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1. Introduction

W e c o n s id e r  o rd in a ry  ( i . e . ,  f in ite ,  u n d irec te d ,  w ith  at m o s t

one edge jo in ing  a pair  of n o d es ,  and no arc jo in in g  a node to  i t s e l f )

grap h s. A path in  a graph  of length  k jo in ing  nodes x  and y  i s  a

se q u e n c e  o f n od es  x  = x_ , x . , .  . . ,  x, * y, in  w h ich  x, and x. a re0 1 k 7 i 1+1

jo in ed  by an a rc .  The d is ta n c e  b e tw een  tw o n od es  i s  th e  s m a l l e s t  

in te g e r  k su ch  that th e r e  i s  a path o f  len gth  k jo in ing th em . T he  

d ia m e te r  of a graph  i s  d if  d Is th e  la r g e s t  d is ta n c e  b e tw een  any  

pair  of n o d e s .  A  c ir c u i t  of length  k i s  a path of p o s i t iv e  length  for  

w h ic h  x  * y and a l l  nod es  x  ■ x^, x^, . . . ,  = y  a r e  d is t in c t  ex cep t

for  x  = y. T h e g ir th  o f a graph  i s  the s m a l l e s t  in te g e r  k su ch  that  

the graph con ta in s  a c ir c u i t  of len g th  k.

In th is  paper , w e  focuB our a tten tion  on  grap h s o f d ia m e te r  

d > i w h o s e  g ir th  i s  2d, i .  e. , th e  g irth  is  a m a x im u m  (g iven  the  

d ia m e te r )  under th e  s tip u la tio n  that th e  g ir th  i s  ev en . We im p o s e  

a lso  th e  r e q u ir e m e n t  that th e r e  i s  a n u m b er  t > 1 such  that any two

( Mn o d es  at d is ta n c e  d fr o m  ea ch  o th er  a r e  conta ined  in  e x a c t ly  \ 2 /  

c ir c u i t s  of length  2d. And It i s  our ta s k  to in v e s t ig a te  p r o p e r t ie s  of  

th is  c la s s  o f  g ra p h s.

We firBt show  that e v e r y  su ch  graph  i s  reg u la r  of v a le n c y  

(say )  v  (e v e r y  node i s  ad jacent to e x a c t ly  v  o th er  n o d es) .  If w e  

le t  G stand fo r  th e  c l a s s  of a l l  graphs being  c o n s id e r e d ,  w e  u s e  th e  

sy m b o l g(d, t ,  v, n) to denote  a graph  w ith  n n od es  and p a r a m e te r s  

d, t , v . T h e p ro p er  s u b c la s s  B C G  c o n s is t in g  o f grap h s b(d, t, t ,  n)



w a s  c o n s id e r e d  in  [ i ] »  [ 2 ] .

By studying p r o p e r t ie s  of th e  p o w e r s  o f  th e  a d ja cen cy  m a tr ix  

of a graph  g(d, t, v , n) w e  ob ta in  in fo r m a t io n  on  the c h a r a c t e r i s t i c  

r o o ts  o f  the  a d ja c e n c y  m a tr ix ,  w h ic h  en a b le s  us  to p ro v e  a v a r ie ty  

of n e c e s s a r y  co n d it io n s  co n n ect in g  the p a r a m e t e r s  d, t» v, n. F o r  

e x a m p le ,  it  i s  show n that i f  d = 2, t f4 2, 4, 6 th en  th e r e  a r e  on ly  a 

f in ite  n u m b er  o f g ra p h s  g(2 , t, v , n). O th er  n e c e s s a r y  c o n d it io n s ,  

u s in g  d if fe r e n t  a r g u m e n ts ,  a r e  a ls o  found. In addition, c o n n e c t io n s  

b e tw e e n  g ra p h s  in  G and b lo c k  d e s ig n s  a r e  e x p lo r e d .

F in a l ly ,  w e  exh ib it  s e v e r a l  in s t a n c e s  o f th e  p a r a m e te r s  for  

w h ic h  th e  g rap h s do e x i s t ,  and p ro v e  u n iq u e n e s s .  T he m o s t  in t e r ­

e s t in g  of t h e s e  c a s e s  i s  g(2 , 2, 10, 56), w h ic h  h a s  a r e la t io n  to  group  

th e o r y .

A r e la te d  p r o b le m , d ea lin g  w ith  g rap h s o f  d ia m e te r  d and 

g ir th  2d +1 w a s  c o n s id e r e d  in  [ 6 ] ,  An a p p lic a t io n  of t h o s e  graphs  

to  th e  c o n s tr u c t io n  o f t r a n s m i s s i o n  n e tw o r k s  w a s  g iv e n  In [lO ], and 

th e  s a m e  c o n c e p t  c a n  be e a s i l y  m o d if ie d  to app ly  to  the gra p h s  co n ­

s id e r e d  h e r e .  A s s u m e ,  fo r  in s ta n c e ,  a n e tw o r k  in  w h ic h  any node  

(■ s ta t io n )  has v a le n c y  at m o s t  v  (is  c o n n e c te d  d ir e c t ly  w ith  at 

m o s t  v  o th e r  s ta t io n s ) ,  and in  w h ic h  tw o  s ta t io n s  not d ir e c t ly  c o n ­

n e c te d  a r e  c o n n e c te d  by at l e a s t  t in t e r m e d ia t e  l in k s .  T h e  n u m b er
2

of s ta t io n s  in  su c h  a n e tw o r k  i s  at m o s t  v  + ( t - i ) v + t  , and

2
eq u a lity  i s  obta ined  p r e c i s e l y  fo r  th e  g ra p h s  g ( 2 , t ,  v, n )»(v  + ( t - l ) v '
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2. R e g u la r ity

Throughout thiB paper w e  a s s u m e  that g i s  a grap h  o f  d ia m e te r  

d > 1, g ir th  2d and that e v e r y  p a ir  o f n od es  at d is ta n c e  d fr o m  each

f * lo th e r  i s  contained  in  e x a c t ly  \2J c i r c u i t s  of len g th  2d# t > 1. In th is  

s e c t io n  w e  prove  that t h e s e  h y p o th e se s  im p ly  that g i s  r eg u la r  (i. e . ,  

ea ch  node has the s a m e  v a le n c y ) .

W e w r ite  d(i, j) * k i f  th e  d is ta n c e  fr o m  node i to node j is  

k. W e w r it e  (i, j) i f  i i s  ad jacen t to j, and (i, . . . , x , . . . ,  j ) f o r a  

path fr o m  i to j conta in ing  x . A path, u n le s s  o t h e r w is e  sp e c if ie d ,

h a s  no r e t r a c e d  a r c s  and ea ch  node i s  in  e x a c t ly  2 a r c s ,  e x cep t  fo r  i

and j w h ich  are  in  1 a rc .

L e m m a  2. 1: Let i be a node o f g. T hen  th e r e  i s  a node j of g

s u c h  that d(i, j) = d and th e r e  a r e  p r e c i s e ly  t d is t in c t  paths fr o m  i

to  j of len g th  d.

P r o o f : If d(i, j) * d th en  that t h e r e  a re  e x a c t ly  t paths o f len g th  d

fr o m  i to j i s  im m e d ia te  fr o m  th e  h y p o th e s is  on  th e  n u m b er  o f  c i r ­

c u its  jo in ing  i and j. W e th e r e fo r e  need  o n ly  show , g iv e n  i ,  the

e x i s t e n c e  of a j such  that d(i, j) * d.

L et i  be  g iv en  and l e t  Jt b e  a c ir c u i t  in  g of len g th  th e  g irth ,

i f  i« i  , tak e  j< i  su ch  that d(i, j) = d. If i41  then  fo r  a l l  xx 1 

d(i» x )  ̂ d by the h y p o th e s is  on th e  d ia m e te r  o f  g. F o r  s o m e  xx 1 

l e t  d(i, x) * k. If k ■ d w e  a r e  f in ish e d .  If not, k < d and su p p o se  

k + r « d. L et z« i  be  su c h  that d(x, z )  * r .  T hen  d(i, z )  * d.



O b s e r v e  t h e r e  i s  no s h o r te r  path f r o m  i to z o r  e l s e  th e  g ir th  co n ­

d it io n  w ou ld  be v io la te d .  Q. E. D.

W e w r i t e  v  ̂ f o r  th e  v a le n c y  o f  th e  n od e  i .

L e m m a  2 . 2 : If d(i, j)  * d - 1  then  v  ̂ = v  ,

L et X = {x^ : (xk, i )  and j) * <*}

Y * {y  : (y » j) and d(y , i ) =  d}  8 8 8

c l e a r l y  |x | = v  ̂- 1

Y « v . -  1
J

W e o b s e r v e  that the  s ta ted  path (of len g th  d - 1) jo in in g  i and j i s  

u n iq u e, o t h e r w is e  th e r e  w ould  b e  a c i r c u i t  o f  len g th  l e s s  th an  the g ir th .

W e d is t in g u is h  th e  n o d es  o f  th is  unique path by i * i  , i„ ,  . . . , i  , . * j.
L A  Q  “  1

F o r  e a c h  k the path (x^, i^, . . . ,  i^ h as th e  len g th  d. T hus by

L e m m a  2. 1 t h e r e  a r e  t -1  ad d it io n a l paths f r o m  to i^  ̂ -  j. T h e

node i , c = 1, . . . , d-1 cannot b e  in  such  a path b e c a u s e  i f  it  w e r e  d -c

w e  w ould  h a v e  th e  c ir c u i t  (x^, . . . , i^ . . . ,  i ,  x^) w h o s e  len g th  would  

b e  2 ( d- c )  + 1  ̂ 2 (d-1) + 1 < 2d, a c o n tr a d ic t io n .  T h u s th e  t -1  paths  

m u s t  b e  o f the f o r m  ( x  y  , j).  S in c e  th is  h o ld s  f o r  a l l  k = 1, . . . » v.  -  1K 0 X

t h e r e  a r e  (t -  1) (v  ̂ -  1) su ch  p ath s . B y  th e  s a m e  r e a s o n in g  t h e r e  a r e

( t -  1) (v. -  1) paths o f len g th  d o f  th e  fo r m  (y , . . . ,  x. , 1). But, ea ch
J s k

of th e  a b o v e  n u m b e r s  i s  th e  n u m b er  o f  paths o f  len g th  d-1 jo in in g  n od es

in  X w ith  nod es  in Y . T hus ( t - l ) ( v ^ - l )  = ( t - l ) ( v . - 1 )  and s in c e
J

t  ^ 2 v  -  1 * v . - 1 and t h e r e fo r e  v.  B v .  . Q. E , D.
i  J i  J
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L e m m a  2. 3: Let (i„, 1,, , ,, 1„) be a c ir c u i t  of length  2d.-----------------— U 1 id d-1 0

T hen  (a) v  ■ v  j, k * 0, 1, . . . , 2 d - l  i f  d i s  even
j  k

(b) v i  « v  j, k ■ 0, 2, . .  . , 2 d -2  ^
j * \  i f  d i s  odd

v^ * s, r = 1, 3, . . . , 2d-1 J
b r

P r o o f  of (a ) : By L e m m a  2 .2  w e  h a v e  (d = 2 i s  immediate). For d > 2

2. 1)  v = v. * . . .  * v  = . . .
0 1d - l  m d -m

But d-1 i s  r e la t iv e ly  p r im e  to 2d if  d i s  even . H en ce  the n u m b ers

m ( d - l ) ,  m  = 0, 1, 2, . . . exh au st  th e  r e s id u e  c l a s s e s  m od u lo  2d. Thus  

(a) fo l lo w s  f r o m  2. 1) .

P r o o f  o f (b): If d i s  odd then  th e  n u m b ers  m ( d - l ) , m  * 0, 1, 2, . .  .

ex h a u st  the ev en  r e s id u e  c l a s s e s  m odulo  2d and the n u m b er s  l + m ( d - l )  

exhauBt the odd r e s id u e  c l a s s e s  m odulo  2d. T hus (b) a lso  fo l lo w s  

f r o m  2.1) .  Q . E . D .

T h e o r e m  2 .1 : L et gc G. Then g i s  r e g u la r .

P r o o f : T h e r e  a r e  two c a s e s  to c o n s id e r .

(a) d i s  e v e n

(b) d i s  odd

P r o o f  o f  (a ): L et (i^, . . . , i  j, i^ ) m i  be a c ir c u i t  o f  len gth  2d. B y

L e m m a  2. 3 ea ch  node in  t  has th e  s a m e  v a le n c y ,  sa y  v .  If f  = g 

w e  a r e  f in ish e d .  If not, le t  x* g, W f  . As In th e  proof of L e m m a  2 .1  

x  i s  conta ined  in  a c ir c u it  o f  len g th  2d w h ich  a lso  con ta in s  s o m e  node
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o f  £ . T h e r e fo r e  v » v.x

P r o o f  o f  (b): We know fr o m  L e m m a  2. 3 that, If £ Is a c ir c u i t  of

len g th  2d, then  th e r e  are  n u m b ers  v and v such  that e v e r y  node1 A

of £ h as  v a le n c y  v  or v 0 ; and, i f  1 and j a r e  adjacent nod es  of1 «

£ and v  * v .  , then  v .  * v„ . W e now show  that i f  i  and j a r e  anyi 1 j 2

adjacent n o d es  of g then  th e ir  r e s p e c t iv e  v a le n c ie s  are  v^ and v^ 

o r  v 2 and v ^  L et (x^ x 2 >, x ^  x 2 t g and le t  £ * ( iQl . . . , i g j - l*  i 0̂ *

C a s e  1; x ^  £ , x ^  £ . T hen  as in  the proof of L e m m a  2 .1  x^ and x 2

a r e  ad jacen t nod es  in  a c ir c u i t  of length  2d w h ich  in c lu d e s  at l e a s t

2 nodes of £ . H en ce  v = v, and v  * v„ or  v  = v„ and v  « v , .
X1 1 x 2 X1 2 x 2 1

C a s e  2 : x^ , x ^  £ and d tx ^  i  ) = d -  j j * 1, . . . , d-1. If j = 2, . . . , d-1

th en  x  , x 0 are  adjacent nodes in a c ir c u it  of length  2d conta in ing  atJl M

le a s t  2 nod es  o f £ and the r e s u lt  fo l lo w s  f r o m  C a s e  1. We m a y  now

a s s u m e ,  w ithout l o s s  o f  g e n e r a l i ty ,  that d(x„, i ) = d-1 and v = v„.2 0 i 0 2

Thus (x2« x^, . . . , 1q, i^) i s  a path of length  d, and thus part of a c i r ­

cu it  of length  2d, conta in ing  2 adjacent nod es  of i  and thus

v  = v, * v„ and v * v, ■ v N o w ,  s in c e  ( x , , x rt, x , ,  . . . ,  i . )  i s  
x 2 0 x 3 l 1 2  3 0

a path o f  len g th  d conta in ing  at l e a s t  2 nodes o f £ w e  have  v  = v  = v  .
X1 x 3

C a s e  3: x  , x  /f i  and d(x , i . ) ■ d(x  , i , ) ■ d j = 0, . . . ,  2 d - l .  Let1 2  1 j 2 j

(x_, x - ,  x . ,  . . . , i  ) b e  a path of len gth  d. T h en  by C a s e  2 v  * v  *= v  * v  .2 j  4 0 X_ X. i .  12 4 1
S im i la r ly  le t  (x ,̂ x ,., x^, . . .  , i^) be a path o f len g th  d. Then, aga in , by

C a s e  2 v * v  ■ v. = v„ .
X1 x 6 0 2

We now u s e  th is  fa c t  to  count the  nodes of g in  two w a y s .  F r o m
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th e  fact  that both w a y s  count the s a m e  num ber, w e  w i l l  in fe r  v  ̂ =

W e d e f in e  ( s e e  [ 6] ) a h ie r a r c h y  of g as fo l lo w s .  P ic k  a node o f g

w h ich  w e  w i l l  c a l l  the d is t in g u ish ed  node and id en tify  it  by 0. W e

w i l l  sa y  that 0 i s  on l e v e l  0 ( t ier  0) of th e  h ie r a r c h y  ( s t i l l  to  b e

d efin ed ), the v a le n c y  of 0 i s  v. j * 1, 2. T hen  the n o d es  adjacent
J

to 0 w ould  h ave  v a le n c y  v  w h e r e  j +1 i s  an in d ex  m od ulo  2.
J

T h e s e  n od es  are  id en tif ied  as 1, 2, . . . , v .  and a r e  sa id  to be on l e v e l
J

1 of the h ie r a r c h y .  Each node on l e v e l  1 i s  con n ected  to v .  , -  1
J+l

n od es  o th er  than 0 and th is  c o l le c t io n  o f n od es  i s  sa id  to be l e v e l  2 

o f  the h ie r a r c h y .  C le a r ly ,  in  o r d e r  not to v io la te  th e  g ir th  condition ,  

the n o d es  on l e v e l  i  cannot be con n ected  to each  o th er  u n le s s  i  = d.

If the a r c s  con n ecting  nodes on l e v e l  d to each  o th er  a r e  r e m o v ed ,  

the r e s id u a l  graph  i s  c a l le d  a h ie r a r c h y  of g. C le a r ly  th e r e  are  at 

m o s t  2 h ie r a r c h ie s ,  one w ith  d is t in g u ish e d  node having v a le n c y  v ,̂ 

the  o th er  w ith  d is t in g u ish e d  node having v a le n c y  vj.^* W e p r o p o se  

now to show  v  * v .  . and thus th e r e  i s  but one h ie r a r c h y  (and o f  c o u r s e
J J

g w i l l  be  r e g u la r ) .  We d isp la y  the h ie r a r c h y  as F ig u r e  2. 1.

L et S. j be  the s e t  of nod es  at d is ta n c e  i  fr o m  the d is t in g u ish e d  

node ( s e e  F ig u r e  2 .1 ) .  If w e  a s s u m e  the d is t in g u ish e d  node h a s  v a le n c y  

Vj , j = 1, 2, and in d ex  j +1 i s  thought o f m od u lo  2 th en  f r o m  our p r eced in g  

d is c u s s io n

2 . 4 )  | i  | . 1
1-2 i_

2 . 5 )  J JC1 f -  v.  (v. -1) 2 (v - l ) 2 i f  i i s  e v en  2 * i * d-1
J J J
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0

j + 1
n od es  nodes

and so  on to l e v e l  d.

F ig u r e  2. 1



1-1 1-1

2 . 6 )  | i  | = v.  ( v . - l )  2 (v .+1- l )  2 if 1 i s  odd 1 = 1 = d -2
J J J

S in c e  e v e r y  node of A i s  at d is ta n c e  d fro m  the d is t in -d

g u ish ed  node t o f  the e d g e s  f r o m  A , . m u st  go to ea ch  node of fd-1 d

and thus

d-1  d-1

2 . 7 )  l * d I * v . ( v . - l )  2 (v .+1- l )  2 f 1

W e now show  that the  su m  o f  th e  c a r d in a l i t ie s  im p l ie d  by 2 . 4 ) ,  2 . 5 ) ,

2.  6) i s  the  s a m e  r e g a r d le s s  of w h eth er  v  or v j ^  p icked  as  the

v a le n c y  of the d is t in g u ish e d  node. To show th is  w e  need  on ly  show
d-1

| i  | + | j£ | h = 1, . . . , 2 i s  th e  s a m e  r e g a r d le s s  of w h eth er
a tI-*X a t l

th e  d is t in g u ish e d  node h a s  v a le n c y  v .  o r  v. . .  Let the d is t in g u ish ed
J J

node h a v e  v a le n c y  v^. T hen

2 ' 8 > l ‘ 2 h - l l  + l * 2 h l  ‘  v j ( v . - l ) h - 1 (vj+ 1- l ) h- 1 + v j ( v . . l ) h- 1 ( v .+1- l ) h

-  v , ( v - l ) h - V  - l f - L

If the  d is t in g u ish e d  node h as  v a le n c y  v   ̂ then
J

2 - 9 > i L h - J  + l ^ h l  -  v j+ i ( " j+i - 1>1’' 1(vJ- 1)h' 1 + v j « (v5 « - 1)h' 1(vj - 1)h

■ V i (V i - 1,h' 1 (Y 1,11' l v r

But, 2. 8) and 2. 9) a re  the  s a m e .  T hus, s in c e  the le f t-h a n d  s id e s  of

2 . 4) and 2 . 7 )  add up to  the n u m b er  of n od es  of g, w e  h a v e  f r o m  2. 7)
d-1 d-1 d-1 d-1

v  (v -1) 2 (v -1) 2 t ” 1 = v j +i t vj+1_1) 2 (Vj-1) 2 t \  Thus

v . = v  = v . Q. E. D.
) j +1
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C o r o l la r y  2 . 1 : | i  Q| = 1 | i  i  j -  v ( v - l ) i-1

U d l «= v { v - l ) d_1 t**1

1 6 i £ d-1  

Q. E. D.
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3. S o m e  n e c e s s a r y  d, t, v, n con d ition s

We now h a v e  that i f  gt G w ith  d ia m e te r  d > 1, g ir th  2d, and 

s a t i s f i e s  the  con d ition  that i f  d(i, j) * d th en  th e r e  a r e  t d is t in c t

v . W e le t  n r e p r e s e n t  th e  n u m b er  o f  n o d es  o f  g and w e  w r ite  

g “ g(d, t , v ,  n). C le a r ly  t  ̂ v . T h e c a s e  t * v  w a s  th orou gh ly  i n v e s ­

t ig a te d  b y  S in g le to n . S e e  [ l] ,  [ 5] and a lso  [ 2]. We d efin e  B C G  to  

b e  the c l a s s  stud ied  by  S in g le to n  and R to be  the  c o m p lim e n ta r y  c l a s s ,  

R = G - B .  W e u s e  the s y m b o ls  g(d, t, v ,  n), b(d, t, t, n), r(d, t, v, n) 

fo r  e le m e n ts  of G, B and R r e s p e c t iv e ly  and g(d, t, v , n) i f  th e  

c l a s s  i s  u n sp e c if ie d .  E le m e n ts  o f G a r e  b ip a r t i te  i f  th ey  b e lon g  to  

B, that i s ,  u s in g  the la n g u a g e  o f [ 6] , th e r e  a re  no r e e n te r in g  a r c s

(a r c s  w h ich  co n n ec t  nodes o f 1 ,  to ea ch  o th e r )  in  th e  graph. Thed

p r in c ip a l  r e s u lt  o f th is  s e c t io n  i s  that i f  r(d, t ,  v, n) e x i s t s  th en  

v  > 2 t - l .  W e p rove so m e  ad d it ion a l t h e o r e m s  and le m m a s  for  la te r  

r e f e r e n c e .

T h e o r e m  3 .1 : A  n e c e s s a r y  con d ition  fo r  th e  e x i s t e n c e  of g (d ,t ,  v, n)

w h e r e  v  ^ 2 i s

paths f r o m  i to j of length  d, th en  G i s  reg u la r  of v a le n c y  (say)

3.1) t (2 -v )  n -  2t -  [ v 2 + v (2 -t )]  ( v - l ) d_1

d-1 d-2

P roof:

0 0
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-  1 + v [  t (1- < v - l )d "L ) + (2 -v )  (v-l)*1"1] t" 1 (2 -v )" 1

Q. E . D.

L et  1 * {1, . . . ,v }  then  b y  i  (i) j = 0, . . . ,  d-1  w e  m e a n  the s e td -j

of n od es  w h ich  a r e  con n ected  to  node 1 of 4  ̂ v ia  th e  h ie r a r c h y  a r c s  

on ly  ( s e e  F ig u r e  3. 1).

L e m m a  3. 1; L et m , m  ^(j) and x n i ^ t i ) .

T h en  (m, x ) and (n, x ) im p l ie s  m  * n.

P r o o f : If m   ̂ n then  (j, . . . ,  m , x, n, . .  . ,  j) has len gth  2 d -2  w h ich

i s  a c o n tra d ic t io n .  Q. E. D.

L e m m a  3. 2 : | i  . (i) | = (v-1) i  « 1 v j ■ 0, . . .  , d-1
J

P r o o f ; By r e g u la r i ty  and the t r e e  s tr u c tu r e  o f th e  h ie r a r c h y

| jf^ . (i)  j = v   ̂ 14^ ■ I = v   ̂ v ( v - l )  d * ■* = (v-1) d  ̂ j Q. E. D.
3 J

L e m m a  3« 3 ; L et i# j B 1, • • • , v  i  # j. Then*

(a) | f d (i) fl 4d (j) j = (t—1) (v—l)d 2

(b) | 4 d (i) U 4d (j) |  * ( 2 v - t - l )  ( v - l ) d -2

P r o o f:  L et ms 4 , , (1) .  T h en  d(m»i )** d (v ia  th e  d is t in g u ish e d  node).■ d-1

T hus th e r e  m u st  e x is t  t-1  o th er  paths o f  len g th  d, f r o m  m  to i .
j  n

Thus m  m u st  be  con n ected  to  (t-1) n od es  of 4 , (i). |4  . , (j)l  ■ (v-1)d d-1

and thus by  L e m m a  3 .1  (a) f o l lo w s .  F o r  (b) w e  have  1-^(1) ^ ^^(j ) | *

14 d ( i ) | + |4 d ( j) |  -  |4 d (i) (1 4d (j) |  -  2 ( v - l ) d’ 1 -  (t-1) (v-1) d“ 2 . Q . E . D .

L e m m a  3 . 4 :  Let  x* fl 4 . ( i )  I C ( L . . . . v )  and l et  v * 4 . .  T h en
i s l  d d



d-1 d-1

F ig u r e  3. 1
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( x , y )  Im p lie s  W i , ( i )  fo r  a l l  1« I.a

P r o o f : If x  and y  a r e  in  i^ ( j )  th en  th e  length  of (j» . .  . , x , y, . . . , j )

i s  2d-l» a co n tra d ic t io n .  Q. E. D.

t
L e m m a  3 . 5 :  xc £ , im p l ie s  x* fl j£.(i . )  i.« {1, . . . ,  v ) .-------------------- d r  j* i  d j j

P r o o f : T h e r e  m u st  be t paths of length  d fr o m  x  to 0. Q. E. D.

L e m m a  3. 6 : L et h b e  th e  subgraph of g w h o se  nod es  a r e  the nodes

x* (the a r c s  a re  th e  r e e n te r in g  a r c s ) .

T h en  the v a le n c y  of x ,  in  h, i s  v - t ,  and i f  w e  d ef in e  (x )  *

{y»^d : (x ,  y) }  then  | <x) | * v - t  .

P r o o f ; O bvious. Q. E. D.

T h e o r e m  3 . 2 : A n e c e s s a r y  con d ition  fo r  th e  e x i s t e n c e  of r(d, t ,  v, n)

i s  v  > 2 t - l .

t
P r o o f : Let x* fl ^^(1.) and su p p o se  y* i s  adjacent to x. (We

J  ̂ ^
know y e x i s t s  s in c e  ou r  graph i s  in  R. O b s e r v e  that th is  a rg u ­

m e n t  i s  not v a lid  fo r  B g r a p h s) .  Then by L e m m a  3 .4  W f  (i.)
d J

j ■ 1, . .  . , t .  B y  L e m m a  3 .5  y* f  (k), k* {1, . . . ,  v }  fo r  t d is t in c td

v a lu e s  of k. T hus v   ̂ 22j + 2 k  ■ t + t » 2 t.  Q. E. D.

T h e o r e m  3. 3 : If t I s  a p r im e  then  a n e c e s s a r y  con d ition  for  th e

e x is t e n c e  o f  r(d, t, v f n) i s  v  * m t o r  v  * m t  +1 m  > 1 an in te g e r .  

(Note: i f  m  = 1, th en  e ith e r  v  ■ t, w h ich  i s  th e  c a s e  fo r  B g rap h s,  

o r  v  * t+1 * 2 t - l ,  w h ich  m e a n s ,  f r o m  T h e o r e m  3, 2, no graph. )

P r o o f : 1 ^ 1  * v tv - l)* 3' 1 !  * and w h en  t  i s  a p r im e  th e  e x p r e s s io n
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f o r  l - ^ l  Is  in te g r a l  on ly  i f  t j v  o r  t j v - 1 .  T hus m t ■ v  o r  

m t = v-1 . Q. E. D.
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4. T h e  p o ly n o m ia l of the  graph

In th is  s e c t io n  w e e s ta b l i s h ,  fo llo w in g  the l in e  of argu m en t in  

[l] » [ 6] [ 9] , th e  e x i s t e n c e  of c e r ta in  m a tr ix  p o ly n o m ia ls .  We

w i l l  a s s o c ia t e ,  w ith  each  graph g = g(d, t , v , n) c G, one of t h e s e  po ly ­

n o m ia ls  J »= P (A ) w h e r e  A i s  the n X n  a d ja cen cy  m a tr ix ,  so o n  to  

be d efin ed , o f g and J i s  the  n X n  m a tr ix  o f  a l l  o n e s .

L et  A =  b e  the n X n  a d ja cen cy  m a tr ix  of gc G, that is

l e t  a^  = 1 i f  (i, j) and a^  * 0 i f  i i s  not adjacent to j. S in ce

(i, j) im p l ie s  ( j , i ) ,  A  i s  s y m m e tr ic  and s in c e  (i, i )  d o es  not e x i s t ,

t r (A)  = 0 .  We a lso  note  that i f  u' * (1,1, . . .  , 1) then  Au = vu so  that

u  i s  an e ig e n v e c to r ,  and v the c o r r e sp o n d in g  e ig e n v a lu e ,  of A.

L et  J * uu1 be  the n X n  m a tr ix  o f a l l  o n e s .  L et I be  the id en tity  

m a tr ix  (we w i l l  s o m e t im e s  w r i t e  A^ = I).

We h a v e  that A^ = ( A ^ ) ,, p * 0, 1, . . . , d has th e  p ro p er ty  

that (A^)jj ■ c i f  th e r e  a re  c paths, in c lu d in g  paths in  w h ich  a r c s  

a r e  r e tr a c e d ,  of len gth  p, f r o m  node i to node j. We o b s e r v e  that  

i f  d (i, j)  = d th en  (A**)^ “ t .  T h is  fo l lo w s  fr o m  L e m m a  2 .1  and th e  

ab ove s ta te m e n t .

T h e o r e m  4 .1 ; A n e c e s s a r y  con d ition  fo r  th e  e x i s t e n c e  of g ( 2 , t ,  v, n) 

w ith  a d ja cen cy  m a tr ix  A is

4 .  1) A2 + tA  + ( t - v ) I  = t J

P r o o f : If d = 2 , th en  fo r  any gc G w e  h a v e  an a d ja cen cy  m a tr ix  A.

2
A h as  the fo llo w in g  th r e e  p r o p e r t ie s :
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1 ) If d(i, j) * 2 th en  (A^) ^  = t

2
2) If d(i, j) = 1 th en  (A ) = 0 (note that in  th is  c a s e

aij = X)

3) c v  ô r  ^  *

T h e  th e o r e m  now fo llo w s  im m e d ia te ly .  Q. E. D.

T h e r o o ts  o f A  ( s e e  [ 4] page 23) can  now be found. We 

p ostp on e  doing so  (to s e c t io n  5) and p r o c e e d  to e s ta b l ish ,  fo r  a l l  g, 

th e  n e c e s s a r y  p o ly n o m ia l .  W e defin e

F q(A) « I G Q(A) «= I

F x (A) = A Gx (A) = A + I

F 2 (A) = A 2 - v l

F1+1(A) = A F 4(A) -  (v-1) F ^ ^ A )  i  * 2

G1+1(A) = AG^(A) - (v-1) Gi _ 1(A) i * 1

O b se r v e

i

4 . 2 )  G4(A) = ]T  F  (A) i i
j

j - o

((k)\  (k)
f I has the p r o p e r ty  that f̂  i s  equal to

th e  n u m b er o f  paths of len g th  k f r o m  node i to node j.

P r o o f : S e e  [ l] page 315.

T h e o r e m  4 . 3 : A  n e c e s s a r y  co n d it io n  for  th e  e x i s t e n c e  of g(d» t ,  v ,  n)

i s  g iv en  by

4. 3) F d (A) + t G d _1(A) -  t J
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. . .  j t i f  d (i, j) * d
P r o o f : By L em m a  2 .1  f

' 0 o th e r w is e

F r o m  equation  4 . 2), T h e o r e m  4 . 2 ,  and the h y p o th e s is  for  d(i, j) < d

(d -D  i 1 u  i d) -  °w e  h ave  g ^
lj ' o  II fW> .  t

J

T h e th e o r e m  f o l lo w s .  Q. E. D.

S in c e  Ju * nu w e  h ave  that n i s  the e ig e n v a lu e  o f J w h ich  c o r r e ­

sponds to th e  e ig e n v a lu e  v  of A. T h e o th er  e ig e n v a lu e  o f J i s  0, 

w ith  m u lt ip l ic i ty  n - 1  and th e r e fo r e ,  f r o m  4 . 3 )  the o th er  n - 1  

r o o ts  dr, of A, m u st  s a t i s fy

4 . 4 )  F d (or) + t G d_ 1(«) = 0 .
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5.  In th is  s e c t io n  w e  ex a m in e ,  in d e ta il ,  4. 1 ) in  o r d e r  to obta in  

c e r ta in  n e c e s s a r y  co n d it io n s  fo r  th e  e x i s t e n c e  of g(2,  t, v , n). In 

p a r t ic u la r  w e  p rove  that fo r  a g iv e n  t (with th e  p o s s ib le  e x cep t io n  

of t * 2 , 4 ,  or  6} th e r e  a r e  a f in ite  num ber , p o s s ib ly  z e r o ,  of  

r(2, t, v, n) grap h s.

F r o m  4. 3) o r  r e w r it in g  4 , 1)  w e  h ave

5. 1)
2

A  + t A + ( t -v )  I = t J

and thus

5 . 2 ) 2 , , ,  v  + (t-1) v + t = t n

(w hich  could  h a v e  b een  obtained  d ir e c t ly  fr o m  3. 1)).

F r o m  4. 4) w e  have

5. 3)

and th e r e fo r e

2L e m m a  5 . 1 : (t -  4t  + 4 v ) 2 * a i s  in te g r a l .

P r o o f ; If not then  ( - t + a ) 2   ̂ and ( - t -  a ) 2  ̂ h a v e  th e  s a m e  m u lt ip l ic i ty  

x  as ro o ts  of A. S in c e  tr (A ) * 0 w e  h a v e  v + ( - t  + a ) 2  ^x + ( - t - a ) 2  *x * 0 

g iv in g  x  =* vt * (note that v  h as  m u lt ip l ic i ty  1). S in c e  the to ta l  n um ber  

of ro o ts  of A  i s  n w e  h ave  1 + x  + x  * n or  1 + v t  * + v t * *= n and

th e r e fo r e  tn  * 2 v + t .  Substitu ting  in  5 . 2 )  g iv e s

5 . 4 ) v 2 + ( t - 3 ) v  * 0
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2
if  t = 2 v  = v  im p ly in g  v  = 0 or  v  * 1 w h ich  i s  im p o s s ib le

2if  t = 3 v  “ 0 im p ly in g  v  = 0

i f  t > 3 v = 0  o r  v  = 3 - t  < 0  a co n tra d ic t io n ,  thus a i s  in te g r a l .

2 2W e h ave  a = t -  4t + 4v  and thus

5 . 5 )  4v  = a2 - (t2 - 4t).

T h e o r e m  5 . 2 : Let d * 2 and t be f ix ed . Then th e r e  a r e  a f in ite

n u m b er of r(2, t ,  v, n) grap h s, ex cep t ,  p o s s ib ly ,  fo r  the c a s e s  t *  2 , 4 ,  

o r  6.

P r o o f : Let x  r e p r e s e n t  the m u lt ip l ic i ty  o f  ( - t  + a )2   ̂ as a root.

T h e r e fo r e ,  s in c e  th e r e  a r e  n roo ts  and v  h a s  m u lt ip l ic i ty  1, w e

h a v e  ( - t - a ) 2  i s  a root w ith  m u lt ip l ic i ty  n - x - 1 .  S in c e  tr (A )  * 0 

v + ( - t  + a ) 2  ^x + ( - t - a ) 2  ^ ( n - l - x )  = 0  or

5. 6) 2 ax = ( n - l ) ( t + a ) -  2v

m u lt ip ly in g  through by l6 t  and u s in g  5. 5) w e  get 32 ta x  ■

(t + a )[(a2 - (t2 -  4t) )2 + (4t -  4) (a2 - (t2 - 4t) )] -  8 t  (a2 -  (t2 - 4t) ) o r

5 . 7 )  32tax  » a5 + ta 4 -  (2t2 - 1 2 t + 4 ) a 3-  (2 t3-  12t2 + 12t) a2 + (t4 -1 2 t3 + 36t2 - l6 t ) a  

+ t2 (t- 2) (t- f ) (t- 6 ) .

We p roved , in  L e m m a  5 .1 ,  that a i s  in te g r a l .  T h e  in te g r a l  so lu t io n s
o

a of 5 . 7 )  m u st  be the fa c to r s  of t (t—2) (t—4) { t-6 ) ,  (we think of 32tx as

part of the c o e f f ic ie n t  o f  a), u n le s s  t * 2, 4 , o r  6, In w h ich  c a s e  th is

2
c o n s ta n t  t e r m  i s  0. If t (t— 2) (t— 4) ( t - 6)  j* 0 then  th e r e  a r e  at m o s t  a
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f in ite  n u m b er of fa c to r s  and the th e o r e m  fo l lo w s .  Q. E. D.
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6. In th is  s e c t io n  w e  c o n s id e r  the e x i s t e n c e  o f e le m e n ts  o f G o f the  

fo r m  g(2, 2, v, n). Of c o u r s e  w e  h a v e  b(2, 2, 2,  4 )  and th e r e  a r e  no 

o th er  B grap h s w ith  d * 2, t = 2. We w i l l  show  the e x i s t e n c e  and 

u n iq u e n e ss  of r ( 2 » 2 , 5 , l 6 )  and r ( 2 , 2 , 1 0 , 5 6 )  and e s ta b l i s h  s o m e  

n e c e s s a r y  con d it ion s  fo r  o th er  v a lu e s  of v and n.

We g et ,  by le t t in g  t * 2 in  5 . 1)

6. 1) A2 + 2 A + ( 2 - v) I = 2J

and fr o m  5 . 2 )

6 . 2 )  v 2 + v +  2 = 2 n .

i
L etting  t = 2 in  L e m m a  5 .1  and fa c to r in g  w e  s e e  that (-1 + v ) 2 * a 

m u st  be in te g r a l  and thus

6 . 3 )  v  = ”a 2 + 1.

S u b stitu tin g  in  5 . 7 )  g iv e s

6. 4) 4 x  = "a^ +"a  ̂+ 3 a 2 + a + 2

and thus x  i s  in te g r a l  e x c e p t  w h en  "a a  0 (4). W e h a v e  p r e v io u s ly  

m en tio n ed

6 . 5 )  b ( 2 , 2 ,  2 , 4 )

th e  c o m p le te  b ip a r t ite  graph  on 4 n od es  and

6. 6) r{2, 2, 5 , 16)
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( s e e  [5] ) show n in  F ig u r e  6. 1. 6. 6) can  be  v ie w e d  as a 5 c law  above

a P e t e r s e n  graph (M oore graph of typ e  ( 3 , 2 ) ,  s e e  [6] ) w h e r e  the nod es  

of th e  P e t e r s e n  graph  a r e  id en tif ied  b y  th e  c la w  n u m b er s  w h ich  co n n ect  

to  th em .

T h e o r e m  6 .1 : r(2, 2, 10, 5 6) e x i s t s  and i s  un ique.

P r o o f ; We exh ib it  th e  h ie r a r c h y  as  F ig u r e  6 . 2 ,  th e  a d ja cen cy  m a tr ix
2

A as F ig u r e  6. 3 and A as F ig u r e  6 . 4 .  We id e n tify  th e  nod es  of

as 1, 2, . . . , 9, T . B y  th e  le m m a s  of s e c t io n  3 w e  s e e  that th e  id e n ­

t i f ic a t io n  o f  th e  n o d es  of j6  ̂ i s  un ique. We id en tify  a node in  i  by  

the id e n t i f ic a t io n s  o f  the  2 nod es  in  w h ich  c o n n ec t  to it .  T h is  id e n ­

t i f i c a t io n  i s  u n o r d e r e d  but in  proving the th e o r e m  w e  w i l l  o f te n  e s t a ­

b l i s h  o r d e r ,  as  a c o n v e n ie n c e  on ly .  T h e  bulk of the fo llo w in g  a r g u ­

m e n t  w i l l  be c o n cern ed  w ith  the sub grap h  w h ic h  c o n s i s t s  of th e  nod es  

o f  and the r e e n te r in g  a r c s .  In p a r t ic u la r  w e  w i l l  e x a m in e  th e  

a d ja c e n c ie s  o f  12, 13, . . . , I T ,  in  th is  subgraph . C le a r ly ,  in  th is  

subgraph  v^ “ 8 j * 2, . . . ,  T. W e w i l l  show that th e  nodes adjacent  

to  12 m u s t  be 34, 45 , 56, 36, 78, 89, 9 T ,  7 T  (two 4 - c y c l e s  as  

op p o sed  to th e  o th er  a lte r n a te s  of an 8 - c y c l e  o r  a 3 - c y c l e  and a 5 -  

c y c le ) .  O nce th is  i s  e s ta b l ish e d  th e  r e s t  o f the  p roof  fo l lo w s .  In 

o r d e r  to  e s ta b l i s h  th is  r e s u lt  w e  w i l l  h a v e  to  lo o k  at the 5 a d ja c e n c ie s  

to  34, 45, . . . »  7T w h ich  do not have a  1 o r  a 2 in  th e ir  id e n t if ic a t io n .  

W e note  that the n od es  of i „  ca n  b e  v ie w e d  as th e  b lo c k s  of a b a la n ceda
in c o m p le te  b lo c k  d e s ig n  [3] w ith  p a r a m e te r s  b = 45 , k  * 2, X. ■ 1, v  ■ 10, 

r * 9. We re tu rn  to  th e  d i s c u s s io n  o f  b ib d 's  in  s e c t io n  7.
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L e t  B be the s u b m a tr ix  of  A w h ic h  i s  the a d ja cen cy  m a t r i x  of

Let  ( i j )  = { k i  : b * 1} { s e e  L e m m a  3. 6).
ij*

L e m m a  6. 1: ( i j )  has  the fo l lo w in g  p r o p e r t i e s

a) k i c  ( i j )  i m p l i e s  k, i  4  i» j

b) k i c  ( i j )  i m p l i e s  t h e r e  i s  an m  4 i  and an s 4 k such

that km ,  s i c  ( i j )

c )  Suppose  k i  , kmc ( i j ) ,  i  4 m .  T hen  for  a l l  r 4 t  , m

kr4  ( i j )

d) If x  4 i ,  j then  t h e r e  e x i s t  m ,  n m  4 n suc h  that x m ,  

xne ( i j ) .

P r o o f :

a) L e m m a  3. 4

b) (k, k i  , i j )  i s  a path of  l en gth  2 f r o m  k to ij and t h e r e f o r e  

t h e r e  m u s t  e x i s t  a seco n d  such.  C l e a r l y  th is  ca n  only be

a c c o m p l i s h e d  u s in g  a r e e n te r in g  a r c  and thus  t h e r e  m u s t

e x i s t  a km m  4 i  suc h  that  (k, km, i j )  i s  a path o f  

l ength  2. S i m i l a r l y  ( i » k i , i j )  e x i s t s  and by an id e n t ic a l  

a r g u m en t  w e  ge t  the  e x i s t e n c e  o f  s i  g iv ing  ( i  , s i  , ij ) .  

Thus km, s i c  ( i j ) .

c) If krc ( i j )  then  (k, k i , i j )  (k, km , ij)  and (k, kr ,  i j )  would  

be 3 d i s t in c t  paths  of  length  2 f r o m  k to  ij con trad ic t in g  

t * 2.

d) B y  L e m m a  3. 6 | ( i j )  | * v - 2 .  B y  a) t h e r e  a r e  v - 2  s e t s
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i  ^(k) k  ̂ i , j a v a i la b le  to f o rm  th e  e l e m e n ts  of ( I j ) .

By  c )  no s e t  i^(k) can  be  u s e d  3 t i m e s  and thus each  s e t  

m u st  be u s e d  tw ic e .  Q. E. D.

L e m m a  6. 2 :

a) If k i c  ( i j )  then t h e r e  i s  an m  such  that k i «  ( ira )

b) If s # m ,  j then  k i V ( i » )

c)  Let  xyc then  for  e v e r y  i  4 x» y  t h e r e  i s  a j and a k

such  that  xyt ( i j )  xyt ( ik )

d) if k t  j | <ij> n (ik> | -  i

P r o o f :

a) (i, ij,  k i  ) Is  a path of l en g th  2 and thus t h e r e  m u s t  be a 

secon d  one,  s a y  (i, im ,  k i  )

b) If k i c  ( i s )  then  ( i ,  i s ,  k i  )  would  be a th ird  su c h  p a t h ,

a co n tra d ic t io n .

c)  By L e m m a  3 .2  | i . - ,( i) |  * v -1  and fo r  each  e le m e n tA

ijc i  (1) | ( i j )  | * v - 2  by L e m m a  3 . 6 .  T h e r e f o r e
fv-ri (v-1) ( v - 2 ) 

S | ( i j ) |  = (v-1) (v -2 ) .  | i 2 - i 2 ( i ) |  = V 2 J « 2

w h ich  m e a n s  e v e r y  e l e m e n t  o f  ~ * 2 ^  app«&r in

e x a c t ly  2 o f  th e  s e t s  ( i j )  o t h e r w i s e  s o m e  e l e m e n t  would

appear 3 t i m e s  c o n tra d ic t in g  b).

d) (ij,  i ,  Ik) i s  a path of  l en g th  2 and thus  t h e r e  m u s t  be  a 

se co n d  su c h .  S in c e  th is  cannot  happen  in  th e  h i e r a r c h y  it  

m u s t  be th rou gh  a r e e n t e r in g  a r c .  If the  path i s  (ij, m n ,  k i  ) 

th en  m m  ( i j )  m m  ( k i ) .  Q. E . D .
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L e t  ij« ( k i )  th en  w ith  r e s p e c t  to  ( k i )  w e  d ef ine  ( i j )  =

( i j )  -  { k i  , kx, i  y  : kx ,  i  ye ( i j )  }.

L e m m a  6. 3 :

a ) l<*3)l " v ’ 5

b) L e t  ij,  im* ( k i  ) .  T h en  ( i j )  fl ( i m )  = <{>.

P r o o f :

a) I (*j> I = I < ij> I “ 3 = v - 2 -  3 « v - 5

b) By  L e m m a  6 .2  J ( i j )  (h* i) |  = 1 k i « ( i j )  k i t ( i m )

and k i / ( i j )  k i f ' ( i r r )  thus if  ( i j )  fl ( i m )  # «t> w e

would c o n tra d ic t  L e m m a  6 . 2 ,  Q. E.  D.

L e m m a  6. 4; L e t  ( x y )  be g iv en  ij, k i  , m at  ( x y )  i, j 4 k, i  then

a) | < i j > n < W ) |  = 1

b) | ( ( i j )  0 ( k i )  ) fl ( m s )  | * 0

P r o o f :

a) (ij, xy ,  k i  ) i s  a path of  length  2 f r o m  ij to k i  and

t h e r e f o r e  t h e r e  m u s t  be  a s e co n d  (which cannot  be through

the  h i e r a r c h y ) .  Thus t h e r e  i s  a pq su c h  that  (ij, pq, k i  ) 

i s  a path of  length  2 .  N e i th e r  p o r  q can  be  x  or y  

b e c a u s e  s u p p o se  p = x .  T h en  ij,  k i « ( x q )  ij ,  k i « ( x y )  

w h ic h  i m p l i e s  | ( x q )  fl ( x y ) |  * 2 con trad ic t in g  L e m m a  6 . 2 .  

T h e r e f o r e  pq* ( i j )  pq« ( k i )  . T h e r e  i s  no o th e r  suc h  

point o r  e l s e  t h e r e  w ould  b e  3 paths o f  l en g th  2 f r o m  ij to  

k i  .
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b) If m  or  s Is  equal to i  o r  j o r  k o r  i  the  r e s u l t

fo l lo w s  f r o m  L e m m a  6. 3. O th e r w ise  le t  pq *

(Ij) H ( k i ) .  T h e r e f o r e  (xy, ij, pq) and (xy, k i , pq) 

are  2 paths of  length  2. If pqc ( m s )  then  (xy, m s ,  pq)

would be  a 3'd such  path. A  con trad ic t ion .  Q. E. D.

L e m m a  6. 5; A  n e c e s s a r y  con d it ion  for  the e x i s t e n c e  of r(2, 2, 10, 56)

i s  that  ( x y )  be one of the fo l lowing:

a) { ij ,  jk, k i  , i m ,  m n,  np, pq, i q )

b) {ij, jk, ik, i  m ,  m n,  np, pq, i q }

c)  { ij ,  jk, k i  , i i  , mn, np, pq, m q  }

P r o o f : C o n s e q u e n c e  o f  L e m m a  6. 1. Q. E. D.

T h e r e  i s  no l o s s  in  g e n e r a l i t y  in  a s s u m in g  that w h e n  ( ab) * (12)  w e

h a v e  i * 3, j « 4 ,  k = 5, i  * 6, m  * 7, n ■ 8, p ■ 9, q = T.

L e m m a  6. 6 : (12)  i  {34,  45, 35, 67, 78, 89, 9T, 6T>.

P ro o f :  T h e  e l e m e n t s  o f  i „  av a i la b le  to  f i l l  th e  s e t s  ( 3 4 )  ( 4 5 )dt

<35> ( 6 7 ) ( 7 8 ) ( 8 9 ) <9T> <6T) are

36 46 56
>

37 47 57

38 48 58 68 S d isp la y e d  th is

39 49 59 69 79

3T 4T 5T 7T 8T

s i n c e  by d e f in i t io n  no e l e m e n t s  of  the f o r m  lx  o r  2y  can  be in  the
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s e t s  and c l e a r l y  n e i th e r  can  e l e m e n t s  of {12) o t h e r w i s e  t h e r e  w ould  

b e  t r i a n g l e s .  B y  L e m m a  6. 3 w e  know |<34)  | = |< 35)  | = 5. W e  

show that  to  m e e t  th is  c a r d in a l i ty  cond it ion  m u s t  c a u s e  a co n tra d ic t io n  

of  L e m m a  6.1.  ( 3 4 )  C { 3 4 ) .  T h u s ,  by  L e m m a  6.1,  no e l e m e n t s  of

th e  f o r m  3x o r  4x  a r e  in  { 3 4 ) .  A l s o  at m o s t  2 e l e m e n t s  of  the  

f o r m  5 x  a re  in  { 3 4 )  and thus  at l e a s t  3 o f  68, 69, 79,  7T ,  8T a r e  

in  { 3 4 ) ,  B y  L e m m a  6 . 3  th is  m e a n s  at m o s t  2 of  68, 69, 79, 7T,  8T  

a r e  in  { 3 5 )  and s in c e  no e l e m e n t s  o f  th e  f o r m  3x or  5x a r e  in  

{ 3 5 )  at l e a s t  3 e l e m e n t s  of the  f o r m  4x m u s t  be co n tra d ic t in g  

L e m m a  6. 1. Q. E. D.

L e m m a  6. 7 : {12) t  {34 ,  45, 56,  67, 78 ,  89 ,  9T, 3T } .

{5 6 ) {67> <78) <89> <9T> <3T>

35

36 46

37 47 57

38 48 58 68

39 49 59 69 79

4T 5T 6T 7T 8T

C a s e 1: 34 ‘ <15) (or <25>, the ar

for  the s a m e  r e a s o n s  as  

out l ined  in  L e m m a  6. 6.

J

O b s e r v e  that  L e m m a  6. 2 g u a r a n t e e s  th e  e x i s t e n c e  o f  an x  

and a z su c h  that  34« { l x )  34« < l z ) .  T h e r e  i s  at m o s t  one  e l e m e n t  

of  th e  f o r m  5x« { 3 4 )  ( o b s e r v e  t h e r e  m ig h t  be none s i n c e  5x could  be
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in  ( 3 4 )  - (34)).  B y  L e m m a  6. 1 no e l e m e n t s  o f  the  f o r m  3x or 4x  

a r e  in  ( 3 4 )  and thus at l e a s t  4 of  68, 69, 6T, 79,  7T ,  8T m u s t  be .  

T h e r e f o r e  by  L e m m a  6. 3 ( 4 5 )  ca n  h a v e  at m o s t  2 of  t h e s e  6

e l e m e n t s ,  by  L e m m a  6 .1  none o f  th e  f o r m  4 x  or  5x,  and thus  at

l e a s t  3 o f  the  f o r m  3x. A c on trad ic t ion .

C a s e  2 : 34c ( I T )  or  <2T>

T h e r e  i s  at m o s t  one e l e m e n t  of the  f o r m  xTc ( 3 4 ) .  By  

L e m m a  6. 1 no e l e m e n t s  of  the  f o r m  3x or  4 x  a r e  in  ( 3 4 )  and 

thus at l e a s t  4 of 57, 58, 59, 68, 69, 79 a r e .  Thus  by L e m m a  6 . 3  

( 3  T ) ca n  h a v e  at m o s t  2 of t h e s e  6 e l e m e n t s ,  by L e m m a  6. 1 none  

of the f o r m  3x o r  x T  and thus  at l e a s t  3 of the  f o r m  4x.  A  c o n ­

tr a d ic t io n .

C a s e  3: 34c (16)  o r  ( 2 6 )

At m o s t  one of 68 , 69 , 6T < ( 3 4 ) .  At m o s t  two e l e m e n t s  of

th e  f o r m  5 x c ( 3 4 ) .  T h e r e f o r e  at l e a s t  2 of  79 ,  7T,  8 T c ( 3 4 ) .  Thus

( 4 5 )  c o n ta in s  at m o s t  one of 7 9, 7T ,  8T ,  no e l e m e n t s  of  the  f o r m  

4 x  o r  5 x  and t h e r e f o r e  2 of 68, 69, 6T and 2 of  37, 38, 39.  

T h e r e f o r e  by L e m m a  6. 3 ( 5 6 )  co n ta in s  at m o s t  one  of 37, 38, 39 

and at m o s t  one  of  79 ,  7T ,  8T by L e m m a  6. 3 and 6. 4.  Thus  ( 5 6 )  

m u s t  co n ta in  at l e a s t  3 e l e m e n t s  of  th e  f o r m  4x .  A co n tra d ic t io n .

C a s e  4 ; 34c (19)  o r  ( 2 9 )

T h e  a r g u m e n t  i s  e x a c t ly  as  in  C a s e  3 w ith  th e  fo l lo w in g  r e ­

p la c e m e n ts :
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a) 68, 69, 6T by  59, 69, 79

b) 79 ,  7 T , 8T by 57, 58, 68

c)  2 e l e m e n t s  o f  the  f o r m  5x by 2 e l e m e n t s  of  the f o r m  x T

d) <45> by <3T>

e) 37, 38, 39 by 46, 47, 48

f) <56) by <?T>

g) 3 e l e m e n t s  of  the  f o r m  4x by 3 e l e m e n t s  of the f o r m  3x

C a s e  5 : 34« <17) and 34« <27)

It i s  c l e a r  that the p erm u ta t io n  (3 4 5  6 7  8 9 T )  w i l l

not change the above  a r g u m e n ts  and thus  w e  have

P r o p o s i t i o n  6 . 1 : 45 4

5 6 4  

61 4  

1 6 4  

89 4 

9 T4 

3T 4

S in c e  57, 79,  7T cannot  be  in  <34) ( L e m m a  6 . 2 )  8T m u s t  or  e l s e  

t h e r e  w ou ld  be 3 e l e m e n ts  of  the  f o r m  5x  o r  3 of  the  f o r m  6x.

S u b c a s e  5a: 58 ,  59,  69, 6T,  8T < <34)

In th is  c a s e  s in c e  <45) fl <34) = ^ and t h e r e  cannot be 3 

e l e m e n t s  o f  the  fo r m  3 x t  <45) w e  have  68, 79 ,  7T«  < 4 5 ) .  S i m i l a r l y  

5 7 ,  68, 79 « < 3 T )  t h e r e f o r e  |< 3 T )  fl < 4 5 )J ■ 2 co n tra d ic t in g  L e m m a  6 .4 ,

a b) a * 1, 2 b * 3, 6, 7, T

a b) a = 1, 2 b “ 3, 4, 7, 8

a b) a * 1, 2 b = 4, 5, 8, 9

a b) a = 1, 2 b = 5, 6, 9, T

a b) a = 1, 2 b ■ 3, 6, 7,  T

a b) a * 1, 2 b = 3, 4, 7, 8

a b) a = 1, 2 b * 4, 5, 8, 9
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S in ce  it i s  a l so  c l e a r  that 59 and 69 m u s t  both b e  in  ( 3 4 )  a ll  

oth er  s u b c a s e s  m u s t  h ave

6 . 7 )  59 ,  5T,  68, 69, 8T € < 34)

and t h e r e f o r e

6 . 8 )  3x, 3y, 6T,  79,  7 T c < 4 5 )  x ,  y * 6, 8,  9

S u b c a s e  5b: x  = 8,  y = 9  in  6, 8)

C o n trad ic t ion  of  P r o p o s i t io n  6 .1  s i n c e  th is  would r eq u ir e  

45«<16> o r  45c ( 2 6 ) .

S in c e  | { 3 T )  0 ( 4 5 )  | * 1 w e  s e e  f r o m  6 . 8 )  that  79c (3T^ and s in c e  

| < 3 4 > n  <3T>| = + we  s e e  that 57,  58c ( 3 T )  o t h e r w i s e  3 e l e m e n t s  

of  the f o r m  4 x  would be req u ired .  We then  have

6 . 9 )  4 z ,  4w, 57 ,  58, 79c  <3T) z , w - 6 ,  8 ,  9

S u b c a s e  5 c : z ■ 6 in 6. 9)

T h e n  w = 8 or w «  9 and t h e r e f o r e  3 T c ( 1 9 )  (or ( 2 9 ) )  in  

th e  f i r s t  in s t a n c e  o r  3Tc (18) (or ( 2 8 ) )  in  th e  s e c o n d  in  e i th er  c a s e  

a co n tr a d ic t io n  o f  P r o p o s i t io n  6 .1 .

W e now have

6 .10)  48 ,  49, 57 ,  58, 7 9 « ( 3 T ) .

S u b c a s e  5 d : in  6 . 8 )  l e t  x  * 6 y  * 8
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By L e m m a s  6. 1 and 6 . 4  57, 5 T « < 8 9 ) .  T h e r e f o r e  3 5 ^ ( 8 9 )

and thus by P r o p o s i t i o n  6. 1 36, 37 < { 8 9 )  . F o r  a fif th e l e m e n t  t h e r e  

i s  e i th e r  46 o r  4T but in  e i th e r  c a s e  P r o p o s i t io n  6 .1  i s  co n tra d ic ted .

S u b c a s e  5 e t in  6 . 8 )  l e t  x  « 6 y  = 9

S a m e  argu m en t  as in  S u b c a se  5d.

C a s e  6: 34* {18) and 34* {2 8 )

B y  the  s y m m e t r y  o f  the  c y c l e  th is  c a s e  i s  p r e c i s e l y  the s a m e  

a s  C a s e  5, in  the s a m e  s e n s e  that C a s e  4 i s  th e  s a m e  as C a s e  3 (or 

C a s e  2 the s a m e  as C a s e  1).

C a s e  7 : 34* {17) and 34* {28> o r  (34* {18) and 34* < 27))

If 57* { 3 4 )  then c l e a r l y  8T m u s t  a l so  o r  e l s e  3 e l e m e n ts

of  the f o r m  5x  o r  3 of  th e  f o r m  6x would be req u ired .  Thus

58,  68 ^ { 3 4 ) ,  t h e r e f o r e  69, 6 T « < 3 4 )  and th is  f o r c e s  5 9 « < 3 4 ) .

T h i s  m e a n s  t h e r e  i s  only  one  w a y  to  p la c e  e l e m e n t s  in  { 3 4 )  if  

5 7 * < 3 4 ) .

S u b c a s e  7 a ; 57, 59 ,  69, 6T,  8T * < 34)

B y  th e  u s u a l  a rg u m e n ts  u s in g  L e m m a s  6 .1  to 6. 4  w e  have  

68,  79 ,  7 T « < 4 5 )  and 58,  68, 7 9 « < 3 T )  co n tra d ic t in g  L e m m a  6 . 4 .

If 58* { 3 4 )  th en  8T cannot  and 68 cannot .  Thus 69, 6 T « { 3 4 ) .  

T h e r e  a r e  t h e r e f o r e  2 p o s s i b l e  s u b c a s e s  w ith  58 c { 34) .

S u b c a se  7 b : 58, 59 ,  69, 6T,  7T « < 34)

T h en  68, 79 ,  8 T * < 4 5 )  57, 68, 7 9 « < 3 T )  co n tra d ic t in g  L e m m a

6 . 4 .
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S u b c a s e  7 c : 58, 5T ,  69, 6T,  79 « < 34)

In th is  c a s e  68, 7T, 8T < ( 4 5 )  but th is  v io la te s  P r o p o s i t io n  6. 1 

and C a s e s  5, 6 w h ic h  to g e th e r  im p ly  45 e (1 8 )  and 4 5 e ( 2 9 )  (or  in

(19)  and ( 2 8 ) } .  The on ly  re m a in in g  s u b c a s e s  h a v e  59,  5T * ( 3 4 ) .

W e then have

6 .11 )  59,  ST, 68, 69, 7 T t < 3 4 )  

o r

6 .12)  5 9, 5T,  68, 6T, 79« ( 3 4 ) .

S u b ca se  7d: 6.11) h o ld s .

T hen  57, 58, 79 « ( 3 T )  w h ich  by P r o p o s i t io n  6. 1 and C a s e s  5, 6 

cannot  be s i n c e  3 T « ( 1 6 )  and ( 2 7 )  (or (17)  and ( 2 6 ) ) .  If 6 .12)  

holds  then  57, 58,  69 t ( 3 T )  and t h e r e f o r e  in  o r d e r  not to v io la te  

P r o p o s i t i o n  6 .1  and C a s e s  5 and 6 48,  49 « ( 3T) g iv ing

6 .13)  48,  49, 57, 58, 79 « ( 3 T > .

S u b c a s e  7e: 6 .12)  and 6 .13)  hold.

T hen  68 « ( 9 T )  w h ic h  by P r o p o s i t i o n  6 .1  and C a s e s  5, 6 m e a n s  

4 6 f ^ ( 9 T )  thus  47, 48 « ( 9 T )  and ( 9 T )  fl ( 3 T )  t  $ .  A  contrad ic t ion .  Q. E. D.

L e m m a  6 . 8 : (12)  * {34,  45 ,  56, 36, 78, 89 ,  9T,  7 T }

P roof:  The  e l e m e n t s  o f  a v a i la b le  to  f i l l  ( 3 4 )  ( 4 5 )  ( 5 6 )  ( 3 6 )

(78)  (89)  (rr) (7T> are
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35

46

37 47 57 67

38 48 58 68

39 49 59 69

3T 4T 5T 6T

(Note: w e  r e a l l y  have  that L e m m a  6 , 5  c m u s t  apply)

C aae  1: 3 4 « { 1 5 )  (or ( 2 5 ) )

U sing  the s tandard l e m m a s  5x, 6y, 6z,  79, 8T e { 3 4 )  thus  

79» 8T ^ ( 3 6 )  and t h e r e f o r e  { 3 6 )  con ta in s  e i th e r  3 e l e m e n t s  of the  

f o r m  4x  or  3 of  the  f o r m  5x.  A con trad ic t ion .

C a s e  2 : 34 < <16> ( o r < 2 6 > )

As in  C a s e  1 79, 8T c { 34) im p ly in g  79, 8T ^ { 3 6 )  g iving the

s a m e  co n tr a d ic t io n  of L e m m a  6. 1.

C a s e  3: 3 4 e { l T )  and 3 4 « < 2 T )

N ote  that th is  i s  the  s a m e  as  the  c a s e s  that  w ould  a r i s e  i f  w e  

r e p l a c e  T by  7, 8 or  9. We w i l l  l i s t  t h o s e  as C a s e s  4, 5, 6 for  

c o m p l e t e n e s s .  It i s  of i n t e r e s t  to note that  in  a l l  4 of t h e s e  c a s e s  the  

s e t s  (ab )  can  be f i l l ed .  A n  e x a m p le  of  th is  w i l l  be  show n at the  end  

of  C a s e  6, Of c o u r s e  the  proofs w i l l  t h e r e f o r e  be of  a d i f feren t  type  

than t h o s e  p r e v io u s ly  shown. It i s  c l e a r  that  79 < { 3 4 )  and thus  

e i th e r  69 o r  59 i s  but not both and t h e r e f o r e  w e  have  

C a s e  3a  57 ,  58, 68, 69, 79 « { 3 4 )
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C a s e  3b 58,  59, 67, 68, 79 «<Ti> .

In both caB es  w e  show that   ̂1 X^ cannot  be f i l l e d  without  a con trad ic t ion .

C a s e  3 a :

W e have  34 c ( I T )  and thus  if x y c ( 3 4 ) fc th e n  x y ^ ( l T )  

o t h e r w i s e  (34, xy,  IT) would be  a t r ia n g le .  A l s o  s in c e  (12) fl ( I T )  

conta ins  34 th is  i n t e r s e c t i o n  can  have  no o th e r  e l e m e n t s  by  L e m m a  6 . 2 .  

Thus  the o n ly  e l e m e n t s  of  th e  f o r m  5x (= x5)  that can  belong to  ( I T )  

a re  25,  35, 59 and by L e m m a  6 .1  2 of t h e s e  m u s t  belong to ( I T ) .  B y  

L e m m a  6. 5c th is  pa ir  m u s t  be  35, 59 w h ic h  t o g e th e r  w ith  34 im p ly  

49.  The on ly  e l e m e n t s  of  th e  f o r m  6x a v a i la b le  a r e  26, 46, 67.

C le a r ly  46  ✓ (I T )  and thus 26, 6 7 c ( l T ) .  T h e r e f o r e  28, 78 c ( l T >  

but th en  | (12)  H ( 1 T )  | * 2.  A co n tra d ic t io n .

C a s e  3b:

U s in g  the  s a m e  a r g u m e n ts  as  above  35, 57 c ( I T )  and t h e r e f o r e

47 c ( I T ) .  T h is  i m p l i e s  26,  69 e ( I T )  and thus  28 ,  89 « ( I T )  g iv ing

s a m e  co n tra d ic t io n .

C a s e  4 : 34 c (19) and 34 c ( 2 9 )

U s e  the  p erm u ta t io n  (7 8 ) (9 T )  and th e  proof  1b as  in  C a s e  3.

C a s e  5 : 34 c (18)  and 34 c ( 2 8 )

U s e  (8T) (7 9)

C a s e  6: 34 « (17)  and 34 c ( 2 7 )

U s e  {7T ) (89)

F o r  C a s e  6 w e  show the c o m p le te d  ( a b )  s e t s :
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58, 59, 69, 6T, 8 T « ( 3 4 )

38, 39, 67, 68, 79 e <45)

37, 3T , 47,  49, 8T«  ( 5 6 )

48,  4T ,  57, 5T,  79 « ( 1 6 )

39, 3T, 46 ,  4T,  59 « ( 7 8 )

35, 47, 5T,  67, 6T < ( 8 9 )

37, 38, 46 ,  57,  58 < <9T)

35, 48, 49 ,  68, 69 « <7T)

T h is  i l l u s t r a t e s

P r o p o s i t io n  6. 2 : T h e  e x i s t e n c e  of a l l  s e t s  ( i j )  w ith  r e s p e c t  to  g iv en

( a b )  i s  not  su f f i c ie n t  for  the e x i s t e n c e  of r(d, t, v ,  n) graphs .

P r o p o s i t i o n  6. 3: 4 5 ^  ( l x )  x  = 3, 6

56 V ( l y )  y » 3, 4

36 4 ( l z )  z * 4, 5

P r o p o s i t i o n  6. 4 : x y  4 ( l a )  and ( 2 a )  x,  y  * 3, 4, 5, 6 a » 7, 8 ,  9,  T

C a s e  7 : 3 4 *  (17)  and 34 « ( 2 8 )

T h e r e  a r e  4 d i s t in c t  w a y s  to f i l l  ( 3 4 ) :

6 .14)  58 ,  5T,  69, 6T,  79 « ( 3 4 )

6 .15)  59 ,  5T,  68, 6T,  79 « (*34)

6 .16)  57 ,  59,  69, 6T,  8 T t ( 3 4 )

6 .17)  59 ,  5T,  67, 69, 8 T t ( 3 4 ) .
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If 45 « (19) and 4 5 « < 2 T >  o r  45 c <1T> 45 « <29> w e  have  w h e n  6.14)  

holds

6. 18) 37, 39, 67, 68, 8 T e ( 4 5 ) .

C a s e  7 a : Let  6 .14)  and 6 .18)  hold and le t  4 5 « ( 1 9 )  4 5 « ( 2 T ) .

A s  in  C a s e  3 w e  have  that the only  e l e m e n t s  of  the f o r m  5x  

o r  6x that  ca n  belong to (17)  a r e  25,  35, 59 and 26, 46, 68. To  

avoid c y c l e s  g r e a t e r  than 4 w e  s e e  that 35, 59 and 26, 68 a re  the  

on ly  p o s s i b i l i t i e s  and thus

6 .19)  (17)  « {34,  35, 59, 49, 26,  68, 8T ,  2T>.

Those e l e m e n ts  of  the  f o r m  6x» 7x, xT w h ich  can  be  uBed for  (19) 

a r e  26, 46,  6T and 27,  47, 57 and 2T, 4T ,  5T,  6T (we rep ea t  6T 

to  show it w ith  both i t s  g rou p in gs) .  If 26, 46 o r  46,  6T are  in  (19)  

then  t h e r e  cannot  be  2 e l e m e n t s  in  (19) o f  the f o r m  7x  so  s u p p o se  

26,  6T < ( 1 9 ) .  T h en  th e  o th er  e l e m e n t  of  the  f o r m  xT i s  e i ther  2T 

w h ich  g i v e s  a 3 c y c l e  or  one of  4T or  5T w h ich  t o g e th e r  w ith  45  

c r e a t e s  a 5 c y c l e .  A  c on trad ic t ion .

C a s e  7b: L e t  6 .14)  and 6 .18)  hold and le t  45 < ( I T )  45 < ( 2 9 )

T h e  a l lo w a b le  e l e m e n t s  for  ( IT )  of  th e  f o r m  

6x a r e  26, 46 ,  69 

3x a r e  23, 35, 38 

9x  a r e  29, 49,  59, 69, 79.
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That  26,  46 cannot  be  u s e d  as  a pair  i s  shown by our standard  

tech n iq u e .  If 46,  69 € {IT)  then  (46, 69, 45,  59) and (23, 38, 78, 27)  

would be 2 c y c l e s  of  length  4 a l l  e l e m e n t s  of { I T ) .  But then  

{ IT )  fl {17) = 4> con trad ic t in g  L e m m a  6 . 2 .  O b s e r v e  {17) i s  the s a m e  

as in  C a s e  7a.  When 26,  69 « {1 T )  w e  get

6 . 2 0 )  {26 ,  27 ,  35, 38, 45, 48, 69, 79}  -  { I T ) .

We now c o n s id e r  s u b c a s e s  of  7b, that i s  w e  have  6. 14), 6 .18),  6 .19) ,

6 . 2 0 )  and 4 5 t < l T >  4 5 « < 2 9 ) .

C a s e  7b 1: Let  56 c {19) and 5 6 « { 2 T )  (notice  59 ^<1T) s in c e  45 i s ) .

Then  { 5 6 )  i s  g iv e n  by

6.21)  38, 3T,  47, 48, 79 « <56) .

We e x a m in e  {19) and o b s e r v e  that  th e  on ly  e l e m e n t s  a l lo w a b le  of the  

f o r m  3x a r e  23, 35, 37

4 x  a re  24, 46, 4T

xT a r e  2T,  4T,  5T, 6T, 8T .

That  th e  pa ir  2 6, 46  cannot be u s e d  i s  I m m e d ia te .  If 46 ,  4T a r e  

u s e d  th en  46 ,  4T,  5T,  56, 35, 37, 58, 78 t <19) but then  

| <12) fl {19>| ■ 2. A  co n tra d ic t io n .  If 24, 4T a r e  u se d  then  

24 ,  4 T , 8T ,  28, 35, 37, 56, 67 «<19) w h ich  m e a n s  « 1 7 )  fl <19» fl <1T) * 35.  

A c o n tr a d ic t io n  of  L e m m a  6 . 2 .

C a s e  7b 2 ; L e t  5 6 t < 1 8 )  and 56 « <2T)
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6. 22)  38, 3T, 47, 49, 79 * <56)

We e x a m in e  (18) and o b s e r v e  that the on ly  e l e m e n t s  a l low ab le  of the  

f o r m  4x a r e  24,  46,  4T

3x are  23 ,  35, 37, 39

x9 a r e  2 9* 39, 59, 69

xT a r e  2T ,  4T, 5T,  6T

T h e  only  p a ir s  w ith  f o r m  4x  that a l low (18) to be  f i l l e d  are  46,  4T 

giv ing (18) = {46,  4 T , 56, 5T,  23, 39, 27, 7 9 }  and thus  

j ( l8 )  fl ( I T ) |  * 2. A con trad ic t ion .

C a s e  7b 3: 56e<19> 5 6 e < 2 7 )

6 . 2 3 )  <?6> = {38,  3T,  48, 4T, 79}

We e x a m in e  (19)  and o b s e r v e  that  the only  e l e m e n t s  a l lo w a b le  of  the  

f o r m  4x  a r e  24 ,  46, 47

7x  a r e  27, 37, 47 ,  57, 67

8 x  a re  28, 58, 68, 8T

T x  a re  2T ,  5T,  6T,  8T .

That  the  p a ir  24,  46 cannot  be u s e d  i s  i m m e d i a t e .  If 46,  67 a r e  

u s e d  w e  m u s t  have  2T,  8T t (19)  and thus | (17)  fl (19)j  -  2.  A  

co n tr a d ic t io n .  If 24 ,  47 a r e  u s e d  then  (19)  i s  one  of the  2 s e t s  shown  

b e lo w  (19)  « {24,  47, 23 ,  37, 56 ,  6T, 58,  8 T }  or

(19) « {24,  47, 23 ,  37, 56 ,  68 , 5T ,  8 T }

in  both c a s e s  (19) fl ( IT )  * 4>. ^  c on trad ic t ion .
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C a s e  7b 4 : 56 e (18)  56 « ( 2 7 )

6 . 2 4 )  38, 3T, 49, 4T, 79 e ( 5 6 )

We e x a m in e  (18) and o b s e r v e  that  the  only  e l e m e n t s  a l low ab le  of the

fo r m  4x  are  24, 46, 47

xT a r e  2T, 5T ,  6T

That (18)  cannot be f i l led  i s  im m e d i a t e .  T h e r e  are  no o th er  p a ir s  of

s e t s  that can  conta in  56 without con trad ic t in g  L e m m a  6 .2  and t h e r e ­

fo re  C a s e  7b i s  c o m p le te .

P r o p o s i t i o n  6. 5 : If 6. 14) holds  45 4 ( x8 )  x  = 1, 2

P r o o f : 8 T (  ( 4 5 )  or  e l s e  ( 4 5 )  would conta in  3 e l e m e n t s  of  the fo rm

3x or  3 of  the fo r m  6x. Thus 68 ^ ( 4 5 )  and s i n c e  69, 6T t  ( 3 4 )  

only 67 ca n  be in  ( 4 5 ) .  A c on trad ic t ion .

C a s e  7 c : Let  6. 14) hold and le t  45 « (19)  45 e ( 2 7 )

T h e n  ( 4 5 )  = (39 ,  3T, 67, 68, 8 T }  as i s  s e e n  by s tandard  

t e c h n iq u e s .  Then 3 6 « ( 1 8 )  and 3 6 « ( 2 T )  w h ich  m e a n s  5 6 « ( 1 T )  

and 56 « ( 2 8 ) .  T h e r e f o r e  ( 5 6 )  = (37 ,  38, 49, 4T,  7 9 }  and thus

( 3 6 )  = (47 ,  48, 57, 59,  8 T }  im p ly in g  18, 48, 8 T « ( 3 6 )  con trad ic t in g

L e m m a  6. 2.

C a s e  7d: Let  6. 14) hold and le t  45 « ( I T )  45 « ( 2 7 )

T h e n  ( 4 5 )  = (38 ,  39, 67, 68, 8 T } .  A co n tra d ic t io n .  When

6.15)  ho ld s  if  45 « (19)  and 45 t ( 2 T )  o r  45 < ( I T )  45 e ( 2 9 )  w e  have

6 . 2 5 )  37, 38, 67, 69, 8 T « ( 4 5 ) .

If then  56 « (18)  56 e ( 2 7 )  w e  have
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6. 26)  39, 3T, 48, 4T,  79 « < 5 6 )

and s in c e  36 c <1T) 36 € <29) w e  a l s o  have

6. 27) 47, 49, 57, 58, 8 T « < 3 6 )

Note  that  i f  6. 25)  h o ld s  then  56 t <18) and 56 e <29) i s  i m p o s s i b l e  

and i f  56 e <1T) and 56 e <27) then 36 c <18) and 36 « <29) wh ich  i s  

a l s o  i m p o s s i b l e  and a l so  56 e <1T ) and 56 e <29) i s  i m p o s s i b l e  so  

that  i f  6 .15)  and 6 .2 5 )  th en  6 . 2  6) and 6 . 2 7 )  m u s t  fo l low .

C a s e  7 e : Let  6 .15)  ( 6 .2 5 )  and 45 « <19) 4 5 c < 2 T )

We ex a m in e  <19) and o b s e r v e  that th e  only  a l low ab le  e l e m e n t s

of  the  f o r m  3x are  23,  35, 3T

7x  are  27, 47, 57

w h ic h  t o g e th e r  with  45 € <19) g iv e  a 3 c y c l e  (45, 47, 5 7 ) .  A con trad ic t ion .  

C a s e  7 f : Let  6. 15), 6. 25),  6 . 2 6 ) ,  6 . 2 7 )  and 45 t <1T) 45 « <29) hold.

T hen

6 . 2 8 )  <17) « {34, 46,  39, 69, 25, 2T, 58, 8 T }  and

<1T) = {23,  27, 39, 79, 45,  46 ,  58, 68 }.

Thus  | <17) D <1T)| = 3. A co n tra d ic t io n .  Let  6 .15)  s t i l l  hold and let  

45 e <18) 45 c <27) then

6. 29)  39, 3T, 67, 69, 8 T e < 4 5 )

6. 30) 37, 38, 48, 4T,  79 e <56)

6 .3 1  ) 47, 49, 57, 58, 8 T € < 3 6 ) .
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C a s e  7 g : Let  6. 15), 6. 29),  6. 30), 6. 31) hold and le t  56 c (19)

5 6 * < 2 T ) .  We s t i l l  h ave  6 .2 8 )  and f r o m  6. 30) and 5 6 « < 1 9 )  we  

get  <19) = {23,  28, 3T,  8T ,  46 ,  47,  56, 57}  thus < 1 7 ) 0 ( 1 9 )  «

{46 ,  8T }. A  c on trad ic t ion .

C a s e  7h: S a m e  as C a s e  7g but l e t  56 < <1T) and 56 c <29)

T hen  it i s  i m m e d i a t e  that  ( IT )  cannot  be f i l led  s in c e  56« ( IT )  

and the only  a l lo w a b le  e l e m e n t s  of  the f o r m  3x a r e  23, 35, 39

8 x  a re  28, 58, 68.

L e t  6 .15)  s t i l l  hold and le t  45 e <18) 45 « ( 2 9 )  then

6. 32) 37, 3T,  67, 69, 8 T * < 4 5 > .

It i s  i m m e d i a t e  that 56 ^(19)  and <2T) and thus 56 c ( IT )  56« ( 2 7 )  

and 3 6 « ( 1 9 )  36 e <2T) giving

6. 33) 38, 39, 48, 4T ,  7 9 e < 5 6 )

6 . 3 4 )  47, 49, 57, 58, 8 T « < 3 6 ) .

C a s e  71: Let  6, 15), 6 . 3 2 ) ,  6. 33)  and 6. 34) hold

That ( I T )  cannot  be f i l led  i s  e a s i l y  s e e n  s in c e  56 c ( IT )  

and 23,  35, 37 a r e  only  p o s s i b l e  e l e m e n t s  of f o r m  3x and 28 ,  58,  68 

o n ly  p o s s i b l e  of  f o r m  8x ,

C a s e  7 j; Let  6 .15)  s t i l l  hold and let  4 5 t < 1 8 )  45 c <2T>

T hen

6. 35) 37, 39, 67, 69, 8 T « < 4 5 ) .
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T h e r e f o r e  (18)  c  {45,  46,  5T, 6T,  23, 3T, 7T,  27}  w h ich  m e a n s  

| (1 2 )  (1 (1 8 ) |  = 2 .  A co n tra d ic t io n .  Let  6. 15) s t i l l  hold and le t  

45 e (19) 45 t < 2 7 ) .  T hen

6. 36) 38, 3T, 67, 69, 8 T c < 4 5 ) .

Now 56 £ (18) 56 « ( 2 T )  or  56 e ( I T )  56 € ( 2 9 ) .  In the second

i n s t a n c e  one  i m m e d i a t e l y  s e e s  that  ( 5 6 )  cannot be f i l l e d .  In  the  

f i r s t  in s t a n c e  w e  a l so  know 3 6 € < 1 T )  3 6 e ( 2 9 ) .  We then  get

6 . 3 7 )  37, 39, 48, 4T,  79 « ( 5 6 )

6, 38) 47,  49, 57, 58, 8 T € < 3 6 ) .

C a s e  7 k : Let  6. 15), 6. 36), 6. 37), 6. 38) hold

F r o m  6 . 3 6 )  w e  get  (19) = {35 ,  45, 37, 47, 28 ,  2T, 68, 6 T } .  

F r o m  6 . 3 8 )  w e  get  ( IT )  = {36 ,  46,  38, 48,  25, 27, 59, 7 9 } .  Or

(19)  H ( I T )  = <|>. A co n tra d ic t io n .

C a s e  7 1 : Let  6. 15) s t i l l  hold and l e t  45 « ( IT )  45 € < 2 7 ) .

T hen

6. 39) 38, 39, 67, 69, 8T * ( 4 5 )

and t h e r e f o r e  ( I T )  » {45 ,  46, 58, 68, 23,  29,  37, 7 9 } .  But then

f r o m  6 . 2 8 )  | (17) fl (1T)J » 2. A c o n tra d ic t io n .  L e t  6 .16)  hold.

Then  th e  p erm u ta t io n  (12 ) (78 ) ( 9 T ) g iv e s  6 .1 4 )  w h ich  w e  have  a lr ea d y  

c o n s id e r e d .  Let  6 .17)  hold th en  th e  s a m e  p e rm u ta t io n  g iv e s  6 .15)
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w h ich  f in i s h e s  C a s e  7. We o b s e r v e  that  the  p erm u ta t io n  (12) s e t t l e s  

the c a s e  34 c (18) 34 c < 2 7 ) .  W hether  <17)<28> or  <18)<29) or

( 1 9 )< 2 T )  o r  <1T)<27)  w a s  the pa ir  u s e d  fo r  C a s e  7 i s  c l e a r l y  un­

im p o r ta n t  and so  w e  have

P r o p o s i t io n  6. 5 ; If r(2,  2, 10, 56) e x i s t s  th en  for  x   ̂ y z ? w w e  

m u s t  have  34 *<lx) 34 « ( 2 y )  x, y  = 7 , 9

45 e < lz)  45« <2w) z ,  w = 7 , 9  or  8 , T

5 6 e < l y )  5 6 e < 2 x )  i f  z , w # 7 , 9  or 56 c ( 1 8 )< 2 T )

3 6 « < l w )  3 6 « < 2 z )  i f  z , w ^ 7 , 9  or 3 6 « < 1 T ) < 2 8 )

up to a p erm u ta t io n  of the  fo l low ing  ty p es

a) (12)

b) (12) (78 ) ( 9 T )

c)  (78) (9T)

d) (79)

e)  (8T)

C a s e  8 : 34 c <17) 3 4 c < 2 9 ) .  T h e  p o s s i b i l i t i e s  are

6 . 4 0 )  58,  5T,  68, 6T, 79 € <34)

6 . 41)  57 , 58 , 69, 6T,  8T €<34>

6 . 4 2 )  57,  59, 68, 6T,  8 T « < 3 4 )

6 . 4 3 )  57 ,  5T,  68, 69, 8T «<34>

6 . 4 4 )  58, 59, 67, 6T, 8 T e < 3 4 )
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6 . 4 5 )  58, 5 T ,

6. 46)  59, 5 T ,

6 . 4 7 )  37, 39,

6. 48) 39, 3T ,

6. 49) 38, 3T,

6. 50)  38, 3T,

6. 51 ) 38, 39,

6. 52) 37, 3T,

6. 53) 38, 3T,

6. 54) 37, 38,

6 . 5 5 )  37, 39,

6. 56) 38, 3T,

6. 57) 37, 38,

6. 58) 37, 39,

6. 59) 37, 39,

6. 60) 37, 3T,

6. 61 ) 38, 39,

6. 62) 39, 3T,

6. 63) 37, 39,

67, 69, 8T <34)

67, 68, 8T <M>

67, 69, 8T <45)

67, 68, 79 <45)

67, 69, 79 <45)

67, 69, 8T <45)

67, 6T, 79 <45)

68, 69, 79 <45)

68, 6T , 79 <45)

69, 6 T , 79 <45)

68, 6T, 79 <45)

47, 49, 79 <56)

49, 4 T , 8T <56)

47, 49, 8T <56)

48, 4 T , 79 <56)

48, 49, 8T <56)

47, 4 T , 8T <56)

47, 48, 8T <56)

48, 4T, 8T <56)
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6. 64) 38, 3T, 47, 49, 8T < ( 5 6 )

6. 65) 38, 3T , 48, 4T , 79 « <56>

6. 66) 48, 4T, 57, 59, 8T ‘ ( 3 6 )

6. 67) 47, 48, 59, 5 T , 79 € ( 3 6 )

6. 68) 48, 4T, 58, 5 T , 79 . ( 3 6 )

6. 69) 47, 49, 57, 59, 8T c ( 3 6 )

6. 70) 47, 4T, 58, 59, 79 . ( 3 6 )

6. 71) 48, 49, 57, 5T, 79 . ( 3 6 )

6 . 7 2 ) 48, 4T, 57, 59, 79 € ( 3 6 )

6. 73) 49, 4T, 57, 58, 79 * ( 3 6 )

6. 74) 47, 49, 58, 5T, 79 . ( 3 6 )

We now c o n s id e r  as s u b c a s e s  t h o s e  co m b in a t io n s  of 6 . 4 0 )  to 6 .7 4 )  

w h ich  m e e t  the con d it ion s  of  P r o p o s i t io n  6. 5.

C a s e  8 a : Let  6. 40), 6 .4 7 ) ,  6 .5 6 ) ,  6 . 6 6 )  hold.

T h en  36 € (19)  and t h e r e f o r e

6 . 7 5 )  (17)  = {34,  4 T , 8T ,  38, 25,  59, 69, 29}

6 . 7 6 )  (19)  = {36, 4 6 ,  47, 37, 28 ,  58, 5T, 2T>

im p ly in g  (17) f) (19)  * <j). A  co n tra d ic t io n .

C a s e  8b: Let  6 .41) ,  6 . 4 8 ) ,  6 . 5 7 ) ,  6 . 6 7 )  hold.
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T hen  56 « (19)  and t h e r e f o r e

6 . 7 7 )  (17)  * {34,  46, 68, 38, 2T, 5T, 59, 29}

6 . 7 8 )  (19)  * {56,  35, 3T, 6T, 28, 48 ,  47, 27}

im p ly in g  (17)  fl (19)  = A con trad ic t ion .

C a s e  8 c : Let  6 . 4 2 ) ,  6 . 4 9 ) ,  6 . 5 8 ) ,  6. 68) hold.

T hen  36 e (19)  and t h e r e f o r e

6 . 7 9 )  (17)  = {34,  46,  69, 39, 2T, 5T, 58, 28}

and one of the fo l low ing  hold

6 . 8 0 )  (19)  = {36,  24, 47, 57, 25, 68, 8 T ,  3 T }

or

6 . 8 1 )  ( 1 9 ) =  {36 ,  24, 47, 57, 25 ,  6T, 8T,  38} .

In e i th e r  c a s e  (17)  0 (19)  = 4>. A co n tra d ic t io n .

C a s e  8 d : Let  6 . 4 0 ) ,  6 .5 0 ) ,  6 .5 9 ) ,  6 . 6 9 )  hold.

Th en  45 t (19)  and e i t h e r  6 . 7 5 )  holds  or

6 . 8 2 )  (17)  -  {34 ,  25, 59, 69, 26,  48, 8 T ,  3 T }

a lso

6 . 8 3 )  (19)  = {45 ,  35, 37, 47 ,  28, 68, 6T, 2 T } .
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In e i th e r  c a s e  (17) 0 (19)  = <t>.

C a s e  8 e : Let  6 .4 3 ) ,  6.51),  6. 60),  6 . 7 0 )  hold.

T h en  56 c (19)  and t h e r e f o r e

6 . 8 4 )  ( 1 7 ) =  {34,  46,  6T, 3T, 28, 58 ,  59,  29}

6 . 8 5 )  ( 1 9 ) =  {56,  35, 38, 68, 2T, 4T, 47, 27}

im p ly in g  ( 1 7 ) 0  (19) = <t>.

C a s e  8 f : Let  6 .4 4 ) ,  6 . 5 2 ) ,  6 .61),  6 .71)  hold.

T hen  56 < (19)  and

6 . 8 6 )  (17)  = {34 ,  35, 5T, 4T,  28, 68, 67, 27}

6 . 8 7 )  (19)  = {56,  46,  48, 58, 2T,  3T, 37, 2 7 } .

We o b s e r v e  that 45 « (18)  and 45 « ( 2 T )  o r  45 « ( I T )  and 45 « ( 2 8 ) .

If 45 € (18)  w e  get

6 . 8 8 )  (18)  = {45,  35, 39, 49 ,  27, 67, 2T,  6 T } .

If 45 « ( I T )  w e  get

6 . 8 9 )  ( IT )  « {45,  46,  67, 57, 29, 39, 38, 2 8 } .

If 6 . 8 8 )  th en  | ( 1 7 ) 0  ( 1 8 ) | = 3. A  co n tr a d ic t io n .  If 6 . 8 9 )  then  

1 (1 7 )0  (1T ) |  = 2. A c on trad ic t ion .

C a s e  8 g : Let  6 . 4 5 ) ,  6 .5 3 ) ,  6 . 5 8 ) ,  6 . 7 2 )  hold.
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T h en  45 t (19) and t h e r e f o r e

6 .9 0 )  (17)  = {34,  35, 59, 49,  2T ,  6T, 28, 68}

and one of the  fo l low ing  hold

6 . 9 1 )  (19) = {45 ,  23, 37, 67, 26 ,  58, 8T ,  4 T }

or

6 . 9 2 )  {45 ,  23, 37, 67, 26,  5T, 8 T ,  4 8 } .

In e i th e r  c a s e  (17) D (19)  = 4** -A- co n tra d ic t io n .

C a s e  8 h ; Let  6. 46),  6 .5 4 ) ,  6. 62), 6 . 7  3) hold.  

T hen  56 e (19)  and t h e r e f o r e

6 . 9 3 )  ( 1 7 ) =  {34,  35, 48, 58, 2T,  6T, 29, 69}

6 . 9 4 )  (19)  = {56,  46,  4T,  5T, 28 ,  38, 27, 37}

im p ly in g  (17) ft (19) = A con trad ic t ion .

C a s e  81: Let  6 . 4 2 ) ,  6 . 4 9 ) ,  6 . 6 3 ) ,  6 . 7 4 )  hold.

T h en  56 « (19)  and t h e r e f o r e

6 . 9 5 )  ( 1 7 ) =  {34, 46,  69, 39, 28,  58 ,  2T,  5 T }

6 . 9 6 )  (19)  = {56 ,  35, 37, 67, 2T ,  4T,  28, 48 }

im p ly in g  | ( 1 7 ) f l  ( 1 9 ) j = 3. A co n tra d ic t io n .
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C a s e  8 j: Let  6 .4 5 ) ,  6 .5 5 ) ,  6. 64),  6 . 7 2 )  hold.

T h en  56 e (19)  and t h e r e f o r e  6. 90)  and 6. 96) hold im ply ing  

| ( 1 7 )  D (19) |  * 3. A co n tra d ic t io n .

C a s e  8 k : L e t  6. 40), 6. 47),  6 .6 5 ) ,  6. 69) hold.

We now h a v e  45 c ( I T )  45 € ( 2 8 )

56 € ( 1 9 )  56 t ( 2 7 )

36 € ( 1 8 )  36 c ( 2 T )

and i t  i s  i m m e d i a t e  that

6 . 9 7 )  (17)  = {34 ,  3T , 48, 8T ,  25, 26, 59, 69}

6 . 9 8 )  (18)  * {24,  25, 4 T , 5T, 36, 39, 67, 79}

6 . 9 9 )  (19)  = {23,  24 ,  37, 47, 56, 58, 6T, 8 T }

6 .100)  ( I T )  = {23 ,  26,  38, 68, 45 ,  49, 57, 7 9 } .

B y  the s y m m e t r y  of  the two 4 c y c l e s  w hich  co n s t i tu te  (12)  and by 

the  r e s u l t  of C a s e  8 w e  have

P r o p o s i t io n  6. 6:

a) 78 € (1 4 ) ,  78 c ( 2 6 )  or

b) 78 c (16 ) ,  78 c ( 2 4 )  or

c)  78 e (1 3 ) ,  78 € ( 2 5 )  or

d) 78 c (1 5 ) ,  78 c ( 2 3 ) .

C a s e  8k 1: Let  C a s e  8Jc hold and le t  P r o p o s i t io n  6. 6a hold. Then
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6.101) 39, 3T, 59, 5T, 46 « < 7 8 )

6 .102)  47 ,  4T, 67, 6T,  35 c <89)

6. 103) 37, 38, 57, 58, 4 6 e < 9 T )

6 .104)  48 ,  49, 68, 69, 35 e <7t )

and t h e r e f o r e

6 .105)  <14) = {78,  29, 69, 6T, 2T,  35, 38, 57}

and s in c e  w e  h a v e  6. 98) <14) fl <18) = A  co n tra d ic t io n .  (Also

f r o m  6. 100) | < 1 4 ) f l < l T ) |  = 2.)

C a s e  8 k 2 : L e t  C a s e  8k hold and le t  P r o p o s i t io n  6. 6b hold. T hen  w e

s t i l l  have  6.101) to 6. 104) giving

6.106)  <16) = {78,  29, 49, 2T, 4T, 35, 37, 58}

and t h e r e f o r e  <16) fl <17) = A co n tra d ic t io n .  ( j <16) fl <19)J = 2)

C a s e  8k 3: Let  C a s e  8k  hold and le t  P r o p o s i t io n  6. 6c hold and s u p p o se

89 t <14) 89  « < 2 6 ) .  T h en

6 .107)  49,  4T, 69, 6T, 35 c <78)

6. 108) 37, 3T,  57, 5T, 46 « <89)

6 .109)  47 ,  48, 67, 68, 35 e <9T)

6.110) 38, 39, 58, 59, 46 e < 7 T ) .
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T h e r e f o r e

6.111) <13) = {78, 59, 29, 5T, 2T ,  68 , 46,  4 7 )

6.112) (15)  = {9T,  27, 37, 38, 28, 46, 69, 4 T }

6.113) <14) » {89, 27,  67, 2T, 6T, 35, 39, 58}

and s in c e  6 . 9 9 )  holds  w e  have  | <14) fl <19) | * 2. A co n tra d ic t io n .

C a s e  8 k 4 ; Let  C a s e  8 k hold and le t  P r o p o s i t io n  6 . 6c hold and sup p o se  

89 « <16) 89 t <24) .  T h en  6 .107)  to 6.110) s t i l l  hold and

6.114) (16)  = {89,  27, 47, 2T, 4T, 35, 39, 58}

w h ic h  t o g e t h e r  with  6 . 9 9 )  g iv e s  |<16) fl <19) | = 2. A con trad ic t ion .

C a s e  8 k 5 : Let  C a s e  8 k hold and l e t  P r o p o s i t i o n  6 . 6d hold and sup p o se

8 9 « < 1 6 )  89 e <24) .  T h en  6 .107)  to 6.110) s t i l l  hold and

6.115) (13)  = {9T, 27, 57, 28, 58, 46, 4T, 69}

6.116) <15) = {78,  29, 39, 2T, 3T, 46,  47, 68 }

6.117) <16) = {89, 35, 38, 59, 27, 47,  2T,  4 T } .

T h e r e f o r e  J <15) fl <16) |  = | <13) fl <16)J * 2 . A co n tra d ic t io n .

C a s e  8 k 6 : Let  C a s e  8 k hold and l e t  P r o p o s i t i o n  6 . 6d hold and s u p p o se

89 « <14) 89  c < 2 6 ) .  T h en  6 .107)  to 6.110) s t i l l  hold and 6.115) ho ld s ,

6. 116) h o ld s .
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6.118) (14)  = {89,  35, 38, 59, 27, 67, 2T, 6T }

6.119) (16)  = {7T,  28, 29, 48, 49,  35, 5T, 3 7 } .

We now h a v e  the s e t s  ( l x )  x  = 2, . . . , T g iv e n  by

6 .120)  (12) = {34,  45, 56, 36, 78, 89, 9T,  7 T }

6 . 115), 6 . 118), 6.116),  6.119), 6 . 9 7 ) ,  6 . 98),  6 . 9 9 ) ,  6 .100) .  T h e  num ber
56 • 10

of e d g e s  in  the graph i s  2 = 28 0 [7 ]. Of t h e s e  260 a re  now

accounted  for as  fo l lo w s:

1) 10 g iv e n  by (0, x) x = 1, . . . , T

2) 90 g iven  by (x, ab) x  = 1, , . . , T a, b = 1, . . . , T a  ̂ b iff

x = a or  b

3) 40 g iv en  by the s e t s  ( a b )  with  r e s p e c t  to (12)

4) 72 g iv en  by the s e t s  ( l x )  x  * 2  T

5) 48 g iv en  by the s e t s  ( 2 x )  x  = 1, 3, . . . , T ( those  not counted in  4)

A l l  n odes  have  v a le n c y  10 e x c ep t  the 20 n odes  conta ined  In the s e t s  ( » b )

with  r e s p e c t  to (12 ) .  T h e s e  n o d es  have  v a le n c y  8 and the  20 i n t e r ­

c o n n e c t io n s  b e tw e e n  th e m  g iv e  the  addit ional  20 e d g e s  req u ired .  T h e s e  

c o n n e c t io n s  can  be m a d e  in  one and only  one w a y  as shown by the Bub- 

m a t r i x  of  A in F i g u r e  6 . 5.

F o r  f ixed  i  i  = 2, . . . , T the s e t s  ( i j )  j = 1, . . . , T j  ̂ i  are  

l i s t e d  below.

A -  s e t s  o f  the fo r m  (2 j )

{21) = (12)  i s  g iv e n  by 6 .120) .



35

37

38

39

3T

46

47

48

49

4T

57

58

59

5T

67

68

69

6T

79

8 T

35 37 38 39 3T 46 47 48

0 0 0 0 0 0 0 0  

0 0 0 0 0 0 0 0  

0 0 0 0 0 0 1  0 

0 0 0 0 0 0 0 1 

0 0 0 0 0 0 0 0  

0 0 0 0 0 0 0 0  

0 0 1  0 0 0 0 0  

0 0 0 1 0 0 0 0  

0 0 0 0 1 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 1  

0 0 0 0 0 0 0 0  

0 0 0 0 0 0 0 0  

0 0 0 0 0 0 1  0 

0 0 0 0 1  0 0 0  

0 1 0 0 0 0 0 0

0 0 1  0 0 0 0 0  

0 0 0 1  0 0 0 0  

1 0 0 0 0 1 0 0

1 0 0 0 0 1 0 0

4T 57 58 59 5T 67 68 69

0 0 0 0 0 0 0 0  

1 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1  

0 0 0 0 0 0 0 0  

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0  

0 0 0 0 1 0 0 0

0 1  0 0 0 0 0 0  

0 0 1 0 0 0 0 0

0 0 0 1  0 0 0 0  

0 0 0 0 0 0 0 0  

0 0 0 0 0 1 0 0

1 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

0 0 1  0 0 0 0 0  

0 0 0 1  0 0 0 0  

0 0 0 0 1 0 0 0  

0 1  0 0 0 0 0 0  

0 0 0 0 0 0 0 0  

0 0 0 0 0 0 0 0

49

0

0

0

0

1

0

0

0

0

0

0

1

0

0

0

0

0

0

0

0

F i g u r e  6. 5
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6 . 121) ( 2 3 }  = (19. 59, IT, 5T, 46, 48, 67, 78}

6 . 122) ( 2 4 }  = {18, 19, 68 , 69, 35, 3T, 57, 7T }

6 .123) ( 2 5 }  = {17, 18, 37, 38, 46, 49, 6T, 9T}

6 .124) ( 2 6 }  = {17, IT, 47, 4 T , 35, 39, 58, 8 9 }

6 .125) <27} ■= {13, 14, 39, 49, 56, 5T, 68 , 8 T }

6 .126) ( 2 8 )  » {13, 16, 3T , 6T, 45, 47, 59, 79}

6 .127) ( 2 9 )  = {15, 16, 57, 67, 34, 38, 4 T , 8 T }

6 .128) ( 2 T )  = {14, 15, 48, 58, 36, 37, 69, 79}

B - s e t s  of the fo rm  (3 j )

(31} = (13) g lv e n  by 6.115).  

( 3 2 }  = (2 3} i s  g iven  by 6 . 121).

6 .129) ( 3 4 )  = {12, 17, 29, 79, 58, 5T, 68 , 6T }

6 .130) ( 3 5 )  = {14, 16, 24, 2 6, 78, 79, 8 T, 9T}

6.131) <36)  = {12, 18, 2T, 8 T, 47, 49, 57, 5 9 }

6 . 132) ( 3 7 )  = {16, 19, 68 , 89, 25, 2T, 45, 4T }

6 . 133) ( 3 8 )  = {14, IT, 47, 7T, 25, 29, 56, 6 9 }

6 . 134) ( 3 9 )  = {15, 18, 45, 48, 26, 27, 6T, 7T }
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6 .135)  ( 3 T )  = {15, 17, 56, 67, 24, 28, 49, 8 9 }

C -  s e t s  of  the f o r m  {4 j}

{ 4 1 }  = ( 1 4 )  i s  g iv e n  by 6.118).

( 4 2 )  = ( 2 4 )  i s  g iven  by 6 .122).

( 4 3 ) =  ( 3 4 )  i s  g iv en  by 6 .129) .

6 .136)  ( 4 5 )  = {12, IT, 28, 8 T, 37, 39, 67, 69 }

6 . 137) ( 4 6 )  = {13, 15, 23, 25, 79, 8 9 ,  7T,  8 T }

6 . 138) ( 4 7 )  = {15, 19, 5T,  9T,  26, 28, 36, 38 }

6 .139)  ( 4 8 )  = {16, 17, 56, 57, 23, 2T,  39, 9T}

6 .140)  ( 4 9 )  = {16, IT, 36, 3T, 25, 27, 58, 78 }

6.141) ( 4 T )  = {13, 18, 37, 78, 26, 29, 56, 59 }

D -  s e t s  of  the  f o r m  (5 j )

We w r i t e  down only  t h o s e  s e t s  w h e r e  6 £ j  ̂ T

6 .142)  ( 5 6 )  = {12, 19, 27, 79, 38, 3T, 48, 4 T }

6 .143)  ( 5 7 )  = {13, IT, 36, 6T, 24, 29, 48, 89 }

6 .144)  ( 5 8 ) =  {13, 19, 34, 49,  26,  2T, 67, 7 T }

6 .145)  ( 5 9 )  = {14, 17, 4T, 7T,  23, 28 ,  36, 68 }

6 .146)  (5 T) = {16, 18, 69, 89 ,  23, 27, 34, 47 }
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E -  s e t s  of the  f o r m  ( 6 j )  7  ̂ j t  T

6 . 147) ( 6 7 ) =  {14, 18, 45, 58, 23, 29,  3T, 9 T }

6 .148)  ( 68 ) = {15, IT, 59, 9T,  24, 27,  34, 37 }

6 .149)  ( 6 9 )  = {13, 17, 38, 78, 24, 2T, 45, 5 T }

6 .150)  ( 6T )  = {14, 19, 34, 39, 25, 28 ,  57, 78 }

F  -  s e t s  of the  f o r m  (7 j )  8 -  j ^ T

6.151) ( 7 8 ) =  {12, 15, 23, 35, 49, 4T,  69, 6T }

6 .1 5 2 )  ( 7 9 )  = {18, IT, 28, 2T,  34, 35, 46, 56 }

6 .153)  ( 7 T )  = {12, 16, 24, 46, 38, 39, 58, 59 }

G -  s e t s  of  the  f o r m  (8 j )  j = 9, T

6 .154)  ( 8 9 ) =  {12, 14, 26, 46, 37, 3T,  57, 5 T }

6 .155)  ( 8 T )  = {17, 19, 27, 29 ,  35, 36, 45 ,  46 }

H -  s e t s  of the f o r m  ( 9 j )  j * T

6 .156)  ( 9 T )  = {12, 13, 25 ,  35, 47, 48, 67, 68 }

I -  s e t s  of the f o r m  ( T j )

A l l  l i s t e d  p r e v io u s ly .  Q. E. D.

C. S i m s ,  in  the c o u r s e  o f  h is  s tudy of p r im i t iv e  groups  has  a l so
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d i s c o v e r e d  r(2, 2,  10, 56)  (pr ivate  c o r r e s p o n d e n c e ) .  T h is  author has

shown the  two r e p r e s e n ta t io n s  to be  th e  s a m e .  S i m ' s  r e p r e s e n ta t io n

Is the fo l low ing .  C a l l  the d i s t in g u ish e d  node *. T h e  n odes  of  i^

a r e  the 10 Sy low  3 - subgroups  of  A^. The  n odes  of I  are  the 45

invo lu t ions  of A , .  A node of £.n i s  con n ected  to a node of  5. i f  
0 6 1

the node of n o r m a l i z e s  the node of 8. . The  r e e n te r in g  a r c s  a rea X

defined by the  fo l lowing ru le .  Let  x, y Then (x, y) i f ,  aB

in v o lu t io n s ,  the  product  xy  has  o r d e r  4. We show as F i g u r e  6, 6  

the n odes  as ju s t  def ined  and the  c o r r e s p o n d in g  node f r o m  C a s e  8k 6 

above .  One n o tes  that applying the p erm u ta t io n  (1 2 ) (7 9 ) (8 T )  to  the  

graph of 8k 6 would again  g ive  a graph i s o m o r p h i c  to  the o r ig in a l .  

(In the S i m ' s  r e p r e s e n ta t io n  in te r c h a n g e  the n u m b e r s  5 and 6 . )



64

♦ 0

(125) (346) 1

(126) (345) 2

(156) (234) 3

(124) (356) 4

(134) (256) 5

(123) (456) 6

(145) (236) 7

(135) (246) 8

(146) (235) 9

(136) (245) T

F igu r e

(12) (34) 12 (16) (24) 3T

(15) (34) 13 (14) (56) 45

(12) (36) 14 (12) (56) 46

(25) (34) 15 (14) (36) 47

(12) (46) 16 (24) (35) 48

(15) (36) 17 (14) (35) 49

(15) (46) 18 (24) (36) 4T

(25) (46) 19 (13) (56) 56

(25) (36) IT (14) (26) 57

(16) (34) 23 (13) (26) 58

(12) (35) 24 (14) (25) 59

(26) (34) 25 (13) (25) 5T

(12) (45) 26 (23) (45) 67

(26) (45) 27 (13) (46) 68

(26) (35) 28 (23) (46) 69

(16) (35) 29 (13) (45) 6T

(16) (45) 2T (15) (26) 78

(24) (56) 34 (14) (23) 79

(34) (56) 35 (36) (45) 7T

(23) (56) 36 (35) (46) 89

(15) (23) 37 (13) (24) 8T

(15) (24) 38 (16) (25) 9T

(16) (23) 39

6. 6
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7. In th is  s e c t i o n  w e  e s t a b l i s h  s o m e  p o s s i b l e  p a r a m e t e r s  for  

r(2, 3 -  t  ̂ 10, v, n) graphs  by u s e  of  5. 2), 5. 3), 5. 5) and 5. 7).

We w i l l  in fact  have  show n that for  p a r a m e t e r s  not l i s t e d  in th is  

s e c t i o n  r(2, 3 * t -  10, v, n) cannot e x i s t .  We note,  in p ar t ic u lar ,  

that for  t = 3, 5 or 8 t h e r e  i s  on ly  one undec ided  c a s e .  E x a m in a t io n  

of  5. 7) sh o w s  that for  o th er  v a lu e s  of t  t h e r e  i s  m o r e  than one un­

d ec id ed  c a s e .  F o r  t = 3 w e  go through the proof  and for  4 -  t  ̂ 10 

w e  l i s t  the r e s u l t s .  In s e c t i o n s  8 and 9, u s in g  other t ech n iq u es ,  w e  

w i l l  s e t t l e  s o m e  of the undec ided  c a s e s .

T h e o r e m  7. 1; r (2, 3, 21, 162) i s  the only  p o s s i b l e  r(2, 3, v, n) graph.  

P r o o f : We have  by subst i tu t ion  in  5. 2), 5 . 3 )  5 . 5 )  and 5 .7 )

7. 1) A 2 + 3A + ( 3 - v) I = 3 J

7 . 2 )  v 2 + 2v + 2  = 3n

7. 3) a2 + 3 = 4v

7. 4) 96 ax * a"* + 3a + 14a + 18a + 33a + 27 .

T h e  v a lu e s  of a for  w h ich  in t e g r a l  x  are  p o s s i b l e  are  the  f a c to r s

of 27 n a m e ly  1, 3, 9, 27. F r o m  7. 3) if  a = 1 then v  « 1 w h ich  d oes

not g ive  a graph.  If a = 3 ( x = 4 )  v  * 3 and n = 6 w h ich  w e  know i s

b(2, 3, 3, 6 ). When a * 9 (x * 105) w e  have  v * 21 and n * 162. If
18788

a * 27 then x = 3 w h ich  i s  not in te g r a l  and t h e r e f o r e  a * 27

cannot  be  u s e d .  Q. E. D.
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T h e o r e m  7 . 2 : F o r  4 *= t -  10 n e c e s s a r y  p a r a m e t e r s  for  the  e x i s t e n c e

of  r(2, 4  ̂ t  -  10, v, n) grap h s  are:

a) F o r  t * 4

7. 5) v = a2 a > 1

2
7 . 6 )  v + 3v 4 4 = 4n

b) F o r  t = 5

7 . 7 )  r(2, 5, 25, 650)

i s  the  on ly  p o s s ib l e  r(2, 5, v, n) graph.

c ) F o r  t * 7

7 . 8 )  v = a2 - 3 a i  3 a *  0, 4, 8 (12)

7. 9) v 2 + 5v + 6 = 6n

d ) F o r  t “ 7

7 .1 0 )  r(2, 7, 105, 1666)

7.11) r (2, 7, 301, 122 02)

7 .1 2 )  r(2, 7, 2646,  1002457)

a r e  the only  p o s s i b l e  r(2, 7, v,  n) g ra p h s .

e) F o r  t = 8
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7 .1 3 )  r(2, 8 , 136, 2432)

i s  the o n ly  p o s s ib l e  r(2 , 8, v ,  n) graph.

f) F o r  t = 9

7 .14 )  r(2, 9, 45, 266)

7 .1 5 )  r{2, 9, 99, 1178)

7 .16 )  r(2, 9, 171, 3402}

7 .17 )  r(2, 9, 495,  27666)

7 .18 )  r(2, 9, 981, 107802)

7 .19 )  r(2,  9, 2745, 839666)

7 . 2 0 )  r(2, 9, 8919, 8846658)

7 .2 1 )  r{2, 9, 24795 ,  68134018)

a re  the only  p o s s i b l e  r{2 , 9, v, n) graphs .

g) F o r  t = 10

7 . 2 2 )  r(2, 10, 21, 64)

7 . 2 3 )  r(2, 10, 85, 800)

7 . 2 4 )  r(2, 10, 385, 1517 0)
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7 . 2 5 )  r(2,  10, 885, 74720)

7 . 2 6 )  r (2 f 10, 3585, 1288450)

a re  the on ly  p o s s i b l e  r(2,  10, v,  n) g r a p h s .  Q. E. D.

We o b s e r v e  in p a s s in g  that w hen  t = 11 t h e r e  a r e  10 p o s s i b l e  

r graphs  and w h en  t = 12 t h e r e  are  6 p o s s i b i l i t i e s .
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8 . Ba lanced  in c o m p le t e  b lock  d e s ig n s

In th is  s e c t i o n  w e  e x a m in e  the  r e la t io n s h ip  that e x i s t s  b e tw e en

the nodes  of  i ,  and ba lanced  in c o m p le t e  block d e s ig n s  (BIBD 's) .  A 
d

BIBD can be thought of  as  a c o l l e c t i o n  of  b s e t s  (b locks)  with  k 

e l e m e n t s  ( v a r i e t i e s )  in  ea ch  se t ,  the  v a r i e t i e s  to be picked f r o m  a s e t  

w ith  v e l e m e n t s ,  each  v a r i e t y  to  appear  in  e x a c t ly  r b lock s ,  and 

ea ch  pair of v a r i e t i e s  to  appear  t o g e th e r  in  e x a c t ly  X. b lo ck s ,  

v, b, k, r, X. a re  ca l led  the p a r a m e t e r s  of the BIBD. It i s  w e l l  known,

[ 8 ] ,  that the p a r a m e t e r s  of  a BIBD s a t i s f y

8 . 1) v r  = b k

8 . 2 )  r ( k - l )  = X. (v-1).

Hanani [ 3 ]  proved  that 8 .1)  and 8 . 2 )  are  suf f ic ient  for  k «  3 or  4

and any X. , and a l so  for  k = 5 and X, * 4. We v iew  x e i ^  as a

b lock  of a BIBD, w h o s e  v a r i e t i e s  a re  the t nodes  i ,  o f  L e m m a  3 . 5 .
J

B y  C o r o l la r y  2. 1 and the l e m m a s  o f  s e c t io n  3 w e  have

L e m m a  8 . 1: T h e  nodes  x« i  , a r e  the b locks  of a BIBD w ith  p a r a m e t e r s-------------------  d

b, k, v,  r and X. w h e r e

1 ) v * v  the v a le n c y  of g

2 ) b = | J = v ( v - l ) d“1 t ' 1

3) k * t

4) r = | * d ( i ) |  = ( v - l )*3"1

5) k = (t-1) (v -1 ) d_2 Q. E. D.
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C o r o l la r y  8 . 1 : If d = 2, the nodes  of are  the b lo ck s  of  a BIBD

with p a r a m e t e r s  g iven  by

8 . 3) v, r = v-l> k = t, X, = k-1, b = v ( v - l ) t   ̂ Q. E. D.

If the nodes  of s o m e  g iven  I  g ive  r i s e  to  a BIBD then thed

BIBD w i l l  be ca l led  an a s s o c i a t e d  d e s ig n  of  I  . Many a s s o c ia t e dd

d e s ig n s  of S. , can  ex is t ,  for  a g iv en  i  If a d e s ig n  i s  an a s s o c ia t e dd d

d e s ig n  of i ,  w e  w i l l  w r i t e  BIBD (j2 ).d d

In s e c t i o n s  6 and 7 w e  c o n s id e r e d  the c a s e  for  d = 2. If t = 2

i t  i s  c l e a r  that a s s o c ia t e d  d e s ig n s  of i ^ e x i s t .  When t = 3, 4 o r  5,

BIBDfjf^) e x i s t  by t h e o r e m s  of Hanani.  We now p r o ce ed  to show that

n e i th e r  the p a r a m e t e r s  s u g g e s t e d  by the p o ly n o m ia l  tech n iq u e ,  nor

the e x i s t e n c e  of a BIBD ( i  ) i s  su f f ic ie n t  for  the e x i s t e n c e  of g. (Ind

fact  w e  w i l l  be  showing,  at the s a m e  t im e ,  the in s u f f i c i e n c y  of 

T h e o r e m s  3. 2 and 3. 3. )

T h e o r e m  8 . 1; r(2, 4, 9, 28) 4 R

P r o o f : {Note that the e ig en v a lu e  argum ent  s u g g e s t s  [ s e e  7 . 5 )  and 7 . 6 ) ]

that  the p a r a m e t e r s  2 , 4 ,  9, 28 m a y  p o s s i b l y  be t h o s e  of an r graph.  )

The  BIBD p a r a m e t e r s  a r e  v  = 9, b = 18, k = 4, r = 8 and X. * 3. A

BIBD (ĵ 2 ) g iv en  be low .  T h e  actual  proof  w i l l  not depend on any 

p a r t ic u la r  a s s o c i a t e d  d e s ig n  of
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(1.2 ,  3 , 4 ) (1. 4, 6 , 8 ) (2, 5, 6, 7)

(1,2, 6, 9) (1, 5, 8 , 9) (3, 4,  6 , 7 )

(1, 2 , 7 ,  8 ) (2, 3 , 5 , 9 ) (3, 4, 8 , 9)

(1, 3, 5, 6 ) (2, 3, 6 , 8 ) (3, 5, 7, 8 )

(1, 3 , 7 ,  9) (2, 4, 5, 8 ) (4, 5, 6, 9)

(1, 4 , 5 , 7 ) (2, 4 , 7 ,  9) (6 ,7 ,  8 , 9)

Let (abed) be an a r b i tr a r y  node of £ .a We have,  f r o m

C o r o l l a r y  2. 1

8 . 4 )  | i 2 | = 18 

and f r o m  L e m m a  3. 3

8 . 5 )  \ i 2 (a) U i 2 (b) j = 13 

and f r o m  L e m m a  3. 2

8 . 6 ) | i 2 ( c ) |  -  8 .

We know, aga in  f r o m  L e m m a  3. 3, that

8 . 7 )  |J>2 (C) D i 2 ( i)|  -  3 fo r  a l l  i # c

and in  p a r t ic u la r  8 . 7 )  ho lds  i f  i  * a o r  b. One of  the n odes  in  the  

i n t e r s e c t i o n  (c) D f  (a) i s  (abed) and thus t h e r e  are  e x a c t ly  2
L i U

o th er  n odes  in th is  in t e r s e c t i o n ,  s a y  a  and p. S i m i l a r l y  (a b e d ) t  

j£ ( c ) fl j? (b) and thus t h e r e  are  e x a c t ly  2 o ther  nodes  in th is  in te r -
m i 6

sec t io n ,  (p o s s ib ly  or and p), c a l l  th e m  6 and y.  In any c a s e  th er e
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a r e  at m o s t  5 n odes  in A (c) that h a v e  the l e t t e r s  a or  b in  

t h e ir  ident i f ica t ion ,  n a m e ly  (abed), a, p, 6 , and y. Thus,  th e re  

are  at l e a s t ,  by 8 . 6 ), 3 nodes  of  A (c)  which  do not have  a or b 

in  th e ir  id en t i f ica t ion .  T h is  fact,  t o g e th e r  w ith  8 . 5), g iv e s

8.8) | U 2(a) U i 2(b)] U i 2(c)|  ̂ 16.

T h e r e f o r e  f r o m  8 . 4) the  n u m b er  of  nodeB in  i  of the f o r m  (efgh)  

w h e r e  e, f, g, h # a, b, c i s  0,1  or  2 .

Now f r o m  L e m m a  3. 6 w e  have

8 . 9 )  | ( a b e d )  | = 5

and f r o m  L e m m a  3. 4 (efgh) «. ( a b e d )  i m p l i e s  e, f, g, h a, b, c,  d.

By the s ta t e m e n t  fo l low ing  8 . 8 ) t h e r e  a r e  at m o s t  2 suc h  nodes  and

thus 8 . 9 )  cannot be s a t i s f i e d .  Q. E. D.

G iven  the p a r a m e t e r s  v  = 16, r = 15, k = 4, X. = 3, and b * 60

w e  know a BIBD e x i s t s .  In fact ,  in  [3 ]  Hanani g i v e s  a c o n s tr u c t io n  

tech n iq u e .  U s ing  th is  m ethod  one  g e t s  a d e s ig n  with  the fo l low in g  

p ro p er ty .  D i s t in g u i s h  a v a r i e t y  1 and l e t  the  other  v a r i e t i e s  be 

b, c, d, e,  . . . , p. T h en  the b lo ck s  (lbcd), (lefg) ,  (lhij), ( lk i  m ) ,  (lnop)  

a r e  each  rep ea ted  3 t i m e s .  U s ing  such  a d e s ig n  i t  i s  t r i v i a l  to show  

that r(2, 4, 16, 77)  4 R e v e n  though the e ig e n v a lu e  a rg u m en t  (7. 5) and

7. 6 ) )  s u g g e s t s  th e ir  u s e  a s  p a r a m e t e r s .  In fa c t ,  w e  w i l l  show in  

T h e o r e m  8 . 2 that  a m u ch  w e a k e r  cond it ion  on the BIBD w i l l  i n s u r e  

the  n o n e x i s t e n c e  of r(2, 4, 16, 77) .  It i s  a c o n je c tu re  of th is  author,
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that  the w e a k e r  condition,  as  s tated  in  T h e o r e m  8 . 2, i s  in  fact  a 

n e c e s s a r y  condit ion  for  the e x i s t e n c e  of  B IB D 's  with  the g iv e n  p a ra ­

m e t e r s .

T h e o r e m  8 . 2 : If (abed) and ( a b c e ) t  then r(2, 4, 16, 77)  ^ R.

P r o o f : As in  T h e o r e m  8 . 1 w e  can  c o n s tr u c t  a d e s i g n  but it w i l l  not

a f fec t  the  proof.

U s ing  the t ech n iq u es  of T h e o r e m  8 . 1, w e  have

8 . 10) [ (ab c i ) |  = 12 (in p a r t ic u la r  for  i = d, e)

8 . 11) | i 2 (a) U  i 2 (b)|  = 27

8 . 12) j i  | = 60

8 .13 )  |je2 ( i) |  = 15

8 .1 4 )  | [ <̂ 2 (a.) U  f  ̂  (b)) U &2 (c)]  U  i 2 {i)\  -  46 fo r  i = d or e.

F r o m  8 .14 )  and 8 . 12) w e  have  that the n um ber  of n odes  that can  belong

to (a b e d )  i s  no m o r e  than 14. S u ppose  that  the 12 n odes  requ ired  for

(abed^ by 8 . 1 0 )  have  been  s e l e c t e d  f r o m  the 14 a v a i la b le  and now let

us  e x a m in e  the s e t  ( a b c e ) .  Again,  f r o m  8 .14 )  and 8 .12 )  t h e r e  are

at m o s t  14 nodes  that can  be long  to ( a b c e ) .

T h e  n u m b er  of paths,  of length  2, f r o m  (abed) to (abce),  v ia

the h i e r a r c h y  n odes ,  i s  3 (v ia  a, b, and c) .  Thus  t h e r e  m u s t  be

another  path of  length  2 b e tw ee n  t h e s e  n odes  and thus t h e r e  i s  at m o s t

one node of  S. adjacent  to  (abed) and (abce) .  (None, i f  d = e.)£
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T h is  node, say  a,  i s  c e r t a in ly  in  ( a b e d ) .  T h e r e  a r e ,  in ( a b e d ) ,  

e x a c t ly  4 nodes  of the fo rm  (exyz) .  The o th e r  7 (or 8 ) nodes  of  

( a b e d )  do not have  e in  th e ir  id e n t i f i c a t io n  and thus w e r e  counted  

in  the 14 nodes  that w e r e  p o tent ia l ly  m e m b e r s  of ( a b c e ) .  H o w ever ,  

s in c e  th e y  are  nodes  in  (a b e d )  and w e  a lread y  have  a  as the  only  

node in  both ( a b e d )  and ( a b c e )  w e  s e e  that t h e r e  a re  only  7 (or 6 ) 

other  p o s s i b l e  nodes  for  ( a b c e ) ,  w h ich  i m p l i e s  | ( a b c e ) |  -  8 con­

t ra d ic t in g  8 . 10). Q. E. D.

P r io r  to the s ta tem e n t  of T h e o r e m  8 . 2  th is  author co n jec tu red  

the e x i s t e n c e  of b lo ck s  (abed) and (abce)  in e v e r y  BIBD with  p a r a ­

m e t e r s  v = 16, r = 15, k = 4, X. = 3 and b = 60. An addit ional  co n ­

j e c t u r e  i s  that th is  condit ion  need  not be in  the h y p o th e s i s  o f  T h e o r e m

8 . 2 , n a m ely ,  that the t h e o r e m  i s  t r u e  without the r e q u ir e m e n t  (abed)  

and ( a b c e ) < 1^ .

If v  = 25, r = 24, k = 4, A. = 3 and b *  150 ( s e e  F ig u r e  8 . 1), 

Hanani's  co n s tr u c t io n  c r i t e r i a  again  f o r c e s  the d i s t in g u ish in g  of a 

v a r ie t y  1 and the repeat ing  of each  b lo c k  contain ing th is  1, 3 t i m e s ,  

as above .  That i s ,  i f  the o ther  v a r i e t i e s  a r e  a, b, c ,  d, . . . , x, then  

the  b locks  w h ich  are  re p ea te d  3 t imeB a re  (labc),  (ldef),  (lghi),  ( ljki ), 

(lmno), (lpqr),  (lstu),  (lvwx). We w i l l  now d e s ig n a t e  any BIBD with  

s e t s  of rep ea ted  b locks  as shown, as  a d e s ig n  of Hanani type .  We  

then have

T h e o r e m  8 . 3: A n e c e s s a r y  cond it ion  for  the  p o s s i b l e  e x i s t e n c e  of

r(2, 4 , 2 5 ,  17 6 ) i s  that the n odes  of not be  b lo ck s  of  a Hanani type£t
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d e s ig n .

P r o o f : Once again  note 7. 5) and 7. 6 ) s u g g e s t  the  p o s s i b l e  e x i s t e n c e

of th is  graph.

To p rove  the t h e o r e m  one need  only  o b s e r v e  that the  3 d i s t in c t  

n odes  each  lab e led  ( labc)  c a n  have  no c o m m o n  a d j a c e n c ie s  (other  

than in  the h i e r a r c h y )  s i n c e  th e y  a r e  co n n ec ted  to ea ch  other  by 4 

paths of length  2 v ia  the  h i e r a r c h y  n odes  1, a, b, and c.  Thus ,  for  

in s t a n c e ,  the 3 d i s t in c t  s e t s  (1234} (1234} (1234}  conta in  63

d is t in c t  n o d es .  T h e r e  are  ( s e e  F ig u r e  8 .1 )  87 nodes  w ith  1 ,2 ,  3, or  4 

in  th e ir  id en t i f i c a t io n s  and thus t h e r e  i s  no c h o ic e  in  picking the 63 

n o d e s .  S i m i l a r l y ,  i f  w e  e x a m in e  (1567} (1567} (1567} we s e e  that

t h e r e  i s  no c h o ic e ,  but u s in g  the m e th o d s  o f  T h e o r e m s  8 . 1 and 8 . 2  w e  

s e e  that s o m e  o f  the 63 p o s s i b l e  n odes  a re  in  a (12 34} s e t  and cannot  

be u s e d  for  a (1567} se t ,  Q. E. D.

One m ig h t  note that the fu l l  s tr e n g th  of the h y p o th e s i s  w a s  not  

u s e d .  The h y p o th e s i s  could h a v e  b een  w e a k e n e d  to in c lu d e  a l l  B IB D ’ s 

w h ic h  have  ( labc)  and (ldef) r e p e a ted  3 t i m e s  e a c h  as b lo ck s .

T h e o r e m  8 . 4 : r(2, 6, 22, 100) and r(2,  10, 21, 64) 4 R.

P r o o f : S e e  T h e o r e m  8 .1. Q. E. D.

Note  aga in  that  the e ig e n v a lu e  a rg u m en t  d o es  not e l im in a t e  

r(2,  6, 22,  100) ( s e e  7 . 8 )  and 7 . 9 ) )  or  r (2 , 10, 21, 64) ( s e e  7 . 2 2 ) )  as  

gra p h s .  S o m e  B I B D ( i „ )  h a v e  b e en  c o n s tr u c te d  for  r(2, 3 ,2 1 ,1 6 2 ) .

It i s  not known if r(2, 3 ,21, 162) e x i s t s .  In fact ,  i t  i s  not known
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1, 2 , 3, 4 2 , 5, 9, 13 3, 5, 8 , 11 4, 5, 10, 12 5, 8 15, 25 7 8 , 16, 24 10, 11, 16, 18

1, 2 , 3, 4 2 , 5, 15, 19 3, 5, 14, 17 4, 5, 16, 18 5, 8 18, 22 7 8 , 19, 2 1 10, 11, 22 , 24

1. 2 , 3, 4 2 , 5. 2 1, 25 3, 5, 2 0, 23 4, 5, 22,  24 5, 9 14, 24 7 9, 15, 23 10, 12, 15, 17

1, 5, 6, 7 2 , 6, 8 , 12 3, 6, 10, 13 4, 6 , 9, 11 5, 9 17, 2 1 7 9, 18, 20 10, 12, 2 1, 23

1, 5, 6 , 7 2 , 6 , 14, 18 3, 6 , 16, 19 4, 6, 15, 17 5, 10 16, 23 7 10, 15, 25 10, 13, 14, 19

1, 5, 6, 7 2 , 6 , 2 0, 24 3, 6, 22 , 25 4, 6 , 2 1, 23 5, 10 19, 20 7 10, 17, 22 10, 13, 2 0, 25

1. 8 , 9, 10 2 , 7, 10, 11 3, 7, 9, 12 4, 7, 8 , 13 5, 11 15, 22 7 11, 16, 2 1 14, 17, 2 1, 25

1. 8 , 9, 10 2 , 7, 16, 17 3, 7, 15, 18 4, 7, 14, 19 5, 11 18, 25 7 11, 19, 24 14, 18, 20 , 24

1, 8 , 9, 10 2 , 7, 22 , 23 3, 7, 2 1, 24 4, 7, 20, 25 5, 12 14, 2 1 7 12, 15, 20 14, 19, 22 , 23

1. 11, 12, 13 2 , 8 , 15, 22 3, 8 , 14, 20 4, 8 , 16, 2 1 5, 12 17, 24 7 12, 18, 23 15, 17, 20 , 23

1, 11, 12, 13 2 , 8 , 18, 25 3, 8 , 17, 2 3 4, 8 , 19, 24 5, 13 16, 20 7 13, 14, 22 15, 18, 22, 25

1, 11, 12, 13 2 , 9, 14, 2 1 3, 9, 16, 22 4, 9, 15, 20 5, 13 19, 23 7 13, 17, 25 15, 19, 2 1, 24

1, 14, 15, 16 2 , 9, 17, 24 3, 9, 19, 25 4, 9, 18, 2 3 6 , 8 14, 2 3 8 11, 15, 19 16, 17, 22 , 24

1, 14, 15, 16 2 , 10, 16, 20 3, 10, 15, 2 1 4, 10, 14, 22 6, 8 17, 20 8 11, 2 1, 25 16, 18, 2 1, 23

1. 14, 15, 16 2 , 10, 19, 23 3, 10, 18, 24 4, 10, 17, 25 6, 9 16, 25 8 12, 14, 18 16, 19, 2 0 , 25

1, 17, 18, 19 2 , 11, i s 25 3, 11, 14, 23 4, 11, 16, 24 6 , 9 19, 22 8 12, 20 , 24

1, 17, 18, 19 2 , 11, 18, 22 3, 11, 17, 2 0 4, 11, 19, 2 1 6, 10 15, 24 8 13, 16, 17

1, 17, 18, 19 2 , 12, 14, 24 3, 12, 16, 25 4, 12, 15, 2 3 6 , 10 18, 2 1 8 13, 22 , 23

1, 2 0 , 2 1, 22 2 , 12, 17, 2 1 3, 12, 19, 22 4, 12, 18, 2 0 6 , 11 14, 20 9 11, 14, 17

1, 2 0 , 2 1, 22 2 , 13, 16, 23 3, 13, 15, 24 4, 13, 14, 25 6 , 11 17, 23 9 11, 2 0, 23

1, 2 0, 2 1, 22 2 , 13, 19, 20 3, 13, 18, 2 1 4, 13, 17, 22 6, 12 16, 22 9 12, 16, 19

1, 23, 24, 25 6, 12 19, 25 9 12, 22 , 25

1, 23, 24, 25 6, 13 15, 2 1 9 13, 15, 18

1, 2 3, 24, 25 6 , 13 18, 24 9 13, 2 1, 24

F i g u r e  8. 1
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w h e th e r  any of the  BIBD ( i  ) that h a v e  b een  c o n s tru c te d  would be  

the on es  that lead to a graph, if  the graph did e x is t .  T h e  known (to 

th is  author) BIBD (4 )'s that have  b e en  c o n s tr u c ted  are  a l l  c o m p o se d£t

of  2 d i s t in c t  (and in  one c a s e  d is jo in t)  S te in e r  t r ip l e  s y s t e m s  [ 8 ].

A  c o n jec tu r e  i s  that i f  r (2 , 3, 21, 162) e x i s t s  then  the BIBD ) for  

the  graph w i l l  not be  d e c o m p o s a b l e  into  2 s e p a r a t e  S t e in e r  t r ip le  

s y s t e m s .  _



9. In th is  s e c t i o n  w e  c o n s id e r  the  g(d ^ 3, t, v, n) graphs  and in  

p a rt icu la r  the r(d  ̂ 3, t,-*-, n) gra p h s .  We exhibit  the unique graph  

r(3,  2 , 4 ,  35). We have

9 .1)  F 3 (A) + t G 2 (A) = t J.

T h e r e f o r e

9 . 2 )  A 3 + tA 2 + ( t -  2v  +1) A + ( t -  tv)  I = t J 

and thus

3 29. 3) v  + ( t - 2 ) v  + v + t = t n.

If t * 2 u s in g  the t e c h n iq u e s  of  p rev iou s  s e c t i o n s ,  w e  get

L e m m a  9. 1: N e c e s s a r y  cond it ions  for the  e x i s t e n c e  of g{3, 2, v, n)

are

9 . 4 )  v 3 + v + 2 = 2n

9. 5) 8v  = a2 + 7 a =  1, 3, 5, 7 (8 )

T h e o r e m  9 . 1 : r(3, 2, 4, 35) e x i s t s  and i s  unique.  We def ine  the

h i e r a r c h y  in  th e  fo l low in g  m an ner:

The d i s t in g u ish e d  node 1b 0.

The  n odes  o f  f  a r e  nam ed  1, 2, 3, 4.

T h e  n odes  of  f Q(i) a r e  nam ed  11, 12,13 i = 1, . . . , 4.

T h e  nodes  of a re  nam ed as f o l l o w s .  We o b s e r v e  that  each
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e l e m e n t  of t  i s  con n ec ted  to 2 e l e m e n t s  of  i  . If the 2 e l e m e n ts
J  a

o f  i  a r e  ia ,  jb i , j = 1, . . . , 4 a, b = 1, . . . »  3 then the e le m e n t

of i 3 i .  g iv e n  by kia  m jb  k, m  « 1, 3. We d i s p la y  the h ie r a r c h y ,

th e  r e e n te r in g  arc  subgraph (note that th is  subgraph i s  b ipart i te  and

c o n s i s t s  of 3 d i s jo in t  c i r c u i t s  of length  the  g irth)  and the m a t r i c e s  

2 3A, A and A in  F i g u r e s  9.1 , 9 . 2 ,  9 . 3  and 9 . 4  r e s p e c t i v e l y .

That  the a d ja c e n c ie s  b e tw ee n  SL̂  and a re  c o r r e c t  i s  g iven  by the

l e m m a s  of s e c t i o n  3. That  they  are  unique i s  c l e a r ,  i f  w e  note that, 

g iv en  the a d j a c e n c ie s  of th e  nodes  11, 21*^2  in  jEy i f  22 w a s  adjacent  

to any node of  of the f o r m  112abc o r  113xyz then t h e r e  would be

3 paths of  length  3 f r o m  2 to 11. That  the  a d ja c e n c ie s  u s in g  the r e ­

e n ter in g  a r c s  a re  the  b ip ar t i te  o n es  show n i s  the r e s u l t  of the l e m m a s

of  s e c t i o n  3. Q. E. D,

F r o m  9. 3) i f  t * 3 w e  have  that a n e c e s s a r y  cond it ion  fo r  the  

e x i s t e n c e  of g{3, 3, v, n) i s

3 29. 6 ) v + v + v  + 3 *  3n

w h ich  i m p l i e s  v  — 0, 1 (3).  F r o m  T h e o r e m  3 .2  w e  deduce

9 . 7 )  r(3,  3, 4,  29)  ✓ R

(even  though the p a r a m e t e r s  s a t i s f y  9. 6 )).

F o r  d > 3 w e  know [ l ] ,  [ 2 ]  that  B graphs  e x i s t  fo r  d = 4 

and d * 6 and for  no o th er  v a lu e s  of  d, provided  t > 2. Of c o u r s e  

fo r  t = 2 w e  know b(d, 2, 2, 2d) a lw a y s  e x i s t s .  F o r  d = 4 w e  have ,



F
igure 

9.

0

,4 3

111211 112311 113411 1 2 1 2 2 1  1 2 2 3 2 1  1 2 3 4 2 1  1 3 1 2 3 1  1 3 2 3 3 1  1 3 3 4 3 1  2 1 2 3 1 2  2 1 3 4 1 2  2 2 2 3 2 2  2 2 3 4 2 2  2 3 2 3 3 2  2 3 3 4 3 2  3 1 3 4 1 3  3 2 3 4 2 3  3 3 3 4 3 3

3 2 3 4 2 3111211

1 3 1 2 3 13 3 3 4 3 3

3 1 3 4 1 3121221

1 3 1 2 3 1  2 3 3 4 3 2

2 2 3 4 2 2112311

1 3 2 3 3 1

2 1 3 4 1 21 2 2 3 2 1

1 3 2 3 3 1  2 3 2 3 3 2

2 2 2 3 2 2113411

1 3 3 4 3 1

1 2 3 4 2 1 2 1 2 3 1 2

00o



F i g u r e  9
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F i g u r e  9. 4



by  T h e o r e m  3.1, that a n e c e s s a r y  condit ion  fo r  the e x i s t e n c e  of  

r(4, t, v, n) i s

9. 8) v 4 + ( t -3 )v ^  + (3 - t )v ^  + ( t - l ) v  + t = t n.

Thus i f  t a 2 a n e c e s s a r y  cond it ion  for  the e x i s t e n c e  of  r(4, 2, v, n)

i s

9 . 9 ) v 4 - + v^ + v + 2 = 2n.

H ow ever ,  by T h e o r e m  3. 2 w e  have

9. 10)  r(4, 2, 3, 34) 4 R.

S i m i l a r l y  a n e c e s s a r y  condit ion  for  r(4, 3, v, n) to e x i s t  i s

9 . 11)  v 4 + 2v  + 3 = 3n

and thus v  5  0, 1 (3).

S i m i l a r  n e c e s s a r y  cond it ions  can  be w r i t t e n  for  any d and t 

F u r t h e r  study of the p o ly n o m ia l s  of  the  graphs  i s  ind icated  as being  

a w a y  to i m p o s e  s t i f f e r  n e c e s s a r y  con d it ion s .
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