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ABSTRACT

PERFORMANCE ANALYSIS OF THE MEMORY HIERARCHY
VIA MARKOV CHAINS AND STATE CLONING

by

Edward F. Peterson

Adviser: Professor Jacob Rootenberg

The performance of the memory hierarchy currently plays an important role in the
design of computer systems. Most computers today, from micros to mainframes, utilize
cache memory to increase overall system performance. Parallel processing systems some-
times use cache memory to allow all processors to share the same address space. Even

super computer design is influenced by the performance of the memory hierarchy.

This dissertation presents an innovative approach to the performance evaluation of
hierarchical memory systems. Traditional evaluation techniques of such systems employ
simulation. Simulation is often expensive because it is extremely time consuming and
requires much disk space. An aiternative approach, through the use of Markov Chains

and state cloning techniques, is presented in this dissertation.

The memory hierarchy is explained and a performance model is developed. This
performance model is applied to traditional cache memory. Shared memory in parallel
processing systems is presented along with the concerns of memory coherency. Memory
coherency protocols are given and the newly developed performance model is used to

measure and to compare the efficiency of the given protocols.
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Chapter 1

Introduction

1.1 Overview

Recently there have been several advances in the design of low cost high speed
computers. These advances have allowed micro computers to achieve performance levels
equal to, if not greater than that of large main frame computers [Simm90]. Even the most
current super computer technology is centered around a collection of low cost micro com-
puters [Seit85] and [Seit89]. One of the most rapid growing areas of new processor tech-
nology is the very fast execution of a small set of instructions. Most noteworthy is the
Reduced Instruction Set Computer (RISC) [Patt85]. RISC computers have a reduced (rea-
sonably simple) set of instructions and thus can operate at faster speeds than their more
traditional counterparts, the CISC (Complex Instruction Set Computer) computers. Due
to their reduced complexity, RISC computers can also be designed in a much shorter time
than CISC computers. For these reasons the most common design method used today for
micro and mini computers is that of the RISC architecture. The current emphasis is on
ultra-fast instruction execution, even if it means that the instructions perform a much less

complicated task. Groups of smaller, simpler instructions can be executed to do larger



and more complex instructions (tasks). With higher speed instruction execution, membry
access must also be comparably fast. Small high-speed memories are used to keep up
with the fast processor. These high-speed memories, commonly known as cache
memories, are used as buffers to bridge the large speed difference between the processor

and main memory.

It is common for today’s microprocessors, such as the Intel i860 [Inte90], to have
on-chip instruction and data cache memories to facilitate the required CPU’s execution
speed. Some computers even have multiple levels (hierarchy) of cache memory to optim-
ize both memory speed and size at an economical acceptable cost. This hierarchy would
allow for both a very fast and very large memory address space at an acceptable cost. As
these microcomputer systems are grouped together to become larger parallel processing
systems, cache design, performance, and coherency become major issues. A memory is
said to be coherent when a read operation returns the value written from the most recent
write operation. Memory coherency protocols and algorithms must be used in the imple-
mentation of shared-memory for loosely-coupled parallel processing systems. These algo-

rithms play an important role in the overall performance of the system.

This dissertation develops an analytical model that can be used for analyzing the
performance of the memory hierarchy. The model developed in this thesis is based on
Markov chains and state cloning techniques, specifically developed for modeling the vari-
ous alternatives of memory hierarchies. A model is first introduced through an example
of a traditional memory hierarchy which contains three levels of memory. Some design
improvements, i.e., a better page replacement algorithm or a larger cache, that would
affect the performance of the memory system are then applied to the memory hierarchy.
The model is subsequently enhanced to allow for non-equal fixed time delays, which

allow the model to include the additional complexities of the new and improved memory



hierarchy. In a non-equal fixed time delay, each level in the memory hierarchy can contri-
bute a different amount of time to the total memory access time. The new memory sys-
tem is modeled and the results are compared with the performance of the prior system.
The memory hierarchy is ther further enhanced, this time to a more realistic situation of
variable time delays within a given leve! of memory. The access-time associated with
cache memory access is entirely different, depending upon whether or not the desired
memory location currently resides in the cache. The model used to evaluate the perfor-
mance is then enhanced again by developing a new state cloning technique which models
variable time delays. The performance of the new hierarchical memory example is com-
puted and the results are compared with the performance of the prior system. The per-
formance model is now at the complexity level needed to handie all forms of hierarchical

memory systems, including that of shared-virtual-memory.

Shared-virtual-memory [Li86b] is a form of memory used with loosely-coupled pro-
cessing systems, i.e., systems that cannot directly access a common memory location,
that transforms all or part of their private independent memories into a global memory
that all can access. Global shared memory gives software developers alternate avenues
for developing applications by providing access to memory, regardless of its physical loca-
tion, i.e., a globally addressed memory shared by all processors. It also allows the sys-
tem to handle in a general way, complex low level memory management tasks. The
existence of a shared-virtual-memory on a loosely-coupled processing systems implies
that a single page of memory can also coexist on multiple processors simultanecusly, and
memory coherency protocols must therefore be used to ensure data consistency. The
most common protocol used on these type systems is the write-back page-invalidation
protocol, which allows many read copies of a page to exist but only one write copy. This
is similar to the readers and writer problem where many readers or one writer can access

memory. Obviously memory coherency can be maintained by allowing the existence of



only one, fixed or floating, physical location of any given logical memory address. This
would not be an efficient algorithm for many reasons, such as the common use of static

read-only data, in general purpose applications.

An efficient shared-virtual-memory algorithm would allow multiple copies of a page
of memory to coexist simultaneously. With multiple copies of a memory location, each
write operation must write to all of the existing copies in order to maintain memory
coherency. The task of ensuring memory coherency could be extremely time consuming
and thus become grossly inefficient. For the reasons described above. ‘a write-back with
page-invalidation approach is the most efficient algorithm for general purpose applica-
tions. In this last approach, when a memory location logical address is requested for
writing, a copy of the page which contains the memory location (physical address) is
given to the requesting processor and all other copies of that page are invalidated. This
ensures that only one copy of the page exists when a write operation is performed.
Write-back refers to the algorithm allowing multiple writes to the given local page and, at
some later point in time, when another processor requests it, the page is copied to the
processor’s attached local memory, as opposed to a write-through algorithm which allows

for the updates of other copies of a given page, whenever a write operation takes place.

In a write-back page invalidation of a shared-virtual-memory algorithm, every page
must have an owner. The function of the owner is to maintain a copy of the page. When
other processors request read access to a page, the owner must provide a copy of the
page. When a processor requests write access to a memory location, that processor is
given a copy of the page which contains the requested memory location, all other copies
of the page are invalidated, and the requesting processor is made the new owner of the
page. That processor must become the owner because at that point, during a write opera-

tion, no other valid copies of the page exist. Invalidating all other copies of the page



implies that some processor must keep track of where all copies of a given page reside.
This management task of maintaining a list of which processors currently have access to a
given page is the responsibility of the page manager. The page management function can
either be centralized or distributed. Distributed page managers can be assigned pages to
manage on a static or dynamic basis. The operation of the page manager that is used is a

main factor in the performance of a memory coherency protocol.

The hierarchical memory performance model is used to model the performance for a
read operation on a shared-virtual-memory. The read operation is less complex than a
write operation since a read never causes a page invalidation to take place. The perfor-
mance of a write operation on a shared-virtual-memory is then analyzed and compared to
that of the read. Next, the performance of a write operation on a shared-virtual-memory
with a variable time invalidation function is analyzed and the results are compared with
the previous system. The memory coherency protocol used in the previously modeled
system is then changed to contain a distributed page manager, the system is modeled and
the results are compared. An enhancement is then made to the memory coherency proto-
col which dramatically increases the performance of the shared-virtual-memory system.
The new system is modeled, the results are compared, and it is proven to be a good

enhancement.

The research outlined in this thesis develops an analytical framework for analyzing
the performance of the memory hierarchies. The hierarchical memory performance
evaluation framework, developed here, could be used by system designers to quantify the
impact of hierarchical memory design options before actual implementation. This frame-
work could also be used when designing memory coherence protocols. The next section

gives a detailed description of the organization and contents of this dissertation.



1.2 Thesis Organization

Chapter 2 gives a description of the memory hierarchy. This description includes
cache memory, main memory, and page replacement strategies in cache memory. Chapter
2 also includes an introduction to memory coherency along with what coherency means

for message passing multiprocessors.

Chapter 3 presents an innovative approach to the performance evaluation of
hierarchical memory systems. The performance model developed utilizes Markov chains
and state cloning techniques to model variable time delays. The notion of system availa-
bility is defined and used in analyzing several hypothetical systems. The performance
model is first presented with an example of a simple memory system. The example
memory systems and model are then grown in complexity until the full performance

model is presented and complex memory systems are evaluated.

Chapter 4 introduces the concept of shared-virtual-memory, along with a discussion
of why it is needed and how it is implemented. The meaning of memory coherency in a
shared-virtual-memory setting is defined. A simple algorithm for a shared-virtual-
memory system is presented. A more efficient algorithm is also given, examined and

analyzed.

Chapter 5 uses the performance model, from chapter 3, for analyzing the perfor-
mance of the shared-virtual-memory system described in chapter 4. The most simplistic
part of the shared-virtual-memory system, a read instruction, is analyzed first. Next the
write instruction of the most basic shared-virtual-memory algorithm is analyzed. The
write instruction takes into account invalidation where the read instruction does not. The
prior write operation on a shared-virtual-memory is then enhanced to include the more
realistic case of a variable time page invalidation function. The results of the two write

systems, from a write-availability point of view, are then compared. A distributed page



manager function is then incorporated, followed by a more efficient memory coherency

protocol which is analyzed as well.

Chapter 6 summarizes the dissertation, presents related work in this area, and gives

possible directions for future research in this area.



Chapter 2

The Memory Hierarchy

Today CPU instruction execution speed is faster than ever before. New micropro-
cessors, utilizing super scalar architecture and executing multiple instructions per cycle
are currently available [Kohn89] and [Grov90]. It is projected that by the year 2000,
microprocessors will be able to execute 2,000 million instructions per second (MIPS)
[Gels89]. Due to technology/cost choices, main memory access time is considerably

slower than CPU cycle time.

2.1 Cache Memory

Cache memories are used as small high-speed buffers, located logically between the
CPU and main memory to bridge the gap between the fast cycle time of the CPU and the
relatively slower access-time of main memory. When the CPU requests the contents of a
memory location, the cache services that request immediately if the desired location
currently exists in the cache. If the desired location is not in the cache, the appropriate
block of memory, which contains the desired location, is loaded from main memory into
the cache and then the memory request is serviced. Cache memory thus provides fast

access when the desired memory location resides in the cache. Cache memory should



also provide a high hit-ratio (i.e., percentage of requests for memory locations that reside
in the cache verses total requests issued) to reduce the impact of slow main memory.
Large caches with high hit-ratios are slower and have a higher access-time for memory
locations that reside in the cache than smaller caches with lower hit-ratios. Multiple lev-
els of cache are used to obtain both a high hit-ratio and fast memory access at a reason-
able economic price. A memory structure with multiple levels of cache is shown in Figure
2.1. Each level in the memory hierarchy may be invoked depending upon whether or not
the previous level of memory contained the information desired. If such memory access
ended up in success (hit), i.e., the memory location exists in the current level of the
memory hierarchy, no more levels of memory are invoked. If, however, the desired loca-
tion is not found in the current level of memory (miss), then the next level of the memory
hierarchy is invoked. This process continues until the required location is found. Some-
times the desired location resides in the memory level closest to the CPU, the fastest
cache, while other times multiple levels of the memory hierarchy are needed to be
accessed in order to fetch the desired data. When the desired memory location is eventu-
ally found it must be transferred up to the next level of memory closer to the CPU. This
process continues until the content of the memory location sought by the CPU, exists in
the memory level adjacent to the CPU (it is from this level that CPU access takes place).
For more detailed information on multilevel cache hierarchies refer to [Baer89], [Bril87],

and [Wan89b).
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CPU

Level 1 "High-Speed” Cache
(Small size cache)

¥

Level 2 Cache Memory
("Lower-speed” cache)

v

Level 3 Main Memory

Figure 2.1: A model of memory hierarchy.

2.2 Page Replacement Strategies

When transferring data into cache memory, a page which currently resides in the
cache must be selected for replacement. This replaced page makes room for the new page
of memory which contains the desired location. The algorithm used to select a page for
replacement is referred to as the page replacement strategy. The most common strategy
used is the Least Recently Used (LRU) page replacement algorithm. This algorithm works
well when computer programs frequently access the same memory location or memory
locations close to ones previously accessed. Accessing information which is close to
information previously accessed is referred to as the ”principle of locality”. Other
replacement strategies such as First In First Out (FIFO) or Most Frequently Used (MFU)
algorithms are sometimes used as well. A page chosen for replacement might require a
memory transfer or write-back to main memory. This is the case if the replacement page

has been modified and the modifications have not been written back to main memory.
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Some caches implement a “write-through” scheme which writes modifications back to
main memory, or to the next level of cache closer to main memory. This write-through
occurs every time a modification to the data is made. When a cache uses a write-through
strategy of memory updating, replacement pages need not be written back to main
memory. The information in the cache is already consistent with main memory =t the
time of replacement. Sometimes a cache is read-only, in which case writing information
back is never required. One very common usage of Read-only caches is to store instruc-
tions for the computer. These read-only caches are commonly found on-board micropro-
cessors. The Intel i860 [Inte90] and the IBM RS6000 [Hard90] have two built in caches,

one read-ordy and the other read-write.

2.3 The Cache Coherency Problem

When cache memory is used in conjunction with multiprocessing systems, it is typi-
cally configured such that each processor has a private cache [Min89] and [Squi90]. If
these caches are read-write, extra provisions must be made to ensure cache coherency. A
cache is said to be coherent if a read from the cache aiways returns the information most
recently written to that location. In a multiprocessor system with shared memory, i.e.,
multiple processors can access the same memory address, the same memory location can
concurrently exist in multiple sites, i.e., multiple caches. If one processor updated a
memory location whose data also existed in the cache of the other processor(s), the other
processor(s) cache must also be updated. This is to ensure that information returned from
a cache always is the same information that was most recently written to that particular
memory location. The process used in keeping all cache memory consistent in a mul-
tiprocessor, multi-cache architecture is the cache coherency protocol. Some multiproces-

sor configurations connect ali caches to memory via the same bus as shown in figure 2.2.
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CPU CPU

Cache Cache

|

Main Memory

Figure 2.2: A Multi-CPU Multi-Cache Architecture.

An example of a cache coherency protocol for the configuration shown in figure 2.2
could be to have all caches implemented as write-through caches which also listen to the
traffic on the bus. If a cache hears a memory update on the bus which is for a memory
location that currently resides in that cache, it updates it’s location with the information
heard on the bus. This is sometimes referred to as a “Snoopy Cache” for the way in
which the cache snoops on the bus. For more information on the “Snoopy Cache” and
other multiprocessor cache coherency algorithms, the reader may refer to [Sche87],

[Swea85], or [Wils87].

2.4 Coherency For Message Passing Multiprocessors

Message-passing multiprocessing systems such as the Intel iPSC/2 hypercube
[A1la88] need to address the issue of memory coherency differently. Each processor in a
message-passing system are self contained computers with private memory as shown in

figure 2.3.
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Figure 2.3: Message Passing Processors

Shared memory in a message passing system would be implemented virtually through
software [Li86a]. Keeping the memory coherent would involve either a memory page
invalidation or write-back approach. In the invalidation approach, a write to a memory
location first invalidates all other pages which contained that location. After invalidation
is complete the actual write occurs to the one remaining page, i.e., all other pages are
invalid. After the invalidation has occurred, a reference to that memory location from a
processor which had it's page invalidated requires a new copy of the page to be moved to
that processor’s cache. In the write-back approach, a memory-write writes to all sites that
have a copy of the page, updating each copy of the affected page. The time delay associ-
ated with processor to processor communication usually makes the write-back approach
too costly. The topic of cache coherency for message passing multiprocessors is examined

thoroughly in chapter 5 of this dissertation.



Chapter 3

The Memory
Performance Model

This chapter presents an innovative approach to the performance evaluation of
hierarchical memory systems. Traditional evaluation techniques of such systems employ
simulation. Simulation is often expensive because it is extremely time consuming and
requires much disk space. The evaluation of such systems is a difficult task without the

use of simulation techniques.

An alternative approach through the use of Markov Chains and state cloning tech-
niques is presented here. The approach is explained and is used in analyzing the perfor-
mance of hierarchical memory systems. This approach could help system designers quan-
tify the cost associated with a particular design while it is still under consideration. It
could also be used to quantify the impact associated with design options, so that compet-

ing alternatives can be compared and a optimal design thus may emerge.

3.1 Overview

When designing or implementing a hierarchical memory system it is always impor-

tant and sometimes vital to quantify the performance of design alternatives. This way,

14
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the system could be optimized and the appropriate design decisions could be made. Hav-
ing a design tool to compare plausible alternatives will no doubt help in evaluating the
appropriate design decisions that can be adopted and lead to an optimal implementation.
Traditional evaluation techniques of such systems employ trace-driven simulation
[Wang88]. Trace-driven simulation is often expensive because it is an extremely time con-
suming process that requires massive amounts of disk storage [Wan89a]. This chapter
presents an alternative method for evaluating the performance of hierarchical memory

systems.

3.2 The Performance Model

In this section, we examine a three level model of memory hierarchy, two levels of
cache and one level of main memory. We assume, for the time being, that each level of
memory utilized contributes one cycle of processing time to the total time required for
memory access. In addition, for our example to be concrete, we further assume some
particular statistics such as for instance that 30% of memory access requests eventually
utilize one level of memory (i.e., the highest level of cache), 45% of all memory access
requests end up utilizing two levels of memory, and the remaining 25% of memory access
requests need all three levels of memory. We now construct a state-transition diagram
which describes this model. Figure 3.1a gives the mapping of hierarchical memory levels
to transition states. State S1 represents the level of memory which is closest to the CPU
This memory level is usually implemented as a very fast cache. State 52 represents the
next memory level, i.e., the higher capacity slower speed cache, which is searched only
when the desired memory location is not resident in the prior level. The last level of
memory, state S3, contains every memory location and is utilized only when a desired

memory location is not present in prior levels. Figure 3.1b shows all possible transitions
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from state S1. The arc from S1 to itself represents 30% of all memory requests which are
serviced in the highest (closest to the CPU) level of memory and thus if a hit is found, the
next memory access attempts to again access this level. The arc from S1 to S2 represents
the remaining 70% (i.e., 45% two-level access and 25% three-level access) of memory
requests that mandate additional levels of memory. Figure 3.1c shows the possible transi-
tions from state S2. The arc from S2 to S1 represents memory access which requires
exactly two levels of memory. This occurs in 45% of all memory access. The arc is given a
probability of .45/.70, which is the probability of level 2 memory requests that only require
level 2. This is equivalent to 45% of all memory requests. The arc from S2 to S3
represents the 25% of the total memory requests which require all three levels of memory
and is labeled with the probability of .25/.70 . It should be noted that a normalization
must be performed (division by .70) so that the sum of the probabilities of all arcs leaving
a given node equals one. Figure 3.1d illustrates the fact that all memory requests that
eventually require memory level 3 are satisfied in that level, no miss condition can occur
in level 3 since level 3 contains all entries. The arc from state S3 to state S1 has a proba-
bility of 1.0 which indicates the fact that no miss can occur in this level. The memory
access is definitely satisfied once this level is reached because, as stated before, all
memory locations reside in this level. The path from S1 to S2 to S3 to S1 contains three
arcs which represents the three cycles or time slices which are required to satisfy a level 3
memory request. This is consistent with our initial assumption that each level of memory
adds one cycle of time and a three level memory request takes three cycles. The actual
path that the memory location would take is to be copied from level 3 to level 2 and then
from level 2 to level 1 where the actual memory reference by the CPU occurs. Figure 3.1e
gives the complete state-transition diagram. It should be noted that state S1 represents

the initial state which all memory requests must go through.
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® ®

States of the model Transitions from state S1
Figure 3.1a Figure 3.1b

X
Transitions from state S2 Transitions from state S3
Figure 3.1c Figure 3.1d

State-transition diagram for a three-level memory hierarchy
Figure 3.1e
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The arcs in figure 3.1e are now explained:

S1 -> S1:

S1 -> S2:

52 -> S1:

S2 -> S3:

S3 -> S1:

The arc from S1 to S1, labeled .30, represents the 30% of all memory access
requests that utilize only one level of memory. The desired memory location
exists in the highest level of memory, i.e., the memory level adjacent to the

CPU.

The arc from S1 to S2, labeled .70, represents the 70% of all memory access
requests that requires more than one level of memory. The desired memory
location does not exist in the highest level of memory, and at least one, if not

more, additional levels of memory are needed.

The arc from 52 to S1, labeled .45/.70, represents the 45% of all memory
access requests that requires exactly two levels of memory. The desired
memory location does not exist in the highest level of memory but does in

the second level of memory.

The arc from S2 to S3, labeled .25/.70, represents the 25% of all memory
access requests that requires more than two levels of memory. The desired

memory location does not exist in the first two levels of memory.

The arc from S3 to S1, labeled 1.0, represents the 100% of all memory level
three requests that does not require any more levels of memory, i.e., all
memory requests that are not satisfied in memory level one or memory level

two, must be satisfied in memory level three.

After constructing the state-transition diagram (see figure 3.1e) our next step in

analyzing the hierarchical memory system is to build a state-transition matrix. This is a

square matrix with # rows and n columns where n is the number of states in the system.

Each element in the matrix is the probability of making a transition from the state associ-

ated with the row (labeled as: “from’’) to the state associated with the column (labeled as:
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““t0”’). The sum of the probabilities in each row of the transition matrix must naturally be
equal to one, since the sum of all transition probabilities from any given state, to all other
states reachable from that given state, must be equal to one. Note that the above does not
preclude a state coming back to itself like state S1 in figure 3.1e. The state-transition

matrix for our three-level memory hierarchy is given in Table 3.1.

FROM TO

S1 S2 S3
S1 0.3 0.7 0.0
S2 .45/.70 0.0 .25/.70
S3 1.0 0.0 0.0

Table 3.1: State-transition matrix for the model of figure 3.1e.

3.3 System Availability

To determine the cache memory system’s performance we need to compute the avai-
lability of the system and its average processing time. Being in state S1 implies that the
hierarchical memory system is available and ready to accept a memory request. This
request may require one, two, or all three levels of memory access. Determination of sys-
tem availability is equivalent to determining the probability of the memory system in the
model depicted earlier being in state S1. Examining the structure in figure 3.1e, the arcs
emanating from all states to a given state are indicative of the probability of being in the
state that the arcs lead into. Thus, for instance a composite sequence corresponding to fig-

ure 3.1e can be written and expressed as in figure 3.2.
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(251.70
S1 Probability S2 Probability S3 Probability
Figure 3.2a Figure 3.2b Figure 3.2¢

From this description, it should thus be clear (see figure 3.2a) that the probability of
the memory access system being in state S1 ( P(S1) ) is equal to .30 times the probability
of the system being in state S1 plus (.45/.70) times the probability of the system being in
state S2 plus 1.0 times the probability of the system being in state S3. This is so, because
when the system is in state 51, 30% of all memory references causes the system to make a
transition back to state S1 (i.e., the memory request is serviced in the highest level of
cache); (45/70)% of memory references when the system is in state S2 brings the system
back to state S1 and all memory references (100%) in state S3 is serviced there without the
need of additional levels of memory. We can now compute the probabilities of the sys-
tem being in states S2 and S3 in exactly the same manner following the structures exhi-

bited in figure 3.2b and 3.2c. Each of the state probabilities is given below.

P(S1) = .3 P(S1) + (.45/.7) P(S2) + P(S3)
P(S2) = .7 P(S1)
P(S3) = (.25/.7) P(S2)

P(Si) represents the probability that the system is in state Si and P(Si) represents the
probability that in the ‘““next state’ the system will be in is the state Si. The ‘‘next-state”
probabilities, given above, describe the probability of being in the next state, assuming we

know the probability of being in the current state. They depict a ““one transition”
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probability. We now solve for the current-state probability of being in state S1 by using
the fact that the next state of the system must be one of the three states of the model.

The sum of the “next-state’” probabilities of all three states must thus equal one.

P(S1) + P(S2) + P(S3) = .3 P(S1) + (.45/.7) P(S2) + P(S3)

+.7 P(S1)
+ (.25/.7) P(S2)

1.0= .3 P(S1) + (.45/.7) (.7) P(S1)
+(.25/.7) (.7) P(S1)
+.7 P(S1)
+(.25/.7) (.7) P(S1)

1.0= 1.95P(S1)

P(S1) = .51282

The solution P(S1) indicates that for this choice of probability parameters the proba-
bility of the system being in state S1 and thus available to immediately process requests is
.51282, The longest wait is 3 cycles and the average wait is 1.95 cycles. This availability,
of the memory hierarchy, can also be solved through state-transition matrix multiplication
as shown below. Let P(i,j) be the probability of making a transition from state i to state j
where i is the state associated with the row and j is the state associated with the column,

then:

0.30000 0.70000 0.00000
P(i,j) = | 0.64286 0.00000 0.35714
1.00000 0.00000 0.00000
P(i,j) is thus the probability of making a transition from state i to state j in the first

cycle. The probability of making a transition from state i to state j after two cycles is:

P(i,j)* and it is equal to the sum of P(i k) * P(k,j) for all states k.

P@i,j)= %P(i,k) *Pk,j) .
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Solving this equation for all i and j is equivalent to the multiplication of the transi-
tion matrix by itself. The probability of making a transition from state i to state j in (m+n)

transitions is given by the Chapman-Kolmogorov equation.

P(i,j)mm = ZP@Ek)™ * Plk,j) .
k

For a complete derivation of the Chapman-Kolmogorov equation refer to [Fell68] or
[Klei75]. In general, the probability of making a transition from state i to state j in n cycles
can be computed by raising the transition matrix to the power of n. The probability of

making a transition from state i to state j after 2 cycles is given below as:

0.54000 0.21000 0.25000
P(i,j)* = | 0.55000 0.45000 0.00000
0.30000 0.70000 0.00000

The system stabilizes to within 5 significant decimal places after 22 cycles, i.e., the
difference between P(i,j)** and P(i,j)® is less than 0.000005 for all i and j. Systems which
stabilize in this manner are known as regular [Varg62]. When the system stabilizes, a
row of this matrix will form a left eigenvector of the initial transition matrix with eigen-
value 1 [Sene73]. This can be used as a check to ensure that the correct answer is com-

puted.

0.51282 0.35897 0.12821
P(@i,j)® = {0.51282 0.35897 0.12821
0.51282 0.35897 0.12821

These are the “next-state” probabilities of the system which remain (almost) con-
stant for any further number of cycles, or powers of the transition matrix, i.e., cycles that
are greater than 22. When the next-state probabilities become constant, they are referred

‘toas the steady-state probabilities. If the steady-state probabilities of making a transition

to a given state j are the same from all states i, then that probability are the current-state
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probability of state j. Note that we arrive at the same current-state probability for state S1
as when we solved for the current-state probability using the next-state probability equa-

tions.

3.4 Modeling Non-Equal Fixed Delays

In the prior example we examined a multilevel memory hierarchy where each level
of the memory hierarchy had an equal processing time or delay of one cycle. We now
analyze a much more complicated situation, a system with non-equal processing time,
i.e., the delay contributed by each level of the memory hierarchy could be different. For
the purpose of comparison, we modify the example given in the previous section and add
an additional delay to two of the memory levels. Our example, as before, consists of
three levels of memory modules which are labeled as L1, L2, and L3, corresponding to
states: S1, S2, and S3 respectively. If we assume that levels L2 and L3 have a processing
time of two cycles each and L1 still has a processing times of 1 cycle, then our new sys-
tem processes 30% of memory access requests in one cycle, 45% of all memory access
requests in three cycles and 25% of all memory requests in five cycles. Note, when we
utilize level L3 of the memory system we must also utilize level L2 and Level L1. In our
memory system, level L1 is used by all requests, level L2 is used by the remaining 70%
(45% + 25%) of all memory requests and level L3 is only used by 25% of all memory
requests. In order to solve for the system availability of the new memory system we
must first clone states S2 and S3 in order to represent the additional delay unit needed in

each of these states.

Figure 3.3a shows state 52, before cloning, with all state 52 entry and exit arcs. In
figure 3.3b state S2 is split into two states, 52a and S2b, connected by an arc, labeled 1.0.

The arc connecting states S2a and S2b represents the additional time unit incurred by all
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memory references that utilize level L2 of memory. Since a probability of 1.0 is assigned

to the S2a-S2b arc, all transitions that enter S2a must next enter S2b. For this reason, all

arcs entering the initial state S2, in figure 3.3a, must now enter state S2a as shown in fig-

ure 3.3c. Also for the same reason stated above, all arcs initially exiting from the original

state S2 must now exit from the new state S2b. The complete cloning of state S2 into

states S2a and S2b is given in figure 3.3d.

.45/.70
51 5 S2
(25/.70
Figure 3.3a

State S2 Before Fixed Clone

.70

@b@

Figure 3.3c

State S2 With Proper Input

Figure 3.3b
State S2 After State Split

Figure 3.3d
State S2 After Fixed Delay Clone

State S3 is cloned into S3a and S3b as show in figure 3.4. States S2 and S3 were

cloned since they are the states that underwent the change from the old one cycle



processing time to the current two cycles of processing time.

Figure 3.4: Cloning of states S2 and S3.

The arcs in figure 3.4 are now explained:

S1 -> S1:

S1 -> S2a:

S2a -> S2b:

S2b -> S1:

The arc from S1 to S1, labeled .30, represents the 30% of all memory access
requests that utilize only one level of memory. The desired memory location
exists in the highest level of memory, i.e., the memory level adjacent to the

CPU.

The arc from S1 to S2a, labeled .70, represents the 70% of all memory access
requests that require more than one level of memory. The desired memory
location does not exist in the highest level of memory, and at least one, if not

more, additional levels of memory are needed.

The arc from S2a to S2b, labeled 1.0, represents 100% (all) of memory level
L2 requests that are delayed for two time units in memory level L2.
The arc from S2b to S1, labeled .45/.70, represents the 45% of all memory

access requests that require exactly two levels of memory. These memory

requests are delayed for exactly three units of time, one in memory level L1



S2b > S3a:

S3a -> S3b:

S3b -> S1:
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and two in memory level L2. The desired memory location does not exist in

the highest level of memory but does in the second level of memory.

The arc from S2b to S3a, labeled .25/.70, represents the 25% of all memory
access requests that require more than two levels of memory. The desired

memory location does not exist in the first two levels of memory.

The arc from S3a to S3b, labeled 1.0, represents 100% of all memory level L3

memory requests that are delayed for two time units in memory level L3.

The arc from S3b to S1, labeled 1.0, represents 100% of all memory level L3
requests that does not require any more levels memory, i.e., all memory
requests that are not satisfied in memory level L1 or memory level L2, must
be satisfied in memory level L3. These memory requests are delayed for
exactly five units of time, one in memory level L1, two in memory level L2,

and three in memory level L3.

When splitting (cloning) states, it is important that we have the appropriate number

of arcs per path for all feasible paths. The actual delay is modeled by the number of arcs

that a path

through the memory system uses. Note that in figure 3.4. we may traverse

three arcs in order to go from state S1 back to state S1; for example, we may traverse

through states S2a and S2b, i.e., corresponding to a case when utilizing levels L2 and L1

only. These three arcs represent the two unit delay incurred in level L2 and the one unit

delay incurred in level L1. The same reasoning applies for the five arcs traversed when

utilizing level L3 (i.e., 51-52a-52b-S3a-53b-51.) Table 3.2. gives the state transition matrix

associated with the new system model.
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FROM TO

S1 S2a  S2b S3a S3b
S 0.3 0.7 0.0 0.0 0.0
S2a 0.0 0.0 1.0 0.0 0.0
S2b .45/.70 0.0 0.0 .25/.70 0.0
S3a 0.0 0.0 0.0 0.0 1.0
$3b 1.0 0.0 0.0 0.0 0.0

Table 3.2: State-transition matrix for the model of figure 3.4.

The next-state probability equations of the new system model are given below:

B(S1) = .3 P(S1) + (.45/.7) P(S2b) + P(S3b)

P(S2a) = .7 P(S1)
P(S2b) = P(S2a)

P(S3a) = (.25/.7) P(S2b)
P(S3b) = P(S3a)

As before, P(Si) and P (Si) represent the current and next state probabilities respec-

tively. The current-state probability of the system being in state S1 is .34483 as seen from

the derivation that follows.

P(S1) + P(S2a) + P(S2b) + P(S3a) + P(3b)
= .3 P(S1) + (.45/.7) P(S2b) + P(S3b)

+.7 P(S1)
+ P(S2a)
+ (.25/.7) P(S2b)
+ P(S3a)

1.0 = .3 P(S1) + (.45.7) (.7) P(S1)

+ (.251.7) (.7) P(S1)
+.7 P(S1)
+.7 P(S1)
+ (.251.7) (.7) P(S1)
+(.:251.7) (.7) P(S1)
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1.0= 2.90 P(S1)

P(S1) = .34483

We can now see from these results that our modified system, with an extra delay
unit in levels L2 and L3, has an availability rating of 34.483% compared with the availabil-
ity rating of 51.282% in the previous system. These results are consistent with what one
might expect. The modified system has an extra delay in two levels of memory and thus
a lower availability rating. A more realistic scenario would be possible by, perhaps, mak-
ing some or all of the levels in the memory hierarchy function more efficiently, so that
one or more of the memory levels is utilized less frequently. This added efficiency, for
example, could be a better page replacement algorithm or possibility increasing the size of
a memory level which in turn increases that level’s hit ratio. The efficiency could also be
in the form of changing a cache so instead of direct mapping to include fully associative,
or better set associative mappings, thus making the given level less frequently accessed.
Unfortunately this efficiency which might reduce the number of times a memory level is

required, could also increase the delay encountered when a memory level is accessed.

For example, we examine a situation where more logic is added to level L3. This
additional logic forces that level to take twice as long when it is processed, but on the
other hand it may change the probabilities in such a way that it is needed in only 10% of
all memory access requests as opposed to the 25% that was previously required. The rest
of the old level L3 requests are now serviced in level L2. In conclusion, we now have the
same 30% of all requests serviced in level L1, as before, 60% of the requests being ser-
viced in level L2 and 10% of the requests serviced in level L3. Would this system be a
better designed one from a system availability point of view? Figure 3.5 gives the state

transition diagram of this newly modified system.
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.61.7

Figure 3.5: A modified 3 level memory hierarchy

The arcs in figure 3.5 are now explained:

61 -> S1:

S1 -> S2:

S2 -> S1:

62 -> S3a:

The arc from S1 to S1, labeled .30, represents the 30% of all memory access
requests that utilize only one level of memory. The desired memory location
exists in the highest level of memory, i.e., the memory level adjacent to the

CPU.

The arc from S1 to S2, labeled .7, represents the 70% of all memory access
requests that require more than one level of memory. The desired memory
location does not exist in the highest level of memory, and at least one if not

more, additional levels of memory are needed.

The arc from 52 to S1, labeled .6/.7, represents the 60% of all memory access
requests that requires exactly two levels of memory. The desired memory
location does not exist in the highest level of memory but does in the second

level of memory.

The arc from S2 to S3a, labeled .1/.7, represents the 10% of all memory access
requests that requires more than two levels of memory. The desired memory

location does not exist in either of the first two levels of memory.
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S3a -> S3b: The arc from S3a to S3b, labeled 1.0, represents 100% of all memory level L3
memory requests that is delayed for at least two time units in memory level

L3.

S3b -> S1: The arc from S3b to S1, labeled 1.0,-represents 100% of all memory level L3
requests that does not require any more levels of memory, i.e., ail memory
requests that are not satisfied in memory level L1 or memory level L2, must
be satisfied in memory level L3. These memory requests are delayed for
exactly four units of time, one in memory level L1, one in memory level L2,

and two in memory level L3.

Table 3.3 below gives the state-transition matrix for this modified system as seen in

figure 3.5.

FROM TO

S1 52 S3a__ S3b
S1 0.3 0.7 0.0 0.0
52 6.7 0.0 .1.7 0.0
S3a 0.0 0.0 0.0 1.0
S3b 1.0 0.0 0.0 0.0

Table 3.3: State-transition matrix for the model of figure 3.5.

The next-state probability equations of the ‘next-state’” / “‘current-state’’ relationship

for the modified system are given below:

P(S1) =.3P(S1) + (.6/.7) P(S2) + P(S3b)
P(S2) =.7P(51)

P(S3a) = (.1.7) P(S2)

P(S3b) = P(S3a)
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We can now solve for the current-state probability of the system being in state S1,

noting that the sum of all “next-state’ probabilities must be equal to one.

P(S1) + P(S2) + P(S3a) + P(S3b) = .3 P(S1) + (.6/.7) P(S2)
+ P(S3b)
+.7 P(S1)
+ (.11.7) P(S2)
+ P(S3b)

1.0 = .3 P(S1) + (.6/.7) (.7) P(S1)

+ (11.7) (.7) P(S1)
+.7 P(S1)

+ (.11.7) (.7) P(S1)
+ (.1.7) (.7) P(S1)

1.0 = 1.90 P(S1)

P(S1) = .52632

After solving the modified system for P(S1) we find that our system’s availability rat-
ing is now 52.632%. This is an even better availability rating than the 51.282% for the ori-
ginal system. This is again consistent with what one would expect, since even though
the system is incurring twice the delay in level L3 it uses L3 for less than half of the origi-

nal level L3 requests.

3.5 Modeling Variable Delays

We now examine a potential design decision that could have been made during the
building of the first model of the system we have analyzed. Assume that there is a possi-
bility of adding more logic, e.g. in the form of perhaps a better page replacement algo-
rithm that improves the hit ratio, in such a way that the number of requests that require
level L3 is reduced by 80%, but each time that this level is required it may take as long as

three cycles of processing time to satisfy the request. More precisely, it requires one,
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two, and three cycles to service 50%, 25%, and 25% of level L3 requests, respectively.
Unfortunately, in order to reduce the number of times that level L3 is needed, level L2
requires an additional cycle in 25% of all requests that need to utilize this level L2.
Should we add this additionai logic to the system? How much better, if at all, would this
new and improved system be? In order to answer these questions one must either have a
simulation or a more refined model as the one presented in this chapter. We start by
building a state transition diagram with three states, one for each memory access level.
These states are labeled: S1, S2, and S3, corresponding to levels L1, L2, and L3 respec-
tively. State S3 must be cloned into three states S3a, S3b, and S3c to represent delays of
one, two, and three processing cycles respectively as mandated by the proposed modifica-
tion. State 52 must also be cloned into two states, as it may require one or two processing
cycles. Figure 3.6 shows the cloning process for state S2. Figure 3.6a shows state S2
before cloning, and figure 3.6b shows state S2 cloned into two states with a fixed delay.
Notice that all original entry points into state S2 enter through the first occurrence of the
cloned S2 states, which is 52a, and all original exit points of state S2 leave from the last
clone of that state, which is state S2b. For a fixed delay clone there is a single arc between
clones with a probability of one. In a variable delay clone, the arc between clones could
have a probability of less than one, but in these cases the excess of one over that probabil-
ity must be made up in a prior state. In figure 3.6c we show that a probability of 0.25 con-
nects state S2a to S2b, therefore the excess of 1 over 0.25, i.e., 1.0 - .25 = 0.75, must be
made up in state S2a via exit arcs. It should be stressed that the excess must be distri-

buted in exactly the same proportion as the original exit points of the state before cloning.
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70 .65/.7(1-.25)
65/.70 05/.7(1-.25)
05/.70
Before cloning Fixed delay clene Variable delay clone
Figure 3.6a Figure 3.6b Figure 3.6¢

State S3 of figure 3.6 is cloned in the same manner as state S2 of figure 3.6¢c, with
the exception that state S3 is cloned into three states to represent a maximum delay of
three. The probabilities assigned to the arcs from state S3 clones are now explained. The
S3a to S1 arc represent the 50% of S3 requests that only require one cycle. The S3a to S3b
arc represents the other 50% of S3 requests that require more than one cycle. The arc from
S3b to S1 represents the 25% of all S3 requests that require exactly two cycles. This arc is
given a probability of .5 (.5 of the S3b requests). Recall that S3b requests are .5 of S3a
requests. This equates to .25 of the total S3 requests. The arc from S3b to S3c represent
the 25% of S3 requests that require more than two cycles of processing. The S3c to S1 arc
represents the S3c requests, they require only three cycles of processing. This arc from
S3¢ to S1 is given a probability of 1.0 since three cycles is the maximum processing time
that state S3 could use. Figure 3.7 gives the complete state-transition diagram for this

new variable delay system.
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Figure 3.7: Variable Delay System

The arcs in figure 3.7 are now explained:

S1 -> S1:

S1 -> S2a:

S2a -> S1:

The arc from S1 to S1, labeled .30, represents the 30% of all memory access
requests that utilize only one level of memory. The desired memory location
exists in the highest level of memory, i.e., the memory level adjacent to the

CPU.

The arc from S1 to S2a, labeled .70, represents the 70% of all memory access
requests that requires more than one level of memory. The desired memory
location does not exist in the highest level of memory, and at least one, if not

more, additional levels of memory are needed.

The arc from S2a to S1, labeled .65/.7(1-.25), represents the memory requests
that only requires two levels of memory and encounters only one of two pos-
sible units of time delay in memory level L2. The probability for this arc has
two components, the .65/.7 component represents the 65% of all memory

requests that require exactly two levels of memory and the (1-.25) component



S2a -> S2b:

S2a -> S3a:

S2b -> S1:

S2b -> S3a:

S3a -> S1:
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represents the 75% of memory level L2 requests that requires only one of two
possible units of time delay. These memory requests are delayed for two
units of time, one in memory level L1, and only one in the variable time

delay memory level L2.

The arc from S2a to S2b, labeled .25, represents the 25% of memory level L2

requests that requires two units of time for processing in memory level L2.

The arc from S2a to S3a, labeled .05/.7(1-.25), represents the memory requests
that requires more than two levels of memory and encounters only one of
two possible units of time delay in memory level L2. The probability for this
arc has two components, the .05/.7 component represents the 5% of all
memory requests that require more than two levels of memory and the (1-.25)
component represents the 75% of memory level L2 requests that requires

only one of two possible units of time delay.

The arc from S2b to S1, labeled .65/.7, represents the memory requests that
require exactly two levels of memory and encounter both units of time delay
in memory level L2. The probability assigned to the arc, .65/.7 is that of the
original probability, before cloning, of making a transition from S2 to Sl.
These memory requests are delayed for three units of time, one in memory

level L1, and two in the variable time delay memory level L2.

The arc from S2b to S3a, labeled .05/.7, represents the memory requests that
require more than two levels of memory. The probability assigned to the arc,
.05/.7 is that of the original probability, before cloning, of making a transition

from S2 to S3.

The arc from S3a to S1, labeled .5, represents the 50% of memory level L3

requests that requires only one of three possible units of time delay.
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S3a -> S3b: The arc from S3a to S3b, labeled .5, represents the 50% of memory level L3

requests that requires more than one of three possible units of time delay.

S3b -> S1: The arc from S3b to S1, labeled .5, represents the 25% (50% of 50%) of
memory level L3 requests that requires exactly two of three possible units of
time delay.

S3b -> S3c: The arc from S3b to S3c, labeled .5, represents the 25% (50% of 50%) of
memory level L3 requests that requires more than two of three possible units
of time delay.

S3c -> S1: The arc from S3c to S1, labeled 1.0, represents the 100% of memory level L3
requests that requires no more than three units of delay in memory level L3.

This is the maximum delay that can be encounter in memory level L3.

The state-transition table for this system is given in Table 3.4.

FROM TO

S1 S2a S2b S3a S3b s3c
s1 0.3 0.7 0.0 0.0 0.0 0.0

S2a (.65.70).75 0.0 .25 (.05.70).75 0.0 0.0

S2b (.65/.70) 0.0 0.0 (.05/.70) 0.0 0.0
S3a 0.5 0.0 0.0 0.0 0.5 0.0
S3b 0.5 0.0 0.0 0.0 0.0 05
S3c 1.0 0.0 0.0 0.0 0.0 0.0

_ Table 3.4: State-transition matrix for the model of figure 3.7.

The next-state probability equations of the variable time delay system are given

below:
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P(S1) = .3 P(S1) + (.65/.7)(.75) P(S2a) + (.65/.7) P(S2b)
+ .5 P(S3a) + .5 P(S3b) + P(S3c)

P(S2a) = .7 P(S1)

B(S2b) = .25 P(S2a)

P(S3a) = (.05/.7)(.75) P(S2a) + (.05/.7) P(S2b)

P(S3b) = .5 P(S3a)

P(S3c) = .5 P(S3b)

Each of the next-state probabilities can also be given in terms of the current-state

probability of P(S1) as below:

B(S2a) = .7 P(S1)

B(S2b) = (.25)(.7) P(S1)
= 175 P(S1)

P(S3a) = (.05/.7)(.75)(.7) P(S1) + (.05/.7)(.25)(.7) P(S1)
= .05 P(S1)

B(S3b) = (.5)(.05) P(S1) = .025 P(S1)

B(S3c) = (.5)(.05)(.05) P(S1) = .0125 P(S1)

We can now solve for the current-state probability of the system being in state S1 as

shown below:

P(S1) + P(S2a) + P(S2b) + B(S3a) + P(S3b) + P(S3c)
= .3 P(S1) + (.65/.7)(.75) P(S2a) + (.65/.7) P(S2b)
+ .5 P(S3a) + .5 P(S3b) + P(S3c)
+.7 P(S1)
+ .25 P(S2a)
+ (.05/.7)(.75) P(S2a) + (.05/.7) P(S2b)
+ .5 P(S3a)
+ .5 P(S3b)

1.0 = .3 P(S1) + (.65/.7)(.75)(.7) P(S1)
+ (.65/.7)(.175) P(S1)
+ (.:5)(.05) P(S1) + (.5)(.025) P(S1) + (.0125)P(S1)
+.7 P(S1)
+ (.25)(.7) P(S1)
+ (.05/.7)(.75)(.7) P(S1) + (.05/.7)(.175) P(S1)
+ (.5)(.05) P(S1)
+ (.5)(.025) P(S1)

1.0 = 1.9625 P(S1)

P(S1) = .50955
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After solving the for the current-state probability of the system being in state S1, we
find that the availability rating is 50.955%. Thus, this last design does not perform as effi-
ciently as the original one, and the modification was obviously a bad rather than a good
design decision. If by chance, level L2 required an additional cycle in only 20%, as
opposed to 25%, of the original level L2 memory requests, the availability rating of the
system would be increased to 51.881%. The actual computation is left to the interested

reader as an exercise. In this case, the modification could be a good design decision.

3.6 Summary

This chapter presents a novel approach that can act as an alternative or complement
to simulation. This approach enjoys a definite improvement over simulati )n by allowing
one to use analytical tools that pure simulation does not offer. Even though the discus-
sion and examples pertained to memory systems, the model is by no means constrained -
to this application. This model can be used on a broad spectrum of similar problems with
ease and similar success. A theoretical approach is superior to pure simulation, not only
because it yields a closed-form solution but it also provides an alternative avenue of solu-

tion.



Chapter 4

Shared-Virtual-Memory

This chapter defines the concept of shared-virtual-memory in large scale parallel pro-
cessing super-computers. Memory coherence in this context is also defined and algo-

rithms for implementing shared-virtuai-memory are given.

4.1 QOverview

Most super-computers today are, in one form or another, a collection of many
micro-computers. These micro-computers are usually housed in a single local physical
unit with a high-speed communication channel which connects these micro-computers
together. Each micro-computer works either independently or in parallel with other
micro-computers of the system, in processing a sub-task of a possibly large problem.
Each micro-computer is a completely independent computer, that in one possible confi-
guration comes with its own private memory. The Intel IPC860 super-computer, for
instance, is a collection of RISC type i860 micro-computers, connected together in a
hypercube network. Each node in the hypercube is thus an independent computer which
communicates with other nodes (computers) via exchanging communication messages.

This type of parallel computer is commonly referred to as a Multiple Instruction Multiple

39
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Data (MIMD) computer. Each processing element can run a different set of application
instructions with different data sets (streams). In general, computers may be classified as
belonging to one of four different categories [Flyn86]. These categories are 1) Single-
Instruction Single-Data (SISD), 2) Single-Instruction Multiple-Data (SIMD), 3) Multiple-

Instruction Single-Data (MISD), and 4) Multiple-Instruction Multiple-Data (MIMD).

1) A SISD computer is a single processor that operates in a sequential manner on a
single data stream. Computer instructions may be pipelined as well and some
processing may be concurrently executed in different sites of the system. This
pipeline processing is usually that of instruction fetch, instruction decode, and
instruction execute. SISD is the most common form of computer architecture

used today.

(2 SIMD computers process the same single instruction on multiple and different
pieces of data. Each data is usually processed on a different processor. This type
of computer is sometime referred to as an array processor. Each processing ele-
ment, in the array, is under the control of a centralized single control unit. This
control unit controls all processors, which in-turn executes a single instruction on

different data structures.

3) MISD computers also have many processing units, but this time many different
instructions operate on the same single piece of data. The processors are usually
set up as a pipe in the sense that the output data of one processor can become the

input data of the next processor.

4) MIMD computers have multiple processors as well, each one of which can operate
independently of each other and on different data. About the only distinction
between a MIMD computer and several SISD computers is in the communication

links between the processors, the speed of the communication links, and the
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method for loading data and programs into the processors. Most MIMD proces-
sors have a single resource manager which allocates resources or loads data and

programs into the processors.

For more information on the architectural classification of computers the reader may refer

to [Hwan84].

4.2 Software Development

The application development for MIMD computers requires the explicit decomposi-
tion of a problem into tasks that can be performed in parallel. The synchronization of
these parallel tasks must also be explicitly developed for the particular application. Once
this decomposition is accomplished these tasks must be coordinated via some form of
inter-processor communication. For more information on the decomposing systems into
modules the reader should refer to [Parn72]. Currently, on most MIMD computers, mes-
sage passing is the only available form of inter-processor communication. The develop-
ment of applications for parallel computers can be a difficult task. To simplify this task,
shared memory can be used as an alternative form of inter-processor communication, as

explained in the sequel.

Since each processor in this particular configuration has its own separate physical
memory, the shared-memory-system must be implemented as virtual memory. In a tradi-
tional sense, virtual memory refers to memory which appears to be larger the the actual
physical memory. The address space of main memory is extended through the use of
secondary memory. This secondary memory is usually built around different (cheaper)
technology such as disk memory. Unfortunately disk memory is substantially slower than
main memory. The larger disk memory is copied into main memory, a page at a time

upon request depending on the page replacement algorithm employed. This hopefully
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allows most memory access to take place at the speed of fhe smaller but faster main
memory and at a cost closer to that of the cheaper larger capacity disk memory. Shared-
virtual-memory can be virtual from the traditional sense, of having a larger address space
than the aftual physical memory, and/or virtual from the ”“shared” sense. Being virtual
from the shared sense means that memory, private to one processor, appears to be global
memory to all other processors. Figure 4.1 gives an example of two CPU’s each one with
its own private memory, and figure 4.2 gives an example of two CPU’s with a global

shared memory.

Private Memory Private Memory

CPU CPU

Figure 4.1: CPU’s With Private Attached Memory

CPU CPU

|

Global Memory

Figure 4.2: CPU’s With Global Memory.
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A shared-virtual-memory system transforms a system from an architecture similar to
that of figure 4.1 into the behavior of a system whose architecture is that of figure 4.2.
Even though the shared-virtual-memory system would use the message passing interface,
this interface is naturally transparent to the programmer. The implementation chosen for
a shared-virtual-memory system would affect the performance of an application. Several
alternatives could be chosen when implementing a shared-virtual-memory system. This
chapter presents some of those alternatives. The next chapter presents and explains a

tool to choose the best implementation of a shared-virtual-memory system.

4.3 Memory Coherence

Memory is said to be coherent if the contents of a memory location returned from a
read instruction is that of the most recent write to that location or, in other words, no
stale data exists in the memory system. The implementation of shared-virtual-memory of
a multiprocessor system must thus ensure memory coherency. Maintaining memory
coherency could be a problem when multiple copies of the same memory location exist in
different sets of processors each with its private attached local memory. This memory
coherency problem may be even more complex if processors have their own private cache
memories. If one instance of a memory location that resides in multiple memory banks is
changed, the shared-virtual-memory system must insure that all other instances of that
memory location are either updated or invalidated. One possible implementation of
shared-virtual-memory that guarantees memory coherency is to allow only one instance of
a memory location to exist. This approach, of a single instance of memory locations,
could be accomplished by keeping the memory location fixed on a given processor or by
letting the memory location migrate from processor to processor. A read or write opera-

tion in a single instance memory implementation first has to identify the physical memory
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to which it should reference. Once the physical memory is identified, the actual opera-
tion is executed by the processor attached to that memory bank. Processor to processor
communication would take place for read or write memory operations to memory loca-
tions that are not local. The communication overhead along with the additional CPU
interrupts needed to perform a memory access associated with this implementation would
be prohibitive. A more realistic implementation would be to allow memory locations to
coexist on all processors as needed. In other words, to let every processor keep a copy of
a desired memory location in its own local attached memory. This later implementation
would be very similar to that of cache memory. In essence, each physical memory could
be viewed as a cache or window into a much larger global memory. If a memory location
can coexist in the attached local memory of multiple processors, then each write would
require either a write to all current instances of that locations or invalidate all other copies
and writing to the one local copy. The memory location might not exist locally, in which

case a copy must be made before invalidation of other locations takes place.

4.4 Shared-Virtual-Memory

In a shared-virtual-memory system each page of memory must have a owner. It is
the task of the owner to keep the page locally and send copies to other processors that
request read access. If a processor requests write access to a page, the current owner
must give up ownership of the page and pass the ownership to the requesting processor.
When a new processor takes ownership of a page by virtue of a write operation, all other
copies of the page must be invalidated. Ownership is transferred when a write operation
is requested by a processor which is not the current owner. In order to maintain memory
coherency, only one copy of a page can exist when write access is present. When read

access is requested for a page which is currently reserved for writing, write access to that
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page must be disallowed. The owner of the page, i.e., the processor who currently has
the page with writing privileges, changes the access of the page to “read only”. It is this
“read only” copy which is given to the requesting processor. Now, as a result of the
above explained scenario, multiple “read only” copies of the page exist, a copy for each
requesting processor. One on the processor that originally had the write access, which
was subsequently changed to “read only”, and one copy on the processor that requested
the “read” access. Note that many “read only” copies of the page can simultaneously
exist while only one write copy of a page can exist at any given point in time. Whenever
a write access is requested to a page, all other copies of that page must be invalidated.
The task of distributing pages for read requests is the obligation of the owner. The task of
keeping track of who currently owns a page is that of the shared-virtual-memory
manager. The above manager must also keep track of which processors memory
currently has a copy of the page, it is also the manager’s job to invalidate pages when a

write request is received.

4.5 Shared-Virtual-Memory Algorithms

In this section we examine shared-virtual-memory algorithms on loosely-coupled
parallel processing systems. Processors are defined as being loosely-coupled if they do
not physically share any memory but can access each others memory through interrupts
or requests. Two processors physically share memory if they can both access a single
memory location each through a single instruction. When two processors physically
share memory they are considered to be tightly coupled. Most shared-virtual-memory
algorithms for loosely-coupled parallel processing systems are based upon the concept
described in the earlier section, where each page has an owner and manager. Algorithms

for shared-virtual-memory differ mostly in the management of the pages. The manager
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can be centralized, where one processor manages all pages. This type of algorithm is sim-
ple to implement but does not perform well and is susceptible to failure of the centralized
manager. The reason for the poor performance of the centralized manager algorithm is
due to massive amounts of communication traffic to and from the centralized manager.
The centralized manager must also spend much CPU time keeping track of all pages in
the system, which is another factor contributing to the reduced effectiveness of this algo-
rithm. A better algorithm would thus be to have a distributed page manager. This way,
communication traffic and page maintenance processing can be distributed across all pro-
cessors in the system. A distributed page manager would also increase the robustness of
the system by reducing the vulnerability to failure of the one single centralized processor.
The distribution of the managers task can be done on a static or dynamic basis. In a static
implementation, each processor is given a predetermined set of pages to manage. When
a processor executes a read or write instruction for a memory location that does not
currently exist in local attached memory, a page fault occurs. The page fault handler
determines which processor is currently acting as the manager of the page and then
requests that page from the manager. The manager would then relay this request to the

owner of the page for proper response.

4.6 An Example Shared-Virtual-Memory Algorithm

In this section a shared-virtual-memory algorithm is developed. This algorithm is
used for developing the shared-virtual-memory performance model in chapter 5. Two
sets of data structures are needed, one set exists on all processors in the system and the
other set only exists on page manager processors. The data structure maintained by the
page manager store the current owner of a page, the current set of processors that have a

copy of the page, and a lock field for synchronizing the access to this structure. The page
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manager has one of these structures for every page of shared-virtual-memory that it
manages. Each processor in the system maintains a data structure for each page of
shared-virtual-memory that currently resides in its local attached memory. This data
structure contains the allowed access of the corresponding page, and a lock field for syn-
chronizing the access to this structure. The access for a page can either be “read-only”,
“read-write”, or “invalid”. The invalid access could also be viewed as a free entry in the
page table. If there is a physical page of memory for every entry in the page table, this

invalid access code can also be viewed as a marker for a free page of memory.

The actual details of the algorithm is given in four separate parts; the “read fault
handler”, the “page manager”, the "page server”, and the “write fault handler”. Each of

these separate but interacting parts are explained below:

1) The Read Fault Handler,

A read fault handler resides on every processor in the shared-virtual-memory sys-
tem. When a read fault occurs, i.e., a processor executes a read instruction for a
memory location that does not currently exist in local attached memory, the read
fault handler obtains a copy of the page with the desired inemory location. This
is accomplished by contacting the manager of the required page and requesting a
read-only copy of the page. When a read-only copy of the page is obtained, the

page is marked read-only in the page table of the faulting processor.

(2) The Page Manager.

There is one and only one page manager for each page of shared-virtual memory.
There may be one page manager for all pages in the system, i.e., centralized

manager implementation, or in a distributed implementation there may be multi-
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ple page managers, where each page manager manages a group or set of pages.
Different pages may be managed by page managers residing on different proces-
sors. When a page manager receives a request for a read-only page, i.e., a read
fault has occurred, the page manager updates the data structure which contains a
list of all processors which have a copy of the page to include the new requesting
processor. A message is then sent by the page manager to the owner of the page.
This messages directs the owner of the page to mark the page as “read-only” in
the owner’s page table and to send a copy of that page to the requesting proces-
sor. The page manager always know which processor is currently the owner of a
page and which processors currently have copies of a page. If the page was
requested for writing, i.e., a write fault has occurred, the page manage sends a
page invalidation message to each processor which currently has a copy of the
page. The page manager then updates its data structure to set the requesting pro-
cessor as the new owner and also set the list of processors which currently have a

copy of the page to be only the owner.

The Page Server

The page server for a particular page resides on the processor which currently
owns the page and it is the page servers function to distribute pages when
needed. Requests for pages made by other processors are usually received from
the manager of a particular page, to send the mentioned page to a requesting pro-
cessor. If the processor is requesting the page for reading, the server marks the
page as read-only in its own page table and sends out a copy of the page. If the
request is for a read-write page, the server marks the page locally as invalid and
sends out a copy of the. page. For read-write pages, the server relinquishes con-

trol of the page and the requesting processor now owns the page and becomes the
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new page server for that page.

4) The Write Fault Handler.

The write fault handler, like the read fault handler, resides on every processor of
the shared-virtual-memory system. The write fault handler is called upon when a
processor executes a write instruction for a memory location that either does not
currently exist in local attached memory, or the page in which the memory loca-
tion resides is there but marked as read only. In either case, a request must be
made to the manager of the page. When the page is requested for writing, the

requesting processor becomes the new owner of the page.

As stated earlier, there could be one or many page managers. If there were only one cen-
tralized page manager which resides on one processor in the system, there would be
much communication traffic to and from this processor. This single page manager proces-
sor would also be penalized by having less processing time for jobs other than page-
maintenance, while maintaining all pages in the system. For these two reasons a single
centralized page manager is not the most efficient solution for maintaining cache
coherency. It also suffers from a problem of all centralized systems which is the vulnera-
bility to failure of the centralized controller, any such failure of the centralized controller
is catastrophic. In any event, a more efficient page management method would be to dis-

tribute the task of the page manager across multiple processors in the system.

4.7 A More Efficient Page Manager

Shared-virtual-memory algorithms can be implemented with a centralized or distri-
buted page manager. Centralized page management algorithms have insufficiencies, such

as those explained in the previous section, which limit there usefulness. Distributing the



50

function of the page manager provides a more efficient utilization of the overall resources
in the system. Distributed page managers can be implemented on a static or dynamic
basis. Static page managers have the pages which they manage defined during system
initialization. These pages remain the responsibility of that manager until they are manu-
ally changed and the system is re-initialized. Each processor, during the initialization
phase in the shared-virtual-memory system, receives a mapping of pages to page
managers. This mapping is used for a table look-up when a processor encounters a
memory access fault. Static page assignments may perform well for one application but
poorly for another. If the pages are assigned to processors for management dynamically
then the page assignments can be constantly adjusted. This allows the algorithm to per-

form well for a larger set of applications.

A dynamic distributed page manager can be implemented with only minor modifica-
tions to the static distributed system. These modifications address the task of how to find
the page manager. One algorithm that could be used for finding page managers, is to
start as if it were static and update tables each time a page manager is changed. This
method could require many unused table updates. A modification to this algorithm
would be to only update tables when access to the page manager is needed. This would
eliminate the unused table updates, but add additional delays when first sending a
request to a page manager. In the next chapter these additional delays, which are vari-

able in nature, are discussed in detail.

One last performance improvement to the dynamic distributed page manager algo-
rithm is to move the task of the page manager to the owner. In the static or centralized
algorithms, each processors always knew the location of the page manager for every page
and the page manager always knew the location of the owner. There was a definite need

for the page manager, i.e., to find the owner. We now find the processors searching for
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the page manager, why not let them search for the owner? Combining the page manager

and page owner functions provides for the most efficient general purpose algorithm.



Chapter 5

Performance Analysis
Of Shared-Virtual-Memory

This chapter presents the necessary methodology for analytically analyzing the per-

formance of shared-virtual-memory in large scale parallel processing super-computers.

5.1 Shared-Virtual-Memory Access: Read Or Write

The first part of this chapter examines the shared-virtual-memory algorithm given in
section 4.6 of the previous chapter. The read and write operations are examined
separately with the examination of the read operation first. The distinction between a
read and write operation is that read operation can always function if the page that con-
tains the desired address is present in a processor’s local attached memory. This is true
regardless of whether the page is “read-only” or “read-write”. On the other hand, for a
write operation to take place, the page which contains the desired write location must
have “read-write” access, as opposed to just the mere existence of a page in the

processor’s local attached memory for a successful read operation.

52
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5.2 A Model For A Shared-Virtual-Memory Read

When a read fault occurs, i.e., the desired memory location is not currently present
in the processor’s local attached memory, the faulting processor, i.e., the processor creat-
ing this fault, must request a copy of the page from the page manager. It should be
noted, the faulting processor could also be the page manager, in which case the request to
the page manager would be trivial. This request is considered a trivial request since it
would not require any inter-processor communication to take place. Once the page
manager receives the request for the page, it must ascertain which processor is currently
the required owner. When the owner processor is determined, the page manager for-
wards the request for a copy of the page, to the page owner. The owner of the page then
sends a copy to the faulting processor. The owner of the page always has a copy of the
page, thus the faulting processor could not be the owner of the page. Although, in a

write operation a processor can own a read-only page, and thus encounter a fault.

To better understand the model that we use to evaluate the performance of a
shared-virtual-memory read, we assume some particular statistics for illustrative purposes
only. Assume therefore, that 50% of all read requests are satisfied without a read fault,
i.e., these requests are for the contents of locations that currently reside in the processor’s
local attached memory. Let us further assume that 10% of all read requests would cause a
read fault to occur and the faulting processor is the manager of the page that contains the
desired memory location. The remaining 40% of all read requests would occur due to
locations which do not currently reside in the processors attached memory and for which
the processor is not the manager of the page containing the desired location. There is
also the possibility that the manager of the page with the desired memory location is also
the owner of the page, but not the faulting processor. Assume that the manager and the

owner coincide for 10% of all read faults in which the faulting processor is not the
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manager. The state-transition diagram is now constructed for this read instruction. Fig-
ure 5.1.a gives the states of shared-virtual-memory read request: state S1 represents a
read request for shared-virtual-memory and is the initial state that all requests for shared-
virtual-memory must go through. State S2 represents a read fault from a processor that is
not the manager of the page containing the desired location. This state (S2) is utilized
when a faulting processor sends a request, for the page that contains the desired location,
to the page manager. State S3 represents the owner of a page, when the owner and the
manager reside on different processors. Figure 5.1b shows all possible transitions from
state S1. The arc from S1 to S1 labeled .50 represents the 50% of all read requests that can
be satisfied without a read fault, these requests are for the contents of locations that
currently reside in the processor’s attached memory. The arc from S1 to S2, labeled .40
represents the 40% of all read requests for locations which do not currently reside in the
processors attached memory, and for which the processor is not the manager of the page
containing the desired location. The arc from S1 to S3, labeled .10 represents the 10% of
all read requests that cause a read fault and the faulting processor is the manager of the
page that contains the desired memory location. Figure 5.1c shows all possible transitions
from state 52: the arc from S2 to S1, labeled .10, represents the 10% of all requests to the
page manager in which the page manager is also the owner. In this case the page can be
sent back to the faulting processor and the read can be satisfied. The arc from S2 to S3
labeled ”.90” represents the remaining 90% of read faults in which the faulting processor
is not the manager of the page containing the desired memory location and the manager
is not the owner. In this case the manager must send a request to the owner of the page
for a copy of the page and this page, in turn, is given to the requesting processor. Figure
5.1d shows all possible transitions from state S3; state S3 represents the owner of the
page containing the desired memory location which is not the manager, and that the

manager has informed the owner that the page is needed. The owner must always have a
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copy of the page and therefore once in state S3-the only move is back to state S1; this arc
is labeled “1.0” since this is the probability associated with that transition from state S3
back to state S1. Figure 5.1e gives the complete and final state-transition diagram associ-

ated with this read instruction.

States of the model Transitions from state S1
Figure 5.1a Figure 5.1b

.0
Transitions from state S2 Transitions from state S3

Figure 5.1¢ Figure 5.1d



State-transition diagram of a shared-virtual-memory read.
Figure 5.1e

The arcs in figure 5.1e are now explained:

S1 -> S1:

S1 -> S2:

51 -> S3:

62 -> S1:

The arc from S1 to S1, labeled .50, represents the 50% of all read requests
that are satisfied without a read fault. The desired memory location exists in

the processor’s local attached memory.

The arc from S1 to S2, labeled .40, represents the 40% of all read requests in
which a read fault occurs and the faulting processor is not the manager of the

page which contains the desired memory location.

The arc from S1 to S3, labeled .10, represents the 10% of all read requests in
which a read fault occurs and the faulting processor is the manager of the

page which contains the desired memory location.

The arc from S2 to S1, labeled .10, represents 10% of all read faults in which
the faulting processor is not the manager of the page which contains the
desired memory location. This situation occurs when the manager of the
page is also the owner of the page which contains the desired memory loca-
tion. The arc returns to state S1 because the page has been found and the

read request can now be satisfied.
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S§2 -> S3: The arc from S2 to S3, labeled .90, represents 90% of all read faults in which
the faulting processor is not the manager of the page which contains the
desired memory location. This situation occurs when the cwner of the page
is not the manager. The manager must forward the request to the processor

which currently owns the page.

S$3 -> S1: The arc from S3 to S1, labeled 1.0, represents 100% of all read faults in which
the faulting processor is not the manager of the page, and the manager is not
the owner of the desired page. State S3 represents the owner of the page.
The arc returns to state S1 because the page has been found and the read

request can now be satisfied.

After constructing the state-transition diagram (see figure 5.1e) the next step in
analyzing the shared-virtual-memory read instruction is to build a corresponding state-
transition matrix. This matrix is constructed in the same manner as in the performance

model of chapter 3 section 3.2 and is given below in Table 5.1.

FROM TO

51 S2 S3
S1 0.5 0.4 0.1
S2 0.1 0.0 0.9
S3 1.0 0.0 0.0

Table 5.1: State-transition matrix for the model of figure 5.1e.

After the state-transition matrix is constructed, the read availability is now com-
puted with the same methodology as given earlier in chapter 3 (section 3.3). The next-

state probability equations of the shared-virtual-memory read are given below:



B(S1) =.5P(51) + .1 P(S2) + P(S3)
P(S2) = .4 P(S1)
P(S3) =.1P(S1) + .9 P(S2)

The read-availability of the system is .53763 as seen from the derivation that follows.

P(S1) + B(S2) + P(S3) = .5P(S1) + .1 P(S2) + P(S3)
+ .4 P(S1)
+.1 P(S1) + .9 P(S2)

1.0= .5P(S1) + (.1) (.4) P(S1) + .1 P(S1)
+(.9) (.4) P(S1)
+ .4 P(S1)
+.1 P(S1) + (.9)(.4) P(S1)

1.0= 1.86 P(S1)

P(S1) = .53763

5.3 A Model For A Shared-Virtual-Memory Write

As stated in section 5.1, a write instruction in this protocol behaves differently than
a read instruction. In a read instruction, if the page is found in a processor’s local
attached memory, it can be used. The write instruction requires, on the other hand, that
the page be marked for writing or labeled read-write. When a page is labeled read-write,
no other copies of the page may exist. This also implies that the processor with the page
marked for read-write is the owner of the page. When a processor encounters a write
operation to a shared-virtual-memory location, that location must exist locally and be
marked read-write. If both are not the case a write fault occurs. If the processor is not
already the owner of the page, it must become the owner of that page in order to com-
plete the write instruction. Since only one processor can be the owner of a page at any

given time, only that one processor can write to that particular page, at that point in time,
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thus coherency is maintained. If a processor is not the owner of the requested page, the
processor must find the owner by requesting the page from the manager. It should be
noted that a processor that owns a page can still encounter a write fault if the page is
marked read-only. This last situation occurs if other copies of the page currently exist on
other processors. When muitiple copies of a page exist, a read-write copy may not exist.
A write would require the resulting processor to become the owner of the page, and at
the same time, invalidate all other copies of that page. When only one copy of the page
exists, that page could then be marked “read-write” and the write can now take place. To
better understand the write model, some particular statistics are assumed for illustrative

purposes only.

Assume that 25% of all write requests are satisfied without a write fault, these
requests are thus for the contents of memory locations that currently reside in the
processor’'s attached local memory and in a page that is marked “read-write”. The
remaining 75% of all write requests therefore causes a write fault to occur. When a write
fault occurs, it can be classified into one of four different categories which are described

below:

(1) The faulting processor is not the owner of the page and is also not the manager of
the page. In this category, a request for write access to a page would be made
from the faulting processor to the manager of the page. For this example it is

assumed that this scenario is the case for 60% of all write instructions.

(2 The faulting processor is the manager, but not the owner, of the page which con-
tains the desired location for writing. In this case the faulting processor would
know who the owner of the page is, along with where any read-only copies cf the
page might be. In order to perform the write instructions, the faulting processor

requests ownership from the owner and invalidates all read-only copies of the



page. This scenario occurs for 10% of all write instructions.

€)] This is the case where the faulting processor is the manager and the owner of the
page which contains the desired location for writing. This situation implies that
the faulting processor currently has the page as “read-only”. Since the processor
is also the owner of the page, it must have a copy of the page, and this copy must
be “read-only”, otherwise a write fault would not have occurred. In this case all
other “read-only” copies of the page must be invalidated before this page can be

changed to “read-write”. It is assumed that this occurs for 5% of all write faults.

4) The faulting processor in this case is the owner, but not the manager, of the page
which contains the desired location for writing. In this situation, since a write
fault has occurred, the faulting processor must currently have a “read-only” copy
of the page, this is for the same reasons as in case 3 above. In this case, the
manager of the page would be asked to invalidate ail other “read-only” copies of‘
the page so the faulting processor can have a “read-write” access to the requested
page. This situation would cause the same chain of events to take place as men-
tioned earlier in case 1, for this reason we consider this case to be the same as
that of case 1 above and consider these events to be included in the 60% write

faults that fall into that case.

Figure 5.2, gives the state transition diagram for a shared-virtual-memory write instruc-

tion.
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State-transition diagram of a shared-virtual-memory write
Figure 5.2

The arcs in figure 5.2 are now explained:

S1 -> S1:

61 -> S2:

S1 -> S3;

S1 -> S4:

The arc from S1 to S1, labeled .25, represents the 25% of all write instructions
that are satisfied without a write fault. The page of memory which contains
the desired location exists in the local processor’'s attached memory and is
“read-write”.

The arc from S1 to S2, labeled .60, represents the 60% of all write instructions
that have encountered a write fault and the faulting processor is not the

manager of the page in fault.

The arc from S1 to S3, labeled .10, represents 10% of all write instructions.
These write instructions have encountered a write fault, and the faulting pro-
cessor is the manager but not owner of the page containing the desired loca-
tion for writing.

The arc from S1 to S4, labeled .05, represents 5% of all write instructions.

These write instructions have encountered a write fault and the faulting pro-



62 -> S3:

S2 .> S4:

S3 -> S4:

S4 -> S1:

62

cessor is both the manager and owner of the page containing the desired

location for writing.

The arc from S2 to S3, labeled .90, represents 90% of write faults in which the
faulting processor is not the manager of the page in fault. These 90% of all
S1 -> S2 transitions are the write faults that cccur when the page manager is

not the owner and not the faulting processor.

The arc from S2 to 54, labeled .10, represents the remaining 10% of the write
faults for which the faulting processor is not the manager of the page in fault.
These 10% of all S1 -> S2 transitions are the write faults that occur when the
page manager and the owner of the page reside on the same processor which

is not the faulting processor.

The arc from S3 to S4, labeled 1.0, represents 100% of all write instructions
that encounter a fault, and the owner of the page is not the manager of the
page or the faulting processor. This arc represents the situation that once the
owner is located, all read-only pages in the system must be invalidated.

State S4 represents the invalidation of pages.

The arc from $4 to S1, labeled 1.0, represents 100% of all write instructions
that have encountered a fault and have completed the invalidation of all
other pages that contained the desired write location in the system. From
this point we always return to the faulting processor to complete the write

operation.

After constructing the state-transition diagram (see figure 5.2) the next step in

developing the protocol for analyzing the shared-virtual-memory write instruction is to

build the corresponding state-transition matrix. The state-transition matrix is constructed

in the same manner as in the read model for the shared-virtual-memory of the previous



section and is given below in Table 5.2.

FROM TO
S1 S2 S3 S4
S1 0.25 0.60 0.10 0.05
52 0.00 0.00 0.90 0.10
S3 0.00 0.00 0.00 1.00
54 1.00 0.00 0.00 0.00
Table 5.2:

State-transition matrix for a Shared-virtual-memory write.

After the state-transition matrix is constructed, the shared-virtual-memory write
availability can now be computed employing the same methodology as was used earlier
for computing the availability of the read operation in shared-virtual-memory. The next-

state probability equations of the write operation for the shared-virtual-memory are given

below:

P(S1) =.25P(S1) + P(S4)
B(S2) = .60 P(S1)

P(S3) = .10 P(S1) + .90 P(S2)
P(S49)

The shared-virtual-memory write availability of the system is .33445, as seen from

the derivation that follows.

.05 P(S1) + .10 P(S2) + P(S3)

P(S1)+ P(S2) + B(S3) + P(54) = .25 P(S1) + P(54)
+ .60 P(S1)
+ .10 P(S1) + .90 P(S2)
+ .05 P(S1) + .10 P(S2) + P(S3)




1.0 = .25P(S1) + .05 P(S1) + (.10)(.60) P(S1)
.10 P(S1) + (.90)(.60) P(S1)

.60 P(S1)

.10 P(S1) + (.90)(.60) P(S1)

.05 P(S1) + (.10)(.60) P(S1)

.10 P(S1) + (.90)(.60) P(S1)

+ o+

1.0=2.99 P(51)

P(S1) = .33445

The model described in this section makes some implicit assumptions about the time
it consumes in each state, it assumes that all states take the same unit of time. It also
assumes that a single function always take the same amount of time each time it is
invoked. For example, examine the page invalidation function which must invalidate all
pages in the system, it could take substantially longer if the protocol had to invalidate
many pages as opposed to one. The next section gives a more detailed examination of the

invalidate function.

5.4 A Detailed Look At The Invalidate Function

The shared-virtual-memory invalidation function must ensure that all copies, except
one, of the requested shared page are invalidated. This invalidation is required in order
to maintain cache coherency when a write fault occurs. The invalidation protocol ensures
that each processor which has a copy of the page, for which the write fault has occurred,
removes or invalidates its copy of that page. After invalidation has taken place, only one
copy of the page exists. The one remaining copy can now be safely modified. In our
example of a shared-virtual-memory protocol, as given in section 4.6, invalidation was
performed by the page manager. The page manager keeps track of every processor that

has a copy of a shared-virtual-memory page. The name of each processor which has a
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copy of a shared-virtual-memory page is kept in the list field of the page manager’s data
structure for that page. If this page is requested for writing, the page manager uses the
list field in the data structure for that page, to send invalidation messages. To ensure that
the invalidation process is complete, an invalidation completed response must be received
from each of the processors to which an invalidation message was sent out. Once all
invalidation completed messages have been received, a write to that particular page could

then take place.

The invalidation task consumes a variable amount of time, depending upon the
number of processors that invalidation messages must be sent to. In the model for a
write operation into a shared-virtual-memory, as presented in section 5.3, the invalidation
time is always assumed to be one unit. In the next section the shared-virtual-memory

write performance model includes a variable time page invalidation function.

5.5 A Variable Time Invalidation Function

In this section the performance of a write operation of a shared-virtual-memory
model is expanded to handle variable delay invalidation. The variable delay invalidation
is modeled using the variable delay state cloning techniques presented earlier in chapter
3. To illustrate the variable delay cloning, it is assumed that the delay encountered by the
page invalidation protocol can be of one, two, or three time units. These delay units are
chosen for illustrative purposes only and correspond to invalidation operations that take a
short amount of time, a medium amount of time, and a long amount of time, respectively.
The actual amount of time require by the invalidation protocol’s operation is dictated by
the amount of processors that have copies of the page which is invalidated. Let us
assume for the purpose of demonstrating the technique that 20% of all page invalidation

operations take place in one unit of time, 60% of all page invalidation operations take
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place in two units of time, and the remaining 20% of all page invalidation operations take
place in three units of time. Figure 5.3 below shows the entry and exit arcs correspond-

ing to state S4 of figure 5.2, which represents the invalidation before state cloning.

Figure 5.3: Invalidation State S4 of Figure 5.2 Before Cloning

State S4 of Figure 5.3 above is cloned into three states, one for each of the three
delay units assumed for the invalidation protocol. The three states labeled S4a, S4b, and
S4c represent a delay of one, two, and three units of time, respectively. Before cloning,
state S4 has three incoming arcs and one outgoing arc. The incoming arcs are all directed
toward state S4a, the first in the chain of new states. Figure 5.4 below shows the three

new states S4a, S4b, and S4c that replace the single invalidation state S4 in figure 5.5.
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Figure 5.4: Invalidation State After Cloning

In figure 5.4, the arc from state S4a, labeled .20, represents the 20% of all page
invalidation operations that takes place in one unit of time. The arc from state S4a to
state S1, labeled .80, represents the 80% of all page invalidation operations that take
longer than one unit of time. The arc from state 54b to state S1, labeled .75 represents the
60% (75% of 80%) of all page invalidation operations that take two units of time. The arc
from state S4b to state S4c, labeled .25, represents the 20% (25% of 80%) of all page invali-
dation operations that take longer than two units of time. The final arc from state S4c to
state S1, labeled 1.0, represents the 20% (25% of 80%) of all page invalidation operations
that takes exactly three units of time. Figure 5.5 below shows the complete state-
transition diagram for a write protocol into a shared-virtual-memory with a variable delay

invalidation function.



State-transition diagram of a variable invalidate write protocol.
Figure 5.5

The arcs in figure 5.5 are now explained:

S1 -> S1:

S1 -> S2:

S1 -> 53:

The arc from S1 to S1, labeled .25, represents the 25% of all write instructions
that are satisfied without a write fault. The page of memory which contains
the desired location exists in the local processor’s attached memory and is

"read-write”.

The arc from S1 to S2, labeled .60, represents the 60% of all write instructions
that have encountered a write fault and the faulting processor is not the

manager of the page in fault.

The arc from S1 to S3, labeled .10, represents 10% of all write instructions.

These write instructions have encountered a write fault, and the faulting pro-



S1 -> S4a:

S2 -> S3:

S2 -> S4a:

S3 -> S4a:

S4a -> S1:

Sda -> S4b:
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cessor is the manager but not owner of the page containing the desired loca-
tion for writing.

The arc from S1 to S4a, labeled .05, represents 5% of all write instructions.
These write instructions have encountered a write fault and the faulting pro-
cessor i3 both the manager and owner of the page containing the desired

location for writing.

The arc from 52 to S3, labeled .90, represents 90% of write faults which the
faulting processor is not the manager of the page in fault, These 90% of all S1
-> 52 transitions are the write faults that occur when the page manager is

not the owner and not the faulting processor.

The arc from S2 to S4a, labeled .10, represents the remaining 10% of the
write faults for which the faulting processor is not the manager of the page in
fault. These 10% of all 51 -> S2 transitions are the write faults that occur
when the page manager and the owner of the page reside on the same pro-

cessor which is not the faulting processor.

The arc from S3 to S4a, labeled 1.0, represents 100% of all write instructions
that encounter a fault, and the owner of the page is not the manager of the
page or the faulting processor. This arc represents the situation that once the
owner is located, all read-only pages in the system must be invalidated.

States S4a, S4b, and S4c represent the invalidation of pages.

The arc from S4a to S1, labeled .20, represents 20% of all write instructions
that have encountered a fault and have just completed the invalidation in one

of three possible time units.

The arc from S4a to S4b, labeled .80, represents 80% of all write instructions

that have encountered a fault and require more than one time unit for
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invalidation.

S4b -> S1: The arc from S4b to S1, labeled .75, represents 60% (75% of 80%) of all write
instructions that have encountered a fault and have just completed the invali-

dation in exactly two of three possible three time units.

S4b -> S4c: The arc from 5S4 to S1, labeled .25, represents 20% (25% of 80%) of all write
instructions that have encountered a fault and require more than two time

units for invalidation.

S4c -> S1: The arc from S4 to S1, labeled 1.0, represents 100% of all write instructions
that have encountered a fault and have just completed the invalidation in

exactly three of three possible time units.

The state-transition diagram given in figure 5.5 is the result of replacing state S4 in
figure 5.2 with the variable delay cloned states of figure 5.4. We now have a shared-
virtual-memory write model with a variable delay in the page invalidation protocol func-
tion. The next step in analyzing the performance of this new and improved shared-
virtual-memory write system is to construct the state-transition matrix. Table 5.3 below

contains that matrix.
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FROM

TO

S1 S2 S3 S4a S$4b S4c

S1
S2

S3

0.25 0.60 0.10 0.05 0.00 0.00
0.00 0.00 0.90 0.10 0.00 0.00
0.00 0.00 0.00 1.00 0.00 0.00
0.20 0.00 0.00 0.00 0.80 0.00
0.75 0.00 0.00 0.00 0.00 0.25

1.00 0.00 0.00 0.00 0.00 0.00

Table 5.3: State-transition matrix for a Shared-virtual-memory variable write.

After the state-transition matrix is constructed, the shared-virtual-memory write

availability can now be computed with the same methodology as the one used in the pre-

vious section. The next-state probability equations of the shared-virtual-memory write

protocol with variable page invalidation delay are given below:

P(s1) =0.25P(S1) +
P(S2) = .60 P(S1)

0.20 P(S4a) + 0.75 P(S4b) + P(S4c)

P(S3) =.10 P(S1) + .90 P(S2)

P(S4a) = .05 P(S1) +
P(S4b) = .80 P(S4a)
P(S4c) = .25 P(S4b)

.10 P(S2) + P(S3)

The shared-virtual-memory write availability of the system with a variable page

invalidate delay is .26738,

as seen from the derivation, for the state S1, that follows.

P(S1) + P(52) + ﬁ(ss) + P(S4a) + P(S4b) + P(S4c)
.25 P(S1) + .20 P(S4a)

+ 4+ + 4+ + +

.75 P(S4b) + P(S4c)

.60 P(S1)

.10 P(S1) + .90 P(S2)

.05 P(S1) + .10 P(S2) + P(S3)
.80 P(S4a)

.25 P(S4b)
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1.0= .25P(S1)
+ (.20)(.05) P(S1) + (.20)(.10)(.60) P(S1)
+ (.20)(.10) P(S1) + (.20)(.90)(.60) P(S1)
+ (.75)(.80)(.05) P(S1) + (.75)(.80)(.10)(.60) P(S1)
+ (.75)(.80)(.10) P(S1) + (.75)(.80)(.90)(.60) P(S1)
+ (.25)(.80)(.05) P(S1) + (.25)(.80)(.10)(.60) P(S1)
+ (.25)(.80){(.10) P(S1) + (.25)(.80)(.90)(.60) P(S1)
+ .60 P(S1)
+ .10 P(S1) + (.90)(.60) P(S1)
+ .05 P(S1) + (.10)(.60) P(S1)
+ .10 P(S1) + (.90)(.60) P(S1)
+ (.80)(.05) P(S1) + (.80)(.10)(.60) P(S1)
+ (.80)(.10) P(S1) + (.80)(.90)(.60) P(S1)
+ (.25)(.80)(.05) P(S1) + (.25)(.80)(.10)(.60) P(S1)
+ (.25)(.80)(.10) P(S1) + (.25)(.80)(.90)(.60) P(S1)

1.0= 3.74 P(S1)

P(S1)= .26738

The shared-virtual-memory write availability of the new system with a variable
delay, is lower than that of the system depicted in the previous section. This is what we
would expect, the shortest delay in the variable delay system is equal to the fixed delay in
the previous system. The results are more meaningful when they are compared with the
results of other like systems. It should again be emphasized that small, or any, changes
in parameters pertaining to gathered statistics can be incorporated into the model very
easily, a claim that trace-driven simulation can not supply. It clearly shows the superior-
ity of the proposed approach when dealing with a given system and for different memory

access patterns.

5.6 The Page Manager Function

The function of the page manager is to keep track of which processor currently owns
the page and which processors have copies of the page, it is this function the varies most

significantly among different shared-virtual-memory protocols. In the example of a
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shared-virtual-memory algorithm given in the previous chapter, it was assumed that fault-
ing processors would be able to easily find the page manager. One method used to
ensure that faulting processors can quickly find the page manager is to assign the page
manager to a predetermined processor. This method is sometimes referred to as the cen-
tralized page management algorithm. The centralized method, while it is easy to imple-
ment, operates grossly inefficiently. The two main drawbacks to this centralized page
management algorithm are due to the additional communication traffic centered around
the page manager itself and the additional processing that must be performed by the page

manager processor.

We first examine the issue of the additional communication, centered around the
page manager. Every shared-virtual-memory page fault that occurs automatically gen-
erates a message which is sent to the page manager. This message is a request for a copy
of the page. The page manager, in turn, must send a message to the owner of the partic-
ular page requested. This message to the owner is a request for a copy of the page to be
sent to the faulting processor. If the original fault was a write fault, the page manager
must also send invalidation messages to each processor which currently has a copy of this
page. These additional messages in the network, which travel to and from the page
manager, could create a communication traffic jam around and near the page manager
processor. This traffic jam, caused by shared-virtual-memory communication messages,

would degrade the performance of the shared-virtual-memory system altogether.

The second main drawback of a centralized page management system is the addi-
tional processing needed for the page manager function. If the processor, which ran the
page manager, was not dedicated to the page manager function, its other tasks could be
delayed, since every time a fault occurs within the shared-virtual-memory system, the

page manager processor must be interrupted to handle the fault.
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For the reasons described above and the fault critical nature of all centralized routing
and page management approaches a more realistic page management algorithm is
required. The page management protocol should have all or at least many processors
sharing the page management functions. This would be called a distributed page
manager. The actual page management task is distributed across multiple processing
nodes in the system. A distributed page manager does not only balance the work per-
formed by the page manager processors, but also utilize the communication network
more efficiently. The traffic patterns in the network are no longer centered around a sin-

gle node but hopefully are evenly distributed throughout the whole network.

Once it is determined to distribute the task of the page manager, the question is
how? Which pages should be maintained by which processors? This question can be
answered on a static or dynamic basis. Pages can be pre-assigned to processors for
management, before the shared-virtual-memory system is started. This static assignment
of pages to processors can be stored in a table on all processors. The task of finding the
page manager now becomes simply a table look-up function. This is the assumption used
in the proceeding model. This assumption implies that the page manager is quick and
easy to find. It also implies that no single processor is burdened with the task of page

management.

A more complex distributed manager is now analyzed. To improve the overall per-
formance of the shared-virtual-memory system, the page manager function can be dynam-
ically distributed. A dynamically distributed page manager would allow the manager
function of individual pages to migrate from processor to processor. This can be viewed
as a form of load Pa]ancing. One method could be to have the owner of a page keep track
of all processors which currently have a copy of the page. When a new processor

requires write access, it takes ownership from the previous owner, along with the list of
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processors which currently have a copy of the page. The new owner then sends out
invalidation messages to all processors which currently have a copy of the page. The task

of finding the owner of the page now becomes a much more difficult task.

5.7 A Dynamic Distributed Page Manager

The performance of a dynamic distributed page manager algorithm is analyzed in
this section. The shared-virtual-memory protocol and algorithm given in section 5.5 is
augmented to contain a dynamic distributed page manager. Dynamic distributed page
management protocols (algorithms) assume that the task of page management can
migrate from processor to processor. In the newly presented and augmented algorithm,
each processor keeps information pertaining to all shared-virtual-memory pages in the
system. This information, that is kept in each processor, contains the most likely current
page manager for the page. If the processor listed as page manager in the page table is
not the real manager of the page, i.e., it relinquished management of the page to a new
processor, messages are still sent to that processor which, in turn, passes them on to the
new page manager. This process of passing the pages on eventually finds the correct
page manager. When the correct page manager is found, all processors in the path
update their tables to point to the new page manager. All subsequent requests to that
page, made by any processor in that chain, automaticaliy go to the correct manager until
the management processor is changed again. The task of finding a page manager is simi-
lar to network routing and almost any network routing algorithm could be used to satisfy
this task. Fore more information on network routing algorithms the reader should refer to

either [Tane81] or [Davi79].

The performance model for a variable-time invalidation function initially presented

in section 5.3 is now augmented to contain the dynamic distributed manager. To
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illustrate the model development for a dynamic distributed page manager, some particular
statistics are assigned to the task of finding the page manager, this choice of statistics is
for illustrative purposes only, they do not imply anything else but an attempt to be
specific. It is assumed that the page manager for 80% of all page faults, in which the
faulting processor is not the page manager, is found in one unit of time. It also is further
assumed that the page manager for 16% of all page faults, in which the fauiting processor
is not the page manager, is found in two units of time. The page manager for the remain-
ing 4% of all page faults, in which the faulting processor is not the page manager, is
found in three time units. Figure 5.6a shows the original page manager as given by state
S2 of figure 5.5 and figure 5.6b shows the resulting states, i.e., states S2a, S2b, and S2c

cloned from the original state S2 of figure 5.5.

Page Manager Before Cloning Cloned Page Manager
Figure 5.6a Figure 5.6b

The original arc entering state S2 in figure 5.6a enters state S2a, after cloning, in figure

5.6b. Since the clone is a variable time delay clone, all arcs leaving the original state also
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leave each of the cloned states. If we look at state S2a in figure 5.6b, we see the original
entry arc, the two exit arc plus one additional exit arc which leads to S2b. The magnitude
of the exit arcs must be adjusted for the additional exit arc. Notice that the arc from S2a
to S2b with a magnitude of .20, it is responsible for the fact that 20% of all references to
the page manager are made in two or three time units, or that 80% of all references to the
page manager are found in one time unit. Once we take away 20% of the output capacity
of a state, as given by the new arc labeled .20, there is only 80% left. For this reason we
multiply each of the original outgoing arcs, i.e., the two arcs of .10 and .90 respectively,
by .80. After the multiplication, of the two original outgoing arcs by .80, they are now
labeled as: .08 and .72. State S2b also has an additional output arc labeled .20, this arc
represents the 4% of all page faults which require three units of time to find the page
manager. Note that the 4% figure is derived by taking 20% of S2b which is only 20% of
S2a, i.e., 20% of 20% which is 40% or .04. The outgoing arcs from state S2c are the same
as the original outgoing arcs of that state before cloning, this is the last state in the cloned

chain, and represents the three time delays of the worst case scenario.

Figure 5.7 below gives the complete state-transition diagram for the dynamic distri-

buted page manager.
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State-transition diagram of a dynamic distributed manager
Figure 5.7

The arcs in figure 5.7 are now explained:

61 -> S1:

61 -> S2a:

S1 -> S3:

The arc from S1 to S1, labeled .25, represents the 25% of all write instructions
that are satisfied without a write fault. The page of memory which contains
the desired location exists in the local processor’s attached memory and is
“read-write”.

The arc from S1 to S2a, labeled .60, represents the 60% of all write instruc-
tions that have encountered a write fault and the faulting processor is not the

manager of the page in fault.

The arc from S1 to S3, labeled .10, represents 10% of all write instructions.

These write instructions have encountered a write fault, and the faulting pro-



S1 -> S4a:

S2a -> S2b

S2a -> S3

S2a -> S4a

S2b -> S2¢

S2b -> S3
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cessor is the manager but not owner of the page containing the desired loca-
tion for writing.

The arc from S1 to S4a, labeled .05, represents 5% of all write instructions.
These write instructions have encountered a write fault and the faulting pro-
cessor is both the manager and owner of the page containing the desired

location for writing.

The arc from S2a to S2b, labeled .20, represents 20% of all write instructions
in which the faulting processor is not the page manager These write instruc-

tions require more than one unit of time to find the page manager.

The arc from S2a to S3, labeled .72, represents 72% of write faults in which
the faulting processor is not the manager of the page in fault. These 72% of
all 51 -> S2a transitions are the write faults that occur when the page
manager is not the owner, not the faulting processor, and found in one time
unit,

The arc from S2a to S4a, labeled .08, represents the write faults which occur
when the page manager is not the faulting processor, but the page manager

is the owner and can be found in one unit of time.

The arc from S2b to S2c, labeled .20, represents 4% (20% of 20%) of all write
instructions in which the faulting processor is not the page manager. These
write instructions require more than two units of time to find the page

manager.

The arc from S2b to S3, labeled .72, represents the write faults in which the
faulting processor is not the manager page, the manager is not the owner,

and the manager can be found in two units of time.



S2b -> S4a

S2¢ -> S3

S2¢ -> S4a

63 -> S4a

S4a -> S1:

S4a -> S4b:

S4b -> S1:

S4b -> S4dc:
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The arc from S2b to S4a, labeled .08, represents the write faults which occur
when the page manager is not the faulting processor, but the page manager

is the owner and can be found in two units of time.

The arc from S2c to S3, labeled .90, represents the write faults in which the
faulting processor is not the manager page, the manager is not the owner,

and the manager can be found in three units of time.

The arc from S2c to S4a, labeled .10, represents the write faults which occur
when the page manager is not the faulting processor, but the page manager

is the owner and can be found in three units of time.

The arc from S3 to S4a, labeled 1.0, represents 100% of all write instructions
that encounter a fault, and the owner of the page is not the manager of the
page or the faulting processor. This arc represents the situation that once the
owner is located, all read-only pages in the system must be invalidated.

States S4a, S4b, and S4c represents the invalidation of pages.

The arc from S4a to S1, labeled .20, represents 20% of all write instructions
that have encountered a fault and have completed the invalidation in one of

three possible time units.

The arc from S4a to S4b, labeled .80, represents 80% of all write instructions
that have encountered a fault and require more than one time unit for invali-

dation.

The arc from $4b to S1, labeled .75, represents 60% (75% of 80%) of all write
instructions that have encountered a fault and have completed the invalida-

tion in exactly two of three possible time units.

The arc from S4b to S4c, labeled .25, represents 20% (25% of 80%) of all write

instructions that have encountered a fault and require more than two time



units for invalidation.

S4c -> S1: The arc from S4c to S$1, labeled 1.0, represents 100% of all write instructions

that have encountered a fault and have completed the invalidation in exactly

three of three possible time units.

The state-transition diagram given in figure 5.7 is a result of replacing state S2 in fig-
ure 5.5 with the variable delayed cloned states S2a, S2b, and S2c given in figure 5.6b and
in accordance with anticipated statistical behaviors. The next step in analyzing the perfor-
mance of the write operation of the shared-virtual-memory, with both invalidate and page

manager functions set up as a variable delay, is to construct the state-transition matrix.

Table 5.4 contains that matrix.

FROM TO
S1 S2a S2b S2c S3 Sda S4b S4c

51 0.25 0.60 0.00 0.00 0.10 0.05 0.00 0.00
S2a 0.00 0.00 0.20 0.00 0.72 0.08 0.00 0.00
S2b 0.00 0.00 0.00 0.20 0.72 0.08 0.00 0.00
S2c 0.00 0.00 0.00 0.00 0.90 0.10 0.00 0.00
S3 0.00 0.00 0.00 0.00 0.00 1.00 0.00 0.00
S4a 0.20 0.00 0.00 0.00 0.00 0.00 0.80 0.00
S4b 0.75 0.00 0.00 0.00 0.00 0.00 0.00 0.25
S4c 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Table 5.4: State-transition matrix for a Dynamic Distributed Manager

After the state-transition matrix is constructed, the availability of the write operation
into the shared-virtual-memory can now be computed with the same methodology as
used in the previous section. The next-state probability equations of the write operation

into a shared-virtual-memory with variable page invalidation and management delays are
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given below:

P(S1) = 0.25P(S1) + 0.20 P(S4a) + 0.75 P(S4b) + P(S4c)
P(52a) = .60 P(S1)

P(S2b) = .20 P(S2a)

P(S2c) = .20 P(S2b)

P(S$3) = .10 P(S1) + .72 P(S2a) + .72 P(S2b) + .90 P(S2c)

P(S4a) = .05 P(S1) + .08 P(S2a) + .08 P(S2b) + .10 P(S2c) + P(S3)
P(S4b) = .80 P(S4a)
P(S4c) = .25 P(S4b)

The write availability of the shared-virtual-memory system is computed using the
matrix multiplication method presented in section 3.3. Below is the matrix representation
of the probability of making a transition from state i to state j, where i is the state associ-

ated with the row and j is the state associated with the column, as given in Table 5.4.

0.250 0.600 0.0600 0.000 0.100 0.050 0.000 0.000
0.000 0.000 0.200 0.000 0.720 0.080 0.000 0.000
0.000 0.000 0.000 0.200 0.720 0.080 0.000 0.000
. 0.000 0.000 0.000 0.000 0.900 0.100 0.000 0.000
P@.j) = | 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.000
0.200 0.000 0.000 0.000 0.000 0.000 0.800 0.000
0.750 0.000 0.000 0.000 0.000 0.000 0.000 0.250
1.000 0.000 0.000 0.C00 0.000 0.000 0.000 0.000

The system stabilizes to within 5 significant decimal places after 68 cycles, i.e., the

difference between P(i,j)® and P(i,)® is less than 0.000005 for all i and j.

.25747 .15448 .03090 .00618 .16478 .19310 .15448 .03862
.25747 .15448 .03090 .00618 .16478 .19310 .15448 .03862
.25747 .15448 .03090 .00618 .16478 .19310 .15448 .03862
. e .25747 .15448 .03090 .00618 .16478 .19310 .15448 .03862
P(.j)™ = | 25747 .15448 .03090 .00618 .16478 .19310 .15448 .03862
.25747 .15448 .03090 .00618 .16478 .19310 .15448 .03862
25747 ,15448 .03090 .00618 .16478 .19310 .15448 .03862
.25747 .15448 .03090 .00618 .16478 .19310 .15448 .03862

As shown above, the write availability of the shared-virtual-memory system is
.25747. The matrix multiplication was solved by using a program written in the "C” pro-

graming language [Kern78). The matrix multiplication “C” program specifically



developed for this case is presented in appendix A.

5.8 A Modified Dynamic Distributed Page Manager

The dynamic distributed page manager, as presented in the previous section, is now
modified to function more efficiently. The task of the page manager is moved to the
owner. It now becomes the responsibility of the page owner to keep a record of every
processor that has a copy of the page. With this new owner-manager protocol the owner
of a page is the processor which is responsible for sending out the page invalidation mes-
sages. When a processor encounters a write fault, that processor must find the owner
and request ownership. Once ownership is granted, the processor is given the page,
along with the list of processors which currently have a copy of the page. It is now the
task of the new page owner to send out invalidation messages to all processors which
currently have a copy of the page. Once all copies of the requested page have been
invalidated, the new owner can set the access of that page to read-write. At this point
the page can be written to, and memory coherence is maintained. To better understand
this new modified dynamic distributed page manager algorithm some particular statistics
are assumed for illustrative purposes only. The first shared-virtual-memory write algo-
rithm, from section 5.3, is modified. The same statistics are used to enable the results of

both models to be compared.

Assume, as in section 5.3, that 25% of all write requests are satisfied without a write
fault. The remaining 75% of all write requests thus causes a write fault to occur. When a
write fault occurs it can be classified into one of two different categories which are

described below:

1) The faulting processor is not the owner of the page. In this first category, a

request for write access to a page would be made from the faulting processor to
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the owner of the page. For this example it is assumed that this scenario is the

case for 70% of all write instructions.

2 The faulting processor is the owner of the page. This second category implies
that the faulting processor currently has the page as read-only. Since the proces-
sor is the owner of the page, it must have a copy of the page, and this copy must
be read-only otherwise a write fault would not have occurred. In this case all
other read-only copies of the page must be invalidated before this page can be

changed to read-write. It is assumed that this occurs for 5% of all write faults.

Figure 5.8 gives the state-transition diagram for the modified dynamic distributed page

manager algorithm.

.25

Modified shared-virtual-memory write state diagram
Figure 5.8

The arcs in figure 5.8 are now explained as below:

S1-> S1: The arc from S1 to S1 labeled .25 represents the 25% of all write instructions
that are satisfied without a write fault. The page of memory which contains
the desired location exists in the local processor's attached memory and is
read-write.

S1-> S2: The arc from S1 to S2, labeled .70, represents the 70% of all write instructions

that have encountered a write fault and the faulting processor is not the



S1 -> S3:

S2 -> S3:

S3 -> Sl
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owner of the page in fault.

The arc from S1 to S3, labeled .05, represents 5% of all write instructions.
These write instructions have encountered a write fault and the faulting pro-
cessor is the owner of the page which contains the desired location for writ-
ing. When this fault occurs, the page in the attached memory of the local
processor must be marked read-only and all copies of the page must be

invalidated by this transition as well.

The arc from S2 to S3, labeled 1.0, represents 100% of all write faults in
which the faulting processor is not the owner of the page in fault. This tran-

sition represents the need for copies of the page to be invalidated.

The arc from S3 to S1, labeled 1.0, represents 100% of all write instructions
that have encountered a fault and have completed the invalidation of all
other pages that contained the desired write location in the system. From
this point in the protocol, we always return to the faulting processor to com-

plete the write operation.

After constructing the state-transition diagram (see figure 5.8) the next step in

analyzing the write operation into the modified shared-virtual-memory system is to build

a state-transition matrix. This matrix is constructed in the same manner as seen earlier in

the shared-virtual-memory write model of section 5.3 and is given below in Table 5.5.



FROM TO

S1 52 S3
S1 0.25 070 0.05
52 0.0 000 100
S3 1.00 0.00 0.00

Table 5.5: Modified shared-virtual-memory write state-transition matrix.

After the state-transition matrix is constructed, the availability of a write operation
into the modified shared-virtual-memory system is now computed, using the same
methodology as before. The next-state probability equations of the modified shared-

virtual-memory write are given below:

B(S1) =.25P(S1) + P(S3)
P(S2) = .70 P(S1)
P(S3) =.05P(S1) + P(S2)
The availability of a write operation into the modified shared-virtual-memory system

is computed to be .40816, as seen from the derivation that follows.

P(S1) + P(S2) + B(S3) = .25 P(S1) + P(S3)
+ .70 P(S1)
+ .05 P(S1) + P(S2)
1.0= .25P(51) + .05 P(51) + .70 P(S1)
+ .70 P(S1)
+ .05 P(S1) + .70 P(S1)
1.0 = 2.45P(51)

P(S1) = .40816

The modified model, described in this section, has a better write availability rating
than the model in section 5.3. For comparison purposes, it should be noted that before

the modification, the model had an availability rating of .33445.
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The modified system is now examined with a variable time invalidation function.
The availability of this system is compared to the availability of the system described in
section 5.5. In order for the comparison of the two systems to be valid, the invalidation
state must be cloned with the same assumptions and in accordance with the procedure
developed in chapter 3 section 3.5. These assumptions are that 20% of all page invalida-
tion operations take place in one unit of time, 60% of all page invalidation operations take
place in two time units, and the remaining 20% of all page invalidation operations take
place in three time units of time. Figure 5.9 shows the modified distributed manager
algorithm with a variable time invalidation function. Notice that in figure 5.9, state S3
from the previous model (see figure 5.8) has been cloned into three states, i.e., states S3a,

S3b, and S3c, as required.

.25

State-transition diagram of a modified variable invalidate write.
Figure 5.9

The arcs in figure 5.9 are now explained:

S$1-> S1: The arc from S1 to Si labeled .25 represents the 25% of all write instructions

that are satisfied without a write fault. The page of inemory which contains



G61 -> S2:

S1 -> S3a:

S2 -> S3a:

S3a -> S1:

S3a -> S3b:

S3b -> S1:

S3b -> S3c:
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the desired location exists in the local processor’s attached memory and is

read-write.

The arc from S1 to S2, labeled .70, represents the 70% of all write instructions
that have encountered a write fault and the faulting processor is not the

owner of the page in fault.

The arc from S1 to S3a, labeled .05, represents 5% of all write instructions.
These write instructions have encountered a write fault and the faulting pro-
cessor is the owner of the page which contains the desired location for writ-
ing. The page must be marked read-only for this fault to occur. This transi-
tion represents the need for all copies of the page to be invalidated, as dic-
tated by the protocol.

The arc from S2 to S3a, labeled 1.0, represents 100% of all write faults in
which the faulting processor is not the owner of the page in fault. The tran-
sition represented by this arc is due to the need for all copies of this page to
be invalidated.

The arc from S3a to S1, labeled .20, represents 20% of all write faults. The
invalidation associated with these write faults are accomplished in one time
unit.

The arc from S3a to S3b, labeled .80, represents the 80% of all write faults

that require more than one time unit for invalidation.

The arc from S3b to S1, labeled .75, represents 60% (75% of 80% is indeed
60%) of all write faults. The invalidation associated with these write faults

are accomplished in two time units.

The arc from S3b to S3c, labeled .25, represents the 20% (25% of 80%, i.e.,

20%) of all write faults that require more than two time units for invalidation.
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S3c -> S1: The arc from S3c to S1, labeled 1.0, represents 20% (1.0 * .25 * .80) of all write
faults. The invalidation associated with these write faults are accomplished

in three time units.
After constructing the state-transition diagram (see figure 5.9) the next step in
analyzing the modified shared-virtual-memory write instruction, with a variable invalida-

tion delay, is to build a state transition matrix. This matrix is given in Tabie 5.6.

FROM TO

Sl 52 S3a S3b S3c
S1 0.25 0.70 0.05 0.00 0.00
52 0.00 0.00 1.00 0.00 0.00
S3a 0.20 0.00 0.00 0.80 0.00
S3b 0.75 0.00 0.00 0.00 0.25
S3c 1.00 0.00 0.00 0.00 0.00

Table 5.6: Modified Shared-virtual-memory variable invalidate matrix.

After the state-transition matrix is constructed, the shared-virtual-memory write
availability can now computed. The next-state probability equations of the modified

shared-virtual-memory write with variable page invalidation delay, are given below:

P(S1) = 0.25 P(S1) + 0.20 P(S3a) + 0.75 P(S3b) + P(S3c)
P(S2) = .70 P(S1)

P(S3a) = .05 P(S1) + P(S2)
P(S3b) = .80 P(S3a)
B(S3¢) = .25 P(S3b)

The write availability of the shared-virtual-memory write system is computed by
using the matrix multiplication method presented above and in section 3.3. Below is the

matrix representation of the probability of making a transition from state i to state j,
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where i is the state associated with the row and j is the state associated with the column,

as given in Table 5.6.

0.250 0.700 0.050 0.000 0.000
0.000 0.000 1.000 0.000 0.000
P(i,j) = | 0.200 0.000 0.000 0.800 0.000
0.750 0.000 0.000 0.000 0.250
1.000 0.000 0.000 0.000 0.000

The system stabilizes to within 5 significant decimal places after 58 cycles.

.31250 .21875 .23438 .18750 .04687
.31250 .21875 .23438 .18750 .04687
P(i,j)® = | .31250 .21875 .23438 .18750 .04687
.31250 .21875 .23438 .18750 .04687
.31250 .21875 .23438 .18750 .04687

As shown above, the write availability of the modified shared-virtual-memory sys-
tem is .31250. The rating of the modified system is better than that of the same system
before modification. For comparison in section 5.5 the system, without modification, was

computed to have a availability rating of .26738.

The modified system is now examined in its final form, with a variable time delay
associated with finding the owner of a page. Up until now the modified system has be
examined assuming that the owner of a page can be found in one unit of time. This is not
always the case, and a more realistic assumption would be a variable time delay. To illus-
trate the impact of a variable time delay associated with finding the owner of a page,
some statistical assumptions must be made. The assumptions, associated with the time
involved in finding the owner of a page, are the same as the assumptions made for find-
ing the manager of a page, in section 5.7. These statistical assumptions are kept the same
so we can compare the results of the modified algorithm to that of the algorithm before

modification.
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It is assumed that the owner of a page can be found in one unit of time for 80% of
all page faults, in which the faulting processor is not the owner of the page. It is also
assumed that the page owner can be found in two units of time for 16% of all page faults,
in which the faulting processor is not the page owner. The page owner is found in three
units of time for the remaining 4% of all page faults, in which the faulting processor is not

the page owner. Figure 5.10 shows the complete state diagram for this modified system.

.25

State-transition diagram of a modified dynamic distributed manager
Figure 5.10

The arcs in figure 5.10 are now explained:

S1-> S1: The arc from S1 to S1, labeled .25, represents the 25% of all write instructions
that are satisfied without a write fault. The page of memory which contains
the desired location exists in the local processor’s attached memory and is

"read-write”.

S1 -> S2a: The arc from S1 to S2a, labeled .70, represents the 70% of all write instruc-

tions that have encountered a write fault and the faulting processor is not the
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S2b -> S3a

S2¢ -> S3a
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owner of the page in fault.

The arc from S1 to S3a, labeled .05, represents 5% of all write instructions.
These write instructions have encountered a write fauit and the faulting pro-

cessor is the owner of the page containing the desired memory location.

The arc from S2a to S2b, labeled .20, represents 20% of all write i_nstructions
in which the faulting processor is not the page owner. These write instruc-

tions require more than one unit of time to find the owner of the page.

The arc from S2a to S3a, labeled .80, represents 80% of write faults in which
the faulting processor is not the owner of the page. In these write faults the

owner of the page can be found in exactly one unit of time.

The arc from S2b to S2¢, labeled .20, represents 4% (20% of 20%) of all write
instructions in which the faulting processor is not the page owner. These
write instructions require more than two units of time to find the owner of
the page.

The arc from S2b to S3a, labeled .80, represents 16% (80% of 20%) of write
faults in which the faulting processor is not the owner of the page. In these

write faults the owner of the page can be found in exactly two units of time.

The arc from S2c to S3a, labeled 1.0, represents 16% (100% of 20% of 20%) of
write faults in which the faulting processor is not the owner of the page. In
these write faults the owner of the page can be found in exactly three units of
time.

The arc from S3a to S1, labeled .20, represents 20% of all write instructions
that have encountered a fault and have just completed the invalidation in one

of three possible time units.
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S3a -> S3b: The arc from S3a to S3b, labeled .80, represents 80% of all write instructions
that have encountered a fault and require more than one time unit for invali-

dation.

S3b -> S1: The arc from S3b to S1, labeled .75, represents 60% (75% of 80%) of all write
instructions that have encountered a fault and have just completed the invali-

dation in exactly two of three possible time units.

S3b -> S3c: The arc from S3b to S3c, labeled .25, represents 20% (25% of 80%) of all write
instructions that have encountered a fault and require more than two time

units for invalidation.

S3c -> S1: The arc from S3c to S1, labeled 1.0, represents 100% of all write instructions
that have encountered a fault and have just completed the invalidation in

exactly three of three possible time units.

The state-transition diagram given in figure 5.10 is a result of replacing state S2, in
figure 5.9, with the variable delayed cloned states S2a, S2b, and S2c according to the clon-
ing procedure developed in section 3.5. It should be noted that this variable delay clone
is used to represent the variable delay associated with finding the owner of the required
page. The next step in analyzing the performance of the modified shared-virtual-memory
write, with both invalidate and page owner functions modeled and set up as a variable

delay, is to construct the state-transition matrix. Table 5.7 contains that matrix.



FROM TO
51 S2a S$2b S2¢ S3a S3b S3c

S1 0.25 0.70 0.00 0.00 0.05 0.00 0.00
S2a 0.00 0.00 0.20 0.00 0.80 0.00 0.00
S2b 0.00 0.00 0.00 0.20 0.80 0.00 0.00
S2c 0.00 0.00 0.00 0.00 1.00 0.00 0.00
S3a 0.20 0.00 0.00 0.00 0.00 0.80 0.00
S3b 0.75 0.00 0.00 0.00 0.00 0.00 0.25
S3c 1.00 0.00 0.00 0.00 0.00 0.00 0.00

Table 5.7: Modified Dynamic Distributed Manager State-transition matrix
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After the state-transition matrix is constructed, the write availability of modified

shared-virtual-memory system can now be computed. The next-state probability equa-

tions of the modified shared-virtual-memory write with variable page invalidation and

management delays are given below:

F(S1) = 0.25 P(S1) + 0.20 P(S3a) + 0.75 P(S3b) + P(S3c)

P(S2a) = .70 P(S1)

P(S2b) = .20 P(S2a)

P(S2c) = .20 P(S2b)

.05 P(S1) + .80 P(S2a) + .80 P(S2b) + P(S2c)
.80 P(S3a)

.25 P(S3b)

P(S3a)
P(S3b)
P(S3c)

The write availability of the modified shared-virtual-memory system is computed

using the matrix multiplication method. For convince, Appendix A lists a "“C” program

specifically developed for these cases. Below is the matrix representation of the probabil-

ity of making a transition from state i to state j, where i is the state associated with the

row and j is the state associated with the column, as given in Table 5.7.



0.250 0.700
0.000 0.000
0.000 0.000
P(,j) = | 0.000 0.000
0.200 0.000
0.750 0.000
1.000 0.000

The system stabilizes to within 5 significant decimal places after 54 cycles.

129691 .20784
29691 .20784
29691 20784
P@i,j)* = | .29691 .20784
129691 .20784
129691 .20784
29691 .20784

0.000
0.200
0.000
0.000
0.000
0.000
0.000

.04157
.04157
.04157
.04157
.04157
.04157
.04157

0.000 0.050 0.000 0.000
0.000 0.800 0.000 0.000
0.200 0.800 0.000 0.000
0.000 1.000 0.000 0.000
0.000 0.000 0.800 0.000
0.000 0.000 0.0600 0.250
0.000 0.000 0.000 0.000

.00831
.00831
.00831
.00831
.00831
.00831
.00831

.22268
22268
22268
.22268
.22268
.22268
.22268

.17815 .04454
.17815 .04454
17815 .04454
17815 .04454
17815 .04454
.17815 .04454
.17815 .04454
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As shown above, the write availability of the modified shared-virtual-memory sys-

tem is .29691. The rating of the modified system is clearly better than that of the system

before modification. For illustration purposes, in section 5.7 the original system, i.e.,

without modification, was computed to have a availability rating of .25747.

5.9 Summary

This chapter develops a framework for analyzing the performance of shared-virtual-

memory systems. First, a simple read operation was examined, followed by the more

interesting write operation. The write operation was first analyzed in its simplest form,

followed by the more complex case of variable time delays. The variable time delay was

used to analyze the page invalidation protocol function and a distributed page manager

algorithm. The shared-virtual-memory algorithm was then enhanced in order to perform

more efficiently. This is accomplished by assigning the page managers task to the owner

of the page. This assignment would eliminate the page manager and thus save at least



9%

one page request in most page faults. The complete analyses was then performed on the
improved algorithm. The memory access statistical patterns assumed in the analyses
were the same as those used with the prior algorithm, this facilitated the realistic com-
parison of the results between the old and the new algorithm. In all three variations of
the protocol model, the analysis performed indicate that the new algorithm performed

substantially better.



Chapter 6

Conclusions

This dissertation presented an analytical framework for analyzing the performance
of the memory hierarchy. A framework was developed and then applied to a traditional
memory hierarchy which consisted of cache and main memory. An example of a shared-
virtual-memory system was given and the performance model was then applied to this
complex hierarchical memory system. Memory coherency protocols were also presented

and their performance was examined and compared.

6.1. Summary Of Results

The dissertation presents an innovative analytical approach to the evaluation of
hierarchical memory systems. A performance model based, on Markov chains, was
developed and presented in chapter 3. This performance model was first applied to a
simple three level memory hierarchy, which consisted of cache and main memory. The
notion of system availability was then defined as a measure of the memory hierarchy per-
formance. The performance evaluation using this model was then further enhanced to
model non-equal fixed time delays for different levels of the memory hierarchy. This

non-equal fixed time delay modeling was accomplished through the use of state cloning
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techniques which were originally developed and presented in chapter 3. Some additional
design improvements to the memory hierarchy, such as better page replacement algo-
rithm or a larger cache, that would affect the performance of the memory system were
applied to the new memory hierarchy, and the resulting improvement in the memory sys-
tem performance was analyzed. The performance model was then enhanced to handle
ndr{-equal fixed time delays. The results of all these improved memory systems were
then compared with that of the prior memory system model. A more complex memory
system, with one level of the memory hierarchy incurring a variable time delay, was then
presented, and new state cloning techniques were then developed, which enabled the
performance model to analyze the variable time delay. The variable time delay hierarchi-
cal memory system was then analyzed and the results were compared with that of the
non-equal fixed time delay system. Variable time delay capabilities are obﬁously critical
when analyzing cache or virtual memory, because the amount of time required for a
memory access is definitely different, depending upon whether or not the desired location

is currently present in a particular level of the memory hierarchy.

The non-equal fixed delay and variable delay enhancements made to the perfor-
mance model in chapter 3 are necessary for the modeling and analysis of the memory
coherency protocols. As explained in chapter 4, memory coherency protocols are neces-
sary when implementing shared-virtual-memory. Shared-virtual-memory transforms the
memory access behavior of a loosely-coupled parallel processing system into that of a
tightly-coupled system with shared-global-memory. This transformation gives software
developers an alternative form of inter-processor communication which has the advantage
of being transparent to the programer. Data from one processor can be written into
shared-virtual-memory that another prccessor can read. Without the shared-virtual-
memory system, the programer would have to explicitly send the data in a communica-

tion message. Efficient shared-virtual-memory implementations allow multiple copies of
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a single memory location to exist, i.e., one in each processor. In order to maintain
memory coherency, a write operation can only be performed on a single existence of a
memory location, i.e., no other copies may exist. Shared-virtual-memory algorithms
through the use of memory coherency protocols are used to invalidate all other copies of a
memory locations before write operations take place in one copy only. Chapter 4 explains
in detail the issues associated with memory coherency and gives an example of a shared-

virtual-memory algorithm,

The shared-virtual-memory system, described in chapter 4, was then analyzed in
chapter 5 using the same performance model which was developed in chapter 3. A read
operation on a shared-virtual-memory was analyzed first and the read availability of the
system was then computed. The shared-virtual-memory write operation, which is more
complex due to the page invalidation protocol requirements, was subsequently analyzed
using a fixed time delay page invalidation function. A more realistic, variable time delay,
assumption was then made for the page invalidation protocol function and a new model
was then constructed using the state cloning techniques developed in chapter 3. The
results from the variable time delay page invalidation protocol system were then com-

pared with the results of the fixed time delay system.

Dynamically distributed page management algorithms, as the name eludes to,
dynamically distributes the task of page management to different processors within the
domain of the shared-virtual-memory system. The shared-virtual-memory system was
then enhanced in such a way as to contain a dynamically distributed page management
algorithm and was then modeled with a variable time delay page management protocol to
represent the new algorithm used. The write availability for the dynamic distributed
shared-virtual-memory system was then computed using the alternative approach of the

matrix multiplication method. A matrix multiplication routine specifically developed for
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this thesis and written in the “C” programing language is also given (Appendix A) to help

in solving the system availability of large complex systems.

The dynamic distributed page manager was then further modified in order to allow
it to function more efficiently. This modification entailed merging the tasks of the page
manager into that of the page owner. The responsibility of keeping a record of every pro-
cessor that has a copy of the page becomes that of the page owner and thus allows the
elimination of the page manager per se. The owner of a page is also responsible for send-
ing out page invalidation messages. This new owner-manager protocol was then
modeled to ascertain if indeed it is more efficient than the original dynamic distributed
page manager approach. Variable time delays, state cloning techniques, and the alterna-
tive matrix multiplication method were all used to determine the write availability of this
new shared-virtual-memory system. The results were then compared to that of the prior
system and indeed, as expected, the modified dynamic distributed page management

shared-virtual-memory system clearly performed better.

6.2. Related Work

Much work in the performance evaluation of hierarchical memory systems is based
upon trace-driven simulation. In trace-driven simulation, traces of a computer program’s
memory access are collected. The memory access pattern’s affect on different organiza-
tions of the memory hierarchy is then simulated. The affect of different cache coherency
protocols are also determined through simulation. Simulation is very costly in terms of
the amount of CPU time consumed and disk space needed. In [Wan89a] a method of
reducing traces is given to alleviate the required disk space requirement and decrease
CPU computation time needed when employing simulation. Parallel algorithms that help

reduce the time needed for a trace driven simulation have also been developed [Lin89]
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and [Lin88].

A model for cost measurement of cache coherency protocols in loosely-coupled mul-
tiprocessors is given in [Li86b]. In that model, the cost of a page fault is given in terms of

the cost of sending a message, receiving a message and invalidating a page.

Several different organizations of multilevel cache hierarchies are presented with
performance evaluation in [Wang89b], and the performance evaluation method used is
that of trace-driven simulation. In the future research section of [Wang89b] it is stated
that there are several problems related to trace-driven simulation, such as the amount of
time and storage space required. One minute of execution time from a 150 MIP multipro-
cessor would generate a trace of more than one billion instructions. However, aside from
the size of the trace, collecting a meaningful trace is also a problem. [Wab89b] also states
that the validity of this type of simulation has not yet been fully studied in the sense that
simulation results of one system does not necessarily depict the behavior of another, dif-
ferent system. Analytical models, such as the one described in this research, thus consti-

tute a viable alternative technique to the trace-driven simulation used so far.

6.3. Future Research

The performance of the hierarchical memory models given in this dissertation were
measured with the steady-state probability of a constructed performance model. A sup-
plement to the steady-state analysis could be transient analysis of the same constructed
model. For example, the very first memory system analyzed shown in figure 3.1 stabil-
ized after 22 transitions. The time that a system takes to arrive at the steady-state is also

a measure of the performance of the system.

The performance model developed in this dissertation, although exclusively applied

to hierarchical memory systems, can also be used on a wide variety of applications. One
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such application, that of communication network protocol efficiency, comes to mind
immediately. The methods used in applying the performance model to the dynamic dis-
tributed shared-virtual-memory system, of figure 5.10 in chapter 5, could also be used in

applying the model to a communication network routing algorithm.

6.4. Final Thoughts

This dissertation presents a novel approach that can act as an alternative or comple-
ment to simulation. This approach enjoys a definite improvement over simulation by
allowing one to use analytical tools that pure simulation does not offer. Even though the
discussion and examples pertained to memory systems, the model is by no means con-
strained to this application. This model can be used on a broad spectrum of similar prob-
lems with ease and similar success. A theoretical approach is always superior to pure
simulation, not only because it yields a closed-form solution, but it also because it pro-

vides an alternative avenue of solution and a different prospective to the same problem.



Appendix A

C Program For Matrix Multiplication

1 #include <stdio.h>

2

3 /* Define Maximum Matrix Size */
4 #define MTX_MAX 10

5

6 double mtx[MTX_MAX]J[MTX_MAX]; /* Initial Matrix */

7 double mtx1[MTX_MAX][MTX_MAX]; /* Final Matrix ¥/

8 double tmp[MTX_MAX][MTX_MAX]; M* Temporary Matrix */
9 int m_size; /* Size of Matrix */

10

1M

12 * This program will prompt the user for the matrix size,
13 * original matrix for multiplication, and the power to
14 * which the matrix should be raised

15 * The output will be the initial matrix raised to the

16 * given power

17 ¥

18

19 main()

20 {

21 int i, power, atoi();
22 char  buf[80);

23

24 "

25 * Get original matrix size
26 i :

27 printf(”Enter Matrix Size: ”);
28 gets(buf);

29 m_size = atoi(buf);

30 if ( m_size > MTX_MAX) {

31 printf("Error matrix can be no larger than %d\n”, MTX_MAX);
32 exit(0);

33 )

34

35 Pad

36 * Get the elements of the original matrix
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37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71}
72

73 M

*
for (i=0; i < m_size; i++) {
printf(“enter row %d: “,i);
gets(buf);
sscanf(buf,” %If %If %If %If %lf %lf %l %lf %M %lf”,
&mix(i][0], &mbx[i][1],&mix[i][2],
&mix(i][3], &mb([i][4], &miK[i][5),
: &mbi}[6], &mbx[i][7], &mbdi][8], &mbx{i}[9]);

/ﬂ'

* Print the input matrix
*

printf("input matrix\n”);
pr-mtx(mix);

r :
* Prompt the user for power to raise matrix to,
* raise matrix to power through multiplication
* print final answer and prompt for new power
*
for (;;) (
printf(“Enter power to raise to: ”);
gets(buf);
power = atoi(buf);
if ( power == 0 ) break;
printf("Matrix to the %d power\n”,power);
cpmix(mtx, mix1);
for ( i=1; i<power; i++) {
cp_mitx(mtx1,tmp);
mbCmult(tmp, mtx, mtx1);
)
pr-mitx(mtx1);

74 * cp_mtx() : Copy from matrix to to matrix

75

76 cp_mtx(from,to)
77 double from[MTX_MAX][MTX_MAX);
78 double to[MTX_MAX][MTX_MAX];

79 {
80
81
82
83
84 })
85

86

int ij;
for (i=0; i < m_size; i++)
for (j=0; j < m_size; j++)
to[i}{j] = from[i](j);

87 * mbx_mult(): Multiply matrix m1 by m2 and place the
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88 *result in matrix m3

89 ¥

90 mix_mult(ml,m2,m3)

91 double ml[MTX_MAX][MTX_MAX]);

92 double m2[MTX_MAXJ[MTX_MAX);

93 double m3[MTX_MAX}[MTX_MAX];

9 {

95 int ijk;

96 double tmp;

97

98 for (i=0; i < m_size; i++) {

99 for (j=0; j < m_size; j++) {

100 m3[i}{j] = 0.0;

101 for ( k=0; k < m_size; k++ ) {
102 m3[i][j] += m1[i][k] * m2[K]j};
103 }

104 }

105 )

106 return O;

107 }

108

109

110 * pr_mtx(): print matrix xmtx to the standard output
111 ¥

112 pr_mix(xmtx)

113 double xmtx]MTX_MAX][MTX_MAX];
114 (

115 int ij;

116

117 for (i=0; i < m_size; i++) {

118 for (j=0; j < m_size; j++) {

119 printf(*%7.51f ” ,xmtx[i](j]);
120 }

121 printf(“\n”);

122 }

123 }
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