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Abstract

ON A LINEAR DIOPHANTINE
PROBLEM OF
FROBENIUS FOR THREE VARIABLES

by

Bharti Temkin

Let a,,...,a; be integers having no common divisor exceeding one. The queo.tion of determining

the largest integer g = g(a,,....a;) that is not representable in the form Y x,a; with the x,
i=}
nonnegative integers was proposed by G. Frobenius in the nineteenth century.

For k = 2 the problem has been solved by J. J. Sylvester [43) in 1884, who showed
‘(ﬂhﬂz) - (a.—l)(az-l) -1.

Since that time some progress has been made in establishing algorithms and bounds for g; by a
variety of researchers. However no general explicit formula even for g, has been conjectured. Four
special cases for gy in which the explicit formulas are known are g(1,04+1,042), g(r,24+1,042) for
z > 2 (due to J. B. Roberts), g(a,,a;,ay) where a; B —a; (mod a,) with a,,a;,a; relatively prime
in pairs (due to A. Brauer and J. E. Shockley) and g(1,¢4y 1+yz) where z 3 0 and y an integer
(due to G. R. Hofmeister).

The present work develops an algorithm for g3 which leads to the following explicit formula for
g3 For0 < a < b <c with ged(a,b,c) = 1,d = ged(c=b,c~a),0 < i € -ﬂ%" defined by

c=b c—a

cIi[dJ ’mod 7 , and

o cd=ilc=b)

& c—a

be ab . b-a
e ga+d—d a-b-¢ |f0<l<d
glab.c) = ac ab .. b—a c—a

ga+d d+bl—a b—c if y << 7

provided

oo 2]).

The constructive proof of this formula based on an algorithm is given. It will be shown that the
already known special cases mentioned above follow from this. Finally some further problems are
proposed.
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ACKNOWLEDGEMENTS

1 wish to express my sincere appreciation to Dr. R. L. Graham, who made it possible for me to
work at Bell Laboratories as a Resident Visitor and who suggested the Frobenius Problem to me. 1
also wish to expreu.my deep appreciation to Dr. A. Odlyzko and Dr. R. L. Graham whose counsel

and guidance have been invaluable. They bave made it possible for me to soive the problem.

1 wish to thank Prof. Auslander for accepting me as his student and making it possible for me to
obtain my degree. 1 also wish to thank Prof. Heller for being understanding and making it possible
for me to enjoy mathematics. Last, but not least, I wish to thank Ann Marie McDonough for

typing my thesis very efficiently.



To

Heniek, Sarah and Eva



Page
Chapter 1
1.1 Introduction 1
1.2 Related Functions 2
1.3 Connections to Other Problems 3
1.4 Bounds 4
1.5 Preliminaries 9
1.6 Known Results for g(ay,....a;) and n(ay, . . . ,a;) 17
Chapter 11
2.1 Introduction to an Algorithm for k = 3 34
2.2 An Algorithm . . . 36
2.3 Results for a proof for the Algorithm 41
2.4 A proof of the Algorithm 46
Chapter 111
3.1 Introduction to a Formula for g(r—n,;—m.r) and a proof 54
3.2 A Formula: The Main Theorem 57
3.3 Results for a proof of the Main Theorem 58
3.4 A Proof of the Main Theorem 104
Appendix -
Further Problems 115
Bibliography 119

- vii -



CHAPTER |
1.1 INTRODUCTION

For k 3 2, let the relatively prime positive integers, (i.c., integers having no common divisor
exceeding one) a,,....a; be called the basis clements. We say that an integer n is representable by

(or dependent on) {a,,....a;) if there exist non-negative integral coeficients x,,x;,....x; such that

(1.1.1) n = xa,+xa+...+x30,; .

In this case, we say that x; is an a,-coefficient of n (this may not be unique). If (1.1.1) bhas no
solution then n is independent of ot not representable by a,,....a,. It is well known and easy to

show that the Diophantine equation (1.1.1) has solutions when » is sufficiently large.
The problem of Frobenius consists of determining the largest integer

& = gla\a,,....a1)

which is not representable by the basis elements a,,4;,....a; = i.c., finding the largest integer n = g,
for which equation (1.1.1) has no solution with non-negative coefficients. (Note that when
ged(ay,....a,) = d 3 1 the problem can be stated as follows:
k
IfS= {2 xalx; > 0} then there exist a positive multiple of d, say gf, such that gf does mot
i=l

belong to S. However all multiples of d greater than gf belong to S. The probiem is to find gf.)

This problem has also been referred to as the coin exchange problem: given coins (in unbounded
supply) of denominations a,.a;,....a;, determine the largest amount which cannot be formed by
means of these coins. In the rest of this chapter the historical background of the problem is
reviewed. Functions related to g;, connections to other problems and a chronological account of the
bounds obtained for g, are given. This is followed by various preliminary results and observations

used in known special case expressions for g(a,.a;,..,8;), and related function, n(a,.0;.....as), as




defined in 1.2, and in this work.

An algorithm for g; is presented in Chapter 2. This algorithm appears extendable to the
computation of g, for k 3 4 and N,(a,.....3;), where the latter function represents the smallest
positive integer such that all the integers greater than or equal to it have at least j distinct
reprelenuiiom. A proof of the algorithm is followed by corollaries demonstrating that the strongest
previous result for gy and a complementary new result can be obtained directly after the first step of

the algorithm.

In Chapter 3 the algorithm is used to develop a general formula for g;. In the corollaries
following the proof of the formula, its compatibility with the ptevidsly known special cases is

demonstrated.
1.2 RELATED FUNCTIONS

When we allow only pusitive x;'s in (1.1.1) it is easy to see that the corresponding function for

the solvability of (1.1.1) is

(1.1.2) Sr= f(a..a;.....a.) = gy tatar+.. . +a; ,

i.c., for n = f,, (1.1.1) has no solution with positive x;, and for all # > £, (1.1.1) has s solution.

Obviously, there are only finitely many non-representable integen.- Let the number of positive

integers with no representation with non-negative integer coefficients be n, = n(a;,....a;).
P. Erdds and R. L. Graham have introduced an extremal function {10):

(1.1.3) glkt) = m:x £0a,.82,....) |

where the maximum is taken over all g, satisfying

0<a,<..<g; €1, gcd(a..az.....a.)-l.



Besides /), m; and g (k1) the following more general function N,(a,,....a,) was introduced by J.

B. Roberts [33]):

Let d(a,,....ax,n) denote the number of non-negative solutions of (1.1.1). Define N,(a,,....ax) to
be the smallest positive integer such that d(a,,....ax,n) 3 j for all # 3 N,(a,....a,). It is easy to

see that

Ni(a,,...a))=1 =g .

1.3 CONNECTIONS TO OTHER PROBLEMS

Recently R. Sedgewick [38) bas exhibited a direct relationship between Shellsort® and the
Frobenius® problem which enabled him to derive a sequence of O(log N) increments for Shelisort,
for which the worst case running time is O(N*?) — & new upperbound for Shellsort. The previous

best-known upper bound for any sequence of O (log N) increments was O (N*?),

The problem of Frobenius is also closely connected to the so-called postage stamp problem, (see

E. S. Selmer [41])), — given stamps (in sufficient supply) of k different integral denominations

(1.1.4) l=a; <a;<...<a;,

what is the greatest consecutive range of postal rates from one unit upwards that can be formed
when at most A stamps are allowed? That is, given a set A, = (a,,....3:} of integers satisfying

(1.1.4), consider all linear combinations

X X
(1.1.9 Y xa, where x, 30, I x, K h

i=] i=)

and find the smallest integer N,(A4;) which is not represented by such a combination. G.

®  Shellsort is an algorithm for sorting an srbitrary list of integers (sce D. E. Knwth [23)).




Meures [29) (see also O. J. Radseth [36]) showed that

(1.1.6) Ny(4,) = ha, - '(‘.-a.-h...,ﬂ*-dz,dg-l|.¢g) -1

if A 3 h, when A, is large enough.

A. L. Dulmage and N. S. Mendelsohn [8] connected the Frobenius problem to primitive matrices
and graph theory; so did B. R. Heap and M. S. Lynn [15). N. S. Mendelsohn (28] states that the
solution to Frobenius' problem yields information valuable in statistics (Markoff chains) and in the

theory of non-negative matrices.

In [45), it is shown that Farey series of orders less than or equal to a, give very interesting

"partitions" of the set of linearly independent a, relative to @,,a; when ged(a).a;) = 1.
1.4 BOUNDS

For the simplest case ¢f k = 2, the problem of Frobenius was solved by J. J. Sylvester [41) in

1884 giving

g:= (a,-1)(a)-1) - |

Complexity of the general solution to this problem seems 10 increase very rapidly for larger k's,
and therefore upper bounds for g, are of great interest. The existence of such a bound is used for
instance in work done on the density of the sum of two sets of integers (seec H. Rohrbach [37), p.

211).
Let [x) stand for the greatest integer € x. Schur [2] showed in 1935 that

(1.1.7) & €8 = (a,-1)a,-1) -1

when



1 € 9,<a;<..<a; .

Brauer [2) proved in 1940 that equality in (1.1.7) bolds if

(1.1.8) ¢ Mg, E . Eg,._, = 0 (mod a))
and
(1.1.9) a; % 0 (mod p)

for any p, where p is a proper factor of a,. This is equivalent to giving only a, and a; and using

Sylvester's formula for g;. Brauer also showed that

&
(1.1.10) Hn&<T=3 [%—114, -a
{=2 4

where d, = a,, d, = gcd(a,,....a;) for i = 2,....k, and equality holds if and only if .

EL—‘H LL/2 for each j = 3,....k
4, ET dj-

withy, 3 0. If g < T then gy € T—minle, | / = 1,...k). AlsoS > T and the equality holds

if and only if (1.1.8) and (1.1.9) are satisfied.
In 1956 Roberts [33] showed when ged (a;,....a,) = 1, that

gmm+a,,..m+a,) € P+mQ—1

where

Peg+l, Q=max (xp+..+x3),
[ 17 4

& =glay..a), and




K is the set of a such that

P&<n<gP+m-]

and xy,....Xzs is & Non-negative solution of (1.1.1) with smallest sum of the coefficients. In

particular

g(mm+a,m+a;) € m(a;—2+[‘ll) + (a)-1)(ay-1) - 1
2

where [;"L] represent the largest integer less than or equal to real number f'—.
2 2

0 < a, < a; with ged(a)a)) =1, and m 3 2.

Hofmeister (18] in 1966 proved that

:
(1.1.11) g(aa;...0) € max T e*q-a;,
0‘:02‘.—! =2

where ¢,*'s are defined as follows:
Suppuse a3,...,a; can be written in the form

{
(1.1.12) Gie) = V1G04~ 2 ﬂ.(l)a. with2 €/ € k-1 »
k=]

where all v, 3 2 and all 8§’ > 0. Note that when gcd(a,,35) = 1, ay,....a; can be written in the

form (1.1.12).

Also suppose




A=l N

i=0 j=h

with2 K m <m+N k-land 1 € A € N.
Letcy,...cx bedefined by ¢ = 0, c3 = 1,

-1
(1.1.14) Cie1 ™ P,Cl-z 6,([):. with 2 <€/ € k-1
k=l

Then it is not too hard to see — when (1.1.12) and (1.1.13) are satisfied — that

Il <3 <€..<¢;.

Deﬁne
e, e
by

k
0€n=~e" <¢, with2€j<k.

i=)

It follows that

L]
(1.1.18) ne= e
=2

(This is called the Euclidean representation of n relative to ¢;’s).

For k = 3, Hofmeister’s result is

SR EE) N A o =1

where a; = y,a;—x,a, with y, 3 2.



Lewin [24) proved in 1971 that

&0 < {%(a.-Z)zJ wherea, < a; < ..<a; .

He improved it [25) to

n <

%(a.-l—l)(a,—Z)] .

He also conjectured that in general for large enough a,

<
& < 1%+

—l—-(a.—2)(a.-k-l)] .

Erdds and Graham [10] proved also later in that year that

f { < 20, [_‘_kk_] - O where a; < a;<..<a;.

Vitek [46) proved in 1973 that

& <

%-(a;—l)(ak-Z)] wherea) < gy € ... < g;.

In his next paper [47] he proved:

If a;y 3 (k+1)(k=2) then
af

<

In 1976 Selmer [39) showed that:



& <2¢.[gk-'-]-a. where k € g, < .. < a; .

1.5 PRELIMINARIES

Before the exact bounds which have been found for special cases are considered, we summarize
preliminary various results and observations which will be useful for our later work. Brauer and
Shockley [5] had observed that if one of the basis elements, say a,, has a representation by
aj,....8x-y, then clearly a; can be removed from the basis clements without altering the value of g,,
because every linear combination of a,,...,a; with non-negative coefficients can also be expressed as a
linear combination of a;,...,ax—; with non-negative coefficients. If none of the basis elements has a

representation by the other ones, then a,,...,a; are independent, and

aa.2.n k € minla, | I =1,.k).

To see this note that if k 3 a; + 1, when we assume a, = minla; | i = 1,...k} then there are at
least a, elements in {(a3,....,a;). Obviously either there is an / 3 2 such that g, = 0 (mod a)) or
ij » 2 with g, ® a; (mod a,), in both cases giving dependence between the basis clements.

Trivially if any g, = 1 then g, = —1. Also the re-indexing of a,,...,a; does not alter the value of g;.

In case k = 3, the reduction formula of Johnson [21] is as follows: If for {i.j.k} = {1,2,3},

dU - (a,.a,). a - bldljdlk 30 that (b|.b2) - (bz.b)) - (b).bl) - l. then

1.2.2) f(a),a2,a3) = d\2dydsf (b,b3,03)



«10-

a, a; a3
d\dy,’ dyydy’ diydy

ta,a2ay) = (d\xdyydy)g + (d3s-1)a,

+ (d;y;-1)ay + d|3~1)a, .

If d = gcd (a;,ay) then from the proof of (1.2.2) one can see that

+ (d-1a; .

(1.2.3) ga,a3a;) = dx[gd'—. ‘;—2.4,

Therefore without loss of generality we may assume

(1.24) ged(aya) = 1.

Brauer and Shockley [5] generalized this result. If ged(a,....a4y) = d, then

a, Gx-1
f(ﬂl.....ﬂk) df[ 47" d ,Cgl ’
ie.,
(1.2.9) gay,...a) = d-g[%.....ﬂzi.a.] + (d-1a;
Therefore without loss of generality we may assume
(1.2.6) ‘Cd(dh....ag-]) -].

Lemma |. Let ged(a,a)) = 1. Then every positive integer a3 not divisible by neither a, nor a; can

be uniguely written cither in the form

(F1) ay=xa,+ya; with0 <y, <a;,0<x,

or in the form



<11 -

(F2) ay=—x;a,+y,a; with 0 <y, <a,,0<x, <a;
Every multiple a; of g,. can be uniquely written as

a
(F3) ay=xa+y,a; withy, =0, x, = ‘—’- >0

and every multiple a; of a; can be uniquely written as

(F4) ay = x,;0,+y,0; with O(y, <¢|‘ﬂd!| 0.

Proof. Because gcd(a,.a;) = 1 and a; % 0 (mod a,) with i = 1 or 2, there exists a unigue y such

that
a; = ya; (mod a)) with 0 <y <a;.
Thus
ay = yaytxa; .
Ifx >0,

then by letting x, = x and y, = y we have the form (F1).

If x <0, (x » 0since ay % 0 (mod a;))
then —a; < x < 0, because if x € —a; then a3 = ya,+xa, < a,8;—a,a, = 0 and this contradicts

the assumption that a; is a positive integer.

Thus by letting x; = —x, y; = y we have the form (F2). Uniqueness of x, follows because of
the uniqueness of y,. Obviously (F3) bolds and so does (F4) when
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(F1) through (F4) combined together show that given ged(a,.a)) = 1, ay > 0 can be wniquely

written as

(F) a3 = x,a,+y,8; with —a; < x; and 0 € »n < a

Similarly it can be shown that given ged (a;.a;) = 1, a; > 0 can be wuniguely written as

(F) @y = x10,+y;1a; with 0 € x; < a; and —a, < y, .

(Also note that (F'1) and (F'2) would be

(F1) ay=x1a,+y,1a; with 0 < x, <a; 0<y,,

(F2) a3 = x1a,-y;a; with 0 < x, <a;, 0<y, <a;.)

Given ged(ay.ay) = 1, let us define a canonical representation of ay > 0 relative to a,,a; as the
pair of integral coefficients (x,.,) or (x,.,) such that a; can be written in the form (F) or the
form (F). Let x,,y, be called canonical coefficients. When g, = x,a,+y,a; to get the coefficient
for iay in the form (F2) from the form (F'2) we take iay = (x,—aj)a,+(a,+y,)a; and to get the

coefficient for {a; in the form (F'2) from the form (F2) we take ia; = (x;+ay)a,+(y,~a))a,.

Note that ay has the form (F1) or the form (F'1) if and only if a, is dependent on a,.a;, and a;
has the form (F2) or the form (F'2) if and only if a; is independent of a,.a;. Thus, when a,.0;.a,
arc independent basis clements with ged(a,,a;) = | then g, must take the form (F2), if the form

(F) is used or must take the form (F'2) if the form (F) is used.
When the form (F2) is used note that

if y;=1 then a; = a,—x,a, ic., a; = ay+x,a,

and
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if x; =a;=1 then a; = y,a;—(a;-1)a, ie, ¢|-¢;+(ﬂ|-y|)¢z

Similarly when the form (F'2) is used note that

if x; =1 then a; = a,~y,a; i.c., a, = ay+y,0;

and

if y, =a,=1 then a; = x;a,—(a,-1)a; ic., a; = ay+(ay-x,)a,

Thus in these four cases we do not have independent basis elements.

Therefore by the observation of Brauer and Shocklcy made in the first paragraph of the

Preliminaries, we have proved:

Lemma |I'. When a,,a,,0y are independent basis elements with ged (a,,a;) = | then

(1.2.7 ay = y,a;-x,a; if the form (F) is used with

0 < x, <ayl and 1<y <a

a3 = x,a,—y,a; if the form (F) is used with

1 <x;, <a; and 0 <y, <a-1

The following lemma by Brauer and Shockley is a frequently used result. Assuming that g, is

an arbitrary basis element we have:

Lemma 2. Let L be a complete system of residues / #% 0 (mod a,). For each / € L, let #; be the

smallest positive integer 1,(a,,....a;) ;= 1; = | (mod a,) with a representation by a,,....a;. Then
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1.2, - —-a.
(1.2.8) & %’UI a,

Proof. Let n be a positive integer. If » % 0 (mod a,), then » has a representation by a, alone. If
n = | % 0 (mod a,), then » bhas a representation by a,,4;,....a; if and only if » 2 1.

Note that (if we assume 0 < / < a,) the equation 1, — 3a, = x,a,+...+x,a; has no solution for
each/€Land 1 € s € %-:L. Furthermore these are the only equations of the form (1.1.1) that

have no solution. This leads to Selmer's formula [39):

¢|-l

1
(1.29) np=——ny- .
k al "EL ! 2

Rodseth [34) obtained a reduction formula for the function n{a,,....a;) when ged (a;,....a;) = d

which is similar to (1.2.5) as follows: if 4 > 1 is a common divisor of a,,....a; then

a; a a.]

(1.2.10) ty = di,' where l; - [01.‘4—,7,....7 .

This follows because there are non-negative integers y; such that

’ & a; [
dy=d 3 7}’1 - ¥ ay
=2 =2

and, by the definition of :,'. the sum is the smallest integer dependent on a,,a;, - - * .4, and & d/

(mod a,). Similarly to (1.2.9) we have

' a, a 1 ¢ ay=-1
(1.2.11) n "[a"d""'d] » "ELI, -

As | runs through a complete residue system modulo a, so does d/ (note that (4,a) = 1 because

(a),....a;) = 1). Hence, by (1.2.9) and (1.2.10)
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1 a1
(1.2.12) -l - )
m= o 1?1. 4l 3
and 30 if d is a positive common factor of a,,...,a; then
a a
(1.2.13) R(ﬂ)....ﬂk) = dn lal,jz',....—;‘ + %(a,-l)(d-l) .

Clearly if the basis elements are independent, then a,,....a; are all part of the minimal system
{t}). For if a non-negative combination of (say) a,,...,ax-, is congruent to a; (mod a;) but less than
or equal to a;, then a; has a representation by a,.....a;— and is dependent on a,,....0;-;. When we
choose the maximum number of possible basis clements k = a; = min q;,, these elements will
represent all the residue classes (mod a,) and (a3,....3;} constitute the complete residue system {r;).

Hence in this case

(1.2.14) gk a;,....a;) = max a~k and
A -

(1.2.19 n(k.aj,...0;) = 1 Ta - k—l—.
| =t 2

Thus we conclude that in order to compute g, the problem can be reduced to the case where each
subset of k—1 clements from the basis elements a;,....a; (with k& < min g;) is relatively prime (sce

(1.2.6)) and that the basis elements must be independent with all a; 3 2.

The following result by Johnson [20] is not used as much as Brauer and Shockley's Lemma 2.

However it appears to be just as important & result and may lead to a better understanding of the
problem.

Proposition 1. For k 3 2, f; is the maximum of the restricted set of numbers N satisfying




-16-

A

(1.2.16) N » 3 xa; forany x, > 0.

i=1
and

k
(1.2.17) N+g = z Yyay with Yy >0 foreach (= I,...k.

J=
In particular

N = (yy—Day+yart..typar. yi; > 0.

But by (1.2.16) y,;—1 € O 3o that y,;, = 1 since y;; > 0. By symmetry we have:

For every N satisfying (1.2.16) and (1.2.17) there are representations of N for each / = 1,2,..k

of the form
k

(1.2.18) Ne= zy,,a,. Yy > 0,
=]
1=

and f, is the maximum such N.

Using the notation of Hofmeister (already presented in 1.4) his main result is as follows:

Let a,.....a; are relatively prime positive integers satisfying (1.1.12), and (1.1.13). Furthermore, let

{¢1.€3,-...c) be positive integers constructed as in (1.1.14), then

&
(1.2.19) g(a,,....a,) = min max Y ¢* g,~a, .
i=2

Where for any complete system, L, of residues modulo a,, the minimum is taken over / € L and the

maximum is taken over n % /a3’ (mod a,). Note that the bound (1.1.11) is derived from (1.2.19).
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1.6 KNOWN RESULTS FOR g(a,,....a;) AND n(a,,....a;)
M k=2
Clearly the minimal system {t,} is given by a;,24;...,(a;~1)a;, has max ¢; = (a;—1)a;, and s0 gives

‘(ﬂg,‘z) - (ﬂ|-l)(¢3-l) -1
and

nlanap) = ;—(a.—l)(a,-l) - %(g;ﬂ) .

an &k =3.

The complexity in this case seems to be due to the fact that g, depends on the divisors of a,.03,0;
and no explicit formula for g, was known up to now, except in special cases. In chapter Il we
present an explicit formula for g(¢t~n,r—m,), where (for large enough ¢) 0 <m < n and

ged(t—np—my) = 1.

Brauer [2] showed in the special case in which the basis elements are consecutive integers that

2
-'—"'—;'—“— forevent ,
+6
(1.3.1) SU41042) = ['— 2 =
2 ﬂ;’l+z forodds > 1.

Roberts [32] stated without presenting a proof that for z > 2,



1+
z

t4+(z=3)1-1 when ¢ = z—1 (mod z)

and 1 > 235243,

(1.3.2) g+l 142) = ] +
-'-z—](t+z)+(z—3)t—l when s # z-1 (mod 2)
l and t 3 22—4z42.
Roberts [33) also gives,
U 142143) = 1|14 -;- +1
andfor2 ¢t € 16
gt 2 42,045) = 1|3+ % +3

when ¢ = 5,8,10,13,14,15 but not for ¢ = 2,3,4,6,7,9,11,12,16.

Johnson [21] was the first author who developed an algorithm and a symmetric expression for
f(a,,8,,a;), where ay,a;,ay are pairwise relatively prime, independent basis clements. He proved

that for cyclic permutations of subscripts

L= xy+xy

[ (a\.a3ay = Lo, + max(xa,.xa;)

where L,a, is the first multiple of o, that is dependent on a,,0; with positive coefficients. (L, > 1
since the basis clements are independent.) x;, is the a,-canonical coefficient of L,a, reistive to
al-‘j-

Brauer and Shockley [5] presented an algorithm for computing f (a,,a;,a)) when a,.a;.4 are

independent basis elements with a, < a; < a;, which need not be relatively prime in pairs. They
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observed

(133 J @183,y = max (x\a;+yyy.xa,+y2a)) ,

where (1) y,ay is the first multiple of a, that is dependent on a,,a; with positive coefficients, (2) x,
is the a;-canonical coefficient of y,a, relative to a,,a;, (3) y, < y,is such that forany 0 < y < y;
the aj-canonical coeflicient of ya, is greater than the aj-canonical coefficient of y,a;, (4) the a;-
canonical coefficient of y,a; equals x,, (5) x; = x,~x; and y; = y,—y,. (Brauer and Shockley

looked at the congruence

(1.3.4) a;x—ayy B0 (mod a))

First we determine the solution (x,.y,) of (1.3.4) with smallest x > 0 s0 that a;x—a;y > 0 bolds.

Then we determine the solution (x;,5;) of (1.3.4) with smallest y > 0 s0 that a;x—a3y < 0. Let
X3 = X|=X2, Y3 = y2—y1)

Using (1.3.3),

a,a;
ayta,

+ayt+a;, ay

(1.3.9 f(ayaay) = max[a;[ +¢,+a,}

a,a;
ayta
is obtained when a, = —a3(mod a,) with a,,a,.a; relatively prime in pairs.

The strongest result given 3o far for k = 3 was proved by Hofmeister [18] (bis Folgerung 2,

p. 20): Given a,,a,,a; with ged(a,a;) = 1 and

ay=ya;-x,a, with 2 €y, <a,,
gy=ayty; with 0€ y; <y,

if a; 3 x;(ay+1) then

(1.3.6) £(a,,02.8y) = aay—a;~a,+max(x,a,y,9,} .



-20-

In particular the value of g(r,e+y.t+yz) could be determined using (1.3.6) for z 3 0,y any

integer, a; = t, a; = 14y, ay = za;~(z—1)a; and when

L+
z

t 3 (-1

An expression for g (¢t +y t+yz) will be given in Chapter 3, Coroliary 6.

Hofmeister showed that all known formulas for k& = 3 prior to his paper can be deduced from
(1.3.6). Some results published after his paper can also be deduced from (1.3.6). For example, the
first theorem of Byrnes [6] is an immediate consequence of (1.3.6). In fact Byrnes’ conditions are
ovetly restrictive since a; ® 1, a, ® y, (mod a,) can be replaced by the weaker condition
a3 ® y,a, (mod a;). Under certain conditions, Lewin (27] gave formulas for g(a,.a,,....3;) and
n(a,,...a;) when a,,0,,...a; form an "slmost arithmetic sequence,” that is a sequence in which all
but one of the basis clements form an ordinary arithmetic sequence. When k = 3, a,,a,,a; always
form an almost arithmetic sequence, and Lewin’s conditions shows that his formulas cover two types
of cases: 1) After removing common factor, as in (1.2.2), we only get two independent basis

clements or 2) by proper choice of ay,a;,03, Hofmeister's condition (a; 3 x,(a;+1)) is satisfied.

Equation (1.3.6) will be explained in terms of to the algorithm presented in Chapter 2

(Corollary 1). Furthermore the following complementing result will be proved (Corollary 2).

Let (a,,a;) = 1. Since a; is linearly independent of {a,,a,} we can write

a3 = y,a;—-x,a; where 2€ y; <a, and 0<x; <a;.

Also let

a; = 8(a;=x)) + x; where 0 € x; < (a;—x,) .

lfa. P (6|+l)(ﬂz-1|) then
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(1.3.7 &3 = §,a;—-a;—a,+max{(a;~y,)asxa,} .

Expressions (1.3.6) and (1.3.7) are found after the “first step” of the algorithm given in

Chapter 2. Similar formulas could be found after any “step” of the algorithm.

Selmer [39] gave a direct and simple proof for (1.3.6) using the following table for the minimal

system {#;} of Lemma 2:

a 202 ............. (}'r‘l)dz
ay ajyta, 2a,4¥ay; 000 e (1=1ayta,
(1.3.8) | et e e e seeeeessesnnns
(a.—l)a, ¢1+(a|—l)a; 2¢1+(¢l|-|)¢; ............. (y.—l)a;+(a.—l)a;
a)ay artaja, 2a;ta4;.... (y;—-Daytaia,

and noticing that max{s;] must occur at the two lower right corners. Summing over the diagram

and using (1.2.9)

n(a,a,a;) = nla,a;) - %alxl(‘l-)'r")’l)

is found.

Selmer and Beyer [40] gave an slgorithm using convergents of the (finite) simple continued

fraction expansion of a,/s, where s is determined by

a, ®y_,0; (mod ay) with 1 <»_; <a,.

Furthermore if
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ray=a =qo1tvo 0<v<s,

=ity 0<7m <1,

Yo=gmtya, 0<v:<17,

Yo ™ G e2Ya+1t Va2 0 < Y42 < Yas1s

with Jiast < 21 < Laact where Py = go. Py = gog1 + 1.....Ps ™ Pa—1@a + Pp-3, then
Pusi a3 Pray
g(a).a38y) = = a, + (y3,=1)a; + (Py,~1)a,
+ M((Yh-l-(""l)‘Yu)dz, (Pu-l‘.'jpu)d;]
lJ - 0.1....41..4., -1.
The function

M(x,.x;....,xz.,] ® X if X < X2 €. € Xim

i.c., we arrange the arguments after magnitude and select the smallest number in the upper half.
They assert that when @) = Fao4iF2p42+F2ss, @3 = a)4Fpus), a3 = aytl, {a,4:a,) are

independent basis clements satisfying

a;<a; <ay

and
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a -
Yan+) <_3_< Yin-1
| SYSCRE PR o YO

where F, = F,_,+F,_3 for t » 2 with Fo =0, F, = ] are the Fibonacci numbers.

Rodseth {34) improved this algorithm and found simpler formulas for g, and n, using another
continued fraction expansion of a,/y, (with negative remainders). The Euclidean algorithm is used

in the following form:

a;= yo= qui—yan 0<y; <y
Yi=qv1y 0<y;<pyx

Y2=qvirVe 0<y,<yx
(1.3.9) .

Ym=1" Qm¥m~Vm+1» 0 € Yme1 < Ym -
Ym ™ GmetVmeds

Integers P; are defined by P_, = 0, Pg = 1 and

(1.3.10) P = i) Pg'Pg-] fori = 0,1,...m.

Set %— = oo and regard any inequality x < o (x real) as valid. Since ¢, & 2, it follows by
-1

induction, using (1.3.10), that P,,, > P,. Hence

Ym+2 Ym+1 b4 Yo
mZ g2 .. €~ —o>w,
P.ﬂ Pn Po P—l

and for a nonnegative real y there is a unique integer » = »(y), =1 € » € m, satisfying

Yot2 Yol
— < —
Py <V <P,

When y = %,gcd(a.,az) = 1 and » is determined by the above inequality then
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g(a,aray) = =a\+ay(y,e1=1)+a;(P,yy~1)—minlay,e2a3P,)

and

nlaa;3a;) = %{|‘¢|""2(Vm‘)'-+z-|)"‘¢3(?m-|)

(‘?yﬁl-nir) l

+ Yre2(Ppy=P) - a

(111) Arithmetic Progression.
Brauer {2] was the first to give explicit expression for f (a,,....a;) where the g, are k consecutive
positive integers:

a+k3-3 ki-k-2
=1 Jo + 3 .

S(aa+l,..a+k-1) = |

When the basis elements form an arithmetic progression

(1.3.11) a; =a+(i-1)d

where d > 0 with ged(a,d) = 1and 1 € / € a as in (1.2.1) then we bave (for k € a):

a+(a-1)d .

(1.3.12) gla.a+d,. . .a+(k=1)d) = [:—:%-

The result (1.3.12) was first given by Robert [32] with a complicated proof. Simpler proofs were
later presented by Bateman [1), Brauer [3), Lewin [27), Selmer {39] and Ridseth [35). Selmer uses

the following diagram for the minimal system {t;) when a—1 = a(k~1)+8 with 0 € 8 < k-1.
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a a . @x-) (-]
ay+a, ayta, ... ay-y+a, 2a,

(1.3.13) Yor e s s e
ayt(a—1)ay ayt(a—1ay ... ay-+(a—1)a; aay
ataa, aytaa, - Ggytaay

The last line occurs only for 8 > 0. In that case

g = max (=@, = ag,+agy—a, = aa+(a-1)d .

When 8 = 0, we get

i = agy—a, = (a-1)a+a-1)d ,

and both cases together give (1.3.12). Furthermore applying (1.2.9) to the system (1.3.13), a

straightforward calculation gives:

(13.14) n(a.a+d..a+(k=1)d) = %((a—l)(aﬂi)-m(aﬂ)) :

a result due to Grant [13). The case d = 1 was first given by Nijenhuis and Wilf [31). Lewin [27])

showed that when 0 < k < 8, (1.3.14) takes a simpler form

<lo=D)a+k-1)d-1)

(1.3.1% Ny - 2(k=1)

>

where <x > denotes the least integer 3 x.

Nijenhuis and Wilf [31)] proved
(1.3.16) L IO
& 2

They based their proof on the simple observation that if x and y are positive integers with
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x+y = g,, then at most one of x and y can have a representation by a,,...,a; leading them to

(1.3.17 niay,...ay) » l;(:(a......a.)-kl).

Also, it is clear that

(1.3.18) AP
£

In fact when @) = k>1, g3 = k+1,....a; = 2k—1 then a,,...,a; are independent basis clements and
all numbers 3 k have representations. However no number < k has a representation. Hence
n; = g = k—1. Furthermore as pointed out in Selmer [39), this case is the only possible case (with

independent basis elements) in which n, = g,.
Note that when g, = k, a; = k+d,....a; = k+(k~1)d, (1.3.12) is simply

(S k-1)d

and (1.3.14) is

" = % (k-1)(d+1)

and

ny 1 (d+]
P’ 2(d).

(IV) Almost Arithmetic Progression.

Lewin [27] introduced the almost arithmetic sequences. A sequence of distinct, relatively prime,
positive integers is called an admissible sequence. An admissible, almost arithmetic progression is

an admissible sequence where all but one of the basis elements form an arithmetic progression.
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In the following let p.ao,....ax be an admissible, almost arithmetic progression with

d‘-do""d

fori=1,..k.
As in (1.3.15), let <x> denote the least integer P x.
Ifp =ap—vd,1 <y &€ k+1,a, % d (mod p), then

(1.3.19) £(aonsay) = <L;:—;-l—>p + (p+y=1)d .

If ap = d (mod p), then, since obviously (p.d) = 1,

(1.3.20) £(p.a0...ar) = (ag—d) + <{—%> + (p=DImin(apd)-1] - 1.

Letting p = ao—d, Roberts’ result (1.3.12) is obtained as a special case. Furthermore,

2=l
k+1

(1.3.21) u(p.ao....,a,)--;; {:—: +1|(ag=d) | <201~k +1) >

+ -;-(p—l)[min(ao.d)-ll .

Expression (1.3.14) follows when a.a+d.....a+(k—1)d is an admissible arithmetic progression.

Ifapmtd (modp)forsomer, 1 <t € k+1,¢ <pwithag » t d then

(1.3.22) 20 a0ny) = (ao—td)<%:l>+¢d+(p-l)(d—l)—l.
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(1.3.23) n(p.ao...as) = %@-nu-nm-nu—n-%:.,u.,-n(m)»
—1DA— =l
+iglp+e—1)h [l+ rYe] &,
where p
Y Al § -t €
fo= < rye >, h » .

Ifao %t d (mod p) forsomet, 1 <r € k+ 1,1 <p.ao<td<ao<%>then

2
!

+1 |ag—p-d+V

(1.3.24) g(p.ap...ax) = [

where

max{<td—ay, [p-r[%”>l if vy <it-1,

VeV(pandt) =
(t-1)d if y=ig=1

and y = p—¢- [%] Also

(1.3.25) n(p.ag....az) = -;-(pﬂ)'y((%lﬂ)—[%lh+(l-l)d+%(p—l)(d-l) .

where

ﬂo-ld - e 2
] > .Y pt[‘].

When the almost arithmetic progression is of the form:
8, =a.a;= ha+d.ay = ha+2d,....ay = ha+(k-1)d with ged(@a,d) =1,d > 0,h > 1and k € a
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then Selmer showed (compare to (1.3.20) and (1.3.21)) that

a+(a-1)d

(1.3.26) gla.ha+d ha+2d,.. ha+(k=1)d) = [h [ 82 | p-1

k-1

and

(1327 nlaha+d ha+2d... ha+(k=1)d) = -;—((a-l)(ha+d+h-l)+hp(a+l))

where a—1 = a(k—1)+8 as in (1.3.13).

Selmer also observes that the situation in (1.3.19) is only a special case of (1.3.22) when
ag—td = ag—yd = p and furthermore, the conditions for (1.3.24) and (1.3.25) must be too weak

since (1.3.24) gives the incorrect value 134 for g(13,21,64) = 135 as was noted by O. Beyer.

Rodseth in his recent paper [35) also deals with the almost arithmetic sequence
a,=a+id (I =0,..k), ays; = c, where a,d k c arc positive integers, ged(a . d) = 1.

Let yo = a and determine y, by dy, B ¢ (mod yo), 0 € y; < yo. Then using the notation that is

used for (1.3.9), (1.3.10) etc. the following results are obtained.

(1.3.28) g(a,04d,a+2d,. 0+kdc) =

Yrti=Vre2—2

e )

). (Note that since a,,05,0; always form an almost arithmetic sequence his

d(y, =D +c(P~1) + max{a

kc

where '-'(a+kd

result in [34) is a special case of this one.) Alternatively if yo = a+kd and y, is determined by

dy, ® —c(mod yo), 0 € y; < yo. then
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(1.3.29) glaa+da+2d, . .atkdc) =

—d+c(Ppy-1) + max {a["—"ﬁ;"—'—”i] J[a[!'—‘,";a] - cP,}. where

-[L]

To simplify the presentation for the corresponding results on n, the following notation is used: For

any integer x, define Z, by:

x=] k| x=1 k
(1.3.30) z,-[ . ”x-l-zl - ]-2]-—1.
In particular
(1.3.31) 3, - [(‘"”(‘2;"")" ] <k,

Furthermore, let ao.9;,....0; ¢ be positive integers, where g, = ap + ie, { = 1,....k, for some integer
e (positive or negative) with (ag.e) = 1; put yo = ao, and determine y, by ey, ® ¢ (mod yo),

0 € y, < yo Then

(1 3.32) n (ao.d 1oeeeoBk .C) - %{l"’do"‘t (y,.,-y,n—l)d-c (P,ﬂ"l)

+Ypr2(Pps1—P)- al—o (ey,41—cP) }+ (Pp\=P)Z, P2, ..

For ag=a, e =d (1.3.32) corresponds to (1.3.28) and for ao=a+kd, e = —d (1.3.32)
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corresponds to (1.3.29). Taking ¢ = a in conditions for (1.3.28), we get y, =0, » = —~1 and

(1.3.12) follows. Similarly (1.3.14) and (1.3.15) follow from (1.3.32).

Rodseth also gives Selmer’s formulae (1.3.26) and (1.3.27). (1.3.27) is given in the following

form:

n(a.ha+d.. ha+kd) = -‘i-(a-l)(d-l)+ha+h2, .

Nowletc = g+Kd, k < K,and puta = ak+8,0 € 8 < K. Then if

, we have

(1.3.33) B=0 oratd [i%l

82
k

+dp, a[";z ]—a} .

For if K < a, using (1.3.28), we find that y; = K, and, by (1.3.33), » = 0, then (1.3.34) follows. If

(1.3.34) gla,a+d,..a+kd a+Kd) = (a+Kd)a—d+mx{a[

a < K, then, by (1.3.33), and by a lemma of Roberts’ [30):* a+Kd is dependent on a,...a + kd,

+ d(a = 1)) shows that (1.3.34) is

and (1.3.12) (when given as gla,a+d,...a+kd)= a[%

true also in this case.
If (1.3.33) is satisfied then (1.3.32) gives

(1.3.39) n(a.a+d,..a+kd a+Kkd) =

= et D @+8)+@-D E-D}+aZc+2,

*  (Let aq....0 be integers satisfying @, = ag + (e, { = [,...k, for some integer ¢. Then an integer a is dependent on
@e...0 if and ocaly if » has an integral representation n = g9 x + ¢y with0 € y € kx).
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Letc = g~Kd,a = aK+8,0 € 8<K and suppose that

(1.3.36) a> l%—'—l +d

Using (1.3.29) we find that y; = k+K,» = 0 and

(1.3.37) gla.a+d.. a+kd a~Kd) =

d(K-1) + max a[x-iz—z ]. a[ K;Z ]-(a-Kd) +(a-Kd)gq, .
By looking separately at the cases ’5%-—2] = and < K—;z-l. we find that (1.3.37) may be
written as '
(1.3.38) gla.a+d,. . a+kd a—Kd)=

CvanK=2o o atkd 4]
d(K-1)+al T J+(a-Kkd)[ K ],

where { is determined by { ® K—2(mod k), 0 € {<k; that is, { = x-z-kl!‘;—zl. The formulac

(1.3.34) and (1.3.38) were given by Siering [42], with a slightly different condition than (1.3.33)
and with a more restrictive condition than (1.3.36). Selmer [39] gives (1.3.34) and (1.3.35) when

d=1.

Hofmeister [18] generalized Roberts’ formula for arithmetic progression:

a+(a-1)d ,

(1.3.39) gla.a+da+td a+i?d,. . a+1*"%d) = [—"::_3

provided d > (a=1)(/-1)a—2a, where l-min{k, ['—"lb%ﬂln}. In case of d =1 and
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t = 2, Selmer [39] showed

(1.3.40) g(@.a+1042042, a+2t) =

k-1 i
@+ [ L[+ 3 2|22 |+ k-2)a-1,
2 i=0

and showed that his method could be used to obtain (1.3.39) regardless of the magnitude of d.
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CHAPTER Il
2.1 INTRODUCTION TO AN ALGORITHM FOR k = 3

When a, = t—n, a; = {-m, ay = { with gcd(a,,a;,8y) = 1 none of the above algorithms seem
to lead to an explicit formula for g(a,,0,.0y) in terms of n,m.2. The algorithm we present here
leads to such a formula. We present this formula in the next chapter.

Because of Johnson'’s {20} reduction formula (1.2.3), and (1.2.7) in Chapter 1, the following
assumptions can and will be made:

(ZAl) ged(ay,a;) =1 with a; > a,

(2A2) Q) = ya—x,8,,
if (F) form is used with0 < x;, < ay-1,1 < y, < ay, 0r
2™ x18,=) a2,

if (F) form is used with 1 < x;, < a; and 0 < y, < a;~1. The following notation will be used:

The algorithm has three cases. Superscripts a and d are used for cases 2 and 3 respectively

x§=x§=a; y§ =y§ =a,
(N Mexy, oy, §=0, 1§=1, a= l%]

Xf =ax=xy, yf =a=y " -1, 7‘- 0, 6= [x—sl
xf

For ay > 1 and p 3 O define the following terms recursively:



where
(ZNl)

Fora;> landp 3 |

where

(2N,)

Ford; > landp » 0

where
4

(2N

Ford,>1andp > 0

-35.

x%pe2 = x—azeixper,

Ve = yh—ansyhe
RES

St y,;ﬂ

¥%p+2 is the remainder when y}, is divided by y%,4 .

1841 = 1%+ 7t Yhe = 75,

meer = Yt e = mGytars v -

and

x%pe1 = x8p-1—83,x8,

Y’pﬂ - )’b-l ‘%)’!p
e 5]

x%,+1 is the remainder when x9,_, is divided by x$,
I = U1, Y = Yop-1tdpplY .
mi, = v 4%, = m$,_ +8, 18, .

x$42 = x§~82p 013541
)’fuz - .V’;“uﬂ.l’fnl

x%,+2 is the remainder when v4, is divided by v%,4, .
% =%, vHa = vh,+8301l%,.
méy. = ’Lﬂﬂfpﬂ - m"""b#ll” .
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[ ’1”1 - *"-l‘“u"fr
y’,ﬂ -y!p—l-aby’a
where o - L’L'
here %% [ %

Ny y%+1 i the remainder when y%,_, is divided by yf, .
19 =1, 1 +ayvh_1. ¥4 = v4-1.
miy = i+l = my_ +ayhy-r .

2.2 AN ALGORITHM

The algorithm is divided into three mutually exclusive cases.
Case 1. a - 6| -],
C‘le 2. ay > l. 6| -],

Case 3. 6|> Lay=1.

If a; > 1 then because of (2No).y| < az—'.

Suppose x; 2 02_2 then

a,a; aa
a; = y,a,-x,a, € '22‘—'2—2"0

contradicting a3 > 0.

Therefore,
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0<x <2
P 41 2
and,
a;
gy > a—xy; > ‘3‘
and,
6] - | ,
because of (ZNO).

Similarly when é; > 1, a; = 1.

In case 1. (a|-6|- 1)
g(a,.a;,0y) = aytmaxix,a,.(a,=y))aj}=a)-a,.
Incase 2. (a)>1, §;=1)

Simuitaneously the Euclidean algorithms for a,|y{ and for x{|x§ are used until either (1) x9, is
not a remainder (i.c. x§, 3 x%,-,) or y4, is the zero remainder or (2) y$%,., is not & remainder (i.c.

i1 3 %) or x%,,, is the zero remainder for some p > 0.
(1) let x*=x8,_, y* =y%,, m*=mi,_,,
If (2) let x* =x%41, ¥ =y} m* =mi,,
g3 = (m*—1)a;+max(x®a,y*a;)—a,-a, .

See diagram 1.




If x§ 3 x{ory§ = 0.
The algorithm ends with

x* = xf,y" =y

m® = mt
Ify$  yforx{ =0
The algorithm ends with

x® = x4,y =8

m® = m$

If x$, 3 x$,_y ory4, =0

The algorithm ends with

x* = x81, ¥ =yh

mnt - M!’-|
If y$41 3 ¥4 or x84y =0
The algorithm ends with

x° = x84,y =y

m® = mf,

.38 -

Step |.

4
»

y§ =a, - ayt

x§ =a; - a)xt
If x§ < x{.Step 2.
x?
b= L,

x§ = x{ ~ 8;x4
y$ =yt = &8
If y§ < y§. Step 3.
ay ™ [y—!

4]

yi =yt ~ayl

x{ = x$ ~ ayx$

If x$, < x§,-,.Step 2p.
x4,

xfpe1 = x§-1 = Spxf,
Yot = o1 = 830%

O =

If y%+1 <y$%,.Step 2p+1.
2o
y,.pﬂ
ﬂ"z - )"o - ¢2p+l}'lp+l

xfpe2 = x§ = arpnxhher -

A+l ™
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Incase 3. (3,>1, ay=1)

Simultaneously the Euclidean algorithms for a,|x{ and y{(y{ are used until either (1) y%, is not
a remainder (Gie. 4, » %)) or x§, is the zero remainder or (2) x%,4, is not a remainder (i.c.

x4+ 3 x%) or y4,4, is the 2zero remainder.

If (1) let x=x%, y'=ph_), m‘=mf,_, .

If 2 let x! =xf,, y* =yhoi, m' =mf, .

g3 = (m*—1)a;+maxix?a,y%a;)—a,—a; see diagram 2.




Diagram 2

ify§ 3 yforxf =0
The algorithm ends with
x¢ = x{y? = yf

m? = mf{

Ifx{ > xfory{ =0
The algorithm ends with
x = xfy? = ye

m? = m§

Ifyg, 3 y4-10rx4, =0
The algorithm ends with

X =l =y
mé = mi,_,

If X”¢| > X" Ol’yL+| =0
The algorithm ends with

x = xly! = yhu
m? = mf,

T4

x{ =a;— 8x{

y§ =a, - yf

Ify{ < yf. Step 2.
g
7]
y{ =y{ — awyf
x{ = x{ = a:x{

a; =

If x§ < x{. Step 3.

ne 5]
x{ = x§ = 8yx§

y{ = y§ = 8y

If % < y%-1. Step2p.
- |2
Y%

y"#l - J'f,-l - du)’f;
xhpn = xfpm1 — apyxfy

If x§p41 < x%,. Step 2p+1

b1 = [x G

xfper = x8 = 8pa1xhes
y"#l - }"' - ‘uﬂy’oﬂ
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2.3 RESULTS FOR A PROOF OF THE ALGORITHM

First of all we observe that the algorithm terminates in a finite number of steps since the
Euclidean algorithm for any two integers ends after a finite number of steps. When we have

x3yp.xgyd etc., we assume that at the (p—1)st step the algorithm has not ended.

“The following results are used for the proof of the algorithm.

Lemma 3. Forp  1if x§,_, > x4, then

23.1) {“’ =x§>x1>x8..>x8 > x5 > x5 30

a=y§ >yt >y8 .. >y > y% >4 20
Forp 3 0if y%, > y%+ then

a=x§>xfI>x{4>.>xf, >x »0
23.2) {z > X

a=y§>y1>y1>..>9% > yha > a2 20
Similarly for p 3 1if y§,—; > y%, then

aa=xf>x{>x{>.>xf.,>x{( 30
(2.3.3) {2 ’ "l "

a=y§>y1>y>.>y4>y6u30
For p 3 0if x§, > x4 then

ay=x§>x{>x{>..>x8> x4 >x5:>0

2.3.4) {a. =y >y >y{>.. >y} >y4u >0

Proof. The proof of lemma 3 is obvious when we note that at each particular inequality, the
inequality holds either because of the conditions in the algorithm or because right-hand side of the

inequality is a remainder.

Lemma 4. Leta; > 1 and p > 0. Then



(2.3.9)
(2.3.6)
2.3.7)
Therefore,
(2.3.8)

2.3.9)

(2.3.10)
(2.3.11)
(2.3.12)
Therefore,
(23.13)

(2.3.14)
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13,-1a; = I%,a3 = x$,0,~y%,a2
5183 = y%,-102—x%,-1a,

1583 = Y5 1a3 = yh10:-x%,410)

ml,-10s = 4,=x%-1)a; + (4,1 ~y4)a;
mbyay = (x4,~x%41)0) + (401 —yh)a;
Similarly if 8, > 1 and p > 0 then
1,1a; = x§,_1a\=y%-1a;
140, = x§,11a1=y% 102

‘7’,—143 - ‘Yf,d: - y‘pﬂz-x!pdl

mf,_1a3 = G- ~x$)a,+(yh-y%-1)a;
méa; = (x§, 01 =x$)a 1+ (G ~yhe)a;

Note: From now on v,, /,, m,, etc...will represent vj, I3, m§ when a; > 1 and will represent +§, I,

mg when §; > 1.

Proof. We use 2N)), (ZNz) and induction on p whena; > landp > 0. Forp = 1

lay = ayay = (ayyf)a=(a)xf)a) = (ayf—a)ar—(a;xt—ar)a;
= xfa,~yla:

7183 = a3 = ylax~xfa,

la; = l,03 = x%a, ~ yta;

7203 = (v148;1))ay = (yf—S9)a; — (xf—8xx8)a; = yla;—x%a,

Thus, the lemma is valid when p = 1.

Suppose the lemma is valid for p = { where / 3 1. Then for p = i+]
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lyp-1ay = lyeyay = Uy+aysvzy)(ay)
= (x§—ays1xbe1)a 1=y ~ay+yhie1)a; because of (2.3.5) and (2.3.7)
= x%4201-y%420; because of 2N,)
= x%,8,=y%4a;
Y2p-183 ™ Y2+183 = Y4y
= yYnar-xbna
= y%p-183-x%10
and
lpa; = lysay = lynay
= x%,a,=y%4a;
and
Y283 = Yu4+283 = (Yyn83+8y4rlysray
= (Y1 Pusrylie)ar— (%1 8y s2xbie)a
= y4+182-x%438,

- ﬂpﬂﬂz‘xfnlﬂl .

Thus, the lemma is valid when p = i+1. The proof for when 8, > 1 and p > 0 is similar.

Lemma 5. Forp 3 1if x$,—; > x%, then

(23.1) e >0
Forp 3 0if y$, > y%,4 then

23.2) X542 >0
Forp 3 1if y§,_ > y%, then

(23.3) xbper >0

Forp 3 0if x§, > x4+, then




.3.4) %42 >0

Proof. Suppose for p 3 1, x%,-, > x%,. Then as defined in the algorithm §;, = ['—'5:'—]

Therefore,

x%5e1 = x%1 =838, 3 0.

If y$5+1 € O then as in Lemma 4
v4a3 = v54103 = y441'62—x%+10, € 0.
This contradicts a; > 0 since v§, > 0 (because of (2N2)). Therefore,
yHe > 0.

The rest of the proof is the same when for (2.3.2') we use aj,+; and /4,4, a;, for (2.3.3) we use a3,

and /4,-a; and for (2.3.4) we use 85,4, and ¥4, °a3.

Lemma 6.
Foray > 1 withp > 0

(2.3.15) (V"q)(ln’,q) - (}'!,4—}"‘,)(‘75-0 -a,

(2.3.16) 0541 (ms) — (001 —y%) (v5) = ay,
and for 8, > 1 withp > 0

2317 04 0my-) = Gh=yh)(rd) = o,

(2.3.18) 05 ms) - 6—r64)G5) = a,
Proof. We use (2Nl)' (2N2). lemma 4 and induction on p when a; > 1 withp > 0.

Forp = 1,



.45 -

wenote that f =1, mf = a+1.
Therefore

oD (m?) - 1=y
= yfa;+y§

= a, by the definition of y$ .
Thus, (2.3.15) is true when p = 1.
Suppose for odd i (2.3.15) holds. That is suppose,
0D m?) = Gf-yfa)0f) = a, . W
Then

W) (mf) = Glaa=yla) (vfsn)
= () (mP+3,4400%)) — Glaa=yla) (v +80ll01)
by the definitions of mf,,, vfy, in (znz)
= =80l Ufe)) + ) (VP43 001)
because of the definition of yf,; and [/f = [fy, = mf—f

= ) mf) — (f-pfe)(3f) = a; because of (1)
Thus (2.3.16) holds, when (2.3.15) is valid.
Next, suppose for even i (2.3.16) holds. That is suppose

) m) = G0 () = a, . 2)

te.




(yl.ﬂ)(ml.ﬂ) - ()’l'ﬂ ‘)’fﬂ)(‘n'n)
= (pf))(m?) + (GMLVI'M"’YI'H-,W‘H)(‘YI.)

by the definitions of my,, vf% in (2Nl)

= (%)) (M) =yl =y (+)
by the definition of yf%, .

=-a, because of (2) .

Thus (2.3.15) holds when (2.3.16) is valid. Thus (2.3.15) and (2.3.16) are valid. We can prove
(2.3.17) and (2.3.18) using (2N3). (2N ) and induction on p when &, > 1 and p > 0. Similarly
we can prove the following lemma.
Lemma 7.

Fora; > 1 withp > 0
(2.3.19) (X’,)(M”q) - (x!,-x!,-.)(l!,-.) =gy
(2.3.20) x%,) (m$,) — (x4,—x%,+1)US,) = a;
and for 8, > 1 withp > 0
(23.21) (xf,-,)(m{,-l) - (x{,-l—x!,)(lf,-;) - a,
(2.3.22) &hpa1)(ml) = 0l 01 =x4) () = a; .

2.4 A PROOF OF THE ALGORITHM

In case 1. Hofmeister's result (1.3.6) mentioned in introduction is used.

Since =1, arx,> %a;.

That is, @; > 2x, is precisely the condition used for (1.3.6). Thus, because a; = 1, (1.3.6) gives:

g3 = ay+max(x,a,, (a,-y))a}—a;-a, .
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Lemma 2 is used for the proof in case 2.

Case 2a.

Let p > 1 be odd and let L be a complete system of residues modulo a,. For each / % 0 (mod
a;) let 1 ® | (mod a,) be the smallest positive integer with a represention by aja;. Then there

are pairs of non-negative integers (y,2) such that
1 = yaytzay .
Let (y'.z") be such a pair for which y' is minimal.

Suppose that the algorithm continues at (p—1)"" step. Then one of the following (1) or (2) is

valid.
(1) yp <yp0t (D y; 3y .

If (1) is valid, then as in (2.3.2) x;_; > x5-; > x; 3> 0, and therefore, as in (2.3.1) Lemma 5,

yp > 0and

y—-xpa, = y'a;+z'ay+y,ay-yja;  because of (2.3.6) .

= (y'=yp)a+(G'+y,)a,
If x; > 0 then by the definition of the # or if x; = O then by the minimality of y’
(24.1) 0y <y

If (2) is valid then the algorithm terminates. Furthermore, since (as in the algorithm) x;_; > x;_,
using (2.3.1), we have:

xj-1>x20 and

4=(xp-1=x)a, = y'aytz'as—m,_as+(y—y;-)a2  because of (2.3.9)

= ('+(Gp-yp-1)art(z'—m,_)a; .

Therefore, because of the definition of ¢,
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(24.2) 0€z2' < m,,
Furthermore note that x;_, > 0 in both cases and

t=xp-1a)

= (y'~yp-1)a;+G'=l,—)a;  because of (2.3.5)
Once again because of the definition of ¢,
(2.4.3) 0Ky <yjy of 02 <lpy=my =7,
Thus (z'.y) € YUZ where Y and Z are disjoint sets of pairs of integers:

Y=(p2)0<€y <y;.1 . 0€ 2z <m,)}
Ze{pDlyp-1 Ky €yp . 0€2 <1,y).
The number of elements in Y UZ is given by
[YUZ| = |YI+|Z] = (yp-1) Omp- )+ G5=p5-1) Iy =,-1)

= ypmy_1=3=y;-1)vp-1 = @)

because of (2.3.16) ,
Thus, {1,|/€L) = (ya,+z2a,|(y.2) €Y UZ]} forms a complete system L of residues modulo a,. Also

(’n‘:ﬁylya,ﬂa,} = (y5-1=Das+(m,_,—1)a,

and if Z is not empty — i.c. if y§ 3 yj-1 (precisely the condition used to terminate the algorithm

after (p—1)" step.) — then

('nB‘xz(yaﬁza,] = (yp—1)ay+(m,_,—y,-1—1ay ,

giving — as in lemma 2 —
g3 = maxf—a, = p-1—1ay—a;=a,+max(y;_18:958:—v,-1a3)

= (m*—1)ay+max{y®a;x*a\}-a;—a, ,
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because of (2.3.7) and by the definitions of m*, y* and x*.

Case 2b.

Let p > 0 be even and let L be a complete system of residues modulo @;. For each / # 0 (mod
ay) let t; = | (@) be the smallest positive integer with a representation by a;,a3. Then there are

non-negative integers (x,z) such that
Uy = xa,+z2a; .
Let (x',z") be such a pair for which x' is minimal.

Suppose that the algorithm continues at (p—1)" step. Then one of the following (1) or (2) is

valid.
M xp.,>xp0r 2 xp3 x5

If (1) is valid, then as in (2.3.1), y5-; > yj-; > y§ » 0. Therefore, as in (2.3.2) Lemma §,

xp > 0 and

t—yga; = x'a\+z'aytl,ay-x3a;  because of (2.3.5)

= (x'~xp)a,+(z'+l,)a;
If y3 > 0 then because of the definition of #; or if y; = 0. Then because of minimality of x'
(24.4) 0 x'<x;

If (2) is valid then the algorithm terminates. Furthermore, since (as in the algorithm) y;_2 > y;-,

using (2.3.2), y;; > y; 3 Oand

t,-(y,‘.. —y")dz - x'a,+z‘a;—m,-,a;+(x,‘—x,‘-. )¢| because of (2.3.8)

- (I"”(X:-X;.\ Na, + (Z'-M’_l)dj
Therefore, by the definition of ¢,

(2.4.9) 0€<z' <m,



Furthermore note that y;_; > 0 in both cases and

4=yy-10; =
= x'a;+2'ay=y,-185=x5-1a,  because of (2.3.6) .

= (x'=xp-))a,+(z'—y,-))a;
Once again due to definition of s,
(2.4.6) 0 x'<x}_; or 0€2 <7,
Thus (x'.z) € XUZ where X and Z are disjoint sets of pairs of integers:

X=(x20€x<x), ,0€2 <my

Z=(xg)xp, €x<xf, 0Kz <7,
The number of elements in X UZ is given by

|XUZ| - 'X|+|Z| - ;-|)(M'-|)+(X:-I:-|)(M,_|-l’..|) since V-1 = m,..,—l,-, .
- X;‘M’-|—(X:-X;-| )I'-|

= g, because of (2.3.19)
Thus,
(yll€L) = {xa\+2a3(x,2) € XUZ)
forms a complete system of residues modulo a;. Also
un}%xlxaﬁza,) = (x_)=1a,+(m,-=1)a;
and if Z is not empty — i.c. when x; 3 x;_, (precisely the condition used to terminate the
algorithm) — then

&l”‘lexa,-na,] = (x3-1)a;+(y,-;=1)a; giving — as in lemma 2 -
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g3 = max t—a; = (m,_1~1)a;—a,~a+max{xs_,a,x58,~/,-1a;)

= (m*—1)as +max{y®a;, x*a;}~a;~a,

because of (2.3.5) and by the definitions of m*, y*, x*.

The following completes the proof for case 2.

Let p > 1 be odd with x; = 0 and y; < y;_,.
Then
Y5> ¥ie1 0 asin 23.2)
xj-2 > xp-, as in the algorithm
xp-1 > x5 320 asin (23.1)

and  xJ4) = x;_y—a,x; = x;_, by the definition of x3., as in 2N,)

s g "
giving xp4) 2 x;.

Therefore the algorithm ends after pth step with x* = xJ = 0, y* = y;,;, m* = m; and

& = (mj—1a; + maxixga,, y5e1a2) — a) — a;
= mpay + yy418; = a) — a — a
= m;_1ay + a,7pa3 + y;-1a1 — a,y;82 — @, — a; — a3

= (my_,=1)ay + max(xga,, y;-1a;) — a, — a; using (2.3.7) and noting x; = 0.

Thus if xJ = 0 we can end the algorithm after (p—1)” step. Similarly if y; = 0 for even p > 0,

then we can end the algorithm after (p—1)* step.

The proof for case 3 is exactly the same when a is replaced by d, even p replaced by odd p, and

odd p replaced by even p, and is omitted.
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Corollary 1. When a3 » x)(a) + 1) (i.e., when Hofmeister's condition is satisfied for (1.3.6)) then
xf=xf—axi=a;—ax, » x;=x}.
Therefore, the algorithm ends after the first step with (see Disgram 1)
xX=xf{y=yim® =mf=a +1
giving
g3 = aja; + max(x,a,,(a,~a\y)a)) —a; - a;.

(i.e., giving (1.3.6).

Corollary 2. When a, 3 (a;=y,)(3,+1) then (see Diagram 2)
yf =y§ =y =a, - 8:@a,~yf) > (a)-y) - y{
Therefore, the algorithm ends after the first step with
x = xfy! =y m? amf = +1
giving
g3 = 8,a3 + maxl(a; — 8;-(a;-x,))a,,(a;~y,)a)) — a, ~ a;

(i.e., giving (1.3.7)).

Corollary 3. When a; B - a; (mod a,) then

az"’d; .

ay= ‘ay —a; gives

a;

ata

a2 yfa,
’ az a,a; a) -1
! as+a; aytay |’ @ a,-1 )

a)

Therefore,
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[ BCILE I 72 P D 1L
2 ‘2+‘JJ a; .4 1 artas .
[ a0
Also when y{ 3 y{, i.c., when a, > ;%] + 1 then the algorithm ends after the first step
1ta;
with
xtaxfyloyfml, m =3 +1

giving

- 2092 | g vi-g.) - a: ~

43 arta; a3 + max(x?-a,, y?-a;) ~ a, - a;
- d Lo} - 192 4y —n -
max( arra; |9~ [arta; a3+ x%a, —a, - aj))

and Brauer and Shockiey’s formula (1.3.5) follows when we note that

axta
PR ’)-al-a,)
a,a; a) -a, — a a; 1
ajytay ata, ! ayta,
a,a;

(az‘.’ﬂ;).

and x%a, = a,a; —

aytay



-54-

Chapter 111

3.1 INTRODUCTION TO A FORMULA FOR g(t—nt—m,) AND A PROOF
We use the following assumptions (3A)-(3A,), and notations (3Nl)-(3N5).

3A) ged(t=nt~myt) =1, where 0 <m <n <t.

(A, @)= Gy 0= Gy Where (1) = ged ()

GAy) j(T'J—)-lm [mod-(ﬁ)-] witho<1<z£;)—.ﬁ>z.
GN)) - (;::)

(N, Let J%) =/ ,J§=j andfor 0 € p € s*,

Jo, = J, (mod JO with 0 < JSy, < JS<Js
where s* is such that Ji,, = 0. (Note that s* 3 O does exist since the Euclidean Algorithm for

J-1 | Jo ends after a finite number of steps.) In addition

let J4, =7,J§=f—j and for 0 € p € 5*,

Ji-, mJS,, (mod JDwith 0 € J&,, < Jf < Ji,

where s is such that J%,, = 0.



(N,) k, =

(N =
Also
i§ =1

-85

with k, =0 if p € 0.

U Gy )-Upm (k) + -jfo- )+ if p odd

\

J'
Upn) (k)= Upm) (ky_) + % () if p even
Upm U=Uypm) Uy = 22 (.0 if p odd

U, n) (k,_)=Upn)(k,) — -";L (n,0) + JL if p even
0 [ ]

(3Ng) Suppose C1-y = n, Clp = l"—(;-'i then for p 3 1 let (when J,, » 0)
°

C:-

Cf,’ -

and (when J, » 0)

4

n .
C$,-2 + (n—m) T2 Upa=TyD if p odd

mn .
CS,-2 + J,-zU,-z— ) if p even,

q.r-z+(n-m)[ z ]l;ﬂ-l] if p odd

Jp-ZJp-l =1
mn Jp-2 .
Ci,-2 + -1 if
? Ip-2Jp-1 ] ["r-l ] peven
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Cly-2 +(n m)[ ,41,4][-’-—2—11 if p odd

e T

J,_;J,_

Also suppose C{_; =0, Cp = n+(n—m) [%‘5)—] then for p 3 1 let (when J,_, » 0)
°

mn . id
q'-z * Jp-zup-z-lp-l) if p
-

—=m)n .
i+ Tyalya=d, ) if p even,
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Jp-a

l,-zJ,-: ] [ Jp-1

—l] if p odd

Ip-2dp-1 || Ip-

Clys + (n-m)w][l,.z ] if p even

and (when J, » 0)

cl,2+ ’_JH”""-I] if p odd

[(n=m)(n) | [ Zp-2 .
- —1| if p even
Clp-a + Jp-20p-1 ] Iy ] P

To simplify notation J,, iy, C,, C1,, Ca,. s will represent Jj, i3, C;, C1,, C1,. s when case 2 of
the algorithm is used or J¢, i, CJ, C1,. CY,, s* when case 3 of the algorithm is used. Furtbermore
when superscript "a” is present, for instance v, y;, etc., the case 2 of the algorithm is being
considered. When superscript *d" is present, for instance vy, yj, etc., the case 3 of the algorithm is
being considered. When both superscript "a* and °d” are present, cases 2 and 3 are being

considered.
3.2 A FORMULA: THE MAIN THEOREM

Fort >n>m > 0Owithged(t=nt-myg)=1and0<{ defined by

N
(n.n)

m n
1= ) [mod (m.n)]
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(m,n)l-lm - -

L - (ﬂl ) ](l n)+(n M)[(M.ﬂ) ] h (Bl)
ifo<i< ‘; 3

G2.1glt-nt-my) = 1 )
(m,n t—im  _m +i=3|G=-n)+(n-m)(i-1)-n (B)
n (m.n)

p B=M n
if vy <" < v

& l@- oleml)

The Main Theorem takes the following form when the basis elements are {(a,b.c} and when we

provided ¢ > max{n +

substitute ¢ by ¢, n by c—a and m by ¢-b:
For0 <a < b < ¢ with ged(a.b,c) = 1,d = ged(c~b,c—a),0 < i € %deﬁmd by

o [ o)

cd=i(c—b)
g

c-a

b ad . b—a

oo ga+d 7 " ° b-c¢ if 0<i g 7
glabe) = ac ab .. b—a c—a
+d d+bl a-b-cif 7 <i<g 7

-} ol

3.3 RESULTS FOR A PROOF OF THE MAIN THEOREM

c> M{C-d +

First we show that J, = (m n).

Lemma 8. If (nj) = d then (m,n) = d.



3.3.1)

Suppose (m,n) = d-d’. Then

and

Therefore,

Thus it follows that

Lemma 9.

(3.3.2)

(3.3.3)
(3.3.4)
when 0 € p+1 £ s,

(3.3.9)

-59.

n = 0 (mod d), and

m % 0 (mod d) dueto (3A3) .

(t,dd) =1 dueto (3A|) .

((nt)dd) =1,

nE0(mcddd)

J % 0 (mod d-d") due to GA,) .

d' =1 since (7,j)=d.

J, =(mmn),
n
(nye) < Ak

J’ > J’4I+Jl

J,—l-J' > J, > o »



and
(3.3.6) Jp-2=dp 3 Jp-)

ifp < s+l.

Proof. Because of (3N2) when J,4, = O,

J,-1 B0 mod J, .
Also
.’,-1 » J, mod ¥ SN
Therefore,
J.-] = J.-z = o m J,. .nd
-’:—2 Jn-l
7, =1 mod 7,
Thus,
-’--2 Jl-l
:cd[ 7, T ] 1. ()
Because
J:-) = -’n-l (mod J:-z) ’
we have
J,;-3 0 modJ, and
JI-J Jl-l -’--2
— i — —_— .
7 ['““' J, ]
-y Iy Jemy Js-
If ged Jimy Jia | oy pen ged| 222, 222 | 5 1 contradicting ().
J. J, J‘ J‘

Therefore,
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di-y Jima | 1
AR A '
Using the same argument we end up with

i’.‘.ﬂ’. 1 givi
7,7, giving

() =J, or (Ma=j) = (nj) =J,.
Now lemma 8 gives (m,n) = J,. Thus, (3.3.2) holds.
Alsofors 3 0, m > J,

Therefore,

n n
(n,t) = < 7,

Thus, (3.3.3) holds.

Furthermore, for 0 € p+1 € s,
J,®J,,, 0 mod J,
and
Jp>Jp>0.

(Note J_, > Jo> J, » O by (3A3) and (JNZ).)
Thus, we have J, 3 J,41+J,. Thus, (3.3.4) holds.

For
p=s. J'ol-o.

Therefore,
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Jp-1 B0 (mod J,) with 0= J,, < J, <J,,
giving
Jp-1 P U, it Jpy—dy 3 J, .
Thus, (3.3.5) holds.
Finally, for p < s+1,
Jy-2%J, (mod J,_)) with 0<J, <Jp,.y <J,,.
Therefore,
Jp-2=dp P Jp1 .

Thus (3.3.6) holds.

Lemma 10. Foroddp 3 1,

+

(n,t)
Ct, = n+(n-m) [n (ky-2)-n(k,_,) - J’: J,-:I,-n ] '

*

Ct, = n+(n-m) [n(k,)—n(k,_,) - %’Q
°

- m(ﬂ") mn_-
d' (M)(k’-z)—(mn)(k’-l) Jo + -”—!J’-l ’

C1, = ) k)= mm) &) = 8L ng,
0

forevenp 3 2,
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_ _ m(n,t) mn
Cly = (mn)(k,_3)—(mn) (k,_,) + Jo * Jp-rdp~r '

C1, = (mn) (k)= (mn) (k, _,) + ﬁ‘;";-l

+
Jo  Jpordp

Ct, = n+(n—m) [n (ky-2)—n(k,-,) + (1) n ]
1, = n+(n~m) [n(k,)-n(k,_,) + %oﬂ] ,

Proof. First we prove lemma 10 for C{, and C3,. We use induction on p. By (3N5) we have:

r)
C“ = n+(n-m) Jo’o

t)
Cy)=n+(n m)[‘,",l —'—-]

Thus, the lemma is true for C1, and C§, whenp = 1.

Also

mingt) . mn _ _mn

Jo JWJ2  JoJy

m@nt) ., mn _ _mn
Jo W Joy

Clg - and Cu -
Thus, the lemma is valid for CY, and C$, when p = 2.

Suppose the lemma is valid for C1, and C$, when odd p > 1. Then using (JNS) we have:




)(—L-I]

C,'u - Cz,‘.'(ll-m) l-’ J”‘ J’”

)

= n+(n—-m) [nk,)—n(k,-,) -
-’o

)

(n,0) n
= n+(n—-m) ["(kp)-"(k"”) T * Jperdpai ] .

+(n-m )1

Cz,’q - Cz,'.'(ll—m) l-’p ’” ] ["”L2 - l]
= n+(n—m) [.(am)-.(k,ﬂ) - i";’—’-] .
/]

Thus the lemma is valid for C1,4; and C%,.2, when p is odd.

Similarly suppose the lemma is valid for C1, and C$, when even p > 2. Then using (3Ns) we

have:
Cipe2=Cap + J,.I,,, ] [ Ty ]
- - M(L,l) i -
(mn) (k,)=(mn) (k,_,) + J’J,,. ] Ty I]

- "l("") mn
= (mn) (k,)—(mn) (k,4\) + T + Tredyo and

L _ 1
J, Jpﬂ Jp+2

= (nn) (ks )= ) (K y ) + "'—‘J';ﬂ .

Cu¢z - Cu +

Thus, the lemma is true for C1,,; and C3,,,, when p is even.

The proof for Cf, and C¥,, is similar, and is omitted.
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Lemmall. Forp > 0, C1p-2<C, <Cy, if pe=s+l and

Cip-2<C, <Cy, if p <s+l.
Proof. Forp € s+1, by (3N2)
Jy2>dpy >0,
Thus, because of (3N,)
Cp-2<GC,.... )

Furthermore, because of (3N5) and lemma 9, (3.3.9),

Jp-2=Jp-1 ] 1
b 2 > when p = s+1
I Jp-ll,.. ] Jp-l Jp-z"-’p-l P

C, <Cy,.... )

Furthermore because of (3N5) and lemma 9, (3.3.6)

Jp-2—J, 1 1
[ Jp-1Jp ] J Jp-2=Jp-1 d

Thus,
C’ < Cz’ . 3)

Combining (1),(2) and (3) the proof is completed.




Lemma 12. For0<j<g-wemasezofthellga-ithm.orfor%<j<iwe|uecue3of

the algorithm, and for j = % we use case |1 of the algorithm.

If0<oddp € s+1 wehavea, (incase 2) 3 foré, (incase 3) > 1 and a; = & = 1 (in case

1.

K

2
-1

-

a, (in case 2) or
8, (in case 3)

- 9

Jp-1—J,
-%—L if p <s+1 and t > max(C;,-1.C3,)
p-1

l

Also if x3 » 0 (in case 2) or yj » 0 (in case 3) then

m .
x$ + — if p=s+l
(4 J’_' P
(337) X:ﬂ -
/3 x;+—-m— if p <s+l

Jpy Iy

[J,-.t - [-{L']m (n,t)

Jo m .
+ Upoym)(kyy=k,-)) + =— if p = s+l
n Iy

(3.3.72) -
J - /3 mnzt)
4 JO *

+ U,m)(k,—k,_)) if p<s+l,
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m .
x§ - }-’—_T if p=s+l
(33.8) x4, = |
J’ d m .
l["r“ ]x, Ty if p <s+l,
Ip-1
J’-|l + A ]M (n,g)
m_ .
- = (Jpoym) (k,_3=k,-) - 7: if p=s+l
(3.3.82) -
/3
Jpt+ 7o ]m(n.t)
- - U,m)(k,—k,_,) if p<s+l,
ya- n-m) if p=s+l

Tyt
(3.3.9) y;,.

l % ]y;- =m) i p <541,

Iy Jp-1
20+ |22 () )k )= =2
Xp+1 Jo #) =dpy = Upn ’—z-k’—l - -’p_-l if p=s+l
(3.3.92) -
J
xpa + :-,’; (nt) = J, = Upn)(ky=k,—y) if p<s+l,
yi + om) if po=s+l
Iyt
(3.3.100pfs) =
I | ¢, (n=m) .
J’—l y’ + -”-l lf p < s+l .

Jp-
xfo = [-50—'](:-.:) =Tyt + Upoin) (ky_y=k,-y) + Jn_: if p=s+l
.

(3.3.10a) = |
X - [%](n,t) =J, + U,n) (ky—k,_y) if p<s+l.
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(

-+ J" if p=s+l
4 r-!
= J i
(L) 4+ if p<s+l
Jp1 p-1
or I" - ’:.|
-1+ 2~ if p=s+l
Iyt
v =
N Ty if p<s+l
{ J’-| ’ J,-]

or v =

Furthermore if p = s+1 or (if y;,) = 0 in case 2 or x,‘., = 0 in case 3) the algorithm terminates

with
'] e { ] (] e i
X=Xy =y M-,
Iy
or
n
X‘ - X:ﬂo}" -y"r m‘ - J—— ’ .nd
f 2}

le(Cz,-l.Cl') if p=- s+l
t>
max(C3,-1,C2,) if yjs1 =0, Of x4y =0.

Also if p = s+1 then

QJ—C,J-I # 0, or q'-l —d’ »0

when

J, > "-J‘ .

If0 < even p € s+1 we have 3, (in case 2) 3 1 or a, (in case 3) 3 1 where
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. ;r—z—l if p=s+1 and ¢ > maxl{Cy,-1.Cy,}
8, (in case 2) or -
a, (in case 3)

-2=J,
!L’_L if p<s+l and t > mlx(Cz,,-n.Cu]
=1

\

Also if yg » 0 (in case 2) or x§ » 0 (in case 3) then the rest of the lemma is same except now a

and d are interchanged. That is:



G31D  x34 = |

(3.3.112) -

(3312 xf4y =]

(3.3.12a) = 1

(33.13) yp, =

Iy

/.

m
.-——
Xp

Tyt

«_ M

Iyt

[J,-.r- [ff:l]m(n.r)

Jo

-0 -

if p=s+l

if p<s+l,

Jpt-

m(ng)

/3
Jo

J,
Jp-)

(

J’-l'

—r

d, _m_
x,+

Iy

d m
xd + —
14 Jp-l

+

Jo

'-,’—-'-]m(n.t)

if p=s+l

if p<s+l,

Jpt+

Jo

-J’-]m(n.t)

Jp-i

“y (n—m)

J
—re
l-’r-l Y

- U,M)(k,q‘k,)

if p=s+l

if p<s+l

- ’-|M)(k’_|"k’_3) +

=1

Jpmi

+ Upoim) kyor=kyg) = 57 if p =541

if p<s+l,

if p=s+l

if p<s+l,
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J . *
xpe1 + -5;1](:-.:) = Jpr = Upin) (ko —ky ) + ﬁ if p=s+l
(3.3.132) = 1
xja + '—;L](n.l) =J, = Upyn)(k,_,~k,) if p<s+l,
t 0
| a_ Sn=m) if p=s+l
/1 Iy
(3.3.14) Yin =

J, (n-m) .
—L yf - if p<s+l,
[J'-I y’ J’-I p

(33.142) =
xfa - [%](n.t) -J, + Upn)(k,_~k,) if p<s+l,

.
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-+ 2 if p=s+l
I Tt
’ -
i i/

5 -y,‘+—"-ifp<:+l.
f 2]

Iy

[d L
or lp=1Ip-

n
J,—]

-l + if p=s+l

n
Ip-1

-
i/
J’—l

I+ if p<s+l

or v§ =

Furthermore if p = s+1 or Gf x54; = 0 in case 2 or yfs; = 0 in case 3) the algorithm terminates

with
x* = x"+l.y‘ -y"' m' = _ﬂ_.
Iy
or
3
axtyl =yl m! = —— and

J’—l
max(Cy,-1,Cy,) if p = s+1

t >
max(Cy,-1,Ca,) if X541 =0, of yfy =0

Also if p = s+1 then

€Y1 =C1, 2 0, or C1,~C{,1 30
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when

n—m
I,

»i,-J,.

Proof. A proof for (3.3.72), (3.3.84),.......,(3.3.142) is presented after the rest of the lemma is

proved so that the proof for the rest of the lemma does not become overly complex.

Becluseof(JAz).
"m0 ()
Beauuof(JA,).
jﬁlm(modi') with 0< j <A a»2.

Letay = t—m. Then

a= 1=n)+(n1)(n—m) ],z_ [J'_"':'_(":Q]a, with

0 < jl=n)+On t)(n—m) <a, and 0< [t-»:'(ng) < a;

when

¢ > a4 (n,t1)(n-m) -t

(n=4)
and and
( > - (n,t)(jn-m)

(n,t) (n—m)
(CET) B

Thus, for 7 > {n+

t > G-/

and

. > m(;g)_qn

mn) ]-uinmummm-nnm:
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Xt - j1=m(n,t) .« jU~n)+(nt)(n—m)
1 n s - n ’

x{ = ay-xt = (n=j)t+m(n,t) .yl =a -yl = (A=f)(t=n)=(n,t) (n—m)

e

=L -1if J,=0 and jG-n)>

J-
T, I](n.l)(n—m)

t—n ‘,8
- (n,t) - L
' i=m e -m) | T ie, ifs =0 and ¢ > CY,
. -, -
" M if J,>0 and Jy(t-n) > ii—l-'-](n.t)(u—m)
J§ Jo

i, ifs >0 and ¢t > CY,

Because of lemma 9, (3.3.5) and (3.3.6), if J;, =0 then J_; » 2Jo and if J;, > O then

Joy=Jdy 3 Jo
Therefore,
ay > 1 .
Also
{J! J-
p -J—"—-l if J,=0and Jot > 7°l-1 m (1)
(n,) ’
- 2 | a .
8 A=Di+m(ng) ieifs=0ands > Cf,
n J4, -4 J=J,
ifJ,>0and Jyt > | ——|mny)
7 1 1 To J ol
ie,ifs >0andt > CY,

Because of lemma 9, (3.3.5) and (3.3.6), if J, =0 then J_; » 2Jo and if J; > O then
Jo=Jy 3 Jo.
Therefore,

>1.

Because of lemma 11 we do not need to consider CY.
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Thus, for
max(C%,.CY,.CY,) if s =0
t >

max(C%,,CY,.CL)) if s >0

a; and &, are greater than or equal to one.

Where

1o = m(n,1)

j
(n,t)
Cl= -pn + (n—m) —2—
1 qo n (nm)_j)

cimsviom 2]

mny) |_a4
Ch = 6= [(ﬁ- » 'l

CY)=n+(n-m) l-(lj'ﬂ-] l%-l] and

mng) | A _
¢l = (7-j) [Jf l]'

Je
Furthermore if 0 < j = J§ < ;—ﬁ- —2—‘tben

{111
———=1>1 when/, =0
J8

e e
L ) S when 0 < J§ < J§ < =

T s A 15 | LT

S
ST T

J8 2

)
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j<-;-i<i—j-.l$<i'-.l!| Q)
Therefore,
et -J§=j>0. (3
Thus,
§=1.

Therefore, we use case 2 of the algorithm.

Note that for 0 < j < ;—ﬁ

cf, < l'%'-ﬂ-cu because of (2) and
Ct.-ﬂ%ﬂ-cu because of (3) .

Therefore, because of (1)
max(C$,.Ct,) if s =0

t> 4)
(C!,o.C!,.) ifs>0

Similarly if-;-ic' < j < 7 then
NeJi—J=i=j>0 D)
and

0<Jf<i-j<%ﬁ<j ©

a.-l,
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and

4 J-

h-l>l when J =0, since 0 < n=J = Jo<l—n-——'-.

J§ 2 2

Jl-l

)4, - J Ja=dy _ Ja=Jo Jo

—~————— > 1 when 0 < J, € Jy < — , since > - — -],
J§ P 2 Jo Jo Jo

Thus, we use case 3 of the algorithm.

Note that fof%h' <j<n

m_(" 8 . mfn,t) > m(n,t) because of (6) .
n—j) (n-j) J
Thus CY, > CY,.
CLy = n + (n=m) - LA pocause of (5)
(n-j)
Thus CY, = CY,.
Furthermore,

Cf..-n+(n—m)-[(—"j£]' [-;': 1] <€ty because of (5) and (6)

and, when J{ » 0,

o, - Il(ln.(:;l)) . [%-l] > ”(',7(:}')) ) [(ﬁfj)—l] = C{, because of (6) .

Therefore, by (1)

M(Cb,ctl) if s=0

t> (¢))

max(CY,,CY)) if s >0
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Finally if j = ;—ium.n J{=0anda, =3 = 1.
Therefore, we use case 1 of the algorithm.

Note that for j = %
sSfmsl=0.

Thus C$, and CY,; do not exist.

Also,

C!.O'Cf.l‘ﬂf(.'n"i and

n/2
1ty = Ct, -n+(n-m)--(-;_l/"2—)
Therefore, by (1)
t > max{C%,,Ct,) 8)

We use induction on p for the rest of the proof.

Next let us assume 0 < j € %i. That is we deal with case 1 and case 2 of the algorithm,

noting that for case 1, s* = 0.

Simple calculation gives (since x{ = x, » 0):
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xf+ 2 when 5 =0
Jo

x§ = x§—a\xf = |

Jy

5

,v:f'o»—”L when s > 0
Jo

y'-L"_-_"i when s =0

3 =yl—ayt = |

n
7o 1 when s =0

w-J,
Jo

If = l§+ayyf =y =
when 5 > 0

M=rf=1.

Now if 5 = 0, then x§ 3 x{ or if y§ = O, the algorithm terminates with
Xt =xl, y =yt mt e m =l A=
Jo
and (because of (4))

max(C4,,CY,) if s=0

t>
max(C%,,CY,) if y1 =0
Also because of lemma 10
n (t) | _ _mn
CHa=Clo =+t |5 = T | " Tog 20 e
BEM 5 ma)=Jo=i=J,
Jo

because of (3N4). when s = 0.

)

10
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Thus, when case 2 of the algorithm is used the lemma is valid when p = 1, and when case 1 of the

algorithm is used the lemma is proved.

If s > 0 and y§ » O the algorithm continues and we have:

x{ > x{ when x{ > m i.c., whent > C,,
Jo—J)
J J
T"—n when J; = 0 and J,x{ > J—°-| (m)
] 1
x{ .
5, Tixtem ic,whens=landt > C,;.
Jo Jo=J Jo=J
22 whenJy;> 0and Jixf > |=T=2|(m)
J| JI
ic,whens > landt > C,;.

Because of lemma 9, (3.3.9), if J, =0 then Jo 3 2J,, and because of (3.3.6), if J, > O, then

Jo—J2 2 Ji. wehave $; 3 1.

Simple calculation gives:



x!-lﬂ- when s =1

x§ = x]—3x8 = an

(-5 e >+

y§ + la=m) when s =1
Iy
y$ = yi=dyf = 12)

-—y3+-(-"—-ﬂ-)-when:>l

-I% + — when s = |

I;+—-wben:>l
Ji

Y=l 48 1= lh

=1

If s = 1, then y§ 3 y1, or if x§ = 0, the algorithm terminates with

Xt =gy = ylmt =4l = L

and (because of lemma 11)

lllIX(Cu.Cj_z) if s
t >
max(C,,.C;y) if v§{=0

Also because of lemma 10,

n__y) m_
JoJy Jo ] ) JuJy 20 when

C3)=Cy2 = n+(n)

n—m Jy(nt) n n
7, b ] o + 7, A Ji=hh=-Jy= =),

beumof(BN‘).wbens-L Thus, when case 2 of the aigorithm is used the lemma is valid when
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p=2

Next suppose, when case 2 of the algorithm is used, that the lemma is valid for 2 < p € s+1.

If p=s+l is odd then x4, 3 xJ (or if yj, = 0) the algorithm terminates with x* = x},

yYe=yin, m* -JA‘-. etc. and the proof is complete. Similarly if p = s+1 is even then
-

Vs+1 3 yp (or if x5,y = 0), the algorithm terminates with x* = xJ,;, y* = y;, m* = 79—. etc.
=1

and the proof is complete.

Therefore, suppose, when case 2 of the algorithm is used, that the lemma is valid for

2 < p < s+l with yy,; # 0if p odd or x5, 0 if p even.

Let p be even then we have:

(n—m) .
. [ .
Yp > ¥3e1 when y; > —U,-.—J,) using (3.3.13) .

Thus when ¢ > C,4, (using (3.3.7a) and (3.3.92)).

Ip-

Jmi i Jpn = 0and 8 > [-5—‘ - 1](:.-».)

ye J ’

Ap4) ™ J y‘+(n—m)
Jp-1

ie,ifp=sandt > Cy,4

4

J!-.;J,+| if Jye1 > 0and J4yp >
14

/S /) ](n—m)
"’

ie, if p<s and t > Cy,4

Because of lemma 9, (3.3.5) with p = s, if J,4; = 0, then J,., 3 2J,, or because of (3.3.6) with

P <s,ifJysy > 0, then Jy_1~J,4 3 Jp, we have ayy; 3 1.

Simple calculation gives (using (3.3.11), (3.3.13), the expression for 45 and by the definition of

[HD ‘7;+|): -
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x4 + 2 if p=s
Ip
Xpe2 ™ X5 = OpatXpe) ™ 13)
J
241 | o m .
[ J, ]x,.,, + J, if p<s
(n—m) .
You1 — _nl_m_ if p=s
Yps2 = Yy — CpaVps1 = ; (14)
[.L*.‘.] if p<s.
-7;+| + 'J"— if p=s
»
Ba =R +aura= J ﬂ
)7,*.+-— if p<s
Ip

V=7

If p = s, then x5,y 3 X541, ot if yj42 = O, the algorithm terminates with

x* - x;#lv y‘ '}':ﬂ. mt= 'JL ’
[4

and (because of lemma 11)
max(C;,. C|'+|) if p=s

t>
max(C;,. Cz,.n) if y;ﬂ =0

Also because of lemma 10,

AL A|_mm
773,575,

C.,ﬂ-Cz, = n+(n) 'l(k’-|) n(k )~ 0

when 2= 3 (J,n)(k,) - U,pn)(k,-) + i) -y = i,=J, = i,~J, because of (3N,
J [ 4 (4 Jo 4 [ 4 4

[ 4

whenp = s.
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Thus, when case 2 of the algorithm is used, the lemma is valid for p+1, when p is even.

Next let p be odd then we have:

x5 > xp4) when x; >

when 1 > C, 4 (using (3.3.122)).

6p+l - P
sz!+m

Ty

_—(J,-.- 7 ie.,

Iy Jp-
2L if Jy=0and Jpxp > -L'-xlm
J, J,
ie,ifp=sandt > C),4
Jp—1=J, Jy1=J,
-UT’L' ifJpe1 > 0 and J,4yxp > -’—'J—-r—']m
’ »

ie,ifp <sandt > Cypun .

Because of lemma 9, (3.3.5) with p = s, J,4; =0 and J,_, 3 2J,, or because of (3.3.6) with

p <s, J’ﬂ > 0, and J’-|-J’+| P ] J’. we have 6’41 s L

Simple calculation gives (using (3.3.7), (3.3.9), the expression for 47 and by the definition of

l:ﬂ and 7:+l):
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e
Xp42 = x; - ‘pﬂx:ﬂ =9

)’;ﬂ - )’: - ‘p#\}’:#l - 4

=l + JA- if p=3
’
Ya=1nt&halba = . P
_[-JL]':§|+Z ifp<’

I8y =13 .

If p = s, then yg42 3 yja1, Of if X543 = O, the algorithm terminates with

x* -x:Olvy‘ -y;*l' m = JL ’
’

and (because of lemma 11)

max(Cy,. Cips) if p=s
t>
max(Cs,, C2p4) if x542 =0

Also because of lemma 10

(nt)
Cap, = Cips1 = n+(m) |nk,) = nik,_,) - _J::_ - ;:;’ >0

when  EZE > () Uy = ()G + -5!- ) 4 S = gy = byt =iyl because

(3N,), whenp =s.

Q1s)

(16)

of




Thus, when case 2 of the algorithm is used, the lemma is valid for p+1, when p is odd. Thus, we

have proved the lemma, when case 2 of the algorithm is used.

Next let us assume that % < j < . Here as noted in (7) we use case 3 of the algorithm with
t > (ConCra)if s =001t > (Cy0.Cay) if s > 0, and we have:

Furthermore, simple calculation gives:

Jot+m(n,t)
x{ & —————

- Jolt=n)=(n=m) (n.1)

x§ = x§ - 8,x{ =

¥ =yf =y = |

-I--lf+-5'-
Werd+8!f=

if s=0

A if s=0

n .
”+Jo if s>0

If s = 0, then y§ 3 y{, or if x{ = 0, the algorithm terminates with

and (because of (7))

x¢=xf, yi=yf, M‘-lf+7f-li.
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lan(Cu). C|'|) if s=0
t >
max(Cap, Cyy) if x{ = 0.

Also because of lemma 10,

(n,t) nm
— - e wa  c—
C20~C, )= n+n 7o Tole #» 0 when

a—ms -"—-(n.t)] -Jo=i,=J,, beamof(JN) whens = 0.
Jo Jo

Thus, when case 3 of the algorithm is used the lemma is valid when p = 1.

If s > 0 and x§ » O the algorithm continues and we have:

n—m_ .
y{ > y§ when yf > Tesly e whent > C,,

J J
J—o-l when J; = 0 and Jyf > J—o—l (n-m)
1 1
yt : :
ay= -J-m - iec,whens=1land? > C;
J
° Jo—=J2 Jo=J2
5 when J, > 0 and Jyyf > 5 (n—-m)
] L

ie,whens > land?t > C;,.
Because of lemma 9, (3.3.5), if J, =0, then Jo 3 2J,, and because of (3.3.6), if J, > O, then

Jo".’z p Jl we have ay » 1

Simple calculation gives:




x+ 2 if s=1

x{ = x{—ayx{ = |

y{_ (R—M) if s=1

y{ = y{=ayf = |

Jal g _ (a-m) .
’J' ]y{ 7, if s>1
{

-‘yf-f-JL if s=1
]
1§ =+ayf=1 (, -
|2+ 2 irs>1,
7, 7,

vi=of.

If s = 1, then x{ 3 x{, or if y{ = 0, the algorithm terminates with
exfylmyfml = tif= '.;'.'
1

and (because of lemma 11)

lan(Cu. Ciy if s=1
t >
max(Cy,, Cy2) if y{=0.

Also because of lemma 10,

(nt) _ _n n_|- am
Cia=Czy = n+(n) Jo  Joh T Ty I >0 when

n—m n Ji(n,t)
7, P4 A 7o Jy=-i~J,, beenuseof(SN4) whens = 1.

Thus, when case 3 of the algorithm is used, the lemma is valid when p = 2.
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Next suppose, when case 3 of the algorithm is used, that the lemma is true for 2 < p € s+1.

If p=s+1 is odd, then yfs; > yf (or if xf,, = 0) the algorithm terminates with x4 = x,,,

yimylim!= J—:-:. etc. and the proof is complete. Similarly if p = s+1 is even, then x4, > x§

(or if yf4) = 0) the algorithm terminates with x¢ = xf, y = yfy;, m! = J—"—. etc and the proof
-1

is complete.
Therefore suppose, when case 3 of the algorithm is used, that the lemma is true for

2 < p < s+l with xf,, » 0if p odd and yj,, » O if p even.

Let p be even then we have:

d d d
x$S>ox +1 wben X, D ——
> % ? 2 Upi=dy)

when t > C,4; (using (3.3.82)).

Jp- Ip-
—5—'-1 if Jysy = 0and J,x§ > -}'—-I]m
x§ ’ ’
o= | Tde ‘ ic,ifp=sandt > Cy,4
U Bl AR Jp-1=J,
I P gy, > 0 and Jpaixf > -l-ll—"—']m
» »
ie,ifp <sandt > Cy,u

By lemma 9, (3.3.5) with p = 5, if J,4) = O, then J,_; 3 2J,, or because of (3.3.6) with p < s, if
Jpe1 > 0, then J,_y=Jp4; P J, we have §,4; 3 1.

Simple calculation gives (using (3.3.12), (3.3.14), the expression for IS and by the definitions of

’:#lo 7:0l):



m .
d d
X:n =Xy~ Ops1Xps) =

J,
[-ﬂ]x,‘.l - JL if p<s.
’

)‘p‘ﬂ + 7 if p=s
[ 4
Vi =yl = bevin =
J -
[_S_L']y;,, + "J"' if p<s.
[ 4 [ 4
~1dy + 2 if pems
"’

i = + 4l =

J, -
22t |4 i
[ J’ ]l’¢| + .” lfp <gs

l:¢| - l: .

If p = s, then yfsz 3 yfar, or if xJ42 = O, the algorithm terminates with

n
"x:*‘o" » ')’:n' mé = T
»

x4

and (because of lemma 11)

mx(C;,. C|'¢|) if p=s
>
max(Cy,, Cap41) if x§42 =0

Also because of lemma 10,

(nt) | _ _am
J |~ 7,

C”—C|'¢| = n+(n) 'l(k’)-ll(k'q) + 20

when 222 5 L (u),)(k,) + () kye) = 2 (1) = Jp = 1y=J,, Bocause of (IN,) whea
[ 4 (]
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Thus, when case 3 of algorithm is used, the lemma is true for p+1 when p is even.

Next let p be odd then we have:

Y > yjsu when yi >

‘_’T_J';')‘ 1.6,

when ¢ > C,,; (using (3.3.12a) and (3.3.142)).

Ape) ™

Iy

I yz‘+(n -m)

- J,-
1'5—'— -1 ifJyey=0andJ,y!> -}l - l]-(n-m)
[ 4 4

iec,ifp=sandt > C),u

Jp-1=J, Jp—1—J,
[4 [4

ie,ifp <sandt > Cy,4.

Because of lemma 9, (3.3.5) with p = 5, J,_) 3 2J,, or because of (3.3.6) with p < 5, J,4y > 0,

Jp-1=Jps1 3 Jp, we have ayy; 3 1.

Simple calculation gives (using (3.3.8), (3.3.10), the expression for v, and by the definitions of

lp‘+l and ‘Yp‘ﬂ):
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d
Xfe2 = xf = aprixfer =

Vi =yl - apvin =

/] (n—-m)
+1 d m <
[ ] ]y, % e<s.
—via+ .‘;L if p=s
’

oy = 1] + aprivfor = Jyur -

: —l—L]-y,‘,|+-!—ifp<:,
J ]

‘V:«H - ‘Y: .

If p = s, then x4 3 X841, or if yfsz = O, the algorithm terminates with

"
= xfus ¥ = yie2, m' = Ak
»

x4

and (because of lemma 11)
max(Cy,, Cip) if p=s

t >
max(Cy,, Cape1) if Yie2 =0.

Also because of lemma 10,

(n,l)+n m_ o

CI)#I‘C;, - n+(n) ll(k’-l)-ll(k') + A J'J’ - J’J’

when 272 3 (n,) (kp) = () kp-) - 5‘ (n4) = J, = i,~J,, because of (3N,), when p = s.

Thus, when case 3 of the algorithm is used, the lemma is valid for p+1 when p is odd.
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We use induction on p for the proof of (3.3.7a), (3.3.92), (3.3.11a) and (3.3.13a). By (9) and

(10) and by substituting values of x%, y{ we have, when p = I:

g+§';-fi""7(’-"-'.).+% if pe=s+l
x§=-
, J.:-[ﬂ...(,.,)

1 ey m _ 0 m .
l-’ox'+10 - +J°afp<:+l
(n-m) n .

yf——l——-x!+(n.r)-lo—}: if p=s+l
yi=
Ji (n—m) N gy _n .
[Jo ]yf A x§ + 7o (ne) - J, 7 if p <s+l

Thus, (3.3.7a) and (3.3.92) arc true if p = 1.

If p = 2, then by (11), (12) and after some calculation we have:

Jit- [j—;]m(n.t)

x!—;":-— . +J£o+-ll| if p=s+1
x§ =

J; . Jat [Jz]m(n.t) Jam

L‘-L-]Jc!-.,—l- . +J°,'--Jl-|fp<:+l

| n—-m Ji

e+ -xg+To(u.r) J'-J_+T if p=s+l
4 IR

[j—: §+"—;‘ﬂ-xj+j—:(n.t)-lz-;7|-+—p<:+l

|

Thus, (3.3.112) and (3.3.13a) are true if p = 2.
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Suppose (3.3.7a) and (3.3.98) are valid for odd p with 0 < p < s+1 then

J,
-(L
Jpt (Jo)"'("")

X = > + Upm) Gy =ky-) an
and
Yior = xje + (IR = Jy = Upn) Gy=ky-) as)

By (3.3.11) and (3.3.13) we have (since p+1 is even)

m .
X4 = — if p=s
(4 J’

x;’z-
J
2ty e M <
(J’ )xp41 7, p<s

J
-(=L
Jpt (Jo)m(n.r)

+ U,m) (k,—k,-) - Jl if p=s
»

J,
J,,.:-(-5:—')m(n.:)

+ (.I,ﬂm)(k,— ’ﬂ) if p<s
because of (17),

and
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(n—m)

A if p=s

)';ﬂ +

)’p‘ﬂ - 9

(-J.,L')y:¢| + (";M) if p<s
’ ’

xg0s + CLYO0) = 1, = Upmdhy=ky) + 2 if p = s
7o A

X3e2 + (‘-’5:—')(»,:) =dpsr = Upan) ky=kyy)) if p <s

\

becuase of (18).

Thus (3.3.11a) and (3.3.13a) are true for p+1. Similarly when p is even with 0 < p < s+1 we

can prove that (3.3.7a) and (3.3.92) are valid for p+1, using (3.3.7) and (3.3.9).
The proof for (3.3.8a), (3.3.10a), (3.3.12a) and (3.3.14a) is similar.

Lemma 13. For 0 < odd p € s+

yiq ™ 0and xf, #0ifp =s+landt > Cy,,

orifp <s+land? > Cap

For0 < evenp € s+1

x84y # 0and yf,, #O0ifp =s+landt > C,,

orifp <s+land? > Cy, .

Proof. Suppose that for odd p = s+1, y§s; = 0. Then by (3.3.92) and (3.3.72)

yp‘#l - xp‘ﬂ + ""Li (n,t) - J’-| - '-ﬂl)(k’-z) + U’-Hl)(k’-]) -
"0 J,-]
L/ y
J’-ll-[ J ]M(’l,’) J
- : — =)y |kyor—kyy + ——| + 2L ) =g, =0

n Jp-1dp-1 Jo



Therefore,

(n,t) n
+ -

t = n+ln—m) |nk,_s—nk,_ |~
as in lemma 10.
Thus, if ¢ > CY,, then y;,, = 0.
Similarly because of (3.3.8a) we can show that xJ,, = 0if ¢ > Cf,.

Next supposc that for odd p < s+1, yj+; = 0. Then by (3.3.92) and (3.3.7a),

J,:-[-’L]m(n.:)
. Js 5
Vo1 = . - ('I-M)J’(k’-k’-ﬂ + 7o (ng) - J’ -

Therefore,

t = n+(n-m) [nk,-nk,-. - 7"0-] - Ct,
as in lemma 10.
Thus, if ¢t > Cy,, then y;,, » 0.

Similarly because of (3.3.8a) we can show that xJ,, # 0if t > CY,.

Suppose that for even p = s+1, x5, = 0. Then because of (3.3.11a),

. Jo m
X3 = - + Upoym) ky )= Uy im) (ko) = 7':— =0.

Jpit ~ [-"J'—']m(n.t)

Therefore,

m(n,t) mn _ -
{=- To + J’-|J’-| + (Mll)(k'-z k,-|) C‘f,
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as in lemma 10.
Thus, if ¢ > CY,, then x5, ™ 0.
Similarly because of (3.3.14a) and (3.3.12a) we can show that yj,, » 0 if 1 > C¥,.

Finally suppose that for even p < s+1, x3,; = 0. Then because of (3.3.11a)

Jpt— .-';L]m(n.t)
X = > + U,m)(k,-) = U,m)(k,) =0

Therefore,

t= E(T':'L)- + (mn) (k,~k,-)) = C3, .

as in Jemma 10.

T‘l“‘. ift > q', then X;4| » 0.

Similarly because of (3.3.14a) and (3.3.12a) we can show that y¢,, ™ 0if ¢ > CY,.

Lemma 14. 1If 0 € p < s then

+ 2 if podd

hd L3R ;_L
(4 J’

I

i’.¢| -

if peven

J,
220 1G)+ L2-_ 2
B )T I

and
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{ Iy n .
)+ - — if p odd
["r ’ "rﬂ "r P
4 =
p+]
J
2 A+
ll, ][' % A if p even

Proof. For odd p using (3N,) and simple caiculation we have:

- Upum pa) = Upeim (k) + 2L (n)

ipn A

J,

bt

because i3 = (J,n) (k,-)) = Upn)(k,) + —L(n g+ r

- [’ /5] ](J,n)(k,-.) s

1'—“—]0 k) +

e

Also for even p using (3N 4) we have:

‘;§| - ’+|")(k’) - U’+|n)(k'+|) +

'-’L—](n,:) + =

Jo Jp#l
J, J
- [-f—]u,.nuc,)- [-",f'—](.l,n)(k,-,)——+ ][-L () Jm
J,
- |2t -
[ J, @) + vl

because i3 = (J,n)(k,) — U,n)(k,-)) +

J

~L

7o ](n.t) .

Similar calculations give a proof for the corresponding result for l,‘+

Lemma I5. 1f0 € p € s then for case 2 of the algorithm (i.c., when 0 < j < %)




0<i, < ifpe=s, orevenp <s,

2
Js
and

0<l,<%+7";- ifoddp < s,

Proof. We use induction on p. Suppose p = 0. Then because of 3N,) and (3.3.3),

0<ip=(ns) < _Il_

I
Thus, the lemma holds when p = 0.

Suppose p = 1. Then because of the lemma 14

J
1.-[-1—; (1.,)+JL|-J"—o

By substituting bounds for /o we have: (note that 0 < J, < Jo).

If s = 1, then
<t -2 <
0 Iy o h< -’l
If s > 1, then
n n
<——— — -+ .
0 7, <ih < <J.+J|

Thus, the lemma holds when p = 1.

Suppose the lemma is valid for p < s.

Then for odd p we have:

n n
0<i <yt

Because of lemma 14
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J
o = [ Jpe1

By substituting bounds for i, we have: If p+1 = s, then

o-p- (el

n_ Jpun 2n 8
0<J’ J’J' <l’¢|<l’<l.

The first inequality holds because 0 < J,,; < J,, and the last inequality holds because of (3.3.5).

If p#1 < s, then

J,

Jpein 4 N n n | Jpsatds n
022 gy, LA 2 Al gt
I, BJy, "y, J 0 5| J,
The last inequality holds because of (3.3.4).
Thus, the lemma is valid for p+1 when p is odd.
Similarly for p even we bave:
n
0<y <y
Because of lemma 14,
P/ n
o1 = G,) + -
p+l [ ] J’“ J’

By substituting bounds for i, we have: If p+1 = s, then

n n n
P ' & = .
Jpet 4 ™,

0<

The first inequality holds because 0 < J,4y < J,.

If p+1 < s, then
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n n Jrs1 || » n n n n
0< - =<y < |||+ —-FT<—+ .
o I, [ J, ] [ ] oot Jp Ty

The last inequality holds because 0 < J,,; < J, and because 7'-'— is positive.
’

Thus, the lemma is valid for p+1 when p is even.

Lemma 16. 1f0 € p € s, then for case 3 of algorithm (i.c., when % <j<n

0<i,<— ifp=s.

s
-L <i,< ifpodd <sand
s Jl
n_n n ., n .
— =< < —+ <s.
5, "7 [ AR ifpeven <gs

Proof. We use induction on p. Suppose p = 0. Then because of (3N ) and (3.3.3),

7;--7'-<lo-7;'—(n.l)<l—o'.
If s = 0 then,
0<1o<x.
If s > O then,
n n n n
— == << —<
Jo "7 << <11ty

Thus, the lemma is valid when p = 0.

Suppose p = 1. Then because of lemma 14

o b - Bl

By substituting bounds for /o we have:
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If s = 1, then

(-2 -4

The last inequality is true because of (3.3.5).

If s > 1, then since

e

5

Jilla _a) na_Jin_n_Jin
Jo)JlJo I Jo Jobo Jo Jo J°
n n n Jion il a n n Jion Sitd,
P R APy B RPN AR S £ | P UL A R4 S S
Jo J.<Jo Jo J, h [-’o J.]+-’o Jo Jo [Jo 7,

The second inequality holds because 0 < J, < Jo and the last inequality holds because of (3.3.4) —

i.e., Jg & Ji+J,. Thus, the lemma is valid whenp = 1.

Suppose the lemma is valid for p < s.

Then for odd p we have:
-2 <, <L

s Jl

Because of lemma 14

G,) +

J
o= [ oo

Jp#l
By substituting bounds for i,, we have:
If s = p+1, then

2n
02— ¢t <
J’#l J’ P+l

The first inequality holds because of (3.3.5).

J,'

L
Jp#l '

n n Jin 2 "
Zl+ & .
] Jo JolJo Jo < i
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If s > p+1, then
_L?.'_ AL |2
Jp+| Ip Jpa I

N n zﬂ-la
-’m J, -’m J,

Jzﬁ"‘l,

< lp#l

J.

n
JpOI Jl

. n
ie., <i < — 4 -,
pl J

J,,

The inequalities hold because of (3.3.4). Thus, the lemma is valid for p+1 when p is odd.

Similarly for even p we have:

Lol < > :
b J,  J,

Because of lemma 14,

N
a1 = ["'5—

) + 5 = -’—’1-
Jr
By substituting bounds for i, we have:

If s = p+1, then

e bl

| Kl | R o

ie, 0 < "¢| <

4-l

A2
Jp#l '
The last inequality holds because of (3.3.5).

If s > p+1, then since
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alla _nal . n_Jhalfn]_n_Jew n
J, |14 4] I J, |15 4 4 4
we have
__'-_<L_L<L_!:_ﬂ__<, <
A A A ,
Jyar n _ | 2em +|+J- n
J, J, J, J, J,

The second inequality holds because 0 < J,.; < J, and the last inequality hoids because of (3.3.4).

Thus, the lemma is valid for p+1 when p is even. This completes the proof for Lemma 16.
3.4 PROOF OF THE MAIN THEOREM

Because of Johnson's reduction formula (1.2.3)

+ ((n)=-1)(t=m)

glt~nt=mj) = (n t)g[( PR ('”)

Thus, when case 2 of the algorithm is used with a) = (';‘") N (n'.t) . @3 = t—m, we have:

gU-nt—mp) =

) Y . . _20=n)+n YR
(n,1) {(m D) (t=m)+max | (x )[( ) ] G )l(”) ” G0 }+((n.l) D@-m)

Because of lemma 11, lemma 12 and lemma 13,

for + > max{C,,,Ci,41] we have m® = JL
s

Therefore,
. gl=nt-mj) =

[T;L - (n,t)](t-m) + max{(x*) (t=n),(»*) (1)}=-20¢—n)—n+((n £)-1) (t—m)
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Jyt=—i,m n R i n—m
+ 7, 3](t n)+(n M)[J, l] n if0<i <€ 7,
- 9
/L /LR R PP PR Y ) M = . AP P N
J' J, J.

because of the following (1), (2) and (3).

a) (t-m) = (t—=n) + (n—m), 1 = (t=n) +n .

(2)  If s is even then because of lemma 12 and lemma 13 (note that s+1 is odd) we have:
xt =Xl Y =yl

Thus,

) (t=n)~(*) (1) = (xfsy) (1=n)=(yf42) (1)

- :41)(’-")-

o + -5; =1, ~U,m e, D+ UM ) - 2 ),

s

because of (3.3.92) and (3.3.7).

J1- [j—;]m(n.t)

= (~n) + (,m)(k,_ ), m) (k,)

- }Jio- (n0)=J,-U,m) k,-)) + U,m) (k,) - n;m ](t) because of (3.3.11a) noting that s < s+1

- [!-'ﬂ + Uum ) -U,m () — 2 (u,:)](:)
J Jo

+

j—; mOng) + U,mn)(k,) - U,mn)(k,-,)]

= (5% - 1)() +i;m  because of BN,

> 0 when ";m 3 i,. (Note that i, > 0 because of lemma 15.)

[
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Also
(.4.1) X -ty - J":"'" because of (3N,) and (3.3.114) .

Yo =y = xta =), - ";"" . because of 3N,) and (3.3.98) ,
and

(o) (1) = [x,-,. +i, - "—;"—'](l—n) +i,(i-m) - -J"—o.-m) .

t}

3) if s is odd then because of lemma 12 and lemma 13 (note that s+1 is even) we have:

x* = xl Y= yin .

(x*) (1=n)—(y*) (1) = (x§43)(t=n) = (y74)) (1)

- Gt =)=ty + T+ 28 (n) = g, = U (K,) + U,m) (k,m)) () because of (3.3.92)

Js Jo
and (3.3.11).
J,:-['—}-]m(n.t)
-—(n) 2 +(J,m)(k,)—(l,m)(k,-|)—.,l —[Jﬂ—-l"-ﬂ,-.r,](n

because of (3.3.11a), and (3N4).

- [";’" ~ i, |(¢) + i,m because of (3N‘).

s

n;m 3 i,. (Note that JL > i, > 0 because of lemma 15.) Also
[ 4

s

> 0 when
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J=i,m

(34.2) xmxly - =

. because of (JN‘) and (3.3.112) .

_{n~m)

Yoy =xla+ti,-J, 7 ’
f)

and

0fa) () = |xfyg + 4, - (L;ﬂ (t=n) +i,(n-m) - "',"-(n-m) .
s ]

Similarly we also obtain the same g (t—n.r—m 1) when case 3 of nc algorithm is used.

Also note that 0 < 4, < JL as in lemma 15 or lemma 16. The following results, i.c., lemma 17,
f ]

lemma 18, lemma 19 (the special case of j = 0) and lemma 20 (the special case of j = %) will

complete the proof.
. m n . .
Lemma 17. | =i, where i is defined by ¢+ = { ) mod ((m.u)) as in Chapter 3.2, with
n
0<i< Gmy

Proof. When case 2 of the algorithm is used

Xt - Jyt=i,m

because of (3.4.1) or (3.4.2) .

Thus,
iym
- (x?) | 2 a2
' (x)lll + 7,
Therefore,

ot )

where J, = (m.,n) because of (3.3.2) .
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Similarly, when case 3 of the algorithm is used we would also have
m n
o e [2])
Thus § = i,, by lemma 15 and 16.
Note that if we take { = O then g(t—n.t—m 1) given by (B1) in (3.2.1) is same as g(t—n,1=m 1)
. . n
given by (B2) in (3.2.1) when / )

Lemma 18.
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n—m n .
n+ 7, ][J, -l,] if s odd
Ccy, -
i .
-JT (m) if s even
L /’
—"—l(m) if 5 odd
$ )
Cf.v#l-

e e

and
i( ) if s odd
7, m if s
CL-J
n=m||[n ] .
n+ 7 |= -1, | if seven.

Aem AL~ | if s odd

Cf.vﬂ = 1
(m) l—] if s even

Proof. Because of lemma 10 and (3N,) we have:
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a+in—-m) lnk,-nk,-, - -(—"','Q -nt
1]
q" -
(m) | nk,~nk, , + —=—J - m |-

(

(n,t) 4
(m) knk‘,.; -nk, + —— J, + —J’o— (m)[ ]

q;+| -

n+{n-m) [nk,-.-nk,

Similarly, C{, and C{,+, can be found.

T[] e

if s even

if s odd

Lemma 19. Suppose we allow j = 0 in (3A3). Then (m,n) = i, i = 0 and

git-nt-my) =

Proof.
m = 0 (mod ) beausej-Oin(3A3).

Also
rnolmodl_] because (ng) = &,
a A

and

(ng) > 1

because if (n,s) = 1 then m % 0 (mod n) — not possible since 0 < m

Furthermore,

-""—‘+£_-3](:-n)+(n-m)[l_- 1] -
n n J n

<n

el v

m

Q)

(3)
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w,(ne)) =1

and
[ﬂ_. (n.l)] -1
n
because of (JAl) and (1).

Therefore,
(ma) =n.

Thus

because of (2) and (4).

Noting that
{—n ] -1
(nt) ' (ne) '
set
P L R I
V) T )
Then

a, + as.

ay = t-m = [ﬁ

Thus, a; is a linear combination of a,,a; with positive coeflicients.

Therefore,
glayay0y) = glaya;) = (a;~1)(ay~1) ~ 1

and using Johnson's Reduction formula (1.2.3) we have:

@)
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gt=nt-my) = (n,1){(a,-1)(a;—-1)=1} + ((n,0)=1) (t=m)

- ﬂ4»1__—:!J(r—n)-&(n-m)[%-—l]-n.
n n n

=

n . n . -
Note that the case T 1 is covered here, because m = 0 (mod ) ) gives j = 0.

Lemma 20. Suppose j = -'21 Then (m,n) = Jo, i = (n,t) and

Jot—m(nt1) + 2 3le-m+ -m) | =1} -n if 0<tny) € 22
n Jo o Yo

glt=nt—my) =

n Jo ° °

[bﬂ'_‘ﬂ + 2y - 3](:-..) + (r=m) [o..:)-n] —nif BB ) < £

Proof. J§ = J§ since j§ = j and j§ = A~j = j.
Also J,; = 0 since 1 = 2J,
Thus, s = 0 and (m,n) = J, because of (3.3.2).

As in lemma 12 we use case 1 of the algorithm with

(B=Jo (t=n)=(n1)(n—m)
, G~y =yf =

Therefore,

.m L
t = (nyt) 7o [mod Te

giving

i=(ng).
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m| + ((n,t)-1)(t—m) because of Johnson'’s

Also gli-nt mt)-(nl)g[('”) e ‘).

reduction formula (1.2.3). i..,
&= (n,0)(t-m) + max{(x,)(t—n),(a,=y)) (1)) = 2(t=n)=n + ((n,1)~1)(t—m) as in the algorithm .

.’ol—m(ll.') + n

_ 3](:-..) + (nmm) [—- .] —n

{ n Jo Jo
-
Joi=-ming) m R
O e A B (a0) = 3|G=m) + =m) ()= = for B2 < (ny) < -
{ n Jo Jo Jo

because of the following expressions (1), (2), (3).

a) G t=n)=(a,=y) (1) = ;"- (1) (r=2m) ) +ma(n,0)) 3 0,
when 2m <€ n i.e,, when % € n—m. Thus (x,)(t=n) is maximum when 0 < (» ";om
2 0< (nt) <2 asin(33.3)
Jo
@) (@=y) @) = |22=mO) 2o )[4 = G -m)
Corollary 4. Whenn = 2and m = 1 then (m,n) = .—(”-'-—)-landtbeformuhgxm
( 2
(-‘-%3—1)(:)-—1-12-—1 when ¢ 3 0 mod 2
(, 141, 142) andf>2.
‘ ] ! L] - -
o ne - 1-"7‘-1 when ¢ 3 1 mod 2
andz > 1.

and Brauer's [2] formula (1.3.1) follows.

Corollary 5. Whenn =2z > 2and m =z — 1 then (m,n) = = ] and the formula gives:

'(m)
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(ﬁzln-a)(x)-l when i =1 Gie. 1 ® z — 1 mod z)
and? > 2z —-1.
g(l.l+l.l+z)-<(‘—:i+z-3)t+i-z-l when1 < €2

Get ®mi(z—1) B - { mod 2) and
t +2 > maxlz+G=1),0)(z~1))

\

and Robert’s [32) formula (1.3.2) follows when we note that

t+1

1+

t+i-2z.

('+z) - LI‘—:—‘ﬂ

(t42) = [-'-:—' - 1](r+z) -

Corollary 6. When n =yz, m = (z=1)y with z > 0 and y any integer then (mp) =y,

= | and the formula gives

(uﬂ:‘(:—-l)—+z-3)(l)+y(z-l)—yz when i=! (ie.1 Bz -~ 1 mod 1)
andt >z - 1.
(2‘-5‘*—‘+z—4)(:)+yu-|)-yz when ! B i(z-1) ® —{ (mod 2) with | < { € z
and ¢ + yz > manlyz+y-G-1), (1)-z-1))

gt 14y, 14y2) =

If we use G. R. Hofmeister's formula (1.3.6) to derive g(¢, t+y, t+yz) we derive the same formula

when we note that

|«

(t4yz) = %n -1 +yt-2) .

(t4yz) = ['—:—i -1
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APPENDIX

FURTHER PROBLEMS

Some of the problems below are followed by conjectures, or results whose proofs are not given

here.

m

n

(€2

(€3)

Q)

)

Determine or accurately estimate g(a,,....a,) for k 3 4.

Result:

2(a,.a;,...0;) = —a,—a;+maxiy(a)a~x(a;-)a,

l 2<i € k+|.x(a;) - Oy(a“.) - ¢|]
when the following conditions are satisfied.

‘(‘d(ﬂl'ﬂz) -]

For 2<i<k.o<x(a,)<l°2—’lund <32'-> €yla) <a,

where g, -y(a,)az—x(a.)al.
0 < x(ay) < x(a) < x(ay) <.. < x(ap) .

Note that condition (C3) is "artificial® since if (C3) does not bold than we can reindex

the a,'s 50 that it does hold.

Determine or accurately estimate N,(a,.a3,....a;) for j 3 2and k 3 3. N,(a,,....3) is
defined to be the smallest positive integer such that for all # 3 N,(a,.....as), n has at
least j representations.

Result: N, (a,.85) = ja,a;—a,—a;

Determine or accurately estimate g(k,7) for k 3 4 and find the sets of integers that



)
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achieve g(k,¢). Define

g(k,t) = max g(a,.a;,....ax)
Py

where the maximum is taken over all g;’s satisfying
0<ag; <..<qg €.

The Erdds, Graham conjucture, later proved by Lewin is

g(31) = [('—'22&] — 1 with the sets {t/2,0—1,} or

{t—2,0-1,t) for even ¢ and IL;—I.l—I.t} for odd 1 achieving g(3,1).

Conjectures: g(4,1) = [————("2’;"” ] ~ 1 with the sets (5.34—14) when 1m0
(mod 3), IL;—l.—Z(';') J4—1,t) when ¢ ® 1 (mod 3) and (r=3,1-2,/1—1,t} when 1 =2
(mod 3) achieving g(4,1).

-(-‘—'i"(-‘:‘ﬂ -1 when ¢ ®0,1,2 (mod 4)

J
2(5,¢) = ;

=G-8 | _ 141

{ " J r +1 when ¢t 3 (mod 4)

with the set { .-;—.34—'.:-1,11 or (%—I.L.l—z.t—l.l] when (20 (mod 4),

2

L

(1—1 (-1 3G¢-1)
4" 2 ' 4

(t=1).4) when 11 (mod 4), ll-;l,%ln.:—z.:-ul or

(r—4,0=3,0~2,—1,¢) when ¢ = 2 (mod 4) and {t—4,¢—3,1-2,1—1,t) when + B 3 (mod

4) achieving g(s.1).

Determine or accurately estimate h(k,t) for k 3 3 and find the sets that achieve

h(k,t). Define



(5)

(6)

)

(8)
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hik,t) = m.fn g2la\a;,....a1)

where the minimum is taken over all a;’s satisfying
0<t1<€a, <a;<..<aqg

Determine or accurately estimate g, for some interesting sets {a,,....a}). For example
a, =1’ a;= (t+1)?,...a; = (t+k—1)”? with integer p 3 2, or
a, = P(t),a; = P(t+1),...a, = P(t+k—1) where P is a polynomial.
Determine or accurately estimate

'Iim g+, 0+k) — glk+1,0) ,

,li."l gt e=1,0~k) = h(k+12) .

. gl g+l 2 +k)
lim kL ™

lim gr=1..t—k)
= h(k+1,t)
Determine or accurately estimate G,(k 1), H,(k,1) for j and k 3 2. Define

Gl(k.l) - m:x N,(a......ag)

where the maxima is taken over all g;'s satisfying

0<g <..<g €t, and

"/(k.‘) - n:'in N,(m.....ag)

where the minimum is taken over all a,’s satisfying

0<t<€a <a;<..<a

Determine or accurately estimate B, b;, where for any positive integer a; 4+ we define




B, :=B((a),....a;).(ax+))) =lala > 0and g (a,4,...01) =034}
and
by = b((a,,....a1) . (8s41))
to be the number of integers in the set B,.

(9) Derive a sequence of O(log N) increments for Shellsort, for which the worst case

running time is better than O(N*?). (see Chapter 1,1.3)
(10) Determine N, (A,) and A, for some interesting sets. (sec Chapter 1, 1.3)

(11) Explore the connection relating the Frobenius problem to primitive matrices and graph

theory (see Chapter 1, 1.3).
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(16]
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