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Abstract

THE DYNAMIC RESPONSE OF FINITE CYLINDRICAL
SHELLS ACCORDING TO TWO SHELL THEORIES

Adviser: Professor Sherwood B. Menkes

The forced response of finite, linearly elastic cylin-
drical shells with prescribed edge conditions has not been
sufficiently studied. vVarious shell theories have been
Proposed to examine this problem. The simpler bending
theories (called herein classical theories), more amenable
to engineering approximation, having been examined by other
criteria, may not actually be appropriate to all dynamic
problems. Only limited use has been made of these classical
theories for dynamic problems, and then only with very
specialized edge conditions. More inclusive theories, which
include transverse shear deformation and rotary inertia
(usually termed refined or SR theories), though developed,
have not been used to analyze dynamic problems of this
nature. This thesis compares the results obtained with
two shell theories, one classical and one SR theory, when
they are used to analyze the forced dynamic deformation of a
cylindrical shell with free or clamped edges. An essential
feature of the analysis is a reliance on Hamilton's Variational
Principle as the underlying, dominant governing physical law.
Beginning with 'Hamilton's Principle, I have formulated two

mutually consistent sets of descriptive equations and bound-
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ary conditions, as well as the required conditions of
orthogonality. The equilibrium bortions of these eguations
are shown to be identical with particular shell theories,
previously developed by Yu, in part by different means.

The two dimensional shell equations are formed after making

a power series approximation for the particle displacement,
applying the variation to the mid-surface motion coordinates,
and integrating over the cylinder thickness. The mid-surface
motion is composed of a dimensionally separable series of
orthogonal functions containing exponential axial terms.

A computer program has been developed which identifies the
natural frequencies and boundary dependent normal defor-
mation modes associated with force-free vibration. The
separable Lagrange equations developed within Hamilton's
Integral are mnumerically solved for three time-impulsive

type forcing functions. The cumulative deformation pattern
of all modulated normal modes excited by these forcing functions
create a particle stress intensity at a critical point on the
cylinder's surface. The stress intensity history of the SR
and Classical models are examined. Differences are noted and
analyzed. The effects of the spatial character of the
forcing functions, alternate model rigidity and different -

natural boundary conditions for each model are considered.
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SUMMARY AND CONCLUSIONS

An investigation has been made of the dynamic res-
ponse of two short, thick cylindrical shells, with clamped and free
edges, to three different impulsive loadings. The comparison
is taken between two models of elastic restraint to defor-
mation: a classical type model (CL) and an SR model, in
which transverse deformation is permitted and rotary inertia

effects are included.

The investigation was performed by means of a com=-
puter program, briefly described in Chapter IX. The actual
program is written in FORTRAN IV and is suitable for use
with the IBM 360 or CDC 6600. Readers who are interested
in these details, or in securing the program listing, are

urged to communicate with the author.

The reasons for the choice of loading and configurations

are set forth in Chapter XI.

The major comparison parameter was the stress in-
tensity history ét a critical point on the cylinder surface.
This stress intensity was developed from a truncated series
of the infinite normal deformation modes, oscillating at
their appropriate natural frequencies, which were excited
by the three forcing functions. The loads were all time-

impulsive, and described spatially as cosine frontal, tri-
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angular and exponential,

The stress intensity histories are shown in Figures
7,9 and 11 for the fixed cylindrical shell, for low, intermediate

and high truncations of the fregquencies examined.

The major sources of difference between the response
of each model were attributed to two factors: the admission
of transverse shear deformation in the SR model (the pliancy
effect) and to the different natural boundary conditions
of each model, formulated within Hamilﬁon's Integral. These

are described in 11.2 and 11.3 respectively.

The clamped cylinder had normal deformation modes
whose natural frequencies, according to the alternate models,
followed a consistent pattern. As the normal mode struc~
tural waves became progressively shorter, the CL frequency
became increasingly larger than the SR frequency of oscillation
for a given mode. Fredquency values are shown in Tables I and II,

as well as Fiqure 5.

The stress intensities for the clamped cylindri-
cal shell, as more short structural waves were incorporated
in the truncated series, differed significantly for the two
models. These results have been analyzed (11.5) and attri-

buted to the pliancy effect.

It may be concluded that: sufficient differences




exist between the models to recommend that the SR model

should be chosen for a fixed c¢ylindrical shell undergoing

transient dynamic loading.

With respect to possible future work, the following

comments are offered:

1. This conclusion is reached for a short, thick
cylinder. Other geometries, e.g., short, thin:;
long, thick and long, thin might be considered
to determine the effect of length and thickness
parameters. A preliminary judgment would be that
for these other cases, the CL model will probably

be adequate.

2. Some consideration should be given to loads
that are not purely impulsive, but are instead
distributed in time. A preliminary judgment is

that for these cases, the CL model may be adequate.

For the free cylindrical shell, the stress intensity
histories are shown in Figures 8, 10 and 12. The free cylinder
showed the effect of different natural boundary conditions for
the two models. The SR frequency was initially greater than

that for the CL model, with the longer structural waves. These

normal modes had deformation patterns which are influenced




throughout the length of the cylinder by conditions at

the boundary. Refer to Figures 30 and 31. When the axial
waves are shorter, the boundary effects are isolated, and
the general pliancy effect dominated. The CL frequency
was then found to be larger than for the SR model with
such waves. Frequencies are tabulated in Tables III and
IV, and differences between frequencies in Table V. Note

also Figure 29.

Differences in the stress intensity histories
between the models were as great when only long waves were
included in the (very limited) truncated series as was the
case when many more terms, incorporating the shorter
structural waves, excited by the transient dynamic loading,

were included in the series.

It may be concluded that: for the impulsive

loadings, and the free cylinder the use of the SR theory

is not required.

With respect to possible future work on the free

cylinder, the following comments are offered:

1. Examination of other geometries will probably

not be fruitful and is not recommended.




In either case (fixed or free), it is evident
that it will be necessary to establish an entirely dif-
ferent approach for an examination of the post-yield
behavior of such structures. It seems to me that this

will be the most interesting area for further research.

The material in this thesis has been partially
presented in a CUNY report, TR 68-15, prepared for the
U. S. Army Research Office, entitled, "The Dynamic
Response of Finite Elastic Cylinders according to various
Shell Theories," Volume I. This report has been cited in
the NASA/SCAN Notifications of September 1969, and the
NASA/STAR Notifications, January 1970. The work in this

thesis not covered in Volume I, will be included in a

subsequent Volume to be prepared later this year.
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NOMENCLATURE
(PARTIAL)

The following list is an inventory of most of the
symbols and letters used in this report. I have not made a
Serious attempt to restrict this nomenclature to unigque or
individual interpretation. Certain algebraic letters have
historically been used so often to represent particular con-
cepts that it would seriously detract from the presentation
were other letters or symbols to be used. In addition, I
have attempted to preserve much of the notation used in cer-
tain references, so as to make it easier to compare this

material with that in the reference.

As a consedquence, more than one meaning is often shown
for a letter or symbol. The one which should be used will
be clear in the context of the application. Not all symbols
are listed; where the use of the character is restricted to
only a few pages, and in a very narrow sense, it has not been

included in this glossary of terms.

Ay - The determinant a,; (see equation 76)

Ag Frequency determinant (see equation 78)

Chn A constant, expressing amplitude of a solution uﬁ

C Midsurface line (see Figure 4)

D Linear operator on x

E Modulus of elasticity

F Force

F:(x,d) Those terms in free vibration equations that are
multiplied by @ e (See 103). Traceable to K.E.
variation.

G Lame's constant

G' KG
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Free vibration, deformation equilibrium equations
Hamilton's Integral

Second invariant of deviatoric stress tensor
Stiffness coefficient (See equation E-24)

Length of cylinder

Lagrangian = T + U-W

Mass of entire cylinder

Moment resultants (equation 43)

Generalized mass associated with mNth mode (Eg.129)
Stress resultants (equation 43)

Index of infinite number of eigenvalues of wo,
Pressure on surface of cylinder

Maximum value of 5, as scalar

Generalized external force in the "direction" of
q(t) on
Shear stress resultant

Dimensionless parameter = (A t/a)(gl-:h/a)(%)m
s [-]

Incremental distance along vector Ek

Components of boundary value determinant, free
ends (see Eg. 94)

System kinetic energy

System strain energy

Unit volume

Volume

System external work

Location of center of gravity

mean radius of cylinder

Free vibration coefficient matrix (see equation 75)
Coefficients of Fourier series (eguation 168) _ ;
(142 )n?
Coefficients of Fourier series (equation 166) : -f
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Axial function in assumed solution

Coefficients in eguation 79

Half-thickness of cylinder

Proportionality constant (see equation 13)

Unit step function

1/3 (h/a)?

Number of circumferential waves

Vector normal to a surface d;E (Figure 2)

Generalized coordinate (t)

Inertial vector location of typical particle

Time

Time terms involving rotary inertia

Deformation vector

Midsurface deformation or rotation

Axial coordinate

Radial coordinate

A constant amplitude factor (see equation 77)
K (1~9 )/2 |

Terms in free vibration equilibrium equations due
to strain energy variation (See 103)

Deformation equilibrium equations
Surface element (see equation 1ll)
Used in boundary condition equation (see equation 49)

Space dependent terms in Pree Vibration
equation (102)

Stress~motion equilibrium equations (see
equation 44) }

Used in boundary condition equations (see
equation 50)

Non-dimensional parameter (equation 177)

Parameter varied as coefficient of perturbation
function.




-4 Parameter varied as coefficient of perturbation

- function
‘ ¥ Mass density

¥ Shear strain

§ variational sign

$ix Kronecker delta

€ Strain

Eik Strain tensor

Z% Perturbation Function

&ﬁmi Relative ampliéudes of axial modes
,Tk Perturbation function

) Perturbation function (t) in generalized

coordinate

K Mindlin's constant

hk Body referenced coordinates (see equation 12)
Mni A root of determinant A,

N Poisson's ratio

EP Inertial axes

f; LocaFion vector to particle from center of

gravity

6 Stress (general notation)

6ix Stress tensor

63 Stress or Moment Resultant (see equation 42)
6o Yield stress in simple tension e

6y Stress intehsity (see equation 182)

T Time of action of a pressure pulse
8 Circumferential coordinate
Wy Natural fredquency
AN Lowest extensional frequency = QE =

v Del operator

U Mathematical notation: "or"




- Notation for scalar multiplication
Arithmetic multiplier

A column vector
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Dimensionless To convert to Physical
guantity dimensional form Interpretation
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- SECTION I INTRODUCTION

1.1 Statement of the Problem

Many shell theories have been developed to predict
the deformation response of thin cylinders to external
stimuli. Shell theory is based upon the premise that de-
formation throughout the thickness of the shell is a function
of the mid-surface motion (linear displacement, rotation,
v;riation of rotation per inch, ete.), and the original
distance of an element from the mid-surface. These mathe-
matical models, when possible, have been compared with the
assumed exact model, the three-dimensional theory of elasticity.
Such comparisons have been limited due to theé unavailability
of exact (elasticity) solutions for other than extremely
specialized loadings, constraints and response patterns, as

for example, the axial shear wvibrations of an infinite

cylinder.

The classical shell theories are developed for a
cylinder whose transverse shear deformation is considered
negligible and whose rotary inertia is disregarded. Rotation
of the mid-surface is seen then to be a dependent function
of its linear displacement. The mathematical model to predict
deformation response is therefore constructed from 3 inde-

pendent variables, i.e., the orthogonal mid-surface displacements.

A more complete (non~-classical) shell theory (SR) would
account for transverse shear deformation and rotary inertia.
Mid-surface variables are the linear displacements and rotation
in the transverse planes. These develop a transverse gheal strain.
approximately constant throughout the thickness. The five




variables are independent.

In only one instance (wave propagation during free
vibration of an infinite cylinder) has a dynamic character-
istic of the models for both of these shell theories been
compared with the exact three dimensional elastic solution (36).
In that one case, the 5 variable shell theory can duplicate
the elasticity solution while the c¢lassical (3 variable) shell
theory is in substantial error in predicting the cycle time
of the higher frequency oscillations associated with short

structural wavelengths.

My intentionwas to discover how this divergence of
dynamic response characteristics between the two shell
theories manifests itself in more typical engineering
structures (finite cylinders, clamped and free-ended) sub-
jected to familiar impulsive loadings. The comparison
parameter was the time history of the Hencky stress intensi-
ties developed on the cylinder's surface. A measurable differ-
ence in results for a particular shell geometry or impulse
pattern could indicate hesitation in the unlimited usage of the
popular classical shell theories as models for many dynamic

pProblems.

"No forced dynamic response problem for a finite cylinder
.With edge conditions other than simply supported has been
attempted using a non-classical theory. Nor has a free
vibration problem, with the free and clamped boundary
conditions, been attempted with a non-classical theory.

Even with the classical theories, analytical dynamic response.
investigations are very limited. The deformation history

for the finite - clamped or free cylinder under dynamic

loading has not been investigated previously with either

theory.




Shell equilibrium equations and required boundary
conditions will be developed from Hamilton's Principle both
for a classical theory and a shear deformation theory. The
alterations necessary in both the equilibrium equations and
the boundary requirements to transform one theory into its
conjugate will be accomplished within Hamilton's integral
and will therefore be consistent with the minimization prin-

ciple.

The solution of the force-free equations is an infinite
series of separable space (normal mode) and time (natural
fregquency) functions. Proof of the orthogonality of the
normal mode functions will also be accomplished within the
Hamilton Integral by a procedure shown to be applicable for
any model, when the strain energy density of -the shell is a
dquadratic function of the strains. This orthogonality is
necessary to reduce Hamilton's Integral to a set of uncoupled
Lagrange equations. The Lagrange equations determine the
time functions necessary to construct the deformation response

pattern during a forced vibration.

The truncation of the stress intensity series for
both theories rests upon upper limits of natural frequency
magnitudes, which are selected on the basis of the pre-

cision desired in making the comparison.
1.2 History of Dynamic Analysis of Elastic Cylinders

Several authors have considered the free vibration
characteristics of thin shells with various end conditions.

In 1894, Rayleigh (1)* found the natural frequencies of a

* Numbers in brackets ( ) refer to References




cylindrical shell with free edges, based upon an inextension
of the mid-surface. Frequencies for an infinite cylinder
were also computed for a pure inextensional and a pure
extensional mode. Baron & Bleich (2), adding bending to
Rayleigh's extensional energy, applied Rayleigh's Principle
to the combined energy to construct a table of natural fre-
quencies for an infinite c¢ylinder. Arnold & Warburton (3)
investigated the free vibrations of the simply supported
cylinder. Later, (4) using the Rayleigh-Ritz procedure of
assuming an axial mode shape, they developed the Lagrange
equilibrium egquations from a minimization of Hamilton's
Integral and computed an approximation to the natural mode
frequencies of the clamped cylinder. 1In both cases, Arnold
and Warburton used the classical strain expressions of Love.
In 1955, Yu (5) also studied finite cylinders with clamped and
simply supported edges, with Donnell's simplified equation.
Yu employed an approximation which effectively restricted the

minimum permissible wave length.

Recently Forsberg, (7), (8), presented a computational
procedure to determine the exact mode shapes and fredquencies
for any edge conditions, using the classical theory of Flugge.
The method was suggested by Flugge in 1934 but awaited the
advent of the high speed computer., Warburton (9), used a
variation of this procedure, with Flugge's equations, to
Present the edge condition neglected by Forsberg, but in my
opinion used inappropriate stresses at the boundary. Edge
conditions do affect natural frequency, as shown by

Weingarten (10).

Yyu, (6), in 1958 included shear deformation and

rotatory inertia (SR} in analyzing the five natural fre-




quency branches for a simply-supported and an infinite cy-
linder. Other attempts to compute natural frequencies using
a non-classical shell theory were made by Herrmann and
Mirsky, (12), (13), for an infinite cylinder. The first

was for an SR theory of five independent deformation co-
ordinates and the latter for a six variable shell theory,

ineluding transverse normal stress (an SRN theory).

Weingarten (11), used a very much simplified classical
theory (the Donnell equations with no longitudinal or cir-
cumferential inertia) and found that many classical theories
(as well as many assumed mode shapes) lead to approximately

the same values of natural frequencies.

The literature on the forced vibration problem of shell
structures under transient loading is rather meager. Dynamic
response of cylinders to an impulsive load has been investi-
gated in a few cases of simplified geometry, using either a
membrane theory or a classical bending theory. Payton (14)
determined the dynamic membrane stress in an infinite
cylinder for a number of radial pressure distributions.
Humphreys and Winter (15), using Flugge's bending theory,
solved the same problem and compared numerical results with

Payton.

Sheng (16), Bushnell (17) and Yao (18) using, respect-
ively, the classical theories of Donnell, Flugge, and again
Donnell as equilibrium equations, have solved the response of
a simply supported cylinder to a radial impulse. This was
accomplished in a closed form solution, using the normal mode
method. The complexity of the problem was greatly reduced,

as the normal modes are well known as trigonometric functions

for a simply-supported structure (19), (3). This condition




applies to infinite cylinders as well. Very recent work done
by Reismann and his associates, (62)-(65), has concentrated
on the response of simply supported and infinite cylinders
under the influence of impulsive radial loads. SR as well

as Classical theories were used in the first three of these

analyses.

Wah (2) considered the dynamic response of clamped-
ended structures, but used Yu's approximation (see 5) after
choosing the form of the axial normal mode. Therefore, he
accepted, for the forecing function problem, an unproved

(and incorrect) normal mode orthogonality.

A numerical solution by finite difference methods for
an elastic (small deflection) cylinder by Johnson and Greif
(21), was constructed from a classical shell theory (22),
assuming first a normal mode solution. Results were indicated
for various modal shapes for a clamped-free cylinder with a
blast loading. Another numerical program (23) was developed
for axisymmetric dynamic loading of an elastic cylinder, from

a momentum distribution caused by traveling elastic waves.

Finite difference codes for large deformation, elastic-
Plastic response have been developed at MIT. An extensive
account of the two-dimensional problem (axisymmetric loading)
is presented by Witmer, et al, in reference (24). Pian ex-
tended the theoretical basis of the method to include the
general three-dimensional shell (25). Recently Leech (26)
offered the first 3 dimensional shell code, capable of handling

large deflections and rotations.

A serious limitation to the numerical approach is in
computer storage capability. This necessitates the use of a

very coarse space mesh, which in turn restricts the precision

of the result.




1.3 various Shell Theories

Many shell theories have been proposed. The particular
ones reviewed here have had considerable engineering appli-
cation., The methods of developing these theories have been
different, but they all rest on the premise that the mid-
surface motion of the shell controls the behavior '‘of the
structure, and a particular motion is prescribed, either

explicitly or implicitly.

Classical Theories

Uéually, the dynamic equiiibrium for a finite element
as thick as the shell is considered. The forcesand moments
acting upon this element are ::expressed first in terms of
strain and change in curvature of the mid-surface and finally
as functions of the mid-surface displacement. For a classical
bending theory, where the normals to the median surface of
the undeformed shell remain straight and normal to the median
surface after deformation, the change in curvatures (rotations)
of the mid-surface are directly dependent on the space-
- derivatives of the translation of the mid-surface. For a
membrane theory, where deviations throughout the cross-section
are disregarded, the effect of median-surface rotation, with ‘
respect to its contribution to this change of deformation

throughout the cross-section, at least, is neglected.

Cylinder bending theories, developed following this
finite element procedure, that have enﬁoyed wide usage,
are those of Love (27), Timoshenko (28), Flugge (29) and
Donnell (30). Love and Flugge make allowances for the
trapezoidal shape of two faces of the element in computing

the stress resultant. Timoshenko does not. Donnell's




. equations are derivable from those of Timoshenko or Flugge,
by neglecting the first power of the thickness-mean radius
ratio when compared with unity. The Donnell equations are
applied most frequently as they can be easily manipulated to
give an uncoupled equation in the transverse deformation
coordinate and because they are amenable to approximate

analytical solutions.

Other bending theories, perhaps more rigorously devel-
oped, have been compared by Budiansky and Sanders (31), and
were justified for a variety of theoretical considerations.
Two of the engineering theories above, Love's first approx-
imation and Timoshenko's, yvield unsymmetrical equilibrium e-
dquations and are therefore in contradiction to the principle
of conservation of energy (32). Their strain energy would
not be invariant with a coordinate transformation (33).

This implies that the structure was not linearly elastic

as assumed, Betti's law being violated (34). The major
practical consequence of unsymmetric equilibrium equations

is that a series solution of assumed normal mode functions
would not be orthogonal and therefore not truly separable for

analytical and computational purposes.

Non~-Classical Shell Theories

Higher order (non-classical) shell theories have been
developed which attempt to include the transverse shear
strains and transverse normal stress. Such theories differ
from the classical shell theories in that the material normal

to the median surface of the undeformed shell no longer remains

normal to the median surface after deformation. Shear de-~
formation theories, including the effects of rotary inertia, . :

are called SR theories, while the further inclusion of the




. normal stress creates what is termed as SRN theory .

A different approach was necessary to create these
theories as the geometry of the deformation is not as evi-
dent as in the classical bending theory. In a manner
originally proposed by Cauchy and Poisson, and revived by
Mindlin (35), the deformation of each particle throughout
the thickness was described by a truncated power series for

the transverse position coordinate of the shell;

N
Wix,$,2:t) =2 2'WL (x,bt)

ne
where the superscript terms described the motions of the
mid-surface. For an SR theory the circumferential and
axial coordinates, u; and u,, are linear functions of =z.
The radial deformation, uj, is independent of z. This

1s necessary to define ul(i)and uz(l), the rotations of the
original normal to the median surface, as functions of the

transverse strain.¥*

Consistent with the displacement of a particle, the
three~dimensional stress-motion equilibrium of a particle
is studied. The elastic constitutive equaﬁions at a point
(with appropriate modifications for a transverse shear factor),
coupled with exact strain-displacement relationships for
curvilinear coordinates, transform the particle equilibrium
equations into functions of the mid-surface motion coordi-
nates, uk(n). An integration of these equilibrium equations )
over the thickness produces the shell equilibrium equations

as a function of these coordinates. Herrmann and Mirsky (36)

* As stated before, the classical bending theories use this
method implicitly. When the transverse strain is set equal
to zero, the dependency of the rotation ukflﬁ'on the
translation: of the mid~surface uk(o) is found. E




and Yu (6) developed their shell equilibrium equations in
this manner. Herrmann and Mirsky determined their shear
factor by studying the free, axi-symmetric motion of an

infinite ¢ylinder (36) by the three-~dimensional theory of

elasticity and comparing their shell theory to this.

Utilizing the true dynamic equilibrium equations at a
point is the sufficient condition to satisfy the Virtual
Work integral when there is a variation of the equilibrating
displacements. Recognizing this, further work in developing
shell equations was done, utilizing Hamilton's principle of
minimizing the time integral of generalized Lagrange energy.
The results should be exactly equivalent, as was checked by
Yu (37) and Herrmann and Mirsky (12), as they redeveloped
their shell theory eguations, using the Hamilton method.¥*

A great advantage of this procedure is that it readily and
consistently permits the establishment of the appropriate
boundary conditions. A further advantage, is that being
developed from an energy basis, for a linear elastic system,

the differential equations of motion (the equilibrium equations)
possess the symmetry necessary for a series of orthogonal

solutions.

Klosner and Levine (38) developed two shear deformation
theories starting with Donnell's and Flugge's bending theory
by assuming changes in these bending strains consistent with
transverse shear deformation and constant radial displacement.
The strain energy was constructed and Hamilton's principle

applied to develop the shell equilibrium equations.

* This is a form of a Rayleigh-Ritz procedure. The actual
deformations are approximated by Mindlin's series within
the Hamilton integral and the mid-surface coordinates are
minimized. :
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The more complex SRN theories have also been developed
using Hamilton's principle and the Mindlin power series
deformation. Herrmann and Mirsky (13) proposed a linear
power series for all three displacements. Naghdi, (43),
applying the variational principle of Reissner (39}, used a
radial deformation that was a function of mid-surface co-
ordinate terms up until the second power of z. The normal
stress was not disregarded and the shear constants were ob-
tained as a natural consequence of the displacement

assumptions.

I have used Hamilton's principle to formulate my own
shell equations of both the SR type and the classical bending
type. These will prove to be the same as equations developed
previously by Yu, by different means. This has incorporated
a selection of the appropriate Mindlin deformation series
(linear in the line-of-curvature coordinates and with only
one transverse coordinate). The equilibrium equations in
each case will be symmetric. This is a necessary requirement
for solving a dynamic problem by the normal mode method.

The boundary conditions, taken from within the Hamilton in-

tegral, will be consistent for each type of theory.

1.4 Comparison of Shell Theory Solutions - Dynamic &
Static Response

The free vibration characteristics of infinite cy-
linders, analyzed by both the three dimensional theory of:
elasticity and various shell theories ( classical and non-
classical) have been investigated and compared. Mindlin (45)
investigated flexural wave propagation in an infinite plate

and compared the known elasticity solution-for the slowest

11




moving wave for each structural wave length (first branch

of the phase velocity spectrum) to solutions found from the
membrane theory, a classical bending theory and a non-classical
SR theory which used a shear factor,ﬁ( . All theories gave
the same results as the membrane theory for long wave lengths
but only the theory accounting for shear deformation could
duplicate the elasticity solution (with an adjustment

of f( as a function of Poisson's ratio) for short wave
lengths. If the first mode of thickness-shear vibration is
compared, K must have another value. The classical bending
theory erroneously predicts wave propagation velocities

for short structural wave lengths (high frequency terms) .

Mindlin (46) did a similar analysis for axially sym-
metric flexural vibrations of a circular disk with free
boundaries, comparing an SR with a classical theory where
the rotary inertia is included. Natural frequencies for
all mode shapes were compared. There was a significant
difference in the high frequency range, {short structural
wave length). The classical bending theory computes high-
er magnitudes for these frequencies due to the constraint

imposed in suppressing shear deformation.

Herrmann and Mirsky (36) developed classical and SR
shell egquations (beginning with stress-equilibrium at a point
and assuming a linear deformation pattern) and extended
Mindlin's procedure of comparing first branch flexural wave
propagation velocities, in an infinite cylinder with axi-
symmetric loading. Those computed from these shell theories
were compared with the elastic solution. Mindlin's plate
conclusions were verified for the cylinder. Interestingly,

the effects of shell curvature were negligible for short

T gt e e
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structural wavelengths, and Mindlin's plate shear factor,

K could be used in the SR theory to produce the elasticity
results. The bending theory prediction of wave velocities for
these wave lengths were in error, while for long wavelengths

the membrane theory was adequate.

-Greenspon (40) compared the natural frequencies
(associated with wave propagation) of an infinite shell
computed from the membrane theory, various classical theories
and non-classical SR theories. This was done for a range of
structural wave lengths with more than one branch of the
frequency spectrum studied. The upper branches contain
higher frequencies associated with the same wave length
(mode shape). The shear deformation theories were most
successful in predicting the elasticity solution for the
higher frequencies. Greenspon also found that, for this
free vibration case, the deformations for thin shells
according to the linear SR theory approached the theory of
elagticity solution more successfully than did the classical
bending theory. Even the SR deformations became less valid

as the shell thickness increased.

Herrmann and Mirsky (12) duplicated the elasticityA
solution for the first mode frequency of an infinite cylinder,
during thickness-shear vibration, with an SR theory, using
Mindlin's plate shear factor. In their work (13) with an
SRN shell theory the same results were obtained. (The shear
factor, though, was slightly different from Mindlin's). 1In
{(13), where general vibration frequencies for six branches
were obtained for each structural wavelength, and in another
work (41l), with their SRN theory, but with axi-symmetric

vibrations, limitations of the shell theory were uncovered.

The higher branches of the short structural wavelength fre-




quencies {extremely high) were not predicted accurately
for thick shells. This is partially accounted for by the
non~universality of the shear factor, the thickness-shear

factor having been developed for a lower first mode frequency.

The forced dynamic response of infinite cylinders has
been analyzed (at separate times) using the membrane theory,
a classical bending theory, and the SR theory of Herrmann and
Mirsky. Spillers ( 42) used the SR theory to describe the
response of a semi-infinite cylinder to an axi-symmetric
longitudinal impact at one end. He finds that at times shortly
after the impact the deformation and stress could have been
adequately described by the membrane theory. This must be due
to high wave velocity of long structural wave lengths that
are primarily associated with shell compression. At a later
time, when the effects of bending and shear deformation
(associated with the slower moving waves of short structural
wavelengths) are felt, the membrane theory is inwvalid.
Spillers did not differentiate between the effects of bending
and shear deformation. Recently, Reismann (65) analyzed an
infinite cylinder in plane-strain under the influence of a
radially directed concentrated impulse. A membrane, bending,
and SR solution were compared. Results similar to Spillers'
were obtained for the membrane and SR solution. At times
shortly after the impact, though, Flugge's Classical theory
predicts a different response than the other two. At a later
time, when flexural waves are more significant, the Classical
theory response is closer to the SR response. Humphrey and
Winter (15) compared their work to Pafton (14) to differen-
tiate between the membrane and bending effects on an infinite
cylinder in plane strain with radial impulsive loading. They

found (29) their stresses, from Flugge's bending theory,
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. diverged from the membrane solution only after some time.

The membrane-bending, membrane-shear deformation and
bending-SR comparisons in an infinite cylinder during forced
impulsive loading, therefore, do exhibit the characteristics
found for free vibration wave propagation. As already noted,
the free vibration analysis of an infinite cylinder also in-
dicates in exactness (towards the elasticity solution) of the

SR theory over the classical bending theory.

This difference in results between these theories has
recently been verified for the forced response of a simply
supported finite cylinder. Reisman and Padlog (64) used the
classical theory of Timoshenko-Love and the SR theory of
Herrmann-Mirsky to compute the response of a simply supported
cylinder. to axisymmetric line locads and moving pressure loads.
With the moving pressure load a percentage difference of 34%
was noted between the axial moment developed by .each theory.
This was almost four times the difference noted with the line
load and accentuates the effect of short force waves in ex-
citing each model. 1In a slighty later work in 1968, Medige,
Lin, and Reisman (64) extended the comparison with a non-
axisymmetric cosine frontal impulse. Flugge's equations were
used for the classical model. Moment Resultants and Stresses
on the c¢ylinder surface, in both the axial and circumferential
direction, differed appreciably in each model for a thicker
cylinder. The effect of end conditions in no other finite
cylinder in influencing any difference in response had been

investigated., ¥

* Bushnell (17) discovered marked differences in radial
displacement and frequencies associated with this dis-
placement when comparing a simply-supported and infinite
shell response to radial impulse, using a classical theory.
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My investigations involve a fixed edge dylindér and a free
edge cylinder, and continue this line of research. Differ-~
ences that have been uncovered are assumed to reinforce the

superiority of the SR theory.

This supposition of the superiority of the SR theory is
by no means valid a priori if the criterion of comparison is
the staﬁic response. Klosner and Levine (38) employing 5
shell theories (two classical, two SR, and the SRN theory of
Naghdi) have investigated the displacement and stresses pro-
duced in an infinite cylinder, according to these theories,
by axi-symmetric, periodically spaced radial loads. These
results have been compared with the solution of the theory of
elasticity. All shell theories predict stress and displacement
erroneously in the vicinity of the applied loads. In pre-
dicting longitudinal stress and displacement the classical
theory gave the best results. In predicting the circumfer-
ential stress, the classical theory gave better results than
the shear deformation theory and was only inferior in predicting
radial displacement. 'The authors attribute these seemingly
surprising results to the particular static load used, which
produces large circumferential stresses and constant longitud-
inal displacement throughout the shell thickness. The shell
theories, though, assume a longitudinal displacement varying
linearly throughout the thickness. The cross-section rotation
coordinate, which accounts for this linear effect, is computed
as overly large with the SR theory not suppressing the shear
deformation. Iyengar and Yoganda (44) also found the classical
shell theories acceptable in predicting deformations and stresses
in a semi-infinite shell with a concentrated axi-symmetric
line load at one end, especially for thin shells. The de-

formations and stresses in the vicinity of the concentrated

load were in error. They did not investigate a shear-defor-




mation theory in their paper.

1.5 Summary of Analysis

Forced Response of the Finite Elastic, Cylinder

The structural dynamic response of the free cy-
linder subjected to time dependent mechanical loading will
be described by the resulting rigid body motion and the
elastic deformation of the structure. The elastic deformation
will be expressed in terms of modes of free vibration of the
mathematical model chosen to represent the structure. The
model will rest upon the choice of elastic parameters, per-
missible stresses and strains, and most importantly, the
choice of displacement coordinates to define the shape of

a deformed element within the structure.

Hamilton's Variation Principle

Hamilton's Integral, for an elastic cylinder

in motion, is rearranged internally by choosing a set of dis-
Placement coordinates (Mindlin's power series, truncated,)

EO] * leading to a particular shell theory. Utilizing
Hamilton's principle to develop the ordinary differential
equations associated with the rigid body motions, the partial
differential equations associated with a finite element of
the structure, and the natural form of regquired boundary
conditions, mode shapes and oscillation frequencies can be
computed to construct a deformation pattern minimizing the
Hamilton integral in the absence of external loadings (free

vibration.)

* bracketed terms refer to subsefquent equations
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A variation of the propagation times for developing these
mode shapes, is the method used to minimize the Integral
formed when external loadings are applied. A set of gener-
alized Lagrange equations are developed, as a consegquence of
this, which will define these required time functions. When
the deformation pattern for this forced response is constructed,

the stress pattern is, of course, determined.

Variation Technigue - The Shell Equation

I have used the conventional variation to develop the
three-dimensional, particle equilibrium equations within
the time dependent Hamilton integral. In this method, all
terms of the Lagrangian energy density are expressed as
functions of the particle displacements. These displace-
ments are ultimately varied during the wvariation of the
entire integral. The applicability of this method for a
continuous elastic structure was suggested by Love (27),
Goldstein (47) and Wang (48). The actual variation tech-
nique (perturbation from a solution value) is described
by Goldstein and also by Courant and Hilbert (49). Other
variation forms have been suggested. Reisner (39) (50)
varies displacement and stress independently. Yu has done
considerable work (37) (51) (52), extending Washizu's method
{53) of varying strain, displacement, and stresses independ-

ently, from the static to the dynamic case.

The SR shell equations are formed after making the power
series approximation for the particle displacement, applying
the variation to the mid-surface motion coordinates, and
integrating over the cylinder thickness. The five shell
equilibrium equations [53] - [5‘7] as well as the five natural .
boundary conditions [59 - [Q, are developed within Hamilton's

integral, as functions of the five mid-surface coogdinates. as
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a natural consequence of the variation principle. These are
identical to Yu's (37) developed by his variational technique
and those found when he used the three-~dimensional stress-
motion equations (6). The consistency of these two models

within the same variational integral had not been examined.

The transformation of Hamilton's integral when the
rotary inertia is disregarded and the shear factor, K
(inversely proportional to shear strain) approaches in-

finity, i.e.,

Lim ( %1
8 S Ldtl =0)
t Kwe
(o]

results in a classical bending theory. The three equilibrium
equations ﬁg‘] - [7]_] and the four natural boundary con-
ditions Fé) are taken from within Hamilton's integral

(see Appendix D).

Free Vibration Solution - Normal Modes, Natural Fregquencies

As stated earlier, the only method of obtaining the
exact mode shapes and natural frequencies, of a finite cylinder,
with end conditions other than simply supported, was presented
by Forsberg (7) in 1964. Many procedures are available to
obtain approximations to the natural frequencies for a given
modal pattern. These are either through approximations to
the equilibrium equations (ll).(5) or, Warburton's (3) (4)
(9), assumed approximation to the mode shapes (the Rayleigh-
Ritz procedure) which gives better results. Forsberg's

work is invaluable in solving the free vibration procblem.
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An assumed solution for the mid-surface deformation

coordinates, in modal vibration, is made (54):

W, =( é‘: I.:r; &) (cosme U sinm)e'™t

Ks1,2,3
ns:ol

where the series of eight axial functions applies to the

classical theory and the series of ten to the SR theory.

Substitution of these expressions into the homogeneous
differential equations of equilibrium, after a Donnell-type
manipulation, leads to a tenth (or eighth) order algebraic
equation for hi as function of W and equations involving
the proportionality of -t]g_l) . With the boundary conditions
specified, the problem is entirely determined. The detailed
statement of these conditions leads directly to ten (eight)
simultaneous algebraic equations for the ten (eight) un-
known constants. These equations involve the roots of

A (o) . Since the boundary conditions will be
homogeneous, the determinant [B4] or [94] of these
equatiOns must be zero for a non-trival solution. A com-
Puter procedure solves the equilibrium equation and the
boundary value determinant simultaneously, for a chosen
circumferential wave pattern, m. A trial value of W is
chosen to determine A, and J:]gf) for the determinant, which
must go to zero, if the chosen W was a true eigenvaltiee
(natural frequency. If not, we iterate by trial increments
to find the wvalues of w which will converge the determinant
through zero. Initially, the successive eigenvalues found will
be from the lower branch spectrum for axial structural waves
of increasing node number (long waves). They should be nearly

the same for either shell theory, as the effects of shear

deformation are only evident at higher frequencies, i.e., at i




shorter structural wavelengths.

Forced Vibrations - Lagrange Egquation - Orthogonality
of Normal Modes: Comparison of Shell Theories

Once the mode shapes and natural frequencies are de-
termined, the forced vibration problem is solved, within
Hamilton's Integral, by a variation of the time function

[116] . [121] ' [122] . This is the procedural form
of the normal mode method, when Hamilton's principle is
applied. The Lagrange equations can be taken from the
Hamilton integral in uncoupled form, if the orthogonality of

normal modes can be verified.

Kraus and Kalnins (55) demonstrated the appropriateness
of a normal mode dynamic solution for a bending theory shell
with homogeneous boundary conditions. They need symmetric
equilibrium egquations to prove orthogonality by a particular
Green identity. Tso (56) verified the orthogonality result,
using the equilibrium equations and boundary conditions gen-
erated from Hamilton's principle, for a classical theory.

His proof rests upon homogeneous boundary conditions {leading
to a separable (space-time)solution series) and a linear
elastic structure, where the strain energy is a symmetric
guadratic function of the displacement variables and their
space derivatives. ZLove (27), proves orthogonality for the
normal modes of vibration for a structure whose strain energy
is a quadratic function of the strain. For his proof, he
utilizes the symmetry of the energy expression for this
linear elastic system that makes Betti's law valid. I have
extended and applied a similar orthogonality proof to both
the 3 variable and 5 variable (SR) case. The need for this
orthogonality (to uncouple the Lagrange equations) will

.....
T
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manifest itself within Hamilton's integral. The orthogonality,

therefore, is also proved within Hamilton's integral.

When the orthogonality proof is completed, the uncoupled
Lagrange equétions to determine the time coordinate as a
function of an arbitrary force input are developed, [128] .
The deformation patterns for an impulsive force input are
examined, f175) and the resulting stress intensity on
the cylinder's surface is computed, (186} fLo4) . The
stress intensity history is recorded for different truncations

of the natural frequency bandwidth.

The results of utilizing the bending theory or the shear
deformation theory have been compared for various edge conditions,
shell geometry, and truncations of the deformation series.
Previous dynamic solutions for a finite cylinder have only
been attempted for simply-supported edges, where the normal
mode functions are known. At the time the proposal for this
thesis was presented, this work on simply supported cylinders
had only been done with a classical bending theory. Reismann's
recent work has considered the response of simply supported
cylinders with an SR theory also. No attempt has been made
previously to solve any forcing function problem for a free
or fixed edge finite cylinder by either a non-classical
(SR) or a classical theory. The comparison of the SR solution

to a classical bending theory solution, therefore, has not been

Previously attempted.




SECTION II CO-ORDINATE SYSTEMS

The cylinder has length L, inside radius (a-h) and
thickness 2h. It is subjected to an arbitrary pressure P
on its surfaces. The usual practical case encountered would
be that the pressure was exerted only on the outer cylindrical
surface, but our analysis is not so restricted. We do require,
however, that the body undergo only translation with respect
to the inertial axes E-l' i,z, and i‘B' (See Figure 1). With
this limitation, only certain patterns of surface pressures

are permitted.¥*

-

A point m in the material is located by means of the

vector F from the center of gravity B. The body fixed triad

e, e
ll 2'
the surface pressure F and for the subsequent deformation

53 serves as a reference coordinate system both for

vector u, locating the displaced particle at m'.

The symbol ék is used to represent any one of the vectors
e1, ea, §3, which are seen to retain their orientation with

respect to the inertial set E_p.

* » .
NOte"I'his particular limitation is not really essential to the

analysis, but is chosen for the convenience it affords in
presenting the problem clearly. The general desire is to
prevent rigid body rotation, so the requirement is that
there be no resultant external moment. If, for exampile,
the loads are radially directed, rotation is automatically
prevented about the g_ axis. To avoid rotation about

the & 5 axis they must be symmetric with respect to

g = 0, and to prevent rotation about the g‘l axis,
symmetric about x = L/2.

If there were a rigid body rotation, in the subsequent
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The point m may be visualized also as being located by
the coordinates x, & and z. x is taken as the distance from
the left end, 4 as positive counterclockwise from the vertical
zero position, and z as the distance from the mid-surface,

measured positive radially outward.

When the body has translated, the location of the center
of gravity at time tj is given by Yz (t). The location vector
F is considered not to vary in time. The new position of m

is given in inertial space by the vector r. We may thus write:
(1) P(x,%,21) = Ya(t) + Wix$,2,4)

We now define the components of §B along the space-fixed

axes as:
2 M) = BeE,
and along the body fixed axes as:
3 Yolb= Told)- Ex

The components of the deformation coordinate, u, along the

body-fixed axes are:

@) Ux$zt) = U (x,d21) Buld)

(Continuation of Note on preceding page)

application of Hamilton's principle, terms deriving
from the variation of strain energy would not be
affected. The variation in Kinetic energy and work
would produce additional terms, identifiable as being
associated with the rigid body rotation, but other-
wise not particularly useful.
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. Eqgquation (1) now may be written:

(5) P= Yalt)k Bk + Uk B

with the right hand terms understood to be in indicial

notation.
Differentiating with respect to t,
(6) F = ad,E(Y&)K éx + g%"' €«

Repeating the @@t operation, and employing the conventional

dot notation:
(7) -r'.- s (?B)x En + uv.éx

Expression (6) will be useful in formulating the system
kinetic energy, and equation (7) in understanding the part

played by the rigid body motion.

SECTION IITI DETERMINATION OF
STRESS EQUATIONS OF MOTION AND
STRESS BOUNDARY CONDITIONS

Hamilton's principle states that the motion of the
system from time t, to the time tg is such that the line in-

tegral I is an extremum for the path of motion:

4
(8) I=5* (T-U+W) dt

The integral I is defined by equation (8), in which the

kinetic energy T is:
(9 T=§ $¥F-Fdv
The system potential (strain) energy is:
(10) U’Sv'kf'méiudv

and the term W is taken as:

A e e e

TS
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(11) W = Sz P.Fds

In equations (9) - (11), we use

¥ = density per unit volume
Six = stress tensor component
€y = strain tensor component
dv = unit volume

d2 = unit surface area
and 5, r are used as before. Some explanation of these
terms is helpful.

The unit volume is defined as:

(12) dV = d5,dS5,d S,

where @Sy is the incremental distance along the body-fixed
vector Ek. The origin of the orthogonal body-fixed vector
triad 31, 52, and 53 is formally located by the body referenc-
ed coordinateshl,hz, andh3. In the particular cylindrical

coordinate system of Figure 1;

A 1 = x dsq = 1l dx
D 2 = ] dss = RAZ
7‘3 = R = a+z dsi = 1l dz

We will find it more convenient; however, to retain a more

general symbolism:
(13) dSk =h dA)y

In the form of (13), we can use Hamilton's principle for any
orthogonal curvilinear co-ordinate system.

The term dZ requires additional explanation. 1In
equation (l11l) it is understood that the integration is taken
over the entire surface of the body under study. In the
actual case, which involves a cylindex, the surface occurs at
either end of the cylinder, and on the inner and outer curved

surfaces. At these boundaries, dZ - has different forms:




Boundary a2

A1 =x=0 Rdgdz = dS,dSj
A1 =x=L RAgdz = dS,dSj
A 3 =R=ath (a+h) dgax = ds,)* ds;
A3 =R=ah (a-h) ddax = ds,)” dsy

The boundary is encountered in the first two cases, by
traversing the body in the direction ej. In the latter two
cases, the boundary is encountered by traversing in the di-
rection 53. No boundary exists for a traversal in the direction
éz-
_ In each of these cases, the surface 42 could be called
dZ, and dZ 3 to reference the direction of traversal. Also,
and fortuitously, the elemental surfaces at the actual boundary
are normal to the direction of traversal.

In order to preserve the generality of the indicial
notation, we do not assume that the surface dZmust lie in
a plane normal to a body-fixed coordinate vector. Instead,
we take the surface dZas in figure 2, so oriented that n
is normal to dZ . The projection of AZ on any coordinate

rlane is found from:

(14) (dZ)N-Bx= dSidS; (LEJ=k)

Furthermore, we assign a subscript to dZ, e.g., d%x, to re-
ference the direction traversed in the body to encounter the
surface. Thus (in this case) equation (11) should be under-

stood to imply:
we-{ P-Fdz +§ P-Pdz,

The stress and strain tensor components ¢ jj and € jy

follow the conventional notation that the first subscript
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indicates the plane on which the stress acts (normal to ej)
and the second subscript the direction in which it acts.
Now, the extremum requirement on equation (8) is

equivalent to :

(15)  §I=0

Setting L = T - U + W, equation (15) becomes:

(16) § S? Ldt=0

L is known to be a function of the displacement coordinates

Y]_:,(t)p and v (x,4,z,t) as well as of their appropriate space
and time derivatives. (See Appendix A for details). Conven-
tionally, uyx and YBp are assumed in the form of a minimizing

function plus a perturbation function:

( 17) UK(X,QJ,ZI{.,O(J = (uu)luu + “TL;(X,¢,Z,*.)*

(18) YsP(’c,@) = (Yaphvm + @ (L) *

The termsNMy and&p are the perturbation functions and &

and @n are the parameters to be varied. The minimum forms

_ (uk) My and (YB)MIN are the forms of uyx and YBp when o¢ and
e are set equal to zero. The perturbation functions"l]'<

and & p are required to be zero at t, and tg. The variation

£ 1 thus requires that:

(19) ST (x,6)= &L doc + %lfa’ x %

*See Reference 47 =
**Bibliography. Reference 48 ‘ :
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The application of equation (19) involves differentiation under -

the integral sign in (8) of the form:
on G| or GRS (5

so0 that we must also use the notation:

don

(2D §ux = 3g%| dev « Mdat

(22) S0 = %%L.d:( s 7;LK dX = %‘{(5“&)
(23) 8(-%!?): %&ﬁ) d = aﬁj °‘ml %l*d“ & ug'%'!)

ofl20 L1 1}
Expression (ll) is an artificial form, chosen so that

SW will be equal to the virtual work done by the surface
tractions P during a virtual displacement. Equation (16) .

becomes:

(26 I+ 5§ Tdt - §§Udt + sfwdt=0

Substituting (9), (10) and (11) in (24):
(25)  S{LSGE¥F-P) - 8@ sl dvdt +(§ P-§PdSdtso
tv +I

The actual variation of equation (25) is performed

in Appendix A. The result is:

(26)  §fLdt=§ D38+ i@ R+ Gulle 3 - ¥Matther (hdS UV
+ [T IR S W8 o SW™ s (60 s "F1 4314t
TE

+ [ [F(E)-MT (1), ] SXalthdt =0

* The equations are written to be most accessible for a free-




In equation (26), the first integral provides the stress-
motion equilibrium eqguations for a volumetric element. The
second integral prescribes the boundary conditions and the
third integral demonstrates the equilibrium equations for rigid
body motion.

In the second integral, we interpret the subscript i as
being associated with the traversal of the direction €; to en-
counter a boundary surface element dZj. The equation requires
an evaluation of ( G-ik Suk) at the extreme values of the
body referenced coordinate '\ ;.

The stress-motion equilibrium equations (without the
boundary conditions and rigid-body equations) may be separately
obtained by setting the time integral of the virtual work equal

to zero:

(27) { Waune = StSv Fop 57 dVdt 20

(Continuation of Note on preceding page)
body in space. For a constrained cylinder, the deformation

(and strain energy) would referred to an inertial reference.
As rigid body motion does not contribute to the strain energy
of deformation, the Hamilton integral, as developed in
Appendix A, would be acceptable for a constrained cylinder.
The form of (26) would change:

In the first and second integral on the right hand side:
] Suk would become Srk

e ux + Yﬁ(t)k would be ry, as the c.g.
acceleration is absorbed in the deformation coordinate

The third integral would be absorbed. It depends on the
unspecified, (for the constrained case), motion of the c.g.
of the body. '

The stress, 6ik., would be developed as functions of the
displacement coordinate, ry. and its space derivatives.




. In the conventional form, using T as the stress tensor at

a point, and ¥V as the del operator:

(28)
{Woor = §§ (7-T-2F)-5PaVdt w0
tv

* Note: This is shown as follows: V."Eg GK%‘S’*. 6l éi-éj

in which &34 Eigj is the stress dyad. Carrying out
the differentiation:

VB[R 8& + 608 &0y & d8)
continuing
V<= BB %a &; +(§:-%§i)6‘0§j *(éu‘éi)&j%il;

Using the Kronecker delta:
0-T- s:&%& 8 +( Ex‘%%‘i)ﬂj 8 + (8xi) 6y %si
or, contracting the first and third terms:
3. 06 5. 5 .28 B, 2€;
v¥ 3 g+ BB ag+ 6l

We now make use of the idemfactor I = 8¢ ete, which
~has the property I = e; = e;

6xi Stu &b 33 = 6) 5tuBelBn- 3)
= 6xjRulen i)
Replace m by t and interchange j and t to find
= 60808 32) = 6 8- 2% &
Return to the expression fo.r 7T to find:

73 %gmé,-gg}(m, 8 + 6w - %& é;

Replacing the index j by k, k by t and t by i:

VR[4 + B 3Bio 4 6 B BRI,




- In the first expression replace t by i, and note that
&ti = ©6it to obtain

V- [ 36+ 838 o v sud 3B 1R -(v-TNE,

The balance of_ the proof follows readily from the
definition of r.
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SECTION 1V THE TWO-DIMENSIONAL THEORY - THE "SR" THEORY

The next step is to isolate the z dependence of the
deformation coordinate up (x,4,2z,t), and to integrate equa-
tion (26) with respect to z over the thickness of the

cylinder.

This will result in stress-motion equilibrium eguations
in texrms of shell variables, i.e., as functions of x and ¢,
where the point xX,4 is a location on the cylinder mid-surface.

This is then a two-dimensional theory.

The first step is to assume that the deformation co-
ordinate v can be expanded in the form:

{29) e
WX D, 2403 UL (xdt)Z™ *

O
- where the superscript (n) indicates a mid-surface property.
Several prior investigators have found it appropriate to

truncate this series as follows:

(30} U (X 24 = U (xdt) +ZUxdt)

W (X, &,24) s Ur(x, d,4) +Z Up(X 4 t)
Us(x, ¢,2.t) = U3 (X, bt)

v

* See Reference 35

** For a constrained cylinder, with inertially referenced
deformation, the following condition holds:

uko + zukl + YB'k = rko + zrk1

o

(v~ + Yy} + 2 (ukl) = rko + z (rkl)
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In equations (30), the superscript.0 refers to a mid-~surface

deformation and the superscript 1 to a mid-surface rotation.

Since we require arbitrary variations in Suk, it
is necessary to develop equivalent expressions involving

§u° ana §ul. This is done as follows:

We have taken (see equation 17, repeated below for conven-

ience) :

(17) Uy (X, §Z,8,00 = U (%P, 2,¢,0) + X 'q{x,@,;,{;)

With the assumed z dependence:

( 31) Ul $zt,x) = Wxd,t,o) + ZU, (X, & t,00)

1
Now, if the variations of w and w,~ are similarly defined:

(32) U (%4, t,x) = UL (X d,t,0) e + AMR(X, L)

(33) W (X, ®t,00) = Ui(Xdt,00mm + X Nu(X. @, %)

We note that 71£ (x,#,t) are zero at ts and tg, but are

arbitrary at other times.

(Continuation of Note on_preceding page)

The deformation for constrained cylinder is a functign
of the inertially referenced, mid~surface motion, ry .
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Since ahy variation is still defined as:

ﬁlﬂ:o %'Q-oe
We operate on (32) and (33) to yield:
(35) SUk = M3 (X, $,1)dx
§Uk = 70 (X, t)dux
Since:
(36)

Ut Z,4.00= [UZ(,4,£,0) + Z Uk (X, &£,0]]+ X x i+ Enecnst)]
it becomes apparent that

(37)  §Uy= SUL+Z5WL

We also require the volume element, which for cylin-
drical coordinates becomes:

(38) dV = (a+2)dddxdz = (1+§)ad P dxdz

As has been explained, the boundary conditions may be

related to several surfaces. We employ the table developed

in section II to denote the proper forms of dZ ;.

Using (37),

(38) and AZE ; as needed, equation (26)
becomes:
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* on [[[TLTE + ot sucedh

~ ¥ (Vg + WS +Z2 W H sUL+ 2sub}C1+F 2 dZ]adddxdt
+'£'£ ¢( R~ Gix By &), (SUk+hULNath) dddxdt
+J]. (Pt Sty i)y (BUG- b0 a0t
+ _U;[ f:{ Pt 6ix &y éi}m{su: 2§ u;‘}“o( | +%) di]ad.QQt

+[[[[ :{ Bo- 6ic 8 B {Sur+Zsui) (1+F)d2adddt

¢
+ .L{ F (1) -MY (40} § Y, (£),dt

The detailed treatment of equation (39) is given in
Appendix B. It is necessary, on a term by term basis, to
assign the wvalues 1, 2 and 3 to the index k, as well as to
completely evaluate such terms as Ek- %%i For a better
understanding of the form of the results, we consider equa-

tions (39) on a term by term basis.

The first part requires that:

ox [[{ [[38r +ouwce: 3 + sucee iy

- ¥ (Yo, + U +2 W} (sUN+ESULKI+E) dZ]adddxdt

(40)

Manipulation of equation (40) results in the following

equation assembled from terms developed in Appendix B:
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I IS, T28+ 301 + B + k- W0 W2 UKD a2} 51
+ {S L'sg' + %‘u + %5"1‘ ﬁ‘;l K(Y. *u «£ 1) ﬂiu*&)d!} su,
+{ _[h (350 + 3522+ 30+ Bur 4 Go3 - u(¥y i3+ 20004 §)d2) U3
h s o .
+ j-‘ 38w 3804 00+ S2 4 S0 — x(Yo, 4l 420002045092} SU3
+{j 3%+ 304 2y Gt (Yo + U001+ )02} SU3Ja dddxdt 5O
Equation (41) is thus seen to contain in itself a series of
five terms, which add up to zero because this is implicit in
the independence of the terms in (39). In addition, each
term in equation (41) is multiplied by an arbitrary integrat-
ing term, of the form Suﬂ. Therefore, each one of Ehe{.}

terms, after integrating must equal zero. This result is ob-

tained in Appendix B and summarized below.

‘H’L[{%f:"'Je& 4R R)-2¥hYe(0-8,- 2o niks- EP WY sUS

+{ 3+ L360 + - 63 28§ -8, - Lo UL s,
+{ %Q'i,,é %%z‘i + 68 4 BYU+ )~ 28KV, - 82 - 2 83~ %{"'ﬁ‘,}su;
+{38+ 4 3+ 0+ Bon- 65, - 288 e 8, 05 - 2L S U}
.,.{Ac-s...a}.gu_ 2+ 80U+ B)- 250 ¥,00-8,- 20nill FsuSJadedudt

In equation (42), it is to be understood that there is

no surface traction on the inside of the cylinder. The terms
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P1+, P2+ and P3+ represent the surface tractions on the
outside of the cylinder. The meaning of such terms as

621, 6%1. etc. is shown on Figure 3. Generally
speaking, the superscript 0 refers to a force resultant, and
the superscript 1 to a moment resultant. The first index
designates the plane on which the resultant acts, and the
second index the direction in which it acts. Stress resul-
tants are to be taken as "per unit length" of surface on

which they act.

These equations may be more familiar if the notations
for stress resultants N and Q, and moment resultants M, as

discussed in Appendix B, are employed:
(43)
[[J[{ B L3 e urpr-2snFuetr B tirs B lpsWS
tx¢é
+

{3+ L Won_ g0 B0+ 00 ZEBROBAUT ity s
+{ 304 2 B @t F01eD)- 20h( Y1) g+ i+ 2 Gy us
+{ s 4 LMy 42014 Roh- 2Eh Xa0:Bulid 4 )5 sul

"'{%""& %&.4_ .Nq!‘-g- g'a+ .2)— ZKh&.lt)-E +Up} U5 |adddxdt

E0
In equations 42, 43, uﬁ represent the second deri-

vative (with respect to time) of the mid-surface deform-
ation and ui represent the second derivative (with respect

to time) of the mid-surface rotations.

We note that equation 42 (or, alternately, 43) in

general forms a series




Us
0 ___I/ Uf’
Up

Mid- volume Point

a. Stress Resultants

+/’ b. Moment Resultants

i S TRk Y e S U

FIGURE 3+ STRESS AND MOMENT RESULTANTS
ON CYLINDRICAL ELEMENT
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(44)

I Y s Uy adbdxdt = O

txe

in which k =1,2,3 and n = 0,1. (There is no term corres-
ponding to Su%.) Since, in general 5u£¢0, this requires
that the individual terms ‘fﬁ E 0 identically. The set of
five equations that results is known as the group of "forced

dynamic equilibrium equations”.

Returning to equation (39), the second, third, fourth
and fifth integrals refer to the boundary conditions at the

following boundaries:

At =z =h Outer Cylindrical Surface
At z = ~h Inner Cylindrical Surface
At x =0 Left end

At x =1L Right end

The results are found in Appendix B, and the end

products summarized below:
At _z =h

(45)
J. [( B Salaap, (SUY)
txd

+ (R 63y, (SUeh)
+ “’;‘ 6]&)}.],( ‘u:)
+( ﬁ"‘ 6;;),.,.(8&5 sh)

+ (8= 63l (SUR)|(ath) dbdxet
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9 4

(1] ‘l
o= PoPo[**(tn¢) am!w:.w +%914

ﬂ.x.ﬂ

°*¥*NngY {12PZ(¥+1)Y .ﬁ, 9)+

oy

‘l
**Ing) amzw,éu..... +¥9}+

°"X('n$) " {aPz (4 _Z +9)+

- 3
Ouuﬁo.d_Wwo-x._-mvnm + :M.__.—c m...-.o u.u b..“,

(LY)
IPXPOP (Y-0I[(ENS ) "3 (%9 4 3y +
(Y*NHV 9+ Yy 4
¥ ic . y
(emHT*(%0+ 4+
$x}
() e~ 4y [f]
(9¥)

U= = 2z 3¢



At x =L
(48)

“[{6.. fpma;az} R
+{6u~ l RO+HrZdE) (SU.),,

+{65- jami)dz} sup,

.Y
+ {60~ j RU+E) 2dZ)  (SUY

uskL

+{65- j‘ RO+&)dZ)_csul),, Jadedt=0

In the boundary condition equations (45 - 48) the
quantities Py refer to the external surface tractions at the
boundary and the G'i]r{l to the stress resultants at the
boundary. Equations (45) and (46) are of the form:

(49)

JI[ B suiatmrapdxdt= 0
tx¢

while equations (47) and (48) are of the form:

(50)
[] o suladpdezo
te

There are only two ways of satisfying equations (49) and
n
(50). Either the Suﬂ # 0, in which case §;= 0 and
0 ﬂ = 0, or alternately, the 8u£'= 0. This prescrip-

tion will later be considered in more detail.

44




- Finally, the last term in equation (39), in this
form, clearly demonstrates that Newton's second law must also

hold for the entire body. The requirement is stated:

1 .
1) Rt - MY, (b, = 0

This fact, too, will be useful in our later development.

SECTION V
EQUATIONS IN TERMS OF
DEFORMATION COORDINATES

The next step is the transformation of the stress-
motion equatims into a similar set involving deformation

displacement coordinates. This work is done in Appendix C.

For the equilibrium egquation 42, the result becomes:

(52)
J [ = suzadddxdt =0
tx ¢
where the individual values (E)E are, ( Su]I: # 0):

(53) E %{ l-° Bu‘ t7a l'h’ b!h* + 9.%!4
+ia[ G - ¥ Flly+rtash)

~ 2%h¥, ()-8~ 2sh G4 — 238 -3'-{4 =0

Note: In equations 53-60, replace “k by rk if dealing
with an unconstrained cylinder.
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(54)
R 3 . - - ' - '
=.- wm._ﬂ@m?“ PP oyl 52 8
+.I+& - .ﬂlnﬁ.fwmm;+m+::+w.v

W.Eft 5~ (W 4 S0

(55)
= nmvﬁ_%.mm,&%xf 238+ 53
ol g - 1 <[ S8
+E 8- 20h Y00 8,- L EE - 2en $W -0
(56)

NO

=~ fitbe {5 - &5

+H¢Ma L4 L T
_..

o 4 ash) 2

.H.A B
s dE- F;

414;;.

+B O+ 3n- 250 Y-8, - 2P0 EME 4 i) -0
(57)
== B PR 8- L5

+KCHRAE- vu- -5 )

sR0+R1- 20 T - 2hy - 8,=0
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Equations (53=57) were obtained by Yu * in 1958, except

for the terms involving the external forces and the rigid
body motion.
In equations (53-57)
(58)
deh,y?
k=3{(3)
K- £4=9)

The significance of K is explained in part in Appendix C
and also in Appendix D. The notation t; is used to indicate
those terms which are related to the inclusion of rotary in-

ertia. This is further discussed in Section VI.

Boundary conditions (45) and (46) are in an appropriate
form for use when the outer and inner cylindrical surfaces

are free to move, and are not transformed.

_maavw’ Al d Ao A7 amA A9\ vanafFfAarm aa FATT1Awa.

At (59 ”[{—g&'( U, B 3—"“‘+—U‘;)+J‘ Ru+Srdzy csun),

(59)

N

+{ |TE§"|.°

h:(!-"%‘%'.'l' aIf.‘l + % %%) +£"R(£X\+§)d2}h£8u:,h°

He e zm-?,—}‘fac ' g-;-rg-ai‘,%nj R+ )dz} FEUHIN

+{ (L U4 ‘“‘4-]' gzu+daz} suy
+{ 3RS 0 (L3, g-u' '“‘+‘[:gzu+-)azt (suy
+{ 5515 2h(ui + 3y + J, P,(ugmzt (suy) ladédt=0

* Reference 6




At x =L

IR 1 Ru0-Lronpar)

- j RO+EIZeZY BW,

+
plo

iS22 2n (W L 3F 2 Q) - jp,minz} s,

=k

o ) W h
+{§tf;l).!i£{&’“-+%“#+&%%) j"l;'%m- )d_iLH(‘Suﬂ '

+ (455 3 - 2h i+ 3P~ (R edrdz} (suy, Jadbdt-o

We retain this material for later use while we
briefly consider its relationship to conventional treat-

ments. This is discussed in Section VI.
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SECTION VI
NEGLECT OF ROTARY INERTIA AND TRANSVERSE
SHEAR DEFORMATION - THE "CLASSICAL" THEORY

Most frequently in classical engineering shell theory,
the various descriptive egquations are developed under the
assumptions that there is no transverse shear deformation
and that terms involving rotary inertia may be neglected.
When this is done, the five differential equations reduce
to a set of three, and the boundary conditions are also
simplified. (Not all investigators have obtained the same
set of three. This depends on the precise point at which
these assumptions are made, as well as on the nature of

other simplifying assumptions).

The usual next step is the transformation of the
stress-motion equations into a similar set involving dis-
placement (deformation) coordinates. From this point, some
solutions have been found for the lower modes.* Prior
studies have been directed generally at the free vibration
problem. It has been found that slight differences in the
original differential eguations do not cause very much change
in the natural frequencies found. It has alsoc been demon-~
strated that for each set of mode parameters, three natural
frequencies result from the set of three equilibrium equations.
Similarly, one might expect fiwve natural frequencies from the

five equation set.

We are, however, interested in the response of the

shell to impulsive loading, rather than in the uni-modal

*NOTE: A mode is characterized by the size of an axial and
a circumferential wave length Ordinarily, only the
lowest natural frequency for the mode is found.
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free vibration problem. The response is formed from an
infinite series of expressions for shell deformations,
each term of which is at one ¢of the shell natural frequen-

cies.

Lacking information to the contrary, it is premature
to assert that these assumptions may be made, and the pro-
blem simplified, without loss of accuracy. The actual
response will depend on the nature of the load. Different
forcing functions will certainly excite different combin-

ations of the normal modes.

In order to assure complete consistency with the
equilibrium equations and boundary conditions already obtain-
ed for five variables we essentially return to equation (39)
et seq., obtained directly from Hamilton's principle. (The

details are included in Appendix D.)

Neglect of rotary inertia affects only equation 42,
in a relatively minor way. Terms in h3 are dropped from

each one. The result is the equation (D-7).

Neglect of transverse shear deformation is consider-

ably more subtle. Essentially we require:

(61)
€5°0"€,,

This is the same as requiring that:

(62) WL ot 12U I ,,0
U:-l--b—x-"=O-U;+E ‘_Eu.,

This can be accomplished by letting Mindlin's Constant K—=ee
so _long as 6130 and 6530 remain finite although undefined.

The Hamilton Integral as K-mee ., leads to the




following stress-motion equilibrium equations which are
(D-22, D-23)and (D-24), shown below as (63-65), ( Suy° # 0);

(63)
{36°+ £ 38 4+ R0+ B) - 24h¥ (0 B-20nil} sUP =0

(64) [ 38%4 2263 4+ B+ §)- 2¥hT (0B 28n Ut
1 . Py
R Y IR S

E) B0+ 8)- §° - 2wnfuenr- g2t B+ L L0 &

+§-"=(|+ )h+—§d‘ qﬂ;gt‘h;'f B (4B =0,

- s—\l-rﬁln'r—a-m 'ra-w -W o \""“"’l'“!
Boundary condition eguations (45) and (46) are un-

affected by this assumption.

The complete set of boundary conditions (as K—e oo )

at x = 0 is given below for reference purposes:
At x = 0
(66)

. h & .
'-E .[{s.. +J RO+ 3oz} csul),
N 3
- {6+ Lﬁfﬂ*%' d-?.}' L8 g%t)' o

h : h .
Hal+ [ nO+Fraz+ G+ 5 [ RzC+fidz} (5w

HEG+ D he I+ 30+ !;%ﬁ’%'[:l’,(li-%) dz

h
+ [ RasBzez) oud, Jadbdt=0




For a clamped (fixed-ended) cylinder, at both x = 0, and

X = L, the end conditions are prescribed and reduce to:

(67)

o
ax%

w3y
L
O
]

-

For a free ended cylinder, P; = P, = P3 = 0 and for arbi-

trary Suk © % 0, the boundary conditions at x = 0 and
X = L become:

(68)
6y = N,=0

6.: s M'= 0

6';_"'%6‘.2 =N'¢ aM,*'o

Or Rt+ 5o+ 38 + 265 + 42360 = ey Bivs Don, L s

where the first 3 terms of the last eqguation define

Q. | with no rotary inertia considered.
x=0,L

In addition, we can obtain the appropriately con-
sistent set of three equations in deformation displacement
coordinates. A new set of stress resultant equations as
K— oo (see equations (D-30 a-j)) is formed by using

equation (62). The set is then substituted in equations
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(63-65) to form:* (assuming Sulo # Suzo # 8u3° # 0).

(69) +%b{au.+n-9)au.+w)_g%z °L~‘+k(“°§:i

20 9% - W13

—~{2¥nlaitr e+ 2vnii-g'ur Il =0

(70)
ZEh{ s-o a‘u +m%:%t; au,

‘lu o . ul
+'<[—""’”n abi - & 38— SRl
-{em¥w-&.+ 2vnit ~Fo+ - (- (e} =0

(71)

2

m

(o i B 2 W o [GR- RA R R RN

L4 . - ve d
24~ v'usl} - {zeniyn 8+ 2wn s -0+ - 3 he )

4

sﬂn

=

.o+ R)}=0

* The four stress boundary conditions can also be related
to the deformation coordinates at the edges through D-30,
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SECTION VIL
THE FREE VIBRATION
PROBLEM

7.1 The SR Model

We have obtained the shell equilibrium equations,
expressed in terms of the mid-surface variables. (Equations

(53-57)). The set may be written as:

:EE::(KJ:‘f%%Q%ozgéégl%?égiﬁﬁ F%%%.\b,au%%jE,FLFE¥3»={>

where it is understood that

(72)

k=1, 2, 3
n=20, 1
Sl=x

Sg = add

The solution to this general problem (which includes the
surface tractions and the acceleration of the mass-center)

is discussed in Section VIII.

In the free vibration problem, the surface tractions
P; and the acceleration §B(t) are eliminated from the

set = . For clarity of notation, we write the set now as:

Hy (U 3 B B, B0 2 & E)=0

It should be emphasized that Hi will refer only to the free

(73)

vibration problem, and that the only difference between = ]r:

and Hﬂ is in the elimination of the P; and §B(t) terms.
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We assume that the solutions uﬁ may be expressed as
an infinite series of terms, separable in the functions

xlﬁl te

(74) '
a. W=S £, cos meC, etemt

b. U,'=§'F,‘(x),,, cosme C,, " “nt
c. U:=§ £, () Sin MPC,, 't
d. U..'.=% £,(x),, sin mg C,, e*¥mt
e. U:=§o f3 (x), COS Mg C,e t¥mt

where EE (x,m) cosmg U sinmg is a normal mode deformation

during free vibration at frequencydom. When these solutions

are substituted in the set {Fﬂ} the result becomes:

(75)

a. HTiZ <03 mp Cett [0, £ 0t/ + st Gl + agf] = O

b. Hing cosmg Co e, 173 0uf's 2+ 0+ ufs]= O

c. H;=Z sin mq; Cneiwnt [a,,f? + anflt ayfl taqf+ G—ssf:] =0
- d l-t‘,=§ sin m¢yC,,,ei“"'*'[ﬂmﬁ° + 0l 4 0y T4 Ayt + aufs]= o

e. H',’sz cos mg Cuetvnt [a.;.f." 4 Qg f' 4 Qg 24 Qgefl + a..;F:]f o)

The trigonometric terms satisfy the necessary angular

periodicity and the imaginary exponential time terms satisfy
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the periodicity requirements of free wvibration.

The coefficients a,g are functions of K, a, m, W,
v, 2, D and D2. where D signifies differentiation with
respect to x. Since these equations are valid for any value
of 4 or t, the bracketed terms must be equal to zero for any

value of m. *

Thus, equations (75) reduce to a matrix equation:

(76)
'l T el [o
H, gl 10
M| A 1310
\ .l O
[H, L L&, O],

in which Ay is a 5 x 5 determinant, as a function of ¥ , K,
a, m @y »V, '%w D and D2. This can be solved if the
typical solution is taken as:

(77) . .
F: (*am)mig %ka; E\‘I e’\'ﬂ"é

The subscripts i indicate that more than one such solution
will be possible. The term r:ni refers to a factor of the
solution common to all fa for a particular m, i set of five.
The terms,ltimi then express the relative amplitudes for

each fE for a particular m, i set.

* Note: A special case develops for m = 0 whigh has
axisympetric deformation (i.?., Uz = Us(x,t) sin O,
U, = Uz(x,t) sin 0, and 3ﬁf-= o. The third and
fourth equations of the set (75) are zero irrespective
of the value of the bracketed terms, as sin 0 = 0.
Matrix A, reduces to order 3 x 3, leading to an axial
function containing six terms, in a form analogous to
equation (80).
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Using this postulated solution form, the determinantal
equation becomes:

(78)
[ T -z?
Z A, (w"‘-m'%:n %-, A :: rn: e’""i% = QO
L L .(i

The matrix A2 is of course also a function of ¥ ,Q and X,

but the form chosen highlights the variable factors in it.

To satisfy equation (78), the determinant of the
matrix A, must equal zero for each value of i and m. Ex-
pansion of the determinant would result in an equation of
the form:

(79) 1o
AA =N+ %oi?‘? 4 9617\? * 9&7\? + gzﬂ\? + Q=20

In egquation (79), the coefficients gpj are functions of
h/a, a/L., ¢, and m. For specified values of h/a,

Wm and m, there are five values of A ;_2, or ten wvalues
of A i, that will satisfy equation (79). There must be
at least one real root 7\12, and this will be associated
either with four other real roots, or with either one or two

pairs of complex conjugate roots.

Assuming for the moment that the 10 values of Fa X1
are known, the indéx i in equation (77) is seen to take the
values 1 - 10, Equation (77) thus yields:

80 10
(80) falx,m),= ;EF: x,m),,; = E,(“' e E
=)
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It is convenient to set (2:3) mi = 1, for normalizing

purposes. Now, if A i can be obtained as analytic functions
ofwp, it will be possible to obtain the relative amplitude
factor:

U:mi

(&1) Z':mi (Wm Ami) = om

(This is done by substituting the N[ into four of the five
equations (78).)

To reiterate, it is at this point possible to write

equation (80) in the form:

(82)

a. Frexmly, = Low, [ @™ & X010 ™28 4 4 L Tme ™8
b. £, M = Lon e ™™ E & Zi T e™™ s L o X ufme et

c. $30¢, =Ly T €™ E L 205 ol ™2 4 |+ X5 e €™M0k

d. £20x,mIpn =2 sl e""‘"‘: +Z;m meemet, .+(;m-or;.oe"""°"‘=

e. Femy= | fe™ ¥4 | [De™B iy 1 [ ermet

Until the value of w ; is found, it should be noted that the
values of Z:gml' :ZLgmz, etc. are undetermined.

In order to proceed further, it is necessary to

appreciate that the five functions (74 a-e) must satisfy

problem boundary conditions, as presented in equations (59)
and (60).

58




BOUNDARY CONDITIONS FOR CLAMPED ENDS

For the purpose of continuing this discussion, we now
note that for clamped ends equations (59) and (60) yield the

following 10 homogeneous boundary conditions.

(83)
At X=0 At X=L

r2eoO re=0
v,!=0 v'=0
Yy = O *=0
."=O rl'uo
e =0 re =0

When boundary conditions (83) are substituted in
equations (74 a-e), each m dependent term will yield 10
equations. Since the boundary conditions do not depend on
either g or t, these essentially reduce to the 10 equations
found by setting equations (82 a-e) equal to zero at x = 0

and x = I,.

(84) r‘tlorm °|m'a. ‘t?mt * 8 . ?mw II-'\‘I
:rm "Q.un:. Z_?m; L Z?mw l'.;".
S . e e e e e e e =
z;ﬂ!l - - L T . ‘ m
\ . e e e e i
_x;am ealm ;("me . + e e e e s ‘cm”ewmu I;‘-!‘ =0
* L4 * P s a2 e ';-."
- . L . L » L] " = L 4 :;
N ' ‘hMI . . ¢ v . lemmo o
N “m*= “m
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Since the column [ ; .. -rr_n-lo is arbitrarzy, the determinant

of the coefficient matrix must = 0 for a non-trivial solution.

Recall that both equation (79) and the determinant
of equation (84) are functions of ¢ for a particular value
of m. Equation (79) is imagined to provide A i as functions
of @ e, so that all that remains is to find the value or

values of ¢ that satisfy equation (84).

The determinant of equation (84) is a transcendental
equation which yields an infinite number of solutions. We
employ the index N to denote these values. Thus N = 1,2, 3.
The natural frequency & should thus be subscripted as & yn,
and is seen (in this case) to be one of the eigenvalues of

¢ in the determinant of (84). Thus, to recapituate:

e Each value of Wy (N=1,2,3.., o0 )
determines A my1 208%ani

» Placing one value of G vy in 9 of 10
equations (84) produces  myis the re-
lative amplitudes of the axial functions,

where I mn1o is taken as 1.

¢ Thus, equation (80) may be written:

(85) 'P: (X.m)m= -F: (x:m-N)mN = § Z—RMNEI:;II e:umNi &

¢ =

There are an infinite number of solutions
N=1,2,3..,00 for each m that will
satisfy the boundary conditions (83) and
the equilibrium equations (75). Each of
these solutions may be conveniently
expressed:

(86) R = Cnet“m* cos m¢ Usin me £2 (x,m N
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The set of solutions corresponding to the eigenvalue €J

is represented by the solution vector:

B { Uk} = Cone? ¢ cos mg U sin mg{ #2 x,m Ny

Each of these solution vectors exist independently for
each= €y - Thus the complete solution is represented by a
doubly infinite series formed as a linear combination of

the sclution wvectors:

@ {ur)=> S {Unw

m=e N=z|

Qr,

(89) {u:}: i i Cmn €™t cos mp Usin m¢{f.? X ,m, N

ms0 N=|

Before proceeding further, let us also develop the

boundary conditions for free ends.

BOUNDARY CONDITIONS FOR FREE ENDS :

For the free ended cylinder, the boundary conditions
can be obtained from equations (59) and (60), by noting that
the variables ulo, ull, etc. are not prescribed, so that the
several terms Suﬂ # 0. If we take no surface tractions on

the end faces, equations (59) and (60) reduce to a system of

10 equations:




-

(90)

At x=o At x=L
¢H =0 S =0
q.|=° T,=0
0z =0 Gy =0
=0 Gy =0
Tz = O G =0

These are, of course, expressible in terms of deformation

coordinates as follows:

(91)
- QIR L %u:)\m,L =0
b 2Eh B a3l 3 433
o Fi ”:+%. *"““‘)\,..“
o BR-EEREFE 43P e =

- B EFRUDlL, =0

By way of example, consider (9la) in terms of

equations (74) and (80). This becomes:

(92) °
2Eh 2(2 Zo i Amie™it [ cosme

nn:c
:i 2:mﬂ7wn hMIqu}Chs'“¢

+ mﬁ X2 [ e™iT o me
2 T @™ E cos m¢)| C e@nt =Q
= =
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- Factoring and simplifying:

(93)

3
+37;. -Z.m. Poi t @

1Il'll

We designate the term in < > brackets as

n
S1k (X)m
and in [ '] brackets as S?k(x)mi where the subscript k and

superscript n serve to associateit with the corresponding

stress resultant.

to identify Sgk,mi with one of the 10 roots N pi.

The i subscript,

of coursae,

again serves

Since a

similar development can be made for each of the terms of

equation (91) the result is again a 10 x 10 determinantal

equation:

(94)

S "

u,m 1,m2
' ]
n,mj .My
o

S 2,my
]

Siz.m

s°
13.mi
L Pal,t

SDI.MI e

553.n|e?"

-]
", M0

S

[- ]
Bmiw S

Mmio

I
0

where all terms in the left matrix are analytic functions

ofedp, and the solution for@py will proceed in an analgous

manner as with clamped ends.




We now consider the forms of the equilibrium equations
and the boundary conditions when the solution is taken in the

form of equation (89), the doubly.infinite series.
First, noting the form of equation (85), we write the
soclution set for a given m, N pair as:
(95) ( © - C i Wt o )
(U:)MN = CH\N e‘ “mn t oS m¢ f: (X.m.N)mN
(UDmn=Cmn e/ ¥t sin ma £2(x, M Ny -
(U;,ml\l =Cinn ei“'mt S\ mg fz'(x :m.N)mN

(U mp= Con 29™t €OB mep £5(x,m,N)

Now, substitute the solution vector'{uﬂ}mu into the
set of equilibrium equations. In the process, we note from
equations (75) that each one of the terms fﬂ is multiplied
by a coefficient of the form a,g. The coefficient is identi-
fied by row with a term Hﬂ and by column with a term f;.
We therefore find it convenient to display the equilibrium

equations in the form:

P9 (Hhym Conetmt copmes [at £+ sl 1+ a2 vaftfironfy]

(Hiy= Cone e cos mg fp10f7 +allf! + 262 + alifi +aigfs]
(HDpy=Cmne'“~*ts1n me Ea.’,‘.’ freanibieaif+anif, +afify)
CHpw =Cog it sin mé [02F0 4 allF! 4 al2f2+ @iifs v a3 F5]

(H)m = Cu ' “mitcos m@ [asrfe + asif s aRfieapnfvaffi]




Equation set (96 a-e) may be more compactly displayed

as the column wvector:

(97) {H:}m = Con €'“"¢ gin m¢ U cos mg {Cl:‘.'; fi ("’}

It should be carefully noted that the coefficients aﬁi

are functions of m, D and «* , and that they are precisely
the same as those displayed in equation (75). The only
difference is that e« has been shown to be dependent not

only on m but also on N.

Since these coefficients formed the matrix of

equation (76), we may now write:

9 {m} =0

The notation cos mﬁlJ sin mg may be incorporated into

each termm fﬂ by defining:

(99) £1 (x, ), =(cos m@ U sin me) £5 (x,m, N,

Thus we write:

(100) {U2 }= 2 2 Con of Pmat {f:(x,qs)m.,}

By considering the development of equation (96), it is

also ewvident that:

(101) {H'.:}= O = i 3 Conn e_.'m.....c{a.";f £ (x,dn...u}
< )

m»0




It is convenient to write

(102) ' o4 -
{ agd €7 0%, @) 1= { X2 . @Don }
‘%
and then to separate out the terms containing «w* in each

function:
(02 {50 ¢, @} = AT ({62 0, B} FE b )

Equation (101) is now written:

B4 (10} 02 53 Coeimi® AL (F2.X P FEX @y 0hn }

MPO sy

In equations (103) and (104), the termsj\,}r:, mN

terms with just space derivatives, and stem from a variation

2
my
terms with just time derivatives, and are due to the varia-

are due to

of the strain energy. The terms Fﬂ (x,¢)mN. w come from

tion in kinetic energy.

(Each term j\,ﬁ, my and °°$NFk,mN is formed by using

one of the )y series of '{(uﬁ)mu}in the equilibrium equations.)

Similarly, from equations (90-93), for any one of the
series of‘-[(uﬁ)mN} the boundary conditions for free ends are

typically noted as:

(105}
c ;'n': (":¢f£)mﬂ Lnu,l. FOs= S::c (“!¢)MN lnto LCH\N e ©nut

where S?k (x) mN €OS mg LJsin mg = 81k (x,ﬁ)mN (see,
typically, equation (92).




It is thus also evident that we may define

00
(106) @ X, B4 =O= > S x| Canetomt

Mmee Nzj

Later, consideration is given as to whether or not the
series of equations (100), (104) and (106) actually do
effect the required minimization of Hamilton's Integral

for Free Vibration.

Now, we pause to note another important point.
Equation (79) was displayed as an equation of the 10th
order in }\i. It could also have been shown as of the 1l0th
order in ), or more precisely, of the fifth order in bdk
Thus, having located any one set of N j values which, to-
gether with one value of ¢« , satisfy both equation (79)
and (84) or (94) there must be four other values of ) that

are compatible with each of the A pj set.

The interpretation of this situation is that a nodal
pattern is established, consisting of m.ciréumferential waves
and r axial half waves. For each such nodal pattern there
are five natural frequencies, (The r axial half waves are

interpreted as having r+l axial nodes).

Thus, as equation (84) or (94) is solved for the
successive values of W , corresponding to N =1, 2 ... © ,
we may expect that we could, with some effort, identify the
particular five values of N corresponding to the same number
of axial nodes. (This reguires plotting the axial function,
equation (85) for each N). Thus, the following notations

are equally appropriate:
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‘;C:mm = ’t:mrji .
3=1.,5

j\mué-"'7MmUi

':\-'Nl' - mryi

[ -]
-F.:‘(x,m,N)mN == 20X m,r, jImej = 2[;'-_,-; :mrdi e

x|

mrjiX

We should emphasize that for the response problem
there is no need to identify the actual numbers of axial
nodes, r + 1. We will be concerned rather with simply es-
tablishing a cutoff frequency as a truncation criterion for
the deformation series, equation (100). This will be

further considered in the next section.

We now proceed to consider the actual approach to be
used in the numerical solution of the problem of free

vibration.

NUMERICAL APPROACH

In reviewing the steps necessary to isolate the
values ofdy which satisfy the boundary value determinant,
we note that it was necessary to dévelop the values of Apj
as functions of & , explicitly. Having these values, it was
then necessary to use equations (78) to fiHGJZ:Emi also as

- explicit functions of W .

Since it did not appear feasible to cobtain analytic
expressions for A\ pi, an alternate approach was necessary.
This was suggested by Forsberg (Reference 7). This method

is outlined below:
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. We assume a given shell (g, g, N ) at cir-
cumferential wave form, m=0.

. Use a trial value for & close to zero.

. For the shell, determine Ay; from
equation (79). Also find ; kmi

. Using the appropriate boundary condition
determinant (84 or 93), test whether the
determinant = 0.

. Iterate on & until the result converges,
repeating the above process.

. From this starting fregquency, a detailed, small
increment in €Y upwards should yield, for a
given m, the eigenvalues corresponding to
N=1212,3... &0

It will be noted that computations on J('ﬁmi are in
themselves also laborious. This effort can be somewhat re-
duced by applying a Donnell type manipulation to the
equilibrium equation set (73). The method is alluded to in

Reference 6.

The result of the Donnell manipulation will be to
provide an equivalent set of five equilibrium equations.
One of the equations will be a function of ug alone, and the
four other equations are each functions of ug and one other

{unigue) varia He:

(108)
a. 8,(Ug)=0

b. ©,(Ug,U%)=0

c. ©,(U3.U3)=0
a. 94(U3.U)=0
€. eﬁ(u;oua)ao




Equation (108a) is essentially the same as equation (79).
The other equations (108 a-e) provide algebraic expressions
for .Z: Emi' The complete operational requirements are not
given here, because they are very lengthy, and because they
are available in Reference 57. The latter equations are
identical to those obtainable by handling the first four

equations of (78) according to Cramer's Rule, when 2<;=- 1.

7.2 The Classical Model

Beginning with three classical equilibrium equations

(69-71) a wave form is developed:

8
(109) Uy, my = E Zooni e €*™E cosmg U sin mep m#o
i=)

which will satisfy the eighth order (in M\ (w)) eigenvalue

determinant analagous to (79) as well as the other two

eguivalent equilibrium equations in terms of only two de=-
. . ° o

formation coordinates (u'. mNi’ u3.mNi)' These three

are obtainable by a Donnell manipulation of (69-71).

Eight boundary conditions are satisfied with this

* Note: For the special case of m = 0, a sixth order
eigenvalue determinant is_ formed from equations
(69) and (71) when uj = uy (%,t) sin 0, and
(ux,oN) = 0. The axial function contains six
terms. Correspondingly, only six boundary conditions
are not identically zero.
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deformation function, (109), when the determinant of the
8 x 8 boundarj coefficient matrix, analagous to (84) or

(94) is equal to zero.

The fixed edge boundary matrix equation is formed

from equation (67) in the following manner:

(110)
a. f‘:(x)l = Q= E [.l ](em%)‘x‘,'h*r? K=1,3

3f°() - | L4 i »
b. _%x- =O= j Z'[N '{"](eh {-)lx:o,l.* I

® lxmmk

For the free cylinder, the form of the eight necessary

boundary conditions are:

(111)
8 2/n'a\d vo ;
a. Sﬁ(x)lx.o,l_=o='c§|-%ﬁ*§['hflg 13”"‘1:} "1".'(%) ('D'L'%) ("](GM)L:F

b. (\0,“ WEQ-P,E; 2[-7—]'_4"-(7‘* wmZ3; -(\)m"--l- 2‘4&) )L.]( é)lu-al_
- S, or %1?6')' g iE m; + 202 (8F) K3 *(‘2‘)""%‘?'13;]@*!:[{‘

g, 33,1 38400, &

PpraPpt.180a o= 2fery E[(h’-’m'*@-—))x

+EIY NS m L], + Zc;o)m':k-f_— ["-‘9) YEi JeME) 2T

These are derivable from equation (68) applied to the

N

\t!n.

free vibration problem,
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SECTION VIII
THE FORCED VIBRATION
PROBLEM

8.1 Manipulation of The Hamilton Integral

To reiterate, the free vibration problem (in which
both the surface tractions P and the acceleration %s of the
center of gravity vanish) is solved by the equation set
(100). This is repeated below for convenience, except that
we now use the subscripts p, s instead of m, N. (The reason
for this change is associated with a desire for clarity in
the development of the orthogonality requirements later in

the section):

(100) {U:}: i i Ces o' “nt {'FQ (X,¢)ps}

The equilibrium equations became equation (104):
(104) {E:} = {Hg}a 3 i Crs e’ ""‘t{f\.'l({fﬂ(xmrs})ﬁ* w;spg(,"q,)”} =0
Pzo $%)

and the boundary conditions for the free ended cylinder

became equation (106):

{106) a:;(.,“‘p't)l‘:o"-zo,; S S::CX;¢)PS lTSOI. CPS e/‘wnt

=y S




Each p, s solution set independently and sequentially satis-

fy the equilibrium equations and the boundary conditions.

The original variation was presented in equation (39).
Making use of the transformation to deformation coordinates
(refer to equations (52~56), and of expressions (45-48),

we recast the wvariation as follows:

(112) o=s:=[[["£2 SUL adg dt
+[[ B 9Ug dZ, dt
+_[[([P2- TR E;7) $UY). dC dt

In equation (112) 4 23 refers to the element of surface
(a ih) dgdx, and C is the midsurface line. (See Figure 4).

The term PE is defined:

(113) P‘“‘Gz 4"&“(1-\-%);" dz or __[th\cz"dz

Of the three terms in equation (112), the first in-
¢cludes the set of terms E-}: (52-56) . The second integral

may be summarized:

(114) ‘/’ B $Uy dE, dt = { [ [ (Pet@)+ ) SUk(ar2)| _ dedxdt

Since in both free and forced vibration, § ux on the cylin-

drical surface is not defined, equation (11l4) serves here
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FIGURE 4: DEVELOPED
CYLINDER SECTION
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merely to emphasize that Pk| h, -h = *63Kh, -n

Because of the equivalence of forces and deflections at

g =0and =27 , the third integral reduces to:

(115) //(P.’“ % 0 )( 2UL) o do dt
4 X200,

in which

h )
= 2 n
P:I'Ksml. B '-4 p‘ lw-!.;o (l +-a')z d%

To solve the forced vibration Hamilton Integral,

a proposed deformation function must:
a. Satisfy the third (boundary condition) integral
b. Satisfy the first (equilibrium) integral

ae
c¢. Satisfy the limit of the integral as P and Yg»O
(i.e., the free vibration integral).

We propose a deformation function similar to equation (100),

with the same function but a different time function:

(116) [U,;} - ii q e {f'éti.fb)rs}

Pro ST

and will also require that:
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. (117) Limit *) c P
mt = e
ﬁ#woi ks F

The proposal follows the classical concept of the so-called

"normal mode" method of solution.

The obvious reason for such a choice is that all the
axial functions alréady found for the free vibration solution

have satisfied the appropriate boundary conditions.

From an examination of equations (100) and (104), it
is evident that were we to have used equation (116) for the
free vibration problem, the set representing the five

equations of equilibrium (104) would have become:

aie) {wr) ; S {A2 ([ 0x80])q g = F2CX. s § Wy}

o S\

One of the equations would have read:

(119) Hn = 3 S [N.‘, ({f; (“"”"})‘1&)" ~FROX, s "G.),s]

Pso %$=|

The difference between the term H]rcl and _—-_-,]r: is in the
existence of the terms dealing with P; and gs(t)k- Thus,

if equation (116) is now substituted into (112) we obtain:
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(120) 5 5 g1 = { [ / l:( ii [A" ({fg(x,qs)”}) g(t),,-F"(K,d:),,’ci(t)rs])

Peo 9%

+<p*(l*-)hn-Ygg2'6’h (50.) >][$U"]°- d¢ dxdt

+/{§ §U, dE,dt
o [P0 SRS S 8 £20c.00m Dy ot

We now recognize that the term S u]rc1 also involves
a doubly summed series. 1In order to distinguish the modal
pairs in the S u]r{1 term from those used elsewhere in (120),
we call these by the indices m, N. The variation § u]r;
(with the space dependent function fll;1 (x,af)mN already de-

fined) involves the variation of the time function g (t)mN:
(121)

o0 0o
5UL =2 D 2K, Bmu 6 Gl .

mzo N»sj

Now, we substitute equation (121) for Su]? into (120) to
obtain:

* Note;

We take U"(x,¢to¢) UR(x 9.t o)-uxr} (x,p.t)

2 FL O, Bhn G (O **E Ef" G Bl B

mep NEj mvo Nsj




w0 08 L] '
22 omgz=/2 2 sy@alff[(2 2 [Miftcanlates g i)
+ (P: (H-E_-)h"'?a.n 2xh '(-;_%‘5]{:2 (%) . P d"]dt
+/{§ U, d 3, dt

" 2259 [Fetrceting, a8

mPo Nej

Sc;(u,, [SanlFrcend s (x,qh).,,,,l _adg]dt

In equation (122), the second integral is egqual to zero for
arbitrary 5u§ The third integral is also equal to zero
for arbitrary 6 q(t)mn: as long as the deformation coordin-

ates were chosen in the form of equation (116).

For free ended cylinders: (at x = 0 and x = L)

(123)
P: =0 and |:,ps ({f: (K,¢)p‘}) =0

For clamped end cylinders: (at x = 0 and x = L)

(124)
rems = O ; Frx@mu=0

Note from preceding page:

therefore:
82| doc=S S 0O =3 T FIK Dl S W0
mep NSt nzP Ngj
Because

8@y = 2| doc = OCt)p dx
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The entire third integral is thus demonstrated also to be
zero, using the mode shapes which were developed individually

in solving the free vibration problem.

Our assumed choice thus satisfied requirement a.
Before examining the criteria involved in the satisfaction
of requirement b (which will incorporate an orthogonality
condition as a subsidiary requirement), we seek to demonstrate

that reguirement ¢ is satisfied. This would necessitate

using:
17 i
(117) L.lml'tl_._ c‘(-t)” = C,Pselwpst
PYg—=o
to demonstrate that 51' ) =0
5:?8-’0

We write:

a25) 8ljzs .o O= [ Z Zs(cmngu.,t)[ZZc,, eia..t/ [ (A £200)

*Flpy 1) *F20X Pl @ b dx]
[ [ 85U az, at
. / ZZS(C‘“” e'l"mut)[[gafaf'll‘-h:‘ #

an xel,
=3 D Cueivnt /St Pimi| ado]dt
O ° o
Each component of this integral may readily be shown to be
equal to zero for any arbitrary variation of CmNelﬁkt'
The terms within the brackets are the free vibration equil-
ibrium equations (see (104)) and are equal to zero with each

mode shape. Requirement ¢ is therefore satisfied.

We now return to equation (122) for an examination of
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the first integral when a forcing function is present.

For the Hamilton condition to be satisfied, it must be
equal to zero for any arbitrary wvariation q(t)mN.
Therefore the term within the [ ] brackets must be
brought to zero. This will require a minimization of each
time coordinate,Sq(t)mN, (see equation (128)). Specifi-~
cally, this requirement (the equilibrium equation) is

written:

(125) Q= [‘/22 [(A".,,u ({f:(X,d»]p;})‘L(t)n =~ Fen 'ﬁf,('t)vs)
HPLG BN = Va2 ¥ ghige)]* £30, Bl @ dpdx

To equation (125), add and subtract:

(126) ,/[ZZ Frre S5 G0 o5 PR DImn 0 A A%

So that equation (125) becomes:
w 0o

(125a)z z q(tles / 6/ (A?G.P; ({fa(x@)n}) T e cps )“' 'FQ(XXP)...N o dC}d'k
P S x

_Z Z ['ci(t),,* ehs q(t)n] ./ Z"{-‘: (X, plog £2 (X,D) a.d AX
o[ [ PO+ BIR =S 203 o5 s £2 6 D adp by 2O

In equation (125a) the first term does equal zero, because

it contains the factor Hﬂ, ps = 0,

Now if the following orthogonality requirement is

satisfied:
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- 127 n 'F ¢ a d¢ cly = N
—-— ’ -

then the first integral of equation (125a) leads to the
Lagrange equilibrium eguations for principal (separable)
time coordinates, as the coefficient of the arbitrary

variation of these time coordinates:

(128) % %
51=07=/ > §q&)mn [Q~ My, (40mi+ i §O)] dt
t mnN

where the generalized mass associated with the mNth normal

mode is:

(129)

Mo = [ [ PR @I FEX DI @ Al v

* Note: For the classical model, the generalized mass is:

Myw = 2%h [/ F2(% Bhoss T2 KB @ A dx
and the geneéggized force is:

AWy = [/ (PLO+ ) + P = Yox 2¥h) §2(X P AdB X
L

where:

p=0
P = P+ (D
P = ZE i+ + BB (Mrcr+8)




and the generalized external force in the "direction" of

d(t),y associated with that mode is:

(130) . an
QW = / [ (PL GBI R = Y 20 o) * £2CK B @ b
C )

The proof of required orthogonality is shown in Appendix E.

This proof is interesting because it proceeds from
Hamilton's integral directly, and does not require examination

of the actual mode shapes.
The following pre-conditions are necessary:

. The system must be linearly elastic, with no
dissipation of energy internally possible.

. The mode shapes must satisfy the equilibrium
equations for free vibration.

. The mode shapes must satisfy the boundary conditions.

Tt then rests on Betti's Law, which is an implicit general-
ization of Maxwell's Law of Reciprocal relations. Eventually,
we demonstrate that since the natural frequencies for any two

modal pairs are not equal, equation (127} must be satisfied.

8.2 Solution of the Forced Vibration Problem

With an assumed solution of the form:

A3 L2} = { X} G0

we have shown that the Lagrange equation (128) is to be

satisfied. Equation (128) is repeated below for convenience:




The definitions for the generalized mass My and the general-

ized force Q(t)mN are given in equations (129) and (130).

We now consider a forcing function which is arbitrary
when taken as a function of x and g4, but restricted to a
step time function from o to 4 and zero thereafter. Thus,

the forcing function is written:

(132) Be(x g, )= R2E, = R[ht)- ht - TG

or, alternately:

(133) P} &, = R [ - hit-T)Gelx,8) &«

We note also that one of the terms required in equation

(130) is ¥p(t)k.

At this point, we should emphasize that although we
have frequently referred to a "fixed-end" boundary, the
constrained end structure equations are developed for the
absolute (space-referenced) coordinate r and the c.g. motion
is absorbed in this displacement coordinate. Therefore, any
reference to the deformation coordinate u, and the rigid
body displacement, §, refers to the free c¢ylinder in space.
The acceleration of §B(t) with respect to the space fixed
origin, is then found by computing the resultant force acting

on the whole body, and dividing by the entire mass:
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2 LLcB-%) T (orh) do dx
(134) =
Yot 1[{[ (a+2)dz d¢ dx

Frog_(134) and, using (133), welmay write the components

of §B(t) along the body-fixed triad ey:

R [t~ het -0)) LLEx e ErBradg ]

(135) f,=Yt) &, = Fye, [ 4hiraly

We now apply the Laplace transform operation to equation

(128) (assuming zero initial conditions}.
(136) = O (S)mm
qCS)mN (51. +* w",'”) N

We find it convenient to use the following notation for

generalized force:

31 Q)= [ ) CBaPE + Ca¥atth) * $5(x, @Bl @ A dx
x ¢
in which:

{138) b‘i - (‘_’_3_.) W

N
(139) Gpe - 2vhgis,
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In order to transform Q(t)mN, we consider the
transform first of the component (133) and then the trans-
form of (134). We pause to note that the era of interest
is t »® , and that we intend to consider the limit, of

pure impulse (P, T constant as ¢ - 0). The transform

of (133) is:

(140) psym LPult) = B Gulx,@)(1~e5T)  For £>T

Expanding the exponential term in (140):

a 3
(141) P‘(s)=P.Js.ME-(I'St+%—t-- s;t +.-o ’]

We now recbgnize that as T~ 0, the influence of the latter

terms may be discounted. The expression becomes:

(142) o)), = RTG(x.a)

In the same way we can write, for t ¢ , as o - 0 and

P, T constant,

(143) (s, =(gp'3k)£?&L—v [/f’ [&"w. EP](“%) e cbdx

We now transform equation (137), making use of (142) and
(143):
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(144)
QS = R/ {[brGrtx, g3+ ClBe-En) [/ Gs® Betwradsdy
* 1, Bl Q do dx

We substitute (144) into (136), and at the same time, take

the inverse Laplace transform:

(145) W 36%‘]%“ [ ’f[ ['52 G lx. )" %&E&%‘l / [ ECx,¢)-§P(\».g)ad¢dK]

Flamn @ dbdx] SN COmyt

We substitute equation {(145) in (131), and sum over all

mN modes:

146) fuz], > 5 [} Bl /1 Gex 0T Puaeh
([t anses) /5, 20 50 2

X

(a+h) do chc] Sin Wt

Equation (146),it should be recalled, is the solution to
the problem for the limiting case of the forcing function

in equation (132).

We seek to compare this solution with the one to be

derived for the "initial velocity" problem:
W7 ruzy = © [us} 0
. | oad ¢s0

For this we use the free vibration solution, equation (100),
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repeated below for convenience:

(100) {U: } "Z Z {‘F: (X, ®han } C oy &4

We find it convenient to use the trigonometric equivalent
{when adding the complex conjugate of the time term to
(100) :

(148) {U:}: Z Z{-F;(x,cp)m}(p.msm Wt + B €05 Q)
Mm N

Since the initial displacement is taken equal to zero, the

terms Byy#® 0. Equation (148) reduces to:

49 [Un}e 5 D B %@l JAms 1 @t

Differentiate with respect to time, and substitute t = 0

to obtain:

150 [ur} =D > {42000 } O Ams
m N

4

We select one coefficient AmK for one frequency & N for
examination. Multiply each one of the five equatio;; re-
presented in 150 by the appropriate Fkn(x.¢)mN, and inte-

grate over the limits of x and d:
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WD L0, NPl adodk e [ [0 7 £ S FRX ) Sy A O il

Due to the orthogonality relationship (see Appendix E),
only one term remains on the right hand side. Thus, for

each nodal paid mN:

wsa J SR, ) FRX, )py ade dx
=Y [ { 20X, gt F2 (K, Pl G dp

Thus, equation (149) becomes:

{(153)

ale (U200, JFRX D)o GG IX
{Un} Z Z{Fﬂ (K,@m'a} gm /[ T P PR P 0L SIN Lomnt

n
If we state ﬁklt=o' equation (153) may be used to present

the solution to the initial velocity problem.

In order to specify the initial velocity distribution,
we examine the equilibrium equations for forced wvibration,
(53=57).

We make the important assumption that at very short
times, no deformation or strain terms exist. These equations

then reduce to:
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(154)

- ;
a. PH(1+f)- ZahVaere- 2un B - —g:E -0

: )

- PY( A BEALR AT 1 (o TR (I
c. PG+ B)-23h Vot wzm%%*— A R0
a. PHA+- PG~ R AR -2 WL - o
e. (t+b-) 2¥h Y, @ E,-Zrh% o)

+
During the period o € t €T Py is constant:

(155) Pt =R G (X,

+ an
Since Pk is constant, the acceleration YB,k for o ¢ £t € &

is also constant, and by equation (135):

(156) R /[ [Grx )8 Ze)Cio ) @ d@pdx
Ya.x (O<t<T) “gp'as) [£ : 4n ho Ly v

We now note that we can represent (154) in a shorthand (al-

though not entirely satisfactory) manner:




© 5D Pl - 2vhip Yax - 2ehe 702 - RGLY = 0

(In the last term, the plus and minus signs alternate in

a, b, c and d).

+1
Since ukn and hi{n— are constant during this inter-

val, the velocity components are given by:

L ] ?|| -
1%8) Gremy = [ Uninndt = Ot

We solve (157) for {ikn and multiply by T

159 Uper = Upe '(Pi'c)(g,—h)“(;.n),h -z%hﬂ%—‘l’-.x
ﬁ(h,ﬂ) _zg_h. uhtl

Substituting for Pk+ and ;B'k:

16 Gr ey = g B RTGex 1+ D"
"i';‘ﬁ H"%L / / Gy (x,6Xz, - Ep) 20h [2 ] C1eD) 0 dg oix
AT o o]

We now substitute equation (160) into equation (153)
(noting that the demoninator of (153) can be expressed as
M) Note we are considering the initial velocity as




ﬁkn () and that equation (153) will be valid for t >

e fup) =33 {Fatcam) St [P'e[/ 2] G KOIFR (X, B (arh)d el
»yY ™M n mN
‘ -RT /G‘Q B)(Ep’ &r)adgdx/‘[ th[ﬁ] ‘_EE EFE"G.%u@h)ﬂdx

4wa Y 23hL 53"

-/ [ 2¥h [ ] Uy SR acwdx]
L] 3

But we have used Fkn (x, "‘)mN to refer to those portions of

the solution multiplied by w‘m. From equation (103)
and (157):

T2 B = 2vh [T f2.0r B 222

We substitute (162) into (16l1l) to obtain:

R T T L R
-er [ [ G:Mﬁ;ﬁ E:) ad?dt [ Z‘(h%] (g' ep)ﬂ(xp’mnmfh)m"
» 2[Rl [ Re G (- e [ Cot Eubrladeds
* 25 (5] 1B 80 00D)- ZEUR) K0V 0 db I

- /[ OV Boga, adq»ax]

The first two terms of (162) are identically equal to (146).




It remains to show that the latter four terms wvanish.

Compare the section between < > brackets to

equation (160), and it is then seen that the last four terms

reduce to:

163 2 L p2n .

e * -f—z 2 / / (UR0T) §23 (%, @y = \J B2 (T) £2 (X, Pmps) QAP ShX
Xz S0

In the integral the terms k, n, n+l have the following

values:
(le4)
K = N=oO ntl =\
= n= | nt) =0
Neo Nt = |\
k=2 ne| ‘Nn21=0
k=3 n=o nti (hot defined)

In the summation, the terms under the integral add to

Zexo.

We conclude that equation {(162) is identically equal
to equation (146) in the limit, so that the forcing function
problem and the initial velocity problem both yield the same

answer.

We now briefly consider the characteristics of three

typical radial forcing functions:

Cosine Frontal
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The so-called "cosine frontal" loading is often used
as a mathematical model for certain nuclear weapons effects
on ICBM structures. 1In our'nomenclature, the "cosine

frontal" loading is specified:

(165)
s For \ol<F ;  PreP[htr-h(t-t)ws ¢ hixE,

b. T’)t(bl?% 3 -P-"'=O

In expression (165a), h(t) and h(x) are unit step functions.
T represents the time duration of the pressure pulse. The
load is thus seen to be directed radially inward, and sym-
metric in the xz plane with respect to ¢=6, and uniform along

the longitudinal axis.

The fact that the loading around the circumference
exists only over the top half is mathematically cumbersome.
We replace equations (165) by the equivalent expression in-

volving a Fourier Series expansion in d&:

o0
(166) P+ = ~z,p,[htt)~ hit-2)] Z bp <05 P

In equation (166), the Fourier coefficients are:

(167) by= %

bl= 0'5 %
bp = t-r?' é-'.) P=2,4,6"

bP=° P-|‘3‘5’IOI




We see that this series, which includes all the even cosine
waves, may not yield the most informatioh, because the co-

efficients of the series diminish rapidly in magnitude.

A similar problem exists with respect to a Fourier
series expansion in the x direction. The double series be-

comes:

(168) wrX

P* = -5 Rt~ hit-t)] Dbycospp » a, sin T

sl ,%.5

The coefficients a, are found by:

(1697 g, 23%  vx1,3,5.

and are also noted as diminishing rapidly in magnitude.

In..actual usage, it is much simpler to consider:

(170) GB('E) e |

In order to transmit force waves of shorter length in
significant quantity, two other impulsive loads were con-~

sidered.

Triangular Impulse

The space dependent function G,(x g) is symmetric
about L/2 and ¢ =0 and is separable with respect to
# and x:
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(171)

. G = 2(P o< X< T
b, Geld) ™ |- o0& O<KB< %

The Fourier expansion components in & are:

(172)
a. bg = .25
b. bp =%F‘ (i-<ces p%) p=t.23,4

and would have a similar form in the x expansion.

Exponential Impulse

This is an approximation of a point impulse, symmetric
about L/2 and @=0.

(173)
”%!l
a. Ga(-’é) = %rat.;l ) R.=b£gﬁ O(X(;
(3 -#R,y_ Ln T
b Ga(dr = SggErl s Ree R ocec]

The Fourier expansion components in @ are:
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(174)
a.be=,0T718

- P
b. b =002 [[4:296 (1000 cos &) + pem-})_smff] Pel2,54..

4.396% +p* P -

and would have a similar form in the X expansion.

These latter (two) forcing functions are more re-
vealing in comparing the response of the classical model
to the SR model. Differences in response are more prd—

nounced with normal modes of short structural wavelength.

Equation (146) can be put into a more concise form

for these radial loads:
(17s) e Ci4 B)
LU N +a ,
{ U‘} - -;th,ara Z{ﬂa'¢,¢m} *Ann SIN SLaut

A normalizing factor was introduced for the natural
frequency, W, which is the lowest extensional frequency

of a ring in plane strain:

(176) “’"[_xa’_ac-'ﬁ'ﬁ']i

Correspondingly, we write:

177) Wmn = Sty Do

in which £l is a non-dimensional parameter.
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1
We will also define a normalized time, t =wgyt.

Apy is the amplification factor of the mNth normal
mode to a particular forcing function. It has the

following form, if the cylinder is being analyzed according
to the SR model:

) )
(178 Amn (SR) = <bm °(—) *Gs(x)d(l."[b'&/ G‘(%)d(!"—))

( / (f;ct),..,.,- £ - S vang2 (Bl ) )]
{ { (CITE M T T2 T TEITe Sr T N o))
* 20" (B D £ P+ P 2B 1}

and for the classical model:

(179) Amncl)= b -/ 23y .ct)a@; -[®, (/a,c ) d ) /(f,(%.,.,
..-F,,(-E),.,,.,)d(t)] {/(f B2+ 422, g3t ) dD}

The term in the [ ] brackets is due to rigid body
acceleration of the center of gravity, and is disregarded
in the case of the fixed-edge cylinder.

We proceed to consideration of the parameters to be

used to evaluate the response of the structure to a forcing
function.

According to the Mises-Hencky theory, plastic flow
is initiated when the second invariant (I'j) of the de-
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viatoric stress tensor at a point reaches a certain maximum
value. The second invariant (I's) may be conveniently ex-

pressed in terms of the stress components ik.as follows:

(180)  T,(x,¢zt)= -é'-, [C 6, -G (65, - Gy I+ (a3 -6,) ™+ OL &t + o *ca?.)]

The critical value for I',(x,d,z,t) is determined by € o,

the yield stress in simple (uniaxial_tension:

(181) -3'-6',‘ 2 Tilx,o,2,t)

A term called the "stress intensity", ¢ ,, has been defined

as:

(182) _%[“.“ ~ G (G, - 03y V¥ + (G -0 + 6(67.. + G5 *6‘;5)]‘!

Thus, the Mises-Hencky yield criterion may be stated simply

asg:

(183) T2 ¢ (X,9,2,t)

Clearly, then the parameter of interest is & y. Equation
{183) determines whether or not plastic flow will be initiat-

ed, as well as when or where this will happen.

The deformation, stress and strain acting on planes

normal to the cylinder surface (@ ;3, @ 32, and 0’12) are

maximum at either the inner or outer surfaces (z=+h) .« The




stress on the surface (@31, T 33, and @ 33) is zero, once

the initial impulsive pressure subsides.

For convenience, we examine the stress intensity at

the inner and outer surface:

(184) (X, D2, e T (X,d,Lh,t)

The stress intensity becomes:

| : L 1%
185) & lx,¢,h,t)= L [(0 50 v shvore bsE)

Equivalently,

&
(186) sp(X,p,h,t) = [c.? s - 0L, + 363"

In expression: C - 1,3 (at the cylinder's surface) :

(187)
a. c"-l—._Es;(e.,-r V€Ey,)

b. Qz._ = ‘—_ES! (e&i * Qeu)

S . ar a




The strain-deformation relations have also been previously

developed. The pertinent results are repeated below:

(188)
o 2L . 8}
2 €y = % L h%_":
b Enl = ar 3%+ Us) =am [\é,p ;*h%]
| U5 1S\ W-) 7
c. 2eu|h 8u|h &_;.r_ﬁ%pl. Tl Q—’\'R ¢*(1_-\-'R5%_

Substituting into the stress-strain expressions:

(189) o 0 '
oLl R v h ]
b Gy = —FEQ—F.@LL*U:*”‘W‘)*Q _?.9“ hko&b.)]

e @ =ErCRREE rn R S+ R0l

The solution to the free vibration problem, with the initial
velocity specified, has been found, as equation (175),

repeated below for convenience:

(U} = BEGR S S (26} 2 8m 2t

(175)

We now mote that, for any one equation ukn,
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D2

(190) VR _ Potlr pL i3 !
s e LS EURRLES

(191) D%L’ oty Z E‘%ch&[‘%"]s‘“ L L~

The texrm fkn (x,;ﬁ)mN is defined by equation (99) and (85).
We see that, for each mN pair:

(192) ('i') =3 2’("“"' i Nmei €78 (cosme Usin map)

i)

[}
AL = M, 2 e it Kot mdUsin re)
19 35 FD (@) 2 Koo B @t BERTES

Employing (192) and (193) in (190) and (19l1), the form of
@11+ G2, T3 (refer to (189)) is seen to be typically:

(194) Cps ""T—%‘* Es‘tf:%[z‘[ﬁmn Sin ©..t'* cos mep Usin mg »
[] % n
EE:‘N: e"m'f 3( LKI\N{ 'A”N:‘m.%'%)]Ps

HEY

In (185), the stress intensity @ , is noted to involve

the square root of the sum of several terms, each of which

is a product @ ps ¥ qr- Thus:

(195) Cy =j Zq.pg Sqr

Examining (176), we now note the equivalent form:
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{196)

o =(BE (D) [ZTT 1, v (3 1.

where the terms in [ ] brackets are obtainable from (194}.

The dimensionless parameter §.(x,4,h,t) becomes:

(197) — L hy., = S (Xdhe)
Sy®.¢,ht, T ) J Egicw.m*%)(%)

Equation (196) provides the basic tools necessary for para-
metric examination.

We expect that the value @, for a free-free cylinder
will be greatest at x = %, g = 0, and for a clamped cylinder,
at x = 0, § = 0. These are the points which have been ex-
amined in detail and a'r vs t' has been computed and shown

in Section X.

For a given cylinder the value of Er found using the
five variable theory (a‘r5) will be compared with the value of

& .3 found from the three variable theory.

These variables, for fixed and free cylinders, are a
function of the cylinder geometry. They are tabulated, for

all three forcing functions, at various series truncations.
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IX - Computer Program

The preceding equations in Sections II - VIII have been
programmed numerically in Fortran IV language and run on an
IBM 360 computer. Extensive use of double precision is re-
duired and, accordingly, large storage capacity was necessary.
The program described below can run for many hours, but has

been run segmentally with successive frequency bandwidths.

9.1 Summary of Program Operation

Program Objective:

Evaluation of the total elastic respoﬁse of a particular
cylinder to different forcing functions as an accumulation of
normal mode responses. The cylinder is modeled so that its
resistance to elastic deformation is first in accordance with
a classical shell theory and then in accordance with an SR

theory.

Majoxr Input Parameters:

An edge condition (fixed or free), thickness/radius

ratio, length/radius.

Three different radialldeirected, time impulsive type
forcing functions whose spatial characteristics have been
tabulated in the axial direction and expanded in a Fourier
cosine series in the circumferential direction. This has
been incorporated internally and is not necessary as data.
The program can be revised to accept other forcing functions

as data.
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Procedure:

(a) There is an iterative scan to find all the classical
model's natural frequencies and associated normal deformation
modes which satisfy the boundary conditions. The initial
scan is attempted from a low starting value to a pre-~deter-
mined cut-off frequency. Successive frequency bandwidths are
used in later runs. The transmissibility of a normal mode
is found with each of the three impulsive velocity inputs
whose spatial characteristics differ. The particle stresses
developed at a chosen point on the cylinder's surface (fixed
edges: x=o0, d=o, Z=4+h ; free edges: x=l'fz,, @g=o0, Z=+h )
which are associated with this modulated deformation wave are
computed. The scan continues and more normal modes are found
which are operated upon in the same manner. The cumulative
stress from all the normal modes found are finally transposed
into a stress intensity acting on this particle. The value
of this stress intensity is recorded at 50 intervals during
approximately 10 cycles of the lowest natural fregquency.
Three different sets (one for each of the forcing functions)

of time-varying stress intensities are stored.
(b) The above procedure is repeated for the SR model.

(¢})The stress intensity history (normalized to the
maximum wvalue attained for the Classical model) is tabulated
for both the Classical and SR model, for each of the three
forcing functions. The percentage difference between the
maximum Classical and SR stress intensity developed during

the time is recorded.

9.2 Subroutine Operating Details

‘-

MAIN: From the starting value of &, at m = o0, iterate w to




Wmax. Then, m is increased and the above is repeated. At
a2 value of m where no further natural frequencies are found,

the run teminates.

DOT: Compute coefficients of the frequency/wave length eigen-
value (equation (108-a) for SR or its Classical theory

equivalent).

POLROT: This is an IBM subroutine. Scan for roots of eigen-
i .
value equation, i.e. )i {2, m) i 1,5U4 . Some of these

will be complex.

BIcd: n o -t

Compute ‘t\t,i‘['t's,i] , (108 b-e), the relative

magnitudes of the axial function components.
Compute the axial function components .L:," e"&

and their derivatives at the edge. Only the real portion of

complex conjugate terms are used. If these are true normal

mode functions, (i.e. W =®@mn, natural frequency (see DETERM)),

the values of the axial function over the cylinder's half

length is computed,

Compute the coefficients of the boundary value matrix,
(94) U (111) for the free cylinder or (84) U (111) for the

fixed edge cylinder.

DETERM:

Compute the determinant of the boundary value matrix.
The IBM subroutine MINV is used. This is a Gauss type procedure,
For a thin and/or long cylinder an artificial determinant
must be formed for the SR model. This is due to the great
magnitude of the 5th A? root, which causes extremely large
and small coefficients in the boundary matrix. Now, thefe is

a return to MAIN to test the magnitude and sign of the
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determinant. If the value is not zero, either the forward
scan of @ is continued if the sign of the determinant has not
changed or the direction of scan is reversed by interval
halving, if there was a crossover from plus to minus. When
convergence in the crossover region is ascertained, we have a

natural fregquency and a normal deformation mode.

Compute the eigenvector r: e el MU r;]-' .
A set of non-homogeneous equations are formed when the last
equation is extracted and [PMeUlg 1is set equal to one .
An inversion of the left-hand matrix is done through MINV.
After H is computed, a test is made on all the original
eguations, including the extracted one. The total non-
dimensional natural deformation function, -ﬂ: (x2,0) =(;r'.\_x.:l'e¥)
(cos m U sinmgd), is now available (see (77) and (99)).

RMN: The transmissibility factor, Amn, (see (178), (179))
is computed for each of the three forcing functions. The
Generalized Force and Mass are computed with an integration

procedure implementing the trapezoidal Rule.

STIA: The varticle stresses due to the modulated normal de-
formation mode are computed at the proper spatial location,
using (109) These stresses will vary in a sinusoidal manner

determined by the natural frequency.

SIB: The total vwarticle stresses from this and all normal
modes are accumulated at 50 discrete time intervals. When

the frequency scan cut-off is reached for both the SR and
Classical models, the stress intensity history at this location
is computed for both theories and tabulated. The percentage

differences between the models are recorded.
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SECTION X - COMPUTER RESULTS

The computational procedure described in the previous
section was used to record the response of a free-~free cylinder
and a clamped cylinder to the three impulsive type forcing
functions described in Section VIII, namely, the cosine frontal,
.triangular and exponential loadings. These are shown in
(figure 14 (Section XI). In both cases, the cylinders ex-
amined were short, (a/L = .5), :mdderately thick, (h/a = .025)
with a Poisson's ratio () =.3) applicable to Steel or Alum-~
inum. The response of the cylinder, with a particular forcing
function, was first obtained with the restraint to elastic
deformation considered as due to my Classical model and then
a different response was obtained when my SR model determined
this restraint. These responses were compared. The primary
comparison parameter was the normalized stress intensity
developed at a critical point on the cylinder's surface. For
the free-free cylinder, this point was at x = L/2, & = 0,

z = + h, and for the clamped cylinder, x = 0, @=0, z=+h .,
The comparison was conducted over approximately 10 cycles of

the lowest natural frequency oscillation.

As stated previously, the method of analysis was the normal
mode procedure. It is the accumulation of the normal mode
| deformations, whose amplitude directions are changing at an
associated natural fregquency, which creates a total streas
pattern at a given time. The maximum amplitude of any modal
deformation is determined by the congruence of its spatial
characteristics to that of the impulsive forcing'functions. In
the sequence of computational events, it is necessary to first
determine the mrmal deformation modes and their associated

B\ :
natural frequencies of oscillation. This was done by an iter=- 4

ation procedure through successive bandwidths of trial fre-




quencies. A partial listing of the natural frequencies
discovered with the clamped cylinder, for both the SR model

and the Classical model, in conjunction with the nodal pattern
they are associated with, is shown in Table I. These results
are presented graphically in figures 5 a-b. The significance
of these findings is discussed in Section XI. The modes listed
are those associated with frequencies found in a lower iter-
ation bandwidth, O < )1 < 5.00, and are seen to be associated
with the longest structural waves ( m, N small). Table I and
figures 5 a-b are concerned with ohly first branch frequencies,
i.e. the first frequency found for a particulaf nodal defor-
mation pattern.* Some higher branch fredquencies were uncovered
in this frequency bandwidth and are listed in Table II.

Similar information was obtained for the free-free cylinder,
within the freguency bandwidth, O< L 450 and is pre-
sented in Table III, figures 6 a-b, and Table IV. A compil-
ation of the higher natural frequencies and their associated
mode shapes, uncovered in succeeding frequency bandwidth
searches, for both cylinders, is available from the computer

printouts but is not presented here.

As the frequency searxch bandwidth is extended, more
normal modes, and modes of a different nature, i.e. those
associated with shorter structural waves, are uncovered. The
results of using a limited number of deformation modes to
construct the stress intensity at the critical point, when a

very low frequency bandwidth was investigated, are seen in

- -
—Note: There are five frequencies associated with each nodal

pattern for the SR model and three for the clasadcal
model.
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figures 7 and 8. The stress history of both cylinders,
according to the SR model and the Classical model, for the
three different functions are presented. The percentage
difference between the maximum stress intensities achieved
by the Classical and SR models during this time,
_31-(_"-‘%&51&&:'» , 18 noted.
r (CL)won
An extension of the bandwidth to an intermediate level permits
the inclusion of shorter structural waves in the deformation
pattern. The resulting stress intensity histories are pre-
sented in figures 9 and 10. A further extension of the
bandwidth to a higher level will incorporate yet more terms
in the stress series. The effect of this is shown in

figures 11 and 12. All these curves are discussed in section

XI.
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TABLE I

TABULATION OF FIRST BRANCH NATURAL FREQUENCIES

AXIAL WAVE NUMBER N

CIRCUMBERENTIAL
WAVE NUMBERS m

0

10

FIXED, SHORT, THICK CYLINDERS

FREQUENCY BANDWIDTH 0.0-5.0

1

. 9413206
. 89423107

.5882228
. 5884256

. 3949330
. 3957081

. 3097141
.3112829

. 3185976
. 3211099

.4041968
.4092458

.5407767

- .5503199

.7128448
. 7285713

.9137881
. 9412368

1.140535:
1.183183

1.391247
1.454672

SR THEORY
CL THEORY

. 9615661
. 8620972

.8738103
8754699

.7022034
. 7045150

.5848122
. 5852178

.5251021
. 5263043

. 6020311
. 60808998

. 6959557
« 7112410

.8495336
.8733178

1.039092
1.075017

1.258362
1,.310881

1.503693
1.678569

110

1.054321
1.065481

1.001704
1.007269

.9204603
. 89272837

.8457765
. 8648937

.8160527
8290813

. 8456828
. 8642770

.9327559
. 8681328

1.068548
1.105615

1.244058
1. 295604

1.452593
1.523281

1.689543
1.7850868

1.172950
1.183073

1,158125
1,173783

1.128390
1.165394

1.101724
1.123138

1.101521
1.128580

1.141494
1.176383

1,225917.
1.271222

1,352860
1.417715

1.517845
1.594339

1.7.6.92
1.815140

1.943933
2,071172

1.405679
1,432106

1.388555
1.423492

i.387477
1.426591

1.393019
1.437217

1.419151
1.471039

1.474896
1.537052

1.564992
1, 640482

1.690410
1.782847

1.849743
1.963452

2.040523
2.18066

2,260116
2.483773

1.730199
1.781108

1,704712
1.7746896

1.713612
1,789436

1,738719
1.820615

1.782873
1.874301

1.851769
1.856052

1.948942
2, 069684

2.075975 ,

2.21734%

2.232870
2. 399569

2.418515

2. 866308

-




TABLE I - (CONTINUED)

TABULATION OF FIRST BRANCH NATURAL FREQUENCIES

FIXED, SHORT, THICK CYLINDERS

FREQUENCY BANDWIDTH 0.0-5.0

AXTAL WAVE NUMBER N 1

CIRCUMFERENTIAL
WAVE NUMBERS m

11

12

13

14

15

16

17

18

19

20

1.664513
1.756042

1.959087
2.084421

2.273788
2,442636

2.959081
3.243125

3.327441
3.3689745

3.711523
4.162890

4,110312
4,664687

4,522890

4.948388

SR THEORY
CL THEORY

1.772744
11876471

2.063780
2.204062

2.375390
2,706249
2.946776

3.361562

3.420937
3.805312

3.802577
4.377731

4,199124
4,778968

4.609436

111

1.951764
2.078812

2.237069
2.403319

2.543448

3.141835

3.214003
3.555189

3.576655
3.897633

3.95338
4.468072

4,345983
4,869421

4.752655

2.198007
2.360312

2.475780
2.681151
3.032714

3.095351
3.414421

3.433865
3.825780

3.789940
4.266561

4,162175
4.736620

4,549640

4.951233

2.7180866

2.775780
3.035487

3.067773
3.384120

3,380268
3.763280

3.711816
4.172401
4,061073
4,426685

4,807812

2.869823
3.149159

3.131874
3.4601385

3.415956
3.81015656

3.720605
4.186952

4.044374
4.594099

4,385894

4.744140




TABLE I - (CONTINUED)

TABULATION OF FIRST BRANCH NATURAL FREQUENCIES

FIXED, SHORT, THICK CYLINDERS

FREQUENCY BANDWIDTH 0.0-5,0

AXIAL WAVE NUMBER N

CIRCUMFERENTIAL
WAVE NUMBERS m

0

10

SR THEORY
CL THEORY

7

2,105402
2.203218

2.08807

2.104521
2.142480
2.283962
2.197909
2.275741

2. 443892

2.378476
2,568219

2,.507480
2.716894

2,663183
4. 902343

2.845214
3.120019

3.052636
3. 369960

2.566073
2.728258

2.538085
2.738671

2.557323

2.664745
2.894237

2.746581
2.852831
3.2125097

2.983105
3.283730

3.137733
3.4725897

3.316640
3.692284

3.519276
3.942968

112

3.074218
3.150856

3.037011
3. 324244

3.065526

3.111094
3.455956

3.514452

3.6779289

3.370058
3.756581

3.500526
3.919335

3.653710
4.111523

3.829589
4,333487

4,027815

10

3.658007

4.016033

4.028163

3.665624

4.120116

3.731737

3.819335

3.927772

4.458943

4.208291
4.865077

4,380897

4.574843

11

4.279823

4.184374
4.688866
4,213085
4.299843
4.887499

4.328397
4.976464
4.414100

4.521936

4.658788

4.967577

12

4.719530

4.889940

4.,958397




TABLE I - (CONTINUED)
TABULATION OF FIRST BRANCH NATURAL FREQUENCIES
FIXED, SHORT, THICK CYLINDERS

FREQUENCY BANDWIDTH 0.0-5.0

SR THEORY
CL THEORY
AXIAL WAVE NUMBER N 7 8 9 10 11 12
CIRCUMFERENTIAL
WAVE NUMBERS m
11 3.284316 3.745019 4.247987 4,789550
3.651616 4.224648 4.867480
12 3.539002 3.992870 4.489198
3.965038 4.537148
13 3.815331 4.261659 4.750683
4.309316 4.880370
14 4.111952 4.550275
4,684276
15 4.427609 4.857714
16. 4.761034
17
18
19
20
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TABLE II

TABULATIONIOF HIGHER BRANCH NATURAL FREQUENCIES

FIXED,SHORT,THICK CYLINDERS

AXIAL WAVE NUMBER N 1

CIRCUMFERENTIAL

WAVE NUMBERS

m

FREQUENCY BANDWIDTH 0.0-6.0
SR THEORY
CL, THEORY
2 3 4
3.165956
3.387228 3.765666
1.031983 2.225155
1.032169 3.383752
3.789418
1.769577 2.225142
1.768010 2.931347
1.775826 2,162123 2.818652
1.775835 2.163294 4.294781 3.897783
4,225917
3.840468
3.168546
3.717089
4.199425 4,734081
3.717480
4,651366 4.280413
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2.778140

4,981679

4.721666

4.223183

4,280663




TABLE III
TABULATION OF FIRST BRANCH NATURAL FREQUENCIES
FREE, SHORT, THICK CYLINDERS

FREQUENCY BANDWIDTH 0,0-5.0

SR THEORY
CL THEORY
AXIAL WAVE NUMBER N 1 2 3 4 5 6
CIRCUMFERENTIAL
WAVE NUMBERS m
0 .9286233 9750750 1.042047 1.181628
. 9286188 9764170 1.045221 1.180442
1 .0084358 .8412119 .9424426 1.030774 1.180931
. 8395546 .9391896 1.028425 1.187571
2 .0865702 .6138657 .8241521 1.007369 1.087153
. 0507866 .6035942 .8123505 ,985680] 1.088228
3 . 1736945 .4734239 ,7493637 .9864024 1,220427
.1288002  .4420542 .7177870 .9498333 1.088228
4 .2764208  .4649198 .7280065 .9969982 1,220427
4 .2315641  .4102197 .6747337 .9404554 1.187822
5 . 3437369 .4019967  .5489328 .7810563 1.055863 1.356669
8350977 .3612658  .4860213 .7123373 .9844017 1.287445
6 .4984192 .5544369  .6853738 ,8952364 1.163903 1.473880
. 4918690 .5188380 .6258263 .8225726 1.086248 1.287445
7 .6792147  .7341237  .8572091 1.053827 1.314195 1.625142
.6774304 .7046830 .8062056 .9869550 1.240139 1.5563340
8 . 8851662 .9398466 1.052828 1.246553 1.499473 1.807714
. 8917329  .9189775 1.019090 1.182286 1.437744 1.748729
9 1.111528 1.170200 1.285577 1.467943 1.714532 2,018554
1.134744 1.161804 1.261903 1.431820 1.672685 1.981152
10 1.368534 1.423890 1.537057 1.714815 1.955859
1.406447 1.433205 1.533784 1.702464 1.940820
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TABLE III - (CONTINUED)
TABULATION OF FIRST BRANCH NATURAL FREQUENCIES
FREE, SHORT, THICK CYLINDERS
FREQUENCY BANDWIDTH 0.0-5.0

SR THEORY
CL THEORY
AXIAL WAVE NUMBER N 1 2 3 4 5 6
CIRCUMFERENTIAL
WAVE NUMBERS m
11 1.643867 1.699706 1.811230 1,985097
1.706827 1.733206 1,834472 2.002871 2.5458708
12 1.940234 1,996546 2.106531 2.276953 2.508046 2,796927
2.035937 2.061859 2.163762 2,332324 2.874355
13 2.256484 2,313187 2,421843 2.589093 2.815640 3.099140
2.398583 2.521703 2.6805693 2.827609 &.232748
14 2,.591562 2.648499 2,755906 ' 3.142296 3.420507
2.779999 2.908265 3.077546 3.314941 3.620353
15 2.944296 3,001468 3.107702 3.269042 3.486855 3.759708
3.194989 3.219437 3.323437 &.493203 3.730911 4.036643
16 3.313749 3.370999 3.476062 3.634562 3.848140 4.115702
3.638670 3.662562 3.767150 3.937351 4.1755644 4.481738
17 3.698906 3.756078 3.859968 4.015734 4.225093 4.487402
4.110937 4.134281 4.239507 4.410156 4.648769 4.9556404
18 4.098671 4.155765 4,258398 4.411464 4.616684 4.873280
4,740524 4.811464
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TABLE III - (CONTINUED)
TABULATION OF FIRST BRANCH NATURAL FREQUENCIES
FREE, SHORT, THICK CYLINDERS

FREQUENCY BANDWIDTH 0.0-5.0

2.620812

_119

SR THEORY
CL THEORY
AXIAL WAVE NUMBER N 7 8 9 10 11 12
. CIRCUMFERENTIAL .
WAVE NUMBERS m
0  1.409564 1.726055 3.705370 4.339550
 1.143119 1.771124 ,3.332643 ' 4.016665 4.777559
1 1.411788 1.725346 3.080055 3.640956
1.436011 1.780468
2 1.445433 1.770117 3.128066 3.687402 4.289746 4.929960
- 1.452611 1.808570 . . 4.074454
3  1.503397 1.852315 3.764550
1.487122 1.865337 . 4.146777 4.900039
4  1.584365 1.935546 3.317578 3.871523 4.466894
1.546080 1.936230
5 '1.689653 2.061230 2.475585 4.006347 4.597558
1,635932 2.043359 2.800330 4.379296
6  1.820996 2.206288 2.631542 4.753808
1.761035 "2.160597 '
7 1.979101 2.373046 2.806048 . 4,344921 4.926183
1,927389 2.361171. 4.730130
8 . 2.163417 2.561718 2.999843 4.559118 4.377578"
2.120996 2.554394 ~ 4.843984
9  2.372949 2.772402 3.247392 4.734667
2.354101 2.790871 4.489160 4.807207
10 2.606347 3.004433 3,444628 3.923476 4.437304
| 3.068242 4.765624




TABLE III - (CONTINUED)
TABULATION OF FIRST BRANCH NATURAL FREQUENCIES
FRBE, SHORT, THICK CYLINDERS

SR THEORY
CL THEORY
AXIAL WAVE NUMBER N 7 8 9 10
CIRCUMFERENTIAL
WAVE NUMBERS m
11 2,862109 3.257128 3.695449 4.173027 4.686230
2.918398 3.357226 3.862050
12 3.139121 3.529882 3.964784 4,439648
3.666621 4.192714
13 3.436035 3.821718 4.252050 4.722988
3.605566 4.045742 4,552832
14  3.751601 4.131737 4.556738
3.993483 4.434179 4.942226
15  4.084970 4.458984 4.877968
4,410351 4.851699
16  4.434960 4.458984
4.855898
17 4.800527
18

FREQUENCY BANDWIDTH 0.0-5.0
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First Branch Natural Frequencies - Free, Short, Thick, Cylinder

1.2

1.

b - Normalized Natl. Freq.
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“ m ~ Circumferential Wave Number.

Figure 6-a







TABLE TI

TABULATION OF HIGHER BRANCH NATURAL FREQUENCIES

FREE, SHORT, THICK CYLINDERS

FREQUENCY BANDWIDTH 0.0 - 5.0

AXIAL WAVE NUMBER N 1

CIRCUMFERENTIAL
WAVE NUMBERS m

.5916865
. 09168656
1,238423
1.238633
1.601309
1,601231

1,183707

1.775292

3.074804
3.075273

2,8130561

3.653320

4.14588

4.730312

SR THEORY
CL THEORY

1.614382
1.614285
2.250195
4,722695
4.722637

3.157830 3.750961

. 736975
. 736909
1.522940
1.5231883

3.378808
2,260488

1.537880
1.636083

1.087453
1.088228 3.829271
2,811171
3.80869

2.164687

4.279882

4.760976

3.028789 3.688281

4,735781
3.452124
4.736757
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4,689941
4.690039

1,60557
1.604365



Fixed, Short, Thick, Cylinder
Stress Intensity History at x=0, ¢=0
Cut-off frequency, 0.9

1.0, .
— SR
-- CL
tl
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Free,

Short, Thick Cylinder Cut~0ff frequency, 0.7

Stress Intensity History at x=L/2,d=o
1.0

0.0

—5R
---CL

% Difference (of
Maximum Stress
Intensity)

- Cmps Or(SRIman 00
r{man

Cosine Frontal Impulse
% Difference + 4.234

Triangular Impulse.
% Difference + 5.31

t 200

Exponential Impullq'
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Fixed, Short, Thick Cylinder Cut-Off frequency 16.0

Stress Intensity History at x=0, &=0 —SR
- | —emCL, h
1.0
0.8
_ 0.6
6,- 0.4
0.2
0.0 .
te 200
Cosine Frontal Impulse
9% Difference + 22.9
1.0
N
O
t! 200
Triangular Impulse
% Difference - 1.95
_
6, i

1

Exponential Impulse :
% Difference + 16.4 -

Figure 9 o
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Free short, thick cylinder stress intensity history
=L/2, ¢ =0

at x

Cut-0ff Frequency, 16.0

1.0

200

2%

% Difference - 15

Cosine Frontal Impulse

200

% Difference - 5.6%

Triangular Impulse

200

.94%

% Difference - 6

Exponential Impulse

Figure 10
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Fixed, short, thick, cylinder stress intensity history

at x =0, ¢ =0 Cut-off frequency, 30.0

— SR
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Free, short, thick, cylinder stress intensity history
at x = L/2, 4 = 0

Cut-off frequency 25.0

— SR
1.0

0.8
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SECTION XI
COMPARISON OF SR AND CLASSICAL MODELS

11.1 Introduction

The methodnof numerical computation has been described
in Section IX. Natural frequencies actually found by this
procedure for particular cases of interest are presented in
Section X, in both tabular and graphical fashion. Also
shown in Section X are values for the stress intensity, com-
puted for the three types of impulsive loading previously

Selected.

In this Section, the fundamental differences in the
models are explored at some length. The effects of these
differences are illustrated by an examination of particular
results in depth. Comments are offered as to the utility and

applicability of each model.

To facilitate the discussion, the symbol CL will be
used to denote the classical model, and the symbol SR the
model which permits transverse shear deformation and includes

rotary inertia.

11.2 The Pliancy Effect

The major expected source of any differences in de~
formation and stress, when comparing the alternative elastic
models for the cylinders, as they respond to the same loading,
is that due to the inclusion of transverse shear strain (as trans-
verse stress is developed) in the SR model. This motion is
prevented in the CL model. The added freedom makes the SR
model more pliant or flexible. This pliancy effect (valid at
all spatial locations through the cylindrical shell) is shown
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graphically in Figure 13 for deformation in an axial plane.

The rotation ( (A ) of a plane originally normal to
the median surface depends on the existence of a flexural
moment resultant { 6, )} at that spatial location. The exist-
ence of such a moment usually implies the existence of a
transverse force resultant ( 6‘; ). In the CL theory the
strain associated with this transverse force is suppressed
by imposing an infinite shear modulus. The result of this
is the continuous orthogonality of the transverse plane and
the median surface (See Figure 13-a). The relaxation of the
constraint on transverse shear in the SR model (Figure 13-Db)
pPermits the same rotation of the transverse surface associated
with the flexural moment, but with a steeper radial defor-
mation gradient ( g%g Jof the median surface. The difference

in gradient is due to the permitted shear strain ( X‘s ).

Of course, a similar illustration could be offered
for deformations in a plane perpendicular to the cylinder

axis. In this case:

W = Rotation of a plane originally normal to the
2  median surface

6;;= Flexural moment resultant

6';= Transverse force resultant

Wy = Radial deformation gradient in the
P circumferential direction

The foregoing implies that there would be generally
larger deformations when an SR model cylinder responds to a
given loading than would be the case when a CL model cylinder

responds to the same loading pattern.
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PLIANCY EFFECT
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11.2.1 Implications of the Pliancy Effect

When the flexural moments (and associated transverse
forces) are large, the magnitude of the permissible SR model
shear strains are correspondingly large. This high stress
condition would be expected to accentuate any difference in the
radial deformation gradient at any spatial location. The total

deformation patterns for the two alternative models would then

diverge.

This high stress condition will also be associated
with a particular type of deformation pattern. As the number
of nodal points on the cylinder's median surface increases
(i.e., points where lJ;(x,d,t) = 0 ), the structural waves
get shorter. This is true in both axial and circumferential
directions. These shorter structural waves (with a smaller
radius of curvature of the median surface) are implicitly
due to large flexural moments and transverse forces. There-
fore, these types of waves should differ more in form (as
the SR and CL models are compared), than should the longer

waves.

The deformation pattern at any time is considered
as the summation of a series of natural mode responses. From
the preceding discussion, differences in natural modal fre-
quencies and stresses between the two models, reflecting the
differences in deformation patterns, should begin to become
more pronounced when the natural short structural waves are
excited. The more short, high frequency waves that are included
in the truncated infinite deformation (or stresses) series,
the more the results obtained for each model should diverge
from each other. An awareness of this fact has influenced
my choice of the dynamic force imputs for which the response

of the elastic cylinder models are to be examined and compared.
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11.2.2 Dynamic Loading

A physical environment which stimulates phenomena to
which the models respond differently seems most appropriate
to this model comparison study. Therefore, dynamic inputs
were chosen which are composed in sufficient quantity of
large amplitude forces varying with steep gradients along
the surface of the cylinder, and rapidly changing in time.
These inputs will excite short structural waves, oscillating
at high fregquencies. As previously explained, the excitation
of these waves was taken to be necessary to elicit different

responses from the two models.

Three inputs were chosen. They are all time impulsive
forces, applied in the radial direction on the top half surface
(i.e., non-axisymmetric). They are symmetric about the crown
point (@ = 0) and longitudinally symmetric about x = L/2.

They are termed:
a) Cosine frontal
b) Triangular

c) Exponential
These are shown qualitatively on Figure 14.

The time impulsive character was chosen to ensure no
attenuation of force input at the high time frequencies in
its Fourier spectrum. It is at these higher frequencies
that the multi-noded short structural waves naturally osci-
llate. The exponential load has the highest proportion of
significant short spatial force waves. Therefore, the
differences in the dynamic response of the SR and CL models
with exponential input should be more pronounced than with

the other two inputs.
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11.3 Natural Boundary Conditions

Another possible source of variation in dynamic
response may be attributed to the different formulation (for
each model) of what constitutes a given edge condition. The
number of variables constrained, and which ones they are, is
a direct consequence of modeling. For example, because the
natural mode/frequency (eigenvalue) determinant for the
classical theory is eighth order, only four shell variables
need be prescribed at each edge of the cylinder. This will
ensure a unique solution for the inter-relationship of the
eight terms of the axial normal mode function. Any more
coordinates prescribed at the edges would be redundant; any
less would be insufficient. The SR eigenvalue determinant
is of tenth order (equation 79) . Consequently, five variables
are prescribed at each edge. In both cases the variables are
"shell" variables. Shell variables are developed when the
median surche motion coordinates are assumed to function in
such a manner as to generate a particular deformation pattern

throughout the thickness of the shell.

My natural boundary conditions were developed within
the Hamilton Integral but are in no way extraordinary. They
satisfy the above requirements with regard to number and
pPerhaps could have been developed intﬁitively. For example,
they are identical (after manipulation) to those used by
Timoshenko (28) in his Classical Theory for fixed and for free
edges. The following will analyze, for these edge conditions,
how differences in the variables constrained for each model
could influence the theoretical dynamic response of the

cylinders.
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11.3.1 Fixed Edge

For the CL theory, the four boundary constraints at

each edge are (Refer to equations 67):

W u e uf e uf =0 *

For the SR theory, the five boundary constraints are (Refer
to equations 83):

U = Wy =Ug =Uu7 =W =0

The significant strain displacement equations (from Appendix

C) are:
c-14.e Ta= Wi+ %%;
c-14.f ¥, (I+E/A) = U+ &(%‘%‘-ui)

For the CIL model at all locations, the transverse strain
(%3 + ¥23 ) is suppressed. Continuing for the CL model,
since %ﬁ =0 at x = 0,L, then from Clde, W} = 0.
It is also evident, from Cl4f (because %%f = 0 is implied
in the condition W§ = 0 for all g at x = 0 and L) that
uh, = 0.
Thus, in effect, the boundary conditions for the CIL

theory also imply-Uil =l121 = 0, as in the SR theory. For the

* -
Note: The deformation coordinate for the fixed-edge cylinder

are actually the inertially referenced displacement
coordinates, nf . The equations containina LL; in
Appendix C would also have been transposed to n‘
for a fixed=edge cylinder.
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- SR theory, however, ¥;3 # 0 and Y¥Y,4 # 0. From Cl4e:

c-l4.e B = %%5 # 0

i.e., the gradient of the radial deformation coordinate in the
axial direction is not constrained in the SR model, and will
be produced at the edge, by the pure shear strain 813 .

which is permitted in the SR model. The deformation near the

edges in the axial plane is shown in Figure 15 for both models.

As an aside, we briefly note from equation Cl4f that
X23 at the very edge is required to be zero. (All terms
on the right hand side are equal to zero). Thus, there must
be a "transition" between a circular cross section at the ends,
and some circumferential wave pattern not far from the ends.
This must be true for both models and does not by itself con-

stitute a reason for a difference in response.

Thus the difference between the two models is just
that illustrated in Figure 15. It is clear that this is no
more than the general pliancy effect which is wvalid at all
spatial locations in an SR—-CL comparison. Therefore, the
differences in the fixed-edge boundary conditions for the
models are not expected to have any unique effect in the
dynamic response comparison. The situation is somevwhat

different for the free-edged cylinder, discussed below.

11.3.2 Free-Edge

The SR model boundary conditions for the "free" edge,
developed within the Hamilton Integral, are gquite clear. It
is that all shell stress resultants on the edges should vanish:

(See equations 90)

o _ _ 0 _ _ 1 _
611° = 610= 6139= 6331 = 6,1 =0
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The case of the CL model, where only four shell
parameters are constrained, has been handled intuitively by
Timoshenko, on the basis of force balance considerations, by
postulating an ersatz transverse shear stress resultant and
an ersatz membrane shear stress resultant. The four boundary

conditions are:
(198) a. w =0
b. 6, =0
c. Y65 " =Oa+ 4350

d. 67" =6z +§6a =0

The boundary conditions I used, developed within the
Hamilton Integral are identical (equation 68) except for
the ersatz transverse shear (198-c), which has the following
form when there are only radial input forces on the cylinder's

surface:
] 1 M "
(199) %?-t%%%-»%%%ﬁ- 6:"=0

The actual transverse shear stress, CF13° . has been
absorbed within the Hamilton Integral in my development. It
can be obtained, though, by a force balance or by a direct
reduction of the SR equilibrium eguations (equation 42), when
the rotary inertia is neglected and only radial forces are
present on the cylinder's surface. The transverse shear is

seen to be:
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(200) G = 38 4 -"-i%%"'

Therefore, equation 199 is identical to 198c. The free edge
boundary conditions for SR and CL models are shown graphically
in Figure 16. What is significant is that the free cylinder,
as a consequence of classical modeling, permits the existence
on its so-called "free" surface of the following stress re-
sultants: a membrane shear 6'120, a transverse shear 0’130,

and a twisting moment 6121, where:

(201)
a. 6;_#(3

b. 6y == Gz/a

4
c. ® o -1 262

B Q

This is in no way theoretically untenable, according to St.
Venant's hypothesis, especially as the stress intensities I
am investigating in detail are those at the axial midplane

of the cylinder, much removed from the edge.

It is of interest, though, to examine the ways in
which the natural boundary conditions associated with each
model affect stress distributions, deformation patterns etc.
For this purpose it is desirable to consider these effects on
the response of separate normal modes. We note initially
that for the deformation pattern formed by short axial waves,
boundary condition effects become increasingly localized,
especially with respect to stress. The influence of these

effects at the axial midplane, where I have computed the stress
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. intensities, are minimal. Any differences between the response
of the two models for these modes should be due to the
general pliancy effect. If these short, axial waves are also
associated with short, circumferential waves, the preceding
statement may be somewhat modified. This is because the
difference in magnitude (for the two models) of stresses.
developed at the edge region is considerably influenced by the
shape of the cylinder in the circumferential direction. The
absolute magnitude of the stresses in one of the models may be
sufficient to influence regions beyond the edge. The source
of this differing influence of the circumferential deformation

shape for each model is analyzed below.

The rate of change of the axial flexural moment re-
sultant ( %%é ) is an informative parameter. At the edge,
for both models, the axial moment resultant ( 6“ ) is zero.
From the general equilibrium equations (42) for the SR model,
taking into account that the axial transverse shear stress
(and therefore strain) are required to be zero at the edge,

the following expression is obtained:

(202) & £ AL 00 Ve - 539

%xXeO,L

For the classical model, the natural boundary condition (199)

requires:

(203) g%-l == _ol.._g%i- - _&%%;

N:0,

The difference between these equations are more

readily seen in terms of the displacement coordinates.
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Differentiating C20g with respect to x, the change in the

axial flexural moment at the edge for the SR model is (with

no axial transverse shear strain):

K XsO,L %-S a—ﬁ

Differentiating the terms for the twisting moments in D-30h

and D30j as required by 203 leads to the corresponding formu-
lation for the CL model:

(205) %‘;5' 309 52 %ﬁ‘i—@"’a%&—z 0 2ug _,qu-g;a.’- e

Xso,\

i
where the symbol lll(CL) refers to the rotation of the cir-

cumferential transverse plane for the classical model.
equation D-14:

From

(D>-14)  ylcey =4 (up-§)

Equation D-14 is, of course, applicable only when the trans-

'823 is suppressed. The other rotation
llkc&) for the classical model is given by equation D-13:

verse shear strain

) aU3
(D-13)  U/(cL) = — 313

We note that eguations 204 (SR) and 205 (CL) are basically

concerned with the same mid-surface coordinates: w,l \43°

2 ’
and W;°. But in the CL model (for the latter two terms) a

dependence on variation in the circumferential direction

]
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- replaces what in the SR model appears as a variation in the
axial direction. Thus, we may expect, for the term gg?
in the region of the edge a difference in the model behavior
which will be accentuated as the circumferential waves get
shorter, and the rate of variation of the displacement

coordinates in the circumferential direction increases.

Beyond the edge region, the form of this variable is
found by differentiating C-20g and D-30g. For the SR and

CL models respectively:

i~ 2D U, A3 U dUs
(208) 3% = x a*FR 4 a3+ vt fyE

2651 ~ a2 JWU, A3 DU 2 dUr(ct
(207 3| = a g’?+a ZLEW oz uater

Thus, beyond the edge region, the expressions differ only

in terms concerned with the general pliancy effect. What
importance the alternate boundary c¢onditions will assume in
determining extensive response difference will depend on the
magnitudes of the differences between terms like equation 204

and equation 205, developed in the edge regions only.

It has been my experience, catalogued in the sections
below on modal response, that the boundary conditions have
played a significant role in free cylinders, even for long
wave lengths at low natural frequency. The numerical results
show that the total dynamic response of the SR and CL models
diverge more for the free-edged cylinder than for the fixed-
edged cylinder when these waves are excited. The results seem

to have been more infiuenced by differences in the form of the
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natural boundary conditions for the free cylinder than I

had initially expected.

11.4 Natural Mode Response

11.4.1 Fixed Cylinders

11.4.1.1 Introduction

An extensive examination was made of the dynamic
response of a short, thick cylinder with fixed edges for the
CL and SR models. The total response of the cylinder is
composed of the cumulative response of each natural mode
to the given input. It was, of course, therefore necessary
to identify the shape of the natural modes and their associated
natural frequency of oscillation. The natural modes are of the

following form:
(208) u:(x,tb,t%: f,:"'(x.m),,a cosm b USINMme ¥ sIN W, ¢

and are dependent upon the edge conditions (e.g., for fixed
edge cylinder, (fk(n)(x,m)N=0). They are categorized accord-
ing to increasing order of nodal points (113°(x,¢,t) = 0.

The general form of some natural mode shapes for fixed ended
cylinders are shown in Figure 17. For a mode shape identified
by the subscripts m, N, the circumferential pattern has 2m
nodes, and the axial pattern has N + 1 modes. (The free
cylinder has N-1 axial nodes. See Figure 28). The natural
frequencies, axial deformation patterns, stress resultants and
potential energy distributions were examined. A general

discussion of the results of this examination is presented
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. below.

11.4.1.2 Natural Frequencies (Fixed-ended cylinder)

The natural frequencies of the short, thick, fixed-
ended cylinder and their associated various modal patterns
are shown in Table I (Section X), for both the SR and CL
models. The data for Table I is presented graphically in
Figure 5 a~b. The lowest frequency * found at each circum-
ferential wave number, m, is that associated with one axial
half-wave. For a given axial nodal pattern, N, the lowest
frequency is found at that circumferential nodal pattern, m,
where the deformation strain energy is minimum. Generally, the
higher frequencies are associated with short structural wave
lengths (m, N are larger). This may be seen from Table I and
from Figure 5 a-b. We note that as the waves get shorter, the
natural frequencies for the SR and CL model diverge more. This
rhenomenon has been noted in free vibration investigations
of simply supported and infinite cylinders (References 6,
40, and 63). The phenomenon is an apparent consequence of the
pliancy effect. The SR model becomes increasingly pliant,
compared to the classical model, as the shorter structural
waves are examined. Other parameters affected are the axial
deformation pattern, stress resultants and elastic strain

energy. These are presented below for some representative

* What are shown here are the first (lowest) branch of the
natural frequency curves. For each nodal pattern there
are five natural frequencies for the SR model. There are
three natural frequencies associated with each nodal
pattern for the CL model. Higher branch frequencies
identified during the run are shown in Table II (Section
X)
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. natural modes.

11.4.1.3 Deformation Patterns, Stress Resultants, Elastic
Strain Energy

The axial deformation patterns for both the SR and CL
models, for the natural modes of m =5, N=1 and m = 2, N=1
are shown in Figure 18. The mode shépes have been normalized
to the same maximum amplitude. A detailed comparison was
made of these two modes. They both have the same axial nodal
pattern but a different circumferential nodal pattern.

{m = 5, of course, has shorter circumferential waves). Both
modes oscillate at approximately the same natural frequency
(Figure 5-a) and therefore have accumulated the same elastic
strain energy. The energy distributions, however, do differ
as well as the relative importance of the three different

types of strain energy (for the axial direction), associated

with each nodal pattern.

Figure 18 indicates that the radial deformation patterns
in the axial direction, comparing the CL and SR models, differ
only slightly in both these modes.* The difference in natural
frequency between the models is greater for the case of five
circumferential waves than for two waves. The reasons for this,
though, are not apparent from an examination of the deformation
pattern, and it is necessary to examine the energy distribu-

tions.

*#* A radial deformation during free vibration of 1" is assumed
at the axial half~length for fixed cylinder natural modes
which are symmetrical. Anti-symmetrical modes have a
maximum 1" deformation elsewhere.
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THICK, SHORT, FIXED CYLINDER
AXIAL WAVE PATTERN, SR AND CL

For M=2, N=1

NAT. FREQ SR = ,394933
NAT. FRBQ CL = ,.395709
For M=5, N=1

NAT. FREQ SR = ,404198
NAT. FREQ CL = .409246
For M=2, N=2

NAT. FREQ CL = ,704515
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FIGURE 18
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The radius of curvature of the axial median surface

of both models for m = 5 is greater than for m = 2 at the
fixed edge and less than that of m = 2 at the half-length.
The stress resultants (Figures 19 and 20)in the axial direction,
especially the flexural moment resultant, 6&11 *, reflect this
particular variation in the deformation pattern. The moment
for m = 5 compared tom = 2 is lower at the edges but greater
at the center. It is also seen that the membrane stress,

671° , is generally lower for m = 5 than form = 2, A
striking difference is that the transverse shear stress re-
sultant on the face normal to the axial median surface 673°,**
diverges significantly, when the CL model is compared to the
SR model, with the shorter circumferential waves (Figure 20).
The combined influence of these stresses and deformations are
shown in the elastic strain energy distribution, Figures 21
and 22.

For a given axial wave length ( N = 1) as the circum-
ferential waves become shorter ( m = 5 compared tom = 2),
the axial strain energy distribution exhibits the following
tendencies:

. The membrane energy(Umemb) diminishes in

importance in relation to the flexural
energy¥ (Upom). for both models.

. The difference between flexural energy
for the two models is more pronounced.
. The difference between shear energy (U )

she
for the two models is more pronounced. ar

* Stress Resultants and Strain Energy in the following graphs
have been normalized. See "Nomenclature"

** The ersatz transverse shear is plotted for the classical
model
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- The latter two items are direct consequences of the first.

Model differences are related to transverse strains
and flexural moments, and would not generally be in evidence
when extensional (membrane) energy is predominant in the
deformation patterns of the cylinder. The former parameters
are related to wvariation in strain throughout the cross-
section, the latter to the average of these strains. These
differences between models, in the energy distribution with
the shorter circumferential waves, account for the greater
difference between the natural frequencies. These tendencies:
i.e., divergence of energies, stress and frequencies between
models as the circumferential waves get shorter (and membrane
energy decreases in significance) verify my initial expect-

ations as regards the pliancy/wave length effect.

The parameters in the axial direction have been examined
to indicate the effects of circumferential wave shortening.
An even more striking example of this manifestation of the
pliancy effect occurs as the axial waves themselves are
shortened. Figures 18, 23 and 24 are for the condition of two
axial half waves {N=2) with the circumferential pattern m=2,
and should be compared to N=1, m=2 (Figures 18-20, respectively).
The tendencies noted before are even more pronounced, as the
membrane energy is of relatively little importance, and greater
differences are noted between the models in frequencies,

stresses and energies.

The stress intensities generated in each model for
the short, thick, fixed ended cylinder are discussed in
Section 11.5. They indicate that as more high frequency,
short wave length modes are included in the deformation series
the differences between the models increase as expected. With

these modes included, the tendencies noted above are shown in
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a greater proportion of the total number of terms included in
this series. As stated before, for the fixed-ended c¢ylinder,

all differences are attributable to the pliancy effect.

11.4.1.4 Effects of Length and Thickness

The energy distribution for the CL and SR natural modes
for m=2, N=1, for short-thin, long-thin and long-thick cy-
linders are shown in Figures 25, 26 and 27. They all show

menmbrane enerqgy decidedly more prominent, and flexural energy

less so, than the similar mode shape in the short, thick
cylinder. The thin cylinder demonstrates less flexural and
less transverse shear energy for a given median surface
deformation pattern because these energies are developed

from variations in strain throughout the cross-section which
are related to the distance from the mid-surface. The waves
of a long cylinder (for a 1" maximum deformation with a given
nodal pattern) require relatively little change in the curva-
ture of the median surface, thereby also demonstrating only

little flexural and shear energy.

Therefore, the pliancy effect will appear only after
a great number of modes are accumulated in the deformation

series. The modeling difference will be less important than

in the short thick cylinder. Accordingly, a more extensive
examination has been made only of the latter geometry.

11.4.2 Free Cylinders

11.4.2.1 Mode Shapes

The general form of some of the natural mode shapes

developed during dynamic deformation are shown in Figure 28,
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They are categorized according to an axial and circumferential
nodal pattern (N, m). Information derived from a detailed
study of the actual natural modes of the short, thick, free-
ended cylinder is shown below. Special attention is paid to
longer waves where the effects of boundary modeling is ex-
hibited.

11.4.2,2 Natural Frequencies

The natural frequencies of oscillation for the cylinder,
for both the CL and SR models, are recorded in Table IIIX
(Section X) and shown graphically in Figure 6 a-b. Differences
in the natural frequencies, of given modal pattern, as the SR
model is compared to the CL, do exist. These differences are
tabulated in Table V. We note that for certain modal defor-
mation patterns (m,N) the natural frequencies of oscillation
for the SR model are higher than those for the CL model, while
for other m,N combinations the situation is reversed This
pPhenomenon is shown schematically in Figure 29, Regions are
defined, according to m,N nodal combinations, where either the

CL natural frequency or the SR natural fregquency may be higher.

We recall that with the fixed-ended cylinder, the
natural frequency was always higher when the CL model was ex-
cited than when the SR model was excited. This was due to the
pliancy effect, as previously discussed. The enhanced ease of
deformation of the SR model accounts for its longer period
of oscillation. The pliancy effect becomes more pronounced
as the natural modal waves become shorter in both the axial
and circumferential directions. This phenomenon is apparen-
tly also the controlling factor for the free cylinder in
Region I (Figure 29) where the frequency of the CL model is
higher than that of the SR model. 1In segment a of Region I,

*See note p. 193
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m= 0 +.0000 I -.0014 -.0030 -.0090 -.0B00 -,0450 -.3160 -.4400
1 + +«,0080 +.0017 +.0030 +.0010| -.0066 -.0200 -.0550
2 +.0358 +.0100 +.0118 +.0180| -.0010 -.0070 -.0300 -.3900
3 +.0448 +.0310 +.0310 +.0370 +.0320 +.0160}-.0110 -.3900
4 +,0451 +.0547 +.0530 +.0560 +.0540 +.0380] -.0007 -.5400
5 +.0087 +.0407 +.0629 +.0687 +.0700 +.0690 +.0540 +.0180] -.3300 -.5500
6 +.0078 +.0358 +,0595 +.0728 +.0770 +.0750 +.0590 +.0360 -.5500
7 +.0018 +.0295 +.0510 +.0670 +.0720 +.0720 +.0520 +.0220 -.3900 -,5800
8 -.0060 | +.0210 +.0400 +.0540 +.0620 +.0590 +,0420 +,0070 -.3900
S: 9 -.0230 | +.0090 +.0240 +.0360 +.0380 +.0370 +.,0180|-.0170 -.1600 -.4600
- 10 -.0380 -,0100 |+.0033 +.0080 +.0015 +.0020) -.0140 -.0540
11 -40630 -,0340 -.0230 -.0150 -.0080 -.0300 -.0560 -.1000 -.1700
12 -.0900 -.0650 -.0570 -.0570 -.0400 -.0800 -.1000 -.1600 -.2300
13 -.1400 -.1000 -.1100 -.1120 -.1130 -.1700 -.2300 -.3000
14 -.1800 -.1500 -.1700 -.2000 -.2400 -.3000 -.4400
15 -.2500 -.2200 -.,2250 -.2300 -.2400 -.2800 -.3300 -.4000 -.5900
16 -.3200 -.2900 -.2900 -.3000 -.3300 -.3700 -.4200 -.4900
17 ~-.4200 -.3800 -.3800 -.4000 -.4200 -.4700 -/5300
18 -.4900 -.5000 -.5400 -.5900

TABLE V N
TABULATION OF DIFFERENCES BETWEEN FIRST BRANCH
NATURAL FREQUENCIES (& . =~ w ; )
FREE, SHORT, THICK CYLINDERS FREQUENCY BANDWIDTH 0.0-6.0




MAP OF NATURAL FREQUENCY DIFFERENCE - SR vrs. CL - FREE CYLINDER
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- where the axial wave lengths are all shorter than some
critical length (N Z N.), the deformation in the middle section
is sufficiently isolated from any constraints at the edges.
Here, the CL frequency is greater than the SR freQuency as a

consequence of axial pliancy difference.

In Region II, where the SR frequencies are greater
than the CL, the waves are relatively long (m,N smaller) with
lower natural frequencies. In this region, the importance
of the state of the boundary appears to supersede the factor
of pliancy. It is this boundary modeling effect which operates
to raise the SR frequency over the classical. The source of
this boundary effect lies in the necessary development of
different SR and CL axial deformation forms, these differences
originating at the boundary. This difference in deformation
is in turn caused by necessary differences in the stress de-
veloped near the boundary for each model (equations 204, 205)
for a given axial nodal pattern. These stress differences in-
crease as the rate of deformation in the circumferential
(#) direction increases ( m gets higher). In comparing
natural frequencies, the boundary modeling effect must also
manifest itself increasingly as the circumferential waves are
shortened. This is seen in segment ¢ of Region II. 1In this
area, when a given circumferential deformation pattern has
shorter waves, it must be associated with shorter axial de-
formation waves before the CL frequency exceeds that for SR.
This prominence of boundary conditions, in deﬁermining differ-
ences in dynamic responses, is ineffectively challenged only
till a certain point (m*). Beyond that point, the effects
of greater flexural energy in the middle section of the
cylinder (implied by the small radii of curvature in the
circumferential direction) make themselves felt. The models

deform differently under flexure. This circumferential
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- pliancy effect, of course, increases the natural frequency
of the CL model relative to the SR model. In segment 4 of
Region II, as m increases, the increased circumferential
pliancy effect is beginning to substantially counteract the
less rapidly increasing influence of the boundary modeling
effect. Eventually, beyond m,, in segment b of Region I,
the CL frequency is always higher with any axial nodal pattern.

11.4.2.3 bDeformation Patterns-Iong Waves

The deformation patterns for some relatively long
axial waves are shown in Figure 30. These modal shapes differ
(as the CL and SR model is compared) more than those with the
same nodal sequence in fixed-ended cylinders. The source of
this deformation difference over the total length is found
in the region of the boundary. This is more clearly seen in
Figure 31, which illustrates the cylinder deformation near
the edge. The deformation gradients ( %%5 ) for the models
are noticeably different right at the boundary. The gradients
become parallel at a short distance from the edge and remain
so0. The effective length between the outer nodes is shortened
for the SR form. This increases its natural frequency, which
is higher than for the CL model. Deformation differences
generated at the boundary increase as m increases (for a given
N) implying the dependence of this axial phenomenon on the
circumferential deformation at the boundary. As the axial
wave lengths shorten (N increases), for the same m, the effect
on the edge region deformation gradient is not as pronounced.
The total deformation patterns (compared to longer axial
waves) are such that the percentage difference of the effective
lengths of the two models is less. (the absolute effective length

is greater between the outer nodes). Therefore, in most
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- cases the difference between the SR frequency and the CIL
frequency is decreased. The effect of this boundary pheno-
menon (deformation gradient divergence) is indicated in the
graphs of the axial stress resultants (Figures 32, 33, and
34) . Discussion of these figures is contained in the next

section.

11.4.2.4 Axial Stress Resultants-Long Waves

For the CL and SR models, the different rates of
change of the flexural moment resultant, g%; , hear the
region of the boundary, is evident in Figures 32, 33 and 34.
For a given axial nodal pattern, as the circumferential waves
shorten, (Figures 32 and 33) there is an increase in the
absolute difference of the moment, 6, » and of the trans-
verse shear, éﬂ; , between the models, causing the
differing axial deformation patterns seen in Figure 30.
Circumferential stresses near the boundary, associated with a
required circumferential deformation, imply the existence of
stress resultants in the axial plane due to Poisson's cross-
coupling. The fictitious forces postulated for the CL model
on the end faces permit a smoother force transition near the
edge. This is esthetically pleasing but not necessarily more
realistic. Nevertheless, the ultimate effect is to cause
decidedly different stress (and deformation) patterns near the

edge.

A change in the axial nodal pattern (Figures 32, 34)
for a given circumferential shape, produces less significant

divergences.

In these curves for long, axial waves, the boundary
effect, increasing as the circumferential waves shorten, is

- still a significant factor in determining the total stress
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- distribution throughout the length. These boundary
differences in stress are the critical factor in develop-
ing the different deformation patterns seen in Figure 30
and ultimately accounting for the placement of these modes in
Region II of Figure 29 where the frequency of the SR model is
higher than that of the CL model.

The combined influence of the stresses and defor-
mations are shown in the elastic strain enexrgy distribution,
Figures 35, 36, and 37. These Figures are discussed in the

next section.

11.4.2.5 Axial Strain Energy Distribution-Long Waves

These Figures (35, 36, 37) for the free cylinder show
different characteristics from the fixed-ended cylinder with
the equivalent nodal pattern. The membrane energy is greater
with the free cylinder and the differences between the energy
in the SR and CL model is greater than with the fixed-ended
cylinder. The existence of significant, and different,
membrane energies, indicates that something more than the
prliancy effect, which is associated with flexural and shear

energy alone, is operative in causing these differences.

As the circumferential waves shorten, with a given
axial nodal pattern (Figures 35, 36) the absolute value of
the flexural energies increase and that of the membrane
energies decrease. The percentage difference between the
models for both these energies increase. A variation of this
sort in the axial energy shows the influence of the boundary
effect, with its dependence on the circumferential deformation.
If the circumferential pliancy effect were important, the
classical flexural energy at the half-length would be greater

than the SR flexural energy.
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As the axial waves shorten (Figures 35,37) for a given
circumferential shape, the absolute value of the flexural
energies increase and the membrane energies decrease, pro-
portionately more than when just the circumferential waves
were shortened. This is to be expected, as we are examining
axial strain energy, which is dependent upon median-surface
deformation curvature in the axial direction. The percentage
differences in the energies between the models, though, have
not increased as much. As the number of axial half waves
increase, the boundary effects are more isolated. Therefore,
the axial (and circumferential) pliancy effect, as well as
the boundary effect, is an important factor in producing the
energy distribution throughout the half-length, shown in
Figure 37.

11.4.2.6 Effects of Length and Thickness

The energy distribution of short-thin and long-thin
cylinders are seen in Figures 38 and 39. Greater differences
exist between the models for the ffee cylinder than with the
same nodal pattern for the fixed-ended cylinder. ‘These

differences, for these waves, are primarily in membrane enerqy.

As with the fixed cylinders, a modeling comparison for short-

thick cylinders was chosen to be most informative.

11.5 Stress Histories
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11.5.1 Fixed Cvlinders

As previously explained, differences are encountered
for the SR and CL models of fixed cylinders in the natural
frequencies found, the stresses, and enerqy storace. These
differences are accentuated as the structural waves become
shorter, and they may be directly attributed to the pliancy
effect.

In the normal mode solution to a forced vibration
rroblem, the deformation series may be composed of as many
terms as desired, as additional natural frequency elements
are incorporated. The stresses, and stress intensity are
direct function of the deformation series. Therefore, as
more hich frequency, short wave length modes are included
in the deformation series, differences in the stress intensity
histories between the models may be exvected also to increase.
When the higher order modes are included. a greater vorovportion
of the total number of terms in the series are significantly
different from equivalent terms in the deformation series for

the alternate model.

There is no prior method by which one can determine
how many terms should be included in the deformation series.
A scan of natural frequencies was made, starting from zero.
Stress intensity histories for the three loadings examined
{cosine frontal, triangular, and exponential) are presented
in Figures 7, 9 and 1l. In Fioure 7 the bandwidth is from
0 to 0.9. 1In Figure 9 the bandwidth has been extended, and

now includes 0.0 to 16.0.

182




Acain, in Figure 11, the bandwidth includes from 0 to 30.0.
Units for the bandwidth are in terms of normalized natural

frequency.

In examining these stress intensity curves, as well
as those for the free cylinder (Figures 8, 10 and 12), we
could compare the SR and CL results for a particular loadino
for the three proposed values of cutoff frequency. Alternately,
we could compare the SR and CL results at a particular cutoff

frequency for the three different loads.

Several parameters may be chosen as an index of
comparison: the general appearance of the curves, the
occurrence of maxima and minima, their values, the ranae
between extremes, the mean value of the curve, and the
standard deviation of the wvalues from the mean. In examining
the stress intensity history, it should be noted that the values
are normalized for each pair of curves to the maximum stress

intensity for the CL theory.

The history of stress intensity can be viewed in two
ways: either as an approximation to the actual history, or
as a statistical sampling of the stress intensity in time.

Either attitude is useful.

First, examine Figure 7. The bandwidth is from 0.0
to 0.9 units of normalized natural frequency. The history
is presented for 10 cycles of the lowest frequency found.
As will be seen, this bandwidth includes only a small

number of the actual natural frequencies for the cylinder.
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They are also all relatively low, and the structural waves

are relatively long.

In Figure 7, the differences in stress intensity
history are relatively small. In fact, for the Cosine
Frontal Impulse and the Trianocular Imnulse, the SR and CL
curves are essentially duplicates of. each other. Only the
result for the Exponential Impulse shows any difference at
all. This loading has clearly excited whatever short structural

waves exist in this bandwidth.

Continuing in Figure 7, we have noted that the whole
bandwidth consists of fairly long structural waves. For this
bandwidth, this group of longer structural waves may be sub-
divided further into two grouvs. In the first oroup membrane
energy is prominent and in the other group flexural eneray is
prominent. The membrane energy waves have a higher frequency
of oscillation and a higher velocity of wave propacation.

This is related to an apparent anomaly in Figure 7c. A high
stress intensity peak is noted (for both CL and SR theories)
which occurs almost immediately after application of the impulse,
which is not repeated within the time span examined. I believe
that this is because the flexural waves, with a slower wave
propagation velocity, dominate the response curve for the ex-
ponential load initially. 1In the cosine frontal and triancular
pulses, the short waves are not as imwortant, proportionally,

in the stress series at any time. I+ may be expected that in
higher frequency bandwidths the normal modes with short struc-
tural (flexural) waves that are disclosed by the scan will have
a higher frequency of oscillation and a greater wave propagation

velocity. /
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In Figure 7a, comparing the CL and SR curves for the
cosine frontal loading, the differences between the maximum
values of stress intensity encountered is 1.96 percent. The
difference in the average value for this case was computed to be
3.2 percent. For both figures, the maxima, and the averages,
the CL response is slightly hicher. In Figure 7b, the difference
in maximum values is 2.7l percent, and the difference in averages
3.0 percent. Acain, the CL values are hidher. For 7c¢, the
difference in maximum values is 5.36 percent, while the dif-
ference in average values is - 7.5 percent. (The negative
sign is used to denote the fact that the calculation results
in a higher wvalue for the SR theory than the CL theory) .

It was expected that the CL theory would aive higher
values for the stress intensity than the SR, with the greatest
effect being noted for the exponential impulse. A comparison
of the maximum value differences, i.e., 1.96, 2.71 and 5.36
show the result is as expected. On the basis of further
experience, however, I believe the sampling is too small to

be reliable.

Now, consider Fiqure 9. The bandwidth is from 0.0
to 16.0 cycles of normalized natural frequency. From the
general appearance of the curves, there are now significant
differences to be noted between the SR and the CL models for
all loads. It is evident that more short waves have been in-

corporated into the deformation and stress intensity series.

Examine first Fiqure 9c. Note that for the exponential
impulse, high stress intensities are found in greater abundance
at times later than just directly after the application of the

impulse.
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This is because of the inclusion of the new modes. They have
a high frequency and wave propvagation velocity, and their

influence is repeated during the time span examined.

These new waves also effect the stress intensity
history shortly after the cosine frontal impulse is applied.
See Figure 9a. The effect is opposite to the wvalues found
previously, which had been traced to the influence of membrane

energy terms.

The differences between maxima are shown on araphs
9a, 9b and 9c¢ respectively to be 22.9, - 1.95 and 16.4 percent.
These are not in the order exvected. My interpretation is
that the cosine frontal response is being affected earlier
than the other two loads. The differences in the mean values

(not shown on the graphs) are 3.8, 8.2 and -6.3 vercent.

Now, examine Figure 1ll. The calculations were carried
forward to include a bandwidth from 0.0 to 30.0. Many more
short waves have been incorporated, and the tendencies vpreviously

noted are accentuated.

Significant differences in the SR and CL models exist
for three loads. In comparing the CL stress intensities between
Figure 9 and Figure 11, I note that they have not changed signi-
ficantly, while the SR stress intensities have changed slightly.
The least change in SR stresses has been with the cosine frontal
impulse, where because of its spatial distribution, the short

waves are least excited.
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In comparing Figures lla, 1llb and 1llc, the differences
between maximum values are 17.8, - 5.84 and 27.5 vercent.
The differences in average values are (again not shown) - 4.4,
-1.92 and + 5.14 percent. These latter are ordered in the
proper manner, but I would expect the SR to be consistently

lower in wvalue than the CL. (All positive).

Now, an attempt must be made to answer the question
as to whether or not the situation has stabilized or is
close to stabilization. Additional computation is extremely
expensive and is not warranted unless there is a clear reason

for pursuing it.

Figure 40 is a comparison of the maximum stress
intensities for these bandwidths. Although from the gravh it
is not conclusively apparent that intensities are stabilized
for all loadings, certain other tendencies, though, may be
definitely identified now. The SR model responds more slowly
initially, with respect to time, to any impulse. The total
stress—time pattern differs significantly between the models
for all three loads. The percentage difference between the
maximum stress intensities is already 27 percent for the
exponential impulse. This parameter (the difference between
maxima) is somewhat fragile, thouch, as the point where the
maximum stress is achieved varies as additional terms are

included.

In view of two facts: the significant differences
in the total stress intensity history, through the time
span investigated, between the SR and CL models, for all
inputs, and the differences between maxima as exemplified

in Pigure 40, it is concluded that the choice of the SR
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model is warranted for fixed cylinders underdgoing transient

loadings. For the actual case, it is further recommended
that enough normal modes be included so that the stress

intensity history becomes stable for higher cutoff points.
This will have to remain as a matter of engineerina judge-

ment for the particular case where an answer is regquired.

11.5.2 Free Cylinders

Again, differences are encountered for the SR and
CL models of free cylinders in the natural frequencies found,
the stresses and eneray storage. These differences are
accentuated as structural waves become shorter, but there
are now two influences at work. 1In addition to the pliancy
effect, the ehd conditions are also important. This has

been discussed earlier in this chapter.

For the free cylinder, a scan of natural frequencies
was also made, starting from 0.0. Stress intensity histories
are presented for the three loadings being investigated in
Figures 8, 10 and 12. 1In Figure 8, the bandwidth is from 0 to
0.7. 1In Figure 10, the bandwidth has been extended to 16.0,
and subsequently in Figure 12, to 25.0.

First, examine Figure 8. A+ this low truncation
bandwidth, long normal mode waves are uncovered. The
differences in stress intensities for the SR and CL model
are much greater than was the case with the fixed cylinder.
The effect is due to the different natural boundary conditions

developed within Hamilton's Inteqral.
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Very different wave shapes and internal stresses are induced,
with the same nodal conditions. It is this effect that is

predominant in this region.

The differences in the maxima for the three loédings
are 4.2, 5.3 and 12.2 percent respectively, as shown in

Figure 8a, 8b and 8c. These are properly ordered.

Now, examine Figure 10, which includes the bandwidth
from 0.0 to 16.0. The situation has been altered considerably.
The stress intensity histories of both models are very similar,
more so than with the fixed cylinder at the same truncation
of the search frequency. These new modes (included in the band
are from 0.7 to 16.0) short, flexural waves, where the boundary ‘
effects are isolated in the edge regions. The pliancy effect
is primarily operative in producing model differences, but is
not as critical here as with the fixed cylinder. The small
differences that do exist are noticeably evident only for 1l0Oc,

the case of the exponential impulse.

The differences in maxima are shown on Figure 41, but
are considered to be less important in evaluating the results

than the fact that the stress history curves are very similar.

Now, proceed to Figure 12, which covers a bandwidth
from 0.0 to 25.0. The differences bhetween models are now
more evident, although the patterns in time of the stress
intensities have not been much altered. The stress intensities
now, compared to the intermediate region shown in Figure 10,
are at least as close to stabilization as for the fixed cylinder

at this truncation frequency.
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Di fferences between the models are not as great as they
were for the fixed cylinder. We note, however, that the
exponential impulse has produced a percentage difference

(in maxima) for the models of 20 percent.

Certain conclusion can be reached concerning the
applicability of the SR or CL mcodel from these findings.
The most important, perhaps, is that no general rule can be
formulated about the influence of the SR and CL model in a
structure with arbitrary edge supvorts. The unexpected effect
of the different natural boundary conditions for the two models
with the free cylinder is a case in point. Specifically, for
the free cylinder, the effect of a transient dynamic load in
producing different response from the models is not as evident
as with the fixed cylinder. A more gradually applied load,
though which might primarily excite longer structural waves,
would produce a difference in response, according to the

alternate models, greater than in a fixed cylinder.
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Footnote to 11.4.2.2, Free Cylinder Natural Frequencies

Reismann and Padlog, (63) compared the CL theory
of Timoshenko-lLove with the SR theory of Hermann-Mirsky (36),
for the axisymmetric response of a finite length, simply
supported cylinder. They published first branch phase
velocities for both theories which showed a greater value
for the CL theory with the longest axial waves. In their
original work, Hermann and Mirsky (12), working with a CL
model reduced from their SR theory, 4id not note this
phenomena with an infinite cylinder. When Hermann and
Mirsky (12) consider nonaxially symmetric motion of the
infinite c¢ylinder, where circumferential deformation is
influential, their SR theory did exhibit what they con-
sidered a peculiar effect with the first branch phase
velocities., A double minimum was noted in the region of
the longer axial waves (implying an unexpected increase in
the natural modal frequencies). This occurred only with
the longer circumferential waves. Yu (6) noted similar

results for his SR theory with the infinite cylinder.

193




APPENDIX A

VARIATION OF THE
LAGRANGIAN DENSITY

The application of Hamilton's principle requires
that:

(A-1) [t fv §(& s##)dvdt -[ l §(3 0 €.) dVdt { [z P-5FdZdt=0

We evaluate these, term by term, starting with the second
term, which relates to the strain energy.

STRAIN ENERGY

The strain-displacement equations in curvilinear
coordinates for a linear infinitesimal strain theory are
represented by the tensor:

ot 2w, due, (5. 28 5 . 28

(a-2) i3 i e (8 I -2 2]

The constitutive equations of an isotropic material are:
(Aa-3) O= L €y Sin* 2G6is

in which €, is the dilatation and 1:, G are Lame's con-
stants. For a homogeneous material, L and G do not vary.
( § jx is the Kronecker delta, which vanishes for i # Xk,
and is equal to 1 for i = k).

Both O jkx and € jx are thus functions of the de-
formation coordinates uix and their space derivatives. We
have already indicated that ug is taken as a function con-
taining the parameter « (refer to edquation 197). Thus:
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(A~4)
-5 (% OikCin) =~ _3:‘ (—IZ' c'l'l'ﬁill)d“!

Before proceeding, we shall demonstrate that:

)
(A-5) -5V "S(LZ O €in) = =ik S(€is) * -fa‘ s(‘iu)
where 0 ik = 9U/2e jx for an elastic material with no

dissipative properties. This may be done as follows.
First, expand -8%(Yz0€ix)

(a-6) -S(Eoen) =33, ( 1Fou-95, ()6
(a-7) 's('zLai“Evi“) "'z"eiuso'iu"é'oins"iu

The expression for ¢jk is available from (A-3). We rewrite
(A-3)} below:

(a-3) Ti = Keby Sin * 26 6
Introducing an equivalent form,
(n-8) qutl:(693q)&u*263h
Taking &cojk:

(3-9) 501, = §8 5(e.;) + o 5Ceic)
This reduces to:

(A-10) S0y » L 5, 5 S (e y) * 265(ei)

10..
A-2




Now, substitute (A-10)} in (A-7):
(A-11) - s(% cilsiu) - "* c‘m‘(‘iu)'* Six {Ia stjsin S(G'_j) *2G$ (ein)}
Factor out the % to obtain:

(A-12) -5(z o;“e;.)---zt{oz.‘s(ea.) *LewSyFind(C,) *25&,55(5'-»‘)}

In the second term, €9, —~€,,

(A-13) ~§ (% Tin €ix ) - é{c\us(ein) "Ieu stj H (etj) +2G6;, sfeiu)}
Now change the indices so that Stj S(e,j) — Sin (i)
(a-14) -5 (Fonei) =~ -’z-{c'aui (€ic) *&L &y Fin 5 (ei) ‘ZGGiJ(Giu)}

Factor out $§(e;)

(a-15) -5 (A oiei) = -‘z-[cf-m*z € Bin +266m} § (eiw)

Note that the last two terms are equal to 0ix by equation
(A-3), so that (A-15) reduces to:

(ar-5) -3 ('é"oiueig) - -QKs(eiH)

(This is what we set out to demonstrate).

To proceed with the actual variation of the strain
energy term, use (A-2) and (A-5) in (A-1):

a-16) [ [5(hawendavar == [ g4 5[5 - 35+

33.,

(al ’ah as )ut} dVdt
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Consider the first two terms on the right side of (A-~16):

(A-17) -/;'6 COF %ﬁ'i’s‘.’}"ft’/‘,{‘?‘%’ 53¢ Tavar

Since k and i now become dummy indices, interchange them
in the first term:

(A-18) = [ [( 53 F 55 )aver

In general, because the stress tensor is symmetric,

(A"'lg) O‘Ki :0‘5“

Using (A-19), and interchanging the operators § and ‘3'5;

(a-20) -U"’ $5{u . 2} avar -—LL%-};; Suy dVdt

We now employ the definition of dV (equation (12) to vyielad:

L

(A-21) --[k[i jsafs,o“‘%g-' SukdS,dS,dS,dt

It is understood that i can take on in succession the values
l, 2, 3. Using equation (1l5), we rewrite (A-21) to:

- 2_
(A-22) - jtfh.fa; fa,m“ 5, (SudhidN had A, hedh, dt

A-4




In general,

d_ o3 AN A2
(A-23) 25,  aN 35, T WA
The form of (A-22) when i = 1 is:
(A-24) - f f f La"“%‘_ (Su,)dA, hydh, hydAsdt
t AN ' '
Integrating (A-24) by parts with respect to A,
A, (MAY)
(A-25) -— j j f (Ginhzhg)Suy| an; dAsat
th2/A, A (MiNy

+/i [A L Su,-y-(d;.hzhs)di\ dAadAgdt

27h

Similarly, i can = 2 or 3, so that equation (A-25) can

serve as the model for the complete expression of the re-
sult of (A-22). We can thus write that (A-22) becomes:

A {MAx)

(A-26) ""'//A j“ (07 Sun hz";)'dltz dAdt
hg{"l‘)
j ,[ / (oziSuxh, ha)l dh.dhadt
Ag(nm)
f f j (sanSunh, h;)l dA dhgdt
*j;f,“ j;l/;ss“l‘ [FK. ("inhzha)"%{z (20, h3)

. -3—,.; (Gaxhha)) dA,dA,dAs dit




In each of the first three terms, ( ¥4) Sux) be evaluated

at the surface, at the extreme positions taken by the direction
coordinates N;. Examine the first term and designate 4dZ ;

to represent the surface element encountered. We may now

use equation (14) to write, for the first term only:

A, (MAY)

(A-27) -— j ] (G 5uy ) 7-8,| dZ, dt
tZ, Amie

Expand (A-27) to find:

A (MAY) A, (MIN)
(A-28) --l jz I(‘"“s““)ﬁ'a'l dZ,dt + j; j; | (S ) (-8)| dZ.at
To find:

A (MAx) (M)
(a-29) =/ maf(atn) +(omsind’ ™4z, at

t’z,

The first three terms of (A-26) thus become

(A-30) - j [ ﬁ"é;[(d';“Su;)mm“" (oin Su“)hﬂmm}dzidt
t°%;

Consider now the fourth term of (A-26) and letting &, m, n
represent the subscripts of A, we summarize it as follows:

(a-31) -oft/“[h /h-gxg(d'..‘hmh,.)Su“dA!dhmdh,_.dt

with f# m # n.




Expanding under the integral sign:
(A-32)

t/,,‘/,‘nfh M( mhn) Su dAgdA L d AL d

I

[A fh a;,%-,;!(hmhn)swdkgdhmdh.,dt

]

Rewrite (A-32) as follows:

(A=33)
- L 20«

/] [ A L L

- / [h,—::“hn%-"‘-:! (Rmhn)Sug hydhg hnOAm hud A, dt

L LT T Y
Simplifying,

L 00« >h

(r-34) ”[[v 'h'}'ii\‘: %u[h,h..'r" h!hmﬁ':']}SUudth

Since we know that /A = 0, we can add Vinan, a"-'/al\g to the
second term without changing anything. Noting that hgdNg=3Sg
we write:

(A-35) . «l{jv{u"‘ o o[l Jho ~h—'—m3}{f 4,-,;1;;%’,{%]]su.‘ava

-

A-7




The second term can be replaced by a tensor:

; . ah
(A-36) +[£{-§-§-‘£* S }sucavas

Replace the index ? Dby i to obtain:

(a-37) -+f [ {38 o o} sUkavet

It may be shown that

_ 525 . L2
(A-38) B he " T I

Multiply both sides of (A-38) by 1/ht

. _t__l_ he. 3'
Thus, eguation (37) becomes:
(a-40) <o [{38* oulaw )} sucavat
17V

We return now to the third and fourth terms of (A-16):
(r-41) -—jj Lix 5{(3..30; .“.%)ut}dVd{

This equals:

(A-42) -— f( o T ’Sut E-"i.‘-?—" Suy) dvdt
v




In the second term, interchange i and %k, to yield

v —
(a-43) .- ft fv (& 38 5u, « 6 2 8¢ 5u,) dvdt
Again, using @ik = Okj, this reduces to:
(A-44) -f f (7 &e 38 u,)dvdt
'y

Interchange t and k to obtain:

(A-45) - [ jv’ (u'ﬂi,-%g: Suy)dvdt

Now, noting that:

- 28k 2€;
(A—46) B. ast @ -~ eu . 'a_s'i
Equation (A-45) becomes:
5.28
(r-47) * (d-ti €y’ ast) 5uu dVdt
tv

Thus, all the terms resulting from the variation in strain
energy have been found. They are specifically contained
in equations (A-30), (A-40) and (A-47).

The terms resulting from strain energy variation
are summarized below:

(a-48) /[[%%‘i‘*ms(te-%g‘;)'% ('én-gg‘;)Suudth
x’v




M MAX N MIN
-[ [ g f(odu) | (b }dZ b
t Z,
We now proceed to the variation of kinetic energy.

KINETIC ENERGY

The variation in kinetic¢ energy is expressed:
(A-49) 5/ Tate [ 5(% v -#)dVat
t t’y
But, from equation (6):

(A-50) Fe¥, i

Substitute (A-50) in (A-49) to obtain:

(a-51) 5(K.E)= [ fv £ 5{[%-c)- [ dlf aveit
t
Expanding:
(A=52) 5(K.E.)= [ jv' £ 5[%, % +26-9, +Gi-6] dvdt
But:
(a-53) V=S ks
= Uy B

Also, from equations (17) and (18),
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(a-54) U= (Uid * . T (%.9,2,8)
Vg (t)p = (Yn (t)p),,m il r’I’ (t)

Since § (5f<¥) ultimately depends on the two parameters
and @ , we must take:

(p-55) (¥ #-#)-g—; T #E)da »-aie— (&L #-%)de

Performing the operations indicated in (A-55):

(A-56) 8'(-%-? ';—dot +-§-r g da -rtr-—tdea

-

or, noting that %E—_du = §i and ':_:'0‘9 -5¢°

(A-57) §(EF#)w a[(?pﬁ)-ﬁ'f] . a[(iﬁ'})-ﬁ.}
(a-58) (L i7)= 8]V, 50+ &8V, +¥, .59, + 5-50]

(Equation (58) cou d have been derived directly from (A-52)).
Note that S?az S(n and that $ and /3t operators may
be interchanged. Subst:.tute (A-58) in (A-52):

(a-59) §(KLE)= f ?.-s?,fudvolt . j' [g-gfwdv]-s"?,dt
jfsv, 2 (50)avat ffx 5.4 (50)avat

11z
A-11




The second term vanishes, because of the definition of
center of gravity, and the remaining terms are integrated
by parts. The result is:

(A-60)

L t e -
s(K.E.)-MY,.sY,L - j; MY, 57, db

v/n‘f.-wr’ —[va'v',-svdvat
v 4

*f!b-ﬁirz -f[sﬁowdvat

v tl (34"

Since Sfb and §$u vanish at the time boundaries, equation
(60) reduces to:

(a-61) S(K.E.)-—[M?a-'ﬁg‘dt -[[z[ﬁ,vﬁ]-smv&

M is used to represent body mass. We replace the vector
dot products by the appropriate scalar tensor forms:

(a-62) § f [Tavae={ [MY% @, $% Wpateef [ 4[5, (D+ G sunavat |
kv

We now proceed to the variation in the work term:

(A-63) sfwae - s[/; P-FdEdt
+

This may be written:

(A-64) sfwcut- [ P55, ()dZdt +/ [ P-5TaZat
1
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Rearranging slightly: ’

(A-65) s[ WoH:-/ {jﬁdz} 5% (t)dt + [ j; dZdt

The term J;Fdi. may be replaced by F(t), the resultant
force on the body. Using appropriate subscripts:

(A-66) 3 /; Wt = j F (£)p 5 Yy (t)p dt +j: _£ R, SUdZ dt
t

(It should be noted that the integration with respect to 4
must proceed over dZ3, dZ 5, and dX 3, as previously dis-
cussed).

The final result is available from equations (A-48),
(A-62) and (A-66), and is shown below:

(A-67)

sftLdt-jJ; {[%E.f‘*mu(e. 5.) * oui (858, )]
-y [v,(t).ﬁv..]}su.‘ dvdt

y -r./. E::Sl{,-ﬁ-éi[(q“ SUK)M " (m“su“)“‘""}] dZ;dt

l.

/ [Filp-M¥ )] 5% (B dt o

The first integral provides the equilibrium
equations, the second provides the boundary conditions, and
the third shows the conditions for rigid body motion.
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APPENDIX B

DERIVATION OF
SHELL EQUATIONS

As we examine equation (39) prior to integration,
we recognize the need to find the values of such terms as
3§V65tin cylindrical coordinates. It may be shown that:

(B-1) $2-%% od -4y

and that all other values of the indices yield 0. This,
of course, considerably simplifies the problem.

We turn our attention first to the equilibrium
equationsothemselves. Two forms_may be isolated, one to do
with $ux and the other with fui. In each case, the co-

efficients of these arbitrary variations must be identically
Zero:

" 39 28; 8
(B-2) /h [-5'5-;"‘*03“ (ég-,—:-i) +a;4(‘6,-§§i)

= 8( Yo +0¢ +200] (10 ¥) 50,7 da 30

+h r-1
(B-3) /-; [-g%f“ +c;‘(it-%§:)*o'ﬁ(€u"g'§;)

- §(Yoe a0 @)1+ F) 50 ae 20

As k assumes successively the values 1, 2, 3,




there will be three equations from (B-~2) and two from
(B=3). For k =1, equation (B~2) becomes:

+h
(B-4) [h [ﬁf‘ °’,-§:‘ *-}3‘:‘ *(avx) ow ~ ‘(%.*Uf"’.zij,“)](sél)d: 5O

Using the curvilinear values for S;, S, S3, we write (B-4)
as:

(B-5)
2 (" ..z 2. /"
S/ a(a)ds g wf"il('*o)d'
“h Zh
h n
*/ g—:" (1+%)ds +%[0'3\da
‘h

~h
-of (%,+ 0926 (1+B)dm 20
“n

The third term is expanded and then integrated by parts
to yield:

sp

(B-6) T3

We confine our attention to the case of surface traction
on the outer surface (*h) only. Further, we define:

h
(8-7) < Ny = [ o (1+)da
-h
' h
(B-B) %(ﬂg N‘x ‘f 6‘3. d=
h

Utilizing (B~-6), (B~-7) and (B-8), with the restriction cited
for surface traction, equation (B-5) becomes:




@ (o) "
(8-9) 85 L B P (1+8) - 20hY,y (£):8, - 250/ - 55 5h*0, 20

We retain equation (B-9), and continue for k = 2 to ex-
pPlore what happens to (B-2):

(B-10) /[ ao',hgg:. *Tg;; o L ~8(Y,rliy’> =) (1+ B) Suzdm= o

Again, using the curvilinear values for S;, S, and 853

(B-11)
b h
r .' (l o )d! ¥ _ a¢ aigd-

e
of 222 (1+2)an 2 "o de
/ 2 a a_h n
/U(Y‘z*u 'iug")(l"!')d! 20
=h

Now, defining:
(B-12)
.- @ h !
2 ’f"'ﬁz (1+5)ds =Ny
o'zg f O':-_. d" 'N"

O = / mpede TQg

B-3
1il




Using (B=~12) and integrating the third term of (B-1ll) by
parts, and confining our interest to outside surface traction
only, equation (B-1l) reduces to:

- v LI
(B~13) a:'u L g_gu .-..-h .p (-3 )'ZUhY.(t)'ea-Z!th‘ %EU:‘ .0

We retain equation (B-13), and continue to examine (B-2)
when k = 3:

ac a0 O _ O (0
(3-14)f [35°+382 35, * oy ~cavat ~ 3(Voy g =03 )] (1B ) dm =0
Again, using the curvilinear values for S;, S5, and S3:

(B-15)
h h h
3 00+ R)am + 5 35 e o] 3P0 Fron

L L h e 2
*-g—j;a',,da -afhcruda -f u(Y, + Uy + 2 Usg )(I* )ds 20O
- - _h
The third term is integrated by parts. We define

h
(B-16) o;ato) «Qy -/ho'm(l"g')dz

Note that 023 = 035, and finally obtain:

(B~17)

(0 (o)
_g_’c_:'_., . a o, R (1) - B

-Zah\'(,(t)-e,—zmu;"’ 250 50

To summarize (B=-9), (B=13) and (B-17) are the equations
that derive from (B-2) for k = 1, 2 and 3 respectively.
They represent equilibrium equations in the x, ¢ and z
directions, and must be v1ewed as belng multiplied by the
arbitrary variations Sul, 5u2 and $us.




We now return to (B-3) and evaluate it for
k=1and k = 2. PFirst, for k = 1, (B~-3) becomes:

(B~18)
J[h[égﬁ 0y , 20y, o
S, 4S5, 95 (a'i) »
-3(Y,+0+a0M)]a(1+%)ds =0
Using the curvilinear coordinates for Sl' Sz, and SB' we
write:
(B-19)
& ao:.(hc.)dr 535 j 2cudn <[ 53000~ B)an

h
*-é-jhz oy dn - vfh(vm'iif“'aiif")a (\+&)d=e ®O
We define

- h
(3-20) ";.“)'Mu'fzoh(l’%‘)di
h
.MQx fidi,di—

-h

and obtain:

&3 R h('*%) -0y

2 ¢ ()5, - &g~ 25" = 0

(B-21)

Last, we return to (B-2) and evaluate it for kX = 2 to find:




(B-22)
f[au'.;,sg ota o

- 8(¥y, + 0" ~=o;*)](a>u+§)a- 0

and this may be written as:

(B-23)
g—fhio- (l"&,di"'&‘i— ;U’zzdl
12 aP-h
h
fa T“(I*-l)d: . fha-o',, da
“h
h [ 1]
-[ ¥, 0wt )1+ R)en w0
“h
Define:
{B~-24)

m Mw /qu(l"o)dﬁ

CAY =hﬂ¢-2£ztgzdg

Equation (B-22) becomes:

(B-25)

o
Ql

O'
‘3_ ?ap "Ph(”a) °'|2

—é'b '(t)..;_m =« (0) 2h, ““’ !o

The additional equations required are (B-2l1l) and (B-25).*

B-6




Equation (39) may also be used to provide the
boundary conditions. For_ each boundary, namely x = 0,
X=5L, 2z = ih, there are five equations, obtained by iterat-
ing through the arbitrary variations Suﬁ and  Sup. We
consider them in the order in which they are given in equation
(39).

In general, for clamped end cylinders the displace-
ments will be prescribed at x = 0 and x = L. For free ends,
the stress and moment resultants will be specified at x = 0
and x = L. In each case, the surface tractions will govern
the boundary conditions at z = +h.

*
NOTE: In the several equations (8-9), (B-13), (B-17),
(B-21) and (B-25), the substitutions:

+

Py= O3y
+

P, = O3,y
. |

Py = °§3)h

have actually been made before a rigorous demon-
stration supports the notation. These follow
logically from the boundary conditions equations
(B-26). When $u£ # o, being not fixed at the
free outside boundary, it is necessary that

P," = oypt, ete.




In order to preserve maximum generality, we will
retain the multipliers §uR and Suj for each case.

At z = h
(B~26)
‘/: fx/;[( R- it dgn (2*h) 507
"(Pf'ﬂ'a-) (a'h)h(SU.‘")
*(P "oiz) a*h)SU
'(F;.-o;,) (o “h)h(5Us")
‘(P;-’,,) (0*h)5Um]dxd¢dt =0
At z = <h
(B-27) .
[ [ [P0 (a-hd50
Lix/l¢
(P ay), ., (a-h)(-mI5U,"
*(Pzroy) (a-h)SU"’
*(P;* 0y),..,, (@-R)-RI5UZ
+{P; +ony),,., (a-h)5US’ Jdxdedt =0
At x = 0

{B-28) [f{[a—. fp(|+.a.)d' SU(O) [a,m f P!(I’l)dﬁ] m
[c,(ﬂ [Pz(l’%')dij SU [o.‘(l) Ipz!('*_g)da]“sosugﬂ
["'l f Py (1+3)d ] SUm}odtpdt =0

Ixdg



In expressions (B-28), P., P, and Pjy refer to values of
surface traction at x = 6.

Finally,
At x = L

{B-29) .
[{=o[Ru-Brds] 50
t7¢ ~h XL

+[q'(ll _[:i:' ()1 + %)di “Lsuiu)

fo=f :P, (1v8)en] 0P

[o-["@)-Bran] 50l
-h Xeb

h
‘[ﬁ?"[hP-,(l'*%)da mn‘;‘} adgdt 2O

Again, in these edguations, P,, P, ahd P3:represent the sur-
face tractions at the tace x = L. C e




APPENDIX C

TRANSFORMATION OF EQUATIONS
INTO DEFORMATION COORDINATES

Our task is to transform the set of equilibrium
equations, (42), as well as the boundary condition equations
(45-48), into ones that involve the deformation coordinates
e =

The sequence of steps are planned as follows:

e Express the stresses in terms of the strains

s Write the strain-displacement relations

Transform the strain-displacement relations into the
deformation coordinates uﬂ of the mid-surface.

* Derive the stresses in terms of uf}

e Integrate over z to find the stress~resultants in terms
of uf

¢ Substitute these equations for the stress-resultants into
equations (42) and (45-48).

The Stress-Strain Relations

To bégin, we reiterate that the constitutive equations for
a2 homogeneous, isotropic material are specified as in eguation
(A-3), repeated below for convenience:

(A-3) Ok = L 64484+ 266,

When this is true, the individual stress-strain relations may be
written:

E v
(c-1) 0= o[ ti€ * T 3
E )
(c-2) Gp= T [€20 V€, | * 75 O

rzl




(c-3) a;z=ZGG,,_‘T.'§3i(|"J)G,z

{c-4) T = 2GE€," 'l':Eo_' (‘ - ") €
e
(c-5) 03 =2G €45 = 552 ("‘0) €29

In order to prepare a path for the eventual neglect of
transverse shear, we create what might be termed a pseudo-
isotropic material by using G' = K G for the last two equations,
(c-4). K is known as Mindlin's constant, as he suggested
this device in another connection. K is a constant which may
be chosen at a particular value for a particular purpose. In
our case, at the appropriate time, K will be permitted to
approach ©¢ in the limit.

We thus replace equations (C-4) and (C-5) with:

(C-6) 3= 2G'€, = |-o‘~‘ (1-9)€,
(c-7) O23 ’*26’623,= 'l:% (l")) €23

The Strain-Displacement Relations

In Appendix A, the strain-displacement equations for
curvilinear coordinates in infinitesimal strain are shown as:

(r-2)
» 2

m("¢:zt) 7[)5; 25

(ﬂt"—' * 8y %‘)ue]

In equation (A-2) is the body-referenced orthogonal triad
shown in Figure l. Each of the terms uj, w, and ug are the
deformation coordinates of the point. We reiterate that ek
is a function of g, while uj, etc. are dependent on x, &, z
and t.




The dSy set has also been defined, and is repeated
below for convenience: (Refer to equations (14) and (15)).

dSl = dx

4
d82 = (a) (1 + a) dg = RAY
dS3 = dz

Using this information, the strain-displacement relations
for an arbitrary point become (see reference (27)).

(C'B) e“:: -g—:-l
(c=9) 622=(h)(-g-‘$' *Us)
3U3
L du,

(e-11) ca=t ¥ k[ 5 5]
(c-12) e'a=-é- ¥a "é'[_‘g_;' . 3;‘;

t 8Uy U
(c-13) €23~ '%' 820 * %'['g_g!z tara 753- 0:!

We have also adopted the following truncated series ex-
pansion so as to be able to express the deformations of a point
in terms of the deformations and rotations of a mid-surface:

(30) u, = ufo)v ;_z_u'm

()] (0]
Wa® U *E U

©)
Us™ Uy




In these equations, for clarity, we note once again that:

Deformation components of arbitrary point

o

Deformation components of the middle surface
of the shell

-

Changes in slope of normal to mid-surface in

the -E’l and ‘é‘z directions.

wF

Transformation of the Strain-Digplacement Relations

Substitution of equations (30) into equations (C-8)
through (C-13) yields:

au) u!
a- e ax E—a?‘

(c-14)

b. 5:2‘?:1!5{” 'z—;‘*u,}
c¢. €33 gz o

dUz, _ du: P .
d. €, 28,2 2'[ I T 230 *a “Z 09 ‘a*m 3¢

Lr2au, _au du3
. e Fug F{Hvaf u-i']

o 1 [Aus ‘
£. st‘?‘za'?{'a’iz*i-'ﬁ“’ "ﬁﬁ o+a(uz’5uz)}

‘Equatjions (c- 14%) and (C-14f) are further simplified by noting

u =
that-;;) and -5;' = 0, etc. These become:

add du’
- € T "2 {U: )
o

U

£ ety {als (U e T -5 )]




We note, in passing that EJ_ is a function of x and &
alone, (constant throughout the thickness), and that € 23

is equal to E%E multiplied by a function of x and #.

Stresses in Terms of uﬁ

Equations (C~14) are now substituted into equations
(C-1) through (C~5) to obtain tge point stresses in terms of
the mid~surface displacements uk:

(C-15)
a. 07'._5_[.a_u?.g.a¢a:,° 2u

. 1 dul 2l . 2u M)
b Goeraaa (Rt e de ) o B o

Integration Over z To Get Stress Resultants

The shell stress resultants are defined in Appendix
B as follows, and are repeated below for convenience:

h
a. Ofm==hL‘= Oﬁﬂ*%})di&
“h

(c-16) h
b. Og = N,y -[ha;,(l+-§)da

h
e o Qe[ aplieB)de

@ "

d. Oy = N,,f'/;o,'zda
5 &34



o.  GM=Ng= f.. 5, de

£. Gas = Qe "[::ngda

g. o' = M,= f "(z)(l*w*)or.da
h. o= M, f (2)(1+& )0, d=
i. 0""'M¢=f-'!-°‘zzd*

3. on = Mgy fzoznd%

It is now necessary to compute each of the ex-
pressions (C-16), with the assistance of equations (C-15).
This is done on a term by term basis:

h m (o)
o N[ [ B 2 e e 3 )- 00, e

b N i 2 B 23 b i e 3 s

c. o= Q= Y f (1+B)(ul+ 445 de

o el | e e e o

e. Gy =Ny~ |-o=/[ {Tz'*' $eu) e "{%'"a:] U(TM-TM%a da

£. Opp=Qy" ('-c_%%-g)f oes (U -&-3“‘-1‘:\4").:\-

g. a;.-M,'.—.?:_fh(z)(l ){m‘*zg:' o...,[%”“'fa‘?fhu,] ii'—:,’f%}dz

¢-28




B oy Mqn fw%af )+ B3R 23t - ate 3o ) e
au
i. o-ZZ M¢ |- Jif(!' [q#i{g:z+a'a-%2#u!} *0{%&4‘*a u N “:g) 0..!5

- ' ¢ 7 9
j. =M¢x (E_..(\l-)fﬂl)fa ulq-za;'?.q-a**% G2 a:I}dE

The integration of equations (17a-j) is straight-
forward, although laborious. It is worth noting that after
the integration, only terms containing odd powers of z survive.

We also pause to note the presence of the factor K
in {17¢) and (17f), which define the transverse shear resultants.
These are the specific terms which will eventually be affected
by the assumption of no transverse shear.

In the integration of equations (17), we shall make
the following assumptions:

(c-18)

h
Z':("‘g‘)(d'sa)dz = 0

[h h‘:raa da = O

[ &)1+ E)ossdu =0

h
j;!a'agd! « 0

c=7
12z




Wherever, in the integration it occurs, we take

(C-19)

In the results of the lntegratlon, use is made of the "thin
shell requirement” that h /a2 may be neglected compared to 1.

Proceeding with the integration, we obtain:

(3
a0 a apete BB IS

° - _E a=y 9, 12Ul W Au
b. O:zsz,-T::ai.T.Zh -}%z*-&-ﬁl‘*-—a-#}

“’l‘c"

3 2ul
h. 0,'3 32("?;5 -LZ-O_{ %- '}
L oM RS [ b éu;w%-;f‘}

j. =My, 3%%) - {'%h‘""*sg" g_}

28




Equations (C-20) were obtained by Yu in 1958
(Reference 1). They will now be substituted in equations
(42) and (45-48).

Substitution into Equation 42

Equation 42 becomes, after substitution:

{c~21)

offos
'

2
a

[[ oo s B
[ Z4- (0 4T R (B 20m 005,
-Zuh%"za'a "a't'u.i‘ $u®
*[353 L

- bug)} P h(l*-—) Tb'Ya ()%,

25h° a‘
-7 aat‘ v ]Su

|+J a=0 Py
[—oz Sﬁ'&'" T TR R T

*ko[-‘-;ﬂ'%!;‘-ézﬂi‘]-lﬂ[*‘t"a\%— -7}
o 1+ ) -2ns L2 - —5;"- 2 -ZshYa(t) B 55

[ (R - -+ 80835 o

13¢
c-9




o o)
3, 3~R, 0 2. !
+p;hu+a-1—3-'-*l V() 5, - O[5 5 - 55wl
-] ) | ] 1
[I o?- ;aa 25 auz*K(ﬁ%z Va”g'u"%‘%ﬁz}

R (1+ -*L) ~2hy w’ 28hY,(t)'a,]Su3}adx dedt =0

In equation (C-21), the following notations are

used:
i
(c-22) k=35
(Y]
}{' 2

Also, the subscript 1 is used on t for time to identify those
terms which are associated with rotary inertia.

Equation (C-21) was also obtained by Yu in Reference
6, although not by the Variational Principle.

Substitution into Equations (45-48) (Boundary Conditions)

In much the same manner, we now substitute eguations
(C-20) in equations (45-48), which become:

(c-23) Same as (45) (see text)

(c-24) Same as (46) (see text)




(Cc-25)

2

du? VA
tfqb{%%(ﬁ'*%%‘“m%* u,)[P(l+ )de | Su?

[ S ) R Blas] sy
+[,—.‘i—,-%’--2h{-§§i %,i;:t ha3“‘2} [ 71+ B)da] s
[3(: oz)T{a 2443 'e':'..';—; fPi(l*'g)de]il;a
o[55 129 o + 348} [ R (1+%)d= Sus}acwdt =0

(c-26)

([ [ ronedge

|
[EA R B3 [ Fat- D]
f[Eegt -2n (58 - 2 i By - f Pz("z)"‘*]xs.‘:z
du

o[RS (B w3 fﬂi(l*g)dz]‘iu
*[\fo 3 Zh{u:“au'} f%(l*o)dzjfu,}adtpdt O

Cc-11
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APPENDIX D

EFFECT OF DISREGARDING
ROTARY INERTIA AND
TRANSVERSE SHEAR

The effect of disregarding rotary inertia in
equations 42 is considered first. By rotary inertia we mean
the inertia deriving from the kinetic energy of rotation
of the plane normal to the mid-surface.

The total kinetic energy of the body has been
given in Appendix A as:

(A-49) KE=[E(r7aV
v

Expanding by the definition of 1,

(D-1) KE.= [ ${%V, 269+ 60} dv
v

We note that:

(D-2) G=(0h r2n) e,

and

(D"'3) ?‘ - ?BK -é-“

Using the volume coordinates dS;, and expressions (D-2) and
{D-2) in (D~1), we obtain:

D-1
3a




(D-4)

[ E[H 2l0dlss e

)

[us e zuﬂz] Rdgdxd=

Expanding (D-4), and taking R = a+z,

{D-5)

e<[[Z [4{0T 2900 2ehn

vyt s 20k 20y » 20} (1+8) dz adedx

We examine the results of the integration in z, to

the extent that it affects the terms containing ﬁﬁ and ?B X% -
Such terms are; !

= 5 3y . AUy, 3 2n ., 2
(D-6) R.I terms 2[4...3%% Yo, Uk*. . . ~3q h*. .. 5 U

We may thus conclude that in equations (42), the R. I. terms
are those that contain hi. These terms may be identified by
calling the time tj rather than t. (This is done in the develop-

ment of the system of five equations in deformation coordinates,
equations (53-67)).

B2




If these terms due to rotary inertia are eliminated
from the stree-motion equations, (42), they become; ( Suk#o)

(D-7)
J ,.f {354 3885 R0+ 0)- 20 %05, - 230K 5

-[ 'I'a'-%’ (h)(!'%)-m‘ﬂsu:

w

v o
qx

o [38% 4L 380 - B (1 B) -25hY,0)-5,~ 25hag] ui
[
+[3%% + & 355 Bl (14 ) - 0 ] 50,
*[_g_ -C‘l-'a_%- +Py (""'_) "'n"'ZBhYB(ﬂ'Ea -23 0% h]Su'a}qd¢dxdt=0

We now turn our attention to the neglect of trans-
verse shear.

From Appendix C, equations (C-14):
(c-14) e. %Y= z{uqﬁ’}
£ -ty =-L-——°——[|+lau‘—.l.°
- €T lncTiavE LU2*T 5u3]
and also:
ﬂ
(c-17) e. OT; =Qu* (?..E\):)zf (1+ i)(u * s)dﬁ

h
E{l=V;
£, 0= Qe=( K z)/ ava (Up* K}%""Uz)di

D=3
13e




We now combine equations (C-1l4e) and ‘I.'(C-l‘7e) , as well as
(C-14f) and (C-17f), to yield:

(D-8) 7-[ U 5_] EECD [ (1+E)d=

A Adus_t o 023
(D=9) 2 U‘z" [+ E (-} Uz} = EES"'\)! h( Q
1-92 [h O+ )dE

In order to require that the transverse deformation go to
zZero:

€,3=0
(p-10)
€350

This is the same as requiring:

0
(D-11) ul 2 e
(]
(0-12 S -w U <0

This can be accorct’nplished by letting K—*oe in (D-8) and (D-9),
so long as 033 ~ and 033° remain finite, although undefined.

As K—® oo , conclude, from (D-11) and (D-12), that:

du
‘ =-—
t U
(D-14) WU T T




] 1
We consider now the variations in uy and ué:

(D-15) Su:'-S‘gf""%"Su;
(D-16) Sub = 4 5uy -7 'g'; Sug

In equation (D-15), one must evaluate the integration with
respect to X, and a similar operation is involved in (D-16)
with respect to g. We substitute (D-15) and (D-=16) in (D-7);

(D=17)
fff[[gf"*é 3:'31 «P (l’_) ZUhYa(t) s, — 28U °h]5u,

(45543 R+ B) -0 I b 5]

. [%;'_'.z ,.a. .g_g.'zz oy +p;(|+£-) —2ah'Y'a(t)-‘é', -28h Ul;_] Su;
1

*[M'z +?'j'%%" "'P h('* a)'ﬂ'zs][ Q Suz a a¢ 5“3]

+[3550 £ 3858 1) - F-20n %, 5, ~205 50} ad pexdt = O

In equation (D-l?), the terms may now be regrouped as coefficents
of $uf, 5u2 and Sug to form new equ:.l:.br:.um equations. The
terms whi¢h are coefficients of u3 and 1—5u3 must be
integrated with respect to x and & respectlvely.

D-5




The term that combine to contribute initially to
the equilibrium equations become:

{;.g.&algmp Q1+ )—zahY,(t)-a.-zahug+ ,‘-=«-—3-g3=* h{+g)] 5u’
[358 5 350 0 (1)~ F - 20h Ty (08, -2 63h] 5ul} @ g it

Ca3(0) 73 (0)
a T —g—=o0

We note, in the coefficient of §ug, that
=

has disappeared.

The additional terms'aree'

i | + °
o190 [/ B8 0B -a3]ed s

[.@9.'.:., a¢ *Bh{(+8)- G‘za]( 0% Sua)}qudgodt

Integrate term by term of equation (D-19), by parts:
‘ L
(D-20) a. /( ')( 5—5 ug)dx *—ngﬁu"a */%:xq"'b'u;dx
o “x
L2 2% ¢ o - *0n
b. /’:c!.\ TR TSua)dx——m"SuaL*['{;saﬁ' Su3 dx
. / P*h (123 5u8)dx =-Ph(+2)su

/cr;, e (Sug)dx = 0'.35u3| / "Susdx

3 dx

b6




(D-21) a. j;'g',?:""("T‘s'gaSug)ad¢=- 'zSua ¢
{
b./(%%%‘z)('%%‘iug)adgb =--¢-,'-%%"’Su3 *f‘é‘fg $u3 ade
f%h(l* h)(— TSU3)OC'¢= B h(!*%)iual f—f—(l*q)Suaadqs

2r
d. [¢+_g:! ¢ (SU9)0d¢ = 0'23 suaL j;—a‘— go'zs sug Od¢

In equations (D-20 (a-d)) the left hand terms add
to the boundary conditions and the right hand terms to the
coefficient of Sug, In equations (D-21 (a-d)) the left hand
terms are identically zero, and the right hand terms contribute
to the cgefficient of 2u§. 1In the process, the terms '3
and 3023 vanish. %

aa¢
The final result, which involves a combination of

(D-18), (D-20) and (D-Zl), form the equilibrium equation set:
(Since Sug, 5u2 and 5u3 are arbitrary):

o 1)
(-22)  [4FV+L-352+p (1oB)~20hYp(t)-, ~2shtif)5u? = ©

o 0 .o
(D-23) [%:—"'z Y ag LB (1+Q) ~2vh Y, (t)-8, - 28hud
30z . | 0%

T rwg Ra(r3)]ss -0

2
(0-2a)  [R(1+B)~Z% - 20h¥y(t)-5, ~20heig+ 5&?"*0’:?5%

" Ju

R \ s
LR PR R *%‘i%g%‘*%;-'é‘.—(w%ﬂ 5uS = O




Equations (D-22), (D-23) and (D-24) are the
forms of the stress-motion equations when rotary inertia
and transverse shear deformation are neglected. We note:

* Only three equations are necessary

*» All terms containing Gig and Ogg have vanished.
(These corresponded to the shear stress resultants

ox and Qd’p

The second condition is particularly important, because in our
assumption K-—»oo (refer to equations (D-12) and (D-13)). Qx
and Q& remained undefined.

Now, we proceed to the boundary conditions, shown
both in Appendix B and as equations (45 - 48) in the text.
Again, we must make use of (D-15), and (D-16) repeated below
for convenience:

(D-15) Sul =~ 2503
(D-16) Suly= 5 Sud '-7',-%6 Sug

In the boundary conditions on z, at ih, equations
(45) and (46) are not affected by the manipulations of this
section.

First, we reconstitute the boundary conditions at x = O,
by using equation (47) and parts of (D-20).

At x =0

(P-25) ft [ fo- [:E(|+§)dz]su,+[¢.: A Pa(+E)de]su!

h h
s+ [ RU-Bdsseg + [os o/ Re(rB)de]su,




n . \
« [0+ [ R(-B)aa]ss » [4 53 <R N1+ B)-08]5usfadgde = 0

First, note that the 0130 terms may be cancelled. Then,
substitute (D-15) and (D-16), and regroup:

At x =0
(D-26)
j:[¢ {[d‘n" *[h'é(l*%)da]ﬂsou?
“[o: *I?z(l*i)da]

oy S
J /_;r-?,(l%)da () 3238 s

h |
~&low+ [h Pz!(“%)de]"-ga Su‘;} adgdt = O

The last term may be integrated by parts with respect to 4,
and the final result is:




At x =0
(D-27)
h
L[ oz o[ Ro-Boa] g0
? " 2 )
[+ [ R (1-B)da], 3z (5u3)
h o_n \ h
‘oz "[hpz(l‘g)da tat *a[hﬁ’..a (|+§)d.=.]"§u:
h \ i
o[ [ R0 Brde Rn(1+8)+ 3 33

\ n
N %%%-ll +é.-'%/-;|>za(l+§)d;] x:o'g;} adpdt =O

For a fixed-end cylinder, the end conditions must clearly be
prescribed: (at both x = 0 and x = 1)

(D-28) u,=0

Uz=o

Ua'o

D -
ox us= O




For a free-ended cylinder, Py = P, = P3 = 0, and for arbi-

trary Sul . etc., the boundary conditions at x = 0 and also
x = L become:

(D-29) O]?*’N, =0
ou=M,=0
GO rE T - N,,*%Mw =0 ERSATZ SHEAR
200383 1+ ) 4 39

=%_.x +65-—¢u * P (n)(1* )faw o0 ERSATgH;'ggNSVERSE

where the first 3 terms of the last equation define Q
. . . . x
with no rotary inertia considered. lx=o,L

r

We may now obtain the corresponding expressions
in terms of deformation coordinates. Starting with the equation
set (C~20 a through j), we substitute for

1]

| - 3

u,, i ™

and K00 °
2 o0 Q2

to obtain:

h ? J U . )
N B B 20 )

(D-30) o
E_ 1=y 2ooup L 1wt 'y,
b, Oy=Nyp = -7 72 -2h [(|+3L0‘)Wz+a-ﬁ|"30 3¢ %

ox 3da\ 2

c. 13 =Qx =5 ot "'-z—o'Zh {O}-oe-o
a.  G=Ngy=E55 {-;931--‘-;%"4 WSL}
o. Ny EH{-E035 525338 - o)

p-t1

s




3 2 0 o
E 2w [120 us J Rul . J 2u?
g. Oy M, =923 'EaT"'les"dia ) "'d'!'a_esz

PRIVIRE 2R { %—* B c'a=§$]

.
.

We can now make use of these expressions for the
stress resultants in terms of deformation coordinates by appro-
priate substitution in (D-22), (D-23) and (D-24). This be-
comes theoHamilton Integral as K—oe . The results are:

(for §uy , &u,® and $uy® all # o)

(D-31) 2 Pul (-0 R2uf 149 Puz u3
—%tu- T [‘H! *Zol 00t * 20 InIP 0%‘

28 - B (20n 08 2ahct B 0- ) <

199 Q'uy . 1-9 ul
(D-32) -E%%{-i-a 3P +-li- :aq-o'ﬁg -oa.‘ ¢

+k[£ (- 0)5—;?--4- ﬁ—z --0-1%%‘ (_252 2us ]}
-{Zah?.(t)-il "Zlhﬁo "P;(I"'—) —Eh(l-r-h-)} =0
(D-33) _.ZEh

J » -9 _Mu?
T=9% [c{u%%z "'l"’?"ﬁ'%%*k“z &3 u, -L%M‘Bx

B )731%%* ' ')T; qd-Ta'a V‘u;}]
~(28h%, 0)-3, +28ha8 ~ B+ 8) 38 h (1) - "’z% (o2} =0
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Equations (DP-31) through (D-33) are essentially
the same as those obtained by Yu in Reference 6, except of
course for the terms containing the external load and the
Yp(t) terms. They differ from the well-known Flugge equations
only in terms with the coefficient k. (Yu used a force ba-
lance method to obtain his equations).

We contend that this system of three equations,
derived directly from Hamilton's Principle, is inherently
consistent with the basic (correct) system of five equations,
and will use them instead of the Flugge equations.




APPENDIX E

DEMONSTRATION OF
ORTHOGONALITY OF THE
NORMAL MODES

In section VII, we indicated (equation 127) that
it would be necessary to satisfy the following orthogonality
requirement:

n n = ¢
(5-1) //, Fy ("'”)Psfu (*.'ﬁ)mn adgdx {=8 rg‘%

#0 mx=p, 5=N

The term Fy (x,4) _ is identified in equation (104) as being
associated with the variation in kinetic energy, and the

N (x, &) are the normal modes in free vibration. (Refer to
equations (80), (85) and (99)).

This condition (E-1) is essential to the solution
of the forced vibration problem, in that it ensures that it is
possible to develop the Lagrange equilibrium equations for
prinicpal (separable) time coordinates.

This type of orthogonality requirement is commonly
encountered whenever the solution to a forced vibration problem
is attempted by the classical "normal mode method". The usual
practice is to demonstrate that the necessary orthogonality con-
ditions are met by manipulating the actual expressions for the
normal modes. In this appendix, the verification is taken direct-
ly from Hamilton's equations.

There are three major assumptions in the proof:

* The system must be linearly elastic, without energy
dissipation

e The normal mode functions must satisfy the equilibrium
equations for free vibration

2 7
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s+ The normal mode functions must satisfy the boundary
conditions

(These will be cited as needed).

We begin by restating Hamilton's principle
(Refer to equations ( 8), (15), and (16)):

<
(E-2) Sf (T-U*W)dt =0

For the case of free vibration, there are no surface trac-
tions P, hence no term W, and no acceleration of the center

of gravity §B(t)°*

. Thus, for free vibration, Hamilton's principle re-
duces to:

t
(-3) 5[ (T-Uldt =0
°
the kinetic energy variation is expressed (see Appendix A)
t t .
(5-4) [ 5Tdt=[ [5(§ut) dvor
o o ‘v Yo" CONST (FREE CYL)
*NOTE:

Here, we are of course glossing over certain subtleties
that have been adequately discussed elsewhere in this
analysis. For a free~ended cylinder P = 0, while in

a constrained end situation, no work is done by the
constraint. Again, were this simply a guestion of

free vibration, no use of the center of gravity as

the origin of a bodyfixed coordinate system would

even have been considered 'for a constrained end

(i.e. T =»T). A




Since we are now dealing with an inertial system (¥p = constant),
(E-4) reduces to:

(2-5) / STt - [ Zsﬁ(% 0-0)avat =/ -5, SucdVeit
-] tv

Tn eguation (E-5), . are deformation coordinates and indicial
notation is of course implied.

We proceed to the variation of the strain-energy
term. For a linearly elastic material, we showed in Appendix
A (Ecuations Al-Al5) that:

(E-6) -j;tS'Udt = —ff %‘é—{;;oh Ss-._idth '[[O'U Sededt
v

In Appendix A (Refer to (A-20) and (A-47)), this expression
was shown to be:

(B-7) - j; SUdt --/; _/v’o,'.‘ §5 SU,dvat [ [v (0% 38 ) SUxdValt

We have shown, in Appendix A, that the right hand side is
egual to:

t ; Max ;
o -f5Uste-f] Baflmsuy clousu) JdZidt

+[ [ (v-T), 5UedVdit

in which it was understood that the subscript i refers to
the direction of traversal. During the subsequent manipulation
of (E-8), we have utilized (see equations (30) and (37):

W (o) "
(E~9) ug=UR * 28U Suu=Sux +25uy
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and used a slightly different form to emphasize the bound-
ary surface in the direction of z as contrasted with the
boundary surface normal to the mid-surface.

Using all of the above information, we may write
(E-3) as:

(E-10)

S[ (tT—-U)dt = _[ f* L [ [.. h[(v-t),(l‘%)z“-l 2°0P2'UJ2" |dz adg dxdt
[ f ([oi"ae]sUs").dCdt
o[] c(th)hegfuc(h dZsdt 20
v'x3

For free vibration with homogeneous conditions
the solutions have been developed (which of course satisfy
Hamilton's integral (E-10)} in the form:

(E-11) {U;}szp z{ﬁ‘n(xp)ﬂ} c[(t)ps “; ?{Fnh(xﬁ)p-,: Cos et

As has been explained (Refer to equation (121)) we want to
distinguish the modal pairs in terms ﬁﬁ from those used
elsewhere in the equations. We retain the choice adopted

there, employing m, N subscripts for any terms involving
Suﬁ- We thus write, for use in equation (E-10):

(E-12) SUR = 2 £ (4,6)y 59Dy

(2-13) SU(R) =2 2 [ (1 i (10D} 8 Ehnn
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n-g 0}: -2 Z ne& S:‘ (K,¢)P; q(ﬂps

(E-14)

(where E3Ei s?k (x,4)ps = 0 for a free-ended cylinder

(E-15) R 8,0 (h) a? ES A+, S (x,8,h)es qlthes

and this equals zero for no traction.

16 - [ o2l Bldz -2 ZR e hashe gl
w17 [ o (B deZ T AL (D gt

If we now substitute equations (E-12) through (E-17) in
(E-10), the result becomes:

(E-18)

o= [ == 540 [2 2 40 [ [(A (500 ol et s ) i),y adptf ot
[ ZZ 5900m[Z 3 qf0hs (75 5500y )l ot

‘tll

[ Z 3 5902 Q{780 Sl (il ) ) dZy) ot

m N P S

Equation (18) can also be written in the form:

(E-19) O= j; % ? Sq(t) mu[a(t)m" *'8(t)m]dt - ]t g ? Sq(t)m" [Q(ﬂ,,.u] dt

1
E

[

N




in which:

w
Q(t) is the generalized force associated with the
cons@§vative work due to the increase in strain energy.

t
Q(t)y is the generalized d'Alembert force associated
with the work done by the variation of kinetic energy.

Thus:

2 [6Us[(ZZ 5o B0

I (T (>->- 2O CE

We write:

P

22 Qb -3 3 4O Ky =S 3 OIS

(E~23) 8&),,,,,-2 Z ct(t),s [ l Wi By (x,8)ps i (x.9),,adgdt =ZZ, ‘3(0':,.‘,.

From equation (E-18), it is apparent that:

(E-24) Kmn-p E'[["-A?n ({ﬁtn(“.¢)p3) 'F:(".¢)mll °d¢d"'
-jf A& Six (x.Pps Lﬂ? (x9)| dc

‘/!.’I'-'l-i. SBK (X,‘P,!h) Lgﬁf (‘,¢)m "'h‘Fllt (*|¢)mu)| . :IZ 3

ESE




Now for any function satisfying the boundary conditions,

(either free or clamped ends) the latter two integrals
vanish, and KmN-ps reduces to:

(E-25) Kean-ps =j;/;‘/\?n ({Fn“("@)s:;bps F () adodx

We retain (E-25), and rewrite (E-19), substituting
(E-22) and (E-23):

20 0=[3F g, [ S F{Bers Ber]ae

Since the term Sq(t)mN is arbitrary, the interior brackets
must equal zero, which leads to all and any:

W) b
(B-27) QU ~ B, = O

Equation (E-27) holds for all terms in (E-26), and the ps sum
should be considered as the coefficient of Sq(t)mN

Now consider a particular term of (E-26), identified
ag including Sq(t)mN Associated with this term is the doubly
infinite series:

(E-28) ? P {8&\;‘._,, *8(*);.

In (E-28), isolate one term, corresponding to ps. This co-
efficient of &8q(t)py is thus:

(229 QU Qe =0

Multiply this coefficient by q(t)mN (this is still equal to zero).




(2-30) QO q )y "R gy =0

In a parallel way, we can invert the values of
mN and ps, and multiply the corresponding coefficient by
g(t)ps to obtain:

] Y
(5-31) GO o0y *DO )y =0
We now substract (E-31) from (E-30) to obtain:
€32 [Bm gt -GE )

[ g R0t | =0

Now by Betti's Law the first bracket is equal to zero.*'

Also note, by reference to equations (100) and
(L04), (BE-32) is exactly;

* TR .
NomE'Betti's Law applies to linear, elastic systems. In

this case:
OO qlthay ~OWYS gy~ 0
which may be written:
(Cl(t)zs Kr_n_N-Ls) Q‘t\ wmN "(q"nmt Kgs -ml)q‘ﬂgg w0

This is then seen to be a generalized statement of
Maxwell's reciprocity theory.

“my-ps = “ps-mn
Maxwell's Theorem can be verified in the following manner:

‘A linear stress-strain relationship, €34 = Cijkg€xy 18

'+ Bibliography, No; 34
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L pir
(E-33) O=- [ [’ (H:.,,, U my 'H',:.,,,,‘ Ul ps ) 00X

* [
which is the equivalent Sturm—Liouville orthogonality scheme

for a set of part1a1 d rg al e at; with homogeneous
boundary condltlons/ g %f P24 ?E&égtgﬁ'ﬁfyama ge, fhake-

evaluation of (E-33), ut11121ng the boundary conditions. What
remains of (E-32) is therefore:

m w
(E-34) QB g w ~ QLT g t)gg
Using equation (E-23) this may be written as:
n n
(E-35) q(t),_.,_,_,q(ﬂe_, (whs ~wha) jn L Fx (x,cp)”ﬁ (x9) guadedx =0
because it can be shown that (See (162), (164))

(E-36) P (%, @)aw F (4,0)p5 = Fie (%, 8Vpg i (%, @)

Since, in general, unless m,N = p,s, Wgg # Wiy equation
(E-35) demonstrates the desired orthogonality relation.

Continuation of Note on Preceding Page

formed for an elastic system whose strain energy density
is a symmetrlc quadratlc function of the strains,

U (higher order strain products
are dlsreggkéed w1th 1n}1n1tesimal strain).

For a system in free vibration with homogeneous boundary
conditions, the strain, which is composed of the separable
deformation coordinates (100) and their space derivatives

* Bibliography, No. 61




Continuation of Note on Preceding Page

(a-2) is;

(1) e =“§hq (%,,2),_,, ()

(2)  g,- 'Z‘ heaX & 2)_ Gty

This develops a strain energy variation

(E-6) &, —
- i‘ Sudt =-8 (& 2 3 Cijcahen (0 Be p b 2L, 0d V4T
- tv

and in terms of the generalized force associated with the
increase in strain energy:

-5 ‘( Vdt =- .{ é:'[ %ﬂ]&q_,,dt . +J;§J,g'm 2154440,
* '.[[ Jibees g jdvdt - 'J: [ mg,ﬁa,_s,_,am

&, T o. <
(3) - ( st - Jj . 5900, L2 9103, [Cijighug 4o by smadVidt

The term within the integral is the stiffness coefficient
equivalent to E-24;

E-10




Continuation of Note on preceding page

(4) (v) Y
QU 2
Kuaw-es = 3 q,(ti);! - 1,03’,': = =J Ciahisiun bus,pdV

By the same token:

lu)( 1]
2ot - A
Kosmts* Focbros, ™~ bq_(t)._._.i. "= Coinhisieshun V= - [Cupihyy gV

The latter equivalency is due tc an interchange of the
dummy variables ij and k1l in the summation.
Due to the symmetry of the elastic constants

cijk = Ckg ij;

(6)
K"‘.‘.’-L‘ = KFS-Mll= -Lciinhu)ﬂl hgmbd\/

This quarantees the proper usage of Betti's Law for this
system.

E-11
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