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A b s t r a c t

STOCHASTIC QUANTIZATION AND THE LARGE N REDUCTION OF 

QUANTUM FIELD THEORIES 

by

JORGE ALFARO 

Ad v i se r :  P r o f e s s o r  B. S a k i t a

We d i s c u s s  t he  Reduc t ion  in t h e  l a r g e  N l i m i t  of  

f i e l d  t h e o r i e s  u s i n g  t he  s t o c h a s t i c  q u a n t i z a t i o n  of  P a r i s i  

and Wu. The quenched momentum p r e s c r i p t i o n  i s  d e r i v e d  f o r  

b o t h  g l o b a l l y  and l o c a l l y  U(N) symmetr ic  t h e o r i e s  i n  t he  

cont inuum.  Using our  approach ,  t he  Gros s -Ki t azawa con­

s t r a i n t  i s  not  needed t o  r educe  t he  U(N) gauge t h e o r y .  

Fu r the rmore ,  t he  s t o c h a s t i c  q u a n t i z a t i o n  i s  ex t ended  t o  

i n c l u de  U(N) v a r i a b l e s  and a p p l i e d  t o  d e r i v e  t h e  quenched 

momentum p r e s c r i p t i o n  of  U(N) l a t t i c e  gauge t h e o r y .  F i n a l ­

l y ,  we use  t he  s t o c h a s t i c  r e g u l a r i z a t i o n  t o  compute t h e  one 

loop l a r g e  N, mass r e n o r m a l i z a t i o n  in  t h e  four  d imens iona l  

NxN Hermi t i an  m a t r i x  model.
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I . INTRODUCTION AND SUMMARY.

The Yang -Mi l l s  t h e o r y  o f  t h r e e  c o l o r e d  q u a r k s  and 

g l u o n s ,  Quantum Chromodynamics (QCD) , i s  t o d a y  w i d e l y  a c ­

c e p t e d  a s  t h e  t h e o r y  o f  s t r o n g  i n t e r a c t i o n s .

Th is  i s  m a in ly  due t o  t h e  s u c c e s s f u l  p r e d i c t i o n s  

o f  t h e  t h e o r y  i n  e x p e r i m e n t s  t e s t i n g  t h e  s h o r t  d i s t a n c e  

p r o p e r t i e s  o f  h a d r o n s ^ .  In t h i s  r e g i o n  t h e  hadrons  

behave  a s  a s e t  o f  p o i n t - l i k e ,  a l m o s t  f r e e  p a r t i c l e s ;  QCD 

i n c o r p o r a t e s  t h i s  b e h a v i o r  o f  h a d ro n s  and makes r i g o r o u s

p r e d i c t i o n s  a b o u t  i t ,  b e c a u se  o f  t h e  p r o p e r t y  o f  no n -ab e -
( 2 )l i a n  gauge  t h e o r i e s  known a s  a s y m p t o t i c  f reedom . In 

an  a s y m p t o t i c a l l y  f r e e  t h e o r y ,  t h e  e f f e c t i v e  c o u p l i n g  

c o n s t a n t  ( r u n n i n g  c o u p l i n g  c o n s t a n t )  goes  t o  z e ro  f o r  

l a r g e  momenta ( sm a l l  d i s t a n c e ) ;  and  t h e r e f o r e  t h e  s t r e n g t h  

o f  t h e  i n t e r a c t i o n  f a l l s  o f f  and  a p e r t u r b a t i v e  e x p an s i on  

i n  t h e  e f f e c t i v e  c o u p l i n g  c o n s t a n t  i s  j u s t i f i e d .

I t  happ ens ,  however ,  t h a t  mos t  o f  t h e  common p r o ­

p e r t i e s  o f  n u c l e a r  m a t t e r ,  e . g . ,  m a s s e s ,  l i f e t i m e s  and 

decay  r a t i o s  o f  e l e m e n t a r y  p a r t i c l e s  a r e  o f  a 

n o n - p e r t u r b a t i v e  n a t u r e .  Moreover ,  one o f  t h e  most  

f undamenta l  p rob l ems  o f  q ua rk  p h y s i c s ,  t h e  con f in eme n t  o f  

q u a r k s  i n s i d e  c o l o r l e s s  h a d r o n s ,  i s  o u t  o f  t h e  r e a c h  of  

weak c o u p l i n g  p e r t u r b a t i o n  t h e o r y .

C o ns id e r ab l e  p r o g r e s s  i n  t h e  u n d e r s t a n d i n g  o f  QCD 

has  come f rom t h e  u se  o f  computer  s i m u l a t i o n s  t o  s t u d y  t h e
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(3 4)l a t t i c e  v e r s i o n  o f  t h e  t h e o r y  ' . In t h i s  ap p r o a ch ,

t h e  t h e o r y  i s  r e g u l a t e d  by d e f i n i n g  i t  on a l a t t i c e .  The 

l a t t i c e  s p a c i n g  a c t s  a s  a gauge  i n v a r i a n t  r e g u l a t o r  t h a t  

mus t  be  t a k e n  t o  z e r o  t o  r e c o v e r  t h e  cont i nuum t h e o r y .  

Al though  t h e  t h e o r y  l o s e s  m a n i f e s t  P o i n c a r e  i n v a r i a n c e ,  i t  

p o s s e s s e s  e x p l i c i t  g auge  i n v a r i a n c e .  Moreover ,  s i n c e  f o r  a 

no n - ze ro  l a t t i c e  s p a c i n g  t h e  c o r r e l a t i o n  f u n c t i o n s  a r e  

f i n i t e ,  t h e y  c an  be  c o n v e n i e n t l y  e v a l u a t e d  by computer  

s i m u l a t i o n  (Monte C a r l o  m e t h o d s ) .

I f  we w i s h  t o  have  a n a l y t i c  r e s u l t s  a b o u t  QCD, i n  

r e g i o n s  where  t h e  u s u a l  p e r t u r b a t i o n  e x p a n s i o n  i s  n o t  a p ­

p l i c a b l e ,  some o t h e r  a p p r o x i m a t i o n  t o  t h e  model  s h o u l d  be 

de v i s e d ;  an  a p p r o x i m a t i o n  i nd ep e n d en t  o f  t h e  v a l u e  o f  e 

( i n  f a c t  e i s  n o t  a f r e e  p a r a m e t e r  i n  QCD, s i n c e  t h ro u g h

t h e  r e n o r m a l i z a t i o n  g r ou p  i t  f i x e s  t h e  s c a l e  o f  masses  i n  
(3  2)t h e  t h e o r y  ) .  Th i s  seems h o p e l e s s ,  s i n c e  QCD i s  a 

one  c o u p l i n g  c o n s t a n t  t h e o r y .

N e v e r t h e l e s s ,  t h e r e  i s  a h i dden  p a r a m e t e r  i n  QCD 

d i s c o v e r e d  by ' t H o o f t ^ .  He s u g g e s t e d  g e n e r a l i z i n g  QCD, 

t h e  gauge  t h e o r y  b a se d  on  SU(3) g r ou p ,  t o  a gauge  t h e o r y  

ba sed  i n  U(N) g r o u p .  The t h e o r y  s i m p l i f i e s  f o r  N l a r g e  and 

t h e  hope i s  t h a t  t h i s  i s . a  good a p p ro x i m a t i o n  f o r  N*3.

To s e e  t h i s ,  c o n s i d e r  U(N) Gauge t h e o r y  which  ha s  

one  c o u p l i n g  c o n s t a n t  e .  Th is  t h e o r y  c an  be  q u a n t i z e d  i n  

t h e  u s u a l  way,  f i x i n g  a gauge  and a dd in g  t h e  n e c e s s a r y  

Fadeev-Popov g h o s t s .  However,  f o r  o u r  p u r p o s e ,  we j u s t
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need  t o  co u n t  powers  o f  e and N i n  Feynman's  d i ag rams .

By c o u n t i n g  powers  o f  e and N i n  Feynman g r a p h s ,  

i t  i s  found t h a t  p l a n a r  g r a p h s  have  f a c t o r s  o f  ( e 2N)a 

a » 0 , l , 2 .  . . .  A l l  o t h e r s  Feynman g r a p h s  have  f a c t o r s  of  

( e 2N)a /Nb , b - 2 , 3 ,  . . .

The l a r g e  H l i m i t  i s  d e f i n e d  by making N l a r g e ,
2b u t  e N f i x e d .  In t h i s  way p l a n a r  g r a p h s  domina t e ,  and 

a l l  n o n - p l a n a r  g r a p h s  a r e  n e g l e c t e d .

In some s i m p le  c a s e s ,  e . g .  Two Dimens iona l  Quantum 

Chromodynamics,  t h e  l a r g e  N l i m i t  c an  be  computed a n a l y t i ­

c a l l y  and  t h e  r e s u l t s  a r e  en co u ra g i n g :  a s im p le  i n t e g r a l  

e q u a t i o n  g i v e s  t h e  masse s  o f  q u a r k - a n t i - q u a r k  bound s t a t e s  

( m e s o n s ) ^ .  Moreover ,  t h e  e l a s t i c  s c a t t e r i n g  o f  mesons 

i s  m ed i a t ed  by t h e  i n t e r c h a n g e  o f  o t h e r  mesons and  n o t  o f  

u n p h y s i c a l  q u a r k s ^ .  Th i s  a g r e e s  w i t h  what  i s  e x p e c t e d  

a c c o r d i n g  t o  Regge phenomenology^"***. In f o u r  d im e n s i on s ,  

no one ha s  succeded  i n  summing t h e  p l a n a r  s e r i e s ,  bu t  

g e n e r a l  p r o p e r t i e s  o f  t h e  a p p ro x i m a t i o n  can  be d e d u c e d ^ *

In s t u d y i n g  t h e  l a r g e  N l i m i t  o f  U(N) l a t t i c e
( 8 )gauge t h e o r y ,  Eguchi  and Kawai d i s c o v e r e d  t h a t  t h e  

Schwinger-Dyson e q u a t i o n s  o f  t h i s  model  c o i n c i d e  w i t h  t h e  

Schwinger-Dyson e q u a t i o n s  o f  a r educ ed  model  ( Eguchi-Kawai  

mode l ) .  The r educ ed  model  c o n s i s t s  o f  a one  s i t e  l a t t i c e  

ove r  which  we d e f i n e  a v e c t o r  v a lu e d  U(tl) m a t r i x .  Al though 

t h e y  c l a im e d  t h a t  t h i s  r em a rk ab l e  c o i n c i d e n c e  h o l d s  f o r  

a r b i t r a r y  v a l u e s  o f  t h e  c o u p l i n g  c o n s t a n t ,  i t  was found  by
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( 9 )Bhanot ,  H e l l e r  and Neuberger  t h a t  t h e  c o i n c i d e n c e  i s

n o t  t r u e  f o r  weak c o u p l i n g .  For s m a l l  c o u p l i n g  c o n s t a n t ,

a ( U ( l ) ) d symmetry o f  t h e  Eguchi  Kawai model ,  which i s

n e c e s s a r y  t o  p rove  t h e  e q u i v a l e n c e  o f  t h e  two s e t s  o f

Schwinger-Dyson e q u a t i o n s ,  i s  sp o n t a n e o u s l y  b roken  (d i s

t h e  d imens ion  o f  s p a c e  t i m e ) .  The sp o n t a n eo u s  breakdown

of  t h e  symmetry i s  due t o  quantum f l u c t u a t i o n s  a round  t h e

minima o f  t h e  r ed uc ed  a c t i o n ,  which  domina te  t h e  weak

c o up l i n g  l i m i t  o f  t h e  t h e o r y .  To r e s t o r e  t h e  symmetry,  t h e

a u t h o r s  o f  r e f e r e n c e  (9) p r op os e  t o  quench  t h e  minima o f

t h e  r educed  a c t i o n .

In a s h o r t  pa p e r  by P a r i s i ^ * ^ , t h e  quench ing

p r e s c r i p t i o n  was g e n e r a l i z e d  t o  g l o b a l  symmet r ie s  a s  w e l l .

S u b s e q u e n t l y ,  Gros s  and K i t a z a w a ^ * ^ ,  and Das

and W a d i a ^ 2 ^ ( s ee  a l s o  M i g d a l ^ ^ )  p roved  t h e  quenched

momentum p r e s c r i p t i o n ,  b o t h  i n  t h e  cont i nuum and i n  t h e

l a t t i c e ,  t o  a l l  o r d e r s  i n  p e r t u r b a t i o n  t h e o r y .  The nove l

f e a t u r e  i n c o r p o r a t e d  by t h e s e  a u t h o r s  i n t o  t h e  r e d u c t i o n

o f  U(N) gauge t h e o r y  i s  t h e  i n t r o d u c t i o n  o f  a d d i t i o n a l

c o n s t r a i n t s .  Wi thout  t h e s e  c o n s t r a i n t s ,  t h e  quenched

model would r ed u c e  t o  t h e  Eguchi -Kawai  model .

The p u r po se  o f  t h i s  t h e s i s  i s  t o  r e p o r t  on a s t u d y

of  t h e  r e d u c t i o n  o f  d e g r e e s  o f  f reedom i n  t h e  l a r g e  N l i m i t

o f  f i e l d  t h e o r i e s  u s i n g  t h e  s t o c h a s t i c  q u a n t i z a t i o n  of  
( 14)P a r i s i  and Wu

In S e c t i o n  I I I . B  o f  t h i s  work,  we u se  t h e  s t o c h a s ­
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t i c  q u a n t i z a t i o n  method o f  P a r i s i  and  Wu t o  r e d e r i v e  t h e  

quenched momentum p r e s c r i p t i o n  f o r  t h e  l a r g e  N He rmi t i an  

m a t r i x  model .  The b a s i c  i d e a  o f  o u r  d e r i v a t i o n  o f  t h e  

quenched momentum p r e s c r i p t i o n  i s  q u i t e  s i m p l e .  In t h e  

s t o c h a s t i c  q u a n t i z a t i o n  method ,  t h e  c o r r e l a t i o n  f u n c t i o n s  

o f  E u c l i d e a n  f i e l d  t h e o r y  a r e  o b t a i n e d  by i ) s o l v i n g  t h e  

Langevin  e q u a t i o n  i n  t h e  p r e s e n c e  o f  a random n o i s e  yj , 

i i )  t a k i n g  t h e  random a v e ra g e  w i t h  r e s p e c t  t o  ^  i i i )  

l e t t i n g  t h e  f i c t i t i o u s  t i m e  go t o  i n f i n i t y .  We f i r s t  

n o t e ,  t h a t  i n  t h e  l a r g e  N l i m i t ,  i t  i s  p o s s i b l e  t o  r e p l a c e  

t h e  random w h i t e  n o i s e  a p p e a r i n g  i n  t h e  Langevin  e q u a t i o n  

o f  s t o c h a s t i c  q u a n t i z a t i o n  by a s p e c i a l  reduced  form 

w i t h o u t  l o s i n g  t h e  Gauss ian  d i s t r i b u t i o n  p r o p e r t y  o f  t h e  

o r i g i n a l  w h i t e  n o i s e .  T h e r e f o r e  t h e  .whole c o n t e n t  o f  t h e  

o r i g i n a l  t h e o r y  i s  r ep r o d u c ed  i n  t h i s  l i m i t  by  s o l v i n g  t h e  

Langevin  e q u a t i o n  w i t h  t h i s  p a r t i c u l a r  form o f  r educed  

random n o i s e .  The s o l u t i o n  t o  t h e  e q u a t i o n  i s  o b t a i n e d  

from t h e  s o l u t i o n  of  a r educed  Langevin e q u a t i o n ,  

a c c o r d i n g l y  a r educed  model .

We s h a l l  c o n s i d e r  i n  s e c t i o n  I I I . C .  t h e  l o c a l l y  

symmet r ic  gauge  t h e o r y ,  which  i s  mos t  i n t r i g u i n g  i n  t h e  

l a r g e  N r e d u c t i o n ,  s i n c e ,  a s  i t  h a s  been  shown i n  r e f e r ­

e n c e s  (11) and (12 ) ,  new c o m p l i c a t e d  c o n s t r a i n t s  have  t o  

be imposed i n  o r d e r  t o  r e d uc e  t h e  t h e o r y  c o n s i s t e n t l y .  

(See  r e f e r e n c e  (15) f o r  a d i f f e r e n t  app roach  t o  t h i s  

problem ) .
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In  t h e  u s u a l  method o f  q u a n t i z a t i o n  ( p a t h  i n t e ­

g r a l s )  c o n s t r a i n t s  a r e  needed  whenever  we r ed uc e  a t h e o r y  

w i t h  z e r o  mass  p a r a m e t e r s .  W i th ou t  some c o n s t r a i n t  t h e  

r educed  p r o p a g a t o r  o f  t h e  f i e l d  i s  s i n g u l a r ,  due t o  t h e  

c o n t r i b u t i o n  coming from i t s  d i a g o n a l  components .  Formal ly  

t h e s e  components  c o n t r i b u t e  o n l y  n o n - l e a d i n g  t e rms  i n  t h e  

l a r g e  N ex pa n s i on .  However t h e i r  e f f e c t  i s  a l r e a d y  d i ­

v e r g e n t  f o r  f i n i t e  N, i f  m a s s l e s s  p a r t i c l e s  e x i s t  i n  t h e  

mode l ,  making i t  i m p o s s i b l e  t o  n e g l e c t  them by b e in g  non­

l e a d i n g  t e r m s .  So we a r e  f o r c e d  t o  e l i m i n a t e  them by i n ­

t r o d u c i n g  a c o n s t r a i n t  by hand.  C l e a r l y ,  one  o f  t h e  r o l e s  

o f  t h e  c o n s t r a i n t  i s  a s  a r e g u l a t o r  o f  t h e  o t h e r w i s e  

s i n g u l a r  r educ ed  t h e o r y .

In t h e  s t o c h a s t i c  q u a n t i z a t i o n  t h e  f i c t i t i o u s  t ime  

p r o v i d e s  u s  w i t h  a n a t u r a l  r e g u l a t o r .  As l ong  a s  t  i s  

f i n i t e  we can  n e g l e c t  n o n - l e a d i n g  N t e rm s  s a f e l y .

However,  t h e r e  i s  a n o t h e r  a s p e c t  o f  t h e  r e d u c t i o n  

which m e r i t s  s e p a r a t e  a t t e n t i o n .  I f  we s t a r t  w i t h  e i t h e r  a 

g l o b a l l y  o r  l o c a l l y  U(N) symmet r ic  t h e o r y  t h e  G r e e n ' s  f u n c ­

t i o n s  w i l l  s a t i s f y  a s e t  o f  War d ' s  i d e n t i t i e s  r e f l e c t i n g  

t h e  symmetry o f  t h e  u n d e r l y i n g  dynamics .  In  g e n e r a l ,  t h e s e  

i d e n t i t i e s  a r e  n o t  s a t i s f i e d  by t h e  r educ ed  G r e e n ' s  f u n c ­

t i o n s ,  e x c e p t  when t h e y  a r e  o r i g i n a l l y  i n v a r i a n t  unde r  t h e  

symmetry g r o u p ,  i n  which c a s e  t h e y  a r e  o b v i o u s l y  s a t i s f i e d .  

In s e c t i o n  I I I . C . 2  we s h a l l  remark on how such  a c o n s t r a i n t  

cou ld  be u sed  t o  remove t h i s  d e f e c t  i n  t h e  r educed  t h e o r y .
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The p o i n t  men t i oned  i n  t h e  p r e v i o u s  p a r a g r a p h  does  

no t  i n t r o d u c e  any  c o m p l i c a t i o n  f o r  t h e  r e d u c t i o n  o f  t h e  ma­

t r i x  model ,  s i n c e  t h e r e  a l l  c o r r e l a t i o n s  we a r e  i n t e r e s t e d  

i n ,  b e i n g  i n v a r i a n t  under  t h e  g l o b a l  U(N) g r o u p ,  s a t i s f y  

t h e  Ward’ s i d e n t i t i e s  t r i v i a l l y .

I t  i s  i n  t h e  r e d u c t i o n  o f  t h e  gauge t h e o r y  t h a t  

p rob l ems  a p p e a r ,  f o r  t h e  u s u a l  q u a n t i z a t i o n  p ro ce du re  

u t i l i z e s  G r e e n ' s  f u n c t i o n s  wh ich ,  b e i n g  g l o b a l l y  i n v a r i a n t ,  

a r e  n o t  l o c a l l y  i n v a r i a n t  unde r  U(N).  For them t h e  Ward ' s  

i d e n t i t i e s  i m p l i e d  by t h e  l o c a l  U ( N) i n v a r i a n c e  a r e  n o t  

t r u e  i n  t h e  r educed  t h e o r y .

However,  i f  we a g r e e  t o  work w i t h  gauge  i n v a r i a n t  

c o r r e l a t i o n  f u n c t i o n s  o n l y  ( s t r i c t l y  s p e a k i n g ,  t h e s e  a r e  

t h e  o n e s  we can  c a l c u l a t e  i n  t h e  s t o c h a s t i c  q u a n t i z a t i o n  

w i t h o u t  gauge  f i x i n g ) ,  t h e n  t h e  r educ ed  Langevin e q u a t i o n ,  

w i t h o u t  e x t r a  c o n s t r a i n t s  w i l l  r e p r o d u c e  t h e  f u l l  U( 00 ) 

gauge  t h e o r y .

The a rgument s  i n t r o d u c e d  above  a r e  somewhat f o rma l  

i n  n a t u r e  b e ca u se  o f  t h e  need  t o  r e n o r m a l i z e  t h e  t h e o r y .  

As i s  known, t h e  r ed uc ed  Langev in  e q u a t i o n  w i l l  r e p r o d u c e  

t h e  G r e e n ' s  f u n c t i o n s  o f  t h e  o r i g i n a l  t h e o r y  o n l y  i f  t h o s e  

have been  p r e v i o u s l y  r e g u l a t e d  t o  make them a t  most  

l o g a r i t h m i c a l l y  d i v e r g e n t ,  s o  t h a t  s h i f t i n g  o f  momentum i n ­

t e g r a t i o n  v a r i a b l e s  i s  p e r m i t t e d .  In t h e  c a s e  o f  t h e  gauge 

t h e o r y  t h e  method o f  h i g h e r  c o v a r i a n t  d e r i v a t i v e s  c o u ld  be 

used  t o  r e g u l a t e  t h e  model .  But we want  t o  a r g u e  t h a t ,
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s i n c e  t h e  r educed  Langevin  e q u a t i o n  o f  t h e  gauge  t h e o r y  i s  

gauge c o v a r i a n t  f o r  f i x e d  random momenta P̂ , and s i n c e  we 

a g r e e  t o  u se  gauge  i n v a r i a n t  c o r r e l a t i o n  f u n c t i o n s  on ly  

( f o r  them t h e  Ward i d e n t i t i e s  o f  t h e  o r i g i n a l  t h e o r y  a r e  

s a t i s f i e d ) ,  t h e n  we may a v o i d  a d i v e r g e n c e  h i g h e r  t han  

l o g a r i t h m i c  i n  l o o p  momentum i n t e g r a l s  an d ,  f o r  t h i s  ve ry  

r e a s o n  t h e  A c u t o f f  d e f i n i n g  t h e  r edu ced  random n o i s e  i s  

an ad eq ua t e  r e g u l a t o r .  I n s t e a d  of  p r ov ing  t h e  l a s t  

s t a t e m e n t  we o f f e r  a p e r t u r b a t i v e  c a l c u l a t i o n  s u p p o r t i n g  

t h i s  c l a i m .  ( S e c t i o n  I I I . C . 3 ) .

N e v e r t h e l e s s ,  i n  exchange  f o r  a v o i d i n g  t h e  con­

s t r a i n t  t o  r ed u c e  t h e  gauge  t h e o r y ,  we have  t o  r e fo r mu ­

l a t e  t h e  whole c o n t e n t  o f  t h e  model employing gauge 

i n v a r i a n t  G r e e n ' s  f u n c t i o n s  o n l y .

C o n t in u in g  ou r  work we a n a l y z e  t h e  r e d u c t i o n  c f

t h e  U(N ) l a t t i c e  gauge  t h e o r y .  F i r s t  we f i n d  t h e  Langevin

e q u a t i o n  a p p r o p i a t e  f o r  s t o c h a s t i c  q u a n t i z a t i o n  ove r  t h e

U(N ) g roup.  Fol l owing  t h i s ,  t h e  same method o f  r e d u c t i o n

deve loped  i n  S e c t i o n  I I I  i s  u sed  t o  o b t a i n  t h e  r educed

model ,  which  c o i n c i d e s  w i t h  t h e  quenched  Eguch i -  Kawai
( 1 2 )model i n t r o d u c e d  by Das and  Wadia'

F i n a l l y ,  we u se  t h e  r e c e n t l y  i n v e n t e d  t e c h n i q u e  of
(16)s t o c h a s t i c  r e g u l a r i z a t i o n  t o  c l a r i f y  t h e  fo rma l  p r o b ­

l ems ,  r e f e r e d  t o  a bo ve ,  i n t r o d u c e d  by t h e  d i v e r g e n c e s  of  

quantum f i e l d  t h e o r i e s .
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I I . STOCHASTIC QUANTIZATION.

A. I n t r o d u c t i o n .

The most  w i d e ly  u sed  methods o f  q u a n t i z a t i o n ,  t h e  

p a t h  i n t e g r a l  and Hami l t on ian  fo r m a l i s m ,  l e a d  t o  c o m p l i c a ­

t i o n s  when t h e y  a r e  a p p l i e d  t o  Gauge T h e o r i e s ^ 17  ̂ . In 

t h e s e  mo de l s ,  t h e  l o c a l  gauge  i n v a r i a n c e  o f  t h e  a c t i o n  

i m p l i e s  t h e  n o n - e x i s t e n c e  o f  t h e  gauge  f i e l d  p r o p a g a t o r  

and  r e n d e r s  t h e  p e r t u r b a t i o n  t h e o r y  i n v a l i d .

The p rob l em c r e a t e d  by t h e  l o c a l  gauge i n v a r i a n c e  

i s  a v o id e d  i n  b o t h  methods  by i n t r o d u c i n g  a gauge  c o n d i ­

t i o n .  The gauge  c o n d i t i o n  would s e l e c t  j u s t  one p o i n t  f rom 

e a c h  o r b i t  o f  t h e  gauge  group.  Fu r th e rmo re ,  and  i n  o r d e r  

t o  g e t  t h e  c o r r e c t  p a t h  i n t e g r a l  measu re ,  Fadeev-Popov 

g h o s t s  s h o u l d  be  added t o  t h e  a c t i o n .  In  t h i s  way an 

o v e r a l l  i n f i n i t e  c o n s t a n t  i s  f a c t o r e d  o u t  ( t h e  volume o f  

t h e  l o c a l  gauge  g r o u p ) ,  p e r m i t t i n g  t h e  d e f i n i t i o n  o f  a 

s e n s i b l e  p e r t u r b a t i o n  t h e o r y .

Al though t h e  gauge  f i x i n g  does  n o t  i n t r o d u c e  new 

d i f f i c u l t i e s  f o r  Abe l ian  gauge  t h e o r i e s  o r  p e r t u r b a t i v e  

c a l c u l a t i o n s  i n  t h e  no n - A be l i a n  c a s e ,  i t  i s  e x p e c t e d  t o  

f a i l  f o r  l a r g e  no n - A be l i a n  f i e l d  c o n f i g u r a t i o n s .  For  such  

s u f f i c i e n t l y  l a r g e  c o n f i g u r a t i o n s  t h e  o r b i t s  o f  t h e  gauge 

g roup  w i l l  i n t e r s e c t  t h e  h y p e r p l a n e  d e f i n e d  by t h e  gauge

c o n d i t i o n  s e v e r a l  t i m e s ,  t h u s  making i t  i m p o s s i b l e  t o  f i x
(18)t h e  gauge c o m p l e t e l y  (Gr ibov a m b i g u i t y )  . The Gr ibov
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a m b i g u i t y  w i l l  m a n i f e s t  i t s e l f  i n  r e g i o n s  o f  a v a n i s h i n g  

Fadeev-Popov d e t e r m i n a n t ,  in  n o n - p e r t u r b a t i v e  c a l c u l a ­

t i o n s .  In  t h e  ne ighbo rhood  o f  t h e s e  r e g i o n s ,  t h e  s t a n d a r d  

q u a n t i z a t i o n  p r o c e d u r e s  w i l l  n o t  be a p p l i c a b l e .

Below,  we s h a l l  d i s c u s s  a d i f f e r e n t  method o f

q u a n t i z a t i o n ,  t h e  s o - c a l l e d  s t o c h a s t i c  q u a n t i z a t i o n  method
( 1 4 )o f  P a r i s i  and Wu . The main a d va n t a ge  o f  t h i s  method 

i s  t h a t  we do n o t  need  t o  f i x  a gauge  t o  c a l c u l a t e  t h e  r e ­

l e v a n t  ( gauge  i n v a r i a n t )  G r e e n ' s  f u n c t i o n s  i n  a Gauge Theo­

r y .

The s t o c h a s t i c  q u a n t i z a t i o n  o f  P a r i s i  and Wu emer­

g e s  a s  an  a na lo gy  be tween  e q u i l i b r i u m  S t a t i s t i c a l  Mechanics  

and E u c l i d e a n  Quantum F i e l d  Theo ry .  In b o t h  c a s e s ,  we need 

t o  compute c o r r e l a t i o n  f u n c t i o n s  (vacuum e x p e c t a t i o n  v a l ­

ues)  i n  an  ensemb le  w i t h  a we ig h t  f a c t o r  g i v e n  by t h e
_ C

Bol tzmann d i s t r i b u t i o n  e , S b e in g  t h e  E uc l i d e a n  a c t i o n  

i n  Quantum F i e l d  Theory o r  t h e  Hami l t on i an  o f  t h e  S t a t i s t i ­

c a l  Sys tem.

The i d e a  i s  t o  i n t r o d u c e  an  e x t r a  p a r a m e t e r  ( f i c ­

t i t i o u s  t ime )  t  and  p o s t u l a t e  a d e q u a t e  s t o c h a s t i c  e v o l u t i o n  

e q u a t i o n s  i n  t .  These e q u a t i o n s  have  t o  be such  t h a t  f o r  

t -««othe s t o c h a s t i c  a v e r a g e s  mus t  be  de t e r m i n e d  by  t h e  c a ­

n o n i c a l  d i s t r i b u t i o n  (B o l t z m an n ' s  d i s t r i b u t i o n ) .  In a 

s e n s e ,  t h e  new p a ra m e t e r  t  measu re s  t h e  a pp r oa ch  t o  e q u i ­

l i b r i u m  o f  t h e  s t o c h a s t i c  sy s t e m .

There i s  some f reedom t o  s e l e c t  t h e  s t o c h a s t i c
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e q u a t i o n s  w i t h  t h e  r i g h t  b e h a v i o r  f o r  l a r g e  t .  For t h e  

moment/ we s e l e c t  t h e  s i m p l e s t  p o s s i b i l i t y  and pos tp one  t h e  

d i s c u s s i o n  o f  t h e  g e n e r a l  c a s e  t o  s e c t i o n  I I . C .

B. Ru l e s  o f  S t o c h a s t i c  Q u a n t i z a t i o n

Let  u s  now t u r n  t o  t h e  m a t h e m a t i c a l  f o r m u l a t i o n  o f

t h e  method;  we s h a l l  r e s t r i c t  ou r  d i s c u s s i o n  t o  bo so n i c
(28)v a r i a b l e s  f o r  t h e  s a k e  o f  s i m p l i c i t y '

d e f i n e d  by t h e  E u c l i d e a n  c l a s s i c a l  a c t i o n  S f i s  d e s c r i b a b l e  

u s i n g  G r e e n ' s  f u n c t i o n s  ( C o r r e l a t i o n  f u n c t i o n s ) .

1 d e n o t e s  any  s e t  o f  i n t e r n a l  d e g r e e s  o f  f r eedom and 

L o r e n t z ' s  i n d i c e s  a s  w e l l .

w i t h  Gauss ian  d i s t r i b u t i o n  i f  t h e  f o l l o w i n g  p r o p e r t i e s  a r e  

• s a t i s f i e d :

5 - 2  S ( x - x * >  S u - V )

The p h y s i c a l  c o n t e n t  o f  a Quantum F i e l d  Theory

( 2 . 1 )

0 4 (x)  i s  a boson  f i e l d  d e f i n e d  on t h e  sp a c e  t i m e  p o i n t  x;

We s h a l l  s a y  t h a t  i s  a random v a r i a b l e

( 2 . 2 )
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= 21 T T  ^
jo«LUe. pcvr J 1

( 2 .3 )

We s h a l l  r e f e r  t o  ( 2 . 3 )  a s  "Wi ck ' s  d e com po s i t i o n  

p r o p e r t y " .  E q u a t i o n s  ( 2 .2 )  and (2 .3 )  may a l s o  be c o n s i d e ­

r e d  t h e  d e f i n i t i o n  o f  <  ^  . A c o n c r e t e  r e p r e s e n t a t i o n  o f  

t h e  Ga us s i an  a v e r a g e  i s  p r o v i d e d  by t h e  p a t h  i n t e g r a l  f o r ­

mula :

^  *]*» ^  s

- w C h a t  2

J  e  Vh $****  a  V * * 0 *

(2 .4 )

Below we s h a l l  l i s t  t h e  s t e p s  t o  c a l c u l a t e  G r e en ' s  

f u n c t i o n  ( 2 . 1 )  by means o f  t h e  s t o c h a s t i c  q u a n t i z a t i o n .  We 

s h a l l  p r o v i d e  a g e n e r a l  p r o o f  o f  e q u i v a l e n c e  be tween s t o ­

c h a s t i c  q u a n t i z a t i o n  and t h e  p a t h  i n t e g r a l  method o f  quan­

t i z a t i o n  i n  t h e  n e x t  s e c t i o n .

F i r s t l y ,  we s o l v e  t h e  f o l l o w i n g  s t o c h a s t i c  e v o l u ­

t i o n  e q u a t i o n  (Langevin  e q u a t i o n )
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(J)  O c,0 ) -  < K *«>

(2 .5a )

(2 .5b )

Next ,  we c a l c u l a t e  t h e  a v e r a g e  o f ,

( 2 . 6 )

where  ( J ) ^ ( x , t )  i s  t h e  s o l u t i o n  o f  t h e  Langevin  e q u a t i o n  

( 2 . 5 ) .  No t i c e  t h a t  ( 2 . 6 )  c o n t a i n s  t h e  v a r i a b l e s  e v a l u a t e d  

a t  e q u a l  f i c t i t i o u s  t i m e s  o n l y .

F i n a l l y ,  t h e  l a r g e  t  l i m i t  o f  e q u a t i o n  ( 2 .6 )  g i v e s  

t h e  Euc l i de an  G r e e n ' s  f u n c t i o n  ( 2 . 1 ) .  That  i s :

( 2 . 7 )

In  mos t  o f  t h e  c a s e s  we s h a l l  e n c o u n t e r  i n  t h i s  

work,  t h e  c h o i c e  o f  i n i t i a l  c o n d i t i o n  ( ^ ^ ( x ) )  w i l l  be  i r ­

r e l e v a n t ,  s i n c e  f o r  l a r g e  t ,  t h e  sy s t e m  i s  n o t  s e n s i t i v e  t o  

i t  ( See e q u a t i o n  ( 2 . 2 9 ) ) .  From now on we s h a l l  t a k e  

(JjTxJ-O.

The s o l u t i o n  o f  ( 2 . 5 )  i s  a f u n c t i o n  o f  x , t  and a 

f u n c t i o n a l  o f ^ j ^ ,  b u t  i n  o r d e r  t o  s i m p l i f y  t h e  n o t a t i o n
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we have  n o t  w r i t t e n  t h e  Y^-dependence o f  ^  ( x , t )  ex -

p l i c i t y .  I t  mu s t ,  however ,  a lw ays  be  k e p t  i n  mind.

Now, we p r e s e n t  a s i m p le  p r o o f  o f  t h e  e q u a l i t y

( 2 . 4 )  which  n o t  o n l y  makes c l e a r  t h e  l i m i t a t i o n s  o f  t h e  

method b u t  a l s o  h e l p s  t o  g e n e r a l i z e  t h e  method t o  o t h e r  

t h e o r i e s  su c h  a s  t h e  U(N) l a t t i c e  gauge  t h e o r y .  (See 

S e c t i o n  IV)

C. Fokke r -P l a nck  E q u a t i o n ^1^'  2

We d e n o t e  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  a t  t  by 

P « ^ , t ) ,  and  d e f i n e  i t  by

< F (  «  [o<}> F ' t & o o )

( 2 . 8 )

where  F((^(x) ) i s  an  a r b i t r a r y  f u n c t i o n a l  of  <^(x) and P 

i s  n o r m a l i z e d  a s j D + P ( f , t )  ■ 1.  We t h e n  t a k e  a t ime  d e r i v a ­

t i v e  o f  ( 2 . 8 ) .  The l e f t  hand s i d e  i s  t h e n  g i v e n  by

^ $ F  ̂  =
* J S (j)t C*;ti ‘

( 2 . 9 )
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where we have u sed  t h e  Langevin e q u a t i o n  (2 .5 )  f o r  

^ ( x , t ) .  Using (2 .8 )  we can  w r i t e  t h e  f i r s t  t e rm  o f  t h i s  

e x p r e s s i o n  as

dbt ■£—

( 2 . 1 0 )

Using t h e  d e f i n i t i o n  o f  t ^ a v e r a g e  (2 .4)  , we w r i t e

<YU °s °  H  > i a 2 < * -  H =

= 2 f "  f

( 2 . 1 1 )



I n  t h i s  c a l c u l a t i o n  we  h a v e  u s e d :

i  C ^ .ovo  =  y 2  S c * -* ')

S ^ o
( 2 . 1 2 )

t o  be  p roved  l a t e r .  Combining ( 2 . 8 ) ,  ( 2 . 9 ) ,  ( 2 . 10)and

(2 .11)  we o b t a i n  t h e  e q u a t i o n  f o r  , t \ , t h e  Fokke r -P l anck  

e q u a t i o n :

p » , t i

(2 .13)

The i n i t i a l  c o n d i t i o n  t o  be  u s ed  w i t h  (2 .13)  i s  o b t a i n e d  

from t h e  i n i t i a l  c o n d i t i o n  o f  t h e  Langevin  e q u a t i o n  (2 .5b )  

and  t h e  d e f i n i t i o n  o f  P ( $ ; t )  ( 2 . 8 ) :

P [ $ ,  C f l  =  T T
(2 .14)

In o r d e r  t o  p rove  ( 2 . 1 2 ) ,  we c o n s t r u c t  a d i f f e r e n ­

t i a l  e q u a t i o n  f o r  by t a k i n g  a f u n c t i o n a l  de -

r i v a t i v e  o f  t h e  Langevin  e q u a t i o n  (2 .5 a )  w i t h  r e s p e c t  t o
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s -  y  L ii

r  J s% w ,t?)

(2 .15 )

The s o l u t i o n  of  t h i s  e q u a t i o n  i s  un ique  s i n c e  

£— <&M = O  -for t'> t

(2 . 16 )

We o b t a i n

£ _  (& < * ,«  =
£ V * A

-t

=s ©(t-t4)[ Sĉ -k' ) - fdt, S +

t* I  <PfrO

( 2 . 17 )

from which (2 .12 )  f o l l o w s  s i n c e  9(0)  * l/ 2  •

Proo f  of  E q u a l i t y  ( 2 . 7 ) : F i r s t  n o t i c e  t h a t  t he  Fokker -

P lanck e q u a t i o n  can be w r i t t e n  as



- 1 8 -

( 2 . 1 8 )

w h e r e Y  i s  r e l a t e d  t o  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  a t  t ime  

t  by

-%s
FcfcO - e"* Y[«j»o

(2 . 19)

and

( 2 . 2 0 )

w i t h

- i / 2 f-5 :
S$oo /z H w

( 2 . 2 D

where G f i „  i s  t h e  Hermi te  a d j o i n t  o f  Q«l( x ) i n  t h e  H i l b e r t  
t

sp a c e  su ch  t h a t  t h e  measure  o f  s c a l a r  p r o d u c t s  i s  g i v e n  by

w . y j - S o n a t a
( 2 . 2 2 )

L e t  E be an e i g e n v a l u e  o f  Hp p and X£ (4>) t h e  

c o r r e s p o n d i n g  e i g e n v e c t o r
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H  *i(<M = E X t ((D)

(2 .23)

We c on c lu de  f rom t h e  e x p r e s s i o n  o f  Hp p g i v e n  

by  (2 .20 )  t h a t  t h e  e i g e n v a l u e s  a r e  n o n - n e g a t i v e ,

E > 0
( 2 .24)

and  t h e  e i g e n f u n c t i o n  o f  z e r o  e i g e n v a l u e  s h o u l d  s a t i s f y

6 j t 0 0 X o t<ja = O

(2 . 25 )

f o r  a l l j l  and  x .  The s o l u t i o n  o f  ( 2 . 2 5 )  i s  g i v e n  by

X t < w  *  e ' ' A S

(2 .26 )

Using t h e  e i g e n f u n c t i o n s  one  o b t a i n s  t h e  f o l l o w i n g  

g e n e r a l  s o l u t i o n  o f  Fok k e r - P l a nc k  e q u a t i o n :

-2  E t

(2 .27)

T h e r e f o r e ,  i f  t h e  spe c t rum o f  ha s  a "mass gap"
r  •  *  •
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( i . e .  no cont i nuum spe c t r um  above  z e r o  ) we o b t a i n

Y  «<• x 0 [ «

( 2 . 28 )

a c c o r d i n g l y

P  - »
i - * ° 0  f <-

( 2 . 29 )

which  i s  i n d e p e n d e n t  o f  t h e  i n i t i a l  c o n d i t i o n .  I n s e r t i n g

(2 .4 )  i n t o  ( 2 . 8 )  we o b t a i n  ( 2 . 7 ) .

REMARKS: I f  t i Fp does  n o t  have  a mass ga p ,  t h e n

(2 .2 9 )  i s  n o t  t r u e  a s  i t  s t a n d s  and  t h e  answer  w i l l  depend

ve ry  much on t h e  p a r t i c u l a r  e n t i t y  we a r e  a v e r a g i n g  o v e r  P.  

I n  g e n e r a l  t h e  e v o l u t i o n  o f  t h e  sy s t e m  a t  l a r g e  t i m e s  w i l l  

depend on t h e  i n i t i a l  c o n d i t i o n .  Th is  i s  t r u e  even  f o r  t h e  

f r e e  p a r t i c l e  (Appendix I ) .  flFp does  n o t  have  a mass gap  

i f  t h e  g round s t a t e  wave f u n c t i o n  X.MS i s  n o t  norma­

l i z a b l e ;  t h e  mos t  i m p o r t a n t  example  o f  t h i s  i s  t h e  gauge  

t h e o r y .  For  t h i s  t h e o r y  t h e  norm o f  ")C.0 i n  t h e  H i l b e r t

sp a c e  d e f i n e d  by (2 .2 2 )  i s  n o t  a f i n i t e  number due p r e c i s e ­

l y  t o  t h e  c o n t r i b u t i o n  t o  t h e  norm coming f rom i n t e g r a t i o n  

ove r  t h e  o r b i t s  o f  t h e  l o c a l  gauge  g ro up .

No t i ce  t h a t  , £] w i l l  s t i l l  a pp ro ach  t h e  d i s t r i ­

b u t i o n  (2 .2 ^ )  f o r  l a r g e  i f  t h e  e v o l u t i o n  e q u a t i o n  i s
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x p -  m „ « »  f - j  ^ + H J P m -o

(2 . 30)

M ^ i ( x , y )  *-s a p o s i t i v e  o p e r a t o r  s a t i s f y i n g

(2 .31)

In t h i s  c a s e  t h e  Langevin e q u a t i o n  i s

(2 .32 )

wi t h

< ^ C X / i )  Z h i j n i C x . x )

(2 .33 )

Consequen t l y ,  we have  a t  o u r  d i s p o s a l  a r a t h e r  

l a r g e  s e t  o f  s t o c h a s t i c  e q u a t i o n s  w i t h  t h e  t im e  e v o l u t i o n  

n e c e s s a r y  t o  implement  t h e  program o f  S t o c h a s t i c  Q u a n t i z a ­

t i o n .  That  i s ,  t h a t  f o r  l a r g e  t ,  P£$ ,£} shou ld  app roa ch  

t h e  d i s t r i b u t i o n  ( 2 . 2 9 ) .

In o r d e r  t o  s e e  t h e  t r u t h  o f  ou r  l a s t  s t a t e m e n t  

we may r e p e a t  t h e  s t e p s  done t o  p rove  ( 2 .7 )  s t a r t i n g  now 

from t h e  Langevin  e q u a t i o n  ( 2 . 3 2 ) .  However we p r e f e r  an
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a l t e r n a t i v e  method.

No t i ce  t h a t  M ^ , ( x , y )  i s  a p o s i t i v e  o p e r a t o r  i f  

t h e r e  e x i s t s  an o p e r a t o r  A ^ , ( x , y )  such  t h a t ,

\ dz H  
X"

(2 . 34)

where A ^ , ( x , y )  h a s  r e a l ,  n o n - z e r o  e i g e n v a l u e s  0~ d e f i n e d  

by ,

5 2  A ^ . o v j o B * .  Cy) =  a
X'

(2 . 35 )

I n t r o d u c e  t h e  change  o f  v a r i a b l e s ,

"5 * 7  £  a ; 1,  •cm)
X*

(2.36)

which  i s  w e l l  d e f i n e d  s i n c e  a l l  e i g e n v a l u e s  o f  A ( x , y )  a r e  

n o n - z e r o .  We g e t ,

( 2 . 37 )

T h e r e f o r e ,

J £
-St«» e-t-»co

$ o $ e rSCB

( 2 . 3 8 )
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The Langevin e q u a t i o n  f o r  <p i s  ( 2 . 5 a ) ,

L <5 os-o= - 4- ’5i os*>

2  S(x-x') S o t-to

(2 .39)

In t e rms  o f  we g e t ,

5. <&os« = -(dvZ, + Ca-y £  Â osyjn,̂
<)t i 1 S j  *'

(2 . 40)

wh ich  c o i n c i d e  w i t h  (2 .32)  and  (-2.33) upon t h e  i d e n t i f i c a -  

t  i on ,

(2 .41)

The p r o o f  i s  made com pl e t e  by t h e  f o l l o w in g  

s t a t e m e n t ,

(2 .42)

T h e r e f o r e ,
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*-»C0 J

e ' Sc^

ls<t> Ft<fl e~st<t>1 
e'Sc<fl

(2 . 43 )

(14)
D. P e r t u r b a t i v e  S o l u t i o n  o f  t h e  Langev in  Eq ua t i o n

As an  i l l u s t r a t i o n ,  we a p p l y  t h e  method t o  o b t a i n  

a p e r t u r b a t i v e  e x p a n s i o n  o f  G r e e n ' s  f u n c t i o n  ( 2 . 1 )  i n  t h e  

model  d e f i n e d  by t h e  f o l l o w i n g  Euc l i de an  a c t i o n ,

S [ Vz(\ 4><fl)z + 3Q? <J>MZ +A.
2m Hj

(2 .44)

(j)(x) i s  a r e a l  Bose f i e l d  d e f i n e d  on t h e  E uc l i d ea n  space  

t  ime p o i n t  x .

According  t o  e q u a t i o n  ( 2 . 5 ) ,  we s h a l l  s o l v e  t h e  

f o l l o w i n g  Langevin e q u a t i o n ,

a _ < K ^ = (
H  3!

( 2 . 4 5 a )
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<$c*,o)=o
(2 .45b)

To g e t  a p e r t u r b a t i v e  e x p a n s i o n  we r e w r i t e  sys tem

(2.45)  i n  t h e  form o f  an  i n t e g r a l  e q u a t i o n .

To do t h i s ,  we i n t r o d u c e  t h e  G r e e n ' s  f u n c t i o n

G ( x , t ) ,

k*G OSt̂ - © e*** €

(2 . 46)

which  s a t i s f i e s  t h e  f o l l o w i n g  e q u a t i o n  and  bounda ry  c o n d i -  

t  i on :

f —̂ □ 4. rn2 ) G = S C>0 S (*0
( 2 . 47a )

G - o ■£ < o
(2 .47b)

We can  e a s i l y  v e r i f y  t h a t  t h e  s o l u t i o n  o f  (2 .45)  

a l s o  s o l v e s  t h e  i n t e g r a l  e q u a t i o n ,

° °

(J)cx,e =  j  d t  G ((x-v);t - T ) [ - 2 L  4>*<y,t)+Y|(i,o]
rt 3 •

( 2 . 4 8 )
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In g e n e r a l ,  t h e  s o l u t i o n  o f  e q u a t i o n  (2 .48)  c an  be 

found by i t e r a t i o n  and i s  d i a g r a m a t i c a l l y  e x p r e s s e d  a s ,

Here ^ ) ( x , t )  i s  made o f  a l l  p o s s i b l e  t r e e  g r a p h s  a r r a n g e d  

i n  a t - s e q u e n c e  ( t  d e c r e a s e s  t oward  t h e  r i g h t  s i d e  o f  t h e  

p a g e ) ,  c o n s t r u c t e d  f rom f o u r  p o i n t  v e r t i c e s .  A l l  f i n a l  

l i n e s  a r e  c r o s s e d ,  e x c e p t  f o r  t h e  s t a r t i n g  p o i n t  which 

c a r r i e s  t h e  l a b e l  ( x , t ) .

d e p i c t s  G(x,  t ) ' d e f i n e d  i n  e q u a t i o n  ( 2 . 4 6 ) .  Moreover ,  i n ­

t e g r a t i o n  o v e r  x , t  o f  v e r t i c e s  and c r o s s e s  i s  assumed.

As an  example  o f  t h e  t e c h n i q u e ,  we c a l c u l a t e  t h e  

Two P o i n t  f u n c t i o n ,  d e f i n e d  by

(J) ( x , t ) = +

(2 .49)

In t h e  d i ag ra m  a c r o s s  r , t h e  l i n e  —

(2.50)

I f  \  *0 t h e  s o l u t i o n  o f  (2 . 48)  i s

|d T : ddz
( 2 . 5 1 )

T h e r e fo r e ,
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Cf)(Vyt ) > r j  - 2  | d T  d * z G C x - Z t± - x )  G C l - Z j t - T )

(2 . 52)

We have  a l r e a d y  computed t h e  - a v e r a g e  u s i n g

e q u a t i o n  (2 .2)

The q u a n t i t y  ( 2 . 52 )  i s  r e p r e s e n t e d  g r a p h i c a l l y  by:

(2 .53)

The a r r ow  p o i n t s  t oward  t h e  p a s t  i n  f i c t i t i o u s  

t im e .  N o t i ce  t h a t  a c r o s s  r e v e r s e s  t h e  d i r e c t i o n  o f  f i c t i ­

t i o u s  t i m e ,  and  i n t r o d u c e s  a f a c t o r  o f  2.

I f  we i n t e g r a t e  o v e r ' t ' ,  we g e t ,

f
fc->a> J C21#*- xjl

(2 . 54)

which  i s  t h e  wel l - known Eu c l i dean  Feynman p r o p a g a t o r .

In t h e  n e x t  o r d e r  i n  ”X , 0(  \ ) ,  t h e r e  a r e  two

g r a p h s  c o n t r i b u t i n g  t o  t h e  Two P o i n t s  f u n c t i o n  ( 2 . 5 0 ) ,  each  

having  a c o m b i n a t i o n a l  f a c t o r  3 which c a n c e l s  t h e  c c r -
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r e s po nd in g  3 i n  t h e  d e f i n i t i o n  o f  t h e  v e r t e x .

£
(a)  (b)

(2 .55)

The e x p l i c i t  e v a l u a t i o n  o f  t h e  Y^-average  u s i n g  

e q u a t i o n s  ( 2 . 2 ) ,  ( 2 . 3 )  and (2 .49 )  g i v e s

(a) = 2 x Jfcfr e r ''-e
O o

)££ W , e
(210* o

(2 . 56)

I t  i s  e a s y  t o  s e e  t h a t  (a)  ■ (b) . T h e r e fo r e ,

l i r a  (  3l "+"b )  -

■fc^oo _ X -  ( J*a 1 ( j V  <*-V)
2  < | W  J g f r

(2 . 57)

which  a l s o  a g r e e s  w i t h  t h e  s t a n d a r d  r e s u l t .

E . S t o c h a s t i c  Q u a n t i z a t i o n  o f  Gauge T h e o r i e s

The dynamics  o f  t h e  (J(N) gauge  t h e o r y  i s  d e f i n e d  

by t h e  E u c l i d e a n  a c t i o n ,
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5  ( A  ) = X/ h  ̂d** \ r  FfJ w

(2 . 58)

A^( k) i s  a v e c t o r - v a l u e d  m a t r i x  f i e l d  b e l o n g i n g  t o  t h e  

a d j o i n t  r e p r e s e n t a t i o n  o f  U(N),  and

o o  «  \  \  A ^ o o -  t e U A y w ,

(2 .59)

where  e i s  a c o u p l i n g  c o n s t a n t .

The a c t i o n  S(A) i s  i n v a r i a n t  unde r  t h e  l o c a l  gauge 

t r a n s f o r m a t i o n ,

» \ J w  ~ 7 e  U oo ^  U « t

(2 . 60)

The Langevin  e q u a t i o n  o f  t h i s  t h e o r y  i s  g i v e n  by

[A  F ^ r +  X '

( 2 . 61a)

= o
(2 .61b)

A *
where Y ^ ( x , t )  i s  a random s o u r c e  w i t h  Ga u s s i a n  d i s t r i b u ­

t i o n  and



-30

s r * %i,x $ iic S(k-k') s c t * f )

(2 .62)

There  i s  an impo r t an t  new e lement  in  t h e  s t o c h a s ­

t i c  q u a n t i z a t i o n  of  gauge t h e o r i e s  o f  which we need t o  be 

aware .  To un de r s t an d  what i t  i s ,  l e t  us c a l c u l a t e  t he  Two 

Po in t  f u n c t i o n  as  in s e c t i o n  I I . D .  We o b t a i n  t o  O(e^)

f . -2 K*t

(2 . 63)

Th is  l a s t  e x p r e s s i o n  becomes s i n g u l a r  f o r  t*

On th e  o t h e r  hand i f  we c a l c u l a t e  t h e  fo l lowing  

gauge i n v a r i a n t  o b j e c t  we s h a l l  g e t

i -e 
k z

( 2 . 6 4 )



3 1 -

This  c o r r e l a t i o n  f u n c t i o n  ha s  a we l l  d e f i n e d  equi  - 

l i b r i u m  v a lu e .

Hence gauge i n v a r i a n t  c o r r e l a t i o n  f u n c t i o n s  have 

a f i n i t e  va lue  f o r  l a r g e  t ,  whereas gauge v a r i a n t  c o r r e l a ­

t i o n  f u n c t i o n s  d i v e r g e  f o r  l a r g e  t .  Th i s  s i t u a t i o n  

p e r s i s t s  a t  eve ry  o r d e r  in  t he  c ou p l i n g  c o n s t a n t  ( P a r i s i  

and Wu)( 14^

As we ment ioned on page (20) t h i s  happens  because  

t h e  Fokke r -P l anck  Hami l t on i an  c o r r e s p o n d i n g  t o  t h e  a c t i o n

(2 .58 )  does not  have a n o r m a l i z a b l e  ground s t a t e  wave f un c ­

t i o n  and a "mass gap" due t o  t he  symmetry ( 2 . 6 0 ) ;  hence  

some e x p e c t a t i o n  v a lu e s  w i l l  d i v e r g e  fo r  l a r g e  t .  (See t h e  

example o f  t h e  f r e e  p a r t i c l e  in  Appendix I )

In  o r d e r  t o  u n de r s t a n d  why gauge i n v a r i a n t  c o r ­

r e l a t i o n  f u n c t i o n s  have  a uni form expans ion  i n  t h e  c o up l i n g  

c o n s t a n t  e,  we s t udy  below th e  approach  t o  e q u i l i b r i u m  of  

gauge i n v a r i a n t  e x p e c t a t i o n s  v a lu e s  in  t h e  gauge t h e o r y .

We s h a l l  f o l l ow  th e  d i s c u s s i o n  of  Zwanziger  and
( 2 2 )B au l i e u  We a r e  going  t o  see  t h a t ,  f o r  gauge

i n v a r i a n t  q u a n t i t i e s ,  i t  i s  p o s s i b l e  t o  f i n d  a n o r m a l i z a b l e  

ground s t a t e  of  a mod i f i ed  Fokke r -P l anck  Ha mi l t on i an ,  and 

t hen  f o r  l a r g e  t  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  w i l l  approach  

t h e  n o r m a l i z a b l e  ground s t a t e .  Moreover,  we s h a l l  show 

t h a t  t he  new ground s t a t e  c o i n c i d e s  wi th  t h e  Fadeev-Popov 

a n s a t z  f o r  some impo r t an t  gauges .  A s i m i l a r  argument  can 

be deve loped  u s ing  d i r e c t l y  t h e  Langevin  e q u a t i o n  and we
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s h a l l  d i s c u s s  i t  i n  S e c t i o n  I I I . C . 3 .

To b e g i n ,  we c o n s i d e r  a gauge  i n v a r i a n t  f u n c t i o n a l  

o f  A, F (A) .  Then,  by d e f i n i t i o n

<F(M*/0)>rj * ^  8  A F( A) P (  A /t)
(2 . 65)

where  P ( A , t )  s a t i s f i e s  t h e  Fokke r -P l anck  e q u a t i o n

i _ P ( A ,,0  =  - t .  P ( A , 0  
^■b

^  = " l d*  S A ^bo  (  s a £ c»> +  I  a ; ^  )

( 2 . 6 6 )

S (A) i s  t h e  c l a s s i c a l  a c t i o n  o f  gauge  t h e o r y  d e f i n e d  by 

e q u a t i o n  ( 2 . 5 8 ) .  The i n i t i a l  c o n d i t i o n  s a t i s f i e d  by P ( A , t )  

i s  :

P[/\Ol = S(M
(2 .67)

The f o rm a l  s o l u t i o n  o f  t h i s  sy s t e m  i s  g i v e n  by

PtA,ti = e  P u , o i

( 2 . 6 8 )

The re fo r e
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< F ( =  j  d A F ( M e  P t  A,o"\

= [ ( e Lt t ) F ( K ) ] A- o

( 2 .6 S )

where \ 7 i s  t h e  He rmi t ian  a d j o i n t  o p e r a t o r  o f  L

1 + = , L * r  f i _  _ t e i t H  \ L -

i  «7 ;r s w y w  s

(2 . 70)
wN

S i n c e  F (A) i s  gauge  i n v a r i a n t ,  i t  s a t i s f i e s  G ( A )  F(A)»0;  

where G(A) i s  t h e  g e n e r a t o r  o f  l o c a l  gauge  t r a n s f o r m a t i o n s  

d e f i n e d  by:

G ‘ " ■ &  < r r \ y

(2 . 71)
I oL

a r e  g e n e r a t o r s  o f  t h e  L i e -A lg eb ra  o f  t h e  g roup

U(N) .

We s e e  t h a t  a dd ing  an  a r b i t r a r y  l i n e a r  comb in a t i on  

o f  6 * t o t ?  does  n o t  change < F (A . So ,  f o r  a gauge  i n ­

v a r i a n t  F ( A),  t h e  a p p ro a ch  t o  e q u i l i b r i u m  i s  gove rned  by 

t h e  v -dependent  o p e r a t o r
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tTv =  ̂A4*  Z. V*C

(2.72)

where  t h e  v ' s  a r e  a r b i t r a r y  f u n c t i o n s  o f  x and A.

Th i s  change  i n  t h e  Fokke r -P l a nck  e v o l u t i o n  o p e r ­

a t o r  i s  e q u i v a l e n t  t o  chang ing  t h e  r e l a t e d  Langevin eq u a ­

t i o n  t o

A r.o<vt') «  Dv Fv fc*,<D -v

(2 . 73 )

For a n  i n t e r p r e t a t i o n  o f  v , s e e  o u r  d i s c u s s i o n  o f  gauge 

f i x i n g  i n  t h e  Langev in  e q u a t i o n  a t  t h e  b e g in n i n g  o f  t h e  

s e c t i o n  I I I . C . 3 .

We have d e f i n e d  D f. ( c o v a r i a n t  d e r i v a t i v e )  a s

u s u a l  by

(2 .74 )

The Fokke r -P l anck  e q u a t i o n  w i t h  v*0 doe s  n o t  have 

a mass g a p ,  so  t h e  d e m o n s t r a t i o n  o f  e q u i v a l e n c e  o f  s t o c h a s ­

t i c  q u a n t i z a t i o n  and  p a t h  i n t e g r a l  q u a n t i z a t i o n  i s  incom­

p l e t e .  Moreover ,  t h e  r em ar kab l e  c a n c e l a t i o n  o f  d i v e r g e n c e s  

f o r  l a r g e  t  i n  gauge  i n v a r i a n t  c o r r e l a t i o n  f u n c t i o n s ,  e n ­

c o u n t e r ed  o r d e r  by o r d e r  i n  t h e  p e r t u r b a t i v e  e x p a n s i o n ,  

r e q u i r e s  an  e x p l a n a t i o n .  The e x p l a n a t i o n  comes from t h e



- 3 5 -

f a c t  t h a t  by s e l e c t i n g  v a p p r o p i a t e l y  a mass gap  o f  t h e  

Fokke r -P lanck  e q u a t i o n  i s  g e n e r a t e d ,  g i v i n g  a n o r m a l i z a b l e  

ground s t a t e .  We d e v e l o p  t h i s  i d e a  be low.

The v -d ep e n d en t  e v o l u t i o n  o p e r a t o r  i s

(2 .75)

v= t. v* r
** (2 .76 )

Lv may be w r i t t e n  i n  t h e  a l t e r n a t i v e  form:

(2 .77)

The e q u i l i b r i u m  d i s t r i b u t i o n  s a t i s f i e s

(2 .78)

Because  a d i s c u s s i o n  o f  s o l u t i o n s  o f ( 2 . 7 8 )  i s  

r a t h e r  longwinded  and would t a k e  us  away from our  p u r pos e

we j u s t  s t a t e  t h e  r e s u l t s  and  r e f e r  t h e  r e a d e r  t o  t h e
( 2  2 )l i t e r a t u r e  f o r  a p r o o f '

One s o l u t i o n  c f  e q u a t i o n  (2 .70 )  i s
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* v -  Prr (A>

= n U C5jc  e*? -£  S (A > 4- ^  C Drc |

(2 . 79)

V ( X 'W = " f t  I "*7 j f i c s e  C W ^ C 1̂

[ S ( A ) 4 - | d * *  -fcrf & -A f^ .^C D t d )

(2 . 80 )

Thus,  f o r  l a r g e  t  gauge  i n v a r i a n t  e x p e c t a t i o n  

v a lu e s  c a l c u l a t e d  u s i n g  t h e  s o l u t i o n  o f  t h e  Langevin  equa­

t i o n  (2 .61 )  w i l l  be  g i v e n  by d i s t r i b u t i o n  (2 .79 )  which  i s  

t h e  s t a n d a r d  Fadeev-Popov a n s a t z .

F . Schwinger-Dyson Equa t ions

We have p r e v i o u s l y  d e f i n e d  t h e  s t o c h a s t i c  q u a n t i ­
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z a t i o n  method and  showed t h a t  i t  a g r e e s  w i t h  t h e  s t a n d a r d

Fadeev-Popov a n s a t z .  In t h i s  s e c t i o n ,  we s h a l l  s t u d y  t h e
(23)c o n n e c t i o n  d i s c o v e r e d  by Ma rches in i  , between t he

Schwinger-Dyson e q u a t i o n s  o f  a g i v e n  model  and t h e  e q u i ­

l i b r i u m  c o n d i t i o n  o f  t h e  same model  when d e s c r i b e d  u s i n g  

t h e  s t o c h a s t i c  q u a n t i z a t i o n .

The Schwinger-Dyson e q u a t i o n s  a r e  an  i n f i n i t e  s e t  

o f  r e l a t i o n s  among t h e  G r e e n ' s  f u n c t i o n s  o f  a t h e o r y ,  r e ­

f l e c t i n g  t h e  maximum symmetry o f  p a t h  i n t e g r a l  measu re .  

These e q u a t i o n s  a r e  supposed  t o  d e t e r m i n e  t h e  f u n c t i o n s  

u n i q u e l y  and  i n  t h i s  s e n s e  a r e  t h e  most  g e n e r a l  s e t  o f  i n ­

dependen t  r e l a t i o n s  among t h e  G r e e n ' s  f u n c t i o n s .

U s u a l l y  t h e  f o l l o w i n g  method i s  employed t o  d e r i v e  

t h e  Schwinger-Dyson e q u a t i o n s .

Le t  F($)  be any f u n c t i o n a l  o f  t h e  f i e l d  and S (^) 

t h e  E uc l i d ea n  a c t i o n  d e f i n i n g  t h e  model .  Then,

( _ -St<p

( 2 . 8 1 )

f o r $ $  i s  i n v a r i a n t  u n de r ,

<$* (*> -->  <J)A0 0 + S  < | i«
( 2 . 8 2 )

w i t h  Sfc(x) i n d ep e nd en t  o f  < ^ ( x ) .

We h a v e ,
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< F(<)>)> =  [«<(> f e s c<, f i <a

= ^FOf>£> +   ̂S$lw
) JL Sfcw % & < *  r‘

+ . . .
(2 . 83)

S i n c e  SldfH s an  a r b i t r a r y  f u n c t i o n a l  o f  x ,  i n d e p e n ­

d e n t  o f  <koa , we must  h a v e ,

< ^ £  -  F i i > =  0

(2 . 84)

These a r e  t h e  Schwinger-Dyson e q u a t i o n s  f o r  t h i s

m od e l .

Now we c o n s i d e r  a s i m i l a r  o b j e c t  i n  t h e  s t o c h a s t i c  

q u a n t i z a t i o n ,

P t f r t )
(2 . 85)

wher e p » ,  t i  s a t i s f i e s  t h e  Fokker -P l anek  e q u a t i o n  (2 .13)

I f  < 4 ( . a ppr oa c he s  e q u i l i b r i u m  f o r  l a r g e  t ,

we have ,

i t

( 2 . 8 6 )
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Using t h e  Fokke r - P l a n e  k e q u a t i o n  ( 2 . 1 3 ) ,  we can 

e x p r e s s  t h i s  l a s t  c o n d i t i o n  i n  t h e  f o l l o w i n g  way,

=-Ja<|> [ V i A O ]  P t fc t l
( 2 . 87)

Th e re fo r e

O  -  -  <  t K  c<*>>
( 2 . 8 8 )

Using t h e  e x p l i c i t  form o f  L d e f i n e d  by e q u a t i o n  

(2 .1 3 )  we have

U * z < .  * * 1 0 -

( 2 . 89 )

Now, i f  we i d e n t i f y ,

( 2 .90)

t h e n  t h e  e q u i l i b r i u m  c o n d i t i o n  r e a d s ,

LE _  i S  = o

( 2 . 9 1 )
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which c o i n c i d e s  w i t h  t h e  Schwinger-Dyson e q u a t i o n  ( 2 . 8 4 ) .  

Remarks: E q u i l i b r i u m  c o n d i t i o n  (2 .86 )  i m p l i e s  t h e  Schwin-

ger -Dyson  e q u a t i o n  (2 .84 )  a s  we j u s t  showed.  However/ t h e  

Schwinger-Dyson e q u a t i o n s  do n o t  imply t h a t  t h e  G r e e n ' s  

f u n c t i o n s  w i l l  r e a c h  e q u i l i b r i u m  f o r  l a r g e  t .  In  f a c t ,  t h e  

Schwinger-Dyson e q u a t i o n s  r e q u i r e  t h a t ,

2 -  < * ( # >  _ * o

(2.92)

I t  c o u ld  happen t ha  t  <-${fJ^diverges a s  t* f o r  l a r g e  

t  w i t h  4 < 1  .
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I I I .  DERIVATION OF QUENCHED MOMENTUM PRESCRIPTION BY MEANS 

OF STOCHASTIC QUANTIZATION.

A. I n t ro d u c t  i o n .

The o b j e c t  o f  t h i s  s e c t i o n  i s  t o  r e p o r t  on a s t u d y  

o f  t h e  r e d u c t i o n  o f  d e g r e e s  o f  f reedom i n  t h e  l a r g e  N l i m i t  

u s i n g  t h e  s t o c h a s t i c  q u a n t i z a t i o n ,  a l r e a d y  r e v i s e d  on a 

p r e v i o u s  s e c t i o n .

We emphas i ze  t h e  f o l l o w i n g  two a s p e c t s  o f  t h e  s t o ­

c h a s t i c  method f o r  o u r  p u r p o s e :  F i r s t  t h e  Langevin e q u a t i o n  

can be viewed a s  a c l a s s i c a l  e q u a t i o n  o f  mo t ion  f o r  a s y s ­

tem w i t h  an  e x t e r n a l  s o u r c e  f u n c t i o n .  Second ,  t h e  random 

so u r c e  r ^ ( x , t )  c an  be q u i t e  a r b i t r a r y  i n  i t s  x , t  depen­

dence  i n  so  f a r  a s  t h e  random a v e r a g e  h a s  t h e  Gauss ian  d i s ­

t r i b u t i o n  p r o p e r t y  g i v e n  by ( 2 .2 )  and ( 2 . 3 ) .  These a s p e c t s  

a r e  e x p l o i t e d  t o  r e d u c e  t h e  number o f  d e g r e e s  o f  f reedom 

f o r  l a r g e  N.

I n c i d e n t a l l y ,  we want  t o  men t i on  t h a t  i n  Appendix 

I I  we r e f e r  t o  a r e l a t e d  a p p l i c a t i o n  o f  t h e  s t o c h a s t i c  

q u a n t i z a t i o n  t o  t h e  l a r g e  N l i m i t .

B . Large N r e d u c t i o n  o f  an  NxN Hermi t ian  M a t r i x

Model<24' 26)

We i l l u s t r a t e  ou r  method w i t h  an  example o f  an
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Hern i t  i a n m a t r i x  model  d e f i n e d  by t h e  a c t i o n :

Stl<p]= t  r  ^ V2 ( \ |

( 3 . 1 )

where i s  an  He rmi t ian  NxN m a t r i x  f i e l d .  This  model  has  a 

g l o b a l  U(N) symmetry and a r e f l e c t i o n  symmetry:

C^OO KJ (j)0<) U T  , U £  U (H )

<J)oa—> -
(3 . 2)

A c c o r d i n g l y ,  we c o n s i d e r  a s e t  o f  i n v a r i a n t  G r e e n ' s  f u n c ­

t i o n s  d e f i n e d  by

<vir ( . . .  (J>oo)> ,n  ex en

(3 . 3 )

The Langevin  e q u a t i o n  o f  t h i s  model  i s  g i v e n  by

2 -  (  Q _ V )  8 / m (

(3 . 4 )

where  i s  an He rmi t ian  NxN random s o u r c e  w i th

Ga uss i an  d i s t r i b u t i o n .  T h e r e f o r e  i n  a cc o rd a n c e  w i t h  ( 2 . 7 )

< - t r ( . . .  $cx 0 )>= 0 .5 )
-t">00 I
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So l v i n g  t h e  Langevin  e q u a t i o n  by i t e r a t i o n  and  i n ­

s e r t i n g  t h e  s o l u t i o n  i n t o  ( 3 . 5 )  and ( 3 . 3 ) ,  we o b t a i n  a f o r ­

mal  power s e r i e s  e x p a n s i o n  o f  G r e e n ' s  f u n c t i o n :

< t r  ( ( fX * ,') .. .  < ^ 0 O )>

= f - ■ • \ i%

( 3 . 6 )

where t h e  K ' s  a r e  s c a l a r  f u n c t i o n s .  A v e ry  n i c e  p o i n t  m
o f  t h i s  e x p r e s s i o n  i s  t h a t  a l l  t h e  U(N) i n d i c e s  appea r  

t h ro ug h  Y|^, so  t h a t  one  can  s t u d y  t h e  l a r g e  N l i m i t  by 

examin ing  o n l y  t h e  random a v e r a g e .  Of c o u r s e ,  a s  we showed 

i n  t he  l a s t  s e c t i o n ,  e x p r e s s i o n  (3.6)  g e n e r a t e s  t he

s t a n d a r d  Feynman-Dyson e x p a n s i o n  i f  one  i n s e r t s  t h e  Wick

decom po s i t i on  p r o p e r t y  ( 2 . 3 ) .

Next  we p rov e  t h e  f o l l o w i n g  p r o p o s i t i o n .

P r o p o s i t i o n : Let  Y| ( t )  ( i ,  j = 1 / . . .  /N) be a random
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s o u r c e  w i t h  Gauss ian  d i s t r i b u t i o n  and ( i = 1 .......... N;

°*- = 1 , . . .  , d )  be  a random number w i t h  un i fo rm  d i s t r i ­

b u t i o n  i n  t h e  hypercube  [ - A / 2  ) A / 2 ] 1 As l ong  a s  one 

r e s t r i c t s  o n e s e l f  t o  i n v a r i a n t  e x p e c t a t i o n  v a l u e s  o f  t h e  

form
^  "t V (

i n  t h e  l a r g e  N l i m i t

(3 .7)

s e r v e s  a s  v a r i a b l e s  w i t h  Gaus s ian  d i s t r i b u t i o n .

The p r o o f  r e d u c e s  t o  show t h a t  ( 3 . 7 )  g i v e s  t h e  

Wick d e co m po s i t i o n  p r o p e r t y .  Le t  u s  f i r s t  examine t h e  c a se  

o f  m * 1.

2  V * ' ' v)>
l i

< v >  v * » i
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(3 . 8)

In  l e a d i n g  o r d e r  i n  N we c a n  n e g l e c t  t h e  l a s t  t e rm .  We 

th en  o b t a i n

< t 'i- > ^ ~  2 N2 S(x-x>) SCt-t')

( 3 . 9 )

which  i s  t h e  d e s i r e d  r e s u l t .  N e g l e c t i o n  o f  t h e  second  t erm 

i s  j u s t i f i e d  o n l y  when N i s  so  l a r g e  t h a t  t h e  f o l l o w i n g  i n ­

e q u a l i t y  i s  s a t i s f i e d :

( ■ £ ? )  L "  ^  N
(3.  10)

Here L1̂ i s  t h e  s p a c e - t i m e  volume.  This  shows t h e  d e g r e e  

o f  l a r g e  N a b o u t  which  we have  been  s p e a k i n g .

Next  l e t  u s  examine t h e  m*2 c a s e .

Z  <i. =
i.
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^ A \ 2 i  ^  f  I T  4 ^ .  e L 1
LWi J  A

k e ‘ C ? » - W N

< V tJ
(3 .11)

S inc e  ha s  Gauss ian  d i s t r i b u t i o n ,  we have

*  * 1 ^ °

= 2 ^  ^  S tV W  ^

*v 2 &u. & (£\~tz) S

+ 2  S^x ^ C ti - ta ')

( 3 . 12)

Thus

< -tr (

=  ( z ^ Z  [  T T ^ . e 4 l V © 0 i , - t t >  g i c r ^ c * , - * , )
I f r l

2 Su S(ti-tx') 2 S ( t j - - u )  *v...
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x  |  ( n » - 3 * + h )  ^  T I ^

i + i

-4-

+  n ( h - v)  j i T ^  ) + . . .

x S c x .-^ + v ^ )!
+ . . .  (3 .13)

We n e g l e c t  t h e  s e co nd  t e rm  i n  t h e  s q u a r e  b r a c k e t  i n  t h e  

l a r g e  N l i m i t  u s i n g  ( 3 . 1 0 ) ,  and o b t a i n

< -tr (r|Cx„t,lr|c^.)t»>r|(x};<a)T|(̂ lt^ )^

-Kr]0»,t,.'> 7 < *1 *| (*,,tr>> 1

( 3 . 1 4 )
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I t  i s  c l e a r  now how t h e  a rgument  c o n t i n u e s .  An 

i m po r t an t  p o i n t  t o  n o t i c e  i s  t h a t  i f  N were l a r g e  b u t  f i ­

n i t e  ^ ' s  g i v e n  by ( 3 .7 )  c e a s e  t o  be  Gauss ian  f o r  m N 

because  we do n o t  have  enough p ' s  t o  p roduce  i n d ep e n de n t  S- 

f u n c t i o n s .

The Langev in  e q u a t i o n  ( 3 .4 )  w i t h  t h e  random s o u r c e  

g i v e n  by (3 .7 )  ha s  a s o l u t i o n  g i v e n  by

C ^ o y O  =

(3 .15)

where (J)  ̂j ( t ) i s  a s o l u t i o n  o f  t h e  r educed  Langevin  equa­

t i o n

(3 .16 )

I n s e r t i n g  (3 .1 5 )  i n t o  (3 .5 )  and  u s i n g  t h e  p r o p o s i ­

t i o n ,  we can  show i n  a s t r a i g h t f o r w a r d  manner t h e  l a r g e  N 

e q u i v a l e n c e  be tween  t h e  model  d e f i n e d  by (3 . 1 )  and  t h e  r e ­

duced model  w i t h  q ue nch in g  p r e s c r i p t i o n :
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' X .

( 3 . 1 7 )

where  ^ . . . ^  i s  d e f i n e d  by

<•■•>3  a  ) $ $ ( • • • )  e  
r 3($)

(3 .18 )

e
(3 . 19)

S =( 2 l t /A ) * [ | ;  ' / 2 . I ^ $ sl+  l/K -tr ^  ]

(3 .20)

T h i s  i s  t he  Gr o ss -Ki  t a z a w a ^ 1  ̂ v e r s i o n  of  quenched 

momentum p r e s c r i p t i o n .  I f  we d e r i v e  t h e  Langevin e q u a t i o n  

a s s o c i a t e d  w i t h  t h i s  a c t i o n  u s i n g  ( 2 . 5 )  we o b t a i n  (3 .1 6 )  in  

which  t  i s  r e p l a c e d  by (A / z i t f c .  S i n c e  t-*co i s  t a k e n  t o  

d e r i v e  t h e  e q u a l i t y  ( 3 . 5 )  t h i s  s c a l e  d i f f e r e n c e  does  n o t  

a f f e c t  t h e  c o n c l u s i o n .

Because  de co m p o s i t i o n  (3 . 7 )  i s  t r u e  i n  l e a d i n g  N 

o r d e r  o n l y ,  i n  r i g o u r ,  e q u a t i o n  (3 .1 7 )  s h o u l d  r e a d ,
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1.0. < tr  ( <£(*0... (f>C*nO)>

“ T-Tco X o ' e ^ ' e ^
- S/ l

(3 . 21)

where  l . o .  s t a n d s  f o r  " l e a d i n g  o r d e r  i n  l a r g e  N". An im­

p o r t a n t  p o i n t  t o  n o t i c e  i n  t h i s  e x p r e s s i o n  i s  t h a t  l . o .  i s  

c a l c u l a t e d  b e f o r e  limt-*®, o t h e r w i s e  t h e  r e d u c t i o n  ( 3 . 7 )  and

(3 .15 )  c an n o t  be  u s ed  t o  s o l v e  t h e  o r i g i n a l  Langevin  equa ­

t i o n  ( 3 . 4 ) .

For t he  mass ive  c a s e ,  by i n t e r c h a g i n g  t h e s e  

l i m i t s ,  we a r e  a b l e  t o  w r i t e  e q u a t i o n  ( 3 . 1 8 ) ,  which  i s  t h e  

p a t h  i n t e g r a l  v e r s i o n  o f  t h e  quenched  momentum p r e s c r i p ­

t i o n .  We wi sh  t o  a r g u e  t h a t  t h i s  i s  n o t  c o r r e c t  f o r  t h e  

m a s s l e s s  t h e o r y  b e ca us e

-T . T , . \  — \-cr
U*\. t r  < e  . . . b  < p ^ e  i
■fc-*CD

does  n o t  e x i s t  ( a t  l e a s t  i n  p e r t u r b a t i o n  t h e o r y ) .  Th is  

f a c t  w i l l  be  e x h i b i t e d  e x p l i c i t y  i n  t h e  f o l l o w i n g  s imp le  

c a l c u l a t i o n s  f o r  t h e  c a s e  o f  g *0.

As we have  s e e n ,  t h e  p e r t u r b a t i o n  s e r i e s  o f  t h e  

Langevin  e q u a t i o n  i s  o b t a i n e d  by i t e r a t i n g  t h e  f o l l o w i n g  

i n t e g r a l  e q u a t i o n :
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% W «  j «  V T)" ‘V*
O

(3 . 22)

Let  u s  f i r s t  c a l c u l a t e  l . o .  t r < / £Z(x)^g  f o r  t h e

ca se  ^  *0

£ . o . - t r  < f « > s =  £  f y t f l  $.;C «)u

( 3 . 23 )

I n s e r t i n g  t h e  s o l u t i o n  (3 .2 2 )  we o b t a i n

(3 .24 )

Thus,  i f  we t a k e  f i r s t  t h e  l i m i t  we o b t a i n ,

•t-»co 0 /

(3 . 25)

namely t h e  l a r g e  t  d i v e r g e n c e .

On t h e  o t h e r  hand ,  i f  we t a k e  t h e  l a r g e  N l i m i t  

f i r s t  a s  i t  s h o u l d  be a c c o r d i n g  t o  ( 3 . 2 1 )  we o b t a i n ,

Uw w  r-fcz (r̂ fA-Y ez(v~~—  2 t-\

( 3 . 26 )
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which i s  f r e e  from l a r g e  t  d i v e r g e n c e s .

G e n e r a l i z i n g  t he  p r e v i o u s  c a l c u l a t i o n ,  we r e a d i l y  

see  t h a t  e q u a t i o n  (3 .21 )  i s  f r e e  from l a r g e  t - d i v e r g e n c e s  

o r d e r  by o r d e r  in p e r t u r b a t i o n  t h e o r y .

We want t o  emphasize  t h a t  no c o n s t r a i n t  on t he  dy­

namica l  v a r i a b l e s  i s  needed t o  o b t a i n  t h e  c o r r e c t  l a r g e  N 

l i m i t  as long as we adhe re  t o  e q u a t i o n  ( 3 . 2 1 ) .  I t  i s  on ly  

when we d e f i n e  and d e s c r i b e  t h e  l a r g e  N r e d u c t i o n  by o r d i ­

na ry  p a t h  i n t e g r a l s  t h a t  a c o n s t r a i n t  i s  r e q u i r e d  t o  r e g u ­

l a r i z e  t h e  d i a g o n a l  p a r t  o f  t h e  f i e l d .  In  t h e  s t o c h a s t i c  

q u a n t i z a t i o n  t h e  r o l e  o f  t h e  r e g u l a t o r  i s  p l ay e d  by f i c t i ­

t i o u s  t ime t .

C . 1.  U(N) Gauge Theory

Keeping t h e  d i s c u s s i o n  of  t h e  p r e v i o u s  c h a p t e r  in 

mind we p roceed  t o  t h e  l a r g e  N r e d u c t i o n  of  t he  U(N) gauge 

t h e o r y .

The t h e o r y  i s  d e f i n e d  by t h e  E uc l i d ea n  a c t i o n ;

S [ A ] -  VA* \ d*x hr FJjOO
J  ‘ (3 . 27)

where
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Ff V W =  3 r A v O o - a v A r o o - i . e t  A t w , A v w 3  ( j  2 8 )

Ay(x) i s  an  NxN Hermi t i an  m a t r i x  f i e l d .  The c o r r e s p o n d i n g  

Langevin  e q u a t i o n  i s  g i v e n  by

A r W /- t 1 - P y  Fyj . t lVt ' )  +  ' V 0 V='

(3 .29 )

I have  chosen  t h e  i n i t i a l  c o n d i t i o n

Ar ( * , o )  =  O

( 3 . 30

In (3 .29 )  Du i s  t h e  c o v a r i a n t  d e r i v a t i v e  d e f i n e d

by

(3 .31 )

U , t ) i s  a Gauss ian  random s o u r c e  w i t h  s econd  momenta

Su- Ssr Sou** Sct-f)
1 ( 3 . 3 2 )

In gauge  t h e o r i e s  we a r e  i n t e r e s t e d  i n  c o r r e l a t i o n  

f u n c t i o n s  o f  gauge  i n v a r i a n t  o p e r a t o r s  o n l y ,  i . e . ,  o p e r ­

a t o r s  t h a t  do n o t  change  under  t h e  fo l lowing ,  gauge  t r a n s ­

f o r m a t i o n ,

A .0̂ 1 ->U<* Ar  «  O  (tf -v i  U  oa DOO* U(*)eUCH)

( 3 . 3 3 )
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In p a r t i c u l a r  gauge  i n v a r i a n t  o p e r a t o r s  a r e  g l o b a l l y  i n v a -  

r i a n t  u nder

A y . o o —> VJ A^OQ U +

(3 .34)

whereVJ i s  an x- independen t  U(N) m atr ix .

Thus a l l  t h e  a rgumen t s  c o n c e r n i n g  t h e  He rm i t i a n  

m a t r i x  model  a p p l y  t o  t h i s  c a s e .  So we u se  t h e  f o l l o w in g  

r e d u c t i o n  f o r  y \ f  c * , o

P x-
V * * '  V e

(3 . 35)

and  a n s a t z  f o r  A^ (x , t )

i . Px    - i V *AfL(*,o=* e a .̂c-0 e

(3 . 36 )

Then,  we f i n d  t h e  f o l l o w i n g  Langevin  e q u a t i o n  f o r  A ( t )

M  Pv-  e t  Pv-eA v W ,

+ ( £ f v “

( 3 . 3 7 a )



- 5 5 -

Ar  Co) = o

( 3 . 3 7 b )

A c c o r d i n g l y ,  we must  have

X.o. < FCA»S = X F ( e ^ A e ^

(3 . 38)

f o r  any  gauge  i n v a r i a n t  F (A) .

We s e e  t h a t  ( 3 . 38 )  i s  f r e e  f rom l a r g e  t  d i v e r ­

gences  .

In f a c t ,  t h e s e  d i v e r g e n c e s  a r i s e  f rom two s o u r c e s .  

F i r s t l y ,  t h e r e  a r e  t h o s e  due  t o  t h e  non -gauge  i n v a r i a n t  

p a r t  o f  t h e  p r o p a g a t o r ,  b u t  t h e y  c a n c e l  f rom e x p e c t a t i o n  

v a l u e s  o f  gauge  i n v a r i a n t  q u a n t i t i e s .  In t h e  s econd  p l a c e ,  

t h e r e  a r e  t h o s e  would-be  l a r g e - t  d i v e r g e n c e s  due t o  t h e  

d i a g o n a l  p a r t  o f  t h e  p r o p a g a t o r  b u t  t h e y  a r e  o f  n o n - l e a d ­

ing  o r d e r  i n  N ( f o r  f i n i t e  t )  so  t h e y  d i s a p p e a r  when we 

c a l c u l a t e  l . o . .

At t h i s  p o i n t  t h e  f o l l o w i n g  remark i s  r e l e v a n t .  

Equat ion  (3 .38 )  may n o t  be  t r u e  f o r  gauge  v a r i a n t  f u n c ­

t i o n s ,  f o r  r e a s o n s  we g i v e  i n  t h e  f o l l o w i n g  s e c t i o n .
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C. 2 . Ward I d e n t i t i e s

He re  we s h a l l  r e v i e w  t h e  Ward I d e n t i t i e s  o f  b o t h  

g l o b a l l y  and  l o c a l l y  U(N) symmet r i c  t h e o r i e s  i n  t h e  c o n t e x t  

o f  s t o c h a s t i c  q u a n t i z a t i o n .  S p e c i a l  emphas i s  w i l l  be  l a i d  

on t h e  i n v a r i a n c e  o f  t h e  Gauss ian  p r o p e r t y  o f  t h e  random 

n o i s e  unde r  U(N) t r a n s f o r m a t i o n s ,  s i n c e  t h i s  p r o p e r t y  c o r ­

r e s po n ds  t o  t h e  i n v a r i a n c e  o f  t h e  p a t h  i n t e g r a l  i n t e g r a t i o n  

measu re ,  a f e a t u r e  we need  f o r  t h e  d e r i v a t i o n  o f  Ward i d e n ­

t i t i e s  i n  t h e  u s u a l  q u a n t i z a t i o n  p r o c e d u r e .  We s h a l l  show 

t h a t  a n s a t z  ( 3 . 7 )  does  n o t  p r e s e r v e  t h e  U ( N ) - i n v a r i a n c e  o f  

t h e  Gauss ian  p r o p e r t y  o f  t h e  o r i g i n a l  random n o i s e ,  so  none 

o f  t h e  Ward i d e n t i t i e s  o f  t h e  o r i g i n a l  model  w i l l  be s a t i s ­

f i e d  i n  t h e  r ed u c ed  t h e o r y ,  u n l e s s  t h e y  a r e  t r i v i a l l y  

s a t i s f i e d ,  i . e . ,  when t h e  G r e e n ' s  f u n c t i o n s  a r e  i n v a r i a n t  

by  t h e m s e l v e s .

To make t h e  d i s c u s s i o n  c l e a r e r  we s h a l l  u se  t h e  

f o l l o w i n g  model ,

S t<p]= j ^ x  -tr  1 1/2 (J)M^  +

(3 .39)

(J(x ) i s  an  NxN Hermi t i an  m a t r i x  f i e l d  d e f i n e d  on Euc l idean  

s p a c e - t i m e  p o i n t  x .

The Langevin e q u a t i o n  i s ,
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= Q  (j) ( * , 0  -  Ta2, (j)c*,*') -  ' J /n  ())<*,t)*+T|c*,*)

(3 .40)

Let  F( <J>) be  any  f u n c t i o n a l  o f  <J>. We now d e r i v e  

t h e  Ward i d e n t i t y  s a t i s f i e d  by F( <|>) .

The f i r s t  s t e p  i s  t o  n o t i c e  t h a t  UcjJU1’ s a t i  s -  

f i e s  t h e  Langevin  e q u a t i o n  w i t h  =? O  0 ^  a s  a random 

s o u r c e  i f  s a t i s f i e s  e q u a t i o n  ( 3 . 4 0 ) .  So,

c)> [ o  ^  u * ]  =  u  u t

The e q u i v a l e n c e  o f  t h e  two s t o c h a s t i c  d e s c r i p t i o n s  

i s  comp le t ed  by o b s e r v i n g  t h a t  i s  a g a i n  a random so u r c e

wi t h  t h e  same Ga us s i a n  d i s t r i b u t i o n  a s  , so  t h a t  < >^a

< . In  f a c t ,

< c*,t^KVw> == 2 Z  U+]U U* Utn  Sc*-*) Sft-tO
1 IT

rr 2  Sc*. Sj* Sc*-**) S t t—t*)

(3 . 41)

No t i ce  t h a t  ( 3 . 4 1 )  h o l d s  even  i f  U*U(x) a s  i n  t h e  

gaug e t h e o r y .

Thus,

< F  ( $ ) > , «  C<t>)>rj

( 3 . 4 2 )
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11 f o l l o w s  t h a t ,

I d i*  ' t r  < >T*

( 3 .43)

f o r  al l«( .  . I a r e  g e n e r a t o r s  o f  U(N) a l g e b r a .

There  i s  one  i n s t a n c e  where  (3 .43 )  i s  t r i v i a l l y  

s a t i s f i e d .  I t  h appens  when F( <|> )=F( $  ) . I n  t h i s  c a s e ,  

p r o p e r t y  (3 .41 )  i s  n o t  needed  t o  p ro v e  ( 3 . 4 3 ) .

To r e d uc e  t h e  Langevin  e q u a t i o n  (3 .40 )  we w r i t e ,

(3 . 44 )

I t  i s  e a s y  t o  s e e  t h a t  ( 3 . 4 4 )  doe s  n o t  p r e s e r v e  p r o p e r t y

( 3 . 4 1 ) .  In  f a c t ,

S  < Yl ~  ^  u v  >  -

( 3 . 45 )

To no s u r p r i s e ,  e q u a t i o n  (3 .43 )  i s  n o t  s a t i s f i e d  

f o r  g e n e r a l  F .  I t  i s  o n l y  s a t i s f i e d  f o r  U(N) i n v a r i a n t  F 

a s  t r  [ $ 0 ^ 3 ,  b u t  t h e s e  a r e  a l l  we a r e  i n t e r e s t e d
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i n  f o r  t h i s  node 1 .

The same probl em a p p e a r s  i n  t h e  r e d u c t i o n  o f  t h e  

gauge  t h e o r y .

S t r i c t l y  s p e a k i n g ,  we c an n o t  c a l c u l a t e  non-gauge  

i n v a r i a n t  q u a n t i t i e s  u s i n g  s t o c h a s t i c  q u a n t i z a t i o n  o f  t h e  

gauge t h e o r y ,  b e c a u s e  s e c u l a r  t e rm s  a p p ea r  i n  t h e i r  p e r t u r -  

b a t i v e  e x p an s i on .

However,  we c o u l d  f i r s t  f ix a gauge  and t h e n  ev a ­

l u a t e  a non-gauge  i n v a r i a n t  q u a n t i t y  such  a s

I t  s h o u l d  be  c l e a r  by now t h a t  t h e  r educed  model  

w i l l  v i o l a t e  t h e  Ward i d e n t i t y  f o r  t h i s  o b j e c t ,  s i n c e  t h e  

reduced  random n o i s e  do es  n o t  r e s p e c t  t h e  i n v a r i a n c e  o f  

t h e  Gaus s ian  p r o p e r t y  und e r  l o c a l  U(N) gauge  t r a n s f o r m a -  

t  i o n s ,

1|  ( x , t )  =. U  (>0 r |  f r ' t )  U  M+

uw « UCN)
(3 . 46 )

In t h e  r ema in ing  p a r t  o f  t h i s  s e c t i o n  we s a y  a few 

words ab o u t  t h e  need o f  impos ing a c o n s t r a i n t  i n  t h e  

r educed  model  i n  o r d e r  t o  p r e s e r v e  t h e  Ward i d e n t i t i e s  o f  

t h e  f u l l  t h e o r y .

Cons ide r ,  f o r  i n s t a n c e ,  sy s t em (3 .3 9 )  f o r  ^ “ 0 an<* 

F g i v e n  by
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( 3 . 4 7 )

The Ward i d e n t i t y  ( 3 . 43 )  i s :

T e; .aw cz,7 ) .  < < T «  

= o
(3 . 48)

I t  i s  s t r a i g h t f o r w a r d  t o  v e r i f y  t h a t  t h e  r educed  

model a n s a t z  ( 3 . 1 5 )  s a t i s f i e s  e q u a t i o n  (3 .48 )  f o r  any  c#d 

and a#b ,  b u t  f o r  a^b ; c«d  we have ,

TS.ttC z, y) [ttT* sw - (i*)*1 1

+ [(T)ck - (IT* S*J A(7-z)

*  O

A cy-z) s [ dis e y <Y—
J (210* p Z-¥ HVZ

(3 .49 )

We can  i n m e d i a t e l y  s e e  t h e  c o n s t r a i n t  $ aa>0 e n -  

f o r c e s  t h e  Ward i d e n t i t y  a t  l e a s t  i n  t h i s  s i m p l e  c a s e .  The 

i n t r o d u c t i o n  o f  t h e  c o n s t r a i n t  m o d i f i e s  t h e  Langevin  equa­

t i o n .  The new e q u a t i o n  i s :
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| t  i- U )  i  L P ^ , ^  *  }
 ̂ M 3 . 5 0 )

For t h e  gauge  t h e o r y ,  we e x p e c t  t h a t  a m o d i f i ed  

Langevin e q u a t i o n  s i m i l a r  t o  ( 3 . 50 )  sh o u l d  e x i s t  f o r  t h e  

v a r i a b l e  A^-Ct} . For one e q u a t i o n  o f  t h i s  s o r t ,  s e e  

r e f e r e n c e  (29)

However,  we wi sh  t o  r e p e a t  t h a t  no such  co n s ­

t r a i n t  i s  needed i f  we a g r e e  t o  c a l c u l a t e  gauge  i n v a r i a n t  

c o r r e l a t i o n  f u n c t i o n s  o n l y ,  r e n d e r i n g  (3 .3 8 )  v a l i d  a s  i t  

i s .

S t i l l ,  we have  t o  u n d e r s t a n d  t he  problem of  

r e n o r m a l i z a t i o n  , i . e . ,  t h e  h a nd l i n g  of  d i v e r g e n c e s  

a p p e a r i n g  i n  l oo p  i n t e g r a l s .

S ince  t h e  r ed u ced  model  i s  gauge  i n v a r i a n t  unde r

A f  U  * r  CO U 1, -  - s  U  [P r ,

(3 .51)

f o r  f i x e d  P̂ , , t h e n ,  we a r g u e  t h a t  a l l  t h e  d i v e r g e n c e s  o f  

l oop  i n t e g r a l s  o f  gauge  i n v a r i a n t  G r e e n ' s  f u n c t i o n s  a r e  

l o g a r i t h m i c .  A g e n e r a l  p r o o f  o f  t h i s  p r o p o s i t i o n  l i e s  

o u t s i d e  t h e  s cope  o f  t h i s  t h e s i s ,  b u t  we e x p r e s s  i t s  

p l a u s i b i l i t y  by an e x p l i c i t  c a l c u l a t i o n  i n  t h e  ne x t  

s e c t i o n .
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C.3 .  P e r t u r b a t i v e  C a l c u l a t i o n

We have chos en  t o  e v a l u a t e  t h e  s i m p l e s t  gauge  i n ­

v a r i a n t  c o r r e l a t i o n  f u n c t i o n .

r  r  < i r  Fr ,oo1>

( 3 . 52 )

According  t o  (3.3 8)

(3 .53)

Af  i s  t h e  s o l u t i o n  t o  t h e  e q u a t i o n ,

2l  Ar CO [ Pv- e  Sy(^fpv- e

+  V °
( 3 . 54 )

A f  (o') =  " S p

(3.55)

We w r i t e  “K. , e x p l i c i t l y  f o r  t h e  f o l l o w i n g  r e a ­

so n s .  We a r e  i n t e r e s t e d  i n  t h e  r e n o r m a l i z a t i o n  p r o p e r t i e s  

o f  ^  , and  t h e r e f o r e  we want  t o  c o n s i d e r  t h e  d i v e r g e n c e s  

a p p e a r i n g  i n  t h e  l o o p  i n t e g r a l s  and n e g l e c t  t h e  s p u r i o u s  

ones  due  t o  t h e  l o c a l i t y  of  V  ( < t r  d i v e r g e n t

even a t  t h e  t r e e  l e v e l ) .  A c o n v e n i e n t  way t o  do t h i s  i s  t o
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use t he  WKB expans ion ,  i . e . ,  an expans ion  in  powers o f  fi

However b e f o r e  we show how t h i s  i s  done,  l e t  us 

i n t r o d u c e  a s i m p l i f i c a t i o n  in  t he  c a l c u l a t i o n .

I f  we were t o  use  e q u a t i o n  (3 .54)  t o  e v a l u a t e  I* we 

would f i n d  t h a t  t he  l o n g i t u d i n a l  p a r t  of  t h e  p r o p a g a t o r  

does no t  r e ach  e q u i l i b r i u m  fo r  l a r g e  t .  However,  t h i s  l o n ­

g i t u d i n a l  p a r t  does  no t  c o n t r i b u t e  t o  gauge i n v a r i a n t  ex-
„.  . (14)p e c t a t i o n  va lu e s

At t h i s  p o i n t ,  we p r e f e r  t o  f i x  a gauge in  o r d e r  

t o  e l i m i n a t e  t h e  l o n g i t u d i n a l  p a r t  of  t h e  p r o p a g a t o r  from 

the  ve ry  b e g i n n in g  The argument  we deve lop  below comple­

ments t he  d i s c u s s i o n  of  gauge f i x i n g  u s ing  t h e  Fokke r-  

P l anck  formal i sm o f  S e c t i o n  I I . E .

A n a t u r a l  way t o  f i x  t he  gauge fo l l ows  from the  

o b s e r v a t i o n  t h a t  t he  q u a n t i t i e s  we a r e  i n t e r e s t e d  i n ,  a s  T , 

have a l a r g e r  i n v a r i a n c e  t han  has  t h e  Langevin  e q u a t i o n .  

Equa t i on  (3 .5 4 )  i s  c o v a r i a n t  under  t he  f o l l o w in g  t - i n d e p e n ­

den t  gauge t r a n s f o r m a t i o n

V e U l P r . U H

(3 .56)

whereas t h e  group of  i n v a r i a n c e  o f  I"* c o n t a i n s  t - d e p e n -  

de n t  U1s as  w e l l ,

Ar(t)—> 7eU(OlPr ,U(t->t]

( 3  . 5 7 )
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This  f a c t  i m p l i e s  t h e  e x i s t e n c e  o f  a whole  s e t  o f  

Langevin e q u a t i o n s ,  o b t a i n e d  f rom (3 .54)  by u s i n g  a t r a n s ­

f o r m a t i o n  (3.57)  , and  we s e e  t h a t  a l l  o f  them g i v e  t h e  same 

answer  f o r  .

I t  i s  c o n v e n i e n t  t o  p a r a m e t r i z e  t h i s  s e t  by an  a r ­

b i t r a r y  f u n c t i o n  v ,  s o  t h a t  t h e  v -Langevin  e q u a t i o n  o f  t h e  

s e t  i s ,

2 -  Pv - e  Av<*>,L?,-C

+  i  t P ^ - e

A j l C O )  S i  Ay?

(3 . 58)

Observe  t h a t  t h e  l a s t  e q u a t i o n  c o i n c i d e s  w i t h  ( 2 . 7 3 ) .

F i x i n g  t h e  g a u ge ,  amounts  t o  s p e c i f y i n g  t h e  fu n c ­

t i o n  v.

We have  chos en  t o  work w i t h ,  (Landau background 

f i e l d  gauge)

(3 .59 )

To o b t a i n  an  e x p a n s i o n  i n  powers  o f  ^  we w r i t e ,
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A f M  =  A f + t f  f y l t )

Bf(ti = <* { [pv -  e A j-  Byrt, r

[. Pv -  e  A / -  e t-^ E v  o€ P^- -  e t ^ o f l

-C  Pr - e  e t £ B r W,t }

+ f f lH ®
8 f  (O) «  O (3.6 0)

mus t  s a t i s f y  t h e  c l a s s i c a l  e q u a t i o n  o f  mo t ion ,

t  ?v -  ,  £Py - e  W ,  P f  -  e  R f  1]

( 3 . 61 )

and  we have  r e s c a l e d  t h e  f i c t i t u o u s  t ime

"fc — irx4

(3 .62)

To o r d e r  , t h e  e f f e c t i v e  Langevin e q u a t i o n  i s ,
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BpCO -  -  [ Pv" v̂,CPv- AV/8f cf) 11 + 2 [ Fŷ ByC-C)]

+  ( ^ V 0

Br Co) = o

Av « e  ^  (3.6 3)
and f>v i  s def  i n e d  a s ,

Frv =1 Pf.- Pv- Avl
( 3 . 64 )

To g e t  a p e r t u r b a t i v e  e x p a n s i o n  i n  powers  o f  / 

we r e w r i t e  ( 3 . 6 3 )  i n  i n t e g r a l  fo rm,

o

■+ C A*;C P*,^ W ll*fc -  [ W  A*, 

+  2  [  F ^ ,  B i C ' t t l ak +’ ( a ^ A&T[ ( t ) a k ]

(3 .65)

I t  mus t  be  k e p t  i n  mind t h a t  we have  t o  sum over  

r e p e a t e d  Greek i n d i c e s  and t h a t

D * * ^  CL W
(3 . 66)

w he r e ,
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PrA  5  P fr  l r  (3 .6  7)

S o l v i n g  (3 .6 5 )  by i t e r a t i o n ,  we g e t  an  ex pa ns io n  

i n power s o f  A ^  .

According  t o  e q u a t i o n  ( 3 . 5 3 ) , ^  can be w r i t t e n  a s

f o l l o w s ,

r  = its,X °- J tr< l?r- Bf . Py - > i j

( 3 . 68 )

*  &  'i  o' i  t 4 f l  I  -tr F,? +  2  e*fc trF rv <tBrA 3> ,

4- 2  e%

(3 . 69)

The new q u a n t i t i e s  *\t2. a r e ,

V  = < t r [ P r-Ar) 8 , ? ^

(3 . 70 )

^2 = < -tr C Pf -  Af, B l̂LPv -  Av.Bf.1 >i)

(3 . 71)
2

I t  i s  s u f f i c i e n t  t o  c a l c u l a t e  < B^. By^. up t o  0(A ) .

The r e l e v a n t  g r a p h s  a r e  shown i n  Fig . 2 on page  71 

The answer s  a r e ,
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[Too *  t r  <,

- 4 5 l t e ^
w*.

(3 .72)

l&  X o f * *  r - r -

=  ^ Z j   ̂ fr -ft-y c p -y ^ y  F &  F ^ r

C ( ? - ? • ? ] *  ( ' p - f k ) 1

k*

•>* J J (2 #  C T -W 'T if
(3 . 74)

We have  n o r m a l i z ed  P s o  t h a t  i t  v a n i s h e s  f o r  z e r o  b a ck ­

ground  f i e l d .

A f t e r  making one  s u b s t r a c t i o n  we o b t a i n

r ;  ( A V  = F 2 w  [  1 -  U k ' + 2  e' fcHl
J w *  ^  w #  a l  ^ r f  J

(3 . 75)

In  t h e  c a l c u l a t i o n  o f  V t and N/i » t h e  would-be  

q u a d r a t i c  d i v e r g e n c e s  i n  P̂ _ c a n c e l  b e f o r e  i n t e g r a t i n g  ove r
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t h e  random momenta, and so do t h e  l i n e a r  t e rms i n  A^ . The 

rema in ing  terms a r e  a t  most l o g a r i t h m i c a l l y  d i v e r g e n t  in 

, as  e xp e c t e d .  (See d i s c u s s i o n  a t  t h e  end o f  page 61 ) .

As one i n s t a n c e  o f  t h i s  c a n c e l a t i o n  we w r i t e  e x ­

p l i c i t l y  t h e  c o n t r i b u t i o n  t o  V, o f  g r aphs  (1) (5) and (6)

of  P ig  2.

2 £  ( A ^ Z y -  i u p t f * )  < £ *• B ? > »
« 4Z t

= ? i  [ a t i / &c*a. r
From g raph  (1)

From g r aphs  (5 ,6 )

They c a n c e l  each o t h e r .
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F i g .  1 Feynman r u l e s  d e r i v e d  from e q u a t i o n  (3 .65)

V "  ( p a  +  f t .  f l , )*  +  A ^  ^ ( P w+ P - , - 2 ^ )

( A i r s Sk;+  (Al)& Sfcl-2 A “ Ai‘b|

- P i ( t - T )e it- -ti e
t  a b  't

The arrow p o i n t s  toward t h e  p a s t  in f i c t i t i o u s  t ime t .  To 

complet e  t h e  r u l e s  we need t h e  f o l l o w i n g .

a) To f i n d  a c r o s s  means t o  r e v e r s e  t h e  d i r e c t i o n  of  t ,  

t r a n s p o s e  t h e  i n d i c e s  o f  t h e  nex t  l i n e  and m u l t i p l y  by

2 (A/Wy
b) I n t e g r a t e  over  t ' s  o f  each v e r t e x  and c r o s s ,  from 

zero  t o  i n f i n i t y .



- 7 1 -

2
F i g .  2:  Graphs  c o n t r i b u t i n g  t  o < Bm%| t o  0(A ) .

X(I) (2) (3) (Ha)

' v ^ / v U ^ ,  
o  6 /4 ^  4  ( ^ 6

(?)

{M * (5) (O'

( i ) (3) * (10) A

(U) (12) (13) (14)

05) (16) (I?)
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IV. LATTICE GAUGE THEORIES.

A. I n t r o d u c t i o n .

We o u t l i n e  t he  l a t t i c e  f o r m u l a t i o n  of  gauge t h e o ­

r i e s ( 3 )

The main advan t age  o f  d e f i n i n g  a gauge t h e o r y  on a

l a t t i c e  i s  t h a t  t h e  l a t t i c e  spa c in g  a c t s  as  a gauge 

i n v a r i a n t  r e g u l a t o r .  Fu r t he rm ore ,  s i n c e  t h i s  f o r m u l a t i o n  

i s  f r e e  from i n f i n i t i e s  a t  a l l  s t a g e s ,  i t  i s  s p e c i a l l y  

s u i t e d  f o r  do ing  nu m er i ca l  c a l c u l a t i o n s .  These numer i ca l

c a l c u l a t i o n s  a r e  t h e  o n l y  a v a i l a b l e  i n f o r m a t i o n  s u p p o r t i n g
( 4 )t h e  c o n f i n i n g  p r o p e r t y  o f  non -Abe l i an  gauge t h e o r i e s  .

We s h a l l  i n t r o d u c e  a h y p e r c u b i c a l  l a t t i c e  o f  s i d e  

a .  Any minimal  squa re  on t h i s  l a t t i c e  w i l l  be c a l l e d  a 

fundamenta l  p l a q u e t t e .  For  i n s t a n c e  a fundamenta l

p l a q u e t t e  c e n t e r e d  on x may be :

We d e f i n e  an a c t i o n  on t h e  fundamenta l  p l a q u e t t e

by

( 4 . 1 )
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The U v a r i a b l e s  a r e  d e f i n e d  on t h e  l i n k s  o f  t h e  

fundamenta l  p l a q u e t t e  and t h e y  b e lo n g  t o  t h e  a d j o i n t  r e p r e ­

s e n t a t i o n  o f  G ( t h e  g ro up  o f  symmet r ies )  . No t i c e  a l s o  t h a t  

t h e  p l a q u e t t e  h a s  an  o r i e n t a t i o n  su ch  t h a t

,X+ayL — ^ x + a . f yX

(4.2)

C l e a r l y  Sg i s  i n v a r i a n t  unde r  t h e  l o c a l  G-gauge t r a n s ­

f o r m a t i o n  :

—> V ( iO  U x ;x+a.f } \J & G

( 4 . 3 )

W i l s o n ' s  a c t i o n  d e f i n i n g  t h e  gauge  t h e o r y  on t h e  

l a t t i c e  i s  g i v e n  by :

S*  -  23  S q

(4 . 4)

where S , , i s  o b v i o u s l y  i n v a r i a n t  under  t r a n s f o r m a t i o n  ( 4 .3 )  w
The quantum mechan i c s  o f  t h e  t h e o r y  i s  d e s c r i b e d  

by t h e  p a r t i t i o n  f u n c t i o n .

(4 .5)

^dlO)is t h e  Haar -measure  o f  t h e  g roup G and g i s  a 

co u p l i n g  c o n s t a n t .
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The c o r r e s p o n d e n c e  o f  t h e  l a t t i c e  q u a n t i z a t i o n  and 

t h e  s t a n d a r d  cont inuum q u a n t i z a t i o n  i s  o b t a i n e d  by t h e  

i d e n t i f i c a t i o n :

t 1 Ar (x)
a y i 13 0

A^(x) b e l o n g s  t o  t h e  Lie  Algebra  o f  G.

I t  i s  e a s y  t o  check  t h a t

—> co<viW Z.*Jv» a-»o x

S2. c o n s t a n t  — ’fcr^Y^Cx.)

(4 .6 )

(4 .7 )

where

”*"^V ^ r  Ay.C^^ A y O ^

(4 .8 )

That  i s ,  we g e t  t h e  c o r r e c t  c l a s s i c a l  l i m i t .

In a l a t t i c e  gauge  t h e o r y  o n l y  gauge i n v a r i a n t  

c o r r e l a t i o n  f u n c t i o n s  mus t  be  c o n s i d e r e d  s i n c e ,  a c c o rd i n g  

t o  E l i t z u r ^ * ^ ,  gauge  v a r i a n t  c o r r e l a t i o n  f u n c t i o n s  a r e  

i d e n t i c a l 1 y z e r o .
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A u s e f u l  s e t  o f  gauge  i n v a r i a n t  c o r r e l a t i o n  f u n c ­

t i o n s  i s  p r o v i d e d  by t h e  Wi l son  l oo p  t h a t  we s h a l l  d e f i n e  

b e lo w .

On t h e  l a t t i c e  we c o n s i d e r  a c l o s e d  p a t h C  .

The Wi l son l o o p  i s  d e f i n e d  by

v j  [ c i  =k  n  Ui>
( 4 .9 )

where  i d e n o t e s  a l i n k  b e lo n g i n g  t o  t h e  c u rv e  C.

I t  i s  c l e a r  t h a t  W(C) i s  i n v a r i a n t  under  ( 4 . 3 )

I t  i s  p o s s i b l e  t o  e x p r e s s  t h e  p r o p e r t y  o f  c o n f i n e ­

ment o f  t h e  p u r e  gauge  t h e o r y  i n  t e rm s  o f  t h e  W i l s o n ' s  

l o o p .

We have  two p o s s i b i l i t i e s :

—GPi
i )  e  ( co n f in e m e n t  c r i t e r i a )  (4 .10)

Wm^ C

i i ) V J t c l  /'VJ 0 ,  ( d e c o n f i n i n g  c r i t e r i a )  (4 .11)
\

A i s  t h e  minimal  a r e a  e n c l o s e d  by C; P i s  t h e  l e n g t h  o f  C;

and i s  c a l l e d  t h e  s t r i n g  t e n s i o n .

I t  i s  n o t  d i f f i c u l t  t o  show t h a t  i n  t h e  s t r o n g  
(2 7)co u p l i n g  l i m i t  ( g —*co )

lr. -  A/o 2

(4 . 12)

So t h e  l a t t i c e  gauge  t h e o r y  c o n f i n e s  i n  t h i s
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l i m i t .

Th i s  i s  t r u e  even f o r  Quantum E le c t r od yn am ics  

where  e l e c t r o n s  and  p o s i t r o n s  a r e  found  f r e e .  So t h e  con­

n e c t i o n  w i t h  t h e  u s u a l  c on c e p t  o f  con f in em en t  i s  n o t  

s t r a i g h t f o r w a r d .

To c l a r i f y  t h i s  l a s t  p o i n t  we r e s o r t  t o  t h e  f o l ­

l owing  R e n o r m a l i z a t i o n  Group a rgument

When a«*0  , t h e  s t r i n g  t e n s i o n  i s  d i v e r g e n t  ( f o r

f i x e d  g ) .

On t h e  o t h e r  h a n d , Q ’i s  an o b s e r v a b l e  q u a n t i t y  t h a t  

f i x e s  t h e  s c a l e  o f  t h e  g l u e - b a l l  m as s e s ,  f o r  example .  The 

answer  i s  p r o v i d e d  by t h e  r e n o r m a l i z a t i o n  t h e o r y :  t h e  cou­

p l i n g  c o n s t a n t  g h a s  t o  be  a f u n c t i o n  o f  t h e  c u t  o f f  such 

t h a t  p h y s i c a l  q u a n t i t i e s  a r e  f i n i t e  f o r  a -*0  . Moreover,  

t h e  a r b i t r a r i n e s s  i n  d e f i n i n g  a f i n i t e  p a r t  o f  t h e  d i v e r ­

g e n t  G r e e n ' s  f u n c t i o n s  a c t u a l l y  i m p l i e s  t h e  s t r o n g e r  c o n d i ­

t i o n :

0

(4 .13)

or

( 4 . 1 4 )
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where ^  i s  d e f i n e d  by P = - a ( S 3 / 3 a )  (4 .15 )

On d imens iona l  grounds  we must have:

Then

(4 .16 )

<r(V (4 . 17 )

S ince  (g) i s  d e f i n e d  f o r  s t r o n g  and weak cou­

p l i n g s ,  t h i s  p ro v i d e s  a way of  r e l a t i n g  bo th  l i m i t s  of  t he  

t h e o r y .

For  s t r o n g  c o u p l i n g s ,  from e q u a t i o n  (4 .12 )  we

h a v e :

(4 .18 )

When g -*0 we have t he  u su a l  a sy m p to t i c  f reedom
( 2 )r e s u l t '  ’ , f o r  a SU(3) c o l o r  group,

( I r f f

(4 .19 )

There  a r e  two p o s s i b i l i t i e s :

i )  I f  t he  s t r o n g  co u p l i n g  B(g) g iv en  by e q u a t i o n  (4 .18 )  can 

be e x t r a p o l a t e d  a l l  t h e  way down t o  g®0 where i t  matches  

e q u a t i o n  (4 .19)  w i t hou t  ever  f i n d i n g  a z e ro  of  B ( g ) ; t hen



78

t h e  t h eo r y  w i l l  c o n f i n e  s i n c e  G*(g) w i l l  never  be z e ro ,

i i )  I f  in between g»0 and g*+ GO a ze ro  of  B(g) e x i s t s  O’ 

w i l l  van i sh  t h e r e  and t he  t h e o r y  w i l l  have a "phase  t r a n s i ­

t i o n "  t o  a d e c o n f i n i n g  phase .

To de t e rmi ne  which of  t he  a fo r em en t ion ed  s c e n a r i o s  

i s  r e a l i z e d  in  t h e  Yang-Mi l l s  t h e o r y  ha s  p roven t o  be very  

d i f f i c u l t ,  a l t h ou g h  r e c e n t l y  c o n s i d e r a b l e  p r o g r e s s  in  t h i s

d i r e c t i o n  has  been  made u s ing  nu m er i ca l  s i m u l a t i o n s  in
( 4 )computers

A f t e r  t h e s e  b r i e f  remarks ,  we p roceed  t o  d e r i v e  

t h e  Langevin e q u a t i o n  f o r  l a t t i c e  gauge t h e o r i e s .  Using 

t h i s  Langevin  e q u a t i o n  and t h e  methods i n t r o d u c ed  in  s e c ­

t i o n  I I I ,  we s h a l l  o b t a i n  t h e  r educed  form o f  t h e  t h e o r y ,
( 1 2 )i . e . ,  t h e  quenched Eguchi-Kawai  model

B Langevin Equa t i on  fo r  L a t t i c e  Gauge T h e o r i e s ^ ^

We can ex t end  t h e  a rguments  o f  s e c t i o n  I I I  i n t o  

l a t t i c e  gauge t h e o r i e s ,  i n  which t he  dynamica l  v a r i a b l e s  

a r e  t h e  l i n k  v a r i a b l e s .  Let  us c o n s i d e r  U(N) l a t t i c e  t h e o ­

ry  as  an example and l e t  U (x) be t he  l i n k  v a r i a b l e  on 

t h e  l i n k  (x,  which we assume be long s  t o  t h e  funda

menta l  r e p r e s e n t a t i o n  o f  U(N) .

In o r d e r  t o  use  our  methods of  r e d u c t i o n  i n  t he  

ca se  o f  U(N) l a t t i c e  gauge t h e o r y  we must f i n d  a Langevin
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e q u a t i o n  f o r  Uj*.(x,t) su c h  t h a t

<  F C l V - s t ^ j  =  j  4 U 0 ^  F C U ^ p e ^

^ T V _ t  dUy.0 0 )

1 ( 4 . 20)

S (U) i s  d e f i n e d  i n  ( 4 . 4 ) ,  F i s  an a r b i t r a r y  f u n c t i o n  w
o f  U ( x , t )  , T1 i s  t h e  Haar measur e o f U ( N )  and  < >^ i s

g i v e n  by ( 2 . 4 ) ,  p r o p e r l y  m o d i f i e d  f o r  x i n t e g e r .

To f i n d  t h e  Langevin e q u a t i o n  whose s o l u t i o n  

V_L. (x , t )  s a t i s f i e s  e q u a t i o n  ( 4 . 2 0 ) ,  we f i r s t  w r i t e  anr
He rm i t i a n  and n o n - n e g a t i v e  F o kk e r - P l a nc k  H a m i l t on i an  Hw 

s u c h  t h a t

(4 .21)

Hw i s  H e r m i t i a n  i n  t h e  H i l b e r t  s p a c e  d e f i n e d  by t h e  

s c a l a r  p r o d u c t ,

< 4HU), <t>CO)> = j TT [A^oo]
( 4 . 22 )

To c o n s t r u c t  Hw an a n a l o g y  w i t h  (2 .20 )  we w r i t e

H vj -  Vz 21  00
•if)**

( 4 . 2 3 )
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wher e w e  def  i ned

GUy. = E*r (*> - y2 [E£c*> S j
(4 . 24 )

and i s  t h e  He rmi t i an  a d j o i n t  o f  i n  t h e  H i l b e r t

space  w i t h  s c a l a r  p r o d u c t  ( 4 . 22 )  .

E ^ ( x )  w i l l  be  s p e c i f i e d  below.  But  f i r s t  n o t i c e  t h a t

(4 .23)  e n s u r e s  t h e  H e r m i t i c i t y  and n o n - n e g a t i v i t y  o f  Hw.

To g u a r a n t y  (4 .2 1 )  we s h a l l  choose  t £ ( x )  su c h  t h a t

f c S w C O )

(4 .25 )
* aMoreover ,  E£(x) mus t  s a t i s f y  t h e  fo r m u la  o f  i n t e g r a t i o n  by 

p a r t s  needed  i n  ( 2 . 1 0 )  . Tha t  i s

\  TT u u roo) Rvfll Gtvft-t- FCu)CHwG(0^}

~  ®  (4 .26)

f o r  any  F(U) a n d G ( U ) .

Formula (4 .2 6 )  i s  t h e  key t o  f i n d  E ^ ( x ) .  In f a c t  ( 4 . 2 6 )  i s  

n o t h i n g  e l s e  t h a n  t h e  e x p r e s s i o n  o f  t h e  i n v a r i a n c e  o f  t h e  

i n t e g r a t i o n  measure  unde r  t h e  g r oup  o f  symmetry h a v in g  ge -
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n e r a t o r  s e£(x ) .

I t  i s  known t h a t  t h e  Haar measure  i s  i n v a r i a n t  

unde r  t h e  t r a n s f o r m a t i o n ;

Up 00 -*  YyC*) UpCxO VyOl € U(rO

~  U f . W  +  t l *  UpOO © f f W

(4 .27 )

f o r  sm a l l  © * ( x ) .  I n  t h i s  e q u a t i o n  J ^ a r e  g e n e r a t o r s  o f
r

t h e  a l g e b r a  o f  U(N) s a t i s f y i n g ,

( X * 1 P )  =. ^  I , .  - * 1

^ 4  ( X j  )Kt -  £ Sj* r4 (4 .28)

We d e f i n e  “E ^ t x )  by:

F  (  U f  o s  ■+ i. x *  O p w e * } .  & ) A#

F  (  U p  o s )  -+■ l XL ©  pOS E  p  o s  F  CD)
* p *  ' ‘ ( 4 - 29)

The i n v a r i a n c e  o f  t h e  Haar measu re  under  (4 . 27)  

i m p l i e s  (4 .26)  .
/**

A r e a l i z a t i o n  o f  t h e  o p e r a t o r  E^,(x) i s  r e a d i l y

o b t a i n e d  from (4 .29 )  by expand ing  t h e  l e f t  hand s i d e  o f

(4 .29 )  i n  a T a y l o r  s e r i e s  i n  ©£( x ).

We g e t  
a  , ___ ____- c L  _  r v , ^  V- ^ rr , . aV>

(4 . 30 )

EpOO F ( U )  =  Z  2 .E  ( t * U p t* ) '
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We see  t h a t  t h i s  r e a l i z a t i o n  of  (x) g u a r a n t i e s  ( 4 .21)  

From (4 .30 )  f o l l ows  t h a t ,

t  F CU>16 to) -  t Ejw FtUJ] 6C U)
( 4 . 31 )

fo r  a l l  G(U) .

From now on we assume th e  a c t i o n  of  t h e  o p e r a t o r  

E*(x) on f u n c t i o n s  o f  U i s  d e f i n e d  by ( 4 . 3 0 ) .

Then,  in ana logy  w i th  ' equa t ion  ( 2 . 1 3 ) ,  we w r i t e

^-P (U ,t)= -2 l i*  oe C Sj3P(.u,t)

( 4 .32)

T h e r e fo r e ,

3 _  
5

-  < FW)>, = ( n  IdlVool FCO) 
t  1 r  a - t

( 4 . 33 )

To o b t a i n  (4 .33 )  e q u a t i o n s  (4 .32 )  and (4 .26 )  a r e  used .

The t - e v o l u t i o n  of  U ( x , t )  must  r e s p e c t  t h e  u n i t a r y
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p r o p e r t y  o f  U ( x , t )  . Th e re fo r e

U p  ( x ; t  * m ' )  =  e  r  ( * , * 0

2 ? +  a  0 ^  C * , & 0 3 *  U p  £*,<■)

(4 .34 )

^ ( x , f c t )  v a n i s h e s  f o r  &t*0. So t h a t ,  a c c o r d i n g  t o  (4.29)

l.P C U ') s  i. 1 V.WV. B* 0k.tA  S ^ « F C O )
&t-»0 At

( 4 . 35 )

Choose F (U ) ■ Uv ( x , t ) . We g e t

Z  Cflfr*) S * v S ( * , 7) U u . W )
a t  * * .y  * tJ> °  m . r  r

=  i Z  u*. e*f  I * U yOvt)
Ot At-H>

(4 .36 )

Comparing (4 .35)  and  (4 .3 6 )  we g e t ,

! _  F(,vj)-s X t r (  £  v y ^ t l  U r C ^ Tl * )  E t W  F W )
^.pX 3  “t

( 4 . 3 7 )
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T h e r e fo r e

< U ^ P " )  Ê OO F(U)>r|=

* K L -  E t(> 0  E jw  FCO) + ( E >  S J  E * « F (U ftX »
«lf.X

(4 .38 )

The l a s t  e q u a t i o n  i s  s a t i s f i e d  i f  we choose

t r (  ) , ( E j o 4  S„) +  I

( 4 . 39 )

where Y^*(x»t) i s  a random v a r i a b l e  hav ing  Gauss ian  d i s t r i ­

b u t i o n  ( 2 . 4 ) .  To see  t h a t  ( 4 .39)  i mp l i e s  ( 4 . 38 )  we obse rve  

t h a t ,  from e q u a t i o n  ( 2 . 4 ) ,

< Etoo F ( 0 ) > n  -  2  < ( ^  W
r  F  1

( 4 . 40 )

But /»»

2 <  i _  ( F tU))v, _
S <1* t*A) <

=  2 Z  < t r  ( S u ^ -  E£m  FW Dn
Tfvp % y ] U * f i )

t r  ( 4 . 41 )
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To o b t a i n  (4 .41 )  we have  u sed  (4.37)  .

I t  i s  e a s y  t o  show t h a t  (See  t h e  d e r i v a t i o n  o f  

e q u a t i o n  ( 2 . 1 2 ) ) :

£ UyjLŷ) - -i St*,y) Sty I* UyĈt)
2

(4 . 42)

Now t h e  p r o o f  t h a t  ( 4 . 3 9 )  i m p l i e s  ( 4 . 3 8 )  i s  comp le t e  .

We p r e f e r  t o  w r i t e  ( 4 . 39 )  i n  a more r e c o g n i z a b l e

f o r m ,

Ur o,o=  Z  I*  S J  + i  ^  u r

( 4 . 43 )

where

v j ^ o v t ^  £  I *  T [ * c ^ t )

(4 .44)

(4 .43 )  i s  t h e  Langevin  e q u a t i o n  f o r  t h e  l a t t i c e  gauge  t h e o ­

r y .

I t  i s  now a s i m p le  m a t t e r  t o  u se  t h e  method o f  

l a r g e  N r e d u c t i o n  o f  I I I  t o  o b t a i n  t h e  quenched  Eguchi -  

Kawai model .
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C. Quenched Eguchi-Kawai  model

In t h i s  s e c t i o n  we use  t he  a p p r o p i a t e  Langevin

e q u a t i o n  (Equa t i on  ( 4 . 4 3 ) )  t o  s t udy  t h e  l a r g e  N r e d u c t i o n

fo r  t h e  U(N) l a t t i c e  gauge t h e o r y .

The reduced  model t h a t  we f i n d  i s  t he  quenched
( 1 2 )Eguchi-Kawai  model p roposed  by Das and Wadia

We f i r s t  w r i t e  e x p l i c i t y  t h e  Langevin  e q u a t i o n

(4 .43)  f o r  Wilson a c t i o n  Sw

»  B  2 1  2 L  i r  t o
*  r  r

( 4 . 45 )
2

where we d e f i n e  B ■ 1/g  (4 .46 )

Wow s i n c e  t h e  c o n s t r a i n t

=* \

must h o ld ;  we have

? u r S f t _  V u & o T
r  v  r

( 4 . 47 )

(4 .48 )

Rep l ac ing  E* ( x . t ) S  g i ve n  by (4 .3 0 )  i n t o  (4 .4 3 )  we f i n dr  "

t*.

( 4 . 4 9 )
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and

 ̂ ^  = |2> 21 j \JV (x+f) ijo.
^  v t f .  L r

+  U v C^-v+ŷ  U r C ^  \Jv (*-v)

“ ( t f  Uy (*-vF VJf(*-V) Uy UpO0r

- Û 0C)+ Uy0d Ur (.̂ V) UyCK+ŷ  \Jr C>0* 'j

(4 . 50)

We r emind  t h e  r e a d e r  t h a t  V x , t )  i s  a random 

so u rc e  w i t h  G a us s i a n  d i s t r i b u t i o n ;  t h a t  i s :  t h e m ' s  obey

W ic k ' s  de c o m p o s i t i o n  p r o p e r t y  ( 2 . 3 )  and

^ t  = ^ ^  ^
(4 . 51)

The Kronecker  d e l t a  i n  x h a s  r e p l a c e d  t h e  D i r ac  

d e l t a  a p p e a r i n g  i n  ( 2 . 2 ) b e c a u se  now x i s  an i n t e g e r

number .

We have  t h e  f o l l o w i n g  p r o p o s i t i o n .

P r o p o s i t i o n : Let  *|£( t ) ( i , j  ■ 1 , „ J )  be a random sou rc e

w i t h  G a u s s i a n  d i s t r i b u t i o n  and p*  ( i = l ,  N ; « t = l . . , d )  be

a random number w i t h  u n i f o r m  d i s t r i b u t i o n  i n  t h e  i n t e r v a l



(-1f ) . As long as  one r e s t r i c t  o n e s e l f  t o  i n v a r i a n t

e x p e c t a t i o n  va lue s  of  t h e  form < ‘t r  ( ^ ( * 1,0 . . .  (Xawn/ t j*)^ 

i n  t h e  l a r g e  N l i m i t

'1 5 cv> = e
( 4 . 52 )

s e r v e s  as  v a r i a b l e s  w i th  Gaus s ian  d i s t r i b u t i o n .

P r o o f : The d e m o n s t r a t i o n  fo l l ow s  e x a c t l y  as  t h e  p r oo f  t h a t

(3 .7 )  i s  a Gauss ian  sou rce  i n  t h e  l a r g e  N l i m i t ,  so we do 

no t  r e p e a t  i t  h e r e .  However,  we want t o  o f f e r  an example 

c a l c u l a t i n g

= 2 S ^ U v t o Z  ( r r i ^
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which i 3 t h e  r i g h t  answer .  From t h i s  example we see  t h a t  

t he  app rox ima t ion  makes sense  i f

number o f  l a t t i c e  s i t e s  (4 . 54)
*

We can now reduce  (4 .49 )  u s ing  ^  (x t )  g iven  by (4 .52 )  and 

t h e  a n s a t z

e W * (4 .55)

where

P Ui - o l &-  ( 4 ‘56)‘j*- rr-
We g e t

= P U r  z y  t r ' f u ve  e * v

+ e p^ \ j yt eip T q r u , e P'v

- U f+ eiP'vU *  U , / T U , e ? < r^

} u r

+  ^ V ^ r  ( 4 . 57 )

The r educed Langevin  e q u a t i o n  (4 .57)  f o rm a l ly

i m p l i e s  a reduced a c t i o n  ( see  t h e  d i s c u s s i o n  of  e q u a ­

t i o n  ( 3 . 2 1 ) ) :

S . - - e I t r [ ( u r etp^ ( 0 ^ ?v) ( u ). ^ ' T ( C ) l(^ v)t )  (4.58)
Vfp-

The reduced  a c t i o n  i s  p r e c i s e l y  t h e  one found
( 1 2 )by Das and Wadia.
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V STOCHASTIC REGULARIZATION AND LARGE N REDUCTION.

U n t i l  now our  t r e a t m e n t  o f  t h e  r e d u c t i o n  in  t he  

l a r g e  N l i m i t  o f  non-gauge f i e l d s  t h e o r i e s  ha s  been r a t h e r  

f o rma l .  Th is  i s  so because  o f  t h e  d i v e r g e n c e s  a pp e a r i n g  in 

h i g h e r  o r d e r s  o f  p e r t u r b a t i o n  t h e o r y .

Recen t l y ,  a new r e g u l a r i z a t i o n  method ha s  become a v a i l ­

a b l e ,  t h e  S t o c h a s t i c  R e g u l a r i z a t i o n ^ ^ .  I t  has  t h e  

m e r i t  o f  p r e s e r v i n g  a l l  t h e  symmet r ies  o f  t h e  a c t i o n ,  bu t  

a t  t h e  expense  of  n o n - l o c a l i t y .  We s h a l l  see  t h a t  S t o c h a s ­

t i c  R e g u l a r i z a t i o n  combines e f f i c i e n t l y  w i th  our  methods 

of  r e d u c t i o n .

But ,  what i s  S t o c h a s t i c  R e g u l a r i z a t i o n ?

To answer  t h i s  q u e s t i o n  we s h a l l  make a qu i ck  

rev i ew of  t h e  s t o c h a s t i c  q u a n t i z a t i o n .

The main i n g r e d i e n t  o f  s t o c h a s t i c  q u a n t i z a t i o n  i s  

t o  w r i t e  a Langevin  e q u a t i o n

a _ < b c * . o  =  - £ 4 - +

( 5 . 1 )

Y ^ C x . t )  i s  a Gauss ian  random sou rce  s a t i s f y i n g :

=  2 % (X-X‘) SCt-t')
( 5 . 2 )

The S t o c h a s t i c  R e g u l a r i z a t i o n  r e p l a c e s  S ( t - t ’ ) by
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a f ami ly  of  f u n c t i o n s  B ^ ( t - t ' ) .  Th is  f ami ly  w i l l  

converge  (as  a d i s t r i b u t i o n )  t o i ( t - t ’ ) when A-»oo. 

In  g e n e r a l  we s h a l l  have*:**

B . ( t - t ' )  ~ ( t - t ' ) n , n « 0 , l , 2 . .

( 5 . 3 )

Choosing n s u f f i c i e n t l y  l a r g e ,  i t  i s  p o s s i b l e  t o

r e g u l a r i z e  t h e  d i v e r g e n ce  ‘ o f  r e n o r m a l i z a b l e  t h e o r i e s .  

Moreover ,  s i n c e  t h e  S t o c h a s t i c  R e g u l a r i z a t i o n  does  not  

touch  t he  x -dependent  p a r t  o f  t h e  c o r r e l a t i o n ,  i t  w i l l

p r e s e r v e  a l l  t h e  symmetr ies  o f  t h e  a c t i o n  S. (See s e c t i o n  

I I I . C . 2 ) .

Now we s h a l l  p roceed  t o  app ly  t h e  S t o c h a s t i c  Regu­

l a r i z a t i o n  t o  t h e  l a r g e  N r e d u c t i o n .

The s imple  case  and t h e  o n l y  one we s h a l l  examine 

in t h i s  s e c t i o n  i s  t h e  mass ive  NxN He rm i t i a n  m a t r i x  model 

i n t r o d u c e d  in  ( 3 . 1 ) ,

_̂(()(*/:> ( Q- tnz) - <J/|* ĈOSO3 -t o,t)
a t

(5 .4 a )

( 5 . 4 b )

I n t r o d u c i n g  t h e  r educed  sou rc e
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v*'° (z*) e e
(5 . 5)

and  t h e  a n s a t 2 :

^  ( x , t ) » e iPx$ ( t ) e ' iPx

(5 .6)

we o b t a i n  t h e  r e d u c e d  Langevin Equat ion

cf>lJ<« =  _ o f w )  ^
Ct)

Cj)cH o }  -  O

f - j  - -  ?j
( 5 . 7 )

The p e r t u r b a t i o n  e x p a n s i o n  i s  o b t a i n e d  a s  i n  s e c ­

t i o n  I I . D  by r e w r i t i n g  ( 5 . 7 )  a s  an  i n t e g r a l  e q u a t i o n ,

I ' d *  G t ( ^ / c )

^  + -TT)
Gt( = © ct-no e

(5 .8)

As an  example  we c a l c u l a t e  t h e  one  l o o p  mass  r e -
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n o r m a l i z a t i o n  i n  t h i s  t h e o r y .  For t h a t ,  we s h a l l  examine:

l o .  < t r  < p(A  ° -   ̂ e

( 5 .9 )

where  t h e  l a s t  e x p r e s i o n  f o l l o w s  f rom e q u a t i o n  ( 3 . 1 7 ) .

The one  l o o p  c o n t r i b u t i o n  t o  i s

g i v e n  by t h e  2 ( a ) ,  where  (a)  i s  d e f i n e d  a s  f o l l o w s

(  ^  ^  e ^ '  ' tJ Q fX r 'U )

© ( % - r o e ( ' E , - ' t » )  e i t - v s ' )

-  ( -  (?£-*■ w W .- ro  
e  e

-Cp£e e
e- ( r ^  + ■ &  x

x < V  (n &  V c t 3) T ^ c r * )

( 5 . 1 0 )
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The l e a d in g  l a r g e  N c o n t r i b u t i o n  of  < ^  w i l l  be

<  V (  - T z )  <. +

(5 . 11)

T h e r e f o r e ,

C3^=8/| ĵ fat,<ir2.a'rjdr,d'ts ect-t.)ecv.-ro

- C v i + w f X i ' S - V ' r O
e w -ia  e'cx-r  ̂ect-'ts'iZ £ x

t j *

(5 .12 )

I n t r o d u c i n g

,  -  A M
8„ w  = % a im e

( 5 . 1 3 )
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We have

8 .  C*) —* Sc TO
* A-*eo

( 5 .  1 4 )

Then

(-a.-, ^  (Jtt* ( A f  £ ____ !____________
lo ^ c t  1 l i v .  <jp& W +  Xf Cvu. ̂

(  +  ^  )2  C -+• K)

(5 .15)

T h e r e f o r e ,  t h e  one  l o o p  c o n t r i b u t i o n  t o  t h e  p ro p a ­

g a t o r  i s

l . o .  < T 4(  x )d>( y N -  2 4/o Z.
J ( 2 fp  ( 2 ^  t*

( A ' t
(pt- -*V

( p i - ' -

( 5 . 1 6 )



i s  i nd ep e n de n t  o f  i  b e cau se  t h e  i n t e g r a l  i s  c o n v e r g e n t  and 

t he  s h i f t i n g  o f  v a r i a b l e  _j* p * - v  pv. i s

p e r m i t t e d .  Wi thou t  r e g u l a r i z a t i o n  t h e  i n t e g r a l  i s

[ 1 
J (2*)  ̂ - v

Here s h i f t i n g  o f  i n t e g r a t i o n  v a r i a b l e s  i s  f o r b i d d e n .

Thus,  t h e  one  l o o p  c o n t r i b u t i o n  t o  l . o .  <t>r i s

1 . o . <  t r  GO <} (ifr -

P l t  <*-»  x  

j (2-Vr  ( p aW ) x

X

(5.17)

So t h a t  t h e  one  p a r t i c l e  i r r e d u c i b l e  g r ap h  i s

i  fa4 +Y*.l  +  s f  -v *vx

(5 .18)
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Th is  i s  t h e  one  l o o p  c o n t r i b u t i o n  t o  t h e  mass r e n o r m a l i z a -  

t  ion o f  4 >( x ) .

The S t o c h a s t i c  R e g u l a r i z a t i o n  can a l s o  be u sed  t o  

r e g u l a t e  t h e  U(N) Gauge Theory which  ha s  been  c o n s i d e r e d  i n  

s e c t i o n  I I I ,  b u t  we b e l i e v e  t h a t  t h e  S  c u t o f f ,  i n t r o d u c e d  

i n  ( 3 . 7 )  i s  s u f f i c i e n t  t o  r e g u l a t e  t h i s  t h e o r y  c o n s i s t e n t ­

l y .



9 8 -

VI . CONCLUSION

In t h i s  t h e s i s  we have a p p l i e d  t he  s t o c h a s t i c  

q u a n t i z a t i o n  o f  P a r i s i  and Wu t o  t he  s t udy  of  t h e  l a r g e  N 

Reduct ion  In t h i s  c o n t e x t ,  we want t o  emphasize  t h e  f o l ­

lowing a s p e c t s .

We have been a b l e  t o  d e r i v e  t h e  quenched momentum 

p r e s c r i p t i o n  in  a s t r a i g h t f o r w a r d  e l e g a n t  and u n i v e r s a l  

way; our  d e r i v a t i o n  can be a p p l i e d  t o  g l o b a l l y  and l o c a l l y  

symmetr ic  t h e o r i e s  w i t h o u t  any m o d i f i c a t i o n .  Moreover ,  i t  

h a s  been p o s s i b l e  t o  o b t a i n  an i dea  o f  how l a r g e  N should  

be t o  v a l i d a t e  t h e  a pp r ox i m a t i on ,  i . e . ,  N ought  t o  be 

l a r g e r  t han  t he  number o f  space  t ime p o i n t s  (Equat ion  

( 4 . 5 4 ) ) .

We avo id  t h e  c o n s t r a i n t s  t h a t  s e v e r a l  a u t h o r s  have 

found n e c e s s a r y  t o  i n t r o d u c e  in  t h e  r e d u c t i o n  of  t h e  U(N) 

gauge t h e o r y  In a d d i t i o n  t o  t h i s ,  we have  a t t e m p te d  t o  

c l a r i f y  t h i s  a s p e c t  o f  t h e  Reduc t ion  by ob se r v i n g  t h a t  t h e  

Ward I d e n t i t i e s  o f  t h e  o r i g i n a l  t h e o r y  a r e  not  s a t i s f i e d  

by t h e  r educed  G r e e n ' s  f u n c t i o n s ,  exce p t  when t h e s e  l a s t  

f u n c t i o n s  a r e  o r i g i n a l l y  i n v a r i a n t .

The s t o c h a s t i c  r e g u l a r i z a t i o n  t e c h n iq u e  combines 

e f f i c i e n t l y  w i th  t h e  s t o c h a s t i c  form of  t h e  Reduc t i on .  

Th is  p o i n t  may be impor t an t  f o r  t h e  f u t u r e  n o n - p e r t u r b a t i v e  

work and fo r  computer  s i m u l a t i o n s .

We have d e r i v e d  t h e  Langevin  e q u a t i o n  fo r  t h e



l a t t i c e  gauge t h e o r y  and use  i t  t o  o b t a i n  t h e  quenched 

Eguchi-Kawai  model .

The p r e v i o u s  c o n s i d e r a t i o n s  l e a d  us t o  b e l i e v e  

t h a t  t he  s t o c h a s t i c  q u a n t i z a t i o n  i s  a  power fu l  method t o  

s t u dy  t h e  l a r g e  N l i m i t  of  Quantum F i e l d  t h e o r i e s  and 

d e s e r v e s  f u r t h e r  c o n s i d e r a t i o n .
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Appendix I Fokker -P l anck  Eq ua t i on  fo r  t h e  F ree  P a r t i c l e

Here we d i s c u s s  in d e t a i l  t h e  e i g e n f u n c t i o n s  of  

Fokke r -P lanck  o p e r a t o r  f o r  t h e  c a se  o f  S»0 . To make t h e  

problem s i m p le r  we assume a system o f  f i n i t e  deg ree  of  

freedom, and we deno t e  t h e  v a r i a b l e s  by b* ( i ■ 1 , .

N ) . The c o r r e sp on d i n g  Fokke r -P l ank  Hami l t on i an  i s  g iven  by

r  2b-
c  c  ( i . i )

The s o l u t i o n  >f t h e  Fokke r -P l ank  e q u a t i o n  wi th  t h e  

i n i t i a l  c o n d i t i o n  P ( b ; 0 )  -  ©(b-b^)  i s  g iven  by

( 1 . 2 )

( 1 . 3 )

We c a l c u l a t e  t h e  e x p e c t a t i o n  va lu e  d e f i n e d  by

F ( £ )  P < V >

i  t
f o r  t h r e e  c a s e s :  i )  F » c o n s t .  ; l i )  F * b b*';

and i i i )  F * Nb1b :j- b 2

i )  ^  F>t 3 F  ( i nd epe nd en t  o f  t  and bg)

( I . 4 a )
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i i )  + bplbo (d i v e r 9 en t  f o r  l a r g e  t )

( I . 4 b )

i i i )  ^Nbi b^ -152 ■Nt^b^ - ^ "\2
( i ndependen t  o f  t )

( 1 .4c)

In t h i s  a n a l y s i s  we f i r s t  no t e  t h a t  t h e  Fokke r -  

P l anck  Hami l t on i an  ( I -1) has  a co n t i n uo u s  spec t rum above 

z e r o , and i t  i s  i n v a r i a n t  by t r a n s l a t i o n s  and O(N) r o t a ­

t i o n s .  Al though t h e  denominator  o f  ( 2 .29)  i s  i n f i n i t e  in 

t h i s  c a s e ,  we can i n t e r p r e t  i t  as  a d i s t r i b u t i o n  as  t h e  

p r e v i o u s  c a l c u l a t i o n  i n d i c a t e s .  Here t h e  f i c t i t i o u s  t ime 

t  s e r v e s  a r o l e  as  t h e  r e g u l a t o r .  We exp ec t  from t h i s  

s imple  a n a l y s i s  t h a t  even when &pp ha s  a c on t i n uo us  

spec t rum in  g e n e r a l  we can g i v e  (2 .29 )  a meaning of  

d i s t r i b u t i o n  such t h a t  i t  g i v e s  a d e f i n i t e  r e s u l t  p ro v i ded  

t h e  e x p e c t a t i o n  v a lu e s  a r e  r e s t r i c t e d  t o  a c e r t a i n  c l a s s  

( c a se  ( i )  and ( i i i )  in  t he  p r e v i o u s  example) .
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Appendix I I  F a c t o r i z a t i o n  o f  The C o r r e l a t i o n  F u n c t i o n s 

of  I n v a r i a n t  O p e r a t o r s  in  t he  Large  N L i m i t .

We c o n s i d e r  t he  g e n e r a l i z a t i o n  of  e x p r e s s i o n

(3 .6 )  a p p r o p i a t e  t o  c a l c u l a t e  c o r r e l a t i o n s  between two 

U(N) i n v a r i a n t  f u n c t i o n a l s  o f  ( )̂ . We s h a l l  have:

< tr [ $cx,v .. <tX*«vYl tv-(JXZtx' l>

t  -* CO J  J

V. < t r [ ’ja.t.'), t r  [ tl(7.1,V).. 1<

( 1 1 . 1)

We see  t h a t  a l l  N-dependence i s  c o n t a in e d  i n  t he  

^ - a v e r a g e .  Fur the rmore  s i n c e  VJ i s  a Gaus s ian  random 

v a r i a b l e ,  i t  i s  e asy  t o  v e r i f v  t h a t

» <-tr  n a , d .. J h

+  O  (-fja)

( 1 1 . 2)
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Rep lac ing  I I . 2 i n t o  I I . 1 we conc lude  t h a t ,

<tr[ (})(*.;>. .. (p(**ntr [ (J)(20...(j>(1.3‘l>

<tr [ Cj)Ĉ ... > < tr [ (J)( .̂.. (J)

4 - (Devs1)
( I I . 3)

Th is  i s  t h e  f a c t o r i z a t i o n  p r o p e r t y  o f  i n v a r i a n t  

o p e r a t o r s  a t  l a r g e  N. The s t o c h a s t i c  q u a n t i z a t i o n  has  

p e r m i t t e d  a qu i ck  d e m o n s t r a t i o n  of  t h i s  impor t an t

p r o p o s i t i o n .
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