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Abstract

Quantum O ptical Tests of Com plem entarity: 

Quantum Eraser and T he Decoherence Tim e of a Local 

M easurem ent Process

by

Yonatan Abranyos 

Adviser: Professor Janos A. Bergou

Quantum optical tests of the fundamental principles of quantum mechanics, in 

particular, complementarity, entanglement and non-locality, are the central themes 

of this dissertation. A which-path experiment is implemented based on a recent 

experiment by Eichmann et al. [1] involving two four-level atoms. In the version con­

sidered here a continuous Broad Band Excitation field drives the two trapped atoms 

and, depending on the type of scattering, information about which atom scattered 

the light is stored in the internal degrees of the atoms. Entanglement of the atoms- 

photon system is intimately connected to the availability of “which way” information. 

The quantum eraser disentangles the atoms-photon system and consequently “which 

way” information is lost leading to  interference. Two different experimental schemes 

based on the Eichmann et al. experiment are proposed for the implementation of
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the quantum eraser. The quantum eraser schemes erase the “which way” informa­

tion and interference is observed in the second order correlation function. W ith a 

slight modification of the experiment, a scheme that allows to  verify recently derived 

inequalities by Englert [2] in connection with distinguishability and visibility in a two- 

way interferometer is proposed. These inequalities, in some sense, can be regarded 

as quantifying the notion of wave-particle duality. The visibility of interference de­

pends on the detected polarization direction of the scattered light, and a reading 

out of the internal atomic states of one of the two atoms provides for partial “which 

way” information or distinguishability of the two different paths. Finally, the quan­

tum  eraser is used to measure the decoherence time of a  local measurement process. 

The experiment proposed is similar to the quantum eraser setup and contains the 

complete measurement process of system-meter-environment interaction. The deco­

herence time is quantitatively expressed in the amount of reduction of the visibility 

in the second order correlation function. In addition, it explores how we can cast the 

question of quantum coherence of mesoscopic or macroscopic systems with a quantum 

eraser or in general interference experiments.
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Chapter I

1

1 Introduction

1.1 C om plem entarity

Recently there has been a growing number of experiments and theoretical models in 

quantum optics which are used to test the fundamental principles of quantum  me­

chanics. Some of the implications and counter intuitive results of quantum mechanics, 

which are demonstrated through gedanken experiments such as the EPR paradox and 

Bell’s Theorem, axe still explored at the present time. In this dissertation we develop 

a scheme to implement one such process, The Quantum Eraser, to demonstrate the 

principle of complementarity and to explore a local measurement process. The quan­

tum  eraser gives a clear demonstration of the non-local behavior of quantum systems, 

via entanglement of separate quantum systems. The application of the  quantum 

eraser as a tool to study the decoherence in a local measurement process also helps to 

investigate the transitions from microscopic to mesoscopic to macroscopic systems.

Bohr’s principle of complementarity [3] is vividly manifested in the classic double­

slit experiment. The central point is that quantum systems exhibit properties which 

are both equally real but mutually exclusive. In the case of the double-slit experi­

ment, these two realities are manifested via visibility of fringes (wave-like property)
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or “ which way” information (particle-like property). Depending on the type of ex­

perimental setup, one can observe either wave-like or particle-like property. This is 

commonly termed duality. The decision to observe wave-like or particle-like behavior 

can be made at any time during the course of the experiment. As J. A. Wheeler 

[4] showed in a beam splitter experiment, one can arrange to observe either of the 

dual behaviors of a photon after the photon has left the source and is on the way 

to  a measuring apparatus. This delayed choice shows th a t before measurement is 

done (irreversible interaction with the environment) either one of the two properties 

can be realized. Even though these two realities are mutually exclusive, it has been 

shown [2] that there is a certain degree of flexibility in which the two properties are 

realized. In other words, one can have a certain amount of “which way” information 

while preserving some visibility of fringes.

1.2 E ntanglem ent, “W hich-W ay” Inform ation and  Q uantum  Eraser

Complementarity is a general concept with the traditional wave-particle duality being 

one common example. In general, two observables are complementary if exact knowl­

edge of one precludes any precise knowledge of the other. For example, the presence 

of interference in a two-way interferometry and the knowledge of which path the par­

ticle took illustrate the concept. In the double-slit experiment any measurement of 

position (slit) to determine which path  the particle took through the double-slit appa­
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ratus destroys the interference pattern. In which-path experiments, such as Einstein’s 

recoiling slit [3] and Feynman’s light microscope [5], the destruction of interference 

is explained in terms of uncontrolled classical momentum kicks to the particle. This 

random momentum transfer in such experiments amounts to at least irh/2d where d 

is the slit width in accordance to  the uncertainty principle and is sufficient to smear 

the interference pattern.

Recently, the question whether the destruction of the interference pattern in a 

which-path experiment necessarily involves momentum transfer has been raised. Ac­

cording to  Scully et al. [6], the destruction of interference can occur without any 

momentum transfer and gave as an example a which-path experiment scheme involv­

ing an interaction between an atom and a microwave cavity field where the states of 

the cavity field serve as which-path flags. By exploring the states of the cavity field 

it is possible to  know the path of the atom, and they point out that no momentum 

transfer to the atom occurs. Wiseman et al. [7, 8] argue that the destruction of in­

terference in a  which-path experiment due to measurement can always be attributed 

to momentum transfer depending on how one defines momentum transfer. Accord­

ingly, they gave two ways of defining random momentum transfer. The first definition 

corresponds to  the classical convolution of the particle’s momentum probability dis­

tribution with a momentum transition probability distribution, and the second as the 

convolution of the particle’s momentum space wave function with a set of momen-
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turn transfer amplitudes [7]. In the older which-path experiments, such as Einstein’s 

recoiling slit and Feynman’s light microscope, the destruction of the interference pat­

tern involves local random momentum transfer corresponding to the first definition, 

while in the scheme of Scully et al. the momentum transfer is of a peculiar quantum, 

nonlocal nature, corresponding to  the second definition [7, 8].

We will see next that whether we have a which-path experiment involving local mo­

mentum transfer or a nonlocal momentum transfer, entanglement plays a crucial role 

in deciding if either of the complementary behaviors is exhibited. In other words, re­

gardless of how complementarity is enforced in a which-path experiment, the absence 

or presence of interference pattern is determined by whether the quantum sub-systems 

describing the system are entangled or not. In general, non-entanglement of quantum 

sub-systems leads to interference, and entanglement of quantum sub-systems leads to 

“which way” information. A quantum system of two or more sub-systems is said to 

be entangled if the state vector describing the quantum system is not factorizable. 

For example, for a two-particle system the state a\a, b) +  0\b, a) is entangled for a  

and 0  non zero, and is maximally entangled for at =  0  =  l / \ /2  and is not entangled 

if either a  or 0  =  0.

In order to illustrate this point, we consider a quantum system with two sub­

systems, A  and B , in a two-way interferometric setup with an optional which-path 

detector Fig. 1. We denote the two possible paths of the interferometer by 1 and 2,
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and the state vectors for a  particle to  go through either of the two paths by j^i(r)) 

and |^ (r)> .

Path Detector

Detector

Figure 1: Two-way interferometer with optional path-detectors. Depending on whether the path- 

detectors are active or not interference is observed at the detector at position R . Entanglement of 

the quantum sub-systems (particle and detector) leads to noninterference, and non-entanglement of 

the quantum sub-systems leads to interference.

The state vector for the two-way interferometer (sub-system A) is then

Itfu(r)) =  kM r)) +  It^(r)), (1.2.1)

and the state vector for the path detector (sub-system B) is given by

\ M  = \h M ) ,  (1-2.2)

where, I, k = 0,1  with |l i ,  O2) and |0i, I2) indicate a detection of the particle through 

path 1 or 2 respectively. If the path  detector is inactive, the state vector of the
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composite system is

l*W> =  (|*(r)>  +  M r)» |0 i,<W . (1-2.3)

The state  vector for the detector is |0i, O2) since it is inactive and did not detect the 

particle. We then get for the probability density at position R  the following

P (R ) =  (* (R )|* (R )>

=  « * ( R ) |* ( R ) >  +  < * (R ) |* (R )>

+  ( * ( H ) W E »  +  (<te(B.)l¥’I (R )))(O i,02|01, 02>

=  ( * (R ) |* (R )>  +  ( * ( R ) M R »  +  (* (R ) |* (R )>  +  (ife(R)IV’i(R ))-

(1.2.4)

Here, we get interference (the last two terms) and we note the state of the two 

sub-systems is not entangled. It is also important to recognize that when the path  

detectors are inactive, it is not possible to  know which path of the interferometer is 

taken. In other words, no “which way” information leads to interference. We consider 

now the situation where the path detector is active, so that we can know which path  

of the interferometer is taken. In this case, the state vector of the system is

|* (r »  =  |f t (r)>|li,02> + ^ ( r ) |0 t, 12). (1.2.5)
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The probability density is then 

P (R ) =  (*(R )|* (R )>

=  (^i(R )|^ i(R )>  +  (t̂ (R ) |^ (R )>

+  (ipi (R) (R )) (11, 02|0x, 12) +  < te(R M (R )><0i, l 2|l i ,  02)

=  [<fc(R )|*(R )> +  te(R )|ife(R )> .

(1.2.6)

In this case, the interference terms vanish due to the orthogonality of the detector 

states. We note that when the two sub-systems are entangled, we can know which 

path the particle took, i.e. by reading the state of the detector, and consequently 

there is no interference. We do not need to actually know which path the particle 

took, only the possibility is sufficient to remove the interference.

We now consider the question of the quantum eraser. We have seen earlier that 

non-entanglement leads to interference and entanglement leads to non-interference 

or “which way” information. If we consider the case where we have entanglement 

im plying “which way” information, we are led to  investigate if it is possible, by some 

means, to reinstate the interference term, that is to erase the “which way” information 

after the process has already occurred. In order to erase the information, we need 

to  disentangle the system so th a t we cannot know, even in principle, which path the 

particle took. So a quantum eraser is a  device which disentangles originally entangled 

sub-systems, therefore interference is restored. In other words, a  quantum eraser can
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be described as a device in which coherence appears to be lost in a  quantum sub­

system, but in which the coherence can be restored by erasing the information which 

originally destroyed it.

To illustrate the essential points, we discuss an experiment originally proposed 

by Scully [6] involving the scattering of light from two 4-level atoms. The atoms 

play the role of the slits in an analogous way as Youngs’s double-slit experiment, 

and the internal states serve as possible which-path flags. We will discuss schemes 

to  implement a quantum eraser using a pair of 4-level atoms in detail in subsequent 

chapters. Here we will outline the basic ideas involved in a qualitative way. The 

experimental setup is shown in Fig. 2.

7 -detector

I a) 7 i

72|c>

l*>

7 '-detector

Figure 2: (a) Internal structure of a 4-level atom for the implementation of a quantum eraser 

proposed by Scully et aL. (b) The scattering photons are detected at the 7 -detector and the erasing 

photons are detected at the Y-detector, and interference occurs in the coincidence measurement of 

the 7  and 7 ' photons.
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The two 4-level atom s are situated at sites 1 and 2. The separation between the 

atoms is assumed to  be very large compared to the wavelength of the laser pulses 

used to  excite them. A laser pulse lXj short enough to  excite only one atom, excites 

one of the atoms from level |6) to level |a) followed by a spontaneous emission to 

level |c) of a I7) photon which is detected a t the 7-detector. The state vector of the 

atoms-photon system is then

\ i p i )  =  | c i ,  62) | 7 i )  +  | 6 i , c 2 ) | 7 2 ) .  ( 1 - 2 - 7 )

We note that we have entanglement of the atoms-photon system, therefore we have 

“which way” information. It is possible to know which atom is involved in the scat­

tering process by exploring the internal levels of the atoms, and consequently, a mea­

surement of the first order correlation function (field correlation) a t the |7 )-detector 

yields no interference. How can we erase the information contained in the internal 

levels of the atoms so that we cannot know which atom scattered the photon? To 

accomplish this, a second laser pulse J2 which is tuned to take sta te  |c) to |6') is ap­

plied. It is assumed th a t |6') is strongly coupled to |6) so that we have a spontaneous 

decay from \bf) to |6) with an emission of I t7) photon. The state vector of the system 

is then

IV*) =  I& i»k)(l7x.7i) +  172,72))- (1-2-8)

Here, we note that the atoms-photons system is disentangled, and it is not possible 

to know which atom  scattered the photon if we detect the | t )  photons at the 7-
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detector and It7) photons at the V-detector. Measurement of intensity correlation of 

I7 ) photons at the 7-detector and It') photons at the T'-detector exhibits interference.

We gave here a qualitative description of the quantum eraser. The detailed analysis 

and implementation of the quantum eraser based on the experiment of Eichmann et 

al. [1] is one of the main goals of this thesis and will be presented in subsequent 

chapters. We outline here the general setup of the thesis. Chapter II is devoted to 

the dynamical behavior of a  4-level atom where the upper and lower states, which are 

two fold-degenerate, are driven by a linearly polarized monochromatic laser that is 

in near resonance with the transition frequency between the upper and lower states. 

This is important because our implementation of the quantum eraser is based on 

a  pair of 4-level atoms. In Chapter III we show what happens to the interference 

pattern  when we drive two 4-level atoms, especially in the saturated or steady state 

regime. We show that a continuous monochromatic driving field cannot be used to 

implement an experiment where the lack of interference is due to the presence of 

“which waj^’ information. Conversely, the presence of interference is not due to the 

lack of “which way” information, but is a  consequence of the steady state behavior 

of the atoms. In chapter IV we will investigate if there is still the possibility of 

having “which way” information in the case when there is no interference. A Broad 

Band Excitation (BBE) of the two atoms is shown to give a possible scheme for 

an interference experiment where the lack of interference is due to the availability
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of “which way” information. This consideration shows tha t there is a possibility, 

even in the long time regime, to use the Eichmann et al. [1] description if we use 

BBE of the two atoms. For such kind of excitation, it is possible to talk about 

independent excitation and scattering of photons (one at a time), which is necessary 

in the quantum eraser. Proceeding from these clarifications, we show in Chapter 

V two possible schemes to implement a quantum eraser where the two atoms are 

continually driven as in the experiment of Eichmann et al.. The first scheme uses 

a general initial condition of the atoms and the second scheme uses a  special initial 

condition of the atoms where the degeneracy of the two 4-level atoms is removed 

with the application of a magnetic field. Chapter VI has two parts. In the first part, 

we show how the quantum eraser scheme can be used to display anti-fringes [9] with 

intensity m inim um  at the center. The second and main part is devoted to developing 

a scheme to quantify the duality concept of complementarity. We use the schemes of 

the previous chapters with slight modifications to get partial “which way” information 

and partial fringe visibility. A fundamental inequality relating distinguishability and 

visibility is verified. In Chapter VII we use the quantum eraser as a tool to visualize 

the decoherence of a local measurement process and explore the measurement process 

itself. In addition, it contains how we can cast the question of quantum coherence of 

mesoscopic or macroscopic systems with a  quantum eraser or in general interference 

experiments. Finally we offer a discussion and conclusion in Chapter VIII.
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In order to  maintain the flow of the thesis, we include many important detailed 

calculations in the appendix. Appendix A contains calculations of solutions of the 

equations of motion of two atoms in a BBE field. In appendix B we show that 

a general incoherent initial condition of the two atoms can give rise to interference. 

And finally, in appendix C, we provide the calculations of the second order correlation 

function for a general incoherent initial condition for the quantum eraser.
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Chapter II

13

2 Dynam ics o f a  D riven 4-Level Atom

2.1 Introduction

We have seen in the introduction that in order to implement “which way” experiments 

with possible quantum eraser schemes via scattering of light a  4-level atomic structure 

can be used [6]. We dedicate this chapter to study the dynamics of a  single driven 

4-level atom. The dynamical equations for a 4-level atom driven by a monochromatic 

field and coupled to a reservoir a t zero temperature have an im portant role in our 

implementation of a “which way” experiment. Here we give a solution to the system 

and find the expectation values of the radiated field in different polarization directions. 

These results will be used in subsequent chapters. A thorough understanding of the 

4-level system reveals the essential issue involved in the implementation of “which 

way” experiments, if and when we can use such a system to implement a “which 

way” experiment. As we will see later, the availability of a “which way” information, 

whether we know the actual path or not, is a necessary condition for implementation 

of a quantum eraser.

We consider a 4-level atom with two lower states and two upper states which are 

degenerate with respect to  the magnetic quantum number rrij (see Fig. 3). As a result

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



14

of the internal structure, the resonance fluorescence contains 7r-polarized scattered 

field (|Am j| =  0) and cr-polarized scattered field (|Amy| =  1), when the incident 

light is linearly polarized. Due to this level structure, the interference properties of 

the scattered light are sensitive to polarization-sensitive detection schemes [1, 10, 11, 

12]. The interference pattern comes only from the 7r-polarized coherent part of the 

scattered field (|Amj | =  0), while the cr-polarized incoherent part (|A m j | =  1) gives 

no contribution to the interference pattern.

The dynamical equations for a driven 4-level atom were derived by Polder and 

Schurmann [11] in the context of fluorescence. The master equation describing the 

system was derived by Walls and et al [12] in the context of interference in their 

analysis of the experiment of Eichmann et al. [1]. Here we use the results of Polder 

and Schurmann [11] to derive explicitly the time dependence and expectation values 

of the electric field components in different polarization directions. These results are 

needed when we consider interference effects in the resonance fluorescence from two 

atoms, especially in the steady state regime.

2.2 M aste r E q u a tio n

We consider an atom at rest a t the position r  =  0 which is coupled to the electro­

magnetic field in the dipole approximation by the interaction Hamiltonian

Hint + Hdri =  - n  - E (r  =  0, t). (2.2.1)
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Here n  is the electric dipole operator er and the electric held is the sum of the 

classical x-polarized driving held and the quantized held of all modes in free space at 

zero tem perature. The classical x-polarized driving held is given by

E c(r, t) = xE0(r) cos(u;t),

and the  quantized held is given by

E ,(r) =  (2.2.2)
k

Here

and &ic and are the annihilation and creation operators for the quantized held, 

respectively, with the boson commutation relations

[6k> =  [6 )̂6 /̂] =  0, [6k» 6 /̂] =  dick'-

We denote the two lower states with |1) and |2) with magnetic quantum numbers 

rrij =  —1/2 and irij =  +1/2 , respectively, and the two upper states with |3) and 

14) with the corresponding magnetic quantum numbers rrij =  —1/2 and rrij =  + 1/ 2 . 

The frequency splitting between the lower and upper states is ljq. We consider the 

quantized held as a  reservoir at zero temperature coupled to the atom in the Markoff 

approximation. In addition, we use the rotating wave approximation in the interaction 

Hamiltonian which describes the interaction of the held with the atom. The dipole
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rrij = + 1/2

Figure 3: Internal structure of the 4-level atom with polarization sensitive transitions: ir-polarized 

transition for |Am j| =  0 and tr-polarized transition for |Amj| =  1.

operator for our system can be written as follows

M =  m{*(|1><4| +  |2><3|)

+  iy ( |l ) ( 4 |- |2 ) ( 3 |)

+  z (|l)(3 | — |2){4|)} + H.c. . (2.2.3)

Here we have expanded fx in the atomic basis and /z =  e(l|x|4) (assumed the same 

for all transitions). We then have for the total Hamiltonian

H  = HA + H F + H dri + Hint. (2.2.4)

Here H A is the unperturbed atomic Hamiltonian, H F is the field Hamiltonian, i?*™ 

and Hint describe the interactions of the atom with the classical driving field and the
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quantized field, respectively,

Ho =  ^  +  HF =  ^ { |4 ) { 4 |+ |3 > ( 3 |- |2 ) < 2 |- |l ) < l |} + R ^ Ut6j[6k,
1 k

Hdn =  —M (|l><4| + |2>(3|)e" +  (|4)(1| +  |3><2|)e-“ },
4

h m ---- (2-2-5>
k ij=1

We now make a transformation to an interaction picture and eliminate Hq with the 

following

\*s)  =  e x p { -i$ t/f i} |^ /) ,

$  =  Ho +  ^ { |4 ) ( 4 |  +  |3> (3 |- |2> < 2 |- |1 )< 1 |} , (2.2.6)

and we get an interaction Hamiltonian

H ,(t)  =  —AA{|4)(4| +  |3)(3| — J2)(2| — |1)(1|}

+  Rw{|l)(4| +  |2)(3| +  |4) <11 +  |3)(2|}

+  -  *’)|1>(4| +  (1 +>')|2><3| +  |2>(4| -  |l><3|]e«“*-“>* +  H.c.}.
k

(2.2.7)

Here • ek)aw where the average is over polarization angles, §j is a unit

vector (x ,y , or z), v — fi • Eo/2h is the interaction param eter (Rabi frequency) and 

A =  cj — wo is the detuning.

The derivation of the master equation for the system “ 4-level atom coupled to

the quantized reservoir field of all modes at zero tem perature” is accomplished by
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the standard procedure using Bom-Markoff approximation. We solve for the total 

density operator of system-reservoir to second order and use the Markoff’s approx­

imation. After tracing over the reservoir, we obtain the equation of motion for the

system density operator which is the master equation. The first two parts of the

Hamiltonian do not contain reservoir operators, therefore their contribution is trivial. 

The contribution of the last term gives rise to  damping [12]. The master equation is 

then

j t p  =  i | [ „ ,  |4><4| +  |3><3| -  |2>(2| -  |1)(1|]

+  » [p , |1)(4| +  |2)<3| +  |4><1| +  |3)(2|]

+  Cp. (2.2.8)

Here Cp is the Liouvillian operator given by

Cp =  - 3 7 [(|4>(4| +  |3)<3|)p +  p(|4)(4| +  |3)(3|)]

+  2-,[2|l>(4W4)<l| +  2|2>(3|p|3)(2|

+  (|2)(4| — |l)(3)/i(|4)(2| — |3)(1)]]. (2.2.9)

Here 27 =  \ n 2ulc~zh~l is one third of the spontaneous decay rate of the upper to 

lower level. Taking matrix elements of the master equation we get equations for 

the matrix elements of the system density operator. The x-polarized scattered field, 

which is proportional to fix, and the y-polarized scattered field, which is proportional 

to pLy, are cr-polarized with (|Amj-| =  1), while the z-polarized scattered field is 

7r-polarized (|A m j| =  0). From general consideration, it is clear th a t only the x-
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polarized scattered field is coherent to the incident light, while the y- or z-component 

scattered fields are not coherent. As was shown by Polder and Schurmann, the two 

incoherent parts behave in the same way (i.e, have the same spectra), therefore it is 

sufficient to consider only one incoherent component. We restrict our consideration 

to the coherent ^-com ponent and the incoherent i?y-component, and obtain

^ P i4  =  (*A -  37)/314 +  iu(p44 -  Pn),

^ 0 2 3  =  (*'A -  3 7 )^ 2 3  +  iv(pz3 ~  P 22),

^ P n  =  47Am +  27033 +  iv(p4i -  Pu),

^022 =  47033 +  27044 +  iv(p32 ~  p2z),

^033 — —67033 +  iv(023 — 032),

— 044 =  ~ ' 6 7 0 4 4  +  iv(pu ~  0 4 l) .

(2 .2 .10)

Here pm =  p\k, 014 =  p u e - *^ and 023 =  P2ze~iuJt. The equations for 024,013,012 and 

034 necessary for the calculation of (E z(t)) are not needed because (E y(t)) = (E z(t)) 

as shown in [11]. As a consequence of Eqs. (2.2.10), the m atrix elements Pkiit) can 

be expressed as a linear combination of matrix elements at an earlier time 1f.
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2.3 E x p ecta tion  Values o f th e  R ad iated  F ie ld  in  th e  W eak F ield  L im it

We sta rt with the following expression for p(t),

P(<) =  Tr s{U ((t,«,)p(t,) s * ^ ( * .0 }

=  TrR^{i7((t,«')|m >(m |p(t')SR|n)(n|£/, («,i')}
mn

=  TrR£ { a ( ( ^ O M < n i G , (* > ^ )} M p ( i ') s s K  (2-3.1)
mn

where U(t, tf) is the time evolution operator for the system-reservoir and p{t)sR is the 

system-reservoir density operator. Applying the Markoff approximation in the third 

line by replacing Ps r (?) with P r ( 0 )  <S> p(f)  we obtain

p(t) =  'n-R^ { a ( ( t , t ,)|m><n|C^(t,i,)pR(0)}(m |R(<')|n). (2.3.2)
mn

Taking m atrix elements we obtain the relationships at two different times for the 

elements of the density matrix

Pki(t) = ^  Gki ,mn{t^pmntf) (t > t'), (2.3.3)
mn

with

=  ,t t R{(*|G(S,«')|m>(n|Gt(i,«')IOPs(0)},

Gfc(̂ nn(t,,t/) ~  SkmSin- (2-3.4)

Gki,mn(t, ?) is a propagator (Green’s function) of the equation of motion and satisfies 

^ G w>mn(t, t1) -  AijGij^mnit, f )  =  6(t -  0 < W tn , (2.3.5)
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where Ay is the m atrix of the equation of motion and the Green’s function Gkl,mn(t, t) 

gives a  solution of Eqs. (2.2.10) with inhomogeneity S(t — t7)^*™^ which arises from 

Grfc/,m»(t/, t7) =  Skmfiin- This allows us to solve the equations of motion for the Green’s 

function. We can find the expectation values (Ex(t)Ex(t +  r))  and (Ey(t)Ey(t +  r))  

for the field correlations. Their Fourier transform gives the spectrum of the different 

polarization components of the resonance fluorescence field. Here we are interested in 

the  field radiated in different polarization directions. We specify our initial conditions 

of the atom as pu(0) =  5fci£ti and restrict the treatm ent to the Green’s function 

Gki,ii(i»0). In the Fourier space we find the following equations

Because we are interested in interference properties of two 4-level atoms we restrict 

our treatm ent to the weak field limit of the driving field. The reason is tha t it is 

necessary to have a coherent part in the spectrum to get interference. The coherent

(2.3.6)

pa rt is, however, vanishing if the atom becomes strongly saturated. We then get in
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the weak field limit i ^ < A 2 +  9T2, the following

* u M +*.(*>  =

x ̂ e-4tr,-rt/972+A2 _  g—(37—

S ' __________ ^  - S '
™ 2(972 +  A2 +  2v2) 44 ’

A 2 4 - Q'v2 -I- v 2

«  -  <2-3-7>

Here pff, p g , P33 and p^  are the steady state populations. The equations for p2<$(i) 

and pi3(t) have the same time dependence as those for p x it )  and pu(t). We notice 

from Eqs. (2.3.7) that steady state is reached for times larger than . We

note, however, tha t the probability to observe one photon in the incoherent part is also 

connected to this expression. The expression is the probability per unit time

that a  Raman scattering occurs, and after a few Raman transitions, or observation 

of a few incoherent photons, the atom reaches a steady state.

We now give expressions for the expectation values of the electric fields. They 

will be im portant for the interference effects in the scattered fields from two atoms, 

starting from the ground states |1) a t t  =  0. The expression for the radiated field is 

obtained by solving the Heisenberg equations for the field operators. In the radiation 

zone or far field region the positive frequency part of the field is given by the following
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expression [13]

E<+>(r,t) = E « ( r ,4) -  0(4 -  r /c )^  [ rx ( r  x -  |r |/c ) ] . (2.3.8)

Here is the dipole operator, related to the atomic lowering operator cr(- \  r  is the 

vector from the atom to the observation point and 0 ( i—r/c ) is the step function which 

preserves causality. (r, t )  is the freely evolving part which does not contribute to 

normally (Fig. 4) ordered expectation values.

x-polarized
Driving
Field

4-level
Atom

Detector

Polarizer

Figure 4: Geometry of the scattering process. The scattered field has a polarization direction 

along i .  The three orthogonal components of the field (x, y  and z) have the following properties. 

The x — (ic—)polarized component contain the coherent part while the y-  and z  — {a—)poiarized 

components are incoherent. Polarization sensitive measurement is performed at the detector with 

the a polarizer in front of the detector.
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We define the following

*(r)=i ^ i [ (8xr)xr]’ (2-3-9)

where i  is a unit vector (x, y, or z, depending on the polarization direction under 

consideration). We note that the expression is reminiscent of the classical field from 

a radiating dipole. W ith this we get, for the expectation values of the radiated field 

in different polarization directions, the following

(£< J( t,r ))  =  ©(« -  |r|/c)¥*(r)(<4+)(t ~  MAO)

=  -  |r |/c ) ^ x(r)(p14(t -  \r\/c) + ( ^ { t  -  |r|/c))

=  6 ( t  -  | r | / c ) ^ ( r ) ^ - 23̂ - ; e ^ - ' r |W

as t  —v o o ,

(2.3.10)

and

< 4 -> (t,r))  =  <0(t -  |rj/c)'»»Cr)<«t+>(t -  |r|/c)>

=  6(* -  |r |/c )« 'SI(r)(p14(t -  |r |/c )  -  P23(« -  |r|/c))

x [e- 4t,2'T(t - lrl/c)/(9'1'2+A2) — e-^-iAJCt-ir/c)]

-> 0, as i oo. (2.3.11)
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For the intensity we give only the steady state results

(Ex(t)Ex(t)) = |* ( r ) |2<o(+>4->)M

=  |* ( r ) |2«/>44>„ +  (P33U  

=  v2|tf(r) |2(972 +  A2 +  2v2) - 1 

=  {Ey{t)Ey[t)). . (2.3.12)

We recognize from Eqs. (2.3.11) that the expectation value of the incoherent part 

of the electric field vanishes in steady state. We can only have fluctuations from this 

part in steady state. However, it is important to note that steady state is reached only 

within few Rabi cycles or Raman transitions in the incoherent part of the spectrum 

and the incoherent part contributes to the spectrum.
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Chapter III 

3 Interference of Light Scattered from Two 

Independent 4-Level Atoms

3.1 Introduction

We now consider the problem of the scattering of light from two 4-level atoms. The 

theory of light scattering from two atoms has first been dealt with by Heitler [14] 

in the context of coherent scattering. A recent experiment by Eichmann et al. [1] 

reports on the first observation of interference effects in the light scattered from two 

trapped ions. In the experiment two 198Hg+ ions were trapped along the axis of a 

linear trap [1, 15, 16]. The I98Hg+ ion has an interesting internal level structure with 

lower state 6s2Si/2 and an excited state 6p2si/2, both degenerate with respect to the 

magnetic quantum number rrij =  ± 1/ 2. Due to the internal structure the resonance 

fluorescence contains ir— and a — polarized light (|Amj-| =  0 and |A m j| =  1), when 

the incident light is linearly polarized. Because of this level structure, the  interference 

properties of the scattered light can be observed by polarization sensitive detection 

[1, 10]. The interference pattern comes only from the coherent part of the scattered 

field, while the incoherent part gives no contribution.
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There seems to  be a certain ambiguity whether the experiment of Eichmann et 

a/.[l] can be used to implement a which-path experiment, and by what mechanism 

complementarity is enforced. The explanation in Ref. [1] (see also [10]) indicates that 

the experiment offers the possibility to obtain which way information by exploring 

the internal structure of the atom. As we will see, this description is, however, only 

valid as long as the atom is not saturated. The assumption is that only one photon 

scattered at a time. This enables, in principle (by comparing the initial internal 

states with the final states of the atoms), to decide if interference is possible or not. 

However, one must be careful with such a description. Because of the  continuous 

monochromatic excitation laser, the assumption of independently scattered photons, 

i. e. one at a time, is not valid. For a monochromatic excitation we have a coherent 

oscillation between the ground states and the excited states [11, 12, 17]. Due to the 

interaction with the reservoir, after a few Rabi cycles, the atom reaches a steady 

state. In this chapter we want to investigate what happens to the interference picture 

when the atoms have evolved in a steady state. When is it necessary to talk about 

saturated atoms or how long is the description of scattering of independent photons 

valid [18, 19, 20]? Is it possible in the long time regime, in particular, to  get “which 

way” information about the photon? The clarification of these problems is im portant 

for a possible realization of the quantum eraser [6, 21, 22, 23, 24, 25, 26, 27, 28, 

29, 30], which stores erasable information about which path the particle took. It is 

also important to clarify whether the destruction of interference is due to  the mere
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existence of “which way” information, or due to random momentum transfers in the 

scattering process [7, 8, 22, 27, 31, 32].

3.2  S tead y State In terference for ir— and <r—Scatterings

Here we consider the question of the interference of light scattered from two indepen­

dent 4-level atoms. We will consider the experimental situation of Ref. [1] and assume 

the atoms are at rest a t positions r^  and tb (Fig. 5). We will also neglect thermal

Polarizer Detector

Figure 5: Schematic diagram depicting an experimental setup for the scattering of light from two 

trapped atoms (ions). The axis of the trap is along the x-axis, the two atoms are designated by 

A  and B.  An x-polarized laser drives the two atoms and polarization sensitive detection of the 

scattered fields takes place at the detector at the point r. For a more complete description of the 

experiment see Eichmann et aL [1, 10].
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fluctuations of the center of mass of the atoms. The thermal fluctuation will reduce 

the fringe visibility via the Debye-Waller factor, analogously to neutron scattering 

from a crystal, and for the experimental setup of Eichmann et al. in the Doppler 

limit  of the two trapped atoms, it does not affect the basic “which way" argument 

[10]. The two atoms are driven by an x-polarized monochromatic weak laser, so we 

can use the results of the previous section. The interaction Hamiltonian is

H  =  -M A'E(rA, t) + /xB-E(rB, t). (3.2.1)

For a monochromatic transition we have a coherent oscillation between the ground 

and the excited states [11, 12]. This implies, if we can neglect direct interaction 

between the two atoms, then each atom is driven independently, therefore we can 

use the results of Chapter II. In particular, no entanglement will arise between the 

two atoms with such kind of monochromatic continuous driving and both atoms 

evolve independent of each other into a steady-state. We start with an initial density 

operator for the two independent atoms, given by

p(t) =  pA{t)® p B{t). (3.2.2)

The field scattered from the two atoms has now two contributions to the resonance 

fluorescence and the intensity at the detector at position r  is given by

</(r,i)> =  ([EW (r,() +  E (B->(r.<)]-lES,+)( r , t ) + E (e+)(r,t)l>

=  {IA(r,t)) + (IB (r,t))

+  (E‘r ,( r , t ) .E g - >(r,*)) +  <E!l+> (» .t) -E ^ , (r ,t)>. (3.2.3)
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The scattered fields from atoms A  and B  are given in terms of the lowering operators 

of the two atoms and for the positive frequency part we have

E «  (r,t) =  0 ( t  -  |r ^ |/c ) * ( r ) ff<Tj,((- l iM i ) .  (3.2.4)

The last two terms of Eq.(3.2.3) are responsible for interference. We want to see the 

effect of detecting a specific polarization direction of the scattered field, specifically 

the x-polarized and the y-polarized fields.

■k —Scattering

The x-polarized part of the scattered field is responsible for the coherent part of 

the spectrum [11], and therefore interference is expected in this polarization. From 

Eq. (3.2.3) we can express these terms as

(E i z l (r ’ *) • *)> +  CC’

=  © ( t - i r A| / c ) © ( t - | r B|/c ) |^ ( r )|2

x + r ) + + r )>>

=  © ( t - | r x | / c ) © ( t - | r B|/c ) |^ ( r )|2

x  c o s [ k ( r x  "  (3-2 '5)

Here, t' = t — |r^ |/c  is the retarded time and we have introduced the delay time

ojt =  — |rB|)/c  ~  k ^ r^  — r B). As expected, the coherent part of the spectrum

gives rise to interference, and this is in accord with Young’s double slit experiment.

Note that the coherent 7r-polarized contribution vanishes in the strong field limit,
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implying tha t the interference pattern disappears. The vanishing of the coherent

part is not due to the appearance of “which way” information in the  7r-scattering,

scattering.

<r—Scatterin g

Next we turn to the incoherent part of the scattered field and consider, e.g, the 

y-polarization component. The z-polarized field has the same properties, so it is 

sufficient to consider only one of the two incoherent components representative for 

both. Treating the y-component in the same fashion as the x-component of the RF 

field we get

We note that the observation of an interference pattern usually requires several scat­

tered photons. On the other hand, the excitation time of an incoherent photon is 

related to tc =  so we must assume t »  tc to have any incoherent excita­

tion. The consequence is th a t Eq. (3.2.6) goes to zero and the incoherent part does 

not contribute to the interference. At this point it is worth comparing our results

rather, it is simply due to the fact in the high field limit there is no more coherent

2v2(9'y2 +  A 2) —8 v2ytf
(9 j2 +  A 2 +  2v2)2 6X̂ > 9y2 +  A2

c o s^ -fo  -  r s )j

—» 0, as t —> oo. (3.2.6)
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to  the interpretation of Eichmann et al. [1], Both considerations lead to the same 

conclusion, viz., the existence of interference in the coherent part of the spectrum 

and no interference in the incoherent part. There is, however, an important differ­

ence between the two approaches. According to our results, the presence or lack 

of interference is a consequence of the steady state behavior of the two atoms. In 

the interaction of a monochromatic laser with an atom coupled to a reservoir steady 

state  is reached in a few Rabi cycles. In the steady state regime, however, there is 

no “which way” information any longer, and thus one cannot invoke “which way” 

arguments to explain the presence or lack of interference [1, 10, 12]. Simply, there 

is a  coherent component in the ir—polarized part of the RF field for a weak driving 

field and it leads to interference between the fields scattered by the two atoms. The 

a —polarized parts of the RF field are entirely incoherent and exhibit no interference. 

There is no entanglement between the two atoms in steady-state and consequently 

no “which way” information.
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4 Interference due to lack of “W hich Way” Information.

4.1 Introduction

We now look for a possible modification of the experiment of Eichmann et al. [1] 

to implement a “which way” experiment. First, we cannot consider a continuous 

monochromatic driving field, the infinite long coherence time in such a field leads to 

coherent Rabi flopping of the atoms with spontaneous decay, leading to a steady state 

of the two atoms after some time. Therefore, we need laser pulses weak enough to 

excite only one atom per pulse and separated well enough to  complete spontaneous 

emission before the next pulse arrives or, alternatively, we can use a continuous broad 

band incoherent excitation (BBE). The interaction of a 4-level atom  with a BBE is 

discussed in detail in Ref [18]. We therefore give only the main results. The coherence 

time of the broad band field is given by rc =  1/5 where 8 is the  bandwidth (not to 

be confused with the detuning in the previous sections) and the  excitation time is 

To  =  fa where v  is the coupling parameter between the atom s and the BBE field 

in frequency units. We assume that To 7 - l , therefore we can neglect stimulated 

emission by the broad band field. Furthermore, since rc C  T c, (and also r  c  7 -1 ) 

we can regard the broad band field as a reservoir which leads to  absorption of one
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photon a t a time, followed by spontaneous decay. The time-sequence for the the 

interaction of the atoms with the broad band field and the vacuum is scheduled in 

Fig. 6. Approximately every time To  one of the two atoms is excited according to the 

broad band field interaction and decays into the lower states due to  the interaction 

with the vacuum. For such a  system the interpretation in [1] is applicable, and we can 

talk about interference effects due to the indistinguishability of the possible paths. In 

other words, for such a system a “which way” argument is applicable which is required 

for the implementation of a quantum eraser [6, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]. 

The reason for the applicability of a “which way” argument is the entanglement 

between the two atoms due to the nature of the BBE, since we do not know which 

atom absorbed the photon. We note th a t a BBE has the advantage over laser pulses, 

in that it allows a continuous monitoring of the atoms. W ith a BBE the atoms do 

not saturate.

4.2  In teraction o f T w o 4-L evel A tom s w ith  a Broad B and E xcita tion  F ield

The interaction Hamiltonian with the broad band driving field E d is

=  -  (#*(_> • e £> +  • E^->). (4.2.1)

Here fi =  (fiA +  fjtB) and E d  is the broad band excitation field. In the second order 

of the interaction we get for the time-evolution of the reduced density operator p(t)

=  -^ 2  /  <ii"r r * M *')]] • (4.2.2)
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Z

e )

19) TD

Figure 6 : Time-schedule for the atomic transitions of one of the two atoms induced by the interaction 

with the continuous BBE excitation and the vacuum (thick lines). The interaction with the BBE 

causes a transition from the lower states |<7) =  |1), |2) to the upper states |e) =  |3), |4) approximately 

every time To S> 1 /7  which is followed by a spontaneous transition into the lower states | g) induced 

by the interaction with the vacuum (thin lines). Due to the condition T o  >  1 /7  we can neglect 

stimulated emissions into the BBE.

Here p r { t )  =  p(t)  ®  where p(t)  is the atomic density operator and PR{t) is

the density operator for the reservoir (BBE field). We now consider the two time 

correlation of the BBE field. The two time correlation for the incoherent BBE field 

can be evaluated, and for appropriate parameters (see Cohen-Tannoudji [18]) can be 

expressed as follows

=  £ i i ( t - f ) .  (4.2.3)
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Here Sq is an electric field amplitude related to the BBE field. W ith this we can 

replace p(tf)  by p( t) ,  which is the Markoff’s approximation for the BBE field. We 

take the BBE field to be z-polarized and get finally for the master equation

j o { t )  =  - l D  ^ 2  [
k ^ = A , B

- 2 a l2 ]p(t)a^)]. (4.2.4)

Here 1 d  = ^  and depends on the parameters of the BBE field. The interaction with 

the vacuum leads to the following master equation

k = A ,B  j = x , y , z

- 2 ( 7 $  p ( t ) a $ ] .  (4.2.5)

The interaction with leads to mixed terms which connect the two atoms, while for 

the vacuum we have no mixed terms. The mixed terms indicate that there arises a 

correlation between the two atoms, while for the vacuum each atom is independently 

coupled to the reservoir and no correlations arise between them. In other words the 

interaction with the BBE leads to the entanglement between the two atoms. This 

entanglement is the crucial point for the applicability of a “which way” argument. In 

the case of a continuous BBE, independent scattering events occur for which we can 

apply “which way” arguments and a quantum eraser can be implemented.

We consider a special initial condition for the density operator of the two atoms,
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which is given by

Pa b (*o) =  |1 ) a a (1 | ®  |.1)b b (1|* (4 .2 .6 )

After the absorption of one photon at time «  t0 + Tp  of the BBE field, the density 

operator of the two atoms A  and B  is entangled due to the non-local behavior of a 

single absorbed photon

Pa b ^ i ) =  2 [I*)aaO-I ®  |3 )b b ( 3 | +  |3 ) a a ( 3 |  ®  |1 )b b (1 |

+  |1 )a a (3 | ®  |3 ) b b (1 | +  |3 ) a a (1 | ®  |1 ) b b (3 |] .

The coupling to the vacuum leads to decay of the excited states. This means, imme­

diately sifter the absorption of a photon at the time ti, the density operator evolves 

according to the master equation, which describes the interaction of an excited atom 

with the vacuum. We give the details of the calculations for the interaction of the 

BBE field with the two atoms in Appendix A. Here, we give the relevant equations

for the coupling with the vacuum. Since each atom is coupled independently we have
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for either of the atoms A  or B , the following

dpuit)
dt

dpziit)
dt

dpxijt)
dt

dpzijt)
dt

dpyjjt)
dt

dpu (t)

=  -3 7 P 4 2 (< ),

=  —37P3i(£),

=  27^33(4) + 47P44W ,

=  2'rp4A(t) + 47P33W ,

=  -0jp33(t),

=  -6ypu{t)-  (4-2.7)
dt

W ith these equations we get the following time evolution of the density m atrix 

Pz l(i) =

Pi . «  =  i^ 3 3 (0 ) ( l - e - 6̂ ) +  |p 4 4 ( 0 ) ( l - e - 6’ '),

P22W =  |p « { 0 )( l  -  «-«*) +  |p33(0)(l -  e-<»‘),

Pit(t) = Pu{ 0)e_671,

Pzz(t) =  P33(0)e-67t- (4.2.8)

4.3 Interference and N on-E ntanglem ent for 7r-Scattering

The interference part of the intensity is given by the expression

0 ( f  +  ( ( . t f W e ' V  +  t )) +  c.c.) .
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Here if =  t — tx — |rx |/c  is again the retarded time and r  =  (|rx | — \*b\)/c the 

delay time. We consider the case of 7r-polarized scattering starting with the “initial” 

condition (4.2.6). The details for general initial conditions are given in Appendix B. 

This is related to the z-polarized scattering or ir — ((Amyl =  0) transition. We get 

for the interfering part for 7r-scattering the following

i e ( f  +  T )0 ( f ) |* (r ) f  ( (< * £ ((> £ (« '  +  r)) +  c.c.)

=  i e ( t '  +  r ) e ( f ) |# ( r ) |2 

x T * a , b ( P 1 3 ( t ' ) p f i +  t )|1)aa(1| ® |1)bb<1| +  C .C .)

= Q(if +  ^© (t^l^^pcosfk^ryi -  rB)]e_67{t,+*)

^ A<B\l)AA(l\ ® |1)bb(1|- (4-3.1)

Thus, for 7r-scattering we get interference during the coherence time The reason 

is that it is indistinguishable what path the photon took. Note that the final total 

density matrix is disentangled between the atoms and the photon, and therefore 

interference takes place. This can be readily recognized from the expression for the 

complete first-order correlation function (3.2.3) which can be expressed as

/ ( r , t \ r )  =  ilW (|l>A A <l|® |l>B B <l|)

x |tf  (r)|2 [©(t'Je-6̂  + A ±+B

2©(£a +  r)©(t'x)e"67(̂ +5) cos[k-(rA -  rB)]] , (4.3.2)
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where we have introduced the retarded times t!AtB = t —tx — \ta# \ / c. In Eq. (4.3.2) the 

atomic density operator is factored out, which expresses the disentanglement of the 

atoms-photon system. Indeed, there are two different possibilities which lead to  the 

same final atomic density operator and it is impossible to know which of the two atoms 

scattered the photon. Consequently, interference occurs due to the superposition of 

two ways.

4 .4  N on-Interference and Entanglem ent for ^ -S cattering

We now consider the case of cr-polarized scattering and obtain, for the x-polarized 

scattered light,

i Q (t +  r )e (« 0 |* (r )f  +  r)> +  c.c.)

=  i e ( ( '  +  r ) 6 ( t ' ) l ' I ' ( r ) |V 6l(‘' + 5> 

x TrAtB(|l>AA(2| ® W s B i l l e - ^  +  |1>bb<2| ® |2>^4< l |e ^ )

=  0. (4.4.1)

We recognize that the cr-polarized scattered light cannot lead to interference. The 

reason is tha t the scattering process brings one of the two atoms to a final state 

which is orthogonal to the initial state. Prom another point of view, the scattering 

process of a-polarized photon leads to two distinguishable paths of the photon giving 

no interference. This, again, can be recognized most easily when we consider the
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first-order correlation, which is the following

=  i |* ( r ) |2

x  [ e ^ J e - ^ T r ^  (|2>aa(2| ® |1)Sb<1| + A * * B )

+ 0 ^  +

x T t a ,b ( \ 1 ) a a ( 2 \  0  + \ 1 ) b b ( 2 \  <g> |2>^< l|e i—)J .

(4.4.2)

Here, due to the entanglement between the atoms-photon system there are two dis­

tinguishable events leading to two different final atomic density operators, and, con­

sequently no interference occurs. It is, however, not necessary to have an actual 

knowledge of the path. The mere existence of “which way” information, whether we 

choose to know it or not, is enough to destroy the interference.
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5 Quantum Eraser

5.1 Introduction

After the discussions in Chapter IV we have now the necessary setup to implement a 

quantum  eraser using the Eichmann et al. experiment. This chapter is divided into 

two sections. The first section deals with the implementation of a quantum eraser 

for general atomic initial condition of the two degenerate 4-level atoms. The second 

section deals with a quantum eraser for a special initial condition which is achieved by 

removing the degeneracy of the 4-level atoms with a magnetic field. The removal of the 

degeneracy allows us to consider the special initial condition tha t the atoms populate 

exclusively the lower atomic state |1) in thermal equilibrium. After these preliminaries 

we now show that a modification of the experiment in [1] allows one to implement 

a quantum eraser with a delayed choice set up, in the sense proposed originally 

[25]. The first requirement for the implementation of the quantum  eraser is a non- 

unitary time evolution to erase the information through an irreversible process, and 

the second is a  measurement of the second order (or intensity) correlation function. 

The first condition is required because a unitary time evolution is reversible and in 

any reversible process information is not “lost” and can be recovered by an inverse
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transformation which is again unitary. The second condition is required because of 

the orthogonality of the photon states [7^) and |7b) of the photons scattered from 

atoms A  and B. A detection of the photons |ta) and |7b) reduces the infinite number 

of possible ways they can take to one specific way, they have actually taken.

Irreversibility is brought in by a non-unitary transformation such as a decay pro­

cess, which is detected, so there is a non-unitary state reduction. Because of the 

internal structure of the 4-level atoms, we do not need additional levels to erase the 

information, the 4-level structure is enough for the realization of a quantum eraser. 

We use the same experimental setup that was originally suggested by Scully and 

Driihl, with a slight variation, where a 7r-polarization sensitive detector is placed 

equidistantly between atoms A  and B  (Fig. 9). The detection scheme allows us 

to distinguish between a 7r-polarized erasing photon and a cr-polarized interference 

photon. The erasing photon produces a final density matrix which is disentangled be­

tween the two subsystems, atoms and scattered photons. The detection of the erasing 

photon ensures the specific final state of the density operator, i.e. the disentanglement 

of the two subsystems atoms and the scattered (interference) photon.
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Erasing
PulseBBE Field

\g)

Figure 7: Time-schedule for the quantum eraser experiment. One of the two atoms is excited due to 

the interaction with the BBE approximately at times tq ss tn -rqx  Tc  (solid lines) q =  1,2,3, —  At 

times rq =  tq + 5 / ( 6 7 ) we apply the erasing pulse (dashed lines). The arising photons are detected 

in a second order correlation measurement.

5.2 Quantum Eraser Scheme for Arbitrary Atom ic D en sity  Operator Ini­

tia l Condition

We start to drive the atoms at t0 with the broad band light which excites one of 

the two atoms at the time ti =  t0 +  To- After this free evolution takes place and 

the excited atom decays into the specific ground state connected with the relevant 

polarization of the detected interference photon. At the time t2 555 to +  To  +  5(67)-1, 

which ensures that the excited atom has decayed, we apply a strong, erasing pulse 

which is assumed to be short enough to  excite only one of the two atoms (see also Fig. 

7). The requirement to excite only one of the two atoms at a tim e can also be achieved 

by applying a second broadband field pulse. After this excitation time there is no
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|3 > _ ? _ |4 >

|1)_. )2> --------

a)
</z-polarized scattered photon

r e

B "
or

A B

K

b)
7r-polarized erasing photon

A

I Z v ---------
or

A B

<0

Figure 8: a) We start initially in the state |1)a®|1)b of the two atoms, b) A z-polarized BBE induces 

tr*-polarized scattering from atom A  or B  leading to state \2)a ® |1)b or |1)a ® \2)b followed by c), 

a 7r-polarized scattering erasing photon bringing the final atomic states to |1)a  ® [l)s  or \2 ) a  ® \2 ) b -

interaction with the broadband pulse and the only interaction is the interaction with 

the reservoir field so th a t spontaneous emission takes place. The correlated detection 

of the erasing and scattered photons ensures that we have the required final state 

of the density operator which disentangles the atoms and photons system. Fig. 8 

depicts the relevant atomic transitions in the implementation of the quantum eraser. 

Starting with the density operator |1)aa(1| ® |1)b b (1|> due to the interaction with
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the BBE at time £1 «  t0 + To, the density operator evolves to  | 1 ) a a ( 1 |  ®  | 2 ) b b ( 2 |  +  

\1)aa (2\ <g> | 2 ) b S ( 1 |  4- A  *+ B .  After the application of the erasing pulse we have, at 

time t2 =  t x + 5/ 67 , the final density operator |1)aa(1| ® |1)bb(1| +  1 «->• 2.

We want to express the above qualitative description mathematically and point out 

the important ideas necessary to erase the information. We consider the calculations 

of the second order correlation function in detail in Appendix C.

D e t e c t o r
a x - P o l a x i z e r

A I
Pa  La 
\ 7r-Detect0 r

Figure 9: Arrangement for the quantum eraser where S is the light source which can have different 

polarization directions (using and t̂ z,d  polarizers). ax is an x-polarizer for the scattering 

photons and ir-Detector is a 7r-polarization dependent detector for the erasing photon.

The measurement of o-polarized scattered photons a t (r, t) and 7r-polarized erasing
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photons a t (p, r )  is expressed by the second order correlation function defined as 

Gm (r,t;p,T) =  {[£'Jf)''(r,() +  £4“,'(r ,i)]

• ( ^ +> * (p ,r )  +  4 + )' ( p , r ) ]

• [ ^ ( r . t j  +  ^ t r . t ) ] ) ,  (5.2.1)

where 7r denotes the  7r-polarized photons which are used to erase the information, a  

denotes a-polarized scattered photons which are observed a t the detector and p  is the 

distance of the 7r detector from either atom. The part of the second order correlation 

function G(2) (r.t; p, r )  that produces interference is given by

G ® (r ,i;p ,r ) =  ( ^ ( r , ( ) [ £ « > , ^ - ’’ (p .r)

+A ++ B}E*B)a (r, t)

+£<T,'( r ,  t )[E ?*{p , r ) E ^ ( Pl t )

+ A < *B )E {£ )a{T1t)). (5.2.2)

This term describes the interference because both atoms A  and B  contribute to the 

7r- and a-polarized light, respectively. As it is shown in Appendix C, we can express 

the field operators in terms of Heisenberg dipole moment operators. The calculation 

of the second-order correlation function on the basis of Heisenberg dipole moment 

operators is performed in detail in Appendix C and we give, here, only the final

result and point out the erasing scheme. We get, for the second-order correlation
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function

G i n t f a  *; P i T*) =  -  h  ~  k A |/c )0 ( t  - t i -  \t b \ / c ) Q { t 2 -  \ p \ / c )

x | ̂  (r) |21 ̂  (p) pe- ®7 -̂ *1" *(lrA+rs D/dg-frrfo -IpIAO

b b ( M  +  |2 )a a (2 | <8> |2 )BB(2|

+A  -H- B} x cos[u;(|rA| -  |rB|)/c]

=  Q(t - t i -  \rA\/c )e{ t  - t x -  |r B|/c)© (r2 -  |p |/c )

x |^ ( r ) |2|^ (p ) |2e- 67(T2-,p,/c)e- 67̂ _tl“ 5(lr>*l+lrBl)/c!

x cos[k-(r^ -  rB)]. (5.2.3)

Here we have introduced the time delay r2 =  t — t2 between the detection of the 

erasing photon and application of the erasing pulse. We have neglected in the above 

expression for r2 the excitation time Td2 ~  10-1°s of the atoms due to the erasing 

pulse which is much smaller than the relevant time-scaie I / 67. It is im portant to 

recognize in the above Eq. (5.2.3) that the atomic density operator which occurs in 

the second order correlation before tracing over the atomic subsystem is given as

P a ,b  =  ^(|1)a/i(1| ® |1)bb(1| +  |2)>m(2| <8> |2)BB(2| +  A *+ B). (5.2.4)

We see that the final atomic density operator contains only populations of the two 

atoms leading to interference. We recognize that there is our erasing of the informa­

tion if we detect the 7r-polarized erasing photons before the scattered or interfering 

photons. The detection before is necessary because only this detection ensures our
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atomic system state to be in the final state.

It is im portant to  recognize that the quantum eraser disentangles the two subsys­

tems atoms and scattered photons. This disentanglement makes it impossible to know 

which of the two atoms scattered the photon and consequently interference occurs. 

The disentanglement between photons and atoms is most obvious in the total second 

order correlation function which is given as

G ^ (r ,i;p ,r2) =  - T r ^ d l ) ^ ^  ® | 1 ) b b ( 1 |  +  1 <->• 2) 

x |t f(r ) |2|tf (p)|2 j© (£  -  ty -  \t a \ / c ) Q { t 2 -  |p|/c) 

x e-67^”£l-*rA*^e-67^ - lp^  +  A B

+ 2 & ( t  - h -  |r,4 |/c )e (£  - h -  |rB|/c)©(r2 -  |p|/c)

X e - 6T,[e - t i - 5 ( l r A l+ lr B l ) /c ] e - 6 7 ( r 2 - t p | / c )

x cos[k-(r^ -  rB)] j . (5.2.5)

Here, we can recognize the disentanglement between the photons and atoms. There 

is no possibility of knowing which atom has scattered. The superposition of two 

indistinguishable paths leading to the same final atomic density matrix is the reason 

for the occurrence of interference. The quantum eraser can be understood as a scheme 

which disentangles a previous entanglement between two subsystems. As a result of 

this disentanglement interference is brought back.
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5.3 Quantum  Eraser Schem e for N on-D egenerate 4-Level Atom s

In this section we consider a  special quantum eraser scheme valid in the case when 

the 4-level atoms are non-degenerate. The removal of the degeneracy can be achieved 

with the application of a magnetic field in z-direction which shifts the atomic levels by 

an amount of ± A /2  =  ±1/{2Tl)hqB q, where /zo is the magnetic moment of the electron 

and B q is the strength of the magnetic field (Fig. 10). In thermal equilibrium it is 

sufficient to consider the following initial atomic density operator

P A j i i t o )  =  \1 )a a {1\ ®  |1)bb(1|, (5-3.1)

which is valid for strong enough detuning A since exp(—hA/fcaT) «  0, where ks  is 

the Boltzmann constant and T is the temperature, The non-degenerate 4-level atoms 

allow us to selectively drive certain transitions. In addition, we can use frequency 

selective detectors for the erasing photons and interference photons which results in a 

high efficiency measurement of the second-order correlation function in the quantum 

eraser scheme.

Let us consider the following quantum eraser scheme. We drive the atoms with a 

BBE field starting at t Q and apply it continuously during the whole measurement of 

the second-order correlation function. Then at the time t \  «  to +  I ' d  we can expect 

one of the two atoms to be excited. After a time t-i =  to +  T/> +  5/ ( 67), which ensures 

th a t the atoms have decayed to the ground states, we apply a  strong and short f -
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BBE

catt.B

| 4 >  _ _ _

|2>

Figure 10: Quantum eraser scheme for a non degenerate initial condition. The degeneracy is removed 

by the application of a magnetic field B  in the z-direction inducing a shift of A (Zeeman split). The 

BBE field induces a crz-polarized scattered field. The erasing is accomplished with the application 

of j-pulse inducing a 7r-polarized erasing pulse.

pulse which is cr(~)-circular polarized and selectively drive the transition |2) *->■ |3). 

After this excitation again decay into the vacuum occurs and we detect the emerging 

erasing photon as a 7r-polarized photon. The two photons are measured in the second- 

order correlation measurement, i.e. we measure the correlated photon emission of the 

two emerging photons. Due to our assumption, To »  1/ ( 67), ^  does not m atter 

tha t the BBE is continuously applied because stimulated emission by the BBE can 

be neglected against spontaneous emission into the vacuum. The above time schedule 

is applied until we have enough data to get the second-order correlation function, i.e., 

the erasing pulse is applied at times U+q  x Tq + 5 / (67), where q =  1 ,2 ,3 , . . .  (see Fig. 

5). As we measure the interference as crr -polarized photons and the erasing photons
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as 7r-polarized photons, we can use frequency selective detectors. The frequency of the 

7T-polarized photons is equal to u;0, while the frequency of the crz-polarized photons 

[only the |2)(3| +  |3)(2| part of the crr -dipole moment operator is relevant for the 

special initial condition (5.3.1)] is equal to  uiQ — A. This frequency difference allows 

for an efficient quantum  eraser scheme because we can collect all the erasing photons 

by using a frequency selective elliptical reflector a t the 7r-detector [6].

The calculations for the second-order correlation function are similar to the previ­

ous subsection and we give here only a qualitative description. We consider therefore 

only the atomic density operator and give the final result for the second-order corre­

lation function. After the excitation with the BBE our density operator reads at the

time t\ t0 + To  starting from the initial condition (5.3.1) as

P a ,b (£ i)  =  2 (I1) a a ( 1 | ®  |3 )b b ( 3 | +  |3 )a a (1 | <8> |1 )b b (3 |

+A  -h- B ) . (5.3.2)

Then a transition from level |3) —>• |2) takes place. The probability of this transition

event is 2/3 of all possible scattering events. After a  sufficiently long free evolution

time, which we take to be five times the decay-time 1/ ( 67) of the atoms, it is ensured 

th a t the atomic density operator has decayed into the following density operator

P A , B ( t 2) =  -  ( | 1 ) a a ( 1 |  ®  | 2 ) b b ( 2 |  +  |2 )a a (1 | ®  | 1 ) b b ( 2 |

+  A  ++ B ) . (5.3.3)

The erasing pulse which is a circularly polarized a ^  pulse drives the atomic transition
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|2) —y |3). Because of the form of the atomic density operator Eq. (5.3.3) we can 

apply a  t /2  pulse that ensures one of the two atoms will be excited, the one which 

was involved in the scattering process. It is however unknowable which of the two 

atoms will be excited, and therefore it is possible to dientangle the atomic subsystem 

from the photon subsystem. The excitation tim e Tq2 of the atoms by the —pulse is 

assumed to be very short compared to  the life-time 1/ ( 67). This can be achieved with 

a sufficient strong laser pulse due to the relation f2TjD2 =  tc/2  where Q is the interaction 

parameter in frequency units of the laser pulse and the atoms. Immediately after the 

application of the strong 7r /2-<j(_) laser pulse a t the time t2 =  to +  To  +  0/ ( 67) the 

atomic density operator reads as

PA,B{h) =  2 (I1)aa(1 | ® |3) bb(3| +  |3)a/i(1| ® |1)bb(3|

+A ++ B ) . (5.3.4)

Again free evolution takes place and a photon appears which is detected as a  jt- 

polarized photon at the erasing detector in the  second-order correlation function. 

The probability of scattering a 7r-polarized photon is equal to 1/3 (it is however 

im portant that only 7r-polarized photons contribute in the second-order correlation 

function). The probability of detection events in the second-order correlation function 

is therefore equal to 1/3 x 2/3 =  2/9  of all possible scattering events assuming we 

can collect all the erasing and scattering photons, which can be achieved by using the 

frequency selective elliptical reflector for the erasing photons (see above). The other
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scattering events do not contribute to the second-order correlation and therefore do 

not disturb the experiment. After free evolution our atomic density operator evolves 

finally into

P a ,b  =  | 1 ) a a ( 1 |  ®  | 1 ) b b ( 1 | -  ( 5 .3 .5 )

In other words, all scattering events in the second-order correlation function lead to 

the same fined atomic density operator (5.3.5), and consequently, interference occurs 

as the result of different possible paths starting from the initial density operator

(5.3.1) and leading to the same final density operator (5.3.5). The atomic density

operator (5.3.5) is therefore disentangled from the photon subsystem leading to the 

following final result for the second-order correlation function

G ‘2)( M ; p ,  n) =  i T W ( | l > - u t t l  ®  |1>M <1|)  

x |*(r)[*|*{/»)l®/©{* -  4i -  M /c ) 0 (7 i  -  |p |/c)

x e-frT^^-MAOg-e-rfo-lPl/c) _j_ ^  g

+2 G(t - t i -  |rA|/c)© (f -  ti -  |rB|/c )e ( r2 -  |p |/c)

xe-^f^t-id^l+kBD/eJe-MTa-lPl/e)

x cos[k*(rA -  r B) ] | .  (5.3.6)

Here, again r2 =  £—i2 is the delay time after the excitation with the erasing pulse a t t2 

and detecting our erasing photon. We recognize immediately the disentanglement of 

our two subsystems atoms and photons. Again, the quantum eraser has disentangled 

these two subsystems and consequently interference occurs in the scattered field.
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6 Schemes for Displaying o f Anti-Fringes and Partial “W hich  

W ay” Information

6.1 Schem e for D isplaying A nti-Fringes

This chapter is divided into two parts. In the first part we devise a scheme to  display 

anti-fringes using the two 4-level atoms by a slight variation of the earlier setup we 

used in Chapter IV. The second and main part is devoted to possible experimental 

schemes which can be used to test a  recently derived inequality which quantifies the 

concept of complementarity [2].

Recently, a  scheme to display anti-fringes in the light scattered from two two- 

level atoms in a cavity was proposed [9]. Here, we present a scheme with two 4- 

level atoms, which is different from the one considered previously in [9], which can 

display a minimum at the center of the arising Young interference picture. The 

scheme, which does not need a cavity, depends however on the initial atomic density 

operator. Instead of applying a 7r-polarized BBE, we employ here a ^ -po larized  

BBE. In addition, unlike the previous case, here we measure the interference fringes 

which arise in the <ry-polarized scattering light. The occurrence of interference in
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the cTy-polarized light depends on the initial atomic density operator. In particular 

the arising interference picture can display anti-fringes, fringes, or non-interference 

as a result of the superposition of both, anti-fringes and fringes. We s ta rt with the 

following special initial condition

P A B ( t o )  =  \ 1 ) a a ( 1 \ ® |2>bb(2|- (6.1.1)

After the excitation by the crx-polarized BBE we have at the time t x ss t Q +  T o

P a b { U )  =  1  (|4>A4<4| ®  |2) bb(2| +  |l)>ivi(l| ®  |3)bb(3|

+  |4>aa(1| ® |2>bb(3| + |1>aa(4| ® |3)Bb<2|) .

(6 . 1.2 )

This is followed by a free evolution and a final detection of o^-polarized light at the 

detector at time t .  The first order correlation function with the initial condition

(6.1.1) is evaluated in a sim ilar fashion as in Chapter V, however, here we will have 

o y  dipole operators instead of a z dipole operators and we have

G^(TA,TB-,t) =  ( [E H (t ,( )+ E ,; l (r,l)]

• [E W (r ,t)+ E « (r ,t)]> . (6.1.3)

Here, the electric fields are expressed by the appropriate electric dipole operator, and
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we obtain for the interfering part

G «(r„ , rB; t) =  | |* ( r ) |2{©(* - 1, -  M /c )0 ( t  - 1, -  |rB|/c)

+T)> + + T)},

(6.1.4)

where, if = t  — t i ~  \t a ,b \ / c  for atom A  and atom B ,  respectively and <7y+) =  z(|3)(2| — 

|4)(1|). The factor i which appears for y-scattered light which arises from Oy+) is 

responsible for the anti-fringes (z2 =  — 1, and a minus sign appears in the expression 

of the interfering part). The above expression can be further calculated by using the 

results of Section 4.2 for the solutions of the matrix elements of the density operator. 

We also include the non-interfering part and obtain

G(1)(rA,TB;t) =

- \* { r ) \2 x -  ti  -  + A + + B

- » ( < -  >, - ¥)•(•-•"-?)
2 x e- 'irlt- tl~(lr^l+lrsl)/2cl cos[k • ( t a  — r n ) ] |.  (6.1.5)

We note that we have an intensity minimum when [r^l =  |rB|, implying an anti-fringe 

at the center [9]. This is valid for the special initial condition |2)>l>i<2| <S> |1),bs(1| and 

also for the initial condition |1)aa(1| ® |2)bb(2|. For the initial conditions |1)aa(1| ® 

| 1 ) b b ( 1 |  and | 2 ) a a ( 2 |  ® | 2 ) b b ( 2 |  we have fringes with an intensity maximum at the 

center. For a more likely initial condition (which is more probable in the case of a
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degenerated 4-level atom) given by the following,

P a b ( < o )  =  ^ ( | 1 ) a >i ( 1 |  ®  | 1 ) b b ( 1 |  +  | 2 ) a a ( 2 |  ®  | 2 ) b b ( 2 |

+ | 2 > a a ( 2 |  ®  | 1 ) b b ( 1 |  +  | 1 ) a a ( 1 |  ®  | 2 ) b b ( 2 | ) ,  ( 6 . 1 . 6 )

we get no interference since we have an equal contribution to fringes and anti-fringes 

[9]. In general we have something in between with reduced fringe visibility depending 

on the initial condition.

We note that the quantum erasing scheme of section 5.3 allows us to display anti­

fringes. This can be achieved with a simple shifting of the position of the erasing 

detector out of the center between the two atoms. The shifting of the erasing ir- 

detector results in a shift in the argument of the cosine function of Eq. (5.3.6).

cos[k • (rA -  r B)] -► cos[k • (rA -  r B) +  k ' • (p A -  p B)], (6.1.7)

where |k |/c  =  — A and |k '|/c  =  ujq. If we shift the erasing detector out of the center

between the two atoms so that k7 • (pA — p B) — 7r the resulting interference pattern of 

the scattering photons in the second-order correlation function displays anti-fringes, 

i.e. a minimum at the center of the interference picture. It is important to recognize 

tha t this simple scheme to display anti-fringes or, in general, phase-shifted interference 

fringes with the quantum eraser is only possible with the quantum eraser scheme of 

subsection 5.3. In the quantum eraser scheme of section 5.2 a shifting of the erasing 

detector would merely reduce the visibility of the interference fringes. The reason 

is that two cosine functions appear in the second-order correlation function of Eq.
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(5.2.5) when the erasing detector is shifted out of the center between the two atoms 

as

cos[k - (rA -  rB)] -► cos[k • (rA -  rB)] cospc' • { p A -  p B ) \ .  (6.1.8)

Consequently, a  shifting of the erasing detector out of the center between the two 

atoms results in a reduction of the interference fringes by the amount cosjk7 • (p A — 

P b ) \ • Nevertheless, a  shifting of the erasing detector so that cosfk7 • ( p A — p B )] =  ir 

results also in the displaying of anti-fringes for the scattering photons in the quantum 

eraser scheme of section 5.2. However, a shifting of the erasing detector so that 

cosfk' • { p A  —  p B ) \  =  7r/2 results in the vanishing of the interference fringes in the 

quantum eraser scheme of section 5.2 while it only shifts the interference fringes of the 

scattering photons by a phase of 7r/2  in the quantum erasing scheme of section 5.3. 

The quantum eraser scheme of section 5.2, on the other hand could be employed to 

verify an inequality due to Englert [2] which quantifies the general complementarity 

principle “which way information <-)• no interference” and “no which way information 

«-»• interference” . We now turn to the scheme which can be used for this experimental 

test of Englert’s inequality .

6.2 Schem e for P artia l “W hich Way” Inform ation

Wave-particle duality is a  concept which is usually connected to a two-way interfer­

ometer such as Young’s double-slit experiment. It is a famous example of Bohr’s
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principle of complementarity [3] which states that quantum systems possess proper­

ties that are equally real but mutually exclusive. The duality concept states that the 

observation of an interference pattern  and the acquisition of which-way information 

are mutually exclusive.

Recently, an inequality was derived by Englert [2] which quantifies this duality 

concept in the sense to what extent partial fringe visibility and partial which-way 

knowledge are compatible. This inequality allows us to consider intermediate stages of 

the extreme situations “perfect fringe visibility and no interference” and “full which- 

way information and no fringes” which are familiar from textbooks.

Path Detector

Output

Path Detector

Figure 11: Scheme for partial “which way” information and partial interference. With the use of the 

path detectors, both particil “which way” information and partial interference patterns is obtained 

within the limits set by duality.
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The main effort of this section is the implementation of an experiment which allows 

us to consider the intermediate stages of the duality concept, i.e. partial which-way 

information and partial interference fringes (Fig. 11). The proposal is again based 

on the experiment of Eichmann et al. [1]. The continuous, coherent monochromatic 

excitation is again replaced by a continuous, incoherent broadband excitation as in 

Chapter IV. In addition, we have a linear polarizer in front of the detection screen 

as indicated in Fig. 8 which allows us to  measure certain polarization directions of 

the scattered light with an angle of <p relative to the z-axis. Therefore, we are not 

restricted to the two extreme cases of the observation of x- or z-polarized scattered 

light but can consider also intermediate cases where the scattered light has a polar­

ization direction at a certain angle of ip with respect to the z-axis in the z-x-plane. 

As it turns out, this provides for partial which-way information and partial fringe 

visibility depending on the polarization angle (p. The extreme cases, measurement 

of the z-polarized light or measurement of the x-polarized light, correspond, to the 

extreme duality cases “perfect fringe visibility and no which-way information” or “full 

which-way information and no fringe visibility” . To get an actual partial which-way 

information it is necessary to measure the internal atomic states of one of the two 

atoms, e.g. atom A , as indicated in Fig. 12.

In general, the expectation value of the intensity (/(r, t)) of the scattered light
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Detector
M D

/

<x
Polarizer

Figure 12: Setup for getting partial which way information. The atoms denoted as A  and B, are 

excited by a r-polarized broadband light which excites one of the two atoms at a time. The scattered 

light, after passing through the polarizer at an angle tp with respect to the z-axis in the x — z-plane is 

measured at the detector. The internal atomic states of atom A, which serve as the detector states, 

are measured with M D .  This can be experimentally realized if we excite atom A  with an excitation 

pulse after the scattering process which can only excite the ground-state |1) (i.e. a o-+-circularly 

polarized 7r/2-pulse) and determine if resonance light occurs or not.

from the two atoms A  and B  at a position r- is determined by 

</(r,i)> =  ( [E W (r ,t)+ E W (r ,i) ]

■[E W (r,t)+EW (r,i)]),

=  (IA(r, t)> +  (E^>(r, t) • E<s+)(r, <)> +  A «  B.

(6.2.1)

In the case of the experimental setup of Fig. 8 where we measure a certain linear 

polarization direction in the x-z  plane, with angle ip relative to the  z-axis, the intensity
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of the scattered light is expressed as

(J(r,f)) =  (I A(T,<p,t)) + (IB(T,(p,t))

+  { « 4 'J  (r > *))cos2 V

+  ( 4 - j ( r , t ) 4 +j (r ,t ) ) s in V )  +  ^ £ } ,  (6.2.2)

where

(IA( r ,v , t ) )  =  (£ ^ > ( r ,t)£ i+J ( r .*)>“ s2 *’ +  {■E i2(r,t)£i+J ( r , t ) ) s in 2 ¥.. (6-2.3)

is the intensity solely due to  atom A  and we have a similar expression for ( /a (r , <p, t)).

The scattered fields from atoms A  and B  can be expressed again in term s of atomic 

lowering operators in the Heisenberg picture

The lowering operators (* — ^  t îe time-dependent, negative-frequency

part Heisenberg lowering operators and depend on the polarization directions

+ * & , ( * - ^ ) * -  <6-2-4)

Inserting this in the expression for the intensity (6.2.2) we get, starting with the initial 

density operator Pa,b (*o) =  |l)> u (l| ® |1)bb(1| a t the time to, the following which
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can be derived in a similar way as shown in [33, 34, 35]

( I(r , f ,T))  = i|¥(r)|2T w {cos2p |lW < l|W l|

X [ e { t 'A ) e - ^  +  © ( 4 ) e - ^

+2© (^  +  r )© (^ )e " 67(^ +i)  cos(u/r)]

+ s in V [e (^ )e -6̂ |2 ) /W(2|l)BB<l| 

+e(t'B)e -6'«*\2)BB(2\l)AA(l\

+Q(t?A + T )e (t ,A)e -6r'(e*+$) 

x(\2)AA( l \ l ) BB( 2 \ e ^

+|l)AJ4<2|2)BB(l|e~ iurr) ]}, (6.2.5)

which can be derived in a similar way as in Refs. [33, 34,35]. Here, we have introduced 

the retarded times ifA B =  t —t i ~ |r A>B|/c , as well as the delay time r  =  ( |rA| —|r B|)/c.

Equation (6.2.5) contains a part leading to interference and a part which does 

not lead to interference. The part which leads to interference is connected to rr- or 

z-polarized scattering while the non-interfering part is connected to a- or x-polarized 

scattering. Due to the polarizer directed at an angle <p with respect to the z-axis, 

it is impossible to know which part of the polarization direction contributes to the 

scattered light. It can be the z-polarized part or the x-polarized part with a cer­

tain probability. The probability that the z-polarization part of the scattered light 

contributes is equal to j  cos2 ip, while the probability for the x-polarized part of the
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scattered light is |  sin2 <p. The part which contains the x-polarized scattered light of­

fers the possibility to get “which way” information out of the internal atomic states. 

However, it is not an actual “which way” information so far but only the possibil­

ity. In the part containing the z-polarized light it is impossible to get “which way” 

information and consequently interference occurs.

The two extreme cases of measuring either the z-polarized part or the x-polarized 

part are connected to the two extreme cases of complementarity: possibility of full 

“which way3’ information-no interference and no possibility of “which way” information- 

full interference fringes as shown previously [1,10, 33, 34, 35]. Due to the introduction 

of a polarizer, however, we have the possibility to get intermediate situations between 

the above extreme cases. Depending on the angle (p of the polarizer we obtain reduced 

fringe visibility at the expense of getting partial “which way” information.

The above system allows the verification of an earlier inequality by Greenberger 

and Yasin [36] connecting with predictability (of which way the photon took) and the 

visibility of interference fringes. This inequality is also implicitly contained in the work 

of Wooters and Zurek [37] and also in a paper by Mandel [38]. It was experimentally 

confirmed by Rauch, Summhammer, and Tuppinger [39]. The predictability V  is 

defined as the difference of the probabilities which way the photon took through the 

interferometer

V = \w + - w . \ ,  (6.2.6)
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where w+ is the probability of the upper path and u>- is the probability of the lower 

path through the interferometer, respectively. The inequality by Greenberger and 

Yasin [36] connects the predictability V  with the visibility V and is given as

V 2 +  V2 <  1. (6.2.7)

In the above considered interferometer the predictability of which way the photon 

took is equal to zero as long as we are not doing a measurement of the internal 

atomic states of one of the two atom s as in the sense discussed earlier (symmetric 

interferometer). The fringe visibility is, however, reduced because of the possibility of 

getting partial “which way” information. Depending on the direction of the polarizer 

in front of the detector, the fringe visibility in this interferometric setup is

v  =  m " 1”  +  m "*”1 ~  cosZ 'f ' <6-2-8>
\** /m ax  • / min

while the predictability V  is always equal to zero. Thus, the above interferometer 

satisfies the inequality of Greenberger and Yasin [36]

V 2 +  V2 =  cos4 <p< 1. (6.2.9)

The polarizer in front of the detector allows us to verify the above inequality experi­

mentally.

In the next section we consider the inequality derived by Englert [2]. It was

derived for the case when the symmetric interferometer, which has no a priori which-

way information, is coupled to another physical system that is meant to serve as a
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“which way” detector. The detector allows one to get actual “which way” information 

out of the symmetric interferometer. Due to  the interaction with the detector, the 

ways the photon took become distinguishable depending on the observable which 

is measured by the detector. The detector consists of reading out certain internal 

states of atom  A  with a certain polarization direction of the polarizer in front of the 

detector. The polarizer setting determines the degree of “which way” information or 

distinguishability provided by to the detector.

6.3 V erification of the Englert-Inequality

Recently, Englert derived an inequality which allows one to quantify, in some sense, 

the wave-particle duality concept [2]. The inequality combines the fringe visibility 

V and the distinguishability V  of which way the photon took in an interferometer 

induced by a detector. The distinguishability depends strongly on the observable 

which is measured by the detector. It is defined as

K  =  iT r D« { |p £ > - / > « ! } ,  (6.3.1)

where p^et P*dIi ^  ^ e  density operators for the detector states for the upper way 

+ and lower way ~ through the interferometer, respectively. The quantity V  which 

is the distance between p ^  and p ^  in the  trace-class norm gives a  quantitative 

measure of the amount of “which way” information tha t has become available due to 

the detector. The fringe visibility V, which is defined as the absolute of the complex

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



68

contrast factor, and the distinguishability T> obey the following inequality (Englert, 

[2])

V 2 + V2 <  1. (6.3.2)

This inequality is a fundamental statement about the duality concept. An important 

quantity, which is closely related to the distinguishability, is the maximum likelihood 

of guessing the way right which way the photon took through the interferometer. This 

quantity is defined as [2]

£ op t =  | ( i  +  ^ )-  <6-3-3)

The purpose of this section is the verification of the inequality (6.3.2) in the inter­

ferometer considered in the previous section. The detector states of this interferometer 

are determined by the internal atomic states of the two atoms. In particular, we can 

derive the following density operator for the detector

&  =  5 ( / & i + p & )

=  |( c o s 2v>|l)jW( l |  ®  |1)bb<1| +  Sin2 *>|2>a4(2 | ® |1) b b ( 1 |) i+)

+  i(c o s 2¥)|l>jtjl<l| ®  |1)b b (1| +sinV |l)/U(l® I|2)b b (2 | ) ' ,1

(6.3.4)

where we have defined as the “upper way” when atom A  is scattering and as the 

“lower way” when atom B  is scattering, respectively.
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The “which way” information is stored in the 4-level atoms which serve as our 

detectors. However, it is only partial information because we cannot get “which 

way” information from the z-polarized scattering. The extraction of the “which way” 

information stored in the detectors requires the measurement of a suitable observable. 

A suitable observable in the above interferometric scheme is the reading out of the 

internal states of one of the two atoms, i.e. atom A. This can be done if we exclusively 

excite atom A  after the scattering process with, i.e. a  a~-pulse which drives the 

|1) |4)-transition and determine if resonance-light occurs or not. If resonance light 

occurs atom A  was in the state |1), while atom A  was in the state |2) if no resonance 

light occurs.

W hat is the available “which way” information from such a measurement? Let us 

assume we find atom A  in the state |1), that is a resonance photon occurs after the 

excitation with the <r- -pulse. The extractable which-way information I + through the 

upper and X~ through the lower interferometer or path  in this case are determined 

by

_  1 2
Mi =  2 cos ^

Txx =  1 — Zii =  i  cos2 <p +  sin2 p,

(6.3.5)

In other words if we find the atom  A  in the ground-state |1) we know we can guess 

the way right (through the lower interferometric arm) with the probability given in
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equation (6.3.5). Similarly, we can guess the way right through the upper interfer­

ometric arm if we find atom A  in the ground-state |2). In this case the  extractable 

which-way information is

2^2 =

2 ^  =  0. (6.3.6)

In other words, we can be sure th a t the photon goes through the upper interferometric 

arm in this case. The distinguishability can be determined from Eq. (6.3.4) as

v  = fTw{i#«i-pir«i}

=  i  sin2 b b ( 1 |  — | 1 ) a a ( 1 |  ®  | 2 ) b b  < 2 | |

=  sin2 if,

=  K ~ ^ \ -  (6-3.7)

This is in accordance with the above considerations about the extractable which way

information as indicated by the last line of Eq. (6.3.7). The visibility V of the above 

interferometer is determined by

V =  cos2 <p. (6.3.8)

The optimum of likelihood for guessing the way right £ 0pt is determined as

A>pt =  2 ^  ^

=  i  (14- sin2 f ) . (6.3.9)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



71

This follows also from the extractable which way informations

Co pt =  TrD a{ I + |l> ( l |+ 2 S s in :!v)|2>{2|},

=  { 2 ^ i|l) ( l | + 2 ^  sin2 vj|2>(2|} ,

=  ^  cos2 ip +  sin2 ip,
At

=  ^  (1 +  sin2 ip) .

Inserting eqs. (6.3.7) and (6.3.8) in the inequality (6.3.2) we derive

(6.3.10)

V z -F V* =  sin4 ip +  cos'* ip,

=  1 — - s in 22t£ < 1. (6.3.11)

0.8

0.6

0.4 -
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<P

Figure 13: Plots of visibility and distinguishability for the partied which-way scheme exhibiting the 

fundamental inequality P 2 +  V2 < 1. In the plot A  =  P 2, B  =  V2 and C =  P 2 +  V2.

Depending on the angle ip, the amount of partly “which way” information is in-
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creased while the amount of fringe visibility is decreased and vice versa (Fig. 13). For 

the angle ip =  ir/2 the amount of “which way” information is equal to one while the 

fringe visibility is equal to zero corresponding to the extreme situation of full “which 

way” information and no fringe visibility. For the angle <p = 0 the amount of par­

tial which-way information is equal to  zero while the fringe visibility is equal to one, 

corresponding to the extreme situation of full fringe visibility and no “which way” 

information. The intermediate situations of partial “which way” information and 

partial fringe visibility are realized for every angle tp between the extreme situation 

<p = 0 and <p =  7t/2.

The inequality (6.3.11) is a special case of the Englert inequality [2]. This can 

be recognized most easily if we consider <p =  tt/4. In this case the sum of the 

distinguishability squared and the visibility squared is equal to 1/2, i.e. smaller than 

one. That means the upper boundary depends on the angle ip and the inequality for 

our interferometric scheme has to be modified into

i  <  V 2 + V2 <  1. (6.3.12)

The upper boundary is smaller than one because there are two contributions in our 

interferometer, a 7r-polarized contribution giving rise to interference and a cr-polarized 

contribution giving rise to “which way” information. Consequently, the fringe visibil­

ity is reduced depending on how much the cr contribution contributes to the scattering 

processes which determines also the amount of possible “which way” information. But
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this cr-contribution cannot contribute to the fringe visibility because of the different 

polarizations of the two contributions and because of the “which way” information 

stored in the atoms in the case of <7-scattering processes. This is the reason that 

the upper boundary is reduced. An upper boundary of one in the inequality (for all 

polarization angles <p) would be realized if the <7-scattering light would also give rise 

to interference.

The reason that the lower boundary is not equal to zero is because our measuring 

of the detector states cannot have a consequence on the fringe visibility. It cannot 

reduce the fringe visibility but only determine the possible which way information in 

the limit  of this inequality. The reason that we cannot go below this lower boundary 

is that it is impossible to get “which way” information with our detection scheme 

from the 7r-polarized part and consequently the 7r-polarized part of the scattering 

light will always give rise to interference and determine the lower boundary of our 

inequality. However, between these boundaries of our inequality every value can be 

realized depending on the detector efficiency of the “which way” detector as we will 

see next.

We denote the detector efficiency with e <  1. The detector efficiency deter­

mines the amount of available which-way information. In particular the which way- 

information is reduced to the following maximum likelihood for guessing the way right
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^o p t

^op t =  ^ 1 + ^ o p t ) -  (6-3.13)

The distinguishability is consequently also reduced to

V e =  esin2 p. (6.3.14)

However, the fringe visibility V is not affected by the detector efficiency and is still 

given by V =  cos2 p  and the inequality takes the following form,

Z>2 +  V2 =  cos4 p  +  e2 sin4 p. (6.3.15)

Consequently, depending on the detector efficiency e every value of the inequality

(6.3.12) can be realized.

As was mentioned in [2] the equal sign of the inequality (6.3.12) always holds if 

the detector is initially prepared in a pure state (in the case of a 100% detector). We 

can show this in our scheme if we simulate the detector efficiency with partly a pure

initial detector state (in our case |l)> u (l| ® | 1 ) b b { 1 | )  and a partly mixture of initial

detector states as

P & f *  =  £ { | 1 U ( 1 | ® | 1 > b b < 1 | }

+  - { | 1 ) a x (1|  <S> | 1 ) b b (1|

+ | 2 ) > u ( 2 | ® | 1 ) b b <1| +  1 * + 2 } .  (6 .3 .1 6 )

This determines the final detector states (after the detection of the scattering photon)
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after tracing over the atom B  because only atom A  is measured (see previously)

=  |  {cos2 <p|l)(l| +  sin2p|l)(l|}<+)

+ |{cosV |l)(l|+ sm 2¥>|2)<2|}W ,

+  {|1)(1| +  |2><2|}<+l

+  ^ { 1 1 X 1 1  +  |2)(2|}m , (6.3.17)

where and denotes the detector states for the upper and lower paths through 

the interferometer. We recognize from Eq. (6.3.17) that even with a  100% detector for 

the measuring of the internal atomic states of atom A  we can only have a which-way 

information reduced by the factor e. From the statistical mixture part of Eq. (6.3.17) 

we cannot get which way information. In other words a finite detector efficiency can 

be simulated with a partial mixture of the initial detector states and consequently 

the equal sign in the inequality (6.3.12) cannot occur, in accordance with the most 

general results in [2].

6 .4  Partial “W hich W ay” Interferom eter Scheme B ased  on a Quantum  

Eraser

In this section we discuss a partial “which way” interferometer based on the quantum 

eraser scheme for two 4-level atoms [33, 34, 35]. The idea to get partial “which way” 

information from the quantum erasing scheme is the following. The quantum eraser 

in general erases possible “which way” information and consequently interference is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



76

brought back [6, 22, 23, 24, 26, 27, 28, 29, 30]. We ask in this section what happens 

when the quantum eraser erases only partly the possible “which way57 information 

and if it is possible to verify the inequalities of Englert in this connection?

MD D etector

z

Polarizers

Figure 14: Quantum eraser scheme for a partial “which way” experiment. The experimental setup is 

identical to the qu a n tu m  eraser case except for the introduction of polarizers. Due to the polarizers 

at an angle tp with respect to the 2-axis in the y —z  plane we have a partial erasing of the information.

The quantum eraser scheme for two 4-level atoms [33, 34, 35] has to  be modified, 

in the following sense with for partial erasing of “which way” information. Instead of 

measuring the 7r-polarized photons at the erasing detector, we measure a  certain linear 

polarization direction between the z-polarization and the y-polarization a t the erasing 

detector as indicated in Fig. 14. The polarization direction of the erasing detector is 

determined by the angle <p with respect to the z-axis in the z — y-plane. This modifies
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the second-order correlation function derived in [33, 34, 35] to the following

G<2’(r,t;p ,r) =  ( [ £ « > , « )  +  4 - )'(r ,t)]

X {C0S2 V3[£;5i_ , ' ( p ,  7-) +  E{g )r(p,T)}

+  sin2 v l E ^ i p ,  t )  +  E ' ^ ’ i p ,  t ) ]

• [ £ « > , r )+ £ < ,+)'(p ,r ) ]}

x [£<,+>'’(r ,'t) +  4 +)''(r,t')]>, (6-4-1)

where % denotes the 7r-polarized and a  denotes a-polarized photons, and p  is the dis­

tance of the erasing detector from either atom. The time r  is the time-delay between 

the detection of the erasing photon and the scattering photon which is a-polarized. 

The erasing photon can be 7r-polarized or a-polarized with certain probabilities de­

pending on the polarization-direction of the erasing detector. However, complete 

erasure of the” which way” information is only possible if we detect a 7r-polarized 

photon at the erasing detector while the detection of a a-polarized photon cannot 

erase the “which way” information and, consequently, no interference occurs. In the 

above scheme, the probability that a 7r-polarized photon is measured a t the erasing 

detector is given by cos2 <p, while the probability of measuring a a-polarized photon is 

given by sin2 Consequently, only a part of the “which way” information is erased 

and interference is brought back only incompletely. There is still “which way” in­

formation stored in the atomic internal states which can be read out giving partial
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“which way” information, similarly to  the previous section.

Calculating the second-order correlation similarly to the second-order correlation 

function of the quantum eraser scheme in [33, 34, 35], we arrive at

G(2)( r ,f ;p ,r2) =  cos2 

x |«Kr)|2|# (p ) |2[ e ( «  - 1| -  M /c ) e ( T 2 -  \p\/c) 

x e~67̂ - t l - *r>l̂ ĉ e-67 T̂5-*pl ^  +  A  -H- B

+ 2S ( t  - t i -  |rA|/c)©(£ -  *i -  |rB|/c)© (r2 -  |p |/c)

x e - 6T'[t- tl-5(lrAl+lrsl)/c}e-67(TS-|Pl/c)

xcos[k(rA - r B) ] j ,

+  sin2 <p(|2)AA(2 |l)BB(l|)  

x |^ ( r ) |2|^ (p ) |2©(t -  h  -  |rA|/c)© (r2 -  |p |/c)

x  e - 6 7 ( t - £ l - |r A ! /c ) e -6 7 (T 2 - |p |/c )  +  A  ^  B  ( 6 .4 .2 )

Here, we have introduced the times t\ = to + Tq which is the time when we expect 

one of the two photons to be excited by the 7r-polarized broadband excitation and 

r2 =  t  — £2 where t2 = ti + 5 / ( 67) is the time when we apply the strong a~ circularly 

polarized 7t/2 pulse [33, 34, 35].

In the second-order correlation function, “which way” information is partially 

stored in the internal atomic states similar to the first-order correlation function 

derived in the previous sections. This “which way” information can be read out in
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the same fashion as in the previous section giving rise to partial “which way” infor­

mation. Interestingly the inequality (6.3.12) can also be applied for this experimental 

setup in spite of the fact th a t one measures a second-order correlation function. The

distinguishability and fringe visibility obey the same inequality for this quantum

eraser scheme. The fringe visibility V and distinguishability V  are given for this in­

terferometric scheme if we measure the internal states of atom A  as in the previous 

sections

V =  cos2 <p,

V  =  sin2 <p. (6.4.3)

T hat means the fringe visibility and partial which-way information are identical to 

the results of the previous section for the first order correlation function and we can 

apply the same considerations for them concerning, e.g. detector efficiency. This tells 

us something about the fundamental duality principle between the fringe visibility 

and which-way information. It is not important, how one derives partial which-way 

information but an amount of partial “which way” information will always reduce the 

fringe visibility. Or, to be more precise, the possibility to get partial “which way” 

information reduces the interference fringes even without an actual partial which- 

way information which is the starting point of the considered partial “which way” 

detectors in this section. We have considered schemes for partial which-way informa­

tion based on an interference experiment of two trapped 4-level atoms [1]. We have
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derived a special inequality for this partial “which way” detector sim ilar to the fun­

damental inequality of Englert [2]. Interestingly, the partial “which way” detection 

scheme works for the first-order correlation function as well as for the second-order 

correlation function in connection with the quantum eraser scheme. The considered 

partial “which way” detectors work on the general duality principle that even the 

possibility of getting partial “which way” information but not an actual information 

already reduces the amount of fringe-visibility.

Recently, the equal sign of the inequality of Englert [2] was proved experimentally 

in connection with interaction free measurements by Karlsson, Bjork and Forsberg 

[40]. Our scheme allows, in addition, to prove the inequality at least between certain 

boundaries determined by the polarization angle of the polarizers in front of the 

detector. Values different from the equal sign in the inequality arise for detector 

efficiency less than one. The finite detector efficiency is similar to the assumption of 

a mixture of initial detector states and, consequently, the results are in accordance 

with the inequality [2] by Englert who proved that the equality sign always holds for 

a pure initial detector state but not for a mixture.
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7 Quantum Eraser and th e Decoherence T im e of a Mea­

surem ent Process

7.1 Introduction

We have seen in the previous chapter tha t entanglement of the quantum  sub-systems 

(atoms-photon) is required to implement a quantum eraser. Furthermore, if this 

entanglement is not stable (if we take into account the decay rates of the states |1) 

and |2)) the erasing pulse must be applied before the decay of the correlation of the 

sub-system. The stability of the entanglement can be ensured by assuming the states 

|1) and |2) to be quasi-stable. T hat is, we assume the lifetimes of the states |1) and |2) 

to be much longer than the relevant times in the experiment. B ut now an interesting 

situation arises concerning the correlations in the expression of the interference Eq. 

(5.2.3). A measurement of the atomic states of one of the atoms, for example atom 

B , destroys the entanglement and, therefore, the correlation as well. In other words, 

a local measurement on one of the atoms and therefore an explicit knowledge of the 

“which path” information eliminates the possibility to erase the information since the 

entanglement is destroyed. In principle, this allows us to measure decoherence time 

(related to the rate a t which coherence decays in the measurement process rc =
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of the local measurement process. During the measurement process the correlation 

is not completely destroyed, rather it is reduced, and the application of the erasing 

pulse during the coherence time rc of the local measurement process should produce 

interference in the second order correlation function, albeit, it is reduced as manifested 

in the reduction of the visibility.

SYSTEM
C >| METER

ENVIRONMENT

Figure 15: Schematic representation of the measurement scheme. The system is directly coupled to 

the meter and the meter is coupled to the environment (reservoir).

We now outline the basic ideas of quantum measurement theory and adopt it to 

the experimental situation of the quantum eraser. The general quantum measure­

ment process has been dealt with in Refs. [44, 45, 46]. In general, the quantum 

measurement scheme involves a system S, which is to be measured, coupled to a
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m eter M  that reads out the measured quantity, and the m eter is coupled to the envi­

ronment E  or reservoir (Fig. 15). The coupling between the  meter and the reservoir 

determines the pointer basis of the meter related to the particular pointer observable 

of the  meter depending on what operator of the system S  is measured. Here, we 

want to implement the quantum eraser as a scheme to probe the decoherence time 

of a measurement process[41, 42, 43]. The measured system here is the Zeeman split 

energy of the two degenerate states of one of the atoms, i.e. atom B . We use the 

quantum eraser scheme of subsection 5.3, valid for non-degenerate atoms which allows 

us to  selectively excite one of the two atoms with a strong, short |-pulse which is a~ 

circularly polarized. We start with the following special initial condition of the two 

atoms system

Pab{U) =  \ 1 ) a a ( 1 \ ® |1>bb<1|- (7-1.1)

After the application of the BBE field and the subsequent decay of the excited states, 

we have

PabM =  \2)aa{2\ <g> |1)bb(1| +  |2)a>i(1| ® |1)bb(2|

+ 1  ++ 2. (7.1.2)

The system is coupled to the meter, and we have the system-meter entanglement

Ps-m = |2)aa(2| ® |1)bb(1| ® |fni)07ii|

+  |2>A 4 < l |® |l> B B (2 |® |m 1)<m 2| +  1 ^ 2 .  (7.1.3)
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Here |m i), I7712) are pointer bases. The meter is coupled to the environment and 

the off-diagonal elements decay very fast with a decoherence time 7^* of the pointer 

states. The consequence of this is that the interfering term in the second order corre­

lation function (in the quantum eraser) will decay rapidly due to the coupling to the 

meter. The erasing pulse is applied at a time St later after starting the measurement 

process. It restores the interference but with a reduced visibility. The amount of 

reduction in fringe visibility is a quantitative measure of the decoherence time (rate). 

Due to the coupling of the meter system to the environment, the entanglement of 

correlation decays very rapidly with the same decay rate 7dec- The system-meter 

state which is “macroscopic” is then given by

Ps—M =  | 2 ) a a (2[ ®  | 1 ) b b ( 1 |  ®  lm i ) ( m il

+  e - ^ ( | 2 ) ^ ( l |  <g> | 1 ) b b ( 2 |  ®  K X m z l )

+  1 h 2. (7.1.4)

The expression of the second order correlation function contains the same entangle­

ment of atomic correlations as in the above meter-system density operator just before 

application of the erasing pulse. Consequently, these correlations decay rapidly due 

to the measurement process, i.e. the entanglement of the atomic system to the meter 

states. The application of the erasing pulse interrupts the measurement because af­

ter the application of the erasing pulse the states have the same magnetic quantum 

number. Therefore a coupling to the measurement apparatus does not exist anymore.
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After the delay time St of the measurement process and application of the erasing 

pulse afterwards, as will be explicitly shown in the next sections, we get the following 

for the interference term  at the time t, which is the time when we expect a detection 

event for the interference ax-polarized scattering photons

G2(r ,i ; p,T2) =  |#(r)l2l*(p)|2 

X S ( t 2 -  |p|/c)9(« - t i -  |rA|/c )6 (f  -  <1 -  |rB|/c)

x  g-frrft-ti-jflrA l+lrsD /cle-frT te-IPl/c)

x e-7,lecft cos(k • (rA — r^)). (7.1.5)

The implication of the above is that the visibility is reduced by a factor related 

to e~'1d‘cSt due to the measurement process. This means the decoherence time is 

visualized by the reduction of the fringe visibility and that quantum eraser can be 

used as a tool to study fundamental properties such as the transition from microscopic 

to macroscopic systems, and the measurement process itself.

7.2 M odel of the M easurem ent P rocess

The model for the measurement scheme is as follows. We apply a strong magnetic 

field B q which splits the degenerate states (Zeeman splitting) by an amount of A 

(see Fig. 16). In addition we put a high-Q cavity around both of the two atoms 

in a similar way as the scheme of Ref. [47] proposed for quantum computing. The 

quantized cavity field is assumed to be x-polarized, i.e. drives o-transitions and is
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Figure 16: Arrangement for the local quantum measurement process on atom B, where Eci and 

Ecav are x-polarized. Both fields drive the frequency ojq as indicated in the right figure. Atom B is

only with the cavity field.

tuned to the transition frequency uj0 of the degenerate atoms. Accordingly, the cavity 

field frequency uj0 is strongly detuned from the atomic transitions |2) |3) by an

amount of A and |1) |4) by an amount of —A for the non-degenerate atoms. In

addition to the cavity field, which is initially assumed to be in the vacuum state, we 

apply a strong classical (coherent state E) driving field also ^-po larized  and with 

driving frequency u/0. The classical field is assumed to have a phase of n /2  relative 

to the quantized cavity field. However, we selectively drive with this classical driving 

field only one of the two atoms, i.e. atom B. The selective driving of one of the two 

atoms is possible since the two atoms are separated by several wavelengths, i.e. we 

are far from the Dicke-limit. The coupling to the classical field in the strong detiming 

limit  drives the cavity field into a  coherent state. The cavity field will be used as the

selectively driven by the classical laser field. Atom A is behind atom B in x-direction and interacts
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meter which is coupled to the atomic system. We can write the total Hamiltonian of 

the atoms interacting with the cavity field and the classical field as follows

H  = Ho + Hcav +  Hint,

=  f t y  f a j .  +  <Tz,b) +  f ty  +  &zj}) + fu a ta

+  +  +  0ca„«A  +  < b )°}

+  ihgdEd { a + B  (7.2.1)

Here,

a ,  =  |4)<4| +  |3)<3| — |2)(2| — |1)<1|

a ,  =  |4>(4| -  |3)(3| +  |2)<2| -  [1)<1|, (7.2.2)

and (jcav is the coupling parameter to the cavity field, a) and a are the creation and

annihilation operators for the cavity field £<*,„ respectively and gdE d is the Rabi

frequency of the classical driving field. Since the atoms are independent, the state 

vector for the two atoms can be written as follows

M t ) )  =  |«a(*)>  ® I 'M * ))-  (7-2.3)

The equation for atom B  is then

=  f f f l l 'M t ) ) ,  (7.2.4)

where Hb is the Hamiltonian for atom  B  and, 1^(4)) is the state vector for atom

B, and we have a similar equation for atom A  except it does not contain the classical
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driving term. We now consider atom B  and, in the interaction picture, we get the 

following

»gjl*»(t)> = (7.2.5)

where

=  e ' ^ i ‘ “ h { g ^ c j - E a l +  g m , a * B a

+ijc l E & t j ,  -  oZj,) } e -‘» 5- »‘. (7.2.6)

This gives the following interaction Hamiltonian

H i  B(t) =  5 { ( ( 9 i „ o , - ! S « i £ ci ) | l ) < 4 |  +  ( a Ca „ o  +  i j o i £ ci ) |3 ) < 2 |] e - iA‘

+ [(9i.o, -« « !l£d)|2)(3| + (w <  + tSa^)|4><l|le“U}. (7-2.7)

In the strong detuning limit which is valid if (<7cav/A)2n  ^  1> where n  is the mean 

photon number of the cavity field and {gdEd/A)2 -C 1 we use adiabatic elimination 

to obtain an effective Hamiltonian. We integrate by parts the interaction picture 

Schroedinger equation and, after dropping the term which is small in the strong 

limit, we obtain the following for atom B

Hf„ = £{(® ~« + <fo£y(ji„a' -  »fo£*)[|4)(4| -  |3)(3|)

+  ( s i„ a , - i s e,Bei) ( jc ,a  +  ! f fd £ d )[ |2 ) (2 |- |l) ( l |]} . (7.2.8)

We also have a similar Hamiltonian for atom A  without the classical driving field 

terms. The two atoms system interacting with the cavity and classical fields is now
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described by an effective interaction Hamiltonian He/ f  given as

H ef f  =  ■£7z,B{[9cao\2a*0’ +9d\Ecl\2

+ i(9d9cavEaa -  9cl9lavE cla i) }

+  O’zyA^^caxl (7.2.9)

The above effective interaction H am ilton ian  has a  simple physical interpretation. 

The first and last terms are the dynamical Stark-shift and since atom B interacts with 

the classical field it experiences an additional Stark-shift. The term which includes 

the classical and cavity fields arises in the strong detuning limit due to two photon 

processes. These are stimulated absorption by the classical field to a virtual level 

followed by stimulated or spontaneous em ission  into the cavity field and vice versa. 

The factor i in these two terms arises due to the phase difference of 7r /2  between 

the classical and cavity field. We rewrite the effective Hamiltonian by introducing a 

“normalized” classical field amplitude |e| =  \gdEci/9cav\ and denoting with g

Hef f  = h&z,B^{a*a +  |e|2 — ie* a + ieal) 

+  9 * (7.2.10)
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7.3 T he D ecoherence T im e

We now consider the full measurement process. The system operator which is mea­

sured is az (or some function thereof). This effectively is a measurement of the 

Zeeman split Ted energy. The system is coupled to the meter, cavity field described 

by Hef j  and the meter is coupled to the environment. We assume tha t the cavity 

field (meter) is coupled to the environment by amplitude coupling

H MB = h(aT' + a'T). (7.3.1)

Here,

r  =  X > i * ,  r* =  £ , , $ ,  (7.3.2)
k k

where b and 6* are reservoir annihilation and creation operators. The meter-environment 

interaction determines the particular states (pointer basis) to which the meters will 

reduce. The approximate pointer states in this case are the coherent states [45, 46]. 

We now have a complete system-meter-environment (atom, cavity field and all modes 

of the quantized field at zero temperature) process.

The density operator for the system-meter after tracing over the environment at 

zero temperature satisfies the following equation in the interaction picture

I  -

+ 7cor»{2a/xit — a!ap — pa*a}. (7.3.3)
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Here 7<*,„ is the cavity decay-rate. We now expand the density operator as follows

2

P(*) =  $ 1  A iW  ® H)0'U (7-3-4)
i j= l

where |*) and [7) are the atomic states and P ij( t)  is the density operator for the cavity

field. We start with the initial condition

Aj(0) =  N i j i a i  =  0, otj =  (7.3.5)

The system is considered arbitrary, while the meter is in the vacuum state |a  =  0). We 

can solve the m aster equation using the normally ordered characteristic function[45, 

46]. The density operator for the atom system plus meter evolves in the interaction 

picture into the following where the coherent states are the approximate pointer basis 

for the meter variable

  |q\ /0r x* n \  /i 1 o.p(t) -  I2)â i(2I ® I1>bb(1I ®

+  exp (̂2o:)2( l — 7cavt -  e~'1cavt) -

X |2 )« < 1 |® |1 )BB( 2 | ® | M ^ I + 1 « 2 .  (7.3.6)

Here, a Xt2 =  — e~7cavt) axe the amplitudes of the ensuing coherent states of the

quantized cavity field with opposite phases and with a  =  <72|e |/(A 7cotl) and <j>0 =

2(72|e|2/A . The phase <f>o arises due to the additional dynamical Stark-shift of atom 

B  by the classical field. The decoherence rate between two “macroscopic” states can 

be related to the distance between them [46], and in this case we have

Idee =  IM* 00) -  a 2 ( t  -> 00) \ycav =  2 o r fm . (7.3.7)
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The effect of the above in the quantum eraser is the following. In the quantum eraser 

scheme of Section 5.3 before the application of the erasing pulse the density operator 

was given by Eq. (5.3.3)

Pa#  =  ^  ®  I2)bb(2|+ |2)aa(1| ®  |1)bb(2|

+ A++ B ) . (7.3.8)

Due to  the local measurement, the density operator after time 8t the density operator 

is expressed by Eq. (7.3.6). Consequently, the application of the erasing pulse restores 

the interference, however, due to the local measurement the visibility is reduced 

from unity. W ith this we find for the visibility the following after the sta rt of the 

measurement and the application of the erasing pulse a t time 5t  later

V =  exp cos [k  • {*a ~  r s )  -  to&t\.

(7.3.9)

Here we have assumed 'yCav8t -C 1 and expanded the exponent in the exponential of 

Eq. (7.3.6) to second order.

A similar mesoscopic superposition of entangled coherent states has been realized 

recently in microwave cavities using Rydberg atoms in Ref. [43]. Recent advances in 

the optical regime in cavity QED allow coupling strength as high as g fa 1 GHz with 

damping rates limited to 7^  1 MHz in a Fabry-Perot cavity [48]. To ensure the

strong detuning limit of the interaction Hamiltonian He/ f  we assume a splitting A 

of the two ground states of around 10 GHz which requires a magnetic field strength
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of around IT . Taking into account a strong classical field e ~  1 we can realize deco­

herence rates of jdec ~  100 MHz or decoherence times 1/7dec =  ?«fcc ~  10“8s. In the 

long-time regime, St »  T ^ .  the cavity field is driven into a  mesoscopic incoherent 

superposition of two coherent states with opposite amplitudes 0-1,2 =  ±100. It is 

therefore allowed to speak of a measurement process on the system because of the 

generation of a quasi-classical field state as final measurement result.

It is clear that the time-interval of applying the measurement process St has to  be 

set to a certain value to get enough photon counts to read out the interference in the 

second order correlation function. After that the time interval St can be set to another 

value to collect again enough photon counts and so on. The differences of the visibility 

of the interference fringes for different time-intervals St can then be used to determine 

the decoherence rate of the measurement process. The phase <f>0St in the cosine of 

the interference part of the second order correlation is responsible for a shift of the 

interference fnnges. It is important to recognize that the application of the erasing 

pulse at the time St after starting the measurement process interrupts the decoherence 

process. After the excitation of the atoms with the erasing pulse the density operator 

contains only atomic states of the same magnetic quantum number rrij =  —1/2 and 

consequently no decoherence process takes place. Therefore it is enough to stop the 

interaction with the measurement device after the detection of the erasing photon. 

The excitation time To to excite the atoms with the broadband scheme is assumed to
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be of the order of magnitude of the decay-rate 7^ .  This ensures that the cavity field 

is approximately in the vacuum state when we do the next measurement on atom B  

and the strong detuning limit of the effective Hamiltonian is fulfilled.
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8 Conclusion.

The entanglement in the atoms-photon system, as a result of the scattering of a pho­

ton, plays a crucial role in the quantum eraser. Entanglement is connected to the 

nonlocal behavior of quantum systems and, in the case of interference experiments 

with one photon, to the nonlocal behavior of the photon itself. The entanglement 

between the atoms-photon system depends on whether there is interference or no 

interference. In the case of no interference the atoms-photon system is entangled 

resulting from nonlocal superpositions of the correlated “two atoms-photon” states. 

The two correlated atomic states in these superpositions are orthogonal and therefore 

tracing over the atomic density operator gives a vanishing result. In the case of inter­

ference there is no entanglement between the atoms-photon system and consequently 

the atomic density operator can be factored out from the expression of the photon 

system and tracing over it gives one. As a result interference occurs.

It should be emphasized that even in the case of no interference we do not have an 

actual knowledge of “which way” the photon took. This is expressed by the nonlocal 

superpositions of the atoms-photon states. An actual knowledge of the path  of the 

photon would lead to  a collapse of the nonlocal superposition of the atoms-photon
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states into one specific atoms-photon state. The detection of the photon at the 

photon detector in the case of non-interference gives us therefore only the possibility 

of knowing which path the photon has taken. The quantum eraser irreversibly erases 

this possibility of obtaining “which way” information. In particular the quantum 

eraser disentangles the atoms-photon system and consequently interference is brought 

back.

The scheme to obtain partial “which way” information can be implemented with 

a mere introduction of polarizers to the proposed “which way” experiment or to the 

experiment of the quantum eraser. The investigation of the intermediate states of the 

two extreme situations of duality is interesting in as much as it illustrates the principle 

of complementarity in the cases which are intermediate between the traditional wave- 

particle boundaries. As pointed out by Englert, the inequality is not a restatement of 

the uncertainty principle in disguise, rather it is a  fundamental relation quantifying 

the concept of duality. Based on the current experimental advances, an experimental 

verification of the inequality using the scheme presented is possible.

It is clear that we need the superpositions of nonlocal atoms-photon states to erase 

the information, i.e. to erase the entanglement between the atoms-photon system or 

the possibility to obtain “which way” information. If this entanglement is not stable 

(e. g. finite decay rates of states |1) and |2)) the second pulse to erase the information 

must be applied before the decay of atomic correlations. A local measurement of the
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state of one of the atoms, for example atom B , destroys the atomic correlations and 

therefore the superposition of the nonlocal atoms-photon states. In other words a 

local measurement on one atom and therefore an explicit knowledge of the way the 

photon has taken irreversibly destroys the possibility to erase the information because 

the superpositions of the atoms-photon states leading to interference (after erasing) 

are destroyed.

The decoherence rate of two “macroscopic” superposition has been observed in 

a recent experiment by Brune et all [42] where the decoherence of superposition 

of two coherent states in a cavity was monitored. It is important to realize that 

the decoherence in the local measurement process in the scheme of Chapter VII is 

different. In this case, the decoherence is connected to the measurement process itself. 

There is a connection between the decoherence of a “macroscopic” superposition 

and the local measurement process in that in both cases we have superposition of 

“macroscopic” states which decohere rapidly, but, in the case of the local measurement 

the decoherence is related to the measurement process. From general principles, 

a “macroscopic” superposition will have a fast decoherence which depends on the 

distance between the two states, and in the local measurement scheme, it is a means 

of monitoring the measurement process itself.

To conclude, we want to point out tha t the quantum eraser is of fundamental 

interest in quantum optics because it allows us to explore two im portant aspects
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of quantum mechanics: complementarity and non-locality. We have shown th a t the 

nonlocal superpositions of atoms-photon states in the case of non-interference, i.e. the 

entanglement between the atoms-photon system and the related atomic correlations 

in the quantum eraser can be used to measure the decoherence time of a macroscopic 

or mesoscopic measurement apparatus.
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A  Equations o f M otion for Two 4-Ievei Atom s Coupled to  

BBE Field.

The matrix elements of the density operator are denoted by

Pij,kl{t) =  (kA\ ® ( i B \ p { t ) \ j A )  ®  |Ib) ( A . l )

where | j j )  and \js )  denote the atomic states of atom A  and B  respectively. From

the master equation Eq. (4.2.4), we get the following equations for the density m atrix

elements of the ground state population

^ P i i j j i )0 =  D P i i j j ( t )  i (A.2)

where i , j  =  1,2. These give

Pujj(t) =  O K 4™'. (A.3)

The other relevant m atrix elements of the density operator obey the following equa­

tions

j £ P 3 3 , u ( t )  =  7£>[2p33,n(*) +  P i3 ,3 i(t) +  P 3i,i3 (*) _  2 0 n ,n ( t ) ] ,

^£031,13(*) =  ~ 1 D [2031,13(*) +  011,33 (^) +  033,11 W  ~  2 0 n ,n ( t ) ] ,

^£013,31 (*) =  —7£>[2013,31 W  +  033,11 (<) +  011,33W  “  2 0 n ,n (£ ) ] ,

^ 0 1 1 ,3 3 ^ )  =  -7 £ > [2 0 1 1 ,3 3 W +013,31 (* )+ 0 3 1 ,1 3 W  -  2011,11 (t)]. (A .4 )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



100

These lead to the following equation

^{P33,ll(f) +  Pll,33(f) +  Pl3,31 (*) + 3̂1,13 (*)}

=  ~47l>{P33,ll(f) +  Pll,33(f) +  Pl3,3l(f) +  P31, 13(f)}

+  87dPu,ii(£). (A.5)

Integrating the above equation we get the following time evolution

(P33, ll(f) +  Pll, 33(f) +  Pl3,3l(f) +  P31.13 (f))

=  (P33,ll(0) +  Pll,33(0) +  Pl3,3l(0) +  P31,13(0))e 47Dt

+  2(1 (A.6)

We also have

^(P33,ll(f) +  Pll,33(f) — Pl3,3l(f) ~ P31,13(f)} =  0,

P33,11(f) +  Pll,33(f) — Pl3,31 ( f) +  P31.13 (f)- (A .7 )

At t  =  0

P33.ll (0) =  Pll,33(0) =  Pl3,3l(0) =  P31,13(0)- (A.8)

If there is no initial excitation, all the above initial conditions are zero and we get

P33.il ( f )  =  Pll, 33(f) =  Pl3,3l(f) =  P31,13(f)

=  i ( l  —e - “>‘)p„,ii(0).
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Here we may neglect initial evolution due to the vacuum and, since 7  7 o ,  we

cannot have an initially excited state

P33.il (*) =  C-nrotp33tn(0) —► 0. (A.9)

The equation for both atoms to be excited is

^P33,33(£) =  27£>(p33jn (t) +Pu,33(*)

+  Pl3,3l(*) +  P31,X3(i))j (A.10)

and is non zero only if,

P33.il(0) +  Pll,33(0) +  Pl3,3l(0) +  P31,13(0 ) #  0. (A -ll)

Since we don’t have an initial excitation, we have P33,33(t) =  0, tha t is we do not have 

two photon processes.

We consider now

^ P i3,n(<) =  ~ 7 i)(3pi3,11 (<) +  P11,13(f))?

^Pll,13(*) =  ~7o(3pil,l3(<) +  Pl3,ll(<))i

d̂
{Pl3,llW  +  Pll,13(f)} =  —47£»(pi3,n(f) +  Pn,i3(t)),

Pl3,llW +  Pll,13W =  e 47i>t(Pl3,ll(0) +  Pll, 13(0))

=  0. (A.12)

Since P i3, n ( 0 ) =  P n , i3 (0 ) =  0, the other terms, pi3 ,33(*),P 33 ,n(i) etc. give zero.
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We consider the initial condition |1)>L4(1| ®  |2 ) b b (2 | and obtain

=  7 n ( 2p ii,4 4 (f)  — P31,24(f)

— P l3,42(f) — 2p i i ^ 2 ( t ) ) ,

=  I d  (2 ^ 33,22 ( t )  — P l3,42{t)

— P31M^) ~  2piit22(t)),

=  7o(2pi3,42(^) _  P33J2(t)

~  P l l ,44(£) ~  2p u ^ 2 (f ) ) ,

=  7 o ( 2 p 3iP 4 (f )  — P33,22 ( f )

P ll ,  44(f) — 2 p n ^ 2 (f ) ) .

This gives

^ { p i l ,44 +  P33,22 +  P l3,42 +  P31.24} =  0 .

And in a similar fashion as for pn,33(f) we get

P11,44(f) =  P22,33(f) =  —P i3,42(f) =  _ P31,24(f)

=  5(1  -  e - ^ P u M O ) .

Here we have negative correlation.

s pii ,«(«)
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B Interference from General Initial Conditions

-We start with the general initial conditions, and a 7r—polarized BBE field

pAB̂ h) =  - P u |1 ) a a ( 1 |  ®  |1 ) b b ( 1 |  +  -P 2 i|1 )a a (1 | ®  | 2 ) b b ( 2 |

+  -P 2 i | 2 ) a a ( 2 |  ®  | 1 ) b b ( 1 |  +  ^ >2 2 | 2 ) i4 > i ( 2 |  ®  | 2 ) b b ( 2 | .

(B-l)

Here, Pij satisfy the following normalization condition

2

£  Pij =  1- (B.2)
i=lj=l

After a single photon absorption from the BBE we have at time t x ss t0 + To

PABih) =  i{ P u { |lW < l| ® |3> bb(3| + |3)aa(3| <8> |1)bb(1|

+ |1)aa(3| ® |3)bb(1| +  |3)aa{1| ® |1)bb(3|}

+ -Pi2{|3)aa(3| ® |2)bb(2| + |1)aa(1| ® |4)bb(4|

— |3)aa(1| ® |2)bb(4| — |l)>u(3| <8> |4)bb(2|}

+ -P2i {|3)bb(3| ® |2)aa(2| + |1)bb(1| ® |4)aa(4|

-  |3>bb(1| ® |2)aa(4| -  |1)bb(3| ® |4)aa<2|}

+  ^22{|2>aa(2| <S> |4)bb(4| + |4>aa(4| 0  |2)Bb<2|

+  |2)aa(4| ® |4)bb(2| +  |4)aa(2| ® |2)bb(4|}|- (B-3)
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The coupling to the vacuum leads to spontaneous emission and, for 7r—scattering we 

reach finally the following for the density operator of the atoms-field system

= PAs(t) ® (ItaXtaI + ItbXtsI

+  \1 a ) { 1 b \ +  I tb X ta D -  (B-4)

Here is the density operator for the field and we note that we have no entanglement 

between the photons and atoms. The scattered photon is not associated with a 

particular atom. Tracing over the photon states we see that the final density operator 

at time t  is identical with the initial density operator at time t  =  0. The part of the 

density operator which gives rise to interference for t —scattering is

pB (* i ) =  A i {|1>ax(3|®|3>bb(1| +  |3 U (1 |® |1 )bs(3|}

— -Pl2{|3),m (1| ® |2)bb(4| +  |1)aa(3| ® |4)Bb(2|}

— -P2i {|3)bb(1| ® |2)a>i(4| +  |1)bb(3| ® |4)aa(2|}

+ ^>22{|2>j4j4(4| ® |4)bb(2| +  |4)aa(2| ® |2)bb(4|}-

(B-5)

The field in the radiation zone (at the detector) is related to the dipole operator as 

e a ,s(*>r ) =  0 (* “  lr A,B|/c)tf (r)o-^(£ -  \t a ,b \ / c ) ,
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and the interference is given by

G&V.r) = |#(r)|Je (O e (f  +  r)

x +T)

+  ffg ( « ' +  r)a t> « ') I} , (B.6)

where i! =  t  — t\ — |rA|/c  is the retarded time and r  =  (|r^I — |rA|)/c  is the delay time 

between the two different propagations for the photon. We first consider the part of 

the initial density operator connected with P n  term:

Gffti'.T) = I ^ M I W ) © ^  +  T )

b b (1|

+ P n M z V  +  r)|3)AA(l| ® |1>bb(3|) 

x (|3)>l4<1| ® |1)bb (3| + |1)AA(3| ® |3)bb{1|)}

= |f ( r ) |20 (f ')e (i' +  r) 

x TrA,B{pf3(O pfi(f/ +  t) |1 )aa(1| ® |1> bb(1|

+  PaiCOpfaC*' +  r )|!>>iA<l| ® |1)bb(1|}

=  |# (r)  |20(O © (*' +  t ) (pn(^)pfi +  r)

+  r))

=  2 |^ (r ) |2©(t/)e(<' +  t ) cos(u}r)e~&ŷ +T .̂

(B.7)
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Next we consider the Pi2 term:

G g V .r )  =  - l* (r ) |2e (0 © (* ' +  r)

x '&A»{(p&(t')/>6(<' +  r)|l>«<3 | ® |4)bb<2|

+  r f .( 0 ^ ( * '  +  ’-)|3>BB<l|®|2>Bfl<4|)

x -(|3)>u(l| ® |2)bb(4| +  |1)bb(3| ® |4)bb (21)}

=  |*(r)|2e(«')©(i' +  ’-)

x +  t)|1>«(1| ® |2)bb(2|

"I- Pzi(t )P 2 t f  4" ‘̂’)|1)aa(1| ® |2)bb <2[}

=  |$(r)|2e(*')©(*' +  r)

X {p?3 (t')p$2 i f  + T) + p£l (t')pf4 i f  + T) }

=  2|tf (r)(20(O©(*' +  r)  cos{ u T ) e ~ ^ +T).

(B.8)

The P21 term gives identical result as the P12 term with A B  and the P22 term 

gives the same result as Pn with p13 «-»• and pzi «->• Pa2 - The total interference is

c f f lw  =  E
t=ij=i

=  c S m  E  ^
i= lj= l

= GSi>(r). (B.9)

HereG^(r) is the interference if we started with a pure initial condition ]i)Ax{i|i)flB(i|(
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1, 2).

In the a —scattering case we have the following final density operator of the atoms- 

field state

=  P u [|1>a a ( 1 |0 |2 > b b (2 |7b ><7b |

+  |2>aa(2| ® |1)bb(1|7a)(7a|

+  |1)aa(2| ® |2)bb(1|7b)(7m|

+  |2)a>i(1| ® |1)bb(2|7a)(7b |]

+  P i2[|2)aa(2| ® |2)bb(2|7>i)(7a|

+  |1)aa(1| 0  |1)bb(1|7b)(7b |

+  |2>^(1| <g> |2)bb(1|7a)(7b1 

+  |1)aa(2| <8> |1)bb(2|7b)(7a|]

+  (B.10)

Here, we note the final atoms-field density operator is entangled and consequently we 

have a which way information. We also note that the final atomic density operator, 

after tracing over the field is different from the general initial density operator, which 

was not the case for %—scattering.
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We now consider the calculation for interference from a —scattering 

G liitf .r )  =  I t f M l W W  +  r)

+  +  ’> £ ( ( ') ] } -  (B .ll)

We consider first the term of the initial density operator proportional to the Pu  term:

G$(t ' ,T)  =  |${r)|26(t')e(«'+ r)

x TrA,B{(r f3(t')pf1(t' +  r)|l>^,<3|® |3) b b (1|

+  P 3 i ( 0 P u ( ^  +  t ) | 3 ) a a ( 1 |  ®  | 1 ) b b ( 3 | )  

x ( |3)/l4(2| 0  |2) b b  (31 +  1 2 ) ^ ( 3 1 0 ^ ( 2 1 ) }

=  |^ (r ) |2© (0© (< ' +  r) 

x T * A , B { p ? 3 ( t ' ) p i l ( t '  +  r )|l)AA(2| 0  | 2 ) b b ( 1 |

+ P 3 l ( t ' ) P v 3 ( t '  +  r )|2)>L4(l| ® |1)bb(2|}

=  0. (B.12)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



109

Similary, we derive for the P 12 term:

=  l* (r) |2e ( t ' ) e ( t '+ ’-)

X (p&COpSt*' +  r )|l)/w(3| ® |4)sb<2|

+  P&(<')p?4(!' +  ’-)|3)ab(1|®|2>bb(4|) 

x (|3)>u{2| ® |1)bb (4 | + |2)aa(3| 0  |4)bb{1|)}

= |*(r)|2e(f')e(«' + r)

b b ( 2 1

+P3i(0Pm(^ +  r )l2>a a Q I ® |2)bb(1|}

=  0. (B.13)

Similarly, the P21 term gives zero, and the P22 term is zero since it the calculations

are identical to the P u  term, with 1 h 2.

C Quantum Eraser w ith General Initial Conditions

The second order correlation G(2) (r, t; p , r )  is defined as

G<2> (r ,t;p ,r)  =  ( [ £ « > , « ) + 4 -> " (r ,« )]

X [S !f’"(P. t ) +  £b_,'(P . t ) ]  

x[£<1+)’, (A r) +  £;i+,'(p ,r)] 

x [£ i+>'’ (r,«) +  4 +>'(r,t)]). (C.1)
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In terms of the Heisenberg dipole operators this can be expressed as

=  e ( 4 ) 0 ( t 'B)e ( t"  -  T0)|tf (r)|2|tt(p)|2 

x ([<4x(r> 4) + <4x(r> 4)]

X[<4z(P’*") +<4z(P>0]

O ]

X[<4x(r> 4) + °B*(r> 4)]>> (C-2)

where we have introduced the retarded times 1fA B =  t —ti  — |rx,B |/c and t" =  f  — |p |/c , 

respectively, and T0 =  £2 — is the time delay between the excitation of the atoms 

with the BBE and applyication of the erasing pulse.

We consider first the term of the initial atomic density operator which is propor­

tional to the Pn  term:

Gg>(r,(';#>,f") = etfA)&({B)e(t" -  T0)|*(r)|2|*(p)|2 

x (p(*i)[<4x(4) +  °bx(4)]

XM*(0+ **«(*")] 

xkL(0 + <42(0] 

x[<4*(4) +<4x(4)l>

(C.3)

T he“ initial density operator” where we have taken already into account the excitation
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with the broad band field is

p(h) — ®  I3 ) » b ( 3 I +  |1 ) a a ( 3 |  0  |3 ) b b ( 1 |

+  |3)>i a ( 1 |  ®  |1 ) b s (3 | +  |3 )> u (3 | 0  |1 ) b b ( 1 |) -  (C .4 )

W ith this we have

G g > ( r , « ' ; p , o  =  i e ( ^ ) e ( 4 ) e ( ( ”  -  r . )  

x  | * ( r ) | 2 | * ( p ) | 2 < ( | | l ) Ax < l |  0  |3 ) b b (3 | +  | 1 ) « < 3 |  0  |3> b b ( 1 | 

+  |3 ) > w { l |  0  |1 ) b b ( 3 | +  |3 )v w (3 | ®  |1 ) b b { 1 |)

x [y V .,K |3 W 2 | +  |4 U < l |)^ fe )

+  ^ ( < ' b ) ( |3 > b b <2| +  |4> b b ( 1 | ) W b )] 

x  [ { £ f * ( t " ) ( I W 2 |  -  | 3 W ( l | ) t / ( « " )  

+  U 2 ( ( " ) ( |4 ) b b <2| -  |3> b b < 1 |)U (< " )}]  

x [ { C / ' ( ( " ) ( |2 ) ^ < 4 |  -  | l> r u < 3 |) C f ( f )  

+  U t ( t” )(|2> B B < 4 | -  |1 ) b b (3 |)U (« " ) } ]  

x  [ l f * « . ) ( |2 > a x < 3 |  +  | l ) « ( 4 | ) £ / % )

+ ^ ( ( 'b)(|2)bb(3| +  |1)bb(4|)£/(4)]). (C.5)

Here, U(t) = U^(t) ® Us(t) is the time evolution operator for the two atoms-system, 

where each atom evolves independently. From time ti —► t2, that is immediately 

before the application of the cr—polarized erasing pulse, we use cyclic perm utation

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



112

inside the trace and free evolution until f  = Tq and get the following

G f f f r .f  =  r 0ip , o  =  i e f t y e f o )

X e(i"-T„)|*(r)|2|*(#.)|2

x <(e-frTtx|2)>w(2| 0  |1>8B<1| +  e - ^ o f l i w i l  ® |2>BB<2|) 

x [{£'l(r")(|4Ui<2| -  |3)«<1|) 

x UAt S ‘) +  |4)BB<2| -  |3)bb(1|)

x %(r")}] [ { D lM ( |2 ) « (4 | -  I1)a a {3I) 

x % ( / ' ) +  Ui(r*)(|2>BB<4| -  |1) bb(3D 

x % (/')}]>

+ etoe^jetr'oi^wp^fp)!2 

x e - ^ ' ‘-* { ( |2 > ^ < l|0 |l)BB(2|

+  |1W < 2 |0  |2)BB(li)[{^(r")(|4>xx<2| -  |3)BB(1|) 

x UA(t") + U'B(r")(|4)SB(2| -  |3)bb(1|) 

x U „ ( t " ) } ]  [{£/J(t")(|2)a ,{4| -  |1)a4<3|) 

x U a ( t " )  + C/b(tw)(|2)bb(4| -  |1)bb<3|) 

x UB(r")}]).

Here, we have introduced the delay time t"  =  if' — To, as well as the average retarded 

time T'a,b = t — ( |rA| +  |rs |) /2 c . Immediately after the excitation with a —polarized
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erasing pulse we have

G‘? ( r , =  je(Oe(T")H>(r)p|*(/>)|2 

X <{e-^(|3>xx<3| ® |1>bb<1| +  \ 2 } m ( 2 \  ® |4>bb<4|)} 

x { U iA ( r " ) W A A < 2 \  -  |3>aa(1|Gb( tw) 

bb(2| — |3)bb<1|)Gb(t")]

X [yI(r")(|2)BX<4| -  |1>bb(3|)Gb(t")

+  t £ ( 0 ( |2 >bb<4| -  |1)bb(3|)Gb(t")])

+  { .4 « B }

+  e (t 'A)e(t'B)0 (r" ) |4 '(r) l2|* (p ) |2

x e-67tA-B

x ((|3)a>i(1| ® |1)bb(3| +  \2)a a (4\ <B> |4)Sjg(2|

+  A * + B )[ ...][...]). (C.6)

Here, [.. .  ] is the same as the previous expression in the relevant brackets (time- 

evolution operators and dipole moment operators). After free evolution and the 

detection of the a —polarized interference photon and the it—polarized erasing photon,
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we obtain the results for the second order correlation in section 5.2

G n  (r, t; p, r2) =  i© (£ -  h  -  |rA|/c )0 (r2 -  \p\/c)

x |^ ( r )|2|^ (p ) |2e -67(t~tl_,ry,l/c)e_67(TS" lpl/c)

*  ( ( | 1 ) a a ( 1 | ®  | 1 ) b b ( 1 |  +  | 2 ) a a ( 2 |  ®  | 2 ) B B ( 2 | ) )  + i f > B

+  ^©(£ -  h  -  |rA|/c)© (t -  ti -  |r s |/c )0 ( r2 -  |p |/c) 

x |$ (r)  |2|^(p) |2e- 67ft- tl- (|r'‘l+trsl)/2cl 

x e-M^-lPl/c) cos[k • (r^ — r B)] 

x <(|1U<1| ® |1)bb(1| +  |2)>l4(2| ® |2)bb(2| +  A  «-*• B ))

=  \6 ( t  -  «. -  M /c )e ( r2 -  |p |/c ) |* (r ) |2|* (p ) |2

+  0(£ -  ti -  |ryi|/c)0(£ -  £i -  |r B|/c )0 ( r2 -  |p |/c ) 

x |^r(r)|2|^ (p ) |2e“6nf(t-tl_(|rAl+|rBl)/2c)

x e-67(T4-^*^ cos[k • (ta — r B)], (C.7)

where r2 =  t  — £2. The interfering part of the second-order correlation function 

which gives rise to an interference picture, also contributes to cr-scattering events. 

The entanglement between the photon and atomic system is erased and interference 

occurs as a result of the selective behavior of the measurement on the second-order 

correlation it selects fringes out of the two possibilities fringes, and anti-fringes [22, 25].

The calculation of the second order correlation with initial density operator pro-
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portional to the P& term  is sim ilar to the above calculation and we give therefore here 

only an abbreviated version considering only the time evolution of the atomic density 

operator. However, the atomic density operator immediately after the excitation with 

the broad band light reads as the following, due to the different initial condition

Pffi) =  i(|3)/ui<3| ® |2>BB<2| +  |l) ,u < l | ® |4)b b (4|

-  |3)a 4(1| ® |2}BB<4| -  |1>a4<3| ® |4)BB<2|). (C.8)

After the excitation with the B6E, free evolution takes place leading to the <r-polarized 

scattering photon. After this free evolution our density operator is of the following 

form

P«0 =  i ( e - ^ |2 ) « ( 2 |® |2 ) BB(2|

+  e“67t®|l)BB<l|®  |l ) BB(lt

-  e -5«r'‘̂ | 2 ) /U ( l |® |2 )BB<l|

-  c -67?'l s - î | l> BB< 2 |® |l)BB<2|). (C.9)

Here, r  =  \ta \ /c — \*b \ /c is the time delay between the two different photon prop­

agations ta and r^ , respectively, which can lead in, the relevant photon correlation 

function, to the interference. Then, the application of the <r-polarized erasing pulse
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at the time f  = To leads to

m  =  j [ e - w '-(|3>^i(3| ® |2)b b (2| +  |2>/U <2|3)bb(3|)

+  e-^»(|4)BB<4|l)Bfl(l| +  |1 U < 1 | ® |4)b b {4|)

-  e- ®7*r'*-fl+“JT(|3>AA(l| ® |2)b b (4| +  |4>«<2| ® |1)bb(3|)

+  ® |3>b s <1| +  |1>aa(3| ® |4>bb<2|)] .

(C.10)

After the detection of the erasing photon, which is detected as a 7r-polarized light 

another minus sign in the interference part occurs, and we have overall plus sign, 

finally, which leads to interfemce fringes (not anti-fringes). Th final density operator 

after detection of the second-order correlation function is given by taking into account 

the free evolution after the erasing pulse

J  [e(t'A)©(t" -  T0)e-6̂ e - 67(£" - Tb)

x  ( | 1 ) a a ( 1 |  ®  | 2 ) b b ( 2 |  + 1  2 )

+  e(t'B)e (t"  -  To)e~6̂ B e- ^ ,-To) 

x ( |2 U (2 |® |1 > b b (1 | +  1 ^ 2 )

+  © ( ^ © ( ^ © ( i "  -  T0) e - ^ B+iurre - ^ t" - To) 

x  ( | l ) y L 4 ( l |  ®  | 2 ) b b ( 2 |  +  \2) a a { 2 \ <8> | 1 ) b b ( 1 | )

-I- © ( ^ © ( ^ © ( t "  -  T o )e ~ ^ A’B~iuTe - ^ tf' - To) 

x (12)^4(21 ® |1)bb <1| +  |1 )ab (1 |® |2 )bb (2 |)]. (C .ll)
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We recognize immediately th a t the tracing over the atomic density operator leads 

in the second order correlation function of the photons to  an interfering part (term 

proportional to e*WT). In other words we have erased the entanglement between the 

atomic system and the photon system and consequently get back the interference. 

The calculations for the other term s Pij of our initial density operator can be done in 

the same way. The erasing scheme is independent from the initial conditions and leads 

to interference also for <r-scattering events if we measure the second order correlation 

of the correlated scattering and erasing photons.
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