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Chapter 1

Introduction

1.1 Statement of Probiem

The performance of an algorithm is highly dependent on the underlying
architectural configuration of the computer that executes it, and therefore,
the emergence of the modern RISC architecture presents software engineers
with new criteria and challenges for fast algorithm design. The problem of
designing efficient discrete Fourier transform (DFT) and convolution algo-
rithms for these architectures is investigated in this thesis. Special attention
is given to DFT and convolution because applications of these algorithms
are found whenever dealing with linear systems or piece-wisc linear approx-
imations of nonlinear systems. Some of these include: spectral analysis, lin-
ear predictive coding, digital image restoration and compensation, sonar,
radar, seismology, computerized tomography, decoding schemes for error
control encoders, etc..

The tensor product is at the center of the techniques and strategies
that will be presented. The tensor product is a binary matrix operator and
has recently been demonstrated as a powerful tool for modeling DFT algo-
rithms for vector and multi-processor computers. In this work the breadth
of the tensor product is extended in two ways: (1) by developing a tensor
product decomposition for convolution and several other transforms it is
demonstrated that many of the results obtained for DFT on vector and
multi-processors are directly applicable to a much larger class of recursive
algorithms, (2) by establishing connections between particular tensor prod-
uct constructs and newly emerging RISC architectures it becomes possible
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CHAPTER 1. INTRODUCTION

to approach the problem of designing fast algorithms for vector, multi, and
RISC processors in a unified format.

1.2 The RISC Architecture

The RISC, or Reduced Instruction Set Computer, is not a new idea to
computing; in fact, the first computers were RISC machines. It was the
emergence of high level programming languages and complicated multi-
tasking operating systems that fueled the transition from RISC machines
to Complex Instruction Set Computers or CISCs. By having hundreds
of instructions and many addressing modes CISCs dramatically reduced
the programming effort needed to develop these applications. Today, most
computers are based on the CISC methodology.

Although CISC is very appealing from a programmer’s point of view,
there is invariably a performance price to pay for this convenience. In
order to support a large instruction set a CISC usually has a micro-coded
control unit. For all the benefit of micro-coding it is ultirnately a software
procedure which makes it inherently slower than a hardware approach. In
addition to being slow, a micro-coded control unit also requires its own
memory and therefore consumes a large percentage of valuable chip area.

By having only one or two data instructions modern RISC machines
eliminate the data control unit and thereby gain two critical advantages.

(1): Because the basic compute cycle is essentially fixed, it can be highly
optimized by using pipelining and other hardware techniques.

(2): By eliminating the large micro coded control unit valuable chip area is
made available for other features such as: dedicated hardware float-
ing point adders, multipliers, large cache memory, and fixed point
addressing units.

The exploitation of these two advantages makes possible the enormous gains
in performance achieved by modern RISC machines. These also present the
software engineer with a new set of challenges for fast algorithm design.
Most RISC machines have three basic resources: a dedicated fixed point
addressing unit, floating point hardware multiplier, and adder. The pipelin-
ing introduced into the compute cycle allows these to operate in parallel
and also makes the time needed to implement a multiplication the same
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CHAPTER 1. INTRODUCTION 3

as that needed for addition. This feature of modern RISC architectures is
very difterent from computers based on the architectures of the late sixties
to seventies where multiplication took much longer to compute than addi-
tion. Since many fast algorithms were designed to exploit this feature of
the underlying architecture, the implementation of algorithms based on this
approach can lead to very disappointing results when used on the modern
RISC. This was pointed out as early as 1983 by Temperton [34] as it also
pertains to the design of FFT algorithms on large vector processors.

The return to the RISC approach began with the development of RISC
digital signal processing (DSP) chips [40-43]. These have been designed
exclusively for numeric computation and therefore have very simple ad-
dressing units. The great increase in performance attained by these chips
has spurred the development of RISC chips with more elaborate address-
ing units that could be used as a general purpose CPUs [43]. The study
of these chips is important not only because they represent an important
trend in uni-proccssor computer design but also because many modern
supercomputers are based on multi-processor configurations of high perfor-
mance RISC chips [56-58].

The problem of designing DFT and convolution algorithms for RISC
machines will be studied by introducing two abstract computational mod-
els. These are representative of many commercially available RISC ma-
chines. Before proceeding to describe the particular aspects of the models
that make them different, some features common to both are presented.
Note that the description of these models refers to the programmers view
for a given RISC and need not reflect the actual underlying physical con-
figuration.

For both models it is assumed that data is represented using a float-
ing point format, while the data addresses are specified using a fixed point
representation. Both models have a dedicated floating point hardware mul-
tiplier and adder and the time required to implement addition is the same
as that required for multiplication. In conjunction with the adder and mul-
tiplier there exists a separate addressing unit (AU). The function of the
addressing unit is to compute operand addresses for the adder and multi-
plier. The addressing unit can access operands either in order or by some
fixed stride k.

It is further assumed that all data reside in main memory. The existence
of cache memories and ‘on chip’ data registers is not initially considered.
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CHAPTER 1. INTRODUCTION 4

AU * +

Figure 1.1: Multiply Add RISC

This fixes the time required to access an operand. This assumption is
. made because this particular aspect of an architecture is highly machine
dependent. For example, the TMS 320C30 DSP chip [41] employs a local
instruction cache, the ATT DSP32 [40] separates main memory into two
banks and requires that memory access be interleaved between banks in
order to avoid the insertion of wait states into the instruction cycle, while
the Intel 860 [43] employs a complete, on chip, paged memory management
system. Rather than trying to incorporate these various arrangements into
the algorithmic design process, this level of design should be dealt with at
the implementation level.
There are two variations of the basic RISC architecture that will be

studied. These two reflect different levels of parallelism between that adder
and the multiplier.

Multiply - Add Kernel: For the multiply- add kernel computational model
the addressing unit, the data adder, and the data multiplier all oper-
ate in parallel, and the programmer has independent contro! of each

of these resources. This configuration will be refered to as a model I
RISC.

Multiply - Accumulate Kernel: For the multiply- accumulate compu-
tational model it is assumed that the addressing unit, the data adder,
and the data multiplier, operate in parallel only when using multiply-
accumulate instructions (M'AC) of the form a + (b * ¢). This config-
uration will be refered to as a model II RISC.
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CHAPTER 1. INTRODUCTION 5

AU MACU

Figure 1.2: Multiply Accumulate RISC

It should be clear that any algorithm designed for a multiply accumu-
late RISC will automatically be legitimate for a multiply add RISC. The
benefit, however, of considering these models separately is derived from the
possibility of exploiting the different levels of parallelism to achieve better
performance.

1.3 Thesis Outline

The objective of this work has been stated. Chapter two begins with some
mathematical preliminaries that will be needed throughout. This is fol-
lowed by a survey of the most widely known fast algorithms for DFT and
convolution. Use of the tensor product is made wherever possible. In chap-
ter three a tensor product decomposition of the linear convolution matrix
is presented. It is shown that the use of tensor product for convolution
leads to a new family of fast convolution algorithms which are analogous to
additive FFT algorithms. Fully vectorized and parallel generalized radix r
as well as mixed radix convolution algorithms are derived. In chapter four
the breadth of the tensor product is enhanced to deal with new RISC con-
figurations. This is achieved by establishing connections between certain
tensor matrices and RISC architectures. Chapter five offers tensor product
representations of some other important transforms; these include Walsh
transform, Hartley transform, and cosine transform. It is shown that the
tensor product allows one to model a more generalized class of recursive
algorithms. This greatly widens the ideas presented in chapters two, three,
and four because many important algorithms rely on recursive structure.
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CHAPTER 1. INTRODUCTION 6

Some concluding remarks and directions for future research are offered in
chapter six.
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Chapter 2

A Survey of Fast Algorithms

A survey of fast algorithms for convolution and discrete Fourier transform
is presented in this chapter. This material spans three decades of jour-
nal articles and technical reports. Blahut [1], provides an excellent starting
point for those interested in this field, but who lack the mathematical back-
ground needed to understand the many journal articles referenced. More
advanced readers will fully appreciate the more recent text by Tolimieri et

al [2].

2.1 Mathematical Preliminaries

In this section a mathematical foundation of fast algorithm design is de-
veloped. For the most part the presentation will not be tutorial in nature,
but will instead, represent a collection of important concepts and theorems.
This will establish notation for those familiar with this material and also
offer a roadmap for those unfamiliar with this material. The exception will
be section 2.1.5 where the tensor product is demonstraied to be a mathe-
matical programming language.

This section has been organized into six subsections. The first begins
with some basic definitions and results from elementary algebra. Much of
the material in this section can be found in any basic text; two are [3,4].
Some important properties of matrices are presented in the second subsec-
tion. These and many other properties of matrices can be found in {5].
In subsection three, the discussion turns to some important results from
complexity theory as it pertains to the computation of convolution and the

7
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CHAPTER 2. A SURVEY OF FAST ALGORITHMS 8

discrete Fourier transform. This material is due to Winograd and can be
found in references [6,7,8]. Also see reference {36] for a unified representa-

tion of multiplicative complexity theory. Some important definitions and

theorems from scheduling theory [46] are offered in subsection four. The
connection beiween certain tensor matrices and computer architectures, as
presented in [2,53], is established in subsection five. The sectionr ends by
presenting a list of theorems to be referenced in later chapters.

2.1.1 Review of Elementary Algebra

An algebraic system is a set S together with a binary operator o : (SxS)
S. The ordered pair (S,0) is called the algebraic system defined by o.
By adding special properties to the operator o, special types of algebraic
systems are obtained. If, for instance, o is an associative binary operator
the algebraic system (S,0) is called a semigroup . More importantly, a
group is defined when

1. (S,0) is a semigroup.

2. There exists an identity element (called the zero element and denoted
by 0) in S such that a0 0 =a,Va € S.

3. If for any element a there exists a unique element b such that aob = 0.

Note that if ¢ satisfies 1, 2 and 3, and is also a commutative operator, the
system (S, o) is called a commutative or abelian group . The study of these .
structures is called group theory and it plays a central role in the design of
fast algorithms for digital signal processing.

Another type of algebraic system of fundamental importance is the ring.
In this system there are two binary operations on a set S. Following the
above convention, the three tuple (S, 0, A) is called the ring defined by o
and A. The properties of o and A are such that

1. (S, 0) is an abelian group.
2. (S, A) is a semigroup
3. A distributes over o. That is,

aA(boc)=(aAb)o(aAc) Va,bceS
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CHAPTER 2. A SURVEY OF FAST ALGORITHMS 9

By giving more structure to the multiplicative semigroup of a ring an-
other algebraic system of interest is obtained, this is a field . Fields have
the following properties on A and o.

1. (S,0,A) is aring
2. (8',A) is an abelian group, where S = S — {0}.

The identity element of the group (S’, A) is called the unity element and is
denoted by the symbol 1. Finally, a vector space is defined when two sets
of objects are specified. A set of scalers S, and a set of vectors V. The
properties of these sets are given below for the arbitrary elements v,v, € V
and s,8; € S.

1. (S,0,A) is a field

2. (V,0) is an abelian group

There exists a scaler-vector multiplication, denoted by juxtaposition,
such that

3. lv=v

4. s(vov) = svosm
5. (sAs)v=svosw
6. s(s1v) =(sAs v

Familiar examples of these abstract algebraic structures are numerous.
For example, the set of integers taken with the usual binary operators
of addition and multiplication is readily seen to be a ring. This ring is
denoted by (Z,+, *), or is usually abbreviated to simply Z. Because the
integers form a ring, it follows immediately that (Z, +), or the set of integers
taken with the normal addition operator, constitutes an abelian group.
Another example of an algebraic structure is the set of real numbers with
conventional multiplication and addition. This is readily shown to be a
field and is denoted by (R, +, *), or simply R. Similarly the set of complex
numbers is the field (C,+, *), which is denoted by C.
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CHAPTER 2. A SURVEY OF FAST ALGORITHMS 10

In the examples considered, the cardinality of the set S has been infinite.
It is also possible that S have a finite number of elements. For instance, the
set Z, = {0,1,...,n — 1} together with multiplication and addition taken
mod n is the finite ring (Z,, +,*) or simply Z,. If n is a prime p, in the
definition of Z,, it is easily verified that Z, is a field. Finite fields are
often referred to as Galios fields after Evariste Galios (1811-1832) who first
investigated their structure. Galois fields of order n are denoted by GF(n).

The integer ring Z,, as described above, can be shown to be structurally
equivalent (or isomorphic) to the quotient ring Z/n. The quotient ring is
introduced by considering the ring Z; two elements a,b € Z are congruent
mod n if and only if n divides (@ — b) where (—b) is the additive inverse of
b. Congruence mod n imposes a partition on the set of integers Z into n
equivalence classes which is denoted by Z" = {Z° Z*, .....Z™ — 1}. This set
taken with the binary operations

0:(27,2%) — Z(jtk)modn

A:(Z3, Z%) s Zliskimodn

is the ring (Z™,0,A) which is denoted by Z/n.

The above discussion of structurally equivalent groups leads very nat-
urally to the concept of isomorphic groups. Two groups (S, +) and (4, 0)
are said to be isomorphic if there exists a bijection b : S +— A such that
b(sy + s2) = b(s1) o b(s2) where s; € S. Stated another way; two groups are
isomorphic if and only if there exists a one to one correspondence between
the elements of the set S and the set A which preserves their group opera-
tions under the map b. If two groups (S, +) and (A, o) are isomorphic this
is denoted by S = A. From an algebraic point of view isomorphic groups
are equivalent.

The concept of isomorphism carries over to other algebraic structures
like rings and fields. With respect to fields, it can be shown that every finite
field of order n is isomorphic to every other field of order n. Therefore, to
within a relabeling of the elements of the set S, there is precisely one finite
field of order n. This result is used extensively in the following chapters.

Consider the group (S, *); let s; € S. Then, the element (s;)* is obtained
by multiplying s; by itself k times. The order of the group (S,*) is the
cardinality of the set S. The order of an element s; is the smallest integer
k such that (s;)¥ = 1 where 1 is the identity of (S,*). It can be shown

—_ i - e e
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CHAPTER 2. A SURVEY OF FAST ALGORITHMS 11

that the order of any element of a group divides the order of the group.
Further, if there exists an element s;, of the group S, whose order is the
cardinality of the set S, the group S is a cyclic group and the element s;
is called the generator of the group. In a cyclic group any element can be
uniquely expressed as a power of the generator.

A primitive element « of a field is that element which is a generator of
the multiplicative group of the field. If the field is a Galios field then for
every GF(n) there exists at least one primitive element for every n. This
means that the multiplicative group of any Galois field is a cyclic group,
and that every non-zero elernent of GF(n) can be expressed uniquely as a
power of a primitive element.

In order to derive fast algorithms, it will be necessary to decompose
large algebraic structures into smaller ones. One way of reducing a large
ring to obtain smaller rings has already been presented in the construction
of Z/n from Z. In the case where n is prime it was stated that Z/p is
a field. This gave a way of constructing smaller fields from a large ring.
There are many other ways in which algebraic systems can be combined
and decomposed. Two additional techniques will be presented; the first is
the method of forming an extension field from a given base field, the second
is the direct sum representation.

Consider a field F and let the set {z"~1,---,z!,2°} be a set of n inde-
terminates. An extension of the field F to the indeterminates {z'} is the
set of forms of the type {fo-12""! +--- + fiz! + foz°} where f; € F. This
form can be thought of as a polynomial of degree n—1 over the field F'. Let
F[z] denote the set of all possible polynomials over the field F', then it can
be shown that (F|z], +, *) is a ring where + and * are taken as conventional
polynomial addition and multiplication. In this construction the field F' is
called the base field , and ring F[z] is called the eztension ring .

In the same way that the quotient ring Z/n was formed from Z, it is
possible to form the quotient ring F[z]/g(z) from the ring Flz]. In this
respect, it is readily shown that F[z] taken with mod ¢(z) polynomial
addition and multiplication is a ring, which will be denoted by F[z]/q(z).
As for integers, F[z]/p(z) is a field when p(z) is a prime polynomial over
the field F. A prime polynomial over a field F is a polynomial that is both
monic and irreducible over F. A polynomial over a field F is irreducible if
none of its roots are in F. A polynomial is monic if its leading coefficient
is unity. In these constructions the field F[z]/p(z) is called an eztension
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CHAPTER 2. A SURVEY OF FAST ALGORITHMS 12

field and the underlying field F is called the base field. Hence, from a given
field F, larger fields F[z]/p(z) can be made as long as it is possible to find
prime polynomials p(z) over F|z].

Another way of combining algebraic structures is by using the direct
sum operator. Consider two groups (G,+) and (S,*); the direct sum of
G and S is the set which is the cartesian product of the sets G and S
together with the binary operator o : G x S — G x S where o is defined by
(9i, 8i) o (gx, sk ) = (gi + gk, Si *s). The direct sum of the groups (G, +) and
(S, *) is denoted by (G & S,0). It can be shown that (G @ S, 0) is itself a
group. Hence, the direct sum gives a way of combining arbitrary groups in
order to make new lazger groups, as well as a way of decomposing a large
group into its smaller direct summands . Note that this concept extends
directly to the notion of direct sums of rings.

Having reviewed these basic algebraic notions the next subsection presents
some definitions and theorems regarding matrices. The matrix plays a cen-
tral role in our work because so many fast algorithms for digital signal
processing can be thought of as matrix factorizations.

2.1.2 Introductory Matrix Material

It is possible to think of linear algorithms as matrix multiplications. To be
more precise, an input vector £, of length n will be given and an output
vector yi of length k will be desired. The particular computation being
specified by the k by n matrix M which carries z, to 7. Thinking in
this way allows one to state the problem of finding fast algorithms for a
computation i = (M)z;, as finding a factorization of the matrix (M) =
[T; m: such that the product of the input vector #,, with the factors ([]; m:)
requires fewer operations than the product of the input and the original
matrix (M). This will be the approach taken in designing algorithms.
Because matrices play such a central role, this section is used to state
some basic properties of matrices which may not, in general, be familiar
to an electrical engineer or computer scientist. These are the notion of
permutation matrices, the direct sum of matrices, and the tensor product
of matrices.

A permutation matriz P, of order n is an n by n matrix in which each
row and each column has precisely a single 1 and zeros elsewhere. A matrix
of this form is called a permutation matrix because when acted upon by an
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input vector of length n the resulting output vector is a shuffled version of
the original input. It is easily verified that there are n! unique permutation
matrices of order n. It is also a fact that the set of n by n permutation
matrices form a subgroup of the multiplicative group of all n by n matrices.

A particular permutation matrix P? can be specified by letting ¢ denote
the one to one mapping of the set N = {0,1,2,---,n — 1} onto itself, ¢ :
N +— N. Then P? is the permutation matrix which orders the indexing set
of an input vector according to the permutation ¢. The following properties
of P? are readily established.

A'=P%A (2.1)

where A’ is A with its rows shuffled according to the permutation ¢.
A" = AP? (2.2)
where A” is A with its columns shuffled according to the permutation ¢=1.
P pé2 — plé1042) (2.3)

where (@ o ¢2) denotes the permutation obtained by first applying the
permutation ¢, and then applying ¢,.

PYP¥) =1 (2.4)

where ¢t denotes matrix transpose and I is the identity matrix. From this
it follows immediately that

(P?) = (P*y =P (2.5)

Fmally, let k-n = (ko, k1, kg, Tty kn—l)‘ then
(P°5)diag(K,,)(Pd’)‘l = diag(Pd’Kn) (2.6)

where
ko
ky
diag(k,) = ke
kn—l

}
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Having stated these general properties, some special types of permutation
matrices of particular importance are now introduced. Define the matrix
7, as the matrix which shuffles an input vector z,, as

- - . - -

Tn-1 To
Zo T1
= (Hn)
Tn-3 Tn-2
L Tp-2 i L Tn-1 J
It is easily verified that
(Wn)" = In (27)

In light of this, and the discussion of section 2.1.1, the set of n by n perinuta-
tion matrices {I, Tn, 72, -+, 72" 1} is the cyclic group of order n, generated
by m,, with the binary operation being ordinary matrix multiplication.

Another subset of n by n permutation matrices is the set of stride by s
permutation matrices which is denoted as P, ,. Forn =rs the matrix P, ,
is defined as the matrix which shuffles Z as

e o) i ZTo ]
T, 31
T(r-1)s | __ P Ts
- -]
T T Tat1
Tyl T2
| Tn-1 ] | Tn-1 ]

For n = rs, n = p*, s = p, where p is a prime it can be shown that
(Pos) =1

and that the set of permutation matrices {I,, Pa,P2,,-++, Pr3'} is a cyclic
group of order k taken with the binary operator of matrix multiplication.
The stride permutation plays an important role in the theory of the tensor

product of matrices.
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Given two arbitrary square matrices A and B

Qo0 ap,1 ot ao,n; -1
as,o a1,1 te ay,ny-1
A'"-h“Z = .

Qny-1,0 Qny-11 *°° CGny—-1,n2-1
bo,o bo,l tee bo,m2-1
bl.O bl,l v bl,mz—l

Bml,mg = . .
bM1 -1,0 bm;—l,l A bml—-l,mz-—l

The tensor product of A and B, C = (A ® B) is defined as the nym; by
nymo matrix given by

aooB a B -+ agn,1B
al,OB al,lB ce al,ng-lB
C = (A"I'"'Z ® Bmlom2) = . . . (2'8)
., Qn, —I,OB Qn, —l,lB st anl—l,nz—IB

Exteunsive use of this operator will be made. Listed below are some
important properties of tensor products.

(¢A)®B=A®(aB)=a(A®B) o€ scaler (2.9)
(A+B)®C=(A®C)+(B®C) (2.10)
AR(BRC)=(A®B)®C (2.11)

(A® B)(C ® D) = (AC ® BD) (2.12)

Property 2.12 is called the distributive property of the tensor product. If
A and B are nonsingular, so is (A ® B) and

(AB)'=(4"1®B™) (2.13)
(A® B)! = (A'® B*) (2.14)
(LBL)=1I, (2.15)

where ¢ denotes matrix transpose and I, is the n by n identity matrix.
Property 2.15 is called the identity property of the tensor product. The
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final property shows an intimate connection between the tensor product
and the stride permutation matrix P, ,.

(A’l 132 ® B"h"z) = P"l’lc’l (BrltrQ ® A"l |32) P"'232vr2 (2'16)

This formula allows the use of stride permutations in order to commute
matrices with respect to tensor products. This is called the commutative
property of the tensor product.

The final point of this section introduces another way of combining and

decomposing matrices. Let {Ax} k = 0,1,---,n — 1 be a set of square
matrices. Then the direct sum of the set { A} is the block diagonal matrix
A defined as
Ao
A
A= A2
An—l
The matrix A is denoted by
n-1
A=A @ AID  Anr =) A
k=0

As with the tensor product, some important properties of the direct sum
are listed. These are

(A+B)®(C + D) =(A®B) +(C & D) (2.17)
A®(BaC)=(A®B)aC (2.18)
(A® B)(C ® D) = (AC ® BD) (2.19)

If A and B are nonsingular, so is (A @ B) and
(A@B)'=(A"'9B™") (2.20)
(A® B)' =(A'® B*) (2.21)

where t denotes matrix transpose.
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2.1.3 Basic Results from Complexity Theory

Some basic ideas from a branch of mathematics known as complezity theory
are introduced in this section. The major problems in this theory are: (1)
What is the minimum number of arithmetic operations required in order
to perform a computation? and (2) How can one realize algorithms which
obtain this minimum? Despite the ease of which these problems are stated
there are very few concrete results toward answering these questions in the
general case.

The major results in this area, for our purposes, are due to Winograd
and obtained by restricting the class on computations considered to those
of bilinear forms, and then only minimizing in terms of multiplications.
His work has lead to great success for two reasons. First, many computa-
tions in digital signal processing (including convolution and discrete Fourier
transform) can be expressed as a system of bilinear forms. Second, on the
computer architectures of the early to mid seventies, the time at which his
work was published, multiplication was usually much slower than addition.
Because of this the optimization of the number of multiplications leads to
algorithms for convolution and discrete Fourier transform which, in many
cases, executed orders of magnitude faster than algorithms employing a
direct implementation approach.

As pointed out in chapter one, the revolution in VLSI technology has
changed this primary design criteria for fast algorithms. Nevertheless, the
definitions introduced and results obtained by Winograd will serve as a
foundation and important starting point for us. The development starts
by making more precise the notion of an algorithm and its multiplicative
complexity. Some theorems which fix lower bounds on the number of mul-
tiplications required o realize a general algorithm are then given. Finally,
bilinear systems are introduced and their relevance to the computation of
convolution and DFT is presented.

In determining the multiplicative complexity of systems, a distinction
will be made between general multiplications and multiplications with an
element of a set G called the ground set . Say, temporarily, that the set G is
the ring of integers; clearly the multiplication y = g; *z for g; € Z could be
implemented by adding z to itself g; times. Because of this, a multiplication
of an indeterminate and an integer is not counted as a multiplication. This
seems valid when G is the ring of integers. However, in order to facilitate the

'
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mathematical derivation, it is assumed that G is the field of rationals. This
assumption may cause a difficulty in some implementations for the obvious
reason that the realization of y = (1/3)*z, for example, does in fact require
multiplication. Nevertheless, these difficulties are dealt with when and if

they arise. This avoids any unnecessary mathematical complication at the
outset.

The base set B is defined as the set of all possible inputs to an algorithm.
The result field H is defined to be the field of all possible elements computed
by repeated application of field operations to the base set B. Further, a
system Z is defined to be a set Z = {zo,21,22,..., 2t} of desired outputs.
Based on these, a more precise definition of an algorithm can now be given.

Definition 2.1.1 Let G, B, and H, be as described above. Then an algo-
rithm A (over the set B) is a finite sequence of elements {ho, by, ha,- -+, ha} €
H such that either h; € B or h; = hj o hy where j,k < %, and o is any of
the field operators (x,=,—,+).

An algorithm A computes a system Z if Z = {zo,21,...2t} C {ho, h1,..-hn}.
The number of multiplications and divisions (m/d steps) will be minimized.
These are defined below.

Definition 2.1.2 Let A be an algorithm over some base set B. Anh; € H
is satd to be a non m/d step if either one of the following conditions hold.

1. h;eB

2. hi=h; £ hi where j,k <1

3. hi=g+h; where g€ G,j <1
otherwise h; is a m/d step.

The number of m/d steps in any algorithm A is called its m/d complezity
and is denoted by p(A).

Definition 2.1.3 Let G,B, and H, be as described above and let Z =
{20,215 ..., 2t} be elements of H. Define the m/d complezity of the system Z
as min spu(A) where A ranges over all algorithms over B which computes
the system Z.

!
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The m/d complexity of a system Z is denoted by x(2).

The linear span of a set X is the set of elements of the form }~; giz;
where g; € G,z; € X. This set is denoted by Lg(X). It should be clear
from the above definitions that the m/d complexity of every element of
Lg(B) is zero. Lg(B) is a vector space over the field G with respect to
the field operator 4 of H. Since H is also a vector space in this sense, the
homomorphism r : H — H', where H' is the quotient space H' = H /Le(B),
can be introdiced. This construction allows us to state our first theorem
of this section.

Theorem 2.1.1 Let A= {hy,hs,---,h,} be an algorithm over B, and let
(R(1), R(2)," - , h(s)) be the m/d steps of A; then Vi it follows that

r(h:) € La(r(h(1),r(h(2)), - -+, r(R(s))-

This theorem gives the fundamental result that under the homomorphism
r the set of m/d steps spans the space H. This theorem leads to the most
important result of this section.

Theorem 2.1.2 For a given system Z
uB(Z) 2 dimLo(r(z1), r(z2), -+, (2))-

Theorem 2.1.2 gives a lower bound for the number of m/d steps required for
computing a given system Z. If an algorithm A is found which computes the
system in a = dimLg(r(z1,(22)," -+ ,r(z:)), then pp(Z) = a and algorithm
A is a minimal algorithm for the system Z. By restricting the type of
algorithms considered to those of bilinear form, the existence of a minimal
algorithm for computing a system Z which does not require division can
be guaranteed. Below, bilinear systems are introduced.
A system of bilinear forms is an expression of the form

fie =22 gijeziy; k=1,2,---,t

j=1li=1

where the sets {z;} and {y;} are sets of indeterminates and g;;x € G. This
system can be thought of as the matrix product f; = (®)ys where f; is
a ¢ point vector, y, is an s point vector, and the matrix (®) is a t by s
matrix whose entries ¢;x are of the form ¢;x = Y i, gijx%i. Through an
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appropriate selection of the coefficients gijx € G one can show that linear,
cyclic convolution, and finite impulse response filtering are all systems of
bilinear forms. This makes the study of bilinear systems very important.
In studying bilinear systems it will be advantageous to introduce the
concept of a non-commautative algorithm . This is an algorithm A that
computes the system Z without using any of the commutative laws of mul-
tiplication. Non-commutative algorithms are useful in dealing with non-
commutative systems of bilinear forms such as matrix multiplication.

Definition 2.1.4 A non-commutative algorithm is one that does not de-
pend on the commutative low of multiplication. Denote the minimum num-
ber of multiplications required by any non-commautative algorithm to com-
pute the system S of bilinear forms by @(S).

The following theorem gives bounds on the non-commutative complexity
of a bilinear system S in terms of its commutative complexity.

Theorem 2.1.3 For every system S of bilinear forms
p#(S) < E(S) < 2u(S).

Our first major result regarding minimal algorithms for systems of bilinear
forms can now be presented.

Theorem 2.1.4 Let S be a system of bilinear forms. If G has infinitely
many elements, then a minimal non-commutative algorithm A computing
S ezists such that each m/d step of A is of the form h(i) = Mi(z)Ni(y) ,
where Mi(z) and Ni(y) are linear in T and y respectively.

This theorem implies that a minimal non-commutative algorithm for com-
puting a system of bilinear forms exists which does not require division. In
addition, none of the multiplications depend on any other multiplications.
This reveals that the multiplication steps can be done in any order.

An important concept which results from restricting the system Z to one
of bilinear forms S is the tensor T of the system. The notion is introduced
by considering the system of bilinear forms

fio =Y Y aipziyik=1,2,--,t. (2.22)

i=1j=1
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and let T be the trilinear form or tensor of the system fi defined as
t t r s
T =3 feize =)D ) GijkTiliz% (2.23)
k=1

k=1 1=:1 j=1

Suppose now that the minimal aigorithm for the system of bilinear forms
has n m/d steps m;. By Theorem 2.1.1

fi =3 yum (2.24)
(=1

Further by Theorem 2.1.4

my = (/_\L: mzxe) (i ﬂﬂyj) (2.25)

i=1 j=1

Substitution of 2.25 into 2.24 yields

fe= Zn:’)’kl (Xr: mzz;) (2’: ﬂ,'ly,-) (2.26)
=1 =1

j=1

Forming the tensor as above and equating expressions 2.26 and 2.23 gives
us the identity

t r

> i @ik TiYj 2k = i (gl mzk) (Er: nu:v.') (i: ﬁjzyj) (2:27)

k=1 1=1 j=1 =1 i=1 j=1

By equating coefficients a variety of different bilinear systems is obtained.
Hence, the introduction of the tensor facilitates the construction of several
bilinear systems given a single bilinear system. The m/d complexity of the
resulting systems are related as shown by the following theorem.

Theorem 2.1.5 Let S; be the system of bilinear forms
S1=)Y apziyi, k=1,2-,t.
=1 j:l

Construct from Sy the following five systems of bilinear forms:
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s t

S2=_Y ajkTiyk, t=1,2,---,1.

1=1k=1
r t
53=Zzaijkxiyk’ J = 1,2,.--,t.
i=1k=1

r 8

Sy = Zzae,'kmjy;, k=1,2,---,t.

i=1;=1

L] t

Ss = Zzaijkmkij 1=1,2,---,7.

i=1k=1

r t
Ss=22a;jkmky,-, j=1,2,---,s.

i=1lk=1
Then
(51) = i(S2) = (Sa) = i(S4) = A(Ss) = E(Se)

Moreover, given a non-commutative algorithm with n m/d steps for one of
these systems, it is possible to construct a non-commutative algorithm for
any of the other systems with n m/d steps.

Given a system of bilinear forms and a minimal algorithm which computes
it, theorem 2.1.5 gives a way of constructing minimal algorithms for other
systems of bilinear forms.

A special type of bilinear system of particular importance is the linear
system . A linear system is obtained from a bilinear one by fixing one of
the sets of indeterminates to constant values. This type of system comes
up in convolution and FIR filters when one of the sets of indeterminates is
fixed and known prior to compute time. This type of system also comes
up when modeling the discrete Fourier transform. In dealing with linear
systems it is useful to introduce another field G C F. For a set of known
constants {ko, k1,- - -, kn-1}, define F to be an extension field of the set {k:}
over the ground field G. Every element of this field is of the form

DD DERTD I MY 4 - RPRY
r s t

where g,,,..t € G.
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Since the elements of the set {k;} are known prior to the computation,
it is possible to think of the elements of the field F as being the field of
all possible things that can be pre-computed using G, the set {k;}, and the
field operations of H. Theorem 2.1.2 can now be redeveloped for systems
of linear forms.

Let the system Z be a system of linear forms as described above. Then
the system Z = {zo, 21,22, **, 2t-1} can be realized from

B=FU {yO,yla'”ayi—l}

by considering the matrix multiplication zx = (®)y, where @ is a ¢t by ¢
matrix over the field F. Since G® C F™ is a vector space, introduce the
homomorphism r : F* — F"/G". Let p,(®) denote the row rank of the
matrix (®) under the homomorphism r and p(®) denote the column rank
of (@) under r. Then, theocrem 2.1.2 becomes

Theorem 2.1.6 Let Z = (®)y be a linear system and let p,(®) be its row
rank under r, then pup(®y) = p(P) .

similarly it can be shown that
Theorem 2.1.7 pg(®y) > pc(2).

By using these results it will be possible, in subsequent chapters, to place
lower bounds on the m/d complexity of convolution, FIR filtering, and
DFT. Further, it will be possible to find corresponding minimal algorithms
for these computations.

2.1.4 Basic Scheduling Theory

The basic scheduling problem is stated as follows: Let R be a set of resources
and f be some desired computation which we call a function. The function
f is evaluated by a sequence of subsets of R. Suppose f is evaluated
many times, then choose an initiation strategy for the functions that makes
optimal use of the resources. A reservation table or space-time diagram is
an important tool for depicting scheduling problems. In this respect a
reservation table is a graph which depicts resource usage versus time. A
mark at the intersection of R; and time t; indicates that resource R, is

i
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Resource 1 || x | x

Resource 2 X

Resource 3 x| x| x
Time t1 tg t3 t4 t5 te

Table 2.1: Forbidden list = {1,2}

active at time ¢;. As an example consider the reservation table depicted by
table 2.1.

This reservation table indicates that resource one is active for the first
two time units, resource two for the third, and resource three for the fi-
nal three time units. With respect to reservation tables it is possible to
introduce the following important definitions.

initiation: The start of one function evaluation.
latency: The number of time units between two successive initiations.

collision: This occurs when two initiations try to access the same stage at
the same time.

loading strategy: The sequence of initiations loaded into a pipeline. (Good
loading strategies minimize latency while avoiding collisions).

forbidden list: A set of latencies which will result in a collision for a
particular reservation table (the forbidden list for reservation table
two is given in the caption).

Using these definitions it is possible to state three important results due to
Shar [13].

Lemma 2.1.1 For any statically configured reservation table, the minimal
achievable latency (MAL) is always greater or equal to the mazimum num-
ber of marks in any single row.

Lemma 2.1.2 A constant loading strategy (that is loading a new problem
every n time units) will not result in a collision if and only if nxk, where
k is any integer, is not a member of the reservation table’s forbidden list.
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Theorem 2.1.8 For any statically configured reservation table, it is al
ways possible to insert delay elements in order to obtain a constant loading
strategy which achieves MAL.

These definitions and results will be used extensively in chapter four.

2.1.5 The Implementation of Tensor Matrices

In section 2.2.2 the tensor product was defined and some important proper-
ties were established. One of the things that makes working with the tensor
product so convenient when designing fast algorithms is the fact that there
is a strong connection between the structure of a given tensor matrix and
the feasibility of efficient implementations of it on a given computer ar-
chitecture. In this section this idea is made explicit by associating special
types of tensor matrices with particular computer organizations.

The first matrix considered is obtained from expression (2.8) by letting
Ap, n, be the identity matrix of order s and B, m, be a square matrix of
dimension r. The resulting matrix C is block diagonal of dimension n = rs,
and its structure is given by

B,
B,

an(I8®Br)= Br

B,

Suppose that C, is part of some DSP algorithm and that it is necessary
to compute the matrix product y, = (C,)Z, where Z, is a vector of input
data. Given the very special structure of C,, it should be clear that a direct
multiplication of C, and z, would not be particularly efficient. It would
be better to exploit the symmetries of (I, ® B,) by splitting the vector
into s sub-vectors Z; of length r and performing the matrix preduct (B,)Z;
on each of these.

As a specific example of this let I5 be the identity matrix of order 3 and
B, be an arbitrary 2 by 2 matrix, i.e.,

100
L=[010 Bz=(g°'° :"'1)
00 1 10 011

f
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then,
%6 = (Ce)Zs = (Is ® B2)%s

Yo ( bo,o bo,l Zo
1)1 bl,O bl,l T
Y2 | boo bo, T2
Ya bio b1 T3
Ya boo box T4
Ys bl,O 51,1 Ts

This matrix product can be realized by splitting the input vector & into 3
sub-vectors of length 2 and performing the matrix product (B;)#; on each

of these. _
Yo —_ bo,o bo,l Zo Y2 — bo,o bO,l T2
Y1 bl,O bl.l Ty Y3 bl,O 51,1 T3

(3/4 — bo,o bO,l T4
\ Ys bio bia s

In terms of an actual program the structure of (I, @ B;) leads quite
naturally to the idea of looping. Given a routine to compute the matrix
B,, C, can be implemented by looping through B, s times; each time the
data pointer is incremented by r. Conventional pseudo-code for realizing
this stage on a serial computer might thus look like:

for(i=0 to s-1)
Br(x+ir);

Matrices of the form C, = (I, ® B,) also lead themselves to efficient im-
plementation on more elaborate architectures. Consider a SIMD multi-
processor for whick identical processors obtain instructions from a single
instruction stream and perform operations on multiple data streams. If
such a computer has s processors there is a very direct mapping between
(I, ® B,) and this architectural configuration. This mapping is depicted by
figure 2.1. As is shown, each of the s processors gets instructions to com-
pute B, from a single instruction stream and operates on a different part

t
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Instructions
to Compute
B,
Lo
———ae
I &) -— .
Zy-1
z,
—
P — :
T2r-1
Tor
————an
P, —
Z3r-1
T(s—1)r
————
Pa—l —
Tsr—1

Figure 2.1: The mapping between a tensor matrix of the from (I, ® B,)
and an s processor SIMD computer.
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of the input data. Because there is such an explicit connection between
this type of multi-processor configuration and the stage (I, ® B.), tensor
matrices of this form are called parallel stages.

The second special form that will be considered is obtained by letting
By, m; be the identity matrix of order s and Ay, n, be a square matrix of
dimension r. The definition of the tensor product reveals that C is now
given by

ao'oI, ao.lI’ e aO,r—-lIa
al,OIa ai,1 I, --- al,r—lIs
Cr = .
ar-—l,OIa ar-—l,lIs s ar—l,r—lIa

As before assume that C, is part of a DSP algorithm and that it is
necessary to realize an efficient implementation of the product ¥, = (Cn)Zn.
The tensor product again reveals symmetries which are useful. In this case
the stage 9, = (A, ® I,)7, can be realized by splitting the vector 2, into r
sub-vectors of length s and performing a single A, operation on these entire
sub-vectors.

As an example let A, be an arbitrary 2 by 2 matrix and let I, be the
identity matrix of order 3. Then

76 = (Cs)%6 = (A2 ® I3)Ts

Yo Q0,0 Qp,1 o
Y1 Qo0 Go,1 Ty
Y2 | _ Qo0 ap,1 T2
Y3 - ao a1 z3
Ya aio a1 T4
Ys ayo a1,1 Ts

This matrix product can be computed by splitting the vector ¢ into 2 sub-
vectors of length 3 and performing a single A2 on these entire sub-vectors.

Yo To z3
Y1 | =ao) T1 | + Q1| T4
Y2 z; s
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Y3 Zo x3
ys | =a10f| 21 | ta1n| T4
Ys T2 s

This is precisely the type of operation performed by a vector processor.
Thus in the same sense that (I, ® B,) maps to a parallel configuration,
(A- ® I,) maps to a vector configuration. For this reason matrices of the
form (4, ® I,) are called vector stages.

By choosing special forms of the tensor product it has been shown that
there is a direct connection between the structure of a tensor matrix and
the feasibility of mapping it to important architectural configurations. Two
basic forms of tensor matrices were identified, the parallel form and the
vector form. A fundamental relationship between these two tensor forms
will be established in the next section.

Addressing and the Tensor Product

Many DSP algorithms require some type of data shuffling operation. The
cost of these are often excluded from the operations count of a given algo-
rithm in spite of the fact that they can consume a significant proportion of
the total run time. One way to greatly reduce, and in some cases eliminate,
these effects is to consider the data shuffle an addressing operation. In do-
ing so data is never actually moved; instead the shuffle is effected when
operands are retrieved from memory. This is only feasible when the data
shuffles are “matched” to the target computer’s addressing capabilities. In
this section the theory of the tensor product is broadened to provide mech-
anisms for dealing with these issues. At the heart of this development is
the notion of the permutation matrix.

Permutation matrices are a very natural way of representing data move-
ment. These are square matrices of zeros and ones where each row and each
column has precisely a single 1 entry. When acting on a vector of input
data a permutation matrix simply shuffles the original data.

We will be focusing on one particular type of permutation matrix which
shuffles data in a very special way. These are called stride by s permutation
matrices. Let Z, be an n point vector of data, n = rs, and P, , denote the
stride by s permutation matrix. The shuffling action of g» = (Pr,s)Zn On
Z, is as follows:

L]
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The first r elements of y, are obtained by starting at
the element z; and selecting each s** element of 1,
namely xo,z,,%2,...,Z(r-1).» The next r elements of y,
are obtained by the same procedure but this time the
process starts at r;. The next r elements of y, are
thus z,, 144, %1425y -+ ., T14(r—1)s- This process is repeated
s times or until the vector y, is filled. Thus the last r
elements of y,, are z,_1,T25-1,Z35-1,+ -y Trs—1+

Let’s take a look at some examples of stride permutations and their
action on input data.

o 1000 Zo
- - _ .'132_0010 T
§=(Pap)s = z | |l0100 o
T3 0001 3
!Eo\ 100000 o
s 001000 o
_ - |z ] _1000010 T2
g =(Po2)® = & |- l010000 3
I3 000100 T4
s 000001 s
(20 (1 0000000)/(z
T4 00001000 :cl
7 01000000 o
= (Pya) = zs | [00000100 3
Y=WeT=1 . 17100100000 4
6 00000010 s
3 00010000 e
\z,) \0 000000 1)\ 2/

The shuffling operation of stride permutations can be easily implemented
as an addressing operation on many computers. In these cases stride per-
mutations can be realized at virtually no cost in compute cycles. Thus,
expressing a data shuffle as a stride permutation or a simple combina-
tion of stride permutations greatly enhances the run time performance of
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a DSP algorithm. (We note here that the infamous bit reversal shuffle of
the FFT algorithm can be decomposed in this way. Thus, a tensor product
implementation of the FFT algorithm reduces the bit reversal to a data ad-
dressing operation which is realized at virtually no cost of compute cycles.
In other implementations the bit reversal can consume up to 30% of the
entire processing time!)

As powerful as the stride permutation matrix is at representing data
movement, recall that it plays an even more critical role in the theory of
tensor matrices. Its function is associated with the commutative property
of the tensor product which was given as formula (2.16). Let A, and B, be
any square matrices of order s and r, respectively, and let n = rs. Then

(A; ® B,) = P, (B, ® A,) Pa,, (2.28)

This rather innocent looking result is at the heart of the reason the tensor
product is a powerful tool for modeling and designing algorithms. By the
commutative theorem a parallel stage can be written as

(Is ® Ar) = Pn,a (Ar ® Is) Pn,r (229)

Recall that the term (A4, ® I,) in this expression was identified as a vector
stage. The commutative theorem thus provides a mechanism for modifying
the structure of a computational stage for optimized implementation on
either a parallel processor, vector processor, or even a serial computer.
This is done through the introduction of stride permutations which can be

realized as addressing operations and hence implemented at virtually no
cost.

Design Examples

The tensor product has been defined, the connection between tensor ma-
trices and important computer organizations established, and the commu-
tative theorem introduced as a method to modify the structure of a tensor
matrix. In this section the power of the tensor product as a tool for mod-
eling and designing DSP algorithms is now demonstrated.

The multiplication of an arbitrary tensor matrix of the form C,, = (4,®
B,) and a vector of input data will be carried out on several radically
different types of architectures.
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Particular features of the underlying architecture will dictate how to use
the inherent algebraic structure of the tensor product to decompose C,, ef-
ficiently. The relationships already established permit us to consider these
matrix factorizations as actual algorithms for carrying out the computation
of C,. In order to make this connection clearer the tensor product algo-
rithms designed will be expressed in terms of more “conventional looking”
pseudo-code. Keep in mind, however, that this is done only as an aid to
the reader and that the algorithms are fully characterized by their tensor
product decomposition.

Problem 1: An important operation on a set of n inputs is the matrix
product 9, = (Cn)%n. It is necessary to realize an efficient imple-
mentation of this operation on a serial computer. The matrix C, can
be expressed as a tensor product of two smaller matrices (4,) and
(B,). There already exist subroutines to compute these sub-matrices.
Design the algorithm.

Solution :

¥n = (Cp)zn = (4, ® Br)in (2.30)
Note that
. (A, ® B,) =(A,I,® I,B;) (2.31)
where I, and I, are identity matrices of order s and r respectively.
Application of the distributive property yields
(4,1, ® I.B,) = (A, ® I )(I, ® B:) (2.32)

The implementation of (I, ® B;) on a serial computer was already
discussed. The commutative property may be used to change the
structure of the second stage, (4, ® I..), so it is also of this form. In
particular

(Aa ® Ir) = Pn,s(Ir ® As)Pn,r (233)

The matrices P,, and P,, are stride permutations as defined in sec-
tion 2.1.2 and can be implemented as addressing operations. Putting
these two pieces together yields algorithm 1:

Yn = (Cn)fn = [P'n.a(Ir ® As)Pn,r](Is ® Br)x_n (234)

!
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This tensor product factorization of C, is an efficient algorithm for
computing C,. In terms of conventional pseudo-code this algorithm
can represented as

for(i=0 to s-1)

Br(input, output, i);
for(i=0 to r-1)

As(input, output, i, r, s);

In order to see the efficiency of the approach we compare the per-
formance of algorithm 1 and a direct implementation of C,. Since
the addressing of operands is specified by stride permutations we can
assume that they can be computed while performing data operations.
Thus, the performance of the algorithm is specified by the operations
count. If C, were computed directly we would require n? multiplica-
tions and n(n — 1) additions for a total operation count of 2n? —n. If
algorithm 1 is used to realize the multiplication of C, with an input
vector %, we require s+ rs? multiplications and sr(r—1)+rs(s—1)
additions for a total of s(2r? —r) + r(2s® — s). If r = s = 10 a direct
implementation would require 19,990 operations, while algorithm 1
would require 3,800 operations.

Problem 2: Let C, be the same matrix as described in problem one. This

time it is necessary to implement § = (C)Z on a vector processor.
Design an algorithm which makes use of the underlying architectural
configuration.

Solution :
Yn = (Cn)x_n = (As ®Br)$_n (235)
By the distributive property it was shown that
Cn=(A,® I.)(I,® B,) (2.36)

(A; ® I,) is a vector stage and can easily be implemented on a vector
processor. The stage (I, ® B,) can also be vectorized by using the

t
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Yn = (Cn)x_n = [Pn,s(Ir ® Aa)Pn.r](Ia ® Br)fn

A, ]
A,

(Pas(L: ® A))Pag] & |(Pas) As (Par)

(Is ® Br) 4 B,

for(i=0 to s-1)

Br(input, output, i);
for(i=0 to r-1)

As(input, output, i, r, s);

Figure 2.2: The relationship between algorithm 1, its matrix definition, and
pseudo-code for implementation on a serial computer.
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o

commutative theorem. In particular

(I, ® B,) = Po,(B, ® I,)P,. (2.37)

The substitution of this into (2.36) yields algorithm 2:

7o = (C) = (A, ® LPJ(B. ® L)Poslsn (238)
Conventional pseudo-code for this algorithm might look like

VSIZE = S /* Set vector size to s */
LOADSTRIDE X1,VI,R /* Load each vector register, Vi,
*/

/* with a stride of r. */
START BR /* Start Br operating with vectors*/
END BR /* End Br */
VSIZE = R /* Repeat above for As */
LOADSTRIDE X2,VI,S
START AS
END AS

Problem 3: Let C,, be a square matrix of order 2500 which can be ex-
pressed as a tensor product of two matrices Cas00 = (Aso ® Bso)-
Design an algorithm for the efficient implementation of § = (C)Z on
a SIMD multi-processor which has 5 processors. Assume that sub-
routines to compute both A and B exist.

Solution :
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As in the previous examples begin by decomposing Caseo into a vector
and parallel stage.

Caso0 = (Aso ® Iso)(Is0 @ Bso) (2.39)

Next, apply the commutative theorem to get

Ca2s00 = Pasoo,s0(Is0 ® Aso)Paso0,50(Ls0 ® Bso) (2.40)

Partition the computation to take full advantage of each of the 5
processors. In terms of tensor products this is done by making use of
the fact that

Iso = (Is ® I1o) (241)
The substitution of this into (2.40) yields algorithm 3:

7= (Cas00)% = [Pasooso(Is ® A)][Pasoo,so(Is @ B))Z (2.42)
A = (I10 ® Aso) (2.43)
B = (I10 ® Bso) (2.44)

In this algorithm each of the 5 processors operates on a different part
of the data and performs exactly the same operations: either A or B.
The mapping between (2.44) and our 5 processor SIMD machine was
already made explicit. Furthermore, since each processor is a serial
machine, A and B are implemented as illustrated in problem 1. In
terms of conventional pseudo-code algorithm 3 is given by

ENBL (ALL); /* Enable all processors */

SEND (B); /* Broadcast the code B to each node */

for (i=0 to 9) /* The implementation of B_hat */
GO (B, i);

SEND (A); /* Broadcast the code A to each node */

for (i=0 to 9) /* The implementation of A_hat */
Go (A, i);
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Instructions
for

AB

| [p | — [MEM
°]+— | UNT

—~ P | —

—~ P | 7—

—~ P3| 7—=

Py | —

Figure 2.3: The implementation of algorithm 3 on a five processor SIMD
machine. Let #(M) denote the time required to multiply a matrix M
and an input vector. Then the time required for this algorithm is
t(Cn) = t(A) + t(B) = 10 x (A) + 10 = (B) = 10 * ({(4) + ¢(B)).

-
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. A SURVEY OF FAST ALGORITHMS 38

Problem 4: Five more processors have been added to the architecture of
problem 3. Redesign the algorithm to exploit this fact.

Solution :

Proceed exactly as before except instead of (2.41) use
Iso = (lio ® Is) (2.45)
The algorithm then becomes algorithm 4:

Casoo = [P2soo,s0(I10 ® A)][Pzsoo,s0(110 ® B)] (2.46)
fi = (Is ® Aso) (2.47)
B = (I5 ® Bso) (2.48)

In this case the mapping to pseudo-code is the same as for algorithm 3.
Note that doubling the number of processors reduced the processing
time by one-half (see fig 2.4).

Problem 5: It is necessary to implement the matrix of problem 3 on a
digital signal processing chip. An important feature of this chip is its
instruction cache. The cacheis too small to hold all of the instructions
which constitute Aso or Bso. It is possible, however, to express Aso
and Bso as Aso = (A} ® A%;) and Bso = (B} ® B},) where these sub-
blocks are small enough to fit into the cache. Design an algorithm
which exploits the cache memory.

Solution :

Start from expression (2.40) of problem 3. This was
Cas00 = Pas00,50(I50 ® Aso)Pasoo,s0(Is0 ® Bso) (2.49)
Next use that fact that
Aso = (A} ® A%)) = (Is ® A%,)Pso,5(110 ® A})Pso 10 (2.50)

Bso = (B5 ® B)=(Is® B2)Pso 5(110 ® B})Pso10 (2.51)

The substitution of these into expression (2.49) and the use of the
associative and distributive property of the tensor product yields al-
gorithm 5:
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Instructions

for

A,B
—~ FPo | — 1{4]1%91.’1 —| P
P | — — | Ps [
Pyl — | Py |
—vPs 2 Z PS"""
"'Pq —_— — Pg'—

Figure 2.4: The implementation of algorithm 4 on a ten processor SIMD
machine. Let ¢{(M) denote the time required to multiply a matrix M
and an input vector. Then the time required for this algorithm is

t(Cn) = t(A) + t(B) = 5+ t(A) + 5+ t(B) = 5  ({(A) + £ B)).
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Casoo = [P2so0,50(2s0 ® A2o)i[(Zs0 ® Pso,s)] (2.52)
((Isoo ® Aé)(Iso ® Pso,10)][Pasoo,s0(I250 ® Bfo)(fso ® Psos))
[(Zs00 ® Bj)(Is0 ® Pso,10)]
In this algorithm we are looping through blocks of instructions that
are small enough to fit into the cache memory. Again the stride
permutations are implemented as addressing instructions and thus

carried out at no cost. Conventional pseudo-code for this algorithm
might look like

LDC B_5"1 /* Load the cache with B_571 */
FRZC /* Freeze cache memory */
for (i=0 to 499) /* By looping the contents of thex/

B_571(); /* cache, compute first stage %/
LDC B_10"2 /* Load the cache with B_10"2 */
FRZC /* Freeze cache memory */
for (i=0 to 249) /* By looping the contents of thex/

B_10"2(); /* cache, compute second stage */
LDC A_5"1 /* Load the cache with A_571 */
FRZC /* Freeze cache memory */
for (i=0 to 499) /* By looping the contents of thex/

A5710); /* cache, compute third stage */
LDC A_10"2 /* Load the cache with A_1072 */
FRZC /* Freeze cache memory */
for (i=0 to 249) /* By looping the contents of thex/

A_10°2Q); /* cache, compute fourth stage */

2.1.6 Some Important Thecrems

This subsection is basically a list of important theorems which will be ref-
erenced in future chapters. Since they are elementary results, found in any
text of algebra, they are listed here without proof.
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Theorem 2.1.9 (Division Algorithm) For every integer ¢ and positive
integer d, there is a unique pair of integers Q and s, such that c = dQ + s,
where 0 < s < d. - :

Theorem 2.1.10 For any integers s and t there ezists integers a and b
such that the greatest common divisor GCD(s,t) = as + bt

Theorem 2.1.11 (Division Algorithm for Polynomials) For every poly-
nomiel ¢(z) and nonzero polynomial d(z), there is e unique pair of polyno-
mials Q(z) and s(z), such that c(z) = d(z)Q(z) + s(z), where deg s(z) <
deg d(z).

Theorem 2.1.12 A polynomial over a field has a unique factorization into
o field element times a product of prime polynomials over the field, each
polynomial being of degree at least one.

Theorem 2.1.13 For any polynomials s(z) and t(zx) there ezists polyno-
mials a(z) and b(z) such that the greatest common divisor GCD[s(z),t(z)]
= a(z)s(z) + b(z)t(x)

Theorem 2.1.14 (Lagrange Interpolation) Let By, By,---,Bx be a set
of n + 1 distinct points, and let p(By) for k = 0,---,n be given. There 1s
ezactly one polynomial p(z) of degree n or less that has value p(By) when
evaluated at By for k=0,1,---,n. It is given by

2) = S~ p( gy Hizi(® = Bi)
p(z) ;p(B')H#,-(Be— B))

Theorem 2.1.15 (Chinese Remainder for Integers) Let M = 15 m,
be product of pair-wise relatively prime integers; let M; = M/m; for each
i, let N; satisfy N:M; + n;m; = 1. Then the system of congruences

¢; = cmod m; 1=0,---,k

is unigquely solved by

k
c= EC;N;M( (mod M)

=0
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Theorem 2.1.16 (Chinese Remainder for Polynomials) Let M(z) =
1%y m.(z) be product of relatively prime polynomials; let Mi(z) = M(z)/m;i(z)
for each i, let Ni(x) satisfy Ni(z)M;(z) +ni(z)m;(z) = 1. Then the system

of congruences
ci(z) = c(z) mod m;(z) 1=0,---,k

18 uniquely solved by

k
c(z) =) ci(z)Ni(z)Mi(z) (mod M(z))
=0
Theorem 2.1.17 Let M, denote the group of nonzero integers relatively
prime to n with group operation multiplication modulo n, and let C,, denote
the cyclic group of order n. Then

Mpr = C(p—l)p"'“
for p and odd prime, and
M, 2 Cp X Cor-2

Theorem 2.1.18 Let C,, denote the cyclic group ef order n. Then there
exists an element of order a for any a that divides n.

Theorem 2.1.19 (Convolution Theorem I) Let C be a circulant ma-
triz over some field F, that is a matriz of the form

- - -

hO hn—l hn—2 ter hl ] dO
hl ho hn—l L h2 dl
h2 hl hO e h3 d2

| hﬂ.—l hn—2 hn—3 st hO L d'n.—l j

and let o € F be an element of order n. ie. a™ = 1. Then there ezists a
factorization of C such that

C=W"'DW

where D is a diagonal matriz over F given by D = diag(Wd) where d is
the 0-th column of C, and the {ij}** element of W is w;; = o' (medn)
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Theorem 2.1.20 (Convolution Theorem II) Let C be a skew-circulant
matriz over some field F, that is a matriz of the form

] hO hl h2 ttT hn—l 1T dO W
hi hy hs --- hg d,
he hs hy -+ Iy d,

| hn—l hO hl e hn—2 ] L dn—l i

and let o € F be an element of order n. ie. a™ = 1. Then there ezists a
factorization of C such that

C=WDW

where D is a diagonal matriz over F giwven by D = diag(W~'d) where d is
the 0-th column of C, and the {ij}** element of W is w;; = o (medn),

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



=

CHAPTER 2. A SURVEY OF FAST ALGORITHMS 44

2.2 Convolution

The importance of convolution was established in chapter one. In this
section, methods of obtaining efficient algorithms for the implementation
of both linear and cyclic convolution are presented. These methods will be
based primarily on the mathematical material outlined in section 2.1.

This material has been organized into four subsections. In the first,
three representations of the convolution operator are given. Having three
different ways of expressing convolution is beneficial because it makes it pos-
sible to approach the problem of designing fast algorithms in many ways.
Using these representations, the multiplicative complexity of both linear
and cyclic convolution is determined. This is followed by a presentation
of several methods of obtaining fast algorithms for convolution. The pre-
sentation ends by introducing number theoretic transforms and discussing
algorithms based on these methods.

2.2.1 Three Representations

Given two sequences h,, of length n, and z,,, of length m, the convolution
of h, and z,, is denoted by the sequence yp4m—1 = h, * z,, whose terms are
given by

Yz = 3 hzrydi . (2.53)
p

This definition of convolution is most familiar to electrical engineers. Al-
though it is very concise, it unfortunately hides a great deal of the inkerent
symmetry of the computation. Since fast algorithms exploit this underlying
symmetry, it stands to reason that the summation form is not one that will
be used extensively.

By expanding the summation formula (2.53) the computation can be
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written as the system of equations

Yo = hodo
n = hido + hod,
Y2 = hado + hidy + hod;

Ynt = ha_1do+ hp_2dy + hn_3ds + -+ hodny
Ynimda = HRn_1dm_3+ hn—2dm_2 + hn_3dm
Yn4m-3 = hn—ldm—2 + hn—de—l
Yn4m-2 = hn—ldm—-l

From these equations, it is easy to see that this system can be expressed as
the matrix product

S oy ] [ ho 0 -+ 0 771 dy 7
% b ho -+ 0 d;
Y2 : oot d,
Y3 =1 hney hup -+ ho d> (2.54)
Ys 0 hpg - M dy
L Yntm-2 | L 0 0 -+ haaa L dm-1 |

In this representation the symmetry of the computation is much more visi-
ble. This makes the matrix representation well suited for use in the design
of algorithms.

Another characterization of convolution is obtained by considering the
polynomials h,_;(z) = ;—‘;& h;z’ and dpm-1(z) = Yo diz* of degreesn—1
and m — 1 respectively. Forming the product of these yields

m+n-2 n~1 .m-1
Ynpme2(€) = Y 9.8 = hooa(2)dma(z) = Y hjz? Y dizt (2.55)
z=0 Jj=0 k=0

Rearranging the terms, making the substitution z = j + k, and equating
the coefficients of z;

m+n—2 m—-1n-1 .
Z Y. x% = E Z h;dyz
z=0 k=0 j=0

t
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m4n—2 ntk—2
Z Y, 2 = Z Z h,_rdipz®
z=0 z=k k=0

Yz = ) h.idy
k=0

is obtained, which is the convolution operator as defined in (2.53). Hence,
the convolution of two sequences Y(myn—1) = hn * dm is the same as the
polynomial product ym4n-2(¢) = hn-1(z)dm-1(z) where the elements of
the sequences are the coefficients of the polynomials.

Cyclic convolution can also be represented as matrix and polynomial
products. The cyclic convolution of the sequences h, and dy is denoted
by yn = hn((*))d. and is defined identically to linear convolution except,
in this case, the indices of the sequences are taken mod n. The notation
(( ))n is used to denote arithmetic mod n. Using this definition (2.53)

becomes
Yz = 3 B(a—ky)di (2.56)
k
Proceeding as above, this is expressed as a system of equations
vo = hodo + hpoidi + hno2ds + -0+ hidao
nn = hdo + hodi + hpoadz + -0+ hadany
y2 = hadg + Rhidi + hedz + -+ + hada
Ynot = hpo1do + hp—2di 4+ hp-zds + -+ + hodna
which can be represented by the matrix product
[ Yo ] [ ho hay hag - My 1 [ do ]
Y hy ho hooy --- he dy
y2 |=| ha R ho -+ hs ds (2.57)
[ Yn-1 | | hpno1 Bz Pa—z -+ ho ] | dn1 i

In this representation the matrix of expression (2.57) is a circulant matrix
as defined by theorem 2.1.19.

Another useful representation is obtained by the change of variables
k = —k on (2.56), this yields

Ye = O bk di-#) (2.58)
k
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In matrix form, this becomes

o | [ Ro hi k2 -cr ha 1[ do ]

() hy hy hs -+ ho dny

Y2 | =| h: hs ha - M dn—2 (2.59)
L Yn—1 ] | hn—l hO hl vt hn—2 J L dl ]

Now the symmetry of the matrix of expression (2.59) is that of a skew-
circulant matrix as defined by theorem 2.1.20. Note, further, that this ma-
trix also has the symmetry of the additive group of Z,. These observations
give other revealing ways of studying the structure of cyclic convolution.
In order to derive fast algorithms all these different representations will be
used.

2.2.2 Multiplicative Complexity
Linear Convolution

In section 2.1.3 theorems were presented which give lower bounds on the
numbers of multiplications required to compute systems of bilinear forms.
It was also pointed out that both linear and cyclic convolution are special
types of bilinear forms. In this section this association is made explicit
by using the matrix representations developed above. Once this is done,
the complexity of convolution is determined by deriving algorithms which
achieve the lower bounds established.
It has been shown that a system of bilinear forms

fe=32_> ginziy; k=121

j=11=1

could be expressed as the matrix product

Jo=(2)y: (2.60)

where each element of (&) is of the form ¢;; = ¥ gijezk. In this, gijk € G
and the sets {z;} and {y;} were sets of indeterminates. Equation (2.59) is a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. A SURVEY OF FAST ALGORITHMS 48

special case of this form obtained by making {h;} and {d;} indeterminates
and by defining g;;x as

o _ 1l i+i=45<n
9ik =\ 0 otherwise

If one of the sets of indeterminates is known prior to compute time, this
association permits the use of theorems 2.1.7 and 2.1.8 which give lower
bounds for the multiplicative complexity of (2.54). Since all the columns
and rows of (2.54) are linearly independent the use of these theorems yields

(Z) 2 p(Z) 2 p(2Z)
wZy2n+m-—1

By finding an algorithm A whose m/d complexity is p(4) = m +n —1,
it is established that the m/d complexity of the system (2.54) is u(Z) =
m + n — 1. The algorithm, due to Cook and Toom [9], is based on the
Lagrange Interpolation Theorem which is presented as theorem 2.1.14.
Lagrange Interpolation gives a method of uniquely determining a poly-
nomial of degree n or less by knowing it’s value at n+1 unique points { B;}.
The relationship between the set {B;} and a polynomial y(z) is given by

- [1;2i(z — B;)
y(z) = ) = y(Bi)yi(z) vi(z) = 22— (2.61
(=) g ) [1;2:(B:i — B;) )
Based on this formula, the Cook-Toom algorithm for the convolution ym4n—2(z) =
hn—1(z)dm-1(z) is now presented.

1. Choose n + m — 1 unique elements of the ground field G.

2. Evaluate the polynomials k,—;(z) and d,,—1(z) at these points. Since
B; € G, the evaluation of h( B;) and d(B;) does not require any general
multiplication as described in section 2.1.3.

3. Evaluate the polynomial y(B;) by forming the products y(B;) =
h(B;)d(B;) Vi. This step will require m + n — 1 multiplications.

4. Use the interpolation formula (2.61) in order to determine the co-
efficients of the polynomial p(z) from p(B;)'s. Again, this step will
not require any general multiplications, only additions and multipli-
cations of indeterminates and elements of G.

— !
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The algorithm described computes the system ymin-2(2) = hn-1(z)dm-1(z)
n + m — 1 multiplications. Since u(Z) > n 4+ m — 1, the multiplicative
complexity of the linear convolution of the sequences h, and d,, is n+m—1.
Note that the interpolation formula requires that the set of { B/s} be unique.
If the cardinality of the field G is less than n+m —2 then it has been shown
[5] that p(Z) is indeed > m + n — 1. The algorithm is illustrated below for
the product y,(z) = hi(z)di(z) when G is the field of rationals.

e Example 2.2.1 Cook-Toom for y(z) = h(z)d(z)

e step 1
Bo = 0 B1 = 1 Bg = ‘—1
e step 2
h(z) = hiz + ho d(z) =diz + dp
h(By) = ho d(By) = dp
h(Bl) = hl + ho d(Bl) = dl + do
h(Bz) - ho - h1 d(Bz) = do - dl
e step 3
y(Bo) = h(Bo)d(Bo) = (ho)(do)
Y(B1) = h(B1)d(B1) = (ho+ h1)(do + d1)
y(B2) = h(B2)d(Bz2) = (ho— hi)(do— di)
e step 4
Yo(z) = -z%+1
n(z) = 1/2(z* + 2)
w(z) = 1/2(z*~1z)

yz) =2 +nrty =

Y¥(Bo)yo(z) + y(B1)ui(z) + y(B2)ya(z)
Equating the coefficients of x yields

y2 = 1/2y(By)+1/2y(B:) — y(Bo)
= 1/2y(B;) —1/2y(B,)
Yo = y(Bo)
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Although the Cook-Toom algorithm is very useful in determining the com-
plexity of linear convolution, it is not a very good choice in terms of im-
plementations. First, the number of additions required grows very quickly,
even for a modest size convolution. Second, (for large convolutions) this
algorithm is very susceptible to numerical instabilities.

Cyclic Convolution

The determination of the multiplicative complexity of cyclic convolution
is not as straight forward as for linear convolution. The reason for this
is that although theorem 2.1.2 can be used to determine a lower bound
for the m/d complexity, a general algorithm which achieves this bound
is not available. Fortunately, Winograd has worked out this problem in
detail and has proved two theorems which solve the more general problem
of determining the m/d complexity of modulo polynomial multiplication.
The proofs are rather lengthy and will not be reproduced, the interested
reader is referred to reference [36).

The first theorem determines the m/d complexity of polynomial multi-
plication mod an irreducible polynomial to some power. The second theo-
rem extends the result by determining the m/d complexity of polynomial
multiplication mod an arbitrary polynomial. The m/d complexity of cyclic
convolution is then determined as a corollary of the second theorem.

Theorem 2.2.1 Let Q(u) be @ monic irreducible polynomial over the field
G and let n be the degree of P(u) = Q%(u). If G contains at least 2n — 2
distinct elements then pug(S; G) = 1ig(S;G) =2n — 1.

Theorem 2.2.2 Let Qi(u), = 1,2,---,k, be distinct monic irreducible
polynomials over the field G and let n be the degree of P(u) = [15., QF (u).
If G contains at least 2r — 2 distinct elements, r = maz;(e; * degQi(u)),
then pup(S;G) = ps(S;G) =2n — k.

In light of these theorems the multiplicative complexity of cyclic convo-
lution is determined by letting the polynomial P(u) = u™ —1. The result is
that the m/d complexity of n point cyclic convolution is 2n— (the number
of irreducible factors of u™ — 1). This is stated as a corollary.

Corollary 2.2.1 pp(u™ - 1; Q) = 2n — 7(n), where 7(n) is the number of
positive divisors of n.
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In the next section, algorithms for convolution will be designed by using
these results from complexity theory.

2.2.3 Fast Algorithms

In this section, algorithms for linear and cyclic convolution are derived. In
determining the complexity of these operations one approach was already
given. This was the Cook-Toom algorithm which, as pointed out above, is
based on Lagrange Interpolation. This algorithm is again discussed along
with several other well known methods.

The Convolution Theorem

This first fast algorithm considered is for cyclic convolution and is based on
the convolution theorem 2.1.19. It has already been shown in section 2.2.1
that the matrix representation of cyclic convolution can be expressed as

[ Yo ] [ ho hu-y hp—z -+ My 17 dy ]

"N hy ho hpoy -+ he dy

Y2 |=| ha h  ho -+ hs da (2.62)
| Yn-1 ) i hn—l hn—2 hn—3 et hO ] dn-—l )

where the matrix above is circulant in structure. If the indeterminates in
this equation are elements of the field of complex numbers, then the ma-
trix W in-the convolution theorem becomes the discrete Fourier transform
(DFT) matrix as defined in section 2.3.2. Using this approach, the circulant
matrix above is factored as

Un = (Cn)d—n = (Fn—anFn)d—n (263)

D, = diag[(Fn)h—,,]

where h,, is the first column of the matrix (2.62). This method was pre-
sented by Stockham in [11]. The advantage of this factorization comes from
the fact that efficient algorithms (FFTs) for the computation of DFT exist.
The exact amount of computational savings achieved, by using this ap-
proach, is highly dependent on the length of the sequences. If for example
n = 2* the DFT stage is implemented using a Cooley-Tukey type algorithm

'
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[ Length | Mult. | Adds | Total Ops. |

8 48 120 168
16 200 356 556
32 584 932 1516

64 1544 | 2308 3852
128 3080 | 5124 8204

Table 2.2: Convolution by Convolution Theorem

as described in 2.3.2. If n = p for p prime, the Rader algorithm or one of
Tolimieri-Lu variants, as described in section 2.3.4, could be used. The
numbers of operations required assuming complex input data for various
sizes of n is shown in table 2.1. The Cooley-Tukey algorithms, of section
2.3.2, were used in determining these arithmetic counts.

The Cook-Toom Algorithm

The Cook-Toom algorithm was already used in section 2.2.2 in order to es-
tablish the multiplicative complexity of linear convolution. As was shown,
the procedure is based on the Lagrange Interpolation formula. The algo-
rithm was shown to be

1. Choose n +m — 1 unique elements of the ground field G

2. Evaluate the polynomials hy,_1(z) and dy,—1(z) at these points. Since
B; € G, the evaluation of h(B;) and d(B;) does not require any general
multiplication as described in section 2.2.3.

3. Evaluate the polynomial y(B;) by forming the products y(B;) =
h(B;)d(B;) Vi. This step will require m 4 n — 1 multiplications.

4. Use the interpolation formula in order to determine the coeflicients
of the polynomial p(z) from p(B;)'s. Again, this step will not re-
quire any general multiplications, only additions and multiplications
of indeterminates and elements of G.

I
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Since a detailed example of this is given in 2.2.2 one will not be repeated
here. Instead the algorithm, as derived, is presented as a matrix factoriza-
tion. Recall that the algorithm was given by

(ho)(do)
= (ho + h1)(do + dy)
Y(B2) = (ho— h1)(do —d1)

y: = 1/2y(B:)+1/2y(B3) — y(Bo)
yi = 1/2y(B:) —1/2y(B;)
Yo = y(Bo)

This can be expressed as

ho 1 0 0 ky 1 0
hy 11 1 1/2(ks) | |1 -1

U
—~~
&
~—
il

Winograd Algorithm

The Winograd Convolution algorithm is a special case of a more general
algorithm due to Winograd for the efficient computation of the product
y(z) = h(z)d(z) mod M(z). The procedure is based on the Chinese Re-
mainder Theorem (CRT) 2.1.16 for polynomials. The CRT gives a way of
determining y(z) from its residues {y;(z)}. Instead of forming the product
h(z)d(z) directly the images y;(z) = hi(z)di(z) mod m;(z) are determined.
Using the CRT, y(z) is then obtained from the set of {y;(z)}. The proce-
dure is summarized below.

1. Reduce the polynomials h(z) and d(z) mod m;(z) for each z. A set
of images {hi(z)} and {di(z)} is obtained.

2. Form the polynomial products k;(z)d;(z) mod m;(z) in each of the
subrings. This gives the images of y;(z) mod m;{z).

f
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3. Use the reconstruction formula
k
y(z) =Y yi(z) Ni(z) Mi() mod M(z)
i=0
in order to determine y(z) from the images yi(z).
By properly choosing M(z) it is possible to derive algorithms for linear and
cyclic convolution. In particular, letting M(z) = z™ — 1 yields algorithms
for cyclic convolutions, while choosing deg M(z) such that deg M(z) > deg

y(z), algorithms for linear convolution are obtained. Examples of both of
these cases are given below.

e Example 2.2.2 3 by 3 Linear Convolution

h(z) = ko + hiz + ko d(z) = doz® + daz + do
y(z) = h(z)d(z)  mod M(z)
M(z) =z° —z* + 2° — 2°

M(z) = mo(z)mi(z)ms(z) = z*(z® + 1)(z — 1)

e step 1
ho(x) = hlx + ho do(x) = dll‘ + do
hl(a:) = hz+ (ho - hz) dl((ll) = diz+ (do - dg)
ho(z) = (ho+ hy+ h2) dy(z) = (do+di+ ds)
e step 2
v(z) = (P17 + ho)(diz +do) (mod z?)
yl(:z:) = (hlx + (ho — hg))(dlx + (do - dg)) (mod 232 + 1)
yz(.'lt) = (ho + hl 4 hz)(do + dl + dz) (mod r — 1)
m; = hodl
mq = hldo
m3 = hodo
mgq = (h1— ho+ ho)(do —d2)
ms = (h1+ho— h2)(d1)
me = (h1)(d1 + do—d3)
my = (hz + h1+ ho)(d2 + dy + do)

!
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Yo(z) = (mi+ma)z+ms3
yi(z) = (m4+me)z +(ms — me)
y2(z) = mq

e step 3

y(z) = ao(z)vo(z) + ar(z)y(e) + ex(z)y2(r)

a(z) = —z'+1
a(z) = 1/2(z* —z?)
ar(z) = 1/2(z*+ z?)

y(z) = yaz* + ysz° + 922° + 91T + Yo =
ao(z)yo(z) + ar(z)y(z) + oa(2)y2(z)  (mod M(z))
Equating coefficients yields

ys = —(mi+mz)+ma+ 1/2mz 4+ 1/2(m4 + me) + 1/2(ms — me)
y3 = (mq+ma)—3/2(mq+ me)
Yy = —(mi+m2)+ 1/2ms + 1/2(m4 + me) — (ms — me)
n = (mi1+mg)
Yo = M3
O

As with the Cook-Toom algorithm, this can be expressed as a matrix fac-
torization. This is

kb 1[0 1

ho 0 01 0 0 0 O k, 10
hy ho 1 1.0 0 0 0 O ks 11
he hy ho|{=|-1 -1 0 1 -2 -1 1 \{diag| 1/2kq || 0 1
hy hy 1 1 0 -3 0 -30 1/2ks 10
h, -1 -11 1 1 0 1 1/2ke 11

1/2k7 11
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ky 010
ks 100
k3 11 0 [[ho
1/2ky | =0 1 0 [hl}
1/2ks 10 —1{}|h
1/2kg 11 -1
| 1/2k, | |11 1

e Example 2.2.3 3 by 3 Cyclic Convolution

h(z) = hoz® + haz + ho d(z) = d2z” + diz + do

compute ‘
y(z) = h(z)d(z)  mod M(z) = (a* ~ 1)
M(z) = mo(z)mi(z) = (z — 1)(«* + = + 1)
e step 1
ho(z) = ha+hi+ho do(z) = dy+dy+do
hi(z) = (k1 — h2)z + (ho — h2) di(z) = (di—dy)z+ (do—d2)
o step 2

yo(z) = ho(z)do(z) mod z
mo = hodp
yi(z) = hi(z)di(z) mod z* +z+ 1 =
[(h1 — h2)z + (ho — h2)] [(di — d2)z + (do — d2)]
Implement this by using the Cook-Toom algorithm. This yields

m; = (ho - hz)(do - dz)
my; = (ho+h— 2h2)(do + dy — 2d5)
mz = (ho—hi)(do— d1)

yi(z) = (my — m3)z + (2my — 1/2my — 1/2m3)
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o step 3
y(z) = ao(z)yo(z) + ar(z)y1(z)
ag(z) =1/3(z* +z +1)

a(z) =1/3(2 -z — z?)

y(z) =yl + iz + % = 1/3(z* +z + 1)yo(z) +1/3(2 —z — )y (z)

Equating coefficients yields

y» = 1/3(mo— 3my+1/2mg + 3/2ms3)
B = 1/3(m0+1/2m2—3/2m3)
yo = 1/3(mo+my—1/2mg+1/2m3)

a

As a matrix factorization, this algorithm is represented by

ho hy By 11 -1 1 [ 1/3k 100
1 1/3(k) |} 1 C -1
h1 hg hz = 1 0 1 -3 dzag
hy k1 h 1 -3 1 3 1/6(ks) |} 11 —2
2 1/6k, 1 -1 ¢
(2.65)
ky 1 0 0 B
k| |1 0 -1 h°
k| |1 1 -2 hl
ka 1 -1 0 2

The Winograd algorithm offers some flexibility as to the factors of M(z).
This allows for the possibility of deriving several different Winograd algo-
rithms for a given computation. These different algorithms will have differ-
ent breakdowns of additions and multiplications. The best algorithm being
determined by the particular implementation at hand. A partial listing,
reproduced from [1}], is given in table 2.3.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. A SURVEY OF FAST ALGORITHMS o8

| Length | Mult. | Adds | Total Ops. |

2 2 4 6

3 4 11 15
4 5 15 20
5 8 62 70
7 16 70 86
8 12 72 84
9 19 74 93
16 33 181 214
16 35 155 190

Table 2.3: Small Winograd Convolution

Multidimensional Techniques

Multidimensional approaches decompose a convolution of size n = nn,
into two dimensional convolutions of size (n;,n;). There are two important
advantages to this. First, it allows for the computation of large convolu-
tions from a library of highly optimized small size convolutions. Second, it
allows one to mix different techniques in order to obtain a wide variety of
new algorithms with different arithmetic counts. These points will be very
important in subsequent chapters. There are at least two ways of express-
ing a one dimensional convolution as a two dimensional convolution. The
first due to Agarwal and Cooley {14], and another which is referred to as
the iteration approach.

The Agarwal-Cooley algorithm uses the Chinese Remainder Theorem
(CRT) for integers, which is given as theorem 2.1.15, to establish the ring
isomorphism

Z'n'g no X an (266)
This isomorphism reveals that a one dimensional n point cyclic convolution
is equivalent to a two dimensional cyclic convolution (ng,n1), if n = non,
and GCD(ng,n,) = 1. For n = ngn, theorem 2.1.15 asserts that c € Z, is
uniquely determined by

c = cpeg + c1€1 e; = Ni:M/m;
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where ¢y € Zno and ¢; € Zm. Every cis expressed uniquely as a linear
combination of the idempotents ;. Consider two arbitrary elements of Z,,
c and ¢/, since

¢ = coeg + 161 <> (co, 1)

/ / / U
Cc = COCO + Clel = (CO, CI)

and using
eo*xe; =0 e2 =ep e2=e¢ (modn
) 0 1

the isomorphism is readily established by
c+c < (co+ ¢y 1+ ¢ch)

c* ¢ <= (c, *x Cp,c1*C))

Note that this development extends directly the case n = IIni.
In terms of the matrix representation (2.57)

[ ho  hpcr Ba—2 - M1 17 do |
hy ho hn-1 -+ h2 dy
Go=(Co)o=| k2 M ho - ha ds

Lhn—l hn—2 hn—3 st hO Ldn—l ]

The CRT guarantees the existence of n by n permutation matrices P; and
P, such that
C! = ~(C,)P,

where the permutation matrices are given by the index maps
J = eojo + €11 0 < jo,ko < Mo

k = eoko + e1ky 0 <k <my

and the matrix C’, has two dimensional cyclic structure. An example will
help to clarify the procedure.

o Example 2.2.4 6 Point Cyclic Convolution
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By definition this is

[ Yo ] [ ho hs hy hs h hl 1T do ]
)1 hi ho hs hy hs bh d
Y2 hy hy ho hs hs hs d,
= 2.67
Y3 hs hy hy ho hs hy ds ( )
Y4 hy hs hy hy ho hs dy
[ Y5 | | hs hy hs ha hy ho | [ ds |

Let ng = 2, n; =3, o = 3, €1 = 4, and use the index maps

j=3jo+4j1 (mod 6) 0 < jo, ko < mo
k= 3ko + 4k, (mod 6) 0< jl, ki<

to yield the permutation ¢ = (0,4,2,3,1,5). This permutation is
applied to the rows and columns of 2.42 to get

[ Yo ] [ ho h2 hy | hs hs hi ][ do]
Ya hey ho ha|hy hs hs dy
Y2 | _ he hy ho|hs h1 ha d;
vo | = |Toa Bis P [Ro Bz Ba || ds (2:68)
U hy hs hs|{hy ho h2 dy
L Ys L hs hy hs|hy hgy ho || ds i

which does exhibit two by two block circulant structure, each block
having three by three circulant structure.

a

Another method uses an iteration technique in order to decompose al-
gorithms. The idea is best illustrated by an example. Below, an efficient
algorithm for a 2 point linear convolution is used in order to derive an
efficient algorithm for a four point convolution.

e Example 2.2.5 An iteration technique

An efficient algorithm for the computation of 2 point liner convolution
is presented below. The algorithm is based on the identities

hodo = hodp
hido + hody = (ho + h1)(do + d1) — hodo — had;
hxdl = hldl
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Now, consider the polynomial product

y(z) = (h3$3 + h2$2 + hl:c + ho)(d32:3 + d2$2 + dlil: + do) (269)

Letting
Hl = (h3$2 + hg.'l:) Ho = (hla; + hg)

D1 = (d3x2 + dgx) Do = (d1$ + do)
(2.69) becomes
y(z) = (H1z + Ho)(D1z + Do)

which can be computed using the identities

HyDg = HoDy
H,Do+ HoDy = (Ho+ H1)(Do+ D,) — HoDo — Hi D,
H,D, = HD,

Each polynomial product H;D;, however, is a 2 point linear convo-
lution. Again use the identies in order to compute these. Thus it
is possible to obtain algorithms for large convolutions by iterating
smaller algorithms.

0

Heuristic Algorithms

In the previous secticns many different types of algorithms were presented
for the computation of both linear and cyclic convolution. These algorithms
were designed by a variety of relatively sophisticated mathematical tech-
niques. It is important to understand, however, that although the mathe-
matics provides an organized framework for approaching fast convolution,
it does not exhaust all the possible ways of obtaining fast algorithms. In
this section, this fact is illustrated by presenting some algorithms with can-
not be derived by any of the techniques presented. In many cases they
result from clever factorizations of systems of bilinear equations. -

The first example presented is for the computation of three by three
linear convolution. Consider the polynomial product

y(z) = y4$4 + h3233 + h222 + hlx + ho = (h222 + hl:c + ho)(d2$2 + dl.'li + do)

r

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. A SURVEY OF FAST ALGORITHMS 62

Carrying out the multiplication and equating the coefficients yields

Yo = hodp

Y1 = hido+ hody

y2 = hadp + hydy + hod2
ys = hidy + hod,

Yys = hady

Through the use of the factorizations

hodo = hodp

hido + hod, = (ho+ h1)(do + d1) — hodo — h1dy

hado + h1dy + hod2 = (ho + h2)(do + d2) — hodo + hydy — had:
hida + hady = (k1 + h2)(dy + d2) — hidy — hody

hgdz = h2d2

an algorithm requiring 6 m/d steps is obtained. Although thisis suboptimal
in terms of multiplications, the number of additions required is far less than
that required by the optimal Cook-Toom algorithm. This aspect of the
arithmetic breakdown makes it much more desireable in many applications.
Note that this algorithm cannot be obtained by the Chinese Remainder

Theorem or any of the other formal mathematical procedures presented in
this section.

As another example consider the implementation of 2 point cyclic con-
volution.

y2(z) = ho(z)dz(d) mod z? — 1
(y1z + yo) = (haz + ho)(d1z + do)
Equating the coefficients yields
Yo = hodo + h1d;

Y1 = hido + hod,

which can be implemented using the identities
hodo + h1dy = ho(do + dy) + (b1 — ho)dy

hido + hody = ho(do + d1) + (h1 — ho)do
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Written as a matrix factorization this is

ky 10
ho by | [0 11 ks 01 (2.70)
hy ho 101 o 11
ky -1 1
Bl=]-11 [20]
ks 1 0 !

There are many other ways of using heuristics in order to design convolu-
tion algorithms. One of the most powerful methods combines the structure
of the formal mathematical approaches with the flexibility of the purely
heuristic approaches presented above. In this approach the first step is
to use one of the multidimensional techniques described in this section and
decompose a large size convolution into combinations of smaller ones. Once
this is done, the mathematical techniques presented are mixed and matched
in order to obtain algorithms which could not otherwise be easily derived.

For example, consider the problem of designing an algorithm for the
computation of the cyclic convolution of length six. By the Agarwal-Cooley
algorithm this is reexpressed as a (3,2) two dimensional cyclic convolution.
The designer is now free to choose any approaches in order to implement
the different dimensions. For instance, it may be advantageous in some
applications to use the Winograd algorithm for the 3 point cyclic convo-
lutions, the heuristic algorithm (2.70) for the 2 point convolution. The
resulting algorithm is presented below.

¢ Example 2.2.6 Four point linear convolution

Since algorithm (2.70) is non-commutative (see section 2.1.3) it can
be used to factor the block circulant matrix (2.68). Rewriting (2.70)
for this matrix yields

K, 1L 0
Ho H|_|0 L I K, 0 L | (271)
H, H, L 0 I wlln L
K, I I :
K | =|-I I [g‘J
Ks I, 0 1]
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ho h2 h4 h3 hS hl 1
Ho = h4 ho hz H] = hl h3 h5
hg h4 ho hs hl h3

and I, is an n point identity matrix. Note that each K; is a 3 point
circulant matrix. The Winograd algorithm will be used in order to
implement these stages. This was expressed as the matrix factoriza-

tion
ho ha ] [1 1 -1 1 Y3k A1 000
1) |1 0 -1
hi he ho |=|1 0 1 -3 |diag
hy hy h 1 -3 1 3 1/6(ks) 1\ 11 —2
@ - | 1/6k, 1 -1 0
(2.72)
[ Ky 1 0 07,
k2| _|1 0 -1 h°
k|11 1 -2 hl
| k4 1 -1 0 Jt™
Embedding the algorithm for C; into the block algorithm for C; re-
sults in
I B 0
o §‘]=[2‘gﬁ] r, 0o B| (273).
1 2o Is || B B
where .
1 1 -1 1 1 g _01
A=|1 0 1 -3 B =
1 -3 1 3 11 -2
- 1 -1 0
and
L0 o[
P1=P2 hl—h.;
11 =2 | [,
1 -1 0 ST
1 0 O
ho
1 0 -1
To=17 1 =2 [:“}
1 -1 0 2
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O

This section has illustrated that although formal mathematical ap-
proaches to designing algorithms are theoretically important and signifi-
cant, they may also be somewhat restrictive if one only considers these. It
is very possible that the best algorithm for a particular implementation is
obtained by the heuristic approaches outlined above.

2.2.4 Number Theoretic Transforms

Many ways of designing convolution algorithms have been presented. In
these, some aspect of the underlying ring or field structure of the indexing
set of the indeterminates was exploited. The exact nature of the field of
indeterminates was not an issue. In this section a closer look is taken at
the precise nature of this field in an attempt to gain further insights.

The fundamental observation on this section is that, on any digital com-
puter, numbers are represented by a finite number of bits. Because of this,
no infinite field can be exactly represented by these finite machines. The
by-product of assuming that they can is round-off error. This observation
allows us to think of any computation on a digital computer as taking
place in a suitably large finite ring or field. This interpretation leads to
very different types of algorithms.

It is well known that the convolution theorem 2.1.19 is valid over finite
fields and in some instances even finite rings (in the case of a finite ring
the further requirement being that the length of the transform n have a
multiplicative inverse in the ring). The kernel of the transform o can be
any element of the ring of order n. There may be some choices of a which
make the computation very efficient. If, for example, & = 2* and numbers
are represented using a fixed point binary representation, the convolution
theorem can be applied directly without the need for any multiplication
whatsoever.

Another advantage of thinking in terms of finite structures is that no
round off error is incurred in the computation. As mentioned, round off er-
ror results from trying to express an infinite structure on a finite computer.
Since our new interpretation is also inherently finite its representation on
a computer is direct. This results in error free computation, provided the
computer word is of sufficient length.
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To a large extent the success of a number theoretic approache lies in the
ability to find “good” fields and rings in which to compute. In searching
for these, three requirements are juggled. As pointed out by Rice [15],
fields/rings are needed that (1) admit transforms of favorable lengths, (2)
are large enough to allow for sufficient dynamic range, and (3) have some
special property that enables multiplicaticns to be implemented efficiently.

The first approaches embedded the entire computation into a suitably
large Galios field. Rader [16] has investigated the use of Mersenne primes,
while, Agarweal-Burrus [17] explored the use of Fermat primes, for the de-
termination of Galios fields GF(p) in which to compute. A Mersenne prime
is a prime of the form p = 2! — 1; a Fermat prime is of the form p = 2t 4+ 1.
If integers are represented by ¢ bit binary words the arithmetic in these

fields is relatively straight forward. In both cases it is ordinary binary

arithmetic; the difference being how the overflow is handled. In the case
of Mersenne fields the overflow bits are subtracted in order to obtain a fi-
nal answer, and in the case of Fermat fields the overflow bits are added to
achieve the modulo effect. This makes these fields very attractive for use
in implementations.

As for any field, the multiplicative group of Fermat and Mersenne fields
is cyclic. Using this fact, and theorem 2.1.18, it is established that for
Mersenne fields, an element of order k exists for every k that divides 2¢ —
2. In the case of Fermat fields, this result guarantees the existence of an
element of order k for every k that divides 2!. Hence, for Fermat fields it is
possible to choose a kernel as a power of two. Further, since the algorithm
is based on the structure of the indexing set and not dependent on the exact
nature of the constants involved, it is also possible to use a Cooley-Tukey
type FFT algorithm, as described in section 2.3.2, in order to implement
this cyclic convolution. Below, an example is given for the Fermat Field
GF(2? +1). Note that Blahut [18] provides an excellent introduction to
the ideas presented in this subsection.

e Example 2.2.7 Four point linear convolution
The arithmetic of GF(5) is given by

'
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+ntfo 1 2 3 4 (*H||o 1 2 3 4
0 01 2 3 4 0 0 0 0 OO
1 1 2 3 40 1 01 2 3 4
2 2 3 401 2 0 2 41 3
3 3401 2 3 0 3 1 4 2
4 4 01 2 3 4 0 4 3 21
and a = 2 is a primitive element. The matrix product
Yol [ho ha ha do
i | _| k1 ho ha hq d
Y2 - h2 h1 ho hg dg
Y3 | th hy hi ho ds
ho [ 3] do 1
hi | | 4 d| _ |2
ha " | O d| |3
[hs [ 1] | ds 1
over GF(5) can be computed two ways, directly or by the convolution
theorem.
e Direct Computation
4 310 4 1
3] _ 14310 2
317104 31 3
1 1043 1
e By Convolution Theorem
y=Cd= (W'lDW)d
D = diag(Wh)
o® a® o o a® a® o® af
o® o' o o _ _ a® a® o? o
W= a® a® o o W1=(4 1) ® o o a?
a® o® a? ol a® ol o? o

| .
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By the Cooley-Tukey algorithm of section xx

" a® a® a® af
a® a! a? af
W= a® o a® a?|”
a® o a? o
101 O 1 1 1 O 0'| 1 000
01 0 1 dia 1 1 a2 0 0 0 010
10 a2 0 911110 0 1 1]|l0o100
01 0 o |« 0 0 1 a? 0001
a® a® o o
- a® a® o o
W= @ a? o® o | "
a® ol o of
101 0O 1 1 1 0 O 1 000
01 0 1 dia 1 1 a2 0 0 0010
10a 0 91 11]lo 01 1|]o100
01 0 o o® 0 0 1 o 0 001
3
D =diag(W)h = ) 3
2
4
y=Cd=W'DW)= |3
1

]

Although GF(5) is too small of a field for most practical problems the
example does illustrate the technique. Unfortunately, for the case of Fermat
fields, it seems the largest t for which 2¢+1 is prime is ¢ = 16. This imposes
a relatively strong restriction on the dynamic range of sequences in addition
to the length of the sequences which can be cyclically convolved using this
approach.
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There have been a number of proposals which address this limitation.
Rader, Agarwal, and Burrus, suggested the use a multidimensional tech-
nique, such as described in section 2.2.3, to represent a long one dimen-
sional convolution as a two dimensional convolution. Once this is done,
the convolution theorem is used to implement each dimension separately.
More recently, Lee and Lu [19] have proposed the use of primes of the form
p = k% £(k —1) and implementations using multi- valued logic. Still, other
approaches advocate the use of finite rings. The ring is deposed via the
Chinese Reminder Theorem into a direct surn of smaller subrings. Multi-
plication is avoided in each subring either by using the convolution theorem
with a = 2¥ or by using small look-up tables in the cases where no such «
exists.

Number theoretic approaches will not play a role in this work because
trading multiplications for additions, or even shifts, is not particularly ad-
vantageous on the modern RISC computer.

|
l o
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2.3 Discrete Fourier Transform

This discussion of the Discrete Fourier Transform parallels that of section
2.2, which focused on convolution. As for convolution, many fast algorithms
(FFT’s) for the implementation of the discrete Fourier transform (DFT) will
be presented. The tool which unifies the development is the tensor product
as described in section 2.1.5.

The section begins by establishing the multiplicative complexity of the
DFT operator. Having done this, several techniques of obtaining fast algo-
rithms are presented. The algorithms have been organized into three types:
additive algorithms, multiplicative algorithms, and algorithms based on ar-
tificial intelligence approaches.

2.3.1 Multiplicative Complexity

The search for efficient algorithms begins by presenting theorems which
establish the multiplicative complexity of DFT. The three theorems below
appear in [36], which also gives detailed proofs of these results (see also, [24]
for a less formidable discussion). The theorems establish the multiplicative
complexity of DFT for sequence lengths which are powers of primes. The
multiplicative complexity, for n an odd prime, is established first.

Theorem 2.3.1 For an input vector of p indeterminates, p an odd prime,
us(DFT(p); Q) = 2p—¢(p—1)—3, where Q is the field of rational numbers
and §(k) is the number of divisors of k.

The next theorem generalizes the above by extending it to the case where
the sequence length n is the power of an odd prime.

Theorem 2.3.2 For an input vector of p” indeterminates, p an odd prime,
and r a positive integer, ug(DFT(p"); Q) = 2p" —r—2—(r? +r)/24(p—1).

The final theorem treats the case of sequence length n being a power of
two.

Theorem 2.3.3 For an input vector of 27 indeterminates, v a positive
integer, up(DFT(27); Q) = 2"+ —r — 1% =2,
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These results assume real valued inputs. For complex inputs the com-
plexities, as established above, are doubled. It should be mentioned that
reference [36) presents a theorem which determines the multiplicative com-
plexity of DFT for arbitrary length sequences, complete with proof, as well
as extensive tables which list the multiplicative complexity for a large va-
riety of different sequence lengths. For our purposes, however, theorems
2.3.1-2.3.3 will be sufficient. As for convolution, these results will serve as
guidelines in determining the multiplicative efficiency of the algorithms de-
rived. The optimal multiplicative algorithm for a large length n will seldom
be used directly due to number of additions required.

2.3.2 Additive Algorithms

Additive FFT algorithms make use of the additive structure of the indexing
set to decompose a one dimensional DFT into a multidimensional DFT.
The decomposition of the large one dimensional computation into a set
of smaller ones significantly reduces the number of arithmetic operations
required. This reduction is possible when the transform size n = sr is
composite, and is achieved through use of index maps of the form

j = jl +j28 0< 7, ki <s (274)

k=f‘k1+k2 0Sj2,k2<7‘

All of the additive algorithms discussed are cbtained by choosing special
forms of expression (2.74), and by manipulating the addressing require-

ments of the resulting expressions. The use of these maps is illustrated
below.

The definition of the DFT operator is given by

n-1

Y(k) = ng;kxu) R (2.75)

Using (2.74), this one dimensional transform is made into a two dimensional
transform. The substitution (2.74) into (2.75) yields

s=-1 r—-1
Y(rky + ko) = 3 Y wliteRlrhitk) X (5) + 555) (2.76)
71=0j2=0
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s—=1 r-1
Y(rky + ko) = 3 S withirpiibgiirh ik X () + sj,) (2.77)
71=0 j52=0

rearranging the resulting terms, and using the fact that
akr _ 5k sjarky _ sizk2 _ d2k2
WHRMT = R W =1, and w}?" =uw]

the following two dimensional expression is obtained.

s—1 r—1
Y(rky + k) = 3 witb(wiB (3 wi X (1 + s72))) (2.78)
71=0 32=0

Tensor Product Representation

In section 2.2.1 a matrix representation of convolution was used in order
to gain insights into its underlying symmetry. This representation was in-
troduced because the symmetries were hidden by the summation formula.
Similarly, for the DFT, the summation representation hides a great deal
of computational symmetry. As was done in section 2.2.1, it is possible to
introduce a matrix representation of formula (2.75). Algorithm (2.78) can
then be rederived using this matrix representation. The tool which facil-
itates this construction is the tensor product of matrices as introduced in
section 2.1.2. Once the tensor product representation of algorithm (2.78) is
established, it is used as a unification tool in order to describe the structure
of all the additive algorithms presented throughout this section.
Again, begin with the definition of DFT

n-1 .
Y(k) =Y wiX([j) wa= e
=0

This time, express the computation as a matrix product by carrying out
the summation expression. This yields

Yo W W W wO Zo

n w? Wl w? wn! z

V2 | =] w Wt o wn? Z2 (2.79)
Yn-1 wO wn—l wn-—Z wl Tno1

| o - - —
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Let

W W WO W ]
w wl w2 wn—l
Fo=|w® w? wt . wn?

| W0 wnlown? W
and note that the symmetry of F,, is given by the multiplicative group of
Z.. By using this and other facts about (2.75) it is possible to factor this
matrix as

F,.=(FQL)T,,(I,® F.)P., (2.80)

where P,, is the stride permutation matrix and ® is the tensor product,
as defined in section 2.1.2, and T, , is the diagonal matrix given by

D?l,n/a
s—1 i D;vn/‘ 2
Tﬂ-’ = ZeDi’hﬂ/a = Dn'"/’
=0
D}
Di', = diag[l,w,w?, ... ,wlr=14] Wy, = e‘z’ﬁi, n=rxXs

The derivation of formula (2.80) is rather lengthy and will not be repro-
duced here. The interested reader is referred to Rodriguez [20]. Using this
expression and the properties 2.9 to 2.16 of section 2.1.2, the resulting ma-
trix factors can be manipulated to obtain a variety of different algorithms.

Cooley-Tukey Algorithm

The Cooley-Tukey FFT algorithm [21] is probably the most studied and
referenced algorithm in digital signal processing. In their original paper
Cooley-Tukey assume the transform length is of the form n = 2%, This
allows the one dimensional transform to be expressed as an a dimensional
transform, and diagonal multiplications (these diagonal multiplications are
often referred to as twiddle factors).

Before giving a general formula for the Cooley-Tukey decomposition,
the technique is illustrated by example. The Cooley-Tukey algorithm for
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n = 28 is derived from (2.80) by letting n = 8, r = 4, and s = 2. This
yields
Fs = (Fg ® I4) Tg'g (I2 ® F4) Pg,g (281)

This can be decomposed further by noting that forn =4,r =2,and s = 2,
(2.80) also yields
Fi=(FQ@ L) (I, ® F;) Pae (2.82)

Substituting (2.82) into (2.81) and using the distributive property of the
tensor product

R=(ReL) (LR L)®Ti:)(.0L® F)(I; ® Py2)Ps
is obtained. Finally, using the identity property (2.12), this becomes
F=(FRQL)T(LeF® L)L QTi:)(li® F)Q (2.83)
Q =(I2® Py3)Ps2

This matrix factorization for n = 23 is readily generalized to an arbitrary
power of two n = 2% by the expression

F, = (ﬁ (Lin®F>® Iga—i)(Izi—l ® Tza—i-{»l'g)) Q (2.84)

=1

Q= l-lI (Iz-'—l ® Pga—i-{-l,z)

=

Algorithms of the form (2.84) are referred to as radix two algorithms be-
cause every non-twiddle computational stage is a succession of two point
Fourier transforms. The development presented above is readily extended
to the case of higher radices n = r. In these cases the resulting algorithms
have r point Fourier transform for the non-twiddle computational stages.
Algorithms of this form are called radix r Cooley-Tukey. The general for-
mula for a radix r Cooley- Tukey decomposition is

F, = (f[ (Lics ® Fy @ La-i)(Li-1 ® T,a-;+,,,)> Q (2.85)
=1

Q = ﬁ (Ir‘—l ® P,-a--'+1’,)

The performance of some radix 2 Cooley-Tukey algorithms is given by table
2.4.

. }
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[ Length | Mult. | Adds | Total Ops. |
I 2 0 4 4
| 4 0 16 16
{8 8 52 60
R 68 162 230
[ 32 196 | 418 614
64 516 | 1026 1542
128 | 1284 | 2434 3718
| 256 | 3076 | 5634 8710
512 | 7172 | 12802 19974
H 1024 [16388 [ 28674 | 45062

Table 2.4: Cooley-Tukey Performance

Mixed-Radix Algorithm

Mixed radix algorithms [25] remove the requirement that n = r* and have
different size Fourier transforms in each F stage. Again, before giving a
general formula, the idea is illustrated with an example. In this, a mixed
radix algorithm for n = 120 = (4)(5)(6) is derived. First, let n = 120,
r =4, and s = 30; using (2.80) yields
Fr20 = (Fy ® Ino) Thz04 (Is ® F30) Pr2oa
Next, let n = 30, r = 5, and s = 6, (2.80) now yields
Fy = (F5 @ Is) Ts0,5 (Is ® Fs) Psos

Substitution and use of the properties 2.9-2.16 as illustrated for the radix
two Cooley-Tukey yields

Fiao = (Fy @ Iz0)T1204(1s @ F5 ® I)(I4 ® Tso,s)(Igo ® F5)Q

Q = (14 ® Pso,5)Pi20,4
Extending this example to the general case N = [[, n; yields

FN = ([Il (I(Hk<.~ "k) ® Fni ® I(nk>,' nk)) (I(nk<.‘ nk) ® I‘I(nk;:i nk)’"i)) Q
(2.86)
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| Length | Mult. | Adds [ Total Ops. |

64 204 930 1134
128 900 2242 3142
256 2052 | 4354 6406

512 3524 { 10978 14502
1024 | 11780 | 26370 38150

Table 2.5: Mixed Radix Performance

1
Q= l_-‘[ (I(Hko' ) © P(sz-' "")'"‘)

Note that this expression is a generalization of both (2.84) and (2.85) given
above. Table 2.5 summarizes performance.
Pease Algorithm

Pease [26] used the group structure of the stride permutation matrices which
arise in the radix two Cooley-Tukey algorithm to obtain an algorithm with
the same data flow for each computational stage. As an example, start
with the Cooley-Tukey algorithm as derived for the case n = 23. This was
shown to be

F=(FQL)Ts2(, @ F>, @ L) (I, ® Ty2)(Is ® F2)Q (2.87)

Q= (12 Q® Ps2)Ps

Take the transpose of this algorithm by using F,, = F and the transposition
property (2.14) of the tensor product. This yields

Fo=QIi Q@ F,)(I: ® Tu2) (L @ Fr ® L)Ts 2(F> ® Ly) (2.88)

Q' = P34(I; ® Ps2)
Use the commutation theorem 2.16. In particular, the fact that

(F2@ 1) = Py s(I4 @ F)Psy
(LF, QL) =PI, ® F2)Ps2
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The substitution of these into (2.88) yields
Fy = Q'(I4 @ Fy)(I; ® Ty 2) Paa(ls ® F2)Py2Ta2Pso(1s @ F2)Psy  (2.89)

Next, use the group structure of the stride permutation matrices as de-
scribed in section 2.1.2. This yields

Pyy = Ps4Psa (2.90)
The substitution of (2.90) into (2.89) and the introduction of the factors
T? = (I; ® Ty2)Ps s
T' = P3 4T3 Ps
yields
Fo= Q' [(Is® F2)) [T?(Js ® F2)Pas] [T (L ® F2)Psd] (2.91)

where computational stages are partitioned by the square brackets. Note, as
expected, that each stage exhibits the same data flow and only the twiddle
factors are a function of the stage. This approach is generalized by the
following formula

1
Fy=Q'T] [Pra,zas (TF)(Tzoms ® F3)Pio o1 (2.92)

T = Pza’za—i (Iz.'_x ® T2¢x—i+1'2) Pza’zi

Q¢ = f[ (Iz.'.q ® Pza—i-fl'za—i)

=1
The arithmetic performance of the Pease algorithms will be the same as for
radix two Cooley-Tukey.

Stockham Auto-Sort Algorithm

In the Stockham auto-sort algorithm, which is described in [23], a variation
of expression (2.86) is used. The variation distributes the permutation Q
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through the algorithm. The approach is illustrated below. Begin with
expression (2.80)

Fo=(F,® )Ty, (I, ® F;) Py,
By using the properties
(I, ® F;) = P, o(F, ® L) Py,
PorPpy=1I,
This is readily re-expressed as
Fro=(F® )T Pro(Fr ® L) (2.93)

By iterating (2.93), as shown above, the permutation @ is distributed
throughout the algorithm. The general case formula for the Auto-Sort
algorithm N =[], n; is

FN = I—Il (Fu.' ® IN/"'.) (I(I-L,<,' ny) ® T'(Hk?_; ﬂk),"i) (I(Hk<,~ "‘k) ® P(sz.' "k)v"i)

B - (2.94)
The arithmetic performance of the Stockham algorithms is the same as for
mixed radix Cooley-Tukey.

Split-Radix Algorithm

The Split radix algorithm is not a new approach for deriving FFT algo-
rithms , but has recently received considerable attention {27,28,29,59]. For
this method, a given stage (I, ® F,) is not thought of as a succession of r
Fourier transforms, but instead the radix of the transform is split within
the stage. As an example of this consider

(Iz®F,)=[F" F]

This can be written as

T 1Y
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Using the direct sum representation introduced in section 2.1.2, this can be
re-written as

(LQF,)=(F,® L)I,®F,) (2.95)
But for s composite (2.80) yields
F3 = (Fal ® Is2) Ta,al (Isl K Fa2) Pa,sl (296)

Substitution of (2.96) into (2.95) yields
(I2 ® Fa) = (Fa &3] Ia)(Ia D ((Fal ® IJZ) Ts,sl (Ial ® FaZ) Ps,al)) (297)

So that the stage (I; ® F,) is implemented using F;, Fy;, and Fi,.
Using this idea the split radix algorithm for n = 2° is derived by letting
n =28, r =4, s =2, and using (2.80), this yields

Fs = (F2 ® I4) T3,2 (I2 ® F4) Ps,z (298)
Next use

(I: @ Fy) = (Fy @ L)(1s ® Fy)

and

Fy=(F @) Ti2(2® F2) Py
and substitute back in (2.98) to yield

Fs - (F2 ® I4)T8'2(F4 @ Iz)PPs,g (299)
F=[(Lo(FRQL)L®T::)I:® (L))o Py )]

In order to derive the general case split radix factorization, start with
the radix r algorithm

F, = (f[ Li-1®F, ® I,-a—-i)(Iri—l ® 'I;.a-in',.)) Q (2.100)

i=1

1

Q= H (Ir-'—l ® P,a--'+x,,.)

and use the fact that
ri-1o1
(I,-i—l ® Fr) = H (Irk o F,. 0 I,.-'-:(,._k_l)) (2.101)
k=0
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The substitution of (2.101) into (2.100) yields

F, =

T

fI (Ti® Los) (L1 ® T,a,i+1,,)) Q (2.102)

1

ri-loy

I; = [ H (Irk O F & Ir""(r—k—l) )]
k=0

Q = ﬁ (Ir""l ® Prﬂ—ﬂl,r)

i=a

where each F, can be factored further, at will. -

2.3.3 Multiplicative Algorithms

In the previous subsection various algorithms for FFT, which made use
of the additive structure of the indexing set, were presented. In this sub-
section algorithms which make use of the multiplicative structure of the
indexing set are developed. Although multiplicative algorithms usually re-
quires fewer arithmetic operations than additive algorithms, they tend to
have more complex addressing requirements. Also, it is worth noting that,

the transform lengths are usually more restrictive than for their additive
counterparts.

Rader Algorithm

The additive algorithms provide fast algorithms for transform lengths n,
composite. Note that if the transform length required n is a prime, these
methods do not apply. Rader’s algorithm [30] addresses this problem by
proposing a FF'T algorithm for precisely this case.

Recall that the symmetry of the DFT matrix F, is given by the mul-
tiplicative group of Z,. Recall further that Z,, for p prime, is the Galios
field GF(p) and its multiplicative group is cyclic. Using these results it is
readily seen, for n prime, that the submatrix of F,, obtained by eliminating
the first row and column is skew-circulant. Rader was aware of this and
proposed that this submatrix be computed using the convolution theorem
2.1.20. Hence, in order to implement F, for n prime, it is possible to use
a transform of length n — 1 which is composite and applicable to the addi-
tive techniques of the previous subsection. The approach is illustrated by
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deriving a five point Rader algorithm. Note

parallels [2].
By definition a five point DFT is

I’ o W° WO
n wO wl
y2 | = | 0 WP
Y3 w® w?
Ya W0 wh

€
°

€ € €
[Z 2

w

€ € E &
N o = W o
€ EEE
- W s

w

o

w

this development and notation

Re-order the row and columns in terms of the primitive element 2. This

introduces the permutation

¢:(0—0),(1—1),(2—2),(3—4),(4— 3)

Applying P, to the row and columns of (2.103) yields

[=3
o

€

Yo w' w
s W Wl
v | = | W0 WP
Y4 W0 wi
s W Wl

- W N O
€ EEE E

€ € £ E

N = W e O

€ € EE

In this form the Fs can now be factored as

w® W Ww° 10
w? wt Wi 0 Wl

€

[~

€

~

€

-

€ €

-

€ €

Il

[ R e I ]
€
»

Letting

[y

£
w

€

Cyi=

€ EEE
[N
€ E E E
[ T
€ € &
(S
€ € €
*- S I

F is factored as

o

w

o = W

£ €€ € o

- ot

Zo

I
2 (2.104)
Z4

1 1111
-11000
-10100
-10010
-10001
1111
1000
0100
0010
0001

(2.105)
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l Léngth [ Mult. [ Adds | Total Ops. |

5 16 56 72

7 24 108 132
11 104 428 532
13 180 344 524
17 144 392 536

Table 2.6: Rader Performance

Further, since Cy is skew circulant in structure, use theorem 2.1.20 to factor

it as
C,=F,DF, (2.106)
where
w!
-1 w2
D= [F; ] »
w3

The substitution of (2.106) into (2.105) and re-distribution of the resulting
terms yields the Rader algorithm

Fs=P(1® F)(19 D)1 @ Fy)AsQ

Of course, each Fy can be further decomposed using the additive tech-
niques of the previous subsection. This procedure is readily generalized for
arbitrary primes. The general formula is derived in [2] and is given by

F, = P(16 Fp-1)(1 @ D)(1® Fp-1)4,Q (2.107)

where
1 1t

A = p-1

=l

and 1, is an n dimensional vector of unity entries, I, is the n by n identity
matrix. The performance of some Rader algorithms is shown in table 2.6.

The arithmetic counts were calculated using small Winograd cores, the
Good-Thomas algorithm, and mixed radix algorithms.
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When Rader introduced his approach the use of the convolution theorem
was the primary method for implementing circulant matrices. Many other
techniques have since been introduced. Any of these may be used to obtain
algorithms.

Good-Thomas Algorithm

The Good-Thomas Algorithm [31,32] is totally analogous to the Agarwal-
Cooley algorithm which expressed a one dimensional convolution as a two
dimensional convolution. As was the case for convolution the approach is
valid for length n = ngn,; with the additional restriction that GCD(ng,n1) =
1.

The CRT establishes the ring isomorphism

Zn = no X an (2108)
The isomorphism is established by making use of the index maps
j = eojo+ €11 0 < jo, ko < mo

k = eoko + e1k1 0<iki<m
The substitution of these into the definition of the DF'T yields

Y(Coko + elkl) = Z Z ws:o"‘o*-c‘jl)(coko*—c‘kl)X(Cojo + eljl) (2109)

jo n
2 . . 2: 1. . .
Y(eoko + 31k1) = Z Zw:oJokow;ocuokxw:ocuxkow:mkx X(eOJO + 81]1)
Jjo 5
Using the fact that
6(2) =€y 63 =€ €160 = 0
and
eojoko  , ,90dcko
Wy, = Wno
ank _ 00k
W = wry
yields

Y(eoko + e1kr) = S (wPR (3 wit*™ X (eojo + ex1)))

Jo n
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| Length | Mult. | Adds | Total Ops. |

105 932 | 1192 2924
120 508 | 2028 2536
240 1256 | 4656 3284
252 2416 | 5408 7824
315 3776 | 7516 11292

Table 2.7: Good-Thomas Performance [34]

To within permutations, this expression is identical to that of the addi-
tive FFT (2.78), except now, the twiddle stage is no longer present. This
observation permits the use of the tensor product expression (2.80) de-
signed for the additive algorithms in order to describe the structure of the
Good-Thomas algorithm. The tensor product factorization is

Fn = Q(Fno ® I,,l)(Ino ® Fn]_)P (2110)

The diagonal multiplication stage is no longer present and the permutations
matrices are now given by (2.108). By using the distributive property 2.12
it is possible to express this factorization as

Fr = Q(Fno ® Fr1)P (2.111)

which clearly reveals its two dimensional structure. Table 2.7 summarizes
the performance of some Good-Thomas algorithms for complex input data.

Winograd Algorithm

The Winograd approach to small FFT algorithms [6] is a generalization of
the Rader algorithm. The method uses his cyclic convolution algorithms
as derived in section 2.2.3. Recall that this procedure uses the Chinese
Remainder Theorem for polynomials in order to decompose a multiplication
in the ring F[z]/(z"—1) into multiplications in the subrings F[z]/(z"—1) =
i ®F[z]/mi(z). Once small FFT algorithms are determined using this
approach large algorithms are built up from these small ones by making
use of a nesting procedure also due to Winograd.
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There are two key observations which underlie the success of the Wino-
grad’s small FFT approach. First, there is the fact that under certain per-
mutations of its rows and columns, the coefficients of the Fourier transform
matrix exhibit cyclic structure. This permits the use of cyclic convolution
algorithms in order to compute the DFT. This observation is made precise
by theorem 2.1.17 of section 2.1.6. Second, by using Winograd convolu-
tion algorithras it is guaranteed that, under the homomorphism established
by the Chinese Remainder Theorem, the complex coefficients of the DFT
matrix become either pure real or pure imaginary numbers. Below, the
procedure is illustrated for the case of Fj.

¢ Example 2.3.1 Four point linear convolution

By theorem 2.1.17 it is established that Mg = Zg, hence there exists
a 6 by 6 submatrix of Fy whose symmetry is circulant. This fact is
made apparent by applying permutations to the rows and columns of

Fy to obtain

[ Yo ] [(W® w® wO|Ww® W W |Ww® W® W® ][ o]
Y3 W W WO |w? Wb Wi |w® Wi Wb z3
Ys W Wl WO Wt W W |w? W WP T
n w? w? Wl lw! W W |w? Wt W? z;
Y2 | =] & W Wiw? W Ww W Wt Ts
Ya W W W lwt w? W W W z7
Ys P o Pl ot ol o o 8
Y7 W W W W W wl|w? W WP T4

[ ys | | 0 wf 0P |wS W WP |t w? W | o ]

The 6 by 6 circulant submatrix is computed using a Winograd 6 point
convolution algorithm as described in section 2.2.3. The remaining
blocks are essentially 3 point Fourier transforms. Again, these are
computed using a Winograd 2 point convolution. Applying these
techniques a matrix factorization is obtained. This was reproduced
from [1] with 6 = 27/9.

Fg - CDQA
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11 1 1 1 1 11 17
0 0 01 0 0 100
01 1.0 1 1 011
01 -10 0 0 01 1
0 0 1 0-1-1010

A=|0 0 0 0 1 1 00 1
0 0 -10 2 0 01 0
0 0 00 1 =100 O
0 -1 -10 0 0 01 1
0 0 -10-11 010
|0 1 0 0 -1 1 00 -1

10 0 0 0 0 O O O0 O0 O

1 0 =111 1 0 0 —j —j —j

10 -11 0 -1 3 0 -5 —5 0

1-1 000 O O 57 0 0 O

cC=|1 0 =11 -1 0 —j 0 j J =j

1 0 -11 -1 0 —j 0 —j =5 3

1-1 000 0 O - 0 0 0

1 0 -11 0 -1 3 0 35 3 0

1 0 .11 1 1 0 O —-j —j —j
i 1 ]

3/2
-1/2

1/3(2cos(8) — cos(20) — cos(46))
1/3(cos(8) + cos(260) — 2cos(46))
Dg = diag | 1/3(cos(8) — 20s(26) + cos(40))
sin(36)

sin(36)

—sin(9)
—sin(46)
—sin(20)

O

Table 2.8 summarizes the performance of some small Winograd FFT for
complex valued input.

= e
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[Length | Mult. [ Adds | Total Ops. |

5 10 34 44
7 16 72 88
8 4 52 56
9 20 88 108
16 20 148 168

Table 2.8: Small Winograd FFT Performance (7]

Once small FFT algorithms are designed by the procedure outlined
above, Winograd binds these algorithms together by using a technique
which is a generalization of the Good-Thomas approach. His idea is il-
lustrated by starting with the Good-Thomas algorithm. Recall for ny, n
relatively prime this is

Fo = Q(Fu ® Fu2)P (2.112)

As illustrated above each of F,; and F,; can be factored using the Winograd
small FFT approach. This yields

Fnl = CnanlAnl (2'113)

Fra = Cn2Dn2An2
The substitution of these equations into (2.112) yields

Fy = Q(Cn1Dn1An ® Cr2Dn2An2)P (2.114)

Finally, by using the distributive property of the tensor product, this ex-
pression is factored as

Fo = Q(Cn1 ® Cn2)(Dn1 ® Drz)(Am1 ® An2)P (2.115)

Table 2.9 summarizes the performance of some large Winograd FFT algo-
rithms assuming complex valued inputs.

' . N—

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. A SURVEY OF FAST ALGORITHMS 88

[ Length [ Mult. | Adds | Total Ops. |

105 322 2418 2740
120 276 2076 2376
240 632 5016 5648

252 784 6640 7424
315 1186 | 10406 115926

Table 2.9: Large Winograd FFT Performance [34]

Kolba-Parks Algorithm

Kolba and Parks [33] made the observation that for machines on which the
multiply time is almost the same as the add time, it is advantageous to use
the small Winograd algorithms directly with the Good-Thomas approach
and not perform the redistribution of factors as called for by the Winograd
nesting. In the language of the tensor product their algorithms are obtained
by starting with the Good-Thomas algorithm

F, = Q(Fn ® Fu)P (2.116)
Fn = Q(Fnl ® InZ)(Inl ® FnZ)P (2117)

and then using the Winograd small factorizations
Fnl = CnanlAn.l (2.118)

Fn2 = Cﬂ2D'n2An2
This yields

Fﬂ = Q(CnIDnlAnl ® In2)(In1 ® anDnzAng)P (2119)

Table 2.10 summarizes the performance of some of these algorithms assum-
ing complex input data.

Tolimieri-Lu Algorithms

Tolimieri et al [2] and Lu [50] use the multiplicative structure of the in-
dexing set, and a variety of clever matrix factorizations, to derive several
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| Length [ Mult. [ Adds | Total Ops. |
105 590 | 2214 2804
120 460 | 2076 2536
240 1100 | 4812 5912
252 1136 | 6064 7200
315 2050 | 8462 10512

Table 2.10: Kolba-Parks Performance [34]

algorithms for the case n prime and n = pq, where p and g are distinct
primes. Below, some of their results are summarized.

Consider the case n a prime; by the Rader algorithm the matrix F, is
expressible as

Fp=P(1® F,_1)(1© D)1 F,_1)4,Q (2.120)
where .
1 1
A, = p-1
’ [ “lp1 Ly ]

and 1, is an n dimensional vector of unity entries, I, is the n by n identity
matrix. Given this factorization, introduce the matrix -

B,=FAF'= [ 1 €-1
_(p - l)ep-l Ip—l

where e, is an n dimensional vector with a one in the first position and
zeros elsewhere. By substituting this into (2.120) an alternate factorization
of F, is obtained. This is

F, = P(1® F1 (18 D)B,(1 ® F,_1)Q (2.121)

Tolimieri-Lu refer to expression (1.121) as variant 2 of the Rader algorithm.
Another variant of the Rader algorithm is obtained from

F,=P(1®C,.1)(4,)Q (2.122)

| _ S
.-
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[ Length | Mult. [ Adds [ Total Ops. |

S5 18 44 62

7 26 88 418
11 106 392 498
13 182 268 450
17 146 332 478

Table 2.11: Tolimieri-Lu-Rader Variant 2 Performance

by observing that C,_; is always of the form
[ Xp-n2 Xjp-1p2 ]
Xi-12 X@-vr2

These general complex terms can be changed into a pure real or a pure
imaginary number by introducing the factorization

[X(p—l)/z X{p-1)/2 ] _
X1z X112

[I(p-l)/z Ip-1)2 ][Re(X(,,_l)/g)
Ip-1)72 —I(p-1)p2

letting

H-’(p—n/z Tp-1)2 ]
Im(Xp-1)72) | | Le-2 —Ip-1)2

Y,.1 = [ 1/2(X(P‘1)/2 + X(P—l)ﬂ) ]
P 1/2()((?—1)/2 - X(‘p—l)/2

I 1,
Ho_, =| e-1/2 2e-1)/2 ]
P [-’(p—x)/z ~I(p-1)/2
and substituting into

F,=P(1®C,1)4,Q

results in the factorization

F,=P10H)10Y%- )10 Hu)4)Q  (2129)

which Tolimieri-Lu call variant 3.
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[ Length [ Mult | Adds | Total Ops. |

5 16 40 56

7 36 T2 108
11 100 160 260
13 144 216 360
17 256 332 588
19 361 432 o2

Table 2.12: Tolimieri-Lu-Rader Variant 3 Performance (2]

[ Length [ Mult. | Adds [ Total Ops. |

5 16 32 48
7 36 60 96
11 100 140 240
13 144 192 336
17 256 320 576
19 361 396 757

Table 2.13: Tolimieri-Lu-Rader Variant 4 Performance (2]
Finally, by introducing the matrix

- 1 fi
B'=HAH = p-1
P [ _2fp—1 Ip—l ]

where f, is the n dimensional vector whose first n/2 terms are one, and
zeros elsewhere, the variant 4 algorithms is obtained. This is

F,=P(1® Hy1)(10 Y,1)(B,)(1 © Hp-1)Q (2.124)

An analogous procedure is carried out for the case n = pg, p and ¢
distinct primes. Again the results are summarized below. For a complete
derivation and examples see [2].
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e Fundamental Factorization
E, = PCAQ (2.125)

where

C=10Cp10Cy10(Cp-18Cy1)

— Ap (A4, ® 1)
A= { (Ap ® "lp—l) (Ap ® Ip-l) ]

and Cp_1, 4,, 1, are as defined for (2.120).

e Variant One

F,=FDFA (2.126)
where
D=1& Dp—l ® Dy @ (Dp—l ® Dq-l)
D, = F;;-;IICPFP_-II
and

F=1®F,_1®Fyu1 ® (Fp-1 ® Fy-1)

e Variant Two

F, = FDBF (2.127)
where

B=FAF' = [ . B (Bp®e§-1)]

P
p—1)(B, ® €-1) (Bp ® Ip-1)
and e,,, B, are as defined for (2.121).

e Variant Three
F,=HYHA (2.128)

where
H = 1®(F2 ® I(,,_l)/z)EB(Fz ® I(q—l)/2)® [(F2 ® I(p_l)/z) ® (Fz ® [(q—l)/Z)]

Y=10Ym 6 Y1 ®(Y,-1®Y1)

and

Y= 3 [(%+ %) ® (X, - X;)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. A SURVEY OF FAST ALGORITHMS 93

e Variant Four
F,=HYB'H (2.129)

where

, _ B,  (B}® fi.)
B =HAH™ = P p & Jg-1
~2B,® fo1) (B, ® L)

and B}, f, is as for (2.124).

It should also be mentioned that in [2] these results are extended to
the cases; n = mr, m and r relatively prime and r prime and n = 4s, s
a product of distinct primes. Also, in a recent paper, Tolimieri et al [35]
introduce algorithms for n = p¥, for p a prime.

2.3.4 Artificial Intelligence Approaches

The additive and multiplicative approaches provide a great variety of de-
sign techniques for FFT algorithms. When using either of these methods
the number of algorithms attainable grows rapidly as the transform length
increases. In fact, for even modest length transforms, a direct listing of
all possible algorithms would be almost impossible. In the artificial intel-
ligence approach to FFT design, algorithms are automatically generated
by a computer program and chosen on the basis of some “target” machine
dependent design criteria.

Johnson-Burrus

The Johnson-Burrus [38] method uses the Good-Thomas algorithm, the
Winograd small FFT approach, and the distributive property of the tensor
product, to generate a large class of FFT algorithms. The class of algo-
rithms derived using this approach include the Good-Thomas and the large
Winograd algorithms as extreme cases. As an example of the approach,
consider the Good-Thomas algorithm

Fo=Q(Fn® F)P (2.130)
By the Winograd small FFT method, these can be factored as

FnO = AnODnOCnO (2131)
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Fnl = AnanICn.l

By substituting (2.131) into (2.130) and repeatedly using the distributive
property it is possible to generate an entire class of algorithms. A partial
listing of some possible algorithms is given below.

¢ From Good-Thomas

Fn = Q(Fno ® Inl)(InO ® Fnl)P

o Algorithm 1
Fi = Q(AnoDnoCro ® It )(Ino ® Any Dy Crr )P

e Algorithm 2

Fn = Q(Ano ® In1)(DnoCro ® In1)(Ino ® An1 D1 C) P
o Algorithm 3

Fr = Q(An0Dno ® In1 )(Cro ® In1)(Ino ® An1DnyCra) P
o Algorithm 4

Fr = Q(An0DnoCro ® In1)(Ino ® An1)(Ino ® Dy Cra) P
o Algorithm 5

Fn = Q(AnoDnoCro ® In1)(Ino ® An1Dn1)(Ino ® Cr1) P
e Algorithm 6

Fo = Q(Ano ® In1)(Dno @ In1 )(Cro ® In1)(Ino ® An1 Dy Cra) P

e Algorithm 7

Fn = Q(Ano ® Inl)(DnOCnO ® Inl)(InO ® Anl)(InO ® Dnl Cnl)P
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e Algorithm 8

F, = Q(Ano ® I1)(DnoCro ® In1)(Ino ® An1Dn1)(Ino ® Cr1) P

As pointed out in [37], the number of possible algorithms attainable by
using this approach grows extremely fast. In the general case N = [T, n:
where each F,; is factored into k; matrices, there are

[Z?:l kl]!

Z?:l(k'.) !
possible algorithms. This makes a direct search of all possible algorithms
impractical for large sequence lengths. As a solution Johnson-Burrus [37,38]
use an artificial intelligence algorithm generator. Optimization parameters

are set for a variety of add/multiply ratios, addressing requirements, or
even for particular memory read/write cycles.
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Chapter 3

The Tensor Product and
Convolution

Having illustrated the use of the tensor product in section 2.2.5 and pre-
sented tensor product representations of many well known DFT algorithms
in section 2.3, it seems natural to investigate if the tensor product is also
of value when modeling convolution.

As is demonstrated in this chapter, this is indeed the case. In the follow-
ing sections various tensor product factorizations of the linear convolution
matrix are presented. These algorithms are somewhat analogous to the
additive FFT algorithms of section 2.3.2. In section 3.1 a fundamental
factorization is derived. Based on this, in section 3.2, a radix r linear con-
volution algorithm is presented. In section 3.3 several variants of the radix
r algorithm are derived including: fully parallel radix r, and mixed radix
in addition to fully vectorized radix r and mixed radix. In section 3.4 the
performance of the algorithms derived is discussed.

3.1 The Fundamental Factorization

Let

n-1

n—1
hooi(z) = S hiz?  dnoa(z) = kz dz*
=0

‘=0

96
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The linear convolution of the sequences of coefficients y = (hp_1 * dy—1) is
then given by the coefficients of the polynomial product

n-—-1n-1

Yzn-2(T) = hn—l(z)dn—l(x) = 2 Z hjdk:l:j+k (3.1)

3=0 k=0

Assume that n is composite and n = nyno. In this case it is possible to
make use of the additive structure of the indexing set by defining the index
maps
J=nj1+J2 0< ki, 1 <n2 (3.2)
k=nik, + ko 0<kzyj2<m
These maps impose a one to one correspondence between the indices (5), (k)
and the pairs (1, j2), (k1, k2). Using (3.2) in place of (j) and (k) yiclds

n2—-1n;-1

ho-1(z) = Z Z h(nyi1 +,-2)x("1i1+52)
71=0 32=0
n2—=1n;-1

do-a(z)= 3 30 dng k14 k2T FHED)
k1=0 k2=0

The polynomial product (3.1) then becomes

ny-1lnz-1n;-1n;-1

vm2(@) = Y 30 3N hkiskaydimpr sz OHITETR)(3.3)
k1=0 j1=0 k2=0 j2=0

Define

ny~-1

Hjy = Y Bmjrsin)”

72=0

ni—1

_ k2
Dia = Y dinrrk2)®
k2=0

and re-write (3.3) as

nz2—1nz-1

y2n—2(z) — Z Z HjIDklznl(j1+k1) (34)

71=0 k1=0

ny~1n;-1

HiDia =Y. Y hmittindmirsnz?

72=0 k2=0
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In this expression each product H;D; is a product of polynomials of de-
gree (n; — 1). Thus, expression (3.4) reveals that the convolution of two
sequences of length n = nyn, is, in essence, a n, point convolution of poly-
nomials of degree (n; — 1). This simple observation makes it possible to
use (3.4) as a core of fast algorithms.

In order to introduce the notion of the tensor product, express the
convolution operator as a matrix multiplication. Note that the i** coefficient
of the polynomial y;n.—2(z) is given by

vi =) hidig
k

and that the Eoefﬁcients y; and d; are related by the matrix multiplication
Yon—1 = (Cn)dn or

F oy T " ho 0O --- 0 Fdy
% by ho e 0| g
Y2 : L d;
Ys = hn—l hn_g tee ;7.0 d3 (35)
Ya 0 hpy -+ B ds
[ Y22t | 0 0 - Rhuy ) Ldaa]

The matrix (C,,) is referred to as an n point linear convolution matrix.

Let C,, denote the matrix which corresponds to n, point linear con-
volution, and suppose there exists a matrix factorization (ex., Winograd
convolution) of the form

Cn, = (B)(Dy)(4) (3.6)

D, = [(G)hnz]

whese B and A are post and pre addition matrices, and D., is a diagonal
matrix of degree v whose elements are given by (G)h,, where h,, is the
vector of nonzero elements of the first column of C,,. Expression (3.4)
makes it possible to use (3.6) in order to obtain a factorization of Cp=n,n,.

By temporarily ignoring the factor n, in (3.4), the tensor product con-
struct makes it possible to “step-up” factorization (3.6) in order to factor
Chaz=nsn,. Observe, first, that the pre-addition matrix A now operates on

i
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polynomials of degree (n; — 1). Using the tensor product operator, (A)
becomes (A ® I,,, ). The second stage of algorithm (3.6) called for a v mul-
tiplications. The multiplication of indeterminates h;d; of (3.4) now become
polynomial multiplications, each being of degree (n; — 1). Thus, the D,

stage becomes a direct sum of n; point linear convolutions. This is denoted
by
v-1

P = E ®Cnl :j
=0
Each of the 4 n; point convolution matrices, Ch, j, is completely specified
by the nonzero elements of each first column. These are given by

’—lnm' =(GQ I )h—n

where h, is the first column of the C, matrix. After the I' stage the
polynomials are of degree 2n; — 2. Again using a tensor product, the (B)
stage becomes (B ® Izn,-1).

In order to correct for the fact that ny in (3.4) was ignored, a ‘reduction’
stage of computation is needed. This is denoted by the matrix Ry, n,. Rnyn,
is a 2n—1 by (2n; — 1)(2n; — 1) matrix of zeros and ones. The [row,column]
coordinates of the ones are Ry, n, is given by letting i and j range over the
integers

0<i<2n,—1

0<j<2nm—1

in the expression [(in; + ), (ik1 + j)], where k; = 2n; — 1; all other entries
of Ry, n, are zero.

Thus, in order to obtain a tensor product factorization of the Ch=n;n,
point linear convolution matrix, start with a core factorization of n, of the
form

Cr, = (B)(Dy)(4)
D, = diag [(G)hn

where B and A are addition matrices, D, is a diagonal matrix of degree v,
and h,, is the vector of nonzero elements of the first column of C,,. On
the basis of (3.4), there exists a factorization of C, of the form

Cn = Rﬂhﬂz(B ® I2ﬂ1—1)F(A ® Inx) (3'7)
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v-1
r'= Z EBCn,,j

7=0
where Ry, n, is a reduction matrix as defined above, and Cy, ; is an n; point
linear convolution matrix; the nonzero elements of their first columns are
given by

hoyi = (G ® I, )k,

where h,, is the vector of nonzero elements of C.

This expression will be called the fundamental factorization. The ten-
sor product algorithms of the following sections are obtained by choosing
special cases of this. In order to make the development a little easier to
follow we will not explicitly state what the coefficients Cy, ; are until the
final formula is given. As is many times the case for the core factorizations
assume that G = A in (3.6).

3.2 The Radix r Factorization

As a notational convenience introduce the operator ® and define it such

that
7-1

I'=) &Cn;=(L,®Cny;)
i=0

Using this the fundamental factorization becomes
Crn = Ry (B ® Iony -1 )(1L,®Chy 5)(A ® Iny) (3.8)

Let

n=r" ny =r*! neg=r

and substitute into (3.7), then
Cra = Rrori s (B ® Lpamty1 ) (48Cras YA B L) (39)
Similarly n = ro-! ny =ro"? ny = r yields,
Cramt = Rra-2,(B ® Iyro-2)-1) (1y8Cra-2;)(A ® Ia-z) (3.10)
Substitate (3.10) into (3.9) and the use of the distributive property to get
Cra = Rra- o (B ® Iypa-1)-1) (I ® Rra-3,)(I; ® B ® Iyra-)-1)  (311)

— i
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(I.,2®C,a—2,j)(I-, RAR I,a—z)(A ® I,.a-l)

If this process is repeated a times it gives rise to the following matrix
factorization:

Radix r algorithm
Assume C, = BD, A, D, = diag[(A)h.], then

C,« = BDA (3.12)

D = diag[(A)hra)
where

a-1
A= H(I.Yo—l—k RAR®IL)

k=0
B =TT (Lt ® Rract s (B ® Lypa-sy1))
k=1

and h,. is the vector of nonzero elements of the first column

of C,-a.

Algorithm (3.12) will be called a radix r linear convolution algorithm. It
is analogous to a general radix r Cooley-Tukey FFT algorithm [21]. In
the case of the FFT, r point Fourier Transforms and diagonal matrices are
used to decompose an r* point Fourier Transform matrix. Similarly for
expression (3.12), r point linear convolutions and reduction matrices are
used to decompose an r° linear convolution matrix.

3.3 The Mixed Radix Factorization

By using the fundamental factorization and the radix r factorization of the
previous section it is possible to derive a mixed radix decomposition of the
linear convolution matrix. Like the radix r algorithm, this is analogous to
the mixed radix [25] Cooley-Tukey decomposition.

By the fundamental factorization

Cn= Rﬂl‘ﬂz(B ® I2n1—l)(I'1®Cﬂ1.i)(A ® Im) (3'13)

t
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Assume that ny = r{* and n, = r3?. By the radix r algorithm C,, and C,,
can be decomposed as

Cn, = B,y D, A, (3.14)

and : 5
Cr, = B,.,ZD.,;: An, (3.15)

The substitution of (3.15) into (3.13) yields
Cn = R'n;,nz (B:xz ® I2n1—1)(172a2 ®Cn1,j)(A:12 ® Inl) (316)

and the substitution of (3.14) into (3.16) combined with the use of the
distributive property of the tensor product yields

Cn = R‘nlvn2 (‘B:iz ® Iznl‘-l)(I’Yzaz ® B:"'l) (3-17)

(I’Yzﬂz ®D'hax )(I'Yzaz ® A:lz)(A:lz ® I‘"l)

By multiplying out (B, ® Izn, 1) (Lye, ® Bny ) a0d (L ® 4ny) (4, ®1L,)
we get a mixed radix convolution algorithm.

Mixed Radix Algorithm o
C.=BDA (3.18)

D = diag [(Z)I{n]

where - _ _
A= (Aﬂz ® Aﬂx)

B= Rm,nz(B‘.nz ® B:u)

3.4 Variants of the Basic Algorithm

By exploiting the underlying algebraic structure of the tensor product repre-
sentation, it is possible to modify the basic radix r factorization for efficient
implementation on important parallel processing computers. The general
radix r factorization was shown to be

C,-a - EDJ& (319)
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D = diag [(A)h.]

a—1
A= H(I.yn—l—k RAR I.,-k)

k=0
B= f[ (I,yk_, ® R,.a-k'r (B ® I2(r°"‘)—1))
k=1

By making direct use of the commutation theorem of section 2.1.2 it can

be shown that the structure of the pre and post addition matrices can be
modified to

a—1
A= H P.u,.k,_,l A® I_,lrk)Pu,-k+1’,-k+1
k=0

a

B = ’:c[-.[ (Piathh (Rrﬂ-k,r (B ® Itg) ® Itl) P-Ykgz’,ytz)
=1

where sy = y*F-1 ¢ = 4¥-1 ¢, = 2(r*~%) — 1, and t3 = 2(ro—F+1) — 1.
Since every tensor matrix of this algorithm is a vector stage as de-
scribed in (2.1.5), these modified pre and post addition matrices can be
easily implemented on a vector processor. Thus, one obtains a fully vec-
torized variant of the basic radix r factorization. Note that many of the
techniques established in [47,48,49,2,53] for DFT can be used to implement

this algorithm.
Vectorized Radix r Algorithm
C.=BDA (3.20)

D = diag [(A)h,d|

_ a—1
A= H P,n,.k",l(A ® I,lrk)Psl,k+1’,k+1

k=0

B= f[ (P!atx.tx (R,.a-k,,. (B®L,)® It:) P‘v"tz.‘vlz)
k=1

where s; = 7°51, t; = 7571, £ = 2(r* %)~ 1, and t5 = 2(-°7+1) -
1.
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In a similar way one can derive a vectorized mixed radix algorithm,
a parallel radix r algorithm, as well as a parallel mixed radix algorithm.
These are given below.

Parallel Radix r Algorithm

C.=BDA (3.21)
D = diag [(fi)fz,a]

a-1
A= H P"mr“ﬁs;(Inr* ® A)P,I,.kn’,.k

k=0
B =T (L= ® Rya-r s (Piatsto (I, ® B) P )
k=1

where s; = y*~1-, t, = (2r — 1), and ¢, = (2r*"F - 1).

Vectorized Mixed Radix Algorithm

C.=BDA (3.22)
D = diag [(Z)h‘,,]

fi = PSH:.S: (A:u ® I32 )Pﬂlsz.nx(A:tz ® Ifu)

B = Rﬂx.ﬂz(B:lz ® Itx)Psztl.sz(Enl ® Isz)P-!Nz.n
Where s; = 4, s2 = 732, t1 = (2n; — 1), and A and B are
vectorized radix r algorithms.

Parallel Mixed Radix Algorithm

C.=BDA (3.23)
D = diag [(;i)h_,,]

fi = (I32 ® A~ﬂ1 )Pﬂlsz.-’z(Iﬂl ® A:lz)Pﬂzﬂhm
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[SIZE | DIRECT | CNV. TH. | TEN. PR. |

4 25 160 25

8 113 468 99

16 481 1148 349

32 1985 2764 1155
64 8065 6796 3685
128 | 32513 15372 11499
256 130561 34572 35389
512 523265 79372 107955
1024 | 2095105 | 173068 327445

Table 3.1: Radix 2 Convolution vs DFT Approach

B = Rnlv"Z Pfltz.tz(Itl ® B~'rl.2 )Pszthh (Isg ® B:u)

Where s; =452, ) = (2n; — 1), £, = (2n2 — 1), and A and B are
parallel radix r algorithms.

3.5 Performance of Algorithms

Table (3.1) gives the total number of arithmetic operations for linear convo-
lution by direct implementation, the convolution theorem, and a “slightly
modified” radix two tensor product algorithm. These numbers are based
on the assumption that one of the sequences is known and available for
pre-computation prior to compute time. As is shown, the tensor product
algorithm offers a considerable improvement over both of the other methods
for small and intermediate size convolutions. For a 256 point linear con-
volution the convolution theorem and the tensor product approach break
about even, after which the convolution theorem becomes advantageous.
The algorithms of table one are given in appendix A. It is interesting to
note that these particular radix two algorithms are slightly modified tensor
product representations of Toom’s {9] algorithm.

The derivation of a general radix r algorithm starts with a core factor-
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CHAPTER 3. THE TENSOR PRODUCT AND CONVOLUTION 106

ization of a r point convolution matrix. This should be of the form
C.,=BD,A

where A,B are pre and post addition matrices and D, is a diagonal matrix
of order «. The core gives rise to a factorization of the form

C,-o - BD-rafi

where B and A can be expressed in terms of B and A.

Let the arithmetic complexity of a computational stage be designated by
the cartesian pair (number of multiplications, number of additions) and let
the arithmetic complexity of vector matrix multiplication with the matrices
A,B and C, be denoted by A(m,a), B(m,a), and C,(m,a), respectively.
The arithmetic complexity of vector matrix multiplication with the matrix
C, is then given by

Cf(ma a) = B(m’ a’) + A(m,a) + (7a 0)

On the basis of the formulas given in section (3.2), the arithmetic complex-
ity of the algorithm Cya can be shown to be

Cra(m,a) = k1 [A(m, a) + 2B(m,a) +(0,2r — 2)]
—kz [B(m,a) + (0,2r — 2)] + (a”,0)

we 5= me T
Y- v-—1

An examination of this formula reveals that an important factor in
controlling the performance of a radix r family is the constant v of the un-
derlying core. Thus, the Winograd convolution approach can be extremely
useful in designing the core factorizations.

The asymptotic performance of a radix r algorithm is always best when
~ is minimized. This approach, however, can lead to disappointing results
when « is small. The problem is that A(m,a) and B(m, a) usually become
quite large when + is minimized. For intermediate size « this can eliminate
the benefit of reducing 7. The solution to the problem thus lies in striking
a balance between v, A(m, a) and B(m, a).

where
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Although the tensor product algorithms perform well in terms of oper-
ation count, this alone is not a sufficient measure of performance. There
are many other points to consider. For instance:

e The manner in which operands are addressed can greatly affect per-
formance. In fact, a reduction in the operations count achieved by in-
troducing irregular permutations can sometimes significantly degrade
performance. In these cases data arithmetic is traded for address com-
putation. With this in mind note that the only permutations used by
the tensor product algorithms are those characterized by stride per-
mutations. Because these are highly regular they can be implemented
easily and, in many cases, at no cost of compute cycles.

o The feasibility of realizing an efficient parallel implementation of the
algorithm cannot be overlooked. Current trends in parallel computa-
tion center around the SIMD multi-processor and the vector processor
configurations. Note that it is possible to easily modify the structure
of a tensor product algorithm for efficient implementation on either
of these configurations.

e The numerical stability of the algorithm [10] is another important
issue. Extraneous constants introduced by an algorithm can often
be the source of numerical errors in the final answer. In the FFT
approach these constants are the roots of unity; in the Winograd
approach these are rational constants introduced by the Chinese re-
mainder theorem. In both cases these constants become ill-behaved
as the transform length, n, becomes very large.

The only constants used by the tensor product approach are intro-
duced in the core factorizations. Since the cores are for small =,
these constant are usually not a source of considerable error. Once
established a core can be extended to compute arbitrarily large con-
volutions without the introduction of any new constants.

In chapter two important connections were established between cer-
tain tensor product constructs and their implementations on vector and
multi processor computers. By developing tensor product representations
of DFT it was demonstrated that these lead to a unified treatment of many
algorithms. In this chapter it was shown that the structure of the lin-
ear convolution matrix also permits a tensor product decomposition. By
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virtue of this representation many of the results and techniques developed
for DFT become directly applicable to convolution. In the next chapter
special forms of the algorithms derived here are shown to lead to highly
efficient implementations on the constraints imposed by modern RISC ar-
chitectures.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 4
The Tensor Product and RISC

In chapter one, important features of the modern RISC architecture were
identified. In chapters two and three, a mathematical foundation of fast
algorithm design for both linear convolution and DFT was developed and
presented in a unified format. In this chapter, the mathematical tools of
chapters two and three will be used to design algorithms which exploit the
attributes pertinent to the modern RISC architecture.

The material developed in this chapter is organized into four sections.
In section one the most important features of the RISC architecture, as out-
lined in chapter one, are briefly restated. Design criteria for fast algorithms
for model I (multiply - add) and model II (multiply - accumulate) RISC
architectures is established. In section two new tensor product techniques
are developed and shown to be applicable to the problem of satisfying the
design goals outlined for RISCs. In section three highly efficient linear
convolution algorithms are designed for both model I and model II RISC
machines. Analogous algorithms are developed in section four for the DFT.

4.1 Design Goals for RISC

Computational models for two modern RISC architectures were already
introduced in chapter one. Particular features of these models will be ex-
ploited in order to design efficient algorithms. In this section these features
are reviewed, and design goals based on these are established.

It is important to keep in mind that the attributes identified, and there-
fore the algorithms which exploit them, are only indirectly related to the

109
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modern RISC architecture. These features are relevant to modern RISC
machines because the elimination of the large complex control unit, a fea-
ture unique to the RISC approach, makes chip space available for floating
point hardware multipliers, adders, separate fixed point addressing units,
etc.. Note that the assumptions made here may very well be relevant to
future CISC computers.

The assumptions regarding the underlying computer architecture for
the algorithms designed in this chapter are as follows:

1. The time required to implement a floating point addition is the same
as that required for a floating point multiplication.

2. Floating point multiplication and addition can be implemented in
parallel. Two levels of parallelism will be considered:

e For the multiply - add kernel (model I) there is no restriction re-
garding the arrangement of multiplication and addition in order
to obtain parallel operation.

e For the multiply - accumulate kernel (model II) parallelism is
prevalent only when performing multiply accumulate instruc-
tions of the form y = (a *b) +c¢.

3. Fixed point operand addressing occurs in parallel with the operations
performed by the floating point data unit. It will be assumed that
accessing the memory by a fixed stride requires the same amount of
time as accessing the memory in continuous order.

A survey of fast algorithms for convolution and DFT was presented in
chapter two. A review of this work will reveal that assumptions 1,2, and
3, are quite different than those traditionally made when designing fast
algorithms. For example, note that many of the Winograd convolution
algorithms of section 2.2.3 and DFT algorithms of section 2.3.2 eliminate
multiplications by increasing the number of additions required for a given
computation. On the basis of assumption (1), however, this would not be
a beneficial approach for the modern RISC architecture.

There are many other examples of fast algorithms which reduce the
number of multiplications needed by increasing the number of additions
required for a given computation. In fact, almost all of the work presented

~ [
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in Blahut [1] is highly focused on reducing the number of multiplications
required for many types of digital signal processing algorithms. Clearly, in
the case of RISCs, new techniques are needed.

Since assumption (1) makes the number of additions just as important
as the number of multiplications, the total number of operations becomes
a more relevant measure of performance for RISC machines. Assumption
(2) also effects design criteria for fast algorithms. By finding ways to prop-
erly schedule additions and multiplications a programmer can exploit the
parallelism between the floating point adder and multiplier which results
in enhanced performance.

For computational model I the data adder and the data multiplier op-
erate in parallel and the programmer has independent control of both of
these resources. In order to exploit this parallelism it would be beneficial if
the additions and multiplications required by an algorithm were also inde-
pendent. Then, fast algorithms on this model would minimize maz(m,a),
where the cartesian pair {number of multiplications, number of additions)
denotes the arithmetic complexity of an algorithm and maz(m,a) denotes
the greater of the two integers m and a.

For computational model II the data adder and multiplier operate in
parallel only when using multiply-accumulate instructions (MAC) of the
form r+(s*t). In order to exploit this parallelism it is necessary to establish
dependency between addition and multiplications in the form of MAC
instructions. Then, fast algorithms on this model would minimize (m) +
(a)+(MAC), where (a), (m), and (M AC) denote the number of additions,
multiplications, and multiply-accumulate instructions respectively.

Another very important issue not usually taken up by algorithm design-
ers is the fact that operand addressing has a profound effect on performance.
These issues were explored in Tolimieri et ol [2] and Johnson et al [53] as
they pertain to the design of DFT algorithms for large vector and multi-
processor computers. Through this work the tensor product was shown to
be a powerful tool for modeling and designing DFT algorithms. In chap-
ter three analogous tensor product representations were derived for linear
convolution. Through these formulations many of the design techniques
developed in [2,53] become applicable to the important linear convolution
operator.

By assumption three the addressing unit operates in parallel with the
data unit. If the memory is accessed by a fixed stride no time is wasted

I
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e Design Goals for Model I

1. Make the additions and multiplications as independent as pos-
sible.

2. Minimize max(m,a) where (m,a) denotes the arithmetic com-
plexity of an algorithm.

3. Devise a means of scheduling the multiplications and additions
such that they can be carried out concurrently, hence exploiting
the parallelism of the model.

4. Arrange the algorithm such that operands are accessed by some

fixed stride so no time is wasted doing addressing or data shuffles.

e Desigu Goals for Model II

1. Establish dependency between the additions and multiplications
in the form of M AC instructions.

2. Minimize (m) + (a) + (M AC).

3. Arrange the algorithm such that operands are accessed by some
fixed stride.

Figure 4.1: Design Goals for RISC

for address computation. Since address computation can consume signifi-
cant amounts of processing time, it would very beneficial to organize the
operands so they are indeed retrieved from memory with a fixed stride. Do-
ing so would avoid the overhead associated with address computation. This

design goal, as well as the others established in this section, are summarized
in figure 4.1.

4.2 Design Strategies for RISC

Design strategies, based on the goals identified in section 4.1 are developed
in this section.

t
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4.2.1 Scheduling for Model 1

Let F be a matrix and suppose there exists an algorithm to implement
the product § = (F)Z, where Z is a vector whose arithmetic complexity is
(m,a); m is the number of multiplications required and a is the number
of additions. Suppose further that this algorithm is to be implemented on
a model I RISC where the adder and multiplier operate in parallel. How
many compute cycles are required to implement the product § = (F)z ?
In order to answer this question two pieces of information are needed.

1. The magnitudes of m and a.

2. The dependence relationships between m and a.

On the basis of the dependency established by (2), the number of com-
pute cycles required can be as small as maz(m,a) or as large as m + a.
These correspond to the case of totally independent multiplications and ad-
ditions and totally dependent multiplications and additions, respectively.
These extreme cases are illustrated by examples 4.2.1 and 4.2.2.

¢ Example 4.2.1 Fully independent arithmetic

"yw] [1 100 0 07][do]
n 011000 d;
2| 11010 0 0 d;
ya|! |0 00 g 0 O da (41)
Ya 0000910 d4
 ys3 L0 OO 0O O gz_LdS-

In this example the complexity of F is (3,3) and the number of opera-
tions required to implement § = (F)Z is maz(m, a) = maz(3,3) = 3.

¢ Example 4.2.2 Fully dependent arithmetic

Yo g 0 0 0 1111 do
ww| |0 000 0000O d
w| [0 000 0000 d2 (4.2)
Y3 0 000 0000 ds

!
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In this example the complexit}" of F is (1,3) and the number of oper-
ations required to implement § = (F)Z is (m +a) = (1 +3) = 4.

o

These examples illustrate the importance of having a suitable scheduling
strategy for addition and multiplication on model I RISCs. In section 2.1.4
some fundamental definitions and theorems from scheduling theory were
introduced. The results established in this section provide the theoreti-
cal foundation needed in order to develop methods of properly scheduling
addition and multiplication on the modern RISC.

On the RISC architecture there are several important resources that
operate in parallel. Using the results established in section 2.1.4, a function
f is evaluated by a sequence of subsets of the set of resources {R}. Suppose
f must be computed many times, then theorem 2.1.8 asserts the existence
of a scheduling strategy which achieves the minimal average latency (MAL)
for the particular reservation table under consideration.

This important result can be used here by considering the floating point
adder and multiplier to be two resources. Let the matrix F' be the basic
function to be evaluated, and consider the implementation of a tensor ma-
trix of the form (I, ® F). Let the arithmetic complexity of the matrix
F be given by (m,a), then an optimal scheduling strategy allows the im-
plementation of (I, ® F) in n * maz(m,a) compute cycles. Theorem 2.1.4
guarantees near optimal strategies for this important class of tensor matrix.
An example will help to clarify the technique.

¢ Example 4.2.3 Scheduling (I, ® F) on RISC

Let
0 D1 P2 0
_|p 1 pa 0
F= Ds 0 01
0 1 Ps 0
Then the multiplication of F' with a vector d is given by
Yo 0 pr p2 0][ do
n|_|ps 1 ps 0 d
Y2 Ds 0 0 1 dz
Y3 0 1 Ps 0 d3
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Multiplier || m; | m; ma | my | M5 | Mg
Adder ay | az | a3 | ag | as

Table 4.1: Forbidden list = {1,2,3,4,5,6}

This can be realized using the instructions:

m = di*xpp  a = mp+me
my = dy*p; a; = maz+d
m3 = do*p3 a3 = az+my
mg = dy*py ag = ms+ds
ms = do*ps as = me+d;
me = da*pes

In this case, the arithmetic complexity of F is (6,5), the arithmetic
complexity of (I, ® F) is (n * 6,n * 5), and the optimal scheduling
strategy allows the realization of (I, ® F') in maz(n * 6,n x5) = 6n
compute cycles. The MAL for this computation is given by the matrix
F and is seen to be 6. The appropriate choice of reservation table
will allow this minimal value to be realized.

There are many possible reservation tables for the evaluation of F.
Two of these are given by tables 4.1 and 4.2 where the forbidden
lists for these are also given. By lemmas 2.1.1 and 2.1.2 it is seen
that table 4.2 will be optimal because k * MAL, k € I, is not a
member of the forbidden list for this choice of scheduling strategy.
The reservation table 4.2 can be effectively realized using the pseudo
code given in figure 4.2. Note that the number of compute cycles
needed to realize (I, ® F') using this scheduling approach is 6n + 1,
which closely approximates the optimal 6n for perfectly scheduled
operations.

O

Example 4.2.3 illustrates that a matrix of the form (I, ® F), where F
is a matrix of arithmetic complexity (m,a), can be efficiently scheduled on
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Multiplier | my | m2 | ma [ mg | ms | me
Adder a | az | az | a4 | as

Table 4.2: Forbidden list = {1,2,3,4,5}

Adder || Multiplier

m1=d1 * Dy
me = dy * Py
mg = dp * p3

ay =m; +me

a; =mz+d;

my =dy * py

az = az +my

ms = do * ps

ay =ms +ds

me = d; * Ds

Do n — 1 times

as = mg +d;

my =d, * Py

my =dy * P2

a =my +m.

mg = do * p3

a2=m3+d1

my =dy * Py

az = az +my

ms = do * ps

ag =ms +ds

me = d; * Ps

end Do

as = mg + d;

|

Figure 4.2: Pseudo code for table 4.2
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a model I RISC computer. The greater n is, the closer the technique ap-
proximates the n*maz(m, a) instructions of perfectly scheduled operations.
Thus, the design criteria, minimize maz(m, a), is valid when n is large.

Suppose now that F represents a small convolution or DFT algorithm.
A fast algorithm for F would be warranted only under the assumption that
many implementations of F are needed, and therefore for small algorithms,
the design criteria minimize maz(m,a) is very reasonable.

When implementing large DFT or convolution algorithms, the criteria
maz(m, a) is no longer appropriate because the assumption that many will
be performed is less valid. In this case it would be beneficial to decompose
a lacge algorithm F into stages of the form

F= H(In; ® f:)
and then estimate the performance of a large algorithm by

Z n; * maz(fi(m, a))

. Both of these performance measures are used in the next section.

The use of the techniques presented in this section requires the ability
to store the partial results of the matrix F. These results must be stored
either in main memory or on chip. If there are enough on chip data registers
available then all the partial results can be stored in these. If there are not
enough on chip data registers, then some of the partial results must be
stored in main memory. Using main memory to store partial results may
be convenient but it also creates a greater demand for memory bandwidth.
This brings us up against a fundamental problem associated with RISCs
and with high performance computing in general:

A highly optimized compute cycle and special purpose
hardware will greatly enhance arithmetic throughput
but it becomes increasing difficult to increase memory
bandwidth in order to sustain the high rate of compu-
tation realized by these techrigues.

The availability of on chip data registers and memory bandwidth are ex-
tremely machine dependent, and therefore it does not make sense to in-
corporate these issues into the theoretical development. These limitations,
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however, can be very important when implementing the algorithms devel-
oped here.

As in chapter two, where particular techniques were presented for im-
plementing tensor matrices on vector and multi-processor computers, in
this section very basic results from scheduling theory are used in order to
connect these ideas to features prevalent to the RISC architecture. Again
the tensor product serves as the common platform for this. Recall that the
commutation theorem provided the well defined method of modifying the
structure of a vector stage for parallel implementation (and vice versa) by
introducing very particular stride permutations. The commutation theo-
rem plays precisely the same role here. Techniques for implementing the
addressing introduced by the stride permutations are presented in the next
section.

4.2.2 Addressing Strategies

In order to achieve efficient run time performance on any computer the
addressing needs of an algorithm must be matched with the addressing
capabilities of its addressing unit. Two important assumptions regarding
the capabilities of the addressing unit of a RISC machine were made in
section 4.1. First, the addressing unit is capable of parallel operation with
the floating point data arithmetic unit. Second, the addressing unit is
capable of accessing the memory with a stride without incurring a loss in
performance.

Some important preliminary issues regarding operand addressing and
the tensor product were taken up in section 2.1.5 The stride permutation
matrix was at the heart of this discussion. Through the several examples
presented, the stride permutation was shown to offer a method for mod-
ify the structure of tensor matrices to match the addressing capabilities of
many different types of computers. In working out these examples consid-
erable detail was omitted for the sake of clarity. Some of these details, as
they pertain to the RISC addressing unit, are now presented.

As mentioned above, it is assumed that the addressing unit can access
the memory with a stride at the same rate as accessing the memory in stride
one order. In many cases, this implies that the RISC makes use of some type
of register-direct indexed addressing mode. Thus, accessing the memory
with a fixed stride s is efficient only if there is an available index register

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 4. THE TENSOR PRODUCT AND RISC 119

to hold the stride value s. Although most RISC machines support this
type of addressing, the availability of a suitable number of index registers
can be a serious problem in actually implementing the addressing of stride
permutations.

As an example of this, consider the addressing requirernents for imple-
menting the tensor stage

y_d-n = (In ® F)(Pﬁin,n)x;u (43)
where F is given by
101 O
01 0 1
10 -1 0
01 0 -1

If there are three index registers available then the addressing of the
stride permutation (Pyn ) can be realized in a highly efficient manner using
the following addressing scheme.

The address of the vector Z is input and the address of the
vector 7 is output. The registers dpl, dp2, and dp3 are data
pointer registers; *dpl, *dp2, and *dp3 refer to the operands
contained in these addresses. There are three index registers:
indx1, indx2, and indx3. Register direct auto indexed address-
ing is realized by instructions of the form *dpi+-+indxi. Pseudo
code for the efficient realization of (4.3) is then given in example
4.2.4.

o Example 4.2.4 Addressing of (4.3)

dpl = input

dp2 = input + 2n
dp3 = output
indxl1 = n

indx2 = -n

indx3 = -n+1

for i = 1 to (n)

{
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*dp3++ = *dpl++indx1 4 *dp2+-+indxl
*dp3++ = *dpl++indx2 4+ *dp2++indx2
*dp3++ = *dpl++indx1 - *dp2+4+indx1
*dp3++ = *dpl+-+indx3 - *dp2+4-+indx3

O

If n is large most of the computation for this stage occurs inside the
loop. Note that for this implementation no time is wasted for address
computation while looping,.

Suppose now that the index register indx3 was not available for the
implementation of this stage. With only two available index registers this
stage can still be realized but with a considerable loss in efficiency. Pseudo
code for this implementation is given in example 4.2.5.

¢ Example 4.2.5 Addressing of (4.3)

dpl = input

dp2 = input + 2n

dp3 = output

indx1 = n

indx2 = -n

for i = 1 to (n)

{
*dp3++ = *dpl+-+indx1 + *dp2+-+indx1
*dp3+4+ = *dpl++indx2 + *dp2+-+indx2
*dp3++ = *dpl+—+indx1 - *dp2++indx1
*dp3++4 = *dpl++indx3 - *dp2+-+indx3
dpl = input + i
dp2 = input + i + 2n

a

Note that in this implementation, the lack of another index register
results in a significant increase in the number of operations required to

t
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realize (4.3). This is because valuable compute cycles must now be used to
refresh the data pointer registers dpl and dp2 while looping. This example
clearly indicates that the number of available index registers can be a very
important parameter in efficiently implementing the addressing of stride
permutations on RISC machines.

Another important parameter is the number of available data registers.
As an illustration of this suppose that there are no index registers available
but that there are several data pointer registers at hand. This can also lead
to efficient implementation of Py, ,. In particular, this stage can now be
realized using the pseudo code of example 4.2.6.

e Example 4.2.6 Addressing of (4.3)

dpl = input

dp2 = input + n

dp3 = input + 2n

dp4 = input + 3n

dp5 = output

fori =1 to (n)

{
*dp54+ = *dpl + *dp3
*dp5++ = *dp2 + *dp4
*dp5++ = *dpl++ - *dp3++
*dp5++ = *dp2++ - *dp4++

a

Thus, the number of data pointer registers is also an important parame-
ter when implementing efficient addressing schemes on RISC architectures.
In fact, the results of this example indicate that there can be a trade off be-

tween the required number of increment registers and the required number
of data pointer registers.

4.3 Convolution Algorithms

The major theoretical work in the area of fast algorithm design is based on
multiplicative complexity theory and was developed to a large degree by
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Winograd in [6,7,8]. The Winograd convolution algorithms of section 2.2.3
are a result of this approach. These algorithms are based on the Chinese re-
mainder theorem (CRT) which was given in chapter two as theorem 2.1.16
The Winograd convolution algorithms have been shown to be generaliza-
tions of many well know algorithms including the Cook-Toom algorithm
and the well known convolution theorem both of which are discussed in
section 2.2.3.

The great advantage of the Winograd approach lies in the fact that it
is possible to use the CRT in order to decompose the convolution operator
in many different ways. A particular decomposition, and hence a new al-
gorithm, is specified by the choice of quotient rings used to decompose the
polynomial ring F[z]/M(z). Particular choices of these lead to different
algorithms with unique characteristics. Because this method gives a way of
describing many different types of convolution algorithms, it seems reason-
able to investigate if it also yields algorithms suitable for implementation
on RISC architectures. The feasibility of this approach is now explored.

As an illustration of a Winograd convolution algorithm, recall exam-
ple 2.2.2 for three point linear convolution. This algorithm was based on
decomposing the quotient ring F[z]/M(z) into the subrings F [z]/mo(z),
F[z]/m(z), and F[z]/m2(z), where

M(z) = 2° - z* + 2° — 2?

and

M(z) = mo(z)m(z)ma(z) = 2*(z? + 1)(z — 1)

As pointed out in chapter two this decomposition can be characterized by
the matrix factorization

(001 0 ]

ho 0O 01 0 0 0 O 10 0
hy ho 1 1.0 0 0 0O 11 0
hy hy 1 1 0 -3 0 =30 1 0 -1
ha -1 -11 1 1 0 1 11 —1

(11 1
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kT
ko
k3
[D] = diag | 1/2kq
1/2ks
1/2ks
| 1/2k7 |
k1 [0 1 0]
ko 10 0
ks 110 ho
1/2ks [=]0 1 O hy
1/2ks 10 -1 ks
1/2ks 11 -1
1/2k, 11 1

The arithmetic complexity of this algorithm is (7,20) where 20 denotes the
number of additions and 7 denotes the number of multiplications. Note
that the multiplicative complexity of this algorithm is 7, as opposed to 9
that would be needed for a direct implementation. This reduction would be
advantageous on many conventional von Neumann computer architectures
in spite of the increase in the total number of operations. This is due to
the fact that on these architectures floating point multiplication takes much
longer than floating point addition.

Now consider the implementation of algorithm (4.4) on a modern RISC
machine. In terms of the design criteria outlined in the previous section
for the model I RISC, assume that many 3 point convolutions are required,;
then it is necessary to reduce maz(m,a). Note that maz(7,20) = 20 would
be greater for algorithm (4.4) than the maz(9,4) = 9 which would be
required for a direct implementation. Thus, this algorithm would be a very
poor choice for implementation on model L.

Perhaps a different choice of quotient rings would have led to a better
suited algorithm for model L. Lets repeat this example with another choice
of residue polynomials. In order to use the CRT, express the three point
linear convolution
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Yo ho

n hy ko do

Y2 | =1| he h1 ho || &1 (4.5)
Y3 hy hy d;

Ya ha

as a polynomial multiplication. In particular let

h((l:) = h2$2 + hl:z: + ho (46)
d(z) = dpz? + dyz + do (4.7)

Then (4.5) is given by the coefficients of y(z) in
y(z) = h(z)d(z) (4.8)

If the degree of M(z) is greater than four, the linear convolution of the
coefficients of (4.3) and (4.4) is given by the product

y(z) = h(z)d(z) mod M(z) (4.9)

Note also that if the degree of M(z) is equal to four, then linear convolution
of the these coefficients is given by

y(z) = {h(z)d(z) mod M(z)} + hadz {M(z)} (4.10)
A polynomial M(z) must be chosen; in this case let M(z) be

M(z) =z — 2*

and use (4.10).
M(z) can be factored into a product of relatively prime polynomials

[Tmi(z) as
M(z) = mo(z)my(z) = z*(z? — 1)

Following the procedure outlined for Winograd convolution in chapter two,
this choice of factors implies that the homomorphic images of h(z) and d(z)
are given by
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ho(.’l}) = hl.’L' + ho do(m) = dlx + do
hi(z) = Pz + (ho + h2) di(z) = dyz + (do+ da)

The polynomial products y;(z)d;(z) are now carried out in the residue rings
F[z]/mo(z) and F[z]/mi(z). In particular the desired products are

vo(z) = (h1z + ho)(diz + do) (mod z?)
yi(z) = (hz+ (ho+ h2))(diz + (do + d2)) (mod z? —1)

which can be implemented using the following operations:

my = hod;

moy = hldo

mgz = hodo

mg = (—(ho+ h2)+ h1)(do + d3)
ms = (—(ho+ h2) + h1)(dr)

me = (ho+ ha)(d1 + do + d)
Yo(z) = (m1+ma)z+ms

vi(z) = (mg+me)z + (ms +ms)

Finally, the residue polynomials must be combined in order to construct
y(z) mod M(z) from the set y;(z) using the reconstruction formula

y(z) mod M(z) = ao(z)yo(z) + ar(z)y:1(z)
The set of idempotents {c;(z)} for the subrings F(z]/mo{z) and F[z]/m.(z)
are given by

—z2 41
2

ap(z) =
a(z) = z

The polynomial y(z) mod M(z) is given by

y(z) = yaz® + 122° + yi1z + yo = (4.11)

ao(z)yo(z) + ar(z)yi(z) (mod M(z))

- .
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Equating coefficients in expression (4.11) yields

y3 = —(mq+my)+ (my+mg)
y2 = —ma+ (ms+ me)

B = (my+my)

Yo = mg3

The original polynomial y(z) can now be computed using (4.10),
y(z) = h(z)d(z) mod M(z) + hod: M(z)
Let my = hady, then
y(z) = h(z)d(z) mod M(z) + ms(z* — 2?)

and the coefficients of y(z) are

Ya = my
y3 = —(mq+ms)+ (m4+ me)
y2 = —(m3+ms)+ (ms+ ms)
1 = (my+me)
Yo = mg3
This procedure can be represented by a matrix factorization; in partic-
ular
(0 1 0]
ho 1 00
h1 ho dg 1 00 do
h, h ds 010 ds
h, 111
| 0 0 1]
ky |
0 0 1 000 O ko
1 1. 0 000 O ks
B=| 0 0 -1011 -1 |[Dl=diag| k4
-1 -1 0 101 O ks
0 0 0 00O 1 ke
L k7 .

I
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~ - - -

k1 1 0 0

k2 0 1 0

ks 1 0 0 ho
k4 = —1 1 -1 [hl]
ks -1 1 -1 h,
ke 1 0 1

k] Lo o0 1]

If the coefficients {h;} are known prior to compute time the diagonal con-
stants of the matrix D can be pre-computed. This implies that the matrix
product § = (C3)d can be computed using the following operations:

e Pre-compute:

ty = do+d;
t2 == dl - tl
e Pre-addition Stage:
t3 = ho+h2
ts = tat+h
e Multiplication Stage:
my = do*h
ma = dl * ho
Yyo=m3 = do* ho
my = tz * t3
ms = tg * hl
me = t; x4
Yyg=mz = dz * hy
o Post-addition Stage:
Y1 = my+me
Y2 = ms+meg—m7—m3
ys = mg+me— U

This suggests that seven multiplications and eight additions are required to
implement (4.12); this is represented this by the cartesian pair (7,8). For

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 4. THE TENSOR PRODUCT AND RISC 128

[ Example | B(m,a) [ D(m,a) | A(m,a) [ maz 3>(m,a) |
[ B.1.1 [(5,10) [(5,0) [(2,6) [(12,16)=16 |
B2 J(09 J(7,0) [(04) [(7,13)=13 |
[Bi3 [(0,6) [(6,0) [(0,3) [(6,9)=9 ]
[B14 [(510) [(5,0) [(25) [(12,15)=15 |
[B15 [(0,8) [(60) [(0,5) |(6,i4)=14 ]

Table 4.3: 3 Point Linear by CRT Approach

this choice of residue polynomials, maz(7,8) is reduced from 9, in the case
of direct implementation, to 8. This represents a reduction of about 13
% in the number of compute cycles needed to realize multiple three point
convolution on model I.

It seems from the result of this example that the CRT approach may
indeed be of value when designing convolution algorithms for RISC archi-
tectures. Maybe another choice of quotient rings Fz]/mi(z) would have
led to an even further reduction in maz(m,a) ? This seems like a very
reasonable question and merits further investigation.

In appendix B, several other examples have been worked out; the results
are summarized in table 4.3. These indicate that in all of the examples
presented, the use of the CRT leads to an increase in maz(m,a).

Suppose now that four point convolutions are required. This computa-
tion is given by § = (C4)Z or

[ o W (hg 0 0 O]

N hi ho 0 O z
Y2 hy hy ho O o
ys | = hs ho By ho ||}
Ya 0 hs hy 2
Ys 0 0 h3 hz T3
(v [0 0 0 ks

which by direct implementation requires (16,9) operations. The same pro-
cedure used for three point convolution was exploited to derive four point
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[ Example | B(m,a) | D(m,a) | A(m,a) | maz 3(m, a) |

[B.2.1  [(0,12) j(10,0) |(0,6) [(10,18)=18 |
| B.2.2 [ (19,26) | (7,0) [ (6,11) | (32,37)=3T7 |
[B.2.3  |(7,21) | (7,0) | (6,18) | (30,39)=39 |
[B.2.4  [(9,15) [(8,0) |(3,12) [(20,27)=27 |

Table 4.4: 4 Point Linear by CRT Approach

convolution algorithms. The resulting algorithms are given in appendix B.
The arithmetic performance of these algorithms is summarized in table 4.4.

In assessing the results of these examples take notice of the following
points:

1. There are many more possible residue polynomiais to try in the case
of four point convolution.

2. The rational coefficients introduced via the CRT can become ill be-
haved and can result in considerable roundoff errors when realizing
large convolutions.

3. The process of designing algorithms and writing actual code based on
the algorithms is very difficult. This makes using the technique very
time consuming,.

4. The CRT approach does not promote the use of looping. This results
in large code. This may be a significant disadvantage when dealing
with RISCs that make use of small instruction caches to increase
throughput because the larger code may not fit. This will result in
lost compute cycles when reloading the cache becomes necessary.

Others have tried to deal with the drawbacks of the CRT approach by
developing a software package [22] that automates the design process. The
Scratchpad package implements the CRT, gives arithmetic breakdowns, and
even writes Fortran code that realizes the resulting pre and post addition
matrices. Although Scratchpad can be a valuable time saving piece of soft-
ware, when available, it only makes the problem of designing Winograd
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algorithms easier to deal with. There is still the inherent problem that
large convolution algorithms designed using the Winograd approach suffer
serious implementation difficulties.

This work reveals that the CRT can be very useful for designing very
particular types of small convolution algorithms, but it becomes extremely
difficult to work with and implement when larger convolution algorithms
are needed. This is true even with the aid of very sophisticated software
tools like Scratchpad . What is needed in order to design convolution al-
gorithms for modern architectures is another algebraic structure for tying
together small convolutions in order to a realize large convolution. The
tensor product representation developed in chapter three is a very natural
and effective choice for this.

By the fundamental factorization of the linear convolution matrix de-

rived in section 3.1, it was shown that Cy, (n = nin2) can be decomposed
as

Cn = Rnyny(B ® Lpny1)T(A ® I,) (4.13)
v-1

['=3 &Cn;=(L;8Cn;)
j=0

A core factorization of the form C,, = B(D,)A, where A and B are
pre and post addition matrices respectively and D is a diagonal matrix of
order 7, is needed in order to use the fundamental factorization (4.13) to

design convolution algorithms. For the present discussion let n, = 2 and
define the core C; as

he 0 p "1 0 0 kb 0 O 1 0]y,
ki ho ["]: -1 1 -1 0 k, O 11 ["]
0 1

0 B |l [ 0 0 1 0 0 ks d
(4.14)
[ ks 10
k=111 [ZO]
k3 01 !

Note that this core implies that two point linear convolution can be realized
in 3 multiplications and 3 additions using the instructions:
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Multiplier Yo | M2 | Y2
Adder a a | n

Table 4.5: Forbidden list = {1,2,4,5}

e Pre-compute:

ti =ho+
e Compute-time:
yo= my =doxho a; =do+dy
my =a;*t; Ay =mge—1my
Y= mg = hy * d; Y1= az =az—mM3

Factorization (4.14) implies that n independent 2 point convolutions of the
form

(In®02,j)

can be scheduled on a model I RISC computer in approximately 3n instruc-
tions by using the reservation table 4.5.

As is now shown, the core (4.14) and the fundamental factorization
(4.13) can be used to derive a family of convolution algorithms with the
property that the number of multiplications is the same as the number of
additions, and that maz(m, a) for these is significantly reduced as compared
to a direct implementation.

Before presenting the general decomposition, it will be useful to examine
some examples. Let n = 4, n; = n; = 2, and make direct use of (4.13) to
yield the decomposition

Ci = Roa(B ® L) L®C2)(A® L) (4.15)

f
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where X .
1
1
11
Ry = 1
11
1
[ 1]
I, 0 O L 0
(B®I3)=[—I3 I3 —I3:| (A®I2)=[I2 Iz}
0 0 I 0 I,
and
ci 0 0
(I3®C2;) = { 0 C; 0O }
0 0 GCj
Gi Gs 1 Gs
C1=[Gz G1} Cz={G4 G Ca=[G6 Gs]
G2 Gs | Ge
[ Gy ]
G, L 0 [ ho
G |7 ol|m
Ga [ 0o L||"
Gs 24| ks
[ Gs |

In general the arithmetic complexity of the stage Ra, n, 1S
(0,2(ny — 1)(n2 — 1))
In this particular case the combined action of the stages

R, 2(B® Ipg 1)

where B is as defined in (4.14), makes it possible to save half of the additions
of R,, 2. Thus, in this case, the complexity of Rn, 2 is (0,n1 — 1) and the
matrix product § = (C4)Z can be realized by using the following operations:
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e Pre-compute:

¢ Compute-time:

T
T
Ts
T,
Ts

G, = ho
G = I
Gz = ho+h
Gy = hi+hs
GS = h2
Gs = h3

G1 * do

(G2 * do) + (Gl * do)

(Gg * dl)

G2 * (do + d2)

G4 * (do + d2) + Gy * (dy +dz)

Yo
()
Y2
Y3
Ya
Ys
Ye

1 T A I

T
T;

Ts

Tz
To

(T3 —T7) + (Ty — Ty)

Ts—-T,—Ts
—(T3-T7) + (T — To)

18

Ty

o

133

Gqx(dy + dz)

G5 * dz

(Ge x d2) + (G's * d3)
Ge * d3

These imply that the (12,12) operations are required to realize (4.15)
and that maz(12,12) = 12. Recall that maz(16,9) = 16 for a direct im-
plementation of § = (C4)z. Algorithm (4.15) thus offers a reduction in
maz(m,a) of 25 %. Also compare the performance of the tensor product
algorithm with the algorithms derived based on the CRT approach as sum-
marized in table 4.3. Again the tensor product algorithm offers considerable
improvements over these. In addition, note the tensor product algorithm
was derived by a straightforward substitution into the fundamental factor-
ization (4.13). This makes the procedure very easy to understand and to

use.
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In order to exploit the fact that maz(m,a) was reduced from 16 to
12 it is assumed that many independent four point convolutions are to be
performed. This operation is expressed by

n—1
I'=3 &Ci; = (I.&Cy;) (4.16)
Jj=0

In order to efficiently realize (4.15) it is necessary to devise a scheduling
scheme that exploits the parallelism of the underlying architectural model.
The operations for achieving this are given below; a scheduling scheme for
these is given by the reservation table 4.6.

ts = do+d t12 = Gs*ds
123 = dy+d; Y =13 = Gg*ds
Y=t = Gi1+do n=t = t+1ip
t2 = Gox*dp ts = ts+1in
t10 = Gi1*d; Ys =ty = tg+ 112
t3 = Gzxd; t = t4—t
1 = G3xlis 13} = 13—tz
ts = G4 * t5 Y2 = tl = tl + tg
tu = G3 * te tl = t5 - tg
te = Gyx*tg ys=1t = t;—1g
t7 = G5 * d2 t1 = ts - t9
tg = Ge*dy Ya=t = t—1,

Next, consider the implementation of six point linear convolution. Let
ny = 3,ny = 2, again use (4.14) as the core factorization. Direct use of
(4.13) yields the decomposition

Co = R32(B ® Ii)(I3®C3 ;) (A ® Is) (4.17)

By using a procedure analogous to that described above for four point linear
convolution, it can be shown that the number of operations required for this
algorithm is

Ce(m, @) = (0,2) + 5(0,2) + 3(9,4) + 3(0,1) = maz(27,27) = 27

Note that for the direct implementation of Cs, maz(36,25) = 36. In the
case of algorithm (4.17) maz(27,27) = 27 which again represents a savings
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*

ts | g
+ Yotz |two|ta|ta|ts|t1n |26 |t7|ts

i |ts|ys || t2 |y |81 |ya [t | Yys

ti2 | Ys

Table 4.6: Forbidden list = { Z/24 - {0,12 } }

of 25%. An appropriate scheduling strategy for this algorithm can readily
be found.

As a final example, consider the implementation of eight point linear
convolution. In this case n; = 4, n; = 2 and direct use of (4.13) yields

Cs = Ry2(B ® I;)(I:®C4,;)(A ® 1) (4.18)
The arithmetic complexity of this algorithm is readily shown to be

Cs(m, a) = (0,3) + 7(0,2) + 3(16,9) + 4(0,1) = maz(48,48) = 48

The direct implementation of Cs requires maz(64,49) = 64 compute cycles.
The use of (4.18) reduces this by 25% to maz(48,48) = 48.

The generalization of these examples leads to an arithmetically balanced
variant of the fundamental factorization (4.13).

Balanced Convolution Variant
Let n, = 2, and C; = B(D,)A be given by

ho O 4 1 0 0 kk 0 0 10]ry
hy heo {d"}: -1 1 -1 0 k, O 11 {;]
0 hy 1 0 0 1 0 0 ks 01 1
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[SIZE | DIRECT | TEN. PR.

2 4 3

4 16 12
6 36 27
8 64 48
10 100 75
12 144 108
14 196 147
16 256 192

Table 4.7: Performance cf Small Balanced Convolution

then C, can be decomposed as

Cn= Rﬂ1.2(B ® I2n1—1)(I3®Cﬂ1.j)(A ® Iﬂl) (4'20)

The arithmetic complexity of the balanced variant algorithm is given
by

Cn(m,a) = (0,ny — 1) +2n, - 1(0,2) + 3(n?,(n1 — 1)?) +n1(0,1)

or

Co(m, a) = maz(3n?,3n?) = 3n? (4.21)

A direct implementation of C, has a complexity of 4n?. The family
of algorithms of factorization (4.20) has a complexity of 3n?. This makes
the balanced family of algorithms very well suited for implementation on
a model I RISC when an application calls for many independent small
convolutions to be performed. Table 4.7 compares maz(m,a) for these
algorithms with maz(m, a) based on direct implementation of Cl,.

Matrices of the form
(I'1®C'u -j)

are important not only because it is often necessary to realize many in-
dependent convolutions, but also because they are an important stage of

1
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computation for large convolution algorithms. This is made evident from
the fundamental factorization (4.13).

In assessing the performance of a large convolution algorithm the perfor-
mance measure maz(m, a) is no longer valid because it may not be correct
to assume that many large convolutions are preformed. However, if a large
convolution is decomposed into several stages of the form

(L®K)

were K is any matrix of complexity K(m,a), it is valid to measure the
performance of each of these individual stages by 7 * mazK(m, a). The
performance of a large algorithm is then obtained by added up the num-
ber of compute cycles needed for the individual stages. Expression (4.13)
facilitates the use of this procedure for convolution.

As an example of this, suppose it is necessary to realize a single 128 point
linear convolution. If this where directly implemented on a model I RISC
it would require (128)? = 16,384 compute cycles. Since this represents a
considerable amount of computation it would be beneficial to use a fast
algorithm if possible. Consider the use of the convolution theorem 2.1.19
in this case.

For linear convolution, the two sequences must be zero padded to length
9255 before 2.1.19 can be used. The convolution theorem then asserts that
the convolutions can be carried out using two 255 point Fourier transforms
and 255 complex multiplications. The performance of this approach is
enhanced if the sequences are zero padded to length 256 so that 256 point
Fourier transforms can be used. This is the approach taken here.

The number of operations required to realize C1zs by the convolution
theorem is given by

Cmg(m, a) = 2F256(m, a) + 256(4, 2)
The 256 point Fourier transform that will be used is given in appendix A

as

Fase = (Fea ® Is)T2s6,4(I6a ® Fa)Pr2sa

The performance of this algorithm must be reevaluated for a model I im-
plementation. In appendix C this is shown to be

Fyss = 4(1028) + 189(4) + 64(16) = 5892
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Using this, the number of compute cycles needed to realize the convolution
theorem is given by

Cias = 2(5892) + 256(4) = 12, 808

In this case the use of the convolution theorem leads to a considerable
reduction in the number of compute cycles needed.

Consider now the use of the fundamental factorization. Let n, = 32,
ng = 4, and let the core Cj be given by the balanced varient (4.20). Then,
(4.13) leads to the decomposition

Ci2s = Raz4(B ® Is3)(1128C32,;)(A ® Iz) (4.22)

The arithmetic complexity of B and A is (0, 10) and (0, 2), respectively. In
order to realize the convolutions Cj3; ;, again use the small balanced variant
of expression (4.20). On the basis of these factors, the number of compute
cycles needed to realize C\25 is

Chas = (186) + 63(10) + 12(768) + 32(2) = 10,096

Thus, the straight forward application of the fundamental factorization
leads to a significant improvement over the results obtained by the convo-
lution theorem.

Although this is a significant improvement, it certainly is not the best
that can be achieved using this approach. Consider what happens to the
operations count as some of the other cores derived in appendix B are used
with (4.22).

¢ Core of example B.2.1

In example B.2.1 the complexity of a Winograd core for Cy = BDA
was derived as

C4(m7a) = (07 12) + (101 0) + (O’ 6)

Direct use of this with expression (4.22) yields an operations count of

Chas = (186) + 63(12) + 10(768) + 32(6) = 8,814
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e Core of example B.2.4

In example B.2.4 the complexity of a Winograd core for Cy = BDA
was derived as

C‘i(ma a) = (9, 15) + (8a0) + (3a 12)

Direct use of this with expression (4.22) yields an operations count of

Cr2s = (186) + 63(15) + 8(768) + 32(12) = 7,659
e Core of example B.2.3

In example B.2.3 the complexity of a Winograd core for C; = BDA
was derived as

Cs(m,a) = (17,21) + (7,0) + (6,18)

Direct use of this with expression (4.22) yields an operations count of

Cr2s = (186) + 63(21) + 7(768) + 32(18) = 7,461

Although these are dramatic reductions in the number of compute cycles
needed, even greater improvements are possible. Consider what happens to
the operations counts if instead of a small balanced convolution for C3;, an
alternate decomposition is used. In particular let n, = 8, ny, = 4, use the
core of example B.2.4, and realize the resulting Cj ; by the small convolution
approach of expression (4.20). Then Cs; can be decomposed as

032 = Rg'.;(B ® I15)(I3®Cs,j)(A ® Is) (423)
The arithmetic complexity of this algorithm is given by

Cisz = (42) + 15(15) + 8(48) + 8(12) = 747
If this is used in expression (4.22) the resulting algorithm would have a
complexity of

Chrzs = (186) + 63(21) + 7(747) + 32(18) = 6, 747

T

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 4. THE TENSOR PRODUCT AND RISC

[SIZE | DIRECT | CNV. TH. | TEN. PR. |
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32 1985 2312 T4T

64 8065 5640 2283
128 32513 12808 6747
256 130561 28680 20178
512 523265 65544 55650
1024 | 2095105 | 143368 152739

Table 4.8: Large Convolution on Model 1

Compare this with the 16,384 needed by direct implementation and the
12, 808 needed by the convolution theorem.

Applying this approach to convolution design leads to the results sum-
marized in table 4.8. The algorithms that lead to these results are presented
in appendix C. Note that a similar line of reasoning will also lead to highly
efficient algorithms for model II RISC architectures.

It is important to understand that the tensor product approach does
not favor sequences of length 2% in any way. These were chosen above only
because it is convenient to compare convolutions of this size to algorithms
designed using the convolution theorem.

In order to illustrate of this point, suppose that an 80 point convolution
is required. If a direct implementation is used, 6400 compute cycles are
needed. If the convolution theorem is used, it would be necessary to design
an 160 point Fourier transform algorithm or to zero pad the sequences to
length 256.

By the tensor product approach, let n; = 4, n, = 20, and use the core
of factorization B.2.3 to get

Cso = R204(B Q I7)(I1®C10,;)(A ® L4) (4.24)

The resulting Ca;’s in this expression can be realized by letting n, = 4,
n; = 5 and using the core of example B.2.4. This yields the decomposition

Cgo = R5'4(B ® I7)(Ig®Cs'J)(A ® I4) (425)
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If the resulting Cs ;’s in expression (4.25) are realized by direct implemen-

tation, this implies that the complexity of algorithm (4.25) is given by
Cao(m, a) = (24) + 7(15) + 8(25) + 4(12) = 377

The substitution of (4.25) into (4.24) results in an algorithm for Cso whose

complexity is

Cso(m, a) = (114) + 7(21) + 7(377) + 4(18) = 2,972

4.4 Discrete Fourier Transform

4.4.1 Bit Reversal Addressing

In section 2.1.5 an addressing scheme for realizing the shuffling action of
stride permutations was presented. By using this scheme it is possible to
realize highly efficient implementations of tensor matrices of the form

where P, and P, are stride permutations.

Now, consider the permutations which arise in a mixed radix additive
FFT algorithm. In section 2.3.2 this algorithm for N = [z, n: was shown
to be given by the matrix product.

Fy= (H (I(HK.‘ k) ® Fn, ® I(H».'"k)) (I(HK.' nx) ® T(sz.' "k)'"‘)> Q

i=1

1
Q= I_—-[ (I(HK,- ni) ® P(sz; nk)m.‘)

In this expression there are two types of compute stages; the Fourier trans-
form stages

(I(H«.-"k) ® F"i ® I(l-[k>.' nk)) (427)
and the twiddle multiplication stages
(I(Hk<-‘ ) ® T(Hkgi “")v"‘) (4'28)

'
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Expression (4.28) is a special case of expression (4.26) and therefore
amenable to the techniques presented in section 4.2.2. Expression (4.27) can
be put in the form of expression (4.26) by making use of the commutative
property (2.16) of the tensor product. Direct use of this yields

(I(Hk<i k) ® Fn; ® I(Hk>i"'")) = PN-(Hksi"*) (IN/"" ® F"-‘)PNv(l'I»a k)
(4.29)
which can now be implemented efficiently using the methods already dis-
cussed. The techniques presented above take care of the addressing for
every stage except the permutation matrix @ which is now considered.

When N = 29, and Fy fully decomposed into radix two Fourier trans-
forms, the matrix Q represents the well known bit reversal addressing
scheme. In order to deal with bit reversal addressing some RISC machines
( most notably the DSP chips [40,41,42]) have a special addressing mode
for FFT. Indeed, if all one requires is efficient implementations of radix
2 Cooley-Tukey algorithms, the use of this addressing mode can save the
time required for the bit reversal permutation. Although Papamichalis et
al [12] show that this addressing mode can also be used for radix r = 2"
algorithms, it is of no help when implementing a general mixed radix FFT
algorithm or many of the other algorithms designed in this dissertation.
In this treatment, the  permutation will be approached in a much more
general way. In doing so it becomes possible to use techniques already
developed in order to realize it efficiently.

Although the addressing specified by @ is not that of the stride per-
mutation, its addressing can be expressed as a tensor product of stride
permutations. This provides the key to extending the results already es-
tablished. Consider the complexity of @ for N = (nyn;)(nsn4). Direct use
of the formula yields the factorization

Fy = (annz ® Iﬂ3ﬂ4 )TN,MNZ(IMM b2 Fnam )Q
Q= PN,ﬂmz

In this case, Q is a stride permutation matrix. As such it can be imple-
mented using the techniques already outlined in examples 4.2.4 and 4.2.6.

Note that the addressing specified by @ can also be expressed in terms
of an index map. Let 2y be an input vector of complex data and let z(j)
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represent the j* element of this array. Then the addressing of Q is specified
by the map

J =5+ (nin2)j, (4.30)
where
0 < j1 < (ning)

0 < j2 < (n3ng)

Let r1 represent a typical data pointer register and let the vector Z be at
location DATA. Then it is possible to realize (In,n, ® Fyn, )@Z using the
technique illustrated in example 4.2.4. Pseudo-code for implementing this
is given by example 4.4.1.

¢ Example 4.4.1 Pseudo-code for (1,5, ® Fy,rn,)QZ

rl = DATA
fori =1 to (nln2)

{

Fn3n4 :
On each reference to rl,
rl = r1+(nln2)

rl = DATA +i

a

As an alternative, suppose that Fyy were fully decomposed into its fac-
tors. In this case N = njnyngny and the use of (2.86) now yields the
factorization

Fy = (an ® Lnyngn, )TN.m(Inx ® Fr, ® Inam)(Inx ® Tnznsm.nz)

(Iﬂlﬂz ® Fﬂs ® Im )(Iﬂlﬂz ® Tﬂaﬂh"s)(Iﬂlﬂzﬂa ® FM)Q
Q = (Inmz ® Pnsm.ns)(Iﬂn ® Pﬂzﬂsm.nz )PN.nl
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The addressing of @ is no longer that of simple stride addressing. Because
it is specified in terms of tensor products of stride permutations, however,
it is possible to extend the results of example 4.4.1 to realize Q. Since the
addressing of @ is now specified by the index map

J =1+ mjz2 + ninaja + ninansja (4.31)
where

0<n<m 0<12< N

0<ja<ng 0<ji<mn4

the extension of example 4.4.1 results in the pseudo-code of example 4.4.2.

¢ Example 4.4.2 Pseudo-code for (Innyn; ® Fr,)QT

rl = DATA
for k = 1 to (nl)
for j = 1 to (n2)
fori =1 to (n3)
{
Fn4 :
On each reference to rl,
rl = r14(nln2n3)

rl = DATA+: * (nln2)

}
rl = DATA+j * (nl)
rl = DATA +k

]

In comparing the pseudo-code of these examples, two facts should be-
come apparent:

1. The more an Fy is decomposed the more complicated the addressing
of the matrix Q becomes and the harder it is to realize it efficiently.
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[ [ Conventional FFT | Factors [ Optimized FFT |
F-32 .434 ms (4)(8) .143 ms
F-64 940 ms (8)(8) 331 ms
F-128 2.01 ms 2)(®)(®) 886 ms
F-256 4.28 ms )(8)(8) 1.93 ms
F-512 9.09 ms 8)(8)(8) 1.22 ms
F-1024 19.2 ms (8)(8)(8)(3) 9.91 ms

Table 4.9: Timings for various FT algorithms

2. The less an Fyy is decomposed the more difficult it becomes to realize
an efficient implementation of the stages (I ® F,,J.)

Thus, in order to make Q as simple as possible it would be beneficial to
decompose N as little as possible. On the other hand, if N is not decom-
posed enough the resulting Fourier transform stages become computation-
ally complex.

In the case of a Cooley-Tukey algorithm, a given Fy is fully decomposed
into radix two butterflies and the permutation Q becomes the complicated
bit reversal permutation. This represents a worst case situation for the
efficient implementation of @ and a best case situation for stages (I ® Fy).
Better implementations of this algorithm can be achieved by choosing the
factors of N more carefully.

This approach, combined with some observations regarding symmetries
of twiddle constants, have led to the results reported in table 4.9. The
actual tensor product decompositions for these are given in appendix A.
These algorithms were developed in [39] and implemented on an AT&T
DSP 32. This chip is a model I RISC machine. The resulting algorithms
were compared with the FFT algorithms included as part of the DSP32
applications library.
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4.4.2 Re-Distributing the DFT

The general mixed radix additive DF'T decomposition was derived in section
2.3.2 as formula (2.86). This was given by

FN = (I—Il (I(Hk<,' nk) ® Fﬂ.‘ ® I(nk>"nk)) (I(I-[k<,' nk) ® T(nk?_| nk)»"i)) Q
(4.32)

1
Q= I_I (I(nk<i k) ® P(szn‘ "k)'"')

Disregarding the ) permutation stage, the direct use of this expression
results in matrix factors of the form

F, = [F] [T [F2) [T2) [F3] (T3] - - - [Foi) [Tama] [F]

where [F}] are stages involving small Fourier transforms and [T;] are diag-
onal complex matrices (twiddle multiplication stages). An examination of
the computational requirements of these stages reveals that, in many cases,
the Fourier transforms stages are dominated by additions while the twiddle
stages are dominated by multiplications. Thus, if this algorithm were di-
rectly implemented on a modern RISC computer, the multiplier would be
idle during an [F) stage while the adder would be idle during a [T] stage.

By using the underlying algebraic structure of the tensor product rep-
resentation of the DFT, it is possible to alter (4.32) and thereby avoid this.
The resulting algorithm has computational stages of the form [FT]. This
algorithm will make better use of the parallelism of the RISC models. For
the sake of notational clarity the algorithm will be derived using the gen-
eral radix r factorization expression (2.85) and then extended to the general
mixed radix case.

In section 2.3.2 the tensor product radix r DFT decomposition was
given as

Fn = (H (Irl'—l ® Fr ® Ira—i)(Iri—l ® Tra—i+1'r)) Q
=1
Use the distributive property of the tensor product (2.12) to yield

F, = (ﬁ([,.’—x ® [E- ® I,a—.‘] T,a—.+1,r)> Q (4.33)

) o
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




CHAPTER 4. THE TENSOR PRODUCT AND RISC 147

By the commutative property (2.16) note that
(Fr ® Ira—i) = Pra—i-i-l’.r(.[ro—l' ® Fr)Pra—i-i-l'ra—l' (4-34)
and that the substitution of (4.34) into (4.33) yields

Fﬂ. = (H(I,i-—l ® [P,-a—-l-{»l’,-(.[,-a—i ® F;-)Pra—i-i-l'ra—i] Tru—i-{»l’r) Q (4.35)

1=1
Next,
(Pru—i-{»l 'ra—l' )(Tru—i+1 ,.,-) = (Pra—i«lr-] ’ra—i )(Tra—-i-i-l 'T)(Iro—i-{-l )
(Iya=it1) = (Pra—i-{-l'ro-—i)_l(Pra—H-l'ra—i)
and

(P.,-a—H-l',-a—i)(Tra—i-{-l’r) = [(Pra—i+1'ro—i)(Tro—i+l ,,-)(Pra—i-{-l'ra—i)-l] (Pro—i-i-l,ra—l')

Using property (2.6) of section 2.1.2 and appealing to the definition of
(T, a-i+1 ), one can show that

[(P,-a—i-{»l',-a—i)(Tra—i-f-l‘r)(P,-a—i-{»l,ro—i)_l] = (Tra-it1 ya—i) (4.36)
or
(Pra—l'-{-l‘ra—i)(Tra—i-{-l’r) = (Tra—i+l'ro—i)(Pra—i+1‘ra—i) (4.37)
The substitution of (4.37) into (4.35) yields

F, = (ﬁ(I,e-x ® [P,-o—-'+l'r(Iro—i ® Fr)(Tra--'ﬂ,,a—-')(Pra—-'H,ro--')]) Q

1=1
(4.38)
By appealing to its matrix definition

roe=i_1

(Tro—l'-}-l ’,-a—-l') = E @Dia—i-i-l'r

‘=0

Introduce the pseudo tensor operator ® introduced in chapter three for
linear convolution. This yields

ra—i_j

Z @Dzo—i-i-l'r = (Ira—"@Dio—in',.)

=0

!
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Using this,
(Ira—i ® Fr)(Tra—l'+1',-a—|) =

(I,.o-i ® F,-)(Ira—i®Dza-i+1'r) =

(La-i®F,Di\ iy, ) (4.39)
Finally, the substitution of (4.39) into (4.37) yields the algorithm

F, = (ﬁ (Lim ® [P,a-m',(I,a_.-®F,DZ°_,»+,‘r)(P,a_m',a_.-)])) Q (4.40)

=1
This formulation readily extends to a generalized mixed radix FFT. This
is given by

Fy = (IO-‘[ I(Hk<i ng) ® I‘,) Q (441)
i=1

Fi = P(I—IkZ. nk)wni(I(l-Ik>i nk)®Fni Dznkz‘ nk)rni(P(HkZi "“)'(Hk»‘ nl‘))}

For algorithm (4.41) all computational stages are combinations of small
Fourier transforms and complex multiplications. This does not change
the number of additions and multiplications required, but instead arranges
them to better exploit the parallelism of the adder and multiplier.

As an example of the benefit obtained by using this approach consider
a standard 1K Cooley-Tukey algorithm. This can be obtained by letting
r =2 and o = 10. Direct use of (4.32) yields the algorithm

Fiozs = (F2 ® Is12)Tho242( > ® F ® Ips)( 2 @ Tsa2.2) (4.42)
(14 ® F2 ® L2s)(14 ® Tase,2)(Is @ F2 @ Isa)(Is @ Tras,2)
(116 @ F2 ® I33) (116 ® To4,2)(I32 ® F2 @ I1s)(I32 ® T2,2)
(Tea @ F> @ Ig)(I6a ® Ti6,2) (L1128 ® F2 ® I4)(1128 ® T 2)
(I256 ® F2 @ I2)(I2s6 ® Ts2)(I512 @ F2)Q

This algorithm requires 5120 F,’s and 4097 complex multiplications. The
number of compute cycles needed to implement this algorithm using the

scheduling scheme developed in section two of this chapter for a model I
RISC is
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Fig & 5120 * maz(0,4) + 4097 * maz(4,2) = 36,868

Compare this with the number of compute cycles needed to implement
a 1K point transform using algorithm (4.40). Direct use of this yields

Fiozt = |Pro2a2(Is12® Fs Dioaa 2) Proaa sz (4.43)
[Iz ® Ps122(L2s6@F2Di152) P 512.256}
|14 ® Paso (2@ F> Disg 2) Passas] [Is ® Pios 2(Is1@ F2 Digs 5) Pios o4)
[Ixe ® Ps4.2(I32®F2Dé4,2)P64,32] [Iaz ® P32.2(I16®F2Dgz,z)P:iZ,lG]
[Ie4 ® P16,2(I8®F2D{6,2)P16,8] [I128 ® Ps,z(I4®FzDg,z)P8,4]
[Izse ® P4,2(12®F2Di,2)P4.2] (Is12 ®@ F2)] Q

This algorithm requires 1023 (F3)’s and 4097 (FyDjYs. Thus, the number
of compute cycles needed for this algorithm when implemented on model I
is approximately

Fix « 1023 * maz(0,4) + 4097 * maz(4,6) = 28,674

Although the total number of operations for the algorithms are the same,
algorithm (4.43) reduces the compute time of a 1K FFT by approximately
29% on a model I RISC. The scheduling needed for this is illustrated in
example 4.4.3 where the scheduling for the stage I,QF, D) is given.

o Example 4.4.3 Scheduling [,®F,Dj
The term F,Dj is given by the factors

10 1 0\/100 0\[azm
- fo1 0 1{lo10 0o ||z

J —
(FD3)z=1 10 1 0 [l00 ¢ -a ||
010 -1/\00 & g /Lo

There are many reservation tables which can be used in order to
realize F3D3. An optimal one is given by table 4.10. Let the marks
of table 4.10 correspond to the following operations:

1
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Multiplier || z1 | z2 [ 3 | T4

Adder s | T6 | T7 | T8 | To | T10

Table 4.10: Forbidden list = {1,2,3,4,5}

Ty & t1 =12, %g;

T2 e 3= 1:2,- * g

3 o ty=x2;*—(gi)
Ty © tg=232i%g;

Ts > t5 = tl - tg

rg & te=13+ 14

X7 nd R61 = .’IJ]..,- + {5
zg ¢ Rex=zl,—15
Ig « Iml =zl;+ 16
T € Img = 221,' — g

Then the reservation table 4.10 can be implemented using the pseudo
code shown in figure 4.3. In this example, the input data is stored as
real-imaginary and P, and P, point to z1, and z2, respectively. The
constants are stored consecutively as gr, gi, - - and Pj initially points
to gr. The number of compute cycles needed to realize I, ® F2 D} using
this scheduling approach is 6n + 4, which closely approximates the
optimal 6n for perfectly scheduled operations.

a

Algorithm (4.40) also leads to an efficient implementation on the model
II RISC architecture. Recall that for this model the parallelism of the
adder and multiplier is restricted to multiply-accumulate instructions of
the form y = (a * b) + c. If the standard Cooley-Tukey algorithm (4.42)
were implemented on a model II RISC it would still be necessary to compute
5120 F,’s and 4097 complex multiplications. Complex multiplication can
be realized in 4 multiply accumulate (M AC) instructions; an F, can be
realized in 4 additions. Thus, in this case, the number of M AC instructions
needed to implement algorithm (4.42) is the same as for model I. This is
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Adder | Multiplier
ty =P x P3+ +
t3=P++*P3
t2=—P2*P3——
ta=Py++3x P34+ 42
t5=t1——t2
te =13+ 14
Do n —1 times
Rel = P, + 15 th=FPxPy++
R2=P ++—-t5 || ta=Po++*P;
Im1=P1+t6 t2=—P2*P3—-—
Im2=P1+3—t6 t4=P2++3*P3++2
ts =t — I,
te =13+ 14
end Do
R61=P1+t5
R62=P1++—t5
Im1=P1+t6
Im2=P1+3—t6

Figure 4.3: Pseudo code for table 4.10

’
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Fir < 4 %5120 4 4 * 4097 = 36, 868

Similarly, if algorithm (4.43) were implemented on a model II RISC com-
puter it would still be necessary to compute 1023 (F3)’s and 4097 (F,D3)’

The structure of (FgDZ) however, can now be exploited to yield a more
efficient implementation. In this case note that (F;D3)Z can be written as

1 0 1 0 1 00 0 Tir
; 01 O 1 01 0 0 T
Nm — 1:
(BD)E=141 4 1 ¢ 00 g —g: || zo
01 0 -1 00 g g To;
Yo 10 g —g Ty,
ivae_ || 101 g g Ty
(F2D3)z = w =110 24 o iy (4.44)
Y3 01 —g —g; Tai

Expression (4.44) can now be implemented in six M AC instructions using
the operations given below.

t, = (3:21' * gr) + T1,
Yo = —(ZT2i¥xg)+t
to = (T *gi) +zu
Y1 = (ZTai*gr)+t
Y2 = (2 * xlr) — Yo

y3 = (2*xay) -y

Thus, as in the case of a model I implementation, algorithm (4.43) can be
realized in

Fig < 4%1023 4 6 x 4097 = 28,674

instructions.

4.4.3 Twiddle Multiplication

In accessing the performance of all of the DFT algorithms presented in this
section, it was assumed throughout that the twiddle constants were pre-
computed and available in external memory. Although this assumption
leads to a reduction in the required number of compute cycles, it also
creates two undesirable side effects:
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1. The number of twiddle constants is proportional to the size of the
transform being implemented. Thus, for large transforms, a consid-
erable amount of memory is needed to store these values.

2. Because the constants reside in external memory each one must be
retrieved before it is used. This arrangement creates more demand

for memory bandwidth which, as discussed in section 4.2, may not be
available.

Because of these undesirable features, many practical implementations
of FFT algorithms avoid the use of pre-computed twiddle constants and
instead compute these constants at run time. Methods of efficiently realiz-
ing this on model I and model IT RISC architectures are developed in this
section.

In order to avoid the negative side effects mentioned above, it would be
beneficial to be able to compute the entire twiddle stage from a few seed
values. The seed values would be loaded into local registers and the entire
twiddle stage would be computed from these. The structure of the twiddle
stages, as revealed through the tensor product representation, makes this
a relatively straight forward task.

In section 2.3.2 it was shown that the general twiddle stage T, was

given by
no
Ynn/s
1
s—-1 nnfs
y 2
— J —
Tn,s = Z ®Dn,n/s = Dn,n/.s
o
s—-1
nn/s
T . 23 r—1); _ _2mi _
D-;",,.--dzag[l,wfl,w,,",---,wf1 i) Ww,=€n, n=rXs

Thus, T, , is a diagonal matrix of complex numbers of the form wi*. Using
the property

wi® =1

ik — 1 g I(k-1)
wl = wl xw]
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it is possible to compute every element of the block Dj . from wi. The
element w) becomes the seed value for the block D ; this is loaded into
registers or local memory and iteritively multiplied to itself in order to
generate the elements of the matrix D,J;',. This can be realized on model I

by using the following instructions:

seed,. = real(w?l)
seed;, = imag(wl)

twpe =1
twi, =0
Adder [| Multiplier

t, = seed,. * tw,,
ty = seedipm * twiy,
tw,e =t + 12 t3 = seed,. * twiny
ts = seediy * tw,.
Do r — 1 times

twim = t3 + 14 t; = seedye * tw,,
ty = seedip * tWim
twye = t; + t2 t; = seed,e * twiy,
ty = seedim * twye
end Do
lwim =3+ 14 "

In this implementation, each of the non-trivial twiddle terms requires
four compute cycles in order to be determined. It is possible, however, to
use some well known results from multiplicative complexity theory in order
to realize a more efficient implementation of this on a model I RISC.

Let

ky =711+ j(I)

ky =12+ j(12)

represent two complex numbers where r is the magnitude of the real part
and I is the magnitude of the imaginary. Then, the multiplication & * k»
can be realized using the identities

re =rr,— LI =ri(r; — L) + L(r — I) (4.45)
im=nrnl+rd; = —Tl(rz - Ig) + 7’2(7‘1 + Il)
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Multiplier my | ma | ma
Adder ay a; | as

Table 4.11: Forbidden list = {1,2,4,5}

Assume that k, is fixed and known prior to the compute time. Then
identities (4.45) imply that the complex multiplication can be carried out
in (3,3) operations. These are given by

e Pre-compute

thh=r+1
ty=r— I
¢ Compute
my = ro%*t a = ro—1
mg = Tr1*a tw,, = My —m2
m3 = It twim = ma+ms

In order to realize an efficient implementation on model I these operations
must be properly scheduled to exploit the parallelism of the adder and the
multiplier. An appropriate reservation table to achieving this is given in
table 4.11. Pseudo code for this table is given in figure 4.4.

The scheme proposed above will work for general complex multiplica-
tion on model I RISCs provided that one of the sequences is known prior
to computation. Is there any way to improve to performance of complex
multiplication on a model II RISC ? In general, it is not possible to real-
ize complex multiplication in three multiply-accumulate instructions. It is
possible, however, to use some special properties of the twiddle factors to
realize the twiddle factor generation in three multiply-accumulate instruc-
tions. This is developed below:

Let two complex numbers be denoted by

ky =7+ j(hh)
ky =12+ j(12)
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load tl

load t2

t3 = real(w?)

twee =1

twim =0

Adder I

Multiplier

a; = tWre — tWim "

my = tWye * 1

me =1t3*aq

Dor-1

times

a; = twye — tWin,

mz = twWiy, * I

lw,e =m; —my

m) =twee * )

twim = my + mg3

mo =13%a

end Do

mz = tw;m * tz

twye =my —my

twim = ma + M3

Figure 4.4: Pseudo-code for table 4.11

i
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then the product (k) * k3) = re + j(im) is given by

rTe =Trire — I1I2
im = T'1I2 + Tzfl

Introduce multiply accumulate instructions which are of the form a+(b*c).
This is done by noting that

TE = [7‘17‘2 - I1I2 - Iz] + Ig

4
re:rl[r2+M]+I2

The computation of re thus consumes two multiply accumulate instruc-
tions, leaving one for the computation of im. In order to realize this it is
necessary to determine a function of f(ry, ;) such that

im= - [rz + _I_g(i_x;_i'i)] + f(r1, ) [rirs — L) (4.46)

This is established by using the fact that
mm = T1I2 + 1‘2I1 (447)

and equating the coefficients of r; and I, of (4.46) and (4.47). By equating
the coefficients of r; it is determined that

Il = -1 + f(T‘l,Il)T'l

which implies

L+1

fry Iy = &t — ) (4.48)
1
Similarly, equating the coefficients of I yields
L +1
1= ( s ) —f(Tl,Il)Il
1
which implies
L 41 -

f(ri, ) = —— T (4.49)
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In order to realize the computation in three MAC instruction, (4.48) must
equal (4.49); this yields conditions on k;. In particular,

" ((i+_1) - ) = L +1)

™

I1+1—T¥=Il2+I1
or

If condition (4.50) is satisfied then, the multiplication (k; * k2) can be
carried out in three multiply accumulate instructions. This is indeed the
case for the twiddle terms of the matrix T, ,. Instructions for realizing this
on model II are given below.

e Pre-compute

L+1
A==
™

e Compute

t = rn-DL+*fi

re = I,4r *t

im = —t+ fi*xre
Although the use of this technique leads to a 25% reduction in the

number of compute cycles needed to realize twiddle generation on model
I1, there is an obvious problem with the procedure: The division required in
order to pre-compute the constant f; introduces numerical instability into
the procedure. The error due to this can be quite large especially in the
neighborhood of r; = 0. In fact, if r; = 0, f; = oo. This prohibits the use
of this as a general procedure. In the special case of twiddle generation the
approach is useful because the seed values for a stage Ty, are not usually
in the vicinity of —j. :

This approach was used in order to generate twiddle constants for the
stage T3z5. The resulting constants were compared to those generated
by using standard complex multiplication. The results of this compari-
son show that the error of the resulting complex numbers does not exceed
0.000000000000001. These constants and the resulting errors are given in
appendix D.

'
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Chapter 5

Other Recursive Transforms

5.1 Introduction

In chapter two the tensor product was shown to be a very useful tool for
modeling many very different types of DF'T algorithms. In chapter three
the breadth of the tensor product approach was extended to include the
very important linear convolution operator. In particular, it was shown that
expressing the linear convolution matrix in terms of tensor products ma.kfas
it possible to use many of the techniques originally developed for DFT in
order to implement convolution. In chapter four the tensor product was
also shown to be an important tool for designing new algorithms which
exploit many of the features of modern RISC architectures.

In this, the final chapter, the work presented thus far is extended by
demonstrating that the tensor product is not limited to modeling and de-
signing DFT and convolution algorithms. In fact, through several examples,
it is shown that the tensor product technique can be exploited when recur-
sion is prevalent in an algorithm. This greatly widens the scope of the ideas
presented as many important algorithms rely on recursive structure. .

Although tensor product factorizations of several different computations
will be presented, the method in which the tensor product is introduced and
exploited is the same in each case. This general methodology is as follows:

1. Express the desired computation as a matrix multiplication § =

(M,)z,, where M, is a matrix specifying the computation, Z, is a
given input vector of order n, and § a desired output vector.

159

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 5. OTHER RECURSIVE TRANSFORMS 160

2. Use some property of the matrix M, in order to introduce recursion.
Because the computation is modeled as matrix multiplication, the
recursion introduced results in a factorization of M,, in terms of M,y .

3. Iteratively use the recursion introduced in step 2 to fully decompose a
large M, in terms of smaller M,,/,,;’s. The tensor product is introduced
at this stage in order to “hold together” the matrix structure of M,,.

4. Use the underlying algebraic structure of the tensor product represen-
tation to modify the structure of the original algorithm for efficient
hardware or software implementation.

In this chapter we will be focusing on steps 1,2 and 3. As was shown
throughout this work, the details of step 4 are highly machine dependent
and will not be considered in detail. It is possible, however, to draw analo-
gies from the work already presented in chapters 2, 3, and 4. A knowledge
of these and the basic factorizations and methodology presented in this
chapter represent a formidable set of tools for designing and implementing
many different types of efficient digital signal processing algorithms.

5.2 Walsh-Hadamard Transform

Perhaps one of the most straightforward example of using the tensor prod-
uct to model an algorithm is the case of the Walsh- Hadamard Transform
(WHT). This is because recursion is inherent in the definition of the trans-
form and therefore, there is no need to perform step 2 as outlined in the
introduction of this chapter. The WHT is defined as follows; let n = 2¢

and
1 1
w=(1 1)

W, = ( Warz Wapz ) (5.1)

n/f2 ""Wn/2

then W, is given by

As is presented in [51] W2 can be expressed as a tensor product of W, and
Waa-1, in particular
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Waa = (W2 @ Waa1) (5.2)
Similarly,
Wgo—l = (W2 ® Wga-—?) (5.3)
The substitution of (5.3) into (5.2) yields
Wga = (Wg ® (Wz ® Wga—z)) (54)
and by the associative law of the tensor product this is
Waa = (W, @ W2 @ Waa-2) (5.5)
Since
Wzo-—z = (W2 ® Wga—s) (56)

this process can be repeated until Wa is fully decomposed, ex.
Wae = (WL @ Wo @ WL ® -+ @ Wy) (5.7)

As mentioned above this expression is given in reference [51]. An alternate
form of this will now be derived. This alternate expression will be more
suitable for implementation and designing variants.

By the associative law

W2° = (Wz ® (Wz ® Wz ®:---® Wg)) (58)
Next, note that
Wia = (Woly ® Loy (W2 @ W2 ® --- @ Wa)) (5.9)

where I, is the n point identity matrix. Using the distributive property of
the tensor product this can be factored as

Wi = (W2 ® Lot ) (LOW2 @ W2 ® - -- @ Wy) (5.10)

Similarly,

(I2 ® W2 ® W2 ® e ® Wz) = (I2 ® W2I2 ® I2c|—2 (Wz ® e ® Wg)) (511)

=(L® (W2 ® La2))(LOLOW, Q- ®@ W,) (5.12)
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= (LOW: ® Lasa) (L@ W2 ® -+ ® Wa) (5.13)

and therefore,

Wea = (W2 ® Lot ) (LW, ® pa2) (L@ W, ®--- ®W2)  (5.14)
Continuing in this way Wsa is decomposed as

Waa = (W ® La-) (I ® Wa ® Lpaz) (14 ® Wo & Jzaa) -+ (5.15)

e (I20—2 ® W2 ® I2) (Izo—l ® W2)

which is called the fundamental factorization of the WHT and is written
more concisely as

Alorithm 5.2.1 Fundamental WHT
a-1
Vllza = H (Izi ® W2 ® Iga—i—l)
1=0

Once in this representation the fundamental factorization can be easily
manipulated to obtain many interesting variants. As an illustration of this
note that the commutative theorem yields

(Iz-’ ® [W2 ® Iga-i—l]) == Pzavgu—i(Wg ® Iga-l )Pza'zi
This gives a vectorized WHT algorithm as discussed in {2,53].
Alorithm 5.2.2 Vectorized WHT

a-—1

W2o - H Pga'ga—i(W2 ® Iga-l )Pgaygi

1=0

Also note that

([Igu' ® W2] ® Iza—i—]) == Pga'gi-{»l (I20—1 ® Wz)Pga 2a—i=1
gives a parallel variant of algorithm 5.2.1

Alorithm 5.2.3 Parallel WHT

a-—1

Wia = H Paa gi+1(Jpa-1 @ W3) Paa 3a-i-1

=0
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Many other variants can be easily derived. In particular note that the tensor
product representation makes it possible to use some of the techniques
developed in chapter 4 for RISC architectures.

The same procedure, outlined here for WHT, is used for all the other
transforms considered. In the other cases, however, recursion is not in-
herent in the definition of the transform but instead has to be introduced
through some “artificial means”. This can be done either by exploiting
some symmetry possessed by the transformation, as is the case for DFT,
DCT, and DHT, or by using multiplicative complexity theory, as introduced
in chapter 2, to obtain multiplicatively efficient cores and decomposing the
transform in terms of these, as is done for linear convolution and Strassen
matrix multiplication.

5.3 Discrete Hartley Transform

Let , and ¥, be vectors of length n, then the discrete Hartley transform
(DHT) of %, is given by

2 ]k) +sin(2mk

v
n n

y(k) = —\};E Ha(k,j)o()  Ha(k,5) = cos( ) (5.16)

i=0

As pointed out in Hou [52], this definition of H,, imposes useful symmetry.
In particular,

o H.(k,2j) = Hop2(k,7)

o Hy(k+n/2,2j) = Hupa(k, )

o Ho(k,2j +1)=—Hn(k+n/2,2j +1)
o H,(k,2j +1) = DiHyupa(k, 3)

These imply the matrix H, is of the form

H, D, H,
H, P, -1 _ nf2 nf2iin/f2
(Hn)(Fn2) ( Hup2 —DypypHyp

'
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where
: . 2k
D, = diag (cos(?'—:;—k)) + diag (sm(—Z—)) (1® Jnj21) 0<k<n/2

and J, is the exchange matrix of order n, specified by
1
Jn = : (5.17)
. :

Thus, as in the case of the radix two DFT of chapter 2, H, can be factored

as
I, I I H
H, = n/2 n/2 n/f2 ( nf2 ) P
( In/2 —In/2 ) ( Dn/2 Hn/2 2

Hn = (H2 ® In/Z)Tn (I2 ® Hn/Q) Pn,2 (5‘18)
Tn = (Infz @ Dn/z)

Assume n = 2%, then (5.18) can be used to fully decompose Hza, ex.

or

Hga = (H2 ® Iga-:)TQu(IQ ® Hga—l )Pza—l'g (519)
Hza—l = (H2 ® I20—2)T20—l (Iz ® HQQ—Z)P20—2'2 (520)
H2a—2 = (H2 ® Iza—Q)ﬂa—?(I’) ® H2a—3)P2a—3,2 (5.21)

H4 = (H;: ® I2)T4(I2 ® HQ)P4'2 (522)

The substitution of (5.20) into (5.19) yields
Hza - (H2 ® Igo—l)Tga(Ig ® H2 ® Iza—z)(Iz ® Tga—l)(Iq ® H20—2) (5.23)

(I2 ® P2a-1)P20—1'2
Similarly, the substitution of (5.21) into (5.23) yields

Hzn == (H2 ® Igo—l)Tgo(Iz ® Hz ® Igo—z)(Ig ® T2o—l) (524)
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(I4 QH, ® Iza—a)(I4 ® T20—2)(I8 ® H2a—3)

(I4 ® Pga—a’g)(Iz ® Pza—z‘g)Pga—l,g

Continuing this yields the factorization
Hga = (H2 ® Iza-l)Tga(Ig ® H2 ® Iga—‘z)(Iz ® Tga—l)
(I4 ® .Hz ® I20—3)(I4 ® T20—2)(I8 ® H20—3) b
M (I20—2 ® H2 ® I2)(I20—2 ® T4)(Izu-l ® Hz)

(Izo—! ® P4'2)(I20—3 ® Ps_z)(Iza—& ® P16,2) M Pga—l'z

which can be written more concisely as

Alorithm 5.3.1 Fundamental DHT

a—1
Hy. = (H(Igi RHQ® Iga—i-l)(Igi ® Tga-i)) Q
=0

oa—2
Q= H(I20—2—i ® Pyitz25)
=0

165

(5.25)

Note the striking resemblance between the fundamental DFT radix two
factorization of chapter two and algorithm 5.3.1 . Once in the tensor prod-
uct representation it becomes possible to use the techniques introduced in

[2,53], as well as the methods introduced in chapter 4, to derive variants of

the fundamental DHT algorithm optimized for particular architectures.

5.4 Discrete Cosine Transform

Let £, and ¥, be vectors of length n, then the discrete cosine transform

(DCT) of =, is given by
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%€, ! N ) k(27 +1
W) =225 0k el)  Culhii) = cos (I (s20)
n 5 2n
o = 1/V/2 k=0
FT Y1 otherwise
Define

én(ka]) = Cn(ka])Q;1
Qn = (In/2 @ Jn/Z)Pn,2

where I, is the identity matrix of order n, J, is the exchange matrix (5.17)
of order n, and P, is the stride permutation. As is shown in [54],

Cn(k,7) = cos (ﬂly—l))

By Hou [55], the symmetry conditions
o Ca(2k,j) = Cupalk, 3)
o Ca(2k,j +n/2) = Cop(k,j)
o Co(2k+1,5) =—Cn(2k+1,j +n/2)
o Co(2k+1,7) =2C,/2(k,5)D;j — Ca(2k — 1,5)

imply C,, is of the form

. C. C.
P, Cn — ~ nf2 _ Ynf2 )
? ( Lnj2Crp2Drjz —Lnp2CrpaDnye

where

D, = diag (cos (M)) 0<j<n

n
: 0 1>k
Lo(k,j)=4 (V1)) j=0  0<jk<n
2(-1)9 j<k
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P,,_zén can now be factored as

5 I ' Cn I Ly I
Pn Cn = n/2 ~ ( n/2 - ) ( n/2 - ) ( n/2 n/2 )
* ( L""/z ) Cn/2 Dn/2 In/2 —'In/2

Which can be written as

~

Crn = Pn,n/2Ln (I2 ® énlz) D, (F2 ® In./2) (527)

Ln=(Inj2® Lopa)
D, = (In/2 @ D;/Z)
Using Ca(k, ) = Ca(k,§)@" yields

Cn = PapLn(12 ® Copa) Tu(F2 ® Inj2) @n (5.28)
T = (I2 ® Q;/lg)Dn

The iteritive use of (5.28) gives rise to a fundamental factorization of
C, for n = 22, Let n = 2%, then (5.28) yields

C‘za = Pga,ga—l Lza(Iz ® Cga—l )Tzo(Fz ® Iza)QQa (5.29)

Cgo—l = Pga—l’ga—QLza—l(Iz ® Cga-2)T2a—l(F2 ® Iza—l )an—l (530)

Cgo—z = Pga—z‘gu—aLgo—z(Iz ® Cga—B)Tga—z(Fz ® Iga-2)Q2a-—2 (531)

Cy = PyaLy(I; @ C2)Ty(F> @ I2)Q4 (5.32)
The substitution of (5.30) into (5.29) yields

Cga = Pza'ga—l Lza (I2 ® PQa—l,ga—z) (I2 ® Lga—l) (5.33)
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(I4 ® Cza—2) (I2 ® Tgo—))([z ® F2 ® Iza—l) (Iz ® an—l)
Tya(F2 @ I32)Q2a
This process can be repeated until Csa is fully decomposed to yield:

Alorithm 5.4.1 Fundamental DCT

Cia = B(Ian1 @ Cp)A

a=-2

B= H (Izi ® P2a-i"za—i—l)(I2|' ® Lga-i)

=0

a=2
A = H (Iga—z—-' ® Tzi+2)(I2a—-'—2 ® Fg ® I26+1 )(Iga—2—i ® Q2i+2)

=0

Again, once in this form, the tensor product representation allows easy
derivation of many variants of the basic DCT algorithm.

5.5 Strassen Matrix Multiplication

In [45] Strassen gives a recursive algorithm for computing the product for
two arbitrary square matrices of order n = 2. Recently, Huang et al [44]
show that the Strassen algorithm can be expressed in terms of a tensor
product decomposition. As for Toom’s convolution, the core of Strassen’s
method is based on a clever factorization of 2 by 2 matrix multiplication.

In particular, let
Yo Y2 ) _ apg Qap To T2
Y1 Y3 a, das Iy I3

or
Yo Qg a2 To
)1 _} @& a3 I
Y2 B ap a2 T2
Y3 a ag 3

Strassen showed that this matrix product can be computed using 7 multi-
plications. His idea can be expressed as the matrix factorization
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ag Qi
“ - = BDA (5.34)
ap 4az
a as
ao-l
D =diag|T| #
az
as
0 10 1]
110 =101 0 182(1]
00 0 0 01 1 B
B=19000 1 10 0 A—ggg_ll
01 -1 0 10 =1 110 0
|1 00 0 |
0 0 1 —1]
1 0 0 1
1 -10 0
'r=[(1 0 1 0
1 0 0 O
0 0 0 1
(001 0 1

By iterating on this core factorization Huang [44] et al get a tensor product
representation of Strassen’s algorithm.

Alorithm 5.5.1 Fundamental Strassen Multiplication

(Iza ® Mza) ] BD.&
B = H (I7i—l ® B ® --’-2'4§°—‘))

i=1

a—1
A - H (I']u—o‘—l ® A ® Iz:-')

=0

i
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-1
D= diag (H (I7a—|'--l RI'® Ip.’)d)

=0

Some variants of this algorithm are given in [44]. It is also possible to draw
analogy from the linear convolution algorithms developed in chapter 4 in
order to derive varients which are optimized for RISC architectues.
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Chapter 6

Concluding Discussion

6.1 Role of the Tensor Product

The use of fast algorithms for digital signal processing has revolutionized
the way electrical engineers design digital systems. As a by-product of sig-
nificantly reducing the computational effort required, digital systems em-
ploying fast algorithms need much less hardware than would otherwise be
required. This leads to an increase in the reliability and flexibility of the en-
tire system, and at the same time, reduces the cost and power consumption.
These advantages can be critical in many applications.

Although the use of fast algorithms offers many benefits, there are also
difficulties associated with their use. The design and implementation of
fast algorithms is difficult and requires a very broad range of skills in areas
as diverse as number theory to assemble language programming. The lack
of unifying language or format to represent the many different types of fast
algorithms that are available has also been a consistent problem. In many
cases, these facts have deterred electrical and software engineers from using
fast algorithms in their designs in spite of the apparent potential gains. The
tensor product offers a vehicle around these obstacles.

Because there is a very definite connection between certain tensor prod-
uct constructs and important computer architectures, an algorithm can be
represented in terms of tensor products and modified for efficient imple-
mentation on many types of radically different computers. This is made
possible through the linguistic power of the tensor product. The ability
to easily and accurately modify a fast algorithm makes it infinitely more

171
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appealing for practical use.

The unifying role of the tensor product is illustrated in figure 6.2. The
left column lists several important types of algorithms that have been de-
veloped for DFT over the past three decades. The tensor product provides
a structured way of representing all of these algorithms. The right column
lists several important transforms. By virtue of the decompositions devel-
oped, the tensor product facilitates the use any of the algorithms given in
the left column in order to realize any of the transforms given in the right

" column.

In this dissertation, the use of the tensor product approach to algorithm
design was promoted in several ways. In chapter three, a tensor product
decomposition of the linear convolution matrix was presented. The algo-
rithms derived using the tensor product approach were shown to offer a
reduction in the amount of computation needed to realize linear convolu-
tion. It was also demonstrated that the underlying algebraic structure of
the tensor product representation leads to variants of the basic algorithm
which are suitable for implementation on vector and multi processor com-
puters.

In chapter four, the breadth of the tensor product was enhanced to
include the important RISC architecture. By introducing computational
models, representative of commercially available RISC machines, it was
shown that the tensor product again leads to algorithms with enhanced
performance.

In chapter five, tensor product decompositions of several other impor-
tant transforms are developed. A general procedure for using the tensor
product to model an entire class of recursive algorithms was presented.

The ideas presented in this dissertation offer many avenues for further
research. A few of these are mentioned below.

e Although the tensor product was shown to offer enhanced perfor-
mance of many different types of algorithms, no claims as to the
optimality of these algorithms was made. It would be interesting
to establish lower bounds on the arithmetic complexity of the com-
putations considered here and see if these optimal algorithms are
attainable through tensor product techniques.

e Although algorithms were developed for computational models, ac-
tual implementation of these on commercially available RISC chips
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will offer new challenges.

e Tensor product representations of several important algorithms were
presented in chapter five. This opens the door to designing many
new algorithms, optimized for particular computer organizations, for
these transforms.

o Further enhance the scope of the tensor product approach to include
more algorithms and architectures.

e Develop a tensor product compiler. Such a compiler would use well
defined algebraic rules when optimizing an algorithm for implemen-
tation and would thus represent a significant advancement.
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Appendix A

In appendix A, the operations count reported in table 3.1 are justified by
presenting the actual algorithms.

A.1 Direct Implementation

The first column of table 3.1 reflects the number of arithmetic operations
needed when directly multiplying the n point convolution matrix and input
data. For a n point convolution it can be verified that this requires n?
multiplications and (n—1)? additions. Thus, the total number of operations
for a direct implementation is

operations = n® + (n — 1)?

A.2 By Convolution Theorem

The second column reflects the number of operations for implementation of
the convolution theorem. In this approach the n point sequences are zero
padded to length 2n, two 2n point Fourier transforms are used to carry the
sequences into the frequency domain where they are multiplied together
point by point, and an inverse 2n point Fourier transform is used in order
to the carry the answer back into the time domain.

Let the arithmetic complexity of an arbitrary stage M be given by the
cartesian pair M(m,a) where m is the number of multiplications and a is
the number of additions. Furthermore, assume one of the sequences is avail-
able for pre-computation. The arithmetic complexity of linear convolution

175
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by convolution theorem is then
Cu(m,a) = 2F3,(m, a) + 2n(4,2)

where Fy,(m,a) is the arithmetic complexity of performing an 2n point
FFT and (4,2) is the arithmetic complexity of complex multiplication.

The FFT algorithms used here were not straight forward implementa-
tions of the Cooley-Tukey algorithm. Better performance is obtainable by
using various 2,4 and 8 mixed-radix algorithms. In order to further boost
performance, a Winograd Fy was used as a core. These algorithms were
developed in order to improve the performance of FFT implementation on
the AT&T DSP32/DSP32C family of digital signal processors. These al-
gorithms will run more than twice as fast as the standard Cooley-Tukey
algorithms included as part of the DSP32 applications library.

Let n = nyn, then, as is shown by (2.80), the n point Fourier transform
matrix can be factored as

F,= (an ® Inz)Tﬂ,nz (Inx ® Fnz)anz (A'l)

This expression will be used in order to establish Fi,(m,a) for the various
convolutions considered. Note that the arithmetic complexity of F3, Fy, and
Fy is F»(0,4) F4(0,16) and Fy(4, 52), respectively.

o SIZE = 4,

Cy(m,a) = 2Fy(4,52) + 8(4,2) = 160
e SIZE =8, n, =2, n, =8.

Cs(m,a) = 2Fi¢(m,a) + 16(4,2)

Fig = (F> ® Is)Tes(I2 ® F3)Pie g

Fls(m,a) = 8F2(0, 4) + 7(4, 2) -I- 2F3(4, 52) = 186

Ce(m, a) = 2(186) + 16(4,2) = 468
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[ ] SIZE = 16, n = 4, Ny = 8.

Cre(m, a) = 2F35(m, a) + 32(4,2)
F3p = (Fy @ Is)T32,8(14s @ F3)Pszg
Fya(m, a) = 8Fy(0,16) + 21(4,2) + 4F3(4,52) = 478

Cie(m,a) = 2(478) + 32(4,2) = 1148

e SIZE =32, ny =8,n, =8.

ng(m, a) = 2F64(m,a) + 64(4, 2)
Foq = (F3 @ Is)Tsas(Is ® Fs)Peags
Feq(m,a) = 16F3(4,52) + 49(4,2) = 1190

Caa(m, @) = 2(1190) + 64(4, 2) = 2764

e SIZE = 64, n; =64, n, = 2.

064(m,a) = 2F128(m,a) + 128(4, 2)
Fiag = (Fea @ I2)T1282(I6a ® F2)Pyags 2
Fiag(m,a) = 2F54(1190) + 63(4,2) + 64F,(0,4) = 3014

Cea(m, a) = 2(3014) + 128(4,2) = 6796
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e SIZE = 128, n; = 64, Ny = 4.

Ci28(m, a) = 2Fs6(m, a) + 256(4, 2)
Fose = (F6a ® I\)T2s6,4(I64 ® Fs)Pi2s,
Fyse(m,a) = 4F44(1190) 4 189(4,2) + 64(F4(0,16) = 6918

Cias(m, @) = 2Fy56(6918) + 256(4,2) = 15372

e SIZE = 256, ny = 64, Ny = 8.

Cgss(m, a) = 2F512(m, a) + 512(4, 2)
Fs1z = (Foa ® Is)Ts12,8(l6a ® Fe)Psiag
Fy12(m, a) = 8Fs4(1190) + 441(4,2) + 64F3(4,52) = 15750

Cass(mm, @) = 2Fs15(15750) + 512(4,2) = 34572

o SIZE = 512, n; = 512, np = 2.

Cslg(m, a) = 2F1024(m, a) + 1024(4, 2)
F1024 = (F512 ® I2)T1024,2(I512 ® F2)P1024,2
F1024(m, a) = 2F512(15750) + 511(4, 2)512F2(0, 4) = 36614

Cslz(m, a) = 2F1024(36614) + 1024(4, 2) = 79372
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e SIZE = 1024, n;, = 512, n, = 4.

Cro2a(mn, @) = 2F5045(m, a) + 2048(4,2)

Fios = (F512 ® I4)T2048,4(1512 ® F4)P204s.4

F2048(m, a) = 4F512(15750) + 1533(4, 2) + 512F4(0, 16) = 80390

01024(777., 6) = 2F2048(80390) + 2048(4, 2) = 173068

A.3 By Tensor Product

The final column of table 3.1 reflects the performance of a radix two family
of convolution algorithms. First, define a radix two core factorization of
the two point convolution matrix. This will be

ho © 1 1 0 0 kk 0 O 10
0 h 0 0 1 0 0 ks 01
ky [1 0
k, |=]1 1 [2"]
k| o1 fLl™
Thus, in this case

1 0 0] 10
B=}{-11 -1 A=G=|11

0 0 1

and v = 3. Using this core and
Cn = Rpy ny(B ® Iy <1 )(1,8Cn, 5 )(A ® In,)

leads us to the following results.
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L] SIZE=4, n1=2,n2=2.
Ci=Ry2(B® Is)(I3®C2,j)(A ® I2)
Ci(m,a) = (0,2) + 3(0,2) +3(4,1) + 2(0,1) = (12,13) = 25
] SIZE=8, n1=4,n2=2.

Cs=R42(B® I)(LRCL; (A Q L)

Cs(m, a) = (0,6) + 7(0,2) + 3(16,9) +4(0, 1) = (48,51) = 99

SIZE = 16, n; = 8, n; = 2.

Cis = Rs2(B ® Iis)(138Cs ;)(A ® Is)

Cie(m, a) = (0,14) + 15(0,2) + 3(48,51) + 8(0,1) = (144, 205) = 349

SIZE = 32, n, = 16, np, = 2.
032 = R16,2(B ® I31)(I3®CIG,J')(A ® I16)

Caz(m, a) = (0,30) + 31(0, 2) + 3(144,205) + 16(0,1) =
(432,723) = 1155

SIZE = 64, n = 32, Ny = 2.
Ces = Raz2(B ® Is3)(Is®Ca2,)(A ® Iz2)

Csa(m, a) = (0,62) + 63(0,2) + 3(432,723) +32(0,1) =
(1296, 2389) = 3685

- , . ——
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e SIZE =128, n, =64, ny = 2.

Ci28 = Re4,2(B ® I127)(I38Ch4,;)(A ® Ies)

Cias(m, a) = (0,126) + 127(0,2) + 3(1296,2389) + 64(0, 1) =
(3888, 7611) = 11499

e SIZE = 256, n; = 128, ny = 2.

Case = Ri1282(B ® Ipss)(13®Ch2s ;)(A ® I128)

Case(m, a) = (0,254) + 255(0,2) + 3(3888,7611) + 128(0,1) =
(11664,23725) = 35389

o SIZE = 512, ny = 512, Ng = 2.

Cs12 = Rase2(B ® Is11)(Is®Cas6,;)(A @ Iass)

Cs12(m, a) = (0,510) + 511(0, 2) + 3(11664, 23725) + 256(0, 1) =
(34992, 72963) = 107955

e SIZE = 1024, ny = 512, N9y = 2.

Cro24 = Rs12,2(B ® 1023 )(I3®Cs12,;)(A ® Innz)

Cho24(m, a) = (0,1022) + 1023(0, 2) + 3(34992, 72963) + 512(0,1) =
(104976, 222469) = 327445
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In appendix B the algorithms summarized in tables 4.3 and 4.4 are pre-
sented. These algorithms are based on the Chinese Remainder Theorem.

B.1 Three Point Convolution
¢ Example B.1.1 Let
M(z) = z* —5z% +4

This can be factored into a product of relatively prime polynomials

M(z) = []; mi(z) where

mo(z) = (z+1)
mi(z) = (z-1)
ma(z) = (z+2)
ma(z) = (z—-2)

The idempotents o;(z) for the subrings F[z]/m;(z) are given by

ao(z) = 1/6(z3 —2? — 4z +4)
o(z) = —1/6(z + 2* — 4z —4)
ax(z) = —1/12(z® — 22% — z 4 2)
as(z) = 1/12(z®+ 22 —z —2)

This gives rise the matrix factorization C3 = B(Ds)A where

182
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1 -11
1 1 1
A=|1 -2 4
1 2 4
0 0 1
4 -4 -2 4
-4 -4 -1 -1 0
B=|{-11 -2 2 -5
1 1 1 0
0 0 0 1
ky 1/6 1 -1 1
ks ~1/6 1 1 1]|[ho
D=dzag k3 = —1/12 L 1 -2 4 hljl
kq 1/12 1 2 4|k
ks 1 0 0 1

-

On the basis of these, the product § = (C3)Z can be realized in 12
multiplications and 16 additions by using the operations below.

— Stage A: (m,a) = (2,6)
Let g5 = (A)Z3 and use:

3]
Yo

n
1,

Zo + z2
-1+t
zy + 1t
4% 29+ 2o

— Stage B: (m,a) = (5,10)
Let y5 = (B)Zs and use:

Y2
Y3
Ya

2% 1
t2-t3
i+ i3
T2
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4
t2
t3
t4
173
te
tr
tg

e Example B.1.2 Let

= Zo+ o tg =
= -"4 * t1 th =
= ZTo—1 n =
= —4=x t3 Yo =
= T2 + T3 Y1 =
= T2— I3 Y2 =
= 2% ts Yz =
= t4+1t7 Ya =
M(z)=z% -1

184

t2 —1ts

tz — 7
t1+1s

4 x T4 + tg

123

—5 * T4 + th
in

T4

This can be factored into a product of relatively prime polynomials
M(z) = [I; mi(z) where

mo(z)
ml(x)

(a2 +1)
(a2 - 1)

The idempotents a;(z) for the subrings F|[z]/m.(z) are given by

ao(.’t)

CYl(IB)

O O O

-1/2(z* - 1)
1/2(=* +1)

This gives rise the matrix factorization C3 = B(D-)A where

O = - O O

O = O = O

OO - O M

O
= O OO
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(k] ([-1/2] [ 1 -1 -1] \
ka -1/2 1 1 -1
ks -1/2 0 1 0 ko
D=diag| k4 | = 1/2 |e] -1 1 -1 hy
ks 1/2 -1 1 =1||h
ke 1/2 1 0 1
(k] \l v | [0 o 1| )

On the basis of these, the product § = (C3)Z can be realized in 7
multiplications and 13 additions by using the cperations below.

— Stage A: (m,a) = (0,4)
Let y7 = (A)23 and use:

tl = g — T2 Ys = t2

t2 = o+ 22 yg = I

Yo = 1 Ys = 411
n = 4 Yo = o

y2 = htm

— Stage B: (m,a) = (0,9)
Let g5 = (B)£7 and use:

tl = 1 — T2 Yo = ts — Tg
tz = Xy + T Y1 = t4 - tg
Iz = z4+25 y2 = It
ty = xztzs ys = ta+ 1y
t5 = tg - tl Y4 = Ts
¢ Example B.1.3 Let
M(z) = z* — £?

This can be factored into a product of relatively prime polynomials
M(z) = [1; mi(z) where

mo(z) = 2

m(z) = (z+1)
ma(z) = (z-1)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



APPENDIX B. 186

The idempotents «;(z) for the subrings F[z]/m;(z) are given by

ap(z) = -1(z?2-1)
ay(z) = ~-1/2(z® - 2?)
az(z) = 1/2(z® +2?)
This gives rise the matrix factorization C3 = B(Dg)A, where
¢ 1 0]
1 0 0
1 0 O
A= 1 -11
1 1 1
0 0 1]
0 0 1 0 0 O
1 1 0 0 0 O
B = 0 0 -1 1 1 -1
-1 -1 0 -11 0
0 0 0 O0 0 1
[ k; ] 17 [1 0 O]
ko 1 0 1 0 ho
et 2 1 0 0
D=diag| 1 =1]12]°|1 -1 1 [21
ks 1/2 1 1 1 2
| ks ] L1 |0 0 1]

On the basis of these, the product § = (C3)Z can be realized in 6
multiplications and 9 additions by using the operations below.

— Stage A: (m,a) = (0,3)
Let 76 = (A)Z3 and use:

T = otz Y2=% = o
t2 = o1+t Y3 = 13
3z = -1+t Y4 = 1
Yo = &1 Ys = 2
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— Stage B: (m,a) = (0,6)
Let y5 = (B)%s and use:

tih, = zo+T ts = z2+35
Yo = T2 Y2 = la—1s
n = h ys = l3—t
ta = z3+T4 Ya# = Zs

t3 = I3 + T4

e Example B.1.4 Let
M(z) =z +22°— 2% - 2z

This can be factored into a product of relatively prime polynomials

M(z) = []; mi(z) where

mo(z) =

m(z) = (z+1)
o) = (z-1)
my(z) = (5+2)

The idempotents a;(z) for the subrings F[z]/m;(z) are given by

ao(z) = —1/2(z®+ 222 —z —2)
a(z) = 1/2(z® +2? — 2z)
ax(z) = 1/6(z® + 3z% + 2z)
az(z) = —1/6(z®—z)

This gives rise the matrix factorization C3 = B(D;)A, where

S
fl
O =
-
R e e O

I ' -
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B =

D= dzag k3

2 0
-1 =2
2 1
1 1
0 0
[-1/2

1/2
= 1/6
~1/6
1

O = WO

0
-1
0
1
0

bt = b

0

0
-2
-1

2

1

0
-1
1
-2
0

188

=

s = O

On the basis of these, the product § = (C3)Z can be realized in 12
multiplications and 15 additions by using the operations below.

— Stage A: (m,a) = (2,5)
Let g5 = (A)Z3 and use:

t
t2
t3
t4
Yo

— Stage B: (m,a) = (

Zo + T2
—2*.'81
4*.’1:2

t + 13
Zo

5,10)

Let 45 = (A)Zs and use:

13}
(23
i3
t4
ts
ts
t7
ts
ts

=

—2*270
—2*231
2*1}2
3*372
—2*.’1,'4
t2 413
te + s
Zo + T3
-+

)
Y2
Y3
Yq

t10

t12
Yo
Yt
Y2
Y3
Y4

I

I

Il

ty—x
ty +x
o+ 14
)

tg + 14
1+ 22
tn—ts
t

t7 —1g
tio — Z4
t12 + ts
7
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e Example B.1.5 Let
M(z)=z°-=

This can be factored into a product of relatively prime polynomials

M(z) = [1; mi(z) where

mo(z) = (2 +1)
m(s) = (c-1)
may(z) = (z+1)
ma(z) = z

The idempotents a;(z) for the subrings F[z]/m;(z) are given by

ao(z) = 1/2(z* — z?)

a(z) = 1/4(z* + 23+ 2% + z)
ax(z) = 1/4(z* — 23+ 2% —z)
as(z) = —-1(z*-1)

This gives rise the matrix factorization C3 = B(Ds)A, where

[0 1 0 ]
1 0 -1
1 1 -1
A=111 1
1 -1 1
1 0 0 |
[0 0 0 0 0 1
1 0 1 1-10
B=|0 -1 1 1 1 0
-1 0 -11-10
0 1 -11 11
2 r1/27 [1 -1 -1]7
k> 1/2 11 =1|.-,
R ] 1/2 01 0 0
D=diag| g 1=1|1a|*|1 1 =1 [21}
ks 1/4 1 1 1 2
ke | 1 (1 0 o0 |
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On the basis of these, the product § = (C3)Z can be realized in 12
multiplications and 15 additions by using the operations below.

— Stage A: (m,a) = (0,5)
Let s = (A)Z3 and use:

tl = X9 + z2 Y = t2
12 = Zo— T2 y2 = t2+4+ T
ta = L+ y3 = t3
s = hh—m ye = 14
Yo = 1 Ys = o
— Stage B: (m,a) = (0,9)
Let g5 = (B)Zs and use:
thh = 71+ 22 Yo = ZIs
l, = zot+22 n = tat+t:
t3 = T3— T4 Ya = t4 ol tl
t4 = I3 + T4 Yz = t3 ot t2
s = th—2s Yg = la+ts

B.2 Four Point Convolution

¢ Example B.2.1 Let
M(z) = 2% — 2?

This can be factored into a product of relatively prime polynomials
M(z) = [1;mi(x) where

mo(z) = z*
my(z) = (224 1)

ma(z) = (22-1)
The idempotents a;(z) for the subrings F[z]/m(z) are given by

oo(z) —1(z' - 1)
ay(z) 1/2(z* — z?)
ax(z) = 1/2(z* + z?)
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This gives risc the matrix factorization C4 = BDoA, where

- -

01 0 O
10 0 O
10 0 0
01 0 -1
10 -1 0
A=171 -1 21
10 1 0
01 0 1
11 1 1
(00 0 1
"0 06 1 0 0 0 000 0]
1 1. 0 0 0 0 00O O
0o 0 0 0 -1 1 011 -1
B=|0 0 0 -1 0 -1101 0
0 0 -1 0 1 -10110
-1 -1 0 1 0 1 101 0
0o 0 0 0 0 0 000 1|
A A 1 0 0 0
k, 1 0 1 0 0
ks 1 1 0 0 O
k4 1/2 1 -1 -1 1 ho
) ks 1/2 1 1 -1 -1 ha
D=diag| ; 1=1l12]%l 0 1 0 -1||h
ks 1/2 -1 1 -1 1 ks
ks 1/2 -1 1 -1 1
ke 1/2 1 0 1 O
Lklo_ \L 1 ] LO 0 0 1 |

On the basis of these, the product § = (C4)Z can be realized in 10
multiplications and 18 additions by using the operations below.

— Stage A: (m,a) = (0,6)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



APPENDIX B.

Let y10 = (A)Z4 and use:

ty = o+ T2
tg = Tg— T2
i3 = ZT)+23
14 = I —2x3
Yo = n
Y1=Y2 = g
Y3 = 14

— Stage B: (m,a) = (0,12)
Let g7 = (A)z7o and use:

t
t2
t3
t4
ts
ts
tr
tg

o+ 2
T4 — s
T3+ 5
z7 1+ g
T+ g
ta+ 12
1y — 1,
is — 13

I

I

e Example B.2.2 Let

tg
Yo
n
Y2
Y3
Ya
Ys
Ys

Y4
Ys
Ys
Y7
Ys
Yo

I

il

I

t2 + 14
t
t3
t1 + 3
Z3

Il

I

ts + i3
I3
t
t7 — zg
ig
te — Z2
lg — 11
Zg

M(z) = z° + 42° — 52 — 20z + 42% + 16

This can be factored into a product of relatively prime polynomials

M(z) = [1; mi(z) where

mo(z) = =z

my(z) = (z+1)
myz) = (z-1)
my() = (z+2)
my(z) = (z—2)
my(s) = (z+4)

The idempotents a;(z) for the subrings F[z]/m;(z) are given by

2
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ao(2)
()
()
as(z)
ay(z)
as(z)

1l

193

1/16(z® + 42* — 523 — 2022 + 4z + 16)
~1/18(z® + 3z* — 823 — 1222 + 16z)
—1/30(z% + 5z* — 20z% — 16z)
~1/48(z® 4 2z* — 923 — 222 + 8zx)
1/144(z® + 6z* + Tz® — 622 — 8z)
—1/720(z% — 52° + 4z)

This gives rise the matrix factorization Cy = BD;oA, where

D = diag | k4

16 0 o0 0 0 0 0

[1 0 0 01
1 -1 1 -1
1 1 1 1
A=|1 -2 4 -8
1 2 4 8
1 —4 16 —64
0 0 0 1 |

4 16 -16 8 -8 4 16
-20 -12 -20 -2 -6 O 4

-5 -8 0 -9 7 -5 —20
4 3 5 2 6 0 =5
1 1 1 1 1 1 ¢4
o 0 0 0 0 0 1 |
([ 116 1 [1 0 0 0]
—-1/18 1 -1 1 -1 "
—-1/30 1 1 1 1 h°
= 1/48 |e|1 —2 4 -8 hl
1/144 1 2 4 8 h2
—-1/720 1 —4 16 —64 3
\[ 1 0 0 0 1 |

On the basis of these, the product § = (C4)Z can be realized in 32
multiplications and 36 additions by using the operations below.
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— Stage A: (m,a) =(6,11)
Let y7 = (A)Z, and use:

1, = Zo+ 22 tio = —4xz
t = z1+23 n = ti—t
t3 = 4*xz Y2 = bttt
ths = 2%z ys = lg—1ty
t5 = 8% xr3 Y4 = te + t7
le = zo+ts3 ys = Zo+ig+1lg+tio
tz = tatts Y6 = T3
tg = —64x*z3 Yo = Zo
tg = 16 * T3
— Stage B: (m,a) = (19,26)
Let g7 = (A)Z7 and use:
tl = 16%* Zo t21 = Tx T4
ta = Tot+zTs tg2 = —3x*ts
ta = zT1+ T2 toz = ta2+1t21 +t20
t4 = T3+ 24 tog = To—Zg
ts = 4xz¢ tas = Dty
te = 4% tg g = 4 % Zo
t7 = 71— 22+ e lr = 3%,
ls = Z3—24 tag = 2%z3
te = 8xig tag = 6G*1y4
tio = 16%t7 tz3o = ta7 +t2s+ 229
tn = To+I: Yo = b
tiz = =20ty i = te+ta+two
tis = —12%x; y2 = hiptthietts
tiy = —2%z3 ys = taz+tig+tio
tis = —6x%x4 ys = tag+i2s+las
tie = tiz+tia+1tis ys = t2+i3+ ty+ts
tir = To+Ts Y¢ = Ts
tis = —H*iy7
tiy = —8*z;
tzo = —9=% Z3
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e Example B.2.3 Let
M(z) = 2° — 212" + 84z® — 64

This can be factored into a product of relatively prime polynomials

M(z) = [1; mi(z) where

mo(z) = (z+1)
my(z) = (z-1)
my(z) = (z+32)
ma(z) = (¢—2)
my(z) = (¢+4)
ms(z) = (z—4)

The idempotents a;(z) for the subrings F[z]/mi(z) are given by

ao(z) = —1/90(z® — z* — 202> + 20z? -+ 64z — 64)
o1(z) = 1/90(z" + z* — 202% — 2022 + 64z + 64)
0x(z) = 1/144(z5 — 2z — 172° + 3422 + 16z — 32)
as(z) = —1/144(2® — 4z* — 52° + 2027 + 4z — 16)
ay(z) = —1/1440(z® — 4z* — 52° + 20z? + 4z — 16)
as(z) = 1/1440(z° + 4z* — 52° — 2027 + 4z + 16)
This gives rise the matrix factorization C, = BD;A, where
(1 -1 1 -1
1 1 1 1
1 -2 4 =8
A=|1 2 4 8
1 —4 16 —64
1 4 16 64
[0 0 0 1

64 64 -32 32 -16 16 —64]
64 64 16 16 4 4 0
20 —-20 34 -3¢ 20 -20 84
B=|-2 -20 -17 =17 -5 -5 0
-1 1 -2 2 -4 4 =21
1 1 1 1 1 1 0
o o o 0 o0 o0 1

t
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D= dzag k4 =

L .

[ —1/90

1/90
1/144

~1/144
—1/1440
1/1440

1

O 2 o e e

196

1 -1 ]

1 1

4 -8 Z°
4 8 h‘
16 —64 h2
16 64 3
0 1

On the basis of these, the product § = (C4)Z can be realized in 30
multiplications and 39 additions by using the operations below.

— Stage A: (m,a) = (6,18)
Let y7 = (A)Z4 and use:

131
t2
i3
1
ts
ts
t7
12
tg

t10
t1
t12

]

I

I

2% 1
2%t
4%z,
4*t3
8*333
8*t5
o — I
Zo + T
$0-—t1
zo+ 1
Il:o—tg
zo + t2

— Stage B: (m,a) = (17,21)
Let g7 = (B)Z7 and use:

Iz — I3
Z2 + 3
t3 —1ts
t3 +ts
ty —tg
ty + i
t7 + 113
tg + t14
tg + 115
ti0 + ti6
ti + 17
t12 + tig
I3
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i, = z1+ %0 tao = ti+tr 4+t
l2 = 71— lan = tat+ig+is
3 = —20xt ls = ta+ig+1ts
ty = —20xt, laa = t4+to+ti7
s = 64xt t2s = 5+t +is
te = 64xt, las = te+1t12+tio
té = T2 — T3 Yo = —64 * Te + tgs
lz = zo+z3 1 = i

g = —2x% tg Yo = 84dxzxe+ 13
tg = —=17=* t7 Yz = tzz

th = 34 tg Yq¢g = —~21 % Te + t21
tn = 16x*ty ys = t20

tu = —32x% té Y¢ = T¢

iz = T4—2z5

tiy = z4+zs

t15 = —4x t13

t16 = —5H=* t14

t17 = 20 * t13

tlg = 4x t14

tlg = —-16% t13

¢ Example B.2.4 Let
M(z) = z® — 5z* 4 42?

This can be factored into a product of relatively prime polynomials

M(z) = [I; mi(z) where

2

mo(z) T
mi(z) = (z+1)
my(z) = (z-1)
ms(z) = (z+2)
my(z) = (z-2)

The idempotents a;(z) for the subrings F[z]/m;(z) are given by
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ao(z)
ai(z)
az(z)
as(z)
ay(z)

198

1/4(z* — 52% + 4)

1/6(z° — z* — 42° + 42?)
—1/6(z® + z* — 423 — 42?)
~1/48(z% — 2z — 3 + 2z?)
1/48(z® + 2% — 2 — 22?)

This gives rise the matrix factorization C4y = BDgA, where

D = diag

[
oo lowo

O O

o = O

\L

O == O
|
ok

O B == O OC
|
[y

r
i

N
o
o
o

0
0 0 0

|
omo
> O
|
RS
N
|
[\
O OO

4 —4 -1 -1

1 -1 1 -2 2 -5
0 1 1 1 1 0

0 0 9 0 0 1|

1/4 1 [1 0 0 0] \
1/4 01 0 0

1/4 1 0 0 0 [[ho
1/6 1 =11 -1~
~1/6 {*]1 1 1 1 ||k
—1/48 1 -2 4 -8 [ ks
1/48 1 2 4 8

1 | [0 0 0 1] )

On the basis of these, the product § = (C4)Z can be realized in 20
multiplications and 27 additions by using the operations below.
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— Stage A: (m,a) = (3,12)
Let ys = (A)Z4 and use:

3]
123
i3
tq
133
ts
124
12
ig

o+ )
To— I
T2+ 23
T2 — I3
2% 1
4*.’}32
8% z3
o + 15
To — s

— Stage B: (m,a) = (9, 15)
Let y7 = (B)Zs and use:

131
123
i3
17}
ts
le
tr
tg
tg
10
tn

I

R AN

z1 + Zo
T4+ Z3
T4 — I3
—4*t2
—4 %13
z5 + T¢
Ts — Tg
—2*t7
ts —tg
tg—1e
i3 +1s

t1o

Yo

Nn=Y

Y3
Y4
Ys
Ye
Y7

12
13
t14
Yo
Y1
Y2
Y3
Y4
Ys
Ye

I

Il

Il

Il

= tg+ 17
tg — 17
Ty

o

ta + 14
t1+ 13
tg + tnn
s + tio

ty + 6
4*2}7+t9
=9 *x7+ 111
4 % 4

4*t1
—5* 1y + 13
—d *t; + t1o
z2 + 114

t1 + 12

z7
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In appendix C the algorithms that led to the results of table 4.8 are pre-
sented.

C.1 By Convolution Thoerem

e SIZE = 32, ny =8, np = 8.

Cag(m, a) = 2F64(m, a) + 64(4, 2)
Foy = (Fs ® I3)Tos8(Is ® F3)Pssg
Feq(m,a) = 16(52) + 49(4) = 1028

Caz(m, a) = 2(1028) + 64(4) = 2312

o SIZE = 64, ny =64, ny = 2.

064(m, (1) = 2F128(m, a) + 128(4, 2)
Fios = (Foa ® I2)T1282(loa ® F2)Pras2

Fias(m, a) = 2(1028) + 63(4) + 64(4) = 2564

200
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Cea(m, a) = 2(2564) + 128(4) = 5640
o SIZE = 128, n; = 64, ny = 4.

Clzg(m, a) = 2F255(m, a) + 256(4, 2)
Fose = (Fosa ® Is)Tose,4(Los ® F3)Proga
Fass(m, a) = 4(1028) + 189(4) + 64(16) = 5892

Cras(m, a) = 2(5892) + 256(4) = 12808
o SIZE = 256, ny = 64, ny = 8.

Cgss(m, (1) = 2F'512(m, a) + 512(4, 2)
Fs12 = (Foq ® Ig)Ts12,8(L6s ® F5)Psio
Fsiz(m, a) = 8(1028) + 441(4) + 64(52) = 13316

Case(m,a) = 2(13316) + 512(4) = 28680
o SIZE = 512, ny = 512, n, = 2.

C512(m, a) = 2F1024(m, a) + 1024(4, 2)
F1024 = (F512 ® I2)T1024,2(1512 ® F2)P1024,2
Fiozi(m, a) = 2(13316) + 511(4) + 512(4) = 30724

Cs12(m, a) = 2(30724) + 1024(4) = 65544
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e SIZE = 1024, n, = 512, n, = 4.

Cro24(m, @) = 2F3048(m, @) + 2048(4, 2)
Froas = (Fs12 ® I4)Ta048,4(I512 ® Fy)Paoss 4
Fyo4s(m, a) = 4(13316) + 1533(4) + 512(16) = 67588
Cro24(m, a) = 2F(67588) + 2048(4) = 143368

C.2 By Tensor Product

¢ SIZE = 32, n; = 8, n, = 4, and use the core of example B.2.4. In
this case the complexity of B, D, and 4, is (9, 15), (8,0), and (3,12)
repectively. Then,

C32 = Ry 4(B ® I15)(1s8Cs,;)(A ® Is)
Use the balanced algorithm from (4.20) for Cy; to yield

Caz(m, a) = (42) + 15(15) + 8(48) + 8(12) = 747

o SIZE = 64, n; = 4, ny = 16, and use the core of example B.2.4. In
this case the complexity of B, D, and 4, is (9,15), (8,0), and (3,12)
repectively. Then,

Cos = Riea(BQ® Isl)(I8®C16,j)(A ® L16)
Use the balanced algorithm from (4.20) for Cjs; to yield

Cea(m,a) = (90) + 31(15) + 8(192) + 16(12) = 2283

-
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e SIZE = 128, n; = 32, n; = 4, and use the core of example B.2.3. In
this case the complexity of B, D, and 4, is (17,21), (7,0), and (6,18)
repectively. Then,

Cias = R324(B ® Is3)(Ir®Ca25)(A @ I33)

Let n; = 8, n, = 4, and use the core of example B.2.4. In this case the
complexity of B, D, and A4, is (9,15), (8,0), and (3,12) repectively.

Then,
Cs = Rga(B® 115)(I3®Cs,j)(-4 ® Is)
and
Cax(m, a) = (42) + 15(15) + 8(48) + 8(12) = 747
Which implies

Chas(m, a) = (186) + 63(21) + 7(747) + 32(18) = 6747

o SIZE = 256, n, = 64, np = 4, and use the core of example B.2.3. In
this case the complexity of B, D, and 4, is (17,21), (7, 0), and (6,18)
repectively. Then,

Cass = Resa(B ® I127)(I7®C54,,-)(A ® Ts4)

and

Coa(m, a) = (90) + 31(15) + 8(192) + 16(12) = 2283

which implies

Case(m, a) = (378) + 127(21) + 7(2283) + 64(18) = 20178

e SIZE = 512, n; = 128, n, = 4, and use the core of example B.2.3. In
this case the complexity of B, D, and A4, is (17,21), (7, 0), and (6,18)
repectively. Then,
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Cs12 = Ri2s4(B ® Lss)(I16Ch2s,;)(A ® I128)

and

Chzs(m, a) = (186) + 63(21) + 7(747) + 32(18) = 6747
which imples
Csi2(m, @) = (762) + 255(21) + 7(6747) + 128(18) = 55650
e SIZE = 1024, n; = 256, n, = 4, and use the core of example B.2.3.

In this case the complexity of B, D, and 4, is (17,21), (7,0), and
(6,18) repectively. Then,

Cho24 = Ras6,4(B ® Iss)(I17®Case,;)(A ® Izs6)

and

Cass(m, @) = (378) + 127(21) + 7(2283) -+ 64(18) = 20178

which implies

Choza(m, a) = (1530) + 255(21) + 7(20178) + 256(18) = 152739
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In appendix D the twiddle constants generated by using the technique of
section 4.4.3 are compared to the twiddle constants as generated by stright
forward complex multiplication. Table D.3 gives the error between the two
methods.
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[ [REAL
1.0000000000000000000000020

| IMAGINARY |
0.0000000000000000000000000

£
©

0.9807852804032304000000000

-0.1950903220161282000000000

0.9238795325112867000000000

-0.3826834323650897000000000

elele

0.8314696123025452000000000

-0.5555702330196022000000000

™

oo (o o |o

€

0.7071067811865476000000000

-0.7071067811865475000000000

=

0.5555702330196023000000000

-0.8314696123025451000000000

0.3826834323650898000000000

-0.9238795325112866000000000

0.1950803220161284000000000

-0.9807852804032303000000000

oo o |o

0.0000000000000001305379416

-0.9999999999999999000000000

-0.1950903220161281000000000

-0.9807852804032303000000000

-0.3826834323650896000000000

-0.9238795325112866000000000

-0.5555702330196020000000000

-0.8314696123025451000000000

EIEIE|IEIE|E|EIE

V||| D

-0.7071067811865472000000000

-0.7071067811865475000000000

€

N

-0.8314696123025449000000000

-0.5555702330196022000000000

€

-0.9238795325112864000000000

-0.3826834323650898000000000

€
Y [N

-0.9807852804032301000000000

-0.1950903220161284000000000

Table D.1: Twiddles in 4 MACS
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[REAL

| IMAGINARY

1.0€00000000000000000000000

0.0000000000000000000000000

0.9807852804032304000000000

-0.1950903220161282000000000

0.9238795325112867000000000

-0.3826834323650897000000000

0.8314696123025452000000000

-0.55557023301960230000000C0

0.7071067811865475000000000

-0.7071067811865475000000002

0.5555702330196022000000000

-0.8314696123025452000000000

0.3826834323650897000000000

-0.9238795325112868000000000

0.19509032201612820000600000

-0.9807852804032307000000000

-0.0000000000000001099923104

-1.0000007000000000000000000

2 3 S N

-0.1950903220161284000000000

-0.9807852804032307000000000

-0.3826834323650899000000000

-0.9238795325112870000000000

-0.5555702330196024000000000

20.8314696123025455000000000

g S Y Y=

-0.7071067811865477000000000

-0.7071067811865477000000000

-0.8314696123025455000000000

-0.5555702330196024000000000

-0.9238795325112870000000000

-0.3826834323650899000000000

elelelelels

acmalome

-0.9807852804032307000000000

-0.1950903220161283000000000

Table D.2: Twiddles in 3 MACS
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[ JREAL ERROR | IMAGINARY ERROR

[=

0.0000000000000005551115123

-0.0000000000000001314730659

0.0000000000000005551115123

-0.0000000000000002775557562

Lo bl
(<, (= -]

0.00000000000600005551115123

-0.0000000000000003330669074

mw

0.0000000000000005551115123

-0.0000000000000004440892099

0.0000000000000004440892099

-0.0000000000000005551115123

0.0000020200020003330869074

-0.0000000000000006661338148

0.0000000000000001665334537

-0.0000000000000006661338148

£
|"v mﬂ mvl mvl o)-

0.0000000000000000000000600

-0.0000000000000006661338148

o

-0.0000000000000001422066674

-0.0000000000000007771561172

-0.0000000000000003053113318

-0.0000000000039007771561172

-0.0000000000000004996003611

-0.0000000000000006661338148

-0.0000000000000006661338148

-0.0000000000000005551115123

-0.0000000000000007771561172

-0.0000000000000004440892099

-0.0000000000000008881784197

-0.0000000000000003330669074

-0.0000000000000008881784197

-0.0000000000000001665334537

Y N Y 0 o S (oY Y=t

-0.0000000000000008881784197

-0.0000000000000000277555756

Table D.3: Error Between Methods
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