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Abstract

MONTE CARLO STUDIES OF THREE DIMENSIONAL CHAINS
ON A LATTICE: THE EQUATION OF STATE AND SEGMENT

DENSITY PROFILE NEAR A REPULSIVE WALL

by

AGUNG EKO HERTANTO

Advisor: Professor Ronald Dickman

The equation of state and conformational properties of
polymer chains on a regular lattice are investigated using
Monte Carlo simulations. Various chain systems are studied:
athermal monodisperse and polydisperse linear chains, non-
athermal 1linear chains, and chains with various branch-
structures. The chain-length varies from N = 10 to 150. In
these simulations, the test-chain insertion method is employed
to obtain the insertion factor in the low density regime and
to determine the theta-temperature, and the repulsive wall
method is used to determine the equation of state in the high
density regimes.

This dissertation focuses on comparison between
simulation results and predictions of Flory and Flory-Huggins

iv



mean~field theories, and Freed’s n-vector model. The results
indicate that the Freed’s n-vector model provides the best
estimate of the osmotic pressure at various densities and
solvent qualities. A discrepancy exists for chains with branch
structures.

Other conformational properties investigated are the end-
to-end distance and the segment density profile near a
repulsive wall. Scaling techniques are employed to obtain the
scaling exponent v and the density dependence of the osmotic
pressure. Monte Carlo results support de Cloizeaux’ scaling
law for the pressure. The effect of confinement on the
equation of state and the end-to-end distance is also studied
for chains at finite concentration. To study the effect of an
interface, an analytical calculation is performed to determine
the density profile of Gaussian chains adjacent to a repulsive

2 for z - 0, where z is the distance

wall. It shows that p « 2z
from the wall. Edwards’ model is also used to represent a
polymer chain. In this model, the renormalization group
equation and the € expansion (up to first order) are presented
to determine the scaling exponent of p(z) for z -~ 0. Monte
Carlo results also indicate the scaling behavior for athermal
chains. For non-athermal chains, a complication arises due to

the temperature dependence, which is not represented 1in

Edwards’ model.
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I. INTRODUCTION: A PEDESTRIAN VIEW OF POLYMER SOLUTIONS.

The properties of polymer systems attracted the interest
of physicists early in this century!™’'. since then the
advancement of technology has made polymer science an
essential branch in materials research. The results of polymer
research are realized in a wide variety of products in biology
and advanced materials. Polymer products exist in several
forms: as a liquid or semi-solid it is found in mixtures,
solutions, micelles, melts, and gels. Polymers also form
glass-like and crystalline solid materials. The rich phenomena
of polymers are worthy of theoretical studies, which may yield
further understanding of their properties, and better
materials.

Early theoretical works®® employed a lattice model to
explain the thermodynamic and configurational properties of
polymer solutions. In the lattice model a single polymer
strand is represented by a chain of which a monomer, irres-
pective of its size and structure, occupies a single lattice
site. A vacant site in the lattice may represent a void or a
solvent molecule. An interaction energy between non-bonded
nearest neighbor molecules may be included in the model. The
calculation of the partition function, which is required to
derive the equation of state and other thermodynamic
quantities, 1is formidable since the number of variables

involved are tremendous. The question is whether the equation
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of state derived using this model can explain the results
observed in the experiments and what modification is necessary
to improve the predictions.

The advance of computer technology and the computational
algorithms provide the opportunity to test the lattice model.
Computer simulations have a number of advantages over
experiments. For one thing, simulations provide a direct test
of the lattice model, which 1is obviously not acessible
experimentally. The parameters that describe the 1lattice
structure, monomer-monomer effective interactions, and
branching structure are easily incorporated in simulations.
The disadvantages are due to physical'limitations of computer
memory and time, and the effectiveness to represent the real
polymer systems. Taking the disadvantages aside, computer
simulations might provide a guide to model-building. The
purpose of this work, therefore, 1is to use computer
simulations to explore the accuracy of three dimensional
lattice model. More precisely, the equation of state of
polymer chains on a three dimensional cubic lattice was
studied extensively using Monte Carlo (MC) simulations. The MC
results were compared with the predictions of the Flory(®'
and Huggins!'?'%l mean field approximations. The results were
also used to test the accuracy of the Freed’s recently-devised
lattice model!™, in which the bond-correlation is taken into

account.
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Polymer solutions are generally polydisperse and solvent-
quality dependent. The constituent monomers generally have
different size and branch structure. The question was what
influence the solvent quality and polydispersity implied on
the equation of state, and whether it was modified by branch
structure. Answering these questions was the main motivation
of my work. This thesis, therefore, is the result of my
attempt to understand the role of solvent quality, poly-
dispersity, and branch structure in the equation of state.
Since polymers are often located near an interface or a wall,
the effect of a repulsive wall on the density profile is of
considerable interest. This thesis presents my attempt to
study the density profile in the proximity of a repulsive wall
using scaling theory, renormalization group methods, and Monte
Carlo simulations.

In this introduction, early theoretical models and the
difficulties encountered in understanding polymer properties
are reviewed. One of the early attempts to explain the
conformational properties of polymers in dilute solutions was
the random walk model!':2:'%'1  consider a random walk starting
at the origin (0) and ending at F after N steps (see Figure
1.1). For simplicity we may assume that each step has the same
length b. If the end-to-end displacement is R and the
displacement at the i*" step is f“ the root-mean-square (rms)

of the end-to-end distance is given by



" N 1/2 (1.1)
A PHEIEIP R ; (E,.Ty) - NY2p
1 PTREDY

where <...> is the average over all configurations. Note that
the cross term vanishes because the steps are uncorrelated. In
passing to polymer solutions, the path in the random walk
model is interpreted as the physical configuration of a long
flexible polymer chain. The step length corresponds to the
length of the bond, the end-to-end distance is related to the
distance between the two ends of the chain, indicating the
size of the polymer molecule in the solution, and N corres-

ponds to the number of monomers or chain-segments.

Figure 1.1. An example of a random-walk starting at
O and ending at F.
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Since in general N is very large, the random walk conformation
may be approximated by a Gaussian model®”. I1f P(R) is the
probability that a polymer chain has end-to-end displacement
ﬁ, then

-d/2
P(ﬁ)-(.gn(—Rz)) exp(-_&) (1.2)
d 2<R%*>

The Gaussian model is unphysical since the expression P(R)
does not vanish when R > R__ = Nb. In addition the Gaussian
model allows self-intersection. For real polymers, self-
intersection is not permitted since two monomers may not
occupy the same space. The Gaussian model is quite popular
because of the quadratic nature of the exponent which renders
the algebra simple.

The steric restriction that no two segments occupy the
same location requires a modification of the random walk. The
proper model of a polymer in a dilute solution is the self-
avoiding walk (Figure 1.2). In this model, a walk is not
allowed to revisit any region of the previous path. This
introduces a degree of correlation among the steps. The
average of the cross-term in equation (1.1) does not vanish;
therefore, the simple relation R’ ~ N is no longer valid. To
achieve self-avoidance, each new step has a tendency to move
away from the previous path. This tendency has the effect of
making the chain expand. The enlargement to dimensions larger

than those expected from the simple random-walk model is known
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as the excluded volume effect. Flory was the first to
recognize this non-ideality, and to propose that the end-to-

end distance is described by'?'%

R = CNY (1.3)

where C is a constant with dimensions of length, and » is an
exponent with value 1/2<v<1. Fisher!"™ proposed a relation
between the value of v and the space dimensionality d. His
derivation was based on a mean field approximation, that a
polymer chain might be described by a continuous cloud of
monomer segments. The cloud is supposed to be uniformly
distributed over a sphere of radius R, hence the segment

density, ¢, is proportional to N/RY.

Figure 1.2. An example of a self-avoiding-walk.
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The N monomers experience repulsive interactions with total

energy given by

U- gfdR ($(F)) - g 22 (1.4)

g is a measure of the interaction between a pair of monomers.

The probability density P(R) is thus generalized to

dR? gN?
P.( R )~ exp| - - 1.5
d p[ 2¢R%*>  k,TRY (1-5)

The first and the second terms in the exponent are related to
the entropic and energetic contribution to the free energy. If
Z is the chain partition function, we can define the partition

function of a chain with the end-to-end distance R, Z(R), by
z - [drRz(R) - [P(R) dR (1.6)

Rewriting d%R in spherical coordinates, we obtain

Z(R) = Const.R¥ P, (R) (1.7)




and the corresponding free energy is

F(R) = -kyT logZ(R) (1.8)

Flory’s theory is the mean field estimate of the free energy.
It is obtained by minimizing the free energy in equation (1.8)
(or equaivalently by maximizing Z(R)). Differentiating Z(R)
with respect to R, using the mean field value of <R?> = Nb?,

and equating the result to zero one obtains

R? gN? d-1
Nb?*  kgTR? "4 (1.9)

Using R~N" for d < 4, the left side and the first term on the
right hand side will grow as N-», while the last term remains

finite. Equating the exponent of N in this limit yields

3
d+2

v - d=-1,2,3 (1.10)

For d24, the value R~N'? satisfies equation (1.9) when N is
large, and the random walk result is obtained. Although
Flory’s results provide better agreement with the values of
the experimental and simulation results (in d=3:tgw=0.586”3m

= 1- i =9 = =
and »;,=0.579-0.592%"%)  jin d=2: » =0.749'2".27.28] =3/4',

yQXICt

and u“p=o.79(1)‘”’), it is obvious that the mean field
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approximation takes into account the monomer-monomer
interactions in the crudest fashion, since correlations
between chain segments are neglected. The discrepancy between
the mean field approximation and the experimental results
emerges when one considers the equation of state of a dilute
polymer solution. If the number of chains is n,, and the the
solution is so dilute such that the chains never interact one
with another, we can generalize the probability density in

equation (1.5)

n

P dr? 2
P{R;,} = H Cexp| - ‘2 - 9N - (1.11)
-1 2<R1> k’TRj

where we assume that the system is monodisperse. If we also
assume that the effective interaction g is very small, the
exponential in (1.11) can be Taylor-expanded. To find the
partition function, P{R;} is integrated with respect to
coordinates of the chain-ends, and assuming there is no

integration constraint due to other chains one may obtain

z-v”v(l——i-"’—z) (1.12)
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where V is the total volume of the system. The pressure can be

derived easily using thermodynamic relation

oF dlog Z
Pe-Y o T 1.13
av ks av ( )
and the result is given by
P _ ¢, _9 4
P2 I (1.14)

¢ is the mass density in the system and M is the molecular
weight which is related to the number of monomers per chain.
When the solution is semidilute, the mean field approximation
with pair-wise effective interactions between monomers also
predicts a quadratic dependence of the pressure on segment
density. The experimental results®'3 ghowed that P ~ ¢%.
This discrepancy might be caused by correlation between
monomers. The need to refine the prediction requires that we
devise a better theory. This has led to the application of
more sophisticated mathematical tools such as functional
integration, scaling concepts, and renormalization group
techniques.

Path integration and its functional extensions were
pioneered by Feynman in the 1940's®%3%! It has found
application in almost every field of physicsP®, It was

introduced in polymer physics by Edwards®37 and saito et.
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al.® . 1t was not until Freed® that functional integration
was widely used to describe the conformational properties of
polymer solutions. Basically the work of Freed was a
generalization of the random walk model. The probability
density is the generalization of equation (1.11) in which he
used a generic potential instead of the mean-field potential.

Scaling theory was introduced by Kadanoff“%41 and the

al2-4sl | 1¢ yas de

primary application was in critical phenomen
Gennes who observed that a polymer solution may be described
by the n-vector model in the limit n-0%%9  gcaling theories
focus on the long wavelength properties of polymers, as a
function of the chain length N and other parameters. The
theories then invoke the assumption that when N-» all
microscopic parameters are irrelevant and/or enter into
equations indirectly through chain dimensions or other
macroscopic quantities. Consequently, many models with
different microscopic parameters yield the same long
wavelength behavior. When applied to concentration-dependent
quantities, scaling theories invoke two conditions. In the
lower density regime polymer chains are isolated and their
behavior can be approximated by that of a single chain. At
high concentrations, polymer chains interpenetrate and a
monomer cannot distinguish whether its neighbor belongs to the
same chain or another. Scaling theories assert that in this
regime, static properties should be independent of chain

length. As in critical phenomena, a physical quantity (such as
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the osmotic pressure) follows a power law in the N-o limit.
There are differences, however, between the critical phenomena
of the n-vector model and polymer solutions. For example, the
reduced temperature in critical phenomena (&=(T-T.)/T.) Iis
associated with the inverse of chain length in polymer
solutions (N'). In reality we cannot devise a polymer chain
with infinite length, in contrast to critical phenomena, in
which we can approach very clocely the critical temperature
T, .

We are interested in more than just the limiting N-w
behavior, e.g., in details of how this behavior is approached,
since real polymers have finite N. The renormalization group
method is one such technique developed to analyze the
thermodynamic and conformational properties of polymers. The
idea of renormalization group was not new® 37, and it was
primarily applied to critical phenomena®®® %), only recently was
it applied to polymers'®), The early renormalization group
techniques were applied to polymers using the blob model, in
which a polymer chain was coarse-grained and replaced by a
sequence of blobs, and the polymer - n-vector model

analogy8.49.67)

The calculations were complicated and were not
readily adaptable to more general problems. A simpler
approach, the so called conformational renormalization group
(CRG), was developed by Freed, Oono and coworkers using

Edwards’ §-potential model!’®”! and extended to ©-solutions

by allowing three-segment interactions!™ 7, The simplicity of
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their approach is amenable to a more comprehensive treatment

g(79-82)

of polymers in semi-~dilute solution , polymers in confined

3-89 and copolymers'® . The

geometries and near interfaces
potential is treated as a perturbation to the ideal chain,
therefore, the exponential e® can be Taylor-expanded. The
diagrammatic technique, dimensional reqgularization®'" ¥, and
€ expansion®2.38¢) follow to remedy the pathological behavior
of the resulting integrals. In essence, the renormalization
group in polymers follows its counterpart in field theory to
render singular quantities finite. CRG has found extensive
application, and only the most difficult problems remain
unsolved (for example: polymers in confined geometries,
polymers near interfaces, polymers in two dimensions, etc.)
As useful the CRG is, the fact that it employs the §-
potential means that there is no limit on the density. In this
widely used formulation, excluded volume is not properly taken
into account, and so the CRG is not suitable for describing
dense systems. These difficulties compelled Freed to return to
original ideas of the original n-vector model of de Gennes.
Note that in de Gennes’ model (see Ref. 47 for further
explanation), polymer solutions have a wide chain-length
distribution. The uncontrollable chain length distribution
exposes other deficiencies: 1its lack of utility for
calculating quantities that depend on controlled dispersity,

its inability to incorporate segment-segment interactions in

non-athermal systems and its inability to take into account
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possible differences of monomer/solvent-molecule structure.
Recognizing this shortcoming, Freed and coworkers introduced
a spin-model defined on a 2n-dimensional complex space and
introduced an additional parameter to label the position of a
segment along the chain!'®.%-1%)  rThe improved version was shown
to be equivalent to the packing of polymers on a lattice!'%?,
The new device enables the calculation of the free energy of
mixing, and the equation of state via the Meyer cluster
expansion. For instance, Freed and coworkers were able to
calculate the free energy of mixing for models with nearest
neighbor interactions and various branching-structures®.%,

In the traditional ‘Flory’ form'¥, it is written as

¢

AFyy = 51090+ (1-®) 1og (1-®) +x® (1-@)  (1.15)

The so called x parameter represents the effective interaction
between two segments. In athermal solutions, x = 0. In Flory
theory, the interaction parameter x is energetic in origin and
proportional to 1/T%%". The experimental results indicate
otherwise, that x has entropic contibutions and also depends
on segment concentrations and higher powers of 1/T!'%-108) The
formulation of polymer solutions using the lattice model
allows comparison with computer simulations. A major purpose
of the research described in this dissertation is to test the

accuracy of Freed’s lattice model using Monte Carlo simulations.
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Computer studies of polymers have been conducted using
exact enumeration!'® "2 anqd Monte Carlo simulations. The
latter technique employed various algorithms, e.g.: random

growth3 1 reptation!’7.'8  crank-shaft and internal

5[119-127) (21,128-131)
' ’

move the pivot algorithm and others!!321351 g

obtain the equation of state, the test-chain insertion

technique!36-143)

was employed. The latter is however
inefficient for dense-systems of long chains. A new Monte
Carlo method was devised by Dickman to overcome ¢this
difficulty . It was then possible for the first time to
determine the osmotic pressure of a model polymer system over
wide range of densities and chain lengths. The simulation
results in two and three dimensions of athermal chains are in
good agreement with the Bawendi and Freed’s prediction(.141,
The advent of a new simulation technique opens an opportunity
to learn the equation of state of polydisperse systems!'“%, of
polymer solutions with different solvent qualities, and of
polymers with branch-structure.

This work is organized as follows. Chapter II reviews the
conformational properties and the equation of state of
polymers in semidilute solutions. The analysis uses scaling
theory. The effect of confinement (e.g., polymers within a
narrow channel) is also presented. It is followed in Chapter
III with the analysis of the seguent density in the presence

of a repulsive wall and confining geometries (slabs). The

scaling technique and the renormalization group method are
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used in the calculations. Chapter IV follows strictly the
works of Freed and coworkers that are scattered in several
articles over an extended period (1985 - to present). Our
contribution is to organize the presentation in a more
coherent form, to point out several small corrections, and to
calculate the osmotic pressure for chains with a uniform
chain-length distribution. We also provide a derivation of
Flory-Huggins prediction in this chapter. In Chapter V the
predictions, in particular the equations of state derived in
Chapter 1V, are compared with simulation results for both
monodisperse and polydisperse systems. The accuracy of the
scaling prediction is also assessed. In this part we also
present the results of simulations of chains with different
branching structures and different monomer sizes. The
conformational properties (end-to-end distance and radius
gyration) and segment density as a function of distance from
the wall are presented for the previously mentioned polymer
models. The results are summarized in Chapter VI. In this
final chapter, we also point out the problems that are left
behind. Therefore, they indicate the direction for future

work.




II. SCALING THEORIES OF POLYMER SOLUTIONS.

Methods for studying polymer solutions have evolved for
several decades from the classical approach pioneered by
Flory®™'¥ to more sophisticated methods such as conformational
space renormalization group®® (CRG) and Freed's lattice
model!$%1%l, 1n the classical approach, the behavior of
polymers in solution, and the equation of state were studied
in mean field approximation. Flory and Huggins used a lattice
model as a representation of polymers in a solution®!,
Assuming equal sizes for chain-segments and solvent molecules,
(which is generally untrue in real systems), they obtained the
probability distribution for chain configurations, and the
corresponding equation of state. Using the mean field
approximation, as indicated in the introduction, one can
obtain the end-to-end distance which shows fractional power
law dependence on chain length N : <R’>~N” with »=3/(d+2). The
fractional power-law signals the presence of correlations
between chain-segments which, in turn, reflects the presence
of segment-segment interactions. The excluded volume
interactions are responsible for the swelling of the chain to
dimensions larger than the simple random walk, <R’>~N. Scaling
theories, though, provide the surprising result that excluded
volume interactions in multi-chain systems enhance the role of
chain segments. Instead of the quadratic dependence on segment

density, the osmotic pressure in a semi-dilute solution is

17
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proportional to ¢ 14l 1t geems that the interaction between
chains is propagated so that not only the segments in contact
contribute to the pressure, but that other segments along the
same chain participate as well, although indirectly. Salimg
theories were initially introduced in critical phenomena!“*
and applied to polymer problems by de Gennes and others!“*!,
Originally, de Gennes observed the analogy between polymers
and the n-vector model in the n—0 limit™®’!. In this model, he
mapped the chain length N to the inverse of the reduced

temperature, ¢!

, in critical phenomena (e=(T-T.)/T.). Also the
correlation length in critical phenomena is related to the
dimensions of a single chain. Recently, Freed, Ohta, Oono and
others applied the conformational renormalization group (CRG)
method to polymer solutions'®’. Here the chains are modeled
using Edwards' §-function repulsive interaction®?!, CRG offers
the advantage of a controlled chain length distribution.

Before investigating the more intricate renormalization
group approach, let us probe in more detail scaling theory as
applied to polymer solutions. If N is the chain length and v
is the excluded volume parameter, one can obtain the function-
al dependence of the end-to-end distance R on these
parameters.

Let {C)} and ({D,} denote the observable macroscopic
properties and microscopic parameters respectively. For

example, {C;} might be the density, the average size of a

polymer strand, and {D} might be the excluded volume
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parameter, the bond length, etc. All microscopic parameters
play their role indirectly via the scaled macroscopic
quantities”. This assumption is the starting point for
scaling theories. Another hypothesis invokes the asymptotic
power law dependence of a quantity P (for example: the osmotic
pressure or the end-to-end distance at fixed concentration) on
the asymptotic values {(C,}. For instance, PxCSC,f({C',}) where
the prime means the first and the second variables are
omitted. C, and C, might represent respectively the chain
dimension (proportional to N) and solution concentration.
Since the microscopic parameters play an indirect role, models
with different interactions may have the same properties. It
is as if the effects of the microscopic parameters are washed
out, and reemerge in the form of effective interactions hidden
in {C,}). This is the basis for universality. For instance, it
is argued that in three dimensions (d=3), many-body inter-
actions reduce to a simple effective two-body interaction of

Edwards' typel!®'4!,

The §-potential in turn will affect the
osmotic pressure and the end-to-end distance in a multi-chain
system indirectly through overlap concentration or <R’> of a
single chain.

Despite their deficiencies, scaling theories are easier
to work with and may provide guidance for more detailed
calculations. They also provide a qualitative overview of

complicated polymer phenomena. The scaling exponents are ready

at hand to compare with experimental and simulation results.
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If the comparison produces significant discrepancies, it is
easier to reconsider the theories or to modify the assumptions
implicit in the simulation models. Because of its power and
simplicity, we want to explore the scaling theory in this
chapter. Most of the results presented in this chapter have
been derived by Freed and coworkers'®'¥!, However, we also want
to clarify the concept of Kuhn length that is often cited in
the 1literature and defined differently by different
authors!!'214.144  1h our simulation results (Chapter V), we use
scaling techniques extensively to investigate the equation of
state of lattice polymers. We also derived the properties of
polymers confined between two walls in the semi-dilute regime.
First of all, in section 2.1 we define the polymer model

and the effective bond length. The effective 1length is
different from the so-called Kuhn step length®?""4l  even
though some authors neglect the distinction®. In Appendix A
we review the original definition of Kuhn length. Its relation
to the persistence length®” is shown in the context of a rigid
chain. In section 2.2, we explore the properties of a single
chain 1in solution. The functional dependence of chain
dimensions on the excluded volume parameter is derived and the
significance of the marginal dimension d=4 is obtained in the
N-o limit. This result is used to describe the corresponding
behavior at fixed concentration (section 2.3). The scaling
theories are also utilized to describe the osmotic pressure at

fixed concentration. Analogous to critical phenomena, we
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consider the high/low limit of concentration and N—» to obtain
the famous result m~¢”*.

The presence of confining walls necessitates a modifica-
tion of the functional form of <R’ and the osmotic pressure
(section 2.4). The models are used as a preliminary to more
difficult problems where chain segments interact with the
wall. In Chapter III, the density profile near a wall is
investigated using scaling techniques and renormalization
group methods. The results will be compared to the results of
Monte Carlo simulations in Chapter V. This comparison should
provide a preliminary indication of scaling relations and
critical exponents. The results of wall-segment interactions
open new problems such as polymers in a confining tube,
polymers in porous media, and polymers at interfaces. This new
horizon is of its own interest theoretically and has many

applications in technology.

2.1. Polymer Model: The Perturbed Gaussian Chain.

Let us assume that a polymer chain has (N +1) monomers or
N, bonds. Denote the set of monomer positions by ({#; i=0, 1,
2, ..., NJ}. Let W({%}) describe the effective potential
energy between monomers in which the effect of the solvent
molecules has been taken into account®. The distribution

function G({#)}) can be written as
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N, N,
Uz [ d2, = c]] dZ,exp [-BW({Z;})] (2.1)
1 II:! 1 H 1
where C is a normalization constant and 8 = 1/(kgT). The

potential W({F,})) has contributions from the interactions
between adjacent monomers along the chain and the interaction
between monomers seperated far from each other along the chain
but located near each other in the solution. 1In the
literature, the former is called the short-range interaction
and the latter is called the long-range interaction. Assume

that these types of interactions can be decomposed as

No

W({Z;}) = E u; (2, 2;.,) +v{z}) (2.2)
1=1

where u, (%, ¥, ) corresponds to the short range interaction and
V({E}) represents the rest of the interactions. In the pure
Gaussian model, where V({¥}) vanishes, the short-range
potential u,(¥,6r,,) has a form which resembles a 'spring-like'
potential. The purpose of introducing the Gaussian model is to
simplify the mathematics. In the Gaussian model, the short-

range interaction is
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d (Z;-7,.))7?
(2., F,,) = = 2 k,T 2.3
ul 1 1 1) 2 <(fi ‘f1_1)2> B ( )

where k,T is included for the proper dimensionality of u,. The
potential V({#)}) is in general of many-body type. A further
simplifying assumption is that the dominant part is given by
two-body interactions and that the higher-order interactions
can be neglected. If the pair-wise additive potential between
monomers i and j, at positions ¥ and #, is given by

V,(|#-E,|), then the total potential energy is

Ny
vi(z}) = 1 V. (|2 -2,|) (2.4)
1 21;0 17 | 1 jl

Hence, the chain distribution function is

& d(Z,-7,,)?

No

(2.5)
In the long wavelength limit the detailed structure of a
polymer strand can be neglected. The monomers may be regarded
as if they form a continuous chain. So instead of using the
summation over individual chain segments, we construct a

hypothetical chain consisting of N spheres, each having an
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average size AR (figure 2.1).

Figure 2.1. A schematic construction of a
continuous chain. The discrete chain portion inside
a sphere is replaced by a Gaussian segment with the
mean-square distance (AR, . ! is the so-called
effective-chain 1length. AR, is the maximum
elongation of the original chain portion.

In analogy with the derivation of Kuhn-step-length (see
Appendix A), we assume that the chain portion inside the
sphere can be replaced by a single Gaussian chain segment of

length { such that

] - < (AR)2>
ARm‘x (2.6)

As - AR,
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£ is called the effective length, As is the contour length in
the equivalent gaussian chain, AR,, and <(AR)?> are
respectively the maximum extension and the mean square of the
end-to-end distance for the chain portion inside the sphere.
Using egs. (2.6), the first term in the exponent in equation

(2.5) becomes

& )? de= (P,-F,.,)°2
z 11 = g « -1
2 E: <(f N 2 2: l1As

-1 e=]

d | dr(s)\? 27
- 51](Fa) e

In the last relation the continuum limit was taken: N—w, As—~0
such that NAs = L, where L is the contour length of the whole

chain. In the continuum limit, eqn. (2.5) can be written as

L L L
G({Z(s)}) =Cexp —_%f( df"s’) s--z-g—zfdsfds'w | 2(s)-2(s")|)
o] [} Q

(2.8)

Note that Freed® called 1 in eqn. (2.8) the Kuhn effective
length. Freed's definition is not accurate, since the Kuhn
effective length is defined over the whole chain (Appendix A).

Following Kuhn's definition, we can also say that the
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effective length in egn. (2.6) is defined by 'averaging' the
short range interactions inside the spheres (and replacing
them by the gaussian equivalent bond-length), but the long-
range interaction is still present and must be taken into

account.
2.2. Scaling Theory of A Single Chain.

In this section the scaling theory of a single chain in
unconfined space is reviewed; it represents polymers in a
dilute solution. The properties of the end-to-end distance are
analyzed and will be used to investigate the properties of
polymers in a semi-dilute solution (section 2.3).

Consider a polymer chain with distribution given in

equation (2.8). The partition function is

Z(L) =C“fd{z"(s)} exp! - (#(s))2ds

Oy
kJQ

2

Lo (2.9)
i, E%[ds[dsowf(.‘i) -7(s,)))

The path integral notation d{Z(s)} can be interpreted as

N
shorthand for the product: %&m II(i{fjl If the normalization
As—-o =1

constant C is chosen such that Z(L) is unity in the absence of

interactions (V = 0), then
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L
_ _f d [ df'(s)
c_[d{f(s)}exp{ {ﬁ[ =12 ds) (2.10)

The end-to-end distribution in the continuous-chain limit is

P(R, L)

Z“fd{f(s)} G{P(s)} 8 (F(L)-7(0)-R)

?(L) =R
z1 f d{7(s)} expf-
F(0) =0

e

d 2
21 (£(s))*ds

L L (2.11)
- _Lfdsfdsovu(s)-f(so)))
2120 0

Without lost of generality we assume that ¥, = 0.

If we restrict ourselves to Edwards' model, the segment-
segment interaction BV,(f-F) reduces to vé§(F(s)-F(s'))¥.
This means that two segments interact directly only when their
positions coincide.

Instead of following the more intuitive de Gennes'
approach, here we follow the 'formal' route of Freed®. To
obtain scaling relations, let use introduce the change of

variables

(s = a,F(s)

(2.12)

b,s with a,, by>0
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the partition function with the Edwards' potential in the new

variables will look like

L

B 2
Z(n) = cfd(#'(s") exp(—ﬂ%f (_"%‘f_’)) ds’
2a,l % s

(2.13)

bl  byL
| _adv fds’fds{, 3(2'(s) -2'(sh)))
2b21%) % A

Note that in deriving (2.13) the coefficient in the measure
d{£'(s')} is absorbed into the normalization constant C. Also

we used the property of the é§-function

$(P(s)) =8(as* ?'(s)) =ad8(?'(s)) (2.14)

in the second exponent. Equation (2.13) resembles the
partition function of a chain with chain length L' = byL,
effective length 1' = a/jl/b, and excluded volume parameter v'
= (a**/b!)v. If we pick a, = (by/1)'?, which is equivalent to
rescaling the chain length such that the effective length is

equal to unity, the partition function will become
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£ -4 2.15
Z(L) = Z(byL,by? vl %) (2.15)

and similarly the end-to-end distribution G(R,L) becomes
d
- b,\3 b, 1. g
G(R,L,v) ( °)ZG[< ) 2R, byL, by * v1 7]  (2-16)

Finally we can always choose b,L = bL/1 = bN to reduce (2.15)

and (2.16) to

da-4
Z(L) = Z(bN,b Z v1-d) (2.17)
g 1. -
G(ﬁlLlu) = (bl-z) ZG(ble‘l'bN'b 2 ul-d) (2.18)

Note that if we pick b=N!, the interactions become irrelevant
for d>4, in the long-chain (N-®) limit. A physical quantity
such as the mean square end-to-end distance follows

straightforwardly from the definition

fdiz‘ﬁzc;(ﬁ,L,u)

<R?> = (2.19)

fdﬁ(?(ﬁ,L,u)
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which becomes, after scaling and changing the integration

variables from R to R(b1?2)'? = #*,

d-4
(b‘*l’)fdie”ﬁ”c(ﬁ’,bn,b 719

d-4

fdﬁ’c(ﬁ’,bw,b Z y]-9)

<R*>

(2.20)

d-4
2

b 113g,(bN,b % v1-9)

where g, is a so-called scaling function. Scaling theories do
not furnish g; or related scaling functions, but physical
considerations imply certain asymptotic behaviors. The
renormalization group method provides justification of the
scaling 1limit, and can be used to derive the scaling
functions.

Before proceeding, we have to introduce the scaling
hypothesis regarding the functional dependence of physical
quantities. Suppose the quantity of interest is P. P is a
function of various macroscopic parameters (like temperature,
end-to-end distance, concentration etc.) and microscopic
parameters (like the effective length and monomer-monomer
interactions). Let the set of macroscopic parameters be
represented by {C,} and the microscopic parameters by {D;}.
Assume also that the dependence on these parameters can be

written as
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P=P({C), (D)) (2.21)

then the general scaling hypothesis asserts that P can be
reexpressed as a product of one or more of the macroscopic
variables, raised to various powers, with some function of
scaled dimensionless macroscopic variables. The microscopic
parameters appear only indirectly, through the macroscopic

variables. In this case, P becomes
q
p=n ci' P, ({8)) (2.22)
-1

where the exponents m are dictated by the dimensionality of
P and {C} is the set of scaled dimensionless macroscopic
variables.

The second hypothesis is related to the asymptotic
behavior of the scaling function. We usually know the limiting
behavior of P when one of the macroscopic variables C, (for
example: density) approaches zero. Assuming that P may be

expressed as a Taylor series in this limit, we have

P = pP(c,, {Ci}, {D;}) = P(O, {Ci}, (D))

(2.23)
+C, P, ({C1}, {D}) +C2P, ({Ci}, {D;}) +. ..
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where {C,'} denotes the set {C,, C;, ...C,}. The first term in
the right hand side is matched with the known value of P,
given the values of {C,'}. According to the first hypothesis,
all dependence of P on microscopic parameters arises
indirectly via {C,}.

The second scaling hypothesis further asserts that in the
other limit, (C, - o), P is governed by a power law. This is

analogous to the situation in critical phenomenal®*l,

P~ (constant) x ¢/,

, (2.24)
where C;~e~ and {C'} are given

The second scaling hypothesis, therefore, is constructed to
recover the known value of the physical quantity in both
limits and the obtained exponent is used to study other
physical quantities. The drawback of the scaling theories is
that first, it is a hypothesis introduced on an ad-hoc basis
to produce the known results, not a rigorous first-principle
calculation. Second, the functional dependence is not known.
And finally, in reality the macroscopic parameters, like the
chain length and concentration, are often not in the
asymptotic scaling limits. (As is discussed in Freed's book!®,
the renormalization group remedies some of the shortcomings of

scaling theory.)
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Returning to our example, equation (2.20), if we further

choose b=N!, the mean square end-to-end distance becomes

4-d

<R*> = 1?°Ng(1,N ? v179)

o (2.25)
I3Nf (N 2 vl1?)

Invoking the second scaling hypothesis, we see that for d > 4

and N-xo the argument of f; vanishes. From the mean field

result derived previously, we have f,(x)|,, ~ 1 and

<R%> = 12N for d>4 and N~ o (2.26)

For d < 4, the behavior of <R’> depends on the parameters

v and N. For a short chain and small enough excluded volume

parameter, the product N“®?,14 << 1, then

4-d

CR®> = I2N[1+0(N 2 v1-9) ] (2.27)

while for large N and/or large excluded volume, the scaling

hypothesis requires f,(x) to take a power law form, fg(x) ~ x'.

In this limit the left hand side will assume the power law

given by Flory. Therefore,
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(R%> = ]2N?v

4d ad
= I2N[(N 2 o177 +Q(N % v19"]
with x,<y (2.28)
which gives the following value of y
= 2(2\”'1) (2.29)

In three dimensions, with »=3/5, this implies y=2/5, and gives
<R?> o« 1’N*3y?51%5, wWe can summarize the result; the mean square
end-to-end distance of a single chain in d<4 dimensions has

the following functional form with its corresponding limits

4-d
<R?*> = I23Nf (N %2 vl9) (2.30a)

(2.30b)

and f,(x)
2{2v-1)

{~1asx -0
- x 49 35 x -0

The interesting questions which arise are: What happens
to the exponent value and its functional form when we take

into consideration a generic potential? Will the many-body
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interactions modify these values and the functional
dependence? It turns out, as shown by Freed®, that the
Fourier transform of V,(Ff-?), when expanded in the long
wavelength limit, gives coefficients which scale as N*4™7,
where m corresponds to the degree of the expansion. When m=0,
it corresponds to the result of Edwards' §-potential. In three
dimensions, when N-®, only the first term need be retained,
thereby explaining that the complicated generic potential
V,(f-f)) is reduced to a simple é-potential model. The case of
d=2 needs careful analysis since all higher-body interactions
participate in the approximation. For instance when a many-
body interaction involving g segments, V,,, ,(%,,f;,...EF), is
taken into account, the long wave-length expansion of its
Fourier transform will produce coefficients which scale like
N#@®D2  Ag N+ (in 3d) this form is small compared to the first
term obtained from the two body interaction, justifying the
approximation in the Edwards' model. However for d=2, the
first coefficients of all many-body interactions scale as N%,
Retaining these leading parts poses a problem with an infinite
number of parameters, which renders the scaling theories of
little use. Our aim is to learn the scaling relations and
exponents in three dimensions, and we therefore skip the
difficult problems in two dimensions. Note that de Gennes'
approach to scaling does not rest on the Edwards' §-function
model"’, and many scaling predictions (e.g. <R?, osmotic

pressure, etc.) have been verified in 24?'22.7730,
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2.3. Scaling Theories of Multi-Chain Solutions.

Scaling theories of many-chain systems are the next step,
once single-chain properties have been understood. In this
system, a new macroscopic variable ¢ describing segment or
mass concentration comes into play, in addition to chain
length and excluded volume potential discussed previously. The
asymptotic behavior of a physical quantity as a function of
concentration, in the low concentration regime, is generally
adjusted to reproduce the known results for a single chain (a
very dilute solution where chains are almost never in contact
may be described by a single isolated chain configurétion). on
the other hand, in the high density 1limit, the multi-chain
solution is assumed to represent dense/melt behavior where
segments in contact with one another cannot distinguish
whether their neighbors belong to the same chain or another

one.
2.3.1. Scaling of The End-to-End Distance
Let us consider the partition function of n, chains of

length L and Kuhnian length 1 in volume V. The partition

function in equation (2.9) is modified to
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Zn, ~ :nf c ] [diz (s)) e HHiTimin (2.31a)
P’ &1y

where £[{?,(s)};n,] and C are, respectively,

n

L
: - - 4y 2
LI{Z,(5)):n) 21.{_‘{{&.(@1 ds

ds

ds'8[Z,(s) -Ty(s’)]

|
N
~|C
N
]
.t j
-
og'\,l*
Og\.h

(2.31b)

-1
p

c=|I] fatz. () exp (-2

-1 vy 21 a=1

(2,(s)]1%ds] (2.31c)

© Yy 1

Note that the integration constant C is chosen such that when
the interaction is switched-off the partition function will
reduce to V%/np! corresponding to n, independent chains in
volume V. Introducing the change of variables as prescribed in
equation (2.9) with the specific values a, = (b,/1)"? and b,L =

bL/1 = bN, the partition function is

npd d;4

d
z, = (b'1?) 2 z (Nb,b 2
P P

v1'd,p21dy) (2.32)
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the extra argument in Z%indicates the the volume dependence.
To study the effect of concentration on polymer dimensions and
the equation of state, consider the end-to-end distance
distribution function of chain i in the presence of (n,-1)

other chains. It is given by

Ga, (R, Liv,n,, V) =

V2 e ] [tz () (2 (1) -2,(0) - B) e¥!Ftsim)

np «a=]1 v

(2.33)

If we rescale the system as prescribed above (see equations
(2.11)-(2.14)), the scaling relation between the original and

the scaled distribution function is

1
Gil (R, 1;v,n,, V) = (b21%) "0
(2.34)
a4
2

L1 d
x Gy (bZ17R,bN;vb 2 179, v(b1%) 2, n,)

The mean sgquare of the end-to-end distance at fixed

concentration, <R»>_, then can be obtained as
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ny de, (R)2G.1 (R, L;v, n,, V)

1

(R*>_ = —
B [dr, 6y (R, Liv, N, W)

(2.35)

12 d-¢ d
iy Gr(bN,vb % 179, v(bl1?) ?,n,)

where the factor n, is absorbed into §;. One can pick b = 1/N

and equation (3.35) is transformed to

4-d _d
<R?>_ = NI?F,(v1N % ,V(NI®) Z,n) (2.36)

In the limit of large volume, V-® , the functional dependence
of <R’>, on V and n, is assumed to appear through their ratio

(chain concentration). Therefore, equation (2.36) becomes

4-d
2

d
CR®>, = NI2F,(vIN % ,_(NI?)?) (2.37)

where ¢, = n,/V is the chain density. In the very dilute regime
(¢ - 0), the chains do not influence one another, so the

end-to-end distance reduces to that for a single chain:

4-d
2

g 4d
fR(Ul‘dN ,¢CN21d) loc-o = fR(Ul'dN 2 ) (2.38)
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We can also learn the properties of f, as a function of
excluded volume parameter. Assuming that the excluded volume
interaction is negligible, the chains will assume ideal random
walk configurations. To zeroth order in v, <R’>, should be

proportional to N12, or for vl‘N“9? << 1

2 Ad
<R2>c=N12*f;(0,¢cN21d)Ul-dN 2 (2.39)

*...

equation (2.39) guarantees that at the #-point, when v = 0,
<R’>_ will reduce to the random walk result.
For large excluded volume interactions, corresponding to

good solutions, v19N“9? >> 1, and zero concentration

4-d

4-d 4-d
f.(v19N 2

4d 4-d
O N219) = (v19dN 2 )™

(2.40)
4-d
for ¢é.-0, vl19N % >1

Equations (2.28) and (2.29) provide the value of the exponent

2(2v-1)
= < <y -~/ 2.41
Xg i-g ( )
Using equation (2.30), which is equivalent to <R»>%? = N%?1¢

£f,(v1*N“9?), we can introduce an ansatz



41

44 4 4d 4
FR(vI™N 2 ,6.N219 =£,(v1N ? )g_ (d.<R*>?) (2.42)

so that the mean square end-to-end distance at fixed

concentration is related to that of a single chain by

d
<R*>_ = <R¥»> g_ ($_<R?> ?)

(2.43)

From equation (2.42) we can learn the properties of g p(x) as
the concentration varies. We expect that in the ¢ .  ~ 0 limit,
<R?»>_ should assume the value for an isolated single chain in

either good or poor solvent. Therefore,

Fo p(X) |0 = 1 (2.44)

Also when v is large, with finite chain length N, equations

(2.30) and (2.43) yield

d(2v-1) 2d(2-av)
<R2>C = <R2> gc,R(¢cNdvu 4-d l 4-d )

(2.45)

If the argument of g . ; is small but non-zero, g., should have
a value less than g ,(0), reflecting the shrinkage effect due

to the presence of other chains. The longer the chain, the
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larger is the probability that each chain will interact with
other chains even when the density is quite low. This contact
and the excluded volume effect will force the chain to assume
a smaller size. Freed"* proposed expanding g ,(x) = g z(0) -

x|g.x'(0)|; then equation (2.45) becomes

2(2v-1)
<R¥*>_ = 1*N*(v17?) ¢4

; d(2v-1) 2d(2-vd) (2.46)
X | g g(0) = |gc, p(0) [@ NV ¢ 1 4-d

As the polymer concentration increases, chains will
intertwine and interpenetrate each other. A segment of a given
chain will experience the presence of other chains that will
compensate the self-excluded volume effect. The net result is
the end-to-end distance will exhibit the quasi-ideal behavior
of melt/dense system, which is <R’>>~N. Note that this idea was
originated by Flory"”, and has been confirmed in experiments
and simulations!®*!®¥, aAs ¢ o, the argument of g, is very large

and we expect g.; to follow a power-law form

d d

Go n(.<R?>F) ~ (¢, <R?>Z)7" (2,47)

substituting (2.47) into (2.43) and using (2.30), we obtain
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(2v=-1) (ypd+2)
CR?> | gy = $ 172 (0179 ¢ N2V (2.48)
Since ¢, is the chain concentration, ¢, = N'¢, and from the

quasi-ideal requirement of the end-to-end distance, y, is

given by
1 -2v
= 2.49
YR = 331 ( )
Therefore,
1-2v _d-2 (2v-1) (d-2)
<R%*>_ =« N vd-:l vd-1 (] -d) T (vd-1) (2.50)
=}

with ¢ corresponds to segment density. In three dimensions

with v = 3/5, we obtain

-1 11
CR?>_ = N§ 4170 (2.51)

Note that in the f-solvent, <R’>=N (without any v dependence),
since v=0 and g(0)=1. In equation (2.48), even though <R>>,|,, .,
shows the melt behavior, the v dependence still exists and has
positive power. Compared to #-solutions where <R»>, =N, the
positive exponent of v reveals the effect of self-excluded

volume. We also want to make a remark here, from the renormal-
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ization group results at 6-point v is negative in order to
compensate for three body interactions. In our discussion we
should keep in mind that v is an effective two body inter-
action where the bare many-body interactions have been
renormalized. In experiments, v is usually measured from the

second virial coefficient.

2.3.2. Correlation Length at Fixed Concentration.

As has been argued previously, in dense solutions chains
start to interpenetrate and screen the interactions between
segments on the same chain. The screening effect can be
described by introducing the screening length ¢, which is the
average distance between contacts (Figure 2.2). De Gennes!
referred { as the average mesh size. In experiments, §{ is
measured by observing the structure factor in neutron
scattering'!. Another method, proposed by Benoit"”, is by
observing the diffusion of a test-ball of dimension D < R in
a polymer solution (R is the average size of a polymer chain).
The screening length must scale as <R»!"? since it has
dimensions of length. However, it does not depend explicitly

on N.
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2
ST

Figure 2.2. Definition of the average mesh-size.

Therefore, we can argue that

4 4-d
ez - lsz(((chzl d,Ul'dN 2 ) (2-52)

In a poor solvent, 0, and at high concentration, we can

neglect the second argument and rewrite (2.52) as

d
zz_lszu((chzld) (2.53)
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Since, as suggested in section 2.2, fu must have a power law
form, we let fu(2)|r-“zn' Then the condition that {¢ should

be independent of N implies

Ye, = 5 (2.54)

hence

2 4

E2 = ¢? dj2-d

(2.55)
whenv -0,  or ¢, ~ =

For three dimensions, equation (2.55) gives § o« ¢'.
In good solutions, where chain dimensions scale as N%,
equation (2.52) may be analyzed analogous to the derivation of

equation (2.45), and it gives

2(2v-1)
Ez = 12N2v (Ul'd) 4-d

d(2v-1) 2d(2-vd) (2'56)
x gc,{ ¢Ndv-lu 4-d 1 4-d

Again assuming that g, follows a power law for large values
of its argument, and writing the exponent as y, in this case,

the independence of N in relation (2.56) implies
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(2.57)

which is equal to y, if we substitute » = 1/2. Using this

result for y,, equation (2.56) becomes

_ 2y 4(2-dv) -2(1-2v)
Ez = ¢ vd-17 (4-d) (1-dv) (6-d) (1-av)

(2.58)

which gives ¢{ « ¢ **1'"?y' for d = 3 and v = 3/5.

2.3.3. The Scaling of Osmotic Pressure.

Another quantity of interest is the osmotic pressure

which is defined by

v dlog Z,

= V. 2.59
kT v ( )
If we rescale ¥'(s') = (b'?/1)¥(s), where s' = (b/l) s, and use
equation (2.32), we obtain
- -d -d
T a(Nb,b 2 vl19,vb219 n,) (2.60)

Before proceeding, we note that the low density 1limit of
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(2.60) is straightforward, since the partition function may be
approximated by the product of single chain partition

functions

- 1

fp n,!

z (z,)"™ (2.61)

where 2, is the partition function of a single chain in volume

V. Therefore, Il is a function of v, N and V only:

v lg-0 =N fy(v, N, V)

kyT (2.62)

Relation (2.62) indicates that §, in equation (2.60) should
have an overall proportionality factor n,, hence, if we factor
this extensive quantity the remaining arguments in §_,6 must
have intensive forms. The extensive quantities n, and Vb*?14
will appear as a ratior%/(Vb“l‘) that is proportional to the
chain density ¢.. With the choice b = N!, the equation of state

(2.60) may be reexpressed as

ﬁ =npfn(N 2 Ul-d,¢cN21d) (2.63)
B

It is clear from equation (2.62) that the non-ideality of the

polymer solution is governed by the excluded volume v and the
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chain concentration ¢, as N ~ o, We must know the behavior of
I1 in the asymptotic limits of concentration and excluded
volume parameter in order to determine the scaling exponents.
The demarcation between the low and high concentration regimes
is the segment concentration ¢, at which chains start to

influence each other. It is given by

N R
- o N1-v 2.64
¢ Vol (single chain) ( )

If we introduce an ansatz that the arguments of f, appear in
the form of the ratio ¢/¢°, then the two scaling variables of

f, have to appear in a combined form

4-d x,
N1t e (N 2yld) ¢N

i;-xld (2.65)

with x, chosen such that the exponents for N on both sides are

equal. This gives

(2.66)

and the final form of the osmotic pressure, in the long chain

limit, is
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1

-4, (2v-1))
kyT

= %fln(¢N-(1~vd)ld(Ul-d) (l-d

(2.67)

Using the ratio

d
= (. d 4-d d
- Q<R2>2 - ¢N'u z)ld(fk(sz ol-d))2 (2.68)
¢° N

the osmotic pressure can be reexpressed in general as

i
k,T

d 4-d
2 2

1 d
= (N 1AL (N E w1 ) ) (2.69)

As a consistency check, using the N -+ o asymptotic behavior of
fy for good solutions, equation (2.30), the argument of f, in
(2.69) provides the same result as equation (2.67).

To reproduce ideal behavior expected for v = 0 and ¢ -~ 0,
we require f£,,(0) = 1. In the limit of high concentration and

v = 0, equation (2.69) gives

4
2

=7 (oN7 19 (2.70)

k;,T N

and the power-law requirement changes the previous equation to
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1d] 7 (2.71)

Since chain segments no longer distinguish which segments
belong to which chains, it follows that 7 should be N

independent, so y, = 2/(d-2) and

I _ (¢12) 9= (2.72)

In good solutions and at low concentrations, equation (2.69)

can be rewritten as

d 4-d d(2v-1)
2 2 pld) 49 (2.73)

I

1
aQN
%7 19

= %fln(¢N

If the combined argument, in very dilute solutions, is small,

equation (2.73) may be Taylor-expanded to give

2d{(2-vd) d(2v-1)

o _+¢, ¢ «d «—d g 2.74
TN W (N¥1 v ) 1 (0) ( )

where f, '(0) is the derivative of f, evaluated at zero. The

result in equation (2.74) provides us with the second virial
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coefficient A, which is

2d(2-vd) d(2v-1)
A, = Nvd2]  ¢d y 4d F(0) (2.75)

Another interesting result is obtained when we consider good
solutions at high densities. Invoking the power-law form for

f, and f,, for ¢ >> ¢°, and v - ©» we obtain

4-d di2v-1)
19(N 2 p19) &9 (Y (2.76)

vl

-1

In this limit 7 should be independent of N, which means that

the exponent of N vanishes, so y, is given by

= _1 (2.77)

and the osmotic pressure of a good solution at high

concentration becomes

v d(2v-1) 2d(2-av)
o P Ty @A (17 ] @D (@v-1) (2.78)

o
kT
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In three dimensions, using the value of v = 3/5, the previous

equation gives the scaling dependence as

(2.79)

Note that in d=3 the segment density dependence of the osmotic
pressure is different from the result of the mean-field
approximation, which is proportional to ¢’. We may interpret
this result as follows: Although the chain is swollen, and so
has fewer contacts between segments than in a uniform monomer
cloud, the 1long-range correlation propagates along chain
segments of effective size ¢{ (see Fig 2.2). Since the osmotic
pressure is a measure of effective contacts among chain
segments, and there is one contact in a volume §{°, then
I/ (kgT)x¢?. Using the result in eqn. (2.58) we obtain

eqn. (2.79).

2.4. Polymers Confined Between Two Walls.

When chains are confined between two walls, it is
interesting to learn the effect of the wall distance on the
scaling relations of the end-to-end distance <R’> and of the

osmotic pressure II/ (k,;T). As noted by Freed*, by allowing the
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distance D between the walls to shrink, one can obtain a
recursion relation which relates the critical exponents v in
different dimensions. This interdimensional relation together
with the assumed power-law behavior in the N-« limit yields
the well-known result for v originally obtained by Flory. Our
interest here is to learn the behavior of <R?> and II/ (k,T) as
a function of the excluded volume parameter in a confined
region. The analysis is generalized to multichain systems in
similar fashion as previous calculations. In the next chapter,
we consider the effect of a repulsive wall-segment interaction

on the monomer density profile.
2.4.1. The Effect of Confinement on A Single Chain.

Consider a polymer chain confined between two walls
separated by a distance D. Let the 2z axis be directed
perpendicular to the walls. The integration involving z (in
Egs. (2.9) and (2.19)) has to be modified accordingly. Under
the transformation E'(s') = ayf(s) with a, = N'1', the z

integration is then transformed to

D a,D N13]-1p
fdz = ag‘fdz’ = (NV2]) f dz' (2.80)
Q 0

[¢]

The partition function and the mean square end-to-end distance
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are the same as given by equation (2.9) and (2.19) except that
the domain of the z integration is restricted by the walls.
Focusing on the end-to-end distance, the scaling relation will
be the same, but we also have to incorporate the new parameter
D. Denoting the mean square end-to-end distance of a single

chain between two walls by <R%np, we have, from eqn. (2.30),

4-d

<R2>d,D = lszR,D(NTUI_d, DN-1/2]-1) (2.81)

Note that for d>4, when N - © the problem reduces to that of
a gquasi-ideal chain between two walls, since the excluded
volume interaction becomes irrelevant.

For a good solution in d<4, we can write egn. (2.81) as
a product of <R’>,, the mean-square of the end-to-end distance

in free space, and a dimensionless function. Therefore,

D

1/2

2 = 2
<R >d,D = <k >df1R.D(—,‘,—_
<R>4

(2.82)

For a chain in a good solution, the D~ limit has to reproduce

the result of a chain in free space. Therefore,

D

—_— =1
<R2>;,2) | e (2.83)

flR,D(
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And when D »- 0, we invoke the power-law behavior of f,, :

firp(2) |00 =27 (2.84)

so that relation (2.82) becomes

CR%> 4, = <R2>3 " ’p™ (2.85)

In this limit, <R?>;;, should exhibit the behavior of a chain
in a (d-1)-dimensional hyperplane. Using equation (2.30a) for

(d-1) dimensions on the left hand side of eqn. (2.85), we get

L9 (4-d)
I3Nfg 4 (N 2 01710 = (12 %2 (£, (N 2 p17d)] %D

(2.86)
In good solutions, where v>>1, and in the long chain limit, we

may use the asymptotic form in (2.30b). However, the scaling

exponent v on the left side has to be v,, , or 3/(d+1) in
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Flory's approximation. Equating the exponent of N on both

sides yields

We can summarize the behavior of f,;,,(x) as

as X—oo

1
firp(x) = { o
x fay) as x-0

(2.87)

(2.88)

The end-to-end distance of a chain in a good solution, when it

is located in a slit of width D is

.2 2v(2+d) 2(2v-1) (2+d) 4(2-vd) (2+d)
2 - 1+d 1+d (4-d) (1+d) (4-d) (1+a)
<R*>4 plpewsr = D Y9N v 1

(2.89)

In three dimensions, with v = 3/5, equation (2.89) yields

<R2>3,D |D¢N3' ~ D'1/201/21 N3/2

(2.90)
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Equation (2.90) indicates that in a narrow slit <R?»> follows
the 2d scaling behavior. Since the excluded volume potential
is still present, the radius of the disk should be larger than
the radius of the (spherical) chain in free space. Also note
that the disk size depends on the width of the slit with a
negative exponent. For a f#-solvent, where v=0 and f_(x-0)=1,

equation (2.89) is replaced by

<Ry plpe ~ N1? (2.91)

v=-0

The result of (2.91) is not surprising when one considers a
random walk. The ideal chain may intersect itself many times
without penalty. Confinement will compel the chain to zig:zag,

without increasing its size.

2.4.2. Semi-Dilute Solution Between Two Walls.

At finite concentration, the semi-dilute regime is given
by ¢>¢" where ¢'~N'* for good solvents. When the polymer chains
are contained between two walls, the overlap density will be
affected by the wall-to-wall distance D through the effective

volume of a single chain,

bap = m (2.92)
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Using equations (2.82) and (2.88), and v,=3/(d+2), the overlap
density of polymers in a good solvent, confined to a slit of

width D is

. 0“'D lodN 1+d Uxodl 1ed (2-93)

In three dimensions it is given by

&30 lp-o ~ DVEANYV2y1/2]1 (2.94)

Other guantities like the end-to-end distance, the mesh-size
and osmotic pressure will show D-dependence via the overlap

density. For the end-to-end distance at fixed concentration

<R2>c;d,0 = <R2>d,ofk,p(¢/¢;,p) (2°95)

A particularly interesting problem is the effect of the wall-
to-wall distance on the mesh-size and the osmotic pressure.

From dimensional analysis one may obtain

& = <R*>; p Eg(&/03,0) (2.96)

and
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o _9¢ .
KT Nf,(¢/¢a,p) (2.97)
When ¢/¢,, >> 0, the argument in f£ is large. Assume that

X==-
then

2v(2+d) 2(2-a)
2 . -y 2.99
£y - N 10 1ed ( )

Note that we have suppressed all parameters except N in
(2.99), for notation convenience. Since, in a dense system, {,’

should be independent of N, one obtains

mg = —— (2.100)

Therefore, one can write that the correlation length of chains
in the dilute regime, when it is confined between two narrow

walls, as

£2 - (¢3D2120)3%E (2.101)

In three dimensions
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£D ID-o - ¢—3/20-1/2D-11—1 (2 . 102)

We can write equation (2.102) in terms of area density ¢,,

which is defined by ¢ = ¢,/D. Then equation (2.102) becomes

& 'D-o - ¢;3/20-1/2D1/21 - (2.103)

The proportionality between ¢, and D (raised to positive
power) 1is interesting. If { is a measure of the mesh-size,
which is the average of distance between contacts (Fig. 2.2),
then as the system is compressed contacts among chain segments
occur more frequently over smaller distances. Note also that
the area-density dependence in equation (2.103) follows a
similar relation as in two dimensions. The analysis for the
osmotic pressure follows a similar line. In good solvents, in

the semi-dilute regime, the osmotic pressure depends on D via

I - 1 _1-d_ 1-d
-¢z(2-d)Dd-2uztz-312-d (2.104)

k,T

The enhancement of the osmotic pressure when the region is
compressed can be derived by rewriting equation (2.104) in
terms of area density. Assuming that the area density is
constant when D—0, which can be achieved by chains re-

configuration, equation (2.104) becomes
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3(1-d) _s-3d 1-d_ 1-d
n _ ¢.222—35D2—w3702(2-31ﬁ (2.105)

kyT

In three dimensions, II/(kgT) ~ ¢,D?v1’. This relation shows
that the osmotic pressure has the same dependence on the area-
density as in two dimensions. The enhancement of the osmotic
pressure when the region is compressed is reflected by the
negative exponent of D. It is interesting, therefore, to learn
the behavior of osmotic pressure when the dimension of the
system is varied. Equation (2.105) breaks down for d=2. This
difficulty can be explained by expressing the osmotic pressure

as a function of contact density.

= (2.106)

In two dimensions, the system looks similar to a ribbon of a
width D. As we squeeze the ribbon (D—+0), polymers are
elongated and reduced to one-dimension rods. The average
distance between contacts vanishes, and the osmotic pressure

described in eqn. (2.106) is undefined.



III. Monomer Density Profile Near a Repulsive Wall.

The study of long flexible chains or poliymers near an
interface or a wall, is of interest to engineers and
scientists, since it has many technological applications. The
stabilization of colloids, 1lubrication, adhesion, plastic-
welding, and medical applications are some examples. Several
models have been devised. Exact enumeration methods!'”!'?, Monte
Carlo simulations!#!¥, scaling theories*’®), and the
renormalization group applied to both the n-vector modell**!
and Edwards' model!®’ are examples of methods and simulation
techniques devised to attack this problem.

Previous theoretical studies emphasized on the conform-
ational properties of chains in the dilute and semi-dilute
regime. Examples were the end-to-end distance of a single
chain with one or both ends attached to the wall, the
partition function of a chain attached to the wall, etcl%.8-%i,
The problem of the monomer density profile as a function of
distance from the wall was approached using scaling theories
or the n-vector model!™'®, The simulation results for
semidilute athermal chains near a hard wall confirmed the
prediction of the scaling theories”. In this chapter we study
the segment density profile of athermal chains as a function
of distance from the wall. This problem was first approached
using the scaling techniques to obtain the scaling exponent.

Since in dense solutions and in f-solutions, polymers are well

63
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approximated by ideal (random walk) chains, the second section
discusses the density profile of ideal chains near an
interface, and when the chains are confined between repulsive
walls. In the last section we employ the CRG to study the
density profile of monomers as a function of distance from a

repulsive wall, to the lowest order of perturbation.

3.1. Scaling Relation of Monomer Density Near A repulsive Wall

Consider a single chain near a wall (the plane z=0) with

monomer-wall interaction §,. The Edwards' model Hamiltonian of

the single-chain is

L L L
=_d_ 2 v / _ !
HI{Z(s))}) 21{[1‘(5)] ds + ZIZ{ds{ds 8(2(s) -Z(s"))

L
*6°fdsb(z(s)) (3.1)
0

As the last term indicates, we are considering a short range
segment-wall interaction. Positive 6, corresponds to a
repulsive wall, §,~© represents an impenetrable wall. The
chain distribution function, for ends separated by R, and the

s® segment located at R, is given by
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P(L)=P(0)+R

G(R,L;s,R) =¢C _[ d{7(s)}8(Z(s) -R,) exp[-H{P(s)}]
7o)

(3.2)

where C is the normalization constant. The integration d{#(s)}
is restricted to z(s) 2 0. In a many-chain system equation

(3.2) is generalized to

n, P (L) =2,10) + R

Goy (R, Lyi s Rying) = ¢, ] [ diz(s)18(2,(s) -
«= 7,(0)

x exp [-H{Z(s),n,}] (3.3)

where the index a indicates the chain and s corresponds to the
segment. For example ¥ _(s) means the position of the s®
segment of the a® chain. In equation (3.3), it is located at
site ﬁ. The Hamiltonian H{F(s),n,} is now given by equation
(2.31) with the additional monomer-wall interactions. The
normalization constant is also modified accordingly, so that
the partition function z = 1.

The segment density at position z, p(z), is proportional

to the multi-chain distribution function integrated over all

possible chain-end positions.
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Iy
[ds [, (R, L,:s.R,:n,) dRdR, (3.4)
0

p(z)°‘§§

a=1

In Egqn. (3.4), we have integrated over all directions parallel

to the wall, since we are interested only to the monomer

density profile as a function of distance from the wall.
Under scaling relation (2.12) with the choice ay=(b,/1)'?

with b,L=bL/1=bN, the monomer-wall interaction term scales as

L bN
3,[8 (2(s)) ds = 8,b°1/2 [8(2' (")) ds’ (3.5)
[ 0

Therefore, the density p(z) can be written as

a4
p(z) = £,(z/;bN,b 2 v1°9,b1/28;n)) (3.6)
Choosing b = 1/N, equation (3.6) can be recast as
z A-d
= < . 2 -d art/28 . .
p(z) fu,(le,N v1-9,N'28,;n,) (3.7)
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For general §,, the qualitative shape of p(z) is as shown in

figure (3.1).

p£2)

Figure 3.1. A schematic picture of the segment
density profile.

In the asymptotic limit z = o, p(2) will resume the bulk value
Pg, while for z - 0, p will be a function of §,. They should
depend on the interactions between the polymer and the wall,
and on the size of the monomer or Kuhnian length. It also
depends on temperature and solvent quality. { in figure (3.1)
is the correlation length of the polymer solution. It may be
interpreted as the distance beyond which the fluid does not
‘feel’ the presence of the wall due to the screening effect.
This correlation length may be approximated by the correlation

length of the chains in the bulk (section 2.3.2). In this work
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we are only interested on the asymptotic limit §;+. Assuming
that this limit exists, we expect depletion of the monomer
density in the region near the wall; for §;,®, p(z)-0 as z-0.
Suppose the 6, limit of the right hand side of equation

(3.7) exists, i.e.,

4-d 4-d

z ,N——ul"’,boN‘/z,np) =g (—2_,NZvl4n)

Lim f""(m Pl NI/ p

L T

(3.8)

Following the discussion in Chapter II, the dependence on the
excluded volume parameter v comes through the macroscopic
quantity. In this case, we may pick the correlation length ¢
as the macroscopic parameter, then equation (3.7) can be

recast to

plz) = p,,@,(%) (3.9)

Since p; sets the overall scale and the dimensionality of
p(z). The argument of §, is a dimensionless ratio of lengths.
To satisfy the boundary conditions at z - 0 and z - », §, must

have the following asymptotic limits:
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0 as x - 0 (3.10)
g, (x) - {

1 as x -~ o

Following the argument of Weibull!"®!, which was employed by
Shih et. al." in their simulations, we may assume that §,(x)

takes the following form

3,(z/8) =1-e ¥ (3.11)

Note that this form of §,(x) was used also by de Gennes in his
early work!”™. To obtain the value of m, we consider the
behavior of p(z) for 0 < z < ¢. In this range, equations

(3.9) and (3.11) imply that

p(z) ~ pylz/E]" (3.12)

Assuming that the osmotic pressure is proportional to the
segment density adjacent to the wall¥’'¥¥, and using equation

(2.78) then

av
o - p" "t - P&

(3.13)

But the correlation length ¢ is related to p; as in equation
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(2.58). Therefore, it yields

1
= = 3.14
m= < ( )
In three dimensions, equation (3.9) gives
p(z) ~ p‘,(-%)f'/3 O<z<t (3.15)

The exponent in equation (3.14) has been confirmed by Shih et.
al."l jin simulations of athermal chains in semidilute
solution. Note that the density profile near an attractive
wall was obtained by de Gennes!" and des Cloizeaux!"’ as

-d+1)
.

p(z)~2

3.2. Segment Density Profile of Gaussian Chains Near a

Repulsive Wall.

In this section we derive the segment-density profile of
Gaussian chains near a repulsive wall. First, we will discuss
Gaussian chains which interact with a wall via a potential of
strength §,. The repulsive behavior is obtained by taking the
limit §, - ©». Segment distribution for chains confined between
two repulsive wall follows.

Consider the Edwards' model Hamiltonian for a 1long

flexible chain
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L L
=_1_ de‘f) 2 & ! _
Hl &) = 2 [[F522]2dv + 2{«[01:5[5(:) & (1))

O'\r‘

(3.16)

In equation (3.16) we define &(r) = [d/1)'2(1) where (1) is
the position of the t®* segment in d dimensional space. L is
the chain length and uy, = vd*’1“*?? jg the segment-segment
interaction parameter. In the gaussian model of an ideal
polymer, uy, = 0. If we have a multichain system, the
Hamiltonian is therefore separable and can be studied as an
isolated ideal chain.

The end~-to-end distribution function G(&, &'; L) is given
by

ART-4

G(& &;L) = f DI&(t) lexp [ -H] (3.17)
&(0) =&

and it satisfies the diffusion equation'®

0 _lyz)g(a &) = -
(ﬁ 2V,:)G\é‘,d,L) 8(&-&)8 (L) (3.18)

A short-range polymer-wall interaction can be incorporated to

the Hamiltonian (3.16) by adding
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L
H,u,,=6°fdr6<c,(r)) (3.19)
o]

§, is a measure of the strength of polymer-wall interaction.
If §, > 0 we have a repulsive wall and when §, < 0 it
corresponds to an attractive wall. An equivalent description
is obtained by imposing appropriate boundary conditions to the
diffusion equation instead of adding H,. In our case, it is

equivalent to imposing the following condition!®!

9 G(&,&; L)

3c. =8,G(&, &; L) (3.20a)

€y~ 0,ch20

such that

G(E. & L) -0 as ¢, or/and c,~ =

(3.20b)
and |é-& |-

Since we are only interested in the 2z dependence (where
z is the direction perpendicular to the wall), we can Fourier-
transform all directions parallel to the wall. It is more
convenient to work with the ordinary differential equation,
therefore the chain-length dependence was Laplace~-transformed.

The end-to-end distribution function becones
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G(E,‘Cz,c;;s) = dee-lLfd(a//_a;/) e-xE.(e,,-e;,)
0

(3.21)
G( &, = &i Cpu Cpi L)

(3 . 1] g
For notational convenience, let us write G(k; ¢, c,'; s) =

G (z,2'). Note that z here is not identical to the third
component of P, but z = c,. The diffusion equation and its

boundary conditions now become

where p? = k? + 2s, and

iG,L(z,z’) lz-0= 8,Gp (2, 2')

oz

and G, (z,2') -0 as z and/or z/ -~ =
(3.23)

and |z-z/| - =

The solution of (3.22) that satisfies the boundary condition

(3.23) is

Gp(z,2') = Lleplz-21 4 p-&, eplz+e) (3.24)
p p+d,

Using the inverse Laplace transforms
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9'{;§$ééggy}= ek *torfc(a/t + ij) (3.25a)
$l{f(a+s)) = e *tL{f(s)} (3.25Db)
Q“{ e-kﬁ} -1 e_‘% - ae*t terfo(a/t+ K )
a+ys Vrt 2yt
(3.25¢)

one may obtain

SR <3 ¢ 17 L _ (z+2)?
Gyl k; 2z, z';L) = (2rL) %2e 2 e 2L + e 2L

) (zoz’)ob’i‘ -LJ_L /
-8, e ‘2e 7 erfcl(s, L,z:z,
2 /2L

(3.26)
The end-to-end distribution function in the d dimensional
space is the inverse Fourier transform of equation (3.26).

Straightforward calculation yields

G(& &;L) =G,(&,,8,:L) G (8, &L (3.27a)
with
S 8y g0t (3.27b)
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and

_ |c, - chi? - (c,oc:)’}

-1
G (c, cL; L) = (2rL) 2{9 L+ e 2L

2 /
- 8,exp { 8L +8,(c,+cl)} erfc(bo.’ L, S5,
2 2 3T

(3.27¢c)

Note that the end-to-end distribution function can be
factorized into the parallel and perpendicular parts since
there is no interaction between chain segments. When §, = 0,
we may obtain the distribution function of a gaussian chain
confined in the half-space. When §, - ©», which corresponds to
the infinitely repulsive wall, one can use the property of the

error-function

2 -xar 1 1
erfcx ~ = e - - + ... .
| x-a = 3% " 5o ] (3.28)
to obtain
1 lcy-cgl? (Ca +Cy)?
-= L LR et 3.29
G (c, cy;L) = (2nL) *{e 2L - 2L "} ( )

Equation (3.29) indicates that when ¢, and/or c,' - 0,
G(3,3';L) vanishes. We expect this behavior since the segment

occupancy at the infinitely repulsive wall has to be zero.
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Let us consider the segment density as a function of the

distance from the wall

plc,iL) = afd(e, &, [die, &) ]dci]dci’
Q [+}

L (3.30)
fdt G(a-&;1)G( &-&;L-1)
0

A is the normalization constant defined such that p/pg|... = 1,
where p, is the bulk density. If we Laplace-transform p(c,; L),

equation (3.30) becomes
- - L
gip(c,;L)) =Afdc:fdci’s€[fdt G(k=0,cl,c,it) G(k=0,c,,cl; L-t)]
0 0 0
(3.31)

Using a convenient notation c,=z and the Laplace-transform of

the convolution integral, one may obtain

Llp(z;L)]) = Afdz’fdz”G,,.L(E=o, z!,z;8) Gy (k=0,z,2";3)
0 0

(3.32)
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We now integrate Egqn. (3.32) with respect to z' and 2"

coordinates. Substituting relation (3.24) for k =

= 0 in
equation (3.32), it yields
3 ~Jisg
Slp(z;0)) =a(d- 02" 2 (3.33)
5 s(y23+8,)
Using the following inverse Laplace-transforms
_k‘/‘
@) 3 U erre(—X )L (2ak+2+a%k?+2a’t)]
s?(a+/s) 2/t 2a?
& 21t t etk a't k
v e (-2 = -k(=] -5 —_ erfcla/t+ )
ayrn n a 2/t
(3.34a)

and

-kJ/8
g1]l8€ V" U _ () (gak+6+a’k?+2a’t)] erfe(—X )
s? (a+y/s)? 2a’ 2yt

K . 2at _ 3 1 _areaic k
+ [= + -—Je erfc(a/t +
[ a* a? a’l vE ZJE)

+ [—i _t.—i( _t]e-‘LC
a2J n aJ n (3.34Db)

After tedious calculation and by setting p(C,pL)hr-=PB

one
obtains
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. 2
plc,, L) 21_2( C‘+i+cz+L)erfc( C')
Pr L] 8 3;

<%

- ao l“’é
2Ly o' —23 e 02 erfc(bml . L1
T 85 V2L

+(8C‘+ 6 +42'+1)erfc(c —21:) - | 6y2 +2c‘ﬁ)ezL

]
4[N
-
i
*
NO
-
[§)
N1

8,L 8L d,yIx  JIm
c 82 L
o Do ( 42 | 2y2L _ 6/2 W RAARLE erfc(bo,‘ L, cﬂ‘ 2)
Lz 8 8, 3 2 L

(3.35)

From equation (3.35) the segment density at the wall is given

by

Py _ Plc,=0;L)

Ps Ps
i (3.36)
-2 __2y2 | (2 —i) e ' 2 etfc(bo,ll‘)
3L 8,/I=m 3L 2

Let us discuss the 1limiting case in which §, - o,

corresponding to the infinitely repulsive wall. Equation

(3.35) becones
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2
. L 2 T
plc,. 1) =1 -2 {1+-£5}erfc( Cey - S¥Z T
Ps L L Ln
ack c2 2c,/2 e
+ (1+ —)erfc(—2=) - 2e L
L VL VI®

(3.37)

When c,’ <« L and ¢, ~ 0, the segment density near the repulsive

wall will decrease to zero as

p(c,, L) 2c;
Ps L

(3.38)

The exponent of ¢, in (3.38) is in agrrement with the previous
result in equation (3.12) provided v=1/2 for the ideal chain.

The case of strongly attractive wall §, < 0 and |§,| » 1
can be analyzed in similar fashion. The segment density and

its value at the wall are respectively given by

.p(c—z'L)_:]_—z(1+&)erfc( C") + 2czﬁe 2L
Ps L 2L VI
2
4c? 2c,/2 -25f
+ (1+ c‘)erfc(c 2y - —Eﬁi:e L
L ‘J L JIw

+aexpl-2c,|8,| +6§é‘] (3.39)
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and

Py 4 (3.40)

The results in our discussion agree with the results obtained
by Eisenriegler!"®™ using the polymer-magnet analogy.

For an ideal chain confined between two walls, the
boundary condition for the end-to-end distribution function in

equation (3.23) is replaced by

a—i-GMZIZ’) |lze00m = £86Gp (2, 2") |ouoim (3.41)

The solution of the diffusion equation which satisfies these

boundary conditions is

-1

+d -3
Gp (2,2 ;H) = 2| P oem_ P o-pn

p|p-8, p+d,

{cosh[pH -p(z+z')] + cosh[pH-p|z-2'|]

+

60 ep(H-Iz-z’I) _ 60 e-p(H-lz-z’l)
p-9, p+d,

(3.42)

Note that when H=», G, (z,z';H) = G, (z,2') of equation (3.24).
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When the wall is infinitely repulsive, the distribution
function becomes

1

G 2 H)y s —
r.e(2.20i H) psinhpH

[cosh {pH-p|z-2'|} -cosh {pH-p(z+2')}]
(3.43)
and the segment density is

H H L
p(z;L) = fdz’fdz”fdt Gp p(k=0,2',2z;t,H) Gy g(K=0,2,2";L-1,H)
o 0 0

(3.44)
with Gp; is given by
Gpp(K=0;2',2;v,H) = @Gy o(z,2'; H) )
Lo _nx? p nm(z+2')
= = e 2H cosﬂ_].ﬂ_l - COS————” zZ+z )
15 e (o inlz ;
(3.45)

Integrating with respect to z' and z" we obtain

: 2n-1
« 8in?{( nC,) . {2n-1)%%
16L H z L2a-1) e
(C ;L) = E e 2H
P : n? n=1 (2!2-1)2
- sin(221zc)sin(2™1gc) ,
+2), H 1, (EL)
n=1 mn (2n-1) (2m-1) . 2H2

(3.46a)

where
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-(2n-1)3x _ - (2m-1)3
= 1erBmlix - eTBMUX en (3.46b)
X (2m-1)? - (2n-1)?

I

m.n (X)

Note that when c, is equal to 0 or H, p(c,, L) vanishes as we
expect it for the strongly repulsive wall. In figure (3.2) we
plot segment density as a function of distance for various
values of H and chain-length L. To make this plot we have

truncated the infinite sums, and retained the first 25 terms.

3.3. A Renormalization Group Analysis for Segment Density Near

A Strongly Repulsive Wall.

The problem of the segment density profile near a repuls-
ive wall has been analyzed using various methods. In addition
to the scaling technique, the renormalization group method has
been applied to polymer systems via the n-vector modell'®!®! 1n
this section, the conformational renormalization group method
and perturbation techniques are employed to derive the scaling
property of the segment density profile of a single chain near
a repulsive wall at z—0. The calculation was done to O(e¢),
where e¢=4-d. By a repulsive wall, we mean that no chain
segment may occupy any site at the wall. If §, is the
parameter describing the strength of the wall-segment
interaction, the repulsive-wall condition is obtained by

taking §«. This condition also simplifies the calculation.
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Let p(z) be the segment linear-density at a distance z
from the wall. For a system with fixed concentration, one
expects that as z—+o, p(z) will assume its bulk value p,. The
situation is not obvious for a single chain, since p(z)—0 as
z—o, Also p(z)=0 if we consider the whole half space. In our
calculation, therefore, we are only interested in the segment
density profile of a single chain occupying a box adjacent to
the wall (see figure 3.3). This box has a volume V=LA, where
A is the area of the plane parallel to the wall and L is the
linear-size of the box along the perpendicular direction. The
area A will be cancelled after integrating the coordinates
parallel to the wall (p), and we expect that Lp(z) « z™ as
z-0. The calculation of p(z) is performed up to the lowest
order (a one-loop calculation), and for simplicity of
calculation some approximation are made (e.g., L - « etc.).
Consider a single chain of length N, and with excluded
volume parameter u,. The subindices indicate that those
parameters are unrenormalized. They are called ‘'bare'
parameters in field theories. Let the chain-ends be at &, and
éy and & be the coordinate of a point on this chain. The

corresponding distribution function is

Oy
Gy (8, &, 8iNy i) = [ DIE()1B[E(x)-Cle™ (3.47)

& 2z(8) 20
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where z(s) = c, (s) is the vector component perpendicular to
the wall. H is the Hamiltonian given in eqn. (3.16). The
constraint z(s) 2 0 is imposed by requiring that the chain

never crosses the wall.

Figure 3.3. A polymer chain near a repulsive wall

The segment density at a distance 2z from the wall,

irrespective of end-segment positions, is

No
L =
Lpy(2) - —Vfdc"ofdc,,fdc?/,_[dtGo(é'o,c':'.c?,,;No,t;uo) (3.48)
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We then assume that the excluded volume potential is as a
perturbation to the ideal Gaussian chain. Expanding the

exponent in egn. (3.47), we obtain

No
L
Lp,(z) = T/fdéofdé‘"fdé,,{dt{cém (&,8:7) GO (&, 8yiN,-%) -

2y No N
- Y f DI&(t)] 8[&(1)-&) fdsfds'o[a(s) ~&(s') e
do:2(8)20 0 [¢}

(3.49)

where G,/® is the ideal chain distribution defined over the
half-space. H, is the Hamiltonian of the gaussian chain. We
can represent the location of the segment 7 by (x) and the
point of contact between two segments by (o). If the SAW chain
is represented by a double line (====) and the gausian chain

by a single 1line (----), eqn. (3.49) may be expressed

diagrammatically as

’ \ 4 N
! \ i \
) / \ '
N r’ \> i
SSZTIX=S=EE = ewmme) - - uo [ it Catakas @ it ke © Atk Catud
l'x‘s
/ \
: i
. 'l
+ ——— O ——— ]

Figure 3.4. A diagrammatic representation of the
segment density calculations.
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The factor 1/2 in u, is cancelled out because of the symmetry
related to the choice of contour direction. The segment 7 may
reside on the chain portion between contact segments or
outside the loop. Note that by symmetry the first two diagrams
give identical contributions.
Let us consider the first diagram. The distribution
function for a gaussian chain in half space is obtained from

egqn (3.27) by allowing §, = .

_Ap-g? _lz-2']? _(z+2')2
G (p-P':z, 2/ ;N,) = (2mN,) Y2e M (e M _ o N

(3.50)

Inserting eqn.(3.50) into (3.49) and integrating the end-

segment coordinates, 5, and py, we obtain

No
Lp®(z,N,) = fdzofdzN dt(2nt] V2 [2nr (N,-1) ] 2/2x
Q

(3.51)
ezl tzezg? lzozell | (zezg?
x{e 2t -e 2t } {e 2(No-t) e 2 (Ny-1) }

We can Laplace-transform the N, parameter in p® and obtain
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Lp'® (z,84) = LLp‘® (2, N,)

(3.52)
=fsz[dsz(z,zo;s°)f(z,zN;sJ
where
f(z,z/;s8,) = — 1 (e VTETIE] | gVTEET (202 (3.53)

So
Integrating with respect to z, and z,, egn. (3.52) yields

Lp'9(z,5,) = = {1-eV7%)2 (3.54)
So

In the limit z - 0, the previous equation gives

2
Lp® (z,s,) - 2Sz (3.585)
o]

The calculation of the first diagram is tedious. Let us
call the position of (x) along the chain 1,, and let the
positions along the contour of the self-intersection, (o), as
T, and 71,. These points are located at (p,z) and (B',z'),

respectively (see figure 3.5)

Figure 3.5. A one-loop diagram for the calculation
of the segment density to O(e€).
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This diagram is represented by the following integral

T3

N, €
%[dafdeofdenfda'fdr,[drzfdfl G (Bo-Pi 2o, 2it,) X

"
i

0) = == 0) =/ ==
x G (B-piz. 2 it,-v )G (P'-p: 2/, 2 ivy-1,) %

Go (B'-Byi 2, Zyi Ny-1,) (3.56)

X

Fourier transforming with respect to the coordinates parallel
to the wall, and Laplace transforming with respect to N,

yields

Lp™ (z, s,) =fdzofd2~ dz/fﬁ;;c;g)(kw;zo,z;so)x

(0) (0) (0)
x Gps' (k=0;2z,2';8))Gps (k;2';2';5,)Gps’ (k=0;2', z,; 3,)

(3.57)

with
Grg' (kiz,2';s)) = %{e“’l""‘-ep"""} (3.58)
and p = (2s,+k?)'"’. Integration of 2z, and 2z, will reduce

equation (3.57) to
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Lp'Y (z,s,) = (1 - e Ty (piV -p '}

3.59
Sg/z ( )
where
- fdz’{e'l"'llm - e T EVIRY (1 - o VTR
0
(3.60)

di e—(z"z”) 28,k

"

(z,t)d—l r——————250+k2 z'~z

and p,"” has the same form as equation (3.60) except that the

‘momentum' integration is replaced by

i PR TR
[ ak _ e |, (3.61)
r)t s vk?

Equation (3.60) involves an integration of the following form

dk oiF B e-zz’pl
(2m)9? p °*

- _d__ _221‘, (3.62)
s g [k KT T (ke £
(Zﬂ)dl 2 0
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where J,(x) is the Bessel function of the first kind. Using
the following definition of the modified Bessel function [see

Ref. 166, Egn. 8.432.3)

2rd)
Kv(z) - 2 12 f—zt(tz_ idt
Plvesin (3.63)

[Re(v+-%)>o, |argz|<—g;orRez=0andv =0]

and the following relation {Ref. 166, Egn. 6.596.7)

v p-v-1
fJ (Bx) K, (ayx? + z%) x**! dx = L(l“f*ﬁf) Ku-v-l(zm)
0 v (Xz + Zi) o z

[x>0,B>0,Rev>-1, |argz|<-’2t-]

(3.64)

I, in equation (3.59) becomes

I, = —1—\' %(422)‘—— a-2(22/2s)) (3.65)
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In deriving (3.64) we also use the symmetric property of the
modified Bessel function K,(x) = K, (x). In the renormalization
group calculation of polymer in full space and half space!®%,
u, is of O(e¢), so we can set d = 4 for the loop-diagram

calculations. The integral in Egn. (3.60) now becomes

!!ES
Py = (2 )02 (I, -I,-1I,+1,] (3.66a)
1

The four terms inside the bracket are

- /
I, = fdz’{e"""'m_wz_)} (3.66Db)
[+] Z/
- /
I, = fdz’{e“""’ff"ofﬁz_)} (3.66cC)
0 zl
- /
I, = fdz’ (e e |V -2/ VTa ———Kl(a,z i } (3.664)
4
o]
- /
I, = fdz’{e“““"fﬁo ﬁﬂ} (3.66e)
0 Z/

where a=2v2s,. Here we give the calculation of I,, since it
involves the simplest integration and others follow a similar
line. In this calculation it is necessary to introduce a cut-

off A when 2z'-0, otherwise the integral is singular.
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Physically the cut-off may be explained by recognizing that

the chain segment never touches the wall. So A has the

dimension of a monomer size. At the end of the calculation

this singularity will be cancelled by a renormalization
constant.

To calculate I,, we use the series expansion of K,(z)

(Ref. 166, Eqn. 8.446]

n-1

1 (n-k-1) |
K():__ (— k—_—
n'2 2873 ) k! (z/2)n2k

+ ne+l (z/2)ﬂ2k _Z__l __l
< E T (nely T L1095 ~ ¥ (k1) - Sw(n+k+1) ]

(3.67)

where y (k) is the digamma function. This integration involving
(1/2Y)exp(-z*V2s,], which comes from the first term of Eqn.
(3.67), 1is singular because of the vanishing lower-bound.

Therefore, we introduce a cut-off:

e'z,\/zs_° V% 1
i L e L2l S
A

0 b4

(3.68)

e

where E,(x) is the exponential integral. Using the following

Laplace transforms!'$
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fdzle'z’p (z)n = n!‘1 (3.69)
0 pn

[dz'e*? (z)*logz' = [(v) p™ [#(v) -logp]  (3.70)

0

we obtain
= 'lﬂi—o_ l _ = (Zk)' i
v [ A2/Zs, §= k!(k+1)! 3 wlke1) +
(3.71)

. %wu«z) -y (2k+1) } ]

Calculations of I,,I,, and I, follow a similar line. After

taking the limit z - 0, the dominant term of p," is given by

28

(1) 0

~ - (z1log z/A) (3.72)
Ps [(Zn)z] g

Returning to the first part of p®, the integration is

also plagued by singularities. For example, equation (3.61) is
divergent when 2z=z' and d = 4. To avoid this, we also
introduce the cut-off A, so Eqn. (3.61) is proportional to
IQ(AZVGE%)/A. The calculation is then simplified. We obtained

the dominant terms, one is proportional to A?, and the other
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is proportional to z[log(z/A)]. The coeficient of zlog(A) is
the same as the one in Eqgn. (3.72). Summing up p," and p,", in

the limit z - 0, the dominant terms of Egn. (3.59) are

z? 1 22z°
+ log z 3.73
(2m) 28] 2A? (2x) %3, I ( )

Lp(l) ~

The calculation of the third 1loop diagram is also

performed using Fourier-Laplace transform. Consider the

following diagram

zZ X, 1,

/ \

' !

4

\ /
___-___-=-o" ---------
0 T, T, No
Z, z! ZN

Figure 3.6. Another one-loop diagram.

The corresponding integration is given by

d

< [dp [aé, [de,fap’ [dz’ fdt fdt fr de, GO (Bo-P" i 2o, 2'11,) x

Lp(Z)

(0) [/ _= 0)
GO (P -P:2 . zit,-1 )G (P -P: 2, zity-1,) x

X

Gy (B -Byi 2’ Zyi N-1,) (3.74)

X
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Integrating the end segment coordinates and Fourier-Laplace

transforming the previous equation, we obtain

- 2
(2) - / dk A (1-eFVIRy A0 (B pl. 2.
Lp fdz f__—(zn)‘“ s (1-e ) Grs (k; 2 2;8)

(3.75)

When 2z << 1, we can use the following approximation of the

distribution function

- -y *> - / >
G;g) - 1 [e (z-2")/k*+28, _ e (z oz),/k’ 250] 6(2‘2’) + 2wz

V25,+k?

(3.76)

We can neglect the first term involving jidz', for z - 0,
since it is insignificant compared to terms with ﬁaz'.
Letting x = 2z'-z and using the definition of K, in Egqn.

(3.63), and the integration in (3.64), equation (3.75) becomes

Lp®(z,s)) ~ II, + II, + II, (3.77)
where
(2m)?s, { X
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82?2 f 1(2‘2"»/733) o 2%/ (3.77b)

II, =
: (2r) %3, ¢
II, = 1522[ ___"1@9-&/“? (3.77c)
(2m) s, ¢

Evaluation of II, can be easily worked out by inverse-Laplace

transforming the s, parameter. Using the following relation

[(Ref. 167, Eqn. 5.16.39]

-1, 1l 1 1 s 1,
g-l[p 2 Kv(2a2p2)] = 3t’-v-le tg 2 (3.78)
equation (3.77a) becomes
- _2x
Zz2N, N
@11 = S fax £ (3.79)
2A,t2A x3

As A - 0, the integral diverges as 1/(2A?), and

z2N, 1
1rrIr ~ ° (3.80
<ol 1] Py (2 2) )

Calculation of II, can be easily performed if we expand K,(x)

as in (3.67). The dominant terms are
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2 -
II, - 222 ]‘dxe-zxﬂ-—o{ 1 - - 1, (3.81)
Son2 | 45,x 2x
The first part in (3.81) gives
222 1
II,(1*t part) - ( ] 3.82
2 s,m?  8As, ( )

The second part is easily performed using the inverse-Laplace

transform of the s, parameter and using the following relation

1 |
Y 1l[ple®?) = E'rfc(%at 2)

(3.83)
By straightforward calculation and using
r log ¢t 3 "3
fe'Pt—-—gl—dt: = -n2p ?log (4yp), Re p>0 (3.84)
o 2
t

we obtain

222
1‘2

¢ [I1,(27 part)) Mo

Av2

[-%log( ) + %10g47]

(3.85)
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Summing (3.85) and (3.82) gives

222 [ NO

X

+ %logA] (3.86)

Calculation of II, follows a similar line as the one of II,,

and it gives

9[I1,] ~ - 4z* [ N, %1091\] (3.87)
n

After Laplace transforming N, parameter, Eqs. (3.80), (3.86),

and (3.87) give

Lp'® (z,8,) ~ - logA (3.88)

n2s,

The idea of renormalization group is to absorb the divergences
using a renormalization constant. In our case, it is employed
to absorb the A-dependence in previous results. Since we are
only interested in the z-dependence of the density profile,
here we only collect terms which are finite and depend on 22
and z’log(z). Collecting our results in Egs. (3.55), (3.73),

and (3.88), we get
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2 2u,log z
Lp(z,s8,) - 2z% 1 - 2H209 24

(3.89)

Here we use the result of Ref. 84 that at fixed point uj,~en?/2.
Inserting this value into (3.89), and Laplace-transform s,

parameter, we obtain

-~ ]_

(3.90)
2 2u—%)

L

Thus m = 2(1-¢/8). If m = 1/» as given by scaling theories
[see Eqn. (3.14)], then »=1/2+€/16 which is in agreement with
the result in Ref. 69. Note that the nearest neighbor
interaction between non-bonding segments is not explicitly
expressed in Edwards' 6-potential, therefore, simulation
results of non-athermal chains cannot be easily compared with
(3.90). Monte Carlo results for the density profile of
athermal and non-athermal self-avoiding chains are presented

in Chapter Vv,



CHAPTER 1IV. THE LATTICE MODEL OF POLYMER SOLUTIONS.

In our simulations (Chapter V), we employed polymer
chains on a regular lattice. The polymer model described in
previous chapters are defined on continuum space, and
therefore, are not suitable for comparison. In this chapter,
we introduce lattice models of polymer solutions; Flory and
Flory-Huggins mean field theories®™, and Freed's n-vector
model!. The equation of state obtained in these models will
be compared with Monte Carlo results in the next chapter. In
the following discussion, we review the deficiencies of
Edwards' model.

The conformational space renormalization group (CRG) was
built on Edwards' §-potential model®®!, The potential was
treated as a perturbation to the random walk model, and the
standard techniques of e-expansion and renormalization were
performed to remove the singularities (see Chapter III). The
§-potential was the result of approximating a generic
potential V,; this approximation was validated in three
dimensions by means of scaling theory®!®, The original
purpose of Edwards' model was to take into account the
excluded volume effect. However, the characteristics of 6-
potential allows two monomers to approach arbitrarily close to
one another. The potential does not impose an upper-bound on
the segment density, which 1is of course contrary to

experimental results. Because of this deficiency, the

101
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application of the model is restricted to dilute and semi-
dilute solutions. The problems of polymers in dense solutions
or melts, in which the excluded volume effect is significant,
must be addressed through different model.

An early attempt to resolve this difficulty was by
incorporating higher order interactions into Edwards'
model!'®}. The idea is that the many-body interactions would
place a constraint on the monomer occupancy. The extended
model seems artificial, and calculation of physical quantities
was cumbersome. Another approach, which 1lends itself to
computer simulations, is to use the n-vector model on a
lattice*). The monomer size is presumably equivalent to the
lattice cell. As shown in the Introduction, the original n-
vector model of de Gennes suffers several difficulties. For
example, dispersity is not controlled, so this model cannot be
used to calculate quantities that are sensitive to chain
length distribution. The Flory-Huggins equation of state
cannot be derived, therefore, any attempt to improve on this
prediction fails or relies on improved probabilistic
recounting. Also, the polymer-polymer interactions and solvent
quality are not easily incorporated in de Gennes' n-vector
model.

Realizing that de Gennes' model could be improved, Freed
and coworkers introduced an internal degree of freedom for
each spin, which represents the segment position along the

chain'™. In addition, the n-vector model is also extended to
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complex spin-space. The spin §, in de Gennes' model is replaced

8 '}, where i indicates the lattice site and

by a pair { S, ,S..
a corresponds to the position along the chain. iﬂ is an n-
component complex vector, and ﬂj'is its complex conjugate. As
it stands, the model describes flexible athermal chains, the
monomer-monomer interaction may be incorporated through
further modifications. By controlling the position index a
(imposing constraints on the new internal degree of freedom),
one may control chain length distribution. Freed and Bawendi
also showed that their model was equivalent to a model of
polymer packing, in which polymers are represented by a set of
sequentially occupied sites on a 1lattice!'”. In polymer
packing, the chain correlation and monomer-monomer inter-
actions can be conveniently described. The packing model is
quite natural and can easily be extended to polydisperse
solutions, and to include different steric architectures and
solvent qualities!”'%l,

The purpose of this chapter is to present the derivation
of the Flory-Huggins equation of state and its generalization
using the insertion probability!*'*® To improve the Flory-
Huggins predictions, one has to rely on Freed's n-vector
model. Since the calculation of Freed and coworkers will be
utilized extensively in analyzing our computer simulation
results, we present their derivation in this chapter. Our
presentation is more systematic (Freed and coworkers' works

are scattered over many articles over several years). We also
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note some minor corrections and derive the osmotic pressure

for systems with a uniform length distribution.

4.1. The Equation of State of Polymer Solutions: Flory-Huggins

Mean Field Approximation.

In the lattice model, a monomer is associated with an
occupied site and a solvent molecule or void is represented by
an unoccupied site?*', The calculation of the equation of
state proceeds via the insertion probability method (section
4.1.1)"1%%  yith segment-segment correlations neglected. This
approximation was improved by Huggins!'’', taking into account
nearest neighbor segments along the chain. The improved Flory-
Huggins predictions are in better agreement with Monte Carlo
results?! (presented in the next chapter). Since segment-
segment correlations are not taken into account, both methods

are mean field approximations.

4.1.1. Calculation of Chain-Segment Insertion Probability.

Consider a lattice of N, sites. Let n, chains, each of
length N (the number of segments is N+1), occupy this lattice.
In this model, a lattice site may be occupied by a void or a
chain segment. Figure (4.1) describes a one-chain

configuration.
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Figure 4.1. A polymer chain on a lattice.

If P(¥|¥.1s¥.ps---+¥) is the probability of placing the k"
segment when (k-1) segments have been successfully placed
without overlap, then the single-chain insertion probability

is given by

N+1

P(n,=1) = (1-¢) [] POV lveyo Viegs oo v v vy) (4.1)
k-2

where ¢ is the segment density. The first factor corresponds
to the placement of the first segment.

Flory employed a mean field approximation in which the
insertion of each segment is an independent event; the
presence of other connected segments does not affect the

placement of the subsequent segments. The insertion is then
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given by

PV Ve 1o Vpareooavy) = (1-9) (4.2)

and equation (4.1) becomes

P.= (1-¢)" (4.3)

If we have more than one species, we suppose that there are
n,(i) chains of length N;; then the insertion probability of a

single chain belonging to the i® species is given by

Py p= (1-¢)"1‘1 (4.4)

with ¢ now the total density. In nature, polymers do not
always consist of identical chemical units. Monomers may have
different sizes and structures, which may be described by
multi-site occupancy. However, the Flory approximation
disregards the monomer architecture as well as the chain
connectivity. Consequently, the insertion probability is still
given by equation (4.4), where the exponent (N+1) is now
replaced by M, = (N;+1)s,, where s, indicates the number of sites
occupied by a monomer.

The next simplest approximation, which we call the Flory-

Huggins approximation, was due to Huggins. He took into
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account the presence of nearest-neighbor bonded segments. In
this approximation the insertion of segment k is not affected
by the presence of previous chain segments except for the

segment k-1, so that

POV |Ve 1o Vear oo avy) = Plv|v, )

4.5
= (1-¢) ( )

where ¢ is the effective segment density, slightly modified
from the average value due to the presence of nearest neighbor
segments. The insertion of a single chain in equation (4.1)

becomes

Pry(ny=1) = (1-¢) [1-§1¥ (4.6)

The problem, therefore, is reduced to that of obtaining the
value of ¢ in terms of ¢ and the lattice coordination number
z. Let us consider polymers with a simple branching structure,
as in figure (4.2). Except for the end points, the monomers
possess b branches as indicated in the right side of figure
(4.2). For simplicity, one can assume that each branch end has
a single monomer; the case of longer branch follows trivially.
If M is the total number of segments per molecule, n, is the
number of back-bone segments, and b corresponds to the number

of branches attached to internal back-bone segments, it is
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evident that
M- (1+b)n,-2b (4.7)

i-—oI
— !
I
Figure 4.2. An example of a polymer chain with
branch-structure.

For linear-unbranched-chains; b=0 and M=n,. The fraction of

end segments, internal back-bone segments, and dangling sites

are given respectively by

(4.8a)
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é, = n”b;z ) (4.8b)
b, - ﬂ”_:l'z_’q, (4.8c)

where ¢ is the fraction of occupied sites in the lattice. To
find the insertion probability one has to consider the
fraction of occupied sites in the neighborhood of the chain
segments; in the neighborhood of the end-segments it is given

by

¢n,=%+ z-1g (4.9a)

in the neighborhood of internal backbone segments and dangling

sites is, respectively,

¢, - 2;1’ . 2‘12"2.5 (4.9b)
1 z-1
¢ = i é (4.9¢c)

The total fraction of the occupied sites, therefore, must be

n, -2 b(n,-2)

¢= (6210, + 16-2 210, + (62" 1¢,,

2
M

(4.10)
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Substituting equation (4.9) into equation (4.10), one obtains

(4.11)

This result indicates that since in Flory-Huggins
approximation one considers the nearest-neigbor segments,
irrespective of the chain architecture, the effective density
should be a function of lattice coordination number and
segment density. Details of the chain architecture do not
enter. (In fact, this shortcoming motivated Fréed and
coworkers to devise a model which is able to distinguish
between different segment architectures). The insertion

probability in equation (4.6) is then given by

sz (l-¢)~

~2 “ 1, 41 (4.12)
(1 z¢[1 M])

In the presence of nearest neighbor interactions, with
interaction parameter given by -¢, the insertion probability
in (4.12) is multiplied by n* where n = exp(e/kgT) and A is
equal to the number of bonds 1linking non-bonded nearest-
neighbor occupied sites. In the mean field approximation

equation (4.12) is then modified to
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Ppy(n) = Pp(n=1)17 [(z-1) (2+bny-2b) ¢+ (ny-2) (2-2-b)1 (4.13)

The factor P, (7n=1) is the athermal result, equation (4.12).
The first term and the second terms in the exponent
correspond, respectively, to the average number of bonds at
the end and at internal segments. In simple case of linear

chains, (b = 0, M = n, = N+1),

(zM-2(M-1))3
(1-¢)¥ n (zn—zi[u-ﬂ;

(1--22;4:[1—%,1 ) M-1

Ppy 1in(M) = (4.14)

4.1.2. The Equation of State: Flory-Huggins predictions!"®,

Consider chains of M segments on a lattice, which
interact via a pairwise segment-segment interaction (figure
4.1). Suppose the system consists of n, chains and the
pairwise segment-segment potential is given by U(liw-ffﬂ),
and suppose further that there is an external potential
W, ({X¥”}), where the X denotes the position of the u th
segment of the i® chain. The total potential energy of the

multichain system is then
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Np

M M
R S METIEA SHITRD 3 SEATE A PINERY
ieJ=1 u,v=1

=1 p=1

The configurational partition function for a multi-chain
system consisting of n, M - mers on lattice of N, sites is

given by

1 \ -puU,
Z(n,, M,V B) = = 37 . 3 e (4.16)
P VA, ZDeA,,

where Am'is a region in the lattice, and 8 = 1/k,T.

A quantity of interest is the insertion probability of a
single chain into the n,-chain configuration, which is related
to the osmotic pressure via a simple relation. If Y denotes a
configuration of an M-mer chain, and X denotes a configura-
tion of n, M-mers on a lattice of N, sites, the insertion

factor is given by the following relation
E’(nplﬂllbhl p) = <<e_plh>y>x (41‘17)

U; is the potential energy between the test-chain Y when it is
inserted into the multi-chain configuration X, and <...>
indicates an ensemble average over all possible chain

configurations X and test-chain configurations Y. Using
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equation (4.16), one can obtain

e -p Unpﬂ
(1 G
HeAy, RN €Ay

"Un -p U,
. 2 e L 2 2 e !
2 eA )?“"eA, i“’eA, % eA
1 N} np 1 1 1 1 N

P(n,, M, N, B) =

(4.18)

Z(HL*I,M,NI. B)

=(n,+1) Z(n,, M, N, B) Z(1,M, N, B)

The partition function, therefore, can be written iteratively

as

ny-1

ny
(Z(1,M N, B)] le(j,M'Nuf“ (4.19)
-1

'
n,!

Z(np'MoNla B) =

Here p(j,M,N,B) is the insertion factor for placing a single
chain on a lattice of size N, at temperature 1/8 when j chains
are already present. If we use the statistical thermodynamic

relations for the free energy and the chemical potential

wn,=E - TS + =N, (4.20)
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A(n, M,N;,p) =E-TS
= k,T1logZ(n,, M,N,,B) (4.21)
and
Bi(n, M,N;,B) =-kyT[logZ(n,+1,M,N,,B)
-logZz(n,, M,Ny,B) ] (4.22)
then one can obtain
ny-1
®*(n,, M,N;,B) =N { 37_; logp(j,M,N,,B)
-n,logp(n,, M,N,,B) +n,log (n,+1)
(4.23)

-logn,!}

where n° = f7.
Taking the thermodynamic limit N, n, - » such that the
fraction of occupied sites ¢ = Mn,/N, is finite, the osmotic

pressure can be reexpressed as

%' (4, M, B) = % [1-logp(d,M,B) ]

(4.24)

)
+l / /
M{logpw M. B) dé
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The derivation of equations (4.15) to (4.24) can be found in
Dickman and Hall'"®!, We can generalize the results to poly-
disperse systems. If we have f classes of dispersity each with
npi chains of length M,, the steps from Egqn. (4.18) to (4.24)
can be repeated. In this case the chain insertion probability

of type i is given by

b - (ng+1) Z(ng,n}, -, nl*, nt+1,nl*t, -, nf) (4.25)
! Z,(1) Z(np,n},~,n;,~,nf)

and equation (4.19) is changed to

£ nf nj-1

(z;(1)]7 3 . -
Z(n;'n:"ntf) =II__—T J‘[ p(Ji,ﬂ;;ﬂg,,H; I;Nl,g)
-1 p ! =0

(4.26)

where p(j;,, n',n? ...,n";N,B) is the insertion probability
when 12.5 n‘f +j; chains are already present. Using the thermo-
dynamié-lrelation RN, = -A +2f: p.ing one can obtain immediate-
ly the osmotic pressure of 1a.lpolydisperse system
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f
L. ¢1 -
n Eq [(;Z) [(1-logp;(d,,d,,, b, B) ]

'Y (4.27)
+ XL [1ogp(¢.¢,.6,.,-.&,.,B) de’
Mil g 1: 9P, 1-1

Using equation (4.24) and the insertion probability of Flory
and Flory-Huggins (P, and P, ) derived in the previous
section, one may obtain the compressibility factor, W = n'M/¢,

in the athermal case

We=1-M[log(1-¢) +¢]1 /¢ (4.28)

and

= Mz -2¢ 1 2¢ ;.1
Wey = Wy + 2¢ log (1-=2(1-2)) + =X (1 )| (4-29)

where M is the number of segments per molecule or equal to
polymerization index for a linear chain. The non-athermal case

is

Mz [M(z-2) +2]%Alogn

Wra (M) = W (N=1) e T M- (M=1) ]

(4.30a)

_Mz[M(z-2) +2]? (Alogn)log(1- 2¢(M-1) ]
4 (1-M)2 zM

where
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4o L{z-1)(2+bny-2b) + (np=2) (2-D-2)] (4 30p

[(M(z-2) +2]

The first term in egn. (4.30a) is the compressibility factor

in the athermal case, and for linear chains A=1, and M = N+1.

4.2. The Equation of State in Freed's N-Vector Model: Athermal

Case.

As indicated in the Introduction and at the beginning of
this chapter, the conformational renormalization group of
Edwards' model is suitable for polymer solutions with volume
fraction much less than unity. The problem of polymers at
higher densities was approximated using the n-vector model on
a lattice by de Gennes**! and was generalized by Freed and
coworkers!»*!%  The motivation to employ these models on a
lattice is to include the excluded volume effect appropriately
in the high-density regime, in which the excluded volume is
considered comparable to that of a lattice cell. Freed and
coworkers generalized the n-vector model in order to control
the chain 1length distribution. They also employ the
generalized n-vector model to derive systematic corrections to
mean field results of the entropy and energy of mixing®.
Their description is also suitable for polymers with a

branched structure'!.
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4.2.1. Generalized N-Vector Model: A Mean Field Approximation.

Consider the complex n-vector (S_, S_'} where the internal
symmetry index a runs from 0 to N,. The index a corresponds to
the position along the chain. The index i denotes the lattice

site. Let us impose the following condition

-,

Trglexp (ik.5;, +ik*.5, ] = 1 -K.k'8,,8,,
(4.31)
Trol S .. Spp) = Tr5( 3 .50 =0

All traces of higher than quadratic order are defined to be
zero. Unlike the original definition of traces in the n-vector
model"’), which describes a magnet, the traces in eqn (4.31)
are imposed so that we may recover the correct set of chain
configurations. We may regard the spin variable as a book-
keeping device. Using the 2n-component complex spin model, the
grand partition function of polymers with chain 1length

distribution Py, is

- . I o P
Z = Trs|explk E Si.ev1°5)4 *E (H'Sil°+fr'si'"° %))
1

<1J> &=0

(4.32)
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where <ij> denotes the nearest neighbor sites i and j. K is a
constant which may be set to unity. H and H' represent
external fields, and their coefficients have a role of
initiating and terminating chains, respectively. Note that
when the direction of chain-segment sequence is chosen by
ordering the index a, the backward and forward directions of
chain contour are assumed to be different, while physically
they are of course indistinguishable. The factor 1/2,
therefore, is included to correct the overcount. The chain
length distribution PNccontrols the polymer dispersity; for a
monodisperse solution Py = bmm, . Expanding the exponent in
the grand partition function and using equation (4.31), we

find

Z = Trg ( (1 + K57 401-5,4% )
<ij> &=0
P (4.33)
— e, — — N
xl;I(1+H.S,,, *H . Spy5t )
and the partition function of n, chains is given by
np
z, = = —2Zl g (4.34)

(4 npl a(ﬁﬁ‘)"p
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Let us limit the calculation to a monodisperse solution with
the chain length N. Introducing the complex random fields :

ialf

and its complex conjugate, &', one may obtain the following

identity (the derivation can be found in Appendix B)

exp[ng:) 5l e1-55.¢)
- fl:I d&},‘démexp[zl: 5 -,

+ SI."G;;‘ - ;j ‘71161:"61-']

-1
x [jn d®; ,d¥,  exp (-%: VU@;,,.&,,,)]

(4.35)
where
V=Y exp(iK.(2,-7,)) [N,KE(K) ]! (4.36)
k
and
f(k) = exp(ik.d,) ]
(Z;) p (4.37)

In equation (4.37), { &, } is the set of lattice vectors to the
nearest neighbor sites. Substituting Eqs. (4.35 - 4.37) into

the partition function yields
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Cfn H d61 ldé} cexD{; = §I,¢01‘61,¢ + gi,c‘&;,c

-0

Z =Trg

+ g: ﬁ-glo + %; z: E: Vu e 4

a=0

(4.38a)
where the constant C is given by
Ny N-1 3 N-1 1
dd; .d¥, exp{—z; v.&: .8, )
}-Il !:Io i« i, e : .Zo ij¥i,a j.« (4.38b)

The condition on traces in equation (4.31) will simplify a lot
of the calculation since the surviving terms after taking the
trace with respect to spin S are the coefficients of the

products §,.'.5,, and unity, which are

ﬁ N-1
1+X; = +3 ¢; o* Q et i, ¢—1+H"61,N-1 (4.39)

a=1

and the partition function is transformed to

1

CfD[G 3) H (1+X,) exp(—g $;..8, ) (4.40)

«a=0
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N; N1
where D[&‘Q}::IIII d¢;.d61. . In the mean field approx-
1=1 &=0
imation we retain only the k=0 component of V“, and neglect
the variation of X, from site to site. In other words, we are
treating the system as if there were random mixing of all
segments. By dropping the position index in Eqn. (4.39) and

setting X=X, the product in equation (4.40) becomes
Zyp = c’/o’[&’&] (1+x>"'exp(-ﬂ2&‘-6 ) (4.41)
MF KZ . « «

where C' is a new normalization constant and D'([#*'#] is a
measure in which the site index i is omitted. For simplicity
we pick H along the x, direction so that the vector sign can
be dropped. Also note that the index a is decoupled (there is
no cross-term in the exponent). Using the multinomial

expansion

2 N N,! P
(l+z:ai) t= E P 1 P naim‘
N mo ™ (=Y m) [ me (4.42)
gm,sN &~ O

equation (4.41) becomes
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N1
2er = (Z’ N . N
TN ) [ m
«=0 a=0

(4.43)

H N-1
><<<3<|>,,)'b[[l (o;¢,_,)'-(n‘o,,_l)"~>

where the summation constraint (...} is identical to the one
in Egqn. (4.42). <...> indicates an average weighted with the
Gaussian distribution of equation (4.41). Since the index a is

decoupled and using the following identity

N1 'ﬂ,_l .:.-
(PH™P® ) = cf]'[ dd.dd, ()" (®,) e P>
a=]
(4.44)
= m!bllm(-;—f)‘"

we see that all the exponents of &, are the same, my=m = ...
= my, Which is equal to the number of chains n,.
In the mean-field approximation, the partition function

of n, chains should give 2Z,,, then using Eqn. (4.34) we get:

VA = N, (Kz)npn
"M [N;-(N+1)n 1t n,t N
1 P -] 1

(4.45)
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The corresponding entropy is defined by

S,',f = kg log Zn..nr

(4.46)
Using Stirling's approximation for the factorial
x! ~ x*e *J/(2xrX) x>1 (4.47)
one may obtain the entropy per site:
—"2 =¢logN,-(1-¢) log(1-¢) -¢-$ logz—d’ﬂ
Ky, I g M M
é o X (4.48)
Q@ -9y 10q 22
* M*(¢ M) ogN

1

with M = (N + 1) the number of segments per unit chain.

The entropy of mixing is defined as the difference
between the entropy obtained

in equation (4.48) and the
entropy of polymeric melt,

ASHIX = 5(¢) - ¢S ($=1) (4.49)



125
For monodisperse systems of linear chains, the mean-field

expression for the entropy of mixing is

Asnlx
kBNI

=-(1-¢)1log(1-9¢) --glog¢ (4.50)

This result is the standard Flory expression for the mixing
entropy. In the mean field approximation, we assume X,, hence
§. and 3 ', to be independent of lattice site i and the
position index a. Therefore, one may expect that by retaining
the site dependence, we may derive corrections to the mean-

field results.
4.2.2. Systematic Corrections to Mean Field Theory.

To see the effect of chain connectivity we retain the

position (i) dependence of the random fields {#& 3“j}. Instead

iar
of working directly with spatial indices, it is easier to use
the Fourier coefficients (in g-space) of the random fields.
The mean field approximation in g-space is represented by the
d=0 component of the Fourier coefficients. Non-zero wave
vectors correspond to corrections wherein the locality of the

random field is not discarded. The Fourier transform of the

random fields & is defined so:
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&i,c = ; eia.hédc
(4.51)
3 - ly ity
¢.a N]; i.a

and the complex conjugate transforms accordingly (with e®! -
e®’), In the Fourier representation, the argument of the
Gaussian exponential becomes

N

- N-1
IRAL L IRE IS DL AL al

[

1)

=0

and X, is given by

N-1
>l I . -3 . .
X; = H.Ed ¥+ T Y 1Ty, B

«=1 a‘ql .’ q.e2

(4.53)
1~ i 3.7
+ -éi{'.g e,

The grand partition function, after setting K equal to unity,
is

N-1
+ N +
Z:fD//[¢Q ]III (l*Xi)exp[-‘E.o;Fé—)—éql-.éal‘] (4.54)



127
The measure in Eqn. (4.54) is defined over Fourier components
($¢a:5¢,*}. To see the effect of site dependence, the d=0

components in X, are seperated from the non-zero coefficients

X; = X(g=0) + 8x{" + 8x{¥ (4.55a)

with
. , N-1 ; ,
8x = H-; exp(-ig.72;) &3 .+ EZ‘: (1718, 8.0
«=1

+ e-ia'h&:}c-od-o,c-l] + %}?-;IexP(ia'fi)&G-N'l

N-1
( 2: 2:/ ig-ah.? +
OXIZ) = e Qa ‘65/:.661.'1 (4'55b)
«=1 a:dl

Z' means the summation with respect to non-zero momenta. Note
that X and X® have terms linear and quadratic in &,.,. The
coefficient of H initiates the chain configuration since the
index a = 0 and the coefficient H' terminates the chain
contour with a = N. Since the Gaussian average with a single
5h,or 31; vanishes, a pair of X,(1)'s are required to provide
a non-zero correction. One may suggest that X is required to

initiate, to propagate and .o terminate a chain configuration,

while X@ functions as the propagator of the
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chain construction. Using equation (4.55),

<];[ (1+X)> = <1:[ (1+X(F=0) +8x* +3x(*)>

1 N;-n (1) (1) (2) (2)
— = C(14+Xx)78X L L. 8X, XL 8Xx >
2‘.;." 11’12’;’1 (Zm) l 1 l ( ) 11 iz. jl jl

ma0 *jyedae.. . 0d;
(4.56)
where X = X(g=0).

Consider the lowest order correction, m=1 and 1 =0. The

eguation (4.56) now becomes

22 = LY c(1ex) M 28xVox(Y > (4.57)

P el

Taking the ensemble average over &;,, and using a modified form

of equation (4.44)

(D) "(@gp) D> = m! [%ﬂl“bj,mb.,p (4.58)
]

one may obtain
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. (g
z2 = 1Zzz;'exp[—lq. (F,-1,) ] I(V?)

N-2
x [CH(1+X) M7 @4, >0N+E <(1 *X)~‘-2°¢-0,¢-x°3=o,c«1>00-o

=1

1.,,. N-2
* CGHU(1+X)T P . n-27 0,

(4.59)

Let us call the three terms in the ensemble average over ¢;.,
on the right side I,, I,, and I; respectively. One finds these

terms to be equal;

_ _ ~ (N —2)lm z -
L=L=I,= Y —1—_—0[71]”"1 (4.60)

my
2°m,tm,!
mo (N+1) *m,=N,

Since there are N such terms and using the result of 2, . ,

the correction may be rewritten as

Nm,

Z(Z) =
Nl (Nl_l)

Zp,,up (HH') ™ P, (4.61a)
(N‘l)ﬂb’m.'”l

with

P, = lg-it-(r-2) [ £(d) 4.61b
. 12;; . ( )



130

The partition function of n, chains, therefore, is

(2) _ Nn

2, = ——2 __pP,Z 4.62
i N, (N;-1) "3 ( )

Equation (4.62) is the lowest order correction to the mean
field approximation of n,~chain partition function. It takes
partial account of chain correlations. The factor Nn,
indicates the number of ways to put a pair of bonded nearest
neighbor segments in the n,-chain configuration. Equivalently,
it is equal to the number of ways to place a single bond on
Nn, bonds available in the system. N/(N-1) in the denominator
is the number of choices to pick two 6" s or to place two
segments on N, sites in an ordered fashion. P, depends only on

the 1lattice architecture. The calculation of P, follows

immediately by recognizing that

Y =Y (1-8,,) (4.63)

12 1,2

and
;’f(é) =;f(a> - F(0) = -z (4.64)

Therefore,

P, = N, (4.65)
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and

Nn

(2 _
zZ,! (N 0) Zrene (4.66)

The next order of corrections come with m=1 and 1=1, and

z®» = ¥ 2—1,<(1+x)""’lbxf"bxz‘"ax§2’l> (4.67)
1223 *

Expanding §X? and taking the ensemble average of ®,.0, €quation

(4.67) becomes

Zz™ = 2 dz: AL £(3,) £(g,) Je i A (-8 1ty 1y
12293 &,.Q, N z?
N-)
X

{<H(1+X) ""3°$-o,z>o+2 <(1+X) NJ-3°¢-0.¢-1°$-0,-»2>0

=1

+

<H7 (1+%) eroa-o,n-?o}

(4.68)

The calculation of the ensemble average on the righthand side

is similar to the one in equation (4.59). All yield the same

value and the correction to the partition function Z,‘,:) can
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be expressed as

3y _ (N-l)np z
N, (N;-1) (N,-2) "M

P, (4.69)

with
- - b = f f g
P, - lo~i13.2,-(8,-3) . 1 Gz-fﬂ_(_al)_z(.gﬁ (4.70)
10203 ¢,. @, z
Note that
= Y (1-3,,)0(1-8,,)(1-3,,)
10203 1,2,3

(4.71)
= g: (1-8,,-8,,-3,,+2%,,,)

1 3

Equation (4.71) and its generalization are easily pictured
using a Venn - diagram. Some notation requires explanation.
§,,; means that the sites #,, #,, and #, coincide, and it is
equivalent to §,,6,;, 6,,6,;, §,,8,;, and §,,5,,6,,. The calculation

of P,, described in Appendix C, yields

N3
Py = - —L + N2 +2N, (4.72)
z

Since the calculations of 2? and 2® involve two- and three-
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segment correlations, we call them the second and third order
corrections respectively. The third order correction to the

n,-chain partition function is

(N-1)n,
NI(NI-I) (NI_Z)

N
z» - Zpr ==L+ Nio2N,) (8.73)

Up to this order, observing the polymerization indices on the
non-zero momentum random fields evidently shows that working
with random fields is equivalent to describing the polymer
system in terms of the bond configurations. In transforming to
random fields from the spin variables, we translate the
description of chain segments into polymeric bonds. If S, and
S.. correspond to to the ‘'creation' and 'annihilation' of a
chain segment with polymerization index a, then ¢ ' and ¢,
denote the ‘'creation' and ‘'annihilation' of bond a. For
example, the two pairs of non-zero momentum random fields in
2? occur with consecutive polymerization indices (#,.'¢;.
®.0+1'%3.41) - It indicates the role of two consecutive bonds in
the partition function.

The previous remark can be easily visualized by using
diagrammatic expansion of Freed and coworkers®. 1If (o)
indicates a chain segment and (----- ) describes a bond, then

the second and third order contribution can be depicted as in

figure (4.3)
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0-----=-0
0---0---0

(second order) (third order)

Figure 4.3. Diagrams representing second and third
order corrections to the MF partition function.

With this diagram, it is easier to explain equation (4.69).
The numerator (N-1)n, corresponds to the number of possible
placements of two consecutive bonds in n, N-bond chains. The
denominator corresponds to the number of choices to place
three segments in an ordered fashion and P, is a correction
due to lattice-architecture. The next correction comes from
the correlation of four segments fashioned either by two non-
consecutive bonds or by three consecutive bonds. Since the
former can be pleced on a single chain or on different chains,
we require different diagrams to distinguish them. If two
bonds are placed non-consecutively in a single chain, we
separate them with a wiggly line. The fourth order correction

is depicted in the following picture

(a)
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(b)

Figure 4.4. Diagrams contributing to forth order
corrections.

The calculation in Appendix C shows that

2 = np.'ﬂ’Nl(N,-(iv)—.z.)?‘(le-3) [_1;_13__81;}‘ +N]+TNJ+6N,]
(4.74a)
and
z -z NnN(n,-1) = ny(N-1) (N-2)
» "o M 2N, . .. (N;-3) 2N;... (N;-3)
(4.74Db)

x[z—zN;;_Nf"lel

In equation (4.74a), (N-2)n, corresponds to the placement of
three consecutive bonds on n, chains, while Nn)N(n,-1) and n,(N-
1) (N-2) in equation (4.74b) are the number of ways of placing
two non-consecutive bonds on different chains and on a single
chain respectively. In the thermodynamic limit (N~», n, - =)
such that ¢ = [(N+1)n,]/N, is fixed, the partition function of

n, chains, including corrections up to fourth order is
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zZ, =2

(2) (3) (¢a) {eb)
n,, NF * Z”n * Z“p * Z"p * Z”n

-1 2y M3,
Zowr (140 (1- 1) +0(1-2) (-Z1-3 41

+

3 N, 8 6 jg 2 N, 12
1-—= — =41+ =) + 1-= 2— -1+ —/—
®( N) (22 Z 22) 2 ( N) ( ¥4 z)

S n-1+1)y b (N-as 8
Z(N 1+N)+Z(N4+N)]

(4.75)
which can be rearranged to give
S _8 6 3
an=an,m,[1*¢(-5—; —2—2)+¢_(1—X’)
cd(1-¢)(M102),1 86y, RUIE 3510
z N 2 =z -N z?3
(4.76)

Note that the result in equation (4.76) may be regarded as an
expansion in 1/z. For two different lattice structures, this
expansion gives different results, although these lattices
have the same coordination number'™ (see comment in Appendix

D). The entropic correction per lattice site is given by

(Snp - Snp,NF)

Nikp

I AP | B
- [-(1 z_)¢(1. $)

(4.77)

2 16 20_6 11 4
P2 B 0 100 ]
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From equation (4.77) we notice the entropic contribution

to the parameter x in equation (1.20) as the coefficient of
¢(1-¢). In general the entropic contribution is a function of
(1/z) and segment density ¢. This result is in contrast to
Flory's prediction in which x is energetic in origin and
independent of monomer density. Experimental results also
indicate an entropic contribution to x. However, the lattice
model cannot be compared with experimental (off-lattice)
results. A more direct and useful test of the theory is a
comparison with the results of lattice-polymer simulations,

which is the subject of the next chapter.

4.2.3. The Equation of State of Athermal Monodisperse Chains.

In the previous section the entropy of polymer solutions
was studied using field theories. By introducing random fields
in momentum space, the partition function was expressed in
terms of Gaussian functional. As given in the previous
section, the formulation is rather cumbersome and inefficient
to work with for higher order corrections. The interaction
energy between monomers cannot be interpreted easily. In fact,
Bawendi and Freed introduced the interaction energy in an ad-
hoc fashion and utilized Grassmann variables (non-commutative
variables) to derive the extended mean field approximation!®l.
This approximation generalized Flory's theory to a non-

athermal system by disregarding chain correlations, and by



138
taking into account the locality of the Grassman variables.
This difficulty led Bawendi and Freed to introduce the
approach of polymer packing!'®,

The polymer packing approach, in fact, is equivalent to
the field theory. Consider the n,-chain partition function
given in equation (4.34) derived from the grand canonical
ensemble of equation (4.54-55). Without loss of generality, we
can consider the problem of a single polymer-chain with N
bonds in a lattice of N, sites. Expand the product of (1+X,)
and take a single derivative with respect to (H'H). Since we

have only one chain, the result is

L E— 2: exp(-1(q,.0,+3,. Z,++Gy.Ty-B,.T,—-Py.- Zy.1) )

X <6°1,°- Gpl'oaal'l. 652'1. .. oduln'l . 6ﬂ,,N-1 >

(4.78)

where <...> is an ensemble average with respect to the
Gaussian functional in equation (4.54). Using the second

momer.t

. - £(q)
<838, = bqlpb,,,[—lg—] (4.79)

the partition function of a single chain is
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Nt B -1a,. (1, -2y £(G,)
z, = 1 n ; e 1% (f L,y N. "1”"“._!'“ (4.80)
«=1 d, 1

Using definition of f(d,) in equation (4.37), together with

the following representation of the Kronecker-§
8(7,, 7,+d,) = Ni;e”"""f"’ (4.81)
1

Z, may be transformed so;

Nt B
2 = Z;V! H ’El 6(I-"’fl‘l"au) I!,!I,o...-i,., (4.82)

«~1 -

The constraint in the previous equation that no two segments
sit on the same lattice site, and the factorial (N;!)/N! are

equivalent to the restricted summation, hence

N, N
zZ, = % ) [11 ‘)'1‘1 8(2,,7,.,+B,) (4.83)

Piefye. . 2Py, =1

Equation (4.83) can be interpreted as the number of
configurations for a set of (N+1) segments on an N;-site

lattice without overlap. Note that §(2 2., + Bu) means that
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the position of two segments has to be separated by a lattice
vector. Summation over f explains the allowed orientation of
the lattice vector in a lattice with coordination number z.
The product over a, together with the argument of the
Kronecker-§ indicates that all segments are 1linked in
sequence. And the condition that the segments are not allowed
to overlap is given by the restricted sum. If we have n,

chains, the partition function is

l Nl np N z
%, - = 3 I1 3 602 22, 4B
27F0p! plerle ez, @1 a1 g2 (4.84)
Fiefie.. o,

L RN

AL SRS A

Equation (4.84) is the partition function for the so called
polymer packing problem of n, chains, each having (N+1)
segments, on a lattice of size N!'”, The calculation of the
mean field entropy and its correction is equivalent to the
cluster expansion of equation (4.84). This expansion may be

derived by writing

Z . .
(P, Er +fm = 21+ ol (8-l 8Dy
{) 1+B o z;;o

(4.85)
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If we define Y™ by

£(q,) -
y" = ; _(_zqg_ejd..(!: ., (4.86)
"0

which is the factor associated with a bond (Appendix C), then

(4.84) may be reexpressed

n N
1 3 z
f s ¥ [ 1o £ (a-87)
anp! ..... m=1 a=1 1

Notice that Y ™ depends explicitly on the position of the two
segments forming the a-bond on the m® chain, hence Y ™
represents the correction arising from the correlation of the
monomer positions. The leading contribution to the partition
function comes from the unity. Since it does not depend on the
connectivity index a and the site location, it will yield the

mean field result
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n, N
1 3 z
VA = <
e MF Z"Pnp! 2 nlanr N
(4.88)

1 Z.\n

= ( ) "N
2"n,! E N,

The restricted sum will give N/! /[N-(N+1)n,]!, hence the mean
field result in equation (4.45) is recovered. Expanding the
product in Y ™ corresponds to a bond-cluster expansion; a term
linear in Y™ is a correction due to one bond, a term with two
Y ™'s is required for two-bond correlation, etc. The diagram-
matic rules follow immediately as shown in Appendix C.

The cluster expansion becomes more complicated as the
number of bonds increases. In general, for example see
equations (4.67,73-75), the partition function may be expanded

as

znp=znp_,,,[1+§;y,,o,,] (4.89)

where the summation is over the number of bonds B involved in
the diagram, vy, is the number of ways of selecting a
particular bond diagram from n, chains of (N+1) segments.
Since a chain may have branches, vy, depends on the chain
architecture. D, is a product of a combinatorial factor «
which accounts for the number of distinct arrangements, and a

diagrammatic factor d; (see Appendix C). a is given by
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@« = S[N,(N;-1) .... (N;-n,+1)] "} (4.90)

where s indicates the symmetry factor arising from identical

diagrams, and

dy = EfB.CRB,c (4.91)
[=4

In equation (4.91) c is the counting index. f, 1is a factor
coming from the contraction of the original diagram into

diagram Ry, because of §[(m)é[(m)])...86(m],
P
fo o =[] (-1)™7 (m-1) (4.92)
a=1

For example, consider two-non-consecutive-bond diagram in
Fig. 4.4b. Since there are two bonds, B=2. There are two
possible diagrams for the placement of two bonds; on a single
chain which yields y;=n,(N-1)(N-2), and on different chains
with 'y,=np(nv-1)N2. The factor a in both cases is given by
1/2(N,...(N=-3)]'. £z  corresponds to the coefficients of
Kronecker-§ in equation (C.14). In the thermodynamic limit
only R,, survives, which corresponds to the second diagram of
Appendix E. This diagram comes from the 6§{2]6[2] terms, hence
£,, = (-1)'*'((2-1)!)%. There are two possible ways to obtain R;,

from Fig. 4.4b. With this value of R,, one obtains
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(y, +7,] D, = LopN"1) (N-2) ¢, (n,-1) W] | 20y

1 -
2N,;...(N,;-3) [ z 283]

(4.93)

The calculation of the entropy follows from egn. (4.89),

S, * k1032, 4p* ¥y

(V]I

<5_jy,o,,)2+-§-(zy,o,)3
B B
(4.94)

The expansion of the logarithmic terms in the previous

equation is equivalent to a cumulant expansion. Examples of

the effect of the expansion on the bond diagram can be seen in
Fig. 4.5.

CIID-3000-CID0-(]
(3 DEF 2 ()
Cid- 710 - 0D O

Figure 4.5. Examples of a cumulant expansion.
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In figure 4.5 diagrams on the right side inside the
parenthesis correspond to higher order terms in the expansion
(4.94), and the indices ¢ on the left side stand for the
cumulant. Working with the cumulant simplifies the calculation
and also eliminates higher powers of N,. The entropy is
proportional to N, as expected for an extensive quantity. To
obtain the entropy of mixing we subtract from Egn. (4.94) the

entropy of the pure systenm.

Asmix = 5, - Y o8,

ASmix = Sn, - stt (4.95)
1

where the entropy of the pure species i, S, is S%(¢1=1)
Diagram set I in Appendix H is required to calculate the
equation of state up to O(z?). After some calculations, one
may obtain the cumulant values for a monodisperse solution, as
shown in Appendix G. All the calculations of the cumulant were
performed in the thermodynamic 1limit (N~©) such that the
segment density ¢=[n,(N+1)]/N, is fixed. In the monodisperse
case, the pressure can be obtained from AS™. Writing AS™ =

NAs™, and using ¢=N,/N, (N, is the number of segments), then

II = a mix
= = 5—;[AQAS ]
(4.96)

=(1—¢%)Asmix
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where we assume that the volume of the lattice cell is unity.
The compressibility factor of linear chains with M = N+1,

defined as W = nM/ (¢k,T), is

Wiin = -%!log (1-¢) - (M-1)

_o{_M 3N2-6N+1,

+

z(N+1) z2(N+1)

_ g2 (20N 24N
3z%2(N+1)?

-4 { 6N!

__.zz(N+1)3} +0(z™3)

(4.97)

which was obtained by Bawendi and Freed®™. The compress-

ibility factor for monodisperse solutions is in good agreement

with simulation results in two and three dimensions/?'4),

For chains with branched structure, such as shown in

figure 4.6.,
Structure 1 Structure 2

Figure 4.6. Chains with branch-structure.
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the partition function is

np | N 2z b N z
Z, = 2,,1 YINII X sz zra+BDII I X 8¢zm zno+Brny)
pnp! co..omellas1 ga_y @=1 pe2 B2 -1

(4.98)

where b denotes the number of branches and ¥, . indicates the
position of the dangling site of branch w eminating from the
back-bone site ¥,®. Using the definition of Y™, Eqn. (4.86)

and

Y.:",u - %; f(é)eid.(i:-?:.) (4.99)
0

the partition function can be recast into similar form as for

linear chains.

n, N
Z, = 1 E]’][Il[uyg”’]wz: (4.100)

np!Z""... m=1

where Y™ = {Y ™, Y ™}. The analysis and diagrammatic rules
follow similarly as in linear chains®!. However, we have to
include diagrams F, O, P, and Q of Appendix H to account for
the monomer structures. The compressibility factor for the

first branched structure is




Wyranch-1 = _gIOQ (1-¢) - (M-1)

25
Z2M-29M+2
_p( M1, 4 5}
zM z:M

-2 {(M-1)232M+68
¢ ( i }

—¢={"—‘£1,L‘} + 0(z)

For the second branched structure, it is given by

Wbtanch—z = _%!109 (1'¢) -(M-1)

_¢(M-L)2 10M-52M446
zM z:M

A2 (M-1)2 -44M+92
\a ) 3z:M° }

-2 (ML L o2

zM
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(4.101)

(4.102)

The first two terms are equivalent to the result for linear

chains. It corresponds to Flory's mean field approximation

where segment correlations and chain structure are neglected

and, therefore, do not affect the equation of state. Our

simulation results for branch polymers are presented in the

next chapter.
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4.2.4. The Equation of State of Polydisperse Chains with

Uniform Distribution.

Real polymer fluids are almost never realized in strictly
monodisperse form. Monte Carlo simulations and theoretical
model should therefore be used to learn the effect of
polydispersity. In this section, we apply Freed's polymer
packing model to obtain the equation of state in a regular
lattice. The effect of polydispersity on conformational
properties was studied by Ohta and Oono™ in the framework of
conformational renormalization group; the simulation results
are presented in the next chapter.

In the polymer-packing model, the partition function is
almost the same as for monodisperse chains. The only
modification is the requirement to include species indices;
the diagrammatic rules remain the same. Little complication
arises when we consider diagrams with non-consecutive bonds,
since they may reside on different species. The partition

function has the following form

k
(N,-Y nM)!
1+ t=1

k= Zp,k;bﬂ’ Nl!

n

’

35 YD SIEPREND SRS S N
() v

v.a.m {r.a,.m)>iv, al, al}

(4.103)
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where the index 7 indicates the species, and M, is the number
of segments in species r. Our calculation is in agreement with
the result of J. Dudowicz and K. F. Freed'®'®, Here we also
present the result for uniformly distributed linear chains.

The correction to the mixing entropy per site is

Ag;;éx,co:r k k k
_——N_—- = E ¢u¢vAp, v + E ¢u¢v¢tBu,v,t’ E ¢“¢V¢!¢1CM.V,', A
1 B,v=1 p.v, =1 BV, T, A1

(4.104)

where k is the number of species,

A = N, pIN(1,v) 4N, p)N(2,v) 6N(1,p)N(L,V)
z z? Z2

2N(1,p)N(3,v)  N(2,p)N(2,v) _ 2N(1,p)N(1,2;v)
z? z? z?

2N(1,p)N(1,VvIN(2,V)M,
zZ

(4.105)

Byu. = %N(I,M)N(l,v)N(l,t)*%N(I,M)N(I,V)N(l,l;t)

- %N(l,u)N(l,V)N(l,t)zM,
Z (4.106)
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and

C

pvd = S N(LB)N(L, V)N, ) N(1, ) (4.107)
V4

In the previous equations we use the following notation: N
is the number of ways to place an i consecutive bonds on a
chain of species u, N, is the number of ways to place two
bond-sequences, one with i consecutive bonds and the other
with Jj consecutive bonds, on a chain of species u (see
Appendix F for monodisperse chains). Let us define N(i;u) =
N.,/M, , N(i,j;u) = sN, /M, , with s=(2 - § ) /2. In this section
we are interested in a distribution in which the chain
densities for k species ranging from N to N+k-1 are equal, ¢,
= ¢,/M,. We call this a uniform distribution, then the

correction to the osmotic pressure is

Al ad d
2 3
k., T = -¢c E MquAu.v-2¢C E MquM*Bﬂ.v,'
B B.ve=1 B,v, =1
. (4.108)
4
- 3¢c E MvaMrMACu,v,t,A
Bov,t,A=1
For 1linear chain, after a straightforward but 1long

calculation, equation (4.108) becomes
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AL _ 2| k? 2. k2 3
KT = - ¢¢ 4—2(2N+k-1) +;3(1+z(2N+k—1) (2N+k-5)}
s k2 v 2 _
+ o2 (2N+k~1)2(20N+10k-34)
1222

4| 3k¢
- ¢ -B—ZZ(ZN*k-l)‘} (4.109)

where N is the number of bonds in the shortest chain. Note
that the chain-length average N = (2N+k-1)/2. The osmotic

pressure, then is given by n = o™ + Am

e

k k
= Y (1-M]-1og(1-Y ¢,) (4.110)
k,T &y P>

and the compressibility factor follows accordingly, W, = mn/¢..

4.3. The Equation of State of Non-Athermal Monodisperse Linear

Chains.

Consider the chain configuration in figure (4.1), with a
nearest-neighbor effective interaction between monomers € (in

units of kg;T). The total energy is given by
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z
exp ( eiP) = (1+) 8(i,j+B) £) (4.111)
j,jgcl\ i,l]es 2:1

where f = e'-1 and S is the set of lattice sites occupied by
monomers. <ij> denotes a pair of nearest neighbor sites and
§(i,3+48) = J(ﬁ,fﬁiﬂ). The partition function in the presence

of interaction is

n, N z

Z III1 XY 5‘1u1m*0.)exp( el

n, 12“"( -} mel =1 gy €S

(4.112)

The product in equation (4.111) can be expanded as (Mayer

expansion)

S[l*rézb(i,jﬂi)f] = 1+é§;6(i,j+ﬂ)f

. (4.113)

+ ¥ Y (i, jepr8(df 5 4p) £2e. ..
B.B/=1 (I>F)eli’> ")}

Terms with 6(i,j+B)f are represented by solid lines (see
Appendix H) to distinguish them from the correlating-bond
diagrams. The diagrammatic expansion of the partition
function, therefore, includes both correlating bonds and

interaction lines. For each interaction line one has
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z
. f -i1g.r,-2) £(g)
£Y 8(i,5+B) = ZL ¥y e rp £g) (4.114)
E NI; 4

In equation (4.114) the summation is with respect to all
momentum values, in contrast to the correlating-bond diagrams
where the summation is restricted to non-zero momenta. Also we
have an additional factor N;! from the definition of the
Kronecker-§ function. Following Dudowics!'"™, one can always
separate the d=0 and d#0 components of (4.114) so that the

product in equation (4.111) can be reexpressed as

oy .
e,.};:,' - [1 s Lz, Lz -i2.7,-7) £(F) ]
1,4es N, NS z (4.115)
= [1+_ (1+ 12 ¥ o-id@-?) £(),
13)§s N1+ fvz] 0 z

1

Since the first factor does not depend on the coordinates, the

product over i,j yields

; <1 a(ng-l)
el Jes = [1 + L& ] 2

x II (1+ fz . e i3 (7P f(zg*) ]
iﬁ;s N, [1+== N ] o

(4.116)
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The free energy is

F_ _ Lz
k,T 2 ¥
- log|_2 ﬁl‘-'[ 2y @) At
n,12% () mi el N ;2 z

-]

fz £(B) _-iB. (-2,

x {1+ e 7}

N YPREIP 2 ]
1

(4.117)

Equation (4.117) indicates that the calculation of the
interaction lines follows a similar pattern as that for the
correlating bond except that for each interaction line we have
to include a factor fz/(N,). When we take d=0=p, the second
term together with the 1lowest order in € of first term
correspond to the mean-field result in non-athermal systems.
If we retain @ # 0 and p = 0, the right side corresponds to
the correction due to correlating-bonds as obtained in the
athermal case. Terms with § = 0 and P # 0 are related to the
extended mean field approximation of Bawendi and Freed®,
where all energy diagrams are taken onto account disregarding
segment correlations. Terms with §#0#pP correspond to energetic

corrections to the mean-field value, with correlation bonds

also included. The free energy can be written as

= -N,LZ¢7 - 1092z, p-10g{1+Y vy ,0,,) (4.118)
kyT 2 » 51 ’
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where 9,, is a factor depends on the chain architecture and Dy,
is a factor which comes from the contracted diagrams of B
bonds and 1 interaction lines. By considering equation (4.117)
and the comments that follow it, the calculation of diagrams
with B bonds and 1 interaction 1lines is similar to the
diagrams with (B+l) correlating bonds with the end result
multiplied by (fz/N)'. We may also encounter diagrams
involving loops, since the interaction lines might connect
sites linked by a sequence of bonds. These loop diagrams are
never present in the ordinary correlating bond diagrams,
however, the rule of contraction remains valid and all the
procedures follow similarly. +v,, requires explanation. It
comes from the choice of placing B bonds on n, chains, the
number of ways extracting sites involved in the interaction
exclusive of the ones in the bonds, and the number of ways to
construct the interaction 1lines. In the first diagram of

figure (4.7), with N, = Mn, is the number of segments,

A ()

W
W

| (00 ()



157

X

x N-5
N,n N, (n,-1) ( , ) (4)

.
Vd
0—--%

Figure 4.7. Examples of diagrams with interaction
lines.

3 2
ways of the last two sites and three ways to link sites on

There are (AQ) ways to pick the first three sites, (N?_3)

each grouping. The factor N,nN,(n,-1) associated with the last

diagram corresponds to the number of ways of selecting the

N.-5
2

ways of selecting two cross vertices from the rest of the

correlating bonds out of n, chains, ( ) is the number of
segments, multiplied by four to construct interaction lines.
The calculation of the free energy up to O(e¢%,z) for energy
diagrams involving no correlating bonds, O(e¢,z!') for diagrams
with correlating bonds and a single interaction line, and to
0(€?,2% for diagrams with correlating bonds and two
interaction lines, can be found in Dudowicz et. all'®, For
convenience we include the diagram sets in Appendix H and the
result of calculation in Appendix G. Our calculation for a

monodisperse system for the free energy of mixing yields
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Apx 1 (AFT + AFTT +AFTIT 4+ TASMX) (4.119)
N,k,T Nk,T

where AS™ is the athermal result,

-(1-¢)1log(1-9¢)

Asmix __ &
kN, M

+

z z? z? z?

(4% - &) {N(1)}2 4N(1)N(2) _ 6N(1)N(L) _ 2N(1)N(3)

N(Z)N(Z)__ZN(l)N(l,Z) . 2N(1)N(1)N(2)
z? z? z?

+

($3 - 9?) 8 (N(1) 1+ L (N1 12N, 1) -2 (N(1))}'M
| 322 z* z?

4 _ g3 :EL N(1)}¢
+ (¢ ¢)h22{ (1)} (4.120)

AF' comes from diagram set 1II,

AFT

= €24(1-¢) - EZpr(1-¢)2- CZ¢2(1-¢)2 (1 -24)°
Nk T 2010 - SEeT -0 - THer(1-9)7 (1-26)

C &2 (14121 -6h(1-¢) (362 -3 +2) ]
48 (4.121)

AF! and AF" come from diagram sets III and IV respectively,
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A FII
N,k,T

=-eN(1)$p(1-¢)2 + § (¢ (1-¢)2{2N(2) +N(3) +3N(1)

+N(1,2) -N(1)N(2)M} - 2¢2(1-¢)?{2N(1)N(1)

+2N(1)N(1,1) -NQINQ)INQQIM - $*(1-¢)2{4aN(1)3})

(4.122)
and
AFIII 82 2 2 2 )
= ~-—N(1 1- 1-~-2 - e‘N(2 1-
NK,T > (1) ( ¢)( ¢) e’N(2)¢( %)
2
- eN(1)2¢2(1-¢)3(1-3¢) + %Nm?m(l-m‘
-e2N(1,1)0(1-¢)*
(4.123)
For linear chains with M = (N+1), equations (4.119 - 123)
yield the compressibility factor
7
W;,(e) = W, (athermal) +Ea1¢i (4.124)
1=1
with the coefficients of ¢' :
2 . . 2
z M 2 M

Melz _ Melz Me'‘z
4 12 48

(4.125a)
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- 3 _ -
a, = £ T18M+62M 4BMI8 ooy 1) , 2 L1IM -29M+12
z M2 M
+ Me2z + Mez + —125Me‘z
(4.125b)
. €30M°-96M*+90M-24 . ~33M*+78M-36
a3 = -; m e ]
- %Mezz - —%}Me’z - %-GS-MC‘Z
(4.125¢)
- 3 _ 2 -
a, = -16€(M-1)° | ; -38M+82M40 | 4pes, 4 gpets
ZM? M (4.125d)
2 _ 2
a; = S15e7(M-1)° | Spyedz - 2petz
M 3 2 (4.125e)
a, = 9Me'z
(4.125f)
a_] = —EMG‘Z
8 (4.125q)

In the next chapter we present simulation results for non-
athermal chains over wide range of densities to test the

accuracy of equation (4.124).



V. MONTE CARLO SIMULATIONS AND RESULTS.

With the advance of mathematical tools, the properties of
polymer solutions and melts have become the focus of renewed
attention. Application of functional integration®®!, scaling

s!®!4! the conformation space renormalization group!®-*,

theorie
and various lattice models™'® have revived interest in
scaling behavior and the equation of state of polymer chains.
Some of these analytical techniques have been discussed in
previous chapters. However, understanding of the equation of
state for polymer solutions and melts is not complete unless
it is confirmed by experiments.

The earliest polymer equations of state are of the well-
known Flory and Flory-Huggins lattice mean field theories!*',
The latter theory is a correction to the Flory mean field
approximation. Both approximations and their extension to the
nonathermal system had been discussed in Chapter 1IV. Although
the Flory-Huggins theory is quite accurate at high densities,
it overestimates the pressure in the dilute regime. The Flory
and Flory-Huggins theories ignore important correlation
effects associated with chain structure. The discrepancy
between the predictions and experimental and simulation
results grows with increasing chain length. Bawendi, Freed and
others®™'®! improved the predictions for the equation of state

of polymer chains by using the complex n-vector model defined

on a regular lattice. Their lattice model was an extension of

l61
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the original n-vector model of de Gennes'*" supplemented with
an extra parameter required to control the chain length!, 1t
was shown that Freed's n-vector model was equivalent to a
model of packing polymers on a regular lattice!'”, Systematic
corrections to Flory-Huggins theory can then be derived, and
segment-segment interactions can be introduced, which is not
feasible in the original n-vector model. The detailed
discussion of the Freed's lattice model was presented in
Chapter 1IV. The Bawendi Freed correction for simple linear
chains provides better agreement with Monte Carlo simulations
in two and three dimensions!?'4,

In recent years, the progress of computer hardware and
Monte Carlo simulations has had a significant impact on

polymer physics!P21¥I,

Computer simulation yields much useful
information since the parameters in the model systems are
known explicitly and can be fine-tuned easily. In contrast,
theoretical models are generally not exactly solvable and
physical parameters are arbitrarily defined. Any discrepancy
with experimental results might be caused by the model itself,
by the choice of parameters or perhaps by the mathematical
approximation. All theoretical predictions and simulation
results have to be confirmed by experiments. However, the
experiments are often hampered by impurities, and some
guantities cannot be measured directly. These problems render

model building more difficult. Computer simulations represent

a bridge between model building (theory) and experiments. The
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information provided by computer simulations is often designed
to determine the accuracy of approximation and the physical
parameters involved in theoretical calculations.

Monte Carlo simulation is an efficient way to test mean-
field and scaling theories of chain molecules. The initial
Monte Carlo studies of the equation of state were by
Bellemans, Okamoto and co-workers!''! yho determined the
pressure via the test-chain insertion method. Ottinger and
Khalatur et al.!!’!'® tested scaling theory predictions for the
partition function and osmotic pressure in simulations
employing the scanning method of Meirovitch!''*!., These methods,
however, are restricted to low densities and short chain
lengths. To circumvent these difficulties, Dickman devised a
new method, in which the pressure is related to the segment
density in a repulsive layer adjacent to a hard wall'?’. The
repulsive-wall method permits determination of the osmotic
pressure over wide range of densities (up to ¢ = 0.9), even
for long chains. In this chapter, I report my main original
contributions in the study of polymer conformational
properties. The emphasis of the study is on the chain-segment-
density profile near a wall and the equation of state of
polymer chains in three dimensional lattice models.

In the next section, we describe the basics of Monte
Carlo simulation. It is followed, in section 5.2, by a
description of the polymer models and Monte Carlo algorithms

employed in our study. Section 5.3 discusses the simulation
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procedures; this is followed by results of various studies in
section 5.4. All data and graphics are presented in sections

5.5 and 5.6, respectively.
5.1. Monte Carlo Simulations: A Simplistic View.

Consider a chain configuration described in Fig. 5.1 (see
section 5.6). Let this configuration be called ¥, and assume
that at time t it has the probability P(X,t). The probability

P(X,t) satisfies the Markovian master equation!*!®!

dP(X,t) _ _ 7.7\ pr % F 3 ol
=g ; w(X-X) P(X, t) +; w(xX'-X) P(X',t) (5.1)

where W(X~X') is the transition probability from configuration
X to X'. In the limit t - o, and assuming there is no problem
with ergodicity, P(X,t) will relax toward equilibrium. P(X%,t)
is then replaced by its steady-state solution Pq(i), which

satisfies

Py (X) W(X-X') = w(X'-X) P, (X) (5.2)

If the configuration ¥ has a total energy E(X) at temperature

T, the probability is
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e KT (5.3)

where Z is the partition function, and k; is Boltzmann's
constant.

Monte Carlo simulation in equilibrium statistical
mechanics was devised to approximate the sampling of the

probability distribution P In practice, the set of

a*
configurations (¥, X, X, ..., X, Q@ » 1} is generated
consecutively. Using Egs. (5.2) and (5.3), the new
configuration 2 is obtained from the old configuration XJ

according to

exp [-8E/ (kyT) ] if 8E>O
We, %, = Wya,5 = { (5.4)
1 otherwise
where 6E = E(iﬁ - E(iﬂ). Equation (5.4) requires an

explanation. If W, is zero, the old configuration is retained

J
and counted once more in the configurational set, and the
procedure is repeated. If W, is unity, the new configuration

is accepted and counted, and the procedure is iterated. If O

< W

b1; < 1, a random number O < r < 1 is generated and W, is

compared with r. If it 1is greater than r, the new

configuration is accepted and counted, otherwise it is
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rejected and the old configuration is retained and counted,
and the iteration is resumed. This simulation process is known
as the Metropolis algorithm!™,

Suppose we are interested to measure a quantity A(i) (for
example: the radius of gyration). Statistical mechanics

provides the procedure to obtain the average value
A> = %fdxm(x’) g B2/ k) (5.5)

The evaluation of (5.5) 1is performed over the whole
configurational space, which is of course not available in the
simulation process. Instead of using the complete
configurational space, one obtains a sample of M,
configurations. If all configurations are equally likely to
appear in the sample, and the average in Eqgn. (5.5) is

replaced by

N,

?: A(X)) exp[-E(X))/ (kgT)]
- I

M,

; exp [-E(X,)/(kgT))

1

A (5.6)

This method of averaging is random sampling!'’l. For each
configuration i“ we compute A(ﬁn and the corresponding weight
factor P(X) = exp[-E(X)/(ksT)]). The average of A(X) is

calculated using eqn. (5.6). However, the random sampling is
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not efficient if the density of states g(E) favors high values
of E. The randomly sampled contribution from the low E portion
will be underrepresented resulting in poor statistics. Another
method 1is called importance sampling method, i.e., the
Metropolis!'" algorithm mentioned above. This method replaces

equation (5.2) with

M

- 1 -
A= F}:A(xl) (5.7)

s I=1

The average of A(X) is now given by the mean over the samples,
since each —configuration occurs with its canonical
probability.

In the simulation process, the averaging of A(X) is
performed after the system has already relaxed and at interval
At > N, where N is the total number of monomers in the system.
Therefore, if Q is the number of Monte Carlo iterations, M, =
Q/At. For relaxation criteria, one may investigate the
polymer properties in the system. For example: the value of
A(X) should be steady; segment density and bond-orientation,
in the absence of external potential or stiffness, should be

uniformly distributed (see section 5.3).
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5.2. Polymer Models and Monte Carlo Algorithms.

S.2.1. The Lattice Model.

In our simulation we employed a cubic lattice, in which
each site may be occupied by a chain segment or by a solvent
molecule (a void). To emulate the excluded volume effect,
double occupancy is prohibitted. Figure 5.1 shows linear
chains in a square lattice. € is the effective interaction,
and ¢ is the bond-length, which is equal to a unit lattice
distance. In the non-athermal system, the interaction energy
is of the nearest-neighbor type. Note that the bond-length in
the lattice model might correspond to the real bond-length of
a short polymer, it might also represent the effective bond-

length of a long polymer.

5.2.2. The Iteration Techniques.

In our simulations, we mainly employed two different
techniques to realize the Monte Carlo iterations of equation
(5.4). One 1is the reptation or slithering snake-like
motion!'"”!® the other is an internal move (a variant of the
kink-jump motion!'™?22l) = as shown in Fig. 5.2.

Starting from an arbitrary configuration, a chain is
selected at random and one of the chain-ends, randomly

selected, is allowed to move one step subject to condition
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(5.4). In the athermal case SE is equal 0 or «» corresponding
to a movement to a vacant or an occupied site, so W = 1 or 0.
This condition reflects the excluded volume constraint: a move
is successful if the target site is unoccupied. In the non-
athermal case, in addition to the excluded volume contraints,
§E is governed by the change in the total energy of the chain
configuration, so0o that the move is accepted with the
probabilty p=min(1,exp[-8§E/(ksT)]). If the move is successful,
the rest of the segments slither along the chain contour. The
reptation algorithm proves very efficient when applied to
polymers with branched-structures. This algoritm, however, is
not strictly ergodic”’. In branched polymers, in which there
are b dangling sites emanating from a backbone segment, a
chain is allowed to reptate if in the neighborhood of the
chain end there are at least (b+1) vacant sites. The locked-in
configurations, where all nearest-neighbor sites of the chain
ends are occupied, are inaccessible from other configurations
via reptation. We adopt the usual assumption that the number
of such configurations in three dimensions is very small, and
does not give significant contribution.

In addition to reptation, we also employed internal moves
algorithm in our simulations. One third to one half of the
attempted moves in our simulations were of this kind. The
exception was the simulations of polymers with branched-
structure, for which internal moves were inefficient, so only

reptation was employed. The internal move is a simplified
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kink-jump motion. In such moves, a segment i ( i#¥1 or N ), at

position X,, and such that ¥X,,, ¥, and X,, are not colinear, is

reflected about the line joining X,, and X,,. In the non-
athermal system, non-overlapping trial configurations were
accepted with probability P=min(1,exp(-Ane/k,T)) where An=n,n,
is the difference between the final and initial numbers of
nearest neighbor occupied sites. €/kyT is the monomer-monomer
interaction parameter. As in the reptation technique, this
algorithm also suffers from non-ergodicity by neglecting the
locked-in configurations. A method had been devised to
overcome this problem by allowing the bond-length to vary.

This method was used primarily in simulations of the so-called

fluctuating-bond model!%!73.141,

5.2.3. Determination of Insertion Probability and The Osmotic

Pressure.

Oour studies focused on the equation of state at various
densities, segment density profiles as a function of distance
from the wall, and other conformational properties like the
end-to-end distance. To obtain the equation of state at low
densities, we employed the test-chain insertion technique,
while at high densities we used the more efficient repulsive-

wall method!?,
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A. The Test-Chain Insertion Method!'¥,

In our simulations, the test-chain and the main
configuration evolve independently, via the Metropolis
algorithm rule described above. Assuming X is the test chain
configuration, the insertion probability is estimated from the
success rate of placing X in the main configuration. In the
nonathermal case, we have to take the monomer-monomer
interaction into consideration (see Section 4.1). After
getting the insertion probability at various densities, the
osmotic pressure may be obtained from equation (4.24).

The test-chain insertion method, when applied to a non-
athermal system, can be used to obtain the §-temperature.
Consider a dilute solution (¢ < ¢°, where ¢  is the overlap

density). The pressure takes the form

H':Q +A¢2+ .
Mo (5.8)

where A, is the second virial coefficient, and M is the number
of segments in a chain. The osmotic pressure is also given by
Egqn. (4.24). For ¢ near zero, one can assume a linear relation
between log p(¢) and log (1-¢). Expanding log(1-¢) to O(¢) and

equating Eqn. (4.24) with (5.8), one can find
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- 1 log P
A = on log (1-¢) (5.9)

The f-temperature, by definition, is the temperature at which
the second virial coefficient vanishes®™. Equation (5.9)
vanishes provided p(¢) is identically egqual to unity. 1In
simulations of non-athermal systems, the insertion factors
p(¢) may be taken at different temperature, and f-temperature
is obtained by interpolating p(¢) = 1 on the resulting graph.

Monte Carlo simulations employing test-chain insertion
are limited to low density and short chains. The insertion
probability for a chain of length M at density ¢ is roughly
proportional to (1 - ¢)™, so succesful insertions become rare
events for 1long chains and/or high densities. Dickman,
extending his work on off-lattice simulations, invented an
efficient technique (repulsive-wall method) in which one may

obtain the osmotic pressure directly®,
B. The Repulsive-Wall Method?,

Consider a d-dimensional cubic lattice, of length L in
d-1 dimensions, and of length H in the remaing direction, with
which we associate the coordinate x. There is an infinite
repulsive potential at x = 0 and x = H + 1; in the other
directions, periodic boundary conditions are assumed. If

Z(n,,M,L,H) denotes the partition function for a system of n,
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M-mer chains on the lattice, then

1 SBUR, ... Ry )
Z(np,M,L,H) = Tl— 2 e 4

P 21""'"""";

(5.10)

where the segment coordinates #%,, i,,...iuw, are restricted to
the lattice, and the potential U incorporates restrictions
which define the chain structure and include the excluded
volume constraint and other segment-segment interactions. In

the continuous space model, one may obtain the pressure from

o . 0 = 7-ldn O
I avlog Z(n,M,L,H) =L 35 log Z(n,, M, L, H)

(5.11)

The analogous expression for the lattice model is

o =LY [log z(n,, M, L,H) -logZ(n, M, L,H-1)] (5.12)

Now modify the model by associating with each occupied
site in the plane x = H the Bolzmann factor A = e*' (0<A<1),
which may be viewed as a repulsive potential in the vicinity

of the wall. The partition function becomes
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Z(np,M,L,H,A) - _}_ z e"U(ix ..... lep)lN(m (5.13)

where N(H) is the number of occupied sites in the plane at
x=H. Clearly, Z(n,,M,L,H,A\=1)=Z(n,M,L,H), and Z(n,,M,L,H,\=0)

= 2(n,M,L,H-1). Using equations (5.10) and (5.11) we may

write
(dlog z r dA
¢ = -td1) [O10g 2 = [&8A 5.14
oI =L [ 292 dx [ = Py (A) (5.14)
where p,(A) is the site occupation fraction at x = H. The

pressure is determined by performing simulations at several
values of A, and evaluating the right hand side of equation
(5.11) numerically. This method was applied in the studies of
two- and three-dimensional athermal chains and was found in
excellent agreement with the test-chain insertion results?,

When applied to longer chains, this procedure has several
inconvenient aspects. Associated with the incremental
variation of A is the need for interpolation of p,(A), and for
the relaxation following each change in A. There is, moreover,
a slight increase in bulk density (the site occupation
fraction far from the wall) as A is reduced. To circumvent
this problem, the parameter A may be varied spatially rather

than temporally!“. The parameter A\ is now varied along either
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wall (i.e., at x=1 and x=H). We partitioned each wall into
five slabs and assigned different value of A for each slab.
For x = 1, A varied incrementally from 0.1 to 0.5, and at x =
H, A = 0.6 - 1.0. The osmotic pressure in (5.12) is now

approximated by

5
oy [Ralm p,_,,(m)) 5.15
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where p,.,(m) and p,.,(m) is the segment density at x=1 and x=H,

respectively, over the portion of the wall with A=m/10.
5.3. Simulation Procedures.

The model studied in the simulations consists of lattice
chains, i.e., collections of self and mutually avoiding random
walks on a simple cubic lattice (see Fig. 5.1 in section 5.6).
The system is characterized by the number of monomers per
chain M, the number of chains n,, and the number of lattice
sites N,. For a strictly linear chain, M is equal to the number
of backbone segments n,. In the model of polymers with
branched-structure, one or two branches emanate from the back-
bone segment except the end segments (figure 4.6). The
internal unit, therefore, occupies two or three sites. In the

athermal case, there is no additional interaction except the
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self-avoiding constraint. In the nonathermal model, only
nearest neighbor interactions were considered.

To test for relaxation, we imposed several criteria.
First, the simulation cell was partitioned into several slabs
(6 - 10 slabs depending on the size of simulation cell),
oriented ©parallel to the walls. The center-of-mass
distribution over the slabs, chain orientations, the
mean-square end-to-end distance, and the distribution of
segments over the simulation cell were monitored in the
simulations. To ensure relaxation, we tested: 1) isotropy of
bond orientations, 2) steady values of the mean square
end-to-end distance, 3) steady values of the segment density
near the wall, and 4) uniformity of the center-of-mass
distribution over the inner slabs. Secondly, we also
investigated whether the measured quantity (for example: the
insertion probability and the osmotic pressure) had already
settled to a steady value.

In each series of simulations, an ordered initial
configuration was generated at the highest density, and
allowed to relax, prior to any data-taking. To obtain
statistically independent data, we followed the criteria of
Ref. 135; data were collected every p Monte Carlo steps, where
p 2 1 and one Monte Carlo step is equal to the number of
segments in the lattice. Statistically independent data could
also be gauged from the average center-of-mass displacement.

One expects successive runs and samplings to be essentially
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uncorrelated if the mean-square center-of-mass displacement AR
equals the effective chain diameter D, = 2S (S is the root-
mean-square radius-of-gyration). To save computer time, after
previous samplings were completed, chains were removed to
achieve progressively lower densities and were allowed to

relax. The sampling process was then repeated.

5.3.1. Athermal Lattice Chains in Three Dimensions.

In the test-chain insertion technique, the configuration
space was sampled via the reptation method. The evolution of
the test-chain is also governed by reptation, independent of
the multichain configuration. In the M = 5, 10, and 20 chain-
insertion simulations, a cubic cell of size L=20 was employed,
while for M=40 we used L=50. A simulation for M=20 and ¢=0.5,
but with L=30, yielded an insertion probability identical with
the L=20 result, to within an uncertainty of less than 1%,
thereby ruling out finite size effects. Relaxation required
1-3X10% trial moves for M=5 in the low density regime (¢=0.1),
and 7.5-10X10" trial moves for M=20 at moderate density
(¢=0.5) . To estimate p(n,M,N), 10-25 insertion attempts were
performed per configuration. Estimates for the insertion
probability were derived from averages over seven runs, with
the number of configurations per run ranging from 0.5X10° at

the lowest density to 3X10° at the highest density. The
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simulation results for the insertion probability are displayed
in Table I.

The repulsive wall method was employed to obtain the
segment densities adjacent to the wall, p,(A), for A=0.1, 0.3,
0.5, 0.7, and 0.9. A cell of length L=40 and H=50 was used.
The site occupancy fraction at x=1, where there is no
repulsive potential, furnishes p,(A=1). The osmotic pressure
is obtained via equation (5.14). The configuration space was
sampled via reptation and internal moves. Nonoverlapping trial
configurations were accepted with the probability P=min
(1,A\*™)  where AN(H) is the change in the number of occupied
sites at x=H.

After a relaxation period of 3-10 X 10’ trial moves,
estimates for p,(A) and the associated uncertainty were
determined from the average and variance over 5-8 runs, each
consisting of 1.5-3 X 10’ configurations. The bulk density ¢,
was estimated by averaging over the columns at distance 10 or
greater from the walls. The test-chain insertion and the
repulsive-wall method yield pressures which agree to within
0.5 % for M = 20 and ¢ = 0.5. Excellent agreement between the
two methods was also found in low-density simulations of
40-mers. Table II summarizes the simulation results for the
compressibility factor 2z = n'/¢, (where ¢, is the chain

density) as a function of bulk density.



179

5.3.2. Athermal Lattice Chains: A Polydisperse Systenm.

In real experiments, it is difficult to prepare mono-
disperse solutions, so it is useful to examine the effects of
polydispersity in simulations. In the present study, we are
particularly interested in the effects of polydispersity on
the equation of state, and therefore wish to avoid any change
in length distribution as the density is varied. Note that
there are alternative methods where the length distribution is
not controlled (see Mansfield!”” and Madden'').

The simulations employed the repulsive-wall method only.
The hard wall was placed perpendicular to the x direction, and
periodic boundaries were used in the y and 2z directions. The
simulation cell was a cube with 50 sites to a side. In one
series of simulations, the chain length distribution was
uniform on the range M=30 to M=50; the other series was of a
bimodal distribution - equal numbers of 10 and 70-mers. The
degree of polydispersity can be gauged by the ratio u=
<M>?/<M?>; here u = 0.98 and 0.84 for the uniform and bimodal
distributions, respectively. In addition, we simulated bimodal
systems with extreme disparities of chain 1lengths: equal
numbers of dimers and 78-mers (4 = 0.526), and single-monomers
and 79-mers (4 = 0.513), at a density of about 0.3. Even for
the largest chain lengths employed, the cell length is four
times the root mean-square end-to-end distance, so that

finite-size effects should not be significant.
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Typical relaxation periods consisted of 1-3x10'® trial
moves. Estimates for the segment density at the wall p,(A),
and the associated uncertainty were determined from the mean
and standard deviation over 8-14 runs, each consisting 2-8x10’
configurations. This choice was based on the statistical
indepehdence of the quantities computed over successive runs.
At a density ¢ = 0.85 in the bimodal distribution, we found
the mean-square CM displacement AR = 6.46, while the effective
chain diameter 2S = 6.63; in the simulation of the uniform
chain-length distribution, at density 0.8, we found AR = 5.8
and 2S = 6.5, while at density 0.75 AR = 7.60 and 2S = 6.53.
(The AR values are for runs of 7xld’steps.) Thus, even at the
highest densities, the mean-square CM displacement is
comparable to the chain diameter, so that we can trust the
uncertainty estimates, which are the standard deviations of
the mean, calculated over a sample of 8 - 14 runs. At worst,
the uncertainty in the pressure is about 3%, with most of the

results obtained to a precision of 2% or better.

5.3.3. Nonathermal Lattice chains.

In simulations of non-athermal lattice chains, the test-
chain insertion and the repulsive-wall method were employed.
At low densities and at large value of 7 = exp(-€/kgT) (low
temperature), the test-chain insertion method is very

efficient. We used this method to obtain the osmotic pressure
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of 40-mer solutions at low densities (¢ < 0.06) for 5 = 1.20,
1.291 and 1.40. The test-chain insertion method was also used
to determine the f#-temperature, n,=exp(1l/(ksf)], for various
chain-lengths (M = 20 - 150).

In the test-chain insertion method, the configuration
space and the test-chain evolved independently via reptation
and internal moves. Insertions were performed every 1-16 Monte
Carlo iterations, where the higher figure corresponds to
insertion attempts in a system of short chains at low density.
For M=30, 50, 60, 70, and 80, a lattice of size 55x55x84 was
employed. For M=20 and 40, we used lattice cells of size
30x30x56 and 40x40x100, respectively. Long chains required
larger cell size: the insertion studies of 100-mer chains
required a cubic lattice of L = 65, while simulations for
M=150 were performed in a lattice of L=85. For every chain
length, the cell size was larger than four times the size of
a polymer-coil at the lowest density and the highest
temperature, so the finite size effect should not be
significant. Relaxation required 3-4.5x10’ trial moves for
M<80, and 6x10’ for M=100 and 150. Estimates for the insertion
factors were obtained from averages over 10-15 runs, with the
number of configurations 1-3x10° per run. For each chain-
length M, the test-insertion factor P(M,¢,n) was obtained from
at least five different densities, and at each density this

factor was sampled at more than seven different values of
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temperature (7). The values of (-temperature obtained via
insertion method are presented in Table V.

To study the conformational properties and the equation
of state, we employed the repulsive-wall method in simulations
of non-athermal chains with length M=20, 40, and 80. In these
simulations, we spatially varied the parameter A to gain
efficiency. The chain configurations evolved via reptation and
internal moves. If the non-overlapping condition was not
violated, new configurations were accepted with probability p
= min(1,n%®), where AB is the change in the number of bonds
linking nearest-neighbor sites. Chains were allowed to move to
the sites adjacent to the wall with probability P, = min
(1,730 /\,AN®) | where A, and AN(1) are the value of parameter
A and the change in the number of occupied site at the wall
due to the chain-end moves, while A, and AN(2) are the
corresponding values due to the movement of the other chain-
end. The osmotic pressure was determined via Eqn. (5.15).
Chain configurations were generated at the highest density and
were allowed to relax. The criteria listed in section (5.2)
were used to gauge whether the system had relaxed. For M=80,
it required 5x10' steps, while for M=20 the relaxation period
was 3x10* trial moves.

Simulations of 20-mer chains were performed using the
repulsive-wall method at 5 = 1.20, », = 1.281, and 5 = 1.35.
A lattice of size 30x30x56 was employed. For M=40, cells of

different sizes were used. At 7=1.20, a lattice of size
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50x50x50 was used for densities, ¢, higher than 0.100. 1In
these simulations, the repulsive-wall method was employed. At
lower densities, the test-chain insertion method was used in
a lattice of 40x40x100. At the #-temperature, 7, = 1.291, the
lattice cell was 40x40x75, and the repulsive-wall method was
used to obtain the osmotic pressure at ¢>0.01. At densities
0.0150 and lower, the test-chain insertion technique was used
and the lattice size was 40x40x100. Below the @#-temperature
(n=1.400), we applied test-chain insertion method for ¢ <
0.006 on a lattice of 40x40x100, and the repulsive-wall method
for ¢ 2 0.2723 on a lattice of 50x50x70. To test the finite
size effect, we also employed the repulsive-wall method on a
lattice of 40x40x100 at densities ¢ = 0.4875, 0.2810, and
0.012-0.2186. The result was negative. The simulations of 80-
mer chains at the 0-temperature, 7, = 1.296, employed the
repulsive-wall method on a lattice of size 55x55x84.

In the repulsive-wall method, the osmotic pressure,
segment distribution, and the RMS end-to-end distance, and
their uncertainties were determined from the average and
variance over 8-15 runs, each run consisting of 3-8x10’
configurations. At lower densities, the test-chain insertion
methods were employed and run at least 12 times. Each run
consists of 1-3x10° configurations. The bulk densities, ¢,
were estimated by averaging over the columns at distance x

from the wall, where x > 5, 8, and 10 for M = 20, 40, and 80,
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respectively. Table VI summarizes the simulation results for
compressibility factor and the RMS end-to-end distance as a

function of bulk density.
5.3.4. Athermal Lattice Chains: Branched-Polymers.

Ih this section, we describe the simulation procedures
of branched-polymers. Two types of branched structure were
studied; the first type involved one dangling monomer
emanating from every backbone segment, the other was a chain
with two branches attached to every backbone monomer (see Fig.
4.6). |

The repulsive wall and the test-chain insertion methods
were employed to obtain the osmotic pressure via Egs. (4.24)
and (5.15). For the first structure, Nzg=11 and 21 were
studied, where N, is the number of backbone segments.
Therefore, the number of monomers M is equal to 20 and 40
respectively. The second structure involved N, = 8 and 15
giving M = 20 and 41. The relaxation criteria of section 5.2
were employed during simulations. To obtain statistically
independent data, samples were taken at an interval AN, such
that the average chain displacement is larger than the chain
size. For N, = 8, we used a lattice of size 30x30x56.
Relaxation required 2-3x10® iterations, the osmotic pressure
and its uncertainties were determined from the average and

variance of 9-15 runs, each consisting of 2-5x10’
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configurations. Chains with N,=15 were simulated on a lattice
of 40x40x70. It required 3x10' Monte Carlo trial moves before
the system was relaxed. The osmotic pressure and other
conformational properties were sampled from 10-14 runs. Each
run has 2-5x10’ configurations. For the first structure,
chains with Ny, = 11 and 21 were simulated on a lattice of size
30x30x56 and 40x40x70 respectively. Simulations were performed
in 10-14 runs, each run generating 2-5x10’ configurations.
Statistics were performed after relaxation of 3x10® Monte
Carlo trial moves. In all cases we found that the lattice cell
is on the average five times larger than the average size of
a single chain, so the finite size effect is expected to be
insignificant. The results of simulations are presented in

Tables VII and VIII.

5.4. Results of Various Studies.

In this section, we present the results of our
simulations. Scaling properties and the equation of state are
analyzed and compared with theoretical predictions discussed
in the previous chapters. The effects of dispersity and chain
structure are studied. We also study other conformational
properties, such as the mean-square end-to-end distance and

density profile near a wall.
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$5.4.1. Athermal Lattice Chains in Three Dimensions: A

Monodisperse System™,

A. Equation of State and Scaling Exponents.

In figure (5.3) we plot the result of Monte Carlo
simulations obtained with the chain insertion method. The
graph shows -M' log p as a function of -log (1-¢). Also
plotted are the predictions of the Flory approximation (Eqn.
4.3) and the Flory-Huggins approximation (Eqn. 4.12). The
Bawendi-Freed approximation for the chain insertion can be
obtained from Eqn. (4.18) and the method discussed in section

4.2.3. Up to order z?, the insertion probability is™

Mllog Py, = log (1 -¢) + -‘?(i’;{—l)z

+

% [3(M-1)*-8(M-1)%-4(M-1) +1]
z
- -%%;- [5(M-1)% - (M-1) -6 (M-1)?]

z

B M1\, gz
+ = =1 + z7?)
22( M) (5.18)

where 2z is the cordination number of the lattice (z = 6 for

simple cubic lattice). Of the three predictions, we find that
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the Bawendi-Freed theory is the most accurate. For M = 20 all
of the predictions underestimate p(¢,M), but the BF prediction
remains the most accurate one.

We turn now to the compressibilty factor 2. The Flory,
Flory-Huggins, and Bawendi-Freed predictions are respectively
given by equations (4.28), (4.29), and (4.97). These
predictions, and our simulation results, are compared in Table
IT and, for M = 20 and 40, in Figs. 5.4. For M = 5 and 10 the
FH and BF predictions lie quite close to the simulation data,
and their accuracy is best judged from Table II. For M = 20,
the BF (solid line) and FH (dashed line) theories show an
excellent agreement with simulations, except in the dilute and
semi-dilute regimes. For M = 40, the overestimate of the
compress ibility factor in the low-density regime is more
prominent. In both cases, however, the discrepancy is
significantly smaller for the BF theory. The BF and FH
predictions are virtually identical at high densities, where
they match the simulation data very closely. Figure 5.4 also
illustrates the excellent agreement between chain-insertion
and repulsive-wall simulations, as may be judged (for M=20) by
comparison of the circles and squares, and (for M=40) by
comparison of the diamonds and the open circles.

In Fig. 5.5 the scaling behavior of the compressibility
factor is analyzed. The scaling theory of des Cloizeaux
predicts that the pressure of the semidilute polymer solution

in the long-chain limit has the scaling form (see Chapter II‘,
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O = ¢r(d/¢") (5.19)

where ¢ is the overlap concentration and f(x) « x'®! (see
equations (2.73) and (2.74) for more accurate formulation).
Note that in the semidilute regime, the segment density ¢ is
restricted by ¢°'<<¢<<1l, where ¢ = M'¥*. In three dimensions,
using the Flory exponent » = 3/5, one then has ¢" = M*’, and
f(x) o« x in the semidilute regime. Figure 5.5 may be
interpreted as showing a preliminary indication of scaling. On
the other hand, the range of power-law behavior seems rather
limited, extending from ¢ = 0.17 to ¢ = 0.42 for M = 40.

The results of the present study should be compared with
those of Khalatur et al''"l. for off-lattice chains composed of
M = 40 hard spheres. The continuous space model in their
simulations appears to exhibit a more rapid (with chain
length) approach to asymptotic power-law behavior. Their work
employed the scanning method!'¥, and is therefore limited to
low density regime (¢/¢ = 2 - 20). The high density regime is
not accessible.

Another work that yielded definitive evidence for scaling

was that of Ottinger!'®!, who introduced the quantity

y /
G(y) =f————2(yy3'1dy’ (5.20)
4]
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Z is the compressibility factor and the scaling variable vy,

defined (in our notation) as

y = (M—1)"[£2&-—11 (5.21)

is essentially a measure of ¢/¢’. One expects G o« y'® " in the
semidilute regime. Ottinger's!'' simulations of simple cubic
lattice chains with M = 60 and 80 show convincing power-law
behavior, yielding v = 0.579 * 0.001, as compared with the RG
estimate v = 0.588 + 0.001, and the data of Khalatur et al.!"
v = 0.565 * 0,002. In Fig. 5.6 we plot log G vs. log y, as
computed from our pressure data for M = 20 and 40. In contrast
to Fig. 5.5, here we see definitive evidence of scaling. The
straight line drawn through the M = 40 points corresponds to
v = 0.576. Thus, a plot of compressibility factor, such as
Fig. 5.5, provides a more sensitive test of the des Cloiseaux
law than does the plot of the quantity G where the ideal gas
contribution (~ 1/n,) is removed, eliminating a finite-size
effect. The latter analysis does, however, yield useful
estimates of the exponent.

In dilute solutions (¢ < ¢°) the pressure takes the form
of equation (2.11). Scaling“*”’ and renormalization group
analyses!® predict that the second virial coefficient A, scales
with chain length M such that M*¥A, is constant. The second

virial coefficient 1is readily extracted from the chain-
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insertion data (see eqn. (5.10)). Our estimates for the second
virial coefficient are presented in Table III, where they are
compared with the previous Monte Carlo results of Bellemans
and Janssens!”), There is excellent agreement except for M =
40, where our value exceeds the earlier estimate by about 6%.

It is also evident that M**A, is approximately constant.

B. Mean-Square End-to-End Distance.

Another scaling theory prediction is that the mean-square
end-to-end distance decreses with density (for ¢>¢’) according
to equation (2.47). Evidence of such scaling behavior has been
analyzed by Bishop et. al.!", for a variety of chain lengths.
In figure 5.7 we plot log[<R>>/M] vs log ¢. Using the Flory
exponent v = 3/5, one expects the data to approach a straight
line of slope -1/4, while v = 0.588 implies a slope of -0.23.
The data suggest an approach to power-law behavior, but
clearly do not provide a strong confirmation of equation
(2.47) at this chain length. We also examined the dependence
of <R?> on the location of chains relative to the wall. In the
simulations of chains with M = 40 we gathered statistics on
<R»> with center of mass in each of the ten bins (with bin j
extending from x = 5j-4 to 5j) parallel to the walls. Chains
with the center of mass in the bin adjacent to the wall have
a mean-square length about 10% less than the bulk value. Their

dimensions in the directions parallel to the walls have to



191
swell to compensate the decrease in the other direction. Other

wise, <R does not vary significantly from bin to bin.

C. The Ratio of The Osmotic Pressure and Wall-Contact Density.

Another interesting guantity is the relation between the
wall wall-contact density p,(1) and the pressure. The ratio B
= puy(1)/n° was found to decrease monotonically, in conflict
with a conjecture"” that the ratio would be constant (similar
behavior is also observed in two dimensions). Fig. 5.8
indicates that B approaches a constant value in the
zero-density limit, and is otherwise a decreasing function of
pressure. The (rather limited) data for M = 20 suggest that B
is essentially independent of M. The semilogarithmic plot
(inset) shows two forms of limiting behavior: constant B at
low pressure, and B = a - b 1n n (with b = 0.875) at higher

pressures.

5.4.2. Athermal Lattice Chains: A Polydisperse System.

A. The Equation of State of Polydisperse Chains.

Table IV summarizes our results for the polydisperse

case. Figure 5.9 shows the compressibility factor W = <M>n’/¢

as a function of density. For uniform chain distribution, the

compressibility factor in Eqn. (4.28) is replaced by
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z,=1—7:—llog(1-$) + §) (5.20)

where ¢, is the total chain density and ¢ is the total segment
density. The Flory-Huggins approximation in Eqgn. (4.29)

becomes

Zoy = Zp + 2; [109{1-%($°¢C)} + %(6-%)] (5.21)

Note that Flory and Flory-Huggins theories predict that poly-
dispersity has no influence on the equation of state, i.e.,
the pressure depends only on the average chain length. The
compressibility factor for a polydisperse system with a
uniform chain distribution as predicted by Bawendi and Freed
is given by equation (4.110). Comparison with our simulation
results indicates that the FH and BF are in excellent
agreement with simulation, except in the dilute and semidilute
regimes, where both approximations overestimate the pressure.
The discrepancy is significantly smaller for the BF theory.
Figure 5.9 also illustrates dramatically the insignificance of
dispersity regarding the compressibility factor. Even in the
extreme cases of dimers and 78-mers, or monomers and 79-mers,
there is no significant change in the compressibility factor

due to polydispersity.
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B. Mean-Square End-to-End Distance versus Polydispersity.

We also study the distribution-sensitive quantity
proposed by Ohta and Oono™ - the dependence of <R>/<R%»>,_,
upon h(¢)=(2-1) /A,¢, where <R?> is the mean square end-to-end
distance and A, is the second virial coefficient. A renormal-
ization group calculation predicts that systems with a greater
degree of dispersity (i.e., smaller u), exhibit a larger ratio
of <R»>/<R’>,, for a given h(¢). Though Ohta and Oono's
calculation is for Edwards' continuum model, we ¢try to
investigate this subtle behavior with our lattice simulations
for the density range ¢=0.08-0.8. This density range includes
the semidilute regime, defined by the condition ¢'<€p<€l where
¢  is the overlap treshold. Since ¢’xM*’ in three dimensions,
for <M>=40 we obtain ¢’x0.05. Our system realizes semidilute
conditions for 0.1<¢<0.4; in this range, the behavior of the
pressure is consistent with the des Cloizeaux scaling law. Our
results for the relation between Y=<R’>»/<R’>»,,0 and h(¢) are
presented in Fig. 5.10. Although we obtain encouraging results
for the uniform distribution (u=0.98), the results for the
bimodal distribution (u=0.84) appear to contradict Ohta and
Oono's prediction (i.e., Y is smaller than for the mono-
disperse system). It is not possible to draw a definite
conclusion from the present results, however. In particular,
we note that <R?>> has only a weak dependence on density, in

chains of only 10 segments. Studies on longer chains and over
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wide range of dispersity will be needed to explore the
scaling.

As in the monodisperse case, it is of interest to examine
*he behavior of the wall-contact density, p,(1) as a function
of pressure. In monodisperse systems the ratio p,(1)/n’
decreases monotonically. As is seen from Fig. 5.11, the

polydisperse systems exhibit precisely the same behavior.
5.4.3. NONATHERMAL LATTICE CHAINS.
A. Determination of f#-temperature.

The chain insertion method was employed to estimate the
second virial coefficient A, in equation (5.9). The results
for the insertion factors at various densities (¢<0.02) and
temperatures (n=1/K,T) are shown in Figs. 5.12a-e. In these
graphs, 7 ranges from 1.200 to 1.400, and P(¢,7n) 1is the
corresponding insertion factor. Note that all curves intersect
almost at the same point. The temperature at which P(¢,n)=1 is
defined as the §@-temperature, since the second virial
coefficient vanishes. The average over results at various
densities ¢ of n at the f#-point, <p,(M)>, depends on the chain
length and are presented in Table V. Our simulation results
are in good agreement with the previous studies!'7:!3.141171 - 1pn
Fig. 5.13, we plot <u,(M)> vs 1/M to obtain the #-temparature

in the limit M—». This yields 75,(®©)=1.301(2), which is within
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the range of the previous estimates!'”'”! (see Table V). Note
that in the M—+» limit, the f-temperature should converge with
the collapse temperature T[!'7'71™  1n our simulations, we use
<n,(M)> to study the equation of state and other conform-

ational properties at the f-temperature for M=20, 40, and 80.

B. The Equation of State of Nonathermal Chains.

The bulk density, the compressibility factor, and the
mean-square end-to-end distance are presented in Table VI. In
this table, we also provide the predictions of Flory (F),
Flory-Huggins(FH), Bawendi-Freed(BF), and Dudowicz et. al.
(DFM). In the BF approximation (also called the extended mean-
field approximation), the bond correlation was used to
determine the entropic correction only and did not play any
role in the enthalpic calculation®™. The DFM approximation is
employed in Ref. 103 to obtain the mixing energy. In their
approach, the correlating bonds were considered to calculate
the entropic and enthalpic parts. Our simulations indicate
that the DFM approximation gives the best prediction. In Figs.
5.14a-g, we plot the compressibility factor vs. density (for
clarity, each figure corresponds to a certain value of chain
length M and ).

To see the effect of temperature, we present the
compressibility factor for M=20 at various 7 in the same

picture (Fig. 5.15a). The simulation results are compared with
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the most accurate prediction of DFM. 5 = 1.00 corresponds to
an athermal system. At the lowest temperature (n=1.350) and
small densities, the slope of compressibility factor is
negative, and it is almost flat at the f#-temperature. The same
results are observed for M=40 (Fig. 5.15b). Note that the
finite size effect has no significant role in our system as
can be seen from Table VI or Figs. 5.15b and 5.14f. For
example, at density ¢ = 0.2723 a system with lattice size of
50x50x70 yields almost the same value of the compressibility
factor as a system of 40x40x100 at ¢ = 0.2810. (See section
5.3 for further details).

Figure 5.16 describes the equation of state at the §-
temperature for polymer solutions with different chain-
lengths. The results are compared with the predictions of the
Flory-Huggins approximation and Dudowicz et.al.!®!, rThe
simulation results sit rather nicely on curves depicting the
DFM predictions.

Following Ottinger!"® and Dickman!, we plot the excess
pressure over an ideal gas, 7'-¢/N, vs ¢ on a logarithmic
scale. N here is the chain length, which is equal to M for a
linear chain. Figure 5.17a describes the excess pressure for
N=40 at various temperature, and Fig. 5.17b is the correspond-
ing graph for N = 20, 40, and 80 at the f-temperature. At the
f-temperature and low densities, the MC results lie on a
straight line which has a slope of 3 corresponding to the

exponent of density in the third term of the virial expansion.
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C. Mean-Square End-to-End Distance.

<R’>/M is plotted vs density on a logarithmic scale in
Figures 5.18a and 5.18b, corresponding to chains of length M
= 20 and 40, respectively. In Fig. 5.18c, we compare <R»>/M
for various chain lengths at the #-temperature. Note that
above the f-temperature, the chain dimension contracts as the
density increases. At the f-temperature, we observe that the
chain dimension increases as the density increases, and
reaches a maximum value at ¢, ~ 0.35 before contracting. These
phenomena were observed for all chain 1lengths, and also
noticed in two dimensions!'"”. The swelling of the chain is
prominent below the f#-point. It may indicate that at or below
the f#-temperature and at densities about ¢,, the attractive
interchain interactions outweigh the intrachain interactions
as well as the excluded volume. Above ¢,, however, the
excluded volume effects play more significant role, thus the

chains contract again.

D. Wall-Contact Density vs Pressure.

As in our analysis of the athermal systems, we also plot
the ratio of the wall contact density to the osmotic pressure,
B=p,(1)/n°, vs the osmotic pressure. Figure 5.19a shows this
ratio for M=20 at n = 1.200, 1.281, and 1.350. Figure 5.19b

corresponds to M=20,40, and 80 at the f-temperature. de Gennes
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assumes proportionality between the osmotic pressure and
segment density at the layer adjacent to the wall®”, which is

indicated in our results for n° < 0.10.
5.4.4. ATHERMAL CHAINS WITH MULTISITE MONOMERS
A. The Equation of State of Polymers with Branched Structures.

The bulk density and compressibility factor are presented
in Table VII. Predictions of Flory, Flory-Huggins, and Freed's
lattice models are also given. In Freed's model, correction
due to bond correlation was given to the lowest order of
branch-structure (see Appendix H). In Fig. 5.20a, we plot the
compressibility factor (Z) vs the density (¢) for chains of
structure 1 and 2 with M=20. The graph indicates that Freed's
correction is almost insignificant compared to FH mean-field
approximation. It also shows considerable discrepancy between
MC results and theoretical predictions. This discrepancy is
also noticed for polymers with longer chain length (M=40), see
Fig. 5.20b. To see the effect of the excessive pressure, we
plot log(n'-¢/M) vs log(¢) in Fig. 5.21. The lower osmotic
pressure might indicate stiffness present in corresponding
branch-polymer models. To check the accuracy of these models,
it is necessary to perform simulations with longer chains and
with different algorithms, or by incorporating higher order

corrections in Freed's lattice model.
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B. Mean-Square End-to-End Distance and Radius of Gyration.

Figure 5.22 summarizes our MC results indicating the
chain dimension as a function of density. The top symbols
correspond to the mean-square end-to-end distance. Similar
figures in the lower part of the picture are the radius of
gyration. From this picture, it is obvious that the chain
dimension remains constant as the density varies. It may
indicate that chains with structure are stiff, so that, in
contrast to strictly linear chains, the presence of other
chains does not significantly affect their configurations.
Since our simulations are limited to short chains, further

studies involving longer chains are required.

5.4.5. SEGMENT AND CHAIN DENSITY DISTRIBUTION.

We turn now to some aspects of the polymer-wall
interaction. One interesting question is the behavior of the
segment density p(x), as a function of distance from the wall.
Scaling arguments suggest that the density is reduced from its
bulk value ¢, in a region of width ¢, where the mesh-size { «
¢s*. de Gennes"! has also predicted the power law behavior of
p(x) « x' in the vicinity of the wall. In Fig. 5.23 we plot

3/4

the normalized density n(x) = p(x)/¢s Vs ¢z 'x, for M = 40

athermal chains at 12 values of bulk density. The scaling of
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n(x) is confirmed rather nicely, although the present data do
not provide clear evidence of the predicted power law.

As in the monodisperse case, it is also interesting to
examine the behavior of the segment-density p(x) as a function
of distance from the wall. In Fig. 5.24 the normalized density
profile n(x) = p(x)/¢, is plotted versus x¢,*, which shows
that both monodisperse and polydisperse solutions follow the
predicted scaling behavior that n(x) — 1 for x¢z* » 1. Note
however that Fig. 5.24 shows only the aggregate behavior of
n(x) in the polydisperse samples.

For nonathermal chains, there is no evidence of scaling
behavior when the normalized density profile was plotted vs
¢ 'x. Following Dickman'”™, we plot n(x) vs y=x/x,,, where x,,
is the point at which the density attains one half of its bulk
value (see Table IX). The results for M=20 and 40 at various
temperature are presented in Figs. 5.25a and 5.25b,
respectively. Fig 5.25c is the picture for M=20, 40, and 80 at
the 6#-temperature. In all those pictures, density profiles
fall nicely into the same curve. The dependence of n(x) on
temperature and densities in the nonathermal case is still not
obvious

Now we turn to a system of branched polymers with the
structures depicted in Fig. (4.6). In Fig. 5.26, we plot the
normalized density profile vs x(¢z/b)*. b is the number of
occupied sites per repeat unit. For structure 1, b = 2, since

the repeat unit consists of the backbone monomer and one
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dangling site. And b = 3 for structure 2. The purpose of
dividing ¢, by b is the assumption that the mesh-size { is
proportional to ¢, where ¢ is the density of the repeat
units. In Fig. 5.26, the normalized densities of structure 1
and 2 collapse into a single curve. Our simulation results are
for ¢ > 0.3. It would be very interesting to study whether
the same behavior is observed at lower densities.

Following Shih et.al!" (gee also chapter III), the
density profile may be described by an expression of the form
n(x) = 1-exp{-(x/{)™}, where m = 1/v. In Figure 5.27a, we plot
-log (1-n(x)) vs x using the log-log plot for the athermal
chains of M=20, 40, and 80. Note that all simuiation results
lie on straight lines (indicated by the dashed lines) with a
common slope m=1/y¢, with »=3/5. The most interesting case is
when we plot -log(l-n(x)) vs y for the nonathermal chains.
Figure 5.27b indicates that all data collapse into a single
line, even when we plot the athermal chains. As in the
previous analysis, the relation between the mesh-size ¢ and x,,
(or ¢ and ¢;) in the nonathermal systems is not obvious. This
observation is of interest to further studies.

We also gathered statistics on the number of chains with
center of mass in each of ten bins. The behavior of f (i), the
fraction of chains with center of mass in bin i, is shown in
Fig. 5.28 At low density (¢ = 0.0552), there is the expected
depletion of the bin adjacent to the wall, as well as a

surprising enhancement of the c.m. fraction in the bin but one
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removed from the wall. At higher densities there is a slight
enhancement of the c.m. fraction in the bin adjacent to the
wall. This curious tendency for chain centers of mass to
accumulate near a wall has also been noticed by Madden in
simulations of polydisperse systems (N,=100) of athermal
chains.!'™

In polydisperse case, we observed that the density of
segments belonging to shorter chains is enhanced near the
wall, as indicated in Fig. 5.29. This reflects the lowver
penalty in entropy associated with placing short chains near
the wall. This behavior is also confirmed when we plot of
Nga())=NaNpu/Ny., versus j (Fig. 5.30), where ng (j) is the
number of chains with center of mass in bin j, N, is the
number of bins (equal to 10), and N_, is the number of chains
with the same length. For the shorter chains the distribution
is peaked in the bin adjacent to the wall, while the CM
density for the longer chains is maximum in the bin but one
from the wall, and is strongly reduced in the bin closest to
the wall.

The distribution of CM fraction over bins parallel to the
wall at the f-temperature is presented in Figures 5.31a-c. At
high densities, chains almost evenly distributed. At lower
densities, the number of chains located in bins next to the
walls is slightly reduced. These phenomena are noticed also in
the athermal systems. The effect of temperature on CM dis-

tribution is described in Fig. 5.32a-c. At lower temperature,



203
chains tend to aggregate in the middle of the vessel,
especially at low densities (Fig. 5.32c). It may indicate that
interchain interactions play significant influence on the
distribution. In higher-density systems, the excluded volume
effect may compensate interchain interactions, and polymers
are distributed more evenly. Note that at higher temperature,

we observed the same phenomena as in athermal case.



5.5. Results of Monte Carlo Simulations.

Table I. Test-chain insertion probability p(¢). M = number of
segments per chain, ¢ = fraction of occupied sites. Figures in
the second to the forth columns corespond to -(1/M) log p(¢)
of Freed, Freed-Huggins, and Bawendi-Freed theories, while the
last column indicates the results of Monte Carlo simulations.
In the simulations, a cubic lattice of size L = 20 is used.

Also included is the result for M = 20, ¢ = .5, and L = 30 .

(e ] F FH BF Monte Carlo

M =35

0.005 0.0053 0.0042 0.0039 0.00374 t 0.00002
0.010 0.0104 0.0082 0.0076 0.00749 * 0.00003
0.015 0.0154 0.0121 0.0113 0.01125 + 0.00003
0.020 0.0205 0.0162 0.0151 0.01500 * 0.00002
0.025 0.0256 0.0202 0.0189 0.01884 + 0.00002
0.030 0.0308 0.0243 0.0227 0.02261 + 0.00006
0.035 0.0359 0.0284 0.0266 0.02669 + 0.00004
0.040 0.0411 0.0325 0.0305 0.03043 + 0.00005
0.045 0.0464 0.0366 0.0344 0.03445 + 0.00005
0.050 0.0516 0.0408 0.0383 0.03844 t 0.00002
0.10 0.1057 0.0840 0.0796 0.07972 + 0.00003
0.15 0.1629 0.1302 0.1244 0.12461 * 0.00024
0.20 0.2235 0.1796 0.1729 0.1728 ¢+ 0.0003

204
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(table I continued)

0.30 0.3571 0.2903 0.2829 0.2823 t 0.0003
0.40 0.5113 0.4210 0.4138 0.4135 t 0.0005
0.50 0.6937 0.5792 0.5727 0.5729 t 0.0006
0.60 0.9170 0.7775 0.7718 0.7694 £ 0.0018
0.70 1.2050 1.0396 1.0342 1.0348 ¢t 0.0024
0.875 2.0818 1.8692 1.8617 1.8702 ¢t 0.0031
M =10

0.005 0.0056 0.0041 0.0035 0.00306 * 0.00002
0.010 0.0107 0.0078 0.0067 0.00614 *+ 0.00001
0.015 0.0157 0.0115 0.0099 0.00925 t 0.00002
0.020 0.0208 0.0152 0.0132 0.01249 * 0.00004
0.025 0.0259 0.0190 0.0164 0.01559 + 0.00002
0.030 0.0311 0.0228 0.0197 0.01887 t 0.00007
0.035 0.0362 0.0266 0.0231 0.02228 t+ 0.00004
0.040 0.0414 0.0304 0.0265 0.02536 + 0.00008
0.045 0.0467 0.0343 0.0299 0.02888 t+ 0.00012
0.050 0.0519 0.0382 0.0334 0.03217 % 0.00008
0.10 0.1060 0.0784 0.0699 0.06761 * 0.00043
0.15 0.1632 0.1216 0.1101 0.1065 * 0.0004
0.20 0.2239 0.1680 0.1544 0.1496 £ 0.0004
0.30 0.3575 0.2725 0.2565 0.2502 £ 0.0004
0.40 0.5118 0.3966 0.3802 0.3714 ¢+ 0.0014
0.50 0.6943 0.5479 0.5320 0.5221 = 0.0012
0.60 0.9178 0.7390 0.7240 0.7136 % 0.0058

0.70 1.2060 0.9936 0.9789 0.9660 + 0.0038
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(table I continued)

M = 20

0.005 0.0063 0.0044 0.0036 0.00255 £ 0.00001
0.010 0.0113 0.0079 0.0064 0.00515 t 0.00002
0.015 0.0164 0.0115 0.0094 0.00775 * 0.00005
0.020 0.0215 0.0151 0.0123 0.01050 * 0.00004
0.025 0.0266 0.0187 0.0153 0.01396 * 0.00011
0.030 0.0317 0.0223 0.0183 0.0160 ¢+ 0.0001

0.035 0.0369 0.0260 0.0214 0.0187 £ 0.0001

0.040 0.0421 0.0296 0.0245 0.0215 + 0.0001

0.045 0.0474 0.0333 0.0277 0.0244 t 0.0002

0.050 0.0526 0.0371 0.0308 0.0276 % 0.0002

0.10 0.1068 0.0758 0.0647 0.0568 * 0.0006

0.15 0.1640 0.1174 0.1026 0.0942 ¢t 0.0005

0.20 0.2247 0.1621 0.1446 0.1342 ¢+ 0.0014

0.30 0.3585 0.2632 0.2426 0.2307 + 0.0012

0.40 0.5129 0.3838 0.3624 0.3452 + 0.0007

0.50 0.6957 0.5315 0.5106 0.4950 t 0.0040

M = 20, ¢ = 0.50, L = 30

0.50 0.6957 0.5315 0.5106 0.4915 % 0.0038

M = 40

0.0192 0.01939 0.01328 0.01051 0.00863 + 0.00003
0.0384 0.03916 0.02691 0.02157 0.01795 + 0.00008
0.0576 0.0593 0.0409 0.0332 0.0281 + 0.0001

0.0763 0.07937 0.05489 0.04508 0.00368 * 0.0001

0.0832 0.08687 0.06014 0.04960 0.0423 £ 0.0001
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Table II. Compressibility factor as a function of density. Z,

b4 and 2, are Flory, Flory-Huggins, and Bawendi-Freed

FH’
predictions for the compressibility factor. 2, for M = 5, 10,
20, ¢ < 0.5, and M = 40, ¢ < 0.074 were calculated from the
test-chain insertion data, wusing equation (4.29). The

remaining data were obtained using the repulsive wall method.

¢ ZF ZFN zﬂf z”C

M =S5

0.025 1.064 1.051 1.048 1.048 + 0.003
0.050 1.130 1.103 1.097 1.098 + 0.002
0.075 1.198 1.158 1.149 1.150 + 0.004
0.10 1.269 1.214 1.204 1.205 t 0.003
0.15 1.418 1.336 1.324 1.324 + 0.005
0.20 1.580 1.469 1.456 1.454 t 0.005
0.25 1.755 1.615 1.602 1.593 + 0.008
0.30 1.946 1.777 1.765 1.762 * 0.006
0.40 2.387 2.157 2.149 2.149 + 0.006
0.50 2.933 2.640 2.637 2.639 + 0.006
0.60 3.638 3.279 3.280 3.270 * 0.016
0.70 4.603 4.176 4.178 4.184 + 0.018
0.875 7.893 7.337 7.330 7.350 + 0.021
M =10

0.025 1.130 1.096 1.083 1.080 * 0.011



208

(Table II continued)

0.050 1.262 1.193 1.169 1.166 + 0.009
0.075 1.398 1.295 1.263 1.256 + 0.011
0.10 1.540 1.401 1.361 1.351 + 0.022
0.15 1.838 1.629 1.578 1.559 t 0.019
0.20 2.161 1.879 1.823 1.798 ¢+ 0.018
0.25 2.512 2.156 2.098 2.065 t 0.022
0.30 2.894 2.462 2.406 2.376 * 0.015
0.40 3.777 3.188 3.142 3.100 £ 0.027
0.50 4.871 4.118 4.087 4.042 £ 0.024
0.60 6.282 5.358 5.339 5.298 + 0.083
0.70 8.214 7.110 7.097 7.039 & 0.063
M= 20

0.025 1.267 1.188 1.155 1.135 + 0.054
0.050 1.531 1.375 1.315 1.292 + 0.046
0.075 1.804 1.570 1.488 1.446 + 0.042
0.10 2.086 1.775 1.673 1.585 t 0.064
0.15 2.685 2.215 2.085 2.016 + 0.050
0.20 3.331 2.699 2.553 2.471 * 0.083
0.25 4.033 3.234 3.083 3.024 + 0.088
0.30 4.798 3.830 3.682 3.605 *+ 0.076
0.40 6.566 5.245 5.122 4.961 *+ 0.053
0.50 8.757 7.067 6.980 6.891 % 0.135
0.51 9.005 7.278 7.193 6.917 * 0,268
0.61 11.896 g9.781 9.727 9.494 * 0.122
0.71 15.860 13.339 13.296 13.085 % 0.224
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(table II continued)

0.81 21.848 18.902 18.839 18.600 * 0.285
0.91 33.090 29.699 29.570 29.600 t 0.319
M = 40

0.056 2.16 1.80 1.66 1.51 * 0.07
0.075 2.57 2.09 1.91 1.72 £ 0.07
0.093 2.99 2.38 2.17 1.89 + 0.08
0.109 3.35 2.64 2.40 2.13 £ 0.06
0.140 4.09 3.18 2.90 2.63 * 0.08
0.176 5.00 3.84 3.53 3.11 + 0.09
0.212 5.94 4.54 4.21 - 3.84  0.09
0.262 7.38 5.62 5.28 4.79 % 0.12
0.314 8.95 6.83 6.50 6.19 £ 0.26
0.412 12.56 9.69 9.42 9.02 * 0.16
0.512 17.04 13.39 13.20 12.56 * 0.23
0.611 22.83 18.35 18.22 17.92 % 0.25
0.710 30.77 25.43 25.33 25.04 t 0.32

H+
(=]
-3
[+

0.808 42.76 36.51 36.37 36.67
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Table III. Second virial coefficient A, as a function of chain

length M. A, .. are the results of chain insertion, A, 4, are the
earlier results of Bellemans and Janssens!'%?,
MR,
M V- A, g v=3/5 ¥=0.588
5 0.373 %+ 0.002 0.372 0.515 + 0.003 0.545 * 0.003
10 0.305 * 0.002 0.306 0.483 + 0.003 0.525 * 0.003
20 0.255 * 0.001 0.253 0.464 * 0.002 0.517 * 0.002
40 0.217 * 0.001 0.205 0.454 + 0.002 0.518 * 0.002
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Table 1V. Compressibility factor Z, and mean-square end-to end
distance <R?> as a functions of bulk density ¢, from Monte
Carlo simulations of polydisperse systems with uniform (M =
30-50) and bivariate chain-length distributions. n, is the

number of chains.

ny ) Zuc <R?>
M = 30-50
2835 0.9126 * 0.0028 61.24 * 0.64 62.32 t 0.05
2667 0.8608 + 0.0029 45.67 t 0.33 62.53 * 0.21
2520 0.8149 * 0.0029 37.21 + 0.33 63.55 * 0.20
2310 0.7488 + 0.0026 28.57 t 0.27 64.27 + 0.12
2100 0.6826 * 0.0024 22.59 £ 0.20 65.51  0.13
1890 0.6161 + 0.0020 17.87 * 0.24 66.70 * 0.03
1680 0.5493 + 0.0017 14.44 * 0.17 68.02 * 0.09
1470 0.4825 *+ 0.0015 11.52 + 0.19 69.48 * 0.15
1260 0.4156 t 0.0012 9.04 * 0.21 71.13 + 0.16
1050 0.3483 + 0.0010 7.18 * 0.15 72.84 + 0.07
840 0.2808 + 0.0007 5.28 * 0.13 74.99 * 0.08
630 0.2132 * 0.0006 3.92 t 0.08 77.36 * 0.08
525 0.1791 + 0.0004 3.15 t 0.08 78.66 * 0.07
420 0.1445 + 0.0004 2.63 * 0.07 79.92 * 0.06



(table IV continued)

M=

2650

2550

2450

2350

2200

2050

1900

1700

1500

1300

1100

900

700

500

250

M=

900

10 & 70

0.8553

0.8240

0.7929

0.7613

0.7142

0.6668

0.6194

0.5559

0.4923

0.4284

0.3646

0.3007

0.2365

0.1716

0.0886

1 & 79

0.3010

I+

+

I+

I+

I+

I+

+

H+

+

I+

-+

+

I+

I+

+

0.0065
0.0065
0.0061
0.0059
0.0056
0.0050
0.0048
0.0039
0.0033
0.0028
0.0023
0.0021
0.0014
0.0010

0.0004

0.0017

0.0009

44.43

38.70

33.92

30.61

24.70

21.64

18.24

14.64

11.77

I+ I+ 4+ H I+ I+ + H H H I+

+

+ +

+

62.93
63.70
65.25
65.59
66.57
67.59
68.86
70.24
71.86
73.25
75.52
77.73
80.80
84.38

89.87

79.99

HH B #+ H+ B H H H W

H H W

I+

212
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Table V. Values of <n,(M)> as a function of the chain length.
The value at M - «© is the extrapolation result (see figure
5.13). In this table, we include the results of Monte Carlo

simulations from several authors.

M 17y (M) Other MC Results
20 1.2812(4) 1.280U71. 1, 28700
30 1.2880(6) 1.503N

40 1.2912(5) 1.29317) 1 292110
50 1.2928(8)

60 1.2942(6)

70 1.2952(7)

80 1.2958(12) 1.295U™ 1 2970140
100 1.2970(3)

150 1.2983(3)

© 1.306(2) 1.305%M 1 3090,

1.30(6) 12N
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Table VI. Compressibility factor of nonathermal linear chains

in a cubic lattice. n = exp(1/k,T). ¢ is the fraction of

occupied sites. F: the predictions of Flory theory; FH: the

predictions of Flory-Huggins theory, BF: the results of

extended-mean-field approximation calculated from Bawendi-

Freed paper

[Ref.

95];

DFM:

the results of approximation

calculated from Dudowicz-Freed-Madden paper ([(Ref. 103]

¢ F FH BF DFM MC R?

M =20, n» = 1.200

0.8262(1) 17.334 14.040 12.428 12.695 12.71(4) 29.12(3)
0.7986(2) 15.308 12.239 10.770 11.032 10.98(4) 29.34(5)
0.7708(2) 13.603 10.749 9.414 9.666 9.62(2) 29.53(5)
0.7425(2) 12.130 9.484 8.276 8.514 8.52(4) 29.66(3)
0.7144(2) 10.873 8.424 7.331 7.554 7.48(3) 29.80(4)
0.6855(2) 9.750 7.494 6.509 6.716 6.71(4) 29.92(3)
0.6570(2) 8.782 6.705 5.818 6.010 5.98(2) 30.06(3)
0.5982(3) 7.122 5.387 4.675 4.841 4.82(5) 30.28(4)
0.5393(3) 5.808 4.377 3.807 3.959 3.95(3) 30.63(3)
0.4798(3) 4.743 3.585 3.127 3.278 3.26(3) 30.73(2)
0.4186(3) 3.858 2.946 2.579 2.736 2.67(2) 30.97(2)
0.3568(2) 3.134 2.438 2.141 2.310 2.25(1) 31.18(2)
0.2935(2) 2.535 2.027 1.786 1.963 1.90(2) 31.39(2)
0.2399(2) 2.119 1.747 1.545 1.723 1.64(2) 31.49(1)



(table VI continued)

0.1839(1)
0.1277(1)
0.0707(4)

0.0355(1)

M = 20, 7
0.8311(2)
0.8042(1)
0.7772(3)
0.7494 (2)
0.7217(1)
0.6658(3)
0.6081(2)
0.5506(3)
0.4910(4)
0.4299(3)
0.3668(4)
0.3022(3)
0.2462(3)
0.1888(2)
0.1305(2)
0.0712(1)

0.03581(4)

1.760

1.466

1.227

1.105

= 1.281

15.565

13.588

11.940

10.510

9.297

7.328

5.785

4.599

3.644

2.885

2.283

1.820

1.520

1.295

1.138

1.042

1.012

1.508

1.313

1.154

1.072

12.128

10.407

9.004

7.813

6.824

5.271

4.107

3.253

2.596

2.098

1.722

1.446

1.275

1.152

1.069

l1.021

1.006

1.345

1.190

1.078

1.031

10.032

8.505

7.281

6.261

5.428

4.150

3.219

2.548

2.038

1.654

1.364

1.152

1.026

0.945

0.909

0.920

0.951

1.510

1.326

1.164

1.077

10.398

8.862

7.622

6.581

5.726

4.404

J.441

2.756

2.250

1.883

1.614

1.417

1.288

1.182

1.095

1.030

1.006

1.49(2)
1.34(1)
1.12(2)

1.07(1)

10.42(4)
8.96(5)
7.65(5)
6.68(3)
5.71(3)
4.43(3)
3.48(2)
2.81(2)
2.30(2)
1.88(1)
1.59(1)
1.37(2)
1.24(1)
1.16(1)
1.06(1)
1.05(2)

1.00(2)
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31.67(2)
31.77(2)
31.93(3)

31.91(2)

29.24(6)
29.25(4)
29.40(5)
29.51(5)
29.59(5)
29.90(4)
30.07(3)
30.20(2)
30.32(3)
30.44(2)
30.51(2)
30.51(2)
30.48(1)
30.53(1)
30.44(2)
30.29(2)

30.28(3)



(table V1 continued)

M =20, 7 = 1.350
0.8359(2) 14.207
0.8101(1) 12.289
0.7829(2) 10.621
0.7570(3) 9.289
0.7295(2) 8.089
0.6758(4) 6.223
0.6206(4) 4.783
0.5641(4) 3.668
0.5063(4) 2.804
0.4454(4) 2.124
0.3793(6) 1.594
0.3125(5) 1.229
0.2536(3) 1.023
0.1943(3) 0.906
0.1326(2) 0.865
0.0722(1) 0.892
0.0359(4) 0.937
M =40, 3 = 1.200
0.8929(2) 48.054
0.8478(4) 37.455
0.8019(3) 30.061
0.7578(1) 24.795
0.7113(2) 20.490

10.636
8.995
7.603
6.519
5.569
4.148
3.112
2.356
1.809
1.409
1.126
0.956
0.878
0.851
0.865
0.912

0.953

40.046
30.284
23.678
19.110

15.485

8.165

6.756

5.590

4.705

3.946

2.850

2.086

1.549

1.171

0.903

0.717

0.614

0.580

0.595

0.662

0.781

0.880

35.896

26.694

20.597

16.462

13.239

8.614

7.192

6.003

5.091

4.303

3.153

2.350

1.798

1.430

1.189

1.040

0.960

0.922

0.899

0.889

0.906

0.940

36.406

27.254

21.152

16.983

13.707

8.69(7)
7.18(3)
6.17(5)
5.14 (4)
4.41(3)
3.27(3)
2.47(2)
1.93(2)
1.52(2)
1.22(1)
1.07(1)
0.98(2)
0.88(1)
0.86(2)
0.89(1)

0.93(1)
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29.06(5)
29.11(5)
29.33(5)
29.40(3)
29.49(4)
29.65(3)
29.79(4)
29.88(3)
29.94(2)
29.95(3)
29.94(1)
29.82(3)
29.68(2)
29.56(3)
29.30(2)

29.11(3)

0.995(14) 28.88(4)

41.30(9)
31.93(4)
25.60(6)
17.10(4)

13.62(5)

61.36(10)
62.53(09)
62.96(17)
63.60(11)

64.18(11)



(table VI
0.6645(1)
0.6018(2)
0.5384(2)
0.4747(4)
0.4107(3)
0.3456(2)
0.2798(3)
0.2122(2)
0.1606(1)
0.1081(1)
0.0620
0.0370
0.0200
0.0150
0.0110
0.0070

0.0050

M = 40, 1y
0.8304(1)
0.7994 (1)
0.7683(1)
0.7374 (1)
0.7059(2)

0.6583(2)

continued)
17.049 12.673
13.425 9.808
10.581 7.641
8.324 5.982
6.514 4.694
5.037 3.674
3.842 2.869
2.865 2.224
2.261 1.830
1.755 1.500
1.389 1.260
1.219 1.148
1.114 1.077
1.084 1.057
1.061 1.042
1.039 1.026
1.027 1.019
= 1.291
29.500 22.470
25.048 18.632
21.433 15.597
18.464 13.168
15.925 11.145
12.797 8.734

10.777
8.303
6.451
5.038
3.940
3.067
2.377
1.832
1.514
1.268
1.115
1.056
1.026
1.018
1.013
1.008

1.005

18.023

14.658

12.056

10.019

8.358

6.425

11.192
8.661
6.778
5.363
4.284
3.439
2.767
2.212
1.854
1.534
1.285
1.163
1.085
1.063
1.046
1.029

1.021

18.820
15.430
12.784
10.694

8.977

6.969

11.17(4)
8.58(3)
6.72(2)
5.15(3)
4.10(2)
3.18(1)
2.53(2)
1.98(1)
1.66(1)
1.37(1)
1.169(1)
1.096(1)
1.055(1)
1.041(1)
1.029(1)
1.017(1)

1.010(1)

18.35(9)
15.29(7)
12.75(7)
10.58(6)

9.02(9)

7.08(5)
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64.87(7)
65.60(5)
66.26(6)
67.11(7)
67.84(5)
68.58(3)
69.26(6)
69.98(6)
70.41(5)
70.91(3)
71.11(33)
71.60(31)
71.45(28)
72.02(21)
71.83(23)
72.12(55)

72.55(28)

62.38(14)
62.84(11)
63.12(11)
63.36(10)
63.68(12)

64.18(16)



(table VI continued)
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0.6107(2) 10.313 6.895 4.988 5.478 5.49(5) 64.23(8)
0.5622(3) 8.281 5.450 3.881 4.346 4.45(4) 64.73(7)
0.5135(2) 6.634 4.327 3.033 3.499 3.50(6) 65.09(8)
0.4636(5) 5.270 3.434 2.366 2.857 2.94(4) 65.30(6)
0.4125(4) 4.147 2.731 1.841 2.373 2.42(4) 65.52(6)
0.3599(5) 3.230 2.180 1.432 2.006 2.02(4) 65.74(9)
0.3077(5) 2.517 1.772 1.132 1.734 1.60(1) 65.68(6)
0.2528(3) 1.946 1.459 0.913 1.512 1.38(3) 65.81(8)
0.1962(3) 1.518 1.237 0.779 1.327 1.29(3) 65.72(5)
0.1384(1) 1.225 1.094 0.732 1.172 1.14(2) 65.54 (4)
0.0991(1) 1.099 1.036 0.753 1.087 1.05(1) 65.27(8)
0.0597(1) 1.024 1.005 0.817 1.025 1.02(2) 65.15(7)
0.0279(4) 0.999 0.996 0.901 0.999 1.004(22) 64.97(9)
0.0119(2) 0.997 0.997 0.955 0.996 1.00(3) 64.74(10)
0.0150 0.997 0.997 0.944 0.996 1.00(1) -
0.0070 0.998 0.998 0.973 0.997 1.00(1) -
0.0050 0.998 0.999 0.980 0.998 0.999(1) -
0.0040 0.998 0.999 0.984 0.998 0.999(2) -

M =40, n = 1.400

0.8325(8) 24.442 17.180 11.672 12.737 11.05(15) 62.61(20)
0.7813(2) 17.791 11.690 7.208 8.174 6.91(15) 62.88(12)
0.7313(4) 13.196 8.109 4.473 5.307 4.38(6) 63.79(9)
0.6729(3) 9.315 5.273 2.448 3.143 2.80(3) 63.82(9)
0.6046(4) 6.112 3.115 1.022 1.627 2.10(2) 63.82(6)



(table VI continued)

0.5410(2)
0.4875(3)
0.4001(4)
0.3385(2)
0.2810(2)
0.2723(3)
0.2186(3)
0.1551(1)
0.0920(1)
0.0300(1)
0.0120(2)
0.0060

0.0050

0.0030

M = 80, ¢
0.7364(1)
0.7067(1)
0.6766(2)
0.6463(2)
0.6159(2)
0.5858(2)
0.5559(2)
0.5252(2)

0.4945(2)

4.013

2.725

1.317

0.721

0.396

0.364

0.252

0.290

0.485

0.805

0.919

0.959

0.966

0.979

= 1.296

35.298

30.532

26.406

22.835

19.736

17.068

14.752

12.671

10.853

1.830

l1.118

0.454

0.247

0.192

0.193

0.246

0.392

0.604

0.862

0.944

0.972

0.976

0.986

24.644

20.869

17.687

15.003

12.735

10.834

9.226

7.820

6.623

0.238

-0.166

-0.502

-0.569

-0.533

-0.520

-0.394

~0.146

0.220

0.710

0.880

0.939

0.949

0.969

18.183

15.112

12.573

10.472

8.726

7.283

6.077

5.033

4.150

0.845

0.495

0.294

0.303

0.356

0.366

0.426

0.500

0.607

0.821

0.921

0.959

0.966

0.979

19.586

16.405

13.764

11.575

9.761

8.274

7.049

6.008

5.149

1.38(3)
0.96(2)
0.66(2)
0.50(1)
0.46(1)
0.44(1)
0.43(1)
0.53(1)
0.64(1)
0.86(1)
0.95(1)

0.97(1)
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63.86(7)
63.26(5)
63.17(7)
62.74(4)
62.13(4)
61.57(5)
60.89(5)
59.97(6)
58.82(6)
57.23(5)

56.78(9)

0.984(2) -

0.994(2) -

19.99(23)
16.55(23)
13.78(14)
11.76(16)
10.23(14)
8.58(16)
7.22(7)
6.31(9)

5.32(9)

133.28(49)
133.99(55)
134.62(27)
134.81(58)
136.02(42)
135.64 (23)
136.66(44)
136.93(31)

137.37(17)



(table VI continued)

0.4634(2)
0.4313(2)
0.3837(3)
0.3344(3)
0.2841(3)
0.2323(4)
0.1803(2)
0.1271(2)
0.0909 (1)
0.0547(1)

0.0292(2)

9.243

7.796

5.999

4.512

3.326

2.403

1.736

1.288

1.102

1.002

0.980

5.

4

0.

0.

593

.692

.612

.757

.107

.625

.298

.093

.016

982

981

3.394

2.735

1.948

1.329

0.872

0.561

0.399

0.386

0.465

0.619

0.774

4.433

3.827

3.126

2.582

2.156

1.806

1.512

1.260

1.122

1.025

0.991

4.63(4)
4.04(8)
3.26(4)
2.53(7)
1.91(5)
1.69(7)
1.41(6)
1.30(5)
1.11(4)
1.06(5)

1.01(1)
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138.03(38)
138.59(38)
138.44(31)
138.77(28)
138.66(23)
138.47(45)
138.91(34)
138.29(31)
138.40(35)
137.03(41)

136.31(26)
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Table VII. Compressibility factor of athermal chains with
branch-structures. F: the predictions of Flory theory; FH: the
predictions of Flory-Huggins theory; NBF: the predictions
calculated from Nemirovsky-Bawendi-Freed paper [Ref. 97]); MC:
Monte Carlo simulation results. M is the number of monomer

units in a chain.

STRUCTURE 2, CHAIN LENGTH = 8, M = 20

0.0346(1) 1.354 1.249 1.113 1.25(3)
0.0650(1) 1.680 1.481 1.240 1.56(5)
0.1288(2) 2.411 2.012 1.589 1.71(5)
0.1926(3) 3.216 2.611 2.057 1.92(3)
0.2558(2) 4.100 3.286 2.648 2.35(3)
0.3177(2) 5.066 4.041 3.361 2.73(4)
0.3786(2) 6.134 4.895 4.211 3.14(4)
0.4390(1) 7.334 5.877 5.220 3.89(4)
0.4795(1) 8.235 6.628 6.006 4.24(4)
0.5192(2) 9.209 7.451 6.874 4.87(7)
0.5582(3) 10.269 8.361 7.839 5.65(5)
0.5981(1) 11.482 9.417 8.960 6.31(4)
0.6373(2) 12.827 10.606 10.221 7.34(6)
0.6764(1) 14.360 11.979 11.674 8.52(5)

0.7570(4) 18.376 15.654 15.534 12.03(13)
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(table VII continued)

STRUCTURE 1, CHAIN LENGTH = 11, M = 20

0.0264(1) 1.269 1.189 1.121 1.39(9)
0.0787(2) 1.831 1.590 1.410 1.63(4)
0.1318(3) 2.447 2.039 1.771 1.70(4)
0.1832(4) 3.092 2.518 2.190 1.90(4)
0.2354(4) 3.804 3.059 2.689 1.93(4)
0.2856(5) 4.551 3.637 3.247 2.34(3)
0.3366(4) 5.384 4.293 3.900 2.57(4)
0.3877(4) 6.305 5.033 4.651 2.91(5)
0.4372(3) 7.296 5.845 5.486 3.24(5)
0.4872(3) 8.417 6.780 6.455 3.73(4)
0.5367(2) 9.671 7.846 7.563 4.24(3)
0.5851(2) 11.071 9.058 8.822 5.07(4)
0.6339(1) 12.704 10.496 10.313 5.97(4)
0.6819(2) 14.594 12.189 12.062 7.09(3)
0.7295(2) 16.846 14.241 14.170 8.69(4)
0.8052(1) 21.630 18.697 18.715 13.74(2)
0.8334(4) 24.008 20.949 20.998 15.77(4)

S8TRUCTURE 2, CHAIN LENGTH = 15, M = 41

0.8248(1) 46.585 40.014 39.783 32.41(13)
0.7890(7) 40.851 34.629 34.201 28.67(16)
0.7763(2) 39.087 32.986 32.491 23.17(15)
0.6944(2) 29.995 24.658 23.754 15.66(22)

0.6226(2) 24.170 19.475 18.265 11.41(10)
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(table VII continued)

0.5506(1) 19.560 15.484 14.027 8.56(7)
0.4778(2) 15.751 12.279 10.646 6.42(6)
0.4039(2) 12.516 9.634 7.913 4.98(9)
0.3296(1) 9.742 7.432 5.728 3.95(6)
0.2916(3) 8.473 6.447 4.797 3.19(8)
0.2543(1) 7.309 5.558 3.992 2.83(4)
0.2155(2) 6.177 4.706 3.264 2.65(5)
0.1774(1) 5.134 3.933 2.650 2.22(4)
0.1291(1) 3.899 3.035 2.010 1.98(7)
0.0799(1) 2.731 2.202 1.507 1.72(3)
0.0321(1) 1.672 1.462 1.159 1.58(6)

STRUCTURE 1, CHAIN LENGTH = 21, M = 40

0.8286(2) 46.144 39.706 39.689 27.72(19)
0.7954 (1) 40.794 34.671 34.574 23.66(10)
0.7620(1) 36.354 30.542 30.362 20.31(10)
0.7165(2) 31.372 25.975 25.681 13.96(10)
0.6474(3) 25.407 20.619 20.155 10.01(11)
0.5779(1) 20.700 16.503 15.880 7.20(12)
0.5067(2) 16.784 13.170 12.408 6.00(9)
0.4530(2) 14.272 11.084 10.242 4.66(9)
0.3981(2) 12.009 9.245 8.346 4.00(8)
0.3432(3) 9.995 7.643 6.720 3.32(5)
0.2878(2) 8.171 6.225 5.315 2.79(6)

0.2308(2) 6.477 4.937 4.088 2.50(6)
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(table VII continued)

0.1827(2) 5.171 3.965 3.207 2.38(7)
0.1351(2) 3.973 3.091 2.465 2.19(7)
0.0840(2) 2.780 2.238 1.803 1.86(9)
0.0585(1) 2.218 1.842 1.522 1.72(4)

0.0310(1) 1.633 1.435 1.256 1.63(9)




Table VIII. The mean-square of the end-to-end distance and the radius of gyration of

athermal chains with branch-structures.

N

8’

and M are the number of backbone

segments, the number of branches emanating from a backbone segment, and the number of

monomer units in a chain, respectively. ¢ is the segment density.

=8, N=2, M =20 =11, N, = 1,

¢ R? R} @ R? R}
0.0346(1) 12.49(3) 2.503(1) 0.0264 (1) 17.55(3) 3.214(4)
0.0650(1) 12.51(2) 2.506(1) 0.0787(2) 17.57(3) 3.213(2)
0.1288(2) 12.54 (4) 2.507(1) 0.1318(3) 17.60(2) 3.215(2)
0.1926(3) 12.51(2) 2.506(1) 0.1832(4) 17.57(2) 3.212(1)
0.2558(2) 12.53(1) 2.507(1) 0.2354 (4) 17.53(1) 3.207(1)
0.3177(2) 12.50(2) 2.507(1) 0.2856(5) 17.53(1) 3.207(1)
0.3786(2) 12.46(2) 2.504 (1) 0.3366(4) 17.53(1) 3.206(1)
0.4390(1) 12.47(2) 2.505(1) 0.3877(4) 17.52(1) 3.205(1)
0.4795(1) 12.43(1) 2.503(1) 0.4372(3) 17.46(1) 3.202(1)

i 44



(table VIII continued)

0.5192(2) 12.40(1) 2.500(1) .4872(3) 17.45(1) 3.200(1)
0.5582(3) 12.38(1) 2.500(1) .5367(2) 17.40(1) 3.196(1)
0.5981(1) 12.35(1) 2.498(1) .5851(2) 17.37(1) 3.192(1)
0.6373(2) 12.31(1) 2.496(1) .6339(1) 17.26(2) 3.184(1)
0.6764 (1) 12.27(1) 2.492(1) .6819(2) 17.24(1) 3.182(1)
0.7570(4) 12.15(2) 2.486(1) .7295(2) 17.13(1) 3.172(1)

.8052(1) 17.03(1) 3.161(1)

.8334(4) 16.97(1) 3.155(1)

=21, N, =1, M = 40 N=15, N, =2, M = 41
¢ R? R} ¢ R? R}

0.8286(2) 33.37(8) 6.980(11) .7763(2) 27.21(15) 6.138(2)
0.7954 (1) 33.54(7) 6.954(5) .6944 (2) 27.68(6) 6.172(6)
0.7620(1) 33.76(9) 7.012(10) .6226(2) 27.74(4) 6.177(3)
0.7165(2) 34.45(16) 7.076(5) .5506(1) 27.73(5) 6.181(3)

9¢e



.6474(3)
.5779(1)
.5067(2)
.4530(2)
.3981(2)
.3432(3)
.2878(2)
.2308(2)
.1827(2)
.1428(2)

.0616(2)

34.

34.

34.

35.

35.

35.

35.

35.

35.

35

35.

60(6)
82(5)
92(6)
07(5)
14 (7)
25(7)
08(5)
29(3)

15(5)

.28(6)

23(12)

.108(5)
.129(5)
.134(5)
.147(5)
.147(6)
.153(6)
.133(6)
.138(5)
.129(5)
.143(4)

.128(9)

.4778(2)
.4039(2)
.3296(1)
.2916(3)
.2543(1)
.2155(2)
.1774(1)
.1646(2)
.1241(2)
.0837(1)

.0421(1)

27.

28

28.

28.

28

28.

28

28.

28.

28.

28.

96 (3)

.10(4)

08(3)

07(4)

.15(2)

14(3)

.06(5)

14 (3)
09 (4)
15(3)

12 (4)

.201(3)
.205(4)
.195(3)
.190(3)
.192(4)
.189(3)
.175(5)
.180(3)
.176(2)
.177(3)

.171(3)

Lee
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Table IX. Values of X vs density. X is the distance (in

172 172

unit lattice cell) at which the density attains one half of

the the bulk value.

M= 20 M = 40 M = 80

@ Xy/2 @ X4/2 ¢ Xy2
Athermal

0.0661 1.81 0.0742 2.31 0.0524 3.25

- - - - 0.1021 2.31

Above the f(-temperature

7 = 1.200 7 = 1.200

0.068 2.10 0.094 2.51 -
0.517 0.96 0.485 1.09 -
0.744 0.65 0.741 0.60 -

At the f-temperature

7 = 1.281 7 = 1.291 7 = 1.296

0.068 2.17 0.096 3.00 0.089 4.00
0.526 1.20 0.496 1.40 0.483 1.70
0.748 0.69 0.746 0.70 0.720 0.75

Below the (-temperature

7 = 1.350 7 = 1.400
0.069 2.24 0.099 4.10 -
0.540 1.49 0.527 2.60 -

0.754 0.71 0.755 0.90 -



5.6. Graphs of Simulation Results.

Figure 5.1. A snapshot of two-dimensional lattice chains. ¢
indicates the nearest neighbor interaction. ¢ is the bond

length, which is equal to the lattice spacing.

Figure 5.2. Monte Carlo moves. Top figure is the slithering
snake-like move (reptation). The lower figure illustrates the

effect of two internal moves.

Figure 5.3. -M'log(p) vs -log(l-¢) for athermal chains in the
simple cubic lattice for chains of M = 5, 10, and 20 monomer

units. (swsss) is the prediction of Flory theory, (---) is the

prediction of Flory-Huggins theory, and ( )Jis the results
of Bawendi-Freed approximation through order z2. e is the
Monte Carlo simulation results. The inset shows an enlargment

of the low density region.

Figure 5.4. The compressibility factor Z = ¢ 'n" vs segment

density, ¢, where ¢_ is the chain density. e-e-e: Flory

theory; ---: Flory-Huggins theory; : Bawendi-Freed
approximation through order z'?; ¢: Monte Carlo (MC) simulation
results using the chain-insertion method for M=20; ®; MC
results using the repulsive-wall method for M=20. For M=40, O:
MC results using the repulsive-wall method; ¢: MC results

using the chain-insertion method.
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Figure 5.5. Scaling of the compressibility factor: log(Z) vs
log(¢/¢"). O, ¢, and O correspond to M = 10, 20, and 40,
respectively. The dashed line with a slope of 5/4 indicates

the scaling behavior expected from the des Cloizeaux law.

Figure 5.6. Scaling behavior of G(y), defined in Eq. (5.20).

¢: M = 40; O: M = 20,

Figure 5.7. Dependence of chain dimensions on the segment
density for M=40. —and --- have slopes of -1/4 and -0.23,

respectively (see Eq. (2.47) and the discussion in Sec. 5.4.1)

Figure 5.8. The ratio of the wall-contact density to pressure

vs pressure. O: M = 20; and *: M = 40.

Figure 5.9. Compressibility factor Z vs volume fraction for
polydisperse athermal chains in the cubic lattice. e-e-e;

:Bawendi-Freed

Flory theory; =---: Flory-Huggins theory;

approximation through order z'2.

Symbols denote the results of
MC simulations: +, monodisperse system , M=40; x, uniform
distribution, M=30-50; O, bimodal distribution, M=10 and 70.
The arrow indicates the position of two data points for

extreme bimodal distributions with M=2 and 78, and M=1 and 79.

Figure 5.10.The normalized mean-square end-to-end distance Y
= <R®>/<R®»_  _, vs h(¢)=(2-1)/(A¢). O: uniform distribution
(4=0.98); +: bimodal distribution (u=0.84, M=10 and 70); O:

monodisperse system (u=1.).
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Figure 5.11. The ratio of the wall-contact density to pressure

(B=p,(1)/n") vs pressure n'. +: p=0.84; x: p=0.98; and O: u=1.

Figure 5.12. The insertion factor vs n (n=exp(1l/k,T) at low-
density region. Fig. a: M=20; b: M=40; c: M=60; d: M=80; and

e: M=100. Note that P(¢,n)=1 determines 5 at f-temperature.

Figure 5.13. f#-temperature vs. 1/M. Note that <p5,> is used
instead of temperature. <n,> is obtained by averaging the

values of 75, at various densities.

Figure 5.14. Compressibility factor vs volume fraction at
various temperatures. ssess: Flory theory; -¢-®-; Flory-Huggins
theory; ---: the extended-mean-filed approximation of Bawendi

and Freed (calculated from Ref. 95); :the results obtained

from Dudowic-Freed-Madden (see Egn. 4.125); 0O: Monte Carlo
simulation results. Fig. a: M=20, »=1.200; b: M=20, 5=1.281;
c: M=20, 7=1.350; d: M=40, 7=1.200; e: M=40, 7=1.291; f: M=40,

7=1.400; g: M=80, 7=1.296.

Figure 5.15. Compressibility factor vs density for 1linear

chains at various temperatures. Fig. a: M = 20; and b: M = 40.

Figure 5.16. Compressibility factor vs density for linear
chains at the f#-temperature. The MC simulation results were
compared with the predictions of Flory-Huggins theory and
Freed’s n-vector model (see Egn. 4.125, which is calculated

from Dudowicz-Freed-Madden!'%%) .
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Figure 5.17. The log. of excess pressure vs log(¢). The dashed
line has a slope of 3. In Fig. a the monomer units per chain
is 40, and the simulation results are denoted by the following
symbols: 0O, %=1.00 (athermal system); <, n=1.200 (above #-
temperature); 8, 9=1.291 (f-temperature); O, 6=1.300 (slightly
below f-temperature). Fig. b is the results at f#-temperature.

O: M= 20; O:M = 40; and ®: M = 80.

Figure 5.18. Log(R?>/M) vs -log(¢). Fig. a: M=20 and O, ®, and
¢ correspond to »=1.200, 1.281, and 1.350, respectively. Fig.
b: M=40 and O, ®, and ¢ correspond to 5=1.200, 1.291, and
1.400, respectively. O denotes the athermal results. Fig. c:
0O, m, and O correspond to simulation results at f-temperature

for M = 20, M = 40, and M = 80, respectively.

Figure 5.19. The ratio of the wall-contact density to pressure
(B=p,(1) /n") vs pressure n". Fig. a: M = 20 and O, ®, and ¢
correspond to =1.200, 1.281, and 1.350, respectively. Fig. b:
O, ®, and ¢Orespectively correspond to M=20, M=40, and M=80 at

the (-temperature.

Figure 5.20. Compressibility factor vs segment density for
athermal chains with various structures. ©: MC results for

linear chains; ®: MC results for chains with struture 1; O: MC

results for chains with structure 2; :(Flory theory; ---:
Flory-Huggins theory; -®-¢-: Nemirovski-Bawendi-Freed (NBF)
predictions for chains with structure 1; and ssss: NBF

predictions for chains with structure 2. Fig. a and b
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correspond to M = 20 and M 40, respectively.

Figure 5.21. The Log. of excessive pressure vs log(¢). ¢:
M=40, linear chains; O: M=40, structure 1; ¢:M=20, stucture
2; ®: M=20, linear chains; ®: M=20, structure 1; and O: M=20,
structure 2. Dashed line is a visual aid corresponding to

linear chains.

Figure 5.22. The mean-square of the end-to-end distance and
the radius of gyration vs density. ®: M=40, structure 1; ¢:
M=41, structure 2; 0: M=20, structure 1; and O: M=20,

structure 2.

Figure 5.23. The normalized density vs ¢,”“x (distance from
the wall scaled to mesh-size § ~ ¢;3“). The symbols correspond
to MC simulation results of M=40 chains for various density

values.

3% for various

Figure 5.24. The normalized density vs ¢,
density and chain-length distributions. u = 1.00 (monodisperse
system): O, ¢=0.802; ¢, ¢=0.408; O, ¢=0.209; *, ¢=0.108; u =
0.98 (uniform distribution): a, ¢=0.610; ¢, ¢=0.143; u = 0.84

(bimodal distribution): ®, ¢=0.755; a, ¢=0.550; +, ¢=0.361.

Figure 5.25. The normalized density vs distance (normalized to
the distance at which the density attains one half its bulk
value, xwz)' Fig. a corresponds to M = 20 and the following
symbols: #=1.200: +, ¢=0.744; x, ¢=0.517; 0O, ¢=0.068; n=1.281:

®, ¢=0.748; O,¢=0.526; O, $=0.068; 7n=1.350: ®, ¢=0.754; 4, ¢=
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0.540; a, ¢=0.069. Fig. b is the MC results for M = 40, and
the symbols mean as follows: 7=1.200: +, ¢=0.741; x, ¢=0.485;
O, ¢=0.094; 7n=1.291: ®, ¢=0.746; O, ¢=0.496; O, ¢=0.096;
n=1.400: ¢, ¢=0.755; a, ¢=0.527; a, 9=0.099. Fig. c is the MC
results at f-temperature with the symbols meaning as follows:
M=20: +, ¢=0.748; x, ¢$=0.526; O, ¢=0.068; M=40: ®,6 ¢=0.746; O,

¢=0.496; O, ¢=0.096; M=80: a, ¢=0.720; & ,h¢=0.483; ¢, ¢=0.089.

Figure 5.26. The normalized density vs (¢a/b)”‘x (b is the
number of occupied sites per monomer unit). Structure 1, b=2:
+, M=40, ¢=0.717; O, M=40, ¢=0.398; 0O, M=20, ¢=0.730; x, M=20,
¢=0.437. Structure 2, b=3: ¢, M=41, ¢=0.776; & ,M=41, ¢=0.478;

0, M=20, ¢=0.757; and ®, M=20, ¢=0.480.

Figure 5.27. Scaling analysis of the density profile. Fig. a
shows the scaling property of athermal chains. n is the
normalized density, and x is the distance from the wall. The
symbols mean as follows: M=80: B, ¢=0.1021; ¢, ¢=0.0524; M=40:
0, ¢=0.1433; x, ¢=0.0742; M=20, +, ¢=0.0661. The dashed line
has a slope of 5/3. Fig. b shows the scaling of density of
athermal and nonathermal chains. Y = X/X,, (X is the distance
from the wall, and Xy,2 is the distance from the wall at which
the density is half of the balk value). Athermal: M=80: a, ¢=
0.1021; & ,9=0.0524; M=40: 0, ¢=0.0742; and M=20: a, ¢=0.0661.
Nonathermal: M=20: +, 3=1.200, ¢=0.068; x, 7=1.281, ¢=0.068;
0, 7=1.350, ¢=0.069; M=40: ®, 9=1.200, ¢=0.094; ¢, n=1.291,

¢$=0.096; O, n=1.400, ¢=0.100; M=80: ®¢, 7n=1.296, ¢=0.089.
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Figure 5.28. Fraction of chains vs Bin Number for the athermal

chains at various densities. M=40.

Figure 5.29. Short-chain and aggregate normalized density
profiles for bimodal systems. The x-axis corresponds to the
distance from the wall. +, ¢=0.237, M=10 only; O, ¢=0.237,
aggregate (M=10 and 70); x, ¢=0.301], M=10 only; ¢, ¢=0.301,
aggregate; °®, ¢=0.301, M=2 only; O, ¢=0.301, aggregate (M=2

and 78).

Figure 5.30. Fraction of chains vs Bin Number for a bimodal
system with M = 10 and 70. x, ¢=0.237, M=10; O, ¢=0.237, M=70;

+, ¢=0.0301, M=10; 0O, ¢=0.0301, M=70.

Figure 65.31. Fraction of chains with center-of-mass (CM)
located at Bin j. Figure a, b, and c correspond to 20-, 40-,

and 80-mer chains at f-temperature.

Figure 5.32. Fraction of chains vs Bin Number for 40-mer
chains. Fig. a: 1=1.200 (above f-temperature); Fig. b: =1.300
(slightly below 0-temperature); and Fig. c: 15=1.400 (well

below f-temperature).
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Figure 5.1
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Figure 5.2
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Figure 5.4
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Excess Pressure vs. Density
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VI. CONCLUSIONS.

In this chapter I summarize the results of my studies,

and mention possible directions for future work.

In Chapter II, I reviewed Edwards’ model and functional
integration techniques to derive the scaling behavior of
polymer solutions. Scaling properties of a single chain and
chains at finite concentration are given. To investigate the
effect of confinement, I also studied the scaling laws of
chains in a confined space (chains located between two walls).

The problems of chains near an interface have attracted
new attention because of their application in engineering and
in biology. One of these problems is the segment distribution
adjacent to an interface. My work, in Chapter III, tries to
address the density profile near a repulsive wall. First, I
studied this profile via scaling theories in a more systematic
way than that of de Gennes. In the second part, I used the
Gaussian model to represent ideal chains. The segment density
profile near an interface was established. My result is in
agreement with previous studies using the n-vector model!'%,
I also derived the density distribution of ideal chains
confined between two repulsive walls. Finally, I used Edwards’
model and the renormalization group equation to derive the

scaling law for the segment density as a function of the
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distance from a wall. The perturbation method was employed to
the lowest order to obtain the scaling exponent.

Edwards’ model is defined in continuous space, so it is
not appropriate for comparison with Monte Ca:lo studies
employing a lattice model. In addition, the é-potential does
not restrict segment occupancy. To emulate polymer at finite
concentrations, we use a lattice model. We derive the Flory
and Flory-Huggins mean field approximations for athermal and
non-athermal chains. Since polymers on a lattice are defined
as sequences of occupied sites, bond or segment correlations
play a significant role in the chain configuration. To study
the effect of bond correlations on the equation of state, 1
used Freed’s n-vector model. In chapter IV, 1 summarize
earlier works of Freed and coworkers!':%1%! 1 a)jso provide
some algebraic corrections, and derive the equation of state
for a system of chains with a uniform-length distribution and
of chains in non-athermal solutions.

To test theoretical predictions, I run extensive Monte
Carlo simulations. The models used were of polymer chains
defined on a three-dimensional (cubic) lattice. Athermal and
non-athermal systems of monodisperse chains were studied. I
also studied the effect of polydispersity and chain structure
on the equation of state. In my simulations I employed the
test-chain insertion and repulsive wall methods to obtain the
compressibility factor. Other conformational properties, such

as the mean-square end-to-end distance and density profile



293
were obtained. I found preliminary indications that des
Cloizeaux’ scaling law is observed in the non-athermal system.
It was also shown that polydispersity does not affect the
equation of state. The non-athermal systems, I employed the
test-chain insertion technique to determine the values of the
f-temperature at different chain lengths, and extrapolated
these results to obtain the f-temperature in the limit N-w, I
also showed that Freed’s n-vector model provides the best
estimate for the equation of state of linear chains. There are
some discrepancies observed between theory and simulation.
First, the scaling law cannot explain the conformational
properties of nonathermal chains (e.g., the increase of the
average chain size around ¢,, and the dependence of density
profile on temperature and bulk density). Secondly, the
lattice n-vector model overestimates the osmotic pressure of
polymer systems with branched structure.

These discrepancies raise questions: How to include the
temperature in scaling theories? How to improve calculations
of the density profile for multichain systems? What is the
functional form of the segment density in a system with more
general polymer-wall interactions. How do higher order
interactions (e.qg., three-body interaction for polymers at the
0-temperature) affect the density profile. Since our results
indicate that the equation of state of branched-polymers is
far off from the improved predictions of Freed’s n-vector

model, it is also necessary to test the accuracy of this
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theoretical model by including higher order bond-diagrams.
Several theoretical models have been devised, however the
transition from one model to another is not obvious. For
example: What kind of model is obtained when the correlating-
bond corrections of the lattice model are included in the
continuum limit? A new polymer model, the fluctuating bond
model!'3:774) ' has been devised to study dynamics and to avoid
ergodicity problems in simulations. This model is more
representative than that of the reqular lattice model with
fixed bond length. The monomer size is also taken into account
in the fluctuating bond model. However, the basic structure
remains defined on a lattice. This computer model lacks its
theoretical counterpart. It is necessary to extend the Freed’s
n-vector model to incorporate the fluctuating chain length.
Addressing the aforementioned issues is important for the
advancement of polymer science. I plan to explore these

problems in my future work.



Appendix A. Definition of Kuhn Step Length! 1

Consider a real chain with the average end-to-end
distance <R2>, and the maximum elongation Ro,* <R?> can be
determined from neutron scattering, and R, can be calculated
if its chemical bond length, bond angle, and steric hindrance
are known. Kuhn!"“"! suggested that this chain could be replaced
by an equivalent Gaussian chain consisting of N, bonds. Each
bond has an effective length 1,, which is known as the Kuhn

step length. N, and 1, are determined as follows:

1. - SR®
x
Reax (A.1)
Nklk’ Ruax

CH,
For example!'® a cis-polyisoprene chain [ (—CH2—9=é-CHZ R )
H

in rubber, where N is the polymerization index (the number of
segments), has a bond length = 4.6 x 10" m. So the fully
extended length R = 4.6 Nx10''” m. The root-mean-square end-
to-end distance of polyisoprene molecule is determined to be
16.2 Nx10"'% m. Therefore, Eqn. (A.1) will give 1,=3.52x107"" m.
and N, = 1.31 N. In this case the effective Kuhn length is
less than the physical bond length.

To see the application of Kuhn’s concepts to a rigid
chain, consider a freely rotating chain with N bonds (Figure
A.1). If the bond angle # is fixed, the mean square of the
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end-to-end distance is

Figure A.1. A schematic representation of a freely
rotating chain.

N
<R*> - <(; R
=1

(A.2)

N N
— - .
- Z <R3> + 2 Z (R;.Ry >
J=1 J=-1 s-1

where <...> is the configuration average and Rjis the 3" bond
vector. The projection of the (j+1)™ bond vector on the j'

bond vector is -1%cos 6. Hence, equation (A.2) becomes

N N-j
<R%*> = N12 + 2122 E (-cos0) *
31 =1

(A.3)

1-cos® , 2cos® 1-(-cosB)¥

- N12
1 + cosO N (1+cosB)?
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The quantity 1/(14cos 8) = 1/(2\) is defined as the
persistence length'”, This definition represents a physical
situation in which the polymer strand becomes rigid when 6~
(large persistence length). The ‘worm-like’ chain®” is
defined such that 1-+0, N-», Nl=L (maximum length), #6-nw,

1/(1+cos 6)~1/(2\). Under this limit, Eqn. (A.3) becomes

lim<g? - L - _1

worm A 2A2

[1-e-3:L) (A.4)

Following Kuhn, a ‘worm-like’ chain may be replaced by an

equivalent Gaussian chain with 1, and N, given by

1 1 i
1. - 1 _ _ a-2AL
KA 2ra? (1-e ]

(A.5)
2L2%)2
2LA -1+ e 3L

For a rigid rod ( A0 ) 1,=L and N,=1. The whole chain is
replaced by a single bond of length L. In the flexible chain
limit (0 < 8 < m), the cross-term in Eqn. (A.2) vanishes. We
obtain 1,=1 and N,= N. From the definition of Kuhn length, it
is obvious that the rigidity, steric-constraint, and segment-
segment interaction (including short-range excluded volume

effects) are already taken into account.



Appendix B. Proof of Equation (4.35).

Consider the right side of equation (4.35), and let the

exponent in the numerator be

- ; (§;.¢~1°61,¢ + 5-‘.1.(&;,«) B z:j ‘711&;.1.¢j:'

(B.1)
Introduce the following transformations

K P 2 AmSa.s (B.2a)

e m 8- X BuSi (B.2b)

The exponent in the denominator of equation (4.35) can be

written as

_Z VU@;".WL‘ - _E ‘711"},."51.- + ;2‘7113“3;,-.1'&1,.
1,7 i,j ] =

1.2

+ Y Y VisAumSne ®le = 1Y BiaVi5A505s 01" Spe
| m 1,imn

(B.3)

Egn. (B.3) will produce Egn. (B.l1l) and the exponent on the

left side of Egqn. (4.35), if we set
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+K .
if ln-ml=1
;:BimvijAjn - { (B.4)
-3 0 otherwise

and

2:51.‘711 -8,

(B.5)
g: VisAm = 8, 4
Substituting Egn. (B.5) into Egqn. (B.4), we obtain
+K .
A _{ if In-ml-1 (B.6)
0 otherwise

A similar result is obtained for B, . Let us transform A_ and

\7ij into their Fourier-components,

1 - 1K (2,-1,)

Ay, = —Y e lel AL .
SR 7 (B.7a)
~ 1 -iK.(2-2))

Viy= =Y e LA 7 (B.7b)

I N4

where the summation 1is over the first Brilloin-zone. The

product in Egqn. (B.5) is
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-2 1B (Fy-0,) « 1R . (£y-1))
2}: VA = N ; Eﬂ AgVpe ™ %
K,

1€ (2,2 (B.8)
- NJ—IEA;V;G‘ (F-f)
I3

which is equal to §,, if V; = (A;)"'. Using equation (B.6) in

(B.7a), we obtain

Ac - kY e R L gF(K) (B.9)

al)

where { a‘\i } is the set of unit vectors on the lattice.

Therefore, V. is given by

ZRDY e 5 T (N KE(K)] (B.10)

which is the identity in equation (4.36).



Appendix C. Diagramatic Rules and The Calculation of The

Third and Forth Order Corrections.

A diagram is made up of segments and bonds. Suppose that

a diagram possesses s segments and b bonds, then the following
rules apply:

An open dot (a vertex) symbolizes

o the chain segment, and for every

dot we assign a coordinate ..

A dashed line represents a bond
------ connecting two vertices. Every
line is assigned a ‘momentum’ q,
such that if this line links two

segments with coordinates El and f., it contributes a factor

-1r7,.(F;-2) £(q,) (C.1)
z

e

The value of the diagram is given by the product of all
factors representing the b bonds, and is summed over b non-
zero momenta and s distinct lattice sites. The result should
take into account all possible ways of placing the b (non-)
consecutive bonds and be divided by the number of choices to
put s segments on N, lattice sites in without overlap and in

an ordered-fashion. The latter means that permutations of s
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segments are not allowed. The correction to the partition
function is obtained by multiplying the result by the
partition function in the mean-field approximation. For
clarity, let us apply this rule to the third order correction

depicted in the next figure.

Q 3 1 p
N\ 4
\\ — ,/ —
NG G
N 7/
/
o2

Figure C.1. A consecutively-placed-two-bond diagram

The numbers {1,2,3} correspond to the position of the three
sequential chain segments (f,, I,, fs}' q, and g, are momenta
assigned to the bonds connecting the sites (r,, f,} and {t,,

fs} respectively. Using equation (C.1), this diagram will give

;2: /e-iar(q-Q)-ig.Ln-n)-f(dl)f(d;) (c.2)
10293 g, Z

142

There are (N-l)np ways to place two consecutive bonds on n,
chains and N (N -1) (N -2) ways to put three segments on N,
sites in an ordered fashion (without permutation of {1,2,3}).

Therefore, the correction to the partition function is
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200 - g n,(N-1) /e-xq,.w,-!,)—M:-‘G":’M
np Nl (Nl"l) (Nl_z) 1293 lvdl 22
(C.3)

The restricted summation can be rewriten using equation (4.70)
in terms of an ordinary summation involving Kronecker-§'’s.

Hence,

VA (3) o Z
n N, (N,-1) (N;-2)

(Py;#Py ;+Py y+ Py (+Py ]

(C.4)

The first term, P is given by

3,17

1 -ig.n -t -1 (r-ry £(G)) £(G)
Py - ;z: e >z _ (C.5)
1.2.,3 g, Z hd

1,42

Py, is zero since summation with respect to coordinates will
give a Kronecker-§ which is non-zero only for @ = 0 , while
the summation over momenta is constrained to non-zero values.
The summations involving 6L2' 6L3' 6L3' and GLZJ can be

described using contracted diagrams (figure C.2).
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l’-\\ 'l,--\\ ”—\\ "-\\\

! b 1=2 1=3 ¢ p2 /! : b1=2=3
]
6 3

J 61,2,3

8,2 and §, 4 13

Figure C.2. Contractions of a two-bond diagram.

after contraction yiled the same topological

P3'2 and 2%
diagram, which is represented by the first picture in figure

C.2. Its value is given by

! i 1\-8y) - 18y £y 1) £(q,) £(q,)

P - P - - b
3.2 3.3 ;3 1.2 1§'d:z 22
(C.6)

1.2,

Py, and Py, vanish for the reason described previously. In

fact all diagrams containing dangling (uncontracted) sites

give zeros. The second diagram produces

I -id. 22 -id,. (-2 £(@) £(Q,)
P3,4 - E 51'3 E e 1 (D=0 ;- (£3-0y .
1-2-3 4.4 z

1 £(Q) £(Q)
) NIZZJ: z? (C.7)
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and the last diagram contributes

2
1-2- z

P, , - Z:JGLZJ;Z:/e-xg.wrﬂ>4a;(n-n)f(dﬂ)f(dﬁ
1 92

-AG[Z;’fgi ]2 - N,

(C.8)

Hence, P; and the partition function follow as in equations
(4.72) and (4.73) respectively.

For the forth order corrections, there are three diagrams
involving three consecutive t nds, two non-consecutive bonds
located on the same chain and two non-consecutive bonds on
different chains. Consider the first diagram depicted in the

following figure

’}xg P4
— 4 N — ’,
a4 / N q,
\\ V4
’ N\ 7
1d v 3

Figure C.3. A consecutively-placed-three-bond diagram.
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This diagram will give

(N-2) n, PasZo, r (c.9)

(4a)
z -
i Nyj...(N,-3) ¢

where

P - JPRTT AT AV ARTE AT ST WA A £(q,) £(q,) £(q,)
“ 1929304 d,.g,:.d, z?

(C.10)

The restricted sum can be expressed as an unrestricted

summation involving Kronecker-§

Z - E (1-61'2) (1_61,3)--0(1-63,‘) (C-ll)

102e¢)904 1,2,3.4

Let us define the following convention: §; 6j = 6

unlike the standard rule of §-Kronecker summation, means that

1.k which,

the indices L.=r=r,; t‘;“.".GthSk'l = 5L15Lk6Ll = ,.., = JiJ,hl etc.

Finally we can write equation (C.11) as

- Y (1-8,,-8,,-....-8,,

1w2e394 1,2,3,4

+28,,,¢ 28, .. 28, ,,,+28,,,

+ 8,,8,+8, .8, + 8,,:8,,-68,,,.,)
(C.12)
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If we define 6§[{m) as the Kronecker-6§ with m indices chosen
from all segments (dots) in a diagram, equation (C.12) can be

rewritten in a compact form

Y - Y (1-8(2]) +238[3) +8[2]8[2) - 68[4])
(C.13)
The contribution of uncontracted diagrams to P,, is zero, and

the non-vanishing results come from the following diagrams

§(2) (from 61") - P“" - 3 oom=—m——- 0 1=4

§(3) (from &,,, and &,,,) - o< 1=2=4
] [}
pka 2 \\ol’ 3
§(2)6(2) (from §,,5,, and {<>\ 1=3
r ’ . ‘
Y T
8,361 4) ~ Py WO 2=4
I"“

§(4) (from & -~ P

L oy Y
‘a6 { \Y \) 1=2=3=4

1,2,3.4)
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Using the mathematical tools collected in Appendix D, one may

obtain
“I_N;/f(g)f(q)f(d) --N (C.14a)
3
p“.z-N};’f( )zf( ) --_[fzi + N2 (C.14b)
£(q,)) £(q,) £(g,+q,)
R
(C.14c)
-—N—t—3—hf-l— 2N1
z? z
P, - N,(Z{" f(z*) ) - - N, (C.14d)
Hence,
N} N}
P, - —-8-——+N1 +7N} + 6N, (C.15)

22

The number of ways to place three consecutive bonds among n,
chains is (N—2)np, while the number of an ordered arrangement
of four segments among N, sites is N (N-1) (N-2) (N-3). The

correction to the partition function is

(N-2)n, p
Nyj... (N =3) "N MF 42

z,,‘:" - (C.16)
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The arrangement of two non-consecutive bonds is given by the

diagrams in figure (C.4)

O|2 Q4 2M4
:ql 1 4, qQ ! | p)
| ! | !

41 613 14 b3

Figure C.4. A non-consecutively-placed-two-bond
diagram.

The 1left side corresponds to the bond configuration on
different chains. On the right side, a wiggly line is used to
indicate that the two bonds separated by this line are placed
non-consecutively on the same chain. Both diagrams give the

same value Pw where

N -7 - - £ f
P,y - E PRRL B A AREL ME N (&) 2(‘72) (C.17)
1929394 V4

However, the number of ways in regard to bond-placement is
different; the left side gives nJiU%-l)N/Z, while the right
picture is n,(N-1) (N-2) /2. The factor 1/2 is to take into

account bond symmetry.
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Consider the diagram on the left side. The contraction of

the monomer sites requires §[4] and 6§(2)6§(2] only.

§(2)6(2)
'1'5\\ ’:'-\\\
(from &, 85 ,) ~ P, =~ 1=2 ¢ 34 p
) R4 S
,I’-\\
(from &, ;8, , and &, ,6,4) ~ 1=3 ¢ > 2=4
\\~_I’
Pip2 ™
6(4]
,f‘\\ ’/-\\\
[
(from &, ,3.) — Py = . d 1=2=3=4
\ I\ ,
\_,’ SN -

Note that P, , and P, ; are similar to Py, and Py ; while P, , is
Pipy = [Nzgl‘é(fqu]z - N} (C.18)

The analysis of the diagram on the right side follows

similarly, and

- N;" - 6N, (C.19)
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Dividing by the number of permutations of segment placement,

one obtains

(ab) _ NnN(n,-1) n, (N-1) (N-2)
z Znwe SR o) T BN, N,

(C.20)

2N}
X [—= -N] -6N,]

From the previous discussion, it is obvious that all diagrams
with dangling sites or diagrams which can be disconnected into
two subdiagrams by cutting a single bond vanish. In field
theory language, 1 Particle Irreducible diagrams without

dangling vertices give non-vanishing contributions.



Appendix D. A List of Mathematical Results and The Rules of

Contracted Diagrams.

The following results are used in the calculations,

£(@lyo = 2 and ;'f(d) - -z

(D.1)
= Y (1-8[2]+23([3]-68[4]+...
i,el,0., 0] Iyed3, 00041
142 s 1642 L (D.Z)
P
s JI -D™Mmp-1) 18 my) + -+ (1) %1 (s-1) 1 8 (8] )
1=-1
};m‘xs

;'f(xd)f(zé‘) - Nyz-2z?

(D.3)
;’f(z(j)f(t(j)f(xd) - -2

(D.4)
;’ (£(+d)]* = N, (32%-32) - z¢

(D.5)
;/f(xc}’)f(:é':l?) - (N, - z) £(K)

(D.6)
;’ (£(+3))2f(2tK) = -z2£(K)

(D.7)
_ 6;4!0708,0 - 322-32
«“B.v.3 (D.8)
Y £(2d) £(2d,) £(2§,+G,) - Niz-2N,z2+ 2>
4@ (D.9)
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Note that the previous results are obtained for a hypercubic
lattice with the coordination number z. Different lattice
structure yields different result® ., For example, in a
triangular lattice equation (D.4) is replaced by 2Nz - 2z°.
We find out that the following diagrams are the most
primitive (with their values on the right side). Other
diagrams can be constructed by attaching additional bonds or

by merging them on a common lattice site.

I’ \\
\ [
\\M - Nl
¢4}\
t )
‘o Nf/z - Nf
a
SN
e S 3
Ommcmm b - N,
IR\
I’ \\
4 N
q P (3NP%) /22 - (3N%)/2* - NS¢
N ’
\\d,’

Figure D.1. The primitive diagrams.

For example diagram in P, ; can be constructed from the second

diagram by attaching an additional bond
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,Q “ "9\
DY - (o (N3/z - N3 (N /z - 2)
\\O’l Jl \ﬁb’l

Figure D.2. An example of construction of a three-
bond diagram out of a two-bond diagram and a bond.

It can be easily shown that by attaching a single line between

two adjacent sites in 1-PI diagram, the original value is

multiplied by (N /z - 2). This is another example

. A .
) - < 1) (-Nl )(Nl/z - 2)

Figure D.3. Construction of a four-bond diagram out
of a three-bond diagram and a correlating bond.

Also diagram P, , is the product of the first and second

diagram in figure D.1

-~

4 \
t !
O - ‘xx§
I! N\ L ~ ’
D T S (N3/z = N?) (-N)) /N
o’ ~-/ ‘o’

Figure D.4. An example of construction of a three-
bond diagram out of two primitive diagrams.
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Division by N is neccessary since by collapsing two segments

on a single site we have to take care of the overcount.




Appendix E. The contracted diagrams and Their Values.

When we rewrite the restricted summation in term of the

ordinary sums, contraction occurs on some diagrams because of

the §-Kronecker.

In thermodynamic 1limit (N, - =)

only few

contracted diagrams contribute to the cummulant. The following

figures are the surviving contracted diagrams and their

values.
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Ry, = (N*)/2%-(3N3)/z+2N?

Ry, = R, Ry ,

= 2
RL,\ - (Rz,w)

R, = (3N°)/2%=(3N}) /23-N ¢
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’ \ /7
! Y} \ R = (R 2 N
Q £ p o3 = (R 1) /N,
\\~_4’ \\_,/I
P it
l’ \\ /’-~‘\
*‘ """ P é ) R.¢ = Ry 4Ry
s ’ \\ rd
- - -
/’—‘\‘\ r’-‘\‘ /'-\\\ 2
?" b é 1 6 ! R.s = Ry (R, )
N / \\_’I \~_’I ' ' '
h-o’

Note that our results, R, 4 and R are different from

4,2'

Nemirovsky et. al.®7,



Appendix F. A List of The Values of N, and N ;-

We follow the convention of Nemirovski et. al.®?: N, is

the number of ways to place i consecutive bonds on a chain;

N, . is the number of possible placement of two bond-sequences

on a chain, one with i consecutive bonds and the other with j

consecutive bonds; N, ,N /, and N, are respectively the number

L’ 1

of ways to put the structure F, O, and Q on a chain. F, 0, and
Q are depicted in the diagram set I of Appendix H. For our
purpose we only need the results for a linear chain, a chain
with branch structure 1 and 2. M is the number of segments per

unit chain. Our result N, for structure 1 is different from

Ref.([97].

Linear Chain Structure 1 Structure 2
" NeL N a1
N, N 2N-1 3N-2
N, N-1 3(N-1) 6(N-1)

N, N-2 4 (N-2) 9 (N-2)

N, N-3 4 (N-3) 9 (N-3)

N, 0 (N-1) 4 (N-1)

N, 0 4 (N-2) 18(N-2)

N, 0 0 N-1

N, (N-1) (N-2) 4 (N-1) (N-2) 9 (N-1) (N-2)
N, , (N=-2) (N-3) 2 (N-2) (3N=7) 18 (N-2)2

N, 5 (N-3) (N-4) 9N2-51N+74 36N2-180N+234

318



Appendix G. The Value of Diagrams of Monodisperse Chains.

The following results are the values of cummulant
diagrams obtained from the diagram sets in Appendix H. M is
the molecular weight which is equal to the number of segments
per unit chain. The calculation was performed in thermodynamic
limit (N, » @), and only the dominant terms proportional to N,

were retained. Our results are in agreement with Ref.[105].

Diagram set 1I.

A - - (N,@N|) / (Mz)

B - (N,%°N|) / (M?2)

c - (N3@N,) / (M2?)

D - - (4N,N,¢?N ) / (Mz)?
E - (16N3¢°N ) / (6M*Z?)
F — (2N, ¢N) / (M2?)

G ~ O(N)

H - (-2N,N;¢?N,) / (M2)?
I - (2N,%%N,) / (2M2)?

J ~ (N, ,#N,) / (2Mz?)

K ~ (2N,?N,¢°N,) / (Mz)?
L ~ (-2N1N1'2¢2N‘) / (Mz)?
M - (2N, '0*N) / (M22) + (-2N,*¢°N|) / (Myz,)
N - (2NN, (¢7N) / (MP2?)
o - (N, "@N )/ (M2?)

319
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P - (6NN ¢°N)) / (M2)?

Q - (3N,@N,) / (M2?)

Diagram set II

A, - (No‘z) /4 [ € + €3 + 7€*/12 )
B, ~ -(N@®z) /2 [ €2 + € + 7€*/12 )
A, - (No®z) /3 [ € + 3¢€*/2 )

By - -(N@°z) [ € + 3€‘/2 )

Cy - (No*z)/2 [ € + 3e/2 )

Dy ~ (N¢*z) /3 [ € + 3¢/2 )

A, ~ (3N¢%2) /8 [ € )

B, ~ -(3N@¢’z)/2 [ € )

c, -~ (Noz) /2 [ € )

D, ~ (N¢®°2)/2 [ € )

E, - (No®z) [ € )

F, ~ (N¢’z) /2 [ € )

G, - -(N@°z) [ € ]

H, - -(N@’z) /4 [ € ]

I, -~ -(N@‘z) /4 [ € )

Diagram Set III.

B, - NN(1)¢® [ € + €2/2 ]
B, - -2NN(1)¢? [ € + €¥/2 )

By - NN(1)¢ [ € + €2/2 ]



13
o

I X Q Q QG O
~N - &~ w ~ iy ~

w
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-2N\N(2)9 €/2
2N\N(2)¢? €/z
2N\N(2)¢? €/z
-2N\N(2)¢® €/2
2N\N(1)N(1)¢? €/z
-8N\N(1)N(1)¢* €/z
ANN(1)N(1)¢* €/2
2N\N(1)N(1)¢? €/2
-2N\N(3)¢ €/z
2N\N(3)¢? €/2
-N\N(3)¢® €/2
NN(3)¢ €/z
2N \N(1)N(2)¢? €/z
AN N(1)N(2)¢®? €/z2
NN(1)N(2)¢M €/2
NN(1)N(2) {49 - 6¢° - 2¢M} €/z
-4NN(1)N(2)¢® €/z
-6NN(1)N(2)¢® €/z
N, (N(1)N(2)Mg> + 6N(1)N(2)9’] 4€/2
~2N [N(1) )’M¢? €/2
~4N [N(1) )% €/z
N {4[N(1))°Me® + 8[N(1)1%¢’} €/z2
N [N(1))® { -2Mp* - 8¢ + 49’} €/z
N, [ -N(1,2)¢] €/z
N, [ 2N(1,2)¢°) €/z

Nl ( -N(1,2)¢]) €/2z




I, -
I, -
I, -
I, -
J, -
J, -
Js -

A, -
A, -
B, ind
B, -
By I
B, -
By -
B, i
B, ~
By nd
c, I
C, I
Cs -
C, -
Cs -

Iv.

=

Py -— — — — — Py

Py

2 2 Z2 =Z Z =Z 2 2 Z2 =2 Z =z Z Z Z

—

322
[ -3N(L)¢’) e/z
[ 3N(L)¢?)e/2
[ 3N(Ll)¢*)e/z
[ -3N(Ll)e)e/z
[ 4N(1)N(1,1)¢* ] €/z
(-8N(1)N(1,1)¢° ] €/z

[ 4N(1)N(1,1)¢% ] €/2

[ -¢’z ) €¥/2
[ ¢z ) €¥/4

[ -2N(1)¢?) €
[ 2N(1)¢’]) €?
[ 2N(1)¢*) ¢€?
[ -2N(1)¢*) €?
[ N(1)¢?) €

[ -4N(1)¢*]) €2
[ N(1)¢*) €

[ 2N(1)¢®] €
[3N(2)¢°) €?/2
(-2N(2)¢?) €?
[N(2)¢) €
[N(2)¢?) €?
[N(2)¢’] €?

[N(2)@3] €2



—

Z Z Z2 =zZ zZ Z =z =z

—

=z

=z =

Py

Z 2 =z =

— -— — Py

Z 2 Z =z =

=
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[N(2)¢* - 9N(2)¢%/2] €2
[2N(2)¢’) €2
[2N(2)¢*) €2
(-2N(2)¢?) €2
[-3N(2)¢*) €?
[-2N(2)¢*)
[3N(2)¢%) €?

™m

2

(4]

[-4N(1)N(1)¢?) €2

[4N(1)N(1)¢’] €?

[4N(1)N(1)¢?) €?

(-6N(1)N(1)¢*) €?

[-4N(1)N(1)¢*]) €

[6N(1)N(1)¢*] €?

[-2N(1)N(1)¢*]) €?

[N(1)N(1)¢?) €?

[4N(1)N(1)¢? + 2N(1)N(1)¢M] €?
N(1)N(1) {4¢* - 10¢® - 2¢°M} €2
[-N(1)N(1)Mp] €?/2
[(-2N(1)N(1)¢*] €

[-N(1)N(1)M¢* - 4N(1)N(1)¢*) €2
[2N(1)N(1)Mg* + 16N(1)N(1)¢*] €2
(N(1)1% { -M¢’/2 - 10¢° + 396} €
[N(1,1)¢%) €2

(-4N(1,1)¢*] €2

[2N(1,1)¢’]) €?

[(N(1,1)p] €2



N, [4N(1,1)¢%]) €

N, [-4N(1,1)¢%) €?
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Appendix H. Diagrams Depicting Correlating Bonds And Nearest-

Neighbor Intreactions.

Diagram set I provide corrections to the entropic part of
the free energy in the lattice model up to 0(z?). The
corresponding values obtained in Appendix G are calculated
using the cummulant expansion described in Chapter IV. Diagram

F, 0, P, and Q are required for polymers with branched-

structure 1 and 2.

Diagram Set I'%.97

? P9 Py Y1
6 5 & 6 b o b
é é
A B C D
R S 1 T8 7y
6 & & o-emabomcmo 6 b---0 6 & b
E F G H
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o---0
O--.M

O~--0---
o--0

o---0

0---0---0
M--.o.l.o
--0--0

0----0---0

0---0---0

0----=-0

7
?
R

M.---..o
----0
0----0

o—--0
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Corrections to the energetic-part of the free energy require
diagram set II, III, and 1IV!%3.0)  pjagram set II give
corrections up to 0(g), diagram set III and IV correspond to
corrections up to O(g,z’') and O(e?) respectively. Note that
the solid line represents the interaction between two nearest-
neighbor segments. We use a diagrammatic notation to conform

the results in Ref. [103] and [105].

Diagram Set II
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Diagram Set III.

0--—---0

P S

0-----0
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H-n-:o
--=-0

--—--0

----0

O--- - H—X

]

0------0
]

L

..

.e=-0

9----

0-----0

0-----0

l

~e=--0

-=---0

O~=eO H——X

q¢----©

O—cw

o-----0

O=ne=

[

o-----0

0-----0

o~---0

9-----0

0-----0

-

O---
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1

b-----0

--0

O-----0
0-----0

O-=+---0

-

0-----0

0------0

[}
E
O--«-O--u-0

|

O-menen

0---0---0

L

S

i

0------0

°|'.'-

0—-----0
P
1
!

.

Diagram Set 1V.

X

X

|
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b

O----%---0

x

X

0-—~=—0

|

|

-=-=0

X——%

C10



Olq

lla

Zla

ila

[ ]

[V R

b PR 1

0---—-0

]

0-—---0

O-=-==X

0------0

Zlo

ﬂo

o
T
]
|
i
!
x——*---o

x:

]
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