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ABSTRACT

The t h e o r e t i c a l  a n d  e x p e r i m e n t a l  t r a n s v e r s e  v i b r a t i o n a l  

b e h a v i o r  o f  t h e  e l a s t i c  r o c k e r  l i n k  o f  a  f o u r - b a r  l i n k a g e  i s  

p r e s e n t e d .  The r o c k e r  l i n k  c o n t a i n s  a  c o u n t e r w e i g h t  a n d  i t s  

o v e r h a n g in g  p o r t i o n  c a r r i e s  a n  e n d m ass ,  w h i l e  t h e  c r a n k  a n d  

c o u p l e r  l i n k s  a r e  a s su m e d  t o  b e  r i g i d .

The p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  o f  m o t io n  f o r  t h e  

e l a s t i c  l i n k  a r e  d e r i v e d  by  a  s y s t e m s '  a p p r o a c h  u t i l i z i n g  

H a m i l t o n ' s  p r i n c i p l e  w i t h  a u x i l i a r y  c o n d i t i o n s .  T h i s  

t e c h n i q u e  m akes i t  u n n e c e s s a r y  t o  t r e a t  e a c h  l i n k ,  a n d  t h e  

p i n  f o r c e s  a c t i n g  on  i t ,  s e p a r a t e l y  d u r i n g  a n a l y s i s .

The s o l u t i o n  f o r  t h e  d e f l e c t i o n s  i s  b a s e d  on t h e  m e th o d  

o f  K a n t o r o v i c h .  The s p a c e  p o r t i o n  o f  t h i s  s o l u t i o n  c o n s i s t s  

o f  a  p r e s c r i b e d  s e t  o f  s h a p e  f u n c t i o n s ,  d e r i v e d  f ro m  t h e  f r e e  

v i b r a t i o n  p ro b le m  a s s o c i a t e d  w i t h  t h e  r o c k e r  l i n k ,  w h ich  

s a t i s f y  t h e  g e o m e t r i c  b o u n d a ry  c o n d i t i o n s .  The r e m a i n i n g  

t im e  p o r t i o n  o f  t h e  s o l u t i o n  i s  o b t a i n e d  fro m  nonhom ogeneous  

H i l l - t y p e  d i f f e r e n t i a l  e q u a t i o n s .  The a n a l y s i s  o f  t h e s e  H i l l ' s  

e q u a t i o n s  f u r n i s h e s  s t a b i l i t y  c r i t e r i a  a s  w e l l  a s  t h e  r e s o n a n c e  

c o n d i t i o n s  f o r  t h e  l i n k .  A l s o ,  i t  i s  shown t h a t  f o r  t h e  p a r t i c u ­

l a r  s h a p e  f u n c t i o n  a s s u m e d ,  t h r e e  m odes o f  t h e  s o l u t i o n  fo rm  a r e  

n e c e s s a r y  i n  o r d e r  t o  s u f f i c i e n t l y  d e s c r i b e  t h e  s t r a i n  r e s p o n s e  

o f  t h e  l i n k .  The p a r t i c u l a r  s o l u t i o n  i s  u s e d  t o  show t h a t  t h e  

r e s p o n s e  a t  t h e  r e s o n a n c e  l o c a t i o n s  d i f f e r s  d r a m a t i c a l l y  from  

t h a t  away f ro m  r e s o n a n c e ,  a n d  i t  i s  f o u n d  t h a t  t h i s  d i f f e r e n c e  

d i s a p p e a r s  w i t h  s u f f i c i e n t  d a m p in g .  T h i s  f i n d i n g  may b e  u s e f u l  

i n  c o n t r o l l i n g  n o i s e  a n d  f a t i g u e .



The t h e o r y  i s  a p p l i e d  t o  a  s p e c i f i c  m ech an ism  a n d  t h e  

n u m e r i c a l  r e s u l t s  a r e  com pared  t o  t h o s e  o f  a  c o r r e s p o n d i n g  

e x p e r i m e n t .  T he e x p e r i m e n t  c o n f i r m e d  b o t h  t h e  q u a l i t a t i v e  

a s  w e l l  a s  t h e  q u a n t i t a t i v e  f i n d i n g s  o f  t h e  t h e o r e t i c a l  

a n a l y s i s .
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I .  INTRODUCTION

W ith  t h e  demand f o r  e v e r  i n c r e a s i n g  p r o d u c t i v i t y  i t  h a s

becom e c l e a r  t h a t  r i g i d  b o d y  a n a l y s i s  o f  m a c h in e s  may becom e

i n s u f f i c i e n t  f o r  t h e  f u l l  p r e d i c t i o n  o f  t h e i r  p e r f o r m a n c e .

The e l a s t i c  d e f o r m a t i o n s  o f  t h e  m a c h in e  c o m p o n e n ts ,  w h ic h

a r e  d u e  t o  i n c r e a s e s  i n  s p e e d s  a n d  l o a d s ,  c a u s e  i n a c c u r a c i e s

o f  p o s i t i o n  i n  a d d i t i o n  t o  f a t i g u e  f a i l u r e s  a n d  n o i s e ,  a n d

t h u s  s h a r p l y  l i m i t  t h e  p o t e n t i a l  o f  t h e  m a c h in e s  i n v o l v e d .

The m a in  t h r u s t  o f  t h e  p r e s e n t  w ork  i s  t h e  a n a l y t i c a l  a n d

e x p e r i m e n t a l  i n v e s t i g a t i o n  o f  t h e  r e s p o n s e  o f  t h e  e l a s t i c

r o c k e r  l i n k  o f  t h e  f o u r - b a r  l i n k a g e  shown i n  F i g u r e  1 . 1 .

(The c r a n k  a n d  c o u p l e r  l i n k s  a r e  a ssu m e d  t o  b e  r i g i d . ) The

r o c k e r  l i n k  c o n t a i n s  a  c o u n t e r w e i g h t  a n d  t h e  o v e r h a n g i n g

p o r t i o n  c a r r i e s  a n  en d m ass .  T h i s  p a r t i c u l a r  c o n f i g u r a t i o n
( * )was c h o s e n  b e c a u s e  a  b i o l o g i c a l  s h a k e r  m ech an ism  [ 2 5 ]  o f  

s i m i l a r  c o n s t r u c t i o n  h a s  b e e n  known t o  f a i l  a t  r e l a t i v e l y  low  

s p e e d s .

The f i r s t  p a r t  o f  t h i s  d i s s e r t a t i o n  show s a  n o v e l  s y s t e m s '  

a p p r o a c h  f o r  t h e  d e r i v a t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n s  a n d  

t h e  a s s o c i a t e d  n a t u r a l  b o u n d a ry  c o n d i t i o n s  f o r  s e v e r a l  l i n k s  

o f  a n  e l a s t i c  m e ch an ism . T h i s  i s  a c c o m p l i s h e d  w i t h  t h e  h e l p  

o f  H a m i l t o n ' s  p r i n c i p l e  w i t h  a u x i l i a r y  c o n d i t i o n s .  T h e s e  

a u x i l i a r y  c o n d i t i o n s ,  w h ic h  d e s c r i b e  t h e  f o r e s h o r t e n i n g  o f  t h e  

l i n k s  a s  w e l l  a s  t h e  c h a n g e s  i n  t h e  m ech an ism  a n g l e s  d u e  t o

(  *  )v '  Numbers i n  b r a c k e t s  d e s i g n a t e  r e f e r e n c e s  a t  t h e  en d  o f  
t h e  d i s s e r t a t i o n .
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t h i s  f o r e s h o r t e n i n g ,  may b e  i n c o r p o r a t e d  i n t o  t h e  v a r i a t i o n a l  

i n t e g r a l  e i t h e r  w i t h  t h e  h e l p  o f  L a g r a n g e  m u l t i p l i e r s  o r  by 

d i r e c t  s u b s t i t u t i o n .  B o th  o f  t h e s e  a p p r o a c h e s  m akes i t  u n n e c e s ­

s a r y  t o  t r e a t  e a c h  l i n k  a s  a  f r e e  b o d y .  S e c o n d ly ,  t h e  g e n e r a l  

d e r i v a t i o n s  a r e  r e d u c e d  t o  t h e  c a s e  o f  t h e  e l a s t i c  r o c k e r  

a b o v e ,  a n d  t h e  now l i n e a r i z e d  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  

a r e  s o l v e d  w i t h  t h e  a i d  o f  t h e  m e th o d  o f  K a n t o r o v i c h .  The 

s p a c e  p o r t i o n s  o f  t h i s  s o l u t i o n  a r e  a n  a s su m e d  s e t  o f  s h a p e  

f u n c t i o n s  s a t i s f y i n g  t h e  g e o m e t r i c  b o u n d a r y  c o n d i t i o n s ,  w h i l e  

t h e  r e m a i n i n g  t im e  p o r t i o n s  a r e  s o l u t i o n s  o f  nonhom geneous  

H i l l - t y p e  d i f f e r e n t i a l  e q u a t i o n s .  The a n a l y s i s  o f  t h e s e  H i l l ' s  

e q u a t i o n s  f u r n i s h e s  t h e  m echan ism  i n p u t  s p e e d s  f o r  w h ic h  t h e  

d e f l e c t i o n s  o f  t h e  l i n k  may becom e u n s t a b l e  a s  w e l l  a s  t h o s e  

s p e e d s  f o r  w h ic h  r e s o n a n t  v i b r a t i o n s  o c c u r .  W ith  t h e  p a r t c u l a r  

s h a p e  f u n c t i o n  c h o s e n ,  i t  was f o u n d  t h a t  s e v e r a l  modes o f  t h e  

t o t a l  s o l u t i o n  fo rm  a r e  n e c e s s a r y  t o  f u l l y  d e s c r i b e  t h e  r e ­

s p o n s e .

F i n a l l y ,  a n  e x p e r i m e n t  c o n f i r m e d  t h e  r e s p o n s e s  p r e d i c t e d  

by  t h e  t h e o r e t i c a l  a n a l y s i s .  The g e n e r a l l y  e x c e l l e n t  a g r e e m e n t  

b e tw e e n  t h e o r y  a n d  e x p e r i m e n t  a s s u r e s  t h e  u s e f u l n e s s  o f  t h e  

c h o s e n  a n a l y t i c a l  a p p r o a c h .

The p r e s e n t  s t a t e  o f  t h e  a r t  i n  t h e  f i e l d  o f  e l a s t i c  

m ech an ism  b e h a v i o r  i s  d i s c u s s e d  b e lo w .  S e c t i o n  I I  g i v e s  a  

m ore  d e t a i l e d  o u t l i n e  o f  t h i s  i n v e s t i g a t i o n  a n d  su m m a r iz e s  

i t s  r e s u l t s .
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Background.

The s t a t e  o f  t h e  a r t  o f  t h e  d y n am ic  b e h a v i o r  o f  m e ch an ism s  

c o n t a i n i n g  l i n k s  w i t h  d i s t r i b u t e d  m ass  a n d  e l a s t i c i t y ,  a s  o f  

1 9 7 1 , was r e v i e w e d  by  G, G. Lowen a n d  t h e  p r e s e n t  a u t h o r  [ 2 1 ] .  

a s  w e l l  a s  A. G. Erdman a n d  G. N. S a n d o r  [ 1 1 ] .  S in c e  t h a t  

t i m e ,  a d d i t i o n a l  c o n t r i b u t i o n s  w e re  made by  t h e  f o l l o w i n g  

r e s e a r c h e r s «

R. C. J i n f r e y  [ 3 3 ]  com bined  k i n e m a t i c  a n a l y s i s  w i t h  t h e  

s t r u c t u r a l  d y n a m ic s  s t i f f n e s s  t e c h n i q u e  t o  d e t e r m i n e  t h e  r e ­

s p o n s e  o f  a  m ech an ism  w i t h  e l a s t i c  l i n k s .

U s in g  a  m a t h e m a t i c a l  m ode l b a s e d  on  t h e  s t i f f n e s s  m e th o d ,

R. M. A l e x a n d e r  a n d  K. L. L aw ren ce  [ 1 . 2 , 3 ]  co m p ared  n u m e r i c a l  

s t r a i n  v a l u e s  f o r  a  f o u r - b a r  l i n k a g e  w i t h  e x p e r i m e n t a l l y  

d e t e r m i n e d  o n e s .

S e v e r a l  i n v e s t i g a t o r s  h a v e  e x t e n d e d  t h e  f l e x i b i l i t y  m e th o d  

o f  S t r u c t u r a l  M e c h a n ic s  f o r  t h e  a n a l y s i s  a n d  s y n t h e s i s  o f  t h e  

m o t io n  o f  m e ch an ism s  w i t h  e l a s t i c  l i n k s .  A m ongst t h e s e  a r e «

A. G. Erdm an, G. N. S a n d o r  a n d  R. G. O a k b e rg  [ 1 0 ] .  I .  Imam,

G. N. S a n d o r  a n d  S. N. K ram er [ 1 5 ] ,  I .  Imam a n d  G. N. S a n d o r

[ 1 6 , 1 7 ] ,  a s  w e l l  a s  J .  C h a k r a b o r ty  a n d  A. K. K h a re  [ 7 ] «

J .  P. S a d l e r  a n d  G. N. S a n d o r  [ 2 7 , 2 8 ]  em ployed  lum ped

p a r a m e t e r  m o d e ls  f o r  s i m u l a t i n g  t h e  e l a s t i c  l i n k s  o f  a  

m e ch a n ism . F u r t h e r ,  J .  P . S a d l e r  [ 2 9 ]  c o m p ared  t h e  r e s u l t s  

o f  t h i s  m e th o d  f o r  a  f o u r - b a r  l i n k a g e  w i t h  t h e  e x p e r i m e n t a l  

d a t a  p r e v i o u s l y  o b t a i n e d  by  R. M. A l e x a n d e r  a n d  K. L. L a w ren ce

[ 1 , 2 . 3 ] .



S. C. Chu a n d  K. C. P an  [ 8 ]  i n v e s t i g a t e d  t h e  n o n l i n e a r  

l o n g i t u d i n a l  a n d  t r a n s v e r s e  v i b r a t i o n s  o f  t h e  c o n n e c t i n g  r o d  

o f  a  s l i d e r - c r a n k  m e ch an ism .
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I I .  OUTLINE OF INVESTIGATION AND SUMMARY OF RESULTS

The f o l l o w i n g  o u t l i n e s  t h e  a n a l y t i c a l  a s  w e l l  a s  t h e  

e x p e r i m e n t a l  p o r t i o n s  o f  t h i s  i n v e s t i g a t i o n ,  a n d  g i v e s  a  

summary o f  t h e  p r i n c i p a l  c o n c l u s i o n s  w h ic h  may h e  fo rm e d .

A. T h e o ry

1 . D i f f e r e n t i a l  E q u a t i o n s  o f  M o t io n

The t h e o r e t i c a l  p o r t i o n  o f  t h i s  w ork  b e g i n s  w i t h

t h e  d e r i v a t i o n  o f  t h e  e q u a t i o n s  o f  m o t io n  f o r  t h e  e l a s t i c

r o c k e r  a n d  c o u p l e r  l i n k s  o f  t h e  m ech an ism  shown i n  F i g u r e  2 . 1 .

T h e r e  a r e  o v e r h a n g s  a t  b o t h  e n d s  o f  t h e  r o c k e r ,  w h ich  c a r r y

a  c o u n t e r w e i g h t  a n d  endm ass  r e s p e c t i v e l y .  The r i g i d  c r a n k  i s

s u b j e c t  t o  a  t im e  d e p e n d e n t  a n g u l a r  v e l o c i t y  a n d  t h e  dam ping

m ech an ism  i n  t h e  e l a s t i c  l i n k s  i s  a s su m e d  t o  b e  v i s c o u s .

The p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  o f  m o t io n  f o r

b o t h  e l a s t i c  l i n k s  a r e  d e r i v e d  by  a  s y s t e m s '  a p p r o a c h  w h ic h  i s

b e l i e v e d  t o  b e  n o v e l  a s  a p p l i e d  t o  a n  e l a s t i c  m ech an ism  p ro b le m .
( * )I t  s t a r t s  f ro m  H a m i l to n  s  i n t e g r a l  w i t h  a u x i l i a r y  c o n d i t i o n s ,  

a n d  m akes  i t  u n n e c e s s a r y  t o  t r e a t  e a c h  l i n k ,  a n d  t h e  f o r c e s  a c t ­

in g  on  i t ,  s e p a r a t e l y  d u r i n g  a n a l y s i s .  Some o f  t h e s e  a u x i l i a r y  

c o n d i t i o n s  d e s c r i b e  t h e  f o r e s h o r t e n i n g  o f  t h e  l i n k  p o r t i o n s  du e  

t o  b e n d i n g ,  w h i l e  t h e  r e m a i n i n g  o n e s  a r e  e l a s t i c  m echan ism  

l o o p  e q u a t i o n s  w h ic h  d e s c r i b e  t h e  c h a n g e s  i n  m ech an ism  a n g l e s  

due  t o  t h e  a b o v e  f o r e s h o r t e n i n g .  The c o n s t r a i n t  e q u a t i o n s  a r e

( * )v '  The a l l o w a b l e  e l a s t i c  d e f o r m a t i o n s  a r e  t h o s e  a s s o c i a t e d  
w i t h  t h e  E u l e r - B e r n o u l l i  t h e o r y .
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i n c o r p o r a t e d  i n t o  H a m i l t o n ' s  i n t e g r a l  by way o f  t h e  m e th o d  

o f  L a g r a n g e  m u l t i p l i e r s .

The m a c h i n e r y  o f  t h e  C a l c u l u s  o f  V a r i a t i o n s  

f u r n i s h e s  t h e  p a r t i a l  i n t e g r o - d i f f e r e n t l a l  e q u a t i o n s  f o r  

e a c h  l i n k  t o g e t h e r  w i t h  t h e  a s s o c i a t e d  d y n a m ic  b o u n d a ry  c o n ­

d i t i o n s  a s  w e l l  a s  e x p r e s s i o n s  f o r  t h e  L a g ra n g e  m u l t i p l i e r s .

The s u b s e q u e n t  l i n e a r i z a t i o n  a n d  r e p l a c e m e n t  o f  

t h e  e l a s t i c  a n g l e s  by t h e i r  r i g i d  body  c o u n t e r p a r t s ,  w h ic h  

f u r n i s h  m ore  t r a c t a b l e  e x p r e s s i o n s ,  a r e  w e l l  j u s t i f i e d  by  t h e  

e x p e r i m e n t  p e r f o r m e d  on  a  som ewhat s i m p l i f i e d  r o c k e r  c o n f i g u r a ­

t i o n .  I t  i s  o f  i n t e r e s t  t o  n o t e  t h a t  t h e  l i n e a r i z e d  e q u a t i o n s  

o f  m o t i o n  o f  t h e  tw o l i n k s  a r e  o n ly  " p a r a m e t r i c a l l y  c o u p l e d " .

T h i s  m eans  t h a t  t h e  e x p r e s s i o n s  a s s o c i a t e d  w i t h  e a c h  l i n k  c o n ­

t a i n  o n ly  t h e  p a r a m e t e r s  o f  t h e  o t h e r  l i n k ,  b u t  n o t  i t s  d e ­

f l e c t i o n .  T h i s  w ork  may b e  f o u n d  i n  S e c t i o n  I I I ,  w i t h  much o f  

t h e  b a c k g r o u n d  m a t e r i a l  d o n e  i n  A p p e n d ic e s  A, B a n d  C.

2 . R e s p o n s e  o f  E l a s t i c  R o c k e r  L in k  w i t h

O v e rh a n g ,  Endm ass a n d  C o u n te r w e ig h t

The p r i n c i p a l  t o p i c  o f  t h i s  d i s s e r t a t i o n  i s  t h e  

a n a l y s i s  o f  t h e  e l a s t i c  r o c k e r  l i n k  o f  t h e  m ech an ism  shown i n  

F i g u r e  2 . 2 .  H e re  t h e  c o u n t e r w e i g h t  o f  t h e  r o c k e r  i s  t a n g e n t  

t o  p i v o t  D a n d  t h e  c o u p l e r  i s  c o n s i d e r e d  r i g i d .  A g a in ,  t h e  

c r a n k  i s  a l s o  r i g i d  b u t  i s  now d r i v e n  w i t h  c o n s t a n t  i n p u t  

a n g u l a r  v e l o c i t y .  S e c t i o n  IV d e a l s  w i t h  t h i s  p o r t i o n  o f  t h e  

e f f o r t  a n d  i s  s u p p o r t e d  by  A p p e n d ic e s  D t o  I .
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W h i le  t h e  d i f f e r e n t i a l  e q u a t i o n s  o f  m o t i o n  f o r  

t h e  r o c k e r  l i n k  o n l y  c a n  b e  o b t a i n e d  b y  t h e  a p p r o p r i a t e  r e d u c ­

t i o n  o f  t h e  r e s u l t s  o f  S e c t i o n  I I I ,  a n  a l t e r n a t e  d e r i v a t i o n  

i s  a l s o  g i v e n .  I t  a g a i n  u s e s  a  s y s t e m s '  a p p r o a c h  w i t h o u t  t h e  

n e e d  f o r  f r e e  b o d y  d i a g r a m s .  T h e  v a r i a t i o n s  o f  t h e  c o n s t r a i n t  

e q u a t i o n s  a r e  now i n c o r p o r a t e d  b y  d i r e c t  s u b s t i t u t i o n ,  r a t h e r  

t h a n  b y  t h e  m e th o d  o f  L a g r a n g e  m u l t i p l i e r s .  T he  p r o c e s s  o f  

l i n e a r i z a t i o n  a n d  r e p l a c e m e n t  o f  e l a s t i c  a n g l e s  i s  i d e n t i c a l  

t o  t h a t  o f  S e c t i o n  I I I .

T he  s o l u t i o n  o f  t h e  p r o b l e m  i s  b a s e d  o n  t h e  

m e th o d  o f  K a n t o r o v i c h .  T h i s  r e q u i r e s  t h e  a s s u m p t i o n  o f  a  

s o l u t i o n  f o r m  w h ic h  i s  r e p r e s e n t e d  b y  a n  i n f i n i t e  s e r i e s  o f  

s p a c e - t i m e  f u n c t i o n  p r o d u c t s ,  w h e r e  t h e  s p a c e  o r  s h a p e  f u n c ­

t i o n  c o m p o n e n t s  m u s t  r e p r e s e n t  a  c o m p l e t e  s e t  o f  f u n c t i o n s

(*)w h ic h  s h o u l d  s a t i s f y  t h e  g e o m e t r i c  b o u n d a r y  c o n d i t i o n s .

T he  r e s u l t i n g  s o l u t i o n  f o r m  i s  s u b s t i t u t e d  i n t o  

t h e  v a r i a t i o n a l  i n t e g r a l  a s s o c i a t e d  w i t h  t h e  l i n e a r i z e d  a n d  

s i m p l i f i e d  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n .  T h i s  l e a d s  t o  a n  

i n f i n i t e  s e t  o f  c o u p l e d ,  n o n h o m o g e n e o u s  H i l l - t y p e  d i f f e r e n t i a l  

e q u a t i o n s  i n  t h e  t i m e  p o r t i o n  o f  t h e  s o l u t i o n .

F o r  u s e  i n  s u b s e q u e n t  a n a l y s i s ,  t h e  t h e o r y  

a s s o c i a t e d  w i t h  t h e  s o l u t i o n  o f  h o m o g e n e o u s  a n d  n o n h o m o g e n e o u s  

H i l l ' s  e q u a t i o n s  i s  r e v i e w e d .

/ .£ \
1 ' The s h a p e  f u n c t i o n  ( s u b p r o b l e m )  u s e d  h e r e  i s  t h a t  r e s u l t ­

i n g  f r o m  t h e  a s s o c i a t e d  f r e e  v i b r a t i o n  p r o b le m .
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The m u l t i t u d e  o f  p h y s i c a l  p a r a m e t e r s  p r e s e n t  m a k es  

I t  I m p o s s i b l e  t o  p r e s e n t  t h e  s o l u t i o n  I n  n o n - d i m e n s i o n a l  f o r m .

B. E x a m p le  a n d  C o n f i r m i n g  E x p e r i m e n t

T he  t h e o r y  d e v e l o p e d  I n  S e c t i o n  IV I s  a p p l i e d  t o  a  

s p e c i f i c  m e c h a n is m  I n  S e c t i o n  V a n d  t h e  n u m e r i c a l  r e s u l t s  a r e  

c o m p a re d  t o  t h o s e  o f  a  c o r r e s p o n d i n g  e x p e r i m e n t .  A l l  c o m p a r i ­

s o n s  a r e  m ade i n  t e r m s  o f  s t r a i n .

T h e  e x a m p le  m e c h a n is m  w as  d e s i g n e d  i n  s u c h  a  way t h a t  

s u f f i c i e n t l y  l a r g e  s t r a i n s  c o u l d  b e  o b t a i n e d  a t  r e l a t i v e l y  lo w  

i n p u t  rp m . (T h e  s t r a i n s  a r e  c o m p a re d  a t  t h e  m i d p o i n t s  o f  t h e  

r o c k e r  a n d  t h e  o v e r h a n g . )

T he n u m e r i c a l  p o r t i o n  o f  t h e  e x a m p le  c o n s i d e r s  t h e  

f o l l o w i n g *

1 .  A n u m e r i c a l  s o l u t i o n  o f  t h e  c o u p l e d  H i l l ' s

e q u a t i o n s  b y  way o f  a  f o u r t h  o r d e r  R u n g e - K u t t a  t e c h n i q u e

i n d i c a t e s  t h a t  f o r  t h e  c h o s e n  s h a p e  f u n c t i o n ,  a t  l e a s t  t h r e e

m o d e s  o f  t h e  s o l u t i o n  f o r m  a r e  r e q u i r e d  f o r  a n  a d e q u a t e  d e s c r i p -
( * )t i o n  o f  t h e  r e s p o n s e .  I t  i s  f u r t h e r  show n  t h a t  t h e  r e s u l t s

a r e  n o t  i n f l u e n c e d  t o  a n y  d e g r e e  w h en  t h e  e q u a t i o n s  a r e  u n ­

c o u p l e d  a n d  s o l v e d  s e p a r a t e l y .

2 .  The i n f l u e n c e  o f  t h e  i n i t i a l  c o n d i t i o n s  o n  t h e  

t r a n s i e n t  r e s p o n s e  i s  e x a m in e d  f o r  c e r t a i n  o n  a n d  o f f - r e s o n a n c e  

c o n d i t i o n s .  T he  r e s u l t s  o f  t h i s  p o r t i o n  o f  t h e  i n v e s t i g a t i o n  

f o r m  t h e  b a s i s  f o r  t h e  c o n c l u s i o n  t h a t  t h e  r e s p o n s e  i n  t h e  

e x p e r i m e n t  c a n  b e  f u l l y  d e s c r i b e d  b y  t h e  p a r t i c u l a r  s o l u t i o n .

I  * )1 '  I t  i s  n o t  know n how m any m o d es  o t h e r  p o s s i b l e  s h a p e
f u n c t i o n s  w o u ld  h a v e  r e q u i r e d  f o r  a  g o o d  d e s c r i p t i o n  o f  
t h e  r e s p o n s e .
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3 .  A s t a b i l i t y  a n a l y s i s  i s  p e r f o r m e d  a n d  i t  i s  

sh o w n  t h a t  w i t h i n  t h e  o p e r a t i n g  r a n g e  o f  t h e  m e c h a n i s m ,  a n d  

b e y o n d ,  t h e r e  a r e  n e i t h e r  2 tt n o r  4.tt- p e r i o d i c  i n s t a b i l i t i e s  

a s  l o n g  a s  t h e  d a m p in g  r a t i o  i s  l a r g e r  t h a n  z e r o .

T he  s t a b i l i t y  a n a l y s i s  a l s o  f u r n i s h e s  t h e  

r e s o n a n c e  l o c a t i o n s ,  w h ic h  a r e  a s s o c i a t e d  w i t h  t h e  2 r r - p e r i o d i c  

i n s t a b i l i t y  p o i n t s  o f  t h e  u n d a m p e d  s y s t e m .

4 .  T he  p a r t i c u l a r  s o l u t i o n  i s  d e t e r m i n e d  f o r  t h e  

t h r e e  m o d e s  n e c e s s a r y ,  a n d  i t  i s  sh o w n  t h a t ,  f o r  s u f f i c i e n t l y  

s m a l l  v a l u e s  o f  t h e  d a m p in g  r a t i o  £ ,  t h e  r e s p o n s e  a t  t h e  r e s o ­

n a n c e  l o c a t i o n s  d i f f e r s  d r a m a t i c a l l y  f ro m  t h a t  f o r  l o c a t i o n s  

o f f  r e s o n a n c e .  F u r t h e r ,  i t  b e c a m e  c l e a r  t h a t  t h i s  d i f f e r e n c e  

i n  r e s p o n s e  d i s a p p e a r s  f o r  v a l u e s  o f  t h e  d a m p in g  r a t i o  £ l a r g e r  

t h a n  a p p r o x i m a t e l y  O .O34 . T h i s  f i n d i n g  s h o u l d  b e  m o s t  u s e f u l  

t o w a r d s  t h e  b e t t e r  c o n t r o l  o f  f a t i g u e  a n d  n o i s e .

T he  e x p e r i m e n t a l  m e c h a n is m  w as  o p e r a t e d  b e t w e e n  110  a n d  

200  rp m ,  a n d  t h e  f o l l o w i n g  c o n c l u s i o n s  c a n  b e  r e p o r t e d !

1 .  The s t r a i n  t h r o u g h o u t  t h e  o p e r a t i n g  r a n g e  n e v e r  

g r o w s  w i t h o u t  b o u n d ,  a n d  t h e r e f o r e  t h e r e  a r e  n o  2tt o r  4 tt-  

p e r i o d i c  i n s t a b i l i t i e s .  T h i s  c o n f i r m s  t h e  r e s u l t s  o f  t h e  

s t a b i l i t y  a n a l y s i s .  F u r t h e r ,  e v e n  t h o u g h  o n e  c o u l d  o b s e r v e  

some b e a r i n g  i m p a c t s ,  a l l  t r a n s i e n t  p h en o m e n a  a r e  o f  e x c e e d ­

i n g l y  s m a l l  m a g n i t u d e .  T h u s ,  t h e  p a r t i c u l a r  s o l u t i o n  f u r n i s h e s  

a  v e r y  g o o d  d e s c r i p t i o n  o f  t h e  r e s p o n s e .

2 .  T he  d r a m a t i c  d i f f e r e n c e  b e t w e e n  o n - r e s o n a n c e  a n d  

o f f - r e s o n a n c e  r e s p o n s e  f o u n d  i n  t h e  a n a l y s i s  i s  c o n f i r m e d  b y  

t h e  e x p e r i m e n t .



20

T he  a m p l i f i c a t i o n  o f  t h e  h i g h e r  h a r m o n i c s  

o f  t h e  f i r s t  mode r e s p o n s e ,  c o r r e s p o n d i n g  t o  t h e  a s s o c i a t e d  

2 t t - p e r i o d i c  i n s t a b i l i t y  b o u n d a r i e s ,  w as  c l e a r l y  o b s e r v a b l e  

a t  t h e  p r e d i c t e d  i n p u t  s p e e d s .

3 . A q u a n t i t a t i v e  c o m p a r i s o n  b e t w e e n  t h e  e x p e r i ­

m e n t a l  a n d  n u m e r i c a l  r e s u l t s  i n d i c a t e s  g o o d  a g r e e m e n t  o n  a n d  

o f f - r e s o n a n c e .

C. D i s c u s s i o n  o f  R e s u l t s

S e c t i o n  VI d i s c u s s e s  t h e  r e s u l t s  o f  t h i s  i n v e s t i g a ­

t i o n  a n d  a t t e m p t s  t o  p u t  a n a l y t i c a l  a n d  e x p e r i m e n t a l  r e s u l t s  

i n t o  t h e  p r o p e r  f o c u s .
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I I I .  DERIVATION OF EQUATIONS OF MOTION FOR MECHANISM

CONTAINING TWO ELASTIC LINKS

T h i s  s e c t i o n  g i v e s  t h e  d e r i v a t i o n  o f  t h e  l i n e a r i z e d  

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  a n d  b o u n d a r y  c o n d i t i o n s  w h ic h  

d e s c r i b e  t h e  e l a s t i c  b e h a v i o r  o f  a  f o u r - b a r  l i n k a g e  c o n s i s t ­

i n g  o f  a n  e l a s t i c  c o u p l e r  a n d  r o c k e r  ( s e e  F i g u r e  3 * 1 ) •  T he  

r o c k e r  c o n t a i n s  tw o  o v e r h a n g s  a s  w e l l  a s  a n  e n d m a s s  a n d  a  

c o u n t e r w e i g h t .

T h e  d e r i v a t i o n  s t a r t s ,  i n  S e c t i o n  A, f r o m  H a m i l t o n ' s  

p r i n c i p l e  w i t h  a u x i l i a r y  c o n d i t i o n s ,  w h e r e  t h e  a u x i l i a r y  

c o n d i t i o n s  h a v e  t h e i r  o r i g i n  b o t h  i n  t h e  e l a s t i c  l o o p  e q u a ­

t i o n  o f  t h e  m e c h a n is m  a s  w e l l  a s  i n  t h e  e l a s t i c  c o n s t r a i n t s  

o f  t h e  i n d i v i d u a l  l i n k s .  S e c t i o n s  B, C a n d  D d e f i n e  t h e  

k i n e t i c  a n d  p o t e n t i a l  e n e r g y  o f  t h e  s y s t e m  t o g e t h e r  w i t h  t h e i r  

v a r i a t i o n s .  S e c t i o n  E d e f i n e s  t h e  c o n s t r a i n t  e q u a t i o n s  a n d  

t h e i r  v a r i a t i o n s .  A p p e n d i c e s  A, B a n d  C c o n t a i n  t h e  b u l k  o f  

t h e  w o r k ,  i . e .  t h e  s u b s t i t u t i o n  i n t o  H a m i l t o n ' s  i n t e g r a l ,  a n d  

t h e  d e t e r m i n a t i o n  o f  t h e  E u l e r - L a g r a n g e  e q u a t i o n s ,  t h e  

L a g r a n g e  m u l t i p l i e r s  a n d  t h e  b o u n d a r y  c o n d i t i o n s .  T h e  r e s u l t ­

i n g  s e t  o f  p a r t i a l  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s  a r e  s u b s e ­

q u e n t l y  l i n e a r i z e d  i n  P a r t  F o f  t h i s  s e c t i o n .
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A. H a m i l t o n ' s  P r i n c i p l e

H a m i l t o n ' s  p r i n c i p l e  w i t h  a u x i l i a r y  c o n d i t i o n s ,  i n  t h e
(*)a b s e n c e  o f  e x t e r n a l  f o r c e s  a n d  d a m p in g  , b e c o m e s « 

t  k m r
M i d x 2 +  Z  J  A i f c d X a

+ ^  =  0 , ( 3 . 1 )
i=rmt ^

w h e r e

T = t o t a l  k i n e t i c  e n e r g y  o f  t h e  m e c h a n is m ,

II = t o t a l  p o t e n t i a l  e n e r g y  o f  t h e  m e c h a n is m ,

= i - t h  L a g r a n g e  m u l t i p l i e r ,  

f ^  = i - t h  c o n s t r a i n t  e q u a t i o n .

T h e  s e c o n d  a n d  t h i r d  t e r m s  i n  t h e  a b o v e  r e f e r  t o  c o n s t r a i n t  

c o n d i t i o n s  w h i c h ,  i n  a d d i t i o n  t o  t i m e ,  a r e  f u n c t i o n s  o f  Xg 

a n d  x ^  r e s p e c t i v e l y  ( l i n k  c o n s t r a i n t s ) .  T h e  c o n s t r a i n t  

c o n d i t i o n s  i n  t h e  f o u r t h  t e r m  a r e  o n l y  f u n c t i o n s  o f  t i m e  

(m e c h a n is m  c o n s t r a i n t s ) .

' D am ping  w i l l  o n l y  b e  i n c l u d e d  i n  t h e  f i n a l  l i n e a r i z e d  
d i f f e r e n t i a l  e q u a t i o n .



B. M e th o d  o f  V a r i a t i o n  o f  K i n e t i c  E n e r g y  I n t e g r a l

B e c a u s e  o f  t h e  c o m p l e x i t y  o f  t h e  v e l o c i t y  t e r m s  i n  t h e  

k i n e t i c  e n e r g y ,  i t  h a s  b e e n  f o u n d  c o n v e n i e n t  t o  e m p lo y  t h e  

f o l l o w i n g  a l t e r n a t e  f o r m u l a t i o n  o f  H a m i l t o n ' s  e q u a t i o n  w h ic h  

u s e s  a c c e l e r a t i o n  t e r m s .  F o r  f u r t h e r  c o n v e n i e n c e ,  e l a s t i c  

a n d  r i g i d  b o d y  c o m p o n e n t s  a r e  k e p t  s e p a r a t e .

T h e  v a r i a t i o n  o f  t h e  i n t e g r a l  o f  t h e  k i n e t i c  e n e r g y ,  Te , 

o f  a n  e l a s t i c  l i n k  i s  d e f i n e d  a s i

e l a s t i c  l i n k ,  

p = t h e  m a s s  d e n s i t y  o f  t h e  l i n k  m a t e r i a l ,

A = t h e  c r o s s - s e c t i o n a l  a r e a  o f  t h e  l i n k ,  

a 2 ►= t h e  l i m i t s  o f  i n t e g r a t i o n  o f  t h e  i n d e p e n d e n t  

v a r i a b l e  x .

I n t e g r a t i o n  b y  p a r t s  o f  e q u a t i o n  (3 * 2 )  i n  t h e  v a r i a b l e  t  a s  

w e l l  a s  t h e  u s e  o f  t h e  r e q u i r e m e n t  o f  H a m i l t o n ' s  p r i n c i p l e

rP • rP dAdfcdt

rP • SrP , ( 3 . 2 )

w h e r e

r  = t h e  v e l o c i t y  o f  a n  a r b i t r a r y  p o i n t  P o n  t h e

t h a t
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l e a d s  t o  t h e  m ore  a d v a n t a g e o u s  f o r n u

& =  -  f V Y  £rp dA 4*dt, (3. 4)

w h e re

Tp = t h e  a c c e l e r a t i o n  o f  a n  a r b i t r a r y  p o i n t  P 

o n  t h e  e l a s t i c  l i n k  ( s e e  e q u a t i o n  (A .2 1 ) ) ,

6 r p = t h e  v i r t u a l  d i s p l a c e m e n t  o f  a n  a r b i t r a r y  

p o i n t  P on  t h e  e l a s t i c  l i n k  ( s e e  e q u a t i o n  

( B .2 )  ) .

The v a r i a t i o n  o f  t h e  i n t e g r a l  p e r t a i n i n g  t o  t h e  k i n e t i c  

e n e r g y ,  Tr , o f  t h e  r i g i d  body  m a s s e s ,  s u c h  a s  t h e  c o u n t e r ­

w e i g h t  may b e  t r a n s f o r m e d  i n  a  s i m i l a r  m a n n e r «

^  Trdt =  J  jdt

*t»r —
— J*  • S r m +  J w , ( 3 . 5 )

w h e re

m = m ass  o f  t h e  r i g i d  b o d y ,

r ffl = v e l o c i t y  o f  t h e  c e n t e r  o f  m ass  o f  t h e  r i g i d  

b o d y ,

J m = m ass  moment o f  i n e r t i a  w i t h  r e s p e c t  t o  t h e  

c e n t e r  o f  m ass  o f  t h e  r i g i d  b o d y ,

0m = t o t a l  a n g u l a r  v e l o c i t y  o f  t h e  m ass  ( s e e  

e q u a t i o n s  (A .1 8 )  a n d  (A .19) ) .

I n t e g r a t i o n  by  p a r t s  o f  e q u a t i o n  (3 * 5 )  a n d  l e t t i n g

S 0 M =  0  ( 3 . 6 )
t.,t,



l e a d s  a g a i n  t o  t h e  m o re  d e s i r a b l e  fo rm s

6 f  Trdt -  -  T m r^'SFm dt — f  Jm9m- 
Ju Ju Jtp

2 6

S e M d t .

( 3 . 7 )
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C. K i n e t i c  E n e r g y  o f  t h e  S y s te m  a n d  i t s  V a r i a t i o n

T h e  t o t a l  k i n e t i c  e n e r g y  o f  t h e  m e c h a n is m  s y s t e m  c o n s i s t s

o f »

T = Ti + t 2 + t 3 + Tm* + Tm (3. 8)

w h e r e

T-  ̂ = k i n e t i c  energy  o f  t h e  c r a n k ,

T2 = k i n e t i c  energy  o f  t h e  c o u p l e r ,

Tj  = k i n e t i c  e n e r g y  o f  t h e  r o c k e r ,

Tm* = k i n e t i c  e n e r g y  o f  t h e  r o c k e r  c o u n t e r w e i g h t ,

Tm = k i n e t i c  e n e r g y  o f  t h e  r o c k e r  e n d m a s s .

V a r i a t i o n  o f  t h e  v a r i o u s  c o m p o n e n ts  o f  t h e  k i n e t i c  e n e r g y ,

a c c o r d i n g  t o  e q u a t i o n s  (3*4) a n d  (3.7) l e a d s  t o :

s f \ d t  =  - f r y  f l F n - S r r i d A z d % z d t  ,  ( 3 . 9 )
•'to •'to •'o •'Ax

S f  T,dt = - f  f Lf  * (3.10)
“Ho • W d . ' A ,

W -  <*t • ( 3 .1 2 )
J  to •'t® •'to
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N o te  t h a t

S j  T , d t  =  0 ,  ( 3 .1 3 )

J u

s i n c e  t h e  m o t i o n  o f  t h e  c r a n k  I s  p r e s c r i b e d  a t  a l l  t i m e s  a n d  

t h e r e f o r e  t h e  v i r t u a l  d i s p l a c e m e n t ,  v a n i s h e s .



D. P o t e n t i a l  E n e r g y  o f  t h e  S y s te m  a n d  i t s  V a r i a t i o n

T h e  p o t e n t i a l  e n e r g y  o f  t h e  m e c h a n is m  s y s t e m  i s  c o m p o se d  

e n t i r e l y  o f  t h e  s t r a i n  e n e r g i e s  o f  t h e  e l a s t i c  l i n k s .

T h e  v a r i a t i o n  o f  t h e  i n t e g r a l  o f  t h e  s t r a i n  e n e r g y  U o f  

a n  e l a s t i c  l i n k  i s  g e n e r a l l y  d e f i n e d  a s :

& f \ d t  =  f l '& i  f * e i (£1  f  d*dt 
J t o  J i t  ^  J < * i  \  d l ?  J

=  f Y 2 Z 1 ^  S / £ v | d t : d t ,  ( 3 . 1 4 )
Jit Jd, W ?

w h e r e

E I  = t h e  m o d u lu s  o f  r i g i d i t y  o f  t h e  l i n k ,  

w h i c h  i s  a s s u m e d  c o n s t a n t .

T h e  l i m i t s  o f  i n t e g r a t i o n  a n d  ocg a r e  now s e t  b y  t h o s e  p o r ­

t i o n s  o f  t h e  beam  o v e r  w h ic h  t h e  m om ent f u n c t i o n  d o e s  n o t  

c h a n g e .  F o r  l i n k  2 ,  t h e r e  i s  a  s i n g l e  m om ent f u n c t i o n  f o r  

0 < Xg < a g .  F o r  l i n k  3 ,  t h e  m om ent i s  e x p r e s s e d  b y  t h r e e  

d i f f e r e n t  f u n c t i o n s ,  i . e .  o n e  e a c h  b e t w e e n  - d  < x ^  < 0 " ,

0 < x 3 < a 3 , a n d  a ^  < x ^  < L.

T h e  a p p r o p r i a t e  f o r m u l a t i o n s  o f  e q u a t i o n  ( 3 . 1 ^ )  f o r  l i n k s  

2 a n d  3 a r e  i n t e g r a t e d  b y  p a r t s  t w i c e .  One o b t a i n s  f o r  l i n k



3 0

F o r  l i n k  3 ,  o n e  f i n d s *

f i  / • & 3  j

U *dt=  | J |  E^lViSVidx* + j £J33V Sv,d^
to J  to V-d W  Jo W

tA ^Sv3dxj + ^E»I» — E*I3 Sv,
a x *  a x *

p E A ^
J q} W

Te*x>3*v» s av» _  Sv-J + [ e a ? *  Sdv* — Idt.
L ax* ax» axf j 0 L ax| ax* ax! 1$)

( 3 .1 6 )



E. C o n s t r a i n t  E q u a t i o n s  a n d  t h e i r  V a r i a t i o n s

F o r  t h e  m e th o d  u s e d  i n  t h e  p r e s e n t  w o rk ,  i t  i s  n e c e s s a r y  

t o  d e f i n e  e l a s t i c  l i n k  c o n s t r a i n t s  a s  w e l l  a s  e l a s t i c  m echa­

n is m  c o n s t r a i n t s .

1 .  E l a s t i c  L in k  C o n s t r a i n t s

As a  r e s u l t  o f  t h e  f o r e s h o r t e n i n g  d e s c r i b e d  by 

e q u a t i o n  (A .2 ) ,  s i x  e l a s t i c  l i n k  c o n s t r a i n t  e q u a t i o n s  a r i s e .

F o r  a n  a r b i t r a r y  p o i n t  on l i n k  2 :

F o r  p o i n t  C l o c a t e d  e i t h e r  on  l i n k s  2 o r  3» f i n d s i

F o r  a n  a r b i t r a r y  p o i n t  on  l i n k  3s

F o r  X j  =  - d  a n d  x ^  = L r e s p e c t i v e l y :
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2. E l a s t i c  M echanism  C o n s t r a i n t s  ( E l a s t i c  Loop 

E q u a t i o n )

F i g u r e  3 . 2  shows t h e  e l a s t i c a l l y  d e fo rm e d  m echan ism  

w i t h  a  r i g i d  c r a n k .  The b o d y  f i x e d  x - a x e s  c o n n e c t  t h e  p i v o t  

p o i n t s  o f  t h e  f o r e s h o r t e n e d  e l a s t i c  l i n k s .  T he i n t e r r e l a t i o n ­

s h i p s  b e tw e e n  ^ 3 e* u 2 ^a 2  ̂ a n d  u 3 ^a 3  ̂ a r e  d e t e r m i n e d  by

way o f  t h e  e l a s t i c  l o o p  e q u a t i o n *

AB + BC = AD + DC ( 3 .2 3 )

w h e re

AB = a .

| b c |  = a 2  + u 2 ( a 2 )

AD

DC

= + u ^ ( a ^ )

= a

( 3 .2 4 )

The com ponen t fo rm  o f  e q u a t i o n  (3 * 2 3 )  f u r n i s h e s  tw o a d d i t i o n a l  

c o n s t r a i n t  e q u a t i o n s *

f i  = a, cos q>, + (a 2 + u2(a*>) cos ifee -  a +

- ( a * +  U*Ca»)) c o s t a e  =■ o  ,

a, sinty + Cq2 + u 2(a*)) s i n ^ e

-  (CU +  s i n ^ 3 e  —  0  .

( 3 .2 5 )

( 3 .2 6 )



FIGURE 3.2 ‘ MECHANISM IN ARBITRARY CONFIGURATION
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3 . V a r i a t i o n  o f  t h e  C o n s t r a i n t  E q u a t i o n s

The v a r i a t i o n s  o f  t h e  e i g h t  c o n s t r a i n t  e q u a t i o n s  

a r e  o b t a i n e d  i n  t h e  f o l l o w i n g  m an n er  f ro m  e q u a t i o n s  ( 3 •1 7 )  t o  

( 3 . 2 2 ) ,  (3 * 2 5 )  a n d  ( 3 . 2 6 ) .  T h u s  f o r  f 1 «

=  &U* +  I  3V i =  0  , ( 3 .2 7 )Su* + f X*3v* sM z \d !^  =  0 , 
J o  3 ^ 2  1

w h e re  Vg = '  A f t e r  i n t e g r a t i o n  by p a r t s ,  t h e  above

b e c o m e s :

=  Su2 +
„ . X i  /•**  2

3 V iS v  1 '  ̂ ~ cct —
. 2 % i Jo J 0

r v z $ * 7 d ^ = 0 .  ( 3 . 2 8 )

I n  a  s i m i l a r  m a n n e r ,  one  o b t a i n s i

i* 5Su5 + f3vj &v41 -  f  0 . ( 3 . 29 )

Jo Jo 3̂ *

w h e re  w h e n e v e r  a ^ < x ^ < L ,  t h e  i n t e g r a t i o n  c o n s i s t s  o f  two 

p a r t s  w i t h  l i m i t s  f ro m  0 t o  a ^  a n d  f r o m  a ^  t o  X y

t r I 1 ^ *  -
ofa =  Su2(q2) f  |3 V2 Sv2 — j 3 v2 Sv2dx.2 — 0 . ( 3 . 3 0 )

J o  J o  31c*.3 * *  Jo  J o  2 " * Z

n d a  f >0 3
—  0 .  ( 3 .3 1 )

■ d  r ~ d
S u * l-d H  [ a v ^ S v J  - / *  S v , d * * =  0 .  (3 .32)

|d*3 Jo J o
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Sfk =  8u*(l) + (av* Sv J  — f  d \)S v » d x »
L3̂ ,» Jo ~o dX-i

.  [ L &V* Sv*dfc* =  0. ( 3 . 3 3 )
Ja*

I n  t h e  a b o v e ,  t h e  i n t e g r a t i o n  i s  p e r f o r m e d  i n  tw o s t e p s  s i n c e  

t h e  moment f u n c t i o n  c h a n g e s  a t  x^  = a ^ .  F u r t h e r ,

Sf] =  coslfee 5u2(a2) “ (Qz+UzCai)) S in^e W ie

~  C oS ^^e  +  ( Q 3 +U*(q»)) s i o H ^ e  SM^e =  0 .
( 3 .3 4 )

Sf8 =  sin 6uz(a«) + (a 2 + u2ca*)} c o s ^  &%e

-  sin %e Su*ta*) -  (a3 4- u3la»)) cos^e SM’ae— 0 .
( 3 .3 5 )
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F . L i n e a r i z e d  E q u a t i o n s  o f  M o t io n  a n d  B o u n d ary  C o n d i t i o n s  

f o r  Two E l a s t i c  L in k s  

I n c l u s i o n  o f  V is c o u s  Damping

A p p e n d ix  C show s t h e  d e r i v a t i o n  o f  t h e  p a r t i a l  d i f f e r e n ­

t i a l  e q u a t i o n s  o f  m o t io n  f o r  b o t h  l i n k s ,  t o g e t h e r  w i t h  t h e  

d e t e r m i n a t i o n  o f  t h e  a s s o c i a t e d  b o u n d a r y  c o n d i t i o n s  a n d  t h e  

L a g ra n g e  m u l t i p l i e r s  s t a r t i n g  fro m  e q u a t i o n  ( 3 , 1 ) ,

W h ile  t h e  r e c o g n i t i o n  o f  t h e  e x i s t e n c e  o f  t h e  v a r i a t i o n s  

6 q>2 e a n d  6cp^e o f  t h e  e l a s t i c  a n g l e s  a n d  t h e i r  d e t e r m i n a t i o n  

f ro m  t h e  e l a s t i c  m ech an ism  c o n s t r a i n t s  i s  e s s e n t i a l  t o  t h e  

s u c c e s s  o f  t h e  m e th o d  u s e d ,  t h e  a n g l e s  qp2e a n d  t h e m s e l v e s ,  

a s  w e l l  a s  t h e i r  d e r i v a t i v e s ,  may b e  a p p r o x i m a t e d  by t h e i r  

r i g i d  body  e x p r e s s i o n s .  S i n c e  t h i s  s i m p l i f i c a t i o n  i s  em p lo y ed  

t h e  d e t e r m i n a t i o n  o f  t h e s e  q u a n t i t i e s  i n  t e r m s  o f  v 2 ( x 2 , t )  a n d  

v ^ ( x ^ , t )  i s  o n l y  o u t l i n e d  ( s e e  end  o f  A p p e n d ix  C - 5 ) .  F u r t h e r ,  

t h e  p h y s i c a l  s i g n i f i c a n c e  o f  t h e  L a g r a n g e  m u l t i p l i e r s  i s  n o t  

c o n s i d e r e d .

The r e s u l t i n g  p a r t i a l  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s ,

( C . 5 1 ) ,  ( C .5 7 ) ,  (C .5 9 )  a n d  ( C .6 1 ) ,  a n d  b o u n d a r y  c o n d i t i o n s ,  

e q u a t i o n s  ( C .53) t o  (C .5 6 )  a n d  (C .6 3 )  t o  ( C .7 4 ) ,  c o n t a i n  

n u m ero u s  n o n - l i n e a r  t e r m s  a s  w e l l  a s  t h e  e l a s t i c  a n g l e s  <p2e

a n d  ^ e *

A l l  n o n - l i n e a r  t e r m s  a r e  now re m o v e d ,  a n d  b e c a u s e  o f  t h e

s m a l l  d e f l e c t i o n s  i n v o l v e d ,  t h e  e l a s t i c  a n g l e s  a r e  a p p r o x i m a t e d
( * )by  t h e  r i g i d  body  o n e s '  ' i

<P2 e ( t )  «  <p2 ( t )

(*) The e l a s t i c  m ech an ism  c o n s t r a i n t s ,  e q u a t i o n s  ( 3 . 2 5 )  a n d  
( 3 *2 6 ) ,  becom e t h e  c o n s t r a i n t  e q u a t i o n s  f o r  a  r i g i d  m ech an ism  
when t h e  e f f e c t s  o f  u 2 ( a 2 ) a n d  u ^ a ^ )  a r e  n e g l e c t e d . -
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a n d

q>3 e ( t )  «  ^ ( t ) .

To a c c o u n t  f o r  v i s c o u s  dam ping  I n  b o t h  l i n k s ,  t h e  t e r m s  

CD2d v 2/^ t  a n d  C j ^ d v ^ / d t  a r e  now i n t r o d u c e d .  ( I t  was f e l t  

t h a t  t h i s  a p p r o a c h  was p r e f e r a b l e  t o  I n c l u d i n g  a  c o r r e s p o n d ­

i n g  w ork  t e r m  i n  H a m i l t o n ' s  i n t e g r a l . )

The l i n e a r i z e d  e q u a t i o n  o f  m o t io n  f o r  t h e  c o u p l e r  i s  

g i v e n  b y :

E2I2 3*vg d4y* + D|CY2.t)^ v 2 + u.2 v? 4- D?Cjc2.t) dv?
3 x 2  a S a t 1  3 ^ .1  a t 2  a * 2

4.CD 2 3 V 2 — Aa2 4 >2 \ / 2  +  D 3 Ofca.t) =  O . ( 3 .3 6 )
a T  7

The a s s o c i a t e d  g e o m e t r i c  a n d  n a t u r a l  b o u n d a r y  c o n d i t i o n s  a r e :  

V2(o, t> =  0 ,  ( 3 .3 7 )

V2 C02.t) =  0 ,  ( 3 .3 8 )

E2I 2 32v2lo ,t )  = .  O .  ( 3 . 39)
/ b % 2

E 2 T-2 a V 2 Cq2, t )  = 0 , ( 3 . 4 0 )
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The l i n e a r i z e d  e q u a t i o n s  o f  m o t io n  f o r  t h e  r o c k e r  s e c t i o n s  

a r e  g i v e n  by«

S e c t i o n  l i  - d  < < 0"

E*I* 3V  _ o.L. a V  + Gotfcs.t )tfv» + ii, tfv* + GaCtsk.t) av* 
f  3 4 3 ^  a * f  a t 1 a x *

+  c w a v *  - j u L - t i l v 3 + 6 , c * * (t )  = •  o .  ( 3 . 4 1 )
a t

S e c t i o n  2: 0 < x ^ < a ^

E3 I* 34v* -  aJ* aV  4- fi.ClU.t) aV  4-JU\2fa* 4.G2Clt5,t)av5
a*J r a*Jat7 aicj at? 'a**

+  C p )  3 V s  —> 4" G i(d L 3 |t )  0 .  (3*42 )
a t

S e c t i o n  3* a ^ £ x - j £ L

E*I* _  p,I* 34v» + GaC-iu.!) d \ l * , + JU*a\* 4  G atU s.tJa^ 
9 ^ 1  1 a ^ a t 7 a V  a t 2 av*

+ C p * a v *  -U *M P *V * +  G *O fc$ ,t)  = 0 .  ( 3 .4 3 )
at 1

The a s s o c i a t e d  g e o m e t r i c  b o u n d a ry  c o n d i t i o n s  a r e »

V i( .0 " ,t)  =■ 0 ,  

V * tO ,t^  =  0 , 

a ^ c o ~ , t )  t=  a v » c o , t )  

d x *  a v *  

V * (a % ,t^  ~  0

( 3 .4 4 )

( 3 .4 5 )

( 3 .4 6 )

( 3 .4 7 )
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=  O , (3 .48 )

3V»(Q3.t) = .  ,t) t (3.49)
3 1 C3

w h i l e  t h e  d y n am ic  b o u n d a r y  c o n d i t i o n s  becom e:

-  E g , aVt-d.t) + (J««+m*r*2) 3 V H t)  _
3%/ 0J^3t2

-m^r^<^3C~d) 3Vsl-d.*) + tn ¥ « f ,2 v , U t ) - m V ^ M  
a x 5

+ {Jv# * m*r*2) tfz =  0 ,  (3. 50)

E3 I 5 C-d.ir> _  ( m * r* + a l3) -d,t) + m*
9x£ 3 x ^3 t2 ^ t 1

— n1*0^  C-d) 3V»l-d.t) _  m* n?3 c-d.t) + m'6̂ *C-d) -  ( t t f r* t^ I * )^ 3 "  0 ,

(3. 51)

E * I^  a V ^ O / P  =  E 3 I 3 3 av^Co, 0  ,  ( 3 . 5 2 )
2 % l  2 t c 2

e*i3 a S ^ c o ^ t )  =  e « i9 ,  ( 3 . 5 3 )
3 x J  2 \ . l

e ^ i ,  a V ( M )  4  U M+ M r 2) a ^ c L , t )  4  M r M 3 V c L , t )  - M r Ma , a ) f r w )  
9 * ?  9 * * 3 ^  a t 2 a * ,

-  M r Mtfe2 VjCLIt )  + M r M ^ ( t . )  f C J M + M r 2 ) 1?}  —  0 ,  ( 3 . 5 4 )

-  E A  3 V a .t)  + (M rM + p J t)d \U f< )  4. _  (vQ5(U d\i*lL.V
3 x |  3 x 3 a t 2 a t 2

2 **
-  M<f» V ,tL , t )  +  M ^ ? ( L )  * ( M r M + f ^ l » ) f j  =  0 .  ( 3 . 5 5 )
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F u r t h e r ,  t h e  f o l l o w i n g  d e f i n i t i o n s  h o l d  f o r  t h e  a b o v e  

(*)e q u a t  i o n s ' «

0 ^ % 2 ' t )  =  J  y U jo i j iy  d % z  — c o t ( & - < & ) J  j/Al * 2  + f 2 12^ J  d X - 2

-  c s c M j j 1 + ^ I , % J  d u  - m * ( d + r * ) ^ ( n O + m V d &

+ CJttf + t n V l ) 4 >3 +  M ( u r M) ^ a )  4 M r ML &  +  C J H t M i i j W s j  ,

( 3 .5 6 )

D2 CKz,0 =  -yU2 c«2 ,  ( 3 .5 7 )

D 3 (lC2 (t )  =  ♦ ( 3 .5 8 )

G.(x3lt) =  f  ( 3 .5 9 )
J y *

+ esc C<fe-(fe Ax,

+ cotC‘fe-ife)| j ‘ -*/(d+f*)/»l-<i)

+  w V d f e  +  ( W H m V 2^  +  M ( u r „ )  / , U )  + M r H L i f t

• 1
, + M a » U )  - M r M M>3 , ( 3 . 6 0 )

/#  \
'  ‘  The i n t e g r a l s  i n  t h e s e  d e f i n i t i o n s  a r e  o n ly  f u n c t i o n s  

o f  t h e  r i g i d  body  k i n e m a t i c  t e r m s ,  a n d  may b e  e v a l u a t e d  
a f t e r  s u b s t i t u t i o n .
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( 3 .6 1 )

GAfc .̂t) =  f a  *

G 4 C x 3 . t )  =  [ L j ^ d * U ' 1 ) d t 9  + M ^ 3 C l ) -  M r M^  .

( 3 .6 2 )

( 3 .6 3 )

J X i

N o te  t h a t  w h i l e  t h e  c o u p l e r  a n d  r o c k e r  d i f f e r e n t i a l  

e q u a t i o n s  a r e  u n c o u p le d  i n  t h e  v n ( x n * t ) ,  t h e y  a r e  " c o u p l e d  

p a r a m e t r i c a l l y " ,  i . e .  t h e  d e f l e c t i o n  o f  one  l i n k  d e p e n d s  

v e r y  much on  t h e  m ass  p r o p e r t i e s  o f  t h e  a d j a c e n t  l i n k .  I t  

i s  o f  f u r t h e r  i n t e r e s t  t o  o b s e r v e  t h a t  t h e  c o e f f i c i e n t s

D. (x 2 , t )  a n d  Gi ( x ^ , t )  i n  t h e s e  e x p r e s s i o n s  a r e  2 T T -p e r io d ic  

b e c a u s e  o f  t h e i r  m ech an ism  o r i g i n .
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IV. RESPONSE OF ELASTIC ROCKER LINK WITH OVERHANG,

ENDMASS AND COUNTERWEIGHT

T h i s  s e c t i o n  c o n c e r n s  i t s e l f  w i t h  t h e  m a in  p ro b le m  o f  

t h i s  d i s s e r t a t i o n ,  i . e .  t h e  s o l u t i o n  m e th o d  f o r  t h e  e l a s t i c  

r e s p o n s e  o f  a  c o u n t e r w e i g h t e d  r o c k e r  w i t h  o v e r h a n g  a n d  e n d -  

m ass  i n  a  f o u r - b a r  l i n k a g e  w i t h  a  r i g i d  c r a n k  a n d  c o u p l e r  

( s e e  F i g u r e  4 . 1 ) .

The g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n s  a n d  b o u n d a ry  c o n d i ­

t i o n s  may b e  o b t a i n e d ,  a f t e r  some s i m p l i f i c a t i o n ,  f ro m  t h e  

p r e v i o u s  s e c t i o n  o r  by a n  a l t e r n a t e  d e r i v a t i o n ,  g i v e n  i n  

A p p e n d ic e s  D a n d  E.

The s o l u t i o n  o f  t h e  p ro b le m  i s  b a s e d  on  t h e  m e th o d  o f  

K a n t o r o v i c h .  I t  r e q u i r e s  t h e  a s s u m p t i o n  o f  a  s o l u t i o n  fo rm  

w h ic h  i s  r e p r e s e n t e d  by  a n  i n f i n i t e  s e r i e s  o f  s p a c e - t i m e  

f u n c t i o n  p r o d u c t s ,  w h e re  t h e  s p a c e  o r  s h a p e  f u n c t i o n  compo­

n e n t s  m u s t  b e  c h o s e n  a s  a  c o m p le te  s e t  o f  f u n c t i o n s  w h ic h
f * }s h o u l d  s a t i s f y  t h e  g e o m e t r i c  b o u n d a r y  c o n d i t i o n s .  v '

The r e s u l t i n g  s o l u t i o n  fo rm  i s  s u b s t i t u t e d  i n t o  t h e  

v a r i a t i o n a l  i n t e g r a l  a s s o c i a t e d  w i t h  t h e  l i n e a r i z e d  a n d  

s i m p l i f i e d  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n .  T h i s  l e a d s  t o  a n  

i n f i n i t e  s e t  o f  c o u p l e d ,  nonhom ogeneous  H i l l - t y p e  d i f f e r e n t i a l  

e q u a t i o n s  i n  t h e  t im e  p o r t i o n  o f  t h e  s o l u t i o n .  The d e t a i l s  o f  

t h i s  p r o c e d u r e  a r e  o u t l i n e d  i n  S e c t i o n s  B t o  E w i t h  t h e  b u l k  

o f  t h e  w ork  i n  A p p e n d ic e s  F a n d  G.

/ * \
'  ' T he  s h a p e  f u n c t i o n  ( s u b p r o b l e m )  u s e d  h e r e  i s  t h a t  r e s u l t ­

i n g  f r o m  t h e  a s s o c i a t e d  f r e e  v i b r a t i o n  p r o b le m .
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FIGURE 4.1* FOUR-BAR LINKAGE WITH ELASTIC ROCKER



S e c t i o n s  E a n d  F t o g e t h e r  w i t h  A p p e n d ix  H d i s c u s s  

s t a b i l i t y  q u e s t i o n s  a s s o c i a t e d  w i t h  t h e  h o m o g e n e o u s  p o r t i o n  

o f  t h e  H i l l - t y p e  d i f f e r e n t i a l  e q u a t i o n s  a s  w e l l  a s  t h e  p a r ­

t i c u l a r  s o l u t i o n  a n d  t h e  a s s o c i a t e d  r e s o n a n c e  l o c a t i o n s ,  

w h ic h  a r e  n e c e s s a r y  f o r  t h e  c o m p l e t e  s o l u t i o n  o f  t h e  p r o b l e m .
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A. L i n e a r i z e d  D i f f e r e n t i a l  E q u a t i o n s  a n d  B o u n d ary

C o n d i t i o n s

The l i n e a r i z e d  e q u a t i o n s  f o r  t h e  s h a k e r  m e ch an ism , w h e re  

o n ly  t h e  r o c k e r  i s  c o n s i d e r e d  e l a s t i c ,  may b e  o b t a i n e d  from  

t h e  r e s u l t s  o f  t h e  l a s t  s e c t i o n .  The p r e s e n c e  o f  t h e  r i g i d  

c o u p l e r  i s  a c c o u n t e d  f o r  by t h e  o m i s s i o n  o f  e q u a t i o n s  ( 3 *3 6 ) 

t h r o u g h  ( 3 . 4 0 ) ,  w h i l e  t h e  e q u a t i o n  o f  m o t io n  o f  t h e  e l a s t i c  

r o c k e r ,  w h ic h  c o n t a i n s  a n  endm ass  a n d  a  c o u n t e r w e i g h t ,  i s  

s u p p l i e d  by e q u a t i o n s  (3 * 4 1 )  t h r o u g h  (3«55)*  The f a c t  t h a t  

t h e  c o u n t e r w e i g h t  i s  t a n g e n t  t o  t h e  p i v o t  a t  p o i n t  D i s  

a c c o u n t e d  f o r  by  l e t t i n g  d becom e z e r o .

A p p e n d ix  D g i v e s  a n  a l t e r n a t e  d e r i v a t i o n  f o r  t h i s  c a s e .  

I n s t e a d  o f  u s i n g  t h e  L a g r a n g e  m u l t i p l i e r  m e th o d  t o  a c c o u n t  f o r  

t h e  c o n s t r a i n t  e q u a t i o n s ,  t h e  v a r i a t i o n s  6u ^ ,  6 q>2e anc* 

w h ic h  a r e  f u n c t i o n s  o f  v ^ ( x ^ , t ) ,  a r e  u s e d  d i r e c t l y  i n  H a m i l t o n ' s  

e q u a t i o n .  S u b s e q u e n t l y ,  H a m i l t o n ' s  i n t e g r a l  i s  s i m p l i f i e d  by 

a p p r o x i m a t i n g  t h e  e l a s t i c  a n g l e s  q»2e a n d  by  t h e i r  r i g i d  

b o d y  c o u n t e r p a r t s  ( s e e  a l s o  d i s c u s s i o n  i n  S e c t i o n  I I I - F ) ,  a n d  

b y  d r o p p i n g  a l l  n o n - l i n e a r  t e r m s .  The r e s u l t i n g  e x p r e s s i o n  

( e q u a t i o n  ( D .1 0 ) ) ,  i n t o  w h ic h  d am p in g  t e r m s  h a v e  b e e n  i n t r o ­

d u c e d  i n  t h e  m an n er  shown i n  S e c t i o n  I I I - F ,  fo r m s  t h e  b a s i s  

f o r  t h e  l i n e a r i z e d  d i f f e r e n t i a l  e q u a t i o n s  a n d  b o u n d a r y  c o n d i ­

t i o n s  b e lo w ,  a s  w e l l  a s  f o r  t h e  s o l u t i o n  by  t h e  m e th o d  o f  

K a n t o r o v i c h ,  ( s e e  S e c t i o n  IV -B ) .
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C. 3*v« + G .( iu .t )3 \ ,  + Cajfv, + G ,(.t,.t)  3v, +C„3v» 
at? a t?  at2 a t, a t

-  C s G s L t f v * ; ,  +  —  0  . ( 4 . D

F o r  a ^ < x ^ < L «

C, -h G+Ct^.t) 3 V »  -j. Cz 22v*> -f G 2 ^ * « 0  +  Ct>* 2Wa.
3 l t J  9 1 4 ?  3 t 7  3 t _3  9 t

- C 5 G 5 C O V *  4  G a C lL , , t>  —  0 .  ( 4 . 2 )

The g e o m e t r i c  b o u n d a r y  c o n d i t i o n s  a r e  g i v e n  by*

V*lO,t) =  0  , (4.3)

V * ( f l j , t ) = 0 »  (4.4)

ViCOj#t) =  0  9 (4.5)

9V *C Q »,t)  =  3 V ^C Q » /t)  . ( ^ < 6 )

3  fc*

(4.7)

(4.8)

The d y n am ic  b o u n d a ry  c o n d i t i o n s  a r e  g i v e n  by :

- c ,9V(ftt) + c , aV(o.t) -fC5e t ( t ) =  o ,  
a t | a*vat2

c, [ 32v,(q,.t) -  a ^ to f ro l  =  0 ,
L at? a * / J

C, a\»tu) + c, aVu.u + c5 3 2v>a.-t) + ctGs(b 3v,<-L̂  
a t ,  a * , a t z  a t 2  a t ,

-  Cs(J5 ( t ) v 3a . t )  +  C , f i t ( t )  =  O  ,  (4. 9)
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C. aVcLt) x  c5 aVcLt-) +Gj aVa.t) * c,g* it) 3v,ti.*)
a i l  3 ^  a t 1  a t 1  a t ,

-C,Gs(t)v,U.t) + Ctt,GtU>== o , (4 . 1 0 )

w h ere

C, E J s

C* ^ 4^  Cj M

C , =  C8 =  ML

^ 4  =  1 . 1 M l * i | = J  Cg ~  M t g L  -  Cj+Cfc

Cs  =  M r«  C10 =  ML 4 MrH =  Cs 4 C»

Cjj^ = c o e f f i c i e n t  o f  d a m p in g ,

(L.11)

<4 . 1 2 )

G,Cic,,t) =  - U » ( L 2-* j)q > ,z + csc(<k-tfe) r M zfl; Ltfa. sin(<f,-<fe) 
2  <*i L 2  V

4  4  a , CosM -ifc) + 0 2 ^ 4  J z c ^ j  +  4 ,  c»U q>-tfc)| j » P 4- J *

4 J „  4 M (L4r„)M  -  M (.L4 rM)*lC , ( 4 .1 3 )

G a C ^ . t )  = 

G 4  )
aI -  M (L 4r„)q>,3 *

( 4 .1 4 )

( 4 . 1 5 )

( 4 . 1 6 )
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G e l t )  =  W  , 

Gt (t)  =  .

( 4 .1 7 )

( 4 .1 8 )



49

B. S o l u t i o n  M ethod

A num ber o f  a u t h o r s  [ 1 3 , 2 4 , 2&J h a v e  shown t h a t  d i f f e r e n t i a l  

e q u a t i o n s  o f  t h e  t y p e  r e p r e s e n t e d  b y  e q u a t i o n s  ( 4 . 1 ) a n d  ( 4 . 2 ) ,  

w h ic h  c o n t a i n  p e r i o d i c  c o e f f i c i e n t s ,  may b e  s o l v e d  a p p r o x i ­

m a t e l y  u s i n g  t h e  m e th o d  o f  L .V . K a n t o r o v i c h  by l e t t i n g

v*oc,,t) =  J  Vnlfc*)qnW • ( 4 . 1 9 )
i 1n

To t h i s  e n d ,  s h a p e  f u n c t i o n s  Vn ( x ^ ) ,  w h ic h  fo rm  a  c o m p le te  

s e t  a n d  s a t i s f y  t h e  g e o m e t r i c  b o u n d a r y  c o n d i t i o n s ,  e q u a t i o n s  

( 4 . 3 ) t h r o u g h  ( 4 . 6 ) ,  m u s t  b e  d e t e r m i n e d  f ro m  a  s u i t a b l e  s u b ­

p ro b le m .  S u b s t i t u t i o n  o f  e q u a t i o n  (4 * 1 9 )  a n d  i t s  d e r i v a t i v e s  

i n t o  t h e  H a m i l t o n ' s  I n t e g r a l  ( D .1 0 ) ,  r e s u l t s  i n  a  s e t  o f  

n o nhom ogeneous  H i l l - t y p e  d i f f e r e n t i a l  e q u a t i o n s  i n  qn ( t )  a f t e r  

s u i t a b l e  i n t e g r a t i o n s  a n d  a p p l i c a t i o n  o f  t h e  F u n d a m e n ta l  Lemma.
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C. S u b p ro b lem

The s h a p e  f u n c t i o n  Vn ( x ^ ) ,  w h ic h  i s  a s s o c i a t e d  w i t h  t h e  

f r e e  v i b r a t i o n  p ro b le m  o f  t h e  s i m p ly  s u p p o r t e d  beam w i t h  

o v e r h a n g ,  endm ass  a n d  c o u n t e r w e i g h t  shown i n  F i g u r e  ^ . 2 ,  

s a t i s f i e s  t h e  g e o m e t r i c  b o u n d a ry  c o n d i t i o n s ,  e q u a t i o n s  (*<>. 3 ) 

t h r o u g h  ( 4 . 6 ) .

F i g u r e  k » 2  S u b p ro b lem

T h i s  p a r t i c u l a r  s u b p ro b le m  was c h o s e n  i n  p r e f e r e n c e  t o  

o n e  w i t h o u t  endm ass  a n d  c o u n t e r w e i g h t ,  w h ic h  a l s o  s a t i s f i e s  

t h e  g e o m e t r i c  b o u n d a r y  c o n d i t i o n s ,  b e c a u s e  i t  w as h o p ed  t h a t  

i t  w o u ld  p r o d u c e  t h e  b e s t  a p p r o x i m a t i o n  w i t h  a  minimum num ber

o f  m odes . I n  t h e  a b s e n c e  o f  a n  e x a c t  s o l u t i o n ,  o r  t h e  c o m p a r i ­

s o n s  o f  v a r i o u s  s h a p e  f u n c t i o n s  w i t h  a n  e x p e r i m e n t ,  no  r e a l  

• q u a l i t y  ju d g e m e n ts  c a n  b e  m ade.

The s u b p ro b le m  h a s  b e e n  s o l v e d  i n  A p p e n d ix  F i  

E q u a t i o n  ( F .2 9 )  g i v e s  t h e  s h a p e  f u n c t i o n  vn (x ^ )  f o r  

0 < x^  < a ^  w h i l e  ( F .3 2 )  f u r n i s h e s  t h e  e x p r e s s i o n

f o r  a . j  <  X j  <  L. E q u a t i o n  ( F .4 3 )  r e p r e s e n t s  t h e



c h a r a c t e r i s t i c  e q u a t i o n  f o r  t h e  d e t e r m i n a t i o n  

o f  t h e  e i g e n v a l u e s ,  w h i l e  e q u a t i o n  ( F .5 3 )  g i v e s  

t h e  a s s o c i a t e d  o r t h o g o n a l i t y  c o n d i t i o n .
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D. D e t e r m i n a t i o n  o f  H i l l - T y p e  D i f f e r e n t i a l  E q u a t i o n s  

by M ethod o f  K a n t o r o v i c h

The i n f i n i t e  s e t  o f  c o u p l e d  nonhom ogeneous  H i l l ' s  

e q u a t i o n s  d e s c r i b i n g  t h e  t i m e  p o r t i o n  Qn ( t )  o f  t h e  s o l i  

fo rm  a r e  d e r i v e d  i n  A p p e n d ix  G. E q u a t i o n  ( G .5) g i v e s t

4m + Coatn ^  * (****" — S«(t)) flm

+  _ L  X  =  Fm (fr) , ( 4 .2 0 )
" *V-

f o r  m = 1 , 2 , 3 , . . .  • T he  d am p in g  c o n s t a n t  CD^m, a s s o c i a t e d  

w i t h  e a c h  n a t u r a l  f r e q u e n c y  <u , may b e  e x p r e s s e d  i n  t e r m s  o f  

i t s  r e l a t i o n s h i p  t o  c r i t i c a l  dam ping  by«

CD3m = 2*13u,ffik » ( 4 .2 1 )

w h ere

] X j  = m ass  p e r  u n i t  l e n g t h  o f  t h e  r o c k e r  l i n k ,

£ = d am p in g  r a t i o .

F u r t h e r ,  i n  e q u a t i o n  ( 4 . 2 0 ) j

= t h e  o r t h o g o n a l i t y  c o n d i t i o n  a s  d e f i n e d

by  e q u a t i o n  ( F . 5 3 ) ,
/*L

VmVn +  I V i» V n d * 3  ,  ( 4 . 2 2 )
0  J a 3

Hm nlt) =  ^  <3,(t*;t)VmVw d x 3  +  f  (34^ 3,0 VmVn d t 3 +  f  G^Cfc^tjVihVm d % 3  
J o  J a 5 J o

+ J g  + f i 5 U ) ^ V m ( O U '( i - ) + C ,(,V „ (L )^ (L )+ C 5 V :(o )V ;(o )j (

( 4 .2 3 )
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F„it)=-Ja,(x,.i)Vmd ti -jGi(*,,uVU*s - Gt (t) |avj, a>) t c, c„ v„(oj
°  “* (it. 24)

I n  o r d e r  t o  i n t r o d u c e  t h e  f r e q u e n c y  r a t i o

A = (w|2 (4.25)
W

w h e r e  r e p r e s e n t s  t h e  c o n s t a n t  i n p u t  a n g u l a r  v e l o c i t y ,  i n t o  

e q u a t i o n  ( 4 . 2 0 ) ,  t h e  f o l l o w i n g  c h a n g e  o f  v a r i a b l e  i s  m a d e ,  

i . e .  o n e  l e t s «

d q  =  q> d a  ( 4 . 2 6 a )

d t  d ¥ . *

a n d

d 2q =  If.2 d 2q
d F  d #  ■ <4- 2 6 b )

F u r t h e r ,  s i n c e  G ^ ( t ) ,  Hm n ( t )  a n d  Fm ( t )  a r e  f u n c t i o n s  o f
2

^  , o n e  may w r i t e :

G s l t )  = •  Gs(<f l)  ,  ( 4 . 2 7 )

H mnCt)  — If,  » ( 4 . 2 8 )■mu
a n d

FmH) = F»«>.) , (4.29)
w h e r e

f-  $ 2  tlH.H) ~  C|0 djdM.M) *  ^2 +  CjV*»tL) V » Cl)
MfL 2

+ C,oVJOUllL) + CjVicoJVnCo)! + [cscl^-ife)^ Jt5
J L 4? a*

-  s iw M -tfe) M 2 q ,  + ip3  c o ^ | J 3 P t C 3 + C 4 + 2 C 4  + GiL2\1tfsoi»,M),

sinl<M>z) 2 ^  I a» /J
(4.30)
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w i t h

w ,  =  r “V - * . n v . . v ; d * , + [ Lu ^ ) v X d t „  ( 4 . 3 1 )
Jo Ja»

*̂ 3l*l,w) — f  Vl*lVtO ■+ f  dll^ y ( 4 .3 2 )
Jo Ja*

^tw,n) =  f  *X3VmV» dZ 3 + f  X 3Vm'VvIdX3 , (4.33)
Jo Jfl5

5̂(m,ti) =  f  Vm Vndx3 , (4 .34)
J o

a n d

(4.35)
w h e r e

\lm)  =  [ % V « d U + [  X3Vy*dX3 . (4.36)
J o  Jo3

F i n a l l y ,  e q u a t i o n s  ( 4 . 2 0 )  become*

dZ({m 4■ Cp3m ^  ^ifaW|»>^ ^ n  + iQ si  - f i5C*f i ) j  (JM

d^,2 « dip, I

+ =  * (4.37)
*Vm n  *V~

f o r  m = 1 , 2 , 3 , . * *



E. F i n a l  F o rm  o f  S o l u t i o n

D e t e r m i n a t i o n  o f  B e n d i n g  S t r a i n

A f t e r  qn  I s  e x p r e s s e d  a s  a  f u n c t i o n  o f  qp ,̂ a s  shown I n  

t h e  p r e v i o u s  s e c t i o n ,  t h e  t o t a l  s o l u t i o n  a c c o r d i n g  t o  e q u a ­

t i o n  ( 4 . 1 9 ) "becomes 1

2  . (4 .  3 8 )
n

From t h e  a b o v e ,  t h e  maximum b e n d in g  s t r a i n  e (x ^ ,q p ^ )  a t  

a n y  p o i n t  x ^  on  t h e  r o c k e r  l i n k  i s  o b t a i n e d  a c c o r d i n g  to«

=  M d c 3/ tf.) y m a x  i k . 3 9 )

w h e re

MCx^.qp^) = b e n d i n g  moment,

y = d i s t a n c e  t o  e x t r e m e  f i b e r ,max
The b e n d in g  moment i s  g i v e n ,  f ro m  e l e m e n t a r y  s t r e s s  

t h e o r y  w i t h  t h e  h e l p  o f  e q u a t i o n  ( 4 * 3 8 ) ,  b y i

3  Vwltt*) . ( 4 . 4 0 )

S u b s t i t u t i o n  o f  e q u a t i o n  ( 4 .4 0 )  i n t o  ( 4 .3 9 )  l e a d s  t o  t h e  

e x p r e s s i o n  f o r  t h e  s t r a i n :

e i t , # , )  =  • (4 . « )
n dx£
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F .  S o l u t i o n  o f  H i l l - T y p e  D i f f e r e n t i a l  E q u a t i o n s

The f o l l o w i n g  s e c t i o n  show s t h a t  b e c a u s e  c o u p l i n g  b e tw e e n  

t h e  i n f i n i t e  s e t s  o f  H i l l ' s  e q u a t i o n s  w as f o u n d  t o  b e  w eak , 

i t  i s  p o s s i b l e  t o  t r e a t  t h e  H i l l ' s  e q u a t i o n  a s s o c i a t e d  w i t h  

e a c h  mode s e p a r a t e l y .

I t  a l s o  b r i e f l y  o u t l i n e s  t h e  r e v i e w  o f  t h e  s o l u t i o n  t h e o r y  

f o r  H i l l ' s  e q u a t i o n s  g i v e n  i n  A p p e n d ix  H. T h e r e ,  i t  i s  shown how 

t h e  hom ogeneous  p o r t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  i s  u s e d  t o  

d e t e r m i n e  t h e  r e g i o n s  o f  i n s t a b i l i t y  o f  t h e  s y s te m .  I n  a d d i ­

t i o n ,  i t  i s  p o i n t e d  o u t  t h a t  t h e  s t e a d y - s t a t e  r e s p o n s e  becom es 

u n b o u n d e d  f o r  c e r t a i n  v a l u e s  o f  t h e  p a r a m e t e r  A. T h e se  

" r e s o n a n c e  l o c a t i o n s "  a r e  a s s o c i a t e d  w i t h  c e r t a i n  s t a b i l i t y  

b o u n d a r i e s .

1 .  D e c o u p l in g  o f  E q u a t i o n s

w e l l  a s  one  w i t h  a  m ore  r e a l i s t i c  c r o s s - s e c t i o n  s i z e ,  i t  

becam e c l e a r  t h a t  t h e  u n c o u p l i n g  o f  t h e  i n f i n i t e  s e t  o f  H i l l ' s  

e q u a t i o n s  d o e s  n o t  i n t r o d u c e  g r e a t  i n a c c u r a c y .  S i m i l a r  c o n c l u ­

s i o n s  w e re  d ra w n  by  H. H ouben £ 1 3  ]  i n  c o n n e c t i o n  w i t h  a  

r e l a t e d  m ech an ism  p ro b le m .

When e q u a t i o n s  ( 4 .3 7 )  a r e  u n c o u p le d ,  t h e y  a r e  o f  t h e

f o r m :

When d o i n g  t h e  e x am p le  p ro b le m  shown i n  S e c t i o n  V, a s

m I  A m  4- Bm W i) <1*1
dM>? dM>,

F~W.) » ( 4 .4 2 )

f o r  m = 1 , 2 , 3 , . . . ,  w h e re  now

t ( 4 .4 3 )
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=  Am +  AmCV.) ( 4 . 4 4 )

A m  =  | ^ t t |  ( 4 . 4 5 )

a n d  A (q>- )̂ o r i g i n a t e s  f ro m  t h e  a p p r o p r i a t e  c o m b i n a t i o n  o f
A A

t h e  t e r m s  G ^ q ^ )  a n d  i . e .

M  ( l t r M ) (Y .U -)V ju ) -  i * . , * )

ii \ Yw ' 2 . /

+ (j+  MrML)V;(L)\Ca) JX«D)>tlrtl+ [ - r r - ^ ---------  i s
J| L t si«W»-f.) <U

~ s in itf-^ a ) M i Cli 4  CoHO s'tf?)/J»p -t J* + Jwi 4- M (L+ rM)

sinWMk) 2 \ a, U ** '
( 4 .4 6 )

The t e r m s  4 .  / a n d  V a n d  F (qp-,) a r e  o b t a i n e d  f ro mH m ^ ) '  m m T1

t h e  a p p r o p r i a t e  e x p r e s s i o n s  i n  t h e  p r e v i o u s  s e c t i o n .

2 . S t a b i l i t y  o f  Hom ogeneous H i l l ' s  E q u a t i o n s

The s o l u t i o n  t o  a  H i l l ' s  e q u a t i o n  o f  t h e  t y p e  o f  

e q u a t i o n  ( 4 . 4 2 ) ,  i . e .

d ^  +  A d £  +  ( A  +  A l i f i ) ) q  0 ,  ( 4 .4 7 )
CUP,* cW>.

i s  s t a b l e  o r  u n s t a b l e  d e p e n d in g  u p o n  t h e  c o m b i n a t i o n  o f  A, A 

a n d  v a r i o u s  m e ch an ism  p a r a m e t e r s  c o n t a i n e d  i n  A(q>1 ) .  S p e c i f i c  

c o m b i n a t i o n s  o f  t h e  a b o v e  f u r n i s h  s t a b i l i t y  b o u n d a r i e s  w h ic h  

s e p a r a t e  s t a b l e  f ro m  u n s t a b l e  r e g i o n s .

a )  S t a b i l i t y  B o u n d a r i e s  f o r  Undamped S ys tem

T h e  2rr- p e r  i o d i c  b o u n d a r i e s  a r e  f o u n d  f r o m  t h e  

s o l u t i o n  o f  t h e  e i g e n v a l u e  p r o b l e m  i n  ( - A )  o f  a  f i n i t e  s e g ­

m e n t  o f  t h e  f o l l o w i n g  H i l l ' s  d e t e r m i n a n t  ( s e e  e q u a t i o n  ( H . 2 1 ) ) :
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t • • • • • •

. -^H-Pq+A P - i P - 2 P _ 3 •

P i - 1 + P 0 +A P - l P - 2 p_  3  •

g 2 P i g Q+A P - l P - 2

• P 3 P2 P i - l + g 0 +A P - l  •

P3 P2 P i - 4 + g 0 +A .

t • • • • • •

The g ' s  r e p r e s e n t  t h e  c o e f f i c i e n t s  o f  t h e  F o u r i e r  

e x p a n s i o n  o f  A f ^ ) ,  ( s e e  e q u a t i o n  (H .1 7 )  ), w h ic h  c o n t a i n  a l l  

t h e  m ech an ism  p a r a m e t e r s .

S i m i l a r l y ,  t h e  4 r r - p e r i o d i c  b o u n d a r i e s  a r e  fo u n d ,  

a c c o r d i n g  t o  e q u a t i o n  ( H .2 1 ) ,  f ro m  t h e  s o l u t i o n  o f  t h e  e i g e n ­

v a l u e  p ro b le m  i n  (-A ) g i v e n  by t h e  f o l l o w i n g  d e t e r m i n a n t a l  

e q u a t i o n :
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The s o l u t i o n  o f  t h e s e  e i g e n v a l u e  p ro b le m s  f o r  

v a r i o u s  c o m b i n a t i o n s  o f  m ech an ism  p a r a m e t e r s  p e r m i t s  t h e  

f a s h i o n i n g  o f  a  " S t r u t t - c h a r t  [ 3 0 ] " .  w h ic h  i n d i c a t e s  s t a b l e  

a n d  u n s t a b l e  r e g i o n s .  T h i s  i s  f a c i l i t a t e d  by  H a u p t ' s  th e o re m  

[ 3 0 ] ,  w h ic h  s t a t e s  t h a t  r e g i o n s  b e tw e e n  c o n s e c u t i v e  b o u n d a r i e s  

o f  s i m i l a r  p e r i o d i c i t y  a r e  u n s t a b l e ,  w h i l e  t h o s e  b e tw e e n  b o u n ­

d a r i e s  o f  d i f f e r e n t  p e r i o d i c i t y  a r e  s t a b l e .

b )  S t a b i l i t y  B o u n d a r i e s  f o r  Damped S y s te m

S e c t i o n  l c  o f  A p p e n d ix  H shows how t h e  damped 

hom ogeneous  H i l l ' s  e q u a t i o n

d q  +  A 4  &(<?.) q  =  O ( 4 . 5 0 )
d*f,2 dV,

may be  t r a n s f o r m e d  i n t o  a n  undam ped one  o f  t h e  t y p e  t

i ! z  + ( A - A z + A ( (P.))z  =  0  ( 4 . 5 D
dq>,2 4-

by m eans o f  t h e  s u b s t i t u t i o n

“  Vi
q W  =  e  2  ( 4 . 5 2 )

I n  t h e  a b o v e  ,

■zw.) =  <^53>

r ep r e se n ts  th e  F loq u et s o lu t io n  to  H i l l ' s  eq u ation , where p, 

i s  the c h a r a c te r is t ic  exponent and $ ( qj )̂ i s  a 2TT-periodic 

fu n c tio n .

T h i s  t r a n s f o r m a t i o n  a l l o w s  one  t o  d e t e r m i n e  t h e

s t a b i l i t y  o f  t h e  s o l u t i o n  f o r  q(qp-L) by  way o f  t h e  H i l l ' s
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d e t e r m i n a n t  a s s o c i a t e d  w i t h  z (qp^). A p p e n d ix  H show s how t h e  

2 tt a n d  4 t t - p e r i o d i c  s t a b i l i t y  b o u n d a r i e s  o f  q(qp^) a r e  d e t e r m i n e d

by t h e  e i g e n v a l u e  p ro b le m  o f  e q u a t i o n  ( H .34) w i t h

— A  ( 4 .5 4 )
2

a n d

^  ~ \  + It 1 (4‘55)
r e s p e c t i v e l y .

T h i s  a p p r o a c h  l e a d s  t o  d i f f i c u l t i e s  when a p p l i e d  

t o  t h e  c a s e  o f  a  m echan ism  w h e re  A i s  n o t  a  s y s t e m s '  c o n s t a n t

i n  t h e  u s u a l  s e n s e ,  b u t  i s  a  f u n c t i o n  o f  t h e  i n p u t  a n g u l a r

v e l o c i t y  S i n c e ,  a c c o r d i n g  t o  e q u a t i o n s  ( 4 . 2 1 )  a n d  (4 .4 3 ) *

A  =  r u )  =  r J K  , ( 4 . 5 6 )

w h e re

r  =  2 J U 6,  ,  ( 4 . 57)

*V
t h e  H i l l ' s  d e t e r m i n a n t  (H .3 4 )  a s s o c i a t e d  w i t h  t h e  2 tt-  p e r  i o d i c  

s t a b i l i t y  b o u n d a r i e s  h a s ,  a c c o r d i n g  t o  e q u a t i o n s  ( 4 *5 4 ) a n d  

( 4 . 5 6 ) ,  t h e  fo rm i
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The p r e s e n c e  o f  t h e  r o w - d e p e n d e n t  c o e f f i c i e n t  i n  f r o n t  o f  , / a ,

i n  t h e  t e r m  a s s o c i a t i o n  w i t h  t h e  m a in  d i a g o n a l  i n  e a c h  row , 

m akes  i t  i m p o s s i b l e  t o  s o l v e  t h i s  d e t e r m i n a n t a l  e x p r e s s i o n  

f o r  A i n  t h e  u s u a l  m a n n er  o f  a n  e i g e n v a l u e  p ro b le m .  T h u s ,  i t  

b eco m es  n e c e s s a r y  t o  d e v i s e  a  d i f f e r e n t  m eans o f  s o l v i n g  f o r  

t h e  s t a b i l i t y  b o u n d a r i e s  o f  t h e  damped H i l l ' s  e q u a t i o n .

method by which the characteristic exponent of the solution 
to a Hill's equation may be found when all systems' parameters 
are known. I f  this technique is applied to equation (4.51)» 
one may determine the 2tt and 4TT-periodic stability boundaries 
of q ( )  by searching for those values of A which lead to the 
values of the characteristic exponents given in equations (4.54) 
and (4.55).

S p e c i f i c a l l y ,  p, i s  d e t e r m i n e d  f ro m  t h e  c h a r a c t e r ­

i s t i c  e q u a t i o n !

S e c t i o n  1 o f  A p p e n d ix  H i n d i c a t e s  a  n u m e r i c a l

“  <A p  + I — Of (4. 59)

w h e re

(4.60)

a n d  t h e r e f o r e

21T

(4.61)

(see equation (H .6 ) ) .
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The c o n s t a n t  *A i s  o b t a i n e d  fro m

iA =  z,U iO  +  d z 2Un) ,
am

(4.62)

w h e re  z^ ip -^ )  a n d  2 2 ^ 1  ̂ r e p r e s e n t  tw o l i n e a r l y  i n d e p e n d e n t  

s o l u t i o n s  t o  e q u a t i o n  ( 4 . 5 1 ) w h ic h  s a t i s f y  t h e  i n i t i a l  c o n d i ­

t i o n s  1

Z.(o) =  I , dz,(o) =  0 ,
d<P,

Z*(0) = 0 ,  d z 2(o) =  L
d %

3. P a r t i c u l a r  S o l u t i o n  i n  S t a b l e  R e g i o n s  a n d  

R e s o n a n c e  C o n d i t i o n

( 4 .6 3 )

a )  S o l u t i o n  M e th o d

G. K o to w sk i  h a s  shown by m eans  o f  V a r i a t i o n

o f  P a r a m e t e r s  t h a t  t h e  fo rm  o f  t h e  p a r t i c u l a r  s o l u t i o n  o f  a n  

e q u a t i o n  o f  t h e  t y p e  o f  ( 4 . 4 2 ) ,  a t  a l l  p o i n t s  i n  t h e  s t a b l e  

r e g i o n s ,  i s  a  2tt-p e r i o d i c  F o u r i e r  s e r i e s «

P,} =  po ±  2  (  p « n  C.0S +  pswi SiKW1?.) . ( 4 .,q P m .6 4 )
1m

S e c t i o n  2a o f  A p p e n d ix  H show s t h a t  when t h e  f u n c -
A

t i o n s  B ^ ^ )  a n d  ^ ( q ^ )  = Fm( a r e  e x p r e s s e d  i n  t e r m s  o f  

t h e  F o u r i e r  s e r i e s  (H .39) a n d  (H .4 3 )  r e s p e c t i v e l y ,  t h e  c o e f f i ­

c i e n t s  i n  e q u a t i o n  ( 4 .6 4 )  c a n  b e  d e t e r m i n e d  f ro m  t h e  i n f i n i t e  

s e t  o f  nonhom o g en eo u s  a l g e b r a i c  e q u a t i o n s  ( s e e  e q u a t i o n  ( H .53) )»

B  3P = F . ( 4 .6 5 )

The c o e f f i c i e n t  m a t r i x  B  a n d  t h e  co lu m n  v e c t o r s  

IP a n d  F  a r e  d e f i n e d  a c c o r d i n g  t o  e q u a t i o n  ( H .54) a s  f o l l o w s «
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I n  t h e  a b o v e ,  V bcm»bsm a n d  f 0 . f cm, f 8m a r e  t h e  

F o u r i e r  c o e f f i c i e n t s  a s s o c i a t e d  w i t h  B t q ^ )  a n d  r e s p e c t i v e ­

l y .

F o r  a  s o l u t i o n  o f  a  f i n i t e  num ber o f  c o e f f i c i e n t s

p rt. P  . P  . t h e  i n f i n i t e  s e t  o f  e q u a t i o n s  i s  r e d u c e d  t o  a  f i n i t e  r 0  cm sm
one  by  c h o o s i n g  a  f i n i t e  c o e f f i c i e n t  m a t r i x  B  s y m m e t r i c a l  i n

b 0row s a n d  co lu m n s  w i t h  r e s p e c t  t o  t h e  c e n t r a l  e l e m e n t  A + - ^ - ,

The  r e s u l t i n g  f i n i t e  s e t  o f  n o n h o m o g e n e o u s  e q u a t i o n s  c a n  t h e n  

b e  s o l v e d  b y  a n  a p p r o p r i a t e  n u m e r i c a l  s c h e m e ,

b )  R e s o n a n c e  L o c a t i o n s

W henever t h e  d e t e r m i n a n t  o f  t h e  c o e f f i c i e n t  m a t r i x  

B  o f  e q u a t i o n  ( 4 .6 5 )  v a n i s h e s ,  a  c o n d i t i o n  o f  r e s o n a n c e  o c c u r s ,

i . e .  t h e  F o u r i e r  c o e f f i c i e n t s  o f  e q u a t i o n  ( 4 .6 4 )  becom e u n ­

b o u n d e d .  T h i s  o c c u r s  f o r  t h o s e  p a r a m e t e r  c o m b i n a t i o n s  w h ich  

c o r r e s p o n d  t o  t h e  2 iT - p e r io d i c  s t a b i l i t y  b o u n d a r i e s  o f  a n y  mode 

o f  dam ped o r  undam ped s y s t e m s .

The a b o v e  c a n  b e  d e m o n s t r a t e d  by  c o n s i d e r i n g  t h e  

f i r s t  t e r m s  i n  e q u a t i o n s  (H .1 0 )  a n d  ( H .32) w h ic h  show t h a t  a  

s o l u t i o n ,  f o r  t h e  undam ped a s  w e l l  a s  t h e  damped hom ogeneous  

s y s te m s  r e s p e c t i v e l y ,  i s  o f  2 r T - p e r io d ic  fo rm  a t  t h e  2 r T - p e r io d ic  

s t a b i l i t y  b o u n d a r i e s .  B e c a u s e  o f  t h i s ,  t h e  H i l l ' s  d e t e r m i n a n t  

a t  a n y  o f  t h e  2n - p e r i o d i c  s t a b i l i t y  b o u n d a r i e s  i s  i d e n t i c a l  

w i t h  t h e  d e t e r m i n a n t  o f  t h e  c o e f f i c i e n t  m a t r i x  B  a t  t h o s e  l o c a -  

t i o n s .

'  ' W h ile  t h e  H i l l ' s  d e t e r m i n a n t  i n  e q u a t i o n  ( 4 .4 8 )  h a s  b e e n  
o b t a i n e d  i n  a  d i f f e r e n t  m a n n e r  t h a n  t h e  c o e f f i c i e n t  m a t r i x  

B  o f  e q u a t i o n  ( 4 . 6 5 ) ,  I t  c o u l d  a l s o  h a v e  b e e n  d e r i v e d  by  
u s i n g  a  s i n e - c o s i n e  s e r i e s ,  o f  t h e  t y p e  o f  e q u a t i o n  (H .3 8 ) ,  
f o r  t h e  qh ( ^ i )  i n v o l v e d .
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T h e r e f o r e ,  t h e  v a l u e s  o f  A w h ic h  l o c a t e  t h e  2 tt- p e r  I o d i c  

s t a b i l i t y  b o u n d a r i e s  a l s o  d e t e r m i n e  t h e  p o s i t i o n s  o f  r e s o ­

n a n c e .

G. K o to w s k i  £ 1 9  ]  h a s  shown t h a t  a l l  t h e  c o e f f i -  

c e n t s  o f  e q u a t i o n  ( 4 . 6 4 )  i n c r e a s e  som ew hat i n  t h e  v i c i n i t y  o f  

t h e  s t a b i l i t y  b o u n d a r i e s  when co m p ared  t o  l o c a t i o n s  f u r t h e r  

re m o v e d .  The c o e f f i c i e n t s  o f  t h a t  F o u r i e r  t e r m ,  w h ic h  i s  

a s s o c i a t e d  w i t h  a  f r e q u e n c y  e q u a l  t o  t h e  n a t u r a l  f r e q u e n c y  o f  

t h e  s y s te m ,  g ro w s  m o s t  u n d e r  t h e s e  c i r c u m s t a n c e s .  T h i s  

s e l e c t i v i t y  o f  a m p l i f i c a t i o n  was f o u n d  by K o to w sk i  t o  b e  m o s t  

p ro n o u n c e d  n e a r  t h o s e  r e s o n a n c e  l o c a t i o n s  a s s o c i a t e d  w i t h  t h e  

l a r g e r  v a l u e s  o f  A,

The p resen t in v e s t ig a t io n  has shown th a t t h i s  

s e l e c t iv e  a m p lif ic a t io n  o f th e  c o e f f i c i e n t s  a s s o c ia te d  w ith  

th e  F ou rier  terms corresponding to  th e  n a tu ra l frequency  

a ls o  occurs in  lo c a t io n s  which are com p letely  s ta b le  due to  

damping, but conta ined  a p o in t-ty p e  2TT-periodic i n s t a b i l i t y  

r eg io n  when th e  system  was undamped. (See S e c tio n  V - G .)
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V. EXA.MPLE« APPLICATION OF THEORY AND COMPARISON 

WITH EXPERIMENT

A. I n t r o d u c t i o n

The t h e o r y  o f  t h i s  d i s s e r t a t i o n  i s  now a p p l i e d  t o  a  

s p e c i f i c  ex am p le  m ech an ism  a n d  t h e  n u m e r i c a l  r e s u l t s  a r e  

co m p ared  w i t h  t h o s e  o f  a  c o r r e s p o n d i n g  e x p e r i m e n t .  F i g u r e  

5 . 1  show s t h e  ex am p le  m ech an ism  a n d  T a b le  5*1 l i s t s  d im en­

s i o n s  a n d  m a t e r i a l s .

The i n - l i n e  f o u r - b a r  l i n k a g e  c o n s i s t s  o f  a  r e l a t i v e l y  

s t i f f  a lum inum  c o u p l e r  a n d  a  v e r y  t h i n ,  f l e x i b l e  b r a s s  r o c k e r  

l i n k  w i t h  a  c o u n t e r w e i g h t  m* a n d  endm ass  M. The n a t u r e  o f  

t h e  c r a n k ,  w h ich  i n  t h e  e x p e r i m e n t a l  s e t u p  was com bined  w i t h  

a  f l y w h e e l ,  i s  u n i m p o r t a n t ,  s i n c e  t h i s  l i n k  d o e s  n o t  c o n t r i b ­

u t e  i n  a n y  way t o  t h e  b e h a v i o r  o f  t h e  r o c k e r .

I n  o r d e r  t o  a v o i d  p ro b le m s  w i t h  e x i s t i n g  e q u ip m e n t ,  i t  

was d e c i d e d  t o  k e e p  t h e  r a n g e  o f  m ech an ism  s p e e d s  b e lo w  2 1 0  

rpm . T h i s  d e c i s i o n  n e c e s s i t a t e d  t h e  u s e  o f  t h e  v e r y  t h i n  

r o c k e r  l i n k  i n  o r d e r  t o  o b t a i n  s u f f i c i e n t l y  l a r g e  s t r a i n s .

The s p e c i f i c  c h o i c e  o f  c o u n t e r w e i g h t  a n d  endm ass  s i z e s  

was i n f l u e n c e d  by t h e  n e e d  t o  k e e p  t h e  maximum d e f l e c t i o n s  

lo w  en o u g h  n o t  t o  v i o l a t e  s m a l l  d e f l e c t i o n  t h e o r y  a t  t h e  

h i g h e r  s p e e d s .

Two p o s i t i o n s  on  t h e  p o s i t i v e  s i d e  ( I n s i d e )  o f  t h e  r o c k e r  

l i n k  a r e  u s e d  t o  co m p are  e x p e r i m e n t  t o  t h e o r y .  T h e s e  a r e
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FIGURE 5. h EXAMPLE MECHANISM



Link Lengths Coupler(Aluminum) Rocker(Brass) Endmass(Brass)
Counterwelght (Aluminum)

a1 = 1.6<+0 In 

&2 * 17.500 In 

= 9.8 4 0 In 

a^ = 16.4+10 In 

b3 = 2.000 In 

L *11.84+0 In

Eg = 1.0x10^ psl

d- = 0.259x10"3 lb-sec2

E3 = 15.5x106 psl 

o~ =0.776xl0"3 lb-sec2

rM » 0.375 In 

tM = 1.067 In 

hM = 0.750 In 

d|| = 0.750 In 

M =0.4i66xl0"3 lb-sec2

0* = 0.259xl0’3 lb-sec2 
ln^

r* = 1.362 In 

t* = 0.687 m

-2 20'0 m* = 0.104x10 lb-sec
In

hIn
t2 =0.375 In 

hg = 0.375 Irf̂

= 0. 360x10"3 lb-sec2

J " In
t3 = 0.067 In 

h j = 0.687 In 

M~ = 0.4+22x10”3 lb-sec2
In in In

( +) See Figure 5»1 for detail.
(++) Accounts for manner of fixity to link.

Table 5*1 Example Mechanism Data
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c a l l e d  t o p  g a g e  a n d  b o t to m  g a g e  l o c a t i o n s  an d  a r e  a t  

X j  =  1 0 .9 6 5  i n .  a n d  x ^  =  4 .9 2 0  i n .  r e s p e c t i v e l y ,  ( s e e  

F i g u r e  5 - 1 ) •

The f o l l o w i n g  s u m m a r iz e s  t h e  c o n t e n t s  o f  t h i s  s e c t i o n  

a n d  t h e  r e s u l t s  o f  t h e  e x a m p le i

S e c t i o n  B: The e i g e n v a l u e s  a n d  s h a p e  f u n c t i o n s

o f  t h e  r o c k e r  l i n k  a r e  d e t e r m i n e d .

S e c t i o n  C t C o u p le d  a n d  u n c o u p le d  e q u a t i o n s  a r e  

g i v e n ,  a n d  t h e i r  n u m e r i c a l  s o l u t i o n s  

a r e  d i s c u s s e d .

S e c t i o n  Dt The r e s u l t s  o f  t h e  n u m e r i c a l  s o l u t i o n  

o f  c o u p l e d  a n d  u n c o u p le d  H i l l ' s  e q u a ­

t i o n s  a r e  co m p ared  a n d  i t  i s  shown t h a t  

u n c o u p l i n g  h a s  l i t t l e  i n f l u e n c e  on  t h e  

a c c u r a c y  o f  t h e  r e s u l t s .  I t  i s  f u r t h e r  

f o u n d  t h a t  a t  l e a s t  t h r e e  modes a r e  

r e q u i r e d  f o r  a n  a d e q u a t e  d e s c r i p t i o n  o f  

t h e  r e s p o n s e .

S e c t i o n  E« The i n f l u e n c e  o f  t h e  i n i t i a l  c o n d i t i o n s  

i s  d i s c u s s e d ,  a n d  t h e  t r a n s i e n t  r e s p o n s e  

o n - r e s o n a n c e  i s  com pared  w i t h  t h a t  o f f -  

r e s o n a n c e .  The r e s u l t s  o f  t h i s  s e c t i o n  

a r e  l a t e r  u s e d  t o  show t h a t  t h e  e x p e r i ­

m e n ta l  r e s p o n s e  i s  f u l l y  d e s c r i b e d  by  t h e  

p a r t i c u l a r  s o l u t i o n .

S e c t i o n  F» A s t a b i l i t y  a n a l y s i s  i s  p e r f o r m e d  a n d  i t  

i s  shown t h a t  w i t h i n  t h e  o p e r a t i n g  r a n g e  

o f  t h e  m ech an ism  t h e r e  a r e  n e i t h e r  2 rr n o r
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4 r r - p e r i o d i c  i n s t a b i l i t i e s  a s  l o n g  a s  t h e  

d am p in g  r a t i o  i s  l a r g e r  t h a n  z e r o .  The 

s t a b i l i t y  a n a l y s i s  a l s o  f u r n i s h e s  t h e  

r e s o n a n c e  l o c a t i o n s .

S e c t i o n  Gi The p a r t i c u l a r  s o l u t i o n  i s  g i v e n  f o r  a l l  

t h r e e  modes a n d  i t  i s  shown t h a t  f o r  

s u f f i c i e n t l y  s m a l l  v a l u e s  o f  £ , t h e  r e ­

s p o n s e  on  r e s o n a n c e  d i f f e r s  d r a m a t i c a l l y  

f ro m  t h a t  o f f  r e s o n a n c e .  I t  i s  f u r t h e r  

d e m o n s t r a t e d  t h a t  t h i s  d i f f e r e n c e  i n  

r e s p o n s e  d i s a p p e a r s  f o r  v a l u e s  o f  £ l a r g e r  

t h a n  0 . 0 3 4 .

S e c t i o n  Hi 1 .  The e x p e r im e n t  c o n f i r m s  t h e  a b s e n c e  

o f  i n s t a b i l i t i e s  w i t h i n  t h e  o p e r a t i n g  

r a n g e ,  a n d  c l e a r l y  shows t h e  d i f f e r e n c e  

b e tw e e n  t h e  s t e a d y - s t a t e  r e s p o n s e s  on  a n d  

o f f  r e s o n a n c e .

2 . A q u a n t i t a t i v e  c o m p a r i s o n  b e tw e e n  

e x p e r i m e n t a l  an d  n u m e r i c a l  r e s u l t s  i n d i c a t e s  

g o o d  a g r e e m e n t ,  on a n d  o f f  r e s o n a n c e ,  

t h r o u g h o u t  t h e  o p e r a t i n g  r a n g e .



B. E i g e n v a l u e s  a n d  S h a p e  F u n c t i o n s  o f  R o c k e r  L i n k

The f i r s t  t h r e e  e i g e n v a l u e s  o f  t h e  s u b - p r o b le m  a r e
/ * \

o b t a i n e d  a c c o r d i n g  t o  e q u a t i o n  ( F . 4 7 ) .  S u b s e q u e n t l y ,

t h e  a s s o c i a t e d  e i g e n f u n c t i o n s  a r e  d e t e r m i n e d  w i t h  t h e  h e l p  

o f  e q u a t i o n s  ( F .2 9 )  a n d  ( F . 3 2 ) .  I n  a d d i t i o n ,  t h e  s e c o n d  

d e r i v a t i v e s  o f  t h e  s h a p e  f u n c t i o n s  a r e  f o u n d  f o r  t h e  d e t e r ­

m i n a t i o n  o f  t h e  s t r a i n  ( a c c o r d i n g  t o  e q u a t i o n  ( 4 . 4 1 ) ) .

T a b le  5*2 l i s t s  t h e  a b o v e  f o r  t h e  e x p e r i m e n t a l  m ech an ism .

 ̂  ̂ RTMI R o u t i n e ,  IBM S y s t e m / 360 S c i e n t i f i c  S u b r o u t i n e  
P a c k a g e ,  (360A-CM-03X) V e r s i o n  I I I .
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0  -

VwliCi) = +r,w + V*« (cos^-V.̂  -  cosh 

Vn =  A** (  ~ S i^ ^ n 1Ci + fin  5irt^X*1t3 “  lz«  (cO&XwX® tCOsIrt

c£  U :  

=  C>vi £sin \ »  ( % $ - & * )  + T^w 'Sl'''ViXM [ % ■ ■ $ - & } )

VhCk-a) — Xnf&n 11^ - 3 3 } +  r3*SinV ^.\(,lL3 ''& 3) 

+ ^ ( c O S V l  ^ n U i - a j )  +  C0 S ^ » iU -3 -< U )) ]

n *n U)n (rpm ) r l n r 2n r 3n r 4n r 5n

1 0 .2 1 1 1 1 5 9 .3 0 .4 0 8 0 .5 4 6 - 0 . 2 5 2 O. 3 1 4 - 1 . 9 4 3

2 0 .2 7 9 2 0 2 1 .9 - 1 4 0 . 1 - 1 2 4 .2 - 0 .6 0 6 0 .5 3 5 - 2 1 4 . 9

3 0 .4 7 3 5 8 1 5 .4 - 1 . 3 0 3 - 1 . 3 2 0 - 1 .9 3 6 1 .7 7 3 0 .5 1 8

T a b le  5*2 E i g e n v a l u e s  a n d  S h ap e  F u n c t i o n s  o f  R o c k e r  L in k



75

C. C o u p l e d  a n d  U n c o u p l e d  H i l l ' s  E q u a t i o n s i  

D i s c u s s i o n  o f  N u m e r i c a l  S o l u t i o n

T he  r e l a t i v e  m a g n i t u d e s  o f  t h e  s t r a i n s  d u e  t o  t h e  f i r s t  

t h r e e  m o d e s  o f  t h e  s o l u t i o n  i n d i c a t e  t h a t  a t  l e a s t  t h i s  

n u m b e r  o f  m o d e s  i s  n e c e s s a r y  f o r  a  m e a n i n g f u l  d e s c r i p t i o n  

( s e e  T a b l e  5.4 a n d  F i g u r e  5*7). A c c o r d i n g l y ,  t h e  f i r s t  

t h r e e  H i l l ' s  e q u a t i o n s  m u s t  b e  s o l v e d  f o r  t h e  q n (<P^)»

When t h e  c o u p l i n g  b e t w e e n  t h e  e q u a t i o n s  i s  m a i n t a i n e d ,  

e q u a t i o n  ( 4 . 3 7 )  b e c o m e s «

Coat r w *  3iPii?ckfc * CJ.c.a)d3?]  + 1-cof HoW]
d*f? L d¥j V, J

+ 4. f t aW ) q ^  =  ( 5 . 1 )
*Y» *Y, X

+ C037 + dK2l̂ d ^a  + 3t(7,3>dqa"j + H2I (V.)
L dif. d¥ , d^J »Y*

+ -  GgCH".) 4. Hx$W)q3 =  Fal4?.), ( 5. 2 )
L** •v. J v. I T

dq* 4. Coaa 4. 4io,z)dq? 4. ^ii3,j)d<Jal 4. H3,Wi)
d»fr ^  I d̂ . d<f; d<f,J “ vT"

4- HazW)az 4. (i*H — ̂ 5^1)4. =■ F$W) , (*5.3)
“ivT W? Vi J %



The c o n s t a n t s  Ym, 3 1 (m > n ) , ^ 2 ( m , n ) ' * * ' •  a n d  *6(m )» 

t o g e t h e r  w i t h  t h e i r  e q u a t i o n s  o f  o r i g i n  a r e  l i s t e d  i n  

T a b l e  5 * 3 .

The f u n c t i o n s  (^ (q p ^ ) ,  an<* * m ^ l ^  a r e  S e n e r a t e d

a c c o r d i n g  t o  e q u a t i o n s  ( 4 . 2 7i» ( 4 . 3 0 ) a n d  ( 4 .3 5 )  a s  p a r t  o f  

t h e  n u m e r i c a l  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n s .  The 

a s s o c i a t e d  k i n e m a t i c  e x p r e s s i o n s  a r e  l i s t e d  i n  A p p e n d ix  I .

When t h e  c o u p l i n g  b e tw e e n  t h e  f i r s t  t h r e e  m odes i s  

n e g l e c t e d ,  e q u a t i o n s  ( 5 . 1 ) ,  ( 5 . 2 )  a n d  ( 5 * 3 )  t a k e  t h e  fo rm i

d V 4 Coa» A0.1) dq. + fcot _ G*W,) + a,  =  F.IV.), ( 5 . 4 )
dV d* W  X J X

d \ t  4 C m  Jku) d j i 4 J"u>2 -  4  HaW *!^  FtWi)  ̂ (5*5)
a v  die, L5? %  J %

d \  4  Cp»»3hm) d q ,  +  f u ) |  ( 5 . 6 )
d<f.2 d *  [ f t  *V» j  %

T he a p p l i c a b l e  c o n s t a n t s  *Vm, ^ 2 (m ,m )» * - '»

a n d  ^ ( m) W  a g a i n  b e  t a k e n  f ro m  T a b l e  5« 3 .  T he r e m a i n i n g  

f u n c t i o n s  G ^ q ^ ) ,  Hmm( qp^) a n d  Fm(V i)  a r e  a g a i n  g e n e r a t e d  by 

t h e  s o l u t i o n  p ro g ra m .



*Vmi Prom  E q u a t io n  ( P .53)

m = 1 m a 2 m a 3

0.712x10"3 0.865X101 0 . 584xl(T3

^ l(m ,n ,i Prom Equation (4 .2 2 )

m ^ s ^
1 2 3

1 0 . 342X101 - 0 . 534x102 0.638X101
2 - 0 . 534xl02 0 . 994xl04 - 0 .1 4 6 x 1 0 3

3 0.638X101 -0 .1 ij6 x l0 3 0 .1 3 8 x 1 0 2

*^2(m,n > Prom Equation (4 .3 1 )

\ n 1 2 3

1 - 0 . 3 5 2 x 1 0 2 0.197x10^ - 0 . 709xl02
2 0.126x10^ - 0 . 2 5 6 x 1 0 6 - 0 . 900xl02
3 - 0 . 6 8 2 x 1 0 2 0.189x10^ -0 .1 9 7 x l0 3

^3(mi n ) ‘ Prom E q ^ 1011 (4 .3 2 )

X
1 2 3

1 -0 .3 0 4 0 . 137xl02 -0 .7 5 4
2 0 . 993X101 -0.169x10** -0.778X 101
3 -0 .6 2 3 0 . 521X101 -0.177X 101

^4(m n ) 1 Prom Equation ( 4 .33)

\
1 2 3

1 0 . 112X101 0.504x103 -0.446X101
2 0 .1 4 6 x l0 3 0 . 2 6 6 x 1 0 5 - 0 . 4 8 6 x1 0 3

3 -0.313X 101 0 . 505x l0 3 -0.676X 101

^5(m n)* Pr.ojn Equation (4 .3 4 )

n . n 1 2 3

1 - 0 .320 0.839X101 -0 .6 2 5
2 0.839X101 -0.219x10** 0.460X101
3 -0 .6 2 5 O.^CxlO1 -0.175X 101

^6(m ) Prom Equation (4 .3 6 )

• m = 1 m o 2 na

0 . 174xl02 -0 .9 1 1 x l0 3 0 . 507xl02

Table 5» 3 Values of Integrals(Truncated computer results.)
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The v a l u e  o f  CD3m (m = 1 , 2 , 3 ) ,  a c c o r d i n g  t o  e q u a t i o n  

( 4 . 2 1 ) ,  d e p e n d s  on  t h e  v a l u e  s e l e c t e d  f o r  t h e  dam ping  r a t i o  £ .

C h o o s in g  t h e  i n i t i a l  c o n d i t i o n s  f o r  t h e  n u m e r i c a l  s o l u ­

t i o n  o f  t h e  c o u p l e d  o r  u n c o u p l e d  e q u a t i o n s  p r e s e n t s  a  c e r t a i n  

d i f f i c u l t y .  S i n c e  t h e  d i f f e r e n t i a l  e q u a t i o n s  a r e  o n ly  v a l i d  

f o r  <p̂  = 0 ,  i . e .  o n c e  t h e  m echan ism  h a s  come u p  t o  s p e e d ,  

t h e r e  m u s t  b e  a  d e f i n i t e  v a l u e  o f  d q n ( q ^ ) /d<p-^ a s s o c i a t e d  w i t h  

e a c h  v a l u e  o f  Qn (<P^)» I n i t i a l  c o n d i t i o n s  w h ic h  do n o t  e x a c t l y  

c o n fo rm  t o  t h e  a b o v e  w i l l  c a u s e  a  c o n s i d e r a b l e  d e v i a t i o n  f ro m  

t h e  e x p e r i m e n t a l  r e s u l t s  u n t i l  t h e  r e s u l t i n g  t r a n s i e n t s  a r e  

dam ped o u t .

The f o l l o w i n g  i n i t i a l  c o n d i t i o n s  w e re  u s e d i

= o

~  0

a n d  i t  was f o u n d  t h a t  t h e  t r a n s i e n t s  c o u l d  b e  m in im iz e d  by  

c h o o s i n g  t h a t  s t a r t i n g  a n g l e  qp^g f o r  w h ic h  q was  z e r o » T h i s  

c o r r e s p o n d s  t o  qp^g = 1 1 5 ° .  (S ee  F i g u r e  5 * 5 * )

B o th  t h e  c o u p l e d  s e t  a n d  t h e  u n c o u p le d  s e t  o f  e q u a t i o n s
( *  )a r e  s o l v e d  u s i n g  a  f o u r t h  o r d e r  R u n g e - K u t t a v r o u t i n e ,  w i t h  

a  s t e p  s i z e  o f  rr /720  t o  i n c r e m e n t  t h e  i n p u t  a n g l e  q ^ .

Once t h e  qR (<P1 ) h a v e  b e e n  o b t a i n e d  i n  t h i s  m a n n e r ,  t h e  

d e f l e c t i o n  may b e  d e t e r m i n e d  w i t h  t h e  h e l p  o f  e q u a t i o n  ( 4 .3 8 )  

a n d  t h e  s t r a i n s  by  ( 4 . 4 1 ) .

^  RKGS R o u t i n e ,  IBM S y s te m /3 6 0  S c i e n t i f i c  S u b r o u t i n e  
P a c k a g e ,  (360A-CM-03X) V e r s i o n  I I I .
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D. C o m p a r i s o n  o f  R e s u l t s  o f  C o u p le d  a n d  U n c o u p le d  H i l l ' s

E q u a t i o n s

F o r  t h e  r a n g e  o f  i n p u t  a n g u l a r  v e l o c i t i e s  c o n s i d e r e d ,  

t h e  i n f l u e n c e  o f  c o u p l i n g  a p p e a r s  t o  b e  v e r y  s m a l l  s i n c e  t h e  

n u m e r i c a l  s o l u t i o n  o f  t h e  u n c o u p l e d  H i l l ’ s  e q u a t i o n s  d i f f e r s  

o n l y  v e r y  l i t t l e  f r o m  t h a t  o f  t h e  c o u p l e d  o n e s .

T h i s  r e s u l t  i s  d e m o n s t r a t e d  i n  T a b l e s  5*4  a n d  5 . 5  f o r  t h e
( * )n o m in a l  s p e e d s  o f  1 9 3 .3  a n d  1 6 0 .0  rpm r e s p e c t i v e l y .  The 

n u m e r i c a l  s o l u t i o n s  f o r  v a r i o u s  s t r a i n  v a l u e s  f o r  t h e  b o t to m  

g a g e  a n d  t o p  g a g e  l o c a t i o n s  a r e  co m pared  f o r  t h e  " f i r s t "  a n d  

f o r t i e t h  c y c l e  o f  o p e r a t i o n  when t h e  c o m p u t a t i o n  h a s  b e e n  

i n i t i a t e d  a t  <pl g  = 1 1 5 °  i n  t h e  c y c l e  p r e c e e d l n g  t h e  " f i r s t " .  

( R e c a l l  t h a t  t h e  b o t to m  g a g e  i s  a t  x^  = 4 .9 2 0  i n .  a n d  t h e  t o p  

g a g e  a t  x ^  = 1 0 .9 6 5  i n .  . )

F o r  a l l  c a s e s ,  £ = 0 .0 0 2 5 *  T a b l e  5 . 4  s h o w s  m ode b y  mode 

a s  w e l l  a s  t o t a l  s t r a i n  c o m p a r i s o n s ,  w h i l e  T a b l e  5 . 5  c o m p a r e s  

o n l y  t h e  t o t a l  s t r a i n .

N o te  t h a t  t h e  maximum d i f f e r e n c e s  f o r  a n y  g i v e n  mode a r e  b e ­

tw e e n  0 . 3  a n d  0 .6  y. i n . / i n .  .

' A c t u a l l y  1 9 5 .4 1 5  rp m .  T h i s  a c c u r a t e  d e f i n i t i o n  o f  
rpm  i s  n e c e s s a r y  a t  r e s o n a n c e  l o c a t i o n s  i n  o r d e r  t o  
o b s e r v e  t h e  a s s o c i a t e d  a m p l i f i c a t i o n  o f  t h e  h i g h e r  
h a r m o n i c s .  A f e w  rp m  d i f f e r e n c e  w as  f o u n d  b e t w e e n  t h e  
r e s o n a n c e  l o c a t i o n s  p r e d i c t e d  b y  R u n g e - K u t t a  a n d  t h o s e  
b y  t h e  p a r t i c u l a r  s o l u t i o n  ( a n d  t h e  s t a b i l i t y  a n a l y s i s ) .
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* 1 M o d e ( l ) M o d e (2 ) M ode(3 ) T o t a l

D e g r e e s C UC C UC C UC C UC

0 5 9 .0 5 9 .2 - 9 . 0 - 9 . 0 - 1 0 . 4 - 1 0 . 7 3 9 .6 3 9 . 4
10 7 1 . 0 7 1 .3 - 1 0 . 5 - 1 0 . 5 - 1 1 . 3 - 1 1 . 8 4 9 .2 4 8 . 9
20 7 1 .9 7 2 .2 - 9 . 9 - 9 . 9 - 1 1 . 6 - 1 2 . 2 5 0 .4 5 0 . 0
30 6 3 . 8 6 4 .1 - 1 0 . 0 - 1 0 . 0 - 1 1 . 6 - 1 2 . 1 4 2 .3 4 2 .0
40 5 4 .6 5 4 .9 - 1 0 . 5 - 1 0 . 6 - 1 1 . 3 - 1 1 . 6 3 2 . 8 3 2 .6
50 5 0 .3 5 0 .4 -  9 .0 -  9 .1 - 1 0 . 6 - 1 0 . 9 3 0 .7 3 0 .5
60 4 9 . 8 5 0 . 0 - 7 . 1 -  7 .1 -  9 .3 -  9 . 5 3 3 . 4 3 3 .3
70 4 6 . 9 4 7 .0 -  6 . 7 -  6 . 7 -  7 .6 -  7 .8 3 2 .6 3 2 .5
80 3 6 . 4 3 6 .5 - 5 . 6 -  5 .6 -  5 . 8 -  5 . 8 2 5 . 0 2 5 . 0
90 2 0 . 1 2 0 . 1 - 3 . 0 -  3 .0 -  4 . 0 -  4 . 1 1 3 . 0 1 3 . 0

1 0 0 5 .2 5 .2 - 1 . 7 -  1 . 7 -  2 . 5 -  2 . 5 0 . 9 0 . 9
1 1 0 - 2 . 3 -  2 . 3 -  1 . 4 -  1 . 4 -  1 . 0 -  1 . 0 - 4 . 7 - 4 . 7
1 2 0 - 3 . 2 -  3 . 3 0 . 6 0 . 6 0 . 6 0 . 6 - 2 . 0 - 2 . 1

1 3 0 > 4 . 7 -  4 . 7 2 . 6 2 . 6 2 . 3 2 . 2 0 . 2 0 . 2
140 - 1 2 . 5 - 1 2 . 5 2 . 7 2 . 7 3 . 8 3 . 8 -  6 . 0 -  6 . 0
150 - 2 5 . 7 - 2 5 . 7 3 . 5 3 . 5 5 .1 5 .0 - 1 7 . 2 - 1 7 . 2
160 - 3 7 . 3 - 3 7 . 3 5 . 5 5 . 5 6 . 0 5 . 8 - 2 5 . 9 - 2 6 . 0
1 7 0 - 4 1 . 2 - 4 1 . 2 6 . 0 6 . 0 6 . 7 6 . 6 - 2 8 . 5 - 2 8 . 6
180 - 3 8 . 2 - 3 8 . 1 5 .6 5 .6 7 . 5 7 . 4 - 2 5 . 1 - 2 5 . 1

190 - 3 4 . 9 - 3 4 . 9 6 . 9 6 . 9 8 . 3 8 . 2 - 1 9 . 8 - 1 9 . 8
200 - 3 7 . 7 - 3 7 . 6 7 . 9 7 . 9 8 . 9 8 . 8 - 2 0 . 9 - 2 1 . 0
210 - 4 6 . 0 - 4 5 . 9 7 . 1 7 .1 9 .1 9 . 0 - 2 9 . 8 - 2 9 . 8
220 - 5 3 . 0 - 5 2 . 9 7 . 0 7 .0 9 . 1 8 . 9 - 3 6 . 9 - 3 7 . 0
2 3 0 - 5 2 . 5 - 5 2 . 4 8 . 1 8 . 1 8 . 9 8 . 8 - 3 5 . 4 - 3 5 . 5
240 - 4 4 . 7 - 4 4 . 7 7 .6 7 .6 8 . 8 8 . 7 - 2 8 . 4 - 2 8 . 4

250 - 3 6 . 3 - 3 6 . 3 6 . 3 6 . 3 8 .6 8 . 5 - 2 1 . 5 - 2 1 . 5
260 - 3 3 . 6 - 3 3 . 5 6 . 6 6 . 6 8 . 0 7 . 9 - 1 8 . 9 - 1 9 . 0
270 - 3 6 . 2 - 3 6 . 1 6 . 5 6 . 5 7 . 1 7 .0 - 2 2 . 5 - 2 2 . 6
280 - 3 7 . 3 - 3 7 . 3 4 . 5 4 . 5 5 . 8 5 . 7 - 2 7 . 0 - 2 7 . 0
290 - 3 0 . 3 - 3 0 . 3 3 . 2 3 . 2 4 . 3 4 . 2 - 2 2 . 7 - 2 2 . 8
3 0 0 - 1 5 . 0 - 1 5 . 0 2 . 9 2 . 9 2 .6 2 .6 -  9 . 5 -  9 . 5

3 1 0 2 . 1 2 . 0 0 . 8 0 . 8 0 . 7 0 . 7 3 . 5 3 . 5
3 2 0 1 4 .2 1 4 .2 -  2 . 1 -  2 . 1 -  1 . 5 -  1 . 5 1 0 .6 1 0 .6
330 2 0 .7 2 0 .7 -  3 . 2 -  3 . 2 -  4 . 0 -  4 . 0 1 3 .5 1 3 .5
340 2 7 .2 2 7 .2 -  4 . 8 -  4 . 8 -  6 . 5 -  6 . 6 1 5 .9 1 5 .9
350 3 9 .0 3 9 .1 -  7 . 7 -  7 .7 -  8 .6 -  8 . 8 2 2 .6 2 2 .6
360 5 5 .5 5 5 .7 -  9 . 2 -  9 . 3 - 1 0 . 1 - 1 0 . 5 3 6 .1 3 6 .0

C = C o u p le d ; UC = U n c o u p le d

T a b le  5 . 4 a  Bottom  Gage S t r a i n  i n  " F ir s t"  C y c le  (p, i n c h e s / I n c h ) .

1 9 3 .3  rpm; qjl g  = 1 1 5 ° ;  J = 0 .0 0 2 5 .



*1 M o d e ( l ) M ode(2) M ode(3) T o t a l

D e g r e e s C UC C UC C UC C UC

0 2 5 .3 2 5 . 4 4 2 .6 4 2 .7 7 . 5 7 . 7 7 5 . 4 7 5 .9
10 3 0 .5 3 0 .6 4 9 . 5 4 9 .6 8 . 2 8 . 5 8 8 .1 8 8 .8
20 3 0 .9 3 1 . 0 4 6 .6 4 6 .7 8 . 4 8 . 8 8 5 .8 8 6 .5
30 2 7 . 4 2 7 .5 4 7 .0 4 7 .1 8 . 4 8 . 7 8 2 .8 8 3 . 4
40 2 3 . 5 2 3 .6 4 9 .8 4 9 .8 8 . 2 8 . 4 8 1 . 4 8 1 .8
50 2 1 .6 2 1 .7 4 2 .7 4 2 .7 7 .6 7 . 8 7 1 .9 7 2 .2
60 2 1 . 4 2 1 . 4 3 3 . 4 3 3 . 4 6 . 7 6 . 9 6 1 . 5 6 1 .7

70 2 0 .2 2 0 .2 3 1 .6 3 1 .7 5 . 5 5 .6 5 7 .3 5 7 .5
80 1 5 .6 1 5 .7 2 6 .5 2 6 .5 4 . 2 4 . 2 4 6 .3 4 6 . 4
90 8 .6 8 .6 1 4 .1 1 4 .2 2 . 9 2 . 9 2 5 . 7 2 5 .7

100 2 . 2 2 . 2 8 . 2 8 . 2 1 . 8 1 . 8 1 2 .2 1 2 .2
110 - 1 . 0 -  0 . 9 6 . 5 6 . 5 0 . 7 0 . 7 6 . 3 6 . 3
120 -  1 . 4 -  1 . 4 -  2 . 9 -  2 . 9 -  0 . 4 -  0 . 4 -  4 . 7 - 4 . 8

1 3 0 -  2 . 0 -  2 . 0 - 1 2 . 3 - 1 2 . 3 -  1 .6 -  1 . 6 - 1 5 . 9 - 1 5 . 9
140 -  5 . 4 -  5 . 3 - 1 2 . 8 - 1 2 . 8 -  2 . 8 - 2 . 7 - 2 0 . 9 - 2 0 . 8
150 - 1 1 . 0 - 1 1 . 0 - 1 6 . 4 - 1 6 . 3 -  3 .6 -  3 . 6 - 3 1 . 0 - 3 0 . 9
160 - 1 6 . 0 - 1 6 . 0 - 2 6 . 0 - 2 6 . 0 -  4 . 3 - 4 . 2 - 4 6 . 3 - 4 6 . 2
1 7 0 - 1 7 . 7 - 1 7 . 7 - 2 8 . 3 - 2 8 . 3 -  4 . 8 - 4 . 8 - 5 0 . 8 - 5 0 . 7
180 - 1 6 . 4 - 1 6 . 4 - 2 6 . 5 - 2 6 . 5 -  5 . 4 -  5 . 3 - 4 8 . 3 - 4 8 . 2

190 - 1 5 . 0 - 1 5 . 0 - 3 2 . 4 - 3 2 . 4 -  6 . 0 -  5 . 9 - 5 3 . 4 - 5 3 . 3
200 - 1 6 . 2 - 1 6 . 2 - 3 7 . 2 - 3 7 . 2 -  6 . 4 -  6 . 3 - 5 9 . 8 - 5 9 . 7
210 - 1 9 . 7 - 1 9 . 7 - 3 3 . 4 - 3 3 . 3 -  6 . 6 -  6 . 5 - 5 9 . 7 - 5 9 . 5
220 - 2 2 . 8 - 2 2 . 7 - 3 3 . 1 - 3 3 . 0 -  6 . 5 -  6 . 4 - 6 2 . 4 - 6 2 . 2
230 - 2 2 . 5 - 2 2 . 5 - 3 8 . 3 - 3 8 . 3 -  6 . 4 -  6 . 3 - 6 7 . 3 - 6 7 . 1
240 - 1 9 . 2 - 1 9 . 2 - 3 5 . 8 - 3 5 . 8 -  6 . 3 -  6 . 2 - 6 1 . 3 - 6 1 . 2

250 - 1 5 . 6 - 1 5 . 6 - 2 9 . 7 - 2 9 . 7 -  6 . 2 -  6 . 1 - 5 1 . 5 - 5 1 . 4
260 - 1 4 . 4 - 1 4 . 4 - 3 1 . 2 - 3 1 . 2 -  5 . 8 -  5 . 7 - 5 1 . 5 - 5 1 . 4
270 - 1 5 . 5 - 1 5 . 5 - 3 0 . 7 - 3 0 . 7 -  5 . 1 -  5 . 1 - 5 1 . 4 - 5 1 . 3
280 - 1 6 . 0 - 1 6 . 0 - 2 1 . 2 - 2 1 . 2 -  4 . 2 -  4 . 1 - 4 1 . 4 - 4 1 . 3
290 - 1 3 . 0 - 1 3 . 0 - 1 5 . 3 - 1 5 . 3 -  3 . 1 -  3 . 0 - 3 1 . 4 - 3 1 . 4
3 0 0 -  6 . 4 -  6 . 5 - 1 3 . 8 - 1 3 . 8 -  1 . 9 -  1 . 9 - 2 2 . 1 - 2 2 . 1

3 1 0 0 . 9 0 . 9 -  3 .6 -  3 .6 -  0 . 5 -  0 . 5 -  3 . 2 -  3 . 2
320 6 . 1 6 . 1 9 . 8 9 . 8 1 . 1 1 . 1 1 7 . 0 1 7 .0
330 8 . 9 8 . 9 1 5 .3 1 5 .3 2 . 9 2 . 9 2 7 .1 2 7 .1
340 1 1 .7 1 1 .7 2 2 .5 2 2 .6 4 . 7 4 . 8 3 8 .9 3 9 .0
350 1 6 .8 1 6 .8 3 6 .5 3 6 .6 6 . 2 6 . 4 5 9 . 5 5 9 .8
360 2 3 .8 2 3 .9 4 3 .6 4 3 .7 7 . 3 7 .6 7 4 .8 7 5 .2

C = C o u p le d ; UC = U n c o u p le d

T a b le  5* 4b Top Gage S t r a i n  i n  " F i r s t "  C y c le  ( p i n c h e s / i n c h ) .



82

* 1 M o d e( l) M ode(2 ) Mode( 3 ) T o t a l

D e g re e s C UC C UC C UC C UC

0 5 0 .9 5 0 . 8 - 9 . 7 -  9 . 7 - 1 0 . 6 - 1 0 . 9 3 0 .7 3 0 .3
10 6 5 .1 6 5 . 3 -  9 . 8 -  9 . 9 - 1 1 . 5 - 1 2 . 0 4 3 .8 4 3 .6
20 7 4 .9 7 5 .5 - 1 0 . 0 - 1 0 . 0 - 1 1 . 8 - 1 2 . 4 5 3 .0 5 3 .1
30 7 3 .2 7 3 .8 - 1 0 . 7 - 1 0 . 8 - 1 1 . 7 - 1 2 . 2 5 0 . 8 5 0 .8
40 6 0 . 8 6 1 . 1 -  9 . 8 -  9 . 9 - 1 1 . 1 - 1 1 . 6 3 9 .9 3 9 .7
50 4 6 . 3 4 6 .2 -  8 . 2 -  8 . 2 - 1 0 . 2 - 1 0 . 4 2 8 .0 2 7 .6
60 3 8 .2 3 7 .9 -  7 .6 -  7 .6 -  8 . 9 - 9 . 0 2 1 .8 2 1 .3

70 3 7 .3 3 7 .3 -  6 . 7 -  6 . 7 -  7 . 3 -  7 . 4 2 3 .3 2 3 . 2
80 3 6 . 4 3 6 .8 -  4 . 4 -  4 . 4 -  5 .6 -  5 . 7 2 6 . 4 2 6 .7
90 2 8 .0 2 8 .4 -  2 . 9 -  2 . 9 -  3 . 9 - 3 . 9 2 1 .2 2 1 .6

100 1 1 .7 1 1 .7 -  2 . 3 -  2 . 3 -  2 . 2 -  2 . 2 7 . 1 7 . 2
110 -  5 . 1 -  5 . 4 -  0 .6 -  0 .6 -  0 . 5 -  0 .6 -  6 . 3 -  6 . 6
120 - 1 3 . 9 - 1 4 . 3 1 . 4 1 . 4 1 . 0 1 . 0 - 1 1 . 5 - 1 1 . 9

1 3 0 - 1 3 . 8 - 1 3 . 9 1 . 9 1 . 9 2 . 5 2 . 4 -  9 . 4 -  9 . 5
140 - 1 2 . 1 - 1 1 . 8 2 . 7 2 . 7 3 . 8 3 . 8 - 5 . 7 -  5 . 4
150 - 1 7 . 0 - 1 6 . 6 4 . 5 4 . 5 5 . 0 4 . 9 -  7 . 5 - 7 . 2
160 - 2 9 . 6 - 2 9 . 5 5 . 4 5 . 4 6 . 1 6 . 0 - 1 8 . 2 - 1 8 . 2
1 7 0 - 4 2 . 7 - 4 2 . 9 5 . 3 5 . 3 7 . 0 6 . 9 - 3 0 . 4 - 3 0 . 8
180 - 4 7 . 8 - 4 8 . 1 6 . 3 6 . 3 7 . 7 7 .6 - 3 3 . 8 - 3 4 . 2

1 9 0 - 4 3 . 6 - 4 3 . 6 7 . 4 7 . 4 8 . 3 8 . 2 - 2 7 . 9 - 2 8 . 0
200 - 3 7 . 1 - 3 6 . 8 7 . 1 7 . 0 8 . 7 8 .6 - 2 1 . 3 - 2 1 . 1
210 - 3 6 . 9 - 3 6 . 4 7 . 0 6 . 9 9 . 0 8 . 9 - 2 0 . 9 - 2 0 . 6
220 - 4 4 . 4 - 4 4 . 2 7 . 9 7 . 9 9 .1 9 . 0 - 2 7 . 4 - 2 7 . 3
230 - 5 2 . 9 - 5 3 . 1 7 . 8 7 . 8 9 . 1 9 . 0 - 3 6 . 0 - 3 6 . 3
240 - 5 3 . 7 - 5 4 . 0 6 . 8 6 . 8 8 . 9 8 . 7 - 3 8 . 0 - 3 8 . 4

250 - 4 4 . 9 - 4 5 . 0 6 . 9 6 . 9 8 . 5 8 . 4 - 2 9 . 5 - 2 9 . 7
260 - 3 3 . 3 - 3 3 . 0 7 . 1 7 . 1 7 . 8 7 . 8 - 1 8 . 4 - 1 8 . 2
270 - 2 7 . 2 - 2 6 . 8 5 .6 5 .6 7 . 0 6 . 9 - 1 4 . 6 - 1 4 . 3
280 - 2 8 . 5 - 2 8 . 3 4 . 5 4 . 5 5 . 9 5 . 8 - 1 8 . 1 - 1 8 . 1
290 - 3 0 . 3 - 3 0 . 6 4 . 2 4 . 2 4 . 5 4 . 4 - 2 1 . 7 - 2 2 . 0
3 0 0 - 2 4 . 0 - 2 4 . 4 2 .6 2 .6 2 . 7 2 . 7 - 1 8 . 7 - 1 9 . 1

3 1 0 -  7 . 2 -  7 . 3 0 . 1 0 . 1 0 . 7 0 . 7 -  6 . 4 -  6 . 5
320 1 3 . 4 1 3 .6 -  1 . 3 -  1 . 3 -  1 .6 -  1 . 6 1 0 .5 1 0 .8
330 2 8 . 6 2 9 .0 -  2 . 7 -  2 . 7 -  3 . 9 -  3 . 9 2 2 .0 2 2 .3
340 3 5 . 4 35*6 -  5 . 5 -  5 . 5 -  6 . 2 -  6 . 3 2 3 .7 2 3 .7
350 3 8 .8 3 8 .7 -  7 .6 -  7 .6 -  8 . 3 -  8 . 5 2 2 .9 2 2 .6
360 46*3 4 6 .1 -  8 . 2 -  8 . 3 - 1 0 . 1 - 1 0 . 3 2 8 .0 2 7 .6

C = C o u p le d ; UC = U n c o u p le d

T a b le  5 . 4c  Bottom  Gage S t r a i n  i n  F o r t i e t h  C y c le  (p i n c h e s / i n c h ) .

193*3 rpm j q»l s  = 115°» % = 0 .0 0 2 5 .



83

*1 M o d e ( l ) M ode(2) M ode(3 ) T o t a l

D e g re e s C UC C UC C UC C UC

0 2 1 .9 2 1 .8 4 5 .7 4 5 .8 7 .6 7 . 8 7 5 .2 7 5 .5
10 2 7 .9 2 8 .1 ^ . 1 4 6 .2 8 . 3 8 .6 8 2 .3 8 2 . 9
20 3 2 .2 3 2 . 4 4 7 .2 4 7 . 4 8 . 5 8 . 9 8 7 .9 8 8 .8
30 3 1 . 4 3 1 .7 50<7 5 0 . 8 8 . 4 8 . 8 9 0 .5 9 1 .3
40 2 6 .1 2 6 .2 4 6 .5 4 6 .6 8 . 0 8 . 3 8 0 .7 8 1 .2
50 1 9 .9 1 9 .8 3 8 . 6 3 8 .6 7 . 3 7 . 5 65* 8 6 6 . 0
60 1 6 . 4 1 6 . 3 3 5 .8 3 5 .9 6 . 4 6 . 5 5 8 .6 5 8 .6

70 1 6 .0 1 6 .0 3 1 .5 3 1 .6 5 . 3 5 . 3 5 2 .8 5 2 .9
80 1 5 .7 1 5 . 8 2 0 .8 2 0 .8 4 . 1 4 . 1 4 0 .5 4 0 . 7
90 1 2 .0 1 2 .2 1 3 .6 1 3 .6 2 . 8 2 .8 2 8 .5 2 8 .7

100 5 . 0 5 . 0 1 1 .0 1 1 .0 1 .6 1 .6 1 7 .5 1 7 .6
110 -  2 . 2 -  2 . 3 2 . 8 2 .8 0 . 4 0 . 4 1 . 0 0 . 9
120 -  6 . 0 -  6 . 1 -  6 . 6 -  6 . 6 - 0 . 7 -  0 . 7 - 1 3 . 3 - 1 3 . 5

1 3 0 - 5 . 9 -  6 . 0 -  9 . 1 - 9 . 2 _ 1 . 8 -  1 . 8 - 1 6 . 9 - 1 6 . 9
140 -  5 . 2 -  5 . 1 - 1 2 . 5 - 1 2 . 5 - 2 . 7 -  2 . 7 - 2 0 . 5 - 2 0 . 3
150 -  7 . 3 -  7 . 1 - 2 1 . 2 - 2 1 . 2 - 3 .6 -  3 .6 - 3 2 . 1 - 3 1 . 9
160 - 1 2 . 7 - 1 2 . 7 - 2 5 . 3 - 2 5 . 3 - 4 . 4 -  4 . 3 - 4 2 . 4 - 4 2 . 3
1 7 0 - 1 8 . 3 - 1 8 . 4 - 2 4 . 8 - 2 4 . 8 - 5 . 1 -  5 . 0 - 4 8 . 2 - 4 8 . 2
180 - 2 0 . 5 - 2 0 . 7 - 2 9 . 6 - 2 9 . 6 - 5 .6 -  5 . 5 - 5 5 . 7 - 5 5 . 8

1 9 0 - 1 8 . 7 - 1 8 . 7 - 3 5 . 0 - 3 5 . 0 6 . 0 -  5 . 9 - 5 9 . 7 - 5 9 . 6
200 - 1 5 . 9 - 1 5 . 8 - 3 3 . 3 - 3 3 . 3 - 6 . 3 -  6 . 2 - 5 5 . 5 - 5 5 . 3
210 - 1 5 . 8 - 1 5 . 6 - 3 2 . 8 - 3 2 . 8 - 6 . 5 -  6 . 4 - 5 5 . 1 - 5 4 . 9
220 - 1 9 . 1 - 1 9 . 0 - 3 7 . 4 - 3 7 . 4 - 6 . 6 -  6 . 5 - 6 3 . 0 - 6 2 . 8
230 - 2 2 . 7 - 2 2 . 8 - 3 6 . 8 - 3 6 . 8 - 6 . 6 -  6 . 5 - 6 6 . 1 - 6 6 . 1
240 - 2 3 . 1 - 2 3 . 2 - 3 2 . 1 - 3 2 . 1 - 6 . 4 -  6 . 3 - 6 1 . 6 - 6 1 . 6

250 - 1 9 . 3 - 1 9 . 3 - 3 2 . 8 - 3 2 . 8 _ 6 . 1 -  6 . 0 - 5 8 . 2 - 5 8 . 1
260 - 1 4 . 3 - 1 4 . 2 - 3 3 . 3 - 3 3 . 3 - 5 . 7 -  5 .6 - 5 3 . 3 - 5 3 . 1
270 - 1 1 . 7 - 1 1 . 5 - 2 6 . 5 - 2  6 . 5 - 5 .1 -  5 .0 - 4 3 . 3 - 4 3 . 0
280 - 1 2 . 2 - 1 2 . 2 - 2 1 . 0 - 2 1 . 0 - 4 . 3 -  4 . 2 - 3 7 . 5 - 3 7 . 4
290 - 1 3 . 0 - 1 3 . 1 - 1 9 . 7 - 1 9 . 6 - 3 . 2 -  3 . 2 - 3 5 . 9 - 3 6 . 0
3 0 0 - 1 0 . 3 - 1 0 . 5 - 1 2 . 2 - 1 2 . 2 - 2 . 0 -  2 . 0 - 2 4 . 4 - 2 4 . 6

3 1 0 -  3 . 1 -  3 . 2 -  0 . 4 -  0 . 5 _ 0 . 5 -  0 . 5 -  4 . 0 -  4 . 1
3 2 0 5 . 7 5 . 8 6 . 0 6 . 0 l . l 1 . 1 1 2 .9 1 3 .0
330 1 2 .3 1 2 .5 1 2 . 9 1 2 .9 2 .8 2 . 8 2 8 .0 2 8 .2
3^0 1 5 . 2 1 5 .3 2 6 .1 2 6 .2 4 . 5 4 .6 4 5 .8 4 6 .0
350 1 6 .7 1 6 .6 3 5 .8 3 5 .8 6 . 0 6 . 1 5 8 . 4 5 8 .6
360 1 9 .9 1 9 .8 3 8 .9 3 9 .0 7 . 2 7 . 4 6 6 . 1 6 6 . 3

C = C o u p le d ; UC = U n c o u p le d

T a b le  5»4d Top Gage S t r a i n  i n  F o r t i e t h  C y c le  (p, i n c h e s / i n c h ) .

1 9 3 .3  rpm; <pl g  = 115° ;  £ = 0 .0 0 2 5 .



* 1
B o t to m  G age T op  G age

D e g r e e s C UC C UC

0 2 3 .1 2 3 . 0 4 6 .7 4 6 .9
10 3 0 . 8 3 0 .6 5 5 .1 5 5 . 4
20 3 1 . 8 3 1 .7 6 0 . 3 6 0 .6
30 2 7 .6 2 7 . 5 5 4 .8 5 5 .1
4 0 2 2 . 6 2 2 .5 5 2 .4 5 2 .6
50 2 2 .5 2 2 . 4 5 0 .1 5 0 . 2
60 2 4 .6 2 4 .6 4 2 . 4 4 2 .5

70 2 0 . 4 2 0 . 4 3 7 .5 3 7 .6
80 1 1 .7 1 1 .7 2 7 .9 2 7 .9
90 5 . 4 5 . 4 1 5 .7 1 5 .7

1 0 0 3 . 8 3 . 9 1 2 . 0 1 2 . 0
1 1 0 5 . 1 5 . 1 5*6 5*6
1 2 0 1 . 9 2 . 0 -  3 . 9 -  3 . 9

1 3 0 -  6 . 7 -  6 . 7 -  9 . 4 -  9 . 4
140 - 1 2 . 0 - 1 2 . 0 - 1 8 . 6 - 1 8 . 6
150 - 1 1 . 3 - 1 1 . 3 - 2 4 . 1 - 2 4 . 0
160 -  9 . 7 -  9 . 7 - 2 3 . 8 - 2 3 . 7
1 7 0 - 1 1 . 5 - 1 1 . 5 - 3 0 . 8 - 3 0 . 7
1 8 0 - 1 8 . 0 - 1 8 . 0 - 3 6 . 4 - 3 6 . 4

190 - 2 2 . 4 - 2 2 . 4 - 3 7 . 5 - 3 7 . 4
2 0 0 - 1 9 . 3 - 1 9 . 4 - 4 1 . 3 - 4 1 . 2
2 1 0 - 1 5 . 7 - 1 5 . 7 - 3 9 . 6 - 3 9 . 5
2 2 0 - 1 7 . 0 - 1 7 . 0 - 3 8 . 5 - 3 8 . 4
230 - 2 1 . 1 - 2 1 . 1 - 4 3 . 8 - 4 3 . 7
240 - 2 3 . 3 - 2 3 . 4 - 4 1 . 8 - 4 1 . 7

250 - 1 9 . 3 - 1 9 . 3 - 3 7 . 6 - 3 7 . 5
2 6 0 - 1 3 . 0 - 1 3 . 0 - 3 6 . 1 - 3 6 . 1
270 - 1 2 . 7 - 1 2 . 8 - 2 9 . 9 - 2 9 . 9
2 8 0 - 1 5 . 3 - 1 5 . 3 - 2 7 . 1 - 2 7 . 1
290 - 1 3 . 8 - 1 3 . 8 - 2 4 . 1 - 2 4 . 1
3 0 0 -  7 . 1 -  7 . 1 - 1 1 . 3 - 1 1 . 3

3 1 0 1 . 9 1 . 9 -  1 . 4 -  1 . 4
3 2 0 6 . 2 6 . 2 7 . 0 7 .0
330 6 . 2 6 . 2 1 9 . 4 1 9 . 4
3^0 1 0 . 5 1 0 . 5 2 7 .6 2 7 .7
350 1 9 . 7 1 9 .7 3 8 . 8 3 8 .9
360 2 7 .6 2 7 .5 5 2 .0 5 2 . 2

C = C o u p l e d ;  UC =  U n c o u p le d

T a b le  5 . 5a T o t a l  " F ir s t"  C y c le  S t r a i n  (p, i n c h e s / i n c h ) .

1 6 0 .0  rpm; q?l s  = 1 1 5 ° l  £ = 0 .0 0 2 5 *



■Pi B o t to m  G ag e T op  G age

D e g r e e s C UC C UC

0 2 7 .0 2 6 .9 4 9 .7 4 9 . 9
10 2 9 .1 2 9 .0 5 6 .9 5 7 .2
20 2 8 . 0 2 7 .9 5 7 . 4 5 7 .7
30 2 6 .3 2 6 .2 5 4 . 4 5 4 .6
40 2 5 .3 2 5 . 2 5 4 .1 5 4 .3
50 2 5 . 0 2 4 .9 4 8 . 5 4 8 .6
60 2 1 . 8 2 1 . 8 4 1 . 0 4 1 .1

70 1 5 .4 1 5 .3 3 4 . 9 3 5 .0
80 1 0 .5 1 0 .5 2 4 .5 2 4 .5
90 7 . 9 8 . 0 1 7 .0 1 7 . 0

1 0 0 5 . 9 6 . 0 1 2 . 1 1 2 . 1
1 1 0 2 . 8 2 . 8 2 . 2 2 . 2
1 2 0 -  2 . 9 -  2 . 9 -  5 . 2 -  5 . 2

1 3 0 -  7 .7 -  7 .7 - 1 0 . 9 - 1 0 . 9
140 -  8 . 6 -  8 . 6 - 1 8 . 8 - 1 8 . 8
150 -  9 .3 -  9 . 3 - 2 1 . 9 - 2 1 . 9
160 - 1 1 . 9 - 1 1 . 9 - 2 6 . 0 - 2 6 . 0
1 7 0 - 1 5 . 5 - 1 5 . 6 - 3 3 . 4 - 3 3 . 3
180 - 1 8 . 8 - 1 8 . 8 - 3 5 . 3 - 3 5 . 2

190 - 1 8 . 5 - 1 8 . 5 - 3 7 . 3 - 3 7 . 3
200 - 1 6 . 9 - 1 6 . 9 - 4 0 . 3 - 4 0 . 2
210 - 1 8 . 2 - 1 8 . 3 - 3 9 . 3 - 3 9 . 2
220 - 2 0 . 5 - 2 0 . 6 - 4 1 . 7 - 4 1 . 6
230 - 2 1 . 3 - 2 1 . 3 - 4 3 . 2 - 4 3 . 2
240 - 1 9 . 7 - 1 9 . 8 - 3 9 . 2 - 3 9 . 1

250 - 1 6 . 6 - 1 6 . 6 - 3 8 . 1 - 3 8 . 0
250 - 1 5 . 6 - 1 5 . 6 - 3 6 . 1 - 3 6 . 1
270 - 1 6 . 6 - 1 6 . 6 - 3 1 . 1 - 3 1 . 0
280 - 1 4 . 8 - 1 4 . 8 - 2 8 . 6 - 2 8 . 5
290 - 1 0 . 2 - 1 0 . 2 - 2 1 .  2 - 2 1 . 2
3 0 0 -  4 . 9 -  4 . 9 - 1 0 . 7 - 1 0 . 7

3 1 0 -  0 .6 -  0 .6 -  4 . 0 -  4 . 1
3 2 0 2 . 0 2 . 0 6 . 4 6 . 4
330 6 . 4 6 . 4 1 8 . 3 1 8 . 3
340 1 4 .2 1 4 .2 2 7 .8 2 7 .8
350 2 1 .1 2 1 .0 4 0 . 5 4 0 .6
360 2 4 .8 2 4 .7 4 9 .1 4 9 . 3

C = C o u p l e d ;  UC = U n c o u p le d

T a b le  5«5^> T o t a l  F o r t i e t h  C y c le  S t r a i n  (p ,I n c h e s / I n c h ) .
1 6 0 .0  rpmj q>l g  = 115° ;  £ = 0 .0 0 2 5 *
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E. D e t e r m i n a t i o n  o f  S t r a i n  R e s p o n s e  by  N u m e r ic a l  S o l u t i o n  

o f  U n c o u p le d  E q u a t io n s *

T r a n s i e n t  a n d  S t e a d y  S t a t e  B e h a v i o r

A c o m p a r i s o n  o f  t h e  t r a n s i e n t  a n d  s t e a d y  s t a t e  r e s p o n s e s

o f  t h e  u n c o u p le d  H i l l ' s  e q u a t i o n s ,  a s  o b t a i n e d  by  a  n u m e r i c a l

s o l u t i o n ,  i s  n e c e s s a r y  i n  o r d e r  t o  a r r i v e  a t  a n  a p p r o p r i a t e

i n t e r p r e t a t i o n  o f  t h e  e x p e r i m e n t a l  r e s u l t s .  To t h i s  e n d ,  t h i s

s e c t i o n  show s w i t h  F i g u r e s  5 .2  t o  5 . 4  t h e  I n f l u e n c e  o f  t h e

i n i t i a l  c o n d i t i o n s  on  t h e  t r a n s i e n t  r e s p o n s e  o f  t h e  s y s te m  a s

w e l l  a s  t h e  d r a m a t i c  d i f f e r e n c e  i n  t h e  s t e a d y  s t a t e  r e s p o n s e
( * )o n  a n d  o f f - r e s o n a n c e . ' '

The o f f - r e s o n a n c e  l o c a t i o n  c h o s e n  i s  190 rpm , w h i l e  t h e  o n -

r e s o n a n c e  l o c a t i o n  i s  n o m i n a l l y  1 9 3 . 3  rpm , w h ic h  c o r r e s p o n d s  t o  
( * * )t h e  " s i x t h "  r e s o n a n c e  a s s o c i a t e d  w i t h  t h e  f i r s t  mode.

W here a p p r o p r i a t e ,  t h e  r e s p o n s e s  o f  t h e  b o t to m  a n d  t o p  g a g e  

l o c a t i o n s  a r e  e a c h  c o m p ared  w i t h  t h e i r  p a r t i c u l a r  s o l u t i o n s  ( s e e  

S e c t i o n  V-G ) s i n c e  i t  t o o k  t o o  many c y c l e s  t o  c o n v e r g e  t o  a  

s t e a d y  s t a t e  w i t h  t h e  v a l u e  o f  £ = 0 .0 0 2 5  u s e d .  ( L a r g e r ,  b u t  

l e s s  r e a l i s t i c  v a l u e s  o f  t h e  dam p in g  r a t i o  c a u s e  a  m ore  r a p i d  

c o n v e r g e n c e  t o  t h e  s t e a d y  s t a t e . )

7*3
The t e r m  r e s o n a n c e  r e f e r s  t o  a n  a m p l i f i c a t i o n  o f  t h e  
p a r t i c u l a r  s o l u t i o n  w h ic h  o c c u r s  a t  s p e c i f i c  i n p u t  
s p e e d s .  T h e s e  s p e e d s  a r e  a s s o c i a t e d  w i t h  t h e  undam ped 
2 t t - p e r i o d i c  s t a b i l i t y  b o u n d a r i e s  ( s e e  S e c t i o n  V -F -l  
b e lo w ) .  F o r  t h e  m ech an ism  a n d  s p e e d  r a n g e  c o n s i d e r e d ,  
t h e s e  s p e e d s  a r e  w h o le  n um bered  f r a c t i o n s  o f  e a c h  
n a t u r a l  f r e q u e n c y  o f  t h e  l i n k .

( * * ) The " f i r s t "  r e s o n a n c e  l o c a t i o n  c o r r e s p o n d s  t o  t h e  
n a t u r a l  f r e q u e n c y  i t s e l f .  1 9 3 .3  rpm c o r r e s p o n d s  t o  
" o n e - s i x t h "  o f  t h e  f i r s t  mode n a t u r a l  f r e q u e n c y  o f  
1 1 5 9 .3  rpm ( s e e  T a b l e  5 * 2 ) .
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FIGURE 5.2* INFLUENCE OF INITIAL CONDITIONS ON TOTAL RESPONSE. 
BOTTOM GAGE LOCATION, 190 RPM. (£=0.0025)
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D i s c u s s i o n  o f  F i g u r e s  5*2 t o  5* 4

a )  F i g u r e  5 . 2  shows t h a t  t h e  s t r a i n  a m p l i t u d e  d u r i n g  

t h e  e a r l y  c y c l e s  i s  g r e a t l y  i n f l u e n c e d  by  t h e  s t a r t i n g

a n g l e  T h i s  may b e  e x p l a i n e d  w i t h  t h e  h e l p  o f  F i g u r e  5 * 5 ,

w h ic h  g i v e s  t h e  r a t i o  a s  a  f u n c t i o n  o f  t h e  i n p u t  a n g l e

q ^ . W h ile  t h e  v a l u e  o f  qj^ i s  n e a r  a  maximum a t  = 0 ° ,  i t  

v a n i s h e s  n e a r  1 1 5 ° .  T h u s ,  f o r  «p^g = 1 1 5 ° ,  t h e  f o r c i n g  te r m s  

i n  t h e  d i f f e r e n t i a l  e q u a t i o n  a r e  m ore  g r a d u a l l y  a p p l i e d  when 

t h e  s o l u t i o n  i s  s t a r t e d .  (S ee  a l s o  d i s c u s s i o n  i n  S e c t i o n  V - C . )

b ) The s h a p e  o f  t h e  s o l u t i o n  a t  r e s o n a n c e  (193*3  rpm 

n o m in a l )  i s  q u i t e  d i f f e r e n t  f ro m  t h a t  o f f - r e s o n a n c e  ( 1 9 0 .0  rp m ) ,  

b o t h  e a r l y  a n d  l a t e  i n  t h e  c o u r s e  o f  o p e r a t i o n .  T h i s  i s  shown 

by  F i g u r e  5*3 , w h ic h  g i v e s  t h e  r e s p o n s e  o f  t h e  b o t to m  g a g e  

l o c a t i o n  f o r  a  s t a r t i n g  a n g l e  = 1 1 5 ° .  F o r  t h e  r e s o n a n c e  

l o c a t i o n ,  t h e  c o n t r i b u t i o n  o f  t h e  c o m p le m e n ta ry  s o l u t i o n ,  

w h ic h  i s  2 n - p e r i o d i c  t h e r e ,  i s ,  a s  l o n g  a s  i t  e x i s t s ,  a lw a y s

i n  p h a s e  w i t h  t h e  2 T T -p e r io d ic  p a r t i c u l a r  p o r t i o n  o f  t h e  s o l u ­

t i o n .  O f f  r e s o n a n c e  t h e  c o n t r i b u t i o n  o f  t h e  c o m p le m e n ta ry  

p o r t i o n  i s  n o t  2 r r - p e r i o d i c  a n d  t h e r e f o r e ,  a p p e a r s  a s  a  t r a v e l l ­

i n g  wave on t o p  o f  t h e  f u n d a m e n t a l  f r e q u e n c y  o f  t h e  p a r t i c u l a r  

s o l u t i o n .  T h i s  d i f f e r e n c e  i s  i l l u s t r a t e d  by  t h e  a p p e a r a n c e  o f  

t h e  s e c o n d ,  s i x t h ,  t e n t h  a n d  f o r t i e t h  c y c l e s  o f  b o t h  t y p e s  o f  

r e s p o n s e s .  ( F o r  d e t a i l s  on  h o m o g en eo u s  s o l u t i o n  s e e  A p p e n d ix

H . ) Once t h e  c o n t r i b u t i o n  o f  t h e  c o m p le m e n ta ry  p o r t i o n  h a s  

b e e n  damped o u t ,  t h e  s o l u t i o n  a t  t h e  r e s o n a n c e  p o s i t i o n  r e ­

f l e c t s  t h e  p r e s e n c e  o f  a n  a m p l i f i e d  h i g h e r  h a r m o n ic  o f  t h e  

p a r t i c u l a r  s o l u t i o n .  O ff  t h e  r e s o n a n c e  p o s i t i o n  t h e  wave



xIO"4
25

20

5 - -

-5  - -

-10

-15

-20
150 180 210 240 270 3 0 0  330 36012060 900 30

CRANK ANGLE V> (DEGREES)

FIGURE 5.5* DIMENSIONLESS ANGULAR ACCELERATION OF ROCKER



92

o n l y  show s t h e  f i r s t  h a rm o n ic  o f  t h e  r e s p o n s e  w h ic h  c o r r e s p o n d s  

t o  t h e  i n p u t  a n g u l a r  v e l o c i t y  o f  t h e  m e ch a n ism .

F i g u r e  5 . 4  show s t h a t  t h e  r e s o n a n c e  phenom ena a r e  l e s s  

p ro n o u n c e d  f o r  t h e  t o p  g a g e  l o c a t i o n .  T h i s  o c c u r s  b e c a u s e  t h e  

c o n t r i b u t i o n  o f  t h e  s e c o n d  mode i s  g r e a t e r  h e r e  t h a n  t h a t  o f  

t h e  f i r s t  m ode. (At t h e  b o t to m  g a g e  l o c a t i o n  t h e  f i r s t  mode 

p r e v a i l s ,  s e e  S e c t i o n  V - G .)

c )  The i n - p h a s e  c o n d i t i o n  o f  t h e  c o m p le m e n ta ry  a n d  

p a r t i c u l a r  p o r t i o n s  o f  t h e  s o l u t i o n  a t  r e s o n a n c e  seem s t o  

c a u s e  a  m ore  r a p i d  c o n v e r g e n c e  t o  t h e  s t e a d y  s t a t e .

I t  s h o u l d  b e  n o t e d  t h a t  i n  s e a r c h i n g  f o r  r e s o n a n c e  l o c a ­

t i o n s ,  i . e . t h e  2 tt- p e r i o d i c  b o u n d a r i e s  o f  t h e  f i r s t  m ode, by 

n u m e r i c a l l y  s o l v i n g  e q u a t i o n  (5 * ^ )  a l o n e ,  i t  w as  f o u n d  t h a t  

t h e y  w e re  a  few  rpm rem o v ed  f ro m  t h o s e  p r e d i c t e d  by  t h e  

s t a b i l i t y  a n a l y s i s  ( s e e  S e c t i o n  V - F ) .  T h e s e  l o c a t i o n s  w e re  

f o u n d  by  l e t t i n g  £ = 0 a n d  l o o k i n g  f o r  t h o s e  rpm f o r  w h ic h  

t h e  a m p l i t u d e  o f  q 1 (ip^) i n c r e a s e d  w i t h o u t  b o u n d .  V e ry  d e t a i l e d  

s e a r c h e s  w i t h  s m a l l  i n c r e m e n t s  i n  rpm w e re  n e c e s s a r y .  The 

" r u n n i n g  aw ay" o f  q-L(qj^) ( i . e . ,  t h e  m o n o t o n i c a l l y  i n c r e a s i n g  

p e a k  t o  p e a k  a m p l i t u d e s )  o c c u r e d  a t  a  v e r y  s lo w  r a t e .
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P . S t a b i l i t y  A n a l y s i s

The f o l l o w i n g  r e p r e s e n t s  a  s t a b i l i t y  a n a l y s i s  o f  t h e  

f i r s t  t h r e e  u n c o u p le d  m odes o f  t h e  r o c k e r  l i n k .

1 . S t a b i l i t y  A n a l y s i s  o f  Undamped E q u a t i o n s

The 2tt a n d  Z m - p e r i o d i c  s t a b i l i t y  b o u n d a r i e s ,  f o r  

e a c h  o f  t h e  undam ped , h o m ogeneous  p o r t i o n s  o f  t h e  d i f f e r e n ­

t i a l  e q u a t i o n s  (5 * ^ )#  ( 5 . 5 )  a n d  ( 5 . 6 ) ,  may b e  f o u n d  by 

s o l v i n g  t h e  e i g e n v a l u e  p r o b le m s  I n d i c a t e d  by e q u a t i o n s  (4 .  48 ) 

an d  ( 4 . 4 9 ) r e s p e c t i v e l y .

The s i z e  o f  t h e  m a t r i x  s e l e c t e d  d e p e n d s  on  t h e  num ber 

o f  s t a b i l i t y  b o u n d a r i e s  d e s i r e d .  I n c r e a s i n g  t h e  m a t r i x  s i z e  

I n c r e a s e s  t h e  num ber o f  s t a b i l i t y  b o u n d a r i e s  a s s o c i a t e d  w i t h  

e v e r  l a r g e r  v a l u e s  o f  A. ( R e c a l l  t h a t  t h e  l a r g e r  A, t h e  

lo w e r  t h e  c o r r e s p o n d i n g  i n p u t  s p e e d  o f  t h e  m e c h a n i s m . ) Of 

c o u r s e ,  i n c r e a s i n g  t h e  m a t r i x  s i z e  a l s o  i n c r e a s e s  t h e  

n u m e r i c a l  a c c u r a c y  o f  t h e  e i g e n v a l u e s .

A (2 1 x 2 1 )  m a t r i x  was u s e d  f o r  l o c a t i n g  t h e  2tt-p e r i o d i c  

b o u n d a r i e s ,  a n d  a  (2 0 x 2 0 )  m a t r i x  f o r  t h e  4 tt- p e r i o d i c  b o u n d a r i e s .  

T h i s  a l l o w s  t h e  e x p l o r a t i o n  o f  t h e  2 T T -p e r io d ic  s t a b i l i t y  

b o u n d a r i e s  f o r  v a l u e s  o f  A u p  t o  a p p r o x i m a t e l y  1 0 0 ,  an d  

4 T r - p e r io d ic  s t a b i l i t y  b o u n d a r i e s  f o r  v a l u e s  o f  A u p  t o  a p p r o x i ­

m a t e l y  90 ( s e e  T a b l e  5 . 7 ) .  I t  c o n f i n e s  t h e  i n v e s t i g a t i o n  t o  

s p e e d s  l a r g e r  t h a n  116 rpm f o r  t h e  f i r s t  m ode, 202 rpm  f o r  t h e  

s e c o n d  m ode, a n d  581 rpm  f o r  t h e  t h i r d .  ( I n  a n  e n g i n e e r i n g  

p ro b le m  w h e re  s u c h  a  l i m i t a t i o n  p r e v e n t s  a t t a i n i n g  n e c e s s a r y  

i n f o r m a t i o n ,  l a r g e r  m a t r i c e s  m u s t  b e  c h o s e n . )

The p e r i o d i c  c o e f f i c i e n t s  i n  e q u a t i o n s  ( 5 * 4 ) ,  ( 5 . 5 )
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a n d  ( 5 . 6 )  a r e  e x p r e s s e d  i n  t e r m s  o f  co m p lex  F o u r i e r  s e r i e s

a c c o r d i n g  t o  e q u a t i o n  (H .1 7 ) .  ■ T a b le  5 .6  l i s t s  t h e  v a l u e s

o f  t h e  com plex  pn  (n  = 0 ,  ± 1 ,  ± 2 , . . . , ± 2 0 )  o f  e a c h  o f  t h e

t h r e e  m o d es .  A co m p lex  Q R - a lg o r i th m  i s  u s e d  t o  s o l v e  t h e

e i g e n v a l u e  p r o b le m s .

T a b le  5 . 7  s e r v e s  a s  a n  e x am p le  f o r  t h e  v a l u e s  o f  A

a n d  c o r r e s p o n d i n g  v a l u e s  o f  rpm  a s s o c i a t e d  w i t h  t h e  2 tt a n d

4 n - p e r i o d l c  b o u n d a r i e s  o f  t h e  f i r s t  mode r e s p e c t i v e l y .  I t

may b e  s e e n  t h a t  some o f  t h e  i n s t a b i l i t y  r e g i o n s  h a v e  a
( * * )f i n i t e  w i d th  w h i l e  m o s t  o t h e r s  a r e  o n ly  p o i n t s .  Am ongst t h e  

2 tt- p e r  i o d i c  r e g i o n s ,  f o r  ex am p le  t h e r e  i s  o n e  o f  f i n i t e  w i d t h  

b e tw e e n  A = 0 .8 5  a n d  A = 1 . 1 3 .  The tw o  v a l u e s  A = 9 9 .9 8  

r e p r e s e n t  a  d o u b l e  r o o t ,  a n d  w i t h  t h a t  o n ly  a n  i n s t a b i l i t y  

p o i n t .  The n e g a t i v e  v a l u e  o f  A w h ic h  a p p e a r s  i n  t h e  t a b l e  i s  

a  v a l i d  m a t h e m a t i c a l  r e s u l t ,  b u t  h a s  no p h y s i c a l  m e an in g  i n  

m ech an ism  p ro b le m s  a n d  i s  t h e r e f o r e  n e g l e c t e d .

To o b t a i n  t h e  i n p u t  a n g u l a r  v e l o c i t y  c o r r e s p o n d i n g  

t o  a  p a r t i c u l a r  v a l u e  o f  A, o n e  m akes u s e  o f  e q u a t i o n  ( 4 .4 5 ) *

i . e .

. ( 5 . 8 )
J R

w h e re  uu r e p r e s e n t s  t h e  n a t u r a l  f r e q u e n c y  o f  t h e  mode u n d e r  

i n v e s t i g a t i o n .

'  '  The r e s u l t s  w e re  d e t e r m i n e d  n u m e r i c a l l y ,  

f * * )7 I n  a  l a r g e r  s t a b i l i t y  c h a r t ,  w h e re  some m echan ism  
p a r a m e t e r s  a r e  v a r i e d ,  t h i s  w o u ld  r e f l e c t  i t s e l f  a s  
one  p o i n t  o f  a n  i n s t a b i l i t y  l i n e  D o } .



e n  = a  + b i  = ( a , b )
n

Mode 1 Mode 2 Mode 3

0 < 0 . 2 1 8 8 6 5 E - 0 1 . 0 . 0  > ( 0 . 2 8 2 5 6 3 E - 0 1 0 . 0  ) ( - 0 . 5 5 2 5 0 0 E - 0 1 , 0 . 0  I

1 ( - 0 . 1 6 4 1 2 3 E  3 0 , 3 . 8 2 9 1 6 1 E - 0 1 ) ( - 0 . 9 1 1 7 4 6 E - D 1 0 . 4 6 6 0 8 8 E - 0 1 ) ( - 0 . 111253E 31* 3 . 5 5 5 1 2 8 E  00)

2 ( - 0 . 8 0 4 9 7 3 E - 3 1 . 0 . 8 6 2 2 2 5 E - 0 1 ) ( - 0 . 4 8 3 1 3 3 E - 3 1 0 • 5 5 8 9 4 3 E - 01) ( - 0 . 5 0 3 1 7 7 E  30 . 0 . 4 8 3 3 2 6 E  00)

3 < - 0 . l 5 5 i 9 l E - 3 i , 0 . 1 6 6 9 4 8 E - 0 1 ) ( - 0 . 9 1 2 6 6 3 E - 0 2 3 . 1 0 7 2 3 4 E - 3 1 ) ( - 0 . 9 8 8 0 3 6 E - 3 1 » 0 . 9 4 8 7 5 8 E - 0 1 )

4 ( “ 3 . 3 i 8 4 9 2 E “ 3 2 , 0 . 2 7 9 6 6 5 E - 0 2 ) ( - 0 . 1 8 8 3 0 1 E - 3 2 3 . 1 7 9 1 3 7 E - 3 2 I ( - 0 . 2 0 1 5 0 6E-31* 3 . 1 5 9 4 9 8 E - 0 1 )

5 ( - 0 . 5 4 8 3 0 2 E - 3 3 , 3 . 4 1 6 5 3 1 E - 0 3 ) ( - 0 . 3 2 4 1 6 9 E - 0 3 0 . 2 6 6 0 7 8 E - 0 3 ) ( - 0 . 3 4 6 9 0 7 E - 3 2 , 0 . 2 3 8 4 7 4 E - 0 2 )

6 ( - 0 . 9 0 5 6 5 2 E - 3 4 ' 3 . 5 8 4 9 6 9 E - 0 4 ) ( - 0 . 5 3 5 9 8 3 E - 3 4 3 • 3 7 3 3 1 5 E - 04) ( ~ 0 « 5 7 2 3 2 I E - 3 3 , 0 • 3 3 5 3 6 4 E - 0 3 )

7 C - 0 . 1 4 1 2 7 3 E - 3 4 . 3 . 7 7 3 8 3 5 E - 0 5 I ( - 0 . 8 3 5 9 8 2 6 - 3 5 3 . 4 9 5 2 5 2 E - 3 5 ) ( - 0 . 8 9 2 8 4 2 E - 0 4 t 0 . 4 4 1 8 6 4 E - 0 4 )

8 C - 0 . 2 1 6 5 1 7 E - 3 5 , 0 . 9 2 0 0 2 7 E - 0 6 ) ( - 0 . 1 2 8 2 8 4 E - 3 5 0 . 6 1 1 4 4 1 E - 0 6 ) ( - 0 . 1 3 6 6 4 3 6 - 3 4 , 0 . 4 9 6 7 2 2 6 - 0 5 )

9 ( - 0 . 3 1 9 4 5 6 E - 3 6 , 0 . 1 5 5 7 3 8 E - 0 7 ) ( “ 0 . 19929D E-36 3 . 3 2 7 2 0 8 E - 3 7 ) ( - 0 . 1 8 8 9 3 9 E - 3 5 , - 3 • 1 9 8 8 6 1 E - 06)

10 ( - 0 . 6 7 9 9 7 5 E- 3 7 , - 3 » 2 6 3 8 l 7 E - 0 6 > ( - 0 . 5 4 7 2 1 7 E - 3 7 - 3 . 1 4 6 9 0 8 E - 0 6 ) ( - 0 . 2 4 6 5 6 6 E - 3 6 , - 0 . 1 7 8 3 8 3 E - 0 5 )

r  = 0 f o r  n  > n 1 0 i g _ n  = ( c o m p le x  c o n j u g a t e ) .

T a b l e  5*6 C om plex  F o u r i e r  C o e f f i c i e n t s

vo
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2 tt B o u n d a r y  P o i n t s 4 tt B o u n d a r y  P o i n t s

A UU-j /<P;l
C o r r e s p o n d i n g

rpm A uo ] / $ !
C o r r e s p o n d i n g

rp m

- 0 .  08 i m a g i n a r y 0 .0 4 0 .2 0 2 5 7 4 7 .1 6
0 .8 5 0 .9 2 2 1 2 5 7 .1 4 0 .3 6 0 .6 0 1 1 9 2 7 .3 0

1 .1 3 1 .2 8 3 1 0 8 9 .3 3 2 .2 0 1 .4 8 3 7 8 1 .7 6
3 .9 7 1 .9 9 4 5 8 1 .4 6 2 .2 9 1 .5 1 2 7 6 6 .7 7
4 .0 0 1 .9 9 9 5 7 9 .9 3 6 . 2 3 2 .4 9 6 4 6 4 . 4 4
8 .9 8 2 .9 9 7 3 8 6 .8 5 6 . 2 3 2 .4 9 7 4 6 4 .2 9
8 .9 8 2 .9 9 7 3 8 6 .8 3 1 2 . 2 3 3 .4 9 7 3 3 1 .4 9

1 5 .9 8 3 .9 9 7 2 9 0 .0 1 1 2 .2 3 3 .4 9 7 3 3 1 .4 9
1 5 .9 8 3 .9 9 7 2 9 0 .0 0 2 0 .2 3 4 .4 9 8 2 5 7 .7 5
2 4 .  98 4 .9 9 8 2 3 1 .9 6 2 0 .2 3 4 .4 9 8 2 5 7 .7 5
2 4 . 98 4 .9 9 8 2 3 1 .9 5 3 0 .2 3 5 .4 9 8 2 1 0 .8 5
3 5 .9 8 5 .9 9 8 1 9 3 .2 7 3 0 .2 3 5 .4 9 8 2 1 0 .8 5
3 5 .9 8 5 .9 9 8 1 9 3 .2 7 4 2 .2 3 6 .4 9 8 1 7 8 .4 0
4 8 .9 8 6 .9 9 8 1 6 5 .6 5 4 2 .2 3 6 .4 9 8 1 7 8 .4 0
4 8 .9 8 6 .9 9 8 1 6 5 .6 5 5 6 .2 3 7 .4 9 9 1 5 4 .6 0
6 3 .9 8 7 .9 9 9 1 4 4 .9 3 5 6 .2 3 7 .4 9 9 1 5 4 .6 0
6 3 .9 8 7 .9 9 9 1 4 4 .9 3 7 2 .2 3 8 .4 9 9 1 3 6 .4 1
8 0 .9 8 8 .9 9 9 1 2 8 .8 3 7 2 .2 3 8 .4 9 9 1 3 6 .4 1
8 0 .9 8 8 .9 9 9 1 2 8 .8 3 9 0 . 2 3 9 .4 9 9 1 2 2 . 0 4
9 9 .9 8 9 .9 9 9 1 1 5 .9 4 9 0 . 2 3 9 .4 9 9 1 2 2 . 0 4
9 9 .9 8 9 .9 9 9 1 1 5 .9 4

T a b le  5« 7 2 tt and. 4 T T -P e r io d ic  S t a b i l i t y  B o u n d a r i e s
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S i m i l a r  t o  t h e  c o n d i t i o n  f o u n d  i n  a  " S t r u t t - C h a r t "  f o r  

t h e  M a t h l e u  e q u a t i o n ,  w h e n e v e r  a  2 n - p e r i o d i c  i n s t a b i l i t y  

r e g i o n  i s  g i v e n  b y  a  p o i n t ,  t h e  v a l u e  o f  <p̂  i s  n e a r  a  w h o le  

n u m b e re d  f r a c t i o n  o f  t h e  n a t u r a l  f r e q u e n c y  uj1 = 1159 .3  rp m .

(S ee  a p p r o p r i a t e  cu^/<p^ co lum n  i n  T a b le  5 * 7 . )

F i g u r e  5 .6  p r e s e n t s  t h e  r e s u l t s  o f  t h e  s t a b i l i t y  a n a l y s i s  

f o r  a l l  m odes i n  t h e  fo rm  o f  a  g r a p h  f o r  a  s p e e d  r a n g e  o f  116 

t o  800 rpm . W h ile  250 rpm r e p r e s e n t s  a  p r a c t i c a l  u p p e r  l i m i t

f o r  t h i s  t y p e  o f  l i n k ,  t h e  a b o v e  d a t a  a r e  e x t e n d e d  b eyond

t h a t  s p e e d  f o r  t h e  s a k e  o f  t h e  i n f o r m a t i o n  t h e y  c o n v e y .  N o te  

e s p e c i a l l y  t h e  i n c r e a s i n g  w i d t h  o f  t h e  i n s t a b i l i t y  r e g i o n s  

( i n  t h e  f i r s t  mode) a s  t h e  rpm i n c r e a s e .  A p o i n t  t y p e  r e g i o n

i s  i n d i c a t e d  by t h e  l e t t e r  P.



THIRD
MODE

SECOND. 
MODE

FIRST
MODE

p p  p

400
RPM

FIGURE 5.6* STABILITY BOUNDARIES
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The d e t e r m i n a t i o n  o f  t h e  s t a b i l i t y  b o u n d a r i e s  i n  t h e  

p r e s e n c e  o f  d am p in g  w i l l  now b e  c o n s i d e r e d .  I t  i s  shown t h a t  

i f  a n  i n s t a b i l i t y  r e g i o n  o f  t h e  undam ped s y s te m  i s  r e p r e s e n t e d  

by  a  p o i n t ,  o r  m ore  g e n e r a l l y  by  a  l i n e ,  t h e n  dam p in g  re m o v e s  

t h e  i n s t a b i l i t y  no  m a t t e r  how s m a l l  £ .  I f  a n  i n s t a b i l i t y  

r e g i o n  o f  t h e  undam ped s y s te m  h a s  f i n i t e  w i d t h ,  t h e  m e th o d  

d i s c u s s e d  i n  S e c t i o n  IV -F-2b  i s  u s e d  t o  o b t a i n  t h e  s t a b i l i t y  

b o u n d a r i e s  c o r r e s p o n d i n g  t o  a  g i v e n  v a l u e  o f  £.

S in c e  t h e  i n s t a b i l i t y  r e g i o n s  o f  a l l  modes w i t h i n  t h e  

o p e r a t i n g  r a n g e  o f  t h e  m ech an ism  a r e  o n l y  p o i n t s  when d am ping  

i s  d i s r e g a r d e d ,  t h e  a c t u a l  m echan ism  i s  c o m p l e t e l y  s t a b l e  f o r  

t h o s e  s p e e d s .

a )  I n s t a b i l i t y  R e g io n  i s  a  P o i n t  i n  Undamped S y s tem

E q u a t i o n  ( 4 .5 2 )  o r  e q u a t i o n  (H .2 3 )  o f  A p p e n d ix  H shows 

t h a t  t h e  r e s p o n s e  o f  a  dam ped H i l l ' s  e q u a t i o n  i s  g i v e n  by

qW .) =  e  . ( 5 . 9 )

I t  i s  f u r t h e r  i n d i c a t e d  i n  t h e  same A p p e n d ix  t h a t  a  damped 

s y s te m  c a n  o n ly  t h e n  becom e u n s t a b l e  i f

( ? e ( / 0  ^  A. ( 5 .1 0 )

i n  t h e  c h a r a c t e r  i s  i t  c e x p o n e n t  p, a s s o c i a t e d  w i t h  z (qp^).

T a b le  H. 1 shows t h a t  t h e  a b o v e  c a n  o n ly  h a p p e n  when 

t h e  2tt o r  4 n - p e r i o d i c  i n s t a b i l i t y  r e g i o n s  o f  a  H i l l ' s  e q u a t i o n  

s u c h  a s  z(<p1 ) h a v e  a  f i n i t e  w i d t h .  ( I n  t h e  s t a b l e  r e g i o n s  

Re(p.) = 0 . )  I t  w i l l  now b e  p r o v e n  t h a t  z f q ^ )  c a n  o n l y  c o n t a i n
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p o i n t - t y p e  r e g i o n s ,  w h e re  R e (p )  = 0 ,  w h e n e v e r  t h e  a s s o c i a t e d  

undam ped  s y s te m  h a s  p o i n t - t y p e  r e g i o n s .  U n d e r  t h e s e  c i r c u m ­

s t a n c e s ,  e q u a t i o n  ( 5 . 9 )  w i l l  b e  s t a b l e  r e g a r d l e s s  o f  t h e  

m a g n i tu d e  A, o r  r a t h e r  t h a t  o f  t h e  dam p in g  r a t i o  £.

The H i l l ' s  e q u a t i o n  I n  z ( q j^ ) ,  i . e .  e q u a t i o n  ( 4 .5 1 )  o r

e q u a t i o n  ( H .2 4 ) ,  w i t h  t h e  e i g e n v a l u e  X, i s  o f  t h e  same fo rm  

a s  t h e  undam ped H i l l ' s  e q u a t i o n  ( H . l )  i n  q(<p^). S i n c e  i t  

a l s o  c o n t a i n s  t h e  same p e r i o d i c  f u n c t i o n  A(<p-^) a s  t h e  undam ped 

e q u a t i o n ,  i t s  e i g e n v a l u e s  X a r e  i d e n t i c a l  t o  t h o s e  o f  t h e  u n ­

dam ped e q u a t i o n .  T h u s ,  w h e n e v e r  t h e  undam ped s y s te m  h a s  e i g e n ­

v a l u e s  w h ic h  i n d i c a t e  a  p o i n t - t y p e  r e g i o n ,  t h e  same t y p e  o f  

i n s t a b i l i t y  i s  f o u n d  i n  t h e  z(q»1 ) s y s te m .  T h i s  o f  c o u r s e  

m eans  t h a t  Re(p,) = 0 .

A c c o r d i n g l y ,  s t a b i l i t y  p r e v a i l s  i n  t h e  f i r s t  mode o f

t h e  dam ped s y s te m  u p  t o  580 rpm , s i n c e  t h e  undam ped f i r s t

mode e x h i b i t s  o n ly  i n s t a b i l i t y  p o i n t s  u p  t o  t h a t  s p e e d  ( s e e  

F i g u r e  5 * 6 ) .  The s e c o n d  a n d  t h i r d  m odes a r e  s t a b l e  u p  t o  

e v e n  h i g h e r  s p e e d s .

b )  I n s t a b i l i t y  R e g i o n  Has F i n i t e  W id th  i n

Undamped S y s tem

W h ile  t h e  4 n - p e r i o d i c  undam ped  i n s t a b i l i t y  r e g i o n  o f  

o f  t h e  f i r s t  mode w h ic h  o c c u r s  b e tw e e n  766 a n d  781 rpm i s  

c o n s i d e r a b l y  a b o v e  t h e  p r a c t i c a l  o p e r a t i n g  r a n g e  o f  t h e  

m e ch a n ism , i t  s e r v e s  t o  i l l u s t r a t e  t h e  r e d u c t i o n  o f  t h e  w i d t h  

o f  s u c h  a  r e g i o n  f o r  a  c o m p a r a t i v e l y  l a r g e  £ s u c h  a s  0 . 0 3 4 .

The m e th o d  a s s o c i a t e d  w i t h  t h e  c h a r a c t e r i s t i c  e q u a t i o n  

( 4 .5 9 )  i s  u s e d  t o  s o l v e  f o r  t h e  c h a r a c t e r i s t i c  e x p o n e n t s  2
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o f  t h e  e q u a t i o n  I n  z(q»1 ) .  S u b s e q u e n t l y ,  t h a t  s p e e d  i s  

d e t e r m i n e d  f o r  w h ic h  t h e  t o t a l  e x p o n e n t  (Re(p,) -  A /2 )  

v a n i s h e s .  T a b le  5*8 l i s t s  t h e  v a l u e s  o f  .A, Re(p,)» Im ag(p ,) ,

A /2  a n d  (+R e(ji) -  A /2 )  f o r  a  r a n g e  o f  s p e e d s  f ro m  7 6 6 .9 2  t o  

7 8 0 .0 0  rpm . S in c e  (+Re(p,) -  A /2 )  i s  z e r o  a t  a p p r o x i m a t e l y  

7 6 9 .6 2  a n d  779*29 rpm , t h e s e  v a l u e s  r e p r e s e n t  t h e  damped 

s t a b i l i t y  b o u n d a r i e s  o f  t h i s  p a r t i c u l a r  r e g i o n .

3 .  C o m b in a t io n  R e s o n a n c e s

C o m b in a t io n  r e s o n a n c e s  a r e  i n s t a b i l i t i e s ,  a d d i t i o n a l  

t o  t h e  t y p e  d e s c r i b e d  a b o v e ,  w h ic h  a r i s e  i n  c o u p le d  H i l l ' s  

e q u a t i o n s .  T h e s e  t y p e s  o f  i n s t a b i l i t i e s  w e re  n o t  i n v e s t i g a t e d  

by  t h e  a u t h o r  b e c a u s e  t h e i r  p r e s e n c e  w as n o t  d e t e c t e d  i n  t h e  

e x p e r i m e n t  f o r  t h e  i n p u t  s p e e d  r a n g e  c o n s i d e r e d .



RPM + Re(p,) + Imag(p,) A /2 + R e( j i )  -  A /2

7 6 6 .9 2 - 1 .9 9 8 5 0 0 . 0 0 0 0 0 0 0 .4 9 3 8 0 .0 0 8 8 0 - 0 . 8 7 9 9 x l 0 - 2

7 6 7 .5 9 - 1 .9 9 9 9 8 0.000000 0 .4 9 9 2 0 .0 0 8 7 9 -0 .8 7 9 1 x10"2

7 6 8 .2 7 - 2 . 0 0 1 3 1 0 .0 0 5 7 5 2 0 . 5 0 0 0 0 .0 0 8 7 9 - 0 . 3032x10-2

7 6 8 .9 4 - 2 .0 0 2 5 1 0 .0 0 7 9 7 8 0 . 5 0 0 0 0 . 0 0 8 7 8 - 0 . 7 9 8 l x l 0 “ 3

7 6 9 .6 2 - 2 .0 0 3 5 7 0 .0 0 9 5 0 1 0 . 5 0 0 0 0 .0 0 8 7 7 0 . 7 3 2 3 x l 0 " J

7 7 0 .3 0 - 2 .0 0 4 5 0 0 .0 1 0 6 7 0 0 . 5 0 0 0 0 .0 0 8 7 6 0 . 1 9 1 3 x l 0 - 2

7 7 0 .9 8 - 2 .0 0 5 3 0 0 . 0 1 1 5 8 0 0 . 5 0 0 0 0 .0 0 8 7 6 0 . 2 8 2 7 x l 0 - 2

7 7 1 .6 6 - 2 .0 0 5 9 3 0 . 0 1 2 2 5 0 0 . 5 0 0 0 0 .0 0 8 7 5 0 . 3 5 0 4 x l 0 " 2

7 7 2 .3 5 - 2 .0 0 6 4 3 0 . 0 1 2 7 6 0 0 . 5 0 0 0 0 .0 0 8 7 4 0 . 4 0 2 0 x l 0 “ 2

7 7 3 .0 3 - 2 . 0 0 6 8 0 0 . 0 1 3 1 2 0 0 . 5 0 0 0 0 .0 0 8 7 3 0 .43 87 x10“2
7 7 3 -7 2 - 2 .0 0 7 0 1 0 . 0 1 3 3 2 0 0 . 5 0 0 0 0 .0 0 8 7 2 0 . 4602x10-2
7 7 4 .4 1 - 2 .0 0 7 0 9 0 .0 1 3 3 9 0 0 . 5 0 0 0 0 . 0 0 8 7 2 0 . 4 6 7 9 x l0 “ 2
7 7 5 .1 0 - 2 .0 0 7 0 2 0 .0 1 3 3 3 0 0 . 5 0 0 0 0 .0 0 8 7 1 0 . 4 6 2 1 x l 0 - 2
7 7 5 .8 0 - 2 .0 0 6 8 0 0 . 0 1 3 1 2 0 0 . 5 0 0 0 0 . 0 0 8 7 0 0 . 4 4 2 3 x l 0 - 2

7 7 6 .4 9 - 2 .0 0 6 4 6 0 .0 1 2 7 9 0 0 , 5 0 0 0 0 .0 0 8 6 9 0 . 4 0 9 9 x l 0 ~ 2

7 7 7 .1 9 - 2 .0 0 5 9 5 0 . 0 1 2 2 8 0 0 . 5 0 0 0 0 .0 0 8 6 9 0 .3 9 5 3 x10”2
7 7 7 .8 9 - 2 .0 0 5 3 3 0 .0 1 1 6 1 0 0 . 5 0 0 0 0 .0 0 8 6 8 0 .2 9 3 6 x10-2
7 7 8 .5 9 - 2 .0 0 4 5 3 0 . 0 1 0 7 1 0 0 . 5 0 0 0 0 .0 0 8 6 7 0 . 2 0 4 7 x l 0 ” 2

7 7 9 .2 9 - 2 .0 0 3 5 8 0 .0 0 9 5 2 3 0 . 5 0 0 0 0 . 0 0 8 6 6 0 . 8 6 4 1 x l 0 " 3

7 8 0 . 0 0 - 2 . 0 0 2 5 2 0 .0 0 7 9 8 1 0 . 5 0 0 0 0 .0 0 8 6 5 - 0 . 6 7 0 6 x l 0 " 3

T a b le  5*8 E f f e c t  o f  Damping on Z m - P e r lo d ic  I n s t a b i l i t y  R e g io n
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G. S t e a d y  S t a t e  S t r a i n

The p r e s e n t  s e c t i o n  e x a m in e s  t h e  s t e a d y  s t a t e  s t r a i n  

r e s p o n s e  b e tw e e n  140 a n d  205 rpm . T h i s  r a n g e  i n c l u d e s  

r e s o n a n c e  l o c a t i o n s  o f  t h e  f i r s t  mode a t  1 4 4 . 9 3 , 1 6 5 .6 5  

a n d  193*27  rpm . I n  a d d i t i o n  t h e  e f f e c t  o f  d a m p in g  i s  c o n ­

s i d e r e d  t h r o u g h o u t  t h e  o p e r a t i n g  r a n g e .

The t o t a l  s t r a i n  r e s p o n s e  i s  o b t a i n e d  by  s u p e r p o s i n g  

t h e  p a r t i c u l a r  s o l u t i o n s  o f  e a c h  o f  t h e  t h r e e  u n c o u p le d  

m o d e s .

1 .  D e t e r m i n a t i o n  o f  t h e  C o e f f i c i e n t s  o f  t h e  P a r t i c u l a r

S o l u t i o n

The c o e f f i c i e n t s  o f  t h e  p a r t i c u l a r  s o l u t i o n  4 p n (<Pi) 

a r e  o b t a i n e d  w i t h  t h e  h e l p  o f  e q u a t i o n  ( 4 . 6 6 ) .  As d e s c r i b e d  

i n  S e c t i o n  IV-G-2b , t h e  r e s o n a n c e  l o c a t i o n s  o f  t h e  p a r t i c u l a r  

s o l u t i o n  f o r  damped a n d  undam ped s y s t e m s  a r e  a s s o c i a t e d  w i t h  

t h e  2 T T -p e r io d ic  s t a b i l i t y  b o u n d a r i e s .

To f i n d  t h e  r e s p o n s e  a t  a  c e r t a i n  r e s o n a n c e  l o c a t i o n  

o f  a  g i v e n  mode, t h e  num ber o f  s i m u l t a n e o u s  e q u a t i o n s  i n c l u d e d  

i n  e q u a t i o n  ( 4 .6 6 )  m u s t  b e  s u c h  t h a t  t h e  c o e f f i c i e n t  m a t r i x  B  

i s  l a r g e  en o u g h  t o  i n c l u d e  t h e  v a l u e  o f  A a s s o c i a t e d  w i t h  t h e  

c o r r e s p o n d i n g  2 tt- p e r  i o d i c  b o u n d a r y .  (S ee  S e c t i o n  V -F -l  ,

S t a b i l i t y  A n a l y s i s  o f  Undamped E q u a t i o n s . ) A g a in ,  p a r a l l e l  

t o  t h e  s t a b i l i t y  a n a l y s i s ,  a  s y s te m  o f  tw e n t y - o n e  s i m u l t a n e o u s  

e q u a t i o n s  w as u s e d .  T h i s  a l l o w s  t h e  e x p l o r a t i o n  o f  s p e e d s  a s  

lo w  a s  116 rpm , w i t h  s u f f i c i e n t  a c c u r a c y .



I n  e q u a t i o n  ( 4 . 6 6 ) ,  t h e  F o u r i e r  c o e f f i c i e n t s  o f  

I n  t h e  m a t r i x  B  a n d  t h e  F o u r i e r  c o e f f i c i e n t s  o f  

I n  t h e  co lum n  v e c t o r  F  a r e  I n d e p e n d e n t  o f  I n p u t  s p e e d  ( s e e  

e q u a t i o n s  (H .3 9 )  a n d  (H .4 3 )  ) .  The p a r a m e t e r s  A a n d  A d e p e n d  

on i n p u t  s p e e d  a n d  £ r e s p e c t i v e l y .  T a b l e s  5*9 a n d  5*10  l i s t  

t h e  v a l u e s  o f  t h e  a b o v e  F o u r i e r  c o e f f i c i e n t s  f o r  e a c h  o f  t h e  

t h r e e  m odes . The v a l u e s  o f  t h e  c o e f f i c i e n t s  w i t h  s u b s c r i p t s

g r e a t e r  t h a n  t e n  a r e  t a k e n  t o  b e  z e r o .
( *  )A G au ss  e l i m i n a t i o n  ' schem e was u s e d  f o r  t h e  d e t e r ­

m i n a t i o n  o f  t h e  c o e f f i c i e n t s  Pq , Pcm, Psm» = 1 , 2 , . . . , 1 0 ) ,  

o f  t h e  p a r t i c u l a r  s o l u t i o n s  o f  t h e  t h r e e  m odes c o n s i d e r e d .

^  GELG, DGELG R o u t i n e s ,  IBM S y s te m /3 6 0  S c i e n t i f i c  
S u b r o u t i n e  P a c k a g e ,  (360A-CM-03X) V e r s i o n  I I I .



Mode 1 Mode 2 Mode 3

n
b cn b s n b cn b sn b cn b sn

0
1

Q .4 3 7 7 1 8 E - 0 1  
- 0 . 3 2 8 2 5 3 E  00

Q.0
- 0 . 1 6 5 8 3 5 E  00

0 ,5 6  5126 E -01  
- 0 . 1 8 2 3 5 2 E  00

0 .0
- 0 . 9 3 2 1 9 1 E - C 1

- 0 . 1 1 0 5 0 3 E 00
- 0 . 2 2 2 5 0 3 E  01

0 . 0
- 0 . 1 I1026E  01

2 _r* i « . n a o i i :  n n - n t i 7 ? 4 «;np o n ! - 0  . 9 * 6 2 5  I E - 0  1 - O ^ U r l 7 9 1 E  00 - n . j n n n ^ A F  n j - f t . Q A A A ? ? F  n n

3 - 0 . 3 1 0 3 8 3 E - 0 1 - 0 . 3 3 3 9 0 7 E - 0 1 - 0 . 1 8 2 5 3 3 E - 0 1 - 0 . 2 1 4 4 0 6 E - 0 1 - 0 . 1 9 7 6 0 6 E  00 - 0 . 189747E 00

4 -.n . A n n  7 « c .n  9 -0  t ‘^ Q P ' ^ F - n ? -Q . 376f t0 t' E - 0 2 0 ,358-19Q£-̂ -Q2- - n  u  n f t 7 F F - m  i

5 - 0 . 1 0 9 6 8 5 E - 0 2 - 0 . 8 3 1 8 9 7 E - 0 3 - 0 . 6 4 8 2 1 0 E - 0 3 - 0 • 5 3 1 5 7 8 E -0 3 - 0 . 6 9 3 6 9 6 E - 0 2 - 0 . 4 7 6 5 1 0 E - 02

6 _ n  . m u  ? a  F . m - 0 t 1  J 6 1 Q £ F - n 3 - 0 . 1 0 7 0 8 3 E - 0 3 -Q->74203ZE--04 - n .  1 - n . A T t i *? 1 F - n - *

7 - 0 . 2 8 1 4 6 1 E - 0 4 - 0 . 1 4 8 3 9 6 E - 0 4 - 0 . 1 6 6 1 1 8 E - 0 4 - 0 . 9 8 2 4 9 4 E - 0 5 - 0 . 1 7 7 8 1 3 E - 0 3 - 0 . 8 9 6 7 0 5 E - 0 4

8 A /.OK.10C AC - n  i j a i i AF-nA - 0 . 2 4 7 5 9 4 E -Q 5 - 0 » 1 3 8 3 9 3 € ~ 0 5 - 0 .  ?Annn«;c_nA. _ n  1 1 Q A i o c . n A

9 - 0 . 5 0 0 4 0 6 E - 0 6 0 . 3 6 1 6 3 8 E - 0 6 - 0 . 3 0 3 5 6 4 E - 0 6 - 0 . 2 0 6 2 4 4 E - 0 6 - 0 . 3 2 8 2 2 8 E - 0 5 - 0 . 1 6 2 4 1 5 E - 0 5

10 — A q 9 1 7*1 C-A7 0 , 6 7 l 7 71F-Q* -r>, a ^ O H O F - 0 7 0-446R4OE-J12- _ n , lAjAnQC-nA n . 1 9 7 ? A O F - ( «

Note* b cQ = b Q

T a b le  5*9 F o u r i e r  C o e f f i c i e n t s  o f  B(q>^)
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Mode 1 Mode 2 Mode 3

n
f c n f s n f c n f s n f c n f s n

0
1

0 .8 6 5 2 7 6 E -0 5  
0 . 6 9 2 6 3 8 E  00

0 . 0
0 . 4 5 7 5 4 5 E  00

- 0 .M S 8 9 8 E - 0 7  
0 . 1 1 5 3 8 8 E -0 1

0 .0
0 . 76222  8E-02

0 .8 0 2 0 6 2 E -0 5
- 0 . 7 2 8 0 8 9 E  00*

0 . 0
- 0 . 4 8 0 9 6 4 E  00

2 c\ i i n ^ i 7 c  nn 0 . 9 1 4 q 18E-01 0 -  i 0 - ]  S?3A*iF-0? - 0 . 1 1 5 8 7 9 E  00

3 0 . 2 3 9 0 7 3 E - 0 1 0 . 1 3 7 0 7 7 E - 0 1 0 . 3 9 8 2 6 1 E - 0 3 0 . 2 2 8 3 0 5 E - 0 3 - 0 . 2 5 1 3 0 7 E - 0 1 - 0 . 1 4 4 0 9 4 E - 0 1

4 0 .  l B2 t;l l p - 0 2 0 -A lQ 7« iqF-04 n - ^ n ^ 7 S A F - o t - 0 . 3 9 1 0 9 4 F -Q 2

5 0 . 5 8 1 5 5 3 E - 0 1 0 . 2 2 6 4 2 0 E - 0 3 0 . 9 6 7 8 9 9 E - 0 5 0 . 3 7 6 4 1 4 E - 0 5 - 0 . 6 1 1 2 6 4 E - 0 3 - 0 . 2 3 8 0 5 3 E - 0 3

6 ft OAAK7C.ftA 0 .2F8Q28E-Q 4 0*1 ^qf t42f-0* i 0 - 4^fcrtrtqf-()A - 0 .  8 8 6 3 8 3 E -Q 4 - 0 . 2 7 0 1 0 2 E - 0 4

7 0 . 1 2 1 4 3 7 E - 0 4 0 . 1 9 6 3 4 7 6 - 0 5 D . 1 9 7 6 5 7 E - 0 6 0 . 4 7 8 6 5 4 E - 0 7 - 0 . 128G 78E-04 - 0 . 2 0 7 2 2 5 E - 0 5

8 ft 17K Q  PC.ft P - 0 . 836233E-Q 6 0 T ? o ^ 9 3 6 6 - 0 7 0 » 4 3 0 ftl l F - 0 ft - 3 i 1 86644E-Q 5

9 - 0 . 1 5 4 1 5 4 E - 0 7 - 0 • 989236E -Q 6 - 9 . 3 4 0 9 1 7 E - 0 8 0 . 3 9 4 1 9 8 E - 0 9 - 0 . 3 7 9 4 5 5 E - 0 7 0 . 1 1 0 9 4 1 E -0 5

10 -n  m > ;7 ia i : .n 7 - 0 . 1 M 9 7 2 P - 0 8 - O r tAA^fiAF-OR - n - 7 i ? ? 4 i F - n f l —0 , f l^ 00p 7E—08 0 « l ‘' 0 1 4 0 E - 0 ‘'

N ° t e : f cQ = f Q

T a b l e  5 . 1 0  F o u r i e r  C o e f f i c i e n t s  o f
o
O s
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2 . T y p i c a l  R e s p o n s e  O f f - R e s o n a n c e  ( 1 9 0 .0  rpm)

T a b l e  5 » H  l i s t s  t h e  c o e f f i c i e n t s  pQ, p cm, a n d  p gm,

(m = 1 , 2 , . . . , 1 0 ) ,  f o r  t h e  n o n - r e s o n a n t  i n p u t  s p e e d  o f  1 9 0 .0  

rpm ( w i t h  = 1 1 5 9 * 3  rpm , = 3 7 *23) a n d  a  dam p in g  r a t i o  

£ = 0 .0 0 2 5  f o r  e a c h  o f  t h e  f i r s t  t h r e e  m odes .

T h e s e  r e s u l t s  a r e  f i r s t  u s e d ,  w i t h  t h e  h e l p  o f  e q u a t i o n  

( 4 * 4 1 ) ,  t o  show o n c e  m ore  ( a s  w as a l r e a d y  d o n e  i n  S e c t i o n  V-E ) 

t h a t  t h e  c o n t r i b u t i o n s  o f  a t  l e a s t  t h r e e  m odes a r e  n e c e s s a r y

f o r  t h e  d e t e r m i n a t i o n  o f  t h e  t o t a l  b e n d i n g  s t r a i n .  F i g u r e  5*7
/

g i v e s  t h e  s u p e r p o s e d  s t r a i n  a l o n g  t h e  r o c k e r  l i n k  f o r  v a r i o u s  

c o m b i n a t i o n s  o f  modes a t  qp-̂  = 2 1 . 6 ° .  A t  t h i s  a n g l e  t h e  g l o b a l  

maximum s t r a i n  i s  r e a c h e d  a t  x^  = 9 . 8 4  i n .  f o r  two o f  t h e  mode 

c o m b i n a t i o n s .  The f i g u r e  c l e a r l y  p o i n t s  o u t  t h a t  t h e  f i r s t  

mode a l o n e  i s  i n s u f f i c i e n t  t o  a p p r o x i m a t e  t h e  a c t u a l  r e s p o n s e .

F i g u r e  5* 8 g i v e s  t h e  m a g n i tu d e  o f  t h e  b e n d i n g  s t r a i n  

a t  b o t h  t h e  b o t to m  a n d  t o p  g a g e  l o c a t i o n s  f o r  o n e  c y c l e .  B o th  

f i g u r e s  I n d i c a t e  by t h e i r  p a r t i c u l a r  s h a p e  t h e  p r e v a l e n c e  o f  

t h e  f u n d a m e n t a l  h a r m o n ic  o f  q n  («PX) o f  a l l  t h e  m odes i n v o l v e d .  

T h i s  c a n  a l s o  b e  s e e n  i n  t h e  r a p i d l y  d i m i n i s h i n g  m a g n i t u d e s  o f  

t h e  c o e f f i c i e n t s  o f  t h e  h i g h e r  h a r m o n ic s  o f  a l l  m odes i n  T a b le  

5 . H .



Mode 3Mode 2Mode 1

c n s ns ncns ncn

Q . 2 S 0 4 7 2 E - 0 6 » . 270 1 5 3 E - 05

0 .6? 91925=-06Q.JQ287I-E-030 . 1266 7 7 6 - 3 10 . 1920 7 9 6 - 0 1 0 ^5162636 - 0 33 -. 778 94 5 6 - 03

O .2866946-02

0.6079126-03 26

Q.3S07A4E-0 60 .  642-78.5E-060 . 1 6 3 4 8 3 E ^ 0 3 m0-.63-1870E"05- - 0 . 2380 Q 6 E -0 50 . 186a28E ^05

0.8636876-

-Q.L49 Z2QE--08-0.4132088^05 0.3290896-08 0 . 5 9 9 7 1 6 E - 08- 0 . 1 5 8 1 2 76 ^ 0  7-0.1753876^05

0 .3 2 0 5 1 6 6 -0 ' 0 .2 7 9 2 7 96- 0 9-0 .6 5 2 5 1 1 6 -0 6

0.6666106-10

--n.512677E.-09—0 . 2 8 0 8 6 6 E —09 0 . 1 774 5 9 6 - 0 8O .  14 8 82 36-- 0 7- 0 . 26 194 0 6 - 1 0- 0 . 1236 4 26-- 0 810

M ete .  PcQ = pQ

T a b le  5*11 F o u r i e r  C o e f f i c i e n t s  o f  P a r t i c u l a r  S o l u t i o n  a t  1 9 0 .0  rpm . (£ = 0 .0 0 2 5 )
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3. T y p i c a l  R e s p o n s e  On R e s o n a n c e  (193*27  rpm)

When t h e  s y s te m  o p e r a t e s  a t  a  r e s o n a n c e  l o c a t i o n  

c o r r e s p o n d i n g  t o  t h e  f i r s t  m ode, t h e  r e s p o n s e  o f  t h e  f i r s t  

mode becom es d r a m a t i c a l l y  d i f f e r e n t  f ro m  t h a t  a s s o c i a t e d  w i t h  

a  n o n - r e s o n a n t  s p e e d .  To I l l u s t r a t e  t h i s  p o i n t ,  193*27  rpm was 

c h o s e n .  W ith  t h e  n a t u r a l  f r e q u e n c y  o f  t h e  f i r s t  mode a t  1 1 5 9 .3  

rpm , 1 9 3 .2 7  rpm b ecom es  t h e  s i x t h  s u b h a r m o n ic  o f  t h e  n a t u r a l  

f r e q u e n c y ,  a n d  one e x p e c t s  t h e  s i x t h  h a r m o n ic  o f  193*27 rpm,

i . e .  1 1 5 9 * 3  rpm , t o  be  a m p l i f i e d  c o n s i d e r a b l y  i n  t h e  p a r t i c u l a r  

s o l u t i o n .  T a b le  5*12 l i s t s  t h e  c o e f f i c i e n t s  pQ, p cm, Psm,

(m = 1 , 2 , . . . , 1 0 ) ,  f o r  a l l  t h r e e  modes o f  t h e  p a r t i c u l a r  s o l u ­

t i o n  f o r  a  dam ping  r a t i o  £ = 0 .0 0 2 5 *  F i g u r e  5 . 9  shows t h e  

s t r a i n  r e s p o n s e  a t  b o t to m  g a g e  a n d  t o p  g a g e  l o c a t i o n s  f o r  a  

c o m p le t e  c y c l e .  N o te ,  e s p e c i a l l y  f o r  t h e  b o t to m  g a g e  l o c a t i o n ,  

t h e  s u p e r p o s e d  wave d u e  t o  t h e  s i x t h  h a r m o n ic .  T h i s  p o r t i o n  o f  

t h e  r e s p o n s e  i s  l e s s  p r o n o u n c e d  a t  t h e  t o p  g a g e  l o c a t i o n  

b e c a u s e  o f  t h e  g r e a t e r  i n f l u e n c e  o f  t h e  s e c o n d  mode ( s e e  a l s o  

n u m e r i c a l  s o l u t i o n  i n  S e c t i o n  E ) .

When c o m p a r in g  T a b le  5*11* w h ic h  c o r r e s p o n d s  t o  1 9 0 .0  

rpm , a n d  T a b l e  5 * 12 , w h ic h  c o r r e s p o n d s  t o  193*27  rpm, i t  i s  

t o  b e  n o t e d  t h a t  a l l  b u t  t h e  c o e f f i c i e n t s  o f  t h e  s i x t h  

h a r m o n ic  a n d  t h o s e  n e a r  t h e  s i x t h  h a r m o n ic  o f  t h e  f i r s t  mode, 

a r e  e s s e n t i a l l y  t h e  sam e, w i t h  t h o s e  a t  193*27 rpm s l i g h t l y  

l a r g e r  d u e  t o  t h e  h i g h e r  s p e e d .

I t  s h o u ld  b e  m e n t io n e d  a t  t h i s  p o i n t  t h a t  i t  was much 

e a s i e r  t o  f i n d  t h e  r e s o n a n c e  e f f e c t  i n  t h e  e x p e r im e n t  t h a n  i n



Mode 1 Mode 2 Mode 3

n Pc n Ps n Pc n p s n p  c n p s n

0 0 . 2 7 3 0 9 1 E - 0 3 O . 2 6 8 3 0 5 E - 0 6 - 0 . 2 8 9 3 0 0 E - 0 5

1 0 . 1 9 8 9 7 4 E - 0 1 0 . 1 3 1 0 0 2 E - 0 1 O .1 O 6 4 8 5 E - 0 3 0 . 7 0 2 9 9 3 E - 0 4 - 0 . 8 0 6 0 5 4 6 - 0 3 - 0 . 5 3 2 1 4 6 E -0 3

2 0 . 3 5 3 7 1 6 E - 0 2 0 . 2 9 8 4 0 9 E - 0 2 0 . 1 7 4 9 3 9 E - 0 4 0 .  1 4 5 5 7 7 6 - 0 4 - 0 . 1 2 9 4 0 2 6 - 0 3 - 0 • 1 0 7 8 7 5 E - 0 3

3

k

0 . 9 2 0 8 1 9 E - 0 3 0 . 6 4 5 8 8 2 E - 0 3 0 . 3 9 8 9 1 9 E - 0 5 0 . 2 3 8 7 5 4 E - 0 5 - 0 . 2 8 3 2 3 3 E - 0 4 - 0 . 1 7 0 3 6 4 E - 0 4

0 . 1 9 5 8 9 5 E - 0 3 0 . 1 8 7 3 1 6 6 - 0 3 0 . 6 6 9 1 2 8 E - 0 6 0 . 3 6 6 4 6 3 E - 0 6 - 0 . 4 4 7 3 9 2 6 - 0 5 - 0 . 2 4 7 4 9 3 E - 0 5

< 0 . 2 2 0 7 3 0 E - 0 4 0 . 1 3 6 4 9 1 E - 0 3 0 . 1 1 6 8 5 4 6 - 0 6 0 . 5 6 9 6 3 3 E - 0 7 - 0 . 7 1 7 5 8 5 E - 0 6 - 0 . 3 5 4 8 9 5 E - 0 6

- 0 . 4 1 9 9 1 I E - 0 2 0 . 3 3 7 1 2 5 E - 0 2 0 . 1 9 7 8 1 3 E - 0 7 0 . 9 2 0 4 9 2 6 - 0 8 - 0 . 1 0 8 0 8 7 E - 0 6 - 0 . 5 0 2 0 5 0 E - 0 7

7 0 . 7 3 7 7 3 4 6 - 0 4 - 0 . 1 8 2 5 8 3 E - 0 4 0 . 3 5 0 6 1 0 6 - 0 8 0 . 1 6 2 3 9 1 E - 0 8 - 0 .  1644 H E - 07 - 0 . 6 3 5 6 5 0 E - 0 8

8 0 . 2 1 9 3 9 9 E - 0 4 0 . 2 9 4 7 6 8 6 - 0 5 0 . 5 8 9 0 5 9 E - 0 9 0 . 3 5 6 4 6 6 E - 0 9 - 0 . 2 5 4 6 8 8 E - 0 8 0 . 2 6 2 4 7 4 E - 0 9

0 . 2 4 6 0 8 6 E - 0 5 0 . 2 3 5 5 9 3 E - 0 6 - 0 . 9 6 9 4 6 2 6 - 1 0 0 . 7 8 2 0 4 6 E - 1 0 - 0 . 1 1 5 7 3 5 E - 0 9 0 . 1 2 1 3 2 2 E - 0 8
9

10 0 . 3 0 4 8 0 1 E - 0 6 - 0 . 1 6 3 8 3 2 E - 0 7 - 0 . 3 9 2 7 3 2 E - 0 9 - 0 . 7 1 6 6 0 9 E - 0 9 - 0 . 2 7 7 4 4 2 6 - 1 0 0 . 1 8 4 3 0 3 E - 0 8

N o te .  po0 = p0

T a b l e  5*12 F o u r i e r  C o e f f i c i e n t s  o f  P a r t i c u l a r  S o l u t i o n  a t  193*27  rp m .  (£ = 0 .0 0 2 5 )
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t h e  c o m p u t a t i o n .  The r e g i o n  o f  s p e e d s  f o r  w h ic h  c e r t a i n  

F o u r i e r  c o e f f i c i e n t s  i n c r e a s e  i s  v e r y  n a r r o w .  A t 193 * 2 7  rpm , 

i t  s p a n s  0 . 5  rpm .

4 .  I n f l u e n c e  o f  Damping on  R e s p o n s e

F i g u r e  5*10 g i v e s  maximum b o t to m  g a g e  p o i n t  s t r a i n s  

f o r  a  t r a v e r s e  o f  i n p u t  s p e e d s  f ro m  140 t o  2 0 5  rpm f o r  dam ping  

r a t i o s  £ = 0 . 0 0 0 1 5  a n d  £ = 0 .0 0 2 5  (w h ic h  h a v e  b e e n  f o u n d  t o  b e  

t y p i c a l  i n  t h e  e x p e r i m e n t ,  s e e  S e c t i o n  V-H ) .  I t  show s t h a t  

t h e  r e s p o n s e  i s  v e r y  s e n s i t i v e  t o  t h e  c h o i c e  o f  d a m p in g  r a t i o  

a t  a l l  r e s o n a n t  . s p e e d s ,  a n d  e s s e n t i a l l y  u n a f f e c t e d  by i t  o f f -  

r e s o n a n c e .

The d e g r e e  t o  w h ic h  d am p in g  i n f l u e n c e s  t h e  r e s p o n s e  

a t  a  r e s o n a n t  s p e e d  i s  i l l u s t r a t e d  i n  F i g u r e  5 * 1 1  f o r  1 9 3 * 2 7  

rpm ( b o t to m  g a g e  l o c a t i o n ) .  The m a g n i t u d e s  o f  t h e  F o u r i e r  c o ­

e f f i c i e n t s  o f  t h e  s i x t h  h a r m o n ic  o f  t h e  f i r s t  mode a r e  p l o t t e d  

on  a  l o g a r i t h m i c  s c a l e  a s  a  f u n c t i o n  o f  t h e  d am p in g  r a t i o  £, 

f o r  0 . 0 0 0 1 5  < £ < O .O34 . As t h e  d am ping  r a t i o  i n c r e a s e s ,  t h e  

a m p l i t u d e  o f  t h e  s u p e r p o s e d  wave b eco m es  s m a l l e r  a n d  s m a l l e r .

F o r  £ = O.O3 4 , w h ich  c o u l d  p o s s i b l y  b e  o b t a i n e d  by  t h e  i n t r o ­

d u c t i o n  o f  dam p in g  t a p e ,  t h e  r e s p o n s e  a t  r e s o n a n c e  d o e s  n o t  

d i f f e r  i n  s h a p e  fro m  t h a t  o f f  r e s o n a n c e .  I t  i s  b e l i e v e d  t h a t  

t h e  a b o v e  o b s e r v a t i o n  may b e  h e l p f u l  i n  n o i s e  a b a t e m e n t .

As s t a t e d  p r e v i o u s l y ,  i n  s e a r c h i n g  f o r  t h e  " e x a c t "  

r e s o n a n c e  l o c a t i o n s  i t  was n e c e s s a r y  t o  u s e  v e r y  s m a l l  i n c r e m e n t s  

i n  rpm . A t 1 6 5 .6 5  rpm a n d  144*93  rpm , o n e  h a d  t o  u s e  " d o u b le  

p r e c i s i o n "  i n  o r d e r  t o  o b s e r v e  t h e  a m p l i f i c a t i o n  o f  t h e  h i g h e r
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H. E x p e r i m e n t

1 . D e s c r ip t io n  o f  E x p er im en ta l S e tu p

The e s s e n t i a l  d im e n s io n s  o f  t h e  e x p e r i m e n t a l  

m ech an ism  h a v e  b e e n  d e s c r i b e d  i n  S e c t i o n  V-A . F i g u r e  5* 12a 

show s a  p h o to g r a p h  o f  t h e  m ech an ism . F i g u r e  5* 12b g i v e s  a  

s c h e m a t i c  o f  t h e  c o m p le t e  e x p e r i m e n t a l  s e t u p  a n d  T a b l e  5 .1 3  

l i s t s  i t s  i n d i v i d u a l  c o m p o n en ts .

The S R -4  350 D f o i l  s t r a i n  g a g e s  w e re  a t t a c h e d  a s  

a c c u r a t e l y  a s  p o s s i b l e  a t  t h e  " b o t to m  g a g e "  a n d  " t o p  g a g e "

l o c a t i o n s ,  w h ic h  a r e  x ^  = 4 .9 2 0  i n .  a n d  x^ = 1 0 .9 6 5  i n .
(  * \

r e s p e c t i v e l y .  F i g u r e  5*1 shows t h a t  t h e s e  g a g e s  w e re  

a t t a c h e d  t o  t h e  o u t e r  s i d e  o f  t h e  r o c k e r  o n l y .  (The u s e  o f  

o n l y  one  s t r a i n  g a g e  p e r  l o c a t i o n  d o e s  n o t  a l l o w  f o r  t h e  

e x c l u s i o n  o f  t h e  a x i a l  s t r a i n  co m p o n en t .  T h i s  o m i s s i o n  was 

f e l t  t o  b e  j u s t i f i e d  b e c a u s e  t h e  r e l a t i v e  m a g n i tu d e  o f  t h e  

a x i a l  s t r a i n  i s  q u i t e  s m a l l .  I n  a d d i t i o n ,  t h e  l i n k  w as  n o t  

o v e r l o a d e d  w i t h  w i r e s . ) The s t r a i n  g a g e s  w e re  c o n n e c t e d  t o

a  d . c .  b r i d g e  c i r c u i t  i n  t h e  a m p l i f i e r  o f  t h e  o s c i l l o s c o p e .  

The o u t p u t  o f  t h e  a m p l i f i e r  c o u l d  a l s o  be  f e d  i n t o  a  s t r i p  

r e c o r d e r .

T h e  m e c h a n is m  w as  d i r e c t l y  d r i v e n  b y  a  v a r i a b l e  s p e e d  

1 /6  h p  d . c .  m o t o r  a n d  i t s  s p e e d  w as m o n i t o r e d  b y  a  g e n e r a t o r  

w i t h  a  60 c y c l e / r e v o l u t i o n  a . c .  o u t p u t .  T h i s  o u t p u t  w as

/ * \
'  The s t r a i n  g a g e s  w e re  a t t a c h e d  t o  t h e  o u t s i d e  o f  t h e  l i n k .  

T he s t r a i n  t r a c e s  w e re  i n v e r t e d  b y  t h e  o s c i l l o s c o p e  t o  make 
t h e i r  s i g n s  c o n fo rm  t o  t h o s e  c o r r e s p o n d i n g  t o  p o i n t s  on  
t h e  I n s i d e  o f  t h e  l i n k  f o r  w h ic h  t h e  c o m p u t a t i o n s  w ere  
m ade.
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h a r m o n i c s .  I t  may v e r y  w e l l  b e  n e c e s s a r y  t o  u s e  l a r g e r  s e t s  

o f  s i m u l t a n e o u s  e q u a t i o n s  t o  e x p l o r e  s u c h  lo w  s p e e d  r e s o n a n c e  

l o c a t i o n s  m ore  a c c u r a t e l y .
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FIGURE 5 .1 2 a  EXPERIMENTAL MECHANISM MODEL
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S t r i p  C hart 
R eco rd er

FIGURE 5 .1 2 b  SCHEMATIC OF EXPERIMENTAL SETUP
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M o to r W e s t in g h o u s e
D.C. Type FK, 1 /6  HP

M oto r  S p eed  
C o n t r o l

B o s to n  G ear
R a d i o t r o l  1 / 3  HP M o to r  S p eed  
C o n t r o l

S t r a i n  G ages BLH
SR -4 350 ohm f o i l  g a g e s

O s c i l l o s c o p e T e k t r o n i x
T y p es  564B a n d  565
Type 3A10 T r a n s d u c e r  A m p l i f i e r
w i t h  S t r a i n  Gage A d a p t e r

E l e c t r o n i c  C o u n te r H e w l e t t - P a c k a r d
M odel 5326A T i m e r - C o u n te r

T a c h o m e te r  G e n e r a t o r H e w l e t t - P a c k a r d
M odel 508A, 60  c y c l e s / r e v o l u t i o n

P h o t o e l e c t r i c  
C y c le  T im in g

MTI I n s t r u m e n t s  D i v i s i o n  
F o t o n i c  S e n s o r ,  M odel KD- 3 8

C h a r t  R e c o r d e r H e w l e t t - P a c k a r d

T a b l e  5*13 E q u ip m e n t  U sed  i n  E x p e r im e n t



c o n v e r t e d  i n t o  m echan ism  rpm w i t h  t h e  h e l p  o f  a n  e l e c t r o n i c  

c o u n t e r .

The z e r o  p o s i t i o n  o f  t h e  i n p u t  c r a n k ,  i . e .  <p-̂  = 0 ° ,  

was d e t e r m i n e d  w i t h  t h e  h e l p  o f  a  p h o t o - e l e c t r i c  t r a n s d u c e r .  

A r e f l e c t i n g  t a p e  a t t a c h e d  t o  t h e  f l y w h e e l  t r a n s m i t t e d  a  

l i g h t  s i g n a l  w h e n e v e r  «p̂  = 0 ° .  The a s s o c i a t e d  e l e c t r i c a l  

p u l s e  was f e d  i n t o  t h e  s t r i p  r e c o r d e r  f o r  c o r r e l a t i o n  w i t h  

t h e  s t r a i n  g a g e  o u t p u t .  F i g u r e  5*13 show s a  t y p i c a l  s t r i p  

r e c o r d  c o n t a i n i n g  b o t h  s t r a i n  r e s p o n s e  ( u n c o r r e c t e d )  a n d  

z e r o  i n p u t  a n g l e  s i g n a l .
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BOTTOM GAGE LOCATION (201 RPM) 
VERTICAL SCALE* 25 /xIN/IN/DIV 
CHART SPEED* 100 MM /SEC

FIGURE 5.13- STRIP RECORDING OF STRAIN RESPONSE 
AND ZERO INPUT ANGLE SIGNAL



1 2 3

2. G r a v i t y  C o r r e c t i o n

B e c a u se  o f  t h e  t h i n n e s s  o f  t h e  r o c k e r  l i n k ,  t h e  

c o u n t e r w e i g h t  a n d  t h e  endm ass  t o g e t h e r  c a u s e d  a  c e r t a i n  s t a t i c  

d e f l e c t i o n  o f  t h e  beam . T he  r e s u l t i n g  s t r a i n  i s  o f  t h e  o r d e r  

o f  1 0 - 1 5 #  o f  t h a t  a s s o c i a t e d  w i t h  t h e  n o rm a l  o p e r a t i o n  o f  t h e  

m e ch an ism . S in c e  t h e  t h e o r y  d o e s  n o t  a c c o u n t  f o r  t h e  i n f l u e n c e  

o f  g r a v i t y ,  some c o m p e n s a t io n  p r o c e d u r e  h a d  t o  b e  fo u n d .

F i g u r e  5 .1 4  l i s t s  e x p e r i m e n t a l l y  d e t e r m i n e d  s t r a i n s  d u e  t o  

g r a v i t y  a s  a  f u n c t i o n  o f  i n p u t  a n g l e  <p̂  f o r  b o t h  t h e  b o t to m  

a n d  t o p  g a g e  l o c a t i o n s .  T h e s e  c u r v e s  w e re  u s e d  t o  c o r r e c t  a l l  

s t r a i n  g a g e  r e a d i n g s .  The b a s e  o f  t h e  m ech an ism  was t i l t e d  

a p p r o x i m a t e l y  1 1 ° ,  s e e  F i g u r e  5 . 1 2 a ,  i n  o r d e r  t o  e q u a l i z e  t h e  

g r a v i t y  e f f e c t  i n  b o t h  d i r e c t i o n s  o f  m o t io n .
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3 . Q u a l i t a t i v e  E x p e r i m e n t a l  R e s u l t s

F i g u r e  5 .1 5  g i v e s  t y p i c a l  u n c o r r e c t e d  s t r a i n  h i s t o r i e s  

a t  t h e  b o t to m  g a g e  l o c a t i o n  i n  t h e  o p e r a t i n g  r a n g e  b e tw e e n  

a p p r o x i m a t e l y  110 a n d  200 rpm. They h a v e  b e e n  s p e c i f i c a l l y  

c h o s e n  t o  show t h e  r e s p o n s e  a t  2 n - p e r i o d i c  r e s o n a n c e  l o c a t i o n s  

o f  t h e  f i r s t  mode a s  w e l l  a s  a t  l o c a t i o n s  b e tw e e n  t h e s e  r e s o ­

n a n c e s .  I n  a l l  t r a c e s ,  t h e  f u n d a m e n ta l  h a r m o n ic  o f  t h e  wave 

c o r r e s p o n d s  t o  t h e  i n p u t  s p e e d  o f  t h e  m ech an ism .

The f o l l o w i n g  c o n c l u s i o n s  c o n c e r n i n g  i n s t a b i l i t y ,  

t r a n s i e n t  a n d  s t e a d y  s t a t e  r e s p o n s e ,  a s  w e l l  a s  r e s o n a n c e  

l o c a t i o n s  may b e  d ra w n :

a )  S t a b i l i t y

The e x p e r i m e n t  showed t h a t  t h e  s t r a i n  i n  t h e  

o p e r a t i n g  r a n g e  n e v e r  g rew  w i t h o u t  b o und  a n d  t h e r e f o r e ,  t h e r e  

a r e  no  2n o r  ^ T T -p e r io d ic  i n s t a b i l i t i e s .  T h i s  c o n f i r m s  t h e  

r e s u l t s  o f  t h e  s t a b i l i t y  a n a l y s i s  i n  S e c t i o n  V-F-2 , w h ic h  

shows t h a t  i n  t h e  p r e s e n c e  o f  a n y  d a m p in g ,  h o w e v e r  s m a l l ,  t h e  

s y s te m  r e m a i n s  s t a b l e .

b )  T r a n s i e n t  a n d  S te a d y  S t a t e  R e s p o n s e

The r e s p o n s e s  a t  1 1 2 ,  1 2 2 , 1*1-0, 157  a n d  1 7 4  rpm 

c o r r e s p o n d  t o  l o c a t i o n s  i n  t h e  s t a b l e  r e g i o n s  o f  t h e  f i r s t  

mode, i . e .  b e tw e e n  r e s o n a n c e  l o c a t i o n s .  I t  w as shown i n  

S e c t i o n  V -E-l t h a t  t h e  p r e s e n c e  o f  a  c o m p le m e n ta ry  s o l u t i o n  

w o u ld  make i t s e l f  known f o r  t h e s e  rpm by a  s u p e r p o s e d  " t r a v e l l ­

i n g  w a v e" ,  r e f l e c t i n g  i t s  n o n - p e r i o d i c  n a t u r e .  The a b s e n c e  o f
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FIGURE 5.15= UNCORRECTED BOTTOM GAGE 
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s u c h  a  wave i n d i c a t e s  t h a t  t h e  t r a c e s  p r i n c i p a l l y  r e f l e c t  t h e  

s t e a d y  s t a t e  s t r a i n ,  w h ic h  may h e  d e t e r m i n e d  w i t h  t h e  h e l p  o f  

t h e  p a r t i c u l a r  s o l u t i o n .

T h e  h i g h  f r e q u e n c y ,  s m a l l  a m p l i t u d e ,  w a v e s  n e a r  

t h e  maximum s t r a i n  l o c a t i o n s  (+  a n d  - )  a r e  t h e  r e s p o n s e s  t o  

b e a r i n g  i m p a c t s  c a u s e d  b y  c l e a r a n c e  i n  t h e  j o u r n a l  b e a r i n g s .

( T h i s  c a n  b e  m o re  c l e a r l y  s e e n  i n  F i g u r e s  5» 1 6 - 5 . 2 0 . )

c )  R e s o n a n c e  L o c a t i o n s

The s p e e d s  o f  116 , 1 2 9 ,  1 4 5 ,  166 a n d  193 rpm 

c o r r e s p o n d  t o  t h e  r e s o n a n c e  l o c a t i o n s  o f  t h e  f i r s t  mode 

a s s o c i a t e d  w i t h  t h e  2 r r - p e r i o d i c  s t a b i l i t y  b o u n d a r i e s  o f  t h e  

undam ped hom ogeneous  s o l u t i o n .  The a m p l i f i c a t i o n  o f  c e r t a i n  

h a r m o n ic s  o f  t h e  r e s p o n s e  i s  e s p e c i a l l y  t o  b e  n o t e d .  F o r  

e x a m p le ,  a t  1^5  rpm , w h ic h  r e p r e s e n t s  t h e  e i g h t h  s u b h a r m o n ic  

o f  t h e  n a t u r a l  f r e q u e n c y ,  t h e  p r e s e n c e  o f  t h e  e i g h t h  h a r m o n ic  

o f  t h e  r e s p o n s e ,  w h ic h  h a s  t h e  f r e q u e n c y  o f  t h e  n a t u r a l  

f r e q u e n c y ,  c a n  c l e a r l y  b e  s e e n  ( s e e  S e c t i o n  V-G-3 )• F i g u r e  

5 . 1 5  i n d i c a t e s  a t  e a c h  o f  t h e  r e s o n a n c e  l o c a t i o n s  t h e  num ber 

o f  t h e  a m p l i f i e d  h a r m o n ic .  I n  e a c h  c a s e  i t s  f r e q u e n c y  c o r r e s ­

p o n d s  t o  t h a t  o f  t h e  f i r s t  n a t u r a l  f r e q u e n c y .

I t  s h o u l d  b e  p o i n t e d  o u t  t h a t  i t  w as  d i f f i c u l t  t o  

m a i n t a i n  a  c o n s t a n t  m o t o r  s p e e d  i n  t h e  e x p e r i m e n t .  W i th  t h e  

a i d  o f  a  t a c h - g e n e r a t o r  a n d  a n  o s c i l l o s c o p e ,  i t  w as  d e t e r m i n e d  

t h a t  t h e  c r a n k  s p e e d  v a r i e d  b e t w e e n  f i v e  a n d  e i g h t  p e r c e n t  o f  

t h e  n o m i n a l  s p e e d  w i t h i n  a  s i n g l e  c y c l e ,  w i t h  t h e  l a r g e r  

v a r i a t i o n s  t a k i n g  p l a c e  a t  l o w e r  s p e e d s .  T h i s  v a r i a t i o n  m u s t



make i t s e l f  f e l t  i n  t h e  t r a c e s  o f  b o t h  o n - r e s o n a n c e  a n d  o f f -  

r e s o n a n c e  l o c a t i o n s .  F o r  e x a m p le ,  t h e  p r e s e n c e  o f  t h e  s m a l l  

i n - p h a s e  h i g h e r  h a r m o n ic s  i n  c e r t a i n  p o r t i o n s  o f  t h e  t r a c e s  

a t  1 1 2 ,  1 2 2 , 1 4 0 , 1 5 7  a n d  1 7 ^  rpm c a n  b e  e x p l a i n e d  by  t h e  

a p p r o a c h  t o  r e s o n a n t  s p e e d  a t  t h o s e  p o s i t i o n s  w i t h i n  t h e  c y c l e .



4 . Q u a n t i t a t i v e  E x p e r i m e n t a l  R e s u l t s

The f o l l o w i n g  g i v e s  q u a n t i t a t i v e  c o m p a r i s o n s  b e tw e e n  

g r a v i t y  c o r r e c t e d  e x p e r i m e n t a l  r e s u l t s  a t  s e l e c t e d  o f f  a s  

w e l l  a s  o n - r e s o n a n c e  l o c a t i o n s  a n d  t h e o r y .  Good a g r e e m e n t  

was f o u n d  a t  a l l  o f f - r e s o n a n c e  l o c a t i o n s  w h e re  t h e o r y  p r e d i c t  

i d e n t i c a l  r e s p o n s e s  f o r  v a l u e s  o f  £ b e tw e e n  0 a n d  0 .0 0 2 5 *  I n  

o r d e r  t o  g e t  a g r e e m e n t  a t  t h e  r e s o n a n c e  l o c a t i o n s ,  i t  was 

n e c e s s a r y  t o  a d j u s t  £ i n  e a c h  c a s e .

a )  C o m p a r iso n  w i t h  T h e o ry  a t  T y p i c a l  O f f - R e s o n a n c e

L o c a t i o n s

F i g u r e s  5*16 t o  5*18 show c o m p a r i s o n s  f o r  t h e  o f f  

r e s o n a n c e  l o c a t i o n s  o f  1 6 0 ,  190 a n d  201 rpm , b o t h  f o r  t o p  a s  

w e l l  a s  b o t to m  g a g e  l o c a t i o n s .  I n  e a c h  c a s e ,  o s c i l l o s c o p e  

t r a c e s  a r e  j u x t a p o s e d  f o r  t h e  s a k e  o f  c o m p l e t e n e s s .  I n  

g e n e r a l ,  a g r e e m e n t  b e tw e e n  t h e  c o r r e c t e d  e x p e r i m e n t a l  t r a c e s  

a n d  t h e o r y  i s  v e r y  g o o d , w i t h  t h e  e x p e r i m e n t a l  p e a k  s t r a i n s  

b e i n g  a p p r o x i m a t e l y  10 %  l a r g e r  t h a n  t h o s e  p r e d i c t e d  by t h e o r y  

The p h a s e  a g r e e m e n t  o f  t h e  f u n d a m e n t a l  mode i s  e x c e l l e n t .

The a g r e e m e n t  i s  som ew hat b e t t e r  f o r  t h e  t o p  g a g e  l o c a t i o n  

t h a n  f o r  t h e  b o t to m  one  b e c a u s e  o f  t h e  g e n e r a l l y  g r e a t e r  im­

p o r t a n c e  o f  t h e  f i r s t  mode a t  t h e  b o t to m  g a g e  l o c a t i o n .  A 

v a r i a t i o n  o f  s p e e d  i n  t h e  d i r e c t i o n  o f  r e s o n a n c e  d u r i n g  a n y  

c y c l e  c a u s e s  t h e  a p p e a r a n c e  o f  t h e  p r e v a l e n t  h i g h e r  h a r m o n ic  

o f  t h e  f i r s t  mode. T h i s  s p e e d  v a r i a t i o n  h a s  l e s s  i n f l u e n c e

a t  t h e  t o p  g a g e  s i n c e  t h e  i n f l u e n c e  o f  t h e  s e c o n d  mode i s  

j u s t  a s  s t r o n g  t h e r e ,  a n d  t h e  s e c o n d  mode d o e s  n o t  a p p r o a c h

'  T h i s  d i f f e r e n c e  i s  d i s c u s s e d  i n  S e c t i o n  V I.
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FIGURE 5.16: RESPONSE COMPARISON AT 160 RPM (GRAVITY CORRECTED)
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FIGURE 5.17= RESPONSE COMPARISON AT 190 RPM (GRAVITY CORRECTED)
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FIGURE 5.18- RESPONSE COMPARISON AT 201 RPM (GRAVITY CORRECTED)
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a  r e s o n a n c e .

b )  C o m p a r iso n  w i t h  T h e o ry  a t  T y p i c a l  O n -R e so n a n ce

L o c a t i o n s

F i g u r e s  5*19 a n d  5 .2 0  show c o m p a r i s o n s  f o r  t h e  o n -  

r e s o n a n c e  l o c a t i o n s  o f  166 a n d  193 rpm. T he same f o r m a t  i s  

f o l l o w e d  a s  i n  F i g u r e s  5*16 t o  5»18* To o b t a i n  th e -  i n d i c a t e d  

a g r e e m e n t ,  i t  w as n e c e s s a r y  t o  m a n i p u l a t e  £. The £ u s e d  f o r  

166 rpm was 0 .0 0 0 1 5  a n d  £ was 0 .0 0 2 5  a t  193 rpm . A t  145  rpm , 

w h ic h  i s  n o t  show n h e r e  b u t  i n  F i g u r e s  5» 21 a n d  5 * 22 , t h e  

" m a tc h in g "  £ w as  0 .3 x 1 0 “ ^ .

Some a t t e m p t  a t  a n  e x p l a n a t i o n  f o r  t h i s  i n c r e a s e  

o f  £ w i t h  s p e e d  i s  i n  o r d e r .  W h ile  t h e  d am p in g  p r o p e r t i e s  o f  

t h e  r o c k e r  m a t e r i a l  a r e  m o s t  l i k e l y  i n d e p e n d e n t  o f  s p e e d ,  t h e  

b e a r i n g  f o r c e s ,  a n d  w i t h  t h a t  t h e  f r i c t i o n  i n d u c e d  m om ents i n  

t h e  b e a r i n g s ,  a r e  a  f u n c t i o n  o f  m ech an ism  s p e e d .  T h e s e  b e a r ­

i n g  m om ents d i s s i p a t e  e n e r g y  a n d  may b e  t h o u g h t  o f  a s  i n c r e a s ­

in g  t h e  d am ping  r a t i o  w i t h  s p e e d .  The p a r t i c u l a r  s o l u t i o n  

s e c t i o n  shows t h a t  w h i l e  i n  a  r a n g e  o f  £ fro m  0 t o  0 .0 0 2 5 ,  

t h e  r e s p o n s e  o f f - r e s o n a n c e  i s  i n d e p e n d e n t  o f  £ , a t  r e s o n a n c e  

i t  d e p e n d s  v e r y  much on  t h e  v a l u e  o f  £. I t  i s  b e l i e v e d  t h a t  

t h e  e x p e r i m e n t a l  r e s u l t s  r e f l e c t  a  c o n t i n u o u s l y  i n c r e a s i n g  £.

When r e a s o n a b l e  a g r e e m e n t  i n  m a g n i tu d e  i s  o b t a i n e d  

f o r  t h e  b o t to m  g a g e ,  t h e  t o p  g a g e  shows a  s l i g h t l y  l a r g e r  d i s ­

c r e p a n c y .  T he p h a s e  a g r e e m e n t  f o r  t h e  h i g h e r  h a r m o n ic s  seem s 

som ew hat b e t t e r  f o r  193  rpm t h a n  f o r  166 rpm . The p h a s e  

a g r e e m e n t  o f  t h e  f u n d a m e n t a l  h a r m o n ic  i s  v e r y  g o o d .



134

VERTICAL SCALE' 2 5 /ilN/IN/DIV 
HORIZONTAL SCALE1 O.l SEC/DIV

a) TOP GAGE LOCATION

V— EXPERIMENTAL

50

■THEORETICAL 
(£ -0.00015)25

•25

- 5 0 - -

0 90 180 270 3 6 0
<f> (DEGREES)

EXPERIMENTAL

THEORETICAL
(£*0.00015)

VERTICAL SCALE' 25 /tIN/IN/DIV
HORIZONTAL SCALE' 0.1 SEC/DIV

-50-J—|—I I | I—I—|—I—•—(—I—I—f 
0  90 180 270 360

9> (DEGREES)

b) BOTTOM GAGE LOCATION

FIGURE 5.19' RESPONSE COMPARISON AT 166 RPM (GRAVITY CORRECTED)
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c )  P e a k  S t r a i n s  T h r o u g h o u t  O p e r a t i n g  R ange

F i g u r e s  5*21 a n d  5 « 22 show t h e  c o r r e c t e d  e x p e r i ­

m e n t a l  p e a k  s t r a i n s  a t  b o t to m  g a g e  a n d  t o p  g a g e  l o c a t i o n s  

t h r o u g h o u t  t h e  o p e r a t i n g  r a n g e  a n d  com pare  them  t o  t h e  

t h e o r e t i c a l  r e s u l t s .  The l a t t e r  w e re  o b t a i n e d  f o r  a l l  o f f -  

r e s o n a n c e  l o c a t i o n s  w i t h  £ = 0 .0 0 2 5 *  The v a l u e s  o f  £ u s e d  

o n - r e s o n a n c e  a r e  d i f f e r e n t  a t  e a c h  l o c a t i o n  a n d  a r e  l i s t e d  

i n  t h e  f i g u r e .  The o f f - r e s o n a n c e  s t r a i n  v a l u e s  o f  t h e  e x p e r i ­

m en t a r e  b e tw e e n  1 0 - 1 5 #  l a r g e r  t h a n  t h o s e  p r e d i c t e d  by t h e o r y .  

T h i s  d i f f e r e n c e  i s  d i s c u s s e d  i n  t h e  n e x t  s e c t i o n .
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V I. DISCUSSION OF RESULTS

W h ile  f ro m  a n  e n g i n e e r i n g  p o i n t  o f  v ie w  t h e  a g r e e m e n t  

b e tw e e n  t h e  e x p e r i m e n t a l l y  o b ta in e d ,  a n d  t h e o r e t i c a l l y  p r e ­

d i c t e d  s t r a i n s  i s  v e r y  g o o d ,  i t  i s  d e s i r a b l e  t o  d i s c u s s  some 

o f  t h e  p o s s i b l e  r e a s o n s  f o r  t h e  e x i s t i n g  d i s c r e p a n c i e s .

T h e s e  r e a s o n s  may b e  f o u n d  i n  c e r t a i n  s i m p l i f i c a t i o n s  i n  t h e  

m a t h e m a t i c a l  m o d e l in g  o f  t h e  s y s t e m ,  i n  t h e  a p p r o x i m a t i o n s  

o f  t h e  s o l u t i o n  m e th o d ,  a s  w e l l  a s  i n  some i n a c c u r a c i e s  o f  

t h e  e x p e r i m e n t .

A. S i m p l i f i c a t i o n s  i n  S y s te m  M o d e l in g

The f o l l o w i n g  l i s t s  s i m p l i f i c a t i o n s  i n  t h e  m a th e m a t i ­

c a l  m o d e l in g  o f  t h e  s y s te m i

1) E u l e r - B e r n o u l l i  b e n d i n g  t h e o r y ,  w h ic h  n e g l e c t s  

s h e a r  d e f o r m a t i o n s ,  w as u s e d ,  a n d  t h e  i n f l u e n c e  o f  a x i a l  d e f o r ­

m a t i o n  was n e g l e c t e d .

2) C o n s t a n t  i n p u t  a n g u l a r  v e l o c i t y  was a ssu m e d .

(S e e  S o u r c e s  o f  I n a c c u r a c y  i n  E x p e r im e n t  b e l o w . )

3) The e f f e c t  o f  g r a v i t y ,  w h ic h  p r o v e d  t o  be  v e r y
(* )i m p o r t a n t  i n  t h e  e x a m p le  m ech a n ism , was n e g l e c t e d ,  '  '

( * )v '  W h ile  t h e  g r a v i t y  c o r r e c t i o n  b r i n g s  t h e  e x p e r i m e n t a l  
r e s u l t s  c l o s e r  t o  t h e  t h e o r e t i c a l l y  e x p e c t e d  o n e s ,  one  
m ig h t  h a v e  o b t a i n e d  b e t t e r  a g r e e m e n t  i f  t h e  s t a t i c  
e f f e c t s  h a d  b e e n  a c c o u n t e d  f o r  i n  t h e  t h e o r y .  T h i s  was 
o m i t t e d  b e c a u s e  i t  w as f e l t  t h a t  i n  r e a l i s t i c  m e c h a n is m s ,  
w i t h  c o m p a r a b le  en d m ass  a n d  c o u n t e r w e i g h t s  b u t  v a s t l y  
s t i f f e r  b e am s ,  t h e  g r a v i t y  e f f e c t s  w o u ld  b e  n e g l i g i b l e .
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4) T he  f r i c t i o n a l  mom ents i n  t h e  J o u r n a l  b e a r i n g s  

a r e  n o t  a c c o u n t e d  f o r .

5) The e n l a r g e m e n t s  a t  t h e  b e a r i n g  l o c a t i o n s ,  w h ic h  

i n f l u e n c e  b o t h  t h e  f r e q u e n c y  a n d  t h e  m ass  o f  t h e  beam , w e re  

n e g l e c t e d .

6 )  A v i s c o u s  d am ping  m ech an ism  was a s su m e d  f o r  t h e

beam.

7) The r o t a t i o n a l  i n e r t i a  o f  t h e  beam c r o s s - s e c t i o n  

was d i s r e g a r d e d .

B. M a t h e m a t i c a l  A p p r o x im a t io n s

The f o l l o w i n g  l i s t s  t h e  a s s u m p t i o n s  made i n  t h e  

s o l u t i o n  o f  t h e  m a t h e m a t i c a l  m o d e l «

1) The s o l u t i o n  t e c h n i q u e  r e p r e s e n t s  a n  a p p r o x im a ­

t i o n  w i t h  t h e  a s s u m p t i o n  o f  s h a p e  f u n c t i o n s  b e l o n g i n g  t o  a n  

a s s o c i a t e d  p r o b le m .  E v en  th o u g h  t h e  g e o m e t r i c  b o u n d a r y  

c o n d i t i o n s  o f  t h i s  s u b p ro b le m  a r e  i d e n t i c a l  t o  t h o s e  o f  t h e  

a c t u a l  p ro b le m ,  t h e  d e p e n d e n c y  o f  t h e  s h a p e  f u n c t i o n s  on  t h e

a c t u a l  t i m e  p o r t i o n s  o f  t h e  s o l u t i o n ,  w h ic h  s h o u l d  b e  o b t a i n e d

fro m  a  d i s p e r s i o n  r e l a t i o n s h i p ,  i s  n o t  s a t i s f i e d .

2) A l l  n o n - l i n e a r  t e r m s  a r e  d r o p p e d  w i t h o u t  r e g a r d  

t o  t h e i r  m a g n i t u d e ,  a n d  p o s s i b l e  i n t e g r o - d i f f e r e n t i a l  p o r t i o n s  

o f  t h e  d i f f e r e n t i a l  e q u a t i o n s  a r e  a v o i d e d  by  a p p r o x i m a t i n g  

t h e  e l a s t i c  a n g l e s  by t h e i r  r i g i d  body  c o u n t e r p a r t s .

3) The H i l l ' s  e q u a t i o n s  w e re  d e c o u p le d .

4 ) O n ly  t h e  f i r s t  t h r e e  s o l u t i o n  modes w e re  s u p e r ­

p o s e d .
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C. S o u r c e s  o f  I n a c c u r a c y  i n  E x p e r im e n t

1) E ven  th o u g h  i t  w as a s s u m e d  t h a t  t h e  c o n t r i b u t i o n  

o f  t h e  a x i a l  s t r a i n s  i s  s m a l l ,  a  som ew hat g r e a t e r  a c c u r a c y  

c o u l d  h a v e  b e e n  o b t a i n e d  by u s i n g  c o m p e n s a t in g  s t r a i n  g a g e s .

2) The i n a b i l i t y  t o  m a i n t a i n  c o n s t a n t  m o to r  s p e e d  

t h r o u g h o u t  a  c y c l e  i n t r o d u c e d  a c c e l e r a t i o n  e f f e c t s  w h ic h  w ere  

n o t  r e f l e c t e d  i n  t h e  c o n s t a n t  s p e e d  t h e o r y .  U n d o u b te d ly ,  

t h i s  c o n t r i b u t e s  t o  t h e  l a r g e r  t h a n  e x p e c t e d  p e a k  e x p e r i m e n t a l  

s t r a i n s .
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V II . APPENDICES

APPENDIX A

PLANAR KINEMATICS OF ELASTIC LINK 
WITH COUNTERWEIGHT AND ENDMASS

1 . E l a s t i c  D e f o r m a t io n s  o f  Beam A c c o r d i n g  t o  E u l e r - B e r n o u l l i  

T h e o ry  1 3 2 ]

F i g u r e  A . l  shows a  t y p i c a l  s e c t i o n  o f  a n  e l a s t i c  l i n k .  I t s  

d e f o r m a t i o n s  a r e  a ssu m e d  t o  be  t h o s e  g i v e n  by E u l e r - B e r n o u l l i  

beam t h e o r y ,  i . e .

w h e re  Up r e p r e s e n t s  t h e  a x i a l  a n d  Vp t h e  t r a n s v e r s e  d i s p l a c e m e n t

o f  a n  a r b i t r a r y  p o i n t  P, The p o i n t s  P a n d  P l i e  on t h e  samec
c r o s s - s e c t i o n ,  a n d  PQ i s  a  p o i n t  on  t h e  c e n t r o i d a l  l o c u s .  The

c o m p o n en ts  u  a n d  v  a r e  t h e  a x i a l  a n d  t r a n s v e r s e  d i s p l a c e m e n t s

o f  t h e  p o i n t  P , r e s p e c t i v e l y .  The com ponen t u  i s  d u e  o n ly  t o  c
t h e  f o r e s h o r t e n i n g  o f  t h e  beam, i . e .

w h i l e  t e n s i o n  o r  c o m p r e s s io n  i s  n e g l e c t e d .

2 . P o s i t i o n  V e c t o r s

The f o l l o w i n g  s e c t i o n  f u r n i s h e s  e x p r e s s i o n s  f o r  t h e  p o s i t i o n  

v e c t o r s  o f  a n  a r b i t r a r y  p o i n t  o n  t h e  l i n k  a n d  o f  t h e  c e n t e r s  o f  

m ass  o f  t h e  m a s s e s  m* a n d  M f o r  t h e  e l a s t i c  l i n k  shown i n  

F i g u r e  A . 2 .  The o r i g i n  o f  t h e  s p a c e  f i x e d  c o o r d i n a t e  s y s te m

' '  v  = v ( x , t )  a n d  v  = v ( £ , t ) .

( A . l )

( A .2)
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( x Q , y 0 , z 0 )  i s  l o c a t e d  a t  p o i n t  A^. The body f i x e d  c o o r d i n a t e  

s y s te m  ( x , y , z )  o r i g i n a t e s  a t  p o i n t  0 a n d  i s  l o c a t e d  i n  s u c h  

a  m a n n e r  t h a t  t h e  x - a x i s  c o n n e c t s  t h e  p i v o t  p o i n t s .

a )  P o s i t i o n  V e c t o r  t o  A r b i t r a r y  P o i n t  on  L in k

The p o s i t i o n  v e c t o r  r p  o f  a n  a r b i t r a r y  p o i n t  P i s

g i v e n  b y »

r p = r 0 + F ,  (a . 3)

w h e re  r Q d e f i n e s  t h e  p o s i t i o n  o f  p o i n t  0 w i t h  r e s p e c t  t o  p o i n t

Aq . r  i s  t h e  p o s i t i o n  v e c t o r  o f  p o i n t  P w i t h  r e s p e c t  t o  p o i n t

0 :

r  =  r L +  U p !  + V P J . ( a .  4)

I n  t h e  a b o v e ,

? i  =  x l  4- y j  , (A. 5)

t h e  v e c t o r  f ro m  p o i n t  0 t o  t h e  u n d e f l e c t e d  p o s i t i o n  o f  p o i n t  P.

S u b s t i t u t i o n  o f  e q u a t i o n s  ( A . l )  a n d  ( A .5) i n t o  ( A .4) 

f u r n i s h e s  t h e  c o m p le te  e x p r e s s i o n  f o r  t h e  body  f i x e d  v e c t o r  r i

r  =  ^ x + u - y s i n ^ J I  +  I v  + y c o s ^ j J  . (a . 6 )

b )  P o s i t i o n  V e c t o r  t o  C e n t e r  o f  Mass o f  C o u n te r w e ig h t  m*

I n  o r d e r  t o  d e s c r i b e  t h e  p o s i t i o n  v e c t o r  r m# t o  t h e  

c o u n t e r w e i g h t  m*, i t  i s  n e c e s s a r y  t o  d e f i n e  t h e  u n i t  t a n g e n t  

v e c t o r  t  t o  t h e  c e n t r o i d a l  l o c u s  a t  a n  a r b i t r a r y  p o i n t  ( s e e  

F i g u r e  A . l ) :

t  =  c o s ' l l  +  s in H 'J  . (a . 7)

Then

r m*  =  f p -  r * t ( - d ) ,  (a . 8)
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w h e re  r p ( - d , 0 )  i s  t h e  p o s i t i o n  v e c t o r  o f  t h e  p o i n t  o f  a t t a c h ­

m en t o f  t h e  c o u n t e r w e i g h t  m*. W ith  e q u a t i o n s  ( A .3) a n d  ( A .7) 

t h i s  b e c o m e s i

rm» =  r0 +  u l-d ) -  r^ co s^ M ljl -i- ^(-d,t)-i^sin1l'(-d)jj. (a  . 9 )

c )  P o s i t i o n  V e c t o r  t o  C e n t e r  o f  Mass o f  Endm ass M

The p o s i t i o n  v e c t o r  r M t o  t h e  c e n t e r  o f  m ass  o f  endm ass

M i s  shown i n  F i g u r e  A . 2:

rM =  F p ( i ,o )  +  rMt(L ) ,  ( a . 1 0 )

o r ,  w i t h  e q u a t i o n s  ( A ,3) a n d  ( A .7 ) ,

fj* =  F0 +- | l +  u ( l )  +• rMCoa’fioJl + (vO,t)4-rMsin*l,(u )j  . ( a .  n )

3. V e l o c i t y  V e c t o r s

a )  V e l o c i t y  V e c t o r  o f  A r b i t r a r y  P o i n t  on L in k

The v e l o c i t y  o f  p o i n t  P i s  o b t a i n e d  by a p p r o p r i a t e  

d i f f e r e n t i a t i o n  o f  e q u a t i o n  (A . 3 ) j

=  r0 +  3 r  +  ^ x r  ,  ( a . 1 2 )
a t

w h e re  r ^  i s  t h e  v e l o c i t y  o f  p o i n t  0 .  The s e c o n d  an d  t h i r d

t e r m s  r e p r e s e n t  t h e  d i f f e r e n t i a t i o n  o f  t h e  body f i x e d  q u a n t i t y

r  w i t h  r e s p e c t  t o  t h e  s p a c e  f i x e d  s y s t e m .  £ = cp 1c i s  t h e6 6
a b s o l u t e  a n g u l a r  v e l o c i t y  o f  t h e  c o o r d i n a t e  s y s te m  ( x , y , z ) .  

S u b s t i t u t i o n  o f  e q u a t i o n  (A .6 )  l e a d s  t o i

FP =  r0 + (u-Hiv -yOte+’t'lcos'Vjl

+  f Y Y %  ( % + u) - y ( ’fe-*-,P)sif>1P) J. (A .1 3 )
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b )  V e l o c i t y  V e c t o r  o f  t h e  C e n t e r  o f  Mass o f  

C o u n te r w e ig h t  m*

D i f f e r e n t i a t i o n  o f  e q u a t i o n  (A .8) f u r n i s h e s  t h e  

v e l o c i t y  v e c t o r  o f  t h e  c e n t e r  o f  m ass  o f  t h e  c o u n t e r w e i g h t :

7m* =  (A. 14)

T h i s  b e co m e s ,  w i t h  e q u a t i o n s  (A .? )  a n d  ( A .1 3 ) ,

r w*  =  F0 +  [u(-d) -Mfe v(-d,t)+- r* (* fe  +1W -J))sin'V(-d)j I

+ [v(-d, 0  + % (-d  + uM>) - r * ( ‘fe+1i,(-d)) eosW-J)] J . ( a . 1 5 )

c )  V e l o c i t y  V e c to r  o f  C e n t e r  o f  Mass o f  Endm ass M

D i f f e r e n t i a t i o n  o f  e q u a t i o n  (A .10) f u r n i s h e s  t h e  

v e l o c i t y  v e c t o r  o f  endm ass  M:

=  Pp(L,o) + K>ex(rMUL)) , (A, 16)

T h i s  l e a d s  t o :

=  ?0 + [uU-)-<fevU,t) - rv A ^ e  +%0Wm^lL)] I  

+ jv(L,t) +• *fe(L+utL0  + t*M(%  + M0)cOsH’(L)j J  , (A .17)

d )  A n g u l a r  V e l o c i t i e s  o f  M as se s  m* arid M

The a n g u l a r  v e l o c i t y  0m# o f  t h e  c o u n t e r w e i g h t  m* i s  

g i v e n  b y :

( A .1 8 )

S i m i l a r l y ,  t h e  a n g u l a r  v e l o c i t y  0M o f  t h e  en d m ass  M i s  g i v e n  

b y :

0M =  . (a. 1 9 )
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4 . A c c e le r a t io n  V e c to r s

a )  A c c e l e r a t i o n  V e c t o r  o f  A r b i t r a r y  P o i n t  on L in k

The a c c e l e r a t i o n  o f  p o i n t  P i s  o b t a i n e d  by d o u b le  

d i f f e r e n t i a t i o n  o f  e q u a t i o n  (A .3 ) ,  i . e .

=  ft, +  f  ?e x r  - ‘P e r t e ^ x i r  , (A.20)
P > t 2 ^

w h e re  r Q i s  t h e  a c c e l e r a t i o n  o f  p o i n t  0 ,  a n d  t h e  r e s t  o f  t h e

t e r m s  r e p r e s e n t  t h e  s e c o n d  d e r i v a t i v e  o f  t h e  body f i x e d

q u a n t i t y  r  w i t h  r e s p e c t  t o  t h e  s p a c e  f i x e d  s y s te m .  $  = qj k6 6
i s  t h e  a n g u l a r  a c c e l e r a t i o n  o f  t h e  c o o r d i n a t e  s y s te m  ( x , y , z ) .

S u b s t i t u t i o n  o f  e q u a t i o n  (A .6 )  i n t o  t h e  a b o v e  a n d  

s u b s e q u e n t  d i f f e r e n t i a t i o n  g i v e s »

= [£*. + y /- (V.+i'Jcoi’f +(H>e +1t’)2siniv)] I

+ [Ry -  y / W .+ 't ls in 't1 + (li’e+',i,)Zcos1P)] f  ,  (A. 21)

w h e re

—  < k  +  U — V*5Pe -  U ^ e  -  ,  (A .22)

( t y  =  /S +  V ■+ u f e  -  V ^ e 2 ̂ 2 C l %  j  (A. 2 3 )

a r e  t h e  x a n d  y c o m p o n en ts  o f  t h e  a c c e l e r a t i o n  o f  a  p o i n t  on 

t h e  c e n t r o i d a l  l o c u s  r e s p e c t i v e l y ,  a n d

5  =  -  t ' f e  ,  (a.  2 4 )

P  =  f o ,  +  ,  (A. 25)

a r e  t h e  x a n d  y c o m p o n en ts  o f  t h e  a c c e l e r a t i o n  o f  a  p o i n t  on
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t h e  x - a x i s  a n d  r Qx, r Qy a r e  t h e  x a n d  y  c o m p o n e n t s  o f  t h e  

a c c e l e r a t i o n  o f  t h e  o r i g i n  o f  t h e  b o d y  f i x e d  c o o r d i n a t e  

s y s t e m .

b )  A c c e l e r a t i o n  V e c t o r  o f  t h e  C e n t e r  o f  M ass  o f  

C o u n t e r w e i g h t  m*

T h e  a c c e l e r a t i o n  o f  t h e  c e n t e r  o f  m a ss  o f  c o u n t e r w e i g h t  

m*  i s  o b t a i n e d  by  d o u b l e  d i f f e r e n t i a t i o n  o f  e q u a t i o n  ( A « 8 ) i

f*#1 — r(-d,o) + a2 (-r*t(-d)l + 4«x(-r*t(-«o)
a t 2

-  *fe + £ < f e x a ( - r * tM )
a t

a n d ,  w i t h  e q u a t i o n s  ( A . 7) a n d  ( A . 2 1 ) ,  b e c o m e s :

(A. 26)

+  [ 8 ,  w )  -  r *  ( ( %  ^ - f r a ^ c o j - V H )  - & +ii-i-a))23i0 1r w ) j ] f .

( A .27)
c )  A c c e l e r a t i o n  V e c t o r  o f  t h e  C e n t e r  o f  M ass  o f  

E n d m ass  M

T he  a c c e l e r a t i o n  o f  t h e  c e n t e r  o f  m a s s  o f  e n d m a ss  M 

i s  o b t a i n e d  by d o u b l e  d i f f e r e n t i a t i o n  o f  e q u a t i o n  ( A . 1 0 ) :

rM =  rp(L,o) + aHtytto) + Ve * (rMtU))
a t 2 _

-  (rwEio) + Z  % x a(rMtu.)) , (a. 2 8 )
a t

a n d ,  w i t h  e q u a t i o n s  (A. 7) a n d  (A. 2 1 ) ,  b e c o m e s :

=  [6 *(i) -  r„  ((&  t^W jain 'fU ) + ( ‘fe a-VCL)) cos>(i->)]I

4- [r,IL)+ *Vi t t o )  j .
( A .29)
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APPENDIX B

VIRTUAL DISPLACEMENTS

1 . V i r t u a l  D i s p l a c e m e n t  o f  A r b i t r a r y  P o i n t  on  L in k

The v i r t u a l  d i s p l a c e m e n t  6Pp o f  a n  a r b i t r a r y  p o i n t  P i s  

o b t a i n e d  by t a k i n g  t h e  v a r i a t i o n  o f  e q u a t i o n  (A .3 ) :

I n  t h i s ,  6 rg  r e p r e s e n t s  t h e  v i r t u a l  d i s p l a c e m e n t  o f  p o i n t  0

( s e e  F i g u r e  A . 2 ) ,  w h ic h  m u s t  b e  d e f i n e d  i n  e a c h  c a s e ,  an d

6 9  = 6q» k  i s  t h e  v i r t u a l  r o t a t i o n  o f  t h e  body  f i x e d  c o o r d i -6 6
n a t e  s y s te m .  P e r f o r m i n g  t h e  i n d i c a t e d  d i f f e r e n t i a t i o n s  on  r  

l e a d s  t o :

2. V i r t u a l  D i s p l a c e m e n t  o f  t h e  C e n t e r  o f  Mass o f  

C o u n te r w e ig h t  m*

S u b s e q u e n t  t o  t h e  s u b s t i t u t i o n  o f  e q u a t i o n  ( A .3) i n t o  e q u a ­

t i o n  (A .8 ) ,  t h e  v i r t u a l  d i s p l a c e m e n t  o f  t h e  c e n t e r  o f  m ass

o f  t h e  c o u n t e r w e i g h t  m* i s  o b t a i n e d :

&rp =  ^r0 + d r 5u + 3r Sv 5V + Stfe x r  . 
d u  dv  alp

( B . l )

Srp =  &r0 + ISu + JSv Uos'tyT + si«V J ) SM*

+ [-  (v+y cos V )! +(% +U -  ^ s \n ^ )j] . (B. 2 )

*  &r0 + d(?t-a,o)-f*t(-d)) Sul-d)+ a i f  (-d, o) - r* t (-a)) Sv(-a)
aut-a) avc-a)

+ dCrC-atD)- r*j(-a)) + Mex ( r  (-a,o)-r*l(-a)) . (B. 3 )
a w - a )

T h u s ,

[(-v(-a,t) + r*sin v w ) l  +(-d + ul-a) -r*cos>M ))j]
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3 . V i r t u a l  D i s p l a c e m e n t  o f  t h e  C e n t e r  o f  M ass o f  

Endm ass M

S i m i l a r l y ,  a f t e r  t h e  s u b s t i t u t i o n  o f  e q u a t i o n  ( A .3) i n t o

e q u a t i o n  (A .1 0 ) ,  t h e  v i r t u a l  d i s p l a c e m e n t  s r ^  o f  t h e  c e n t e r  o f

m ass  o f  t h e  endm ass  M i s  g i v e n  b y «

$PM =  &r0 + 3  (?U,o) * rMt(o) SuU) + d(r(L,o)+rMtl*-)) 6vu-,t)
3uU ) ^V(L,t)

+ a (^ o ) t rM tU ) )  SV(l) + *(FlL,o)+rMili) )  . (b. 5 )
3VU)

P e r f o r m i n g  t h e  i n d i c a t e d  d i f f e r e n t i a t i o n s  on t h e  body f i x e d  

q u a n t i t i e s  l e a d s  t o :

6 r M =  SP0 + IS u io  + JSva,t) +- rM (-  sm'H’a) I  + cos^cl)}) SY(l)

+ [ - (v(L,t) + rMs«n'V(L))r + ( l+ u I l )  + rMa>s'V(t))j] &Pe .

4 .  V i r t u a l  R o t a t i o n  o f  C o u n te r w e ig h t  m*

T he v i r t u a l  r o t a t i o n  o f  t h e  c o u n t e r w e i g h t  m*, w i t h  t h e

h e l p  o f  e q u a t i o n  ( A .1 8 ) ,  i s  g i v e n  b y :

Se„« = ( s«fe + &M>i-a)) k . (b. ?)

5. V i r t u a l  R o t a t i o n  o f  Endm ass M

T he  v i r t u a l  r o t a t i o n  o f  t h e  endm ass  M, w i t h  t h e  h e l p  o f  

e q u a t i o n  (A .1 9 ) ,  i s  g i v e n  b y :

£ 0 m =  ( SHfc + SV(L)) k . (b . 8 )



APPENDIX C

DERIVATION OF EQUATIONS OF MOTION FOR BOTH 

ELASTIC LINKS WITH HELP OF LAGRANGE MULTIPLIERS

1 . W ork ing  Form o f  H a m i l t o n ' s  E q u a t i o n  w i t h  L a g r a n g e  

M u l t i p l i e r s

The w o rk in g  fo rm  o f  H a m i l t o n ' s  e q u a t i o n  i s  o b t a i n e d  

f ro m  t h e  s u b s t i t u t i o n  o f  e q u a t i o n  ( 3 . 9 )  t o  ( 3 »1 3 )* ( 3 *1 5 ) 

a n d  (3 * 1 6 )  i n t o  e q u a t i o n  ( 3 . 1 )  ( a f t e r  a p p r o p r i a t e  v a r i a t i o n ) :

f  f f r r v -  f m*f r f *Sr ^dt
l  *4o •'■J •'Aj ■'to

-  f  J *  * &L*dt _ f  M rM* SrMdt -  f j m - f  f E2I? 2jV* S v ^ d t
• '( j «X| “T* •'O 3^7

.  f ^ f L u d ^  -  r  [ m ,  A ,  Sv,dx,dt _ f  V  ESI, 3V  5v^%sdt

- f V  A  _  E ^ ^ S v J d t  - S M  -E ,I>̂ S v , l °
A o L 3 i*  3 4  J q J i* [I 3 i j  3t-% J-d

+ [ e^ I ,3 V  S3y, -  E»IS3V  Sv,l°3+ - E ^ 3 ^ S vJ L Id t
L 3 t4  3X* 3 4  Jo L 3^1 3X, 3x| Jo+J

n
ftj ft, -L  /*t« 6

A .S M M U  I + l 2 ^ S fid t= :0 * (c,1)
•'to i«i
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2 . S u b s t i t u t io n  in t o  H a m ilto n 's  E q u a tio n

The f o l l o w i n g  s u b s t i t u t i o n s  a r e  now made i n  e q u a t i o n  ( C . 1) :

a )  The a c c e l e r a t i o n s  o f  t h e  v a r i o u s  p o i n t s  a c c o r d i n g  

t o  A p p e n d ix  A -4 ,  i n t r o d u c i n g  t h e  a p p r o p r i a t e  s u b ­

s c r i p t s  r e f e r r i n g  t o  l i n k s  2 a n d  3*

W h ile  n o t  e x p a n d e d ,  t h e  c o u p l e r  l i n k  t e r m s  Rx2 a n d 

Ry2 c o n t a i n

an d ( C .2 a )

=  +  *?. a , c o s ln .-H z e ).

S i m i l a r l y ,  f o r  t h e  t e r m s  R ^  a n d  ^ y 3 * w h ic h  a r e

a s s o c i a t e d  w i t h  t h e  r o c k e r ,
\

a n d ( 0 .2 b )

b ) The v i r t u a l  d i s p l a c e m e n t s  a c c o r d i n g  t o  A p p e n d ix  B.

c )  The v a r i a t i o n s  o f  t h e  c o n s t r a i n t  e q u a t i o n s  a c c o r d i n g  

t o  S e c t i o n  I I I - E .

F u r t h e r ,  t h e  d o t  p r o d u c t s  a r e  e x e c u t e d ,  i n t e g r a t i o n s  o v e r  

t h e  c r o s s - s e c t i o n a l  a r e a s  A2 a n d  A^ a r e  p e r f o r m e d ,  t h e  t r i g ­

o n o m e t r i c  t e r m s  i n v o l v i n g  if; a r e  c o m b in e d ,  a n d  t h e  f o l l o w i n g  

a b b r e v i a t i o n s  a r e  m ade:

|12 = P2A2 , > (C. 2 c )
1*3 = P'3̂ -- *̂

T h i s  l e a d s  t o :
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3 . F in a l  Form o f  H a m ilto n 's  E q u a tio n

B e f o r e  p r o c e e d i n g ,  t h e  f o l l o w i n g  s i m p l i f i c a t i o n s  a n d  

t r a n s f o r m a t i o n s  a r e  I n t r o d u c e d !

S i n c e  s m a l l  d e f l e c t i o n  t h e o r y  i s  u s e d i  

c o s  i f  t a  l t

a n d  a l l  t e r m s  c o n t a i n i n g  t h i s  e x p r e s s i o n  a r e  i n t e g r a t e d  b y  

p a r t s .

I n  o r d e r  t o  b e  a b l e  t o  c o l l e c t  a l l  t e r m s  i n  6 v ,  s u c h  

e x p r e s s i o n s  a s

w h ic h  c o n t a i n  v a r i a b l e  l i m i t s  a r e  t r a n s f o r m e d  a c c o r d i n g  t o i

T he  a b o v e  l e a d s  t o  t h e  f i n a l  f o r m  o f  H a m i l t o n ' s  i n t e g r a l ,  

w h ic h  c o n s i s t s  o f  tw o  p a r t s .  The f i r s t  p a r t  g i v e s  r i s e  t o  t h e  

a s s o c i a t e d  E u l e r - L a g r a n g e  e q u a t i o n s ,  w h i l e  t h e  s e c o n d  o n e ,  

a f t e r  c o n s i d e r a t i o n  o f  t h e  g e o m e t r i c  b o u n d a r y  c o n d i t i o n s ,  l e a d s  

t o  t h e  n a t u r a l  o r  d y n a m ic  b o u n d a r y  c o n d i t i o n s .  B o th  p a r t s  c o n ­

t a i n  t h e  L a g r a n g e  m u l t i p l i e r s .

’ B a s e d  o n  L e i b n i t z ' s  r u l e  o f  d i f f e r e n t i a t i o n  u n d e r  t h e  
i n t e g r a l  s i g n  a n d  s u b s e q u e n t  i n t e g r a t i o n  b y  p a r t s .

I n  a d d i t i o n

F ltfd td *G(S)d$d*

When t h e  l i m i t s  a r e  c o n s t a n t ,  o n e  u s e s t

FOOdljd*G<!ildfcd*
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Zf. E u l e r - L a g r a n g e  E q u a t i o n s  a n d  N a t u r a l  B oundary  C o n d i t i o n s

H a m i l t o n ' s  i n t e g r a l  w i l l  h a v e  a  s t a t i o n a r y  v a l u e  when 

b o t h  s e t s  o f  t e r m s  i n  e q u a t i o n  ( C .6 )  v a n i s h .

The E u l e r - L a g r a n g e  e q u a t i o n s  a r e  o b t a i n e d  by a p p l y i n g  

t h e  F u n d a m e n ta l  Lemma o f  t h e  C a l c u l u s  o f  V a r i a t i o n s  t o  t h e  

f i r s t  p a r t  o f  e q u a t i o n  ( C .6 ) .  (S in c e  6 u 2 , 6 u 2 ( a 2 ) ,  6 u ^ ,  f i u ^ ( - d ) ,  

6 u ^ ( a ^ ) ,  6 u ^ ( L ) ,  6v 2 , 6v ^ ,  6q>2 e » 6^ 3 e a r e  v a r i a t i o n s ,

t h e i r  r e s p e c t i v e  c o e f f i c i e n t s  m u s t  v a n i s h ) .

I n  o r d e r  t o  o b t a i n  t h e  d y n am ic  b o u n d a r y  c o n d i t i o n s ,  one 

f i r s t  c o n s i d e r s  t h e  g e o m e t r i c  b o u n d a ry  c o n d i t i o n s :

V2t 0 , t )  =  0 , (C .7 )

vt (fli.ti =  0  , (C .8 )

V*CO',t) =  =  0, (C. 9)

9v*l<r.t) =. 3vUo.t) ( c .1 0 )

v»la3,t) -  v* ta ,,t) = 0 , ( c . l l )

av»fo,.t> =  d v ito l.t)  a*., (C. 12)

T h i s  i m p l i e s ,  c o n c e r n i n g  t h e i r  a s s o c i a t e d  v a r i a t i o n s ,  t h a t :

Sv2(0,t) = 0 , (C .1 3 )

H C a^t) =  0 , ( C . l i f )

8 v*lo',t) =  8 v*u),t), (c .1 5 )
S 3 v ^ o ,t)=  & 3v^o,t) (C .1 6 )

8 v*Uu.O =  SViCa^.t) =  o , (C .1 7 )

6 av%(a,.t) =. 8 3 v » (a i,t)  . (C .1 8 )
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T h e  a b o v e  e x p r e s s i o n s  a r e  s u b s t i t u t e d  I n t o  e q u a t i o n  

( C . 6 b ) .  The r e m a i n i n g  v a r i a t i o n s  a t  t h e  b o u n d a r i e s ,  s u c h  

a s  6v ^ ( L , t ) ,  e t c . ,  a r e  a g a i n  a r b i t r a r y ,  a n d  t h e i r  c o e f f i ­

c i e n t s  m u s t  v a n i s h .

The E u l e r - L a g r a n g e  e q u a t i o n s  c o n s i s t  o f  tw o  g r o u p s .

T h e  f i r s t  g r o u p  r e p r e s e n t s  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  

i n  v ^ X g . t )  a n d  t h e  t h r e e  p a r t s  o f  v ^ ( x ^ , t )  r e s p e c t i v e l y .

T h e  s e c o n d  g r o u p  o f  e i g h t  e q u a t i o n s  a l l o w s  f o r  t h e  s o l u t i o n  

o f  t h e  L a g r a n g e  m u l t i p l i e r s .



a ) E u le r -L a g ra n g e  E q u a tio n s

G roup  1 
° < x 2 < a 2 .

E.I,aV ./> J , 3*V» [ X d % 2+ h ) - \ d v i + / h K y i  =  0 - (c . 19)
a*£ ax? a t2 b x l w x i  I  ' b u

- d  < x „  < O' . .
*  *  | /* **W i #

EaL .3 V  -  p»L 3 * 4-3 2^ / 1 A id tL -A s L A 23v» 4 / u » — 0 ■ ^c *
a 4  a ^ a t 2 I

0 < x 3 < a 3 ‘

EJ, A . -  fJ , aV + 3 \l fA2̂ ,+A4a (>).At^ +./1,R^=o 
1 1 1  3*|3t* a t l U t ,  I VU <c-

a t  < x~ < L:

£ > U V  - A j , A ,  + & J f W + a 4 - ^ 2 S . 4 / * . f t f c = o .  (C .2 2 )
3 4  3 4  a t1 3 * I k x ,  I  3* »

G roup  2

y U i R t j - * .  =  0 • (c*23)

J* - j i t Vt Rt* 4- p2l2|4«  4-̂ v2 j jdlLt tX7 (d2tu2(ftj)siid‘&e

-A»(a24Ua(flt))coŝ 2e = 0 . (c.24)

JX̂ X*, \ t  ~ 0  • (C.25)

-A j-V jC osH k -  AgSirt^ie =  0 . ( c . 2 6 )

m * iL w > + iS t* ! !* *  t 3 \ ,H . t ) \  3vu-At) J l f c t a W o r l - ^  =  Q .
\\ 3x.33t* I At.3 \ 3x*3t/ I ( c .2 7 )

-A+ +A7CC6lfee +Aftsm%e =-0. ( c . 2 8 )

M^U)-Ml-J(ifee»3Vu.t)\ 3v>ti.,t) +. /ift«4.A.(i,t)\z\ _ * fc = 0 .
\\ 3*»31*/ 3%* \ 3 v ,3 t II  (c.29)
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J  î,lx*+U*) Ry, fft +m*|“ V»t'ti,t*+

.v t f  r \ U t ) / f e *  + 3 W d ,t)W (-< * #  + 1 tfte + 7 h # t o  >|2|  4 m* 1-d i U . U ) - ^ ) ^ )  
\\ 2 y . J t z  )  f a  \  3x»3t J j

-m*(*(-d+u^M $ie+2 \ %(-d.t)) — IMP̂g ■>• 3>V%(-a.t)| 2 3 tnfr*2) I MW
\\ 9 x » 3 t * /  \  9x»3t /  I  \

+ 9Vl-d,t)\ _ mL h*) j.rM3v*U..t)) Rx Ll) + M rMv*(L(t)( MW + 3\(LtM  3 y u )
3 u 3 t 2 I  \  3x* I  \\ 3x ,3 t1 / “d*,

+ ^ ^ L t))ZV  M t u u ^ c O f O i^ i L j  +  M r ^ l t ^ a ^ f e e * 2 5 ^ * 1
\ 3x>3t j  j  \\ 9 x , 3 t 2 j

__ [mWt 2 ^ u ) | Z 3v5a*>|  4 U m  + M r,? )[ *&e t 3 \ a , 4 ) | -A-,UMUj(a,))siiiMW 
\  2 ^ ? t  I  f a  I  \  f a t t y

_ Ag (a5 *u*«m) cosMW =  0 . (c. 30)

b )  N a t u r a l  B o u n d a ry  C o n d i t i o n s

t i l l  3 V 0 , t )  =  Q . (C .3 1 )
3 x J

Eil„ =  0  • (c. 32)

r r f t *  I R U -a) 3 v £ * t ) _  fy»CnO\+ ( ^ + r r f r * 7)( _  E J * 3 V * t )  =  0
\ f a  \  f a t t y  f a

(C .3 3 )

EJ*aN»Kt) -  A .liM W 4.3 V ^ L

" a x f "  \  3 v * * 2'  \

4  9̂ v̂ -a,t)|23v3L-alt)\ _  v v̂5 c-a.̂ ) + m*i?y3c-a) =  o . (c. 34)
3 * * a t  I  f a  I  d % *



E »L 3 V « r .t )  =  E J> 3^ C 0.t) (c . 3 5 )
1 x 1  3K-»

E ,I , a2v ,(a,.t) =  E j » a*%tfd>.t) (0 . 36 )
D x Z  < > % }  '

EJ»aVti.*> + (.Jh +Mr̂ V•fee 13W^]-Mr„(Rt ju )3 w ) _r̂ d| ,
3 ^  \  d U d t ' l  \  /

( c . 3 7 )

-E,^3iVL.t) + f r l j k e  + 9\,lL.tl|+MrJliU l< h e
2 % l  \  3 ^ 3 ? /  \\ ^ S 5 t * l  \

4 .3 IV>U,t)\ 2  JVjOjOl -  X f e M lL t )  +  M R y,(L ) =  0 .  ( 0 . 3 8 )
3x.3^t / “dTc-̂  /  ”3%3



5 . D e te r m in a t io n  o f  L agran ge M u l t i p l i e r s

I n  o r d e r  t o  e x p r e s s  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  

o f  G ro u p  1 o f  t h e  p r e v i o u s  s e c t i o n  i n  t e r m s  o f  v 2 ( x 2, t )  an d  

v ^ ( x ^ , t )  o n l y ,  i t  i s  f i r s t  n e c e s s a r y  t o  s o l v e  G ro u p  2 o f  t h e  

E u l e r - L a g r a n g e  e q u a t i o n s  f o r  t h e  e i g h t  L a g ra n g e  m u l t i p l i e r s .  

T h i s  r e s u l t s  in «

K  = ’ ( c -3 9 )

~  *  (C .4 0 )

—  - c d M a e - t f t g )  p £ 7 ( X , . i ) d % ,  -  C S C ^ - ^ e T C kiCTu.t)dt»*Ttl*»1l1y
(Q2+uzCax)) Jo U*+u*W>))LJ-d

(C .4 1 )

—  C S c (% e ~ * h e )  f  Kx(*L,.OdTG 4  C fli(<fee~<fae)f f  K3CIC3,t)dV-3 A m ] »
(ai+U iW x))  Jo ( Q y f U ^ m J - d  J

(C .^ 2 )

As =  irf* f }*c-w  1

A* =  w
\ \  d % ^ t 2 /  9 % ,  \  3 iO j9 t I  I

h  =  ------------------------------   [ ak i f r tll)d % i

+  .----------------------- J  f  ( c . 4 5 )
jL J-d J

As =  si>1,fae f  f W > d * 3  t t t t j t l t w i]
(aJ+U,W,))sinl<fee''fet)LJ-d J

<*0j
+ _____________________  j K2lM )aX z , ( c .46)

U2+Ui(flx)) SinWae-Wze) Jo
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w h ere

(C .4 7 )

K M )  =  p * l u ^ ) * % “ / h S *  R t , + ,  ( c . 4 8 )
\ W a t 1/

1t1*= rvi*[ -v %U ,t)  + r*3v»W,t)\R *W ) -  1 ̂  + ffv,U.*>W bU)
\ 3*.* / W 3 ^ 9 t 7/ 3V 3

W(OPy 4.07V3Ui>,t)j2 \  + u ^ ( - d ) - r x ) ^ 3 C ^ i )  - r r ^ r ^ t t l+ u jC - d ) ) / /^
k a* » 3 t I j \\

4. 3 ^ ^ W .t ) | 4_3^V-j(-d,t)^ dV aW it))
B X ^ t 1 /  \  3 v ^ t J  3lC 3 /

4.9\^(-(i,t)|  Bv^W't)] +  C^t^+irfV^0  |^f?g 4-3 v^W>t) j f

(c. 49)

Ml V̂ L,*)+rH3^!a2t)) R ĉl) 4  M rJfe* ̂ V - t ) | 9v»a.t>
\ 'BK* I W 3v*3t*/ 91c3

ipy, 4- a V a . t )  j2|  + M l u u ^ a ) + r M) R ^ l)  + MrM( u u ?ka ) 1 |l?3c

_ ( tK e  + 3 V a , t ) \Z3v%a , t ) \ 4- (J M 4-Mrft V fee+3 \ a . t ) |  .
\ 9ic,3t I 3X3 I \ ^ B t 1/

4- a  v . t )
3 V ^ V

(c. 50)
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To e x p r e s s  t h e  L a g r a n g e  m u l t i p l i e r s  i n  t e r m s  o f  t h e  

a p p r o p r i a t e  v ' s ,  t h e  c o n s t r a i n t  e q u a t i o n s  (3 * 1 7 )  t o  (3 * 2 2 )  

a r e  u s e d  t o  o b t a i n  t h e  v a r i o u s  u ' s .  The d e r i v a t i v e s  o f  t h e  

u ' s  a r e  o b t a i n e d  by  a p p r o p r i a t e  d i f f e r e n t i a t i o n .

The e l a s t i c  a n g l e s  <p2 e  a n d  m u s t  be  s o l v e d  f o r  w i t h  

t h e  h e l p  o f  e q u a t i o n s  (3 * 2 5 )  a n d  (3 * 2 6 )  by a  m e th o d  s i m i l a r  

t o  t h a t  em p lo y ed  i n  r i g i d  body  k i n e m a t i c s  ( s e e  A p p e n d ix  I ) .  

The u ' s  i n  t h e s e  e x p r e s s i o n s  come a g a i n  f ro m  t h e  c o n s t r a i n t  

e q u a t i o n s  ( 3 .1 9 )  a n d  ( 3 . 2 0 ) .  Once <p2e a n d  a r e  known, 

t h e i r  a s s o c i a t e d  a n g u l a r  v e l o c i t i e s  an d  a n g u l a r  a c c e l e r a t i o n s  

may b e  f o u n d  by d i f f e r e n t i a t i o n .

The r e s u l t i n g  e x p r e s s i o n s  f o r  t h e  X 's  a r e  n o t  shown h e r e  

s i n c e  s u b s e q u e n t  l i n e a r i z a t i o n  a n d  t h e  a p p r o x i m a t i o n  o f  t h e  

e l a s t i c  a n g l e s  by t h e  r i g i d  m ech an ism  a n g l e s  m akes t h i s  u n ­

n e c e s s a r y .



167

6 .  P a r t i a l  D i f f e r e n t i a l  E q u a t i o n s  a n d  B o u n d ary  C o n d i t i o n s  

f o r  b o t h  E l a s t i c  L in k s

The p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  o f  m o t io n  a n d  t h e  

a s s o c i a t e d  b o u n d a ry  c o n d i t i o n s  f o r  e a c h  l i n k  a r e  now ob­

t a i n e d  by t h e  s u b s t i t u t i o n  o f  t h e  L a g ra n g e  m u l t i p l i e r s  i n t o  

t h e  d i f f e r e n t i a l  e q u a t i o n s  a s  w e l l  a s  t h e  b o u n d a ry  c o n d i t i o n s .  

F o r  t h e  s a k e  o f  c o m p l e t e n e s s ,  t h e  g e o m e t r i c  b o u n d a ry  c o n d i ­

t i o n s  a r e  a l s o  shown. Even  th o u g h  t h e  r e s u l t i n g  e x p r e s s i o n s  

a r e  shown i n  t e r m s  o f  t h e  \ ' s ,  Rx , Ry a s  w e l l  a s  t h e  e l a s t i c  

a n g l e s ,  i t  m u s t  b e  k e p t  i n  m ind  t h a t ,  f o r  s o l u t i o n  t h e y  m u st  

b e  t r a n s f o r m e d  by m eans o f  t h e  a p p r o p r i a t e  c o n s t r a i n t  e q u a ­

t i o n s  a n d  t h e i r  d e r i v a t i v e s  i n t o  f u n c t i o n s  o f  t h e  v ' s  o n l y .  

B e c a u s e  o f  t h e  a b o v e ,  n o n - l i n e a r  p a r t i a l  i n t e g r o - d i f f e r e n t i a l  

e q u a t i o n s  r e s u l t ,

a )  L in k  2 t

D i f f e r e n t i a l  E q u a t i o n

E2I 7 -  P2I 2 =  0 ,
d t - i  91^2 "dy.2  (c. 5 1 )

w h e re

N»tfcift )  =  • (C .5 2 )
J X ir X l

N a t u r a l  B o u n d ary  C o n d i t i o n s

E^Ii c^VjAPjt) = . 0  . (c. 5 3 )

E2l-2.2i1Va(Qt.t) — 0 • (C,5k)
d x }
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G e o m e t r i c  B o u n d ary  C o n d i t i o n s  

Vz (0,t) =  o  .

V,(a,,t) =  0 .
b )  L in k  3s

. D i f f e r e n t i a l  E q u a t i o n s  

Beam S e c t i o n  I s  - d < x ^ < 0 -

E5I 3 — p*I + =  0,
Z t i b t 7  ^ 4  3 k *

where

=  f  ^ 2 ^ ^  — X5  '

Beam S e c t i o n  2 s 0 < x ^ < a ^

£ % I> aV  _ f t l ,  3 \  t  _ M . R t . a v ,  —  0

i % }  ^ 3 t 7  3 * 1  a t ,

w h e re
/ • L

+  X4. +  X4  .
/•L

N ^ X ^ t )  =  I A2£

'* 5

Beam S e c t i o n  3 s a ^ < x ^ < L

E3I 3 dV  + NAb-3(t)  d_V» + u 3 Ry5 — —

w h e re

=  [ U ,  + x fc

( c . 55)

(C. 56)

1
( c . 57) 

( C .58)

( c . 59) 

(C .6 0 )

0 ,
(c.61)

(C .6 2 )
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N a t u r a l  B o u n d a r y  C o n d i t i o n s

- V . 3V .W .0  J. + U if+ tr lV z) |lf *  t ^ W ) | = 0 .

E ,L aVt-d.t) +nr^R^l-d)- nftr*(Itisc4. t ) ] _  +
91L.3 \\ j  \  3fc*9t ,

- fa lJ^ 4 -3 W ) L  L*R» C-d) 4.i>fr*ffee ̂ 3v ^ .o | MC-d.t)
\ a ^ d  \\ 3x,9t*/ 9x,

(c.63)

W < u > i 
a * 3

3*=

E ^ L  3  v^CO i t )  —

9 X j  3 * 1

E J *  =  E j „
a * ? "

(C .6 4 )

(C .6 5 )

( C . 6 6 )

k ffv U L t)  - M c J U x Ll) 2>\l,{L,t)- i i S l ) ]  t (cl^+ M r j ) [ ' + 3 \ 3(L,t)\  — 0 .

3 1 \ 3 m  I \  Z * , X 2 J
(C .6 7 )

- E J ,  3 \ , a . t )  4. m sL W  + M rJ tV fe + A c u )  I - / m u  + 3 \ a . t ) | zav,(L.t)|  
3 t |  l\ a t.T it‘1 \ a i , 3 t  I a t ,  I

+(J ,l< h e 4.3\,*U..t)\ _ fMRtfL) - A ( u t ) \ av,(L.t)
I 9 **3t 2/ L \\ 3x»3t2/ 3**9**3t2

+  f e e  + ^ l a v ^ a . i )  = :  0  .
”9*, at I I J 3x5

( C . 6 8 )
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G e o m e t r ic  B o u n d a ry  C o n d i t i o n s

V5C0',t) =  0 .  (C .6 9 )

V ,(0 ,t )  = 0 .  (C. 70)

. (c. 71)
?>%»,

v*la%t) — 0 , (c. 7 2 )

— o .  (C. 73)

3V>(fl3.t) =  3 V i ( « U )  . (Ct ? u )
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APPENDIX D

DERIVATION OF EQUATION OF MOTION FOR ELASTIC

ROCKER WITH COUNTERWEIGHT AND ENDMASS BY METHOD 

OF SUBSTITUTION OF CONSTRAINT EQUATIONS 

(ASSUMPTION OF RIGID COUPLER)

T h i s  a p p e n d i x  c o n c e r n s  i t s e l f  w i t h  t h e  d e r i v a t i o n  o f  t h e  

e q u a t i o n s  o f  m o t io n  f o r  t h e  r o c k e r  o f  a  b a l a n c e d  s h a k e r  m echan­

ism  w h e re  t h e  c o u n t e r w e i g h t  i s  t a n g e n t  t o  t h e  p i v o t  p o i n t  D 

( s e e  F i g u r e  D . l ) .  I n s t e a d  o f  u s i n g  t h e  L a g ra n g e  m u l t i p l i e r s  

f o r  i n c o r p o r a t i n g  t h e  c o n s t r a i n t  e q u a t i o n s ,  t h e i r  v a r i a t i o n s  

a r e  s u b s t i t u t e d  i n  t e r m s  o f  6v ^ .

1 .  H a m i l t o n ' s  P r i n c i p l e

S i n c e  th e  a u x i l i a r y  c o n d i t i o n s  a r e  n o t  u s e d  i n  t h e  p r e s e n t  

d e r i v a t i o n ,  e q u a t i o n  ( 3 . 1 )  r e d u c e s  t o :

2 .  W ork ing  Form o f  H a m i l t o n ' s  E q u a t i o n

The w o rk in g  fo rm  o f  H a m i l t o n ' s  e q u a t i o n  i s  o b t a i n e d  fro m  

t h e  s u b s t i t u t i o n  o f  t h e  a p p r o p r i a t e  e n e r g y  v a r i a t i o n s  i n t o  

e q u a t i o n  ( D . l ) .  S i n c e  t h e  c o u p l e r  o f  t h e  m echan ism  i s  now 

r i g i d ,  i t  h a s  no  p o t e n t i a l  e n e r g y ,  a n d  t h e  v a r i a t i o n  o f  t h e  

k i n e t i c  e n e r g y  I n t e g r a l  o f  e q u a t i o n  ( 3 . 9 )  r e d u c e s  t o :

r 2c  i s  o b t a i n e d  a c c o r d i n g  t o  e q u a t i o n  (A .2 1 )  w i t h  u 2 , v 2 = 0 ,  

x 2 =  a 2^^»  Y2 =

( D . l )

T id t — — /* f*2c * ̂  d t  — f  Jjc d t  f  (D. 2)

J to
w h ere
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STgQ i s  o b t a in e d  a c c o r d in g  t o  e q u a t io n  ( B . 2) w i t h

u 2»v 2 = 0 » x 2 = a 2 ^ 2 ' y 2 = 0 »
Mg = t h e  t o t a l  m ass  o f  t h e  c o u p l e r .

J g c  = t h e  m ass  moment o f  i n e r t i a  o f  t h e  c o u p l e r  a b o u t  

i t s  c e n t e r  o f  m a ss .  

q>2 e = t h e  a b s o l u t e  a n g u l a r  a c c e l e r a t i o n  o f  t h e  c o u p l e r .  

B e c a u s e  t h e  c o u n t e r w e i g h t  i s  t a n g e n t  t o  t h e  p i v o t  p o i n t  a t  D, 

t h e  l e n g t h  d = 0 .

When t h e  a b o v e  m o d i f i c a t i o n s  a r e  i n c l u d e d  i n t o  e q u a t i o n s  

( 3 . 9 )  t o  ( 3 . 1 3 ) a n d  ( 3 * 1 6 ) ,  a n d  t h e  r e s u l t s  s u b s t i t u t e d  i n t o  

e q u a t i o n  ( D . l ) ,  one  o b t a i n s  t h e  w o r k in g  fo rm  o f  H a m i l t o n ' s  

i n t e g r a l *

+  t  f y L f  f* v S r ^ d A s d ^ d t
J t ,  A„ A .-A

4 m* f a  • Srm*  dt 4 . f  f a  0 «* • S6 m*dt + (* M  f*M*6 rMdt
J t .  A„ Ac

+  r t j M0 H *S eMd t  4  f V
A , Ac Jo A  A  3^
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3. S u b s t i t u t i o n  i n t o  H a m i l to n 's  E q u a t io n

T h e  f o l l o w i n g  s u b s t i t u t i o n s  a r e  now m ade  i n  e q u a t i o n  

(D .3)«

a )  A c c e l e r a t i o n s  a n d  v i r t u a l  d i s p l a c e m e n t s  a r e  s u b s t i ­

t u t e d  a c c o r d i n g  t o  A p p e n d i c e s  A a n d  B r e s p e c t i v e l y ,  

a n d  t h e  d o t  p r o d u c t s  a r e  p e r f o r m e d .

b )  I n t e g r a t i o n  o v e r  t h e  c r o s s - s e c t i o n a l  a r e a  A^ i s  

c a r r i e d  o u t .

c )  T r i g o n o m e t r i c  t e r m s  i n v o l v i n g  a r e  c o m b i n e d .

d )  S m a l l  d e f l e c t i o n  i s  a s s u m e d  a n d  t h e r e f o r e ,

c o s  j  »  1 ,

s i n  \|i„ «  \|i_ = a v 3 •

e )  T h e  t e r m  c o n t a i n i n g  d v ^ / d x ^  i s  i n t e g r a t e d  b y  p a r t s .

f )  T h e  a b b r e v i a t i o n

P>3 = ^ 3^3

i s  m a d e .

W ith  t h e  a b o v e  one  o b t a i n s  j
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t./-L
J  4- j ‘ J  | / a?^%5^U3 +  ^ 3 ^ 3

+ 2 ^ | J ^  +  ^ l ^ j + U , ) R y 3 -yU3V3Rx ^ +

+ ^ - . j "  ^ j d x ^ d t +J ^ l ^ ^ t * 2) ^ *  43V ^ >| -M |v5a .t)

4-Tm3v»C<-,t)\RyCL) + M w a.t)/I%e+2 \ CL,t)\ 2ViU.it) +/^ e  + ̂ VW;>\2)
d u  I  \\ a * * * 1/  d u  \  d u *  I  I

+ M(L+ UjU)+r j  RyjU)+MrM(L+u3iL)) //<?* +3^ m ) ] -  /‘iw + a ^ t l ] 2 3v^a,-t)|
\\ 3 ^ W  \ 3 x ,3 t /  3*4 I

IJM+Mr^)[tfte + a^CL.t)\ 8%edi+[ f iJj*+m*r*211h L t3Wo.t) Vj&3 y,(o,t)
\ 2x93 t V  J t0 I  \ 3x,3tvJ 3Xj

n -M rMR v iL ) 3 v q u t ) + KArM̂ q ) + ( 3 M + M r 4 ) f e + ^ ! ^ ) V H M M t
2 x 9 \ z x J t v J  * u

r Y M R , ( L )  -  M r j f e ^ a  vd.L,t)) 2 v ^  + I*L +a \a /t> jzr | ^ a ) d t  
JU  V \ \  ' 2 x ^ 1  3%* \  3*3* I U

+

•t.

V  

+ , , t |f  fM ^L)t MrM((%e+a^U2i)] -  I«fte+ a v,CL.t)|2aV^CUt)] ] Sv,U,t)
X  I  \\ 3x33 t2/ \ 3x ,3 tI d x 3 IJ

t - f  J e [ U 2 ^  SV jdX jdt

_ E5l33Vi Sv3l <̂ [E ,Is 3V5 S3vs _ E jl,a \^  Sv,l U t =  0.
L 314 3x? J 0 L 2*1 3*5 3*f _4.

(D .4 a )
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The a b o v e  e x p r e s s i o n  I s  now m o d i f i e d  i n  t h e  f o l l o w i n g

way i

a )  To e x p r e s s  t h e  d i f f e r e n t i a l  e q u a t i o n s  a n d  b o u n d a r y  

c o n d i t i o n s  i n  t e r m s  o f  v ^ ( x ^ , t )  o n l y ,  t h e  t e r m s  

6 q?2 e» ^ 3 e »  ^ u 3 and- * d e r i v e d  i n  A p p e n d ix  E,

a r e  s u b s t i t u t e d .  ( T h i s  r e p r e s e n t s  t h e  e s s e n t i a l  

p a r t  o f  t h e  s u b s t i t u t i o n  m e t h o d . )

b )  The e l a s t i c  a n g l e s  qjgg a n d  an d  t h e i r  d e r i v a t i v e s  

m u s t  now b e  a c c o u n t e d  f o r .  W h i le ,  a s  i n  S e c t i o n  5 

o f  A p p e n d ix  C, t h e s e  e x p r e s s i o n s  a r e  a p p r o x i m a t e d  by 

t h e  c o r r e s p o n d i n g  r i g i d  body  o n e s  g i v e n  i n  A p p e n d ix  I ,  

t h e i r  e x a c t  d e t e r m i n a t i o n  w i l l  be  b r i e f l y  o u t l i n e d .

W ith  a  r i g i d  c o u p l e r ,  q?2 e a n d  q»^e a r e  o n ly  f u n c t i o n s  

o f  v ^ ( x ^ , t )  a n d  may b e  o b t a i n e d  by t h e  s o l u t i o n  o f  

t h e  e l a s t i c  l o o p  e q u a t i o n s  (3 » 2 5 )  a n d  ( 3 . 2 6 ) w i t h  

u 2 ( a 2 ) = 0 a n d  u ^ ( a ^ )  o b t a i n e d  a c c o r d i n g  t o  e q u a t i o n  

( 3 . 2 0 ) .  The e l a s t i c  a n g u l a r  v e l o c i t i e s  a n d  a n g u l a r  

a c c e l e r a t i o n s  c a n  t h e n  b e  f o u n d  by a p p r o p r i a t e  d i f f e r ­

e n t i a t i o n .

c )  I n  o r d e r  t o  c o l l e c t  t e r m s  i n  6v ^ ,  s u c h  e x p r e s s i o n s  a s :

{ X I h F & l « w *»  -Jo Jo n ;
w h ic h  c o n t a i n  v a r i a b l e  l i m i t s ,  a r e  t r a n s f o r m e d  a c c o r d ­

i n g  t o :

J  FlTL)j6 ($)d|dx==^G(*)J Htfdgdx.



When t h e  l i m i t s  a r e  c o n s t a n t ,  o n e  u s e s

f  w f  6 (e > d $ d *  =  [ < g m [  n s w w *  •
•/flj • '0  J o  Jflj

W i t h  t h e  a b o v e  o p e r a t i o n s  e q u a t i o n  (D* ifa)  b e c o m e s  a
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f  f  4.E%I«34* - p l ?a y  4- 3 ^ IT f u & l t J d t .  4- c s c f c - V i ) ! M»dt ft(flg)43tclf»|
J i ^ o  \  a** y &  aitiJt* a*jlL./x, a* \ 2 I

i.COi(»-«ft)f  r 'TuJ(lE,
l a ^ M U ©  L \ a*,ae/J \ a%#at*/

-M/wu,t)4.r^a^a ,t) \ gy (l) + M K .^ u . tA + ^ a . v ) a*ti.t) J f a  aV u .tif )  + M(uu,a)4-rM)2,,(0
\  3 * »  J \ \  3 V »  \  3 * ,M  11

4.M^(L»u%a))//«fc4aVu.t>|>fo>4.aVrfL.t)]2a^gA)| ^(^ i+M r^V ^+^iL^ri+M R ^L) - . M r H ( l %
\\ ’/ \ a*,at/ a* ,/ \ afc*at*/J \\

4-aVtut^a*,u.t) 4-fa » a^a.t)|z|1lbv,dM t^ f Y L j u ^ - u ^ a *  .
a*,at1 I 3V, I a* ,a t /  /Jjj I ax, 3*S a £ a t l

-  MrM|?» + a W ) j3y t.D  + |^4 .3 W ? j 2j j | ^ a x , d t

+ ( J L v m V ?)|fe+aV%toj» j -M|v;a.t)4. r. asa .i) j£1̂ 4 .M r Mvtu , o | ^  4.3V(ut)j 3 y i , t )  + |<k

+MrMluu»ioV[<h j.bVa^)\ _ ta + aVut)\za v , a . o U ^aVtM)Y]1[Vvi SvJ 
\\ 3**at*/ \ av*at / a *» / \ 3k»M*UILax» J0

+ av»to,t)Svdott)x(jm*-t-tn*t^2) | ^ 4-3VlO,t)|S aVjCo.t) 4. MrMRv^O3v»(U) +  MrM£^(L)

+ (jM* M r , $ ) / ^ 4 ^ ^ \ l S 3 w )  + [MRy>U)t Mr„//v5+a \ ^ A  _ f^4.aVa.*>\23v>(L.o\]Sv,(c,t)
\ a^aW J ak, L \\ d x j e )  \  * * * * 1  u

+ S M . E ^ a V s v ^ V  [ e^  sav j  _ E ,i4aVi Sv5l L
L \ a*,*/ Jo L atf a** **l Jo L *** aiL,

xjlMRY^U-t. M r „ |^  4 3V a.t) |  3v,U.t) 4- j ^ + ? J ^ > j * j | | 5' i  j d t =t = 0 .  (D.4b)
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4 . L i n e a r i z a t i o n  o f  H a m i l to n 's  E q u a t io n

The n o n - l i n e a r  t e r m s  o f  e q u a t i o n  (D .4 b )  a r e  now d r o p p e d  

a n d  t e r m s  i n v o l v i n g  t h e  r o t a t i o n a l  i n e r t i a  P3 I 3 a r e  n e g l e c t e d  

b e c a u s e  t h e y  a r e  s m a l l .  F u r t h e r ,  d am ping  i s  i n c l u d e d ,  a n d  t h e  

t e r m s  C ^ d v /d t  a r e  i n t r o d u c e d  i n t o  t h e  two i n t e g r a l s  w h ic h  w i l l  

g i v e  r i s e  t o  t h e  E u l e r - L a g r a n g e  e q u a t i o n s .

The t e r m s  Rx ^ a n d  a r e  e x p a n d e d  a c c o r d i n g  t o  e q u a t i o n s  

( A .22) a n d  ( A .23) w i t h

C f (D. 5)

=  ^ ^ 5  • (D .6 )

I n t e g r a l s  i n v o l v i n g  t h e s e  e x p r e s s i o n s  may be e v a l u a t e d .  

T h u s ,

f  ^  f  ^ 3 ^ ^  ”  ” ■ ^   ̂ t  (D. 7)
J % 5  2

a n d

f a , f a =  % J * o  . (D .8 )
Jo Jo

w h e re

= t h e  t o t a l  m ass  moment o f  i n e r t i a  o f  l i n k  3 w i t h

r e s p e c t  t o  t h e  g ro u n d  p i v o t  p o i n t  D. ( R e c a l l

t h a t  t h e  r o t a t i o n a l  i n e r t i a  o f  t h e  c r o s s - s e c t i o n  

i s  b e i n g  n e g l e c t e d . )

S i m i l a r l y ,  t h e  t e r m  g 2 ( a 2 / 2 ) ,  w h ic h  a r i s e s  f o r  t h e  r i g i d  b o d y  

c o u p l e r ,  i s  g i v e n  by»

8 , (ail =  - •R2a ,s in (f .- '< i)+ ip,a,cos('C.-'fc)+ ai % . <* )
' T i  2  (D. 9)

W ith  t h e  a b o v e ,  e q u a t i o n  (D .4 b )  becom es 1

(* )v '  F o r  k i n e m a t i c s  s e e  A p p e n d ix  I .
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f  f  i c ,  +G,(v»li)^ ^ .+ C 2 ^ n  + G2 fC o j^ -C z G s ltJV j
JU J 0 1  3*? 3*t M1  3*3 3t

+ ĜCx,,t)l<Sv3dl^dt + f  f  ic,3*v» + 4 -C t2 zVt + G20f*,t)3jfe
J V * .  I ^ 3  * * i  a*»

+ Cp»^v? — CzGstt) V5  +G j(X i,t)l Sv3 d x ^ d t
3t J

+ fM  .C ,33v? Sv3 4.G,U-,t)dVs &v3] *+ G4Co,t)3v3Co.t)8v,Co,t)
•/■to . 3 t |  3%5 Jo  3 t j

+ CI & W i , t )  + L c , 3 v^0jt)+ C3 3 v,C0,t) +C3Gfc(t)l £ 3v»to,t)
3xf L 3*| 3u*3t2 J 3**

+ c , |"  3 V q » , t )  _  s a v ^ . t )  +  f c . a v ^ g . t )  +  c / a ^ g . t )

L 3*? 3X | J 3 * *  L 3 ^ 3  3k»3i*
+ cs aVcL.t) +f(,G5 < t ) ^ t u )  _  c5 G5 (t)v3 a ,t)+ c9 6 j t ) ]  S H g t )  

3 t* 3 * 3  J 3* 3

j. L c ,3Va.t) 4.Cg 3^a,t) 4-Cn 3v3a,t) +c8 Gsct)3^iu)
L 3x1 3x*3t2 3t2 3 * 33 * , 3 t 2

(D.10)_  C7G5U)v3(L1t )  +C,0G j t ) j  £v3lL.t) j d t  =  0 ,
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w h e re

C| —

C l — /a 3

C3 =  J**+m *r*2= J *

Cfc =  MrML 

C i =  M 

C8 =  ML )  ( D .11)

C4 =  JM +MryJ =  J  C9 =  J  + MrML =  C4 +Cfo

C* = Mr.M C|0 — ML+- Mr*! =  Cs ^Cs

G,Cv,,t) =  - £ ,  (L*-*i ) C  +cscfrMdf Mẑ 2  (- Hfa, snttHfe)*?. a.cos W,- )̂
2 a* L 2 \

+ 02 «&] +Jac%] + C0UM)feo+j"4 JM + M(L+rMflM (L tr M)Vs*,
2 / J o3 L J (D .1 2 )

3 »

= r  ,

G*Cm,t) =  - H i  lL*-t|) <£ -  M(urMW32 ,
2

G5(t) =  qf f

( D .1 3 )

( D . U )

(D .1 5 )

(D .16)

G a t )  =  4>3 .  ( D .1 7 )

T h i s  fo rm  o f  H a m i l t o n ' s  i n t e g r a l  r e p r e s e n t s  t h e  b a s i s  

f o r  K a n t o r o v i c h ' s  m e th o d  shown i n  A p p e n d ix  G.



1 8 2

5. P a r t i a l  D i f f e r e n t i a l  E q u a t io n s  and Boundary C o n d i t io n s

The E u l e r - L a g r a n g e  e q u a t i o n s  a r e  o b t a i n e d  by  a p p l y i n g  

t h e  F u n d a m e n ta l  Lemma o f  t h e  C a l c u l u s  o f  V a r i a t i o n s  t o  t h e  

f i r s t  p a r t  o f  e q u a t i o n  ( D .1 0 ) .  I n  o r d e r  t o  o b t a i n  t h e  d y n am ic  

b o u n d a r y  c o n d i t i o n s ,  o n e  f i r s t  c o n s i d e r s  t h e  g e o m e t r i c  b o u n d a r y  

c o n d i t i o n s i

( D .18)

(D .1 9 )

W t , t )  =  0 , (D .20)

T h i s  i m p l i e s ,  c o n c e r n i n g  t h e i r  v a r i a t i o n s ,  t h a t :

(D .2 1 )

£v3to,t) =  0 ,  

=  0 ,  

&v3 « t )  =  o,

( D .22)

( D .23)

(D .2 4 )

( D .25)

The r e m a i n i n g  v a r i a t i o n s  a t  t h e  b o u n d a r i e s ,  s u c h  a s  6 v ^ ( L , t ) ,  

6 d v ^ ( 0 , t ) / d x ^ ,  e t c . ,  a r e  a r b i t r a r y  a n d  t h e i r  c o e f f i c i e n t s  m u s t  

v a n i s h  i n  o r d e r  t o  m ake H a m i l t o n ' s  i n t e g r a l  v a n i s h .



The r e s u l t in g  p a r t i a l  d i f f e r e n t i a l  equation  and a s so c ia te d  

boundary co n d itio n s  becomei 

D if f e r e n t ia l  Equations

Beam S ection  1« 0 < x ^ < a ^

C.3*vj, + Gzt t , ; t ) ^ _ C 2Gs li)W>+G ,ta , ,0 = 0 .
a i 4  M  a t 1 a v ,  ( D 2 6 )

Beam S ection  2t a ^ < x ^ < L

C, + 64(1̂  4.C2 Zv* 4-62^ 5^ )3v* _ Cifistt) V^+G^CiCi.'t ) = 0 .
2>4 3*1 3 t2 3** (D, 27)

N atu ra l Boundary C onditions

-C , 3  y^o.*> 4-C^~3 v^co.-t) 4-CiGfc(t) =  0  . (D.2 8 )
31C| 3 x ,3 t 2

C, / BVsC^.t) _  =  O. (D.2 9 )
\“ T fcF ~  J

C, d\(L,t) +  C4. 3 \aC L .t) + Cs Z\zUtt) +  CfcG5Ct) 3v»U,t)
3 * f  3 * * 3 t2 d±z 3 x *

-C 5 G s (t)v 3U ,t)  + C9G4U ) =  0 . (D.3 0 )

-C , 3 W l . t )  + Cs d\(L.t) + Cn 2ZV̂LL,±) + CflG,;(t)aV sa ,t)
2 1 4  3 t*

~C 7G5lt)Vj(L(t )  + 0 ,0 6 4 ^ )  =  0  . (D.3 1 )

Equations (D.18) to  (D.21) gave th e  geom etric boundary condi­

t io n s  a lre ad y .
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APPENDIX E

DETERMINATION OF 6 ^ , 6<p2e AND Sq^g 
WITH ASSUMPTION OF RIGID COUPLER

When s e t t i n g  up  t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  a n  e l a s t i c  

l i n k  by  t h e  m e th o d  o f  s u b s t i t u t i o n ,  i t  i s  n e c e s s a r y  t o  know 

t h e  e x p r e s s i o n s  f o r  t h e  v a r i o u s  6u ' s  and  65Pe ' s .  F o r  a  r i g i d  

c o u p l e r  ( s e e  A p p e n d ix  D) i t  i s  o n ly  n e c e s s a r y  t o  know 6u ^ ,  

6u ^ ( a ^ ) ,  6u ^ (L )  a s  w e l l  a s  6 <|>2 e an d

The 6u ' s  a r e  o b t a i n e d  f ro m  e q u a t i o n s  ( 3 * 2 9 ) ,  (3 * 3 1 )  a n d 

(3- 33 ) *

Su3 =  -  T ay* SvJ + [  , (E.i)
L 3X* Jo • '0

&U)(a?) =  - [ 5 ^  Sv5l  *+ f  Sv3dx* , ( e .  2 )
L ^  Jo  J o  3

r t  /•0 3
Sit>u) =  -  Sv3 + j aV  s m t u  -4- 1 aV»s ^ d * i ,  ( e .3)

L 3%* J^ J o 3 * 3  •/Oj 3^4

6 <P2e a n d  Sqp^e a r e  s o l v e d  f o r  s i m u l t a n e o u s l y  f r o m  e q u a t i o n s  

( 3 . 3 ^ )  an d  ( 3 * 3 5 ) .  S i n c e  l i n k  2 i s  a ssu m e d  r i g i d  i n  t h e  s h a k e r  

m e ch an ism , 6u 2 ( a 2 ) = 0 .  T h e m

-  a 7  S»n^ie S ^ e  +  U 5+U3(fl0) S i n ^ S ^  =  C O S ^e  Su^Ca*) ,  (E. 4 )

a 2 COsMWSVae -  (a5+ Us(a^)cosH^eSH^e =  s i n ^  Su*(flO • (e . 5)
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C ra m e r ' s  r u l e  l e a d s  t o i

S % e  —   S u s ta * )   , ( e # 6 )

O iz  s i n i ^ a e - ^ z e )

and

C o t ( % e  -^fec) Su^CQQ . (E. 7)

a a +  u*(a»)

F i n a l l y ,  w i th  e q u a t i o n  ( E . 2 ) ,  t h e  a b o v e  b eco m e s i

& W ie  ~  c s c ( ib e ~ l?2e ) f  $ V * d l U  — C ScQ fee-^fovs , (E, 8)
d z  • 'O  Q z  Jo

and

S'fae =  c o t ^ e - ^  f t *  Sv4d%3 -  c o t p k e - * ^  M  S v * l ° 3 .
Q<jtu3Ca3) J o * t %  a ,+ u 3(a,) L31L, J 0

( E .9 )
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APPENDIX F

SUBPROBLEM« DYNAMICS OF SIMPLY SUPPORTED BEAM 

WITH OVERHANG, ENDMASS AND COUNTERWEIGHT

1 . S t a t e m e n t  o f  P ro b lem

I n  o r d e r  t o  s o l v e  t h e  e q u a t i o n s  o f  m o t io n  o f  t h e  e l a s t i c  

r o c k e r  by  t h e  m e th o d  o f  K a n t o r o v i c h ,  i t  i s  n e c e s s a r y  t o  d e ­

t e r m i n e  a n  a p p r o p r i a t e  s h a p e  f u n c t i o n  a n d  i t s  a s s o c i a t e d  

e i g e n v a l u e s  a n d  o r t h o g o n a l i t y  c o n d i t i o n .  T h i s  i s  a c c o m p l i s h e d  

by  t h e  s o l u t i o n  o f  t h e  f r e e  v i b r a t i o n  p ro b le m  o f  t h e  beam shown 

i n  F i g u r e  F . l .  (The w ork  o f  J .  C. M a l tb a e k  £22}  h a s  b e e n  h e l p ­

f u l  f o r  t h i s  p u r p o s e .  )

F i g u r e  F . l  S u b p ro b lem

2. E q u a t i o n s  o f  M o t io n  a n d  B o u n d a ry  C o n d i t i o n s

The d i f f e r e n t i a l  e q u a t i o n s  o f  m o t io n  a n d  t h e  n a t u r a l  

b o u n d a r y  c o n d i t i o n s  f o r  t h e  tw o s e c t i o n s  o f  t h e  beam a r e  

o b t a i n e d  w i t h  t h e  h e l p  o f  H a m i l t o n ' s  i n t e g r a l ,  i . e .
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s f ( T - T T ) d t  =  0  ( P . 1 )
t#

In the above th e  components o f th e  k in e t ic  energy are g iv en  by« 

r L  ^
* I <&%$ = k in e t ic  energy o f  beam,
2  Jo w l

2  \2
3 y  (0,t)\ = k in e t ic  energy o f cou n terw eigh t,1 rtf’ rf o V f t t A * + i J .

2 I » k , 3 t )  2

1  M/3 v ( i .t )J.r f f 32v (L t) |%  i J J a W . t ) ] 2 -
2 \ at a i,a t I 2  \

2  J o  \ 3 f c J  2 J a  \3 fc l l

.. .v \2
= k in e t ic  energy o f endmass,

p o te n t ia l  energy of 
 ̂ “ tw o -s e c t io n  beam.

o , \3t£|l

S u b s t itu t io n  o f the above energy term s in to  eq u ation  ( F . l )  

and subsequent v a r ia t io n  as w e ll a s  in te g r a t io n  by p arts  

fu r n is h e si

( 3\co. t ) _  Ulx aVo.t) 1 S^ylOjt) + E^I3 33v(Q,t) Svlo.t) 
io il 3 M * 2 J  3*-!- r t

+E3Ij Ifv fa .t) Sb\(a9,t> _  3av(qi.t\Savcal.t) -  aW t )
I 3 * #  t o *  3 ^  3 k ,  t o f  “3 1 ^  I

4 .f ( jMf M r 3 ) 3 k at l  f  MrMa V L i) .i.E>I,3 W .t ) \S 3 v (i.t)  x. ( m  3vU,t>
\  a *,tt2 a *2 j 31^ \ 3 tl

4  M rM A z iu t)  _ E J , 33v q . t ) |S v (L .t) l d t  =  0 .  ( f . 2 )
to » 3 tz a x |  I J



1 8 8

S i n c e  t h e  g e o m e t r i c  b o u n d a r y  c o n d i t i o n s  a r e  g i v e n  b y i

vvlo.O=o N

V3ta5|t )  =  0  

VjCaJ.t) =  0  

dvfrlQs.t) ■ -  ^ { o X . t )

> » ( F .3 )

one  o b t a i n s :

( F .4 )

Sv3(oft) =  o 

Sv5Ca*,t) =  0 

S v 3C 4 , t )  =  0

63V>(Q)i't) =  s
Z % 3  d T C *

Use o f  t h e  a b o v e  a n d  a p p l i c a t i o n  o f  t h e  F u n d a m e n ta l  Lemma 

l e a d s  t o  t h e  f o l l o w i n g  d i f f e r e n t i a l  e q u a t i o n s  a n d  a s s o c i a t e d  

n a t u r a l  b o u n d a r y  c o n d i t i o n s :

F o r  0 < x ^ < a ^ :

C i ^ C i 3*v ■=. O t 
3 t2 3*f

C23v_ + C ,A  =  0 t 
d t 2

( F .5 )

( F .6 )

a n d

_ C, 3zv(o,t) + c 3 a^v(Q.t) =  o , 
d x j  3 * 3 3 t 2

( F .7 )
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d\{Qi.t)  =  3 V q j,t)  , (J
3 x \  2 x \

C, 3 \ q , t )  4. C s3ay q , t )  + C4 A v ^ t )  =  O , (i
2 x 1  3 t 2 3 v 33 t2

_C, 3 \ ( L ,t )  4. CT 2V L ,t )  4. C gS V l t )  =  O , (i
2 % l  2 t 2  2 % 3 b t 2

w h e r e  t h e  c o n s t a n t s  C-^, Cg,  e t c . ,  a r e  i d e n t i c a l  t o  t h o s e  

g i v e n  i n  e q u a t i o n  ( D . l l )  o f  A p p e n d i x  D.

3 .  S h ap e  F u n c t i o n  a n d  C h a r a c t e r i s t i c  E q u a t i o n

The p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  (F . 5 ) a n d ( F * 6 ) 

s o l v e d  by m eans  o f  s e p a r a t i o n  o f  v a r i a b l e s ,  i . e .

v(i„t) =  V(%3)e tto>t. (i

S u b s t i t u t i o n  o f  t h e  a b o v e  l e a d s  t o :

f o r  a ^ < x ^ < L :

d ^ V  _  t f V  =  0  ,  (i
dx%

d^v _  t fv  =  o , (i
6 x %

w h e re

A4 =  co2 £ 2. ,
c ,

(]

. 8 )

.9 )

. 1 0 )

a r e

’. 11)

M 2 )

M 3 )

M 4 )
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and th e  boundary c o n d it io n s *

Vlo) =  0  ,  (p. 15)

V'lo) + A4 C „V io) =  O , (P . 1 6 )

V w , )  =  0 ,  (P .  17 )

V ‘(<H) =  V ' ( a | ) , (p .  1 8 )

V “W  = V “( a h  .  (p . 19)

V ( a J ) = o ,  ( f .  2 0 )

V"(L) -  X4 CwV 'a ) - X 4C,jVtO =  0 ,  { p .2 1 )

V w(l) +  X‘ c,3V '(l) +X4Cu V 0 )  =  0 ,  (p. 2 2 )
where

C|| =  £ 3  , ( F . 2 3 )
C i

C|2 =  Cl , (F. 2k)
Cz

CJ5 =  C5  t ( F . 2 5 )
Cl

C f c — C4  - (F .2 6 )
C l

The s o l u t i o n s  t o  e q u a t io n s  (F .1 3 )  and (F .1 4 )  a re  g iv e n

by*

For 0 < x ^ < a ^ *

V W  =  A*. sin X%3 + Ai2 cos to*  4- Ai3 smWXfc* 4 Ai^cosVvXit,,
( F .2 7 )
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a n d  f o r  a ^ < x ^ < L t

=  & 2 I  Sm ^ 3  + ^22 COS A *3 + A23 S in V i An, + A24 CO*h AlC  ̂ .
( P . 28)

The p o r t i o n  o f  t h e  s h a p e  f u n c t i o n  V (x ^ )  f o r  0  < x ^  < a ^

(up  t o  t h e  c o n s t a n t  A -^  w h ic h  i s  a r b i t a r i l y  c h o s e n  t o  b e  

u n i t y )  i s  d e t e r m i n e d  w i t h  t h e  b o u n d a r y  c o n d i t i o n s  (F .1 5 ) »

( P . 1 6 )  a n d  ( F .1 7 ) «

Vn II3) =  sinAh7c3 + vm sinVAnX3 + C„(cos AnXa-  CosViAn**),
(F .  29)

w h ere

r „  =

—SinA fl,   AnC|, (cOSAnfts— cqsViAwQ-%)

sihV\ A«ou + ( cos And) — c o s V i \ md j )
Z

( F . 3 0 )

rkn —— A« C11
r

X q d )  s inA w C ts
"S

( F . 3 1 )
sinW AwO* + AnCn(cosA*,d,—cosh Anid̂ )

S i m i l a r l y ,  t h e  p o r t i o n  o f  t h e  s h a p e  f u n c t i o n  V (x ^ )  f o r  

a ^ < x ^ < L  i s  d e t e r m i n e d  w i t h  t h e  b o u n d a r y  c o n d i t i o n s  ( F . 1 9 ) ,  

( F . 2 0 ) ,  ( F .2 1 )  a n d  ( F . 2 2 ) «

Vw U O  =  ^ ^ s i n A w C ^ - a ^ + r 3n sw U A w(.iLa-as)
*N

+ r4n(coslnAMC'ti-a3) -  cosAw(x*-a»)) ( F . 3 2 )

w h ere

=  A zw  A 4 n  +  A i w At n / A s n ( F .3 3 )



192

l*n — Azn -Asn Qn »
A m

r j n =  J _ _ J - 6 m X , a 3 -  J _ | s i n A n t i 3 s in h A h a 3 

2 (4^ 1  ^ i r v -

3XnC„ 2cas\na3sinhX*a3- sin \ a 5(cosXwa^+cosh\p,)J

and

Am =  (l+A2„C,JcosA„b3+ ( l - ^ C ,3)coshAnb3 

“* AnC|4.(sinAr>b3 +SinhX„b*) ,

A2n ^ 0 *Xn C13) s m \ n b 3 + XnCi+cosXwfĉ  ,
A3p — ( |  — X « C |3 ) s i n h Ahb3 “  A n C |4 C o s h A n b 3 ,

A*n ~  A„Ci2 (cos An b3 -  cosh A*b*) -  ( I+Ti, C«) sinh An b. 

+ (I “• An C13) ̂ in Xn̂ 3 t
A5n = (l-AjcJcosAnba -  AnCi2sinX„b3 ,
Afen =  ( i  + A nC i^C O S hX nbj +  Xn^i2 ^ n h X n b ^  ,

Ajn = sinhA„a3 ~f An C n  |cosXn̂ 3 — coshAnfljj.

(P . 34)

►» ( p . 35)

( p . 36) 

( P . 37) 

( P . 38)

(P . 39) 

( P . 4 0 )  

( P . 4 1 )  

( P . 4 2 )
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The c h a r a c t e r i s t i c  e q u a t i o n  I s  o b t a i n e d  f ro m  t h e  r e m a i n ­

in g  b o u n d a r y  c o n d i t i o n  ( F . 1 8 ) ,  I . e .  V ' ( a ^ )  = V ' ( a ^ ) .

T h u s ,

-  2 sinAnQ3 sinhAnQi-AnC.i(cosXnQt sinKXnft^-sinAnOs coshAnQ3)
cosXftdj sihhAr»d  ̂ ~ sinXna» cosh A«a3 1  ^nCii( I" cosXiifl^coshAnftJ

  z ( A m A  t H - A ^ n A ^ n )  (F . i f3 )

A ir j lA s n  +■ Afcn) +  A ^ n C A z n  +  A 3n)

I n  o r d e r  t o  co m p u te  s l o p e s  a n d  moments I n  t h e  v i b r a t i o n  

p ro b le m ,  t h e  f i r s t  an d  s e c o n d  d e r i v a t i v e s  o f  t h e  s h a p e  

f u n c t i o n  a r e  g i v e n j  

F o r  0 < x ^ < a ^ «

Vn M  = [An cosAn*.* + (7n cosh A„\., -  QnUinAnX3+^nhA„V^] ,
(F.44)

V nW  =  An [“ S iflA n^ +  ( ^ ‘"hAnX* -  Qn(COS AnTC3 + COShAn^)] •
(F.45)

a n d  f o r  a ^ < x ^ < L i

K i x > ) =  A n Q n [c o s X H tx 3- a J  +  Q n c o s h A « ( x 3- a 5)
i

+ (s* ihX n(x*-a3) +  s i n A n l t5~ a s) j]  , ( p . ^ j

V n l x J =  AnCn [-s in A * (x * -a* )  ^  Qh s in h A n U 3-<lj)

■f- ^COsh AnCx*-#*) +  COS An()t3~&*)jj . (F.47)
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O r t h o g o n a l i t y  C o n d i t i o n

To d e t e r m i n e  t h e  o r t h o g o n a l i t y  c o n d i t i o n ,  l e t  x. a n d  Xn

h e  tw o  d i s t i n c t  e i g e n v a l u e s  a n d  Vm a n d  Vn  h e  c o r r e s p o n d i n g

s e t s  o f  e i g e n f u n c t i o n s  r e s u l t i n g  f ro m  t h e  s o l u t i o n  o f  t h e
( * )

e i g e n v a l u e  p r o b l e m . '  '  T h e n ,  a c c o r d i n g  t o  e q u a t i o n s  ( F .1 3 )  

a n d  ( F . 1 4 ) ,  o n e  o b t a i n s :

d 4 Vm =  Vm (F • 4 8 )

6 x \

a n d

d4Vn =  AtiV„ . ( F . W)
d x *

Now one m u l t i p l i e s  e q u a t i o n  ( F . 4 8 ) by  Vn a n d  e q u a t i o n  

( F . 4 9 )  by Vm r e s p e c t i v e l y ,  s u b t r a c t s  t h e  I n d i v i d u a l  r e s u l t s  

f ro m  e a c h  o t h e r ,  a n d  f i n a l l y  i n t e g r a t e s  t h e  r e s u l t  o v e r  t h e  

f u l l  s p a n  o f  t h e  beam :

I n t e g r a t i o n  o f  t h e  l e f t  h a n d  s i d e  o f  e q u a t i o n  ( F . 5 0 )  b y  

p a r t s  t w i c e  a n d  t h e  s u b s t i t u t i o n  o f  t h e  r e q u i r e d  b o u n d a r y  

t e r m s  a c c o r d i n g  t o  e q u a t i o n s  ( F .1 5 )  t h r o u g h  ( F . 2 2 )  l e a d s  t o  

t h e  f o l l o w i n g  c o n d i t i o n :

(*)'  ' T h i s  a p p r o a c h  i s  s u c c e s s f u l  b e c a u s e  t h e  p r o b l e m  i s  s e l f -  
a d j o i n t .
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U J  -  A ^ j j T ’ O . d x ,  + £ v j i , d * ,  + C „ v : i 0) ^ i 0 )+ C I2% ,(U \U L )

+ c ,3| v „ w v : ( l) + v ^ u v j u

S i n c e  Xm ^  \ n , t h e n

[ a*\LV ncttt +  r Lu u m  +c„v;co)v;(o) +c,2v j u v ,w
Jo Ja,

+ C,J (Vm(L)Via) + V ilD V oW ) + C„\C(dV„'(L) =  0 ( F . 5 2 )

S u b s t i t u t i o n  f o r  C ^ p C1 2 * c i 3 and- c i 4  a c c o r d i n g  t o  

e q u a t i o n s  ( F . 2 3 )  t h r o u g h  ( F . 2 6 )  l e a d s  t o  t h e  f i n a l  fo rm  o f  

t h e  o r t h o g o n a l i t y  c o n d i t i o n :

Cz f \ v n d t ^ c 2 f i u w * .  +cJv»io)v;io) ^ v j u v r o o
Jo Jcti

+ C5 (Vi»lOVnll) +  Vmll)Vn(L)) + C4 VmU.)M.'U) = X , S  nm y (F.53)

w h e re  *V i s  t h e  v a l u e  o f  t h e  e x p r e s s i o n  when n  = m a n dm nm
i s  t h e  K r o n e c k e r  d e l t a .

4. CflVinlUVnU.) — - 0 . (F.51)
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APPENDIX G

DETERMINATION OP HILL-TYPE DIFFERENTIAL 

EQUATIONS BY METHOD OF KANTOROVICH

1 . M ethod  o f  K a n t o r o v i c h

To o b t a i n  H i l l ' s  e q u a t i o n s  i n  qn ( t ) ,  t h e  s o l u t i o n  fo rm

t )  — ^  t ( G . l )
n

a s  w e l l  a s  i t s  v a r i o u s  d e r i v a t i v e s  a r e  s u b s t i t u t e d  i n t o

H a m i l t o n ' s  i n t e g r a l  a s  r e p r e s e n t e d  by  e q u a t i o n  ( D .1 0 ) .  The

V (x~) a r e  t h o s e  o f  A p p e n d ix  F .  
n  j

S i n c e  t h e  s h a p e  f u n c t i o n  i s  p r e s c r i b e d ,  o n l y  t h e  t i m e  

p o r t i o n  o f  t h e  s o l u t i o n  fo rm  c a n  be  v a r i e d .  T h u s ,  f o r  ex ­

a m p le ,

& 3 v » lo .t) =  2  ,

3 x 9 *"

w h e re  t h e  p r im e s  d e n o t e  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  X y  

B e c a u s e  t h i s  s u b p ro b le m  s a t i s f i e s  t h e  g e o m e t r i c  b o u n d a r y  c o n ­

d i t i o n s ,

0,t) =  2  Vw(o)Sqm =  0

a n d

m a , t )  =  2  Y.W&liw =  0 .
m

S u b s t i t u t i o n  i n t o  e q u a t i o n  (D .1 0 )  l e a d s  t o i
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Vn\  + G ,U „t)I t ' q „  + C2|v„ij„ +W ) l v ; qn

■fCpĝ Vnfln — C2GyU)2 Vi>tjn + V«Sqmdt.jdt
n h bi

+ J  J  |Cj2! V̂ Cj,n +G4CK3(t)2  Vn̂ n + C22  Vnqn + G2(*3,t)2 Vn<Jn 

- ( . C o i ^ ^ n ^ n  —C 2 G 5 ( t ) 2 ^ ^ n
n

•t,
.J  j j - c . Xv j ' co^ n  + < *2% < *i + C 3Gt ( t ) j 2 V w ( 0 ) S ( J » ,

Q  I V i l O ^ n  + C s I V n ( L ) q n + CfeG6 ( t ) 2 V n '(L )q n -C 5G 5 ( t ) 2 V n ( 0 q n+
n

+ C9GfeCt)j 2  V* 10 Sqm 4- - c 2  VTWqn + Cŝ VnUltjn 

+C a 6 s ( t ) 2 V n ( O q n  —C iG < ( t ) ^  VrAUqn 4*CioGfc(t)|^]ViM(USqi»» >dt =  0.

( G . 2 )
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The c o e f f i c i e n t s  o f  t h e  v a r i o u s  d e r i v a t i v e s  o f  q ^ t )  

a r e  f i r s t  c o l l e c t e d .  T h en  t h e  b o u n d a r y  t e r m s  Vn " ( 0 ) ,  Vn " ( a ^ ) ,  

Vn " (L )  a n d  V (L) a r e  e x p r e s s e d  a c c o r d i n g  t o  t h e  n a t u r a l  

b o u n d a r y  c o n d i t i o n s  ( F . 1 6 ) ,  ( F . 1 9 ) ,  ( F .2 1 )  a n d  ( F . 2 2 ) ,  r e s p e c ­

t i v e l y .  F u r t h e r ,  u s e  i s  made o f  t h e  f o l l o w i n g  i d e n t i t y :

C,[ f \v „ " d % ,  t  f W d * , l  =  <o*CzT f v . V n d ^ + f ^ d J .  (g.3) 
\_ Jo Jflj . U o  J

w h ic h  o r i g i n a t e s  from  e q u a t i o n s  ( F .1 2 )  a n d  ( F . 1 3 ) .  F i n a l l y  

t e r m s  may b e  c o l l e c t e d  w i t h  t h e  h e l p  o f  t h e  o r t h o g o n a l i t y  

c o n d i t i o n  (F .5 3 ) »  a n d  on e  o b t a i n s :

•t,
’S i * /  -s ;  r  I I » .  t r  . m  : r  . . .  /> m i w

“ JVmVndYjj ~ 65(1)) *V»n<
+ Zq„[ J  G,iX3lt))lm\fnd%3+J G îx3lt)VwMndx3 +J

,t)V„V„'dx, fGj(t) | ( Q + C ^ ( L ) \ i ; ( t )  + (C5tC»)V.(L)Vn(L)

+ C}Vj,MVnl*)jJ + 4 - v«dx3 + <*« |a v :  Co)

- h C i o V w l O l l l ^ i n C l t  =  0 . (G .4 )
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2 . C oupled  H il l - T y p e  E q u a tio n s

A p p lic a t io n  o f  th e  Fundam ental Lemma t o  eq u a tio n  (G. 4 ) 

fu r n is h e s  th e  f o l lo w in g  I n f i n i t e  s e t  o f  cou p led  H i l l - t y p e  

d i f f e r e n t i a l  eq u a tio n s*

dm +  Cp*tn 2  dh +  + _ L _ 2  dn
*Y* "  V *  "  1

—  Fwilt) , (G.5)
*Yw

f  or m — 1 , 2 ,3 ,  • • • •

T h is shows th a t  each n a tu r a l freq u en cy  uum h as a s s o c ia t e d  w ith

i t  a damping c o n s ta n t

F u rth er ,

a  r r L
"1 W») — I VmVndX5+ I VwVndt? , (G.6)

J o  Jo ,

H WM( t)  =  f  + r G AlX^,t)VmV n 'dX 3
Jo Ja$

j 6 2c t3#t)V « V n d x , + 6 5c t ) | ( a + a W w a ) V w,(L)

+ (c5 +C8)V w U )V nU ) +  C * V * l o W » j  ,  (G .7 )

FvnCt) — G3(x3,t) V»h dx3 — G»Cx3(t)Y?dXj—Gk(t) j Vw» Co)

+  C9VW1U-) + C |oV w (l-)| • (G .8 )
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APPENDIX H

FORM OF SOLUTION OF DAMPED AND UNDAMPED 

H IL L 'S  EQUATIONS : REVIEW OF FLOQUET THEORY

1 . Homogeneous E q u a t i o n

a )  F l o q u e t  T h e o ry  A s s o c i a t e d  w i t h  Undamped Homogeneous 

H i l l ' s  E q u a t i o n

I n  t h e  a b s e n c e  o f  d am p in g , t h e  hom ogeneous  p o r t i o n  o f  

a n  e x p r e s s i o n  o f  t h e  t y p e  o f  e q u a t i o n  ( ^ . 4 2 )  b e co m e s :

d2q + =  O, (h.D
d f , 2

w h e re  B(qj^) = A + A (q^) . A(qp^) i s  a  p e r i o d i c  f u n c t i o n  a n d  A i s  

a  s y s te m  p a r a m e t e r .  A c c o r d i n g  t o  F l o q u e t  t h e o r y  a t  l e a s t  one  

o f  t h e  tw o  s o l u t i o n s  o f  t h i s  s e c o n d  o r d e r  e q u a t i o n  h a s  t h e  

fo rm :

qWO =  e Mlfi $ 0 f i ) . (h.2 )

I n  t h e  a b o v e ,  p, i s  a  co m p lex  p a r a m e t e r  c a l l e d  t h e  

c h a r a c t e r i s t i c  e x p o n e n t ,  a n d  ^ ( q ^ )  i s  a  p e r i o d i c  f u n c t i o n  o f  

w h ic h  h a s  t h e  same p e r i o d  a s  A ( q ^ ) .  F o r  m e ch a n ism s  w i t h  

c o n s t a n t  i n p u t  a n g u l a r  v e l o c i t y ,  A ( y ^ )  i s  2 n - p e r i o d i c .

The v a l u e s  o f  t h e  c h a r a c t e r i s t i c  e x p o n e n t  p w h ic h  a r e  

g e n e r a l l y  p o s s i b l e ,  a s  w e l l  a s  t h o s e  w h ich  a r e  s p e c i f i c a l l y  

a s s o c i a t e d  w i t h  t h e  s t a b i l i t y  b o u n d a r i e s  ( t r a n s i t i o n  p o i n t s  

f ro m  s t a b l e  t o  u n s t a b l e  s o l u t i o n s ) ,  a r e  d e t e r m i n e d  f ro m  t h e  

c h a r a c t e r i s t i c  e q u a t i o n

p2 -  *Ap +  I *  0  ,  ( H .3)
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w h e re

e2lF/tt . (H.4)

I n  t h e  a b o v e ,  2 t t  r e p r e s e n t s  t h e  p e r i o d  o f  B (ip^) , a n d  .A i s  a  

c o n s t a n t  f o r  a  p a r t i c u l a r  s y s te m .

The s o l u t i o n  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n ,

J — ~ 1 * (H‘ 5)

e n a b l e s  one  t o  f i n d  t h e  p o s s i b l e  v a l u e s  o f  t h e  e x p o n e n t  p,. 

T a b l e  H . l  l i s t s  v a l u e s  o f  p a n d  p, w h ic h  a r e  a s s o c i a t e d  w i t h

s t a b l e  a n d  u n s t a b l e  r e g i o n s ,  a s  w e l l  a s  t h e  s t a b i l i t y

b o u n d a r i e s .  T he  c h a r a c t e r i s t i c  e x p o n e n t  ^  i s  o b t a i n e d  

f ro m  2 by

t (H.6)
2 i r

w h e re

in  p  = (w|p| + i ( e + 2 k n )  ; k =  0,±|,±2,±3,... (h.7)

I f  p i s  c o m p le x ,  i . e .

p  =  U +  i v  , ( H. 8)
t h e n

9 = tan'sL • <h. 9)
u

I m p o r t a n t  p r o p e r t i e s  c o n c e r n i n g  t h e  p e r i o d i c i t y  o f  

s o l u t i o n s  on t h e  b o u n d a r i e s  b e tw e e n  t h e  s t a b l e  a n d  u n s t a b l e  

r e g i o n s  may b e  a s c e r t a i n e d  f ro m  C ase  I I  o f  T a b l e  H . l .  S in c e  

$(<p^) i s  a  2 n - p e r i o d i c  f u n c t i o n ,  one  o b t a i n s  f ro m  e q u a t i o n  

(H .2 )  f o r  t h e  c a s e  w h e re  p 1 2 = 1 ,  t h e  t o t a l  s o l u t i o n



V a lu e  o f  A P p
k — 0 , ± 1 , ^ 2 ( » « .

C o n d i t i o n  o f  
S t a b i l i t y

C ase  I

|A |  <  2
S t a b l e
R e g io n

0 < A < 2 | P l |  = 1

lP21 = 1

(0., + 2kir) iU-i — ±
2 t t

01 = -  1 

t>2 -  "H i

S t a b l e

S t a b l e

- 2  < A < 0 | P l |  = 1 

jP2 | = 1

( e 1 + 2kTT)i
P-x = ---------------------

x 2 IT

e i  = -  1 

U2 = U!

S t a b l e

S t a b l e

C ase  I I

M  =  2
S t a b i l i t y
B o u n d a r i e s

A = 2 P i  = p 2 = 1 p-^ ~ P 2 = U n s t a b l e i  p r e s e n c e  
o f  s e c u l a r  t e r m .

A = - 2 P i  = p 2 = - 1 (2 k  + 1 ) ,  
*1  -  »2  "  ------ 2  1 U n s t a b l e !  p r e s e n c e  

o f  s e c u l a r  t e r m .

C ase  I I I
1A | > 2

U n s t a b l e
R e g io n

A > 2 P-]_ > 1

0 < p2 <  1

l n | p l |
P l  =  + k i  

P 2  =  - p 1

U n s t a b l e

S t a b l e

A <  - 2 - 1  <  P;L <  0 

P 2  <  - 1

l n | p l  (2k  + _11 
**1 “  2 t t  1 2

P 2  =  - p x

S t a b l e

U n s t a b l e

T a b l e  H . l  P o s s i b l e  V a lu e s  o f  p .
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•COn n

T h u s ,  t h e  n o n - s e c u l a r  p o r t i o n  o f  t h e  s o l u t i o n  I s  2 t t - p e r i o d i c .  

S i m i l a r l y ,  when g = - 1  t h e  t o t a l  s o l u t i o n  b eco m es :

—CO —CO
n n

I n  t h i s  b o u n d a r y  c a s e ,  t h e  n o n - s e c u l a r  p o r t i o n  o f  t h e  s o l u t i o n  

i s  ^ T T -p e r io d ic .  T h e s e  p a r t i c u l a r  p r o p e r t i e s  o f  p e r i o d i c i t y  

a r e  u s e d  t o  d e t e r m i n e  t h e  s t a b i l i t y  b o u n d a r i e s .  (S ee  S e c t i o n  

l b  b e l o w . )

To o b t a i n  s p e c i f i c  c h a r a c t e r i s t i c  e x p o n e n t s  ^ *

w h ic h  c o r r e s p o n d  t o  c e r t a i n  p a r a m e t e r  c o m b i n a t i o n s  c o n t a i n e d  

i n  t h e  c o e f f i c i e n t  B fq ^ )  o f  e q u a t i o n  ( H . l ) ,  t h e  c o n s t a n t  A of

t h e  c h a r a c t e r i s t i c  e q u a t i o n  m u s t  b e  known. A c c o r d i n g  t o

^ 5 , 6  J  i t  may b e  f o u n d  f ro m :

v A =  q . U l O  +• d q g U T T )  . (H > 12)

d t

w h e re  q^(q>1 ) a n d  q 2 ^ l ^  are two l in e a r ly i n d e p e n d e n t  s o l u t i o n s  

t o  e q u a t i o n  ( H . l )  w h ic h  s a t i s f y  t h e  i n i t i a l  c o n d i t i o n s :

q,C0) «  | , d q , ( 0 ) —  0  , '
dV,

q 2(o) = 0 ,  dq2(°> =  \ •
~d*¥T

( H . 1 3 )

T h u s ,  A c a n  b e  f o u n d  by  way o f  tw o  a p p r o p r i a t e  n u m e r i c a l  s o l u ­

t i o n s  o f  e q u a t i o n  ( H . l )  [ 2 3 ] .
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b )  D e t e r m i n a t i o n  o f  S t a b i l i t y  B o u n d a r i e s  f o r  

Undamped Homogeneous H i l l ' s  E q u a t i o n

T a b le  H . l  shows t h a t  t h e  t r a n s i t i o n  fro m  s t a b l e  t o  

u n s t a b l e  s o l u t i o n s  o f  t h e  hom ogeneous  e q u a t i o n  o c c u r s  when 

p « l  2  =  0 ,  ± i ,  ± 2 i ,  ± 3 i , . . .  ( 2 t t - p e r i o d i c  s o l u t i o n )  (H .1 4 )

o r  when

\ i 1  2 = i ,  i ,  ±r| i , . . .  ( 4 t t - p e r i o d i c  s o l u t i o n )  (H .1 5 )

To f i n d  t h e  p a r a m e t e r  c o m b i n a t i o n s  i n  B ^ ^ )  o f  e q u a ­

t i o n  ( H . l )  w h ic h  c o r r e s p o n d  t o  t h e  v a l u e s  o f  2 i n  e q u a t i o n s  

(H .1 4 )  a n d  ( H .1 5 ) ,  on e  m akes  u s e  o f  t h e  f o l l o w i n g  g e n e r a l  

m e th o d .

The 2t t - p e r i o d i c  f u n c t i o n  § ( )  i n  t h e  s o l u t i o n  

e q u a t i o n  (H .2) i s  e x p an d e d  i n t o  a  co m p lex  F o u r i e r  s e r i e s ,  i . e .

ton
( * )w h e re  t h e  <1 a r e  unknown co m p lex  c o e f f i c i e n t s ,  '  '  F u r t h e r ,

B(q»1 ) ,  a  2 i r - p e r i o d i c  f u n c t i o n  w h ic h  c o n t a i n s  t h e  f r e q u e n c y  
*  2r a t i o  A = ( c u / ^ )  a n d m ech an ism  p a r a m e t e r s ,  i s  e x p a n d e d

i n t o  a  F o u r i e r  s e r i e s

inM»,
(H .1 7 )

w h e re  t h e  pn  a r e  com plex  c o n s t a n t s  c o n t a i n i n g  t h e  m ech an ism  

p a r a m e t e r s .

( * )'  '  The co m p lex  fo rm  o f  t h e  F o u r i e r  s e r i e s  i s  u s e d ,  b e c a u s e  
t h e  r e s u l t i n g  co m p lex  H i l l ' s  d e t e r m i n a n t s  h a v e  t h e  same 
g e n e r a l  fo rm  f o r  b o t h  t h e  2 t t  a n d  4 T T -p e r lo d lc  b o u n d a r y  
c a s e s .  T h i s  m akes  i t  p o s s i b l e  t o  u s e  t h e  same c o m p u te r  
p ro g ram  f o r  b o t h .
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un1?.
l e  =  0 . ( H .1 9 )

S u b s t i t u t i o n  o f  e q u a t i o n s  (H .1 6 )  and. (H .1 7 )  i n t o  ( H . l )  

l e a d s  t o s

(hu b ,
"m ” m *

The * on  t h e  su m m atio n  s i g n  i n d i c a t e s  t h a t  t h e  t e r m  f o r  

n  = 0 i s  n o t  t o  b e  c o n s i d e r e d .  R e a r r a n g e m e n t  o f  e q u a t i o n  

( H .18) l e a d s  t o :

" m l  "iT

S i n c e  t h e  e lm^ l  a r e  l i n e a r l y  i n d e p e n d e n t ,  e a c h  o f  t h e i r  

c o e f f i c i e n t s  m u s t  v a n i s h ,  a n d  t h e  unknow ns ijrm c o u l d  b e  

o b t a i n e d  by  t h e  s o l u t i o n  o f  t h e  d o u b ly  i n f i n i t e  s e t  o f  

hom ogeneous  a l g e b r a i c  e q u a t i o n s  ( f o r  m = 0 ,  ± 1 , ± 2 ,  ± 3 , « . . ) »

J^U  + W l) + A j 0.  (H .2 0 )
~n

A n o n t r i v i a l  s o l u t i o n  r e s u l t s  i f  t h e  c o e f f i c i e n t  d e t e r m i n a n t

o f  t h e  i|t v a n i s h e s ,  i . e .Tm ’



(p

T a b le

- 2 1 )  +p0+A P - r  P - j

(p - D  + e 0+A 

P2 ^  + Pq+^

P- 3

g- 2

P-l

P-4

P -3

3

i2 px ( p + i )  +p04A

- 2

5- l

P3 3 2 P^ ( p + 2 i ) +Pq+A

= 0 .

(H .21)

H .2 H i l l ' s  D e t e r m i n a n t  f o r  Undamped C ase
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T h i s  I n f i n i t e  d e t e r m i n a n t ,  c a l l e d  H i l l ' s  d e t e r m i n a n t ,  

f u r n i s h e s  a  r e l a t i o n s h i p  b e tw e e n  A a n d  t h e  pn  f o r  a n y  g i v e n  

p,, a n d  may t h e r e f o r e  b e  u s e d  f o r  d e t e r m i n i n g  t h e  s t a b i l i t y  

b o u n d a r i e s  a s  a  f u n c t i o n  o f  A a n d  a  s p e c i f i c  m echan ism  p a r a ­

m e t e r  c o n t a i n e d  i n  t h e  £n . T h i s  e i g e n v a l u e  p ro b le m  i n  (-A ) 

c a n  b e  s o l v e d  i f  t h e  i n f i n i t e  d e t e r m i n a n t  i s  a p p r o x i m a t e d  by 

a  s u i t a b l y  c h o s e n  f i n i t e  s e g m e n t .

F o r  t h e  p r o p e r  c h o i c e  o f  s u c h  a  s e g m e n t ,  on e  m u s t  c o n s i d e r  

t h a t  a l l  i n f i n i t e  d e t e r m i n a n t s  w h ic h  a r e ,  f o r  e x a m p le ,  a s s o ­

c i a t e d  w i t h  t h e  2 T T -p e r io d ic  b o u n d a r i e s  h a v e  t h e  same fo rm  a n d  

v a l u e  r e g a r d l e s s  o f  t h e  p w h ic h  i s  s u b s t i t u t e d  f ro m  e q u a t i o n  

( H .1 4 ) .  They o n l y  d i f f e r e n t i a t e  t h e m s e l v e s  from  e a c h  o t h e r  

by  a  s h i f t  i n  ro w s .  C o n s e q u e n t ly ,  p r o p e r l y  l o c a t e d  s e g m e n ts  

o f  t h e  i n f i n i t e  d e t e r m i n a n t s  m u s t  a l s o  g i v e  i d e n t i c a l  a n s w e r s

f o r  a l l  p .  To t h i s  e n d ,  t h e y  m u s t  c o n t a i n  s y m m e t r i c a l  v a l u e s
2 2 2a l o n g  t h e i r  d i a g o n a l s  o f  (p  -  i )  , p , (p + i )  , e t c .  T h u s ,  

f o r  t h e  2 n - p e r l o d i c  b o u n d a r i e s  o n e  n e e d  o n ly  u s e  p  = 0 ,  w h i l e  

f o r  t h e  4tt- p e r  i o d i c  b o u n d a r i e s  p = 1 / 2  i  w i l l  s u f f i c e .  (N o te  

t h a t  f o r  b o t h  c a s e s  t h e  H i l l ' s  d e t e r m i n a n t s  a r e  H e r m i t i a n . )
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c) Form o f  S o l u t i o n  o f  Damped Hom ogeneous H i l l ' s  

E q u a t i o n  a n d  A s s o c i a t e d  S t a b i l i t y  B o u n d a r i e s

When dam ping  i s  a d d e d  t o  e q u a t i o n  ( H . l )  i t  b eco m es i

d ^ + A d l  + M W q  =  0  , {H.22)
df,2 d*P,

w h e re  A g e n e r a l l y  r e p r e s e n t s  a  d am p in g  c o n s t a n t .

To a p p l y  F l o q u e t  t h e o r y ,  t h e  f o l l o w i n g  t r a n s f o r m a t i o n  

i s  i n t r o d u c e d *

q W  =  e  ^  z ( f . ) ,

a n d  e q u a t i o n  ( E . 22)  beco m es:
a 9

^ 2  +  (a  - * - 2 ® n,p‘ ) 2  =  ° >

(H .23)

(H.2*0

w h ere

A  =  A - #  •4
(H .25)

The s o l u t i o n  fo rm  o f  t h e  a b o v e  i s  g i v e n  by e q u a t i o n  ( H . 2 ) ,  

i . e .

zW.) =  4>(v.) . (H.26)

T h e n ,  a c c o r d i n g  t o  e q u a t i o n  ( H . 2 3 ) ,

e (/W ( h . 2 ?)

T h i s  e x p r e s s i o n  i s  u n s t a b l e  w h e n e v e r  t h e  r e a l  p a r t  o f  

t h e  e x p o n e n t  (p -  A /2 )  i s  l a r g e r  t h a n  z e r o .  T h e r e f o r e ,  t h e  

s t a b i l i t y  b o u n d a ry  o c c u r s  when t h e  q u a n t i t y  ( Re ( p )  -  A / 2 )  i s
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e q u a l  t o  z e r o .  T h i s  c o n d i t i o n  c o r r e s p o n d s  t o  Re(p,) i s  e q u a l  

t o  A /2 .

The fo r m s  o f  t h e  q(qp^) on  t h e  s t a b i l i t y  b o u n d a r i e s  

a r e  f o u n d  f ro m  t h e  f o l l o w i n g  c o n s i d e r a t i o n s !

C ase  I I I  o f  T a b l e  H . l  shows t h a t  w h e n e v e r  p, h a s  a  r e a l  

p a r t  i n  t h e  s o l u t i o n  o f  a n  undam ped H i l l ' s  e q u a t i o n ,  s u c h  a s  

(H. 2 1 + ) ,  i t  a p p e a r s  i n  one  o f  t h e  f o l l o w i n g  tw o fo r m s  i

A i  =  * ( * ] d + *  ;  k  =  0 , ± l , ± 2 , ± 3 , . . .  (H .2 8 )
2TT

o r

' 2 k + l i ; k = 0,±l,dt2,±3,... ( h . 2 9 )
l i t  I  \  2

T h e r e f o r e ,  f o r  t h e  p r e s e n t  c a s e ,

Im (yU,,2) =  k t  ; k =  0 , ± l , ± 2 , ± 3 , . . .  (H .3 0 )

o r

Im(yU„2) =  k = 0 / t l , ± 2 , * V - .  (H .3 1 )

S i n c e  t h e  v a l u e  o f  k  i n  t h e  a b o v e  e x p r e s s i o n s  doe.3 

n o t  a f f e c t  t h e  s o l u t i o n  fo rm  o f  e q u a t i o n  ( H . 2 7 ) ,  t h e  v a l u e  

k  = 0 may b e  c h o s e n  a s  r e p r e s e n t a t i v e  a n d  t h e  t o t a l  s o l u t i o n s  

on b o t h  s t a b i l i t y  b o u n d a r i e s  a r e  g i v e n  by t h e  g e n e r a l  f o r m s :

V  lnM>, inV.
Q(V.) = 2. fl"e + e 2 L  ,

n n
(H .3 2 )

o r

rj n
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The n o n - d e c a y i n g  p o r t i o n  o f  e q u a t i o n  (H .3 2 )  i s  

2 t t -  p e r i o d i c  a n d  t h e r e f o r e  r e p r e s e n t s  t h e  2 t t - p e r  i o d i c  

b o u n d a r i e s .  The n o n - d e c a y i n g  p o r t i o n  o f  e q u a t i o n  (H .33) i s  

4 t t - p e r  i o d i c  a n d  r e p r e s e n t s  t h e  ^ T T -p e r io d ic  b o u n d a r i e s .

The p a r a m e t e r  c o m b i n a t i o n s  c o r r e s p o n d i n g  t o  t h e s e  

s t a b i l i t y  b o u n d a r i e s  a r e  o b t a i n e d  by  p r o c e e d i n g  w i t h  e q u a t i o n  

(H .2 ^ )  i n  z(qj^)  i n  t h e  same m a n n e r  a s  was d o n e  f o r  e q u a t i o n  

( H . l )  i n  q ( )  - The r e s u l t i n g  co m p lex  H i l l ' s  d e t e r m i n a n t  w i l l  

b e  o f  t h e  fo rm  shown i n  T a b le  H.3«

The e i g e n v a l u e  p ro b le m  i n  ( - A)  i s  t h e n  s o l v e d  u s i n g  

t h e  f o l l o w i n g  v a l u e s  o f  p i

p = |  + k i ;  k  = 0 , ± 1 , ± 2 , . . .  (H .35 )

o r

U = |  + k = 0,±1,±2,... (H.36)

A g a in ,  i t  i s  en ough  t o  e v a l u a t e  a  seg m e n t  o f  t h e  i n f i n i t e  

d e t e r m i n a n t .  F o r  t h e  2 t t - p e r i o d i c  b o u n d a r i e s  one  n e e d  o n ly  

u s e  p  = A /2 ,  w h i l e  f o r  t h e  4 r r -p e r  i o d i c  b o u n d a r i e s  p = A /2  + 

i / 2  i s  s u f f i c i e n t .  (S ee  d i s c u s s i o n  i n  c o n n e c t i o n  w i t h  e q u a ­

t i o n  ( H .2 1 ) .  )



. (ll

T a b le

- 2 i ) 2+g0-Ai+A0 -u_Tn p_1 g_2

( n - i ) 2+p0-Af+A p_x

e 2 Pi u2+e0-

p3 p2 ®i

p3 P2

• • • •

e -3

P_2 P -3

P_1 P_2

P - l

P1 ( u + 2 i ) * + p 0-A£+A

= 0 .

(H .3 4 )

H .3 H i l l ' s  D e t e n n i n a n t  f o r  Damped C ase
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2 . P a r t i c u la r  S o lu t io n  in  S t a b le  R e g io n s

The g e n e r a l  fo rm  o f  a  nonhom ogeneous  damped H i l l ’ s  

e q u a t i o n ,  a s  i n  e q u a t i o n  ( 4 . 4 2 ) ,  i s  g i v e n  by«

,j 2 ~ » +  B w . ic j  =  ' S m  , (H .37 )

( i n  e q u a t i o n  ( 4 .4 2 )  a n d  A  i s  a g a i n  a  damp­

i n g  c o n s t a n t .

The t e c h n i q u e  o f  V a r i a t i o n  o f  P a r a m e t e r s  I n d i c a t e s  t h a t ,  

a t  a l l  p o i n t s  i n  t h e  s t a b l e  r e g i o n s ,  t h e  p a r t i c u l a r  s o l u t i o n  

i s  g i v e n  by a  2 T T -p e r lo d ic  F o u r i e r  s e r i e s  [ 1 9 ] :

I t  w i l l  now b e  shown how t h e  c o e f f i c i e n t s  p ^ ,  p cm a n d  p sm 

a r e  o b t a i n e d i

The 2 n - p e r i o d i c  f u n c t i o n s  Bf q ^ )  ( s e e  e q u a t i o n  ( 4 . 4 4 ) )  a n d

fyM) = + cosm*?, + pfemSin1?,).
2  m

(H .38)

f t ? !  ) a r e  e x p r e s s e d  i n  t e r m s  o f  F o u r i e r  s e r i e s  o f  t h i s  p e r i ­

o d i c i t y ,  i . e .

w h ere
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an d

cos mV, f  fsw sin  mV.) , (h .  4 3 )

2  m

w h e re
J r 2^

1 $ W .)  c o s m V . d V , ; m = o f i ,2 , . . .  (H .4 4 )

0

h o  ~  -fi> (H .4 5 )

J r 2ir
' ¥M) sin mV.<W,; m = 1,2,... (h. 46)

0

S u b s t i t u t i o n  o f  e q u a t i o n s  (H .3 8 ) ,  (H .3 9 )  a n d  (H .4 3 )  i n t o  

t h e  d i f f e r e n t i a l  e q u a t i o n  (H .3 ? )  l e a d s  to «
CO 00

X  **? (~pfc«i COS mV, -  sin m^) sin rrtf, + psm cosmty)
m w

+|A+ho+$(bcn cos nH*,+bsn + Psm r̂'ml|ii|
cosw V , + ^ s* w S in  (H .4 7 a )

2

The p r o d u c t  I n d i c a t e d  i n  t h e  a b o v e  e x p r e s s i o n  i s  t r e a t e d  

a c c o r d i n g  t o  t h e  p r o c e d u r e  g i v e n  by G .P .  T o l s t o v  £ 31^  •

A f t e r  c o l l e c t i n g  t h e  r e s u l t s  i n t o  g r o u p s  o f  l i k e  t e r m s ,  one  

o b t a i n s  1



21/f

/ V  x .  I bc(n-w) 4  bctn»w) 1 Pm 4-1 — tt}2+A  +  k  + bcfoi**) I P0*  +  bem po
A l l g l  1 I \ 2 / 2

CD

+  [mA 4  bst»i4»w)j 2  ( bstn-*») + bsln+nOJ psw 
' 2  I  ”5m\ 2  I

« 0

4 i _ 2  |  ben pen 4 b sn p sn j +  |A  + b^j P«

flP

4 £ ]E  |  bftln+m) -b*(n-iw)j pCn 4. |- rn A  +- b sc»»+wt)

eo

+  L m 2+A  4  bo~ bc(m+m)l psm  -1- 2
\ 7  / na|\ *- ' n*w

ptn*i -J- bsw  po 
2

bccn-w)-  tac(n**n)| psn

4

s in v n m

2 / J 4

eo

=  £  +  X  ( f cw C0S ^  + ^ s » i  S i n  w Y .  , ( H . 4 7 b )
O 1 '

w h ere

a n d
bcl-k) — bc(k) ( H . 4 8 )  

(H. 4 9 )bsc-k) — b S(k)

m u s t  be  a p p l i e d  when n e e d e d .

C o m p a r iso n  o f  t h e  c o e f f i c i e n t s  o f  l i k e  t e r m s  i n  t h e  a b o v e  

l e a d s  t o  t h e  i n f i n i t e  s e t  o f  nonhom ogeneous a l g e b r a i c  e q u a t i o n s  

i n  t h e  unknow ns , p cm a n d  p sm (m = 1 , 2 , 3 » » » » ) «
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2  ( bc(w-i»)+ bc(n+»n)| pen +  - M 2+ A  +  bp ^bcCmt*i)|pcm  +  bciw po 
n iw '  2  / ' 2 / 2

Op

+  / m A  + bs(w>+«)\  p s w  +  X  f bs(n-m) +  bscn+nw) J p s n  =  " f e r n  » (]
\  2  I  „% »' 2  I

CO 00

2  ben Pen + (A + bo) po + X  bsn psn 
n \  2 1 n

(H.51)

nai
v \ ± m

bscn-nw) — bs(w-iw)) Pen 4  —mA 4- bs(M+m)| Pew +  bsm po
2  I  2  1  2

<D

—ITT2 + A + b o ~  bc(imm)l Psun +• 2  ( bcC*>-»») ~  bc(n-nw)i Psn =  "fsm <
2  / n % \  2  I  ( H. 52)

T h e s e  e q u a t i o n s  may b e  e x p r e s s e d  i n  m a t r i x  fo rm  a s

B  P  = F ,  (H .5 3 )

w h e re  t h e  c o e f f i c i e n t s  m a t r i x  B  a s  w e l l  a s  t h e  co lum n v e c t o r s  

3P a n d  F  a r e  d e f i n e d  a s  f o l l o w s *
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F o r  a  s o l u t i o n  o f  a  f i n i t e  num ber o f  t h e  c o e f f i c i e n t s

prt, p a n d  p t h e  i n f i n i t e  s e t  o f  e q u a t i o n s  i s  r e d u c e d  t o  0 cm sm’ ^
one  by  c h o o s i n g  a  c o e f f i c i e n t  m a t r i x  B  s y m m e t r i c a l  i n  ro w s

b 0a n d  co lu m n s  w i t h  r e s p e c t  t o  t h e  c e n t r a l  e l e m e n t  A + .
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APPENDIX I  

KINEMATICS OF FOUR-BAR LINKAGE

LINK LENGTHS

AB = a,
BC = a2 

CD = O3 

DA = a4

B

. ® \ .  
/ / / / / / / \ < X . )

F i g u r e  I . l i  F o u r - B a r  L in k a g e

1 .  D e f i n i t i o n s

A =  ; u  ~  a* ; V  =  f l i
( h  Q-i & z

r, =  .

r3 =  X s'm(4>, “ %) + V sin % .

( 1 . 1 )

( 1 . 2 ) 

(1.3)



2 . L ink  A n g le s

a )  O u t p u t  L i n k

% = 2tmr‘/A-\/A*+B2-C2 j  ,

w h ere

A -  sin4). * 

B =  CosiR _  v/ \  ,

C  =  A2 m 2 + V 2 - 1  _  2 d c o s < f l
2/4X A

b )  C o u p le r  L in k

ip2 =  tan1 / A sin -A sin ife \ . 
\  X c c s V . - j m c j o s V i - v )

3 . L in k  A n g u l a r  V e l o c i t i e s

a )  O u tp u t  L in k

If ,  =  ij> .
/ x r 3

b ) C o u p le r  L in k

r»
4 .  L in k  A n g u l a r  A c c e l e r a t i o n s

a )  O u tp u t  L in k

ife =  K W , + X cos(‘ft-M’») (^, -  'W* + V _  
W . J  l i  j u T i

( 1 . 4 )

\

> (1.5)

>

( 1 . 6 )

(1.7)

( 1 .8 )

A c o s ^ i
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b )  C o u p l e r  L i n k

ifc =r I if, W, + I If, cos (f .-f ,)  sin4*5 -  <*, sin  45) <?,
\ V  I ( i .  i o )
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