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Abstract

ON A LINEAR DiOPHANTINE 
PROBLEM OF 

FROBENIUS FOR THREE VARIABLES

by

Bharti Temkin

Let a   a* be integers having no common divisor exceeding one. The question of determining

the largest integer g* — g ( a lt...,at) that is not representable in the form 2  *i«/ frith the x,
<-1

nonnegative integers was proposed by G. Frobenius in the nineteenth century.

For k  -  2 the problem has been solved by J. J. Sylvester [43] in 1884, who showed

g (a i,n 2) “  ( f l |- l ) ( f l j - l )  -  1 .

Since that time some progress has been made in establishing algorithms and bounds for g* by a 
variety of researchers. However no general explicit formula even for g 2 has been conjectured. Four 
special cases for gj in which the explicit formulas are known are g(f . /+ 1./+ 2), g ( / , /+ l, /+ z )  for 
z >  2 (due to J. B. Roberts), g (fl|,a j,a j) where « 2 ■  - a 2 (mod fl|) with a i,a2,a j relatively prime 
in pairs (due to A. Brauer and J. E. Shockley) and g(.t,t+ yj+ yx) where z >  0 and y  an integer 
(due to G. R. Hofmeister).

The present work develops an algorithm for gj which leads to the following explicit formula for 
g 2: For 0 <  a < b < c with gcil(aj>,c) — 1, d  •  gctHg—b f —a), 0 <  / <  ■— defined by

. 
1 . c—a mod —-—

d a

i —i (c--b)

g ia jb * )  -

. be ab .
ga ~d d  a -  b -  c

go

t  —--------—  a — d — c if 0 < i K ^  ,ad d d
. ac ab , , ,  , b—a . . ^ c—a+ —----- — + b i —a —b —c if ——  < i <  ——a a d a

provided

c >  max ic —a + b —a e—a - / (/)
^ 1)

The constructive proof of this formula based on an algorithm is given. It will be shown that the 
already known special cases mentioned above follow from this. Finally some further problems are 
proposed.
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CHAPTER I

1.1 INTRODUCTION

For k  >  2, let the relatively prime positive integers, (i.e., integers having no common divisor 

exceeding one) a h...^k be called the basis elements. We say that an integer n is reprejentable by 

(or dependent on) {<i|,...,a*} if there exist non-negative integral coefficients such that

( 1.1.1) n -  X|fl|+xj<i2+...+x*fl* .

In this case, we say that x, is an a(-coefficient of n (this may not be unique). If (1.1.1) has no 

solution then n is independent o f  at not representable by «|,...,a*. It is well known and easy to 

show that the Diophantine equation (1.1.1) has solutions when n is sufficiently large.

The problem of Frobenius consists of determining the largest integer

gk m f  («i.*j.—.**)

which is not representable by the basis elements — i.e., finding the largest integer n — gt

for which equation (1.1.1) has no solution with non-negative coefficients. (Note that when 

gcd{au...jik) -  d  >  1 the problem can be stated as follows:

If S  -  x/oJjc, >  0 [ then there exist a positive multiple of d , say gf, such that g t  does not

belong to S .  However all multiples of d  greater than g (  belong to S .  The problem is to find g(.)

This problem has also been referred to as the coin exchange problem: given coins (in unbounded 

supply) of denominations determine the largest amount which cannot be formed by

means of these coins. In the rest of this chapter the historical background of the problem is 

reviewed. Functions related to g t, connections to other problems and a chronological account of the 

bounds obtained for gt are given. This is followed by various preliminary results and observations 

used in known special case expressions for f ( s i ^ ) r ..4 t ) ,  and related function, * (0 ^ ^ . . ^ ) ,  as



defined in 1.2, and in this work.

An algorithm for g j is presented in Chapter 2. This algorithm appears extendable to the 

computation of f t  for k >  4 and where the latter function represents the smallest

positive integer such that all the integers greater than or equal to it have at least j  distinct 

representations. A proof of the algorithm is followed by corollaries demonstrating that the strongest 

previous result for gy and a complementary new result can be obtained directly after the first step of 

the algorithm.

In Chapter 3 the algorithm is used to develop a general formula for gj. In the corollaries 

following the proof of the formula, its compatibility with the previously known special cases is 

demonstrated.

1.2 RELATED FUNCTIONS

When we allow only positive x,'s in (1.1.1) it is easy to see that the corresponding function for 

the solvability of (1.1.1) is

(1.1.2) /* -/(« |U I2,...XI*) -g*+fl|+«j+...+«* ,

i.e., for n -  /* ,  ( 1.1.1) has no solution with positive x,, and for all n >  f k ( 1.1.1) has a solution.

Obviously, there are only finitely many non-represen table integers. Let the number of positive 

integers with no representation with non-negative integer coefficients be nk — « (a ■....,«*).

P. Erdos and R. L. Graham have introduced an extremal function (10]:

(1.1.3) g l k j )  -  max g ( d |^ 2.-••.**).

where the maximum is taken over all at satisfying

0<<i|<...<a* < I, gceHai^2,...,ak)~ l.



Besides/* ,  nt  and g (k ,t ) the following more general function N jia i,...,o*) was introduced by J. 

B. Roberts [33]:

Let rf (oi,...,a*,n) denote the number of non-negative aolutioiia of (1.1.1). Define N j(ai,...,a*) to 

be the smallest positive integer such that d(fl|,...,a*,fi) >  j  tor all n >  N/(ai,...,a*). It is easy to 

see that

N i (a  ^ * )“ 1 - f *  •

I J  CONNECTIONS TO OTHER PROBLEMS

Recently R. Sedgewick [38] has exhibited a direct relationship between Shellsort* and the 

Frobenius’ problem which enabled him to derive a sequence of 0(log N )  increments for Shellsort, 

for which the worst case running time is 0(N *n ) — a new upper bound for Shellsort. The previous 

best-known upper bound for any sequence of Otiog N )  increments was 0 ( N in).

The problem of Frobenius is also closely connected to the so-called postage stamp problem, (see 

E. S. Selmer [41]), — given sumps tin sufficient supply) of k  different integral denominations

(1.1.4) 1 - a ,  <  a 2 <  ... <  ok ,

what is the greatest consecutive range of posUl rates from one unit upwards that can be formed 

when at most A sumps are allowed? That is, given a set of integers satisfying

(1.1.4), consider all linear combinations

t k
(1.1.5) 2J wh«f* */ > 0, 2) x , K h

/-i <-i

and find the smallest integer NgG4*) which is not represented by such a combination. G.

* Sbelliort ij an algorithm for sorting an arbitrary list of integers (sea D. E. Kantb (231).



4 -

Meurcs [29] (see also O. J. Rodseth [36]) showed that

( 1.1.6) Nh C4*) — An* — ^  (a*— —fl)ta*)  — 1

if A >  A| when A| is large enough.

A. L. Dulmage and N. S. Mendelsohn (8] connected the Frobenius problem to primitive matrices 

and graph theory; so did B. R. Heap and M. S. Lynn (15). N. S. Mendelsohn (28) states that the 

solution to Frobenius* problem yields information valuable in statistics (Markoff chains) and in the 

theory of non-negative matrices.

In [45], it is shown that Farey series of orders leu  than or equal to give very interesting 

"partitions* of the set of linearly independent a} relative to a , ^ 2  *hcn gcdia (^ j )  — 1.

1.4 BOUNDS

For the simplest case cf A -  2, the problem of Frobenius w u  solved by J. J. Sylvester (41) in 

1884 giving

g j -  (fl|-l)(< j2- l )  — 1

Complexity of the general solution to this problem seems to increase very rapidly for larger A’s, 

and therefore upper bounds for gt are of great interest. The existence of such a bound is used for 

instance in work done on the density of the sum of two sets of integers (see H. Rohrbach (37), p. 

211).

Let (x) stand for the greatest integer <  x . Schur [2] showed in 1935 that

(1.1.7) g* < S  ( a , - l ) ( « * - l )  -  1

when



1 <  a l <fl2<  - < a * •

Brauer (2) proved in 1940 that equality in (1.1.7) holds if

( 1.1.8) e 2 ■  flj *  ... *  «*-i ■  0 (mod a ,)

and

(1.1.9) a* 0  0 (mod p)

for any p , where p  is a proper factor of a t. This is equivalent to giving only a i and a* and using 

Sylvester’s formula for f t  Brauer also showed that

di-1k
(1.1.10) gk < T  : -  2

1 - 2 di _ I
a, -  a ,

where d x -  a u d, -  gcd(a  <a,) for i -  2,...,*, and equality holds if and only if . .

“ 2 for “ cb J “ 3- -**
*y <-i

with y* > 0 .  If g* <  T then f t  <  T-m inla, | i -  1 Jk). Also S  >  T  and the equality bolds

if and only if (1.1.8) and (1.1.9) are satisSed.

In 19S6 Roberts [33] showed when gcd(at,...jii,) -  1, that

g(m,m+ai,....m+ajk) <  /*+m0 —1

where

r  -  g*+ i. G ■ 0 fi,+ ...+xta) .B »
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K  is the «et of n »uch that

P < i i <  P+ m - 1

and ** * non-negative solution of (1.1.1) with amalleat sum of the coefficients. In

particular

g(m.m+ai.m+a]) < m(«j—2+1— 1) + («|—l)(flj-l) -  1
«2

represent the largest integer leu than or equal to real number — ,
«2

0 <  fl| <  <jj with gcd(fli^ij) “  1, and m >  2 .

Hofmeister [18] in 1966 proved that

(1.1.11) g(<i|,02- - 0*) <  o»ax 2  •
* l>2

where e/"*’* are defined as follows:

Suppose can be written in the form

( 1.1.12) a,*, -  p,at-  2  0*O)«* with 2 <  / <  * -1  ,
*-l

where all v, >  2 and aU (iif* >  0. Note that when gcdia\A-j) — 1, a},...^t can be written in the 

form (1.1.12).

Also suppose

where m
«2
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2  2  < 1 
( -0  J-+

with 2 <  m <  m + N  <  t - 1  and 1 <  A <  TV.

Let fi,. ...e* be defined by c t -  0. c2 *  1,

/ - i

Then it is not too hard to see — when (1.1.12) and (1.1.13) are satisfied — that

1 — Cj <  Cj  <  ... <  Ck .

Define

by

0 <  n -  2  ‘P ' i <CJ with 2 <  y <  It
i-J

It follows that

(1 .1 .1S) it -  2
1 - 2

(This is called the Euclidean representation of n relative to c,'s). 

For k  -  3, Hofmeister’s result is

(1.1.16) g j <
f l l - l

a j—a 2—fl| +  max «i -
* i - l

y \ y  i

where a j -  yi<>2-X i*i with y i >  2.
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Lewin [24] proved in 1971 that

f t  <  |y ( o * - 2) J where a t <  o 2 <  ... <  a t

He improved it [25] to

tk  < ~2 (a* - |- l)(a*  ” 2)

He also conjectured that in general for large enough a*

t t  < *+1
(a * -2) ( a * - * - l )

Erdos and Graham [10] proved also later in that year that

t k ^  2a*-i £ L  
k

— ak where a t < a 2 <  ... <  a*.

Vitek [46] proved in 1973 that

gk < -±-(a2- l ) ( a * - 2) where a t <  a 2 <  ... <  a*.

In his next paper [47] he proved:

If a* >  (* + !)(* — 2) then

f t  < * + 1 '

In 1976 Selmer [39] showed that:



1.5 PRELIMINARIES

Before the exact bounds which have been found for special cases are considered, we summarize 

preliminary various results and observations which will be useful for our later work. Brauer and 

Shockley [Si had observed that if one of the basis elements, say 0*. has a representation by

a    then clearly ak can be removed from the basis elements without altering the value of gk ,

because every linear combination of a u...jik with non-negative coefficients can also be expressed as a 

linear combination of a i,...,0t - i  with non-negative coefficients. If none of the basis elements has a 

representation by the other ones, then 0 |,...,0* are independent, and

( 1.2.1) k  <  min{<j, | t -  1 ,...,*) .

To see this note that if k  >  a t +  1, when we assume a i -  minfo, | i -  1 then there are at 

least 0 i elements in {02,...,0*). Obviously either there is an / >  2 such that a, ■  0 (mod 0 |) or 

i j  >  2 with at m a} (m odo,), in both cases giving dependence between the basis elements. 

Trivially if any a, — 1 then gk — -1 .  Also the re-indexing of 0 |,...,0* does not alter the value of gk .

In case k  -  3, the reduction formula of Johnson [21] is as follows: If for [ i j ,k )  -  (1,2,3), 

dy ■ (dt,Bj), Q( "  btdtjd lk so that ■ (biJby) ■  {bkJ>i) ■ 1, then

(1.2.2) ^ (0 |,02>0 )) ™ dijdjjdjxfUtiJtjibi)
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fli
d \i4 j | ’ d u d u ’ d ijd ji

+  W2j - l ) a i

+  W13—l)« j + 0/ | j —l)<ij

If <f -  g c d ia ^ i )  then from the proof of (1.2.2) one can tee that

(1.2.3)
«i « j
d '  d * 1

+ W - l ) a j ,

Therefore without lots of generality we may assume

(1.2.4) gcd(a,uij> -  1.

Brauer and Shockley [S] generalized this result. If gcd(a |,...^>t-i) “  d, then

a i as-i
d ......  d  ,fl*

i.e.,

(1.2.5) g(a,,....a*) -  d  g
a i fls-i
4 4  ,fl* +  id —l)a*

Therefore without lots of generality we may assume

(1.2 .6) gcd(a    -  1

Lemma I. Let gcd(axa t )  ~  1- Then every positive integer a } not divisible by neither a i nor a 2  can 

be uniquely written either in the form

(FI) d) -  x xa x+y\a 2 with 0 <  y t < a h 0 <  x x

or in the form



(F2) flj — - x xa\+ y\a 2 with 0 <  y y <  U|, 0 <  X| <  02

Every multiple flj of o t. can be uniquely written as

(F3) ai - x lai+yla1 wrthyi -  0, X| -  —  > 0
*i

and every multiple a } of a 2  can be uniquely written as

(F4) a  j -  xia ,+ y)a 2 with 0 <  y t < a, and x t >  0 .

Proof. Because gcd( a ^ j )  -  1 and o j £  0 (mod a,) with / -  1 or 2, there exists a unique y  such

I f x  >  0,

then by letting x \  — x and y \ — y  we have the form (FI).

/ / x  <  0, (x ^  0 since flj £  0 (mod 02))

then —a 2 <  x <  0, because if x <  — a j  then o j “  y a2+xfl| <  0102-0201 -  0 and this contradicts 

the assumption that o j is a positive integer.

Thus by letting x t -  - x ,  y t -  y  we have the form (F2). Uniqueness of X| follows because of 

the uniqueness of y t. Obviously (F3) holds and so does (F4) when

that

o j ■  ya2 (mod 0 |) with 0 <  y  <  o t .

Thus

o j “  yo2+xO| .



- 12-

(F l) through (F4) combined together show that given gcdXatJtj) -  1, « j >  0 can be uniquely 

written as

(F) ~  X|0 |+ y |0 2 with — a 2 <  x t and 0 <  y t < a t

Similarly it can be shown that given gcdXai^i! — 1, <>j >  0 can be uniquely written as 

(F ) a j  -x if l |- t-y ia2 with 0 <  xj <  flj and —a i <  y \ ■

(Also note that (F l)  and (F2) would be

(F 'l) 0) — x ia i+ y jo j with 0 <  xj <  0 j, 0 <  y \ ,

(F2) 0 ) -  x i0 ! -y i0 2 with 0 <  xj <  0 j, 0 <  yj < a t .)

Given gcd (01,02) -  1, let us define a canonical representation of 0 j >  0 relative to 01,02 u  the 

pair of integral coefficienu (x lxy,) or (xj such that 0 j can be written in the form (F) or the 

form (F ). Let x ^ i  be called canonical coefficients. When iat  — x,0 |+y,02 to get the coefficient 

for ia j in the form (F2) from the form (F2) we take ia j -  (xt-a ^ a i+ ( a t-*-yi)a2  and to get the 

coefficient for ia j in the form (F2) from the form (F2) we take ia j “  (x< + a 2)fli+(y/—O i^ -

Note that 0 j has the form (F l) or the form (F l)  if and only if 03 is dependent on 01,02, *"<1 a J 

has the form (F2) or the form (F2) if and only if 0 j is independent of 0 |,02- Thus, when 01.02.0 ) 

are independent basis elements with g cd (a \jtJ  — 1 then 03 must take the form (F2), if the form 

(F) is used or must take the form (F2) if the form (F ) is used.

When the form (F2) is used note that

if y i - l  then o j -  02-X ]0 | i.e., 02 -  0 j+X |0 |

and
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if X| — a 2~ l then ay — y ia j - (« 2- l ) a i  i.e., «i — « j+ (a |-> |)« j

Similarly when the form (F2) is used note that

if *1 — 1 then — a ,- y \a i  i.e., «i — «j+yi« j

and

if y \  — fl)—1 then a j  — x i a |- ( o |- l ) « j  i.e., « j ■ «j+(®2-x i )« i

Thus in these four cases we do not have independent basis elements.

Therefore by the observation of Brauer and Shockley made in the first paragraph of the 

Preliminaries, we have proved:

Lemma When are independent basis elements with g ed U ti^^  “  1 then

(1.2.7) a j -  if the form (F) is used with

0 <  X| <  o j-1  and 1 <  y t <  o (

or

— x ifli-y jflj if the form (F ) is used with

1 <  xj <  a t and 0 <  y \ < « |—1

The following lemma by Brauer and Shockley is a frequently used result. Assuming that a t is 

an arbitrary basis element we have:

Lemma 2. Let L  be a complete system of residues / £  0 (mod fl|). For each / € L, l e t»/ be the 

smallest positive integer l/fai,...^*) :—» / ■ /  (mod a t) with a representation by ay,...jak . Then
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( 1.2.8) gk -  m*x t, -  0 ,

Proof. Let a  be a positive integer. If a  ■  0 (mod 0 |), then a has a representation by a, alone. If 

a ■  I £  0 (mod 0 |), then a has a representation by if and only if a >  t,.

Note that (if we assume 0 <  / <  fl() the equation 1/ -  so t -  x^+ .-.+ x*/!*  has no solution for 

each / € L  and 1 <  s <  . Furthermore these are the only equations of the form (1.1.1) that

have no solution. This leads to Selmer’s formula [39]:

(1.2.9) „  . 1  v . _  fli ~  1n* IT 2  ----- ;fli / t t  2

Rodseth [34] obuined a reduction formula for the function a (o  ,//*) when gcd(a2 ,...jtk) -  d

which is similar to (1.2.S) as follows: if d > 1 is a common divisor of a^..M k then

( 1.2.10) tn  — d i /  where 1/ -  I, £j_ °k
d ' d  d

This follows because there are non-negative integers y, such that

«/
dti -  d  2  7  y t -  2  «<>/ 

1-2 “ /—2

and, by the definition of l/, the sum is the smallest integer dependent on a i ^ 2> 

(mod 0 |). Similarly to (1.2.9) we have

,a* and ■  dl

(1.2.11) a* — a f i  £*. 
d  d

_ J_ a»~1
a  — ?*1 / f t  2

As I runs through a complete residue system modulo a\ so does dl (note that (d^>) “  1 because 

(d |,...^it) -  1). Hence, by (1.2.9) and (1.2.10)
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(1.2.12)

and *o if d  is a poaitive common factor of .a* then

(1.2.13) +  y ( « , - l ) ( d - l )  .

Clearly if the basis elements are independent, then «2,...,0* are all part of the minimal system 

(t/). For if a non-negative combination of (say) o 2>—.<>*-1 “  congruent to ak (mod a ,)  but leu  than 

or equal to ak, then ak has a representation by and is dependent on When we

choose the maximum number of possible basis elements k  — — min at, these elements will

represent all the residue classes (mod a t) and constitute the complete residue system (f/K

Hence in this case

(1.2.14) "  m**

Thus we conclude that in order to compute gk the problem can he reduced to the case where each 

subset of k - l  elements from the basis elements (with k  <  min a,) is relatively prime (see

( 1.2.6)) and that the basis elements must be independent with all a, >  2.

The following result by Johnson [20] is not used as much as Brauer and Shockley's Lemma 2. 

However it appears to be just as important a result and may lead to a better understanding of the 

problem.

Proposition I. For k  >  2, /*  is the maximum of the restricted set of numbers N  satisfying

2«<A

(1.2.15) n ( k j 2,...Mk) - j j f l , -
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t
(1.2.16) N  i* 2  for any x, >  0 .

<-i

and

k
(1.2.17) iv+a, -  2  yuaJ with >  0 for ®ach 1 “

y-i

In particular

N  -  0 '||- l)fll+ > '|2 O 2 + -+ > 'U « * . yi j  >  0 .

But by (1.2.16) y u -1  <  0 so that y u  -  1 since y tl >  0. By symmetry we have:

For every N  satisfying (1.2.16) and (1.2.17) there are representations of N  for each i  — 1,2,...A 

of the form

k
(1.2.18) n -  2  yuaj '  y u >  ° .

y - i

and fh  is the maximum such N .

Using the notation of Hofmeister (already presented in 1.4) his main result is as follows:

Let a are relatively prime positive integers satisfying (1.1.12), and (1.1.13). Furthermore, let 

(c i^ 2,...^ft) be positive integers constructed as in (1.1.14), then

(1.2.19) g(ai,...,qt) -  min max 2  •
<-2

Where for any complete system, L , of residues modulo a u  the minimum is taken over I € L  and the 

maximum is taken over n ■  / c j 1 (mod «i). Note that the bound (1.1.11) is derived from (1.2.19).



1.6 KNOWN RESULTS FOR g (a  # k) AND n («,,...,«*)

(I) k  -  2 .

Clearly the minimal system (»/} is given by l)fl2, has max f/ -  (« |—l)a 2, and so gives

(II) k -  3 .

The complexity in this case seems to be due to the fact that g j depends on the divisors of 

and no explicit formula for gj was known up to now, except in special cases. In chapter III we 

present an explicit formula for g U - n j - m j ) ,  where (for large enough r) 0 <  m < n and 

g e d U - i t j - m j )  — 1.

Brauer [2] showed in the special case in which the basis elements are consecutive integers that

and

n ( o i ^ 2) ■  y ( f l | - l ) ( « 2- l )  ■  y f o + D  •

/ ( r .r+ U + 2 )  -  r+2 -

r*+6t+4 for even t ,

(1.3.1)

Roberts [32] stated without presenting a proof that for x >  2,
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l+ l f+ (z —3)f—1

(1.3.2) g  ( l , f + l , l+ z )  -

M

when t ■  z —1 (mod z) 

and I >  z 2-5 z+ 3  ,

( i+ z ) + ( z - 3 ) f - l  when t  ^  z -1  (mod z) 

and I >  z2—4z+2 .

Roberts (33) also fives,

g i t ,1+2,1+3) -  l

and for 2 <  t <  16

f  (r ,1+ 2,1+5) -  t

W l
1+  - r  + 1

3+ I “  I I +  3

when t -  3,8,10,13,14,13 but not for t -  2,3,4,6,7,9.11,12.16.

Johnson [21] was the first author who developed an algorithm and a symmetric expression for 

f  (o 1,02,<>}), where ore pairwise relatively prime, independent basis elements. He proved

that for cyclic permutations of subscripts

L, -  xjt+xu  

f i a t^»j^ |) -  L,a, +  m axOtiyfly^a*)

where Li a, is the first multiple of a, that is dependent on aJfak with positive coefficients. (£< >  1 

since the basis elements are independent.) x*y is the fly-canonical coefficient of £*0* relative to

at*j-

Brauer and Shockley [3] presented an algorithm for computing f i a y A i«*j) when a are 

independent basis elements with < a 2 <  O). which need not be relatively prime in pairs. They



observed

(1.3.3) f  (oi»®2*®j) -  m ajrGr^j+i-jO jjrjaj+yaaj) ,

where (1) yya3 is the first multiple of at that is dependent on 01,02 with positive coefficients, (2) x 2 

is the a 2-canonical coefficient of yja j  relative to a 1,02. (3) y  1 <  y 2 is such that for any 0 <  y  < y 2 

the a 2-canonical coefficient of yat is greater than the 02-canonical coefficient of y |0 j, (4) the ar  

canonical coefficient of y ,a j  equals x j, (3) x 3 -  x i - x 2 and >3 -  yr~y\- (Brauer and Shockley 

looked at the congruence

(1.3.4) 02x -a jy  *  0 (mod 0 |)

First we determine the solution (x |j* |) of (1.3.4) with smallest x >  0 so that a^x-a^y  >  0 bolds. 

Then we determine the solution (x 2 j>2) of (1.3.4) with smallest y  >  0 so that a^x-a^y  <  0. Let 

x j  -  x , - x 2. y j  -  y x - y i  )

Using (1.3.3),

is obtained when 02 *  - 0 }(mod a t) with 01,02,03 relatively prime in pairs.

The strongest result given so far for * -  3 was proved by Hofmeister [18] (bis Folgerung 2, 

p. 20): Given 0 1,02,03 with grrf (01,02) — 1 and

« i 'my \» i- x \a i  with 2 <  y x <  0 | ,
0 ! -  0 |> i+>>2 with 0 * y 2 < y lt

(1.3.5) +02+0J+02+0J, 0J
02+0J

if 02 >  X|(oti+l) then

(1.3.6) g(0|^2<os) “  O|03-0 2 -0 |+ m axU i0 |,y2«J •
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In particular the value of g (t ,t+ y j+ y z )  could be determined using (1.3.6) for z >  0, y  any 

integer, a, — t, a 2 — t+ y, a j — za2—(*—l)fl| and when

An expression for g (t,t+ y ,t+ yz)  will be given in Chapter 3, Corollary 6.

Hofmeister showed that all known formulas for k  -  3 prior to his paper can be deduced from

(1.3.6). Some results published after his paper can also be deduced from (1.3.6). For example, the 

first theorem of Byrnes (6) is an immediate consequence of (1.3.6). In fact Byrnes’ conditions are 

overly restrictive since o 2 11 1. flJ 11 >i (m odai) can be replaced by the weaker condition 

n 3 »  y ta 2 (mod a ,). Under certain conditions, Lewin [27] gave formulas for g (a t^i2 ,...^i/t ) and 

n (a !,...,«*) when a t,a2,.. ,at form an "almost arithmetic sequence," that is a sequence in which all 

but one of the basis elements form an ordinary arithmetic sequence. When k  — 3, a lj>2 j j } always 

form an almost arithmetic sequence, and Lewin’s conditions shows that his formulas cover two types 

of cases: 1) After removing common factor, as in (1.2.2), we only get two independent basis 

elements or 2) by proper choice of a ^ i^ a y ,  Hofmeister’s condition (o2 >  *|G*i+1» is satisfied.

Equation (1.3.6) will be explained in terms of to the algorithm presented in Chapter 2 

(Corollary 1). Furthermore the following complementing result will be proved (Corollary 2).

Let (aha2) -  1. Since a 2  is linearly independent of ( a i^ J  we can write

ay where 2 <  y t < a t and 0 <  x \ < a 2 .

Also let

« j “  i |( f lj—X|) +  x j  where 0 <  x 2 <  (n2- * i ) .

If a | >  ( i |+ l ) ( a 2-X |)  then



(1.3.7)

Expressions (1.3.6) and (1.3.7) are found after the "first step" of the algorithm given in 

Chapter 2. Similar formulas could be found after any "step" of the algorithm.

Sclmer [39] gave a direct and simple proof for (1.3.6) using the following table for the minimal 

system (f/) of Lemma 2:

(1.3.8)

«2
a j flj+oj

2o j
2oj+<ij

( y i - l ) a i
(y i-D flj+ a j

(o i~ l)o j f l j+ (a |- l ) f l j  2o j+ (a |—l)« j   (yi—l)<i2+ '(a i~ l)a j
<X|0 ) 2d]+a|S}.... (y2~Oflj+ciiOj

and noticing that max(//} must occur at the two lower right corners. Summing over the diagram 

and using (1.2.9)

n (« i^ j^ i |)  -  n (a i^ j)  -  y  o ,* ,( i i |- y l+y2)

is found.

Sclmer and Beyer [40] gave an algorithm using convergents of the (finite) simple continued 

fraction expansion of a j s ,  where s is determined by

flj *  r - ia 2 (mod with 1 <  •'-i <  ®i •

Furthermore if
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r_i “  *  flo»’-i+7o 0 < yo < * .

r_ |  -  f  i7o+7 i 0 <  7 i <  To .

7o “  f j 7 i+ 7 :  0 <  y 2 <  7 i .

7« “  «»+j7<.+i+7.+j 0 <  7»+j <  7«+i .

with where /»0 -  go. J*i -  gogi + >.-• - A  “  JV-ig. + then
O b-H Oj "ta-l

g -  -  fl| +  (72j.-1)«2 +  O’ta -D flj 

+ ^((72«-|-(/+l)72«)fl2. 0 ,la- l + ^ la)«j)

/v/ •  0,1,...^2<1+| -  1 .

The function

tfU |,X 1,...,X2iJ -  if Xfi <  X, 2 <  ... <  X<2«

i.e., we arrange the arguments after magnitude and select the smallest number in the upper half. 

They assert that when a t -  F u + a 2  “  fli+ ^2»+i. « j “  « j+ l ,  Ui.ui.Oj} *»* 

independent basis elements satisfying

0 | <  flj <  Oj

and



7ta-M <  <  jtot-l
1 ^ 2»-l

where F, -  F,_i+F,_a for r >  2 with F0 -  0, F, -  1 ere the Fibonacci numben.

Rodseth [34] improved this algorithm and found aimpier formulas for g j and r 2 using another 

continued fraction expansion of a x/y x (with negative remainders). The Euclidean algorithm is used 

in the following form:

(1.3.9)

ai -  y o - v i y i - y i '  
y t  -  w i - y y  
y 2 -  q iyy-y*

0  <  y i  < y\\ 
o <  y j  <  y *
0 <  y 4  < y ,;

ym—I “  ® ^  3\»+1 ^  X* •
Xm "  ?«i+iXiii+I)

Integers PX are defined by P -x — 0, Pq “  1 end

(1.3.10) Pt+\ “  9i+i Pi~Pt~i for / “  0,1,...,m.

Va
Set —— — oo and regard any inequality x  <  «® Or real) as valid. Since qt >  2, it follows by

" -i

induction, using (1.3.10), that Pt+X > Pt. Hence

0 “  p * 2- <  < . . . < ■ — <  p -
Pm* I P<t P-1

and for a nonnegative real y  there is a unique integer v “  r(y), -1  <  v <  m , satisfying

■Xr+3 ^  3V»I
< 3- <  -7 -

" r tl  O

0 \
When y  -  — , gc</(oi^>2) ”  1 end v is determined by the above inequality then 

«2



and

,_ (fljVrM- * 1+    J
«l

(III) Arithmetic Progreuion.

Brauer [2] was the first to give explicit expression for / ( a  !,...,«*) where the a, are k  consecutive 

positive integers:

a + * J- 3 .  . k 2- k - 2

* -1 -]« +

When the basis elements form an arithmetic progreuion

(1.3.11) a, -  « + (/-!)< /

where d  >  0 with g c d ia jl) “  1 and 1 <  / <  a  as in (1.2.1) then we have (for k <  a):

(1.3.12) g (a ta+</,...,fl+(*-l)</) - a — 2

k - l a + (a - l )d  .

The result (1.3.12) was first given by Robert [32] with a complicated proof. Simpler proofs were 

later presented by Bateman [1], Brauer [3], Lewin [27], Sclmer [39] and Rddseth [33]. Selmer uses 

the following diagram for the minimal system {l/} when a -1  -  a(A—l)+ d  with 0 <  0  < k —\.
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(1.3.13)

«2 «J.................. .....  «*-l «*
<>2+fl* +«* .....  «*-!+<•* 2fl*

f l j+ ( ( r - l ) f l t  a j + ( a — l)fl* ___ «* _ j+ (o — l)fl* M |

i ] + a 0i  ej+auij ... i f f i+ o s t

The last line occurs only for p  >  0. In that case

I t  — max //—ai ■» a ^ i+ a a * — « | — a a + (n —\)d  .

When P — 0, we get

I t  -  aa*— ai *  (a—!)« + (« —l)<f ,

and both cases together give (1.3.12). Furthermore applying (1.2.9) to the system (1.3.13), a 

straightforward calculation gives:

(1.3.14) n (n ,a+d ,...,a+ (ft—Drf) — y ( ( a —l)(o+<f)+d(crfl)) ,

a result due to Grant 113). The case d  — 1 was first given by Nijenhuis and Wilf (31]. Lewin 127] 

showed that when 0 <  ft <  8, (1.3.14) takes a simpler form

(1.3.15) n* -  C >

where < x >  denotes the least integer >  x .

Nijenhuis and Wilf [31] proved

(1.3.16) —  >  ±
tk  2

They based their proof on the simple observation that if x  and y  are positive integers with



x+ y  — gk, then at moat one of x  and y  can have a representation by 0 |....,a* leading them to

(1.3.17) fiC o!,...^) >  y ( g ( e  •«*)+!) •

Also, it is clear that

(1.3.18) * - < 1
f t

In fact when a t -  k >  1, a 2 -  * + l,...,a* ”  2A—1 then a\,...#k are independent basis elements and 

all numbers >  k  have representations. However no number <  k  has a representation. Hence 

n* — g* — * —1. Furthermore as pointed out in Selmer [39], this case is the only possible case (with 

independent basis elements) in which a* “  g*.

Note that when a\ -  k , a 2 -  k+ d .....a* -  * + (* -!)< /, (1.3.12) is simply

g* -  ( k - l ) d

and (1.3.14) is

n* -  y  U - l ) ( d + l )

and

gk 2  d

(IV) Almost Arithmetic Progreuion.

Lcwin [27] introduced the almost arithmetic sequences. A sequence of distinct, relatively prime, 

positive integers is called an admissible sequence. An admissible, almost arithmetic progreuion is 

an admiuible sequence where all but one of the basis elements form an arithmetic progreuion.



In the following let p ^ . . . ^ a k be an admissible, almoat arithmetic progreuion with

a, — a0  +  id

for i — 1 k.

As in (1.3.15), let < x >  denote the least integer >  x .

If p  -  a 0 - y d ,  1 <  > <  *+1, o0 +  d  (mod p ),  then

(1.3.19) g fp  * k) -  <  ?  ^  * -  > p  +  <p+Y -l)d •

l ( a 0 *  d  (mod p ), then, since obviously fp j i )  — 1,

(1.3.20) g(pjio,...Xik) -  (fl0- ^ )  +  <  * + i_> + ~  • •

Letting p  -  fl0~ d , Roberts’ ruu lt (1.3.12) is obuined as a special caw. Furthermore,

(1.3.21)
_  _1_ p - 1 +1 (a0—d )
”  2p * + 1

< 2Q » - l) - (* + l)
p - l >
* + 1

+  y ( p - l ) I m i n ( « o ^ ) —l l

Expression (1.3.14) follows when a ^ + r f , . . .^ + ( ) - l)< f  is an admiuible arithmetic progreuion. 

If a0  *  t d  (mod p )  for some r, l < f < J k  + l , r < p  with o0 >  t d  then

(1.3.22) g(p^>o>-<®*) “  (®or~*<*)< *>̂ + /  > + td + ( p - \ ) ( d - \ ) - l .



(1.3.23) n{pjtQ,...jik) — y ( p - l ) W - l ) + ( / - l ) W —A )-y /o ( /o - lM *+f)A

where

+ /o (p + /- l)A -  

00— l

1+
& ]]*■

If do *  1 <f (mod p ) for tome 1, 1 <  f <  It +  1, t < p , ao < t d  < Hq

(1.3.24) g(p^o ,...fik) - £. +1
t

a $ -p -d + V

where

V -  V fp /t* 4 ,t)  -

max{<frf-flo,

(/—!)</

p - t > ) if 7  <  1 - 1, 

if 7  *  l - l

and y  — />-/• . Also

(1.3.2S) n(p,o o,-ft>k) — ■ 5 -(p+ 7)7 (I^-l+ l)-I^ -l* + (r-l)< f+ -5 -(p -l)W -l
2 f t  2

where

a0- t d  
h -  — ; — , 7  -  P “ f

>  then

When the almost arithmetic progression is of the form: 

s i  — aj>i — ha+ djij  — ha+2 d,...jtk — Im+(&—l)<f with f c d ia jl)  — I, d  > 0 , h > I and k < a



then Sclmer showed (compere to (1.3.20) end (1.3.21)) thet

(1.3.26) g(a,ha+d,ha+24,. J k e + t t -D d )  -  * f z f  + *-1
H

end

(1.3.27) n (a ,h a + d M + 2 d ,...J u iH k -l)d )  -  y ((« - l)(A « + < /+ A -l)+ * ^ (a + l))

where a - 1 -  a ( f c - lH 0  es in (1.3.13).

Sclmer alto observes thet the situation in (1.3.19) is only e special case of (1.3.22) when 

a0- t d  — a0—y d  — p  end furthermore, the conditions for (1.3.24) end (1.3.25) must be too week 

since (1.3.24) fives the incorrect value 134 for g  (13,21,64) -  135 as was noted by O. Beyer.

Rodseth in his recent paper [35] also deals with the almost arithmetic sequence

a, -  a + id 0  -  0,..,*), 0**1 — c, where a j l j i x  are positive integers, g cd ia d ) — 1.

Let yo “  o and determine y t by d y t *  c (mod y £ ,  0 <  y \  < yo- Then using the notation that is 

used for (1.3.9), (1.3.10) etc. the following results are obtained.

(1.3.28) g(a< a+ dji+ 2d,...ji+ kdf) -

result in [34] is a special case of this one.) Alternatively if y 9  -  a+ kd  and y t is determined by 

d yx m  - c (mod y £ ,  0 <  y x < yo, then

dO'H'i“ l)+ f  (^ rH ~ l) +  max' a

if £
where r  “  r( . .  . )■ (Note that since a always form an almost arithmetic sequence his
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(1.3.29) g(ax+ dX + 2d,...j> + kdx) -

-d + c  CPr+i-l) + max jo  y * 1 **** 2  j ] . (a |  -  cF ,J., where

k c
a

To simplify the presenUtion for the corresponding results on it* the following notation is used: For 

any integer x , define Zx by:

(1.3.30)
x —1 i *

“ 7
x - l - 1

In particular

(1.3.31) Or—l) (x —1—* )—1
2 k if 1 <  * <  7

Furthermore, let a o X i,-X kX  be positive integers, where a, -  «0 +  ie> i “  1 * , for some integer

e (positive or negative) with (a^e) — 1; put >o “  «o. snd determine by «yi ■  c (mod yo), 

0 <  yi <  yo- Th«n

(1.3.32)   X kX )  -  j j l + O o + e ^ i - y r + j - O + f ^ i - O

+3'^jO»r+, - P ^ ~ ( e y ^ , - c / » P) ,

where » ■ »
kc
«*

For e ■ d  (1.3.32) corresponds to (1.3.28) and for a0 ~ * + k d , e —- d  (1.3.32)



corresponds to (1.3.29). Tilting c — a in conditions for (1.3.28), we get — 0, » — —1 and

(1.3.12) follows. Similarly (1.3.14) and (1.3.13) follow from (1.3.32).

Rodscth also gives Selmer's formulae (1.3.26) and (1.3.27). (1.3.27) is given in the following 

form:

n(a,ha+d,...Jui+kd) -  y (a - l )W - l)+ A a + * X , .

Now let c “  a+Kd , k < K , and put a  «■ aK+0, 0 <  fi < K . Then if

(1.3.33) 0  «  0 or a+d > K -0 -1 , we have

(1.3.34) g{a^t+ d ,.../t+ kd jk+Kd) ”  (a +Kd)a—d -fm ax |a t ± +d0 , a

For if JIT <  a , using (1.3.28), we find that y \ "  K , and, by (1.3.33), r  ■ 0, then (1.3.34) follows. If 

a  <  K,  then, by (1.3.33), and by a lemma of Roberts’ [30]:* a+Kd is dependent on a,....a +  kd,

a - 2
and (1.3.12) (when given as g (a ji+ d ,...ji+ kd )— a 

true also in this case.

If (1.3.33) is satisfied then (1.3.32) gives

+  d in  — 1)) shows that (1.3.34) is

(1.3.35) n (a ji+ d ,...ji+ kd ji+ K d)  ■■

-  j{ (a + l)(a + 0 )+ (a - l) (d - l)} + a Z K+ Z e.

(Let be iateaert eatisfying a, -  a» + fe . f -  I,...,*. for aotae integer t .  Then an iateger a is dependent on
a + , a t if end only if n has aa iategral repreeenution a - a #  a  + t y  withO <  y  <  tut).



Let c -  a —K dji — aK  +0,0 <  $< K  and auppoae that

(1.3.36) a  >  I ^  ] +  d.

Uting (1.3.29) we find that y i “  k+ K , r  — 0 and

(1.3.37) g (a * + d t...* + k d * -K d )  -

r f ( / f - l )  +  mas

<

K - y r - 2 K —2 - ia -K d )0
k . o k

+ (o -K d )q  |

By looking separately at the cases 

written as

(1.3.38)

K - y i - 2
— and < K —2 , we find that (1.3.37) may be

g (a ji+ d ,...ji+ kd ji—K d)—

dU C -l)+ a l£ = l)+ U > -K d )l .k ik+AT

where f  is determined by f  *  AT—2(mod Jk), 0 <  (< k \  that is, f  — K —2—k l  ^  1. The formulae

(1.3.34) and (1.3.38) were given by Siering [42], with a slightly different condition than (1.3.33) 

and with a more restrictive condition than (1.3.36). Selmer [39] gives (1.3.34) and (1.3.33) when 

d  -  1.

Hofmeister [18] generalized Roberts’ formula for arithmetic progreuion:

(1.3.39) g la /i+ d ji+ td 0 +t2d,...<a+tk~3d)  -  L + ( a —l)<f ,
l I

provided d  >  (a - l ) U —\ ) a - 2 a , where /  -  min k , *°It-k ~ — + 21. In case of d  — 1 and
h* a J J



/ — 2, Selmer [39] showed

(1.3.40) g  (a ,a+ l,a+ 2 ,a+ 2 i ,...,n+2*) *

( a + 1) a
2*

*-i 
+  2  2' 

(-0
a +2' + ( * - 2 ) a - l  ,

and showed that his method could be used to obtain (1.3.39) regardless of the magnitude of d.



CHAPTER II

2.1 INTRODUCTION TO AN ALGORITHM FOR * -  3

When a , -  t - n ,  a 2 -  t - m ,  a 3 -  t with g c d -  I none of the above algorithms seem 

to lead to an explicit formula for g (a xj*2A d  *n terms of n jn jt.  The algorithm we present here 

leads to such a formula. We present this formula in the next chapter.

Because of Johnson’s [20] reduction formula (1.2.3), and (1.2.7) in Chapter 1, the following 

assumptions can and will be nude:

gcd(at,a 2) -  1 with a 2 >  a x 

a ,  - > - , f l 2- x , o , ,

if (F) form is used with 0 <  X| <  o2- l ,  1 < y x < a x,o t

(2Aj)

(2A2)

x , a , - y ,o2 ,

if (F ) form is used with 1 <  x x <  a 2 and 0 <  y x <  « |—1. The following notation will be used: 

The algorithm has three cases. Superscripts a and d  are used for cases 2 and 3 respectively

(2Nq)

x j  -  xg  -  0 2 , y i  -  y t  -  «i

*T “  * i .  y i  “  > i .  H “ 0 ,  yg -  1, o i  - yL
y i

rf -  a 2- x , t y i  -  a x- y x, i t  -  1, yg  -  0, *x -
x j

x t

For oi >  1 and p  >  0  define the following terms recursively:
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(2N ,)

where a ^ j  — and

x%*i “  x l j —aif+iXlp+i,

y %*2 “  y% ~a 3f*iy%*i

2 k .
y%*\

j  is the remainder when yip is divided by yjp+i 

“  / t r+ a v + i^ *  ylr+i "  T&*

For or| >  i and p  >  1

(2N2)

where 5jp — and

y%*i -y % -i~ h ,y %  
xjp-l 
x%

x%+\ is the remainder when x ^ - i  is divided by or Jp 

lip ■  yip ■  yip-i^&iplip i 

>»% “  yip+lip "  m!*-i +6 jpllp ■

For 4| >  1 and p  >  0

(2N3)

xip+i ■

J & _  
xip+l

where 4j, +i — and

jtJp+2 is the remainder when yip is divided by yip*\ 

lip * i  ■  / f p t  yip* i  ■  y ip ^ ip * \lip t  

n ip * i  ■  •

For i |  >  1 and p  >  0
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where ajp ■ — and

(2N4)
y%

yip4j it the remainder when yip-t is divided by yip . 

lip -  lip-i+ajpyjp-t, y 1, - y 1p -1, 

mfp — tip+yip “  irtip-t+ajpyfp-i .

2.2 AN ALGORITHM

The algorithm is divided into three mutually exclusive cases. 

Case 1. oi ■  4| ■  I.

Case 2. <*| >  1, i |  “  1.

Case 3. 6| >  1, <*■ — 1.

a.
If a i >  1 then because of (2Nq), y t <  — . 

a 2Suppose X| >  —  then

Olfl;
o 3 <  — -------- —

contradicting a 3 >  0.

Therefore,



because of (2Nq).

Similarly when 6| >  1, oi «  1.

In case I. (at|—6 |" 1 )

g -  flj+max{x|fllt(« |-y i)f l2) - f l | - a 2 .

In case 2. (<*i >  1, 4 |-1 )

Simuluneously the Euclidean algorithms for a j y f  and for x f |x f are used until either Cl) x ^  

not a remainder (i.e. x%  >  x ^ _ i )  or y ^  is the zero remainder or (2) is not a remainder (i.

y%*\ >  y%) or x %+\ ** lhe zero remainder for some p  >  0.

If (1) let x* -  x j ,- ! ,  y • - y % ,  m* -  m j,_ , ,

If (2) let x* -  x%+i, y '  -  m* -  m j, ,

g j -  (m *-l)«j+m ax(x*«iJ'*flj)” « i - « j  •

See diagram 1.



Diagram 1

If x f >  xf or y i  -  0. 

The algorithm ends with

* •  - * 1, y “ - y i

m m -  mf

If y i  > y i  or xf -  0 

The algorithm ends with

X• -  xf,>>* - > f  

m* -  mf

Step 1.

y ja , -  _
I J l

y i  -  a , -  or^f

x f -  « 2 “  <*i*T 

If xf <  x f . Step 2.

- KI* !

xf -  x f -  «jXf 

y i  -  y i  -  h y l-  

if y i  < y i  - Step 3. 

y t
«*j -  —

[ y i  

y i  -  y t  -  a jy i 

x j -  x f -  a»xj

If x f , >  x f,_ | or >J, -  0 

The algorithm ends with

x* -  x f ,_ , , y ‘ -  y i ,  

m m — mf,_i

If y t ,* i > y t ,  or * i,* i -  0

The algorithm ends with 

x* -  x% *i. y ‘ -  yfp

m* — m f.

If x f , <  x f ,_ i . Step 2p .

l

*f,-M “  Xfp-I “

- y t , - 1  - h , y t .

if  y t ,* i <  y t ,-  Step 2p+i. 

2 k .  
y%* i

xfr+2 “
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Incase3. M |> l,a i->1)

Simultaneously the Euclidean algorithms for a 2|x f  and y i \ y i  are used until either (1) y i ,  is not

a remainder (i.e. y i ,  >  y i , - i )  or x i ,  is the zero remainder or (2) x^+ i is not a remainder (i.e.

i ^  or ylf+\ is the zero remainder.

If (1) let x 4  -  x i , ,  y 4  -  y i f - \ , m* -  m £_i .

If (2) let x*  -  x ^ ,  y* -  y i ,+ \ , m* -  m i, .

g j — (mrf-l)a j+ m a* (x rffli0'i fl2) - « |—oj see diagram 2 .
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D iagrui 2

i f  y i  > y i  o r  x f  -  o

The algorithm ends with

x* -  x i f 4  -  

m* -  m i

Step, I -

x f  -  fl2 -  4 |xf 

>-f -  a , - l ^ f

If >>f <  y i .  Step 2.

«2 zL
>f

y i  -  y i  -  ajy{

x i  -  x f  -  orjxf

I f x f  > x f  o r * f - 0

The algorithm ends with

x 4  -  x f ^ rf -  >f 

“  m i

If x f  <  x f. Step 3.

d 
* i

x i  -  x f  -  «>xf

y i  -  y i - i j y i

«j -

If J’i  >  or x^, -  0

The algorithm ends with

x* -  x £  

m* -  m ^ - i

If x ^ +( >  x ^  or J i  ♦i “  o

The algorithm ends with

x* -  x i , y  -  

m* — m i,

If ^  <  y i , - 1. Step 2p.

y i,-1
“ *  I H "

^ • f i  - * t , y i ,  

* i ,+ 1  ~  * & - «  -

If x^+i <  x £ . Step 2p-f 1.

,  -  d 
*** ' I * 4 -
Jf^42 “ xi f -  h,*\*i,+\
y i,+ i -  y i ,  -  h ,+ tyi,+ i



2.3 RESULTS FOR A PROOF OF THE ALGORITHM

First of all we observe that the algorithm terminate* in a finite number of step* since the 

Euclidean algorithm for any two integer* ends after a finite number of steps. When we have 

etc., we assume that at the (p - l) s t  step the algorithm has not ended.

The following results are used for the proof of the algorithm.

Lemma 3. For p  >  1 if x j,_ | >  x i ,  then

[a 2 ■> x$ >  x f >  x j  ... >  jrfp-i >  x j ,  >  x i,* \  >  0

(2 '3 1 )  [at -  y t  >  y i  >  y i ... >  y%~2 >  y i,-1 >  y% >  0

For p  >  0 if y i ,  > y i,* \  then

| a 2 -  x j  >  x f >  x j >  ... >  x j ,  >  X j,+| >  0

(2.3.2) | a ,  -  y t  > y i  > y \  >  ... >  y%  >  y i ,* t > y i ,* 2 > 0

Similarly for p  >  1 if y i , - \  > y i ,  then

faj — xi > x i > x i >  ... >  X ^-| >  xi, >  0
(2.3.3) |a i  -  y t  > y i  > y i  >  ... > y i ,  > y i ,* i > 0

For p  >  0 if xi, > xi,* i then

Ja2 -  xi > xi > xi >  ... > xi, > xi,* i >  xi,* j >  0

( 2 3 '4) l« i -  y t  >  y i  >  y i  >  ••• >  y i , >  yi , * i  >  o

Proof. The proof of lemma 3 is obvious when we note that at each particular inequality, the 

inequality holds either because of the conditions in the algorithm or because right*hand side of the 

inequality is a remainder.

Lemma 4. Let a ( >  1 and p  >  0. Then



(2.3.5) j -  l%ay -  x%ax-y % a 2

(2.3.6) y f , - i<ij -

(2.3.7) 7&fli “  7fp*i«J “  yV-*-ia f ,xV'f>fl>

Therefore,

(2.3.8) m jp-ia) — C xJ,-at^_ |)fl| +

(2.3.9) m%aj -  ( x V xV m )«i +  (yjp+i - y

Similarly if <i >  1 and p > 0 then

(2.3.10) / & - ! « ) - x £ - i « i - H - i a *

(2.3.11) /£ « j  -

(2.3.12) y £ - ta j -  7 t flJ "  yifOi-xipOy

Therefore,

(2.3.13) -  (x1f -}-x1')a i+{y1f -y1f -i)a2

(2.3.14) m ^ a j -  (x ^ + |-x ^ ) f l i+ 0 ’̂ “ ) 't+ i^ a t

Note: From now on / , ,  m ,, etc...will represent y f,  If, m f  when a x >  1 and will represent y f ,  if, 

m f  when A| >  1.

Proof. We use (2N j), (2N j) and induction on p  when a x >  1 and p  >  0. For p  — 1

/|-0 j — a,flj -  (o1>>T)fl2- ( a lxf)fl| -  (aiyf-<»|)«2“ (« i* f_ «i)fl|

“  Xjfll->'j02 

y , a , - f l i - . y f « 2-*T<»i

/ j f l ,  -  /,<Jj -  X f f l |

72®j “  (7i+«a/|)«j “  (yf-*J)'!)fl2 -  C xf-8jx!)«i - y \ a 2- x l 0 X 

Thus, the lemma is valid when p  — 1.

Suppose the lemma is valid for p  — I where / >  1. Then for p  — /+1
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i® j “  l i t * i 'f lJ “  ( / j /+ a 2 i . f i7 2 / ) ( « j)

-  C x i-« 2i+iart+,)fl|-(>>J/- a 2<-n>'t-fi) « 2  because of (2.3.5) and (2.3.7)

-  x t+ jfli-j'l.fjflj because of (2N j )

-  3'V-iaJ“x5s-ifli

Thus, the lemma is valid when p  — f+ l. The proof for when <i >  1 and p > 0 is similar. 

Lemma 5. For p  >  1 if xjjp_i >  x%, then

and

and

HifQj “  Itii+lOi “  (72/+la 3+^2i+2'(2i+rOj)

™ (yi+l - 1*21+2 (xj/+l ~42/^2*J/-f2)a I

(2.3.1)

For p  >  0 if >>  ̂ >  then

(2.3.2') x j ,«.2 >  0

For p  >  1 if 3 ^ -1  >  then

(2.3.3') xif+y >  0

For p  >  0 if x £  >  x ^+ i then
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(2.3.4') >  0

Proof. Suppose for p  >  I, x ^ - i  >  x ^ .  Then as defined in the algorithm 3^ “  ^  1
XV

Therefore,

*V«-i “ *V-i~*VxV  ̂® •

•f y%+\ ^  ® then u  *n Lemma 4

7Vfli “  "  y%+i «i-x%+iai <  0 •

This contradicts flj >  0 since y i ,  >  0 (because of t iN j) ) .  Therefore,

3 * V -m  >  0  •

The rest of the proof is the same when for (2.3.2*) we use cty+i and l%+\-Oi, for (2.3.3*) we use a j,  

and lip-O) and for (2.3.4*) we use 3^+1 and ytp+vay

Lemma 6 .

For eri >  1 with p  > 0

(2.3.15) O 'V - i ^ V - i *  ~  O 'V -i- y U l y i e - i )  “  ° \

(2.3.16) ( y V + i ^ V  ”  O’V+i ^ V ^ tV^ “  fli »

and for i |  >  1 with p  >  0

(2.3.17) 0 '^ ) (m ^ _ |)  -  ( y i , - y i , - i ) ( y i , - \ )  ■  «i

(2.3.18) (y if i im if) -  iy% -yif¥ \) iy ip)  “  «i

Proof. We use (2N |), (2N j), lemma 4 and induction on p  when a t >  1 with p  >  0.

For p  ■ 1,
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we note that y f — I, mf •  0|+1 .

Therefore

(yf)(m f) -  W -y fM T f)

-  y U \+ y i

— a ( by the definition of y t .

Thus, (2.3.1S) is true when p  -  1.

Suppose for odd I (2.3.13) holds. That is suppose,

( y V W  -  (y?-y?+i)lyf) -  <i ■ < »

Then

i> -  (yf+i-yf+i)(y? + 0

— ( y /V  2 ) 0 n '+ i i + i l ? + \ )  — ( y A - j - y * + i  )

by the definitions of m*+i, yffi in (2N j)

■ (yf-*i+\yf+i)UUO +  (y*-fi)(7"+4/4i("+i)

because of the definition of y*+j and /f  “  //Vi “  m f - y f

-  (yf)(mf)  -  (yf~yf*i)(yf)  “  «i because of ( 1)

Thus (2.3.16) holds, when (2.3.13) is valid.

Next, suppose for even / (2.3.16) holds. That is suppose

(yUi)Onf) -  ( y fn - y f ) ( y f )  -  fli • (2)

Then



Of+^On&i) -  O’/Vi-yr«)<7/Vi)

-  O'/Vi)(«<*) + (t*i+iy?+t + y '* i - y U t)h D

by the definitions of mJVi. lU \  in (2Nj)

-  (y ,\ ,) (.mfi—Cyf+t - y f )  (yf)

by the definition of yf+ 2 .

-  a | because of (2) .

Thus (2.3.IS) holds when (2.3.16) is valid. Thus (2.3.1S) and (2.3.16) are valid. We can prove

(2.3.17) and (2.3.18) using (2N j), (2N4) and induction on p  when 6| >  1 and p  >  0. Similarly 

we can prove the following lemma.

Lemma 7.

For <*i >  1 with p  >  0

(2.3.19) (*$,)(#n % .t ) -  (*$ ,-* $ ,_ ,M /J,-,) -  a 2

(2.3.20) (x%)(m%) -  ( x J , - x V i ) a V  “

and for 6| >  1 with p  >  0

(2.3.21) (x ^ _ |) (m ^ _ |)  -  C x ^ - |- jc ^ ) ( /^ _ i)  “  a 2

(2.3.22) C r^+()(m ^ ) -  (x £ * i- * £ ) ( / £ )  -  a 2 .

2.4 A PROOF OF THE ALGORITHM

In case I. Hofmeister’s result (1.3.6) mentioned in introduction is used.

Since 4| -  1 , a 2- x \  > y f l j  .

That is, 02 >  2xt is precisely the condition used for (1.3.6). Thus, because a i -  1, (1.3.6) gives:

g j -  oj+m axU ,fl|, (fl,-y ,)fl2) - f l2-f li .



Lemma 2 is used for the proof in case 2.

Case 2a.

Let p > 1 be odd and let £  be a complete system of residues modulo a |.  For each 1 0  0 (mod 

a,) let // *  I (mod a,) be the smallest positive integer with a represention by a 2 j ij. Then there 

are pairs of non-negative integers (y ,r) such that

l, -  yaj+ zay .

Let ( y ' j l  be such a pair for which y '  is minimal.

Suppose that the algorithm continues at (p -1 )"  step. Then one of the following (1) or (2) is 

valid.

(1) »* <  y ; . ,o r  (2) y ;  >  »•_, .

If (1) is valid, then as in (2.3.2) x j_2 >  x£_( >  x / > 0, and therefore, as in (2.3.1') Lemma 3, 

yp > 0 and

t i - x f a | -  y'fl2+ r'flj+7,a j-> £ fl2 because of (2.3.6) .

-  (y ' - y f )a 2+(z '+y ,)a 3

If Xp > 0 then by the definition of the // or if x j  -  0 then by the minimality of y '

(2.4.1) 0 <  y '  < y;

If (2) is valid then the algorithm terminates. Furthermore, since (as in the algorithm) x j_2 >  x£_i 

using (2.3.1), we have:

Xp-1 >  Xp >  0 and

l i - (xp -1 -x /) f l | -  y 'a i+ z 'a j-n ip - ia i+ fy f-y f- i  )a 2 because of (2.3.9)

-  (y '+ {y ;-y ;- i) )a 2+(z '-m p-i)a3 .

Therefore, because of the definition of f/
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(2.4.2) 0 <  z '  < m ,- i  

Furthermore note that x£_i >  0 in both cases and

r,-x ;_ ,a ,

-  ( because of (2.3.5)

Once again because of the definition of f;

(2.4.3) 0 <  y '  <  or 0 <  s '  < l ,- \  -  —y,_i

Thus (z 'j'O  € KUZ where Y  and Z  are disjoint sets of pairs of integers:

Y  -  (<y*x)(0 <  y  < y } - t , 0 <  s < m , - t)

Z  -  < ) ' < ) ' / .  0 < Z <  /,_ |) .

The number of elements in F U Z  is given by

| f u z | -  | f |+ |z | -  (y ;- .) G * v -i> + 0 ^ * ;- i)

“  y ; m ,_ ,-(y ;-y ;_ i)y ,_ , -  a , 

because of (2.3.16) ,

Thus, (r/|/€L ) -  {ya2+zaJ|(>,,z )€F U Z } forms a complete system L  of residues modulo a Also

max (yaj+ zaJ “  (y !_ |- l)a j+ (m ^ -i—l) a 2
iyjHY

and if Z  is not empty — i.e. if y}  >  y j- i  (precisely the condition used to terminate the algorithm 

after (p -1 )"  step.) — then

max (ya2+za}) ■ (yi— l ) a 2+ (m ,-i“ 1>-i—l ) f l j ,
( j r j ) tZ

giving — as in lemma 2 —

g j  -  m a x ^ - a ,  -  ( m , _ | - l ) a j - a 2- a ,+ m a x ( y ;_ ia 2̂ ; a j - » _ i a | }

— (m *-l)aj+m ax(y*a2,x * a i) -a 2- a i ,



-49  -

because of (2.3.7) and by the definitions of m*. y* and x*.

Case 2b.

Let p  >  0 be even and let L  be a complete system of residues modulo a 2. For each / £  0 (mod

« 2) let 1/ *  I ( «j) be the smallest positive integer with a representation by a 2# y  Then there are

non-negative integers (x,z) such that

// -  XO|+Zflj .

Let Cx'.z') be such a pair for which x ' is minimal.

Suppose that the algorithm continues at (p—I)"  step. Then one of the following (1) or (2) is 

valid.

(1) x*_) >  x^ or (2) x , >  Xp_i .

If (I) is valid, then as in (2.3.1), yp_2 > y f - i  > y f  >  0. Therefore, as in (2.3.2') Lemma 3,

x£ >  0 and

t , - y ; a 2 — x 'o i +z ’a 3+ /,o 3—Xpfl | because of (2.3.3)

— (x '“ x^)ai+Cr'+/p)fl3

If y j >  0 then because of the definition of f/ or if y ,  -  0. Then because of minimality of x '

(2.4.4) 0 <  x ' <  x ;

If (2) is valid then the algorithm terminates. Furthermore, since (as in the algorithm) y ; - 2  > yi-x 

using (2.3.2), y f - i  > y j  > 0 and

t i - ( y f - 1 ~ y p a 2 -  x '« i+z 'flj—mp_|fls+(x^-Xp-|)oi because of (2.3.8)

— (x'+(xp-X p_i))ai +  (r'-iWp_|)aj

Therefore, by the definition of 0

(2.4.5) 0 <  z ’ <



Furthermore note that y f . t >  0 in both cases and 

u - y l -  iflj -

-  because of (2.3.6) .

-  O t'-* ;_ i)a i+ (z '—

Once again due to definition of //

(2.4.6) 0 <  x ' <  x f - \  or 0 <  s ' <  7,-1

Thus Of',7 ') € X V Z  where X  and Z  are disjoint sets of pairs of integers:

*  -  l(x ,z )|0  <  x <  , 0 <  z <  m,_i)

Z  -  {O t^)|x '_ , <  x <  x /  , 0 <  z <  7, - 1) .

The number of elements in 2CUZ is given by

MfUZl -  |A l+ |Z | -  (x ;_ ,)0 w ,_ ,)+ (x ;-x ;_ ,)(m ,- ,- / ,_ ,)  since 7 ,-1  ”  ■

-  x ;m ,_ ,- ( x ; - x ;_ , )/,_,

-  a 2 because of (2.3.19)

Thus,

(t;|/€L ) -  {xfl|+ iflj|(x^) € X V Z )  

forms a complete system of residues modulo a 2. Also

jnax^Ixai-fzaj) — (x /_ |—l)a i+ (m ,_ |- l ) a j

and if Z  is not empty — i.e. when x f  >  x f . t (precisely the condition used to terminate the 

algorithm) — then

jnax^Uai+ze)} -  ( x / - l ) a i+ ( 7, - i - l ) a j  giving -  as in lemma 2 -



g j -  i , - a 2 -  ( « , _ | - l ) a J- a 1- a 2+max{xJ-i«i,xJ«i-/,_i<ij}

— (nr*—l ) e j  + n iM ()’'« j ,  j r * « |) - « 2- a i

because of (2.3.S) and by the definitions of w*. y*. x*.

The following completes the proof for case 2.

Let p  >  1 be odd with x f  — 0 and y j <  y f - \ .

Then

y j  >  1 >  0 as in (2.3.2)

x f . 2 >  x f - t as in the algorithm 

x;_, >  x ; >  0 as in (2.3.1) 

and x£+| — x^_i —a , x f  -  x£_i by the definition of x£+i as in (2N j)

giving Xp+i >  x ;.

Therefore the algorithm ends after p th  step with x* — x j — 0, y* — y£+), m* — m f  and

g j  -  ( m f - l ) a j  +  m ax(x^O |, y ^ u j  -  a, -  a 2 

“  mjflj + yf+1« 2 -  A| -  a 2 -  a ,

-  m f- ia j  + d p t fa i  +  yf-iOj -  a ,y fa 2 -  a , -  a 2 -  a j

-  (»nj_, - D o j  4- maxlx^di, y j - i o j  -  a j -  a 2 using (2.3.7) and noting x j -  0 .

Thus if X, — 0 we can end the algorithm after (p -1 )"  step. Similarly if y /  — 0 for even p  >  0, 

then we can end the algorithm after (p—0 "  step.

The proof for case 3 is exactly the same when a is replaced by d ,  even p  replaced by odd p , and 

odd p  replaced by even p , and is omitted.



Corollary I. When a 2 >  X|(<*| +  1) (i.e., when Hofmeister’s condition is satisfied for (1.3.6)) then

x j -  xf -  a,xt  -  a 2 -  a |X | > X \  -  xf .

Therefore, the algorithm ends after the first step with (see Diagram 1)

x* -  x f -  mf -  <*| +  1

giving

gi -  a id ) +  m axIxifl^tfli-aLy^flJ -  a t -  a 2 .

(i.e., giving (1.3.6).

Corollary 2. When A| >  (fli->’i)(4i+ l) then (see Diagram 2)

-  y i  - -  « i  -  4 , ( f l , - y f )  >  <fli->i) “

Therefore, the algorithm ends after the first step with

x ' - x i S - y l * , '  *  m i  — 4| +  1

giving

gj -  4)0) +  max((a2 -  4|-(<i2- X |) ) a | , ( a |- iy|)fl2} -  «i -  « 2 

(i.e., giving (1.3.7)).

Corollary 3. When Oj ■  -  a 2 (mod a |)  then

«2+ a.
o j -

«i 

o 2+flj

fli — a 2 gives

«i

4, - «2 o,a2
. «l “

«l
fl2+flj «2+«3 0,-1 -  1

Therefore,
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*i -  <>2 “
0,02 02+0,

02+0,
«l«2

Alao when y i  >  y i ,  i.e., when a t >
a ,o2

0 2 + 0 ,
+ l then the algorithm enda after the firat atep

with

giving

f )
o ,a 2
02+O, 

max(

•o, + maxUrfO|, — fl| — fl2

«} +  x*fl| — fl| — a j
0,02 0 ,a 2

02+0,
O, -  0 |, 02+0,

and Brauer and Sbockley’a formula (1.3.5) followa when we note that

«l«2

and x 4 a\ — 0,02 —

fl2+0,

0 l<»2 
«2+«J

, ,  « 2 + f lJ v »«i-((---------)-a
«i
0 2+0 , -  O, - 0 ,0 ,

02+0}
- 1

(02+0,).



C k i f t o r in

3.1 INTRODUCTION TO A FORMULA FOR g U - n , t - m , t )  AND A PROOF 

We use the following assumptions (3A j)-(3A j), and notations (3N j)-(3N j).

(3Aj) gcd(t—n ,l—m ,l)  — 1, where 0 <  m  <  n <  t .

(3A2) « i  -  w h e r e  “  P d l j i j l )  .

(3A>> 1 7777 “  m mod , "  :
(n,t)

with 0 <  j  <  t —  . >  2
'  O iy ) O i,l)

(3N .) » -  "

(si./)

i '  "  “  0 u 7

(3N j) Let 7 i |  -  n , / J  -  y and for 0 <  p  <  s* ,

y;_ , ■  y ;+, (mod j ; )  with o  <  y ;+, < j ; <  j ; . ■

where j ‘  is such that -  o. (Note that j* >  0 does exist since the Euclidean Algorithm for

J - \  | Jo ends after a finite number of steps.) In addition

let J i  | -  ti, J (  -  i i - j  and for 0 <  p  <  t*  ,

/ / - ,  *  / '♦ ,  (mod 7/)with 0 <  / / . I  < J f <  J*,-\

where s* is such that - o .



(3N4)

Also

( / , « ) ( * , . i ) - ( / , < i ) ( * , )  + - f -  Oi,l) +  ~  if p
J  o Jp

odd

(Jpn)(kr ) - U f ri){kf - \)  + - f -  Oi,/) if p  even
^0

Upn){kp) - { J f n)(kt . \ )  -  - f -  Ot,t) if p  odd
Jo

UfH)<.kp- i ) - ( J pn){kp) — 0i,») +  y -  if p  even
/o  V

(3N*) Suppose CJ.-I -  n, CJ,o "  then for p  >  1 let (when Jf -\  *  0)
5 J  0

c ;

C l , - 2 ♦  (n - m )  - — — -— r  if p 
JP- i U p - i J P-\>

odd

mn

V , -

Clp - 2  + O t-m )  

0 , - 2  +

if p even ,

if p  odd

win |  I Jp-i  _  
Jp-tJp-i  J I Jp-i

if p  even

tnd  (when Jp *  0)
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h $ -  W - '

cv-i +|  mn 1 f Jp-i _
( J [ Jp

if p  odd

if p  even

(n,r)Also suppose Cf_i — 0, Cf#  “  « + (« — m ) —~j—  then for p  >  1 let (when \ ^  0)

ci- j  u  - J - T  i t p  • “Jp-vJp-i  Jp- 0

C t / - J  +  , {[ 7 m)_ j  ~ T  i f  /» e v e n  , 
jp -iyjp-i—jp-\>
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Ci, - , +
V ^ - «  J k - «

1 if p  odd

Cf#
(n-m )(/») I I A - i if p  even

and (when *  0)

-  1 if p  odd

— 1 if p  even

To simplify notation Jf , ip, Cp, C |# , C ^ ,  s will represent Jf, if, Cf, Cf# , C ^ ,  s  when c u e  2 of

the algorithm is used or J f,  if, Cf, C f ,,  Cf^, ** when case 3 of the algorithm is used. Furthermore 

when superscript ’a" is present, for instance y f ,  y f ,  etc., the case 2 of the algorithm is being 

considered. When superscript ’</" is present, for instance y f ,  y f ,  etc., the case 3 of the algorithm is 

being considered. When both superscript "a* and V  are present, cases 2 and 3 are being 

considered.

3.2 A FORMULA: THE MAIN THEOREM

defined by
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V ^ L- 'fn  + - g — - 3
ft (m ji) On.fi)

- 1 - n  (B ,)

i f O< i  < n —m
On,*)

( m j i ) t - im  m %
it (m,n)

(/-/» ) +  O i - m ) ( / - l ) - f t  (B2)

provided t > max |n  + |  lm ™)On,n) I I (rn.ii)

On,n) On,n)

. 0 )-  i m
(m ji) ]}

The Main Theorem takes the following form when the basis elements are {a ,£,<•} and when we 

substitute r by c, ft by c—a and m  by c —b:

For 0 < a < b < c with gcdiajb#)  — 1, d  -> g c d i c - b ^ —a),  0 <  / <  <*e®ne<*

, andc ■  / c—b . c—a mod ——
d d

t  -
cd—i ic —b )

c —a

gia j> x)  -

, be oh  , b —aga +  —--------—  a -  b -  c if 0 <  / <  —7—a a a
. ac ab , . .  . b —a .  . ^  c - a

f a  +  —------ — +  0 / — a — o — c  u  —7— <  /  s  —7 —
a a a  a

provided

c >  max t c —a +jc —a b —a c—a - i . U)
* » ■

3 3  RESULTS FOR A PROOF OF THE MAIN THEOREM 

First we show that J, — Gn.fi).

Lemma 8 . If i n j )  ■  d  then (m j1) ■ d.
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Proof.

(3.3.1) Obviously
t -  

(iM) *" -  1 .

n *  0 (mod d),  and 

m  ■  0 (mod d)  due to (3Aj)

Suppose (m ji)  — d  d'. Then

( t j  d') -  1 due to (3A |) ,

Thus,

and

Therefore,

Thus it follows that

(0»,rM  <n -  1 ,

n ■  0 (mod d  d 1)

j  m  0 (mod d  d l  due to (3Aj)

d '  -  1 since («J )  — d  .

Lemma 9.

(3.3.2) J, -  (m ,n ) ,

(3.3.3) CM) <  7 -  .

(3.3.4) J ,  > 

when 0 <  p+1 <  s,

(3.3.5) > J, >  0 ,
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and 

(3.3.6) 

if p < j+1 .

Proof. Because of (3N j) when J,+\ “  0,

Also

Therefore,

J , - x *  0 mod J, .

J , - i  m J, mod .

yJ_, ■  y,_j ■  0 mod J„  and

J$~i _ , , /t-i—— ■  1 mod ——
Jt

Thus,

Because

gcd J t- i  J t-1
J. ' J. -  1 . (1)

we have
Jt-1 * •/»-! (mod Ji- .

y ,.)  >  0 mod / ,  and

If gcd j.-i J.-2 
J. ' J. >  1 then gcd J t - i  Jt-\

J. ’ J. > 1 contradicting (1).

Therefore,



Using the same argument we end up with

J -1 J  o 
J. ' J, -  1 giving

i n j )  -  J, or ( i i jn - j)  -  W y) -

Now lemma 8 gives (m,n) -  7,. Thus, (3.3.2) bolds.

Also for s >  0 , n  > J,

Therefore,

Thus. (3.3.3) holds.

J.

Furthermore, for 0 <  p+1 <  j .

and

y , ■  y ,* , ■  o  mod y .

y ,  >  y ,* , >  o

(Note y_, >  y 0 >  Ji > 0 by (3A}) and (3N2).)

Thus, we have J ,  >  Jp+\+J,. Thus, (3.3.4) holds.

For

Therefore,
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Jp-1 ■  0 (mod Jf ) with O - V ,  < J p < J p - t ,

giving

Jp-i ^  Up  i.e. Jp-\~~Jp ^  Jp ■

Thus, (3.3.5) holds.

Finally, for p  <  s+1,

Jp- 1  *  Jp (mod Jp-1) with 0 <  Jp < Jr -\ < Jf - j

Therefore,

> ' , - 1

Thus (3.3.6) holds.

Lemma 10. For odd p  >  1,

CIp -  H+Ot—m)

C Jj ~  n + ( n — m)

Cf-  “  (m n)(*«_j)-0n»»)U._|) -  —  ,
Jo Jr -tJr -1

n(kp-2)-n(kp-\) -  ^ * 0  + ——^ —  
J  o J p - \ J f - \

n(kp)—n{kp-\) — ifisSi.
Jo

Cij  — (mn)(kp)-(mn)(kp-x) -  w ^ >t<̂  and ,

for even p  >  2,



C f . — (mn)(A,_j)-(/rwi)(Jk,_|) +  +  mJi—  ^
J  o

C i^  — (mn)(kf ) - ( m n ) ,

Cf# “  n+Oi— m) 

“  /«+(/! —m ) It +
0.,/)

d0

F roo/ First we prove lemma 10 for C f ,  and C ^ .  We use induction on p.  By (3N j) we have:

Ci.i -  n+Oi —m)  

C jj “  n + 0 i-m )

it  _  ( n j )

Jo t  o Jo

it  0 » . l )

Jo t  i "

a n d ,

Thus, the lemma is true for C f ,  and C |^  when p  -  1.

Also

C .  +  w s _  w s #n<j — m (n .t)  +  nut _  mu
•fo I V I /o  ^l«fj <̂ 0̂ 1

Thus, the lemma is valid for C f ,  and CJj, when p  — 2.

Suppose the lemma is valid for Cf# and CJ^ when odd p  > I. Then using (3Nj) we have:



— n + ( n — m)

— « + (« —m )

— C ^ + G i-m )
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n k , ) - n U , - , )  -  S S JL  
J  o

+ O i-m ) v ^ . ) (v T "

n(kp)—ni.kp+\) — ^ l |^ - + ---- *
■fo Jp+\Jp+\ I

-  1
>♦*

— n + ( n —i n ) nU ^ - n Ut, ., ,)  - Ot.l)

Thus the lemma is valid for C f j+2 and C ^ + j, when p  is odd.

Similarly suppose the lemma is valid for C f , and CJ^ when even p  >  2. Then using (3N j) we 

have:

mu -  1
>+i

— 0 nn)(kf ) - 0 nn)(kp-t)  + w +  —2 2 — 1 |_Ze j f
•'# J I  ■'a+i

— (m n)(k .)-(m n)(k .+ i)  +  w W )  +  —  and
•>0 i |+ IV +l

Cj^+2 “  ^2* +
mn

■ W m
-  1

'P* 2

— (m n)(k ,+2)- (m n )(k ,+1) +
*0

Thus, the lemma is true for Cf^+2 and Cf^*2< when p  is even.

The proof for C f ,  and is similar, and is omitted.
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Lemma II. For p  >  0, C j^ -j < Cp < C tp  if p  “ J+1 and

C j^ -i <  C, < C i ,  if p < J+1 .

Proof. For p  <  j+ 1 , by (3Nj)

yp_, >  V , >  0 .

Thus, because of (3Nj)

C xf- i  ^  Cp. . . .

Furthermore, because of (3N j) and lemma 9, (3.3.5),

Jp-2~Jp-1
JP-Ur+

> ^ —  when p  -  j +1
J , - 1

Thus,

Cp <  C\j...  . 

Furthermore because of (3N j) and lemma 9, (3.3.6)

J p  "  J p - 2 - J p - i
when p  <  j +1

Thus,

Cp < Cip...

Combining (1),(2) and (3) the proof is completed.

(1)

(2)

(3)



Lemma 12. For 0 <  j  < y  we use case 2 of the algorithm, o r f o r y < . / < n w e u s e  case 3 of 

the algorithm, and for j  «■ y  we use case I of the algorithm.

If 0 <  odd p  <  j+ 1  we have af  (in case 2) > 1 or i ,  (in case 3) >  1 and a , -  3, -  1 (in case

1).

af  (in case 2) or 
i f  (in case 3)

-  1 if p  -  s+1 and t >  m axICj^-i.Ci^J
Jp-1

f ~} ^  if p  < s+1 and t > m a x IC ^ -i.C ^ ) 
J p - i

Also if Xp ^  0 (in case 2) or y* *  0 tin case 3) then

(3 .3 .7 ) * ;♦ ,  -

* ;  +
m

V i
if p  -  i + l

V .
x j  +  “7^— if p < J+1

J m -

(3.3.7a)

f v > ]
Jo

m (n,t)

V -
e ^

w
■ V

I

m(jt,t)

* ' w ' ......

m j+ 1

if p  < j +1 ,



(3.3.8) **♦,

(3.3.8a)

(3.3.9) y '+ t

(3.3.9a)

(3.3.10)^1

(3.3.10a)
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i  m
" ' - v T

if  p — J+1

r '  -
W
v« if p  <  j + 1  ,

h = L

~  (J , - ,m ) ( k , - 2 - k , - t) -  - 2 -  il
•V-i

y' '  + y0
m(n , f )

— (Jf m)(kp—kp-,) ii

.  - (n - m )
i " -  —

if p *  J+1

,v>i » — ( n —m )

J -> - i
if p <  J+1 ,

+
Jo

0i,t) -  J , - ,  -  ( 7 , -  - p -
Jp-

Oi j )  - J r -  (Jpn)(kp- k p-\)

j  . (n—m) if p  ™ j + 1

/ j - .
p'  + (” if p <  j +1 . 

/p -i

il= L (n,t) - J f - i  +  (y ,-i* )(* ,_2-* j-i>  + ~r~
V

lx/41 - 0»,/) -  y , +  Upn)(kp- k p-,)

p — J+1

p <  J + 1 .

if p — J+1

if p <  j +1 ,

-  if p — j +1 
1

if p <  j +1 .
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- y ;  + - —  if p  -  s+ i
jp -1

- i - ^ - h p  + t 2— if p  <  s+1
V i  Jp-1

or i f - I p -1

if p — i + l

v. lS+~r^—  if p  <  5+ 1
V i

or y f - y f - i

Furthermore if p  — 5+1 or (if yf+i — 0 in case 2 or x/+i "  0 in cu e  3) the algorithm terminates 

with

*m ~ *p>y‘ ~ y % i. «* ”  — .
V i

or

x*  -  x /+i, “  p /, m* -  - p — , and
V i

i >
m ax(C2^-i,C |^) if p  -  5+ 1

max(Cj^_i,Cj^) if y}+1 -  0, or xf+, -  0

Also if p  -  5+1 then

when

C T j - C V i  >  0, or C i p - i - C i ,  >  0

n —m
J.

>  i . - J .

If 0 <  even p  <  5+1 we have I ,  (in case 2) >  1 or a ,  (in case 3) >  1 where



if P - * + 1  and / >  m axIC i^-i.C i,}
J,-1ip (in case 2) or 

a ,  (in case 3)
J r ~ 2 J f  if p < s +1 end l >  m ax tC ^ -i.C ^ }

J,-1

Also if y} *  0 (in case 2) or x f  *  0 (in case 3) then the real of the lemma is same except 

and d  are interchanged. That is:



• 70-

(3.3.11)

0.3.11m)

(3.3.12)

(3.3.12a)

(3.3.13)

xZ- m
' V-

*;♦> -

V
r !  - m
7  j

v - i

if p -  i+ l

if p < i+ l ,

V .'- V .
+ Up-\m)(kf - \-kp-J  — -W if p -  i+ l

V i

v- 7o
m i n j )

+ (7 ,m )(* ,- |- /k ,) if p < j +1 ,

V i
x' + v

if p j +1

v. x* + if p < j +1 ,V  i

+%•7 [ V ' l
A)

7,1 +
• V

1

m (n,/)
/

n

-  (7,_t m _2) + -j2 -  if p -
V i

j+ 1

V i  "

.  (n-m )
*  7 .' j - i

-  (J f m){kp- \ - k f ) 

if p — j +1

if p < j +1 ,

7,

v. p;  + -"~ w) if p < j+ i 
7 ,-i
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(3.3.13a) -

*;+) +

h z L
Jo Gm ) -  2) +  if

Gm) -  Jp-  (J,n)(k,-\-kp) if

(3.3.14) v U  i -

v in—m) if  p — j + 1

V i
i f  , < , + ! .

Jp-1

(3.3.14a) -

_

*,♦1 ~

il= L
Jo

h -
Jo

G m ) -  y ,_ , +  (y ^ _ in )(* ,_ |—* ,_ 2) -  -p —  if
J p -1

Gm ) -  Jp + Upn){kp-\—kp) if

p  — j + 1

p  <  i + l  ,

p  “  i + l

p  <  j + 1  ,
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t  . n
- y , +  j —  

Jp-1
if  p  -  i + l

7/  +  - p — if  p  <  i + l  
J , - \

or

7; -
_ /•  +  .. _  

* v .
if  p  -  i + l

V i
/ ;  +  -7s -  if  p  <  1+1 

J p -1

or 7/ - 7/-1

Furtherm ore if p  -  i + l  o r Gf x£+i -  0  in case 2 or V i  -  0  in case 3) the algorithm  term inates 

with

*• -  Vi • y“ “ V w* “ 1 —•
V i

or

t >

x 4 “  x f ,  y 4 -  V 1 • ”  T 2 - . and
V 1

m a x ( C 2 ,- i .C |,)  if  p  -  i + l  

m a x f C ^ - i .C ^ )  if  x j +i — 0, or y 4+1 -  0

Also if p  -  i + l  then
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when

n —m
J .

>  i . - J .

Proof. A proof for (3.3.7a), (3.3.8a)....... ,(3.3.14a) ia presented after the rest of the lemma

proved so that the proof for the rest of the lemma does not become overly complex.

Because of O A j),

t —n
«i -  77TT’ *2 "

Because of (3Aj),

(«./)
m  (mod 5) with 0  < j  < n, n >  2

Let flj “  t - m .  Then

a , J ( i -n )+ (n , t ) (n —m) a 2 -

when

Q <  J ( t - n ) + ( n tt ) (n —m)  <  ind  0 <

, >  n + ih t ) ( n - m )  _
( n - j )

and and
t >  _  ( iu ) ( n -m )

l >
o r-y )

and

Cto

Thus, for l  >  |n  +  |  ~  u  in the algorithm — we have:



*i “ ----- -—— , >i “ -----------_ -------------
FI FI

xf -  aj-x*  ---- 1—------»— , -  fli-yt   '--------— -----------
FI FI

«i

t —n
(n .l)

j ( r - w ) + ( iu ) 0»-m )

—  -  1 if J\  — 0 and j U —n) > - j
J% J

i.e., if s -  0 and t  >  Ct.i

^  if J\  >  0 and J \ U - n )  >  I -
■f8

i.e., if * >  0 and t > CJ,i

Because of lemma 9, (3.3.5) and (3.3.6), if 7 | » 0  then J - \  >  2Jo and

Therefore,

a , >  1

Also

6 , -

I
(nj)

j 4
-  1 if y , — 0 and > J -1

-  1

i.e, if s  — 0 and /  >  C fi

Ji
if J\ > 0 and J \t  > J-x-Jx

i.e., if t  > 0 and t > Ci,i

Because of lemma 9, (3.3.5) and (3.3.6), if J \  -  0 then J . \  >  2J0  and

Therefore,

<i >  1

Because of lemma 11 we do not need to consider C f.

if J \  >  0 then

m O ij )

m ( n j )

if J  i >  0 then
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Thus, for

l >
maxfClo.CTj.Cf.i) if i  -  0 

m ax(C lo.C !,i,C li) if t  > 0
(1)

ai and ft| are greater than or equal to one.

Where

^  m (n,t)
c Io  -  — j  —

CT - C l o  - n  +  ( n - m ) - ^ L  
( n - j )

Cf,i -  n + (n—m)

- 4  m ( n j )  
“  (n -J )

(n ,t)

Cf,i — n +  (n—m)

(n- ./) 

(n.l)

-  1

f ) ( £ - and

d ,  _ £ ! ^ L £ l
( n - J )

1 y* |
Furthermore if 0 < J — J% < y  n “  then

°i
'8

— 1 >  1 when J  i ™ 0

>  * when 0 <  / f  <  78 <  ~ y "

y i , - y f  _ J h - J i  j i , . . .
S in ce---------- >  ------- —  — — —  1. Also

•f8 ■f8 J%
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j  <  y  n < n — j  “  J i  <  n  — J - \ (2)

Therefore,

(3)

Thus,

Therefore, we use case 2 of the algorithm.

Note that for 0 <  j  < y  n

d . i .  < ~  d o  because of (2) and

C l, -  m(n/ ) -  Clo because of (3) .

Therefore, because of (1)

I >
m ax(do>Cf.i) if 

(C lo .C li) if s > 0

(4)

Similarly if y  n <  j  <  » then

/ f  -  -  J% -  n -  j  >  0 (5)

and

0 <  J i  < h- j  <  ±  n < j (6)

Thus

Ol "  1 ,



- 7 7 -

and

«i -

j i  I j
-  1 >  l when J i ”  0, since 0 <  n —J  “  Jo < y  « ”  —j -  .

J - \  — . .  .  . ^ - i  J - i - J o  J - \  .  ------>  1 when 0 < J\ < J 0  < —  , since — ------>  — --------— —-------1
j  j 2 J  o ■'o J  o

Thus, we use case 3 of the algorithm.

Note that for n < j  <  n 2

m (n.l)
" - J

> m S n j l  >  « 0h £ i  becauseof(6)
(« -y )  y

Thus Cf i >  Clo.

CJ,| -  n + (n - m ) • because of (5)
( n - j )

Thus Cl,! -  Cifl.

Furthermore,

Cf.i — n +  (n - m )
(n.t)

7 "
<  Cf,i because of (3) and (6)

and, when J i  *  0,

m(n.r) 
"  < « -»

- = 7 - 1
J i

n tO tj)
( n - j ) (n -J )

- 1 — Cf.i because of (6)

Therefore, by (1)

l >
max(Cio,Cf.i) if i - O  

nt**(C{o,Cii) if s >  0
(7)
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Finally if j  -  y  n then J \  -  J* — 0 and ai — 4| -  1.

Therefore, we use case 1 of the algorithm.

Note that for j  "
2

0 .

Thus C£| and C^i do not exist.

Also,

Clo -  C f, -  andw  i.i - /2

Clo “  CT,| -  n +  (n - m )  •

Therefore, by (1)

t >  max{Clo.CT,i) (8)

We use induction on p  for the rest of the proof.

Next let us assume 0 <  j  <  y  n . That is we deal with case 1 and case 2 of the algorithm, 

noting that for case 1, sm — 0.

Simple calculation gives (since x f — x t ^  0):
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*! “  x J-a ,x T  “

y \  -  -

*f +

h
Jo

y \  -  

Jo

m when i  -  0

x* +  -7*- when 1 >  0 
Jo

(n—m) when 1 -  0

(n —m ) . „ «y f  :------ when 1 >  0
Jo

/T -  l t + a f y f  -  a ,  -

7 f -  -  1 .

—------ 1 when i - O
Jo
n - J \

when 1 >  0

Now if i  -  0, then x] >  x f or if y j -  0, the algorithm terminate* with

x -  -  x f , y*  -  y t ,  m* -  m , -  / f  +  7 f  -

and (because of (4»

(9)

(10)

t >
max(CJi0,CT,|) if 1 — 0 

max(Clo,Cf.|) if y f  - 0

Also because of lemma 10

-  n + O i)
n  _  (n .l)  

V o  Jo
mn

J 0J0
>  0 when

n —m >  (n ,t)—Jo -  W ,

because of (3N^), when 1 — 0.



Thus, when cu e  2 of the algorithm is used the lemma is valid when p  — 1, and when case 1 of the 

algorithm is used the lemma is proved.

If s >  0 and y i  *  0 the algorithm continues and we have:

jc* >  jcf when x f > m i.e., when r >  Cj,

I j  — ./ixf+ m

-y- — 1 when J i  — 0 and J xx]  >  j -y-  — 1 [ On)

i.e., when s -  1 and t >  C |j  .

J o -J i when J 2 >  0 and J^x  f >
Jo—J i

J .
On)

i.e., when s > 1 and t > C jj  ■

Because of lemma 9, (3.3.S), if J 2 -  0 then J 0  >  2JU and because of (3.3.6), if J 2 > 0, then 

J o - J i  >  J i. we have 4j >  1.

Simple calculation gives:
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x% -  x 'l - i jx t  -

x j -  when i  — 1
Ji

Jj_
Ji

x j —fp- when i  >  1 
J  i

(11)

* ! +
(n—m)

Ji
when i  ■ 1

,  , ( n —m )  . . ,
y t  +  — 7------ when t  >  1

J\

( 12)

- / !  +  -2-  when s -  1

j/j. / j  +  - r -  when i  >  1 
Ji

/ ! - / T

If j  -  1, then >  y j ,  or if x j -  0, the algorithm terminates with

and (because of lemma 11)

t >
m ax(Cj.i,Cij) if s -  1 

max(C2,i,Ci2) if y f  -  0

Also because of lemma 10,

Cj,i~ C  u  — n+(n) n
• V i

(n,r)
•fo

-  (n) >  0 when

n - m  ^  ./|0m ) . _n___S_ _  . .—7 ?  7 +-.-----;------ yj — »i — Vi “  J,-./,
/ i  /o  •»! J  o

because of (3N4), when s -  I. Thus, when case 2 of the algorithm is used the lemma is valid when
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p - 2 .

Next suppose, when c u e  2 of the algorithm is used, that the lemma is valid for 2 < p  <  j + 1 .  

If p  -  j +1 is odd then x£+t >  x ,  (or if yf+x - 0 )  the algorithm terminates with x a -  xf,

y* -  y f +,, m* -  - H , etc. and the proof is complete. Similarly if p  -  j +1  is even then
V 1

yf+, >  y f  (or if xj+i — 0), the algorithm terminates with x* — xf+i, y* — y f,  m* — , etc.
V 1

and the proof is complete.

Therefore, suppose, when case 2 of the algorithm is used, that the lemma is valid for

2 <  p  <  j + 1  with yf+i 0  0 if p  odd or x£+i ** 0 if p  even.

Let p  be even then we have:

y ;  >  >/♦! When y f  > “*«"* (3.3.13)

Thus when t > Cf +\ (using (3.3.7a) and (3.3.9a».

jL
J ,y f+ (n - m )

J , - i

Jp -i  _  j  if Jp+\ -  0 and Jry$ >
J .-1 -  1 (n -m )

i.e., if p  -  j  and t >  Ci^+i

Jp
i.e., if p  < j  and r >  Cj^+i

V i - y i  if >  0 and Jp+iy; > I -*~lj  r *' (n -m )

Because of lemma 9, (3.3.S) with p  -  j , if V i  -  0, then J , - \  )  2Jr , or because of (3.3.6) with 

p < j , if V ,  >  °* then Jp-i-Jp* i >  V  we have a,+i >  1.

Simple calculation gives (using (3.3.11), (3.3.13), the expression for y f  and by the definition of
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r« +  -2 - 
J P

if p  — j

*»+t *;♦, + y -  if p  < s
Jp

yi+i -  y>- ar+iy}+\ -

yf*i -

i n i

(n—m) if p  -  s

»+>
(n-m) .if p < s

lp+1 “  Ip + «*+i7p+i ™

-7 j* i + y  if p  -  *

7,%. -  7 ;

If p  -  j ,  then Xp+j > xp*i. or >f yp+i “  0, the algorithm terminates with

*• -  * ;♦ .. p* -  y ; « .  m ‘ -  - j - ,
Jp

and (because of lemma 11)

n ( k , - \ ) - n ( k f ) -  - j -  +  - ~ -
JpJp

nm
JpJp

> 0

(13)

(14)

max(Cj^, C |^ » )  if p
t >

maxfC*,, Cv+1) if -  0

Also because of lemma 10,

C i^ + i- C j^  ■  11+O1)

when S—SL  ^  (J ,n )(kp) -  C /,n)U ,_ i) +  - f -  (njt) — J p — tp~Jp “  because of (3N J ,  
^  /o

when p —5.
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Thus, when cu e  2 of the algorithm it used, the lemma ia valid for p+1, when p  is even.

Next let p  be odd then we have:

>  x?+i when x ;  >  ^   ̂ i

when i >  C,+i (using (3.3.12a)).

i.e..

v.

-  1 if y,*, -  0 and y ,x ;  >  -  i m

i.e., if p  -  s and t > C i,+ i

ify,+l >  0 and y,*i*J > £*L m
'r  t

i.e., if p < s and t >  Ci^-h •

Because of lemma 9, (3.3.3) with p  — j ,  Jf +\ -  0 and y ,_ | >  27,, or because of (3.3.6) with 

p  <  s, 7 ,+l >  0, and Jp-\— Jp+\ ^  Jft  we have 6,+i ^  1.

Simple calculation gives (using (3.3.7), (3.3.9), the expression for y f  and by the definition of 

/,%i »nd >;♦,):
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*;+i -  * ; -  -

*;+i -  7 -
m i f  p  — s

iH L *;♦. -  f -  if /» <  *
v

y;+\ +

'e iL

Oi-iw) if p  — 1

. (n -m ) „
>;♦! ♦  — ;—  if p  <  i

+  - r -
II

•f.
if p  — *

IttL

>♦1 "  V •

If p  -  5, then >£♦: >  yf+i, or if jt/+2 -  0, the algorithm terminate* with

and (because of lemma 11)

l >
max(C2s .  Ci*+i) if p  — 1 

max(C]^, Cij.*i) if xf+j *  0

Also because of lemma 10

C j, -  C|^+i ■ n+Oi) « (* ,)  — n U ,_ |)  — Oi j ) > 0

when m >  (n / ,) (* ,- |)  -  (nJf )(kf ) +  Om) + - j —  7 , -  ,/, — because of
Jp J,  Jp

(3N^), when p — j .

(15)

(16)



Thus, when c u e  2 of the algorithm is used, the lemma is valid for p + 1, when p  is odd. Thus, we 

have proved the lemma, when case 2 of the algorithm is used.

Next let us assume that Vin < j  < n. Here as noted in (7) we use case 3 of the algorithm with 

t >  (Cj.o.Ci.i} if s -  0 or I >  if s >  0, and we have:

 ; — -----------------; -------------

Furthermore, simple calculation gives:

x f  -  xtf -  3,xf -

j  m
*T -  y  

J o
if s - 0

y i  -  y i  -  -

Jo

y i  +

Ji_
Jo

x f  -  •=- if s >  0 
Jo

(n-m) if s -  0

f  +  ( s z i s l  >  o 
Jo

y i  + *i/f •
£ - ■
n -y ,

-"+t if s - 0

Jo

Jj_

Jo
/f  +  -7-  if s > 0

Jo

H - H - 1

If s — 0, then y i  >  y i , or if x f  — 0, the algorithm terminates with

x ' - x f  , y ' - y 1 . m ' - i f  + y f - j ; .

and (because of (7))



t >
maxCCj^, C |,|) if s — 0 

max(Cu>, C2,|) if x f  -  0

Also because of lemma 10,

Cw - C u  ■ s + s ( n j ) nm
Jo*o

>  0 when

n —m
7 - -  («.<) 
J  o

-  y0 “  , because of (3N^) when s -  0

Thus, when case 3 of the algorithm is used the lemma is valid when p  ■ 1. 

If s >  0 and x f *  0 the algorithm continues and we have:

y i  > y i  when y i  > n —m
( J o S , )

i.e., when t >  C j ,

o21
y i

J \ y i+ ( n -m )
Jo

Jo—------1 when J 2 “  0 and >
J  i

i.e., when * — 1 and t  >  C |j

(n - m )

J o - J i when / j > 0  and J jy f  > Jo rJ i
J  i

(n - m )

i.e., when s >  1 and r >  Cjj  .

Because of lemma 9, (3.3.S), if J j  “  0, then Jo >  2 J lt and because of (3.3.6), if J i  >  0, then

J 0 - J 2 >  J  i we have a j  >  1.

Simple calculation gives:



- y i + - j -  if 1 - 1

Jl
y i +  ~7~ if * > • .

J  i

y t - y t  •

If s — 1, then x f  >  x f , or if y i  -  0, the algorithm terminate* with

x* -  x f , y '  -  y i ,  m* -  y f  +  / f  -  ~  .

and (because of lemma 11)

t >
maxCCii, C |j)  if s -  1 

m axfCii, Cw ) if y i  -  0

Also because of lemma 10,

C \x ~ C x \  “  n + O i)

n —m  v  n J \(n ,t)

0».r)
•fo <f*fi ^l<f|

n n nm
JxJ\

>  0 when

-  7i -  I , - ; , ,  because of (3N^) when >

Thus, when case 3 of the algorithm is used, the lemma is valid when p  — 2.
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Next suppose, when case 3 of the algorithm is used, that the lemma is true for 2 <  p  <  j+ 1 . 

If p  -  j +1 is odd, then y 4+i >  y 4  Cor if x 4+l - 0 )  the algorithm terminates with x 4  — x 4^ \ ,

y* — p ',  — —— , etc. and the proof is complete. Similarly if p  — j + 1  is even, then x/+i >  x 4
Jp-i

(or if y 4^\ — 0) the algorithm terminates with x 4  — x/, — y f +x, ”  y *  , etc and the proof
j p ~  i

is complete.

Therefore suppose, when case 3 of the algorithm is used, that the lemma is true for 

2 <  p  <  j+ I  with x/+i *  0 if p  odd and y 4+x *  0 if p  even.

Let p  be even then we have:

x 4  >  x'+i when x 4  > m i.e.,

when I >  C,+i (using (3.3.8a».

J , x 4+m

-  1 if J,+1 -  0 and Jmx i  > -  1 m

i.e., if p  -  s and * > C l,* ,

V ' - V '  sif / ,♦ ,  >  0 and xx f  > m

i.e., if p  <  s  and

By lemma 9, (3.3.3) with p  -  », if Jp+\ -  0. then J , - \  > Up,  or because of (3.3.6) with p  <  j , if 

1 >  0, then Jp-t-Jp+t ^  Jp we have tp+\ ^  1.

Simple calculation gives (using (3.3.12), (3.3.14), the expression for 14  and by the definitions of 

lp+i* 7f+i);
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*'♦2 "  ■*/ “  “

* m 
*/♦> -  Tv

If P  — *

yi+1 -  yi-i,+\yi+\ -

* . H-WI
yf*t + - j —V

if p  — J

f t t l yi*  I ♦  ^ T 21 if P <  * 
v

"ti+i — "ti + ™
if p  — «

1C±L /.♦i +  »f P <  *

if p  -  5, then 2 >  >*♦!, or if x '+ 2 ”  0, the algorithm terminates with

*  *p*i> y  yp*i* » •
V

and (because of lemma 11)

t >
maxCC^, C |,4 .|) if p  -  s 

max(C2̂ ,  C j^+|) if x/+ 2 -  0

Also because of lemma 10,

0. J ) nm
JpJp

> 0

when - T"1 >  - r -  -  inJr )ikp) +  0v/,) (*,_,) -  injt) -  ip  -  /» -/* . because of (3 N J  when
V  V  •'»

P -  J.
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Thus, when case 3 of algorithm is used, the lemma is true for p+1 when p  is even.

Next let p  be odd then we have:

yi > yi* i wi>en yi >

when l >  C,+i (using (3.3.12a) and (3.3.14a)).

t
V i

n —m
t V . - V

i.e..

<*p* I
A .

V i

-  1 if dp*\ “  0 and Jry * >

i.e., if p  -  s and t > C |^+|

-  1 (#»-«)

V i~ V i ( n —m )

i.e., if p  < t  and f >  C^-m ■

Because of lemma 9, (3.3.3) with p  -  i ,  ./,- i >  2 J ,, or because of (3.3.6) with p  < s, Jr +\ >  0, 

y ,_ ,-•/,+ , >  y ,, we have a,+ , >  1.

Simple calculation gives (using (3.3.8), (3.3.10), the expression for y f,  and by the definitions of 

//♦, and yf+t):
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r y +  HL*r+i +  ,  
Jp

if p  — i

f t tL */♦! + 7 -  if p  <  * ,
Jp

yj+i -  y f  -  -

v (n—m)
>>♦ i — t— if p  - 1

a+L v O i-m )
> ?♦ !------- ;—  if p  <  j  ,

~yf+i +  7 -  if p  -  j
Jp

yf+i +  7 - if p  <  ' .
Jp

T>+i -  7p

If p  -  *, then x f + 2  >  x /+l, or if p/* 2 -  0, the algorithm terminates with

-  */♦!, p '  -  p/+2, « '  -  - j -  ,
v

and (because of lemma 11)

t >
m ax(C jj, C „ +1) if p  -  j  

m axfC j,, C j,* ,)  if p/+2 -  0

Also because of lemma 10,

Cij*i~Cij ■ n+Gi) s t t r , ) - « u , )  +  +  t V I  -  7 7 -  >  0
■ '0  J

when ■" w >  Oi/ , ) ( * , )  -  inJp) ik , - \ )  -  - f -  Gm) -  / ,  -  because of (3N4>, when p

Thus, when case 3 of the algorithm is used, the lemma is valid for p+1 when p  is odd.
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We use induction on p  for the proof of (3.3.7a), (3.3.9a), (3.3.11a) and (3.3.13a). By (9) and 

(10) and by substituting values of x t ,  y f we have, when p  -  1:

* ! -

_ . m  J o t - m  O f,/) . m
x, + To---------- n + 7 7

if p "  j +1

70
m
■fo

fi
7 , f -

70
m ( n j )

+ ~  if p  < i + l  
'0

> ! -

y t  ~  -  x j  +  (n,r) -  y0 -

Jo
yT -

if p  -  i + l

<«-">- - , j  +  4 l- (n,r) - y ,  -  -2-  if p  <  ,+ 1
70 70

Thus, (3.3.7a) and (3.3.9a) are true if p  -  1.

If p  -  2, then by (11), (12) and after some calculation we have:

x! -

• mx j - - -

f / i
J \ t - 70

m ( n j )
4. —  4. m

* 7,

Tj.
7,

7 2r -
■ mx ! - -

^ 2,
7„

70

m(»i,f)

if p  -  i + l

J-jm
JoJx

m

y f -

m . n —m  1 . r n n

-7s- if p  <  j +1 
J\

if p  — j +1

£ 2.
7,

y! +  -  *J +  y -O M ) -  7 2 -  t t *  +  T "  P <  J + i7) 7o V i  7 i

Thus, (3.3.11a) and (3.3.13a) are true ifp 2 .
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Suppose (3.3.7a) and (3.3.9a) are valid for odd p  with 0  <  p  < t -f 1 then

(17)

and

(18)

By (3.3.11) and (3.3.13) we have (since p+1 is even)

-

,  m . .
“  7 “  if p  - 1

-  —  p  < 3

because of (17),

Jo + Ur m ) i .k , -k p- \ ) — -y~ i f p - s  
v

y ,+ ir - ( - ^ - ) » iO i tr)
Jo + Up+\m)(kf - k r +\) it p  < s

and
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y;+t +
in—w) if p  — i

/ V i i  .  . (i»-m ) .,
( - 7—)^;*i ♦  — —  if p  < s

x f + 2 +  (-^-)O i,i) -  J ,  -  Uf n )ikp—kr -\)  +  "7“ if P • .  
/o  v

becuase of (18).

Thus (3.3.11a) and (3.3.13a) are true for p + 1. Similarly when p  is even with 0 <  p  <  j +1 we 

can prove that (3.3.7a) and (3.3.9a) are valid for p + 1, using (3.3.7) and (3.3.9).

The proof for (3.3.8a), (3.3.10a), (3.3.12a) and (3.3.14a) is similar.

Lemma 13. For 0 <  odd p  <  J + 1

y f +1 *  0 and x f a  *  0 if p  -  j +1 and l >  C tp , 

or if p  <  j+1 and l >  C j^

For 0 <  even p  <  j+1

xp+i *  0 and N 0 if p  -  j +1 and 1 >  C i ,

or if p  < j +1 and l > Cj* .

Proof. Suppose that for odd p  “  j + 1, yj+i — 0. Then by (3.3.9a) and (3.3.7a)

yf+i •  */+i +  0 m ) -  Jp~ 1 -  c /,_ ii»)(* ,-2) +  C f,_i«)(*,-i) -
j 0

J ,- l m in d )
  A
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Therefore,

t  -  n + O i-m ) \n k . - 2- n k , - ] -  +  - —~r—
1 Jo Jp~lJp-1

- C T ,

u  in lemma 10.

Thus, if i >  C f ,,  then yf+1 e* 0.

Similarly because of (3.3.8a) we can show that xf+t *  0 if / >  C f,.

Next suppose that for o ft/ p  <  j +1, yf+i ~  0. Then by (3.3.9a) and (3.3.7a),

m  0»,/)v- h .
Jo

Therefore,

l — n + 0 i-m ) nkp-nkp-t -  —

as in lemma 10.

Thus, if t > Cxp, then y f + 1 *  0.

Similarly because of (3.3.8a) we can show that xf+x *  0 if l >  C l ,.  

Suppose that for even p  — j +1, x£+i ** 0. Then because of (3.3.1 la).

J,-xt -
*,% i -

j,~ i 
*

m 0i,t)

Therefore,

- - + ex*,.,-*,-,) - Cl,
* o  Jp-xJp-1



as in lemma 10.

Thus, if r >  Cf*. then ^  0.

Similarly because of (3.3.14a) and (3.3.12a) we can show that yf+i ^  0 if t >  Cf# . 

Finally suppose that for even p  <  j + 1, x£+i -  0. Then because of (3.3.1 la)

V -
J.

Therefore,

as in lemma 10.

Thus, if t >  C J,, then *  0.

Similarly because of (3.3.14a) and (3.3.12a) we can show that y/+i *  0 if t > Cf

Lemma 14. If 0 <  p < s then
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'A* -

ii+L

Zl±L
Jp

V  + T T - T -  ifJ p* \  Jp
p odd

U . K . .if  — — + —  u p  even
v

Proof. For odd p  using (3N^) and simple calculation we have:

ip +i -  U f + i n ) ( k f + \ )  -  ( J f + tn ) ( k f )  +  Old)

*p+\

iH L i -  —
'  J , Jp ’

because ip -  U ,n ) (k r -\) -  Upn){kp) + -f-( .n ,t)  +  - j -J o Jp

Also for even p  using (3N^> we have:

/;+, - 1 /,♦ !«)(* ,) -  (y ,+,n) (*,+,) + { i l l
Jo

Oi,t) +
■v+l

i x l L
Jp

i iS L

(Jpn)(kp) - t i l l .

d ,
(/ > +  —2 2_\ip> t  ,d,+i d .

because ip — (Jpn)(kp) — Upn)(kp-\)  +
do

0«,i) •

Similar calculations give a proof for the corresponding result for /,V

Lemma 15. If 0 <  p  <  s then for case 2 of the algorithm G.e.t when 0 <  j  < —)
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and

0 <  ir < if p  -  j , or even p < s ,

0 <  /, <  7 "  +  T "  if odd p  <  j  ,

Proof. We use induction on p .  Suppose p  — 0. Tben because of (3N j) and (3.3.3),

0 <  i0  -  (» ./) <  7 -  • 
A

Thus, the lemma holds when p  -  0.

Suppose p  — 1. Then because of the lemma 14

Ji_
Jo </o> +  7 -  J 1

n
Jo

By substituting bounds for /q we have: (note that 0 <  J\  <  Jo).

If s -  1, then

0  <  -J— 7- <  ' ,  < T
Ji Jo Ji

If j  >  1, then

Jo
H

J*
W «  It ■ H

J , "  Jo J, J ,

Thus, the lemma holds when p  — 1.

Suppose the lemma is valid for p  <  s.

Then for odd p  we have:

0 <  if <
* Jr

Because of lemma 14



- 1 0 0 -

V+i “

By substituting bounds for tf  we have: If p+1 -  s, then

n * J L  J'+ 'H r  i *  —  ^  —
0 T  y j T  <  V+i <  7 “  <  7 "  •

The first inequality holds because 0 <  / ,+ i <  7 ,, and the last inequality holds because of (3.3.5).

If p+1 <  s, then

0 <  - r - -
b  b b

<  <
»+i n-T- +
b  J.

/»+!+/>
J.

The last inequality holds because of (3.3.4).

Thus, the lemma is valid for p+1 when p  is odd.

Similarly for p  even we have:

0 < i r < j

Because of lemma 14,

i,+1 “
*+i

° ' ) + 7 T ’ y "■Vh

By substituting bounds for ir  we have: If p+1 -  s,  then

0 <  - f —  j  < { ' * l <  J  J p *  i Jp J i

The first inequality holds because 0 <  J,+1 <  Jp.

If p+1 <  j ,  then
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0  <  - r * ---------- 7 - <  / ,♦ !  <
J,* . J.

hiL n n n n
Jr J. J,+i J, J, V  i

The last inequality bolds because 0 <  Jf +\ < Jf  and because is positive.
v

Thus, the lemma is valid for p + 1 when p is even.

Lemma 16. If 0 <  p  <  s, then for case 3 of algorithm (i.e., when — < j  < ff)

0  < i ,  < —  if P  "  * •A

— “ < / , < —  if p  odd <  s and 

if p  even <  s
J p  J 9 J p  J $

Proof. We use induction on p .  Suppose p  ™ 0. Then because of (3N^) and (3.3.3),

Jo J, Jo J  0

If j  — 0 then.

If 5 >  0 then,

T T ' T "  *  7 T  7 "

Thus, the lemma is valid when p  — 0.

Suppose p  — 1. Then because of lemma 14

f i - Jo Jo
H
Jo

By substituting bounds for to we have:



The last inequality is true because of (3.3.S).

If s  >  1, then since

h
Jo

n n
Jo ~  J .

j»  J i» _  j i  J i n
Jo  V o  «fo '0  J t

_n_ j i  n c  n w .  .
/ , “ /o A '

n w
■fo y.

n J  i n
y0 ~  y0 y 0

i»
•fo

The second inequality holds because 0 < J t < J 0  and the last inequality holds because of (3.3.4) 

i.e., Jo >  J & J f  Thus, the lemma is valid when p  <■ 1.

Suppose the lemma is valid for p  < s .

Then for o d d  p  we have:

Because of lemma 14

_  JL <  / <  JL 
J ,  '  J ,

t,+\ ~ t i l l
V i

By substituting bounds for if , we have:

If s  — p+1, then

The first inequality holds because of (3.3.3).
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If s > p+1, then

The inequalities hold because of (3.3.4). Thus, the lemma is valid for p+1 when p  is odd. 

Similarly for even p  we have:

—-------—  <  / <  JL  +  JL
J P J ,  r  J p  J .

Because of lemma 14,

V h “

By substituting bounds for ir we have: 

If s — p+1, then

V . (/.) + - - V i
'

H

Jp
vpr -r

Jp . Jp J,

U lL
J ,

V * n . n

j
l411

•I+

, Jp J ,  V . Jp { Jp ) { J p

2n ^ n
~  J ,  V i

'p+i

The last inequality holds because of (3.3.5).

If j  >  p+ 1, then since



The second inequality bolds because 0 <  ],+\ < J , and the last inequality holds because of (3.3.4).

Thus, the lemma is valid for p+1 when p  is even. This completes the proof for Lemma 16.

3.4 PROOF OF THE MAIN THEOREM

Because of Johnson’s reduction formula (1.2.3)

t - n
(n,t) ’ 0 »,/)

,t—m + (O i , i ) - l ) ( l -m )

l —n
Thus, when case 2 of the algorithm is used with a\ — ~(w ; j *a 1 “  ' a * ”  , ~ m ' we h*vc:

g ( t —n ,t—m ,t)  -

Oi,/) (m '- l) ( l-m )+ m a x  (x ') t —n
(n,t) ,(y') (n,t) ) ) "

2(r-«)+<»
O ij)

+  (O i,r ) - l) ( r -m )

Because of lemma 11, lemma 12 and lemma 13,

for » >  max{C2j,C|J+i) we have m ' -  - j -  .
Jf

Therefore,

7 -  -  Om)
Jt

U - m ) +  m a x { 0 r ') (f -n ) ,(y ') ( f)} -2 (i-» i)-» i+ ( ( ii,/) - l) ( r-m )
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i l r < £ L  + ,, +  i  - ,
n A

( t—n )+ (n —m) - H
-a

—n if 0 <  A <
n —m
J.

because of the following (1), (2) and (3).

(1) ( t - m )  — ( i - n )  +  (n -m ) , t — ( t—n ) + n .

(2) ! f  s a  even then because of lemma 12 and lemma 13 (note that j+ 1  is odd) we have:

Thus,

*• “  *,*♦!. y* -  >«%2 •

— (x/+j) ( t—« )— 

because of (3.3.9a) and (3.3.7).

*;♦, +  y -  (n , t ) -J , -U ,n ) ( ,k , - \ )+ U i n){k ,)  -  n ■ — 
«/o A

( / ) .

(—n)

[ J ,
«/»/- •Jo

n

m (n ,t)
+ CAm)U:,_|)--CAm)(*J)

y -  ( n , t ) - J , - U , « )(* ,_ ,) +  ( / ,« )(* ,)  -  * y 2 .  
A

(/) because of (3.3.1 la) noting that s < j +1

J.* y 2 .  +  U ,n ) (k , - t) - U ,n H k , )  -  y -  (n,t) 
J, J  o

•A

(i)

y -  iw (n ,l) +  U ,m n){kt ) -  U,mn)(.k,-,) 
Jo

-  ( “ 2- -  A>0> +  Am because of (3N4) 
A

>  0 when ■ m  >  A- (Note that A >  0 because of lemma 15.)
/ l
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Also

(3.4.1) x* — x%\ “  ^  " ,m  because of (3N^) and (3.3.11a) .

y m -  2 -  xffi +  i , - J ,  — H m , because of (3 N J  and (3.3.9a) ,
Jt

and

+ i . ~
n —m
J. (t - n ) +  i ,( .n-m) -  — O i-m ) .

Jt

(3) if s is odd then because of lemma 12 and lemma 13 (note that j + 1  is even) we have:

X* -  * , \2, y m -  yU\

Thus,

(x0) ( t—n)—(y*)(l) -  (x:+2 ) ( t - n )  -  (y,%,)(r)

-  (xf+3 ) ( t - n ) - ( x f+ j  + ■?■ +  T - («.») -  Jt -  U ,n )(k ,)  +  U,n)(ifc,_,)(f)) because of (3.3.9a) 
J$ J  0

and (3.3.11).

J . t -
V m (n,t)

(n) n
---------- + (J ,m )(k ,)—(Jl m )(k l- i)  — -y-

Jt
— — -  — + / - J  J  J  ‘ 'Jg *g (i)

because of (3.3.11a), and (3N^).

nj " 1 — i, (./) +  i ,m  because of (3N^).

>  0 when S-JSL ^  _ (Note that -7 -  >  /, >  0 because of lemma 15.) AlsoJ. J.
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(3 .4 .2) x* — x/+2 -  — ■ , because of (3NA) and (3.3.1 l a ) .

(« -m )

and

W*.)0) - *,%2 + (f “
(n—m)

J. ( i - n )  + -  — (n -m )

Similarly we also obtain the same g U - n , t - m , t ) when case 3 of me algorithm is used.

Also note that 0 <  /, <  - j -  as in lemma 13 or lemma 16. The following results, i.e., lemma 17,

lemma 18, lemma 19 (the special case of j  -  0) and lemma 20 (the special case of j  -  y )  will 

complete the proof.

Lemma 17. i — I, where i is defined by t ■  / mod ( )  as in Chapter 3.2, with

0 < / <
On,/1)

Proof. When case 2 of the algorithm is used

x m _  - J> because of (3.4.1) or (3.4.2)
H

Thus,

t -  (x*) H
J.

l ,m
J.

Therefore,

H i t ) ]
where J, -  Gn,n) because of (3.3.2)
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Similarly, when case 3 of the algorithm is used we would also have

i m i , m
Im ji)

mod t ) |

Thus i — by lemma 13 and 16.

Note that if we take t -  0 then g U - n j - m j )  given by (Bl) in (3.2.1) is same as g ( t - n , t - m , t )

given by (B2) in (3.2.1) when i - (m ji)  '

Lemma 18.
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and

n+ n —m
J.

—  - i
J. *

C b  -

J. (m)

C U .  "

T -10" ’

n+ n —m
J,

c t , -

•f.

n+

On)

n —m
J. - 2- - /  r ‘I *$

c f ,* .  “

n+

On)

n —m
J.

0_
J.

t " -

Proof. Because of lemma 10 and (3N^) we have:

if s odd

if s even

if s odd

if s even

if t  odd

if i  even.

if s odd

if i  even
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C L -

#»+(»— m) . . 0 m ) — ■ .* — # t+ [ f - i .# m 1 ■
0 1 I ' '

(m) nk,—nk,-\  +  ^nj f~ -  (m)
Jo

CT,+, -

(m) n k ,- , -n k ,  +  y y -  +
Jo

-fa>|£

if i  odd

if * even

nk,-t—nk, + —4 ---- (n.t) — n + U - / ,1 i '*•*# ■ *
Jo I ' '  ,

n + (n -m )

Similarly, C£, and Cfj+i can be found.

Lemma 19. Suppose we allow j  — 0 in (3A^). Then (m jt)  —«, / — 0 and 

g U - n , t - m , t )  -

if « odd

if i  even

—  + -  -  31 ( f -n )  +  O i-m ) 
" n

4 - i — n

Proof.

Also

m  -  0 (mod n) because j  — 0 in (3A^>

t m  o mod 4 because (n,t) — — , 
n

and

(n ,i) >  1

because if Oi,/) -  1 then m *  0 (mod n) — not possible since 0 <  m <  n.

(1)

(2)

(3)

Furthermore,
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and

because of (3A.) and (1).

Therefore,

Thus

because of (2) and (4). 

Noting that

set

Then

(n,(n,f)) -  1

0M>n
-  1

(m,n) — n

i - 0

t —n t 
(n.i) * (n.l) -  1 ,

t —n t
“  (n,t) ’ * 2 "  0»,f) •

0} •  t — m  ■ m
’

n —m
0i +

( it ' n «2

Thus, o j is a linear combination of 01,02 with positive coefficients. 

Therefore,

£<01,02,0}) -  £(0|Ul2) “  (0|-1)<02~>) ~  1 

and using Johnson’s Reduction formula (1.2.3) we have:

(4)



- 112 -

g ( t —n , t—m ,t)  “  (n ,i)((fl|—l)(a j—1)—l) +  ((11,1)—1 )0 —m) 

nt_ +  i  _  j  / . \ I «
* ii

( t—n) + (n—m ) | — — 1 1 -  n .

n —m n_
n n

Note that the case 7  M- r  -  1 is covered here, because m  ■  0 (mod . ) gives j  -  0.
(n,t)

Lemma 20. Suppose y ■ j .  Then (m,n) — J&, i — (n ,t) and

J t f -m ( n j )  n (f-ii) + (n-m) ■j—  1
n A 7 °

if 0  < (ay) < n—m

J * - m ( n j )  + 2L + _  3
II /o

(»-n) + Oi-m) |(n ,l) - l  j -  n if " ~  < (n,l) < -j-

Proof. J% -  since _/8 “ ./ and ^  -  j .

Also 7 1 — 0 since n — 2Jo

Thus, s — 0 and (m^i) -  7o because of (3.3.2).

As in lemma 12 we use case 1 of the algorithm with

J o t - m ( n j )  j  ( n - J j ( t - n ) - ( n j ) ( n - m )
  -------- . o , - y ,  - y f  - ------------------ ------------------

Therefore,

t m  (n,t) -7- mod -7- 
J  0

giving

i — ( n y ) .
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t - n  I
+  ( ( r  , / ) - ! ) ( » -m )  because of Johnson’sAlso g ( t - n , t - m , t )  — 0»,t)g  /_ , t—m

reduction formula (1.2.3). i.e.,

g j -  (n ,f ) ( i-m ) +  max{Ot,) (» -« ) ,(f li-j 'iX i)) -  2 0 - r ) - r  + (G i , i ) - l ) ( f -m )  as in the algorithm

it J0 ~

) . m  . ,  , ,
---------------- + T* + (»M) ~  3n Jo

( l—r )  +  (n—m) 7 - - 10
— it for 0 <  Of,/) <

n - m

( t - n )  +  ( r - r i ) ( ( r , i ) - 1 )  -  it for -  m <  (n ,i) <  -7-
■»o ■'0

because of the following expressions (1), (2), (3).

(1) (* |)(r -» i)-(fl|-> i)(r ) -  — • (n ,l)-0 i-2ffi)(l)+m n0i,l)} >  0 ,

when 2m <  r  i.e., when -£■ <  it—m. Thus (x |)(r -n ) is maximum when 0 <  Oi,f) <
n —m

(2)

(3)

0 <  Of,/) <  —  as in (3.3.3)

(a i- j 'iK f)  -
Jo t -m (n , t )  . m ,
------------------+  ——  Of,/)

r  / o
( t - n )  -  ( n j ) ( n —m)  .

Corollary 4. When r  “  2 and m -  1 then (m jt)  “  1, “  1 and the formula gives:

gO, i+ l ,  1+2) -

(— 2. -  1 )0 ) -  1 -  y  -  1 when l ■  0 mod 2

and 1 >  2 .

(^-T - “  DO) -  1 -  — 1 “  1 when t m  1 mod 2 2 2
and 1 >  1 .

and Brauer’s (2] formula (1.3.1) follows.

Corollary 5. When r  — 2 >  2 and m — 2 — 1 then (m^i) “  1, -  1 and the formula gives:
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g ( i ,  i + 1, f+ z) -

<—  + z -  3 )0 ) -  1 when i — 1 (i.e. » * j - l  mod z) 

and I >  z — 1 .

(  +  z — 3 ) / + /  — z — 1 when 1 <  / <  z
z

(i.e. I ■  / ( z —1) *  -  / mod z) and 
I +  z >  max(z+(*“ 0 , (/)(* -!)}

and Robert'! (32] formula (1.3.2) follows when we note that

i+ l (r+ z) - I+ /- /+ 1 (l+ z) - l+ l -  1 (l+ z ) -  +  / - z

Corollary 6 . When n -  yz ,  m  -  (z-l)>> with z >  0 and y  any integer then ( m j i) -

n —m — l and the formula gives

g(i, »+>>, i+yz) -

( f^ z  (*~D + z _  + y U - l )  -  yz when / - I  (i.e. I ■  z -  1 mod z)

and i > z -  1.

( /+ /z+ l + x + jiQ -l) -  yi when I ■  / (z—1) ■  -  t (mod z) with 1 < I <  z

and l + yz > ma»(yz+y(z-l), (l)-(z-D)

If we use G. R. Hofmeister’s formula (1.3.6) to derive g ( i ,  f+>\ t+ yz ) we derive the same formula 

when we note that

( l ) + * ( / - z ) .t_ it+yz)  - —  -  1 (l +>z) - 1+/ , , 
—  +  y - 1z z z



APPENDIX

FURTHER PROBLEMS

Some of the problems below are followed by conjectures, or results whose proofs are not given 

here.

(1) Determine or accurately estimate g (a t, . . . ^ )  for k  > 4 .

Result:

4(01,02,...0*) -  - 0 | - « 1+max{>'(ii<)«2-*(fl/-|)fl|

I 2 <  / <  * + l^ r(a2) -  0^(fl*+|) -  «|)

when the following conditions are satisfied.

(C l) gcdiaxflji -  1

(C2) For 2 < f < * , O < * ( 0, ) < [ y l a n d < y X y ( 0() < 0,

where at -  y(a i)a 2- x ( a , ) a t.

(C3) 0 <  jr(aj) <  *(04) <  x(oj) <  ... <  *(«*) .

Note that condition (C3) is 'artificial* since if (C3) does not hold than we can reindex 

the o /s  so that it does hold.

(2) Determine or accurately estimate N j (01,02.—•**) for j  >  2 and k  >  3. Nj(o|,...,0*) is 

defined to be the smallest positive integer such that for all it >  JVy(t|P..A >, n has at 

least j  representations.

Result: N j ( a ^ 2) ->0102-01-02

(3) Determine or accurately estimate g (k ,i )  for * >  4 and find the sets of integers that
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achieve g(k ,t ) .  Define

g (k ,t )  max g ( a , j 2,...jit )

where the maximum is taken over all at's satisfying

0 <  a, < ... < ak <  I .

The Erdos, Graham eonjucture, later proved by Lewin is

f  (3,/) - 0 - 2 ) J -  1 with the sets { //2 ,f-l,l}  or

{ /-2 ./-1 ,/}  for even t and (—y - , / - l , / )  for odd l achieving g(3,l).

Conjectures: g(4,t) — 0 - 2 ) 0 - 3 ) -  1 with the sets { y ,y - , t - l , l}  when / *  0

(mod 3), (^ y ^ -,2^ ~ —,r - l , i )  when t m  1 (mod 3) and 0 -3 ,/-2 ,1 -1 ,/}  when r * 2 

(mod 3) achieving g  (4,/).

g(5 ,/) -

( t—2 )0 —4) 
4 -  1

0 - 2 )  0 - 4 )  r+1

when / ■  0,1,2 (mod 4)

+  1 when / *  3 (mod 4)

with the set { y ,y ,y - , / - l , t )  or t y - l , y , / - 2 , / - l , / }  when / * 0  (mod 4), 

j f^I_ i £ z i l , ( , _! ) ,|J When /* 1  (mod 4), or

(/—4,/—3,/—2,/—1,/) when /  ■  2 (mod 4) and 0 - 4 , / - 3 , / - 2 , / - l , / )  when /  *  3 (mod 

4) achieving g (r ,/) .

(4) Determine or accurately estimate h(.k,t) for k  >  3 and find the sets that achieve 

h(k ,t ) .  Define
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h (k ,t )  min g (a |,o 2,...,a*)

where the minimum is taken over all a,'s satisfying 

0 <  l <  «i <  a 2 <  ... <  ak

(5) Determine or accurately estimate g k for some interesting sets (ai,...^*). For example

a, -  t>, a 2 -  (i+ l)',...,a*  -  ( t+ k—l)f  with integer p  >  2, or 

a | -  F( t ) ,  a 2 -  F(r+l),...,o* -  P ( t + k - 1) where F  is a polynomial.

(6) Determine or accurately estimate

lim g ( r ,1+1,...,i+k) - g ( k + l , f )  , 

lim g 0 ,1 -1 ,...,! -* )  -  A (* + l,l) .

a -
a  ■

(7) Determine or accurately estimate G j(k ,t) ,  H j(k ,l )  tot j  and * >  2. Define

Gj{k,t)  :«■ max A(/(ai,...^>s)

where the maxima is taken over all at't satisfying

0  < a t < ... < ak < t , and 

H , ik , t ) min N ,ia w ..^ak)

where the minimum is taken over all fl/’s satisfying 

0 <  t < a x < «2 < ... < ak

(8) Determine or accurately estimate Bk, b k , where for any positive integer a*+i we define



B t :~fl((ai,...,4i*),(a*+|) ) “  (a|a >  O ind |O i^ i,.» i0t)a < t4i)

and

b* :■ K (a |, . . .^ |) , ( i t+ |) )  

to be the number of integers in the set Bk.

(9) Derive a sequence of OUog N )  increments for Shellsort, for which the worst case

running time is better than 0(7V4/J). (see Chapter 1,1.3)

(10) Determine JV*C4*) and h | for some interesting sets, (see Chapter 1, 1.3)

(11) Explore the connection relating the Frobenius problem to primitive matrices and graph

theory (see Chapter 1, 1.3).
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