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Abstract

The Bousfield-Kan Spectral Sequence for Morava K-Theory
By José La Luz

Adviser: Professor Martin Bendersky

Given a homology theory E, we can construct the Bousfield-Kan spectral sequence. Even
though one can set this spectral sequence with great generality, the E»-term turns out to
be an Ext group in some non-abelian category. In practical terms this description limits
our ability to make computations. If we require E to be a Landweber exact homology
theory and with some mild assumptions on the space X, then we can relate the E,-term to
an Ext group in an abelian category, which in turn can be calculated as the homology of
some subcomplex of the stable cobar complex. Although Morava’s K theories do not satisfy
this property, there is a spectral sequence converging to the Ej-term of the BK spectral
sequence. The input to this spectral sequence can be calculated again as the homology of
some unstable cobar complex. In the case of K(1) and for any space X such that K(1).(X)
is cofree as a coalgebra, this spectral sequence collapses and we get a complete description
of the FEy-term of the BK spectral sequence for X. As observed by N. Kuhn, this turns out
to be isomorphic to the stable Eo-term. Using this we determine all the differentials and
thus prove convergence of the spectral sequence to the unstable K(1)-completion of the odd

spheres.
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Chapter 1

Preliminaries

1.1 Introduction

This chapter will deal with background material. Most of the material of the categary spectra

can be found in {Ada74] and in [Swi75).

Notation 1.1.1. The category of pointed topological spaces will be denoted by T and the CW
category by Tow. When we talk about spaces we mean topological spaces with base-point and
maps will mean continous base-preserving maps. The set of (base-point preserving) clases
of homotopic maps between X and Y will be denoted by [X,Y]. The n'* complex projective

space and the infinite projective plane will be denoted by CP™ and CP™ respectively.

1.2 Spectra

Definition 1.2.1. A spectrum E is a collection of spaces {E, }nez and maps ¢, : LE, —
E, 1. If the adjoint maps € : E, — QE, ., are weak homotopy equivalences then E is called

an $-spectrum
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CHAPTER 1. PRELIMINARIES 2

Any spectrum F is homotopy equivalent to an Q-spectrum F' by defining F,, = li_rg}Qk_E_n e
‘ k

Let & be the category of spectra. We have adjoint functors ¥*°: 7 - Sand Q*® : S — 7.

Let S denote the sphere spectrum L°°(S°).

Definition 1.2.2. A ring spectrum E is a spectrum with mapsm : EAE — E andu: S — E

called the unit map such that the following diagrams commute

mAid

ENEANE — EAFE

sanm | lm

EAE ——s F

uAid

SAE M4, pAE M EAS

F — F E
If we have a multiplicative spectrum E then E™(X) = [X,E,] defines a cohomology

theory with products over 7. There is also a corresponding (reduced) homology theory
defined by E,(X) = limm, k(X A Ex). The coeficients of the theory E are defined by E,(*)
k
and denoted by E,. We have E*(x) = E_(x).
If we have a multiplicative cohomology theory E*(—), we can always find a multiplicative

Q-spectrum {E, }nez such that E*(X) & [X, E,] for X € Tow. See §9 of [Swi75).

Definition 1.2.3. A module spectrum F over E is a spectrum with a mapp: EAF — F
making the following diagrams commute

mAid

EANEANF —— ENANF

wanp | r|

EANF —— E
14

SAF 24, pAF

| |

F = F
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CHAPTER 1. PRELIMINARIES 3

1.3 Hopf Rings

We denote by CO the category of (graded) coalgebras over A.

Definition 1.3.1. A Hopf ring C is a ring object in the category of (graded) coalgebras, e.i.
a Hopf algebra with multiplication map * : CQ C — C and an extra map o : C; @ Cj — Cyyj

satisfying the following commutative diagrams

colCeC 48, cec

o®idl lo

ceC 2o ¢
CRC —=— C

gl x|
CQC —— C
AQC = C

e®idl zdl
C®C —— C
ARC —— A

o |

CeC — C

CeCec 2%, cococeoc 978, cococeC

id@% l o®ol

< *

et — C — cel
where T is the twisting map and x is the inverse map with respect to the * product.

Suppose that E,(—) is a commutative homology theory and G*(—~) be a commutative
cohomology theory with products. Let {G,}rez be the representing Q-spectrum. Define
E(G.) = {E.Gp) }rez. If Ei(Gy) is a free E,-module for all &, then we have a Kiinneth
isomorphism making E.(G,) a Hopf Ring. The H-space structure of each G, induces the

* product and the ring product of G induces the circle product o : E,(Gn) ® E(G,) —

E, (Gm+n)
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CHAPTER 1. PRELIMINARIES 4

Let x € G™. Then x is represented by an element x : * — G,. This defines a map
z, : By — E.JG,). Define [z] € Eo(G,,) to be z,(1). With this we can reinterpret the

diagrams of definition 1.3.1
Lemma 1.3.2. Let a € Ei(Gr),b € E;{(G,) and c € Ex(G,)
1. axb=(-1)bxa
2. [Om] * a = a where [0p] = (0,,).(1) and 0, € G™(*)
3. [Okloa=0fork>0
4. [llca=a
5. a0b=(-1)9[-1]™oboa
6. [njob=Sbxb"-.. b

7. a0 (bxc) = Y (—1)l"®l(g’ 0 b) * (a” o ¢) where Y(a) =3 a' ® a"

1.4 Orientable Theories

We want to describe some Hopf rings. But first we need to talk about orientable theories.

Recall that CP! =2 $? and there is a map ¢ : S — CP*.

Definition 1.4.1. A cohomology theory E*(—) is complex orientable if there exist x €

E*(CP*>) such that E*(S?) is a free E,-module generated by i*(x)

We assume that the generator lives in F?(CP>). This can always be achieved and has

some advantages for our exposition of Hopf rings.

Theorem 1.4.2. If E is orientable then
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CHAPTER 1. PRELIMINARIES 5
1. E*(CP>) = E*{[z]]
2. E*(CP® x CP®) = E*(CP®)QE*(CP®)
8. E,(CP>) is a free E.-module generated by [3; € Fo(CP*>) where
<ot B; >= by
4. The coproduct on E,(CP>) is given by 6(0.) = Y g Bt ® B

The simbol ® means that infinite sums are allowed. Complex orientable theories include

BP, MU, KU, E(n), K(n) and H. The theory KO is not complex orientable.

1.5 Some Hopf Rings

In this section we describe some Hopf rings that will be used latter on.
If G is orientable we can take the generator x of E?(CP>) and represent it as a map
z : CP® — G,. With this we can define elements b; € Ey(Gs) by b, = z.(f3;). Let

e; € Ey(G,) be the element such that e; o e; = b;.

1.5.1 BP,(BP,)

By [RW77] the spaces BP,(BP,) are free BP,-modules so, BP,(BP,) is a Hopf ring. Recall
for for each prime p, we have BP, = Zy)[vy, vs, .. ] with |vi| = 2(p* — 1).

Let I = (i1,49,...) and J = (Jo, J1,-..) be sequences of non-negative integers almost all
zeto. Let also v = [v}'vg -+ ],b/ = bfj) o b}y 0 - -+ where b(y) = bpn and Ay be the sequence

with 1 in the k** place and zero elsewhere.

Definition 1.5.1. The element v! o b’ o e with s = 0,1 is said to be allowable if

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 1. PRELIMINARIES 6

J = phi + Py + -+ P g, + T

where ky < kg < -+ < k, and J' is non-negative implies i, = 0

Theorem 1.5.2.

BP,(BP,) = BR.Jv' o b’} ® A(v" 0 b’ 0 &1)
where v! o b7 o €3 is allowable

The proof of this fact is in [RW77].

1.5.2 K(n).(K(n),)

For p an odd prime and n a positive integer we have the Morava K-theories K(n). K(1)
is just one of the 2(p — 1) summands of complex K-theory with mod p coefficients. Since

K(n)s = Zy[v1,v7"], we have a Kiinneth theorem and so K (n).(K(n),) is a Hopf ring.

Lemma 1.5.3. We have elementse; € K(n)1(K(n);),a; € K(n)u(Km),) andb; € K(n)q(K(n)y)

such that
1 P(an) =Y 0 0 Oni ® a; and ¥(by) = Y0 1 bn—i @ b;
2. ag) 0 ay) = —ag) © ag)
3. bh =0
4. a’(kip) =0 fori<n-—1
5. azg“l) = Unl(p) — Q(0) © b‘(’ég’"”l) o [un)

6. vpe; = b?ég’n_l) o e o [un)
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CHAPTER 1. PRELIMINARIES 7

" k
7. b?n) o [vn} = 'Ug b(k)
where ag) = api and byy = by

With these elements we can describe K(n),(K(n),). Let I = (49,%1,...,%n—1) be a col-
lection of 0 < ix < 1, I(1) be the sequence with all ones and J a sequence of non-negative
integers with each ji < p" and almost all zero. Let also p(I) = min{klin-r = 0} for I # I(1).

from [Wil84] we have the following.

Theorem 1.5.4.

K (Emh) = @ Al'b’oeroi]) @ P @b’ o))

Jo<p™~1 Jo<pr-1

® TPP( I (aIbJ [o] [’U,ﬂ)
T#I(1), ifio=1 then jo<pm -1

The proof of this theorem is [Wil84] and in [BKW99]. Indeed, in [Wil84] a description
of the Hopf ring E,(K(n),) is given whenever E is a module spectrum over BP such that
u(I,) = 0 where I,, = (p,v1,...,Vp-1) C BP, and i : BP — E is the module spectrum map.

These include K(m), k(n) for m > n, and HZ,.
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Chapter 2

The Bousfield-Kan Spectral Sequence

2.1 Introduction

In this chapter we give some background material and construct the Bousfield-Kan spec-
tral sequence. We also give a description of the Fo-term based on cosimplicial and as the

homology of an object related to the stable cobar complex.

Notation 2.1.1. We assume E is a multiplicative Q-spectrum with unit. We write HO for
the associated homotopy category, M the category of free E.-modules and A the category of

E.-modules. Finally, we denote E.(E) by T.

2.2 The Bousfield-Kan Spectral Sequence

We begin by recalling form [Ada74] the construction of the stable Adams spectral sequence
based on E. We start by constructing the fiber of the map X ~ X A S W X AE where i is
the unit map. We call this map D(X). We continue inductively this process taking in the

n'* stage the fiber of the map D™(X) ~ D™(X) A S — D*(X) A E and calling it D™*1(X).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. THE BOUSFIELD-KAN SPECTRAL SEQUENCE 9

We get a tower under X

~

D¥(X) —— EAD¥X)

~

D(X) —— EAD(X)

L 4

) X — FEnX
We apply m,(—) and define E}* = m_(D*(E(X))) for t —s > 0 and zero otherwise.

Observe that m.(E A D*(X)) = E,(D™(X)). Under suitable hypothesis on X and E, this
spectral sequence converges to the E-localization of X.

We would like to do an analogue construction for the unstable case. The problem is
finding an unstable analogue to E A D™*(X).

Let X be a space. We define a functor from E : HO — HQO as follows. Let X be a space

then

E(X) = Q®(E AT®X)

This construction, for E,(X) a free E,-module, basically gives a copy of the nt* space in

the f)-spectrum representing F for each generator of E,(X). For n > 0 we have

m(B(X)) & En(X)

Where the right is reduced E homology.
The composition 77 : X — Q®°E*X — E(X) defines a map called the Herewicz map.

We can get the fiber of this map and get the fiber sequence D(X) — X - E(X). Iterating
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CHAPTER 2. THE BOUSFIELD-KAN SPECTRAL SEQUENCE

this procedure we get a tower under X

~

D*(X) —— D¥E(X))

D(X) —— D(E(X))

I

3( -  E(X)

10

define E}* = m_s(D*(E(X))) for t — s > 0 and zero otherwise. We call this spectral

sequence the Bousfield-Kan spectral sequence. Next, we give a description of the FEs-term.

2.3 A Cosimplicial Description of the Fs-term

The following definitions will allow us to describe the Fo-term as the cohomotopy of some

cosimplicial group.

Definition 2.3.1. A cosimplicial object X over a category C is a collection of objects X; €

C,n > 0 such that for each 0 < n there are maps d* : X,, — X,j1 and 8 : X,y — X, with

0 < i < n satisfying the following identities
dd =dd™! i< j
sid = i< j
=1id 1=7,7+1
=dls  i>j+1

sist =g 1g7 i>7

In our case the category C will be either the category A, T or HO.

Given a cosimplicial object X over HO we can apply m.(—) to get a cosimplicial object

over the category of abelian groups. This defines a cochain complex ch(m(X)) with &

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. THE BOUSFIELD-KAN SPECTRAL SEQUENCE 11
Yoio(—1)'d". The homology of this cosimplicial group is called the cohomotopy of m.(X)
and denoted by n*m, X.

Our objective is to turn the functor E : HO — HO into a cosimplicial object over HO.

We use the following definition.

Definition 2.3.2. A triple (G, p,n) over the category C is a functor G : C — C and natural
transformations 1 : G2 — G and 5 : 1 — G such that we have the following commutative

diagrams:

¢ S, 6 g
R
G G G

3 Gr G?

ucl Gnl
a2 4t @

Using the triple (G, p, ) we can construct a functor G from C to the category of cosim-
plicial objects over C as follows: let X € C and define G(X),, = G"*(X) and the maps
& = G'pG~* . GMX) - (X)) and §¢ = GG . GMH(X) — GM(X) with
0<Li<n.

The natural transformation p : E? — F, induced by the multiplicative structure of E,
together with the Heurewitz map 7 makes the functor (E, u,7) a triple in the category HO.

This in turn gives us a functor E from HO into cosimplicial objects over HO.
Theorem 2.3.3. Let X € T. Then
EsM(X) = m*mB(X)

The proof of this theorem can be found in [BK72].
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CHAPTER 2. THE BOUSFIELD-KAN SPECTRAL SEQUENCE 12

2.4 The category M(G) and and an alternate descrip-

tion of the FEs-term

There is an alternate description of the Fo-term using the dual concept of triple. The
advantage of this description is that it will enable us to describe the Eo-term as the homology

of a subcomplex of the stable complex.

Definition 2.4.1. A cotriple (G, 4,¢) in a category C is a functor G : C — C and natural

transformations 6 : G — G? and € : G — 1 such that the following diagrams commute

G2, @

[

G G G
¢ 2 @

of

G2 é G3

Given a cotriple G, a G-coalgebra is an object C € C and a map ¢ : C — G(C) such that

the following diagrams commute:

c Y. g ¢ 2 g

A

C C G(C) -2 G¥0)
A map f:C — D is a G-coalgebra map if the following diagram commutes
c 2 q)
]
p . g

We denote the category of G-coalgebras over C as C(G). If C € C, then G(C) is a

G-coalgebra with ¥ = §. Given a G-coalgebra (Z, ), we can define a triple by setting

p=Gle) : GHZ) - G(Z)
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CHAPTER 2. THE BOUSFIELD-KAN SPECTRAL SEQUENCE 13
n=vy:Z—-G(2)
We define a cotriple (G, 4, €) over M. But first we impose the following restrictions on £
Hypothesis 2.4.2. Let E is an Q-spectrum represented by {E,}, We assume
1. E is a multiplicative, associative, homotopy commutative, CW spectrum with unit

2. E.(E,) is a free E,-module for all k

Let M € M and let F be the spectrum such that 7,(F) = M. Define G(M) = E,(Q°°F).
By [BCM78] we know that this defines a triple over M. With this we have the category of

G-coalgebras over M, or M(G). For M € M(G) there is a resolution

d°

d° -
—

G(M) G*(M) 4
&

d?

—

We call this the G-resolution of M. Aplying Hom g E\(S*), M) and taking the homology

of this complex gives Bxt} ) (E.(S*), M).We write Ext}y (M), for Exts,, g (E.(SY), M).

Theorem 2.4.3. Let E satisfy hypothesis 2.4.2. Let also X be a simply connected space

such that E.(X) € M. Then
Byt = Botiyo(Bu(X))  t>520

This is proven in [BT00]. They impose an additional condition on the spectrum E(the
primitives of E.(E;) inject into E,(E)). But this condition, by [Kar98], is not really necessary
for the previous theorem. This condition will be used in the next section to prove still another

characterization of the Ep-term.
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CHAPTER 2. THE BOUSFIELD-KAN SPECTRAL SEQUENCE 14

In practice, the previous characterizations of the Es-term are of little use. The problem
is that it does not provide an explicit way to produce elements. The next description will
give us an explicit way of calculating. But first we need to know about the derived functors

of the primitives.

2.5 Derived Functors of the Primitives

Let A be a commutative ring with unit, A be the category of graded modules over A and
CO the category of colagebras over A. There is a functor S : A — CO that assigns, for any
M € A, the cofree, cocommutative, coassociative coalgebra generated by M. This defines a
functor of a cotriple (S, 4, ¢) in A.

For each C € CO, we can define P(C) as the set of primitive elements of C. This defines

a functor to abelian groups.
Definition 2.5.1. Let C € CO. Then
R'P(C) = H'(chP(8(C)))

Here are some of the basic properties of this functor
Theorem 2.5.2. Let C,D € CO

1. R°P(C) = P(C)

2. R"P(C® D) = R'P(C) ® R*P(D)

3. If C is cofree then R*P(C) =0 fori >0

Property 3 will be especially important for the next section.
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CHAPTER 2. THE BOUSFIELD-KAN SPECTRAL SEQUENCE 15

2.6 The Category A(U) and the Composite Functor

Spectral Sequence

Before going on, one more condition will be imposed on F

Hypothesis 2.6.1. Let PE.(E,) be the module of primitives of E.(E,) and let o be the

stabilization map. Then the following composition is an injection

PE,(E,) — E.(E,) = E.(E)

Let U(M) = PG(M). hypothesis 2.6.1 ensures that U is the functor of a cotriple on M
and is a subcotriple of (G, d,¢). We can extend the functor such that U is the functor of a
cotriple over the category of(not necessarily free) modules A. Let M € A and let Fy, F; € M

be such that

R3SF—->M-0
is exact. We define U(M) = Coker(a).
Theorem 2.6.2. Suppose E,(E,) is cofree for all n. There is a spectral sequence
Ey" = Batlyyy(B,(SY), R P(Ey(X))) = Batiiic (Bi(S"), B (X))
If E,(X) is also cofree, then the spectral sequence colapses and we have
Eatly)(Ey(S%), PEL(X)) & Botific(E/(S"), By(X))

The poof of this theorem can be found on [BCM78]. This theorem was used to study the

BK spectral sequence based on BP(see [Wil84]). Unfortunately, for many other homology

theories, this hypothesis is not satisfied. There is an alternative proof of this theorem for a

class of theories related to BP.
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CHAPTER 2. THE BOUSFIELD-KAN SPECTRAL SEQUENCE 16

2.7 The Ey-Term for Landweber Exact Homology The-

ories

Recall that for a prime p, BP is a homology theory with BP, = Z{vy,v0,.. ).  Fis a

spectrum, let F, = m.(F).

Definition 2.7.1. Let F' be a BP-module spectrum. Then we say F.(—) is an Landweber

ezact homology theory if multiplication by v, € BP; acts injectively on F,/F\(vo, v1,...,Vn-1)

Theorem 2.7.2. Suppose that Fi.(—) is a Landweber exact homology theory. Then for any
X

E.(X) = E, ®pp, BP.(X)
For this class of theories we have the following theorem.

Theorem 2.7.3. Let E be a Landweber exact ring spectrum satisfying hypothesis 2.4.2 and
2.6.1, let X be an H-space such that E.(X) is generated by elements of odd degree and

E.(X) = A(M) as coalgebras where M € M. Then

Bty (Ex(8"), M) & Extiyq)(Ed(S*), AM))

Where A(M) be the exterior algebra with P(A(M)) = M.

2.8 The Calculation of Ea:tjt(U)(M )

The advantage of working in the category A(U) is that we can calculate the Ey-term explicitly

from some subcomplex of the stable cobar complex.
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CHAPTER 2. THE BOUSFIELD-KAN SPECTRAL SEQUENCE 17

Theorem 2.7.2 implies that any for any Landweber exact homology theory, there is an

isomorphism

I'= E*(E) = E* ®BP* BP*(BP) ®BP. E*

where BP.(BP) = Zy,lti1,ts,...] and p is a fixed prime. By [BCM78] we can substitute
the #; by h; = c(t;), where ¢ is the canonical anti-isomorphism. Let J = (41, j, ...) where

most of the 0 < j; are zero. Define h' = h{lh’z'2 ...en.

Theorem 2.8.1. Let E satisfy hypothesis 2.4.2 and 2.6.1 and M € M then
1. LetI(J) =" ji. Then

U(M) = Spang,{h’ @ m e T@ M | 21(J) < |m|}

2. Suppose that M is an unstable T'-comodule, with coaction W : M — U(M). Then the

differential is given by

d(lnl- . wmlm) =[inl ... [n]m

+3 =l gL el
=1
+ (=)™ Tl ytalm
where ¥(y;) =YY ®9" and ¥(m) =3 v @m'.

The proof of this theorem is given in [BCMT78].
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Chapter 3

Convergence Issues

3.1 Introduction

Up to this point we have not discussed convergence of the spectral sequence. We begin with

the definition of E-localization and some of its properties.

3.2 The Unstable EF-Localization

Definition 3.2.1. Let X be a space. The (unstable) E-localization of X is a space Xp and
a map g : X — Xg such that E(X) & E(Xg) is an isomorphism and for any space Y
and any map f : X — Y that induces an isomorphism on E-homology, there is a unique
map g: Xg— Y such that go&g = f. We say that a space X is E-local if there exist Y € T

such that X = Yg.

In [Bou75] it is proven the existence of (unstable) E-localizations. It is also proven that
if F is a connected spectrum and X is simply connected then the E-localization turns out

to be the same as the HG-localization where HG is just ordinary homology with coefficients
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CHAPTER 3. CONVERGENCE ISSUES 19

in G = Z[J™Y), ®pesZ, and J is just a set of primes. If E fails to be connective then the

localization is a stranger object. For example, in [BT00] is proven that ﬂgn_g(Sf;Zj)l =

Q/ Zp).

We would like the E-localization to be the target of our spectral sequence.

3.3 The Completion

The cosimplicial standard simplex, denoted by A, consist, in codimension n, of the standard
n-simplex A[n] with the usual coface and codegeneracy maps.

Recall that if X and Y are cosimplicial spaces, then the function space Hom(X,Y) is
defined to be the space in which Hom(X,Y),, consist of maps An| x X — Y and with face

and degeneracy maps defined by the compositions

Aln - 1] deZfdA[n] xX—-Y
Aln+1] XXSi—-é)ddA[n] xX->Y
Definition 3.3.1. Lex X be a cosimplicial space. The total space Toto(X) of X is defined

to be the function space

Hom(A,X)

If we let Al denote the s-skeleton of A, i.e. the subsimplicial space generated by
simplices of dimension less or equal to n, and define Tot,(X) to be Hom(Al!, X), then we
can express the completion as

lim Tots(X)
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CHAPTER 3. CONVERGENCE ISSUES 20

Definition 3.3.2. Let (E, ;t,n) be a triple over T. Then the (unstable) E-completion of a
space X is defined by

TotE(X)
And is denoted by E*X.

The E-completion of X can also be seen as the inverse limit of a tower of fibrations

consisting of T'ot,(E(X))

P

i

Fy
If we let E;* = m_oFy, this also defines a spectral sequence. Unfortunately, our spectral

sequence comes from a tower over X and not from a tower under X. The most we can say
is that, given a tower over X, one can get a tower under (2X by the taking the fibers of the

maps X, — X,_1.

3.4 S-Algebras and Convergence

Definition 3.4.1. We say F is an S-algebra if E is a strictly commutative, associative, ring

spectrum with unit.

Spectra like MU, BP, K, and E(1) are known to be S-algebras. It is also known that

K(n) is not an S-algebra for any n.
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Lemma 3.4.2. Suppose E is an S-algebra. Then E(X) is the functor of a triple over T for

any X € T
This enable us to define the E-completion and moreover, we have the following theorem

Theorem 3.4.3. If E is an S-algebra and X a simply connected space, then the spectral
sequence induced by the tower over X is equivalent to the spectral sequence induced by the

tower under ENX

The proof of this fact is in [BT00].
We would like to apply this results to spectra like K(n). The problem is that these are

not S-algebras. Fortunately, this can be fixed by modifying the definitions.

3.5 The General Case

Definition 3.5.1. A functor T : C — C is called an augmented functor if there is a natural

transformation x : 1 — T. It is denoted by (T, x).

For any spectrum with unit £ we can define an angmented functor Tg : HO — HO
where Tp(X) = E(X) and x = 7.

If we have an augmented functor T and a space X, we can define o restricted cosimplicial
space T(X) by having T(X ) = T*(X) and with maps d* : T(X)s_; — T(X)x defined by
d' = T*T*% for 0 < i < k — 1. This is just a cosimplicial space where we forget about the

codegeneracies.

Definition 3.5.2. Let E be a ring spectrum with unit (not necessarily a S-Algebra). Then

the E-completion of X, denoted by E*"X, is defined as

holimT 5(X)
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If E is an S-algebra then this definition agrees with the definition of E-completion given

in definition 3.3.2.

Definition 3.5.3. A modified cosimplicial space X is a restricted cosimplicial space with

codegeneracies satisfying the following identities
dd = dd? i<
S~ g i<y
~id 1=74,7+1
~d g >G4l
§lst v sitgd i>j
For any ring spectrum with unit E, the cosimplicial space over HO, E(X), can be

considered a modified cosimplicial space over 7 which we still denote by E(X).

Definition 3.5.4. For X € T and E a ring spectrum with unit, define the Bousfield-Kan

spectral sequence of X as the Bousfield-Kan spectral sequence for T‘E(X )

Theorem 3.5.5. Let E3* be the Ey-term of the spectral sequence defined in definition 3.5.4.

Then E5* = n*mE(X).

See [BH] for the proof.

3.6 Proving Convergence

None of these facts guarantee convergence of the spectral sequence. It only says that if the
spectral sequence converges, then it converges to the completion. One of the only tools that

we have for dealing with convergence comes from chapter IX of [BK70].
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Theorem 3.6.1. Suppose we have a tower as in section 3.3 and, fori > 1, X = holimX,,.
Then if

lim' Bt = 0 = lim' Bt
— Py
s 8

then the spectral sequence converges completely to m,(X)

See chapter IX §5 of [BK70| for the definition of completely convergent. This is auto-
matically satisfied if the spectral sequence has a horizontal vanishing line,

Even supposing that theorem 3.6.1 applies, we do not know that the completion is the
E-localization of X. The most one can say is that there is a map 7 : Xg — £ X. In most of
the cases one checks that one has a vanishig line, compute the completion and then compate
the result with the localization. For example, in [BT00], Bendersky and Thompson compute
the Ey-term of the BK spectral sequence based on E(1) for the odd spheres. By dimensional
arguments, all differentials are trivial. They conclude that there is a homotopy equivalence
between the conective cover of the E(1)-completion and the E(1)-localization.

In the case in which F is a connective spectrum with unit, X is simply connected and
there is a Thom map, i.e. a unit preserving map ¢ : £ — HZ where HZ is the integral

Eilenberg-Mac Lane spectrum, then we have the following theorem proved in [BCMT78]

Theorem 3.6.2. Let E be a connective spectrum with unit and with a Thom map 7 : E —
HZ where HZ is the Eilenberg-MacLane spectrum and suppose X is a simply connected

space. Then the Bousfield-Kan spectral sequence converges completely to Xpg.

A similar argument but using the concept of p-local Thom map is used to prove that the

spectral sequence converges for BP.
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Chapter 4

The Bousfield-Kan Spectral Sequence

for Morava K-Theory

4.1 Introduction

The results of the previous chapters enable us to define the Bousfield-Kan spectral sequence
for K(n). But since Morava's K-theories are not Landweber exact, theorem 2.7.3 is not
valid. Still, the description of K(n),(K(n)) is close enough to that of E,(F) when E a
Landweber exact theory to conjecture that an alternate description of the Fj-term can be

found(See [Yag78]). We begin by studing the functor S defined in 2.5.

Notation 4.1.1. We assume p is an odd prime and {E, }nen s a multiplicative Q-spectrum.
Let also X be a space such that E.(X) is a free E,-module. Let G be the cotriple associated
to E and U = PG. We will write G(X) for G(E.(X)) and U(X) for U(E.(X)). Also, Z;
will denote the p-adic integers and A(ny, no, ..., ng) will denote free A-module generated by

elements in dimensions ny, na, ..., Nk.
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4.2 The Q-Primitives Functor

Let M be the category of free A-modules and let HP be the subcategory of M consisting
of Hopf algebras. Recall the functor S from [Bou70]. We would like to give a Hopf algebra
structure to S(H) whenever H € HP in such a way as to make all maps be in HP.

We have a functor S : HP — HP defined as follows: let H € HP and consider it
as an element in M. Let D(H) be the (continuos) dual of H. Let F be the free algebra
generated by D(H). Then there is an A-module map i : D(H) — F. Let ¢ : F — Q(F)
be the natural map to the indecomposables. We can choose a section j : Q(F) — D(H)
such the g o ¢ = j. This induces an isomorphism of modules. Define the coalgebra structure
on z € Q(F) by ¥(z) = i ® i(¥(i~1(z))). For z decomposable, let z = x;...x, € F with
z; € Q(F),0 <i <n. Then ¥(x) = ¢¥(x1) ... ¥(zn).

Since D(H) is an algebra we have a unique algebra map j : F — D(H) such that joi = id.
Claim 4.2.1. j is a Hopf algebra map

Proof. Since j is an algebra map we only have to prove is that is a coalgebra map. By

definition we have the following commutative diagram

QEF)

‘| ‘|
QR @QF) = HoH
where the horizontal maps are isomorphisms with inverse 4,¢ ® ¢ respectively. Let z =

Zi...%, € F with 2, € Q(F),0 <i <n. Then

J @) =7 @ j(¥(m1...20)) = @ J(W(31) ... ¥(@n))) =
F® (1) ... @ J(¥(2n)) = ¥(d(21)) ... ¥(G(2n)) = Y(i(21 ... 20)) = ¥(5(2))
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Then we can take S(H) to be the (continous) dual of F. This defines a cotriple (5, 4, €)

where & = S(j*) and ¢ = 7*.

Remark 4.2.2. By the previous argument we can deduce that 6 is a Hopf algebra map and

€ is a algebra map.

If we consider this resolution as a resolution in the category of coalgebras then this is
the acyclic resolution of H (as a coalgebra) by models of [Bou70]. The advantage is that we
can WOI’kYWith indecomposable primitives. We say a Hopf algebra is cofree if its cofree as a
coalgebra.

Let K € HP. We have a functor from Hopf algebras over A to A-modules
PYK) = Im|P(K) — Q(K)]

Remark 4.2.3. Let H is a Hopf algebra over a ring with characteristic zero. If H is free as

an algebra then P(H) = P9(H)
Definition 4.2.4. Let K be a Hopf algebra. Then the derived functors of P2 are defined
RIPP(K) = HY(chP?(8(K)),d)
Where S(K ) is the unaugmented resolution induced by the cotriple (S, 6, ¢).

The natural map q : P(K) — P9(K) induces a natural transformation g, : R*P(K) —

R'P?(K).
Lemma 4.2.5. The map q. onto for all i

Proof. 1t is enough to prove that if x € S™(H) is indecomposable then d*(z) is also inde-
composable. Suppose that x is indecomposable and d*(z) = ab. Then by remark 4.2.2 and

by the properties of cotriples we know that z = s'd*(z) = s*(ab) = s'(a)s'(b).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 4. THE BKSS FOR MORAVA K-THEORY 27

Corollary 4.2.6. Let K be Hopf algebra such that R*'P(K) =0 fori > n. Then R*P?(K) =

0 fori>n.
Proof. This follows from the previous lemma. [

We will say a Hopf algebra K is Q-nice if REP?(K) = 0 for i > 1. By the previous lemma
if K is nice (in the sense of [Bou70]), then is Q-nice.
Thanks to the next lemma, we will see that R‘P?(-—) inherits the nice properties of

RP(-).

Lemma 4.2.7. Let {H;}ien be a collection of objects from HP. Then
1. RYPR(H) = P(H)
2. @,y BPO(Hy) = R'PY(Qen Hj) is surjective

Proof. We have the following commutative diagram

P(H) —=— ROP(H)

! |

P9(H) —— R°P?(H)
where the columns are surjective. This yields the surjectivity of e. Suppose z € PY9(H).
Then, by the same argument of lemma 4.2.2 we can see that e(x) is also indecomposable and
thus non-zero.

To prove part 2 we begin with the case of two Hopf algebras. Consider, as in pioposition
3.3 of [Bou70], the cosimplicial resolutions X and Y for H; and H, respectively. Then
by the Eilenberg-Zilber theorem, X ® Y is a cosimplicial resolution for Hy ® Hy and since
PRX@Y) 2 PX) @ PRY) the result follows. For the general case let {K}ien be a

directed set in HP with K, = @]_, H; and maps
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n " " n+1
1d®--@idQu
en K= QB 5 Ko = R B
i=1 j=1

where v : A — H,,1 is the unit map.

since lim K; = @en Hj, RPP9(A) = 0. From the commutative diagram

imRP(H,) —— RP(imH,)
n 7

! !

r}!.)nRiPQ(Hn) — RG'PQ(h_n,,,ﬂ{n)

! |

0 0

we deduce that there is an onto map limR'P9(H,) — R‘P?(limH,) and so we have
n L

n

&P rmPe(H;) = iy P R™P3(H;) =
jeN no =1

limR™P2(Q) H;) ™ R™P(limK,) = RP((X) Hj)

—
n j=1 jeN

O

Definition 4.2.8. Let E be a multiplicative homology theory and { E, }nez its corresponding
spectrum. Let also E.(E,) be a Hopf algebra for all n. We say E is Q-nice if EJ(E,) is

Q-nice for all n.

We would like to apply the PY derived functors to the G-resolution of X. But, d® is
not a Hopf algebra map. Fortunately, since for any X, we have G(X) & @5 E(E,) it is

enough to require:

Hypothesis 4.2.9. The map d° : G*(X) — G™1(X) takes decomposables to decomposables

foranyn >0
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From now on we assume that the homology theory E satisfies hypothesis 4.2.9.

Definition 4.2.10. Let Rng (X) be the homology of the following cochain complex

RPAGX) | RIPYGHX)

(The derived functors of the Q-primitives applied to the G-resolution of M)

4.3 The (generalized) Composite Functor Spectral Se-

quence

We begin by imposing the following hypothesis on the homology theroy E.
Hypothesis 4.3.1. The composition P?(E,(E,)) — E,(E,) = E.(E) is injective

As with the functor U = PG, hypothesis 4.3.1 implies that the endofunctor Ug = P?G
is the functor of a cotriple in M. This in turn allows us to construct the category of Ugp-

coalgebras.
Theorem 4.3.2. There i3 a spectral sequence
==mn,t , J
B, ™ = Exty)(RG PR (X)) = E3*™(X)

(converging to the Es-term of the Bousfield-Kan SS based on E-theory) with differential

—m,n,t e n—r41,t

d,: E - B,

r

Proof. Fix a t > 0. We form,for n, m > 0 the double complex concentrated at degree ¢

Dt D™™(X), = USPQGmH(X)t
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For each fixed n we have

Lnt — Danit — e

H H

- — UgPQG‘I(X)t — UgPQG‘I“(X)t —_
Where the maps are induced by the G-resolution of X. Next we fix m. We have

o ) DQ"

. — Dm’Q"lxt — Dm)Qst —_——— e e
D UETPRGTHY (X)), —— UL PAGm™H(X), _

+ —— Homf (UL'PRG™(X)) —— Homly, (USPRG™(X)) — -

+ —— Homly, (UPRG™(X)) —— Homl, (UE" PRG™(X)) —— -
Where Hom’UQ(—) = Homy,y(E.(S*), —) and the bottom row is just the P?-complex for
PRG™(X). Define B = H™(,F™(Tot(D))/; F™*(Tot(D)) where i = 1,2 depending

on the filtering of the complex. Fixing m and taking homology we get

o t G™(X), ifn=0
B = Bath(Ug(G™(X))) =

0 otherwise
Taking homology again we have Ey"(X)

Fixing n and taking homology we find

B < ug R PR(X),

taking homology again we find the following

B, = Eatyy (R PE (X))
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O

This tells us that knowledge of the functors R} P (X) is enough to give us the Ey-term of
the BKSS based on E. Now we need information about these objects. We have the following

theorem that gives us a way to approach these objects.

Theorem 4.3.3. There is a spectral sequence

Ey’ = R[P(X) = R P2(E(X))
with differential d, : ¥ — Eitni—r+l
Proof. Consider the following double complex
D4 = pRSIHIGHL( X))

Fixing ¢ first we have

 — Di>j"'1 s DziJ e 4

| |

¢ e PRSIGHY(X) s PRSIHIGHYX) —s ...

this is just the functor P applied to the S-resolution for G*+1(X).

Fixing j now we have

P ——Y Di-—-l,j e Di)j ——3 s e

\\

. POSIHIGHX) —— PUSIHIGHY(X) —— ..

this map is induced by the G-resolution of M. Define the E)-term the same as the previous

theorem. Fixing ¢ again and taking homology, we have

g RHAPGHY X)), ifi=
1 =

0 otherwise
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taking homology again we have R’ Pg (X). Lets fix j now. We get

” PRSIHYE (X)), ifi=0
1 =

0 otherwise

homology again gives B! P2(E,(X)).

Corollary 4.3.4. Suppose E is Q-nice. Then there is a long exact sequence
-+ = R§PF(X) — R*PR(B.(X)) — R PR(X) — REMPR(X) — - -

Proof. Since E.(E,) is nice, and since G"(X) is just a tensor product of these Hopf algebras
then, for & > 1, Rf;PE?(X ) = 0. We get a spectral sequence with just two rows. We turn this
into a long exact sequence. The only non-trivial differential must be d; : Ey* — E52"1. So

the only things that survive to F., are the following:

Eg’l = Ker(d, : E;’l — E;Jrz’o)

E3® = Coker(dy : By™' — Ey"*27)

Since E%/ = 0if § > 1 then it follows that R PR(M) = FOH! = Fhi-k for 0 < k < i+1.

We also have exact sequences

0 — FitL0_, pid -——)Eé’j-—»ﬂ

. : d : .
0— Eb — E‘;’l 3 E’;+2’0 — E%20 40
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Combining these exact sequences with the fact that F©+10 = FH10 gives the result.

]

Remark 4.3.5. Since by [BH] we know that if E is Landweber exact then E.(E,) is a free
algebra for all n, then by remark 4.2.3 we know that, for all n, P(E,(E,)) = P9(E.(E,)).
So this new approach will not give anything new for Landweber exact theories. Also, all of

the previous theorems still holds if one substitutes the functor P? by P.

We want to apply the previous results to K(n). But first we need to make sure that

hypothesis 4.2.9 is satisfied. We use the following lemma to accomplish that.

Lemma 4.3.6. Let 0 : E.(E,,),— E.(E) be the stabilization map. Suppose Ker(c) is the

set of decomposable elements. Then hypothesis 4.2.9 is satisfied.

Proof. Let I,, = QG™(M) and I,,,; = QG™(M) for n > 0. Recall that d° = n,. Since the

stabilization map ¢ commutes with differentials we have

o((zy)) = d(o(oy)) =0
and by hypothesis we have d°(zy) € I2,,.

O

Lemma 4.3.7. For E = K(n) hypothesis 4.3.1 is satisfied and Ker(c) is the set of decom-

posable elements.

Proof. By [Wil84], I', r, = K(n).(K (n)m) has generators a! o b{g) ob’oef withe=0,1,i; =
0,1,0 < jx < p™ Jo < p* — 1. These elements stabilize to 77b’. So o is injective on the

indecomposables.
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Lemma 4.3.8. K(n) is Q-nice

Proof. By [Wil84] we know that K (n)«(K(n),) is a tensor product of exterior, truncated
and polynomial Hopf algebras. The exterior algebra only contributes zero derived functors,
the (primitively generated) polynomial algebra is a tensor product of coalgébras of the type
T(z9,)(see [BCR82]) and this has primitive dimension one. So the only question is the
truncated algebra. But by Theorem 2.1 of [Wil84] this is just a divided power algebra mod p
and this is cofree.

(i

Remark 4.3.9. Hypothesis {.3.1 is not satisfied by E(1) mod p. The element vlbfo”)l obfy o
e1 = by oeio(vi] € E(1)u(Ed )y 1) is non-zero unstably but it is in Ker(g). This does not

happen in K(1) because we have the extra relation vlb'(”(;‘)l obfjyoer =bfoe 0 [t].

4.4 Calculation of Uy(M) for Morava K-Theories

All these facts will enable us to compute the Ey-term using Exty,. But for that knowledge
of Ug(M) and the differentials is needed.

From [Yag78] we know that
K(n)(K(n)) = Alro, ..., Ta-1] ® K(n), ®sp, BP.(BP)/(vat?" — vE't;)

As in [BCM78] we use the basis consisting of h,, instead of t,. Since the 74 comes from
the dual of the Steenrod algebra, this implies that the canonical anti-isomorphism is given
by 7 + Yor, tﬁi_ic('r,-) = 0 or 7, = ¢(m) mod decomposables. Let O, = (7). Then the

exterior part of ', is generated by §; with0 <i<n - 1.
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Notation 4.4.1.

Theorem 4.4.2. Let T, = K(n).(K(n)) and M a K(n).-module. Then
1. Ug(M) = Spang) {8'h! @m e T @ M | I(I) + 2U(J) <, |m|}
2. Ug(M) injects into the stable cobar complex

3. Suppose that M is an unstable I'-comodule, with coaction W : M — Ug(M). Then the

differential is given by

d([nl - Ivalm) =Lyl .. - [ya]m

£ 3l
o
+(=1)" Il ylm
where ¥(7;) =37 Q7" and ¥(m) =3 v Qm'.

Proof. The primitive elements in K(n).(K(n),,) are

1. Exterior: [v¥] oaf 0 b 0 b’ 0 e; with 4o =1 or jo = 1

2. Truncated: [v*] oal o % o b’ with J # I(1) and 4o =1 or jo = 1

3. Polynomial: ([vF] o a’® o b%° o /)2 | > 1

The first and second cases are also indecomposable. In the third case the only one that
is indecomposable is when k = 1. All of the cases suspends to #'h’ ® vFi,,. We have for all

cases
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) +2jo+2(J) ~kgo=m  or
W)+ 20(J) UT) + 2jo + 2U(T) = m + kg = |05y

Where ¢, = |v,|. The inequality on the left is strict if jo = 1 and is an equality if
ig = jo = 1. This proves 1.
Part 2 follows immediately from 1. Part 3 follows from the fact that we know the

differential in the stable cobar. Since Ugy(M) injects, the result follows. O

At last we see why we have chosen the derived functors of the @-primitives instead of just
the usual derived functors of the primitives, these do not inject into the stable object(([v*] o
a() obfg) ob?)*** is killed by o for k > 0). We only need information about the higher derived

functors of P%.
Theorem 4.4.3. Suppose that RIP?(E,(X)) =0 forq>n
1. RYPI(X) = P(E,(X))
2. RIP(X) % RIM?PR(X) forq>n
3. RYPR(X) injects into R*P9(E,(X)) and if E.(X) is cofree then R}P?(X) =0

Proof. Using corollary 4.3.4 and since R°P?(E,. (X)) = PR(E,(X)) we have the following

R7?PA(X) — R3PO(X) — PA(E,(X)) — R{*PA(X)

since the first and the last terms are zero, we have the isomorphism.

Using corollary 4.3.4 again and for ¢ > n
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-+ — R PR(E,(X)) — RIP(X) — RIPPYX) — RIT2PUE, (X)) — ---

where the first and the last term are zero. This gives 2.

To obtain the third relation we have

0= Ry'PA(X) - RyPO(X) — B'PA(E(X))

this gives 3.

4.5 Applications to Ey(S*1; K(1))
We apply all the previous results to K(1). In this case we can say much more.

Corollary 4.5.1. Supose that R'P?(K(1),(X)) =0 fori>n. Then fori>n+1

RLPR(X) =0

Proof. Suppose i > n+1 and Ry P9(X) # 0 and we have a generator . Since we can get new
generators from z by multiplying by v¥, we consider R* P9(G**?(X)) ® Z,. By the universal
coefficients theorem and Lemma 4.3.8 we know that the only part contributing first derived
functors is the polynomial part. This is of the form T'(z,) of [BCR82]. The generators are
of the form & = ag 0 b’ of dimension 2(1 + Y 5p*) with jo < p — 1. Since R'P(T(24,)) =
Zy(2np, 2np?, .. .) then, by corollary 4.2.5, R*P?(T(xan)) = Zy(2np™, 2np™, ...). So we have

generators of degree 2p™(1 + 3 5;p*). Now lets look at generators for
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R'PP(G™ (X)) ®Z, = PR(GH (X)) ® Z,
This has generators () o b¥ o €f and b() o b¥ o ef of degrees 2(1 + 3,50 kip') + € with
ko < p —1 in both cases. By (1) of 4.4.3 the dimension of the generators have to agree. So

¢ = 0. But the generators of the first case was divisible by p* and none of the other two are.

a

In fact this result implies the following

Theorem 4.5.2. Let X be an H-space and suppose K (1).(X) is cofree. Then

B3 (X) % Bty (PYUK (1).(X)))

Proof. Since K(1).(X) is cofree then, by 4.5.1, we know that we have only zero derived
functors of P¥ and so the spectral sequence of theorem 4.3.2 collapses and the result follows.

O

Remark 4.5.3. By [Kuh89], there are no unstable K(n).(K(n))-comodules. This implies
that whenever we have a collapsing to the zero line of the spectral sequence of theorem 4.3.2,
then there is an isomorphism Eq(X) = Eo(E®X) where the object on the right is the stable
Adams spectral sequence. In particular, the Eo-terms of the stable spectral sequence for the
sphere and the unstable spectral sequence for the odd sphere agree. This does not happen
with the even sphere. It can be shown that R'P%(S™) is a K(1),-module with a genemtof

in dimension 4n. This leads to a long exact sequence
s = Bty (%) = Batiy ) (5™ — Bxty (8™ — -

where the last map on the left has bidegree (2,0).
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With all these facts we can completely determine Fo-term of the spectral sequence for

odd spheres.

Lemma 4.5.4. Suppose v = [mn]...|wmlm € U5(M) with v; and m (as an element in the

comodule) primitive. Then v € Ker(d™)
Proof. We have the following
d(Iml. .. lwmlm) =[1]...|yjm
+é(“1)i[’h| e[l m]m
+Zn;(“‘1)i[’h! Il ]m
=

+(=)" - mll)m

Reindexing the first sum gives 3 7 o(—1)"*![n]| ... [7|1[741l . - . |m]m and adding this to
the second sum gives —[1]...|v.]Jm + (=1)*[11| ... |m]m and this is cancel by the first and
the last term.

O

Lets get some elements. Since ¢(r) = 70 we do not use the 3 notation. The only
elements in I’ = K(1),(K(1)) which are primitive are h’fk, k > 0, and 79. But, by [YagT78],
in I' we have hyvy = hlv;, so we only have to consider hy and 75 . So we see that in

M = K(1),(S#*1), n > 0, are the ones that have combinations of 7y and h;.

Claim 4.5.5. Let v = [11] ... [ Wliznt1 € UG(M) with v; € {70, 1}. Then
: k k : 1
1. [’Tol e 'Tﬂ'h1]22n+1 + (—1) [’7’0! e |T0lh0l7'0! [ |T0]12n+1 & Im(d"' )

2. If’)’ % {7‘0| . ITo]i2n+1, [T()I - |T()lh0]'i2n+1 then Y (S I’rn(dn_l)
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Proof. For 1, we have
k
d([Tgl . lT0h1| . lTo]i2n+1)
. k . k+1 ‘
= (—1)*([ro] . .. |M1|70| - . . IT0)ions1 + [70| .. . [ Py 70] - - . | To)dons1)
For the general case, take a sum of the elements in the left of the equation where Tohy

starts in the last place and moves to the & place.

For 2, by 1, it is enough to prove that [7o|...|70lh1| ... [ha|hi]iont1 € Im(dp-1). We have

d((—'l)n

5 [To| . lTQ]hll v |h3]i2n+1) = [T()l . I'T'()lhll N lhl]i2n+1

O

From now on the element [v1] . .. |¥n]ions1 will be represented in homology by 71 . . . Yniont1
or, if it is clear on which sphere we are working on, ¢5,1; = 1 and 7; ... ., with the convention
that deg(y1...7) = 2n+14 3 deg(;). Since for K(1) the right action and the left actions

commute we immediately have

o Z,, ift=2n+1+kgq, k€ Z generated by vf
El’ (S2n+1) =

0 otherwise

The element 1o generates a tower over in filtration 1 we also have vFh; and 7o generates

a tower over it.

4.6 Composition Parings in the Spectral Sequence

By [Bou], there is also composition paring in the spectral sequence for t —s > 1 and r > 2:

E}™H(X) @ By (S™) = BYH(X)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 4. THE BKSS FOR MORAVA K-THEORY 41
Given the natural map i : X — Xp, where X% is the completion, there is a commutative

diagram
*
7Tt+mX ® thsm —— ﬂ't_._th

z'.®zl.J( ‘I/i.

e
TermX g ® my(S™)g —— Teyw Xg

Lemma 4.6.1. The composition corresponds(up to sign) to the Yonneda product in the

category Ug.
Batfy, (K(1,(S42™), K (1),(8™*)) @ Bty (K (1).(5"), K(1.(S™)
Bty (K(1).(S™), K(1).(8™1)) @ Extg, (K (1).(S™), K(1).(S2)) —
Eat§y (K(1).(S), K(1).(S™)
Proof. This follows from [Bou]. O
We use this result to study compositions by 7.
Claim 4.6.2. Fork>07F #0

Proof. Let f € F1¥+2 represent 75. Suppose f* maps to 7. Then by naturality we have

i 2
Fs,2n+1+s ® F1,2n2+2 E§,2n+ +s ® E;Qn—l—

| I

5+1,2n4-s+1 $+1,2n+g+1
F —_ E2

This gives f* x f ~» fEH1 o 7241,
As in the stable case, we have a tower representing multiplication by p.

Lemma 4.6.3. Suppose that the spectral sequences for X and S+ converge. Suppose also

that © € Ey survives to Eo, and represents o € m,(X). Then a) o = represents pa € m.(X).
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Proof. By naturality is enough to prove that 7y * 1(= 79 * 99,41) is just p. The element

1(= ion41) represents the generator of ma,1(S?**!). We have the following diagram

Tont1 ( 32n+1) Zp

0 N F1,2n+2 F0,2n+1 E&2n+1 0

0 F2,2n+1 , F1,2n+2 N Eéé2n+2 N 0

|

Zy

let g € F%**! correspond to the preimage of 2,41 € E92"!. Then 7o % 1 = a(g) € EL**?
corresponds to f. Since f push forward twice is zero in the first line we have that f = pg.

O

Form this follows that we have infinite towers, for k € Z, in dimensions t—s = 2n+1+kq,
generated by v¥r$ and towers in dimension t — s = 2n + kq generated by vFr¢h,. The only

thing missing is knowledge about the differentials.

4.7 Convergence of the Stable Adams Spectral Sequence

The next result will give us the missing piece. We define v(k) as k = ap**) with p 1 a.

Theorem 4.7.1. The stable Adams Spectral Sequence based on K (1) of the sphere converges

fort—s>0 and v¥ supports a dy)42 differential

Proof. Since the only place in which the Ey-term has classes is in dimensions t — s = kq —
1,kq with k € Z, it is enough to worry about those dimensions. By [HRM77] we know
that the E(1) S.S. for the sphere converges and m.(Sp(;)) has a Z,w+1 generated by oy =

di(vE)/p*®+ in dimension kg — 1. We have a map of ring spectra j : E(1) — K(1)
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which induces a map between the spectral sequence of these spectra and sends oy, to v{‘”lhl.
Since E%* = 0 for any t — s = kq — 2 the element vf~1h, € lim_ wkq-l(ﬁl—)s) and since
there is an onto map to mgg-1(Sg)) Wwe have vf™'hy € Tg-1(Sk(1))- this implies that
1 < ord(v¥71hy) < p*™®+1. Since multiplication by 7o represents multiplication by p then the
tower over v¥1h; has to be killed at filtration less or equal than v(k) + 2. So v¥ supports a
d, differential where r < v(k) + 2.

We prove v(k)+2 = r by induction on d,,. For k = 1, we have, by the previous paragraph,
that dy(v1) = Tohy and using the derivation rule we have da(vir) = kv¥~1r*1h;. Suppose
now that dm(vi? ’"“275”) = kvf”m—z“lfg’“""lhl for m < n. By induction hypothesis we know

3

that dn_l(vf" ) = Mﬂ~2‘173“2h1 = (). So the smallest differential in which v{’n“z is non-zero

is dn = dy(n—2)+2. The general result follows from using the derivation rule. |

Corollary 4.7.2. The Bousfield-Kan spectral sequence based on K(1) for the sphere con-

verges completely and the completion in the sense of [BH] is given by

r

Zypw+ m=2n+kqkeZ-{0}

(ST =920 m=2n+1,2m

0 otherwise

\

Proof. The differentials on v¥ for k¥ > 0 can be deduced by the stable differentials. For k < 0,

[Bou] says that d, is a derivation for r > 1. We have the following formula

0=d.(1) = dr(vfv1*) = d, (v})o7* + vid, (v7¥)

or d(v7*) = —vy%*d,(vF). Since we have a vanishing line then by [BK70] we know that

the spectral sequence converges completely.
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4.8 Some Remarks on the General K(n) Spectral Se-

quence

Although we have not been able to prove that B; P?(X) vanish when the groups B P?(K (n).(X))

vanish for n > 1, we have the following theorem.

Theorem 4.8.1. The zero line of the spectral sequence of Theorem 4.3.2 for K(n) injects

into the stable Adams spectral sequence.

Proof. Since d, has degree (r,—r + 1,0) then E[%)* = E™%¢/Im(d,) for all 7 > 1. So we
have a sequence of groups

_;n,O,t — Eg%,ﬂ,t e —s Eorg,o,t — Eorg,o,t — Fm,O/Fm-I-l,——l

Where F™" = Im[H™" (o F™(Tot(D)) — H™"(Tot(D))] and oF(Tot(D)) is the filtra-
tion of the double complex D of the proof of theorem 4.3.2. Since oF™(Tot(D)), = 0 if

m > n then F™t5~1 = 0 and we have that Ej»® = F™° and we have a map

Exty (POK(n)y(X)) = B3 — ER% = F™ — F*™ = Ep'(X)

Since this construction commutes with stabilization we have a commutative diagram
Extyi(PRK(n)u(X)) —— EBatlyg(Kn) (X)) =— EF*(X)

! | |

Exti¥ (K(n)«(X)) —— EatP" (K(n),(£°X)) == E"(Z%X)
where Iy, = K(n).«(K(n)). O
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4.9 The K(1)-completion of S?"*! and its Relation to

the Work of Farjoun

In [Far00], Faorjoun defines a tower {¥,,(X)} under X as follows. Let E(X) be the functor de-
fined on section 2.2 and let Y1(X) = E(X). Define Y,(X) = fb[Yp—-1(X) = E(Yn-1(X)/X)]
where fb means the homotopy fiber. The null homotopy from X into the cofiber gives a

map X — Y,(X). Let Yoo(X) = lim Y, (X). He puts forward the following two questions.

Question 4.9.1. Let X be an H-space of finite type. Is the natural map Xg — Yo @

homotopy equivalence.

Question 4.9.2. When does the natural map of towers {Yn(X)}nen — {D™(X)}nen has a

left inverse.

Although we can not prove 4.9.1 or get necessary conditions to get 4.9.2, we can deduce

the following from our work.

Lemma 4.9.3. Let E = K(1). Then 4.9.1 and 4.9.2 can not be true at the same time for

X = g,

Proof. Suppose 4.9.1 and 4.9.2 are true. Then we have an injective map m.(SEfy) —
. (K(1)*(S?*1)). The K(1)-localization of the odd spheres was calculated in [Bou99]. We

have
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f

Zpu(k)+1 Z = 277/ + qk, 2n—1 + kq k € Z - {0}
Z t=2n,2n -1
m(Sic) = §

Lo oLy i=2n-1

0 otherwise

Comparing this with the result of corollary 4.7.2 we see that the map can not be injective.

O
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