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Abstract

FAULT TOLERANT NODE DISJOINT ROUTING IN 
n-DIMENSIONAL HYPERCUBE INTERCONNECTION NETWORK

by
Kisong Yoon

Advisor: Professor Michael Anshel

One property of n-dimensional hypercube interconnection 
network is that there exist n node disjoint paths between any 
two arbitrary nodes of Hamming distance k in n-dimensional 
hypercube, where k paths are of length k and n-k paths are of 
length k+2. A hypercube with faulty elements is called an 
injured hypercube. There are algorithms which generate those 
n node disjoint paths. But it is not guaranteed that this 
algorithms can be used for an injured hypercube. In a hypercu­
be, there are redundant elements which are not used for n node 
disjoint paths. This redundancy is used for fault tolerant 
node disjoint routing. In this dissertation, we are looking 
for conditions of faulty elements guaranteeing the existence 
of n node disjoint paths using k x k matrix and (n-k) x (k+2) 
matrix for the set of paths of length k and k+2 respectively, 
where the entries of the matrices are the bit positions of the 
address of the nodes in a hypercube.
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1

Fault Tolerant Node Disjoint 
Routing in a Hypercube Network

Kisong Yoon

Abstract - One property of n-dimensional hypercube network is 
that there exist n node disjoint paths between any two 
arbitrary nodes of Hamming distance k in n dimensional 
hypercube, where k paths are of length k and n-k paths are of 
length k+2. In this paper, we are interested in how to find n 
node disjoint paths when a certain number of elements, nodes 
and/or edges, are faulty in the hypercube. A hypercube with 
faulty elements is called an injured hypercube. Given two 
nodes in a hypercube, it can be evaluated how many nodes are 
actually, possibly and never used for n node disjoint paths 
between two nodes. Since there exist a certain number of 
redundant elements for n node disjoint paths, with appropriate 
routing we might be able to maintain the same number of node 
disjoint paths for the same source and destination nodes in 
the hypercube in the presence of injured elements. Given two 
arbitrary nodes, some of faulty nodes can be precluded for n



node disjoint paths by simply examining the addresses of 
faulty nodes. We show how this preclusion can be done. Then we 
discuss methods to generate n node disjoint paths in two 
different cases of length k and k+2. In the case of length k, 
we propose a node disjoint routing algorithm for a non-injured 
hypercube by constructing k x k matrix, called shifted paths 
generating matrix(SPGM), and show how to use this matrix for 
fault tolerant node disjoint routing of length k. Then we 
improve this algorithm by rearranging the entries of the 
matrix with some restrictions. From a k x k SPGM, [ (k—2)! * (k- 
3)!* • * 3!* 2!*l!j2 different sets of node disjoint paths of
length k can be generated. In the case of length k+2, we also 
propose a node disjoint routing algorithm for a non-injured 
hypercube by constructing (n-k) x (k+2) matrix, called paths 
generating matrix(PGM) and also show that how this matrix can 
be used for fault tolerant node disjoint routing of length k+2 
in the same fashion. From this routing matrix, (k!)n’k all 
possible sets of node disjoint paths of length k+2 can be 
generated. Finally, we study a broadcast algorithm for n-cube 
using a SPGM.

I. Introduction

When a computer application requires a very large amount 
of computation that must be completed in a reasonable amount



of time, it becomes necessary to use machines with correspond­
ingly large computing capacity. One approach to achieve this 
purpose is to configure a system that contains a large number 
of conventional processors. The attractive feature of this is 
that the individual processors do not have to be complex, 
high-performance units. But efficient routing of messages 
between processors is a very important point for the perfor­
mance of the multi computer system.

Among various interconnection structures, hypercube multi 
computers have been attractive because each node has precisely 
the same types of connections to the remainder of the system 
as all the other nodes. For example, each node has the same 
number of adjacent nodes. A hypercube also has other topologi­
cal properties[3]. As the use of multi computer system 
increases, fault tolerant routing becomes very important. 
Fault tolerant routing means the successful routing of 
messages between two arbitrary non injured nodes in the 
presence of injured elements. Several researches related to 
hypercube architecture have been reported[5]-[9]. It is known 
that many algorithms for a regular hypercube can be handled by 
a systematic procedures. Those systematic algorithms cannot be 
applied directly to an injured hypercube. We will study one 
systematic algorithm which generates k node disjoint paths of 
length k. As mentioned before, it is not guaranteed that this 
algorithm can be used for an injured hypercube. In this paper,



we consider node disjoint routing algorithms for an hypercube 
ip the presence of injury. If all injury information of the 
injured hypercube network is known in advance, we might be 
able to find n node disjoint paths in a systematic way for the 
injured hypercube network by avoiding the injury. Several

*rresearches related to the fault diagnosis in multi-processor 
architecture have been reported[10]-[36]. The basic assumption 
in this paper is that all injury information is known before­
hand. But since injury can occur randomly in the hypercube 
network, it is not guaranteed that there exist n node disjoint 
paths in n dimensional hypercube in the presence of injury. In 
this paper, several node disjoint routing algorithms are 
discussed for certain types of injuries.

Injured hypercubes can be divided into two categories, 
node injured and edge injured hypercubes. A node injured 
hypercube contains faulty nodes. In other words, these injured 
nodes cannot transmit and receive any information. These 
injured nodes must be avoided in node disjoint routing. An 
edge injured hypercube contains broken connections between two 
arbitrary nodes. These two nodes containing broken edge are 
said to be partially injured nodes. This broken edge must be 
avoided in node disjoint routing. The node injury can be 
considered as the special case of the edge injury, saying that 
all connections of the node are broken. Generally speaking, an 
edge injured hypercube has more flexibility than a node



injured hypercube in node disjoint routing because the 
partially injured node in the edge injured hypercube can be 
selected for node disjoint routing by choosing non broken 
connection of the node.

The basic idea of node disjoint routing in an injured 
hypercube is that there are a certain number of unused nodes 
in the hypercube network which might be able to replace 
injured nodes used in n node disjoint paths between two nodes 
of distance n in the n dimensional hypercube. Suppose n node 
disjoint paths between two arbitrary nodes in n dimensional 
hypercube are being used. If injury occurs to nodes unused 
for n node disjoint paths, clearly there still exist n node 
disjoint paths. And if injury occurs to nodes which are used 
for any node disjoint paths and they can be replaced with non 
injured and unused nodes, there still exist n node disjoint 
paths. The main topic in this paper is how to examine in a 
systematic manner whether or not the injured nodes used in n 
node disjoint paths can be replaced with non injured and 
unused nodes.

We use matrices to generate node disjoint paths, k x k 
matrices are used for the set of the paths of length k and (n- 
k) x (k+2) matrices are used for the set of the paths of 
length k+2, where k is Hamming distance of two nodes in 
n-dimensional hypercube.



The contents of this paper is as follows.
6

I. Introduction
II. Preliminaries
III. Fault Tolerant Routing for the paths of length k
IV. Fault Tolerant Routing for the paths of length k+2
V. Additional Properties of Node Disjoint Routing
VI. A Broadcast Algorithm for n-cube
VII. Conclusions

II. Preliminaries

Definition^ An n-dimensional hypercube, denoted by n-cube
or Qn, is defined recursively as follows.

i) Qt = Kg
ii) Qn = K, x

, where K2 is the complete graph with two nodes and x is the 
product operation of two graphs[l]. Thus Qn contains 2n nodes 
which can be labeled a ^  . . . an, where each a{ is either 0 
or 1 and n • 2n'1 links because each node has n adjacent 
nodes. The addresses of any two neighbors differ in exactly
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one bit position.

Hypercube can be viewed in two different ways. The first 
view is shown in fig. 2-1. In this way, it is very hard to 
draw a picture of hypercubes for dimension five and above. The 
second view is shown in fig. 2-2. In this way, all nodes in n 
dimensional hypercube are partitioned into n+l groups accord­
ing to their weights of relative addresses to the source node.

fig.2-1

l-cube O  O
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fig.2-2
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tig . 2 - 2 (continued)

m m

5-cube

mnr
TOT
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Definition) The Hamming distance between a pair of nodes u
and w is denoted by H(u,w) and defined as the 
number of digits that must change in one node 
so that the other node results[2].
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example) For n = 4

H (0011,1101) = 3 
H(0000,1111) = 4 
H (0001,0000) = 1

Definition! The relative address of a node u with respect 
to another node to w, denoted by u/H, is 
defined as u/H = u © w, where © represents 
EXCLUSIVE-OR operation.

example)
The relative address of node 0011 to 1101 is 1110.
The relative address of node 0101 to 1010 is 1111.

The relative address of a hypercube with respect to a
node u can be determined by the relative addresses of all the
nodes it contains.

Definition! The weight of a node u, denoted by W(u), is
defined as the number of l's in the address of 
the node.

example) For n = 5
W.(OOOOO) = 0
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W(OOIOO) = 1 
W(lllll) = 5

All nodes in a hypercube can be distributed to stages 
according to the weights of them. There are n+1 stages because 
0 < W(u) < n for an arbitrary node u. Stage i represents a 
stage where all nodes have same weight i. A node at a stage 
has no connections with other nodes at the same stage. A node 
at stage i has connections to stage i-1 and i+1 only. We 
discuss this in more detail later.

Definition) Nk and Nk+2 represent the sets of bit position
numbers where the binary value of A © B is 1 
and 0 respectively.

example) for n = 10
A = 0 0 0 0 0 0 0 0 0 0  
B — 0 1 1 1 1 0 0 1 0 1

A ® B  — 0 1 1 1 1 0 0 1 0 1  
bit position 9 8 7 6 5 4 3 2 1 0

Nk = { 0, 2, 5, 6, 7, 8 } 
Nk+2 = { 1, 3, 4, 9 }
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Definition) The subcube of two arbitrary nodes u and w in

n-cube, denoted by SQ(u,w), defined as the 
smallest hypercube including u and w. k- 
dimensional subcube and k-subcube also repre­
sent a subcube of diameter k.

For example, when u = 0011 and w = 1101, we get Hamming 
distance H(u,w) = 3. There are eight nodes in this subcube 
SQ(u,w) . Since a subcube is another hypercube, it has all same 
properties of hypercube. See fig. 2-3 and fig. 2-4.

f i g . 2 -3

H (A.0
B'"
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A path in a hypercube is represented by a sequence of 

nodes in which every two consecutive nodes are physically 
adjacent to each other in the hypercube. The number of links 
on a path is called the length of the path.

fig.2-4

1-subcube

4-subcube

One important point is that there are different paths 
between two different nodes u and w. The existence of such 
paths might be useful for speeding up transfers of large 
amounts of data between two nodes. It also provides a way of 
selecting alternative routes in case a given node in a path is 
failing. In order for this to be possible, the paths must not 
cross each other, i.e., they must not have common nodes,
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except for two nodes u and w. We refer to such paths as node 
disjoint paths.

One property of n dimensional hypercube is as follows. 
Let u and w be two arbitrary nodes such that H(u/w) = k. Then 
there are exactly n node disjoint paths from u to w. These 
paths are composed of k disjoint paths of length k and n-k 
disjoint paths of length k+2.

Let two arbitrary nodes u and w be the source and 
destination nodes respectively in the subcube SQ(u,w) with 
Hamming distance H(u/w) = k. There are 2k nodes in the subcube 
SQ(u,w). For the convenience,all addresses of the used nodes 
are relative to the source node. Thus the weight of the source 
is 0 and the weight of the destination node is k.

All nodes used in a node disjoint paths in n-cube except
the source and destination nodes are called intermediate 
nodes. There are k-1 intermediate nodes in each path of length 
k and there are k+1 intermediate nodes in each path of length 
k+2. Obviously, all intermediate nodes of all paths must be 
distinct.

We take four dimensional hypercube as a specific example
to describe fault tolerant routing. For four dimensional
hypercube, there are four different node disjoint paths
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between 0000 and 1111. Suppose the following four node 
disjoint paths are being used between 0000 and 1111.

0000 -  0001 -  0101 -  0111 -  1111
0000 -  0010 -  1010 -  1110 -  1111
0000 -  0100 -  1100 -  1101 -  1111
0000 -  1000 -  1001 -  1011 -  1111

In this example, there are sixteen nodes in the hypercube but 
only fourteen nodes are used. There are always two unused 
nodes no matter how we select four node disjoint paths between 
two arbitrary nodes of Hamming distance four in four dimen­
sional hypercube. See fig. 2-5 and fig. 2-6. In our example, 
nodes 0011 and 0110, are not used. If those two unused nodes 
are injured, the above four node disjoint paths still can be 
used. Suppose two nodes, 0101 and 1010, are injured. But four 
node disjoint paths still can be taken as follows.

0000 -  0001 -  0011 -  0111 -  1111
0000 - 0010 - QUO - 1110 - 1111
0000 -  0100 -  1100 -  1101 -  1111
0000 -  1000 -  1001 -  1011 -  1111

In this case, two injured nodes 0101 and 1010 have been 
replaced with non injured and unused nodes 0011 and 0110 
respectively.
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Suppose a node 1000 is injured. Even though there are two 

unused nodes in the network# no one can replace the injured 
node 1000. As the result, there can not be four node disjoint 
paths with the injured node 1000. Suppose 0011, 1100 and 1001 
are injured. Clearly, there can not be four node disjoint 
paths because there are only two unused nodes in the network. 
This shows that it should be examined whether or not there 
still exist n node disjoint paths in n dimensional hypercube 
in the presence of injury.

Let Sk and Sk+2 represent two sets of the paths of length 
k and k+2 respectively. Next two chapters discuss how to find 
n node disjoint paths for Sk and Sk+2 in the presence of 
injury.

V
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1111 11111110 1110
1100 1101 1101

0110 0110
0100 0111 0100 0111

0101 0101
0010. 0011 0010 0011

0001 0001

10V

1010 1010 1011

10011000 10011000

Nodes 0110 and 0011 are not used. Nodes 0101 and 1010 arc not used.
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III. Fault Tolerant Routing for the paths of length k

Let me repeat one of the properties for n-dimensional 
hypercube network. There are k node disjoint paths of length 
k between two arbitrary nodes, u and v, of Hamming distance k 
in the n dimensional hypercube network, where k < n. Since 
subcube SQ(u,v) is also a hypercube, it has all properties of 
a hypercube. From now on, we consider k node disjoint paths 
between two arbitrary nodes in the SQ(u,v), whose Hamming 
distance is k and all addresses we use in the following 
context mean the relative addresses to the source node.

This chapter is composed of the following three sections.

A) Section A describes the numbers of unused nodes and edges 
in the k-subcube.

B) Section B describes the algorithm using shifted routing 
matrix in the presence of injury.

C) Section C describes the entry excharge algorithms which 
expand the shifted routing matrix in the presence of 
injury.
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A. Redundant Elements in k-dimensional subcube.

First of all, we have to know how many redundant nodes 
and edges in the k-dimensional subcube in order to have k node 
disjoint paths of length k between two arbitrary node, u and 
v, of H(u,v) = k. Now, we have the following Lemma.

Lemma 1. There are 2k - k 2 + k -  2 unused nodes in the k- 
subcube in order to have k node disjoint paths of 
length k between two arbitrary nodes whose Hamming 
distance is k.

Proof) From the properties of hypercube, there are 2k 
nodes in k-subcube and there are k node disjoint paths between 
two arbitrary nodes, u and v, whose Hamming distance is k. 
Let' s say that node u is the source and node v is the 
destination. Clearly, u and v are common for all k node 
disjoint paths. Since there are k-1 intermediate nodes for 
each path, there are k- (k-1) intermediate nodes for all 
paths. See fig. 3-1. The number of all nodes used for k node 
disjoint paths is k- (k-1) + 2. Therefore, the number of 
unused nodes in k-subcube is 2k - k2 + k - 2.



Table 3-1 shows how many nodes are unused in k-subcube. 
As shown in the table, there is no unused nodes for dimension 
1, 2 and 3. This means that all nodes in those subcubes must 
be used for k node disjoint paths, where k = 1,2 and 3. From 
the dimension 4, we start to have unused nodes. The higher 
dimension we have, the more unused nodes we have. We will see 
that higher dimensional hypercube has more possibility for 
replacement. Similarly, we can generate the formula for unused 
edges.

fig.3-1

k node disjoint paths in k-subcube

k

<■------ :------ k-1  >

There are k-1 intermediate nodes in each path. 

There are k edges in each path.



Lemma 2. There are k* (2k'1 - k) unused edges in k-subcube 
in order to have k node disjoint paths of length k 
between two arbitrary nodes whose Hamming distance 
is k.

Proof) Since there are 2k nodes in SQ(u,v) and each
node has degree k, there are 2k* k / 2 or 2k‘1,k edges.
There are k node disjoint paths between two arbitrary nodes,
u and v, whose length is k. Again, let's say that node u is 
the source and node v is the destination. Since there are k 
edges for each path, there are k2 edges for all paths. See 
fig. 3-1. Therefore, the number of unused edges in k-subcube 
is 2k‘1*k - k2 or k* (2k'1 - k).

I

Table 3-2 shows how many edges are unused in the
dimension k. As shown in the table, there is no unused nodes 
for dimension 1 and 2. This means that all edges in those 
hypercube must be used for k node disjoint paths, where k = 
1,2. From the dimension 3, we start to have unused edges. The 
higher dimension we have, the more unused edges we have.

As mentioned before, hypercube can be viewed in two 
different ways. The second view is shown in fig. 3-2. In this
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way, all nodes in n dimensional hypercube are partitioned into 
n+1 groups according to their weights of relative addresses to 
the source node. We call these groups stages. There are n+1 
stages and stage number represents the weight of the nodes at 
that stage. There is no connections among the nodes at same 
stage. Since only one bit is different between two adjacent 
nodes, the nodes at stage i have connections to stage i-1 and 
stage i+1 only. A node at stage i has i connections to stage 
i-1 and has n-i connections to stage i+1, where 1 < i < n. 
This is also true for k-dimensional subcube.

fis.3-2
001 011

101 111.0 1 0 .1 Jog;

110100

0011

0001 .01110101

10110010 J001
pooo

1101.0110■0100.

.1110[10101000.

1100.
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f is.3-2(coatinued)

2HE

6-cube

Lemma 3. There are ĉ,. - k unused nodes at each stage i, 
where 1 < i < k-1, in order to have k node disjoint paths of 
length k in k-subcube.

Proof) There are kCi nodes at each stage i because each 
node has k digit address and i number of l's. k nodes are used 
for k node disjoint paths at each stage i, where 1 < i < k-
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1. Since there is only one node at stage 0 and k which are the 
source and destination nodes respectively, there cannot be 
unused node at stage 0 and n. Therefore, the number of unused 
nodes at each stage i is ltcf - k, where 1 < i £ k-1.

I

Clearly, the sum of nodes at all stages must be 2k. This 
can be proved by the following mathematical formula.

k

The sum of unused nodes must be 2k - k2 + k - 2 which 
is derived from Lemma 1.

k-1

S, ( *cl - k )

k-1

F=1 kci - - *>•*

k

f=o kci - (k - l)*k - 2

2k - (k - 1) • k - 2 

2k - k2 + k - 2



Table 3-3 shows how many nodes each stage has for 
hypercube of dimension one through ten. Table 3-4 shows how 
many unused nodes each stage has for hypercubes of dimension 
one through ten. Notice that there is no unused node at stage 
0, 1, k-1 and k. Since there is only one node at stage 0 and 
stage n, the source and destination nodes respectively, they 
can not be injured for k node disjoint paths. Since there are 
only k nodes at stage 1 and k-1, there can not be injured 
nodes for k node disjoint paths in k-dimensional subcube.



Table 3-1

dimen­
sion k

# of nodes 
in the k-cube

# of nodes for 
k node disjoint 
paths

# of unused 
nodes

1 2 2 0
2 4 4 0
3 8 8 0
4 16 14 2
5 32 22 10
6 64 32 32
7 128 44 84
8 256 58 198
9 512 74 438
10 1024 92 932
20 1048576 382 1048194



Table 3-2

dimen­
sion k

# of edges 
in the k-cube

# of edges for 
k node disjoint 
paths

# of unused 
edges

1 1 1 0
2 4 4 0
3 12 9 3
4 32 16 16
5 80 25 55
6 192 36 156
7 448 49 399
8 1024 64 960
9 2304 81 2223
10 5120 100 5020
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Table 3-3 Each entry represents the number of nodes at
each

stage. (X is undefined.)

k
stage number

0 1 2 3 4 5 6 7 8 9 10
1 • 1 1 X X X X X X X X X
2 1 2 1 X X X X X X X X
3 1 3 3 1 X X X X X X X
4 1 4 6 4 1 X X X X X X
5 1 5 10 10 5 1 X X X X X
6 1 6 15 20 15 6 1 X X X X
7 1 7 21 35 35 21 7 1 X X X
8 1 8 28 56 70 56 28 8 1 X X
9 1 9 36 84 126 126 84 36 9 1 X
10 1 10 45 120 210 252 210 120 45 10 1



Table 3-4 Each entry represents the number of unusednodes
at each stage. (X is undefined.)

k stage number
0 1 2 3 4 5 6 7 8 9 10

1 0 0 X X X X X X X X X
2 0 0 0 X X X X X X X X
3 0 0 0 0 X X X X X X X
4 0 0 2 0 0 X X X X X X
5 0 0 5 5 0 0 X X X X X
6 0 0 9 14 9 0 0 X X X X
7 0 0 14 28 28 14 0 0 X X X
8 0 0 20 48 62 48 20 0 0 X X
9 0 0 27 75 117 117 75 27 0 0 X

10 0 0 35 110 200 242 200 110 35 0 0
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B. A Shifted Path Generating Matrix for Sk(SPGM) .

In this section, we discuss an algorithm which generates 
k node disjoint paths in k-dimensional subcube, denoted by 
k-subcube, in the presence of a certain type of injury.

Recall the following definition.
Definitionl Nk and Nk+Z represent the sets of bit position 
numbers where the binary value of A © B is 1 and 0 
respectively.

example) for n = 10
A = 0 0 0 0 0 0 0 0 0 0  
B — 0 1 1 1 1 0 0 1 0 1

A © B  = 0 1 1 1 1 0 0 1 0 1  
bit position 9 8 7 6 5 4 3 2 1 0

Nk = { 0, 2, 5, 6, 7, 8 >
Nk+2 = { 1, 3, 4, 9 }

For node disjoint paths of length k in k-subcube, we need the 
elements of Nk.

An address of a node in a n-dimensional hypercube is
usually denoted by n digit binary number. Here, we introduce
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a different notation for the address of a node in n-cube.

Definition) ( a1# a2, a3, , , , ap ) ,where 0 < p < n and
0 < a; < n-1, is defined as the address of the 
node where the value of bit position a. is 1.

The position number of the least significant bit is 0. 
The position number of the most significant bit is n-1.

example) For ten dimensional hypercube,
Node 0011001101 is denoted by (0,2,3,6,7).
Node 0001010101 is denoted by (0,2,4,6).
Node 0000000011 is denoted by (0,1).
Node 0000000000 is denoted by ().
Node 1111111111 is denoted by (0,1,2,3,4,5,6,7,8,9).

We call the numbers a1 through ap node numbers. This 
notation has the following properties.

property1)

property2) 
property3) 
property4)

The number of node numbers of a node is 
the weight of the address of the node. 
All node numbers of a node are distinct. 
All node at stage i have i node numbers. 
A node can be denoted by any permutation 
of node numbers of the node.
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example) (1,3,6), (3,1,6) and (6,3,1)

represent the same node
0001001010.

Definition) Routing Matrix(RM) is defined as follows, where 
1 < p,q < n.

a o,o a 0,1 a 0,2 ’ ’ '

a i , o a 1.1 a i»2 ‘ * '

a 2,0

•

•

a 2.1

•

•

a 2,2 ‘ * ■

• •

•

a p-1.0 a p-l,1  a p-1f2 ............................  V l . q - 1

RM is a matrix where the following conditions are satisfied

1) Each entry represents a node in n-cube.
2) Each row represents one of n node disjoint paths in n-

cube.
3) a, ; represents an intermediate node for one of n node

■ t J

disjoint path in n-cube.
4) The contents of each entry is a relative address to the 

source node.
5) All entries in the last column represent the same node
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which is the destination node.

6) The source node is not shown in this matrix.
7) At row i, node numbers of the node at column j must be

included to node numbers of the node at column j+1.
8) Since an entry represents an intermediate node of one of

node disjoint paths, all entry must be distinct except
entries in the last column.

example) For our example, n = 10 and k = 6.

(0) (0,2) (0,2,5) (0,2,5,6) (0,2,5,6,7) (0,2,5,6,7,8)
(2) (2,8) (2,8,7) (2,8,7,6) (2,8,7,6,5) (2,8,7,6,5,0)
(5) (5,8) (5,8,6) (5,8,6,7) (5,8,6,7,0) (5,8,6,7,0,2)
(6) (6,8) (6,8,7) (6,8,7,0) (6,8,7,0,2) (6,8,7,0,2,5)
(7) (7,8) (7,8 0) (7,8,0,5) (7,8,0,5,2) (7,8,0,5,2,6)
(8) (8,0) (8,0,5) (8,0,5,6) (8,0,5,6,2) (8,0,5,6,2,7)

The above matrix M is a RM because each row represents one of 
six node disjoint paths of length six between ( ) and 
(0,2,5,6,7,8) in 10-cube.
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Definition! A Path Generating Matrix (PGM) is defined as

follows, where 1 £ p,q < n.

a o,o a 0,1 a 0,2 ’ * ’ * * a 0,q-1

a i ,o a 1.1 a l ,2  * * ‘ • * a l,q-1

a 2,0

•

•

a 2,1

•

•

a 2,2 * * * 

• • • •

• • • •

* * a 2,q-1

• • •

• • •

•

•

a p-1.0

•

•

a p-1.1

• • • • 

• • • •

a p-1,2 * * ‘

• • •

• • •

* * a p - i .q

PGM is a matrix where the following conditions are satisfied.
1) 0 < a. . < n-1■iJ

2) From the Path Generating Matrix (PGM) , Routing 
Matrix(RM) is constructed by the following 
algorithm.
b i . j  =  ( a i.O '  a i,1 '  a i ,2  '  * * • '  a i , j )

,where PGM = [ a, ; ] and RM = [ b,- , 1.

example) For our example, n = 10 and k = 6.

0 2 5 6 7 8
2 8 7 6 5 0
5 8 6 7 0 2
6 8 7 0 2 5
7 8 0 5 2 6
8 0 5 6 2 7



36

This matrix M is a PGM because it generates the following RM.

(0) (0,2) (0,2, 5) (0,2,5,6) (0,2,5,6,7) (0,2,5,6,7,8)
(2) (2,8) (2,8, 7) (2,8,7,6) (2,8,7,6,5) (2,8,7,6,5,0)
(5) (5,8) (5,8, 6) (5,8,6,7) (5,8,6,7,0) (5,8,6,7,0,2)
(6) (6,8) (6,8, 7) (6,8,7,0) (6,8,7,0,2) (6,8,7,0,2,5)
(7) (7,8) (7,8 0) (7,8,0,5) (7,8,0,5,2) (7,8,0,5,2,6)
(8) (8,0) (8,0, 5) (8,0,5,6) (8,0,5,6,2) (8,0,5,6,2,7)

Before describing the routing algorithm for injured 
hypercube, let's discuss Shifted Path Generating Matrix(SPGM) . 
It has been proved that SPGM is a PGM[4].

Definition^ Shifted Path Generating Matrix(SPGM) is a 
matrix such that given any sequence of the elements of Nk, the 
SPGM is obtained according to the following algorithm.

Let a selected sequence be aQ, a1, a2, , , , ak_2, a^. 
for i = 0 to k-1

for j = 0 to k-1
k,-f j =  a (i+j) mod k

next
next

, where SPGM = [ b, : ].
■ t J
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In other words, SPGM is obtained by placing the selected 
sequence at row 0 and then shifting it to the left circularly 
k-1 times with placing it to the next rows of the SPGM matrix.

SPGM =

a o a l a 2 .............. a k-1

a 1 a 2 a 3 .............. a k-i a o

a 2

•

a 3

•

a 4 .............. a 0 a l

•

• • •

• • •

a k-1 a o a ,  ---------- a k-2

example) For our example, n = 10, k = 6 and

SPGM =

N k = { o, 2, 5, 6,
Selected Sequence

0 2 5 6 7 8
2 5 6 7 8 0
5 6 7 8 0 2
6 7 8 0 2 5
7 8 0 2 5 6
8 0 2 5 6 7
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(0) (0,2) (0,2,5) (0,2,5,6) (0,2,5,6,7) (0,2,5,6,7,8)
(2) (2,5) (2,5,6) (2,5,6,7) (2,5,6,7,8) (2,5,6,7,8,0)
(5) (5,6) (5,6,7) (5,6,7,8) (5,6,7,8,0) (5,6,7,8,0,2)
(6) (6,7) (6,7,8) (6,7,8,0) (6,7,8,0,2) (6,7,8,0,2,5)
(7) (7,8) (7,8 0) (7,8,0,2) (7,8,0,2,5) (7,8,0,2,5,6)
(8) (8,0) (8,0,2) (8,0,2,5) (8,0,2,5,6) (8,0,2,5,6,7)

Since Nk has k elements and the first and last elements of the 
selected sequence are consider to be adjacent, (k-1)! 
different SPGM's can be obtained for k-subcube.

example) For n = 4, k = n and Nk = { 0, 1, 2, 3 }, there are 
(4 - 1)! or 6 different SPGM's.

0
1
2
3

1
2
3
0

2
3
0
1

3
0
1
2

0 1 3
1 3  2
3 2 0
2 0 1

2
0
1
3

0
2
1
3

2
1
3
0

1
3
0
2

3
0
2
1

0
2
3
1

23
1
0

3
1
0
2

1
0
2
3

0 3 1
3 1 2
1 2  0 
2 0 3

2
0
3
1

0
3
2
1

3
2
1
0

2 1 
1 0 
0 3
3 2

Four node disjoint path from the first SPGM are shown in fig. 
3-3.
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Let's consider the following three matrices,

1 2
2 3
3 0 
0 1

3
0
1
2

0
1
2
3

2
3
0
1

3
0
1
2

0 1 
1 2
2 3
3 0

3
0
1
2

0
1
2
3

1 2
2 3
3 0 
0 1

Though these matrices look different, they produce the same 
four node disjoint paths as the first matrix of above six 
different matrices. Thus if two SPGM's produce the same node 
disjoint paths, they are considered as the same SPGM's.

Jig 3-3

0 1 2 3 R M (0) (0.1) (0.1.2) (0.1.2.3)
1 2 3 0 (1) (1.2) (1.2,3) (1,2.3.0)
2 3 0 1 (2) (2.3) (2,3.0) (2.3.0.1)
3 0 1 2 (3) (3.0) (3.0.1) ( 3.0.1.2)
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Now let's discuss the node disjoint routing algorithm for 

injured hyper cube. From the construction of SPGM, we can find 
one property that all node numbers of an entry a, j of a 
Routing Matrix derived from SPGM are adjacent in the selected 
sequence considering that the first and last elements of the 
sequence considered to be adjacent. In other words, nodes 
whose node numbers are not adjacent in the selected sequence 
are not used for n node disjoint paths. It is easier tt 
examine the adjacency by distributing the elements of Nk on 
the circle.

example) For n = 5, k = n and Nk = { 0, 1, 2, 3, 4 }
The selected sequence is 0, 1, 2, 3, 4.

0
4 1

3 2

(0,2), (1,3), (0,1,3) and (0,2,3) do not appear in the SPGM
because all node numbers of the given nodes are not adjacent. 
(0,1), (3,4), (2,3,4) and (4,0,1) appear in the SPGM because 
all node numbers are adjacent.

As mentioned before, there cannot be injury at stage 1 and k-
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1. This can be also shown on the circle. From the definition, 
all elements must appear on the circle. This means that the 
injury cannot happen to a node of weight one in order to have 
k node disjoint paths. And It is impossible to keep node 
numbers of nodes of weight k-1 not adjacent on the circle. 
This also means that the injury cannot happen to a node of 
weight k-1 in order to have k node disjoint paths.

Again there are (k-1) 1 different sequences with Nk for k- 
subcube. If one node of weight i, 2 < i < k-2, is injured, 
there are (k-1)! - (k-i)!*i! sequences where node numbers of 
the injured node are not adjacent.

This can be proved by simple mathematical formula.

(k-1) ! is the number of sequences with the
elements of Nk.

(k-i) I * i! is the number of sequences with k elements
where i node numbers of the injured node 
are adjacent.

We have proved the following Lemma from this property.
Lemma 1. If a SPGM can be constructed avoiding the adjacency 
of the node numbers for all injured nodes for two arbitrary 
nodes of Hamming distance k in k-subcube, there still exist k 
node disjoint paths of length k between those two nodes.
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example) Suppose we are looking for six node disjoint paths 
between 0000000000 and 0111100101 in 6-subcube and 0000100100, 
0011000000, 0011100000 and 0110000101 are injured.

0000000000 = ( )
0111100101 = (0,2,5,6,7,8)
Nk = { 0, 2, 5, 6, 7, 8 }

0000100100
0011000000
0011100000
0110000101

(2,5)
(6.7)
(5.6.7) 
(7,8,0,2)

If the sequence of our example, 0, 2, 5, 6, 7, 8 is used,

SPGM =

0 2
8 5

7 6

0 2 5 6 7 8
2 5 6 7 8 0
5 6 7 8 0 2
6 7 8 0 2 5
7 8 0 2 5 6
8 0 2 5 6 7
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RM

(0) (0,2) (0,2,5) (0,2,5,6) (0,2,5,6,7) (0,2,5,6,7,8)
(2) 12_x_5J, (2,5,6) (2,5,6,7) (2,5,6,7,8) (2,5,6,7,8,0)
(5) (5,6) (5.6.7) (5,6,7,8) (5,6,7,8,0) (5,6,7,8,0,2)
(6) .(6_,_7) (6,7,8) (6,7,8,0) (6,7,8,0,2) (6,7,8,0,2,5)
(7) (7/8) (7,8 0) .(7., 8, 0,2) (7,8,0,2,5) (7,8,0,2,5,6)
(8) (8,0) (8,0,2) (8,0,2,5) (8,0,2,5,6) (8,0,2,5,6,7)

All four injured nodes appear in the RM (underlined above) 
because all node numbers of all injured nodes are adjacent in 
the sequence. But with the same injury, we can select a 
different sequence, 2, 6, 0, 5, 8, 7, where all node numbers 
of all injured nodes are not adjacent. Then there still exist 
six node disjoint paths of length six in the presence of four 
injured nodes. Here we have different sequence, SPGM and RM.

7 2
8 6

5 0

2 6 0 5 8 7
6 0 5 8 7 2
0 5 8 7 2 6
5 8 7 2 6 0
8 7 2 6 0 5
7 2 6 0 5 8
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RM

(2) (2,6) (2,6,0) (2,6,0,5) (2,6,0,5,8) (2,6,0,5,8,7)
(6) (6,0) (6,0,5) (6,0,5,8) (6,0,5,8,7) (6,0,5,8,7,2)
(0) (0,5) (0,5,8) (0,5,8,7) (0,5,8,7,2) (0,5,8,7,2,6)
(5) (5,8) (5,8,7) (5,8,7,2) (5,8,7,2,6) (5,8,7,2,6,0)
(8) (8,7) (8,7 2) (8,7,2,6) (8,7,2,6,0) (8,7,2,6,0,5)
(7) (7,2) (7,2,6) (7,2,6,0) (7,2,6,0,5) (7,2,6,0,5,8)

Though there are four injured nodes, there still exist 
six node disjoint paths of length six. Since none of node 
numbers of injured nodes are adjacent in the sequence, four 
injured nodes (2,5), (6,7), (5,6,7) and (7,8,0,2) don't appear 
in the RM.

Now we consider the edge injured hypercube with the 
sequence of the elements of Nk. In node injured hypercube, the 
order of node numbers is not important. For example, 
(3,0,2,1,4) and (2,1,4,3,0) represent the same node which is 
the destination node 11111 in five dimensional hypercube. But 
those two different representations for one node show two 
different paths from node () which is 00000.

(3,0,2,1,4) : ()-(3)-(3,0)-(3,0,2)-(3,0,2,l)-(3,0,2,l,4)
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00000 - 01000 - 01001 - 01101 - 01111 - 11111

(2,1,4,3,0) : ()-(2)-(2,l)-(2,l,4)-(2,l,4,3)-(2,l,4,3,0)
00000 -  00100 -  00110 -  10110 -  11110 -  11111

Thus the node notation with node numbers represents binary
relative address and intermediate path from the source node to 
the specified node.

Definition) Perm(e0, e,, e2, . . . eq) is defined as any
permutation with e0, e1# e2, . . . eq.

For example, the node 001101 can be represented by 3! or six 
different ways.

(0,2,3) (0,3,2) (2,0,3) (2,3,0) (3,0,2) (3,2,0)

These are all possible paths of length three from the source 
node 000000 to 001101. Thus the node 001101 can be denoted by 
Perm(0,2,3).

Since there is only one bit difference between two arbitrary 
adjacent nodes in n dimensional hypercube, Hamming distance of 
the two nodes represents the length of the shortest path 
between the nodes. From now on, we talk about the shortest
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path between two arbitrary nodes.

Suppose one edge between node u and node v , u = (a.,, a2, 
a3, . . . , aj) and v = (a,, a2, a3, . . . , af, aj+1) is injured 
where 1 < i < k-2. Since these two nodes are partially 
injured, they might be used for node disjoint paths.

There are i! different paths to reach the node v via 
injured edge u -> v because there are i node numbers for node 
u. The node v is denoted by Perm (a,, a2, a3, . . . , a., ai+1 ). 
The node v which is reachable from node u is denoted by ( 
Perm(a.,, a2, a3, . . . , a.), ai+1 ) and Perm(a1# a2, a3, . . . , 
a,) is obtained according to the path from the source node to 
the node u. *If these orders of node numbers of node u are 
avoided, the selection of the injured edge u -> v is avoided. 
There are i!*i different orders to avoid the injured edge. 
This can be proved as follows.

# of orders to represent node v (i + 1)I
# of orders to represent node v via edge u -> v i!
# of orders to represent node v not via u -> v is

(i + 1) • i! - i! 
i* i!



47
example) Suppose that the edge 0001101 -> 0011101 is injured 

in 7-cube. In our notation, the edge (2,3,0) -> 
(2,3,0,4) is injured. There are 3*3! or 18 different 
orders to each 0011101 not via injured edge from the 
node 0000000.

(4,2,3,0) (2,4,3,0) (2,3,4,0)
(4,2,0,3) (2,4,0,3) (2,0,4,3)
(4,0,2,3) (0,4,2,3) (0,2,4,3)
(4,0,3,2) (0,4,3,2) (0,3,4,2)
(4,3,0,2) (3,4,0,2) (3,0,4,2)
(4,3,2,0) (3,4,2,0) (3,2,4,0)

All of the above nodes represents the same node 0011101 but 
they don't visit the node 0001101 which means they don't visit 
the injured edge 0001101 -> 0011101. In other words, as long 
as node number 4 does not appear in the end, the injured edge 
can be avoided.

We have proved the following Lemma from the above discussion.

Lemma 2. If a sequence can be selected avoiding the orders of 
numbers of all injured edges for two arbitrary nodes of 
Hamming distance k in k-subcube, there still exist k node 
disjoint paths between them.



example) Suppose we are looking for six node disjoint paths 
between 0000000000 and 0111100101 in 6-subcube and 
the following edges are injured.

0010000000 -> 0110000000 <=> (7) ->

0000000101 -> 0000100101 <=> (0,2) ->

0000100100 -> 0001100101 AIIV (2,5) ->

0100000101 -> 0100100101 <=> (8,0,2) ->

0111000001 -> 0111000101 <=> (6,7,8,0) VOA1

0000000000 = ( )
0111100101 = (0,2,5,6,7,8)
Nk = { 0, 2, 5, 6, 7, 8 }

If the sequence of our example, 0, 2, 5, 6, 7, 8 is

0 2
8 5

7 6

0 2 5 6 7 8
2 5 6 7 8 0
5 6 7 8 0 2
6 7 8 0 2 5
7 8 0 2 5 6
8 0 5 6 2 7

(7,8)
(0,2,5)
(2,5,6)
8.0.2.5)
7.8.0.2)

used,
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RM

(0) (0.2) (0.2.5) (0,2,5,6) (0,2,5,6,7) (0, 2,5,6,7,8)
(2) (2.5) (2.5.6) (2,5,6,7) (2,5,6,7,8) (2, 5, 6,7,8,0)
(5) (5,6) (5,6,7) (5,6,7,8) (5,6,7,8,0) (5, 6,7,8,0,2)
(6) (6,7) (6,7,8) (6.7.8.0) (6.7.8.0.2) (6, 7,8,0,2,5)
(ZL..(7,8) (7,8 0) (7,8,0,2) (7,8,0,2,5) (7, 8 , 0, 2 , 5, 6) 
(8) (8,0) (8.0.2) (8.0.2.5) (8,0,2,5,6) (8,0,2,5,6,7)

All five injured edges appear in the RM (underlined above) 
because all orders of all injured edges appear in the 
sequence. But with the same injury, we can select a different 
sequence, 0, 5, 6, 8, 7, 5, where all orders of all injured 
edges don't appear. Then there still exist six node disjoint 
paths of length six in the presence of five injured edges. 
Here we have different sequence, SPGM and RM.

7 5
8 0

6 2

5 0 2 6 8 7
0 2 6 8 7 5

SPGM 2 6 8 7 5 0
6 8 7 5 0 2
8 7 5 0 2 6
7 5 0 2 6 8
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RM

(5) (5,0) (5.0.2) (5,0,2,6) (5,0,2,6,8) (5 , 0,2,6,8,7)
(0) 10*21 (0,2,6) (0,2,6,8) (0.2.6.8.7) (0, 2,6,8,7,5) 
(2) (2,6) (2,6,8) (2,6,8,7) (2,6,8,7,5) (2,6,8,7,5,0)
(6) (6,8) (6,8,7) (6,8,7,5) (6,8,7,5,0) (6,8,7,5,0,2)
(8.) 18x71 (8,7 5) (8, 7, 5,0) (8, 7, 5, 0,2) (8, 7 , 5, 0, 2 , 6)
171 (7,5) (7,5,0) (7,5,0,2) (7,5,0,2,6) (7,5,0,2,6,8)

Though there are five injured nodes, there still exist 
six node disjoint paths of length six. Since no orders of 
injured edges appears in the sequence, five injured edges 
don't appear in the RM. Notice that there are ten partially 
injured nodes but five of them (underlined in RM) are still 
used in the six node disjoint paths of length six.

From Lemma 1 and 2, we can derive the following theorem.

Theorem 3.1 If a sequence can be selected from Nk avoiding 
the conditions of all faulty elements for two arbitrary nodes 
of Hamming distance k in k-subcube, there still exist k node 
disjoint paths between them.
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C. PGM's derived from a SPGM for Sk using entry exchanges.

In the previous section, we studied SPGM for an injured 
hypercube. If a SPGM can be constructed avoiding all injury 
condition, injured nodes and/or edges, there still exist k 
node disjoint paths of length k in k-subcube. This algorithm 
using SPGM has one weak point that one injured node can cause 
another non injured node not to be used. One property of the 
SPGM method is that an adjacency of nodes always produces 
another adjacency. From the SPGM method, the node numbers of 
an injured node can not be adjacent in the selected sequence. 
In other words, there is always a couple of nodes which appear 
or don't appear in the RM derived from a SPGM at the same 
time. We call one node the counter node of the other. The 
address of one node is the complement of the other. Since 
injure nodes cannot appear from the selected sequence, the 
counter nodes of the injured nodes also cannot appear from the 
same sequence whether the counter nodes are injured or not.

example) Suppose node 0011010 is injured in seven dimensional 
hypercube.
This node is denoted by (1,3,4).
The counter node of the node (1,3,4) is 1100101 and 
denoted by (0,2,5,6).

Since node (1,3,4) is injured, node numbers 1,3 and 4 can not
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be adjacent in the sequence. Node numbers of the counter node 
0,2,5 and 6 are automatically not adjacent which means that 
node 1100101 can not be used whether or not it is injured.

Now, we are going to study other PGM's which have more 
flexibility than SPGM's. Let's consider the following PGM.

For n = 5, k = n and Nk = {  0, 1, 2, 3, 4 }

PGM =

0 2 1 3  4
1 4 2 3 0
2 4 3 0 1
3 4 0 1 2
4 0 2 1 3

This PGM generates the following RM.

(0) (0,2) (0,2,1) (0,2,1,3) (0,2,1,3,4)
(1) (1,4) (1,4,2) (1,4,2,3) (1,4,2,3,0)
(2) (2,4) (2,4,3) (2,4,3,0) (2,4,3,0,1)
(3) (3,4) (3,4,0) (3,4,0,1) (3,4,0,1,2)
(4) (4,0) (4,0 2) (4,0,2,1) (4,0,2,1,3)

Clearly, the above PGM is not a SPGM because each element 
in a.column is not distinct. But this PGM generates a RM for 
the node disjoint paths of length five. Let's take a close
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look at the above RM. Consider node (0,2) and its counter node 
(1,3,4) . In the above RM, node (0,2) appears in the RM but the 
counter node (1,3,4) doesn't, which is impossible in a SPGM. 
From the above example, we can say that there exist PGM's 
which are not SPGM's. In this section, we talk about PGM's 
which are not SPGM's but derived from SPGM.

Definition^ Perm, ; , represents a permutation with jth entryw J t1
through 1th entry of row i in (p x q) matrix 
where 0 < i < p-1 and 0 < j, 1 < q-1 and j < 1. 
Perm,,, is undefined when j > 1.•iJi1

example) For n = 5

M =

0 3 2 1 4
1 3 2 4 0
2 4 3 0 1
3 4 0 1 2
4 0 2 1 3

Perm2 t 3, underlined above, represents one of the followings.
2 4 3 0 1
2 4 0 3 1
2 3 4 0 1
2 3 0 4 1
2 0 3 4 1
2 0 4 3 1
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Perm,j t represents one of (1 - j + 1)! possibilities.

From the algorithm of SPGM construction, once a sequence 
is selected, the SPGM can start with any position of the 
sequence. As mentioned in the previous section, all SPGM's 
from the same sequence are considered all same because they 
generate the same node disjoint paths of length k.

example) For n = 4, k = n and Nk = {  0, 1, 2, 3 )

Selected sequence is 0, 1, 2, 3.

From this sequence, the following matrices can be derived.

0 1 2  3
1 2  3 0
2 3 0 1
3 0 1 2

1 2  3 0
2 3 0 1
3 0 1 2
0 1 2  3

2 3 0 1
3 0 1 2
0 1 2  3
1 2  3 0

3 0 1 2
0 1 2  3
1 2  3 0
2 3 0 1

These four different matrices are considered as the same 
SPGM, because all these matrices generate the same node 
disjoint paths.
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Lemma 1. Let M be a SPGM for k-subcube.

a o a 1 a 2 ---------- a k-1

a 1 a 2 a 3 ----- a o

a 2 a 3 a 4 ---------- a o ai
• • •

• • •

a k-1 ao a l ---- a k-3

•

a k-2

The matrix with Perm^ k_2, where 0 < i < k-1, is a PGM.

Proof) We can prove this Lemma by showing that the matrix 
with Perm,  ̂k„2 generates Routing Matrix where all intermediate 
nodes are distinct.

We prove this Lemma by a contradiction.

Let’s consider row 0 and row i, where 1 < i < k-1.

Suppose there is a common intermediate node for row 0 with 
Pernio ,, k-2 anc* row where 1 < i < k-1.

In other to have common node for row 0 with Pernio 1 k.2 and row
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i, aQ must be one of the common node number because row 0 
starts with a0.
ak.1 must be one of the common node numbers because ak.1 always 
appears right before a0 for row i, where 1 < i < k-1.

But since ak.,, is the last entry of row 0 with Perm,, ,, k.2, ak_, 
can not be one of intermediate node numbers for row 0.

This is a contradiction. Therefore, there is no common 
intermediate node for row 0 with PermQ 1 k_2 and row i, where 1 
< i < k-1.

Since a SPGM can start with any row from the algorithm of SPGM 
construction, this is true for all other rows. This completes 
the proof.

I
This Lemma means that a SPGM with any permutation with all 
elements except the first and the last of any row in the SPGM 
is a PGM. From this Lemma, (k-2)! different PGM's can be 
derived from a k x k SPGM.

example) For n = 5, k = n and Nk = {  0, 1, 2, 3, 4 }
Selected sequence is 0, 1, 2, 3, 4.

0
4 1

3 2
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0 1 2  3 4
1 2 3 4 0

SPGM = 2 3 4 0 1
3 4 0 1 2
4 0 1 2  3

PGM's can be obtained by permuting the underlined part. 
One of them and Routing Matrix are shown below.

PGM

0 1 2  3 4
1 2 3 4 0
2 4 3 0 1
3 4 0 1 2
4 0 1 2  3

RM =

(0)
(1)
m
(3)
(4)

(0,1) 
(1,2) 
-(.2, f 4)
(3,4)
(4,0)

(0,1,2)
(1.2.3)
(2.4.3)

(0,1,2,3) 
(1,2,3,4) 
(2.4.3.0)

(0,1,2,3,4) 
(1,2,3,4,0) 
-G U 4, 3^ 1.1.

(3,4,0)
(4,0,1)

(3,4,0,1) 
(4,0,1,2)

(3,4,0,1,2) 
(4,0,1,2,3)

In this example, (5-2)! or 6 different PGM's can be derived 
from the given SPGM.

V"
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We improve this Lemma as follows.

Lemma 2. Let M be- a SPGM for k-subcube.

a o a 1 a 2 ............... a k-1

a 1 a 2 a 3 ............... a o .

a 2 a 3 a 4 ............... a o a 1

• • •

• •
I

•

• • •

a k-1 a o a i ----- a k-2

The matrix with Perm,- 1k_2 and Perm(i+1) ̂  k>1#k.2/ where 0 < i < k- 
1, is a PGM of the node disjoint paths of length k.

Proof) We can prove this Lemma by showing that the matrix 
with Perm,- 1 k.2 and Perm(i+1) ̂  k t k_2 generates Routing matrix 
where all intermediate nodes are distinct.

We also prove this Lemma by a contradiction.

Let's consider row 0, row 1 and row i, where 2 < i < k-1.

From the previous Lemma, there is no common intermediate node
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for row 0 and row i, where 2 < i < k-1.

Now we show that there is no common intermediate node from row 
0 with Perm0<1 k.2 and row 1 with Perm, , k_2 and there is no 
common intermediate node from row 1 with Perm, , k_2 and row i, 
where .2 < i < k-1.

(i) There is no common intermediate node for row 0 with 
Perm0j1>k_2 and row 1 with Perm, , k_2.

Suppose there is a common intermediate node from row 0 with 
Perm0 , k_2 and row 1 with Perm, , k_2.

a„ must be included in the node numbers of the common 
intermediate node because row 0 starts with aQ.

a0 can not be included in the node numbers of the common 
intermediate node because row 1 ends with a„.

This is a contradiction. This completes the proof of (i).

ii) There is no common intermediate node from row 1 with 
Perm,jljk_2 and row i, where 2 < i < k-1.

Suppose there is a common node from row 1 and row if where 2
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< i < k-l.

a, must be included in the node numbers of the common 
intermediate node because row 1 starts with a,.

For row i, where 2 < i < k-1, a„ must be included in the node 
numbers of the common node, because a0 always appears right 
before a^

But a0 can not be included in the node numbers of the common 
node because row 1 ends with aQ.

This is a contradiction. This completes the proof of (ii).

Since a SPGM can start with any row from the algorithm of the 
SPGM construction, this is true for all other rows. This 
completes the proof.

I

This Lemma means that a SPGM with any permutations with 
all elements except the first and the last of any two adjacent 
rows in the SPGM is a PGM.

From this Lemma, [ (k - 2)I ]2 different PGM's can be derived 
from a k x k SPGM.
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example) For n = 5, k = n and Nk = { 0, l, 2, 3, 4 )

Selected Sequence is 0, 1, 2, 3, 4.
0

4 l

0 1 2  3 4
1 2 3 4 0

SPGM = 2 3 4 0 1
3 4 0 1 2
4 0 1 2  3

PGM's can be obtained by permuting the underlined parts. 
One of them and Routing Matrix are shown below.

PGM

0 1 2  3 4
1 2 3 4 0
2 4 0 3 1
3 1 0  4 2
4 0 1 2  3

RM

(0)
(1)

(0,1)
d/2)

12) (2̂ 4)

(0,1,2)
(1,2,3)
±2,4*0).

(0,1,2,3) 
(1,2,3,4) 
X2_,4 J),3)

(0,1,2,3,4)
(1,2,3,4,0) 
(2,4,0,3,1)

13}___( 3_,„1)__ C.3., 1J3.)__ (A , 1,0, 4)__C3,lJ3,4x.21
(4) (4,0) (4,0,1) (4,0,1,2) (4,0,1,2,3)
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In this example, [ (5-2)1 ]2 or 36 different PGM's can be 
derived from the given SPGM.

Since row 0 and row k-l are considered being adjacent, the 
matrix with the permutation of the underlined parts in the 
following matrix is a PGM.

SPGM

0 1 2  3 4
1 2 3 4 0
2 3 4 0 1
3 4 0 1 2
4 0 1 2  3

We also improve the previous Lemma as follows. 

Lemma 3. Let M be a SPGM for k-subcube.

M

a o a l a 2 ............... a k-1

a 1 a 2 a 3 ----------- a o

a 2 a 3

•

a 4 ----------- a 0 a i

•

•

a k-1

•

a o a ,  -----------

•

a k-2

The matrix with
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P e r m 0 ,1 ,k -2

^ e r X n i , 1 , k - i - 1

, for all i where 1 < i < k-1, is a PGM for the node disjoint 
paths of length k.

Proof) We prove this Lemma by showing that the matrix with 
Perm0 1j(c.2 and Penni>1|c. w h e r e  1 < i < k-1, generates Routing 
matrix where all intermediate nodes are distinct.

We prove this Lemma by showing that each row with the given 
permutation doesn't generate a common intermediate node from 
all lower rows with the given permutation.

Let's consider row 0 and all lower rows with the given 
permutation.

Suppose there is a common intermediate node from row 0 with 
Perm0̂  k_2 and all lower rows with Perm,. , k_M / where 1 < i < k- 
1.

Since row 0 starts with a0, a„ must be included in the node 
numbers of the common intermediate node.

Since ak_,, always appears before a„ in the all lower rows with
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the given permutation, ak-1 must be included in the node 
numbers of the common intermediate node.

Since row 0 ends with ak.1, ak.t can not be included in the node 
numbers of the common intermediate node.

This is a contradiction. Thus there is no common intermediate 
node between row 0 and any one of lower rows with the given 
permutations.

Let's consider row i and all lower rows with the given
permutation, where 1 < i < k-1.

Suppose there is a common intermediate node from row i and all 
lower rows with the given permutation.

Since row i starts with a,, a,- must be included in the node 
numbers of the common intermediate node.

Since aM  always appears right before a{ in all lower rows
with the given permutation, a,.., must be included in the node
numbers of the common intermediate node.

Since row i ends with aM , a,.., can not be included in the node 
numbers of the common intermediate node.
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This is a contradiction. Thus, there is no common intermediate 
node with the given permutation from row i and any one of its 
lower rows.

This completes the proof.

From this Lemma, the number of different PGM's derived from a 
k x k SPGM is

(k - 2) ! • ff1 (k - i)!
l'=2

example) For n = 6, k = n and Nk = { 0 ,  1, 2, 3, 4, 5 }

Selected Sequence is 0, 1, 2, 3, 4, 5.

SPGM =

0 1 2 3 4 5
1 2 3 4 5 0
2 3 4 5 0 1
3 4__5 0 1 2
4 5 0 1 2 3
5 0 1 2 3 4



66
PGM's can be obtained by permuting the underlined parts.
One of them and Routing Matrix are shown below.

0 2 3 4 1 5
1 5 4 3 2 0
2 5 3 4 0 1
3 5 4 0 1 2
4 5 0 1 2 3
5 0 1 2 3 4

RM
(0) (0,2) (0,2,3) (0,2,3,4) (0,2,3,4,1) (0,2,3,4,1,5)
(1) (1,5) d/5,4) (1/5,4,3) (1,5,4,3,2) (1,5,4,3,2,0)
(2) (2/5) (2,5,3) (2,5,3,4) (2,5,3,4,0) (2,5,3,4,0,1)
(3) (3,5) (3,5,4) (3,5,4,0) (3,5,4,0,1) (3,5,4,0,1,2)
(4) (4,5) (4,5,0) (4,5,0,1) (4,5,0,1,2) (4,5,0,1,2,3)
(5) (5,0) (5,0,1) (5,0,1,2) (5,0,1,2,3) (5,0,1,2,3,4)

In this example, 4!-4!*3!-2! or 6912 different PGM's can be 
derived.

Since SPGM can start with any row from the algorithm of SPGM 
construction, row 0 and row k-1 are considered being adjacent.
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Therefore the matrix with the permutations of the underlined 
parts in the following matrix is also a PGM.

SPGM =

0 1 2 3 4 5
1 2 3 4 5 0
2 3 4 5 0 1
3 4 5 0 1 2
4 5 0 1 2 3
5 0 1 2 3 4

example) for n — H O k = n and Nk — (0,1 ,2,3,4 ,5,6,7 ,8,9>

0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9
1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0
2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1
3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2
4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3
5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4
6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5
7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6
8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7
9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8•
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We again improve the previous Lemma.

Theorem 3.2 Let M be a SPGM for k-subcube.

M

a o a 1 a 2 ----------- a k-1

a 1 a 2 a 3 ----------- a o

a 2

•

a 3

•

a 4 ----------- a o a i

•

•

•

•

•

•

a k-1 a o a i ----------- a k-2

The matrix with
Perm,0 ,1 ,  k -2 '

Perm i , 1 , k - i - 1  

P e r m i ,k - i+ 1 ,k - 2

, for all i where 1 < i < k-1, is a PGM for the node disjoint 
paths of length k.

Proof) We have to show that the matrix with Pernio 1 k-2' 
Perm, ,, and PermjjkM.+1<k_2, where 1 < i < k-1, generates
routing matrix where all intermediate nodes are distinct.

We prove this theorem by showing that each row with the given
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permutation doesn't generate a common intermediate node from 
all lower rows with the given permutations.

Let's consider row 0 and all lower rows with the given 
permutations.

Suppose there is a common intermediate node from row 0 and all 
lower rows with the given permutations.

Since row 0 starts with aQ, a0 must be included in the node 
numbers of the common intermediate node.

Since a^, always appears before a0 in the all lower rows with 
the given permutations, a|c.1 must be included in the node 
numbers of the common intermediate node.

Since row 0 ends with ak.1f ak_,, can not be included in the node 
numbers of the common intermediate node.

This is a contradiction. Thus, there is no common intermediate 
node from row 0 and any one of lower rows with the given 
permutations.

Let's consider row i and all lower rows, say row j , with the 
given permutations, where 1 < i < k-1 and i < j < k-l.



Suppose there is a common intermediate node from row i and row 
j, where i < j < k-1, with the given permutations.

Since row i starts with a,, a. must be included in the node 
numbers of the common intermediate node.

Since a0 always appears before a{ in row j with the given 
permutations, a0 must be included in the node numbers of the 
common intermediate node.

The column number of a0 at every row is (k-i) mod k. This 
number also says what numbers appear before a0. For row i,
numbers, aif aj+1, ai+2, , , ak..,, appear before aQ.

Since aQ is included in the node numbers of the common
intermediate node, a? through a|(.1 in row i must be included.

Since row j ends with one of numbers, a. through ak.,,, it is 
impossible that row j has the common intermediate node with 
row i.

This completes the proof.
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From this theorem, the number of different PGM's derived from 
a k x k SPGM is

2
k-17T
i=2

(k - i) i

example) For n = 6, k = n and Nk = { 0 ,  1, 2, 3, 4, 5)

Selected Sequence is 0, l, 2, 3, 4, 5.

SPGM =

0
1
2
3
4
5

3 4 5 0
 4__5 0 1
5 0 1_2

5
0
1
2
3
4

PGM's can be obtained by permuting the underlined parts. 
One of them and Routing Matrix are shown below.
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PGM =

0

1
2
3
4
5

5 3 4 0
5__ 4 0 1
5 0 2_1

5
0
1
2
3
4

(0) (0,2) (0,2,3) (0,2,3,4) (0,2,3,4,1) (0,2,3,4,1,5)
(1) (1,5) (1,5,4) (1,5,4,3) (1,5,4,3,2) (1,5,4,3,2,0)
(2) (2,5) (2,5,3) (2,5,3,4) (2,5,3,4,0) (2,5,3,4,0,1)
(3) (3,5) (3,5,4) (3,5,4,0) (3,5,4,0,1) (3,5,4,0,1,2)
(4) (4,5) (4,5,0) (4,5,0,2) (4,5,0,2,1) (4,5,0,2,1,3)
(5) (5,0) (5,0,3) (5,0,3,1) (5,0,3,1,2) (5,0,3,1,2,4)

In this example, [4i*3!-2!]2 or 82944 different PGM's can be 
derived.

Since a SPGM can start with any row from the algorithm of the 
SPGM construction, row 0 and row k-1 are considered being 
adjacent. Therefore the matrix with the permutations of the 
underlined parts in the following matrix is also a PGM.
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0 JL__2 3 4 5
1 2 3 4__5 0

SPGM = 2 3 4 5 0 1
3 4 5 0 1 2
4 5 0 1 2 3
5 0 1 2 3 4

example) for n = 10, k = n and

0 1 2 3 4 5 6 7 8  9
1 2 3 4 5 6 7 8 9  0
2 3 4 5 6 7 8 9 0 1
3 4 5 6 7 8 9 0 1 2
4 5 6 7 8 9 0 1__2 3
5 6 7 8 9 0 1 2 3 4
6 7 8 9 0 1 2 3 4 5
7 8_9 0 1 2 3 4 5 6
8 9 0 1 2 3 4 5 6 7
9 0 1 2 3 4 5 6 7 8

HO to 3,4 / 8 ,6,7 ,8 ,9}

0 1 2 3 4 5 6 7 8 9
1 2 3 4 5 6 7 8 9 0

2 3 4 5 6 7 8 9 0 1

3 4 5 6 7 8 9 0 1 2

4 5 6 7 8 9 0 1 2 3
5 6 7 8 9 0 1 2 3 4
6 7 8 9 0 1 2 3 4 5
7 8 9 0 1 2 3 4 5 6
8 9 0 1 2 3 4 5 6 7
9 0 1 2 3 4 5 6 7 8
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0 1 2 3 4 5 6 7 8 9
1 2 3 4 5 6 7 8 9 0
2 3 4 5 6 7 8 9 0 1
3 4 5 6 7 8 9 0 1 2
4 5 6 7 8 9 0 1 2 3
5 6 7 8 9 0 1 2 3 4
6 7 8 9 0 1 2 3 4 5
7 8 9 0 1 2 3 4 5 6
8 9 0 1 2 3 4 5 6 7
9 0 1 2 3 4 5 6 7 8

0 1 2 3 4 5 6 7 8 9
1 2 3 4 5 6 7 8 9 0
2 3 4 5 6 7 8 9 0 1
3 4 5 6 7 8 9 0 1 2
4 5 6 7 8 9 0 1 2 3
5 6 7 8 9 0 1 2 3 4
6 7 8 9 0 1 2 3 4 5
7 8 9 0 1 2 3 4 5 6
8 9 0 1 2 3 4 5 6 7
9 0 1 2 3 4 5 6 7 8

This theorem can be restated as follows.

From a SPGM for k-subcube, a k x k matrix with any 
permutations of partitions which are partitioned by column 0, 
column k-1 and aj's at each row is a PGM.

So far we have considered SPGM's and a PGM's obtained from a 
SPGM. Now we examine whether a SPGM and a RM obtained from the 
SPGM can have every node as an intermediate node for k node 
disjoint paths of length k in k-subcube.

We take a sequence 0,1,2,3,4 for n = 5 and k = n as an 
example.
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SPGM

RM

0 1 2 3 4
1 2 3 4 0
2 3 4 0 1
3 4 0 1 2
4 0 1 2  3

(0) (0,1) (0,1,2) (0,1,2,3) (0,1,2,3,4)
(1) (1,2) (1,2,3) (1,2,3,4) (1,2,3,4,0)
(2) (2,3) (2,3,4) (2,3,4,0) (2,3,4,0,1)
(3) (3,4) (3,4,0) (3,4,0,1) (3,4,0,1,2)
(4) (4,0) (4,0,1) (4,0,1,2) (4,0,1,2,3)

In a Routing Matrix derived from a SPGM, only the nodes whose 
node numbers are adjacent in the selected sequence are used 
for node disjoint paths. In other words, the nodes whose node 
numbers are not adjacent in the selected sequence are never 
used for node disjoint paths.

example) For the above example, (0,2,3) is never used because 
node numbers 0,2 and 3 are not adjacent in the selected 
sequence.

We take a Routing Matrix derived from a SPGM by Lemma 3 as 
another example.
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RM

0 2 3 4 1 5
1 5 4 3 2 0

M 2 5 3 4 0 1
3 5 4 0 1 2
4 5 0 1 2 3
5 0 1 2 3 4

(0) (0,2) (0,2,3) (0,2,3 4) (0,2,3,4,1) (0,2,3,4,1,5)
(1) (1/5) (1,5,4) (1,5,4 3) (1,5,4,3,2) (1,5,4,3,2,0)
(2) (2,5) (2,5,3) (2,5,3 -4) (2,5,3,4,0) (2,5,3,4,0,1)
(3) (3 /5) (3,5,4) (3,5,4 -0) (3,5,4,0,1) (3,5,4,0,1,2)
(4) (4,5) (4,5,0) (4,5,0 1) (4,5,0,1,2) (4,5,0,1,2,3)
(5) (5,0) (5,0,1) (5,0,1 2) (5,0,1,2,3) (5,0,1,2,3,4)

Some nodes can not be used in any PGM's derived from Lemma 2, 
For example node (0,2, can not appear in any paths.

Theorem 3.3 Let M be a k x k PGM which is derived from a k 
x k SPGM with

P e r m 0 .1 ,k - 2

Permi<k.i+1 k_2, for all i where 1 < i < k-1.

y



77
i) Every node in the k-subcube except the source and 

the destination nodes can be used by PGM.

ii) Given PGM, every node in the k-subcube except the 
source and the destination nodes can appear in one 
path only.

Proof) We prove this theorem by showing that the node 
numbers of an arbitrary node except the source and the 
destination can appear at only one row of the Routing Matrix 
derived from M.

Since all k entries at column 0 of M are distinct, all k nodes 
of weight 1 appear at the row where node number is same as the 
entry at column 0.

Since all k entries at column k-1 of M are distinct, all nodes 
of weight k-1 are distinct and appear in only one row.

Now we consider an arbitrary node whose weight is greater than 
1 and smaller than k-1.
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M

a k-2 a k-1

3

a,
k-1

ak-1 a0 a k-3 a k-2

All nodes can be divided into three groups.
i) a group of nodes where a0 is not included in

their node numbers.
ii) a group of nodes where a0 is included and ak_., 

is not included in their node numbers.
iii) a group of nodes where a0 is included and ak.1 

is included in their node numbers.

We show that a node in each group can appear at only one row 
of M.

Let (b1( b2, b3 . . . bq) represent an arbitrary node u, where
2 < q < k-2 and bj appears before bj+1 in the row 0 of the
original SPGM.



79
i) A node, u, in the group where aQ is not included in their 
node numbers appears at one row of M only.

Since row 0 starts with aQ and aQ is not included in the node 
numbers of u, node u cannot come from row 0.

Rows which start with bf, 1 < i < q, are candidates so that
node u can appear in the node disjoint paths.

We declare that node u appears at the row which starts with
b.,, the leftmost node number of the node u..

Suppose node u appears at the row starting with bm where there
exists bn such that n < m.

aQ divides all entries in row i of M, 1 < i < k-1, into two 
sets, Sj t and Sj r, where Sj t contains all node numbers 
appearing before aQ and Sj r contains all node numbers 
appearing after aQ.

For row starting with bm which is same as at, S{ t contains ac
through ak.1 and S{ r contains a1 through at,1.

Since n < m, bn must be included in Sj r.

Since bn must be included in the node numbers of node u and aQ
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must appear before bn in row starting with bm, a0 must be 
included in the node numbers of node u.

This is a contradiction. This completes the proof of i).

ii) A node, u, in the group where a0 is included and a|c.1 is 
not included in their node numbers appears at one row of M 
only.

We declare that these nodes appear at row 0.

Since row 0 ends with ak.1 and begins with a0, a0 must be 
included and ak.1 must not included in the node numbers of node 
u.

Thus, the node, u, can come from row 0 with the given 
permutation.

Now we show that a node with the given condition can not come 
from row j, where 1 < j < k-1 .

From the construction of the matrix and the given 
permutations, a^, must appear before a0 for row j, 1 < j < k- 
1 .
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Thus, if a0 is included in the node numbers of node u, then ak_ 
t must be included.

This shows that a node with the given condition can not come 
from row j, where 1 < j < k-1 .

This completes the proof of ii).

iii) Nodes in the group where a0 is included ak_,, is also 
included in their node numbers appears at one row of M only.

a|c.1 cannot be included in the number of intermediate nodes 
which appears in the row 0 , because row 0 ends with ak.r

aQ cannot be included in the number of intermediate nodes 
which appears in the row 1 , because row 1 ends with a0.

Now, we show that a node u with the given condition can come 
from only one row i, where 2 < i < k-1 .

All node numbers of node u can be divided into two sets, u
' a

and ub, where ua contains a„ and the node numbers whose 
subscripts of a are decreasingly consecutive from k- 1  and ub 
contains the rest of the node numbers.
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example) for n = 10 and k = n
u  =  ( ® o / a l ' a 3' a 6' a 8 / a 9 J

u a =   ̂ a 0' a 9' a 8 J 

Ub = { a,, a3/ a6 )

u — ( ap, a,, a3, ab,â , ap, a9 )
U a =  t a 0' a 9' a 8' a 7' a 6 J

Ub = < al» a3 >

U =  ( 3 g , a9 )
u a =  < a 0' a 9 >

Ub = { }

From the construction of a SPGM and the given permutation, a-, 
af+1, . . . , ak.1 always appear before a0 and a,,, a2, . . . â.,, 
always appear after a0 at row i, where 2 < i < k-1 .

All entries at row i of M, 2 < i < k-1, can be divided into 
two groups, S',-̂  and S'j p, where S'j t contains aQ and all 
entries appearing before ap and S 1,. r contains the rest of 
entries appearing after a0 with the given permutations.

From the construction of a SPGM and the given permutations, 
there is only one row where S'. t = ua and 2 < i < k-1.
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We have to show that node u can come from row i where S', t = 
ua and node u can't come from row j where S ,Jl 7* ua , 2 < i,j 
< k-1 .

First we show that a node u can come from row i where S', . = 
ua and 2 < i < k-1 .

Let's examine row i where S', . = u„ and 2 < i < k-1.1 , 1  a

Node numbers of node u consist of two sets, u and uw.' a  d

Since row i ends with a,.,, all intermediate nodes from row i 
cannot have node number aM .

Since ug = S'f t, a,..., is not included in node numbers of node 
u from the construction of the set ua

Thus, ub is a subset of S't p - a,...,.

The given permutation Perm,. k_i+1 k.2 represents the permutation 
with elements of the set S't r - aM .

By the given permutation Permi^.,-*^^# all elements of ub can 
appear before all other elements in S'. p -

Since all elements of ua and ub represent the node numbers of
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the node u, the node u can be derived from row i as an 
intermediate node.

We also show that a node u can not come from row i where S '4 , 
t* ua and 2 < i < k-1 .

We show this in two different cases.
1) A node u can't come from row j, where S'. , u and

J i * 8

2 < j < i-i.
2) A node u can't come from row j', where S'j, t f u8 

and i+ 1  < j' < k-1 .

1) All elements of S'.. must appear in the node numbers of 
any intermediate node with the given permutation because a0 
must be included.

Since | S'j t | > I ua |, there must be at least one number
which is not the node number of node u from the construction 
of S', , and u„.j , i  a

Therefore, node u can't come from row j, where S'j t 5* ua and 
2 < j < i-1 .

2) Each row j', where S'j, t f ua and i+1 < j' < k-1, ends
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with one of aj# aj+1, . . , ak_2.

In other words, row j', i+1 < j' < k-1, can not produce an
intermediate node whose node numbers include a{, ai+1, , , ak_2 

because each row ends with one of them.

But a,, a.+1, , , ak_2 must be included in the node numbers of
node u from the construction of ua.

This is a contradiction.

Thus, node u can't come from row j 1, where S'j, t ^ ua and i+1 
< j' < k-1 .

This completes the proof of iii).
I

example) From the following matrix with permutation of the 
underlined parts, We show that any node can be derived from 
only one row, where n = 1 0  and k = n.
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1 2  3 4
1 2 3 4 5 6 7 8 9 0

2 3 4 5 6 7 8 9 0 1

3 4 5 6 7 8 9 0 1 2

4 5 6 7 8 9 0 1 2 3
5 6 7 8 9 0 1 2 3 4
6 7 8 9 0 1 2 3 4 5
7 8 9 0 1 2 3 4 5 6

8 9 0 1 2 3 4 5 6 7
9 0 1 2 3 4 5 6 7 8

(0,9) is from row 9.
(3,8) is from row 3.
(0,4,7,8 ) is from row 0.
(2,4,6 ,8 ,9) is from row 2. 
(0,3,6 ,7,8 ,9) is from row 6 . 
(0,1,2,3,4,9) is from row 9,

Although we change the permutation areas, every node can also 
come from only one row.

(0,9) is from row 9.
(3,8) is from row 8 .
(0,4,7,8 ) is from row 4.
(2,4,6 ,8 ,9) is from row 4. 
(0 ,3,6 ,7,8 ,9) is from row 6 . 
(0,1,2,3,4,9) is from row 9.

0 1 2 3 4 5 6 7 8 9
1 2 3 4 5 6 7 8 9 0

2 3 4 5 6 7 8 9 0 1

3 4 5 6 7 8 9 0 1 2

4 5 6 7 8 9 0 1 2 3
5 6 7 8 9 0 1 2 3 4
6 7 8 9 0 1 2 3 4 5
7 8 9 0 1 2 3 4 5 6

8 9 0 1 2 3 4 5 6 7
9 0 1 2 3 4 5 6 7 8
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So far we have studied how to derive PGM's from a SPGM with 
proper permutations. These PGM's can be used for fault 
tolerant node disjoint routing in an injured hypercube.

Again, one property of a hypercube is that there are k 
different paths of length k between two arbitrary nodes of 
Hamming distance k. Thus, there are two different paths,p1 and 
p2, of length two between two arbitrary nodes,u and v, where 
they are not in the same stage and their Hamming distance is 
two. Since the length of the paths is two, there is only one 
intermediate node between u and v. Let's say that p1 and p2 

visit intermediate nodes x and y respectively.

example) For five dimensional hypercube, there are two paths 
of length 2 between 0 0 1 1 0  and 0 1 1 1 1 .

u = 0 0 1 1 0

v = 0 1 1 1 1

p, 0 0 1 1 0  - 0 0 1 1 1  - 0 1 1 1 1

P2 00110 - OHIO - 01111

These two paths, p1 and p2, cannot be used at same time in node 
disjoint routing between 0 0 0 0 0  and 1 1 1 1 1  because nodes u and 
v are common for p1 and p2. But one path can replace the other 
in case of the injury that either x or y is injured. Clearly, 
if both x and y are injured, there is no path of length two



88
between u and v. This property can be used in fault tolerant 
node disjoint routing in an injured hypercube. We study how
this property can be shown in a PGM which is derived from a
SPGM. Let's take the previous example again with different 
notation.

u = (1 /2 )
v = (0 /1 ,2 ,3)

P, (1/2) - (0,1,2) - (0,1,2,3)
p2 (1,2) - (1,2,3) - (0,1,2,3)

Nodes. (0,1,2) and (1,2,3) are intermediate for p, and p2 
respectively. Suppose there is a row (1 2 0 3 4) of a SPGM for 
five dimensional hypercube, the row (12 0 3 4) generates one 
node disjoint path, () - (1) - (1,2) - (1,2,0) - (1,2,0,3) - 
(1,2,0,3,4). p, appears in this path because (1,2,0) and 
(0,1,2) represent the same node 00111 and (0.,1,2,3) and 
(1,2,0,3) represent the same node 01111. Suppose node (0,1,2) 
is injured. Then p, can be replaced with p2. Thus, new path is
() - (1) - (1,2) - (1,2,3) - (1,2,0,3) - (1,2,0,3,4). This
path can be generated by a row (12 3 04) of a PGM. Now let's
compare the two rows.

rowl (1 2 0_3 4)
row2 (1 2_3_0 4)
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Row2 can be obtained by swapping the underlined part of rowl. 
As discussed so far, replacement for injured nodes can be 
examined by swapping two adjacent entries in a row of a SPGM 
with a certain restriction. Without any restriction, a swap 
does not guarantee the node disjoint routing. See fig. 3-4. In 
fig. 3-4, node 10011 can replace three paths.

This restriction has been shown in theorem 3.2. The given 
permutations can be achieved with a series of swaps of two 
adjacent elements of the row. Suppose a SPGM has a row (0 1 2 
3 4 5 6 ) with a permutation of underlined part in seven 
dimensional hypercube. ( 0 2 4 1 5 3 6 )  can be obtained by a 
certain number of swaps (indicated below by the underlined)
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and it is shown that each swap represents a replacement.

(0 1 2 3 4 5 6 ) no replacement
(0 2 1 3 4 5 6 ) (0,1) has been replaced with (0,2).
(0 2 1 4 3 5 6 ) (0,2,1,3) has been replaced with

(0,2,1,4).
( 0 2 4 1  3 5 6 ) (0,2,1) has been replaced with (0,2,4).
(0 2 4 1 5 3 6 ) (0,2,4,1,3). has been replaced with

(0,2,4,1,5).

Furthermore, with this method, theorem 3.3 guarantees that a 
node substituting another injured node never appears in other 
paths. This algorithm gives much more flexibility than the 
simple construction of a SPGM discussed in section B.

Suppose nodes (0,1), (0,2) and (0,3) are injured in five
dimensional hypercube. In this case, it is impossible to 
select a proper sequence with numbers 0,1,2,3 and 4 where the 
node numbers of injured nodes are not adjacent. Thus, we 
cannot produce five node disjoint paths with the SPGM 
algorithm. But we can have five node disjoint paths by 
modifying a SPGM with proper permutations as follows.

First of all, we select a sequence of the elements of Nk 
avoiding the adjacency of node numbers of injured nodes as 
much as possible.
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Selected sequence is 0, 4, 2, 3, 1.

SPGM

RM

3 2

0 4 2 3 1
4 2 3 1 0
2 3 1 0  4
3 1 0 4 2
1 0 4 2 3

(0 ) (0,4) (0,4,2) (0,4,2,3) (0,4,2,3,1)
(4) (4,2) (4,2,3) (4,2,3,1) (4,2,3,4,0)
(2 ) (2,3) (2,3,1) (2 ,3,1 ,0 ) (2 ,3,1 ,0 ,4)
(3) (3,1) (3,1,0) (3,1,0,4) (3,1,0,1,2)
(1 ) -CUP.) (1,0,4) (1 ,0 ,4,2 ) (1 ,0 ,4,2 ,3)

In this Routing Matrix, injured node (0,1) still appears. But 
we can avoid this injured node by swapping these two 
underlined numbers in the previous SPGM.

0 4 2 3 1
4 2 3 1 0

SPGM = 2 3 1 0  4
3 1 0  4 2
1 4_0 2 3
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RM

(0 ) (0,4) (0,4,2) (0,4,2,3) (0,4,2,3,1)
(4) (4,2) (4,2,3) (4,2,3,1) (4,2,3,4,0)
(2 ) (2,3) (2,3,1) (2 ,3,1 ,0 ) (2 ,3,1 ,0 ,4)
(3) (3,1) (3,1,0) (3,1,0,4) (3,1,0,1,2)
(1 ) (1,4) (1,4,0) (1,4,0,2) (1,4,0,2,3)

In this Routing Matrix, injured node (0,1) doesn't appears. 
Now we have five node disjoint paths in the presence of three 
injured nodes. We studied how to avoid an injured edge in 
section B using SPGM. PGM's derived from a SPGM also can be 
used for an edge injured hypercube with much more flexibility.

In section B, we studied the injured edge and how to avoid the 
condition of injured edges using SPGM method. With the PGM 
derived from a SPGM, different edges used in node disjoint 
paths also can be selected by using different permutations. 
Therefore, we can use the PGM derived from a SPGM for fault 
tolerant routing for the node disjoint paths of length k in k- 
subcube in the presence of node and/or edge injury. Steps for 
fault tolerant routing in k-subcube are shown below.
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Select a proper sequence of the elements of Nk to 
avoid all injury conditions as much as possible.

Construct a SPGM with the selected sequence.

Construct a PGM with the given permutation, shown in 
theorem 3.2, avoiding additional injury condition.
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IV. Fault Tolerant Routing for the paths of length k+2.

In chapter III, we studied fault tolerant routing methods 
for the node disjoint paths of length k between two arbitrary 
nodes of Hamming distance k in n-cube using k x k PGM's. In 
this chapter, we study a fault tolerant routing method for the 
paths of length k+2 between two arbitrary nodes of Hamming 
distance k in n-cube using (n-k) x (k+2) PGM's. We already 
know that in addition to the k paths of length k, there are n- 
k node disjoint paths of length k+ 2  between two arbitrary 
nodes of Hamming distance k in n-cube. In this chapter, we 
also introduce a method to generate n-k node disjoint paths of 
length k+ 2  and show how this method can be used for fault 
tolerant_routing for the paths of length k+2. In this chapter, 
by the paths we mean the node disjoint paths of length k+ 2  
unless otherwise mentioned.

Recall the following definition.
Definition^ Nk and Nk+2 represent the sets of bit position

numbers where the binary value of A © B is 1 
and 0 respectively.

example) for n = 1 0

A = 0 0 0 0 0 0 0 0 0 0  
B = 0 1 1 1 1 0 0 1 0 1
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A © B = 0 1 1 1 1 0 0 1 0 1  

bit position 9 8 7 6 5 4 3 2 1 0

Nk = { 0, 2/ 5, 6 , 7, 8 }
Nk+2 - { 1, 3f 4, 9 )

For node disjoint paths of length k+2 out of k-subcube, we 
need the elements of Nk and Nk+2. For the routing algorithm for 
the paths of length k+2 , , we introduce another different
notation for the address of a node in a hypercube.

Definition) [ a1# a2, a3, , , , aq ] ,where 0 < g and 0 <
a{ < n-1 , is defined as the address of the node 
where the value of bit position a. is 
complemented with respect to the source node..

The position number of the least significant bit is 0.
The position number of the most significant bit is n-1.

example) For ten dimensional hypercube, assume that the 
address of the source node is 0 0 0 0 0 0 0 0 0 0 .

Node 0011001101 is denoted by [0,2,3,6 ,7].
Node 0001010101 is denoted by [0,2,4,6 ].
Node 0000000011 is denoted by [0,1] or [0,1,0,1,0,1]
Node 0000000000 is denoted by [], [1,1] or [1,1,2,2,6 ,6 ].
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Node llllllllll is denoted by [0,1,2,3,4,5,6,7,8,93.

We also call the numbers a, through aq node numbers. This 
notation has the following properties.

propertyl) The address of any node can have more than
n node numbers.

property2) All node numbers of a node need not be
distinct.

property3) A node can be denoted by any permutation
of node numbers of the node.

example) (1 ,1 ,0 ), (1 ,0 ,1 ) and (0 ,1 ,1 )
represent the same node 0 0 0 0 0 0 0 0 0 1 .

example) For 10-cube, we are looking for ten node disjoint 
paths between two nodes, 0 0 0 0 0 0 0 0 0 0  and 0 1 0 0 1 0 0 1 1 0 .

Since Hamming distance of the two nodes is four, there 
are four node disjoint paths of length four and six additional 
node disjoint paths of length six. We can generate node 
disjoint paths of length four by using a SPGM or a PGM derived 
from a SPGM. Now we show a 6 x 6 matrix as an example.



97

[0 ] [0,5] [0 ,5/8] [0,5,8,1] [0,5,8,1,2] [0,5,8 ,1,2,0]
[3] [3/1] [3/ 1 /2 ] [3,1,2,5] [3/1,2,5,8 ] [3,1,2,5,8 ,3]
[4] [4/8] [4/,8/5] [4,8/5,2] [4,8 ,5,2,1] [4,8 ,5,2,1,4]
[6 ] [6 ,2 ] [6 ,,2,5] [6 ,2 ,5,8] [6 ,2 ,5,8,1] [6 ,2 ,5,8 ,1 ,6 ]
[7] [7/1] [7/,1 8 ] [7,1,8 ,2] [7,1,8,2,5] [7,1,8,2,5,7]
[9] [9/5] [9,,5,2] [9,5,2,8] [9/5,2,8,1] [9,5,2,8 ,1,9]

The above matrix is a KM because it satisfies all conditions 
for a RM. Now, we show how to construct (n-k) x (k+2) routing 
matrix for the node disjoint paths of length k+ 2  between two 
nodes of Hamming distance k in n-cube.

Let Sk and Sk+2 represent the sets of the node disjoint 
paths of length k and k+ 2  between two arbitrary nodes of 
Hamming distance k in n-cube.

Theorem 4.1 Let A and B be two arbitrary node of H(A,B) =
k in n-cube. Let W(A) = 0 and W(B) = k. Then 
the first intermediate nodes of the paths in Sk 
and Sk+2 must be the nodes of weight one in 
SQ(A,B) and out of SQ(A,B) respectively.

proof) It is previously defined that Nk and Nk+2 represent 
the sets of bit position numbers where the binary value of A®B 
is 1 and 0 respectively.
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If a path in Sk uses a node of weight one out of SQ(A,B) 
meaning that bit position in one of Nk+2 is complemented, this 
bit position must be complemented again later.

The reason is following.

Because the values of the positions in Nk+2 are same in nodes 
A and B, we need even number of uses of elements of Nk+2 in 
order to have the same value in the positions.

Therefore, once an element of Nk+2 is used, this element must 
be used at least once more.

Since the addresses of two nodes A and B are different in the 
positions of Nk, the values of the positions indicated by the 
elements in Nk must be used at least one time.

As a result, the path in Sk starting with a node out of 
SQ(A,B) must be of length k+2. This is a contradiction.

This completes the proof of the theorem.
I

Theorem 4.2 A path in Sk+2 must start and end by 
complementing the value of the bit position pointed by an 
element of Nk+2.
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proof) From the theorem 4.1, it has been proved that a path 
in Sk+2 must start by complementing the value of the bit 
position pointed by an element i of Nk+2.

We have to show that a path in Sk+2 must end by complementing 
the value of the bit position pointed by the same element i of 
Nk+2.

Suppose that complementing the value of the bit position 
pointed by the same element i of Nk+2 occurs not in the end.

In chapter III, it has been shown that all the nodes 
represented by any n-1 distinct elements of Nk are used by all 
paths in Sk.

Therefore, if a path in Sk+2 starts and doesn't end by 
complementing the value of the bit position pointed by an 
element of Nk+2, the path and one of the path in Sk must have 
at least common intermediate node which breaks the existence 
of n node disjoint paths.

This completes the proof of the theorem.
I



example) For 10-cube, consider ten node disjoint paths between 
two nodes [] and [1 ,2 ,5,8 ].

One of node disjoint paths of length six is

[]-[3]-[3,l]-[3,l,2]-[3,l,2,5]-[3,l,2,5,8]-[3,l,2,5,8,3].

In this path, the bit position 3 has been complemented at the 
first and last. Bit position 3 is an element of Nk+2. From the 
discussion in chapter III, four nodes [1,2,5], [1,2,8],
[1.5.8] and [2,5,8] must be used as the last intermediate 
nodes for four node disjoint paths of length four in Sk in 
this example. Let's complement the bit position not in the end 
then the result is shown below.

[]-[3]-[3,l]-[3,l,3]-[3,l,3,5]-[3,l,3,5,8]-[3,l,3,5,8,2] 
Clearly, this path is of length six. But let's take look at 
the last intermediate node [3,1,3,5,8 ], This node represents 
the same node [1,5,8] which is the last intermediate node for 
one of the node disjoint paths of length four. Since node
[1.5.8] is common for two paths, can not have ten node 
disjoint paths in this way. *

With the result of the theorem 4.2, we have the following 
theorem.
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Theorem 4.3 Let Nk = { a„, a,, a2, , , a^, }

and Nk+2 = { ak, ®k+2* f * a n - i

Let M be a (n-k) x (k+2) matrix.

a k a o a 1 — a k

a k+1 a o a 1 a k+1

a k+2

•

a o

•

a . a k+2

•

• • •

• • •

a n-1 a o a ! --------- a n-1

The matrix with Perm,. k, for all i where 0 < i < n-k-1, is a 
PGM of the node disjoint paths of length k+2.

proof) We can prove by showing that the matrix with the 
given permutations generates a Routing Matrix for n-k node 
disjoint paths of length k+ 2  where all intermediate nodes are 
distinct.

From the theorem 4.2, if all the complements for all paths in 
Sk+2 occur for the first and last intermediate nodes, there is 
no common intermediate nodes with all node disjoint path of 
length k except the source and destination nodes.

The same algorithm is applied to construct a routing matrix
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from a PGM, as discussed in chapter III.

Since each entry in the column 0 are distinct and never appear 
in other rows, it must be contained in the node numbers in all 
intermediate nodes for each row.

Therefore, all the entries of the constructed routing matrix 
must be distinct with the given permutations except the 
entries in the last column which represent the destination 
node.

This completes the proof of the theorem.

From this method, ( kl )n'k different sets of Sk+2.

example) For 1 0 -cube, we are looking for six node disjoint 
paths of length six between 0 0 0 0 0 0 0 0 0 0  and 0 1 0 0 1 0 0 1 1 0 . 

A = 0 0 0 0 0 0 0 0 0 0  
B = 0 1 0 0 1 0 0 1 1 0

A 0 B = O 1 O O 1 O O 1 1 O  
bit position 9 8 7 6 5 4 3 2 1 0  

Nk = { 1, 2, 5, 8 }
Nk+Z = { 0 , 3, 4, 6 , 7, 9 }
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We can construct a PGM and a RM with Nk and Nk+2.

0 1 2 5 8 0

3 1 2 5 8 3
4 1 2 5 8 4
6 1 2 5 8 6

7 1 2 5 8 7
9 1 2 5 8 9

From the theorem 4.3, we can make different PGM's with the 
permutations of underlined parts. One of them is shown below.

0 5 8 1 2 0

3 1 2 5 8 3
4 8 5 2 1 4
6 2 5 8 1 6

7 1 8 2 5 7
9 5 2 8 1 9

From this PGM, we have the following routing matrix which is 
shown in the beginning of this chapter.
RM

[0 ] [0,5] [0,5,8] [0,5,8,1] [0,5,8 ,1,2] [0,5,8 ,1,2,0]
[3] [3,1] [3,1,2] [3,1,2,5] [3,1,2,5,8 ] [3,1,2,5,8 ,3]
[4] [4,8] [4,8,5] [4,8 ,5,2] [4,8 ,5,2,1] [4,8 ,5,2,1,4]
[6 ] [6 ,2 ] [6,2,5] [6 ,2 ,5,8 ] [6 ,2 ,5,8 ,1 ] [6 ,2 ,5,8 ,1 ,6 ]
[7] [7,1] [7,1 8 ] [7,1,8,2] [7,1,8,2,5] [7,1,8,2,5,7]
[9] [9,5] [9,5,2] [9,5,2,8] [9,5,2,8,1] [9,5,2,8 ,1,9]
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In this example, the number of different PGM’s is (41 )6 or 246.

Definition Ac>i is defined as the address of a node whose
bit value pointed by position i is the 
complement of node A all others are same.

example) Let A = 00000 in 5-cube.
Then A„n is 0001 and A„,is 01000. c,0 c,3

Theorem 4.4 The method mentioned in theorem 4.3 generates
all possible sets of Sk+2.

proof) Consider the a path of length k between two 
arbitrary node of Hamming distance k in k-subcube.

Suppose that the source node A has the address of k 0's and 
the destination node B has the address of k l1s.

The number of different path of length k between two nodes A 
and B is k!, because it is same as the number of different 
orders in which complement of each position of the address of 
source node

From the theorem 4.2, a path in Sk+2 must start and end by 
complementing the value of the bit position pointed by an



element of Nk+2.

As a result, every path of length k+2 must contain two 
intermediate nodes, Acj and Bc i, where i e Nk+2.

Then, the Hamming distance between two nodes Ac . and Bc . is k.

Now, consider the path of length k between Ac and Bc ..

As mentioned before, there are k! different ways in order to 
have a path of length k between A„* and B„C, I C,1

And this is true for all elements in Nk+2.

therefore, the method mentioned in theorem 4.3 generates all 
possible sets of Sk+2.

The result of theorem 4.3 and 4.4 is used for fault tolerant 
node disjoint routing for Sk+2 in the same fashion as the PGM 
derived from a SPGM discussed in chapter III. Since 
rearrangements of the entries of (n-k) x (k+2) PGM under the 
given restriction change the selections of nodes and edges, we
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can check all possible ways to avoid all injuries.

Notice that the method discussed in theorem 4.3 can generate
all possible sets of Sk+2. But the method derived a SPGM in* 4chapter III does not generate all possible PGM*s.

example) For n = 5 and k = n, Nk = { 0, 1, 2, 3, 4 }
Consider the following PGM.

0 1 4  2 3
1 2 0 3 4

PGM = 2 3 1 4  0
3 4 2 0 1
4 0 3 1 2

This PGM generates five node disjoint paths of length five, 
can not be derived from any SPGM.

Finally, we take an example to generate ten node disjoint 
paths in 10-cube between two nodes 0000000000 and 0100100110 
by showing two PGM with allowed permutation areas. PGM1 is for 
Sk and PGM2 is for Sk+2.
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PGM1 =
1 2 5 8

2 5 8 1

5 8 1 2

8 1 2 5

PGM2 =

0 1 2 5 8 0

3 1 2 5 8 3
4 1 2 5 8 4
6 1 2 5 8 6

7 1 2 5 8 7
9 1 2 5 8 9
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In n-cube, there are 2n. nodes. But some of them are 
actually used, others are possibly used and the others are 
never used according to the Hamming distance of the source and 
destination nodes. In this chapter, we discuss how many nodes 
of n-cube are actually, possibly and never used for Sk and
S k+2*

Since there are k node disjoint paths of length k, there 
are k-1 intermediate nodes in each path of length k. Likewise, 
since there are n-k node disjoint paths of length k+2 , there 
are k- 1 intermediate nodes for each path of length k+2 . 
Therefore, the number of the actually used nodes is

(n-k)•(k+1 ) + k-(k-l) + 2 

= n * k - k 2 + n -  k + k2 - k + 2  

n-k + n - 2 - k + 2  

n- (k+1 ) - 2 * (k-1 ).

Let's consider two nodes A and B of H(A,B) = k. From the 
discussion of chapter III, all nodes in SQ(A,B) are possibly 
used for one of node disjoint paths of k. And from the 
discussion of chapter IV, all nodes in SQ(Ac -,Bci) for all i, 
where i e Nk+2, are possibly used for one of node disjoint 
paths of length k+2. There are 2k node in SQ(A,B). Since
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H(Ac<J/Bc<j) for all i, where i e Nk+2, is k, there are also 2k 
nodes in SQ(Aci, Bc>j) for all i, where i e Nk+2. Therefore, the 
number of possibly used nodes for Sk and Sk+2 is

2 k* (n-k+1 ) .

Since there are 2n nodes in n-cube, the number of never 
used nodes for two arbitrary nodes of Hamming distance k is

2" - 2 k* (n-k+1 ) .

Theorem 5.1 Let Hamming distance of two nodes A and B be k.
A node is never used for Sk or Sk+2 if and only 
if the address of a node contains at least two 
elements of Nk+2, where every node in n-cube is 
represented by distinct node numbers except the 
source and destination nodes.

Proof) Since the paths of Sk consist of only the nodes
inside SQ(A,B), all intermediate nodes used for Sk must have 
no element of Nk+2.

I
Since the paths of Sk+2 consist of only the nodes inside 
SQ(ACfj,Bc ,) for all i, where i e Nk+2, all intermediate nodes 
used for Sk+2 must have only one element of N^.

If a node is never used, it has at least two elements of Nk+2.
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Next, suppose a node X has x distinct elements of Nk+2, where 
x > 2 .

Let's find the shortest path from the source to destination 
including the node X.

The source is k bit different from the destination indicated 
by the elements of Nk.

The values indicated by the elements of Nk+2 are same in the 
addresses of the source and destination.

In order to have the node X in the shortest path, the value of
each position indicated the elements of Nk+2 must be
complemented two times.

Therefore, 2*x complements are needed in addition to k 
complements for the shortest path, which produce the shortest 
path of length k + 2 -x.

Since x > 2 from the assumption, the shortest path including 
the node X must be at least k+4.

Therefore the node X cannot be used for Sk or Sk+2.
I
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We show how many nodes are actually, possibly and never used 
for n = 5,10 and 20 according to the Hamming distance as 
follows.

Notice that if k = n or n-1, all the nodes in n-cube are 
possibly used for Sk or Sk+2. Also notice that if k = 1, the 
numbers of actually used and possibly used nodes are same.

Table 5-1 for n = 5

k
# of nodes 
actually used for n paths

# of nodes 
possibly used 
for n paths

# of nodes 
never used 
for n paths

# of node 
in n-cube

5 2 2 32 0

32
4 19 32 0

3 16 24 8

2 13 16 16
1 1 0 1 0 2 2
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Table 5-2 for n = 10

k # of nodes 
actually used 
for n paths

# of nodes 
possibly used 
for n paths

# of nodes 
never used 
for n paths

# of node 
in n-cube

1 0 92 1024 0

9 84 1024 0

8 76 768 256
7 6 8 512 512
6 60 320 704 1024
5 52 192 832
4 44 1 1 2 912
3 36 64 960
2 28 36 988
1 2 0 2 0 1004
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Table 5-3 for n = 20

k
# of nodes 
actually used 
for n paths

# of nodes 
possibly used 
for n paths

# of nodes 
never used 
for n paths

# of node 
in n-cube

2 0 382 1048576 0

19 364 1048576 0

18 346 786432 262144
17 328 524288 524288
16 310 327680 720896
15 292 196608 851968
14 274 114688 933888
13 256 65536 983040
1 2 238 36864 1011712
1 1 2 2 0 20480 1028096 1048576
1 0 2 0 2 11264 1037312
9 184 6144 1042432
8 166 3328 1045248
7 148 1792 1046784
6 130 960 1047616
5 1 1 2 512 1048064
4 94 272 1048304
3 76 144 1048432
2 58 76 1048500
1 40 40 1048536
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VI. Broadcast Algorithm using SPGM

In this chapter, we provide a broadcast algorithm which 
broadcasts a message to all nodes in n-cube in n time units.

We take an example to describe the algorithm. We show a 
6 x 6 SPGM for 6 -cube and all nodes generated by each row of 
the SPGM with the permutations of the underlined parts. Assume 
that the source = 000000 and the destination = 111111. We call 
the underlined parts the permutation parts.

SPGM =

0

1

2
3
4
5

3 4 5 0
 4__5 0 1
5 0 1_2

5
0

1

2
3
4

(0 ,1 ,2 )
(0 ,1 ) (0,1,3) (0 ,1 ,2 ,3)

(0 ) (0 ,2 ) (0,1,4) (0,1,2,4) (0,1,2,3,4)
(0,3) (0,2,3) (0,1,3,4)
(0/4) (0,2,4) (0 ,2 ,3,4)

(0,3,4)

(0,1,2,3,4,5)

4-subcube
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1 2 3 4 5 0

(1,2,3)
(1 ,2 ) (1,2,4) (1 ,2 ,3,4)

(1) (1,3) (1,2,5) (1,2,3,5) (1,2,3,4,5)
(1,4) . (1,3,4) (1,3,4,5)
(1,5) (1,3,5) (2 ,3,4,5)

(1,4,5)

(1,2,3,4,5,0)

4-subcube

2 3 4 5 0 1

(2,3) (2,3,4)
(2) (2,4) (2,3,5)

(2,5) (2,4,5)
(2 ,3,4,5) (2 ,3,4,5,0) (2 ,3,4 ,5,0 ,1 )

3-subcube

3 4__5 0 1 2

3,5
(3,4,5,0) (3,4,5,0,1) (3,4,5,0,1,2)

1 -subcube
2 -subcube

4 5 0 1__2 3

(4) (4,5) (4,5,0)
1 -subcube

(4,5,0,1) (4,5,0,1,2)
(4,5,0,2)

,(4,5,0,1,2,3)

2 -subcube

5 0 1 2 3 4

(5) (5,0)
(5,0,1)
(5,0,2)
(5,0,3)

(5,0,1,2)
(5,0,1,3) (5,0,1,2,3) (5,0,1,2,3,4)
(5,0,2,3)

3-subcube
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As shown above, all nodes except the source in 6 -cube are 
shown in one of six groups derived from each row of the SPGM. 
In a group of nodes, some nodes are grouped by one or two 
subcubes which are shown above by boxes. The number of 
subcubes is same as the number of permutaion parts and the 
subcube dimension is the number of elements in the permutation 
part. But then, since each subcube is also a hypercube, same 
procedure can be applied to each subcubes recursively until 
all subcubes are of one or two dimension. In 1-cube and 2- 
cube, it is clear that messages are broadcast in one and two 
time units respectively.

1 -cube 2 -cube
o--------------o

o------------ o

o--------------o

Let's take the subcube from the second row of the given SPGM.

(1,2,3)
(1 ,2 ) (1,2,4) (1 ,2 ,3,4)

(1 ) (1,3) (1,2,5) (1 ,2 ,3,5) (1 ,2 ,3,4,5)
(1,4) (1,3,4) (1,3,4,5)
(1,5) (1.3.5)

(1.4.5)
(2 ,3,4,5)

All these sixteen nodes are in SQ((1), (1,2,3,4,5)). Since
H((l), (1,2,3,4,5)) is four and Nk = { 2, 3, 4, 5 }, a SPGM
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can be constructed by selecting any sequence of the elements 
of Nk. Consider the following SPGM with permutation parts.

SPGM =

2 3__4 5
3 4__5 2
4 5 2 3
5 2 3 4

2 3__4 5

(1 ,2 ) (1.2.3)
(1.2.4)

(1 ,2 ,3,4)

3 4 5 2

2 -subcube

(1,3) (1.3.4)
(1.3.5)

(1,3,4,5)

2 -subcube

4 5 2 3

(1,4) (1,4,5) (1,4,5,2) (1,4,5,2,3)
1 -subcube

5 2 3 4

(1,5) (1,5,2) (1,5,2,3) (1,5,2,3,4)
1-subcube
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All other rows can be processed in the same way. And 

broadcasting from the source to all nodes takes six time 
units. One of six broadcast paths is shown below.

()■ (0) —  (0,l)-r-(0,l,2)-|-(0,l,2,3)---(0,1
(0,1,3)

(0,2) | (0,2,3) | (0,2,3,4)------->— l—  (0,2,3) — i—  ( 
(0,2,4)— '

(0,3)-
(0,4)-

(0,3,4)-
(0,4,1)-

’(0 , 3, 4,1 )- 
(0 ,4,1,2)-

2,3,4)-

(0,1,2,3.4,5)

Now, let's discuss the broadcast algorithm for n-cube. 
This algorithm sends the message from the source node to all 
other nodes in n time units for n-cube. If we know the address 
of the source node, then we can decide the destination node by 
exclusive or operation. In order to have n time units for 
broadcast in n-cube, we have to take advantage of the property 
of a hypercube that there are n node disjoint paths of length 
n between two arbitrary nodes of Hamming distance n. We 
discussed a node disjoint routing algorithm in chapter III. We 
show how that algorithm can be used for broadcast in n-cube. 
Our broadcast algorithm requires an n x n SPGM with 
permutation parts discussed in theorem 3.2. By a PGM we mean 
the PGM derived from a SPGM unless otherwise mentioned in this 
chapter.
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The matrix from the following SPGM

SPGM

a o a l a 2 ............... a n-2 a n-1

a 1 a 2 a 3 ............... a o

a 2

•

a 3

•

a 4 ............... a0 a i

•

• • •

• • •

a n-1 a o a ,  ----------- a n-2

with Permn . „ Perm, , „ , , and Perm, „ ... „ ,, for all i where 1u , 1 , 1 , n - i - i  l , n - i + l , n - Z '

< i < n-1, is a PGM for the node disjoint paths of length n.

We divide permutaion parts into
Suppose a row i is a0 a, a2

Type 1 Perm, . _ ,i , l , n - 2

Type 2 Perm, .i , i , n - 3

Type 3 Penn, , n ,i ,Z ,n -Z

Type 4 Perm, . , and
'» wJ P e r m i , i +2 ,n-2

,where 0 < i < n- 1 and 1 < j < n-4

a n-2 a n-1 •

Since we need an n x n SPGM, Nk = { 0, 1, 2, , , n-1} and Nk+2 

= { }. From the SPGM construction algorithm, there must be one 
element of Nk in front of all permutation parts. All nodes 
generated by this node and a permutation part construct a
subcube. Let a row be af a1_ a 2_ . The subcube
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constructed by af and a1 a= . . .  ap is denoted by 
SQ( [af], [af/a1,a2 . . .  ap]) . By a RM construction algorithm,
the first node generated by this row is [af] and the node
obtained by af a, a: . . .  ap is [af,a1#a2 . . . ap]. As a
result, the Hamming distance of these two nodes is p. In other 
words, the dimension of the subcube is the number of the 
elements in the permutation part.

example)
For 10-cube, a row 0 1 2 3 4 5 6 7 8  9

generates SQ([0], [0,1,2,3,4,5,6 ,7,8 ] whose dimension is eight.

For 10-cube, a row 0 1 2 3 4 5 6 7 8 9
generates SQ([0],[0,1,2,3] whose dimension is three and 
SQ([0 ,1 ,2 ,3,4],[0 ,1 ,2 ,3,4,5,6 ,7,8 ]) whose dimension is four.

From the above discussion, we can evaluate the number of 
nodes each type of permutation parts can generates.

Permutation parts of type 1 generate 2n'2 nodes.
Permutation parts of type 2 generate 2n‘3 + 1 nodes.
Permutation parts of type 3 generate 2n'3 + 1 nodes.
Permutation parts of type 4 generate 2s + 2n'J"3 nodes,

1 < j < n-4.
But here, the source and destination nodes are not included.
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Since there are two permutation parts of type 1, the number of 
nodes generated from these is

2 * 2n'2.
Since there are one permutation part of type 2, the number of 
nodes generated from this is

(2n"3 + 1) .
Since there are one permutation part of type 3, the number of
nodes generated from this is

(2"-3 + 1} e
Since there are n-4 permutation parts of type 4, the number of 
nodes generated from these is

£ 4 ( 7> + 2 n"J’3 )j=i
Therefore, the sum of all these numbers and the source and 
destination nodes must be 2n.

2* 2n"2 + (2n'3 + 1) + (2n'3 + 1) + E 4 ( 2 s + 2n‘J"3 ) + 2
j=1

= 2n'1 + 2* (2n’3 + 1) + £'4 ( 2J + 2n*J'3 ) + 2
j=1

2n'1 + 2n'2 + E 4 ( 2J + 2n’j"3 ) + 4
J=1

2n'1 + 2n'2 + 4- ( 2n'4 - 1 ) + 4

= 2 n*1 + 2 n*2 + 2 n'2

2 n



We call this process the subcube division algorithm. A subcube 
division is shown in fig. 6-1. After we apply this algorithm 
for n-cube, we can find a set of the next nodes to which the 
source can sends the message in parallel. Since n-cube is a 
subcube of itself, we can generalize as follows. After the 
subcube division algorithm is applied for k-subcube, where k 
> 2, there will be pairs of k-2, k-3, , , 2 and 1 dimensional 
subcubes. Since each subcube is another hypercube, this 
algorithm can be applied recursively. In order to broadcast a 
message in n time units, this recursive algorithm must be 
applied in parallel for all rows of PGM's of all possible 
subcubes, until there is no subcube of dimension 2. By doing 
this, all nodes generated by each row of the n x n PGM will be 
properly distributed for the broadcast. For every subcubes, we 
have its own source and destination nodes. We call them the 
intermediate source and destination nodes respectively. As 
mentioned before, it is clear that messages are broadcast in 
one and two time units in 1 -subcube and 2 -subcube 
respectively.
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Here we have the subcube division algorithm.

for i = 0 to n- 1 do 
if i = 0

. Construct a PGM properly for n-cube 

. Decide the next nodes to send the messages. 

. Send the messages to the nodes in parallel.
else

. Construct PGM's for all possible subcubes.

. Decide the next nodes to send the messages 
for all possible SQ's.

. Send the messages to the nodes in parallel 
for all possible subcubes.

endif

When we are talking about broadcasting, it is assumed 
that all nodes in n-cube are not faulty. If there are faulty 
edges in n-cube, we can avoid them by selecting a proper PGM.

With this algorithm, all destination nodes of subcubes of 
dimension > 1 receive redundant messages. Consider the
following example.



124
O' (0) — (0,l)-p(0,l,2)-j-(0,l,2,3) — (0,1 

(0 ,1 ;3)
'(0/2) | (0,2,3) | (0,2,3,4)------I— t—  (0,2,3)— i— < 

(0,2,4)
’(0,3)-
(0,4)-

(0,3,4)-
(0,4,1)-

(0,3,4,1) 
(0,4,1,2)

2,3,4)-

(0,1,2 ,3,4,5)

In this example, nodes (0,1,2,3), (0,2,3,4), (0,1,2,3,4) and 
(0 ,1 ,2 ,3,4,5) receive the redundant messages.

But we can avoid redundancy by sending the message to all 
destinations of subcubes of dimension > 1 only if the route is 
derived from the first row of the PGM's for the subcube. Then 
the previous example will change as follows. Four broadcast 
trees for 4-cube and one tree for 6 -cube are shown in fig. 6.2 
and fig 6.3.

()— I— (0 ) —  (0 ,l)-p(0 ,l,2 )-
(0,1,3)

 (0,2)— t—  (0,2, 3)-
(0,2,4)

(0,3)---(0,3,4)-
 (0,4)---(0,4,1)-

(0,1,2,3) —  (0,1, 2,3,4)-

(0 ,2 ,3,4)

(0,3,4,1) 
(0,4,1,2)

(0 ,1 ,2 ,3,4,5)



Theorem 6 . 1  The number of subcube divisions of n-cube using
permutations parts shown in theorem 3.2 is

1 if n = 1 , 2
2 if n = 3
n! if n > 4.

proof) We can prove the cases of n = 1 and 2 by
observation.

In case of n = 3, we can apply the theorem 3.2. But Since 
there are two permutation areas and each of them has only one 
entry, there cannot be different matrix.

Since there are (3-1)! or 2 different sequences, there are two 
different subcube divisions.

Let's consider the cases of n > 4. Since there are (n-1)! 
different sequences and there are n different set of
permutation parts, there are n! different subcube divisions 
for n-cube, where n > 4.
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example) For 4-cube, there are 41 different subcube divisions.

0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3

1 2 3 0 1 2 3 0 1 2 3 0 1 2 3 0

2 3 0 1 2 3 0 1 2 3 0 1 2 3 0 1

3 0 1 2 3 0 1 2 3 0 1 2 3 0 1 2

0 1 3 2 0 1 3 2 0 1 3 2 0 1 3 2

1 3 2 0 1 3 2 0 1 3 2 0 1 3 2 0

3 2 0 1 3 2 0 1 3 2__0 1 3 2 0 1

2 0 1 3 2 0 1 3 2 0 1 3 2 0 1 3

0 2 1 3 0 2 1 3 0 2 1 3 0 2 1 3

2 1 3 0 2 1 3 0 2 1 3 0 2 1 3 0

1 3 0 2 1 3 0 2 1 3 0 2 1 3 0 2

3 0 2 1 3 0 2 1 3 0__2 1 3 0 2 1

0 2 3 1 0 2 3 1 0 2 3 1 0 2 3 1

2 3 1 0 2 3 1 0 2 3 1 0 2 3 1 0

3 1 0 2 3 1 0 2 3 1 0 2 3 1 0 2

1 0 2 3 1 0 2 3 1 0 2 3 1 0 2 3

0 3_JL 2 0 3 1 2 0 3 1 2 0 3 1 2

3 1 2 0 3 1 2 0 3 1 2 0 3 1 2 0

1 2 0 3 1 2 0 3 1 2 0 3 1 2 0 3

2 0 3 1 2 0 3 1 2 0 3 1 2 0 3 1

0 3 2 1 0 3 2. 1 0 2 2 1 0 3 2 1

3 2 1 0 3 2 1 0 3 2 1 0 3 2 1 0

2 1 0 3 2 1 0 3 2 1 0 3 2 1 0 3

1 0 3 2 1 0 3 2 1 0 3 2 1 0 3 2
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VII. Conclusions

In this paper, we have proposed node disjoint routing 
algorithms for the paths of length k and k+ 2 between two 
arbitrary nodes of Hamming distance k in n-cube. These 
algorithms use the bit positions of the addresses of the two 
nodes. The algorithms for the paths of length k use k x k 
matrices, called the SPGM, constructed with the bit positions 
where the values of the addresses of the source and destina­
tion nodes are not same. The algorithms for the paths of 
length k+ 2 use (n-k) x (k+2 ) matrices constructed with all bit 
positions. Fault tolerant node disjoint routing can be 
achieved by constructing proper matrices with the elements of 
Nk and Nk+2 and rearranging the entries of the matrices with 
certain restrictions shown in previous chapters. Especially, 
k x k SPGM's with the given permutations of the entries of 
SPGM1s have one property that it can use every node in the k- 
cube for one of the k paths of length k. From this special 
property, a broadcast algorithm sending a message to all other 
nodes in n time units for n-cube can be obtained by using 
proper SPGM's to subcubes recursively. We also showed how many 
and which nodes are never used for n node disjoint paths 
between two arbitrary nodes in n-cube. We show the steps to 
find n node disjoint paths between two arbitrary nodes in 
n-dimensional hypercube.
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1. Evaluate two sets of Nk and Nk+2 from the addresses of the 
source and destination nodes.

2. Preclude the nodes which contain more than one element of 
Nk+2 by examining node numbers of the faulty nodes.

3. For the k node disjoint paths of length k,

a. select a sequence with elements of Nk avoiding 
faulty conditions as much as possible.

b. construct k x k SPGM.
c. rearrange the entries of the SPGM with the given

restrictions to avoid the rest of faulty conditions.

4. For the n-k node disjoint paths of length k+2, rearrange 
the entries of the (n-k) x (k+2) PGM with the given 
restrictions to avoid all faulty conditions.

Now, we conclude by mentioning our future research. We 
are going to analyze the algorithms shown in chapter III. The
SPGM construction algorithm has special properties. For
example, if all weights of faulty nodes are distinct and 
greater than 1 and smaller than k-1 , then there exist k node 
disjoint paths of length k. In this case, a sequence of the



elements of Nk can be selected avoiding all faulty nodes. For 
some other cases, it might not be needed to select a sequence 
and to construct PGM in order to avoid faulty elements. Thus, 
we are looking for specific conditions among faulty elements 
so that we can find node disjoint paths without selecting or 
constructing matrices. Furthermore, we are looking for condi­
tions guaranteeing the existence of less than k node disjoint 
paths of length k for k-subcube. For example, if there is only 
one faulty node of weight l, then there cannot be k node 
disjoint paths between two given nodes but there must exist 
k-1 node disjoint paths. The broadcast algorithm shown in 
chapter VI can be used for fault tolerant broadcast algorithm, 
where by fault tolerant broadcast algorithm we mean the 
broadcast from a non faulty node to all non faulty nodes in 
n-dimensional hypercube. Since the algorithm shown in chapter 
VI generates more balanced broadcast trees than typical 
broadcast algorithm, we can improve the performance of the all 
to all broadcast algorithm.
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