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Abstract

DESCRIPTION OF HOMOLOGY AND COHOMOLOGY THEORIES OF 

CONNECTED ALGEBRAS AS QUOTIENTS OF IDEALS OF FREE 

CONNECTED ALGEBRAS

by Avraham Goldstein

Advisor: Professor M artin Bendersky

In this work we give develop technics of calculations w ith  the ideals of the 

free connected algebras. We use those technics to calculate the homology and 

the cohomology vector spaces and the kernels and the co-kernels of the product 

of the cohomology spaces of connected algebras as quotients of ideals of the 

’’overlying” free connected algebras.

This permits us to prove some results about connected algebras w ith  certain 

cohomology structure. We also demonstrate our methods at calculating the 

cohomology structure of Mod 2 Steenrod algebra and some of its sub-algebras.
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1 Introduction

In this work we introduce definitions and results about connected algebras. 

Particularly, we give an explicit formula for the homology groups, H n(A), of 

a connected algebra, A, in terms of its generators and relations. The main 

reference for this material is [14]. A connected algebra, A, over a field F , 

is an F-algebra, graded by non-negative integers, s.t. i t ’s 0th grading, Ao, 

is isomorphic to F . This isomorphism is given as a part of the structure of 

connected algebra, hence one says that A q =  F  [see Definition 2.1].

The augmentation ideal, / ,  of a connected algebra A  is defined as H i^ i A'-

A set G C I  is called a generating set of A  i f  every element of A can be 

represented as a sum of coefficients from F  w ith products of elements of G, [i.e. 

a =  • . . .  • g i , h  +  ••• +  f m 9 m ,l • -  • 9m,km] G is called minimal generating set

if  none of its proper subsets is a generating set.

For a connected algebra A and a fixed generating set G  of A, we denote by 

A' a free algebra on a set G, i.e. the elements of A' are sums of coefficients from 

F  w ith products of elements of G, where each such sum represents a different 

element in A'. Clearly, A' is a connected algebra and i t ’s augmentation ideal is 

denoted by I 1.

l
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There is a natural projection proj : A' —> A. The kernel of this projection is 

called the relations ideal and is denoted by Rel C A'.

We define [Definition 4.7 and Lemma 4.19] {Z n}^LQ an<̂  {Bn}%Lo -ideals of A':

Z'n :=  p |  (7/a> • RelA • 7/c*2 • RelA •... • 7/a"+1 • R e l C A'
J2i(o!i+2Pi)=Ti

n
B'n :=  7'-Z'n+Z'n-I' + [J 2 (Z 'i-v R e l-Z ,n- i)} -  W ill be proved in Corollary 4.15 to be C Z'n

i=1

The main new result of this work is:

[Theorem 4.18] H n{A) = Z'n/B'n
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I f  G is a m inimal generating set, then Rel C I '  ■ I '.  This fact simplifies the 

formulae for Z'n and B'n. In  this case one gets, by directly plugging into the 

above formulae:

Z^ =  A! , 5 j  =  / '

=  , b [ =  i '  • i '

Hence H 0(A ) =  A ! / I '  =  F  and H ^ A ) =  / ' / ( / '  • I ' )  =  1 /(1  ■ I ) .  Those are 

classical results in the theory of connected algebras [14]. Also

Z *2 =  Rel

B'2 =  ( I '  • Rel) +  (Rel • / ')

Hence H 2 (A) =  R e l/ \ ( I ' • Rel) +  (Rel • / ') ] ,  which is a restatement of W all’s 

result from [14] in our terminology.

A ll other formulae i.e. formula for H 2 (A), using a general [i.e. not necessarily 

minimal] generating set G , and formulae for higher H n(A ), using a minimal or 

a general generating set G, which are given in Example 4.22 are new.

3
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In Section 5 we introduce Yoneda cup-product

E x ts/ ( M , M ')  ® E x t3/  (M ', M ")  -> £ x * y s7 +t'(M , M ")

A  new result, developed in Section 5, is Definition 5.4 of parings

Pi,j '• %i+j % i®

such tha t [due to Lemmas 5.2 and 5.3] pij(B 'i+j )  C [(S ' ® Z'-) +  {Z\ <g> £?'•)].

Thus we define in Lemma 5.5, by passing to quotients, parings

Vi,j ■■ H'i+ j(A) H'i(A) ® ff'-(A )

In T he o rem  5.6 we establish duality between TRovj^i and Yoneda cup-product 

in the case M  =  M '  =  M "  =  F  and s =  i, s' =  j  [TR  is unoriented transpose, 

T R {x ® y ) y ® x }. Using this duality, we produce, in Theorem  5.8, explicit 

formulae for kernels and co-kernels of Yoneda cup-product maps in terms of 

generators and relations of A.

In  Lemmas 4.20 and 4.21 we find all the connected algebras A, for which 

there is certain commutativity relations between the ideals I 1 and Rel of A'. In 

Theorem 5.9 we combine these results w ith Theorem 5.8 to find all algebras, in 

which certain Yoneda cup-products have zero kernel.

4
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In order to achieve our results on the homology of a connected algebra A, we 

introduce in Definition 2.19 and construct in Section 3 the minimal resolution. 

We then translate this construction, in Section 4, into the language of ideals of 

A'.

In Section 6 we define Hopf algebras and discuss their properties. A  Hopf 

algebra A  is a connected F-algebra, equipped w ith  an algebra homomorphism 

va : A  —> A  ® A, called co-product, such, that for all a £  A the projection 

of v a { ° )  onto A) ® A  is 1 <g> a and the projection onto A  0  Aq is a ® 1. A 

Hopf algebra A  is called co-associative if  [Id a <8> va] °  uA =  \va ® Id  a] ° va- 

For a co-associative Hopf algebra A, we construct vjjn, the cup-co-products on 

homology of A. This construction uses va■ I t  is known from [2] that

(vHn =  ©  " i, j)  '■ H n{A) -> ^  Hi(A) ® H j ( A )
i+ j—n i+j=n

In  other words the construction of Vfjn uses VA, but ujjn does not depend on va

Section 6 also introduces Liulevicius’s [from [6] ] SQn, n =  0,1,... operations 

on co-homology of co-commutative [see Definition 6.3 ] Hopf algebras over a 

field w ith  characteristics 2.

For a comprehensive treatment of this material see [11]

5
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We use our results in Section 7, to calculate the i /3 of the mod 2 Steenrod 

algebra, A, and of some of i t ’s fin ite sub-algebras. We produce some relations 

on the products of the elements of E x t1 (A) and E x t1(A ^ )  and E x t1{A^])-

Those calculations are then compared w ith the literature. [1], [10].

6
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2 Definitions and Notations

We assume some fixed field F  throughout this article. We recall the definitions 

of Z-tensor product, F-vector space, F-linear map and F-tensor product. For 

H i, H 2 - two commutative groups, the Z-tensor product, H \ <S>z # 2, is defined 

as a free commutative group on all pairs (v, x), modulo all the relations 

([d +  w],x)  — (v , x ) — (w , x ) and (v, [x +  y]) — (v ,x ) — (v,y ), for all 

v, w € Hi ,  x, y € H 2 . F-vector space is a commutative group V,  equipped w ith  

am ap h : F ® Z V  - *  V,  s.t. h( [ f i®zVi ]  +  [f2 ®zV 2\) =  K f i® Z V i ) - \ - h { f 2®zV2 ) 

and h (f i ® z  M /2 ®Z v)) =  ML/1/ 2] ®Z v) for all / 1, / 2 € F, v \ , v2 € V.  

Throughout this work we write f v  for h ( f  ® z  v) and we call /  - the coefficient 

of v in fv .  Let V  and W  be two F-vector spaces. The map g : V  W  is 

called F-linear if  g (fiv \ +  / 2V2) =  f i9{vi )  +  f 2d(v2)- The F-tensor product, 

V  W , is defined as a commutative group V  ® z  W,  modulo all the relations 

{[fv] ® z w) — {v®z [fv}]), equipped w ith a map h : F ® z  { V ® f W )  ~^ ^  

given by h( f®z[v®F'w] )  '■= { fv)®FW.  A ll the tensor products in this work are 

F-tensor products and we om it subscript from them. Since for any F-vector 

space V, V  ® F  and F  <g> V  are naturally isomorphic to V,  by isomorphism 

v D ® 1 1 ® we regard them as the same object.

7
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Definition 2.1 A graded, connected F-algebra A is a disjoin union of F-vector 

spaces A n, n >  0, such that Aq — F , equipped with the product map pa  =  

(Ji j >0 PAi,Aj ■ Ai ®  A j —> Ai+j ,  where each PA^Aj is F-linear and PAt,A0 and 

PAqAj are identity maps, such, that

W i+j,Ak o {PAirAj ® I dAk) =  HAuAj+k ° (IdAt ® /M „Afc)] : M  ® A j ® Ak -> A i+j+k

The product p a  is regarded as a map from A ®  A into A. All algebras in this 

work are assumed to be connected F-algebras.

Where possible, we w ill omit the subscript from the p a  and we also write a • b 

for p(a ® b).

Definition 2.2 Let A and B  be two F-algebras. Then the algebra homomor­

phism f  : B —* A is union of F-linear maps fa : B { —* Ai, such that fo =  Id p  

and:

[f  °  HB =  V A ° ( f  ® / ) ]  : B ® B  -► A 

Let V  be a disjoint union of F-vector spaces Vp i >  0 and A be an F-algebra.

Definition 2.3 I f  one fixes a map /  =  (Jz j>o fA,yj ■ Ai ®  Vj - *  Vi+j f  where 

each fAi,Vj F-linear and fA0,Vj are &U identity maps, such that f o ( p ® I d y )  =  

/  o ( Id  a ® f ) ' - A ® A ® V ^ V ,  we say that {V, / }  is a left A-module and call 

f  a left action of A on { V , f } .  The action f  is regarded as a map from A ®  V  

into V .

8
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Definition 2.4 I f  one fixes a map f  =  U ij> o  fvuAj '■ ^  ® A j  —>  V i + j ,  where 

each fVi,Aj is F-linear and f v u A 0 are oil identity maps, such that f  o ( /dy®f i )  =  

/  °  ( /  ® Id jf) : V  ® A ® A —> V , we say that {V, / }  is a right A-module and 

call f  a right action of A on {V , / } .  The action f  is regarded as a map from 

V  ® A into V .

In both cases of modules and actions we w ill omit, where possible, the men­

tion of /  and write just V  for { V , / } ,  a • v for f ( a  ® v) and v - a for f (v  ® a). 

The field F  is also regarded as left and as right A-module w ith  Fq — F  and 

Fn>o =: 0- The actions are given by /  • a =  a • f  =  fa  i f  a 6 A q =  F  and 

/  • a — a • f  =  0 otherwise.

I f  V  is a graded F-vector space w ith  additional structure, then [V ]^ denotes 

the underlying graded F-vector space.

Definition 2.5 Let V  be a graded F-vector space. Then, T A{V),  the free left 

A-module, generated by V , is a vector space [A ]^ ® V  with A-action defined by 

ai ■ (a2 <8> v) :=  (a i • 02) <8> v.

9
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Let A b e  a, connected F-algebra.

Definition 2.6 Let M  be a left A module and S C M  be any subset of M .  

Then SF C [M]F is an F-vector space {x £ [M]F \ x =  fa • Sj} and SA C M  

is a left A-module {x  £ M  \ x =  Y l iai ' si}- H ere f i ^ - F  and £ A.

Definition 2.7 B  C A is called a left ideal of A if  for any a \ , a 2 6 A and 

&i, £>2 £ B , a\b\ +  <22̂ 2 £ B.

Definition 2.8 B  C A is called a right ideal of A  if  for any ai,a2 £ A and 

&i, 62 £ B , b\a\ +  &2a2 G B.

Definition 2.9 I  a  :=  Ui>o Ai is called an augmentation ideal of A. I  a is both 

right and left ideal of A. The subscript will be omitted where possible.

Definition 2.10 The set G  C I  a  is called a generating set of A if  every element 

x £  I  a  is expressible [not necessarily uniquely/  as x =  Yli fi{9i, 1 • ••• ’9i,u), where 

fa £ F  and <7*^ £ G. The generating set G is called minimal, if  none of i t ’s 

proper subsets are generating sets.

Definition 2.11 Let G be a graded set. The free algebra on G, F ro , is defined 

as F  in degree 0 and in degree n as F-vector space F rc ,n> spanned by all ex­

pressions Yli(gi, 1 • ••• 1 9i,u), where #*,* £ G and deg{gi, 1) +  ... +  deg(g^ti) =  n. 

PFrc '■ F ro  <8> F ro  —> F ro  is an additive extension of: [  fa, fa € F  , #*,* £ GJ

HFra ( f i ( 9 i , i  ’ ••• • 91,u )  ®  /2 (0 2 ,i  • ••• • 92,t2)) : =  f i f 2 ( 9 i , l  • ••• • 9l ,u  • 92,1 • ••• • 92,ti)

10
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D e fin it io n  2.12 Let A be a connected F-algebra and G a C I  a be a generating 

set of A. I f  Ga  is clear from the context, we will write A' fo r F rg A■ I '  will 

denote the augmentation ideal of A '. For each gt E G, g[ will denote the corre­

sponding element in A' and G' :=  {g't} C V . The map g't —> gt extends to an 

algebra homomorphism pro j : A1 —► A, which is onto. I t ’s kernel Rel C A' is 

called relation ideal [relative to Ga] • Rel is both right and left ideal.

D e fin it io n  2.13 Let A be an F-algebra and X  and Y  be two left [right] A- 

modules. Then F-linear map f  : X  —*■ Y  is called left [right] A-module homo­

morphism if  f ( a  • x) =  a • f ( x )  [ f (x  • a) =  f ( x )  • a] for all a E A and x E X .

Any bi-graded F-vector space X i j  can be regarded as a diagonally graded by 

=  © i+j=n X i j .  Hence, for two graded F-vector spaces, V  and W,  the 

product V  <g> W  is regarded as a graded F-vector space.

D e fin it io n  2.14 Let A  be an F-algebra, X  be a right A-module and Y  be a left 

A-module. Then F-vector space X  ® a Y  is defined as a quotient of F-vector 

space by the F-vector sub-space, spanned by all (x -a )®y — x®(a-y) ,

a E  A , x  E X , y  E Y .

l i
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Definition 2.15 Let A be an F-algebra. The left [rightJ A-module P  is called 

projective if  for any left fright] A-modules X  and Y , and for any left [right] 

A-module homomorphisms f  from X  onto Y  and g from P  into Y , exists [at 

least one] left [right] A-module homomorphism h : P  —» X ,  such that 

( /  o h =  g) : P  -+  Y .

I t  is a classical result in homological algebra that, for any graded F-vector space 

V, P A(V)  is projective left A-module. See [5] and [15].

Definition 2.16 Let A be an F-algebra and M  be left [right] A-module. Then 

the long exact sequence ... ^ Pn ••• ~*P2 ~*P\ ~*Po —> 0, where all

Pn are projective left [right] A-modules and all dn are left [right] A-module 

homomorphisms, is called a projective resolution of M.[Hence the sequence 

... ^ Pn ^  ... —+F2 ^ P i ^ P q —» 0 has [M ]f  as its 0th homology F-vector space]

Definition 2.17 Let A be an F-algebra. Then the functor T  from the category 

of left A-modules and left A-module homomorphisms to the category of F-vector 

spaces and F-linear maps is defined as follows: T ( M )  :=  F  <S>a M  =  [M]F / [ I  • 

M f  and T { f )  :=  I d F ®A f .

F-vector spaces T ( F )  and F  are naturally isomorphic, by 1 0,4 1 <->1.

12
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D e fin it io n  2.18 Let A be an F-algebra. Then the n homology F-vector space, 

H„(A) ,  of

where {Pi ,di} is [any] projective resolution of F , i.e. K er(5n-i) /Im a g e (S n), 

is called the nth homology F-vector space of A and i t ’s dual F-vector space, 

H n(A) :=  H om (H n(A), F ) , is called the nth cohomology F-vector space of A.

One also uses Torn(A) for H n(A ) and E xtn(A) for H n(A). Another definition 

of E xtn{A) is the Ker(S]l)/Im age(5:[l_ 1) for

0 * z l ^ t HomA{Po, F )  6'°:=~--d-0- >Hom A{Ph F ) S'l^ ~ odl >Hom A(P2, F )  5̂ ~ od\  .

Since each Pn is a graded A-module, the F-vector spaces H n(A ) and H n(A) 

are bi-graded. We w ill use the notation Pn^  , H n>k , H n,k for the sub-object of 

nth object (nth homology degree) of inner degree k [and sim ilarly for Torn^(A ) 

and E xtn'k(A)].

D e fin it io n  2.19 Let A be an F-algebra and M  any left A-module. Then the 

projective resolution of M  is called minimal if  dn(Pn+ 1) C I  ■ Pn for n >  0.

The other description of minimal resolution is that T ( d n) =  0 for all n >  0. 

Hence, if  {Pi, d j} is a minimal resolution of F,  then

Hn(A) = T(P„) = [P„]F/ { I  ■ P n f

13
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D e fin it io n  2.20 Let A be an F-algebra and M  any left A-module. Then the 

subset S C M  is called a generating set of M  i f  every x E M  is expressible (not 

necessarily uniquely) as x =  Y ! iai ’ si> where a* E A, s* E S, i.e. M  =  SA. A 

generating set S is called minimal in none of i t ’s proper subsets is a generating 

set.

We observe that i f  5  is a minimal generating set of M  then

[ M f  =  s F e [ i ■ m ]f

Also, in this case, S  is a basis of SF .

We also observe tha t every [minimal] generating set of A, as in Definition 2.10, 

is [minimal] generating set of I ,  regarded as left A-module, as in Definition 2.20

14
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3 C.T.C. W all’s Construction and it’s extension.

We w ill produce here [extended] W all’s construction from [14], of m inimal res­

olution of F  w ith  respect to an F-algebra A. Out methods are easily extended 

for a general left A m odule  M .

We start by taking Pq :=  A, w ith  A  acting on itself by m ultiplication from 

the left, and d - i(a )  :=  a i f  a € Aq =  F  and cL i(a ) :=  0 otherwise. Clearly, 

K e r ( d - \ )  =  I  C A  =  Po- Let now G  be some minimal generating set of left 

A-module I .  Then [ / ]F =  GF  ® [ I  • i f .  Take Pi  :=  F a (Gf ) and 

9o{a ® f i  • gi)) :=  Y liU i a ' 9i)• general, i f  one already constructed Pn 

and dn- \ ,  one chooses Sn as some minimal generating set of le ft A-module 

Ker (dn- i ) ,  hence [Ker{dn- \ ) f  =  SF ® [ I  • Ker(dn- i ) f , and takes Pn+i :=  

P A(SF ) and dn(a ® ( £ * / *  • x{)) :=  a ' xi) £ Ker(dn- i )  C Pn, where

Xi € Sn. One proves dn(Pn+1) C I  • Pn by induction on n. I t  is the same, as to 

prove, tha t Sn C I  • Pn. We already have it  for n =  0. Suppose Sm C I  • Pm 

for all m < n .  Choose x — ® si € Pn, s.t. dn_i(a:) =  ai • Si =  0. Here

ai e A, Si e 5n_ i , Si =  Sj i =  j .  I f  x £ I  • Pn, i.e. some a^ 6  A q =  F , 

we can solve s  ̂ ' sii which contradicts the m inim ality of Sn- \ .  So

Ker (dn- i )  C I  • Pn, hence Sn C /  • Pn. One gets that

H n+1(A) =  SI

15
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In that notation So is just G , a minimal generating set of A  and any x € 

I<er(do) is some a i® g i  +  . . .+ak®gk,  a* € A,g* G G, s.t. ai-gi  +  . . .+ak -gk =  0. 

So Si is jus t a m inimal generating set of ’’ relations” on G, i.e. such set of ’’ rela­

tions” , tha t any ’’ relation” can be represented (not uniquely) as a i-s i +  ...-(-arSf, 

a* G ;4, s* G S\, and no proper subset of Si has that property. By the analogy, 

S2 is a m inimal generating set of ’’ relations” on Si, etc. This description of 

H 2 (A) as ’’m inimal relations” is due to Wall. See [14].

We put the word relation in quotations, because the ’’ relations” in W all’s 

sense are a left /1-module and a different object from the relations of Definition 

2.12, where the relations constitute an ideal in some free algebra ’’over” A. 

Hence the non uniqueness of the representation of ’’ relations” by the elements 

of a m inimal generating set S i.

Definition 3.1 The left A-module map dn î : yl®(n+1) — ► A ® n defined by 

additively extending

dnj ia l  ® ... <8> a* <8> flj+ i 0  ••• 0  an ® an+ i) :=  a\ 0 . . .  0  (aj • ai+i) 0 . . .  0  an 0  an+i 

is called i th face map. Here 1 <  i <  n. A ll dnj  are clearly surjective (onto).

16
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By abuse of notation we w ill write also dn  ̂ : /®(n+1) —> i n terms of

this construction Sn C /®(n+1) and for n >  0,

71
S„ C Ker(dn,i)  n (/ ®  s£_i) C f )  Ker(dnj )  c 7®<n+1> (3.1)

z=l

We define S - 1 :=  1 , JT_i :=  J_i := A , S0 := G , X 0 : =  Jq := /  and left 

i4-modules

n
X n :=  [ i fe r ^ O f lC J is S ^ ! ) ]  C /® "+1 , J„ :=  [ f |  K e r(i„ ,;)] C /® "+1 (3.2)

1=1

Notice that, X n =  S£ =  K er(dn- 1) C Pn-

Notice also tha t H q(A) =  [Pq]f / [ I  • Po]^ =  [A]F / [ I  • A]F  =  [A]F / [ I ]F — F.  

One has tha t H n+ \(A ) =  SF =  [Xn]F / [ I  • X n]F for all n >  — 1.

Js C /  ®  J4 C / ®°  J 4 C /  ®  J3 C / ®5 73 C / ® J 2 C / 04 J2 C / ® J i  C / 03 Ji  C / ® /  -A) =  /
u u u u u u

K e r (0 4) =  =  5s* K c r ( d 3) = X 4 = S ?  K e r ( d 2) = X 3 = S f  /C e r (0 ,)  =  A"2 =  t fe r (9 o ) =  X ,  =  S? K e r ( d - , )  =  X 0
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4 Calculations with ideals of A'

For an algebra A  fix  some generating set G  and take A' =  Fro(A) .  In this sec­

tion we shall ’’ l i f t ” the construction, described by (3.1) and (3.2) to /'<g)... <g> I '  

and then ’’m u ltip ly  it out” onto ideals of A'. This w ill enable us, in Theorem 

4.18, to express homology groups of A  in terms of ideals of Af. We begin devel­

oping some results concerning A'. [Note, A'®0 :=  i 7®0 := F  ]

On page 19 we provide a fu ll page diagram, illustrating our definitions and 

constructions from this section.

Definition 4.1 The element x E A' is called homogeneous, i f  x =  fg [ ■ ... • g't 

or x =  f ,  where f  is any element of F  and g* are any elements of G '. I f  

x =  fg [ •... • g't , we say that the weight of x, w(x),  is t, and if  x =  / ,  we say 

that the weight of x, w{x),  is 0. So the weight of a homogeneous element is the 

number of generators in it.

Definition 4.2 The element x E A'®n =  A' ®  ... ® A' is called homogeneous, if  

x =  x \ 0 .. .  ® x n, with each factor xi being homogenous. We say that the weight 

of x, w(x)  :=  w{x i )  +  ... -f- w(xn). So the weight of a homogeneous element of 

A'®71 is the total number of generators in it.

18
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By definition of A every element x G A! is a unique sum of homogeneous 

elements, which are called homogeneous summands of x. Similarly, every el­

ement x G A'®n is a unique sum of homogeneous elements, which are called 

homogeneous summands of x.

Definition 4.3 The left Ar-module map d'ni : 4̂/®(n+1) — ► A'®n defined by 

additively extending

dn,i{a i 0  -  0  ai 0  ai+1 0  -  0  an 0  an+l) := al ® ® M ' a'i+l) ® ® <4 0  a'n+1

called i th face map. Here 1 < i  < n .  Every face map is surjective (onto) and 

takes a homogeneous element to a homogeneous element of the same weight.

Definition 4.4 We define F-linear map 7rm : [A'®n]F —> [A'®n]F . On each 

x G A!®n, 7Tm(x) is the sum of all homogeneous summands of x of weight m. 

We also define F-linear maps 7r<m(x) :=  YLi<m'ni(x) o,nd/K<m(x) :=

We also use wmin{x) for the minimal weight of homogeneous summands of x 

and irmin(x) :=  7rWmin̂ ( x ) , i.e. the sum of all homogeneous summands of x of 

minimal weight. N O T E  that txmin is N O T  an additive map.

The functions 7rm , 7r<m and 7r<m provide some kind of ’’ filtra tion” on the 

elements of [A'®n}F .

By the abuse of notation we w ill apply the functions itm , 7r<m and TX<m to 

elements of A'®n.

I t  is clear that i f  x G A'®n is of degree (grading) d, then Tx<d{x) =  x.

19
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We are now ready to ’’ translate” (3.1) and (3.2) into the (two sided) ideals 

of A'. Let

:= F  , X'_i :=  J—\ :=  A'

X'o := 4  :=  I '

J'n :=  f l  ® Rel ® /'® (n_i))
i= l

n!i = proj~l {S%) n 4  . x ^ p r o r 'W n J i

where proj : I '  ® ... (8) I '  —► I  0  ... ® I  is the natural projection.

We now want to show that proj(J'n) =  Jn for all — 1 <  n. I t  is clear, that 

proj{J'n) C Jn and i t  is clear, that proj(J'_{) =  J_ i and proj(Jo) =  Jo- So, 

assume tha t 1 <  n.

20
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Let {1, i i ,...}  C A be some F-basis of [A]F . Then every element x G Jn 

represented as

x =  1 2  (/<«,,...
11 1

where each ^  € F  and only finitely many of them are nonzero.

For all 1 <  k <  n, we have that, for all £ i , tk-i ,tk+2i  •••> tn+i >

i tl ® -  ® itk. x ® ( ^ 2  (/(«£l....<.B+1)(**fc- ^ + i) ) )  0  ***+» 0  -  0  ®«»+i =  0
tkî k+l

tkJk+l

Fix some i \ G proj~l (i i ), i '2 G pro?-1 (*2),... and define

fl ).")̂ n+l

We have that

proj( (f(ih,..,itn+1M k ■ *Li))) = I ]  (/(**.> • ^ +i)) = 0
tk,tk+1 tk,tk+l

tk,tk +1
Hence a:' G J'n. But proj(x')  =  x. So proj (J 'n) =  Jn.
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D e fin it io n  4.5 The left A'-module homomorphism prn : ^ '® (n+1) —> A’ is de­

fined by extending linearly prn(a '1 ® ... ® afn+1) :=  a\ • ... • a!n + l.

Or \prn :=  d'l x o d'2 l o ... o d'n l ) : A'®(n+1) _>

Thus for a; G i4'®(n+1)) the map prn just turns every tensor product in x into

the m ultiplication in A'.

Le m m a  4.6 For any F-vector space B ' C [A']F one can choose F-basis {c^, c2, ...} 

of B ', s.t. every c'm has a homogeneous summand, called sgn(cfm) , not appear­

ing, as a homogeneous summand, in any other c'n.

Proof: I f  B ' has nonzero elements of grading 0, we take c[ =  1 G F .

For any fixed grading d, d =  1,2,... , {7Ti(6') | b' G B'd} is some F -vector 

subspace, Bd[ 1], of F -vector space [G'd]F , spanned by all gt G G’d.

Choose ..., b\ ki G Bd, s.t. ..., ni(b'lk i ) is a basis of B'd[l]. By sim­

ple m atrix  inverting argument from linear algebra, we can construct b" ^  ..., b'[ 

each b" j  is an F-linear combination of ..., b\ s.t. each b'{ j  has some 

summand g'̂  appearing only in it, and each b\ h is F -linear combination of 

^1,1, •••! kx- Furthermore, for every b' G B'd, we can subtract some unique F -  

linear combination of 6 ^ ,. . . ,  b"ki from b', to ’’annihilate” its 7Ti(6|n) summands. 

The result of this subtraction is called o\ (b1).

22

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



A ll { 7T2(<7i ( 6')) | b' G Bd} spans some F-vector subspace, Bd[2], of F-vector 

space [E d 1+d2=dGd1 • spanned by all g[x • g'h , where g\x G G'dx , g[2 G G'di

and di +  d2 =  d.

Choose b'2 l , ..., 6̂  G S j, s.t. 7r2(<7i(^t l)), ^ ( ^ ( f t ! ^ ) )  is a basis of Bj[2].

Again, by m atrix inverting argument, we can construct 62,11 •••» &2 fc2> eac^ is 

an F-linear combination of b'21, ..., b'2 s.t. each <71(62 j )  has some #^<7̂ , which 

appears only in it, and each b2h is F-linear combination of b2 l , •••, b2 k̂ . Fur­

thermore, for any 6' G B'd, we can subtract some unique F-linear combination 

of <71(62 1),..., <71(62 fcz) from <7i(6'), to ’’ annihilate” the 7r2(<7i(6')) part of cri(6/). 

The result of this subtraction is called <72(6').

We then repeat the process for weights 3, ...,d. I t  is clear that 

crd(6/) =  0 | V6' G B'd. Hence the subset of

W a » -” »^/, f c P ^ i ( ^ ) » " M ^ i ( ^ ) , . . . ^ d - i ( ^ , - - M ^ d - i ( 6 d /lfcd)}> consistine ofa11 

nonzero elements, is a F-basis of B'd and every element in it  has a unique ho­

mogeneous summand.

The basis c[,c2, ... is the disjoin union of the above constructed basises for 

all gradings d, for which B'd ^  0.

23
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Definition 4.7 Here and elsewhere I ' 0 := RelG := A ' , I '° °  Rel°° := 0.

Z'n :=  p |  (7/q> • Rel01 ■ I '°2 • Fe/A • •  7'a"+1 • Rel&+>) C A ' 

E<(Qi+2/3»)=n

as restriction of prn to X'n.

Proof: By induction on n. X r0 =  I '  =  Z[ andp r1^ )  C (R e lD (Ir■ I ') )  — Z 2, 

so we have the Theorem for n =  0,1. Assume the Theorem for all numbers, t i l l  

n — 1.

Any element x' =  Yht — e ^n> where all are homogeneous

and /*  € F , can be w ritten as ^  j  ® zt/^ +  ... +  i[ k 0  w[ k, where all w[ v are in 

J'n_ i and all i \  are different. Hence, by induction hypothesis, prn(J ,n) C I'-Z 'n.

Let Cj, c2, ... be a F-basis of [Rel]F , as in Lemma 4.6. dn^(x') e R e l® I'® n~l 

can be represented as

n

2=1

Theorem  4.8 prn{J'n) C Z'n+1. Hence we can define

h 3

24
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Again all i '  * * are homogeneous. But

Xv M A ,t ® *2,t ® ••• ® *n+l,f)  ̂ i '  ® I '  0 Jji—2 
i\,t'i2,t:=s9n{c'k)

Hence dn^(x ') 6 Rel <g> J^_2 and, by induction, p rn(J^) C Rel •

Hence p r ^ i )  C ( / '  • Z j)  f l  ( ife i • Z ^ )  C Z ^  - last inclusion constructed 

by induction.

Lem m a 4.9 Every x' e K er(pro j : J'n —> Jn) can 6e written as:

n+1
£ =  ^   ̂Xj. , I j .  6 *A:-2 ® ® ^n-fc

k=l

Proof: Let {c'j, c2, ...} be an F-basis of [72e/]F , as in Lemma 4.6, and {i^ , i 2, ...} 

be the set of all homogeneous elements of / '  [no repetitions], different from 

sgn(c[), s g n fy ), .... Hence {sgn(c[), sgnfc^),..., *2, ...} is the set of all ho­

mogeneous elements of w ith  no repetitions, and, thus, an F-basis of [I']F . 

Clearly, {c j, c2, ..., i 2, ...} is an F-basis of [ I f]F  as well. Denote $  :=  z2, ...}]

Clearly, p ro j($ )  =  [7]^ and the kernel of proj, restricted to <f>, is 0.

Represent x' =  Ylt dt ® u ,t +  Ylt A ® Vt■ Then each u't has to be in J'n_ i. 

Define x[ := Ylt ct ® ut- Now take x" :=  xf — x[.

Clearly, x'Y € Rel®J'n_ i C K er{pro j : J'n —> Jn), so x " G K er(pro j : J'n —* Jn).

25

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



Represent: x" =  ] T  v” <g> cj <8» u" +  ^  ® 4  ® Vtuh
t ii,<2

Again, each v'( has to be in Jq and each u'( has to be in J 'n _ 2 . Define

x 2 -= ^ 2 v t  ®  ®  u t

t

Now take x m :=  x" — x 2 =  x( — (x[ +  x2).

Clearly, x2 e Jq® Rel ® J 'n _ 2 C K er(p ro j : J'n —»■ Jn), so 

z '"  E K er(p ro j : J'n -> Jn).

A fte r repeating this process n +  1 times, we are left w ith  

x '(n+i) :=  x / - (a ;/1+ x /2 +  ...+a:Jl+1), which is an element of K er(pro j : J'n —► Jn).

But x '(n+1) E <£®(n+1). Since proj has zero kernel on <3>®(n+1), =  0 and

x’ =  x'1 + x ,2 +  ... +  x'n+1.

T h e o re m  4.10 prn maps K er(pro j : J'n —*■ Jn) into B'n + l.

P ro o f: Every x' E K er(p ro j : J'n —» Jn) can be w ritten x' =  x[ +  x2 +  ... +  

x'n + li as in the previous Lemma.

But prn{x’k) E prk~2 (J'k_2)-R e l-p rn~k(J'n_k) C B'n+l for each 1 < k < n  + 1.

26
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Lem m a 4.11 Let L' C A' be a left ideal, and , Zg,... be some minimal gen­

erating set of L ' . Then there is only trivial solution to [yk are homogeneous 

elements of A ']

Y  y'k'l'k =  Y  fk (9 i ,k '- - 9 hk,k)-l'k =  0 > here li mi9 ht be equal to !'■ for i ±  j ,  but y[ ±  y' 
k k

P ro o f: Any non-trivial solution must have h  ̂ >  0 for all k, since this gen­

erating set is minimal [if hf. =  0 one can solve for lk], Choose a non-trivial 

solution w ith  m inimal tota l amount of g \y  F ix g' =  g[ 1. Now

Y  M 9 i , t ' 92,t ' ••• • 9ht,t) mh  =  0
9’i,t=9'

Y f i(92 ,t  • • 9ht,t) ' h  =  0
9'i,t=9'

This contradicts the m inim ality of tota l amount of g in the chosen solution.

Corollary 4.12 Let L' C A' be a left ideal, and M ' ,N '  C A' be right ideals, 

then

(A f' n  N ') ■ i f  =  (A f' • I f )  D (N ' • I f )

P ro o f: Let l[, ...,l'k be a minimal generating set of L '. x' € M 1 • I f  can be 

represented by x' =  m[ ■ l[ +  ... +  m'k • lk , m ' 6 A f ', and x' € N ' ■ I f  can be 

represented by x' — n[ • l[ +  ... +  n'k • l'k , n'- € N '. By previous Lemma, 

m/l = n [ , . . . ,m ,k =  n'k.

27
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Obviously, in 4 - 1 1  and in 4 -1 2 , the ’’left ideal” and ’’right ideal” can be in­

terchanged.

T heorem  4.13 prn : J'n —> Z 'n + 1  is onto.

P ro o f: For n =  0, Jq =  I '  =  Z [. For n — 1 take any J2j i j  ' 9j e ~  

( I '  • I ' )  f l  Rel. Then for x' :=  Yhj i j  ® 9 j  £ J[ , p r1 (a:') =  We proceed

by induction on n.

Assume chosen w'n_ hl e and w 'n _ 2 1  e J^_2,

< - 2,/, € J'n_2, s.t. prn~1 (w'n_ l l ), ...,p rn~ l {w'n_ l k) are all different and form a 

minimal generating set of Z'n, as left A' ideal, andprn-2(nj^_21), ...,p rn~2 {w'n_2k)  

are all different and form a minimal generating set of Z 'n_ a s  left A' ideal, w ith 

each

K - 1 J  =  un - lJ , l ® K -2 ,1  + -  + un-l,j,h ® Wn-2,h I un - l ,*,*  ̂/'

Making these choices w ill be done in this proof inductively, and is triv ia l for 

n =  1 [i.e. w'Q j  :=  gj , w'_hl :=  1 and u'0 J 1  := g'j].

Remark: We here abuse the notation and identify A1 w ith  A' ® 1.

For any element x' € K + i  C I '  • Z'n pick a representation

=  i ' i -p r n~l {w'n_ M ) +  . . .+ i 'k -p rn- l (w'n_hk)x

28
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Here ..., i'k 6 I '  are not assumed to be homogeneous. We define

y' :=  i[  ®  w'n_ ltl +  ... +  i'k ® w'n_l k =  v[ ®  w'n_2A +  ... +  v'h ® w'n_2h

where V+ G I '®  I ' .  Since all { ra -prn~2(w,n_ 2p) \p =  l , . . . , / i ; ra G R e ln ( I f • I 1)}  

generate a left .A'-ideal [Rel D ( / '  • I ') ]  • < _ l5 we can choose some minimal gen­

erating set { rq,p -p rn- 2{w,n_2 v)}  of Z'n+l C [Rel n  ( / '  • I')}  • Z'n_ v

Since representation of x' =  pr1{v/l )-prn~2(w,n_21)+ ...+ p r1(v,h)-prn~2(w 'n _ 2  h) G 

K + i c  ^  in terms of the { r 9ip • prn 2« _ 2,p) }  is unique, we get 

p rl {v'\) £ R-eU •••iPr l (vh) e Clearly, y' G and prn(y') — x '.

Now choose any minimal generating set {.z£}*=i,...,e of and represent 

each

= <t,i •Prn_1K -i,i)  + -  + un,t,k 

We now define each

<,f := «n,t,l ® <-1,1 + -  + u'n,t,k ® < - U

That finishes the proof of the Theorem.

29
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C o ro lla ry  4.14 An : * n  -  Z'n+1 is onto.

P ro o f: For any x' G Z'n+1, take y' G J 'n, s.t. prn(y') =  x'. Since,

J'n C 7/0n ® V  =  I'® n <8 > Xq, we have y' G / ;®n <8> X'Q. Assume that, for some 

0 <  K  <  n ,  y '  €  I'® k ® X'n_k, i.e. y' =  4,1 ® ® ® x t ’ w^ere all 4 j  G I '

and all x£ G X'n_k.

Choose elements {s „ G | proj(s'u) G (Sn_fc U {0 }) } u= i,2,... s.t. every x j 

can be represented as x't =  Y lu at,u ' su-

Define yw :=  E E
u t

Then, y" G D and prn(y") =  prn(y') =  x '.

So, after repeating this process k times, we get 

y ,k G X 'n, s.t. An {y 'k ) :=  p r n (y fk) =  xf.

C o ro lla ry  4.15 B'n C Z'n

P ro o f: For any z [ - r  • z2 e B'n, s.t. z[ G Z , r  G Rel , Zg G choose 

y j G X-_2 such that Aj_2(y'1) =  zj and y'2 G X ^ . j  such that Xn- i - i ( y 2) =  z2. 

Then y^ ®  r  ® y2 G J'n, hence z [- r  • z2 =  p rn(y[ ® r  ® y2) €  Z'n

30
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Actually, i f  y2 =  J2uau ' su> where {s(J  are selected as in the proof of Corol­

lary 4.15, then for q' — y'\ ® (r • a'u) 0  s'u is an element of X 'n, and we have

that proj(q') =  0 and An(q') =  z[ ■ r  • z'2.

C o ro lla ry  4.16 For any x' G X'n) s. t. Xn(x') G B'n+l, one can find some 

x" G X'n, s. t. p ro j(x") — proj(x ') and \ n(x") € I ' • Z'n+1.

P ro o f: The element An(x') G B 'n + 1  is sum of some element i' • z' G B ’n+1, 

where i' G I '  and € Z '+1, and elements of Z'k ® Rel 0  Z +i -  k. But for each 

element z [-  r  ■ z'2 G B'n exists q' G X 'n, s.t. p ro j(g ') =  0 and An{qr) =  z[ • r  • z2. 

Select y' G X 'n, s.t. An(y/) =  z '. Now take x" to be sum of i' • y' and the 

elements q'.

T heo rem  4.17 I f  for x G X n, exists x' G X'n, s. t. proj{x') =  x and An(x/) G 

I '  • Z'r»l> then one can find x" G I '  • X'n, s. t. pro j(x") =  x. In  other words 

x G I  • X n.

P ro o f: By induction on n.

For n =  - 1 ,  (A_i =  Id A>) : ( X l j  =  A') -> (Z j =  A ').

For n =  0, (Ao =  I  dp) : (X f0 =  I ' )  —> =  / ') .  Assume the Theorem for all

numbers, t i l l  n — 1.
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Since An : X'n —* Z'n+l is onto, we need only to prove the Theorem for the 

case \ n(x') — 0.

For each se G Fn- i ,  choose s'e G f4 - i>  s.t. proj(s'e) =  se. Then any u' G ^4-1 

can be represented [uniquely - due to the fact, that si,S2 , ■■■ are F-basis of 

as an F-linear combination of s'h plus some u" € f4 - i>  pro j(u") =  0. Hence 

any x' € X'n can be represented as

x' =  i[ <g> Si +  ... +  4  <g> sk +  i"  ® s" , s" G Q'n-i | proj(s") =  0 

Assume that

prn~l ( ii • Si +  ... +  4  • s'k +  i" ■ s") =  prn(x') =  0 and i[  ^  0

[Since i f  at least one of the i [ ,  i ' 2 ,  ■■■ is nonzero, we can assume tha t i \  is nonzero.] 

Then fix  some f \ g [  •... • g ' h  homogeneous summand of i [ .  For all y '  G g '  G G', 

define [F-linear map] (3g>(y') as sum of all homogeneous summands of y', which 

start w ith  g \  w ith  the in itia l g ’  changed to 1 G F  in them [Note. I f  y' has no 

such summands, 0 g > { y ' ) =  0. We applied (3g> , w ithout defining or mentioning 

it, in the proof of Lemma 4.11]. Now

Pr"”1(A);(*i) • 4 + -  + > % \ (4) ■ 4 + /Vi(*") ■s") = 0 

p<-n- \ W ‘/A A )) ■ 4  +  -  +  P d W k ) )  ■ 4  +  W a i( i" ) )  •«") =  o
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After repeating this process h times, one w ill get

W n 1( / i si  +  a 2 ‘ s 2 +  ••• +  a'k ’ s'k +  a" ‘ s") ~  ®

By induction hypothesis,

f is i+ a 2 -s2+ ...+ a k-sk =  p ro j(fis l1+ a /2 -S2+ ...+ a ,k-s'k+a//-s") =  y i-s i+ ...+ y k-sk G I - X n_

Here y\, ...,yk G I .  But that contradicts the fact that Sn- \  is a minimal gen­

erating set of X n- \ .

Hence i[ =  ... =  i ’k =  0, so x ' =  i"  ® s" and x =  proj(x ') =  0. We can take 

x" :=  0.

T heorem  4.18 An induces isomorphism 7n+ i from H n+\{A ) =  X n/ ( I  • X n) to 

Z ’n+ l / K +l

P ro o f: For any [a:] G X nf  ( /  • X n), —1 <  n, take any representative x G X n, 

choose any x' G X'n, s.t. pro j(x ') =  x, and define

7n+ i(M ) :=  [An(x )] G Z n+i /B n+i

I f  one chooses some other x \ to represent [x], then y :=  x \ — x G I  • X n. So

y =  i • u for some i G /  and u G X n. Choose any i1 G I '  and u' G s.t.

pro?(z') =  z and proj(u f =  u). Then x' -\-i' -u' G and proj(x ' +  z' • u') — x \.

But An(x' +  z' • v!) -  An(x') =  An(z' • u') G
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I f  one chooses some other x[ G X'n, s.t. proj(x [ ) =  x , then pro j(x[ — x') — 0 

and An(2:/1) — Xn{x') =  An(x[ — x') € B'n+1. So, 7n+i is well defined.

We have also proved that An is onto. Hence 7n+ i is onto.

I f  Xn(x') G B ' n + l , then x =  proj(x') G I  ■ X n, hence [a;] =  0, so 7n+i is 

one-to-one.

Lem m a 4.19 Z'n • / '  C B'n, hence
n

B'n =  I ' - Z 'n +  Zil - I '  +  ( 5 2 ( Z U  ■ Rel ■ Z^_i)}
i=1

P ro o f: For n =  0, Z'Q ■ / '  =  X  • V  =  V ■ A! =  I '  ■ Z'0. For n =  1, 

Z [ - 1 '  — I '  • I '  =  I '  • Z[.

For 2 <  n, Z'n C Z 'n_2 • Rel, hence Z'n -1' C • / '  =

Lem m a 4.20 7f I '  • Rel C Rel • I ', then Rel =  / 'm /o r  some 1 <  m <  oo /TVoie. 
7/0° :=  0/

P ro o f: Choose some non-zero element r  G Rel, w ith  smallest minimal weight 

m. I.E. this r  has some homogeneous summand, w ith m  generators, and all 

other summands of all other nonzero elements of Rel have m  generators or more 

[If Rel =  0, take m  =  oo].
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For any g[ G G' of smallest grading, g[ ■ r  =  Y lk r k ' k̂ homo­

geneous and different. But, due to m in/max conditions, for some k , has 

minimal weight m  and i'k € G '. Every homogeneous summand of weight m  of 

every such rk has to start w ith  g[. Define r' := r^.

For any g2 G G' of smallest grading, g'2 -r ' =  ^2t r t'^t- But, due to m in/m ax 

conditions, for some t, r[ has minimal weight m  and i[ G G '. Every homoge­

neous summand of weight m  of every such r[ has to start w ith  g2 • g[.

Repeating this process for m  steps gives us: G Rel for all g[ , ..., g'm of

m inimal grading in G '. But now, for any g'[ G G ', g'{ • g'm •... • g[ G Rel ■ I ' ,  hence 

g'l • g'm ' •••' g '2 e Repeating this process m times gives us: g'^ ■ ... • g'{ G Rel 

for all g”,...,g'n  G G'.

Of cause, i f  / '  • Rel D Rel • I ' ,  then again Rel =  Vm. And if  Rel =  I ' m, then 

/ '  • Rel =  Rel •

Lem m a 4.21 I f  G is minimal and I 1 • Rel • I 1 C Rel • Rel, then Rel =  I ' 2 or 

Rel =  0.
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P ro o f: Choose any g[ G G ', w ith minimal grading. From all nonzero el­

ements of R el, w ith  minimal grading, choose any r  w ith minimal amount of 

homogeneous summands. Let { r i , r 2,...} be an F-basis of [Rel]F as in Lemma 

4.6. Then g[ • r  • g[ =  Ylt,k r t ' r k• But, due to m in/m ax conditions, the grading 

of r  has to be twice the grading of g[ and r  must have only one homogenous 

summand. So r  =  g'3 • g4. But then J2t,k r t ' r k — (</i ■ 9z) • {9 4  * #2)- So, ôr some 

t, rt — g [ ‘ gf3. Now choose any gf2 € Gf, w ith  minimal grading and repeat this 

process w ith  r t . One gets g^-g'i € Rel for any g'i,g2 € G1, w ith  minimal grading.

Now, for any g" G G ', g" ■ (g[ ■ g[) ■ g[ G Rel • Rel, hence g'{ • g[ G Rel. For 

any g2 G G ', g2 • {g'{ ■ g[) • g[ G Rel • Rel, hence g2 ■ g'{ G Rel.

I f  Rel =  7/2 or Rel =  0, then, clearly, I '  • Rel • I '  =  Rel • Rel.

E xam p le  4.22 Let us calculate Z'n and B'n for several values of n. I f  G is a 

minimal generating set of A then Rel C I '  ■ I ' ■ For G  - any generating set of 

A, we get:

Z'0 =  110 ■ Rel0 :=  A! , F j =  ( / '  • Z'0) +  {Z'Q • I ' )  =  / '

Z[ =  ( I n ■ Rel0 ■ I 10 • Rel0) n  ( / '°  • Rel0 • I ' 1 ■ Rel0) =  / '

B[ =  { I'-Z 'J + iZ 'Q -R e l-Z ^ + iZ y l’) =  { l'- l ')+ (A !-R e l-A !)+ { I'-r )  =  ( I '- I ')+ R e l

And for G-minimal B[ =  F  • I '
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Z '2 =  { r 2 -Rel0 - r 0 -Rel0 - I ,0 -Rel0 )n { I ,0 -Rell - r 0 -Rel0 - I ,0 -Rel°)n... =  ( i '- l ')n R e l  

B f2 =  ( / '  • Z'2) +  (Z '0 • Rel ■ Z ')  +  (Z[ • fleZ • Z'Q) +  {Z '2 • I ' )  =

=  { I'-K l'- I^ n R e lV + iA '-R e l- I^ + il'-R e l-A ^ + iK l'- I^ n R e iy i')  =  ( / '  -R el)+{R el-l') 

And for G-minimal Z 2 =  Rel

Z ' =  ... =  { I ' • i?eZ) n  ( / '  • I '  • I ' )  D (Rel • I ' )
2

=  ( / ' - Z ^ + l Z ^ / O + X l ^ i ' ^ ' ^ - i )  =  { l'-R e l-I,)+ ([R el-R el]n [(R el-I,- I ,) + ( I ,- I f-Rel)})
i=0

And for G-minimal Z ^  { I 1-R e l)n {R e l-I1) , B '3 =  ( I'-R e l-1 ') +  (Rel-Rel)

%  =  ... =  ( / '  • I '  • i?eZ) n  ( / '  • Rel • / ' )  D (Rel • / '  • I ’) D ( / '  / ' )  n  {Rel • i?eZ)
3

B'i =  ( / '  • Z4) +  (Z'A ■ I ' )  +  ■ Rel ■ Z U )  =
*=0

=  (^eZ-[(7'-it!eZ)n(//- / /-/')n(i?eZ-/')])+(^-^eZ-[/2eZn(//- / /)])+([i?eZn(//- / /)]-i?eZ-//)+  

+ ( [ ( / ' • Rel) D { I 1 • I '  • / ' )  f l  (i?eZ • / ') ]  • Rel)])

And for G-minimal Z \ =  {V ■ Rel ■ I ' )  H {Rel • Rel)

£4 =  ( / '  • Rel • Rel) +  {Rel • Rel ■ / ')
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For G-minimal we also have:

Z'b =  {Rel • Rel ■ I ' )  n (Rel • / '  • Rel) n ( / '  • Rel • Rel)

B'5 =  (Rel ■ Rel • Rel) +  ( [/ '•  Rel ■ Rel ■ / ']  n  [( / ' • Rel • I '  • Rel) +  {Rel ■ I '  ■ Rel ■ / ') ])

Z'6 =  (Rel • Rel • Rel) f l  (Rel ■ I '  • Rel • I ' )  n  ( / '  • Rel • Rel • I ' )  f l  { I ' • Rel • I '  • tfeZ) 

=  {[Rel ■ Rel • Rel ■ I '] n  [{Rel ■ Rel ■ I 1 • Rel) +  ( / '  • Rel • / '  • Rel • / ') ] )+  

+ ( [ / '  • Rel • Rel ■ Rel) n  [{Rel • / '  • Rel ■ Rel) +  ( / '  • Rel ■ / '  • Rel ■ / ') ])

Hence: H 0{A) =  F  , H Y{A) =  {F / R el)/ {[{ I1 • / ' )  +  =  / / ( / •  / )

which are classical results.

For G-minimal, fy {A )  — R e l/{ [I' • Rel] +  [Rel - I'}) - is stated in [14] using 

different terminology.
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X'n :=  J'n n  proj~l (X%) , SVn :=J'n n p r o j - \S Z )

Rel <g> /'®3 Rel <g> /'®2 Rel ® / ' Rel

‘2,1

y'®3 d /' ® •/;

7 in c im to n  t/-1
uuu u u

-1

J2 c /®3 Jo = /

*4 = 54a *3 = S$ X2 = s* * i = S?

A ® S [  =  P4— —— -A ® 52f  = P3— —— >>1 <g> S f =  P2— —— 'A <g> S„ = Pr

d-i
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5 Pairings and cup-co-products in homology

We start w ith  reviewing Yoneda cup-product [Note: we drop grading indexes 

from fj]

: E x ts/ ( M , M ' ) ® E x t s/ { M ' , M " )  -  E x ts+s'’t+t'{M , M " )

Let {P M ,ji^ M ,j]j= o,... and ^M 'j}j=o,... be some projective resolutions of

left A-modules M  and M '.

Any element [x] 6 E x tsj f ( M ,  M ')  can be represented by some left A-module 

homomorphism x : Pm ,s —* M ',  s.t. (x o 6m ,s) ■ Pm ,s+ l —* is a zero map

[x is a co-cycle]. Co-cycle x reduces gradings by t.
_ 1 t _

Since p m T ~  ~*M' is onto and Pm ,s is projective, one can lift x to some

xo :  P m ,s P m 'JO •

Since c?M',-i ° (^0 ° 9m,s) =  x ° 9m,s — 0, exists left A-module homomorphism 

uo : Pm,s+l -+ Ker(dM>,~i)  =  Im(dM>,o), s.t. (inclusion) o u q  =  x q  o  8m,s • 

Since Pm,s+l  is projective, u q  can be lifted to some x \ : Pm,s+l  Pm',i- One 

sees tha t

9 m ',o o x i  =  x q o  9m ,s
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Repeating this process n times, n =  1,2,... , produces left A-module homo- 

morphisms x n : PM,s+n ->  Pm \ u , s.t.

1 °  Xn =  Xn - \  o d M ,s + n - l

Now, any element [y] e E x t ^  (M ', M ")  can be represented by a co-cycle 

V : Pm \ s’ M "  and we define

® [y]) :=  [y o xs>]

To jus tify  this definition, we must show that, y o x s> is indeed a co-cycle, and 

that making different choices in our construction w ill produce a difference by 

co-boundary in y o x s> [the bi-linearity of [ y o x s>] relative to [a:] and [y] is obvious].

But (y o x s>) o dM,s+s’ =  V °  ° ^s'+ i =  (y ° 0M',sO ° Xs'+i =  0, so y o x S' is 

a co-cycle.

I f  y  is a co-boundary, i.e. y  =  w o for s' >  then y  o x s> =

w o dM',s'~ l °  3V — ° ^ s '- i 0 > which is a co-boundary. So, the

construction does not depend on the choice of the representative y  for [y]. For 

sf =  0, the only co-boundary is y  =  0.

41

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



Assume that a; is a co-boundary, i.e. x =  k o Om ,s- i- Then, for k : Pm ,s- i ~ > 

M f, construct ko : Pm ,s- i  ~ > Pm 1,o> s-t- ° ko =  k. One sees that xo

can be chosen to be =  ko o 8m ,s- Constructing higher kn, like we did for xn, 

gives us xn =  knodM,s+n■ Hence yoxs> =  yoks>odM,s+swhich is a co-boundary.

A l s o ,  i f  o n e  c h o o s e s  a n o t h e r  l i f t i n g  x 'Q f o r  x ,  o r  x 'n + l  f o r  x n  t h e n  d M ' , m - 1  °  

( x 'm  —  x m )  —  0  [ H e r e  m  i s  0  o r  n  +  1 ] .  S o ,  s u p p o s e  1 °  %  =  0 .

T h e n  X m  =  0  f o r  s o m e  h m -  B u t  d j 0  x m + l  ~  x m  0  ^ M , s + m

^ M ' , m  °  h m  o  d M , s + m • S o  o n e  c a n  c h o o s e  x m + i  : =  h m  o  d M , s + m -  H u t  n o w  

^ M ' , m + 1 °  x m + 2  =  x m + 1 °  ^ M , s + m + l  =  h m  °  ^ M , s + m  °  & M ,s + m + 1 =  0 .  S o  X m + 2  —  

d M ' , m + 2° h m + 2- E t c .  S o  y o x s < =  y o d M ' , s ' ° h S' =  0 o r y o x S' =  y o h s < - \ o d M , s + s ' - \ , 

w h i c h  i s  a  c o - b o u n d a r y .

To show that Yoneda cup-product is associative, i.e.

: E x ts/ { M ,M ' ) ® E x t s/ { M ' ,M " ) ® E x t % t" (M " ,M " ')  — > E x tŝ s'+s"'t+t'+t"{M , M " ’)

one uses the fact that ys» o x S'+S" can be chosen for (y o xS')s„ [Note: We use 

here the same notations as on the previous page]. One uses standard arguments 

from homological algebra to show that the Yoneda cup-product does not de­

pend on the choices of resolutions and is natural in M , M ', M " .
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Lem m a 5.1 Let TV' C Ar be a right A' ideal and M r C A ' be a left A ' ideal. 

Then there exists one-to-one F-linear map

ip : [N ' • M ')f  — » [TV' 0  M ' f

P ro o f: F ix  n\,n!2, ... - a minimal generating set of T V a s  right A' ideal, and 

m[, ... - a m inimal generating set of M ', as left A! ideal. Any x' e TV' • M '

can be represented as x' =  Y l i j  ni ' ai , j 'm>j- Suppose, that x' =  J2i,j n'i' a i , j ' m'j ■ 

Then

5 3  ni ’ a*>T ' mi  =  ^  ni ’ a iJ ' 171 j
hj i,j

VT , ^  ai, j • 171 j  — 5 ^  a i,j • mj
3 3

so a'- ,• =  o'- • for all i . j .  Hence, one defines [relative to the selected {nA  and 

{ m i} ]

V'frO :=  5 1  (n- • a - j)  0  m ' =  ® mJ') (5'3)
i,j j  i

Lem m a 5.2 Let TV" C TV' c  A1 be right A ' ideals and M "  C M ' C A' be left 

A' ideals, s.t. TV '-/' C TV" and V  -M '  C M ". Then ip can be selected, to induce 

isomorphism of F-vector spaces

: [TV' - M '] f /[(TV' • M ")  +  (TV" • M ') ] f  — + [TV'/TV"]F 0  [M '/M " }f

P ro o f: Let n[,n'2, ...,n " ,n r2 , ... be a minimal generating set of TV', as right 

A' ideal, w ith  {n '^n^, ...}F D [TV"]F =  {0 } and n " , ^ ' , ... € TV"
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and let m \, m '2, ..., m", ... be a minimal generating set of A /', as left A' ideal,

w ith  {m^, f'1 [M n)F =  {0 } and ra", ... € TV/". One constructs such

minimal generating set, by taking any generating set of TV7', as right A'-ideal, 

union w ith  the set of representatives, in TV', of any F-vector space basis of 

[TV'/TV"]^. Since this union generates TV', as right A'-ideal, one can choose from 

it  a m inimal generating set. [And similarly for M 'j.

Now, any x' € TV' • M ' can be uniquely represented as [ a ' j , b[ p  c ' j ,  d - j € A' ]

x — ^  77j ■ a,i j  • r r i j  +  7 •  b̂  j  • m,j +  ^ ■ ci,j ' mj  +  ^ 3  ’ 171 j

I f  a;' € (TV' • M ")  +  (TV" • M '), then all a-^ € / ' ,  hence £ (TV' <g> M ") +  

(TV" ® TV/'). So ip is well defined. Since /z^/ o ip =  and ® M ")  +

(TV" <g> TV/')) C (TV' • M ")  +  (TV" • TV/'), ip is one-to-one. [Note. We abuse the 

notation, by not specifying the restrictions in range and domain of /z^]

Take any y' € { N ' /N " f ®  [M '/M " }F- Then y' =  E a  KfcD* where

all ft,k e F  =  A'0. Take x’ :=  /t,jfc(n{ • m'fc). Clearly, ^ ( [x '])  =  y', so 

ip is onto.

Lem m a 5.3 B[+j c  (Z [ ■ B j)  +  (B| • Z ')
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P ro o f: For any k <  i, Z ' • Rel • Z'n_k_x C Z'k • Rel ■ Z[_k_ x • Z'n_k C B[ • Z '. 

For any i  <  k, Z'k - Rel • Z ^  C Z\ • Z '_ ; • Rel ■ Z ^  C Z ' • B '.

r - z ' + j c i ' - z ' - z ^ c B ' - z *  , z ' + j - r c z ' * z ' - r c z ' - B '

D e fin it io n  5.4 Define, for each choice of ib : Z \ • Z'- —»• Z_- ® Z ' , t/ie corre-I J I J

sponding

inclusion ryt ry! ryt ^  ry!
Pi,j ■ Z i+ j--------- >Zi ■ Zj ----->Zi ® Zj

L em m a 5.5 One can choose p ij, which induces some

uid : H i+ j (A) -» H fiA ) ® H j(A )

Uij :=  isomorphism  o quotient o inclusion , in the following diagram:
Pi JZ'i+j   z\ ® z\

projection projection

Hi+j = Z'+j/B[+r C~ l™~ (Z[ ■ Zj)/B'i+J qUOtlent • (Z! ■ Z>)/\(Z[. Bj) + (B- • Z')]——  (Z'/B|) ® (Z'/B$) = Ht® H,

T heo rem  5.6 There is a choice of Ujd : H j+iid2+dl(A) -*• H j jd9(A )® H itd l(A), 

s.t. T R o  Vjd is dual to Yoneda pairing

ptF,F,F : E x t \ dl(F, F )  ®  E x t jX d2{F, F)  - >  E x e £ j ' dl+d*{F, F)  . I.E.

< ( N  ® [y]),TR{vjd {[z})) > = <  p f ,f A I x} ® ly])> M  >  (5-4)

V[i] S E x t \ d' { F , F ) y [y] e £xt^!(F,F),V[2] e H i+idl+d2(A)

T R  stands fo r unoriented transpose, i.e. TR (a  ® b) :=  6 ® a for a G V,b 6 W ; 

where V  and W  are F-vector spaces.
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P ro o f: Select some F-basis { [x 1], [x2] , ...} of E x t ^ 1 (F, F )  and some repre­

sentatives x 1 G H o m ^ P p i, F ) ,x 2 G H o m ^ P p ^ jF ) , ... for all elements of this 

basis.

I f  one lifts each st G to some s[ G d and then applies prl~ l to

it, one gets elements z[ G Z \ di, s.t. { [z[ ],...}  is a basis of [Z[ dJ B [ di\F . One 

can choose Si- i n  such a way, that [x*1] ^ ] )  := [x^jQ l ® st]) is 1 if  h — t 

and 0 i f  h ^  t.

[Take any minimal generating set 0 , of K e r(d {-1)^  Since [x1] ^  0, exists 

some 9q G 0 , s.t. [z1] ^ ] )  =  f  ^  0. Assume, that q — 1. Then define 

9[ :=  Clearly, [a;1]([^/1]) =  1. Now define 9[ :=  9t — [z1] ([#*]) 9[ for t ^  1. 

Clearly, [x1] ^ ] )  =  0. Each 9t is a unique F-linear combination of 9[ , ... and 

vice versa, hence {6^,...} is also a minimal generating set of K er{d i-\)d v Now, 

since [x2] ^  { [z 1] } ^  exists some 9'q2, q2 >  1, s.t. [z2]([#gj) =  /2  ^  0. Assume, 

that <72 =  2. Define 9% :=  Etc.]

W ith  respect to  the above mentioned choice of S i- i t , (xh)QQFt at<8>st) =  a^. 

We define left A-module map £o : A ®  J_ i —> Pp0 by (fo :=  Va ) ■' (A ®  A) —> A.

Then (xh)0^ T , at ® st) =  £o{ah ® 1) 
t

We now select some { 0 i , ...} - an F-basis of [ / ]F and select, for each 9q ,
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a representation 6q =  J2u(fu9u,l • ••• • £«,*(«))• We define

:= E ( /^ - l  ' " 9u,k(u)—l) ® yu,k(u)
u

We now extend F-linearly to <£>: [7]^ —> [A]F ® GF .

For every Yhtat® H  £ A ®  we define a left A-module map

6 ( 5 3 a t® it )  :=  5 3  a* '^ ( ^ )  e P F,i
t t

[Notice, tha t d o °6  =  fo ° (—® l)°d i, i] -  Now, for every (]F f at® it® st) € Pf ,i+ i, 

we can select

af ® i f®  st) : = 6  (ah ® i h)
t

Assume, tha t for all m =  0,..., n — 1, exists some left A-module map 

: (A ® Jm_ i) Fp)7n, such that

(dm—1 ° =  61—1 ° dm,l) '■ (A ® Jm—l) * PF,m—l

and, for a ll w € Pp,i+mi represented as w =  ^ t ( at ® ® sf)> where at € A,

vt e Jm- l  ,

(x fc)TO( E  at ® Vt ®  St) :=  ® l h)
t

We w ill make the inductive step, by constructing a left A-module map £n, w ith 

these two properties. For w € Jn- \  C A ® Jn- i, we have

dn-2 O e,n- i(w )  =  6 —2 O dn- i, i(w )  =  0
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Choose any F-basis {u?i, W2 , ...} of [Jn_ i]F . For each wu select E P ^ n, s. t. 

dn-i(tfu ) =  f n - i^ u ) -  Now define

a« ® wu) :=  a“  '

U U

d n —1 °  £ r t (^   ̂a u ®  Idu) == d n - l ( ^ ^ { d u  ' $ u ) )  =  ^  ^ a u ‘ ^ n - l ( ^ u )  =  
u u u

— ^  ] flu ‘ £n—l(^u ) =  £71—1(^~^ flu ‘ ™u) =  ^n—1 0 <̂71,1 au ® 
u u u

I t  is clear, that (x /l)n for Y lt(at ® vt ®  st) € PF.i+ru where v* € Jn- 1, can be 

defined as

(x/i)ti(X 1  at ® vt ®  st) :=  ^7i(fl/i ® Vfc)

For any w E A 0  Jo, one can choose w' E pro j~1(w ) f l  (A ' 0  Jq) and w" E 

p ro j-1 (£ i(w ) ) f l  (A '0 f2g) so, that p r1(w') =  prl {iu"). [For example, for a € Ao, 

select a' :=  a , for each a E G fix some a' E G' and for a =  6q select a' :=  

'lluUug'u 1 • ‘ 9uk{u)) ’ ^ ow ex^en(  ̂ lifting F-linearly to all a E A 0  A.]

Assume, that for any w E A<S)Jn- 1 one can choose w' E p ro j-1 (?n)n(A/0  J^_2) 

and u>" E pro7_1( fn(u;)) f l  (A ' 0  so, that prn(wf) =  prn{w"). We w ill

now make the inductive step.
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Let {w i,W 2, ...} be an F-basis of [Jn]F , u[ ,ur2,... be some choice of liftings 

of elements of Sn to Q,'n and ... G Qfn \proj(u") =  0] be such, that

{ t / j,  ...} is an F-basis of Q'n. Then

w k =  53 ̂ k,m ' u m "b 53 ̂ k,m ' u m 
m m

where b'k m and bk m are in A '. Define

fi'k :=  5 3  b'k,m ® u'm +  5 3  b'ktm ® Um
m m

Clearly, dn{proj(ti'k)) =  &»(«>*)■ So, for any w =  J2kak ® wk, we choose 

it / ' :=  ajk' an<̂  w* : = Y lk afk ® wk- Clearly, p rn+1(u/) =  p rn+1(tn//).

Thus, for [z] =  l® v t® s t] in / / J-+itda+dl(i4), where u* G and st G 5 i- i ,  

<  ( [ ^ ]  ® M ) , T F ( ^ ( [ 5 3  1 ® vt ® st])) > =  M (b r n( ^ ) ] )  =  [y]([prn(w/[)]) =
t

E
t t

where G ^ ro j_1( l  ® u/J fl (A '®  J j_ j) , uJJ G p ro j_ 1(£ j(l ® u/j)) n {A' ®

The first equality in this formula w ill hold i f  selected minimal generating set 

of left A-module Z{ is: {z [, z2, ...} from grading d\, [we have defined them in 

the beginning of the proof] |J some set of elements of Z{ from other gradings 

[J some set of elements of B{.
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R em a rk  5.7 E x t^ (F ,F )  =  F  and one can show, that

fiF'F'F : E x t \ ( F , F ) ® Ext°A(F, F )  E x t \(F , F )

and

Vf ,f ,f  '■ Ext°A{F, F ) ® E xFa {F , F ) -> E xFa (F, F ) 

are identity maps.

From Theorem 5.6 and Lemma 5.5 follows, that the kernel and the co-kernel of 

FF,F,F ■■ B x e A {F ,  F )  ®  Ext?A (F , F )  F a ^ F ,  F )  

are dual to, respectively, co-kernel and kernel of the composition

z , + j B ' j + i i n ^ S S i , i Z ' . . . z o / p j  ■ B \)  +  (B'j • Z[))

T heorem  5.8 Co-kernel of Yoneda cup-product

f^F,F,F ■ E x tlA{F, F ) <g> Ext?A{F , F ) -» E xtlA j {F, F )

is equal to

Hom F ({{Z'j+ i n  | ( Z '  ■ B J) +  (B'j ■ Z j] ) /(B 'j+ i n  p '  • B j  +  (B'j • ZJ]) ]F , F )  

and kernel is equal to

H<m>F (((Z'j ■ Z j / ( Z ’j+ i +  (Z ’ ■ B'J +  (B'j ■ Z j f ,  F )
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T heorem  5.9 Assume that G is a minimal generating set of A and, hence, 

Rel C I '  • I ' .

1) I f  kernel of Hf ,f ,f  ' E x t \{ F , F )  ® E x t \{F , F ) —► E x t \(F ,  F )  is 0, then 

I '  ■ I '  =  Z [ - Z [ =  Z'2 +  (Z j • B [) +  {B[ ■ Z [) =  Rel

2) I f  kernel of [if ,f ,F ' E x t2A{F , F ) ® E x tA{F , F ) —► E x t3A{F , F ) is 0, then

I f • FeZ =  Z j - Z j  =  ZJ +  (ZJ • 5J) +  (£ j • ZJ) =  [ ( / ' • Rel) n {Rel • / ') ]  +  ( / '  ■ / '  ■ FeZ) 

/n  £/iis case, Rel =  I ' m for some 2 <  m <  oo.

The same result follows if  kernel of

Hf ,f ,f  '■ E x tA(F , F ) <8> E x tA(F , F ) —► E x tA{F, F )  is 0.

/ /  kernel o f /u f ,F ,f  ■ E x t2A{F, F ) <g> E x t2A{F , F ) —> E x tA(F , F ) is 0, then 

Rel-Rel =  Z j-Z j =  Z i+ ( Z j- F j)  +  (F j-Z j)  =  [(FeZ-FeZ)n(/'-FeZ-l')]+(FeZ-/'-FeZ) 

T/iis is the same as (Rel • Rel) C [( i7 ■ Rel • I ' )  +  {Rel • I 1 • Rel)]

P ro o f: We w ill only prove that, if  I 1 • Rel =  [{I1 • Rel) f l  {Rel • I ') ]  +  { I1 • I 1 • Rel), 

then Rel =  I lm. Clearly,

( [( / ' • Rel) n {Rel • / ') ]  +  { I ' • I ’ ■ FeZ)) C [(FeZ • I ' )  +  ( / '  • I '  • FeZ)].
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Choose some non-zero element r  G Rel, w ith smallest minimal weight m.

For any g[ G G' of smallest grading, g[ ■ r  =  ^2k r ljk • i'lk  +  Y .h i^ h  ' 

w ith  all k homogeneous and different. But, due to m in/m ax conditions, for 

some k, has m inimal weight m and i[ k G G1. Every homogeneous summand 

of weight m  of every such r i jk has to start w ith g[. Define r' :=  r i jk.

Continuing this process, like in the proof of the Lemma 4.20, yields Rel =  I ,m.

For any F-vector space V  C [I ' ]F , define 7rn(V ) :=  {7rn(u) | v G V }.

I f  we assume tha t G  is a minimal generating set of A, then G' is a m inimal 

generating set of Z[ as right and as left A'-module and also is a representative 

set for an F-basis of [ Z [ f B [ For this case:

Definition 5.10 We define K n  : H n —> 7rn([Z!n]F ) as follows: For any [ x ]  G H n 

take any representative z' in Z'n of'yn([x]). Since any element of B'n has a 

minimal weight of n +  1 or more, 7r7l( ^ )  does not depend on the choice of z '. 

Define «n([a;]) :=  'Kn{z').

One sees, that tha t for [x] G H n(A), «n(M ) describes uniquely the n — 1- 

iterated pairing

uhh...tl{ [x ] )G H l ( A ) ® . . .® H 1(A) 

and that and vise-versa this pairing fu lly  describes Kn([x]).
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6 Hopf Algebras and Cup-co-Products in Homology

Definition 6.1 Let A, B be connected F-algebras. We define the algebra struc­

ture on A ®  B by the formula

(a l (8) 61) • (a2 <g> 62) =  _ i^ (a 2 )rfe<?(&i)( a l . a2) ® (bl • 62)

D e fin it io n  6.2 Let Abe a connected F-algebra and v : A —» A<8>A 6e an algebra 

homomorphism, such, that for all a £ A the projection of v{a) into Aq ® A is 

1 <8> a +  a ® 1 and the projection into A  ® Aq is a ® 1. Then we call {A , v] - a 

connected F-H opf algebra, u is called co-product of this Hopf algebra. We will 

suppress the mention of u where possible. Likewise we will suppress the word 

” connected”.

Definition 6.3 Let A be a Hopf algebra. Then: I f  (M a  <8> v)(v{a)) ~

(u <g) IdA ){v(a)), then A is called co-associative. If, for all a £ A, u(a) =  

® a 2 j  =  53 • — l de9(ali)de9(a2j)a2j  ® a l j  then A is called co-commutative. 

INote: Unless otherwise stated, we do not assume Hopf algebras to be co- 

commutative or co-associative.]

Definition 6.4 Let A be a Hopf algebra and I  C A be a left [right] ideal of the 

underlying algebra. Then I  is called a left [right] Hopf ideal of A if  

u (I)  C I  ® A +  A ®  I .
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Definition 6.5 Let {A ,u j\}  and { B , v b }  be Hopf algebras. I f  algebra B  is a 

quotient algebra of A, with projection map proj : A —* B, then { B , v q }  is called 

quotient Hopf algebra of {A, if  {proj ® proj)(u^(a)) =  UB{proj(a)) for all 

a e  A.

Let {A, va}  be a Hopf algebra.

Lemma 6.6 Given short exact sequence of left [right] A-modules

0 -> I  -» A ->  B  ^ 0

Then: I  is a Hopf ideal of A <=> B  is a quotient Hopf algebra of A

Definition 6.7 Let M , N  be left [right] A-modules. Then M  <S> N  becomes left 

[right] A module with left action

a - (m ® n) :=  E _ 1 deg(a2j ) d e g ( m ) ^ l j  . 0  ^  ^  ? ^ =  a l j  ®  a2 j

j

[right action is (ra ® n) • a :=  — l de9(a l i )de9(n) . a \ f )  0  . a 2 j ) ]  We will

use ® to denote this diagonal action of A.

Definition 6.8 Let A  be a free algebra on some [graded] set G. Then any 

degree preserving map of sets f  : G —* A ® A, such that the projection of f(g )  

onto (̂ 4o <8> A) © {A <g> .4o) +  extends to a unique co-product

: A —► A  ® A.
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Definition 6.9 Let A be a Hopf algebra, G be a minimal generating set of A, 

as algebra, and F rc (A ) be a free algebra on G. Then, for each gj E G, we 

lift gj —► i/(gj) to some g'j - *  x'j -  1 <g> g'j +  g'j ®  1 +  J2k^j,k  ® w^ere 

{p ro j® pro j){x i) =  v{gi), and extend this lifting to some co-product on F rc {A ). 

Once such co-product has been selected, we call the resulting Hopf algebra A '. 

Rel, defined as Kernel of proj : A ' —> A, is, thus, a Hopf ideal of A'.

We now investigate the conditions on a Hopf Algebra A , under which the 

product M ® N  of two projective left A-modules M  and A  is a projective left 

A-module. We, first state some general results from homological algebra.

Lem m a 6.10 A left A-module P  is projective if  and only if  it is a direct sum­

mand in some free left A-module.

Proof: Suppose tha t P  is a projective left A-module. Consider a free left A- 

module V  :=  A  ® [P]F'. There is a left A-module epimorphism /  : V  —*• P, 

defined by f ( 5 2 iai ® P i) :=  Y l iai 'Pi- Define left A-module homomorphism 

g :=  Id p  : P  —> P . Hence, exists left A-module homomorphism h : P  —> V, 

such, tha t f  oh  =  Id p . So P  is a direct summand in V. Now suppose that P  

is a direct summand in some free left A-module V , w ith projec : V  —► P  and 

incl : P  —» V.
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For any two left A-modules X  and Y , A-module epimorphism /  : X  —» Y  and 

A-module homomorphism g : P  —> Y , define g 1 :=  g oprojec \ V —* Y .  There 

exists A-module homomorphism h i : V  —> X ,  such, that f  o h i =  g 1. Define 

h :=  hloincl : P  —> X .  Now fo h  =  fo h lo in c l =  gloincl =  goprojecoincl =  g 

So P  is projective.

Lemma 6.11 Let A be a Hopf algebra. I f  two left A-modules M 1 and M 2 

are direct summands in left A-modules N 1 and N 2, then M 1® M 2 is a direct 

summand in N ^ N 2.

Lemma 6.12 Let A be a Hopf algebra. For any two free left A-modules 

V 1 =  A  (8) SlF  and V 2 =  A <g> S2F, V l ® V 2 is isomorphic, as left A-module, to 

V  =  (A®A) ® (S 1 x S2)F with A action given by

6-(al®a2)®s :=  ^ - I de9̂ de9{al\{b li-a l)® (b 2 i-a2 ))^ s  , v(b) =  ^  61^62* 
i i

Theorem 6.13 Let A be a Hopf algebra. The product M ® N  of two projective

left A-modules M  and N  is a projective left A-module if  and only if  A® A is a

projective left A-module.

Proof: The necessity of A® A being projective is obvious, since M  =  N  =  A 

is a projective left A-module.

Assume now that A ® A  is projective, hence a direct summand in some free 

left A-module A  ® SF .
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For any two projective left A-modules M 1 and M 2, exist some free left A- 

modules V 1 =  A <g> SlF  and V 2 =  A ® S2^, in which M l and M 2 are, re­

spectively, direct summands. So, M 1® M 2 is a direct summand in V l ® V 2 =  

(A®A) <g> (S1 x S2)F , which is a direct summand in {A ® SF ) ® (S 1 x S2)F =  

A ®  (S  x S1 x 5 2)i?, which is free. Hence M l ® M 2 is a projective left A-module.

Theorem  6.14 Let A be a co-associative Hopf algebra. Exists a unique F -  

linear map x '■ [A]F —> [A]F , called an antipode of A, such, that

PA °  (IdA ® x ) ovA =  hLA ° { x ®  M a ) ° va =  projection : A —> Aq

[Note: Here and elsewhere we abuse the notations by applying x t° A, rather 

than to [A]F]

Proof: We w ill construct x on elements of each An. For a G A q  define 

x{a) := a. Assume then x  was defined through An. For a € An+1 one defines 

x(a) := —a -  ah  ' x (°2 i), where v(a) — 1 ® a +  a ®  1 -I- aU ® a^i- One 

sees tha t ( i ’d> i® x)(*'(a)) =  l ® ( - a - X ! i aV x ( a2i)) +  ^ i a l i ® x ( fl2 i)-l-a®  1, 

and p o [ Id  a ® x) °  u{a) =  0 =  proj (a).

Now, for a € Aq, p o  (H a  ® x) ° K a) =  ^  ° (x  ® Id  a ) o  u(a). Assume this 

equality un til a 6 A n. Take any a € An+ 

a =  p o  (p ® M a )  ° (IdA  ®> X ® IdA) °  iy  ® I^ a )  ° K a) =  

p o (M a  <8> aO ° ® x  ® I^ a ) ° (^ i4  ® ^) ° ^ (a) =  [by induction hypothesis]

=  a -I- p o  (x  ® Id  a) o iz'(a). Hence proj (a) =  0 =  p o (x ® Id  a) ° i'(a).
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The uniqueness of x  is obvious for a E Aq and is proved by induction on 

grading.

Theorem 6.15 For any co-associative Hopf algebra A, A ®  A is isomorphic, as 

left A-module, to a free left A-module A 0  [A]^.

Proof: Consider the F-linear maps /  : A ® A  —> A 0  [A]^, 

f(a® b) := a U ® (x(&2i ) ' b), an<3 g : A ®  [A]F —> A®A, 

g(a ® b) :=  a l j  ® (a2j • b). Here u(a) =  J2i a -̂i ® a2i • Since

a  =  fi o ( n ®  M a )  o ( M a  ^ a )  0 ( v  ®  I d  a )  o v ( a )  =

=  f io ( M a ® fi) o ( M a ®>X® IdA) ° (IdA  ® v) ° ^(a) 

one gets tha t o f)(a® b) =  a<g>6 and ( /  o g) ( a®b)  =  a ®  b.

We have thus showed that if  A is a co-associative Hopf algebra, then the 

0  product of projective left .A-modules is projective. The antipode x  has a 

crucial role in the theory of Hopf algebras. I f  one requires the Hopf algebra 

to be commutative or co-commutative, then the antipode behaves very much 

like the inverse map in the group theory. See [11, pages 5-13 and 70-75] and

[8]. Actually, i f  one studies homology or cohomology theory of an H-space [for 

example, of a topological group] over a field, [which is naturally a Hopf algebra 

over that field] then the antipode x  is indeed induced by the inverse map of this 

H-space [topological group]. See [12, pages 25-26] and [16, pages 142-155].
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Let A be a co-associative Hopf algebra, M  and N  be two left-A modules and 

{PjM , d-M} and {P ^ , d^} be some projective resolutions of M  and N . We w ill 

construct a projective resolution on M ® N .  Define:

p M ® N  ;= 0  P M W pN_k 

k=0

am N  :=  +  d jf® id Pi, k)
k=0

dm N d ^ d - i

One checks by direct calculations that these formulae produce a long exact 

sequence of projective left A-modules and left A-homomorphisms.

We are now interested in the case, where M  — N  =  F .

The isomorphism i/p : F  —> F ® F ,  which is defined by u p (f) :=  / ( 1®1)> 

gives rise to epimorphism (u p o d ^ ) : P F —> F ® F ,  which can be lifted to some 

V p r  : P f P *® F .

The image of the homomorphism v p f  o  B f  :  P f  —> P F ® F  is a subset of 

K e r(d Ff F ) =  Im {d F®F), so ( v p f  o  Bf ) : P F  —► P F ® F  lifts  to some 

Up, : P f  -  P fW .

Repeating this process yields family of left A-module homomorphisms
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Definition 6.16 W e  will call any choice of family of homomorphisms { u P f  : 

Pn -  P ^ F ) ”cup-co-product” or ”cup-co-product on the chain level”.

Let {i/lpF  : P F  —> P F®F )  and {i/2p r : P F —» P F®F ) represent any two 

families of ” cup-co-product” . Then

(d ^ fF o v 1 p f  =  vpo dFi =  dFf F o u 2 p f )  : P F —» F ® F

So, exists some left ,4-module homomorphism Tp f : P F —> P [® F , s.t.

9 F F  ° Tp r =  ( ^ p r  -  K ip ,)  : P„F P * ^

Now

O ( u 2 P F -  v l p r )  =  ( i / 2 p f  -  1 / l p p )  o  =  d F ® F o T p F o d ^ ) :  P [  - >

and one selects some left ,4-module homomorphism F p f : P F —► P f® F , s.t.

^F®F Q p _  i/2,pF — — ^F(f 0 ^0

Inductively continuing this process, one constructs left ^-homomorphisms 

TPf ■ Pn -> Pn + .f ’ such> that d!i®F °  r PF =  f2 p f_t -  I/lpF^ -  r PF_j o dF_x or, 

shortly d o T 4- T o d =  f2  — v l.

The composition homomorphism

PnF ^ P „ m F  © (F f /(/ ■ Ff ))®(FF ,/(/ • /£*))
k=Q

is 0 on elements from /  • P F , hence induces

V?7 : (P F/ ( /  ■ P„F )) 0 ( j f  / ( /  • P*F ))® (P F * / ( /  ■ P [ ) )
k=0
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By taking the minimal resolution P F , we define

n

(uHn '■= Vp?) '■ Hn - *  @  Hk ® i/n-fc
k—0

Since dF®F  o Tpr +   ̂ o dF_i takes elements of P F into I  ■ P F®F , the i/#n

is independent of the choices, made for upF.

Definition 6.17 The family of homomorphisms

n
{vHn : H n -> ^  Hk 0  / / ‘n-lfc} 

k=0

is called cup-co-product.

One could construct this cup-co-product in homology from any resolution, 

but tha t would require additional technics from homological algebra.

Lemma 6.18 vHn : H n -> ® £ =0 H k® H n is co-commutative and co-associative.

P ro o f: I f  v P f ( x )  =  x \j® x 2 j, then vFf ( x )  : =  - \ det i x l i ) d£9 W i ) ( x 2 f ® x l f )  

is also a ” cup-co-product” , hence must induce the same vpn.

Hence co-commutativity of upn.

The associativity follows from the fact, that {(&ki+k2+k3=n 

w ith  appropriate differentials, is also a projective resolution of F . One repeats 

our argument to show that any two choices for the family of left A-module 

homomorphisms

fcl+fc2+fc3=n
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differ by some d o T +  T o d, hence induce the same ujj . So

(© £ =o IdpF®uPF_k) o v P f  and (© /L g  vpF_k®Idpj;) o v P f  induce the same vjj .

Hence co-associativity of v j jn .

We now proceed w ith  briefly describing the Steenrod Squaring operations 

in the cohomology of co-associative and co-commutative Hopf algebras over a 

field w ith  characteristics 2. Those results are due to [6]. The comprehensive 

treatment of this subject is given in [11].

Let UpF (x )  =  0 ^ x l j ® x 2 j  be a ” cup-co-product” . Then

T R { vPf {x )) =  Q ) x 2 J® x l j  

j

is also a ” cup-co-product” , and

d f? F(vp ,(x )+ T R [vpF (x))) =

=  d ^ f F (Vpi (x )) +  d f f F (TR {vP?{x))) =  9 f , ( x ) ( l® l )  +  8 f j(a : ) ( l® l)  =  0  

Hence we can choose some D ^ Pr  : PF —* PF , s.t.

(d £ * F  O D ltp r  := VPS + T R (vPr ) )  : P f  -  P ^

Hence

d ^ F (i,Pr { x )+ T R (v p r ( x ) ) + D 1 A r( d f  (x))) =  d F®F (vP f (x ) )+ d F®F (TR (vPr ( x ) ) ) +

+ ( l/p r (d F (x ))+ T iJ (n p r(a0F (x )))) =  up r ( d f  (x))+TR(i>P r (dg ( x ) ) ) + V p i{ d f  (x ))+

+ T R ( v P F ( d F ( x ) ) )  =  0
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Now we can choose some D i p f  : P f  —> P F®F , s.t.

O f® F o D hPr :=  vPf +  T R (vPr) +  D hPr °  $ f )  : P [  P F5F

By induction, define D ^ Pf : P** —> P^+i ■> s.t.

( 3 ^  o XJ^pf- :=  i/p , +  T i ^ p r )  +  D ^ p r , o aF_ ,) : P F P ^ F

Such a family { -D ^ p p }^ 0 is called a cupi-co-product.

Observe that

9 ^ F °  D liPr =  Ppp +  T R {vp f) =  a*'®*' o T P  o D liPif

Hence

s0F®F ° ( £ |i,p<f  +  r f l° -D i,P '')  =  o 

And exists some D 2yPF : P F —► P F®F, s.t.

d f® F o P 2 Pp =  P i Pp +  T R  o £>1)Pp

One then proceeds to construct a family {P2,Pnr }^Lo’ which is called cup2-co- 

product. In a general case the cup^-co-products are constructed inductively 

[first induction on n and then on k] by D ^ p f :=  0 and

C + fc - l °  D k,pr '■= D k - l ,p r  + T R o  D k_ lfPF +  D^pF^ o d£_j

Here Dn P f  := u P f' n n
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For [x] G H n(A ) define

SQ \ l xl) :=  [(a? ® x) o D u_upf+ J € H n+t(A)

I t  can be proved tha t the SQl are well defined, independent of all the choices, 

made in cup^-co-products, and F-linear.

R e m a rk  6.19 Let B  be a co-associative and co-commutative co-algebra over 

a finite field F  with characteristics 2. [i.e. F-vector space, equipped with co- 

associative and co-commutative F-linear co-product map and with left and right 

co-unit]. I f  one selects 61, 62... , an F-basis of [B]F , one can represent the 

co-product as:

uB(bj) =  5 3  f j M bk ® bt)
k,t

One defines

V(bj )  ^ 3  \ / 6m
m

and extends it F 2 -linearly to all [B]F .

Note y/x is well defined and F-linear for a finite field with char. 2 

Then for all x € B,

v b {x ) — V ( x ) ® V { x )  + y ® z  +  z ® y

for some y ,z  € B. The F-linear map V  is called Verschiebung. It  is not 

degree preserving. I t  can be shown, that V  : Ho(A) —> H q(A) is dual to 

SQ° : H °{A ) H °{A ). See [11]
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7 A p p lic a tio n s  to  th e  M o d  2 S teenrod A lgeb ra .

In this Section we always assume F  =  F2 , and A is the Steenrod algebra of 

stable cohomology operations for the ordinary cohomology theory. A is given 

by the [not minimal] set of generators {Sqn £ ^n }^o >  where Sq° =  1, and 

relations

[«/2] /  t _., \ |

w  +  E (  ) W +m- k* k -  0 ■ « < * »
k—0

called Adem Relations. Here [—] represents the integer part. The dot is omitted 

in all the multiplications.

The standard references in the literature for the construction of the Steenrod 

algebra and for the development of i t ’s properties are: [9], [7], [12], [13, Chapter 

16], [14],

The Steenrod Algebra A is also equipped w ith the co-product ua ■ A —> A® A, 

given by the Cartan formula

n
l/A ( 5 9" )  : =  £  S 9‘ ®  S < r j

i=0
I t  is a tedious calculation, requiring some combinatorial identities, to show, 

by direct plugging in, that the Adem relations generate Hopf ideal. In the 

most of the above mentioned literature, however, this fact is proved by utilizing 

the topological background, leading to the construction of the Steenrod algebra.
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Note that the co-product, induced by the Cartan formula is co-commutative 

and co-associative.

By analyzing Adem relations, one can show that any element Sq2"1 G I  is not 

decomposable as a sum of products of other Squares, i.e. Sq2"* ^  I  • I , and any 

other Sqn is decomposable as a sum of such products.

By filtering the Steenrod algebra by ’’degree” : d(SqllSqt2...Sq%n) := i \  + 1 2  +  

... +  in and applying ’’moment” : m(SqlxSql2...Sqln) :=  l i \  +  2z2 -t-... +  n in, and 

’’ length” : weight in our article, to the products of Squares, one shows that the 

’’ admissible sequences” : SqllSql2...Sq'ln w ith  z& >  2z*;+i Vfc, generate A  as F 2- 

vector space. I t  can be shown by induction on the length [weight] of admissible 

sequences, using the Cartan formula, that admissible sequences are ^ - lin e a rly  

independent. One defines the ’’excess” for an admissible sequence

eiSqt'Sq^.-.Sq1") :=  2zx -  diSq^Sq^...Sq1”) =

=  (zi — 2Z2) +  (Z2 — 2Z3) +  ... 4- (in- 1 — 2zn) -I- (zn — 0)
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Following M ilnor’s approach, one then studies the dual algebra A* :=  Horn*(A, F 2). 

Since the product of A* is dual to the co-product of A  [ i.e. ® y))(a)

( x  <g) y ) ( u A { a ) )  , x , y  6 A*, a € A ] , it  is commutative. One then shows 

that A* is a polynomial algebra on generators £&, where ^  G A* is dual to 

Sq2k *Sq2k 2...Sq1 w ith  respect to the F2-additive basis of admissible monomi­

als, i.e. ^(Sq^.-.Sq171) =  1 if  and only if  i \  =  2fc_1, ... ,zn =  1.

Since the products £ " ^ 22•••££* form an ^ -a d d itive  basis of A*, their duals 

g q { n i , n 2, . . . ,nk) form an i^-additive basis of A. I t  follows from Cartan formula 

tha t =  1 and ^ (S q " )  =  ( i f m) ( u T \ S q n)) =  0

if  m  /  n. I t  can be shown tha t %t:(Sqm) =  0 if  k >  1. So S f/7̂  — Sqn.

The co-product of A*, which is dual to the product of A, is given by

n

u A ' { ^ n )  —  ^^£jfc-i ®  £z 
i=0

M ilnor in [7] uses this fact to develop the formula for the product of Sq^Uu'",n̂  

and Sq(mu"',mih This formula is also re-printed in [14].
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For t >  0, let J[t~i\ denote the two-sided ideal of A *, generated by 

{ f f»  €2 ')•••) > &+1) •••}• By applying the co-product to the generators of

one sees that is a Hopf ideal. So C[f_ij := which is a finite

commutative algebra, generated by {£1,6 , •••>&}, w ith relations =  0, is

a quotient Hopf algebra of A*. Hence A t̂_ 1], the dual of C[t_iy  is a sub Hopf 

algebra of A. Now Sqi G A\t_ 1] i f  and only if  £\ ^  I t  can be shown that

j4[f_i] is generated, as algebra, by all Sq2', 0 <  i  <  t  — 1.

Lem m a 7.1 [9],[12] Every element in A is nilpotent, i.e. Va € A, an =  0 for 

some number n.

P ro o f: Every element a G A belongs to some Â my But every Ay^ is finite, 

hence is 0 from some grading on.

Lem m a 7.2 Let x G A* and Sql l ...Sqln G A, with all ik are even. Then 

(x2)(Sql1 ...Sqin) =  x(Sq^^2\..S q^n̂ 2)) and (x2)(Sqil ...Sqln) =  0 if  there is a k 

with odd i/c-

P ro o f: (x2)(Sql1 ...Sqtn) =  (x 0  x)(uA(Sqh ...Sqln) =

=  T , j ik+j 2k=ik x(Sq:>l l ...Sqjln)x(Sq:>21 ...Sqj2n).

Since F  =  F 2 , all the terms w ill cancel, except then j l k  — j2k =

68

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



Since A* is commutative, the Frobenius map a* : A* —» A*, defined by 

a* (re ) :=  x2 is an algebra homomorphism. I t  commutes w ith any algebra ho­

momorphism f  : A* —> B, i.e. f ( a* ( x) )  =  /(a :)2, hence it  commutes w ith co­

product of A*. So a* is a Hopf algebra homomorphism. The dual Hopf algebra 

homomorphism a  : A —» A, due to the Lemma 7.2, is given by a (S q ^ )  =  Sq1 

and a(Sq(2t+1>>) =  0. I t  can be shown that a  is precisely, the annihilator of the 

two-sided ideal, generated by Sq1. [See [12, pages 24,25].] From the Cartan 

formula it  is clear that a is a Verschiebung V  of the Steenrod algebra.

I f  one chooses {S'g2"}£L0 35 generating set of A , the minimal generating 

set of relations was shown by Wall in [14] to be:

(.4) (S92V  +  Sq2'Sq2>) S A n .,, , 0 <  j  < i  ~ 2  (7.5)

(B ) (S92'S 92‘ +  S<,2" ,S92‘S92" , + 5 9 2‘- ,S92‘- S g2' ) e ^ | i . I1 (7.6)

The arguments of [14, Sections 4,5] can be repeated for A to show that A ^  

has {S(p’3}Tj =o as a minimal generating set and relations (A) and (B ), w ith 

i <  n, as a m inimal [generating] set of relations.

We now define A' to be the free algebra generated by [graded] generators 

{so, ...,S2i , ...} where is of the grading 2 \ The projection proj : A ' —> A 

is defined by p r o j^ i )  =  Sq2' . We also define A'^  C A! as a free algebra on 

s[ , ..., s'2n. The projection proj restricts to proj : A|nj —> A ^ .
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In is customary in the literature to denote by hk G H 1,2* (A) a class in a first 

cohomology group of A, of grading 2k, which is 1 on [1 <0 Sq2*] G H \(A )  and 0 

on [1 ® S'g2'"] G H \(A ) , m k. hk are also regarded [by abuse of notations] 

as elements of H 1,2k{A ^ ), k < n .

Furthermore, due to the first (B ) relation Sq^-Sq1 =  0, the element

1 0> Sq1 0  Sq1 <0 ... ® Sq1 G A  0  I® m

w ill belong to Pm, for all m, by induction on m. This element is not in I  • Pm, 

hence i t  represents nonzero class in H m(A) [and, similarly, in all H m(A ^ )]. 

Since i t  is of weight m  and since it  is the unique element of degree m, it  is dual 

to /i™. In other words

*d,i,...,i([l 0  Sq1 <0 Sq1 <S> ■■■ 0  Sq1]) =  [1 0  Sq1] 0  [1 0  Sq1] 0  ... 0  [1 0  Sq1]

We w ill now apply our methods to A^j and A^]- Their cohomology algebras 

are given in [10] on page 107 and pages 109,110 respectively.

# * ( ^ [ i ] )  =  ^[ho , hi, u0, u)o]/(hoh\, h \, hiuo, Uq +  h^uio)

Here the generators uq G H s,7(A ^ j) and ujq G H i,12(A ^ ).
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Note: The representation uo =  a2b +  a\b2, given in [10], means that, if  

one takes any x E P3, and denotes by the P{®Pi(§Pi direct

summand of Vpz{x), for any choice of v2p , then

5 Z (^ i(rrli) ) (^ i(rr2f))(^2(x3i)) +  =  « o (N )
i i

We now proceed to construct all the elements of and

The elements r l  :=  s'jSj E Rel and r2 :=  s2s2 +  s is ^ i  e ^  are a minimal 

generating set of Rel [by W all’s arguments]. So, they correspond to two dif­

ferent, nonzero elements of Also «2([tT]) =  and K2 ([r2 ]) =  s'2s'2,

hence I 'i. iQ r l])  =  [s'J ® [s[] and vi,i{[r2]) =  [s2} ® [s2].

In I '  • Rel  f l  Rel  • I '  there are following two elements:

q l  : =  S iS^Sj =  s i ( s i S i )  =  ( s i■s i ) s i

and

q2  :=  +  S i ( s 2s2 +  S iS2s l ) s 2 +  s 2s l s 2 (s l s l )  =

— S2(S2S2 +  sl s2sl ) sl  +  (s252 +  sl 52sl)^2sl +  (S1S1) s2 =

=  +  SjSjS2SjS2 4" Ŝ S2SjS2S2
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To show that q2 ^  / '  • Rel • V  +  Rel • Rel, one notices that the only ’’part” of 

the homogeneous term s ^ s ^ s ^ ,  which appears as a homogeneous part of r l  

or r2 is SjSjSi- M ultip ly ing it  from both sides by elements of I '  or multiplying it 

from any side by any homogeneous term of any element of Rel w ill not produce 

s ^ s '^ S p  Hence q2 represents nonzero element in H s(A ^ ). I t ’s degree is 7. 

Hence this element is the dual of uo. Since K (̂[q2]) =  0, vjjJ\q2}) has 0 as i t ’s 

H \ direct summand. So, dually, uq is not a product of Hq's and his.

To show tha t h ih \h \ =  0 in H 3,6(A ^ ), one, dually, shows that does not 

exist [x] G H ^ q(A ^ ),  s.t. +  ... In other words, for all q €

( I '  • Rel) f l  (Rel • I 1) , 7T3(q) ^  S2S2S2 +  But S2S2 aPPears 35 a homogeneous 

part of r2 6 Rel only. And s'2r2 £ I '  • Rel w ill have a homogeneous term 

The only ’’part” of this term, which appears in any relation from Rel 

is Sisks'} in r2, so n° t  be present in any element of Rel • I 1.

The cohomology of A[2] is described in [10]. H^(A^]) is spanned, as F-vector 

space by:

3 3 2h0 , hx =  h0h2 , a i , <22 , c*3

The image of the element uo in 773,7(A(2]) is 0 and one says that uo does not 

’’ survive” to the cohomology of Ay,\-
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The element a \ G i / 3,11(^4[2]) is also known to ’’survive” to a nonzero element 

cq G / / 3,11(j4). We also have that h\ =  0.

We first notice two new elements r 3 := s i si +  si s i +  s ^ s ^  anc  ̂

r4 :=  S4S4 +  s2s is2 +  s2s2s4 iR minimal generating set of Rel.

So

Q2, -J- S j (s is j +  S1S4 S2SiS2)Si == S2S4SJS2 "h S2S1S2S1S1 -)- SjSjS2SiS2 “I- SjSjS45j =  

=  ( 5 i  s i + s i  s i + 5 2 s  1 s 2 ) (  S 1S 1) +  ( S 1s  1) ( s 4 S 1 +  s  1 s 4 + s 2 s  1 s 2 ) + s 4 ( s ]. S 1) S 1 +  s  1 ( S 1S 1) s 4

This shows that q2 G ( / '  • Rel • I 1) +  (Rel • Rel), hence represents 0 class in 

homology. Hence the non-” survival” of uq.

We now prove that /io^2^o =  ^2^0 =  =  1̂ 7̂  0- The element

q3 :=  s^s^s'i +  s is i +  S ^S ^) +  s4(sl sl)  "k S2(S2S2 +  S1S2S1) =

=  +  S 4 S 2 S 2 S 2  +  S 4 S 2 S 2  +  S 2 S2 S 2  ~k ^ 2^ 1^ 2^1 =

=  (S4 S1 +  S1 S4  +  s ^ s is ^ s i T  (sl sl ) ,s4 +  (S2S2 +  ,sl s2sl ) ’s2

is in ( I ' • Rel) D (Rel • I ' )  and K^(qS) — +  s2s2s2-

Hence i^j { \q3]) has

[1 ® si] ® [1 ® si] ® [1 ® si] +  [1 ® si] ® [1 ® si] ® [1 ® s i]+  

+  [1 ® si] ® [1 ® si] ® [1 ® si] +  [1 ® s2] ® [1 ® s2] ® [1 ® s'2]
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in i t ’s direct summand. I t  is the only nonzero element of H$fi(A\p])

and its dual is /io/i2^o =  ^ 2^0 =  =  M

To see, tha t h  ̂ — O notice, that S4S4S4 can appear as a homogenous term of 

some x £ I 1 • Rel only from +  «2S4S2 +  S2S2S4)- *n case x

have S4S2S4S2 as i t ’s homogeneous term. Since no ’’part” of this term, except 

S2S4S2 in r4, appears in any element of Rel, x £ Rel • I '.

We now describe the representative q4 E ( I 1 • Rel) 0  (Rel • I ' )  o f the unique 

nonzero element of ^ 3,11 (^4[2]) • This element is dual to 04.

®2®1 [^454d- S2s4s2d- S2^2^4] +  52^4^1 ̂ 4 ”bs4sl -h52^1^2]d- ^2[^4s4'f’®2®4s2”b®2®2^4]sl -  ̂

s4[sl s4 d" S4S1 d” s2s152]s2 d" sl s2[sl s4 d" S4S1 d~ 5251S2]S2S1 d- •SiS254[52s2 d" £ i52sl]d” 

s2sl [ s,l 52sl d* S2s2]s4 d“ <̂2[S1 sl l s2sl s4 d- d* s2s2]s4s2d~

s252s2[s154 d" S4S1 d- S2S1S2] d* S2(S2S2 d- +  S^SiS^SiSijs^d-

S2$2 +S25i52]s2d"̂ l,52[‘®l’®l]̂ 4̂ 2d”̂ l,®2[̂ l̂ l]̂ 2'̂ 4d~̂ 4S252 [s2 2̂~ 2̂^1 J d-S4 S2 [^1 ̂ l] ̂ 2^1 d-

S1 [s 2 s 2 d- S1 s 2 s l]  ® 1 s2^2 s 1 d-  S j S1S2 (s 1S1 ] s 2 s 2 s 1 d"S2 ̂ 2 [s2 s 2 d“^ l s2 S1 ]s 1 ̂ 2 d-  s 2  ̂ 2 S1 s 2 [ ^ l ^ l l ^ d -

s2(s252 d- si's2,sl],si ;s2s2 d- S2SiS2[sls/l]s2s2 =
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“ I”  ^2®1^2^4®2 ^2^1® 2^2^4  *̂ " S2 S4 S1 S4  +  S2 S4 S4 S1 -f- S2S4S2^’ 1^2~I"’

S254S4S2 -f- S2S2^4^2®1 S2^2S2S4S1 S4S2S4S2 ~H S4S4S4S2 “t“

S1^2S1S4S2S1 ~̂~ S1S254S1S2S1 ®1^2^2^1^2^2^1 "̂~ ®1®2̂ 4®2̂ 2 ^1®2®4®1^2^1- -̂

■®2S1^1^2^1^4 ^2^1^2^2^4 ~̂~ ^2^1^1^2®1^4 ~̂~ ®1^1^2^1^4^2 ®l®2®2̂ 4̂ 2*̂ ”

$2 s2 s2 s 1 s4+ s2 s2 s2 s4 S1 +  s2 s2 s2 s2 s 1 s2+ s2 s2 s2 S1 s4+ s2 s 1 s2 s 1S1 s4+ s2 s 1 s2 s 1S1 s4+  

s2s2s1s452 +  S2S2S4S1S2 +  S2S2S2S1S2S2 +  sl s2s l s/l s4s2 +  S1S2S1S1 S2S4“ *̂ 

S4S2̂ 1®2®2 ®4®2®1̂ 1®2®1 ®4̂ 2̂ 1̂ 1®2®1 ®1̂ 2®2®1®2®2®1 ^1^1^2®1®1^2®2^1- -̂

S1S1S2S151 s 25 2s 1 +  S2S2S2S2S1S2 +  s2 s2s/l 5 2s l s l s 2 +  •S2S2,S1S2S1 S1 -s2 - t_ 

S2S2S2S1S2S2 +  s 2s l s 2s/l s/l s 2 s2 +  5 2s l s2s/l s/l s2s2 =

S2S1S4S4 +  s2s/l s2s4s2 +  S2S4S1S4 +  S2S4S2S1S2 +  s2s2s4s2s/l +

S4SJS4S2 +  S4S4S4S2 +  S2S2^1^4®2^1 ®1®2̂ 4®2®2-I-

S1 S1 S2 S1 S4 S2  +  S1 S2 S2 S4 S2  +  s2s2s154s2 +  5252s4s1s2
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S4®4^1^2 "h ®2^45 2s 1^2 "f" ^2 ^2 ^4 ^1 ^2  "h ^2^4 ^4 ^2  ~F S4 S2 S4 S2  “I-  S2 5 2 S2 S4 S2 T

® 2 ^ 1 ^ 4 ^ 4  "h  S 2 ^ 4 ® 1 ® 4  "h  ^ 2 ® 2 ^ 1 ® 2 ^ 4  "f" S ^ S ,jS ^ S 2  “ t-  5 2 5 2 ^ 4 ^ 2 ^ 2  "h  ^ 1 ^ 2 ^ 2 ^ 4 ^ 2 ” f" 

51S1S2S152S4 "f" ^2^2^4^2^1 “h 5^525^5^5252 H- S2 S2 S2 5 4 S2  “F S252S2S25^52_I_ 

S2 S2 S2 S2 S4  “t- S2 5 2 S2 S2 S2 S4 “I- S2 5 2 5 2 5 2 S2 S4 “I- S2S2 S2 5 2 S4 5 2  =

[S4S4 +  S2S4S2 +  S2S2S4]S2S2 +  [sjS4 +  S4S2 +  +  s2[®1^4 "h S4®1 d~ ®2^1®2]®4”f'

sl [S4S4 +  $2S4S2 +  s2s2s4ls2 +  [5l^ l ]52s1^2^4 +  [S2S2 +  s/l s2sl ] s4s2s/l +

[S2S2 +  S1 s2sl] S1S4S2 +  [S2S2 +  sl s2,sl ] sl S2S4 +  [sl sl ] s2sl S2S4 +  [sl sl ] s2sl  «S4S2

To show that this class is nonzero one has to look at all elements of [Rel • 

Rel + 1' • Rel • I ' ]F2 of degree 11. There are much less then 410 of such elements.
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Adams proved in [1, Section 6] that the products of In in the th ird  cohomology 

group of A  are subject only to the following relations:

hihi+ihj — 0 

hfhi+2 =  h?+1 

hih2i+2 =  0 

hihjhk — hihkhj — hjhihf*

The first relation follows from m ultiplying h jh f+ i =  0 by hj. The last pair 

states commutativity. We w ill prove the other two.

We define an algebra homomorphism a 1 : A' —> Ar by c / ^ )  := 0, 

a (s2n) :=  sn- This homomorphism carries Rel ideal into itself [ since ot was 

proved to be A algebra homomorphism]. Since a! carries I '  into itself, it  also 

carries I '  • Rel n  Rel • I '  into itself and I '  • Rel • I '  -f- Rel • Rel into itself. So a ' 

induces a F-linear map SQo : Hz(A)  —> H${A).

The dual F-linear map SQ° : H 3(A) —> H 3(A) takes each hi into hi+\ [this 

is precisely the SQ° from the end of Section 6]. Hence to prove Adam’s results, 

it  is sufficient to prove that =  h3 [we have already done that] and hoh  ̂ =  0.
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Suppose w €  ( / '  • Rel) f l  (Rel • I ' )  and hqh^w ]) =  1. Then «3([«>]) must have 

S2S4S4 +  S4SJS4 +  S4S4S1 in it. The homogeneous term S4S1S4 car. be a summand 

in some sfk-r\, where r \  is from the minimal generating set of Rel, only i f  s'k =  S4 

and r i  =  S4+ S4sj  +  s’2s^s .̂ But the homogeneous term s^S jS r,, which occurs 

in +  S4S4 +  S2S4S2) can not occur in any other s'm ■ r2 or r 2 • sm, where

7*2 is from the minimal generating set of Rel. [For grading reasons, one has to 

check only the Relations from grading less then 9.] Hence such m does not exist.

We w ill now prove that hjhjhk ^ O i i i  +  l < j < k  — 1. Define

m2 := [s# +s2*s23 + ^1 ]s2‘+ [s21 s2fc+s2* s2*+^2]s'2j +  [s#s’2, +S2's2> + ^3 ]s'2k € Rel-11

Due to relations (B ), m l +  m2 is a relation of height (See [14, page 432]) less 

then H k H jH i, so is reducible in terms of minimal relations of smaller height.

In other words, one can define

(3 :=  m l +  y ]  yj • n  =  m2 ^  0
i

Then hihjhf.([P]) =  1.

There is a conjecture by Davis, stating that A LL  the relations on the products 

of hi are induced from hohi =  0 and /io^2^2 =  0 by SQk operations. See [4].
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