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ABSTRACT

The theoretical and experimental transverse vibrational
behavior of the elastic rocker link of a four-bar linkage 1s
presented, The rocker link contains a counterwelght and its
overhanging portion carries an endmass, while the crank and
coupler links are assumed to be rigid.

The partilal differential equations of motion for the
elastic 1ink are derived by a systems' approach utilizing
Hamilton's principle with auxiliary conditions. Thils
technique makes it unnecessary to treat each link, and the
pin forces acting on 1t, separately during analysis,

The solution for the deflections 1s based on the method
of Kantorovich. The space portion of this solution consists
of a prescribed set of shape functions, derived from the free
vibration problem associated with the rocker 1link, which
satisfy the geometric boundary conditions. The remaining
time portion of the solutlon is obtalned from nonhomogeneous
Hill-type differential equations. The analysis of these Hill's
equations furnishes stabllity criterla as well as the resonance
conditions for the link, Also, it is shown that for the particu-
lar shape functlion assumed, three modes of the solution form are
necessary in order to sufficliently describe the strain response
of the link. The particular solution is used to show that the
response at the resonance locations differs dramatically from
that away from resonance, and it is found that thls difference
disappears with sufficlent damping. This finding may be useful

in controlling noise and fatigue,




The theory 1s applied to a specific mechanlsm and the
numerical results are compared to those of a corresponding
experiment. The experiment confirmed both the qualitative
as well as the quantitative findings of the theoretical

analysis.,
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I. INTRODUCTION

With the demand for ever lncreasling productivity it has
become clear that rigid body analysis of machines may become
insufficient for the full prediction of thelr performance,
The elastic deformations of the machine components, which
are due to increases in speeds and loads, cause inaccuracles
of position in addition to fatigue failures and noise, and
thus sharply limit the potential of the machines involved.

The main thrust of the present work is the analytical and
experimental investigation of the response of the elastilc
rocker link of the four-bar linkage shown in Figure 1l.1l.

(The crank and coupler links are assumed to be rigid.,) The
rocker link contains a counterwelght and the overhanging
portion carries an endmass., This particular configuration
was chosen because a bilological shaker mechanism [25](*) of
similar construction has been known to fail at relatively low
speeds.

The first part of this dissertation shows a novel systems'
approach for the derivation of the differentlal equations and
the assoclated natural boundary condltions for several links
of an elastic mechanism, This is accomplished with the help
of Hamilton's principle with auxiliary conditions. These
auxiliary conditions, which describe the foreshortening of the

links as well as the changes 1n the mechanlism angles due to

(*) Numbers in brackets designate references at the end of
the dissertation.
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this foreshortening, may be incorporated into the variational
integral elther with the help of Lagrange multipllers or by
direct substitution, Both of these approaches makes 1t unneces-
sary to treat each link as a free body. Secondly, the general
derivations are reduced to the case of the elastic rocker
above, and the now linearized partial differentlal equations
are solved with the ald of the method of Kantorovich. The
space portions of this solution are an assumed set of shape
functions satisfying the geometric boundary conditions, while
the remaining time portions are solutions of nonhomgeneous
Hill-type differential equations. The analysis of these Hill's
equations furnishes the mechanism input speeds for which the
deflections of the link may become unstable as well as those
speeds for which resonant vibrations occur. With the partcular
shape function chosen, 1t was found that several modes of the
total solution form are necessary to fully describe the re-
sponse.,

Finally, an experiment confirmed the responses predicted
by the theoretical analysis. The generally excellent agreement
between theory and experiment assures the usefulness of the
chosen analytical approach.

The present state of the art in the fleld of elastic
mechanism behavior 1s discussed below. Section II glives a
more detalled outline of this investigation and summarizes

its results.
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Background

The state of the art of the dynamic behavior of mechanlsms
containing links with distributed mass and elastlcity, as of
1971, was reviewed by G. G. Lowen and the present author [21],
as well as A. G. Erdman and G. N. Sandor [117]. Since that
time, additional contributions were made by the following
researchers:

R. C. dinfrey [33] combined kinematic analysis with the
structural dynamics stiffness technique to determine the re-
sponse of a mechanism with elastic links.

Using a mathematical model based on the stiffness method,
R. M. Alexander and K. L. Lawrence [1,2,3]] compared numerical
strain values for a four-bar linkage with experimentally
determined ones.

Several investigators have extended the flexibility method
of Structural Mechanlcs for the analysis and synthesis of the
motion of mechanisms with elastic links, Amongst these are:
A. G. Erdman, G. N. Sandor and R. G. Oakberg [10], I. Imam,

G. N. Sandor and S. N. Kramer [15], I. Imam and G. N. Sandor
[16,17], as well as J. Chakraborty and A. K. Khare [7].

J. P. Sadler and G. N. Sandor [27,287] employed lumped
parameter models for simulating the elastic links of a
mechanism, Further, J. P. Sadler [29] compared the results
of this method for a four-bar linkage with the experlimental

data previously obtained by R. M. Alexander and K. L. Lawrence

[1.2,3].



S. C. Chu and K. C. Pan [8] investigated the nonlinear
longitudinal and transverse vibratlions of the connecting rod

of a slider-crank mechanism,

12
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II., OUTLINE OF INVESTIGATION AND SUMMARY OF RESULTS

The following outlines the analytical as well as the
experimental portions of thls investigation, and glives a
summary of the principal conclusions which may be formed.

A. Theory

1, Differential Equations of Motlon

The theoretical portion of thls work begins with
the derivation of the equations of motion for the elastilc
rocker and coupler links of the mechanism shown in Figure 2.1,
There are overhangs at both ends of the rocker, whilch carry
a counterwelght and endmass respectively., The rigid crank is
subject to a time dependent angular veloclity and the damplng
mechanism in the elastic links 1s assumed to be vlscous.

The partial differential equations of motion for
both elastic links are derived by a systems' approach which is
believed to be novel as applied to an elastic mechanism problem,
It starts from Hamilton's 1ntegral(*) with auxiliary conditions,
and makes 1t unnecessary to treat each link, and the forces act-
ing on it, separately during analysls. Some of these auxlliary
conditions describe the foreshortening of the 1link portions due
to bending, while the remalning ones are elastic mechanism
loop equations which describe the changes in mechanlsm angles

due to the above foreshortening. The constralnt equatlons are

*
(*) The allowable elastic deformations are those associated
with the Euler-Bernoulli theory.
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incorporated into Hamllton's integral by way of the method
of Lagrange multipliers,

The machinery of the Calculus of Variatilons
furnishes the partial integro-differential equatlons for
each link together with the assoclated dynamic boundary con-
ditions as well as expressions for the Lagrange multipliers.

The subsequent linearization and replacement of
the elastic angles by thelr rigid body counterparts, which

furnish more tractable expressions, are well Jjustified by the

experiment performed on a somewhat simplified rocker configura-

tion. It 1s of interest to note that the linearized equations
of motion of the two links are only "parametrically coupled”.
This means that the expressions associated with each link con-
tain only the parameters of the other link, but not its de-
flection. This work may be found in Section III, with much of
the background materlial done in Appendices A, B and C.

2. Response of ERlastic Rocker Link with

Overhang, Endmass and Counterweight

The princlpal topic of this dissertation 1s the
analysis of the elastic rocker link of the mechanlsm shown in
Figure 2,2, Here the counterweight of the rocker is tangent
to pivot D and the coupler is considered rigid. Agaln, the
crank is also rigid but 1s now driven with constant input
angular veloclity. Section IV deals with this portion of the

effort and 1s supported by Appendices D to I.

15
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While the differential equations of motion for
the rocker link only can be obtalned by the approprliate reduc-
tion of the results of Section III, an alternate derivation
is also given. It agaln uses a systems' approach wilthout the
need for free body dlagrams. The variations of the constraint
equations are now incorporated by direct substitution, rather
than by the method of Lagrange multipliers. The process of
linearization and replacement of elastic angles 1ls identlcal
to that of Section III.

The solution of the problem 1is based on the
method of Kantorovich., This requires the assumption of a
solution form which is represented by an infinite series of
space~-time function products, where the space or shape func-
tion components must represent a complete set of functlons
which should satlsfy the geometric boundary conditions.(*)

The resulting solution form 1s substituted into
the variational integral associated with the linearized and
simplified partial differential equation. This leads to an
infinite set of coupled, nonhomogeneous Hlll-type differential
equations in the time portion of the solution.

For use in subsequent analysls, the theory
assoclated with the solution of homogeneous and nonhomogeneous

Hill's equations 1s reviewed.

(*) The shape function (subproblem) used here is that result-
ing from the assoclated free vibration problem.

17
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The multitude of physlical parameters present makes
it impossible to present the solution in non-dimensional form.

B. Example and Confirming Experiment

The theory developed 1in Section IV is applied to a
specific mechanism in Section V and the numerlcal results are
compared to those of a corresponding experiment. All compari-
sons are made in terms of straln,

The example mechanlsm was deslgned in such a way that
sufficiently large strains could be obtained at relatively low
input rpm. (The strains are compared at the midpoints of the
rocker and the overhang.)

The numerical portlon of the example considers the
following:

1. A numerical solution of the coupled Hill's
equatlions by way of a fourth order Runge-Kutta technique
indicates that for the chosen shape function, at least three
modes of the solution form are requlred for an adequate descrip-

(*) It is further shown that the results

tion of the response.
are not influenced to any degree when the equatlons are un-
coupled and solved separately.

2, The influence of the initial conditions on the
transient response 1s examined for certain on and off-resonance
conditions. The results of thils portion of the investigation

form the basls for the conclusion that the response in the

experlment can be fully described by the partlicular solution.

(*) It is not known how many modes other possible shape
functions would have required for a good description of
the response,
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3, A stability analysis is performed and 1t 1s
shown that within the operating range of the mechanlsm, and
beyond, there are neither 2m nor 4n-periodic instablilitles
as long as the damping ratio 1s larger than zero,

The stability analysis also furnishes the
resonance locations, which are associated with the 2n-periodic
instabllity points of the undamped system,

4, The particular solution is determined for the
three modes necessary, and it 1s shown that, for sufficiently
small values of the damping ratio {, the response at the reso-
nance locations differs dramatically from that for locations
off resonance, Further, it became clear that this difference
in response disappears for values of the damping ratlo { larger
than approximately 0.034. This finding should be most useful
towards the better control of fatigue and nolse.

The experimental mechanism was operated between 110 and
200 rpm, and the following conclusions can be reported:

l. The strain throughout the operating range never
grows without bound, and therefore there are no 2m ar 4m-
periodic instabilities. This confirms the results of the
stablility analysis., Further, even though one could observe
some bearing impacts, all transient phenomena are of exceed-
ingly small magnitude. Thus, the particular solutiocn furnilshes
a very good descriptlon of the response.

2. The dramatic difference between on-resonance and
off-resonance response found in the analysis 1s confirmed by

the experiment.,
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The amplification of the higher harmonies
of the first mode response, corresponding to the assoclated
2rm-periodic instability boundaries, was clearly observable
at the predicted input speeds.

3. A quantitatlve comparison between the experi-
mental and numerical results indicates good agreement on and
off-resonance,

C. Discussion of Results

Section VI discusses the results of this investiga-
tion and attempts to put analytical and experimental results

into the proper focus.
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III. DERIVATION OF EQUATIONS OF MOTION FOR MECHANISM
CONTAINING TWO ELASTIC LINKS

This section gives the derivation of the linearized
partial differential equations and boundary conditions which
describe the elastic behavior of a four-bar linkage consist-
ing of an elastlc coupler and rocker (see Figure 3.1l). The
rocker contains two overhangs as well as an endmass and a
counterweight.

The derivation starts, in Section A, from Hamilton's
principle with auxiliary conditions, where the auxiliary
conditions have their origin both in the elastic loop equa-
tion of the mechanism as well as 1in the elastic constraints
of the individual links. Sections B, C and D define the
kinetic and potential energy of the system together with their
variations, Section E defines the constraint equations and
their variations, Appendices A, B and C contaln the bulk of
the work, 1l.e. the substitution into Hamilton's integral, and
the determination of the Euler-Lagrange equations, the
Lagrange multipliers and the boundary conditions. The result-
ing set of partial integro-differential equations are subse-

quently linearized in Part F of thls sectlon.
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A. Hamilton's Princilple

Hamilton's principle with auxiliary condltlons, 1in the

*
absence of external forces and damping( 1 becomess

t
sf TT[+ZfA{‘dxz+ fxfdxa
to t=k#

i=1

+ 2 A;F'.]dt = 0, (3.1)

=M

where

H
]

total kinetic energy of the mechanism,

1 = total potentlial energy of the mechanism,

Ay i-th Lagrange multipller,

fy = i-th constraint equation.
The second and third terms in the above refer to constraint
conditions which, in addition to time, are functlons of X,
and Xq respectively (link constraints). The constraint

conditions in the fourth term are only functions of time

(mechanism constraints).

(*) Damping will only be included in the final linearized
differential equatlon,
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B. Method of Variation of Kinetic Energy Integral

Because of the complexity of the velocity terms in the
kinetic energy, it has been found convenient to employ the
following alternate formulation of Hamilton's equation which
ugses acceleration terms. For further convenience, elastic
and rigid body components are kept separate,

The variation of the integral of the kinetic energy, Te,
of an elastic 1link is defined as:

5[ Tedt = fs'f'f,,r., 7 dAdudt
to
=fffpr, St dAdxdt, (3.2)
tove, 7 A

where
;p = the velocity of an arbitrary point P on the
elastic link,
p = the mass density of the link material,
A = the cross-sectlional area of the link,
Zf = the limits of lntegration of the independent

variable x.
Integration by parts of equation (3.2) in the variable t as
well as the use of the requirement of Hamilton's principle

that

8?; = 01 (303)
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leads to the more advantageous form:

tl ] -
éf Tedt = —f77frp-8ﬁ dAdxdt, (3. 4)
te tova,Y A

where
?P = the acceleration of an arbitrary point P
on the elastic link (see equation (A.21)),
G;P = the virtual displacement of an arbitrary

point P on the elastic link (see equation
(Be2) )&
The variation of the integral pertaining to the kinetic

energy, T of the rigid body masses, such as the counter-

rl
welght may be transformed in a similar manner:

tl tl — - - -
8[ Teat =f S[J_mf‘m-rm +_|J...9M-e..,]at
to tp 2 2

= ft'[m:,,,.sa, N J...E..osé‘..] at, (3.5
t

o

where
m = mass of the rigid body,
;ﬁ = velocity of the center of mass of the rigid
body,
Jm = mass moment of inertia with respect to the

center of mass of the rigid body,
3 = total angular velocity of the mass (see
equations (A.18) and (A.19) ).
Integration by parts of equation (3.5) and letting

80| = 0 (3.6)
tot,




leads again to the more desirable form:

tl 't| - - tu T o—
§ T,.dt--—f 1 Ty * SFmdt — [ JmBm - 80, dt .

to to to
(3.7)
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C. Kinetic Energy of the System and its Varlatlon

The total kinetic energy of the mechanism system conslists
of:
T=T1+T

2 + Ty + Tpu + Ty (3.8)

where

T, = kinetic energy of the crank,

T2 = kinetic energy of the coupler,

T3 = kinetic energy of the rocker,

Tm* = kinetic energy of the rocker counterweight,
TM = kinetlic energy of the rocker endmass.

Variation of the various components of the kinetlc energy,

according to equations (3.4) and (3.7) leads to:

5 T1dt ——fff F.,- 6%, dA2dx, dt (3.9)
Az

5[ et = f f f py Uy - 5T, dAydrs dt (3.10)
1o tov-d

5[ Txdt = —f m*Ee o ST xdt .f Iy B - 50, dt |,
to to (3 ll)
tl tl - — tl b5 o —

§| Tydt = —[ MF,-80adt = JmOy-86m dt . (3.12)

to to 1o



Note that

t
§| Tdt = 0, (3.13)
t

since the motion of the crank 1s prescribed at all times and

therefore 6??1, the virtual displacement, vanishes.
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D. Potential Energy of the System and its Varlatlon

The potential energy of the mechanlsm system 1s composed
entirely of the strain energles of the elastic links.
The variation of the integral of the strain energy U of

an elastic link is generally defined as:

s [“Uat = f Y1 f Y (ig )%ut
to te 2 7.3 %

i pd
=f 2|513’v (3’V)dtdt (3.14)

where

EI = the modulus of rigidity of the link,
which 1is assumed constant.

The limits of integration aq and a, are now set by those por-
tions of the beam over which the moment function does not
change. For link 2, there is a single moment function for
0 < X, < 8, For 1link 3, the moment 1s expressed by three
different functlons, l.e. one each between -d < X5 < 0,
0 < X5 < 83, and a; < X3 < L.

The appropriate formulations of equation (3.14) for links
2 and 3 are integrated by parts twice. One obtalilns for link

21

t
5[ Udt = f E,1, ___LSV,,d)Lz
to to

o
[Ezh?_yz $dv; — B2 25_\1265%.] dt. (3.15)
3‘Xc 31—1. 3%2 0o



For 1link 3, one finds:

t, t( 0
5 [ Usdt = f f E,L 2Va Sv5d%s + f E,L 2% Svadis
5 t.{ 4 o ok

f E;I.,@_,ISV.,,dxg +

Qs

[E

315 M 83‘46 EgI 3 OVNs SV

B’Lg,b‘ka

Eal, 9Vs $3Va — E2l; Vs Svs
[ E;Iz JXs E;Z:

IF
%3 0 M X

¥

30

L
s §9va — Eal, % S| L.
o3

(3.16)
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E. Constraint Equations and their Variations

For the method used in the present work, 1t 1s necessary
to define elastic link constraints as well as elastic mecha-
nism constraints.

l. Elastic Link Constraints

As a result of the foreshortening described by
equation (A.2), six elastic link constraint equations arise.

For an arbitrary point on link 2:

X2
= u +1f (3\7: dg, = o. (3.17)
2Jo \2¢

For an arbitrary point on 1link 3:

Xs
{"2 = Us +lf (-é.‘_v.l dg; = 0. (3.18)
2Jo \2%

For point C located either on 1links 2 or 3, one finds:

a
“‘3 = Uuz(a.) +_|_f z(g& dtz"‘—’- o, (3.19)
2Jo \2x

Qs
'F4 = uslas) + _'.f Vs dxy = 0. (3.20)
2Jo \2

For x3 = -d and x3 = L respectively:

-d
£ = u;(-d)+1f valdrs =0,  (3.21)
2Jo \2x

L
fo= uslL) +lf (?.!’2)2413: 0. (3.22)
2Jo \2x
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2. Elastic Mechanlism Constraints (Elastic Loop

Equation)

Figure 3.2 shows the elastically deformed mechanism
with a rigid crank. The body fixed x-axes connect the pivot
points of the foreshortened elastic links, The interrelation-
ships between o, ., P39 uz(az) and u3(a3) are determined by

way of the elastic loop equatlon:

AB + BC = AD + DC (3.23)
where
— \
AB =a1
BC| =a, + u,(a,)
2 T U2i82 $ (3.24)
AD| = a3 + u3(a3)
DC =a4. )

The component form of equation (3.23) furnishes two additional

constraint equations:

f

a,cos® +(a, + Uz(az)) cos P2e —a,
~(as+ Us(as)) costse = O, (3.25)
Fs = a. Sin('P, + (02 + Uz(az)) Sin "Pze

~(as + us(aa)) sinPe = 0. (3.26)




Y2

FIGURE 3.2: MECHANISM IN ARBITRARY CONFIGURATION
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3. Variation of the Constralnt Equatlons

The variations of the elight constraint equations
are obtained in the following manner from equations (3.17) to
(3.22), (3.25) and (3.26). Thus for £y

g
56 = Sus +f “2, s(a_vz)dgf 0. (3.27)
(o] ‘bg‘z 3€2

where \72 = v,(E,,t)s After integration by parts, the above

becomes:

X2 X2
§, = 8u2+[;«>115v1] -f 2V, 5%d6,=0.  (5.28)
%, 0 o 2F}

In a similar manner, one obtains:

X X3
8, = Sus + [é!z 8"%] ’_f W, 5% dE, =0.  (3.29)
s Jo Jo %2

where whenever a;5x3_<_L, the integration consists of two

parts with limits from O to a3 and from a; to x3.

- az az ,
§ = Sular) + [IV2 sz] — | v, V,dx, = 0. (3.30)
%2 o Jo g

O3

8, = Susas) + P@_c,év;]

Q
f’g’gg Svady, = 0. (3.31)
(2% o 3

0

-d -d
8= Susl-d)+ [3. Na 5\13] _.[ a——zv” &V;d¥, = 0. (3.32)
B'X.a. o (4] ‘b'xg

34



35

L Qs
§f, = du(D) ¢ [_@_vz 8\/3] -f ?:gESVadx,
xKs 0 0o dx3
L 2
—f vz oVadx, = 0. (3.33)
4, OX3

3

In the above, the integration 1s performed 1in two steps since

the moment function changes at x3 = a3. Further,

§6, = coslhe 5uy(az) - (B4 U2(a2) sinPre §Y2e

~ Cos'fse 8“3(03) + (as* ua(ﬂa)) sin'fse Sfze = O.
(3. 34)

5fs = sin We Su,(aa) + (Q +Ux(a2)) cOsWoe StPre

- 8in q’:_v,e 8“3(05) - (05 ¥ u3(01)) cosPzre Sl'fge':- 0.
(3.35)




36

F. Linearized Equations of Motion and Boundary Conditions

for Two Elastic Links

Incluslion of Viscous Damping

Appendix C shows the derivation of the partial differen-
tial equations of motlion for both links, together with the
determination of the assoclated boundary conditions and the
Lagrange multipliers starting from equation (3,1).

While the recognition of the existence of the variations
6°2e and 6¢3e of the elastic angles and theilr determination
from the elastlic mechanism constraints is essential to the
success of the method used, the angles Poe and mBe themselves,
as well as their derivatives, may be approximated by their
rigid body expressions. Since this simplification is employed
the determination uf these quantities in terms of vz(xz,t) and
v3(x3,t) is only outlined (see end of Appendix C-5). Further,
the physical significance of the Lagrange multipliers is not
considered.,

The resulting partlial integro-differential equations,
(C.51), (Ce57), (C.e59) and (C.61), and boundary conditionms,
equations (C.53) to (C.56) and (C.63) to (C.74), contain
numerous non-linear terms as well as the elastic angles Poe
and wBe.

All non-linear terms are now removed, and because of the
small deflections involved, the elastic angles are approximated
by the rigid body ones(*):

D20(t) & 9, (t)

(%)

The elastlc mechanism constraints, equations (3.25) and
(3.26), become the constraint equations for a rigid mechanism
when the effects of u2(a2) and u3(33) are neglected..
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and

To account for viscous damping in both links, the terms

c avz/at and CD36v3/at are now introduced. (It was felt

D2
that this approach was preferable to including a correspond-
ing work term in Hamilton's integral.)

The linearized equation of motion for the coupler is

given by:
EJ,% -pL %_;tz +D.(xz,t)32;2 4+ }123;::+D,(xz,ﬂ %Iiz
.|.Cl>2%\{g ~ M2 v, + Dilaat) = 0. (3.36)

The assoclated geometric and natural boundary conditions are:
v.(o,t) = o0, (3.37)
v,(a:t) = 0, (3.38)
E.I, 3%, (0t) = O, (3.39)

X%

E-1,2M@.t) = O, (3.40)

n?



The linearized equations of motion for the rocker sectlons
are glven by:

Section 11 -d< <x3% 0~
Eal, Vs _ st'& v +Go(¥.s.t)31\’3 + Ms 3___’\’5 + G2(Ga,t) AV
2 ax%&B 2 t? X
+CosdVa — vy +Gylas,t) =0. (3.41)
2t
Section 2: 0< x3 < a3
EaI; 2 fhlg a\@» 1—6;(1& )3V§ f/bﬂava-}ﬁzclth§!3
9 ’Y.g ’b'x.,bt’ 'a'la 2 ?Ks
+ Cpa Vs — /u,_.,L?g Va + Ga(xs,t) = 0. (3.42)
2t
Section 3: a'§_<_x3 <L

4
+)oV
Es15 2 _1(2 FsIa '9%3%{2 4+ Ga(xst) 2 2 + }‘3 3‘.\!3 4+ G (x5, 09Vs

o3 23 s
+ Cp3dVs _./uaCPsf Vs 4+ Galxst) = 0.  (3.43)
ot
The assoclated geometric boundary condlitions are:
Wo,t) = 0, (30 led4)
vs(0,ty = O, (3e45)
W) = valot) (3.46)
% AXs
Valas, t) = O

(3.47)
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Vi(a3,t) = O, (3.48)
MVs(@st) = dVa(ai t), (3.49)
dX> Y% s

while the dynamic boundary conditions become:

—Eal, Pvaldit) + (Tuk+ ¥ r¥?) 2Np0dt) _ m*e* Pva(Ait)

31’-32 )2y, Ait*
—m*t‘* ag, (—'d) a\l;(-d.{) +m*r‘*q’32V5(-d.t) - m*f‘*ﬁ;(-d)
DXs
+ G roree) = o, (3.50)

Eals 2V, (dt) — (m¥r¥y pls) MNsdyt) 4 ¥ Fadit)
s 21t 2t

— Sl () Daledt) ¥ B3 v, ) 4 i Bated) (Y /)313)‘?3 =0,

o%s (3.51)
ESI@ azvz(o-ft) _ E313 '32\!1(0,9 * (3. 52)
Mg 9x3
EyI, 0%, @ast) = EaI; 2%vaadt)
3 \18, 3d13 3\4y, ? (3+53)
(2 &1 %3

Esl, 2valLit) ¢ (Tt Mr},) ANa(L ) 4+ Mry, FVatLt) —Mr, &, (L)0Vs )
g x, ot t2 %3

- M(‘MQ;VQ(L.t)‘l'M(‘M{Zg(L, +(Jusme2) 0 = 0, (3. 54)
-1 R0 4 (Mry +,1,) w0 4 MA'Vs(Lt) _ Mals(L) DVs (LB
'31% 9% A2 ot2 A%

“MEB vy (et) + ML) +(Mrw + pL) U = 0. (3. 55)




Further, the following definitions hold for the above
(*),

equations

a LU -
Dy(xy,t) = f ,l:z AR dg,_ — oot (‘Pa"?z)-[ o [}Lz X, Pz(‘k;) + [02 Izwz] dx,
2 a2 0

_ csc(‘&-q’z){ f y [/“”" ﬁ,(x,) + f,L,q’s] dr, —n*(d+ r"){i,(-dhm*r"‘d‘?a
Qs -d

+ (T +07%2) 0, 4 M(LtG)PsD) + My LY, + (JM+Mr,})CI’;} ,

(3.56)

ch\(z.t) = "'/uz &2 9 (3.57)

Dslaat) = pafrr (3.58)
-d . .

Go (‘Kg,t) = /u; da(Ea) dg; - m*dg(‘d) - m*r* (‘P32, (3. 59)

X3

L a " "
G, (13t) = /ugéia (£,) dé, + M f z?‘z"zfi”")‘tﬁlzcﬂ] dx;
Q: Jo

X3

L, . ,
+ cot(‘Ps-th){ f [toos 1 RLBdrs =i a0V et
Qs -d

+ ¥ d @ 4 (In* 40 @, + M(Lin,) },LL) + Mr, LG,

+{ I +Mr&)¢a} + Méig(L)—Mr‘..l'P: , (3.60)

(*)

The integrals in these definlitions are only functions
of the rigid body kinematic terms, and may be evaluated
after substitution.



G (s t) = ~psds (3.61)
Gs(xs,t) = /As [33 ’ (3.62)

L " .
Galxst) = | pydslk,)dEs + Mals(L) - Mr,,ll’s2 . (3.63)
X3

Note that while the coupler and rocker differential
equations are uncoupled in the vn(xn,t), they are "coupled
parametrically", l.e. the deflection of one llink depends
very much on the mass propertlies of the adjacent link., It
1s of further interest to observe that the coefficlents
Di(x2't) and Gi(x3,t) in these expressions are 2m-periodic

because of thelr mechanism origin.
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IV. RESPONSE OF ELASTIC RCCKER LINK WITH OVERHANG,
ENDMASS AND COUNTERWEIGHT

This section concerns itself with the main problem of
this dissertation, 1l.e. the solution method for the elastilc
response of a counterwelghted rocker with overhang and end-
mass in a four-bar linkage with a rigld crank and coupler
(see FPigure 4.1).

The governing differential equations and boundary condil-
tions may be obtailned, after some simplification, from the
previous section or by an alternate derivation, given in
Appendices D and E.

The solution of the problem is based on the method of
Kantorovich., It requires the assumption of a solution form
which is represented by an infinite series of space-time
function products, where the space or shape function compo-
nents must be chosen as a complete set of functions which
should satisfy the geometric boundary conditions.(*)

The resulting solution form 1is substituted into the
varliational integral associated with the linearized and
simplified partial differential equation. Thils leads to an
infinite set of coupled, nonhomogeneous Hill-type differential
equations in the time portion of the solution. The details of
this procedure are outlined in Sections B to E with the bulk

of the work in Appendices F and G.

(*)

The shape function (subproblem) used here is that result-
ing from the assoclated free vibration problem.
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Sections E and F together with Appendix H dlscuss
stability questions assoclated with the homogeneous portion
of the Hill-type differential equations as well as the par-
ticular solution and the assoclated resonance locatilons,

which are necessary for the complete solution of the problemn.
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A. Linearized Differential Equations and Boundary

Condltions

The linearized equatlons for the shaker mechanism, where
only the rocker 1s conslidered elastic, may be obtalned from

the results of the last section. The presence of the rigid

coupler is accounted for by the omission of equations (3.36)
through (3.40), while the equation of motion of the elastilc
rocker, which contains an endmass and a counterwelght, is
supplied by equations (3.41) through (3.55). The fact that
the counterwelght is tangent to the pivot at point D 1s
accounted for by letting 4 become zero.

Appendix D gives an alternate derivation for this case.

Instead of using the Lagrange multiplier method to account for

the constraint equations, the variatlons 6u3, 6¢2e and 6¢3e’
which are functions of v3(x3,t), are used directly in Hamilton's
equation, Subsequently, Hamilton's integral 1is simplified by
approximating the elastic angles Psoe and ¢36 by their rigid

body counterparts (see also discussion in Section III-F), and
by dropping all non-linear terms. The resulting expressilon
(equation (D.10)), into which damping terms have been intro-
duced in the manner shown in Section III-F, forms the basis

for the linearized differential equations and boundary condi-
tions below, as well as for the solution by the method of

Kantorovich, (see Section IV-B),



For 05x35a33

Co 4 Gsit) Do 4 €2V 4 G252 4 GosRva
%

dx# t? s it
-~ CsGs(t)vs + Galist) = O. (4.1)
For a'§_<_x3§_Lx
C.e_‘x% + Gl1s,£) 3V 4 C2%Va 4Gy (1a,t) V2 +Cps DVs
%3 L2 2t? ks 2t
~CsGs(t)va 4 Galxs,t) = O, (4.2)

The geometric boundary conditions are gliven by:

V,(0,t) = O, (4.3)

vy (35,t) = O, (4o ds)

Vs(aft) =0, (4. 5)

vs(@s,t) = 2Vylasd,t) . (4.6)
%3 ks

The dynamic boundary conditions are glven by:

-C, azvz(o!t) + Cs aﬂ"vi(o.t) 4+ GG (k) = O, (4.7)
7.3 '% dxaIt?
C., [ Pvaast) — ’a"vzta*?,{)] =0 (4.8)
[ oK} %3 ’

C, allt) 4 C4 el 4 C5 IValib) 4 CoGst) QUL
Ak M, ot 9 Ys

— CsGst)vy(Lt) + CGelt) = O, (4.9)
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—C, 2Vallt) 4 Cs DLt 4G VL) ¢+ Co6glt) 2V,U0)

'a‘Kg algatz 3t2 o) &
~(GsEIV4(Lit) + CpGtY= O, (4.10)
where
)
C, = EaIs C = M(’ML
Cz = /ug C-, =M
C, = Jueeme*’= Cg = ML $ (4.11)

C4 = Jm“’Mrl:j C9 = j‘*’ MPML =C4+CQ

Cs = Mra Co = ML+M(‘M= CsiCs}

CDB = coefficlent of damping, (4.,12)

Gilxst) = — us (L2- x.})%z + csc(@y-19,) [Mz a2 (. @ a, sin (9-4,)
2 Q; 2

+§ 0, cos(P-0,) 4 0z tiiz)+ Ty Céz] + @, cot (95 ) (J;., %

2 Qs
4+Jm t M(L+r..)z) — MLt r..)q’: ’ (4.13)
G‘l(t%t) = }‘3x>¢: ’ (4.14)
Galust) = ,u;x;q"s ’ (4.15)

Galtait) = — My (2-12)9 — M(Ltr) P, (4.16)
2




Gs(t)
G (t)

(4.17)

(4.18)
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B. Solution Method

A number of authors [13,24,24] have shown that differential
equations of the type represented by equations (4.1) and (4.2),
which contain periodic coe”ficlents, may be solved approxi-

mately using the method of L.V. Kantorovich by letting
Vg(lg,t) - S Vn('l;) qn (t) . (4. 19)
i
n

To this end, shape functions Vn(x3), which form a complete

set and satisfy the geometric boundary conditions, equations
(4.3) through (4.6), must be determined from a suitable sub-
problem, Substitution of equatlon (4.19) and its derivatives
into the Hamilton's integral (D.10), results in a set of
nonhomogeneous Hill-type differential equations in qn(t) after

suitable integrations and application of the Fundamental Lemna,




50

C. Subproblem

The shape function Vn(x3)' which 1s associated with the
free vibration problem of the simply supported beam with
overhang, endmass and counterweight shown in Figure 4.2,
satisfies the geometric boundary conditions, equations (4.3)

through (4.6).

Pigure 4,2 Subproblem

This particular subproblem was chosen in preference to
one without endmass and counterweight, which also satlsfiles
the geometric boundary conditions, because it was hoped that
it would produce the best approximation with a minimum number
of modes. In the absence of an exact solution, or the compari-
sons of various shape functions with an experiment, no real

* quality Jjudgements can be made.

The subproblem has been solved in Appendix Fi

Equation (F.29) gives the shape function Vn(x3) for

0 <x 5_a3 while (F.32) furnishes the expression

< %3 < L. Equation (F.43) represents the




characteristic equation for the determination
of the eigenvalues, while equation (F.53) gives

the assoclated orthogonality condition.
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D. Determination of Hill-Type Differential Equations

by Method of Kantorovich

The infinite set of coupled nonhomogeneous Hill's
equations describing the time portion qn(t) of the solution

form are derived in Appendix G. Equation (G.5) gives:

q""" Cosm Z 3lwm)‘1n + (W - 6st) qm

Nou
+ _L Z “mn(t)qh —_ Fm(t) ’ (4420)
W D Vm

form =1,2,3,ses « The damping constant CD3m’ associated
with each natural frequency wne may be expressed in terms of

1ts relationship to critical damping by:

Cp3m = 2P3u L, (4.21)
where
By = mass per unit length of the rocker link,
{ = damping ratio.

Further, in equation (4.20):
‘;l= the orthogonality condition as defined
by equation (F.53),

ag L
3“".“) = f vaﬂ doL,, + f VmVn d‘xg ’ (4.22)
(o} Qs

a ) L a '
Hmnu) = f é.(‘xg ;t)VMV»' d'Xg + f G4(lg.t)van dl; + f Gaz(xs,t)VMVn d‘lg
() a

s 0

L ! [} ’ ! [}
+ f Gy(¥s 1) VmVn dy +Gs(t) [Cng LVa (L) 4G, ...(L)v.:(L)+CsV,,(o)V,.(o)J ,
4

(4.23)




as L .
Flt)=- f G5, ) Viyd Ly — f Gs(xs ) Vmd s ~ Gg(t) [c;v..', (D)fC,V.:(L).{.C,,V.,(I.)]
Q

0 3

(4.24)
In order to introduce the frequency ratio
A= (.99.2 (4425)
®

where él represents the constant input angular velocity, into
equation (4.20), the following change of variable is made,

i.e. One lets:

dq = @ dq (4. 268)
d de,’
and
dlg = P2 42
d.gz E%‘i . (44 26D)

Further, since GS(t)' H ,(t) and F_ (t) are functions of

ilz, one may write:

Gsit) = P Gs(q) , (4+27)

Ho () = @ Hmal®) (4. 28)
and

Fnlt) = B Fu@) , (4.29)
where

ﬁmn ) = LVQ:_ [- Ql ﬂZ(m,n) —Cio da(m.n) +C; 54(...,..) + C9Vv:o (L) V(L)
WL 2

+ Cio Vm(LIVa(L) +c3V.L(o)V.1(o)] + [csc(%-%) Q% Jze
¢, Q2

Qs
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- sin(f-t2) M2a, + [-.Pg co‘l(qs’wl)(\]aoi- GtCs +2C6+G\L2)]55(-,n),

sin(Ps-)) 2 —‘-'??
(4.30)




with

N L []
daom = f as(L’-x;', WaVindys + f (12-42 V¥ d1s,
0 a

3

a ! L [}
da(n'“) =f ’VMVﬂ'dig -+ VMVV) dia 9
0

Qs

s p L ‘
34(n,n) = f ‘ %3VmVn dx 5 + f %3 YmVo dis
0 Qa

3

Ism = f astVv:'dxa ,
0

and

Fn () =-_'té.% [Czﬂum + CW0) 4+ CoVu(t) +c.ov..m],
®

where

Qs L
ﬁ(,(m) ='—'f ’Kng d’la +f ‘lst d'K; .
0 a

3

Finally, equations (4.20) become:

42 qm + -C&Ll z ﬂlm.ﬂl dqn + E_.’_z\ -@i‘s(q’.)) qm
dgz W\, n ap  \@?

| ﬂ “‘?l) = ?m(‘ﬂ) ’
-FFE;zg mn\ T gn N

form=1,2.3,ooo .

(4.31)

(4.32)

(4.33)

(4. 34)

(4.35)

(4.36)

(4.37)
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Es Final Form of Solution

Determination of Bending Strain

After q, is expressed as a function of 9y, &s shown 1in
the previous section, the total solution according to equa-

tion (4.19) becomes:

Vi, Q) = 2 Vo (x,)q.,(q’.) . (4.38)
n

From the above, the maximum bending strain e(x3,¢l) at

any point x3 on the rocker link is obtalned according to:

G(I;,LP.) = M(‘KB:"P«) VYmax ,
Esls

(4.39)

where
M(xB,ml) = bending moment,

y distance to extreme fiber,

max

The bending moment is given, from elementary stress

theory with the help of equation (4.38), by:

Mts, @) = —Esly Q. 2" Valxs) qn(4) . (4 40)
n %3

Substitution of equation (4.40) into (4.39) leads to the

expression for the strain:

EMM) = ~Yoax 2. 2Valls) gn(4) . (e 1)
n 2:3
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F. Solution of H11ll1l-Type Differential Equations

The followling section shows that because coupling between
the infinite sets of H1ll's equations was found to be weak,
it 1is possible to treat the Hill's equation associated with
each mode separately.

It also briefly outlines the revliew of the solution theory
for Hill's equations given in Appendix H. There, 1t 1s shown how
the homogeneous portion of the differentlal equation is used to
determine the regions of instablility of the system. In addi-
tion, it is pointed out that the steady-state response becomes
unbounded for certaln values of the parameter A, These
"resonance locatlions" are assoclated with certain stability
boundarles.

1. Decoupling of Equations

When dolng the example problem shown in Section V, as
well as one with a more realistic cross-section size, it
became clear that the uncoupling of the infinlte set of Hill's
equations does not introduce great lnaccuracy. Similar conclu-
sions were drawn by H. Houben [ 137] in connection with a
related mechanism problemn.

When equations (4.37) are uncoupled, they are of the

form:
dzﬂ"' tAw é&_ﬂ + Dmi®) qm = ?""(q‘) ’ (4e442)
de? de, N
form = 1,2,3,s0., where now
Am = CDQM ﬁumh) ’ (4e43)

ceo ’Vm




Bm(®) = Ap + Am(4) (4o 1)
Am = (%:!z (L4 45)

and A (°1) originates from the appropriate combination of

the terms G (°1) and H (wl) i.e.

An(@) = tr,( |+| ,u,( mmy — )+ M(me)(V.uu)V..u) Ja«..»»)

¢? 2.
+ (T M, LIV (O (L) + TV 0) V0 )+ [—r——-— & Jz
)] Y sin (Ws‘q’z) —Q-:

- sinlf-%:) Maau 4 ‘;E;lw’t(t& q»z)(J» £ 7% 4 Jun + MLt ] Tscm,
sinlfs-) 2 Q,

(Led46)

The terms di(m,m)' and V and F (9,) are obtained from
the appropriate expressions in the previous section.

2, Stability of Homogeneous H1ll's Equations

The solution to a Hi1ll's equation of the type of

equation (4.42), 1.e.

d’q +Adq 4+ (A+Al)q = O, (he 47)
dae?  d¥

is stable or unstable depending upon the combination of A, A
and various mechanism parameters contained in A(wl). Specific
combinations of the above furnish stablility boundaries which
separate stable from unstable regions.

a) Stabllity Boundaries for Undamped System

The 2n-~periodlc boundaries are found from the
solution of the eigenvalue problem in (-A) of a finite seg-

ment of the following Hill's determinant (see equation (H.21)):
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o« ~lgoHh B.1 B2 B_3 Boy

. By =148,y +0 B_1 B.o R

. 8o B Bo+h B_1 B_o, +|= 0.

. 53 B 81 -1+BO+A B_q .

. By Bs Bs B, =Byt

. . . . . . b4 48)

The 8's represent the coefficlents of the Fourler
expansion of A(¢l), (see equation (H.17) ), which contain all
the mechanism parameters.

Similarly, the 4n-periodic boundaries are found,
according to equation (H.21), from the solution of the eigen-
value problem in (-A) given by the following determinantal

equation:
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(64 °%)

‘0
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The solution of these eigenvalue problems for
various combinations of mechanism parameters permlts the
fashioning of a "Strutt-chart [30]“, which indicates stable
and unstable regions. This 1s facilitated by Haupt's theorem
[30], which states that regions between consecutive boundaries
of similar periodicity are unstable, while those between boun-
daries of different perliodicity are stable,

b) Stability Boundaries for Damped System

Section lc of Appendix H shows how the damped

homogeneous Hill's equation

dq yAdq 4 B(®)q =0 (4 50)
dw? d4,
may be transformed into an undamped one of the type:
d’z ,(A-22:AQ)z =0 (4 52)
a2 4
by means of the substitution
"%%
qR) = e = z(4q). (4 52)
In the above,
¢
Z(‘?.) = e}‘ C}((Pa) (&4 53)

represents the Floquet solution to Hill's equation, where p
1s the characteristic exponent and @(wl) is a 2n-periodic
function.,

This transformation allows one to determine the

stability of the solution for q(@l) by way of the Hill's
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determinant assoclated with z(wl). Appendix H shows how the
2m and 4m-periodic stability boundaries of q(¢l) are determined
by the eigenvalue problem of equation (H.34) with

M= (4. 54)

and

M

il
o> N

+—é—" (4. 55)
respectively.

This approach leads to difficulties when applied
to the case of a mechanism where A is not a systems' constant
in the usual sense, but is a function of the input angular

velocity ;. Since, according to equations (4.21) and (4.43),

A= rw = PJK ' (4 56)
¢,
where
r= 2us&4d , (4. 57)
,v

the Hill's determinant (H.34) associated with the 2n-periodic
stability boundaries has, according to equations (4.54) and
(4.56), the form:
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The presence of the row-dependent coefflcient in front ofAJK,
in the term association with the main diagonal in each row,
makes it impossible to solve this determinantal expression
for A in the usual manner of an elgenvalue problem., Thus, it
becomes necessary to devise a different means of solving for
the stability boundaries of the damped Hill's equation.

Section 1 of Appendix H indicates a numerical
method by which the characteristic exponent of the solution
to a Hill's equation may be found when all systems' parameters
are known. If thils technique 1is applied to equation (4.51),
one may determine the 2m and 4n-periodic stability boundaries
of q(¢1) by searching for those values of A which lead to the
values of the characteristic exponents given in equations (4.54)
and (4.55).

Specifically, p is determined from the character-

1stic equatlion:

z _ =
P Af + | 0, (4. 59)
where
- 2“"“,1

and therefore
o (4.61)
2T

(see equation (H.6) ).
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The constant A is obtained from

A = Z@n) + dzp(zn) , (4.62)
da®

where zl(wl) and zz(wl) represent two linearly independent
solutions to equation (4.51) which satisfy the initlal condi-

tions:

Zz) =1, dz() = O,

d $ (4.63)

ZQ(O) O, de(O) = |.

dy, y,

3, Particular Solution in Stable Regions and

Resonance Condition

a) Solution Method

G. Kotowski [19] has shown by means of Varlation
of Parameters that the form of the particular solution of an
equation of the type of (4.42), at all points in the stable
regions, 1s a 2n-periodic Fourler serles:

qpl®) = po + i(pcm cos mY, + Psm %inMW-)- (4.64)
2 [

m
Section 2a of Appendix H shows that when the func-

tions B(e,) and‘?(wl) = ﬁm(wl)/‘h are expressed in terms of
the Fourier series (H.39) and (H.43) respectively, the coeffi-
cilents in equation (4.64) can be determined from the infinite
set of nonhomogeneous algebralc equations (see equation (H.53) ;s
BF =F. (4.65)
The coefficient matrix B and the column vectors

P and F are defined according to equation (H.54) as follows:
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In the above, bO'bcm’bsm and fO'fcm'fsm are the

Fourier coefficlents assoclated with B(wl) and'f(ml) respective~
1ly.

For a solution of a finite number of coefflclents
Pos P Pomo the infinite set of equations is reduced to a flnite

one by choosing a finite coefficient matrix B symmetrical in

b
rows and columns with respect to the central element A-+—g.

2
The resulting finite set of nonhomogeneous equations can then
be solved by an appropriate numerical scheme.

b) Resonance Locatlons

Whenever the determinant of the coefficient matrix
B of equation (4.65) vanishes, a condition of resonance occurs,
i,e. the Fourier coefficlents of equation (4.64) become un-
bounded. This occurs for those parameter combinations which
correspond to the 2mn-perliodic stabllity boundaries of any mode
of damped or undamped systems.

The above can be demonstrated by considering the
first terms in equations (H.10) and (H.32) which show that a
solution, for the undamped as well as the damped homogeneous
systems respectively, 1s of 2m-periodic form at the 2n-perlodic
stablility boundaries. Because of this, the Hill's determinant
at any of the 2n-periodic stability boundaries is identical
with the determinant of the coefficient matrix B at those loca-

(*)

tions.

(*) While the Hill's determinant in equation (4.48) has been
obtained in a different manner than the coefflcient matrix
B of equation (4.65), it could also have been derived by
using a sine-cosine series, of the type of equation (H.38),
for the qh(¢l) involved.



67

Therefore, the values of A which locate the 2m-periodic
stability boundaries also determine the positions of reso-
nance.

G. Kotowski [ 19 ] has shown that all the coeffi-
cents of equation (4.64) increase somewhat in the vicinity of
the stabllity boundaries when compared to locations further
removed., The coefficients of that Fourler term, which is
assoclated with a frequency equal to the natural frequency of
the system, grows most under these circumstances. Thils
selectivity of amplification was found by Kotowski to be most
pronounced near those resonance locations assoclated with the
larger values of A,

The present investigation has shown that this
selective amplification of the coefficlents associated with
the Fourier terms corresponding to the natural frequency
also occurs in locations which are completely stable due to
damplng, but contained a point-type 2m-periodic instability

reglion when the system was undamped. (See Section V-G.)



V. EXAMPLE: APPLICATION OF THEORY AND COMPARISON

WITH EXPERIMENT

A. Introduction

The theory of thls dlssertation 1s now applied to a
specific example mechanism and the numerical results are
compared with those of a corresponding experiment, Figure
5.1 shows the example mechanlsm and Table 5.1 lists dimen-
sions and materials.

The in-line four-bar linkage consists of a relatively
stiff aluminum coupler and a very thin, flexlible brass rocker
1link with a counterwelght m* and endmass M. The nature of
the crank, which in the experimental setup was combined with
a flywheel, is unimportant, since thls link does not contrib-
ute in any way to the behavior of the rocker,

In order to avoid problems with existling equipment, it
was declided to keep the range of mechanlsm speeds below 210
rpm. Thls decision necesslitated the use of the very thin
rocker link in order to obtain sufficliently large strains.

The specific choice of counterwelght and endmass sizes
was influenced by the need to keep the maximum deflections
low enough not to violate small deflection theory at the
higher speeds.

Two positions on the positive side (inside) of the rocker

link are used to compare experiment to theory. These are
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FIGURE 5.1: EXAMPLE MECHANISM
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Link Lengths

Coupler
(Aluminum)

e —

F

Rocker
(Brass)

ﬁ_—_-:_——_%

Endmass
(Brass)

Counterweight
(Aluminum)

e ————

————

a3 = 1.6401in|E, = 1,0x107 psi By =15 5:106 psl Ty=0:3751n p* =0, 259110'3_1_1_)_-3926
1nu

a,=17.500 in|p, = 0. 259x102 1b-gec? py=0. 776x1072 1b-sec? |t, =1.067 1n r*=1,362 in

in 1n4 )
a3= 9.840 in t:2=0.3?5 in t3=0.067 in hu=0.750 in t* =0.687 in
é*) -2 A1)
a“=16.l+10 in h2=0. 3751 l"t3 =0,687 in dH=0. 750 in m* =0,104x10 “ lb-sec
' ' in
by= 2,000 in|M, =0, 360x10"2 1b-gec? My= 0.422x1073 1b-sec? | M = 0. 46621073 1b-sec?
in in in

L =11,840 in

( +) See Figure 5.1 for detall,

(++) Accounts for manner of fixity to link,

Table 5.1 Example Mechanism Data

04




called top gage and bottom gage locations and are at

*3
Figure 5.1).

= 10.965 in. and Xy = 4.920 in. respectively, (see

The following summarizes the contents of this section

and the results of the example:

Section B:

Section C:

Section D:

Section E:

Sectlion Fi

The eigenvalues and shape functlons

of the rocker 1link are determlined.
Coupled and uncoupled equations are
given, and their numerical solutlons

are discussed.

The results of the numerical solution

of coupled and uncoupled Hill's equa-
tions are compared and it is shown that
uncoupling has little influence on the
accuracy of the results. It is further
found that at least three modes are
required for an adequate description of
the response.

The influence of the initlal conditions
is discussed, and the transient response
on-resonance 1s compared with that off-
resonance. The results of this section
are later used to show that the experi-
mental response is fully described by the
particular solution.

A stability analysis 1s performed and it
is shown that within the operating range

of the mechanism there are neither 2m nor
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Section G:

Section H:

72
Ym-periodic instabilities as long as the
damping ratio is larger than zero. The
stabllity analysls also furnishes the
resonance locations.
The particular solution is given for all
three modes and it 1is shown that for
sufficiently small values of f, the re-
sponse on resonance differs dramatically
from that off resonance, It 1s further
demonstrated that this difference 1in

response disappears for values of { larger

than 0,034,

l, The experiment conflrms the absence

of instabilities within the operating

range, and clearly shows the difference
between the steady-state responses on and
off resonance,

2. A quantitative comparison between
experimental and numerical results indicates
good agreement, on and off resonance,

throughout the operating range.
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B. Eigenvalues and Shape Functions of Rocker Link

The first three elgenvalues of the sub-problem are
obtained according to equation (F.47), *) Subsequently,
the assoclated eigenfunctions are determined with the help
of equations (F.29) and (F.32). In addition, the second
derivatives of the shape functions are found for the deter-
mination of the straln (according to equation (4.41)).

Table 5.2 lists the above for the experimental mechanism,

»*
(*) RTMI Routine, IBM System/360 Scientific Subroutine

Package, (360A-CM-03X) Version III.




04 %a 04

Vn(ts) = 5iﬂ°\a‘ka +“n S‘ﬂh ’Xn‘ls + an (COS NnXa -cosh 'an;)

Vi'tan) = A2 (- sinAnks + N sinhh Auks — B (cosAuks teosh Aaks))

ay c%xs 2L

Volxa) = o [8in Au(23-05) + Fom sinh A, (X5-a5)

+ r4n (005h’>\u(1(-5"03) - Co5 Xu('xs" ﬂa\)]

V::('k;) = 7\&‘-‘5“ [_ Si“IXu(‘kg'a3) + r;y\sllﬂhkn(x3"aa)

+ Qh(cosh An(X3-@3) 4 cos 'Xu(xs*‘h))]

n| A, |w, (rpm)| Ty, Ton T3n Tyn Tsn
1 0,211 1159,3 0,408 0. 546 -0.252 0.314 =1.943
2 0.279 2021.9 -140,1 { -124.2 | -0.606 0. 535 -214,9
3 0.473 5815.4 -1.303 | -1.320 | -1.936 1.773 0.518
Table 5.2 Eigenvalues and Shape Functions of Rocker Link

4




75

C. Coupled and Uncoupled Hill's Equations:

Discussion of Numerical Solution

The relative magnltudes of the strains due to the first
three modes of the solution indlcate that at least this
number of modes 1s necessary for a meaningful description
(see Table 5.4 and Figure 5.7). Accordingly, the first
three Hill's equations must be solved for the qn(wl).

When the coupling between the equations 1s maintained,

equation (4.37) becomes:

dq. + Cpal [5.«."@. +3|(\.2)g_z +5ul.a)__1 [ -z-aswn)‘.- ﬁ“ue.)] q;
@

aw Gy 44, 44, a9 ,
+ Bal®) q, 4 B(0)q, = R, (5.1)

'V. 'vl l'Y.

gj; + C032 [ﬁl(l,l)d‘b +6|(2.1)% + 5!(1,3)@_3]‘} Hz. (Wa)ﬂn
ayy [ XA dy, a4, daq, Y,

+ ['*)1 - Gt , Haa (4, )]11 * “zsw-)cp fae), (5.2)
w2 Y, Y, Y2

7-; + S.rlz: [&u,ngi 44|B-l)é¢_]3 +'-‘ua.;)‘_i_‘h] + ﬁ,.@?.)

aw @, d@ d¢, a4, Y

+ H;z(('o) Clz + [ws 3;(‘?.)* “35“9-)]1 ?,(‘?.\ . (5.3)
Ny & s Y
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The constants W;, jl(m,n)' Jz(m,n)""' and jé(m)'
together with their equations of origin are listed in
Table 5.3.

The functions 65(@1), ﬁmn(ml) and ﬁm(wl) are generated
according to equations (4.27, (4.30) and (4.35) as part of
the numerical solutlon of the differential equatlions. The
associated kinematlc expressions are listed in Appendix I,

When the coupling between the first three modes 1s
neglected, equations (5.1), (5.2) and (5.3) take the form:

ﬁ. 4+ Coav Ay d_i. + [_cgz -G;w.u?\..w.)] @ = (ATX s (5.4)

du? e, dw @} w,

d'q, 4 Coszdandgs + [‘*’: -Gs(e) +ﬁzz(‘?-\]q1 = ﬁ“")’ (5.5)
d(ﬂ? —‘?o ’Yt d‘ﬂ ?f? 'Y1

diq; + Coss 3!(3|3, ﬂ_’ + [“_)_; _65(‘&) + ﬁg(‘hﬂﬂa - ?3 (Qc) . (5. 6)
d(ﬂz "& 'V3 d(Pl ':P." 'v;

The applicable constants ‘Ym’ dl(m,m)' dz(m,m)""'

and dé(m) may again be taken from Table 5.3. The remaining

functions &5(¢1), ﬁmm(ol) and ﬁm(wl) are agailn generated by

the solution program.




'Y;n From Equation (F.53)
m =1 ma= 2 . m= 3
0.712x10™2 0. 865x10% 0. 584x102
'dl(m,n)' Prom Equation (4.22)
n 1l 2 3
m .
1 0. 342x10t -0, 534x10° 0.638x10%
2 -0. 534x10% 0. 99ux10% -0,146x107
3. 0.638x10% -0.146x10° 0.138x102
dz(m,n)' From Equation (4.31)
n 1 2 3
m
1 ~0. 352x10°% 0.197x10% -0.709x10°
2 0.126x10% -0.256x10% -0.900x10%2
3 ' -0.682x10° 0.189x10% -0.197x10°
g3(m,n)' From Equation (4.32)
n 1 . 2 3
m
1 -0,304 0.137x102 -0.754
2 0.993x10% -0.169x10% -0.778x10%
3 -0.623 0. 521x10% -0.177x10%
du(m,n)' From Equation (4.33)
n 1 2 3
m
1 0.112x10} 0. 504x103 -0, 4u6x10t
2 0.146x10° 0. 266x10° -0, 486 x103
3 ~0.313x10! 0. 505x10° -0.676x10*
55(m’n)’ FI‘.ON Equation (40 34)
n 1 2 3
m
1 © =0.320 0.839x101 -0.625
2 0.839x10% -0.219x10% 0. 460x10%
3 -0.625 0. 460x101 -0.175x10%
46(m)s From Equation (4.36)
m=1 mes 2 m =3
0.174x102 -0.911x107 | o.507x202

Table 5.3 Values of Integrals
(Truncated computer results.)
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The value of Cp.. (m =1,2,3), according to equation

D
(4.21), depends on 3he value selected for the damping ratio .
Choosing the initlal conditions for the numerical solu-
tlon'of the coupled or uncoupled equations presents a certain

difficulty. Since the differential equations are only valid
for 61 = 0, i.e. once the mechanlism has come up to speed,
there must be a definite value of dqn(ol)/d(p1 associated with
each value of qn(wl). Initial conditions which do not exactly
conform to the above wlll cause a considerable deviation from
the experimental results until the resulting transients are

damped out.

The followling initial conditlons were used:

Qn(q’s) = 0
(5.7)
dgn(®s) = 0 ('
dw,

and i1t was found that the transients could be minimized by
choosing that starting angle P for which 53 was zero, This
corresponds to 9, = 115°, (See Figure 5.5.)

Both the coupled set and the uncoupled set of equatlons
are solved using a fourth order Runge-Kutta(*) routine, wilth
a step size of n/720 to increment the input angle 4.

Once the qn(vl) have been obtained in this manner, the
deflection may be determined with the help of equation (4.38)

and the strains by (4.41).

(*) RKGS Routine, IBM System/360 Scientific Subroutine
Package, (360A-CM-03X) Version III.
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D. Comparison of Results of Coupled and Uncoupled Hill's

Equations

For the range of input angular velocities considered,
the influence of coupling appears to be very small since the
numerical solution of the uncoupled Hill's equations differs
only very little from that of the coupled ones,

This result 1s demonstrated in Tables 5.4 and 5.5 for the
nominal speeds of 193.3(*) and 160.0 rpm respectively. The
numerical solutlons for various strain values for the bottom
gage and top gage locations are compared for the "first" and
fortieth cycle of operation when the computation has been
initiated at o) = 115° in the cycle preceeding the "first".

(Recall that the bottom gage 1s at x, = 4,920 in. and the top

3
gage at Xy = 10,965 1in. )

For all cases, { = 0.0025, Table 5.4 shows mode by mode
as well as total strain comparisons, while Table 5.5 compares
only the total strain.

Note that the maximum differences for any given mode are be-

tween 0.3 and 0.6 p in./in, .

(*) pActually 195.415 rpm. This accurate definition of
rpm i1s necessary at resonance locations in order to
observe the assoclated amplification of the higher
harmonics. A few rpm difference was found between the
resonance locations predicted by Runge-Kutta and those
by the particular solution (and the stability analysis).
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®y Mode(1l) Mode(2) Mode(3) Total
Degrees C uc c uc C uc c uc
0 59,0 | 59.2 |- 9.0 |- 9.0 |=10.4 |-10.7 | 39.6 | 39.4
10 7100 7103 -10.5 -10.5 -1103 "11.8 4902 l+809
20 71.9 72.2 - 9.9 - 9!9 -1106 -12'2 SO'L" 50'0
30 63.8 64.1 -10.0 -10.0 -1106 -12.1 4203 “‘2.0
LI-O 5406 54.9 -10.5 "10.6 -11:3 -11.6 32.8 3206
50 50.3 50.’4’ - 9.0 - 9.1 -loc6 -1009 3007 30'5
60 49.8 5000 - 7.1 - 701 - 903 - 9'5 3304 33'3
70 U6.9 | 47.0 |= 647 |= 67 |= Teb6 |- 7.8 | 32.6 | 32.5
80 36-“ 36-5 - 5.6 - 506 - 508 - 508 25'0 2500
90 20.1 20.1 - 300 - 300 - Ll'oo - 4.1 1300 1300
100 5.2 562 |- 1.7 |- 1a7 |- 25 |- 2.5 0.9 0.9
110 - 2.3 - 2.3 - l-llv - lou - 100 - 100 - 407 - 407
120 - 302 - 3.3 0.6 0.6 006 006 - 2.0 - 2.1
130 - 4.7 - 407 2.6 2.6 203 2.2 002 002
140 -12.5 | -12.5 2.7 2.7 3.8 3.8 |- 6.0 |- 6.0
150 -25.7 "25. 7 3.5 3.5 5.1 5.0 -17.2 “1702
160 "3?.3 -37-3 5-5 5.5 600 5.8 -25.9 -2600
170 -41.2 -41.2 6.0 6.0 607 606 "28.5 "2806
180 -38.2 -3801 506 506 705 704 -2501 -25.1
190 | -34.9 | -34.9 6.9 6.9 8.3 8.2 |-19.8 |-19.8
200 -37.7 | =37.6 7.9 7.9 8.9 8.8 | -20.9 |-21.0
210 “'46.0 -45.9 7.1 7.1 9.1 9.0 -29.8 -29.8
220 -53.0 | =52.9 7.0 7.0 9.1 8.9 | -36.9 |-37.0
230 }-52.5|-52.4 8.1 8.1 8.9 8.8 | -35.4 |-35.5
240 ""4’407 -44-7 7-6 706 8-8 807 -2804 -2804
250 | =36.3|-36.3 6¢3 6.3 8.6 8.5 |-21.5 |-21.5
260 |1-33.6|-33.5| 6.6 6.6 8.0 7.9 | -18.9 | -19.0
270 -36.2 | =36.1 645 6.5 7.1 7.0 | =22.5 | -22.6
280 |-37.3]-37.3 4o 5 4.5 5.8 5¢7 | =27.0 | =27.0
290 "3003 "30.3 3.2 3.2 403 4.2 -22.7 -22.8
300 "'1500 -1500 2.9 209 206 206 - 905 - 905
310 2.1 2.0 0.8 0.8 0.7 0.7 3¢5 3.5
320 14.2 14,2 |- 241 |- 2,1 |- 1.5] - 1.5 10.6 10.6
330 20.7 2007 hd 3.2 - 3.2 - 4.0 - 4.0 13.5 1305
3""0 2702 2702 - 408 - 408 - 605 - 6.6 1509 1509
350 39.0| 391 = 7.7 |~ 77| - 8.6~ 8.8 22,6 | 22,6
360 55¢5] 55.7 |- 9.2 |- 9.3|-10.1}-10.5| 36.1| 36.0
C = Coupled; UC = Uncoupled
Table 5.4a Bottom Gage Strain in "First" Cycle (p inches/inch).

193.3 rpms @) = 115%; ¢ = 0.0025.




L Mode(1) Mode(2) Mode(3) Total
Degrees c uc c uc C uc c uc

0 25.3 | 25.4 | 42.6 | 42.7 75 T7e7 | 754 | 7549
10 30.5 | 30.6 | 495 | 49.6 8.2 8.5} 88.1 | 88,8
20 309 | 31.0 | 46.6 | 46.7 8. 4 8.8 | 85.8 | 86.5
30 27.4 | 27, 47.0 47.1 8.4 8.7 82.8 83.4
40 23.5 | 23.6 | 49.8 | 49.8 8.2 8e4 | 81.4 | 81.8
50 21.6 | 21.7 | 42.7 | 42.7 7.6 7.8 | 71.9 | 72.2
60 2lo4 | 21 4 | 334 | 33.4 6.7 6.9 | 61.5 1 61.7
70 20,2 | 20,2 | 31.6 | 31.7 5¢5 5¢6 | 573 | 57.5
80 15,6 | 15.7 | 2645 | 2645 4e2 Ge2 | 46.3 | W64
90 8.6 61 14.1 | 14.2 2.9 2.9 1 25.7 | 25.7
100 202 2.2 8.2 8.2 1.8 1.8 12,2 12.2
llo - 100 - 009 6-5 605 007 007 603 603
120 - 104 - 104 - 209 - 209 - 004 - oou - 407 - 408
130 - 200 - 2.0 -1203 -12.3 - 106 - 1.6 -1509 -15.9
140 - 5.4 - 5.3 -12.8 ‘12.8 - 2.8 - 207 -2009 -2008
150 -11.0 -11.0 -1604 -1603 - 3.6 - 306 -3100 -3009
160 -16o0 -1600 ‘26.0 -2600 - 403 - 4.2 -4603 -4602
170 =17.7 |=17.7 | =283 |~28.3 [ ~ 4.8 |- 4.8 | -50.8 |-50.7
180 -1604 ‘1604 -26-5 -2605 - 504 - 503 -4803 ‘4802
190 [-15.0 |-15,0 | =32.4 |-32¢4 | = 6.0 |= 5.9 | =53.4 |-53.3
200 -16.2 ‘16.2 -37.2 -37.2 - 6.4 - 603 -5908 —59.?
210 -1907 -19-7 '33-4 '3303 - 606 - 605 '5907 -5905
220 -22.8 -22-7 -3301 -33.0 - 605 - 6.4 -6204 -62.2
230 —2205 -22.5 -3803 -3803 - 604 - 6.3 -6703 -6701
240 -1902 -19.2 -35.8 -35.8 - 6-3 - 6.2 ‘61.3 -6102
250 —1506 -1506 -2907 -29-7 - 6.2 - 6.1 '51.5 '5104
260 -14.4 -14.4 -31.2 -31.2 - 5.8 - 50? -51.5 -510#
270 -15.5 -15.5 -30.7 -30.7 - 5.1 - 5.1 -51.4 ‘5103
280 -1630 -16.0 -2102 -2102 - 4.2 - 401 -4104 -41.3
290 —13.0 -13.0 -15.3 -15.3 - 301 - 3.0 -31.4 -3104
300 - 60“ - 6-5 -1308 -1308 - 109 - 1-9 -2201 '22-1
310 009 009 - 306 - 306 - 005 - 005 - 3.2 - 3.2
320 6.1 6.1 9.8 9.8 1.1 l,1§ 17.0 | 17.0
330 8.91 8.9 153 15.3| 2.9| 2.9] 27.1| 27.1
340 11,7 | 11.7 | 22.5 ] 22.6 47 4.8 | 38,9 ] 39.0
350 16,8 | 16.8| 36.5 | 3646 6.2 6e4 1 59.5] 59.8
360 2348 | 23.9| 43.6 | 43.7 7.3 761 748 | 75.2

C = Coupled; UC = Uncoupled

Table 5.4b Top Gage Strain in "First" Cycle (p inches/inch).
193.3 rpm; 9, = 115%; { = 0.0025,



®; Mode(1) Mode(2) Mode(3) Total
Degrees C uc C uc c uc c uc
0 50.9 50,8 |- 9.7 |- 9.7 |-10.6 }-10.9 30.7 30.3
10 65.1 653 |- 9.8 |- 9.9 |-11.5 |-12.0 43.8 43.6
20 7%.9 | 75.5]-10,0 | -10.0 |-11.8 |-12.4 | 53.0 | 53.1
30 7302 ?3.8 -10.7 -10.8 -11.7 -12.2 50.8 50.8
40 6008 61o1 - 908 - 9.9 ‘1101 -1106 39.9 39.7
50 4603 46-2 - 8.2 - 8.2 -10.2 -1004 28.0 2706
60 3802 3709 - 7-6 - 706 - 8.9 - 9.0 21.8 2103
70 3703 37.3 - 607 - 6.7 - 703 - 7.4 23.3 2302
80 3604 3608 - 404 - 4-4 - 506 - 507 26.4 26-7
90 2800 2804 - 209 - 209 - 309 - 309 2102 21.6
100 11.7 1107 - 2.3 - 203 - 202 - 202 7.1 702
110 - 501 - 504 - 006 - 006 - 005 - 006 - 603 - 606
120 =13.9 | -14.3 1.4 1.4 1.0 1.0 | -11.5 | -11.9
130 |[-13.8 | -13.9 1.9 1.9 2.5 2¢4 |- 944 |- 9.5
140 -12.1 -11.8 207 207 3.8 3.8 - 5-? - 5.4
150 -17.0 -1606 405 4.5 500 409 - ?05 - 702
160 -2906 -2905 504 504 6.1 6.0 - 8.2 - 8.2
170 -42.7 -42-9 503 503 700 609 -3004 -3008
180 —47.8 -48.1 6.3 6.3 70? 706 ‘3308 -3402
190 -4306 -43.6 7.4 7-4 803 802 "2709 -2800
200 -37.1 -3608 7.1 7.0 807 806 -2103 -2101
210 -3609 -3604 7.0 609 9.0 809 -20.9 ‘2006
220 -44.4 -44.2 7.9 7.9 9:1 900 '2704 '2703
230 -5209 -5301 7.8 708 901 9.0 -3600 ‘3603
240 -5307 -5400 608 608 809 807 -3800 -3804
250 -44.9 -45.0 6.9 6.9 8.5 8.4 -29.5 -2907
260 |-33.31-33.0 71 7.1 7.8 7.8 | -18.4 | -18.2
270 -27.2 -26-8 506 506 700 609 '1406 -1403
280 -28-5 -28.3 4-5 405 509 508 ‘1801 -1801
290 -30.3 -30.6 4.2 4.2 4.5 404 -21.7 -2200
300 -24.0 ‘2404 206 2.6 2.7 2.7 -18.7 -19.1
310 - 7¢2 | = 743 0.1 0.1 0.7 07 |- 60l4 = 645
320 13.4 ]| 136 |- 1.3]- 13 |- 1.6 |- 1.6 10.5 10.8
330 2806 2900 - 20? - 2'7 - 3'9 - 3.9 2200 22.3
340 35¢4 | 356 1= 551 = 545} =642]=6s3| 23.7]| 23.7
350 38.8 .38.7 - 706 - 7.6 - 8.3 - 8.5 2209 22-6
360 46‘3 46.1 - 8.2 - 8.3 -1001 -1003 28.0 27.6

C = Coupled;

UC = Uncoupled

Table 5.4c

193.3 rpm; @ = 115%; ¢ = 0.0025.
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Bottom Gage Strain in Fortieth Cycle (p inches/inch).




¥y Mode(1) Mode(2) Mode(3) Total
Degrees c UcC C uc Cc UcC C uc
O 21.9 21.8 45.7 l+508 706 708 7502 7505
10 27.9 28.1 46.1 46.2 8.3 8.5 82.3 82.9
20 32.2 | 32.4 | 47.2 | 47.4 8.5 8.9 87.9 | 8s8.
30 31.4 3107 50‘7 50.8 8.4 8.8 90.5 91-3
40 26,1 | 2642 | 46.5 | 46.6 8.0 8.3 | 80,7 | 81l.2
50 19.9 | 19.8 38.6 38.6 743 7.5 | 65.8 | 66.0
60 6.4 | 6.3 | 35.8 | 35.9 6ol 6.5 | 58.6 58.6
70 16.0 16.0 31.5 31.6 53 5¢3 52,8 52+9
80 15,7 | 15.8 | 20.8 | 20.8 4.1 4,1 | 40.5 | 40.7
90 12,0 12.2 13,6 13,6 2.8 2.8 28,5 28,7
100 5.0 5.0 11.0 11.0 1.6 1.6 17.5 17.56
110 - 2.2 - 2.3 2.8 2.8 004 Oou' 100 009
120 |- 6.0 |- 61 | = 6e6 = 646 |- 0.7 |- 0.7 | =-13.3 |-13.5
130 |- 5.9 |- 6.0|- 9.1 |- 9.2 ]- 1.8 |- 1.8]-16.9|-16.9
11\“0 - 502 - 501 -1205 "12.5 - 2.7 - 2-7 -20-5 -2003
150 - 7.3 - 701 "'2102 "2102 - 306 - 306 "3201 -3109
160 -1207 -12-7 ‘25.3 -2503 - 4.4 - 403 -4204 -42.3
170 -18.3 -18.4 "214‘.8 "24.8 - 5-1 - 5.0 ' "4802 ’4802
180 -20.5 "2007 -2906 "29-6 - 506 - 505 -5507 -5508
190 -18.7 -18.7 -3500 -35.0 - 600 - 509 -5907 -5906
200 -15.9 —15.8 -3303 -33.3 - 6-3 - 6-2 "5505 -5503
210 -15.8 -15.6 -32.8 -32.8 - 6.5 - 604 -5501 -5409
220 [-19.1 | -19.0 | =374 | =374 [~ 6.6 |- 6.5]|-63.0 | -62.8
230 -220? -2208 "36.8 -3608 - 6.6 - 605 "66.1 -6601
240 =23.1 | -23.2 | =-32.1 | =32.1 |- 644 |- 6.3 | -61.6 | -61.6
250 -19.3 -19-3 "32.8 -3208 - 601 - 6.0 -5802 "58.1
260 | =14.3 | -14e2 | =33e3 [=33e3 | = 5.7 | - 546 | -53.3|-53.1
270 =11.7 | =11.5| -2645 | =2645 | = 5.1 | = 5.0 | =43.3 | -43.0
280 =122 | -12,2 ] =21s0 | =2140 | = 443 | = 42| =375 | =374
290 =130 | =131 | =1947 | =196 | = 362 | = 3e2| =35.9]-36.0
300 ~1043 | =105 =122 | <1242 | = 2.0 | = 2.0 | =244 | -24.6
310 |- 3.1]|-3.2]-04]-0.5|-0.5}-0.5|-4.0}- 4.1
320 5¢7 5.8 6.0 6.0 1,1 1.1} 12.9]| 13.0
330 12.3 12.5 12,9 12,9 2,8 2.8 28.0 28.2
340 15.2 | 15.3]| 26.1 | 26.2 4.5 4.6 45.8 | 46.0
350 16.7 | 16.6| 35.8| 35.8 6.0 6.1] 58.4 ]| 5846
360 19.9] 19.8}] 38.9 ] 39.0 7.2 7o | 6641 ] 6643

C = Coupled;

UC = Uncoupled

Table 5.44

Top Gage Strain in Fortleth Cycle (p inches/inch).

193.3 rpm; @ = 115°; { = 0.0025.
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9, Bottom Gage Top Gage
Degrees c ucC C ucC
0 23-1 23.0 46.7 46.9
10 30.8 30.56 551 55.4
20 31.8 31.7 60.3 60.6
30 27.6 275 54.8 551
40 22.6 22.5 52¢4 5246
50 22.5 22. 4 50,1 50.2
60 24.6 2.6 42.4 42.5
70 20. 4 20. 4 3745 37.6
80 11.7 11.7 27.9 27.9
90 5.4 Se 44 15.7 15.7
100 3.8 3.9 12.0 12.0
110 5.1 5.1 5.6 5.6
120 1.9 200 - 309 - 309
130 - 6.7 - 6.7 - 9.4 - 94
140 -12.0 -12.0 -18.6 -18.6
150 -11.3 -11.3 -24,1 -24.0
160 - 9.7 - 9.7 -23.8 -23.7
170 -11.5 -11.5 -30.8 -30.7
180 -18.0 -18.0 -36.4 -3604
190 -22.4 -2204 '3705 -3?04
200 -19.3 -19. 4 -41.3 -41.2
210 -15.? -15-7 _3906 ‘39.5
220 -17.0 -17.0 -38.5 -38.4
230 -21.1 '21.1 '43.8 ‘4307
240 -23.3 -2304 -41.8 ‘4107
250 -19.3 -19.3 -37.6 -37.5
260 -13,0 -13.0 -36.1 -36.1
270 -1207 -12.8 -2909 -2909
280 -15.3 -15.3 -2701 -2?01
290 -13.8 -1308 -2401 ’24.1
300 - 7.1 - 7.1 -11.3 -11.3
310 1,9 1.9 - 1.4 - 1.4
320 6.2 662 7.0 7.0
330 642 62 19.4 19.4
340 10. 5 10.5 27.6 27.7
350 19.7 19.7 38.8 38.9
360 27.6 27.5 52.0 52.2

C = Coupled; UC = Uncoupled

Table 5.5a Total "First" Cycle Strain (pinches/inch).

160.0 rpm; 9 = 115%; ¢ = 0.0025.
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Py Bottom Gage Top Gage
Degrees c uc C uc

0 27.0 26.9 49.7 49.9
lO 29.1 2900 5609 5702
20 28, 27.9 57. 4 577
30 26.3 26.2 5k & L. 6
40 25.3 25.2 54,1 5443
50 2500 2409 4805 48'6
60 21.8 21.8 41.0 41.1
70 15.4 15.3 34.9 35.0
80 10,5 10.5 24. 5 24.5
90 79 8.0 17.0 17.0
100 5.9 6.0 12.1 12.1
110 2.8 2.8 2,2 2.2
120 - 2.9 - 209 - 5.2 - 5-2
130 - 7.7 - 707 -10.9 —1009
140 - 8.6 - 8.6 -18.8 -18.8
150 - 903 - 9.3 -21.9 -21.9
160 -1109 - 109 ‘2600 -2600
170 -15.5 -15.6 -33.4 =333
180 -18.8 -18.8 ~35.3 -35.2
190 -18.5 -18.5 -37.3 -37.3
200 "1609 -16.9 -4003 -40.2
210 -18.2 -18.3 -39.3 -39.2
220 -20.5 -20u6 ‘41.7 -4106
230 -2103 -21-3 ‘43'2 -4302
240 -19.7 -19.8 -39.2 -39.1
250 -16.6 -16.6 -38.1 -38.0
250 -1506 -1506 -3601 -3601
270 -1606 -1606 -3101 '31.0
280 -14.8 -1418 -2806 -2805
290 -10.2 -10,2 -21.2 -21.2
300 - 4- 9 - Ll'o 9 '100 7 -10. 7
310 - 0-6 - 0.6 - LPDO - 4.1
320 2.0 2.0 6ol 6ol
330 6.4 6.4 18.3 18.3
340 14,2 14,2 27.8 27.8
350 21.1 21.0 40.5 40.6
360 24.8 24.7 49.1 49.3

C = Coupled; UC = Uncoupled

Table 5.5b Total Fortieth Cycle Strain (pinches/inch).

160.0 rpm; @, = 115% ¢ = 0,0025.
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E. Determination of Strain Response by Numerlical Solution

of Uncoupled Equatlons:

Transient and Steady State Behavior

A comparison of the transient and steady state responses
of the uncoupled Hill's equations, aé obtained by a numerical
solutlion, 1is necessary in order to arrive at an appropriate
interpretation of the experimental results. To this end, this
sectlion shows with Figures 5.2 to 5,4 the influence of the
initial conditions on the transient response of the system as
well as the dramatic difference in the steady state response
on and off-resonance.(*)

The off-resonance location chosen is 190 rpm, while the on-
resonance location is nominally 193.3 rpm, which corresponds to
the "sixth"(**) resonance assoclated with the first mode.

Where appropriate, the responses of the bottom and top gage
locations are each compared with their particular solutions (see
Section V-G ) since it took too many cycles to converge to a
steady state with the value of f = 0.0025 used. (Larger, but
less realistic values of the damping ratio cause a more rapid

convergence to the steady state,)

(*)

The term resonance refers to an amplification of the
particular solution which occurs at specific input
speeds. These speeds are associated with the undamped
2n-periodic stabllity boundaries (see Section V-F-1
below). For the mechanism and speed range considered,
these speeds are whole numbered fractions of each
natural frequency of the 1link,

(%) The "flrst" resonance location corresponds to the
natural frequency itself. 193.3 rpm corresponds to
"one~sixth" of the first mode natural frequency of
1159,3 rpm (see Table 5.2),
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Discussion of Figures 5.2 to 5.4

a) Figure 5.2 shows that the strain amplitude during
the early cycles 1s greatly influenced by the starting
angle 2P This may be explained with the help of Flgure 5.5,
which gives the ratio 63/é§ as a function of the input angle
®;. While the value of 63 is near a maximum at @; = 0°, 1t
vanlshes near 1150. Thus, for P = 1150, the forcling terms
in the differential equation are more gradually applied when
the solution 1s started. (See also dilscussion in Section V-C.)

b) The shape of the solution at resonance (193.3 rpm
nominal) is quite different from that off-resonance (190.0 rpm),
both early and late in the course of operation. Thils is shown
by Figure 5.3, which gives the response of the bottom gage
location for a starting angle P = 1150. For the resonance
location, the contribution of the complementary solution,
which 1s 2m-periodic there, 1s, as long as it exists, always
in phase with the 2m-perlodic particular portion of the solu-
tion. Off resonance the contribution of the complementary
portion is not 2n-periodic and therefore, appears as a travell-
ing wave on top of the fundamental frequency of the particular
solution, This difference is lllustrated by the appearance of
the second, sixth, tenth and fortieth cycles of both types of
responses. (For detalls on homogeneous solution see Appendix
H.) Once the contribution of the complementary portion has

been damped out, the solution at the resonance position re-
flects the presence of an ampliflied higher harmonic of the

particular solution. Off the resonance position the wave
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only shows the first harmonic of the response which corresponds
to the input angular velocity of the mechanlsm,

Figure 5.4 shows that the resonance phenomena are less
pronounced for the top gage location, This occurs because the
contribution of the second mode 1ls greater here than that of
the first mode., (At the bottom gage location the first mode
prevalls, see Section V-G.)

¢) The in-phase condition of the complementary and
particular portions of the solution at resonance seems to
cause a more rapid convergence to the steady state.

It should be noted that in searching for resonance loca-
tions, l.e.the 2n-periodic boundaries of the first mode, by
numerically solving equation (5.4) alone, it was found that
they were a few rpm removed from those predicted by the
stability analysis (see Section V-F)., These locations were
found by letting { = O and looking for those rpm for which
the amplitude of ql(cpl) increased without bound. Very detailed
searches with small increments in rpm were necessary. The
"running away" of q1(¢1) (1.e., the monotonically increasing

peak to peak amplitudes) occured at a very slow rate,
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F. Stabllity Analysils

The following represents a stablility analysls of the
first three uncoupled modes of the rocker link,

1. Stability Analysis of Undamped Equations

The 2m and 4nm-periodic stabllity boundaries, for
each of the undamped, homogeneous portions of the differen-
tlal equations (5.4), (5.5) and (5.6), may be found by
solving the eigenvalue problems indicated by equations (4.48)
and (4.49) respectively.

The size of the matrix selected depends on the number
of stability boundaries desired. Increasing the matrix size
increases the number of stabillity boundaries assoclated with
ever larger values of A, (Recall that the larger A, the
lower the corresponding input speed of the mechanism.) Of
course, lncreasing the matrix size also increases the
numerical accuracy of the elgenvalues.,

A (21x21) matrix was used for locating the 2m-periodic
boundaries, and a (20x20) matrix for the 4m-periodic boundaries.
This allows the exploration of the 2mw-periodic stability
boundaries for values of A up to approximately 100, and
4m-periodic stability boundaries for values of A up to approxi-
mately 90 (see Table 5.7). It confines the investigation to
speeds larger than 116 rpm for the first mode, 202 rpm for the
second mode, and 581 rpm for the third. (In an engineering
problem where such a limitation prevents attaining necessary
information, larger matrices must be chosen.)

The periodic coefficlients in equations (5.4), (5.5)
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and (5.6) are expressed in terms of complex Fourier serles
according to equation (H.l?).(*) Table 5.6 lists the values
of the complex B, (n =0, %1, £2,.44,220) of each of the
three modes, A complex QR-algorithm is used to solve the
eigenvalue problems.

Table 5.7 serves as an example for the values of A
and corresponding values of rpm assoclated with the 2m and
4m-periodic boundaries of the first mode respectively. It
may be seen that some of the instablility reglons have a
finite width while most others are only points.(**) Amongst the
2n-periodic reglions, for example there 1s one of finite width
between A = 0.85 and A = 1.13. The two values A = 99,98
represent a double root, and with that only an instabllity
point. The negative value of A which appears in the table is
a valid mathematical result, but has no physical meaning in
mechanism problems and 1s therefore neglected.

To obtain the input angular velocity 61 corresponding
to a particular value of A, one makes use of equation (4.45),

i.e.

b=w,
K

where w represents the natural frequency of the mode under

(5.8)

investigation.

(%)

The results were determined numerically.

*%

(%) In a larger stablillty chart, where some mechanism
parameters are varled, this would reflect itself as
one point of an instability line [30].




Bn =

a + bi = (a,b)

Mode 1

Mode 2

Mode 3

W)

O ®©® 3 O o FWwWwoN

o]
o

( 0.218865E-01,

0.0 )

{ 0.282563E-01,

9.0 )

(-0.552500E-01,

0.0 )

(-0.164123E )0,

0.829161E-01)

(-0.911746E=-D1»

0.466088E-01)

(-0.111252E 21,

J.555128E 00)

(-0.804972€)1,

0.862225€£-01)

(-0.483130E-01,

0.558943E-01)

(-0.500177€ 20,

0.483326E 00!

(-0.155191E-)1,

0.166948E-01)

(-0.912660E-02,

2.1072%4E-21)

(~0.988036E-D1,

0.948758E-01)

(-2.318492€-72,

0.279665E-02)

(-0.188301€-32,

J.179137E-32)

(-0.201508E-01

3.159498E-01)

(-0.548302€E-)3,

9.416531E-03)

(-0.324169E-D3,

0.266078E-03)

(-0.346907E-22,

0.,238474E-02)

(-0.905652E-J4,

0.584969£-04)

({~0.53598JE~-J4

J«373315E-04)

(-0.572321€E-)3,

0.335364E-23)

(-0.141270E-24,
(-0.216517E-235,

9.773835€-05)

9.920027e-06)

(-0.835982E-J5,

(-0.128284E-25,

0.495252E-05)
D.611441E-06)

(-0.892842E~-Dé»

(-0.136643E-04,

0.441864E-04)

0.496722E-05)

(-0.319456E-26,

0.155738E-07)

(-0.199290E-26,

J3.327208E-37)

(-0,188939E-25+~-0.198861E-06)

(-0.679975E-37,-0.263817E-06)

(-0.56T7217E-37y-0.146908E-06)

(~0.246566E~26,~

0.178383E-05)

By = 0 for n > 10: By = Bh

(complex conjugate).

Table 5.6 Complex Fourier Coefficients

g6
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2n Boundary Points 4nm Boundary Points
Corresponding Corresponding
A wl/él rpm A wl/él rpm
~-0,08 imaginary 0.04 0,202 5747.16
0.85 0,922 1257.14 0.36 0.601 1927. 30
1.13 1,283 1089. 33 2.20 1.483 781. 76
3.97 1,994 581, 46 2.29 1.512 766477
4,00 1.999 579.93 6.23 2. 496 Lo4. 4i
8. 98 2,997 386.85 6.23 2. 497 464,29
8.98 2.997 386.83 12,23 3.497 331.49
15.98 3.997 290.01 12.23 3.497 331.49
15,98 3.997 290,00 20.23 4. 498 257.75
24,98 4,998 231.96 20.23 4.498 25775
24.98 4,998 231.95 30.23 5.498 210,85
35.98 5.998 193,27 30.23 50498 210.85
35.98 5.998 193.27 42,23 6.498 178.40
48,98 6.998 165.65 42,23 6.498 178. 40
48.98 6.998 165.65 56.23 7499 154.60
63.98 7999 144.93 56423 . 74499 154.60
63.98 7.999 144.93 72.23 8.499 136.41
80,98 8. 999 128,83 72.23 84499 136.41
80,98 8. 999 128,83 90.23 94499 122.04
99.98 9.999 115.94 90.23 9.499 122,04
99.98 94999 115, 94 J
Table 5.7 2n and 4n~Periodic Stability Boundaries
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Simllar to the condition found in a "Strutt-Chart” for
the Mathieu equation, whenever a 2m-perlodic 1instabllity
reglon is given by a point, the value of 61 1s near a whole
numbered fraction of the natural frequency wy = 1159.3 rpm.
(See appropriate wl/é1 column in Table 5.7.)

Figure 5.6 presents the results of the stablility analysis
for all modes in the form of a graph for a speed range of 116
to 800 rpm. While 250 rpm represents a practical upper limit
for this type of link, the above data are extended beyond
that speed for the sake of the information they convey. Note
especially the lncreasing width of the instabllity regions
(in the first mode) as the rpm increase. A point type region
is indicated by the letter P.
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2. Stability Analysis of Damped Equations

The determination of the stability boundarlies 1in the
presence of damping wlll now be considered. It 1s shown that
if an instabllity region of the undamped system 1is represented
by a point, or more generally by a line, then damping removes
the instabllity no matter how small y. If an instability
reglon of the undamped system has finite width, the method
discussed 1ln Section IV-F-2b 1s used to obtain the stability

boundaries corresponding to a given value of [.

Since the instability regions of all modes within the
operating range of the mechanism are only points when damping
1s disregarded, the actual mechanism is completely stable for
those speeds,

a) Instability Region 1s a Point in Undamped System

Equation (4.52) or equation (H.23) of Appendix H shows

that the response of a damped Hill's equation is given by

q(e) = AP (5.9)

It is further indicated in the same Appendix that a damped

system can only then become unstable if

Re(i) > A (5.10)
e /“) 5

in the characterisitc exponent p associated with z(ml).

Table H.1l shows that the above can only happen when
the 2n or 4m-periodic instabllity regions of a Hill's equation
such as z(wl) have a finite width. (In the stable regions

Re(p) = 0,) It will now be proven that z(wl) can only contain
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point-type regions, where Re(p) = 0, whenever the assoclated
undamped system has point-type regions. Under these clrcum-
stances, equation (5.9) will be stable regardless of the
magnitude A, or rather that of the damping ratio (.

The Hill's equation in z(@,), i.e. equation (4.51) or
equation (H.24), with the eigenvalue A, 1s of the same form
as the undamped Hill's equation (H.1l) in q(wl). Since it
also contalns the same periodic function A(wl) as the undamped
equation, its eigenvalues I are identical to those of the un-
damped equation. Thus, whenever the undamped system has elgen-
values which indicate a point-type region, the same type of
instablility 1s found in the z(gl) system. Thls of course
means that Re(p) = 0.

Accordingly, stability prevalls in the flrst mode of
the damped system up to 580 rpm, since the undamped first
mode exhibits only instability points up to that speed (see
Figure 5.6). The second and third modes are stable up to
even higher speeds.

b) Instability Region Has Finite Width in

Undamped System

While the 4n-periodic undamped instablility reglon of
of the first mode which occurs between 766 and 781 rpm is
considerably above the practical operating range of the
mechanism, it serves to illustrate the reduction of the width
of such a reglon for a comparatively large [ such as 0,034,

The method assoclated with the characteristic equation

(4+59) is used to solve for the characteristic exponents By o
’
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of the equation in z(wl). Subsequently, that speed 1s
determined for which the total exponent (Re(n) - A/2)
vanishes, Table 5.8 lists the values of A, Re(p), Imag(pn),
A/2 and (+Re(p) -~ A/2) for a range of speeds from 766.92 to
780,00 rpm. Since (+Re(p) - 4/2) is zero at approximately
769.62 and 779.29 rpm, these values represent the damped
stabllity boundaries of thls particular region,

3. Combination Resonances [14]

Combination resonances are instabilitles, additional
to the type described above, which arise in coupled Hill's
equatlons. These types of lnstabilitles were not investigated
by the author because thelr presence was not detected in the

experiment for the input speed range consildered.



RPM A + Re(p) + Imag(p) aA/2 + Re(p) - A/2
766.92 | -1.99850 | 0,000000 0.4938 0.00880 | -0.8799x10~2
767.59 | -1.99998 | 0.000000 0. 4992 0.00879 | -0.8791x1072
768.27 | -2.00131 | 0,005752 0. 5000 0.00879 | ~0.3032x10"2
768.94 | -2.00251 | 0.007978 0. 5000 0.00878 | -0.7981x10"3
769.62 | -2.00357 | 0.009501 0. 5000 0.00877 | 0.7323%1077
770.30 | -2.00450 | 0.010670 0. 5000 0.00876 | 0.1913x1072
770.98 | -2.00530 | 0.011580 0. 5000 0.00876 | 0.2827x1072
771.66 | =2.00593 | 0,012250 0. 5000 0.00875 | 0.3504x1072
772.35 | -2.00643 | 0.012760 0. 5000 0.00874% | 0.4020x1072
773.03 | -2.00680 | 0.013120 0. 5000 0.00873 | 0.4387%1072
773.72 | -2.00701 | 0.013320 0. 5000 0.00872 | 0.4602x1072
774,41 | -2.00709 | 0.013390 0. 5000 0.00872 | 0.4679x1072
775.10 | -2.00702 | 0.013330 0. 5000 0.00871 | 0.4621x10"2
775,80 | -2.00680 | 0.013120 0. 5000 0.00870 | 0.4423x1072
776.49 | -2.00646 | 0.012790 0. 5000 0.00869 | 0.4099x107%
777.19 | -2.00595 | 0.012280 0. 5000 0.00869 | 0.3953x10"2
777.89 | =2.00533 | 0.,011610 0. 5000 0.00868 | 0.2936x10°2
778.59 | -2.00453 | 0.010710 0. 5000 0.00867 | 0.2047%1072
779.29 | -2.00358 | 0.009523 0. 5000 0.00866 | 0.8641%10772
780.00 | -2.00252 | 0.007981 0. 5000 0.00865 | -0.6706x1073
Table 5.8 Effect of Damping on 4nm-Periodic Instability Reglon

2ot
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G. Steady State Straln

The present section examines the steady state strain
response between 140 and 205 rpme Thils range includes
resonance locations of the first mode at 144,93, 165.65
and 193,27 rpm. In addition the effect of damping 1s con-
sidered throughout the operating range.

The total straln response is obtained by superposing
the particular solutions of each of the three uncoupled
modes.,

l. Determination of the Coefflclents of the Particular

Solution

The coefficients of the particular solution qpn(ml)
are obtained with the help of equation (4.66). As described
in Sectlon IVG~2b, the resonance locations of the particular
solution for damped and undamped systems are associlated with
the 2n~-periodic stability boundaries.,

To find the response at a certain resonance location
of a given mode, the number of simultaneous equations included
in equation (4.66) must be such that the coefficient matrix B
i1s large enough to include the value of A assoclated with the
corresponding 2m-perlodic boundary. (See Section V-F-1,
Stablility Analysls of Undamped Equations.) Again, parallel
to the stablility analysis, a system of twenty-one simultaneous
equatlions was used. This allows the exploratlion of speeds as

low as 116 rpm, with sufficient accuracy.




104

In equation (4.66), the Fourler coefficients of
B(py) in the matrix B and the Fourler coefficlents of o)
in the column vector F are independent of input speed (see
equations (H.39) and (H«43) ). The parameters A and A depend
on input speed and { respectively. Tables 5.9 and 5.10 list
the values of the above Fourler coefficlents for each of the
three modes, The values of the coefficlents with subscripts
greater than ten are taken to be zero.

(%)

A Gauss elimination scheme was used for the deter-

mination of the coefficlents p,, P s Pgp» (m =1,2,4..,10),

of the particular solutions of the three modes considered.

*
(*) GELG, DGELG Routines, IBM System/360 Scientifiec
Subroutine Package, (360A-CM-03X) Version III.



Mode 1 Mode 2 Mode 3
n
Pon bsn bcn Ysn bcn sn
1 | -0.328253€ 00]-0.165835E 00| -0.182352E 00 |-0.932191E-01 - | =0.222503E 01 {-0.111026E 01
2 | =0.160993E 00|=0.1724S50F 00'| =0.9662516=01|=0+111791E- 00 | -0.100034F 01 {-0.966673E 00
3 | -0.3103836-01{-0.333907€-01 | -2.182533E-01 | -0.214406E-01 | -0.197606E 00 |-0.189747E 00
4 ww&' =0.326605E=02 _-_0..-35&1.905:—02- =0.403003E=01 ' =0.31 BEISE-Oli
5 | -0.1096856-02|-0.831897E~03 | -0,648210E-03 | -0.531578E-03 -0.693696E-02 |-0.476510E~-02
6 =0.181126E-03|=-0,116194E~-03 | =0,.107083E=03 | =0.742037E=-04" =0.114373E-02.{-0.671151E-03
7 | -0.2814616-04|-0.148396E-04 | -0.166118E-04 |~0.982494E-05 | -0.177813E-03|-0.896705E-04
8 =0 422618E=05.|=0+125116E=05 | =0.247594E=05 |=0.136393E=05- =0.,268085E=04|-0,118539E~-04
9 -0.500406E-06] 0.361638E-06 | -0.303564E-06 [-0.206244E-06 -0.328228E-05]-0.162415€-05"
10 ww =0.640330E=-07 J.AA&BADE:OL =0,341509E=06| 0,127269E=05
¢ . !
Note: ch = bo s
o
W
Table 5.9 Fourier Coefficients of B(@l)
__ I ]




Mode 1 Mode 2 Mode 3

! fcn fsn fcn fsn fcn f§n

0 0.865275E-05] 0.0 . | -0.446898E-07{ 0.0 0.802052E-05] 0.0 .

1 | o0.6926388 00| 0.4575456 00 | 0.115388E-01) 0.7622285-02 | -0.728089€ 001-0.480964E 00
2 | _0.1102376 00| 0.9145186=01 | 0.183643E=02 _0.1523456-02 | ~3.115879E 00 |=0.9613108=01-
3 | T0.2390736-01| 0.1370776-01 | 0.398261€-03 | 0.228305€-93 | -3.251307€-01 -6.144094&-01'
4 | —0.3720526-02|-0+182511E=02 | - 0.619759E=04 | 0.303756E=04 | =0,.391094E=02|=0.191847E=02
5 2.581553E-03 _0.2264208-03 3.967899E-05 0.556414E-05 -0.611264E-03 |-0.238053E-03
6 | _o.8441526-04]|0.2580286-04 | 0.139842E=05 |_0.436009E-06 | =0.886383E-04[=0.2701026=04
2 | T0.1214376-04| 0.196347€-05 | 3.1976576-06 | 0.478654E-07 | -0.128G78E-04 |-0.207225€-05
8 | _0.1715856-05|=0.8362336-06 | —3.234936E=07 | 0.6308116=08 | =3,186644E=05} 0,853785E=06-
9 | Z0.154154E-07 |-0.989236E-26 -2.340917E-08 " 0.394198E-09 | -0.3794556-07{ 0.110941E-05
10 | =0.355739¢-07 [=0.1419726-05 | =0.385384F-08 |-0.7122416-08 | -0.8300576-08 | 0.150140E-05

Note: ch = fo

Table 5,10 Fourier Coefficients of '?(ml)

901
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2. Typical Response Off-Resonance (190.0 rpm)

Table 5,11 lists the coefficients Pgs Pops and Poms

cm
(m = 1,2,04.,10), for the non-resonant input speed of 190.0
rpm (with w, = 1159.3 rpm, A = 37.23) and a damping ratio
{ = 0.0025 for each of the flrst three modes.

These results are first used, with the help of equation
(4.41), to show once more (as was already done in Section V-E )
that the contributions of at least three modes are necessary
for the determination of the total bendlng strain. Figure 5.7
glves t%e superposed straln along the rocker link for various
combinations of modes at g, = 21.6°. At this angle the global

maximum strain is reached at x., = 9.84 in. for two of the mode

3
combinations. The flgure clearly polints out that the filrst
mode alone 1s insufficient to approximate the actual response.
Figure 5.8 gives the magnitude of the bending strain
at both the bottom and top gage locations for one cycle. Both
figures indicate by their particular shape the prevalence of
the fundamental harmonic of qn(wl) of all the modes involved.
This can also be seen in the rapldly diminishing magnitudes of
the coefficients of the higher harmonics of all modes in Table

5.11,



Mode 1 Mode 2 Mode 3

=
o
'™
‘o
e
‘o

cn sn cn sn sn

: 079E=01 1 0.126477E=01] 0.1028776-03] 0,.679192E=04 | =0, 778945E=03}=0,514263E~03

_0.3401076=02] 0.286694E-02) 0.168829E-04 0.140478€-04 }-0.125014E6=03}~0.1042006-03"
_0.8790068-03} 0.6079126-03.} 0.384297E-05] 0.229676E=05)-0.2735426-04}-0.164281E-04

—0.1868286-031 0,143483E-03§ 0. 4842785E~-0A) D,350764E-061-0,431870E-05}-0,238006E=05.

;

. 0+487034E=041 0.,111748E-06} 0.5640876E=07{=0.,692100E~061=0.,339868E=06-

_o,smm:wﬁ.momogzm. | 0.187836E=07} 0.863687E~08}-0.104122E=06}-0.478121E=07-
=0.1753876-05}-0.4132086=05} 0.329089g-08] 0.1497206-08)-0,1581276=-07]-0.599716E~08_
—0.1364056-071-0.6525116-06} 0.5414876-09] 0.3205166-09 }-0.244505e-08] 0.2792796-09

VO ® N O & W+ O

=0.521183E=10 1-0.4543206~07 §=0.857753E=10}) 0.6666106-10}-0.1093716-09} 0.1173436-08"

E

 0.148823E=071-0.280866E-09]-0,512677E-094-0,261940E=10{ 0.1774596=08-

Note: pco = pO

Table 5.11 Fourier Coefficients of Particular Solution at 190.0 rpm. ({ = 0.0025)
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3. Typical Response On Resonance (193,27 rpm)

When the system operates at a resonance locatlon
corresponding to the first mode, the response of the flrst
mode becomes dramatically different from that assoclated with
a non-resonant speed., To illustrate this point, 193.27 rpm was
chosen, With the natural frequency of the first mode at 1159.3
rpm, 193.27 rpm becomes the sixth subharmonic of the natural
frequency, and one expects the sixth harmonic of 193.27 rpm,
i.e. 1159.3 rpm, to be amplified considerably in the particular

solution. Table 5.12 lists the coefficlents Pos P P

cm? sm?

(m =1,2,.44.,10), for all three modes of the particular solu-
tion for a damping ratio f = 0.0025, Figure 5.9 shows the
strain response at bottom gage and top gage locatlons for a
complete cycle. Note, especially for the bottom gage locatlion,
the superposed wave due to the sixth harmonic., This portion of
the response is less pronounced at the top gage location
because of the greater influence of the second mode (see also
numerical solution in Section E).

When comparing Table 5.11, which corresponds to 190,0
rpm, and Table 5.12, which corresponds to 193.27 rpm, 1t 1is
to be noted that all but the coefficients of the sixth
harmonic and those near the sixth harmonic of the first mode,
are essentially the same, with those at 193.27 rpm slightly

larger due to the higher speed,

It should be mentioned at this point that it was much

easler to find the resonance effect in the experiment than in
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| 0.268305€-06

0.106485€E-013
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-0.635650E-08
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Note: pco = P,
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Table 5.12 Fourier Coefficlents of Particular Solution at 193.27 rpm. ({ = 0.0025)
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the computation. The region of speeds for which certaln
Fourier coefficients increase 1s very narrow. At 193.27 rpm,
it spans 0.5 rpm.

4, Influence of Damping on Response

Figure 5.10 gives maximum bottom gage point strains
for a traverse of input speeds from 140 to 205 rpm for damping
ratios f = 0.00015 and { = 0.0025 (which have been found to be
typical in the experiment, see Section V-H ), It shows that
the response is very sensitive to the cholice of damping ratio
at all resonant speeds, and essentlally unaffected by 1t off-
resonance,

The degree to which damping influences the response
at a resonant speed is illustrated in Figure 5.11 for 193.27
rpm (bottom gage location). The magnitudes of the Fourler co-
efficients of the sixth harmonic of the flrst mode are plotted
on a logarithmic scale as a function of the damping ratlo ¢,
for 0.00015 < { < 0.034. As the damping ratio increases, the
amplitude of the superposed wave becomes smaller and smaller.
For { = 0,034, which could possibly be obtained by the intro-
duction of damping tape, the response at resonance does not
differ in shape from that off resonance., It 1is believed that
the above observation may be helpful in noise abatement.

As stated previously, in searching for the "exact"
resonance locations 1t was necessary to use very small increments
in rpm. At 165.65 rpm and 144.93 rpm, one had to use "double

precision” in order to observe the amplification of the higher
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H. Experiment

1. Description of Experimental Setup

The essential dimensions of the experimental
mechanism have been described in Sectlion V.A . Figure 5.12a
shows a photograph of the mechanism. Figure 5.12b gives a
schematic of the complete experlimental setup and Table 5,13
lists its individual components.

The SR-4 350 Q foil straln gages were attached as
accurately as possible at the "bottom gage" and "top gage"
locations, which are Xq = 4,920 in. and Xy = 10.965 in.
respectively.(*) Figure 5.1 shows that these gages were
attached to the outer side of the rocker only. (The use of
only one strain gage per location does not allow for the
exclusion of the axial strain component. This omission was
felt to be Justified because the relative magnitude of the
axlal strain is quite small., In addition, the link was not

overloaded with wires.) The strain gages were connected to

a dec. bridge circult in the amplifler of the oscilloscope.
The output of the amplifler could also be fed into a strip

recorder.

The mechanism was directly driven by a variable speed

1/6 hp d.c. motor and its speed was monitored by a generator

with a 60 cycle/revolution a.c. output. This output was

(*) The strain gages were attached to the outslde of the link.

117

The strain traces were inverted by the oscllloscope to make

thelr signs conform to those corresponding to points on
the inside of the link for which the computations were
made,
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harmonics, It may very well be necessary to use larger sets
of simultaneous equations to explore such low speed resonance

locatlions more accurately.
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FIGURE 5.12a EXPERIMENTAL MECHANISM MODEL

Speed
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Zero Angle - EXPERIMENTAL Strain - Bridge | Amplifier
Sensor MECHANISM Gages
Electronic
Counter
‘____‘Strip Chart

Recorder

FIGURE 5.12b SCHEMATIC OF EXPERIMENTAL SETUP
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Motor Westinghouse
D.C. Type FK, 1/6 HP

Motor Speed Boston Gear

Control Radiotrol 1/3 HP Motor Speed
Control

Strain Gages BLH

SR-4 350 ohm foil gages

Oscilloscope Tektronix
Types 564B and 565
Type 3A10 Transducer Amplifier
with Straln Gage Adapter

Electronic Counter Hewlett-Packard
Model 5326A Timer-Counter

Tachometer Generator Hewlett-Packard
Model 508A, 60 cycles/revolution

Photoelectric MTI Instruments Division
Cycle Timing Fotoniec Sensor, Model KD-38
Chart Recorder Hewlett-Packard

Table 5.13 Equipment Used in Experiment
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converted into mechanism rpm with the help of an electronic
counter,

The zero position of the input crank, i.e. 9 = Oo,
was determined with the help of a photo-electric transducer.
A reflecting tape attached to the flywheel transmitted a
light signal whenever ¢, = 0°. The associated electrical
pulse was fed into the strip recorder for correlation with
the strain gage output. Flgure 5.13 shows a typical strip
record containing both strain response (uncorrected) and

zero input angle signal.
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2. Gravity Correction

Because of the thinness of the rocker link, the
counterweight and the endmass together caused a certain static
deflection of the beam, The resulting strain 1s of the order
of 10-15% of that associlated with the normal operation of the
mechanism. Since the theory does not account for the influence
of gravity, some compensation procedure had to be found.,
Figure 5.14 lists experimentally determined strains due to
gravity as a function of input angle ?, for both the bottom
and top gage locations. These curves were used to correct all
strain gage readings. The base of the mechanism was tilted
approximately 110, see Figure 5.12a, in order to equalize the

gravity effect in both directions of motilon,
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3. Qualitative Experimental Results

Figure 5.15 glves typical uncorrected straln histories
at the bottom gage location in the operating range between
approximately 110 and 200 rpm. They have been specifically
chosen to show the response at 2m-periodic resonance locatlions
of the first mode as well as at locatlons between these reso-
nances. In all traces, the fundamental harmonic of the wave
corresponds to the input speed of the mechanism,

The following conclusions concerning instablility,
transient and steady state response, as well as resonance
locations may be drawn:

a) Stability

The experiment showed that the strain in the
operating range never grew without bound and therefore, there
are no 2m or 4m-periodlc instabilities. Thils confirms the
results of the stability analysls in Section V-F-2, which
shows that in the presence of any damping, however small, the
system remains stable.

b) Transient and Steady State Response

The responses at 112, 122, 140, 157 and 174 rpm
correspond to locations 1n the stable regions of the filrst
mode, l.e. between resonance locations. It was shown in
Section V-E-1 that the presence of a complementary solution
would make 1tself known for these rpm by a superposed "travell-

ing wave", reflecting its non-periodic nature. The absence of
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such a wave indicates that the traces principally reflect the
steady state strain, which may be determined with the help of
the particular solution,

The high frequency, small amplitude, waves near
the maximum strailn locations (+ and -) are the responses to
bearing impacts caused by clearance in the Jjournal bearings.
(This can be more clearly seen in Figures 5.16-5.20.)

¢) Resonance Locations

The speeds of 116, 129, 145, 166 and 193 rpm
correspond to the resonance locatlions of the first mode
assoclated with the 2m-periodic stability boundaries of the
undamped homogeneous solution. The amplification of certain

harmonics of the response ls especlally to be noted., For

example, at 145 rpm, which represents the elghth subharmonlc
of the natural frequency, the presence of the elghth harmonic
of the response, which has the frequency of the natural
frequency, can clearly be seen (see Section V-G-3 ). Figure
5.15 indicates at each of the resonance locations the number
of the amplified harmonic. In each case 1its frequency corres-
ponds to that of the first natural frequency.

It should be pointed out that it was difficult to
maintain a constant motor speed in the experiment. With the
ald of a tach-generator and an osclilloscope, it was determined
that the crank speed varled between flve and eight percent of
the nominal speed within a single cycle, with the larger

variations takling place at lower speeds., This variation must
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make itself felt in the traces of both on-resonance and off-
resonance locations. For example, the presence of the small
in-phase higher harmonics in certaln portions of the traces
at 112, 122, 140, 157 and 174 rpm can be explalned by the

approach to resonant speed at those positions within the cycle.
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4, Quantitative Experimental Results

The following gives quantitative comparisons between
gravity corrected experimental results at selected off as
well as on~-resonance locations and theory. Good agreement
was found at all off-resonance locatlions where theory predicts
ldentlcal responses for values of { between 0 and 0.0025. 1In
order to get agreement at the resonance locations, it was
necessary to adjust { in each case,

a) Comparison with Theory at Typical Off-Rescnance

Locations

Figures 5.16 to 5.18 show comparisons for the off-
resonance locatiocns of 160, 190 and 201 rpm, both for top as
well as bottom gage locations. In each case, oscilloscope
traces are juxtaposed for the sake of completeness, In
general, agreement between the corrected experimental traces
and theory is very good, with the experimental peak strains
being approximately 10% larger than those predicted by theory.(*)
The phase agreement of the fundamental mode is excellent.

The agreement 1s somewhat better for the top gage location
than for the bottom one because of the generally greater im-
portance of the first mode at the bottom gage location. A
variation of speed in the direction of resonance during any
cycle causes the appearance of the prevalent higher harmonic
of the flrst mode. This speed variation has less influence

at the top gage since the influence of the second mode is

Just as strong there, and the second mode does not approach

(*) This difference is discussed in Section VI,
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a resonance.

b) Comparison with Theory at Typlcal On-Resonance

Locations

Figures 5.19 and 5.20 show comparisons for the on-
resonance locations of 166 and 193 rpm. The same format is
followed as in Figures 5,16 to 5,18, To obtain the indicated
agreement, it was necessary to manipulate {. The { used for
166 rpm was 0,00015 and { was 0,0025 at 193 rpm. At 145 rpm,
which is not shown here but in Figures 5.21 and 5.22, the
"matching" ¢ was 0.3x107%,

Some attempt at an explanation for thls increase
of { with speed 1s in order. Whlle the damping propertles of
the rocker material are most likely independent of speed, the
bearing forces, and with that the friction induced moments in
the bearings, are a function of mechanism speed. These bear-
ing moments dissipate energy and may be thought of as increas-
ing the damping ratio with speed. The particular solution
section shows that while in a range of ¢ from 0 to 0.,0025,
the response off-resonance 1is independent of ¢, at resonance
it depends very much on the value of {. It is believed that
the experimental results reflect a continuously lncreasing (.

When reasonable agreement in magnitude 1s obtalned
for the bottom gage, the top gage shows a slightly larger dis-
crepancy. The phase agreement for the hlgher harmonics seems
somewhat better for 193 rpm than for 166 rpm. The phase

agreement of the fundamental harmonic 1s very good.
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¢) Peak Strains Throughout Operating Range

Figures 5.21 and 5.22 show the corrected experi-
mental peak strains at bottom gage and top gage locations
throughout the operating range and compare them to the
theoretical results. The latter were obtained for all off-
resonance locations with f = 0.0025. The values of f used
on-resonance are different at each location and are llisted
in the figure. The off-resonance strain values of the experi-
ment are between 10-15% larger than those predicted by theory.

This difference is discussed in the next section.
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VI. DISCUSSION OF RESULTS

while from an engineering point of view the agreement
between the experimentally obtalned and theoretically pre-
dicted strains is very good, it is desirable to discuss some
of the possible reasons for the existing discrepancles,
These reasons may be found in certain simplifications in the
mathematical modeling of the system, in the approximations
of the solution method, as well as in some ilnaccuracles of
the experiment.

A, Simplifications in System Modeling

The following lists simplifications in the mathemati-
cal modeling of the system:

1) Euler-Bernoulli bending theory, which neglects
shear deformations, was used, and the influence of axial defor-
matlon was neglected.

2) Constant input angular velocity was assumed.

(See Sources of Inaccuracy in Experiment below. )
3) The effect of gravity, which proved to be very

important in the example mechanism, was neglected.(*)

(*) While the gravity correction brings the experimental
results closer to the theoretically expected ones, one
might have obtained better agreement if the static
effects had been accounted for in the theory. This was
omitted because it was felt that 1n reallstlic mechanlsms,
with comparable endmass and counterweights but vastly
stiffer beams, the gravity effects would be negligible,
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4) The frictional moments in the journal bearings
are not accounted for,

5) The enlargements at the bearing locations, which
influence both the frequency and the mass of the beam, were
neglected.

6) A viscous damping mechanism was assumed for the
beam,

7) The rotational inertia of the beam cross-section
was disregarded.

B. Mathematical Approximations

The following lists the assumptions made in the
solution of the mathematical model:

1) The solution technique represents an approxima-
tion with the assumption of shape functions belonging to an
assoclated problem., Even though the geometric boundary
conditions of this subproblem are identical to those of the
actual problem, the dependency of the shape functlons on the
actual time portions of the solution, which should be obtained
from a dispersion relationship, is not satisfiled.

2) All non-linear terms are dropped without regard
to thelr magnitude, and possible integro-differential portions
of the differential equations are avolded by approximating
the elastic angles by thelr rigld body counterparts.

3) The Hill's equations were decoupled.

4) Only the first three solution modes were super-

posed.
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C. Sources of Inaccuracy in Experiment

1) Even though it was assumed that the contribution
of the axlal strains 1s small, a somewhat greater accuracy
could have been obtained by using compensating strain gages.

2) The inability to maintain constant motor speed
throughout a cycle introduced acceleration effects which were
not reflected in the constant speed theory. Undoubtedly,
this contributes to the larger than expected peak experimental

strains.
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VII. APPENDICES

APPENDIX A

PLANAR KINEMATICS OF ELASTIC LINK
WITH COUNTERWEIGHT AND ENDMASS

1. Elastic Deformations of Beam According to Euler-Bernoulli

Theory !32!

Flgure A.l shows a typlical section of an elastic link. Its

deformations are assumed to be those given by Euler-Bernoulli

beam theory, i.e.

Up = u-ysin¥ ] (1.1)
Ve = v-y(t-COs‘l')

where UP represents the axial and VP the transverse displacement

of an arbitrary point P, The points P and Pc lie on the same
cross-section, and Pc 1s a point on the centroidal locus. The
components u and v are the axial and transverse displacements
of the point Pc, respectlively., The component u 1s due only to

the foreshortening of the beam, 1.e.
*

(% ez )
“="Zf (g)dg, (A.2)
o ‘f
while tension or compression 1s neglected.,

2. Position Vectors

The following section furnishes expressions for the position
vectors of an arbitrary point on the link and of the centers of

mass of the masses m¥ and M for the elastic link shown in

Figure A.2. The origin of the space fixed coordinate system

(*)

v = v(x,t) and ¥ = v(g,t).
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(xo,yo,zo) is located at point Ao. The body flxed coordinate
system (x,y,z) originates at point 0 and is located in such
a manner that the x-axis connects the pivot points,

a) Position Vector to Arbitrary Point on Link

The position vector ;P of an arbitrary point P is
glven by:

where ?0 defines the position of point O with respect to point

Ay T is the position vector of point P with respect to point
O:
R A A (A4
In the above,
Fi. = xi +y] ’ (A.5)

the vector from point 0 to the undeflected position of point P.

Substitution of equations (A.1l) and (A.5) into (A.4)

furnishes the complete expression for the body fixed vector T:

¥ = (x+u-ysin‘¥)’t + (v+ycosl|')]. (A.6)

b) Position Vector to Center of Mass of Counterweight m¥*

In order to describe the position vector r , to the
counterwelght m*, it 1s necessary to define the unit tangent
vector T to the centroidal locus at an arbitrary point (see
Figure A.1):

t = cos¥T 4 sin¥J. (A.7)
Then

T = T (-4,0) —r*td), (A.8)
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where FP(—d,O) is the position vector of the point of attach-
ment of the counterweight m*, With equations (A.3) and (A.7)

this becomes:

Fox = Ty +(-d+u(-d )-r*cos‘l’(—d))‘i + (v(-d.t)-'“ﬁntr“d))f . (8.9)

c) Position Vector to Center of Mass of Endmass M

The position vector ?ﬁ to the center of mass of endmass

M is shown in Figure A, 2:

tm = Fpl(Lo + rME(L), (A.10)
or, with equations (A.3) and (A.7),

Fy= T+ (L+ ulL) + r,,wswm)I + (v +r‘Msin‘I’(L)) I (A.11)

3. Velocity Vectors

a) Velocity Vector of Arbitrary Point on Link

The veloclity of point P is obtained by appropriate
differentiation of equation (A.3):
fo= T + oF ¢ @&xF , (A.12)
ot
where ;b 1s the velocity of point O. The second and third
terms represent the differentiation of the body fixed quantity

T with respect to the space fixed system. 68 = éeIE is the

absolute angular velocity of the coordinate system (x,y,z).

Substitution of equation (A.6) leads to:
o = F'; + (ﬁ—‘i’ev —y(q’eﬂ”cos"l')T

+ (\'/ + Pe (1 +u) —y(cl’e-i-‘l")sin")j . (A.13)




b) Velocity Vector of the Center of Mass of

Counterweight m¥*

Differentiation of equation (A.8) furnishes the

velocity vector of the center of mass of the counterweight:

Fore = Folcdo)42 (r78) o Tox(-7E). (he1t)

This becomes, with equations (A.7) and (A.13),
P = Fy+ [ﬁ(—d) ~Gevidt)r r¥ (R +‘i‘(d))sin"|’(—d)] i

+ [it-d 0+ Gel-d+ u(-d))—f‘*("%#i'(-d))cos‘l’(-a)] 7. aas

e¢) Velocity Vector of Center of Mass of Endmass M

Differentiation of equation (A.10) furnishes the

velocity vector of endmass M:

F = FplL,0) 4 2 (r..'E(L)) + @ x(riw) . (4.16)

This leads to:
FM = P + [t'LU.) ~ & v(Lt) ~\"M(q’e +{'(L))5in‘ﬂL)] i
# [(viLt) & GlLruww) + rM(fPeﬂi'(L\\cos‘v(u] j . (4.17)

d) Angular Velocities of Masses m* gnd M

The angular velocity Eﬁ* of the counterweight m* is

given by:

8 x = (@ +ba)k . (A.18)

Similarly, the angular veloclty EM of the endmass M is given
by

Y o ° vt

Om = hk+w&ﬂk . (A.19)
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4. Acceleration Vectors

a) Acceleration Vector of Arbitrary Point on Link

The acceleration of point P is obtained by double

differentiation of equation (A.3), 1.e.

Fp="' i"o“'ﬁ +$eXF-¢ezF+Z‘.feX2E ’ (A.20)

M2 ot

where ;O 1s the acceleration of point 0, and the rest of the

terms represent the second derivative of the body fixed

quantity T with respect to the space fixed system. ae = wek

1s the angular acceleration of the coordinate system (x,y,z).

Substitution of equation (A.6) into the above and

subsequent differentlation gives:

—

Fo= [Ruvy (-(GosFoos +(%+¥sin¥)] T
+ [Ry - y(("ée +i?.)sin1|’+('~'l’e+1i’)zcos‘|’)] i, (A.21)

where
Re = & +i-vle - ue -2v& , (8.22)
iéy = B4V +ub v 420t (A.23)

are the x and y components of the acceleration of a point on

the centroidal locus respectively, and

q = Po, — x% (A.24)
p = Foy + x¥e (A.25)

are the x and y components of the acceleration of a point on
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the x-axis and T are the x and y components of the

ox* rOy
acceleration YO of the origin of the body fixed coordinate
system,

b) Acceleration Vector of the Center of Mass of

Counterweight m*

The acceleration of the center of mass of counterweight

m* is obtained by double differentiation of equation (A.8):
Fx = Fleao + 2lrted) + Gex (-rfea)
_oa?
- @ (-*td) + 28 x2(-r*Eea)
it
and, with equations (A.7) and (A.21), becomes:

P = [Ryot) 4 (e Pt sim¥iea) + (s -t feos a1

(A.26)

+ [Ry ed) - ((‘.(’e +‘i;(~d)) cos¥(-d) - (2 +1i’(-d))23in1r(-d))] J" .

(a.27)
¢) Acceleration Vector of the Center of Mass of

Endmass M

The acceleragtion of the center of mass of endmass M

is obtained by double differentiation of equation (A,10):

FM = FP(L.O) + 32(“1{('-)) + zf?e x ("‘M{‘U)
M _
@ () +2%x a(niw) |, (A.28)
at

and, with equations (A.7) and (A.21), becomes:

Ry = [ﬁ NOPEH ( (% +$W)sin %) + (% +¥ (U)ZCOSW("))] i

+ [l'é, W)+ N ((\'?e +¥w)cos L) -("&*«‘i’(t))zsin‘l'u.))] j-
(A.29)
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APPENDIX B

VIRTUAL DISPLACEMENTS

1., Virtual Displacement of Arbitrary Point on Link

The virtual displacement 5?P of an arbitrary point P is

obtained by taking the variation of equation (A.3):

§f, = & + OF Su + dF Sv + OF s¥ 4+ S@xV, (B.1)
du dv oy
In this, 6T~ represents the virtual displacement of point O

0]
(see Figure A.2), which must be defined in each case, and

EEe = émeif is the virtual rotation of the body fixed coordi-

nate system. Performing the indicated differentlations on T

leads to:

§, = &% + Tsu+ jov —yleos¥T + sin®] ) §Y
+ [- (vey cos¥)T +(x+u - ysin‘l’)f] $ (B.2)

2. Virtual Displacement of the Center of Mass of

Counterwelght m¥*

Subsequent to the substitution of equation (A.3) into equa-
tion (A.8), the virtual displacement 5?b* of the center of mass

of the counterwelght m* 1s obtained:

8T x = &7, 4 HFCAO) - Ei-d) Sul-d)y 2(F(40-r*Eid) svi-a)

bu&@) v(-d)
4 3(F4,0) - *TH) 59d) 4 5 x (Fia,00-ATE) . (5.3)
d¥(-d)

Thus,

S = STy + 1 Suld) + JSv(-d.t) ¥ sin¥d)T ~ cosW(d)] ) 5%d)

+ [(-v(—d,t) + t%sin W) +(-d + uta) -r*cos"l’(-d))]] 8% . (5.4)
B. 4
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3. Virtual Displacement of the Center of Mass of

Endmass M

Similarly, after the substitution of equation (A.3) into
equation (A,10), the virtual displacement GEM of the center of

mass of the endmass M is glven by:
§F, = 8 + 2 (Fw,0) + r,.i(t)) Sull) b(F(L.O)ﬂ.,ﬁL)) Svit)
dulL) dvigt)

+ a(Fi,0) + r‘.fcu_)) SWW) 4 % x (F(L.0)+ r,&u)) . (B. 5)
AYW)

Performing the indicated differentiations on the body fixed

quantities leads to:

Sy = §Fp + LWL + JOVILL) + 1y (- sinWW) T + cosYW)j ) W)

+ [— (VLo + sin ¥ 4 (Leuw +m¢°5“’“’)1] 8. (5.6)

4, Virtual Rotatlion of Counterweight m*

The virtual rotation of the counterwelght m¥*, with the

help of equation (A.18), 1s given by:

SOt = ( 5% + SWCd)k . (B.7)

5. Virtual Rotation of Endmass M

The virtual rotation of the endmass M, with the help of

equation (A.19), 1is given by:

50n = (8% + SWw) K. (B.8)
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APPENDIX C

DERIVATION OF EQUATIONS OF MOTION FOR BOTH
ELASTIC LINKS WITH HELP OF LAGRANGE MULTIPLIERS

1. Working Form of Hamilton's Equation with Lagrange

Multipliers

The working form of Hamilton's equation is obtained
from the substitution of equation (3.9) to (3.13), (3.15)

and (3.16) into equation (3.1) (after appropriate variation):

t. 0 - t ol t
.:[ j[ fo T, * ¥, dAdx, dt f f f Pa Fip, ST dAydr o dt — f m*E o St dit
tvo YA, &

th =
[ B BBedt f M- 67, dt f By 5B, dt [' f lav,Sv,Andt
to

f f EJ‘; SV,d‘!gdt f f Ey1s 34"9 Svydu,dt f f Eslsﬁwhdt
t.va, x}

3

0
.f [E,rz_z 5% —EL, _m] f [Eala?f!z s -eax,&;sva]
to 1 2, 2 o P S Ny 14

15 1, 3xd 1, 3

%3
t

ffxsfdxzdt,;ffx,sf,aut,,f i)‘l&}dt— (c.1)
~d

‘lo 13

05 L

+[Ea,1,flz 59w — EL; 3% sv,] . [Ealgiva_ 5vs -E;I;ﬁbv,] }dt
3 +
0 a}




2. Substitution into Hamilton's Equation

The following substitutions are now made in equation (C.1):
a) The accelerations of the various points according
to Appendix A-4, introducing the appropriate sub-
scripts referring to links 2 and 3.

While not expanded, the coupler link terms ﬁxz and

R contain

y2
Poy, = -¢'a, cos('«?.- ‘Pze) - a.sin(‘a”q’ze)

and

Fo,z = -L.Plzai Sin(q’.-(Pze) + ‘:P.- Q, COS("Pl'q’ze) .

Similarly, for the terms R

(C.2a)

..

Vor, = 0
and (C.2b)
Foys = O
b) The virtual displacements according to Appendix B.
¢) The variations of the constraint equations according
to Section III-E.
Further, the dot products are executed, integrations over
the cross-sectional areas Ay and A3 are performed, the trig-

onometric terms involving ¢ are combined, and the following

abbreviations are made:
1-12 = pzAzo
By = Pyhse

(CQZC)

This leads to:

153




154

.*
B Qd,..#..ds:nv v\. %T&mﬁ.& “*h) J_Ls;sw?nwtﬁl %I h+ o.@..,v?.fjvx.ﬁ

(s ?5%8 U+ (M0 +d+?1r8g.=a?+.¢.a + COSRUIS((0%+ % Vv Gout 17y (Mo ustu+ .«.ai cu._.
Ad—ﬁwmgmmu. !5 m‘.. +3-&.¢83£w w4+ go._«c_mﬂ*ﬂm Wy u +?..sn>wﬁﬁ§n#§» ?.-1#.,33 (W% 502 Aga#... 83Vtg +
2,& + 3.%3,:3 2 (n+)+ :i:as.tasv.... - oYy v %Tézaias vt

0“
WS(4+9) LQ. %T g rrimpernsony = e pliemr .-
(r3%y ((PIh SRyt ~(p1n+ ?1? 459((P-154 + %) Hrrgus(p1tyt u.sv (VPIAI - (P17 ((PIaos,+
a.E.?L +(Pag mﬁ.ﬁﬁ!&iﬁ!ﬁ?t = (Pnus(e-FYy L‘s._.....w ?3#.._»&3,& )~

.V
.Efsazfévtuq.?& :_3,3?3.’3 (PIR+ ) PRSIk xzv& E:LT,. a%

‘!
RIS Np——————
%:%a? ki R Teletie/ M U R TR i I (U N

_ o..
e :&@éﬁ% J.E?J?E& +Ig(tt )TV Ryt + :.w:w_ivx .\ f\ -

|



155

(€°0) o=y *Trw %4600 A?S.s t.Jo (*0Ng I} s — Y 03,609 A?su: +JV+
?S«:w»«&c@u.-& + ﬁon&wJ.:_wQaSns +n3 + (*0)¥nQ ¥t} 500 — w9 u~&$..w1-3ss+ )=

_ mmm. $xe © 2Q Sxe
(*oying 3y 500 | Ly Hexptag A€ |~ Captag AE rv\. = (¥0YAQ (oA~ (YDAg e +
h |

ne 9 b xe pe O
(g |2+ [Sapiag @Al [~ (YONGEIAR (VPN PIAE H(PIing Sy + J\;w.fa@ -
‘-
$xQ 3 e o e e
OING (30N ~ (WG (¥errne +H(*g |7y + | Tapiag :ﬁ = (Yo)'ag s.sﬂm = (Ywyag ginyiae *

A....&,«vaw.:w:n T_Ew er +..¥.% wﬂm:ﬁ \. \. WP B mn o w\...\

.um ° e ¢

:s xR fxe o ®&e ¢ e
pOIAS (Yo e fw.,ﬁ,&, .\. ,\' +p fwﬂ.,lnw.ulfwfl mﬁ_ .3.4%4@.. "eg w.«m.ﬁ +
14
Pl e ‘se B e e ‘on
% .>~J.m: ““es ﬂm.&_ “w M ,._n '3~ iw ,H.u .\. = PP .ﬂﬂﬁ % f\ -

A
ﬁua or9 P .N.m' o
IPeIPhS A8 .H,m. .\. .\ ui_}wﬂu,& .‘, .\ WIPHS AL T \‘. .‘ = PXmag(tnh+ )t




3. Pinal Form of Hamilton's Equation

Before proceeding, the following simplifications and
transformations are introduced:
Since small deflectlion theory is used:
cos¥ ~ 1,

siny ~ ¥ =

51

In additilon,

o)
54’-"—'53%0

and all terms containing thls expression are integrated by
parts-
In order to be able to collect all terms in év, such

expressions as

@ %Xz,
f Anf 2V &7, dt, dx,,
o Jo 9F

which contain varlable limits are transformed according to:

x A A »
f "m)f ot dedx = f G(x)f FE)dEde. ) (cw
[3 X x

o

When the limits are constant, one uses:

L 0y as L
f F(x)f GE)dtdx = f wa F(e)dE dx . (C.5)
a, ° o as

The above leads to the final form of Hamilton's integral,

which conslsts of two parts. The first part glves rise to the

assoclated Euler-Lagrange equations, whlle the second one,

after consideration of the geometric boundary conditions, leads

to the natural or dynamic boundary conditions. Both parts con-

taln the lagrange multipllers.

(*) Based on Leibnitz's rule of differentiatlion under the
integral sign and subsequent integration by parts.
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4. Euler-Lagrange Equations and Natural Boundary Conditlons

Hamilton's integral will have a stationary value when
both sets of terms in equation (C.6) vanish.

The Euler-Lagrange equations are obtalned by applying
the Fundamental Lemma of the Calculus of Varlations to the
first part of equation (C.6). (Since su,, 6u2(a2). Sus, 6u3(—d).
5u3(a3), 6u3(L), 8V 5, 6v3, 895 s 5°3e are arbitrary varilations,
their respective coefficlilents must vanish).

In order to obtain the dynamic boundary condltions, one

first considers the geometric boundary conditions:

Vo(ay = 0, (C.8)

V,(0°,t) = valo,t) = 0, (Ce9)

Ivsloo) = dvaloit) . (C.10)
s 7.} &

Vsl0,,t) = wyla3,t) =0, (Cell)

dwsfant) = dvylal t) (C.12)
%3 N,

This implies, concerning their associated variations, that:
Sv,lot) =0, (Ce13)
Sv,(a,t) =0, (C.14)
SV,(07t) = SV5L0.t), (C.15)
5Vl0t) = Svytoit) (c.26)

P} 2 .} &Y
Svalast) = dwylalt) =0, (Cal7)
§dvs@st) = §Avlaz t) . (C.18)

Ms .1 2%
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The above expressions are substituted into equation
(Ce6b)e The remaining variations at the boundaries, such
as 5v3(L,t), etc., are again arbitrary, and their coeffi-~
clents must vanish.

The Euler-Lagrange equations consist of two groups.
The first group represents the partial differential equations
in v2(x2,t) and the three parts of v3(x3,t) respectively.
The second group of elght equatlions allows for the solution

of the Lagrange multipliers.




a) Euler-Lagrange Equations

Group 1

O<x2_§a2

a, .
ELow _pul; 2 .,.L(fl,dg,-ﬁ\;,-ﬁ.aﬁ iy =0, (c19)
ant MM 2, 173 :

-d<x3<0-:

£,1,3* Ldw 'b\la{f')\d —A) Mav, R =0. (C.20)
_:3 P aﬁat2+ayg\ 20E,~As)- +}‘ %

0<x,<a

3=83"
EL 3 - psls ' avs{fﬁd A tA ] A2v 1Ry, =0.
bl U B S  y
SELI
EsL; % ~ pl, o', +32V5(f AdEs+A¢ Az_"zr.-l-}la‘zya‘o (C.22)
3‘4 31(; at‘l 3‘15 13 2&3
Group 2
,uz .Rlz « — VU, (Ce23)
Mt
-As (aﬁuz‘az))cos‘?ze =0. (Co24)
ﬂaﬁx,,.-h'zo- (C.25)
~A3 -Ajcostfre — Ag Sin'fre = O (C.26)

m¥ ﬁtabd).'.nf‘r*((“éu +3”v,(-d.t)) Waldt) 4 [, Pyt | A5 =0.
313‘)1’.2 .} 2 ot

(Ce27)

~Ne +Ajcoste +Agsinlse = 0. (C.28)
MRy l0) - Mr,,( ngei.'b’v,u.t)) %Lt 4 (q:g +3t) Z) ~A =0.
2,92 3% dusdt (C.29)
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f [}4,(19{-0;)‘2,, .,.,v,lémp,x,(wma’vz dem (-V,Ht)ﬂ"bv;(-d.t) Ry
~d At P} &

P r*vg('d.t)((céae + Ropledit) | dvy(d) 4 (q»,e 42 v,uu) ) it -d - Ryfd)
u2tr | Axs ka2t

- “x"(-d+u,u))((ié;¢+a”v 0| — (q’ma usled, t)) vyt (3,8 enfead) (t’é,,
21,00 23t | s |

. 2-”v2(-d.t)) M (v,(l..t) e Bv,u.t)) By ) + M, u«lfae ) v,(w) nis)
st dxs ARt | xs

tp,, ) v,u.t)) )+ M(Lm,unr,.‘) Ry,(L) 4 My (L{'“a(t)\((q;ae R AR R)
dxgot?

. 2
— (€24 Vs t)| vt (JM +Me2 ) ( e + V0 ) .t)) M (a;m;(m))ﬂn‘?;e
a0t p.) Z¥ 3’*-330'
_ Agla, tuya0) cose = 0. (€. 30)

b) Natural Boundary Conditilons

E.I, vi(ot) = O . (C.31)
v
2

E.1, 9v,(a,t) = 0. (Ce 32)
ot

nﬁ*(ma) ay,ut R,,(a))+(l#+nf¢’)(mn+u_a) _EL Rt =
st ox %
(C.33)
EsL, 24 - ﬁl,(te,,,,a% (—dt)) m*((%ﬁa% At (
2%3 duyott 9y, 0t

' aiv,w.t))zav,w.a) — AWl 4 Ry (4) = 0. (e
oxs2t (-} 2 -3 2
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2
E, L% 0) = E,I,27%(0%) (C.35)
Yy 213
Eg,I3 d? Va(ag.t) = EsI; 32\‘3(“: .t) . (Ce36)
A3 .3 &

EsL 2 a(Lt) 4 (3 +Mr3,)(t'i>;e + 2| _Mi[Rygudvws _ié,,m) =o.
X x,0t? d¥s
(C.37)

~EsLy PWLt) 4 P51, (e 9’vzu))+Mr ((t'(%e +VaL) _(d»
- (3774 th 3( i ot " dxs0t> *

+a’v,u.t>)2 av,u.t)) _ Ap2V%slLd) y MRy, (1) = 0. (c.38)
ot () 2% 31-3
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5. Determination of Lagrange Multipliers

In order to express the partial differential equatlons
of Group 1 of the previous section 1n terms of vz(xz,t) and
v3(x3,t) only, it is first necessary to solve Group 2 of the
Euler-Lagrange equations for the eight Lagrange multlpliers.

This results in:

A= Ry, (C.39)
A= ﬂaﬁxa ’ (Co40)
A= — cot(Pre-Qee) ﬁzm,ﬂm csc(Pre-tre )I ’ Ka(%,t)dle-fmﬁmm]
(aztuztar)) Jo (a,+usas))
(Coyyl)
Ap = Ct(e-toe) [[Kytrs O, 4 cot(oe-ae f Kyt thay 4 1 ,,m,,.]
(614— uz(at) ) (Qgi-“g(ag)
(Coly2)
As = ni¥ Rx,s'dhnﬁ*((qae 1-33\’3(11 t)) IVa(dit) ¢ ‘Pae{b"v (d ﬂ) ),(
it Dy, et | [ O
Ao = My () -M m((‘fae + A (it) 3v,(t.ﬂ+(‘?ae+3ia__(“* T) (Co bk
ala'btz 1
A= cos'Pse f i(z(t,,ﬂdh
(@ztuyar)) Sin (Bre~Re)
cosWze fl( (e, )y ¢ TS 4111,..]
(aa"' \19(05“ Sin (‘?&‘Qze“. ’ T (0:45)

A g = sinlhe [ f K (;,t)dx 4 +m3 +msn]

(aa“' “g(a;)) Sm((Pae“ort)

. a
sinlhe f zKZ(‘h;Udlz , (C.46)
(az 4 uz(ﬂz)) Sin(@ze- er)
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where

K:ip, 1) = Ma (Yz'll—lz‘ ﬁh — M2V, th t f’zlz(‘-?ze "; v;tz) ’ (C.47)
K2

Katxst) = Pah—awa)ﬁys'}‘s"akk t P;I;(q’? *%”B—F) ’ (Co48)

111:= m*(—\l,_,(-d.t)i»r*bva('d.ﬂ I'Z',g-d) —m*t"vg,(-d.t\«cése+3"'V3H.t))av3(ﬂ.t)
.32 Axdt?] d¥s

+ (C?ae +valdit)

2) + m*(—d +ug(-d)—r")§,3(-d) _mr* (—d«g(-d))((ﬂae
Aot

N 5(~dt) (tp,e 27\13(~d.t))2bv3(-d.t))4.(1¢+h?‘r*z)(a’ +a°v,w.t)),
Q‘X;')t i * a\ig‘at

Ykt X3
(Cs49)

gy =- M(v,(L )46, (L, t)) Ry) 4 M r"((u’ae Al t)) dvt)
7Y Rty %,

+ (lo,, AR, )2\) +M ‘Lmsu.) +r‘..\ ﬁ,,lt.) + Mr,.,(u u,(t))((\'ése
x,0t

+ (T tMed (thq?v,u 1)
aksbt"
(C. 50)

((-.P;e + 21V3(L .t’ )2 QVQ(L |t)
akg'at dx 3

+ 3 vi(L.t)
¥y ot
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To express the Lagrange multipllers in terms of the
appropriate v's, the constraint equations (3.17) to (3.22)
are used to obtain the various u's. The derivatives of the
u's are obtained by appropriate differentlation,

The elastic angles Poe and m3€ must be solved for with
the help of equations (3.25) and (3.26) by a method similar
to that employed in rigid body kinematics (see Appendix I).
The u's in these expressions come again from the constraint
equations (3.19) and (3.20). Once ¥, and 93, BTe known,
thelr associated angular velocities and angular accelerations
may be found by differentiation.

The resulting expressions for the \'s are not shown here
since subsequent linearization and the approximation of the
elastic angles by the rigid mechanism angles makes this un-

necessary.




6. Partial Differential Equations and Boundary Conditions

for both Elastic Links

The partial differential equations of motion and the
assoclated boundary conditions for each 1link are now ob-
tained by the substitutlon of the Lagrange multipliers into
the differential equations as well as the boundary conditions.
For the sake of completeness, the geometric boundary condi-
tions are also shown. Even though the resulting expressions

are shown in terms of the 1's, R

x? ﬁy as well as the elastic

angles, it must be kept in mind that, for solution they must
be transformed by means of the appropriate constraint equa-
tions and their derivatives into functlions of the v's only.
Because of the above, non-linear partial integro-differential
equations result.,

a) Link 2:

Differential Equation

Ezlzi\’% - el 2%y N v 4, Ry, — M2 Re,2v =0,

211 N&Ht %3 X2 (C.51)
where
2
N“tl't) =fa%|d€2 +X3 . (C. 52)
X2

Natural Boundary Conditions

E.L o) = O . (C.53)
Nt

E,_Iza’\ngaz,t) =0. (C. 54)
oxf
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Geometric Boundary Conditions

vz(0t) =0 . (C.55)
Vala ) =0 . (C.56)
b) Link 3:

Differential Equations

Beam Section 1: -d5x3_<_o‘

E313 2 - P;I 34\/3 + Nz(ﬁg.’t)& +/u5§,, —/‘Qié‘b;l!’b_:: o,

-374‘ a2 213 Ak, (C.57)
where
-d
N, t) = f A dE, —As - (c.58)
Xs

Beam Section 2: O_<_x35a3

ELY —pL 2% 4 Nwods +usky, —usRe % =0,

13 2AHt? 13 My (Ce 59)
where L
Ny, t) = f AdE, + Mg+ - (c.60)
%3
Beam Sectilon 3: a;_ng <L
Bl 2% —pL 4 Nast) oV +,u3éys Ry N =0,
P+ agat? X% ds  (C.61)
where
L
Nylas t) = f MAE, 42, - (C.62)

Xy
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Natural Boundary Condltions

SEL udit) 4 m¥% (Ryf-d) 2wdit) l'i,,(-d)) At ’)(\'ﬁu*’a’va(a,t)) =0.
31—; P 2 2x,at’
(Ce63)

E, L, 2Vaadt) 4Ry () - ni"r*((@ae » Nadt)| (t'vx ¢ azv,u.t)) Dutdt
2.1‘35 2133& a‘k,)t 323

- P;I, (‘Pae + Dav,(-d,t)) - [m*ﬁxg(-d) + ' * (('-(’,e + > V;(-d.f)) dvs(d.t)

31;39 31—3&2 913
. 2
s (Wae+32v,,(-d.t)) )}AV,(-a.t) ~0. (C.64)
al;at bxa

E.L; 'wa(03t) = E;L, W00 . (C.65)
YH 12

EL 3'Vsla, ¥ = E,I, d°vslatt) . (C.66)
(3% A%3

EaL ’a’v,(t,ﬂ -M f‘~.| ( .R.xa(L) INs(L,t) - éyg(l_)) + (J" + M\",:) (q"u +33V3(L.t)) =,
1'% s A, "
(C.67)

-E,1, 23,0 t) 4 M;'Z'y;(l.) + MV‘M((l.ég + (L) ) - (l?’,, + L t) zav;(l..t)
%} dudt At 2%,

+pls (L'é,e +2%3(L.t)) - [Mﬁt;u) - Mr,{(‘?’ae..,’ﬁl;ﬂ.t) ) V(LD

nyat? Angat?| Oxs
. V4
+ (‘fae + bzva(l..t\) )]av,u,t) — 0. (C.68)
1,1 X,y




Geometrle Boundary Conditions

v,(0t) =0,

v;(0.t) =0,

2V (0,t) = walOt)
s A1,

Vsla,t) = O,

V;(ﬂ;,t) = O.

dVslas,t) = dvy(al,t) .
x4 A%,

(Ce69)

(C.70)

(Cc.71)

(c,72)

(Ca73)

(Ce?74)
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APPENDIX D

DERIVATION OF EQUATION OF MOTION FOR ELASTIC
ROCKER WITH COUNTERWEIGHT AND ENDMASS BY METHOD
OF SUBSTITUTION OF CONSTRAINT EQUATIONS
(ASSUMPTION OF RIGID COUPLER)

This appendix concerns itself with the derivation of the
equations of motion for the rocker of a balanced shaker mechan-
ism where the counterweight is tangent to the pivot point D
(see Figure D.1). Instead of using the Lagrange multipliers
for incorporating the constraint equations, thelr variations
are substituted in terms of 6v3.
1. Hamilton's Principle

Since the auxiliary conditions are not used in the present

derivation, equation (3.1) reduces to:

t
‘sf (T-Mdt = 0. (D.1)
to

2. Working Form of Hamilton's Equation

The working form of Hamilton's equation is obtained from
the substitutlion of the approprliate energy variations into
equation (D.l). Since the coupler of the mechanism is now
rigild, it has no potential energy, and the variation of the

kinetic energy integral of equation (3.9) reduces to:

t . t .,
to to to
where
¥2c 1s obtained according to equation (A.21) with u2,v2:=0,

X, =8,/2, y5=0,




) M,J..
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COUPLER
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A. = - 0‘
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Ys m

FIGURE D.I: FOUR-BAR LINKAGE WITH ELASTIC ROCKER, COUNTERWEIGHT 3
AND ENDMASS.
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bféc is obtained according to equation (B.2) with

UsyV, =0, X, =a2/2, ¥y, =0,

M2 = the total mass of the coupler.

ch = the mass moment of lnertia of the coupler about

its center of mass,

62e = the absolute angular acceleration of the coupler.
Because the counterweight 1s tangent to the pivot point at D,
the length 4 = O.

When the above modifications are included into equations
(3.9) to (3.13) and (3.16), and the results substituted into
equation (D.1l), one obtains the working form of Hamilton's

Iintegral:

ty - t, . t 6L —
f M, Py - 67 dt 4 f Jc Bre SVse dt f f f P, -57, dAsdr,dt
te to te’0 A;

te | T — 4t _
+f m*i‘,,#-SFm*dt_,.f T B - 80, +fMt"M-8?“dt
ts t, to

oo tipas 4 ti oL 4
of 3,8, 8,4t 4 .[ f E.1, 2V, Sv,du,dt 4 L f E,I, 2% Svdu,dt
t' 0ov/0 3‘4 Qs 3!’;

t, 2 3 Qs 2
+f [EJ, 2v; 83v; _EL, 2V, 5V3] + [F—sls Vs 8dvs
to 'ax; d¥3 ’bx% 0 ’bx} 313

L
- &I, Qf_v_;évg] dt = 0. (D, 3)
%3 laj




3. Substitution into Hamilton's Equation

The following substitutions are now made in equation
(D.3)1

a) Accelerations and virtual displacements are substi-
tuted according to Appendices A and B respectively,
and the dot products are performed.

b) Integration over the cross-sectional area A3 is
carried out.

c) Trigonometric terms involving W3 are combined,

d) Small deflection is assumed and theretore,

cos¢3 ~ 1,
_ oV
sinw3z¢3-_}%.

e) The term containing av3/ax3 is integrated by parts.
f) The abbreviation

By = Pgh4
is made.,

With the above one obtalns:
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t, " .
Mza; Ao +32¢¢(’1¢J8erdt
j;o [ 2 (T)
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L1

{/‘aﬁxém [ﬁaﬁn

( 515("&0 +2 ) 8V; + }l,(l;‘fu;)kya —/55V3R1;+ f’l’(q)"
311 alaat

+l0:t) t)) (v;(L,t)
2

+ 2% J8‘Pg,}d1.3dt . f [(J.mm* (q’se
1,0t to ot
+%m 3V5(L.t))ﬁk’(l.) + Mo v0 t)«l&e'fa Va(l t)) dvslLt) +(ti>,e 4 Dlv,u.t))z)
s A 2%, 215t

+ ML+ u,(LHr,.,) I'Z',,(L) +Mr"(L+u,(u) ((%c + 3Lt ) (‘F;e
awtz

+( 5 Med) (B + Rgat) 8%&

’bxgbt’

o[ ek

f "
MRx (L) - M1y,

\

%

‘i
b

[Ty ]
[

R0 4 Mr,,((te,:,av W

[E,I;a_v; 52m —BLRaS| 4
13 d%s (1%

g+ R 1) )
(( 2,2t

sat?

+%(t) * vl
dusdt | s

+ -/; ((J.,,*m*r"z)(ié;e +3’\/,(o.t)D

r. .

’)
§v,(0:t)
s

§3v,(Lt) dt
T

(ll’,;,ag,u t)D
X012

3V,(l-.ﬂ 4
dxs

e +3"V2(L.ﬂ)2) Su,(L)dt

r. 20
))J 8v,(L.t)

2
) (‘fse.'.azvi(l..t)) dVa(Lt
ax,?t a‘Kg

1 . L
E I, 2%, Svydusdt Be 1+, |8
St~ M *f{["l’( a‘é?H

3152 __2 Vs 53Vs _ E;Is__z SV,,J dt—0.
213 ks 213 af

[E

(D 4a)
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The above expression 1s now modified in the followilng

a)

b)

c)

To express the differential equations and boundary
conditions in terms of v3(x3,t) only, the terms
89p 00 6¢3e’ 5u3 and 6u3(L), derived in Appendix E,
are substituted. (This represents the essential

part of the substitution method.)

The elastlic angles Poe and ¢3€ and thelr derivatives
must now be accounted for., While, as in Section 5

of Appendix C, these expressions are approximated by
the corresponding rigid body ones given in Appendix I,
thelr exact determination will be briefly outlined.
With a rigid coupler, Poe and 038 are only functions
of v3(x3,t) and may be obtained by the solution of
the elastic loop equations (3.25) and (3.26) with
u2(a2) = 0 and u3(a3) obtained according to equation
(3.20). The elastic angular velocities and angular
accelerations can then be found by appropriate differ-
entiation.

In order to collect terms in 5v3, such expressions as:

a’ . 15 24 ~
MsRx,| 2V SV;dyy ,
o o &}

which contain variable limits, are transformed accord-

ing to:

f Am)f 2(?,) dédx — Lé(x) f ﬁF(é;)dde.
(3 o x
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When the limits are constant, one uses

L Gs 03 L
J’ m)f Gle)dkdy = f G(ti[ Flg)dEdx .
a, 0 Y a3

With the above operations equation (D.4a) becomes:
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| | .
Ry - b v 612N _ oI 2% ‘a’v,[ f B (e, m(q.-cr,)(m a; .fa J“lf,)
j;f -{l‘ ¥ - Mskag Ero - P 331;3t‘+‘)t, z:ls xf pach L P(%)+

cot (- ,% (k, ¢ uy )R 6 — 8, R 8) 4 A L[ + st |, 4 (T Ret0t)
+(a,+u,( L[,“,! f“;!. I“’v’( w +P’I" * ag,at‘]dk e ( e )

got*

( YL,t) 15, V(L ) t)) R,‘,(L) + Mg, vl t) ("fs ,;a Va(L. t)) dwlLt) . @4 a’g,u,q)z) + M(uu,u)w,.)ﬁ,,(t)

+Mr,.(uu,(u)((q,+a\:,uﬂ) (W,»,z’\s(tt) av,uu) +(J.1+Mr..)(«k+a%,(ur +MR,_;L) Mr"( g,
Ax,t Nt Jxs e tt

+Pwt) 2wt 4 (i 423,08 u,t)) )] Svydidt 4 f Ry, — g B, 2% +E,1 2 L 2%
! v, Ixsot Falu=fs vy ’_f A PR

+2v [[ /l,Rl}k,)dZ,{.MML) Mr,,(‘?:ﬂv,u w4 (q,+3’ (Lt) )]] Svydrgdt
n? gt 21y .0t

' h{[s«.&.ﬂ(u?aa i)z ottt s s 2 Lo

(a,m,(a.»)

+(J..u+m*r*r)(c‘é,+a},(o,ﬂ)_M(v,a.t)+ R 2600 R,’u),,w"v,u.ﬂ( B 4.2 g,(l..t) dutd 4 (u,;,a'v,(w’)
%3 A,

au,at p-T'28

M ru(uu,m)((fi; P X0
2ug0t?

By ak(ut)) u..ﬂ\+(J..+ Mr,ﬁ) B, 42V, (L.«))]][b_v, Sv,]

2usdt| dxs | 2L %,

f aRuydry a_v,(o. ) 5%(0.6) 4 [Ty 4o :*’)(tr, +2a00)) Su04) 4 [ M1 B U2 |, Mi, (0
Ixqat” [3 2 (2

+(JM+Mr.%\("& + Rwt) ut)] 5wt o [MR,,u),Mr,.((tl’,»,avu.ﬂ) (@,,@jgu.u‘av,u.u v, (Le)
2t 1y 2t dx ]/ 2xs

[951, (\p,+ Vs )Sv,] [E,I,_,_ §vs — E,1, 2%, a‘v. SV,T [E,I,'a"\/ Ry 52vs — EL e 8]
1 313 21, 213 +

[Ma,,m* Mr..( By 42 v,uﬂ)av,ut» {0 4 21, ))"][av. Sv;] }dt"' (D.4b)
0

2%,00) 3x3 3x,2t
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4. Linearization of Hamilton's Equation

The non-linear terms of equation (D.4b) are now dropped
and terms involving the rotational inertia p313 are neglected
because they are small. Further, damping is included, and the
terms CDav/at are introduced into the two integrals which will

glve rise to the Euler-Lagrange equations,

L 14

The terms Rx3 and §y3 are expanded according to equations
(A.22) and (A.23) with
.. .2
d, = ~1\s (D. 5)
Integrals involving these expressions may be evaluated.
Thus,
L . “2 L —_ .2 2 1)
}‘3“3(53)533 = _,“3(?3 E; dga - "/“34’3 U—;"L ’ (Ds7)
X3 'x; 2
and
L w b w
f/‘sé;ﬂs(gz)dgg =% ﬂszadgg = % Jso , (D. 8)
0 ()]
where
J3D = the total mass moment of inertia of 1link 3 with

respect to the ground pivot point D, (Recall
that the rotational inertia of the cross-section
i1s being neglected.)

Similarly, the term ‘3'2(a2/2), which arises for the rigid body

coupler, is given by

. o . o0 o (*)
pr(g) = - ?2a,sin(0-9) 4+ &, a, cos (%) a: 0, .
'z 2 (D. 9)
With the above, equation (D.4b) becomes:

*
(*) For kinematics see Appendix I.




.]; M3 at? A%y at

0

t, ~0
f ’{C. 3_4!3 +6,0058)2V 42N, 4 G2 (5,125 4 Co3 D - LG5t v
0 (2%

tipL
+ Gyl 00 By it 4 f f 2N + Gulas 02 1€ B 4 G002
Lvas | o1a 12 2 13

+Cos3Va — CaGslt) vy +G,(‘X,g,t)} Svydr, dt
2t

t, a3
R f [.c.?ﬁg SVs 4G, (Lit) Vs 5v;] + G(0it) 2v3(0) SV (0,t)
to 213 ks 0 x4

+C B’V,(a;.t) Svyadt) [..c. 2hy(0£)4.C3 (0t +C3G‘(t)] 8, (0,t)
%3 13 ot %3

+c,[a’v,(a,,t) _ azv,(a;.t)] $3%,st) + [c.a‘v, (L) 4+ C4Va(Lit)
N} alg’ 2%s A%, ;t?

4 Cs 'azv,(L.t) +C 665(t) 3V2(L.t) - Cng(t)Vg(L.t).g. Cgéb(f)] SBV;(L.‘H
M? P} s

% 2 2
s [_ C2Va(L) 4 Cs DRat) 4 Cy DVallit) 4CaGs(t) QValLit)
'b')(.g 313)*»2 ‘bt ‘315

— C1Gs(t)w(Lt) +C,,G‘(t)] Svsu..t)} dt = O, (D.10)
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where \
C, = &L Co = MrylL
C= iy G= M
Ci= Jtmi?’=T" = ML p (D.11)

Ca= Ju+MnZ=1J Co= d+MryL=CtCo

Cs= Mry Cio= ML+ Mry= CstCs )

Glxst) = — ;_;_ (2) G, escldy- ‘&)[Mzaz( ®7a,sin(0-9:)4%, a,c05(9-€)
Q2

+Qz "Pz) +J2 "?2] + S Cotwa ¢, [Japh] JM +M(L+ r‘..)i}. M(Lﬂ‘"\ q’:,

2 (D.12)
Galiat) = pyah; (D.13)
Gs(at) = Uy, , (De14)
Gyrsp) = —}_Az(Lz-k%)q’: —M(L’:\"M)Qaz ’ (D.15)

2 '
Gs(t) = @ , (D. 16)
Gelt) = & . (D.17)

This form of Hamllton's integral represents the basis

for Kantorovich's method shown in Appendix G.
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5. Partial Differentlal Equations and Boundary Condlitions

The Euler-Lagrange equations are obtalned by applying
the Fundamental Lemma of the Calculus of Variatlons to the
first part of equation (D.10). In order to obtain the dynamic
boundary conditions, one first conslders the geometric boundary

conditions:

vo,t) =0, (D.18)

Vis(ast) =0, (D.19)

v@5t) =0, (D. 20)

V3 (a, 1) = dwalaz,t) . (D. 21)
Axa ks

This implies, concerning thelr variations, that:

dv,(o,t) =0, (D. 22)

Swa,t)= 0, (D.23)

Sviait)= 0, (Do 24)

§%(a,t) = §av, (a3 ¢) . (D. 25)
(.} 2 (372

The remaining variations at the boundaries, such as 5v3(L,t),
: éav3(0,t)/ax3, etc., are arbitrary and their coefficlents must

vanish in order to make Hamilton's integral vanish,
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The resulting partial differential equation and assoclated
boundary conditions become:

Differential Equations

Beam Section 1: 05_x3_<_a3

C 3v3 +G.ugt)a£%+C1___§_ +Gz(‘¥gt)3V3 —Cst(t)V;-i-G;(‘lg‘t)

2 .
311, ot xs (D.26)

tex <L

Beam Section 2: a3_<_ 3

C,2Vs 4 Golks H)Ng 4:C2 9V 46,3 t)3Vs _CoGstEIV, 4G (st )=0.
213 g at? ks (D. 27)

Natural Boundary Conditlons

~C, 3(08) +C3V5008) 4 C36 (1) =0, (D. 28)
%3 152t2
C, az\/a.(aa,f) - aivz(ag,t ) = Q. (De 29)
75 3 &
Ci WL 1) 4 Cq DN3(LA) 4 Cs Da(Lit) 4 CoGslt) Dy (L1)
.35 % t? At2 A1,
- CsGs(t)vs(L,t) + CoGelt) = O. (D. 30)
—C, V(L) 4 CsANa(Lt) 4 & 2 v,u ) 4 CgGslt)dvalL,t)
13 pt? at? 13
—C1Gs5(t) V3(Lit) +CoGeft) = O . (D.31)

Equations (D.18) to (D.21) gave the geometric boundary condi-

tions already.
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APPENDIX E

DETERMINATION OF 6u3, 60,5, AND 6039

WITH ASSUMPTION OF RIGID COUPLER

When setting up the differentlal equation for an elastilc
link by the method of substitution, it is necessary to know
the expressions for the various su's and 5¢e's. For a rigid
coupler (see Appendix D) it is only necessary to know 6u3,
6u3(a3), 5u3(L) as well as 69,5, and 5°3e'

The su's are obtained from equations (3.29), (3.31) and
(3.33) 1

X3 Xs
8u3=-[?&8v3] +f oY, 69,4k, , (E.1)
s 0 o 2f2
Qs Qs
8u,(a,)=-[3§ Sv,] .,.f % Swady, (E.2)
2t lo Jo 2%}

L p0 L
Suy(l) = - [23’2 5\’3] + f 5&2 SVady, + 3_2"315"3‘113- (E. 3)
%Xa  Jo Jo %3 a39%3

5°2e and 6°3e are solved for simultaneously from equations

(3.34) and (3.35). Since 1link 2 is assumed rigid in the shaker

mechanism, éuz(az) = 0., Then:

-0, Sinte S%e + (a,+u3la;\) sinWe8%e = cos\ae Suy(a),  (E.4)

(4 7 €050 Sfoe — (03+ U;(a;\) 05\ P38z = sinze Su,(q,) . (E. 5)




Cramer's rule leads to:

 SWe = 5u»(as) ’ (E.6)
Qz Sin(‘?ae"‘fze)
and
§We = cot{Wse —e) Sustas) . (E.7)
(13+ u;(a3)

Finally, with equation (E.2), the above becomes:

Q
5o = csc(‘?a.e"‘?ze?[ ! Vs Svadys — csc(tfse—he) [3\”—‘ 8"3] ’ » (E.8)

a, Aka 0
and
Qs O3
§0se = cot(Be-Poe) [ 22vs SVadys — Cot(Pae-ae) [av; SV,] .
Qs+ Us(as) Jo 213 a,+Usas) L1, ],

(E.9)
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APPENDIX F

SUBPROBLEM: DYNAMICS OF SIMPLY SUPPORTED BEAM
WITH OVERHANG, ENDMASS AND COUNTERWEIGHT

1. Statement of Problem

In order to solve the equations of motion of the elastic
rocker by the method of Kantorovich, it 1s necessary to de-
termine an appropriate shape function and its assocliated
elgenvalues and orthogonality condition. This is accomplished
by the solution of the free vibration problem of the beam shown
in Figure F.1l. (The work of J. C. Maltbaek [22] has been help-

ful for this purpose.)

Figure F.1l Subproblem

2. Equations of Motlon and Boundary Conditions

The differential equations of motion and the natural
boundary conditlons for the two sections of the beam are

obtained with the help of Hamilton's integral, 1i.e.
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1 &
5[ (T-T)dt = 0 (F.1)

In the above the components of the kinetic energy are given by:

f/A, AV d‘ll—g = kinetic energy of beam,

_lni* 2.2\/_(9_'9) 'Jm ( v SO.t) = kinetic energy of counterweight,
2 Nt ? a0t

J M(@V(L-t)-{-VM 2\’(!.,1)) ‘JM(3 LN = kinetic energy of endmass,
2 \ ot 21,2t Aot

s [En(Eyf e 4 4 [Enfmfa, - minntone o
Qs ah

Substitution of the above energy terms into equation (F.1)
and subsequent variation as well as integration by parts

furnishes:

.j‘tf @,L,%I 2 L]Svdlgdt j; f;[’ +E,I,gt\j8vdz,dt

f [(Jm*+m*"‘ ) o) _ €51, 2000, t)] sdvod 4 E, 1, dAv(oit) Svioit)
At A % 213

+EIL (a‘v(aht) §avas ) — vl t) Svad 1) - Vgt agt) Svm,,t)@‘kuw,t))
[} 28 o} A%, .}

M V(LD
itz

((JM M) ) 4 My, 2t 4 E5T, 2, t)) $viet)
Nt TE nZ |

+ M, vt _E l,aavu t))sv(l.t) dt=20. (F.2)
1,982 ’




Since the geometric boundary conditions are gilven by:
A

vi(0,t) =0
Vs(as,t) =0
1 (F- 3)
Vylait) =0 ?
dw(ast) = dvslas,t)
’bk; 313 /
one obtalns:
Sv(0t) =0 )
Sv;(a;1) =0
x (Folt)

Svatt) =0

5vs(as,t) — §Iva(a3,t)
dXs dXa /

Use of the above and application of the Fundamental Lemma
leads to the followlng differential equatlons and assoclated
natural boundary conditions:

FM'05x35ay

C.dv + Ci v 0, (F.5)
At? 374
for a;5x35L:

(Fe6)

I
e

Cz.& + 6.34
aot2 Sii

_C 2v(ot) 4 C3 ANVOR) = O, (F.7)
)% x,321?

and
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viayt) = wiai,t) (F.8)
ov$ %3
CoAVILE) 4 CsAVILD 4 Cad V(L) = O, (F.9)
X% At? ot
SCALD) 4 ¢ D) 4 Cs3Lt) = 0, (F.10)
13 t2 1 5ot2

where the constants Cqs CZ’ etc., are identical to those
glven in equation (D.11l) of Appendix D.

3. Shape Function and Characteristic Equation

The partial differential equations (F. 5) and (F. 6 ) are

solved by means of separation of variables, 1.e,
twt
vir, t) = Vir)e . (F.11)

Substitution of the above leads to:

For 0<x,<a

383!
dav _av=o0, (F.12)
dx}
fbra;5x35Ls
ﬂ =0, (F.13)
dx?
where
4
AN = wzgz. ’ (F.14)




and the boundary conditlons:

Vo) =0 ,

Vi) +a'c,Voy =0,

Via,) = 0,

Vi) =Via),

Ve =Vat),

V)= o,

VD - ¥ Vi -2*Csvio = 0,
V© + M V') +X VL = 0,

where

Ch= Ei )
Cz

C=6G ,
C2

(Ls = §§ ’
Cz2

C“'-'-"- _C_A_» .
Cz

(F.15)

(F.16)

(F.17)

(F.18)

(F.19)

(F.20)

(F.21)

(F.22)

(F.23)

(F.24)

(F.25)

(F.26)

The solutions to equations (F.13) and (F.1l4) are given

by:

For 05x35a3:

V(Ya) = A, sin Xx, + A|z cos Y, } A|3 sinh\x, + Aw COS‘\XIQ,
(F.27)
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and for a;5x35_Lz

V&lg) = A2| sin )\13 + AZZ Cos AX; + A23 SlﬂhAx, "‘A)‘ coshlx, .
(F.28)

The portion of the shape function V(x3) for 05x35a3
(up to the constant Aqq which 1s arbitarily chosen to be

unity) 1s determined with the boundary conditions (F.15),

(F.16) and (F.17):

Vo) = sinAnks + 1, sinh Xy 4 Gy (cos A5 - coshAans),
(F.29)

where

. A, (cosﬁ..a ~coshAnds)
—sinA\naGs — T-l 3 ntis
(i = e y (F.30)

sinhAna, + An Cu (CosA.as — cosh\.a,)
2

0, = A3 Cy sinh AnQy — Sindns i
2 Sinh Anay + %&(“’57‘*03" CoshAnds) (F.31)

Similarly, the portion of the shape function V(x3) for

a;5x3$L is determined with the boundary conditions (F.19),
(F.20), (F.21) and (F.22):

Vn (19) - r5n [Sin Xn (13"03\ + rsnsiﬂh Xn(tg-ag)
+0in (cos\n An(Ka-0s) — COsA,(%sm as))} ' (F.32)

where

rSh = Azn Aq.n + AmAsn ’ (F.33)
N Day + A A




r;n = Azn ‘Asnr;n ’
An

2hn Awn

2
and
A = (1+2.C,)cos Anb; + (1-22C15) cosh Anb,
= A2 Cu(sinAnbs +5inhAbs) |
B,, = (1422 Ci3) 5inAnbs + A3Cyq cosAnbs
Bzn = (1= NsC)sinhA,by — A% Cyy coshAnb,
Dar, = MCiz{cos Anbs = cosh Abs) — (1445 Ca) sinhAnb,
+(1~A2¢s)sin Anbs
Asn = (1-A2C)cosAnbs — AnCip SinAub,
Ben = (14A2Cs) coshAnby + AnCo SinhAnb; ,

A'm = sinh?\.,ag + Aa Ca (COS)\..G; - cosh)\..as .
2

+ r ¥4 Cy (2cos)\,,03 sinh )\..03 - 8in ')\,‘Og(cos Anlat cosh?\,‘n;\)]},

192

(F.34)

(F.35)

(F.36)

(Fa37)

(F.38)

(F.39)

(F.40)

(Fo4l)

(F.42)
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The characteristic equation is obtained from the remaln-
ing boundary condition (F.18), 1i.e. V'(a3) = V'(a;).

Thus,

-2 ‘3'mxn03 S'“\‘\Anag ~73'C.. (cosk‘aa sinhAnla — SinAnQs cosh Anﬂs)
oS A5 SinhAn@s — 3inAna3 oSN Ana, + A5Cy (1- COSANG, coshinds)

—_ 2 (AznAGn —AanAs'n) . (F.43)
Ain(Bsn +Aen) + A4n(Azn ¥ Dan)

In order to compute slopes and moments in the vibration
problem, the first and second derivatives of the shape
function are glven:

For 0<x,<a

3=83¢

Vo) = [7\., cosAn¥s + [y COSh A5 ~ Bn(sink,x3+sinh )\..XJ] ,

(Fo44)
Vi =N [—sin Ay + [y sinhAnx, — 1, (cos )\.,xa+cosh)\.,x3)] .
(Fo445)
and for a;_<_ x3_<_La
V, ) = )‘,‘G,‘[ cps}\..(xa—a,) + Gy, coshAn(xs~a,)
+ [ (Sinh A1~ as) + sin)\n(xras))] , (Fus6)

Volt) = X2, [~sinAnis-ay) + GpsinhAa(x,-a,)
+ lan (cosh Mlxs=as) + cos An(x,- a,))] . (F.47)




4, Orthogonality Condition

To determine the orthogonality condition, let km and xn
be two distinct eigenvalues and Vm and Vn be corresponding
sets of eigenfunctions resulting from the solution of the
(*)

eigenvalue problem, Then, according to equations (F,13)

and (F.l4), one obtains:

AV = AV (F.48)
dx3

and
V= AV, . (F.49)
dx4

Now one multiplies equation (F.48) by V  and equation
(F.49) by v respectively, subtracts the individual results
from each other, and finally integrates the result over the

full span of the beam:

a L
falvn‘fyg - de_‘\i!]dts +f [Vhﬂ_ —Vm‘fln]dta
0

dvd dx} a, dxd dit

= (A:. - A: ) astV dy, + LVth dx . .
J£ n Q¥; J{ 3 (F.50)

Qs

Integration of the left hand side of equation (F.50) by
parts twice and the substitutlion of the requlred boundary
terms according to equations (F.15) through (F.22) leads to
the following condition:

»
(*) Thls approach 1s successful because the problem is self-
ad joint.
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(A% -\ ){ f SN Vnds 4 f VeV d s 4 CuVos (OVEL0) 4 CaVinlValt)
0 a

3

+C|3(Vm(L)Vv:(L)+Vn"(L)anU) ,,c,,,v.;u)v:‘m} —0. @5

Since A £ A, then

f VoV g + f VoV dis 4 Cu VOV (0) 4oVl LING(L)
0 Q

3

+ Ci3 (VmlVt0) 3 VoDVnll)) 4 CuVnlOV) = 0. (r.52)

Substitution for Cy4, Cy,, 013 and 014 according to
equations (F.23) through (F.26) leads to the final form of
the orthogonality condition:

3 L [] ]
Co [ VnVndiy 4 C2 f VoV s, + CsVon ) VA 0) 4 Cy Vi (LIVnlL)

0 a,
+ Cs (VmOVa L) 4 ViV 1)) 4 € Von V(L) ="y S , (R 53)

where W; is the value of the expression when n = m and anm

is the Kronecker delta,
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APPENDIX G

DETERMINATION OF HILL-TYPE DIFFERENTIAL
EQUATIONS BY METHOD OF KANTOROVICH

l. Method of Kantorovich

To obtain Hill's equations in qn(t), the solution form

Vi(xs t) = Z Vi (xs) q.,kt) , (G.1)
n

as well as its various derivatives are substituted into
Hamilton's integral as represented by equation (D.10). The
Vn(xj) are those of Appendix F.

Since the shape function is prescribed, only the time
portion of the solution form can be varied. Thus, for ex-

ample,

52%08) = ) nl0)Sqm ,
2%s m

where the primes denote differentiation with respect to x3.
Because this subproblem satlisflies the geometric boundary con-

ditions,
SV;(O,{) = sz(O) 3¢1m =0
m
and

40 ) = 2 Volas)qm = 0.

Substitution into equation (D.10) leads to:
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f 7%{ C.Z \l,nqn + G.lx,,t)zn V:qn + Cz% Vo Gn +Gz(‘lsnt)§n: Voqn
70
+ CDEnVn C.ln ~ CZ GS(t)Z ann + G;('l;,t)}; Vm Sqmdtgdt

t " . '
+LL: {C.;V,‘,[qn +G4(‘)Ls,t)z Vn(]n + ng Vn 4n +Gz(¥s.f)zvn dn
16,2 Vg - czes(t)Z\{,q“ +G;(x;,t)}§ Voo St it

t " U * 1 '
+f {[- C.Z \'A (O)qn +C3§Vh“»qn + C;G(,(t)J va(O) &lm

to

10 2V -2 v;mnq.,]Zw(a,)sq., 62 Wign
n n m | n
+ G2 V(00 4652 Va0, + C‘,Gs(’dZVJ(L)q..-CsGs(tlzn: Vall)q,
n h n
+ c,a‘,«s]z Vor (L) 6qm + [-c.Z V' (0gn + €2 V(UG 4612 V()
m n n n

+CaGs(8) 2 Vall)qn ~ GGa(E. VnlL)ge +C.065(t)]ZVm(USq..}dt — 0.
n n m

(G.2)



198

The coefficients of the various derivatives of qn(t)
are first collected. Then the boundary terms Vn"(O), Vn"(a3),
Vn"(L) and Vn'"(L) are expressed according to the natural
boundary conditions (F.16), (F.19), (F.21) and (F.22), respec-
tively., Further, use is made of the following ldentity:
C.[ f astVnndx, + LVmVr:I d'xs:l= wh Cz[ f :;;Vndwﬂ {{..Vndx;} (G.3)
0 Qs (\ as
which originates from equations (F.,12) and (F.13). Finally
terms may be collected with the help of the orthogonality

condition (F.53), and one obtains:

[ D R A TS

R m

a3 ) L " a3 f
+Z qn[ f G, (x3,t) VmVn ds + f Gy (13, ) ViV d s +( G, (15 t)VmVn dt s
0 0

Qs

+ f Ezua,t)V..V.,'dxg +Gs(t) ((mc&v..:uw.: (1) +(C5 +Ca) Vi (L)Vin (L)
Qs

! ' a L
+ GV V.,(o))] + [ f G5 1) Vindts 4 f Glts,t) VindXs + Ge(t) (csv:.(o)
0

Qs

+ CoVim(L) +c.°V.,.(L)n}5qm dt—=0. (Golt)
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2. Coupled Hill-Type Equatilons

Application of the Fundamental Lemma to equation (G.4)
furnishes the following infinite set of coupled Hill-type
differential equations:

qm + C_Dsmgﬂum,m n + (wi - Gslt))qm +'w:7'2n: Hunlt) qn

let) » (G.5)
Nom

form=1'2,3.con L]

This shows that each natural frequency Wy has associated with
it a damping constant CD3m‘
Further,

Qg L
Al(m,n) =f VMVndxg""f VMVndta » (Goé)
0 as

a3 " L [
H"m(t) = fG.(‘Y.g,t)VmVn dxg +f64(13,t)VmV,, d'x,3
o (1]

3

a L
+ f G:ua,t)VmV.,'dx; + f G2(15,6) VWi d 15 +G5(t)((a+c6)v;,(t)v;(t)
0 Qs

+ (€5 +Ca) ViUV (0 4+ Vim0V (0) (©.7)

L
Fm(t) = —faég(xa,‘l)v»‘d'Xa -—-fG;(’la,t)V3dx3 -Gt (CBVN: (0)
0

a3

+ Cquv'n ) + C\on(L)) . (G.8)
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APPENDIX H

FORM OF SOLUTION OF DAMPED AND UNDAMPED
HILL'S EQUATIONS: REVIEW OF FLOQUET THEORY

1. Homogeneous Equation

a) Floquet Theory Associated with Undamped Homogeneous

Hill's Equation

In the absence of damping, the homogeneous portion of

an expression of the type of equation (4.42) becomes:

dg 4+B®)q =0

+ (1 (1 = ’ (Ho1)

d?
where B(ml) = A+A(w1). A(wl) is a periodic function and A is
a system parameter. According to Floquet theory at least one
of the two solutions of this second order equation has the

form:

q(e) = et e . (Ho 2)

In the above, p 1s a complex parameter called the
characteristic exponent, and @(ml) i1s a periodic function of
®1 which has the same period as A(ml). For mechanisms with
constant input angular velocity, A(ml) 1s 2n-periodic.

The values of the characteristic exponent p which are
generally possible, as well as those which are specifically
assoclated with the stablility boundaries (transition points

from stable to unstable solutions), are determined from the

characteristic equation

PZ—QAP“’I=O; (Ha 3)



where

p= ef™ | (Ho k)

In the above, 2m represents the period of B(wl), and A is a
constant for a particular system,

The solution of the characteristlc equatlon,

’ = Ai .‘Az"l ’ (He 5)
fobr = N

enables one to find the possible values of the exponent p.
Table H.1 lists values of p and p which are assoclated with
stable and unstable regions, as well as the stabllity
boundaries, The characteristic exponent pl.z is obtained

from P1.2 by
bt

g = dnpy2 (He6)

2m
where
G\P = {nlpl + i +2kn) - k= 0,%1,£2,43,... (H.7)
If p is complex, 1l.e.
p= u+iv, (H.8)
then
9 = tan-li . (H. 9)
wu

Important properties concerning the periodiclty of
solutions on the boundaries between the stable and unstable
regions may be ascertalned from Case II of Table H.l. Since
@(ml) 1s a 2n=-periodic function, one obtains from equation

(H.2) for the case where Py o = 1, the total solution
’
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Value of A 0 B Condition of
K = 0,:&1,12,... Stability
0<A<o2 log] =1 by = (0 ; 2km) 1 Stable
I
Case I 0, = tan~ 1 —&5-- 1
|a] < 2 A
Stable 0 =1 o = - Stable
Region l 2| 2 1
(61 + 2km)i
-2 <A <O Ipl| =1 By = 5 Stable
L1
A
ool =1 By = g Stable
Case 1II A =2 Pp = Py = 1 By = By = ki Unstable: presence
of secular term.
lal = 2 ——
Stability A= -2 py =0, =-1 By =B, = 5——-2*1——)-1 Unstable: presence
Boundaries of secular term.,
1nje,|
A > 2 p, > 1 = ——— 4+ ki Unstable
1 H 21
Case III
|A| >2 0<p,<1 By = =By Stable
1n|p |
Unstable < - 1 e < __ 11 (2k + 1)
Region A 2 l<py;<0 By = —>5 * > 1 Stable
Py < =1 By = =By Unstable
Table H.1 Possible Values of p.

202



203

[ . ' ] . LP.
qUP.) = z Qn emw + lP.Z b.e" . (H.10)
K )

Thus, the non-secular portion of the solution 1s 2m-perilodic.

Simllarly, when pq > = -1 the total solution becomes:
’

q(‘(’.) = Z Cnei(&%ﬂ)tﬂ + ‘P.Zdn ei(z%ﬂw' . (Ho11)

n
In this boundary case, the non-secular portion of the solution

i1s Ym-perliodic. These particular properties of perlodicity
are used to determine the stability boundaries. (See Section
1b below. )

To obtain specific characteristlc exponents “1,2'
which correspond to certain parameter combinations contained
in the coefficient B(wl) of equation (H.l), the constant A of
the characteristic equation must be known, According to

[5,6 ] it may be found from:

A= g@m + dg.am) . (H.12)
d¥

where q.(®,) and q,(9,) are two linearly independent solutions
1'7l 2'71

to equation (H.1l) which satisfy the initial conditions:
q,(O\ =\, dﬂ.(o) =0,
de,
dw,

Thus, A can be found by way of two appropriate numerical solu-

(He13)

tions of equation (H.1) [23].
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b) Determination of Stability Boundaries for

Undamped Homogeneous Hill's Equation

Table H.1l shows that the transition from stable to
unstable solutilons of the homogeneous equation occurs when

By > =0, #1, 21, 231,...(2m-periodic solution) (Hely)
’

or when

By p = £1, 421, 21, (4n-periodic solution) (Ho15)

To find the parameter combinations in B(wl) of equa-
tion (H.1l) which correspond to the values of By, 2 in equations
(H.14) and (H.1l5), one makes use of the following general
method.

The 2m-periodic function §(¢1) in the solution

equation (H.2) is expanded into a complex Fourler serles, 1i.e.

&, imth
q(¢) = e‘“w'_z Yue (H.16)
m

*
where the y are unknown complex coefficients.( ) Further,

B(®,), & 2m-periodic function which contains the frequency

ratio A = (w/él)2 and all mechanism parameters, is expanded

into a Fourler series
i. n‘?.

BIW)=A+ Z pne (H.17)
n

where the Bn are complex constants containing the mechanism

parameters.

(*)

The complex form of the Fourler series 1ls used, because
the resulting complex Hill's determinants have the same
general form for both the 2m and 4mw-periodic boundary
cases., Thls makes it possible to use the same computer
program for both,
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Substitution of equations (H.16) and (H.17) into (H.1)

leads to:
e 3¢ t(men)f

eﬂmi[(p+miﬁpo+l\]%e +el“‘°-z Yne =0. (H.18)

The * on the summation sign indicates that the term for

= 0 is not to be considered. Rearrangement of equation

(H.18) leads to:

A S [fpmiPs pu s Yo+ 2 a7 = 0. 0

Since the eimwl are linearly independent, each of their
coefficients must vanish, and the unknowns ¥ could be
obtained by the solution of the doubly infinite set of

homogeneous algebraic equations (for m = 0, +1, 42, +3,¢40)1
[ d
12
+mi +A] .n = 0. .20
[(/.l ) '|'16° ‘Pm +‘%:/5n1|’m n (He 20)

A nontrivial solution results if the coeffilcient determinant

of the wm vanishes, 1l.e.



v (p-21)24g 40 8.1 B_s B_3 By

Table H.2

2
By (m-1) +By+h  B_4 B_» B.3
2
o B, » +BO+A B_1 B_o
2.,
B3 B, By  (n+1)%4py+A B_1
84 33 52 Bl (u+21)2+80+1\

Hill's Determinant for Undamped Case

=O.

(H,21)

90¢
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This infinite determinant, called Hill's determinant,
furnishes a relationship between A and the Bn for any given
p, and may therefore be used for determining the stablility
boundaries as a function of A and a specific mechanism para-
meter contained in the Bpe This eigenvalue problem in (-A)
can be solved 1f the infinlite determinant 1s approximated by
a sultably chosen finite segment,

For the proper cholce of such a segment, one must consider
that all infinite determinants which are, for example, asso-
clated with the 2n~-periodic boundaries have the same form and
value regardless of the p which is substituted from equation
(H.14)., They only differentiate themselves from each other
by a shift in rows. Consequently, properly located segments
of the infinite determinants must also give identical answers
for all p. To this end, they must contain symmetrical values
2 )2

along their diagonals of (p - 1)2, it , etcs Thus,

, (p + 1
for the 2m-periodic boundaries one need only use p = 0, while
for the 4m~periodic boundaries p = 1/21 will suffice., (Note

that for both cases the Hill's determinants are Hermitian.)
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¢c) Form of Solution of Damped Homogeneous Hill's

Equation and Assocliated Stability Boundaries

When damping is added to equation (H.1l) it becomes:

dq 4 Adq 4 BlR)q = (H.22)
dei  dw
where A generally represents a damping constant.

To apply Floquet theory, the following transformation

is introduced:

—x

qif)= e 2 z(®), (H.23)

and equation (E.22) becomes:
¢,

d’z +(1\ +zp,‘ 3 ') =0, (Ho24)

dw?
where

- A?

The solutlon form of the above 1s given by equation (H.2),

l.e.

Z(q’u - Iuw‘ é(('vl) . (He26)

Then, according to equation (H.23),
(u—4)¢,
q(tm:e’u 2" " Py . (H.27)

Thils expression is unstable whenever the real part of

the exponent (p - A/2) 1s larger than zero, Therefore, the

stabllity boundary occurs when the quantity (Re(p) - 4/2) is
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equal to zero. This condition corresponds to Re(p) 1is equal
to A/2.

The forms of the q(ml) on the stabilitv boundaries
are found from the following considerations:

Case III of Table H.1l shows that whenever p has a real
part in the solution of an undamped Hill's equation, such as

(He24), 1t appears in one of the following two forms:

/A,z:*(c"lf’l + ki k=0,41,12,43,... (H.28)
2T
or
/‘l|,z=i(’(“|£| +(2k+l)i s k=0,+1,%2,£3,... (H.29)
27 2

Therefore, for the present case,

IM(/‘»l,z) = ki ? k= O’i"‘tz,t3,... (H. 30)

or
IW"I’Z) = ‘%!,)i-; k=0,t|,12,t3,... (H.Bl)

Since the value of k 1n the above expressions does
not affect the solution form of equation (H.27), the value
k = 0 may be chosen as representative and the total solutions

on both stability boundaries are given by the general forms:

& i RS i@
q(q’n) = Zanem + e _Z bﬂ et ’ (He32)
n n

or

N .'(2n‘+| ) A% L(2n+ 1),
q(‘ﬂ)‘—‘ Zc..e )¢ +e . _Zdne“ . (He33)
n n
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The non-decaying portion of equation (H.32) is
2n-periodic and therefore represents the 2m-perlodic
boundaries. The non-decaying portion of equation (H.33) is
Yr-periodic and represents the 4m-periodle boundaries.

The parameter combinations corresponding to these
stability boundaries are obtained by proceeding with equation
(He24) in z(@;) in the same manner as was done for equation
(Hel) in q(wl). The resulting complex Hill's determinant will
be of the form shown in Table H.3.

The eigenvalue problem in (-A) is then solved using

the following values of pi

bo=% 4+ kis k= 0,31,42,... (H.35)
or
B = %‘+ (Zﬁ;l)i. k =0,%1,+2,.00 (H. 36)

Again, it 1is enough to evaluate a segment of the inflnite
determinant. For the 2n-periodic boundarlies one need only
use p = A/2, while for the 4m-periodic boundaries p = A/2 +
1/2 1s sufficlient. (See discussion in connection with equa-

tion (H.21). )



. (u-21)2+50-_A_f_+A B, B_p B3 By

. By (“‘1)2"‘30"%?-”\ B_1 B_s B3

. B By u2+60—%§fA B_q B_»

' 83 82 By (u+1)2+so-§;+1\ 81

. By B3 Bo B1 (u+21)z+so-%§+A
Table H.3 Hill's Determinant for Damped Case

(Ha 34)

1Te



2. Particular Sclution in Stable Reglons

The general form of a nonhomogeneous damped Hill's
equation, as in equation (4.42), is glven by:

dzi.‘. A dq + B“P-)q = g(qn) ’ (He 37)
d¥*  d@

(in equation (4.42) ?(wl) = ﬁm(wl)/\&), and A is again a damp-

ing constant.
The technique of Variation of Parameters indicates that,
at all points in the stable regions, the particular solution

is given by a 2n-periodic Fourier series [19]:
qe®) = po 4+ S(Mcosm‘?. + psmsin®.) . (H.38)
2 m

It will now be shown how the coefficients po, P and Pem

cm

are obtalned:
The 2n-periodic functions B(°1) (see equation (4.44)) and
3(¢1) are expressed in terms of Fourler serles of this peri-

odlclity, i.e.

Bw)= A+ bo +Z(ba,605n‘?. 4 bgysin ﬂ‘m, (H.39)
Z n

where

2m
ben = __l_f A)cos n*s d¥, ; n=0,4,2,... (H.40)
w™Jo

beo = bo (Ho41)

21
bsn = _\__f A“Pl) S‘n V\\Pudq’. ; n= ‘,29 “es (H.L‘,Z)
TJo
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and
Y= £ 4 i(fcmcosm‘ﬂ ¥ fsm Sin mtd) , (Ho43)
2 m
where -
fem =_Lf $(¥) cosm?, d¥, ; m=0,1,2,... (Holl)
mJo
feo = ‘Fo (Hoe45)
2%
fom = _'f (@) sinm®d?; m=1,2,... (5. 46)
TJo

Substitution of equations (H.38), (H.39) and (H.43) into

the differential equation (H.37) leads to:

Z mz(‘Pcm cos m'f = psm Sin m¥) +A2m(-pm sinm* + psm cosm®,)
m m
+(A +g.;+i(b¢,, c0s ' +bgp Sin n‘l’.))(p_ +Z(p¢,.,cos m¥ + ps.,,sinm‘ﬁ)
2 A Z h

(&m cos M, + fsmSin mY,) . (Hol472)

3-[N\

=ﬁ+
2

The product indlcated in the above expression is treated
according to the procedure given by G.P. Tolstov [ 31] .
After collecting the results into groups of like terms, one

obtains:
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2

:

+

ban-m)+bC(non))P¢,, + (- m2+A + bt bchw)) Pem + 292'_1 Po

(el
e P

+ bs(mm) Psm + z (bs(n-m) + bs(mm)) Psh] cos mtf

1B L

+ [Z (b$(n+m) -bs(n-»‘)) Pen +(-MA + bsSnu—m) Pem 4 Osm bsm Po
n=
2

nEw

n=i
nEMm

+ (—m +A +bo~ bc(num)) Psm 4 Z ( ben-m)— bc(mm)) Psn] ain mq’.}
2

00
— b4 2 (fcm cosm¥, + fom Sin m‘l’.) , (Ho47b)
2
where
bc(-k) = bc(k) (H.48)
and
bs(-k) = bs(k) (Ha49)

must be applied when needed.,
Comparison of the coefficients of like terms in the above
leads to the infinlte set of nonhomogeneous algebralc equations

in the unknowns By» Peop and p (m =1,2,3,000)1



n=i
nEm

(MA + bs(mm)) P5m + Z ( bsn-m + bS(n+m)) Psn = ‘ch ’ (H. 50)

'\#M

i (bc(n-mlz bC(Mm)) Pen 4 (- m’p A 4 .b;tg_c_gm) Pem + bcz_m Po

Z ben Pen + (A+.‘?§) Po + Z bsn Psn = ‘Fo ' (H.51)
n n

( bsinem) — bs(n—m)) Pen + (-MA + bs(m+m)) Pem + Dsm po
n=i 2 2

+ (—m +A 4 bo— bc(mm)) Psm + 2 (bC(h-h\) . bc(mm)) Psn — fsm .

n=i
ntm (Hs 52)
These equations may be expressed in matrlx form as
where the coefficients matrix B as well as the column vectors

P and F are defined as follows:
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(%S °H)
92q-0q 92,1 %q-¢% E5, T, Bq+78q %q
28 zs 2 2 4 4 4
3 dj}* v+ + 4=~ =< m|w||
594-T° 7q-0q €31 ¢%q Sq+T%q 18q-%q
18 T8 . [4 Z 2 2 A
3 d v+ +1- + U=
%q-%%q £54-T €%q+0q 8 8q 28q-8q
0;1 =1 9] - €s 28 s 0 1° 20 €o
q q q v+ 0q q q Q
1) 1) 2 2 2 2 2 2 2
3 djlf - ===+ 7 - Y+ + -
T8 +%q E5q+1g - %8q g ¢%q+0q €00+ 9q+¢%
20 20 oz 2 | 4 2 2 - 4
3 all » V2 < Nlr v+ +4
580+ T5q 5q 8q-5% 2% ®q+1°q "oq+0q £9q+ T
€o €0 2 2 2 2 2 4 2
J all- + Ve v+
%a 18q-5q ¢8q-%q 8 M 59q+1% Pa+0q
L o L. o §l




217

For a solution of a finite number of the coefficlents

Py jo) and p the infinite set of equaticus 1s reduced to

cm sm?®

one by choosing a coefficient matrix B symmetrical in rows

b

and columns with respect to the central element A + 7; .



APPENDIX I

KINEMATICS OF FOUR-BAR LINKAGE

LINK LENGTHS

I\E3=:1J|
BC=a,

o\
\Q

Figure I.,1: Four-Bar Linkage

l. Definitions

}\=(_11_;/u=91;1/=9_4_- (I.1)
Qa Qz Qz
T, = usin(@-) +vsin . (I.2)

3= Asin(®-s) +vsin'fy . (I.3)

CD= 03 C /
[)‘\==(14 Q’P
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2. Link Angles
a) Output Link
¥, = 2tan" A-VA2+B2-C2 ),
B+C
where \
A = Slnq’. ?
B = cos - y/A %
C= Ntu*+v2-l _ ¥ cos® y
2N M
b) Coupler Link
9, = tan' [Asin®-usin®s | .
Acos®¥, - mcosW-v
3. Link Angular Velocities
a) Output Link
Y, = _7:9_ LP.
M
b) Coupler Link
@ = A sin(@-1) 4,
G
4, Link Angular Accelerations

a) Output Link

(I.4)

(I.5)

(I.6)

(I.7)

(I.8)

s = (}g;_)‘-(.’. + A cos(@-¢s) (4, 'q’a)z.y V_[AcosY, ¢

Y, [ /ut3

-—;1&1&5“5 q%z)

(1.9)
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b) Coupler Link

( )lP. + VA (LP cos (9-165) sin'e, — s smq’.) P,

(1.10)
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