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Abstract

DESCRIPTION OF HOMOLOGY AND COHOMOLOGY THEORIES OF
CONNECTED ALGEBRAS AS QUOTIENTS OF IDEALS OF FREE
CONNECTED ALGEBRAS

by Avraham Goldstein

Advisor:  Professor Martin Bendersky

In this work we give develop technics of calculations with the ideals of the
free connected algebras. We use those technics to calculate the homology and
the cohomology vector spaces and the kernels and the co-kernels of the product
of the cohomology spaces of connected algebras as quotients of ideals of the
”overlying” free connected algebras.

This permits us to prove some results about connected algebras with certain
cohomology structure. We also demonstrate our methods at calculating the

cohomology structure of Mod 2 Steenrod algebra and some of its sub-algebras.
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1 Introduction

In this work we introduce definitions and results about connected algebras.
Particularly, we give an explicit formula for the homology groups, H,(A), of
a connected algebra, A, in terms of its generators and relations. The main
reference for this material is [14]. A connected algebra, A, over a field F,
is an F-algebra, graded by non-negative integers, s.t. it’s 0th grading, A,
is isomorphic to F'. This isomorphism is given as a part of the structure of
connected algebra, hence one says that Ay = F' [see Definition 2.1].

The augmentation ideal, I, of a connected algebra A is defined as (32, A;.

A set G C I is called a generating set of A if every element of A can be
represented as a sum of coefficients from F with products of elements of G, [i.e.
a= fig11 Q1 + o+ fmGm1 - *9m.k,. | G is called minimal generating set

if none of its proper subsets is a generating set.

For a connected algebra A and a fixed generating set G of A, we denote by
A’ a free algebra on a set G, i.e. the elements of A’ are sums of coefficients from
F with products of elements of GG, where each such sum represents a different
element in A’. Clearly, A’ is a connected algebra and it’s augmentation ideal is

denoted by I'.
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There is a natural projection proj : A’ — A. The kernel of this projection is
called the relations ideal and is denoted by Rel C A’.

We define [Definition 4.7 and Lemma 4.19] {Z,}32, and {Br}5%, -ideals of A"

Zp= (] ('™ RelP.I'.Rel®>... .1+ . RelP) C A
Zi(ai+2ﬂ,~)=n

n
B, := I'-Z,'1+Z,’l-I'+[Z( !_1-Rel-Z],_,)] — Will be proved in Corollary 4.15 to be C Z,,

i=1

The main new result of this work is:

[Theorem 4.18]  Hn(A) = Z,,/B;,
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If G is a minimal generating set, then Rel C I' - I'. This fact simplifies the
formulae for Z], and BJ,. In this case one gets, by directly plugging into the

above formulae:

Zi=A , By=1I
Zy=I, Bj=I"-TI
Hence Ho(A) = A'/I" = F and Hy(A) = I'/(I’ - I') = I/(I - I). Those are
classical results in the theory of connected algebras [14]. Also
Z4 = Rel
By = (I'- Rel) + (Rel - I')

Hence Hy(A) = Rel/[(I' - Rel) + (Rel - I')], which is a restatement of Wall’s

result from {14] in our terminology.
All other formulae i.e. formula for Hy(A), using a general [i.e. not necessarily

minimal] generating set G, and formulae for higher H,(A), using a minimal or

a general generating set G, which are given in Example 4.22 are new.
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In Section 5 we introduce Yoneda cup-product
Ext$H(M, M') ® Exts (M', M") — Ext5 " (M, M")
A new result, developed in Section 5, is Definition 5.4 of parings
! / !
pij: Zivj— Z;®Z;

such that [due to Lemmas 5.2 and 5.3] p; (B ;) C [(B; ® Z;) + (Z; ® B;)].

Thus we define in Lemma 5.5, by passing to quotients, parings
vij : Hiyj(A) — Hi(A) ® Hj(A)

In Theorem 5.6 we establish duality between T Rov;; and Yoneda cup-product
in the case M = M’ = M" = F and s = i,s' = j [TR is unoriented transpose,
TR(z®y) := y®z]. Using this duality, we produce, in Theorem 5.8, explicit
formulae for kernels and co-kernels of Yoneda cup-product maps in terms of

generators and relations of A.

In Lemmas 4.20 and 4.21 we find all the connected algebras A, for which
there is certain commutativity relations between the ideals I’ and Rel of A’. In
Theorem 5.9 we combine these results with Theorem 5.8 to find all algebras, in

which certain Yoneda cup-products have zero kernel.
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In order to achieve our results on the homology of a connected algebra A, we
introduce in Definition 2.19 and construct in Section 3 the minimal resolution.

We then translate this construction, in Section 4, into the language of ideals of

Al

In Section 6 we define Hopf algebras and discuss their properties. A Hopf
algebra A is a connected F-algebra, equipped with an algebra homomorphism
vg: A — AQ® A, called co-product, such, that for all a € A the projection
of v4(a) onto Ay ® A is 1 ® a and the projection onto A® Apisa®1. A
Hopf algebra A is called co-associative if [[dgq @ v4] o vy = [vg ® Ida] o va.
For a co-associative Hopf algebra A, we construct vy, , the cup-co-products on

homology of A. This construction uses v4. It is known from [2] that

(v, = P vij): Ha(A) » @ Hi(A) ® Hj(A)

i+j=n i+j=n

In other words the construction of vy uses v4, but vy, does not depend on v4

Section 6 also introduces Liulevicius’s [from [6] ] SQ™, n =0, 1, ... operations
on co-homology of co-commutative [see Definition 6.3 | Hopf algebras over a
field with characteristics 2.

For a comprehensive treatment of this material see [11]
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We use our results in Section 7, to calculate the H3 of the mod 2 Steenrod
algebra, A, and of some of it’s finite sub-algebras. We produce some relations

on the products of the elements of Ezt!(A) and Ea:tl(Am) and E:ctl(Am).

Those calculations are then compared with the literature. [1}, [10].
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2 Definitions and Notations

We assume some fixed field F' throughout this article. We recall the definitions
of Z-tensor product, F-vector space, F-linear map and F-tensor product. For
H,, Hy - two commutative groups, the Z-tensor product, H; ®z Hs, is defined
as a free commutative group on all pairs (v, z), modulo all the relations

([v+ w],z) — (v,z) - (w,z) and (v, [z + ¥]) — (v,z) — (v,y), for all

v,w € Hy, x,y € Hy. F-vector space is a commutative group V, equipped with
amap h: F®zV — V, st. h([fi®zu]+[fo®zv2]) = h(fi®zv1)+h(fo®zv2)
and h(fi ®z h(fz ®z v)) = h([fifo] ®z v) for all fi,fa € F, vi,v2 € V.
Throughout this work we write fv for h(f ®z v) and we call f - the coefficient
of vin fv. Let V and W be two F-vector spaces. Themap g : V — W is
called F-linear if g(fiv; + fov2) = fig(v1) + feg(ve). The F-tensor product,
V ®p W, is defined as a commutative group V ®z W, modulo all the relations
([fv]®@zw) — (v®z[fw]), equipped with amap h: F®z(VRrW) - VRrW,
given by h(fQ®z[v®pw]) := (fv)®pw. All the tensor products in this work are
F-tensor products and we omit subscript from them. Since for any F-vector
space V, V® F and F ® V are naturally isomorphic to V, by isomorphism

veov®1 e 1Q®uv, weregard them as the same object.
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Definition 2.1 A graded, connected F-algebra A is a disjoin union of F-vector
spaces An, n > 0, such that Ag = F, equipped with the product map pgq =
Ui,jzo HA,4; @ Ai ® Aj — Aiyj, where each B, 4; is F-linear and pg, 4, and

KA,.4; are all identity maps, such, that

(4,4, 0 (4,4, ®1da) = pa, 4, 0 (Tda, ®pa, )]  Ai® A ® Ap — Aiyjrk

The product p4 is regarded as a map from AQ® A into A. All algebras in this

work are assumed to be connected F'-algebras.

Where possible, we will omit the subscript from the x4 and we also write a-b

for p(a ® b).

Definition 2.2 Let A and B be two F-algebras. Then the algebra homomor-
phism f : B — A is union of F-linear maps f; : B; — A;, such that fo = Idp
and:

[foup=pao(f®f)] :BB— A

Let V be a disjoint union of F-vector spaces V;, i > 0 and A be an F-algebra.

Definition 2.3 If one fizes a map f = Ui,jzo fav, : Ai®Vj — Viyj, where
each fa, v, is F-linear and fa, v, are all identity maps, such that fo(u®I dy) =
fo(lda® f): AQ ARV — V, we say that {V, f} is a left A-module and call
f a left action of A on {V, f}. The action f is regarded as a map from A®V

into V.
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Definition 2.4 If one fizes a map f = U, j50 fv,4; : Vi ® Aj — Viyj, where
each fv; 4, is F-linear and fy, 4, are all identity maps, such that f o(Idy®@u) =
fo(f®Idy) : VRAR®A — V, we say that {V, f} is a right A-module and
call f a right action of A on {V, f}. The action f is regarded as a map from

VAinto V.

In both cases of modules and actions we will omit, where possible, the men-
tion of f and write just V for {V, f}, a-v for f(a®v) and v-a for f(v®a).
The field F' is also regarded as left and as right A-module with Fy = F and
Fpso = 0. The actions are given by f-a =a-f = faifa € Ay = F and

f-a=a- f =0 otherwise.

If V is a graded F-vector space with additional structure, then [V]¥ denotes

the underlying graded F'-vector space.

Definition 2.5 Let V be o graded F-vector space. Then, FA(V), the free left

A-module, generated by V, is a vector space [A)F ® V with A-action defined by

aj - (a2 ®v) := (aj - ag) @ v.
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Let A be a connected F-algebra.

Definition 2.6 Let M be a left A module and S C M be any subset of M.
Then ST C [M]F is an F-vector space {z € [M]F |z =3, fi-s;} and SA C M

is a left A-module {r € M |z =) _,a;-s;}. Here f; € F and a; € A.

Definition 2.7 B C A is called a left ideal of A if for any a;,a3 € A and

b1,bos € B, a1b) + agby € B.

Definition 2.8 B C A is called a right ideal of A if for any a1,a2 € A and

bi,bo € B, bia; + byag € B.

Definition 2.9 I4 := |J;5( 4i is called an augmentation ideal of A. 14 is both

right and left ideal of A. The subscript will be omitted where possible.

Definition 2.10 The set G C I is called a generating set of A if every element
x € 14 is expressible [not necessarily uniquely] as z = ), fi(gi1-...* giz;), where
f« € F and g«x € G. The generating set G is called minimal, if none of it’s

proper subsets are generating sets.

Definition 2.11 Let G be a graded set. The free algebra on G, Frg, is defined
as F in degree 0 and in degree n as F-vector space Frgn, spanned by all ez-
pressions Y_(gi1 - - Git,), where g« x € G and deg(g;1) + ... + deg(giyt,) = n.

LFrg @ Frg ® Frg — Frg is an additive extension of: [ fi,fa € F, g«x € G]

Lrrg (f1(g1,1 - - 91,4,) ® fago,1 oo - Got,)) = fife(g1,1 - - 91ty - 92,17 - - 928,)

10
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Definition 2.12 Let A be a connected F-algebra and G 4 C 14 be a generating
set of A. If G4 is clear from the context, we will write A" for Frg,. I' will
denote the augmentation ideal of A'. For each g; € G, g; will denote the corre-
sponding element in A’ and G’ := {g}} C I'. The map g, — g extends to an
algebra homomorphism proj : A’ — A, which is onto. It’s kernel Rel C A’ is

called relation ideal [relative to G4]. Rel is both right and left ideal.

Definition 2.13 Let A be an F-algebra and X and Y be two left [right] A-
modules. Then F-linear map f : X — Y is called left [right] A-module homo-

morphism if f(a-z) =a- f(z) [f(x-a) = f(z)-af foralla € A andz € X.

Any bi-graded F-vector space X; ; can be regarded as a diagonally graded by
Xn = B, +j=n X; ;. Hence, for two graded F-vector spaces, V and W, the

product V ® W is regarded as a graded F'-vector space.

Definition 2.14 Let A be an F-algebra, X be a right A-module and'Y be a left
A-module. Then F-vector space X ® 4 Y is defined as a quotient of F-vector
space [X|F Q[Y]F by the F-vector sub-space, spanned by all (z-a)@y—z®(a-y),

a€ A,ze X,yeY.

11
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Definition 2.15 Let A be an F-algebra. The left [right/ A-module P is called
projective if for any left [right] A-modules X and Y, and for any left [right]
A-module homomorphisms f from X onto Y and g from P into Y, exists [at
least one] left [right] A-module homomorphism h : P — X, such that

(foh=g): P—>Y.

It is a classical result in homological algebra that, for any graded F-vector space

V, FA(V) is projective left A-module. See [5] and [15].

Definition 2.16 Let A be an F-algebra and M be left [right] A-module. Then
the long exact sequence ... %Pn Ony 22'P2 ﬂPl QQPO a—"lvM — 0, where all
P, are projective left [right] A-modules and all O, are left [right] A-module
homomorphisms, is called a projective resolution of M.[Hence the sequence

On— ,
Q"Pn = 22>P2 gl»Pl 2‘3P0 — 0 has [M]F as its 0" homology F-vector space]

Definition 2.17 Let A be an F-algebra. Then the functor T from the category
of left A-modules and left A-module homomorphisms to the category of F'-vector
spaces and F-linear maps is defined as follows: T(M) := F®, M = [M]|F/[I -

MF and T(f) :=Idr ®4 f.

F-vector spaces 7 (F) and F are naturally isomorphic, by 1®41 « 1.

12
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Definition 2.18 Let A be an F-algebra. Then the nt* homology F-vector space,
Hn(A), of

60:=T(30) 6_.1:=0

5:=T(5) T(Ry) 0

6,:=T(8,
T (Py) 2=,

where {P;,0;} is [any/ projective resolution of F, i.e. Ker(én—1)/Image(éy),
is called the n*h homology F-vector space of A and it’s dual F-vector space,

H™(A) := Hom(Hyn(A), F), is called the n** cohomology F-vector space of A.

One also uses Tor,(A) for Hy(A) and Ext™(A) for H"(A). Another definition
of Ext™(A) is the Ker(d;,)/Image(d;,_;) for
56:=—030

6;::—08,

6;::—062

6c,:=0
0——— Homu(Py, F) Homy(Py, F) Homy(Py, F)

Since each P, is a graded A-module, the F-vector spaces Hp(A) and H"(A)
are bi-graded. We will use the notation P, x, Hpx, H nk for the sub-object of

n** object (nt" homology degree) of inner degree k [and similarly for Tor,, ;(A)

and Ext™F(A)].

Definition 2.19 Let A be an F-algebra and M any left A-module. Then the

projective resolution of M is called minimal if Op(Pn+1) C I - P, forn > 0.

The other description of minimal resolution is that 7(d,) = 0 for all n > 0.

Hence, if {P;, 0;} is a minimal resolution of F, then

Hp(A) = T(Po) = [P]F /1L - Pa)F

13
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Definition 2.20 Let A be an F-algebra and M any left A-module. Then the
subset S C M is called a generating set of M if every x € M is expressible (not
necessarily uniquely) as T =3, a; - s;, where a, € A,5, € S, i.e. M = SA. A
generating set S is called minimal in none of it’s proper subsets is a generating

set.

We observe that if S is a minimal generating set of M then
M)F =8F eI MF

Also, in this case, S is a basis of SF.

We also observe that every [minimal] generating set of A, as in Definition 2.10,

is [minimal] generating set of I, regarded as left A-module, as in Definition 2.20

14

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3 C.T.C. Wall’s Construction and it’s extension.

We will produce here [extended] Wall’s construction from [14], of minimal res-
olution of F' with respect to an F-algebra A. Out methods are easily extended

for a general left A-module M.

We start by taking Py := A, with A acting on itself by multiplication from
the left, and 0_1(a) := a if a € Ap = F and 0-(a) := 0 otherwise. Clearly,
Ker(0-1) = I C A = Pp. Let now G be some minimal generating set of left
A-module I. Then [[]F = GF @ [I - I|F. Take Py := FA(GF) and
O(a® (3, fi-gi) == 2_;(fia- gi). In general, if one already constructed P,
and Op—1, one chooses S, as some minimal generating set of left A-module
Ker(0,-1), hence [Ker(0,_1)]F = SF @ [I- Ker(8,-1)]F, and takes Pny; :=
FASE) and O,(a ® (3 fi - ) == Su(fia- z;) € Ker(dp—1) C Py, where
z; € Sp. One proves Op(FPr41) C I - P, by induction on n. It is the same, as to
prove, that S, C I - P,. We already have it for n = 0. Suppose S,, C I - P,
for all m < n. Choose z =) ,a; ® 8; € Py, s.t. Op—1(x) =D ;a; - s; = 0. Here
a; € A;si € Spy, si=sj @ i=j4 lfx ¢ 1-P,, ic. someag € Ay = F,
we can solve s, = Zi#k(%) - 8;, which contradicts the minimality of S,,_;. So

Ker(Op—1) CI- Py, hence S, C I- P,. One gets that
Hn+1(A) = ‘5,71:

15
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In that notation Sy is just G, a minimal generating set of A and any = €
Ker(0p) is some a1 ®g1+...+ 0, ®gk, ax € A, g« € G, s.t. a1-g1+...+ax-gr = 0.
So S is just a minimal generating set of "relations” on G, i.e. such set of "rela-

tions”, that any "relation” can be represented (not uniquely) as aj-s;+...4a;-st,

a« € A, s, € S1, and no proper subset of S} has that property. By the analogy,
So is a minimal generating set of "relations” on Sj, etc. This description of

Hj(A) as "minimal relations” is due to Wall. See [14].

We put the word relation in quotations, because the "relations” in Wall’s
sense are a left A-module and a different object from the relations of Definition
2.12, where the relations constitute an ideal in some free algebra "over” A.

Hence the non uniqueness of the representation of ”relations” by the elements

of a minimal generating set S;.

Definition 3.1 The left A-module map dyn; : AR _, A®™ defined by

additively extending

dn,i(al ®.00;a0,+1Q...0ay ®an+1) =01 Q...Q0 (ai . ai+1) R...80a,Bans1

is called th face map. Here 1 <1 <mn. Alld,; are clearly surjective (onto).

16
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By abuse of notation we will write also dn; : I®™*) — I®" In terms of

this construction S, ¢ I®™t1) and for n > 0,

n
Sn C Ker(dn) N (I ® SE_}) € () Ker(dn;) c 190D (3.1)
=1

We define S_1:=1, X_1:=J_1:=A4, Sp:=G, Xg:= Jyp:= 1 and left

A-modules

n
= [Ker(dn )NI®SE_ 1) C I | Jy = [[) Ker(dns)] € I (3.2)
i=1

Notice that, X, = Sf} = Ker(Op-1) C Py.

Notice also that Ho(A) = [Po)F /(I - Bo)F = [A)F /[T - A)F = [A)F/[I)F =

One has that Hyy1(A) = SF = [X,)F/[I - X,]F for all n > —1.

Jscl®lscI® JaCcI®Js CI®® Jcl®d, cI® JhcI®J cI® LhCIel Jo=1
U U U U U u
Ker(83) = Xs =S8 Ker(83) = Xe=5{ Ker(d)=Xs=5§ Ker(d)=X2=5§ Ker(d)=X=5{ Ker(d-1)=Xo=S5¢

~hAgSF =P 2 AP —0

Jo-
F

=ds,1 =dy =d3,

A®SY _P5 A® S =P4 D=l p @ §F = py2 ——A®SF "Pz

17
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4 Calculations with ideals of A’

For an algebra A fix some generating set G and take A’ = Frg(A). In this sec-
tion we shall "1ift” the construction, described by (3.1) and (3.2) to I'®...® I
and then ”multiply it out” onto ideals of A’. This will enable us, in Theorem
4.18, to express homology groups of A in terms of ideals of A’. We begin devel-

oping some results concerning A’. [Note, A’®0 := ['®0 .= F']

On page 19 we provide a full page diagram, illustrating our definitions and

constructions from this section.

Definition 4.1 The element x € A’ is called homogeneous, if ¢ = fg} - ...- g

or z = f, where f is any element of F and g, are any elements of G'. If
Tz = fg]-..g;, we say that the weight of z, w(z), is t, and if T = f, we say
that the weight of z, w(z), is 0. So the weight of a homogeneous element is the

number of generators in it.

Definition 4.2 The element z € A" = A'® ... ® A’ is called homogeneous, if
z=1210..01T,, with each factor x; being homogenous. We say that the weight
of z, w(z) := w(z1) + ... + w(z,). So the weight of a homogeneous element of

A'®" s the total number of generators in it.

18
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By definition of A’, every element z € A’ is a unique sum of homogeneous
elements, which are called homogeneous summands of z. Similarly, every el-
ement z € A'®" is a unique sum of homogeneous elements, which are called

homogeneous summands of z.

Definition 4.3 The left A'-module map d, ; : A®MtL) __, AR dofined by

additively extending
(a1 ®..®a;®aj ;1 ®..®a, ®ay,1) = a1 ®...® (2 6i4]) ®...® 4, By

is called ** face map. Here 1 <i < n. Every face map is surjective (onto) and

takes a homogeneous element to a homogeneous element of the same weight.

Definition 4.4 We define F-linear map mp, : [A®YF — [A®™F. On each
T € A®", 7tp(x) is the sum of all homogeneous summands of x of weight m.
We also define F-linear maps mem(z) := Y ; e Ti(T) and T<m(T) := 3 iy i)
We also use wpmin(z) for the minimal weight of homogeneous summands of T
and Tmin(T) =y, . (2)(z), i.e. the sum of all homogeneous summands of = of

minimal weight. NOTE that mpin is NOT an additive map.

The functions 7, , i<m and 7<y, provide some kind of "filtration” on the
elements of [4"®"]F,
By the abuse of notation we will apply the functions 7, , <y, and 7<m to
elements of A"®",
It is clear that if z € A’®" is of degree (grading) d, then m<4(z) = x.

19
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We are now ready to "translate” (3.1) and (3.2) into the (two sided) ideals
of A, Let

Ql_l = F ’ XLl = .],I_l = A,

Xo=Jy:=T

n
Iy = () d7i(I'®D @ Rel @ 1'®("9)

i=1

Q= p'roj_l(S',I:) nJ, , X, = proj M (Xa) N Jy,

where proj : I' ® ... ® I' = I ® ... ® I is the natural projection.

We now want to show that proj(J;}) = Jn for all —1 < n. It is clear, that
proj(J!) C Jn and it is clear, that proj(J’ ;) = J-; and proj(Jy) = Jo. So,

assume that 1 < n.

20

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Let {1,41,...} C A be some F-basis of [A]F. Then every element z € J, is

represented as

L= E (f(illa---)itﬂ+1)itl ®..Q itn+1)

tla"'stn-H

where each f(,-m,__’i‘ .)€ F and only finitely many of them are nonzero.

For all 1 < k£ < n, we have that, for all £1,...,¢t5_1,tk+2: s tn+1

itl Q... ® itk’_l ® ( Z (f(iln-“vitn+1)(itk ) itk-H))) ® itk+2 X ... ® Z'tﬂ+] =0

tkatlﬂ-l

Z (f(itl’ ""itn+1)(itk ) itkﬂ)) ={

Lotk

Fix some i} € proj~1(i1), 15 € proj~*(iz), ... and define

1. ./ -/
= Z (f(i,l,...,itn“)zt,®"'®ztn+1)

tl 1"'1tn+1

We have that

pTOj( Z (f(igl,...,i,nﬂ)('iék ) iékﬂ))) = Z (f(itn ""itn+1)(itk ) itk-{»l)) =0

Lestita 798 79

Z (f(itlv"-iitn_*.l)(igk ) i;k-l'l)) e Rel

tkytk-f-l

Hence ' € J),. But proj(z') = z. So proj(J},) = Jn.
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Definition 4.5 The left A'-module homomorphism pr™ : A®M+1) _, A is de-
fined by extending linearly pr™(a] ® ... @ ap 1) :=ay ... a5 ;.

Or [pr™ := dll,l o d’2,1 o..od .]: A®(n+l) _, A’

n,1

Thus for z € A®™+1) the map pr™ just turns every tensor product in z into

the multiplication in A’.

Lemma 4.6 For any F-vector space B' C [A')F one can choose F-basis {c}, ch, ...}
of B', s.t. every c,, has a homogeneous summand, called sgn(c),) , not appear-

ing, as a homogeneous summand, in any other c,,.

Proof: If B’ has nonzero elements of grading 0, we take ¢ =1 € F.

For any fixed grading d, d = 1,2,... , {m(¥) | ¥ € B} is some F-vector

subspace, Bj[1], of F-vector space [G&]F , spanned by all g; € Gj.

Choose b 4, ..., b] € By, s.t. m1(by 1), ..., m1(by 1, ) is a basis of By[1]. By sim-

P . . 1/ /!
ple matrix inverting argument from linear algebra, we can construct b7, ..., b1, ky?

/7

each b ;

is an F-linear combination of b} ;,..., b}  , s.t. each b]; has some
! )
summand gz'-1 appearing only in it, and cach ] , is F-linear combination of
?
11>+ b] g, - Furthermore, for every b’ € By, we can subtract some unique F-

linear combination of b7 y, ..., b7 ; from ¥/, to ”annihilate” its 71 (b],) summands.

The result of this subtraction is called o) ().
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All {ma(o1(b")) | b' € B} spans some F-vector subspace, B}[2], of F-vector

space [Y_4 yd.—d G:L -GQZ]F , spanned by all g; - g , where g; € G} , g; € G,

and d; + dy = d.

Choose b5 1, ..., b ;. € By, s.t. ma(01(by 1)), - ma(01(b5 4,)) is a basis of By[2].
Again, by matrix inverting argument, we can construct by, ..., by . , each by ; is
an F-linear combination of b} , ..., '2, k,» St each o1( ’2’]) has some g; g; , which
appears only in it, and each b’2,h is F-linear combination of g’,l, .y b’2”k2. Fur-
thermore, for any &' € Bj, we can subtract some unique F-linear combination
of g1(b31), .-, 01(by 1, ) from 01(b'), to "annihilate” the my(01(b')) part of a1 ().

The result of this subtraction is called o2(b').

We then repeat the process for weights 3, ..., d. It is clear that
o4(t') = 0| Vo' € B);. Hence the subset of
{6715 8] g, 01(0 1), .y 01 ( g,k:,),---,Ud—l(bg,l),---affd—l(bg,kd)}, consisting of all
nonzero elements, is a F-basis of B, and every element in it has a unique ho-

mogeneous summand.
The basis ¢, ¢, ... is the disjoin union of the above constructed basises for

all gradings d, for which B}, # 0.
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Definition 4.7 Here and elsewhere I := Rel® := A’ | I’® := Rel® := 0.

Zy= () (' -Rel® I RelP....I""+ . RelP) C A
Zi(ai'*'?ﬁi):n

n
B =12, +() (Zi_, - Rel- Z,_;)]

i=1

Theorem 4.8 pr™(Jy,) C Z; . Hence we can define
Mt Xp = Zniy
as restriction of pr™ to X,
Proof: By induction onn. X}, = I' = Z] and pr*(X}) C (Reln(I"-I')) = Z},

so we have the Theorem for n = 0,1. Assume the Theorem for all numbers, till

n—1.

Any element 2’ = )7, fi(# ;®...®1p, ;1) € Jp, where all 4, , are homogeneous
and f. € F, can be written as 4 ; ®w) ; +... + ill,k ®wi’k, where all w; , are in

Jp—1 and all 4 , are different. Hence, by induction hypothesis, pr(J) cI'-Z!.

Let ¢}, ch, ... be a F-basis of [Rel]¥, as in Lemma 4.6. dpn1(z') € Rel @ I'®""!

can be represented as

E(C;L ® [Z Fin(izjn ® - ®tpyyin)])

h J
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Again all 4, , , are homogeneous. But

Y Sl @i ®.. @i )EIRT® T,

4,419, =591(C,)

Hence d,1(z') € Rel ® J;_, and, by induction, pr*(J;,) C Rel - Z; _,

Hence pr™(Jy,) C (I'- Z3) N (Rel - Z,_,) C Z,,, - last inclusion constructed
by induction.

Lemma 4.9 Every =’ € Ker(proj : J,, — Jp,) can be written as:

n+l
7 = Zx,’k , TR € Jp_o@Rel®J,_,
k=1

Proof: Let {c], ¢}, ...} be an F-basis of [Rel]¥, as in Lemma 4.6, and {1}, 5, ...}
be the set of all homogeneous elements of I’ [no repetitions|, different from
sgn(c}), sgn(cy), .... Hence {sgn(c}), sgn(ch),...,i},%5,...} is the set of all ho-
mogeneous elements of I/, with no repetitions, and, thus, an F-basis of [I’}%.
Clearly, {c}, ch, .., ], 5, ...} is an F-basis of [I']F" as well. Denote ® := [{i}, ), ...}]F.

Clearly, proj(®) = [I]F and the kernel of proj, restricted to ®, is 0.

Represent ' =3, ¢, ® u; + _, iy ® y;. Then each u; has to be in J]_;.
Define z{ := )", ¢, ® uj. Now take 2’ := 2/ — .

Clearly, 2] € Rel®J]_, C Ker(proj : J}, = Jp),s0 2" € Ker(proj : J}, = Jp).

25
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" " !/ " -/ -/ "
Represent: z" = Z vy @ ®up + Z i, U, @Yy 1,
t ti,ta

Again, each v;' has to be in Jj and each u has to be in J},_,. Define
Th = Zv{'@c{g ® up
t
mo._.n T ' /
Now take '’ := 2" — x5 = 2’ — (2] + z5).

Clearly, z5 € Jy ® Rel ® J},_, C Ker(proj : J;, — Jp), so

z" € Ker(proj : J, — Jp)-

After repeating this process n + 1 times, we are left with

PrAan . ' ~ (g} +h+...+ 2} 1), which is an element of Ker(proj : J, — Jn).

But z/™*Y) ¢ ®(+1), Since proj has zero kernel on ®®(+1) g/ (m+1) — 0 and

g =x)+ah+..+T,.
Theorem 4.10 pr" maps Ker(proj : Jj, — Jp) into By, ;.

Proof: Every =’ € Ker(proj : J;, — J,) can be written z’ = z{ + 25 + ... +

! . .
T,.1, as in the previous Lemma.

But pr(z}) € pr¥=2(J}_,)- Rel-pr"~*(J!_,) C B, foreach1 < k <n+1.
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Lemma 4.11 Let L' C A’ be a left ideal, and I},1},... be some minimal gen-
erating set of L'. Then there is only trivial solution to [y;, are homogeneous

elements of A']

Zy}cl;c = Z fi(91 k9, 1)k =0, here l; might be equal to I; for i # j, but y; # y;
k k

Proof: Any non-trivial solution must have hy > 0 for all &, since this gen-
erating set is minimal [if Ay = 0 one can solve for [}]. Choose a non-trivial
solution with minimal total amount of g;,j. Fix ¢’ = g1 ;- Now

Z fe(91s- 924 Ghyt) "l =0
91.=9'

Z felgag = Ghg) =0
91,.=9'
This contradicts the minimality of total amount of g;,j in the chosen solution.

Corollary 4.12 Let L' C A’ be a left ideal, and M',N' C A’ be right ideals,
then

(M'AaNY-L'=(M-LYn(N'- L

Proof: Let [1,...,lj be a minimal generating set of L. 2’ € M’ L' can be
represented by ' = m} - lj + ...+ m} - I}, m; € M', and 2’ € N'- L' can be

represented by z’ = nj -y + ...+ n} - I , n}; € N'. By previous Lemma,
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Obviously, in 4.11 and in 4.12, the "left ideal” and "right ideal” can be in-

terchanged.
Theorem 4.13 pr™ : J;, — Z],_, is onto.
Proof: Forn =0, Jy = I' = Z]. Forn = 1 take any }_,i;-g; € Zy =

(I'-I"YN Rel. Then for 2’ := 37, #;®¢g € Jj, pr'(z') = 30,4} gj. We proceed

by induction on n.

Assume chosen w),_; ; € Jp,_1, .y Wy,_y 4 € Jp_g and wy_p € Jy_s, ...,
Wh_gp € Jp_gy st pr™ Huwp 1), ., pr®H(w],_, ;) are all different and form a
minimal generating set of Z,, as left A’ ideal, and pr"”z(w;_z,l), ooy pT2 ('w;l_z b
are all different and form a minimal generating set of Z),_;, as left A’ ideal, with

each

/ / / ! / / !
W1, = Un_151 ®Wn_g1+ - FUn_ 1 OWngp | Un_14x €1

Making these choices will be done in this proof inductively, and is trivial for
n=1[le wy;=g;, wly;:=1andyy;, =gj|

Remark: We here abuse the notation and identify A’ with A’ ® 1.

For any element z’ € Z,, ; C I'- Z] pick a representation
= z’1 'P’”n_l(w;z—m) +...+ Z;c 'prn_l(w;—l,k)
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Here ¢}, ..., %, € I' are not assumed to be homogeneous. We define
o ' p, ’ ., ’ / ’
Y =uQWy 11+ . T3 QW, 1, =V QW 91+ .. TV, QW 9y

where v, € I'Q®I'. Since all {ra-pr"_z(w;l_z,p) lp=1,...,h; rq € Reln(I'-I')}
generate a left A’-ideal [RelN (I’ - I')]- Z, _,, we can choose some minimal gen-

erating set {rq; - pr*2(wy,_p,)} of Z, .y C [RelN(I'-I')] - Z;_,.

Since representation of =’ = prt (v})-pr"~3(w},_y ;)+...4pr(v) pr (W], _, ) €

Z3.1 C A’ in terms of the {rp - pr"‘z(w;_Q’p)} is unique, we get

/

pri(v}) € Rel,...,pr'(v},) € Rel. Clearly, y’ € J;, and pr*(y') = ='.

Now choose any minimal generating set {z{}¢=1,. of Z],, and represent
each

- -1
% =Upyy DI NWhog,1) e F Uy g DT (W )

We now define each
' ’ ot ® w
Wpt = Upti ® Wp1,1 T oo TUp 3 p Wy gk

That finishes the proof of the Theorem.
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Corollary 4.14 X\, : X;, — Z/,, is onto.

Proof: For any 2’ € Z_, take ' € J}, s.t. pr"*(y’) = «’. Since,

J, CI"¥*" @ I' = I'®™ ® X, we have y’ € I'®" @ X|. Assume that, for some
0SK<nyel®eX] , ie ¢y =Y,i®.. ® iy, ® Ty, where all 4, ; € I'

and all 2} € X! _,.

Choose elements {s;, € ¥, _ | proj(s;,) € (Sp—k U {0}) }u=1,,... s-t. every z}

can be represented as z; = ), a; , - 5.

Define 3" := Z[Z i1 ® . @iy - 01, O sy
U t

Then, y" € J, N (I'®*-1) @ X 1) and pr*(y") = pr*(y) = 2.
So, after repeating this process k times, we get

y'* e X! st M(y®) = pri(y'*) = o',
Corollary 4.15 B, C Z,,

Proof: For any z;-r-2, € B}, st. 21 € Z,_, , T € Rel , zj € Z| _,, choose
Yy € X;_, such that Aj_a(y}) = 2] and y) € X] _,_, such that Ap_j_1(y5) = 2.

Then y; @ @ yh € J},, hence 2} -7+ 2z = pr*(y} @ r ® vb) € Z},
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Actually, if y, = ¥, al, - 5., where {5/} are selected as in the proof of Corol-
lary 4.15, then for ¢/ = Y, 3} ® (r - a},) ® s, is an element of X}, and we have

that proj(¢’) = 0 and M, (¢') = 2] - 7 - 2.

Corollary 4.16 For any z' € X;, s. i. M(z') € B},,, one can find some

" € X}, s. t. proj(z") = proj(z’) and \y(z") € I' - Z] ;.

Proof: The element A,(z') € B}, is sum of some element ¢’ - 2/ € B},
where ¢ € I' and 2’ € Z],_,, and elements of Z; ® Rel ® Z, ., _,. But for each
element 2} - 7 - zb € Bl exists ¢’ € X}, s.t. proj(¢’) = 0 and Ay(¢) = 2] - 7 - 2.
Select 3’ € X!, st. A(y') = 2/. Now take z” to be sum of 7’ - ¢’ and the

elements ¢'.

Theorem 4.17 If for z € X, exists z' € X!, 5. t. proj(z’) = z and M\ (2') €
I'- 7!, then one can find 2" € I' - X}, s. t. proj(z") = z. In other words

zel- X,

Proof: By induction on n.
For n = -1, ()\._1 = IdA/) : (X-l—l = A’) — (Z(') = A’).
Forn =0, (A = Idp) : (X =1I') > (Z] = I'). Assume the Theorem for all

numbers, till n — 1.

31

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Since A, : X;, — Z,,.,; is onto, we need only to prove the Theorem for the

case Ap(z') = 0.

For each s, € Sp_1, choose s, € Q7 _;,s.t. proj(s,) = se. Thenany v’ € Q] _,

can be represented {uniquely - due to the fact, that sy, s2, ... are F-basis of S,f_l]

as an F-linear combination of s} plus some u” € Q,_,, proj(u”) = 0. Hence

any =’ € X], can be represented as
=@ +..+i,@sk+7'®@5" , " eQ_;|proj(s") =0
Assume that
pr @ s+ il s +i7 - 8") =pr®(a’) =0 and i} #0

[Since if at least one of the i}, 7, ... is nonzero, we can assume that %} is nonzero.]
Then fix some fig] - ... g}, homogeneous summand of 7. For ally’ € I', ¢’ € G,
define [F-linear map] By (y’) as sum of all homogeneous summands of y', which
start with ¢/, with the initial g’ changed to 1 € F in them [Note. If ¥ has no
such summands, By (y’) = 0. We applied 592'1, without defining or mentioning

it, in the proof of Lemma 4.11]. Now
pr"‘l(ﬁg;(z"l) © 81+ o + By (43) - si + By (i")-s"y =0

pr" By (B (81)) - 81 + - + By (B (61)) - 8% + By (B (i) - 8") = 0
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After repeating this process h times, one will get
pr Y fish +ah-sh+ ... +af sk +a”-8")=0
By induction hypothesis,
fis1+az-so+...+ag-sk = proj(fisi+ah-so+...+aj-sp+a"-s") = y1-s1+...+yk-sk € I-Xp-1

Here y1,...,yx € I. But that contradicts the fact that S,_; is a minimal gen-

erating set of X,,—;.

Hence iy = ... = i}, = 0,50 2’ = i’ ® s and = = proj(z') = 0. We can take
1 k J

Theorem 4.18 )\, induces isomorphism yny1 from Hp11(A) = X0 /(I - Xy) to
Zp1/Bria

Proof: For any [z] € X,,/(I - X,), —1 < n, take any representative z € Xy,

choose any z’ € X/, s.t. proj(z') = z, and define
n

Ys1([z]) := [Ma(z)] € Zp11/Brys

If one chooses some other z; to represent [z], then y :=z; —z € I - X,,. So
y =1-u for some i € I and u € X,. Choose any 7/ € I’ and v/ € X], s.t.
proj(¢') = i and proj(v’ = u). Then 2’ +7'-v' € X}, and proj(z' + 4 -v') = z;.

But A\y(z' + 1 u') — Aa(2) = M@ - ) € Bl44.
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If one chooses some other 2 € X}, s.t. proj(z}) = z, then proj(z} —z') =0

and An(2]) — An(2') = An(2] — &) € B ;. S0, Y1 is well defined.
We have also proved that A, is onto. Hence y,41 is onto.

If \p(z') € B, then z = proj(z’) € I- Xy, hence [z] = 0, 50 Ypq1 is

one-to-one.
Lemma 4.19 Z] - I' C B}, hence

n
B.=1-2+2 -1+ [Z(zlt1 - Rel - Z! )]
i=1

Proof: Forn =0, 2)-I' = A-I'=1-A =1-2Z; Forn =1,

Z.I'=r-T1=T-2Z,

For2<mn, Z], C Z!_,-Rel,hence Z},-I' C Z]_,-Rel-I' = Z],_,- Rel - 7]
Lemma 4.20 If I’ - Rel C Rel - I, then Rel = I'™ for some 1 < m < 0o [Note.
I'= :=0]

Proof: Choose some non-zero element » € Rel, with smallest minimal weight
m. LE. this 7 has some homogeneous summand, with m generators, and all
other summands of all other nonzero elements of Rel have m generators or more

[If Rel =0, take m = oo].
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For any g; € G’ of smallest grading, g} -7 = Y, 7 - %}, with all ¢}, homo-
geneous and different. But, due to min/max conditions, for some k, 7 has
minimal weight m and ¢ € G'. Every homogeneous summand of weight m of

every such 7y has to start with gj. Define r’ := .

For any gj € G’ of smallest grading, g} -7’ = ), i - 4;. But, due to min/max
conditions, for some ¢, r; has minimal weight m and i; € G'. Every homoge-

neous summand of weight m of every such r{ has to start with g - g}.

Repeating this process for m steps gives us: g},...-9] € Rel for all g1, ..., gy, of
minimal grading in G’. But now, for any ¢} € G’, g1 - g1, ...- g} € Rel-I', hence
9! G- ..~ g € Rel. Repeating this process m times gives us: gy, -...- gy € Rel

for all ¢f, ..., g, € G'.

Of cause, if I'- Rel D Rel - I’, then again Rel = I'™. And if Rel = I'™, then

I' -Rel = Rel-I'.

Lemma 4.21 If G is minimal and I' - Rel - I' C Rel - Rel, then Rel = I'? or

Rel = 0.
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Proof: Choose any g; € G', with minimal grading. From all nonzero el-
ements of Rel, with minimal grading, choose any r with minimal amount of
homogeneous summands. Let {ry,7s,...} be an F-basis of [Rel]¥ as in Lemma
4.6. Then g} -7-gy = )4 x Tt - 7% But, due to min/max conditions, the grading
of 7 has to be twice the grading of g} and r must have only one homogenous
summand. Sor = g3-gy. But then -, -7 = (9] - 93) - (94 93)- So, for some
t, 7t = g} - g3. Now choose any g5 € G', with minimal grading and repeat this

process with r;. One gets gh-g} € Rel for any g1, g» € G', with minimal grading.

Now, for any gf € G/, g7 - (4} - 9})- 91 € Rel - Rel, hence g - g; € Rel. For

any gh € G', g4 - (97 - 44)- g} € Rel - Rel, hence gy - g{ € Rel.

If Rel = I'? or Rel =0, then, clearly, I’ - Rel - I' = Rel - Rel.

Example 4.22 Let us calculate Z!, and B}, for several values of n. If G is a
minimal generating set of A then Rel C I’ - I'. For G - any generating set of
A, we get:
Zh=1%.Rel®:= A , By=("-2)+(2y-I'"N=1T
Zy=(I""-Rel® - I - Rel®Y) N (I - Rel® - I . Rel®) = I
By = (I''Z))+(Z§-Rel-Zy)+(Z7-I') = (I'-I')+(A"-Rel- A\ +(I'-I') = (I'-I')+ Rel

And for G-minimal By=I-T
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Zh = (I"-Rel®- 1. Rel®- 1" Rel®YN(I"°- Rel* - 10 Rel®- I"®. Rel®)N... = (I'-I')NRel
/! ! ! ! / ! /! ! !
322(1Z2)+(Z()RelZl)+(Zl'RCl'Zo)+(Z2I)=

= (I""|[(I""I"'"NRel))+(A"-Rel-I')+(I"-Rel- A")+([(I-I')NRel]-I') = (I'-Rel)+(Rel-T')

And for G-minimal Z3 = Rel
Zh=..=(I'-Rel)N(I' - T'-I') N (Rel - I')
2
By = (I'Z5)+(Z4-I')+Y_(Z}-Rel-Zy_;) = (I'-Rel-I')+([Rel- Rel]\[(Rel-I'-I')+(I'-I'- Rel)))
1=0

And for G-minimal ~ Z4 = (I'-Rel)N(Rel-I') , B} = (I'-Rel-I')+(Rel-Rel)

Zh=..=(I'-I'-Re)n(I'-Rel - T')N (Rel - I'- I') A (I'- I'- I'- I') N (Rel - Rel)
By=(I'-Z3) +(Zy- I') + i(Z{ -Rel- 73 ;) =
— (Rel-[(I’-Rel)n(I’-I’-I’)n(Rel-I’)])+(I’-Iitze(z-[Relﬂ(l’-l’)])+([Relﬂ(I’-I’)]-Rel-I’)+
+([(I'- Rel) N (I'- I' - ') A (Rel - I')] - Rel)])
And for G-minimal  Zj = (I'- Rel - I') N (Rel - Rel)

By = (I'- Rel - Rel) + (Rel - Rel - I')
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For G-minimal we also have:
Zg = (Rel-Rel - I'YN(Rel - I' - Rel) N (I' - Rel - Rel)

Bl = (Rel- Rel- Rel)+ ([I'- Rel - Rel- I') 0\ [(I- Rel- ' - Rel) + (Rel- I - Rel - I')))

Z4 = (Rel - Rel - Rel)N (Rel-I'- Rel-I')N(I' - Rel- Rel- I') N (I' - Rel - I - Rel)
Bi = ([Rel- Rel- Rel - I''N|(Rel - Rel - I' - Rel) + (I' - Rel - I' - Rel - I')]) +

+([I' - Rel - Rel - Rel)]N[(Rel - I'- Rel - Rel) + (I' - Rel - I' - Rel - I')))

Hence: Ho(A)=F , Hi(A)= (I'/Rel)/([({' - I') + Rel]/Rel) =I/(I - I)

which are classical results.

For G-minimal, Hy(A) = Rel/([I' - Rel] + [Rel - I']) - is stated in [1{] using

different terminology.
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Rel ® I'®3 Rel @ I'®? Rel
d3; dzq 11 d3,)
I'®>5reJ; ' 51'eJ; I'8>51'eJ; 1'®? r
u y u u u o
Ji 4,1 ']:Is Jé J{ J(S inclusion Jf.l — A'
U U U U U I ‘
X X3 X5 X Xy X,
1 proj 1 proj
J4C1®5 J3CI®4 J2C1®3 JICI®2 Jo=1 Jaa=A
U U U U U I
Xy = Y/ )(3=Sé4 X2=S£‘ }(1=Si4 X0=Sé4 X.1=4
Ida o
AQSF=P—2 . A®SF =P A® SF = P, A®SF =P, A=Pp—2—
0.1
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Xy = Jy Nproj~(XF) , @, := JyNproj=2(SE)
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5 Pairings and cup-co-products in homology

We start with reviewing Yoneda cup-product [Note: we drop grading indexes

from ]
pa e e s Bzt (M, M') ® Exty" (M!, M") — Ext5H 4 (M, M")

Let {Ppr,j, 00,5} j=0,... and {Pa 5, Opme 5} j=0,... be some projective resolutions of
left A-modules M and M’
Any element [z] € E:ctil’t(M , M') can be represented by some left A-module
homomorphism x : Ppyg — M, s.t. (0 0prs) : Prst1 — M’ is a zero map
[z is a co-cycle]. Co-cycle x reduces gradings by t.
Om,~1

Since Py M ' is onto and Py, is projective, one can lift z to some

Zo: Pys— Pup .

Since Oy —1 © (Top 0 Opr,s) = T 0 Opp,s = 0, exists left A-module homomorphism
up : Pprsy1 — Ker(Onpr—1) = Im(Oppp), st. (inclusion) o ug = Zg 0 Opys -
Since Pps s+1 is projective, ug can be lifted to some Ty : Pps g1 — Papr,1- One
sees that

OM 0TI =TooOMs
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Repeating this process n times, n = 1,2, ... , produces left A-module homo-
morphisms Ty, : Pafs4n — Py, S:t.
8M',n—l 0Zp =Tp-10 aM,s+n—1

Now, any element [y] € E:cti’t'(M !, M") can be represented by a co-cycle

y : Pppr g — M" and we define

pat pre me([z] © [y]) o= [y 0 Tg]

To justify this definition, we must show that, y o Ty is indeed a co-cycle, and
that making different choices in our construction will produce a difference by

co-boundary in yoZy [the bi-linearity of [yoTy] relative to [z] and [y] is obvious].

But (yoZy) o Opsrs = YO0 OM ¢ 0OTs41 = (Yo Oppr ) ©Ts41 = 0,850 yo Ty is

a co-cycle.
If y is a co-boundary, i.e. y = wo I g-1, for & > 0, then yo Ty =
W o Oprg—1 0Ty = WO Ty 0 O0ppg—1 , Which is a co-boundary. So, the

construction does not depend on the choice of the representative y for [y]. For

s’ = 0, the only co-boundary is y = 0.
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Assume that z is a co-boundary, i.e. £ =Fko0ps—1. Then, for k: Ppre_1 —
M, construct ky : Prs—1 — Papg, st. Oy 0 ko = k. One sees that T
can be chosen to be = kg o Om,s. Constructing higher kr, like we did for Zn,

gives us Tp, = kpo0p1s4n. Hence yoTy = yokyg o0y s+, which is a co-boundary.

Also, if one chooses another lifting T for z, or Z;, for T, then Oppm—y ©
(Z), — Tm) = 0 [Here m is 0 or n + 1]. So, suppose Opm—-1 © Tm = 0.
Then T, = Oprm © him, for some hy. But Opprm © Tme1 = Tm © OMs4m =
OM'm © hm © Op s4m- So one can choose Tm41 = hm © Opfs4m- But now
aM',m+1 0ZTm+2 = Tm+10° aM,s-i—m+1 = hm oaM,s-i—m 06M,s+m+1 =0. S0 T2 =
OM';m+20hm+2. Etc. SoyoTy = yoOpy gohs = 0 or yoIy = yohy 1000 s+s'-1,

which is a co-boundary.

To show that Yoneda cup-product is associative, i.e.

M M a0 (T pggn g, pry®HMr Mo M) = Bbg Mo M0 (UM M Mo @I d gy g i)

. E:Btj{t(M, M’)@Emti’tl(M’, MII)®E$ti"t"(A "My — EmtsA+s’+s”,t+t +t (M, M")
one uses the fact that F o Tg4s can be chosen for (y o Ty), [Note: We use

here the same notations as on the previous page]. One uses standard arguments

from homological algebra to show that the Yoneda cup-product does not de-

pend on the choices of resolutions and is natural in M, M', M".
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Lemma 5.1 Let N' C A’ be a right A’ ideal and M' C A’ be a left A’ ideal.

Then there erists one-to-one F-linear map

¥: [N MF — [N'@ M)
Proof: Fix n{,n), ... - a minimal generating set of N’, as right A’ ideal, and
my,my, ... - a minimal generating set of M’, as left A’ ideal. Any z’ € N'- M’

can be represented as =’ = }_, ; n;-a; ;-m}. Suppose, that ' =3 inio m,

J nj g
Then
Sy = Skl
Z aij - = Z &g °
s0 a; ; = ¢ ; for all 7, j. Hence, one defines [relatlve to the selected {n;} and

{mi}]
P(a') = § (n}-ai;)@m) = E :((E n}-aj ;) @m) (5.3)
R

4J
Lemma 5.2 Let N” ¢ N' c A’ be right A’ ideals and M" C M' C A’ be left

A’ ideals, s.t. N'-I' C N" and I'-M' C M". Then ¢ can be selected, to induce
isomorphism of F-vector spaces

o (N MOTJ(N' M)+ (N7 MOIF — [N/ @ M/ M)

Proof: Let nf,n),...,n},n},... be a minimal generating set of N', as right
A’ ideal, with {n},n}, ..} N [N")F = {0} and nf},n},.. € N”

43

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and let m{, mj, ..., m{, mj, ... be a minimal generating set of M’, as left A’ ideal,
with {m}, m), ..} n [M")F = {0} and m/,m},... € M". One constructs such
minimal generating set, by taking any generating set of N”, as right A'-ideal,
union with the set of representatives, in N’, of any F-vector space basis of
[N'/N"]F. Since this union generates N’, as right A’-ideal, one can choose from

it a minimal generating set. [And similarly for M’).

Now, any =’ € N’ - M’ can be uniquely represented as [ a’ ., b. ., c. ., d. . € A"]
y 4,57 Yi,51 Ci g G g

x’=Zn;--agyj-m}+2n§-b§’j-m;’—{-Zn;-' -m/ +Zn” mj
1,j i,J i)
If z' € (N'- M") + (N - M), then all o] ; € I, hence ¢(z') € (N' ® M") +
(N" ® M'). So % is well defined. Since pg 09 = Idn..p and pa (N @ M") +
(N"® M")) c (N'- M") + (N" - M), ¥ is one-to-one. [Note. We abuse the

notation, by not specifying the restrictions in range and domain of p 4|

Take any y' € [N'/N"|F @ [M'/M"|F. Theny' = Y, ;. frx([ni] ® [m}]), where
all fix € F = Aj. Take z’ := 3, fex(n - my). Clearly, »([z']) = ¢/, so

1 is onto.

Lemma 5.3 B!

ivj C (Zi- Bj) + (B;- Z))
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Proof: Forany k <i, Z,-Rel-Z]_ | ,C Z;-Rel-Z!_,_,-Z! . C Bl Z;..

Foranyi<k, Z, -Rel-Z | ,CZ;- Z,_,-Rel-Z , ,CZ!- B;.
I Zl,cr z-2,cB,-2, , Z;-I'CZ-2-I'CZ B
Definition 5.4 Define, for each choice of ¢ : Z - Z§- — Z/® Z;- , the corre-

sponding

.o _inclusion 1 o1 W / /
Pij:Ziy— 4Ly —24;®Z;
Lemma 5.5 One can choose p; j, which induces some

vi,j « Hivj(A) — Hi(A) ® Hj(A)

vj,j := isomorphism o quotient o inclusion , in the following diagram:

Pij
Z,; Z® 7

projection projection

inclusi uotient i
Hiys = 20,5/ Bly 788 (1. 21y Bl 755 (20 Z)/|(Z)- B) + (B! - 202~ (2!/B)) ® (2}/B}) = H; ® H,

Theorem 5.6 There is a choice of vj; : Hjy; dy44,(A) = Hj 4,(A) ® H; 4,(A),
s.t. TRovj; is dual to Yoneda pairing
prrF : Exty® (F, F) ® Exth,®(F, F) — Extj?“*%(F F) . LE.
< ([z] ® [y]), TR(vj3([2])) >=< prrr(lz] ® [y]),[2] > (5:4)
Viz) € Exty;® (F, F),Vly] € Bt} %(F,F),V[z] € Hi1j,4,4+4,(A)

TR stands for unoriented transpose, i.e. TR(a®b) :=bQ®a forac V,be W,
where V and W are F-vector spaces.
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Proof: Select some F-basis {[z!],[2?],...} of Extfjid‘(F , F) and some repre-
sentatives z! € H omi‘(Pp,i, F),2°c H omi‘(Pp,i, F),... for all elements of this
basis.

If one lifts each s; € S;_; 4 to some s; € Qg_l' d, and then applies pri—! to
it, one gets elements z; € Z; ;, s.t. {[2]], ...} is a basis of [Z; , /B] d,]F~ One
can choose S;_1 4, in such a way, that [z"]([2)]) := [z"]([1 ® s¢]) is 1 if h = ¢
and 0 if h # ¢.

[Take any minimal generating set ©, of Ker(d;—1)4, Since [z!] # 0, exists
some 8; € O, s.t. [z!]([fg]) = f # 0. Assume, that ¢ = 1. Then define

1= Qf-. Clearly, [z']([6;]) = 1. Now define 6, := 6; — [z!]([6:]) 6 for ¢ # 1.
Clearly, [z']([6}]) = 0. Each 6; is 2 unique F-linear combination of 8}, ... and
vice versa, hence {61, ...} is also a minimal generating set of Ker(d;—1)q,. Now,
since [z%] ¢ {[z!]}¥, exists some 0, a2 > 1, s.t. [2%)([8,]) = fa # 0. Assume,
that go = 2. Define 6} := %. Etc.]

With respect to the above mentioned choice of S;_; 4, WO(Zt at®st) = ap.

We define left A-module map & : A®J_y — Prg by ({ := p4) : (A®A) — A

Then (:I:_”)O(Z at ® st) = o(an ® 1)
t

We now select some {61, ...} - an F-basis of [I]F and select, for each 8, ,
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a representation 0; = >, (fugu,1 - - - Gu k(). We define

©(0g) =D _(fuu1 " - Guj(w)-1) ® Yuk(u)

u

We now extend F-linearly to o : [I]F — [A]F ® GF.

For every > ,a: ® it € AQ® Jy we define a left A-module map

§1(Z at @ i) 1= Z at - ¢(it) € Pry
t t
[Notice, that 8yo&; = &yo(—®@1)ody1]. Now, for every (3, at®it®st) € Prit1,
we can select
@), ar @i ® s1) = &1(an @ i)
t
Assume, that for all m = 0, ...,n — 1, exists some left A-module map
€m : (A® Jm-1) — Prm, such that

(am—l olm=&m-10 dm,l) : (A ® Jm-—l) - PF,m—l

and, for all w € Ppjim, represented as w = »_,(ar ® vt ® s¢), where a; € A,
vt € Im-1
(@) e @1 ® s1) == Emlan @ ip)
t
We will make the inductive step, by constructing a left A-module map &,, with

these two properties. For w € J,—1 C A® Jp—1, we have
On—2 0 &n—1(w) =&p—20dn-11(w) =0
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Choose any F-basis {wy,ws, ...} of [J,_1]F. For each w, select 9, € Ppa, s. t.

On-1(9y) = &€n—1(wy). Now define

fn(z ay @ Wy) := Z Ay - Uy

Op-10 fn(z Oy ® 'wu) = an—l(Z(a'u : ﬂu)) = Zau : an—l('ﬁu) =

= Z ay - En-1(0u) = fn—l(z Gy * Wu) = §n-10 d"’l(z ay © Wy)

It is clear, that (z?), for 3 ,(a; ® vt ® st) € Pritn, where vy € Jy_1, can be
defined as
E;:—h-;n(z at Q@ v ® s¢) := &nlap @ vp)

For any w € A ® Jp, one can choose w' € proj~—*(w) N (A’ ® J}) and w” €
proj = (&1(w)) N (A’ ®€Q) so, that pri(w') = pri(w”). [For example, for a € Ay,
select a’ := a , for each a € G fix some @’ € G’ and for a = 6, select o’ :=
2o fug;,1 Cee g;,k(u)). Now extend this lifting F-linearly to alla € A® A]
Assume, that for any w € A®J,_; one can choose w’ € proj H(w)N(A'®J!_;)
and w" € proj~(&n(w)) N (A’ @ ;) so, that pri(w’) = pri*(w”). We will

now make the inductive step.
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Let {w1,ws,...} be an F-basis of [J,]¥, u},u}, ... be some choice of liftings
of elements of S, to Q;, and uf,uj,.. € O, [proj(u)) = 0] be such, that

{ul,...,uf,...} is an F-basis of Q. Then
wk - Zb u;n'*'zb;cl,m
m
where b;c,m and ’,é’m are in A’. Define
= Zb;c,m®u;n+z ;c’m@ Zz
m m
Clearly, Op(proj(¥},)) = &lwk). So, for any w = ), ar ® wg, we choose

w” =Y, a} -9} and v := ¥ a} ® w}. Clearly, pr"ti(w') = pr*ti(w").

Thus, for [z] = [>, 1®v:®st] in Hj4i d,+4,(A), where v; € Jj_1 and st € S;—1,
< (" ® b)), TR 1 @ v @ st])) >= [y (ler"(vp)]) = [wl([pr" (vh)) =
t

= y(&(1®w)) = y(@"); O 10uds:)) =< prrr(c®l), D 10ues) >
t

where v}, € proj ! (1®@vp)N(A'® J]’-_l) , v € proj~(&;(1 ®vh))ﬂ(A’®Qg~_1).

The first equality in this formula will hold if selected minimal generating set
of left A-module Z; is: {2{,2},...} from grading d;, [we have defined them in
the beginning of the proof] |J some set of elements of Z; from other gradings

|J some set of elements of B;.
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Remark 5.7 Ezt)(F, F) = F and one can show, that
uFFF - Exty(F, F) ® Ext)(F, F) — Exty(F, F)

and

prrr : Exty(F, F) ® Ext’)(F, F) — Ext),(F, F)

are identity maps.

From Theorem 5.6 and Lemma 5.5 follows, that the kernel and the co-kernel of
urrF: Exty(F, F) ® Ext),(F,F) — Ext}(F, F)

are dual to, respectively, co-kernel and kernel of the composition

quotient

Z} i Bjyi ) - 21) | B (2 20) (25 - BY) + (Bj - Z)]
Theorem 5.8 Co-kernel of Yoneda cup-product
pppr : Exty(F,F) ® Ext)y(F, F) — Ezty(F,F)
is equal to
Homp({(Z},: N (2} - B) + (B - Z))/(Bly: N (2 - B) + (B} - ZODIF, F)
and kernel is equal to

Homp(((Z; - Z})[Z4s + (25 - B) + (B - ZDIIT, F)
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Theorem 5.9 Assume that G is a minimal generating set of A and, hence,
RelcI'-T.
1) If kernel of pppF : Ezth(F, F)® Exty(F,F) — ExtQA(F, F) is 0, then

I'I'=27,-2, = 24+ (2! - B}) + (B, - Z!) = Rel

2) If kernel of upF F : Exti(F, F)® E:z:til(F, F) — Exti(F, F) is 0, then
I'-Rel = Z|-Z} = Z5+(Z1- By) + (B} - Z3) = [(I'-Rel)N(Rel - I")]+(I'-I'- Rel)

In this case, Rel = I'™ for some 2 < m < oo.

The same result follows if kernel of

prrr : Exty(F,F) ® Ext}(F,F) — Ezt}(F,F) is 0.

3) If kernel of upF F : Emti(F, F)® Ezti(F, F)— Extﬁl(F, F) is 0, then
Rel-Rel = Zb-Zb = Z4+ (24 BY)+ (B Z4) = [(Rel-Rel)N(I'-Rel-I')]+(Rel-I'- Rel)

This is the same as (Rel - Rel) C [(I'- Rel - I') + (Rel - I' - Rel)]

Proof: We will only prove that, if I’- Rel = [(I'- Rel)N(Rel-I')]+ (I'-I'- Rel),
then Rel = I'™. Clearly,

([(I' - Rel) N (Rel - I')] + (I' - I' - Rel)) C [(Rel - I') + (I' - I - Rel)).
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Choose some non-zero element r € Rel, with smallest minimal weight m.
For any g; € G’ of smallest grading, gj -7 = 3, r1 k- 95 ¢ + 2p(iy - 85 - T2,)
with all ill,k homogeneous and different. But, due to min/max conditions, for
some k, 71 1, has minimal weight m and 7, , € G'. Every homogeneous summand
of weight m of every such ;4 has to start with gj. Define r' :=ry .

Continuing this process, like in the proof of the Lemma 4.20, yields Rel = I'™.

For any F-vector space V C [I'|F, define m,(V) := {m(v) | v € V}.
If we assume that G is a minimal generating set of A, then G’ is a minimal

generating set of Z] as right and as left A’-module and also is a representative

set for an F-basis of [Z]/B}]¥. For this case:

Definition 5.10 We define k,, : Hy, — m,([ZL])F) as follows: For any [z] € Hy
take any representative 2’ in Z!, of va([z]). Since any element of By, has a

minimal weight of n + 1 or more, m,(2;,) does not depend on the choice of 2'.

Define kn([z]) := mn(2').

One sees, that that for [z] € H,(A), k.([z]) describes uniquely the n — 1-
iterated pairing

1/1‘1,,_.,1([113]) e Hl(A) ®..R H](A)

and that and vise-versa this pairing fully describes £ ([z]).
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6 Hopf Algebras and Cup-co-Products in Homology

Definition 6.1 Let A, B be connected F-algebras. We define the algebra struc-

ture on A ® B by the formula
(a1 ® b1) - (a2 @ b2) = —14e9(02)degBL) (41 . 42) ® (b1 - b2)

Definition 6.2 Let A be a connected F-algebra andv : A — A®A be an algebra
homomorphism, such, that for all a € A the projection of v(a) into Ao ® A is
1®a+a®1 and the projection into AQ® Ay isa® 1. Then we call {A,v} - a
connected F-Hopf algebra. v is called co-product of this Hopf algebra. We will
suppress the mention of v where possible. Likewise we will suppress the word

”connected”.

Definition 6.3 Let A be a Hopf algebra. Then: If (Ids ® v)(v(a)) =

(v ® Id4)(v(a)), then A is called co-associative. If, for all a € A, v(a) =
Zj alj ®a2; = Z]- —1deg(ali)deg(“21)a2j ®al; then A is called co-commutative.
[Note: Unless otherwise stated, we do not assume Hopf algebras to be co-

commutative or co-associative.|

Definition 6.4 Let A be a Hopf algebra and I C A be a left [right] ideal of the
underlying algebra. Then I is called a left [right] Hopf ideal of A if

W) CIQA+AQL
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Definition 6.5 Let {A,va} and {B,vg} be Hopf algebras. If algebra B is a
quotient algebra of A, with projection map proj : A — B, then {B,vg} is called
quotient Hopf algebra of {A,v4}, if (proj ® proj)(va(a)) = vp(proj(a)) for all

a € A.
Let {A,v4} be a Hopf algebra.
Lemma 6.6 Given short ezact sequence of left [right] A-modules
0—-I—-A—-B—-0
Then: I is a Hopf ideal of A <= B is a quotient Hopf algebra of A

Definition 6.7 Let M, N be left [right] A-modules. Then M @ N becomes left
[right] A module with left action

a-(m@n):= Z —1deg(a2i)deg(m)(a1j -m)® (a2;-n), v(a)= Zalj ® a2;
J J

[right action is (m®n)-a:= ), —1deg(al;)deg(n) (m . 1) ® (n - a2;)] We will

use ® to denote this diagonal action of A.

Definition 6.8 Let A be a free algebra on some [graded] set G. Then any
degree preserving map of sets f : G — A® A, such that the projection of f(g)
onto (Ag @ A) D (A® Ap) is (1®g) + (g ®1), extends to a unique co-product

v Ao AR A.
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Definition 6.9 Let A be a Hopf algebra, G be a minimal generating set of A,
as algebra, and Frg(A) be a free algebra on G. Then, for each g; € G, we
lift g; — v(g;) to some g; — 7% = 1@g;+g; ®1+ > ilg-,k ® i23,k, where
(proj ®proj)(z;) = v(gi), and extend this lifting to some co-product on Frg(A).
Once such co-product has been selected, we call the resulting Hopf algebra A’.

Rel, defined as Kernel of proj : A" — A, is, thus, a Hopf ideal of A’.

We now investigate the conditions on a Hopf Algebra A, under which the
product M®N of two projective left A-modules M and N is a projective left

A-module. We, first state some general results from homological algebra.

Lemma 6.10 A left A-module P is projective if and only if it is a direct sum-

mand in some free left A-module.

Proof: Suppose that P is a projective left A-module. Consider a free left A-
module V .= A® [P]F . There is a left A-module epimorphism f : V — P,
defined by f(3_;ai ® p;) := D_; a; - p;. Define left A-module homomorphism

g := Idp : P — P. Hence, exists left A-module homomorphism A : P — V,
such, that foh = Idp. So P is a direct summand in V. Now suppose that P
is a direct summand in some free left A-module V, with projec : V — P and

incl : P - V.
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For any two left A-modules X and Y, A-module epimorphism f : X — Y and
A-module homomorphism g : P — Y, define g1 := go projec: V — Y. There
exists A-module homomorphism Al : V — X, such, that f o hl = gl. Define
h := hloincl : P — X. Now foh = fohloincl = gloincl = goprojecoincl = g
So P is projective.

Lemma 6.11 Let A be a Hopf algebra. If two left A-modules M' and M?

are direct summands in left A-modules N1 and N2, then M'@M? is a direct

summand in NTQN2.

Lemma 6.12 Let A be a Hopf algebra. For any two free left A-modules
V=A@ S and V2 = A® S2F, VI®V? is isomorphic, as left A-module, to

V = (ARA) ® (St x §?)F with A action given by

b-(a1@a2)®s := y  —199(2)dea(e)((b1,.01)B(b2:-02))® Zbl ®b2;
i

Theorem 6.13 Let A be a Hopf algebra. The product M®N of two projective

left A-modules M and N is a projective left A-module if and only if AQA is a

projective left A-module.

Proof: The necessity of AR A being projective is obvious, since M = N = A

is a projective left A-module.
Assume now that A®A is projective, hence a direct summand in some free

left A-module A ® SF.
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For any two projective left A-modules M! and M?, exist some free left A-
modules V! = A ® S and v2 = 4 ® SZF, in which M! and M? are, re-
spectively, direct summands. So, M1@M? is a direct summand in V@V? =
(ARA) ® (S x S2)F | which is a direct summand in (A ® S¥) ® (S! x §2)F =

A® (S x St x S%)F, which is free. Hence M ®M? is a projective left A-module.

Theorem 6.14 Let A be a co-associative Hopf algebra. FExists a unique F'-

linear map x : [A]F — [A]F, called an antipode of A, such, that
pao(Idg®x)ova=pao(x®Ids)ovy = projection: A — Ag

[Note: Here and elsewhere we abuse the notations by applying x to A, rather

than to [A})F]

Proof: We will construct x on elements of each A,. For a € Ag define

x(a) := a. Assume then x was defined through A,. For a € A,41 one defines
x(a) := —a — Y ,al; - x(a2;), where v(a) =1®a+a®1+ ) ;al; ® a2;. One
sees that (Ida®x)(v(a)) = 1®(—a—>_;al;-x(a2:))+ > ;al; ®x(a2;) +a®1,
and po (Idg ® x) ov(a) =0 = proj(a).

Now, for a € Ag, po (Ida ® x) ov(a) = po (x ® Ids) o v(a). Assume this
equality until a € A,. Take any a € Ap41.
a=po(p®Ilds)o(Ida®x®Idg)o(v®Idg)ov(a)=
po(Ida®@u)o(ldg® x ®Ida) o (Idg ® v) ov(a) = [by induction hypothesis]
=a+po(x®Idg)ov(a). Hence proj(a) =0=po (x ® Ids) ov(a).

57

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The uniqueness of y is obvious for a € Ap and is proved by induction on
grading.

Theorem 6.15 For any co-associative Hopf algebra A, AR A is isomorphic, as

left A-module, to a free left A-module A ® [A)F.

Proof: Consider the F-linear maps f : ARA — A® [A]F,
f(a®b) := Y;a1; ® (x(a2:) - b), and g : A® [A]F — ABA,

g(a®b):=>,al; ® (a2;-b). Here v(a) = ) ;al; ® a2;. Since
a=po(u®Idg)o(Idg®x®Idg)o(v®Idg)ov(a)=

=po(Idg@pu)o(ldg®x ®Ids)o(Idg ®v)ov(a)

one gets that (g o f)(a®b) = a®b and (fog)(a®b) =a®b.

We have thus showed that if A is a co-associative Hopf algebra, then the
® product of projective left A-modules is projective. The antipode x has a
crucial role in the theory of Hopf algebras. If one requires the Hopf algebra
to be commutative or co-commutative, then the antipode behaves very much
like the inverse map in the group theory. See [11, pages 5-13 and 70-75] and
[8]. Actually, if one studies homology or cohomology theory of an H-space [for
example, of a topological group] over a field, [which is naturally a Hopf algebra
over that field] then the antipode x is indeed induced by the inverse map of this
H-space [topological group]. See [12, pages 25-26] and [16, pages 142-155].
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Let A be a co-associative Hopf algebra, M and N be two left-A modules and
{PM 6M} and {PY,dN} be some projective resolutions of M and N. We will

construct a projective resolution on M®N. Define:

PMeN . @ PMBPRN,
k=0
oMBN . é}(—ﬁ“mw@'a{‘_’ y+OM®ldpy )
k=0
oMBN .— Mol
One checks by direct calculations that these formulae produce a long exact
sequence of projective left A-modules and left A-homomorphisms.

We are now interested in the case, where M = N = F'.

The isomorphism vg : F — FQ®F, which is defined by vp(f) := f(1®1),
gives rise to epimorphism (vg 0 oF NE P{ — F®F, which can be lifted to some
UP()F:P{—>P{—‘§F.

The image of the homomorphism vpr o Bg : PIF — Pg’ ®F is a subset of
Ker(afiép) = Im(aggF), so (vpr o oF): P — POF@F lifts to some
Vpr PF — Pf§p.

Repeating this process yields family of left A-module homomorphisms

vpr : P — PY®F st

8F RF

. F
n—1 OI/P'{" - VP:‘—I Oa’l—l
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Definition 6.16 We will call any choice of family of homomorphisms {up"p :
P,f' — Pf ®F } ”"cup-co-product” or "cup-co-product on the chain level”.
Let {vlpr : PF — PF®F} apd {12 PF: PF — PF®F} represent any two

families of ”cup-co-product”. Then
(Bfigp ovlpr=vpo of, = igpo v2pr) : Pf — FQF
So, exists some left A-module homomorphism I’ pr: POF — PIF er , s.t.
5{§Fo Lpr = (v2pr — V1pr): Pf — P(f@F
Now
(8§®F o (v2pr —v1pr) = (V2pr —v1pr)oOF = 8 ®F oTprodf) : P¥ — FQF

and one selects some left A-module homomorphism I'pr : PF — P;@F , s.t.

Bf®F o} I‘PIF = I/ZPJ‘ - I/lpoF - FPOF' 0] 66:‘

Inductively continuing this process, one constructs left A-homomorphisms

Ipr: PF - PfﬁF, such, that 8F®F o Ppr=v2pr —vlpr —Tpr 0dF | or,

shortly 0oI'+T 00 =12 —vl.

The composition homomorphism

n
VpF = [ projection —
Py == P ®0 === (B /(1 - POYS(P_i/ (T P_y)
k=0
is 0 on elements from I - P, hence induces

n

vpF < (B /(- Py)) = DB /(T - PE)S(Pay /(1 - P))
k=0
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By taking the minimal resolution P,f , we define

n
(vH, =VpF) : Hn — €D Hi ® Hnk
k=0

Since 3®F o T pr+Tpr o ,’:‘_1 takes elements of P into I - PF ®F the VH,

is independent of the choices, made for vpr.

Definition 6.17 The family of homomorphisms

n
{vg, : Hn — @Hk ® Hp—k}
k=0

is called cup-co-product.
One could construct this cup-co-product in homology from any resolution,

but that would require additional technics from homological algebra.
Lemma 6.18 vy : Hp, — @Zzo Hi®H,,_}. is co-commutative and co-associative.

Proof: If vpr(z) = P, z1,872;, then u]q;?(a:) = D; —1de9(l;)deg(a2) (12, Bx1 ;)
is also a " cup-co-product”, hence must induce the same vy, .
Hence co-commutativity of vy_.

The associativity follows from the fact, that {4 k2sr3en PO PLOPL},
with appropriate differentials, is also a projective resolution of F'. One repeats
our argument to show that any two choices for the family of left A-module
homomorphisms

2 . pF F= pF< pF
vpr: B — @ POH®PL®Pg
k1+k24 k3=n

6!

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



differ by some d o I" + T" o d, hence induce the same u%{n. So
(D=0 Idpr®vpr ) o vpr and (Pi_qvpr ®Idpr) o vpr induce the same v .
Hence co-associativity of vy .

We now proceed with briefly describing the Steenrod Squaring operations
in the cohomology of co-associative and co-commutative Hopf algebras over a
field with characteristics 2. Those results are due to [6]. The comprehensive
treatment of this subject is given in {11].

Let vpr(z) = @, 21;©22; be a ”cup-co-product”. Then
TR(vpr(z)) = (P 22,821,
J
is also a ”cup-co-product”, and
OFBF (vpp (2) + TR(vpp (2))) =

= 8F8F (upr(2)) + OFFF (TR(vpr(2))) = 851 (z) (181) + 8%, (2)(181) = 0

1F®F, S.t.

Hence we can choose some D) pr : P{' —
(8E®F o Dy pr := vpr + TR(vpr)) : Bf — P{®F

Hence

08 ®F (vpr (2)+TR(vpr (2))+ Dy, pr (8§ (2))) = 85 ®F (vpr (@) +85 & (TR(vpy (2)))+

+(vpr (8 (2))+TR(vpr (8§ (2)))) = vpr (8 (2))+TR(vpr (85 (x)))+vpr (8 (z))+

+TR(vpr (88 (2))) = 0
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Now we can choose some D pr : PF - P2F ®F st
(31F§F o Dl PF ‘= VpF + TR(UPF) + Dl PF O 80 ) PF®F
By induction, define Dy pr : Pf — Pre BF st

(03%F o D1,pr := vpr + TR(vpr) + Dy pr 0 05y) : PY — PE®F

Such a family {D; pr}72, is called a cup;-co-product.

Observe that
05 ®F o Dy pr = vpr + TR(vpr) = 0 ®F 0 TRo D, pr

Hence
05 ®F o (D) pr + TR0 Dy pr) = 0

; . pF F®F
And exists some D, pr : Fy' — Py =7, s.t.
8[®" 0 Dy pr = D) pr + TRo D, pr

One then proceeds to construct a family {Dj pr}32,, which is called cups-co-
product. In a general case the cupg-co-products are constructed inductively

[first induction on n and then on k] by Dy, pr. := 0 and

aF-?FkFloplcPF = Dy_1,pr +TRo Dj_ 1,pF + Dy pr o@n ]

n-1
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For [z] € H™(A) define
SQ([=) =z ®z) o Dy_ypr,] € H™'(A)

It can be proved that the SQ* are well defined, independent of all the choices,

made in cupg-co-products, and F-linear.

Remark 6.19 Let B be a co-associative and co-commutative co-algebra over
a finite field F' with characteristics 2. [i.e. F-vector space, equipped with co-
associative and co-commutative F-linear co-product map and with left and right
co-unit]. If one selects by, by... , an F-basis of [B]F, one can represent the

co-product as:

vB(b) = Y _ fijkt(bk ® br)
kit
One defines

V(bj) = Z V fj,m,m bm,
m
and extends it Fy-linearly to all [B]F.
Note /T is well defined and F-linear for a finite field with char. 2

Then for all x € B,
vp(z) =V()®V(z) +y®2+2Qy

for some y,z € B. The F-linear map V is called Verschiebung. It is not
degree preserving. It can be shown, that V : Hy(A) — Ho(A) is dual to
SQ°: HO(A) — HO(A). See [11]
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7 Applications to the Mod 2 Steenrod Algebra.

In this Section we always assume F' = Fp, and A is the Steenrod algebra of
stable cohomology operations for the ordinary cohomology theory. A is given
by the [not minimal] set of generators {Sg" € An}%,, where Sq° = 1, and
relations

nao.m ik (m—k—1)! n+m—k ok
54754 +kzo((n—2k)!(m+k—n—1)!)sq 5¢° =0, n<im

called Adem Relations. Here [—] represents the integer part. The dot is omitted
in all the multiplications.

The standard references in the literature for the construction of the Steenrod
algebra and for the development of it’s properties are: [9], [7], [12], [13, Chapter
16], [14].

The Steenrod Algebra A is also equipped with the co-product v4 : A — A®A,

given by the Cartan formula

n
va(Sq") = Sq'® Sqg"™"
1=0

It is a tedious calculation, requiring some combinatorial identities, to show,
by direct plugging in, that the Adem relations generate Hopf ideal. In the
most of the above mentioned literature, however, this fact is proved by utilizing

the topological background, leading to the construction of the Steenrod algebra.
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Note that the co-product, induced by the Cartan formula is co-commutative

and co-associative.

By analyzing Adem relations, one can show that any element Sg*" € I is not
decomposable as a sum of products of other Squares, i.e. Sq?” ¢ I-1I, and any

other Sq" is decomposable as a sum of such products.

By filtering the Steenrod algebra by ”degree”: d(SqSq™...Sq') := iy + 19 +
... + i, and applying "moment”: m(SgSq®...Sq") := 143 + 2iy + ... + nin, and
"length”: weight in our article, to the products of Squares, one shows that the
" admissible sequences” : Sg¢*Sg®...Sqi with ix > 2ix.; Vk, generate A as Fp-
vector space. It can be shown by induction on the length [weight] of admissible
sequences, using the Cartan formula, that admissible sequences are F»-linearly

independent. One defines the "excess” for an admissible sequence
e(Sq"Sq™...5q™) = 2i; — d(Sq" S¢™...Sq™) =

= (i3 — 2ig) + (i2 — 2i3) + ... + (fn—1 — 2ip) + (in — 0)
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Following Milnor’s approach, one then studies the dual algebra A* := Hom*(A, F3).
Since the product of A* is dual to the co-product of A [i.e. (ug-(z®y))(a) :=
(z ® y)(va(a)), z,y € A*, a € A ], it is commutative. One then shows
that A* is a polynomial algebra on generators &, where & € A* is dual to
Sq? 7 8q%"...Sq! with respect to the F-additive basis of admissible monomi-

als, i.e. £ (Sq"...S¢*) = 1 if and only if 4; = 25~1, .. 4, = 1.

Since the products £¢3%...§;* form an Fy-additive basis of A*, their duals
Sg(mmavm) form an Fy-additive basis of A. It follows from Cartan formula
that £7(Sq™) = (6P")(v3*(Sq™) = 1 and £1*(S¢™) = (€F™) (7' (Sq™) = 0

if m # n. It can be shown that £(S¢™) = 0if k > 1. So Sg{® = Sq.

The co-product of A*, which is dual to the product of A, is given by

vaE) =D 64 ® &

1=0

nla"'7ni)

Milnor in [7] uses this fact to develop the formula for the product of Sgf

and Sq{™~™i) This formula is also re-printed in [14].
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For t > 0, let J[t_” denote the two-sided ideal of A*, generated by
{ff‘, §§M, vy §t2, €41, ---}- By applying the co-product to the generators of Jit-1
one sees that Jy_y) is a Hopf ideal. So Cj_yj; := A*/Jj;_y), which is a finite
commutative algebra, generated by {&1,&s,...,&}, with relations f,%m_k =0, is
a quotient Hopf algebra of A*. Hence A_y), the dual of C};_y), is a sub Hopf
algebra of A. Now S¢* € Af¢-q) if and only if 6% ¢ Jiz—1)- It can be shown that

Ajz-q) Is generated, as algebra, by all Sq2i, 0<i<t-1.

Lemma 7.1 [9],[12] Every element in A is nilpotent, i.e. Ya € A, a™ =0 for

some number n.

Proof: Every element a € A belongs to some Apy,. But every Ay is finite,

hence is 0 from some grading on.

Lemma 7.2 Let x € A* and Sgh...Sg'» € A, with all iy are even. Then
(22)(Sg™...S¢) = £(Sq(h/?) .. .Sq(t+/2)) and (z2)(Sqh...Sq™) = 0 if there is a k
with odd 1.

Proof: (z2)(S¢"...S¢) = (z ® z)(va(Sq™...Sqg™) =

= Zj1k+j2k=ik x(qull...qul")x(quzl ...quzn).

Since F' = F3, all the terms will cancel, except then jlx = j2; = %.
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Since A* is commutative, the Frobenius map a* : A* — A*, defined by
a*(x) := z? is an algebra homomorphism. It commutes with any algebra ho-
momorphism f : A* — B, ie. f(a*(z)) = f(z)?, hence it commutes with co-
product of A*. So a* is a Hopf algebra homomorphism. The dual Hopf algebra
homomorphism a : A — A, due to the Lemma 7.2, is given by a(Sq(?)) = S¢*
and a(Sq (2i+1) ) = 0. It can be shown that « is precisely, the annihilator of the
two-sided ideal, generated by Sq'. [See [12, pages 24,25].] From the Cartan
formula it is clear that « is a Verschiebung V' of the Steenrod algebra.

If one chooses {Sg?"}% > o as the generating set of A, the minimal generating

set of relations was shown by Wall in [14] to be:
(4) (S¢”Sq* +5¢*Sq%) € Ay_yy, 0<j<i—2 (7.5)

(B) (Sq2i8q2i +8¢%7'S¢% 5% + Sq2i-15q2i_lSq2i) € Ay (7.6)

The arguments of [14, Sections 4,5] can be repeated for A[n] to show that A(n]
has {quj};;() as a minimal generating set and relations (A) and (B), with

i < n, as a minimal [generating] set of relations.

We now define A’ to be the free algebra generated by [graded] generators
{50;-s Shi, ...} where s, is of the grading 2. The projection proj : A’ — A
is defined by proj(sy) = Sg*. We also define A[n] C A’ as a frece algebra on

!/

81, .-, Sha. The projection proj restricts to proj : A[n] — A[n].
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In is customary in the literature to denote by hy € H 1.2* (A) a class in a first
cohomology group of A, of grading 2%, which is 1 on [1 ® Sq2k] € Hi(A) and 0
on [1® S¢*"] € Hi(A) , m # k. hy are also regarded [by abuse of notations]
as elements of H1’2k(A[n]), k<n.

Furthermore, due to the first (B) relation Sq'Sq' = 0, the element
185¢'®5¢'®..9 S¢' € A® I®™

will belong to P, for all m, by induction on m. This element is not in I - Py,
hence it represents nonzero class in Hpm(A) [and, similarly, in all Hn(Apy)]-
Since it is of weight m and since it is the unique element of degree m, it is dual

to h1". In other words
v, 1((1® $¢'®5¢'®.05¢])=[195¢'|9[1®5¢'|®...® 1 ® S¢]

We will now apply our methods to Alll and Ap). Their cohomology algebras

are given in [10] on page 107 and pages 109,110 respectively.
H*(A[l]) = Fylhg, h1, uo, wo)/(hoh1, h"ls, hiuyg, u(z) + howp)

Here the generators ug € H3’7(A[1]) and wyp € H4*12(A[1]).
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Note: The representation uy = a3b + a;b?, given in [10], means that, if
one takes any z € P3, and denotes by ), z1;®0x2;®z3; the QP ®P; direct

summand of ”1233(“3)’ for any choice of u%m, then

1

D (ER(w1)(€] (22:)) (Ea(=3:)) + Z(&l (21:))(€3(22:)) (€3 (234)) = wo([a])

We now proceed to construct all the elements of Hz(A[;}) and H3(Ay;)-

The elements 1 := s}s] € Rel and 72 := shs), + s1858] € Rel are a minimal
generating set of Rel [by Wall’s arguments]. So, they correspond to two dif-
ferent, nonzero elements of Ha(Apy)). Also sa([rl]) = s}s] and k2([r2]) = 589,

hence v, ([r1]) = [s)] @ [s}] and v, ([r2)) = [s5] ® [s})

In I’ - Rel N Rel - I there are following two elements:
ql := sis38) = s(s151) = (s181)s
and
2 = 53535+ shshoh) + o (shsh + shshst)sh + shohsh(ssl) =
= sh(shsh + s15h5])s) + (shsy + s)s58])shs] + (s151)sp8] 55 =

/AN AN N
= shsshs]s) + ss)s58] 85 + ss957595)
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To show that q2 ¢ I’ - Rel - I’ + Rel - Rel, one notices that the only "part” of
the homogeneous term ss5s]ss], which appears as a homogeneous part of r1
or r2 is s} shs]. Multiplying it from both sides by elements of I’ or multiplying it
from any side by any homogeneous term of any element of Rel will not produce
5185518551 Hence g2 represents nonzero element in H3(Ap). It’s degree is 7.
Hence this element is the dual of uy. Since k3({q2]) =0, V%a([q2]) has 0 as it’s

H, ® H; ® H; direct summand. So, dually, ug is not a product of hg’s and hi’s.

To show that hjhjh; = 0 in H3*6(A[1]), one, dually, shows that does not
exist [z] € H3g(Ap)), st. s3([z])=s385sy + ... In other words, for all ¢ €
(I'- Rel) N (Rel - I'), m3(q) # s4s4s5 + ... But s5sh appears as a homogeneous
part of r2 € Rel only. And s4r2 € I' - Rel will have a homogeneous term
5515587 The only "part” of this term, which appears in any relation from Rel

is s}s58] in 72, so s5s}shs] will not be present in any element of Rel - I'.

The cohomology of Ay is described in [10]. H 3(A{2]) is spanned, as F-vector
space by:

3 3 2
h’O) h’]_:h’Oh'2a a1, a2, a3

The image of the element ug in H 3’7(A[2]) is 0 and one says that ug does not

"survive” to the cohomology of Apy.
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The element o € H>1! (Ajg)) is also known to "survive” to a nonzero element

co € H¥11(A). We also have that h3 = 0.

We first notice two new elements 73 := sjs] + s}s} + s5s]s5 and
T4 1= s) S}y + 48,8 + S5shsy in the minimal generating set of Rel.
So

e 1! ! 7 [N N AN ) AN A A | 11! 2N 2N AN AN | T Y AN |
g2+ 51(8487 + 8184+ 595159)8] = 51545151 + 5951525151 + 5151895189+ 51515451 =

= (45l 545 (5 + (50 (s i)+t L) 1 (sh )

This shows that g2 € (I’ - Rel - I') + (Rel - Rel), hence represents 0 class in

homology. Hence the non-"survival” of up.

We now prove that hghohg = hoh2 = h%hz = hcl" # 0. The element

g3 1= s (sys) + 5154 + 55515p) + 54(5151) + s2(s285 + 515751) =
= s)s)s) + s8] sl + sishs|sh + sysis] + shsyshy + shsysys) =
= (5451 + 515} + sp5159)s] + (s151)sy + (5353 + 515551) 85
is in (I’ - Rel) N (Rel - I') and k3(g3) = ssys] + sys|s] + sis|s) + shs5sh.
Hence y%3([q3]) has

1®s]010s))®[1)s]]+[1®s)]Q[1®s]®[l®si]+

+1®s]®[1®s®[1es)+[1®sh) Q1 ® sy @ [1® sy

73
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init’s H1® H1 ® H; direct summand. It is the only nonzero element of H36(Ajy)

and its dual is hohoho = hah3 = hihy = A3

To see, that h3 = 0 notice, that ss}s) can appear as a homogenous term of

some z € I' - Rel only from sy(s}s} + 555455 + 555554). But in this case z will

have s} s5s)s, as it’s homogeneous term. Since no ”"part” of this term, except

shsysy in 74, appears in any element of Rel, x ¢ Rel - I'.

We now describe the representative g4 € (I’ - Rel) N (Rel - I') of the unique

nonzero element of H311(Ayj). This element is dual to a;.

spS1[si s+ 5psysh+ 55555y + 55545154 + 8451 + 5351 85] + sp [y 8y + 535453+ s5ysu]s1 +

shls)sh + sis) + shsshlsh + s\ sh[s) sy + sys| + shs)sh)shs] + sispsylsnsy + s1spsy]+
Sy + sl + hltIshss + s hopeh + sholshsh
Shshslshsh + sk + shtoh] + sl + Shsbslsioh + shsslsh i
shSh[s1 54+ 5451 +851 8] sh+5155[s151]8ysp+51 sp[s1 51] 555+ 84 5551 [s55+51 5251 +545[5151] s251 +
51 (5555 +575581]1 858551 451 51 85181558551 + 885 [ 85+ 81 5951 ] 8 s5+5 855 5[ 5] S5+

7 ! ! ! 1 1 AN N AR ! ! 1!l
so[sgsy + 88957515585 + 5351 85[s751]s985 =
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VAN AN AN | 2N AN AN N | /
S98]184Sy + S951555459 + 558] 55508y + 555,88y + ShsySyS] + 5554565]5H+

AN 2SN AN ) [N AN AR N [N AR AN AN ) AN AN AN AN N |

S9S484S] + 5959545981 + $559855yS] + 54515450 + 84545189 + 545555685+
$1858] 545981 + 81555451558] + 5155558]5h555] + 85554555 + 5] shsys)SHs|+

2SR 2N A AN N / [N DN 2NN AN | !l

o [N ! ! ! !
5981851595154 + $951598984 + $98151595154 + 515159515459 + 8159595489+

(AP AN N | | 2 Y B A | [N AN AN A N | V2D N A A | [N AN AN AN N | V2PN DN AN BN AN |
89589895184+ 8959895451 1598959895189+ 8959595184 +895159515154+595159515154+

AN AN AN N VA A A W | T N A B N ) {2 EUN AN RN A | DN AN BN A A |
5989818489 + 59898548189 + 898989818959 + 515251515459 + 3132818132S4+

SySh S Shsh + sysh5) 815581 + sishs]s)shs) + 5] shshs|shshs] + s|s]s9s] ) shshsi+
[N AN}

s} 5} 5h5) 8] shshs) + shshshshs|sh + shshs|s9s] 1Sy + S5shs] hS] S S5+

S} 5)5) 5hsh + 5} s shhsh + shshshshshshsh =

PR NN AN N | PR A N N |
sh8} 5hSy + 555185555 + shsys]| Sy + 854595159 + SHShSysHS +

sys slsh + syshsish + s} shs]syshs] + s1shsysasn+

515155515480 + 555555)85 + 5555515489 + 595554 5] Sh =
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[N | AN AN BN N | [N AN AN N [N A A | A A AN [N A AN N |
54845159 + 5954898189 + 5989545189 + 51845459 + 845818489 + 3231325432+

5981548y + 58y s1 8 + 595581558} + 5] syshsh + s} shshshsh + 5| shshshsh+

[N RSN NN A Y | PR AN AN N ) ! / [PV N SR SN BN AN I |
1515951898y + 589548951 + S]558]84558] + Shsys| sy + 8] 58818 sH+

2N A A N | AN AN AN AN N | 2 A A A A | 2 N Y A A )
598981898y + 5189518518984 + 818189518954 + 518182818489 =

!/ [N AN ) ! 1 /! /1 [N AD N rr.r 7 / / t 17 7
[545% + 595759 + S55954] 5155 + [154 + 5457 + Sp8]89] 54y + Sp[s18y + 5457 + sp8SHsy+
s1[sa5q + 555453 + ShSpsy]sh + [5151]5s] 5584 + [spsy + 5155578 sps]+

!/ /7 ! 111 17 !/ ! AN A DR N | /I 11 117 (AN A DR
[s085 + 875951575455 + [s985 + 515551]5) 595y + [5]51] 5551595y + [5]51]5957 5459

To show that this class is nonzero one has to look at all elements of [Rel -

Rel+I'- Rel - I')f2 of degree 11. There are much less then 410 of such elements.
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Adams proved in [1, Section 6] that the products of A; in the third cohomology

group of A are subject only to the following relations:
hihiy1h; =0
hihiya = h?+1
hihz2+2 =0
hihjhy = hihgh; = hjhihy

The first relation follows from multiplying h;h;+1 = 0 by h;. The last pair

states commutativity. We will prove the other two.

We define an algebra homomorphism o/ : A’ — A’ by &/(s}) := 0,
a(sy,) := sy,. This homomorphism carries Rel ideal into itself [ since o was
proved to be A algebra homomorphism]. Since o’ carries I’ into itself, it also
carries I’ - Rel N Rel - I into itself and I’ - Rel - I' + Rel - Rel into itself. So o

induces a F-linear map SQq : H3(A) — H3(A).

The dual F-linear map SQ° : H3(A) — H3(A) takes each h; into h;41 [this
is precisely the SQ from the end of Section 6]. Hence to prove Adam’s results,

it is sufficient to prove that hghz = h:f [we have already done that] and hoh% =0.
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Suppose w € (I'- Rel)N (Rel - I') and hoh4([w]) = 1. Then x3([w]) must have
s} 848y + sy} sy + sysys] in it. The homogeneous term sjs}s) car. be a summand
in some s).-71, where ] is from the minimal generating set of Rel, only if sj, = S}
and r; = s} 8+ 88} + 555} s5. But the homogeneous term s} shs}s5, which occurs
in s} (s} s} + ss| + shs]s5) can not occur in any other s, - o or rg - s, where

4\51594 T 5451 T 535159 Y m " T2 2° Sm;
79 is from the minimal generating set of Rel. [For grading reasons, one has to

check only the Relations from grading less then 9.] Hence such w does not exist.

We will now prove that h;hjhy #0ifi+1 < j < k— 1. Define
wl = 3’21'[S’2jsl2k+sl2k3’2j+xl]+sl2j[sgislzk+s,2ksl2i+m2]+3,2k[3I2j3’2i+3,2i8,2j+$3] € I'Rel
W2 = [ty S+ i Sty +T1) i+ s Sty + S s +T2] 53+ [ 8 Shi +59: 85+ 3] sh € Rel-I'

Due to relations (B), wl + w2 is a relation of height (See [14, page 432]) less
then HyH;Hj, so is reducible in terms of minimal relations of smaller height.

In other words, one can define

ﬁ:=w1+Zyi-n=w2¢0
i

Then h;hjhe([8]) = 1.
There is a conjecture by Davis, stating that ALL the relations on the products

of h; are induced from hohi = 0 and hohghs = 0 by SQ* operations. See [4].
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