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Abstract

HON-PERTURBATIVE METHODS IN HAMILTONIAWN FORMULATION-OF FIELD THEORIES
by
Arunabha Guha

Adviser: Professor B. Sakita

We discuss two ﬁon-perturbative approaches, namely, the WKB
approximation and collective field methed in the framework of iamiltonian
formulation in field theories. The first part of the thesis consists of
the appiication of a combined WKB and variational method to compact
quantum electrodynamics in three space-time dimensions. The ground
state wave-functional and energy are derived as also the shift in the
energy due to the presence of external static charges. In the second
part of the thesis, we formulate the collective field method in canonical
Hamiltonian formalism and apply it to O(i{) Heisenberg spin-system in two
dimensions. The wass-gap and the beta-function are derived for large W.
Introduction of the collective field in Lagrangian path integral forma-

lism is also discussed and 1/N corrections computed.
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I. INTRODUCTION AND SUMMARY.

Since the success of gauge theories in explaining
weak and electromagnetic interactions(]) and the observation
that, at short distances, hadrons behave like a collection
of almost free, point-like particles, it is rather widely
believed that the theory of strong interactions must be an
asymptotically free gauge theory(z). The most promising can-
didate seems to be Quantum Chromodynamics (QCD), a gauge model
of quarks and gluons based on gauge group SU{(3). This is
perhaps surprising since no experimentalist has ever seen a
quark or a gluon which are the fundamental fields in QCD, nor
has any theorist succeeded in calculating any hadron parameter
starting from first QCD principles. What persuades the funda-
mental field theorists, at least, is that, of all renormali-
sable field theories, only non-abelian gauge theories with a
certain maximum number of species of fermions are asymptoti-
cally free which seems to be essential for explaining the
observed scaling phenomena.

Despite the success of QCD for short distance pheno-
mena, there is still a very difficult question: why is it that
we never observed colored objects? In spite of all the efforts
the answer, namely, color confinement, is still far from being
reliably proved. The difficulty is that the color confinemenp
being a typically large-distance phenomenon, cannot be obtai-

ned by direct pert:iwrbation theory since QCD is a theory where



coupling constant increases with distance scale (infra-red
slavery). There has been many attempts to circumvent this
difficulty. The MIT bag mode1(3) of hadrons, the semiclassi-
cal approach by Callan, Dashen and Gross(4) using 1nstanton(52
the lattice gauge theory pioneered by wﬁlson(ﬁ) are a few
examples of the various non-perturbative approaches.

The MIT bag model is basically a phenomenological
model in which an energy functional, depending on a few para-
meters, i1s chosen so as to be consistent with a physical idea
that the normal vacuum expels color fields and quarks. When
applied to the essentially static problem of low-lying hadron
spectroscopy, one obtains a mass-formula which yields a good
fit to a surprisingly large number of masses. The disadvan-
tage of this type of treatment is that the starting point is
not really a satisfactory quantum theory, and one therefore
does not know how to compute quantum corrections or how to
deal with non-static problems. Also, not being QCD, the model
will not possess asymptotic freedom and will be unable to
incorporate scaling in a natural way. Besides, the model has
explicit chiral symmetry breaking and thus cannot naturally
account for the pion or the successes of PCAC (partial cons-
ervation of axial-vector current),

An attempt to rectify these problems was made in
the work of Callan, Dashen and Gross which provides a nice
qualitative picture of hadrons as a bubble in a dense insta-

nton liquid. Thus it is basically an attempt to "derive"



something like a bag model from QCD which then should have

the best of both worlds. However, there are several unresolved
problems such as how to control the severe infra-red diverg-
ences and most importantly, whether the known instanton field
configurations are in principle sufficient to lead to the
picture of color confinement.

Another promising attempt seems to be the "lattice
gauge theories" in which the ordinary space-time is divided
into a four dimensional lattice. An action on the lattice can
be defined and quantities like the Green's functions {(corre-
lation functions in the euciidean version) can be computed
numerically. Essentially the finite lattice spacing‘provides
a cut-off and this is just another way of regqgularising the
divergences of the field theory. At the end of the calculation
the original continuum theory is recovered by letting the
lattice spacing go to zero. Strong coupling expansion is us-
ually easier in the lattice formulation and confinement has
been demonstrated in this limit. However, there are still some
crucial questions to be answered. Does this strong coupling
confinement survive in the continuum weak coupling limit or
does the theory undergo a phase transition at some critical
coupling constant ? Is the strong coupling behaviour compati-
ble with the weak coupling asymptotic freedom we get from the
continuum perturbation theory ? How does one, in practice,
incorporate fermions on the lattice ? All these problems are

now being attempted(7) and the main hope seems to lie in the



various numerical calculations being done on computers. But
till now only a very few reljable numerical results are avai-
lable and one has certainly to wait for some time for a con-
crete overall picture to emerge.

In this thesis, we attempt to develop the canohica1
Hamiltonian formulation for field theories including gauge
theories keeping in mind that a suitable non-perturbative
approach is necessary for answering questions like confinement,
dynamical mass dgeneration, etc. Specifically, the two non-per-
turbative approaches we investigate in this thesis are WKB
approximation and collective field method.

Ever since the existence of multiple vacua(g) in
Yang-Mills theory was discovered, it was conjectured that there
might be tunnelling between these different vacua and the true
ground state might be a superposition of all these different
vacuum states. This tunnelling phenomenon in gauge theories
was formulated in terms of the saddie-point approximation of

(4,9) of gauge

the euclidean functional integration formalism
theories. These saddle-points are obtained as the solutions
of the classical field equations with euclidean metric. They
are extended solutions in euclidean space-time and are known
as "instantons"(s), sometimes also referred to as "pseudo-
particles". This method of euclidean functional integral is
advantageous since many techniques of statistical mechanics
can be used and also Lorentz covariance is explicitly main-

tained. However, it is rather difficult to get the physical



intuitive picture of the tunnelling phenomena, which are
familiar to us in non-relativistic quantum mechanics using
the language of wave-functions and Schrodinger equation. The
main problem to discuss field theoretic tunnelling in this
language is that field theory has essentially infinite degrees
of freedom and so one has to know how to handie wave-function
with infinitely many degrees of freedom (i.e, wave-functional).

Since quantum mechanical tunnelling is most appro-
priately described by WKB approach, Gervais and Sakita(]o)
developed the WKB method for constucting wave-functions for
many-body systeins. The main idea was that the instantons,
being classical solutions with imaginary time, are nothing
but tunnelling events in the Minkowski space. So the WKB wave-
functions are constructed by including quantum fluctuations
around the instanton solution.

In the first part of the thesis we follow the pro-
cedure for constructing the ground state wave-functional of
compact quantum electrodynamics in three space-time dimensi-

(.

ons The model we have in mind is the Georgi-Glashow theory
of weak and electromagnetic interactions based on gauge group
S0(3) which, in the four dimensional version, has magnetic
monopoles discovered by 't Hooft and Polyakov(]z).lThe static
monopole is an instanton in the three dimensional model and
Po]yakov(}3) showed that this model is equivalent to a three
dimensional Coulomb gas. The key point is to take the long-

range interactions between the pseudo-particles into account



which generates a mass-gap that vanishes non-analytically as
the coupling constant tends to zero. The same phenomenon takes
place also in the three dimensional abelian lattice gauge
model as was demonstrated by Banks, Myerson and Kogut(]aa).
That the occurance of multiple classical vacua is
implied by the existence of instantons in this model is clear
if one goes to a particular canonical gauge (for example, the
A0=0 gauge). The different vacua are labelled by an integer
n and an instanton (corresponding to a magnetic monopole of
charge unity) takes the system from a nth to (n+1}th vacuum
when the euclidean time t goes from -~ to +=. So we construct
the ground state wave functional in the classically forbidden
region by the straight-forward WKB method. The main idea is
to use collective coordinates. To explain how it works, let
us assume that the Hamiltonian is invariant under a symmetry
group G (which may contain gauge transformations, translation,
etc) which has parameters denoted by the set {w™}. Let us
assume that the instanton solution, denoted by ¢i(§,x4=r)
breaks the invariance under G completely. The idea of collec-
tive coordinate is to reestablish the symmetry by introducing
the parameters " of G as dynamical variables, since we know
that the tunnelling will connect the different vacua and the
true ground state will be a superposition of all the differ-
ent vacua. The extra set of dynamical variable »® are needed

because the degrees of freedom associated with symmetry trans-

formations having no restoring forces can undergo arbitrary



large fluctuations and this cannot be treated by the usual
quadratic approximation. However, these set of variables w”
are not sufficient if one has tunnelling from one vacuum to
another, since in that case there are other large fluctuations
which are not symmetry transformations. To handle this, we
introduce the euclidean time 1t as a real dynamical variable
which describes the essential part of tunnelling. One can
then follow the standard WKB procedure to construct the ground
state wave functional. However, the existence of massless
particles show up in the fact that the wave functional is
rather flat in the directions of the infra-red modes and we
end up with a result which is the same as would have been
obtained by a dilute gas approximation in the euclidean func-
tional integral method where pseudo-particle interactions are
neglected.

The reason that the straight-forward WKB method for
this model is not quite satisfactory lies in the fact that
the long range infra-red modes are not treated properly. To
overcome this difficulty, we propose a modified WKB-variatio-
nal treatment which treats the low-freduency modes correctly.
The essence of this method is to use a modified Hamiltonian
with constraint. The constraint just reflects the fact that
there are instantons and anti-instantons in the theory. When
we find the WKB wave-function by quantising around the inst-
anton, the constraint is automatically satisfied by the clas-
sical solution. However, we now demand that the constraint

be satisfied by the complete field variable including quantum



fluctuations. Thus, although we neglect the pseudoparticle
interactions at the classical level, the quantum fluctuations
automatically takes this into account. This is not unusal in
quantum field theory. A familiar example is the 0(3) non-lin-
ear sigma model. Here the multi-instanton exact solutions are
known. The instantons do not interact classically. However,
when one computes the euclidean vacuum-to-vacuum transition
amplitude in the two-instanton sector(]a), one finds that the
instantons interacts through quantum fluctuations. The reason
is that in this model the constraint (32=constant) is satis-
fied by the total 5 field.

Let us point out that the variational procedure we
use is not quite the standard variational method in quantum
mechanics where one makes an ansatz for a trial wave-function
and minimises the expectation value of the Hamiltonian in this
trial state. We modify the Hamiltonian itself with constraint;
the wave-function is a solution of the Schrodinger equation
with this modified Hamiltonian. Since we use a Lagrange mult-
iplier for introducing the constraint, the wave-function now
depends on the Lagrange multiplier which we determine at the
end by minimising the expectation value of the modified
Hamiltonian. We show that the ground state energy obtained
this way is the same as the expectation value of the original
Hamiltonian in the given state. Our method is equivalent to

the ordinary variational procedure in quantum mechanics in

the sense that the energy obtained is an upper-bound for the



true ground state energy and agrees completely with Polyakov's
result obtained by steepest descent approximation to the
euclidean functional integral.

In the second part of the thesis we persue yet
another non-perturbative approach which is the collective

field method(]s).

The motivation is the following. In the WKB
method for realistic four dimensional gauge theories like QCD,
even if one could control the infra-red behaviour, it is not
clear that the instanton field configurations alone will lead
to color confinement. In fact, people have tried to include
other singular field configurations (for example, merons(16))
in order to derive confinement. Besides, there are other com-
plications due to topology in discussing which are the impor-
tant relevant regions of field space in non-abelian gauge
theory. For example, the phenomenon of Gribov ambiguity(‘y)
implies that the standard gauge fixing is incomplete in the
sense that one might inadvertently count equivalent field
configurations many times and entirely miss some others. So
it seems important to develop an approach which deals only
with gauge invariant operators, so that gauge fixing ambigqui-
ties do not aries. Collective field is precisely such an
approach.

Another motivation for using collective field is
that it seems to be a natural framework for discussing 1/N
expansion. 't Hooft(]a) first demonstrated that the two dimen-

sional U(N) quantum chromodynamics can be realised as a model

for mesons in the limit No~, This is achieved by summing’all
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planar diagrams and has been explored in great details in
other models like the N-component vector mode1(]9'?‘earious

matrix mode]s(zo)

,etc. However, summing planar diagrams for
four dimensional QCD is technically rather difficult and the
collective field method seems to be a promising alternative
to achieve the large N Timit.

To illustrate the idea of collective field, let us
take a simple system, viz, a collection of N Bose particles
in one dimension. The usual way to solve this problem is, of
course, to solve the Schrodinger equation directly and select
the totally symmetric wave-function. Another alternative is to
regard the wave-function as a function of all possible symm-
etric combination of the coordinates. This way the Bose sym-
metry is built into the formulation. So the essence is to
consider a most general set of commuting operators which are
invariant under the symmetry, and explicitly perform a cano-
nical transformation to this new set. Thus, in the example we
are discussing, this new set could be the density operator
p(q)ﬁgf(q-qi) where g4, Q,, etc are the coordinates. We call
this :he collective field. The reader should notice that the
collective variables are not all independent (originally we
had only N degrees of freedom) and the change of variables
will necessarily involve a jacobian in the inner product
defined in the Hilbert space of states. It is at this point
that the large N 1imit comes in. In this limit, the new set

of variables become almost independent and one can define a
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field theory in terms of p(q) which truly represents the
original quantum mechanical system. This is the collective
field theory.

So one has to reformulate the Hamiltonian in terms
of the new collective field and also find the jacobian of
transformation. We have worked out the large N limit of the
0{N) Heisenberg spin-system in two dimensions (popularly also
known as the non-linear sigma model among field theorists).
The spin-spin correlation functions have been obtained in the
large N Timit. We also obtain the mass-gap and the Callan-
Symanzik B-function, and the results agree with the known
weak and strong coupling limits.

It is also possible to introduce the collective
field in the path-integral formalism where a systematic 1/N
expansion becomes apparent. In the Hamiltonian formulation,
one has to face the problem that, the collective fields being
not all independent for finite N, there might be 1/N correction
to the Hamiltonian which are rather difficult to evaluate. In
the path-integral method, one introduces the collective field
through &8-function condition in the functional integral so
one can keep track of all 1/N corrections. Of course, the
zeroth order result agrees with that from the Hamiltonian
approach but, in addition, a systematic 1/N expansion can be
done. We have obtained the leading 1/N correction to the mass
gap and the g-function in the O(N) model.

The way the chapters are arranged is as follows. In

chapter I1I, we discuss the WKB method by first working out
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.a simple quantum mechanical toy model (the double well poten-
tial) and then going into compact QED in full details. The
ground state wave-functional is derived and the energy shift
of the ground state due to presence of external static charges
is computed. Since this does not yield the correct result (the
existence of a mass-gap), we introduce the modified WKB-vari-
ational ansatz for the ground state and derive the correct
interaction energy between the external charges. In chapter
111, we introduce the collective field theory and work out

the Hamiltonian formulation of the O(N) sigma-model. The cor-
relation function, the mass-gap and the beta-function are
derived in the large N 1imit. We then discuss the collective
field in path-integral approach and compute 1/N corrections

to the relevant quantities. Appendices A and B give certain

mathematical details.
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II. WKB FORMULATION IN FIELD THEORY.

A. Introduction.

It is known for sometime that non-abelian gauge theories poss-
ess a much richer structure than what is apparent from ordinary weak
coupling perturbation theory. For example, the existence of multiple
vacua in Yang-Mills theory almost inevitably compels us to consider the
phenomenon of tunnelling in gauge theories. Unfortunately, the method
which is very successful in describing tunnelling in quantum mechanics,
that is, the WKB approximation, is rather difficult to generalise to
multidimensional problems. In field theory, one has essentially infinite
number of degrees of freedom and consequently, the standard practice has
been to use the saddle-point approximation in the euclidean functional
integral to formulate the problem of tunnelling.

In recent years, however, several authors have constructed the
WKB wave-function for many-body systems and some model field theories
possessing instanton solutions. The central idea is that the instantons,
beimg classical solutions with imaginary time, are nothing but tunnel-
1ing events in the Minkowski space. Thus the Wkb wave-function is cons-
tructed by including duantum fluctuations around the instanton solution.
The phenomenon of tunnelling is much more transparent in this formalism
and one gets the same result as is obtained by the euclidean path-inte-
gral approach in the dilute gas approximation.

Since this way of describing tunnelling is slightly different
from the conventional WKB approach, we shall first work out a quantum
mechanical toy model to illustrate the essential point. This method is

(20a)

due to Callan and Coleman . In the next section, a full-fledged
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field theoretic model will be discussed in greater details.

B. Double well potential: A toy model.

The model is described by the hamiltonian

2

H = ; p” + V(a) (2.1)

where the potential V(q) has the general shape as in figure 1.

v{q)

N/

- k. A "

V(gq) has minima at g=ta which are degenerate classical ground states.

Near the minima, we assume the potential to be harmonic:
V(g) = %wz(q-a)2 for q = a (2.2)
The conventional way of introducing a parameter g {coupling constant)

is as follows. Let us define a function v(x) which is independent of g.

Then we shall assume that V(q) can always be written as
V(q) = v(gq)/g° (2.3)

From (2.3) it is obvious that g is related to the height of the barrier.

Weak coupling (small g) means a large barrier.
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The existence of solutions to euclidean {imaginary time)
classical equations of motion can be realised by considering the system
with inverted potential (-V(g)). It is easy to see that there will be a
solution of zero energy which goes from one classical vacuum to (say,qg=

-a) at imaginary time t=-= to the other vacuum (g=a) at t=+=. This is

the instanton solution and we denote by qcl(T):

ach1(1) = aV(a q)/0a 4 (2.4)
- Maq ()2 + ¥(q_1(z)) = 0 (2.5)
FARERI AN Gertt ‘
.q(t=t=) = ta (2.6)

The first of these equations is the equation of motion in euclidean
time. The second is the condition of zero energy. The third is the
initial condition. It is easy to see that equation (2.2) predicts a

Targe t behaviour as

agq(t) = a - ke™" (2.7)

T

A1l these can be made a iittle more transparent by considering specific

‘models satisfying all the necessary conditions (2.2) and (2.3):

Model a: V(q) gz(qz-mz/gz)2/4 - (2.8)’

m(|q|-m/g)? (2.9)

Model b: viq)
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Both these models satisfy the condition (2.3). The frequency w and the

minimum a are given in both cases by

w ={%m ={2ag

(2.

the instanton solution satisfying (2.4}, (2.5) and (2.6) Tooks like

Model a: qcl(T) = mtanh(wt/2)/9

Model b: qcl(r) m(l-e"”"l)s(r)/g

Let us use a rescaled variable
Q=499

From (2.3) and (2.4) we find the equation of motion for Qc1(T):
22 Q q(x) = av(Q )70,

which means that Qc](T) does not depend on g. Thus,
a, K~ 0(1/g)

The Schrodinger equation we have to solve is

(=55 + V(a))e{a) = Ee(q)

(2.

(2.

(2.

(2.

(2.

10)

11)

12)

.13)

14)

15)

16)
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In terms of variable Q, this looks Tike

g2(-4"33 + v(Q)u(Q) = Ev(Q) (2.17)

where ¢(Q)=4(q). So g2 plays the role of H. We can now make the WKB

ansatz

S(Q) = Ty(Q) = oS, + Sp + ...

(2.18)
1
E = §2E0 + E] + ...
The Schrodinger equation becomes
~45(s4)2 + (@) = Eg

(2.19)
ety _ cled o ‘
5(Sg) - S8y = Eqs etc

To solve these equations, we note that the first one is just the

Hamilton-Jacobi equation with energy Eo' Since in our case E0=0, we get

5,(Q) = IQdQV?(v—EO) = +g2/7d7(5_qg_;)2 (2.20)
- el
and S] is
S, = constant - %1nsg - E]IdQTaSO/aQ)']

L (2.21)
L -
constant - 1n(|ach](T)|) tET

ti
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One can see that our wave-function is written explicitly in terms of .
In order to construct the ground state wave-function which must be a

symmetric function of q, the appropriate choice is

_ o+ - _ __A rolagqy )2dv-Et, -sgla., _)2dr+Er
ik = uke * ke = 7Tq_y (& ChT e 0 el

(2.22)

where E is the energy and A is a constant. Note that t=0 corresponds

to g=0. For large t, we note that

15(agy 24 = tflaq )2 - ST(g g )% (2.23)
The classical action corresponding to qc1(1) is
= 7L 2 = 247
SC] - L”(lz(qcl,'r) +V(qc'|))d"f’ {w(qc] ,'r) dt (2.24)

where we have used equation (2.5). So the first integral in (2.23) is

Just %Scl' The second integral can be written as

170q,q )2d' = 72da/2VTG) = 1wx? (2.25)

where x=a-q is the deviation from the minimum. Now we can use (2.7) to

write, for large «,

f‘é(qc-' ,T)ZthET

¢+ - A e
WKB /lqc1’1|

3. Aexp(isS _y -tawx2-1E+itw) /AR (2.26)
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and, for wﬂKB
VKB <o Aexp(-%SC]+%wx2+rE+%rw)/JWE (2.27)

In the absence of tunnelling, that is, when the barrier is infinite (g-+0),
the actual ground state energy E should be equal to the ground state
energy of a simple harmonic oscillator of frequency w. Thus, for weak

coupling (small g), we can write

E=Lw+e e = small. (2.28)

Then, to lowest order,

VKB 15w BeXP(S j-aix?) /K

(2.29)
¢QKB i B/Rexp(—%scl+awx2)//§
In order to find the ground state energy E, we have to match the WKB wave
function with the wave-function we obtain by solving the Schrodinger
equation in the harmonic oscillator region, i.e, around g=a. Then we can

write

If there were no tunnelling, ¢ would be a gaussian peaked around x=0.
Hovwever, since we have a finite barrier, ¢ will also have a small compo-

nent which increases as we go away from the minimum. Thus we shall have
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b=ty ' (2.31)
—lagx?2

by = (w/m) e 2 (2.31a)

¥y = small, of order e (2.31b)

then, the equations (2.30) and (2.28) give

(=307 + 2w2x% - W)y, = 0 (2.32)

(=302 + w?x? - lw)yq = eV (2.33)
One should notice that, for tie,

+ .

wWKB > q;o (2.34)
which determines constant B as

15 1
Be ©c1/vK = (w/n)? (2.35)

So, by construction, wﬁKB should match ¥q- Going back to equations

(2.32) and (2.33), we can determine ¢ as

epd = vp(=30% + Mx2la )y - vy (=102 HaPX2-lw)yg

_Liax(q,(;gxlp.l) (2.36)
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Let us integrate both sides from ~Xg to Xy where X, is in the overlap

0
region where both WKB and harmonic oscillator wave-function are vatlid,

and, at the same time, Xg is large enough so that

X

£Ougdx = STyBdx = 1 (2.36a)
X

Then, e = [23 (vga,q)dx = '%(waKBaxwﬁKB)xo (2.36b)

Using (2.29),

+ _
3 kg = ~BwWX exp(%Sc]-%wxz)//K

(2.37)
ax"’l:JKB = BvKw exp(-lisc]i-la.vxz)
we get
e = -w/lwim)Ke ¢l (2.38)

Thus the energy shift £ has the expected barrier penetration factor e'sc1
and is independent of the matching point Xg- It is quite straightforward
to show that one gets the same result by doing a functional integral
calculation using dilute gas of instantons and anti-instantons.

(1)

C.1. Compact Quantum Electrodynamics in (2+1) dimensions

The specific model we will be interested in is compact QED in
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(2+1) dimensions. The existence of a mass-gap in this model was first
demonstrated by Polyakov using euclidean functional integral technique.
His crucial observation was that one has to take into account the long-

range interaction between instantons and anti-instantons. Simple dilute

gas of pseudoparticles without interactions was not enough; contrary to
other confining models without massless particles.

In this section, we shall apply the conventional WKB method
(ged?a]isation of the method we have used in the last section) to find
the ground state wave-function in the presence of external static electric
charge distribution. Using this wave-function we shall compute the shift
in the ground state energy in presence of external charges and show that
it 1s the same as obtained in the euclidean path integral approach if
one neglects the pseudoparticle interactions. The reason that this conven-
tional WKB approach is not good encugh lies in the neglect of long-range
interactions. The photons being massless, there are infra-red modes for
which the standard WKB method does not apply. To find the correct wave-
function for the infra-red modes, we shall use a combined WKB-variational
approach.

The main idea is to use a Hamiltonian with contraint. The con-
straint is just the mathematical statement that there are instantons and
anti-instantons in the theory. When we find the VKB wave-function by qua-
ntising around the instanton solution, the constraint is automatically
satisfied by the classical solution. However, we shall now demand that
the constraint be satisfied by the complete field variable including
quantum fluctuations. Thus we will be neglecting interaction between the
pseudoparticles at the classical level, the quantum fluctuation will in-

clude the interaction effect.
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C.2. Hamiltonian Formulation.

The model is QED in the Georgi-Glashow theory of weak and
electromagnetic interaction based on gauge group S0(3). The Lagrangian
is given by

L= 5(63 )2-5(D %) (D x) V(R (2.39)

where

a _ b,c
63, = 3 A -3 A +ge y AAS (2.40)
(D x). = o x.+ge_, A’ (2.41)
ut’a pta “Tabc utc ’
D(X) = ghg2(xy1,-F2/02)2  ab,e=1,2,3. (2.42)

We have defined the potential term V(X) in such a way that

V(R) = gavlex) (2.43)

where v(x) is independent of g. Thus g2 is the conventional semiclassical
expansion parameter for fixed A. In the usual perturbation theory, one

expands around the minimum of V as

X, = \.)a +n (2.44)
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where vy is the vacuum expectation value of the Higgs field. Choosing v

in the third direction in the isospin space

Vg * & 843 (2.45)
we get a massless photon AS, heavy charged boson field HE,= AljiAﬁ of
mass m = F and a massive neutral scalar field Na of mass m = 2%

To discuss the canonical Hamiltonian formalism, we work in the
AS = 0 gauge. Then a point in the field configuration space is denoted
by nine real fields A? (a=1,2,3; i=1,2) and Xy (a=1,2,3). We use compact
notation $ for all of them as

8
$(x) = |A3 (2.46)

X

™

Under a gauge transformation U(X) = exp{iX.7/2) where % are the gauge
parameters and T are the Pauli matrices, the original fields AS and X3

transform as

XaTal2 * XyTa/2 = Ulxgr, /20"
(2.47)

a -1 1 -1
U(AuraIZ)U -a(auU)U

]

a a’
AuTaIZ > Aura/2
Thus the nine component field $(X) transforms as

3(x) > 3(x) = §3,(x) = 3y (0+6d 3y (x) (2.48)
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where 3(3)(x) is the homogeneous term given by

8(3)Y 00 'Ai

$(T)(X) = |0 G(X)+0 AZ (2.49)
00 e(X)]|x
Aa
with
- LA . 7\)\)\
S(K(x))ab = éabcos|A|+easz1n|A|T%I+Zs1n2J3J ﬁﬁz (2.50)
and the inhomogeneous term 5$(i)(x) is given by (X=n|%|)
. .22\_ A A
N : naa]x+51nk(a]na)+2$1n (312x2)a
6¢(i)(x) "3 na32A+sinA(azna)+251n2§(aznxn)a (2.51)

0
We shall also use a compact notation ﬁ(?) for momenta corresponding to

$(X). Thus

.E?(x) .
> . 6 a
M(x) = -i—— = JES(x) . (2.52)
s3(X) | "
ro(x
L.Xa
. . . L. a . (2)
With these notations, the Hamiltonian in the AO = 0 gauge is
9
H= s d2x {3 n )+ Vie(.)} (2.53)
w1%

where the potential energy term is

V()Y = 1 d2x (6 )2a(D4x) (D) ;+V (X)) (2.54)
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Since we are working in the Ag = (0 gauge, timé-independent gauge trans-
formations are still a symmetry of the potential V{¢(.)}. The potential
V is also invariant under space translation. Thus the local symmetry
group, denoted by G, has parameters denoted by w” which is actually a
set of three arbitrary time-independent functions K(?) and two space

translation parameters X] and XZ‘ So,

s

W= o™= (0, 00Xy, ) (2.55)
Under G, $(X) transforms as

BB, 00 = B, 0+ s, 00 (2.56)
with

$(0)®) = 3z D) (2.57)

b = day, B0 (2.58)

We write down the Schrodinger equation for the wave-functional of the

ground state
Lr d2x (-3-—2 2 TV = Ewid
{33 d2x ( TR %)%+ Vie(L)viel = Ev{g) (2.59)

To do the WKB formalism, we consider a particular imaginary time classi-

cal solution (instanton) denoted by $I(§,r). This is nothing but the
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monopole solution of 't Hooft and Po]yakov(12) transformed to Az =0
gauge. Here 1 is the imaginary (euclidean) time X3. Before actually scl-
ving for the WKB wave-functional, we shall require a few important pro-
perties of the classical solution which we will discuss in the next

section.

€C.3. Euclidean Classical Sclution.

The static magnetic monopole solution of 't Hooft and Polyakov

in (3+1) dimensions is

a _ K(x)-1
Ai = €205 ox (2.59)
v = x, LX) (2.60)
X = (x% + x% + x%)lé | (2.61)

Boundary conditions for the functions u(x) and K(x) are as follows:

u(x) > F + 0{e™™¥) (2.62)
| x|+

K(x) - 0 + 0(e”"W®) (2.63)
ME

u{x) - 0 {2.64)
| x]se

K{x) - 1 (2.65)

| x|+
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We now replace x5 » t 50 that x = (X;,X,,1) = (¥,1) where r is a two

3
dimensional vector. To go to A0

0 gauge, we make a gauge transformation

a a
A - (Aiﬁ}) (2.66)

> >, .
where p = p(r,t) is a gauge parameter. We demand

a _
(A{g})3 =0 (2.66a)

which implies

U(e) (A% /2007 (o) = 1 (2 u(e))u (o) (2.66b)
3 a T

i
9

With the ansatz p = p(¥,t)A, n_ = x, /r, the equation satisfied by p
a b

€3ab
is

2 p(F1) = filg%éééill- (2.67)

whose solution is

> r(1-K{/r"+12))

D(r:T) = p(-l:,"m) + {l de 2412 (2.68)

Choice of the integration constant p(?,-m) reflects the further gauge

freedom of time-independent gauge transformations. We shall choose

o(F,-=) = 0 (2.69)



Then we get

p(Fir) = (tan™! T+ 2y - /T de T8, (2.70)

-]

For 1 » -=, tan"r/r + -n/2, and so p > 0. For t » «, tan']r/r > /2

and

p(F) = p(Fy) = = - £(¥) (2.71)
£(F) = 1% de 2 ':Zizé (2.72)

The function K(x) is 1 at x = 0 and rapidly goes to zero for x >> m,.
Thus,

£(r) 0 (2.73)

r>>]/mw
For r - 0, there is a contribution to the r-integral around v = 0 and
one can show that

f(r) n - {constant)r (2.78)

r<< 1/mw
We shall assume m, is quite large so that p(r,») is equal to = everywhere
except at the core of the monopole.

The muttiple valuedness of o(r,=) is evident from the argument

1

of the tan ' function. If we had chosen

tan-11/r + (n-%)n for © » -= (2.75)
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then, for same n,
tan']T/r + (nt%)n for 1 » = (2.76)

This is simply connected with the multiplicity of the classical ground
state of the system. The integer n labels the different vacua and the
instanton takes the system from nth to (n+1)th vacuum. We shall from now

on restrict ourselves to n=o vacuum. The instanton looks like

A?I(?,T)
74:1(?,1') = ASI(?"T) (277)
XaI(r,T)
with
xal(?,r) = yéé)(;aCOSp + %(QBQa-6a3)sinp) (2.78)
8y = Kl p o ey 3 )sing + 25in2B(n. L) (5., X RaXyy
irt gx? ! COSPizAX L = nAX.5ISINe 2\ 71043 ¢ r
} n -»> - -> N N =»
+ a{ (n.%)aip + (ain.%0 sinp + Z(ainArﬂ.%-sinz% } (2.79)
For 1 + -=, p >~ 00 and
s (Fr) >3, =] o0 (2.80)

-F6a3/g

N
For t + =, p + p(r,») and



31.

-Zal(tan']xz/x])§a3/g
-3 Y -+ ' > - “
¢I(r,1) -+ ¢v{;(;)}(r) = -292(tan xz/x])ﬁaB/g (2.81)

'F6a3/g

which is nothing but a vortex at the origin of the (x],xz) plane.

C.4. WKB Wave-function In The Forbidden Region.

We shall build the ground state wave-function in the classica-
11y forbidden region by the standard WKB method. fhe main idea is to use
collective coordinates. To explain the motivation, let us consider the
instanton solution 31(?,1). This breaks the invariance under G (group of
time-independent gauge transformations K(?) and space translations i)
compietely. Let us call the set of parameters of G as (mi; = Ai(i); m]’z
= X],Z)' The idea of the collective coordinates is to re-establish the
symmetry by introducing the parameters w” of G as dynamical variables.
These are needed because the degrees of freedoﬁ associated with the sym-
metry transformations having no restoring forces can undergo arbitrarily
large fluctuations and this cannot be treated by ordinary quadratic app-
roximation. However, these set of variables (»®) are not sufficient if
one has tunnelling from one vacuum to another, since in that case there

are large fluctuations which are not symmetry transformations. To handle

these, one introduces the euclidean time v as a real dynamical variable

which describes the essential part of tunnelling. Unlike w®, dynamics of"
1 is non-trivial. Since this is by now standard, the reader is referred

to the existing literature for detai]s(10). We shall now describe the
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way this formalism works.

The collective coordinates are introduced by the change of

variable

8(X) = By 3 (Kard + 3y (Ko0) (2.82)

E(m)(;"[) = é—ﬁB(w)(sst)nB (2-83)

<ﬁA | fig> = épp (2.84)

> 6$I

0" a{w} w=0 (2.85)
! Suw

;ﬁé 3.2 =0 (2.86)

<ﬁB |-$I,T> =0 (2.87)

In the above ﬁB(Y,r) are orthogonal to $I,1 and $I,u and together with
them form a complete set. lle shail denote 1 = w2, The index "B" is really
a continuous index and we write sum over B for notational simpiicity.
Another notational abbreviation is the scalar product between two vectors

-+ > . . .
u and v which is written as

U] o= dx ul (F v () (2.88)
In usual notation, the orthogonality condition is nothing but the

back-ground gauge condition

(0 (ADAY), * 9egbexty” = O (2.89)
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With the above change of variables given by (2.82) - (2.86), the momenta

are
ni(;) = - EEfT§)= ZB¢;{w],a(1-1)uB(iB-!iBEi)+€}w) (2.90)
o,
where
. i . N s
Ezw) = [23: n;(m)(x,‘[)(-'l .EHB (2.9])

Tg= (o %8 )0

oB ~50 I:B

(2.92)

~In the equation (2.90), the sum over «,f runs from a,B = 0,1,2,iX. For
g=0,

T =T = -1% ' (2.92a)

For g # 0, the definition of"l:B is as follows. Define the group multi-

plication of G as

= 2.93
(¢{w]}){w2} 0wy 50p)3 (2.93)
Define two matrices m and n by
1,2 20%(£.n)

(m™ple) = S5== (2.94)

b n=0
-1 a _ Bﬂa(n,_‘c;)_ [
(n"7)i{g) = &b (2.95)

b any, n=0

Then, for a« # 0,
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Ly = (T hgl) (-1 50 (2.96)
The reader is referred to the original literature for details. Unlike 7,
the dynamics of the other collective coordinates w®(a#0) are rather
trivial. The reason is that they are associated with symmetry transfor-
mations whose generators commute with the Hamiltonian. In our problem,
we shall look for ground state that is translationally invariant. For
the gauge transformations, there is a slight complication due to the
non-abelian nature of the gauge group. If the gauge group had been abe-
lian,e.g., as in abelian Higgs model, one could have introduced static
external electric charge distribution as an eigenvalue condition on the

state vector as

GEMX)y = p  (X)v (2.97)
Pem em Pem

In our problem, the generators of gauge transformations gtven by

>y '|_ ar> -> >
Ga(x) =3 D‘iEi(x) + Eabcxb(x)ﬁxc(x) (2.98)

do not commute among themselves. In fact,
[6,(3),6, G = 16{x-¥)ep G (X) (2.99)

So, although each Ga commute with the Hamiltonian, one cannot simultane-'
ously diagonalise all of them along with H unless each Ga has zero

eigenvalue in the state considered. Since we want to introduce external
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static electric charges as the eigenvalue of the generator Gem of the

electromagnetic subgroup, we shall look for the states that are eigenst-

ates of H and Gem‘ In our notation,

p
em > ooy +
‘i’wKB(T,ﬂ,m ) = “FNKB(TQU)Dpem(w) (2-100)

where the factor Dp is obtained from the condition
em

>y Pem _ -y Pem
Gem{X) kg = Pem{XM ke (2.101)

Operationally, we need Dn only for p »~ + «». Then, since §§]+ -F6a3/9,
we can identify -A? as the electromagnetic vector potential (minus sign

acl
because x; - -633) and thus

Dpem(m) - exp(-ifdzxpem(si);“.K(m))

> exp(ifdzxpem(i)ﬁ3(§-i)) (2.102)

The evaluation of the WKB wave-function is straight-forward. One substi-
tutes the expression {2.90) for ni(i) into the Hamiltonian H given by
(2.53) and expands in power of g. Since this is discussed in detail in
the original literature, we shall write down the final result. As in the
previous section (see equation 2.22) for the double well potential, the

two Tinearly independent WKB wave-functions of energy Ei are

. + .
\PEKB(T’;) = eX_P(tSG(T)'T'E-IT)eXD(-!i<E)"‘lﬂ |21> ) (2]03)

% ot
(detgas) (detu-=)
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where
o T i 42
So(r) = 6 dr fdzx(¢1’r) (2.104)
- 2 i >y 3 > - >
9.8 fd2x ¢I,u(x)¢1,3(x) a,p=0,1,2,ix (2.105)

Definitions of the other symbols are as follows. Let us define matrix W

cixflgys =1 SV

5 A — r_r
50" (%) 547 () [ =01 (7) (2.106)
+
for i,j = 1,2,..... ,9. Define the evolution operator K (1) as
+ +
K-TT(T) = W(+)K (1) (2.107)

Then the zero modes $I , can be written as

+
]31 > = K'(T)|§a> a=0,1,2,iX (2.108)

s O

Equation (2.108) is to be taken as definition for the set of vectors
|§a> . He define another set of vectors |§M> which together with |§a>

form orthogonal basis. The set |y,> are defined by

+

+
|Gﬁ,11> = K (1) |y (2.1069)

where v(t) is the small fluctuation around $I(r) satisfying

|V’TT(T)> = W(t)|V(r)> (2.110)
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The -Y-matrix of equation (2.103) is given by

™ +
UB (T) = "B(-;) VM(?) (2.”])
+

The o~ matrix is

+ + +

Wpp = ¥ I 1) Moun),B (2.112)
where

= ]
DAB(‘I) = SAB §T+< KB]ﬁAny (2.113)

C.5. Wave-function around classical vacuum.

We shtl1 find the wave-function around the classical vacuum
$v given by (2.80). $v breaks only the group of gauge transformations,
group G, whose parameters are {wg} = {mgg = Ai(I)}. Unlike $I, space
translation is not broken by $§. Analoguous to equations (2.82)-(2.86),

we introduce {mo} as collective coordinates. The change of variable is

oR) = oy, 3 () + 81y (2.114)
8" () ) = ] 00 ) B (2.115)
<foal Tog> = Spg (2.116)
o 63:%” } og0 (2.117)
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e
<nOB| $§,a> =D (2.118)

As before, |HbB> is a set of unit vectors orthogonal to I$V,a>' (2.118)

is the usual gauge condition
a bc_
aiA'i + 9e pcXyX T 0 (2.119)

The Hamiltonian can be derived in the usual way. It is given by

1

3 1 -
H=H + ol d2x PE(X) + o< 4 lw?|$> (2.120)

coulomb
where ;2 is the quadratic part of the potential energy. As before, the
external static electric charge distribution is introduced as the eigen~
value of the generator of electromagnetic subgroup. The wave-function

for the ground state is

Pem + _ Pem
Yo gyl = ¥oT ($) Dy o0} (2.121)
where
Pem det(;;/n) /4 1+~ >
vo 18} = I -~ ) exp(- <i]uld>) (2.122)
.-2ef;!::<$v sa‘J ¢ v 983
and
_ . -+ +
Dpem{mo} = exp(1IA3(x)pem(x)d2x) (2.123)

Since gauge zero-modes of w are eliminated by the gauge condition, iy

of equation (2.122) contains no zero-mode. However, because of the
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existence of massless photons, Jl contains infra-red modes with almost
zero eigenvalue. This renders the wave-function in (2.122) rather unsu-
itable for the infra-red modes. We shall overcome this difficulty in
section {C7) by construvting a modified wave-function.

em

o]
In equation (2.122), the normalisation of v, {i} is chosen

such that

p
s D}]Woem{§}|2 = Vg © volume of group G/ (2.124)

[l

As before, one computes the Hamiltonian H in equation (2.120) correspon-

ding to the change of variable in (2.114). The Schrodinger equation is

Pem _ o Pem
Hyg o = By, (2.125)

When ?g given by (2.122) is substituted in (2.125), H omb just gives

coul
the coulomb energy of the static charge distribution. Since electric
charge density gpem(i) is of order g, the coulomb energy is of order 92

and we neglect this term. Also, we get
E, = % Tro (2.126)

In the above discussion of ground state wave-function around the class-
ical vacuum, we have not discussed the fact that, in presence of tunnel-
ling, the correct ground state is not vg but slightly disturbed. In the
next section we shall compute this shift of the wave-function and the

energy by matching the appropriate components with the WKB wave-function

we found in section (C4).
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C.6. The Matching Problem and Shift in Ground State Energy.

reads

where we have neglected the H

wl

matrix is given by

caulom

e (dra2ygos 8 2 . Lrio2 1y =
HY = {Zfd X(-ﬂm)) + -2<i|w |$>}'*' = LY

In the classical vacuum around ;v, the Schrodinger equation

(2.127)

b term since it is of order gz. The

(2.128)

(2.129)

1o §2y{3}
<ix|w?|jy> 3$;T§73$31§) $=$V
It has a very simple form in momentum representation
m+k3 0 0 |-kik, 0 0 |0 imk, O
W 2 172 w1
2,,.2 .
0 mw+k2 0 0 -k]k2 0 -1mwk] 0 0
2
0 0 k2 Q 0 'klkz 0 0 O
2,,2 A
2,,2 .
2
. . 2,,2
0 lmwk] 0 0 1mwk2 0 k]+k2 0 0
. . 2,,2
-1mwk] 0 0 -1rnwk2 0 0 0 k]+k2
0 0 o] 0 o o [0 omfdad
n 2
This matrix has one eigenmode with eigenvalue ) = k%+kg, one mode with
2,2 . = 2412,,2
]+k2, four modes with eigenvalue ) = mw+k]+k2

eigenvalue ) = m§+k

, and

three with eigenvalue » = 0. These correspond to the photon, the massive
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+
neutral scalar, the two massive charged W and the gauge zero modes.

To get the energy shift due to tunnelling, we follow the same
procedure as in the case of double well potential. In absence of tunnel-
ling, the wave-function is woem given by equation (2.122) with eigen-

value Ej, given by (2.126). Thus
P P
Hy ™ = E_y €M (2.130)

In presence of tunnelling, however, the ground state is shifted and the

P
correct wave-function v em satisfies
p P
Hy ™ = gy €M (2.131)

E = E0 + AE (2.132)

To lowest order, AE is of order exp(-Sc]) where Scl is the action (eucli-

4]
dean) of the instanton. To this order, we can expand ¥ €M as

p P p
y M= woem + (aE)w]em (2.133)

From (2.131), (2.132), and (2.133) we get

p p

Mwoem = (H-Eo)woem = (2.134)
P p

My, =T ='?0em (2.135)
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p
Since ¥, damps exponentially away from §_ (neglecting for the moment
0 v

the fact that there are infra-red modes), one can integrate over a regi-

m

[
on S in field-configuration space around $v such that woe is normalised

in S. Then,
- 1 1 ‘*’ _ 1__ >, P .
£ = v (Dg ") (¥ M(aE)¥,) = - 2, da (¥§v(aE)¥,) (2.136)
vol S surface T

An explanation is necessary at this point. r is the surface which enclo-
ses the volume S in field-configuration space.'V is a short-hand notat-
ion for the functional derivative with respect to field variable normal
to T and do is the differential surface element of T.

By construction, I is the overlap region where we can match
Wg’] with the WKB wave-functionals. The integral in (2.136} is only on
two regions of T in the directions of tunnelling where (AE)\PI is not
negligible. These are characterised by introducing rt which Tabel where
$(x) and $I{-3}(T) intersect T. We will explain this shortly. For a
detailed discussion, see reference {(10)}.

In the forbidden region, the ground state wave-function is a

linear superposition of the two WKB solutions
- = + -+
y = C_?NKB(Tsnaw) + C+TNKB(Tsﬂsw) (2.]37)

For « + -=, $;(r) ~ §, so that

e exp(551/2)exp(-<$l?|2>/2) Dp {w) (2.138)
(deg <X, IXg> ) /
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where

S o= Pder d2x(s (x21))2 (2.139)
cl [t/ ¢I,T ' T .

ScT is nothing but the action of the instanton over euclidean space-

ime. The vector |y fined in (4.26). Thus, f -~y Y
ti e vec ; |x,> are defined in (4.26). Thus, for r » e
en

matches with WO provided
D. {w,} =0 (wl} (2.140)
Pem 0 Pem
i.e.,
A3(x) = A(x-X) (2.140a)
and

> = ~
C = o-5c1/2 {det<xm|xg> det(ws/m)41/4 (2.141)

det< >
LY ¢V ,C(.¢V +Fa

The reader, when comparing this equation with equation (2.26) of the

double well problem, should notice that we have changed notation slightly

W;KB now corresponds toW&KB. In principle, it could be shown that in the

Timit © + -, WEKB matches with (AE)W?. Since we have not computed W?

explicitly, we shall determone C, in another way. We could find the WKB

solutions for the case where the system tunnells from the vacuum n = -1
+

given by v{-H(F)} to the vacuum n = 0 given by $v' Then, instead of the

change of variables given by equations (2.82)-(2.86), we would use

3. = ($I{m}(;"‘”{-3(;)} + E(KB(N)(;’T))(-E(;))HB

= 3R agn) e ; (hg (3-%,7) R ) (3)"

(2.142)
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' + + .
Now, since for r 4w §+ 3 v Py e can show thaty g matches with
tyg. Since the photon is given by Al.i)h = ;@A?, the gauge transformations

o(X) means that the vector potential A?h transforms as
(A" gy - AN+ 2 5 (tan”] ;% ) = A4 L ao®) (2.143)
Thus, for 1 + «, qﬁKB matches with wg provided we identify
2(X) = ag(X-X) + o(X) - o(F-X) (2.144)
This gives the constant C _ as
C, = C_ exp(ird2xp (R} {a(X)-a(X-X)}) = C_ exp(in(X)) (2.145)
Going back to the evaluation of pE, we find that there are two regions
in field-space where the integral in (2.136) is non-zero. The first

region is characterised by =¢ such that ¢I{m}(1r) lies on the surface

r and W;KB matches with wg and (AE)w? respectively. Thus one gets

= . l ﬁe_l:_g_ w2 + - - /_Q_EEE 3 . +
A ZVOIDADndXC“'C"{ 990 (v BT\P)TzT 900 (lka'r )th }
R ,
= - 2gd2X cos n(X) (2.146)
where n(%) is given by (2:145) and
. det<} [Xg> det(uy/n)
e = e Scl( a8 = ) (2.147)

det{U+(T+)U-(T_)}det{(9+(r+)+9-(1-))/2n}
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The matrices U™ and @~ were defined in section (C4). Equation (2.146) is
the same result as can be obtained by doing a dilute-gas calculation in
the path-integral formalism where instanton-instanton and instanton-
anti-instanton interactions are neglected.

The reason that the standard WKB approximation described
above is not quite satisfactory lies in the fact that the long-range
infra-red modes were not treated properly. There are two major objections
in the above derivation. Firstly, we know that if there are low-frequency
modes present, the classical solution$1(r) approaches $v rather slowly
(as a power behaviour as opposed to exponential decay for the massive
modes). Thus, the approximation made in (2.146), namely that the most
rapidly varying term in wt is the classical part exp(So(r)) is not
correct for large . Secondly, in deriving Wg we have used harmonic
approximation which is not valid for infra-red modes. To improve the
situation one could in principle go beyond harmonic approximation for
the infra-red modes and obtain a better Schrodinger wave-functional.

Since this is technically rather difficult, we would obtain a modified

wave-functional and ground state energy by a variational approach.
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C.7. A Combined WKB-Variational Hethod.

Ye have explained in the previous section that to derive the
correct interaction energy between the external charges, one has to in-
clude long-range pseudoparticle interactions. Polyakov did this expli-
citly in the fﬁnctiona] integral formalism but a simple alternative way

is due to Ezawa(zz)

. He observed that one can derive a simple dual
representation in terms of a magnetic potential if one introduces the

following constraint

3 H =

J = e (2.148)

where Pin is the maygnetic charge density of the monopoles {instantons)
or the anti-nonopoles (anti-instantons) and H'l is the magnetic field

given by

- ~

_ 1 a 1 ~ - -
Hu T2 Epvo(xaavc - asabcxauvxbuoxc) (2.149)

—t

Of course, the constraint (2.148) is satisfied by the classical soluti-
on. The central idea is to elevate the constraint to the quantum level,
j.e., to demand that the constraint be satisfied by the full quantum
field.

In the fo]low{ng analysis, we treat only the abelian yauge
field (photon) explicitly. We may consider, to avoid unnecessary conpli-
cations, that all other fields are frozen except for their topological

properties. A simple way of achieving this is to assume, for exanple,
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that the Higgs coupling A and the vector meson mass W, are very large
so that the Higgs field X, is frgzen at -(F/g)aa3 and we can neglect
quantun fluctuations of x, and w;.

Since our variational procedure is slightly different from
the standard Rayteigh-Ritz variational formalism, Tet us first explain
how the method works. Suppose the Hamiltonian for a system described -

by a set of dynamical variables (p,q) is given by

H = H(p,q) {2.150)
We assume that the variables (p,q) satisfy a constraint

f(p,q) = 0 (2.151)
lle construct a modified Hamiltonian

= H(p.a) + A (p.a) (2.152)
where X is a Lagrange multiplier. Hext, we solve the Schrodinger equa-
tion

Be(x) = E()w(r) - (2.153)

where ¢(A) and E{)) necessarily depend on the parameter x. From (2.153),

E(A) can be written as

E(A) = <p(A)|Hw(x)>/<p(a}]wlr)> (2.154)
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Now, we determine the optimum value of A by minimising E(X) with res-
pect toA:

BE(A)}] .
53 1y 2 0 (2.155)

o

The advantage of this procedure is that (2.155) implies that the cons-
traint is automatically satisfied in the state w(xo). That is, one can

prove, from equation (2.153), (2.154) and (2.155) that

<w ) F(paa)|u(d)> _ (2.156)

<plag)lv(x,)>

This means that the expectation value of the modified Hamiltonian H in

the state w(AO) is the same as that of the original Hamiltonian H in

= <plAr Wp(a > <gA_ ) H[p(A )>
E(,) kéi?%i7+${ig}3 '1?3%%;%féT?§75 (2.157)

To prove that E(AO) is indeed an upper bound for the true ground state

state ¢(AO):

energy E , one can proceed as follows. Suppose we had used y(i) as a
variational trial wave-function in the standard Rayleigh-Ritz variation-

al method. Then we would get an upper bound e(A]) where

e(r) = ‘*{%%%%}%{%%i (2.158)

ac(r)

£ IR=A] =0 (2.158a)

F.0 3 c(A]) (2.158b)
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From (2.157), we have
E(x) = e(},) (2.159)

But since A=A] is the point where ¢ is a minimum, we get from (2.158)

and (2.159)

E, € e(A]) < E(Ao) (2.160)

Having set up the formalism, we now go back to our problem.

In the (2+1) dimensional Minkowski space, the modified Hamiltonian is
Ho= 1~ ra2B(R) ey 5o4E, - PccisFiy Hogt  (2.161)

In the above B(;) is a Lagrange multiplier field assumed, for calcula-
tional simplicity, to be t-independent. Since we are looking for a
"correction" to the wave-function and the ground state energy shift
given by (2.147), we shall assume that the magnitude of the B field is
small. This can only be justified at the end when we obtain the value
of B variationally to be of order g. Also, in the above, we are looking
for modification in the photon part of the wave-functional which, in
our case, can be identified with -A? away from the core of the instan-
ton. Thus in the above expression for H, Ei and Fij refer to photon.

H in equation (2.161) is the Hamiltonian we have been using,

i.e., given by (2.53) with ?(i) substituted from equation (2.90). The

modified Schrodinger equation is now

M- 0 (2.162)
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Let us first evaluate $QKB' A straightforward computation gives
V= _ - 2 >
YWKkB = Yuke exp{-i/d?xB(x )eijaiﬂj) (2.163)

where Bj is the quantum fluctuation. To prove this, one substitutes
(2.163) in (2.162) and computes both sides of the equation keeping
terms upto order B. Since the constraint is satisfied by the classical
solution, one has contribution only from the quantum part. Of course,
the energy E is no longer equal to E](=Trw/2). This shift will be cal-
culated when matching is done,

In the allowed region classical vacuum $V, the modified ground

state wave-functional is similarly given by

P (4 P
boo B = v Ladexp(-i/d2xBe, 0.4 ) (2.164)

This changes the ground state energy E0 as

]
E, > Eo = E, + 5 /d®x(3.B)? (2.165)

Finally, we come to the matching problem. As before, for t » -,

. p
A I AR €Y (2.166)

This means that the constant C_ remains unchanged. For C_, however,

there is an additional phase factor involved. To show that, one observes
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+ s 2 _ .t . 2 L b 2
ks~ Vuks = Yukp &XP(-1/d%xBey 3.A,-2iJB(x)e, d*xdT)  (2.167)

The reason for this additional phase factor is that w+ can be obtained
from ¢~ by simply changing the classical solution from an instanton to
an anti-instanton which satisfies the constraint (2.148) with the change
Pw*-P,y- The reader can convince himself that (2.167) is indeed correct
by directly substituting (2.167) into {(2.162).

The modified constant 8+ can now be evaluated as
Cy > Uy = C, exp(2i/d2xdiB(X)o,,) (2.768)

Thus, finally, including the energy shift given by (2.165), the total

energy shift of the ground state is
ME(pgy) = d2x( (2;8)2-2¢ cost(x)+ 1By (2.169)

where we have used the fact that, by construction, instanton is located

at x=X and t=0 so that

rdfd2xB(X)p, (X,X,1) = 3%-3(?) (2.170)
Equation (2.169) is the same result obtained by euclidean calculation
including pseudo-particle interaction. To compare with Polyakov's result

let us change variables

I6) = ¥, x(R) = - B - (2.171)
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Then, equation (2.169) becomes

2
AE(pgy) = 153 a2l 3(7(x-9))2-M2cosx ) (2.172)
where
2
M2 35" € (2.173)
(13)

The reader may compare this with equation (5.20) of Polyakov's work

Now we can minimise AE(pem) by varying x(X} which leads to
V2y = V20 + M2siny (2.174)

For Pom corresponding to two arbitrary static external charges fe at
(*R,0),
Pom = es(y)(8(x-R)-8(x+R)}/q (2.175)

and equation (2.145) gives

_ drne

V2] = -y2n = ==
"y

8(y)op(x) (2.176)

BR(X) 1 if -R<x <R

0 otherwise

For integral charge e=g, the only solution of (2.174) with a discontinu-

ity of 4n across y-axis is

x = 2n (y>0), and = -2n  (y<0) (2.177)
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which does not lead to confinement(23). However, for half-integer charge

e=g/2, there is a non-trivial solutjon

x = 4 tan~! (e M) y>0.
24 tan e W) yen (2.178)

n

which leads to a linear potential between the charges.

€.8. Conclusion.

In this chapter we have constructed an explicit wave-function
for the ground state of compact QED using a combined variational and
WKB approach. By imposing the constraint at the quantum lTevel, we have,
in effect, taken the long-range pseudo-particle interaction into account
and this, in turn, implies the existence of a mass-gap in the theory. In
the case of scale-invariant theories like non-abelian pure gauge theory
in four dimensions, the same problem, namely, long-range pseudo-particle
interaction arises. As expected, this gives rise to severe infra-red
divergences. In the euclidean path-integral formulation, one has no other
choice but to put a cut-off for instanton sizes and hope that physical
quantities would be independent of the cut-off. In absence of a reliable
calculation, it is our opinion that such a procedure is quite amktiguous
and we hope that a variational treatment similar to the one we proposed
for the ground state will avoid these infra-red difficulties.

In the next chapter, we are going to try another approach to

pure gauge theory by the method of collective field. The reason is that
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even if one could control the infra-red behaviour in the WKB approach,
it is not clear whether the known instanton field configurations are
sufficient to lead to color confinement. Besides, there are rather
complicated topological problems involved in the discussion of field
configuration of non-abelian gauge theories. For example, it has been
demonstrated that one cannot fix gauge uniquely by a single non-singular
gauge condition such as the coulomb gauge. This is the so-called Gribov
ambiguity. Simply stated, if one uses the standard coulomb gauge forma-
Tisn, one would count the same field configuration many times and also
might miss some other configurations entirely. In other words, we need
an approach which treats gauge-invariance correctly. Collective field
theory is such an approach. It is formulated completely in terms of
gauge invariant operators and thus the problem of gauge fixing ambigui-

ties does not arise.
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ITI. COLLECTIVE FIELY THEORY.

A. Introduction.

In this chapter we shall explore the quantui collective field
method which was developed by Jevicki and Sakita. To jllustrate the
idea, it is nice to review a simple many-body problem, namely, that of
the ground state of a collection of N Bose particles. A typical Hamilto-

nian would look like

N. " -
H=1 Ip% + 1 V(X5 ,X:) (3.1)
i 2 igj i?

1= J

AN

Here v(xi,xj) is the two-particle interaction energy. One could also
include a general one-particle common potential, but for our purpose
this is general enough. The reader can get a detailed discussijon in the
original i?terature(]s).

The particles being bosons, the syumetry of the problem ceman-
ds that the ground state is symmetric under pair-exchange. So the idea
is to write the ground state wave-function as a functional of the density

operator which is the wost general operator invariant under the symuetry

of the probiem,

- i
density operator = p(x) =_Z]6(x-xi) (s5.2)
'I-_'

iotice that p(x) satisfies a constraint

S op(x)dx = i (3.3)
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The essence of the quantum collective field method is to consider a
most general (usually overcomplete} set of comnuting operators (such as
p(x)) and explicitly perform a change of variables to this new set
(collective field). Thus, we shall assume that the wave-function is a

functional of p(x):
¢(x],x2, ..... ,xN) = ¢{p(.)} (3.4)

Hext step is to express the Hamiltonian in terms of p(x) and the con-

jugate momenta %(x):

§

2(x) = -i =TX) (3.5)

The kinetic energy can be written as
%-fdx o(x3lp}) (in(x)) + %-Idx rdy 2(x,y3(p})u(x)a(y) (3.6)
where we have denoted

- ; VZp(x) = w(x;{pl})

Vi (x)vie(y) = alx,ysle}) (3.7)
i
How, at this point the relevance of the Targe N limit becomes apparent. -
That is, in this 1imit the new variahles become almost independent and

one can define a genuine field theory which approaches the original



57.

quantum mechanical system. This is the collective field theory. What has
been done is simply a change of variable from the original N degrees of
freedom to the new set of infinitely many variables,

Going back to our example, we see that the scalar product of
any two states is

H
<1|2> = f_n]dxiw3(I)w2(§)
1=

N
= f (Dp(X))¢1{p}¢2{p}f.nldxind(p(x)-ZS(x—xi)) (3.8)
i= X i

The second integral in this expression defines the jacobian J{p} and

then the rescaled wave-functions

1/2

¥{p} = J{p} ' “¢{p} (3.9)
have a simple scalar product
(¥,¥,) = s(Dp(x) ¥ o}, lp) (3.10)

Now, in order toc make the kinetic energy term given by (3.6) hermitean,
we consider the similarity transformation (3.9). The effect of this

transformation on operators ;(x) and ;(x) is:
p(x) + p(x)

1(x) + 1(x) - iC{x;{p}) (3.11)
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where

C(xilp)) = - 3 gtz (3.12)
Then the kinetic energy term becomes
Fi/dxa(xi (o1} (n(x)-1C(x3 (o 1)) +psdxdynlx,yi (o)) (n-iC), (5-iC),  (3.13)

The important point to note now is that, instead of evaluating the
jacobian based on the definition (3.8), we can determine it nmore effici-
ently by demanding hermiticity of Hamiltonijan after the similarity

transformation. This gives an equation for C:
w(x;{pl)+sdy ég%ﬁﬁ"iﬂ—n-ﬂdyn(x,y;{p})C(y;{p}) =0 (3.14)
This equation can be formally solved as

C = 9_](w+i(;ﬂ)) {3.15)

nNoj—

where Q'](x,y) is the inverse of q.

Now we can write the complete hermitean Hamiltonian:
H = gfdxsdy m(x)a(x,y3(p))nly) + Vip) + aVip) (3.16)

where V{p} is the original potential expressed in terms of p and the

extra piece AV{p} is given by
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wip} = Ldxfdylu(x;{p})+/dz aié%(—;—i’—{—p—})}ﬂ'](x,y;{p}){w(y;{p})+

,z'3{pl) 1 dm x (p})_ 820(x,y:(p})
dz Sz piod)y {o1)_ draxsay £Rsile) (3.17)

In case of gauge theory, we have‘gauge invariance instead of
Bose symmetry of the above problem. The niost general gauge invariant
operators one can think of in this case are the path-ordered phase
factors

Wr} = tr P exp{i$ A(X).dxX} (3.18)
T
and consequently one assumes the ground state wave-functional as
p{A} = o{W} (3.19)

Assuming at this point that the motivation is apparent enough, we shall
treat a somewhat simpler problem which involves a global (rather than
a local) symmetry; namely, the Heisenberg spin model in two dimensions
(popularly known as O(N) sigma model in field theory). This model has
the virtue of all the important charcateristics of a full-fledged four
dimensional gauge theory (that is, asymptotic freedom, dynamical mass
generation, etc). The interested feader is reffered to the original

literature for the discussion of a non-abelian gauge mode](]s).

B. Collective Field Theory and Large N Limit of Q(N) Model.

Ever since 't Hooft's work on the two dimensional U(N) gquantum



bu.

chromodynamics as a toy uiodel for mesons, 1/H expansion has been explar-
ed in great details in various il-component vector models, Gross-ieveu
niodel and others, The central idea is the observation that the large i
limit can be obtained by suuming planar diagrams. however, it is techni-
cally rather difficult to sum the planar diagrams for realistic theories
1ike Yang-Mills theory in four dimensions.

Collective field theory provides a very useful set-up to obta-
in the large d limit of tne above mentioned theories. In this chapter
we shall analyse the Q(N) lieisenbery spin systew using the collective
field approach. The wmain idea is to construct an effective theory in
terms of a collective field such that the large it Timit can be obtained
by a stationary point method.

In this section we introduce the collective field in the
ltamiltonjan formalism to verive an effective Hamiltonian. The advantage
is that the large W limit is just the semi-classical expansion of the
effective Hamiltonian. we shall derive the nass-gap and the g-function
for N»=. In the next section, we introduce the same collective fielu
in the Lagrangian path integral formalism. The computation of 1/N corr-
ections to physical guantities is rather straightforward using Feynman
diagrams.

The iamiltonian for the O{l} Heisenberg spin system in a-dim-

ensions is given by

# = <K ] a(i).a(m)) (3.20)
iy 1

with s(m).o(m) =1 (3.21)
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where 3(&) is the il-dimensional classical spin vector of unit length

at the lattice site m. ¥ denotes the unit lattice vector. In the conti-
nuum limit (lattice spacing a+), the hamiltonian # reduces to the
euclidean action for the O(N) non-linear sigma-model:

d
Hos fddx_[](aié(i))Z(a)a'd (3.22)
j=

S

E:
apart from an unimportant constant. If we now perform a "Wick rotation”

X.i +xi (i=‘l,2,---,d‘]), Xd > :'t (3-23)

we get the Minkowski action

1
where
L = fdd']x(aug)z (3.25)
ka?™9 = 1/g (3.26)

So instead of discussing the original Hamiltonian H, we can discuss an
equivalent physical system described by the Lagrangian L of equation

(3.25). The advantage is that the Lagrangian L is defined in (d-1) dim-
ensional space. In order to calculate a physical quantity such as spin-
spin correlation function in the original d-dimensional system, we can
calculate the same quantity at "equal time" using the (d-1) dimensional

Lagrangian L and use the property of isotropy to obtain the spin-spin
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correlation at "unequal time".
It has been shown that the quantum {d-1) dimensional Hamilton-

ian corresponding to the Lagrangian L(24) is

= §, 2 - T L35G (3.27)
Myu
where i and 1 now refer to the (d-1) dimensional "spatial lattice". J is
the angular momentum generator for O(N).

There are several interesting properties of the Hamiltonian i
given by (3.27). For strong coupling (g - =), or, high temperature, the
dominant part is

W~ 3 T J2(m) (3.28)

I
which has "Tocal O(N)" invariance. For weak coupling {g - 0), or, low

temperature,

W - gy D8GR3 () (3.29)
M,p

and the invariance is that of "global 0(¥)",i.e., when all the spins are
rotated simultanecusly by equal amounts. This gives us a hint that so
far as the ground state is concerned (for finite g), we should ook for
a collective field which is singlet under global 0(N), so that the ground
state wave-function Yo depends only on the collective field. Such a field
is

a{m).a(n) (3.30)

£
+
+
n



63.

From now on, for simplicity, we shall work in dimension d=2, although
generalisation to any higher dimension is quite simple. In terms of the

q-variables, the constraint condition (3.21) becones

G = | (3.31)
ve shall also assuwe periodic boundary condition for the original o

variable

G(M+1) = 3(1) (3.32)

where M is the total number of lattice sites.

The basic feature of the collective field variables is that
they are not all independent. What we have done is that instead of the
original M(N-1) independent deyrees of freedom of the 3-variab1e, we have
chosen M{M-1)/2 degrees of freedom for q. Thus, although g-variables are
not all independent for finite N, they become independent in the limit
H+= and M>=, Assuming the ground state of the system to be non-degenerate

we can take it to be a function of q only:
Y = ¥p(a) (3.33)

Using the chain rule of differentiation, the Hamiltonian H of equation

(3.27) can be written as

- .9 21
H= -3 %T(m) ag %qm,m+l (3.34)
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where
I ol

’
T(m) = -4 g E?(m’k'k')pmkpmk' - 21(N-1) g Dk Pmk
Q(m,k,kl) = qkk' - ququl (3.35)
Pk = =13/,

and the sum X'means that the term w=k has been omitted. Although the
Hamiltonian KH of equation (3.34) is adequate for calculating the large
N Timit, it is usually more convenient to use the original Hamiltonian 4
of equation (3.20) to compute 1/N corrections to physical quantities
like the ground state energy. However, the collective field variable %nﬁ
has a natural connection with 1/l expansion as we shall see in the next
section,

Going back to the Hamiitonian H of equation (3.34), we see
that it is not hermitean in the ordinary sense. This is because the scalar

product in the Hilbert space of states is defined with a jacobian |J| as

can be seen as follows:

<1|2> =71 dg(m)¢;(§)¢2(3)
m

S 1 do(m) M dg., 6 - S{m).o(k))e!
1 ( )m<k Ak S, = olm).alk) }uy{a)v,(a)

+
USRI CHPIHE] (3.36) .

where

w(9) = ¢(3), 9] = sd3slq,-o(m).3(k)) (3.37)
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We can eliminate the jacobian by a similarity transformation

p(a) » v(q) = /[J] w(a) (3.38)
and correspondingly all coperators undergo a transformation

6.6 = |9]'/206 o712 (3.39)

Since |J| is a function of q, we get

Gk ™ %k
Puk > Pmk ~Cak (3.40)
1/2
Cuk = a(In |V | / )/aqu
Under these transformations the scalar product becomes
< |2> > [ 1 dqu ‘l’;(q)‘l’z(Q) (3.41)
m <k
and consequently the ilamiltonian should become hermitean. So we demand

H(p,q) +H(p-iC.q) = { H(p-iC.qn" (3.42)

and get an equation for C as

;:cml? (m,k,k*) = (N-2M-1)q_, ./4  (m¢k') (3.43)
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For m=k', the left hand side is zero and so the complete set of equation
is

a]Ichmkn(m,k,k') = (N-2M-1) (qu -6, 0 /4 (3.44)
This can easily be solved as

Cg = (constant)s . - (N-2M—1)(q'])mk/4 (3.45)

where q-] is the inverse matrix of q. The coefficient of Sk is arbitrary

and it drops out of the new effective Hamiltonian, which is given by
Heff - ggo % k§:' ﬁpmkg(m’k’k')pmk' * Veff(Q) (3.46)
where the effective potential is
Voggla) = W (q) + av
Vo(q) - 5%5 % In,me1 * %8 % (q_])mm (3.47)
9, = 9N
and AV is an extra piece containing 0(1) and 0(1/N) terms
av = 8o (-2(2M41) + (2M+1)2} Tr(q™)) (3.48)

We shall seek the large N Timit of the system keeping 9, finite. By a
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rescaling of Pk 25

A
Pok ™ Puk = Puk/N (3.49)

we get

- 2 u Py
Hope = N( <o D DAL (3.50)
secause of equation (3.49) we have

{p.q} = -i/N (3.51)

From (3.51) it is clear that 1/N plays the role of fi so that the 1/i
expansion is nothing but the semi-classical expansion of the Hamiltonian
system described (3.50). In this systematic 1/il expansion one would get
divergent higher order terms, i.e., terms proportional to M, Mz, etc,
These divergent terms should be cancelled by the divergent terms of AV
in (3.50)(see appendix A}. AV therefore plays the role of counterterms.
The ground state in the 1imit >~ can be obtained from the
classical solution of the Hamiltonian system of (3.50). We look for
static solutions only. The equation is simply obtained by minimising Véﬂ

subject to constraint (3.31):

902 1 -
- ﬁg(q )mn' ago(5m+],n+6n+1,m)+k(m)émn =0 (3.52)

The Lagrange nultiplier A{m) is to be determined from (3.31).

The solution of (3.52), which we denote by qﬁn, can be interpre-
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ted as usual as the vacuum expectation value of the corresponding opera-

tor in the limit W=

(3.53)

0 _ +; .\ >
A = <o(m).c(n)>Vac

From this interpretation and the translatijonal invariance of the vacuum,
one would expect that qﬁn depends only on the difference (m-n) and A(m)
independent of m. With this ansatz we obtain the following solution of

(3.52) after a straightforward calculation:

i . -
o _1 exp (2mi (-n)j/M)
%in = W jgl (4aXg, - 8cos(21r;i/M)/gé)]/2 (3.54)

In the infinite volume limit (M>=), q@ s given by
0 an . ) 172
U = g(de/2w)exp(1(m-n)qK4aA/go-8cose/go) (3.55)

The Lagrange nuitiplier A is determined from the following equation
which is a resuit of the constraint:
’ =1 2]/2
K(k) = >{4ar/g  + 8/g?)
(3.56)
2 -1
k® = (16/92)(4ar/g, + 8/g?)

where K(k) is the complete elliptic integral of the first kind(25).
Let us briefly indicate what the solution looks 1ike from

equation (3.56) for weak coupling (g, << 1) and strong coupling (g0 >> 1).
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For 9 << 1,

- 8 256 -4n/g
A=30 (2t=2e 0) (3.
nig s
anu for 9y > 1,
A =g /8a (3.

The mass-gap u (defined as the inverse of correlation length)

M= - 1im ( E—ﬁLTnl]nqr?m) (3-

is related to A by

W

p2 = Agy/a - 2/a® (

The B-function of the theory is defined by

B(g) = a dg (3.

da

We can calculate B(g) by demanding that the mass-gap v is a physical

quantity independent of a:

Qlc
o=
il
(=]

From (3.57) and (3.58) we get

8(g) = g2W/2n for gN << 1 | (3.

(3.

57)

58)

59)

.60)

61)

62)

63)
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and

B(g) g for gN >>1 (3.64)

In the intermediate coupling region, oﬁe can solve (3.56) numerically.
However, an excellent approximation can be obtained by noticing that the
main contribution to the integration in (3.55) comes from small 6. We
expand cos® keeping upto quadratic term and do the integration in (3.55).

We quote only the final result

)
2_
ﬂgﬂ) = g%( %2?]1‘) (3.65)
a = exp(2n/go)

Equation (3.65) has the correct limits given by (3.63) and {3.64). The
expression for u, however, differs by a factor of (2u/8) frow the weak
coupling Timit. This difference is due to the approximation we made in
doing the integration. The B-function also agrees with the results found

in lTow-temperature expansion(zﬁ) (24’27).

and high-temperature expansion
In concluding this section a few cowmments are in order. All
the results obtained here can easily be generalised to a d-dimensional
model. For example, the classical solution given by equation (3.55) can
be generalised to d=3 from which it can be deduced that, unlike the two- .
dimensional model which has critical coupling constant 9.=0, the three

dimensional model has a non-zero critical coupling constant. The simpli-

fication we have achieved by using an effective field q is that all the
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information about the ground state of the system (for large N) is contai-
ned in the potential energy term, so that the large N approximation
reduces to the ordinary semi-classical approximation (h+0). However, to
obtain a systematic 1/N expansion, the effective Hamiltonian Heff may
not be very suitable since all the . varjables are not independent. To
‘overcome this difficulty, we shall introduce the same collective field

in Lagrangian path integral formulation in the next section.

C. Collective Field in Path Integral Formulation.

The vacuum-to-vacuum transition amplitude for the system describ-

ed by the Lagrangian of (3.25} is

Z = [i{da(m)s{s2(m)-1)3exp{is(3)} (3.66)
m
with
S(3) = sdtf &, Jo(m).S(my+ L T3(m).3m1)) (3.67)
g m ag m

We introduce the collective field An in Z as

2 = /1 do(m)s{a2-1) T {dqmna(qmn_z(m).E(n)))exp{is(z)} (3.68)
m m,n

Since we want to calculate Aun”> * We introduce a source for the o-field

as

Z(J) = /D3Dqs (g -5(m).5(n))8(q,, ~1)expli(S(3)+sdt Ja(m,t).J(n,t))}
: m

SDODADYS (G- )exp(i(sdt( §oo2 + %gqm,m+]+3.8+%ymn(3.3-qmn))})
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- + - [
in which the o-integration can be done as

2(J) = foquyé{q_ -T)exp{- --tr]nOHfdt(;g Iy ™ l'Ymnqmn)
- pdtdt'd (m, )0 ] (£,£1)3 (n,t')) (3.
where
1y an2
Omn(t’t )= (- Eet mn "~ Yin (t))s(t-t") (3.

fdt! Z Ut t )0 (1,8 8. Sit-t") (3.
Define a new variable
Ban = SV (3
and write 2(J) as
2(J) = (constant)/DgDebrexp{iNS{q,R,A)- %Jdtdt'jﬂ"]j} (3.

where the action 5(q,8,A) is given by

1 1

L 2 1
>(a,8,2) = tr]n( a8 B! * ert(ag qn m+1 Zg mnqiun) ZIUt)‘m(qmm'])

t n mn

(3.

From now on we shall drop all J-independent multiplicative constant
appearing in front of 2(3). The required vacuum expectation value of
is

1 621n2(J
vac “26J ?m(t;ud .t} J=0

<qmn(t)>vac = <a(m,t).o(n,t)>

69)

70)

71)

.72)

73)

74)

n
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or,

T | .
<qmn(t)>vac = ‘N<0mn(t't)>q,ﬁ,l (3.75)

where <(...)>q g x Means
] - ]

_ JfbgDBDA(...)expliNS{q,B,A)} :
<o )20 8.0 = T IDqDEDIEXPTINS(q,B.0)] (3.76)

Since go=gN is fixed when large W limit is taken, the action S(q,8,))
does not depend on il. because of the explicit presence of N in the expo-

nent, equation (3.76) is very suitable for a diagramatic expansion in

0

powers of 1/N. The clue is to find the saddle point (q%n,an

0
,Am) of the

action S{q,B,\) as

65(q,8,1)

=0 (3.77)
$(%n > Poun 2 m) q9,8%2,2°

If we now expand S(q,R,\) arounu the sadadle point given by (3.77) as

5(q.8,1) = 5(q%+q,8%+E% ,2%4X) (3.78)
the trin term becomes
trin(-a32s_ +8° +8 ) = tr ]nG']+ E iillﬁ+1tr(ﬁk)" (3.79)
t mn "mn Tmn n=1 n :

where 4 ia given by

+

2
(-adg

0 I - '
8an an)Gnk(t,t ) = 6mk6(t-t ) (3.80)
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The saddle points are given by (assuming static solutions)

Y = |
1 1 .0 1o -
Eﬁﬁb(dm,n+1+6n,m+])' ?Egﬁnn' 2*m®mn = 0 (3.81)

1 o i _
= 25, (8 + g (621) = 0

0

yn are functions of (m-n) only and A;

As before we demand that q;n and B

independent of m. Then the solutions are given by

o
|
l.—-l
II'MZ
—

exp{2mi(m-n)j/Miql{j)

-0
3
=
=

J

M

ﬁﬁn = %sglexpizﬂi(m;n)J/M}B(J) (3.82)

q(4) = (4ar/g -Bcos(2nj/M)/g2)™"/2

B(3) = -g A+ §c05(2wJ/M)

and
M . . , ,
Gmn(t’t') - %1216{2n1(m-n)3/M1£ g%ﬁ(w,j)e1w(t_t )
J:
G(w,j) = {aw? + B(j) + ie}-1, e > 0+ (3.83)

Thus we get the same result as in equation (3.54).
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To obtain a systematic 1/N expansion, we go back to 2(3) which, after

the shift in fields, becomes

iNS - e Ll 1
2(3) = "1 fDaDgD%exp{1N(%trn§21—ﬁl (G%’)n "?fdtaman
- rat¥ § o) - %Jdtdt' 30713 | (3.84)

Zgo mn 'mn

where Sc1 is the classical value of the action S(q,B8,1). So far as a
general Green's function of the original o-field is concerned, we can
integrate out the X and the a fields and finally get
o n+1 .
2(3) = 108 expl- Jtr | 1:%1- (6¥)"- Zratat'T(2)o™' (¢,t)3(t")) (3.85)
n=2
where Bm is just the diagonal part of an, i.e.,

¥ =¥ _ (3.86)

Then “Qn’ is given by

Qnlt)> = 1N<O$l(t,t)>§ = iN<0|;"]](t,t)>¢ (3.87)
where ¢ and <(...)>¢ are

oy = NE (3.88)

o)y = Jptleaqees(e) (3.89)
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with
® n+l
5(4) = - 172 ZZL’-ll tr(Ge)" (3.90)
n=

Equation (3.89) leads to a natural 1/W expansion in terms of Feynman

diagrams. From (3.90) it is easy to see that the ¢-propagator is of

1/2 1

order N°, the ¢3 vertex is of order N°'/°, ¢4 vertex is of order N~

and so on. In general, a ¢k vertex is of order N"klz. The Feynman rules

are
mt —————— nt' = ¢-propagator = —Zu&l(t,t')
k2t2 ] r
k]t]-————<<:::l = ¢ vertex = EVNGk]kz(tl’tZ)szkB(tZ’t3)
k3t3 (
G ty,tq)
k3k] 37

and similar rules for other vertices. We have not shown them explicitly
because we do not need them to calculate <Qun> to order 1/N. The matrix

Dmn(t,t') js defined by

Dynltst') = 6. (t,t')6, (t',t) (3.91)

1

Expanding 0" " in {3.87) as

-1

0 1

1 2 . 0 1 -
{ﬁ('aatamn * By buSn )

-1 1 4t-1
g{G +‘7Nf}

n

9(6 - Jx6i6 + 1adade + o(n"I/2) (3.92)
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we get, upto order 1/,

4 . ] . “
“Quntt)> = 1go{Gmn(t’t)'/ﬁfdt'emk\t.t')<¢k(t')>5kn\t'.t)

] \ 1] [ " fan ] " g
e At G (8,06 4 (t,t")G (t",t) <o, (t') ¢y (£")>(3.93)

The tadpole <¢k(t)> can be calculated (upto orcer i as

|

<¢k(t)>

kit ——(O)

21 W, U - - ..
I 1522007 (0,0007 (005 - ,)%

5
2

Gz(w]aj])G(wzajz)} (3-94)

and finally

Qup{t)> = igg(a + b +c)

[o}]

= £ 1 expl2ni{-n) /M)A 6w, j)
J

A
v

b= - ¢; § exp{2ni (m-n) /M5 G2 (w,3)

s

2 jw. d . . g :
c = - ﬂﬁzjlzjf%%%%%e exp{2ﬂ1(m-n)31/lez(m],J])X
W2

8(wy050d1-3,)07 (05,3 ,) (3.95)

In order to simplify the calculation, we shall use the same approximation
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as we did in equation (3.65), i.e.,

(t,t') = ue dw exp{1w(t t')+i0(m-n)}

mn Zn 2n a{ws~p%-(4/a%)sin4{6/2)+ie}

o Idzk exp(ik.x)

(2m)<k“-nc+ie | (3.96)
where
k? = kyk, = w?-k?
= 2nj/M = ak]
sin?{e/2) = 62/4
a?u? = arg -2 (3.97)

We trust this approximaticn only for weak coupling. Performing a "Wick

rotation",

1 %k 1k1a(m n)
§5<qmn( )> f(2n)2 k%% ¥z (k)

(k) = 353260000 (@) -r 380 T (010 T a)6 (PG (p-al}

6(p) = (p2u2)™! = (p3+pgru2)”]
0(p) = f%%%)zﬁ(q)G(q»p) 3 ln{érﬂéj%ziiz:zgl(/”fiauz_/’ﬁ)} (3.98)

See appendix B for derivation of the last fornula in (3.98). Equation
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(3.98) was first derived by Abe and Hikami using a slightly different
approach(ZB). Our approach should be advantageous if one wishes to comp-
ute general Green's functions involving g-field.

To calulate mass-correction to order 1/N, we expand Z(p) around

p2=-u? as

I(p) = Iy + (pP+u?)r, + Z5(p)

£(p2=-u2) (3.99)

™
—
1]

L

d
),
The wave-function renormalisation constant 22 for the o-field is then
and the mass correction 8u? is

§u? = Iy = L(p?=-u?) (3.101)

Since the expression for I(p) is divergent, we put an euclidean cut-off

A and get
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VX7 {x+) -1 (3.102)

) = gy +1n{{{’7¥—}7—}' X,
wWe shall define the g-function as

B(g) = -A %% (3.103)
and- evaluate it from the condition

4o (u2+su2) = 0 (3.104)

The reader should note that the B-function will, in general, be different
from the B-function we used before. However, for weak coupling, they
should be same since g=0 is the critical coupling constant. To order 1/N,

we find (see appendix B)

slg) = - Joll=alyy _acl ¢(y)

o = exp(4n/g,) (3.105)

which, for weak coupling, reduces to the known result(zs)

Blg) = & N-2) ﬂ;% (3.106) .
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IV. CONCLUSIOG.

It is generally believed that to solve the important problems
of QCD like color confinement and the structure of hadrons, it is essen-
tial to go beyond perturbation theory and develop suitable non-perturba-
tive formalisms. At the samé time, this wust also be conpatible with the
asymptotic freedom one observes at short distances. In this thesis, we
have attempted to develop two such non-perturbative formulations; the
nodified WKb approximation and the collective field approach.

The modified WKB-variational approach seems to be suitable for
describing the&ries which have tunnelling and in the modellwe discussed
{the compact quantum electrodynamics in three space-time dimensions)
there is a generation of mass-gap. In the language of euclidean functio-
al integration, this is due to long-range pseudo-particle interactions
which means that different tunnelling events are somewhat strongly
correlated. This is reproduced in our formalism by treating the long-
range infra-red modes correctly through a variational approach. The same
thing, in principle, can be done for SU(3) pure Yang-Mills theory which
has instantons. However, we are not sure at this point whether the inst-
antons are sufficient to lead to confinement or whether one has to incl-
ude more complicated field configurations. Possibly a suitable variational
ansatz can overcome this difficulty, but we have not found it yet.

Another approach we have discussed is the collective field
method which has already been successfully applied to a large class of
models like the vector models, matrix modets, U(N} gauge theory and

others. The problem of gauge invariance is avoided since all collective
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field variables are manifestly singlets. This seems to be a promising
method in the sense that large N limit is achieved rather naturally and
the technical problem of summing planar diagrams is reduced to sclving
a classical equation. As we have shown the collective field can also be
introduced into the functional integral formulation and 1/N corrections
can be computed. Application of this method to various other models are

presently under study.
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Appendix A. Cancellation of Uivergence in O(N) Model.

In this appendix we shall prove the cancellation of leading divergences
in the ground state energy of Hoft in equation (3.46) by the counterterm

AV given by (3.48). The Hamiltonian is
-2 '
Hops = =3 Tppp(makok! p o + WV {q) + oV (A.1)

HWe have shown that the large N 1imit is achieved by minimising Vo(q)
subject to the constraint {3.31). Let us call this solution q°. Then we

expand q as

_ .0
L an (A.2)

in Heff and keep upto quadratic part. Classically the ground state ener-
gy is given by Nvo(q°)+ V(qo). We want to find the quantum correction as
the sum of all zero-point energies. To achieve this, we write the quadra-

tic part of NVO(q) as

-

_ai? o707l o
Wo(@)| quadratic = 8 trfa° Qa° W’ ) (A.3)

The kinetic energy (upto quadratic in fluctuation) is
E =.2..9.. 0 1 1
h'hlquadratic 2 L pp(k)ag(k.k )p (k") (R.4)

Pulk) = P> Bplkok') = almk,k') [0 (A.5)
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To find the quantum zero-point energy of the quadratic part, we define a

transformation of Q as
Q) = T ay(kok* )0 (k') (A.6)

Then, p,(k) transforms as

Pa(k) = -ty [ etk k) iggeen)) = () (K) (A.7)

where are using an obvious matrix notation (T stands for transpose). So
we are treating the indices m and k in Q. as belonging to two different
types of labels {for example, one may think of "m" as an internal symm-
etry index and "k" as a lattice index). The transformation (A.6) is
defined for each m. Our purpose is to choose the matrix am(k,k') such

that the kinetic energy term (A.4) becomes diagonal, i.e., we assume

o T

Tao T S |
(“mﬂmam)pm = Pm P (A.8)

0 = p'
PomPm = P
which means, for each m,

oT _
it <) (A.9)

To find such O * let us write no as

n(kok') = q%(k,k*)-q%(m,k)q%(m,k*) = q%(k.k')-By(k.k')  (A.10)

where Blk.k') = q°(m,k)q®(m,k") (A.11)
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and define B and Y, @s

a®(k,k*) = (878)(k,k')

T _ -1
o = B Vg

Then condition (A.Y9) yields
V(8T (q%-B e Ty, =

or,

(vl =1 - (87)TB 87!

Solutijon for Y is

-1
m

- T -]:. -1
y. =1-(8) B8

So we can write the quadratic part of Hofr as
i = _2_9_ lT ] gﬂ_ |T T t
Heff quad azpm Pt 8a Qm Dmm"Dm"m'um'

where we have defined

D (kok') I§wmm.(k,p)e:,;,?(p,k')

-1
Q® (mm ) (8T) T (k,k")

Nmma (k,kl)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)
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We can now split matrix D as

D = D(O) ¥ D(])

0l (k,k') = ) My (K5p) 8T (p k") (A.18)

Ol (') = -pz Ut (K2P)Bp (p2q)87 (a5k')

H

Notice that D is a double matrix (in two different indices) and it can

be shown that

-1

-1
, tr D(])= -tr qO (A.19)

tr D(o) =M tr q0

where M is the total number of lattice points. Thus the zero-point

energy is
2172 | o
E = 532 51 200 = Pino1)er® ) (A.20)
Recall that the leading divergence in &V is
_ -1
(%) = - P(rk) tr(e® ) + 0(I/N) (A.21)

which exactly cancels the divergence in (A.20) proportional to M.
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Appendix B. Numerical Detaijls for Computing 1/N Corrections.

We first derive the expression for D(p) given by

2 - -
D(p) f%;% (k2+m2) ]{(k-p)2+m2} 1

1]

20.1 o
570Xy expl-x(K2m2)-y (k2+p2-2p. kin?)

xyp? d?k - (x+y)k?

Jdxsdy exp{-m?(x+y)- Xty I

: 2
f%%%%;y)exp{-mz(x+y)- §¥§'} (B.1)

Changing variable to 2x=utv, 2y=u-v, we get
_ wdu Ydv 2, P2 v2p2
Op) = I Sy expl-(n+ i Ju + )

; 1 v X"
" TwerE) L, )

- F(1,1/2,3/2,x)

(p=+4m=) (B.2)
where F is the confluent hypergeometric function and x is given by
X = p2/(p2+4m2) (B.3)

Actually, in a general d-dimensional space,

0(p) = r(2-g)2" % V2 (m2sB) 22 (2.4 1 3 ) (8.4)
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Using the formula

n;fo o= Shan( 1k (8.5)
we get the expression for D(p) in two dimension as

() = ZvrrrREEET) N A ) (5.6)
To get B-function, we first note that

p2+8u2 = u2(1- %ff(x)dx) (B.7)

where f(x) and are given by (3.102). The relation between u? and cut-

off A is

-
V]
il

p2(a-1)

R
]

exp(4n/go)' (B.8)

Now it is straightforward to derive equation (3.105) for g-function from
equations (3.103), (3.104) and (B.8). It is also easy to show that the

asymptotic expansion for f(x):

f 0(1/x2
(X)x _RTFT?_) + 0(1/x2)
f(x) »~ - Evr-+ 1+ 0(/x) (B.9)

X
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For weak coupling limit,
A_C!"]__u 'l
=TE T F

()

4

Qr

(B.10)

and we get (3.106).
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