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A bstract

Completeness of Certain Bimodal Logics For Subset Spaces

by

Maria Angela Weiss

Advisor: Professor Rohit Parikh

Subset Spaces were introduced by L. Moss and R. Parikh in [7]. These spaces model 

the reasoning about knowledge of changing states.

In [1] a  kind of subset space called intersection space was considered and the question 

about the existence of a set of axioms tha t is complete for the logic of intersection 

spaces was addressed. In [6 ] we introduced two kinds of subset spaces, namely quasi­

intersection and directed spaces and proved tha t any set of axioms for directed frames 

also characterizes intersection spaces.

We give here the solution to the question of a  complete axiomatization for intersection 

spaces by giving a  denumerable set of axioms that is complete for directed spaces. We 

also show that it not possible to reduce this set of axioms to a  finite set.
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1

Chapter 1

1.1 Introduction

Subset Spaces were introduced in the context of reasoning about knowledge as the se­

mantics for a  bimodal logic that would interpret the gain in knowledge versus the effort 

to obtain it. This logic has two modalities: K  which represents the knowledge in some 

state, from an observer’s view, and □ which represents an improvement of the observer’s 

knowledge by refining its view (the applied effort).

Among the severed kind of subset spaces introduced by Dabrowski, Moss and Parikh, 

DMP, in [1 ], we focus on one in particular in which the question of finding a complete 

axiomatization for them was open: The intersection spaces. In [6 ] we introduced two 

classes of subset spaces -  quasi-intersection and directed spaces -  and proved th a t their 

logic is the same as the logic of intersection spaces. DMP’s question is answered here 

using the equivalence result obtained in [6 ].

Consider two modalities, K  and □, and a denumerable set of atoms, A. Define the 

set T  of formulas as the smallest set closed under the rules:

• For every A E A , A  £ T

•  If <p and xp are in T ,  so are <f> A  xp and -><p

• If <p is in T ,  so are □<£ and K<f>.

D efinition 1.1.1 Given a formula xp, is the set o f subformulas of ip. The complexity 

of ip is the cardinality of S$.

I f  <p and ip are two formulas, the usual abbreviations <pVxp, <p => ip, L<p and O<p stand 

for  -i(-■$ A  -np), ~'(<p A  ~<ip), -iK-«p and -<□-><£, respectively.
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The semantics for C. is given by S u b set frames, frames of the form (X , O), where 

X  is a non-empty set of points and O, the  set o f opens, is a  set of subsets of X .

D efinition 1.1.2 Given an interpretation a , i.e. a mapping from A  into the set of 

subsets o f X ,  V {X ), the model (X, O, a) is called a subset space. Given (x, 17) £ X x O  

and bimodal formula, the satisfaction relation, x, U \=m w defined recursively:

If rp is atomic, x, U "0 iff ar e  a (^ ) ;

If ^  is -><£, x, U |=m  i f tx ,U  m  <t>;

If ip is <j> A x, x , U K vi ^  x -< U \=m  and x, U X5

If is K<f>, x, U £=m  iff iff for all y  G U, y, U \=m  <t>;

If ip is 0<f> x, U  V7 iff f°r  all V  £  O, if x  €  V  C U, then x , V  \=m

D efinition 1.1.3 Given a subset frame (X , O) and x  6  X , we call the set {U  £ 0 \x  £ 

17} the set of neighborhoods of x and we denote it by Afx .

Definition 1.1.4 Subset frames whose set of opens is closed under finite intersections 

are called Intersection Frames. I f  fo r  all x  £ X  and U ,V  £ O, whenever x  £  U and 

x  £ V , there exists W  £ O so that x  £  W  C {U fl V), then the frame X  is called a 

D irected Frame.

We will call a subset space based on an intersection frame an Intersection  Space 

and a subset space based on a directed frame a D irected Space.

Clearly any intersection frame is a  directed frame. Now, given a  directed space M ,  

if T h (M )  =  {-0 | ip}, the following result is shown in [6 ]:

Theorem  1.1.5 I f  M. is a directed space, there exists an intersection space M.' so that 

T h(M ) = T h (M ').

Consider the following axioms and rules of inference:
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1) All instances of tautologies

2) A  =► □ A , for all atoms A

3) D(xp =><P) => (□t/’ =*► □<£)

4) Oip => ip

5) Oip => □ □  ip

6 ) K(tp =><p)=t> {Kip =►

7) =►

8) ip => KLip

9) Kip => K K ip

10) KOtp => OKip 

WD) ODip => OOip

M n ) < p L O (p  A  O K i p i  A  . . .  A  O K i p „) =>■ L ( O 0  A  O K i p \  A  . . .  A  O K ip ^ )

Modus Ponens, ^  ^  *
X

. . CM□-necessitation - —tP

fCib
AT-necessitation. ——

 ± ________________________________________________

Observe tha t axioms 2 to 5 are axioms for 54 and axioms 6  to 9 are axioms for 55.

Axiom 10 is called the Cross Axiom. This axiom is linked with the fact tha t given

two opens U and V, then U C V  is the same as x  €  U  implies x  €  V.

WD stands for the Weak Directed Axiom, a  sound axiom over the class of directed

spaces.

In [1], [7] and [3] completeness and decision procedures are shown for several classes 

of subset spaces. Besides, in [1] it is shown th a t axioms 1 to 10 plus WD are not a 

complete set of axioms for the logic of intersection spaces.
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In this paper, we introduce the set of axioms Mn and show in Lemma 1.1.6 that they 

are sound for directed spaces. We also prove that axioms 1 to 10, WD and Mn are a 

complete set of axioms for Directed Spaces. Using Theorem 1.1.5, we have then solved 

the problem of completeness for Intersection Spaces.

After proving completeness, we show in Section 4 that the axioms Mn cannot be 

reduced to a finite number of axiom schemes. For each n G N, we build a  series of models 

M n and show that all axioms for intersection spaces are valid in M n, for 1  <  j  < n, the 

axioms Mj are valid in M n and th a t some instance 0  of the axiom M n is not valid over 

M „ .

The examples are reported in Section 5 and illustrate several sections of this paper.

L e m m a  1.1.6 For each n  GII, the axiom Mn is sound for directed spaces.

P ro o f: Let M  =  (X , O, a) be a  directed space. Let x , U  be so th a t x , U  \= OLO<f> A 

( A i < i < n < > ^ ' V ’i ) .  We have that ( V W  G J V x ) ( W  C  U  => ( (3 y  e  W % y , W  | =  O 0 ))) and 

( V I  < j <  n){3Vj G  M x ) { V j  C  U  A  x ,  V j  | =

Pick W  G A f x  with W  C  n{V j|l <  i  <  n}. Let y  G  W  be so th a t y , W  f=  0 <f>. Then 

y ,  W  | =  0<j>. As W  C U ,  we have y ,  U  f=  O <f>.

We claim that y ,  U f=  0<j> A  OKipi A . . .  A O Ki(>n: Because x ,  Vi Ktyi and y  G 

n { K |l <  i <  n}, then y ,  Vi (= Ktf)i. As (V I  < i <  n)(y ,U  OKrpi), then y ,U  \= 

OKipi A  . . .  A  OKipn. So,

y ,  U 0<f> A OKipi A . . .  A OKipn

Therefore,

x ,  U L(0<f> A  OKipi A . . .  A 0 ^ n ) . ,
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1.2 A  Survey o f  R elated  W ork

We present here a list of works about subset spaces. The papers are listed in chronological 

order and, after a short presentation of their contents, we relate this thesis w ith the other 

papers in the list.

Theoretical A spects o f  R eason ing and T he Logic o f  K now ledge, Lawrence 

S. M oss and Rohit Parikh (see [7]).

In their paper, the authors introduced a bimodal logic for reasoning about knowledge 

during knowledge acquisition. Their paper started a project of searching for a  suitable 

language for describing topological reasoning.

Also, the authors gave a contribution to the development of logics of knowledge, intro­

ducing a  logical model that interprets the effort versus the gain in knowledge acquisition. 

The several papers we list above make use of this interpretation.

In their paper, Moss and Parikh (MP) introduced the general idea of subset spaces. 

In M P’s paper,

A) Axioms I to 10 are introduced,

B) Axioms 1 to 10 are are proven to be sound and complete for subset spaces.

C) Subset spaces whose set of opens is closed under intersection and union are intro­

duced and discussed in MP paper,

D) The union axiom:

0 ( K i p  A  <f>) A  L O (K r l>  A  x )  -*■ < > (K O ip  A  0 <f> A  L O * )

is introduced and shown sound for spaces closed under union.

E) Axiom WD is introduced and shown sound for the classes spaces closed under 

intersection.

We note that the directed spaces were introduced in [6 ] and, since directed spaces 

are logically equivalent to intersection spaces, WD is sound for directed spaces.

Topological R easoning and th e  Logic o f Knowledge, A . D abrow ski, L.S, 

M oss and R . Parikh (see [1]).

DMP’s paper is an extension of some results shown in M P’s paper.
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In DMP’s paper,

A) The following classes of interpretations for the logic of subset spaces are discussed: 

Subset frames, intersection frames, lattice frames and complete lattice frames.

B) A completeness theorem for the logic of subset spaces is shown in a  direct con­

struction that uses the properties of maximal consistent sets.

C) In spite of the failure of the finite model property (shown by an example), DMP 

paper shows decidability for subset space logic.

D) An example is given in order to show that axioms 1 to 10 plus WD are sound but 

not a  complete set of axioms for intersection spaces.

B) A complete discussion about the classes of intersection spaces is given and the 

question about the existence of an complete set of axioms for intersection spaces is 

conjectured.

In DMP paper, the system whose axioms are 1  to 10, WD and the Union axiom are 

called topologic. We have then,

F) It is shown that the topologic axioms give a  complete axiomatization of topologies. 

Indeed, on all lattice spaces.

G) The finite model property, thus the decidability of topologic is shown using a 

different argument from that used in Georgatos’ thesis (see [3]).

M odal Logic for Topological Spaces, K onstantinos G eorgatos (see [3]).

Georgatos’ thesis, KG, main subject is the topologic system. In his thesis,

A) The author obtains a  completeness theorem for topologic, independently of the 

DMP paper result.

B) Finite model property for topologic was first shown there.

Georgatos extends the concept of subset spaces to the system M P * -  the systems 

M P*  are the class of subset spaces closed under intersection and union -  and

C) Shows necessary and sufficient conditions in which a Kripke model can be turned 

into a  set-theoretic model of M P*.

D) Among the results is the finite model property and decidability for MP*.

B) Several algebraic models for those models are presented.
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K now ledge T heoretical P rop erties for T opological Spaces, K onstantinos 

G eorgatos (see [4]).

In that paper, the author,

A) Describes the validity problem for topological spaces.

B) Studies the model based on the basis of a  topological space closed under finite 

unions and prove it is equivalent to the topological space it generates.

C) Show finite satisfiability for the class o f topological models.

R easoning about K now lew dge in  C om p u tation a l Trees, K . G eorgatos (see  

[5])-
Unlike the above cited papers, Georgatos shows a new interpretation for the classes 

of directed spaces on introducing the Tree-like spaces, defined as: For all U, V  opens, 

either U C V , V C U  or U n V  =

The Tree like spaces are a  suitable class of subset spaces for modeling reasoning about 

computation.

The author proposed the following set of axioms and rules:

Axioms 1 to 10,

l l .  □ (□  <(> -+ ip) v  n(nip  ->• <f>)

12 o k <(> a  K(n<p -+ nip) -+ oK(n<p  -+ nip).

The rules Modus Ponens, Af-necessitation and D-necessitation.

Georgatos paper shows

A) The above set of axioms is a  sound and  complete axiomatization for tree like 

spaces.

B) The set of theorems is decidable: Tree like spaces have finite model property.

Subset Space Logics and Logics o f  K now ledge and T im e, B . H einem ann, 

see  [2]).

In his thesis, the author studies several logics of knowledge and effort. These logics 

are not indeed the original bimodal logic introduced by MP, but Heinemann’s studies 

are based on the work of MP. Again, we see a  different interpretation that goes in the 

direction of M P’s original goals in introducing the logic of subset spaces.
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Heinemann introduces the fixnctional interpretation of the modal operator varying 

over subsets. In this way a  “topological” single step-operator, the nezffime-operator, 

appears.

First the author studies the subset space logics of knowledge and time for the single­

agent case. Subsequently, he generalizes on certain fragments of propositional temporal 

logic to the subset space logic.

The author studies both  the linear and branching time structures. Afterwards the 

methods and results are extended to the multi-agent case.

Heinemann’s thesis concerns the basic topics of logics in computer science: com­

pleteness, decidability and complexity, but in the multi-agent case, however, the author 

examines also some notions which only occur if more than  one agent is present, such as 

common knowledge.
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Chapter 2

2.1 T heoretica l Prelim inaries

Let C be the directed space language whose set of literals is A  = {A\, A z , ...} and let X  

be the set of all maximal consistent sets of formulas in £.

Define the canonical underlying set X b y x C X i f f x i s a  maximal consistent set in 

the logic of directed spaces. Let AAc be the Kripke model, hereafter called the canonical 

model based on X  endowed with the relations <—*, ——> and the canonical valuation a  

given by

x y  iff for all formulas ip, Kip £  x  implies ip Gy,

x  — *■ y  iff for all formulas ip, Oip £ x  implies ip £  x;

For all A £ A , o (A )  =  {x £ X \A  £  x}.

D efinition 2.1.1 Let A f =  (Y, a) be a Kripke model o f L. Denote the usual

satisfaction relation over Y  x C, by or, when the context is clear, =̂.

Observe that we used the same notation for the relations associated with the modali­

ties □ and K  for the two (Kripke) models: Af (Definition 2.1.1) and the canonical model 

Aic- We proceed this way when it is clear where an arrow (e- -̂> or -^>) is defined.

We work here with Kripke models of C, the canonical model (a special Kripke model of

C) and subset spaces for C (also Kripke models with the arrows and given in 

Definition 1 .1 .2 ).

D efinition 2.1.2 Let A f =  (Y, a) be a Kripke model o f C. A f is a directed

model i f
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1 i— > is an equivalence relation;

2 is transitive and reflexive;

3 I f  x  -—*■ y and y  z, then there exists w  G Y  so that x  w and
ow — > z;

4 is weakly directed: I f  x  — *■ y and x  z, there exists w so that
o  . oy — > w and z  — ► w.

we also say that A f is a directed and above directed model i f  it satisfies 1 to 4 above 

plus

5 For all x ,y , z  G V, i f y  x  and z x , there exists w, such that w -—*■ y 

and w z.

The following Lemma is proved in D M P  paper, [1]:

Lemma 2.1.3 The canonical model AAc is a directed model and for all x , if), x  

iff ip 6  x.

D efinition 2.1.4 Let Afi =  (Yi,*-^+i,-^+i,ai), for i G  {1,2} be two Kripke models for 

C. We say that Afi is a strong expansion (of Af2 ) i f  there exists a mapping F  -  called a 

fiber mapping -  from Y\ onto Y2 so that

1. For all literals A , F(aci{A)) = 0 2 (A);

2. (Vy,y1 G n ) ( (y  - ^ > 1  1/ )  => (F(y) - ^ 2  F (j/)));

3- (Vy G yO(Vx' G y 2 )((F(y> ^ 2  x') => (3y' G Yi)(y ^ > 1  y' A  F(y ') =  x '));

4■ (Vy,y7 g Ki)((y A - i  y7) => (F(y) A 2 F (j/)));

5- (Vy G Yi)(Vx' G Y2)((F (y) A 2  x') =>• (3y' G Yx)(y y7 A F(y ') =  x')).

Lemma 2.1.5’s proof is straightforward and we skip it. We note to the reader tha t is 

familiar with the idea of bisimulation tha t a strong expansion is a  kind of bisimulation, 

where the fiber mapping plays the role of a  relation between the points of two models.

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .
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Lem m a 2.1.5 Let Afi =  (Yi, — >», aj)> fo r  i G {1,2,3} be Kripke models for C and

suppose that Afi is a strong expansion o f Af2  and Afi is a strong expansion o f Af3 , with 

fiber mapping given by F i and F2  respectively. Then A fi is a strong expansion o f Af3 , 

with fiber mapping F2  ° i*i.

Lem m a 2.1.6 (T he T ruth Lem m a) Given Afi =  (Y , ~^+i, a ,)  for i G {1,2},

two Kripke models for  £  and F  a fiber mapping from Yi onto Y2 , then for all y  Gi Y , 

fo r  all ip e C , y  (=^t ip if f  F (y)  K v 2 ip.

Proof: By induction on the complexity of ip:

i If ip is A, an atomic formula, then y ip iff y G a i(A ), iff F(y) G 012(A),

iff F(y) K v 2

ii The cases ip = <pAx and ip = -><p are easy and left to the reader;

iii If ip =  K(p, we have: If y }=vt K<p, for all y' G Yi, if y <— *i y7, then 

y7 ^=jvl <p. Hence, by our inductive hypothesis, for all y7 G Yi, if y *— *i y' 

then F(y/) }=.v2 <p. Now, by Definition 2.1.4 part 5, for all x ' G Y>, if 

F(y) <-^-+2 x> then x  j=,v2 <p, hence F(y) t=jv2 K<p.

Reciprocally, if F(y) K<p then for all x ' G Y2 , if F(y) *— * 2  x ' then 

x' [= ,y j <p. By the inductive hypothesis, for all y' G Yi, if there exists x7 G Y2  

with F(y) < - ^ - > 2  x ' and F(y') =  x7, then y7 1=^ <p. Now by 2.1.4 part 4, for 

all y7 G Yu  if y >1 y7 then y7 1=^ <p so, y (=^, iC<£;

iv For case ip = □</>, the procedure is analogous to iii.g
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Chapter 3

In this Chapter, we prove that axioms 1)—10), W D and Mn are complete for the logic 

of directed spaces. In Section 3.1, we focus on certain subsets of Kripke Models of £ , 

the O-classes and the P p’s, and study them in the canonical model M e -  In Section 

3.2, using the M-axiom Lemma, we show that there exists a directed and above directed 

model M ' that is a  strong expansion of M e -  In Section 3.3, we enlarge the model M '  

we built and force it into an directed space for C via a bulldozer-like procedure (see [8 }) 

applied over its points.
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3.1 Som e P rop erties o f  th e  Kripke M odels o f  C

D efinition 3.1.1 Let A f = (Y, <— >■, a) be a Kripke model for C. Define a ~  6 iff  

there exists c € Y  so that a c and b c.

Lemma 3.1.2 Given a weakly directed Kripke model Af,

1. ~  is an equivalence relation;

2. In the canonical model M e ,  fo r  all a, a' £  X , a ~  a' iff a fl F  = a1 fl F  where 

F  =  {OD0|<f> is a formula}.

Proof: 1. The relation ~  is clearly reflexive and symmetric. In order to show transitivity,

if a ~  a1 and a' ~  a", there exist ci and o> and a, o' — ¥ Cj and a', a" C2 - As A/*

is weakly directed and a1 ci,C2 , there exists d so tha t a1 ci,C2 — > d. Hence

a, a" d, so, a ~  a". Since ~  is reflexive, symmetric and, as we just showed, transitive, 

~  is an equivalence relation.

2. Suppose a ~  a' and OOtp £  a, then there must exist c with a  — * c so that 0<p £  c. 

Also, there is d with a, a ' d. As a - —>■ c, d, there exists e so that a c, d e. So 

0<p £ e and OD<p G a1.

Suppose now a $  a'. Then there exist □<£ 6  a, dtp £ a' with {□<£, □V’} not consistent, 

so I- 0(f> -> O-r0i so I- OD$ —► 0->Tp. But Dtp £  a ', so OD<p g  a '.^

We denote a  as the equivalence class of an element a  under ~  and call it a O-class.

Observation 3.1.3 Note that in the canonical model a O-class is always downward 

directed under but not necessarily upwards directed, as we can see in Example 5.1.1.

Let F  be as in Lemma 3.1.2. Then for all a, 6  £ X , a ~  6  iff a D F  =  b fl F.

Definition 3.1.4 Let char(d) =  a D F . We note that char(a) depends only on a and 

not on the particular representative a.

Note also that i f  0Q ip ,00(p  £  char(a), then OD (ip A  <p) £ char(a): Let a,b £ d  be 

such that Dtp £ a and □ <p £  b. As there exists c £ d  with a, b c, then □ {ip A  <p) £ c .  

So, OD(ip A  <p) £  char (a).
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It immediately follows by compactness that there exists c E  a so that if OOrp E  

char (a), then Chp 6  c. This c is a  minimal element in a (not usually unique).

Let us now distinguish maximal upwards and downwards closed sets in X ,  the 

pseudo-points. Later, the pseudo-points of X  will be identified with points in a  di­

rected space expansion of X .

D efin ition  3.1.5 Given a Kripke model f f  =  (Y , a) fo r  C and a O-class a in

Y , we say:

1. A  C a is directed above i f f  fo r  any two elements a and b in A , there exists c E A  

such that c a and c — *■ b. This element c is called an upper bound fo r  a and 

b in A;

2. A  pseudo-point (Pp) A  o f a is any directed above A C  a which is maximal upwards

closed, i.e., for every w E  a — A, there exists u € A  such that w  and u have no

upper bound. We denote pseudo-points o f a O-class by capital Roman letters.

N o ta tio n  3.1.6 Given a O-class a and b b' E a, let

1. m inoa be the set o f O -m inim al elements o f a;

2. m axoa be the set o f all O-maximal elements o f a;

3. The interval [&', 6 ] be the set {a: | 6  x  If}.

DMP’s example A  (in [1 ]) shows tha t the set of O-minimal and O-maximal elements 

are not necessarily singletons.

In the following, [cj will mean tha t the next result holds in the canonical model but 

not necessarily in arbitrary Kripke models.

L em m a 3.1.7 [c] Given a O-class a C X ,

1. For all b E d ,  there exists a P p A C  a with b E  A;

2. There exists a O -m inim al element oq E a;

3. For each Pp A  in a, there exists a O-maximal element a i E A;
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4- A n interval [ai,ao] is a Pp of a iff ai is a O-maximal element of a and ao is a 

O -minimal element o f a;

5. For each Pp A, there exists a O-maximal element ai £ A  and a O -minimal element 

ao £ A, A  =  [ax,ao].

Proof: 1) Let A  be the set of all directed above subsets that contain a. Now, C is a 

partial order over A , and a  union of a chain in A  is again an element of A . By Zorn’s 

Lemma, there is a maximal chain and its union is a Pp  A of a with a £  A.

2) and 3) are a straightforward application of compactness. We show 2):

Let F  =  {□■!/)|(3a €  a )(Oip £  a)}. Then F  is a consistent set of formulas: Let 

..,  Oipn } Q F . There exists a x, . . .  ,On £  a such that Ufa e  a,- £  a for all 1 <  t <  n. 

By directeness there exists b £  a such that (VI <  i <  n)(a,- b). Hence Qtpi £  B  for

all 1 <  i < n  and .., □i/’n } is consistent. By compactness, n  is consistent, thus

there exists ao £ X  so th a t F  C ao-

Because char(a) C ao, ao £  a. Besides, for all a  € a, as {Oip\Oip £ a} C. F , then 

a ao hence ao is a  O -m inim al element in a.

4) and 5) follows from the fact that an interval is upwards and downwards closed set 

and a  P p  is a  maximal upwards and downwards closed set.g

Observe that ao is O minimal in a iff for all formula ip, OOip —»• □ ip G ao-

D efin itio n  3.1.8 Given two sets Z i, Z2 Q X  let Z i <£, Z2 i f  fo r  all a x £ Z\ there exists 

02  £  Z 2 so that a x a.2 (<c is a quasi-order). The comparability relation, compK, 

given by the quasi-order <£, is called the relation of K-comparability, i.e., compfc{Z, W ) 

i f  Z  <L W  or W  <L Z .

We say that two sets Z \, Z 2 Q X  are K -linked (Z\ =£, Z2 )  i f  Z \ <c Z2 and Z 2 < l  %i-

L e m m a  3.1.9 [cj Let d  be a O-class in X . Let C be a chain o f Pps of a totally ordered 

by <£,- Then there exists a P p Ao o f a so that fo r  all A  £ C, A  <l Ao-

Proof: The set F  =  char {a) U {OLcp\(3a £  U C){<p £  a)} is consistent. So, there exist ao 

and a P p  A of a so tha t F  C ao and ao £ A . Now, for all ai G UC, there exists 0 2  such 

tha t char (a) U {L<p\<p £  a x} C 0 2 - So ao — + a-2 ■> 0 1 , hence A must be a maximal

element for the chain C .g
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D efin ition  3.1.10 A Pp A  is a K -superset of a i f  fo r  all Pp A ' o f a, com pK{A,A ') 

implies A ' <L A.

R em ark : Note that for every Pp B  of a, there exists a  K-superset A of a such that 

B < l A.

D efin ition  3.1.11 Let A f =  be a Kripke model fo r  C. Let Z  C Y .

Define

•  K(Z)  = {y G Y \(3z E Z) (y  *— >■ z)},  the closure o f Z  under i f ;

•  Z  is K-closed i f  Z  = K ( Z ) ;

• I f y  E X ,  let K(y)  be if({y}). Call K(y)  the K-segm ent o f y;

• U is a K-segm ent iff  (3y  E U){U =  K(y)).

Note that for any Z  C f ,  K {Z )  — K(K(Z)} .  Also, note tha t U is a if-segm ent iff 

O f y eU ) ( U  = K(y)).

Denote the set of if-segm ents in Y  by 1C and the elements of 1C by lowercase Greek 

letters {C, */,£, • • •}, with or without sub-index.

D efin ition  3.1.12 LetAf  =  (Y, a) be a Kripke model for C, let Z  C f .  Define

• -<, a quasi-order over 1C, by (  ^  t) iff for all y  €  £ there exists x  E T) so that
ox  — ► y;

•  C S7V iff  C

• T  QK. is an r]-chain i f

— T  is linearly ordered with respect to <;

— tj is a minimum (with respect to ■<) in T ;

— t j E T .

Note that if we were in a  directed space, < would be a  partial order and v  would be 

equality. However, in a Kripke model, ■< is only a  quasi-order in general and v  is 3X1 

equivalence relation. Moreover, in a  directed space, a  if-segm ent is an open set.
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3.2 A D irected  and A bove D irected M od el for C

We show now that there exists a  directed and above directed Kripke model M f  which is 

a  strong expansion of the canonical model JAc-

L em m a 3.2.1 [c] Given two O-classes a and b, a < i b i f f  K (m in o d ) D 6  ^  0.

P roof: Suppose K  (m inod) D 6  ^  0. Let b G K  (m inod) n  b and ao €  m inod  with 

ao b. As ao 6  m inod , for all a G a, a ao- Now, as for all a G a, we have, 

a — > ao b. By applying Definition 2.1.2 part 3, for all a G a, there exists bf G 6  

such that a +— *■ bf b. Thus, for all a G a, there exists bf G 6  such that a bf, i.e.

d <L 6.

For the converse, if a  <l A, then for all a G a, there exists 6  G A such that a b. In 

particular, for all ao €  m in t'd , there exists b G A such tha t ao b. So 6  G K (m inod), 

hence, K (m inod) n  A ^  0.g

C oro llary  3.2.2 [c] Given two O-classes a and b,

1 . d = L b  iff K (m in o d )  H b ^  0 and K(minob) fl a ^  0;

2. (a <£, 6 ) i ff K (m in o d )  fl 6 ^ 0  and K(m inob) D a =  0;

5. -i(compK(d1b) i f f  K (m inod)  fl 6  =  0 and K (m inob) (~l a =  0.

L em m a 3.2.3 (M  A x io m  L em m a) [c] Given two O-classes d  and A in X . Given 

ao,ai G a and Ao €  6 , i f  ax ao Ao, *Aen £Aene eztste Ai G A sncA fAaf [ao,ai] <£, 

[Ao, Ai]-

P roof: Let U =  (y G A|(3a: G [ao,ai])(x y)}.

Since ai x  for all x  G [ao,ai], we have a i 3  {OL^|(3y G G y)}. As for all 

x  G [a0, aj], x  a0  Ao, then, a i 3  {OLOrj\r] G Ao}. So,

a i 3  (OLT/>|(3y G C/)W> G y)} U {DLOt/It; g Ao}.

or, equivalently, since for all formulas ip, Lip = K Lip,

ai 3  {OIf.L^|(3y G 17) € !/)} U {ULOt}\q G Ao}.
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Let F  =  {O KLip\(3y  G U)(rp G y)} U {Ot/(t? g 6 0 }. Let us show th a t F  is consistent: 

For any n G N, for all {OKLipi A . . .  A  OKLrpn} G {OKLrfj\(3y G U){ip G y)} and 

Oy G {OtjItj G 6 0 }, by axiom Mn,

h  ( O L O r )  A  O K L i p i  A  . . .  A O K L x p n ) => £(<>17 A  O K L i p i  A  . . .  A  O K L i p n ).

Now DLOr/ A  O K Lip\ A . . .  A  OKLipn G a then L{O 77  A  O KLipi A  . . .  A  OKLipn) G a. 

So Or; A  OKLipi A  . . .  A  OKLipn is consistent. By compactness, it follows that F  is 

consistent and therefore for some 6 1  G X ,  6 1  D F.

As {O77I77 G 6 0 )} Q 6 1 , bi 6 o- Now, for all x  G [a0 ,a i], there exists y G 17 so 

that y «-£-»■ x. Since 6 1  D F , there exists z so that 6 1  z  y. Now, applying the 

transitivity and symmetry of for all x  G [ao, ai] there exists z  so th a t 6 1  — z <— * y. 

So, for [6 0 , 6 1 ], we have [a0 ,a i] <£, [6 o,6 i].>

L em m a 3.2.4 Given two O -classes a and b,

1 . I f  a < l  6 , then fo r  all Pp A of a there exists a Pp B  o f 6  such that A  < 1  B

2 . I f  d  = l  6 , then fo r  all K  -supersets A  of a there exists a K -superset B  o fb s o  that 

A = 1  B  (and vice versa).

P roof: Part 1: Suppose th a t A  =  [ao,ai]. Since a  <£, 6 , there exists 6 0  G 6  such tha t 

ao 6q. Also, by M Axiom Lemma, there exists 6 1  G 6  such th a t [ao,ai] <£, [6 0 , 6 1 ]. 

Let B  be a Pp  such tha t [6 0 , 6 1 ] C B. Then A  =  [ao,ai] <£, [6 0 , 6 1 ] <£, B .

Part 2: Given a superset A  of a, there exists B  a  Pp  o f 6  such th a t A  <£, B . Also, 

there exists A' a Pp  of a  such that B  </, A'. Since compK(A, A') and A is a  if-superset, 

we get A' <l A. Hence, B  <l A  and A =£,

N o ta tio n  3.2.5 Given a O-class a, UC(a), the upper core o f a, is the intersection o f all 

Pp of a.

D efin ition  3.2.6 Given a O -class d, ao €  m inod, A  a P p  of a and 6  G i f  (ao), let Sb,A 

be the set o f all maximal (w.r.t. < i)  Pps B  such that b G B .

L em m a 3.2 .7  S&O.A given in Definition 3.2.6. is non-empty.
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P roof: S&o,a is non-empty: Let [ao,ai] =  A. As ao -♦ b, by M Axiom Lemma, there 

exists b\ G b so that A <l [6 , 6 1 ]. As [6 , 6 1 ] is contained in a  Pp  of C  of b, clearly A < l C  

and b G C.

Pick U a maximal (w.r.t. <c) chain of Pps such tha t for all C  G U, b G C.

Consider the set F  = {0<p\<f> €  6} U {O Lfa(3c  G UU)(ip G c)}. By compactness, F  is

consistent. So, the set Cons =  {ci G b\F C cx} is non-empty.

As for all ci G Cons, {0<f>\<f> G 6 } G ci, then for all Ci G C ons , Ct b. Let

ci G Cons and let B  be a  P p 's such that ci G B. As (O Ir^|(3c G UU)(tp G c)} G ci, 

then for all C  G U, C  <l B . A s  U  is a maximal (w.r.t. <£,) chain of Pps, B  is a maximal 

(w.r.t. <£,) Pp.m

Observation 3.2 .8  Let a be a O-class, ao G m inoa  and A  be a Pp o f a. Let Ta0tA =  

U{56o,^|6o € K (a0)}. Then fo r  all b G K(ao), there exists B  G T ^ a  such that b e  B .

We show in Proposition 3.2.11 that there exists a directed and above directed Kripke 

model strong expansion of the canonical model. Example 5.1.2 illustrates Proposition 

3.2.11.

Definition 3.2.9 Given a O-class a and ao G a, we say that C  C a  is an ao-chain if  

there exists a i G m aio (o ) and C  is a maximal totally ordered subset o f [ao, ai].

L em m a 3.2.10 [c] Let a and b be two O-classes. Let a i G m a io (o ), 6 1  G max<>(b). 

Suppose that the two intervals [ao,ai], [6 0 , 6 1 ] are so that [ao,ai] </, [6 0 , 6 1 ]. Then for all 

ao -chains C  C [ao,ai], there exists a bo-chain C' C [6 0 , &i] such that C  <l C '.

Proof: For all x i X2 xn in C, by repeatedly applying the Cross Axiom,

we obtain a chain yx — > y i yn in [ao, ai] so that for all 1 <  i < n, Xi y,.

Now, for all fa  G x,-, the formula (L fa  A 0 (L fa  A O ( L fa ) . ..)) G yi- By applying 

compactness, the set

F = {(L fa  A 0 (L fa  A O (L fa ) . . .))|(3(yx y2  y„ C [a0, a xj)
(3(xx x 2 xn C C)(V1 <  i <  n)(xi yi) A fa  G x,-}

is consistent. Therefore, there exists a  6 0 -chain C' contained in [&o,&i] such th a t for all 

x G C, there exists y G C' with x y.g
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P ro p o s itio n  3.2.11 Given the canonical model M-c =  (X , — *■, a ), there exists a

directed and above directed Kripke model JA' = (¥ ', *, < L > *, a*) that is a strong

expansion o f M.c-

P ro o f: Let Pp be the set of all Pps of X .

For 77 6 K, we say that 77 is of type 1 (77 G T 1) if for all a G 77, a is not a  O-minimal

element of a  O-class in X ,  otherwise, 77 is of type 2 (77 G T2). Also, we say tha t a £ X  

is of type 1 (type 2) iff K (a) is of type 1 (type 2).

Note that if a b, then a and b are of the same type.

We will now define the set Y ' C .X  xP pxP (P p ) so that the first coordinate projection

F  from Y ' to X  gives us an expansion of M-c-

For all 77 G 1C if rj is of type 1, let Pn be the set of all S' such that there exists a £ X  

and C  an o-chain such that

S  = {B\C  <L B  A B n (  5*0}

Define Y[ =  {(a, A, S ) | ( 3 7 7  G T 1)(S  £  P^ A A £ S  A a £ AC\ 77)}.

Note that for all S  £ Pn, we have P[{(a, A, S)|A G S  A  0  G A  f l  7 7)} ]  =  77: Let ao G 77 

and C  be an ao-chain so that T  =  {K {x)\x  £  C}. Let C  C [ao,ai]. By M Axiom 

Lemma 3.2.3, for all 6 0  €  77 , there exists an interval [6 o»&i] with [ao,ai] < l  [6 0 ? M- As 

C  C [ao, ai], then C  < 1  [&o> 6 1 ]. So, for all a £  C, there exists b £  [6 0 , 6 1 ] with a 6 . 

As T  =  {K {x)\x  £  C }, then for all £ £ T , there exists b £ [6 o, &i] n  C- If B  £  Pp is such 

tha t [6 0 , 6 1 ] Q B , then B  fl £ ^  0. So, for all C € T, B  fl £ ^  0. Hence, for all 6 0  € 77, 

there exists B  G  S  so that (6 , B , S) £ Y{.

For all 77 G T 2,

• Given ao G m m o(a) fl 77 and a Pp A  such that ao G A, let S  = Tag,a as defined in 

3.2.8.

• For all 77 G T2, let 5  G Pq if for some ao G 77, for some A GPp, 5  =  Tao>̂ .

Define Y{ =  {(a, A, 5 ) |( 3 t7 G T2)(S G P , A A G S A a G A (177)}.

It follows from the definition of each Ta0i^ (Observation 3.2.8) tha t for all 77 G T2, 

for all 5  G P,j> ^*[{(a» -A, £)|A  G 5  A a G A fl 77)}] =  77.
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Let Y '  =  Y[ U Y{.

Let us now define the relations * and — *■ * over Y '  as

• (a ,A ,S )< ^ + * (b ,B ,S );

• (a, A ,S) *(b,A ,S ') iff a b and S ' C 5.

For Jill A  GPp, let A ' =  {(a, A, S ) G K '|a G A} Let F ((a , A, 5)) =  a  and for all literal 

R, let (a, A, 5) G a  * (B) iff a G a(R }.

Let us now show th a t Ad' is a  directed and above directed Kripke model strong 

expansion of M e  and F  is a  fiber mapping. We show:

1. For all a b and (a, A, S) G Y ', there exists B  such th a t (a, A, S) *(6 , B , S );

2. For all ai ao and (a i,A , S) G Y ’, there exists S ' such tha t (a i,A ,5) — >

*(a0 ,A ,S ') ;

3. For all A GPp, there exists a  O-maximal element (a, A, 5) in A' in which for all

x  G A', (a, A, 5) *x;

4. For all A GPp, there exists a  O-minimal element (ao, A, 5) in A' in which for all

x  G A', z  *(ao, A, 5);

5. * is an equivalence relation;

6 . * is transitive and reflexive;

7. If (ai, A, 5) *(ao, A, S ') *(&o, B, S '), there exists (6 i, B , S) G Y-' such that

(<*i, A, S) A  *(6 i ,B ,S )  A  *(&o, B, S ').

Items 1 and 2 above correspond to showing that Definition 2.1.4 part 3 and part 5 

hold -  the other clauses follow directly from the definition of a *, * and *. Items

3 to 7 are to show that M !  is directed and above directed. Because items 5, 6  and 7 

imply th a t M !  is a Kripke model and each A' is a O-class, then items 3 and 4 imply 

that (Y ', *) is directed and above directed. We have then:

1  and 5: Follows from the fact th a t the first coordinate projection of K (((a, A, S)) is 

K (a).
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2 ; I f  t) =  K (a i)  and £ =  K (ao) are o f type T 1, consider a  Pp  B, b E  B  and Cb a 

6 -chain so th a t 5  is generated by the r/-chain T  = {K (x)\x  E Cb}. Let D be an ai-chain  

so that Cb < l  D  (see Lemma 3.2.10). Let C  be an ao-chain such tha t D  C C. Consider 

S ' E Pq given by the y-chain T  = {K {y)\y  G C}. We will show now that S '  C 5: 

Let B ' E  S '. Then there exists [6^, 6(,] C B ' with C <c [6 ,̂ &q]. As Cb < l C , then 

Cb < l  [6 2 , &o]- Thus for all C G T, there exists 6 ' G B ' fl So, for all (  G T , B ' fl £ #  0, 

hence B ' G 5 .

/ /  rj G T1 and C £  T2, let 6 o be a O-m inim al element of 6 o with 6 o G C- Let B  be a 

Pp  so th a t 6 o G B  G 5.

Suppose th a t S' =  fl{A|(3C G T)(A fl C ^  0)} and consider S ' =  Sjo.A- We will show 

now th a t S 'C S :  If C  G S ', then B  <£, C. Now, B  G S, so for all G T , there exists 

6  G B  fl £ '. Now, B  <l C  implies that there exists c E C  with c 6 . Thus, for all 

C' G T , there exists c E C  with c G ( ' , s o C g 5 .

I f  Tj and  £ are o f type T2, let S  =  SblyA- Let Co G C be a  O-minimal element for some

O-class c. Let C  E  S  be so that cq E  C  and consider S ' =  S ^ c -  We will show now 

that S ' C S: Suppose that D E  S'. Then C  < i D. Also C E  S  implies B  < l C. So, 

B <c D. The maximality conditions over the elements of S ' also follows over S . Thus 

D E S ' implies S  E  S.

3: For all A GPp, let ax G m axo(A) and S  =  {A EPplA flK fai ^  0}. Let (a, A , S ') E 

A'. As S '  3  S , then (ai, A, S) *(a, A, S ').

4: Let ao G m ino(A )  and let S' = T ^ a -  We have that (ao, A, S') is a  O-minimal 

element of A'-. For all (a, A, 5) G A', as ao G m ino(A ), we have a ao- Now, as 

for all B  G S ', A  < l B  and B G Ta0 iA, then B  E S . So, S ' C 5  and therefore, 

(a, A, 5 ) *(a0, A, 5 ').

6 : Follows because and C are transitive and reflexive relations.

7: Let 6 x be so tha t ax 6 x bo. As &x G lC(ax), F({(c, C, S)} =  K (a i)  and 

B  E S 'Q S ,  then (ax,A ,S) ^  *(6 x ,B ,S ) *((6o ,B ,S ')) .B

Let us call Ad' the canonical directed model, the BA-m odel and note that we do not 

prove th a t all O-maximal elements in the distinct P p ’s of the canonical directed model 

are if-linked . This is not necessarily true in the canonical model and just reflects the
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fact we impose the set of ail points is an open.

O b se rv a tio n  3.2.12 In the canonical directed model any O-class is such that its image 

under the fiber mapping F  is a Pp o f a O-class in X .  Conversely, for any Pp A  o f a

O-class in X ,  there exists a O-class A in M ! so that F{A) = A.
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3.3 A D irected  Space for C

Now, in order to obtain a directed space strong expansion of the canonical model, we 

must focus the expansion in the set of points of Y \  the underlying set of bA!, that satisfy 

x  *y, and i  ^  y or i  *y with x  and y  in the same O-class. We will use a 

bulldozer-like procedure in order to force the relation in our model to be a  partial 

order and to make sure that any /f-segment intersects any O-class at most once.

D efin ition  3.3.1 Given a partially ordered set (X , <) and a quasi-ordered set (Y, ^ ) ,  

we say that a mapping f  from X  to Y  is an order bisimulation if

1. I f  x  < y  then f ( x )  ■< f{y ) and;

2- I f  y' ^  f ( x ) ,  there exists y € X  with y  < x  and f ( y )  =  yf 

We say that f  is an embedding iff f  is an order bisimulation and onto.

D efin ition  3.3.2 Given a set Z , P  an equivalence relation on Z , and F  a mapping from  

a subset of Z  onto a subset o f Z , we say that F  respects P  if f ( x )  =  y always implies

(x, y) e  P .

Recall that a \ , =  {c £  a |a  -^> c}.

D efin ition  3.3.3 Let b f  — (Y, a ) be a Kripke model for C, b a O-class in b f

and a, a ' 6  b. We say that a card a' i f  there exists an embedding G of a \  onto a' N* 

that respects < L >.

Observe that if G is such an embedding from a \  onto a' \  and c, d  satisfy G(c) = d , 

then c card d .

L em m a 3.3.4 Let b f  =  (Y, a) be a Kripke model for C, let b be a O-class in

b f  and a, o' G 6 . Suppose that G is an embedding from a onto a' \  that respects < 

Then for all c £ a \ ,  d  £ a! \  and for all formula ip, i f  G{c) =  d , then c (=jV ip i f f  

d  l=jv ip-

P roof: Suppose ip is a formula of smallest possible complexity such that c (=j\/- ip and 

d  (=jV -<ip. We prove a contradiction.
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•  If 0  =  A  is an atomic formula: For all x , y  G b, x  ^=.v A, iff y  A . As c ,d  G 6 , 

then c Ka/" A iff o' A.

• If 0  — K<f> for some formula <f>: Since c card d , c o'. Hence c (=,v- ip iff

d  (=jv 0 ;

•  If 0  =  □ 0  for some formula 0: Suppose c \=tf D0 and d  ^=jy O-i0. So for some 

d! G d  d' (=.v" - ’0. Because G is an embedding, G satisfies Definition 3.3.1 part

2. Hence, there exists d G c \  so that G(d) =  d'. Now, c d implies d [=̂ /- 0. 

Hence, d  ^=,y 0  and d' ->0.

Suppose that O -i0 €  c, then there exists d G c \  such tha t d =̂jV" - |0- G is an 

embedding, so it satisfies Definition 3.3.1 part 1 . So, d  G(d) =  d'. Now, 

d  d' implies d' f=jy 0. So, d f=jy <f> and d! f=jy -i0. Conclusion from the above 

tha t 0  is not of the form D0 ;

•  If 0  or -i0  is formed by a connective A,  the case follows straightforward.

Conclude then tha t for all formulas 0 , for all c G a \ ,  d  £ a ' \ ,  if c card d , then

c \=tf 0  iff d  f=y 0 -b

D efin itio n  3.3.5 £e£ A/" =  (Y, -^-v, a ) be a Kripke model for C, let Z  C Y .  Define

• For each C in 1C [C] =  {17 G /C|£ V  v}>'

• Let [AC] be the set o f equivalence classes under V-

D efin itio n  3.3.6 Given [77J in [AC] and a O-class a, [77] ® a stands fo r  U{C Hd|C G [77]}.

D efin itio n  3 .3 .7  Let N  =  (Y, a) be a Kripke model fo r  C and a,b G Y .

Define:

•  b is predecessor of a i f  a — *■ b and for all c G Y , if  a c b, then b c.

•  6  is predecessor of a in K{b) i f  a b and for all c G K(b), i f  a c 6 , then 

b — ► c.

• 6  is minimum in K{b) if for all c G K{b), i f  c b, then b c.
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•  bf is successor of a i f  bf -A^ a and for all d  E Y ,  i f  bf - A ’ d  — y a, then d  - A  bf.

• bf is successor of a in K(bf) ifb f - A  a and for all d  £  K(bf), ifb f - A  d  - A  a then 

d  - ^ y f / .

•  bf is m a x i m u m  in K(b!) i f  fo r  all d  £  K(bf), ifbf - A  d  then d  - A  b'.

Note that we read a - A  b as b is less than  a. This is contrary to the idea of quasi­

order given by arrow - A ,  nevertheless, our intuition is that x  - A  y represents two pairs 

point-open, x  = (a, U), y =  (a, V) and x  - A  y iff V  C U, i.e., V  is less than U in the 

order C.

L em m a 3.3.8 [c] Let d  be a O-class in the canonical model Jvic> b € d  with K(b) £ 

[Af(a)] and K(b) ^  K (a). Then a has successors, predecessors, maximum and minimum 

in K{b) w.r.t. the quasi-order — y.

P ro o f: Let A = £ a}, B  =  {0(f>\<f> G a}. Let C  =  {L \ \L x  € 6 }.

Given a maximal totally ordered (w.r.t. — y) set T with a G T, then a successor, 

predecessor, maximum and minimum of a in K (6 ) w.r.t. -^-y th a t lie in T, respectively 

contain the sets

S  =  B  U  C U {001(36 € r n  fC(6 ) ) ( ( 6  A  a) A (O0 G 6 ))}

P  =  A  U  C U  {001(36 G r n  K(b))((a  A  6) A (O 0 G 6))}

M ax = B U C U  {O0 [(V6  £  T f l K(b))((b A  a) A (D0 G 6 ))}

M in  =  A  U  C U  {O0|(V6 G T fl K{b))({a A  6 ) A (O0 G 6 ))}

Let us see that S  is consistent and for all x  that contain S, x  G T and x  is a successor 

of a in K (6 ). The other proofs follow a  similar reasoning.

S  is consistent: For all set of formulas G =  f?UCu{O0|(361, . . . ,  6n G m.K'(6))(V6j G 

{6i,. . .  ,6n })((6t- - A  a) A (O0 G 6,-))}. Because { 6 i,...,6 „}  is finite, there exists bj G 

{6l t . . . ,  6n } such that 6, A ^  bj for all 6,- £  {6 i,. . . ,  6n}. As G C bj, then G  is consistent 

and, by compactness, S  is consistent.

I f  S  C x, as T is a totally ordered set, then x  G T and x  is a successor of a in

K{b): As B  C i ,  i  A ^  a. As C  Q x, then x  G K{b). Also, if 6  G T fl K(b), then
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{Q<p\U<p 6  6 } C i ,  because x  C u{CI0|(6 6  m K (b ) ) ( (b  a) A(p<f> 6  6 ))}. So, 6  — t x,

hence x  is a  successor of a in K(b) iff a 6 .q

N o ta tio n  3.3.9 Given t\ 6  1C and a 6  Ufa], denote the set o f successors o f a in K{b), 

fo r all K(b) 6  fa] — K(a) by Sitc^j (a).

L * O 1O b serv a tio n  3.3.10 Given a Kripke model A i  =  (Y, <— >, — ► ,a ') , for all a, b 6  Y ,

1 . b is successor and predecessor o f a in K(b) i f f  a b;

2. a *— *■ b and a b implies a \= ip iff b {= tp fo r  all formula ip. Thus, i f  A i is the 

canonical model, because each point in X  is a set o f maximal consistent formulas, 

a — b.

D efin ition  3.3.11 Given t] E 1C, we say that fa] is regular iff for all C € fa], for all 

a,b  €  C, there exists an embedding (w.r.t. the quasi-order — *) from  5uc^j(a) onto 

5uc^j(6) that respects

We must show, in order to obtain the expansion of the canonical model, that any 

[C] £ 1C is regular.

Complete the set of atoms of C by adding new distinct atoms Pq, P i, let £  be 

extension of C obtained by adjoining this new set of atoms. Let <S = -<PqV ->Pi-

L em m a 3.3.12 Given a,b  6  X  with a < L > b, the following sets are consistent in £ :  

Fpo =  {V’oAPo]0o € a}\j{L{ip\ APi)|^»i 6  6 } u { ^ }  \J{K(<p\ V ->Pi)(0i £ 6 }

Fpi =  {V’iA Pi|0i £ b}U{L{ipo APoJlV’i £  o}U{'ir} U {K{<Pq V -'Po)\<fo £ a}

P roo f: Let us show Fp0 consistency, since Fpx consistency has analogous proof. First 

let us show that the set of formulas F\ — {ipo A Po\ipo £  a} U {L{ip\ A Pi)|t^i £ 6 } U {^} 

is consistent:

As {ipv\ipo £ U {L(ipi\ipi £  6 } is consistent and Pq and Pi are new letters, then if 

{■ 00 A PolV'o £ a} U {L(ip\ A  P i) |0 i £  6 } U {’&} is not consistent, then we would have

I- - ( P 0  A LPi A tf)
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Now, as ->'& =  Pq A P i , we have h  Po A LPy —► Po A P\. But Pq A LP\ —> Pq A P i is 

not a theorem in our language.

Let F2 =  i*i U  {K"(0i V ->Pi)(0 6  6 }. We show now that F2 is consistent: Suppose 

otherwise that

h (ipo A Po A L(ip 1 A Pi)) A ^  APi)

for some ipo £ a and ipi, <Pi €  b. We have:

I- {ipo A Po A ->Pi) A L{ip\ A P i)) ->-Zf(-i0i APi)

As the first part of the above implication -  $  =  ( $ 0  A Po A -iPi) A L(ipi A P i)) -  

is consistent, we don’t have the second part of the implication -  L (-^ iA P i)  -  trivially 

derivated from I- <f> -* x  f°r all formula x-

Now, L(-’<£iAPi) has the subformula Pi, no sufonnula ->Pi and Pi is linked to a 

connective A. Also, L \ \  A I«X2  -> L (xi A X2 ) is not a  theorem of our language, so our 

proof can be reduced to fr L(ip 1 A P i)) —>• Lf-'tpx A Pi).

Now, a proof of L(t/>i A Pi) —>-L(->0iAPi) is obtained just from fif-necessitation over 

<f)\ V -1 Pi —> -u/>i V ->Pi- Because ^ 1  A ^  G 6 , we cannot prove ip\ A P\ -><£i A Pi.p

N o ta tio n  3.3.13 Given the extension £ ' of £  obtained by adding the new atoms P q and 

P i, denote by M e  =  (A-', — > , <— ► , o ') the canonical model for C'.

C oro lla ry  3.3.14 [c] Given ao < ^ > 6 0  in X  and CJ the extension of £  obtained by
£ t

adding the new atoms Po and P\, there exists ao,p0  <— * 6 0 ,p, in X 1 so that ao C ao,p0> 

6 0  C 6 q,Pi and either
£ t

I. I f  ao,p0 «— > x  and Pi £ x, then x  =  6 0 ,Pi/

£ ^
2- I f  b o ^  <— >• y and P q E y, then y  =  a0 ,po-

P roof: Just let ao,p0,6o,Pi *= A ' w ith Pp0 C ao,p0 and 60,Pt £  A  such that {i/>i APi)|i/>i €  

6} C 6q,Pi or Ppt C 6o,Plo and ao,P0 G A  such that {ip0 AP0)|t/»o €  a} C a0ip0.B

O bserva tion  3.3 .15 /c/ Let M e  =  (A , a )  and Ad/;' =  (A"', — *■, , a ') ,  as

in Notation 3.3.13. For all x’ £ X ',  the set x  o f all formulas ip £  x1 such that ip is a 

formula in £  is a maximal consistent set o f formulas o f £ . So x  £ X .

Also, given y  E X , as y is consistent, there exists y ' E X ' such that y  C y '.
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L em m a 3.3.16 [c] Let M .c =  (X , ■* a ) and A4£' =  (X ',-^+  , , a 7), as in

Notation 3.3.13. Let x ' ,y ' E  X ', x ,y  E  X  be such that x C x7 and y  C y7. Then

1. I f  xf — * y', then x  -2+ y;

2. I f  x? y1, then x  «-£-»• y;

3. I f x  — *■ y, there exists y" so that y  C y" and x7 — * y " ;

4• I f  x  y, there exists x ' so that x  C. x" and x" -—*■ y ';

r £ /
5. I f x  i— > y, there exists y" so that y  C y "  and x7 a— >■ y " ;

6 . There exists S  C x ' called a homo-segment fo r  x  such that fo r  all x  

z y, there exists z! such that x7 — * z7 i f .

P ro o f: 1) For all formula Dip, if Oip G x , then Oip E  x '. As x ' y7, then ip E  y7. 

Now, □ ip E C, so, ip E y .

2) Analogously to 1 .

3) Let F  =  {Oip\Oip E x '}  U {(p\<p E  y}. We show that F  is consistent:

If I— <{Oip A <p}, for some Oip E x ' and 4> E y , then h □ ip —* -><p. So, I- Oip —► □ -><p. 

As Oip E x ', then □-> (p E x 1. As (p E y ,  then 0<p E x. Now, x  C x1, then Otp E x7. We 

obtain then □-><£ A O<p E x7, a contradiction.

4) Let G =  {Oip\ip 6  y7} U {<p\(p E  x}. Then G is consistent:

If I— >{Otp A <p}, for some ip E  i f  and <p E x, then h Oip —► -«p. As -«p E  C, there 

exists a formula x  £  A  such that ip —> x  and 1-  Ox —► ~,<P- Now, ip x  and V' G tA so, 

X G y7. Also, x  G £ , so, x  G y.

We have then: x  G y and x y  implies, O x G x. As I- O x -> -«p and <p E  x, we 

obtain a contradiction.

5) Is analogous to 3.

6 } Follows by compactness.^

L em m a 3.3.17 [c] For all r\ E JC, [17] is regular.

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



30

P ro o f: Let ao,bo € X  be such tha t ao +—>■ bo and c q ,  do be respectively successors of ao 

and 6 0  ia K(c). Suppose th a t there exists /  so tha t do — ► /  — + bo and for all e 6  K ( f ) ,  

- ’(c q  e -^4 a0).

By Corollary 3.3.14, there exists c o ^ ^ d o ^  G X '  so  that cq  C co.p,, do C do,pt and if 
/ — —

do,px *— ► y and P0 €  y, then y  =  c o ,p „ .  Thus fC(co,p0) n  (co,p0) =  {co,p0}-

Now, it follows from the Cross-Axiom that for a1 G X '  with co,p0 a' and ao Q a ', 

if C  is a homo-segment that contains a', then there exists a  homo-segment C ' with
r t

C  < l C' and a' <— > b' for some b' G X ' with bo C b'. As Co and do are successors of ao 

and bo in K(c), then co,p0 «— ► d'Q, for some d(, such that do C d'Q. Moreover co,p0  and 

do are successors of a ' and b', respectively.

As C' is a  homo-segment, there exists f  G X '  with d'Q / '  - ^ 4  bf and /  C / ' .

Now, C  is a homo-segment, and for all d  G K ( f ) ,  -,(co,p0 —4 d  - ^ 4  a '). We 

have then: d' — ► / '  <— > d  and, by applying the Cross axiom, there exists d  with 

<£ 4 - ^ 4  d  -^4> d .  Besides, (Ve' G K (/))(->(co,p0  - ^ 4# e' a ') implies d  #  co,p0. Now,

d' <— ► d  and d' <— > c o ,p 0 implies d  <— >• c o ,p 0 , a contradiction to A T (co ,p 0 ) f l  (cq,p0 ) =  

{co,P0}-B

L em m a 3.3.18 [c] Given £ G 1C, a^a '^ao  € X  and d a O-class,

1 . I fa i ,a \  ——4 ao, a i, a'j 4 - ^ 4  ao anda \,a \ are successor of ao inK (ao), thenai =  ao;

2. I f  F ' C [7/] ® a is so that F  =£, F ' and b < - ^ 4  c for all b,c G F '.  Then F  =  F '.

P ro o f: 1) Let G from [ao,ai] onto [ao,ai] be given by: For all x 7  ̂ ao, G(x/) =  x if 

x  4 - ^ 4  x7 and G(ao) =  ao-

As for all C G [FtT(ao)], there exists only one x  G [ao, a't] — {ao}, then G is well defined. 

As for all C G [F’(ao)], there exists only one x G [ao,ai] — {ao}, then G is onto. Besides, 

[C] is regular, so G is an embedding. Extend G  to ao \ =  {x G X\oq x} onto ao 

as G(x) =  x, the identity mapping. Now, G respects 4 - ^ 4  and therefore, a 1 card a't . As 

a i ,a i  G X , then a i =  a^.

2) Let F \ = { x G  r|(36 G F ) ( 6  A  x)} and F ' \ =  {x G T|(36 G F')(b - ^ 4  x)}. 

Define G from F  \  onto F ' \  as G restricted to F r \  is the identity mapping 

F (x) =  x and G restricted to F  \  —F ' \  onto F ' is so that for all y  G F  \  —F ' \* ,
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for all z G F , if y z, then F(y) =  z.

It follows from the definition of G that G respects We must verify that G in 

an embedding (w.r.t the quasi-order — *).

Let z, y G F ' \  be such that x  y. If z  G F ' \ ,  then G(z) G(y) follows from

the fact that G is the identity mapping. If z ,y  G F  \  —F ' then G(z), G{y) G F ', 

so G(z) G(y). If x  €  F  \  and y  G F ' \ ,  then G{y) = y. As (Vy G F' \ ) i ^ x !  G 

F ')(z  y), then G (x) G(y).

Now, let G{x),y, G F ' \  be such that G(z) y'. Let y =  y7. It follows from 1)

that for all x  G F  N* ~ ^  for all y G F' \ ,  z  y, so, either z  G F ' \  and z  <  y

or G(z) G F '. So z G F  \  —F ' \  implies z  y .g

O bserva tion  3.3 .19 We have shown that any class [77] in the canonical model M-c. is

regular and that any point ao G X  has predecessors and successors in any £ G [77]. 

Moreover, by Lemma 3.3.18, there exists only one element in K (a), a ^ ,  such that Oqo 

is the successor and the predecessor of a0a in K[ao). Thus, it follows that the set of 

successors o f ao in K{ao) can be denoted by aQ0  On an_i -—>■ . . .  ao, where

Ooq is the maximum in K(ao).

L em m a 3.3.20 [c] Given [77] G [K], ao G U[77], ( a ^ a ^ O n - i , .. .ao} C K(oq) with 

aoo an On- 1 — > oq and a ^  is a successor o f On in K{ao), then

flO =  fll =  . . - On—1 — fln-

L O L fProof: Let 6 0 0  be so tha t ->(on <— ► 6 0 0 ) and aQ0  <— > boo. Let On,p0 <— > Ooo.Pi be so
£ f

that if z  <— ► a 0 0 ,p1 and Fo G z, then z  =  a*tp0 (see Corollary 3.3.14).
 ̂ L 1 o  /Let a '^, a'n, a^_ t G X  be such that a„,p0 <— > a '^ , aj, <— >• a 'n _ l7  an>Po — > a^_L and

a'oo an with aa0 Q a ’oo, On C a'n and an_i C Suppose also that [a(l_ I,a n,fl)]

and [a ,̂, a'^] are complete.

Let ip G a 0 0  with ->ip G 6 0 0  • Then a ^  contains formulas of the form

ip A 0 (-iip A 0 (^  A 0 ( -n p  A . . . ) ))

Now, we cannot obtain an embedding of [a j,^ , a^p ,] onto [aj,, a ^ ] . So a(l _ 1 =  Ontp0. 

Thus On_i =  On =  . . .  =  ao-H
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C o ro lla ry  3.3.21 For any O-class b and [77] £ [K\, i f  [r/j ® b ^  0, then:

1. For all £ £ [77], ( H i i s a  unitary set a^,;

2. For all £ 6  [77], et'fAer £ H 6  =  {a^}  or (  fl a  =  (a^ ,, a£} un'i/i a£, — *■ a^;

3. For all £ G [rj\, (£ H a, —->) has the same order as w-Fl, where lj is the first non-

finite ordinal and u -h l denotes its successor. We denote (£ H a, as {a^,

Moreover, case ii holds at some a £  [77] iff there is no b £  [77] in which case Hi holds.

C o ro lla ry  3.3.22 All statements from 3.3.8 to 3.3.20 can be extended to the D A - model 

M ' = {Y',±±> a*).

P ro o f: Just note tha t any assertion about the canonical model holds in a Pp  of X ,  so 

in a O-class of Y

We finalize Section 3.3 with the construction of a  Directed Space for C. First we will 

built a  Directed Space strong expansion of the D A -  model M !  =  (Y', *, *, a*).

P ro p o sitio n  3.3.23 For each [77] £  1C of M !, there exists a digraph G[v\ =

, ►[rjiJr for <— [̂jj] oti equivalence relation and — >[tj] o partial order, and a mapping 

from G[v] onto [77] so that Lemma 2.1.4 part 1 to Lemma 2.1.4 part 5 holds in [77].

P ro o f: I f  cases i and ii hold for all O-classes that intersect [77]; Given a O-class a, then

• If there exists £ £  [77] so tha t |£ r ia | =  2, consider {( a ^ ,p /Q ,P'/rf)\pfq  <  P' N  £ 

Q }u{(aS ,p /g)|p /g  gQ};

•  If for all £ 6  [77], |£ f la | =  1 , consider the set { (a ^ p /g J lp /g  GQ}.

Let <[,] be an order over [77] and — >[̂ ] be the smallest transitive relation so that:

• If there exists £ £  [77] so tha t |£ f l  a| =  2,

~  I f  C < fo ]  C ', V p / g . p V ^ ,  ( a ^ p / q ^ ' / q 1) { a ^ p / q , ^ / q f ) \

- I f  ? '/({<  p”/4 ',  Vp/g, Vzeta, £', (t& .p /g .p "/?") - ^ j  (a£ ,,p /g ,p ' fqf);
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-  V p/g,p '/g ', (aia,p /q ,p '/q ')  -^»[„] {al,p/q).

•  If for all £ G [g], |C H a| =  1,

-  If C <[!,] C ', Vp/g, ( a ^ ,p /g )  (a£,,p/g);

-  if p /g  <  pV<f, (aSo.p'/g') (“£ ,,?/?)-

For all £ G [g], for all O-classes a, a7 and a", let <— ►[,,] be the equivalence closure of:

• (a^p/g-p'/gO Kb^Mp'/V) K£,pVaO;

• (aio,P/q,P,/qr) (a^PV g7). *  “o “  defined.

/ /  cases i and ii* Ao/d /o r all O -class that intersect [77]; For all O-class a

•  If C n  a =  { a ^  . . .  a£ a£_t . . .  a{)}, consider the set

{ a ^ .r .s .^ u J Ir .s ,^ * *  G ZA t >  tt} U {{a ^ ,r ,t,t +  j ) \r  GZA t , j  GN};

• If £ ( la  =  {a^j}, consider the set {a£o,s,*t)|s,u €Z}.

Let <[,,) be the order over m in^j and — >[jj] be the transitive closure of

•  If CDo =  {aoo <*n On_ 1 ao}, for all C,C' £ M]» consider

-  (V r ,s ,t ,u ), (a j£ ,r ,s , i ,« )  (a q ^r^s^ t^u )  if* / < w g;

-  (a ^ , r, s, t, u) (a j£ ,r, s', t, u'), if s ' <  s;

(®oo, **, t, **) (®oo, r, s, t, i t ), if it <  tt,

-  (a ^ , r, s, t, u) ( a j ', r, t, f +  /) , for all s, s';

-  {aj, r , t , t  + j )  ( a ' , r, f, < +  /) ,  for aj -A- a'-;

-  (aj, r , t , t  + j ) ( a ', , r, *, t 4 - / ) ,  for all /  <  j .

•  If for all C € [77], ( f l o  =  {a£o}, for all C, C € [g}], consider

-  (ago,s, u) (a£ ,,s ,tt ')  if g ' < w g

-  (ago,s,u) (a £ ,,s ,u ')  for all u '<  it.
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Let be the equivalence closure of (rtoo,r, s, t,u )  ( a o o / ,s ,  f ,u )

(®U— >u ))*
Denote the first coordinate projection onto £ fl a by and let, for all A € A , 

x G a [fJ](A) iff 6  a (A ).H

T h eo rem  3.3.24 Given a language C, there exists a directed, model V  =  (X + , <D+ ,a.+) 

strong expansion of the D A -  model.

Proof: For all 77 G 1C, consider the set of all K -segments of G^j. Consider for all 

[7/] G [/C], for all rj G [77], the set given by: N  G Nn iff (V[C])(t? < C => (3C' 6  [C])(VC" 6  

[C])(VD G DC)(D € N ) C" ^  C')-

Let D + be the union of all sets N  € M,, for all 77 G 1C.

For all O-class a in Y ' , let 1 5  £ X + iff exists a P C  D + so that for all 77 G /C, if 

77 n  a 7  ̂ 0, then only one D G N ,  belongs to T> and for all 77, £ ■< v, D  G N„, D' G N,,, 

D" G N,j belongs to V , implies D>, D" C D

For all C S 1C, 77 G [77] ,  define VD G Q+ if VD =  {x G X + |(3C €  £ )(3 D  G Nc)(£> G x)} 

and let, for all x j  G X +, F"(xa) — a. Define x G a^j(A) iff A G char(a). Now, by 

making the composition of F ' w ith F, the fiber mapping from Y ' into X , we obtain a 

subset space V  = (X +, 0 +, cc+) strong expansion of M e ­

in order to show tha t V  is an intersection space, note that for all x j  G X +, the arrow 

-—*■ over Afxa, given in 0 + by the order C is given by the order C over all D  G D + that 

belongs to x j, and this order is weakly directed.^

C oro lla ry  3.3.25 Given a language C, there exists a directed model V  =  {X +, 0 +,a +) 

strong expansion of the canonical model.

C oro llary  3.3.26 The axioms 1 to 10, WD and the axioms M n are complete for directed 

spaces.
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Chapter 4

4.1 No F in ite A xiom atization  for D irected Spaces

In this section, we prove tha t axioms 1 ) -  10), WD and the axioms Mn cannot be reduced 

to a finite set of axiom schemas.

We use the compactness results obtained in D M  P's paper and the denumerable set 

of counter-models M.n tha t are adapted from D M  P's paper, [1 ] to obtain the results 

we claim.

E xam ple 4.1.1 (D M P n) Let L  be a language for subset spaces whose atomic symbols 

are {A, Z}  U {Pi|l < i <  n}. Let us consider, for every n 6  N , a subset space M n =  

(X n,O n,a n) given by:

The set of points is X n =  {a, z i , . . .  ,zn , p i , . . .  ,p„}. The set of opens On is given by: 

Xn, Uu  = {a,Z j,p t }, j  jL t ,V j  = {a ,Z j}, 1 <  j  < n, and {pj}, for all 1 <  j  < n

Let the valuation a n is given by A  {a}, Z  >—>• {zi,. . . ,  zn}, for all i <  n, Pi >-> {pi}. 

Then for all n, for all j  < n, the axioms M j are valid in M.n but there exists an 

instance of axiom Mn that is not valid over M.n. Moreover axioms 1) -  10) plus WD 

are valid in each _Mn-
Proof: Let n  € N  be fixed. First let us show that for all j  < n  any instance of an axiom 

M j is valid in JAn.

Since axiom M m implies axiom M j, for all j  < m, it is enough to show that for any 

formulas . . . ,  if for some x  €  X n, W  € On, we have

x , W  f= HLO(f> A OKipi A . . .  A OKipn~i

then

x, W  [= L(O0 A OKifri A . . .  A OKxl>n- 1)
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or, equivalently, there exists y G W  so that

y, W  J= 0<f> A  OKtfri A  . . .  A  O K ipn-i

Let us rename 0<f> A  OKipi A  . . .  A  O K ^ n- i  as <&.

We can have that x, W  O<f> or x, W D-i^. If x, W O0, then trivially,

x, W  [= $  so i ,  W  f= L<§.

So suppose x ,W  \= n-i(f>.

if x  =  pj, then since we have {p_,} G On, we get py, {pj} \= LO(f>, and hence p j , {py} |= 

0(f>. This yields P j,W  0(f>, i.e. x , W  0<f>.

Suppose x  = Zj, and Z j,X n □ - ’0. Then since x, W  )= □ LO<f>, we must have 

Zj,Vj 1= LO<f>, and hence a, Vj \= O 0, for Zj, Vj ^  ^ 0  and a is the only other element 

in Vj. Hence a ,W  0 <f>. Now a belongs to all open sets to which Zj belongs. So

a, W  |= OKipi for all i and we get a, W  $ .

If W  =  C/J t or W  = Vj, then the restriction of X n to W  is a directed space. For

if X ' = W  and O' =  {V  G 0 \V  C W} then for all atomic letters A, define a 7(A) =

a„(A) fl W . Then M !  =  (X 1, O ', a ')  is a  directed model that satisfies (W  G 0 ')(V x  G 

X')(yip  G £){(x, V h=yVt' VO ^  (®> V  N-Mn V’)}- Hence M„_i is valid on W.

From the above it follows that we can assume that x  — a and that W  = X n. Since 

a, X n |= nLO<f>, we also have a, Vj f= LO<j> and hence, since a, X n ^  0<f>, we must have 

Zj, Vj 0<f) for all j .

Since a, X n (= OKi/ji A . . .  A  OKifrn-i? for each i < n — 1, there exists Wi C X n in 

S fa  such that a, Wx \= Kij),. Let S  be the collection of all these Wt.

If S  = {-X„} then pick y G X n so tha t y, X n O4>. Then y, X n <&.

Otherwise all Wj in S  (other than  X n) are either of the form Vj or UJtt- There are 

a t most n — 1 such Wi and hence a t most n -  1 subscripts t axe involved. Now we note 

tha t for all j , j ', T h (z j, U]tt) = Th{zj> ,Uj't), and T h (zj,V j) — Th(zj>,Vji). Also, as we 

noted, Zj, X n f= 0 <f>. So pick a single j  different from all the t involved and replace (i)

every Uj> t in 5  by Uj,t and (ii) every Vji by Vj, to get S '. This Zj (with S ')  will satisfy

$ .

Now let us verify tha t an instance of axiom Mn is not valid in M.n-
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For each i <  n, let fa be the formula K -^P iA . . .AK->Pi-iALPiAK-<Pi+iA . . .AK->Pn. 

By the 55 nature of the K -axioms, for all i  <  n, fa =  K fa.

Let us show that a, X n )= □ L O Z  A O K fa  A . . .  A O K fa , but no Zi satisfies Zi, X n 

O K  fa  A . . .  A O K fa .  Therefore, a, X n £  L {O Z  A O K fa  A . . .  A O K fa ) .

We have that a, X n [= □ L O Z  A O K fa  A . . .  A OK fa ,  since

•  For all W  6  Afa, there exists i < n so that z, G W, so, as a n(Z) = {z i , . . . ,

then a, X n )= O LO Z :

•  If m 5^ j  then a, Umj  (= K fa . Hence for all j  < n, a, X n [= O K fa .

Also, let m < n. We have that zm, ^  O K fa  A . . .  A O K fa , for:

•  zm> X n )= LP\ A . . .  A LPn,

•  For all j  ^  m, zm, C/mj and

•  ^mi I'm Is  K~>P\ A . . .  A K ^P n ,

hence, for all j  < n, we have zt , X a )= □-xfc, so, for all i < n, Z{, X n |= UL->fa V . . .  V 

U L ^ fa .

The axioms 1 ) -  1 0 ) are valid on each model M n for they axe examples of subset 

spaces and Weak Directed axiom follows from the fact that for all formulas x, f°r  all

i , j  < n,
a, Vi 1= x  iff a, vj  N X,
Zi, Vi x  iff *j, V j\= x

The set M  that consists of Axioms 1 ) -  10), Weak Directed axiom and the axioms 

M n are a  complete set of axioms for directed spaces, see section 3, therefore, in view 

of the above example, if a finite set of axioms, say F  is complete for directed spaces, 

we would have: M  (- F, hence, using compactness, for some D i , . . .  Dn, we would have 

D \ , . . .  Dn 1-  F  which is not possible in view of the series of models M.n.
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Chapter 5

5.1 Exam ples

Exam ple 5.1.1 Let M. — (X , 0 , a ), where X  =  {a,zo,zi,z2 ,p, 9}, O  =  {X,C/i =  

{a,zQ,z i,p } ,U 2 =  {a,z0 ,z 2 ,g}, Vi =  {a ,zQ,z i} ,V 2 =  {a,z0 ,z 2 },V0 =  {a,z0}}. and 

a (A ) =  {a}, a(Z ) = {zo ,z i,z2}, a{P) =  {p} and a(Q) =  {9}. I f z i s  the O-class that 

contains 77i((zo, Vo)), u;e ftaue that z  is directed but not above directed.

Proof: If T (x, W ) stands for Th((x , W )), we have

T(a, X )  A  T(z0, X ) A  T(z i , X)  A  T(z2, X) T (p , X) A  Tfo, X) 
T{a,U i) T{zq,U x) = T ( z i ,U i ) <±>T{p,Ux)
T(a, U2) A  T(z0, U2) =  T ( z 2 , Cf2) A  T (9, C/2)

T (a ,^ 0) = r ( a , V i )  =  r ( a , 7 2)
T(z0, Vo) =  T(z0, Vi) =  T(z0, V2) = T ( z i ,V t ) = T(z2, V2)

T{a,Vo)+±+T{zo,V0)

a n d
T {a ,X ) - ^ T ( a , U x),T {a ,U 2) -2+T{a,Vo)
T{zq,X )  T (zo,U i ) ,T ( zq,U2) — *T (zo,V q)
T {zu X )  T{zq,U x) — > T(z0, Vo)
T ( z 2 , X )  -2+ T (z0, U2) -Z* T(z0, Vo)
T (p ,X ) -±> T(p,U i)
T{q, X )  T(q, U2)

Now, T(zo,X), T(zi ,X) ,  T ( z 2 , X )  are two maximum for T ( z q ,  Vo) in the order — > 

that cannot be above directed by any T/i(x, W ).

E xam ple 5 . 1.2  I f  X  C  ( a ,  6 } ,  a  =  { a o ,  a i , a 2 , a 3 }  and b =  { 6 0 , 6 1 , 6 3 , 6 3 , 6 4 , 6 1 , 6 2 , , 6 3 }  

with d  given by 03  a i , a 2 — > ao and 6  given by the Pps B \  =  {63  61 6 0 } ,

B 2 =  {64  63 6 0 }  a n d  B 3  =  { 6 3  6 ^ ,6 2  — > 60}  with: ao 60 , a i
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bi < A  b[, a2 A»> b2 , A *  6 2  an(i ° 3  k  <-̂ L> ^ 3  f>4 - (M  Axiom  Lemma justify

this third Pp B 3 E  b), then Y ' will be given as:

Call the Pp given b y a a s A o  and let

A'o = {(“3,0) A  *(ai,0),(a2,0) A  *(ao,1,0), (ao,2,0) A  *(ao,O,0)},
Bz = m ,  3) A  *(&i,3), (6̂ , 3) A  *(&o, 1,3), (60,2,3) A  *(6 q, 3,3)},

Bi = {(63,1) A  *(&!, 1) A  *(60, 1,1)}
B2 = {(64,2) A  *(63,2) A  *(6o,2,2)}
and

{(a3,0) A  *(6'3, 3) A  *(63,1) A  *(64,2)},
{(al>0) A * ( 6'lt3) A*(& !,1)},
{(a2,0) A  *(6̂ ,3) A  *(62,2)}
{(a0, 1,0) A  *(60,1,3) A  *(60, 1,1)}
{(a0,2,0) A  *(60,2,3) A  *(60,2,2)}
{(ao,0,0) A  *(6„,3, 3)}

E xam ple  5.1.3 We use the fact that S  is the set of all U C W  so that for some

1 <  * < n, x, U f= OKifi  in order to show that for at least one U E  S , x ,U  f= OKipi for

all 1 < i < n. I f  for example n  = 3, then X 3 = {a, zi,z2,z3,pi,p2,p3},
U \ ,2  =  { a , z \ , P 2 }
C/1,3 = {a,zi,p3 }
C/2,1 = {a,z2,pi}
C/2,3 = {a,z2,p3}
C/3,1 =  { a , z3,pi}
C/3,2 =  { a , ^ 3,P 2}
Vi = {a,zi}
V2 = {a, z2}
V3 =  {a,z3}

and, for W  =  X 3 , the possible sets S  are:

S  =  {/f3} or
S  =  { X 3 , U i i2, 1/3^2} or
S  ~  ( X 3 , 1/1,3, C/2,3} o r
S  =  { X 3 ,1/2,1,1/3,1} or
5  = {X3,1/2,1, C/3,1, Ui,2i C/3,2} or
■S' = {X3,1/1,3, C/2,1, C/2,3, C/3,1} or
■S' =  ( J l 3 , l / i , 2 , l / i ,3 ,  C/2,3, C/3,2 }  o r
5  = (X3, C/li2, C/i,3, l/2,i, C/2,3, C/3,1,1/3,2} or
S  = o 3
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for i f  some Vi is so that x , Vi OKipi, fo r  all W  6  O3 , i f V i Q U  C  X  then x , W

OKif>i, and for all 1 <  i , j  <  3, fo r all formula t j ,  x ,  V i  [= t j  iff x , V j  t j  and for all

(,j , t ) e  D  and (j \ t ) 6  D ,  fo r all formula t j ,  a,U yt (= t j  if f  a ,U ytt f= t j ,  Zj,Uj,t f=  t j  i f f

(= V and pt , Ujyt N V iffP t, Uj’,t t= V-
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C hapter 6

6.1 Further Topics

The solution of completeness problem still lacks of some analysis about the existence of 

procedures in order to show if a  given formula in the language of Intersection Spaces is 

valid or not, i.e., is the Logic for Intersection Spaces decidable?. Our next step in to 

write in that direction.

Even though Intersection Spaces have no finite model property, our efforts in solving 

completeness problem indicate tha t a finite Kripke model can be turned into a Directed 

Space. So, since Intersection Spaces are logically equivalent to Directed Spaces, if there 

is a decision procedure for the logic of Intersection Spaces can be obtained.
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