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Abstract

STOCHASTIC QUANTIZATION AND THE LARGE N REDUCTION OF
QUANTUM FIELD THEORIES
by
JORGE ALFARO

Adviser: Professor B. Sakita

We discuss the Reduction in the large N limit of
field theories using the stochastic quantization of Parisi
and Wu. The quenched momentum prescription is derived for
both globally and locally U(N) symmetric theories in the
continuum. Using our approach, the Gross-Kitazawa con-
straint is not needed to reduce the U(N) gauge theory.
Furthermore, the stochastic quantization is extended to
include U(N) variables and applied to derive the quenched
momentum prescription of U(N) lattice gauge theory. Final-
ly, we use the stochastic regularization to compute the one
loop large N, mass renormalization in the four dimensional

NxN Hermitian matrix model.
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I. INTRODUCTION AND SUMMARY.

The Yang-Mills theory of three colored quarks and
gluons, Quantum Chromodynamics (QCD), is today widely ac-
cepted as the theory of strong interactions.

This is mainly due to the successful predictions
of the theory in experiments testing the short distance

properties of hadrons(l).

In this region the hadrons
behave as a set of point-like, almost free particles; QCD
incorporates this behavior of hadrons and makes rigorous
predictions about it, because of the property of non-abe-

(2)  1p

lian gauge theories known as asymptotic freedom
an asymptotically free theory, the effective coupling
constant (running coupling constant) goes to zero for
large momenta (small distance); and therefore the strength
of the interaction falls off and a perturbative expansion
in the effective coupling constant is justified.

It happens, however, that most of the common pro-
perties of nuclear matter, e.g., masses, lifetimes and
decay ratios of elementary particles are of a
non-perturbative nature, Moreover, one of the most
fundamental problems of quark physics, the confinement of
quarks inside colorless hadrons, is out of the reach of
weak coupling perturbation theory.

Considerable progress in the understanding of QCD

has come from the use of computer simulations to study the



lattice version of the theory(3’4'.

In this approach,
the theory is regulated by defining it on a lattice. The
lattice spacing acts as a gauge invariant regulator that
must be taken to zero to recover the continuum theory.
Although the theory loses manifest Poincare invariance, it
possesses explicit gauge invariance. Moreover, since for a
non-zero lattice spacing the correlation functions are
finite, they can be conveniently evaluated by computer
simulation (Monte Carlo methods).

If we wish to have analytic results about QCD, in
regions where the usual perturbation expansion is not ap-
plicable, some other approximation to the model should be
devised; an approximation independent of the value of e
(in fact e is not a free parameter in QCD, since through
the renormalization group it fixes the scale of masses in

(32)). This seems hopeless, since GCD is a

the theory
one coupling constant theory.
Nevertheless, there is a hidden parameter in CCD

(5). He suggested generalizing QCD,

discovered by 'tHooft
the gauge theory based on SU(3) group, to a gauge theory
based in U(N) group. The theory simplifies for N large and
the hope is that this is_a good approximation for N=3.

To see this, consider U(N) Gauge theory which has
one coupling constant e. This theory can be quantized in

the usual way, fixing a gauge and adding the necessary

Fadeev-Popov ghosts. However, for our purpose, we just




need to count powers of e and N in Feynman's diagrams.

By counting powers of e and N in Feynman graphs,
it is found that planar graphs have factors of (ezN)a
a=0,1,2.... All others Feynman graphs have factors of
(e2N)3/N°, b=2,3,...

The large N limit is defined by making N large,

2N fixed. In this way planar graphs dominate, and

but e
all non-planar graphs are neglected.

In some simple cases, e.g. Two Dimensional Quantum
Chromodynamics, the large N limit can be computed analyti-
cally and the results are encouraging: a simple integral
equation gives the masses of quark-ant i-quark bound states
(mesons)(S). Moreover, the elastic scattering of mesons
is mediated by the interchange of other mesons and not of
unphysical quarks(ﬁ). This agrees with what is expected
according to Regge phenomenology(3l). In four dimensions,
no one has succeded in summing the planar series, but
general properties of the approximation can be deduced(7)
In studying the large N limit of U(N) lattice

(8) discovered that the

gauge theory, Egquchi and Kawai
Schwinger-Dyson equations of this model coincide with the
Schwinger-Dyson equations of a reduced model (Eguchi-Kawai
model). The reduced model consists of a one site lattice
over which we define a vector valued U(l) matrix. Although

they claimed that this remarkable coincidence holds for

arbitrary values of the coupling constant, it was found by



(9)that the coincidence is

Bhanot, Heller and Neuberger
not true for weak coupling. For small coupling constant,
a (U(l))d symnetry of the Egquchi Kawai model, which is
necessary to prove the equivalence of the two sets of
Schwinger-Dyson equations, is spontaneously broken (d is
the dimension of space time}). The spontaneous breakdown
of the symmetry is due to quantum fluctuations around the
minima of the reduced action, which dominate the weak
coupling limit of the theory. To restore the symmetry, the
authors of reference (9) propose to quench the minima of
the reduced action.

In a short paper by Parisi(IO), the quenching
prescription was generalized to global symmetries as well.

(11), and Das

Subsequently, Gross and Kitazawa
and Wadia(IZ)(see also Migda1(13)) proved the quenched
momentum prescription, both in the continuum and in the
lattice, to all orders in perturbation theory. The novel
feature incorporated by these authors into the reduction
of U(N) gauge theory is the introduction of additional
constraints. Without these <constraints, the quenched
model would reduce to the Eqguchi-Kawai model.

The purpose of this thesis is to report on a study
of the reduction of degrees of freedom in the large N limit
of field theories using the stochastic quantization of
(14)

Parisi and Wu

In Section III.B of this work, we use the stochas-



tic quantization method of Parisi and Wu to rederive the
quenched momentum prescription for the large N Hermitian
matrix model. The basic idea of our derivation of the
quenched momentum prescription is quite simple. In the
stochastic quantization method, the correlation functions
of Euclidean field theory are obtained by i)solving the
Langevin equation in the presence of a random noise n-
ii) taking the random average with respect to M 1iii)
letting the fictitious time go to infinity. We first
note, that in the large N limit, it is possible to replace
the random white noise appearing in the Langevin equation
of stochastic quantization by a special reduced form
without losing the Gaussian distribution property of the
original white noise. Therefore the whole content of the
original theory is reproduced in this limit by solving the
Langevin equation with this particular form of reduced
random noise. The solution to the equation is obtained
from the solution of a reduced Langevin equation,
accordingly a reduced model.

We shall consider in section III.C. the 1locally
symmetric gauge theory, which is most intrigquing in the
large N reduction, since, as it has been shown in refer-
ences (11) and (12), new complicated constraints have to
be imposed in order to reduce the theory consistently.
(see reference (15) for a different approach to this

problem ).



In the usual method of quantization (path inte-
grals) constraints are needed whenever we reduce a theory
with 2zero mass parameters. Without some constraint the
reduced propagator of the field is singular, due to the
contribution coming from its diagonal components. Formally
these components contribute only non-leading terms in the
large N expansion. However their effect is already di-
vergent for finite N, if massless particles exist in the
model, making it impossible to neglect them by being non-
leading terms. So we are forced to eliminate them by in-
troducing a constraint by hand. Clearly, one of the roles
of the constraint is as a regulator of the otherwise
singular reduced theory.

In the stochastic quantization the fictitious time
provides us with a natural regulator. As long as t is
finite we can neglect non-leading N terms safely.

However, there is another aspect of the reduction
which merits separate attention. If we start with either a
globally or locally U(N) symmetric theory the Green's func-
tions will satisfy a set of Ward's identities reflecting
the symmetry of the underlying dynamics. 1In general, these
identities are not satisfied by the reduced Green's func-
tions, except when they are originally invariant under the
symmetry group, in which case they are obviously satisfied.
In section III.C.2 we shall remark on how such a constraint

could be used to remove this defect in the reduced theory.



The point mentioned in the previous paragraph does
not introduce any complication for the reduction of the ma-
trix model, since there all correlations we are interested
in, being invariant under the global U(N) group, satisfy
the Ward's identities trivially.

It is in the reduction of the gauge theory that
problems appear, for the usual quantization procedure
utilizes Green's functions which, being globally invariant,
are not locally invariant under U(N). For them the Ward's
identities implied by the local U(N) invariance are not
true in the reduced theory.

However, if we agree to work with gauge invariant
correlation functions only (strictly speaking, these are
the ones we can calculate in the stochastic quantization
without gauge fixing), then the reduced lLangevin equation,

without extra constraints will reproduce the full U(00)

gauge theory.

The arguments introduced above are somewhat formal
in nature because of the need to renormalize the theory.
As is known, the reduced Langevin equation will reproduce
the Green's functions of the original theory only if those
have been previously regqulated to make them at most
logarithmically divergent, so that shifting of momentun in-
tegration variables is permitted. In the case of the gauge
theory the method of higher covariant derivatives could be

used to regulate the model. But we want to argue that,



since the reduced Langevin equation of the gauge theory is
gauge covariant for fixed random momenta Pr and since we
agree to use gauge invariant correlation functions only
(for them the Ward identities of the original theory are
satisfied), then we may avoid a divergence higher than
logarithmic in loop momentum integrals and, for this very
reason the A cutoff defining the reduced random noise 1is
an adequate regulator. Instead of proving the last
statement we offer a perturbative calculation supporting
this claim. (Section III.C.3).

Nevertheless, in exchange for avoiding the con-
straint to reduce the gauge theory, we have to reformu-
late the whole content of the model employing gauge
invariant Green's functions only.

Continuing our work we analyze the reduction cf
the U(N) lattice gauge theory. First we find the Langevin
equation appropiate for stochastic quantization over the
U(N) group. Following this, the same method of reduction
developed in Section III is used to obtain the reduced
model, which coincides with the quenched Equchi- Kawai
model introduced by Das and Wadia(IZ).

Finally, we use the recently invented technique of

(16) to ciarify the formal prob-

stochastic regularization
lems, refered to above, introduced by the divergences of

quantum field theories.



II. STOCHASTIC QUANTIZATION.

A, Introduction.

The most widely used methods of quantization, the
path integral and Hamiltonian formalism, lead to complica-

(17). In

tions when they are applied to Gauge Theories
these models, the local gauge invariance of the action
implies the non-existence of the gauge field propagator
and renders the perturbation theory invalid.

The problem created by the local gauge invariance
is avoided in both methods by introducing a gauge condi-
tion. The gauge condition would select just one point from
each orbit of the gauge group. Furthermore, and in order
to get the correct path integral measure, Fadeev-Popov
ghosts should be added to the action. In this way an
overall infinite constant is factored out (the volume of
the local gauge group), permitting the definition of a
sensible perturbation theory.

Although the gauge fixing coes not introduce new
difficulties for Abelian gauge theories or perturbative
calculations in the non-Abelian case, it is expected to
fail for large non-Abelian field configurations. For such
sufficiently large configurations the orbits of the gauge
group will intersect the hyperplane defined by the gauge
condition several times, thus making it impossible to fix

)(18).

the gauge completely (Gribov ambiguity The Gribov
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ambiguity will manifest itself in regions of a vanishing
Fadeev-Popov determinant, in non-perturbative calcula-
tions. In the neighborhood of these regions, the standard
quantization procedures will not be applicable.

Below, we shall discuss a different nethod of
quantization, the so-called stochastic quantization method

of Parisi and Wu(14).

The main advantage of this method
is that we do not need to f£ix a gauge to calculate the re-
levant (gauge invariant) Green's functions in a Gauge Theo-
ry.

The stochastic quantization of Parisi and Wu emer-
ges as an analogy between equilibrium Statistical Mechanics
and Euclidean Quantum Field Theory. 1In both cases, we need
to compute correlation functions (vacuum expectation val-
ues) in an ensemble with a weight factor given by the

S, S being the Euclidean action

Boltzmann distribution e~
in Quantum Field Theory or the Hamiltonian of the Statisti-
cal System.

The idea is to introduce an extra parameter (fic-
titious time) t and postulate adequate stochastic evolution
equations in t. These equations have to be such that for
t+e® the stochastic averages must be determined by the ca-
nonical distribution (Boltzmann's distribution). 1In a
sense, the new parameter t measures the approach to equi-

librium of the stochastic system.

There is some freedom to select the stochastic



~11-
equations with the right behavior for large t, For the
moment, We select the simplest possibility and postpone the

discussion of the general case to section II.C.

B. Rules of Stochastic Quantization

Let us now turn to the mathematical formulation of
the method; we shall restrict our discussion to bosonic
variables for the sake of simplicity(za).

The physical content of a Quantum Field Theory,
defined by the Euclidean classical action S, is describable

using Green's functions (Correlation functions).

SD‘P Dr%, Doy £
Q... Qo> =
L (Izlu S I:)(D éE"S

(2.1)
dl‘(x) is a boson field defined on the space time point x;
1 denotes any set of internal degrees of freedom and
Lorentz's indices as well.
We shall say that 1]x(x,t) is a random variable
with Gaussian distribution if the following properties are

satisfied:

Mest> M2y =2 &p S0e-x S eame

(2.2)
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<M Ot Mg, QRatad g, Ram, tend D0 =

= Z [ ; < rzl.;' (7".')'t O) 'bj (*3Jt:)>fl
?OSSib\Q. PG\V‘ )
combinatisas
(2.3)
We shall refer to (2.3) as "Wick's decomposition
property®". Equations (2.2) and (2.3) may also be conside-
red the definition of < )? . A concrete representation of

the Gaussian average is provided by the path integral for-

mula:

N CR ’\hcm,t.avvz =

-V | dxdt ;‘h(x,*)z
i 9'{ vlg. (*!‘*D ve o 'lh (*N.m e

J'D'l & ¥ farat % o

(2.4)

Below we shall list the steps to calculate Green's

function (2.1) by means of the stochastic quantization. We

shall provide a general proof of equivalence between sto-

chastic quantization and the path integral method of quan-
tization in the next section.

Firstly, we solve the following stochastic evolu-

tion equation (langevin equation)
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-_898 )
%{Cbl(x A= S0 4Nt

(2.5a)
o
Q)x(x,o) pust ¢,(x)
(2.5b)
Next , we calculate the average of,
(%)
<(D! b, (1‘: V... Cbz‘(*n,t))fl
(2.6)

where ¢‘(x,t) is the solution of the Langevin egquation

(2.5). Notice that (2.6) contains the variables evaluated

at equal fictitious times only.

Finally, the large t limit of equation (2.6) gives

the Euclidean Green's function (2.1). That is:

{ (l)"1 Xt ... (chx,#))q e <¢x.(“°---¢x« (%) >

(2.7)

In most of the cases we shall encounter in this

)
work, the choice of initial condition ( ¢(x)) will be ir-
relevant, since for large t, the system is not sensitive to

it (See equation (2.29)). From now on we shall take

-]
(p(x)=0
L

functional of *ll’ but in order to simplify the notation

The solution of (2.5) is a function of x,t and a
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we have not written the Yl—dependence of.Q1 (x,t) ex-
plicity. It must, however, always be kept in mind.

Now, we present a simple proof of the equality
(2.4) which not only makes clear the limitations of the
method but also helps to generalize the method to other
theories such as the U(N) lattice gauge theory. (See

Section 1IV)

C. Fokker-Planck Equation(lg'ZO)

We denote the probability distribution at t by

P(p,t), and define it by

< F(Pnt) >vl [m» F (CP&(x)) Plow,t]

(2.8)
where F(§(x)) is an arbitrary functional of ¢ (x) and P
is normalized as[D¢P(¢,t) = 1, We then take a time deriva-

tive of (2.8). The left hand side is then given by

2 S‘“ (CP(x,t) LM},I_-.

A S (pg (7*;0

~8S SEI[guw) S Flpmd
[ axL < $P. x0 $d.0v0 > M H
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where we have used the langevin equation (2.5) for
tﬁ(x,t). Using (2.8) we can write the first term of this

expression as

2 |ax - _
1 gd {M( %743;00 gc»oo)Pwa

g p¢ F[4) 2. jdx W} o Pwﬂ)

(2.10)

Using the definition offtaverage (2.4), we write

Mo 2E 52248 SE D=
e 2 0 t) v 6D $9,68

= 2 \ 5 g&.gqsg }L_ji -
Px %: ¢ S M, (8 S50 {Pan) >'l

= §_2;_E _ z
g = (op £ Proa

(2.11)
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In this calculation we have used:

S Qe = vy, Sx-x) gp
§ N )
(2.12)
to be proved later. Combining (2.8), (2.9), (2.10)and
(2.11) we obtain the equation for P{d,t), the Fokker-Planck

equation:

2 Prot)y fax s 23 .
at i 4§ (P,_o«\( Yory T S P[¢,ﬂ

(2.13)
The initial condition to be used with (2.13) is obtained
from the initial condition of the Langevin equation (2,5b)

and the definition of P(Q;t) (2.8):

P1$,01 =TT SIhoo- Qoo
: (2.14)

In order to prove (2.12), we construct a differen-

Y SO0}
FR PYX))
rivative of the lLangevin equation (2.5a) with respect to

Yk(x',t'h
Yy SS9 _

bt S i)

tial equation for by taking a functional de-
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= Z gdxu g_zj _S__@gu()‘“,t) ..‘. S’r S(K-K')S(t‘")
) Shewsd e §Y e
(2.15)
The solution of this equation is unique since
£ Quo=0 for t'>t
£ 9t
(2.16)

We obtain
S—- ¢l (“ ,t) k—3
S rl ‘.\(x"t')

t
= O(t-t) §e0i S(x-x)—|at, §2S N
t S¢‘,(‘lt‘) Sw‘lwlt‘)

t
+§dt‘§dtz 2_|aw £2S $°s 4]
B R SRURGRD Sho 54, oot

(2.17)

from which (2.12) follows since 6(0) = yi.

Proof of Equality (2.7): First notice that the Fokker-

Planck equation can be written as



23 Y[44- H,,?,thp,q "

(2.18)
where\{J is related to the probability distribution at time

t by

%S
P[q:,t] =@ thtgﬂ

(2.19)
and
A T A
Hm= /2 gd*% wa Qa9

(2.20)

(2.21)
A
QT . . . A . .
where 1.(X) is the Hermite adjoint of Qg(x) in the Hilbert

space such that the measure of scalar products is given by

(Y, Y= S0 Yt* Y, o1

Let E be an eigenvalue of B andé XE(¢) t he

F.P.

corresponding eigenvector
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H‘___.?.Xt ((b) = E XL(¢)

(2.23)
We conclude from the expression of ﬁF P given

by (2.20) that the eigenvalues are non-negative,

E>O
(2.24)

and the eigenfunction of zero eigenvalue should satisfy
/S
Qe X 14l = O

(2.25)

for all £ and x. The solution of (2.25) is given by

X1¢] = e >

(2.26)
Using the eigenfunctions one obtains the following

general solution of Fokker-Planck equation:

\V [d,t] = %éz =t Xl Ce

(2.27)

Therefore, if the spectrum of ﬂF P has a "mass gap"

.
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(i.e. no costinuum spectrum above zero ) we obtain

Yig ol =< X, (6]

(2.28)
accordingly
-S
Plo) — €
+-~>co -S
fooe
(2.29)

which is independent of the initial condition. Inserting
(2.4) into (2.8) we obtain (2.7).

REMARKS: If ﬂF does not have a mass gap, then

P
(2.29) is not true as it stands and the answer will depend
very much on the particular entity we are averaging over P,
In general the evolution of the system at large times will
depend on the initial condition. This is true even for the
free particle (Appendix I). aFP does not have a mass gap
if the ground state wave function tX;[QQ is not norma-
lizable; the most important example of this is the gauge
theory. For this theory the norm of 7(°in the Hilbert
space defined by (2.22) is not a finite number due precise-
ly to the contribution to the norm coming ffoﬁ integration
over the orbits of the local gauge group.

Motice that P{¢,t} will still approach the distri-

bution (2,29) for large t, if the evolution equation is
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glP= SA%dYE‘M (’()7) S¢) )[ SQ(» S¢ (”]P[cpﬂ

(2.30)

Mll,(x,y) is a positive operator satisfying

Mu'“)y)= M,q O, %)
(2.31)

In this case the lLangevin equation is

9. t) =—)d as X
B{CQW 5 y%: M,, @0 $9.00 + M, @0

(2.32)

with
CM 000 M, e00pm = 2 M, (%, %) §¢x-1) § 449

(2.33)
Consequently, we have at our disposal a rather
large set of stochastic equations with the time evolution
necessary to implement the program of Stochastic Quantiza-
tion. That is, that for large t, PC¢,t) should approach
the distribution (2.29).
In order to see the truth of our last statement
we may repeat the steps done to prove (2.7) starting now

from the Langevin equation (2.32). However we prefer an




alternative method.
Notice that Mll,(x,y) is a positive operatcr if

there exists an operator All.(x,y) such that,

S % A,..n (.X,z.) A”&‘<Z'DY) M)“.()(,Y)

(2.34)

where All.(x,y) has real, non-zero eigenvalues @ defined

by,
S d\/ ; Aﬂl\(*ﬁ)B&- (7) =Q B‘O‘)

(2.35)

Introduce the change of variables,

CP 68 de Zn A,u‘("ﬂ) CP”(Y)

(2.36)

which is well defined since all eigenvalues of A (X,y) are

7 & 5 48 IPa

non-zero. We get,

}{PBa =2

(2.37)

Therefore,

P — e "

Sobe Sl

-t-)@

(2.38)
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The Langevin eguation for$ is (2.5a),

%.t @cﬁ,«) =~ %é@ 4+ V‘l‘_cx,t)

§,

(Fl‘ (X,&,\F[p (x‘,-t’)>Fl =2 S(%-%x) S(t-1")

(2.39)
In terms of ?‘ we get,

3 Qo =-{ay2Z, My a8 A o0
BtCP { 72 Mhgin 8 o + de:{: w0

(2.40)
which coincide with (2.32) and (2.33) upon the identifica-

tion,

YL WO = Sd7' % An* oY) -\;L’ oy,t)

(2.41)
The proof 1is made complete by the following

statement,

CF(9rqa)oq= <F(praga)y

(2.42)

Therefore,
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F(orppy — (08 F(ad) €%

L2000
Si)@ e—S[‘ﬂ
_ (eppra et
(o0 e'Sta

(2.43)

D. Perturbative Solution of the Langevin Equation(l4).

As an illustration, we apply the method to obtain
a perturbative expansion of Green's function (2.1) in the

model defined by the following Euclidean action,

St¢)= Sd.‘x { 23 R )+ x%‘ dw? +%§ cpoo"}
(2.44)

(P(x) is a real Bose field defined on the Euclidean space

time point x.

According to equation (2.5), we shall solve the

following lLangevin equation,
Q qb(x/ﬂ = ( O- mz) (P(x,t) —_%\\ ¢(%,t)3 i (S S
Jt - )

(2.45a)



P, 0=

(2.45b)
To get a perturbative expansion we rewrite system

(2.45) in the formof an integral equation.
To do this, we introduce the Green's function

G(x,t),

-(xZ4+m*rt

G = © K S(dﬂs e
2

(2.46)
which satisfies the following equation and boundary condi-

tion:

(%.._ O+ m) 0= §¢3 8@
t

(2.47a)

G xH=0 t <0
(2.47b)
We can easily verify that the solution of (2.45)

also solves the integral equation,

(D(xa Sd’t’ gd.‘; Glx-y;t-o) [ - Ld><7,1‘)**l<w]

(2.48)
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In general, the solution of equation (2.48) can be

found by iteration and is diaqramatically expressed as,

Pix,e) = o—x +—é +‘_é

Here (P(x,t) is made of all possible tree graphs arranged

(2.49)

in a t-sequence (t decreases toward the right side of the
page), constructed from four point vertices. All final
lines are crossed, except for the starting point which
carries the label (x,t).

In the diagram a cross representsv], the line ——
depicts G(x,t) *defined in equation (2.46). Moreover, in-
tegration over x,t of vertices and crosses is assumed.

As an ‘example of the technique, we calculate the

Two Point function, defined by

A=K PO

(2.50)
If \ =0 the solution of (2.48) is

qD(*;ﬂ-‘- (d"t a4z G(x-Z;t-’t:) rl(zl"c)
43(%,{): gd-c déz G(*'Zi’c"t‘)‘](z,‘t') (2.51)

Theérciviv,



-27-

<P xd Puy,05q =2 Ka»« 432 G (x- 2t -) G(y-2,4-7)

(2.52)
We have already computed the Y\ -average using
eqguation (2.2)

The quantity (2.52) is represented graphically by:

N
L4

——
Y (2,%) Y0

y S

(2.53)

The arrow points toward the past in fictitious

time. Notice that a cross reverses the direction of ficti-
tious time, and introduces a factor of 2.

If we integrate over T, we get,

<P PoydYn = ( gix el 2 (i)t
1 S(Zﬂ* iL"-\-n?-( ] )
— A‘K oK (X=Y)
toy Q KZ +“2
(2.54)

which is the well-known Euclidean Feynman propagator.
In the next order in A , O(CN), there are two
graphs contributing to the ™o Points function (2.50), each

having a combinational factor 3 which cancels the ccr-
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responding 3 in the definition of the vertex.

i__)‘____‘__g__
(a) (b)

(2.55)
The explicit evaluation of the q:average using
equations (2.2), (2.3) and (2.49) gives
AR(X-Y) ¥ ~2(KE4+wd) (+-T)
()= 22 gd(% e (nz (d'r, e

o (o

~2( (%, -T.
S{ﬂ_ 4, € 1"-\-“\. 3)
em o

(2.56)

It is easy to see that (a) = (b). Therefore,

lim (2 +b)=

£ 00 =L d ] 5 N AR (%=Y)
2 S%“(z-\-m" é;'\;; (Kz+“z)7-

(2.57)

which also agrees with the standard result.

E. Stochastic Quantization of Gauge Theories

The dynamics of the U(N) gauge theory is defined

by the Euclidean action,
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S (A )=Y4 Sd‘fs tr F‘,i(x)

(2.58)
Ar(ﬁ is a vector-valued matrix field belonging to the

adjoint representation of U(N), and

Fev 00 = 9 Ay =, Aptd- Le['&\"w’ Ag)

(2.59)
where e is a coupling constant.,
The action S(A) is invariant under the local gauge

transformation,

A= U A@UT - e Un 3 Ut

(2.60)

The lLangevin equation of this theory is given by

%{ Ai(x,t) = B\, F.:;_ (v _ie [ Av(x’t)) Fv‘f!,t)]‘)-l- "[?a,t)

(2.61la)

L) -
Ag (x,00=0

(2.61b)
where Tfj(x,t) is a random source with Gaussian distribu-

tion and
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(vl:i(*,t) "l:"(x'lt')7rllz SP" Su SS-L S(K-\") S (t- Q)

(2.62)

There is an important new element in the stochas-

tic quantization of gauge theories of which we need to be

aware. To understand what it is, let us calculate the Two

Point function as in section I1I.D. We obtain to O(eo)
Ly |3 8
CALG®D Ajy o=

S( 1K (%-Y) ~-2%3t

g e _r.-_c_.. % ¥y

(2.63)

This last expression becomes singular for t-oco .

On the other hand if we calculate the following

gauge invariant object we shall get

Cte B (v P (i) 09 =

=N [ 1, 30 K, KKK, KK, 5,

2
-2K t
| - €

’<2

(2.64)
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This correlation function has a well defined equi -
librium value.

Hence gauge invariant correlation functions have
a finite value for large t, whereas gauge variant correla-
tion functions diverge for 1large t, This situation
persists at every order in the coupling constant (Parisi
and Wu)(14)

As we mentioned on page (20) this happens because
the Pokker-Planck Hamiltonian corresponding to the action
(2.58) does not have a normalizable ground state wave func-
tion and a "mass gap" due to the symmetry (2.60); hence
some expectation values will diverge for large t. (See the
example of the free particle in Appendix I)

In order to understand why gauge invariant cor-
relation functions have a uniform expansion in the coupling
constant e, we study below the approach to equilibrium of
gauge invariant expectations values in the gauge theory.
We shall follow the discussion of Zwanziger and

(22) We are going to see that, for gauge

Baulieu
invariant quantities, it is possible to find a normalizable
ground state of a modified Fokker-Planck Hamiltonian, and
then for large t the probability distribution will approach
the normalizable ground state. Moreover, we shall show
that the new ground state coincides with the Fadeev-Popov

ansatz for some important gauges. A similar argument can

be developed using directly the Langevin equation and we
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shall discuss it in Section III.C.3.
To begin, we consider a gauge invariant functional

of A, F(A). Then, by definition

CFCAWAYm = (2 A F(NP(AR)

(2.65)
where P(A,t) satisfies the Fokker-Planck equation
3_PAY =L PO
At
T: == \dx 2:: .S—. (’EL. -+ gL:iLED )
K by SA:OO SA}"(}O S A;'}x)
(2.66)

S(A) is the classical action-of gauge theory defined by
equation (2.58). The initial condition satisfied by P(A,t)

is:

PlA, 0l = S(A

(2.67)

The formal solution of this system is given by
N
Lt
Ptatl =€ PrpQ) ‘

(2.68)

Therefore
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CF(Awody= oA F(A € Piaa)

(€Y FM Jano

(2.69)
where T_Tis the Hermitian adjoint operator ofT.
/[_1' = -§¢sz (.L“ - 3..5.&%9 )-S—b
amp - SAT® 8 AL T SATR
(2.70)

AN
Since F(A) is gauge invariant, it satisfies (G(A) F(A)=0;
where G(A) is the generator of local gauge transformations

defined by:

o
: ah b
G(An)=5 {LG[I"A @] 5_“ — (I3 &_‘L}
» T SAHJ” r SAP&)
a, lf'
(2.71)
o .
the 1 are generators of the Lie-Algebra of the group
U(N).
We see that adding an arbitrary linear combination
o A
of (5“ to Lj'does not change (F(A))q. So, for a gauge in-
variant F(A), the approach to equilibrium is governed by

the v-dependent operator
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(L s S dfx g. Vv Ex, A é“oc,m

v

(2.72)

where the v's are arbitrary functions of x and A.
This change in the Fokker-Planck evolution oper-
ator is equivalent to changing the related Langevin equa-

tion to

g_t Ap) = Dy er(*,t) + DpVO,A) + T k8)

(2.73)

For an interpretation of v , see our discussion of gauge

fixing in the Langevin equation at the beginning of the
section III.C.3.

We have defined Dy (covariant derivative) as

usual by

Dp= 3 -telA;, )
(2.74)

The Fokker-Planck equation with v=0 does not have

a mass gap, so the demonstration of equivalence of stochas~
tic quantization and path integral quantization is incom-
plete. Moreover, the remarkable cancelation of divergences
for large t in gauge invariant correlation functions, en-
countered order by order in the perturbative expansion,

requires an explanation. The explanation comes from the
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fact that by selecting v appropiately a mass gap of the
Fokker-Planck equation is generated, giving a normalizable
ground state, We develop this idea below.

The v-dependent evolution operator is

I{.\,‘:T_ gd‘xZSA“' (Drv)“

c,\,‘.

(2.75)

V=2 V41

ot (2.76)

tv may be written in the alternative form:

1.-L- Sd.\ 'Ltia_é_;.v*b e [A, S_i@] }
(2.77)

The equilibrium distribution satisfies

(2.78)
Because a discussion of solutions o0f(2.78) 1is
rather longwinded and would take us away from cur purpose
we Jjust state the results and refer the reader to the
£(22)

literature for a proo

One solution cf equation (2.70) is
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X,= B, (A=

=N [8c9T e-T500r fun iaale 3,0 d
(2.79)

— - N a —_ =
V(XM= - de é-A:‘(‘/) gg@c Cod3, Ty

Lk 4

eXp- [S(M+ ga«« Jcr[(az_g;,at'éb\‘c])

(2.80)

Thus, for 1large t gauge invariant expectation

values calculated using the solution of the Langevin equa-
tion (2.61) will be given by distribution (2.79) which is

the standard Fadeev-Popov ansatz.

F. Schwinger-Dyson Bguations

Wie have previously defined the stochastic quanti-
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zation method and showed that it agrees with the standard
Fadeev-Popov ansatz. In this section, we shall study the

(23), between the

connection discovered by Marchesini
Schwinger-Dyson equations of a given model and the equi-
librium condition of the same model when described using
the stochastic gquantization,

The Schwinger-Dyson equations are an infinite set
of relations among the Green's functions of a theory, re-
flecting the maximum symmetry of path integral measure.
These equations are supposed to determine the functions
uniquely and in this sense are the most general set of in-
dependent relations among the Green's functions.

Usually the following method is employed to derive
the Schwinger-Dyson equations. *

Let F(§) be any functional of the field and S(¢)

the Euclidean action defining the model. Then,

-Si4l
RS = [D9F@p e

(2.81)

forDPis invariant under,

$R— P +$ b

(2.82)
with S(pl(x) independent of ¢1(X)'

We have,
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<F(PY = W F(p+5¢) & 0etsd

= <F(» + [uz <
+ ...

SH® Scp‘oo > 8900

(2.83)
Since quhs an arbitrary functional of x, indepen-

dent of ¢L00, we must have,

F Sy
<S<bo¢ Sc;;>

(2.84)
These are the Schwinger-Dyson equations for this

model.
Now we consider a similar object in the stochastic

quantization,

@2 = {204, Prg0)

(2.85)
where P{¢,t] satisfies the Fokker-Planck equation (2.13)
If (-‘(4»)7 approaches equilibrium for large ¢,

we have,

5 (h@g = O

(2.86)
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Using the Fokker-Planck equation (2.13), we can

express this last condition in the following way,

.3-_ /N
W @ = (20 £, @ (-1) Prge

—jw [T 4. 0] P8
(2.87)

Therefore

<1Fs, @

(2.88)
Using the explicit form of L defined by equation

(2.13) we have

gde< ;.Up)-é-i 8%, >=0

S‘Pﬂ S‘kuoa Es¢bo°
(2.89)
Now, if we identify,
g_f‘_ — S(ﬁ"‘/} S“'\ Ft¢-)
&‘ppoo
(2.90)

then the equilibrium condition reads,

( SE SE %S F7 —
SO.M S0y

(2.91)
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which coincides with the Schwinger-Dyson equation (2.84).
Remarks: Equilibrium condition (2.86) implies the Schwin-
ger-Dyson equation (2.84) as we just showed. However, the
Schwinger-Dyson egquations do not imply that the Green's
functions will reach equilibrium for large t. 1In fact, the

Schwinger~Dyson equations require that,

ji- <;£(4N>? —_— @)
p-3 Fro

(2.92)

It could happen that 1)) diverges as t‘ for large

1

t with €<% .
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IITI. DERIVATION OF QUENCHED MOMENTUM PRESCRIPTION BY MEANS

OF STOCHASTIC QUANTIZATION.

A. Introduction.

The object of this section is to report on a study
of the reduction of degrees of freedom in the large N limit
using the stochastic quantization, already revised on a
previous section,

We emphasize the following two aspects of the sto-
chastic method for our purpose: First the Langevin equation
can be viewed as a classical equation of motion for a sys-
tem with an external source function. Second, the random
source 11(x,t) can be quite arbitrary in its x,t depen-
dence in so far as the random average has the Gaussian dis-
tribution property given by (2.2) and (2.3). These aspects
are exploited to reduce the number of degrees of freedom
for large N.

Incidentally, we want to mention that in Appendix
Il we refer to a related application of the stochastic

quantization to the large N limit.

B. Large N reduction of an NxN Hermitian Matrix

godel(24’26)

We illustrate our method with an example of an
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Hermitian matrix model defined by the action:

Sta1= {atn e {1 (y0fs uioods 4.9
St S ax L {‘/z (3 poa)s \/2“‘2¢°3-+I?;4¢6<)q ]1)

where ¢ is an Hermitian NxN matrix field. This model has a

global U(N) symmetry and a reflection symmetry:

PW = U Py UT | Ue UN)

Qo= — Pw

(3.2)
Accordingly, we consider a set of invariant Green's func-

tions defined by

{tr ( (P(*.) (PO(:) e (b(,(“))) ;N even

(3.3)

The lLangevin equation of this model is given by

9

%—; 3 %8 = (O-w?) ¢1~)(*;t) - ( ¢3(‘;t))“+‘1 a_',“'t)

(3.4)
where "h.)(x,t) is an Hermitian MNxN random source with

Gaussian distribution. Therefore in accordance with (2.7)

Ctr (G cpcx,o))f_: Poxio... Potntg  (3.5)
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Solving the langevin equation by iteration and in-
serting the solution into (3.5) and (3.3), we obtain a for-

mal power series expansion of Green's function:

(tr (¢("|\. oo ¢0‘n))>

lim 3 O [ oo ay e

-»
ewm.o

Kn(xl,....*v\,ciY,f;,---,‘}mhtz.m) X

X <O M- o, Eamed )1

(3.6)
where the Km's are scalar functions. A very nice point
of this expression is that all the U(N) indices appear
through Tl, so that one can study the large N limit by
examining only the random average. Of course, as we showed
in the 1last section, expression (3.6) generates the
standard Feynman-Dyson expansion if one inserts the Wick
decomposition property (2.3).

Next we prove the following proposition.

Proposition: Let (t) (i, 3 = 1,...,8) be a random
Y
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source with Gaussian distribution and PQ’ (i =1,...,H;
o =],... ,d) be a random number with uniform distri-

bution in the hypercube [—/\/z,/\/z]f As long as one

restricts oneself to invariant expectation values of the

form
e (Mt \Kam, 52m) Dy

in the large N limit

iy (o0 = (A_Y/z o Pe- P _T}."’ &)

X

(3.7)

serves as variables with Gaussian distribution.
The proof reduces to show that (3.7) gives the
Wick decomposition property. Let us first examine the case

of m =1,

z ( ‘1\_-) (&,‘Q Tl:)i.(x‘ "t‘))
R

.. d.‘

- d ¢« WpmpIRx) -
"Z(%T) “é;\'?“ ShC @ Jueendy
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) (%\'YL { 2(N*-N) § (+-t" S 1T iﬁl e't(?’v'?ﬁ(%—x')

o

¥ znsu-u)j“ do

M A
(3.8)
In leading order in N we can neglect the last term. We

then obtain

Ctr (Yl(x,a M) M~ 2 N* § (x-%) § (-t
(3.9)
which is the desired result. Neglection of the second term
is justified only when N is so large that the following in-

equality is satisfied:

& q
(A.) L™ <N
2T

(3.10)
Here Ld is the space-time volume. This shows the degree

of large N about which we have been speaking.

Next let us examine the m=2 case.

Z < Mg Rt My, Rzt M Oo,td ) Ot =

Lkt
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= 2d [ (p-p)%, + (pi- 2%,
(.A) Z g T %\V. 0 [ (pe-ppxi+ (py- %+ (1 wxlx

zu Live

¢ ( ?&'?ﬁ — o
x € ™ (71&.3(1:.) Qe N, 2 7,0 >'-l

(3.11)

Since 71 has Gaussian distribution, we have
< Mg Pl oyt 7, Dy
=2 8 85 S Sue S(h-td Sta-td)

+2 80 $ (1) S (£a-ty)

+27850 Slt-te) § (ta-ta)

(3.12)

Thus

<t et o) )

= (%’-‘%’_‘ [ T 'd/'\?‘ ea(?-.-m(x.-xz) g P G

2 Sik S(t-%) 2$ (t,-ta) +. ..
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=4 St S(ea- (A

X { (N-31+N) S T e o (TR0 2 (r- Bt e

L¥
25

4 NP [TT%% e‘u(gt—&b("ru) +N2 gn%euh-wm-x,)

+ N(N-D ST”,% Sl L

a dS(t-t) S (6t NPT SGm) S0u-xe) + D) x

% S (ty=Xo +%3-24) ]
+ .. (3.13)

We neglect the second term in the square bracket in the

large N limit using (3.10), and obtain
{ tr (\q(x.,t.) N0t | o, 40 ety >
2t { (0D Y0t D < (rajt ] Goa )

HM k) Y (o800 < Y () ) (04,80 }

(3.14)



-48-

It is clear now how the argument continues. An
important point to notice is that if N were large but fi-~
nite ‘1'5 given by (3.7) cease to be Gaussian for m ;,N
because we do not have enough p's to produce independent S-
functions.

The Langevin equation (3.4) with the random source
given by (3.7) has a solution given by

Llpi-p)X =
c) (%)t) = C ¢.~3 (t)

(3.15)
where ¢ij(t) is a solution of the reduced Langevin equa-
tion

—

2 ¢, = 19 ;
™ P = Lpe-pf+wit] Puw - Y, Peo +@% Tu®

(3.16)

Inserting (3.15) into (3.5) and using the proposi-

tion, we can show in a straightforward manner the large N
equivalence between the model defined by (3.1) and the re-

duced model with quenching prescription:

e (). Pew)d = Nim CH( Q). Py
t~»>o
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= liw d L(Y&"j)&\ —_
&t -5 Sﬂ:-;\e- Z e o < Qs(t') ¢k(t)'“>;1-

&jv.-.
(3.17)
= -n'd L(?’.‘Y,)*\ —
Ty >, €70 <3, 8,0
Lyk...
(3.18)
where ()3 is defined by
- -3
<y s fEp(..ye>?®
_(96 g @
(3.19)

S =2@W/ N Vol (h-wfe wd) By B+ Gt e B }

<)

(3.20)

(11) version of quenched

This is the Gross-Kitazawa
momentum prescription. If we derive the lLangevin equation
associated with this action using (2.5) we obtain (3.16) in
which t is replaced by (/\/Zﬂ)"ﬁ(‘.‘. Since t-»0 1is taken to
derive the equality (3.5) this scale difference does not
affect the conclusion.

Because decompositicn (3.7) is true in leading N

order only, in rigour, equation (3.17) should read,
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Lo. Ctr (... Pora))D

N2
. i?*\v- —;?*\ M ;
= lim  Jo Tde tr< € ¢ct\e....é°“¢wé?’“
4+ 200 _A/
2,

(3.21)
where l.0. stands for "leading order in large N". An im-
portant point to notice in this expression is that 1.0. is
calculated before limt¢#, otherwise the reduction (3.7) ancd
(3.15) cannot be used to solve the original Langevin equa-
tion (3.4).

For the massive case, by interchaging these
limits, we are able to write equation (3.18), which is the
path integral version of the quenched momentum prescrip-
tion. We wish to argue that this is not correct for the

massless tneory because

Px, -iPx, (P i
lim te e Bwe ... e ~Pwe Y

£ -0

does not exist (at least in perturbation theory). This
fact will be exhibited explicity in the following simple
calculations for the case of 3 =(.

As we have seen, the perturbation series of the
Langevin equation is obtained by iterating the following

integral equation:




— _( =93 3 _ —_— —
CD‘S *®) = id't’ e BP0 [(A/Zﬂ)dlz 'l\-,)(‘t')—%/N q)}a) ]
°

(3.22)
, 2
Let us first calculate l.o. tr<¢ (x))s for the

case % =0

£.o0.tr < Payg= t_::, ::—:o-"—‘. S } Z_ < @‘JL\‘) (D ((-.)>T

(3.23)
Inserting the solution (3.22) we obtain
(ypi- Y.)ft
Z <o @ W = ( - g”
¢)" (? _‘))7-
(3.24)
Thus, if we take first the t=2® 1limit we obtain,
. re oy - l;“ A.
lim 2 Py P )5 = v (572N
£ i
“)
(3.25)

namely the large t divergence,
On the other hand, if we take the large N limit

first as it should be according to (3.21) we obtain,

liv  lie [ gt‘d}ﬂ(_?;)‘ - Y NPt .\,//\\) Zt]

t-2® N-0 LE)
(3.26)
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which is free from large t divergences.

Generalizing the previous calculation, we readily
see that equation (3.21) is free from large t-divergences
order by order in perturbation theory.

We want to emphasize that no constraint on the dy-
namical variables is needed to obtain the correct large N
limit as long as we adhere to equation (3.21). It is only
when we define and describe the large N reduction by ordi-
nary path integrals that a constraint is required to regu-
larize the diagonal part of the field. In the stochastic
quantization the role of the regulator is played by ficti-

tious time t.

C.l. U(N) Gauge Theory

Keeping the discussion of the previous chapter in
mind we proceed to the large N reduction of the U(N) gauge

theory.

The theory is defined by the Euclidean action:

STAT = vafadx tr Fyea

(3.27)

where
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Fr" ()= dp A, 00 —zyAroq— te [ Ay A, &)

Ayx) 1s an NxN Hermitian matrix field. The corresponding

(3.28)

Langevin equation is given by

Ap =Dy Fip (6> + M40

(3.29)

I have chosen the initial condition

Ay (x,00=0
(3.30
In (3.29) Dy is the covariant derivative defined
by

b,

ay" L(:I'Aw, ]
(3.31)

and 'léx,t) is a Gaussian random source with second momenta

W,éé*/t“ﬁcg» 2 Spy Siv Syp Stx-xd S(t-t)
( 3.32)
In gauge theories we are interested in correlation
functions of gauge invariant operators only, i.e., oper-
ators that do not change under the following gauge trans-

formation,

Ap 0 = U0 ALeJRT +.L U6d 3y URT, Ve U

‘L

(3.33)
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In particular gauge invariant operators are globally inva-

riant under

Apd—> U Ao Ut
(3.34)

whereU is an x-independent U(N) matrix.
Thus all the arguments concerning the Hermitian
matrix model apply to this case. So we use the following

reduction for Ny Xt

L Px — A?
1o (B & Reod

(3.35)
and ansatz for A‘L(x,t)
P -iPx
Ap k)= € A €
(3.36)

Then, we find the following Langevin equation for A (t)

K‘.(t) = Je-[ P-e R,(»a,[ P,- ehw, P.- :R(}Jﬂ

¥ ('ZATF)‘/zﬁrw

(3.37a)
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-A-r, LO\) =0

(3.37b)

Accordingly, we must have

fo. & F(RYg= iz %o (140 F(ePRE™Ny

(3.38)

for any gauge invariant F(A).

We see that (3.38) is free from large t diver-
gences,

In fact, these divergences arise from two sources.
Firstly, there are those due to the non-gauge invariant
part of the propagator, but they cancel from expectation
values of gauge invariant quantities. 1In the second place,
there are those would-be large-t divergences due to the
diagonal part of the propagator but they are of non-lead-
ing order in N (for finite t) so they disappear when we
calculate l.o0..

At this point the following remark is relevant.
Bquation (3.38) may not be true for gauge variantAfunc-

tions, for reasons we give in the following section.
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C.2. Ward Identities

Here we shall review the Ward Identities of both
globally and locally U(N) symmetric theories in the context
of stochastic quantization. Special emphasis will be laid
on the invariance of the Gaussian property of the random
noise under U(N) transformations, since this property cor-
responds to the invariance of the path integral integration
measure, a feature we need for the derivation of Ward iden-
tities in the usual quantization procedure. We shall show
that ansatz (3.7) does not preserve the U(N)-invariance of
the Gaussian property of the original randomn noise, so none
of the Ward identities of the original model will be satis-
fied in the reduced theory, unless they are trivially
satisfied, i.e., when the Green's functions are invariant
by themselves.

To make the discussion clearer we shall use the

following model,
YIP= [atn e iz (3, Qaaf s Gurt+ g0 )

(3.39)
¢(x) is an NxN Hermitian matrix field defined on Euclidean

space-time point Xx.

The Langevin equation is,
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li Pt = TP oot - Pexod- YN ¢<x,e)’+rl )
P-)

(3.40)
Let F( @) be any functional of .

the Ward identity satisfied by F( ¢) .

We now derive

The first step is to notice that 6= U(PUT satis-
fies the Langevin equation with ?i.-.-UrlUT as a random

source if ¢ satisfies equation (3.40).

$[Uq U=V Pty UT

So,

The equivalence of the two stochastic descriptions

is conpleted by observing that ?i is again a random source

with the same Gaussian distribution as N  so that( ),ls

4 )‘f. In fact,

(o oy = 2 52 USR U U U G Sae)
13

=2 Sc.,. Si“ Sixex) S-¢Y)

(3.41)
Notice that (3.41) holds even if U=U(x) as in the
g;auge theory.

Ry = <F oy

(3.42)
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It follows that,

iy ky ¢ &F [1*
i LT

(3.43)
for alle . ™ are generators of U(N) algebra.

There is one instance where (3.43) is trivially
satisfied. It happens when F($)=F( Q). In this case,

property (3.41) is not needed to prove (3.43).

To reduce the Langevin equation (3.40) we write,
4 1 Pro -iPx
X =:—£S--)‘h
N 0 =(55)"% e Nw é

(3.44)

It is easy to see that (3.44) does not preserve property

(3.41). In fact,

z < U"ﬁ rl:\&(x’ﬂ UI‘- U‘m Yluo (xt) Uff >=
y %

wo

d
= 2500 T U Une UL Sy +D ZU5UFu)

(3.45)

To no surprise, equation (3.43) is not satisfied

for general F. It is only satisfied for U(N) invariant F

as tr [ ¢(*D--- ¢(’~5], but these are all we are interested
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in for this model.

The same problem appears in the reduction of the
gauge theory.

Strictly speaking, we cannot calculate non-gauge
invariant quantities using stochastic quantization of the
gauge theory, because secular terms appear in their pertur-
bative expansion.

However, we could first fix a gauge and then eva-

luate a non-gauge invariant quantity such as
e Apx Ay(y,0y

It should be clear by now that the reduced model
will violate the Ward identity for this object, since the
reduced random noise does not respect the invariance of
the Gaussian property under local U(N) gauge transforma-

tions,

M=V NEs UQT
J) € UMD

(3.46)

In the remaining part of this section we say a few

words about the need of imposing a constraint in the

reduced model in order to preserve the Ward identities of
the full theory.

Consider, for instance, system (3.39) for 3=0 and

F given by
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F = dobey) ¢ <4(2)

(3.47)
The Ward identity (3.43) is:
Toies () = < 9@ L T4, Q1™
+< %y [I% P>
=0
(3.48)

It is straightforward to verify that the reduced
model ansatz (3.15) satisfies equation (3.48) for any c#d

and asb, but for a#b;c=d we have,
c.:;a.b(Z) \/) ’_;:?'('9'1‘)& [(-T‘)..b Sbc = (I").‘L Sa-c]
4+ (19 §,,- (19 5,.] AG-D

F+ O
A ¢ .2) = . ipCy-2)
K [?2_1%‘ pE4+m*

(3.49)

We can inmediately see the constraint $aa=0 en-
forces the Ward identity at least in this simple case. The
introduction of the constraint modifies the Langevin equa-

tion. The new equation is:
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%1 @“: ~(1-San) { [P\* »[Pn@n = t %/N@)s)“‘?ld 21\')% }

(3.50!

For the gauge theory, we expect that a modified
Langevin equation similar to (3.50) should exist for the
variable 'X}.Gﬂ . For one equation of this sort, see
reference (29)

However, we wish to repeat that no such cons-
traint is needed if we agree to calculate gauge invariant
correlation functions only, rendering (3.38) valid as it
is.

Still, we have to understand the problem of
renormalization ri.e., the handling of divergences
appearing in loop integrals.

Since the reduced model is gauge invariant under

Ap® = UR.®UT -5 VIR, U

(3.51)
for fixed P (then, we argue that all the divergences c¢f
loop integrals of gauge invariant Green's functions are
logarithmic. A general proof of this proposition lies
outside the scope of this thesis, but we express its
plausibility by an explicit calculation 1in the next

section.
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C.3. Perturbative Calculation

We have chosen to evaluate the simplest gauge in-

variant correlation function.

[ 2 Car o>
(3.52)

According to (3.38)

("= t\_;:b Ao, g%ﬂ <"‘"[P\~'*’-K\’(°,py-exv(t)]z)ﬁ

(3.53)
-Ii'r is the solution to the equation,
%—; Kr-(o =é‘i [Pv"e va, [Py"e Ru(ﬂ,?‘;‘ eM’&ﬂ
+ (G e
(3.54)
AV(O\= A‘:’
(3.55)

we write K, -K\: explicitly for the following rea-
sons. We are interested in the renormalization properties
of P , and therefore we want to consider the divergences
appearing in the loop integrals and neglect the spurious
ones due to the locality of M (<tre F‘.‘,(;o) ) is divergent

even at the tree level). A convenient way to do this is to
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use the WKB expansion, i.e., an expansion in powers of B

However before we show how this is done, 1let us
introduce a simplification in the calculation.

If we were to use equation (3.54) to evaluate f we
would £find that the longitudinal part of the propagator
does not reach equilibrium for large t. However, this lon-
gitudinal part does not contribute to gauge invariant ex-

pectation values(l4).

At this point. we prefer to fix a gauge in order
to eliminate the longitudinal part of the propagator from
the very beginning The argument we develop below comple-
ments the discussion of gauge fixing using the Fokker-
Planck formalism of Section II.E.

A ‘natural way to fix the gauge follows from the
observation that the quantities we are interested in, as.
have a larger invariance than has the Langevin equation.
Equation (3.54) is covariant under the following t-indepen-

dent gauge transformation

AL ()= UAwUT - e U LR, U]
(3.56)
whereas the group of invariance of f‘ contains t-depen-

dent U's as well.

AL )= UB A UWET- YeU®IR, U®T]

(3.57)
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This fact implies the existence of a whole set of

Langevin equations, obtained from (3.54) by using a trans-

formation (3.57), and we see that all of them give the same

answer for P.
It is convenient to parametrize this set by an ar-

bitrary function v, so that the v-Langevin equation of the

set is,

g_; K‘\.(ﬂ = —c\_i[- PV -e-&v&)) Y—?y"c KV(t)) P‘.."' e-ﬁ\\-(ﬁn

+ ([(Ri-eA,@,v] + (/\/21})"/171,&3

'/3\‘; (0 =~ AS

(3.58)

Observe that the last equation coincides with (2.73).

Fixing the gauge, amounts to specifying the func-

tion v.

We have chosen to work with, (Landau background

field gauge)

Vo= = (Rl Rpw-Af)
(3.59)

7c obtain an expansion in powers of { we write,

T S
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[.FL"El;:dﬁ"atjélavce,F?:'Eﬂ;?'”etﬁqﬁr@a]

-[R-eRp-et B [ R-eRe w801l |

+ (—Z@g)a{""’l\.&)
B‘.(o3=0 (3.60)

v must satisfy the classical equation of motion,
[ B,-ehs, [R-e A, Pu-e R 1)

(3.61)

and we have rescaled the fictituous time

t - R«
(3.62)

%
To order R , the effective Langevin equation is,
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By ()=~ [R-A IR~ A, Bow 11 + 2 F,, B,6)

Mo
¥ (21! Ne &

B, (=0

A,=e A (3.63)

and F}v is defined as,

Frv =t P\s" A\L) PV‘ Av]
(3.64)

To get a perturbative expansion in powers of A?'

we rewrite (3.63) in integral form,

o y_ = B3 (£-1)
Br &) = Tm ei-v) € { [P..,[ A‘,B‘.m]]“b

©

+ [ As, LB, B 01"~ [A,, [ A, Bl

+ 2 [ Fay, B, 02® +(12>‘-)‘/zrlmas}

(3.65)
It must be kept in mind that we have to sum over

repeated Greek indices and that

FP' = ?\t-?t\l (3.66)

where,
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P®=pe s
L (3.67)
Solving (3.65) by iteration, we get an expansion

in powers of A?"

According to equation (3.53),r‘ can be written as

follows,

=t b o [ 149) e ¢ TR- et B R oA, B, T

(3.68)
=~ [iwm

Lim }.,o,S [_d‘_\ﬂ i t F\j +2 ek teFu <[B, B,D)5

+ 2 €4 [N-G0)

_ (3.69)
U, = <o [P A, BT 9
(3.70)
Vo= <te [R- A, B 100 - A B DR
(3.71)

It is sufficient to calculate { Br By)ﬁup to O(AZ).

The relevant graphs are shown in Fig.2 on page 7

The answers are,
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It‘;\oo £, S I‘d,f_] tr F}w < [-Bva_}% =

==__L{ZE: y F:sh F:h&
& S S Wﬁ (3.72)

lim .0 v
t-00 ) [ ‘1 Vi = a o
BRI
(3.73)

‘LV\ A.0, S.L%¥1‘Vz =

=%‘Z,bg S(-é—g (- Py (P-padv F &
[ (p-pl]* (p-puf

R R g S ﬁ' i:?f) ‘C: i)

We have normalized r\so that it vanishes for 2zero back-

Fb&

(3.74)

ground field.
After making one substraction we obtain

r(M@.:g__ﬁ tr RGO [1- 560 |a K L) oky
(et @4ms o (m‘)

(3.75)

~ ~
In the calculation of \, and V, , the would-be

quadratic divergences in PF cancel before integrating over
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the random momenta, and so do the linear terms in Ap . The

remaining terms are at most logarithmically divergent in

Pu , as expected. (See discussion at the end of page 61).
As one instance of this cancelation we write ex-

plicitly the contribution toV, of graphs (1) (S) and (6)

of Fig 2.

2 ?:, (Az;. A‘f- SAz(Ai)ic) <B:.‘L B:z>=
t%

=8 3 [ AL AL-AN“1/¢4

cxd

From graph (1)

c cd <l
25 B S S B B
cd

cc dd
=% 2 [(A);) - 6: A-.]/p:';
378
From graphs (5,6)

They cancel each other.
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Fig.1 Peynman rules derived from equation (3.65)

;gi,.s’i Sev { < S (parp -2 Rl AT S, (s K2 ?J-c}

2 L8 g { (AL Tt (AL 8.a-2 ATARY
v

e 3

3 3 2 (Fo 8 - S Ff;‘}

- Pay (£-"F)

AANANAIRA e (t-)
t b o

The arrow points toward the past in fictitious time t. To
complete the rules we need the following.
a) To find a cross means to reverse the direction of t,

transpose the indices of the next line and multiply by

2 (Naw)*

b) Integrate over t's of each vertex and cross, from

zero to infinity.
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Fig. 2: Graphs contributing to <BF B,,21 to O(AZ) .
(Ha)

(1) (2) (3)

it ok
(?) (8) %T ,Z;?IA
fe e Sy

(i) (12) (13) (14)

pir e wlier s

(15) (1e) (1
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IV. LATTICE GAUGE THEORIES.

A. Introduction.

We outline the lattice formulation of gauge theo-
riesaa)
The main advantage of defining a gauge theory on a
lattice is that the lattice spacing acts as a gauge
invariant regulator. Furthermore, since this formulation
is free from infinities at all stages, it 1is specially
suited for doing numerical calculations. These numerical
calculations are the only available information supporting
the confining property of non-Abelian gauge theories(4).
We shall introduce a hypercubical lattice of side
a. Any minimal square on this lattice will be called a
fundamental plaquette. For instance a fundamental
plaquette centered on x may be:
x-thE Arapytap,
X XFap,

We define an action on the fundamental plaquette

by

S a = ‘EY‘ { U,‘,“Q‘;‘ U;.Q\g, xroptape U;‘;a\u,x-l-a\h-ra-\*t q :q.

+ \\.c.l

(4.1)
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The U variables are defined on the links of the
fundamental plaquette and they belong to the adjoint repre-
sentation of G (the group of synmetries). Notice also that

the plaquette has an orientation such that

1 _
Ux,x-m\; = U’“’a-\*/x
(4.2)
Clearly qnis invariant under the local G-gauge trans-

formation:

U xeap = YO Ux,mq V(x+a.\q.‘ ) Ve G
(4.3)
Wilson's action defining the gauge theory on the
lattice is given by:
Su= 2. S

pa qodies
(4.4)

where Swis obviously invariant under transformation (4.3)
The gquantum mechanics of the theory is described

by the partition function.

7 < (TT[an &%

(4.5)
[du]is the Haar-measure of the group G and g is a

coupling constant.
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The correspondence of the lattice quantization and

the standard continuum guantization is obtained by the

identification:

U L% AY(’O
%,X"‘O-}k =

(4.6)
A*(x) belongs to the Lie Algebra of G.
It is easy to check that
4
S Mo d constat "% 2 tr F‘,,z'(x)
A
= constant - \/ﬁ gd?x tv F‘:\',(,g)

(4.7)

where

F‘w N = Q‘L Ay 6D =2, Apod - i [ Ap(R), Ay Q]
(4.8)

That is, we get the correct classical limit.

In a lattice gauge theory only gauge invariant

correlation functions must be considered since, according

to Elitzut(30), gauge variant correlation functions are

identically zero.
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A useful set of gauge invariant correlation func-
tions is provided by the Wilson loop that we shall define
below.

On the lattice we consider a closed pathC .

The Wilson loop is defined by

W) = TT U
veC (4.9)
where i denotes a link belonging to the curve C.
It is clear that W(C) is invariant under (4.3)
It is possible to express the property of confine-

ment of the pure gauge theory in terms of the Wilson's

loop.
We have two possibilities:
-GS A
i WIAQ ~ e (confinement criteria) (4.10)
hu1£C
-
ii) WA ~ e (deconfining criteria) (4.11)

\an\e. C
A ils the minimal area enclosed by C; P is the length of C;
and ¥ is called the string tension.
It is not difficult to show that in the strong

(27 (g e )

— Naz In %z

WLy~ e

coupling limit

(4.12)

So the 1lattice gauge theory confines 1in this
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limit.

This is true even for Quantum Electrodynamics
where electrons and positrons are found free. So the con-
nection with the usual concept of confinement is not
straightforward.

To clarify this last point we resort to the fol-
lowing Renormalization Group argument

When a0 , the string tension is divergent (for
fixed g).

On the other hand, is an observable quantity that
fixes the scale of the glue-ball masses, for example. The
answer is provided by the renormalization theory: the cou-
pling constant g has to be a function of the cut off such
that physical quantities are finite for a-»0 . Moreover,
the arbitrariness in defining a finite part of the diver-
gent Green's functions actually implies the stronger condi-

tion:

a,d_ﬁ‘ (G@Q) aa.(ﬁg):

(4.13)

(-0 +PBL )G‘ O

(4.14)
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where Q is defined by B=-Q.(33/aa-) (4.15)

Oon dimensional grounds we must have:

G-(%IO-): -F(%\/Q'z

(4.16)
Then

T(q) = - \/z(%-;-) B

Since p = B(g) is defined for strong and weak cou-

(4.17)

plings, this provides a way of relating both limits of the

theory.
For strong couplings, from equation (4.12) we
have:
@)= 9 ln g?
PA=31n g
When g -0 we have the usual asymptotic freedom
result(z) , for a SU(3) color group,
—_ 2
B(%)/% = Bo%*ﬁx%q
Po=--, 5 B=-0Z

) =
\r” YU end)®

(4.19)

There are two possibilities:
i) If the strong coupling B(g) given by equation (4.18) can
be extrapolated all the way down to g=0 where it matches

equation (4.19) without ever finding a zero of B(g): then
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the theory will confine since (O (g) will never be zero.

ii) If in between g=0 and g=+ Q0 a zero of B(g) exists <
will vanish there and the theory will have a "phase transi-
tion" to a deconfining phase.

To determine which of the aforementioned scenarios
is realized in the Yang-Mills theory has proven to be very
difficult, although recently considerable progress in this
direction has been made using numerical simulations in

(4)

computers
After these brief remarks, we proceed to derive
the Langevin equation for lattice gauge theories. Using
this Langevin equation and the methods introduced in sec-
tion III, we shall obtain the reduced form of the theory,

i.e., the quenched Eguchi-Kawai model(lz).

B Langevin Equation for Lattice Gauge Theories(zo)

We can extend the arguments of section III into
lattice gauge theories, in which the dynamical variables
are the link variables. Let us consider U(N) lattice theo-
ry ‘as an example and let U (x) be the link variable on
the 1link (x,x+p), which we assume belongs to the funda
mental representation of U(N).

In order to use our methods of reduction in the

case of U(N) lattice gauge theory we must find a Langevin
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equation for Ur.(x,t) such that

i, < FQUpousiy = T, Tavped] FLU) S

t 00
S;I‘_“i\%iiﬁ cz&ﬂ(d)
)

(4.20)
SW (U) is defined in (4.4), F is an arbitrary function
of U (x,t),[a,u*(xnis the Haar measure of U(N) and ¢ >'l is
given by (2.4), properly modified for x integer.
To find the lLangevin equation whose solution
U‘h(x,t) satisfies equation (4.20), we first write an

Hermitian and non-negative Fokker-Planck Hamiltonian ‘ﬁw

such that

g e‘/z Su .
“ —

(4.21)
H, is Hermitian in the Hilbert space defined by the
scalar product,
<P, O = [ T Taved Yo oy
I
(4.22)

To construct Hw an analogy with (2.20) we write

F'L.J =% Z‘. é*&‘).(’q-r &d.\h (e

*4
(4.23)
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where we defined

Qup = BL - [Eiews,)

(4.24)
~ . . , ~
and QI% is the Hermitian adjoint of GL* in the Hilbert
space with scalar product (4.22).
E‘:.'(x) will be specified below. But first notice that

(4.23) ensures the Hermiticity and non-negativity of H,.

To guaranty (4.21) we shall choose %:(x) such that

’E * Y% Su (V)

A Y% Sw (V)
‘.,OQ e = % [E; ) Sw-\ e

(4.25)
Moreover, %;(x) must satisfy the formula of integration by

parts needed in (2.10). That is

S T [aued 1B 00 Fuil GO+ FOLE40G WY
%

= O

for any F(U) and G(U).

(4.26)

Formula (4.26) is the key to find %;(x). In fact (4.26) is
nothing else than the expression of the invariance of the

integration measure under the group of symmetry having ge-
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'S
nerators EF(x) .
It is known that the Haar measure 1s invariant

under the transformation;

Up6d = Ny 6 Up @ Ve € U

~ Up 6+ L I* Ur.(x) O ()

(4.27)
for small Sr‘(x). In this equation J® are generators of
the algebra of U(N) satisfying,

a - * 2
‘tr(I 'IP) = §*P o pf=1,...N

‘ . ‘ — . . S
%‘ (I);A (I)“ - saLSJ* l.)s—\,...“ (4-28)

We define ‘E“‘. (x) by:

F(Up@+iT* G084 @)
F (UpR) + LZ_ e',:mE,.oOF(U) (4.29)

The invarlance of the Haar measure under (4.27)

implies (4.26).
=

A realization of the operator E‘_(x) is readily

obtained from (4.29) by expanding the left hand side of
d

(4.29) in a Taylor series in er(x).

We get

E ()Q F(U)"' E i_\E)@“ (Iot U‘;.(’Q)c'b

(4.30)
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ot

A
We see that this realization of EF-(X) guaranties (4.21)

From (4.30) follows that,

LEF WG = [ Efe FU 6(W)

(4.31)

for all G(U).

From now on we assume the action of the operator
~
E:(x) on functions of U is defined by (4.30).

Then, in analogy with ‘equation (2.13), we write
2_Pu)=-F ELa [ Eped+ (Eren S)IPw0
ot Apx

(4.32)

Therefore,

;l—- & J = ;i- =
2 (R = [ TT Taured) F) 2P0

=< Ex[- ’E:'_";(m E}tm F(O) + ( ’é;oo S) E‘:mF(U) I

(4.33)

To obtain (4.33) equations (4.32) and (4.26) are used.

The t-evolution of U(x,t) must respect the unitary



-83-

property of U(x,t). Therefore

6"( YT
Uy (x, e 48¢) = Y0 4,0

>~ Ur A8 + A 9"?— &, 00 I% Ur (»,®)
(4.34)

é:_(x,bt) vanishes for At=0. So that, according to (4.29)

RFW =L 3 him hom EFTAFW
at dpx  &to At

(4.35)

Choose F(U) = U‘,(x,t). We get

_gz_ Uy (%rt\ = }\;_Y L::o w W S(x”) U‘LC",t)
o,

=t 2 lm 8% (00 I* U, (2t
T e T 1TU D

(4.36)

Comparing (4.35) and (4.36) we get,

2 F(W)= T tr ( *Syﬂ Up 07 14) £ AR
At AP

(4.37)
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Therefore

(T tr (2 Ue» Upod V) Efw F(U)dn=
A pn at

=3 <I- ’é;w Ero0 FIO + (B S,) E:<ﬂF(U)3>Q

.va

(4.38)
The last equation is satisfied if we choose
3 U030 Uyotit T4\ (L6 S) + L M5
tf( pO8 Uprit) %( p A, + L et
it
(4.39)

where 1f:(x,t) is a random variable having Gaussian distri-
bution (2.4). To see that (4.39) implies (4.38) we observe

that, from equation (2.4),

< “]"’(x,t\ (2 W F (U )‘,l =2 _&_(E. ) F(U)))rl
" a W S*f\,,(x,er
(4.40)

But

2¢ S (ERo F(O)s
S‘]“‘,.(*.t) 1

223 <tr (U8 Y gt T8 ) B o B FUDy

YV SNt (xt)
P Yl" f (4.41)
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To obtain (4.41) we have used (4.37).

It is easy to show that (See the derivation of

equation (2.12)):
S\ = ._;_. Sy & T Uy 0

S"L‘rcx,d
(4.42)

Now the proof that (4.39) implies (4.38) is complete .

We prefer to write (4.39) in a more recognizable

form,
§_€ SR ; I* Up sl EL i S +1 eew Up 04

(4.43)

where
— ok A
e = 2 I% gf oo

(4.44)

(4.43) is the lLangevin equation for the lattice gauge theo-

ry.
It is now a simple matter to use the method of

large N reduction of III to obtain the quenched Egquchi-

Kawai model.
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C. Quenched Eguchi-Kawai model(zo).

In this section we use the appropiate Langevin
equation (Equation (4.43)) to study the large N reduction
for the U(N) lattice gauge theory.

The reduced model that we find is the quenched
Eguchi-Kawai model proposed by Das and Wadia(lz).

We first write explicity the Langevin equation

(4.43) for Wilson action Sw

Sw= P22 tr V00 \Jyeeow Up ol Uyod®

L S 2%
(4.45)
where we define B = l/g2 (4.46)
Now since the constraint
U Upod= 1
(4.47)
must hold:; we have
b
O\ db
o U,m*
(4.48)

Replacing E;{(x.t)sw given by (4.30) into (4.43) we find

AUy 3 :
3t = E Ut S'G-';u)‘“\)"“'ﬂ‘ BRI Ur(*,tﬂ-“

(4.49)
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and

Q3 =B 2 {Uyn Uy et U, 0
3 W“’“ ﬁ Vﬂu{ v (e U‘s A v

+ Uy (oY Uy et Yy )
= Up &7 Uy -0 Upeon) Uy (reepew) Uo7

»

(4.50)
We remind the reader that ‘qr(x,t) is a random
source with Gaussian distribution; that is: the'l's obey

Wick's decomposition property (2.3) and

WD VR0 =2 S Sim S Saa S
(4.51)
The Kronecker delta in x has replaced the Dirac
delta appearing in (2.2) because now x 1is an integer
number.

We have the following prcposition.

Proposition: Let -ﬁflt) (i,3 =1,,..N) be a random source
)
with Gaussian distribution and p‘i‘ (i=1, N;e=1..,d) be

a random number with uniform distribution in the interval
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=¥ ,"T). As long as one restrict oneself to invariant

"
expectation values of the form (tr("l(\(.,tu)...vl\?rzm,tw)>t1

in the large N limit

o0 = € TRl
(4.52)
serves as variables with Gaussian distribution.
Proof: The demonstration follows exactly as the proof that
(3.7) is a Gaussian source in the large N limit, so we do
not repeat it here. However, we want to offer an example

calculating

et i = Z UG M)y =

X .
(P~ PR (%-%a)
TTaly € WM, R
L Eﬁ;‘ <'15"_(f-:.] 'l;‘:-‘;(tb )ﬁ
Tt

2 Sy Set) T (Tt g T )

“goxRwy
=2 Spp St (NSNS, N

= 2N S S(b-t) Sxxy

(4.53)
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which is the right answer. From this example we see that
the approximation makes sense if

N>>§ = number of lattice sites (4.54)
We can now reduce (4.49) using M (x t) given by (4.52) and

the ansatz
—b%

Up(r)= e Ur(ﬂe (4.55)
where

L

P3 Prs"o (4.56)
We get

P\’— —ﬁ-?\’ .._-

- PO, L0 Te T

P iP. -
+é “"”’U;fe *OrUE™

<iP-(p-V)— 4

~uP P
ﬁ.\)'f \’\)v \~)rﬁ§ f‘\) \~%*

e s P L P N)r e |
~Ur0,E 0,8 0re T U,

+ 'IV“U"' (4.57)

The reduced Langevin equation (4.57) formally
implies a reduced action SR (see the discussion of equa-

tion (3.21)):

S =B34 [(Tp ™D, E™) (™ (G, €™M (4o
Vip

The reduced action SR is precisely the one found

by Das and Wadla(lz)
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V STOCHASTIC REGULARIZATION AND LARGE N REDUCTION.

Until now our treatment of the reduction in the
large N limit of non-gauge fields theories has been rather
formal. This is so because of the divergences appearing in
higher orders of perturbation theory.

Recently, a new regularization method has become avail-

(16). It has the

able, the Stochastic Regularization
merit of preserving all the symmetries of the action, but
at the expense of non-locality. We shall see that Stochas-
tic Regularization combines efficiently with our methods

of reduction.

But, what is Stochastic Regularization?

To answer this question we shall make a quick
review of the stochastic quantization.

The main ingredient of stochastic quantization is

to write a Langevin equation

2 = -85
D x,) = - + )
ot A JORSRY kit

(5.1)

‘11(x't) is a Gaussian random source satisfying:

(Y]x (ﬁ,t\ V]x\(x"t‘)>vz =2 S,U.\ $ (X=X S (t-tY)

(5.2)

The Stochastic Regularization teplacesg(t-t') by
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a family of functions BA(t-t'). This family will
converge (as a distribution) tod (t-t') when Adc0.

In general we shall have‘?’

By(t-t') ~ (e-t)?, n=01,2..
1t
(5.3)

Choosing n sufficiently large, it is possible to
regularize the divergence 'of renormalizable theories.
Moreover, since the Stochastic Regularization does not
touch the x-dependent part of the Ml correlation, it will
preserve all the symmetries of the action S. (See section
I1I1.C.2),.

Now we shall proceed to apply the Stochastic Regu-
larization to the large N reduction.

The simple case and the only one we shall examine
in this section is the massive NxN Hermitian matrix model

introduced in (3.1),

2 Poo= (o-m*) oo = YN Do’ + (%)
t

(5.4a)

Pr,0=0

(5.4b)

Introducing the reduced source
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A 42 Pn -itPxr
'1<";t"=(-5_;‘:) e qwe
(5.5)
and the ansatz:
(b(x,t) = e IPX ) iPX
(5.6)

we obtain the reduced Langevin Bquation

3&-—- % ) — 2 2\ A A . qz-“
3t @ @ =~ (Py+™*) PR - %/N (P’(ﬂ;,b +('2A1") "[Q(t)

a—

CDBS (0)=0

P 2 Pi- Ps

(5.7)

The perturbation expansion is obtained as in sec-

tion II1.D by rewriting (5.7) as an integral equation,

(-1.)&5(9—-(4«: Glp;,0) {- 9 P0qy _\.e‘%"’*;ltsm}

= (9§ 4 vd) (£-7)
Glpy,r) = 61t-) € Paxm
(5.8)

As an example we calculate the one loop mass re-
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normalization in this theory. For that, we shall examine:

f.o0<tr R PND>=12.0. liwm g ¢ Py ) AV
prgen> Lo Lon (149)€ M7 Qo Py

(5.9)
where the last expresion follows from equation (3.17).

The one loop contribution to <¢°5(¢) 63"-“» is

N

given by the 2(a), where (a) is defined as follows
A 2.4
(3)= 3;,;) S‘”‘ dv, 4y vy des OBV OCT,-Ta)

B( - 1) 8(1,- ) O(t- Ts)
éc\o&-&-n‘)('r‘-’m e—-(?fu-m‘)('t’.-’t‘.)

- (P +wd) (£~ ) (P + ) (T -Ta)
e ?J e )

é' ..: +wb) (t-Ts) X

%€ New (B Qo B Ty (20) "i;-.m:s»,i

(5.10)



-94-

The leading large N contribution of ( >ﬁ will be

<) Qunlt 99 < gy (10 T warq +

+ <l PlBOT <y (8 T (2d
(5.11)

Therefore,

24
Q) = 86%‘) gd'r‘ dv, d 7y d 7, ds ©(-T) 8 (v,-1,)

: — (P + v)(27-1-%)
O (- O~ 6 (t-T5) 2. € X
Liw

- PR+ MY (24~ T-Ts)
x e BA<T1'T33 BA(T*'TS)

(5.12)

Introducing

- Attt
Bty = % Aflri €

(5.13)
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We have

By () = S

(5.14)
Then
(2) ~ (_A\.‘)“ (s
lame © 2 viv Bk Aol A (pii +v)
\
* 2
(?3-23 ¥ w2)* (?:.z') +m+N
(5.15)

Therefore, the one loop contribution to the propa-

gator is

(o g e
(pd+ ) o il

\

(pret+ v+ A) (gl m)

(5.16)
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Now

S 4 1 l
2 2
@M (pl+wan) Pl vt
is independent of i because the integral is convergent and
the shifting of variable Pu = Pw* Pu is

permitted. Without reqularization the integral is

X at \
(2‘)* ?Wi - “2'

Here shifting of integration variables is forbidden.

Thus, the one loop contribution to 1.o0. (tv(PoO(P(Y)} is
l.o.{tr QYW =

= 23N (KY g dip @O
2] (pPredr (RN

| \
X 4
géj“ (2 +ei+n)  qF
(5.17)

So that the one particle irreducible graph is

T = %A/ Lk (5.18)
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This is the one loop contribution to the mass renormaliza-~
tion of P(x).

The Stochastic Regularization can also be used to
regulate the U(N) Gauge Theory which has been considered in
section III, but we believe that the N cutoff, introduced

in (3.7) is sufficient to regulate this theory consistent-

ly.
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VI. CONCLUSION

In this thesis we have applied the stochastic
quantization of Parisi and Wu to the study of the large N
Reduction In this context. we want to emphasize the fol-
lowing aspects.

We have been able to derive the gquenched momentum
prescription in a straightforward elegant and universal
way: our derivation can be applied to globally and locally
symmetric theories without any modification. Moreover, it
has been possible to obtain an idea of how large N should
be to validate the approximation, i.e., N ought to be
larger than the number of space time points {Equation
(4.54)).

We avoid the constraints that several authors have
found necessary to introduce in the reduction of the U(N)
gauge theory In addition to this, we have attempted to
clarify this aspect of the Reduction by observing that the
Ward Identities of the original theory are not satisfied
by the reduced Green's functions, except when these last
functions are originally invariant.

The stochastic regularization technique combines
efficiently with the stochastic form of the Reduction.
This point may be important for the future non-perturbative
work and for computer simulations.

We have derived the Langevin equation for the
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lattice gauge theory and use it to obtain the quenched

Eguchi-Kawai model.

The previous considerations lead us to believe
that the stochastic quantization is a powerful method to
study the large N 1limit of Quantum Field theories and

deserves further consideration.
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Appendix I Fokker-Planck Equation for the Free Particle

Here we discuss in detail the eigenfunctions of
Fokker-Planck operator for the case of S$=0. To make the
problem simpler we assume a system of finite degree of
freedom, and we denote the variables by ‘bi(i = 1,.

N). The corresponding Fokker-Plank Hamiltonian is given by

A 2
Hng- /ZZ. %_b.?'
v - (1.1)

The solution f the Fokker-Plank equation with the
& -
initial condition P(%:O) - S(b-q’) is given by

o A RB -kt -L'i,_l;,
= = e
P t)= Y& j(%%ye e

(1.2)
We calculate the expectation value defined by
F(B)), =(dB F(B) P(k
$ (b))t::[db F(®) P(b,4
(1.3)
for three cases: i) F =const.: 1ii) F = bibj:
and iii) F = ¥p'pIB2S
i) < F7t= F (independent of t and bo)

(I.4a)
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ii) (blbj)taz S‘St + b:bg (divergent for large t)
(I.4Db)

i1i) <moipd B2&) apin) - 412
(independent of t)
(I.4c)
In this analysis we first note that the Fokker-

Planck Hamiltonian (I.1) has a continuous spectrum above

zero, and it is invariant by translations and O(N) rota-

tions. Although the denominator of (2.29) is infinite in
this case,we can interpret it as a distribution as the
previous calculation indicates. Here the fictitious time
t serves a role as the regulator. We expect from this
simple analysis that even when ﬁFP has a continuous
spectrum in general we can give (2.29) a meaning of
distribution such that it gives a definite result provided
the expectation values are restricted to a certain class

(case (i) and (iii) in the previous example).
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Appendix 11 Factorization of The Correlation Functions

of Invariant Operators in the Large N Limit.

We consider the generalization of expression
(3.6) appropiate to calculate correlations between two

U(N) invariant functionals of q) . We shall have:

Kte[xy... Ol te [Pay... P2l

_ lim { (%/mths ) .P" &t .o AY, o T dY, e Y, .

t>oo D¢
Km(y\ ..-xu,tjyltl .o ymﬁ t:.m) KV.( z\-- 1'\‘, t; Y:q . .ﬁ‘qd tﬂ‘-l.ﬁd)

%< e[ 00t ] Qamrnytamnad] £ DTN L1 F2went, ) Ty
(I1.1)
We see that all N-dependence is contained in the
Vl-average. Furthermore since rlis a Gaussian random

variable. it is easy to verify that

TS SR A [SAANUR, TQ A | -1 (8 AL M T A b

22 <t DU, ot D LOURNCY, €, g

+ O(3)

(I1.2)
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Replacing II.2 into II.l we conclude that,

ctelPoa... Pl te [ DE)... P2V

= <te TP o) Cte [ DE)... PO+

4+ O (/N

(11.3)

This is the factorization property of invariant
operators at large N. The stochastic quantization has

permitted a quick demonstration of this important

proposition.
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