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Abstract

NEWTON’S ITERATION FOR STRUCTURED MATRICES
by
RHYS ERIC ROSHOLT

Adviser: Dr. Victor Pan

In the first part of the thesis (Chapters i-5), we study four quadraiicaily conver-
gent algorithms for the refinement of rough initial approximations to the inverses
of n x n nonsingular Toeplitz and Toeplitz-like matrices and to the solutions of non-
singular Toeplitz and Toeplitz-like linear systems of n equations. The algorithms
are variations of Newton’s iteration, adjusted to structured matrix computations
based on the known inversion formulas for Toeplitz matrices and the displacement
representations of Toeplitz-like matrices. Due to using matrix structure, each it-
eration step is performed in O(n log n) time. The algorithms can be extended to
the case of structured matrices of other classes.

In the second part of the thesis (Chapters 6-11), we study more general residual
correction algorithms for the computation of the inverses of general and structured
matrices. For structured matrices, we extend the algorithms by new policies of
compression delay. For both structured and unstructured matrices, we study the
homotopic (continuation) methods, which supply close initial approximations. For
unstructured indefinite complex Hermitian input matrices, the homotopy methods
enable substantial acceleration of the known best non-homotopic algorithms. Fur-
thermore, by using homotopic techniques, we guarantee superlinear convergence
to the inverses of structured matrices even where no initial approximation is avail-

able and where compression of displacement generators is ensured in every residual

correction step.
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Numerical experiments on the initial four algorithms confirm the results of our
analysis and the efficiency of the algorithms. Numerical tests with Toeplitz input
matrices show a greater power of both homotopic and non-homotopic approaches

than the theoretical study predicts.
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1 INTRODUCTION 1
1 Introduction

Preconditioned conjugate gradient (PCG) methods are quite effective for the so-
lution of a large class of Toeplitz and Toeplitz-like linear systems of equations.
In a few iterations they provide an approximate solution and then improve the
approximations with linear convergence rate. While this performance is sufficient
in several applications, there are many cases where it is still desirable to compute
a highly accurate solution at a faster convergence rate, assuming that a rough
initial approximation has been computed by a PCG algorithm. Alternatively, any
Toeplitz and Toeplitz-like linear system of equations can be effectively solved by
the known direct methods [AGr88], [Bun], (GKO], [G] (the two latter papers ex-
tending the general approach of [P90] to yield practical Toeplitz and Toeplitz-like
solvers), but in many cases the computed solution must be refined to counter the
effect of rounding errors.

We rely on the techniques of [P90], [P92], [P93], [P93a], [PZHD97], and on
their variations to compute the desired refinement by means of Newton’s iteration,
which represents the class of the residual correction methods and which we simplify
in the case of Toeplitz and Toeplitz-like matrices. Our first two modifications of
Newton’s iteration (see Algorithms 1 and 2) exploit the displacement structure of
the input matrices to simplify the computations. They work in the more general
case of a Toeplitz-like input. Our third and fourth modifications (see Algorithms
3 and 4) specialize Newton’s iteration as the residual correction of the solution of
a Toeplitz linear system of equations. They rely on the inversion formulae known
for Toeplitz matrices and simplify Algorithms 1 and 2, respectively.

Algorithm 1 is a little more costly to perform but implies the convergence
under milder assumptions about the initial approximation than Algorithm 2. Al-

gorithm 4 runs roughly twice as fast as Algorithm 3 and does not seem to require
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1 INTRODUCTION 2

any stronger initial assumptions. Algorithms 1 and 3 are more convenient to
apply where the triangular Toeplitz representation is used for the input and out-
put matrices, whereas Algorithms 2 and 4 are more convenient to apply where a
factor-circulant (f-circulant) representation is used. As we will point out in the
concluding remarks, at least some of our algorithms can be extended to other
classes of structured matrices.

All presented algorithms require an initial approximation lying sufficiently close
to the solution (see equations (5.5), (5.9), (6.9) ). Otherwise the iterations may
converge too slowly or diverge. A partial remedy can be obtained by means of

homotopy techniques (cf. our Remark 5.1 in Section 5.3 and [P92] ).
1.1 Newton’s Iteration for Matrix Inversion

Newton’s iteration is a major tool for solving a functional equation, f(z) = 0. Let
T be an initial approximation to a solution z. Then the iteration successively
produces a sequence of iterates z;.; = z; — f(z:)/ f'(z:), with errors e; = |z; —
z|, i =0,1,... = s. If f(z) is smooth enough in a neighborhood of r and if e
is small enough, then the approximations converge to the solution with quadratic
convergence rate: e;.; = O(e?), i =0,1,... (see e.g. [A]).

For example, suppose that we wish to apply Newton’s iteration to approximate
1/t for a given positive binary value ¢t = 2¢(0.t;t3t3...)2, where e is an integer,
ty=1, t; € {0,1} for: = 2,3,.... By choosing o = 27° and f(z) =t — 1/z, we
obtain 0 < |1 — tzo| = 1 — (0.£1¢2...)2 < 1/2, and Newton’s iteration takes the
form of the recursive computation of the values z; = z;_; — (¢ —1/z;;)/(1/22%_,) =
zi_1(2 — tziq), i = 1,2,.... It follows that 1 — tz; = 1 — 2tz;; + (tz;;)? =
(1 — tz;_1)%. Recursively, we obtain that 0 < 1 — tz; = (1 — tzo)? < 27%, i =
1,2,.... Therefore, 0 < 1/t —z; < (1 /t)2‘2i, that is, the iteration very rapidly
(quadratically) converges to 1/t.
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1 INTRODUCTION 3

Table 1.1: Newton’s iteration for the reciprocal of 5/8.

1 z; 1 —tx; 1/t — z;

1.0000000e+00 | 3.7500000e-01 | 6.0000000e-01
1.3750000e4-00 | 1.4062500e-01 | 2.2500000e-01
1.5683594e+00 | 1.9775391e-02 | 3.1640649e-02
1.5993743e+00 | 3.9106607e-04 | 6.2572956e-04
1.5999998e+00 | 1.3411045e-07 | 2.3841858¢-07

oW N = O

For instance, let ¢t = (0.101);, = 1/2+ 1/8. Then the results of performing four
steps of Newton’s iteration on a computer with the 8-decimal precision can be sum-
marized in the next table (where the values 1 —tz, and 1/t — x4 are shown without

several decimal digits lost at the stage of the subtraction of tz, = 0.99999999 from
1).

Remark 1.1. (cf. [B68]). This iteration can be traced back four millennia, when
the ancient Babylonians applied it in rudimentary form to solving quadratic equa-
tions. For the solution of polynomial equations of higher degree, the iteration was
routinely used by Chinese and Arab mathematicians in medieval time. Among Eu-
ropeans before Newton, Francoise Viete should be mentioned. The current version
of the iteration was given by Joseph Raphson in 1690. We use Newton’s name to

be consistent with the commonly accepted (though inaccurate) terminology.

Newton’s iteration can be also effectively applied to some equations f(X) =10
where X is a matrix rather than a scalar. We will next show the application to the
inversion of an n X n non-singular matrix A. The history of such an application
of Newton’s iteration can be traced back to [s33]. A more recent treatment can

be found in [ps91]. We will assume that A is given with an initial approximation
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1 INTRODUCTION 4

—Xp to its inverse A~! satisfying the bound
T = |[I+XAll = |- (-Xo0)All < 1,

for some positive 7 and some fixed matrix norm. An initial approximation —Xj
to A~! is assumed to be supplied by another computational process, for example,
by a PCG algorithm, by an exact solution algorithm [GKO], [G], which requires
refinement due to rounding errors, or by the homotopy algorithm of [P92]. In
this case, f(X) = A+ X!, and the iteration takes the form of the recursive

computation of the matrices
Xi+1 = Xz(ZI + AX,) = (2I + XgA)Xz N 1= 0, 1, e (1.1)

We deviate slightly from the customary format of Newton’s iteration by writing
—X; instead of X;, to denote the computed approximations to the inverse matrix
AL

It follows from (1.1) that
[+ XA = [+ XAP = ([+Xad)' = - = (T+ XA

Consequently,
1+ X:Al = ||[I-(-X)Al| < 7%,

so that the norm of the residual matrix I + X;A is bounded from above by T2
This establishes quadratic convergence of the iteration. Given a desired residual

norm bound € > 0, the bound
I+ X:A|| < € (1.2)

is guaranteed in [logz(;—gg%)] recursive steps (1.1), where [z] stands for the smallest
integer not exceeded by z. We also deduce from (1.2) that ||A||-||A7'+X;|| < ||[I+
XiA|| < e, and since ||[A7Y| - ]]A4]| > 1, it follows that

1A~ = (=Xl
[1A=4]

< €,
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1 INTRODUCTION 5

so that the matrix —X; approximates A~! with a relative error norm less than e.

Each step of the iteration (1.1) involves the multiplication of A by X;, the
addition of 2 to all the diagonal entries of the product (which takes n additions),
and the pre-multiplication of the resulting matrix by X;. The most costly steps
are the two matrix multiplications, each taking n® multiplications and n3 — n?
additions for a pair of general n x n input matrices A and Xj.

The next example demonstrates the advantage of the quadratic convergence
rate over the linear convergence rate.
Example. Let 7 = 1/2, ¢ = 1075. Then 5 iteration steps (1.1) suffice to compute
the matrix X satisfying the bounds ||I+ X5A4|| < e and ||A™—(=X5)|| < €]|A7Y].
On the other hand, assume any linearly convergent scheme such as Jacobi’s or
Gauss-Seidel’s iteration (cf. [GL96, p. 510], where for the same input the norm
of the error matrix of the computed approximation to A~! decreases by factor 2
in each iteration step. Then the error norm decreases below 27! in i iteration

steps, so it takes 19 steps to ensure the bound (1.2) for ¢ = 1075.

1.2 Residual Correction (RC) Processes

We study residual correction processes converging to the inverse or the Moore-
Penrose generalized inverse of a general n x n matrix M [S33], [B-166], [B-1C66],
[IK66], [SS74], [PS91]. The basic processes perform matrix multiplication p times
in each step to achieve convergence of the order of p, for any p > 2. With appro-
priate scaling, however, one may reach the order of p > 2 by performing matrix
multiplication only twice per step [PS91]. Hereafter, we write RC for “residual
correction” and MM for “matrix multiplication”. For p = 2 unscaled RC processes
turn into Newton’s iteration. The RC processes can be directed to converge to
numerical generalized inverses and are known for their strong numerical stability

and self-correcting property [PS91].
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1 INTRODUCTION 6

For simplicity (until Section 11) we assume non-singularity of the input matrices

M. Here are the two main problems with RC processes.

a) The RC processes require additional techniques for the computation of an ini-
tial approximation to the inverse. The known techniques of [B-166], [B-IC66),
[SS74], and [PS91] produce a crude initial approximation. Then it takes quite
a few, the order of log, k(M), RC steps (x(M) = cond(M) denoting the con-
dition number of the matrix M) to refine the approximation to the level from
which the iteration very rapidly converges. Our main topic is an alternative

approach based on the homotopic (continuation) techniques.

b) For general matrices, MM is an expensive operation, comparable to matrix
inversion in its computational cost, although substantially simpler than the

computation of the generalized inverse and allowing effective parallel imple-

mentation.

However, MM is dramatically simplified in the highly important case of struc-
tured matrices, represented by their displacements in a compressed form.
Namely, the displacement of an n X n matrix occupies memory space O(n),
and multiplication of n x n compressed structured matrices uses O(n logn)
or O(nlog®n) flops. Consequently, the RC processes can be also performed
by using small memory space and little computer time as long as matrix
structure and compressed representation of matrices are preserved through-
out the computation without destroying rapid convergence of the process.
Here some advanced compression techniques are applied, first proposed in

[P92] and then elaborated upon in [PZHD97], [PBRZ99], [PRO1], [PRWO1],
[PO1a).

We propose some new techniques to improve practical performance of the

known algorithms in the case of structured input matrices. These techniques rely
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1 INTRODUCTION 7

on delayed compression and modular arithmetic in the real field (see Section 2.4,

Remark 3.2, and equations (3.8)—(3.11)).

1.3 Homotopic RC Processes

The solution techniques for problems a) and b) do not always match one another.
That is, compression perturbs computed approximations and may easily destroy
convergence at the initial stages of the RC processes where the convergence is frag-
tle. This implies sowe additional requirelents. We must either yield much cioser
initial approximations versus the known techniques of [B-166], [B-IC66], [SS74],
and [PS91] or perform much more work per iteration step to yield compression
with much smaller perturbation of the computed approximations to the inverse.
The original approach in [P92] achieves the latter goal for the class of Toeplitz and
Toeplitz-like matrices by developing the homotopic (or continuation) method but
also allows a very natural heuristic modification towards this goal. The approach in
[P92] relies on truncating the smallest singular values of the displacements. Tests
show that the heuristic is surprisingly effective in the important case of Toeplitz
input matrices, but no theoretical results support this development.

We recall the RC algorithms for general and structured matrices, show their
improved variations for Toeplitz and other sturctured matrices (see (3.8))-(3.11)),
and report the results of numerical experiments in Appendix B; otherwise our main
subjects are new techniques for computing the initial approximation. Their effi-
ciency is confirmed by both experiments and the proved estimates for the compu-
tational work. The new methods extend the homotopic (continuation) techniques
of [P92] relying on the inversion of a readily invertible matrix My (e.g., My = I)

and the subsequent homotopic transition to the matrix M along the trajectories

M, =(1—-ty)M+tyMy, h=0,1,..., (1.3)
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1 INTRODUCTION 8

or

My,=M+1t,My, h=0,1,..., (14)

where

to>t1>...>tg =0, (1.5)

to is 1 in (1.3) and a sufficiently large value in (1.4). We arrange the homotopy to
keep the trajectories M(t) away from singular matrices for ¢y > ¢t > 0; we prove
that for ¢+ > 0 the condition numbers of the matrices M (#) reach their maximums
where t = 0 (cf. our earlier technigques of variable diagonal [P00Ob]). By choosing
the step sizes t, — tp4 sufficiently small, we may always ensure that the matrix
M My is close enough to the identity matrix. Then the approximation to the
inverse M, ! computed at the h-th homotopic step would serve as a good initial

approximation at the (h + 1)-st homotopic step.
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2 RESIDUAL CORRECTION (RC) PROCESSES 9

2 Residual Correction (RC) Processes

Hereafter, MT, vI, M*, and v* denote the transposes and Hermitian (conju-
gate) transposes of a matrix M and a vector v, respectively. We write o; =
o;(M), k(M) = o01/0,. 0; denote the singular values of a matrix M where
r=rank(M), j=1,...,10<0_- <0, <... <01 <04; k(M) is the condition
number of M. e;_; denotes the i-th coordinate vector, 2 = 1,...,n. [z] is the

smallest. among the integers not exceeded by a real .

2.1 A Basic RC Process

A sufficiently close initial approximation Xy to the inverse of a non-singular matrix

M can be rapidly improved by means of a scaled RC process [IK66]

-1
Ai = A(X,) = Xi+1 - CH.]Xi = Ci41 Z Rin, 1= 0, 1, ey (21)

k=1

where we write
R;=RM,X;)=1—-—X;M = R;_; — M(Xiy1 — Xi). (2.2)

For p =2, ¢;41 = 1 for all 4, we arrive at Newton’s iteration [S33]. For p = 2", we
may compute Zi;}, Rf as H;-:; (I + R¥) using fewer additions. Already for the

unscaled process, that is, under the simplest choice of
c;=1forall 7, (2.3)
(2.1) and (2.2) imply that
Ri=(Rof”, IR <IRo”, i=12,.... (29)

That is, the unscaled RC process (2.1), (2.3) converges with the order p to the
matrix M~! provided that

IRoll2 <0 < 1, Ro = R(M, Xo).
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2 RESIDUAL CORRECTION (RC) PROCESSES 10

Suppose that the latter bound holds for a fixed 8. Then the computational work
required to ensure the desired upper bound on the norm ||R;|| is minimized for
p = 3 [IK66, pages 86-88].

For an initial approximation Xp to the matrix M ™!, one may choose [B-166],

[SS74]

2
X0 =coM* = — .
0=GM, % o2 + 02 (25)
to yield that
5
| Roll2<1- Py Ky =K (M) =o04/0-. (26)

Now it follows that the first
i=2log, K+ + O(1)

unscaled critical RC steps (2.1), (2.3) decrease the residual norm || R;||» below 1/2,
and then the

J = [log, logy(1/€)]
additional refinement RC steps (2.1), (2.3) decrease the norm below any fixed pos-
itive € < 1/2 [SS74]. In Section 7.3, we use the threshold value 1/e = 0.367819...
instead of 1/2; this may change ¢ at most by 1.

The asymptotic bound i_ = log, k(M) + O(1) on the number of critical RC

steps is achieved in [B-I66] under the simpler initial choice of
Xo=M"/(|IM|[1]| M]loo)-

Furthermore, for a Hermitian (or real symmetric) and positive definite matrix M,
one may further decrease the number of critical RC steps (2.7) roughly by twice
[PS91] because we have

|Rollz < 1 - f; for Xo=1I/||M|| (27)

nk(M)
where ||M||r = trace (M*M) denotes the Frobenius norm of the matrix M, and

M is a Hermitian and positive definite matrix.
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2 RESIDUAL CORRECTION (RC) PROCESSES 11

2.2 Scaled Newton’s Iteration
The choice of ¢;4+; in (2.1) was optimized in [PS91] in the case of RC process (2.1)
for p=2:

Xi+1 = C;+1(I + R4)X1, = C,;+1(2X,; - X,MX,) (28)
Namely, by choosing p = 2,

_ 202 2 - o
“T R x MTIr@-q) T @-c)ean (29

for i =0,1,..., one obtains that

IRl < max [T(ya+ o)l/\Te(d)| < ooz (2.10)

where v = 2/(0y —0-), 0 = —(04 +0_)/(064 —0_) = =1 —yo_, and Tj(z) =
cos(j arccos z) is the j-th degree Chebyshev polynomial of the first kind on the
closed real interval [—1,1]. It follows [FF63, Chapter 9, Section 9] that

9
GV i+ Voo -~

This bound is substantially smaller than 6%. The number of critical steps decreases

HRill2 < :

roughly by twice versus policy (2.3), reaching the level
i = log, K+(M) + O(1/K2(M)). (2.11)

In other words, the impact of the optimal scaling of (2.9) is equivalent to increasing

the order of convergence of the critical steps from ¢ =2 to g =4.

2.3 RC Processes for Numerical Generalized Inverse

The paper [PS91] also proposes a modification where Newton’s RC processes for
p = 2 converge to a numerical generalized (Moore-Penrose) inverse M;", that is,

the generalized inverse of the matrix M, formed via truncating the smallest singular
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2 RESIDUAL CORRECTION (RC) PROCESSES 12

values of M (up to a fixed tolerance €). This is achieved by first applying iteration
(2.8)—(2.9) with

co = 0yc, ¢ = ce’, ¢ =min(2/(o4 + €%), p/e?), (2.12)

p=(1+3/2=1.366... (Under the scaling of (2.12), the value p partitions the
range for the spectrum of the matrix XoM; the partition is induced by the respec-
tive partition by € of the singular values of the matrix M. Note that the bound o
is not needed in this variation of the iteration.) The iteration is performed until we
arrive at ¢; > p for some integer i. Then the matrix X; is scaled, that is, replaced

by the matrix (p/c; )X;, and the iteration is continued based on the expressions
Xi1 = (=2X;M + 3D X:MX;, i=0,1,.... (2.13)

(This is a generalizations of RC process (2.1) and a special case of a more general

process
Xin1 = p(XiM)X; (2.14)

where p;(y) are selected polynomials, i=0,1,....) Based on (2.13), the singular
values ¢;(M) are partitioned by e into two groups: those exceeding € correspond to
the eigenvalues A® of X;M that lie in the interval 1/2 < A®) < p; iteration (2.13)
sends them towards 1. The other eigenvalues of X;M lie in the interval [0,1/2);
they correspond to the singular values o;(M) < e. Iteration (2.12) sends them
towards 0. This is exactly the desired convergence to the matrix M. Convergence
is ultimately quadratic but is slow near 1/2 and p. Iteration can be immediately
extended to computing the matrices M, = MMM and M. = M — M. and the
numerical rank trace(M.M[).
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2 RESIDUAL CORRECTION (RC) PROCESSES 13

2.4 Bounding The Precision of Computing

It was proved in [PS91] that both original and modified Newton’s processes are
numerically stable. Process (2.1), however, involves the expression

p-1

i (f + ZR:F)Xh

k=0
whose representation for a smaller ||R;| requires the p-fold precision versus the
single precision for representation of M and X;. For p = 2, ¢;4; = 1, the precision
growth in the RC process (2.1) can be avoided based on using modular arithmetic
in the real field [P92b], [EPY98].

For the task of solving a linear system Mx = b:
x; = Xob, r1 =b—- Mx;, (2.15)
the precision can be controlled if we apply iterative improvement process
A =% — % = Xoli, Tip1 =T — M(xp1— %), i=1,...,s. (2.16)

This process invloves neither residual matrices R; nor higher precision approxima-
tions X; to M ™!, but the approximation error norm ||x — x;_;|| decreases by the
factor of || Ry|| = ||I — XoM]|| in each iteration step: x—x; = (] — XoM)(x—x;—1) =
(I — XoM)¥(x — x5). That is, the process converges linearly. The computa-
tions can be performed with a single/double precision, where the output vector
X, = X1 + Ef;ll A; is represented by the sequence x,A;,...,A,;_;. This is an

advantage of process (2.15)—(2.16) versus processes (2.1).
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3 RC PROCESSES FOR STRUCTURED MATRICES 14

Table 3.1: Four classes of structured matrices

Toeplitz matrices (¢;_;)*7 Hankel matrices (hiy;)" 7
3/4,5=0 +374,j=0
to t-1 -+ t1—n ho hi -+ Rp_g
7 ot - G hi he - hy
tho1 -t to Ra-1 hn --+ hopn—2

Vandermonde matrices (tZ )

n—1 . 1 n—1
.. | Cauchy matrices ( - )
i,7=0 s;i—t; i,j=0

- 1 1
1 to e tg ! sp—to o So—tn—1
1 ¢ ... #7 1 ces =l

- s1—lo s1—=ln—1
Ll t 1 e tn—l) k 1 e 1 J
n- n—1 Sn-1—to Sp—1=tn—-1

3 RC Processes for Structured Matrices

Extensions of unscaled RC processes (2.8), (2.3) to Toeplitz-like matrices can be
found in [P92], [PBRZ99, Section 7.4]. Let us next follow [P0la] to outline these
extensions in a unified way-simultaneously to various classes of structured matri-
ces, including Toeplitz, Hankel, Vandermonde, and Cauchy matrices (see Table 3)
and the matrices with the structures of these four types. This covers the most

popular classes of structured matrices.

3.1 Structured Matrices
and The Displacement Rank Approach

With a pair of n X n operator matrices A and B we associate linear displacement

operators L, of Sylvester type L = V4 g,
Vas(M)=AM - MB (3.1)
and Stein type L = A4 p,

Asp(M)=M — AMB (3.2)
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3 RC PROCESSES FOR STRUCTURED MATRICES 15

Table 3.2: Parameter and flop count for matrix representation and multiplication

by a vector
Matrices M Number of parameters Number of flops

per an m X n matrix M for computation of Mv

general mn 2mn —n
Toeplitz m+n—1 O((m + n)log(m + n))
Hankel m+n—1 O((m + n)log(m + n))
Vandermoude m C{(m + n)log*(in + n))
Cauchy m+n O((m + n)log’(m + n))

where M is an n X n matrix.
The operator matrix pairs A, B € {D(s), D(t), Z, Z}’}, for appropriate vectors
s and t and scalars e and f, cover the four cited most popular classes of structured

matrices. The most used displacement operators satisfy the following properties:

a) the displacement L(M) is a matrix having a small rank r for a structured
matrix M and an associated displacement operator L (r is called the dis-

placement rank of the matrix M),

b) the operator L~! is linear, furthermore there are simple expressions for the

matrix M = L™}(L(M)) through its displacement L(M), and

¢) an n X n structured matrix can be multiplied by a vector fast: O(nrlog’n)

flops for d < 2 (cf. Table 3.2).

In particular, for the operators L, = Az zr and L_ = Ayr y, it was proved in

the seminal paper [KKM79] that the matrix equations

L(M) = GHT’ G= (gh“' 1g'r)’ H= (hl" "7hr) (33)
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3 RC PROCESSES FOR STRUCTURED MATRICES 16

imply that .
M= ;Z(gj)zT(hj) (34)
for L = L, and J
M =Y Z"(Jg;)Z(Jhy) (3.5)
Jj=1

for L = L_. It is easy to observe that
| rank(L..(M)) — rank(L_(M))} < 2,
for any matrix M, and that
rank(L4+(M)) < 2, rank(L_(M)) <2

where M is a Toeplitz matrix. This motivated the definition of Toeplitz-like matri-
ces M as the ones with displacements L.(M) and L_(M) having small ranks.
Expressions (3.4), (3.5) enable multiplications of a matrix M by a vector in
O(rnlogn) flops.

Similar simple expressions have been obtained in the case of displacement op-
erators L associated with matrices of Hankel, Vandermonde, and Cauchy types
[HR84], [BP94], [GO94], [PWa], [POlal, enabling compressed representations of
an n x n structured matrix M via 2nr entries of the matrices G and H where
r = rank(L(M)). Orthogonal representations (3.3) for a given matrix L(M)
can be immediately obtained from its SVD [P92], [P93] (e.g., in the real case,
LMy =UsT, UTU=VTV =1, G=U%, H=VX)and if L(M) is a
Hermitian matrix then from its eigendecomposition as well.

Compressed representations can be also derived based on some singular dis-
placement operators. For instance, in [PBRZ99] the following known representa-

tion of an n x n Toeplitz-like matrix has been exploited,

r

€
M= Zi(Meny) + pyr Z5(Z125)Z1).(hy) (3.6)
1

j=
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3 RC PROCESSES FOR STRUCTURED MATRICES 17

Table 3.3: Some pairs of operators V4 g and structured matrices

operator matrices class of structured rank of

A B matrices M Va.s(M)
VA Zy Toeplitz and its inverse <2
Zy zr Hankel and its inverse <2
Zo + Zg Zy + Z(",r Toeplitz+Hankel <4
D(t) Zy Vandermonde <1
Zy D(t) inverse of Vandermonde <1
z7 D(t) | transposed Vandermonde <1
D(s) D(t) Cauchy <1
D(t) D(s) inverse of Cauchy <1

provided that (3.3) holds for L =V z;hz;h where e and f are two scalars, e # f,
ef # 0, and Zy,(v) denotes the f-circulant matrix of size n X n with the last
column v. (Note that Z;! = Zf} f.) Table 4.3 shows some displacement operators
associated with structured matrices.

According to the displacement rank approach, one should operate with struc-
tured matrices M represented in a compressed form such as (3.3)—(3.6) and when
required, recover the output (such as the solution of a linear system of equations)
based on their linear expressions via the displacement L(M). The entire approach

can be represented by the following flowchart:
COMPRESS — OPERATE — DECOMPRESS.

At the OPERATE stage, the following simple results can be used [P0Ola].

Theorem 3.1. For any linear operator L (in particular, for L=V sp and L =

Ay B, for any pair of matrices A and B) and any pair of scalars a and b, we have

L(aM + bN) = aL(M) + bL(N).
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3 RC PROCESSES FOR STRUCTURED MATRICES 18
Theorem 3.2. For any 5-tuple {A, B,C, M,N} of n X n matrices, we have

Vac(MN) =Vas(M)N + MV o(N),

Asc(MN)=App(M)N + AMV g (N).
Furthermore,
Apc(MN) = Ay g(M)N + AMBAg-1 c(N),
if B is a non-singular matriz, whereas
Apc(MN) = Ay p(M)N — AMAp c-:(N)C,
if C is a non-singular matriz.
Theorem 3.3. Let M be a non-singular matriz. Then
Vea(M™) = -M"V,p(M)M™.
Furthermore,
Apa(M™)=BM'Asp(M)B'M™!
if B is a non-singular matriz, whereas
Apa(M™) = MTTAT A, (MM A
if A is a non-singular matriz.
3.2 Structured RC Processes

Based on the latter results and properties a)-c) of structured matrices listed in
the previous subsection, one may perform structured matrix multiplication fast.
O(gnr?log?n) flops are sufficient per an RC step (2.1). This step outputs a short
displacement generator of the matrix X;,;, provided that the matrices M and X;

are given in compressed form (3.3) and ¢ is the order of convergence of a process
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3 RC PROCESSES FOR STRUCTURED MATRICES 19

(2.1). Special care is required, however, to contain the growth of rank(L(X;,)).
With no care the rank rapidly increases; it may be tripled already in each Newton’s
step (2.8). Thus processes (2.1) should be modified as follows where the input

matrix M is structured:
p-1
Xiv1=X(Yi41), Yiri =cina Z REX; (3.7
k=0
for R; of (2.2). Here, the matrix X;,; = X(Y;;1) approximates the matrices Y.,
and M1, and 74, = rank(L(X;4,)) either equals or only slightly exceeds r. To
complete the definition of the structured RC process (3.7) for fixed parameters p,
Ci+1, let us specify the transition from the matrix Y;.; to the matrix X;,,, where

both structured matrices Y;4; and X;;; are represented by their displacements

(P92], [P92a), [BP93], [PZHD97], [PBRZ99], [PRO1], [PRWO1].

Approach I. Truncation of the smallest singular values of the displace-
ment. Compute the SVD of L(Y;41) = GitaHY,, (cf. [HLPWS86]) and truncate
the smallest singular values to obtain a displacement matrix L(X;.;) having ;.
(non-zero) singular values, where r;,; is fixed according to a selected policy, say
Ti+1 < ror 7y < cr for a fixed constant c. (In the case where L(X;) is a Hermitian

matrix, one may rely on its eigendecomposition instead of its SVD.)

Approach II. Substitution of a computed approximation for the in-
verse in the inversion formulae. Compute the displacement L(X;,;) based

on Theorem 3.3, where M~! is replaced by X;. That is, for S,; = S; of (3.7),
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3 RC PROCESSES FOR STRUCTURED MATRICES 20

Spi=cis1 SP L RE Ry =I-MX;, Yy, of (4.7),i=0,1,..., write L(M) = GHT,

L(Xis1) = Vpa(Xit1)
= GinH},
= =Y;11V4 (MY
= (=YinG)(H Yis)

= —S,:(X:G)(HTX:)S,; (3.8)

also write either

AL X)) = A'Apa(Xin)
= A'GHT, A
= AV AT AL (MY A
= AN (YinAT'G)(H YinA)

= A71S,:(X:ATIG)(HTX)S, A (3.9)
where the operator matrix A is non-singular or

L(X:11)B™! = Apa(Xin)B™
= BG;.HY,B™?
= BY1Aup(M)B'Y;, B~
= (BY:nG)(H'B 'Y;11)B™
= BS,;(X:G)(HTB™'X;)S,;B! (3.10)
where the operator matrix B is non-singular. The computation of the displacement
of X;4; in (3.8)—(3.10) essentially amounts to post-multiplying S,; by X;G or
X;A"'G and either post-multiplying H? X; by 5’,,,,- or S'p,iA or pre-multiplying
5',,,iB‘1 by X; and the product by H¥B~1. In each case, we multiply each of the
matrices R; and RT by O(pr) vectors. RC process (3.8)—(3.10) can be applied to a
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Toeplitz matrix M. Then we would multiply each of the matrices X;, M, M7, and
X7T by two vectors for every i, whereas the RC process (3.7), (3.8) only requires
multiplication of each of M and X; by a pair of vectors for every 7. Furthermore,
since we assume that X; ~ Y;, we may replace —X;G by G; = —Y;G and HTX; by
HT = HTY; in (3.8) and thus to replace (3.8) by a simpler expression

L(Xiy1) = Gipn HEL, = Sp:G:HT S, (3.11)
Similarly, we may simplify (3.9) and (3.10) to write
AT LX) = A7 Gan HE,
A7'Gi = ATV ATIG = A718,,G,,
HL, = H"Y; = HT'S,;
where A is nonsingular and to write
L(Xi41)B™! = Gi HL B2,

Gi+1 = i+1G = Sp,iGia
HL B'=HTBY,,B™' = H§,;B™"

where B is nonsingular.

Approach I relies on the observation that
IL(Xis1) = L(Yir)l] < [IL(Xia) = LM ]|

under the 2-norm and the Frobenius norm. This observation is due to Theorem 3.3
and to the well-known results on the lower rank matrix approximation based on the
truncation of the singular values [GL96]. Thus we bound the norms ||L(X;+1) —
L(M™Y|| and || Xir1 — M7 < W7 | L(Xig1) = L(M™Y)]| in terms of the norm
IL(Yis1) = LM
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In Approach II, we bound the same norms by combining (3.8)-(3.10) with
Theorem 3.3.

Specific estimates for the approximation errors, the convergence rate, and the
initial residual or error norms which ensure rapid convergence for both approaches
can be found in [P92], [PZHD97}, [PBRZ99], [PRWO01], and [P01a].

Algorithm 3, [PBRZ99, Algorithm 7.4.1], applies Approach I to Toeplitz-like
matrices M and uses the displacements L, (M) and L_(X;) and expressions (3.4),
(3.5) to compute the displacements L_(X;41) = L_(X(Yit+1)). It is proved in

[PBRZ99] that in this case
1 Xivr = M7Hl2 < (1 +2(rs = r)n)|| X = M2 (3.12)

where r; = rank(L_(Y;)).
Algorithm 4, [PBRZ99, Algorithm 7.4.2}, implements Approach II and relies on
(2.3), (2.8), and (3.6). In this case the matrix X;;; is defined by its displacement

Gip1 = X:(2I — MX;)G, HEL, = HTX,(2] — MX))
and by its last column
Xir1€n-1 = (2 — MX;)Xien_1.

In [PRWO01] both Approaches I and II have been elaborated upon and ana-
lyzed in a unified way for various classes of structured matrices (based on the
displacement rank approach). The results of [SS74] and [PS91] on the convergence
of Newton’s and other RC processes in Section 2 do not apply to processes (3.7)
because of the compression of the displacements L(Y;), but Remark 3.2 outlines

some methods of extension to both Approaches I and II.
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The following theorems from [PRWO01] (extending their preliminary versions of
[P92], [PZHDI7], [PBRZ99], and [PRO1]) state the estimates for the error norms
of the computed approximations under assumption (2.3). The error norms grow

proportionally to the norm ||L™?||; of the inverse of the displacement operator L,
L™ = sup(||M]l/IILM)I[0), 1=1,2, 0.

Upper estimates for this norm, ||L~!||; for various customary operators L associ-
ated with the mest popular classes of structured matrices have beer deduced in

[PRWO01] and [PWb] (see also [P01]).

Theorem 3.4. [PRW01]. Let the unscaled Newton-Structured process (2.8), (2.3)
be applied to a non-singular matrizc M. Let all its steps be performed with compres-
sion according to (8.7) and Approach I such that all singular values of the displace-

ments L(Y;), except for the T largest ones were truncated where r = rank(L(M™1)).

Then we have
11X = M7YJp < 1 = XMz |M 7|2 < 67| M~ |2/n,
i=1,2,..., provided that
6 =||I - XoM||2n,
n=(1+ (|4l + IBlI2IIL 7 |2)o1(M)/on(M) for L = Vap,
n =1+ (1 +lAll2Bl2IIL™"|2)01(M)/oa(M) for L = Dap.

Theorem 3.5. [PRW01]. Let the unscaled Newton-Structured process (2.3), (2.8)
be applied to invert a non-singular matriz M. Let (3.7) and Approach II be used

for the compression of the displacements L(Y;), 1= 1,2,.... Write

iy = || — XiM||s,
€l = IlK—M—lllla

1= || X; = M7y,
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1=1,2,00; i=0,1,2,...

Letrg <1, € < “M_l”[, l=1,2,00; 1=0,1,2,...,
= 3[IL7 Ml NZAD)|l 1 Xolle/ (1 = 7o4) for L=V 45,

Cr = 3| L7 LMl 1M 1M ) | Xolle/ (1 —roy) for L= Ay p.
Then
;"'i,l S Clei,l) e; +1,1 < (CyP ’1)2'!M‘ I
and therefore,

7le‘i+1,l S (7[61,1)?7 1= 17 27 sy l = 17 27 o0,

where v, = CE||M]||i.

Algorithm 4, [PBRZ99, Algorithm 7.4.2] can be modified according to (3.11)

as follows:
X; = Xjej,
VZ}-I,ZI—I (Xj) = GjH;fr, ] = 0, 1, ceey
Gi+1 = (2I - MXi)Giv
HL, = HT(2I - MX;),
X1 =02 - MX)x;, i=0,1,...,
saving multiplication of r vectors by X; and X; by r vectors in each iteration step
2.

Remark 3.1. Newton-Structured Iteration with compression was first studied for
Toeplitz-like matrices in [P92]. In [PR01], [PRWO01] the algorithms were eztended
to various other classes of structured matrices in a unified way, adopted in this sec-

tion. In an alternative displacement transformation approach due to [P90], it was
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proposed to extend successful algorithms available for one class of structured ma-
trices to various other classes by means of the transformation of the associated dis-
placement operators; furthermore, sample displacement transformation techniques
were shown for the transformation in all directions among the operators associated
with the matrices having structures of Toeplitz, Hankel, Vandermonde, and Cauchy
types. In particular, these techniques apply to matriz inversion and thus enable
immmediate extension of our RC and HRC processes. So far, the most acclaimed
application of the displacement transformation approach has been the reduction of
the practical solution of Toeplitz and Toeplitz-like linear systems of equations to the

Cauchy-like case via the transformation of the associated displacement operators

[H95], [GK095].

Remark 3.2. Applying both Approaches I and II we may try to improve con-
vérgence by allowing more work per iteration step and using processes with the
matrices Sp; and Spi of (3.8)-(8.12) for larger pi, replacing matrices S,; and
S,i by pi(MX;) for selected polynomials p;(y) (compare(2.14)) or generalizing the
approaches of (8.9) and (3.10). Approach I also allows us to vary the level of
compression by truncating more or fewer singular values of L(X;). We call the

respective modifications Structured RC processes with delayed compression.

Remark 3.3. For a more general compression policy extending both Approaches I

and II, see [CPVBWa].
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4 Toeplitz-Like Matrices

4.1 Some Definitions and Basic Results

When A and X are structured matrices, say, Toeplitz or Toeplitz-like matrices, the
computations required for Newton’s iteration can be carried out more efficiently.
Following the discussion in [KKM79], we shall say that a matrix R € C**" is
Toeplitz-like if its displacements

V_(R)=R- ZTRZ and/or V,(R)=R- ZRZT

have a small rank, say, r, where r << n, and

Z= . . » Z=(24), zj=11if i+1=3, z,; =0 otherwise.
1 0

Here and hereafter, W7 denotes the transpose of 2 matrix or a vector W.
We have

V_(R)=R-ZTRZ =G_HT and/or V.(R)=R-ZRZT =G, HT

for some matrices G_,H_,G., H, € R™". The pairs of matrices G_, H. and
G, H, will be called generators of length r for V_(R) and V_(R), respectively,
as well as displacement generators of length r for R.

We shall use the following basic facts (established in [KKM79]).
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Lemma 4.1. [Basic Properties of Structured Matrices] Given G, H in R™ ", there

ezists a unique matriz Ty and a unique matriz T_ satisfying

VT,) = T,-2T.2T = GHT,
V.(T.) = T--Z*T_Z = GHT,
T. = Y L(g)L"(hi),

i=]1
r

T. = ) LT(Jg)L(Jby)

i=1
where g; and h; denote the i-th columns of G and H, respectively, and L(v) denotes

a lower triangular Toeplitz matriz with the first column given by vector v.

Lemma 4.2. The operators V_ and V. satisfy the following properties for any
non-singular matriz R and for any pair of n x n matrices X and Y:

(a) rank(V..(R)) = rank(V_(R™")).

(b) rank(V_(XY)) < rank(V_(X)) + rank(V_(Y)) + 1.

(c) Given two pairs of generator matrices of lengths a and b for V_(X) and V_(Y),
respectively, a pair of generator matrices of length at most ab+1 for V_(XY') can
be computed by using O(nablogn) flops.

(d) Given a pair of generator matrices of length v for V.(X), a pair of generator

matrices of length 7T < r+2 for V_(X) can be computed by using O(nrlogn) flops.

Proof.
(a), (d). See [KKMT79], [BP93, pp. 176, 178].
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(b), (c). We have

V_(X) = X-27XZ=GxHL,
V_(Y) = Y-2TYZ =GyHL,
V_(XY) = XY -2TXYZ
= XY -ZTXIYZ
= XY -ZTXZY +ZTXZY
-Z2TX22TYZ+2°X22TYZ - Z*XIY Z

= V_(X)Y+2TXzZV_(Y)+2Z"X(2ZF -1)YZ .

We also observe that ZZ7 — I = —e@el®T | where e = [1,0,...,0]7 is a
unit coordinate vector. Therefore, V_(XY) = GxyHZ%y, where the pair of 1 x 3

block matrices
GXY = [GX 9 ZTXZGY N “"ZTXG(O) ] y HXY = [YTHX s HY , ZTYTe(O)]

is an explicit expression of the generator (Gxy, Hxy) of the displacement V_(XY)

via the three generators:
e (Gy, Hy) of the displacement V_(X) ,
e (Gx,Hx) of the displacement V_(Y) , and
o (-Z7Xe® ZTYTe) of the rank-1-matrix Z7X(ZZT — I)Y Z.

Such expressions imply part (b) of Lemma 4.2. To complete the proof of part (c),
observe that the computation of Gxy and Hxy essentially amounts to the multi-
plications of X by ZGy and of YT by Hx and then estimate the computational
cost of these multiplications by applying Lemma 4.1 and recalling that an n x n
Toeplitz matrix can be multiplied by a vector in O(nlogn) flops. a
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5 Newton-Toeplitz Iteration
5.1 The First Version (Outline)

Let us describe Newton-Toeplitz iteration, that is, Newton’s iteration (1.1) in the
Toeplitz-like case. Until section 5.4, we shall assume that A and X are structured
matrices with rank(V.,.(4)) = rank(V_-(47!)) = r, rank(V_(Xp) = ro and that
the matrices A and X, are given with their V_-generators of the minimum length,
7 and rg, respectively, where # < r + 2 by Lemma 4.2(d), r and r; are small
relatively to n. Then, in view of the above results, a displacement generator for
X having length at most 7 = 2*ry + (2¥ — 1)(T + 3) can be computed at the
overall cost of O(n(fx—1 + 7)Tx_1log n) flops, & = 1,2,.... The values 7 and
S %3 (7: + 7)7; have orders of 2 and 4%, respectively, so that the iteration (1.1)
soon becomes quite costly.

In some cases, a few steps (1.1) may already suffice for the refinement of a
given approximation Xy to A™!, and then the overall computational cost is small
enough. If one needs many steps (1.1), then the techniques of the next two sections
will help us to control the growth of the generator length and the computational
cost.

Let us outline these techniques. By assumption, rank(V_(A™!)) = r. Hence,
the matrices —X;, which approximate A~ closely for larger i, have a nearby matrix
of V_-displacement rank r for larger :.

This fact suggests the following approach to decreasing the computational cost
of the iterative scheme (1.1): shift from X; to a nearby matrix Y; having displace-
ment rank at most 7 and then restart the iteration with Y; instead of X;.

The advantage of this modification is the decrease of the computational cost
at the i-th Newton’s step and at all the subsequent steps. The disadvantage is

a possible deterioration of the approximation, since we do not know A~!, and
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the transition from X; to Y; may occur in a wrong direction. Both X; and Y,
however, lie close to A~! and, therefore, to each other. The latter observation
enables us to bound the deterioration of the approximation relatively to the current
approximation error, so that the quadratic improvement in the error bound at
the next step of Newton’s iteration will immediately compensate us for such a
deterioration. Moreover, the transition from X; to a nearby matrix Y; of a small
displacement rank can be done at a low computational cost. We will supply more

details in the next two sections.

5.2 Bounding Displacement Rank

To estimate the errors of the approximations of A~ by X; and Y;, we first recall

the following basic result (cf. [GL96, pp.72, 230]).

Lemma 5.1. Given a matriz W of rank r, it holds that

Or = Mgk (B)sr“W — B2,

that is, the error in the optimal choice of an approzimant of W whose rank does
not exceed r is equal to the r-th singular value of W. Moreover, the condition

number of W is equal to the ratio o1/0n,.

The reader may assume below that the numbers r and ry are small (F =r =2
for a Toeplitz matrix A) and that r; is not much larger than r, say, r; < 3r + 3.

Hereafter, until section 5.4, we will use the displacement V_(R) = R — ZTRZ.

Algorithm 1, Bounding the Displacement Rank of Newton’s Iterates.

Input: A positive integer r = rank(V.(A)) = rank(V_(A™!)) and a displacement
generator G;, H;, of length at most r; > 7, for a matrix X;, such that V_(X;) =
G:HT.
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Output: A displacement generator of length at most r for a matrix Y; such that
”Y,, + A_lllz S q(l + 27').(’!‘,'_ - T))I‘X, + A-IHQ.

Computations:
1. Compute the SVD of the displacement V_(X;) = U;Z;V¥. (The computation
is not costly (cf. [P93]) since it is performed for G;HY, where G;, H; € C™*™, and
since r; is small.)
2. Set to zero the r; — r smallest singular values of V_(X;) in the matrix in ¥;,
thus turning ¥; into a diagonal matrix of rank 7.
3. Compute and output the matrices G; and H; obtained from the matrices U;Z;
and V;, respectively, by deleting their last r; — r columns.

The overall computational cost of this algorithm is O(nlog n) flops. Of course,
this covers only the computation by Algorithm 1, which is just part of a single step
of Newton’s iteration. (cf. (5.1) below).

Now let Y; € C™* denote the unique matrix defined by its V _-generator G;, H;.
Correctness of the algorithm is implied by the following result of [P92], [P93], and
[P93a], which shows that the matrix Y; approximates A~! almost as well as X;

does.

Theorem 5.1. It holds that ||Y; + A7Y|2 < (14 2(r; = m)n)||X: + A7Y]2 -

Outline of the proof: The proof of this basic result was given in [P92], [P93], and
[P93a], and relies on the following observations. The matrices A~} and —X; closely
approximate each other; therefore, so also do their V_-displacements, V_(A™?)
and V_(X;). Since the approximation of V_(X;) by V_(Y;) is optimal by Lemma
5.1, we have ||V_(¥;) — V_(X)|l2 < ||[V-(A71) + V_(X:)||2- The map from the
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V _-displacements, V_(Y;), V_(X;), V_(A™!), back to the matrices ¥;, X;, A~ may
change this bound by at most factor of 1 + 2(r; — r)n. O

We may now modify Newton’s iteration (1.1) by incorporating the construction

of Algorithm 1.
Let a matrix A and an initial approximation X, of A™! be given with their

V _-generators of length ¥ < r + 2 and r, respectively. We recursively compute

the matrices Yp, X1, Y1, Xo, . . ., satisfying
Xin =Y. 21+ AY)) = I+ Y;A)Y;, i =0,1,..., (5.1)

where Y; denotes the output matrix of Algorithm 1 applied to X;. Thus, for each
1, we first apply Algorithm 1 to the matrix X; followed by the computation of the
matrix X;,; based on (5.1). Since Y; is a Toeplitz-like matrix represented with
its displacement generator of length at most r, the overall computational cost is
O(nr?log n) for each step of (5.3).

5.3 Convergence Rate and Complexity Estimates

Define
p(z) =||I + Y:A||2, :=0,1,..., (5.2)

and deduce from (5.1) that I + X;.;4 = (I +Y;A)?, so that

I+ XinAllz € 2%, |47 + Xanall: < PPENIA7H2 -
Here and hereafter, we write p”(i) to denote (p(z))?. By Thm. 5.1, we obtain
A7 + Yinlle € Q420 =n)||A™ + Xinalle £ (14+2(ri = r)n)p*(B)[|A7Y ]2,

and hence

p(i+1) = |[I+YiuAll < |47+ Yinal 211 All2
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< (1+2(ri = In)p* @I A7 Yl Alls = (1 + 2(r: — r)n)condy(A)p?(3) -
Therefore, for a positive b, the inequality
(1 4 2(r; — r)n)condy(A)p'~%(:) < 1, for all 4, (5.3)
implies a convergence rate of 1 + b, that is, it implies the bound
p(i+1) < p**(3), for alli. (5.4)

By observing that rank V_(R + I} < 1 + rank V_(R) for any matrix R and

by applying Lemma 4.2(c) to the matrices of equation (5.1), we obtain that

ri—r < r+7+3, 7T < 7+2,

where the length of the V_-generators of Y; and A is at most r and 7, respectively.
If p(¢) <1 and p(2) satisfies (5.3), then (5.4) implies that p(z + 1) < p(z). Thus it
suffices to assume (5.3) with p(z) replaced by p(0) and r; — r replaced by r +7 + 3.
The results are summarized below (cf. [P92], [P93], and [P93a]).

Theorem 5.2. Let rank (V_(A™!)) < r and let the matrices X, and A be given

with their V_-displacement generators of length ro < r and ¥ < 7+ 2, respectively.

Let
(1+ 2(r + 7 + 3)n)condy(A)p'%(0) < 1, (5.5)

for p(0) of (5.2) (for i=0) and for some fized positive b < 1. Then, for i = 0, 1,

.., we have
rank (V_(Y;)) < r,
rank (V_(X;)) < 2r+7+3,
1%+ A7 = I(=X) =AM < @O) A,
and the matrices Y1, Xi, Yo, Xo, ..., Y;, X; can be computed at the overall

cost of performing Of(inr?log n) flops.
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We can see that unless the matrix A has a very large condition number (that is,
unless A is very ill-conditioned), (5.5) is a mild assumption on the residual norm
p(0). This assumption is sufficient to ensure a rapid improvement of the initial
approximation of A~ by —X) at a low computational cost of O(inr? log n) flops.

Therefore, the bound p; = ||I + X;A||2 < € is ensured already in
. log p(0)
1= lrlog2 ( Iog c (5.6)

Newton-Toeplitz steps (5.1).
Remark 5.1. If the initial approzimation Xo does not satisfy the bound (7), var-
ious homotopy techniques can be a remedy. The most straightforward way is to

apply our algorithm recursively to compute the matrices
Ai—l = (Ao + ti(A - Ao))-l, fori=0,1,...,K,

where Ag is a readily invertible matriz, to = 0, tx = 1, and a sufficiently large
natural K and an increasing sequence tp,t1,...,tx are chosen to ensure rapid
convergence of our algorithm in each recursive step. Similar treatment can be
applied to the other algorithms, and we refer the reader to [P92] on a particular

application of homotopy techniques to the design of fast Toeplitz-like solvers.

5.4 f{-Circulant Matrices
and A Variant of Newton-Toeplitz Iteration

The displacement structure of Toeplitz-like matrices can be represented in terms

of other operators, in particular, of the operator
Vi(A)=A- ZfAZIT/f ,

where f # 0 is a scalar and Z; is a unit f-circulant matrix,

0 -~ 0 f
Zs= 1 ,? . 0 =7 + feel-1T,
0 10
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Here and hereafter, €@ = [1,0,...,0]T and &* =0,...,0,1]7 denote two unit
coordinate vectors. (Circulant matrices are 1-circulant.)

Since Z; = Z+ fel®e™ 1T we have rank (V;(A)—V_(A4)) < 2, rank (V;(A)—
V,4(A)) < 2 for any triple (4, f,g). Lemmas 4.1 and 4.2 are easily extended (cf.

[GO92], [BP93], pp.182, 195), and so is Algorithm 1. In particular, we will use the
next result.

Lemma 5.2. If e# f, e#0 (say, f=1, e=-1) andif V;(A4)=GHT =
S g9hOT  then we have

A= Zpu(Ae) + == 3 7,(g) 2] (b®),
i=1
where Z;(v) = Yoo v;Z; denotes the f-circulant matriz with the first column
v = [vo,...,Vn)T, and Z;,.(v) denotes the f-circulant matriz with the last column
V.

The complication due to the extra term Z;(Ae™ V) in the representation of
Lemma 5.2 (versus the one of Lemma 4.1) is compensated by the simplification
of the multiplication of the matrices Z;(v) by a vector versus the same operation
with the matrices L(v) or LT(v). (The former multiplication requires roughly
twice fewer flops than the latter.)

The matrices Z; are nonsingular, and we may use the operators V/(A) =
Z;'A— AZ]), instead of V;(A). This enables a distinct version of Newton’s iter-
ation, which we will demonstrate next. (Note that a generator G, H for V(A))
immediately turns into the generator Z;'G, H for V/(A) and vice versa.) In par-

ticular, Lemma 5.2 turns into the following result.

Lemma 5.3. If e# f, e#0 (say, f=1, e=-1) and ifo(A) = CHT =
S gOhOT | then we have

n— € . i i
A= Zpd A ) == > Z(Z;(69)) 21 (6%,
i=1
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where Z§(v) and Z5;c(v) are defined as in Lemma 5.2.

For our numerical tests, we chose f = 1 and e = —1, though other choices of
f and e, with f # e, e # 0, are also possible. (Moreover, the operators V¥ can be
replaced by V+¥(A) = ZA— AZ or V- (A) = ZTA — AZ7T, to which Lemma 5.2 is
easily extended, see [BP93], p. 184.)

Now suppose that V/(A) = GHT, write X = —A~?, and deduce that V/(X) =
GxH%¥ = XV/(A)X = XGHT X, so that

Gx=XG, HL = HTX . (5.7)

Indeed,

XVI(AX = XZ;7'AX - XAZ]X
- T
— - T
= Z7'X - XZ{;

= V/(X)

where the second last equation follows because ZJ,, = Z;* .

Next, based on (5.7) and Lemmas 5.2 and 5.3, we will modify Algorithm 1.
(To distinguish from Algorithm 1, we use the notation X; rather than X; for
the computed approximations to X = —A~1,i = 1,2,..., and, as in the case of
Algorithm 1, we assume that an initial approximation X, is given from outside, in
this case in the form of the V7/-displacement generator matrices Go, Ho and the

last column vector Xpe(™1).)

Algorithm 2, an Alternative Method of Bounding the Displacement Rank of New-

ton’s Iterates.
Input: A natural 7 and two matrices A and X; given with their V/-displacement
generators, G = Ga, H = H4 and G; = Gy,, H; = Hy, respectively, both of

length at most 7, and with their last columns, Ae(®=? and X;e(*~1), respectively.
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Output: A V/-displacement generator G;;1, H;.; of length at most 7 for a matrix

X1 and its last column X;,,e®"1) satisfying
Pirn = I+ XinAllh < picond; (A)(1 + 0.57||GlhL||HT |11 ]1X112(2 + 52)),

P = |lI + X:All (5.8)

Computations: Apply Lemma 5.3 to express A and X; through the input para-

meters. Then compute and output the vector
X,-.,_le(”_l) = )_(,(2I + AX,-)e(""l)
and the matrices
Gi+1 = X,(2I + AX,;)G,
HT, = HTX,(2I + AX,).

Lemma 5.3 reduces the computations by Algorithm 2 to a sequence of 67(27+1)
multiplications of n x n h-circulant matrices by vectors for h = f and h = 1/e ,
2(37+1)7 additions/subtractions of n-dimensional vectors and 67 multiplications of
such vectors by e/(e— f) , that is, to O(7?n logn) flops. Note that the computation
of SVDs is not required in this case.

In [PBRZ99, Appendix A}, it was proven that the output satisfies the bound
(5.8). This bound immediately implies both correctness of the algorithm and

convergence of X; to X with the rate 1 + b for a positive b < 1 provided that
By °cond (A)(1 + 0.57|GIL|HTILIIXIh(1 +23)) < 1, (5.9)

which extends (5.5) and Thm. 6.1. The comparison with (5.5) shows that a little
stronger upper bound on the error norm of the initial approximation is needed
now for the convergence of the refinement process, but if such a stronger bound is
achieved, then the computation by Algorithm 2 is simpler since the displacement

rank of Newton’s iterates is controlled more directly, without involving the SVDs

of the displacements.
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6 Residual Correction for Matrix Inversion

6.1 General Residual Correction Method for Matrix Inver-
sion

Newton’s iteration is a special case (where I = 2) of the following more general

residual correction algorithm: X1, = (I + R; + R? + --- + R1)X;,, where

R = I+ Xi;A. It can be easily deduced ([IK], p. 82) that R;y; = R:, and,

therefore, p; = ||I + Xi,All < pt_, < ph. It is a tedious but straightforward

exercise to extend our Algorithms 1 and 2 and their analysis to the case of [ > 2

(see [IK] on some advantage of choosing [ = 3 in the case of a general unstructured

matrix A).

6.2 Residual Correction and Its Correlation to Newton’s
Iteration

The residual correction method can be restricted to the solution of a fixed linear

system, rather than to computing the entire matrix inverse. If X and w(®) denote

the current approximations to the matrix X = —A~! and to the solution w = A~'b

to a linear system Aw = b, respectively (computed in ¢ recursive steps), then the

next approximation,
wit) = +X(i)(AW(i) -b), (6.1)

satisfies w — wlitD) = (I + X® A)(w — w()). Consequently, for any fixed operator

norm (for matrices and vectors), we have
lw—wED|| < pillw—wO||, p = |IT+XP4)|. (6.2)

Actually, equation (6.1) is just a restriction of Newton’s iteration (1.1). Indeed,
post-multiply (1.1) by the vector b, substitute —w@+? for X;, b and —~w® for
Xib, and obtain that —W(i-H) = Xi+1b = X;b + X;(I + AX,)b = —W(i) + X,(b +
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AX;b) = —w® + X;(b — Aw®). Therefore, wi*1) = w® + X;(Aw® —b). It
remains to substitute X; = X® to obtain (6.1).

6.3 Application to a Toeplitz Linear System of Equations

We will next specify the latter variation of Newton’s iteration in the case of a
Toeplitz matrix, A =T = [t;;], ti; = t;—; for all ¢ and j. In this case, we will rely
on two known formulae that express the inverse —X = T via the solution of two
Toeplitz linear systems, Ty = & and Tx = t, where t = [s, aty + biy—n, aiz +
bta_n, ..., Gtn—y + bt_y)T, for three fixed scalars, s, a and b. Each of these two
expressions for the inverse relates the two equations of (6.1) forb=e® and b=t
to each other and to the matrix —X = T"1.

In particular, to extend Algorithm 1 in this way, we will use the following

known formula (cf. e.g. [BP93, p.136|, and Remark 6.2 of this section):
—X = T = Lx)LF(ZJy) - Liy)LF(ZJx — e9), (6.3)

where t = [s,t1_n,...,t_1]F, ti~; denotes the (3, j)-th entry of T, s is any fixed

scalar, say, s = 0 or s = max;; |ti—;|, J is the reflection matrix,
J = (Jgn)oneor Jor =11 g+h=n—1, jon =0 otherwise,

so that J{vo, v1, - - -, Un-1]T = [vn-1,...,v0)T for any vector [vo, vy, ...,Un1]T. Due
to this expression and to (6.1), we may update the approximation X to X as

follows:

Algorithm 3, Residual Correction for a Toeplitz Linear System.
Input: A Toeplitz matrix T and the approximations X® to X = —T~!, x® to
x =T-1t, and y® to y = T 1e©.

Output: New approximations X+ x(+1) and y+1),
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Computations (cf. (6.1) for A =T and (6.2)) : Compute and output

yO) = y® 4 XO(Ty® _ @)

where we set
—XE) =[x LT(ZJyE)) - LyED)LT(ZJxED) — @) . (6.4)

Algorithm 3 can be applied recursively for 72 = 0,1,..., provided that some
initial approximations x©, y(® and X to x,y and X, respectively, are available.
Furthermore, if just some initial approximations x(® and y(© are available, we
may substitute x = x(¥ and y = y(® on the right-hand side of (6.3) and choose
the resulting matrix as —X (.

By using the operator V/ and equations (5.7), we may modify (6.3) and Al-
gorithm 3 to replace the lower triangular Toeplitz matrices L(x) and L(y) by
f-circulant matrices and the upper triangular Toeplitz matrices LT(ZJy) and
LT(ZJx—e®) by (1/e)-circulant matrices. This can be also viewed as the special-
ization of Algorithm 2 to solving a Toeplitz linear system of equations. Namely,
instead of (6.3), we will use the following result (cf. Remark 6.2 of this section).
Theorem 6.1. [GO92]. Let T = (t:;)752 be a Toeplitz matriz, t;; = t;j,
1,7 = 0,1,...,m — 1. Let e, f and s be three scalars, e # 0, ef # 1. Let two
vectors x and y satisfy the linear systems of equations Ty = e, Tx = t(e, s),
where t(e,s) = [s,t; — €t1_n,ta — €lo_n, ..., tn_1 — €t_1]7. Then T is a non-singular
matriz, and

1

—X =T = o (Z() 21730 — 2~ (1= ef)e) Zuly),

where Zy(v) denotes the g-circulant matriz with the first column v (cf. Lemma

5.2).
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Now we will modify Algorithm 3 as follows:
(a) include the scalars e, f and s of Thm. 6.1 (say, write f = —e =1, s =0) into
the input set of the algorithm,
(b) let x® and x*V) approximate T 't(e,s), rather than T't, in particular,
replace t by t(e, s) in the expression x(+1) = x() + X®(Tx® — t), and
(c) replace expression (6.4) for —X @+ by the following (based on Thm. 6.1):

—X+1) —

2 Ty ) - 2, - (1= e ) 2y ). (65)

We will refer to this modification of Algorithm 3 as Algorithm 4. Since mul-
tiplication of a matrix Z(v) by a vector is roughly twice as fast as multiplication

of L(v) or LT (v) by a vector, Algorithm 4 is roughly twice as fast as Algorithm 3.

Remark 6.1. To use the equations (6.3)-(6.5) and Theorem 6.1 more efficiently,
one may normalize the vector () by scaling the input matriz T or just change e

and f so as to bring the norm ||x9|| close to |1 — ef] - ||e@]| = |1 —ef] .

Remark 6.2. Various modifications of the inverson formula (6.3) and, conse-
quently, of Algorithm 3 are possible. In particular, one may express the matrices
T00X and (if Top # 0) then X = —~T7! = (z;;), via the columns y = Xe® and
x = Xe™1) based on the Gohberg-Semencul celebrated formula (cf. e.g. [BP9S,
p-135], and [GO92]). We choose (6.3) rather than the latter formula to avoid the
division by zop, since such a divisor may vanish or may have a too small magni-
tude even for a well-conditioned input matrices T. Similar comments apply to the
inversion formulae of Thm. 6.1 and Algorithm 4 of this section. The ezpressions

of Thm. 6.1 is closely related to (5.7) in the case of a non-singular Toeplitz matriz
A.
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6.4 Estimates for The Convergence Rate

Since Algorithms 3 and 4 are the specializations of Algorithms 1 and 2, the esti-
mates for the convergence rates of Algorithms 1 and 2 can be extended to Algo-
rithms 3 and 4. Next, however, we will estimate the convergence rate of Algorithms

3 and 4 directly. Let us write

e; = max{||x® —x|li/llxll, 1ly® —yll/Ilyll}-

By combining the latter definition and the norm bounds (6.2) of section 6.2 for w

= x and w = y, we immediately deduce that

1% —xlly < pillx® -x|li < miedlxll (66)
ly™Y -ylh < 2lly® -yl < peillylls, (6.7)

and consequently,
XN < W+ e, ISl < (1 +pies)llylls - (6.8)

In parts B and C of the appendix we will prove the following estimates.

Lemma 6.1. (a) Eiyy = [|X — X%V, < pielly|l1(2(n — 1)(2 + pies)|[x]]y + 1),

if Algorithm 3 is applied.

(b) Eirr = |X = XED||; < piesllylla (|1x][2(1 + pie:) + 1), if Algorithm 4 is applied
and if f = —e =1 1in (6.5) and in Theorem 6.1.

We also have the bound p;y; < ||Al|1Eiy1, and by (6.2), ei;1 < piei. By

applying Lemma 6.1, we obtain that

pir1 < pieil|AlLllyll1(2(n — 1)(2 + pies)lIx]|, + 1)

and

pin1 < piesl|Alh|lylla (][ (1 + pes) +1) ,
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where Algorithms 3 and 4 are applied, respectively. Let us write
v = |lylli(2(r — 1)(2 + poeo)||xll2 + 1) ,
if Algorithm 3 is applied, and
v = |lyll2(|lx/l:(1 + poeo) + 1),

if Algorithm 4 is applied. In both cases, we have p;,; < p;e;||Al|,v, provided that
pie; < poeo, for all 2.
Now suppose that pg and ep are sufficiently small such that

po<p, ellAlv<p (6.9)

for a fixed p < 1 . Then we obtain that p; < poeol|Alliv < pop < p?, so that

pre; < p?poeo < poeo. Recursively, we obtain by induction that
pir1 < pieil| Al < pile:/eo)eol|All1v < (es/eo)pip < p°,

VAREES| :_
ei+1$piei<p 6012_0,1,'---

This implies quadratic convergence with the base p assuming the initial upper
bounds (6.9) on e and po, which extend the respective bounds of (5.5) and (5.8)

to the Toeplitz case.
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7 Homotopic Residual Correction (HRC)
7.1 An HRC Algorithm for a Positive Definite Matrix

A reliable solution of the initialization problem for the RC processes is given by

homotopic RC processes, to be referred to as HRC processes and studied next.
Algorithm 7.1. A homotopic RC process for a positive definite matrix.

-— +- - T nman 42 shine s AnLanids ann mbaniom - dine sy o~ - oidla.
AMPULD G 71 X 71 L2ETNLAn posStive agjinne miai a non-negavive €, G posuiive

AT such that spectrum(M) = {Ay,..., .}, where
M2u=|Mla=>X>-->A>X >0, (7.1)
and a black boz RC process (2.1) (scaled or unscaled and with any selected levels

of compression in the case of a structured input).

Initialization: Fiz some values 0y, 0 < 6, < 1, h = 0,1,..., and write (cf.

(1.4), (1.5))
My =M +tol, to =X} /0, Xo=1t5"1, (7.2)

My =thl+M=M,—Apl, Ap=1tp—th+1 >0, h=0,1,.... (73)

Apply the selected black box RC process (2.1) for M = My and X, of (7.2) to
approzimate M~ by X, such that

IR(Xo, Mgl < €. (7.4)

Computations: Stageh, h=0,1,.... Compute an upper bound n, on the norm

1
-1 _
M |2 = P (7.5)
(see Remark 7.1). Compute
Ap = 6n/Mn. (7.6)
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7 HOMOTOPIC RESIDUAL CORRECTION (HRC) 45

Apply the black box RC process with Xy = X, replacing M by M, if ther > 0.
Ifthy1 20, write H = h+1, use M instead of Mp+1, and compute a matriz Xh+1

such that

| R(Mps1, Xns1)l| < e (7.7)
Output: Xy approzimating M~' and stop.

The algorithm is completely defined as soon as we fix an RC process (2.1)
(including its stopping criterion and, for structured matrices M, the policy of the
compression of the displacements), although we may modify the algorithm to allow
this policy and the residual norm bound € vary with h.

Let us show correctness of the algorithm for € = 0. First observe that for the

residual Ry of (2.2), we have
Ro = R(My, t3'I) = I —t5* Mo = —t5' M, 1o = |R(Mo, 85 I)]l2 < 6o.  (7.8)
Further, deduce from (5.3) that

R(Mpt1, M) = ApM;Y,

Ther = [|R(Mns1, My )2 = Dnl| My |2 = B/ (tn + M) (7.9)

Write
Mg =110 —tn SUUM 2 =t = An (7.10)
and observe that the value A; = A, satisfies bound (7.1). Finally, (7.6) implies
that
The1 < Oy for all h. (7.11)
In the next two sections, we estimate the overall numbers of the RC steps

required for the inversion of a general unstructured Hermitian positive definite

matrix M and optimize this number by choosing appropriate bounds 8, for a
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7 HOMOTOPIC RESIDUAL CORRECTION (HRC) 46

fixed order of convergence g of the basic RC process. In Section 8, we extend
the algorithm to the case of a general indefinite matrix M. In Section 9-11, we
cover extensions to the cases where the matrix M is structured and compression

of the displacements is applied, where the matrix M is singular, and/or where a

numerical inverse of M is computed.

Remark 7.1. We have || M 1/v2 < | M2 < [|M7 Y for an nxn Hermitian
matriz M. Sharper upper bound my, on the matriz norm (7.5) can be obtained
by applying the power or Lanczos methods [GL96]. If an estimate my, is sufficiently
sharp for a fited h = k (say for h = 1), a close upper bounds ni.; can be computed

based on the following simple ezpression:

1

—_—, =1/ —t, 1=1,2,...
teti + Ank &= 1/m—t

Ne+i =
(see (7.3)-(7.11)).

Remark 7.2. The homotopic process of (7.2), (7.3) has trajectory M(t) = M +tI
which for t > 0 is better conditioned than the input matriz M. That is, one may

easily verify that

k(M (t)) < k(M) fort <0. (7.12)

The same inequality can be easily verified for the modification of the homotopic

process in Section 8 in the indefinite Hermitian case.

Remark 7.3. The approach allows variations. For instance, instead of process

(7.2), (7.3), we may apply homotopic process (1.3) or the dual process
Mh+1 =1 +th+1M = Mh + (th+1 - th)M7 h = 07 17 SRR

followed at the end by a single step (7.3) or a few steps (7.3). The resulting

computations can be analyzed similarly to process (7.3).
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7.2 The Number of Homotopic Steps

To simplify our subsequent analysis, we next assume that the values A, , and 6,
are invariant in h, that is, A, = A, for all h > 1 (cf. (7.10) and Remark 7.1).
Then by virtue of (7.3), (7.5), (7.6), and (7.10), we have

th+1+/\;=(1—9h)(th+>\;), h=0,1,...,H-1.

Therefore,
h
ther + X, = (to+2;) [J(1-6), h=0,1,...,H-1,

=0

H-1

tg <0 i A > (bo+27) [J(1—6n).
h=0
Furthermore, let 6, be invariant in h, that is, let 8, = @ for all h. Substitute
to = AT /0 of (7.2) and rewrite the latter inequality as follows:

1

m > AT/(0X7) + 1,

H > —log(1+ A{/(6X;))/log(1 - 0).

Choose the minimum integer H satisfying this bound, that is,

_ [log(1 +A7/(627))
Sl (139
homotopic steps are sufficient. Substitute
6=K/(1+K) (7.14)
and rewrite (7.13) as follows:
_ [log(1+ (K + 1)AT/(KX7))
H= [ log(1 + K) -l ’ (7.15)
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7.3 The Overall Number of RC Steps

At each homotopic step, the number of RC steps depends on the bound 6 on the
initial residual norm (to be assumed invariant at all homotopic steps), the order
g of convergence of the selected RC process, and the stopping criterion for this
process. We assume some fixed order ¢ for each process (2.1) given a general
unstructured matrix M and scalars p and ¢;4;, 2=0,1,.... In particular, g =p

for unscaled processes (2.1), (2.3).

7.4 Critical and Refinement Stages of an RC Process

Estimating the number of RC steps at the i-th homotopic step, we treat sepa-
rately its initial critical stage, where the residual norm decreases below 1/e =
1/2.718281... = 0.367819..., and the subsequent refinement stage, where the
residual norm decreases below a fixed target bound v; for the output approxima-
tion X to M (compare a similar partition of a non-homotopic process in Section
2). We write vy = € and »; = v for all ¢ < H, and choose the scalar v = v(6)
sufficiently small to ensure that the computed approximations are close enough to

the matrices M, to serve as initial approximations at the next homotopic steps.

7.5 The Number of RC Steps at The Refinement Stages

Processes (2.1) with the order of convergence g decrease the residual norm from

1/e to e=% in g RC steps (cf. (2.4)). Therefore, at the H-th homotopic step, the

refinement requires

7 = [(logIn(1/¢))/ log ] (7.16)
RC steps, whereas

B = [(logIn(1/v))/ logq] (7.17)

refinement steps are sufficient for the transition from 1/e to v for each 7 < H.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Summarizing, we have a total of at most

P=++(H-1)8 (7.18)

RC steps at the refinement stages of all homotopic steps of the HRC algorithm.
Bound (7.16) applies to the number of all refinement RC steps of the non-homotopic
processes of Section 2 (for the same ¢ and ¢). Bound (7.2) covers the (H — 1)8
refinement RC steps particular to the HRC processes. Practically, 5 is quite small.
For instance, for ¢ = 4, the bound e~*® is achieved in two steps. The specitic choice

of the bound v can be guided by the following simple estimate.

Proposition 7.1. Let
] — XMyl S v, (7.19)

I — M2, M| < 6 (7.20)
for any fized matriz norm. Then
M= XMl < (1+v)0, +v.

Proof.

“I — XM;,,“ < v+ ”XMh_1 + XMh"

IA

v+ | X Myl 1 = M2 M

< v+ (1+V)9h.

7.6 The Nnumber of RC Steps at The Critical Stages

Let a denote the number of RC steps used at the critical stage of a homotopic

step. Then we have

(7.21)
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provided that 8 is close to 1, that is, that K is large.
By combining (7.15) and (7.21) for 6, = 6 for all h, we estimate the overall
number of RC steps at all critical stages of the entire HRC process:

+ 7y + /3~
N it o BN ADI0B K _ L T /00))
log(K +1)logq logg

. (7.22)

7.7 The Overall Number of RC Steps in Homotopic and
Non-Homotopic Processes

Based on (7.15), (7.17)—(7.20), and (7.22), one may immediately estimate the

overall number

N+P=aH+v+(H-1)p

of the RC steps of the entire HRC algorithm. This is the same bound as in Section

2 for non-homotopic RC processes both with scaling (for g=4) and without it (for

q=2).
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8 Inversion of Indefinite Matrices

We may extend our HRC algorithm of the previous section to compute numerically

the inverse M~! of any non-singular matrix based on the equations
M =M (MM*)™ = (M* M) M* (8.1)

because the matrices MM* and M*M are Hermitian (or real symmetric) and
positive definite. This standard symmetrization, however, has the well-known price
of squaring the condition number and, consequently, of a substantial slowdown of
the HRC algorithm (cf. (7.22)). Let us show a simple remedy in the case where
M is a non-singular Hermitian (or a real symmetric) indefinite matrix M. Recall
that the inversion of any non-singular input matrix M reduces to the inversion of

the Hermitian or real symmetric matrix

N %) 2)

where

Nl ( 2 (M;)_l ) K(N) = K(M).

Let A~ and A* be two fixed positive values such that
ATS S AT

for every eigenvalue A of M. Then for any fixed sequence of real ,, 0 < 8, <
1, h=0,1,..., we define an HRC process by (7.2)-(7.7), for 7 still denoting an
upper bound on the norm ||M;}||> but with the matrix I replaced by the matrix
Iv/—-1. That is, our HRC algorithm (which can be applied to any Hermitian input
matrix M) is now defined by the equations

Mo =M +toIvV-1, to=x"/b,, (8.3)

Xo = —t5 ' Iv/-1 (8.4)
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8 INVERSION OF INDEFINITE MATRICES 52
(replacing (7.2)), and
Mpii = th1IV-1+M = Mp—ApIV-1, Ap=th—tp1 >0, h=0,1,... (85)

(replacing (7.3)). (8.3)—(8.5) immediately imply bounds (7.8) and (7.11) for 7, >
M2 and Ay, of (7.6).
Let us extend our analysis presented in Section 7. First note that the equation

1M 2 = (5 + (A7))72 forall (8.6)

replaces (7.5). Then again let us simplify the analysis, similarly to Section 7.
Assume that 7, = (t2 + (A7)?)~Y/2 (cf. Remark 7.1) and 6, = 8 for all h. It follows
that

ther = th — Ap =th — (& + (A7))?0 < ty, — Omax{ts, A"}, h=0,1,....

Therefore, tn11 < 0 where (1 —6)"; < §\~. Substitute t, = A* /6 and obtain that

ty < 0 where

_ Tlog(3*/(62X7))
H-1= [log(l/(l %)) ] '

The latter bound is within the term n = 1 + [(log(1/6))/log(1/(1 — 6))] from
bound (7.13) for \{ = A* and A; = A~. This term is at most 2 for § > 1/2. On the
other hand, our estimates of Section 7.3 for the numbers of critical and refinement
steps performed in each homotopic step remain unchanged (these estimates are
completely defined by the parameters ¢, v, and ). Therefore, up to replacing A;
by A~ and AT by A* and performing at most a = n[log,((logv)/ log )] additional
RC steps, the estimates of Section 7 apply to the Hermitian indefinite case as
well. The latter bound a is relatively small, and we ignore it in Table 8.1, which
summarizes our estimates for the overall numbers of RC steps in the HRC processes
and non-homotopic RC processes applied to the same general Hermitian matrix

M. (Table 8.1 uses v of (7.1), H of (7.13), (7.15), and k,(M) equal to either
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8 INVERSION OF INDEFINITE MATRICES 53

AT/A; or A*/A~.) According to these estimates, the HRC processes use roughly
as many RC steps as non-homotopic RC processes for the inversion of a Hermitian
positive definite input matrix M where M is positive definite and roughly by twice
fewer critical RC steps and as many refinement RC steps where M is indefinite.

Table 8.1: Numbers of RC steps required for numerical inversion of Hermitian
matrices M.

DM AaanYal
N\ AN
Processes Processes

indefinite M | logy k(M) +v+O(1) |0.5log, k(M) +v+ O(H)

positive | 0.5log, k(M) + v+ O(1) | 0.51logy k(M) + v+ O(H)
definite M
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9 RC and HRC Processes with Compression

Suppose an RC process with compression has been applied to a structured input
matrix M. Then compression of the displacements perturbs the computed ap-
proximations to the inverse, and this may destroy convergence, particularly at the
critical RC steps, at which the convergence is more fragile. A natural recipe is to
use no compression or limited compression until close approximations X; to M ™!
are computed. (Recall Remark 3.2.) How close should these approximations be?

Theorems 3.4 and 3.5 show the level of approximation starting at which rapid
convergence is guaranteed for the Newton-Toeplitz Iteration (6.5) and for the un-
scaled Newton-Structured RC process (2.8), (2.3), even under the mazimal com-
pression, such that the number of the untruncated singular values of the displace-
ments of the computed approximations is set to be equal to the displacement rank
of M. On the other hand, the techniques of Section 2 (cf. (2.6) and (2.7)) fall
short of even approaching this level. If we start with an initial approximation
obtained according to the recipes of Section 2, then to ensure the desired levels
of Theorems 3.4 and 3.5 using no compression, we should allow an increase of the
displacement rark to n, which means complete loss of the matrix structure. In this
case already a single RC step would become too expensive in terms of the number
of flops involved.

Practically, the non-homotopic structured RC processes are frequently effec-
tive, however. That is, according to the experiments reported in our Appendix
B, [P0la], and [BM,a], the initial approximation policies of Section 2 under the
maximal compression or under compression close to the maximal frequently enable
sufficiently rapid convergence in the Toeplitz case. Furthermore, in a large portion
of test runs of non-homotopic processes (2.3), (3.7) for p = 2 and Toeplitz input

matrices under Approach I, the residual 2-norm grew above 1 and sometimes well
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above 1 in the initial RC steps, and then iteration still converged. Since every RC
step (2.3), (3.3) for p = 2 squares the 2-norm of the residual, the only explana-
tion of this phenomenon is that the compression frequently decreases the residual
norm, thus bringing the approximation closer to the inverse, so that the estimates
of Theorems 3.4 and 3.5 are overly pessimistic.

HRC processes with compression is an alternative approach supported both
experimentally (see Appendix B) and theoretically {P92]. It is proved in [P92] that
O((nlog® n)log k(M) + (nlogn)loglog(1/e)) flops are sufficient to approximate
M~! for an n x n Toeplitz-like matrix M. The latter bound is supported in
[P92] by an HRC algorithm with the maximal compression (to the level of the
displacement rank of M) throughout the computations, and the convergence is
controlled via the choice of the sizes of the homotopic steps. Further progress could
be achieved based on simultaneous optimization of two groups of parameters, that
is, the tolerance values 8, defining the step sizes Ay and the levels of compression
based on experimental computations.

HRC processes could be further improved for specific structures of the input
matrices. For instance, for real non-singular Toeplitz matrices 7', one may achieve
symmetrization without doubling the matrix size, simply in the transition to the
Hankel matrices JT or T'J, which are real symmetric and satisfy the equations
T-!'=(JT)'J =J(TJ)™ L.

On the other hand, the structure of Cauchy or Vandermonde types is not
generally preserved in the transition from a matrix M to the matrices My of (7.2)
and (8.4). The problem is solved in the next section where we extend the HRC
processes to the case where M is a Hermitian matrix and M, = M or My = M/=1

for any Hermitian and positive definite matrix M.
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Example 9.1. Pick matrices

M=P= (uz_Vk)

zi+ 2 ) ;g

where w; and v are vectors of a fized dimension d; z; are scalars, Im z; > 0,
and z; are the complez conjugates of zx for all i and k. Pick matrices define
the Nevanlinna-Pick celebrated problem of rational interpolation [BGR90] and the
matriz Nehari problem of rational approzimation [BGR90a], [GOI4b], [OPIS].
The problem is solvable if and only if the Pick matriz is positive definite. One may
apply our HRC processes, but the Cauchy structure of the Pick matrices M = P is
not preserved in the transition to the matrices My of (7.2) and (8.4). The structure

is much better preserved, however, if we choose

M, = M + tp My, Mo=( . .)
Zi+t 2 )k

or, more generally,

MO — ( xiyk‘)
Zit 2/ k=1

where x; and yi are l-dimensional column vectors for a fized small non-negative
integer . Our extension of the HRC processes in the next section covers the above

initialization proposed in the case of Pick matrices.
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10 An HRC Process with Generalized Initializa-
tion

Motivated by the applications to the inversion of structured matrices, let us extend

homotopic processes and their analysis by allowing more general choice of the initial

matrix M.
First assume that M and M), is any fixed pair of positive definite matrices,

where M, is readily invertible, spectrum(Mp) = {11, ..., tn},

P> > pp > > e >y >0, (10.1)
and the values p and p; are available. Now recursively define scalars ¢y, .. ., tg—1
and matrices

My =tha Mo+ M =M, + (th+1 - th)Mo, h=0,1,...,H-1, (102)

where t; >ty > --- >ty >ty =0.
One may rewrite (10.2) as Myy; = My(tnI + My M) and apply our previous
study to the inversion of the matrix My’ M, but we avoid shifting to this matrix

directly. We deduce that
1 = (8. Mo) ™" My, < Mg M/tall, < NIMG NI ML/ 0 < M/ (e,

for A\] of (5.1) and choose
b= AT/ (Botsy) (10.3)

so that || — (t;Mp)™ ' M,|, < o. Invert M, by applying processes (2.1) for X =
t]_Mo.
Now deduce from (10.2) that

I — My M1 = (th — the) M7 Mo,

I = My Maiall, < (th — taer) || M1, Mol - (10.4)
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Substitute the bound

1Mol < pf

and obtain that {|I — My *Maall, < O, if (th — the)uT[|M; |2 < 6, or, equiva-
lently, if th1 > th — On/ (17 ||M;t]2). Recall that, clearly,

UM, < 1/ (e +27)

for all  and for A; of (7.1) [Par80, p.191], write

thir = th — (tnity + A7)0/ 11, (10.5)

and deduce (5.11). Now, invert the matrices M}, by applying processes (2.1) for
Xo = M7 and for h = 1,2,...,H — 2, until the value t,,; of (10.5) becomes
non-positive for h = H — 1. Then at the last homotopic step, invert M instead of
My.

Clearly, the estimates of Section 7 for the number of RC steps at each homotopic
step apply to the above generalized HRC process as well.

Let us next estimate the number of homotopic steps H, in terms of the para-
meters t;, 0n, kT = ui/u;, the lower bounds A, and u; on the eigenvalues of
the matrices M and M,. Substitute the expression k™ = u}/u; into (10.5) for
h=0,1,...,H — 1 and obtain that

ther = ta(l — On/K™) — OnA; /]
ther + K5 AL [bn = (b + K7AS /07 )(1 — 6n/KT)
h
= (t1+ &*N; /un) [J( - 6:/57). (10.6)

=0

Therefore, we have t,,1 < 0 if

(ta+ w05 /) [ [ (1 = 6:/67) > 6505 /1,

=0
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that is, if

h
1+ tn /Ogk™) > 1/ T2 - 6:/5%).
=0
Assuming that 6, = 6 is invariant in h, we arrive at ty < 0 for

_ (log(1 + t1p, /(A; k7))
H—H[ (log(1 —6/k+)71) ]

(10.7)

and ¢; of (10.3).

Finally, if M is any non-singular matrix, we may apply symmetrization recipes
(8.1) or (8.2) to extend our algorithm of this section. In particular, recipe (8.2)
reduces the problem to the case where M is a Hermitian (or real symmetric)
but not necessarily positive definite matrix. Then we may extend HRC process
(10.2)-(10.5) where we keep equations (10.2)-(10.3), choose the matrix M, equal to
M+/=T for a fixed positive definite matrix M, and modify (10.4)~(10.5) to ensure
that || —~ M Mp41]]s < 6 for all A.

Let us complete the description of this extended homotopic process. Assume

that bounds (10.1) still hold where {y; ..., u,} = spectrum(M) and each eigen-

value A of the input matrix M satisfies the bounds
0<A™ <Al <At (10.8)
for two fixed positive values A~ and A*. Now write
\ ther = th = (On/BF N (NT/67)? + (tapn )2, &% = pif [z, (10.9)

h=0,1,...,H - 1.
Let us deduce bounds (5.11). Recall the following well-known theorem [Par80,
proof of Theorem 15-3-3].

Theorem 10.1. Let M and M be two Hermitian matrices. Let the matriz M be

positive definite, such that
M = UsU* (10.10)
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for a unitary matriz U, U*U = UU* = I,,, and a diagonal matriz

T =diag(oi)iy, f 2012032 ... 207 2 7 >0,
Then there exists a unitary matric V, V*V = VV™* = I, such that

D=V lU* MUV (10.11)
is a real diagonal matriz.
Corollary 10.1. Under the notation of (10.1), (10.8), and Theorem 6.1, we have
IMEHIE < ()72 /i) + )71 = (A /6% + () )™

for h=1,2,... where k¥ = pf/u;.
Proof. By combining (10.10) and (10.11), obtain that

My = M + tn/—1IM = USV(D + t, IV/-1)V*TU",

M =UZW(D + t,Iv/-1)Vv*E-U~.

Therefore,

2 -0.5
1Mz < IZ2l2 D + taIv=T1) Iz < <#L_) (ﬁ%) ,

On the other hand, we deduce from (10.1), (10.8), and (10.11) that
1D 2 < 12212 1Mz < pf /A7

Substitute the latter bound into our estimate for the norm ||M;*||2 and obtain

that

IMHE < () 72O /6l + 807 = (W67 + (taitn))) 7
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Relations (10.1), (10.2), (10.4), (10.9), and Corollary 10.1 together immedi-
ately imply (5.11). Let us compare the estimate of Corollary 10.1 and the bound
I1M7Hl2 < 1/(thp, + Ay)- The two estimates are close to one another provided
that the terms A; and A~ /k* are dominated by the term ¢,u;. If the term A~ /x™

dominates, the bound of Corollary 10.1 may be larger by roughly the factor of
KYAL /A,
(10.9) implies the crude bounds

ther S th = (On/p)A7 /KT +tapy), h=1,2,....
Consequently,
h
ther +AT/T < (1= 0n/67)(tn + A /u) < . < (8 + X /) [T - 0:/67).
=1
The latter inequality implies that the value ¢z is non-positive for
H < 14 [(log(1 + t1uf /A7) /log(1 — 8/x%) 7]

provided that 6, = 6 for all h.
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11 Extensions and Generalizations

It is well known and easily verified that the unscaled RC processes (2.1), (2.3)
and the scaled processes (2.8), (2.9) converge to the Moore-Penrose generalized
inverse M* where the input matrix M is singular. Now recall that the scaled RC
process (2.8), (2.9), (2.12)—(2.13) converges to the numerical generalized inverse
matrix M. The analysis and the estimates (including the ones for the HRC
processes) can be extended provided that the 2-norms ¢-2(W) = ||W~!|l, are
replaced throughout by a:(i)(W), where orf(e)(W) is the smallest singular value of
the matrix W not exceeded by €. This enables various refinements from noisy
perturbations of the input. Furthermore, the computation of M. does not depend
on whether the matrix M is singular or not. In particular, we may apply HRC
processes to compute M for a positive e where M is singular. If e is small enough,
the HRC processes output M+ = M, even though the same processes may diverge
if we apply them directly to M and use iteration (2.1), (2.3) or (2.8), (2.9) as a
Basic Subroutine.

For the extension of the RC and HRC methods to the computation of the
numerical generalized inverse M (and in particular M = M{") for a structured
matrix M, an additional problem is the compression because the displacement
L(M) does not completely define the matrix M. even for ¢ = 0. For Toeplitz
and Hankel matrices and for € = 0, the problem can be avoided {HH93], [HH94].
The following simple results solve the problem also for other classes of structured

matrices wherever rank(M} M — I) = n — 7, is small, r. = rank(M}).

Theorem 11.1. For any positive € and any triple of n X n matrices A, B, and M

we have

Vea(M}) = MfAMM} —I) — (MM} — )BM} — M}V, s(M)M;.
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Corollary 11.1. Under the assumptions of Theorem 11.1, we have
rank(Vp 4(M)) < rank(V 4 g(M)) + 2n — 27, where v = rank(M_").

The level of the truncation of the singular values in Approach I can be defined

by Corollary 11.1.
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12 Concluding Remarks

We first studied Newton’s iteration for matrix inversion and then more general RC
(residual correction) algorithms and showed improvements in the case of structured
input matrices. The algorithms based on Newton’s iteration/residual correction
run very fast for structured matrices, are easy to code, and allow effective parallel
implementation (cf. [BP93]). We also note that the techniques discussed here (and
also used in {P92], [P93], [P93a]) can be extended to other classes of structured
matrices such as Cauchy-like and Vandermonde-like (Vandermonde type) matrices
[P90] [PZHD9T7].

Our study in the second part of the thesis focused on using homotopic RC
algorithms for matrix inversion. The homotopic algorithms perform matrix multi-
plications about as many times as the best non-homotopic RC algorithms for the
inversion of unstructured positive definite matrices and substantially fewer times
for complex Hermitian indefinite matrices. The homotopic RC processes (unlike
their non-homotopic counterparts) generate a close initial approximation to the in-
verse. The latter feature supports application of the homotopic RC algorithms to
the inversion of structured matrices where recursive compression of the displace-
ments of computed approximate inverses enables every matrix multiplication at
the RC steps in nearly linear time. Non-homotopic RC algorithms have no proven
rapid convergence results for processes where strong compression is maintained
throughout, but the results of experimental tests with Toeplitz matrices are more

optimistic for the former (non-homotopic) RC algorithms than the theoretical es-

timates.
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Appendix: Numerical Experiments

A Newton’s Iteration Algorithms

A.1 Implementations of The Algorithms

Algorithm 1: Bounding the Displacement Rank of Newton’s Iterates

%initialization
cle % clear command window
clear % clear all variables from the workspace
format long e % set defaults
n = 100; % choose size of matrix
r=2; % choose r
noise = 0.001; % noise factor for perturbing answer matrix
r=r+1; % starting point for zeroing singular values
NZERO = zeros(n,n); % zero nxn matrix
r0 = zeros(1,n); % zero row vector
Z = diag(ones(n-1,1),-1); % downshift matrix
I = eye(n); % identity matrix
J = fliplr(I); % reversion matrix
12 = 2«I; % 2xI matrix used in Newton’s Iteration

%create matrix to be inverted

cl = 2xrand(n,1)-1; % column of random values -1 < x < 1
rl = 2+rand(n,1)-1; % row of random values -1 < x <1
r1(1,1) = c1(1,1); % fix first element of row vector

A = toeplitz(cl,r1’); % matrix to be inverted

%generate approximation to inverse matrix

X =1/A; % target inverse matrix
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X1 = X+(2+randn(n)-1)*noise;

%allocate memory

rg = r0;

rh = r0;

DX = NZERO;
X0 = NZERO;
Y = NZERO;
U = NZERO;
S = NZERO;
V = NZERO;

%run the algorithm

disp(’iterations’);
disp(’ ’);
for 1=2:10

X0 = X1;

DX = X0-(Z’'*X0%Z);
[U,S,V] = svd(DX);

for j =rrmn
SG.) = 0;

end

GX = UxS;

HX =V;

GY = GX(1:n,1:);
HY = HX(1:n,1:i);
Y = NZERO;

for j=1lx

% approximation matrix

% g row vector

% h row vector

% X (-) displacement matrix

% X matrix to be converted into Y matrix
% Y matrix

% U matrix for SVD

% S matrix for SVD

% V matrix for SVD

% set up iteration
% (-) displacement operator

% singular value decomposition

% zero unwanted singular elements

% G matrix for X
% H matrix for X
% G matrix for Y
% H matrix for Y
% zero the Y matrix

% recover Y matrix from [G,H]
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gi = JxGY(1:n,j:j); % g column vector

hi = JxHY(1:0,j:j); % h column vector

rg(1,1) = gi(1,1);
rh(1,1) = hi(1,1);

% fix first element of g row vector

% fix first element of h row vector

Y = Y-+(toeplitz(gi,rg) *toeplitz(hi,rh));

end
X1 = Y*(12-AxY);
R = AxX1-];
err = norm(R,1);
disp(err);
end
% housekeeping
format

% end Algorithm 1

% Y matrix is now recovered
% Newton’s Iteration

% residual matrix

% l-norm of residual matrix

% output 1-norm

% set default output display format
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Algorithm 2: An Alternative Method of Bounding the Displacement
Rank of Newton’s Iterates

% set up
cle % clear command window
clear all % clear all variables from the workspace
format long e % set defaults
n = 100; % choose size of matrix
r=2; % identify rank of displacement matrix
f=1; % choose f
e=-1; % choose e
noise = 0.0001; % noise factor for perturbing answer matrix

disp(sprintf(’noise = %0.5e\n’,noise));

NZERO = zeros(n,n); % zero nxn matrix

Z = diag(ones(n-1,1),-1); % downshift matrix

I = eye(n); % identity matrix

12 = 2«]; % 2xI matrix used in Newton’s Iteration
Z1F = Z; % 1/f-circulant matrix

Z1F(1,n) = 1/f; % insert factor into 1/f-circulant matrix
clear Z; % deallocate memory for Z

% create matrix to be inverted

ca = 2xrand(n,1)-1; % column of random values -1 < x < 1

ra = 2xrand(1,n)-1; % row of random values -1 < x < 1

ra(1,1) = ca(1,1); % fix first element of row vector

A = toeplitz(ca,ra); % matrix to be inverted

clear ca ra; % deallocate memory for vectors

DA = NZERO; % allocate memory for displacement matrix
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DA = Z1F ’xA-AxZ1F.}; % find f-circulant displacement matrix

G = DA(;,1:2); % generator matrix G for displacement matrix
G(n,2) = -1; % generator matrix G is complete

H(;,2) = -DA(n,:).; % generator matrix H for displacement matrix
H(1,1) = 1; % generator matrix H is complete

clear DA; % deallocate memory for displacement matrix

% generate approximation to inverse matrix

X =-I/A; % target inverse matrix
X0 = X+randn(n)*noise; % approximation matrix
disp(’ norm(R,1)’);

disp(’ )

disp(sprintf(’\n initial approximation\n’));

R = AxX0+I; % residual matrix
errl = norm(R,1); % 1-norm
disp(sprintf(’%0.5e\n’errl));

% bound the displacement rank of the approximation

DX = NZERO; % allocate memory for displacement matrix
DX = Z1F.’*X0-X0xZ1F.; % find f-circulant displacement matrix

clear Z1F; % deallocate memory for Z1F

U = NZERO; % allocate memory for SVD U matrix

S = NZERO; % allocate memory for SVD S matrix

V = NZERO; % allocate memory for SVD V matrix

[U,S,V] = svd(DX); % singular value decomposition

clear DX; % deallocate memory for displacement matrix
T = r+1;

fori = rrm

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A NEWTON’S ITERATION ALGORITHMS

S(i,i) = 0; % zero unwanted singular elements
end
GX = UxS; % G matrix unbounded
HX =V, % H matrix unbounded
clear U S V; % deallocate memory for svd matrices
Gl = GX(1:n,1x); % G matrix for DX1
H1 = HX(1:n,1r); % H matrix for DX1
% recover X1 matrix from [G,H] and XC
xc(2:m,1) = X0(1:(n-1),n); % move X0 column n rotated into xc
xc(1) = X0(n,n); % fix first position of xc
xr(1,:) = flipud(X0(:,n)).’; % move X0 column n reversed,trans. into xr
ZX = toeplitz(xc,xr); % Z{f1c}(X0{n-1})
X1 = NZERO; % zero X1 for summation
fori= I
gc(2:n,1) = G1(1:(n-1),1); % G1 col i rotated
ge(1) = Gl(n,i); % fix first position
he = H1(:,1); % H1 col i
gr(1,2:n) = flipud(G1(1:(n-1),i)).’xf; % G1 col i reversed,scaled
gr(1,1) = ge(1,1); % fix first position of row
hr(1,2:n) = flipud(H1(2:n,i)).”/e; % H1 col i revd.,rotated,scld.
br(1,1) = he(1,1); % fix first position of row
GR = toeplitz(ge,gr); % Z£{G1i}
HR = toeplitz(hr,hc); % Z_{1/e}(H13)
X1 = X1 + GRxHR; % sum over i
end
ef = e/(e-f); % multiplier
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X1 = ZX + ef*X1; % matrix X1 is now recovered
disp(sprintf(’bounded initial approximation n’));
R = AxX1+I; % residual matrix
errl = norm(R,1); % 1-norm
disp(sprintf(’%0.5e\n’ errl));

% run the algorithm

disp(sprintf(’Newton”s iterations\n’));

terr = le+10; % blow up criterion
serr = le-10; % success criterion
lerr = terr; % initial value of termination condition

while errl < lerr
AX1 = AxX1; % approximately -I
XX = X1x(I2+AX1); % Newton’s iteration
% remaining references to X1 are for succeeding iteration
Gl = XXxG; % next G1 (sign changed)
H1l = (H.*XX).’; % next H1
xc¢(2:n,1) = XX(1:(n-1),n); % move X1 column n rotated
xc(1) = XX(n,n); % fix first position of xc
xr(1,:) = flipud(XX(:,n)).’;% move X1 column n reversed,trans.
ZX = toeplitz(xc,xr); % Z-{f,lc}(Xl{n—l})

X1 = NZERO; % zero X1 for summation

fori=1lr
ge(2m,1) = G1(1:(n-1),1); % G1 col i rotated
ge(1) = Gl(n,i); % fix first position
he = H1(:,i); % H1 col i

gr(1,2:n) = flipud(G1(1:(n-1),i)).’*f; % G1 col i revd,scaled
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gr(1,1) = ge(1,1); % fix first row position
hr(1,2:n) = flipud(H1(2:n,1)).’/e; % H1 col i revd,rotd,scld
hr(1,1) = he(1,1); % fix first row position
GR = toeplitz(ge,gr); % Z1(G1i}
HR = toeplitz(hr,hc); % Z_{1/e}(H1i)
X1 = X1+GR«HR; % sum over i

end

X1 = ZX+efxX1; % matrix X1 is now recovered

R = AxX1+I; % residual matrix

err0 = errl; % save old errl

errl = norm(R,1); % 1-norm

disp(sprintf(’%0.5e\n’,errl));

if errl < serr % if algorithm has succeeded
lerr = err0; % use previous error for termination
end
end
if errl > terr % if algorithm has blown up
disp(sprintf("blow up\n’)); % say so
end
% housekeeping
format

disp(sprintf(’normal program termination\n’));

% end Algorithm 2
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Algorithm 3: Gohberg-Semencul Residual Correction for a Toeplitz Lin-

ear System

%initialization
cle % clear command window
clear % clear all variables from the workspace
format long e % set defaults
n = 100;
s = 0;
noise = 0.001;
err = 1000;

disp(’Newton”s Iteration’);

disp(n);

c0 = zeros(n,1); % zero column vector
r0 = zeros(1,n); % zero row vector

r =r0;

e0 = c0;

e0(1,1) = 1;

Z = diag(ones(n-1,1),-1); % downshift matrix
I = eye(n); % identity matrix

J = fliplr(I); % reversion matrix

Y%create matrix to be inverted

tc = 2xrand(n,1)-1; % column of random values -1 < x < 1
tr = 2xrand(1,n)-1; % row of random values -1 < x < 1
tr(1,1) = te(1,1); % fix first position of row

T = toeplitz(tc,tr); % matrix to be inverted

t = zeros(n,1); % t vector
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for i = 2:n;
j = n+2-j

t(1,1) = tr(L,j);

end

t(1,1) = s; % first position of t vector
%%generate approximation to inverse matrix

X=1T; % target inverse matrix

X0 = X+(2*randn(n)-1)*noise; % approximation matrix

%run the algorithm
x = XO0xt; % initial x vector
y = XOxe0; % initial y vector
errX = err;

err) = err*2;
disp(’iterations = 1-norm of residual matrix’);
disp(’ *);

while err0 > errX

x0 = x; % save old x vector
yo=y; % save old y vector

x = x0 - X0%(T*x0-t); % find new x vector

y = y0 - X0x(Tx*y0-e0); % find new y vector

c =X % column

r(1,1) = ¢(1,1); % fix first position of row
X1 = toeplitz(c,r); % L(x)

c = ZxJxy; % column

r(1,1) = ¢(1,1); % fix first position of row
X2 = toeplitz(r,c); % LT(ZJy)
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C=Yy;

r(1,1) = ¢(1,1);

X3 = toeplitz(c,r);

¢ = (ZxJ*x)-e0;
r(1,1) = ¢(1,1);

X4 = toeplitz(r,c);
X0 = X1%X2 - X3%X4;
XR = T*XO0-I;

errQ = errX;

errX = norm(XR,1);
disp(errX);

if errX > err

errX = 0;

% column

% fix first position of row

% L(y)

% column

% fix first position of row

% LT(ZJx-¢)

% find new X matrix

% find residual matrix

% save old error value

% find 1-norm of residual matrix

% output 1-norm

disp(’killed by explosion detector’);

end
end

% end Algorithm 3
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Algorithm 4: Factor-Circulant Gohberg-Semencul Residual Correction
for a Toeplitz Linear System

%initialization
cle % clear command window
clear % clear all variables from the workspace
format long e % set defaults
n = 100; % choose size of matrix
e=-1;
f=1;
s=0;
link = 0;
noise = 0.001; % noise factor for perturbing answer matrix
err = 10000;
c0 = zeros(n,1); % zero column vector
r0 = zeros(1,n); % zero row vector
el = c0;
e0(1,1) = 1;
Z = diag(ones(n-1,1),-1); % downshift matrix
I = eye(n); % identity matrix
J = fliplr(I); % reversion matrix

%create matrix to be inverted

¢ = 2srand(n,1)-1; % column of random values -1 < x < 1
r = 2¥rand(1,n)-1; % row of random values -1 < x <1
r(1,1) = ¢(1,1); % fix first position of row

T = toeplitz(c,r); % matrix to be inverted

t = zeros(n,1); % t(e,s) vector
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for i = 2:n;
j = n+2-i;
t(i,1) = c(i,1)-e*r(1,j);

end

t(1,1) =s; % first position of t(e,s) vector
Y%generate approximation to inverse matrix

X =1/T; % target inverse matrix

X0 = X+(2+randn(n)-1)*noise; % approximation matrix

%run the algorithm

r = r0;

c =c0;

x = XO0xt; % initial x vector

y = XO0xe0; % initial y vector

ef = 1-exf; % loop invarient

efe = efxe0; % loop invarient vector
errX = err;

err0 = errx2;

errl = err0;

disp(’iterations = 1-norm of residual matrix’);

disp(" ’);

disp(’-new norm- -prev norm- —prev sqr- —ratio—"");

done = 0;

while done ==
x0 = x; % save old x vector
y0 =y; % save old y vector
x = X0 - X0x(T*x0-t); % find new x vector
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y = y0 - X0x(Txy0-e0);

c=y;
for i = 2:n;
= n+2-;
r(1,i) = fxc(j,1);
end

r(1,1) = ¢(1,1);

X1 = toeplitz(c,r);

c=xXx;
for i = 2:n;

j = n+2-;

r(1,i) = c(j,1)/e;
end

r(1,1) = ¢(1,1);
X2 = toeplitz(c,r);
c = x-efe;
for i = 2:n;
j = n+2-;
r(1,1) = fxc(j,1);
end
r(1,1) = c(1,1);
X3 = toeplitz(c,r);
c=y;
for i = 2:n;
j = n+2-i;

r(l,i) = C(jal)/e;

% find new y vector

% column

% fix first position of row
% Zi(y)

% column

% fix first position of row
% Z1/e(x)

% column

% fix first position of row
% Zf(x-(1-ef)e0)

% column
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end
r(1,1) = ¢(1,1); % fix first position of row
X4 = toeplitz(c,r); % Z1/e(y)
X0 = (X1xX2-X3xX4)/ef; % find new X matrix
XR = T*X0-I; % find residual matrix
err0 = errX; % save old error value
errX = norm(XR,1); % find 1-norm of residual matrix
if link ==
sqr = errOxerr0;
dif = errX/sqr;
disp(sprintf(’%0.5¢ %0.5e¢ %0.5¢ %0.5¢’errX err0,sqr,dif));
else
link = 1;
dif = 0;
disp(sprintf(’%0.5¢’ errX));
end
if dif > 1
done = 1;
end

if errX > err

done = 1;

disp(’killed by explosion detector’);
end

end
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A.2 Newton’s Iteration Algorithms Tests

Algorithms 1-4 were tested using MATLAB, a software package marketed by The
Math Works, Inc., of Massachusetts. In the first group of experiments, the input
matrices A were generated as 100 x 100 Toeplitz matrices whose first columns and
first rows were filled with random entries chosen from a uniform distribution on
the interval —1 < o;; < 1. To generate an initial approximation X to —A™!,
we first numerically computed the actual inverse matrix —X and then perturbed
its entries by adding some small random values. To generate the perturbations,
we first composed 100 x 100 matrices with random entries chosen under a normal
distribution with mean zero and variance one, and then scaled the values by a
noise factor. We used a noise factor of 0.001 for Algorithms 1, 3, and 4. Algorithm
2 requires a closer initial approximation to the solution to yield quadratic conver-
gence, so we decreased the noise factor in its test to 0.0001. Once the noise matrix
was obtained, we added it to the actual inverse.

We then tested the algorithms, running a group of forty tests for each algorithm.
In most cases rapid convergence was achieved, with four exceptions in the second
group, one exception in the third group, and one exception in the fourth group.
To test the convergence rate, we computed the column norm p; = ||AX; + I||; of
the residual matrix R; = AX; + I obtained in the ith iteration step. Sample test

results are presented in Tables A.1-A.7. We also supplied the value
cond;(A) = ||All1||A7*][s

We let f = —e =1 in Algorithms 2 and 4, and we performed Algorithms 3 and 4

for vectors t with s = 0.
The results of these computations fell into three classes. The first class, rep-
resented in Tables A.1-A.4, shows the computations where rapid convergence was

observed immediately. The second class, represented in Tables A.5-A.7, shows the
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computations with the input matrices for which iteration initially stumbled and
then, after a certain number of steps, s, started to converge rapidly. In fact, we
observed only four cases out of forty in the tests for Algorithm 2 (s < 4), three
cases out of forty in the tests of Algorithm 3 (s = 2) and one case out of forty in
the tests of Algorithm 4 (s = 3). In the third class of inputs, the iteration showed
no sign of convergence even after 10 Newton steps. Only six such cases occured in
all 160 tests. We display the results for 3 samples in the first class and 2 samples
in the second class, in which case we displayed the p; after s steps of stumbling.
In all tables, the results are displayed only until convergence, up to the step after
which the roundoff errors started to exceed the approximation errors.

In some experiments the iteration seemed to converge irregularly, in the sense
that the residual norm exceeded 1 initially but the iteration still converged. The

apparent reason is that the bound
1+ AXin]| < I+ AX|P

can be strict inequality, rather than equation.

On the other hand, the residual norm sometimes decreased slower than quadrat-
ically. This is immediately explained by the influence of the stage of adjusting the
matrices to Toeplitz format, for Algorithms 3 and 4, to the selected Toeplitz-like
format, for Algorithm 2, and to their representation with shorter displacement
generators, for Algorithm 1. With these comments in mind, the test results are

quite consistent with the theoretical estimates for the convergence rate.
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Table A.1: Tests for inputs of class 1 for Algorithm 1.

Sample Test 1 | Sample Test 2 | Sample Test 3

cond; (A) | 2.024643e+004 | 1.365480e+005 | 2.223065e+004
To 1.932960e-002 | 1.990289e-002 | 2.206516e-002

T 5.822783e-005 | 3.102183e-005 | 8.922756e-005

T 9.966761e—011 | 1.277523e-010 | 8.006189¢-010

T3 8.220646e-013 | 8.420042¢-012 | 1.920519e-012

Table A.2: Tests for inputs of class 1 for Algorithm 2.

Sample Test 1 | Sample Test 2 | Sample Test 3

cond, (A) | 3.274079e+003 | 5.836559¢+003 | 3.425782e+003
To 4.392883e-003 | 2.053855¢—002 | 1.876769e-002

™ 4.999007e-005 | 3.952711e-003 | 2.661747¢-003

T2 9.924380e-009 | 3.011774e-004 | 7.458110e-005

T3 2.121324e-012 | 9.710310e-007 | 1.452111e-007

T4 2.223482e—011 | 2.891295¢-011
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Table A.3: Tests for inputs of class 1 for Algorithm 3.

Sample Test 1 | Sample Test 2 | Sample Test 3
cond; (A) | 3.032816e+003 | 7.932677e+003 | 2.836675e+003
To 7.205510e-001 | 7.046618e-001 | 1.330095e-001
™ 6.074104e-002 | 7.454610e-002 | 3.528652e-003
Ty 8.190064e-004 | 1.608024e-003 | 3.643328e-006
T3 2.160530e-007 | 1.015745e-006 | 4.971280e-012
T4 7.357363e-013 | 4.453048e-012

Table A.4: Tests for inputs of class 1 for Algorithm 4.

Sample Test 1

Sample Test 2

Sample Test 3

cond, (A4)

1.727930e+003

2.435048e+003

3.248792e+-003

To
™
T2
T3

T4

2.246859-001
9.875483e-003
2.864990e-005
2.354060e-010
1.764283e-013

5.085527e-001
4.438413e-002
4.116238e-004
4.307276e-008
3.781741e-013

6.194036e-001
7.533096e-002
1.865356e-003
1.342796e-006
1.848549e-012

Table A.5: Tests for inputs of class 2 for Algorithm 2.

Sample Test 1 | Sample Test 2 | Sample Test 3
cond;(A) | 4.637187e+003 | 5.763326e+003 | 1.349509e+003
s 4 2 1
To 6.170632e-003 | 1.021014e-003 | 9.937866e-003
T 7.897623e-004 | 5.588185e-005 | 1.241422e-005
Ty 1.426298e-005 | 1.621575e-007 | 2.137849e-009
T3 4.577198e-009 | 7.528647e-012 | 6.846061e-012
T4 2.713013e-011
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Table A.6: Tests for inputs of class 2 for Algorithm 3.

Sample Test 1 | Sample Test 2 | Sample Test 3
cond; (A) | 2.042839e+004 | 1.483413e+004 | 1.044744e+004
s 3 2 2
To 3.699548¢-001 | 9.831201e-002 | 8.105060e-002
™ 6.345701e-002 | 4.084126e-003 | 2.120317e-003
Ty 1.766525e-003 | 7.245445e-006 | 1.247355e-006
T3 1.372439e-006 | 2.563352e-011 | 3.775972e-011
T4 3.605207e-011

Table A.7: Tests for inputs of class 2 for Algorithm 4.

Sample Test 1

cond,;(A)

2.000268e+004

S

3

To
T1

T2

T3

1.097395e-001
5.196420e-003
1.226878e-005
8.729462¢-011
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B Homotopic Algorithms

The presented Newton-Structured Iteration algorithms (that is, structured RC
processes for p = 2) were tested numerically for n x n Toeplitz input matrices M.
The compression was achieved by means of the truncation of the singular values
(according to Approach I) and was implemented as Algorithm 1 above. The tests
were performed by M. Kunin at the Graduate Center of CUNY, in cooperation
with the author.

The tests used the following computational facilities:

e OS - Red Hat Linux 7.0

e compiler - GCC 2.96 (also using bundled random number generator)

e library — CLAPACK 3.0 (routines for computing SVD of real and complex

matrices and eigenvalues of symmetric matrices)

Both non-homotopic and stiff homotopic versions of Newton-Structured Iter-
ation were applied to the same input matrices M. In non-homotopic processes
the compression level, that is, the number ! of untruncated singular values of the
displacements, was chosen adaptively to minimize [ as long as convergence was
achieved. More precisely, for a fixed threshold value ¢, the candidate compression
level | was calculated as follows. Let agi), ey a,(f ) denote the singular values of X;
written in the non-increasing order. Then we chose ! = [(z) satisfying 01(21 < ea&i),
or,(i) > eagi). If Newton’s process diverged for these € and [, then all results of
the computation (obtained by this moment) were discarded, except that the con-
tribution to the overall work of the iteration was counted. Then the iteration
process was repeated with the compression level [/2. In the case of divergence,
this value was recursively halved further until convergence but at most 10 times.

The experiments for homotopic processes were limited to recursive optimization
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of the tolerance values 85, and consequently the homotopic step sizes, under a stiff
0.7-down policy. According to this policy, the initial value of # was always set
to 0.7 and never increased. In the case of divergence, § was recursively halved,
and the process was repeated until convergence. For a fixed 6, the step sizes were
calculated using LAPACK for computing the eigenvalues of the matrix M. The
value | of the compression level was fixed and remained invariant in all Newton’s
steps throughout the entire homotopic process. This value was chosen experimen-
tally when convergence with this value was observed for one or two test runs.
This was our simplified preliminary policy, subject to improvement in our future
experiments.

The computations stopped at the final homotopic and non-homotopic steps
where the residual norm decreased to the single precision 0; at all other homotopic
steps, the computations stopped where the residual norm decreased below 10~5.
(The latter bound was a little smaller than was necessary for convergence.)

The algorithm was tested for n x n Toeplitz matrices M of the following classes
(see details below).

1. Real symmetric tridiagonal Toeplitz matrices (t; ;)72 ti; = 0 where |i—j| >
1, tiv1: = tiiy = 1, £;; equals 4 or —2.

n-1
. 1
2. The matrices (‘1+|i—jl)i,_,-=o'

3. Randomly generated Toeplitz matrices.

4. Randomly generated real symmetric positive definite matrices with a speci-

fied condition number.

5. Randomly generated real symmetric indefinite Toeplitz matrices.

The tests results were differentiated further according to the condition number

of the matrix M and the size n x n, for n ranging from 50 to 350.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



B HOMOTOPIC ALGORITHMS 87

An n X n random real symmetric Toeplitz matrix of class 5 was defined by
generating the n random entries of its first row; for an unsymmetric Toeplitz matrix
of class 3, also the n — 1 remaining entries of its first column were generated. The
random entries were generated as the random normally distributed variables with
the mean 0 and the standard deviation 1. At this stage, a random number generator
was applied with the rand() function from the standard C library that comes with
the GCC compiler for Cygwin on Windows 2000. The condition number was most
frequently quite small for random matrices, and then the algorithms converged
very rapidly. Tc make the results more meaningful, part of the experiments was
restricted to the matrices with larger condition numbers. To form a matrix of
class 4, that is, to achieve positive definiteness and a desired condition number,
we computed the two extremal eigenvalues of a random real symmetric Toeplitz
matrix and then added the matrix e/ for an appropriate positive a.

For unsymmetric and symmetric indefinite Toeplitz matrices M, the non-homo-

topic Newton’s process was initialized with the matrices
Xo = MT /(I MI11|M||o)-

For a symmetric positive definite matrix M, the same process was applied with
Xo = I/||M||r. For the homotopic processes with the same symmetric input ma-
trices M, the same Newton’s processes were applied with the invariant truncation
level [ = 2, except that the initial matrices X, were determined by the homotopic
rules and the choice of the matrix M. For unsymmetric input matrices M, both
homotopic and non-homotopic processes also were applied to two symmetrized
matrices MTM and (,% ¥) (cf. (8.1) and (8.2)). For homotopic processes, in
these two cases, the invariant truncation levels [ = 12 and | = 6 were selected,
respectively. In the symmetric indefinite case, the initial choice (8.3) was used for

the matrix My. In the positive definite case, the matrix M, was selected according
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to (7.2). The initial threshold bound € in non-homotopic Newton’s processes was
selected at the levels 0.025 for the unsymmetric and symmetric indefinite matrices,
0.00005 for the symmetrized matrices ( ,% ).

In the column K we show the number of test runs where the random input
matrices M have the condition numbers bounded from below by the value in the
respective line of the column «. The columns N and L show the number of Newton’s
steps and the overall work (that is, the sum of the truncation levels in all Newton’s
steps) in non-homotopic processes; the columns Ny and Ly show the same data
for homotopic processes. H is the number of homotopic steps, sy is the number of
times the tolerance value § was halved (split) during the homotopic process. All
these data are averaged over the K test runs for the selected range of the condition
number, except that for symmetric positive definite matrices M the column x shows
the fixed condition numbers x(M). For non-random matrices M of classes 1 and
2, we have K = 1, that is, the tests run for a single fixed matrix M. For each
class of input matrices, the truncation level for the singular values was decreased
recursively as long as this did not destroy the convergence in experimental tests.

In addition to the data shown in Tables B.1-B.16, we include a table showing
an interesting phenomenon observed in more than 25% test runs for non-homotopic
processes with the random Toeplitz input matrices of class 3. That is, in these
test runs the residual 2-norm was growing above 1 (and sometimes well beyond
1) and then decreased down to 0 in the next Newton’s steps. This phenomenon
must be attributed to compression because otherwise the residual 2-norm would
have been squared in each Newton'’s step, which would have automatically implied
the divergence of Newton’s iteration. Table B.17 demonstrates this phenomenon
in some details. That is, for each test run it shows the condition number of the

input matrix M and the maximum residual norm p; reached during the iteration
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process, which finally converged. The columns marked by p;, p2, and p3 show the
values of the residual norm for non-homotopic process with no symmetrization of

M and with symmetrization based on (8.2) and (8.1), respectively.

Table B.1: Results for the tridiagonal Toeplitz matrices M of class 1 with the
entries on the main diagonal equal to 4 and on the first super and subdiagonals

equal to 1.

k| H|N H L H N L

80120023 21 211 421 8116

10012998 | 3| 20| 40| 918

15012999 3| 21} 42| 9|18

20013.000f 31 20| 40} 9|18

250 13.000f 3| 20| 40| 9|18

30013.000{ 3| 21| 42| 9|18

350(3000| 3 20| 40110120

Table B.2: Results for the tridiagonal Toeplitz matrices M of class 1 with the
entries on the main diagonal equal to 2 and on the first super and subdiagonals

equal to —1.
n K| H{Ng|Ly|N| L
50| 1053.480 | 8| 46| 92|16 | 32
100 | 4133640 | 9| 56| 112 |19 | 38
150 | 9240.230| 91 56| 112 | 20 | 40
200 | 16373.200 | 10| 59 [ 118 | 21 | 42

250 | 25532.700 | 10 | 60 | 120 | 22 | 44
300 | 36718.500 | 11 | 63 | 126 | 23 | 46
350 | 49930.800 | 11 | 67 | 134 | 23 | 46
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Table B.3: The matrices M = (—1—) of class 2
ij

=),
n k{H|N, H L H N L
50116221 4| 25| 50| 9|18
100 [ 19642 | 4] 25| 50| 9|18
150 | 21680 | 4| 26| 52|10 20
200 1 23.138 | 4| 27| 54 {10 20
250124274 4] 26| 5211020
300)25205| 4| 27| 54 10| 20

90

Table B.4: Random Toeplitz matrices M of class 3, n = 100 (non-homotopic

iteration)

k| K € N L

10000 | 1] 0.025 | 32.00 | 124.00

5000 | 210.013|61.00 | 261.00

1000 | 710.022 | 41.71 | 185.86

500 | 14 { 0.018 | 42.36 | 187.36

100 | 69 | 0.025 | 23.83 | 101.96

50 | 56 [ 0.025 | 20.91 | 88.86

10 [ 451 0.025 | 18.82 [ 76.11
K H NH LH So € N L
10000 | 10.00 | 67.00 | 402.00 | 0.00 | 6.3e-04 | 102.00 | 1115.00
5000 | 19.50 | 112.50 | 675.00 | 1.00 | 1.3e-03 | 63.00 | 695.00
1000 | 22.00 | 119.86 | 719.14 | 1.43 | 2.1e-03 | 44.00 | 497.57
500 | 16.64 | 97.36 | 584.14 | 1.36 | 2.4e-03 | 29.64 | 329.14
100 | 13.57 | 82.46 | 494.78 | 1.52 | 2.5e-03 | 23.64 [ 276.00
50 1 11.39 | 70.34422.04 | 1.61 | 2.5e-03 | 20.93 | 249.79
10| 9.40| 56.96 | 341.73 | 1.49 | 2.5e-03 | 18.76 | 220.82
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Table B.5: Symmetric positive definite Toeplitz matrices MTM for a random
Toeplitz matrix M of class 3, n = 100 (the column K is the same as in Table B.4)
(Note: in this case no decrease of the initial tolerance value 8 = 0.7 was required
in the experiments, so the resulting table does not contain the sy column)

K H Ny Ly € N L
10000 | 18.00 | 106.00 | 1272.00 | 1.3e-05 | 84.00 | 690.00
5000 116501 99.50 1 1194.00 | 2.8e-05 | 65.00 | 584.00
1000 | 14.71 | 88.00 | 1056.00 | 1.4e-05 | 79.71 | 737.29
500 | 1250 | 76.14 | 913.71 | 3.6e-05 | 42.64 | 379.50
100 | 1042 | 63.57 | 762.78 | 4.8e-05 | 23.62 | 214.30
50| 886 | 54.70 | 656.36 | 5.0e-05 | 19.12 | 180.95

10} 769 | 47.13| 565.60 | 5.0e-05 | 16.73 | 162.96

Table B.6: Results for random symmetric positive definite Toeplitz matrices M of

class 4, n=50
k| K| H N H L H € N L
250000 | 19| 12 | 73.16 | 146.32 | 0.050 | 24.00 | 49.58
10000 [ 19| 95642 [ 112.84 } 0.050 | 19.74 | 40.95
5000 { 19| 9| 54.63 { 109.26 | 0.048 | 19.89 | 42.74
1000 |20 | 814740 | 94.80 | 0.050 | 16.00 | 33.85
500 {20 | 714325 | 86.50 | 0.050 | 15.10 | 31.40
100 {18 | 6136.28 [ 72.56 | 0.050 | 12.94 | 26.56
50 20} 5|31.70 | 63.40 | 0.050 | 12.00 | 24.15
10 19| 42589 | 51.79 | 0.050 1 9.63 | 19.26
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Table B.7: Results for random symmetric positive definite Toeplitz matrices M of

class 4, n=100
k| K| H N H L H € N L
250000 | 19| 12 | 73.68 | 147.37 | 0.048 | 26.11 | 54.53
10000 | 17| 9] 56.24 | 112.47 | 0.044 | 24.06 | 53.24
50001191 9154211108421 0.038 12800 1! 66.16
1000 | 14} 8| 47.64 | 95.29 | 0.048 | 18.36 | 38.93
500 | 19| 74353 87.05| 0.049 | 16.74 | 35.47
100 | 16| 6} 36.50 | 73.00 | 0.050 | 13.19 | 27.88
50119 5[31.84| 63.68 | 0.050 | 12.11 | 24.68
10| 18| 4125.72 | 51.44 0.050 | 10.00 | 20.00

Table B.8: Results for random symmetric positive definite Toeplitz matrices M of

class 4, n=150
k| K| H| Ny Ly € N L
250000 | 15|12 | 73.53 | 147.07 | 0.036 | 40.00 | 97.53
10000 | 11| 9156.00 | 112.18 | 0.044 | 24.18 | 53.82
5000 | 14| 9| 54.64|109.29 } 0.035 | 30.36 | 72.29
1000 [ 17| 8|47.65| 95.29 | 0.049 | 18.06 | 38.53
500 { 18 | 7143.39| 86.78 | 0.049 | 17.56 | 37.72
100 { 13| 6|36.54 | T73.08 | 0.050 | 13.85 | 29.46
50 {18 513211 | 64.22 | 0.050 | 12.94 | 26.39
10| 18| 4125.39| 50.78 | 0.050 | 10.00 | 20.00
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Table B.9: Results for random symmetric positive definite Toeplitz matrices M of

class 4, n=200

k|K|H| Npg Ly € N L
250000 | 12 | 12 | 73.50 | 147.00 | 0.035 | 39.17 | 93.33
10000 | 11| 9 [ 56.82 | 113.64 | 0.048 | 21.64 | 45.45
5000 { 12| 9 |54.17 | 108.33 | 0.038 | 29.75 | 70.33
1000 { 13| 8[47.46 | 94.92 | 0.035 | 30.23 | 72.23
500 | 13| 7|43.54| 87.08 | 0.044 | 20.38 | 45.77
106 |15 6 1306.53 | 73.07 { 0.050 | 14.40 | 28.67
50|12} 5|32.00 64.00 | 0.050 | 13.17 | 26.75

10 12| 42558 51.17 | 0.050 } 10.17 | 20.33

Table B.10: Results for random symmetric indefinite Toeplitz matrices M of class

5, n=50
k| K H NH LH So € N L
1000 | 6 | 8.00 | 50.00 | 100.00 | 0.00 | 0.015 | 52.00 | 235.17
500 9| 7.00|45.00 90.00|0.00{0.018 | 39.89 | 179.00
100 | 46 | 6.33 | 40.41 | 80.83 | 0.00 | 0.022 | 28.67 | 126.48
50255283536 70.72 | 0.04 | 0.025 | 20.00 | 83.76
10|14 | 493 | 32.21 | 64.43 10.00 | 0.025 | 17.50 | 69.64

Table B.11: Resuits for random symmetric indefinite Toeplitz matrices M of class

5, n=100
k| K H NH LH Se € N L
10000 | 2} 10.00 | 60.50 | 121.00 | 0.00 | 0.019 | 45.50 | 204.00
5000 | 3| 9.00|57.00 | 114.00 { 0.00 { 0.003 | 118.00 | 605.67
1000 | 7| 8.14]50.71 | 101.43 | 0.00 | 0.013 | 64.71 | 336.29
500 | 9| 7.00)46.11 | 92.22|0.00 | 0.018 | 42.89 | 209.22
100 {64 | 6.67 | 43.05| 86.09|0.09]0.022 | 29.22 | 136.97
50|12 6.58 | 43.83 | 87.67|0.42(0.025 | 21.00%{ 93.50
10f 2§ 5.00|33.50 | 67.00]0.00]0.025| 19.50| 78.50
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Table B.12: Results for random symmetric indefinite Toeplitz matrices M of class

5, n=150
k| K H NH LH Sg € N L
10000 | 8| 10.25 | 64.12 | 128.25 | 0.00 | 0.015 | 83.00 | 437.00
5000 | 3| 9.00|59.33 | 118.67 | 0.00 | 0.010 | 88.00 | 479.00
1000 | 22 | 8.50 | 54.68 | 109.36 | 0.09 | 0.012 | 75.41 | 406.23
500 {15 7.20{49.40 98.80 | 0.07 | 0.019 | 42.00 | 212.47
100 | 45 [ 7.11}45.67 | 91.33 |0.24 | 0.022 | 30.22 | 147.13
50| 5| 5803880 | 77.60|0.20 | 0.022 | 26.00 | 118.40
10f 1| 5.00|35.00] 70.00|0.00 | 0.025 | 20.00 | 84.00

Table B.13: Results for random symmetric indefinite Toeplitz matrices M of class

5, n=200
k| K H NH LH Sg € N L
10000 { 2| 11.00 | 71.00 { 142.00 | 0.00 | 0.001 | 194.00 | 1150.50
5000 ( 2| 9.00 | 60.00 | 120.00 | 0.00 | 0.016 | 63.50 | 330.50
1000 | 19| 8.47|54.58 |109.16 | 0.11 | 0.012 | 67.32 | 356.74
500 | 25| 8.68|56.68 |113.36 [ 0.48 | 0.018 | 44.48 | 228.84
100 |48 | 7.50 4835 | 96.71}0.33 |0.023 | 30.44 | 149.83
50| 1| 6.00|38.00( 76.00]|0.00{0.025| 22.00 | 100.00
10y 1| 5.00]33.00| 66.00|0.00]0.025| 20.00 89.00

Table B.14: Results for random symmetric indefinite Toeplitz matrices M of class

5, n=250
k| K H NH LH Sg € N L
10000 | 6 13.00 | 77.83 | 155.67 | 0.33 | 0.005 | 111.33 | 634.17
5000 { 4| 9.00 | 61.00 | 122.00 | 0.00 | 0.003 | 150.00 | 921.50
1000 { 30 | 9.70 | 61.33 | 122.67 | 0.50 | 0.016 | 56.97 | 293.50
500 | 17| 8595729} 114.59 | 0.53 | 0.015| 52.29 | 281.18
100 | 40 | 8.28 | 52.67 | 105.35 { 0.57 | 0.020 | 35.98 | 185.47
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Table B.15: Results for random symmetric indefinite Toeplitz matrices M of class
5, n=300

K H NH LH So € N L

10000 | 5| 13.20 | 83.00 | 166.00 | 0.60 | 0.004 | 139.60 | 871.80
5000 | 4| 12.50 | 75.75 | 151.50 | 0.50 | 0.011 | 82.50 | 457.00
1000 {26 | 9.96 | 62.85 | 125.69 | 0.50 | 0.013 | 68.85 | 382.31
500 | 32 [ 9.12 | 59.44 | 118.88 | 0.62 | 0.017 | 49.25 | 258.75
100 | 28 | 8.54 | 53.86 | 107.71 | 0.64 | 0.021 | 35.64 | 182.25
50| 1} 6.00|40.00| 80.00(0.00{0.025| 22.00| 97.00

Table B.16: Results for homotopic and nonhomotopic processes applied to sym-
metric positive definite matrix obtained from the original by premultiplying with
its transpose. (Note: in this case no decrease of the initial tolerance value § = 0.7

was required in the experiments, so the resulting table does not contain the sy
column)

K H Ny Ly € N L
10000 | 18.00 | 106.00 | 1272.00 | 1.3e-05 | 84.00 | 690.00
5000 | 16.50 | 99.50 | 1194.00 | 2.8e-05 | 65.00 | 584.00
1000 | 14.71 | 88.00 | 1056.00 | 1.4e-05 | 79.71 | 737.29
500 | 12.50 | 76.14 | 913.71 | 3.6e-05 | 42.64 | 379.50
100 | 10.42 | 63.57 | 762.78 | 4.8e-05 | 23.62 | 214.30
50| 8.86| 54.70 | 656.36 | 5.0e-05 | 19.12 | 180.95

10| 7.69| 47.13{ 565.60 | 5.0e-05 | 16.73 | 162.96
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Table B.17: Maximal values of the residual norms for non-homotopic processes
with the original, symmetrized double-sized, and symmetrized positive definite
matrices, respectively. Whenever the value did not exceed 1, it is denoted by

**k%%k% in the table.

K P1 P2 P3
13117.400 | 1.01437 | 1.24521 | 2.29178
9997.910 | 1.00164 | 5.04473 | 2.87706
6038.480 | 1.00109 | ****** | 100278
3859.550 | 2.65327 | 3.61647 | 6.60274
2610.770 | 1.04845 | 2.71020 | 1.79991
2464.170 | 1.01631 | 1.00020 | **e***
2324.950 | 2.43046 | 2.42135 | 1.49457
1848.360 | 1.00955 | 1.00033 | 1.13965
1597.240 | 1.00009 | ****** | 4 52156
1188.030 | 1.19201 | **¥*** | 157259
907.966 | 1.00097 | 1.01116 | *¥****
856.188 | 1.00250 | ****** 1 1.10969
841.877 | 1.00008 | ****** | ] 88333
788.226 | 1.00240 | *¥xdokk | xwkkok
740.068 | 1.00006 | 4.63459 | 1.49978
695.662 | 1.00002 | ¥¥dkekk | Hkskkx
689.868 | 1.00671 | 2.39270 | 3.50735
627.683 | 1.00044 | **¥*** | 2 46652
616.774 | 1.00332 | ****** | 118659
575.609 | *k¥xik | sekxckk | 543561
554.912 | 1.17903 | 1.46120 | 3.31692
514.378 | 1.08366 | ***¥¥k | ekkkoxk
512.452 | 1.06951 | *xaxdokk | sekckakk
508.758 | 1.00109 | ****** | 4 44255
487.164 | 1.00206 | ****** | 1.49436
472.963 | 1.01446 | ****** | 1 61860
465.666 | 1.00001 | **¥xkk | xxxksk
441.397 | 1.00312 | ****** | 1.63125
428.375 | 1.00073 | ¥¥xdkek | exokiok
341.934 | 1.25551 | ****** 1 101262
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i 2! p2 ps
340.355 | 1.00045 | *¥kxkk [ dkkokrx
302.378 | 1.05618 | ****** | 110584
282.635 | 1.00102 | *d¥kk*k | Fkkikx
278.193 | 1.16907 | *xkxkx | *kskkkx
264.911 | 1.02277 | Frkdkk | ok
961.404 | 1.00168 | *HH**x | xkrkxk
259.630 | 1.00628 | ****** | 275387
252.902 | 1.00218 | ******x | 122844
248.518 | 1.00040 | ****** | 1 69287
243.424 | 1.00110 | *¥¥xkx | kxkokkok
242.588 | 2.09438 | FH¥xkk | kkkickk
228.158 | 1.10735 | F¥¥*kkk | kkkkokk
223.702 | 1.01272 | *¥¥+**x 1 1.21397
202.115 | 1.00013 | Xk | Fkdkokkx
200.249 | 1.00212 | ¥¥¥¥*x | x¥kk*x
197.326 | 1.00032 | *x¥xkx | wxrkrx
196.148 | 2.36707 | *¥¥¥kx | x¥kkkx
190.886 | 1.00005 | **¥¥kk | Hkkskskx
190.090 | 1.00010 | ****** 1 296128
188.992 | 1.00323 | ***¥kk | Hkkkokk
174.938 | 1.00159 | *xxkkk [ koo
172.100 | 1.00260 | ****** | skkxxk
171.442 | 1.05600 | *¥¥*%* | skxkxk
171.416 | 1.00030 | *¥xxxxk | sxkrxx
166.156 | 1.00021 | *¥kxxk [ okkok
165.404 | 1.00381 | *¥¥kkk | kkxxek
162.923 | 1.00054 | *¥**** | skxxxk
160.472 | 1.00127 | ¥kk¥k | ekrxrk
158.845 | 1.00001 | *xxx¥k | skkxkkk
158.335 | 1.00005 | ****¥* | *kkkkk
147.662 | 1.00834 | ****x* | *skkkkk
143.380 | 1.00044 | *¥*x¥k | *kkkxxk
141.694 | 1.00001 | dokxkx* | Fkkkxk
136.384 [ 1.00002 | ****x* | xkkkxx
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ad P P2 p3
132.914 | 1.00011 | ¥kekseks® | sexokookk
128.667 | 1.00001 | **xkk | soxskoor
125.703 | 1.00001 | Hxkssk | sk
114.952 | 1.00022 | ¥k | xckokkok
102.699 | 1.00023 | kx| dxkxiok
69.764 | 1.00001 | **kkx | *kkkkx
61.406 | 1.19951 | ¥k | kkdokk
58.648 | 1.87989 | #kdkskx | sokkokokk
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