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Abstract

INVESTIGATIONS IN HOMOGENEOUS COSMOLOGIES

by

CHRIST FTACLAS 

Advisers: (for the City University) Professor 

Daniel Greenberger, and Professor Jeffrey M.

Cohen, University of Pennsylvania

Spatially homogeneous relatlv istic  cosmo­

logical models a re  explored and a number of new 

properties a re  presented. It is demonstrated 

that motions associated with rotational symmetry 

need not preserve the homogeneity of physical 

fields. A model is presented in which physically
t

defined preferred directions violate rotational 

symmetry. Some perturbed models are  given 

which exhibit shear, expansion and non-vanishing 

vortlclty. The unperturbed models are the Bianchi 

Type III spacetimes of Kantowski and Sachs. In 

addition, an introduction to the mathematical fram e­

work of Relativity is included with particular empha­

sis on exterior calculus and the theory of symm etric 

spaces.
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Preface - Some Notational and Other Conventions

1. Throughout the text, except where indicated, the summation convention 

is in effect and repeated indices a re  an implicit sum.

2. In general, Latin indices assum e the values 1, 2 and 3, and Greek indices 

the values 0, 1, 2 and 3. Where spaces of a rb itra ry  dimensionality N are  

discussed in Chapter 2, all indices range from 1 to N.

3. In the system of units used, c = 8tt G =1 s o  that the field equations are:

G , = R , -  4  q ,Ra „ = T „ . Where it is intuitively useful,(iv (iv 2 niv  a uv }  •

quantities in more common units a re  repeated parenthetically.

4. Chapters a re  numbered sequentially as a re  sections within them. For 

instance, 3 .2  is the second section of Chapter 3. Equations a re  numbered 

sequentially in the section in which they appear so that: (3 .2 .7) is the 

seventh numbered equation in (3.2).

5. Figures and tables a re  numbered sequentially in the chapters which they 

appear.

6. References a re  indicated by a numbered superscript and listed  by number 

at the end of the text.

7. Round brackets on indices denote symmetrization and square brackets

anti-sym m etrization. Thus:
1



8. No attempt has been made in typestyle ( i.e . boldface) to differentiate 

abstracted tensor valued quantities from their components, as the con­

text will always make the distinction clear.

9. Occasionally, partial derivative operators a re  denoted by the le tter p

with a subscript so that p̂  is the partial derivative with respect to x*.
*

Otherwise, as usual, a comma will denote partial differentiation and a 

semi-colon will denote covariant differentiation.

10. Footnotes w ill be d esig n a ted  in  th e  tex t by a L atin  su p e rsc rip t 

and are l is te d  follow ing the re fe re n c e s .

-7-
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i. Introduction

The following chapters include an exposition of the basics of relativ istlc  

cosmology, and a series of researches into the nature of homogeneous space­

times and some of the consequences of the assumption of homogeneity. Chap­

te r 2 is a non-rigorous exposition of the mathematical framework of die General 

Theory of Relativity which has been included prim arily  to establish notation 

and point of view. Chapter 3 applies Relativity to cosmology and develops the 

theory of sym m etric spaces and spatially homogeneous world models.

New resu lts  a re  presented in Chapters 4, 5 and 6. In Chapter 4, some 

properties of homogeneous spacetimes a re  explored and it is demonstrated 

that rotational sym m etries need not preserve the homogeneity of physical 

fields associated with spacetime. In Chapter 5, a rotationally symmetric 

spacetime is presented in which physically defined preferred  directions violate 

rotational symmetry. In Chapter 6, some perturbed cosmological models 

a re  given which a re  shearing and expanding with non-zero vorticity.

Specific resu lts  a re  discussed in the chapters in which they a re  obtained 

and broadly related to other work in the field in Chapter 7.



2. - An Introduction to General Relativity

This section contains a b rief introduction to the mathematical framework 

of General Relativity. It is by no means complete or entirely rigorous, and is 

intended prim arily  to establish a consistent framework from which further 

resu lts can be developed. For more complete treatm ents of the full theory 

the reader is re ferred  to references (1-7). In addition, the mathematical 

tools Introduced in this section are  developed in references (8-11) and will 

not be cited individually.

Spacetime will be modeled as a differentiable manifold with pseudo- 

Riemannian m etric . Tensor operation, defined in the tangent spaces a t each 

point in the manifold, and derivative operations requiring connections between 

the tangent spaces of adjacent points a re  defined. The techniques of exterior 

calculus and differential form s are  developed as a natural framework in which 

to trea t homogeneous spacetimes.



2 .1 -  Differentiable Manifolds

A differentiahle manifold of dimension n is a point set which is locally indis­

tinguishable from Rn the n-fold product of the real line with itself. More expli­

citly, a point set M is a differentiahle manifold if there exist pairs (  ̂ )

where is an open set in M and is a homeomorphism of onto V ^  

an open set in Rn such that:

(1) Uj U UZVJ......................... c  M

(2) for any if f \  is not empty then ( j^  ^

is a differentiable mapping in Rn .

For p any point in of M the ^ ( p )  -  (x1(p), x2(p) xn(p)) are  called the

coordinate mappings of p. Where n  is not empty, points in the in ter­

section have two coordinate descriptions f l r h f p )  and f v  •  h '

(the composition of with ) is a coordinate transform ation in Rn . Condi­

tion (1) above guarantees that every point in M is mapped into Rn and (2) assu res  the 

differentiability of these mappings. A pair is called a chart and an atlas

is a collection of charts such that the union of their open sets is M.

Functions may be defined on M by their action on the points of Rn;
i

f(p) '  f( ^ ( P ) )  *  f(xl(p))

Likewise differentiability may be defined on M but it is clear that functions are  

differentiable to the extent that the are  differentiable. We may define a 

atlas (or a manifold) as one in which the functions are

(possess continuous partial derivatives to all orders ). A homeomorphism

-13-



of M onto itself is called a dlffeomorphism if T and f 7 ' a re  differentiahle. 

Diffeomorphisms preserve the class of differentiable structures onM .

In addition to the mathematical definition of M the following physical r e ­

strictions a re  imposed as assumptions about the nature of spacetime:

(1) M is connected - Any two points in M can be joined by a continu­

ous curve lying entirely  in M.

(2) M is Hausdorff - For any two points p, q in M there exist neigh­

borhoods P of p and Q of q such that P Q is empty.

(3) M is oriented - The JacobiaiCof the transform ations are all cho­

sen to have the same sign. Grientabiiity is an intrinsic property of M not 

the fashion in which coordinates are  chosen.

(4) M is paracompact - There exists a covering of M such that for 

every p in M there is a neighborhood A which in tersects only a finite number 

of covering sets ( i.e . - every covering of M has a locally finite refinement). 

This definition of a differentiable manifold perm its  the extension of concepts

fam iliar in Rn such as  continuity and differentiability of scalars to suitably defined 

open sets in M .

-14-



2.2 - Vectors and Form s on the Manifold

For M a differentiable manifold, a mapping y of the real line into M is a 

param etized curve in M. If t is the curve param eter on the real line, then Y(t) 

is assum ed to be a differentiable function of t. At the point xQ in M where y( 0) = x q  

the following product can be defined for any function f which is differentiable in a 

neighborhood of xQ:

< Y .f>  <f 'V ) ] t =0 <2' 2 ' 1>

Under this product, the following equivalence relations a rise :

(a) An equivalence class of curves such that <y1 , f> = < y 2 >

defines a tangent vector at x0. The set of all possible tangent vectors at

x0 defines the tangent space T x at xQ.
o

(b) An equivalence class of functions such that <Y ^ >=<y  »^2>

defines a differential df, or one-form at xQ. The set of all one-forms a t xD

defines the cotangent or dual space T* at x .
xo 0

If a  is the tangent vector to the curve y  then df is defined by s

<a,df> = <y »f> (2.2.2)

Both the tangent and dual spaces may be given the structure of a vector space.

If (x , x ................xn) a re  coordinates in a region surrounding x0 define a

family of curves y \ t )  by :

-15-



y J(t) = x JQ + xJ(t) = xJQ + t

The tangent vector to y J a t xQ is P j . Defining functions f l by f ‘= xl

the differential df1 at xQ is then dxl and the product (2.2.1) is s

<Pj .dxi> = ft (3co - t,6ij * 6lj (2'2’3>

The duality relation (2.2.3) implies the linear independence of the

and the dxt since if h = Cjdx^s 0 then <p . ,h>  = c  . = 0 . The p .
i J J

(or dxl) are  a basis in the tangent (or cotangent) space. Writing out the product

(2.2.1) gives :

<Y»f> =Ld t f (Y (t ) ) ^ t _ o  _‘- f , i d t  \ = 0  ~ < a »d f>  

or using (2.2.3) and the linearity  of the product (2 .2.1) ’•

d f  = f  . d x 1 = u . dx**i 1  x a = dx1 i
dt Pi = v Pi

where:

< Y ,f>  = < a ,d f >  = (u i v 1 ) t= 0

-16-



The tangent space is the space of contravariant vectors with generic element s

a  = u  pii  (2.2.4)

Its elements a re  the mappings on functions f — u xf  . € R1 . The dual
> i

space is the space of covariant vectors with generic element s

3 = u ^ d x 1
(2.2.5)

Its elements are  the linear functionals on vectors defined by df( a )  = a f .  The

forms (2 .2 .4 , 5) make manifest the behavior of elements of Tv and T* under
xo o

coordinate transform ations x^= x l(x) (where x represents the set xl);

a = u^”p . = u 1^  . p .  = u 1a-I . p .  = u J p .  ( 2 .2 . 6 )
i  » i* j  i  3 3

3 = u . dx'*' = u . (p  .x^Jdx-^ = u .b ^ .d x -^  = u  .dx-' ( 2 . 2 . 7 )l  i v t j  1 3  3

Spaces of higher order can be constructed by taking the Cartesian products 

of T and T*. Thus, the space TxT* (it is understood that these spaces carry  

subscripts assigning them to one point in M) has a basis p^ ® dx^ and

-17-



generic elem ents:

A = A1 j P i  ® d x J

The product (2.2.1) is not as yet an inner product since no norm has been assigned 

to vectors, nor has any other m etric function been defined. The dual and tangent 

spaces rem ain distinct. A m etric may be assigned to M by the physical observa­

tion that Special Relativity is essentially a correct theory over small distance 

scales. Accordingly, we can require that for ail p in M there exist local coordi- 

nates x (specializing to four dimensions) such that the m etric tensor g has the

where = diag (-1, +1, +1, +1) is Minkowskian. In any other coordinate

form:

g  = "H pdxa ® dx^ a a3

system (xa = x a  (x^ )) r

( 2 . 2 . 8 )

Yw here the b  ̂ are defined by (2.2.7). The norm of an element of T ,  (2 .2 .4) is 

then *

(u,u) = gy6uYu6 = tya7 = \ u \ 2 (2 .2 .9)

-18-



In addition to defining lengths and angles it is evident from (2. 2.9) that the m etric

tensor makes identifications between elem ents of T and T* and renders (2. 2.1)
!

an inner product. Tensor valued quantities may therefore be regarded as abstrac­

tions having representations in either dual or tangent spaces. The vector (tensor

of rank 1) U, for instance, may be written U = Ua d x a p r  U = U a p a where

3 oou  a =ga3 U . More generally any nonsingular linear combination of the d x t  Pa )

may be chosen as a basis in T*(T)»even where the basis elements are not exact

differentials (cannot be written as  ). A basis for which the m etric takes

the form (2.2.8) is a coordinated basis.

-19-



2.3 - Directed Derivatives

In keeping with the coordinate free ideas of the previous section it is suitable 

to redefine the m etric operation as a sym m etric, bilinear mapping of ordered pairs 

of vectors into R*. (This definition can be naturally extended to inner products on 

tensors of higher rank.) Thus, if Y andZ  a re  vectors, and (Y,Z) represen ts their 

inner product, we have:

(a) (Y, Z) = (Z, Y)

(b) (Y+W,Z) = (Y, Z)4(W, Z) 

(aY ,Z)=(Y ,aZ)=a(Y ,Z)

(c) (Y,Z)= 0 for all Z -  Y =0

(symmetric)

(bilinear)

(acR )

(nonsingular)

Condition (c) above is weaker than the positive-definite condition (Y, Y)=0 -*Y =0.

It perm its the existence of null vectors and labels the manifold as pseudo-Riemannian. 

For Ya any basis in T the corresponding components of the m etric  tensor a re  given 

by *

SaS ‘  < W

From  the definition of vectors as differential operators it follows that for 

X a vector and f  a scalar field :

X f = Xa f  „ = ( X ,d f )
9

-20-



is the change in f  in the direction X. It is logical to extend this concept to the 

change in a vector field in the direction of another. Although such an extension 

is straightforward in Euclidean space difficulties a re  encountered in the general
i

Riemannian space. The problem is essentially that differentiation implies the 

comparison of vectors a t two different points in space but the considerations of 

the previous sections indicate that such vectors a re  actually in different spaces 

(Tp, Tpt). Comparison requires a "connection" between these spaces giving r ise  

to a new derivative operation. If we designate this operation by Dy the derivative 

in the direction Y then Dy can be defined by :

(a) Dy(Z+W)= DyZ+DyW

(b) Dy+\y(Z)= DyZ+DwZ
(2.3.1)

(c) DfyZ sfDyZ

(d) Dy(fZ) = (Yf)Z+fDyZ

where Y,Z and W are  vectors and f is a function.

For a given basis Xa  taking Y= Y a Xa  and Z =Za X , from the rules (2.3.1)

DyZ may be written *

DyZ = YaDa ( z eXg)

= + z pDax p ]  <2' 3 ' 2)

where Da  = D xa * It is evident that the action of D is completely specified by (2.3.1) 

and its action on basis vectors. Since the change in a vector is itself a vector E^Xg

-21-



may be expanded on the to give»

,  (2.3.3)
V e  - r V u

u.
where the P  a g a re  the coefficients of connection (if the basis is holonomlc 

i .e . [ X a> Xg] = 0, then the a re  called Christoffel symbols). Using

(2.3.3), (2 .3.2) can be written:

V  = Ytt' Xa zP + V 3„ a z lJ )x B *

Strictly speaking the requirem ent of the previous section that there exist locally

a Minkowskian coordinate system should include the requirem ent that in such a 

n  Usystem the \ a gvanish since this is also  a characteristic  of Minkowski space.

This constrains the P  by requiring that the torsion T defined by :

T=D yZ-Dz Y- [Y ,Z ]  (2.3.4)

vanish, or equivalently that in a holonomic basis. The

P  ^ Q are  then completely specified by the condition T = 0 and Dg= 0, that is 
'  ocp

the covariant derivative of the m etric tensor vanish.

-22-



2 .4  - Differential Form s and Exterior Calculus

Tensor fields of rank 2 can be formed by the product T*xT*. A basis in the 

product space will be dxa ® dx^ with the properties t

( dxa + d x ^ ) ® dxY = d x a  ® dx^ + dx^ ® d x Y 

dxY ® ( dxa  + d x ^ ) = dx^ ® d x a + dxY ® dx^

mdxa ® dx^ = dxa  ® mdx^ = m (dxa ® dx^) / 2  4

Since the tensor product is not in general symmetric, we may define the exterior 

product to be the anti-sym m etric part of the tensor product as :

, a , B  l / j O t « . , B  j B a j OLv (2.4.2)dx A dxM = -j (dx ® dx - dx ® dx )

where " a " denotes the exterior product and (2.4.2) defines a 2-form . From

(2 .4 .1 .2 ) it follows that the ex terio r product is linear in each of its arguments 

and antisym m etric on their exchange. The space of two-forms is thus a vector 

space with dimensionality equal to the number of distinct pairs of n objects where 

n=dimM. Calling functions zero-form s with only one basis element (which can be 

taken to be 1) and with T* the space of one-forms with dim T * = n = (^ ) ,then

(2.4.2) can be generalized to a space of p-form s with basis :

u>P = dxal Adxa2 A.... A dxap

-23-



and dimensionality (p ). In the above, i s  a 1 , a 2 » . .  *a p - n  .

For p > n , ujp  contains a repeating index and must vanish. From  the properties 

of ( ” ) it is clear that dim u>P = dim u;n  p  . A mapping from ttp to u)n “ p 

is provided by the Hodge or duality operator. For \ P an element in the space
p

of w where «

\ p  = —. X d x a l  a dxa 2 A .. .A dxa pp! a r a 2 , . . . , a p

and X - . i s  antisym m etric in all of its indices, the element *XPa l » . . , a p

an element in u)n “ p is defined by t

XP A * X P = (*Ap ,*\p )dx1 a dx2 A... Adx11 (2.4.3)

where the inner product on p-form s is induced by the inner product in T* as 

follows: If dP = dalA....A da p th en :

( d p ,d p ) = d e t ( d a i ,c / a j )

CL RIn the general case the m etric g= ® dx can be diagonal ized

(g is a symm etric, non-degene rate  matrix) to yield an orthonormal basis of one- 

forms iua  . (Cartan basis) where :

s  = v ' 1 ® "'6 (2.4 .4)

T)a p = d i a g ( - l , + l , + l , + l )

The action of the duality operator on the elements of basis p-form s associated with

-24-



(2 .4 .4) based on (2.4.3) are summarized in Table (2.1).

For any scalar field f  , d f  is given by:

d f  = f  dxa

where the operator "d" has mapped the 0-form f  into the 1-form d f  . Generali­

zing this operation, we can define the exterior derivative "d" to be the operation 

which maps p-form s into p +1 - form s such that *

d ( \  + X2 ) = d \ 1 + d k 2 (2.4.5)

d U p A eq ) = dxp A eq + ( - i ) pi p A d e q (2. 4. 6)

d ( d \ P ) = 0 (2.4.7)

Condition (2.4.5) is just the linearity  associated with derivative operators. (2 .4 .6) 

follows from d(dxa )=0 and the antisymmetry of the exterior p r o d u c t  and (2.4.7) 

is the statement of the equality of mixed partial derivatives.

The action of d on 1-forms as generalized from (2.4.5) is:

d (v  dxa ) = v  dx^ A dxa a a , p

and so on for other p-form s. On vectors (elements of T), d operates on components

as scalar fields to yield a vector with 1-form valued components3:

d ( v °tpa ) = d(v0C)pa + v<ld^pa^

-25-



Table 2.1 - THE DUALITY OPERATOR

For a p-form X, *X is defined from*

X A *X = (*X,*X) u>° a u)1 a iu2 A ou3

In a four dimensional space with signature (-»+,+,+) 
the double dual obeyst

*(*XP) = (-1)P+1 Xp

On basis p-forms:

0 1 2  3*1  = —U) A ID A II) A m

0 1 2  3* u r  = UJ A ID A u)

♦uj1 = uu® a u)-5 a (i, j, k cyclic)
*( cu® a tt)1) = u)-1 a (i, j, k cyclic)

Thus for:
(a) J = J

*J  = I T  j t \ B v | i " a  A “'S A “ W
(b) F = r F u/* A U>V ,

2  |av *
*F = - \

( c )  A  =

*A = A ^ Vn U)a 3! 'aX|iv

Where for orthonormal frames:

\ 3 v 6  “ T1[ a 3 y 6 ]  ^a3y6

^0123 = 1

and € Q e is the Levi-Civita tensor apyo

- 2 5 a -



2.5 - Relativity In the Language of E xterior Calculus

For the orthonormal basis constructed in section (2.4) the basis of 1-forms 

can be written t

of = a“ dxe (2-5' 1)
P

where the a re  in general functions of all the coordinates. Dual to the

is a set of basis vectors uj such that *

(t«a ,u)e ) = 6 a P • (2.5.2)

which together with (2 . 5 . 1 ) and the duality relation (2 . 2 .3) gives:

o
uu = b  p Q a or 3

where = 6 a . Applying d on ou and writing the p  in term soc y V ^
of the gives s

3 (2-5.3)du) = wr u)Q a a 3
6where w is a connection 1-form in analogy with the action of D on basis a a

vectors. The connection form s can be expanded on the to give :

= YaR 3 r 3fi

ct bwhere the Y are  the Ricci rotation coefficients . The exterior derivative

of ( » y , » 6 ) * riy 6  g iv e s :
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(UÛ- U) ,U).) + ( UU , UÛ .UU ) v Y H 6 Y 5 n' = 0

tip- + UÛ -T̂  = 0

6  *ym.
uu . + u). = 0y 6  6 y

(2.5.4)

Ywhich together with (2.5.3) completely specifies the ® ^ 

Defining the displacement of a point dP by *

, a  adp = dx p  = u> uua

(dP is not an exterior derivative) then t

d (d P ) = duua uua  -  uua duua
/ , a. 8  a  v=s ( duu — UU A UU Q) U)P (X

The 2-form duua -  uû  A uua ^ is the torsion T defined in (2 .3 .4) and

is required to vanish giving the structure equation s

dwa = A J* (2-5-6>P

Since du>a  is not the ex terior derivative of a differential farm

d( duu ) does not vanish and : a

d(duia) = d(uuPaiug)
= (duû  + uû a uû )uuQ (2 .5 .7)

v a |i or 8
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The curvature 2-form 6 a g defined in (2.5.7) has components in the basis 

U)a a id̂ given by :

- ± S «  / a .»  < 2 - 5 ' 8 )"  2  K A

where R is the Riemann curvature tensor and the definition of curva­

ture as a second derivative ( = 0VL, U) ) is consistent with EuclideanH* r*

concepts.

From  d(du)a ) = 0 and (2.5. 6 ) we get s

d(du)a ) = -du)a g a ujP + u)a g a duuP

= — (da>a, + u;aa a id̂ . ) A U)̂-
A p  A

0 = 0°^ A

or

R% Y6 + R a Y 6 3  + ^ 6 3 7  = °

From  (2.5.9)

d 0 a g = d( dtu g ) + d(u>tt Aiuyp ) 

„a y a „ y= 0 A ID Q — 11) A 0 „
Y 3 Y 3

-28-



which are the Bianchi identities,

*a3 [ y 6  j v ]

In summary, the diagonalization of the m etric tensor yields the one-form 

basis and the <& ality relations (2. 5.2) and (2.2.3) deteim ine the dual

vector basis . The structure equations (2. 5.4 J5 ) uniquely fix the connection

1 -form s and the curvature 2 -form s 0 * 1  a re  calculated from (2 . 5 . 8 ).

The components of the Riemann tensor a re  the coefficients of the curvature 2-form s

u vin the basis u> A U) and the Ricci tensor is as usual die "trace" of the Riemann 

tensor s

p _ p®'
liv p.av

The Einstein tensor G|lV is the divergence free structure = R^v -

where R = R^ and the field equations are *
M'

G = T -  XT]
ji.V (J.V ‘(J.V

where X is the cosmological constant and T^v is the stress-energy  tensor 

of whatever fields inhabit spacetime.

For u a vector field s

U  =  U U U)

an d  the ex terior derivative of u is
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du = u ^1 ujv u) + u^du) »v ( 1  ( 1

=  U V U^U ) 
f | i  V

where u^1 is the covariant derivative In orthonormal fram es and

is shorthand for uu^u1 1 the basis vectors applied a s  differential operators on

the components of u.

More applications of exterior calculus will be persued in the following chap­

te rs . The advantages of orthonormal Cartan bases is of course that the m etric is 

always Minkowskian and together with ex terio r calculus, resu lts  may be expressed 

in invariant (coordinate free) form ra ther than covariant form. A straightforward 

calculation reveals, for instance, that the exterior derivative is independent of the 

fram e in which it is calculated. The disadvantage, if any, is that the basis 1-forms
i

in general a re  not hypersurface forming, that is the u/ 1  a re  usually not exact 

differentials of any functions so that global coordinate surfaces cannot be found. 

Where the differential structure of the u)*1  is simple, however, as in the case 

of homogeneous spacetimes the method is extrem ely powerful.
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2 .6  - Symmetries of Spacetime

vWe consider a manifold M and assum e far the moment global coordinates x . 

A homeomorphism > t  , of M onto itself is then a coordinate transform ation in M. 

We assum e further that t  is of the form t

(2.6.1)v - v , .T : x  -* x  ( x , s )

where x = e * vi and s  is a real param eter such that xV is a continuous

function of s  and x v ( x ,0 )  =xV (T is connected to  the identity).

From (2 .2 . 6 ,7) it follows that each such t  induces a mapping ( t*)

on the elements of T(T*). For T near the identity we can consider t  (p) as

moving p in M as s  is varied away from zero. At each point of the orbit a unique

tangent vector is defined which is the generator of infinitesimal transform ations:

Z = Zv p = ( 4 - x V) (2.6.2)v d s  ' s= 0 *v

If T ts effective on M then (2 . 6 .2) defines a vector field.on M. The existence of 

global coordinates and to some extent t  itself a re  artificial in that any vector field 

on M with suitable coninuity can be regarded as generating Infinitesimal transfo r­

mations on M. Finite transform ations, as always, can be built up from successive 

infinitesimal ones.

Assuming that the field Z is defined on M, then for p in M /in infinitesimal 

transform ation to p* can be written s



x V , = x V + ZV 6 s  (2.6.3)p» p p

Let F be any tensor field on the manifold (continuous, differentiable, e tc .)  then 

L_F , the Lie derivative of F with respect to Z can be defined as :

l im  F (p » ) -  F * ( p ) (2 .6 .4)
Z “ 6 s ^ 0  6 s

where F(p*) is the value of F a t p* and F*(p) is the value of F at p* induced by the

mappings T . , t *  of T, T*. For example, if F is a vector field,X =X a p_ ,w u.

since X is assumed analytics

Xa (p » ) = Xa (p  ) + Xa  flZe 6 s  (2.6.5)
9 P

Similarly, under the transform ation (2.6.3), the components of X*(p) can be written

x - a ( P ) = x ^ p M S 01̂ ) ^

. X S< p ) ( 6 a p + z a , e 6 s ) p '= p

= Xa (p )  + Za  cx p 6 s  
»P

(2 .6 .6 )
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Thus, from (2 .6 .5 ,6 )

T Y _ lim (Xa RZP - Za BXP)6s
V  -  6s- 0  ---*■§--7------  p6 s

= ( x a ~zp -  z a „XP) p 
tP * p a

L^x = [ z  , x ]
(2.6.7)

Similarly, for covariant vectors

« <Ya . gZe + ZB !(1 Yg )d x a  <2- 6' 8>

The action of the Lie derivative on any tensor field is defined by its action in 

(2. 6 .7 , 8 ). The vanishing of LZF implies F is invariant under the transform a­

tions generated by Z (i.e . F'(x) is the same function in the x that F is in the x).

It is evident that any F can be defined a t a point and L„F = 0 can be used toz

construct an Invariant F on M.

In Relativity, of course, the m etric tensor plays a special ro le . Those tran s­

formations which leave the m etric invariant a re  called motions or isom etries of M. 

From (2.6.8) t
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Lz 9  = <9aB ;vz ” + S av zV ,B + 9 v 6 z “ j a ' * 1  ® ^

= ( z a ;3 Z 9 ) a ) d x a « d x S

If Z is to generate an isometry then Lz ^ = ® anc* Z must satisfy

Killing's equation «

Zot;3 + Z3 ; a  = 0

(2.6.9)

The set of all transform ations which leave g invariant form a group (two successive

transform ations leave g invariant as does the identity transform ation x -  x) which

for analytic transform ations is a Lie group. The space spanned by the Z ("a”

labels different isom etries) is a Lie algebra which is isomorphic to the Lie algebra

12defined on the group manifold G of transform ations leaving g invariant .

Together with the constraint equation (2 . 6 .9) the n components Za  and

2  1  n components z a .g  define - ^ ( n + l )  independent quantities implying

that in a space of dimension n, a t most -^n( n + 1 ) independent isome­

trie s  can exist.
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3 - Relativistic Cosmology

The fundamental program of relativ istic  cosmology (assuming the co rrec t­

ness of E instein 's equations) is the generation of a solution to the field equations

which agrees in detail with all observations. In this sense, every observation»

of nature is, in fact, "cosmological". To say that this program  is a t the very 

least optimistic is an understatement. It cannot be executed at the present time 

for two basic reasons:

(a) There is no general agreement as to the nature and significance of the 

observations.

(b) The fine structure of the Universe (stars, galaxies, e tc .)  render the 

mathematical problem intractable with current techniques.

Point (a) can be accomodated by adopting a modified program  in which models a re  

constructed to conform to some lim ited data set which is considered "cosm dogical" 

in that it pertains to the large scale structure of the Universe.

Point (b) requires the same approach used in many fields of physics such as 

defining gas dynamics or electromagnetic theory in the light of atomic structure.

The object is tq in some sense, divide the Universe into cells large compared to 

any fine structure and small compared to characteristic  cosm dogical dimensions. 

Average values of density, velocity, e tc . , are  ascribed to these cells leading to a 

continuum formulation of cosmology. Assuming that the length scale of quantum 

mechanics exists independent of the macrocosm, then in any singularity of spacetime 

(taken here to mean a point of infinite density) the cell model m ust break down even
t

if all other physics rem ains valid. Since it is the four-dimensional manifold which



is being subdivided there a re  temporal constraints as well on cell size which also  

m ust be violated at a singularity.
13, 14

Away from any singularity, current observations on the distribution
i

of galaxies indicate a superclustering effect on the length scale of

*  9 -18x l0^cm  (30-60 Mpc). If the age of the Universe is taken as
SC

tu * 2xl02®cm (2xl0 1 ^yrs) then J? gc is only .5-1% of tu . Thus, for the current 

Universe there may not be a sufficiently large gap between large and small scale 

structures to  perm it the cell approximation. This point will be discussed further 

in section (2 . 2 ).
i

These problems notwithstanding, the cell approximation serves to  define 

those m easurem ents pertinent to the modified program discussed above. Clearly, 

those observations a re  to be taken as cosmological which a re  meaningful on the scale 

of the cells them selves. Thus, a 10% Helium density in one cell is a local property 

but a sim ilar density in every cell is a cosmological property.

Throughout this work the cell approximation will be used. The Universe will 

be modeled as  a continuum with local properties defined as continuous tensor fields 

on the manifold. Although this approach is certainly subject to  criticism  it seems 

at present to be the only route to achievable solutions to the field equations.

In this chapter the motion of a cosmological fluid will be discussed and applied 

to a discussion of the cosmological principle. The m etric structure of homogeneous 

spacetimes will be developed as a prelude to the research  resu lts reported in the 

following chapters.



c3.1 - The Motion of a Cosmological Fluid

We assum e the Universe filled with a fluid whose world lines define a 

congruence on M. The tangent vectors to these world lines form a vector field 

U on M (the four-velocity) taken to be normalized so that :

(U ,U )=  -1  (3.1.1)

For any observer with four-velocity u a change of basis (boost plus rotation) such 

that s

X0 =u (X t.X o^O  pq .X j) r e ­

defines a frame in which the observer is a t re s t. The spacelike hypersurface 

spanned by the X̂  is orthogonal to u and is (locally) the locus of points simultaneous 

with the observer. D irect knowledge of the local hypersurface of simultaneity is 

forbidden any observer by causality. Observations a re  restric ted  to the surface 

and interior of the past light cone resulting in a set of null or timelike connection 

vectors joining the observer to points in his neighborhood. The position of any 

particle in the hyperplane of simultaneity (rest space of the observer) can be 

approximated by the component of the connection vector orthogonal to the four 

velocity of the observer. This effectively takes the current position of a particle 

to be its currently observed position. The connection vector X may be written:

(3.1.2)
X = X„ + xx
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where the subscripts // and j .  re fe r to the components of X parallel and 

perpendicular to the observer four velocity U. From (3.1. 2) it follows that*

xa  = X -  x w (3.1.3)

= X + (X,U)U

where the plus sign in (3 .1.3) is a consequence of (U, U) = -1. In component 

form (3.1.3) can be written:

(X _Ja = Xa + XPUpUa

= ( 6 a p + U°CUp )XP

= h a RXP (3*1*4)P

where h a e is idem potent ( h a Rh p = h a  ) and projects onto the hyper- 
P P Y Y

plane orthogonal to U. The time r a te  of change of X^ is given by:

(3.1.5)
(X_J * = X* + (X ,U)*U + (X,U)U*

where ( )*denotes (= Du). The observed part of this velocity is that

portion which is orthogonal to U. The second term  on the right hand side of (3 .1 .5) 

is parallel to U and can be ignored. The third term  is already orthogonal to 

U({J,U)= -1) and the f irs t  term  can be rew ritten as follows:

Since X is assumed to join two nearby points write its components as 6 x^  

and expand X as follows:



( x a )* = 6 x a ; g UP = ( 6 x a ) j g u e + r a gY6 x PUY

= l i ( f i * a > + r a 3 Y6 x V

= 6Ua + V % Y6XPUY

= Ua r 6x P + p a 6x PUY 
»P 1 PY

(3.1.6)

Using (3 .1 .5 , 6 ), (X a  )* becomes:

( X 'X K  = u0tjp x g  + u g ( u a ) ‘x p

= ( u a . g + u gu , a ) x e

-  v y 13

From va Q hP =va it follows.that (3 .1 .7) can also  be written: 
P Y Y

(3.1.7)

= v y * e >J .

a
The m atrix v g  is orthogonal to U and can be separated into its trace, 

symm etric traceless and anti-sym m etric components which characterize re ­

spectively isotropic expansion, shear and rotation:

(3.1.8)
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Expansion: 6  =

Shear: a a §  = v (a ( |)  -  ±  9hag

Rotation: f i ag  = v [ a g ]  ^  ^

The reason for this choice of names follows from the action of each of 

these quantities on an initially spherical distribution of particles:

Expansion - preserves the shape and orientation of the Initial distribution

St* ibut a lte rs  the volume. A scale length can be defined from q = 3  9

Shear - a lte rs  the shape, but leaves the volume constant. The directions

of the principle axes of shear (eigenvectors of ) rem ain unchanged.

2  ctSFrom da g the shear scalar d  = can be defined where :

Vorticity - preserves shape and volume but a lte rs  orientation leaving only 

one direction fixed. From the vector

n .  = 2 ^ 0Y ( g y 6  = T1y 6 ) (3.1.10)

can be defined where is the direction of the axis of rotation. From  (3.1. 9,10)

the following relations can be deduced t

A  = ^ a n . aS -  0

and the magnitude of the vorticity vector iss

\ x i i -  (& - aa a ) H =

where \ £ L \ =  O e l f  = 0  = 0 .
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The vanishing of the vorticity is the condition that the local hypersurfaces of

15simultaneity mesh to form global hypersurfaces allowing the existence of a 

16cosmic tim e.
/

The above defined quantities together with the ,,acceleratian ,,

(Ua ) *X = Ua Bu ex „  = D..U (3.1.11)
CL »p u U

serve to describe completely the motion of a cosmological fluid. ( I n  ( 3 .1 .1 1 )

X^ is a basis vector.)
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3.2 - The Cosmological Principle

Simply stated, the Cosmological Principle imposes on the Universe homo­

geneity and isotropy. If it is to be interpreted as an observational statement 

( i.e . the Universe looks homogeneous and isotropic) evolution is prohibited 

since observations along the past light cone m ust indicate a constant density.
j

This s tr ic t interpretation leads to E instein 's Static U niverse.. More generally 

it is assumed that the Principle implies the existence of homogeneous and iso­

tropic spacelike sections through the Universe. From the work of the previous 

section it follows that isotropy requires that the shear, vorticity and accelera­

tion vanish which perm its the existence of global hypersurfaces of simultaneity 

to which the m atter four-velocity is orthogonal*^. Orthogonality of the four-

velocity implies the m atter is at re s t on the spacelike sections. A complete 

53analysis leads to the Friedm an models whose properties a re  well documented.

Although elevated in status by being given a name, the Cosmological 

Principle is in fact a set of simplifying assumptions which perm it an easy solu­

tion of the field equations. It is perhaps unfortunate that the enunciation of the 

Principle preceded any data to support it. The very language of observational 

Astronomy is perm eated with concepts such as "Hubble constant" and "decele-i

ration param eter" which a re  inherent to Friedm an models. Astronomical aniso-
j

tropies a re  usually reported as velocities required in an isotropic system to 

produce the observed anisotropy. In what seem s like a c ircu lar argument the 

generally accepted test that a flux or portion thereof be cosmological in origin 

is that it be isotropic. A careful evaluation of the data seem s to indicate that the 

observational ev id en ce^ ' ^  is equally good (or bad) for both homogeneity and 

isotropy.
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From the point of view of the work in section 2. 6  the Cosmological 

Principle would imply the existence of a six param eter group of motions acting 

on spacelike hypersurfaces. The surfaces a re  maximally sym m etric and the 

solutions (Friedman models) a re  well explored. From  the cell point of view 

discussed in the introduction to this chapter, however, the interpretation of the 

Cosmological Principle is slightly m ore complicated. Homogeneity would imply 

that the cell structure can be translated along any spacelike direction without 

affecting the average values assigned to cells. Isotropy implies the existence 

of a timelike direction at every point such that the cell average values a re  in­

variant under a rotation of the cell structure about any spacelike direction 

orthogonal to both the timelike and any spacelike direction. A further requ ire­

ment is that no invariant direction be associated with the cells themselves. This 

requires for instance, that the average values of e lectric  or magnetic field, 

angular momentum and pressure  gradient (spacelike component) vanish when 

averaged over the cell volume. Here again the local supercluster may cause 

problems. Recent m easu rem en ts^  are  consistent with a rotation of the super­

cluster with a period of approximately I0tu where tu is the age of the Universe.

For a typical galaxy in the supercluster, the ratio  of spin to orbital angular 

momentum is given by:

Ls/L 0  s  (MgRg 2 t s)/(MgRs 2 tg) (3 .2 .1)

where M_, R and t a re  the m ass, radius and rotation period for the galaxy
o 6  5

and Rs , ts a re  the corresponding values for the supercluster. For a typical
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galaxy tjp* tu/50 and as was already stated t ® 10tu giving for (3.2.1)

Ls/L 0  *  500 (Rg/R s ) 2  a  5xl0 ' 4  (3.2.2)

where Rg= 15 Kpc and Rs *= 15 Mpc. As (3.2.2) indicates the total angular mo­

mentum of the supercluster is predominantly orbital since a sim ilar calculation 

for galaxies indicates that spin angular momentum of stars is negligible compared 

to their orbital angular momentum. It has already been demonstrated that the 

supercluster is certainly a significant part of any cosm ological volume elem ent and 

it is difficult to understand how the total angular momentum of such a volume 

element could vanish. This resu lt combined with assumed homogeneity, has lent 

further significance to the understanding of cosmological vorticity.

Taking the Cosmological Principle as  a set a simplifying assumptions, a 

reasonable course of action is to determine how much these assumptions can be 

weakened while still perm itting a solution of the field equations. This leads 

naturally to the investigation of homogeneous spacetimes pursued in the following 

sections.
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3.3 - Homogeneous Spacetimes

Throughout the rem ainder of this work, a spacetime which is homogeneous

on spacelike sections will be referred  to as a homogeneous spacetime. The

assumption of spatial homogeneity is sometimes called the narrow Cosmological

18Principle or the strong Copernican Principle .

By assumption, a homogeneous spacetime can be modeled as  a family S 

of homogeneous spacelike hypersurfaces such that for p and q, any two points 

on an element of S, there exist isom etries of the space such that p* = q: the 

isometry group acts transitively on surfaces t=  constant. Since all points in a 

three dimensional neighborhood N containing p (such that N lies entirely in an 

element of S) a re  equivalent to p, it follows that a minimum dimensionality for 

the group of motions acting on S is three. Maximal symmetry for a three dimen­

sional hypersurface requires six isom etries so that the dimensionality of the 

group of motions of a homogeneous spacetime must be such that 3 ^ n ^ 6 .  When 

the mapping from p to q is unique on elements of S, the group action is said to 

be simply transitive on S. In this case, homogeneity is generated by a three 

param eter group, Gg, whose generators span elements of S. Where the mapping 

from p to q is not unique, the group action is said to be multiply transitive on

elements of S. In this case the group of motions is either G4  or Gg since G5

19cannot act transitively on three dimensional spaces . (Simply stated, three 

dimensions perm it three translations and one rotation (G^, rotational symmetry) 

or three translations and three rotations (Gg, spherical symmetry) but not three 

translations and two ro ta tio n s .) Since Lie algebras of order four and six have
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three dimensional sub-algebras, we can always consider homogeneity as 

arising  from the action of a simply transitive G3 . There is one possible ex­

ception, when the group of motions is but the subgroup G3  is effective on

maximally sym m etric two dimensional surfaces. This case has been examined

20by Kantowski and Sachs . The surfaces must have constant curvature which is 

either positive or negative. If it is negative, the group of motions admits a 

simply transitive Gg. In the positive case, the lone exception a rise s  in which 

the sub-group G3  is multiply transitive on two dimensional surfaces ra ther than 

simply transitive on three dimensional surfaces. With this exception noted, we 

will consider homogeneous spacetimes as invariant under a group of motions G3  

whose action is simply transitive on spacelike hypersurfaces. If x1 (i s i ,  2,3) 

are  coordinates on elements of S, and Ta (a » 1,2, 3) a re  the generators of G3  

then:

i , . (3.3.1)
Ta  * a ( x ) P i

where x  d e n o te s  t h e  s e t  x 1 . If the family S
e

is param etized by time t, then the vector field pt is geodesic and the elements

21of S a re  geodesically parallel (ref. 19, chapt. 5). A suitable m etric  form is then :

g = -dt ® dt + h (3.3.2)

where:

(3.3.3)
h = h. .dx1 ® dx-* 

i j
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The h-j a re  in general functions of the and t and are  to be determined by 

the condition:

( h i j V \ k  + ‘ V i V ^ i  = 0  (3 .3 .4)

That is the Ta satisfy Killings equations. A form for h can always be found 

by constructing a basis Xa =^a *-pj on elements of S such that:

r  (3 .3.5)
\ , Xa  = CTb ' Xa ]  = 0

The Xa , by (3.3.5) a re  invariant under the translations generated by the Ta 

(ref. 19, chapt. 3). Similarly, Xq ®Xb is also invariant and if the compo­

nents of h in t h i s  b a s i s  a re  constants with respect to the Ta , then g will be 

invariant under the Ta . The Ta only operate on three dimensional surfaces, so

the most general constants with respect to their action a re  functions of time,

and an explicit form for g is:

9 = -P t ® Pt  + a ab Xa ®Xb  (3 . 3 . 6)

or in the dual space:

g = - d t  ® d t  + 3 a b tfa  ® cfb 

where the invariant one-forms o' 3  a re  dual to the Xa :

( d a , Xb ) = 6 ab

a n d  a a b  =  a a b ( t ) ,  e a fe =  6 a b < t ) ,  a a b 9 b c  =  6 %

(3 .3.7)
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When the group of motions is G^, m ore than one G3  can exist For

instance, a rotationally sym m etric Biancht Type I spacetime has the same

group structure for its motions as a rotationally symm etric Type VII0  (h= o)

27spacetime . In the case of G^ there is rotational symmetry, but homogeneity

requires a symmetry axis a t every point. This symmetry class is called

31Locally Rotationally Symmetric (LRS) spacetimes. (S e e  3 .4  f o r  a 

d e f i n i t i o n  o f  t h e  B ia n c h i  t y p e s .  )
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3.4  - Construction of the Invariant Basis

We assum e a three param eter translation group with elements Tfl whose

action is simply transitive on spacelike hyper surface s. A basis for structures

22of the Ta was given by Lie and Scheffers in 1893 and applied to the motions 

23 24of spaces by Bianchi ' . Consequently, the classifications of homogeneous

spacetimes have come to be called Bianchi types. The possible structures of

G3  are  presented in Table 3.1 and numbered according to a composite classi-

2 1  25fication scheme due to Bianchi, Taub and Estabrook, Wahlquist and Behr .
1

A spacetime will be designated as a particular Bianchi type if it is invariant 

under a translation group of that type.

Assuming any structure from Table 3.1 we have:

[ T a .T b ]  = CCa b Tc  (3 .4 .!)

Q
where the C , are  constants such that t ab

r c  _ r c  (3.4.2)
ab  [ a b ]

and the T satisfy the Jacobi identity:
cl

CTa»CTb »Tc ^  + [T b , [ T c ,T a ] ]  + [T c , [ T a ,T b ] ]  = 0 (3-4 *3>

Once a structure is chosen, the equations (3.4 .1) can be integrated to construct 

a realization of die T_ as vectors on the three-spaces t =constant. The T a re
a  a

i 1 2  3then of the form T = T .lp. where the T_ are  only functions of x ,x  and x .
a  3 1 3

That the group action is simply transitive implies that the Ta span these three- 

spaces.
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Table 3.1 - The Bianchi Classification^

TYPE STRUCTURE

[ x r x 2 ] [X j.X g ] [ x 2.x 3 ]

I 0 0

II 0 0

III 0 X1
IV 0 X1

V 0 X1
VIb (h^O.l) 0 X1

vnh (h2 M) 0 x 2

VIII X3 X2
IX X3 "X2

0

X,

Xl + X 2  

X ,

hX.

-x1+hx2

X,
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Writing (3.4.1) in component form gives the differential equations

which must be solved for the Tfll:

rp ip J — T T ^ T ^ (3.4.4)a b ,i b a ,i abc

In general, the equations (3.4.4) underdetermine the T 1 so that the coordinatea
i

realization of the is not unique. It will be shown that this indeterminacy does 

not affect the curvature calculation.
u  U i

If A =A .dx are  the one form s dual to the T then: i a

<Ab ,T ) = 6 b  (3' 4 - 5)3 &

or in component form:

Ab .T 1  = 6 b (3’4 *6)l  a a

Similarly:

. b  j  . j  (3.4.7)A . T, J = 6  .l b  l

a bMultiplying (3.4.4) by A ^A m gives:

Ab 1T ^  k -  Aa T -* = C° . T 3 Aa vAb  (3.4.8)in b  |)c k ^  |in d.o c k  m

or:

ink -  O  -  c ' x W ,Km c K m
(3.4.9)
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where:

(3.4.9a)

The invariant basis with elements Xa is defined from:
a

[X a .T b ]  = 0 (3.4.10)

We firs t show that the X a re  the elements of a group. Writing the Jacobi
I

identity (3 .4.3) for the vectors X„,X, and T . the only remaining term , in
a  D C

the light of (3.4.10) will be:

[T c ,[X a ,Xb ] ]  = 0

The commutator [Xa , X^ j  is a vector and can be expanded on the Xa to give:

[X a ,Xb ]  = DCabXc  

which on substitution into (3.4.11), using (3.4.10) resu lts  in:

and the XQ form a group. Groups related by (3.4.10) a re  called reciprocal.
a

Writing (3.4.10) in component form:

(3.4.13)

Since both the T c and X^ span the space, it follows that the D ^c a re  constants

(3 .4 .14)
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and multiplying by gives:

Xa j ,k -  ^ K i V  * 0 (3’4' 15>

which is a differential equation for the components X l . The equations (3.4.15)8i

admit three linearly  independent solutions (ref. 19, p.114) which define the X_.
a

Writing (3.4.12) in component form:

i i  i i  c  i (3.4.16)
X ^x. 3 . -  X j - X  3 . =  D , X  2 a b , i  b a  , 1  a b c

and using (3.4.15) yields:

X *X k X.  ̂ -  X, XX = DC X 2 (3.4.17)a b  l k  b  a l k  ab  c

If the one form s o' 3  = q3 . d x 1  are  dual to the X so that:l  a

tfa . x \  = 6 a (3.4.18)l  b  b

a b
then multiplying (3.4.17) by m n  gives:

X  ̂ — X  ^  2 r f 3mn run a b  c  m n

or, using (3.4.9)

(3.4.19)

< 3 ' 4 - 2 0 >

Coordinates can always be normalized on each hypersurface t=  constant such 

that a t a given point p; Xc-*(p) =TcJ(p) in which case from (3.4.20):



and the constants of structure of the reciprocal group can be chosen to be the 

negatives of those of the translation group. Other normalizations are, of course, 

possihle.

F or the one forms <3a = d ^ d x 1  , the ex terior derivative d d a

is given by:

.^a  1 , .a .a . , j  , 1  (3 4.21)dd = ■=■ ( d . . -  d . . )  dxJ a dx
^ i  * J J > i

Differentiating (3.4.18) gives:

oa . -X 1 + da .X. 1 . = 0 (3 4 -22)l »J b  l  b  , j

Multiplying (3.4.22) by and using (3.4.10) yields:

a a , i  (3.4.23)
k , j  +  0  i x k j  -  0

which, on substitution in (3.4*. 21) gives:

, a  1 , ,  k  . k . a  , j' i  (3.4.24)
d  -  2 (Xi j  * Xj i  It** ' dx

which from (3.4.19) can be written:

d d a = i  DC ,.X  V / . t f ^ d x ^ A  d x 1  
2  db c  j  i  k

or:

, .a 1  - a  .b
dcr = 2  D b c tf A

l  a  .b c
= 2  C b c tf A d

It rem ains only to demonstrate that the form for h (3 .3.3) is such that the Ta
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satisfy Killing's equation when:

h  =  Y a b ( t ) t f a i t f b j. d x 1  ® d x J’ ( 3 . 4 . 2 6 )

Expanding Killing's equations (3.3.4) and using the symmetry of the Christoffel 

symbols and (3.4. 9a) gives:

h .  . .  =  h .  X ”  +  h  . X .  ®  ( 3 . 4 . 2 7 )
i j , k  l m  j k  m j  l k

3. bin which case inserting hH =y , ( t )d ,cT . and using (3.4. 22j> reduces (3 .4 .2 ”̂
••J 3-D I J

to an identity and Killing's equations a re  satisfied.

Thus, the general m etric  form of a homogeneous spacetime may be written:

g  =  - d t  ®  d t  +  Y a b ( t ) t f a ® d b  ( 3 . 4 . 2 8 )

where the cfa satisfy (3.4.25). Following the methods discussed in Section 2 .5 , 

the m etric  (3.4.26) can be diagonalized to  yield the orthonormal Cartan basis uia, 

such that:

g  =  r i a g a)a ® u j p ( 3 . 4 . 2 9 )

awhere 'Ha g is Minkowskian and the can be written:

u)a  =  a a g crP  ( 3 . 4 . 3 0 )

with tf°=dt. It is evident from the form of (3 .4 .2  ) that the aa g will be

only functions of tim e. Hence, the exterior derivatives of the u>a  and the 

Ricci rotation coefficients defined in 2. 5 will be only functions of time, and the



structure constants Cc . . Since the curvature depends only on the rotationab

coefficients and their f irs t derivatives (in complete analogy with the con­

struction of the Ricci tensor from the Christoffel symbols), the Ricci tensor 

will depend only on the a g and the C ^ ..  It follows, then, that the construc­

tion of coordinate realizations of the T and Xa is somewhat artific ia l, since
a  a

OCit is only the group structure and the m atrix a g which determine the curva­

ture. That such a formulation should exist is logical since presumably in a 

homogeneous spacetime the curvature should depend only on which hypersur- 

face is examined, not on any particular location on the hypersurface.
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3.5 - Bianchi Type VII^, An Example

As an example of the process described in Sections 3 .3 ,4 , we consider 

the group type VII^ whose structure from Table 3.1 is:

CT 1 »T2]  = 0  ^ Ti » T3^ = T 2  ET 2 ' T 3 ^ = " T 1  + h T 2  (3-5.1)

In (3. 5.1), h is a constant and a different group structure is defined for each 

value of h. Integration of (3.5.1) leads to the generators:

T1 = p2 T2 = p 3 t3 = pi ~ *3p2 + (x2 + hx3)p3 (3.5.2)

1 2  3which do not vanish for any x ,x ,x . From (3.5.2)

the one-forms A^ satisfying (3.4.5) can be found and from (3 .4 .9a) the non-zero 

c
ab

,  2 _ 1 X 3 - !  X 3 — Vi (3' 5‘3)
31 “ 21 “ 1  31 “  " h

which from (3.4.15) give as the differential equations for the Xa :

Xa 2 , l + x a 3  '  0  x a 3 , l  = x a 2  + “ a "

x 1 . = 0 ( i^  2,3 , i/1)
“ »J

(3.5.4)

The equations (3.5.4) are  equivalent to the second order equation:



Equation (3. 5. 5) is to be integrated such that the Xa have the structure (3. 5.1) 

with the structure constants reversed  in sign. These solutions are:

X 1 sr Ap 3  + (B -  kA) P 2 

X3  = (kA + b )P 3  ” AP 2

where:

A v, 1  p k x 1  . , 1 (3.5.7)A = e Cosh ax  B = ae Sinh ax

and:

*  * 1  h  + 1  -  i  h "  (3 .5 .8 ,

o
For h < 4 the equations (3.5.6) a re  well behaved under the transform ation 

a -*■ ia but at h =4  equation (3.5 .5) has a single root andXj=X 2 » However, 

at h =± 2 , the transform ation:

Y1 = ±T

Y2 = T,

Y3 = ±T

(3 .5.9)

3

bring the relations (3.5.1) to the form:

(3 .5 .10)
[Y 1 ,Y 2 ]  = 0 [Y 1 ,Y 3]  = Y1  [Y 2 ,Y3 ]  = Y1 +Y2
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which comparison with Table 3 .1  shows to be the structure of Bianchi Type IV.

Bianchi Type V I^  is an infinite set of groups with the param eter h taking 

on all real values except h = *2 at which point the structure is Bianchi Type IV.



4 .-  Some Properties of Homogeneous Spacetimes

We have shown that if the homogeneity of a spacetime is generated by a 

simply transitive group of motions G3  then its geometry is determ ined by two 

independent factors: f irs t, the structure of G3  which allows an invariant basis 

in the surfaces of transitivity of the group; and second, a linear mapping of 

this basis to an orthonormal set which defines a m etric  on these surfaces. The 

group structure can be chosen from the nine, transitive, three param eter 

groups of Bianchi (Table 3.1) but for each such group or "Bianchi Type" a wide 

variety of m etric forms is possible. The m ajority of work done to date investi­

gating particular Bianchi types has been for the case where the invariant basis

is an orthogonal set . More general investigations into the relative roles of

27 28 29group and m etric structure have been undertaken ’ ’ particularly  with

respect to curvature characteristics. This chapter is a collection of new r e ­

sults concerning calculations which usually attend the construction of cosmo­

logical models. The geodesic and continuity equations, as  well as vorticity 

and Maxwell's equations a re  investigated and re-expressed  in forms which 

make manifest the role of group structure. Conclusions for individual a s  well 

as  classes of Bianchi Types a re  discussed, and invariance of homogeneous 

fields under additional motions of the spacetime is investigated.
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4.1 - Homogeneous Spacetimes

In Section (3.4, 5) it was shown that the m etric form:

i 1 (4.1.1)g = -dt ® dt + h^j(t)d ®d

will admit as Killing vectors the generators of a Bianchi Group if the one-forms 

cf*- of (4 .1 . 1 ) obey:

, . . . (4 .1.2)
a . 1  .  I  c 1  ̂  A a *

where the C ^  are  the group structure constants, *'d" denotes the exterior 

derivative and "A" the ex terior or "wedge" product. The surfaces t = constant 

in (4 .1 .1) a re  orthogonal to the geodesic world-1 ines with tangent vectors p t  

The vectors d. dual to the dl a re  the generators of the group reciprocal to 

the Bianchi group with commutators:

Vi
In general, the m etric form (4 .1 .1) is skew but can be diagonalized to give a 

non-holonomic Cartan basis u)a  where;

O' S (4.1.4)g = ria g u) ® iup

and “H = d ia g ( - l ,+ l ,+ l ,+ l ) .

In (4 .1.4) u)°= dt and the 1 are linear combinations of the tf *• with

time dependent coefficients:

oc a  8= a 3 c'p (4 .1 .5)
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where (4.1.1) requ ires a °  =1 and a® = a lQ = 0. The invertability of (4 .1 .5)

implies the non-singularity of a {i. From the duality relation ( , d 0 ) = 6 a 0LJ P P

the basis vectors w may be found:

W = b ^ a &a = a °^gu,fY (4.1.6)a a p p p a

where a a fib P = 6 a 
3 Y Y

The one-forms d  1 together with d °=  dt form a time-independent basis 

(with time-dependent m etric) which connects to the Cartan and coordinate fram es. 

Orthonormal frame resu lts  can be translated to the da basis both through 

(4 .1 .5 , 6 ) and the invariance properties of the ex terior derivative and inner pro­

duct. The plan of the following sections is to use these various ways of ex­

pressing the same idea to obtain alternative expressions for fam iliar quantities.



4.2 - The Four-Velocity and Geodesic Motion

The m atter content of spacetime is represented as a congruence (non­

intersecting, space filling curves) of world lines whose normalized tangent 

vectors constitute a field u on the manifold. The exterior derivative of u is

du = u a , p u)̂  A ^  + V ^ p ^  A (4.2.1)

where u  a = u)a u and the v a . 0  are the Ricci rotationa»p P a  ‘ 63

coefficients. Using the anti-sym m etry of the exterior product (4 .2 .1) can be 

written:

du = I (d u )ag»a A = i ( U g .a -  Ua . e )<»a A J  <4-2'2)

where (du^g = . From (4.2.2) it follows that the equations:

V P (4.2.3)
<d u >a9u  = 0

together with the normalization of u a re  the geodesic equations of motion.

More generally, defining the "acceleration" one-form a as:

a = a g (»P 

then an invariant definition of a is t

(4 .2 .4)

* / \ (4.2.5)*a = —* ( u a * du)

in which case the geodesic equations of motion are  a = 0 or from (4.2.5)

u  A *du  = 0 (4.2.6)
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All equations marked with an as te risk  will be derived in Section 4 . 7 .  For 

homogeneous geodesic motion, the components of u in the Cartan basis are 

only functions of time and from (4.1.5) u can be written:

u = u a ( t)u )a  = u a a a g ( t ) d e = VgCfP (4.2.7)

Swhere the v a re  also  only functions of the time. In a sim ilar fashion, the

v e .  u a b e (4 . 2 . 8 )
a

p
can be obtained from (4.1. 6 ). Denoting by v the one form v D<J then:

P

dv = v . * d °  a cr1  + -^v. c*  a cfk  (4.2.9)1 /  1 JK

where the dot denotes differentiation with respect to tim e. From (4 .2 .9) and

(4.2 .3) or (4.2. 6 ) the geodesic equations can be written:

v i *v1  = 0  (i)

(4.2.10)

v .* v °  -  v .C ^ . , v k  = 0 (ii)l  j  l k  v '

octogether with v ^ v  = constant.

Multiplying (4.2.10) ii by v l indicates that (4 .2 .10)t is a consequence of 

the anti-sym m etry of the C1̂ .  From (4.2.10)1 and v ^ v 0, = constant there 

follows:

2vo V  "  vi v l ‘ = 0  (4.2.11)
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oc i  iFor the special case when a g is diagonal, w = A^d (no sum)

and the geodesic equations (4 .2 .10)ii can be written s

T  Ak  V i  k
( A fu i ) * = c  i j  (i not summed over)

Equations (4.2.10) a re  obtained directly  from the group and m etric s truc­

ture without the need for intermediate calculation of connection form s. M etric 

dependence is suppressed and general analysis of geodesic motion is considerably 

simplified. For example, in Bianchi Type DC spacetimes ( C = l , i ,  j ,k  cyclic) 

equation (4 .2 .10)ii is:

o Jc *|v i *v + V j V  -  v kv J = 0 (i, j, k cyclic)

y  t  2and it follows that ^  v i * v i  = ® or that ^ (v ^ )

is a constant of the motion. Similarly:

(a) In Type VIII spacetimes (0*23 = 0 ^3 i = "C^j^ =1)» lt follows that

2 9 2v j + v 2  “ v 3  'iS a constant of the motion.
1 0  2 2

(b) In Type VII0  spacetimes (C 2 2 = ^  3 i= *)' v l  + v2 is a constant

of the motion.

1  2

(c) In Type V spacetimes (C jg =C 2 3  =1)» v i / v 2  is a constant °f the 

motion.
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4.3 - Vorticity
i

For a fluid characterized by a four velocity u there is an associated 

vorticity tensor j \  ag given by (3.1.9) as:

_  ( 4 . 3 . 1 )

O - a S  = u[a ;B ;]+ a [ a u 6 ]

and a vorticity vector XI? given for orthonormal fram es by (3 . 1 .10) as:

= - § t BY6 \ o Y 6  (4- 3-2)

which m easures the rotation of the m atter with 

respect to a gyroscopic basis. Defining the vorticity 2-form by 

XL' = uua A , then by (4.2.2) and (4 .3 .1 ), .Qj is given by:

£ 1 ^  =  j ;  (du +  u a  a) (4.3.3)

and the vorticity one-form with components given by (4.3 .2) can be written:

i (4.3.4)*
XT- = -*  ( u a  XL •)  = -j* ( u A du)

which can be inverted to give:

j f V  =  - * ( u a H )  ( 4 . 3 . 5 ) *

From  (4 .3 .4 ,5 ) the magnitude of the vorticity is:

= - * ( n . A  * X I) = - * (XL' A  * X L ')  =  - |(  dua g dua3 + 2aga e )

For geodesics of the form (4.2.7) in homogeneous spacetimes, equations

(4.2.10) can be used to eliminate the v. from (4.2.9) giving the generic geodesic
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vorticity vector as a function of only the v. and Cl . . .  In Type V, for example,i JK

(C*is=  C^ 3  =1) from (4.3.3):

T L  = -| U A du = j  ( — ^ tf° A a 1 A <J3 + -2 cr° A d2 A tf3)
o o

The vanishing of X I  is of interest since the condition XL = 0 implies 

local simultaneity is globally extendable. From (4 .3 .4 , 5) XX = 0 & *£)!.=  0 

and from (4.3.4):

du = a Au (4.3.7)

For geodesics, a =0 and (4.3.7) requires the vanishing of du. Equations (4.3.5) 

and (4. 3 . 6 ) show that du = 0 is certainly a sufficient condition for XL = a = 0, but 

(4 .3 .7) implies it is a necessary condition as well, and all vorticity-free geo­

desics a re  the solutions of du =0. Equivalently:

u Adu = 0 = u a  *du S  du = 0 i f  (u,u) /  0 (4 .3.8)

(rem iniscent of the vector statement A%  B =0=A *B *  A = 0 i f B * B  / 0 ) .

That (4 .3 .8) is generally true follows from  the Frobenius Integration 

Theorem (ref. 9,, p. 92) which states that the vanishing of u A du implies u is 

of the form:

u  = f<*g (4.3.9)

or:

, (4.3.10)
du = f df A u

-67-



Eq. (4 .2 . 6 ) then implies:

- ' . SV » P ■ 0

or:

- 1 / *  (4.3.12)d f  = w ( f  flu  )u  
»P

where "w is the norm of u.
g

If f, 0 =0 or f Du = 0 the vanishing of du follows immediately; other- 
P t P

wise it follows from substitution of (4.3.12) into (4.3.10).

Homogeneity was not assumed in deriving (4. 3. 8 ) and it follows that in any 

spacetime all the vorticity free geodesics a re  the solutions of du= 0  subject to 

the normalization condition ( u ,u )  = c o n s t a n t  ^  0  .

ct 3For the Bianchi types in particular, the two forms cf A d a re

linearly independent, and from (4.2.9) du =0 requires:

v .*  = 0  (i)

(4.3.13)

Vi G lj k  = 0  <">

which for the group structures of Table 3.1 requ ires v .=  0 if d d* / 0 .  Considera­

tion of (4.3.13) leads to the following observations:

(a) In  B ia n c h i  T y p e  1 ( dd 1  = 0) the vorticity vanishes for all homo­

geneous geodesic motion.

(b) In Bianchi Type IX the only homogeneous geodesic motion with vanishing 

vorticity is the co-moving case: u °  = 1
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(c) In Bianchi Type V 

the solutions of du= 0 a r e v i =V 2  =0, Vg = constant. Furtherm ore, all solu­

tions of the geodesic equations of the form v t = constant require = 0 .

This follows from the geodesic equations which from (4.2.10) with v.*=0 are :

3 3 1 2
V j V  = v 2v  = v xv  + ^ 2  = 0

If i4 0 then at least one of Vj.Vj m ust not vanish and Vg must be zero . 

The vanishing of v , however, requires v 0 v°= -1 and the m atter is co-moving 

implying XL= 0.
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4 .4  - Class A and Class B Spacetimes

The groups Gg and the spacetimes derived from them may be divided into 

two classes based on the nature of the group structure constants. Following 

E llis and MacCallum ^ ' 7 we label those groups for which the sum C^, vanishes
i •*

as Class A, and those for which C^j ^  0 as Class B. If i, j ,k  is any even p e r­

mutation of 1 ,2 ,3  then:

o'" \  a 1 (4-4 - 1)
2  mn 2  inn

Since j ^  1 the sums on the right in (4 .4 .1) vanish unless n  ,m  take on the values

i,k  or j ,k  in the f irs t and second term s respectively, in which case (4.4.1) be- 

=30.comes

A (j2 A (j3 (4.4.2)

Thus (4.4.2) vanishes or not, according to the structure of the group of motions. 

Two short applications of this property follow:

i) The Equation of Continuity 

F or any one form j = j a ^a  the operation:

(4.4.3)
6  j  = * d * j

Yis the divergence j . For:

• ,„o • ...i (4-4 -4>J = J 0 «*> + 3 ^

and the m etric form (4.1.1), *j is given by:
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. 1 2 3 . o 2 3 . (4.4.5)
* j  =  j q w  a w  a w  + j 1 uj a  ui a  id + c y c l i c

in the ^  basis (4.4.5) can be written:

* j  = J Q * d  a  d  a  d  +  J ^ * d  a  d  a  d  + c y c l i c
(4.4.6)

where J* = jQ| aj ( |a l  = det(a1  ̂  )) and:

-r * • / m n  m n  . / i , j , k  .J . *  = J ( a  .a , -  a . a  .) ( c y c l i c )l  J p  j k k  j  p ,m ,n  1 '

Exterior differentiation of (4 .4 .7) gives:

(4.4.7)

d* j  = ( J  *) * d °  a d 1 a d 2 a d 3 -  ( J  * ) d °  a d ( tf 2  a d 3 ) (4.4.8)o '  l  '+  c y c l i c

which by virtue of (4 .4.2) gives for the continuity equation ( 6 j  = 0 ) :

( J o * ) # - Z  J i* C k i k  = 0 (4.4.9)

Thus the continuity equation is integrable in all Class A spacetimes 

wifh solution:

. . , . ^ (4.4.10)J  * = j  I a = c o n s t a n t  vo o ' •

ii) Maxwell's Equations and Charged Homogeneous Spacetimes.

For the Maxwell two-form given by:

f  = ^  a u)̂  = A u;° + A u)̂  + cyclic (4.4.11)
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Maxwell’s equations are  given by:

d f  = 0  (i)

d * f  = * j  (ii)

where j is the current one-form. In the d a  basis:

, i  . „  2  A .3

where Ej =eja^ and:

_ , , m n m n . , i , j , k
Bi  = V 3  /  k  ‘  3  Ka  j> p .m .n  c y c l i c )

Similarly:

(4 .4 .12)

f  = E^d 1  A d + B.^d A d  + c y c l i c  (4.4.13)

* f  = B ^ d 1  a d °  -  E ^*d2 a d 3  + c y c l i c  (4.4.14)

* i
where Bj = b.a . and

E*. = e  ( a m .an -  am. a n .) c y c l i c )l  ■ p  3 k  k  3 vp ,m ,n  -

Using (4.4.13), equation (4 .4 .12)i becomes: 

d f  = ^ E i C1 j k d J a dk  a d °  + B1 * d ° A d 2 Acf 3  + B][d( d 2 a d 3 ) + c y c l i c  

which using (4.4.2) gives the equations

( B ^ *  + EmCmj k = 0 ( t,J ,k  cyclic)

2  B .Ck  = 0 <4 -4 1 5 >£ i ik
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Using equation (4.4. 6 ) for *j gives for (4 .4 .12)ii

( E . T  -  = - J £ * ( I .j .k  cyclic)

2  Ei * c k i k  = - v  (4-416>
1

*
Equations (4.4.16) indicate that J 0  = j 0  \a \ , and consequently j , must 

vanish if C ^ = 0  , thus prohibiting charged homogeneous solutions in all

Class A spacetimes.

Equations (4.4.15) and (4.4.16) may be used to analyze general solutions 

to Maxwell’s equations. In Type I, for instance, (4 .4 .15,16) give in the source 

free case

B. = constant E . =constanti i

which a re  linear equations for the e  ̂ and b^.

In Type IX spacetimes eq. (4.4 .15,16) give :

B. * + E. = 01 1  (4.4.17)

(E i * ) ’ -  B .*  = - J i *

which demonstrate that for A =Bj d l

dA = B.’̂ acJ 1 + Atf3 + cyclic

and if (4.4.17) is satisfied, f =dA and a global vector potential has been con­

structed.



4 .5  - Fields on Homogeneous Spacetimes

We consider a homogeneous spacetime, and two observers 0 and O' 

related by an infinitesimal coordinate transform ation generated by the vector 

field R. If x and x a re  coordinates in 0 and 0* respectively and R is assumed 

effective on surfaces t constant and spacelike everywhere then:

We assum e further that R generates isom etries of the space so that if g(x), 

Ta (x) and Xfl(x) are  respectively, the m etric  tensor, generators of translations 

and invariant basis ( [T a , X^ ]= 0 ) in 0, then g(x), Ta (x) and Xa (x) a re  the 

corresponding quantities in O'. A homogeneous vector field in 0 can be written:

If V is to be homogeneous in O', that is with respect to the X (x), we must have:&

X 1 = x 1 + R1 6 s

(4.5.1)

v = v ° ( t ) p t  + v a( t ) x a1pi (4.5.2)

. Under trans

formation from 0 to 0*, V can be written:

(4.5.3)

Xa i ( x >*j , i  "  c b a< s > V ( x >
(4.5.4)

where the c* 5 are  functions of only the param eter s defined in (4. 5.1). Using3
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the explicit relations (4.5.1) we have:

 ̂(x ) = Xb j (x )  + Xb J j i R1 6 s  (a)

i t1* . = 6 ^. + R^ . 6 s  (b) (4 .5 .5 )
> 1  X  f  X

c b ( s )  = 6 b + db 6 s  (c)a  a a

where in (4.5.5 c) since s = 0 is the identity, c *3  (0) = 6  b and the constants
a  a

d are  defined by: a

•,b  _ r i  i
a  *-ds a ^ s = 0

Using (4 .5.5a, b, c) in (4. 5.3) gives to f irs t order in 6 s:

Xa i R j , i  -  " V . i  = <4 - 5' 6)

or

[Xa,E] = dbaXb (4.5.7)

Equation (4. 5.7) will be recognized as the requirem ent that a coordinate 

transform ation map the X into the same group in the new coordinates (ref. 19,
a

p. 109). From  the reciprocal relation between the Xa and Ta , or by writing

(4.5.3) for the Ta and continuing as before, it follows that the Ta must obey 

a relation of the form (4.5.7):



where the w*5  a re  also  constants. If R is itself an element of the translation a

group, (4. 5.8) is clearly satisfied and it follows that translations preserve 

homogeneity (in fact(4 .5.8 ) may be taken as  proof that the requirem ent that 

the translations preserve homogeneity is that they form a group). If (4.5.8) 

is satisfied for every element R of the group of motions then the translations 

a re  an invariant subgroup of the group of motions. Where the translations
i

a re  not an invariant subgroup (and the group of motions is la rg e r than G3 ) an 

isom etry associated with rotation will map homogeneous tensor fields of rank 

g reater than 0  into inhomogeneous ones.

In Euclidian space with Cartesian coordinates x l, the Abelian group with 

elements pt generates translations and the elements of 0(3) a re  generated by:

R. = x Jp  -  x k p .  ( i . j .k  cyclic)
1 K J

It is easily verified that the R̂  satisfy (4.5.8) and preserve homogeneity. It 

is this independence of observer orientation which has led to the conceptuali­

zation of homogeneity as a physical property of fields. If (4. 5.8) is violated 

in the spacetimes of General Relativity, it is apparent that such a conceptuali­

zation cannot be extended.

An example of a spacetime in which (4.5.8) cannot be satisfied is the open 

Friedm an model with m etric:

g = - d t  ® d t  + A( t ) ^ [ e ^ z ( dx ® dx + d y ® d y )  + dz  ® d z ]  5.9) 

and motions (ref. 11, p. 236):
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T2 = py  R2 = "x p z + I (x 2  " y2  -  e "2Z)px  + Xypy

T3 = "pz + Xpx  + ^ y  R3 = “yp z + I (y 2  -  x2  '  e "2Z>py  + xypx

( 4 .5 .1 0 )

The structure of the group of motions is:

[ T 1 ,T 2]  = 0 [ R ^ R ^  = R3

[ t 1 , t 3]  = Tx [R 1 ,R 3]  = -R 2

[ t 2 , t 3 ]  = t 2  [R 2 »R3]  = 0

and

CR1 > T l]  = t 2 [R 2 , T l ]  = T 3 [R 3 , T i ]  = -R x

[ Ri , t 2 ]  = - T l Cr 2 ,,^ 2 ^ = R 1
[ r 3 , t 2 ]  = - t 3

[ r 1 , t 3 ]  = 0 C R 2  * ̂  3  = —R 2
[ r 3 , t 3 ]  = - r 3 (4.5.12)

Strictly speaking the R„ as defined by (45.10)have no fixed points (the equations
a

(Ra ) 1 =0 have no solution), but the Ra can be redefined as follows:

1 1 (4.5.13)V  = Rx R2 ’ = R 2 + ^ T 1  r 3 - = r 3  + j  ^
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It is easily verified that the R * leave the origin fixed and from (4. 5.11,32)
a

it follows that they have the structure 0(3) (Type IX). This redefinition does 

not affect subsequent arguments since:

i) If there exists any isometry which does not satisfy 

(4. 5.8) a problem a rise s .

ii) The R * do not satisfy (4. 5.8). If the T_ a re  not an
cl ®

invariant subgroup, redefinitions of the form (4.5.13)
)

will not a lte r that fact.

The basis of one-forms :

= d t  d 1 = e z dx = e z dy = dz  (4 .5 . 1 4

a re  invariant under the (Type V) T suggesting the form :
a

V = v _ ( t ) <j °  + V ( t)cra (4.5.15)0 a

will represent a homogeneous vector field. As the structure (4. 5.12) shows,
1

R j, which generates the LRS case satisfies (4 .5 .8) whereas R£ and Rg do not.

A m ore physical picture of the situation is afforded by the following argument:

Imagine that a group of non-interacting test particles is to be propagated

in the spacetime with m etric (4 .5 .9). The four-velocity of the particles 

a
U = LJxc* is constrained by the conditions:

i) all the do not vanish.

ii) U is homogeneous; LL = Ua (t)
(4.5.16)

iii) U is geodesic; U a *qU = 0

iv) U is vcrticity free; U a dU = 0



According to the resu lts  of Section 4.3 the only form for U satisfying (4.5.16) 

is:

U = UQd 0  + u3d3 (u3 = c ,  UQ 2  = 1 + ( c / A ) 2 ) 

where c  is a constant and A is defined in (4 .5 .9  ). Under coordinate trans-
i

formations generated by R2  or R3 , U will rem ain geodesic and vorticity free

but not homogeneous, since the only four-velocity satisfying (4. 5.36) in the

transform ed system is along the new C3  axis and inspection of (4.5. 10)

shows that both R3  and R3  a lte r the z axis hence change C3 .

In the flat Friedm an model where the translation group is taken to be

Abelian, the rotation group is 0(3) and, as has been discussed, (4.5. 8 ) is

satisfied. Similarly, in the closed model, the invariant basis itself generates

rotations and the Ra and Ta a re  both Type DC and commute satisfying (4.5.8).

27F or the open Friedm an models, the translation group can also be taken as 

Type VII^. Since like Type V, the structure of VII^ can be chosen so that only 

one of the d l obeys d d l =0, the above argument beginning with equation (4 .5J.5) 

can be applied to it as well. Thus only in the open Friedm an models is it 

impossible to choose the translation group so that (4 .5 .8) is satisfied. It 

follows that in these models It is impossible to have an observer independent 

concept of homogeneity*1.



4 . 6 -  Homogeneity and the Field Equations

It has been shown that the isom etries of a homogeneous spacetime do 

not necessarily  preserve homogeneity. Although it may be felt that a unique 

prescription for the construction and recognition of homogenous fields is a 

requirem ent in any homogeneous spacetime, a s tric te r view would hold that 

homogeneity need only be preserved for those observable fields which are  

consistent with the field equations ( i.e . included in the stress-energy  tensor). 

Here, two cases a re  of interest: where the group of motions is or Gg 

(again assumed acting only on spacelike hypersurfaces). Where the group of 

motions is Gg the hypersurfaces t=  constant a re  maximally sym m etric and 

presumably no physically defined p referred  direction is consistent with the 

field equations. Where the group of motions is G4 , standard symmetry con­

siderations suggest that only preferred  directions parallel to the axis of symmetry 

a re  allowed. Since the axis of symmetry is, by definition, preserved by rotation, 

it would seem that the problem under discussion would never a rise  if the field

equations are  used as the criterion  of acceptable homogeneous fields.
1

The above symmetry argument for spacetimes invariant under a G^ of 

motions is not correct, however, in that it assum es that the sym m etries of the 

fields from which T is constructed are  constrained by the sym m etries of T
f-LV ( I V

(i.e . geometrodynamics is always valid). A Type V, LRS cosmological model 

will be presented in Chapter 5 as a counter example, in which physically defined 

preferred  directions violate geometrical sym m etries. Although for this model 

the rotation (R^ of 6.9) preserves homogeneity, there does not appear to be a
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general argument which would prevent the existence of a solution of the field

equations which is LRS and for which the additional motion does not preserve
I

the homogeneity of fields included in the stress-energy  tensor.
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4.7 - Some More E xterior Calculus

In this section, equations marked with an as te risk  in Sections 4 .2 , 3 

will be derived, and some applications will be presented,

i) The "acceleration" 1-form - For a two-form

F = F A U)V where F = Fr '-i2 (iv (iv LM-V J

*F -  -  1  **** * e y i * Y A » '

i f g = ^= s  then:

g  A *F = -  \  g  Fa ^  _ A U)Y A U)6a 4 a(i * a3y6

and:

■ ( g  A * F ) = -  4  g ^ F  q € apY6€a 4  a a3 V(iy6

= Fa3 g3u,a (4 .7 .1)

Thus for F =du and g =u:

* ( u A  *du) = du Qu 3 u>a 
CXP

or from (4.2.2)

(4.7.2)
* ( u a *du) = - a
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As an application of (4 .7 .2) consider the Lorentz force on a particle 

of charge q and m ass m. With f a g defined by (4.4.11) we have for the 

equation of motion:

a = 3  f  US
a m a8

which from (4 .7 .1 , 2) is:

- * ( u A *du) = ^ * ( uA * f )

or:

uA *(du + ^ f)  = 0' m

which is the equation of motion in invariant form.

Similarly, for a perfect fluid with p ressu re  P and density p the s tre ss  

energy tensor can be written:

T = ( p + P )u  u  +PT](iv r  ( i v  Uv

Using (4.7.2) and (4.4.3) the divergence of T^v can be written as the one- 

form:

T V ^  = 6 [ ( p  + P ) u ] u  + (p  + P )a  + dPU fV

ii) The Vorticity - For the vorticity 2-form a :

UaC I 1 = -i O.  aU U)Y A U)a A U)̂
2 CLP V
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and :

*<u a £ v > = | n l S u ’ ( s v i f . s

which from (3.1.10) can be written:

a  (4 .7.3)
* ( u A n ' ) = - £ L a u  = - n

From  (4. 7. 3)

, 6  . ...X
u a Q .  =  U A  * ( u A £ i . ' )  =  n a e u Y u 6 € X Y a g U ) '  A  U) '

and:

*(uAra = 'i^ .<xeuYu6eYaS,l66uv\

The magnitude of the vorticity can be obtained using Table 2.1 and (4.3.4) as: 

C l  A  * d  =  ^  *  ( U  A  du) A  ( U  A  du)

=  ' T 5  u C Id u 9 Y 6 6 ( i e Y  W  A A " V A

= ”-g ( d u a g d u a  ̂ + 2 a ^ a ^ )  U)° a u)1 a uj2 a id3
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a sim ilar calculation shows that:
t ■

o .  a * n =  x v  a * x v *
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5. - An Anisotropic Bianchi Type V Spacetime with Null Electromagnetic

Field

In relativ istic  cosmology, it is generally assumed though unproven 

that sym m etries of the geometry of spacetime imply sym m etries of the 

physically m easurable quantities associated with spacetime. Equivalently, 

the observables from which the s tre ss  energy tensor is constructed a re  

assumed invariant under the motions admitted by the m etric structure.

This chapter provides a counter example to the above assumption. A 

rotationally symm etric cosmological model is presented in which the elec­

tric  and magnetic field components orthogonal to the axis of symmetry do 

not vanish. (A non-rotationally symmetric electromagnetic field gives r ise  

to a rotationally sym m etric s tre ss  energy tenso r.) The spacetime is of 

Bianchi Type V and admits a multiply transitive of isom etries acting on 

three dimensional spacelike hypersurfaces. It contains a source-free, null 

electromagnetic field with components in the symmetry plane. Since null 

fields a re  normally associated with radiation solutions, the model can be 

viewed as  containing a wave (moving along the axis of symmetry) whose po­

larization vector defines a p referred  direction in die symmetry plane. The 

Einstein-Maxwell equations are  also  integrated for the null electromagnetic 

field in combination with an u ltra -re la tiv istic  gas assumed uncoupled from 

the field. In both cases the relationship of the present solutions to the known 

Friedm an solutions is indicated and the relative contributions of m atter and 

electromagnetic energy to singularity structure a re  examined.
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5 . 1 -  Type V Geometry

From  the resu lts  of Chapter 3 and Table 3.1 it follows that Bianchi 

Type V spacetimes can be characterized by a basis of invariant one-forms 

d 1 with differential structure:

d d 1  = d 3 A d 1 d d 2  = d 3 a d 2 d d 3  = 0 (5 .1 .1)

A general m etric form admitting a simply transitive G3 of Type V structure 

as a group of motions is:

g  = - d t  ® d t  + v a b ( t ) d a  ® db  (5.1.2)

where the d 1 have the structure (5 .1 .1).
2

When y a jj(t) is given by A (t) 6  ab , (5 .1 .2) describes the open Friedm an 

spacetim es. For the LRS case with d 3 the p referred  direction (5.1.2) be­

comes:

2  1 1  2 2 2 3 3 (5.1.3)
g = —d t ® d t  + A ( d  ® d  + d  ® d  ) + C d  ® d

Defining the orthonormal Car tan basis iua  by *

uu° = d t  w1  = Ad 1  u>2  = Ad2  u) 3  = Cd 3  (5.1.4)

(5.1.3) can be written:

g  = r̂ a guua ®u)^ (5.1.5)
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where T]^ is Minkcwskian with components

ria g = d i a g (  - 1 ,  + 1 ,  + 1 ,  + 1 )

From  (5 .1 .1 ,4 ) the differential structure of the is:

du)° = 0

du)1 = ( InA ) *u)° a uu1 + C_ 1 uu3 A ou1

du)2 = ( InA) ' i h ° a  ui2 + C- 1 u>3 A u>2

dm3 = ( ln C ) ' u)° a uu3

where ( )* denotes differentiation with respect to tim e. The non-zero 

Ricci rotation coefficients a re  then t

Y Oi = ( InA)  = y 0 2  Y 03 = ^ l n C ^
1  _ 2  _ C - 1

Y 31 -  Y 32 
giving for the non-zero components of the Ricci tensor:

R00 -<2 ! '
c'

+ c

R11 = R22
A "
A

(—*)2 + A*C*_ 2 
A A C  C

(a)

(b)

v33
C ' '  ,  A*C* 2

C A C ~ C (c)

03 -  ^  ( * ' -C VA C ' (d)

(5 .1 .6 )

(5.1.7)

(5.1.8)

(5.1.9)
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with trace  *

R = RY = 2 [  2  f
Y A

£ * • + 2  A-C- A - } 2  _ 3 2 1

C A C  A C J (5 .1 .10)
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5.2 - Maxwell*s Equations

ct SIn the basis uu a u) the Maxwell 2-form  f is given by

f = -i f ,u)a a = e. uA a uu° + b. a + cyclic 2 a{3 i 1

and Maxwell's equations in the absence of sources a re

df = 0

and

(5.2.3)
d *f = 0

Null electrom agneitc fields obey the

additional restric tions *

f A f = f A *f = 0 (5.2.4)

2 2which requ ire  that the invariants e»b  and e - b vanish. Rather than 

assuming the null field condition, it will be demonstrated that the only solutions 

of (5 .2 .2 ,3 ) consistent with homogeneity and the LRS assumption require (5 .2.4).
I

If the e t and b  ̂a re  assumed to be functions of t alone, (5 .2 .2) gives (using

(5.2.1) and (5.1.7)):

exA + (b2CA)* = 0

(b^AC)* - e2A = 0 (5.2.5)
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and (5 .2 .3) gives

( e 2 AC) * -  b , A  = 0

(e-jAC)* + b 2A = 0 (5.2.6)

e 3  = 0

Defining new field variables Ej and by

E. = ACe. and B. = ACb. (5 .2.7)i i  i i  '  '

(5 .2 .8)

and a new time variable t by

d t  = CdT

equations (5 .2 .4 , 5) become:

B2 * + E 1  = 0 E2 * -  B1  = 0 (5 .2 .9)

-  E 2  = 0  E1 * + B2  = 0

where the prim e denotes differentiation with respect to t . Equations

(5.2. 9) a re  equivalent to the set of second order equations:

B ."  = B. E ."  = E. (5.2.10)
1 1  l i

with general solutions:

B1  = aC osh  T + b S in h  t

B2  = cC osh  t  + d S in h  T (5.2.11)
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where a , b, c, d are  constants and E j ,  E 2  are  given by (5 .2 .9). In order 

for the stress-energy  tensor erf the electrom agnetic field:

<Te - m>“ V * ( 5 - 2 ' 1 2 )

to be consistent with the Ricci tensor (5 .1 .9) it is necessary that

T i l  = which from (5. 2.11,12) givese-m  e-m  6

2 , 2 2 , 2  /ei „ c  ” d = 3 ,  " b (5.2.13)

12sim ilarly T e_m= 0 gives bd =«c which together with (5.2.13) implies: 

a = kb c  = kd ( k 2  = 1 )

and the solutions of (5.2. 9) consistent with (5.1. 9) must be of the form:

Bx = kE 2  = a e  B 2  = -k E 1  = 3 e KT (5.2.14)

where cx, 3 a re  constants a n d k 2  = 1. From (5.2.14) it follows that
/ I 1

E • B =E2 -B2  =0.

The non-vanishing components of the s tre s s  energy tensor (5.2.12) are
/

T 0 0 e  m = t ”  n  = v 2 e 2 k T (A C ) - 2 e-m  e-m  •
(5.2.15)

03 _ 00
e-m  e-m

2 2 2where Y = a  + 3  and (5.2.15) is the canonical form for the s tre ss
0 9

energy tensor of the null electrom agnetic field . The connection with 

radiative solutions of Max\yell's equations can be made by noting that if f



32is null, T ^ v can be writtene-m

TUV = pX*V (5.2.16)
e — m

where X̂ 1 is the null eigenvector of T aV . The zero divergence of

0 3(5.2.16) with X = XqU) + yields (5.2.15) and k = * 1 corresponds

to the choice X^ = *  . The field configuration is that of a wave moving

along the three axis [ ( E x B ) ,  /  0 with polarization fixed by the
■3 J

2 2 2constants a ,  3 . The field equations depend only on y = a  + 3

which is invariant under rotations in the 1 - 2  plane, and the polarization may be 

independently specified.



5.3 - Solution of the Einstein-Maxwell Equations

The stress-energy  tensor (5.2.12) is traceless and the Maxwell-Einstein 

equations (with zero cosmological constant) are:

p  _  f rp )
liv v e-m'fiv

(5.3.1)
e . m

with T given by (5.2.15). Writing the Ricci tensor (5 .1 .9) in term s 

of t and using (5.2.15) gives for (5 .3 .1):

" 0 0

ll l

T)3

- 1  r 2 ^  2
c 2^2 A

2kT
A' C' C" ,C* . 2-, 2 e  
A C  + C -  <C > 3 -  V —  2 (a)

r -  i  r22 " c2L A

OII1—
l 

CN1
(M+ (b)

1 _ P»l pf
p L  §  -  ( §  >

9 A'C* 2 e
+ 2 A C " 2J = y ----- . 2A C (AC)

(c)

- 2  , A* C’ . 
c 2 ( A * C

_ 2kT n 2 e
= kY -----  2

(AC)2
(d)

Equation (5.3.2b) can be rew ritten as:

with solutions:

(5.3.2)

A* r- A ' 2-i (5 .3.3)
( |  ) •  = 2 [  1  -  ( f  ) ]

A = AQ( S in h  2 t ) ^  ( a ' ) 2 > 1  (a)

A = Aq (C o sh  2 J ) 1'2 <*>> (5‘3 -4>

k * T  a  * oA = AQe K |  = k * ,  k*^  = 1  (c)
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In equations (5.3.4), A Q is a constant of integration and the origin of

1 ( 2 ) '  1 ( 2 )has been fixed at zero. Since the mapping d  =A d  is an auto­

morphism of the Type V structure (5 .1.1), A 0  may be chosen to be 1 without 

loss of generality. Similarly in view of (5.2.8) any constant multiplying C 

may be removed from the m etric as a conformal factor although such con­

stants will be retained throughout.

Using (5.3.2b, d) in (5 .3 .2a) gives the constraint equation

3 t  i  -  ( | V ]  = v 2  1 ) (5 .3.5)

which on substitution of (5 .3 .4 a ,b , c) with AQ =1 gives:
k = +1 k = -1

A *1
t  >:L +3-3

A •
t  I <;l -3-3

A*
A =1 k*

(5 .3 .6)

and there a re  two solutions corresponding to (5 .3 .4a, c). Equation 5. 3.2d)
t

may now be integrated for C to give

C = Coe3T/2(Sinh 2t )“1//4 A f l
t  r  1

(5.3.7a)

C = Coexp[(l + \  Y2)kT] Af 2| = k .  k 2  = 1 (5.3.7b)

Substitution in equations (5.3.2) of solutions (5 .3 .4a, 5 .3 . 7a) and (5 .3 .4c,



5.3.7b) verifies that all field equations a re  satisfied. For C given by 

(5.3. 7a) the m etric  can be written s

g  = C2 ( d3 ® o'3 -  d t  ® d t ) + A2 ( d1 ® d1 + d2 ® d 2 ) (5 .3 .8)

A = ( S in h  2 t ) ^  C = CQe 3 'r^ 2A ~1/' 2 

and the time dependence of the field amplitudes is given by

i>2 — — 8 F 1

- t  - 1  _ s t  / ?  -i-where = e  (AC) = e  ( S in h  2t ) . 4 The singularity

is of the line type with the transverse directions collapsing to zero  accompanied

by a longitudinal expansion to infinity. The field amplitudes a re  infinite a t the

singularity and approach zero  as t approaches infinity. For large t , A and

C go as e T .

For C given by (5.3.7b), the solutions defined by k = ±1 a re  simply time 

rev ersa ls  of each other. Choosing k = +1, (5 .2 . 8 ) is easily integrated, and 

the m etric may be written:

g  =  - d t ® d t  +  ( t ) 2 ^ ^ 1 ®  a 1  +  d 2  ®  d 2 )  +  ( h t ) 2 ( d 3  ®  d 3 )

V, 1  2

h  "  1  + 2 Y (5.3.9)

with the time dependence of the field variables given by 

b l  = e 2  = a F 2

b 2 “  ” e l  “  3F 2
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T —1 —1where F_ = e  (AC) = ( h t )  . The singularity is a point type
^ i

2and the solution (5. 3.9) approaches the empty Friedm an model as y 

approaches zero .

Defining the longitudinal and transverse expansion ra tes  as =C"*C’ 

and Ht = A 1 A' respectively, then the fractional anisotropy in the expansion 

ra te  (independent of time coordinate) is given by

4 T _ i  (solution 5 .3 . 8 )*T (Hl - U^)  = 3(1 - e )

Ht " 1(HL ~ HT } = 1  y2  (solution 5.3 .9)

As (5.3.10) shows, the solution (5.3. 8 ) tends to isotropic expansion for 

large T and (5.3.9) maintains a constant anisotropy independent of T .

(5.3.10)
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5.4 - Solutions with U ltra-R elativistic M atter

The incorporation of m atter into the solutions of Section 5.3 is compli­

cated by the electric  field components which must couple with ionized m atter. 

The relative contributions of m atter and electrom agnetic energy to singularity 

structure are  of formal interest however. Accordingly we consider an addi­

tional contribution to the s tress  energy tensor (5.2.16) describing an uitra- 

re lativ istic  gas with equation of state P= P , not coupled to the electrom ag­

netic field. The m atter s tress-energy  is described by:

(5.4.1)

whose zero  divergence gives:

(p + P)-1dp + d(In A2C) = 0 (5.4.2)

with solution:

where 0 2 (>O) is a constant. The non-zero components of T ^  are :

(5.4.3)

(5.4.4)

with:

(5.4.5)

From  the field equations *

(5 .4 .6 )
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it follows that the solutions (5 .3 .4 a ,b ,c )  rem ain unchanged. The constraint 

equation (5.3. 5) can now be w ritten:

2kT- r / A*v2 2 e  , ,  ,A*v ft2 - 4
3L(t ) - i ) ] = y ( 1  -  ter ) + e A (5 .4 .7 )

which on substitution of (5 .3 .4 a ,b , c), gives the resu lts  :
k  =  + 1  k  =  - 1

i r j > 1

1

I A f I

s  = 1

Q fl2  23 = 0 + Y ■3 A2 23 = 0  + y

- 3 = 0  + y 3 a2 2- 3 = 0  + y

0 2 = 0 ( k = k * ) 2 y 2 + 0 2 = 0 ( k = - k * ) (5.4.8)

Inspection of (5 .4 .8) shows that the case |j [  | -  1 is now excluded

2
if 6  is assumed positive definite. From (5.4.8) it follows that:

Y 2 =  k ( e 2  -  3 )  ( k 2  =  1 ) ( 5 - 4 - 9)

Equation (4.5) can be integrated for C to give:

C = C^ 1 + ^Y 2 / 2 ) e y 2 T /2  (A = s in h !s  2 t )  (5.4.10)

where again, direct substitution verifies that all field equations a re  satisfied.

For k= +1 the solution (5.4.10) has a point singularity (A, C-*0 as t-* 0)

2 2 2 . 2  for all values of Y and does not exist for 0 <3( y  < 0 ) • Since q

cannot vanish, the model is not connected with those of Section 5.3. For
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k = - l ,  C is given by:

C = C A (1 - Y2/2)eY2T/2 (5.4.11)
o

2 2In this case for 0 s  y <2 ( 1<6 S3) the singularity is a point,

for 2 <y^ S3 (OS0^< 1) C is infinite at T= 0 (A =0). At

y^ = 2 ( 0 ^ = 1 )  , C =C 0 e T is finite at T=0.  For

2k = - l ,  setting 6  = 0 recovers the solutions (5.3. 8 ).

All solutions contained in (5.4.10) approach the isotropic P=p Friedm an 

models s

A = ( S in h  2t ) J§

dt = AdT

as Y^ approaches zero.

From  (4. 5.10) the fractional anisotropy in the expansion ra te  is t

T T  " 1  /  T T  T T  \  .  2  /  ,  - 4 k T  .  “ 1Up (1^  -  Ht ) = ky (1  + e  )

2
w hich app ro ach es  z e ro  fo r la rg e  t independent of y  if k= -1  and

2approaches +y for k =+ 1.
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5.5 - Symmetry and Singularity Structure of the Models

The Einstein-Maxwell equations have been integrated for an LRS

Bianchi Type V spacetime containing a source free, null electromagnetic

field and an added (non-interacting) gas with the equation of state P= p .

The m ost striking feature of the models is the existence of a preferred

direction in the symmetry plane of the geometry. There is, however, no

contradiction in this resu lt. Associating the sym m etries of the geometry

of spacetime with the sym m etries of the physics of spacetime is a concept

33inherent to the geometrodynamic view of relativity. For the null electro­

magnetic field, the geometrodynamic view fails in that the field tensor
on

cannot be uniquely constructed (to within a constant duality rotation) from 

T . Thus in the null case, the geometry' of is not necessarily

communicated to the physics of fa g

The singularity behavior of the models is also interesting. For the solu­

tion (5.11), which includes the models (4.8) without gas, the singularity is

characterized by transverse collapse and longitudinal expansion to infinity

2 2 2 2 as long as 2 0  < y » and for m ixtures such that 2 0  > y

the singularity is always a point. This is a somewhat surprising resu lt in

that it would be expected that the singularity structure  would depend on the

relative contributions of the m atter and electrom agnetic m ass densities given

by*

2 2 2 e  + t> = 2 y ——— 2  and  PM
(5.5.1)

Pe-m (AC)
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, . pe - m * y ^ *2 2kT 0whose ra tio  - —  = 2 *— 5  A e  approaches zero  as T-* 0.
M 0

In investigating a group of cosmological models with magnetic fields, Thorne^

Pe-mreported that (for his models) when the ra tio  —r—  approached
M

zero as the singularity was approached, the magnetic field had a negligible

effect on the structure and dynamics of the singularity. In the present case 

Pe-mthe ratio  —— approaches zero  as  T-* 0 yet the structure of
PM 2

the singularity depends on the param eter
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6 . - Some Perturbed Cosmological Models

In investigating general c lasses of "tilted" homogeneous cosmological 

28models, King and E llis have suggested that some simple models of this 

type might be found among the Bianchi Type HI spacetim es. The "tilted" 

homogeneous models a re  those in which the m atter has a non-zero spatial 

velocity component in the fram e in which the Universe is homogeneous, thus 

"tilting" the co-moving fram e with respect to the hypersurfaces of homogeneity. 

This suggestion is pursued in this chapter with the object of generating Type III 

spacetimes with non-zero vorticity. For the m etric form s considered, it was 

found that the field equations were amenable to  perturbation techniques, valid 

for small values of "tilt". Such methods have inherent lim itations in that the 

ultimate effects of vorticity on singularity structure a re  not generally available, 

but much information about the structure of spacetime at la te r  epochs can be 

gained.

Three solutions will be discussed i n  6 . 3 , 4  , all of which represent 

perturbations on a space of Bianchi Type III geometry. In Section 6 .1 the un­

perturbed m etric  is discussed. It is the open model (case 2) of Kantowski and 

20Sachs . The geometry is spatially homogeneous, locally rotationally sym­

m etric (LRS) and shearing, with vanishing vorticity. In 6 .2  the m etric is 

modified to admit the possibility of vorticity as  well as additional shear com­

ponents arising  from a motion of the m atter not associated with rotation. The 

m etric is analyzed and its possible solutions classified. In 6 .3, a solution 

is found which, to lowest order, p reserves the diagonal field equations, and

-103-



for which the vorticity does not vanish. A totally anisotropic solution is 

presented in 6.4 which can be either rotating, or ’’tilted" and non-rotating. 

The models a re  discussed in 6 . 5 and the domain of validity of the perturba­

tion assumptions is analyzed.
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6 .1 - The Unperturbed M etric - A Bianchi Type III Spacetime

It has been shown that spatially homogeneous worid models can be viewed 

as a family S of homogeneous spacelike hypersurfaces param etlzed by time.

If elements of S a re  the hypersurfaces of transitivity of a th ree-param eter 

isometry group G3 , the generators of Gg can be used to establish an invariant 

basis on elements of S. If the basis one-forms d1 are invariant under Gg, 

the d 1  can be chosen such that:

dd1 = C1 j^d^ A dk (6.1.1)

where the are  the constants of structure of Gg. For Bianchi Type III 

spacetimes, the structure (6 . 1 . 1 ) is:

1 1 2 2 3 (6 . 1 . 2) dd = d a d dd = dd = 0

and a m etric  form admitting an additional motion associated with rotational 

symmetry is:

g = - d t  ® d t  + A2 ( d1 ® d1 + d2 ® d 2 ) + C2 d3 ® d3 (6.1.3)

where the functions A and C depend only on t, and the d1 have the structure

(6.1.2).  The m etric (6.1.3) can be written*

g = Tia g u)a ®u)3 (6.1.4)
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where T)^ is Minkowskian:

(6.1.5)
riae  = d ia g (  - 1 , + 1 , + 1 , + 1 )

and the Cartan basis iua is given by:

uu° = d t  oj1  = Ad 1  uj2  = Ad 2  u> 3  = Cd 3  (6.1.6)

The non-vanishing components of the Einstein tensor G ^v , where: 

G|iv “  Rp.v “ 2  ’V v 1* a

are:

p _ ? /A* 2 A*C* 1 , .
G00 -  A A C  ” .2  WA

G11 = G22 = -< l "  + § "  + f § ' >  <*» f6- 1' 7)

g 33 A

where the dot indicates differentiation with respect to tim e. These equations

have been integrated for a p ressu re less  perfect fluid (dust) by Kantowski and

S ach s^ , for various equations of state by K antow ski^, and for dust and an

34axial magnetic field by Thorne . In all cases the models are  open, with 

the world l.nes of m atter orthogonal to the hypersurfaces of homogeneity.

In the present case it will be useful to integrate the field equations directly 

for co-moving dust. With the cosmological constant taken to be zero, the 

field equations a re  just:

-106-



G cl3  "  T a p

where G a g is given by (6 .1 . 7) and has only one non-vanishing

component:

t qo = p = M(A2C)_1

where M is a constant of integration. The equation G3 3  =0 can be written 

(with A as the dependent variable) as:

$  -  1

Integration yields:

A*2 = 1 + k.jA-1

and:

t-t = xf - k^ln(x+f)

where k j and tQ are  constants of integration and:

x 2  = A
f = A^A* = (x2 + ^

The Gqq or Gj j  equations can be integrated to give:

C = x-1f[k, + ln(x + f)] - 1

(6 .1 .8 )

(6.1.9)

(6. 1. 10)

(6 . 1 . 11)

(6. 1. 12)
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where kg is a constant of integration, and C has been scaled so that the 

constant M, defined in (6 .1. 9), has been chosen as 1. The general solution 

is characterized by zero vorticity, volume expansion:

0 = 2HT + Hl

and shear:

( d * ) 2  ( h t  -  h l ) 2

where Hy = (ln  A)’ and Hy = (In C)' are  the transverse and longitudinal ex­

pansion rates respectively. The notation ( cf) will be used to differentiate 

the shear from elements of the invariant basis. The m etric (6 .1 .3 ) may be 

written:

g = x4[-4f-2dx ® d x  + ® + <?2 ® tf2] + C2(x) c>3 ® d3 13^

where f(x) and C(x) are  given by (6 .1 .11) and (6 .1 .12). As (6 .1 .10,11) indicate, 

if kj =0 then A becomes the time. Sim ilarly for any solution in which A grows 

without bound A* ** 1 as A -* 0 0  . For k ^ O , from (6.1.12), C can be written:

where:

t  = A -  A* and A* = ex p  2 (1  -  k 3 ) (6.1.15)

The m etric  is:

g  = -  dA®dA + A 2 ( d 1 ® d 1  + d 2 ® d 2 ) + - | ( l n  | * ) 2 d 3 ® d 3

( 6 .1 .1 6 )
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where the solution (6.1.16) is exact if = 0 , and the asymptotic lim it of 

all solutions for which A -* 0 0  . Together with its evident simplicity, it is 

an ideal starting point for a perturbation calculation.

The solution (6.1.16) is new and does not occur in references 3, 7 or

8 . The solutions presented in these references are  given param etrically 

and (6 . 1 . 1 6 ) is outside the range of models perm itted by the param etrization.
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6.2 - A •Tilted" Type III Spacetime

In order to genera lize  the m etric o f 6.1 and in troduce the  p o ss ib ility  of 

vorticity, the m etric form (6.1 .4) was considered where the orthonormal 

Cartan basis tua is given by:

»° = dt cu1 = Atcf1 + he?2)
2 2 3 3U) = Bcf ur = CcT

(6 .2.1)

where, again, the d 1  obey (6.1.2), and the functions A, B, C, and h depend 

only on t. The non-zero components of the Einstein tensor a re  now:

r  -  A' CV B*C’ 1 1 2
00 “ A B A C B C ” B ~ 4

G _ . C "  , B ' C * _  3 2.
11 “ B C B C  4

-  _ , A** C** , A * C *  1 n 2.
22 ” A + C A C  4

« ,  A* * B* * A* B* 1 n 2 1 -  .
33 -  A + B A B 4 ~ B

G01 = " B G02 = B( A B  ̂ G12 - 2 Q^ln Qa2c>’
(6.2.2)

where Q = h* ^ .
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For the stress-energy  tensor:

T = pu u  (6.2.3)

the equations (6 . 2 . 2 ) indicate the four-velocity u should be of the form:

u = u uu° + u.uu1 + u0u)2 (6.2.4)
0  1 2

The zero  divergence of Ta g gives:

( I n  pu°ABC) * = ( I n  u ^ )  * = u 2 (u ° B ) ” 1

(in u 2B)' = - (6.2.5)
u u  B u

o ,  o . .  A*. 1*2 B *, 2 .2  _ 1 2u (u  ) + B ) + Q u u  = 0

For Ta g given by (6.2.3), the possible models associated with the

structure (6 . 2 . 1 ) can be classified in the following way:

Case 1. h = constant. This is equivalent to  h= 0 since the mapping:

( d 1 ) '  = d1 + hd2 ( d 2 ) • = d2 ( d 3 )* = d3

re s to re s  (6 .2 .1) to its form for h =0, and is an automorphism of the Type III 

s tructure (6 .1 .2 ). Alternatively, the field equations (6.2.2) depend only on 

derivatives of h. An examination of(6 .2 .1 , 2) with h =0 shows that two situa­

tions are possible: (a) the LRS case with A = B discussed in 6 .1 and; (b) the

0 2totally anisotropic, "tilted” case A ^ B^  C with u = Uq uj + Uj and 

(u^B) ,q  =0. This model is non-rotating, and the field equations have never 

been integrated.
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Case 2. h = h(t). For this case, a solution requ ires that both u* 

and u^ be different from zero. This follows from (6 .2 .2 ) in that if u^ = 0,

Gq2  = 0 requires A= B, and G 1 1  • G 2 2  yields a negative value for the square 

of u 1. Conversely, if u1= 0, Gq1= 0 requires h = constant, and we return  

to the solutions of case 1. For the four velocity (6 .2 .4) there is an associ­

ated vorticity vector given by:

*(uAdu) = u1(Buo)“1u)3 ^

where the equations of motion (6.2. 5) have been used to eliminate time deri­

vatives. The vorticity is manifestly orthogonal to u, as expected, and is non­

zero  whenever u j does not vanish. Although it does not depend explicitly on 

Q(h), the vorticity vanishes for Q =0 since this implies Gqj = 0, and conse­

quently Uj =0. Any solution of case 2 contains a solution of case lb .
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6.3 - A Solution which Preserves the Diagonal Field Equations

The work of (6 .2) suggests that a perturbed rotating solution might be

obtained by the Introduction of a small component of velocity u*. This follows

from the vorticity (6 . 2 . 6 ) which depends only on u 1, and from the field equa-

2
tlons (6 . 2 . 2 ,3) In which all term s preventing the vanishing of u a re  quadratic 

inQ . We assume:

u °  = 1 , u 1  = Xu1  and  h  = Xh (6.3.1)

where X «  l .  The component u^ is assumed of order X ^ or sm aller. To 

lowest order in X , the equations (6.2.5) give:

u XA = a and PABC = 1 (6.3.2)

where a  Is a constant. The Gqj or G j 2  equations give:

h *  =  a p ( | ) 2  ( 6 , 3 , 3 )

and the Gq2  equation requires A = B, and to lowest order in X the diagonal 

field equations are  those of Section II with solutions (6.1.12,13) or (6.1.16).

In term s of ( 6  1.16), h can be evaluated as:

h  = a  S PdA = - 2 a (A * ) “ 1 E i(  2C) (6.3.4)

where, again, 2C= In A/A* and Ei(x) is the exponential integral:

Ei(x) = J*“ (xeX)“1dx
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Thus h vanishes when u 1  vanishes ( a= 0) and approaches zero  as A -* °°

The vorticity vector (6 . 2 . 6 ) is:

■QL = XaA~ 2  u) 3  (6 .3.5)

which is the value expected from conservation of angular momentum, or

53vorticity propagation equations . The piodei resem bles a test field solution 

in that the m etric functions A and C rem ain unchanged. The m etric , however, 

describes a spacetime in which every co-movlng observer sees the m atter in 

his neighborhood rotating with respect to a Ferm i-W alker propagated (gyro­

scopic) basis. The m etric can be written:

g = g0 + x9 l

w h ere  g Q i s  g iv e n  b y  ( 6 .1 ,1 6 )  a n d :

g x = -2A 2 a( A* ) _ 1 E i(  I n  | * ) ( d 1 ® d 2  + cf2 ® ^ 1 )
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6.4 - A Totally Anisotropic Solution

Since a complete solution of case 2 requires two spatial velocity com­

ponents, a m ore general set of perturbation assumptions is:

o 1 . ~1 2 , ~2 , . ~u = 1  u  = Xu u  = au  h  = Xh

where, again, 0 < X «  1. Under the assumptions (6.4.1), A =C can no
A

longer be maintained if u /  0  requiring:

A = AQ + XA2  = AQ(1  + Xa^) C = CQ + XC^ = C (1  + Xc1 )

B = Aq + XB^ = Aq ( 1 + Xb^) p = PQ + Xp^ = PQ(1  + Xp^)

(6.4.1)

(6.4.2)

where the subscripts ( ^  re fe r to the unperturbed models of Section II. Using

(6 .4 .1 ,2 )  in the Einstein tensor (6 .2 .2) and the stress-energy  tensor (6.2.3) 

gives for Ga 0  = T a g :



where the unperturbed field equations (6 .1 .7 , 8 , 9) have been used to eliminate 

zero  order te rm s. Using (6 .4 .1 ,2 ) in equations (6.2.5) gives:

The equations (6 .4 .3 ,4 )  show that to firs t order in X , the rotating, and 

tilted non-rotating models (case 2  and case lb  respectively) decouple, with 

h completely determined by the off-diagonal equations.

Using for AQ and CQ the solution (6.1,16), the system (6 .4 .3 ,4 )  can be 

integrated to give:

where x =2C0= In A/A* and all constants of integration have been set equal

o (6 .4 .4 )

= g A ^ ^ d  + x)ln x - x] 

ax = bx + 2gA*“1Ei(x)

c1 = -b1(2 + |) + g(A*xex)"1[(2x2+5x+5)ln x -2x2-2x+4]
(6 .4 .5)

?! = -2g(A*xeX )-1[(x2+2x+2)ln x + 2-x2] - 4g(xA*)_1Ei(x) 

h = 2aA*“1Ei(x)

1 2to zero  to insure the perturbation vanishes whenever u , u vanish. The ro ­

tation vector is that of(6.3. 5) and the shear scalar is:
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( d * ) 2 = ( d * ) Q2 + |  X(Ht  -  HL ) Q( a 1 + b x + 2 c x + u 2 )*

where:

(ax + bi  + 2c 1 + u2 )'  = PqCaP! -  3 In x + b^A^l-x) -  ~  8x]

The volume expansion is given by:

0 = 0^ + = ”̂1 U  ̂ (6.3.6)

where ( d* ) and 0 q are  the unperturbed quantities given in (6 . 1 ) and:

(a2 + b2 + c 1 + u2 )* = -3 po[ ( x2 + x + 2 + ^ ) ln  x -  x 2 + |

+ A # °  E i < X , 3

Using (6 .4 .1 ,2 ) and (6.2.1) the m etric may be written:

g = g Q + Xgx (6.3.7)

where gQ is given by (6 .1 .3 ) and g j is:

g.. = A 2[ a  + b . t f 2 ® d 2  + £ d ( 1  ® d 2 *J + c .C  2 d 3  ® d 3l  o l  l  J 1  o
( 6 .3 . 8 )
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6.5 - Model Evaluation

The unperturbed models of (6 .1) were not compared in detail to obser­

vations in references 20, 34 and 35 since observational data at the time p re­

cluded open world models, and the high early  anisotropy exhibited by the solu­

tions seemed inconsistent with micro-wave background observations. For 

la te r  tim es, however, as  pointed out in reference 2 0 , the solutions a re  not 

unlike the Friedm an models, and consequently bear some analysis. Using 

the solutions (6.1.16) and taking:

\  A0 , - l  (6.5.1)
H.J,

where, again, = (In C0) , q and HT = (In A0)̂  Aq*, and defining:

Ho =  ■§ ‘ 2 H T  +  « L >  =  <6' 5 ' 2>o
gives a model with the properties:

Age: t  = A0 -  A* = \  t c ( l  -  e " 1 /Y ) ( 2  + y)

Density: P = (AqC) ^ = 6 y (2  + y ) ̂ Pc  (6.5.3)

Shear: ( d * ) 2 = 3Hq 2 (1  -  y 2 ) ( 2  + y ) " 2

where P_ and t a re  the density and age respectively of an Einstein-DeSitterC V

model with expansion rate HQ. As (6.5.1) indicates as the models evolve from 

A= A* (singularity) to A approaching infinity, y evolves from an infinite value
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to zero . At the shear-free epoch ( Y = 1) the models a re  slightly younger 

(t = . 95tc) and slightly le ss  dense ( P = 2/3 ) than the corresponding

Einstein-DeSitter model. An interesting feature of the shear-free  epoch is 

that the deceleration param eters:

(q o ) T = A ( A * - V  = 0  and ( q Q)L = CCC’ " 1 )* = 1

a re  consistent with both open and closed models depending on the direction 

of observation.

The tem perature anisotropy in the microwave background may be cal­

culated by assum ing either:

a) The surface of last scattering is coincident with the surface of recom ­

bination (deep origin) in which case:

 §. _ _ ^q3 (6.5.4)
T pa e

where T is the tem perature of the microwave background and the subscripts 

a and e re fe r  to photon absorption and em ission tim es respectively. Or

b) The surface of la st scattering has been displaced relative to the surface 

of recombination by an intervening ionized inter-galactic medium (local o rig in )^  

in which case:

T = J ^ a  tfTn e d t  ~ 1 (6- 5 *5)
e

where T is the optical depth, ( j^  is the Thompson scattering cross-section 

and ne is the density of free electrons. Equation (6.5.5) assum es that the
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therm al energy of both the microwave photons and scattering electrons is

small compared to the electron re s t m ass.

Under assumption (a), using (6 .5 .1), (6 .5 .4) becomes:

Ae  2 Ae  e 2 /y  9 ( t § )  i n  - r f  = -  x  1 0  A* A* y

which for y of order of magnitude 1  gives:

£  = £•)&)  = e‘3/v x 109 <6-5-6>
L a e

Under assumption (b), taking t  = 1  and assuming the entire m ass 

content of the Universe is in the form of ionized hydrogen gives:

26 - l  (6.5.7)
1 = ( 4 .2 6  x  10 cm)A* [E i(2 C  ) -  E i(2 C  ) ]

6  a

From  (6 .5 .1 ,2 ):

A* = 3e ^ ^ ( 2  + Y )h0 ~'L x  102 ® cm (6.5.8)

where h 0  is the Hubble constant in units of 10 km sec” * Mpc”*. Using

(6.5.8) in (6.5.7) gives:

E i(2 C 0 ) = E i ( y ” 1 ) + 7 0 .4  h o _ 1 e _ 1 /Y (2  + y) (6.5.9)

Again, assuming Y to be of order 1, and 1 < hQ < 10, the second term  on

the right in (6 .5 .9 ) is much la rg e r  than the f irs t, and the exponential integral 

can be expanded to give:
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2C - k
k  = 7 0 .4 h o _1e " 1 /Y (2  + y)ee

and:

) ( e  + 1 ) (6 .5 .10)

Inspection of (6 .5 .6 ,10) shows that observational constraints on the 

magnitude and angular variation of the Hubble constant make it impossible 

to satisfy lim its on the anisotropy in the microwave background. Although 

the particu lar solution (6 . 1 . 1 6 ) was used to obtain these resu lts, they accu­

rately  reflect difficulties encountered in fitting the more general models of 

Section II.

Turning to the perturbed models (6 . 4 .7 , 8 ), Fig. 6 .1 is a plot of the 

f irs t order quantities a j ,  b j, c j and P j multiplied by the constant A*/3 .

The perturbation assumptions (6 .4 .1 ,2 ) require these quantities, together 

with h, u^ and u2, to be, in absolute value, much le ss  than X As Fig. 6.1 

indicates, although the quantities a^ and b j a re  not monotonic in absolute value,

they a re  bounded from above and below by Pj and c^ which tend monotonically 

to zero . Thus, if the perturbation assumptions a re  satisfied a t some t Q, they 

are  satisfied for all t>  t0. At the epoch y= 1:

Xc^ «  1 -  u 2  «  .2 4 X pijcrc  1 -* u 2  «  .2 3  (6.5.11)

Similarly:
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\ h \ «  1 -  \ u 2\ «  . 84 

which bounds the magnitude of the vorticity vector at Y= 1  by:

(6 .5 .12)

£ L \  «  .4 2  Hq 

where H0 = A0  *.

A surprising feature of the curves in Fig. 6 .1 is the relative magnitudes 

of the perturbation amplitudes. For Uj= 0, the perturbation introduces a small 

m atter velocity component along the d  2  axis, yet a^ and b j the resulting 

changes in the 1 - 2  plane (which was originally isotropic) are sm aller than Cj 

the perturbed amplitude in the d  ^  direction. That this is an observable effect 

may be verified by going to a co-moving orthonormal basis tra with elements:

l2 w2
0

TT - U  =

+

0
31

1
TT - w1

2
TT = u ,2  - O

u 2 “
3

TT u, 3

(6.5.13)

$
In term s of the t t  , the shear tensor is diagonal with only three non-vanishing 

components. At y=l:

d*  = A.(a1 * + u 2 * -  91 ) Tr1 ® ^ 1  + X.(b1 * -  0 1 ) 2 ^ 2  (6.5.14)
TT ®  TT

+  0 1 )  t t 3  ®  t t3
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where 9  ̂ is given by (5.6). Defining Hj as  the expansion rate  in the t t  

direction, then ^ 3  t

Hi  = + 3  ( 0O + ^ ) (no sum) (6.5.15)

The fractional difference between the expansion rates in the i and j directions 

is then:

a i j  = 3(H i  “ + Xei > " 1  (6- 5- 16>

From  (6 .4 .5 , 6 ) and (6.5.14), the ot ^ can be evaluated at y= l:

a 21 = 3 u 2 a 23 = 7 , 3 8 u 2  a i 3  = 4 * 3 8 u 2  (6.5.17)

The can be m easured as anisotropies in the Hubble flow and (6.5.17) 

indicates that the observable effects of the perturbation a re  la rg e r outside the 

plane of initial symmetry than in the plane, observed  values of the cty a re
3 7  3 0  3 Q

uncertain due to effects of the Local Supercluster ’ * oy  but assuming

a  .j < . 1 the upper bound of U2  as determined from (6.17) is about 20 times 

sm aller than that determined from (6 . 1 1 ).

This work has illustrated some of the difficulties in solving and evaluating 

anisotropic cosmological models. We have demonstrated the existence of stable 

perturbations of the models of Sections II but not disproved the existence of 

unstable modes since the solutions (6 .4 .5 , 8 ) were obtained by choosing all 

constants of integration as zero.
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7. - Discussion

The resu lts  presented in Chapters 4 - 6  fall into tw^ categories:

(a) The relationship of geometrical to physical symm etries 

(Chapters 4, 5)

(b) The inconsistency of typical anisotropic models with 

current observational data.

Although these areas a re  broadly related as efforts to understand cosmology 

beyond the standard model, they are  most easily discussed separately.
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7 .1 -  Geometrical and Physical Symmetries

It was shown in (4. 5) that rotational Killing transform ations need not 

preserve the homogeneity of physical fields, and in Chapter 5 that the null 

field need not be rotationaliy symm etric if the geometry is. The problem of

invariance of the electrom agnetic field under geometrical sym m etries has

4 0  4 1  4 2  4 3been investigated for the null case ' and the non-null case * where the

stress-energy  tensor is purely electrom agnetic. The resu lts  of these inves-

44tigations can be summ arized as:

L^F = k  *F (7.1.1)

where L^F is the Lie derivative of the electrom agnetic field tensor F with 

respect to any Killing vector field X, and k is given by:

k  = ( d a ,  X) lf F is non-null

and dk is parallel to X if F is null. Where X is the propagation vector of

the null field (Te“m = pX X0 ), and a is the complexion3 2 , 3 3  of the non-nullocp a p
field. For the non-null case, if F is assumed homogeneous:

(7.1.2)
LTF = 0 = ( d a ,  T) *F

implies ( d a ,T )=  0 where T is the generator of any translation. Since the 

translational Killing vectors span the hypersurfaces t=  constant, (7 .1 .2) r e ­

quires da to be of the form:

da = a j 0 ai°
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and it follows that (da , R) = 0 if R is the generator of any isom etry such 

that (Rf uu°) = 0. Thus for the non-null field if F is assum ed homogeneous, 

it must also  be rotationally sym m etric and solutions like that of Chapter 5 

can only occur for the null fie ld1. However, since the complexion is completely 

determined by the Ricci tensor, it may be inconsistent in the non-null case 

to assum e F is homogeneous, even in a homogeneous sp ace tim e^ .

Further work in this area  is needed to determine the exact degree to 

which isom etries constrain physical fields, and in particu lar the degree to 

which homogeneous spacetimes require homogeneous physics.
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7.2 - Anisotropic Spacetimes

Current interest in anisotropic spacetimes stem s from several consi­

derations:

(a) The only observational data consistent with the assum p­

tion of s tric t isotropy is the lack of angular variation in the

5 4microwave background .

(b) Strict isotropy requires very special initial conditions

4 6for which no cause can, at present, be discerned .

(c) In a tru ly  isotropic spacetime, inhomogeneities such as

galaxies are difficult to understand.

47(d) Particle and event horizons characteristic  of Friedm an 

cosmologies seem to contradict the maintenance of iso tro p y ^ .

However, as the work in Chapter 6  illustrates, although anisotropic

models can be made consistent with 'lo ca l"  observations such as the magnitude

and angular variation of the expansion ra te , they fail, in general, to satisfy

constraints on the anisotropy of the microwave background. Even where models

34satisfy all observations , the required initial conditions a re  generally as 

special as  those leading to Friedm an cosmologies. An alternative program  is 

to assum e a rb itra ry  initial conditions together with a mechanism, or set of 

mechanisms characteristic  of the physics of hot dense m atter which rapidly

48 49damps anisotropy. Among the mechanisms considered are : neutrino viscosity * ,

particle creation by the curvature of spacetim e^* and anisotropic radiation 

pressure . Here also, much further work is needed. For the model (6.1.16)
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it may be possible to calculate the exact evolution of the anisotropic radiation

pressure and thus estim ate its effects.

The assumption of dissipative viscous forces, however, cannot remove

29all problems. It can be shown that the asymptotic dynamics erf certain 

Bianchi Types precludes isotropy in the lim it of large tim e. This would seem 

again to lim it possible models since at some large time the s tre ss  energy is 

presumably ignorahle and subsequent evolution is anisotropic. It may well be 

that the ultimate cosmological issue will again be "initial conditions".
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F o o tn o te s

(a )  In  a sp a c e  w ith  z e r o  t o r s i o n ,  d (p  ) = p*  ̂ dx^B a 7 1 ap ‘ p3
w here th e  P a r e  th e  C h r i s t o f f e l  sy m b o ls , ap.

(b ) The R ic c i  r o t a t io n  c o e f f i c i e n t s  a re  th e  c o e f f i ­
c i e n t s  o f  c o n n e c t io n  in  an orth on orm al b a s i s

( c )  M a te r ia l  in  t h i s  s e c t io n  i s  b a sed  on t h e  work in  
r e f e r e n c e  5 3 .

(d ) Or s te a d y  s t a t e  m od els w h ich  w i l l  n o t  b e  d is c u s s e d  
h e r e .

( e )  From (p . ,T ) = 0 and (T ) .  = 0 i t  f o l lo w st  a a ( a j p )
t h a t  Dt pt  = 0( pt  i s  g e o d e s ic ) .

( f )  I f  th e  group  a c t io n  i s  m u lt ip ly  t r a n s i t i v e ,  th e n  
fo r  p o in t s  p and q , th e r e  e x i s t  tr a n s fo r m a t io n s
a and b such  t h a t :  ap = bp = q , or ab“ le a v e s

57 . . . .p f ix e d  . I s o m e tr ie s  w ith  f ix e d  p o in t s  a re
r o t a t i o n s .  For G  ̂ (o r  Gg) th e  group  o f  m o tio n s  
may adm it more th a n  one s im p ly  t r a n s i t i v e  su b ­
group  Gg• In  t h i s  c a s e  th e  i d e n t i f i c a t i o n  o f  th e  
t r a n s l a t io n  w i l l  depend on t h e  p a r t ic u la r  c o o r d in a te  
r e a l i z a t i o n  g iv e n  th e  g r o u p (s e e  4 . 5 )

( g )  C o o r d in a te  r e a l i z a t i o n s  f o r  th e  g e n e r a to r s  o f
t r a n s l a t io n s  and th e  in v a r ia n t  b a s i s  e le m e n ts  
can  b e  found in  r e f e r e n c e s  21 and 5 6 .

(h )  T hat r o t a t io n s  can  in te r m ix  e le m e n ts  o f  th e
iso m e tr y  goup h as b een  p o in te d  o u t in  t h e  l i t -  

27 57e r a tu r e  * , b u t th e  co n se q u e n c e s  o f  su ch  m ix in g  
and t h e  c r i t e r i o n  ( 4 . 5 . 8 )  h ave  n o t b een  d is c u s s e d .

( i )  S in c e  k=( da , R)  i s  a c o n s ta n t  f o r  t h e  n o n -n u ll  f i e l d ,
and R m ust v a n is h  somewhere i f  i t  i s  t o  g e n e r a te

43r o t a t i o n s ,  i t  f o l lo w s  t h a t  k=0 f o r  any r o t a t io n  
in d ep en d a n t o f  assum ed h o m o g en e ity .

( j )  In  ( 6 . 5 . 6 )  and s u b s e q u e n t ly  TT and T^ a r e  th e
m icrow ave background tem p er a tu re s  a s  m easured in  
t h e  t r a n s v e r s e  and lo n g i t u d in a l  d i r e c t io n s  
r e s p e c t i v e l y .
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