1 (1.3.31

The Uij axe complex numbers whose values depend on the de ta iled  construc tion  

o f the beam sp litte rs. General physical consideration place some res tric tions  on

the U, j . however.

Q uantum  mechanically, using the correspondence between £ ’*n and n j . we 

have

£ j in>(-> (r. t) =  - i i  y  a} (1.3.32)

where a: is the ann ih ila tion  operator in  the input mode j  and j  runs 1 and 2 . 

S im ilaxlv. we have

huj
(1.3.33)

where bj are the ann ih ila tion  operators in  the  ou tpu t mode j  and j  runs 1 and 

2. In  F ig . (1) we represented the a n n ih ila tio n  operators in  the o u tp u t mode as
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a2out
A

a !0Ut

Figure i:  A beam splitter. The annihilation operator a j in and aoin correspond the 

input fields and Eo" respectivelv and e iout and «2out correspond the output fields 

E?u: and Eout respectively. The output fields are related to rhe input fields via a 

unirarv transformation.

nJOut- bj =  f ijOUt. S u bs titu ting  ( 1.3.32! and 11.3.33; into ; 1.3.29). one obtains

T he  beam s p litte r  thus e ffective ly  performs a linear trans fo rm a tion  on rhe an­

n ih ila tio n  operators. Before the incoming fields arrive at rhe beam sp litters, 

th e y  consist o f two independent modes and hence must satisfy' the com m uta tion  

re la tions for the harm onic oscilla to r, i.e..

11.3.341

[n, .n j ]  =  0 (1.3.35)

(1.3.36)

10
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fo r i  e {1 ,2 } and j  e {1 ,2 }. S im ilarly, once the fie ld has le ft the beam sp litte r, it  

propoagates as two separate modes which also satis fy  com m utation re la tions

[b,.b] } = 6 v

Cl.3.37)

(1.3.38)

Enforcing the above contra ints leads to  the fo llow ing restrictions on the U ,} :

k'll I2 + I & 12 I2 = 1

f-21 |2 +  I (-J22 |2 — 1

1.3.39)

This is equivalent to saving tha t the m a tr ix

U =

( \ 
U n  t ri2

L 21 L 22

is um tarv. i.e..

LrLr+ =  U JU =  1.

(1.3.40,

1.3.411

Hence the mode transform ation performed by a beam sp litte r must be u n ita ry  i f  

it  is consistent w ith  quantum  mechanics. From the equations (1.3.39). we have

I Un  |2= | U22 |2=  T (1.3.42)

and

Ua  l2= l U2i  f =  R 1.3.43)

11
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a) Dj

F igu re  2: An example o f a svmmerric beam sp litte r and an asvmmetric beam splitter, 

a! The symmetric beam sp litte r consists o f two back-ro-back prisms w ith  an a ir gap in 

between. b l The asvmmetric beam sp iitte r consists o f a piare of giass tha t has been 

pa rtlv  silvered on one side.

where T  and R  denote respective ly rhe transm ission and reflection coefficients. 

In  p rinc ip le , any u n ita ry  tran s fo rm a tion  >1.3.39; can he realized by su ita b ly  en­

g ineering  the beam s p lit te r . For exam ple, the sym m etric  un itan* tra n s fo rm a tio n

y j T  i y /R
(1.3.44,

i v  R  v T  J
m ig h t be realized bv a sym m etric  beam s p lit te r  constructed  by tw o back-to-back 

prism s w ith  an a ir gap between. (F ig . 2) A n  an tisym m e tric  beam s p lit te r

U  =

f

V

u  =
 ̂ VT v 7/? ^

\

(1.3.45)

— v  R  v T

m ig h t be constructed  by. for exam ple, s ilve ring  a giass p iate on one side. (F ig .

12
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2)

Classical analysis shows th a t i f  a stream o f n photons is inc iden t on the beam 

s p litte r, then the p roba b ility  th a t the k  photons are tran sm itted  and n —k photons 

are reflected is

P(k ,  n — k) =  , t/ - T kR n~k. (1.3.46)
k l(n  — A:)!

Q uan tum  mechanically, the beam sp litte r perform s the unitary* transform ation

by =  L'uO-i +  L i 2^2

6 2 =  ^ 2 1 ^ 1  "I" & 2 2 ^ 2  ! 1 -3 - 4 1 i

where a\ and a2 are the two in p u t modes and b\ and &2 are the tw o  ou tpu t modes. 

In ve rtin g  equation (1.3.47), we have

(7j =  L -f- Uoibo

o2 =  U ^ b i  4 -1/2262. ( 1.3.4a)

T he  system we w ish to  consider is one which n photons are en te ring  the port

o f the beam s p litte r

|t-) =  h l t | 0 ) .  (1.3.49)
V  n !

From  (1.3.48). we have

M »  =  £  k , ( n £  -k y  ( 1 - 3 . 5 0 )

Therefore, in term s o f the num ber basis |m, n;  ou t)

|m, n ; ou t) =  M C l ^ t | 0 , 0 )  (1.3.51)
y/m\  v n !

13
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one has

M -  E L,, - (13 .52)
t«o k (n ~  k >-

The p roba b ility  am plitude th a t k  photons are transm itted  is thus

( k .n  -  fc;out|v> -  { kH ” ' _ k y ) t U n U l r "  <1.3.53)

The p roba b ility  P {k .  n — k)  is ju s t the norm  squared o f th is  am p litude

P(k .  n  — k)  =  |(A\ n  — k: o u t |c ) |2 (1.3.54)

and therefore.we have

m . "  -  *-) =  , , ,  n! r 7, T k R "~k fi-3 .55)k\(n — ky.

where the transm ission and reflectin coefhcients are gi\*en by

T = \ i n \2

R =  \U2i \ 2. (1.3.56)

Equation (1.3.46) is identical to  equation (1.3.55). Therefore, when light enters 

on ly  one po rt o f a beam sp litte r, the photons are partioned random ly  as i f  they 

were s ta tis tic a lly  independent particles; photons display classical-like partic le be­

havior i f  the photons enters on ly one in pu t po rt o f a beam sp litte r. However, 

photons have also wavelike properties. I f  tw o ligh t beams enter a beam sp irte r.

they  w ill in terfere  w ith  each other. For a 50-50 beam s p lit te r , one finds th a t

i f  two identica l one-photon wave packets enter the beam s p lit te r , bo th  w ill ex it

14
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through the  same port. L e t's  we consider case where a single photon enters each 

in pu t p o rt

|t>) =  aja^-lO) (1.3.57)

Using the inverse transfo rm ation  equation (1.3.48). one obtains

|t ')  =  25( /n t / i2|2. 0: out)

+  2? L'21 L 2210. 2; out)

+  [ L i i t /22 -F L i2L 2ij|| 1. 1: ou t) (1.3.58)

where

f i l l 2
|2 .0 :our) =  L ^ r |0 )  (1.3.59)

is the sta te  in  which bo th  photons exit th rough port #  1.

12
|0.2: out) =  ^ 1 0 )  (1.3.60!

is the sta te  for which b o th  photons exit th rough port # 2 . and

|1. l io u t )  =  61&2IO) (1.3.61)

is the s ta te  for which each photon exits a different port. The UtJ can be expressed 

in  the fo llow ng form

Un  =  r 1/2e '°“

U l2 =  R 1/ 2e*012 

Un  =  R 1/2ei021

U n  =  r 1/2e,'p“  (1.3.62)

15
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where T  and R  are the  transmission and reflection coefficients respectively. Since 

u n ita r ity  requires th a t the Utj  satisfy

Ui  i U21 +  Ul2i'22 =  0. (1.3.63)

the  ®ij are no t independent but must satisfy

e >(«>ll-r-0 2 2 ) _  p  3 g 4 )

E quation  (1.3.58) can thus be put in to  the form

\v )  =  \ /2T R [e ' (0 u ~0 l2>\2.0: o u t)

+ e «(®ai+OM) j0. 2 ; ou t)]

+ ( T -  /?)e,(0l I ^ 2) | l , l ; o u t ) .  f 1.3.65)

The  m inus sign in  the  th ird  term  o f the equation (1.3.58) can be in terpreted 

as destructive in terference between the p ro b a b ility  am plitude fo r the process in 

which bo th  partic les are transm itted  through the beam s p litte r  and the proba­

b i l i ty  am p litude  th a t  bo th  particles are reflected from  the beam sp litte r. W hen 

T  =  R.  tha t is , when one has 50-50 beam s p litte r, the destructive  interference 

is complete and one has

fy ) =  > /2 r5 [e ,'(* “ +O22, |2 ,0 ;o u t)  +  e‘(* 12+O3l ) ] |0 ,2 :o u t) ].  (1.3.66)

Hence, bo th  photons exit th rough the same po rt. These cases are illu s tra te d  in 

F ig . (3).

16
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F igu re  3: ai W hen photons enter only one input po rt o f the beam sp litte r, the pho­

tons are partitioned randomly between the two ou tpu t ports, b) Because o f photon 

interference effect when two identical photons enter a beam splitter, one in  each port, 

both  photons must exit through the same output port.

T he  above discussion can be generalized to  the  case when n photons enter 

each o f the two in p u t ports  o f rhe beam s p litte r. T he  stare vector in  th is  case is

(1.3.67)

X ow  fo r the 50-50 beam s p litte r

(1.3.68)

so

X1-012)pi(n-M(^l-’-©22) f/j \(2k), Lf \2{n—k)

S u b s titu tin g  th is  in to  Eq.(1.3.69), one finds

{ [(2 A :) !(2 n -2 A -)!]17

17
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e**(*ii+^ia)ei(» -*)(*2i+ *a ) |2jfc>2 (n _ fc ) ;o u t) }  (1.3.70)

where

|2A\ 2(n — k ) ;o u t )  = 10). (1.3.71)
,J{2 k) \ { 2 n  -  2 k)\

From  Eq (1.3.71) one sees th a t the number o f photons in  e ither o u tp u t beams is 

always even. T h is  phenomenon can not be explained by trea ting  the  photons as 

non-in te rac ting  classical particles. M uch of the discussion in th is  section is based 

on the  w ork o f Yurke. [21]

1.4 C oherent sta te input

The coherent s ta te  ]a) [13] is generated by app ly ing  the displacement operator 

D ( a )  =  e^aa,~a’ a) on the vacuum state

Now. i f  we send the two coherent state |q i) and [ao) as our in p u t beams to the 

beam s p litte r

in p u t, we express in  mode o p e ra to rs ,^ , in  terms o f the out mode operators, bj.

|q ) = D ( q )|0). (1.4.72)

|v ;  in ) =  | Q 1 , Q 2 ; i n )  =  (D (Q 1)inD ( a 2)i n)|0). (1.4.73)

In  order to  see w ha t comes ou t a fte r the beam s p lit te r  for the coherent state

18

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



using the equation (1.3.48)

( \ t
Qi

\  02 /

U'n U2i

U \2 U22

\  (  \  
bx

(1.4.74)

We can also have for the creation operators

Uu  U21 

\  l>n u 22 y

\  62 )

\H,
( 1.4.75)

V °2 /

Expressing the displacement o p e ra to r.D (a ). in  term s o f out quantities, we have

( D ( Q) 1)in =  ea^ - Q' ^

e a , ( U u  b \  + U 2 1 6 ')  ( U ’u  b [  + 6 '2' ,  6 ;) 1.4.76)

and

( ^ (Q )2 ) in = e Q2a2_Q2<12

eQ2(Lri2*!+^’22*2)_a2^'l2^!4'̂ "22̂ 2) (1-4-“

Therefore, we can now express the displacement operator in  terms o f out opera­

tors. b\ and b2. Rearranging the equation (1.4.73) in  terms o f out operators we 

have

jy- ) =  g(Ql t ;ll+O2trl2)6l-(Qjt'7l+Q2t'’r2)6l e^a i^21'l"Q2t/22̂ 2- Q̂i J'2l"i'Q2t'22)b2|0^ (1 4 78)

I f  we define.

( \ ( \ ( \
0 \ U n  U \2 aci

(1.4.79)

(  \ (
0 i U n U \2

 ̂ 02  ) K U21 U22

19
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then we have fo r the  equation (1.4.78)

|tf; in ) =  \0X . 0 2 ) =  (1.4.80)

T h is  is ju s t tw o coherent states in  the output modes. Q uantum  mechanically, the 

beam sp litte r transform s tw o coherent state in p u ts  to  two coherent sta te  ouputs 

w ith  the ouput am plitudes re la ted to  the in pu t am plitudes classically

|v :  ou t) =  Ub s W'- in ) (1.4.81!

where U b s  represents the actions o f the beam s p lit te r  on the incom ing fields. In  

the Heisenberg p ic tu re , we have

\ 62

—  u ~ l— ^BS

( \  
01

\  °2 /  

On C 12 

L 21 Li 22 j

U bs

'  (  \  

v f l '2 /

(1.4.82)

1.4.83;

1.5 M ach-Zender Interferom eter

A  Mach-Zender in te rfe rom eter [14] consists o f tw o beam sp litte rs  and a phase 

sh ifte r. Each beam s p litte r has tw o inpu t ports and tw o ou tpu t ports as shown in  

F ig. 4. Using a group theore tica l approach. Yurke. M cC all, and K laud e r elegantly 

showed [6] the connection between the group SU(2) and a beam s p litte r. Since 

SU(2) is equivalent to  the ro ta tio n  group, th is  w il l  allow one to  visualize the

20
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operations o f beam sp litte rs  and phase sh ifters as ro ta tions  in  3-space. Le t's  

define the fo llow ing  operators [6]

J\  =  +  aiaj>)/2.

J2 =  — i(a |a 2 — a xa \ ) / 2 .

J3 =  (o la i — 0.2^ 2 ) / ^ '  (1.5.84)

and

* «• + -f
=  Q j O i  +  0 2 (12 - (1.5.85)

The operators in  equation (1.5.84) are the Schwinger representation o f the angular- 

m om entum  operators [15]. T hey  obey the SLT2) com m uta tion  relations

[ J f r -  J m \  —  l^ k m n J-n 11.5.861

where k. m and n run from  1 to  3 and ejtmn is the com plete ly an tisym m etric  tensor 

o f rank 3. The  Casim ir invarian t for th is group can be put in to  the form

<T  +  U

The scatte ring m a trix  o f a beam sp litte r. U  =  

transform  (J\  Jo J3) among themselves.

/  . \  
^11 T'12

y L'21 L 22

1.5.87)

. w ill in  general

Consider a beam s p litte r w ith  the sca tte ring  m a ttr ix  w h ich  is effectively equa­

tio n  (1.3.44) where we replace the y /T  by c o s ( |)  and \ f R  by — sin( “ ).

U =
c o s (f)

- i 's in ( | )

- i  s in ( | )  

co s (|)

(1.5.88)

21
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T h is  transform ation w ill transform  J  according to

Jl 1 0 0

h = 0 cos (a ) — sin (a)

Jz
out

0 s in (a) cos (a)

Ji

J2

Jz

(1.5.89)

Thus the action  o f th is beam s p liitte r  is to  ro ta te  the abstract angular m om entum  

vector. J.  about the x  axis by an angle o f a . Th is transfo rm ation  can be expressed 

in  the form

(1.5.90i

Ji Jl

J2 = eiaJl J2 ( i

Jz
out 11 in

Th is  equivalence of (1.5.89) and (1.5.90) can be checked using the opera tor iden­

t i ty

32 r
* *ABe~M  =  B  +  3{A. B\  +  ^ -[.4 . [.4. B\]  + 1.5.91)

We can also w ork in a Schrodinger p icture . Suppose th a t we have an in p u t state 

|y : in )  and we want to  evaluate some observable. F fa iouta2out) at the o u tp u t o f a 

beam sp litte r, then we have

(c '; in jF (a lout<72out)|c ;;in ) =  Ussa2inUiD)\L-:m)

=  ( v : in \U Q s F (a lina2in )U B s \^ -^ ) -  (1.5.92) 

Therefore, i f  we define |v ;o u t)  =  U^sl'O: in ), then we have

(v ;  in |F (a louta2out)|h’; in) =  (tn  o u t|F (a lina2in) |v :  ou t). (1.5.93)

22
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In  the Schrodinger p ic tu re  the operators, 7), J2 . J3 do not change bu t the s ta te  

vectors do.

As was shown by Yurke, M cC all, and K lauder [6]. a Mach-Zender in te rfe rom ­

eter can be described in  terms o f these operators alone. This is because w ha t is 

measured at the ouput o f the in terferom eter is J3 and the beam -splitter trans­

form ations act like rota tions which transform  the angular m om entum  operators 

among themselves. Therefore, the measurement o f J3 at the ou tpu t corresponds 

the measurements o f a linear com bination o f J\ ,  J2. and J3 at the inpu t.

The operator U  can be expressed as the exponentia l of 1 times a linear com ­

b ina tion  o f the operators in Eq. (1.5.84) [6.16]. We shall be interested in  two 

pa rticu la r examples. The first is described by the operator L \  =  exp (—i - J i / 2 ) .  

which corresponds to  the 2 x 2  m a tr ix

1 t Clin
(1.5.94)

O lout
=  1 / V 2

1 - i ^  lin

®2out - i  1 ®2in

and the second is given by U2 =  exp(ZTrJI /2 ). w h ich corresponds to

ft lout 1 t
=  1 / V 2

&2out t  1

° l i n

ft2in

(1.5.95)

We are now ready to  form  a Mach-Zender interferometer(see F ig. 4). The firs t 

beam s p litte r is described by U\  and the second by U2. The device producing  

a phase sh ift <t> in  one o f the legs is described by  the un ita ry  operator U ( o ) =  

exp (— i(pa\ai).  I t  produces the phase sh ift w h ich we want to  measure. A fte r  the

23

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



F igu re  4: A Mach-Zehnder interferometer. The first beam splitter is described bv

rhe un ita ry  operator U\ and the second operator U2- The device between the beam 

sp litte r, phase shiftor. produces a phase shift o.

f irs t beam s p litte r, the  out operators &i and tb2 are re la ted to  in operators by rhe 

equa tion  (1.5.94)

b 1 _  1 —1 c i
(1.5.96)

61
=  l / y /2

1 -1 «1

. 62
- i  1 . ^ a2

A fte r  the firs t beam s p litte r, the two beams propagate a long different paths and 

one o f the beam is going th rough  the phase sh ifte r. These changes in  the operators 

are represented by

Cl

C2 0 , - ‘(0 2 )

6l

bo

(1.5.97)

For the  second beam  s p litte r, we have

d\
=  1/ V 2

1 i Cl

do 1 1 Co

(1.5.9S)
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P u tt in g  them a ll together and assuming 0 \ =  d>2 - we have

dx
_  e-*(*i + §)

cos ( | ) — sin ( | ) a i
(1.5

i
<N sin ( | ) cos ( | ) a2

W h a t we measure is the photon number differences a t the out p o r t w hich is d [d \  — 

d ^ 2 - From equation (1.5.99). we have

d\d\  — d\d.2 =  cosd(a{a I — — s in o (n \a 2 — 0 \n!2). ( 1.5.100)

I f  we consider the interferom eter as a whole, the  ou tpu t s ta te  is re lated to  the 

in p u t by

|out) =  L'2U (o )U i \m ) .  ! 1.5.101)

In  order to measure changes in the phase sh ift o. we usually meassure the d iffe r­

ence between the pho ton numbers at the ou tpu t ports, i.e..

=  i a \ a x - a \ a \ M 2  . 1.5.102>

Changes So in  the phase angle are detected by the  changes th e y  create in  the 

expecta tion value o f Since there are fluc tua tions  in J^u t- a phase change is 

detectable on ly  i f  i t  induces a change in  (J3out) w h ich  is larger th a n  th a n  A  

Therefore, the m in im um  detectable phase change is given by

^  =  • (1.5.103)do
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We axe interested in  which input states w ill produce a sm all value o f 8 0 . so it  is 

useful to  express equation (1.5.103) in  terms o f the in pu t state. Using (1.5.89). 

one finds th a t

(^ 3 o u t )  =  ( 0 U t j J 3 |0 U t )

=  — s ino (in | J im jin ) 4 -cosO(in| J3in |in ) (1.5.104'

from  w hich one concludes that

d ( J 3oUt) _  _  COSG>^n j j lm jin ) _  s in e^ in | J 3inlin ) f 1 .5 .1 0 5 1

do

To consider sm all changes about o =  0 we evaluate the equation (1.5.103). at 0  =  

0. The q u a n tity  to  be measured, usually a phase sh ift, is determ ined by measuring 

the difference in  the number of photons emerging from  the tw o  o u tp u t ports. 

The m in im um  sh ift w h ich one can measure, the accuracy o f the in terferom eter, 

is determ ined by the fluctua tion  in  the input ligh t. I f  a coherent sta te  is sent 

in to  one o f the in p u t ports and the vacuum into the other, then the accuracy. 8 0 . 

is l / ( | a | )  =  l / f v ^ ) .  where .V,„ is the mean number o f photons in  the input 

state. .Vm =  (a \ ina Un +  a ^ ^ in ) -  I f  a standard squeezed s ta te  w ith  squeezing 

param eter r  >  0 is sent in to  the second port instead o f the vacuum, then rhe 

accuracy becomes e(_r)/ v /AF. I t  is possible to  do better. T h is  was shown by Yurke. 

M cC all, and K laud e r [6]. They showed tha t a Mach-Zender in te rfe rom eter can 

be analyzed using the group SU(2) and other interferom eters, in  w h ich the beam 

sp litte rs  are replaced by four-wave m ixers, can be analyzed using S U ( l . l ) .  These
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observations have been employed by them and subsequent authors to  examine 

how d ifferent in p u t states are transform ed by beam  sp litte rs  and four-wave mixers 

[16.17]. T h e ir group-theoretical analysis allowed Yurke. M cC all, and K lauder to 

find  an in p u t state which allows one to measure a phase sh ift of order 1/A*. 

A lso. H ille ry  and M lod inow  [8] achieved the same degree o f m in im um  sensitivity. 

8<t> =  1 /N .  using the su(2) m in im um  uncerta in ty states.
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Chapter II

2 The input sta te  w ith reduced num ber fluctu­

ation

2.1 C lassical analysis

H ille ry. Zou, and and Buzek [10] examined the phase p roperties o f the beam­

s p litte r o u tp u t. I t  is the behaviour of the phase difference between the ou tpu t 

beams which determ ines how the beam splitter w ill behave as pa rt o f an in terfer­

ometer. They studied a beam s p litte r which relates two classical in pu t fields to  

two classical o u tp u t fields as

d  1 out 1 1 — i d i m

~ 7 2
1d '2  out — i d 2 m

where a lm and a 2m are the com plex amplitudes o f two in p u t fields and a louf and 

oi2cmt are the com plex am plitudes o f two ouput fields as shown in  Fig. (5).

The com plex am plitudes o f  the two inpu t fields can be expressed as a lin =  

r i e 101 and a^in =  ^ e 1®2. F rom  the classical analysis, they  de term ined the phase
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r-an^""

F igu re  5: Classical analysis o f the difference phase fluctuation o f beam sp litte r output 

beams. I t  is assumed that the both r x and r 2 have the same mean value, r  =  (>1) =  (7-2) 

and the mean value of 6 \ — 62 is zero. We define 6r } =  r 3 — ( r j )  where j  =  1,2 and 

Sdd =  Bd — (@d) ■

difference o f the two oupu t f ie ld s ,^ , in  te rm s of parameters o f the  in p u t field.

2 2

Qd =  arg(Q lmi, Q ^ ( ) =  a rc ta n  9r r  F T- (2 L 2 )
2 rxr 2cos (a 1 — c/2J

W e now need to  discuss w h ich branch o f a rc tan  should be taken. The  q u a n tity  

2 r 1r 2cos(01 -  d2) is the real pa rt o f th e  I f  the  real p a rt is positive,

tangent fucn tion  is in  e ithe r f irs t q ua d ran t or 4 th  quadran t and therefore the 

argum ent o f is between — t v / 2  and rr/2 . I f  the rea l p a rt is negative, the

tangent fucn tion  is e ithe r on 2nd quadran t o r 3rd quadrant and the  argum ent o f 

&iout<X2out *s between t t / 2  and t t  or between — t t  and —t t / 2 . So, i f  cos (0x — 82 )  >  0, 

then  we have — t t / 2  <  9 d  <  t t / 2  . I f  the  cos { 6 \  — 82)  <  0. then  we have e ithe r 

t t / 2  <  8d <  t t  o r — t t  <  & d  <  — t t / 2 .  I f  we consider the  case o f r x =  r 2 =  r ,
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Od is either zero or 7r depending whether cos {9\ — 02) is positive  or negative: i f  

cos (0 i — 02) is positive, 9d is zero and i f  cos (0 i — 02) is negative, 9d is t t .  I f  w e  

include fluctuations, we can represent the phase angles o f the in p u t fields in  term s 

o f the mean values and fluctua tions

9 X =  (9l ) +  69l  (2.1.3)

02 =  (02)+<502. (2.1.4)

Suppose the mean phase angles o f the two in p u t beam are equal. (0 i) =  (02). 

Then cos (9X — 92) becomes cos (<50! — <502) cancelling out the mean phase anigles 

o f the inpu t fields and i f  — |  <  69x — 692 <  then the phase difference o f the two 

ouput beams is zero, 9d =  ( f id )  4- 69d =  0. In  th is  case, we find  the  fluc tua tion  o f 

the phase difference o f the oupu t beam w ill be very sm all i f  the phase fluctuations 

o f the inpu t beams axe less than  f  • — f  <  <50i <  |  and — f  <  <502 <  f  • Thus one 

can obtain very sm all fluc tua tions o f the difference phase o f the oupu t fields a fte r

the beam s p lit te r  even i f  there are substantia l fluctuations o f the phase in  the

in p u t beam as long as the the magnitudes and the mean phases o f the inpu t fields 

axe assumed to  be the same. Such beams should be useful in  the  measurement 

o f phase shifts in  the interferom eter.

The classical analysis by H ille ry , Zou, and Buzek [10] provides good d irection. 

B y  assuming sm a ll fluc tua tions in  both am p litude  and phase o f the in pu t fields, 

they showed th a t fo r two equal in tensity in p u t beams the noise in  the phase
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difference o f the o u tp u t depends on ly  on the in tens ity  noise o f the inpu t beams and 

not on the ir phase noise; a beam s p litte r tu rns reduced num ber state fluc tua tion  

in to  reduced difference phase noise

where 8 r x and <5r2 are in tensity  fluctuations o f the inpu t beams. This suggests tha t 

in  the  quantum  case in tensity  squeezing could be converted to  phase difference 

squeezing by a beam sp litte r. The most extreme case w ould be i f  £ rx =  8 r>. 

w h ich  classically, leads to  no difference-phase noise at. a ll.

2.2 Quantum  squeezing

Follow ing the classical analysis, we w ill investigate the effect o f the in tens ity  

squeezing in  the quantum  case. For the purpose o f u tiliz in g  Eq. (2.1.5). we are 

tem pted  to use num ber state as our in p u t beams because there are no in tens ity  

flucta tions. A n  =  0, in  number state. However, the Heisenberg uncerta in ty  

p rinc ip le  A A A B  >  | | ( [A ,  £ ] ) |  between the standard dev ia tion  o f two a rb itra ry  

observables, A  A  =  yJ((A — ( A ) ) 2 and s im ila rly  for A  B .  states tha t one can 

squeeze the standard deviation o f one observables provided one stretches tha t for 

the  conjugate observables. For example the position and m omentum  standard 

deviations or fluctua tions obey the well known unce rta in ty  re la tion

(2.1.5)

A x  A p >  ft/ 2 (2.2.6)
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I f  we t r y  to  reduce in tens ity  flucta tions, then we w ill increse the  noise in  another 

conjuage variab le , the phase, according to  the Heisenberg's unce rta in ty  princ ip le : 

fo r a num ber sta te  where there  are no in ten s ity  fluctua tions, fluc tua tions in  the 

phase are in f in ite. I f  we use two number states w ith  equal intensities as the 

in pu t fie lds fo r a beam s p lit te r , then the phase difference fo r the o u tp u t fields. 0,*. 

could be e ith e r zero or t t  and this po in t was well discussed in  the paper by 

H illery, Zou and Buzek [10]. We w ill discuss the num ber s ta te  in pu t case and 

the re la ted  subjects in  the next two chapters. We need a sta te  where we can 

decrease the  in tens ity  fluc tua ions and s t il l have small f lu c tua tion s  in  phase. A  

general class o f m in im un unce rta in ty  states known as squeezed states [18] meets 

our c rite rio n . Th is squeezed state can be used to im prove the sens itiv ity  o f 

the in te rfe rom eter. As we have seen in  the classical analysis, the decrease in  

the a m p litu d e  fluctua tions o f the inpu t beams leads to  the  decrese in  the phase 

difference flu c tu a tio n  a fte r the beam sp litte r. Thus, i f  we can send the beam 

squeezed in  the d irection o f the am plitude, then we can increase the se ns itiv ity  

o f the in terferom eter.

For the  single mode fie ld , we may w rite  the ann ih ila tio n  opera to r a as a linea r 

com b ina tion  o f two H e rm itia n  operators

a =  X l +  i X 2. (2.2.7)

X \  and X 2, the  real and com plex am plitude, give dimensionless am plitudes fo r the
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(b)

Figure 6: Phase-space p lo t showing the unce rta in ty  in  (a j a coherent state ja ) .  

and (b) a sqxieezed state |a . r).

mode's tw o  quadra tu re  phases. They obey rhe fo llow ing  com m uta tion  re la tion

The coherent state state |a) has the mean com plex am p litude  a  and it  is a 

m in im u m -u n ce rta in ty  state for A 'i and X 2 , w ith  equal uncerta in ties in  the tw o  

qua d ra tu re  phases. A  coherent s ta te  m ay be represented by an "e rro r circ le  "  

in  a com p lex  am p litude  plane whose axis are A 'i and X i  (F ig . 6a). The center 

o f the e rro r  circ le  lies at (A 'i +  iXo)  =  a  and the radius A A /  =  A A 2 =  1 /2  

accounts fo r the  uncerta in ties in X \  and ATo.

[A 'i. AT2j =  i f  2. (2.2.8 )

The correspond ing  unce rta in ty  p ric ip le  is

A A 'iA .Y o  > 1 /4 . (2.2.9)
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Figure 7: P lo t o f A A /  versus A A '2 fo r the m in im u m -unce rta in ty  states. The 

dor marks a coherent state while the shaded region corresponds to  the  squeezed 

states.

There is obv ious ly  a whole fam ily  o f m in im um -uncerta in ty  states defined by 

A A 'iA .V )  =  1/4. I f  we plot A A /  against A A A . the m in im um  u n ce rta in ty  stares 

lie on a hyperbo la  (F ig. 7). O n ly  points ly ing  to  the right o f th is  hyperbola 

correspond to  physica l stares. The coherent stare w ith  A A /  =  A A A  is a special 

case o f a more general class of states w h ich m ay have reduced u n c e rta in ty  in  one 

quadru tu re  at the expense of increased unce rta in ty  in  the o ther. These states, 

called squeezed states [IS], can be used to im prove the accuracy o f  in terfero- 

m e tric  measurements, and to reduce quantum  noise in  measurements in  general. 

Form ally, we can generate such a sta te  by using the  squeeze o pe ra to r [19]

(2.2.10)
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which acts as follows:

5 t (z )aS (z) =  a cosh r  +  ate10 sinh r  (2.2.11)

S +(z)a t S (z) =  a* cosh r  +  ae~ 10 sinh r  (2.2.12)

where z =  re10. The squeeze operator attenuates one component o f the complex 

am p litude , and i t  am plifies the other com ponent. The degree o f a ttenua tion  and 

am p lifica tion  is determ ined by r .  which we called the squeeze factor. The squeez­

ing param eter z =  r e 10 also contains the phasor 9 which controls the d irection 

o f the squeezing in  the phase space: i f  we calculate A A 'X =  y '(A 'x) — (A 'i) 2 and 

A A '2 =  y j {X 2) — ( A 2)2 for a squeezed vacuum. S (z ) |0 ) ,  we have

A X i  =  -  V2 s in h r2 4- 1 +  2 cosh r sinh r  cos 9 (2.2.13')
2

A X 2 =  ^ \ / 2  sinh r 2 +  1 — 2 cosh r  sinh r  cos ~9. (2.2.14)

For 9 =  0 we have A X i  =  |e r and A A 2 =  \e~r . In  th is  case we have X 2 

quadra tu re  squeezed and fluctuations in  A 'i have increased to  satisfy the Heisen­

berg's uncerta in ty  p ric ip le . For a vacuum sta te  w ithou t any squeezing, we have 

A X i  =  A X 2 =  1 /2 . We can also state th a t the X i  operator has been trans­

form ed as er A x and A 2 operator as e- r X 2. For 9 =  tr. then A 'i quadru tu re  is 

squeezed and X 2 quadru tu re  is amplified; A X x =  \e~ r and A X 2 =  \ e T.

For a squeezed-coherent state, we squeeze the vacuum firs t and then displace 

it .  T he  squeezed-coherent state is fo rm a lly  obtained by

|a f * )  =  I> (a )S (z )|0 ) (2.2.15)
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(a) T ■  (b)

F igure 8: Phase-space representation of amplitude and phase squeezed states, (a) The 

quadruture carry ing the coherent excitation is squeezed, (b) The quadruture out of

phase w ith  the coherent excita tion is squeezed.

where

D ( a )  =  e( - a“ t+ “ ' a>. (2.2.16)

I f  we displace along w ith  the  d irec tion  o f the squeezing (F ig . 8a), th e n  we have 

the effect o f  the  squeezing the  am p litude  ; for exam ple, i f  we have a  as real 

num ber and the d ire c tio n  o f the squeezing is tt, th e n  we are squeezing the X i  

quadra tu re  and therefo re  we are squeezing f lu c tu tio n  in  a  . |a |2 is the mean 

num ber o f photons in  th e  fie ld  and therefore, we are squeezing the am p litu de  o f 

the fie ld . O n  the  o th e r hand  i f  the d irec tion  o f the squeezing is ou t o f the  phase 

w ith  the  coherent e x c ita t io n  , we have squeezing in  th e  phase and thus, increased 

in  noise o f th e  a m p litu d e  (F ig . 8b).
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2.3 Squeezed states and the phase shift measurements

As discussed in  the classical analysis, beam s p litte r tu rns  reduced fluctua tions 

in  in te n s ity  o f the in p u t beams in to  difference phase squeezing: a peak in  the 

difference phase d is t r ib u t io n  w ill become narrower for the in te n s ity  squeezed 

s ta te  in p u t beams. Therefore, the squeezed-coherent states we choose for input 

states are bo th  squeezed and displaced along the x-axis (F ig. 8a). The  complex 

a m p litu d e  is then real and the squeezing is such th a t it  is in  m agn itude  o f the 

com plex am plitude: it  is the in tensity  fluctua tions which axe squeezed. We assume 

am plitudes o f the tw o in p u t beams to  be the same, q j  =  02 =  a . In  th is  squeezed- 

coherent state w ith  the squeezing in  phase w ith  the com plex am p litude , we have

V { n )  =  |o |2e-2r 4- 2s inh2[r] cosh2[r] (2.3.17)

where V ( n ) is the variance in the photon number. V ( n )  =  ((aa t )2) — (an7) ' .  

The firs t te rm  corresponds to  the reduction  in num ber flu c tu a tio n  in  the orig ina l 

Poisson d is tr ib u tio n . The second te rm  is due to  the flu c tua tion  o f the  add itiona l 

photons in  the squeezed vacuum. In  th is  squeezed-coherent state, the  am plitude 

f lu c tu a tio n  is “squeezed" i f  the squeezing fac to r,r, becomes large b u t not large 

enough so th a t the  second term  becomes dom inant. I t  then behaves more like a 

num ber state where the  am plitude fluc tua tion , A n  =  0. For exam ple i f  |a |2 

2 s in h2 r  cosh2 r ,  th is  is an am plitude squeezed state w ith  sub-Poissonian photon 

s ta tis tics . The m axim um  reduction in  photon num ber fluc tua tion s  one can get
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Figure 9: Phase fluctuations in the squeezed-coherenr stare: ho gets bigger as the

squeezing increases.

in an am p litu de  squeezed state may he estim ated as follows: For r  >  1

(2.3.18)

The m in im u m  value o f V ( n  ) occurs for e6r =  4 |a |2 which corresponds to

0 .94 |a j4,3. T he  m ax im um  in tensity squeezing occurs for r  =  1 ln (4 !a{2). As shown 

in Fig. (9). as we increase the in ten s ity  squeezing. A 'i quadrature com ponents 

becomes sm aller and Xn  quadrature com ponent becomes bigger. The phase fluc­

tu a tio n  o f the in p u t beams.tan(6o) =  fg . also becomes larger. Now the m in im u m  

phase th a t can be detected using squeezed-coherent states w ith  decreased a m p li­

tude f lu c tu a tio n  is ca lcu la ted

d(«/3out) 
do

(2.3.19)
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where

p =  16 cosh6 [r] sinh2 [r] + 9 6  cosh4 [r] sinh4 [4]

+  16 cosh2[r] sinh6[rj 

+  q 2 12 cosh6 [r] — 28 cosh0 [r] s inh [r]

+  126 cosh4 [r] s inh2 [r] — 200 cosh3 [r] sinh3 [r]

+126 cosh2[r] s inh4[r] — 28 cosh[r] s inh°[r] +  2 s inh6[r] j  

q 4 18 cosh4 [r] — 32 cosh3[r] s inh[r]

+  48cosh4[r] s inh2[r] — 32cosh2[r] s inh2[r]

—32 cosh [r] s inh3 [r] +  8 sinh4 [r  j j  (2.3.20)

For the 60 fo r squeezed-coherent s ta te  input is in  the order o f 1 /a  when there 

is no squeezing, coherent state. Thus, the m in im um  detectable phase shift fo r a 

squeezed-coherent state works in  the lim itin g  case. In  Fig. 10 and Fig. 11. we have 

p lo tte d  the A(r? 1 — n2)2 and the m in im u m  detectable phase angle.60  as functions 

o f the  squeezing parameter.?". As expected, the sensitiv ity  o f the interferom eter 

gets be tte r as the  squeezing gets la rger and larger u n t il the m axim um  in tensity  

squeezing. A fte r  the squeezing param eter reaches m axim um  po in t, the sensitiv ity  

deteriorates. A lso, A ( n i  — n2)2 behaves the exactly  same way as 80. And these 

con firm  the classical analysis th a t difference phase squeezing is achieved from  the 

am p litude  squeezing i f  the am p litude  squeezing is not too big and th is  enhances 

the  sens itiv ity  o f the interferom eter.

39

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A («2 -  nI)2

ICC

00

60

F ig u re  10: P lo t . . t  _  n j  -  " i ; '  r  w h e n  o  is 100

0. 31

cs

C6

0.30

Figure  11: P lo t o f ko  versus r  when o is 100

40

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter III

3 N um ber sta te  inputs

3.1 Introduction

A  num ber state is a sta te  w ith  no in ten s ity  fluc tua tions bu t w ith  a rb itra ry  

phase, an obvious consequence o f Heisenberg's uncerta in ty  p ric ip le . We choose to  

have tw o num ber states as ou r in p u t beams to  the  in terferom eter: two inpu t states 

w ith  no in tens ity  fluctuations and equal intensities. C lassically, from  equation 

(2.1.2)

r 2 -  r' i
6d =  a r g f a w a ^ )  =  arc tan   -------- L— -r3—

2r j r 2 cos (cq — 02)

we see th a t fo r number state inpu ts  the cos (# i — 92) te rm  in  the  denom inator can 

be pos itive  or negative because the phase o f a num ber s ta te  is arb itra ry . T h is  

ind ica tes th a t the phase o f the ou tput state a fte r the firs t beam sp litte r in  the 

in te rfe rom eter bu t before going through a phase sh ift can be e ither 0 o r ~  for the 

tw o num ber states w ith  the equal intensities. Q uantum  mechanically. H illery. Zou 

and Buzek [10] showed th a t the  difference phase d is tr ib u tio n  o f the ou tpu t beams 

fo r the  tw o num ber state in p u ts  consists o f tw o  narrow  peaks centered around 

a t 9 =  0 and 9 =  iz; the o u tp u t state a fte r the beam s p lit te r  is a superposition 

o f a state w ith  a difference phase of 0 and another w ith  a difference phase o f
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F igure 12: The difference phase distribution for number state inputs w ith  equal inten­

sities. jn.n):  a) n=10 case b) n=50.

rr. This is shown in F ig. (12). Th is  double peak s tru c tu re  o f difference phase 

d is tr ib ru tio n  a fte r the firs t beam s p litte r inside the in te rfe rom eter causes the 

ou tp u t signal o f the in terferom eter to  vanish. W hat is measured a t the ou tpu t 

o f the in terferom eter is the photon number differences . (ou tj J3|out) where jour) 

is the state o f the pho ton fie ld  leaving the in terferom eter. From the equation 

(1.5.104). we have for the num ber state inputs

(*^3out) =  (out lo g o u t )

=  — s in o ( in | Jnn|in) - f  coso{in i« /3iR|in)

where n x and n 2 are the pho ton  numbers a t each in p u t po rts  o f the in terferom eter.

-  cos o ( n i  -  n 2) (3.1.1)
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For in pu t beams w ith  equal intensities, n x =  72.2, the expectation value o f J3 

is zero: the mean num ber of photons counted a t the tw o ou tpu ts  is same and 

therefore, the signal com ing from  measuring the pho ton  num ber differences w ill 

vanish. Equation (3.1.1) shows th a t the (Jijout) is independent o f 0  fo r the inpu t 

beams w ith  equal intensities. Changes in  8 0  in  the phase angle are detected 

by the changes they create in the expectation o f J3. Therefore, the phase sh ift 

in troduced in  the inteferom eter does not induce any changes in  the expectation 

value o f for the tw o number state inpu t beams w ith  the equal intensities and 

consequently, we cannot measure the phase sh ift in troduced  in  the interferom eter.

We have calculated the m in im um  detectable phase sh ift for the general number 

sta te  inpu t |r?i. n2)

, Jzotit •

80 — I  d\~
d o

.\

, n +  l ( n 2 — j * 2 )
1 --------=--------------- (3.1.2)

where n =  n x -f- n2 is the to ta l num ber o f photons fo r the incom ing fields and 

.r =  r?i — no is the pho ton number difference between the two in pu t ports. The 

m in im um  detectable phase sh ift fo r these states is 1 /y/n. when x  =  n  : the case 

when we have vaccum state in  one o f the in pu t p o rts  and n photons in  the other 

in p u t po rt. As disccussed above, the m in im um  detectable phase sh ift is undefined 

as x  approaches zero (see Fig. 13); the case when we have two num ber state inputs 

w ith  equal intensities. We also notice tha t the se n s itiv ity  o f the in terferom eter
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F igu re  13: M in im um  detectable phase shift for number state inputs, |n i,rc2). as a 

function o f photon number difference, x  =  n \  — n o

deterio ra tes from  the  case when we have vaccum  sta te  in  one of the in p u t p o rt 

as soon as there is beam com ing in  the second in p u t p o rt.

We can in te rp re t the above analysis in  a d iffe ren t way. Since we have from  

the equation  (1.5.89)

(o u t|J 3|out) =  (in term ed ia te ! «/2 (in term ediate). (3.1.3)

m easuring the pho ton  num ber differences a t th e  o u tp u t ports is equ ivalent to  eval­

uate the  expecta tion  value o f Jo, (in term ed ia te  | J 21 in te rm ed ia te ) where (in term ed iate) 

is th e  sta te  o f the  pho ton  fie ld  a fte r going th ro u g h  a phase sh ift inside the in te r­

ferom eter. We f in d  the  classically corresponding q u a n tity  for J2 by rep lacing  a x 

and a2 by rje '®1 and r 2e,fl2 respectively,

Jo  =  — i ( a [ a 2 -  a i a \ ) ! 2  <=> —i - ( r i r 2) ( e " ,(e i- '92) -  et(ei~6- ] )

4 4
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=  —r xr 2 sin (0X — 02) (3.1.4)

B y  com paring the equation (3.1.3) and the equation (3.1.4), we find  th a t measure­

m ent o f the photon num ber differences reveals im p lic it ly  the phase in fo rm ation  

inside the interferom eter. A lte rna tive ly , we can say th a t the phase d is tr ib u tio n  

a fte r the firs t beam sp itte r determines the sens itiv ity  o f  the  in te rfe rom eter. The 

narrower the difference phase d its r ib u tio n  peak, the sm a lle r the m in im um  de­

tectable phase sh ift.

A fte r the  firs t beam s p lit te r  but before going th ro ugh  the phase sh ift, the 

difference phase d is tr ib u tio n  fo r the two num ber states w ith  the  equal intensities 

has peaks a t 0 and 7r shown in  Fig. (14). Now one o f the  beams goes th rough  a 

phase sh ift, 0 , and th is sh ifts the  two peaks o f the difference phase d is tr ib tu t io n  by 

0  as shown in  Fig. (14). The measurment o f J3 at the o u tp u t ports  is equivalent 

to  measurement o f J2 for the fields ju s t before the second beam s p litte r, and ./> 

classically corresponds to  — s in (# i — Q2 )■ Therefore, m easuring the expectation 

value o f J2 is classically equivalelnt to  ca lcu la ting  r xr 2 ]q~ P(Q<i) s in&d d8d where 

P(&d) is the difference phase d is tr ib u tio n  fo r the beams inside the  inteferom erer 

a fte r the phase sh ift is in troduced in to  one o f the legs.

For num ber states w ith  large numbers o f photons the  peaks a t zero and 77 are 

very narrow . The  ro ta tiona l w id th  is p ropo rtiona l to  1 / N  where N  is the  number 

o f photons going in to  the in terferom eter [4]. The ro ta tio n a l w id th  is derived from

45

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 14: The differece phase distribution for two number stare inputs w ith equal 

intensities after the first beam sp litte r (dotted line) and the difference phase distribution 

after the phase shift introdued in one of the leg (solid line).

exam in ing the overlap between a stare and a ro ta ted  version o f itself. I t  gives a 

good ind ica tion  o f the u t i l i ty  o f a state for measuring phase sh ifts  . In  the case 

o f the difference phase we can determ ine the ro ta tio n a l w id th  by considering the 

function

F(Bh) =  \ { v \e - iê v ) \ 2. (3.1.5)

T h is  function  has a m axim um  value o f one for 64 =  0 and near th is  peak it  is 

peak is given by

F{Bd) 1 — ( A J z)2d2d. (3.1.6)

F rom  th is  H ille ry , Buzek and Zou [4] deterim ed the ro ta tio n a l w id th  fo r the 

num ber state in p u t beam w ith  equal intensities from  the equa tion  (3.1.6).
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I f  the num ber o f in p u t photons is reasonably large, we can rough ly  repre­

sent the phase difference d is tr ib u tio n  as a sum o f d irac-de lta  functions, P(9d) =  

\{&{9<i) +  <$(#,* — tt))- The classical equivalent o f the expectation value o f Jo a fte r 

the firs t beam sp litte r is

r 2 F  P{9d)s in 9 dd9d =  r 2 F \ { 6 {9d) +  6 {9d - * ) )  sin 9dd9d 
Jo Jo 2

=  ^ r 2(sin (0) +  sin(7r)) =  0 (3.1.7)

The above classical equivalent is zero even for the case o f a difference phase 

d is tr ib u tio n  which has o n ly  a peak either a t zero or 7r. because the sine functio in  

is zero at zero and n. A fte r  the beams go th rough the phase sh ifter, i f  there is 

on ly one peak a t either a t zero or at tt, the in tegra tion  is not zero because the 

difference phase d is tr ib tio n  is now shifted by the amount o f  0. For example, for 

the case o f two coherent sta te  in p u t beams w ith  the same mean photon numbers, 

we have a difference phase d is tr ib u tio n  peaked at zero a fte r the  firs t beam sp litte r. 

A fte r the phase sh ift.0, we have

r2lt r2~
r 2 P(9d) sin 9dd9d =  r 2 /  8{9d — <p) s in 9dd9d 

Jo Jo

=  r 2s in (0 ). (3.1.8)

Therefore, for the case o f tw o coherent state in p u t beams, the phase shift inside 

the in terferom eter w ill create changes in  the expectation value o f J3. However, i f  

we have tw o peaks located a t zero and 7r, then the con tribu tions  to  the integral 

from  two sh ifted peaks cancel each other, and therefore the  in teg ra l is zero. For
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the  num ber s ta te  in pu t w ith  the  equal intensity, we have

r 2 i r  r 27T 1r    • - -  _2 'r

=  ^ r 2(sin (</>)+sin (7r + 0)) 
6

r 2 [  P{Od) s in  0dd0d =  r 2 [  i (6{9d -  0 ) +  <5(0rf -  0  -  7r)) sin 0rfd0j 
vo vo I

=  ^ r 2(sin (0) — sin (0 ))

=  0. (3.1.9)

T h is  analysis shows tha t the s ignal coming from  the expectation value o f J 3 is 

zero, and we can not measure the phase shift by measuring the mean pho ton  

num ber differences a t the o u tp u t ports  o f the interferom eter. T h is  is un fo rtunare  

because the peaks are very narrow*, having ro ta tiona l wridths o f 1/A*. I t  is a m uch 

narrower w id th  than  the case fo r the two coherent state inpu ts  w ith  the same 

am plitudes. In  th a t case the difference phase d is tr ib u tio n  a fte r the beam s p lit te r  

is peaked at zero w ith  the w id th  o f the peak being o f order o f 1 j \ T S .

In  order to  c ircum vent the  d ifficu lties  for the detection o f phase sh ift in tro ­

duced inside the  in terferom eter by measuring the photon num ber differences a t 

the ou tp u t p o rts  o f the in te rfe rom eter. (J3). we examined the  poss ib ility  o f us­

ing  the expecta tion  value o f J 2 instead o f J3. W h ile  there is no signal when we 

measure the expecta tion vaule o f J3, there w ill be signal when w*e measure the  

expecta tion value o f J f .  However, signal to  noise ra tio  fo r th is  measurement is 

poor. From  the  equation (1.5.104), we have

J 3o u t  J l  Sin (p  ( l / 3 COS 0 .
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I f  we take the expectation value o f Jia^t in  the tw o  mode number sta te  w ith  equal 

in tensities, then we have

(n. n \ J3oUt|n, n) =  0. (3.1.10)

I f  we square the J^out- then we have

(J3out)2 =  Jj2 sin2 d> — (J \Jz  +  J3J 1) cos <±>sin <t> +  J \  cos2 <t> (3.1.11)

F rom  the above equation, the o n ly  term  th a t w i l l  give a co n trib u tio n  when we 

take the  expectation value o f J 2 in  the two mode number sta te  w ith  the equal 

in tensities. |n.. r?), is .J\. J \J z  and J3J X w ill give no con tribu tion  because the 

num ber o f creation and annh ila tion  opearators is unequal. J |  te rm  w ill give no 

c o n tr ib u tio n  e ithe r because J 3|n. n) =  0. Therefore, we have fo r the expectation 

va lue o f J 2

((«/3out)2) =  {J 2) s in2 0

=  i ( n .  n\ (a \a2 +  +  a ia^ jt? . n) s in2 o

=  ^ ( t t .  n |a |a ia 2a2 +  aia\a.2a2 \n. n) sin2 o  

=  ^ n (n  +  1) sin2 o. (3.1.12)

N ow  we need to  calculate A ( j£ , ut) to see how b ig  the noise is . We have

A ( ^ 3out) =  u t )  ~  ( J $ o u t ) 2 - There are 16 term s when we take the fou rth

pow er o f the equation (1.5.104) to  calculate the  (J ^ ut). O ut o f those 16 terms, 

a n y th in g  w ith  J3 on the outside w il l  give zero and we have

(«4,ut> =  ((*A s in <p)(-«/i s in 0  +  J3cosc>)(—J\  s in  <?>•+- J3c o s o )(J i s in© )). (3.1.13)

49

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



There are four terms in the equation (3.1.13) and among them two terms will

not contribu te  to  the expectation value o f J ^ ut; term s o f the fo rm  and

J 1J3 J *  have imbalanced numbers o f JV s and J_ 's  and therefore, they w ill give 

no con tribu tion . For the expectation value o f J f .  we have

(J 4) =  ^ ( n .  n |(o |a 2 +  axa\ )A\n. n)

— ^ [n (n  — !)(??. 4 - l) (n  4 -2) 4 -2n2(n. 4 - l ) 2j s in2 © (3.1.14)
8

and we also have for the expecta tion value o f

( J \J $ J i )  =  ~{n.  n| J i J i|n . n)
4

=  i n ( n - i - l )  (3 .1.15)

Using the equation (3.1.12). (3.1.14) and (3.1.15). we ob ta in  the dispersion o f 

72
’-'3out

a u l , )  =  v <•&«> -  ( J i * ) 2

=  { ^ [n ( n  - l ) ( n  +  l)(n . 4- 2) 4- 2n2(n. 4- l ) 2] sin4 o  
8

4- ^ [n (n  4- 1)] s in2 o  cos2 o — ^[rc2(n +  l ) 2] sin4 0 } 1

=  { ^ [n (n  -  l ) ( n  +  l ) ( n  +  2)| sin4 o 4- ^ [n (n  4- 1)] sin2 0 cos2 0 } 2(3.1.16) 
8 ^

From  the equation (3.1.12) and (3.1.16) we have fo r large numbers o f photons

0nr
A J L t  =  ^ = s i n 2(o) (3 -1.11

1
( ( ^ 3 o u t ) 2 )  =  - n 2sin2(o ). (3.1.18)
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Noise increases ju s t as fast as the signal and th e ir ra tio  is order o f 1. T h is  

is d isappo in ting because we ob ta in  our signal by  measuring This means

th a t by measuring the expectation value o f J f  we w ill no t be able to accurately 

measure the phase shift. Th is  was also proved independently  by other group [22].

3.2 A num ber sta te and a vaccum  sta te  as input beam s

So far we have considered the case o f two num ber s ta te  inputs w ith  equal 

intensities, |n, n) .  W hen n photons are sent in to  one o f tw o in p u t ports o f the in ­

terferom eter and a vaccum state is sent in to  the second in p u t po rt, the m inum um  

detectable phase shift.So, is 1 /y /n  where n  is the num ber o f photons entering in to  

the in terferom eter. This is the same as the case when a coherent state and a vac­

cum  state are sent in to  the in p u t ports o f the in terferom eter. In  th is  case, n is the 

mean number o f photons in  the input state. T h is  sens itiv ity  can be explained in  

term s o f the difference phase d is tr ib u tio n  a fte r the firs t beam sp litte r inside the 

in terferom eter. In  F ig (15), we present a num erica l s im u la tion  o f the difference 

phase d is tr ib u tio n  for the in p u t state \n, 0). The  difference phase d is tr ib u tio n  

has a peak at da =  tt/2.  Here in  th is case, there is on ly  one peak and therefore, 

ro ta tiona l w id th  o f the difference phase d is tr ib u tio n  w ill determ ine the sens itiv ity  

o f the  interferom eter.

We would like  to  calculate (# i,# 2|CMn - 0). The o u tp u t state after the firs t
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F igu re  15: The com pu te r-s im u la tion  o f the  difference phase d is tr ib u tio n  fo r a) 

|2 0 .0) in p u t state and b) |5 0 ,0) in p u t state.

beam  s p lit te r  insider the in te rfe rom e te r is

| V o u t ) = W ’i„> =  e~i<t>Jl |rc, 0 )

_ (“ I ) ”

=  (3.2.19)
V n !

where we have used |0 ,0) =  |0 ,0) . Using U i a \ U i l  =  ; ^ ( aI  — i a \ )  , equation 

(3.2.19) becomes

l^w) = -^ (-^ r(a t-io5)"|0 ,0)

=  ( 4 ) n E  (3-2.20)
v  2  i=0 y j l \ { n - l ) \
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We now  have

<»>,02|i/w> =  ( - ^ r e - * * ( - i r E  , (3.2.21)
V *  1=0 y l \ ( n  -  l )\

We w ou ld  like to  approxim ate the fo llow ing fo r a large value o f n

'<'> ‘  W = W  ( 3 ' 2 ' 2 2 )

Using the  Sterhng:s approxim ation. ln (n !) ~  r thx n  — n. we have for equation 

(3.2.22)

g ( l )  =  In / ( / )  =  In —— — — =  n In n — I In / — (n  — /) ln(n. — /). (3.2.23)
l \ (n  — /)!

D iffe re n tia tin g  the equation (3.2.23) w ith  respect to  / and se tting  it  equal to  zero, 

we o b ta in

-r.g(l) ~  — In /  +  ln (n — /) =  0. (3.2.24)
dl '

From  equation (3.2.24) . we find  th a t when / =  the func tion  g( l )  is at its  

m ax im um  value. W e then do a Taylor series expansion about I. =  |  up to  the 

second order

g ( i ) = j ( | i  +  (/ -  <3-2-25>

W e now  have

g( l )  In /(Z )  ln ( Z!̂ _ ^ ! ) a l n ( ^ [^ „ ^ ) +  2 2 ( ^ ) .  (3.2.26)

U sing  the  S te rling ’s approxim ation again in c lud ing  the  next highest te rm .ln (n )! ~

n  In  n  — z +  ln (\/2 7 rn ) we have fo r the firs t te rm  on the righ t-hand  side equation
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Substituting ln(2n ^ ^ )  for In((„,"(:1!)) in the equation (3.2.26). we have

t o ( j r - n! =  l n 2 " , / ^ - - ( / - f ) 2. (3.2.28)
l \ (n — 1)\ V ~n n 2

Therefore, we have

n!   I 2 2.ti r"t2
l ] (n — 1)1 V 'n

and

=  (2)n \ / — (3. 2. 29)

\ in T ~ iv  =  (2 )* (  — )*e-*(,- * )2. (3.2.30)V /!(n  — /)! :rn

W ith  equation (3.2.30). equation (3.2.19) becomes

(0 i.02|c w )  =  ( 4 ? ) n(2 ) t (  A ) } e- " 0 2( _ O" X : e - ^ (Z- t ) 2e- ^ - i )  (3.2.31)
v  2 Tn t=0

where 9d =  9\ — 92. Now we w ould  hke to replace the sum m ation in  the equation

(3.2.31) by an in teg ra tion

^  r  d l e - ^ - )2e - tU (3.2.32)
r « J —OCJ=0

where 3 =  9 d ~ \ -  The replacement o f the sum m ation  by an in te g ra tio n  is jus tified  

on ly  when 0  is sm all. The in tegrand in  equation (3.2.32) is e~ l31 tim es a Guassian 

whose w id th  is \ / n  and whose peak is located a t I =  | .  As long as the  oscilla ting 

function  e~ l31 changes lit t le  across the peak, then  the going from  a sum m ation 

to  an in teg ra tion  for approxim ation is ju s tified  and therefore, we require tha t 

0 y j n  <?C 1. Therefore, the approxim ation should be good for a ll values o f 3; it. is
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good when j3 where d is tr ib u tio n  is large and is not good when d is tr ib u tio n

is negligible. I f  we perform  the in tegration, then the in teg ra tion  becomes

[  d l e~tlB =  (y/Trn)e~t3 ^e ~ ^ 32 (3.2.33)
J —OG

P u ttin g  eve ry th ing  together, the equation (3.2.19) becomes

{»I . f c l t iw )  =  ( ^ ) " ( 2 ) » e - " ^ ( - t ) n( — (3.2.34)  
\ /2  tT 79

For large num bers o f photons, we now have the difference phase d is tr ib u tio n  fo r

the in pu t s ta te . jn.O)

m . * a )  =  7^ 71 1'tout) I2±̂7T“~

=  -^ -zV '2 -n  ,Qd =  (9X — &2- (3.2.35)
4 7T-

From  th is  equation, we see tha t the analytical analysis agrees w ith  the numerical 

s im ulation. T h e y  bo th  show th a t the the difference phase d is tr ib u tio n  is peaked 

around f . F rom  the equation (3.1.37). we find th a t the ro ta tio n a l w id th  is in  

the order o f and th is  explains w hy the sens itiv ity  o f the in ferom eter for the  

in p u t state jn.  0) is in  the order o f ^= . Here we again showed the  re la tion o f the  

difference phase d is tr ib u tio n  to  the sensitiv ity  o f the in terferom eter: the narrower 

the ro ta tio n a l w id th , the more sensitive the interferom eter.

3.3 N  p hotons and one photon as input beam s

Now we like  to  consider the case when there is one photon com ing in  the one o f
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Figure 16: T he  com pu te r-s im u la tion  o f the difference phase d is tr ib u tio n  fo r |2 0 .1) 

inpu t state.

the inpu t po rts  instead o f  the  vaccum state. |n.  1). From the  equation (3.1 .2). we 

have noted before th a t the se n s itiv ity  o f the in terferom eter deteriorates as soon 

as there is beam com ing in  instead o f vaccum state. For th is  in pu t s ta te  \n. 1) . 

the m in im um  detectab le  angle is 6 0  =  fo r large enough in p u t photons. T h is  

de te rio ra tion  comes not fro m  the  ro ta tiona l w id th  but from  the  cancellation o f the 

signal as in  the  case o f the  tw o  in pu t states w ith  the equal intensities. A c tu a lly , 

the ro ta tio n a l w id th  o f the  difference d is tr ib u tio n  is in  the  o rder o f 1 /n  fo r each o f 

the peaks centered a t 0 and tt. From  the num erica l analysis shown in  the F ig  (16), 

there are tw o  peaks fo r the  difference phase d is tr ib u tio n . I t  looks as though  the 

one pho ton  sp lits  the phase difference d is tr ib u tio n  and sh ifts  the peaks le ft and 

righ t sym m e trica lly  from  As soon as there is one pho ton  in  the in pu t p o rt, tw o
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peaks shows up spontaeneouly. Th is two-peak structure  causes the de te rio ra tion  

o f the  se n s itiv ity  o f the  interferom eter. We wish to  calculate (Q\, 9 i \U \ \n .  l) .T h e  

o u tp u t s ta te  a fte r the the firs t beam s p litte r inside the in terferom eter is

IV w )  =  Ux\vjm) =  e~t0Jl \n. 1)

=  e - w ' ^ r ( 4 ) | o . o , )
\Jv\

^ ^ r { a \ ) e l<t,J'-10.0 .). (3.3.36)
v n !

Using U i a \ U x 1 =  (ca\  +  sa^) and U \a \U x 1 =  (sa{ -I- cal)  where c =  and 

s =  equation (3.3.36) becomes

I tow ) =  - ^ ( c o l + s 4 ) " ( Sa i+ a 4 ) |0 .0 )

-  ^ S ^ b y (a!)'+‘̂ r '|0-0>
1 n c r t - k

=  1 ^  n ! ( fe + l) !  cy - ^ i | f r + L „ , . A:)
j ( k  +  l ) ! ( n -  A-)!

+  1 " n\(n  -  fc +  lY-_.ck+xsn - k ^  n _ k +  1} (3 337 )

V « ! f^o ^ ' ( k ) \ (n  -  h +  i) !

For the  am p litude  o f the  phase d is tr ibu tion , we have

<01. +  ,JS» - M e-« V
+  l) ! ( n  -  ()!

+  e-«"+U«! T -  v ^ ( n ~  1 +  ! )  (3.3.38)
t Z  \J { l ) \ (n  — / +  1)!

As in  the  previous section, we have approxim ated the the factoria ls and changed

57

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the summations to integrals. For the first term in the equation (3.3.38). we have

+  }  (3 .3 .39  j

From  the above equation we ob ta in  the difference phase d is tr ib u tio n

=  (n  +  I K 1^ 1 +  ^  ~  l ^ l  +  cos^ e~nil{6d~ f )2 - (3-3 '4 0 '

The w id th  for each o f the two peaks is - = =  and th is  is narrower than  the caser  vn-t-l

fo r vaccum state in  one o f the in p u t beam. However, the sens itiv ity  is worse than  

the case o f the vaccum state in  one o f the inpu t beam because o f the two peak 

s tructu re . In  o rder to  estimate the  locations o f two peaks, we d iffe rentia ted the  

equation (3.3.40) and set it equal to  be zero .

m - \ ) { l + c o s [ 2 9 d)) = (l + («d-|)2){

(1 +  *!)(«* -  j ) ( l  +  cos(2ed) +  2 s m (2 fti) } . (3 .3 .411

E quation  (3.3.41) is a transcedental equation and using num erica l m ethod we 

have identified  the location o f the  tw o peaks for the case o f n =  10. n — 50 and 

n  =  100. For the case n  =  10, the  two peaks occur at 65.3 degrees and 114.7 

degrees respectively. For the case o f n  =  50, the tw o peaks occur a t 78.6 degrees 

and 101.4 degrees respectively. For the case o f n  =  100, the two peaks occur at. 

81.8 degrees and 98.2 degrees respectively. As the number o f photons increases
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, the  separation o f the tw o peaks gets smaller and sm aller as expected. As we 

increase the num ber o f photons in  one o f the in p u t ports from  one photon, the 

num ber o f peaks in  the difference phase d is tr ib u tio n  also increase.

For the the case o f a two-photon and eight-photon in p u t . we have three 

peaks; one o f the peaks is sm aller than  the other two while the o ther two peaks 

axe sharper than  in  the case o f the |n.O) state. The suppressed peak is located 

at |  and other sharper two peaks are located sym m etrica lly  about | .  From  

our num erical studies we see th a t the number o f peaks in  the difference phase 

d is tr ib u tio n  is n  4-1 where n  is the smaller number of photons com ing in to  one 

o f the legs. I f  the n  is even, then one o f the peaks located at W h ile  the 

number o f peaks increases as the photon number difference between the in p u t 

beams decreases, these peaks w ill be suppressed except for the tw o  peaks, which 

axe the le ft-m ost and righ t-m ost. Increasing the number o f photons u n til the 

photon number difference is zero, we have the two number state in p u t w ith  equal 

intensities, where two peaks occur a t 0 and f . A ctua lly , there are n+1  peaks bur 

o n ly  two peaks m a tte r because a ll the peaks between the tw o peaks located at 0 

and |  axe suppressed , so i t  appears th a t there axe only two peaks for the num ber 

sta te  inputs w ith  equal intensities. These results are shown in  F ig . (17).
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F igure  17: The  difference phase d is tr ib u tio n  fo r a) |10,0) in p u t state, b) 19.1) 

in p u t s ta te  c) |8 .2) in p u t s ta te  and  |5 ,5) in p u t s ta te

60

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter IV

4 A  linear com bination o f number sta te  as an 

input sta te

4.1 A  sta te  w ith  phase

So fax the num ber state inpu ts  we have considered have precise number o f 

photons and therefore, a rb itra ry  phase due to  the  Heisengberg's unce rta in ty  p rin ­

ciple. Here we w ould like  to  consider a state w ith  a linear com bination o f num ber 

states as our in pu t state. Since the inpu t state has an uncerta in ty  in  its photon 

num ber, the phase o f the inpu t state is no longer to ta lly  a rb itra ry . The state we 

shall send in to one o f the inpu t ports  o f the in terferom eter is

! 4.1.1

Then the to ta l in p u t state o f the system becomes

The  phase d is tr ib u tio n  o f th is  in p u t state is

P (01,02) =  ~ ^ m o x , e 2) \ 247T

)(1 +  r(c o s 9\ 4- cos #2)
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+  v 2 ( 2  +  cos(#i 4- 9 2 ) +  cos(#i — 9 2 )

+ t/3(cos#i +  cos^2) +  v4)- (4.1.3)

Here, we axe interested in  the difference phase d is tr ib u tio n  P(9d). However, the 

equation (4.1.3) has not on ly  the te rm  conta in ing 9d which we define it  to  be 9X —92 

b u t also has the  te rm  containing 93 w hich is defined to  be . S u bs titu ting  9d 

and 93 for 9X and 92. we have

P ( « , M  =  ( ^ ) ( ? r p L ¥ ) ( l + t ,(2coS# . c o s | )

+ v 2 ( 2  +  cos 29 s +  cos 9d)

+ t ,3(2cos£?3 cos 7^ ) +  r 4). (4.1.4)

We need to  in tegra te  out 9S in  the phase d is tribu tion . I f  we integrate the phase 

d is tr ib u tio n  over 9X and 92. we are in teg ra ting  over a square in  the C artesian 

coordinates whose axes are 9X and 92. W ith  the change o f in tegra tion  variables. 

0 X =  0S +  \ 9 d. 92 =  9S — ^9d. the in teg ra tion  over the same rectangle becomes

r 2ir r2~ rO r2 iz+ ^ - r2~
/  d9x /  d92P { 9 l ,92) => ( /  d9d /  ~ d 9 s +  d9d d9s)P(9d.9 s)

JO Jo J -2 ir  J — f  JO J -±

(4.1.5)

A fte r  in teg ra ting  out 9S, we have difference phase d is tr ib u tio n  for — 2~ <  9d <  0

P (W  = (4ir»(i+T«P)»){2!r ~  °d

—v(2 sin^d) +  u2(47t  — 2 9d — sin 9d +  cos#d)

—u3(2s in^d ) +  t ’4(27r — 0d)}- (4.1.6)
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652 3 4X

F igu re  18: The d iffe rence phase d is tib u tio n  fo r th e  linea r com b in a tin  in p u t s ta te  

fo r two d iffe rent values o f v; a) v — ^ case b) v  =  case.

A lso, fo r 0 <  8d <  , we have

P[9d)  =  ( 47T2( l  +  |u j2)2^ 27r +  ^

+ v {2  s in Qd) +  u2(47t +  2&d +  s i n ^  +  cos 9d)

+ u 3(2 s in 0 d) +  u4(27r +  ^ ) } .  (4.1.7)

From  the equation  (4.1.6) and (4.1.7), we know  th a t the in p u t state system  

has a phase as long as v  is n o t zero. I f  v is zero, th e n  th is  corresponds to  the 

in p u t system o f tw o  num ber state in p u t w ith  equal in tensities and  therefore the 

phase is a rb itra ry . In  F ig . (18), we have p lo tte d  th e  difference phase d is tr ib u tio n  

fo r th is  in pu t s ta te  o f  the system for two d iffe re n t values o f v.  For nonzero v 

values, we expect the  difference phase d is tr ib u tio n  a fte r the  beam  s p litte r inside 

the in terferom eter w i l l  be d iffe rent from  the  case fo r  th e  num ber s ta te  in p u t w ith  

equal in tensities, b u t no t too d ras tica lly  d iffe ren t.

63

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We have fo r the phase d is tr ib u tio n  o f th is  in p u t after the firs t beam s p lit te r

+  v ( {0 i ,9 2 \ n .n ) (9 i , 9 2 \n .n  4- 1 )* 4- (9 i,  92 \n. n ) (9 i .  02\n +  l.n .) ‘

+  (9 \ ,92 \n, n  4- l ) ( 9 i , 9 2 \n. n )* 4- (9\, $2!^  +  1, n.)(0 i.02|n- n ) m)

+  v2 ((&i, 02 (n. r})(9\. 92\n 4- l . n  -h 1)* 4- ( 0 i .0 2jn +  l . n .+  l ) ( ^ .  92 \n. n ) m 

+  \(9\, 92 \n. n  +  1)|2 +  92\n 4- 1. n ) |2

+  (9\. 92\t l . t i  4- l ) ( # i .  9 2\ t l  4- 1 , n )*  4- ( # 1 . 92 \ t l  4- 1. t i ) ( 9 \ .  92 \ t l , n  4- 1) )

4-  ( (9\. 02 \n. n 4- l ) ( 0 i ,  92 \ti. -4- 1. /?. 4— 1) 4- (9\. 92\n 4- 1. n)(9\ .  92 \n. 4- 1. n -t- 1

4- (9 \ .92 \t>. 4- 1. n 4- l ) ( # i ,  92 \n. n 4- 1)* 4- (9\. 92\n 4- 1. n 4- l ) ( 0 i .  92 \ v  4- 1. n.) ‘ ) 

+  v A\ ( 9 l . 9 2 \v  +  l . n  +  l ) i 2 }  (4.1.

For the general number o f photons, we have

(9i .9o\L' i \n.m.)  =  V  V M  - r - 77---------777-----------7
W  ^ 0 ^ 0  \P-Q-(n ~ P ) - ( m ~Q)-

I (m 4 - p  — <?)!(n. 4- q — p ) ^ _ ^m-i.p_<7)fl1,.(n+(?_p)fl:, \  (4 1 9 )
V n !m ! J

where c =  -4- and s =  B y  su b s titu tin g  the  above equation in to  the equation

(4.1.8). the difference phase d is tr ib u tio n  o f th is  system after the firs t beam s p lit te r  

has been com puter-s im u la ted and it  is shown in  Fig. (19). In  Fig. (19). there is 

one big peak located at 9d =  0 and there is a peak a t 9d =  ~. There is no peak 

a t 9d =  2 %. Com paring these peak s tru c tu re  to  the case for the num ber sta te  

in p u t , |n. n ), w h ich has same peaks at those locations, we notice th a t the peak
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Figure 19: The  d iffe rence phase d is tibu tion  a fte r the  f irs t B.S. fo r the linea r 

com bm atin  in p u t s ta te  fo r tw o different values o f v;  a) v  =  |  case b) v  =  - j -  case.

a t 9d =  0 is a m p lifie d  and the peak at 9d =  ir become sm aller and there  is no 

peak at a ll at 9,L =  2rr. T h is  peak structure in  the  difference phase d is tr ib u tio n  

allows us to  u tiliz e  th e  narrow  rota iona l w id th  o f the  peak w h ich  is in  the order 

o f 1. In  the tw o  p h o to n  num ber state in pu t case, |n . n ) ,  the  peaks a t Qd =  0, tr 

and 2~ have the sam e he ight. T h is  causes signal to  van ish and therefore destroys 

the  se n s itiv ity  o f th e  in te rfe rom eter. The p rob lem  o f  the  num ber s ta te  in p u t 

w ith  two equal in ten s itie s  is the  problem o f tw o peaks located a t 0 and  rr w ith  

equal d is tr ib u tio n  and  these tw o peaks co n tr ib u te  to  cancel each o the r. For the  

in p u t s ta te  w ith  the  lin e a r com bination o f num ber states, peaks a t 9d =  0 and tr 

are d iffe ren t: the d iffe rence phase d is tr ib u tio n  a round  the  peak a t th e  9d =  0 is 

greater than  the  d is tr ib u t io n  around the peak a t 9d =  tt as shown in  Fig. (19). 

The  area under th e  curve located around 9d =  0 is ab o u t tw ice as large a th a t
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under the curve located a t Qj =  | .  Thus, the con tribu tion  to  the s ignal from  

these tw o peaks w ill n o t cancel out and therefore, we can use th is  signal to  detect 

a phase sh ift inside a inteferom eter. Using th is  liner com bination o f num ber state, 

we im prove the se n s itiv ity  o f the interferometer.

For th is  state, we have calculated the expectation value o f J3 at the ou tpu t.

(  J 3out) a n d  ^  J 3out

<ii>j J3|c.-) =  — — ^ ( u 2( 2 ( n + l ) s i n 0 )) (4.1.10)
(1 +  \v\zY

(ii>| Jl \ iu )  =  —— \ —^ t { 2v2 cos2 o  +  (2r? +  2 v 2 +  i r (2  4- 8n +  4n 2)
( i  +  b i2)2

-t- u4(4 +  6n +  2n2)) sin2 <z>). (4.1.11)

The m in im um  detectable phase shift about o  =  0. the sensitiv ity  o f the in te rfe r­

ometer. is calu la ted to  be in  the order o f n

=  yS(l +  M-) 0 < L. < _L  (4.1.12)
v(2 (n  + 1 ) )  ~  y/ 2

We can find  th a t in  equation  (4.1.12) the sensitiv ity  o f the in terferom eter dete­

riorates as v approaches to  zero: this is the case o f the two num ber sta te  input 

w ith  the equal in tensities. Thus, the m i n i m u m  detectable phase sh ift in  equation 

(4.1.12) does m atch in  the lim itin g  case. For v =  the m in im um  detectable 

phase sh ift is

f o  =  5 < ^ T j  (4 X 1 3 )

The m i n i m n n  detectable phase sh ift is in  the order o f n  and the se n s itiv ity  o f the 

in terferom eter depends on the difference phase d is tr ib u tio n  a fte r the firs t beam
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sp litte r inside the in terferom eter; the sensitiv ity  is d ire c tly  p ropo rtiona l to  the 

ro ta tiona l w id th  o f the peak in  the difference phase d is tr ib u tio n . The narrower 

the w id th , the be tte r the sensitiv ity. However, as shown in  the num ber s ta te  inpu t 

case w ith  the equal intensities, i f  the difference phase d is tr ib u tio n  is sym m etric 

w ith  respect to  d j  =  we can not take the advantage o f narrower ro ta tiona l 

w id th . Now for the case o f linear com bination o f the num ber state, we have good 

sensitiv ity  because there is only one b ig  peak in  the difference phase d is tr ib u tio n  

after the firs t beam s p lit te r  inside the interferometer.

4.2 Quasi-Analytic approximation for the linear combina­

tion of number states

In order to  evaluate the difference phase d is tr ib tio n  fo r the large numbers of 

photons, we need to  approxim ate the equation (4.1.8). We notice the equation

(4.1.8) basically consists o f com binations o f three terms and the ir com plex conju­

gates: {9 \ , 6 2 \U \ \n ,n ) .  (9i,  9 2 \L \ \n  +  l . n )  and (9i.92\U i \n .n  4-1). F irs t, we wish 

to  approxim ate (6 \. d2 \U\\n.  n).

It̂ 'out) = = L111) -7?)

=  | Vo) +  IVx) (4.2.1)
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where we have

-  m = j  H )  1
l^o ) =  ~ c o s ( -~ ) Y .  for m ^ j  (4.2.2)

^ T 7 l= — j  '  •*

1 m = j

w  = 5 « » (^ )  E  c„(-iru .m >. (4.2.3)
m = —j

For the  phase state, we have

l«i.«2> =  r -  E
n i = 0  r i2 = 0

_  V ' '  f i 0 '( ® l+ ® 2 )  V '  e im (0l ~ 6i )  ( 4  2  4 )
2 -k ^z7r j=0 m =-j

where we have used j  =  5(7*1 +  712) and 777 =  | ( n i  — r?2) • Therefore, we have

- _  . m = ;

( O . A M  j :  ( 4 . 2 . 3)
^  — m = —j

We can approxim ate the  above equation by changing the sum in to  an in tegra l

E  / '  A n t - * , .  ~  ( 4-2 ,6 )
J 2 -  m 2 3m = - j

which w il l  be good approx im ation  fo r <z> 1. B y le tt in g  x  =  j .  the in tegra l in

the equa tion  (4.2.6) becomes

f J e~im,t>  - =  T j  d x e -'31* ------ -— r
J-j ( j 2 _ m2)i VJ J-i  ( l - x 2)J

=  v ^ ( 4 ^ ) ’ r ( i ) '/ i ( - j<>) ( 4 2 -7)

=  (4'2 -8 )

The  im ag ina ry  p a rt o f the  equation (4.2.7) is an odd func tion  and on ly  the real 

p a rt survives in teg ra tion . Therefore, we can replace <p by \<j>\. The equation
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(4.2.5) becomes

S im ila rly  we have

<«., W „ >  =  ^ ^ c o S^ . e - y “ ,' ^ , r ( | ) ( — J-JOI0 -  * | )  (4.2.10)

P u tt in g  the  equation(4.2.9) and (4.2.10) together, we have 

{ 0 \ ,0 i \U \ \n ,n )

-  ( i t o QOSf e'm+e,)T{l )

+  (4.2.11)

L e t ’s consider | ^ in) =  |n 4- l , n )  =  ” )• For the ou tpu t sta te  a fte r the

firs t beam s p litte r we have

| iW )  =  Ui\ty-m) =  Lri|n, n +  1)

=  Ux{ - J L = ) \n ,n )
V n  +  1

1 "  .t/v t
y jn  +  1

C/xai£/i C/i |n. n )

s / K + l y / 2
(a[ — ia.2 ) U \ \n , n)

1 ( a J - i4 ) ( |w o >  +  |v , ) ) .  (4.2.12)
\ /2 (n  +  1)

We need to  know how a{ and a\  operate on the the  state | j ,  m ) . W e know  how 

the the  creation and the  an n ih ila tion  operators act on the number state

a i |n 1,n 2) =  y /n x +  l j n x +  l , n 2) 

a2ln n n 2) =  \A *2 +  l | t i i ,  n 2 +  1). (4.2.13)
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From  the equation (4.2.13) and j  and m, j  =  \ { n \  +  n.2) m ~  \ ^ n i  ~  n2 '̂ we 

o b ta in

* \  I J *m ) =  \ J  +  ™■ +  1 1 j  +  ^  m  +

4 | j \  m) =  vj  -  m  Hr 1 | j  +  m -  ^ ). 

Using the equations (4.2.14). we have for \v0m)

i ^ o u t)  =  f-' l  Iw in )

=  Lri |n  +  l . n )

1 , ~ j  r mTp    7, 1/ */ \ I X  - / , I MM I 1 I .» I

2 \ - ( j  + 1 )  "  m = - j
COSC— ) { Y ,  Cm\'J +  ™ +  1\j +  2 'm

m=J   1 1,
0 ' m +  9 '+  X I  V J m  +  +  O' 777 ^

m=-]
m=j1   1 1- I  Y  cm( - l ) mv ; - m  +  1|j +  - . m - - )

m = — J

m=}   1 1
- i  X I  Cm(-V)my  j  -  m +  l \ j  +  - . m  -  - } }

m = - j

I f  we pro ject the |t/out) onto the phase state, we have

( 0 1 . 0 2 |T-’o u t)  =  (^ 1 -  ^21^*1 l ^ ’in )

=  {91. 1  jn +  1. n.)

C O S ( ^ ) e - U + i ) < * ~ * > {

4!TV 2 ( j  +  1) 2
m=j

m = - j  

7 7 1 = 7

m = —j
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(4.2.15)



m = ]

m=—j  
m=]

- i  Y  - m .  +  l } .  (4.2.16)
m = - j

We want to approxim ate the equation (4.2.16) by tu rn ing  the sums in to  integrals. 

For the first term , we have

m = j

e— ^ , / i + m + i  «  \ l -  T  d m e ~ lTnd>

1 +  m  . i m
J . x  =  —

T.=-i v sr y - j  ( j  m  ) 4

% J l  [ J dm.e - 'mo(3-— ^ - ) ‘
V 7T J - j  j  — m

l~2 r 1 1 -t- r  i
=  ( j ) \ / - /  d x e - ' i xo(-  -)4. (4.2.17)

y — j - 1  l  — x

The integral in  (4.2.17) can be expressed in  term s o f a Kum m er function [231.

M (a ,b ,  z) =  ----- -2 l-6 e2* / '  (1 -  t ^ ' V l  +  t )a~ l e ^ d t .  (4.2.18)
1 (a ) i  (o — a) J -1

Com paring the equation (4.2.17) and (4.2.18). we find tha t in  our case we have

z =  —2 i jo . a  =  |  and 6 =  2 and the first term  in  the equation (4.2.16) becomes

m= j ---------------- 2 i i v - i n - i  t
£  cme - " " V j  +  m  +  1 ( V )  ( ; ) 5 r lo )  2, - 2 i j o ) .  (4.2.19)

m = — j  yl v /

Sim ilax ly for the second term  which is different from  the firs t te rm  by e'~°. we 

have

£  V7 + ^ T l = <2j) (|)tr(f )̂ (t>̂ l - . )jt/ ( | )2._2ij(o -  -)).

(4.2.201

Com bin ing the equations (4.2.19) and (4.2.20) we have

i  e-*£ *e-«'0’+£)<®i+«») 7T7 r ( S ) n ^ )
< ^ ^ 2|a i l { |0 o> +  N v ) }  =  ( « z )  , ■ ------------ c o s (— -) n o /

27r + ^
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2, - 2 ij(4> -  t t ) ) } .  (4.2.21)
4

For the third term in the equation we have

J I---------------  / 2 rJ 1 ---------
Y ,  Cme-™*yj j  -T77. +  1 % J -  e- " " *  —  ~ r  yj3 ~  m  dm

m = -j V n J - ]  ( j 2 — m 2)*

2 r 3 . —imd> (3 ~  m a  _ rn-  I e- tm0( - --------'■)* dm. x  =  —
tt J - j  j  +  m  j

=  U ) ] j l  [_  - X ) i ( l  + x ) - i  (4.2.22) 

C om paring  to  the equation (4.2.18), the equation (4.2.22) becomes

m = j

E  -  m +  1 «  (2j ) ) J -  ^r '{2 ^ ' e ^ M { - . 2 , - 2 i js,) .  (4.2.23)

S im ila r ly  for the last te rm  which is d iffe ren t from  the  th ird  te rm  by etx®, we have

m= j   P? r ( - ) r ( ~ )  i
cme-im(0-7r)y 'j  - m  +  1 «  ( 2 -p^2^4 e'-,(g>~~)i;\ / ( - ,  2. —2 i j ( o  — ~ ) ).

(4.2.24)

C om b in ig  the equation (4.2.23) and (4.2.24), we o b ta in

7 tt7 T ( 2 ) r ( 2 )
<0i,02|a2l{lvo) +  1 ^ ) }  =  f c ) -------- /- ■ -  — cos^ ~ f i r T ~

Z/l \ l * { 3  +  1)

{e ,J* M ( ^ ,  2, —2 ij<t>)

+ e u (0 -^ )M ( i ! 2 , — 2zj(<^ — tt) ) } .  (4.2.25)

From  the  equations (4.2.21) and (4.2.25), we have

7 ev * e - ib-4)(0i+*2) r ( ^ ) r ( 5 )
(e i ,e 2 \ o \ - i a l \ { \ i p 0) }  =  ( — )  y - -  ----- cos (— ) —j, 4 ■

27r y n ( j  +  1)
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{ e " 3 * A / ( | , 2 , - 2 y 0 )  

- z e ^ M ( ^ , 2 ,  — 2 ij<t>)} (4.2.26)

Using M(a,b . z) =  ezM{b — a.b. —z ) and T(2) =  1. the equation (4.2.26) becomes

j et(j+ £ )0 e -*C7+5)(0i+02) nj  3 5
<«„«2lM-ioJ)l{W} = ( £ ) ------- = = = = = — cos(f ) r ( - ) r ( - )

2 \ / n ( j  +  1) 2 4 4

{ e-«(2j+i)^M (3  >2, 2i jo )
4

- z A / ( - . 2 . - 2 z j< p ) } .  (4.2.27)
4

S im ila rly , we have

( ^ . 0 2|(al - z 4 ) | { K ) }  =  ( £ ) ------------- = _ ------------c o s ( - ^ ) n - ) n - )
2*  V'ttO +  1) 2 4 4

M ( ^ X 2 i j { < t >  -  t t ) )

—zA/(^ .2 .  —2 0 ( o  -  tt) ) } .  (4.2.28)
4

F ina lly , p u tt in g  everyth ing together, we have 

{6x.e2\ A - i a \ \ ^ )  *  ( f ) cos ( ^ ) r ( | ) r ( ^ ) e - ^ * > (fl̂ >
2?r \J<3 + 1) 2 4 4

{ e«-0-+ i)^ {e-<(2i+ 1)̂ M ( ? t 2 ,2ij<p) ~  z’A / ( 2, —2z j o ) }  

+ {e i (J'+§)(«,- >r ) { _ ie - i (2J+ i) ( * - ,r) M ( - .  2 . 2z j(o  -  - ) )4

- i * / ( | , 2 , - 2 i j ( 0 - > r ) ) } } .  (4.2.29)

Sim ila rly  fo r the  case o f |n, rz +  1) inpu t state, we have

(01,021a*-t<4Ww> «  ( f ) ^ = L = c o s ( ^ ) r ( | ) r ( 5 ) e - ‘^ i> (» '+s=l
27r V ^ 0 ' +  1) 2 4 4
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{e<W+i ) * { - i c - <(2j‘+ l) * A / ( ^ 12 , 2ij<t>) +  M (^ .  2, -2 ij< j> )} 

+ { e< (j+ |)(* -» ){_ e-<W +i)(^-ir)A/ ( ? t 2. 2 i j { o  -  - ) )

2. —2ij(4> — 7t ) ) } } .  (4.2.30)

Now we have approxim ated all three term s and we have done a com puter sim­

u la tion  o f the difference phase d is tr ib u tio n  based upon these approxim ation  for 

the large numbers o f photons. In  Fig. (20). those reu lts are p lo tted and they 

show rough ly  the same difference phase d is tr ibu tion ; one big peak at da =  0 and 

a sm all peak at —  t t .

74

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



200

p m

P { 6 d)

175

150

125

100

75

50

25

63 5421

200 

175 

150 

125 

100 

75 

50-  

25 •

P{Bd)

0 . 0 2  

60-  

50;  

40 ■ 

30 • 

20 ; 

10̂

9d

( b )

0 . 0 4  0 . 0 6  3 . 0 6 0 . 1

(c)

ed
3 . 0 5  3 . 1 5  3 .2

F igu re  20: The  difference phase d is tib u tio n  based upon psuedo a n a ly tic  approx­

im a tio n  fo r n  =  1000 and fo r v =  ; a) difference phase d is tr ib u t io n  for

Q <  6d <  2tt b) difference phase d is tr ib u tio n  around 9d =  0 c) d iffe rence phase 

d is tr ib u tio n  around 9d =
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C hapter V

5 T he effect of losses

5.1 Changes in the phase distribution due to losses

So fa r our discussion has been confined to  the case o f lossless s itua tio n . In  th is  

chap ter we deal w ith  effect o f losses on the difference phase d is tr ib u tio n . For 

th is  purpose we begin by choosing the  cosine difference state to  s tu d y  how losses 

w il l  change the  difference phase d is tr ib u tio n . L e t us consider a fie ld  mode in  an 

in it ia l state p(0) which is coupled to  a loss reservoir. The density m a tr ix  obeys 

the  m aster equation

dp " V i *  i
—  =  ■ •̂(2 apa' — a'ap — pa'a). (5.1.1)

We w ish to  evaluate the phase d is tr ib u tio n .

P(d i . e 2) =  - ^ ( d l .e.2 \p ( t ) \0 i - 0 2). (5.1.2)
4 a

A t t  =  0 we assume the state o f the  system is in  cosine difference state

2 N
| cosOtfr) =  - — 5 3  s in [(n  +  l ) 6 f f r ] \ n ,N  -  r )  (5.1.3)

+  “  n = 0

where r  =  1 , 2 , . . . ,  iV +  1. We w il l  use the r = l  cosine difference phase state

2 N
| cos0pr\) =  - 5 3  ^ [ ( n  4- l)# jv i]|rc .iV  — 1). (5.1.4)

*V +  ^  n=0

7 6
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T h is  sta te  has a precise phase and its  difference phase d is tr ib u tio n  has a narrow 

peak a t 9& — 0. Using th e  equation (5.1.4). we would like to  s tudy  how  the single 

peak changes due to  losses as tim e progresses. A t t  =  0, we assume the state to  

be in  | cos flyvi)- Thus, we have for the fie ld density operator a t t  =  0

p( t  =  0) =  | COS0jvi)(cOS0jvi|

=  M  ~ 0  5 Z  S  s in K n  +  l ) ^ i ] s i n [ ( n '  +  l ) ^ l ] P r l l n'l ( 0 ) p n 2n ^ ( 0 )  ( 5 .1 .5 )
iV  +  1  n = 0 n '= 0

where (0) =  In iX n 'J  =  |n )(n '| and T7n2ni(0) =  |n2)(rc2-| =  |JV -  n ) ( X  -  n'\. 

F rom  the above equation, we ob ta in  the time-dependent fie ld density  m a trix

p(t)  =  I COS0jvi(t))(cOS0,vx(t)|

£  £  s in [ ( n  +  ^ ^ v x l s i n ^ n ' 4 - l ) 0 v i ] ' ? ( O n l n'1'7 ( ^ ) n 2„ i  ( 5 .1 .6 )

where

;V+2 n=0l>,=0

n - ■ » ! -  t (1 „  ■ - (5.1.7)
/= 0  ' ■

and

(1 -  e- * ) 1
rim < w  =  15.1.8)

1=0 L

come from  the so lu tion  o f equation (5.1.1). Using equation (5.1.6). equation 

(5.1.2) becomes

P<-e i ' e^  =  xf.'V  +  2)

( l E E E  sm[(r> +  1)0N1] sm[(n' +
ln = 0  n '= 0  /= 0 fc = 0

(1 _  e- ^ ) l+k (  n \ n ' \ { N  -  n )!( iV  -  n' \)  \ 1/2
l \k\  \ ( n  -  /) !(n ' -  l ) \ ( N  -  n'\ -  Ar!)(iV - n - k ) \ t
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F igure  21: T he  changes in  the phase d is tr ib u tio n  due to  losses for cosine difference 

state.

In  F ig . (21), we have p lo tte d  the above equation and find  th a t phase d is tr ib u tio n  

gets q u ic k ly  broadend as tim e  progresses due to  the losses:when r  =  71 is 2. 

then the  difference phase d is tr ib u tio n  fla ttens out. We w ish to  have an ana ly tic  

a p p ro x im a tio n  about how  fast the sharp phase d is tr ib u tio n  spreads ou t.

W e w a n t to  examine the effects o f the losses on the  phase o f the  s ta te  by 

f in d in g  th e  expecta tion o f  the  operator E -  as a func tion  o f tim e. We define E -  

to  be ex<t>, E -  =  el°.  I f  K-E1- ) !  is close to  1, then the phase is well defined, i. e. the 

phase d is tr ib u tio n  has a sharp peak, bu t i f  i t  is s ign ifican tly  less than  1, then  the 

phase d is tr ib u tio n  is broad. We expect to  fin d  th a t the  losses cause an in it ia l ly
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sharp phase d is tr ib u tio n  to  spread out. and the question we w ish  to  answer is 

how fast th is  happens.

M u lt ip ly in g  equation (5.1.1) by £ L  and taking the trace o f b o th  sides, we find

tha t

— (£ ’_) =  ^r({2 (JE-.a — E-.a*a — a la E - ) ) .  
at  2  '

Using the fact th a t

E - N  =  ( N  +  1 )£ _  a =  E - > / N .

(5.1.10)

(5.1.11;

where N  =  a*a. we fin d  tha t

2af £ _ a  -  E - N  -  N E -  =  { 2 a ' E - \ f N  +  l  -  (2 N  +  ! ) ) £ _ .  (5.1.12)

Furtherm ore, we have th a t

2 a * E - V N  +  1 -  (2Ar +  l )  =  2 V' . V ( A '+  1) -  (2.V +  1). (5.1.13)

which gives us

± ( E - )  =  1 ( ( / iV ( iV  +  1) -  (jV  +  ! ) ) £ . ) . (5.1.14)d V  ' " V  v ' v 2 '

A p p ly ing  the Schwarz inequality, we ob ta in  an upper bound fo r th e  deriva tive o f

( E - )  

< 7 [< (v 'iV (A ' +  l ) - ( A r + i ) ) 2) P
£<*->

(5.1.15)

F ina lly , no ting  th a t

V 2 , J N { N  +  1) +  ( N  +  ±)

^ N ( N  +  l )  +  ( N + \ ) )
(5.1.16)
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and that ^ N ( N  +  1) >  N ,  we find

d ' i  /  1 \ 1/2
W E- }\ “  4 \(2JV + I)2/ ' (o.i.iO

This  inequa lity  im plies th a t the ra te  at which losses cause the phase d is tr ib u ­

t io n  is re la ted in  a s im ple  way to  the photon number. For large pho ton numbers 

the  phase spreads s low ly  w h ile  fo r sm all photon numbers i t  spread quickly. There 

w i l l  be some dependence on the  exact form  of the number d is tr ib u tio n . In  par­

ticu la r, fo r tw o states w ith  the  same mean photon number bu t d ifferent phase 

w id th , the phase o f th e  sta te  w ith  the smaller phase w id th  w il l  diffuse more 

rap id ly . Th is  is because it  w il l have a broader number d is tr ib u tio n  im p ly ing  th a t 

sm aller photon num bers w ill have a greater weight leading to  a la rger deriva tive  

fo r <£_>.

In  order to  proceed we need to  find  the tim e dependence o f the righ t-hand  

side o f Eq. (5.1.17). T ak ing  its  tim e derivative we find

J t ( ( 2 A ' + i ) 2}  =  7 ( aT(2-V +  i ) 2 a — (2.V -i- j ) 2 )

Vs* 8 ra -2
~  n? o nPn” ( 2 n - f ) 2( 2 n + i ) 2 - ^ ’ L 1 8 )

T h is  can be expressed as

l ( ( S v ^ ) = 2 \ S M < n )(& T F ' ( 5 ' L 1 9 )

where

9(n )  =
2 n ( 2n  — | )  

(2n -  | ) 22 ‘ 
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T he  fu n c tio n  g (n )  takes its  m axim um  value o f 12 when n =  1. M ak ing  use o f 

th is  fact gives us the inequa lity

W , ' , V  (5.1.21)
dt \  ( 2 N  +  j ) 2 /  \ ( 2 . V + i ) 2 (

T he  fac to r o f 24 is rea lly  too large under most circumstances. I t  is a consequence 

o f eva lua ting  g (n )  a t its  m ax im um  value, which im plies tha t th is  facto r w il l  o n ly  

be accurate i f  the  photon num ber d is tr ibu tion  is peaked near n  =  1 where g(n)  

reaches its  m axim um . I f  the pho ton number is concentrated near large pho ton  

numbers, w h ich  is the case o f in terest, then i t  should be possible to  replace g( n ) 

by som eth ing close to  its lim it in g  value o f 1.

In  order to  take these considerations in to  account we sp lit the sum on the 

righ t-hand  side o f Eq. (5.1.19) in to  two parts an a pa rticu la r value o f n w h ich  we 

sha ll denote by n 0. Defin ing

™  ■

we have th a t

dJ L  -  9 -
dt. 1

^  g(n)  -  g {n 0) _ g {nQ) ~  g(n)  1

u V " ”  (2 "  +  i ) 2 J z + I  ( ° - n + i ) 2

<  2 'ys(n0 ) (Pno) +  2'yg(n0 )F, (5.1.23)

where

s (n 0) =  sup fo r 0 <  n <  n0r (5.1.24)
| (2n +  5) I
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and Pno is the p ro jec tion  onto the  number states conta in ing n0 or fewer photons, 

i. e.
n0

p no =  Y ,  ln X n l- (5.1.25)
n = 0

M aking  use o f the  fact th a t F  <  4, which follows im m ediate ly from  its  defin ition , 

the in equa lity  in  Eq. (5.1.23) gives us tha t

<  %ls(no){Pno) +  2?s(r?.0)- (5.1.26)

In te g ra ting  and then exponentia ting both  sides o f th is inequa lity  yields

F { t )  <  F ( 0)exp[2^ (n o)7< +  8s(n0b  /  dt ' (Pno(t ' ) ) ].  (5.1.27)
Jo

For large in it ia l photon number, we expect th a t (P „0) w ill be sm all ( i f  n,0 is chosen

to  be much sm aller than the mean number o f photons), so th a t the behavior o f

the exponent in  the above inequa lity  w ill be dom inated by the firs t term , which 

is approx im ate ly  2 t.

F ina lly , we can use the above result for F ( t )  to  find an upper bound for { E - ) .  

We have th a t

!<£■-(()) -  <£-(0))| < f ‘ d t  ^ ( E - ( t ‘ ))

<  -  t  d t ' J F ( f ) .  (5.1.28)
4 Jo v

In  the event th a t (Pno) is sm all the righ t-hand  side o f the above inequa lity  is 

approx im ate ly  given by

-  1). (5.1.29)
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T h is  should give a good estim ate o f how the  phase o f a state, which in it ia lly  has 

a large num ber o f photons, spreads.

5.2 Losses in a 2-m ode system

So far we have on ly discussed one mode system and we like to  extend discus­

sion in  (5.1) to  tw o mode system. For a tw o mode system we have A  =  Ex-E-i-r 

and A + =  E 1+ E 2-  and we like to  fine the expectation value o f A. {A) ,  as a fucn- 

t io n  o f tim e which is two mode analog o f E -  for the single mode system. For the 

master equation fo r th is  system, we have

=  ^ (2  a\pa\ — a [a ip  — pa\ax +  2a2pa\ — a \a2p — pa2a.2). (5.2.1)
dt 2

M u ltip ly in g  the above equation by A  and tak ing  the trace o f both sides, we ob ta in

— (,4) =  ^•((2a i.4a1 — A a ja i  — rzjaxA) +  (2<22-Aq2 — Aci2a 2 ~  02a2A))- (5.2.2)
dt 2

Now le t's  look a t the firs t three terms, 2 a \A a i  — A a \a x — a{ai,4. As in  the single 

mode case, we have

20^ 0 ! -  Aalax -  a \a i A  =  (2>/ lV 1(-V1 +  1) -  (2,V: +  1))A (5.2.3)

using the fact

A N X =  E x- E 2+Nx  =  {Nx +  1 )A  (5.2.4)

and

a \A a  1 =  \ J lyxEx+Ex-E 2+ E x - \J T h

83

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



=  J N i (N\ +  1 )A (5.2.5)

where N i  =  ajax. N ow  look a t 2 0 ^ 0 2  — A a \a 2 — a^aoA. S im ila rly , we find

2a lA a 2 -  A N 2 -  N 2A  =  A(2yJ N 2 (N 2 +  1) -  (2N2 +  1)) (5.2.6)

using the fact

N 2A  =  N 2E \ - E 2+ =  A ( N 2 +  1) (5.2.7)

and

a2Aa2 =  y  ] \ 2E 2+ E i - . E 2- y  N 2

=  A y  ( A 2 +  \ ) E 2^ E 2-  A 2

=  -4V: (N"2 +  l ) ( .v 2) (5.2.Si

where N 2 =  a\a2. Therefore, we have an upper bound fo r the  derivative o f (.4) 

a fte r app ly ing the Schwarz inequa lity

T A
■ d t

=  j  j^ ( 2 v/.V i(.V 1 +  1) -  (2-Yx +  l ) ) -4y  +  { A ( 2 y N 2 ( X 2 +  1) -  (2A2 -  1) ) }

<  7 vW i( jV 1 +  l ) - ( . V 1 +  - ) )

\  1/2 /

( V 2(^2 +  1) — (*'v2 +  9 ^ " }
1 21

1
(2iV1 +  i )2,

+
1

1/ 2 '

(2jVx +  \  ) 2 /

T he  equation (5.2.9) is essentially the same as the  equation (5.1.15) and can be 

trea ted  in  the same way as before. So i f  we have

(5.2.9)

F j ( t )  =  (
(2 N j  +  1)2 > (5.2.10)
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then

F j { t )  <  F j(0 )e x p  2g(no),yt +  8s(n0)7 f  dt ’ { P ^ { t ' ) )  
L J  0

where
no

^ ’ = E  l»l)<n.l®/2
n i = 0

and s im ila r ly  fo r Pj®
no

PS  =  £  K X ^ I  ®  A-
712=0

F ina lly , p u tt in g  everyth ing together, we have

M W )  -  c<4(o))i <  £ < v \4 j(m ) \

<  j / o‘ * ' ( v /f ) F )  +  v ^ F ) )

(5.2.11)

(5.2.12)

(5.2.13)

(5.2.14)

5.3 C om parison o f th e  effect o f  losses for two different

sta te s

In  th is  section we would like  to  compare a coherent s ta te  and a sta te  w ith  

well-defined difference phase to  examine the effects o f the  losses on the phase of 

state . For a s ta te  w ith  well-defined difference phase we take

Itf)  =  v Y ,  s in ( -T r ) l” )
n = 0  iV

(5.3.1)

where rj is a constant to  be determ ined from  the no rm a liza tion  requirement.
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Then, we have

N - l
t:in^ (

N(iai-0) =  i  =  v2 Y , sin2 ( -£ )
n = 0

=  W  5 K 1 - cos(-T7-))- (5.3.2)
Z n = 0  iV

The sum m ation o f cosine term  in  the equation (5.3.37) is evaluated

/27rn i^ 1 2rxn ( e2̂  — 1 \
Y  cos ( “ v “ ) =  Re Y  e v =  —IE   =  0- (0 .3.3)
n = 0  iV  n = 0  \  e  s  -  1 J

Using the above equation , we find

A'—1
c i n ^  (

Nn = 0

=  o7? Y ( 1 ~ cos(^ r V
n = Q  iV

=  ^ r ? N  (5.3.4)

so th a t the no rm a liza tion  constant is 77 =  y  . For the mean photon numbers in  

th is  state, we have

('ip\n\ip) =  ^  Y  nsin2 ( I T )  =  T f Y  n  f 1 ~  cos( ^ ) )  (5 '3 -5 )
* V n = 0  * 1 n = 0  X 1 '

In  order to  ca lcu la te  the equation (5.3.5), we need to  evalute the n . c o s ( ^ )  te rm  

in  the  sum m a tio n  and we have

/27rn 2£in (  d  A 1
Y  n c o s { — - )  =  Re Y  ne s =  Re ) TT Y  e 1* = ^  f • (o.3.6)
n=0 iV n=0 l UA n=0 ‘ J

A fte r  sum m ing the  equation (5.3.5) over n and d iffe ren tia ting  and evaluating the 

expressing a t A =  ^ ,  we have

d eXN - 1  N e XN(ex -  1) -  ( e ^  -  l)eA| N  „
 =   r - r --------- j =  " IE -----7- (o .3 .0

A=22i (e ■*•) I e  -v — 1d \  ex — 1
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For the real part of the equation (5.3.7), we have

Re
N N ( e ^  -  1) I _  iV 

2 ( l - c o s ( f ) ) l  “  2—  1 e *v — 1
=  Re (5.3.8)

W ith  the above equation and the equation (5.3.6). we find  the mean num ber of 

photons in  th is  s ta te  to  be

(U \n \v )  =
. V Q V - 1 )  . .v

9 ' 9

N
~ (5.3.9)

S im ila rly  we have fo r the difference phase operator

J V - l rrr?. . ~{n  -+- 1),

.v - i

- n = 0

cos ( — ) — COS
A

7r(2T7 - r  1 )

!v (5.3.10i

From

y c o s i ^ 2^ ) =  ^ - 0 ,5 -3111
n=Q

we ob ta in  the expecta tion  value for the difference phase operator

( t i f T - l c )  =  c o s ( - ) . (5.3.12)

We have

1 -  K v | £ - ! v ) | 2 =  1 -  cos2^ )  ~  1 -  (1 -  i ( ^ ) 2)2 -  ( ^ ) 2. (5.3.13),2\2 / “ \2
2 :V .V

Therefore, we have for the m in im um detectable phase sh ift for th is  s ta te

A<p =  ( i - | ( v |£ - b > l 2) 5 =
7T

N '
(5.3.14)
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For a coherent state |a ). we have for the mean of difference phase state

— -7= (1  -  - p )  (5.3.15)
\ Jn  An

where n  is the mean num ber o f photons in  this state. For the coherent state . 

the m in im um  detectab le  phase sh ift is in  the  order o f 1 j  y/n

A© =  (1 -  |(u’|£_|^')l2)- 

1

(5.3.16)
\/2w

A t  t  =  0 the sta te  w ith  a well-defined difference phase has a se n s itiv ity  o f 1/ n 

w h ile  the coherent s ta te  has a sens itiv ity  o f l / y / n .  Now we want to  fin d  how the 

upper bounds fo r the  difference phase change for these two states as a function  

o f mean num ber o f photons. From  the equation 5.1.17. we have

v 1 '2
d  ■ 7 /  1 '
d t ^  ~  4 \ (2 iV  +  i)'2 /

For the  coherent s ta te , we ob ta in  the expecta tion value o f Glv+ 4 )2 ’

OO I I 2Tl

and fo r the sta te  w ith  a well-defined difference phase, we have

= l l Si“2(^ ) U ’ + Jn + l )  (5-318)
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F ig u re  22: P lo t o f  ( ,0v ' -m2) 35 a fu n c t i ° n  ° f  the mean num ber o f photons. (A').

In  F ig . (22), we have p lo tted  equa tion  (5.3.17) and (5.3.18) as a function  o f 

the  mean num ber o f photons. ( N ) .  For a sm all num ber o f photon numbers.one 

to  e igh t photons, the  coherent s ta te  has bigger upper bound in  the  change in  

the  phase. For large num ber o f p h o to n  numbers, the  sta te  w ith  a well-defined 

d ifference phase has a bigger uppper bound and it  means th a t the phase noise in  

th e  sta te  w ith  a well-defined phase is increasing faster than  in  the  state whose 

phase is not as well-defined. T h is  suggests tha t for la rge photon-num bers states 

w ith  very sharp ly  defined phases, w h ich  are in tr in s ica lly  quantum  mechanical, are 

m ore  susceptible to  the  effects o f losses than  are classical states, such as coherent 

states.
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Chapter VI

6 C onclusions

A p p ly in g  the  quantum  phase form alism , we have studied the re la tion  between 

the phase d is tr ib u tio n  o f the  quantum  state inside an interferom eter to  the sen­

s it iv ity  o f in terferom eter. Follw ing the classical analysis, we have studied the 

effect o f q ua n tu m  am p litude  squeezing o f inpu t beams on the sens itiv ity  o f in ­

terferom eter. Classical analysis predicted th a t difference phase squeezing can be 

achieved inside the in terferom eter from  am plitude squeezing o f the in p u t beams 

as long as phase fluc tua tions o f the in pu t beams are less than For th is  purpose 

we have em ployed squeezed states as in pu t beams. For th is squeezed state, we 

have s tud ied  the  re la tion  between quantum  am plitude fluc tua tion  and sens itiv ity  

o f the in te rfe rom eter and we found th a t as we squeezed the quantum  am plitude 

fluc tua tions up  to  the p o in t o f m axim um  squeezing, the  sensitiv ity  o f the in te rfe r­

om eter im proved. We also found th a t a t the m axim um  am plitude squeezing, the 

phase flu c tua tion s  in  the in p u t beam were well below  j .  The quantum  analysis 

confirm ed the  classical one; the sens itiv ity  o f the in terferom eter depends on the 

phase d is tr ib u tio n  o f quan tum  state inside the in terferom eter, and the sharper 

the w id th  o f the  peak in  difference phase d is tr ib u tio n , the more accurate the 

in te rfe rom eter i f  there is o n ly  one peak.
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We also have looked a t the case o f  an input state consisting o f tw o  number 

states w ith  equal in tensities (for which the  am plitude fluctuations axe zero). From 

our analysis, we have found tha t se ns itiv ity  o f the in terferom eter depends not only 

on the w id th  o f the peaks b u t also on the  number o f peaks and th e ir  locations. For 

example, narrow peaks can provide poor sensitiv ity because th e ir con tribu tions  

cancel. For the num ber sta te  inputs w ith  equal intensities, there axe tw o  identical 

sharp peaks a t 6d =  0 and 6d =  x  w ith  the w id th  o f each peak o f o rder o f 1 /n  

where n  is number o f photons in  one o f the inpu t ports. However, because of 

the locations o f the peaks, the ir con tribu tions to the sensitiv ity  cancel each other 

to ta lly ; there is no signal to  measure. I f  we have one narrow  peak a t either 

6d =  0 or Qd =  7r, we could have taken the advantage o f the sharp peak in  the 

difference phase d is tr ib u tio n . O r i f  we have two peaks located a t 64  =  0 and 

0d =  tt w ith  d ifferent height, then th e ir  contributions no longer cancel each other. 

We have found th a t fo r in p u t state w ith  a linear com bination o f num ber states, 

there are two peaks a t zero and x  and the peak at zero is higher th a n  the peak 

at x.  Therefore, th e ir  contribu tions do not cancel each other to ta lly . Thus, for 

th is  in p u t state, we could u tilize  the  narrow  w id th  o f the peaks and  found the 

accuracy o f the in terferom eter is in  the  order o f 1 /n  where n  is th e  number o f 

photons in  one o f the in p u t ports o f the  inpu t beam.

F ina lly , we have examined the ro le o f losses. As expected losses degraded 

sens itiv ity  and we gave an estimate fo r the relation between these quan tities . We
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have determ ined re la tio n  between how  great the losses are, and how much the 

accuracy is degraded. We also have found th a t fo r large photon numbers, the 

effect o f losses on a s ta te  w ith  a sha rp ly  peaked phase d is tr ib u tio n  is larger than  

on a s ta te  whose phase is less well defined.
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