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Abstract

Algorithms and Methods
for Multidimensional Digital

Signal Processing
by

Martin Rofheart

Advisor: Professor Richard Tolimieri

One of the major issue of parallel processing is the design of algorithms that min-
imize interprocessor communications. This research addresses this issue with respect
to the parallel computation of the multidimensional discrete Fourier transform.

A tensor product formulation for multidimensional Cooley-Tukey type fast Fourier
transform algorithms is developed. The formulation depends on the expression of
data flow by the coset decomposition of the underlying index set. This representa-
tion allows fast algorithms to be designed by algebraic manipulations of the tensor
product formulation.

A new reduced transform algorithm for the computation of the multidimensional
discrete Fourier transform is developed. The algorithm computes a d—dimensional
discrete Fourier transform by a set of independent k—dimensional discrete Fourier
transforms (k < d); it is a reduction algorithm in the sense that it has lowered
the dimension of the Fourier transforms that are computed. The k—dimensional
discrete Fourier transforms are performed on data derived from the input using
only additions, and produce k—dimensional hyperplanes of the output array.

The major contribution of this research is an intrinsically parallel algorithm for
the computation of the d—dimensional DFT. The main features of the algorithm are
that it requires no interprocessor communications, and that it maps to the degree

of parallelism of the target multiprocessor flexibly.
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The mapping of the algorithm onto architectures with broadcast and report
capabilities is given. Expressions are obtained for estimating the speed on these
machines as a function of the size of the d—dimensional DFT, the bandwidth C of
the communications channel, the time A for an addition, the time T(FFT) for a
single processing element to perform a k—dimensional DFT (k < d), and the degree
of parallelism of the machine. For single I/O channel machines that are capable of
exploiting the full degree of parallelism of the algorithm, execution times as low as
the time required to compute a single k—dimensional DFT plus the I/O time for

data upload and download are attainable.
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Chapter 1

Introduction

Over the past generation our ability to compute has grown dramatically. Integrated
circuit (IC) technology has been the prime mover behind this growth. In the last
ten years the complexity of ICs has increased from the hundred thousand transistor
range to over the million mark, moving from VLSI to ULSI. Over this same period
the cost of computation has fallen just as dramatically.

The computing machines being constructed using this technology span a broad
range of design philosophies, each trying to achieve maximal performance in some
area, and each exploiting some forms of concurrency, in space, in time or in both.
Processor designs range from complex-instruction-set-computers (CISC) to reduced-
instruction-set-computers (RISC) and dedicated digital signal processors (DSP).
Typically these processors incorporate such advanced features as pipelining, multi-
ple execution units, and multiple bus structures. Highly parallel computing struc-
tures are being composed of these processors, or more dedicated processing ele-
ments. With continued improvements in VLSI, computer, and algorithm design,
these computing structures are attaining computational performance that dwarfs

that of yesterday’s supercomputers.



1.1 Issues of Concurrent Processing

VLSI circuits are the major building blocks of parallel systems. The main limitation
of VLSI circuits has been identified as communications [61]. In VLSI, communica-
tions refers to the interconnections between computational elements. Compared to
computation and storage, communication is expensive in both area and time, the
performance metrics of the VLSI model {58]. The primary causes of this are that the
number of I/O pins on a VLSI device is limited, the area on pad drivers required for
amplification and internal wiring is large, and the capacitance of wiring introduces
signal delays and dissipates power.

As a result of the restriction on communications, structures that localize com-
munications have more favorable cost/performance characteristics than those that
do not. The structures developed to satisfy this cost criterion typically feature a
collection of homogenous processing elements together with an interconnection net-
work of a regular topology. Specific cases of these structures include the butterfly
(68], Cube-Connected-Cycles [49], hypercube [59], mesh [65], and tree [13] networks.

Parallel machines are described in terms of their size, the complexity of the
computations that can be performed at each processing element, and in terms of
the degree of interaction between the processing elements. These properties are
defined by the granularity, degree of parallelism, and coupling of the machine.

The granularity [30] of a machine describes the computational complexity of the
PEs. Typically, granularity is categorized as fine grain, medium grain, and coarse

grain. These are described below.

Fine Grain refers to PEs that perform operations at the bit level. These are bit-

serial architectures [8].

Medium Grain refers to PEs that perform operations at the word level. These

include systolic arrays [36,35).

Coarse Grain refers to PEs that perform operations at the task level. Parallelism
is exhibited by the processors handling different subtasks, and results are

obtained by high level team work [24].
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The amount of parallelism inherent in a computer is referred to as its degree of
parallelism. In the case of a multiprocessor, the degree of parallelism refers to the
number of independent processing elements. The interaction between processors is
described in terms of how they are coupled. Systems that feature limited interaction
between the processors are termed Loosely coupled. This class includes multiproces-
sors communicating over an interconnection network. Tightly coupled systems have
a high degree of interaction between the processors. Shared memory machines are

examples of tightly coupled systems.

At the processor level, the current trend in VLSI is toward fabrication of more
powerful and sophisticated processing elements at reduced costs. However, at the
communications level the interconnect structures that are available have either high
wire and switch counts, or restricted interprocessor communications. The parallel
computing structures whose cost/performance ratios benefit the most from these
trends are coarse-grained loosely-coupled multiprocessors. These machines typically
have powerful processors at each node, and an interconnection network to provide

interprocessor communication [30].

1.2 Multidimensional Signal Processing

Multidimensional signal processing is an emerging field that contains a problem set
whose data storage and computational requirements are far beyond those of its one-
dimensional counterpart. Feasible solutions to the problems of this field depend on

advances in computing machinery and the algorithms they support.

The multidimensional discrete Fourier transform (MD DFT) is one of the ma-

jor tools for obtaining solutions to multidimensional digital signal processing prob-
lems. Applications of the MD DFT include radar [46], sonar [46], beamforming [66)],

weather forecasting, computer vision [48], and crystallography [1], among others.
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1.3 Research Overview

Current technology enables parallel machines that have the computational ability
of supercomputers to be constructed from many low-cost VLSI circuits. These are
typically coarse-grain distributed memory machines. Examples of these include the
AT&T BT-100 [3] and DSP3, Intel Hypercube [31], NCUBE 6400 [41], Encore Mul-
timax, and others. These machines exhibit the inherent characteristics of VLSI
machines; they have large computational power but limited communications band-
width. To highlight the disparity between computation and communrication consider
that the Intel Hypercube, composed of up to 128 i860 processors, can achieve 7.5
GFlops, while its aggregate point to point communications bandwidth is only 2.8
Mbytes per channel.

These machines require algorithms that minimize interprocessor communica-
tions. This research addresses this problem from two directions. The first is the
creation of tools to facilitate the design of multidimensional algorithms. The form
this takes is a multidimensional extension of the tensor product formulation for
Cooley-Tukey type FFT algorithms. The second is the creation of new algorithms

specifically designed to eliminate interprocessor communications.

1.3.1 Summary of Contributions

This dissertation contributes three new results. The first of these is a multidimen-
sional generalization of the tensor product formulation of Cooley-Tukey type FFT
algorithms. This formulation provides a tool for both the expression and exploration
of multidimensional Cooley-Tukey type algorithms. The one-dimensional tensor
formulation has already been used to great advantage in designing FFT algorithms.
This is due primarily to its concise treatment of the dataflow of FFT algorithms.
The multidimensional extension of the tensor formulation finds similar use when
designing MD FFT algorithms.

The second contribution is the development of a new reduced transform algo-
rithm for multidimensional DFT computation. The algorithm computes the d—di-

mensional DFT by restricting it to a collection of k—dimensional hyperplanes that
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cover the output array. The derivation of the algorithm is undertaken in two parts.
The first part defines a minimal set of k—dimensional hyperplanes that cover the
output array. The second part restricts the d—dimensional DFT of each of the hy-
perplanes in the covering set. This gives rise to a set of independent k—dimensional
DFT. These are computed on data derived from the input using only additions,
and produce k—dimensional hyperplanes of the output. The algorithm requires the
d—dimensional array to be the same size in at least d — k¥ 4+ 1 dimensions. The
dimensions that are equal must be of either prime or power of prime (including 2)
size.

The major contribution of this research is a multiprocessor algorithm for com-
puting the d—dimensional discrete Fourier transform. The main features of the
algorithm are that it requires no interprocessor communications, and that it maps
to machine size flexibly. The kernel of the multiprocessor algorithm is the hyperplane
algorithm developed in this work. A direct mapping of the hyperplane algorithm to
a multiprocessor machine model is given. This method is shown to produce a paral-
lel algorithm that requires no interprocessor communications, but imposes limiting
restrictions on the degree of parallelism of the target processor. In order to obtain
a multiprocessor algorithm with a flexible degree of parallelism, the hyperplane al-
gorithm is married to the multidimensional Cooley-Tukey algorithm. The resulting
composite algorithm requires no interprocessor communications and has a flexible

degree of parallelism.

1.3.2 Organization

This dissertation is organized as follows: Chapter 2 reviews works related to this
research. The review is presented in two parts: the first part defines the pertinent
mathematical formulations, and the second part reviews parallel algorithms for MD
DFT computation that have been proposed in the literature. Chapter 3 introduces
--a new tensor product formulation for MD DFT algorithms that exploits the additive
properties of the underlying index set. The factorizations of the DFT induced by

these algorithms are shown to depend on dual coset decompositions of the input
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and output index groups. This fact is used to define a natural representation of
the algorithms. Chapter 4 introduces a new reduction algorithm for MD DFT
computation. The algorithm is based on the restriction of the d—dimensional DFT
to a collection of k—dimensional hyperplanes that cover the output array. Chapter
5 introduces a parallel algorithm based on the hyperplane algorithm of chapter 4.
The algorithm is shown to require no interprocessor communication. A variant of
the algorithm is derived that couples the hyperplane algorithm with multidimen-
sional Cooley-Tukey methods. This development is presented in terms of the tensor
product formulation of chapter 3. Chapter 6 discusses future research and possible

extensions of the methods developed in this work to other computations.



Chapter 2

Theoretical Foundation

Overview

Algorithms that compute the multidimensional discrate Fourier transform (MD
DFT) have been roughly categorized as row-column, multidimensioral variants of
Cooley-Tukey (MD CT), and reduced transform algorithms (RTA). Parallel imple-
mentations of the row-column and multidimensional Cooley-Tukey algorithms have
been widely studied in the literature. In section 2.3 these implementations are
discussed in terms of their communications requirements under a distributed com-
putation model. The feature of these algorithms most pertinent to this research is
that they alternate stages of computation with stages of global data exchange.

The row-column algorithm (section 2.1.3) evaluates the N x N 2D DFT by com-
puting the 1D N—point DFT of the rows and columns of the 2D array [10]. Parallel
implementations of this algorithm (section 2.3) require a global transpose operation
between the row and column FFT stages. Specific implementations of this algo-
rithm differ in the machine model and method used to perform the transpose. For
a distributed machine model, the global transpose operation requires every process-
ing element to exchange data with every other processing element. Interconnection
networks that can transpose an N x N array distributed on N processors in O(N)
time require O(N log N) switches [32].

The Cooley-Tukey [16] algorithm (section 2.1.4) was extended to multiple di-

mensions in [50,26,29]. A unified treatment of these is given in [38]. As in the one
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dimensional case, the additive properties of the indexing set are exploited to factor
the MD DFT into alternating stages of lower order MD DFT, twiddle multiplica-
tion, and data permutation. This decomposition process can be applied recursively
to produce algorithms whose dataflow is optimized for a specific architecture [60,32],
and that have a reduced number of multiplies relative to the row-column method.
However, all variants of the multidimensional Cooley-Tukey algorithm require alter-
nating stages of DFT with stages of data exchange. Like the row-column method,
extensive interprocessor communications is required.

Reduced transform algorithms (RTA) will be considered as alternative methods
of computation. These algorithms apply number theory or polynomial theory to
the computation of the multidimensional DFT. They are reduced in the sense that

‘they compute a d—dimensional DFT with fewer 1D DFTs than the dN¢-! 1D
DFTs required by the row-column method. These algorithms include the polynomial
transform algorithm [44,45), the multidimensional AFW algorithm [5], the weighted
redundancy transform (WRT) [67,64], and the linear congruence algorithm [20].
Some RTA are shown to possess structures that do not intersperse computation
stages with communication stages. The algorithms that satisfy this constraint can
be implemented on distributed processors with no interprocessor communication.
These algorithms have neither the time nor the hardware cost associated with the
data exchange stages of row-column and multidimensional Cooley-Tukey algorithms.

The remainder of this chapter is organized as follows. First, the mathematical
preliminaries are presented. Then, reduced transform algorithms are discussed, and
a parametric line formulation of the linear congruence algorithm is described. A
constructive approach is used to show that a particular instance of this algorithm
matches up with the Nussbaumer-Quandalle polynomial transform algorithm. The
chapter closes by considering the parallel algorithms that have appeared in the liter-
ature. The presentation of these is loosely organized by machine model. The main
distinction between the algorithms is seen to be how the communication requirement

is handled.



2.1 Mathematical Background

The next few sections present the mathematical entities that are pertinent to this
research. The presentation includes the tensor product formulation of the one di-
mensional Cooley-Tukey FFT, the definition of the multidimensional DFT, the row-
column algorithm, and the multidimensional Cooley-Tukey FFT algorithm. This
information is required for the development of a new multidimensional FFT tensor

product formulation introduced in chapter 3.

2.1.1 Tensor Product Formulation of the Cooley-Tukey FFT

The use of tensor products as a tool for exploring the structure and expressing
the formulation of Cooley-Tukey FFT algorithms [16] was begun by Pease in [47].
Tensor products have since been applied to this task on various architectures. Some
of the more recent applications are presented in [60,54,43,25]. A definitive work
on the application of the language of tensor products to Cooley-Tukey type FFT
algorithms is D. Rodriguez [51].

The Cooley-Tukey FFT, and its variants, are composed of three types of stages
that are interspersed throughout the computation. These are (1) data movement
stages that are expressed by stride permutation matrices, (2) multiplication stages
that are expressed by twiddle matrices, and (3) stages of lower order DFT that are
expressed in terms of matrices derived from those DFT. The tensor product is used
to build up the formulation from these components. Recursive application of the
tensor product factorization and application of algebraic properties of the tensor
product allow variants of CT type algorithms to be realized. The definition of the
tensor product of matrices is given below, then the components of the factorization

are developed in terms of it.



The Tensor Product of Matrices

The tensor product of the n and m element vectors

Zo ] Yo
Ty n
z = and y=
L xn—l 4 L ym"l B

is the nm element vector z @ y defined by

Tn-1Y

(2.1)

The tensor product of the 7 X » and s X s matrices A and B is the rs X rs matrix

C defined by
agoB -+ apr-1B
C=AQ®B =

ar_10B -+ a,_1,1B

Some useful properties of tensor products are [51]
(A® B}(C® D)= AC® BD

[(A® B)(C ® D)J! = (C* ® D*)(A* ® B).

Let the matrix A; be of size n; X n;, then a ramification of (2.3) is

Al ® A2 = (Al ® Inz )(In1 ® A2)

d
A1®A2®“'®Ad=H(Ini-ln-®A"®IHd

j=0""J ny

i=1 J=it1d

If n; = n, then (2.6) can be written

d
A1IQRA2®--® Ag = H(Ini ® A; ® I a-1-i).

i=0
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One Dimensional DFT Definition

The n—point discrete Fourier transform (DFT) is defined by the summation

n-1
Y(k) =Y z(jwi, (2.7)
J=0

where

=273

wp=€emn, 0<k<n

and the matrix-vector product

1 1 o 1 g
1 w cor wn-l z
y=Faz= " n ! (2.8)
1 Wil e wp || Zaer

where F), defines the Fourier transform matrix.

Tensor Product FFT Formulation
The factorization of F, into stages of lower order transforms, can be written as [51}
F, = (Fs ® Ir)Tn,a(Is ® Fr)Pn,s (29)

where

n=Ts.
The stages of this decomposition are defined below.

1. The stride by s permutation P, . This permutation reorders the elements of

a vector z so that all elements that had previously been s apart are contiguous
(30, TgyeeoaTn—351T13 3419y Tn—stlyeeey zn—l)t = Pn,sﬁ (2-10)

2. The lower order Fourier transform stage

F, O

F,
IL,®F, = _ (2.11)

O Fy

b -

is computed by performing s independent r—point Fourier transforms.
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3. The lower order Fourier transform stage

Ir Ir M Ir

I, wiI - w1l
ReL=|T 7 T (2.12)

L I, w:—lIr cor wely

is computed by performing an s—point Fourier transform on vectors of length

T.

4. The twiddle factor matrix T, ;. Where n = rs this matrix is defined by the
direct sum

s—1

Tns=) @D, (2.13)

3=0

-Dn,-r = diag[l,wm AR ’w:;—l]

An important property of the stride permutations is the commutation theo-

rem [51] restated below.

Theorem 2.1.1 If A is an r X © matriz and B is an s X s matriz then

P.s(A® B)P,, =B®A

This property can be used to convert the data flow of one type of DFT stage to the

other. Consider

(Fs ® Ir) = Pn,s(Ir ® Fs)Pn,-r-

This identity will appear throughout the text.

2.1.2 MD DFT Definition

The summation form of the multidimensional discrete Fourier transform is given by

n1—1nz-1 ng—1

Y (G1,720 -+ Jd) = kz k): ---kz z(ky, ka, . ..o ka)withwizbz o faka(2.14)
1=0 2:0 d=0

. =21
0 < Jiy ki < my, Wp, =€ ™
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Using the tensor product, the d—dimensional Fourier transform matrix F;,, where

n = (n1,...,n4), can be written in terms of one dimensional Fourier transform

matrices [1]. F} is given by
F_7!.=(Fﬂ1®Fn2®"'®Fnd)- (2.15)

F, operates on a vector z formed by writing down the elements of the d—dimensional
input array z; in lexicographic order by dimension.

Letting n; = N, the direct computation of a single output point by the sum-
mation definition or by matrix multiplication requires N¢ complex multiplies, and
N4 complex additions. There are N¢ output points, so the evaluation of the entire
expression by this method requires NN¢ complex multiplies, and N?N? complex
additions. As in the 1D case fast algorithms exist for MD DFT. The most basic of

these is the row-column algorithm.

2.1.3 Row-Column Algorithms

Without loss of generality the row-column algorithm will be defined in terms of
the 2D DFT using the tensor product of matrices formulation. The row-column
algorithm evaluates the n x n 2D DFT by computing the 1D n—point DFT of the

rows and columns of the 2D array [10]. The n x n 2D DFT summation is defined as

ny—1nz-1 .
Y(ui)= > 3 ok, k)witkwizke, (2.16)
k1=0 k=0

and the 2D Fourier transform matrix is
Fo=Fon=(F0®F). (2.17)
Applying the identity of (2.5) to (2.17) yields
) Fon = (Fn® L)1, ® F,). (2.18)

If the Fourier matrix F{y ») is applied to a vector z formed from reading the rows of
the 2D array z(k;, k2), then equation (2.18) is seen to compute one dimensional F,

on the rows then columns of the input array. The row-column method is extended
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to any number of dimensions by performing 1D Fourier transforms with respect to
each dimension.

There are dN %=1 one dimensional Fourier transforms requiried to evaluate the
d—dimensional Fourier transform by the row-column method. If they are computed
directly then O(dN?+1) arithmetic operations are required. If N = 2" and they are
computed using the FFT, then the complexity is O(dN%log N). This represents a
considerable improvement over the O(V?¢) operations required for direct evaluation

of (2.16) or (2.15).

2.1.4 Multidimensional Cooley-Tukey Algorithms

The row-column method applies the Cooley-Tukey FFT algorithm in each dimen-
sion to compute the MD DFT. For the 2D case it applies the FFT row-wise then
column-wise. Essentially this decimates and transforms the array in each index sep-
arately. In [26] a derivation of an algorithm which decimates and transforms both
indecies simultaneously is given. This algorithm is a multidimensional Cooley-Tukey
algorithm in the sense that it exploits the additive properties of the underlying in-
dexing set to decompose the MD DFT into stages of lower order DFT, stages of
permutation, and stages of twiddle multiplication. Below, the multidimensional
Cooley-Tukey algorithm is derived for the 2D case, then extended to MD cases. In
chapter 3 a new tensor product formulation of the MD CT algorithm is presented.

The Ny X N2 2D DFT is given by
Ni—-1Nz2-1
Yk, k)= Y. Y z(n,no)wfiMwii™. (2.19)

n1=0 n=0
For Ny and N; composite, Ny = r18; and N3 = ros; let

ny = 1p1+ Uy, Ng=SP2 + U (2.20)

0<pi<r, 0Zu<s.
Substituting (2.20) into (2.19)

8§1~1 s2-1

Y(kl,k2) = Z Z w]l:,llulwfvzzuz (2.21)
u1 =0u2=0
ry—1rz-1

: Z Z z(s1p1 + u1, 8202 + U2)wf1m“’fzzp2

p1=0p2=0

14



where
ki(sipitui) __ | kipi, kiui
Wil < ok,

Repeating the same procedure on the output indexes, let

ki =a; + b, ky =az+12b2
0<a;<r;, 0<b;<s.

(2.22)

Substituting (2.22) into (2.21) gives the basic two-dimensional Cooley-Tukey de-

composition
s1—1 a;;—l
Y(a1 + r1b1,a0 + 7‘262) = Z Z wu1b1wuzbzw01u1wjlv2u2 (2.23)
u3=0uz=0
r1=17r3-1
0N a(s1p1 + w1, 52p2 + U)W WP
p1=0p2=0
where
w};;’#ibe)u.' = w¥ b.wx;u.

The decomposition of (2.24) extends naturally to multidimensional transforms that

have a composite number of points in each dimension. Let
N; = siri, ki = a; + r;b;, and n; = s;p; + u; (2.24)

where

0<a,pi<ri, 0<0bju;<s, i1=1,2,...,d

then the d—dimensional DFT given by (2.14) can be written

Y(ay + r1b1,...,aq + rgbg) = (2.25)
31—1 8q—1
Z Z wulbl .. “dbdw;'vlul w}z\;::ud

u; =0 ug=0
r1—-1 rq—1

E Z 2(81171 + Uyy...y84Pa + ud)walpl w‘,’:”d

7=0  pg=0
The next chapter will present a new tensor product formulation of the basic MD

CT factorization.
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2.2 Reduced Transform Algorithms

Reduced transform algorithms (RTA) take their name from the fact that they re-
duce the number of one-dimensional DFT needed to compute the MD DFT below
the dN9-1 required by the row-column method. These algorithms apply number
theory or polynomial theory to the computation of the MD DFT. They include the
Nussbaumer-Quandalle polynomial transform algorithm [44,45], the multidimen-
sional algorithm [5] of Auslander et al., the weighted redundancy transform (WRT)
[67,64) of Vulis and Tsai, and the linear congruence algorithm of Gertner [20)].

In [5] an algorithm for the computation of multidimensional transforms is intro-
duced. The algorithm depends on the underlying indexing set possessing finite field
properties and is therefore restricted to arrays of prime size in each dimension. The
WRT algorithm [67,64] depends on ring properties of the indexing set, and operates
on any M x N array. This algorithm computes the MD DFT in terms of a set of
lines that cover the output array. The output lines are formed by summation from
a set of 1D DFT computed on lines covering the input array. If the computation of
the 1D DFT are performed in parallel, then interprocess communication must occur
to form the output lines.

The Nussbaumer-Quandalle algorithm [45,44] uses polynomial transforms to
map the multidimensional DFT into a set of independent 1D DFT, and the lin-
ear congruence algorithm of [20] computes the 2D DFT by a set of independent
1D DFT along linear congruences over the indexing set. Both algorithms operate
on 2D square arrays of prime, power of prime, and product of prime sizes in each
dimension. Both of these algorithms evaluate the 2D DFT by a set of independent
1D DFT computed on data derived from the input set using only additions. Parallel
algorithms that require no interprocessor communication may be developed using
these reduction algorithms.

The remainder of this section is devoted to the parametric line formulation of
the linear congruence algorithm of [20]. This formulation of the 2D DFT directly
restricts computation to a set of lines covering the output grid. A constructive

approach is used to show that a specific case of this algorithm matches up with the
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Nussbaumer—Quandalle polynomial transform algorithm.

2.2.1 The Parametric Form of the Linear Congruence Algorithm

Below, the restriction of the 2D DFT to a set of lines covering the output grid
is described [1]. Using the parametric form of the line, expressions are derived
giving the covering set of lines, as well as the redundancy between lines. This
formulation is identical to the linear congruence algorithm of [20]. In later work this
formulation will be used to express a parallel algorithm for 2D DFT computation
with no interprocessor communication. An example is provided at the end of the

section.

Prime Case

The P x P2D DFT will be computed by restricting it to a set of lines over the
indexing set Z/P x Z/P. In general, the line through a point ¢ = (a1,a2) €
Z[P x Z[P is defined as the (cyclic) subgroup generated by a

L(a) = L((a1,a2)) = {ta = (a1t,a2t) : t =0,1,..., P -1} (2.26)

The following theorem gives a set of P point radial lines which cover Z/P x Z/P

[1].
Theorem 2.2.1 The set of P+ 1 lines

L((m,1)), m=0,1,...,p—-1
L((1,0))

cover Z[P x Z|P.

Proof. Let a = (a3, a3) be any element of Z/P x Z/P. Two cases of a; describe all

points a.
az # 0: Then ag is invertible modulo p and a = (ay,a;) is on the line L((a;a;,1)).

az = 0: Then (a1,0) is on the line L((1,0)).
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The P x P 2D DFT can be computed by restricting it to lines covering the P x P
output grid. The points on the lines L((m, 1)) are evaluated by

P-1 P-1
Vimt,t)y= 3. Y a(ky, kJwrmre), (2.27)
k1 =0k2=0
Using the change of variables:
i=k
d=km+ ks (2.28)
kg =d-mi
equation (2.27) can be written
P-1P-1
V(mt,t)= Y Y z(i,d - mi)w§. (2.29)
1=0 d=0

Similarly, the points on the line L((1,0)) are given by

P-1  P-1
V(t,0)= > wf Y (d,9). (2.30)
d=0 =0
Rearranging terms and identifying
P-1
a{™) = 3" 2(i,d — mi) (2.31)
=0
in equation (2.29), and
P-1
o = 3 2(d,9) (2.32)
=0

in equation (2.30), the P x P 2D DFT is seen to be computed by

P-1
Vimt,t)= Y wifa™), m=0,1,...,P-1 (2.33)
d=0
P-1
V(0= 3w, t=0,1,...,P-1 (2.34)
d=0

Equations (2.33) and (2.34) evaluate the P x P 2D Fourier transform with P+ 1 one
dimensional Fourier transforms on data derived from the input by the preadditions
of (2.31) and (2.32).

By inspection the only redundancy for this case is that the output point (0,0)
is common to each of the P + 1 independent P—point DFT.
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Power of Prime Case

In a manner similar to the prime case, the p® x p™ 2D DFT can also be computed
by restricting it to a set of lines over the indexing set Z/p™ x Z/p™. In general, the
line through a point a = (a1,a2) € Z/p™ X Z/p" is defined as the (cyclic) subgroup

generated by a
L(a) = L((@1,a2)) = {ta = (a1t,azt) : t =0,1,...,p" — 1}. (2.35)

The following theorem gives a set of p™ point radial lines that cover Z/p™ x Z/p"
[22].

Theorem 2.2.2 The set of p™ + p™~1 lines
L((m,1)), 0<m<p"
L((1,ps)), 0<s<p"?
cover Z[p™ x Z[p™.

Proof. For any a = (a1,a3) € Z/p™ x Z[p", let @ and B be the maximums such that

p®|a; and pPla;. The following describe all points.

a > f and a; # 0: Then ay/p® is invertible modulo p* and the point @ may be
written
a a ay, ag . _
a= (al’a'b’) = pﬁ (;;_7 p'_;) =az (5%(5%) 17 1)
All such g will be contained in the union of the p™ lines L((m,1)).

a < f and a; # 0: Then a;/p* is invertible modulo p™ and the point a may be

written
_ _ a1 az\ _ ap .22
a= (al, 02) = p“ (;;,;;) =a (1’(1—’;) ;};)
where
-1 -1
. ai azy _ a) as _
) GR)=r(3) Gow)=»

since

a\™ [ a n-1 n—1
F pati =cp" " + s, 0<s<p

All such g will be contained in the union of the p"~?! lines L((1, ps)).
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a; = 0 or az = 0 : By definition the point a lies on the line L((0,1)) if a; = 0 or
the line L((1,0))if az = 0.

Below, the redundancy of the covering set of lines of theorem 2.2.2 is considered.
Since there are p?" points in the p™ x p™ 2D grid, and the covering set contains
p™ + p*~1 lines, each of p” points, there are p?*~1 redundant points in the set. The
following three theorems fully describe the redundancy between any two lines of the

covering set of theorem 2.2.2.

Theorem 2.2.3 The redundancy between any two lines of the set L((m,1)) is

max

L((7,1))n L((k,1)) = L((?""“(modpe), P" %)), @ :3j= kmodp®
0<5,k<p”

Proof. By definition the points on the lines L((j,1)) and L((k,1)) are equal only
when £j = tk modulo p®. If { = 0 the point (0, 0) is common. If ¢ # 0 and p ft then
t is invertible modulo p™ and common points exist only for j = k. Otherwise there
is some @ such that ¢/p? is invertible modulo p", and common points exist if j = k
modulo p*~A,

Let a = n—f, then the points common to the lines L((j,1)) and L((k,1)) can be
written ¢;(p™ (K modpe ), P"~*). The subgroup defined by these points is maximal

for maximum « satisfying 7 = k£ modulo p°.

(]
Theorem 2.2.4 The redundancy between any two lines of the set L((1, sp)) is
L((1,29)) N L((1,pk)) = L((®" 71, 8" (jmodpe))), "&":j = kmodp®
0<g,k<p™

Proof. By definition the points on the lines L((1,p5)) and L((1,pk)) are equal only
when ptj = ptk modulo p". As was the case for the lines L((m,1)),if t = 0 the point

(0,0) is common. If p ft then the only common points exist for j = k. Otherwise
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there is some 8 such that t/pf is invertible modulo p*, and common points exist for
j = k modulo pn—#-1,

Let a = n— B —1, then the points common to the lines L((1,p7)) and L((1, pk))
can be written ¢;(p"~*~1, p"~*(kmoapa)). The subgroup defined by these points is
maximal for maximum « satisfying j = k£ modulo p®.

.

Theorem 2.2.5 The redundancy between lines from the set L((m,1)) and lines

from the set L((1, sp)) is
L{(5,1))n L((1, pk)) = (0,0)
0<j<p*,and0< k< p*!

Proof. By definition the points on these lines are given by (¢j,t) and (t,tpk). For
these points to be equal both ¢tj = t and ¢t = ¢tpk must hold modulo p". Consider
t = tpk. Since for any ¢ there exists a maximum S such that p|t, it is implied that
pk = 1 mod p"# and therefore k = p~! modulo p"#. Since p~! does not exist
modulo p¥ the proof is completed.
0

The p™ x p" 2D DFT can be computed by restricting it to lines covering the
p™ X p"output grid. The output points on the lines L((m, 1)) are evaluated by

V(mt,t) = pzl pil z(ky, kp)wlfam et (2.36)
k1=0 k=0
Let
i=k
d=kym+k; (2.37)
ky = d—mi

Substituting (2.37) into (2.36), the 2D DFT restricted to the line of output L((m, 1))

is written:
ph-1p"-1

Vimt,t)= Y Y 2(i,d - mi)wii. (2.38)

1=0 d=0
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In a similar manner, the points on the line L((1, sp)) are given by

-1 p -1

V(t,spt)= Y wit Y az(d— 2si,i). (2.39)

d=0 =0
Rearranging terms and identifying

"1

a((im'l) =Y z(i,d - mi) (2.40)
=0
in equation (2.38), and
n—1
a,(il”") = Y z(d - spi,i) (2.41)
=0

in equation (2.39), the p™ x p™ 2D DFT is seen to be computed by

-1
V(mt,t) = Z w,‘ff.a‘(im’l), 0<m<p" (2.42)
d=0
pt-1
V(t,spt) = Z wgf.afil’o), 0<s<p*? (2.43)
d=0
0<t<p".

Equations (2.42) and (2.43) evaluate the p™ x p" 2D Fourier transform by

P+1) n
(5

one dimensional Fourier transforms on data derived from the input by the preaddi-

tions of (2.40) and (2.41).

Ezample

The following is an example of the prime case of the algorithm.
Consider the computation of the 3 x 3 2D DFT

1 2
Vina,nz) = Y, Y z(ky, kp)w™Fwmeke (2.44)

k1=0k2=0
ny,ng = 0, 1, 2
by the line algorithm. The output array V(n;,n,) will be produced along four lines.

These are shown by the arrays below. The label above each array defines the line
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of output represented by the array. The boxed elements in each array identify the

points contained in that line.

L((0,1))
vio V1,1 V1,2

V2,0 V21 V2,2

L((2,1))
Yo,1 Yo,2
vo v 12
V2,0 V2,2

L((1,1))
Y0.0 Yo,1 Yo,2
vi0 PLA vy
V20 V21 2.3

L((1,0))
Vo1 Vo,2
V1,1 1,2
V2,1 V2,2

(2.45)

Each of the lines of output listed above is computed by performing a 3—point DFT

on data derived from the input by additions. The preadditions required to generate

line L((z,y)) of the output are given by the reduction operation a,(f’y). These are

listed below.

a(()o,l)
o0

2©

o2
o)

o)

(0,1)
ay
Zoo+ 1,0+ 22,0

Zo,1 + Z1,1 + T2,1

ZTo2 + 212+ T2,2

a,(f'l)
Zgo + Z1,1 + T2,2
Zo, + 21,2+ 20

Zo2 + T1,0 + 21

of)
agl,l)

agl,l)

a0
a1

)

1,1
o)
Too+ T12+ T21

To1+ T10+ Z22

Zo2+ 11+ T20

1,0

a0
Zo,0 + To,1 + Zo,2
10+ 211+ Z12

T20+ T21+ T22

The lines of output shown in the arrays of (2.45) are produced by performing a

3—point DFT on each a‘(f’y) given above.



2.2.2 A Relationship Between the Nussbaumer—Quandalle Polynomial
Algorithm and the Line Algorithm

This section shows that the Nussbaumer—-Quandalle polynomial transform algorithm
can be reduced to the line algorithm. A constructive approach is adopted to iden-
tify corresponding entities of the polynomial algorithm and the parametric line al-
gorithm. Only the prime case of the algorithm is considered. The Nussbaumer-
Quandalle algorithm depends on the following polynomial representation of the
P x P 2D DFT, where (2.48) gives the 2D DFT.

P-1

Xn,(2) = Z R (2.46)
ny=0
P-1

Vib(z) = Z Xy, (2)w™k mod (2P - 1) (2.47)
'n1=0

Vieke = Vi (2) mod(z — wh?) (2.48)

0<L kl,k2 < P

The first step of the algorithm requires the computation of the 2D DFT at k; = 0.

Rearrange (2.47) by powers of z, write

P-1
Vi(2) = E bi(kq)2t (2.49)
=0
where
P-1
bi(ky) = Z :vd,,'wdkl (2.50)
d=0

which by the modulo operation of (2.48), gives Vi, x, evaluated at k; = 0 as

P-1 P-1
Vipo= Y w™ ) zq; (2.51)
d=0 1=0

Expression (2.51) is identically to the restriction of the 2D DFT to the line of output
L((1,0)). This is the computation of afil’o) given by equation (2.32) followed a 1D
DFT of P—points on a{"?).

The next stage of the algorithm computes the output for points where k; # 0.

This stage is derived in two steps. The first reduces the order of the computation
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by exploiting the fact that (zF — 1) can be written as the product of two cyclotomic
polynomials for prime P

(zF = 1) = (2 -1)P(2) (2.52)

P-1
Pz)= JI (z~wh)=T](z-w")
GCD(ky,P)=1 k2=1

Since (z — w*2) is a factor of P(z) which is in turn a factor of (2F — 1), equation

(2.48) can be rewritten
Vi by = ((Vk1 mod (2P - 1)) mod P(z)) mod (z — w*?) (2.53)
which reduces equation (2.46) to

P-2
X,lu(z) = Xy, (2) mod P(2) = E (Tnymp — Tny,P—1)2"2 (2.54)

n2=0

and equations (2.47) and (2.48) can be written

P-1
VA(z) = D X} (2)w™* mod P(2) (2.55)
n1=0
Vi, = VA(2) mod(z —wh?) (2.56)
1< kg < P

The second step of this stage applies the permutation k;k2 to equations (2.55)
and (2.56) giving

P-1
V(2 = Z X,lu(z)w""“k" mod P(z) (2.57)
n1=0
Vika ke = Vlcllkg(z) mod (z - wh?) (2.58)

The effect of the modulo operation of equation (2.58) is to replace z with w*2. Thus

equation (2.57) may be written

P-1

Vie(2) = ZX,ltl(z)z"lkl mod P(z) (2.59)
ny=0

Viskake = Vi, (2) mod(z - w®) (2.60)
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Equations (2.59) and (2.60) complete the algorithm. To show that these equations

matchup to the line algorithm consider equation (2.59) written as

P-1 P-=-2
Vi)=Y b(ny mp) "2 ™F1) mod P(2) (2.61)
n1=0nz=0
where
b(nyng) = (Tnymz = Eny,P-1) (2.62)

The coeflicients of this polynomial are derived by adding the by, n, associated with
like powers of 2. Rearranging equation (2.61) in this way yields

P~2P-1

Virko(2) = D D7 bi(diks) moa ) 2" (2.63)
d=0 =0

where the identifications
d=n,+mk
2R (2.64)
= n
have been made. Performing the modulo operation of (2.60) gives

P-2

P-1 -
Viskaks = 3w 3" b aziy) (2.65)
d=0 1=0

The innermost summation matches up with afim’l) given by equation (2.31) where
m plays the role of k; and ¢ plays the role of k;, and the DFT stage is restricted to

the dataset by, n,)-
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2.3 Parallel Algorithms

This section reviews parallel algorithms for the computation of multidimensional
discrete Fourier transform (MD DFT) that have appeared in the literature. The
algorithms are categorized by their target architectures. These include algorithms
for array and multiprocessor architectures, algorithms specialized to mesh, tree,
heirarchical memory, shared memory, and ensemble architectures, and algorithms

intended for special purpose and dedicated VLSI machines.

2.3.1 Array Processors

Array Processors [30] denote synchronous k-dimensional arrays of P = Q* processing
elements (PE). These machines operate in a SIMD (single-instruction-multiple-data)
[19] mode. In this mode the P processing elements are issued instructions by a single
control unit. Each PE has a local memory, and the PEs communicate with each
other over an interconnect network (IN) that connects neighbors in each dimension.
Communications overhead plays a significant role in execution time, and is measured
in terms of routing operations. These are defined as moving 1 datum from every
PE to its neighbor in one of the dimensions.

Jesshope [33] examines 1D and 2D FFT algorithms on array processors. The
performance of fine grain and course grain row-column and Cooley-Tukey FFT im-
plementations are considered in terms of arithmetic operations and routing oper-
ations. In this context, course grain computations refer to those where complete
FFTs are computed at each PE using local memory, and fine grain computations
are those that distribute the computation across the PEs. Jesshope determines
that the arithmetic count is similar for both granularities, but that the course grain
computations achieve superior performance because they require many fewer rout-
ing operations. For this computational model he shows that the minimum number
of routing operations occurs for course grain computations on hypercube INs, and
increases exponentially with decreasing connectivity (number of dimensions).

Given this mode of processing, an n X n 2D DFT algorithm can be specified by
applying the commutation theorem (2.1.1) to the 2D DFT definition of equation
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(2.18) to obtain
Fan = Pp2 o(In ® Fo)Pp2 (I ® Fy,). (2.66)

Each of the computation stages (I, ® Fy) describes n independent F,, while the
permutation P, ,, defines the interprocessor communication required.

Jamieson et al [32] also consider 2D FFT implementations on SIMD array pro-
cessors. They examine INs that support cube. and shift; interconnect functions
[55]. Cube. specifies the interconnection between PEs whose addresses differ only in
the ct* bit position, while shift; connects PE; to PE(;4iymodn- Using this model,
the computation of the 2D FFT of N x N data on an N PE machine requires NV —1
interconnect functions. This compares favorably with the number of arithmetic
operations O(NlogaN), but is expensive in hardware. INs capable of supporting
one or both of these functions include: data manipulator[18], omega[37], Staran
flip[7),generalized cube[56], and ADM[57]. The data manipulator requires logs N
stages of N switches, while the others require loga N stages of N/2 switches. This
represents a considerable cost and is frequently the most complex subsystem of the
processor.

In [70] Zapata et al. optimize MD FFT for SIMD hypercubes. They develop
schemes for minimizing the routing requirement of the data exchange stages of
FFT algorithms. The algorithm was simulated on the NCUBE [40] and similar to
Jesshope they reported that courser grained algorithms outperformed finer grained

ones owing to their reduced routing complexity.

2.3.2 Multiprocessors

Multiprocessors are single computers composed of a collection of processing elements
(PE) together with some means of interprocessor communication [30]. These ma-
chines operate in a MIMD (multiple-instruction-stream multiple-data-stream) [19]
mode. Each processor has its own control, memory, and arithmetic units. Inter-
processor communications are supported either by an interconnect network (IN)
or a shared memory. Those machines which rely on INs for communication have

been termed loosely coupled multiprocessors, while those that use shared memory
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have been termed tightly coupled. This nomenclature is derived from the degree of
interaction expected between processors in these systems.

Multiprocessors exist which operate in single-program multiple-data-stream SPMD
mode [24]. This is a sliced procedure where the same program is executed simulta-
neously at all the PEs on possibly different datasets. The constraint this imposes is
that all PEs begin processing at the same point and return from processing to the
same

point. During processing, program flow is free to follow different paths based on

the dataset.

2.3.3 Tree Processors

In [24] the concept of the balanced parallel algorithm is applied to the computation
of the 2D DFT on tree machines. These are machines where each PE is connected to
its parent, a right child and a left child. The processing mode is taken to be SPMD.
The entire tree is assumed to be connected to a communications channel through the
root. Identical PE’s are distinguished by some position dependent labeling scheme
ie. breadthfirst numbering. The communications functions required are broadcast
and report. In broadcast mode the channel sends data to all the PEs in the tree. In
report mode a PE distinguished by ID number sends data to the channel.

A balanced algorithm is one where the communication and processing time are
equal. Such algorithms can achieve 100% machine utilization using task level pipelin-
ing. The algorithm implemented is the standard row-column 2D DFT realized by
the following steps: The rows of input are distributed evenly among the PEs. In par-
allel the PEs perform 1D FFT(N) on those rows. A global transpose is performed.
In parallel the PEs perform 1D FFT(N) on the columns. The output is uploaded by
column from the PEs. Extensive interprocessor communications are not supported

by this model; only host-PE communications are provided. The simplicity of the
: communications skeleton allows high speed communications at low cost. A draw-
back of this scheme is that 4N? host-PE data moves are required. This quantity

limits system performance and cannot be improved by increasing the number of
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processors.

2.3.4 Hierarchical and Shared Memory Machines

Norton and Silberger [43] consider tightly coupled shared memory architectures
for parallel 2D FFT computation. Their memory model is a three level hierarchy:
private cache and local memory for each processor, and shared global memory for all
the processors. They compare the performance of two algorithms that compute the
2D FFT on these architectures. Both algorithms compute the 1D FFT on the rows
in parallel, then on the columns in parallel. The difference between the methods
is which memory is used for computation. The first method computes with the
rows and columns in place in shared memory. The second copies the row/column
from global to local memory, transforms in local memory, then copies back. Both
algorithms use the shared memory to realize a matrix transpose. Their comparison
shows that if the global shared memory is even 10% slower than the local memory,
the copy algorithm is faster. Since the copy algorithm uses the shared memory only
as an IN, the shared memory must be within 10% of the speed of local memory or an
IN would be a more efficient solution. Because of the difficulty involved in realizing
shared memory, these machine will be considered equivalent to IN multiprocessors

for the purpose of 2D FFT computation.

2.3.5 Ensemble Processors

Milutinovic [39] examines 1D DFT computation by direct matrix-vector multiplica-
tion on loosely coupled multiprocessors. They show that for problems where only
a subset of output points are required this method is preferable to parallel CT
FFT methods. The primary reason for this is the absence of interprocessor com-
munication in direct DFT computation. This simplicity reduces both machine and
design cost. However, the extension of this method to 2D N x N DFT requires
N2 processors each of which would have to compute or have stored N2 constants.
If L processors were available, the computation would require time for [N2/L]N?

multiply-accumulates if the PEs stored [N2/L] constant vectors of length N2,
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Bergland [9] introduces an ensemble processor algorithm for parallel FF'T com-
putation. His original algorithm maps the 1D DFT to a 2D DFT using the Good-
Thomas algorithm [23], and therefore constrains the size of the dimensions to be
relatively prime. However, this method may be applied to any two-dimensional
DFT. The machine model can be taken as a multiprocessor together with an IN
which supports broadcast and report communication functions. On an N PE ma-

chine the N x N 2D DFT can be computed as
Fynz=(In® Fn)(FN® IN)z

Where one of the FFTs of the second stage (In ® Fy) is assigned to each of the

PEs. Given this assignment, the it» PE must perform the matrix operation
(In ' Ine®Iy - oV Vily) 2.

on the input. Thus PE; computes one complex multiply-accumulate operation for
each point input to PE;. This requires eight arithmetic operations ( 4 multiplies
and 4 adds) for each complex point input to the machine. If a PE requires time a
to complete one arithmetic operation, and the system requires time ¢ to complete a
single word of a communication operation, then if @ = ¢ the algorithm requires the
time for the data input and output, plus the time for O(N?) arithmetic operations,

as well as a memory of size O(N?).

2.3.6 Special Purpose Machines and VLSI implementations

Special purpose architectures for MD FFT implementations also reflect the require-
ment that extensive interprocessor communications are required. In [15] a real-time
N x N 2D DFT engine is proposed. The machine implements the row-column algo-
rithm, and relies on a ram array transposer (RAMAT) to realize the transpose stage
l;etween the row and column FFTs. The RAMAT is a memory that is organized as
a matrix and can be accessed by row or column address.

In [21] an AT? optimal circuit [62] is introduced for N x N 2D DFT computation.

The circuit uses NV processors each performing 1D DFT(N) and a rotator of area
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O(N*) to perform the transpose. This circuit is generalized by [14] to permit greater
area-time tradeoffs. Hornick [28] considers the P X P mesh of trees circuit which
has P* processing elements for N X N 2D DFT computation. By applying the

vector-radix algorithm [26] he attains a family of circuits that are AT? optimal.
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2.3.7 Conclusion

The parallel algorithms for MD DFT computation considered in this section require
either extensive interprocessor communications or excessive computation. The ma-
jority of algorithms that have been studied rely on the row-column or multidimen-
sional Cooley-Tukey algorithms. These algorithms intermingle data exchange stages
with computation stages. Because of this they require extensive interprocessor com-
munications when implemented on distributed machines. The algorithms that have
been studied that do not require interprocessor communication are direct matrix-
vector multiplication implementations. These require excessive numbers of complex
multiplications.

The remainder of this work analyzes and describes multiprocessor algorithms
that use reduced transform methods to compute the DFT. These methods are shown
to eliminate interprocessor communications at the cost of an increased number of

additions. The additions can be performed concurrently with the data download.
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Chapter 3

A Tensor Product Formulation for Multidimensional

Cooley-Tukey Algorithms

The tensor product formulation of one dimensional Cooley-Tukey FFT algorithms
was reviewed in chapter 2. This chapter presents a generalization of that formulation
to multidimensional cases. The central feature of the generalization is that CT
decimation permutes the indexing sets by coset decomposition; the decompositions
induced by these algorithms are shown to depend on dual coset decompositions of
the input and output index groups. The formulation presented here differs from
other multidimensional tensor product formulations of the CT FFT in that it is
intrinsically multidimensional. The required entities are defined in terms of the
additive properties of the underlying indexing set and require no correction matrices.

As in the one dimensional case, the multidimensional Cooley-Tukey algorithm
is built up from three basic stages. These are (1) stages of data movement (permu-
tation), (2) stages of multiplication (twiddle factors), and (3) stages of lower order
multidimensional DFT. In order to procede with the development of the formulation
it is necessary to define the coset decompostion of a group [11]. Following this the

basic entities of the formulation will be introduced.

Definition. Let < G,+ > be any finite group, and < H,+ > be any subgroup of
< G,+ >. The following steps define a constructive procedure for obtaining the

coset decomposition of G with respect to H.
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1. Create an array whose first row contains the elements of the subgroup H.

2. Select an element from G that has not appeared in any previous row and apply
it on the left to the elements of H using the group operation to create the next
row. Continue this step until all elements have been exhausted. Each row of
the resulting array is a coset. The first element of each row is termed the coset

leader.

FEzample: Consider the ring of integers Z/N. The coset decomposition of Z/N
with respect to the subgroup sZ/N, where N = rs, is shown below. Then Z/N =
{0,1,...,N -1} and sZ/N = {0,s,...,(r — 1)s}. The coset decompostion of Z/N
with respect to sZ/N is given by the array

0 s 2s o (r-1)s

1 s+1 2s+1 -+ (r—1)s+1

2 s+2 2542 ..o (r—1)s+2
$—~1 2s—1 3s-1 --- n—1

Observe that row 0 is the subgroup sZ/N, and that the row 7 is coset 7, with coset

leader :.

a
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3.1 Coset Permutation

The coset permutation is the multidimensional analog of the stride permutation
(section 2.1.1) for Cooley-Tukey type FFTs. The coset permutation is denoted P, s,
where n = (n1,...,nq) and 8 = (81,...,84). It is defined in terms of the coset
decomposition of the underlying indexing set Z/ny X Z/ng X - - - X Z/nq with respect
to the subgroup s;Z/n; X $2Z/ny X +-- X $4Z/nq4. The following notation will be

used throughout:

1. Z/n denotes Z/ny X Z[ng X -+ X Z[n4.

2. sZ/n denotes 51Z/ny X s2Z[ng X -+ X $4Z[nq.

If z is the vector formed by writting down the elements of the d—dimensional array
X, lexicographically by dimension, then the coset permutation matrix Py is fully

defined by

y = Py ez, n; = STy (3.1)

where y is the vector formed by writting down the elements of X, lexicographically

by cosets of the decomposition Z/n with respect to sZ/n.
Consider the two dimensional array X (ni,nz), where n; = r18; and ng = r2s,.
The underlying indexing set is the ring Z/ny X Z/n,. The (3,7) coset of Z/n1 X Z[n2

with respect to the subgroup s1Z/n; X 82Z/n; is

i1j i732+j1 et i7n2"'32+j
81+, s1+i,82+3 - s1ti,n2a—s2+j
- . o (3.2)
nm—-s+1%475 n1—81+4,8+7 - np—81+it,ne—82+73
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The coset permutation of z is formed by reordering the elements of z lexico-

graphically by coset, and is given by:

/ \ ( To,0 \
Io,o .
20,3,
To,np-1
T1,0
To,n2—a3
y= = Plny ) (s1,02) (3.3)
Z1,np-1
Ty ~1,8,—-1
Tny—1,252-1
Tpy-1,0
\ Tny—1,m3-1 /

\ Tny—~1,np-1 }

The following example illustrates this idea.

Ezample: Consider the permutation y = P(44)(2,2)2- The coset decomposition of
Z[4 x Z[4 with respect to 2Z/4 x 2Z[4 is given below. Each coset is shown as a

matrix with its coset leader in parenthesis above it.

(0,0) (0,1)
] 0,0 0,2 0,1 0,3
2,0 2,2 2,1 2,3
(1,0) (1,1)
1,0 1,2 1,1 1,3
3,0 3,2 3,1 3,3
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The permuted vector formed by reading the cosets of indexes lexicographically is

( Zo,0 \ [ Z0,0 \
Zo,2 Zo,1
2,0 To,2
2,2 Zo,3
Zo,1 T1,0
To3 T11
2,1 1,2

z
y=| " | = Puwea | 7 (3.4)
1,0 Z2,0
T1,2 Z2,1
3,0 2,2
T3,2 T2,3
T1,1 3,0
1,3 Z3,1
3,1 3,2

\ 233 ) \ 233 )

In the one dimensional case, where n = rs, the underlying indexing set is the
group Z/n and the subgroup used for the coset decomposition is sZ/n. Direct ap-
plication of the definition of the coset permutation results in the stride permutation

P, .

Ezample: Consider the coset decomposition of Z/n with respect to sZ/n shown in

the previous section. The permuted vector formed by reordering the elements of z
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lexicographically by coset is

( Zo \
Zs
Zo
L(r-1)s
Z1
y= = Pu, (3.5)
Ts-1
Tn-1
T235-1
oy

which is exactly the stride by s permutation P, , of z.

O

The vector corresponding to the coset permutation of a d—dimensional array X,

can also be defined by the mapping
Uy :Z/n— Z[n,

where n = n; - - -ng and ny = sgr. Then every j € Z/n can be written uniquely as

j = f—b1+i-b2+---+ by (3.6)
81 8182 Slnn.sd

r T r
+ —a1+——az+---+
™ ™72 Ty°+Td

aq

d

= Y | L Ap—
- k k ’
k=1 Hi:l Si Hi:l L

0<ar<rmr and O0<bi < s

and every o) € Z/nj can be written uniquely as
o = Spax + bg.
Let ¥; be the mapping defined by

d
T
¥i(j) = ( [bk'—ﬁ—-!-ak ])
Icgl n§=1 Si n:'::l Ty
= (slal + b1,82a2 + by, ..., 8404 + bd). (37)
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Then
y(])=X(‘I’1(])), j=01,...,n-1 (38)

defines the sequence formed by reading the cosets of X, lexicographically.

The coset permutation of a vector representing a multidimensional array can be
specified by a permutation of Z/n. First, let ¥, be the mapping ¥3 : Z/n+— Z/n
which for all ¢ in Z/n is given by

Uo(a) = Ya(ar,...,aq) = (J) = Zak (n/Hn,) . (3.9)

Then the d—dimensional array X, can be represented by the sequence z

X(a) =z (¥2(a))

X(ag,...,a9) ==« (Z o (n/ H n,)) = z(j) (3.10)

i=1
which is the vector formed by reading the elements of X (ny, . .., n4) lexicographically

by dimension.

Let ¥ be the mapping
V:Z/n— Z[n
U = ¥y (¥y)

which for all j € Z/n is given by

¥(5) = ¥2(¥1(5)) (3.11)
d d
) v (E Hg_1 ; —+ akﬂ;_l t]) = ;(skak + b) (Hf:n; n.')
then
v ==z(¥(G), j=0,1,...,n-1 (3.12)

defines the coset permutation P, , of a vector z.
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The permutation matrix P, , can be defined by the permutation ¥ : Z/n

Z[n which takes j € Z/n to ¥(j) € Z/n. The matrix P, is written

Do,o Po1 ves Pom-1

Pyg=| 0 P Baem (3.13)

| Pn-1,0 Pn-11 -+ Pn-1,n-1 |
where
1, k=Y¥(j)

Pik = where 0<j,k<n-1
0, else

Since every k € Z/n can be written uniquely as
d l
k= Z (n/ H n,-) (s1a1 + by) (3.14)
I=1 =1
and similarly every j € Z/n can be written uniquely as
d 1 i
ji= Z [bz (n/ Hs;) + a; (T/HT,')] . (3.15)
=1 i=1 i=1
Then the inverse coset permutation of a vector representing a d—dimensional array

can be defined by the permutation

¥ 1:Z/nv— Z/n

\Il‘l(k) =j (3.16)
1 1 l
vl (E (n/ H n.-) (sia1 + b;)) = 2 {bl (n/ Hs;) + a (r/ H r;)]
=1 =1 =1 1=1 =1
and
z(k) = y(¥~Y(k)), k=0,1,...,n-1 (3.17)

defines the inverse coset permutation of a vector y.

The inverse coset permutation matrix Pz;; is given by
Prs=Fus (3.18)

Note that unlike the inverse stride permutation where P,:} = P,,, in general the

inverse coset permutation Py} # Py ,.
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3.2 Multidimensional Twiddle Factors

The diagonal matrix Dy, , of order s is defined by
D, , = diag[l,wn,...,w5™}] (3.19)

The multidimensional twiddle factor matrix T, ; is defined as the direct sum of the

tensor product of diagonal matrices

81-1 82-1 8q~1 . . '
Tps= . ® > &Y &, ®D2, ® - @Dt ) (3.20)

J1=0 j2=0 Ja=0

Restricted to two dimensions this becomes

s1—1  92-1

T(n;,ng),(sl,sz) = E @ E @(Dgz.ll,rl ® D'-I";.zg,rz) (321)

=0 j2=0
3.3 MD FFT Tensor Formulation

A tensor product formulation for Cooley-Tukey type multidimensional FFT algo-
rithms is introduced in this section. The presentation begins with the development
of the formulation for the two-dimensional case. Following this the reduction of the
formulation to the one-dimensional case is given, and is shown to be identical to
the one-dimensional formulation given in [51]. Finally, the general multidimensional
tensor product fomulation is presented.

The main result of this section is that the ny X no 2D DFT can be evaluated by
the procedure listed below, and that this interpretation of the evaluation leads to a

tensor product of matrices formulation for CT type MD FFT algorithms.

1. Computation of 7y X ro 2D DFT. Each of these is performed on a coset of the

input with repect to the subgroup $;Z/n; x s2Z/n,.

2. Twiddle multiplications. The (a;,az) element of the (u;, u2) coset transformed

is multiplied by wii*1wyz¥2.

3. Computation of s; X s; 2D DFT. Each of these produces a coset of output
with respect to the dual of the input subgroup. The output subgroup is

r1Z/n1 X Tzz/ng.
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Consider an n1 X ng 2D DFT where ny = 718; and ng = r2582. The Cooley-Tukey

decomposition of this transform is given by equation (2.24). Letting

X1(u1,u2,p1,02) = z(8191 + u1, S2p2 + u2) (3.22)

and using (3.22), the innermost summation terms of (2.24) can be written

ry—1 -1

Yi(uy, uz,a1,02) = ) Y Xa(ua,us, a1, a2 )wiiPrwizr2, (3.23)
P1=0p,=0

To write equation (3.23) as a matrix-vector product let z; and y, denote the vectors
formed by reading the elements of arrays X; and Y; lexicographically by dimension.

Then equation (3.23) can be represented by

Frl 72

F,
y, = e z;. (3.24)

Frl "2

Refering back to the definition of the tensor product of matrices given by (2.2),

equation (3.24) may be written

n= (Islsz ® Fr;,rz)iv_l- (3.25)

Each segment of 737, points of the vector z; is a coset of Z/n; X Z/ny with respect
to s1Z/n1 X s2Z/ny. By equations (3.11) and (3.12) z; is seen to be given simply

by the coset permutation of z

z'l = P(nlvn2)v(slvs2)£ (3'26)

where z is the vector formed by reading the elements of the input array X lexico-
graphically by dimension. Substituting (3.26) into (3.25) gives the first stage of the
computation as

= (Isys, ® Fr, ,Tz)P(m,nz),(sl.sz)ﬂ- (3.27)

The next stage of the computation of (2.24) is the evaluation of the twiddle

multiplications. These are given by

ajuy  ,a2U2

Ya(u1, u2, a1, 02) = WM w22 Y1 (U1, u2, a1, €2). (3.28)
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Letting y, be the vector representing array Y7, a matrix representation of equation
(3.28) is given by
(3.29)

( (I, ®I,) )

(I, ® Diz31)
(‘Dnl 3Tl ® I"2)

s2—-1
(D‘nl 1 ® Dﬂ%#z

(‘Dnl Tl ® I7'2 )

\ ('Dnl »T1 ® Dfl%;i) )
The diagonal matrix in this expression is the twiddle factor matrix defined by equa-

tion (3.21). This allows (3.29) to be rewritten as

Y= T(ﬂlmz)(shsz)l/_l- (3.30)

Letting
Y,(bla b27 a, a2) = Y(al 4+ leh az + T2b2) (331)

the last two summations of equation (2.24) are written
s1—1 s2-1
Y’(b], bz, a, az) = Z Z w:llblw;‘:b2Y2(’lL1, Uz, aq, a2). (332)

u1=0u2=0

If ' and y, denote the vectors representing the arrays Y’ and Y, equation (3.32)

can be written in matrix form as
ﬂ' = (F8162 ® I"xrz)l/_z' (3.33)

Observe in (3.31) and (3.32) that the output of each Fj,,, is the (a1,a2) coset of
the output array Y with respect to the subgroup r1Z/n; X r2Z/n3. The vector 3’
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of (3.33) is seen to contain the elements of each output coset seperated by r = 7,

points. So the vector
¥ = Py (3.34)

must contain contiguous cosets of the output. By definition this vector is the coset

permutation of the output vector, and may be written
¥ = Py, (3.35)

where y is the vector formed by reading the output array Y lexicographically by

dimension. Conversely, y is given by
y= P(;:’nz)’(rlm)g”. (3.36)
When these results are combined the tensor product formulation is seen to be
y= Q(m,nz)(rz,rz)(Fn 52 ® Inyr, )T(n1n2)(81 ,32)(131 2 ® F": ,’rz)P(nz m2)(s1,52)L (3°37)

Qemsm)riir2) = Py ma)ra ) Promara-

The formulation reduces to
Y= (Fs ® I )Tns(Is ® Fy) Pyoz (3.38)
in the one dimensional case since
Qnyr = PrpPoy = L.

The formulation of (3.37) extends to general multidimensional cases naturally

for DFT which have a composite number of points in each dimension. In general

Fo=(Fy®--®F,) (3.39)
where
n= (nl,n23 ’nd) n=m ng
n; = T;8;
r=(T1,T2y..4,7d) T=TyeeTy ' (3.40)
t1=1,2,...d
S = (81,82y..-,8d) 8=81-:84



can be formulated as
Fp = Que(Fy @ I)Tps(Is ® Fr)Pr,s (3.41)

.. p=-1
Qﬂyl - Pﬁ,z‘_an""

If Fiy denotes the d—dimensional DFT of N —points in each dimension, and N = 27,
equation (3.41) can be applied iteratively to obtain the radix-(2 x .-+ x 2) MD

factorization. This is given by

an et an’gn—1 (F_g- ® I(2n_1)d)T_2_n’2 (3.42)
rr o (Lgp_p)d @ Qor gr-1)(2,_4ya ® Fz ® Lgr-1)a)({(2,,_4)e ® Tpk 2)
o (T(gn-1ys ® F2)Q

= (H ((2,_x) ® Qab, 26-1)T(2,_4)4 ® Fp ® L(z-1)a)(I(2,,_4)e ® Tz*.z)> Q.
k=1
Q = (I(2n—2)d ® Pg2,g) Tt (I(zk)d ® Pg"-k,g) oo Pyng

n—2

= T 0e 0 Boes)
k=1 .

where a denotes the vector @ = (a,...,a).

In the introduction of this chapter, reference was made to the dual nature of the
input and output decompositions. These decompositions are duals in the sense that
they are coset permutations defined by dual subgroups of the d—dimensional index

set Z/n. To make this explici_t use the inner product defined as
a-B=o01f1+ -+ aifs, a,f€Z/n (3.43)

The subgroup defining the input partition was shown to be sZ/n for n; = s;7;, and

a=(s101,...,540q4), @€ sZ/n. (3.44)
The output is produced on the partition defined by the subgroup rZ/n, where

B = (r1b1,...,74B4), PBErZ/n. (3.45)
Then, with respect to the definition of (3.43), the inner product of all

a€sZ/n
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and

is
a-f=a1fpsir1 + -+ adfasira = 0, (3.46)

establishing the duality.

3.4 Conclusion

This chapter has presented a new tensor product formulation for multidimensional
Cooley-Tukey type FFT algorithms. The factorizations of the DFT induced by
these algorithms are shown to depend on dual coset decompositions of the input
and output index groups.

This fact is used to define the entities of the tensor product formulation and
results in a natural representation of the algorithms. Once a decomposition of the
DFT into stages of lower ordered DFTs is specified using the tensor product, it may

be manipulated using matrix algebra to achieve the design goals of an application.
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Chapter 4

A General MD DFT Reduction Algorithm

This chapter contributes a new reduced transform algorithm (RTA) for the compu-
tation of the MD DFT. The algorithm computes a d—dimensional DFT by a set of
independent k—dimensional DFT; it is a reduction algorithm in the sense that it has
lowered the dimension of the Fourier transforms being computed. The k—dimen-
sional DFT are performed on data derived from the input data using only additions,
and produce k—dimensional hyperplanes of output.

The algorithm is derived by restricting the d—dimensional DFT to a collection
of subgroups of its output indexing set. In order to describe these subgroups in a
natural manner, the notion of the discrete k—dimensional hyperplane is employed.
In terms of these hyperplanes the development of the algorithm is undertaken in
two parts. The first part defines a minimal set of k—dimensional hyperplanes that
cover the d—dimensional array. The second part restricts the d—dimensional DFT
to each of the k—dimensional hyperplanes of the covering set. The restrictions are
shown to evaluate as independent k—dimensional DFT.

The algorithm is computationaly similar to the reduced transform algorithms of
Auslander etal. [5], Nussbaumer and Quandalle [45,44], and Gertner and Tolimieri
[20,22]. Like those algorithms it computes the multidimensional DFT by a pread-
dition stage followed by a stage of independent DFT. The algorithm introduced in
this chapter computes the MD DFT on k—dimensional hyperplanes of the output

array. It is a generalization and extension of the line algorithm of {20,22].
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The motivation for this algorithm is the generation of a parallel algorithm for MD
DFT computation that scales to the degree of parallelism of the target architecture.
In chapter 5 a new parallel algorithm based on the algorithm presented in this
chapter is introduced. Target architectures for that algorithm include broadcast
mode multiprocessors. On such machines, the granularity of the computation is a
k—dimensional DFT, and the degree of parallelism of the algorithm is the number
of k—dimensional hyperplanes required to complete a covering set.

The remainder of this chapter is organized as follows: First, the definitions
pertinent to the generation of k—dimensional hyperplanes are stated. Then, a set of
covering k—dimensional hyperplanes is derived for the cases: (1) where the array is
of equal and prime size in at least d ~ k + 1 dimensions, and (2) where the array is
of equal and power of prime (including 2) size in at least d — k + 1 dimensions. For
each case, the restriction of the d—dimensional DFT to the covering set of k—di-
mensional hyperplanes is given. Both cases are shown to reduce the computation
to a set of independent DFT performed on data derived from the input data using
only additions. An appendix is provided that enumerates the 3D and 4D cases of

the algorithm.

4.1 Definitions

This section presents the definitions pertinent to the derivation of the algorithm.
In essence, the algorithm restricts the computation of the d—dimensional DFT to a
collection of subgroups of the output array. These subgroups are defined on the the
underlying indexing set of the d—dimensional DFT.
In general, the index set of the Ny X - -+ X Ny d—dimensional DFT is associated
with the ring
R=2Z[Ny X---X Z[Ny,

where Z/N; is the ring of integers modulo N;. This set defines the region of support
of the function [17]. A point in the index set is taken to be the vector v € R defined
by the d—tuple

u=(up,...,uq), U € Z/N;.
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The value of the DFT restricted to a point u in the output array is evaluated in the

natural way as

N1 -1 Ng-1
V(ula-'-,“d) = E Z z(al,...,ad)w}‘\;l"l ...w;’vg:“d

ay=0 ag=0

for a fixed .

In section 2.2.1 the notion of a discrete line in a two-dimensional array was given.

Recall that the line through a point ¢ € Z/N X Z/N was defined by the subgroup
L(a) = {sa = (sa1,sa2): s € Z/N}. (4.1)

The line was said to be of full order if |L(g)| = N.
This definition of a line extends naturally from the case where the line lies in a
two-dimensional grid to the case where the line lies in a d—dimensional array. The

line through a point @ € (Z/N)? [22] is defined by the subgroup
L(a) = {sa = (sa1,...,8a4) : s € Z/N}. (4.2)

By definition the line L(a) is additively generated by a; L((e)) contains all linear
combinations of the point g € (Z/N)?. We say that L(a) defines the additive closure
of a € (Z/N).

In a manner similar to the way L(a) defines the closure of a point a € (Z/N)q,
we may define the closure of a set of points a;,...,a; € (Z/N)% The closure of

@y,...,08; € (Z/N)?is given by the subgroup
H(ay,. o a) = {10, +++ + 5125 1 5; € Z/N). (4.3)

H(a,,...,a;) contains all linear combinations of the points in the set {g,,...,a;}.
The idea of dimension can be associated with the subgroups generated in this
way. The dimension of a subgroup of (Z/N)? is taken to be the number of linearly
independent points a; € (Z/N)? required to generate it by the definition of (4.3).
In this manner, subgroups generated by the additive closure of 1, 2, and 3 linearly

| independent points will be called lines, planes, and cubes respectively. Similarly,
a subgroup whose dimension is d — 1 is called a hyperplane. If the dimension of a

subgroup is k < d it is called a k—dimensional hyperplane.
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The requirement of (4.3) that the array be of equal size in each dimension is
unnecessarily restrictive for the development of the algorithm. It will be seen that
it is only necessary for the array to be of equal size in d — k 4+ 1 dimensions.

Consider a d—dimensional array whose region of support is given by R = Z/N; x
-++X Z[N4. Assume that d— k+ 1 dimensions are of equal size, and for simplicity of
presentation allow those dimensions to be contiguous. Write Ny = .-+ = Ny. The
definition adopted for the presentation of the algorithm uses the subgroup H(a)

formed by the closure of the vector ¢ € R with the k — 1 standard basis vectors
. 1, ifi=
6:(j) = . (4.4)
0, otherwise.

The subgroup
H(a) = {8161 + -+ -+ sk-163-1 + Sk@s : 5i € Z/N;} (4.5)

will define the k—dimensional discrete hyperplane. For the purpose of the develop-
ment of the algorithm we will only be concerned with k—dimensional hyperplanes
of full order. That is (Ny---Ni) points. As an example, consider the 4D array
(Z/N)*. The hyperplane generated by the point a = (0,0,1,1) is given by

H((O, 0, 17 1)) = {(81,32,83, 33) HCHE S Z/N},
and H((0,0,1,1)) contains N3 points. Similarly, the hyperplane generated by the
point a = (0,0, z,y) is given by

H((O’ 0,27, y)) = {(31,3% 33z, 83:9) $8 € Z/N}

A set of k—dimensional hyperplanes is said to cover the d—dimensional array
R, if every point in R is in at least one k—dimensional hyperplane of the set. A
set of covering k—dimensional hyperplanes is minimal if there is no smaller set of

k—dimensional hyperplanes that also covers R.

4.2 Prime Case

This section derives the prime case of the algorithm. For this case the d—dimen-

sional DFT is defined over the region R = Z/N; X --- X Z/N4 where R is of equal
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and prime size in d — k + 1 dimensions. That is,

R=Z/Nyx--+XZ[/Ng=AxB,
A=Z|Nyx--+x Z[Nk—y X Z|P, (4.6)
B = (Z/P)**, and P is a prime.

The algorithm is derived in two parts. The first part is the specification of a mini-
mal set of k—dimensional hyperplanes that cover R. This part follows immediately
below. The second part of the derivation requires the d—dimensional DFT to be
restricted to each of the k—dimensional hyperplanes of the covering set. The re-
sulting algorithm is shown to be computed by a set of independent k—dimensional
DFTs. This case of the algorithm is specified by the procedure of equations (4.20)
and (4.21).

Covering Hyperplanes
The following theorem gives a minimal set of |.4] point k—dimensional hyperplanes

that cover R. Let §(j) denote the vector of j zeros, ie. §(3) = (0,0,0).

Theorem 4.2.1 The set of k—dimensional hyperplanes

Hy
H,y

H((Q(k_l),l,ml,...,md..k)) m; € Z|P

H((Q(k—l)’ 0‘; 1’ ma,..., md—k))

Hd-k = H((Q(k-1)1 Oa 0,.. ] 07 1))

covers the d—dimensional array R = Ax B, where A= Z/Nyx---XZ[Ny_1x Z/P,
B = (Z/P)¥-*, and P is a prime. There are

Pd—lc+1 -1
P-1

k—dimensional hyperplanes in the set.
Proof. Every a = (ai1,...,a4) € R can be written

a=a' +---+d 1+ 4,
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where @ is the vector whose it component is a; and is zero elsewhere, and &' is the
vector @’ = (8(x_1), @k, . -, Gd)-

By definition of H(a), @' is in every hyperplane of the covering set for i =
1,...,k~ 1. Then by the closure property of the hyperplanes, covering is shown if
every a' is in at least one hyperplane of the covering set. The following conditions
include all cases of a/.

If ar # 0 then ay is invertible modulo P and g’ may be rewritten
g'_’ = ak(Q(k—l)a 1, a’]::lak-l-l, veey a"}:lad)’

and g’ is seen to be contained in the union of the hyperplanes of the set Hy of the
theorem. By closure, the point @ = @' + - - -+ a*~1 4 @’ must also be contained in the
union of the hyperplanes of the set Hqg. There are P¢~* k—dimensional hyperplanes
in Hy.

Repetition of this step until all the remaining d — k components of g’ are ex-
hausted completes the proof. The a*” set of hyperplanes, H,, generated contains
Pd-k=a |_dimensional hyperplanes. In all there are

pi-k+1 _ 1
T P-1
k—dimensional hyperplanes in the covering set.
(W]
The k-dimensional hyperplanes of the covering set of theorem 4.2.1 contain

redundant points. The number of points in R is
|R| = Nq---Nj_y - PI-F+L,
The number of points in each k—dimensional hyperplane is
|A] = Ny---Ng_y - P,
and the number of redundant points is
d-k _
o (555).
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The locations of the redundant points are given by the (k—1) dimensional hyperplane
H(81y--y6k-1) = {(s1y.--,8k-1,0(d— k+ 1)) :s; € Z/N;} (4.7)

where H(§;,...,8;_1) is defined by equation (4.3). The elements of (4.7) are com-
mon to every hyperplane of theorem 4.2.1, and are redundant
pi-k_1

times, accounting for all redundant points.

DFT Restriction

The d—dimensional DFT can be computed by restricting it to the k—dimension-
al hyperplanes of theorem 4.2.1. Below, the restriction of the MD DFT to those
hyperplanes is derived.

The d—dimensional DFT over a region R is given by

V()= Y z(e)wih - -wifd, ueR (4.8)
a€R

The prime case of the algorithm requires d — k& + 1 dimensions to be of equal and
prime size. For simplicity of presentation these are assumed to be contiguous, and

write

R=AxB,
A=Z[Nyx++-X Z[Nr1 x P,
B = (Z/P)4-*, and P is a prime.
The P4-* k—dimensional hyperplanes of Hp given by theorem 4.2.1 can be defined

by the homomorphism

Po: A— R. (4.9)
For all s € A, ®; is given by
Do(s) = (S19- vy 8ka1ySky Sk, .« oy SkTRI—k). (4.10)

The restriction of the d—dimensional DFT (4.8) to the k—dimensional hyperplanes
of Hy is evaluated by replacing u with ®(s) of (4.10) to obtain

V(®0(8)) = Y z(@)wi - -wn (4.11)
a€R
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s €A
The inner product
Bo(s)-a=s1a1 + -+ Sk—18k-1 + k(@i + arg1ma + -+ @agma—g)  (4.12)
implies
Po(s)-a=s1dy + -+ sdi =s-d (4.13)
de A
In (4.13) the identifications

d; = a;, i=1,...,k-1
ti-k=a;, J=k+1,...,d (4.14)
di = ap + miagyy + -+ Ma—raqy ‘

allow equation (4.11), the d—dimensional DFT restricted to the k—dimensional hy-

perplanes of Hp, to be written

V(®o(s)) = D Y w(diroy), di — m- 5, DR - -wkH, (4.15)
deAieB
de A.
Where
a = dy — m -4, (4.16)
and
dik—c) = (d1y- - -, di—c). (4.17)

Equation (4.15) can be rewritten as a reduction stage, followed by a DFT stage.

The reduction operation is given by

aﬁ“ =Y =z (c_i(k_l), dp—m-i, i) , deA (4.18)
i€B

and the DFT stage is given by

V(®o(s)) = Y afowd - -whtk, (4.19)
deA
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SEA meB.

Equations (4.18) and (4.19) give the values of the d—dimensional DFT on the k—di-
mensional hyperplanes of Hy. There is one such hyperplane for every m € B.

In a similar manner, the restriction of the d—dimensional DFT to each of the
remaining k—dimensional hyperplanes of the covering set of theorem 4.2.1is com-
puted by a reduction operation ag", followed by a k—dimensional DFT of those
points.

The complete algorithm is stated below for the case where the region of support,

R, is of prime size in at least d — k + 1 dimensions. Then R is given as

R=AXxB,
A=N1X--'XNk_1XP,
B = (Z/P)¥-k, and P is a prime.

For this case, the algorithm is specified by the following two step procedure:

Step 1 Reduction stage. This stage requires the evaluation of the summations

d—k
“f" = Y a(dk-1y, d— > muiy, ), (4.20)
1€B =1
H d-k
a.‘iJ = Z x(i(k"l)’ 1(.7)’ di — E mlila ij+1"- ',id-—k)’
i€B =541

o = 3 a(dpy) b di)
i€B

de A, m; e Z/N;

Step 2 DFT stage. This stage requires the evaluation of the
k—dimensional DFTs

V(®(s)) = D affowih .. wp, (4.21)
deA
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H; d d
V(®;i(8)) = E ai’w]’\}l 1.. -w}’\}‘k k,
deA

V(®ak(e) = X ag twifiwi,
deA
s€ A
In general ®; is given by
QJ(:?.) = ('sla sevy sk—l’Q(j)) Sky Sk 4150 -4y skmd—k),
m; € Z/N;.

The d—dimensional DFT over R = A X B is seen to be computed by

Pd—k+1 -1
P-1

independent k—dimensional DFT over A. The k—dimensional DFT are evaluated

on data derived from the input data using only additions.

4.3 Power of Prime Case

This section derives the power of prime case of the algorithm. Like the prime case,
the power of prime case is developed in two parts. The first part is the specification
of a covering set of k—dimensional hyperplanes. The second part is the restriction of
the d—dimensional to each of the hyperplanes of the covering set. The derivation of
the algorithm follows below. The algorithm is stated by the procedure of equations
(4.35) and (4.36).

Covering Hyperplanes

Consider the d—dimensional DFT defined over the region

R=Z/Nyx: -+x Z[Ny
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where R is of equal and power of prime size in at least d — k¥ + 1 dimensions. For

ease of presentation these dimensions are taken to be contiguous. That is,
R=AXB,
A=Z[NyX-+-X Z[Nk_y X Z] P", (4.22)
B = (Z/P™)4-*, and P is any prime including 2.

The following theorem gives a minimal set of |.A| point k—dimensional hyperplanes

that cover R. Let 0,;) denote the vector of j zeros, ie. f(3) = (0,0,0).

Theorem 4.3.1 The set of k—dimensional hyperplanes

Ho H((8(k-1)>1,m15 - - -y Md—k)), m; € Z/P"
H, = H((Q(k—l),rlp, 1,ma,.. 'amd—k)), T € Z/Pn_l

Hyp = H((8(k-1)> Pr1,Pray..., Pri—,1))

covers the d—dimensional array R = AxB, where A= Z/NyX---XxZ[Nr_1xZ/P",
B = (Z/P")*-*, and P is any prime including 2. There are

Pn d—k Pd-—k+1 -1
('17) " P-1 )
k—dimensional hyperplanes in the set.

Proof. Every a = (a1,...,a4) € R can be written
e=ga'+---+a1+d,

where gf is the vector whose i** component is a; and is zero elsewhere, and @’ is the
vector @’ = (8(k-1), tk, - - -, Ga)-

By definition of H(a), a' is in every hyperplane of the covering set for i =
1,...,k—1. Then by the closure property of hyperplanes, covering is shown if every
a’ is in at least one hyperplane of the set.

For any a’ let ay,..., a4 be maximums such that P%i|a;,

i=k,...,d. Then every point &’ is described by the following for some j:

o <aj, t=k...,j-1

o;<aj, t=j+1,...,d
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and a; # 0 then a;/P% is invertible modulo P" and @' may be written

-1 -1
r_ .. (177 aj ad aj
a __aJ (Q(k_l), (P—aj) (——Paj) ,---,1,---,(Paj) (Pa_1> ).

Such @' are contained in the union of the hyperplanes of the set H; given in the

theorem. Then by closure g is also in the union of the hyperplanes of the set H;.

Furthermore, since o; < aj, % = k,...,j — 1 we may write
-1 -1
SN[ % )Y _p( % V(%) —-p.
(7e) (7%5) =P (5otss) (7) =Pr
Then @' may be written
g’ = aj(Q(k_l),rlP, coay 1‘_,‘__1P, 1, Mit1yeeey md_k).

There are (P")¢~%/PJ k—dimensional hyperplanes in the set H;. Application of

this procedure for each component j = k,...,d of @’ completes the proof. In all

P d—k pa-k+1 _ 1
(‘P’) ( P-1

k—dimensional hyperplanes in the covering set.

there are

0

The covering set of theorem 4.3.1 contains redundant points. Altogether there

PrN\9Fk [ pd-k _q
Al (7)‘) ( P-1 )

such points. The following theorems fully describe the redundancy between any

are

two hyperplanes of the covering set of theorem 4.3.1. Throughout the sequel, the

notation .4, is taken to be
@.mody = zlmodya X "xnmody
where z is the vector z = z;...,2, and y is a scalar.

Theorem 4.3.2 The redundancy between any two k—dimensional hyperplanes of

the set Hg is given by

H((8(k-1)>1,m)) N H((Ek-1),1,5)) =
H((O(k-1)s P", (Mmoapa)P""%)), mi,ji € Z/P".
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Where a is the mazimum such that
m; = j; mod P*
holds for alli =1,...,d ~ k. The intersection contains (Ny -+ Ny_1)P* points.

Proof. By definition, the points on the hyperplanes

H((Q(k—l)’ 1, m.))’ and
H((Q(k—l)a 1, l))

are equal only when tm; = tj; modulo P" for all ¢ = 1,...d — k. If t = 0 the
points of the (k — 1) dimensional hyperplane H(§;,...,8_1,8(a~k+1)) 2re common.
Ift # 0 and p /At then t is invertible modulo P™ and common points exist only
when m; = j; forall i = 1,...,d ~ k. Otherwise there is some 3 such that ¢/P? is
invertible modulo P", and common points exist when m; = j; modulo P*=? for all
i=1,...,d—k.

For such points let @ = n — (3, then the points common to the k—dimensional

hyperplanes H((8(x_1y, 1, m)) and H((8x_1), 1, 7)) can be written
Z(k-1) Zk=1)> -4

(S1y+++sSk=1,P" %, e(m1 g pa JP" ™% .oy e(Ma—k oapa )P 7).

mod

The subgroup defined by these points is maximal for the maximum o« satisfying
m; = j; modulo P* forall : =1,...,d - k.
O

Theorem 4.3.3 The redundancy between any two k—dimensional hyperplanes of
the set H, l=1,...,d—k —1, is given by

H((-Q(k—l)aﬁ 1, m))N H((ﬂ(k—l)ygv L )=
H((Q-(k—l)’Pn_a-*-l(.’_‘modPa)a Pr=% PP (M moa pa)))

where
ri,qi € Z/P1 i=1,...,1

mi,Ji € Z/P*, i=1+1,...,d-k
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and a ts the mazimum such that
r; = ¢; mod P®

and

my = jpomod P
hold for all i = 1,...,1 and h = 1+ 1,...,d — k. The intersection contains
(N7 -+« Ng—1)P* points.

Proof.
Similar to theorem 4.3.2

]

Theorem 4.3.4 The redundancy between any two k—dimensional hyperplanes of

the set Hy_y is given by

H((Q(k—l)s P.T.’ 1)) n H((Q(k—-l)’ Pg_s 1)) =
H((.Q(k-l)apn—a(zmodPa)a Pn—a—l, Pn—a(m-modPa)))

where

ri,qi € Z/ P!
and a is the mazimum such that
r; = ¢; mod P®
holds for all i = 1,...,d — k. The intersection contains (Ny -+ Ni_1)P* points.

Proof. By definition, the points on the hyperplanes
H((Q(k—l), Pr, 1)), and
H((Q(k—l)’ Pﬂa 1))

are equal only when tPr; = t Pg; modulo P* foralli = 1,...d—k. Ift = 0 the points
of the (k—1) dimensional hyperplane H(y,...,6x1,8(4—k+1)) are common. Ift # 0

and p /t then t is invertible modulo P* and common points exist only if r; = ¢;,
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i=1,...,d— k. Otherwise there is some 3 such that ¢/ PP is invertible modulo P",
and common points exist if r; = ¢; modulo P*#-1foralli=1,...,d - k.

Let @ = n—[(—1, then the points common to the hyperplanes H((8x_1), Pz, 1))
and H((f(x-1), Pg, 1)) can be written

(81y+++38k=1, P (71 papa)s -+ s P " (Td=kmoa pa )s cpr-a-ly,

The subgroup defined by these points is maximal for the maximum a satisfying
r; = ¢; modulo P*foralli=1,...,d - k.
O

Theorem 4.3.5 The redundancy between any two k—dimensional hyperplanes H,

and Hy, where x # y is given by
H((Q(k—l),z, 1, In-.)) n H((Q(k—l)’g_’ 1, l)) = H(4y,. .. aék—l’Q(d—k+1))'
The intersection contains (N1 -+ - Ni—1) points.

Proof. Assume z > y, then if a point is common to both hyperplanes tPry ; = ¢
modulo P™ must hold. Since for every t there exists a maximum 8 such that PA|t,
it is implied that Pr,4; = 1 modP"# and therefore ry4; = P~! modulo P"-4,
Since P~1 does not exist modulo p¥ the proof is completed. The only common
points exist for ¢ = 0, and are contained in the (k — 1) dimensional hyperplane

H(él’ RRE ék—lvﬂ(d—k-i-l))'
O

DFT Restriction

In a manner similar to the prime case described in the previous section, the d—dimen-
sional DFT can be computed by restricting it to the covering set of k—dimensional
hyperplanes given by theorem 4.3.1. This restriction is detailed below.

Recall the definition of the d—dimensional DFT over a region R

Vi) = T a(@wff - o (4.23)
sER
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u € R.

The power of prime case of the algorithm requires d — k 4 1 dimensions to be
of equal and power of prime size (including 2). For simplicity of presentation these

are assumed to be contiguous, and we can write

R=AXB,

A=Z[Ny X --+X Z[Nk_1 x Z[P",

B = (Z/P")¥-*, and P is any prime (including 2).
The restriction of the DFT to the (P")®~* k—dimensional hyperplanes of Hp is
identical to that of the prime case derived in the previous section. To illustrate the
derivation of the other terms, the H; term of theorem 4.3.1 is considered below.

The (1/P)(P")4* k—dimensional hyperplanes of H; given by theorem 4.3.1

can be defined by the homomorphism
Q:A— R. (4.24)
For all s € A, , is given by
Q1(8) = (815 -+ Sk=15 Sk PT1, Sk, SEM2, .+ oy SEMg—k). (4.25)

The restriction of the d—dimensional DFT (4.23) to the k—dimensional hyperplanes
of H; is evaluated by replacing u with ;(s) of (4.25) to obtain

V(Qu(s)) = Y z(ahwiy™ - -wp dre, (4.26)
a€eR
, s €A

The inner product of (4.26)
M(s):-e = s1ay+--+8k_1a5-1 (4.27)
+sk(axm1 P + @kt1 + Ggpzma + - -+ + agma—k)
implies
Q(s)-a=sdy+---+spdy =s-d (4.28)
de A
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In (4.28) the identifications

d; = aj, i=1,...,k-1

3 = ak,

(4.29)
ij—k = aj, i=k+2,...,d
dip = agr1 P + a1 + agpome + - - - + mg-gad
may be made, allowing equation (4.26) to be written
V() = 3D wid .- wi (4.30)
deAieB
d-k
z(l_i(k_l), il, dk - P‘l‘l‘il - E mlil, ig, . .,id-k),
=2
de A.
Where
d—k
k41 = dk - ’ilTl.P - Z mlil, (431)
=2
and
dik—c) = (d1y- - - dk—c)- (4.32)

Equation (4.30) can be rewritten as a reduction stage, followed by a DFT stage.
The reduction operation is given by
d-k
et = Z z (d(k—l)’ iy, dp —iym P =) iymy, ia,. ,id-k) , de A  (4.33)
tEB 1=2

and the DFT stage is given by

V(Qa(s)) = 3 alwph - wfd, (4.34)
deA
seEA, meB.

Equations (4.33) and (4.34) give the values of the d—dimensional DFT on the k—di-
mensional hyperplanes of H;.

In a similar manner, the restriction of the d—dimensional DFT to each of the
remaining k—dimensional hyperplanes of the covering set of theorem 4.3.1 is com-
puted by a reduction operation a , followed by a k—dimensional DFT of those

points.
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The complete algorithm is stated below for the case where the region of support,
R, is of power of prime size in at least d — k + 1 dimensions. Let R be given by
R=AxDB,
A=Ny XX Np_; X P*,
B = (Z/P")i-k, and P is a prime (including 2).
For this case, the algorithm is specified by the following two step procedure:

Step 1 Reduction stage. This stage requires the evaluation of the summations

a,fl = Z T (d(k—l)’ dy — Z miiy, 2 _) (4'35)

i€EB

)
[~
Il

d—k
Z I (—(k -1)» 7'(_1)’ di - ZZITIP Z myiy, z_7+1’ ,id—k) ’

I=j+1

|n

| d—k
“fd'k = T (C_l(k-l), i de— Y imP>
eB =1

de A, m; € Z/N;

.

Step 2 DFT stage. This stage requires the evaluation of the #—dimensional DFT

V((9) = 3 agowpi - wi®, (4:36)
deA
H; s
V(Q4(s)) = gag’wﬁ;” wipte,
de
V(R4i(s)) = gaf""wﬁ;” W,
ae
s € A

The d-dimensional DFT over R = A x B is seen to be computed by
Pr Pd—k+1 -1
(F) ==
independent k—dimensional DFT over A. The k—dimensional DFT are evaluated

on data derived from the input data using only additions.
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4.4 Appendix

This section enumerates the 3D and 4D cases of the algorithm.

¢ 3D — 2D, Prime Case.
N x P x P 3D DFT computed by N x P 2D DFTs,

where P is prime and N is any number.

1. Covering planes

Ho = H((0,1,m)), m=0,1,...,P—1
H; = H((0,0,1)).

2. Reduction stage

P-1
=
u P-1
i) = 2 (s 6 da).
1=
3. N x P 2D DFT stage
N-1 P-1
V(s1, $2, 2m) = Z Z afﬁ‘;,dz)w}‘\}"w}’f”
d1=0d2=0
N-1 P-1 ;
V(s1,0,82) = Z E a,gll'dz)w}i\}hwpzsz
d1=0d2=0

81 =0,1,...,N—1,
82=0,1,...,P—1.

The computation of the N x P x P 3D DFT by this method requires P+ 1 reduction

operations and a like number of N x P 2D DFT. Note that [63] is a source of

O(Plog P) prime size FFT algorithms.

To compute a 3D DFT by the line approach each dimension would have to be of

equal size. The corresponding case is a P X P x P 3D DFT computed as P2+ P +1

reduction operations and a like number of P point 1D DFT.

66



e 3D — 2D, Power of Prime Case.
N x P* x P* 3D DFT computed by N x P* 2D DFTs,

where P is prime (including 2) and N is any number.

1. Covering planes

Hy=H((0,1,m)), m=0,1,...,P*-1
Hy, = H((0,7P,1)), r=0,1,...,P""1-1.

2. Reduction stage

Pr-1

a{ﬁ;»dz) = E z(d],dg—im, 1'), m=0’1""’Pn—1
=0
I |

aff gy = 3 o(dyi da—rPi),  r=0,1,..., PP o1
i=0

3. N x P" 2D DFT stage

No1PRol e
V(s1, 82, 80m) = 37 37 aff 4 @i wEh*
dy=0 d=0
N-1PRo1 e
V(s1,7Ps382) = Y. Y G, gy WN WP
d1=0 d2=0

$1=0,1,...,N—1land s =0,1,...,P" -1

The computation of the N x P* x P* 3D DFT by this method requires P* + P"~!
reduction operations and a like number of 2D N x P* DFT.

To compute a 3D DFT by the line approach each dimension would have to
be of equal size. The corresponding case is a P* X P* x P* DFT computed by
(P™)%(1 4+ 1/P + 1/P?) reduction operations and a like number of P" point 1D
DFT.
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e 4D — 3D , Prime Case.
Ny X N2 x P x P 4D DFT computed by N; X N, x P 3D DFTs,

where P is prime and Nj, N, are any numbers.

1. Covering cubes

Ho = H((0,0,1,m)), m=0,1,...,P -1
H, = H((0,0,0,1)).

2. Reduction stage

P-1
aﬁg,dg,da) = z z(dy, dz, d3 — im, 7), m=0,1,...,P-1
1=0
" P-1
“(dll,dz,da) = Z z(dy, da, %, d3).
=0

3. Nx N x P 3D DFT stage

Ni1—=1N3-1 P-1

H d d d.
V(s1, s2, s3, s;;m) = Z Z Z a(dg,dzvds)w]\/l:lwf\?zszwpssa
dy=0 d2=0d3=0

N;=1N;-1 P-1

- H dys d2s2, d3s3
V(s1,2,0,83) = 30 D D (g apa) N WR R
dy=0 dy=0 d3=0

81=0,1,...,N1—1, 82=0,1,...,N2—1,
S3=0,1,...,P—1

The computation of the N3 X N2 X P x P 4D DFT by this method requires P 4 1
reduction operations and a like number of 3D Ny X N, x P DFT. Note that [63] is
a source of O(P log P) prime size FFT algorithms.

To compute a 4D DFT by the line approach each dimension would have to
be of equal size. The corresponding case is a P x P x P x P DFT computed as
P3 4+ P2 4 P 4 1 reduction operations and a like number of P point 1D DFT.
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e 4D — 3D , Power of Prime Case.
N; X Ny x P* x P* 4D DFT computed by N; X Ny x P* 3D DFT,
where P is any prime (including 2) and Ny, N2 are any numbers.

1. Covering cubes

Ho = H((0,0,1,m)), m=0,1,...,P—1
Hy = H((0,0,0,1)).

2. Reduction stage

Pr—-1

R dpiyy = O ®(dr,dy, dy—im, i), m=0,1,...,P"~1
1=0
P":l

UR dptsy = O €(di,da, i, ds—rPi), r=0,1,...,P"1—1
1=0

3. N1 x Ny x P* 3D DFT stage

N1-1N;-1P"-1

H, d d d
V(317 82, 83, 83m) = Z Z Z a(dg,dz,ds)“’lvl:lwl\?:sza"sa
d1=0 d=0 d3=0

N;-1N;—-1P*-1 J
H dysy, d
V(s1,82,TPs3,83) = > ). D G dy dg) NS ORGP WP

d1=0 d>=0 d3=0
81 = 0,1,...,N1- 1,
S2 =O,1,...,.Nz—1,
83=0,1,...,P"’—1

The computation of the N3 x Ny x P* x P* 4D DFT by this method requires
Pn 4 P*=1 reduction operations and a like number of 3D N; x Ny x P* DFT.

To compute a 4D DFT by the line approach each dimension would have to be
of equal size. The corresponding case is a P* X P* x P® x P® DFT computed as
(P*)3(1 4+ 1/P + 1/P?% + 1/ P3) reduction operations and a like number of P point
1D DFT.
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e 4D — 2D , Prime Case.
N x P x P x P 4D DFT computed by N x P 2D DFTs,

where P is prime and N is any number.

1. Covering planes

Ho = H((O,l,ml,mg)), mg = 0,1,...,P— 1
Hy, = H((0,0,1,m2))
H, = H((0,0,0,1))

2. Reduction stage

P-1P-1
H hd I . .
Udrdy) = > >0 a(di, do - maiy — maia, 61, i),  mu=0,1,...,P~1
11=012=0
H P-1P-1
a(di yd2) = Z Z x(dh il9 d2 - m2iz, 22)
11=012=0
H P-1P-1
a(dzlyd2) = Z E m(dh 11, 12, d2)
11=012=0

3. 2D N x P DFT stage

N-1P-1
H, dysy, d
V(s1, s3, $2ma, sama) = D D aif W wE
d1=0d>=0
N-1P-1
dysy, d
V(s1,0, 82, 89m2) = D ) a4 wNTwE”
d1=0d;=0
N-1 P-1
— Hy dy1s1, ,d232
V(s1,0,0,8) = Y E“(dl,dz)“’N “P
d1=0d;=0

3 =0,1,...,N—1,
S2 =0,1,...,P

The computation of the N x P x P x P 4D DFT by this method requires P2+ P +1
reduction operations and a like number of 2D N x P DFT. Note that [63] is a source
of O(Plog P) prime size FFT algorithms.

To compute a 4D DFT by the line approach each dimension would have to
be of equal size. The corresponding case is a P X P x P x P DFT computed by
P3 4 P2 4 P + 1 reduction operations and a like number of P point 1D DFT.
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o 4D — 2D , Power of Prime Case.
N x P* x P* x P MD DFT computed by N x P* 2D DFTs,

where P is any prime (including 2) and N is any number.

1. Covering planes

H0=H((0,1,m1,m2)), m,-=0,1,...,P"—1
= H((0,7P,1,m2)) r;=0,1,...,P*1-1
H2 = H((O,T;P, ‘I'QP,I))

2. Reduction stage

Pr-1P"-1
aﬁ';ydz) = E Z z(dl,dz—mlil—mgig, il, 12), m = 0,1,...,Pn-— 1
11=0 =0
Pr-1pP"-1
H . . ..
Qg ) = S ) a(dy, ia, d2 — 11 Piy — maiy, i)
13=0 12=0
Pr-1pPr-1
H . . .
a(di’dz) Z Z Z(d], 11, 22, d2 - ’I‘1P11 - 1‘2P1,2)
11=0 12=0

3. 2D N x P™ DFT stage

-1P"-1 4 p
181 232
Z Z “(d1 d)“N "¥pn
d1"0 d2=0
1Pr-1
d d
Vot iPos on ) = 3 3l
d1=0 dy=0
N-1P"-1

disy .d
V{(s1, 11Ps2, 12Psy, 82) = Z E a(a,1 )N 0818292
=0 dp=0

V(s1, s2, samy, Spmy)

S1 =0,1,...,N—1,
82=O,1,...,Pn

The computation of the N x P* x P* x P* 4D DFT by this method requires
(P*)%(141/P + 1/ P?) reduction operations and a like number of 2D N x P* DFT.

To compute a 4D DFT by the line approach each dimension would have to be
of equal size. The corresponding case is a P* x P* x P* x P* DFT computed by
(P™)3(1/P%+1/P+1) reduction operations and a like number of P* point 1D DFT.
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Chapter 5

A Parallel Algorithm for MD DFT Computation with No

Interprocessor Communication

This chapter introduces a new algorithm for the parallel computation of the multidi-
mensional discrete Fourier transform. Most algorithms for this application attempt
to minimize the communication cost of row-column or multidimensional Cooley-
Tukey algorithms for a specific computational structure. The main features of the
algorithm proposed in this chapter are that it eliminates interprocessor communica-
tion on broadcast mode multiprocessors, and maps to machines with any number of
processors. The algorithm depends on a machine model that allows concurrent pro-
cessing and communication, and supports the communication functions broadcast
and report.

The methodology proposed in this chapter is based on the k—dimensional hy-
perplane algorithm introduced in chapter 4. The central feature of that algorithm
with respect to parallel processing is that it does not intersperse communication
stages with processing stages. Two basic applications of the hyperplane algorithm
are considered.

The first is a direct mapping of the hyperplane algorithm to the multiprocessor.
It is shown that such a mapping can be made when the number of processors is equal
to the number of k—dimensional hyperplanes required to cover the d—dimensional
array (k < d). For this case the d—dimensional DFT is required to be of equal

and prime, or power of prime, size in d — k + 1 (or more) dimensions. The degree
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of parallelism of the algorithm is the number of k—dimensional hyperplanes in a
covering set, and the granularity of the algorithm is a single k—dimensional DFT.
Under a given performance metric, the speedup of the algorithm is shown to be the

ratio of a d—dimensional DFT to a k—dimensional DFT.

The major benefit of the direct mapping of the hyperplane algorithm is that it
eliminates the requirement for interprocessor communication for efficient MD DFT
computation. The major limitation of this method are the restrictions it imposes
on the machine size. There are only d — 1 possible mappings of the algorithm, and

the degree of parallelism changes exponentially between mappings.

This limitation is addressed by an alternative mapping of the hyperplane algo-
rithm. The variant developed is for those cases where the degree of parallelism of
the machine is not matched by the number of k—dimensional hyperplanes required
to cover the d—dimensional array. For these cases, the multidimensional Cooley-
Tukey (MD CT) algorithm and the hyperplane algorithm are combined. The role
of the MD CT algorithm is to factor the d—dimensional DFT into stages of lower
order d—dimensional DFT. The composite algorithm that results has a degree of
parallelism equal to the number of k—dimensional hyperplanes required to cover
one of the resulting lower order arrays. This composite method allows great flexi-
bilty in matching the degree of parallelism of the algorithm to the size of the target

Processor.

The remainder of the chapter is organized as follows: First, a machine model
is presented for a generic broadcast mode multiprocessor. For this machine model
a set of performance metrics are introduced and defined. In this context a multi-
processor mapping of the row-column algorithm is given for use as a comparative
measure. Then the direct mapping of the hyperplane algorithm to the multiproces-
sor machine model is stated. Detailed cases of the algorithm are presented for the
2D prime, 2D power of prime (including 2), and 3D prime cases. A design example
of the 2D prime case is given for a binary tree implementation. The implementation
is benchmarked against the row-column method on the same machine. Finally, the

composite algorithm is introduced. The development of the algorithm is motivated
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by the need for greater flexibilty in the degree of parallelism of the implementation
than is attainable by the direct hyperplane method. The composite algorithm re-
sults from the marriage of the multidimensional Cooley-Tukey algorithm and the
hyperplane algorithm. The general form of the algorithm is stated, and examples

are given.
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5.1 A Muitiprocessor Hyperplane Algorithm

This section develops a multiprocessor algorithm for MD DFT computation. The
algorithm presented is a direct mapping of the hyperplane algorithm of chapter 4
to the parallel machine. The definition of the parallel algorithm is stated in terms
of a generic multiprocessor. A model for the multiprocessor is given, and a set of
performance measures is specified for that model. A mapping of the row-column
algorithm to that machine model is given for later use as a comparitive measure
of performance. The section closes with a general statement of the direct mapping
of the hyperplane algorithm to the machine model, and detailed examples of the
algorithm for the 2D prime, 2D power of prime, and 3D prime cases. The next
section provides a design example of the multiprocessor hyperplane algorithm. In
that example the generic processor used for the description of the algorithm in this
section is replaced by the binary tree computer. The implementation described was

implemented on the AT&T BT100 binary tree multiprocessor [3].

5.1.1 Machine Model

This section presents a broadcast mode multiprocessor machine model and gives the
mapping of the k—dimensional hyperplane algorithm to it. The machine is consid-
ered to be a collection of processing elements (PEs) together with an interconnection
network for interprocessor communication. The machine is externally connected to
a host by a single I/O channel. All data enters the machine through the I/O chan-
nel. The communication functions that are supported must include broadcast and

report.

1. Broadcast: This function downloads data from the I/O channel to all process-

ing elements.

2. Report. This function allows a distinguished PE to upload data to the I/O

channel.
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Definitions and Performance Measures

The terms: degree of parallelism, granularity, and speedup are associated with the
description and performance of these machines. The degree of parallelism describes
the number of processing elements (PE) composing a machine, or the number of
independent processes of a task. The granularity of a task refers to the size and
type of computation performed at each PE. A scalable algorithm is one that can be
mapped to machines of varying degrees of parallelism. The Speedup of a task is a
measure of the multiprocessor execution time to the single processor execution time.
This term is developed below.

Every task can be thought of as consisiting of parts which can be computed in
parallel, and parts which can not be computed in parallel [27]. Given this, the single

processor execution time T of a task can be written
T = Tser + Tpar, (51)

where T,., denotes the execution time of those sections of the task which are not
amenable to parallel computation, and T, is the execution time of those sections
which could be computed in parallel. When parallelism is introduced to the com-
putation of the task, the time improvement can occur only in Tps,. In the limit,
maximum speedup cannot exceed T,... This is essentially a statement of Amdahl’s
law [4] which says that the speedup can not exceed that obtained if the parallel
section of the task is executed in zero time.

For the purpose of this work, the term Su will denote speedup. The speedup,
Su, of a task is taken to be the ratio of the single processor execution time to the
multiprocessor execution time for those parts of the code that can be parallelized.

In addition to these measures the time performance of an algorithm is further
described in terms of its: execution time Teye., pipeline time Tpipe, and delay time
Tdelay- The execution time T,z of a process is measured from the first input to the
last output. It includes the computation time, communication time, and overhead
time. Pipeline time Ty, is the average time for producing complete computations.

Delay time Tyel,y is the delay from first input to last output in a pipelined system.
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Speedup is defined in the previous section, and is taken to be the ratio of a sin-
gle processor’s time performance to the multiprocessor’s time performance on the

parallelized portion of the task.

Comparitive Measures

Through out this chapter a broadcast mode multiprocessor mapping of the row-
column algorithm is used for comparitive purposes. That algorithm is stated in

figure 5.1.1.

1. Broadcast the N rows of £ uniformly among the PEs; each PE is assigned its

own set of rows.
2. In parallel, compute the N independent 1D FFT(N) associated with the rows.
3. Globally transpose the intermediate results in the machine.

4. In parallel, compute the N independent 1D FFT(N) associated with the

columns.

5. Upload results. The transformed data is stored column-wise in the machine.
A transpose must be achieved at some point of the upload process if data is

to be returned in row major form.

Figure 5.1: A multiprocessor implemetation of the row-column algorithm.

By the algorithm of figure 5.1.1, a 2D DFT task is seen to require alternating
stages of communication and computation. The communication stages include the
download of input data, the upload of transformed data, and the exchange of inter-
mediate results between processors. The computation stages are both 1D DFT of N

points. The serial portion of the algorithm (those sections that can not be computed
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in parallel) are the data download and data upload. The parallel portions of the
algorithm are the 1D DFTs. The determination of whether or not the global trans-
pose can be performed in parallel depends on the interconnection network, and is not
considered at this time. Assuming granularity of an entire DFT, the computation
of a DFT can not proceed until the entire data set to be transformed is available at
the PE. Given this, the computational speedup of an N processor implementation

of the algorithm is
2-N-FFT(N) _ N
2.FFT(N)

The overall time performance of the algorithm is limited by the N? word data

Speedup =

download and data upload operations. The time cost of the transpose has not been

considered here.

5.1.2 Algorithm Definition

Below, the mapping of the k—dimensional hyperplane algorithm of chapter 4 to
the broadcast mode multiprocessor described above is given for prime and power of
prime cases. The hyperplane algorithm is computed by a reduction stage followed
by a stage of k—dimensional DFTs. The prime case of the algorithm requires

pd—k+1 _ 1

S P-1
reduction operations ag‘ given by expression (4.20) of section 4.2. The power of
prime case has more redundancy, and requires

pr\d-k [ pd-k+1 _ 1
(?) ' <_T-—1_—)

reduction operations af‘ given by expression (4.35) of section 4.3. Throughout
the sequel, let M denote the number of reduction operations of the algorithm (7e.
number of covering k—dimensional hyperplanes). For both cases the k—dimensional
DFTs are computed on data derived from the input using only additions. They
produce data on hyperplanes H; of the output array. These hyperplanes are defined
by theorem 4.2.1 or 4.3.1 for the prime and power of prime cases respectively. The
necessary conditions for implementing the hyperplane algorithm on a multiprocessor

with no interprocessor communications are given by the following theorem and proof.
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Theorem 5.1.1 The optimal degree of parallelism for minimizing interprocessor
communication is the number M of k—dimensional hyperplanes required to cover

the output array.

Proof. A k-dimensional discrete Fourier transform is performed on the k—dimen-
sional array produced by each reduction operation. Hence, no interprocessor com-
munication is required from input to output if the granularity of the reductions
af‘ is no finer than that to put all d € Z/Ny X --- x Z/Nj points of an a;" in a
single processor. Any finer degree would necessitate interprocessor communication
between the stage in which the summations of the reduction are computed and the
stage where the k—dimensional discrete Fourier transforms are computed.
O

Consider also that the reduction stage has ne data interdependencies, and can
be computed simultaneously with the data download. Exploiting this concurrency
places a lower limit on the partitioning of the computation. Parallel machines ex-
ternally connected to an I/O channel have completion times bound by the N2 word
download and N? word upload. Regardless of the speed of addition, or the num-
ber of PEs, the download time of N? words limits the reduction stage completion
time. Assuming granularity no finer than a complete reduction operation, an L PE
machine reaches the limit if add time is [M/L] faster than communication time.

All cases of the multiprocessor hyperplane algorithm are defined by the same

basic structure. That structure is outlined below.

1. Assign the reduction operations a}f uniformly among the processing elements

(PE).

2. During the download (broadcast) of the input data to the macline, each PE
forms the af‘ terms assigned to it. For every af" term assigned to a PE only
1 addition is performed for each word broadcast to the PE. When the input

download is complete, the reduction stage of the computation is also complete.
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3. Each PE performs a single k—dimensional DFT to finish the computation.
4. Upload results and remove redundant data.

Figure 5.2 : Structure of the multiprocessor hyperplane algorithm

Using the hyperplane algorithm, a MD DFT task requires stages of communication
and stages of computation. The communication stages include only the data down-
load and data upload operations. The computation stages are the DFT and data
reduction operations. The communication and computation stages are the same as
the serial and parallel segments of the algorithm. That is, the serial portions of the
algorithm are the data download and the data upload, and the parallel segments
of the algorithm are the DFT and reduction operations. Unlike the computation
of the DFT, the reduction operations contain no data interdependencies, and can
be computed in parallel with the download operation. On a machine with M pro-
cessors, the computational speedup of the algorithm relative to a single processor

computing the row-column algorithm is
_ 4 d—k
Speedup = 5 (N)*F.

This assumes the additions of the reduction stage are computed simultaneously with
the data download and incur no time penalty of their own. In the remaninder of this
section the algorithm is stated in some detail for the 2D prime, 2D power of prime,
and the 3D prime cases. The pertinent equations are (2.31) thru (2.34) and (2.40)
thru (2.43) for the 2D prime and power of prime cases respectively, the derivations
for the 3D case are given in section 4.2. In the next section a design example of the

2D prime case on a tree machine is given.

Prime Case

The 2D prime case of the algorithm is developed below. For this case the hyperplane
algorithm reduces to the line algorithm. In section 2.2, the prime case of the line

algorithm was shown to be evaluated by the following two step procedure.
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1. Reduction stage. Compute the P + 1 summations:

P-1
o™ = Y (i, d - mi)
=0
P-1
" = Y o(d,i)
1=0

2. DFT stage. Compute the P + 1 one-dimensional P—point DFTs:

P-1
Vimt,t) = 3 wfe™, m=0,1,.,P-1
d=0

P-1
3 wfal,  t=0,1,...,P-1
d=0

V(t,0)

(m,1)

The summation terms a; reduce the input data to the vectors that must be

transformed in order to obtain the output along the line L((m, 1)). The summation
term afil’o) gives the vector that must be transformed to obtain the output along the
line L((1,0)). The computation of the P x P line algorithm on a broadcast mode

multiprocessor is realized by the procedure of figure 5.1.2.
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1. Assign the computation of the reduction operations a{®¥) evenly among M or

fewer PEs.

2. Broadcast the rows of input data to the PEs and simultaneously compute
the reductions a(®¥) at the PEs. The reduction operations are computed as
follows: When row i is received, the PE assigned a(1%) sums the elements
of the row and places that sum in position 7 of a(19), In a similar manner,
the PE assigned a(™?1) rotates row i mi positions to the right and sums it
componentwise to the other received rows. In this fashion afim’l) will exist

at position d of the first row received. The rotation can be achieved by an

address offset and modulo P address arithmetic.

Note that the partial result due to row i is accumulated as row ¢ is received. In

this way each PE requires only O(N) storage for each a\®¥) it is assigned.

3. In parallel, each PE computes a P—point 1D DFT for every reduction a(%¥)

assigned to it.

4. Upload data to host. There is some redundancy in the data, and the data is

permuted among the PEs.

Redundancy: For this case, the redundancy is trivially that output point

V(0,0) is common to every PE.

Permutation: The permutation is that every PE contain a line of output data
as specified by theorem 2.2.1. The row 0 and column 0 are in the PEs
which computed the a(®V) and a(*) terms, and are not permuted. El-
ement [ of the vector produced by the PE that computed a(™?) is the
column ! and row (N — ml) mod P element of the 2D DFT.

Figure 5.2: 2D P x P multiprocessor mapping of the line algorithm.
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To obtain a measure of the performance of the algorithm, allow a comparison of
a multiprocessor with P 4+ 1 PEs running the parallelized line algorithm to a single
processor computing the row column algorithm. Let the computational burden of
the reduction stage be taken simultaneously with the data download. Each reduction
operation for the 2D P X P case requires O( P?) additions. Then the speedup of the
parallel line algorithm on P + 1 processors relative to the row-column method on a

single processor is
2.-P-FFT(P) _
FFI(P) 2

The algorithm achieves a 2P speedup with P+1 processors rather than the expected
P speedup because the number of 1D DFT has been reduced from 2P to P+ 1. The

Speedup =

justification for not including the time cost of the additions of the reduction stage
is that these additions are concurrent with the data download operation, which is
common to both algorithms and can not be parallelized.

The performance improvement of the algorithm depends entirely on the compu-
tation of the reduction operations in parallel with the data download. Consider that
a single processor computing just the reduction stage of the line algorithm would
require O(P3) additions. Below, the mapping of the 2D power of prime and 3D
prime cases of the algorithm are considered. Then a design example implementing
the 2D prime case of the algorithm on a tree computer is shown. This algorithm is

compared to the row-column algorithm on the same machine.
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Power of Prime Case

This section gives the power of prime case of the algorithm specialized for 2" x 2"
2D DFT. The main differences between the prime and power of prime cases are the
computation of the reduction stage, and the removal of redundant data. The power

of prime case of the line algorithm is restated below.

1. Reduction stage. Compute the 2" + 2"~! summations:

2n-1

a,(,m’l) = Y z(i,d— mi)
=0
2n—1

all?) = > z(d - 2si,1)
i=0

2. DFT stage. Compute 2” + 2"~! one-dimensional 2*—point DFTs:

2n~1

V(imt,t) = Y w{™), m=0,1,..,2"-1
d=0
2"-1

v(t,2st) = 3w, s=0,1,...,2%1 -1

t=0,1,...,2" - 1

The computation of the a(™1) terms is the same as the prime case. That is, when
row i is recieved, the PE assigned a{™1) rotates it mi positions to the right, and
adds component-wise to the previously received rows. This compresses the data so
that the storage requirement for this stage is only that of a single row.

The computation of the a(124) terms is similar. The PE assigned a{1:2%) rotates
column ¢ 2s: positions to the right, and adds component-wise to the other columns.
The problem this introduces is that the data is downloaded in row major order. The
following procedure computes the a(1:2%) terms given row-major data.

Let a be the maximum such that 2%(2s, and let z(¢, ) denote element j of row i.
As row 7 is received, the PE sums all elements of the row which are 27*~% positions
apart. There will be 2"~ such sums each of 2* elements. These can be expressed
as 201

cg= Y (i, 1 +2"%k), 1=0,1,...,2""* -1,
k=0
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The It* of these 2"~ sums of the elements of row i are accumulated with the (i +
251) mod 2" element of a(1:2*). Essentially, the c;; terms of any a(1:2%) are computed
by striding through a received row by 2"~* and forming an accumulated sum of

those points. The following example illustrates this procedure.

Ezample: Consider a 4 x 4 2D DFT. The reduction operations a{1:2%) are required
for s = 0,1. Using the procedure outlined above, the reductions are formed from
downloaded rows in the following manner.

For s = 0, the maximum « such that 2|0 is n. The PE assigned this term must
add elements of each row that are 1 apart; all elements of each row received are
summed together. The term a((il’o) is the accumulated sum of row d.

For s = 1, the required reduction operation is a(+2?), The maximum « such that
2%|2s is @ = 1. As row ¢ is received, the PE sums elements which are 2 positions

apart. There will be 2 such sets formed for each row. These are:

€0,0 = Z0,0 + Zo,2 €0,1 = To,1 + Zo,3
€10=Z10+ 21,2 €11 =211+ 21,3
€20 =220+ Z22 €21 =21+ T23
€3,0 = T30 + 3,2 €3,1 = 3,1 + 3,3

(1,2)
d

After row ¢ is received and the ¢;; are formed, the elements of a are given as:

1,2
a((, 2 = Co,0 + €1,2

1,2) _

aS ) = o1+ 11
1,2

ag ) = €10+ Co,2

(1,2) _
as )= €1,1 + €o,3-

This finishes the reduction stage of the algorithm. The 1D DFT are performed on
points

v, d=0,...,P-1

to complete the computation.

O
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As in the prime case, when the computation is complete there are some output
points that appear in more than one processor. The redundant points are identified
by theorems 2.2.3 - 2.2.5. The procedure of figure 5.3 allows the data to be uploaded
with the redundant points removed. In the procedure, L((z,y)) denotes the line of

output computed by the PE that was assigned the reduction operation a{¥),

1. Upload all points of the line L((0,1)).

2. For each & = 0,1,...,n — 1, define j = 2%,...,2%+t1 — 1 and upload all points
on the lines L((7, 1)) except multiples of 27—,

3. Upload all points of the line L((1,0)) except (0,0).

4. Foreach a =0,1,...,n — 2, define k = 2%,...,2°*1 — 1 and upload all points
on the lines L((1,2k)) except multiples of 27—>-1,

Figure 5.3: 2" x 2" data upload procedure.
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Ezample: Consider a 4 x4 2D DFT. The array below shows the effect of the upload
strategy of figure 5.3 on the set of covering lines. The leftmost column of the array
enumerates the lines L((z, y)) that cover the output array. All elements of the vector
L((z,y)) are listed in the corresponding row of the array. The elements that are not
uploaded are boxed.

L((0,1)) Voo Vo Vo2 Vogs

L((1,1)) Vool Vig Va2 V33

1 ¥

L((2,1)) (Voo!| Vaa [Voz2| Va3

’

L((3,1)) |Voo| Va1 [Va2]| Vi3

L((1,0)) [Voo| Vipe Voo Vap

b 1

L((2,0) [Voo| V2 [Vaz2| Va2

1 1

Observe that all the elements of any vector (line) not uploaded from a PE are
multiples of 2 apart.
O

Note that line algorithm required 6 1D DFT to compute the DFT of the example.
This compares to the 8 1D DFT required by the row-column algorithm. Given that
the additions of the reduction operations are performed concurrently with the input
data download, a 6 PE machine could compute this DFT in the time required for
the data upload and download, plus the computation time for one 1D DFT. This
represents a speedup in the DFT computation of 8 relative to a single processor
executing the row-column method.

* If the allowed granularity is no smaller than a 1D DFT the maximum degree
of parallelism of the row-column method is only 4, even though 8 1D DFT are
required. This is due to the fact that the 1D DFT of the second stage (ie. column)
are dependent on the first stage. On a 4 PE machine, the row-column method would

require time for the data upload and download, time for 2 1D DFT, and time for
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a global data transpose that requires every PE to exchange data with every other
PE. If we assume that the global transpose requires zero time, then the speedup of

this method relative to a single processor computing the row-column method is 4.

The parallelized row-column method for N x N 2D DFT, N = 2%, gives a linear
speedup limited by N (disregarding transpose time). The parallel line algorithm
attains speedup of 2N given 3N/2 PEs. This "super linear” performance is due to
the reduction of the number of 1D DFT from 2N to 3N /2. The major limitation of
this method is that it does not scale to machines whose degree of parallelism is lower
than 3N /2. This constraint will be eliminated in later sections. Before proceeding to
that work the 3D prime case of the algorithm is discussed. This section closes with
a detailed implementation of the 2D prime case of line algorithm on a tree machine.
This implementation is compared to a realization of the row-column algorithm on

the same machine.

3D Case

The general mapping of the 3D prime case of the hyperplane algorithm is presented
below. The primary motivation for the algorithm is that it exchanges increased
computation time (larger granularity) for a decreased degree of parallelism relative

to the parallel line method (k=1).

The example covered in this section is the 3D P x P x P DFT, where P is a
prime number. If the line algorithm were applied (case of k = 1), a number of lines
equal to P2 + P 4 1 would be required to cover the output array, and therefore
a like number of processors is needed. To reduce the degree of parallelism of the
computation, take k = 2 and compute planes of the output. For this case the degree
of parallelism is P + 1 (number of planes in a covering set) and the granularity is a

single P x P 2D DFT.

In the previous section the convention that data was input to the machine in
row-major order was adopted. In order to remain consistent with this convention it

is necessary to consider a different set of covering planes that those given in theorem
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4.2.1. Allow the covering planes to be given by

H((0,m,1)) = {(s1,82m, 82) : 81,82 € Z/P},
H((0,1,0)) = {(s1,52,0): 81,82 € Z/P}, (5.2)
m=0,1,...,P-1.

Various data flows can be obtained by permuting the order of the components of
the hyperplanes of theorems 4.2.1 and 4.3.1. In order for the sets to maintain their
covering property each hyperplane must be permuted in the same way.

For the hyperplanes of (5.2) the algorithm is given by the following procedure:

1. Reduction stage. Compute the P 4+ 1 summations:

P-1
aﬁ fg:,m,l)) = > z(dy,i,dz — mi)
=0
H((0,1,0 gy
adl(‘gz’ 0)) = E z‘(dl,dg,i)
=0

2. DFT stage. Compute the P + 1 2D DFT:

P-1 P-1
H((0,m,1 d d
V(81,32m,82) = Z Z a’dl(,z(iz ))w.n 1,52 2’
d1=0d2=0
P-1 P-1 H((0,1,0))
11y d d
V(81,82,0) = z E a’d1,d2 Ww5181,52 2’
d;=0d,=0

m=0,1,...,P-1 and s;,52=0,1,...,P-1.

The computation of the 3D prime algorithm on a multiprocessor is essentially
the same as the 2D case given in figure 5.1.2. They key differences between them
are the evaluation of the reduction operations and the removal of the redundancy
in the data upload. These are specified below.

Assign the P 4 1 reduction operations af to the PEs. During the download
operation the rows of input data are broadcast to the machine. Let row (ry,7;)
denote the P input points T(r1,72,0)3 + + +2 E(ry,r2,p-1) of the input array. The PE

assigned the computation of

H 14y
o
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forms an accumulated sum of the elements of row (71, 72) when it is received. That
sum is placed in location (r,72) of a#((0:19)), The computation of this term requires
one addition for each word input to the PE, and is completed when the last input
enters the PE.

The PEs assigned the computation of the aH((0m1)) terms compute as follows:
When row (r1,72) of the input is received it is rotated mry positions to the right
and summed componentwise with the elements of row r; of aff((0::1)), The rotation
is achieved by address offset and modulo N address arithmetic. Similar to the 1D
case, the summation operation compresses the data. Therefore the reduction stage
requites the PE to have storage for only P? points for each reduction operation
assigned to it.

After the reduction stage is finished, the 2D DFTs are performed on the a¥ in
each PE. This completes the computation. The output is distributed among the
PEs as hyperplanes. There are output points that were computed in more than
one PE. It is desireable that these be removed before the results are uploaded. The
redundant points are all on the the line L((1,0,0)) of the output array. In order to
eliminate these points during the data upload, only one PE is required to upload
the points on the line L((1,0)) in its 2D output array. That is, only one PE uploads
the transformed points afly, efly,...,af_, ;.

For the 3D prime case the multiprocessor hyperplane algorithm requires a degree
of parallelism equal to P+1 and the granularity of a single 2D Px P DFT. Therefore,
the computational speedup relative to a single processor computing the row-column

method is
3.P2.FFT(P) _ g
2.-P-FFT(P) 2~

Speedup =

This does not account for the data upload and download or the additions of the
reduction operations that are performed simultaneously with the download.

For comparative purposes, consider a P processor machine computing the row-
column like procedure of figure 5.1.2. The modified row-column algorithm of figure
5.1.2 requires communication and computation stages. The communication stages

include the upload and download of data points, and the exchange on intermediate
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1. Broadcast two dimensions of data to each PE.
2. Compute 2D P x P DFT at each PE.

3. Globally transpose the data in the machine.

4. Compute 1D DFT on the remaining dimension.

5. Upload the data.

Figure 5.4: A modified row-column 3D algorithm.

results (global transpose). The computation stages are 1D and 2D DFT. If the 2D
DFT at each PE are computed by the row-column method, then this algorithm is
seen to require the time to compute 3P 1D DFT. Its computational speedup relative
to a single processor computing the row-column method is

3.P2. FFT(P) _

3P FFT(P) -

Speedup =

The P processor implementation of the row-column like procedure of figure 5.1.2
has a speedup of P, but the P + 1 processor implementation of the hyperplane
algorithm has a speedup of 3P/2. The hyperplane algorithm achieves a 50% im-
provement over the row-column method at the cost of only a single processor. The
advantage of the hyperplane method is due to its overall reduced number of DFTs

relative to the row-column method.
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5.2 Design Example

This section presents a design example using the multiprocessor hyperplane algo-
rithm. In the previous section the algorithm was defined relative to a generic multi-
processor machine model. In this section, the binary tree machine is selected to give
a specific case study of an implemetation of the algorithm. The tree architecture
is choosen because it provides an easily scaled low cost parallel architecture that
supports all the communication functions required. This section reviews the binary
tree architecture and maps the hyperplane algorithm to it for the 2D prime case.

For this case the hyperplane algorithm and the line algorithm are identical.

5.2.1 The Binary Tree Computer

Consider a machine where each PE is connected to its parent, a right child and
a left child. Each PE also has a CPU and local memory. The entire tree is as-
sumed to be connected to a communication channel through the root. Identical
PE’s are distinguished by some position dependent labeling scheme ie. breadthfirst
numbering.

Processing at the PEs is done in single program multiple data SPMD mode.
In [24] this is described as a sliced procedure where the same program is executed
simultaneously at all the PEs on possibly different datasets. The constraint this
imposes is that the PEs must begin processing at the same point and return from
processing to the same point. During processing, program flow is free to follow
different paths based on the dataset.

The communication functions required are broadcast and report. In broadcast
mode the channel sends data to all the PEs in the tree. In report mode a PE
distinguished by ID number sends data to the channel.

Two enhancements of this basic architecture are also considered. The first allows
the PEs of the tree to perform concurrent communication and processing. The
second also allows the PEs of the tree to perform concurrent communication and
processing, and extends the model to support task level pipelining as well.

The model described above is the target machine for the k—dimensional hyper-
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plane implementation of this section. The implementation is for the 2D prime case
for k = 1. For this case, the k—dimensional hyperplane algorithm reduces to the line
algorithm. The pertinent formulas defining the algorithm were restated in the last
section. For this implementation let the tree have M = P + 1 PEs numbered 1 to
M. The M reductions are assigned to the PEs in the natural order. That is, PE,,
is assigned the computation of the reduction term a(m1) for m = 0,..., P — 1, and
PEp is assigned the computation of the reduction term a(1:9), The algorithm can
be scaled for K < M PEs by assigning L = [M/K] or fewer reduction operations
to each PE. Given the above, the code fragment of figure5.2.1 computes the parallel
line algorithm on the tree. Note that this code is similar to that realized for the
AT&T BT100 binary tree computer.

Throughout this chapter a tree machine mapping of the row-column algorithm
[24] is used for comparative purposes. This algorithm was stated in figure 5.1.1. It
requires two stages of P 1D DFT seperated by a global transpose. The transpose
requires interprocessor communication that are not supported directly by the tree
architecture. The communication requirement of the transpose is achieved using

only host-PE communication.
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/* Reduction Stage */
For (k = 0 to number of rows ~1);
Broadcast row k to all PEs;
If (k #0) then
Do_parallel: For (i = 0 to P);
compute partial reduction a(®¥);
End;
End;

/* 1D DFT Stage */
Do_parallel: For (i = 0 to P);

perform 1D FFT(P); /* a&‘”’y) — vg*/
End;

/* Data Upload Stage */
Fork=0to P

If (k = 0) then
For (j=0)to(P-1)
V[0, j] = Report(PEy, v;);

If (k = P) then
For (j=1)to(P-1)
V14,0] = Report(PEy,v;);

If (0 <k < P) then
For (j=1)to(P-1)
V[Jk’J] = Report(PEk,vj);
End;

Figure 5.5: Tree machine mapping of the multiprocessor line algorithm. 2D prime
case.
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5.2.2 Performance Evaluations

In this section the performance of the multiprocessor hyperplane algorithm is an-
alyzed for the 2D square prime case. Throughout this section, the row-column
method is used for comparison. The machine capabilities that are analyzed are

listed below.

1. Tree architectures with no concurrency between communication and process-
ing. Such machines exploit the computational parallelism of the M indepen-

dent reductions and M independent 1D DFT.

2. Tree architectures capable of concurrent communication and processing. These
exploit both the parallelism of the reduction and DFT stages, as well as the

parallelism between the download and reduction stage.

3. Trees capable of concurrent communication and processing, as well as task level
pipelining. These exploit the more general parallelism between independent

2D DFT tasks.

These three systems are evaluated with respect to the performance measures: ex-
ecution time Tz, pipeline time Tyip., delay time Tgeiay, and speedup Su, which
were defined earlier in this chapter. Unless otherwise specified all expressions are
for complex data.

For N x N data, the execution time of the multiprocessor line algorithm on a

tree with K PEs and no concurrency between communication and processing is:

Tezee = download time + reduction stage time (5.3)
+ FFT(N) stage time + Upload time

+ Overhead time.

To quantify this expression let L = [M/K| be the number of reduction operations
assigned each PE. Let A and C denote word addition and communication time,
T(Fn) be the time to compute a 1D FFT(N), and assume the overhead time is

negligible. Furthermore, let the host perform the upload permutation as defined in

95



section 2 with no time penalty. Then the execution time of (5.3) becomes:

As the number of PEs falls below M, N? additions must be performed for each
additional reduction operation assigned to a PE. This is a large number of additions,
but as the following analysis will show the line algorithm still compares favorably to
the row-column algorithm because of that method’s interprocessor communication

requirement. The row-column method of given in figure (5.1.1) has execution time:

Tezee = download time + FFT(N) stage time (5.5)
+ transpose time + FFT(N) stage time

+ Upload time + Overhead time.

Performing the transpose using only host-PE communication and letting L' =

[N/K], the execution time becomes
Tezee = ACN? + 2L'T(FN). (5.6)

The tradeoff between these methods is the reduction stage of the line algorithm
for the transpose stage and one stage of FFT(N) of the row-column algorithm.
This trade is LN? additions for 2N2 communication operations plus the operations
required to compute L’ FFT(N). In terms of time this is ALN? versus 2CN? +
L'T(Fy). For trees with M PEs equal to the number of reduction operations, the
tradeoff is time 2C N2 + T(Fy) versus AN?. So for M PEs, the parallel reduction
algorithm is faster than the row-column algorithm whenever addition time is less
than twice communication time (assume T'(Fy) is minimal). Currently there are
DSP chips available [2] that perform floating point additions above 10M Flops on 32
bit words. The communication channel must average 80M Bytes for the row-column
algorithm to breakeven with the parallel reduction algorithm if such PEs are used.

Another feature of the parallel line (and k—dimensional hyperplane) algorithm
is its ability to exploit real input data for performance improvement. The reduction

stage performs its additions on data that is only real, but the row-column algorithm
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must transpose complex data. This doubles the tradeoff to 4CN? versus AN2, and
a communication channel capable of averaging 160M Bytes is required for the row-
column algorithm to break even. Furthermore, the DFT stage of the parallel line
method is on real data, while only one of the DFT stages of the row-column method
is on real data.

If the tree supports concurrent communication and processing then the execution

time for the parallel line algorithm improves to
Tezec = maz(ALN?,CN?) + LT(Fy) + CN? (5.7)
which for M PEs is
Tezec = maz(AN?,CN?) + T(Fy)+ CN2. (5.8)

The source of the improvement is that the summations of the reduction stage are
computed concurrently with the input data download. This approaches the 2C N2
time limit of machines with a single I/O channel, particularly if V is a power of
2 (however this requires an increase of the degree of parallelism to 3N/2). The
space-time diagram below shows the allocation of the machines resources during this
computation. The vertical axis depicts the I/O channel and a processing element.

The horizontal axis depicts time.

max(AN2,CN?) T(Fny) CN?
I/0| Download Upload
PE;| Reduction |FFT(N)

The row-column method cannot benefit from this architectural enhancement
since it requires all the data to be present at the PEs before an FFT stage can

begin. A space-time diagram for this computation is

CN?* T(Fy) 2CN?* T(Fy) CN?
I/0|{Download Transpose Upload
PE; FFT(N) FFT(N)

If task level pipelining is permitted, the row-column algorithm can perform the

communication stages of one 2D FFT simultaneously with another’s computation
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stages. The execution, pipeline, and delay times for this two task algorithm are
Tezec = 8C'N2,v‘ . Tps'pe = 4CN2, Tdclay = 7CN2-

Here, execution time measures the pipeline period of the two-task algorithm, and it

is assumed that L'T(Fn) < 2CN2. A space-time diagram for this computation is

CN? CN? 2CN? 2CN? CN? CN?

I/0|Down 1| Down?2 |Trnspl|Trnsp2|Upload 1{Upload 2
FFT(N)1 |[FFT(N)2|FFT(N)1|FFT(N)2
PE; (row) | (row) | (col) (col)

The parallel line algorithm improves with task level pipeling by performing a 2D
DFT’s reduction stage in paréliél with its data download, and its 1D DFT stage in
parallel with another 2D DFT’s data upload. The execution, pipeline, and delay

times for this two-task algorithm are
Tezec = Tdelay = max(2CN2,2ALN?) + max(2LT(Fy),2CN?)

Tyipe = max(CN%, ALN?) + max(LT(Fy),CN?).
A space time-diagram for this computation on an M PE machine is

Twmax  T(FN) Tmax  CN?  Twmax CNZ
I/0|Down1 Down2| Upl |Down3| Up2
PE;| Red1 |FFT(N)1| Red2 |FFT(N)2| Red3 |FFT3

where Tnax = max(AN2,CN2). If ALN?2 < CN? and LT(Fy) < CN? a result
is available at every 2C N? interval. This is the time performance limit for single
I/O channel machines. Figure 5.6 gives a summary of the parallel line algorithm's

performance on an M PE tree.
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1. On machines with no concurrency between communication and processing, the

execution time can be

Tezec = 2CN? 4+ AN? 4 T(Fn).

2. On machines where concurrency exists between communication and processing

the execution time can be

Topec = max(AN2,CN2) + T(Fy) + CNZ.

3. On machines with concurrent communication and processing, and task level

pipelining, the execution, delay, and pipeline times can be
Tezec = Tuelay = max(2CN2,2ALN?) + max(2LT(Fn),2CN?)
Tpipe = max(CN2, ALN?) + max(LT(Fn),CN?).

Figure 5.6: Performance summary. Tree implementation of the prime case of the

2D line algorithm.
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Conclusion

This section demonstrated a multiprocessor algorithm for MD DFT computation.
The algorithm is based on a direct mapping of the hyperplane algorithm to the
multiprocessor architecture. The 2D case of the hyperplane algorithm was studied
extensively, and is identical to the line algorithm. The algorithm is shown to natu-
rally partition the d—dimensional DFT into M independent computations, M equal
to the number of k—dimensional hyperplanes required to cover the d—dimensional
array.

For multiprocessor architectures a mapping is given that requires no interproces-
sor communication, and allows the M independent computations to occur concur-
rently with the input download. On single I/O channel machines that are capable
of exploiting the full degree of parallelism of the algorithm, execution times as low
as the time to compute a single one dimensional FFT on N points, plus the time
to upload and download the data are attainable. If task level pipelining is used,
average times equal to the single channel I/O limit occur, but single task comple-
tion times are longer. Furthermore, if the input data is real, the only stage of the
algorithm that inputs complex data is the data upload.

The primary benefit of the algorithm was seen to be that it requires no inter-
processor communication. The primary limitation of the algorithm is that it does
not scale flexibly to the degree of parallelism of the target processor. This issue is

addressed in the next section.
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5.3 A Composite Algorithm

This section combines the hyperplane and multidimensional Cooley-Tukey algo-
rithms to produce a highly scalable broadcast mode multiprocessor algorithm. The
main features of the algorithm are that it requires no interprocessor communication,

and that it maps to machines of varying degrees of parallelism.

5.3.1 Overview

In the previous sections of this chapter the k—dimensional hyperplane algorithm was
mapped to a broadcast mode multiprocessor machine model. The parallel algorithm
that resulted requires no interprocessor communication. However, in order to exploit
that benefit, the number of processors in the machine has to equal the number of
k—dimensional hyperplanes required to cover the d—dimensional output array. For
many cases this can be a large number. Consider that the power of prime case

(including 2) of the algorithm requires the degree of parallelism of the machine to

be
pr\d-k [ pd=k+1 _ 1
(—17) ( P-1 ) '
The granularity of the corresponding computation is a single
k—dimensional DFT of size (P")F.

For a given problem size the only means available for adjusting the degree of
parallelism is to alter k. The effect this has on the algorithm is to change the
dimension of the hyperplanes used to cover the output array. An increase in k
increases the granularity of the computation performed at each PE by increasing
the dimension of the required DFTs. This increase in granularity is accompanied
by an assoicated decrease in the degree of parallelism required by the algorithm.

Using this method, the tradeoff between granularity and degree of parallelism is
limited to powers of P". That is, for an increase in dimension of 1, the size of the
computation increases P™ times and the degree of parallelism decreases roughly P”

times. At the limit £ = d — 1, this method allows a minimum degree of parallelism
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of
(25

The corresponding granularity of the computation performed at each PE is a (P")?-1
DFT. For the N = 2" case, the minimum degree of parallelism is 3N¥/2, and the

corresponding granularity is a single d — 1 dimension DFT of size (IV)4-1,

The primary limitations that result from manipulating only the dimensionality
of the problem are: (1) that the degree of parallelism can only be scaled by powers
of P", and (2) that there are only d — 1 possible mappings of the algorithm.

One method for obtaining increased control over the degree of parallelism of
the algorithm is to modify the order (size) of the computation in each dimension.
This can be done using multidimensional Cooley-Tukey (MD CT) / vector-radix
techniques. The feature of the MD CT algorithms central to this work is that they

can factor a d—dimensional DFT into stages of lower order d—dimensional DFT.

In the next section an algorithm that marries the hyperplane algorithm to the
MD CT algorithm is introduced. The resulting composite algorithm can be said to
use the MD CT algorithm to reduce the order of the computations performed in each
dimension, and the hyperplane algorithm to reduce the number of dimensions. The
composite algorithm requires no interprocessor communication, and can be scaled

to match the degree of parallelism of the target machine.

5.3.2 Derivation

The composite algorithm will be developed as follows: First the structure of the
MD CT factorization is reviewed. The mechanism used to describe the structure
is the tensor product of matrices. A tensor product formulation of the MD CT
factorization is given in section 3.3. Then a nesting of the hyperplane algorithm
within the MD CT factorization is given that permits the MD DFT to be computed

with a reduced degree of parallelism and no interprocessor communication.
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MD CT Components

The computational structure of the MD CT factorization is investigated below. The

matrix formulation of this factorization (section 3.3) is

Stage 2 Stiqel
Fy = ta_.z:zFe_ ® I, 5Tﬂ,g(rls ® F 5PE»£ (5.9)

— p=-1
Qﬂ_,_‘[ - Pﬂ,r_ Pﬂ.,'l”

where F,, is defined as the matrix form of the ny X --- X ny4 d—dimensional DFT,

and
n = (n1,n2,...,74q) n o= ny---nyg
n; = 1;8;
T = (P1,72,...,Td) » r = r1--:7q » and
t=1,2,...d.
s = (81,82y...,84) 8 = 81---84

The algorithm developed in this section will apply the hyperplane algorithm
to the computation of the DFTs of the first stage of equation (5.9), and more
conventional methods to the DFTs of the second stage. Given this, the first issue
to consider is the dataflow between the DFT stages.

The first stage of lower order MD DFTs is

Fr

F

Y= ® F)Ppsz = - Py ,z. (5.10)

This stage is evaluated by computing a number s of independent d—dimensional
DFT F,. The results of this computation are stored lexicographically in y,. The
next computation applies the twiddle multiplications to the vector y,. While these

have no bearing on the current development, they are given for completeness as
Z= Tﬂ.g Yo

where T, , was defined in section 3.2. The second stage of lower order DFTs is
described by
¥, =(Fs0 1)z (5.11)
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Equation (5.11) can be rewriten using the commutation property of stride permu-

tations (theorem 2.1.1) as

F,

F,
Y3 = Pn,a(Ir ® F_J_)Pn,r£= Pn,a * . Pn,r 2. (512)
Fy
Expressed in this way, the computation of stage two is seen to be performed by
a number 7 of independent d—dimensional DFT F;. In order to determine which
elements of z (stage one) are being transformed by any F,, we may neglect the

twiddle multiplications and expand (5.12) to

Stage?2 Stagel
F£ F."L} r—points
F, F,
Y3 =Py ] P, ) P, z. (5.13)
F, F,

Consider the output of any stage one DFT. Let z; and z; be the input and output
vectors respectively of the ji# DFT of stage one. That is, the j** F, of the block

diagonal matrix of stage one. Then z; is given by

z;(0)
z;i(1
Z; = JF ) =F, z;. (5.14)
zj(r = 1)
The stage one output vector z is formed by concatenating the z; lexicographically
to obtain
2o
Z
&= . = (L, ® F)Py,z. (5.15)
2351

The input vector to the second stage of DFT is formed by applying the stride by r

permutation to the stage one output 2.
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Recall from section 2.1.1 that the action of the stride by r permutation P, , on a
vector 2 is to reorder it by multiples of . As an example of this consider the vector

2 of length n = rs acted on by P,
t
Pry 2= (20yZry oo oy Z(a=1)rs 1y Zr4 15+ o3 Z(a—1)r41s - - =3 Zn=1) -

Denote the input vector to stage two by 2/. Represented in terms of the stage one

output, 2’ can be written:

( 20(0) \ )
zl(O)
: 8 — points

2,_1(0) J
2=Prz= : (5.16)
20(7‘ b 1)
21(1‘ - 1)

\ 25-1(r — 1) }
where 2;(3) is defined in equation (5.14) as the i** output of the jth DFT of stage
one. Let z! be the segment of 2’ that is input to the i*» DFT of stage two. The
inputs to the first DFT of stage two are the first s elements of 2/ in equation (5.16).
These elements will be denoted zj. In terms of the inputs to the stage two DFT, 2’

is written

2 = - . (5.17)

Zr—-1

2z} is the i** block of s elements of the vector 2, and is given by

2o(?)

zl_(i) (5.18)

Z,_l(i)
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The inputs to the i*» DFT (F}) of stage two are given by 2}. Equation (5.18) shows
that these points are formed by collecting output ¢ from each of the s stage one
DFT F,.

In order to illustrate this point further, consider the 2D nxn DFT where n = rs.

A block diagram for this case is shown in figure 5.3.2.

Stage 2 Stagel
P, rm— e,
Yo,0 (0,0) 00 00 (0,0) Zo,0

Yo,r Zo,s

Y(s—1)r,(s=1)r Z(r=1)s,(r=1)s

Yo Zo,1

Yo,r+1 T0,54+1

Y(s=1)r,(s—1)r+1 Z(r=1)s,(r—1)s+1

Yr-1,r-1 Ts—1,s-1
Yr—1,2r-1 Tg-1,25-1

—ln— Tne1ln-—
Yn-1,n-1 el 01 el n-1l,n-1

Figure 5.7: Flow diagram of an n X n 2D FFT factorization for n = rs.

The diagram describes the relationship between the first and second DFT stages
of a MD CT factorization for n = rs. In the diagram, each DFT of a stage is
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identified by a rectangle with an index (z,y) afixed to it. DFT i of stage two refers
to the DFT whose index (z, y) is the i** taken lexicographically. The diagram shows
graphically that input j to DFT i of stage two is from output i of DFT j of stage
one.

For an alternative perspective consider the three step procedure given in section
3.3 for the evaluation of the factorization of (5.9). Using this procedure, the data
flow between stages one and two can is defined in terms of the decomposition of the

input and output index sets. The procedure is restated below.

1. Computation of d—dimensional DFTs F;. Each of these is performed on a
coset of the input with respect to the subgroup sZ/n.

2. Twiddle multiplications. The element @ of the input coset u that was trans-

formed in step (1) is multiplied by wg1*1 - - .wgd¥d.

3. Computation of d—dimensional DFTs F,. Each of these produces a coset of
output with respect to the subgroup rZ/n. The input and output subgroups
are dual.

This procedure relates directly to the diagram of figure 5.3.2. The DFTs of stage
one of the figure correspond to the F, of step one of the procedure, and the DFTs of
stage two of the figure correspond to step three. Step two of the procedure defines
the twiddle multiplications, which are not our immediate concern. The diagram
shows the input points to each DFT of stage one. The DFT labeled (0,0) is seen to

be computed on the points whose indexes are given by the set

{(z,y): (z,y) € sZ/n X sZ[n}.

Similarly, the DFT labeled (0,1) is computed on the points whose indexes are in
the set

{(z,9)+(0,1) : (z,y) € sZ/n x sZ[n}.

By the definitions given in chapter 3, the input data for the DFT labeled (0, 0) are
the points whose indexes are the subgroup sZ/n of Z/n. The input data to the DFT
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labeled (0,1) are the points whose indexes are the (0,1) coset of the decomposition
of Z/n with respect to the subgroup sZ/n. In general the input to the DFT labeled
(z,y) is coset (z,y) of the decomposition. The cosets of the decomposition of Z/n
with respect to sZ/n can be enumerated by u € Z/s X Z/s. In this way F; number
u is said to transform coset u of the input array.

The second stage of DFT can be described in a similar way. The difference
between the stages is that the DFTs of stage two each produce a coset of the output
array with respect to the subgroup rZ/n x rZ/n. The cosets in this decomposition
are enumerated by a € Z/r x Z/r. In this way F; number g produces the coset a of

the output array. These are the output points whose indexes are given by

{(z,9) + (a1,02) : (z,9) €ErZ[n X rZ[n}.

Above, the input and output data flow has been described in terms of the decompo-
sition of the input and output index sets. Below, the data flow between DFT stages
is described in terms of those same decompositions.

The output of each F; of stage one is associated with the index set ¢ € Z/rx Z/r.
These correspond to the indexes marked on the left column of the stage one DFT
in the diagram. Similarly, the input to each DFT of stage two is associated with
the index set u € Z/s x Z/s. These correspond to the indexes marked on the right
column of the DFT of stage two. Using these associations, the data flow between the
DFT stages can be described in terms of the decompositions of the input and output
index sets. Recall from the discussion above that an F; of stage two is labeled by
a € Z/r, and an F; is labeled by u € Z/s. Then the F; associated with coset @ of
the output array takes its input u from the output @ of the F; associated with input

coset u. This relation is depicted graphically below.

a li.

Fg! QFL

Evaluating the MD DFT by the factorization of equation (5.9) requires comput-
ing DFT stages composed of F, and F,. The inputs to the i** F; were shown to

108



be the collection of i** outputs of every F,. Let that F, be assigned to a PE in a
multiprocessor. The PE can evaluate that Fj if the i*% point from every stage one
F, is available at the PE. Below, an assignment of the hyperplane algorithm to the

DFTs of stage one is given that satisfies this criterion.

Hyperplane Components

The multiprocessor hyperplane algorithm developed in the previous sections of this
chapter will be applied to the computation of the DFTs of the first stage of the MD

CT factorization. These are

Stagel

F;

Fr

yl = (I" ® F!'.)P."lvﬂg"- = P'n sZ. (519)

F,

The algorithm depends on the computation of the F;. of stage one by the multiproces-
sor hyperplane method. Before proceeding with the development of the algorithm,
first consider the computation of a single F; by that method.

Assume that F; is of the same size in d — k+ 1 dimensions, and let 7 = -+ - = 4.

Then the indexing set of F; may be written

R=Z/r=2Z[r1X X Z[rg=AXDB,
A= Z/’I'] X e X Z/’I‘k_l X Z/’l‘k,
B = (Z/ry)dk.

The number of k—dimensional hyperplanes required to cover the

d—dimensional array R = Z/r is denoted M(r). Let the number of PEs in the
machine be M(z), and recall that on such a machine the DFT F; may be computed
by the procedure listed below.
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1. Assign one hyperplane of the covering set to each PE.

2. Broadcast the inputs to the machine, and simultaneously compute the reduc-

tion operaticns.

3. Compute a single k—dimensional DFT over A.

Figure: Computation of F; at a PE.

After this procedure is complete each PE has its own k—dimensional hyperplane
of the outputs of the F;. For each of the remaining F; of stage one, apply the same
assignment of hyperplanes to PEs that was used for the first F,. These DFTs are
computed in the same manner as the first.

When the computation of this stage is complete, every PE has one k—dimen-
sional hyperplane from each F; of stage one. Since each PE was assigned the same
hyperplane in every F;, the PE that has point a from the first F; has point g from
every F, of stage one. In the previous section these were shown to be the points
needed to compute coset a of the output partition. The PE generates coset a of the
output partition by applying the appropriate twiddle multiplications to the stage
one outputs, then computing a single d—dimensional DFT F.

Below an example is given to illustrate this procedure. The example is for a
9 x 9 2D DFT computed on a four PE broadcast mode multiprocessor. Following

the example a general statement of the algorithm is given.

Ezample: Conside; the problem of computing a 9 x 9 2D DFT on a 4 processor
machine. A direct mapping of the line algorithm (k = 1 case of the hyperplane al-
gorithm) for this computation would require 12 processors. However, the composite
algorithm using a 3 x 3 factorization requires only 4 processors. This algorithm will

be developed below.
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The computation depends on the evaluation of the 3 x 3 2D DFT F33, by the

line algorithm. That computation is

and is described by the example at the end of section 2.2. The output array of the
3 x 3 2D DFT is given by four lines. These are:

L((0,1)) = {200, 20,1, 20,2}
L((1,1)) = {200,211, 22,2}
L((2,1)) = {200,221, 21,2}
L((1,0)) = {200, 210, 22,0}

Each of these lines is assigned to a different processor. Let the output on the lines
L((m,1)), m = 0,1,2 be computed by PE,,;, and the output on the line L((1,0)) be
computed by PE3. As the inputs are broadcast to the machine, each PE computes
the reduction operation a{*¥) associated with its assigned line of the output. After
the broadcast is complete, each PE performs a 3—point DFT to produce its set of
output points. Each of the 3 x 3 2D DFT of the first DFT stage of the factorization

are computed in this way.

The 9 X 9 2D DFT can be written

Stage2 Stagel

-1 pmrermsea e— e e
Flo9)2 = Fgg)33) (19 ® Fi33)) Pa1,9T(99)(33) (19 ® F(33)) Plag)a3)

The first stage of DFT of this factorization requires the computation of nine 2D

3 x 3 DFT. The inputs to these DFT are listed in the arrays below. Each of the
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arrays is labeled above by the index of its first element in parenthesis.

(0,0) (0,1) (0,2)
o0 Ao,a @o6 (@lo, AOA @o,7 Zlo,2 Ao,s ®@o,s
30 33 36 31 T34 T3 Z3,2 T35 38
T60 ZT6,3 T66 Te1 Tea ZTe7 Te,2 %65 Te8

(1,0) (1,1) (1,2)
[ﬂl,o AIB @1,6 E'ﬂl,l Am @17 @1,2 Al,s @1,8
T40 T43 T46 g1 Ty4qa TT7 T42 T45 T48
70 73 I76 T7,1 Tra T Z7,2 75 T7.8

(2,0) (2,1) (2,2)
FAPY Az.a @26 FAPSY Am @27 AP Az,s @28
Ts0 T53 Tse6 Ts51 Ts54 Ts7 Ts2 Ts5 ITs58
Zgo Tg3 TIge6 rg1 Tg4q TgT g2 Tgs5 I88

This partition of the input elements results from decimating both dimensions of
the array simultaneously. Each array of the partition is a coset of Z/9 x Z/9 with
respect to the subgroup 3Z/9 x 3Z/9. The label above each array is its coset leader.
Throughout this example, the arrays will be defined and refered to as cosets, and
distinguished by their coset leaders.

Each of the nine required 3 X 3 2D DFT of stage one are computed by the
multiprocessor line algorithm as described above. The lines are taken over each of
the cosets. The assignment of lines to PEs is the same for each of the cosets. The
PE assigned line L((0,1)) in coset (0,0) is assigned line L((0,1)) in every coset.

For simplicity of presentation, allow the input data to be broadcast to the PEs
by coset. Then the reduction operations are performed simultaneously with the
data download. Each PE performs one addition for each word it inputs. As all
the points of a coset are received, the associated reduction operation is completed.
When the download is finished the PE performs nine independent 3—point 1D DFT

to complete stage one.
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Consider the computation of the line L((0,1))in each coset of the input partition.
For each coset downloaded the PE computes the required reduction operation. When
the download is complete, the PE performs the 1D DFT. At this time the PE
contains all the stage one outputs corresponding to the first row of each coset shown
above (enlosed in rectangles). The approriate twiddle multiplications are applied at
this time.

The second stage of DFTs requires computing nine 3 X 3 2D DFT. To obtain all
output points by the method described in this section, each PE must compute three
3x3 2D DFT. For the PE assigned line L((0, 1)) of each stage one coset, one 2D DFT
is computed for each element in the line. That is, the first 2D DFT is performed
on all points enclosed in squares, the second is computed on all points enclosed in
triangles, and the third 2D DFT is computed on all points enclosed in circles. After
this stage of 2D DFT is complete, the entire computation is distributed by output
coset throughout the machine. This permutation is similar to the permutation that
results from a typical application of the vector-radix algorithm.

0

The factorization of the 9x9 2D DFT given in the example above contains 18 F3 3
2D DFT. If each of these were evaluated by the row-column method there would be
108 FFTs of 3—points each. Assume the reduction operations of the line algorithm
are performed concurrently with the input download and the communication time
is not considered, then the computational speedup of the composite algorithm of

the example relative to a single processor computing the 3 x 3 factorization is

_ 108FFT(3) _

Speedup = 4

27TFFT(3) ~ "
which is the ideal linear speedup, and requires no interprocessor communication.
The procedure listed below describes a best fit strategy for matching the degree

of parallelism of the algorithm to the number of processors in the target machine.

1. The computation is an n; X --- X ny d—dimensional DFT F,,, where n =

(n1y...,n4).
2. The initial degrees of parallelism attainable by the direct mapping of the algo-
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rithm are given by My(n), the number of k—dimensional hyperplanes required
to cover the d—dimensional array. These exist for ¥k = 1,...,d — 1 and are
constrained by the condition that n be of the same size in at least d — k + 1
dimensions. The algorithm has only been defined for the cases where n is of

prime or power of prime (including 2) size in those dimensions.

3. Lower degrees of parallelism are attained by factoring F;, into stages of Fy and

F,, where it is required that

r = (r1,--+,7d) n; = Ti8;
, and
s = (S15...,84) i=1,...,d

4. The degrees of parallelism possible for a given factorization of F}, into F; and
F, are given by Mi(r) for k = 1,...,d - 1. M(r) is the number of k—dimen-
sional hyperplanes required to cover Z/r. The constraints on r are identical

to those given for n in step (2).

5. Different degrees of parallelism result for various factorizations of F}, into F;
and F, and the dimensionality k of the covering hyperplanes. The selection
of best fit can be based on which gives the closest match to the degree of

parallelism of the machine, as well as which gives the best speedup.

The multiprocessor computation of F, was described in previous sections of this
chapter. The procedure that follows describes the multiprocessor computation of

F, factored into stages of F, and F;.

1. Associate one k—dimensional hyperplane of Z/r with each PE. The required
hyperplanes are given by theorems 4.2.1 and 4.3.1. A hyperplane represents a
subset of the output of a single F;.

2. The input is partitioned into cosets with respect to the subgroup sZ/n. These
are enumerated by v € Z/s. Each corresponds to an array Z/r. Assume for

simplicity of presentation that the input has been ordered by coset.

3. Broadcast the input to the machine. As coset u is input, each PE computes the

H

reduction operation a” corresponding to the hyperplane assignment of step
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(1). For each coset, this step is identical to the multiprocessor computation of
a single F;. When this step is complete, s independent reduction operations

a¥ have been computed by each PE.

. Compute a number s of k—dimensional DFT at each PE. Each k—dimensional
DFT is computed on the output of a reduction operation from step (3). Each

produces the hyperplane of the coset associated with the PE in step (1).
. Apply the twiddle multiplications.

. Compute independent DFTs F, at each PE. There are s k—dimensional hyper-
planes in each PE. Each hyperplane has |.A] points. | 4| DFTs are performed.
For z € A, a DFT F; is performed on the collection of all points with index z

from each hyperplane in the PE. After this step the computation is complete.

. Data upload. The output is distributed among the PEs according to the coset
decomposition of Z/n with respect to the subgroup rZ/n. This is a normal
vector-radix [26] permutation. The.cosets are enumerated by @ € Z/r. If
@ € Z[r is contained in the k—dimensional hyperplane associated with the
PE in step (1), then output coset a is also contained in the PE. Cosets of
output are redundant exactly the same way that points are redundant in the
computation of a single F;.. When it is desireable, the redundancy can be

eliminated in an analougous manner.
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5.4 Conclusion

This chapter presented a new algorithm for the multiprocessor computation of the
MD DFT. The algorithm is based on the hyperplane algorithm introduced in chap-
ter 4, and is intended for multiprocessor machines connected to a single I/O channel.
The target processor must support the communication functions broadcast and re-
port. The algorithm is refered to as the multiprocessor hyperplane algorithm.

Implementations of the algorithm are considered for two basic situations. The
first is when the degree of parallelism of the target processor matches one of My(zn),
k=1,...,d — 1. Where My(n) is the number of k—dimensional hyperplanes re-
quired to cover Z/n. For these cases the algorithm is shown to require the time
to compute one k—dimensional DFT plus the time to input and output the data.
Computationally, the speedup of the algorithm is the ratio of a d—dimensional DFT
to a single k—dimensional DFT.

The second case of the algorithm applies when the size of the machine does not
match My (n). That is, the degree of parallelism of the algorithm is not compatible
with the size of the machine. For this case the hyperplane algorithm is married
to the multidimensional Cooley-Tukey algorithm (MD CT). The role of the MD
CT algorithm in the composite algorithm is to factor F; into stages of F; and F,
where each n; is the composite n; = r;s;. For this case the degree of parallelism is
one of My(r), for k = 1,...,d — 1. In this manner the degree of parallelism of the
computation can be modified to match the size of the target processor. Like the

direct method, the composite algorithm requires no interprocessor communication.
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Chapter 6

Conclusions and Future Research

One of the major issues of parallel processing is the design of algorithms that min-
imize interprocessor communication. This research has addressed that issue from
the perspective of the parallel computation of the multidimensional discrete Fourier
transform.

The majority of algorithms for the parallel computation of the multidimensional
DFT are based on row-column and Cooley-Tukey type methods. These algorithms
have complex data flow and computational structure. To facilitate the design of
such algorithms a tensor product formulation for MD DFT has been proposed in
this work. The formulation is based on the fact that these algorithms decompose the
input and output groups with respect to dual subgroups. Using the tensor formu-
lation, MD CT type algorithms can be created and modified by applying algebraic
manipulations to the formulation. In future research, this work can be extended to
other multidimensional computations. These include the multidimensional cosine
transform, linear convolution, and Hadamard transforms.

This dissertation has also developed a new reduced transform algorithm. The
aigorithm computes a d—dimensional DFT by restricting it to a collection of sub-
groups of its output indexing set. These subgroups are defined in terms of k—di-
mensional hyperplanes (¢ < d). The result of restricting the d—dimensional DFT
to the k—dimensional hyperplanes is shown to be a set of independent k—dimen-

sional DFT. Each k—dimensional DFT is performed on data derived from the input
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by additions, and produces a k—dimensional hyperplane of the output array. A
direction for future research could be the application of this method to other digi-
tal signal processing computations. A likely candidate for such an approach is the

multidimensional discrete cosine transform.

A common characteristic of row-column and CT based parallel algorithms is
that they intersperse stages of computation with stages of global data exchange.
The central feature of most implementations of these algorithms is the manner in

which interprocessor communication is minimized.

This dissertation has examined reduced transform algorithms as an alternative
means of computation. Some reduced transform algorithms were shown to have
structures that do not intersperse communication and computation stages. They
are computable by a preaddition stage followed by a stage of independent lower
order DFTs. The hyperplane algorithm described above falls into this category.
These algorithms can be mapped to broadcast mode multiprocessors, and compute

the MD DFT with no interprocessor communication.

The primary objective of this research has been the development of a broadcast
mode multiprocessor algorithm for MD DFT computation. The main features of
that algorithm are that it requires no interprocessor communication, and that it

maps flexibly to the degree of parallelism of the target processor.

Two variants of the algorithm are developed. The first is a direct mapping of
the hyperplane algorithm to the multiprocessor. This method is shown to produce
a parallel algorithm that requires no interprocessor communication, but imposes
limiting restrictions on the degree of parallelism of the target processor. In order to
obtain a multiprocessor algorithm with a flexible degree of parallelism, the hyper-
plane algorithm is married to the multidimensional Cooley-Tukey algorithm. The
resulting composite algorithm requires no interprocessor communications and has a

flexible degree of parallelism.

Expressions for estimating the performance of the algorithm have been obtained
as a function of the size of the d—dimensional DFT, the bandwidth C of the com-

munications channel, the time A for an addition, the time T(FFT) for a single
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processing element to perform a k-dimensional DFT, and the degree of parallelism
of the machine. For single I/O channel machines capable of exploiting the full degree
of parallelism of the algorithm, computation times as low as the input/output limit
are attainable.

An immediate direction for future work based on this research is the development
of codes to realize the algorithm on an assortment of machines. These can be used for
performance benchmarking to determine practical applications where the algorithm
provides a feasible solution for MD DFT computation. Another research direction
is the development of like minded algorithms for the computation of other DSP

functions targeted for the same class of distributed processors.
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