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Abstract

Completeness of Certain Bimodal Logics For Subset Snaces

by
Maria Angela Weiss

Advisor: Professor Rohit Parikh

Subset Spaces were introduced by L. Moss and R. Parikh in {7]. These spaces model
the reasoning about knowledge of changing states.

In [1] a kind of subset space called intersection space was considered and the question
about the existence of a set of axioms that is complete for the logic of intersection
spaces was addressed. In [6] we introduced two kinds of subset spaces, namely quasi-
intersection and directed spaces and proved that any set of axioms for directed frames
also characterizes intersection spaces.

We give here the solution to the question of a complete axiomatization for intersection
spaces by giving a denumerable set of axioms that is complete for directed spaces. We

also show that it not possible to reduce this set of axioms to a finite set.
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Chapter 1

1.1 Introduction

Subset Spaces were introduced in the context of reasoning about knowledge as the se-
mantics for a bimodal logic that would interpret the gain in knowledge versus the effort
to obtain it. This logic has two modalities: K which represents the knowledge in some
state, from an observer’s view, and O which represents an improvement of the observer’s
knowledge by refining its view (the applied effort).

Among the several kind of subset spaces introduced by Dabrowski, Moss and Parikh,
DMP, in (1], we focus on one in particular in which the question of finding a complete
axiomatization for them was open: The intersection spaces. In [6] we introduced two
classes of subset spaces - quasi—intersection and directed spaces — and proved that their
logic is the same as the logic of intersection spaces. DMP’s question is answered here
using the equivalence result obtained in [6].

Consider two modalities, K and O, and a denumerable set of atoms, A. Define the

set F of formulas as the smallest set closed under the rules:

e Forevery A€ A, Ae F
o If ¢ and ¥ are in F, so are ¢ Ay and ¢
e If ¢ is in F, so are O¢ and K¢.

Definition 1.1.1 Given a formula v, Sy, is the set of subformulas of 1. The complezity
of ¥ is the cardinality of Sy.

If ¢ and v are two formulas, the usual abbreviations ¢V, ¢ => ¥, Lo and O¢ stand
for =(—=¢p A ), =(¢ A ), ~K—¢ and —~O~¢, respectively.
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The semantics for £ is given by Subset frames, frames of the form (X, O), where

X is a non—empty set of points and O, the set of opens, is a set of subsets of X.

Definition 1.1.2 Given an interpretation «, i.e. a mapping from A into the set of
subsets of X, P(X), the model (X, O, a) is called a subset space. Given (z,U) € XxO

and ¢ a bimodal formula, the satisfaction relation, ,U E=pq 9, is defined recursively:
If ¢ is atomic, z,U Eum ¢ iff z € a(y);
Kfyis~¢, z,UFEMmy i z,U FEm ¢;
fypisgAx, z,Ukmyiffiz,UEMPand z,U Fum x5
IfyisKo, z, Uy iffforalye U, y,U FEum ¢
IfyisOpz,UEpmyifforal VeO,ifzeVCU, thenz,ViEudé
Definition 1.1.3 Given a subset frame (X,0) and z € X, we call the set {U € O|z €

U} the set of neighborhoods of z and we denote it by N'z.

Definition 1.1.4 Subset frames whose set of opens is closed under finite intersections
are called Intersection Frames. If for all z € X and U,V € O, whenever £ € U and
z €V, there exists W € O so that z € W C (U NYV), then the frame X is called a
Directed Frame.

We will call a subset space based on an intersection frame an Intersection Space

and a subset space based on a directed frame a Directed Space.

Clearly any intersection frame is a directed frame. Now, given a directed space M,

if Th(M) = {| Em ¥}, the following result is shown in [6):

Theorem 1.1.5 If M is a directed space, there erists an intersection space M’ so that

Th(M) = Th(M').

Consider the following axioms and rules of inference:
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1) All instances of tautologies
2) A = OA, for all atoms A
3) O(¥ = ¢) = (Oy = 0g)
4) Oy =9

5) Oy = OOy

6) K(¢ = ¢) = (K¢ = K¢)
7Ky =>19¢

8) v = KLy

9) Ky = KKvy

10) KOy = OKvy

WD) 00y = OO0y

M,;) QLOGAOK Y A...AOKyYp) = LOOACKY1 A... AOKpy)

Modus Ponens, b Yv=x

L. a
O-necessitation —¢

¥
Ky

K-necessitation. ——

14

Observe that axioms 2 to 5 are axioms for S4 and axioms 6 to 9 are axioms for S5.

Axiom 10 is called the Cross Aziom. This axiom is linked with the fact that given
two opens U and V, then U C V is the same as z € U impliesz € V.

WD stands for the Weak Directed Axiom, a sound axiom over the class of directed
spaces.

In [1], [7] and [3] completeness and decision procedures are shown for several classes
of subset spaces. Besides, in [1] it is shown that axioms 1 to 10 plus WD are not a

complete set of axioms for the logic of intersection spaces.
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In this paper, we introduce the set of axioms M, and show in Lemma 1.1.6 that they
are sound for directed spaces. We also prove that axioms 1 to 10, WD and M,, are a
complete set of axioms for Directed Spaces. Using Theorem 1.1.5, we have then solved
the problem of completeness for Intersection Spaces.

After proving completeness, we show in Section 4 that the axioms M, cannot be
reduced to a finite number of axiom schemes. For each n € N, we build a series of models
M,, and show that all axioms for intersection spaces are valid in M,,, for 1 < j < n, the
axioms Mj are valid in M,, and that some instance ¥ of the axiom M, is not valid over
M.

The examples are reported in Section 5 and illustrate several sections of this paper.
Lemma 1.1.6 For each n € N, the aziom M, is sound for directed spaces.

Proof: Let M = (X,0,a) be a directed space. Let z,U be so that z,U = OLOG A
(A1<icn OK1;). We have that (YW € Nz)(W C U = (3y € W)y, W | O¢)) and
(VI <j<n)@3V; e Nz)}(V; CUA z,V; = Kv;).

Pick W € Nz with W C N{V;|1 < i < n}. Let y € W be so that y, W = O¢. Then
y,WEO¢. AsW C U, we have y,U |= O¢.

We claim that y,U = Od A OKYy A ... A OKpp: Because z,V; = K¢; and y €
N{Vill <t < n}, then y,V; = K¢i. As (V1 < i < n)(y,U | OKy), then y,U |
OKY1 A... ANOKyp,. So,

3, U= O6AOKPL A... A OKhy

Therefore,

z,U = L(O AOKY1 A ... AOKtn).m
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1.2 A Survey of Related Work

We present here a list of works about subset spaces. The papers are listed in chronological
order and, after a short presentation of their contents, we relate this thesis with the other

papers in the list.

Theoretical Aspects of Reasoning and The Logic of Knowledge, Lawrence
S. Moss and Rohit Parikh (see [7]).

In their paper, the authors introduced a bimodal logic for reasoning about knowledge
during knowledge acquisition. Their paper started a project of searching for a suitable
language for describing topological reasoning.

Also, the authors gave a contribution to the development of logics of knowledge, intro-
ducing a logical model that interprets the effort versus the gain in knowledge acquisition.
The several papers we list above make use of this interpretation.

In their paper, Moss and Parikh (MP) introduced the general idea of subset spaces.
In MP’s paper,

A) Axioms 1 to 10 are introduced,

B) Axioms 1 to 10 are are proven to be sound and complete for subset spaces.

C) Subset spaces whose set of opens is closed under intersection and union are intro-
duced and discussed in MP paper,

D) The union axiom:
O(KYp AP) ALO(KY A x) = O(KOYAOPpALOY)

is introduced and shown sound for spaces closed under union.

E) Axiom WD is introduced and shown sound for the classes spaces closed under
intersection.

We note that the directed spaces were introduced in [6] and, since directed spaces

are logically equivalent to intersection spaces, WD is sound for directed spaces.
Topological Reasoning and the Logic of Knowledge, A. Dabrowski, L.S,

Moss and R. Parikh (see [1]).

DMP’s paper is an extension of some results shown in MP’s paper.
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In DMP’s paper,

A) The following classes of interpretations for the logic of subset spaces are discussed:
Subset frames, intersection frames, lattice frames and complete lattice frames.

B) A completeness theorem for the logic of subset spaces is shown in a direct con-
struction that uses the properties of maximal consistent sets.

C) In spite of the failure of the finite model property (shown by an example), DMP
paper shows decidability for subset space logic.

D) An example is given in order to show that axioms 1 to 10 plus WD are sound but
not a complete set of axioms for intersection spaces.

E) A complete discussion about the classes of intersection spaces is given and the
question about the existence of an complete set of axioms for intersection spaces is
conjectured.

In DMP paper, the system whose axioms are 1 to 10, WD and the Union axiom are
called topologic. We have then,

F) It is shown that the topologic axioms give a complete axiomatization of topologies.
Indeed, on all lattice spaces.

G) The finite model property, thus the decidability of topologic is shown using a
different argument from that used in Georgatos’ thesis (see [3]).

Modal Logic for Topological Spaces, Konstantinos Georgatos (see [3]).

Georgatos’ thesis, KG, main subject is the topologic system. In his thesis,

A) The author obtains a completeness theorem for topologic, independently of the
DMP paper result.

B) Finite model property for topologic was first shown there.

Georgatos extends the concept of subset spaces to the system M P* - the systems
M P* are the class of subset spaces closed under intersection and union - and

C) Shows necessary and sufficient conditions in which a Kripke model can be turned
into a set-theoretic model of M P*.

D) Among the results is the finite model property and decidability for M P*.

E) Several algebraic models for those models are presented.
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Knowledge Theoretical Properties for Topological Spaces, Konstantinos
Georgatos (see [4]).

In that paper, the author,

A) Describes the validity problem for topological spaces.

B) Studies the model based on the basis of a topological space closed under finite
unions and prove it is equivalent to the topological space it generates.

C) Show finite satisfiability for the class of topological models.

Reasoning about Knowlewdge in Computational Trees, K. Georgatos (see
[s).

Unlike the above cited papers, Georgatos shows a new interpretation for the classes
of directed spaces on introducing the Tree-like spaces, defined as: For all U,V opens,
either UCV,VCUorUNnV =0.

The Tree like spaces are a suitable class of subset spaces for modeling reasoning about
computation.

The author proposed the following set of axioms and rules:

Axioms 1 to 10,

11. O(0O¢ — ¥) v O(Oy — ¢)

12 OK¢ A K(O¢ — Oy) - OK(O¢ — Oy).

The rules Modus Ponens, K-necessitation and O-necessitation.

Georgatos paper shows

A) The above set of axioms is a sound and complete axiomatization for tree like
spaces.

B) The set of theorems is decidable: Tree like spaces have finite model property.

Subset Space Logics and Logics of Knowledge and Time, B. Heinemann,
see [2]).

In his thesis, the author studies several logics of knowledge and effort. These logics
are not indeed the original bimodal logic introduced by MP, but Heinemann'’s studies
are based on the work of MP. Again, we see a different interpretation that goes in the
direction of MP’s original goals in introducing the logic of subset spaces.
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Heinemann introduces the functional interpretation of the modal operator varying
over subsets. In this way a “topological” single step—operator, the nezttime-operator,
appears.

First the author studies the subset space logics of knowledge and time for the single—
agent case. Subsequently, he generalizes on certain fragments of propositional temporal
logic to the subset space logic.

The author studies both the linear and branching time structures. Afterwards the
methods and results are extended to the multi-agent case.

Heinemann'’s thesis concerns the basic topics of logics in computer science: com-
pleteness, decidability and complerity, but in the multi-agent case, however, the author
examines also some notions which only occur if more than one agent is present, such as

common knowledge.
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Chapter 2

2.1 Theoretical Preliminaries

Let £ be the directed space language whose set of literals is A= {A;, A2,...} and let X
be the set of all maximal consistent sets of formulas in L.

Define the canonical underlying set X by z € X iff z is a maximal consistent set in
the logic of directed spaces. Let M be the Kripke model, hereafter called the canonical
model based on X endowed with the relations (-Lr, -, and the canonical valuation a

given by
x<—£+yiﬁ'forallformula.s¢, K1 € z implies ¥ € y;
:x-i)yifffora.llformulasw, Ovy € ¢ implies ¢ € z;
For all A€ A, a(A) = {z € X|A ez}

Definition 2.1.1 Let N = (Y, s, i),o:) be a Kripke model of L. Denote the usual

satisfaction relation over Y x L by F=xr, or, when the contezt is clear, [=.

Observe that we used the same notation for the relations associated with the modali-
ties 0 and K for the two (Kripke) models: N (Definition 2.1.1) and the canonical model
M. We proceed this way when it is clear where an arrow ((—L—) or —°+) is defined.
We work here with Kripke models of £, the canonical model (a special Kripke model of
L) and subset spaces for £ (also Kripke models with the arrows &5 and - given in

Definition 1.1.2).

Definition 2.1.2 Let N = (Y, <=, ->,a) be a Kripke model of L. N is a directed
model if

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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L . . .

1 < i3 an equivalence relation;
o . .- .

2 — is trausitive and reflezive;

3Ifa:—g)yandy(-i+z, thenthemezistsweYsothat:z:(—['—hwand

o
w— Zz;

4 2 s weakly directed: If z = y and = =2 z, there ezists w so that

o o
y— wand z — w.

we also say that N is a directed and above directed model if it satisfies 1 to 4 above
plus

5 Forallz,y,z€Y, ify 2, zandz -im:, there exists w, such that w —2+y

and w > 2.
The following Lemma is proved in DM P paper, [1]:

Lemma 2.1.3 The canonical model M is a directed model and for all z, ¥, T =Epm, ¥

iffvex.

Definition 2.1.4 Let N; = (}’,-,é—l'-)i, -i),-,ai), for i € {1,2} be two Kripke models for
L. We say that N is a strong expansion (of N2) if there ezists a mapping F - called a
fiber mapping - from Y, onto Y2 so that

1. For all literals A, F(a;1(A)) = az(A);

2. (Vu,v’ € Y))((y =1 ¢) = (Fly) 2 F¥)));

3. (Yy € ")(Vz' € o) ((F(y) —>2 7) = (I € Vi)(y —n ¥ AF(@Y) =2));
i (V¥ €V)((y &) = (Fy) <2 F)))

5. (Vy € V1)(Ve' € V) ((F(y) <2 7) = (I €Vi)(y < ¥ AF(Y) =),

Lemma 2.1.5’s proof is straightforward and we skip it. We note to the reader that is
familiar with the idea of bisimulation that a strong expansion is a kind of bisimulation,
where the fiber mapping plays the role of a relation between the points of two models.
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Lemma 2.1.5 Let N; = (Y}, (Ln, i).-,az,-), fori€ {1,2,3} be Kripke models for L and
suppose that N is a strong ezpansion of N2 and N> is a strong ezpansion of N3, with
fiber mapping given by Fy and F» respectively. Then N is a strong ezpansion of N3,
with fiber mapping F5 o F).

Lemma 2.1.6 (The Truth Lemma) Given N; = (Y,-,«-Lh-,i),-,ag) fori € {1,2},
two Kripke models for L and F a fiber mapping from Y; onto Y3, then forally €, Y,
forally € L,y =n ¥ if F(y) Fa, ¥-

Proof: By induction on the complexity of :

i If ¥ is A, an atomic formula, then y =a, ¢ iff y € ay(A), iff F(y) € aa(A4),
iff F(y) En;, ¥5

ii The cases ¥ = ¢ A x and ¥ = —¢ are easy and left to the reader;

i Ifp = K¢, we have: If y [=n, Ko, for all y € Yy, if y <=, o/, then
v En, ¢. Hence, by our inductive hypothesis, for all ¥’ € 3, if y L Y
then F(y’) FEa. ¢. Now, by Definition 2.1.4 part 5, for all z’ € Vs, if
F(y) (—L—)2 7’ then z =, ¢, hence F(y) =n, K¢.

Reciprocally, if F(y) E=x, K¢ then for all ' € Y3, if F(y) <-£+2 z’ then
z’ l=n, ¢. By the inductive hypothesis, for all i € Y}, if there exists £’ € Y2
with F(y) +=2 7’ and F(y) = =/, then i =n; ¢. Now by 2.1.4 part 4, for
all y €Y1, ify 251 ¢ then y/ =n, 50, y ay Ko

iv For case 9 = O¢, the procedure is analogous to iii.g
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Chapter 3

In this Chapter, we prove that axioms 1)-10), W D and M, are complete for the logic
of directed spaces. In Section 3.1, we focus on certain subsets of Kripke Models of L,
the O-classes and the Pp’s, and study them in the canonical model M. In Section
3.2, using the M—axiom Lemma, we show that there exists a directed and above directed
model M’ that is a strong expansion of M. In Section 3.3, we enlarge the model M’
we built and force it into an directed space for £ via a bulldozer-like procedure (see [8})

applied over its points.
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3.1 Some Properties of the Kripke Models of £

Definition 3.1.1 Let N = (Y, 2+, > a) be a Kripke model for L. Define a = b iff

there ezistsc€ Y so thata—°—>candb—°—>c.

Lemma 3.1.2 Given a weakly directed Kripke model N,
1. R isan equivalence relation;

2. In the canonical model Mg, for all a,a' € X, a R iffan F = a’ N F where
F = {00¢|¢ is a formula}.

Proof: 1. The relation X is clearly reflexive and symmetric. In order to show transitivity,
if a 2 a' and @’ 2 4", there exist ¢; and ¢ and a,a’ 25 ¢ and @',a" -2 ¢o. AS N
is weakly directed and a’ AN c1,Cz2, there exists d so that a’ = c1,C2 2, d. Hence
a,a" N d, so, a R ¢". Since ] is reflexive, symmetric and, as we just showed, transitive,
2 is an equivalence relation.

2. Suppose a R o’ and ©O¢ € a, then there must exist ¢ with a — ¢ so that O¢ € c.
Also, there is d with a,a’ 25d Asa > ¢, d, there exists e so that a = c,d Zse. So
O¢ € e and ©0¢ € a’.

Suppose now a '?4 a’. Then there exist O¢ € a, Oy € a’ with {O0¢, Oy} not consistent,
so - 0¢ - O—y, so - O0¢ = O—p. But O € a’, 50 COp g a'.g

We denote @ as the equivalence class of an element a under R and call it a O-class.

Observation 3.1.3 Note that in the canonical model a O-class is always downward

directed under i), but not necessarily upwards directed, as we can see in Ezample 5.1.1.
Let F be as in Lemma. 3.1.2. Then for all g,b € X, albifanF =bNF.

Definition 3.1.4 Let char(@) = aN F. We note that char(a) depends only on @ and
not on the particular representative a.

Note also that if OO, O0¢ € char(a), then OO(Y A @) € char(a): Let a,b € G be
such that Oy € a and O¢ € b. As there ezists c € @ with a,b N c, then O(¢Y A @) Ec.
So, OO(y A ¢) € char(a).
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It immediately follows by compactness that there exists ¢ € @ so that if OOy €
char(a), then Oy € c. This c is a minimal element in @ (not usually unique).

Let us now distinguish maximal upwards and downwards closed sets in X, the
pseudo-points. Later, the pseudo—points of X will be identified with points in a di-

rected space expansion of X.

Definition 3.1.5 Given a Kripke model N = (Y, <-£—), N a) for L and a O-class @ in

Y, we say:

1. A C @ is directed above iff for any two elements a and b in A, there ezistsc€ A
such that ¢ —» a and ¢ — b. This element c is called an upper bound for a and

bin A;

2. A pseudo—point (Pp) A of @ is any directed above A C @ which is mazimal upwards
closed, i.e., for every w € @ — A, there erists u € A such that w and u have no

upper bound. We denote pseudo-points of a O-class by capital Roman letters.
Notation 3.1.6 Given a O-class @ and b > ¥ € @, let
1. minoa be the set of O-minimal elements of G;
2. mazoa be the set of all O-mazimal elements of @;

3. The interval [I', ] be the set {z|b —» z >+ b'}.

DMP’s example A (in [1]) shows that the set of O—minimal and O-maximal elements
are not necessarily singletons.
In the following, [c/ will mean that the next result holds in the canonical model but

not necessarily in arbitrary Kripke models.

Lemma 3.1.7 [c] Given ¢ O-class@ C X,
1. For allb € @, there exists a Pp ACa@ withb € A;
2. There erists a O-minimal element ag € G;

3. For each Pp A in @, there ezists a O-mazimal element a; € A;
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4. An interval [ay,a0] is ¢ Pp of @ iff ay is a O-mazimal element of @ and ap is a

<O -mintmal element of @;

5. For each Pp A, there ezists a O-mazimal element a; € A and a O-minimal element

ag € Ay A= [alva()]‘

Proof: 1) Let A be the set of all directed above subsets that contain a. Now, C is a
partial order over A, and a union of a chain in A is again an element of A. By Zorn’s
Lemma, there is a maximal chain and its union is a Pp A of @ with a € A.

2) and 3) are a straightforward application of compactness. We show 2):

Let F = {0¢|(3a € a)(Oy € a)}. Then F is a consistent set of formulas: Let
{O4,...,0¢n} C F. There exists a,...,a, € @such that Oy; € a; €aforalll <i < n.
By directeness there exists b € @ such that (V1 < i < n)(a; > b). Hence Oy; € B for
all 1 <7 <nand {Oy,...,0¢,} is consistent. By compactness, n is consistent, thus
there exists ag € X so that F C ag.

Because char(@) C ag, ap € @. Besides, for all a € @, as {O¢|0y € a} C F, then
a-> ag hence gg is a O—minimal element in @.

4) and 5) follows from the fact that an interval is upwards and downwards closed set
and a Pp is a maximal upwards and downwards closed set.g

Observe that ag is © minimal in @ iff for all formula ¥, ©OyY — Oy € aq.

Definition 3.1.8 Given two sets Z,,2Z, C X let Z\, < Z> if for all a\ € Z, there exists
ar € Z9 so that a; LN as (<L is a quasi-order). The comparability relation, compg,
given by the quasi-order < is called the relation of K -comparability, i.e., compg(Z, W)
ifZ< WorW<LZ.

We say that two sets Z, Zo C X are K -linked (Z\ =y Z,) if Z\, <p Zs and Z> < Z;.

Lemma 3.1.9 [c/ Let @ be a O-class in X. Let C be a chain of Pps of @ totally ordered
by <r. Then there ezists a Pp Ag of @ so that for all AcC, A < Ap.

Proof: The set F = char(@)U {OL¢|(3a € UC)( € a)} is consistent. So, there exist ag
and a Pp A of @ so that F C ag and gy € A. Now, for all a; € UC, there exists as such
that char(@) U {Lo|¢ € a1} C a2. So ag N as LI a1, hence A must be a maximal

element for the chain C.g
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Definition 3.1.10 A Pp A is a K-superset of @ if for all Pp A’ of @, compk(A, A")
implies A’ < A.

Remark: Note that for every Pp B of @, there exists a K-superset A of @ such that
B < A.

Definition 3.1.11 Let N' = (Y, 3,25, a) be a Kripke model for L. Let Z C Y.
Define

e K(Z)={yeY|(3z€ Z)(y PLIN z)}, the closure of Z under K;
o Z is K-closed if Z = K(Z);

o Ifye X, let K(y) be K({y}). Call K(y) the K-segment of y;
e U is a K-segment iff (3y € UY(U = K(y)).

Note that for any Z C Y, K(Z) = K(K(Z)). Also, note that U is a K-segment iff
(Vy e U)(U = K(y))-

Denote the set of K-segments in Y by K and the elements of IC by lowercase Greek
letters {¢,n,&,...}, with or without sub-index.

Definition 3.1.12 Let N = (Y, «2, >, ) be a Kripke model for L, let Z C Y. Define
e =, a quasi-order over K, by ( <X n iff for all y € ( there exists x € 1 so that
z -3 y;
e (UnifC2nAn2(;
e T C K is an n-chain if
— T is linearly ordered with respect to <;
— 11 18 @ minimum (with respect to <) in T';

-neT.

Note that if we were in a directed space, < would be a partial order and 7 would be
equality. However, in a Kripke model, < is only a quasi-order in general and 7 is an

equivalence relation. Moreover, in a directed space, a K-segment is an open set.
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3.2 A Directed and Above Directed Model for £

We show now that there exists a directed and above directed Kripke model M’ which is

a strong expansion of the canonical model M.
Lemma 3.2.1 [/ Given two O-classes @ and b, @ <, b iff K(minoa) Nb # 0.

Proof: Suppose K(mino@) Nb # 0. Let b € K(minoa@) Nb and ag € minoa with
ag £ b As ag € minod, for alla € a, a = ag. Now, as for all a € @, we have,
a -2 ag <=5 b. By applying Definition 2.1.2 part 3, for all @ € @, there exists &’ € b
such that a <2 & -5 b. Thus, for all a € G, there exists & € b such that a Ly , Le.
a<pb.

For the converse, if @ <[, b, then for all a € @, there exists b € b such that a b In
particular, for all ag € minod, there exists b € b such that ag +— b. So b € K (minoa),

hence, K (minoa@) Nb # O.g
Corollary 3.2.2 [c/ Given two O-classes @ and b,
1. @ =1 b iff K(mino@) Nb # 0 and K(minob) Na # 0;
2. (@ <. b) iff K(minod) Nb # 0 and K(minob) Na = 0;
3. —(compi(@,b) iff K(mino@) Nb=0 and K(minob)Na = 0.

Lemma 3.2.3 (M Axiom Lemma) [c/ Given two O-classes @ and b in X. Given
ag,a; €@ and by € b, if a; > ag PN bo, then there exists b, € b such that [ag,a1] <t

(bo. b1

Proof: Let U = {y € b|(3z € [ap, a1])(z &)
Since a; — z for all z € [ag, a1], we have a; D {OLy|(3y € U)(¥ € y)}. As for all
z € [ag, a1}, T =2 ag PN bo, then, a; 2 {OLOn|n € by} So,

a1 2 {OLyY|(3y € U)(¢ € y)} U {OLOnin € b}
or, equivalently, since for all formulas 1, Ly = KL,

a) 2 {OKLy|(3y € U)(¥ € y)} U {OLOnIn € bo}-
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Let F = {OKL¢|(3y € U)(¥ € y)} U {Onjn € bp}. Let us show that F is consistent:
For any n € N, for all {OKL; A... A OKLyp,} € {OKLy|(3y € U)(% € y)} and
On € {Onln € by}, by axiom M,

F (QLORA OKLp A ... AOKLpn) = L(ORAOK LY A ... AOK Ltpp).

Now QLONAOKLY) A...AOK L, € a then L(IONACKLY1A...AOKLiy) € a.
So On A OKLyy A ... A OK L, is consistent. By compactness, it follows that F is
consistent and therefore for some b, € X, by 2 F.

As {On|n € by)} C by, & 2, by. Now, for all z € [@0,a1], there exists y € U so
that y «Ls . Since by 2 F, there exists z so that b, 225 y. Now, applying the
transitivity and symmetry of (—L—), for all € [ag, a;] there exists z so that by 2l Y.

So, for [bg, b,], we have [ag,a1] <r, {bo,b1]-m

Lemma 3.2.4 Given two O-classes @ and b,
1. Ifa <. b, then for all Pp A of @ there ezists a Pp B of b such that A<; B

2. Ifa =, b, then for all K -supersets A of @ there exists a K -superset B of b so that

A =; B (and vice versa).

Proof: Part I: Suppose that A = [ag,a1]. Since @ <. b, there exists by € b such that
ag <= by. Also, by M Axiom Lemma, there exists b; € b such that [ag,a1] <r [bo, b1]-
Let B be a Pp such that [bg,b1] C B. Then A = [ag,a1] <r [bo,b1] <L B.

Part 2: Given a superset A of @, there exists B a Pp of b such that A <; B. Also,
there exists A’ a Pp of @ such that B <; A’. Since compg (A, A’) and A is a K-superset,
we get A' <; A. Hence, B<, Aand A=, B.g

Notation 3.2.5 Given a O-class @, UC(a), the upper core of @, is the intersection of all

Pp of a.

Definition 3.2.6 Given a O-class @, ap € minoa, A a Pp of @ and b € K(ag), let Sp.a
be the set of all mazimal (w.r.t. <;) Pps B such that b € B.

Lemma 3.2.7 Sy, 4 as given in Definition 3.2.6. is non-empty.
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Proof: Sy, 1 is non-empty: Let [ag,a;] = A. As ao PN b, by M Axiom Lemma, there
exists b € b so that A < [b,5]. As [b,b;] is contained in a Pp of C of b, clearly A<; C
and be C.

Pick U a maximal (w.r.t. <) chain of Pps such that foral Ce U, b€ C.

Consider the set F = {O¢|¢ € b} U {OLyp|(3c € UWU)(¥ € c)}. By compactness, F is
consistent. So, the set Cons = {c, € b|F C ¢} is non-empty.

As for all ¢; € Cons, {O¢|¢p € b} € ¢y, then for all c; € Cons, ¢ =5 b. Let
c1 € Cons and let B be a Pp’s such that ¢; € B. As {OLy|(3c € UU)(¥ € ¢)} € ¢y,
thenforall C € U, C < B. As U is a maximal (w.r.t. <p) chain of Pps, B is a maximal
(wrt. <L) Pp.g

Observation 3.2.8 Let a be a O-class, ag € minoad and A be a Pp of G. Let Ty, 4 =
U{Sso,4lb0 € K(ao)}. Then for all b € K(ag), there ezists B € Ty, 4 such that b € B.

We show in Proposition 3.2.11 that there exists a directed and above directed Kripke
model strong expansion of the canonical model. Example 5.1.2 illustrates Proposition

3.2.11.

Definition 3.2.9 Given a O-class @ and ag € @, we say that C C @ is an ag-chain if

there ezists a; € mazo(a@) and C is a mazimal totally ordered subset of [ag,a1].

Lemma 3.2.10 /[c/ Let @ and b be two O-classes. Let ay € mazo(a), by € mazo(b).
Suppose that the two intervals [ag, a1}, [bo,b1] are so that [ag,a1] <L [bo, b1]. Then for all
ag-chains C C [ag,ai1], there ezists a by-chain C' C [bg, b] such thet C <1 C'.

Proof: For all z, > 9 LA AN z, in C, by repeatedly applying the Cross Axiom,
we obtain a chain ¥, N Y2 AN yn in [@g,a1] so that forall 1 < i < n, z; <—L—>y,-.
Now, for all ¥; € z;, the formula (Ly; A O(Lp2 A O(Lyy)...)) € y1. By applying
compactness, the set
F = {(Lh A O(Lypp A O(Ltpn) .. )|(Fly1 — g2 — - — yn < [a0, 1))
3z, i)zg 25 ... i):r,n CC)V1<Li<n)(z; <L)y,-) AY; € z;}
is consistent. Therefore, there exists a bg-chain C’ contained in [bg, ;] such that for all

z € C, there exists y € C' with z « va

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



20

Proposition 3.2.11 Given the canonical model M, = (X, i),(i) a), there ezists a
directed and above directed Kripke model M' = (Y, 25 ., PLIN x,ax) that is a strong

ezpansion of Mc.

Proof: Let Pp be the set of all Pps of X.

For n € K, we say that 7 is of type 1 (n € T'1) if for all @ € n, a is not a O-minimal
element of a O—class in X, otherwise, 7 is of type 2 (n € T2). Also, we say that a € X
is of type 1 (type 2) iff K(a) is of type 1 (type 2).

Note that if a «— b, then a and b are of the same type.

We will now define the set Y’ C X xPpxP(Pp) so that the first coordinate projection
F from Y’ to X gives us an expansion of M.

For all n € K if n is of type 1, let P, be the set of all S such that there exists a € X
and C an a-chain such that

S ={B|C <, BABN( #0}

Define Y| = {(a,A,S)|(3n € T1)(Se P,AA€SAac ANn)}.

Note that for all S € P,, we have F[{(a,A,S)|JA€ SAac€ ANn)}] =n: Letag €7
and C be an agg—chain so that T = {K(z)|z € C}. Let C C [ag,a1]- By M Axiom
Lemma 3.2.3, for all by € 7, there exists an interval [bg, b;] with [ag,a1] <L [bo.b1]. As
C C [ao, a1], then C < [bg,b1]. So, for all a € C, there exists b € [bg, b1] with a L.
As T = {K(z)|z € C}, then for all { € T, there exists b € [bp,b,] N (. If B € Pp is such
that [bg, 5] C B, then BN (¢ # 0. So, for all ( € T, BN # 0. Hence, for all by € 7,
there exists B € S so that (b, B,S) € Y{.

For all n € T2,

e Given a9 € mino(@) Nn and a Pp A such that ag € A, let S = Ty, 4 as defined in
3.2.8.

e Foralln e T2, let S € P, if for some ag € 7, for some A €Pp, S = Ty a.-

Define Y; = {(a,A,S)|(3n € T2)(Se Pb,AA€ESAac ANn)}.
It follows from the definition of each T,, 4 (Observation 3.2.8) that for all n € T2,
for all S € P, F[{(a,A,S)]A€SAac ANn)}] =1.
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Let Y =Y{UY;.

Let us now define the relations Ly « and <25 * over Y' as

o (a,4,S) «= (b, B, S);

o (a,4,5) > «(b,A,5") iffa >+band S’ C S.

For all A €Pp, let A’ = {(a,A,S) € Y'|a € A} Let F((a, A,S)) = a and for all literal
R, let (a,A,S) € a*(R) iff a € a(R).

Let us now show that M’ is a directed and above directed Kripke model strong

expansion of M, and F is a fiber mapping. We show:

1

. Foralla ¢~ band (a, A, S) € Y", there exists B such that (a, 4, S) <= «(b, B, S);

For all a; =2 ao and (a;,A4,S) € Y’, there exists S’ such that (a), 4,5) 2,
*(ao,A, S’);

For all A €Pp, there exists a O-maximal element (a, 4,S) in A’ in which for all
T A, (a,4,S) s z;

For all A €Pp, there exists a O—minimal element (ag, 4,S) in A’ in which for all
red, x> *(ao, 4, S);

L . . .
+— = is an equivalence relation;

o . . .
—— * is transitive and reflexive;

If (a1, A, S) -2 *(aq, 4, S') «Z +(by, B, S'), there exists (b;, B, S) € Y’ such that
(a1, A, S) <= (b1, B, S) = *(bo, B, S').

Items 1 and 2 above correspond to showing that Definition 2.1.4 part 3 and part 5

hold - the other clauses follow directly from the definition of ax, 2, « and «% «. Items

3 to

7 are to show that M’ is directed and above directed. Because items 5, 6 and 7

imply that M’ is a Kripke model and each A’ is a O-class, then items 3 and 4 imply

that (Y7, =2 ) is directed and above directed. We have then:
1 and 5: Follows from the fact that the first coordinate projection of K(((a, A, S)) is
K (a).
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2: If n = K(a1) and ( = K(ap) are of type T1, consider a Pp B, b€ B and C} a
b—chain so that S is generated by the n—chain T = {K(z)|z € Cy}. Let D be an a,—chain
so that Cp <r D (see Lemma 3.2.10). Let C be an agp—chain such that D C C. Consider
S’ € P, given by the n-chain T = {K(y)ly € C}. We will show now that S’ C §:
Let B’ € S’. Then there exists [b},b] C B’ with C < [b],b5]. As C» < C, then
Cp < [V}, bp)- Thus for all ¢ € T, there exists ¥ € B'N¢. So, for all ( € T, B'N¢{ # 0,
hence B’ € S.

Ifn € T1 and ¢ € T2, let by be a O-minimal element of by with by € (. Let B be a
Pp so that bp € B€ S.

Suppose that S = N{A|(3¢ € T)(AN{¢ # 0)} and consider S’ = Sy, 4. We will show
now that ' € S: f C € S, then B <y C. Now, B € S, so for all ' € T, there exists
be BN¢'. Now, B <t C implies that there exists ¢ € C with ¢ «= b. Thus, for all
¢' €T, thereexistsc€ C withce (', soC € S.

Ifn and ¢ are of type T2, let S = Sp, 4. Let ¢p € ¢ be a O-minimal element for some
O—class ¢. Let C € S be so that ¢y € C and consider S’ = S, c. We will show now
that §' C S: Suppose that D € §’. Then C <; D. Also C € S implies B <; C. So,
B <; D. The maximality conditions over the elements of S’ also follows over S. Thus
D e S’ implies S€ S.

3: For all A €Pp, let a; € mazo(A) and S = {4 €Pp|ANK(a; # 0}. Let (a,A,S') €
A’. As §' D S, then (a1, 4,5) < +(a, 4, S).

4: Let a9 € mino(A) and let S’ = T,, 4. We have that (ap, 4, S’) is a O—minimal
element of A’: For all (a,A,S) € A/, as ag € mino(A), we have a N ag. Now, as
forall B € S, A <y Band B € Ty, 4, then B € S. So, S’ C S and therefore,
(a, 4, S) - +(ag, A, 5').

6: Follows because 2, and C are transitive and reflexive relations.

7: Let by be so that a; «= by — by. As b, € K(a1), F({(c,C,5)} = K(a1) and
B € §' C S, then (a1, A, S) « =(by, B, S) -+ +((bo, B, S"))-m

Let us call M’ the canonical directed model, the D A-model and note that we do not
prove that all O-maximal elements in the distinct Pp’s of the canonical directed model
are K-linked. This is not necessarily true in the canonical model and just reflects the
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fact we impose the set of all points is an open.

Observation 3.2.12 In the canonical directed model any O -class is such that its image
under the fiber mapping F is a Pp of a O-class in X. Conversely, for any Pp A of a
O-class in X, there ezists a O-class A in M’ so that F(A) = A.
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3.3 A Directed Space for £

Now, in order to obtain a directed space strong expansion of the canonical model, we
must focus the expansion in the set of points of Y’, the underlying set of M’, that satisfy
z xy,and £ #yorz PN *y with z and y in the same O-class. We will use a
bulldozer-like procedure in order to force the relation 2, in our model to be a partial

order and to make sure that any K-segment intersects any O-class at most once.

Definition 3.3.1 Given a partially ordered set (X, <) and a quasi-ordered set (Y, <),
we say that a mapping f from X to Y is an order bisimulation if

1. If z < y then f(z) X f(y) and;
2. Ify < f(z), there ezists y€ X withy < z and f(y) =y

We say that f is an embedding iff f is an order bisimulation and onto.

Definition 3.3.2 Given a set Z, P an equivalence relation on Z, and F a mapping from
a subset of Z onto a subset of Z, we say that F respects P if f(z) = y always implies
(z,y) e P.

Recall that @ \,= {c € @la > c}.

Definition 3.3.3 Let N = (Y, =, ~,a) be a Kripke model for £, b a O-class in N'
and a,a’ € b. We say that a card o' if there ezisis an embedding G of a \, onto a’

that respects L

Observe that if G is such an embedding from a \, onto @’ \; and ¢, ¢ satisfy G(c) = ¢/,

then ¢ card .

Lemma 3.3.4 Let N = (Y, <=+, -3, a) be a Kripke model for L, let b be a O-class in
N and a,a’ €b. Suppose that G is an embedding from a \, onto a’ \, that respects .
Then for all c € a \,, ¢ € @’ \y and for all formula ¥, if G(c) = ¢, then c =n ¥ iff
dEx.

Proof: Suppose ¥ is a formula of smallest possible complexity such that ¢ =xr % and
d Ex —. We prove a contradiction.
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e Ifp = A is an atomic formula: For all z,y € b, z x A, iff y Ex A. As ¢,d € ),
then c En A iff ¢ En A

o If vy = K¢ for some formula ¢: Since ¢ card ¢, ¢ Ly ¢. Hence c Ev ¢ iff
d Ex ¥

e If ¥y = O¢ for some formula ¢: Suppose c = O¢ and ¢ E=p O—¢. So for some
d €\, d Ex —¢. Because G is an embedding, G satisfies Definition 3.3.1 part
2. Hence, there exists d € ¢ \, so that G(d) = d’. Now, ¢ 24 implies d =p .
Hence, d =5 ¢ and d’ =n .

Suppose that O-¢ € ¢, then there exists d € ¢ \, such that d f=pr ~¢. G is an
embedding, so it satisfies Definition 3.3.1 part 1. So, ¢ N G(d) = d'. Now,
¢ 25 & implies d' =y ¢. So, d l=x ¢ and d' =y ~¢. Conclusion from the above
that 9 is not of the form O¢;

e If ¥ or ¢ is formed by a connective A, the case follows straightforward.

Conclude then that for all formulas 1, for allc € a \,, ¢ € a’ \, if ¢ card ¢/, then
ceExnvifidEvym

Definition 3.3.5 Let N = (Y, L, —9—>,a) be a Kripke model for L, let Z C Y. Define
o For each ¢ in K [¢] = {n € KI¢ v n};
e Let [K] be the set of equivalence classes under ;.

Definition 3.3.6 Given (1] in [K] and a O-class @, [n] ® @ stands for U{¢ Na|¢ € [n]}-

Definition 3.3.7 Let N = (Y, &, —&,a) be a Kripke model for £ and a,b € Y.
Define:

e b is predecessor of @ if a > b and for all c €Y, ifa ~>> ¢ ~» b, then b —» c.

e b is predecessor of e in K(b) if a 25 b and for allc e K(b), ifa 2 b, then

o
b—=ec.

e b is minimum in K (b} if for all c € K(b), if c —» b, then b —» c.
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e b/ is successor of a ifb'—inzandforallc'eY, ifb'-£~)c’—°+a, then d > V.

e b is successor of a in K(V') if b/ >ia and for alld € K(V'), if &/ 25 ¢ 25 a then

0.
e ¥ is maximum in K(¥) if for all ¢ € K(¥), if ¥ > thend —2» V.

Note that we read a —> b as b is less than a. This is contrary to the idea of quasi-
order given by arrow i), nevertheless, our intuition is that = N y represents two pairs
point-open, z = (a,U), y = (a,V) and z —> y iff V C U, i.e., V is less than U in the

order C.

Lemma 3.3.8 [c] Let @ be a O-class in the canonical model M, b € @ with K(b) €
[K(a)] and K(b) # K(a). Then a has successors, predecessors, marimum and minimum

in K(b) w.r.t. the quasi-order 2.

Proof: Let A= {Oy|yp € a}, B = {O¢|¢ € a}. Let C = {Lx|Lx € b}.
Given a maximal totally ordered (w.r.t. —3>) set ' with @ € T, then a successor,
predecessor, maximum and minimum of a in K(b) w.r.t. 2, that lie in I, respectively

contain the sets
S=BUCU{D¢|(3b e TNK[B))((b->> a) A (T € b))}

P=AUCU{O¢|(3b e TNK(b))((a > b) A (O € b))}
Maz = BUC U {0g|(Vb € T N K(b))((b — a) A (O¢ € b))}
Min = AUCU {O¢|(Vb € TN K(b))((a 2> b) A (O € b))}

Let us see that S is consistent and for all z that contain S, z € I' and z is a successor
of a in K(b). The other proofs follow a similar reasoning.

S is consistent: For all set of formulas G = BUCU{O¢|(3b,,...,b, € CNK(b))(VY; €
{b1,...,ba})((b; > a) A (O € b;))}. Because {by,...,b,} is finite, there exists b; €
{b1,...,bn} such that b; -2+ b; for all b; € {by,...,b,}. As G C b;, then G is consistent
and, by compactness, S is consistent.

If S C z, as T is a totally ordered set, then £ € " and = is a successor of a in

K®b): AsBCz,z - a AsC C z, then z € K(b). Also, if b € T N K(b), then
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{0¢|0¢ € b} C z, because = C U{T¢|(b € TN K (5))((b > a) A (T¢ € b))}. So, b~ z,

hence z is a successor of a in K(b) iff a PEIN b.m

Notation 3.3.9 Given n € K and a € U[n}, denote the set of successors of a in K(b),
for all K(b) € [n] — K(a) by Sucyy(a)-

!
Observation 3.3.10 Given a Kripke model M = (Y, = ,->+'. o), for alla,b€ Y,
1. b is successor and predecessor of a in K(b) iff a & b;

2. e banda s b implies a =y iff b |= o for all formula 4. Thus, if M is the
canonical model, because each point in X is a set of mazimal consistent formulas,

a=b.

Definition 3.3.11 Given 1 € K, we say that [n] is regular iff for all { € [n}, for all
a,b € (, there ezists an embedding (w.r.t. the quasi-order —3)) from Sucpy,(a) onto
Sucy,|(b) that respects Py

We must show, in order to obtain the expansion of the canonical model, that any

[¢] € K is regular.
Complete the set of atoms of £ by adding new distinct atoms Py, P;, let L' be

extension of £ cbtained by adjoining this new set of atoms. Let ¥ =-FV -P,.

Lemma 3.3.12 Given a,b € X with a PN b, the following sets are consistent in L':

Fpy, ={%oAPohpo € a}U{L(py AP,)|¢ € b}U{¥} U{K(¢1 V - P1)|¢1 € b}

Fp = {1APijp1 € b}U{L (o APo)|¥ € a}U{¥} U {K(do V ~P)l¢o € a}

Proof: Let us show Fp, consistency, since Fp, consistency has analogous proof. First
let us show that the set of formulas Fi = {¢g A Polo € a} U {L(y1 A Py)}ip1 € b} U {¥}
is consistent:

As {¢o|vo € a} U {L(31[y1 € b} is consistent and Py and P, are new letters, then if
{10 A Poltpo € a} U {L(1 A P)[y1 € b} U {T} is not consistent, then we would have

F—~(PyALP, A T)
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Now, as - = Py A P, we have - Py ALP, =+ Py AP,. But BhbALP, - Pp AP, is
not a theorem in our language.

Let F> = F, U {K(¢) V ~P)|¢ € b}. We show now that F> is consistent: Suppose
otherwise that

F (o APy AL(tpy A P)) ANY = L(~$1 AP)

for some 1y € a and ¥, ¢ € b. We have:
F (%o A Po A=P1) AL(¥1 A Py)) = L(=1 AP)

As the first part of the above implication - ® = (9 A Po A ~P1) A L(¢) A Py)) -
is consistent, we don’t have the second part of the implication - L(—~¢1 AP;) - trivially
derivated from ~ & — x for all formula x.

Now, L(—¢, AP}) has the subformula P|, no suformula —~P; and P; is linked to a
connective A. Also, Lyx; A Lx2 = L(x1 A x2) is not a theorem of our language, so our
proof can be reduced to - L(y; A Py)) — L(=¢y A P).

Now, a proof of L(¢) A P,) = L(—~¢1AP,) is obtained just from K-necessitation over
¢V -P, = -1 V -~ P,. Because ¥ A ¢, € b, we cannot prove 1 A P, = -¢,AP,.g
Notation 3.3.13 Given the extension L' of L obtained by adding the new atoms Py and
Py, denote by Mg = (X', i>,, (i;, o') the canonical model for L'.

Corollary 5.3.14 [c] Given ag L5 by in X and L' the ectension of L obtained by
adding the new atoms Py and P,, there ezxists ag, p, (L; bo,p, in X' so that ag C ao, py,

bo C by p, and either
4
1. If ag,p, &5 z and P, €z, thenz = by p,;
4
2. If by, p, PN y and Py € y, then y = ap p,-

Proof: Just let ag p,, bo p, € X' with Fp, C ag p, and bp,p, € X such that {1, AP, )4 €
b} C bo,p, or Fp, C by p,, and ag p, € X such that {‘!ﬁo APo)o € a} C ao,pPy -1

Observation 3.3.15 [cf Let M, = (X, —°),<—L—) a) and Mg = (X', i)', <—L—)’, o'), as

in Notation 3.3.13. For all ¥’ € X', the set z of all formulas ¥ € z’ such that 9 is a
formula in L is a mazimal consistent set of formulas of L. Soz € X.

Also, given y € X, as y is consistent, there ezists Y € X’ such that y C /.
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!
Lemma 3.3.16 [c] Let M, = (X, 255 a) and Mg = (X',—O—)I,(L> ,a'), as in
Notation 3.3.13. Let ',y € X', z,y € X be such that £ C 2’ and y Cy/. Then

1 Ifr 2 v, thenz—o—)y;

L' L
. If’ «— o/, then z > y;

e

!
3. Ifz 24y, there ezists y" so that y C y" and =’ 2y
4 Ifz -2 y, there ezists £’ so that = C =" and " =2, v
7
5. Ifz <= y, there ezists y” so that y C y" and &’ &y

6. There erists S C =’ \,, called a homo-segment for = \, such that for all z N
ot

22 y, there ezists 2’ such that =’ 222 v.
Proof: 1) For all formula O, if Oy € z, then Oy € z/. As 7’ =2, Y/, then ¢ € ¢/'.
Now, Oy € L, so, Y €y.

2) Analogously to 1.

3) Let F = {O9y|0y € '} U {¢|¢ € y}. We show that F is consistent:

If - ~{Oy A ¢}, for some Oy € =’ and ¢ € y, then F Oyp — —¢. So, - Oy — O—¢.

As Oy € 2/, then O-¢ € /. As ¢ € y, then O¢ € . Now, z C 7/, then O¢ € /. We
obtain then O-¢ A O¢ € 7/, a contradiction.

4) Let G = {Oyl|y € ¥’} U {¢|l¢ € z}. Then G is consistent:

If F ~{O9 A ¢}, for some ¢ € ¥ and ¢ € z, then - Op = —~¢. As —¢ € L, there
exists a formula x € £, such that ¥ = x and - Ox = —~¢. Now, ¥ = x and ¥ € ¢/, so,
X €Y. Also, x € L, 50, X € y.

We have then: xeyandz—°—>yimplies, Ox €Ez. AstOx - ~¢p and ¢ € z, we
obtain a contradiction.

5) Is analogous to 3.

6) Follows by compactness.g

Lemma 3.3.17 [c] For alln € K, [n] is regular.
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Proof: Let ag, by € X be such that ag L, bo and ¢g, dp be respectively successors of ag
and b in K(c). Suppose that there exists f so that do —» f —» by and for all e € K(f),
—(co 2 e ag).-

By Corollary 3.3.14, there exists cg p,,do,p, € X' so that cg C cg,p,, do C do,p, and if
do,p, (L)' y and Py € y, then y = cg p,. Thus K(co p,) N (co,py) = {Co,p,}-

Now, it follows from the Cross-Axiom that for a’ € X’ with ¢y p, 2," ¢’ and ap C a’,
if C is a homo-segment that contains a’, then there exists a homo-segment C’ with
C<yC'andad (L)' b’ for some b’ € X' with by C ¥'. As cp and dy are successors of ag
and by in K(c), then co p, (—L—rl dg, for some dg such that do C dj. Moreover ¢y p, and

o are successors of a’ and b/, respectively.

As C’ is a homo-segment, there exists f’ € X’ with dj =2 f 2, ¥ and fcr.

Now, C is a homo-segment, and for all &’ € K(f'), ~(co.p, —> € - d). We
have then: @' -’ f! L e and, by applying the Cross axiom, there exists ¢ with
d & 2 ¢, Besides, (Ve' € K(f))(~(co,p, 2 e & ) implies ¢ # co, p,- Now,
& ¢ and & & co,p, implies ¢ N co.p,, a contradiction to K(co,p,) N (co.pp) =

{co.r}-m

Lemma 3.3.18 [c] Given ( € K, a1,4,a € X and @ a O-class,
1. Ifay,a} =, ag, @1, Q] PN ag and ay, a) are successor of ag in K(ag), then a) = ao;
2. IfF'Cn)®ais so that F =1 F' and b <>+ ¢ for allb,c € F'. Then F = F".

Proof: 1) Let G from [ag, 2}] onto [ag,a,] be given by: For all  # a9, G(z’) = z if
z ¢2 2/ and G(ag) = ap-

As for all ¢ € [K(ag)], there exists only one z € [ag,a}] — {ao}, then G is well defined.
As for all { € [K(ao)], there exists only one z € [ag,a1] — {ao}, then G is onto. Besides,
[¢] is regular, so G is an embedding. Extend G to ag \\= {z € Xlao LN z} onto ag \,
as G(z) = z, the identity mapping. Now, G respects «Ls and therefore, a, card a}. As
a;,a} € X, then a) = aj.

2) Let F \,= {z € T|(3b € F)(b > )} and F' \= {z € [|(3b € F')(b > z)}.

Define G from F \, onto F’' \, as G restricted to F’ Y\, is the identity mapping
F(z) = z and G restricted to F \, —F' \, onto F' is so that for ally € F \y, —F' \,
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forall z € F, if y «=> z, then F(y) = z.

It follows from the definition of G that G respects &), We must verify that G in
an embedding (w.r.t the quasi-order —°->).

Let z,y € F’' N\, be such that = 2, y. Ifz € F' N\, then G(z) 2 G(y) follows from
the fact that G is the identity mapping. If z,y € F \, —F' \, then G(z),G(y) € F’,
s0 G(z) <> G(y). fz € F\,and y € F' \, then G(y) = y. As (Vy € F' \\)(VZ €
F')(z = y), then G(z) — G(y).

Now, let G(z),y € F' N\, be such that G(z) 2, y. Let y = ¢/. It follows from 1)
that forallz € F\, —F' \,, for all y € F' \,z—°—>y,so,either:z:€F'\,a.ndx$y
orG(z) € F'. Sox € F\, —F' "\ implies z > vm

Observation 3.3.19 We have shown that any class [n] in the canonical model My is
reqular and that any point ag € X has predecessors and successors in any {( € [n].
Moreover, by Lemma 3.3.18, there ezists only one element in K(a), ax, such that ax
is the successor and the predecessor of ax in K(ag). Thus, it follows that the set of
successors of ag in K(ag) can be denoted by a =2, an 25 an-1 IO N ag, where

Qoo tS the mazimum in K(ag).

Lemma 3.3.20 [c/ Given [n] € [K], a0 € U[n], {8c0)@n,an-1,---80} C K(ag) with
Qoo =2 an =2, Qn_1 205 ag and ax is a successor of an in K(ag), then

ay =1 =...8p—-) = 0n-

[}
Proof: Let by, be so that —~(a, PN bx) and ao AN bo. Let an, py £ G, P, be so
4
that if z «= Goo,p, and Py € z, then z = a, p, (see Corollary 3.3.14).

", oi' ! d
Gp_1y Gn,Py a,_) an

[
Let al,a},al,_; € X besuch that a, p, &5 e, d FEIN
o .
al, — al, with ex C al,, a@n C a,, and a1 C al,_,. Suppose also that [a},_;, an, p]
and [a},,al,] are complete.

Let 9 € @y with =9 € b. Then al, contains formulas of the form

YAO(YAOWAS(PA..)))

Now, we cannot obtain an embedding of [a},_,, an, p) Onto [a},, a5 ]- So al,_; = an p,-

Thus an_1 =apn=... =ao.g
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Corollary 3.3.21 For any O-class b and [n] € [K], if [n] ® b # 0, then:
1. For all ¢ € [n], (N b is a unitary set a$;
2. For all ¢ € [n], either (Nb = {aS.} or (Na@ = {a$,,a§} with al, N a$;

3. For all ¢ € [n], ((Na, i)) has the same order as w+1, where w is the first non-

finite ordinal and w+1 denotes its successor. We denote ({ Na, —g)») as {a$, N

¢ o . A8

265 ->a — ... —ag}
n n—1 0J-

Moreover, case ii holds at some @ € [n] iff there is no b € [n] in which case it holds.

Corollary 3.3.22 All statements from 3.3.8 to 3.3.20 can be extended to the D A- model

M = (Y',(—i-> *, >, *, @*).

Proof: Just note that any assertion about the canonical model holds in a Pp of X, so

ina O-classof Y'.g

We finalize Section 3.3 with the construction of a Directed Space for L. First we will

built a Directed Space strong expansion of the DA- model M’ = (Y, PN A, a*).

Proposition 3.3.23 For each [n] € K of M', there ezists a digraph G, = (V[,,],—°->[,,]
,(—L)[,,]), for <L>[,,] an equivalence relation and —3)[,,] a partial order, and a mapping

Hp, from Gy onto [n] so that Lemma 2.1.4 part 1 to Lemma 2.1.4 part 5 holds in [n]-

Proof: If cases i and ii hold for all O-classes that intersect [n]: Given a O—class @, then

o If there exists { € [5] so that | N | = 2, consider {(a%,p/q.7'/d)lp/a <P'/d €
Q} U {(a§,p/q)Ip/q € Q};

e If for all ¢ € [n)], | N@| = 1, consider the set {(a%,,p/q)lp/q € Q}.
Let <y be an order over [n] and —<—>+[,,] be the smallest transitive relation so that:

o If there exists ¢ € [n] so that [(Na&| =2,

—-If¢ S[n] C’7 vp/q, P'/q,, (ag;n p/‘lrp,/q,) i)[r]] (agtnp/q’p,/q’);

- Ifp'/q <p"/d", ¥p/q, Vzeta, (', (0%, p/a,p"/9") —p) (0o, P/0, P [€);
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- Vp/a,7' /4, (6%, P/9:P'[d) —>1) (a§,2/9)-
e Ifforali¢ €[n], |(Nal =1,
- If ¢ <y €' Vp/4, (3%, p/9) —3>[n1 (a$,,p/q);
- £p/q < P/q, (aS, P /7) ~¥y) (aS,0/9)-
For all ¢ € [n], for all O-classes @, a’ and a”, let (—i)[,,] be the equivalence closure of:
¢ (@%,0/0.7[¢) o (@5, 7/,7/7) o (@25, 7/2);
o (a%.p/2.7'/q) «y) (af,7'/q), i o is defined.
If cases i and iii hold for all O—-class that intersect [n]: For all O—class @
elf¢na = {a§, > ... 25 0 > as_, 25 ... 2 4}, consider the set
{a&,, T, s, t,u)jr, s, t,Lu EZA L > u}U {(aJC.,r, t,t+j)lr €ZAt,j €N}
e If(Na = {a%}, consider the set {a%,s,u)|s,u €Z}.
Let <m be the order over miny and —o—r[,,] be the transitive closure of

¢ If¢NT = {aoo ... 2 a8 a1 ... 25 ag}, for all ¢, ¢’ € [n]], consider

— (Vr,s,t,u), (aL,r, st u) —3-)[,,] (anos, 1y 5, 8, u) if ' <ppy 5
- (e, 7, s, t,u) —2-)[,,] (aZ,r s, t,u'), if &' < s;

- (al,, 7,5, t,u) —o-)[,,] (al,r s, t,u'), if u' < u;

- (a1, s,t,u) i)[,,] (a;-",r, t,t +j), for all s,s;

- (aj, 7t t +7) —o-)[,,] (aj 7 t,t + ), for a; N aj;

= (aj,r bt + 5) o (@), 8,8+ 5, for all ' < j.
e If for all ¢ € [}, (Na= {al}, for all {,{’ € [n}], consider

- (agov S, u) i’[1;] (02’0, 3, ul) if 7?’ S[n] n

- (al,, s, u) -&[,,] (al,,s,u’) for all v’ < u.
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Let (-L-)[,,] be the equivalence closure of (ay,r,s,t,u) (-Lrl,,] (@eo, T, s, ', u) (—L)[,,]
(a'u—-t"vsv t”,'U))-

Denote the first coordinate projection onto ( N@ by H,; and let, for all A € A,
T € apy(A) iff Hiy(z) € a(A)m

Theorem 3.3.24 Given a language L, there ezists a directed model D = (X+,0%, a™)
strong ezpansion of the DA- model.

Proof: For all n € K, consider Dy, the set of all K-segments of G,). Consider for all
[n] € (K], for all € [n], the set N, given by: N € Ny iff (V[(])(n < ¢ = (3¢" € [{])(V(¢" €
K))(VD € D)(D € NY & ¢ < ¢').

Let D* be the union of all sets N € N, for all € K.

For all O—class @ in Y, let zz € X iff exists a D C D* so that for all n € K, if
nNa # 0, then only one D € Ny belongs to D and for all n,{ X v, D € N,, D' € N,
D" € N¢ belongs to D, implies D', D" C D

For all ¢ € K, n € [n], define Vp € O% if Vp = {z € X*|(3¢ € K)(3D € N)(D € z)}
and let, for all zz € X+, F"(zz) = @. Define z € ap(A) iff A € char(z). Now, by
making the composition of F’ with F, the fiber mapping from Y’ into X, we obtain a
subset space D = (X, O, a™) strong expansion of M.

In order to show that D is an intersection space, note that for all zz € X, the arrow
2, over N'zz, given in O% by the order C is given by the order C over all D € D¥ that
belongs to zz, and this order is weakly directed.g

Corollary 3.3.25 Given a language L, there ezists a directed model D = (X+,0%, at)

strong ezpansion of the canonical model.

Corollary 3.3.26 The azioms I to 10, WD and the azioms M, are complete for directed

spaces.
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Chapter 4

4.1 No Finite Axiomatization for Directed Spaces

In this section, we prove that axioms 1) - 10), WD and the axioms M,, cannot be reduced
to a finite set of axiom schemas.

We use the compactness results obtained in DM P’s paper and the denumerable set
of counter-models M, that are adapted from DM P’s paper, [1] to obtain the results

we claim.

Example 4.1.1 (DMP,) Let L be a language for subset spaces whose atomic symbols
are {A,Z}YU {Pi|]1 < i < n}. Let us consider, for every n € N, a subset space M, =
(Xn, On,an) given by:

The set of points is X, = {a,z1,...:2n,DP1,---,Pn}. The set of opens O, 15 given by:
Xn, Uje ={a,2zj,pe}, 7 #t, Vi ={a,2}, 1L <j<n,aend {p;}, forall1<j<n

Let the valuation oy, is given by A— {a}, Z — {z1,...,2z,}, foralli <n, P, = {p;}.

Then for all n, for all j < n, the azioms M; are valid in M, but there ezists an
instance of ariom M, that is not valid over M,. Moreover azioms 1) - 10) plus WD

are valid in each M,,.
Proof: Let n € N be fixed. First let us show that for all j < n any instance of an axiom

M; is valid in M,,.
Since axiom M, implies axiom Mj, for all j < m, it is enough to show that for any
formulas ¢,v,,...,¥n_1, if for some z € X,,, W € O,, we have
z,W EOLOPACKY A...AOKp_

then
z,WELRCIAOKY A...AOKYp_))

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



36

or, equivalently, there exists y € W so that
Y, W OpAOKP A ... AOK a1

Let us rename Op A OKYY A ... AOK¢,_ as .

We can have that z,W | O or z,W | O-¢. If z,W = O¢, then trivially,
z,WEkesoz, W L®.

So suppose z, W = O-¢.

if £ = p;, then since we have {p;} € O,, we get p;, {p;} = LO®, and hence p;, {p;} =
O¢. This yields pj, W = O¢, ie. z,W |= O¢.

Suppose z = z;, and z;, X, = O-¢. Then since z, W = OLO¢, we must have
z;,Vj = LO¢, and hence a,V; |= O, for z;,V; = O¢ and a is the only other element
in V;. Hence a,W = O¢. Now a belongs to all open sets to which z; belongs. So
a, W = OK4v; for all ¢ and we get a, W = .

If W = Uj, or W = Vj, then the restriction of X, to W is a directed space. For
if X' =W and O’ = {V € O|V C W} then for all atomic letters A, define o/(A) =
an(A)NW. Then M’ = (X',0’,a’) is a directed model that satisfies (VV € O')(Vz €
XYV € LY{(z,V Eam ¥) © (z,V =, ¥)}. Hence M, is valid on W.

From the above it follows that we can assume that £ = a and that W = X,,. Since
a, Xn = OLO¢, we also have a, V; |= LO and hence, since a, X, £ O¢, we must have
zj, Vi = ©¢ for all j.

Since ¢, X;, E OKyYy A... AN OK1pn_,, for each i < n — 1, there exists W; C X, in
Na such that a, W; = K. Let S be the collection of all these W;.

If S = {X,} then pick y € X, so that y, X, | O¢. Then y, X, = ®.

Otherwise all W; in S (other than Xj) are either of the form V; or U;;. There are
at most n — 1 such W; and hence at most n — 1 subscripts ¢ are involved. Now we note
that for all j, ', Th(z;j, Uj:) = Th(z:,Uj ), and Th(zj, V) = Th(z;:,V;). Also, as we
noted, zj, X, = O¢. So pick a single j different from all the ¢ involved and replace (i)
every Uy s in S by Uj, and (ii) every Vj» by Vj, to get S'. This z; (with S’) will satisfy
o.

Now let us verify that an instance of axiom M, is not valid in M.
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For each i < n, let ¢; be the formula K~P\A.. AK=P, \ALPAK-P;|A... AK—P,.
By the S5 nature of the K-axioms, for all t < n, ¢; = K¢;.

Let us show that a, X, = OLOZ AOK @) A ... AOK¢y,, but no z; satisfies z;, Xp, =
OK¢y A... AOK¢,. Therefore, a, X t L{IOZAOKH A ... AOK¢n}.

We have that a, X, E OLOZ A OK¢P A ... A OK¢y, since

e For all W € Na, there exists ¢ < n so that z; € W, so, as aq(Z) = {z1,.-., 2},
then e, X, =EOLOZ:

o If m # j then a,Un;j = K¢;. Hence for all j <n, a, X, F OK¢;.
Also, let m < n. We have that z;,, X, £ CKH A... A OK ¢y, for:
® 2, Xn ELP A...ALP,,

e Forall j #m, zn,Un; ¢ LPm and

® 2, Vi EK-PA...AK-PF,,

hence, for all j < n, we have z;, X, = O~¢;i, so, foralli < n, z;, X, E OL-¢ V...V
OL-¢,.

The axioms 1) - 10) are valid on each model M, for they are examples of subset
spaces and Weak Directed axiom follows from the fact that for all formulas x, for all
t,j<mn,

a,ViExiffe,V; =X
zi, Vil xiff z;, V; E x

The set M that consists of Axioms 1) — 10), Weak Directed axiom and the axioms
M, are a complete set of axioms for directed spaces, see section 3, therefore, in view
of the above example, if a finite set of axioms, say F is complete for directed spaces,
we would have: M + F| hence, using compactness, for some Dy, ... D, we would have

Dy, ... Dy F which is not possible in view of the series of models M.
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Chapter 5

5.1 Examples

Example 5.1.1 Let M = (X,0,a), where X = {a,2,21,22,p,¢}, O = {X,U; =
{a,z0,21,p}, U2 = {a,20,22,9}, Vi = {a,20,21},V2 = {a,20,22},Vo = {a,20}}. and
a(A) = {a}, a(Z) = {20, 21,22}, a(P) = {p} and &(Q) = {q}. If Z is the O-class that
contains Th((zo9,Vp)), we have that Z is directed but not above directed.

Proof: If T(z, W) stands for Th((z, W)), we have

T(a, X) & T(20, X) 5 T(21, X) 2 T(22, X) <= T(p, X) 2 T(q, X)
T(a,U1) = T(z0,Uy) = T(z1,U1) «= T(p, V1)
T(a,Uz) = T(z0,Us) = T(22,Ua) «= T{(q,Us)
T(a,Vp) =T(a,V1) =T(a,Va)
T(20, Vo) = T(20, V1) = T(20, V2) =T (21, V1) = T (22, V)
T(a, Vo) += T{(20, Vo)
and ° °
T(a,X) — T(a,U0h),T(a,U2) — T(a, V)
T(20, X) = T(20, U1), T(20, U2} — T(20, Vb)
T(21, X) > T(z0, U1) ~ T(z0, Vo)
T(2z2, X) — T(20,U2) ~ T(20, Vo)
T(p, X) ~ T(p, U1)
T(q, X) — T(q,Uz)

Now, T (29, X), T(z,X), T(z2,X) are two maximum for T'(2y, V) in the order N
that cannot be above directed by any Th(z, W).

Example 5.1.2 If X C {g,b}, @ = {ao,a1,a2,a3} and b = {bg, b1, b2, b3, bs, b}, b5, , b3}
with @ given by a3 2 ay,a2 N ap and b given by the Pps By = {b3 2, b 2 bo},

By = {bs > by -2» by} and By = {bj > b}, by —> bo} with: ap = by, a1 +=
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b PN b}, a2 PN bg,(—L—) b, and a3 PR b3 PLIN b5 PLIN by. (M Aziom Lemma justify
this third Pp B3 € b), then Y’ will be given as:

Call the Pp given by @ as Ag and let

A, = {(a3,0) - +(a1,0), (a2,0) ~+ *(ao, 1,0), (a0, 2,0) —>> =(ag,0,0)},

B3 = {(85,3) = #(b},3), (b5, 3) ~> #(bo, 1,3), (b, 2,3) —> *(bo, 3,3)},

By = {(b3,1) = *(b1,1) —> *(by, 1, 1)}

By = {(bs,2) > #(b2,2) ~> *(b0,2,2)}

and

{(a3,0) 2> «(84,3) < #(b3, 1) <= *(bs,2)},

{(a1,0) <& «(5],3) <= #(b1,1)},

{(a2,0) = (b3,3) <= #(5,2)}

{(a0,1,0) <=5 (by, 1,3) +=+ =(bo,1,1)}

{(a0,2,0) <= *(bp, 2,3) «=> *(bo,2,2)}

{(a0,0,0) <= +(bo, 3,3)}

Example 5.1.3 We use the fact that S is the set of all U C W so that for some
1<i<n, z,U = OK; in order to show that for at least one U € S, z,U = OK1; for
all 1 <i < n. If for example n = 3, then X3 = {a, 21, 22, 23,1, P2, P3}»

Ul,2 = {av ZIaPZ}
Ur3 = {a,21,p3}
Uz = {a,22,p1}
Uz3 = {a, 22,p3}
Usy = {a,23,m}
Us2 = {a, 23,02}

Vl = {G, Z]_}

VZ = {av 22}

‘/3 = {aa 23}
and, for W = X3, the possible sets S are:

S = {X3} or

S = {X3, Ul'g, U3,2} or

S = {X3, U1'3, U2‘3} or

S = {X3,U3,,Us3,;} or

S = {X3,U2,1,Us,1,U1,2, U3 2} or

S ={X3,U13,U3,,U23,U3,} or

S = {X3,U12,U13,Uz3,U32} or

S = {X3,U1,2,U1,3,U2,1,U23,U3,1,U32} or
S=0;
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for if some V; is so that z,V; = OK;, for all W € O3, if V; CU C X then z,W |=
OK1;, and for all 1 < 1,5 < 3, for all formula n, z,V; = n iff z,V; = n and for all
(j,t) € D and (j',t) € D, for all formula n, a,Uj: =1 iff a,Uje En, 2;,Uje =0 iff
zj, Up e E N and pe, Uje =1 i pr, Uje e = 1-
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Chapter 6

6.1 Further Topics

The solution of completeness problem still lacks of some analysis about the existence of
procedures in order to show if a given formula in the language of Intersection Spaces is
valid or not, i.e., is the Logic for Intersection Spaces decidable?. Our next step in to
write in that direction.

Even though Intersection Spaces have no finite model property, our efforts in solving
completeness problem indicate that a finite Kripke model can be turned into a Directed
Space. So, since Intersection Spaces are logically equivalent to Directed Spaces, if there

is a decision procedure for the logic of Intersection Spaces can be obtained.
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