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Abstract

INVESTIGATIONS IN HOMOGENEOUS COSMOLOGIES
by
CHRIST FTACLAS
Advisers: (for the City University) Professor
Daniel Greenberger, and Professor Jeffrey M.

Cohen, University of Pennsylvania

Spatially homogeneous relativistic cosmo-
logical models are explored and a number of new
properties are presented. It is demonstrated
that motions associated with rotational symmetry
need not preserve the homogeneity of physical
fields. A model is presented in wl}ich physically
defined preferred directions vialate rotational
symmetry. Some perturbed models are given
which exhibit shear, expansion and non-vanishing
vorticity. The unperturbed models are the Bianchi
Type 1II spacetimes of Kantowski and Sachs. In
addition, an introduction to the mathematical frame-
work of Relativity is included with particular empha-
sis on exterior calculus and the theory of symmetric

spaces.
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Preface - Some Notational and Other Conventions

Throughout the text, except where indicated, the summation convention

is in effect and repeated indices are an implicit sum,

In general, Latin indices assume the values 1, 2 and 3, and Greek indices
the values 0, 1, 2 and 3. Where spaces of arbitrary dimensionality N are
discussed in Chapter 2, all indices range from 1 to N.

In the system of units used, ¢ = 8% G =1 so that the field equations are:
Gp,v = Ruv - —%— gwRa(1 = Tuv . Where it is intuitively useful,
quantities in more common units are repeated parenthetically.

Chapters are numbered sequentially as are sections within them. For
instance, 3.2 is the second section of Chapter 3. Equations are numbered
sequentially in the section in which they appear so that: (3.2.7) is the
seventh numbered equation in (3. 2).

Figures and tables are numbered sequentially in the chapters which they
appear.

References are indicated by a numbered superscript and listed by number
at the end of the text.

Round brackets on indices denote symmetrization and square brackets

anti-symmetrization. Thus:

u(ab) = (uab + uba)

Yap] ©

- u

Nl= )=

(uab ba)



10.

No attempt has been made in typestyle (i.e. boidface) to differentiate
abstracted tensor valued quantities from their components, as the con-
text will always make the distinction clear.

Occasionally, partial derivative operators are denoted by the letter p

with a subscript so that p; is the partial derivative with respect to xi.

Otherwise, as usual, a comma will denote partial differentiation anda
semi-colon will denote covariant differentiation.

Footnotes will be designated in the text by a Latin superscript

and are listed following the references.
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1. Introduction

The following chapters include an exposition of the basics of relativistic
cosmalogy, and a series of researches into the nature of homogeneous space-
times and some of the consequences of the assumption of homogeneity. Chap-
ter 2 is a non-rigorous exposition of the mathematical framework of the General
Theory of Relativity which has been included primarily to establish notation
and point of view. Chapter 3 applies Relativity to cosmology and develops the
theory of symmetric spaces and spatially homogeneous warld models.

New results are presented in Chapters 4, 5 and 6. In Chapter 4, some
properties of homogeneous spacetimes are explored and it is demonstrated
that rotational symmetries need not preserve the homogeneity of physical
fields associated with spacetime. In Chapter 5, a rotationally symmetric
spacetime is presented in which physically defined preferred directions violate
rotational symmetry. In Chapter 6, some perturbed cosmological models
are given which are shearing and expanding with non-zero vorticity.

Specific results are discussed in the chapters in which they are obtained

and broadly related to other work in the field in Chapter 7.

-11-



2. - An Introduction to General Relativity

This section contains a brief introduction to the mathematical framework
of General Relativity. It is by no means complete or entirely rigorous, and is
intended primarily to establish a consistent framework from which further
results can be developed. For more complete treatments of the full theory
the reader is referred to references (1-7). In addition, the mathematical
tools introduced in this section are developed in references (8-11) and will
not be cited individually.

Spacetime will be modeled as a differentiable manifald with pseudo-
Riemannian metric. Tensor operation, defined in the tangent spaces at each
point in the manifald, and derivative operations requiring connections between
the tangent spaces of adjacent points are defined. The techniques of exterior
calculus and differential forms are developed as a natural framework in which

to treat homogeneous spacetimes.

-12-



2.1 - Differentiabie Manifolds

A differentiable manifaid of dimension n is a point set which is locally indis-
tinguishable from R® the n-fold product of the real line with itself. More expli-
citly, a point set M is a differentiable manifold if there exist pairs ( Use ) ?« )
where U* is an open set in M and ?_‘ is a homeomorphism of U\ onto W,

an open set in R™ such that:
(1) Ul U U?_\J ............ = M

-1
2) for any «, ifuU U, is not empty then
is a differentiable mapping in RE.

For p any point in U " of M the }0‘([)) - (xl(p), xz(p) ........ xn(p)) are calied the
coordinate mappings of p. Where Uy, N U{ is not empty, points in the inter-

, . _ =l
section have two coordinate descriptions ?_‘(F), ?Q(P) and ?0.‘ ° ?Q
(the composition of 50 o with P{I ) is a coordinate transformation in R®. Condi-
tion (1) above guarantees that every point in M is mapped into R™ and (2) assures the
differentiability of these mappings. A pair (\.L( ,?*) is called a chart and an atlas
is a collection of charts such that the union of their open sets is M.

Functions may be defined on M by their action on the points of RY;
i

f(p) = £( ?.‘(p» = (x!(p))

Likewise differentiability may be defined on M but it is ciear that functions are

differentiabie to the extent that the ?.‘ are differentiable. We may define a C"
-1

atlas (or a C\ manifold) as one in which the functions ?.‘o (Y are C"

(possess continuous partial derivatives to all orders sﬂ ). A homeomorphism <4



of M onto itself is called a diffeomorphism if € and 1‘" are differentiabie.
Diffeomorphisms preserve the ciass of differentiabie structures on M.

In addition to the mathematical definition of M the fallowing physical re-
strictions are imposed as assumptions about the nature of spacetime:

(1) M is connected - Any two points in M can be joined by a catinu-
ous curve lying entirely in M.

(2) M is Hausdorff - For any two points p, q in M there exist neigh-
borhoods P of p and Q of q such that P .\ Q is empty.

(3) M is oriented - The JacobiarSof the transformations are all cho-
sen to have the same sign. Orientability is an intrinsic property of M not
the fashion in which coordinates are chosen.

(4) M is paracompact - There exists a covering of M such that for
every p in M there is a neighborhood A which intersects only a finite number
of covering sets (i.e. - every covering of M has a locaily finite refinement).
This definition of a differentiable manifald permits the extension of concepts

familiar in R” such as continuity and differentiability of scalars to suitably defined

open sets in M.
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2.2 - Vectors and Forms on the Manifold

For M a differentiable manifold, a mapping y of the real line intoM is a
parametized curve in M. If t is the curve parameter on the real line, then Y (t)
is assumed to be a differentiable function of t. At the point x, in M where Y(0) =X

the following product can be defined for any function f which is differentiable in a

neighborhood of x,:

(2.2.1)

d
<y,f> =[-d—‘t-': (f.Y)]t=O

Under this product, the foliowing equivalence relations arise:
(a) An equivalence class of curves such that <y 1’ f>=<}(2 >
defines a tangept vector at Xx,. The set of all possible tangent vectors at
X, defines the tangent space T, atx

)
(b) An equivalence class of functions such that <y,f,>=<y,f>

o

defines a differential df, or one-form at x,. The set of all one-forms at xq
®
defines the cotangent or dual space T, at Xq
o

If o is the tangent vector to the curve Y then df is defined by 3

<a,df> = <y,f> (2.2.2)

Both the tangent and dual spaces may be given the structure of a vector space.

2

If (xl, b QU x?) are coordinates in a region surrounding Xq define a

family of curves Y(t) by

-15-



j 2 . --
vy () = x-L + xi) = )%+t

The tangent vector to Y Jat X, is pj . Defining functions £l bv fl= xi

the differential df' at X, is then dxi and the product (2.2.1) is :

i, 4 .3 i i (2.2.3)
<gj,dx > = 3 (xo + t)& j = ) F
The duality relation (2.2.3) implies the linear independence of the P;
and the dx! since if b = c;dx!= 0 then <pjh> = c; = 0 . The p;
(or dxi) are a basis in the tangent (or cotangent) space, Writing out the product

(2.2.1) gives :

~d dxi
<y,f> = Z-f(y(t))], _~ =Lf .= 1, _~ = <a,df>
dt t=0 ,1dt -“t=0

or using (2.2.3) and the linearity of the product (2.2.1):

where:

i
<Y,f> = <a,df> -(uiv )t=0

-16-



The tangent space is the space of contravariant vectors with generic element :

i (2.2.4)

Its elements are the mappings on functions £ uts i € Rl . The dual
’

space is the space of covariant vectors with gereric element @
(2.2.5)

Its eleme nts are the linear functionals on vectors defined by df(a) = af. The

forms (2. 2.4, 5) make manifest the behavior of elements of Tx and T; under
o o

coordinate transformations % i= % {(x) (where x represents the set x');

i, - izd oz Lild = _ =iz
a-upi-ux’ipj_uaipj_upj (2+2.6)
_ i_ = iya=3 _ i gz3 _ = 433

B._ L}idx _ul(pjx )dx _uib jdx ..ujdx (2.2.7)
i _ s

ajbk‘bk

Spaces of higher order can be constructed by taking the Cartesian products
of T and T*. Thus, the space TxT* (it is understood that these spaces carry

subscripts assigning them to one point in M) has a basis Py ® dx’ and

-17-



generic elements:

A = Aijpi ® de
The product (2.2.1) is not as yet an inner product since no norm has been assigned
to vectors, nor has any c;ther metric function been defined. The dual and tangent
spaces remain distinct. A metric may be assigned to M by the physical observa-
tion that Special Relativity is essentially a correct theory over small distance
scales. Accordingly, we can require that for all p in M there exist local coordi-
nates x> (specializing to four dimensions) such that the metric tensor g has the

form:

_ @ gxP
g_ﬂasdx @ dx

where ”as = diag (-1, +1, +1, +1) is Minkowskian. In any other coordinate

system (ia =z (xB ) ¢

_ a B L=y =5 _ =Y =5
g = nasb Yb g AX ®dx" = gyadx ® dx (2.2.8)

where the bY are defined by (2.2.7). The narm of an element of T,(2.2.4) is

)

then ¢

2 (2.2.9)
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In addition to defining lengths and angles it is evident from (2. 2.9) that the metric
tensor makfes identifications between elements of T and T* and renders (2.2.1)

an inner product. Tensor valued quantities may therefore be regarded as abstrac-
tions having representations in either dual or tangent spaces. The vector (tensor
of rank 1) U, for instance, may be written U = Uadxa orU=0U c"pt1 where

U a=8qB U P .  More generally any nonsi}ngular linear cambination of the dxa( pa)
may be chosen as a basis in T*(T),even where the basis elements are not exact

differentials (cannot be written as P, ). A basis for which the metric takes

the form (2.2.8) is a coordinated basis.

-19-



2.3 - Directed Derivatives

In keeping with the coordinate free ideas of the previous section it is suitable
to redefine the metric operatlion as a symmetric, bilinear mapping of ordered pairs
of vectors into R1. (This definition can be naturally extended to inner products on
tensors of higher rank.) Thus, if Y and Z are vectors, and (Y,Z) represents their

inner product, we have:

@ (Y.2)= (Z,Y) (symmetric)

(b) (Y+W,Z)=(Y,Z)HW,Z) (bilinear)
(aY,Z)=(Y,aZ) =a(Y,Z) (a€R)

(c) (Y,Z)=0forallZ =Y =0 (nonsingular)

Condition (c) above is weaker than the positive-definite condition (Y, Y) =0 -Y =0.
It permits the existence of null vectors and labels the manifald as pseudo-Riemannian.
For Ya any basis in T the corresponding components of the metric tensor are given

by

From the definition of vectors as differential operators it follows that for

X a vector and £ a scalar field :

Xf = X% = (X,df)
Fye4

-20-



is the change in f in the direction X. It is logical to extend this concept to the
change in a vector fieid in the direction of another. Although such an extension
is straightf‘orward in Euclidean space difficulties are encountered in the general
Riemannian space. The problem is essentially that differentiation implies the
comparison of vectors at two different points in space but the'conslderations of
the previous sections indicate that such vectors are actually in different spaces
(Tp, Tp.). Compar ison requires a "connection" between these spaces giving rise
to a new derivative operation. If we designate this operation by DY the derivative

in the direction Y then Dy can be defined by

(a) DY(Z'F“’): DYZ+DYw
(2.3.1)
(c) DfyZ =fDyZ

(d) Dy(fZ)=(YH)Z+DyZ

where Y,Z and W are vectors and f is a function.
For a given basis ch taking Y= YaXa and Z =Z(1 X a’ from the rules (2.3.1)

DyZ may be written ¢

a B
Y Da(Z X

DYZ B)

2.3.2
Yaull (xazB Xg + zBDaxB] ( )

where Da =Dxa‘ It is evident that the action of D is campletely specified by (2.3.1)

arnd its action on basis vectors. Since the change in a vector is itself a vector QLXB



may be expanded on the Xa to gives

u (2.3.3)
DU.XB = CIBX_U.

where the I uaB are the coefficients of connection (if the basis is haonomic

i.e, [Xa’ XB] = (, then the vuaB are called Christoffel symbals). Using

(2.3.3), (2.3.2) can be written:

_ o ] 3 a,B
DyZ = YX(X, 2" + Y uaz“)xﬁ = YZ", X

Strictly speaking the requirement of the previous section that there exist locally
a Minkowskian coordinate system should include the requirement that in such a
system the " uaB vanish since this is also a characteristic of Minkowski space.

This constrains the 1" uaB by requiring that the torsion T defined by
T=DyZ-DzY- [Y,Z ] (2.3.4)

vanish, or equivalently that ‘.‘uaB = Puﬁa ' in a holonomic basis. The
Iy uaB are then completely specified by the condition T= 0 and Dg=0, that is

the covariant derivative of the metric tensor vanish.

-22-



2.4 - Differential Forms and Exterior Calculus
Tensor fields of rank 2 can be formed by the product T*xT*. A basis in'the
product space will be ax%® de with the properties s

B eaxY

(ax% + axP) @ ax¥ = ax*®dax¥ + ax
ax¥ ® (ax® + axP) = ax¥® ax® + axY ® axP

max® ® ax® = ax® ®max® = m(ax® ® axP) (2.4.1)

Since the tensor product is not in general symmetric, we may define the exterior

product to be the anti-symmetric part of the tensor product ass

ax®rax® = 2 (axeax® - ax®eax®) 2.4.2)
where " A" denotes the exterior product and (2.4.2) defines a 2-form. Fram
(2.4.1,2) it fallows that the exterior product is linear in each of its arguments

and antisymmetric on their exchange., The space of two- form‘s is thus a véctor
space with dimensionality equal to me number of distinct pairs of n objects where
n=dimM. Calling functions zero-fo;'rns with only one basis element (which can be
taken to be 1) and with T* the space of ope-forms with dim T“=n=(.r£). sthen

(2.4.2) can be generalized to a space of p-forms with basis s

wP = ax®1 Aax®2 Av... A axPp

-23-



: n
and dimensionality (p). In the above, 1= Ajs8500 .apSn .

For p>n, wP contains a repeating index and must vanish. From the properties
P g prop

p

P n-p

of (g) it is clear that dim w" = dim WP, A mapping from " to
is provided by the Hodge or duality operator. For AP an element in the space

of wp where

AP =2 ax?1 A dx®2 A...A dx%p
P al,azyooo,ap

and )‘a a 1S antisymmetric in all of its indices, the element *)\P
l 300 p

anelement in WP s defined by:

2 poes AGKD (2.4.3)

AP A #AP = (#AP,#aPyax’ A ax
where the inner product on p-forms is induced by the inner product in T* as

fallows: If P = o’all\..../\ dap then :
(oP,oP) = det(d®i,q?5)

In the general case the metric g= gadea @ de can be diagonalized
(g is a symmetric, non-degenerate matrix) to yield an orthonormal basis of one-

forms w® .(Cartan basis) where :

- AP
g = Neg¥ ®W (2.4.4)

n = diag(-1l,+1,+1,+1)

aB

The action of the duality operator on the elements of basis p-forms associated with

-24-



(2.4.4) based on (2.4.3) are summarized in Table (2. 1).

For any scalar field £ , df is given bys

df = f dxa
»a

where the operator "d" has mapped the O-form £ intothe lI-form d £ . Generali-
zing this operation, we can define the exterior derivative "d" to be the operation

which maps p-forms into p +1 - forms such that

d(A; + 1, = k) + dh, (2.4.5)
a(APa 69) = aaPa 69 4 (-1)PAP A a6? (2.4.6)
a(aPy = o (2.4.7)

Condition (2.4.5) is just the linearity associated with derivative operators. (2.4.6)
follows from d(dxa ) =0 and the antisymmetry of the exterior broduct and (2.4.7)
is the statement of the equality of mixed partial derivatives.

The action of d on 1-forms as generalized from (2. 4.5) is:

Xy _ o B a
d(vadx ) = \a’sdx A dx

and so on for other p-forms. On vectors (elements of T), d operates on components

as scalar fieids to yield a vector with 1-form valued componentsas

d(v¥p,) = a(vH)p, + v*d(p,)

-25-



Table 2,1 - THE DUALITY OPERATOR

For a p-form A, *A is defined from:

AA*A:(*AJA)wOAwlAwZAw3

In a four dimensional space with signature (=,+,+,+)

the double dual obeys:

*(#AP) = (-1)P*1 )P

On basis p-forms:

*] = _wo/\wl/\wzl\w3
*WO = wlszAw3
sl = wOAwJAwk (i, j, k cyclic)

K

»(wPrul) - winw (i, j, k cyclic)

Thus for:

(a) J = Juwua

N ST} a,. B, .,V
*T = 31 J ”anu“’ AW AW
1 Y
(b) F =§Fuku/\w ,
- -1 phv QB
*F = 7 F nuvasw AW
_ 1 A, Y
(e) a =3 Akuvw ATAW,
_1 Auv a
A =3, AT nakuvw
Where for orthonormal frames:
Nusys = Masys] = Casys
Mo123 = 1
and € aBy6 is the Levi-~Civita tensor

-25a-



2.5 - Relativity in the Language of Exterior Calculus

For the orthonormal basis constructed in section (2.4) the basis of 1-forms

can be written ¢

H

wa = aadeB

(2.5.1)

where the aaB are in general functions of all the coordinates., Dual to the w*

is a set of basis vectors wa such that ¢

By -5 P . (2.5.2)

wo,w
(a’ a

which together with (2.5. 1) and the duality relation (2. 2. 3) gives:

_ B
wa =Db apB
B _a a : . .
b = .
where 02 ¥ ) ¥ Applying d on wa and writing the Py in terms
of the Wy gives
aw = b w (2.5.3)
a B
where wsa is a connection 1-form in analogy with the action of Da on basis

vectors. The connection forms can be expanded on the o to give ¢

a M

Y = Yo
where the YaBu are the Riccli rotation coefficientsb. The exterior derivative
of (wy,wb) = nyé gives :

- 26_



(w“ywu,wé) + (wy,wudwu) =0

wuynué + wuéﬂyu =0

wyé -+ wéY =0

(2.5.4)

which tbgether with (2.5. 3) completely specifies the w¥ 5 .

Defining the displacement of a point dP by $
dp = dxap = Www

(dP is not an exterior derivative) then

Q (04
d(dpP) = duw wa -w dwa
B o

=(dwa-w Aw L)W

B’ Ta

The 2-form du® - wB A waB is the torsion T defined in (2.3.4) ard

is required to vanish giving the structure equation ¢

o = —u® AP (2.5.6)

Since dwa is not the exterior derivative of a differential farm

d( dwa) does not vanish and s

B
d(dwa) d(w awB)

_ 8 B Hoyy
= (dw ot qu a)wB (2.5.7)
= es w

a B
-27-



a
The curvature 2-form € B defined in (2.5.7) has components in the basis

w® A wB given by
0% = auw®, + u* AWt
B B u B 5
-2 Buv
where R aa uv is the Riemann curvature tensor and the definition of curva-
ture as a second derivative ( dzwu = evuwv ) is cansistent with Euclidean
concepts.

From d(dw®) 0 and (2.5.6) we get:

d(aw®) = -du®; A W 4 W A awP
= —(dwal + waB A wsh) A w)‘
0 = eax/\ UJ)‘
or
a a a _
Rys* Ryop * Fopy = O

From (2.5.9)

ae%, = d(dwas) + d(wayl\ wY

g)

w
I

a AwY -wa AeY

=9y B Y B
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which are the Bianchi identities,

RuB[ys3sv] = °

In summary, the diagonalization of the metric tensor yields the one-form

basis o and the dv ality relations (2.5.2) and (2. 2. 3) determine the dual
vector basis Wu . The structure equations (2. 5.4 6 ) uniquely fix the cannection
1-forms wuv and the curvature 2-forms Guv are calculated from (2. 3. 8).

The components of the Riemann tensor are the coefficients of the curvature 2-~forms

. Vv .. R .
in the basis wH AW and the Ricci tensor is as usual the "trace" of the Riemann

tensor
Ruv = Rauav
The Einstein tensss Guv is the divergence free structure GLJ-V = Ruv - %Rﬂuv
where R = Ruu and the field equations are
Cov = Ty ~ Anpv
where A is the cosmological constant and ’1{“) is the stress-energy tensor

of whatever fields inhabit spacetime.

For u a vector field @

andthe exterior derivative of u is



du=uu w'w +uudw
v i’ o8

where u* v is the covariant derivative in orthonormal frames and u*

’
is shorthand for wv u"  the basis vectors applied as differential operators on
the components of u.

More applications of exterior calculus will be persued in the following chap-
ters. The advantages of orthonormal Cartan bases is of course that the metric is
always Minkowskian and together with exterior calculus, results may be expressed
in invariant (coordinate free) form rather than covariant form. A straightforward
calculation reveals, for instance, that the exterior derivative is independent of the
frame in which it is calculated, The disadvantage, if any, is that the basis 1-forms
in general are not hypersurface forming, that is the WM are usually not exact
differentials of any functions so that global coordinate surfaces cannot be faund.

Where the differential structure of the wh is simple, howéver, as in the case

of homogeneous spacetimes the method is extremely powerful.
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2.6 - Symme tries of Spacetime

v
We consider a manifold M and assume for the moment global coordinates x .
A homeomorphism , T,of M onto itself is then a coordinate transformation in M.

We assume further that T is of the form ¢

_ (2.6.1)
T X - xv(x,s)

where x = {xv_g and s is a real parameter such that % is a continuous
function of S and iv(x, 0) =x" (T is connected to the identity).
From (2.2.6,7) it follows that each such T induces a mapping T, ( T%

on the eiements of T(T*). For T near the identity we can consider 1T (p)as
moving p in M as S is varied away from zero. At each point of the orbit a unique

tangent vector is defined which is the generatar of infinitesimal transformations:
)Y d =v . 2.6.2
Z =2 p, = (5=x")__ (2.6.2)

If T is effective on M then (2. 6. 2) defines a vector field on M. The existence of
global coordinates and to some extent T itself are artificial in that any vector field
on M with suitable coninuity can be regarded as generating infinitesimal transfor-
mations on M. Finite transformations, as always, can be built up from successive
infinitesimal ones.

Assuming that the field Z is defined on M, then for p in M an infinitesimal

transformation to p' can be written :
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\V (2.6.3)
P’ p* 7 ‘

Let F be any tensor field on the manifold (continuous, differentiable, etc.) then

LZF, the Lie derivative of F with respect to Z can be defined as :

Lp . lim E(p') - F'(p) (2.6.4)
Z° Tb6s=0 6s

where F(p') is the vaiue of F at p' and F*(p) is the value of F at p' induced by the
mappings T,, T* of T,T*. For example, if F is a vector field,X =X apa ’

since X is assumed analytic:

x%(p') = x%p ) + xa’stés (2.6.5)

Similarly, under the transformation (2.6.3), the components of X*(p) can be written

o _ B =a
X*7(p) = XT(P)(X™ g),

8. a o]
X"{p) (6 g * Z ,Bés)p'=p

x%(p) + 2% Bxsas

(2.6.6)
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Thus, from (2.6.5, 6)

sz _ lim (Xa BZB -z% BXs)bs
= - 2 2
$s-0 5s Py
a B8 a LB
= (X VA -
(X727 - 25X )Py
LX = [z , xJ
(2.6.7)
Similarly, for covariant vectors
Oy B B a (2.6.8)
LZ(Yode ) = (YOL;B"' + Z ;aYB)dx
The action of the Lie derivative on any tensor field is defined by its action in
(2.6.7,8). The vanishing of L_F implies F is invariant under the transforma-

Z

tions generated by 2 (i.e. F'(x) is the same function in the X that F is in the x).
It is evident that any F can be defined at a point and LzF =0 can be used to
construct an invariant F on M.

In Relativity, of course, the metric tensor plays a special rale. Those trans-
formations which leave the metric invariant are called motions or isometries of M.

From (2.6.8) ,
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_ v v Y a 3
L,g = (gaB;Vz + gavZ g ¥ ngZ ;a)dx ® dx
a B
= e
(Za;e * ZB;a)dx dx
If 2 is togenerate an isometry then ng=0and Z must satisfy

Killing's equation ¢

(2.6.9)

Z 0

asB * Zgsa T
The set of all transformations which leave g invariant form a group (two successive
transformations leave g invariant as does the identity transfarmation x%= x) which
for analytic transformations is a Lie group. The space spanned by the Za (‘a”
labels different isometries) is a Lie algebra which is isomorphic to the Lie algebra
defined on the group manifold G of transformations leaving g invariant!2,

Together with the constraint equation (2.6.9) the n components z% and
n2 components Za;B define %n(n+1) independent quantities implying

that in a space of dimension n, at most %—n(n+l) independent isome-

tries can exist.
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3 - Relativistic Cosmal ogy

The fundamental program of relativistic cosmoalogy (assuming the correct-
ness of Einstein's equations) is the generation of a solution to the field equations
which agx:ees in detail with all observations. In this sense, every observation
of nature is, in fact, "cosmological"™. To say that this program is at tle very
least optimistic is an understatement. It cannot be executed at the present time
for two basic reasons:

(a) There is no general agreement as to the nature and significance of the

observatims.

(b) The fine structure of the Universe (stars, galaxies, etc.) render the

i
mathematical problem intractablie with current techniques.
Point (a) can be accomodated by adopting a modified program in which models are
constructed to conform to some limited data set which is considered "cosmalogical™
in that it pertains to the large scale structure of the Universe.

Point (b) requires the same approach used in many fields of physics such as
defining gas dynamics or electromagnetic theory in the light of atomic structure.
The object is tg in some sense, divide the Universe into cells large compared to
any fine structure and small compared to characteristic cosmological dimensions.
Average ya.lues of density, velocity, etc., are ascribed to these cells leading to a
continuum formulation of cosmology. Assuming that the length scale of quantum
mechanics exists independent of the macrocosm, then in any singularity of spacetime
(taken here to mean a po'u}t of infinite density) the cell model must break down even

if all other physics remains valid. Since it is the four-dimensional manifold which
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is being subdivided there are temporal constraints as well on cell size which also
must be vialated at a singu.larit}l{.

Away from any singularity, current obser'vatlons 15, 1 on the distribution
of galaxies indicate a superciustering effect on the length scale of

QS; 9-18x1025cm (30-60 Mpc). If the age of the Universe is taken as
t,= 2x1028cm (2x1010yrs) then R sc is only XJ-? .5-1% of ty Thus, for the current
Universe there may not be a sufficiently large gap between large and small scale
structures to permit the cell approximation. This point will be discussed further
in section (2.2).

These problems notwithstanding, the cell approximation serves to define
those measurements pertinent to the modified program discussed above. Clearly,
those observations are to be taken as cosmoalogical which are meaningful on the scale
of the cells themselves, Thus, a 10% Hel ium density in one cell is a local property
but a similar density in every cell is a cosmological property.

Throughout this work the cell approximation will be used. The Universe will
be modeled as a continuum with local properties defined as continuous tensor fields
on the manifold. Althaugh this approach is certainly subject to criticism it seems
at present to be the only route to achievable sdutions to the field equations.

In this chapter the motion of a cosmological fluid will be discussed and applied
to a discussion of the cosmological principle. The metric structure of homogene aus

spacetimes will be developed as a prelude to the research results reported in the

followi ng chapters.
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3.1 - The Motion of a Cosmalogical Fluid®

We assume the Universe filled with a fluid whose world lines define a
congruence on M. The tangent vectors to these world lines form a vectar field

U on M (the four-velocity) taken to be normalized so that ¢
(u,Uu)= -1 3.1.1)

For any observer with four-velocity u a change of basis (boost plus rotation) such
that

Xo =U Xi»X=0 (Xi,Xj) =6 ij
defines a frame in which the observer is at rest., The spacelike hypersurface
spanned by the X is orthogonal to u and is (locally) the locus of points simultaneous
with the observer. Direct knowledge of the local hypersurface of simultaneity is
forbidden any observer by causality. Observations are restricted to the surface
and interior of the past light cone resulting in a set of null or timelike cannection
vectors joining the observer to points in his neighbarhood. The position of any
particle in the hyperplane of simultaneity (rest space of the observer) can be
approximated by the camponent of the connection vector orthogonal to the four
velocit-y of the observer. This effectively takes the current position of a particle

to be its currently observed position. The connection vector X may be written:

3.1.2)
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where the subscripts » and _  refer to the camponents of X parallel and

perpendicular to the observer four velocity U. From (3. 1. 2) it follows thats

X, =X - X,  (3.1.3)
X + (X,U0)u

where the plus sign in (3. 1.3) is a consequence of (U,U) =-1. In component

form (3.1.3) can be written;

a a B a
(X..L) =X + X UBU
= a B
= (8% + UU‘UB)X
= h% XB (3.1.4)
B
o i a ,B a .
where h g Is idempotent (h Bh y = h Y) and projects onto the hyper-

plane orthogonal to U. The time rate of change of X " is given by:

. (3.1.5)
(X)) =Xx* + (X,U0)'U + (X,U)U*

where ( ) denotes . uY¥ (= Dli). The observed part of this velocity is that
portion which is orthogonal to U. The second term on the right hand side of (3. 1.5)
is parallel to U and can be ignored. The third term is already orthogonal to
U(U,U)= -1) and the first term can be rewritten as follows:

Y

Since X is assumed to join two nearby points write its components as 6x

and expand X as follows:
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B _ a B o] B,.Y
u® = (6x )’BL +7 Byéx U
_ %(5:{“) . raByéxBUY

= o5u% + ¢ ByY

a B a
U ,86X + T Byéx

By%*

ByY

= Ua 5XB = Ua XB

;B ;B

(3.1.6)
Using (3.1.5,6), (X *)* becomes:
(04 ° _ ,a B (o A B
(x,) =vU :BX + UB(U )X
- a e QB
= (U ;B + UBU )X
= Vasxs
(3.1.7)
From vas hBY =vaY it follows.that (3. 1.7) can also be written:
(3.1.8)
xP; = vy,

a
The matrix v g is orthogonal to U and can be separated into its trace,
symmetric traceless and anti-symmetric components which characterize re-

spectively isotropic expansion, shear and rotation:
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. Y R §
Expansion: 6 = v ) =U A

- -1
Shear: 6(18 = v(as) 3

Rotation: (3 = V-
aB = "Lak] (3.1.9)

The reason for this choice of names follows from the action of each of
these quantities on an initially sphei‘ical distribution of particles:
Expansion - preserves the shape and orientation of the initial distribution

but aiters the volume. A scale length can be defined from -z- = % 8

Shear - alters the shape, but leaves the volume constant. The directions

of the principle axes of shear (eigenvectors of daB ) remain unchanged.
From daB the shear scalar 0’2 = cjaso‘aB can be defined where :
0’2—006 =0
= 080"

Vorticity - preserves shape and valume but alters orientation leaving only

one direction fixed. From n‘aB the vector
a _ 1 _Byd _
Q" =3e %Bnyé (gys = Mys) (3.1.10)

can be defined where Q% is the direction of the axis of rotation. From (3. 1.9, 10)

the following relations can be deduced s
_ ~aB _«Q _
Qv =alfu, =l = 0

and the magnitude of the vorticity vector is:

\Qi= Q% )7 = (30,0%)*
where \SL\= 0 > =0 4—)_(]2‘8 = 0.



The vanishing of the vorticity is the condition that the local hypersurfaces of
simultaneity mesh to form global hypersurfaceésallowing the existence of a
16

cosmic time.

The above defined quantities together with the "acceleration"”

(v X, = U (3.1.11)

serve to describe completely the motion of a cosmological fluid. (In (3.1,.,11)

Xa is a basis vector.)
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3.2 - The Cosmalogical Principle

Simply stated, the Cosmological Principle imposes on the Universe homo-
geneity and isotropy. If it is to be interpreted as an observational statement
(i.e. the Universe looks homogeneous and isotropic) evolution is prohibited
since observations along the past light cone must indicate a constant density.
This strict interpretation leads to Einstein's Static Universe d. More generally
it is assumed that the Principle implies the existence of homogeneous and iso-
tropic spacelike sections through the Universe. From the work of the previous
section it follows that isotropy requires that the shear, vorticity and accelera-
tion vanish which permits the existence of global hypersurfaces of simultaneity
to which the matter four-velocity is orthogonalls. Orthogonality of the four-
velocity implies the matter is at rest on the spacelike sections. A complete

analysis53

leads to the Friedman models whose properties are well documented.
Although elevated in status by being given a name, the Cosmalogical
Principle is in fact a set of simplifying assumptions which permit an easy solu-
tion of the field equations. It is perhaps unfortunate that the enunciation of the
Principle preceded any data to support it. The very language of observational
Astronomy is permeated with concepts such as "Hubble constant' and "decele-
ration parameter’ which are inherent to Friedman models. Astronomical aniso-
1
tropies are usually reported as velocities required in an isotropic system to
produce the observed anisotropy. In what seems like a circular argument the
generally accepted test that a flux or portion éhereof be cosmo;ogical in origin
is that it be isotropic. A careful evaluation of the data seems to indicate that the
observational evidence>4r 3% is equally good (or bad) for both homogeneity and

isotropy.
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From the point of view of the work in section 2. 6 the Cosmological
Principle would imply the existence of a six parameter group of motions acting
on spacelike hypersurfaces. The surfaces are maximally symmetric and the
solutions (Friedman models) are well explored. From the cell point of view
discussed in the introduction to this chapter, however, the interpretation of the
Cosmological Principle is slightly more complicated. Homogeneity would imply
that the cell structure can be translated along any spacelike direction without
affecting the average values assigned to cells. Isotropy implies the existence
of a timelike direction at every point such that the cell average values are in-
variant under a rotation of the cell structure about any spacelike direction
orthogonal to both the timelike and any spacelike direction. A further require-
ment is that no invariant'direction be associated with the cells themselves. This
requires for instance, that the average values of electric or magnetic field,
angular momentum and pressure gradient (spacelike component) vanish when
averaged over the cell volume. Here again the local supercluster may cause

39 are consistent with a rotation of the super-

problems. Recent measurements
cluster with a period of approximately 10t, where t,, is the age of the Universe.
For a typical galaxy in the supercluster, the ratio of spin to orbital angular

momentum is given by:
Ls/Lo = (MgRgts)/(MgR ¢ 2ty) (3.2.1)

where M, R_ and tg are the mass, radius and rotation period for the galaxy

g g

and Rg, tg are the corresponding values for the supercluster. For a typical
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galaxy t? t,/50 and as was already stated tJ® 10t,, giving for (3.2.1)
Lg/Lo®™ 500 (Rg/Rs)2 = 5x1074 (3.2.2)

where Rg= 15 Kpc and Rg= 15 Mpc. As (3.2.2) indicates the total angular mo-

mentum of the supercluster is predominantly orbital since a similar calculation

‘

for galaxies indicates that spin angular momentum of stars is negligible compared

to their orbital angular' momentum. It has already been demonstrated that the
supercluster is certainly a significant part of any cosmological volume element and
it is difficult to understand how the total angular momentum of such a volume

element could vanish. This result combined with assumed homogeneity, has ient
further significance to the understanding of cosmological vorticity.

Taking the Cosmological Principie as a set a simplifying assumptions, a
reasonable course of action is to determine how much these assumptions can be
weakened while still permitting a solution of the field equations. This leads
naturally to the investigation of homogeneous spacetimes pursued in the following

sections.
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3.3 - Homogeneous Spacetimes

Throughout the remainder of this work, a spacetime which is homogeneous
on spacelike sections will be referred to as a homogeneous spa;:etirne.. The
assumption of spatial homogeneity is sometimes called the narrow Cosmological
Principle or the strong Copernican Principlels.

By assumption, a homogeneous spacetime can be modeled as a family S
of homogeneous spacelike hypersurfaces such that for p and q, any two points
on an element of S, there exist isometries of the space such that p'=q: the
isometry group acts transitively on surfaces t= constant. Since all points in a
three dimensional ne ighborhoqd N containing p (such that N lies entirely in an
element of S) are equivalent to p, it follows that a minimum dimensionality for
the group of motions acting on S is three. Maximal symmetry for a three dimen-
sional hypersurface requires six isometries so that the dimensioﬁality of the
group of motions of a homogeneous spacetime must be such that 3$ng6. When
the mapping from p to q is unique on elements of S, the group action is said to
be simply transitive on S. In this case, homogeneity is generated by a three
parameter group, G3, whose generators span elements of S. Where the mapping
from p to q is not unique, the group action is said to be multiply transitive on
elements of S. In this case the group of motions is either G4 or G since Gg
cannot act transitively on three dimensional spaceslg. (Simply stated, three
dimensions permit three translations and one rotation (G 4 rotational symmetry)
or three translations and three rotations (G4, spherical symmetry) but not three

translations and two rotations.) Since Lie algebras of order four and six have
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three dimensional sub-algebras, we can always consider homogeneity as
arising from the action of a simply transitive Gg. There is one possible ex-
ception, when the group of motions is G4 but the subgroup Gg is effective on

maximally symmetric two dimensional surfaces. This case has been examined

i

by Kantowski and Sachszo. The surfaces must have constant curvature which is

elther positive or negative, If it is negative, the group of motions admits a
simply transitive G3' In the positive case, the lone exception arises in which
the sub-group G3 is multiply transitive on two dimensional surfaces rather than
simply transitive on three dimensional surfaces. With this exception noted, we
will consider homogeneous spacetimes as invariant under a group of motions G3
whose action is simply transitive on spacelike hypersurfaces. If X! (i=z1,2,3)
are coordinates on elements of S, and T, (a =1, 2, 3) are the generators of Gz

then:

i 3.3.1)
Ta = Ty (X)py

where x denotes the set x', If the family S

e
is parametized by time t, then the vector field p, is geodesic and the elements

of S are geodesically paraliel (ref. 19, chapt. 5). A suitable metric form is then21:

-dt®dt + h (3.3.2)

Q
[}

where:

(3.3.3)

o
n

h. .dx* ® ax’
ij
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The hij are in general functions of the x! and t and are to be determined by

the condition:
b j _
(hy T + (e5T7) 5 = 0 (3.3.4)

That is the T, satisfy Killings equations. A form for h can always be found

by constructing a basis X; =X, lpi on elements of 'S such that:

(3.3.5)
Lp X, = [Tb’xa] =0
b
The X5, by (3.3.5) are invariant under the translations generated by the T4
(ref. 19, chapt. 3). Similarly, Xa ®xb is also invariant and if the compo-

nents of h in this basis are constants with respect to the T,» then g will be
invariant under the T,. The T, only operate on three dimensional surfaces, so
the most general constants with respect to their action are functions of time,

and an explicit form for g is:
a
g=-p.%p +a bxaaxb (3.3.6)

or in the dual space:

a b
g = -dt ®dt + Babo’ ®c

where the invariant one-forms o’a are dual to the Xa:

a

da, X =6
(07 Xp) b (3.3.7)

a _ a a _ pa a b _ ca
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When the group of motions is G4, more than one G3 can exist f.For
instance, a rotationally symmetric Bianchi Type I spacetime has the same
group structure for its motions as a rotationally symmetric Type VII  (h = o)
spacetime27. In the case of G4 there is rotational symmetry, but homogeneity

requires a symmetry axis at every point. This symmetry class is called

Locally Rotationally Symmetric (LRS)31 spacetimes, (See 3.4 for a

definition of the Bianchi types. )
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3.4 - Construction of the Invariant Basis

We assume a three parameter translation group with elements T, whose
action is simply transitive on spacelike hypersurfaces. A basis for structures

22

of the T, was given by Lie and Scheffers®” in 1893 and applied to the motions

of spaces by Bianchizs' 24.

Consequently, the classifications of homogeneous
spacetimes have come to be called Bianchi types. The possible structures of
Gg are presented in Table 3.1 and numbered according to a composite classi-

fication scheme due to Bianchi, 'Taub21 and Estabrook, Wahlquist and Behrzs.

A spacetime will be designated as a particular Bianchi type if it is invariant

under a translation group of that type.

Assuming any structure from Table 3.1 we have:

C
[Ty Tp] = C T (3.4.1)

c
where the C ab are constants such that :

c (3.4.2)

C
C ab = € [ab]

and the Ta satisfy the Jacobi identity:

[T »[Ty»T 1] + [1y.LTbT 1T + [T [T, ,Ty]] = O (3.4.3)

Once a structure is chosen, the equations (3.4. 1) can be integrated to construct
a realization of the T, as vectors on the three-spaces t =constant. The Ta are
then of the form Ta #Taipi where the Tai are only functions of xl,x2 and x .
That the group action is simply transitive implies that the T, span these three-
spaces.
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- Table 3.1 - The Bianchi Classification

g

TYPE

II
III
v
\"%
VI (b #0,1)
vIL (0?2 #4)
VIII

X

STRUCTURE
(xpX, 1 [KpXyd
0 0
0 0
0 X,
0 X,
0 X,
0 X,
0 X,
X3 X,
X3 X
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Writing (3.4. 1) in component form gives the differential equations

which must be solved for the Tai:

v lpJ ., -

in 3 _ aC J (3.4.4)
a b ,i bTa =C T

s1 ab'c
In general, the equations (3.4.4) underdetermine the 'l‘ai so that the coordinate
i

realization of the Ta is not unique. It will be shown that this indeterminacy does

‘not affect the curvature calculation.

If Ab =Abiclxi are the one forms dual to the Ta then:
(Ab,T ) = éb (3.4.5)
a o a
or in component form:
Ab.T i_ 5b (3.4.6)
a a
Similarly:
b j_ j 3.4.7)
A in = 6i
Multiplying (3.4.4) by A3 AP gives:
b 3 _ aa 3 _ AC j.a ,b .
ATk - AT o = € apTe @ g (3.4.8)
or:
i i _ e j.a .b (3.4.9)
)‘mk >‘km 'CachAkAm
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where:

. b
M) = A meJ’k (3.4.9)

The invariant basis with elements Xa is defined from:
= ' 3.4.
[Xa.Tb] . ) (3.4.10)

We first show that the X, are the elements of a group. Writing the Jacobi
{
identity (3.4.3) for the vectors Xa’xb and T, the only remaining term, in

the light of (3.4.10) will be:

3.4.11
The commutator [X,, X}, Jis a vector and can be expanded on the X, to give:
- (o ) (3. 4, 12)
LXa’Xb] =D abxc
which on substitution into (3.4.11), using (3. 4. 10) results in:
d - (3.4.13)
(T.D ab)xd =0

Since both the T and X, span the space, it follows that the Dabc are constants
and the Xa form a group. Groups related by (3.4. 10) are called reciprocal.

Writing (3.4.10) in component form:

i3 niy 3 L (3.4.14)
a b ,i TpXg,i=0

X
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and multiplying by At;(

gives:
x J T (3.4.15)

which is a differential equation for the components Xai. The equations (3.4.15)
admit three linearly independent solutions (ref. 19, p.114) which define the Xge

Writing (3.4.12) in component form:

i, 3 _ i, 3 _ .c 3 (3.4.16)
Xa Xp s1 Xb Xa i D ach
and using (3. 4. 15) yields:
i, k i _ i, k J c 3j (3.4.17)
Xa ¥p Mx™ ~ Xp X3 Mk = P ap¥e
If the one forms ¢2 = g2, ax? are dual to the X_ so that:
a, i _ .a 3.4.18
g7 Xy = 8%, ( )
a _b .
then multiplying (3.4.17) by 0 [0 gives:
A d a3t x 32 P ©.4.19)
mn nm ab ¢ m n
or, using (3.4.9)
c ja b _ _c j,a .b (3.4.20)
Dabxcdidk"cachAkAi

Coordinates can always be normalized on each hypersurface t=constant such

that at a given point p; ch(p) =ch(p) in which case from (3. 4. 20):
L

p¢ . = -c€

ab = ab



and the constants of structure of the reciprocal group can be chosen to be the

negatives of those of the translation group. Other normalizations are, of course,

possihle.
For the one forms o? = o‘aidxl , the exterior derivative do?

is given by:

a_1,.a _ & b i

do _2(0’1,:J O’j’l)dXAdx

Differentiating (3. 4. 18) gives:

a i a i

o} i,ij + dixb ,i = 0

Multiplying (3.4.22) by A® and using (3.4. 10) yields:

a i

which, on substitution in (3.4, 21) gives:

a_1 k _ k, _a Joq i

which from (3.4.19) can be written:

a_1,c k_d a 3 i
do -decho’jo’bio’kdx A dx
or:
a 1l .a c b
do’_szco’Ao’
1l .a b c
_ZCbCO‘AO’

(3 4.21)

(3 4.22)

(3.4.23)

(3.4.24)

It remains only to demonstrate that the form for h (3. 3. 3) is such that the Ta



satisfy Killing's equation when:

b

_ a i 3j
ho= v p(t)o% 07 ax* @ ax (3.4.26)

Expanding Killing's equations (3. 3.4) and using the symmetry of the Christoffel

symbois and (3. 4.9a) gives:

m e h (3.4.27)

= h jk mj ik

i3,k = Diph

in which case inserting hij =y ab(t)d aio' 1; and using (3.4.23 reduces (3.4.27)
to an identity and Kitling's equations are satisfied.

Thus, the general metric form of a homogeneous spacetime may be written:

b

g=-dt®dt + y_,(t)g% @7 (3.4.28)
ab

where the g2 satisfy (3.4.25). Following the methods discussed in Section 2.5,

the metric (3.4.26) can be diagonalized to yield the orthonormal Cartan basis wa,
such that:
g =n, e’ (3.4.29)
aB
where T, g is Minkowskian and the o* can be written:
W = a“BdB (3.4.30)
with o®=dt. It is evident from the form of (3.4.2 ) that the aaB will be

. . . . a
only functions of time. Hence, the exterior derivatives of the W~ and the

Ricci rotation coefficients defined in 2.5 will be only functions of time, and the
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structure constants C‘; Since the curvature depends only on the rotation

b’
coefficients and their first derivatives (in complete analogy with the con-
struction of the Ricci tensor from the Christoffel symbols), the Ricci tensor
will depend only on the ag and the Ce]‘:)c It follows, then, that the construc-
tion of coordinate realizations of the Ta and Xa is somewhat artificial, since
it is only the group structure and the matrix a aB which determine the curva-
ture. Tl;at such a formulation should exist is logical since presumably in a

homogeneous spacetime the curvature should depend only on which hypersur-

face is examined, not on any particular location on the hypersurface.
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3.5 - Bianchi Type VI, An Example

As a,n example of the process described in Sections 3.3, 4, we consider

the group type VIII1 whose structure from Table 3.1 is:

[r,»T,] =0 [ry»T3] = T, (T,,7;] = -1, + w7, (3.5.1)

In (3.5.1), h is a constant and a different group structure is defined for each

value of h. Integration of (3.5.1) leads to the generators:

3 2 3
Ty =p, T,=p3; T3=p; =X p, + (x° + hx )p3 (3.5.2)

which do not vanish for any xl,xz,x3. From (3.5.2)

the one-forms Ab satisfying (3.4.5) can be found and from (3.4.9a) the non-zero

A abc are:

v 2 -1 w321 v 3 (3.5.3)

which from (3. 4. 15) give as the differential equations for the X,:

2 3 _ 3,2 3
XS v X" =0 X7 =x,% 4 mx,

i : .
X, i = 0 (i# 2,3 , j#1)

(3.5.4)
The equations (3.5.4) are equivalent to the second order equation:

3 (3.5.5)



-Equation (3.5.5) is to be integrated such that the X, have the structure (3.5.1)

with the structure constants reversed in sign. These solutions are:

Xl = Ap3 + (B = kA)p2
X, = (kKA + B)p, - Ap
2 3 2
(3.5.6)
X3 =Py
where:
1 1 (3.5.7)
A = eb{ Cosh axl B = aekx Sinh axl
and:
1 2 1.2
k=%5h = =
5 a+1=7h (3.5.8)

For h2 < 4 the equations (3.5.6) are well behaved under the transformation
a ~ia but at h2 =4 equation (3.5.5) has a single root andX ;=X,. However,

at h=% 2, the transformation;

1 2 1
(3.5.9)
Y2 = Tl
Y3 = tT3
bring the relations (3.5. 1) to the form:
(3.5.10)
[Yl,YZJ =0 [Yl,Y3] = ¥, [YZ,Y3] = Y +Y

2



which comparison with Table 3.1 shows to be the structure of Bianchi Type IV.
Bianchi Type VII is an infinite set of groups with the parameter h taking

on all real values except h = *2 at which point the structure is Bianchi Type IV.
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4.- Some Properties of Homogeneous Spacetimes

We have shown that if the homogeneity of a spacetime is generated by a
simply transitive group of motions G3 then its geometry is determined by two
independent factors: first, the structure of G3 which allows an invariant basis
in the surfaces of transitivity of the group; and second, a linear mapping of
this basis to an orthonormal set which defines a metric on these surfaces. The
gfoup structure can be chosen from the nine, transitive, three parameter
groups of Bianchi (Table 3.1) but for each such group or "Bianchi Type" a wide
variety of metric forms is possible. The majority of work done to date investi-
gating particular Bianchi types has been for the case where the invariant basis

26. More general investigations into the relative roles of

27,28,29

is an orthogonal set
group and metric structure have been undertaken particularly with
respect to curvature characteristics. This chapter is a collection of new re-
sults concerning calculations which usually attend the construction of cosmo-
logical models. The geodesic and continuity equations, as well as vorticity
and Maxwell's equations are investigated and re-expressed in forms which
make manifest the role of group structure. Conclusions for individual as well

as classes of Bianchi Types are discussed, and invariance of homogeneous

fields under additional motions of the spacetime is investigated.



4,1 - Homogeneous Spacetimes

In Section (3.4, 5) it was shown that the mewic form:

3 3 4.1.1
g = -dt ®dt + hij(t)cjledJ ( )

will admit as Killing vectors the generators of a Bianchi Group if the one-forms

ol of (4.1.1) obey:

. . (4.1.2)
i 3 kK

i
j

derivative and "A" the exterior or "wedge' product. The surfaces t = constant

where the C, are the group structure constants, "d" denotes the exterior

in (4. 1. 1) are orthogonal to the geodesic world-lines with tangent vectors P,

The vectors J; dual to the ol are the generators of the group reciprocal to

the Bianchi group with commutators:

; 4,1.3
[o'j 0] = -ct Ph ¢ )

In general, the metric form (4.1.1) is skew but can be diagonalized to give a

non-holonomic Cartan basis w* where;

_ a B (4.1.4)
g = nasw @w
and T]a8= diag (-1,+1,+1,+1).
In (4.1.4) w®= dt and the w!are linear combinations of the ¢ U with

time dependent coefficients:

(4.1.5)
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where (4. 1.1) requires a% =1 and a°i = aio = 0. The invertability of (4.1.5)

implies the non-singularity of ajj- From the duality relation ( o ’ o'B) = 6%

B
the basis vectors WY may be found:
_ B _a (4.1.6)
wa =Db aGB dB = a Bwa
where aa 1-,;B = 6-(1
B™ v Y

The one-forms o ! together with o%= dt form a time- independent basis
(with time-dependent metric) which connects to the Cartan and coordinate frames.
Orthonormal frame results can be translated to the ¢® basis both through
(4. 1.5, 6) and the invariance properties of the exterior derivative and inner pro-
duct. The plan of the following sections is to use these various ways of ex-

pressing the same idea to obtain alternative expressions for familiar quantities.



4.2 - The Four-Velocity and Geodesic Motion

The matter content of spacetime is represented as a congruence (non-
intersecting, space filling curves) of world lines whose normalized tangent

vectors constitute a field u on the manifald. The exterior derivative of u is

B8 o a 1
du = w w
ua,B A + uay qu AW

B (4.2.1)

_ a C .
where Yy, = wBua and the Y 58 are the Ricci rotation
coefficients. Using the anti-symmetry of the exterior product (4. 2. 1) can be

written:

= 1 o, B _ 1 _ a, B (4.2.2)
du = 2(du)msm AW = Z(uB;a ua;B)w AW
where (dulxﬁ = (du)[aB] From (4.2.2) it fallows that the equations:
B _ (4.2.3)
(du) gu” = 0
together with the normalization of u are the geodesic equations of motion.
More generally, defining the "acceleration” one-form a as:
8 (4.2.4)
a = an
then an invariant definition of a is:
%*
a = =*(uA *du) (4.2.5)
in which case the geodesic equations of motion are a = 0 or from (4. 2.5)
UuA*du =0 (4.2.6)



All equations marked with an asterisk will be derived in Section 4.7. For
homogeneous geodesic motion, the components of u in the Cartan basis are

only functions of time and from (4.1.5) u can be written:

u = u (t)e® = uaaas(t)o’s = v.ob (4.2.7)

Vs

where the vs are also only functions of the time. In a similar fashion, the

vP = uabB (4.2.8)
a
can be obtained from (4.1.6). Denoting by v the one form vB o’B then:
o .o, i1 i i x
dv = vy G AT + ZViC jkd AC 4.2.9)

where the dot denotes differentiation with respect to time. From (4.2.9) and

(4.2.3) or (4.2.6) the geodesic equations can be written:

Vi.V'1 =0 (l)
(4.2.10)
O _ b .
v,V vjc kv = 0 (ii)
together with V v* = constant.

a
Multiplying (4. 2. 10) ii by vl indicates that (4. 2. 10)i is a consequence of

the anti-symmetry of the Cljk' From (4.2.10)i and vava = constant there

follows:

v v, -vvit =0 (4.2.11)



a i i
For the special case when a 8 is diagonal, W = Aio’ (no sum)

and the geodesic equations (4. 2. 10)ii can be written :

A u.
D I s e R
(Aiui) = %3 i u—-l (o ij (i not summed over)
3j o

Equations (4. 2. 10) are obtained directly from the group and metric struc-
ture without the need for intermediate calculation of connection forms. Metric
dependence is suppressed and general analysis of geodesic motion is considerably
simplified. For example, in Bianchi Type IX spacetimes (Cijk =1,1,j,k cyclic)

equation (4.2. 10)ii is:

.. O k j - .
v, Voo+ vJ.V - kaJ =0 (i, j, k cyclic)

2 e = z, 2
and it follows that T ViV T 0 or that I (vi)

is a constant of the motion. Similarly:

(a) In Type VIII spacetimes (Cly5= 023 = -3}, =1), it follows that

1

vlz +v22 - v32 is a constant of the motion.

(b) In Type VII0 spacetimes (0122= 0231= 1), v12+ v22 is a constant
of the motion.
(c) In Type V spacetimes (C113 =0223 =1), vl/v2 is a constant of the

motion.

-65-



4.3 - Vorticity

For a fluid characterized by a four velocity u there is an associated

vorticity tensor ) aB given by (3.1.9) as:

— (4.3.1)
SLap = Wa;3p]t aYs]

and a vorticity vector .Qg given for orthonormal frames by (3.1. 10) as:

a _ 1 _ Byda (4.3.2)
{17 =3¢ Ug L2y

w hich measures the rotation of the matter with

respect to a gyroscopic basis. Defining the vorticity 2-form £.* by

o0 o= %ncxﬁwa A wB , then by (4.2.2) and (4.3.1), . is given by:
o =-'12”- (du + uaa) (4.3.3)

and the vorticity one-form with components given by (4. 3.2) can be written:

4,3.4)*
L = =-*x(ua L) =-%*(u/\du) ( )
which can be inverted to give:
n. = _*(um) (4.305)‘ )
From (4. 3. 4,5) the magnitude of the vorticity is:
ot 4.3.6)*
Q“D. = =*(CuA *QU) = =*(Q A *Q') = %( duOLBdu(IB + ZaBaB)( )

For geodesics of the form (4. 2.7) in homogeneous spacetimes, equations

(4.2.10) can be used to eliminate the v; from (4.2.9) giving the generic geodesic
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vorticity vector as a function of only the A and Cijk' In Type V, for example,

1 2
(C 135 C 23 =1) from (4.3.3):

v v
*ﬂ=%u/\du=% ( \—,ldolxo’l/\d:i +V—20’0/\0’2/\0'3)
lo) o

The vanishing of SL is of interest since the condition QU =0 implies
local simultaneity is globally extendable. From (4.3.4,5) CU=0<e®»ty= 0

and from (4. 3.4):

du = a Au (4.3.7)

For geodesics, a =0 and (4.3.7) requires the vanishing of du. Equations (4.3.5)
and (4. 3.6) show that du=0 is certainly a sufficient condition for {L= a = 0, but
(4.3.7) implies it is a necessary condition as well, and all vorticity-free geo-

desics are the solutions of du =0. Equivalently:

uaAdu =0 =uAa*du e du=0 if (u,u) £ 0 (4.3.8)

(reminiscent of the vector statement AXB =0=A *B ~ A=0ifB B #0).
That (4.3.8) is generally true follows from the Frobenius Integration
Theorem (ref. 9,,p. 92) which states that the vanishing of uA du implies u is

of the form:

u = fdg (4.3.9)

or:

1 (4.3.10)
du = £f "df A u
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Eq. (4.2.6) then implies:

B (4.3.11)

(£« ~ f,gY )W =0

or:

ar = wi(s BuB)“ (4.3.12)

where W is the norm of u.

Iff, 8 =0 or f, BuB = 0 the vanishing of du follows immediately; other-
wise it follows from substitution of (4.3.12) into (4. 3. 10).

Homogeneity was not assumed in deriving (4. 3. 8) and it falows that in any
spacetime all the vorticity free geodesics are the solutions of du= 0 subject to
the normalization condition (u,u)= constant £ 0 .

For the Bianchi types in particular, the two forms % A 0’B are

linearly independent, and from (4.2.9) du =0 requires:

v.® =0 ()]

(4.3.13)

i
viC ik

=0 (ii)
which for the group structures of Table 3.1 requires V= 0ifd ot #0. Considera-
tion of (4. 3. 13) leads to the following observations:

(a) In Bianchi Type I ( ddi = 0) the vorticity vanishes for all homo-
geneous geodesic motion.

(b) In Bianchi Type IX the only homogeneous geodesic motion with vanishing

L . o
vorticity is the co-moving case: u = 1
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(c) In Bianchi Type V
the solutions of du= 0 are Vi=VY, =0, vg= constant. Furthermare, all solu-
tions of the geodesic equations of the form v; =constant require QO =o.

This follows from the geodesic equations which from (4. 2. 10) with vi'=0 are:

3 3 1 2
v.V _v2v _vlv +v2v =0

If S # O then at least one of V1.V, must not vanish and v5 must be zero.
The vanishing of v3, however, requires vov°= -1 and the matter is co-moving

implying &= 0.
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4.4 - Class A and Class B Spacetimes

The groups Gg and the spacetimes derived from them may be divided into

two classes based on the nature of the group structure constants. Following

Ellis and MacCallum?’ ;

{

we label those groups for which the sum c’ {j vanishes

as Class A, and those for which CJU- # 0 as Class B. If i,j,k is any even per-

mutation of 1,2, 3 then:

da(ct a gl) = izL- Clmno’m AT AT - % CJmno’l/\ ™A

(4.4.1)

Since j #1 the sums on the right in (4.4.1) vanish unless n ,m take on the values

i,k or j,k in the first and second terms respectively, in which case (4.4.1) be-

comes30:

d(gt agl) = kamdl/\ A g3

(4.4.2)

Thus (4.4.2) vanishes or not, according to the structure of the group of motions.

Two short applications of this property follow:

i) The Equation of Continuity

For any one form j=j awa the operation:
6] = *d*j
. . .Y .
is the divergence j 5y For:
. O -1
J=3¥ + v

and the metric form (4. 1.1), *j is given by:

(4.4.3)

(4.4.4)



*j = J'Dw1 sz/\ w3 + jlwoA sz w3 + cyclic (4.4.5)

in the o basis (4.4.5) can be written:

2 (4.4.6)

2
1 3 A 0’3 + cyclic

*4 = * o
] JOO' AG AC +Ji*o’ AC

where ]B: jol al (lal= det(aj'__j )) and:

. _ 4 m n _ m _n i, j,k . (4.4.7)
Ji = Jp(a ja " a,a J.) (,p,m,n cyclic)
Exterior differentiation of (4.4.7) gives:
. o O 1 2 3 o 2 3
d*j = (J_* AGC T ACTA - * . (4.4.8)
J=(3,*"c g (3,*)0" Ad(c“ A0 cyclic
which by virtue of (4. 4. 2) gives for the continuity equation (6j = 0):
. k
* - i
(T,%) %Ji*c ik = O (4.4.9)
Thus the continuity equation is integrable in all Class A spacetimes
with solution:
J.* = j,laj= constant (4.4.10)
ii) Maxwell's Equations and Charged Homogeneous Spacetimes.
For the Maxwell two-form given by:
_ 1 o, B i, o 2, .3 .
f = > fan AW = eiw AW+ blw AW + cyclic (4.4.11)
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Maxwell's equations are given by:
q g Yy

df = 0 (i)
(4.4.12)
d*f = *j (i)
where j is the current one-form. In the c% basis:
f = Eidl A q° + Bldzr\ o 4+ cyclic (4.4.13)
—o a) ;
where Ei —eja i and:
_ m.n _  m.n i,k .
Bi = bp(a J.a K a’,a ) (p m.n cyclic)
Similarly:
i o 2 3 .
*f = Bi*o' AC - Ei*o‘ A G + cyclic (4.4.14)
._ j d
where B; —bja { an
* - m n - m n l,J, )
E ; = ep(a ja - a k. ) (p mon cyclic)
Using (4. 4. 13), equation (4. 4. 12)i becomes:
1 i j . :
df = EEiClJ.ko’J A dk/\ 60 + Bl dol\ dz A 0’3 + Bld( 62 A 0‘3)+cyc11c
which using (4.4.2) gives the equations
. m s s .
(Bi) + Emc ik =0 (i, j, k cyclic)
k _ 4.4.15
Zi’.‘. BiC'ix = 0 ( )
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Using equation (4. 4. 6) for *j gives for (4.4. 12)ii

(Ei*). - Bmcmjk = -J'i* (i,],k CYCli.C)

x
fi:Ei*c ik = ot (4.4.16)

Equations (4.4. 16) indicate that ]:, =jolal, aqd consequently jo, must
vanish if Ckik=0 , thus prohibiting charged homogeneous solutions in all
Ciass A spacetimes,

Equations (4.4.15) and (4. 4.16) may be used to analyze general soiutions
to Maxwell's equations. In Type I, for instance, (4.4.15,16) give in the source
free case

Bi = constant E: =constant

which are linear equations for the e; and b;.

In Type IX spacetimes eq. (4.4.15,16) give :

B."+ E, =0
i i (4.4.17)

*)* . K = . *
(Ei ) B, ~J4

which demonstrate that for A =Bi o‘i
dA = Bi'o’OA ot 4+ Bldz A 0'3 + cyclic

and if (4.4.17) is satisfied, f =dA and a global vector potential has been con-

structed.
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4.5 - Fields on Homogeneous Spacetimes

We consider a homogeneous spacetime, and two observers 0 and 0'
related by an infinitesimal coordinate transformation generated by the vector
field R. If x and x are coordinates in 0 and 0" respectively and R is assumed

effective on surfaces t constant and spacelike everywhere theu:

=1 i i
7t = x + R76s

(4.5.1)

We assume further that R generates isometries of the space so that if g(x),
Ta(x) and Xa(x) are respectively, the metric tensor, generators of translations
and invariant basis ([T,, X}, 1=0) in 0, then g(x), T, (%) and X, (x) are the

corresponding quantities in 0'. A homogeneous vector field in 0 can be written:

V= vo(e)p, + V()X p, (4.5.2)

. Under trans-

formation from 0 to 0%, V can be written:

= v° i=j =
V_th+VaXax P2

,iP; (4.5.3)

If V is to be homogeneous in 0', that is with respect to the Xa(i), we must have:

x,Moxd = P sx Iz (4.5.4)

where the cba are functions of only the parameter s defined in (4.5.1). Using
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the explicit relations (4.5.1) we have:

Jo=y _ b J i
Xb (x) = Xb (x) + Xb ,iR és (a)
=3  _ 5] b
X i s ) i ¥ R ’ibs (b) (4.5.5)
b _ b b
c a(s) =9 at d abs (c)

where in (4.5.5¢) since s=0 is the identity, cba(O) =0 ba and the constants

dba are defined by:

Using (4.5.5a,b, c) in (4.5.3) gives to first order in 8s:

I3 _ Rl J _gby 3
R7 ; - RX_ 7 . =d X (4.5.6)

Xl
a

or
[Xa,R] = dbaxb (4.5.7)

Equation (4.5.7) will be recognized as the requirement that a coordinate
transformation map the Xa into the same group in the new coordinates (ref. 19,
p. 109). From the reciprocal relation between the X, and T, or by writing
(4.5.3) for the T, and continuing as before, it follows that the T, must obey

a relation of the form (4.5.7);

(4.5.8)
[Ta,R] = wbaTb
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where the wh;l

are also constants, If R is itself an element of the translation
group, (4.5.8) is clearly satisfied and it follows that translations preserve
homogeneity (in fact(4.5.8 ) may be taken as proof that the requirement that
the translations preserve homogeneity is that they form a group). If (4.5.8)
is satisfied for every element R of the group o% motions then the translations
are an invariant subgroup of the group of motions. Where the translations
!
are not an invariant subgroup (and the group of motions is larger than G3) an

isometry associated with rotation will map homogeneous tensor fields of rank

greater than O into inhomogeneous ones.

l

In Euclidian space with Cartesian coordinates x°, the Abelian group with

elements p; generates translations and the elements of 0(3) are generated by:

I R ik li
Ri = X°p, - X pj ‘ (i, j, k cyclic)

It is easily verified that the R, satisfy (4.5.8) and preserve homogeneity. It
is this independence of ocbserver orientation which has led to the conceptuali-
zation of homogeneity as a physical property of fields. If (4.5.8) is vidated
in the spacetimes of General Relativity, it is apparent that such a conceptuali-
zation cannot be extendeci.

An example of a spacetime in which (4.5.8) cannot be satisfied is the open

Friedman model with metric:

g = -dt ®dt + A(t)[e??(ax®dx + dy®dy) + dz ®dz](4.5.9

and motions (ref. 11, p. 236):
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Ty = %% Ry = YPx = XPy
Ty, = py Ry, = =Xp, + %(x2 - y2 - e'zz)px + XYPy,
T3 = -P, + Xpy + YP,  R3 = -¥p, + %(y2 - %% - e'zz)py + X¥Py
| (4.5.10)
The structure of the group of motiqns is:
[Tl,T2] =0 [Rl,sz = Ry
[Tl,T3] =Ty [Rl,R3] = -R,
[TZ,T3] -, EstR3] _ 0 (4.5.11)
and
[Ry»Ty) =T,  [RpT ) =T3 [RyTy] = -Ry
[Rl,sz = =T, [RZ,TZJ = Ry [R3,T2] = -Ty
[Ry,T3] =0 [Ry»T3] = Ry [R3T3] = -Ry (4.5.12)

Strictly speaking the R, as defined by (45 10 have no fixed points (the equations

(Ra)i =0 have no solution), but the R, can be redefined as follows:

(4.5.13)
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It is easily verified that the Ra' leave the origin fixed and from (4.5.11,12)
it follows that they have the structure 0(3) (Type IX). This redefinition does
not affect subsequent arguments since:

i) If there exists any isometry which does not satisfy

(4.5.8) a problem arises.

ii) The Ra' do not satisfy (4.5.8). If the T, are not an

invariant subgroup, redefinitions of the Iform (4.5.13)

will not alter that fact.

The basis of one-forms ¢

P cat ol = e%ax o% = eZay o = dz (4.5.19

are invariant under the (Type V) T, suggesting the form ;

V = Vo(t)o’o + Va(t)o’a (4.5.15)

will represent a homogeneous vector field. As the structure (4.5.12) shows,
] i

Rl’, which generates the LRS case satisfies (4.5.8) whereas R2 and R3 do not.
A more physical picture of the situation is afforded by the following argument:
Imagine that a group of non-interacting test particles is to be propagated
in the spacetime with metric (4.5.9). The four-velocity of the particles
U =Ua<5a is constrained by the conditions:
i) all the U; do not vanish.
it) U is homogeneous; Uy = U, (1)
(4.5.19
iii) U is geodesic; UA *aU = O

iv) U is verticity free; UA QU = 0



According to the results of Section 4.3 the only form for U satisfying (4.5.16)

is:

U= U0 «+ U,C (U3 = C, UO =1 4+ (C/A)z)

where ¢ is a constant and A is defined in (4.5.9 ). Under coordinate trans-
formations generated by Ry or Rz, U will remain geodesic and vorticity free
but not homogeneous, since the only four-velocity satisfying (4.5.3) in the
transformed system is along the new 3 axis and inspection of (4.5. 10)
shows that both R, and Ry alter the z axis hence change 63 .
In the flat Friedman model where the transiation group is taken to be
Abelian, the rotation group is 0(3) and, as has been discussed, (4.5.8) is
satisfied. Similarly, in the closed model, the invariant basis itseif generates
rotations and the R, and T, are both Type IX and commute satisfying (4.5.8).
For the open Friedman models, the translation group can also be taken27 as
Type VII,. Since like Type V, the structure of VIIh can be chosen so that only
one of the ol obeys daol =0, the above argument beginning with equation (4.5.15)
can be applied to it as well, Thus only in the open Friedman models is it
impossible to choose the translation group so that (4.5.8) is satisfied. It

follows that in these models it is impossible to have an observer independent

concept of homogene ityh .
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4.6 - Homogeneity and the Field Equations

It has been shown that the isometries of a homogeneous spacetime do
not necessarily preserve homogeneity. Although it may be felt that a unique
prescription for the construction and recognition of homogenous fields is a
requirement in any homogeneous spacetime, a stricter view would hold that
homogeneity need only be preserved for those observable fields which are
consistent with the field equations (i.e. included in the stress-energy tensor).
Here, two cases are of interest: where the group of motions is G4 or G6
(again assumed acting only on spacelike hypersurfaces). Where the group of
motions is Gg the hypersurfaces t= constant are maximally symmetric and
presumably no physically defined preferred direction is consistent with the
field equations. Where the group of motions is G4, standard symmetry con-
siderations suggest that only preferred directions parallel to the axis of symmetry
are allowed. Since the axis of symmetry is, by definition, preserved by rotation,
it would seem that the problem under discussion would ﬁever arise if the field
equatilons are used as the criterion of acceptable homogeneous fields.

The above symmetry argument for spacetimes invariant under a G 4 ot:
motions is not correct, however, in that it assumes that the symmetries of the
fields from which Tu\! is constructed are constrained by the symmetries of 'IIN
(i.e. geometrodynamics is always valid). A Type V, LRS cosmological model
will be presented in Chapter 5 as a counter example, in which physically defined
preferred direétions vidlate geometrical symmetries. Although for this model

the rotation (Rl of 6.9) preserves homogeneity, there does not appear to be a
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general argument which would prevent the existence of a solution of the field

equations which is LRS and for which the additional motion does not preserve
[

the homogeneity of fields included in the stress-energy tensor.

1
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4.7 - Some More Exterior Calculus

In this section, equations marked with an asterisk in Sections 4.2, 3

will be derived, and some applications will be presented.

i) The “acceleration" l-form - For a two-form

I T _F
F = 5 Fww AW where FU«V = F[N-V]
1 _ap Y ')
* — oy — \
F = 2 F EaByéu‘ AW
Ifg:glw“‘ then:
1 aB ) Y )
* - o -
g A*F = 4guF eaByéw AwbAuw
and:
1 aByéd v
* * _— - —
(g/\ F) = a guFasi évuY&
_ B,
= FaBg w
Thus for F =du and g =u:
8
* % o
(uA *du) = duasu w
or from (4.2.2)
*(uA *du) = -a
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As ar application of (4.7.2) consider the Lorentz force on a particle
of charge q and mass m. With faB defined by (4.4.11) we have for the

equation of motion:

8

a=gfu
m

o aB

which from (4.7.1, 2) is:

-*(u A *du) = % *(uA *f)

or:

uA*(du + £) =0

g1q

which is the equation of motion in invariant form.
Similarly, for a perfect fluid with pressure P and density p the stress

energy tensor can be written:

T = ) o4
(p + )uuu

nv + Pnu

v v

Using (4.7.2) and (4.4. 3) the divergence of "l:w can be written as the one-~

form;

TuvwmLl = 6[(p + P)uJu + (p + P)a + dpP

wa/\wsz

ii) The Vorticity - For the vorticity 2-form Q' = -% naB

uaQle = -% Qasu\'uﬂ/\ W A WP
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and :

N hLt _wd
s(uafu) = 3 Q%u%,, oo
which from (3. 1. 10) can be written:

4.7.3
*(uAQ)') = -nawa = —ﬂ ( )

From (4.7.3)

uAaQl = un*(uagy) = 2 QCCB Yu XYGB w® A wh

and:

*(uAQ)

- S5 _vYaBA ) \V
4'Q' u € €uvr U AV

- =1 U Voo o
_ZQ.wAw =-0°

v

The magnitude of the vorticity can be obtained using Table 2.1 and (4. 3.4) as:

A *Q) = % *(uAdu) A (ua du)

= -%6 uau® l(‘Ecsoney xd“uv Wt p ot A 0¥ A u®
_ =1 aB B o 1 2 3
= 3 (duaadu + 2a aB) WoAWTAWSAW
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a similar calculation shows that:
!

QA*_Q:Q'/\*Q'
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5. - An Anisotropic Bianchi Type V Spacetime with Null Electromagnetic

Field

In relativistic cosmalogy, it is generally assumed though unproven
that symmetries of the geometry of spacetime imply symmetries of the
physically measurable quantities associated with spacetime. Equivalently,
the observables from which the stress energy tensor is constructed are
assumed invariant under the motions admitted by the metric structure.

This chapter provides a counter example to the above assumption. A
rotationally symmetric cosmalogical model is presented in which the elec-
tric and magnetic field components orthogonal to the axis of symmetry do
not vanish. (A non-rotationally symmetric electromagnetic fieid gives rise
to a rotationally symmetric stress energy tensor.) The spacetime is of
Bianchi Type V and admits a multiply transitive G,4 of isometries acting on
three .dimens'lonal spacelike hypersurfaces, It contains a source-free, null
electromagnetic field with components in the symmetry plane. Since null
fields are normally associated with radiation solutions, the model can be
viewed as containing a wave (moving along the axis of symmetry) whose po-
larization vector defines a preferred dl;ection in the symmetry plane. The
Einstein-Maxwell equations are also integrated for the null electromagnetic
field in combination with an ultra-relativistic gas assumed uncoupled from
the field. In both cases the relationship of the present solutions to the known
Friedman salutions is indicated and the relative contributions of matter and

electromagnetic energy to singularity structure are examined.
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5.1 - Type V Geometry

From the results of Chapter 3 and Table 3.1 it fallows that Bianchi

Type V spacetimes can be charactevized by a basis of invariant one-forms

o* with differential structure:

1 0’3 Ao’l dd2 = 63/\ 0'2 do’3 =0 (5.1.1)

A general metric form admitting a simply transitive G3 of Type V structure

as a group of motions is:

b (5.1.2)

g = -dt ®dt + yab(t)da®d

where the o have the structure (5.1.1).

When vy ab(t) is given by Az(t) ) ab’ (5.1.2) describes the open Friedman

spacetimes. For the LRS case with C 3 the preferred direction (5. 1. 2) be-

comes:
5. 1.3)
g = -dt ®at + a%(ct @t + i ed?) + cZeq’ (
Defining the orthonormal Cartan basis w by s
.1.4
© =at o' =agt w?=a® Wd=cdd . 1.4)
(5.1.3) can be written:
_ a g (5.1.5)
g = nan @w
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where T

naB

B

is Minkowskian with components

diag(-1, +1, +1, +1)

From (5. 1. 1, 4) the differential structure of the

dw

dw

dw

dw

where ( )°

Ricci rotation coefficients are then:s

(o}

1l

2

denotes differentiation with respect to time. The non-zero

0]

(1nA)’w°A W
(lnA)'wOA w

(1nC) ‘0P A w

1

2

3

+ C~

+ C~

1

1

w

w

3/\(.0

3Aw

3
¥ 03

w

a .
is:

= (1nC)"*

giving for the non-zero components of the Ricci tensor:

00

11

33

03

A.
-(2 3

R

(p][p]

Ol

22

+-g- )
4 (%.)2
- g
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(a)

(b)

(©)

(@)

(5.1.6)

(5.1.7)

(5.1.8)

(5.1.9)



with trace ¢

£+ @) gzj (5.1.10)
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5.2 - Maxwell's Equations

In the basis wcx A wB

the Maxwell 2-form f is given by

£ =%f wO‘AwB = eiwl/\wo + blszw3 + cyclic

af

and Maxwell's equations in the absence of sources are

daf

0
o

and

d *f =0
Null electromagneitc fields obey the

additional restrictions $

fFALf = fA*f =0

which require that the invariants e*b and e? - b2 vanish., Rather than

(5.2.1)

(5.2.2)

(5.2.3)

(5.2.4)

assuming the null field condition, it will be demonstrated that the only solutions

of (5.2. 2, 3) consistent with homogeneity and the LRS assumption require (5. 2.4).

i

If the e; and bi are assumed to be functions of t alone, (5.2.2) gives (using

(5.2.1) and (5.1.7)):

elA + (bZCA) =0

]
o

(blAC) - e2A

b3=0
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and (5. 2. 3) gives

(e,AC)" - b,A =0
(eAC)" + b,A =0 5.2.6)
e; = 0
Defining new field variables E; and Bi by
Ei = ACei and Bi = I‘\Cbi (5.2.7)
and a new time variable T by
dt = cdr (5.2.8)
equations (5. 2.4, 5) become:
= - - 5.2.9
B, + E; = 0 E,' -B;, =0 (5.2.9)
Bl'-E2=O El'+B2=0
where the prime denotes differentiation with respect to T. Equations
(5.2.9) are equivaient to the set of second order equations:
" = B. " = E. (5.2.10)
BJ- Bl EJ, El
with general saolutions:
B, = aCosh T + bSinh T
B, = cCosh T + dSinh T (5.2.11)
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where a, b, ¢, d are constants and E, E, are given by (5.2.9). In order

for the stress-energy tensor of the electromagnetic field:

uv _ oohoova 1 v ap
(Ta_pm)™ = £ ,f 2 M fuef

to be consistent with the Ricci tensor (5.1.9) it is necessary that

which from (5. 2.11, 12) gives
e~-m

similarly T12 o= 0 gives bd =ac which together with (5.2. 13) implies:

a = kb c = kd (k2=l)

and the solutions of (5.2.9) consistent with (5. 1. 9) must be of the form:

B, = KE, = qe B. = -KE. = Bek'r

where a, P are constants and k2= 1. From (5.2.14) it follows that

/ 1

E+ B =E2-B2 =0.

(5.2.12)

(5.2.13)

(5.2.14)

The non-vanishing components of the stress energy tensor (5.2.12) are
/

TOO - T33 - Y2e2k‘r

-2
e-m e-m (AC)

2

where Y2 =a + BZ and (5.2.15) is the canonical form for the stress
energy tensor of the null electromagnetic fietld32. The connection with

radiative solutions of Max»yell's equations can be made by noting that if f
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is null, T wy can be written32

uv _ plukv (5.2.16)

T e-m

where it is the null eigenvector of Tuv . The zero divergence of
(5.2.16) with A = Aowo + A3w3 yields (5.2.15) and k = t corresponds
to the choice k3 =t >‘O . The field configuration is that of a8 wave moving
along the three axis [ (E x B) 3 #0 ] with pollarization fixed by the
constants &, B . The field equations depend only on yz = a2 + 82

which is invariant under rotations in the 1-2 plane, and the polarization may be

independently specified.
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5.3 - Solution of the Einstein-Maxwell Equations

The stress-energy tensor (5.2.12) is traceless and the Maxwell-Einstein

equations (with zero cosmological constant) are;

Riv = (Te-m)uv

with TS™™ given by (5. 2. 15).

of T and using (5. 2. 15) gives for (5.3.1):

Writing the Ricci tensor (5.1.9) in terms

) 2KT
-1 A" ATC?* cn C*,2 2 e
R = 228" &L BV (B4 o e
00 CZ A AC Cc C (AC)2
1 A" A+, 2
Rip =Rpp =2l 3 +E) -21=0
2KT
l1 - C» (o] A'C? 2 e
Ry, =20 &"- (§") + 22'C'_ 27 = 4% &
33 c2 C C AC (AC)2
R = 2 ( Av_ 9') kyz .g.z_k_‘r
03 C2 A C (AC)Z
Equation (5. 3. 2b) can be rewritten as:
Ar Av.2
(z)r=2L1-(3)7]
with solutions:
. o A 2
A = A (Sinh 2T1) (= )™>1 (a)
o] A
L A2
- 2 a
A = A_(Cosh 27) (z )°<1 (b
K*T )
A = Aoe -i- = k¥, k*z =1 (c)
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(a)
(b)
()
(d)

(5.3.2)

(5.3.3)

(5.3.4)



In equations (5.3.4), A is a constant of integration and the origin of

1(2)

L]
has been fixed at zero. Since the mapping o’l( 2) =AOO' is an auto-

morphism of the Type V structure (5. 1.1), A  may be chosen to be 1 without

loss of generality. Similarly in view of (5. 2.8) any constant multiplying C
may be removed from the metric as a conformal factor although such con-
stants will be retained throughout.

Using (5.3.2b,d) in (5. 3.2a) gives the constraint equation

2KT '
3[ 1 - (%')2] = y2 z—z- (k% - 1)

which on substitut}on of (5.3.4a,b, c) with Ao =1 givess

K = +1 kK =-1
%' >1 Y2 = -3 Y2 = +3
%' <1 Y2 = =3 Yz = =3
%' =1 K = k*

and there are two solutions corresponding to (5.3.4a,c). Equation 5. 3.2d)

may now be integrated for C to give

C =C e37/2(Sinh 2”r)-1/4 £"|> 1
o] A
12 Ar_ 2
C=Coexp[(l+§y)k'r] 2=k k=1

Substitution in equations (5.3.2) of solutions (5.3.4a,5.3.7a) and (5.3.4c,
i ’ ¢

(5.3.5)

(5.3.6)

(5.3.7a)

(5.3.7b)



5.3.7b) verifies that all field equations are satisfied. For C given by
(5.3.7a) the metric can be written :

3 1, 2e4?) (5.3.8)

3'r/2A-1/2

g=cXec3 - act®at) + a%(sleg
1
A = (Sinh 2':')'E C = Coe

and the time dependence of the field amplitudes is given by
\

o2
0

e, = BF,

where F. = e-T(AC)—1=

-51/2
1 e

1
-3

(Sinh 27) .® The singularity
is of the line type with the transverse directions callapsing to zero accompanied
by a longitudinal expansion to infinity. The field amplitudes are infinite at the

singularity and approach zero as T approaches infinity. For large T, A and

CgoaseT.

For C given by (5.3.7b), the salutions defined by k = %] are simply time
reversals of each other. Choosing k = +1, (5.2.8) is easily integrated, and

the metric may be written:

g = -dt ®dt + (t)z/h('ale o’l + 62862) + (ht)2(0’3®o‘3)

12
h=1+53% (5.3.9)

with the time dependence of the field variables given by

i

b1 = e2 = aFZ

b2 = -e, = SFZ



where F, = e"(ac)™t = (nt)~? . The singularity is a point type
and the solution (5. 3.9) approaches the empty Friedman model as YZ
approaches zero,

Defining the lorgitudinal and transverse expansion rates as Hp =c lc

and HT=A' Iy- respectively, then the fractional anisotropy in the expansion

rate (independent of time coordinate) is given by

-1 (solution 5. 3, 8)

41’)

-1
HT (HL-HT) 3(1 - e

-1 1
Hy (Hp - Hp) =5 v

(5.3.10)
2 (solution 5. 3.9)

As (5.3.10) shows, the solution (5. 3. 8) tends to isotropic expansion for

large T and (5.3.9) maintains a constant anisotropy independent of T .
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5.4 - Solutions with Ultra-Relativistic Matter

The incorporation of matter into the solutions of Section 5.3 is comp!i-
cated by the electric field components which must coupie with ionized matter.
The relative contributions of matter and electromagnetic energy to singularity
structure are of formal interest however. Accordingly we consider an addi-
tional contribution to the stress energy tensor (5. 2. 16) describing an ultra-
relativistic gas with equation of state P= P , not coupted to the electromag-

netic field. The matter stress-energy is described by:.

M o ;0
T v o (P + P)O JJ.5 v ¥ Pnuv (5.4.1)
whose zero divergence gives:
(p + P) tap + a(1n a%c) = 0 (5.4.2)
with solution:
(5.4.3)

p = 0%(a%c)2

2 ; TM
where 97(>0) is a constant. The non-zero components of are:

2,2 =2 (5.4.4)
'I'Muv = o) %,

with:

3
1]
|
3
=
<
1

0?(a’c)"? (5.4.5)

From the field equations ¢

T,y (5.4.6)

s

It

-3

1
Nof

uv uv
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it foilows that the solutions (5.3.4a,b, c) remain unchanged. The constraint

equation (5.3.5) can now be written:

2kT .
LA -] =5 (1 -1d") + e’ (5.4.7)
a 2 A

which on substitution of (5.3.4a,b, c), gives the results :

kK = +1 kK = -1

Al
A.>l 3=62+y2 3=62+Y2

[
%<l -3=92+y2 -3=62+~(2
A'
Ol 0% = 0(k=k) 2¢% + 02 = 0(k=-k*) (5.4.8)

1
Inspection of (5.4.8) shows that the case IK ‘ =1 is now excluded

if 62 is assumed positive definite. From (5.4. 8) it follows that:

v2 = k(0% - 3) (k% = 1) (5.4.9)

Equation (4.5) can be integrated for C to give:
(1 + ky%/2) y%1/2 3 (5.4.10)
C=CA e (A = Sinh™® 27) T

where again, direct substitution verifies that all field equations are satisfied.
For k= +1 the solution (5.4. 10) has a point singularity (A,C-+0as r~ 0)
2 . 2 2_ : 2

for all values of ¥~ and does not exist for 6“<3(y“< 0 ) . Since ¢

cannot vanish, the model is not connected with those of Section 5.3. For
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k=-1, C is given by:

c = COA(l - vz/z)evzf/z (5.4.11)

In this case for 0 = yz<2 (l<62.<.3) the singularity is a point,

for 2 <y =3 (0s=6°%< 1) Cis infiniteat 7= 0 (A =0). At

2

y> =2 (8 =1) , C=Cge" isfiniteat T=0. For

2
=-1, setting 6 = 0 recovers the salutions (5. 3. 8).
All solutions contained in (5. 4. 10) approach the isotropic P=p Friedman
models ¢
. L
A = (Sinh 271)7°

62=3

dt AdrT

2
as vy approaches zero.

From (4.5.10) the fractional anisotropy in the expansion rate is :

HT'l(HL - Hp) = ky2(1 + e~ KTyl

2
which approaches zero for large T independent of Y if k= -1 and

approaches +y2 for k =+ 1.

-100-



5.5 - Symmetry and Singularity Structure of the Models

The Einstein-Maxwell equations have been integrated for an LRS
Bianchi Type V spacetime containing a source free, null electromagnetic
field and an added (non-interacting) gas with the equation of state P= p .
The most striking feature of the models is the existence of a preferred
difection in the symmetry plane of the geometry. There is, however, no
contradiction in this result. Associating the symmetries of the geometry
of spacetime with the symmetries of the physics of spacetime is a concept

33 view of relativity. For the null electro-

inherent to the geometrodynamic
magnetic field, the geometrodynamic view fails in that the field tensor {13
cannot be uniquely constructed32 (to within a constant duality rotation) from
T @B Thus in the null case, the geometry of TaB is not necessarily
communicated to the physics of fyg

The singularity behavior of the models is also interesting. For the sau-
tion (5. 11), which includes the models (4. 8) without gas, the singularity is
characterized by transverse collapse and longitudinal expansion to infinity
as long as 262< yz , and for mixtures such that 262> YZ
the singularity is always a point. This is a somewhat surprising result in
that it would be expected that the singularity structure would depend on the
relative contributions of the matter and electromagnetic mass densities given
by

2 .2 2_e%KT 2., -2

2 -
P =€ + b7 = 2y"— and p,, = 6 (A"C)
e-m (AC)Z M
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Pa
whose ratio _‘_)e_m =2 Y_i A2e2k‘r approaches zero as ™= 0.
M e

In investigating a group of cosmological models with magnetic fields, Thorne

Pem
P

M
zero as the singularity was approached, the magnetic field had a negligible

7

reported that (for his models) when the ratio approached

effect on the structure and dynamics of the singularity. In the present case

P
the ratio —f—m approaches zeroas T— 0 yet the structure of
M 2
the singularity depends on the parameter 12 .
0
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6.- Some Perturbed Cosmological Models

In investigating general classes of "tilted" homogeneous cosmological

models, King and Elli528

have suggested that some simple models of this
type might be found among the Bianchi Type III spacetimes. The "tilted"
homogeneous models are those in which the matter has a non-zero spatial
velocity component in the frame in which the Universe is homogeneous, thus
"tilting" the co-moving frame with respect to the hypersurfaces of homogeneity.
This suggestion is pursued in this chapter with the object of generating Type III
spacetimes with non-zero vorticity. For the metric forms considered, it was
found that the field equations were amenable to perturbation techniques, valid
for small values of "tilt". Such methods have inherent limitations in that the
ultimate effects of vorticity on singularity structure are not generally available,
but much information about the structure of spacetime at later epochs can be
gained.

Three solutions will be discussed in 6.3,4 , all of which represent
perturbations on a space of Bianchi Type III geometry. In Section 6.1 the un-
perturbed metric is discussed. It is the open model (case 2) of Kantowski and

Sachszo.

The geometry is spatially homogeneous, locally rotationally sym-
metric (LRS) and shearing, with vanishing vorticity. In 6.2 the metric is
modified to admit the possibility of vorticity as well as add'ltidnal shear com-
ponents arising from a motion of the matter not associated with rotation. The

metric is analyzed and its possible solutions classified. In 6.3, a solution

is found which, to lowest order, preserves the diagonal field equations, and
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for which the vorticity does not vanish. A totally anisotropic solution is
presented in 6.4 which can be either rotating, or "tilted" and non-rotating.
The models are discussed in 6.5 and the domain of validity of the perturba-

tion assumptions is analyzed.
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6.1 - The Unperturbed Metric - A Bianchi Type III Spacetime

It has been shown that spatially homogeneous worid models can be viewed
as a family S of homogeneaus spacelike hypersurfaces parametized by time.
If elements of S are the hypersurfaces of transitivity of a three-parameter
isometry group Gg, the generators of Gz can be used to establish an invariant
basis on elements of S. If the basis one-forms Gi are invariant under G3.

the o’l can be chosen such that:

i_ 2 i 3 k (6.1.1)
do” = > c jkd a
where the Ci are the constants of structure of Gg. For Bianchi Type III

jk

spacetimes, the structure (6.1.1) is:
2 3 _ ' (6.1.2)

and a metric form admitting an additional motion associated with rotational

symmetry is:

6.1.3
g=-dt®dt+A2(o’l®o‘l+dz@C’2) +c2<53®o'3 ( )

-

where the functions A and C depend only on t, and the ot have the structure

(6.1.2). The metric (6.1.3) can be written?

g = naswagws (6.1.4)
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where naB is Minkowskian:

naB = diag(-1, +1, +1, +1)

and the Cartan basis w® is given by:

w0 = at ol = acl  w? = ag? w3 = g3

The non-vanishing components of the Einstein tensor Guv

_ 1 &
Guv = Ruv T2 np,vR o
are:
_ A2, ATt |1
Coo =2z ) +3¢ -2
A
- _ _( A" _c¢c*" _acct
G =Cpp=-(3x7 +¢ +3¢)
_ _ é.. é. 2 _ l
Gy3=-(23 +(3) Az)

, where:

(a)

(b)

()

(6.1.5)

(6.1.6)

(6.1.7)

where the dot indicates differentiation with respect to time. These equations

have been integrated for a pressureless perfect fluid (dust) by Kantowski and

Sachszo, for various equations of state by Kantowski3®, and for dust and an

axial magnetic field by Thorne34.

the world l.nes of matter orthogonal to the hypersurfaces of homogeneity.
In the present case it will be useful to integrate the field equations directly

for co-moving dust. With the cosmological constant taken to be zero, the

field equations are just:
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- : 6.1.8
GaB - 'TaB ¢ )

where GaB is given by (6.1.7) and TaB has only one non-vanishing

component:

(6.1.9)

T .  =p = M(Azc)‘l

00

where M is a constant of integration. The equation Gs3 =0 can be written

(with A as the dependent variable) as:

o2

(AA*°) =1

Integration yields:

and:

[ ] .1
t-t_ = xf - k,ln(x+£) (6.1.10)

where kj and t are constants of integration and:
%2 (6.1.11)
1
£ =A% = (x2+k1)/2

The G, or G, equations can be integrated to give:

c=x"eky + In(x + )] - 1 (6.1.12)
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where k3 is a constant of integration, and C has been scaled so that the
constant M, defined in (6.1.9), has been chosen as 1. The general solution

is characterized by zero vorticity, volume expansion:

6 = ZHT + HL

and shear:

where HT =(ln A)’ and HL= (1n C)" are the transverse and longitudinal ex-
pansion rates respectively. The notation (0*) will be used to differentiate
the shear from elements of the invariant basis. The metric (6. 1.3) may be

written:

1 2

ax®dx + ot ®ct + ?®0%] + cX(x)a> @3 (1-13)

g = X4E—4f-2

where f(x) and C(x) are given by (6.1.11) and (6.1.12). As (6.1.10,11) indicate,

if k1 =0 then A becomes the time. Similarly for any solution in which A grows

without bound A* *las A =+ © , For kl=0, from (6.1.12), C can be written:

- 1 A (6.1.14)
C =3 1n (3,)

where:

t = A - A% and A* = = exp 2(1 - k3) (6.1.15)

4
The metric is:

2

; 5
g=-aea +aisled’ + fed?) + 2(1n )% ed’

(6+1.16)
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where the solution (6.1.16) is exact if k1 =0, and the asymptotic limit of
all solutions for which A = o . Together with its evident simplicity, it is
an ideal starting point for a perturbation calculation.

The solution (6. 1. 16) is new and does not occur in references 3, 7 or
8. The solutions presented in these references are given parametrically

and (6. 1.16) is outside the range of models permitted by the parametrization.
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6.2 - A "Tilted"” Type III Spacetime

In order to generalize the metric of 6.1 and intinduce the possibility of

vorticity, the metric form (6.1.4) was considered where the orthonormal

Cartan basis &% s given by:

wO = at ol = a(g? + ha?)

6.2.1)

2 2 3 3

w BG w (ofs]

where, again, the ot obey (6.1.2), and the functions A, B, C, and h depend
ge

only on t. The non-zero components of the Einstein tensor are now:

Cop = 2B+ 2'CTLBCT _ L 142

Gy, = —(%“ + -g-” + g. g._ % 0?)

6y = ~(BET LB L 107

Gyy = =( %“ +§” + §.§.+%QZ _%2 )

Co1 = '% Co2 = %( %. - %o) Gip = % Q(1n a’c)”

(6.2.2)

« A
where Q = h B

-110-



For the stress-energy tensor:

T = pu_u

aB ap

the equations (6. 2. 2) indicate the four-velocity u should be of the form:

o 1l 2
u = uow + ulw + uzw

The zero divergence of TaB gives:

(1n puCABC)* = (In ula)® = wé(u®B)~?

1,2 1
(1nu2B)'=--£%-oL +QP—2
uu B u

uo(uo)' + % (ul)2 + % (u2)2 + Qulu

For Tch given by (6. 2.3), the possible models associated with the
structure (6.2.1) can be classified in the following way:

Case 1. h =constant. This is equivalent to h= 0 since the mapping:

1 2

(g1)r = ¢! + ho (a2)s

(6.2.3)

(6.2.4)

(6.2.5)

restores (6.2.1) to its form for h =0, and is an automorphism of the Type III

structure (6.1.2). Alternatively, the field equations (6. 2. 2) depend only on

derivatives of h. An examination of(6.2. 1, 2) with h =0 shows that two situa-

tions are possible: (a) the LRS case with A = B discussed in 6.1 and; (b) the

totally anisotropic, “tilted” case A #B# C with u=ugy w

(uzB) 0 =0. This model is non-rotating, and the field equations have never

been integrated.
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Case 2. h=h(t). For this case, a solution requires that both u1

and u? be different from zero. This follows from (6.2.2) in that if u?= 0,

Gp, = 0 requires A= B, and Gy, - G22 yields a negative value for the square

02
of ul. Conversely, if ul= o, G01= 0 requires h =constant, and we return

" to the solutions of case 1. For the four velocity (6. 2. 4) there is an associ-

ated vorticity vector given by:

1

Q =5 *(uAdu) = -%— ul(BuO)-lw3 (6.2.6)

where the equations of motion (6. 2. 5) have been used to eliminate time deri-
vatives, The vorticity is manifestly orthogonal to u, as expected, and is non-
zero whenever uj does not vanish. Although it does not depend egplicitly on
Q(), the vorticity vanishes for Q =0 since this implies Gop = 0, and conse-

quentdy u; =0. Any solution of case 2 contains a salution of case 1b.
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6.3 - A Golution which Preserves the Diagonal Field Equations

The work of (6. 2) suggests that a perturbed rotating solution might be

obtained by the introduction of a small component of velocity ul, This follows

1

from the vorticity (6. 2. 6) which depends only on u”, and from the field equa-

tions (6. 2.2, 3) in which all terms preventing the vanishing of u2 are quadratic

in Q. We assume:

uO =1, ul = >\_'L_11 and h = )\-12 (6.3.1)

where A << 1, The component u? is assumed of order A 2 or smaller. To

lowest order in A , the equations (6.2.5) give:
uaA=aoa and PABC = 1 (6.3.2)
where a isa constant. The Gy; or G;, equations give:

B)Z (6.3.3)

h™ = O.P(X

and the 002 equation requires A = B, and to lowest order in ) the diagonal
field equations are those of Section II with solutions (6.1.12,13) or (6.1.16).

In terms of (€. 1.16), h can be evaluated as:

h = o JpdA = ~2a(A*) " 1Ei(2¢C) (6.3.4)

where, again, 2C= ln A/A®* and Ei(x) is the exponential integral:

Ei(x) = J% (xe*) tax
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1

Thus h vanishes when u” vanishes ( 2= 0) and approaches zeroas A = o ,

The vorticity vector (6. 2. 6) is:

1 -2 3
Q=iaaa? (6.3.5)

which is the value expected from conservation of angular momentum, or
vorticity propagation equatlon553. The model resembles a test field solution
in that the metric functions A and C remain unchanged. The metric, however,
describes a spacetime iﬁ which every co-moving observer sees the matter in
his neighborhood rotating with respect to a Fermi-Walker propagated (gyro-

scopic) basis. The metric can be written;

g =g, + Ag;

where g is given by (6.1.16) and:

g, = -22%(a*) 'Ei(1n 2,)(cT @ 0% 4 P@qt)
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6.4 - A Totally Anisotropic Solution

Since a complete salution of case 2 requires two spatial velocity com-

ponents, a more general set of perturbation assumptions is:

— \~2

h = AR

where, again, 0 < A << 1., Under the assumptions (6.4.1), A =C can no

longer be maintained if u2 # 0 requiring;

A

B

Ao'*'}‘Al

AO + ABl

Ao(l + kal) c

Ao(l + Abl) P

CO + Xcl

p

o

+ kpl

Co(l + kcl

po(l + Apq

)
)

(6.4.1)

(6.4.2)

where the subscripts () refer to the unperturbed models of Section II. Using

" (6.4.1,2) in the Einstein tensor (6.2.2) and the stress-energy tensor (6. 2. 3)

gives for GaB =

(1n AO)'(a:L + Db

TaB:

1

+ 2cl) + (1n CO) (a1 + bl) + Zble

[ ] 2 [ ] 3 2 o
Co(bl Ao Co) + AO(Cl Co Ao)

[ ] 2 ] [ ] 2 L ]
co(a1 A co) + Ao(cl C, Ao)

.. 34, _
[(al + b,)'A "] + 2b,A ) = 0

N 2 .
(h AO CO) =0
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where the unperturbed field equations (6.1.7, 8, 9) have been used to eliminate

zero order terms., Using (6.4.1,2) in equations (6. 2. 5) gives:

-2
BA

(pl + a; + bl + cl)

A =« GZAO 8 (6.4.4)

The equations (6. 4.3, 4) show that to first order in A , the rotating, and
tilted non-rotating models (case 2 and case 1b respectively) decouple, with
h completely determined by the off-diagonal equations.

Using for A, and Co the solution (6.1, 16), the system (6.4.3,4) can be

integrated to give:

b, = BAo-l[(l + X)In x - x]

a; = b, + ZBA*-lEi(x)

c; = -b (2 + ) + B(A*xe™) I (2x%+5x+5)1n x -2x%-2x+4]

- BA*-I(Z - -}%)Ei(x) (©.4.5)

-ZB(A*xex)-l[(x2+2x+2)1n X + 2-x2] - 4B(xA*)_lEi(x)

B = 2aa* 1Ei(x)

where x =2C_= 1n A/A* and all constants of integration have been set equal
to zero to insure the perturbation vanishes whenever ul, u2 vanish. The ro-

tation vector is that of(6.3.5) and the shear scalar is:
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2 2 1 ~2
* = = - .
(o*)° = (o’*)o + 3 MHT HL)o(al + b1 + 2cl + u)
where:

~2 . _ n~ 1
(a, + by + 2c; +u")" = po[Apl - Bln x + ble(]_-x) -5 8x]

1

The volume expansion is given by:

~2.
9 = 8 +xe=eo+x(a +bl+c + u’) (6.3.6)

1 1

where ( 0*) and 6 are the unperturbed quantities given in (6. 1) and:
o 0

(al + bl +C, + 52)' =-Bp0[(x2 + X + 2 + }—Zc)ln X - x2 +§
2A \
+ -A*—onl(x)]

Using (6.4.1,2) and (6. 2. 1) the metric may be written:

- (6.3.7)
g =g, + Ag;
where g, is given by (6.1.3) and gy is:
2 1, 1 2.2 & (1lg 2) 23, 3
g, = 3 [alo’ ®0” + b,d°®0" +ho' " @¢ ]+ c,C,70" ®«¢
(6.3.8)
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6.5 - Model Evaluation

The unperturbed models of (6. 1) were not compared in detail to obser-
vations in references 20, 34 and 35 since observational data at the time pre-
cluded open world models, and the high early anisotropy exhibited by the solu-
tions seemed inconsistent with micro-wave background observations. For
later times, however, as pointed out in reference 20, the solutions are not
unlike the Friedman models, and consequently bear some analysis. Using

the solutions (6.1.16) and taking:

7 A -1 (6.5.1)
Y = E = (1n 3Q)
where, again, H =(InC), and Hp=(ln A)) ¢ A;I, and defining:
_ 1 _1(2+y) (6.5.2)
o =3 (2Hp + Hp) = 375~
gives a model with the properties:
Age: t = A - A* = % t (1 - e_l/Y)(Z + Y)
2.\-1 -2
Density: P = (AC) = = 6v(2 + v) “p, (6.5.3)

Shear: (0’*):Z = 3H02(1 - Yz)(z + Y)-z

where P c and t. are the density and age respectively of an Einstein-DeSitter
model with expansion rate H,. As (6.5.1) indicates as the models evalve from

A= A* (singularity) to A approaching infinity, Y evalves from an infinite value
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to zero. At the shear-free epoch ( ¥ = I) the models are slightly younger
(t = .95t.) and slightly less dense (p = 2/3 R ) than the corresponding
Einstein-DeSitter model. An interesting feature of the shear-free epoch is

that the deceleration parameters:

(a)p = AA*™H)* =0 and (gq,)p =c(c™H* =1

are consistent with both open and closed models depending on the direction
of observation.

The temperature anisotropy in the microwave background may be cal-
culated by assuming either:

a) The surface of last scattering is coincident with the surface of recom-

bination (deep origin) in which case:

E‘_@. = (2)1/3 = 103 (6.5.4)
T, Pa

where T is the temperature of the microwave background and the subscripts
a and e refer to photon absorption and emission times respectively. Or

b) The surface of last scattering has been displaced relative to the surface

of recombination by an intervening ionized inter-galactic medium (local orlgin)36

in which case:

t
_ a ~ (6.5.5)
T = fte dTnedt 1

where T is the optical depth, ¢ is the Thompson scattering cross-section

T

and n, is the density of free electrons. Equation (6.5.5) assumes that the
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thermal energy of both the ricrowave photons and scattering electrons is
smail compared to the electron rest mass.

Under assumption (a), using (6.5.1), (6.5.4) becomes:

A A 2/y
2
(Kg in A—f x 10°

<1

which for 7y of order of magnitude 1 gives:

T A cC
Too (28 (=?) = 7Y x 10°

TL a e

Under assumption (b), taking T =1 and assuming the entire mass

content of the Universe is in the form of ionized hydrogen gives:

1 = (4.26 x 102

em)a*"'[Ei(2c,) - Ei(2c_)]
From (6.5.1, 2):

a* = 32 4 y)ho-l x 1028 em

where h,, is the Hubble constant in units of 10 km sec” ! Mpc'l. Using

(6.5.8) in (6.5.7) gives:

Ei(2C,) = Ei(y" 1) + 70.4 ho‘le’l/Y(z + )

Again, assuming Y tobe of order 1, and 1 <h <10, the second term on

(6.5.6)

(6.5.7)

(6.5.8)

(6.5.9)

the right in (6.5.9) is much larger than the first, and the exponential integral

can be expanded to give:
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- oK -1 _-I
2c, = e k = 70.4h " "e "/Y(Z + Y)

and:

Tr

T = (ye]'/y)"l(ek + 1)
L

(6.5.10)

Inspection of (6.5.6, 10) shows that observational constraints on the
magnitude and angular variation of the Hubble constant make it impossible
to satisfy limits on the anisotropy in the microwave background. Although
the particular solution (6.1.16) was used to obtain these results, they accu-
rately reflect difficulties encountered in fitting the more general models of
Section II.

Turning to the perturbed models (6.4.7,8), Fig. 6.1 is a plot of the
first order quantities aj, by, c; and ? | multiplied by the constant A*/B .
The perturbation assumptions (6. 4. 1, 2) require these quantities, together
with h, u; and U, to be, in absolute value, much less than A -1, As Fig. 6.1
indicates, although the quantities a; and b; are not monotonic in absolute value,
they are bounded from above and below by '5 1 and ¢ which tend monotonically
to zero. Thus, If the perturbation assumptions are satisfied at some t, they

are satisfied for all t>t,. At the epoch y=1:

<< ,23 (6.5.11)

lxcll<< 1 -'!uz |<< .24 lkpll<< 1 =|u,

Similarly:
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P A*/B

1.0l alA*/B

- 3.

—1004.

FIG. 6.1 - A plot of perturbation

amplitudes as a function of x=2Co
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{hi<< 1 = full<< .84 (6.5.12)

which bounds the magnitude of the vorticity vector at y=1 by:

|Q\ << «42 H

-1
where H0= Ao .

A surprising feature of the curves in Fig. 6.1 is the relative magnitudes
of the perturbation amplitudes. For uj= 0, the perwrbation introduces a small
matter velocity component along the J 5 axis, yet a; and b; the resulting
changes in the 1-2 plane (which was originally isotropic) are smaller than ¢y
the perturbed amplitude in the C 3 direction. That this is an observahle effect

a

may be verified by going to a co-moving orthonormal basis 7~ with elements:

7 = u=-0° 4 u2w2
'rrl = wl
2 2 (o}
Ll (6.5.13)
Tf3 = w3
In terms of the Tra , the shear tensor is diagonal with only three non-vanishing

components. At y=l:

2 2 (6.5.14)

1 1 1 . 1
el) " lw + Mbl -3 61) @

d*=>\(al +u,” -3

\ . 1 3 3
+ A(Cl -3 91) @7
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where © 1 is given by (5.6). Defining H; as the expansion rate in the i

direction, then >3 t

Hi = (d*)ii +% (eo + xel) (no sum) (6.5.15)

The fractional difference between the expansion rates in the i and j directions

is then:
_ . _ -1 _ * % -1 (6.5.16)
aij = 3(Hi Hj)(e) = 3(0‘ii O'J.J.)(eo + xel)
From (6.4.5,6) and (6.5.14), the 2 ij can be evaluated at y=1:
Uyy = 3u2 Uy = 7.38u2 a3 = 4.38u2 (6.5.17)

The aij can be measured as anisotropies in the Hubble flow and (6.5.17)
indicates that the observable effects of the pérturbation are larger outside the
plane of initial symmetry than in the plane. Oii) served values of the aij are
uncertain due to effects of the Local Supercluster37’ 38539 pue assuming
ol ij <.1 the upper bound of u, as determined from (6.17) is about 20 times
smaller than that determined from (6.11).

This work has illustrated some of the difficulties in solving and evaluating
anisotropic cosmological models. We have demonstrated the existence of stable
perturbations of the models of Sections II but not disproved the existence of

unstable modes since the solutions (6.4.5, 8) were obtained by choosing all

constants of integration as zero.
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7. - Discussion

The results presented in Chapters 4 - 6 fall into tw- catesories:
(a) The relationship of geometrical to phycical symmetries
(Chapters 4, 5)
(b) The inconsistency of typical anisotropic models with
current observational data.
Although these areas are broadly related as efforts to understand cosmology

beyond the standard model, they are most easily discussed separately.
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7.1 - Geometrical and Physical Symmetries

It was shown in (4.5) that rotational Killing transformations need not
preserve the homogeneity of physical fields, and in Chapter 5 that the null
field need not be rotationally symmetric if the geometry is. The problem of
invariance of the electromagnetic field under geometrical symmetries has

40,41 42,43 1o e the

been investigated for the null case and the non-null case
stress-energy tensor is purely electromagnetic. The resuits of these inves-

P 44
tigations can be summarized " as:

LF = k *F (7.1.1)

where Ly F is the Lie derivative of the electromagnetic field tensor F with

respect to any Killing vector field X, and k is given by:
k = (da, X) if F is non-null

and dk is parallel to A if F is null. Where ) is the propagation vector of

the null field (T;ém = p).ax andg is the complexion32’33 of the non-null

g )

field. For the non-nuli case, if F is assumed homogeneous:

(7.1.2)
LTF = 0 = (da, T) *F

implies ( da,T)= 0 where T is the generator of any translation. Since the
translational Killing vectors span the hypersurfaces t= constant, (7.1.2) re-

quires da to be of the form:

_ 0
da = a’ow
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and it follows that (da ,R) = O if R is the generator of any isometry such

that (R, wo) = 0. Thus for the non-null field if F is assumed homogeneous,

it must also be rotationally symmetric and solutions like that of Chapter 5

can only occur for the null field i. However, since the complexion is completely
determined by the Ricci tensor, it may be incansistent in the non-null case

_to assur;le F is homogeneous, even in a homogeneous spacetime45.

Further work in this area is needed to determine the exact degree to

which isometries constrain physical fields, and in particular the degree to

which homogeneous spacetimes require homogeneous physics.
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7.2 - Anisotropic Spacetimes

Current interest in anisotropic spacetimes stems from several consi-

derations:

(@) The only observational data consistent with the assump-

tion of strict isotropy is the lack of angular variation in the

microwave backg-round54.

(b) Strict isotropy requires very special initial conditions

for which no cause can, at present, be discerned46.

(c) In a truiy isotropic spacetime, inhomogeneities such as

galaxies are difficult to understand.

(d) Particle and event horizons47 characteristic of Friedman

éosmologies seem to contradict the maintenance of isotropyss.

However, as the work in Chapter 6 lliustrates, although anisotropic

models can be made consistent with "local™ observations such as the magnitude
and angular variation of the expansion rate, they fail, in general, to satisfy
constraints on the anisotropy of the microwave background. Even where models
satisfy all observations“, the required initial conditions are generally as
special as those leading to Friedman cosmologies. An alternative program is
to assume arbitrary initigl conditions together with a mechanism, or set of
mechanisms characteristic of the physics of hot dense matter which rapidly
damps anisotropy. Among the mech.aisms considered are: neutrino viscosity48’49.

particle creation by the curvature of spacetimeso' 51 and anisotropic radiation

pressuresz. Here also, much further work is needed. For the model (6.1.16)
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it may be possible to calculate the exact evolution of the anisotropic radiation
pressure and thus estimate its effects.,

The assumption of dissipative viscous forces, however, cannot remove
all problems, It can be shown29 that the asymptotic dynamics of certain
Bianchi Types precludes isotropy in the limit of large time. This would seem
again to limit possible models since at some large time the stress energy is

presumably ignorable and subsequent evolution is anisotropic. It may well be

that the ultimate cosmological issue will again be "initial conditions”,
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Footnotes

(a)

(b)

(c)

()

(e)

(£)

(g)

(h)

(1)

(3)

In a space with zero torsion, d(p ) = T‘B dxu'pB
where the (‘B are the Chrlstoffel symbols.

The Ricci rotazion coefficients are the coeffi-
cients of connection in an orthonormal basis
Material in this section is based on the work in
reference 53,

Or steady state models which will not be discussed
here.,

From (pt,Ta) = 0 and (T )(a ;8) = 0 it follows

that D, p, = 0( Py is geodesic).

If the group action is multiply transitive, then
for points p and q, there exist transformations

a and b such that: ap = bp = q, or ab~l 1eaves

p fixed57. Isometries with fixed points are
rotations. For G, (or G6) the group of motions
may admit more than one simply transitive sub-
group Gy« 1In this case the identification of the
translation will depend on the particular coordinate
realization given the group(see 4.5)

Ccordinate realizations for the generators of
translations and the invariant basis elements

can be found in references 21 and 56,

That rotations can intermix elements.of the
isometry goup has been pointed out in the 1lit-
erature27’57, but the consequences of such mixing
and the criterion (4.5.8) have not been discussed.
Since k=(da,R} is a constant for the non-null field,
and R must vanish somewhere if it is to generate
rotations, it follows43 that k=0 for any rotation
independant of assumed homogeneity.

In (6.5.6) and subsequently T and TL are the
microwave background temperatures as measured in
the transverse and longitudinal directions

respectively.
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