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Abstract
PROBLEMS IN ADDITIVE NUMBER THEORY by

Zeljka Lijuji¢

Advisor: Professor Melvyn B. Nathanson

In the first chapter we obtain the Biro-type upper bound for the smallest
period of B in the case when A is a finite multiset of integers and B is a
multiset such that A and B are t-complementing multisets of integers. In the
second chapter we answer an inverse problem for lattice points proving that
if K C R? is a compact set such that K + Z? = R? then the integer points
of the difference set of K, (K — K)NZ?, is not contained on the coordinate
axes, Z x {0} U{0} x Z. In the third chapter we show that there exist infinite
sets A and M of positive integers whose partition function pa ps has weakly
superpolynomial but not superpolynomial growth. The last chapter deals
with the size of a sum of dilates 2- A+ k- A. We prove that if k is a power
of an odd prime or product of two primes and A a finite set of integers such

that |A| > 8k*, then |2- A+ k- Al > (k+2)|A] — k* — k + 2.
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Chapter 1

Periodicity of complementing

multisets

The content of this chapter has been accepted for publication in Functiones

et Approximatio Commentarii Mathematici, [15].

Let A and B be subsets of integers. The sumset A + B is the set of all
integers of the form a + b, where a € A and b € B. If every integer has a
unique representation as the sum of an element of A and an element of B,
then we write A ® B = Z and we say that A and B are complementing sets
of integers.

Let A be a finite set of integers. One of the classical problems is to decide

whether there exists an infinite set B such that A ® B = Z.



We say that a set B C 7Z is periodic if there exists k € Z-o such that
B+ {k} = B. In that case, we say that k is a period of B. An early result

of D.J. Newman [26] states the following:

Theorem 1 (D.J. Newman [26]). Let A be a nonempty finite set of
integers and let diam(A) = max (A) — min (A). If there exists a set B such
that A@® B = Z, then B is periodic with period

k< 2diam(A) )

From here, one can ask a natural question: What is the best upper bound
for the period in terms of diam(A)? 1.Z. Ruzsa, [in Tijdeman [29], Appendix],
translated the problem into a problem of divisibility of certain integer poly-

nomials and proved

log k << /diam(A)log(diam(A)).

M. Koloutzakis [16] obtained a slightly weaker bound using the same method.
A. Biro [2], improved the Ruzsa’s result on the divisibility of integer polyno-

mials and obtained the following bound.

Theorem 2 (A. Biré [2]). For every ¢ > 0 there exists an integer ng
with the following property: Let A and B be sets of integers such that A is
finite and A @ B = Z. Then, if diam(A) > ny, there exists a period k of B
such that

log k < diam(A)35.

The problem of complementing sets of integers was generalized to linear
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forms by M.B. Nathanson [25] as follows: we consider two linear forms

¢($1,...,$h) = U1 +"'+Uh$h
and
plxy, ..., zn,y) = U(xq,. .., 2h) + vy,
with nonzero integer coefficients uy, ..., us,v. Let A = (Ay,..., A) be an h-

tuple of nonempty finite sets of integers and B a set of integers. We introduce

the sets

Y(A) ={uar + - - +upay : a; € A}

and

p(A, B) = {ujay + -+ +upayp +vb: a; € A;,b € B}.

We denote diam(¢)(A)) = max(¢(A)) — min()(A)).

For every integer n, we define the representation function associated to 1
R%)(n) =card({(a,...,an) € Ay x -+ X Ap 1 ¥(aq,...,ap, ) =n}),

and the representation function associated to p by

RP5(n) = card({(ar,- .., an,b) € Ay x -+ x Ay, x B : play, ..., a,b) = n}).

We say that A and B are complementing sets of integers with respect to the
linear form p if p(A, B) = Z and R%’)B(n) = 1, for all integers n. Similarly, A
and B are t-complementing sets of integers with respect to p if p(A, B) = Z

and R%)B(n) = t, for all integers n.



Theorem 3 (M.B. Nathanson [25]). Let h > 1 and let

p(x].?"'?xh?y) :¢($17"'axh)+vy

be a linear form with nonzero integer coefficients uy,...,u,v. Let A =
(A1,...,Ay) be an h-tuple of nonempty finite sets of integers. If A and B
are t-complementing sets of integers with respect to p, then B is periodic
with period

diam(y(A))

k<2 bl

Here, we consider the complementing multisets of integers. More pre-
cisely, let S be a multiset of integers. For each integer n, we denote by
wg(n) € Z>o the weight of n in S, which is the number of occurrences of n in
S. Let A be a finite multiset of integers and let B be a multiset of integers.
For every integer n, we define the representation function associated to the
multisets A and B as

Rap(n)= > wala)wp(b).

n=a-+b
a€A,beB

Let t € Z~o. We say that A and B are t-complementing multisets of integers
it A+ B =7Z and Ryp(n) = t, for all n € Z. In that case, we write
A®, B="7.

We say that a multiset B is periodic if there exists k € Z-o such that
wp(n+k) =wg(n), for all n € Z. Any such k is called a period of a multiset
B. More generally, we say that a multiset of integers B is eventually periodic
if there exist k € Z~¢ and ng € Z such that if n > ng, then wg(n + k) =

wp(n). In that case, k is an eventual period of B.
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Similarly, a representation function R4 p is eventually periodic if there
exist m € Zso and nyg € Z such that if n > ny we have Rqp(n +m) =
R4 p(n). An integer m is called an eventual period of R p.

Note that in the case ¢t = 1 the multisets A and B are an ordinary sets
and the problem of complementing multisets becomes the classical problem
of complementing sets of integers. In the case of complementing sets with
respect to linear forms, we can consider ¢(.A) as a multiset A’. More precisely,
if r =wia1+ - -+ upan € Y(A), we define wya(r) = Rfff) (r). Then, if there
exists a set B such that A4 and B are t-complementing sets of integers with
respect to p, we have that A’ @; B’ = Z, where B’ = vB and B is periodic
with period & if and only if B’ is periodic with period vk.

We prove the following equivalent of Theorem 1 [D.J. Newman [26]] in

the case of multisets:

Theorem 4. Let A be a nonempty finite multiset of integers. Let
diam(A) = max (A)—min (A). If there exists a multiset B such that A®;B =

7, then B is periodic with period
k < (t—F 1)d1'am(A)'

Moreover, we follow Ruzsa’s idea and translate the problem into the prob-
lem of the divisibility of integer polynomials. We extend the main theorem

in [2] to fit our purpose and we obtain the following theorem.

Theorem 5. Forevery e > 0 there exists an integer ny with the following

property: Let A be a finite multiset of integers such that |A| > 1. Suppose



that B is an eventually periodic infinite multiset of integers with eventual
period k, and that the representation function R, p is eventually periodic
with eventual period m. If n = diam(A) +m > ng and ., wa(a) < n,

where ¢ < 1001og 2 — 2, then there exists an eventual period k of B such that
logk < nste.
As an immediate corollary, we obtain a new upper bound of the period

of t-complementing multisets of integers.

Theorem 6. For every e > 0 there exists an integer ny with the following
property: Let A be a nonempty finite multiset of integers and let diam(A) =
max (A) — min (A). We assume that diam(A) > no and that ) _, wa(a) <
(diam(A)+1)¢, where ¢ < 100log2—2. If B is a multiset such that A®; B =
Z, then B is periodic with period

logk < (diam(A) + 1)5+°.
The last theorem can be restated in terms of complementing sets of inte-

gers with respect to linear forms.

Theorem 7. Foreverye > 0 there exists an integer ny with the following

property: Let h > 1 and let

p(x1, ... xp,y) = V(T ..., 20) +0Y

be a linear form with nonzero integer coefficients uy,...,u,,v. Let A =

(A1,...,Ap) be an h-tuple of nonempty finite sets of integers and let

diam(y(A)) = max(i(A)) — min(y(A)).
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We assume that diam(i(A)) > no and that H?:l |A;| < n¢ where ¢ <
100log2 — 2. If B is a set such that A and B are t-complementing sets of
integers with respect to p, then B is periodic with period

1

log k < (diam(1(A)) +1)3+=.

1.1 Preliminaries

We start by introducing some notation. Let n € Z~.

If p is a prime number such that p”|n, but p"™ { n, for some r € Zs;, we
write p” || n.

The set of all primitive n-th roots of unity will be denoted by ,,. Then
¢(x) = |pa| denotes Euler’s function and @,,(z) = [, (¥ — &) denotes the
n-th cyclotomic polynomial. The number of divisors of n will be denoted by
7(n) and the number of distinct prime divisors of n by w(n). We denote the
Mébius function by p(n).

If f(z) =>a;z" € Z[z], then ||f(z)| = > |a;|. It is easy to see that if
fi, fo € Zlz], then [ fi(z) fo(2)|| < [[f1(2) Il f2(2)]]

As usual, log will denote the natural logarithm.

The following three lemmas are Lemma 1, Lemma 2 and Lemma 3 from

2].

Lemma 8. Let f(z) € Clz] be a nonzero polynomial such that z? —

1f(x), for some d € Z~o. Let n = deg f(x) let g(x) = fd(—f)l Then

T

lg)]l < nllf ()]



Lemma 9. Lete > 0 and let f(z) € Clz] be a nonzero polynomial such
that deg f(z) < n, where n > ng(e). Let m be a positive integer satisfying

®,.(2)|f(z), and let g(z) = @{i’fi). Then

lg(@)Il < €™ [1f (@)]]-

Lemma 10. Lete > 0 and let K be a real number such that K > Ky(¢).

Set C' = 10°log K. Then

K
ch(r) < Klt+e

r=1

The following lemma is a generalization of Lemma 4 in [2].

Lemma 11. Let f(z) € Z[z] be such that f(1) # 0 and || f(z)| < n¢,
where n = deg(f(x)) and c is any constant such that ¢ < 100log2 — 1.
Suppose that ®4(z)V|f(z), for some d € Z~q. Then there exists an integer

ng > 1 such that n > ng implies V < (100log n)*(@.

Proof. Let p be a prime number dividing d. We write d = p"d;, where r > 1

and (p,d;) = 1. If U is any integer satisfying 0 < U <V, we obtain
q(2)" Y f O (@),
where f(U)(x) denotes the U-th derivative of f(x). The products

[T ®a©)"Yand [T £
E€pa, ISP

belong to the ring of integers of the number field Q(&y,), where &;, denotes

the d;-th primitive root of unity. On the other hand, they are fixed by all
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the automorphism in Gal(Q(&4)/Q), so they belong to Q. We obtain that

Héeydl (I)d(g)v_Ua ngudl f(U)(f) € 7Z, and

V-U

IT @49 11 7.

E€pa,y ISP

We denote N = [, fO(€). We have that |fU(¢)] < [|[fD(z)|| <

V|| f(z)| < nYT¢, so we obtain
IN| < (nUHeyeld), (1.1)

On the other hand,

ITe©= TI II&-&n.

§€Ha, £1,62€1a; NEHPT

The & = & part of the right-hand side is

eIl a=—n=1] ®&@c=p"" ] ¢

E€Hd,  NEHPT €14, €14,
Hence,

(p” )7 N
Hence, if N # 0, we have (p¥~V)?@) < |N|. Using (1.1), we obtain

pV—U S ’TLU+C.

Now, let us assume that V' > 100logn. Let U be such that 0 < U <

v
T00Tog T - We have

1 |
2v(1_10010gn) < 2V_U < pV_U < nU+C < 'nlOOlognnC

\%
= eTo0n° < e(c+1)m

)



SO

1 %4
eV (1= T0016gw) 1082  o(c+1) 155

has to be satisfied. This is equivalent to

log 2

+c¢>100log2 — 1.
logn

But ¢ < 1001log 2 —1, so there exists ng such that if n > ng the last inequality
doesn’t hold, hence N = 0. This implies that if n > ng and V' > 100logn,
we have ngﬂd1 fO@E) =0, forall 0 < U < m. Hence if n > ng and

V' > 100logn, we have
Dq, ()4 f (),

1%
fOI'aHOSUgm.

Let d = pi' - - p;¥, where p; are distinct prime numbers and r; > 0 for
all i. We repeat the step above k = w(d) times. We obtain that if V' >

(1001log n)*@, then f(1) = 0, a contradiction. ]

We present the proof of the generalization of the main theorem in [2].

Throughout the proof we will follow Biro’s argument.

Theorem 12. For every ¢ > 0 there exists an integer ny with the
following property: Let q(z) € Z[x]. Assume that there is a polynomial
f(z) € Zlx] such that f(1) # 0 and there exists a positive integer m such
that q(x) divides (™ — 1) f(z). Let us denote by n the degree of polynomial
(2 —1) f(x) and assume that n > ng. If|| f(x)|| < n, where c is any constant

such that ¢ < 100log 2—2 and there exists a positive integer k such that q(x)
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divides I(z* — 1), for some integer I, then for the smallest such k we have
logk, S n1/3+5

Proof. Let q(z) | [(z¥ — 1), for some k’,1 € Z. Then
g() =1 T ®ala),
deD

where I’ € Z such that I'|l and D is a set of some divisors of k’. If we set

k =lem{d|d € D}, we will obtain

g(x) | U(z* = 1).

Our aim is to give an upper bound for k.
On the other hand,
deg(q(z)) =Y _ ¢(d) < n. (1.2)
deD

Let M be an integer and L any real number satisfying

=

1
n <M<§n%, L > 2no.

In order to estimate k, we will estimate the products of prime factors of

Case 1. Let p be a prime such that p" || k, for some r > 1 and p" > L.
Then p"|d, for some d € D. Moreover, every such p” divides a different d € D,
since otherwise we would have

1 1 L?
o(d) = ¢(p")o(py’) = (Gp) (5pY’) = - > n,
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which would contradict (1.2). We obtain

N EEDIWED SIS SRS

p" |k p" |k p" |k deD
p">L p">L p">L

Moreover, for every such p” we have p” < 2n, and the number of such prime
. 2
powers 1s at most f", SO
IIr <@ne. (1.3)

L
p">L

Case 2. Let p be a prime such that p" || k, for some r > 1 and p" < M.

H p < H pr < M, (1.4)

" ||k pr<M
p"<M

Case 3. Let p be a prime such that p” || k, for some r > 2 and M < p" <
L. Similarly as in the previous case, we obtain
H P < H P < VL (1.5)
p" ||k pr<L,r>2
M<p"<L,r>2
Case 4. Let p be a prime such that p || k and M < p < L. We need to

estimate

I »

pllk
M<p<L

Every such p divides a d € D, but a given d € D is divisible by at most two

such primes, since otherwise we would have

o(d) > d(p1)d(p2)d(ps) > (p1 — 1)(p2 — 1)(ps — 1) > M® > n,
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which would contradict (1.2). Similarly, if d € D is divisible by two such
primes, we have ¢(d) > M?, so the number of primes p || k with M <p < L
for which there is another such prime p’ and a d € D with p, p/|d, is at most

%. Whence,

IT r<zoe]]n

pllk pEP
M<p<L

where P C {p || k| M < p < L} is such that each d € D is divisible by at
most one p € P.

We obtain that for every p € P there is a d, € D such that p|d, and if
p1,p2 € P are two distict primes then d,, # dp,. By (1.2), > p ¢(dp) < n.

On the other hand, if p € P, then p || k, whence p || d, and

o) = (p-1)6 () 2 caar (%)

Let K be a real number. Then, if p € P and %" > K we will have

o(d,) > c3(e)MK'¢, so the number of such primes is at most SR

Hence

[I» < zo@ww= I », (1.6)

pEP peP’!

I dp
where P'={peP[1< P <K}

We partition P’ into subsets

P=J P

where P, = {p € P’ | df =r}.

13



We fix an r such that 1 <r < K. Let V. > 0 be the largest integer with
the property
@, (2)" | (a™ — 1) f(2)

and let

By Lemma 9, we have
lg(@)|| < e ™ [[(z™ = 1) f(x)]| < 2ne"™.

Let

Then v € Z, v # 0 and |v| < ||g]|*™.
On the other hand, [] cp @ (2)|q(x) and g(z)|(z™ — 1) f(z), so
[Lep, @pr(z)|[(z™ — 1) f(x). Moreover, (®.(z),[[,cp, Ppr(z)) = 1 and we

obtain

[T (@) | g(2).

pEPr

[T(II @m(©) [ v

pEPr €U,

Hence,

For every p € P,, we have (p,r) =1, so

H (I)pr(g) = H H (fl - 5277)‘

EEM’I 61 7£2€M7‘ neﬂp

Setting & = &, we obtain that the right-hand side is divisible by p®™. It

follows that

H p*" | v,

pEPr

14



and
[T %" < vl < llgla))|*t
pEPr

Consequently,

[[»<lg(@)] < 2nce¥.
pEP,

This implies that if n is sufficiently large, we have
P < es(Vi + 1)nf
SO

) )
peP’!

Combining (1.3), (1.4), (1.5), (1.6) and (1.7), we obtain that if n is suffi-

ciently large, then

2
logk < fnlog(2n) + M 4 VL + es(e) ——=—log L

MKl €
+ csn€ Z (V. +1)log L

1<r<K

2
< fn log(2n) + i M + coV'L

+ cge)(log L) (K n)* (W+—+ Z (V, +1))

The L part is optimized by taking L = ns. Next, we estimate V. + 1,

using Lemma 11. Let

(" = 1))

r—1

h(z) =

15



Then h(z) € Z[z] is a nonzero polynomial such that k(1) # 0. Also, we have
deg(h(z)) < n and ||h(z)]| < m|f(z)] < n°", where ¢ < 1001log2 — 2. Now,
if r > 1, we have ®,(2)"" | h(x) and by Lemma 11, V, < (100logn)“(, for

sufficiently large n. We obtain
V, +1 < (200logn)“™, for r > 1 and Vi +1 = 2.

Assuming a weak estimate K > nio and using Lemma 10, we finally
have

log k < er(e) (Kn)* (n’ + M + — + —— + K).

This is nearly optimized in K by K = (%)%, and the remaining expression

is nearly optimized in M with M = n3. We fix the parameters
K=n3, ,M=|2n3|, L =ns.

and obtain

log k < n%HOS,

for sufficiently large n. O

1.2 Multisets and periodicity

In this section we prove Theorem 4 and Theorem 5. Let A be a finite multiset
of integers and let B be a multiset such that A & B = Z. We denote
a = min(A). We define a multiset A’ = A —a = {a —a | a € A}, with

war(a —a) =wa(a) for all a € A. If n € Z, we have
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RA/7B(7”L) = Z wA’(a/)wB(b)

n=a’+b
a’'=a—acA’ beB

- Z wa(a)wp(b) = Rap(n+ ).

n+a=a-+b
acA,beB

Thus, A’ &; B = Z. Hence, we may assume without loss of generality
that min(A) = 0 and max(A) = d, where d = diam(A).

Let |[A] = 1. Then if A = {a} and A @, B = Z, we obtain that B = Z
and wg(n) = ﬁm), for all n € Z. Hence, the multiset B is periodic with
period £ = 1 and the Theorem is immediately true. Thus, we may assume
that |[A] > 1 and d > 1.

We have

t=Rap(n) = ZwA(a)wB(n —a)

a€A

= Z wa(a)wp(n —a) +wa(0)wp(n),
acA\{0}

for all n € Z. Thus,

wa(Q)wp(n) =t — Y wala)ws(n - a). (1.8)

acA\{0}

We have that n —d <n—a <n-—1, forall a € A\ {0}. Moreover,

wa(d)wp(n —d) =t — > wala)wp(n - a), (1.9)
acA\{d}

andn—d+1<n-—a<n,foralla € A\ {d}. Hence, if we know the value
of wg for any d consecutive integers, using (1.8) and (1.9) we can compute

wg(n) for all integers n.

17



We consider the d-tuple (wgp(i),wg(i +1),...,wp(i +d — 1)), for some
t € Z. Since
t=Rap(n+a)= ZwA(a)wB(n —a) > wa(0)wg(n),
acA

we obtain that wg(n) <t, for all n € Z. Hence,

(wp(i),wp(i+1),...,wp(i+d—1)) € {0,1,...,t}*.
By pigeonhole principle, there exist integers 0 < i < j < (¢t + 1)¢ such that
(wp(@),wp(+1),...,wp(i+d—1)) = (wp(j),ws(+1),...,ws(j+d—1)).

Let k = j—i. Then1 < k < (t+ 1)¢ and wp(n) = wg(n + k), for
n=1d,...,i+d—1. By (1.8) and (1.9), we obtain wg(n) = wg(n + k), for
all n € Z. This proves the Theorem 4.

Proof of the Theorem 5. As before, we may assume without loss of gen-
erality that min(A) = 0 and max(A) = d, where d = diam(A). Moreover,
let 5 € B. We define the mutiset B = B— 3 = {b— (3 | b € B} with
wp(b— ) = wp(b), for all b € B. Then, 0 € B’ and B’ is eventually periodic
with eventual period k£ if and only if B is eventually periodic with eventual

period k. If n € Z, we have

Rap(n)= > wala)wh(V)
n=a+b
a€ Al =b—BeB’

— Z wa(a)wp(b) = Rap(n+ B).

n+pB=a+b
a€AbEB

18



It follows that the representation function R4 p is eventually periodic
with eventual period m if and only if R4 p is eventually periodic with eventual
period m. Thus, we may assume without loss of generality that 0 € B.

Let

B*={beB|b>0}.

Note that if b € BT, we have that a +b > 0, for all a € A. On the other
hand, if b € B\ BY, we have a + b < diam(A), for all @ € A. Hence,
Ry p+(n) = Rap(n), for all n > diam(A) and R4 g+ is eventually periodic
with eventual period m.

We consider the generating functions

[e.9]

Az) = ZwA(a)xa = ZwA(n)m”
acA n=0
and
v(z) = Z wp(b)r’ = ZwB(n)x".
beB+ n=0

Let ng € Z~q be such that Ry g+(n+m) = R4 g+ (n), for all integers n > ny.
Let 49 = [?2] + 1. Define r; = Ry g+(mig + j) for j =0,1,...,m — 1. We

obtain

Ma)y(w) =Y Rapr(n)a”

mig—1

— Z Ry p+(n)z" + Z Ry p+(n)z"
n=0

n=mig

mig—1 m—1 oo

= Z Ry p+(n)z" + Z Z Ry p+(mi + j)z™+
n=0

=0 i=ig

19



mig—1 m—1 oo

= Z Ry p+(n)a" + Z_ Z 7™t
n=0

=0 i=io
mig—1 1 m—1
— _ T ]
- ZO Ry p+(n)x pr— Zorjx S (1.10)
n= J=

We define the polynomials

mig—1

p(z) = Z Ry g+ (n)z"

and

—_

m—

pa(x) = Z ryaot.,

J=0

Then, using (10), we obtain

Az)y(w) = pi(2) = ——pa(2)
_ (@™ = Dpi(x) — pa(2)
xm —1 ’
and
(@™ = Dpi(x) — pa(x)  p()
=T e aw)

where p(z) and ¢(z) are relatively prime polynomials in Z[z] and ¢(x)|(z™ —

1)A(z). The multiset BT is eventually periodic, hence there exists ny € Z-g
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and s € Z~q such that wg(n + s) = wg(n), for all n > n;. Hence,

(¢° = )y(z) = (2" = 1) Y wp(n)a"

= ng(n)x"+s - Z wp(n)x"
n=0 n=0
ni—1 fee) e’}
= Z wp(n)z" + Z wp(n)z"* ZwB(n)x"
n=0 n=ni n=0
ni—1 o) [e¢)
= Z wp(n)z"t + Z wp(n + s)a" ng(n)x”
n=0 n=ni n=0
ni—1 [e'e) 0
= Z wp(n)z"t + Z wp(n)z" — ZwB(n)x"
n=0 n=ni+s n=0
ny—1 ni+s
= Z wp(n)z"t® — Z wp(n)z",
n=0 n=0
and (z° — 1)y(x) is a polynomial. Then
(z° — 1)p(x)
= 1)y(z) = ———=
( () @)

is a polynomial, whence ¢(z)|(z®* — 1)p(z). Since ged(p(z),q(z)) = 1, we
conclude that there exists an integer [ such that g(z)[l(z® — 1). We have
@) = > ,cawala) and X(1) = > ., wa(a) # 0. The conditions of
Theorem 12 are fulfilled. Then there exists a positive integer k such that

q(z)|U'(z* — 1) for some integer I and log(k) < n3**.

It remains to prove that k is an eventual period of B*. We have that I'(z* —
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1)y(z) € Z[z]. This implies that (x* — 1)y(x) is a polynomial, so
(" = 1)y(z) = (@* = 1) Y wp(n)z"
n=0

oo o
= Z wg(n)z"t* — ZwB(n)x"
n=0 n=0

00 00 ni+k—1
=S wpma - S wpma” — S wp(n)a”
n=0 n=n1+k n=0
00 00 ni+k—1
= ZwB(n)x"Jrk - Z wg(n + k)" — Z wp(n)z"
n=0 n=ni n=0
= Z (wp(n) —wg(n + k))z"™**
n=ni
ny—1 ni+k—1
+ Z wp(n)a" T — Z wp(n)z"
n=0 n=0

is a polynomial. Thus, there exist ny € Z~ such that wg(n) = wg(n + k),

for all n > ny. This implies that & is an eventual period of B™.
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Chapter 2

An inverse problem for lattice

points

The content of this chapter is a joint work with C. Sanabria and has been

accepted for publication in Topology and its Applications, [13].

We consider the following context. Let X be a metric space which is
geodesic and proper, and let I' be a group. Let I' x X — X be a properly
discontinuous action by isometries (from the left) such that the quotient I'\ X
is compact. Such action is called geometric. The proof of the fundamental
observation of geometric group theory implies that in such a context, if K C

X is compact fundamental domain for the I'-action then the set
[y €T| K N~K 0}
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is a finite set of generators of I" [11]. This result was proved independently by
V.A. Efremovié [8], J. Milnor [17] and A. S. Svarc [28]. In the case X = R

and [' = Z" we obtain the following theorem:

Theorem 13. If K C R" is a compact set such that for every x € R"
there exists y € K with x = y (mod Z") in R", then A = (K — K) N 2",

where K — K ={a—0b|a,b € K}, is a finite set of generators for Z".

This result leads to the inverse problem, which was originally asked by
M.B. Nathanson in [19]: If A is a finite set of generators for a group T,
such that A is symmetric, i.e. A™' = A, and contains the identity of T,
does there exist a geometric action of I' on a metric space X such that
A={yeTl| KNn~vyK # 0} for some compact set K which is a fundamental
domain for such action? In the case X = R" and I' = Z", this problem can

be translated to an inverse problem of number theory:

Problem 14. Let A be a finite, symmetric subset of Z" containing 0.

Does there exist a compact set K such that for every x € R™ there exists

y € K with z =y (mod Z") and A = (K — K)NZ"?

This type of problems are one of the main topics of additive number
theory. For further references see [18].

M.B. Nathanson in [19] proved that a finite, symmetric set of generators
of Z, containing 0, is of the form (K — K) N Z for some compact set K C R
such that R = K + Z by giving an explicit construction of such set K. This

answers the inverse problem in the case n = 1.
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As an attempt to attack the case n = 2, P. Hegarty raised the following
question: Does there exist a compact set K C R? such that for every z € R?
there exists y € K with z = y (mod Z?) and (K — K)NZ? C (Z x {0}) U
({0} x Z)? In this paper we prove that the answer to this question is “no”.
This proves that the set A = {(—1,0),(0,-1),(0,0),(1,0),(0,1)}, although
is a finite, symmetric set of generators of Z? containing 0, is not of the form
(K — K) N Z?* for any compact fundamental domain K. Thus, we obtain
the negative answer to Problem 14 in the case n = 2 and as a corollary, the
negative answer to Problem 14 in the case n > 1. This refines the inverse

problem for n > 1:

Problem 15. Which sets can be obtained as (K — K) N Z" where K
is a compact set such that for every x € R” there exists y € K with x =y

(mod Z)?

By using a different argument the same result was obtained by L.A.

Borisov and R. Jin in [12].

2.1 The proof

We will start the proof by using the observation of R. Jin in [12]:

Theorem 16. Let K be a compact set of R?. For J = (j1, jo) € 72, let

i i+1 J2 g2 +1
Bn,J = [_7 ] X [_7 ]
n n n n

There exists an integer ng such that for every integer n > ng there is a finite
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subset J of Z? such that the set
Kn = U Bn,J
JeJ

satisfies K C K,, and
(K- K)N7Z*= (K, — K,)NZ>.

Proof. The set K is compact, thus the set K — K is compact. Indeed K — K =
f(K x K), where f is the continuous function f : R? — R, (x,y) — x — v,
and the image of a compact set through a continuous map is a compact set.

The compactness of K — K implies that there is an € > 0 such that
min{|lz —y|: re K —K, yeZ"\ (K — K)} > ¢,

for the distance function x € K — d(z,Z?\ (K — K)) € R is continuous and
has a non-zero minimal value.

Let ng > 4v/2/¢, and for n > ng set J = {J € Z?| B,y N K # 0}. It is
easy to see that (K — K)NZ? C (K, — K,,)NZ?. To prove the other inclusion
we will prove that (Z*\ (K — K))N(K,—K,) = 0. Indeed, for any 21, 25 € K,
there are o1, 7 € K such that |z, — 21| < v2/n and |z — 22| < v/2/n. We
have |(z1 — 22) — (21 — 22)| < |21 — 21| + |22 — 22| < 2v/2/n. So, for any
z € K, — K, there is an © € K — K such that |z — z| < 2v/2/n. Hence, for
any y € Z*\ (K — K) and any z € K, — K,

ly— 2| >y —a| —|z— 2| >e—2V2/n>¢e/2>0.
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Let K be a compact set such that R? = K + Z2. In view of the previous
theorem there exists n € Zsq such that K C K, and (K — K) NZ* =
(K, — K,) NZ?. So, in order to prove that (K — K) N Z? is not contained
in the coordinate axes, it suffices to prove this result for any such set K, or
any of its subsets. Thus, we reduce J so that | 7| = n? and K,, + Z* = R
We write K,, = U/, U;.:Ol B;j + w;j, where B;; = [£ HH] 5 [L IH] anq
Ui j € Z2. Since the difference set K,, — K,, remains invariant if we translate

the set K, by an element of Z?, we may assume ugo = (0,0) (see Figure 2.1).

Figure 2.1: K,, with n =2

Before proceeding to the proof of our main result, we will show how the
set K, defines first an element of cohomology group H'(T';Z x Z), and then,
an isomorphism H,(T) — Z x Z. We will also need two technical lemmas.

Let us consider the unit square subdivided into n? squares B, ;, where

0 <i,7 <n—1. We label the vertices (%, %), where 0 < ¢,j < n, with the
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value v; ; in the following way (see Figure 2.2):
(
Uy, 5 for 0 < ’i, ]

J
up; + (—1,0) fori=n,0

Ui,j =
uio~+ (0,—1) for 0 < i<

(=1,—-1) fori=mn,j=n

u1,0+ (0, -1)
(07_1) (_17_1)
up,1 Uo,1 + (—1,0)
Ui
(070) (7170)
U1,0

Figure 2.2: Vertices labeling
We direct the edges, the sides of the B;;’s, in upward and rightward
direction and we label them with the value of the differences: value at the
ending vertex minus value at the initial vertex (see Figure 2.3). Note that the
unit square subdivided in this fashion, and with the prescribed orientation
on the edges, after identifying two by two the opposite surrounding edges
can be seen as the torus 7" with [-complex structure.

If we denote the labeling of the edges by ), then

o 1
V(D) (2 D) = v = v, for 0<i <= 1,0 <j <
and
) i
¢<[(%7 l)? (%a / :L— )]) = Vi j+1 — Vij, for 0 < 1 < n70 <] < n— 1.
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Note that @Z)([(l 0),(%,0)]) = w([(%,l),(%,l)]), for 0 <i<n-—1and
00000 2), 0. 1)]) = $(((L, 2), (1, 1)), for 0 < j < 0 — 1, 50 is a well

defined function from the edges of T to the abelian group Z x Z. More-
over, Y([(£, L), (2, D)+ ([(HE, L), (H2, ZE0)]) —o([(£, 25), (H2, 22) -
([( ) (7’1, ]:1)]) =0, for 0 <4, <n—1, so we can see 1) as one repre-

sentative of an element of the cohomology group HY(T;Z x 7).

U1,0 (—170) —U1,0

ui,0+ (0,+1) —ui,
(0,—1) —'LL071 (07—1) —’U,()yl

u1,1 — uo,1 | up1 + (—10) —ui s

uo,1 uo,1
U1,1 T Uo,1

U0 (—1,0) —u1,0

Figure 2.3: Edges labeling

There is a natural map HY(T;Z x Z) — Hom(H,(T),Z x Z) that sends
Y to g : Hi(T) — 7 x Z where

$o([[(0,0), (1,0)]]) = (=1,0) and ¥o([[(0, 0). (0, D]]) = (0, ~1).

Since H,(T) = Z x Z with generators [[(0,0), (1,0)]] and [[(0,0), (0,1)]], we

obtain that 1), is an isomorphism. This means that

(+) we can read the homotopy type of a closed curve from the sum
*

of the values associated by v to the edges forming the curve.
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Remark 17. All the values that 1 associates to the edges are in the
set K,, — K. Moreover, any sum of the values of consecutive edges of a B, ;

belongs to K, — K,,.

Indeed, if one considers the vertex (%, %) with 0 < 4,5 < n, we have

(i l) +ui_1,j, (l l) —I—ui’j_l, (z l) + ui_ljj_l and (%, %) + ui’j n Kn, hence

n’n n’n n’n

17 17 1—1 9 1 7
() oo =s([(F2 (4))
n'mn n n n n n n
1] 1 g 1 7—1 1]
— = U= =T ) U1 = V1 = (0 - ' .
n n nn n n n n

A similar argument holds for the edges when either i or j is equal to 0 or n.

Since the sum of the values of all consecutive edges of a B;; equals 0, it
suffices to prove the statement for two consecutive edges. If 0 < i,5 < n,

then

(55 G+ (G) Gl -

Hence the sum of the values of two consecutive edges of B; ;, where 0 < 7,j <
n is in K, — K,. Similarly, the same holds for B; ; when either 7 or j is equal

to 0 or n.

Definition 18. A component is a union of squares B, ;, connected on

the torus 7.
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Note that the boundary of a component is a union of simple closed curves.
Indeed, let C be a component and let us denote by ¢ = 0C' the boundary of
C. Then o is the union of the curves enclosing C'. To prove that ¢ is a union
of closed curves, we proceed by induction on the number m of squares in C.
If m = 1, the component is made of just one square, so ¢ is the simple closed
curve enclosing this square. Let m > 2, and suppose that any component
having less than m squares is enclosed by a union of closed curves. Let ()
be a square in C' and let C; be the union of the squares in C' different than
Cy. Then C = Cy U C;. Moreover, ('} can be seen as a disjoint union of
components, each of them having less than m squares, hence enclosed by a
union of closed curves. Thus, dC; is the union of closed curves. There are
five possibilities for the intersection Cy N C: it can be a vertex of Cjy, a side
of Cy or a union of two, three or four sides of Cy. In each of the cases, we
obtain that o is the union of closed curves. As any closed curve can be seen
as a union of simple closed curves, we conclude that ¢ is a union of simple

closed curves.

Definition 19. Let C be a component. If all the simple closed curves
forming the boundary of C' have homotopy type 0 (i.e. are contractible on

the torus T"), we say that C' is improper.

Lemma 20. Let C be an improper component, and ¢ : C' — T be

the inclusion map. Assume that the boundary of C' is a single simple closed
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curve. Then

0
Z2

(I (C)) =

Proof. Let f : I — T be the boundary of C, where I is the unit interval
I =10,1]. We denote by p : R?> — T = R?/Z? the universal cover of T. The
interval I is path-connected and locally path-connected and f,(m (7)) =0 C
0 = p.(m1(R?)), hence for each lift f@ of f(0), there is a unique path f :
I — R? lifting f starting at ff(\(T) This holds for any map ¢ : J — T', where
J is an interval in R. As p is a covering map, it is a local homeomorphism of
R? with T', so f being simple implies that the lifts are simple curves as well.
Moreover, [f] = 0, so there is a homotopy F; : [ — T, 0 <t < 1, such that
Fy = f and F; = f(0). By the homotopy lifting property, for each lift 1,
there exists a unique homotopy }N?t : 1 — R? of fvto f(\()/) that lifts F}. Thus,
[]7] = 0 and fis a loop. Hence, every lift fof f is a simple closed curve,
so by Jordan curve theorem it separates R? into two open, path-connected
components, of which the image of fvis the common boundary.

We fix a lift ]?66) and consider the lifting f: I — R? of f starting at f@
Let us denote by U the interior region defined by fand by D = U=0 UIm(f)
the closure. We will prove that p|5 is injective. Let us assume the contrary,
so there exist z,y € D such that z # y and p(z) = p(y). Hence, there exists
a € Zi(o,o) such that y = z + a. On the other hand, D is the closure of a

connected set, so it is connected and since it is locally path-connected, D

is path-connected. Thus there exists a path v : I — D with ¥(0) = x and
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—_—

(1) = £(0). We denote by & the closed curve

Ft+1) for —1<t<0

=)
—~
=
I
s
=
S
=
(e
N
~
N
—_

Y(2—1t) for1<t<2

We have § : [-1,2] — R2 and 6(—1) =6(2) = . Then 6 =pé : [-1,2] —» T
is the loop with 6(—1) = §(2) = p(x). By assumption, z and y are two
different lifts of p(x), so we can consider the lift § of & starting at = and the
lift &' of & starting at y. We consider the closed curve S+a:I—R. We
have p(g~|— a) = ¢ and (g+ a)(—1) = y, so by the unique lifting property
8 = & +a. Now, every lift of § contains a lift of f, since §(t) = f(t), for
0 <t <1 Whence f(t) =d(t), for 0 < ¢ < 1is the lift of f starting at f(0)
and f/(t) = 0'(t), for 0 < t < 1 is the lift of f starting at f/(0) = f(0) + a.
Furthermore, f' = f + a. Thus Im(f) N Im(f’) = 0. For if f(t;) = f(t2),
for some 0 < t;,t, < 1, then f(tl) = ~(752) + a, hence t; # t,. Moreover,
f(t1) = f(t2), and since f is a simple closed curve, we obtain t; = 0,t, = 1
or t; = 1,t3 = 0, a contradiction, for ]7(0) = f(l) =xFy= f’(O) = f’(l)
We obtained that the images of the liftings fand f’ = f+a of f are disjoint.
We consider the intersection D N ﬁ, where D’ is the closure of the interior
region defined by f'. We have D' = D + a, so u(ﬁ’) = ,u(ﬁ), where by
we denote the Lebesgue measure. Since Im(f) and Im(f’) are disjoint, we
have Im(f) C U’ or Im(f) C (D")°. If Im(f) C U’, then D C U’ C D' and
w(D'\ D) = u(D) — u(D’) = 0. Having that U’ \ D C D'\ D, we obtain

w(U"\ D) = 0. This is a contradiction, for U’ \ D is open in R? whence
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1(U'\ D) > 0. We obtain Im(f) C (D')¢. Similarly, Im(f") C (D)C. Hence,
DN D ={. On the other hand, by assumption, y € D and y=x+ac
D+a=D'" Thisis a contradiction, so p| is injective.

Next, we need to prove that if D = p(l~)), then ¢ = D or C = DC.
First, we prove that Int(C) = C'\ Im(f) and Int(CC) = C \ Im(f) = C¢
are connected sets in 7. This is to say that f divides T  into two connected
components: T\ Im(f) = Int(C') UInt(CC). As this components are open in
R2, they are locally path-connected, and thus path-connected.

We consider C'\ Im(f). The proof is by induction on the number m
of squares in C. If m = 1, the component C' is a square and the square
without its border is connected. Let m > 2, and suppose that the statement
is true if C' consists of less than m squares. Let Cy be a square in C' touching
the boundary Im(f) such that C'\ Cj is connected and let C; be the union
of squares in C' different than Cjy. Since f is a simple closed curve, the
intersection Cy N C; can be one, two or three sides of Cy. In all three cases,
the boundary 0C, will be still a closed simple curve. Thus, by induction
hypothesis, C; \ dC; is connected. Since the intersection Cy N Cy is not
contained in Im( f), we obtain that C'\Im(f) = (CoUC)\Im(f) is connected.
A similar argument holds for C¢.

Now, p|p is injective, so p(U) N p(Im(f)) = p(U) N Im(f) = 0, since
U = Int(D). We have p(U) € T\ Im(f). On the other hand, the interior U is

connected. The covering map p is continuous, whence p(U) is connected. We
obtain that p(U) C Int(C) or p(U) C Int(CC), or equivalently D = p(D) C C
or D = p(D) c CC.
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Let us prove that D = C or D = CC, the latter being equivalent to
C = DC. Let us assume that D C C. This means that p(U) C Int(C).
Fix € p(U). There exists € U such that z = p(Z). Let y € Int(C).
Since Int(C') is path-connected, there exists a path ¢ : I — Int(C') C T such
that g(0) = = and g(1) = y. Let g : I — R? be the unique path lifting ¢
starting at T = g/(vO) Then iy = g(l) is a lift of y, i.e. p(y) = y. Moreover,
m(g) N Im(f) = 0. For, if 7 € Im(§) N Im(f), then p(Z) € Im(g) N Im(f), a
contradiction, since Im(g) C Int(C') and Int(C') NIm(f) = (). We obtain that
Im(§) € U, so § € U and y € p(U). Whence, p(U) C Int(C) and D = C.
Similarly, we conclude that if p(U) C Int(CC), then C' = DC.

We are now in position of proving the statement. Let h : I — T be
a closed curve in D. Then there is a unique lift h I — R? of h such
that h(0) € D. Moreover, since plp is injective and h(0) = h(1), we have
1(0) = h(1), so h is a closed curve in R2, hence [1] = 0. Having that h = p(h),
we obtain [h] = [poh] = p,(h) = 0. This means that if j : D — T denotes the
inclusion map, then j.(m (D)) = 0. But, we already proved that C' = D or
C' = DC. Thus, if C' = D, then i,(m,(C)) = 0. On the other hand, if C' = D¢

, then as j,(m (D)) = 0, Van Kampen’s theorem implies i, (m;(C)) = Z2.

Corollary 21. Let C be an improper component. Then

0
Z2

ix(m(C)) =

Proof. First, we consider the case when the Int(C') is connected. In this case,
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as Int(C) is locally path-connected, whence Int(C') is path-connected. The
boundary of C' is a union of simple closed curves which are contractible on
the torus. Let f : I — T be a simple closed curve that is a part of the
boundary of C'. Arguing as in the previous lemma, every lift f of fis a
simple closed curve and, by Jordan curve theorem, it separates R? into two
open, path-connected components, of which the image of f is the common
boundary. Let us fix a lift fof f and let U be the interior region defined by
f. By the previous lemma, p|5 is injective, where D= 5 Two possibilities
may occur: p(U) N Int(C) # 0 or p(U) NInt(C) = 0. Let us consider the

case p(U) NInt(C) # 0. As Int(C') is path-connected, we obtain Int(C) C
p(U). Thus, we have Int(C) C p(U) or p(U) N Int(C) = 0, the latter being
equivalent to p(U) € CC. If Int(C) C p(U), then Int(C) C (Upezz p(U +
a)) = p(UanQ(ﬁ +a)), where U + a, when a ranges through Z2, represents
the interior regions of all liftings of f. Hence, p~!(Int(C)) C Uaezz(ﬁ +a).
On the other hand, if p(T) NInt(C) = 0, then p(|J, 52 (U +a)) NInt(C) = 0,
s0 pH(Int(C)) € (Upepe(U + a))¢ = Nyege(U + a)°. We conclude that
P HC) € Uyen(D +a) 0t p(C) € a0 +a)C.

Now, each of the simple closed curves making the boundary of C' is lifted
to simple closed curves through p and each lift defines an interior and an
exterior region. Let D be the union of the closures of the interior regions
and F be the intersection of the closures of the exterior regions. By the
previous argument, we obtain that p~1(C) C D or p~*(C) C E, and since p
is surjective, we have C' C p(D) or C' C p(E).

If C C p(F), we actually have the equality C' = p(F). Indeed, if p(E) \
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C' # (), then exists a square S in p(E) not belonging to C' such that SNC' # ().
For, if that is not the case, p(E) = (Uge,p) S)UC would be a disconnection,
which would contradict the fact that p(E) is connected. But this would
mean that there exists € S such that p~!(x) C Uaezg(ﬁ + a), where U is
an interior region of a lifting of one of the simple closed curves making the
border of C. A contradiction, since there exists y € p~!(x) such that y € F
and E N UanQ(INJ +a)=0.

On the other hand, by the previous lemma and Van Kampen’s theorem,
we have j,(m1(p(D))) = 0, where j : p(D) — T is the inclusion map. Having
that D U E = R?, we obtain that p(D) Up(F) = T and, by Van Kampen’s
theorem, k.(m (p(F))) = Z x Z, where k : p(E) — T is the inclusion map.
By the previous discussion, C' C p(D) or C' = p(F), which ends the proof in
the case when Int(C) is connected.

Finally, let us define the wedge sum as a union of two sets intersecting at
only one point. Then any improper component C' can be seen as the wedge
sum of improper components with connected interiors. The statement follows

by Van Kampen’s theorem.

]

Theorem 22. There does not exist a compact set K such that R? =

K + 7% and (K — K)NZ2 C (Z x {0}) U ({0} x Z).

Proof. We prove by contradiction. Let us assume that such set K exists.

Then, there exists n € Z~ such that (K, — K,,)NZ* C (Zx{0})U({0} x Z),

n’ n n

where K, = ]y U2y B+, with By = [£, ] x [£, ] and u;; € Z2.
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We will prove that this is absurd.

By Remark 17, we have that the values that 1 associates to the edges
are either in the z-axis, the y-axis or equal to (0,0). Therefore, we can color
the edges in the following way: red if the value of the edge lays on the x-axis
and it is different than (0,0), blue if the value of the edge lays on the y-axis
and it is different than (0,0), and white if the value of the edge is (0,0).
Moreover, since any sum of the values of consecutive edges of a B, ; belongs
to K, — K,,, the square cannot have a red and a blue edge at the same time.
We obtain that all the squares can have only red and white edges, blue and
white edges, or all white edges. We will be calling them red, blue and white
squares, respectively. Note that the common edge between a red and a blue
square is white.

Let C' be a monochromatic collection of squares, maximal with respect
to inclusion, such that when seen on the surface of the torus it is connected.
We now prove that C'is an improper component.

Given a curve, we call gain the sum of the values associated by 1 to the
edges forming it. A gain of value (-,0) can only be obtained through red
squares; a gain of value (0,-) can only be obtained through blue squares.
Therefore, because the gain of the horizontal curve [[(0,0), (1,0)]] is (—1,0)
and the gain of the vertical curve [[(0,0), (0, 1)]] is (0, —1), the coloring must
contain red, as well as blue component. Thus, the boundary of a component
is a union of simple closed curves formed by white edges only. Hence, by (%),
the boundary of a component is a union of simple closed curves which are

contractible on the torus. We conclude that C' is an improper component.
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We will reach a contradiction using the corollary above. Let us consider
any red component. If the component is contractible on the torus any hor-
izontal line that crosses the component will have a horizontal gain equal to
(0,0) inside the component. The horizontal gain (—1,0) is obtained only
through red squares, so there exists a red component that is non-contractible
on the torus. On the other hand, it follows from Corollary 21, that if a
component has a boundary that consists of simple closed curves which are
contractible on the torus, then it is either contractible on the torus or it con-
tains loops generating the fundamental group of the torus. Whence, there
exists a red component inside of which we can obtain both gains, (—1,0) and
(0,—1). A contradiction.

O

Corollary 23. Letn € Z-;. For 1 < i < n, let e, € R" be the
vector with 1 in the ith position and 0’s in all other positions. The set
A={0,...,00)}U{xe; | 1 < i < n} is a finite, symmetric subset of Z"
containing 0. Then A is not of the form (K — K) N Z" for any compact set

K such that for every x € R™ there exists y € K with x =y (mod Z").

Proof. Assume on the contrary that A = (K — K) N Z" for some compact
set K such that for every z € R" there exists y € K with z = y (mod Z").
Let p : R® — Re; + Rey be the orthogonal projection. We will identify R?
with Re; + Rey and Z? with Ze; + Zes. Then

p(A) = {<_170)7 (07 _1)7 (070)7 (170)a (07 1>} = (p(K) —p(K)) N ZQ,
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where p(K) C R? is a compact set such that for every x € R? there exists

y € p(K) with x = y (mod Z?), a contradiction.
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Chapter 3

On a partition problem of

Canfield and Wilf

The content of this chapter is a joint work with M. B. Nathanson, [14].

Let A be a nonempty set of positive integers. A partition of n with parts
in A is a representation of n in the form

n= E Me

acA

where m, € N U {0} for all @ € A, and m, € N for only finitely many
a. Let ps(n) denote the number of partitions of n with parts in A. If
ged(A) = d > 1, then pa(n) = 0 for all n not divisible by d, ands so pa(n) = 0
for infinitely many positive integers n. If p4(n) > 1 for all sufficiently large

n, then ged(A) = 1.
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If A={ay,...,a;} is a set of k relatively prime positive integers, then
Schur [27] proved that

nk—l

~ . 3.1
pA(n) (l{?— 1)!a1a2--~ak ( )
Nathanson [23] gave a simpler proof of the more precise result:
k-1
pa(n) = G +0 (n"7?). (3.2)

— Dlajas - - ax

An arithmetic function is a real-valued function whose domain is the set
N of positive integers. An arithmetic function f has polynomial growth if
there is a positive integer k and an integer Ny(k) such that f(n) < n* for all

n > No(k). Equivalently, f has polynomial growth if

1
lim sup M < 00
n—00 ogn

An arithmetic function f has superpolynomial growth if

iy 108/ (1)

n—oo logn

The asymptotic formula (3.1) implies the following result of Nathanson

(21, Theorem 15.2, pp. 458-461].

Theorem 24. If A is an infinite set of integers and ged(A) = 1, then

pa(n) has superpolynomial growth.

Canfield and Wilf [4] studied the following variation of the classical parti-
tion problem. Let A and M be nonempty sets of positive integers. A partition

of n with parts in A and multiplicities in M is a representation of n in the
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form

n= E Me

acA

where m, € M U {0} for all a € A, and m, € M for only finitely many a.
We denote by paar(n) the number of partitions of n with parts in A and
multiplicities in M. Note that p4 /(0) = 1 and pa p(n) =0 for all n < 0.
Let A and M be infinite sets of positive integers such that pa p(n) > 1
for all sufficiently large n. Canfield and Wilf (“Unsolved problem 17 in [4])
asked, “Must pa p(N) then be of superpolynomial growth?” We prove that

the answer is “no.”

3.1 Weakly superpolynomial functions

Polynomial and superpolynomial growth functions were first studied in con-
nection with the growth of finitely and infinitely generated groups (cf. Grig-
orchuk and Pak [9], Nathanson [24]). Growth functions of groups are always
strictly increasing, but even strictly increasing functions that do not have
polynomial growth are not necessarily superpolynomial.

We shall call an arithmetic function weakly superpolynomial if it does not
have polynomial growth. Equivalently, the function f is weakly superpolyno-
mial if for every positive integer k there are infinitely many positive integers
n such that f(n) > n*. The partition functions that will be constructed in
this paper are weakly superpolynomial but not superpolynomial.

We note that an arithmetic function f is weakly superpolynomial but not
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superpolynomial if and only if

i log f(n)
imsup ————~ = o0
n—oo  lOgn
and
1
lim inf 208 _ o

n—oo ogn

In this section we construct a strictly increasing arithmetic function that is
weakly superpolynomial but not polynomial.

Let (ng)72; be a sequence of positive integers such that n; = 1 and
k
Nit1 > 2Ny,

for all £k > 1. We define the arithmetic function

f(n) =nf+ (n—ny) for ny <n < ngyq.

This function is strictly increasing because
k k+1
Ny — Mg < Npi1 — Nkt

for all kK > 1. We have

logf(n) . klogm,
lim —————= = lim
k—oo logny k—oo logny

and so

" log f(n) _
1111 Sup W = 00

Therefore, the function f does not have polynomial growth.
For every positive integer n there is a positive integer k such that n; <
n < ngy1. Then f(n) =n+n¥ —ng > n and so

1
i inf 280 S
n— oo ogn

(3.3)
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The inequalities

3n

flgpr = 1) = nf + (npsr — 1 —my) < ;H

and
n
Ng+1 — 1> k2+1
imply that
| < log f(nk+1 — 1) - log(3nk+1/2) 14 log 3

log(ng1 — 1) log(nk41/2) log(ny+1/2)

and so
k—oo log(np1 — 1)
Therefore,
1
liminf 228/ (3.4)

n—oo  logn

Combining (3.3) and (3.4), we obtain

lim inf log f(n)

n—00 ogn

=1.

Thus, the function f has weakly superpolynomial but not superpolynomial

growth.

3.2 Weakly superpolynomial partition func-
tions

Theorem 25. Let a be an integer, a > 2, and let A = {a'}32,. Let M

be an infinite set of positive integers such that M contains {1,2,...,a — 1}
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and no element of M is divisible by a. Then ps p(n) > 1 for all n € N, and
pam (n) =1 for all n € A. In particular, the partition function pa y does

not have superpolynomial growth.

Proof. Every positive integer n has a unique a-adic representation, and so
par(n) > 1 for all n € N.

We shall prove that the only partition of a” with parts in A and mul-
tiplicities in M is a" = 1 - a". If there were another representation, then it

could be written in the form

k
a" = E m;a’
i=1

where k > 2, m; e M fori=1,...,k,and 0 < j; < jo < -++ < jp < r. Then

k
a M =m+a E mya? L
i=2

We have j; —j1 — 1 > 0 for i = 2,...,k, and so m; is divisible by a, which

is absurd. Therefore, p4 s (a”) =1 for all » > 0. It follows that

lim inf log par(n) — lim inf log par (a”) —0
and so the partition function p4 js is not superpolynomial. 0

Theorem 26. Let A and M be infinite sets of positive integers, and let
pa(n) denote the number of partitions of n with parts in A and multiplici-
ties in M. If A(x) > clogx for some ¢ > 0 and all x > x¢(A), then for every

positive integer k there exist infinitely many integers n such that

pam(n) > nk.
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In particular, the partition function pa s is weakly superpolynomial.

Proof. Let x > 1 and let

A(z)zZl and M(zx) = Z 1

acA meM
a<lx m<x

denote the counting functions of the sets A and M, respectively. If n < x
and n = ) _,mea is a partition of n with parts in A and multiplicities in

M, then a < x and m, < x, and so
max {pan(n) :n <z} <Y pan(n) < (M(x)+ 1) (3.5)
n<x
Conversely, if the integer n can be represented in the form n = > _, mqa
with a <z and m, < z, then n < z2A(z) and so
> pam(n) = (M(z) + 1) > M(2)*®,
n<z2A(z)

Choose an integer n, such that
pay(ng) = max {pan(n) :n < 2*A(z)}.

Then n, < 3 and
M(z)*® < 3" pau(n) < (2?A@) + 1) pan(n,) < 20°pa ()
n<z2A(z)
and so, for all x > zq(A),

M(x)A(az) - M(m)clogx
203 T 213

PaAM (nm> >
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Let k be a positive integer. Because the set M is infinite, there exists

x1(A, k) > x0(A) such that, for all z > x1(A, k), we have

2 3k +3
+
clogx c

log M (x) >

and so

pan(ng) > 2* > nk.
We shall iterate this process to construct inductively an infinite set of

integers {n,, : i = 1,2,...} such that

pam(ng) > ni

3

for all 2. Let » > 1, and suppose that the integers n,,,...,n,, have been

constructed. Choose z,;1 so that
r—+1 7 A

for all 2 = 1,...,7, and let n, _,, be the integer constructed according to

procedure above. Replacing z with x?A(z;) in inequality (3.5), we see that

p(na) < (M (2A(x)) +1)*¢H40)

and so

P (”xhq) > xiL > p(na,)
for v = 1,...,7, and so n,, ., # ng for ¢ = 1,...,r. This completes the
induction and the proof. O

Theorem 27. The partition function for the sets A and M constructed

in Theorem 25 is weakly superpolynomial.
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Proof. For a > 2, the counting function for the set A = {a’'}°, is A(z) =

log z] +1 > log z, and the result follows from Theorem 26. O
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Chapter 4

A Lower Bound for the Size of

a Sum of Dilates

Let k£ be an integer and let A be a finite set of integers. The k-dilation k- A
of the set A is the set of all integers of the form ka, where a € A. Let
fz,...,x,) = wyzy + - -+ + uyx, be a linear form with integer coefficients
U, ..., U,. We define the set f(A) =uy- A+ -4u, A ={wa;+--+upa, :
a; € A}. B. Bukh, in [3] obtained the almost sharp lower bound for the size
of the sets f(A): |ug - A+ uy - Al > (Jug| + - - + |ua])|A] — o(|A|), where
uy,...,u, are integers such that (uy,...,u,) = 1.

In the case of binary linear forms we write f(z,y) = mx + ky, where m
and k are nonzero integers. We are interested in finding a sharp lower bound
for |f(A)|. It is easy to see ([20]) that it is enough to consider only normalized
binary linear forms satisfying £ > |m| > 1 and (m, k) = 1. Many authors

([3],]5],[6],[22]) studied the lower bounds of |f(A)| for the case m = 1. The
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sharp lower bound for |A+k- A| was known for the case k = 1 (see [18]), and it
was given for k = 21in [22] and k = 3 in [6]. J. Cilleruelo, M. Silva, C. Vinuesa
conjectured in [6] that if k is a positive integer and A a finite set of integers
with sufficiently large cardinality, then |A+k-A| > (k+1)|A| — [k(k+2)/4].
This conjecture was proved for the case when k is a prime number in [5], and
very recently for the cases when k is a power of a prime or a product of two
primes in [7].

The case m = 2 was studied in [10]. Y. O. Hamidoune and J. Rué proved
in [10] that if k£ is an odd prime and A a finite set of integers such that
|A| > 8k* then |2- A+ k- A|l > (k+2)|A] — k* — k + 2. In this paper, we
extend this result to the cases when k is a prime power or a product of two

primes. More precisely, we prove the following theorems.

Theorem 28. Let A be a finite set of integers such that |A| > 8k*. If

k = p®, where p is an odd prime and « € Z>;, then
2-A+k-Al > (k+2)|A -k —k+2.

Theorem 29. Let A be a finite set of integers such that |A| > 8k*. If

k = pq, where p and q are distinct odd primes, then

2-A+k-Al > (k+2)|A -k —k+2.

4.1 Notation and Preliminaries

Let A be a finite set of integers and let k be a positive integer. We define A
to be the natural projection of the set A on Z/kZ and ¢z(A) = |A|. Then,
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if ¢, (A) = j, we denote by Ay, A,, ..., A; the distinct congruence classes
of A modulo k. We assume that |[A;| > |Ay] > ... > |A;|. For every
1 <i < j, we write A; = kX; + u;, where 0 < w; < k. Let E = {1 <
i <j||Xil <k}andlet F={1<i<j||Xi =k} We define the sets
ANi= QA +k-A)\ (A +k-A) for 1 <i<j.

Lemma 30 (Chowla, [18]). Let n > 2 and let A and B be nonempty
subsets of Z/nZ. If 0 € B and (b,n) =1 for all b € B\ {0}, then
|A+ B| > min{n, |A| + |B| — 1}.

The following proposition, as well as its corollaries and the following
lemma are Proposition 3.2, Corollary 3.3, Corollary 3.4 and Lemma 4.1 from

10].

Proposition 31. Let A and B be finite set of integers and let n and m

be coprime integers. Then
n- A+m- B| = co(B)|A[ + cm(A)|B] = cm(A)cn(B).
Corollary 32. Let 2 < n < m be coprime integers. Let A be a finite

set of integers. Then |n- A+ m - A| > 4|A| — 4.

Corollary 33. Let k be an odd integer. Let A be a finite set of integers
such that ¢, (A) = k. Then |2- A+ k- A| > (k+ 2)|A| — 2k.

Lemma 34. Let A be a finite set of integers and let k be a positive

integer. Then

J
ZAM = =1).
i=1
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In the proof of Theorem 29, we will use the following lemmas. They

appear as Lemma 6 and Lemma 8 in [7].

Lemma 35. Let k be a positive integer and let A be a nonempty subset
of Z/KZ. Let o be a nonzero element in Z/kZ. We have A+ o = A if and
only if

k
A_ﬂLEJI((k;,a)-{0,1,...,W—1}+5)

for some nonempty set I C Z/(k,«)Z and ﬁ | |A].

Lemma 36. Let k > 2 be an integer that is not a prime and let A be a
nonempty subset of Z/kZ. Let (q,k) # 1 and0 € B C {0,q}U{b | (b, k) = 1}.
If |[A+{0,q}| > |A| + 1, then

|A+ B| > min(k, |A| + |B|] — 1).

4.2 The case k = p“

Lemma 37. Let A be a finite set of integers such that ged(A) = 1
and 0 € A. Let k = p*, where p is an odd prime number and « € Z>,. If
’Au‘ < ’Az‘; then CQ(Ai) = 2.

Proof. Let us assume that cs(A;) = 1. Thus, A; contains only even or only
odd integers.
Let A; contains only even integers. There exists an odd a € A, since
ged(A) = 1. Then
[Ai| =[(2- A+ k- A\ (2-Ai+ k- A = [(2- Ai + ka)| = A4,
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a contradiction.

Similarly, if A; contains only odd integers
Al = [(2- A + k- A)\ (2 Aj + k- A)| > [(2- A + kO)| = |Ail,
a contradiction. O

Lemma 38. Let A be a finite set of integers such that gcd(A) = 1. Let
k = p®, where p is an odd prime number and o € Z>y. Let m = min{l <

i<j|ptuw}andiekFE.
(i) If p| u;, then |Ay| > |Anl.
(ii) If u; = 0 and p 1 u;, then |Ay| > |Al.
Proof. (i) We have
Al =1(2- A+ k- A\ (2-Ai+k-A)| > |(2- Xi+A)\ (2- X+ A)|. (4.1)

On the other hand (u,, — u;, k) = 1, so using Lemma 30 and that |X;| < k,
we obtain

12 Xi 4+ {0, um — w;}| > | Xi| + 1,

thus

12 Xi +um) \ (2 X, 4 u)| > 1. (4.2)
Combining (1.2) and (1.3), we conclude
(Al 2 [Anl1(2 - Xi + ) \ (2 X+ w)| 2 | Al
(ii) Similarly as in (i),
Ayl =12 - A +k-A\N2-A+k-A)>]2-Xi+A4)\(2-X;+4)|
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We have (u; — u;, k) =1, so
1(2- Xi +w) \ (2- Xi +uw;)| > 1

and
|Aui > A2 X +u) \ (2 X +wy)| > A

]

Lemma 39. Let A be a finite set of integers. If k = p®, where p is an

odd prime and o € Z>1, then
2- A+ k- Al > (k+2)|A] — 4k

Proof. Let T be the set of integers t such that for every finite set A C Z
2-A+k-Al > (t+2)|A] — 4k

We will use induction to prove k € T. By Corollary 32, we obtain that 2 € T.
Let us assume that 2 <t < kandt—1 € T. Let A be a finite set of integers.
Case 1. 3 i |Diil 2 D ek |Ail
By Corollary 33, for every ¢ € F', we have |2- A;+ k- A;| > (k+2)|A;| —2k.
On the other hand, if i € E, using the induction hypothesis we get |2 - A; +
k- A > (t+1)|A;] — 4k'2. Hence,
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2-A+k-Al=)12- A+ k- A[+ ) [2- A+ k- A

€E i€F

> (12 A+ kAl [Aul) + ) 120 A+ k- Ay
i€eE i€l

> [+ DA = 4K+ 1Aal + > [(k +2)| Ai| — 2K]
i€E i€l el

> [+ DA = 4K ) A+ [k + 2)]Ay] — 2K]
i€eE i€l i€F

> (t+2)|A| — (4| E|k"™2 + 2|F|k) > (t + 2)|A| — 4k

Case 2. Y . cp |l <D iep |4l

Without loss of generality we may assume that gecd(A) = 1 and 0 € A;.
We define n = min{i € E | |Ay;| < |A;|}. By Lemma 37, we have c3(A,,) = 2.
Let m = min{l <i < j|p1{uw}. By Lemma 38, we have that |A;| > |A,|
for all © € E. Note that m # n.

We have m > n. For if m < n, by Lemma 38, we have that |A;| > |A,]

for all 7 € F such that ¢ > n and this leads to contradiction:

dlAal= >0 1Aul+ D A

icE i€E,i<n i€B,i>n
> D Al D A=) 14l
i€B,i<n i€E,i>n icE
Next, by the definition of m, we have p | tp, ..., p | Um—1, 50 (Up—Up, k) =

v = (Up—1 — Um, k) = 1. Using Lemma 30, we obtain

12 X + {0, Uy — U, - . -, Ug — U} > min{k, [ X, +5 —n+ 1},
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foralln <s<m—1. Let s =n. If|Xm|<k,Wehave
12 X+ un) \ (2 X + )| > 1

and

(2 X + An) \ (2 X + A | 2 | An].
Now, let n < s < m — 1 such that
(2 X + (AU An UL UADN\ (2 X+ Ap)| 2 [ An| + [Anga | £ 4[4y
and let us assume that |Xm| +s—n+2 < k. We have
2 X + {tty - us )\ (20 X+ )| = s —n+ 1

and

12 X+ {tn, - s, i1 })\ (2 X + )| > s — 42,

SO

We distinguish two subcases.
Case 2a. |Xm] +m—-n<k.
We have

|Amm|:|(2'Am+k'A)\(2'Am+k3'Am)|
:|(2'Xm+A)\(2'Xm+Am)’
> 12 X+ (A UA U UA 1))\ (2- X+ A

> Al 4+ Ayt + -+ [ A
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By Lemma 38, we have |Ay;| > |A,l, for all i € E, so

2-A+k-Al= > 2-Ai+k-Al+ D 2-Ai+k-A

i€E\{m} i€F\{m}
+|2- A, + k- A

> Y (120 Atk Al 1A+ YD 12 At k- Ay

i€E\{m} i€F\{m}

+12- A+ k- Al + | A

> > (DA -4+ > A

i€E\{m} i€ E\{m}

+ Y ((k+2)| A — 2k]
i€eF\{m}

+ (t+ 1)[An| — 472 + [ A + [Ana| + - + [ A

> Y DAl -4 Y A

e EU{m} 1€ EU{m}

+ ) (k4 2)|A] — 2K]
i€F\{m}

> (t+2)|A| —4(|E| + |F)E"2 > (t + 2)|A| — 4L

Case 2b. | X,| +m —n > k.

In this case

]2~Xm+{0,un—um,...,um,1—um}\ =k

and

(2 X+ (AU UADN (2 X + A > (B — [ X0))|Am]. (4.3)
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On the other hand, we have c3(X,,) = c2(A,,) = 2, so by Proposition 31

12- X, + A =12 X + k- X,

We have |A,,| > |Ap|. Thus, by (4.3) and (4.4),

12 A+ k- Al =12 X, + A
> 12X, + A,
+12- X+ (AU UAL))\ (2 X, + A
> 2| A + [Xin|(|An| = 2) + (k = | Xpn])| Ao

By the definition of m, we have m < p®~! +1, so
\Xm| Sk—-m4n>k—m+1>p*—p* 1 >p*t>m—1.

Thus
2 A+ k- Al > (k4 2)|An] + m(Ad] — [An]) - 2
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and

2-A+k-Al= > [2:-Ai+k-A

+ > 2 At kAl 4[2- A+ kAl

i€F\{m}
> > (12 At kAl A+ DD 20 At k- A
ieE\{m} ieF\{m}

+ (k4 2)|An| + m(JAn] — |An]) — 2k

> > (A -4+ Y

i€E\{m} i€E\{m}

+ Y [(k+2)| A — 2k]

i€F\{m}

> Y (DA -4k Y A

icE\{m} 1€E\{m}
+ > [(k+2)|Ai] = 2k] + (k + 2)[Ay| — 2k
i€F\{m}

> (k+2)|A| —4(|E| + |FN)E"™2 > (k + 2)|A] — 4k,
O

Proof of Theorem 28. If j = k, applying Corollary 33, we obtain
2-A+k-Al > (k+2)|A =2k > (k+2)|A| — k* — k 4+ 2. We assume j < k.
Without loss of generality we also assume that ged(A) =1 and 0 € A;. We
have |A;| > ‘]ﬂ > 8k 1 Let m = min{l <i < j | ptu}. We distinguish
two cases.

Case 1. E = 1.
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By Corollary 33 and Lemma 34, we have

J
2-A+k-Al=) [2- A+ k- Al
i=1
J
=> (12 Ai+ k- Al + 1)

i=1

J J
:Z|2'Xi+k?'Xi|+Z|Aii|
=1 i=1
J
> > [k +2)|1X:] — 2k +j(j — 1)

i=1

=(k+2)|Al —j2k—j+1)

> (k+2)|A -k —k+2.

Case 2. E # ).
We consider following subcases.
Case 2a. m € K

By Lemma 38, we have |A,,,| > |A4:|. Applying Lemma 39, we obtain

2-A+k-Al>[2-An+k-Al+2- (A\An) + k- (A\A,)|
=12 Ap + k- Al + [Apm| + (k+ 2)[A\ Ap| — 45!
> (k+2)|Ap| — 46" + AL+ (K + 2)|A\ Ay | — 4K

> (k+2)|Al
Case 2b. m € F.

61



If |Ay1| > |Ay|, we have

2-A+k-Al>[2- A +k-Al+]2- (A\A) + k- (A\ A)
=2- A1+ k- A+ |Anl+ (k+2)[A\ Ay| — 46
> (k4 2)|Ay] — 4"+ |A |+ (k+2)|A\ A, | — 4k51

> (k+ 2)|Al.

If |Ay1| < |Ay], then by Lemma 37, we have cy(A;) = 2. Since E # 0,
there exists s € E. By Lemma 38, we have |Ag| > |An,] if p | us and
|Ags| > |Aq] if pfus. Since |Ay| > |Apn|, we obtain |Ag| > |A,,|. We denote
A=A\ (A, U Ay). Applying Proposition 31, we obtain

2-A+k-Al>2-An+k-Al+[2- A+ k- A +]2- A+ k- A
>12-An + k- Al F2- A+ k- A+ AL
+ (k + 2)|A'| — 4K+
> 2| Ap| + kAL — 2k + (k + 2)|Ay| — 4571 + | A,
+ (k +2)|A'| — 4k*1
= (k+2)|A| + |A;| — 8kF! — 2k

> (k + 2)|A| — 2k.

This ends the proof.
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4.3 The case k = pq

Lemma 40. Let A be a finite set of integers such that gcd(A) = 1. Let
k = pq, where p and q are distinct odd prime numbers. Let m = min{l <

i<j|ptu}andletiec E.

(i) If (ug, k) =1, then

1Ay ifi=2
|Ay >
|Ag| ifi# 2
(ii) If (ug, k) = p, then
.
min{|As|, q| 4|} ifi=1
Al > min{| 41|, ¢|Am|} ifl<i<m
|14, ifi=m
\ min{| Ay, |Az2|, ¢|An|} ifi>m

Proof. (i) By Lemma 35, if i € E, we have 2-X,=2-X; +uy =+ 2. X; + us.

Otherwise, k | | X;|, a contradiction. Thus, if 1 € E, we have

> |Aol](2- Xy +u) \ (2 Xy +w)| > |4y
Similarly, if 2 € E, we have |Ay| > |A;q].
Now, let i € F and 7 # 1,2. Since 2 - Xz +uy #£2- XZ + uo, we have that

2. X; +uy -+ 2. X; 4+ uy, in which case |Ay| > |Aq] or 2. X; +u; =+ 2 X, + uy,

in which case |A;;| > |As|. In both cases |A;;| > |Asl.
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(ii) Let 1 € E. ThenQ-X1+u17é2-X1+u2 or 2- Xy +u; =2+ X; + us.
If 2. X, +uy #* 2. X, + ug, we obtain, as in (i), that |Ayy| > |As]. If
2- Xl +u =2- Xl + w9, by Lemma 35, we have that
pel

for some nonempty set I C Z/pZ. Moreover, p t ty,, thus I + u,, # I and
1(2- X1 + um) \ (2 X1 + u1)| > g. We obtain

A =12- A +E-A\NQ-A+Ek-A)|>]2- X1 +A4,)\ (2- X1+ 4))

> A2 X1+ un) \ (20 X1+ )| 2 gl Anl.

Next, if i < m, we have that p | u; and (k,u;) = p. As above, we have
2. X, +u + 2. X, +uyor2-X;+u; =2 X; +u; and we obtain |Ay| > |Aq]
or Ayl > qlAn|.

If m € E, we have p { u,,. Thus, ¢ { u,,, in which case (k,u,,) = 1, or
q | U, in which case (k,u,, —ug) = 1. Thus, 2 - X 4 tm # 2+ X, + ug or
2. X, + Uy, 7é2-)fm+u2. We have

‘Amm‘ = ’(2 Xm"’A) \ (2'X1 +Am)’ > ’A2|

Finally, if ¢ > m, we have (k,u;) = 1 or (k,u;) = p or (k,u;) = ¢q. If
(/{;,uz) = ]., we have |A“’ Z |A1| If (k,uz) = p, we obtain |A“| Z |A1| or
1A > qlAnl. I (k,u;) = q, we have (k,u,, —ug) = 1 and |Ay| > |Asl.

]

Lemma 41. Let A be a finite set of integers. If k = pq, where p and g
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are distinct odd primes, then
2- A+ k- Al > (k+2)|A] —4kF 1

Proof. Let T be the set of integers t such that for every finite set A C Z
2-A+k-Al > (t+2)|A] — 4k

As in the proof of Lemma 39, we will use induction to prove k € T. By
Corollary 32, we have that 2 € T'. Let us assume that 2 <t < kandt—1¢€ T.
Let A be a finite set of integers. Without loss of generality we may assume
that gcd(A) = 1 and that 0 € A;. We define m = min{l <i <j|pfu;}.

If Y cp 1 Qi > > .cp |Ai| the same proof holds as in Lemma 39. Let us
assume that >, o [Ay| < >, p|Ail. We define n = min{i € E | |Ay| <
|Ail}.

Case 1. (ug,k) = 1. We have 2 € F. Otherwise, 2 € F and by Lemma
40, we have ) . p |Ay| > D 7,5 |Ail, a contradiction. Moreover, since |Aj| >
|Ay| for all @ € E, we obtain that 1 € E and |Aq;| < |A;]. By Lemma 37, we
have cy(A1) = 2. We obtain
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2-A+k-Al=)12- A+ k- A+ ) 12- At k- Al

i€E ieF\{2}

F12- Ayt k- Al

>3 (2 Atk A+ A+ ) 12 A+ k- A

i€l 1€ F\{2}

F12- Ayt k- A

> [+ DAL — 467+ Y A

el el

+ ) [(k+2)| A — 2K]

ieF\{2}

+ 2| Ag| + k| Ay| — 2k

> D[+ DAL - 487+ 3 |4y

el i€l

+ D ((k+2)|Ai| — 2k]

ieF\{2}
+ (k4 1)|Az| + | Ay — 2k

> (t+2)|A| — 4(|E| + |F)E"2 > (t + 2)|A] — 4k!L.

Case 2. (ug,k) = p. Thus m > 3. By Lemma 37, we have c3(A,) = 2.

By Lemma 40, we have |A;;| > |A,,| for all i € E. In particular m # n.
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Similarly as in Lemma 39, we obtain m > n. We have

2-A+k-Al= > 2-Ai+k-Al+ D 2-Ai+k-A
i€E\{m} i€eF\{m}

F12- A+ k- Al

> Y (120 Atk Al 1A+ YD 12 At k- Ay

i€E\{m} €F\{m}
+ 12 X, + A|
> > DA+ D A
ieE\{m} i€E\{m}
+ > () A+ 2 X + A
i€F\{m}
— () AT ) 2k
i€E\{m} i€F\{m}

If m € F, using Proposition 31, we obtain

= (k +2)|Ap| + E(|An| — |A]) — 2E.

Thus

|2‘A+k7’A|ZZ(t+1)|Ai|+Z|Au‘|+ Z (t +2)] A

ek i€l €F\{m}
+ (¢ +2)[ A + k(| Al = [An]) — (| E|4K"* + |F|2k)

> (t+2)|A| — 4k
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Next, let us assume m € E. We have
2-A+k-Al> ) DA+ D A
i€E\{m} i€E\{m}

+ ) (E+2)| A + 12 X + A

el

— (Y AT 2k). (4.5)

i€ E\{m} i€F
If |A;| < q|A;|, using Lemma 40, we obtain that 1 € E and
SolAul = A+ > AL
i€E i€E,i>2
In particular, |Ay| < |A;|. Moreover, 2 ¢ E, otherwise, by Lemma 40,
Ayl > |Ai] and Y. p|Aul > > ,cp|Ail. Using the same argument as in

Case 1, we obtain
2-A+k-Al > (t+2)|A] -4k

We assume |A;| > q|A,,|. Then |A,| > ¢|A.,|. Otherwise, n > 2 and by
Lemma 40, we have |A;| > [A,|, for alli € Eand Y, 5 |Aul > > ,cp |4l a
contradiction. By Lemma 40, |A11| > min{|As|, ¢|An|}, |Au| > q|An| for all
i € F such that 1 <i < m and |A;| > |A,,| for all i € E such that i > m.
We need to consider separately the cases |Xm| < p and |Xm| > p. Moreover,
the case | X,,| > p, we will subdivided into three subcases: p < |X,| < ¢,

|Xm\ > p > q and |Xm| > g > p. We will use that m < g+ 1.
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Case 2a. |Xm| > p > q. By Corollary 33, we have

12- X 4+ A > 22 X + An| > 2| Xo0| + | Xon| | X| — 2K

> (t+2)|Am| + (m — 1)(|Au] — qlAn]) — 2.
If n > 1, by (4.5), we have

2-A+k-Al> Z (t+ D]A;| + Z |Aii|+Z(t+2)|Ai|

i€ E\{m} 1€E\{m} i€l
+ (t+2)|Ap| + (m — 1)(JAn| — q|Aml)
—((|B| — D)4k 2 + (|F| + 1)2k)

> (t+2)|A| — 4k

If n =1, then c2(A;) = 2. We need to consider the following subcases.
If 2 € E, by Lemma 40, we have that |Ay;| > min{|As|, q|A4,|} and
|Ago| > min{|A;|, ¢|Am|}, so the above proof holds.

If 2 € F, using Proposition 31, we obtain

12- X+ Al > 2 Xo+ A1 =2 Xo+ k- X1| > 2|As| + k| Ay| — 2F,
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SO

2-A+k-Al= > 2-Ai+k-Al+ > 2-Ai+k-A
icE\{m} ier\{2}

+12-As+k-Al+|2-An+ kA

> D (2 Atk A+ s+ Y 12 Atk A

i€ E\{m} ieF\{2}

+12- Xo + A+ 2 X, + A

> Y DA+ DY 1A+ Y (t+2)]A)

1€E\{m} i€E\{m} €F\{2}
+ 2| Ag| + E|A1] + (t + 2)|An] + (m — 1)(JA1] — q|An)
— ((|B| = D)4k 2 + (|F| + 1)2k)
> (t+2)|A] — 4k
Case 2b. |Xm| > ¢ > p. Similar to the previous case, we obtain
12 X + A > 122 X + Ap| > 2| X0| + | X || Xn| — 2k
> (k + 2)[An| + q(|An| = p[An|) — 2k
= (t+2)|An] + (m — 1)([An] — q|Anl) — 2k
and
2- A+ k- Al > (t+2)]A] — 4k
Case 2c. |Xm| < p. We have |Xm| +m—-—1<p+q < pg=kFk. Let
L={1<i<m-—1|(u;— um,k)#1}. If L =0, then (u1 — up, k) ==
(Um—1 — Um, k) = 1. Using Lemma 30, we obtain

|2-Xm+{0,u1—um,...,us—um}|2|Xm|+s—1, forall 1 <s<m—1.
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Let s = 1. We have
|(2'Xm+u1)\(2')%m+um>’ > 1

and

12+ X+ AN (2 Xom + Ap)| > | A4].
Now, let 2 < s < m — 1 such that
1(2- X0+ (A1 UA U UA )\ (2- X+ An)| > A+ A 4+ -+ | As1 .
We have

12 X+ {ur, e )\ (22 X + )| > 5—1

and

12 X 4+ g, o1, w ) \ (2 X 4 )| > s,

SO
(2 X+ (AUA U UA)N\ (2 X, + Ap)| > AL + | A + - - + Ay
We have

|(2- X0+ (A UA U UAL )\ (2- X+ An)| = AL+ A2|+ -+ A
Hence,

|Amm|:|(2'Am+k'A)\(2'Am+k'Am>|
=12 X+ A)\ (2 X, + X))
> 12X+ (AT UA U UA))\ (2 X+ Al

> |A] + [Ag] + -+ A
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and
12- A, +E-Al > 2 An+ k- Al + 1A
> (t4 D)|Ap| + |Ar| + |Ag| + -+ + | Ay | — 4K72

Using (4.5), we obtain

|2'A+k’A|ZZ(t+1)|Ai|+ Z |Az‘z‘\+2(t+2)|f4i|

i€k i€E\{m} i€l
+ |A1] + |Ao| + -+ |Ama| — (|EJ4K2 + | F|2K)
> (t+2)|A| — 4k
Now, let us assume that L # (). Thus there exists 1 <1 < m —1 such that
(w—Um, k) # 1. Since p | w; and p 1 u,,, we obtain that (u;—u,, k) = ¢. Thus
|L| = 1. Since |X,,| < p, by Lemma 35, we have | X,,, + (u; — wp) \ Xm| > 1.
Then, using Lemma 30 and Lemma 36, we obtain
|2~Xm+{0,u1—um,...,us—um}| > |)A(m|+s—17 forall 1 <s<m—1.
Similarly as in the case L = (), we have
|(2'Xm+(A1UA2U~-UAm)\(2Xm+Am)| > |A1| + |A2| +oet |Am—1|
and
2-A+k-Al > (t+2)|A] — 4k

Case 2d. p < |X| < q. Let (Xn), = {z(mod q) | ¢ € X,,}. Then
|(Xm)gl < |Xm| < ¢ Moreover, (u;,q) = 1, for 2 < i < m — 1 and

{u;(mod q) | 2 <i<m—1}| =m — 2, so by Lemma 30
12 (Xm)g+{u1(mod g), uz(mod q), ..., uy(mod q)}| = min{g, |(Xm)[+s—1}
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for all 1 < s <m — 1. Similarly, as in the previous case, we have
(X + (AU AU UAL)\ (X + A1)| > Ao + -+ + AL,
where 7 = min{m — 1,¢ + 1 — (X,,),}. We obtain

12 X+ A| > (2 Xy + Ay + [(Xn + (A UA U= UAR)\ (X + Ay

> (A1) Xon| + [ X [Ar] + | Ao| + -+ + |4, | — 2k.

We have two subcases: |Aq1| > |A1| or |Ay;]| < |A;] and cp(A1) = 2. In both

subcases, using Lemma 40, we obtain

2-A+k-Al= > [2-Ai+k-Al+[2- Ay k- Al

ieE\{m}
+Y 12 A+ k- A
i€l

> > 2 Atk A+ D Al 120 X+ A
i€E\{m} i€E\{m}

+ Y 2 AR A+ D 20 A+ k- Al
i€Fi<m—1 i€Fi>m

> ) ((E+1)]A] -4k

A+ Y qdnl+ DD Al

i€E,2<i<m—1 iI€EEm+1<i<j

+ > @A+ EAL =2k + ) (R + 2)[A] — 2k)

i€eFi<m—1 i€Fi>m

+ Co(AD| Xom| + [ Xon|[Ar] + |As| + - + | AL — 2K
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> S DA+ YD dAnl+ D> A

i€E\{m} i€eB,2<i<m—1 i€E,m+1<i<j
+ Y QAI+EAD+ DD (k+2)|4
1€Fi<m—1 i€Fi>m

2| X |+ | Xon||AL| + |Ao| + -+ + A, — 2
—((|E| — 1)4k"2 + (|F| + 1)2k)

> Y (2 AL+ +2) A + 2] A

i€E\{m} ieF
+ (| Xn| —m+ 1) | Ay
+ (m — 2)q|An| — ((|E| — D4K™2 + (|F| + 1)2k)

> > (A +20An] + (Xl 47— 2)g| A
i€(EUF)\{m}

— ((|B| = D)4k 2 + (| F| + 1)2k).

By the definition of r, we have
| Xp| + 7 — 2> min{| X, | +m — 3, | Xpn| + ¢ — 1 — (Xn)g}

> min{|X,,| +m —3,¢—1} > p.

Thus
2-A+k-Al > (t+2)|A] — 4k

]

Proof of Theorem 29. If j = k, applying Corollary 33, we obtain
2-A+k-Al > (k+2)|A] =2k > (k+2)|A| — k* — k + 2. We assume j < k.
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Without loss of generality we also assume that ged(A) =1 and 0 € A;. We
have |A;| > % > 8kF 1 Let m = min{l <i <j|pful.

The proof in the case E = () is the same as the proof of this case in
Theorem 28. We assume E # ().

If |Ay1| > |Ay|, we have

12-A+k-A>[2- A +k-A+]2- (A\A) + k- (A\ Ay
=2- Ar+ k- A+ An |+ (k+2)[A\ Ay — 4k
> (k+2)|Ar] — 4"+ Ay + (K +2)|A\ Ay — 4k

> (k+2)|A]|

We assume |Aq;| < |A;]. Then by Lemma 37, we have cy(A;) = 2. We
consider following cases.

Case 1. (ug, k) =1

Let 2 € F. Since E # (), there exists s € E. By Lemma 40, we have
|Ags| > |As|. We denote A" = A\ (A2 U A;). We obtain
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2-A+k-Al>2- Ao+ k-Al+2-As+k-Al+2- A+ k- A
> 2- Ao+ k- Ay 42 Ay + k- Ay + |Ay]
+ (k +2)|A'| — 4K+
> 2| Ag| + k| Ay| — 2k + (k + 2)| Ay — 4KF71 + | Ay
+ (k4 2)|A'| — 4k*1
> (k+2)|A| + |Ay| — 8K — 2k

> (k+2)|A| — 2k.
If 2 € E, then by Lemma 40, we have |Ag| > |A;]. Thus

2-A+k-Al>2-Ag+ k- Al +[2- (A\ Ag) + k- (A Ag)|
=12 Ay + k- Ag| + |Aga| + (k +2)|A\ Ap| — K"
> (k+2)|Ag| — 451 4 | AL 4 (k4 2)|A\ Ay| — 4kF 1
> (k4 2)|A| + |A| — 8K

> (k+2)|A].

Case 2. (ug, k) = p. We consider the following subcases.

Case 2a. m € F. Since E # (), there exists s € E. By Lemma 40, we
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have |Ag| > |A,,|. We denote A’ = A\ (4,, U A,). We obtain

2-A+k-Al>2-An+k-Al+[2- A+ k- Al +]2- A +k- A
Z2- Atk Al 420 A+ k- Al + A
+ (k + 2)|A'| — 4kF!
> 2| A | + k|AL| = 2k + (K + 2)|Ay| — 4" + | A,
+ (k +2)|A'| — 4k*1
> (k+2)|A] + |Ay| — 8kF 1 — 2k
> (k+2)|A| — 2k
Case 2b. m € E. Here we will consider separate cases when |Xm| >p
and |X,,| < p. Moreover, the case |X,,| > p we will divide in two subcases:
|A1| < q|An| and |A;| > q|An)-
First we assume that | X,,,| > p and [A1] < q|A4,.].
Let 2 € F. By Lemma 40, we have |A,,,| > |A2|. We denote A" =
A\ (A3 U A,,). We obtain

2-A+k-Al>2- Ao+ k-Al+2-Ap+k-Al+2- A+ k- A
> 2 Ag+ k- Ayl + 20 A+ k- Al + | Al
+ (k4 2)|A'| — 4kF!
> 2| Ag| + k|Ay| — 2k + (k + 2)|A| — 4KF71 + | Ay
+ (k +2)|A'| — 4K+
> (k+2)|A| + |Ay| — 8KF — 2k

> (k + 2)|A| — 2k.
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If 2 € £, by Lemma 40, we have |Ag| > |A;|. Thus

2-A+k-Al>2-Ag+k-Al+ 2 (A\ A) + k- (A\ Ay)|
=2 Ay + k- Ag| + |Ago| + (k +2)|A\ Ag| — 4K+
> (k4 2)|Ag| — 4"+ |Ay| + (k +2)|A\ Ay| — 4kF!
> (k+2)|A| + |Ay| — 8K !

> (k+2)|A]|

Next we assume that |X,,| > p and |4;] > ¢|A,.|. By Corollary 33, we
have

12+ Xon + Al > |2+ X + Ar| > 2| X + [ X | X2 | — 2k

If |X,,| > p, we obtain

12 X, + A > |2 X, + AL > 2|An| + (p+ 1)|Ay] — 2k. (4.6)
If |X,,| = p, by Lemma 35, we have |(2- X, + u2) \ (2 X, 4+ u1)| > 1 and
(2 X+ A2) \ (27 X + A)| = [A][(2- X+ u2) \ (2 Xy +w1)| > |As.
Thus

12- X + A > 12 X0 + A+ (2 X+ A2)\ (2 X, + Ay)| (4.7)

> 12 X + Ai| + |As| > 2|Ap] + p|Ai| + |As| — 2.
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Now, let 2 € F'. We denote A’ = A\ (A3 U A,,). We have

2-A+k-Al>2- A+ Ek-Al+12- A+ Ek-Al+]2- A+ k- A
> 12 Ag+ k- A+ 2 A+ k- Ap| + | A
+ (k +2)|A| — 4K+
> 2| Ag| + k|A1| — 2k + (k + 2)| A + |Ag| — 4KF1
+ (k4 2)|A'| — 4kF!
> (k+2)|A| + |Ay| — 8KF 1 — 2k

> (k+2)|A] — 2k.

If 2 € E, by Lemma 40, we have |Ag| > ¢q|A,,|. Thus, if A= A\ (42U
A,,), then

2-A+k-Al>2- A+ k-Al+2-Ap+k-Al+2- A+ k- A

> 12 Ag + k- Ao + [Ago| + ]2 X, + A
+ (k +2)|A'| — 4k*1

> (k4 2)|Ap| — 4" + g A 4 2| A | + p|AL| + |As| — 2k
+ (k +2)| A" — 4K+

> (k+2)|As| + (k + 2)|A| + q|Am| + 2] A
+(p— 1)q|An| + |A1] — 8K* 1 — 2k

> (k+2)|A] + |Ay| — 8KF 1 — 2k

> (k+2)|A| — 2k
Finally, we assume that |X,,| < p. By Lemma 35, we have (2 X,, +u1) \
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(2 X, +up)| > 1 and
D] 2 (2 X+ A\ (2 X+ A )| 2 A [[(2- X Fun)\ (2- Xm0 )| > Ay ].
Thus

2-A4k-Al > 2 - Ap+k-Al+2-(A\Ap) + k- (A\ Ay)|
— |2 Ap 4 k- Ap| + | D] + (k + 2)[A\ Ay| — 4KF1
> (k+2)|An| — 465+ |AL + (K +2)|A\ A,| — 4K
> (k+2)|A| + |Ay| — 8kF!

> (k+2)|A.

This ends the proof.
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