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Abstract
Decomposition Techniques

and Disjunctive Linear Programming
for Fixed-Income Portfolio Selection
by
Katherine G. Wyatt

Advisor: Professor Ken McAloon

Drawing on Sharpe’s work in the '60s and ’70s, researchers
have developed a family of portfolio selection models that use ab-
solute deviation, instead of variance, as a measure of dispersion of
returns. We define a class of linear programs, called step-shaped
programs, and show that programs for these absolute deviation
models are step-shaped. The addition of logical requirements to
programs in this class leads to the definition of disjunctive step-
shaped programs. Variable decomposition for linear step-shaped
programs is discussed, and our results for variable decomposition
of disjunctive step-shaped programs are presented. Algorithms
for the solution of disjunctive step-shaped programs are outlined
and verified. We describe a hybrid method of decomposition in-
troduced by Van Roy, called cross decomposition, and show the
effects of applying this method to step-shaped programs. A new

model for fixed-income portfolio selection, the absolute deviation
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trade-off model, is introduced and the linear and disjunctive step-
shaped programs that describe this model are detailed and ana-

lyzed. We include an overview of the financial ideas behind our

model.
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1 Step-shaped programs

Portfolio selection models that use the absolute deviation of returns on dif-
ferent scenarios or time periods as the measure of risk have been developed
by several researchers [Ko] [KoYa] [WoVZZe] [ZeKa]. Development of these
models followed work by Sharpe [Sh67] [Sh71] using absolute deviation of re-
turns in finding the characteristic or market line for a particular security or
portfolio. The absolute deviation models are of interest because they can be
formulated as programs with linear objective functions, as opposed to mod-
els that use variance as the measure of risk. The reader is invited to turn
to Section 7 and Section 8 for an overview of the relevant financial material
that motivates these models.

The programs that correspond to these models share several family char-
acteristics. First, auxiliary variables are introduced to represent the absolute
value of the difference between sampled and expected returns; second, there
are constraints on the primary variables in which the auxiliary variables don’t
appear; third, the constraints in which both the primary and auxiliary vari-
ables appear do not further constrain the primary variables; and, finally, the
only constraints on the auxiliary variables alone are bounding constraints
restricting their values to the nonnegative orthant. We will call the primary
variables portfolio variables and the auxiliary variables risk variables.

These characteristics motivate the following definitions.

DEFINITION: Let R = {z € " : Az < b} and let Dz + Ey < f be
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a system of linear inequalities. Then Dz 4+ Ey < f is free for £ € R if for
every £ € R 3y > 0 such that (z,y) satisfies Dz + Ey < f. O

Let z € RY and y € RS. Consider the following linear program (P):

(P) max {cz+dy} = 2z
st. Alz+Aly < r
Az + A%y < b

Ajz+ A3y < 0

DEFINITION: Let R = {z € RY : Alz < r}. A program (P) is a
step-shaped program if the coefficient matrix for (P) can be written as above
and if, in this formulation for (P), (1) A? and A} are zero submatrices, and
(2) the constraints Alz + A3y < b are free for z € R. O

From the characterization above, we see that a program for an absolute
deviation portfolio selection model has constraints on the portfolio variables
alone, constraints that link the portfolio and the risk variables that are free
for the portfolio variables, and bounding constraints on the risk variables
alone. Therefore, these are step-shaped programs.

Programs for absolute deviation models typically have two constraints
that link the portfolio and risk variables for every scenario. In applications
it is necessary to include as many scenarios as possible, so these problems
quickly become very large; analysis of decomposition techniques applied to
step-shaped programs can lead to explicit solutions of relatively large pro-
grams. We will first discuss decomposition of linear step-shaped programs;
disjunctive step-shaped programs are defined in Section 3, and decomposi-

tion methods for disjunctive step-shaped programs are also analyzed in that
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section.

We will need two definitions for the discussion that follows. Let (LP) be
a linear program. Then we define F(LP) to be the region in R" containing
points feasible for (LP) and v(LP) is the optimal objective function value of
(LP).

Notation: We adopt the convention that a variable without a subscript
(e.g., =) is a vector in R", and a variable with a subscript (e.g., z;)
is a real number and the jth coordinate of a vector in ®*. The only
exception is when the subscripted variable has a vector symbol above

it, in which case (e.g., #;) it is also a vector in R™.
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2 Decomposition techniques

Dantzig and Wolfe introduced a technique for decomposition of large-scale
linear programs in [DaWo)]. Their method is based on a partition of the prob-
lem’s constraint matrix and the use of LP-duality to solve a master prob-
lem with many fewer constraints and simple subproblems. Held and Karp
[HeKa70][HeKaT71] developed the Lagrangian relaxation method, which uses
decomposition of the constraint set to solve large mixed integer problems.
Benders [Be] used a partition of the variable set to solve mixed integer prob-
lems. Van Slyke and Wets [VSWe] reported on a method called L-shaped
decomposition, which is akin to Benders decomposition, for large-scale and
stochastic linear problems. Finally, Van Roy introduced a method, cross de-
composition, that combines variable (Benders) and constraint (Lagrangian)
decomposition [VR]. Schrijver [Sc] describes Benders decomposition and
Lagrangian relaxation. We will focus on variable decomposition and cross
decomposition.

The form of the coefficient matrix for step-shaped programs is close to
the Van Slyke and Wets description of L-shaped programs. The shape of
the nonzero submatrices we are considering differs from the L-shaped form,
however, in that we need to explicitly consider the bounding constraints on
y since we will be interested in dual multipliers for the constraints. In fact,
our definition of free makes precise an informal property discussed by [VR].

We will first outline variable decomposition of linear step-shaped programs.
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2.1 Variable decomposition for linear
step-shaped programs

Let (P) be a linear step-shaped program:

(P) max {cz+dy} = zp
st. Alz+ A}y < r
Ajz+ A%y < b
Alz+ A%y < 0

Let £ € ?Rf and y € Ri Let m; denote the number of rows in ( Al A2 ), let
m, denote the number of rows in (Ai A2 ), and let m3 denote the number of
rows in (43 43). Then A? is an m; x S zero submatrix, and Al is an mg x V
zero submatrix.

Let M =my +my+m3, letu e §Rf and let 7 be a projection operator.
Then m(u) = @3 € RY, mo(u) = @, € R{?, and m3(u) = 43 € R} and
u = (i1, Uz, U3) is the same dimension as points feasible for the dual of (P).

To carry out variable decomposition, we rearrange the constraints for (P),

and write the program as

d
esles v

G= {y € qus— : A%y ST—A%z’Agy Sb—Aéx,Agy .<_ 0}
Then by LP-duality, we can write (P) as

max {cz + mei}l{u"l(r — Alz) +1y(b ~ Alz) + u30}}

{z>0}

such that 0 < &§(r — Alz) + (b — Alz) + 730

5
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V(53 53, 03) extreme rays of {u € RY : ) A2 + @, AL + @3 A3 > 0}

J={ueRY :q A2 + 6, A2 + G, A% = d}

Notice that since A? is a zero matrix, @; = m(u) is unconstrained in the
description of J and for each s = 1...m,,(¥},93,73) is the extreme ray
where for the sth coordinate we have @} = 1, all other coordinates of &7 = 0,
all coordinates of o3 = 0, and all coordinates of ¥ = 0. Since the constraints
Alz + A2y < r are free for z € RV, then if z is feasible for the constraints
Alz < r, we have that the constraints 93(r — Alz) + 55(b — Alz) + 7§ * 0 are
automatically satisfied. So as long as we ensure that z is feasible by including
the constraints Alz < r, we can work in J', which is the projection of .J,
where J' = {i, U3 : 43 A% + U3A% = d} and drop the constraints involving v*
for all s.

Therefore, since by weak duality dy < @,(b— Alz) for all feasible z, y, and
Uy, a program equivalent to (P) is the following one, where one continuous
variable A is substituted for dy and is bound by the dual objective function

value at extreme points of J’. Let H be an a priori bound for y.

(MP) max {cz+ A} = zmp
s.t. Alz < r
Al < dH
A < d(b- Ajr)

Yu' = (@, )
Here u' is an extreme point of {u € R7**™ : T, A2 + @3 A2 = d}.
(M P) is the master problem for the variable decomposition reformulation

of (P). The variable decomposition method for solving (M P) is (briefly) as

6
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follows. Assume R = {z € RY : Alz <r} # 0. At the first iteration, solve

the relaxation (M P°) of (M P) by dropping the constraints
A < @y(b— Ajz) Vu' = (@}, @) = extreme points of {u € RT2T™ : 7, A2 + i3 A2 = d}
from (M P). Let (z° \°) be the optimal solution. If we have
(1) min{dy(b— Alz) : G A2 + 3 A2 = d, (i@, d3) > 0} > A°
then A% = dy?® is the optimal solution of the program
(2) max{dy: Ay >b— Ajz®, AJy >0}
and (z%y°) is optimal for (P). If
A% > min{iy(b — A)z°) : G2 A2 + @3 A2 = d, (i, @s) > 0}

then (z° A%) is not feasible for (M P) and we have a valid cut that can be

added to (M P9)
A S mln{ﬁz(b - A%-’L‘) : l?zAg + 173A§ = d}

to produce the relaxed master problem at stage 1, (M P!).
At each iteration, this method either proves a point optimal or generates
a cut to be added to the current relaxed master problem. (1) is called the
dual subproblem (DS P(x)) and (2) is called the primal subproblem (S P(xz)).
Using this method, we replace (P) with a series of relaxations of (M P)
and easier subproblems. Solving (P) is carried out by first solving a relax-

ation of the master problem (M P*) at stage k and then solving a subproblem

7
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(DS P(z*)) to obtain the extreme point that will figure in the test for opti-
mality, and if this fails, in an inequality that is added for stage £+ 1. In this
way the relaxations of (M P) are progressively tightened. Candidate optimal
points are tested at each stage, and once the optimum has been found the
algorithm ends. Subproblems are defined for a fixed z¥, the solution to the
current relaxation of (M P). The solution to the primal subproblem (S P(z*))

provides the optimal value for y*.

(DSP(z*)) min {@(b— AlzF)} = zpsp
s.t. ﬁgA% + 173A§ = d
u 2> 0
(SP(z*))  max {dy} = zsp
s.t. AlzF + A%y < b
Ay < 0

Note that the feasible region for (DSP(z*)) does not depend on z, i.e.

is the same for all z*¥ chosen.

2.2 Decomposition algorithm for linear programs

The decomposition algorithm consists of the following steps:

Initialization: Set k := 0. Let H be a bound for y. The initial master

problem is:
(M P%) max zypo = cT+ A
subject to Alz < r
A < dH

1. Solve (M P*) for (zF,AF). If {z € RY : Alz < r} = 0, end. (P) is

infeasible.
2. Solve (DSP(z*)) and obtain (£, @%).

8
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3. Use value of @ found to test for optimality of (z¥, A\F). A point is

optimal if it is dual feasible, i.e, (z*, A¥) is optimal if
M < @b - Algh).
4. If (z*, A\¥) is optimal, solve (SP(z*)) to obtain y*, and end.
5. If (2, A¥) fails test for optimality, then add cut with respect to @ to
(MP*) to obtain (M P*+1):
A <@(b— Alg)

This is a valid cut since @% is a projection of an extreme point of the

feasible region of (DSP) for all z.

6. Set k:= k + 1. Return to (1).

The following two theorems draw on standard results for variable decompo-

sition.

Theorem 1 If M < d%(b — Alz*) at some stage k for the exztreme point
projection %, then (z*,y*), where y* is the optimal solution to (SP(x*)), is

optimal for (P).
Proof. If \* < @i5(b — Alz¥) then since
(b~ Ayz*) < @b — Azz")

for any other extreme point projection @}, then \* = #&(b — Alz*) by opti-

mality of (z*, A*). Further, since dy* is the optimal solution to (S P(z*))
dy* = @E(b— AlzF) = Ak,

9
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If y* is feasible for (SP(z*)) and Alz* < r, then (z,y*) is feasible for (P);
thus (z*,y*) optimal for (M P*) , which is a relaxation of (M P), means that

(z*,y*) is optimal for (P) by the equivalence of (P) and (MP). O
Theorem 2 The decomposition algorithm terminates.

Proof. Assume that zp < oo and that {(z,y) : (z,y) is feasible for (P)} # 0.
The feasible region for (DS P) is bounded below and there are a finite number
of extreme points. If we can show that no cut with respect to a particular
dual multiplier (extreme point) is introduced twice then it will be clear that
the algorithm will terminate. Let m and n be different iterations of the
algorithm, where m < n. Assume that (z",A\") is the optimal solution to
(M P™) where n — 1 cuts have already been added. Assume also that solving
(DSP(z")) produces (4}, u3) as the optimal dual multiplier for z". Consider
the case where 4} = 47, a projection which figures in the cut added at the
mth iteration of (M P). If this case obtains, (¢, A®) will be found optimal,
and a cut involving @} will not be introduced. Thus the decomposition
algorithm will terminate since cuts are not repeated and each cut involves
one of a finite number of extreme points.

If {(z,y) : (z,y) is feasible for (P)} = 0, then since the constraints
Az + Aly < barefree for z € R = {z € RY : Alz < r}, it must be that

R = 0. In this case, the algorithm will end at stage 0. O

10
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3 Variable decomposition of programs with
disjunctive requirements

3.1 Disjunctive linear programs

DEFINITION: A polyhedral set is the solution set for a finite system of
linear inequalities, and a finite union of polyhedral sets is called a disjunctive
set. A disjunctive (linear) program is the problem of maximizing (of min-
imizing) a linear functional over the intersection of a family of disjunctive
sets.

For notation, let M;, for each i,z = 1,...,C, equal the cardinality of
{Hi;}, where each H;; is a polyhedral set and j < M;. Let Az < b be a
system of linear inequalities, where A is an m x n matrix, z € ®™, b is an
m X l-vector, and let F' = {z € R" : Az < b}. Then we will denote the

disjunctive set

Fo((\U#y) =NUF 0 i)
i g i
as N; U; F;;. This set is the intersection over : = 1,... ,n of the union of
the polyhedral sets Fi;. F is called the linear relazation of this disjunctive

program.

We can write a disjunctive linear program as

(DP) max cz
s.t. Az <b
T € N; U; Fy

where ¢ € R" and A is an m x n matrix, b is an m x n-vector, and U; F}; is

a disjunctive set for each ¢,7 = 1,... ,n. The intersection of the disjunctive

11
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sets F;; can be described by a logical formula in conjunctive normal form
(CNF):

N\ Vicm(z € Fy))

i<N

or, equivalently, in disjunctive normal form (DNF):

\/ (z € Ku)

heQ
where |Q| = [[;nM;. If M; = M; = M for ¢,j < n, then |Q] = M™. We shall
call Ky,Vh € Q, a disjunctive feasible region, since K, C N; U; F;; Yh € Q.
The set of vectors Upeg K is a disjunctive set. See [McTi] for a discussion

of disjunctive linear programming.

3.2 Solving disjunctive linear programs

Balas [Ba74]|[Ba85] describes a linear program which is equivalent to a given
disjunctive program if the linear relaxation of the disjunctive program has a
finite optimum. Using our notation, this formulation is as follows.

Let @ be the index set for UK}, where each K}, is a disjunctive feasible
region. Then the disjunctive program (DP) is equivalent to the following
linear program:

(LP) max Y., cat
s.t. Akloh —btal <0 Ve Q
2heq 8 =1
(a" k) >0 VheQ

in the sense that

12
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1. If z is a vertex of the convex closure of Upeq K, then there exists k € Q
such that a defined by (a*,af) = (z,1) and (a*,af) = (0,0) VA €
Q@ — {k} is a vertex of F(LP).

o

If a is a vertex of F(LP), then there exists k € @ such that of =

1, (e, al)=(0,0)for h € Q@ — {k} and z = oF is a vertex of K.

3. z is an optimal solution to (DP) iff & as defined in (1) is an optimal

solution to (LP).

Let ¢ = [Q|. Then (LP) has ¢ x (n+1) variables (without counting possible
slack variables) and (¢ x m) + 1 constraints, where A is m x n.

The coefficient matrix for (LP) is block angular with ¢ blocks. Clearly,
if ¢ is large (LP) is a daunting linear program, even if the linear programs

corresponding to each disjunct, max{cz : £ € K3}, are solved separately.

3.3 Decomposition for disjunctive step-shaped programs

Benders decomposition [Be] was developed for mixed integer programs and
involves decomposition with respect to a set of “complicating” variables, that
is, ones required to take on integer values. Linear subproblems are solved
for a fixed integer-valued variable, and the optimal solution over all feasible
integer values is found. An account of Benders decomposition can be found
in [Sc]. Hooker [Ho] used Benders decomposition after expressing a problem
with logical requirements as a 0—1 program. Here, we will generalize Benders

decomposition to disjunctive programs; i.e., we will solve linear problems

13
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with respect to variables required to take on values in certain disjunctive
sets. Since each disjunctive set is defined by a “large” linear step-shaped
program, we can then apply variable decomposition to solving each of these
linear programs. Note that step-shaped programs are hereditary in the sense
that adding constraints on z yields another step-shaped program.

Assume we have a problem with the constraint set of the step-shaped
linear problem (P), but with additional logical requirements for z. Assume
also that these requirements can be represented by the condition x € N;U; F;;
where Fj; is a polyhedral set for all 7 and j. Then the program below is a
step-shaped disjunctive program.

(L) max cz+dy
st. Alz <r
Alz+ Ay < b
A3y <0
Tz € N; U; F;
Proposition 1 Let {(z,y) : (z.y) is feasible for (L)} # 0. Then the pro-

gram (L) is equivalent to the following formulation for Benders decomposi-
tion:
o f (AL = 041 -
(1) _max, {ex +min{ia(r — Alz) + (b~ Ae) +:0))
where J = {u € R3tN+2 . ) A2 + @, A2 + @3 A2 = d}.

Proof. We can write (1) as

max_ G(z)
IeniUJFiJ

14
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where
G(z) = cz + min{ds(r ~ Ajz) + @x(b — Az) + s}

For each fixed Z, the linear program with G(Z) as its objective function and

constraint set {u € J} is dual to

max cI+ dy

s.t. A%y <r-—Alz
Aly <b-Alz
Ay <0

The result follows from LP duality. O
We shall express the linear program corresponding to each disjunctive

region of (L) separately. For each K}, we have a linear step-shaped program

(Ly).
(Lr) max cz+dy
s.t. Alz<r
Az + A%y <b
Ay <0
Tz € Kj

We can combine the constraints Alz < r with the requirement z € K, and

rewrite the constraint set as E*z < e*. Then we have

(Ly) max czr+dy
s.t. Ebtz <eh
Alz + A2y <b
Ay <0

Since this is a linear step-shaped program, the discussion in Section 2.1 ap-

plies, and the full master problem for Benders decomposition of (L) is:

(ML) max cz+ A
s.t. Ehz <eh
A < (b~ Ala)

15
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for 4 = w(u'), where u* = (u%,u}) is an extreme point of the set {u €
Rm2+ms 4, A2 + u3A3 = d}. The dual and primal subproblems are

(DSPiZ) min (b — AlZ) + cz
s.t. ’lsz% + ’173142 = d
u>0

(SPiz) max cz + dy
s.t. AT+ A%y <b
A3y <0

Notice that the feasible region for the dual subproblem (DS P, z) is the same
for every (L) and is in fact identical to the feasible region for the dual
subproblem for the linear problem (P) which is a relaxation of (L). Let
U be the collection of inequalities that are in a full variable decomposition
master problem for (M L4); i.e., U contains all inequalities of the form A <
Uy(b — Ajz) where (4, u3) is an extreme point of (DSP). So U contains
all the inequalities for a full variable decomposition master problem for (P).
Since Upeq K, consists only of points feasible for the original program ( P), we
have U, K}, C F(P). Therefore, we consider two types of master problems:
an outer master problem that only contains inequalities from U, and an inner
master problem that contains inequalities from U plus inequalities that define
disjunctive requirements. (M P) is an outer master problem; (ML,) is an
inner master problem at node n.

Relaxations of (M P) contain a subset of the inequalities from U/ and
relaxations of (M L) contain a subset of inequalities from U in addition to

a subset of the inequalities that define the requirement z € K. So the inner

16

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



master problem at node n, where n is an ancestor of leaf A, is a relaxation of
(ML) and of (MP). We can test for optimality for any z € Upeg K both
for some L; and for (P). We also can use the fact that if a point z satisfies
z € Upeq K and tests optimal for an outer master problem and therefore for

(P), then this point must be optimal for (L).

3.4 Branch-and-bound search and decomposition

The constraint set for each polyhedral set K, has a linear step-shaped co-
efficient matrix and if ¢ € {1,... ,N} and j € {1,..., M} there are MV
linear step-shaped programs to solve in any exhaustive search of this prob-
lem. Since the number of programs is exponential in the number of variables
with disjunctive requirements, it is necessary computationally to shorten this
search. We will use a branch-and-bound method to direct the search among
the disjunctive regions and interleave the steps of a best-bound search with
the cut generation steps of Benders (variable) decomposition. The point of
this interleaving is to use the decomposition algorithm to direct the search
for the maximal objective function among the disjunctive sets, and to use the
maximum objective function value of any disjunctive feasible set as a lower
bound to eliminate branches of the search tree. Both breadth-first and depth-
first forms of branch-and-bound search are computationally important; we
will show that either form of search can be combined with the Benders cut
generation. A breadth-first search is described first.

At the first level of the breadth-first search, we find an optimal solution

17
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to the linear relaxation of the disjunctive problem. If this optimal solution
satisfies the logical requirements, the algorithm terminates. If not, the search
branches on a requirement ¢ that is not satisfied, and replaces the relaxation
with M linear programs, each of which defines a disjunctive feasible set for
the i:th requirement. This process continues until an optimal solution is
found.

Algorithm for combined decomposition and breadth-first search:

[nitialization: k£ := 0. Assume we have u°, an extreme point of the feasible
region for (DSP). Set lower bound := 0. Let (MP°) be the initial

outer master problem; (M P°) = (L}).

Py={zecRY:Alz<r}

Ll max z
( 0) J:ePg

z<cz +us(b— Alz)

Level k(k > 0):
1. Let (Lf), for all 7, be the program consisting of the current outer
master problem plus the inequaiities defining z € P;‘ .

2. Solve (L%) for each P}. If for any (L) the initial objective function
value is less than the current lower bound, or if ( Lf ) is infeasible,

discard this set and problem. Calculate the optimal solution for

18

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



each P} using Benders decomposition procedure with each (L*)
a relaxed inner master problem. The optimal solution is ¥/ and
optimal objective function value is z*7. The cuts that are added

during the solution of each (L¥) are called subcuts. For each j,

check if £ is disjunctive feasible - if it is, update the lower bound.

3. Find max{z*’} = z* with objective function value = z* in set P*.
If z* is disjunctive feasible, we’re done. If not, find i such that
=¥ & U;cnFj, and form {PF+'} for m = 0,... , M by replacing
P* with

Q' ={zePr:zeF}forr=1,..., M

Each Q**! is a linear step-shaped program.

4. Add a master cut, a cut wrt u¥, where u* is the optimal solution
to (DSP(z*)), to the current outer master problem (M P*) and

set k:=k + 1 and return to (1).

To verify our algorithm, we show that only valid cuts are added to the relaxed
inner and outer master problems, and that an optimal solution to (L) is

optimal for a subproblem at some level of the search.

Proposition 2 Let z%7 be the objective function value for a level k subprob-
lem (L;‘) where F(Lf) - Pj". Then the following inequality is valid for all
extreme points u* of F(DSP):

2 <ex+@i(b— Alz) Vze Pk,
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Proof. Consider the level 1 problem (L§) which is equivalent to (P), the
relaxation obtained by dropping all the disjunctive requirements. Let z be a
nonnegative variable representing the objective function value of (L}). Then
z < cz +u4(b— Alz) for all z € F(P) and for all extreme points of F(DSP).
(Lg) is a relaxation of every (L%) so v(L%) < v(L}) for every k and j, or
z*9 < z for all subproblems (L), since {z € P¥} C {z € F(L})} for all sets

k
Pt O

Theorem 3 [f(z,7) is optimal for the program (L) with disjunctive require-
ments, then (Z,y) is optimal for some level k problem for some k and for all

feasible problems descendent from it.

Proof. Assume (Z,7) is optimal for (L). Then % is a point in the union
of regions that satisfy each disjunctive requirement i.e.,  is a point in at
least one K}, where z € K}, satisfy one clause in a DNF formulation of the
logical requirements. If (Z, ) is optimal for (L), then Z achieves the maximal
objective function value over all z € K}, and there is a point (z*,y~) where
cz* + dy™ = ¢z + dj and (z*,y") is an optimal point of K} N F(P). There
is some smallest k such that z* is the optimal solution across all (Lf ) and a
smallest &’ such that z* is the optimal solution to some problem ( LJL-"). Then
z* is optimal for all problems descendent from (Lf'). a

So if (z*,y") is an optimal solution to (P), then (z*,y") is an optimal

point of (L}) and all programs descendent from (L}).

Corresponding to (L¥) is the problem (LFJ!‘) where k disjuncts Fjj(;) have
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been selected:

(LFf) max cz+dy
st. Alz<r
Alz + A2y <)
Ay <0
T € Fjji t selected

Let (z¥, AF) be an optimal solution for (L*) and u* the solution to (DS Pz*).
j

Then
\e< E’;(b - Aézk)

and z* is the projection in RV of a point (z*,y*) € RV+S such that dy* = \*
and (z*,y*) is optimal for (LF}‘).

At each level, a determination of the set with the best solution is made; if
this solution is disjunctive feasible, an optimal solution has been found and
the algorithm terminates. If this ‘best’ solution is not disjunctive feasible,
the ‘child’ programs are formed. At any level, relaxed inner master problems
have to be solved only for the new child programs; the values of the other
sets at a level are carried over.

Only master cuts, those with u*, the optimal solution to (DS Pz*) where
z* is the best solution at a level, are carried over from level to level and
accumulated in the outer master problem. The other subcuts generated
during the solution of a particular inner master problem (Lf) are not carried
to the next level. The master cuts are only added to the new programs
formed at level k if z* is not disjunctive feasible. It may be that subcuts will

be repeated from level to level, but the master cuts will not be repeated.
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The following proposition shows that it is not necessary to add the k-level

master cut to all the sets at a level.

Proposition 3 Assume we have completed stage k of the decomposition and
branch-and-bound algorithm, i.e. we have found z*, the best objective func-
tion value across all sets at stage k. So zF is the optimal objective function
value for the program (L), which describes some set Pf. We have (z*, \¥)
the optimal solution to (L*) and u* the optimal solution to (DSPz*). Let
(LP) be a stage k inner master problem different from (LF), and let Z be its
optimal solution, Z its optimal value, and @ the optimal solution to (DSPZ).

Then we have
z < cf +uf(b— Alz)
Proof. By definition, @ is the solution to
min{ia(b — A32) + & : 14; 2 d}
Therefore, for any extreme point @ of F(DSP).

¢ + tg(b— ALE) < cF + dy(b — AlZ)

Thus, a cut involving u*, i.e., cz + A < @(b— Alz), will be satisfied by z

and % of (LP). O

Theorem 4 The combined Benders decomposition and breadth-first disjunc-

tive search algorithm will terminate.
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Proof. Assume, first, that the linear relaxation (P) of the program (L)
with disjunctive requirements is feasible and (L) itself is feasible. If M = the
number of sets feasible for each disjunctive requirement and N = the number
of such requirements, then there are M possible disjunctive feasible sets
and the solution to (L) will be found in one of them. Let R = the number
of extreme points of the feasible region for the decomposition subproblem
(DSP). R < oo since (DSP) describes a polyhedron. At most R master
cuts can be added during the algorithm since the master cuts accumulate
and cannot be repeated. And at most R — k subcuts can be added to any
stage k relaxed inner master problem. Every relaxed inner master problem
at each stage k£ will end by the proof of termination for the linear Benders
decomposition case. Assume that at every stage of the algorithm the optimal
solution for that stage is not disjunctive feasible. Then at every stage new
programs are formed and the optimal solution across the level is selected.
The sets at any stage are disjoint and correspond to nodes of a search tree.
No set is formed twice since the sets are disjoint and therefore at most AV
sets will be formed and the algorithm will terminate.

If the linear relaxation (P) is feasible, but (L) is infeasible, then the
disjuncts will all lead to infeasibility. If (P) is infeasible, then the algorithm
will terminate at stage 0, as noted in Section 2.2. O

The algorithm will terminate with the optimal solution if no sets contain-

ing optimal points are removed.

Theorem 5 Pruning will not remove optimal points.
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Proof. A set Pf is eliminated from the stage k search if the initial solution
to (Lf) is strictly less than the current lower bound. The initial program
(L%) is a relaxation of both the full master problem for the set Pf and a
relaxation of (L¥)*, the program with the constraints of (L%) and the full set
of disjunctive requirements. Therefore, if the initial value for ( L;-‘ ) is less than
the current lower bound, the optimal objective function value for (Lf)“ is less

than the current lower bound, and the optimal solution to (L;c )* cannot be

the optimal solution to (L). O

3.5 Decomposition and depth-first search

Let n be the index of a node in a search tree that uses the parameters M and
N described earlier. Then there are at most Zf\;l M’ nodes and associated
with each node is a linear program (L,) with constraints that describe the
disjunctive feasible regions selected at node n. There are M" leaves to the
search tree, and each of these leaves corresponds to a linear program (L),
where all the disjunctive requirements have been satisfied. We can think of
the set K = {z : z is feasible for (L)} in terms of a DNF formulation of
the logical requirements for (L). Then K, = Uiy F; ;) where j(i) < M is
the index for a particular domain for z; that satisfies the logical requirement
i. If @ is the index set for UK}, then |Q| = MV,

In combined depth-first-search and variable decomposition, a solution is
found at a node and then tested for disjunctive feasibility. If the solution is

in one of the disjunctive regions, then it is tested for optimality at a node.
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If it does not satisfy the disjunctive requirements, then a new disjunctive set
is branched on. If a point z satisfies the disjunctive requirements, there is
some K}, such that £ € K},; and whether this point is optimal for (M L;) or
not, its objective function value can be used as a lower bound. Further, an
inner master problem at node n, (M LX) at stage k is a relaxation of (M L5*1)
and all nodes descendent from it. So if a disjunctive feasible point is optimal
for (M L%) then all children of (M L¥) can be pruned; if the initial objective
function value for (M L¥) is less than the current lower bound, (ML) and
its children can be pruned. The linear problems and their corresponding full

inner master problems for variable decomposition are as follows:

(Ly) max ecz+dy (ML) max cz+ A
st. Alz <r s.t. Alz <r
z € Kj z € K
Az + Ay <b A< ah(b— Alx)
A%y <0 V u' extreme points of F(DSP)
(Ln) max cz+dy (ML,) max cz+dy
s.t. Alz <r s.t. Alz <r
T € UjF,"j(;),i selected TE UjF,"j(,'), ¢ selected
Alz + A2y <b V u' extreme points of F(DSP)
A%y <0

The algorithm is as follows:

Initialization: Assume we have u® an extreme point for the feasible region
for (DSP). Let n =1,...,T index the nodes of the search tree. Set
k := 0. Select the root node as the first node to examine. Set lower

bound equal to —co. Let (ML) = (L}) be the current outer master

25

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



problem.

(L}) max =z
st. Alz<r
z < ez + (b — Alz)

Stage k(k > 0):

(1) Solve the relaxed inner master problem (ML,) at node n to get
(Zn, 5\,,) and the relaxed objective function value z,. If z, > lower
bound, go to (2). If z, < lower bound, go to (3). If (ML,) is
infeasible, go to (3).

(2) Check if Z € Upeg K.

(a) If Z is disjunctive feasible, then solve (DSPz) to get ii. Test
(Zn,y An) for optimality for (M Ly).
(i) If (Z, An) is optimal for (M L,) then update lower bound
if possible and go to (3). If all nodes have been explored,
stop. If the lower bound is greater than or equal to 0.
then lower bound is optimal.
(ii) If (Zn,A,) is not optimal for (ML,) then add cut with
respect to @ to (M L,).
(b) If Z, & UaeqK}, then branch on a new disjunctive set; i.e..

select a node descendent from n.
Go to (1).

(3) Set k:=k4 1. Backtrack to last unexplored node m. Go to (1). If

all nodes have been explored, stop. The lower bound is optimal.
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Theorem 6 Assume that the linear relazation (P) of the disjunctive pro-
gram (L) is feasible. If (L) is feasible, then the algorithm combining variable
decomposition and depth-first search will terminate with the optimal solution.

If (L) is infeasible, then the algorithm will end with no solution.

Proof. If no nodes are pruned in the search for the optimal solution to (L),
then all M"Y leaves in the search tree will be explored and the optimal objec-
tive function value will be found for each disjunctive feasible set. In this case,
the algorithm clearly terminates and the optimal solution is the best objec-
tive function value found at a leaf. Since any nodes pruned by this algorithm
achieved relaxed objective function values strictly less than the current lower
bound, and since any parent node is a relaxation of its descendents, leaves
which contain optimal solutions are not removed. Therefore, the algorithm
will terminate with the optimal value.

However, if there is no feasible solution to (L), then every inner master
problem at a leaf is infeasible. This infeasibility may be detected at a node
higher up in the search tree, in which case the descendents of this node
will not be explored. But since every disjunctive region is considered, the

algorithm will terminate with no solution. O
3.5.1 Verifying Optimality

In practice, we wish to verify optimality for the disjunctive step-shaped pro-
gram (L) considering as few nodes as possible. Consider the following subrou-

tine (SB) that uses the Benders decomposition method for a linear program
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1. Solve a relaxed master problem for (P) for (Z, )).
2. Solve (DSPz) for the optimal dual multiplier @.
3. Test (Z,)) for optimality.

4. If (%, ) is not optimal, add cut with respect to @ to the relaxed master

problem.

5. Solve the new master problem for (z*, A*).

Lemma 1 If in the subroutine (SB) outlined above, the point z* found at

step (5) is equal to T found at step (1), then (z*,\*) is optimal for (P).
Proof. By definition, @ is an optimal solution to the problem
min{dy(b— A}Z) + cZ : U, A3 + U3 A2 = d}

and (z*,A*) is an optimal solution to the master problem from step (1) with
the added inequality A < @,(b — Alz). So if Z = z*, and u” is an optimal
solution of (DSPz*), then (b — Alz) = @j(b— Alz*) and we have A\* <
t(b— Alz), since T = z*. Therefore \* < @(b— Alz") and (z*, A*) is optimal
for (P). O

Assume a node has been selected at the kth stage of the combined depth-

first and decomposition algorithm. Let (£, ) be the initial solution of the
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inner master problem (M L, ) which consists of the inequalities from the cur-
rent outer master problem (M P*) plus the constraints describing the region

feasible at node n. Let @ be the optimal solution to (DSPZ).

Proposition 4 Let Z as described above be disjunctive feasible. Consider the
following operation: add a cut with respect to i to the outer problem M P*
and apply subroutine (SB) to this problem. If z* = Z in the subroutine, and

if £ = z*, then (&,9), where dy = X\*, is optimal for (L).

Proof. We have (z*, A*) optimal for (P) by the proof of the preceding lemma,
and since & = =™ € Upeq K1 =~ satisfies the disjunctive requirements for (L).

(P) is a relaxation of (L), so (z*,y*), where dy™ = A* is optimal for (L). O
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4 Constraint decomposition and cross
decomposition

The cross decomposition method of Van Roy [VR] combines Benders (vari-
able) decomposition and Lagrangian (constraint) decomposition. We will
develop the Lagrangian relaxation method of constraint decomposition first,
since this formulation is necessary for cross decomposition.

In the Lagrangian relaxation method [HeKa70] [HeKaTl] the constraint
set of a linear problem (often an integer linear problem) is partitioned. Con-

sider a general linear programming problem:

(LP) max cz
st. Ajz<bh
A2$ S b2

where A; and A; have order m; x n and m; X n, respectively. By linear

programming duality,

v(LP) = max{cz : Ajz < by, Az < by}

< rn>i(1)1{ub1 + max{cz — uAd;z : Az < by}}

The minimization problem above is the Lagrangian dual or Lagrangian re-
lazation and the components of u are Lagrangian multipliers. Note that the
constraints A;z < b, have been added as a penalty function to the objective
function of (LP) and the Lagrangian relaxation provides an upper bound

for (LP). The master problem for Lagrangian (constraint) decomposition of
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(LP)is

(ML) min g
s.t. n > czt —u(b — Arzt)
u>0

for all extreme points z* of {z : Az < by}. The Lagrangian subproblem is:

(5D) max cz+ 4(b — Ajx)
s.t. Azx S bg
z2>0

Master problems are solved for fixed z that are extreme points of the feasi-
ble region for the subproblem; subproblems are solved for fixed Lagrangian
multipliers that are optimal solutions to the master problem. Inequalities for
the extreme points z! accumulate in the master problem.

Unlike the situation with variable decomposition, the Lagrangian relax-
ation may not be equivalent to the original problem (P).

DEFINITION: Let d = v(ML) — v(LP). Then d is called the duality
gap of the Lagrangian relaxation (ML).

The interesting case, of course, is when d > 0.

The cross decomposition method of Van Roy combines Benders (variable)
decomposition and Lagrangian (constraint) decomposition in one method,
where the coefficient matrix A is partitioned horizontally and vertically. In-
stances of the portfolio problem typically involve a large number of scenarios,
so it is appealing to try this technique, since the disjunctive requirements
make the portfolio variables complicated, and the number of scenarios make

the constraints that define risk also complicating. We will first outline the
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cross decomposition method and then discuss some of the problems with
applying it to step-shaped programs.

In cross decomposition the multiplier for the Lagrangian subproblem is
an extreme point of F/(DS P), the feasible region for the dual subproblem for
Benders (variable) decomposition. Variable and constraint decomposition
methods are dual to each other; this can be exploited in cross decomposition
where the master problem of one type is equivalent to the subproblem of
the other when the input variable is fixed. To describe cross decomposition
and these equivalences, we will use Van Roy’s notation. A representation of
the coefficient matrix for a typical problem (LP) in variable and constraint

decomposition is as follows:

A = [A' A% = [Al]

Al A
A,

Ay A

(LP) max cz+dy
st. Alz+ A%y < by
Al + Ay < b,

We will also need the following facts about the relationships among problem

formulations.
(P) original problem (max)
(LD) Lagrangian Dual (min)

(M Pr) full Benders master problem (including cuts for all extreme points

of dual region) (max)
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(M Dr) full Lagrangian master problem (including cuts for all extreme points

of primal feasible region) (min)
(M Dz,) relaxation of (M Dp) with z, fixed (min) (= (DSPz;) = (SPxzx,))

(M Puy) relaxation of (M Pr) with u; fixed (max) (= (SDu,))

(MPg) = (P) v(MPr)=v(P)

(MDp)=(LD) v(MDfg)=v(LD)
v(LD) > v(P) since the Lagrangian problem is a relaxation of (P).
(M Dz,) is a relaxation of (M Dp) so v(MDz,) < v(MDf) = v(LD).
(M Pu,) is a relaxation of (M Pr) so v(MPu,) > v(MPr) = v(P).
v(5Duz) = v(M DF) since (M Df) = miny,>o v(SDu,).
v(SPz3) = v(DSPz;) < v(M Pr) since (M Pr) = maxgz,»0 v(SPz,).

Ordering of optimal objective functions is as follows:

v(SDu;) = v(MPuy)

2 2
v(LD) = v(MDF)
2 2
v(P) = v(MPF)
> >

w(DSPz;) = v(MDxzy)
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An equivalence between problems can be defined as follows: A problem (Q)
is equivalent to (Q’) with respect to a subset of variables, say z, if the optimal
solutions of (@) for z are optimal in (Q') for z and vice versa.

To use the constraint decomposition subproblem and variable decompo-
sition subproblems instead of the constraint master problem and subproblem
or variable master problem and subproblems, we have to first show that if a
variable is fixed for the master constraint decomposition problem (M D) and
the variable decomposition subproblem (SP) or (DSP), then the variables
common to these two problems will have identical values at optimality and
the optimal objective function values for the master constraint problem and
the variable subproblem are equal. Then we have to show the corresponding
equivalence for the master variable decomposition problem (M P) and the
constraint decomposition subproblem (SD).

However, since a master problem accumulates cuts involving extreme
points of the feasible region for its subproblem, we have to consider the
changes in the feasible region for the subproblem when we fix a variable in
the master problem. Define F(SDz,) as the feasible region for the subprob-
lem that has z, fixed and (M. Dz,) as the master problem that has z, fixed.
Then (M Dxz;) has cuts involving extreme points of F(SDz,), i.e. extreme
points (zy, ) that may or may not be extreme points of F(SD), the feasible
region for (SD) that does not have z, fixed. If (z;,z;) is not an extreme
point of F(SD) then (z;, z2) can be expressed as a convex combination of the

extreme points of F(SD), and therefore v(M Dz,) > v(M Dz), the master
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problem without z, fixed.

Similarly, define F(DSPu,) as the feasible region for the variable sub-
problem that has u, fixed and (M Pu;) as the variable master problem
that has u, fixed. Since (M Pu,) has cuts involving the extreme points of
F(DSPu,), v(M Puy) < v(M Pu), which has cuts involving only the extreme
points of F(DSP), where u; is not fixed.

Let z = (z1,z2) and u = (uj,u2). Then we can demonstrate equiva-
lence as defined above for (M Dz;) and (DSPz,) , where z, is fixed, and
correspondingly for (M Pu,) and (SDu,), where u; is fixed. The following is
based on [VR].

4.1 Proof of equivalences

Fix uy. (MPuy) = (SDuy) with respect to z; and v(M Puy) = v(SDu,).

(M Pu,) max o

s.t. utb+ (2 —utA¥zy > 20

(where u' is an extreme point of F(DSPus,),ut = (u®,uy)). This is equivalent

to

maxinf{u'b + (c* — u'A?)z,}
2€2

l

max

miny, >0 ub + (c? — uA?)z,
262

s.t. u Al > ! —upAl
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Since u, is fixed, inf is min with respect to u;, where (u;,u;) is an extreme
point of F(DSPz,;). We can take the dual of the inner min since z; and u,

are fixed. We then have

MaTr,ez

max;, 50 (c' — uA)Zy + usby + (2 — up A2)z,
s.t. A{.’L’l S bl - A%.'Ez

— (e —uxA2)z +uzby | _ ,
= zzgé.aﬁfZO { Aiz < b = (5Dus)

Claim: Fix z;. (MDaz;) = (DSPz;) with respect to u; and v(MDz,) =

v(DSPxz,).

(MDz;) minug

u2>0

s.t. ezt + ua(by — Asz') < uo
(where z* = (!, z;) is an extreme point of F(SDx,)).

= minsup{cz’ + uy(by — Azz')}
u2 20

= min
uz 20

maxg, >0 cT + ‘Uq(bz - Az(D)
s.t. Alz; < b — A2z

Because 2! = (z'',z,) is an extreme point of F(SDz,) with z, fixed and
u, is fixed in inner max we can take this dual and express it in terms of
(u1,u2) = u and constants z,, u,:

min
u2 >0

miny, >o ur(by — Azp) + 2zq + up(by — Alz,)
s.t. ugAl > et —uyAl
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. u(b— A%zy)+ Pz, | _ , ~a
= rflzlcr)l{ s.t. uA! > ¢ = (D5Pzy)

The fact that the Lagrangian subproblem is equivalent to the Benders master
problem and the Benders subproblem is equivalent to the Lagrangian master
problem means that the optimal objective function values are equal for these
equivalent problems. The equality of the optimal objective function values
translates into a description of a kind of complementary slackness for cross
decomposition. Since z; appears in the Lagrangian problems and not in
the Benders problem and u, appears in the Benders problem and not in the

Lagrangian problem, we have
(¢! — @ AN)z1 = uy(by — A2Z,).

Van Roy described conditions for optimality of the subproblem solutions in

the following two lemmas [VR].

Lemma 2 Let u® be an optimal dual solution of (SPz3) and let z+ be an

optimal solution of (SDu3). Then z3 # z} unless v(SPz9) = v(P).

Proof. Assume 1 = z§ and v(SPz9) < v(P) . We have v(SPz3) < v(P)
always since the value of the full Benders master problem equivalent to (P)
is the maximum over all z; > 0 of v(SPz;). Now u® is an optimal solution

of (DS PzY) so uj is optimal in (M Dz9) and

v(MDzl) = c'z; + *z + ud(b, — Abzy — A22Y).
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where (z1,29) is an extreme point of F(SDz;). But z* is optimal for (SDu9)

SO

v(SDuY) = cxt + ud(by — Aszt) = v(M Dz) without z, fixed

< v(MDz}) = v(SPz)).
or,
v(SPzd) = v(MDz}) > v(MDz) > v(P).

However, z* is also optimal in (M Pu3) by the equivalence of (M Pu) and
(SDu3) and v(M Pul) > v(P) since (M Pu)) is a relaxation of (M Pr) which

is equivalent to (P). Therefore, we have
v(SDu3) = v(MPu3) > v(P) > v(SPz).

This contradicts what we found above, so it must be that v(SPz3) = v(P).

a

Lemma 3 Let z° be an optimal solution of (SDuY) and let ut be an optimal

dual solution of (SPz3). Then u) # uf unless v(SDul) = v(P).

Proof. Assume u} = uj and v(SDul) > v(P). We have v(SDu3) > v(P)
always since v(M Dg) is minimum over u; > 0 of v(SDu3) and v(M Dr) =

v(LD) > v(P). We have zJ an optimal solution of (M Pu3) and

v(MPug) =uh + ugbz + (C2 - UIA% - ugAg)"Eg
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where (u,u9) is an extreme point of F(DSPu2) and since uj = u$

v(M Pud) = uiby + u by + (¢ — u A2 — uf A2)z9.
But u* is optimal for (DSPz9) so

v(DSPz)) = c*z9 + utb — ut A%z) = v(M Pu) without uJ fixed

> v(MPuY) = v(SDul) > v(P).

However, v(DSPzd) < v(M Pr) = v(P). So the assumption v(SDu3) > v(P)
contradicts the optimality of u* for (DSPz3). O
Conditions under which there will be a zero duality gap are outlined in

the theorem below from Van Roy [VR].

Theorem 7 Let (z*,y*) be an optimal solution of (P) and let uj be an op-

timal solution of (LD). Then the following are equivalent:

(a) The Lagrangian relazation relative to the constraints (Alz + A2y < b)

has no duality gap, i.e., v(P) = v(LD).
(b) There is an optimal solution u* of (DSPz*) with v(SDuf) = (DS Pz*).

(c) There is an optimal solution (z*,y*) of (SD(u3)) with v(DSPz*) =
v(SD(u3)).

Proof (a) — (b): Assumev(P) = v(LD). We have (DSP(z*)) = (M D(c~))
with respect to u, so if ut is optimal for (DSP(z*)) then it is also op-

timal for (M D(z*)).
v(MD(z)) =vy = cz™ + dy + uf (b — (Ajz™ + Aly))

39

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Then vy = v(M D(z")) = v(DSP(z*)) = v(P) since v(M Pr) = max,>o{v(SP(+"))}
and z" is optimal for (P). Suppose v(SD(u7)) # v(DSP(z*)), i.e.,

v(SD(uF)) = ez + dy* + uf (b — (A" + AZy*)) > v;

where (z*, y*) is an extreme point of F(SD). Consider the master prob-
lem (M D(z", k)) which is the result of adding a cut involving (z*, y*)
to (M D(z*)). This cut would be

cz* + dy" + uz(b— (A;.z'" + Agy")) < vy

since v(M D(z*,k)) < v(MD(z*)) = vj and v(MD(z*,k)) < v(LD) =
vg. We know that uf is not feasible for (M D(z",k)). Let uf* be
the optimal solution to (M D(z",k)). Then we have ul* feasible for

(M D(z*)) and optimal since
ezt + dy* + uft (b — (ALzF + A%F)) = v

Therefore, since (DSP(z*)) = (MD(z*)) with respect to uj, there
must be (uf*,ud*) optimal for (DSP(z*)). There are a finite number
of extreme points for F(DSP(z")) and it must be the case that there

is some uj that is an extreme point of F(DSP(z*)) and is optimal for

(DSP(z")) such that v(SD(uf) = v(DSP(z*)).

Proof (a) — (c): Assume v(P) = v(LD). We have (SD(u3)) = (M P(u3))

with respect to z, so
v(MP(u3)) = uj(b— Ajz™) + czt = wj.
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Then wg = v(MP(u3)) = v(SD(u3)) = v(LD) = v(P) since v(LD) <
v(SD(u3) = v(MP(u3)) = v(P). Suppose v(DSP(zt)) # v(SD(u3)).
Then

v(DSP(z%)) = czt + ub(b— Alz*) < wy.

where (u%, uf) is an extreme point of F(DSP). Then we can form a new
master problem, (M P(u3, k)), by adding the following cut involving u%
to (M P(u3)):

ub(b— Alz) + cz > wj
Because (uf,uf) is an extreme point of F(DSP), v(MP(u3,k)) >
v(MP(u3)). Clearly z* is not feasible for this new master problem.
Let z** be the optimal solution to (M P(u3)). Then z*t is feasible

and optimal for (M P(u3)), so there must be a point (z**,y**) optimal

for (SD(u3)) such that v(DSP(z**)) = v(SD(u3)). O
4.2 General Cross Decomposition Algorithm

Consider an algorithm where we solve consecutively
(DS Pz*), (SDuk*), (DSPzF*?), (SDuk*?), (DSPzFHY),. .. .

If z* is equal to z**!(= z**?), then v(DSPz*) = v(P). So if z* is not
optimal, cycling could occur only after three iterations of the algorithm.
Therefore, cycling will be prevented if a master problem is solved after every
four iterations of the algorithm. A master problem can also be solved if the

current solution does not improve the objective function value.
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L. Initialize: Set k := 0. Set é(flag for (LD) optimality) to 0, and set
&(cycling counter) to 1. Let op = the best primal solution = £y = —c0

and op = best dual solution = @y = +00. Select u§ > 0.
2. Constraint (Dual) Subproblem.

(a) Set k := k + 1. Solve (SDuf); let z* be an optimal solution.

(b) If 5p > v(SDuf), update 5p = v(SDu?) and set £ = £+ 1. If
2 k

k

Up < vp, stop. T = z* is an optimal solution of (P). If vp < Iy,

set § = 1; i.e., (LD) is solved.

(c) Convergence test CTp: if £ = 4, go to step 4a. Otherwise set

k+1

zF*1 := z* and go to (3).

3. Variable (Primal) Subproblem

(a) Set k:=k + 1. Solve (DSPz%) and (SPz%); let u* and z¥ be the

optimal solutions.

(b) If op < v(DSPz*), update 5p = v(DSPz%) and set z = z* and
set £ =€+1. If bp > p or Up > i, stop; T is an optimal solution

of (P).

(c) Convergence test CTp: If § # 0, go to step 4b. If € = 4, go to step

4b. Otherwise set u5*! = u¥ and go to (2).

4. Master system.
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(a) Solve the dual master problem (MD); let (@° uf*!) be an optimal
solution. Set ¢ := 1. If 5p > ©p, go to step 2. Otherwise, set

6 =1 and go to (4b).

(b) Solve the primal master problem (MP); let (Zo, z5*!) be an optimal

solution. Set £ := 1. If op < g, stop; T = a:';“ is an optimal

solution of (P). Otherwise, go to step 3.
4.2.1 Test for optimality in cross decomposition algorithm

Consider the test for optimality in the variable decomposition algorithm. Let
(z*, 7%) be the optimal solution to (M Pu*-1) where u*~! has been chosen
(if £ = 1) or is the solution to (DSPz*~'). The basic step in the variable

decomposition algorithm is as follows:
1. Solve (DSPz%) to get u* = (uf,uf).
2. Test (z*, %) for optimality: if
7 < ok + uk(b) — AlzF) + ub(b, — A2F)
then (z¥, 7¥) is optimal for (P).

3. If (z¥,7%) is not optimal, add cut w.r.t. u* to master problem and go

to (1).
We can write this test as
< uk(b — AlzF) + ub(b, - ADzF) + ezt
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But 7* = (M Pu*~!) = v(SDuF1) = op and
op = v(DSPzE) = uk(by — AlzF) + ub(b, — A%2F) + cz*.

So the cross decomposition test for optimality p < ¥p is a restatement of

the variable decomposition test for optimality.

5 Cross decomposition for step-shaped
disjunctive programs

5.1 Lagrangian relaxation

Recall the step-shaped program (L).

(L) max cz+dy
st. Ajz<r
Ajz+ A2y <b
Ay <0
z€N;U; Fyj

Theorem 8 Let (L) be the step-shaped disjunctive program above. Then we

have the following inequality:

v(L)= max {ez+dy} < rn>i(1)1 ub+ max cz +dy — u(Ajz + Aly))

z€NUF;, TENUF;,
Alzgr Alz<r
Atz+AZygh Aly<o
Ajy<o
44
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Proof. Let (z*,y*) be an optimal solution to (L) and let ©* be an optimal
solution to the minimization above. Then
ez +dy* = u"(Ajz7) +utAly" 4+ czt —ut A" + dy” — utAZy”

ut(Ae” + AZy) + (- w A" + (d — u Ad)y"

IA

u*b+ cz* — utAjz" + dy* — u"A%y”

IA

= ™ 1 2
u"b+ Igg)p{}) c + dy — u"(Ayz + Azy))
Alz<r
A3y<0

since Fj; is a polyhedral set for all ¢, 7 and
{z:z€NUF;,Ajlz <r Ajz+ A2y < b, A%y <0}
C{r:z€NUF;Alz<r,A%y <0}. O

Therefore, the Lagrangian relaxation for (L) is

. 1 2
(LLD) min xg_l}g.}é} cz + dy + u(b— (Ayz + Azy))
Alz<r
Ajy<0

The Lagrangian master problem for (L) is

(MLL) min 7
st. 7> ezt +dyt +u(b— (Alzt + A2yt))
u>0

for all extreme points of {(z,y) € RVN+5: Alz < r, A2y < 0).

The subproblem is

(SLD) max cz+dy+a(b— (Alz + AZy))
st. Alz<r
A3y <0
zTE€NUEF;
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However, in this formulation, every subproblem is a disjunctive linear pro-
gram with as many variables as our original problem. We will need to apply
Lagrangian relaxation to the linear program for each disjunctive region, i.e.,

to each (Lx)-

(Ly) max cz+dy
st. Alz<r
Alz + A2y <b
Aly<0
z € Ky

As before, we can combine the constraints Alz < r with the requirements
z € K} and rewrite this constraint set as E*z < e*. The Lagrangian master
problem and subproblem with respect to the constraints Alz + A2y < b are

below.
(ML) min 7
s.t. 1 > ezt +dyt +u(b— (Alzt + AZyY))
u>0

for all extreme points of {(z,y) € RV*S : Ebz < &b, A2y < 0}.

(SDn) max cz+dy+u(b— (Alz + A2y))
s.t. Ehz <eb
Ay <0

5.2 Cross decomposition for (L)

We will rearrange the rows of the coefficient matrix A for (L;) to ease the
formulation for cross decomposition. Let Ajz + Ay < r represent the con-
straint set £*z < e*. Then A?isan N+2x S zero matrix. After rearranging.

we have the coefficient matrix A*:
Al A2
A" = | Al A?
Ay Aj
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Let the submatrices be denoted as below:

1 2

Al A2 L ) Al Al

A = [ A; Aé] A; = [A} A} A" = A:} A = A§
Az A

]
Cross decomposition is carried out with respect to a set of complicating vari-
ables and a set of complicating constraints. If we select A3 as the coefficients
of the complicating constraints then the formulation of the constraint decom-
position master problem and subproblem remain as before.

However, to show the cross decomposition equivalences for (L) it is neces-
sary to express the variable decomposition master problem and subproblems
in terms of the full 35 + NV + 2-dimension dual variables (#;, @2, 3) instead
of just the projections (3, 3). If z is chosen as the complicating variable,

(L) could be written as:

max cz + dy
raxd S Efz 40y < €t
>0 Alz+ A% < 0
Ajx+Aly < b

where z is assumed fixed in the inner maximization.

Then (Ly) is equivalent to

max {rnin @ (e* — Ehz) + ily(b— Alz) + cz}

20 u>0

where @, A? + @,A2 + A2 =d
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The master problem and subproblems then for variable decomposition

are:

(MP;) max T

st. 7 < @Wert+Tb—-dErz — it ALz + cx
Vu' = (@}, @, 75) extreme points of {u € RM : @, A% + @, A2 + @3A2 = d}
(SPi(Z)) max cZ +dy

s.t. Alxz + A%y
Aly

b

<
< 0

(DSPy(%)) min i@ (eh — EbZ) + iiy(b~ ALZ)

Define (M Py(%2)) as the relaxation of the master problem that involves all
cuts that have @, fixed.
Claim: For fixed @z, (MPy(iiz)) gives the same optimal value for z as
(S Di(d2)).
(MPy(i;)) max T
st. 7 < w(eh — EPz) +ip(b— Abz) + cx

(i, @z, @s) an extreme point of the feasible region for (DS P,(z))

We can write (M Py(i,)) as

max ] iz @m0 @i(eh — E*Z) + (b — A}Z) + 0 + cz
20 s.t. z'i,A% + '&214.% + 173}1:23 > d

Since Z and @, are fixed in the inner minimization above, when we take the

dual of this inner minimization, we have

maxy?_o (d - 172A§)y + 'l:l‘z(b - A;i‘) + cT
max s.t. y(0)
20 yA2

(et — Ebz)
0

INIA
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The problem now is stated in terms of z and y so it is equivalent to

(SDh({'ig)) max cz +dy + 52(6 — (Alz + AZy))
s.t. Etz
Aly

eh
0

INIA

It remains to show that for fixed (z,y), (M Dx(z*,y*)) gives the same optimal
value for (%;) as (DSPi(z%)). If Z is fixed in (M Dy(z,y")) then (Z,y) is a
solution of (SDj(i;)) for some fixed @, and (Z,y) is an extreme point of
the feasible region of (SDj(i;)). Define (M Dy(Z)) as the relaxation of the
constraint master problem (M D) that has cuts involving all the extreme
points (Z,y*) of the feasible region of (S Dx(t2)) that is restricted by having

Z fixed. Then we have

- . 0
(M Dy(z)) minv

such that v® > ¢z +dy' + da(b — (A2Z + Aly))

which is equivalent to

max cZ + dy + dy(b— (Alz + AZy))
min { s.t. Oy
U 20 Agy

eh — Ehz
0

IAIA

since every (Z,y) is an extreme point of the feasible region of (SDyi;). By

duality, and since Z and #, are fixed in the inner max, we have

. @) (eh — E*Z) + @y(b — ALZ) + o + w50
220 s.t l-l.‘lA%'*-ﬁ:;Ag = d—'ligA%
which is equivalent to (DSP,Z) and therefore dual to (SP,z).
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From the equivalences we have demonstrated between (M P, ;) and (S Dyii,)

we have

v(MPyiia) = (e — E'z) + (b — Adz) + ca
= U(SDh'lig)

= cz+dy+1y(b— Alz — AZy)

This implies that @;(e* — E*z) = (d — 4, A%)y at optimality. In our earlier
discussion (2.1) we determined that, because of the zero submatrix A2, the
optimal solution to (DS P) would have @;(r — Alz) = 0 for all z feasible for
(P). Since each (L) has the same form as (P) , we have that at optimality
for (Ln), 41(E*z — e*) = 0 and, therefore, if y; # 0, then d; = 4, A2,.

6 Different formulations for cross
decomposition

Cross decomposition relies on an equivalence between the constraint (La-
grangian) subproblem and the variable (Benders) master problem, and an
equivalence between the variable (Benders) subproblem and the constraint
master problem. Thus it avoids the necessity of accumulating cuts at every
iteration of the algorithm. There are problems with this approach, however.
If there is a strict duality gap, i.e., v(LD) — v(P) # 0, then the constraint
subproblem cannot be used in the test for optimality. The cross decom-
position algorithm alternates between solving a Benders subproblem and a

constraint subproblem; unconstrained dual variables in the Benders subrou-
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tine can cause a strict duality gap in the Lagrangian subproblem. Also, if
any of the relaxed constraints are free for a subset of the variables, then
decomposition can cause unboundedness in the primal variables; this leads
to duality gaps and/or nonoptimal solutions. Analyzing a program (LP) in
the context of cross decomposition illustrates some of the problems with this
technique.

The presence of zero submatrices in the coefficient matrix can lead to
unconstrained dual variables. To ease discussion of zero submatrices we will
a general representation of the coefficient matrices for variable and constraint

decomposition.

A Al A?
— 1 2] 1 — 1 1
G I i ]

A:(M+P)x (N +8)
Al:(M+P)x N
A (M+P)x S
Ay: M x (N +85)
Ay: P x (N +8)

(LP) max cz+dy
st. Alz+ A3y <bh
Theorem 9 Let A' be the coefficient matriz for the variables (x) fized in

variable (Benders) decomposition, and let A; be the coefficient matriz of con-
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straints to be relazed and added as a penalty function in constraint decom-
position. Then if there is a zero submatriz of dimension (k x S),k > 1, in
matriz A? there will be a strict duality gap between the original problem and
the constraint master problem, unless the constraint set that remains defines

a vertez that is an optimal solution to the original problem.

Proof. The master problems and subproblems for this formulation are:

(MP(u')) maxrt
T <cz+dy + (b — Ajz) + uj(by — Ajz)
V(d}, 4%) extreme points of F(DSP)

(DSP(z)) min T + d1(by — ALZT) + da(by — A}Z)

(SP(Z)) max cz+dy
s.t. Aly < b — Alz

(MD(z%,y*)) miné
6 >cxt+dyt +dy (b — Alzt — A%yt
V(z!,y') extreme points of F(SD)

(SD(@)) max cz+dy+ (b — Alz — AZy)
st. Alz + Aly < b,

Consider, in turn, that there is a zero submatrix in A%, A2, and A!. First,
assume that k& rows of A? are all zero; label these rows my,... ,my. Then
the dual variables up,,... ,un, are unconstrained in (DSP(z)) for all z. We
can add constraints for the extreme rays (o3, 03) of F(DSP); i.e., add the

constraint
(b — A1Z) + T3(by — A3Z) 20
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for each extreme ray of {u € RM+P : (b, — A}z)+i,(b, — AlZ) > 0}. Adding
the constraints for the extreme rays will ensure that v(DSP) > —oo; however
there are only nonnegativity constraints on wm,,... ,um,. S0 if %, ; = 0 for
any coordinate j is optimal for (DS Pz) and is then used as input to (SD(%;))
then points that do not satisfy the constraints A} .z + A}y < by; for
t =1,...,k can be selected as optimal solutions. A duality gap will occur
if any of these constraints are necessary to define an optimal vertex solution
to the original problem.

Next, if there are k rows of zeros in A2, then k coordinates of i, will be
constrained only by nonnegativity constraints. However, this will not lead
to a duality gap because @, does not appear in the constraint subproblem or
master problem. In this case, it is possible to solve (DS P) for the projection

RY*P=k ‘instead of the full-dimensional (@, ).

of Uy in

[t is possible that there are zero submatrices in A] or A;. However, in
this case, if the rows of zeros are labelled my, ... ,my, the coefficient of u,,, in
(DSP) will be the same as the coefficient of the variable u,,, in the problem
dual to (LP). So if (DSP) is unbounded, then this dual is unbounded and
therefore (LP) is infeasible.

By a similar analysis, if y is selected as the complicating variable and A,
as the matrix of complicating constraints, then there will be a duality gap
with (LP) if thereis a (k x N), k > 1, zero submatrix in Al, and any of the

k constraints corresponding to this zero submatrix are necessary to define an

optimal vertex solution to the original problem. O
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Step-shaped programs have zero submatrices of the dimensions noted
above, as well as a subset of constraints that is free for a subset of the
variables. We have the following results concerning cross decomposition for

these programs.

Lemma 4 Let (LP) be the following step-shaped program:

(LP) max az+ By

s.t. Az <c

-y <0
Dz+Ey<f

Assume that the set R = {z € RN : Az < ¢} # 0 and R is bounded. Let the

set of constraints Dz + Fy < f be free for r € R.

I. If the Lagrangian relazation for (LP) is formed with respect to the system

Dz + Ey < f, then the Lagrangian subproblem for (LP) is
(SDu) max oz + fy+a(f — Dz — Ey)
st. Az <c
-y <0

and three cases apply:

1. If B —uFE >0, then (SDu) is unbounded.

2. If B —uE <0, then the optimal solution to (SDu) will be (z~,0)

where =~ is the optimal solution to max{az+ua(f—Dz) : Az < c}.

3. If B —uE = 0, then (z*,y) is optimal for (SDu) where == is the

optimal solution to max{az +u(f — D) : Az < c} and y € RY.
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II. Let the Lagrangian relazation be formed with respect to the constraints

Az < ¢, —y < 0. Then the Lagrangian subproblem for (LP) is

(SD*@) max az + By + #y(c — Az) + day
st. Dz+Ey<f

If u; =0, then = is unconstrained in (SD*d).
Proof.

I. The only constraints on y in (§Du) are the nonnegativity constraints.
If the optimal objective function value for (SD#) is finite, then the
optimal solution will either be the extreme point (z*,0) or there will

be a ray of optimal solutions (z*,y).
II. The system Dz + Ey < fisfreeforz € ®¥. O

Lemma 5 Let (LP) be as above. Assume that the cross decomposition algo-
rithm is being carried out and that the variable decomposition problems with
respect to  have been formulated. Then if T is such that AZ < c, the optimal

solution to (DSPZ) will be u = (U1, Gaus) = (0, Uy, U3).
Proof. (DSPz) is the program

min af + @;(c — Az) + @2(f — Dz) + 30

st. H0]+@HE—d3=8 ,u>0

By assumption (¢ — Az) > 0. Therefore the optimal solution of (DSPz) will

be u = (0, w,, 43). O
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Theorem 10 Assume that the cross decomposition algérithm is being car-
ried out on the step-shaped program (LP) as defined in Lemma 4; variable
decomposition is being done with respect to z and constraint decomposition
is being done with respect to Az < ¢,—y < 0. Let @ be the optimal solution
to (DS Pzx) at iteration m of the cross decomposition algorithm, and assume
that the optimal solution to (SDu) is (Z,i) where AZ < c. If there exists
T~ € ?R‘}f,y‘ € §R‘f_ such that Az™ > ¢, Dz"+Ey* < f, and az*+py* > az+3y
for all (z,y) such that z € R and Dz + Ey < f, then either the dual sub-
problem (DSP) or the constraint master problem (MD) will be unbounded

at iteration m + 2 of the cross decomposition algorithm.

Proof. Let = be the optimal solution to (§Di) or (M Pi) at iteration m where
AZ < c. Then the solution to (DSPz) will be uf = 0 for k coordinates i of
u”. Consider the subproblem (SDu") at iteration m + 1. Since all z € RV
are feasible for (SDu"), let (z7,y*) where Az > c be optimal for (SDu").

Then at iteration m + 2,
v(MD) = az™ + By* + d1(c — Az™) + i3y
=v(DSPz") = az™ + dy(c — Az") + @o(f — Dz*) = -0
since 4y is unconstrained in (DSPz) and since (DSPz) = (MDz). O

6.1 Example of infeasibility in cross decomposition

Consider the following linear step-shaped program and its variable decom-

position (with respect to z;) and constraint decomposition (with respect to
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) < 3) master problems and subproblems.

(P) max 3z, + 5z,
st. 7. <3
T1+22, <5
T S 2

(MPu) max t
T S 3(121 +'E1*(3—$1)+ﬁ2*(5—$1)+ﬁ3*(2)
Y(uy, uz, us) extreme points of F(DSP)

(DSP.’I_I) min U1(3 - .’21) + U2(5 - f[) + U3(2)
st u1(0) +uz(2) +uz >=5

(SPz) max 3z; + 5z
s.t. 0 S 3 - 51
2.’L‘2 S 5— 51
T2 S 2

(MDzy,z;) min 6
s.t. 5232_21 +552+U1(3—.’i‘1)
Y(z1, x2) extreme points of F(SD)

(SD'l-ll) max 3.’131 +5$2+ﬁ1(3—1‘1)
s.t. .+22, <5
)] S 2

In cross decomposition one alternates between solving an instance of (DSP)
and an instance of (SDu,) within four iterations of the algorithm. A mas-
ter problem is solved after every four iterations. Consider carrying out
this algorithm with the problem above: the extreme points of F(DSP) are
(0,5,0) and (0,0,5). Let (Z;,%;) = (1,2). Then the solution to (DSP(1)) is
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(41, @2, u3) = (0,0,5). However, at the next iteration of the algorithm, @, = 0
is used as input to (SD(0)). The extreme points of F'(SD) are (0,0),(1,2),
and (5,0) and max{3z, + 522 +0* (3 —z,)} is at z; =5 and z, = 0.

In the following step, either the Lagrangian master problem (M D(5,0))
or the Benders subproblem (DSP(5)) is solved. In either case, the objective
function value is —oco and u; is unbounded.

In conclusion, the form of the constraint set for step-shaped programs
can lead to infeasibility and unboundedness when the cross decomposition
method is used. The presence of unconstrained dual variables in the Ben-
ders (variable) decomposition subproblem sets the stage for the selection of
an infeasible point as optimal in the Lagrangian subproblem. If this oc-
curs, then both the Lagrangian (constraint) master problem and variable
(Benders) subproblem will be unbounded at the next step in the cross de-
composition algorithm. If the constraint set for a step-shaped program also
contains a subset of free constraints, and these constraints are relaxed in the
Lagrangian subproblem, then infeasibility and unboundedness can also oc-
cur. When these constraints are added to the objective function as a penalty
term, then, since some variables are not constrained by these inequalities,
infeasible solutions for these variables are not penalized. However, if these
free constraints remain in the constraint set for the Lagrangian subproblem,
then again an infeasible solution can be found if the inequalities that do con-
strain the variables have been relaxed. In this case, also, infeasibility leads

to unboundedness at the next step of the algorithm.
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7 Fixed-Income Portfolios

(Note: A glossary of financial terms used in this section begins on page 64.)

Fixed-income portfolios are made up of instruments that involve cash
payments at set dates followed by payment of principal at maturity. One way
to express the worth of a fixed-income instrument is as the profit that accrues
over a fixed holding period from re-investing the cash payments at the current
spot interest rate [WoVZZe| [FaFa95]. This necessitates the development of
a model for the evolution of the term structure of interest rates. Risk is
the expectation of less than acceptable profit from an investment. Following
Markowitz [Ma], variance of returns has been considered the measure of risk
for equity instruments. However, Sharpe suggested mean absolute deviation
of expected returns as an appropriate measure of risk. One of the advantages
of this measure is the fact that in calculating mean absolute deviation less
weight is given to outliers [Sh71]. Finally, since both the price and the profit
from a fixed-income instrument depends on future interest rate movements,
expected returns are usually calculated from an analysis of projected interest
rates. Scenario analysis for fixed-income instruments often takes the place of

historical analysis of returns for stock portfolios.

7.1 Fixed-income instruments

Fixed-income portfolios can contain U.S. Treasury securities, corporate bonds,
mortgage-backed and asset-backed securities, and interest rate derivatives.

These all make cash payments at set dates. The simplest fixed-income se-
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curity is a zero-coupon Treasury bill, which pays its face value at matu-
rity. Coupon-bearing Treasury bonds pay a percentage of the face value (the
coupon rate) at set dates and the principal plus coupon at maturity. Cer-
tain issues of government bonds are callable, and municipal and corporate
bonds are coupon-bearing and sometimes have call provisions for the issuer.
Municipal bonds are often tax-free for residents of the issuing municipality.
Convertible bonds include an option that allows the purchaser to convert
the security to equity holdings. Mortgage-backed and asset-backed securi-
ties make varying cash payments since prepayment can affect the underlying
cash stream. Valuing this cash stream involves valuing the option homeown-
ers have to call the mortgage. Interest rate options and derivatives have cash
payments based on domestic and foreign interest rate movements.
Cash-flow models are used to calculate the expected present value of
holding a fixed-income security for a certain period. If the security has no
embedded options, then the present value is simply the sum of the discounted
future cash flows. However, if a fixed-income security has a call provision or a
put provision, then the contribution of these options has to be included in the
value of the security. The value of convertible bonds and mortgage-backed

securities, for instance, includes the value of their embedded options.

7.2 Models of the term structure of interest rates

Many researchers have worked on models of the term structure of interest

rates. Some models, like that of Black, Derman, and Toy, are recombin-
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ing binomial lattices [BlDeTo]; however, these assume that the evolution of
interest rates is path independent. Hull and White [HuWh] have developed
several models; other researchers in this field are Vasicek [Va], Cox, Ingersoll,
and Ross [ColnRo], and Ho and Lee [HoLe]. We will use the Heath-Jarrow-
Morton model [HeJaMo] [Ja]. This model takes as input a set of forward
rates and estimates of volatility and generates spot rates for every node of a
binomial tree. The model uses arbitrage pricing theory and notions of equi-
librium to develop the term structure of interest rates. In our model, these
spot rates are used to value accrued reinvestment from holding-period cash-
flows and to calculate the expected present value of outstanding securities at

the end of the holding period for the portfolio.

7.3 Measures of risk

Markowitz pioneered portfolio analysis using variance of returns as the defi-
nition of risk [Ma]. He defined efficient portfolios as ones such that there is
no portfolio with greater return and the same or less risk, and there is no
portfolio with less risk and the same or greater return. An efficient portfolio
is thus a Pareto optimal portfolio. In mean variance portfolio analysis, the
ratio of expected return to variance is maximized to find the set of efficient
portfolios. These problems are usually solved as quadratic programming
problems. Markowitz also used semi-variance, the average of the squared
deviations below the mean, as a measure of risk in portfolio analysis.

Sharpe proposed a linear programming algorithm for stock portfolio op-
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timization in [Sh67]. He used the weighted sum of the absolute values of
the sensitivities of a portfolio’s securities to some common market index as
the measure of the portfolio’s risk. He presented a linear program for which
the objective function was the parameterized difference between a portfolio’s
expected return and the absolute value of its sensitivity to the chosen index.
This program was used in an algorithm to produce a border of efficient port-
folios. Later, in [Sh71], Sharpe discussed using mean absolute deviation as a
measure of dispersion of returns in analyzing portfolios. Konno [Ko] [KoYa]
advocated using mean absolute deviation of returns in portfolio selection,
since mean absolute deviation can be represented by a piecewise linear risk
function that can be minimized using linear programming techniques.

The traditional measure of risk for a fixed-income instrument is its du-
ration, or the sensitivity of its price to a change in interest rates [ElGr].
Duration is usually expressed as the first order term in the Taylor series ex-
pansion of the present value function for a security’s cash flows, and thus is
a good approximation for small changes in yield when the changes in inter-
est rates correspond to parallel shifts in the yield curve. Researchers have
pointed out, however, that there is no justification for assuming that shifts in
the yield curve will be parallel. Therefore, a better measure of interest-rate
risk for fixed-income instruments is based on changes in yield corresponding
to the evolution of the term structure of interest rates [Ja] [FaFa95]. Zenios
and Kang used mean absolute deviation of returns on interest-rate scenarios

in portfolio optimization for mortgage-backed securities [ZeKa]. Hiller and
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Eckstein used an objective function that maximizes the trade-off between
expected return and the average downside deviation on scenarios in a model
to select the optimal asset/liability-dedicated fixed-income portfolio [HiEc].

One method of optimal portfolio selection involves measuring risk as the
deviation from a benchmark portfolio or an index of assets. Equity index
funds may, for example, interpret risk as deviation from the return of the
S&P500. In the fixed-income market, a portfolio manager may pick a partic-
ular portfolio that he feels will have a desired performance as his benchmark;
or the benchmark may be a fixed-income index, e.g. the Lehman Govern-
ment Corporate Index. Sometimes the Treasury yield curve will be used as a
benchmark. However, once a benchmark is chosen, selecting an optimal port-
folio involves minimizing the risk of returns different from the benchmark'’s,
i.e. finding the portfolio that tracks the benchmark best. Usually, this dif-
ference in returns is calculated on many scenarios using one of the previously
mentioned measures of risk. Worzel et al minimized the mean absolute de-
viation of portfolio and benchmark returns in [WoVZZe]. Here we will use
mean absolute deviation from a benchmark, on interest-rate scenarios, as the
measure of risk; and the objective we will maximize is the difference between
expected return and risk. Mean absolute deviation is linearized and thus

selecting the optimal portfolio is now a large linear problem.
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7.4 Logical requirements for portfolio selection

The choice of an optimal portfolio is often subject to constraints other than
budget ones. There may be integral trading amount requirements for certain
instruments, e.g. Treasury bills have to be purchased in increments of $5,000,
after an initial investment of $10,000. Investors may demand a certain level
of diversification, defined according to disjunctions, or a certain mix of credit
grades for their portfolios. Some institutions and individuals have to satisfy
regulatory agency requirements. There are limits, for instance, on the assets
and liabilities pension funds can hold. All these are logical requirements; they
can be modeled with disjunctions that describe allowable choices. However,
introducing logical requirements into a model usually makes an otherwise
linear and convex problem into a nonconvex programming problem, a dis-

junctive linear programming problem.
7.4.1 Glossary

arbitrage pricing theory A theory that takes the prices of a primary set
of traded assets as given, as well as their stochastic evolution, and then
prices a secondary set of traded assets. It prices the secondary assets by
constructing a portfolio of the primary assets that replicates the returns
of the secondary asset. To prevent riskless profit or arbitrage, the price

of the replicating portfolio must equal the price of the secondary asset.

asset-backed securities Bonds or notes backed by loan paper or accounts

receivable originated by banks, credit card companies, or other providers
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of credit.

call provision If a bond has a call provision or feature, the issuer retains the
right to retire the debt, fully or partially, before the scheduled maturity
date. It permits the borrower, should market rates fail, to replace the

bond issue with a lower-interest-cost issue.

credit grade Bond ratings published by organizations that do bond analy-
sis; ratings reflect analysis of probability of future payments, i.e. risk

of default. Ratings run from AAA to D (S&P); the highest grade is

called gilt-edge or maximum security.

dedication A portfolio strategy that matches monthly cash flows from a
portfolio of bonds to a prespecified set of monthly cash requirements

or liabilities.

dispersion of returns The spread of returns, or the extent to which a dis-
tribution is concentrated around a single value. Dispersion is usually

measured by fractiles (quartiles, etc.).

downside deviation The amount that a portfolio’s return is below a cer-

tain level.

equity Ownership interest possessed by shareholders in a corporation -

stock as opposed to bonds.
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forward rate The rate contracted at time ¢ for the period (T, T + 1).

price of zero-coupon bond at ¢ that matures at T
price of zero-coupon bond at time ¢ that matures at T + |

ft,T)=

holding period The period of time a portfolio is held without selling.

index A statistical composite that measures changes in the economy or fi-

nancial markets.

interest rate risk The risk for an investor who has to sell a fixed-income
security before maturity that interest rates will rise; i.e. that he will

realize a capital loss at sale.

mortgage-backed securitiy A security backed by mortgages; investors re-

ceive payments out of the interest and principal on the underlying mort-

gages.

option-adjusted spread The amount that yield of a security with embed-
ded options varies from some well-known instrument, typically, the

forward curve.

Pareto optimality The concept that resources are optimally distributed
when an individual cannot move into a better pesition without putting

someone else in a worse position.

present value The value today of a future payment, or stream of payments.

discounted at some appropriate compound interest or discount rate.

66

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



put provision A provision that grants the investor the right to sell the issue

back to the issuer at par value at designated dates.

reinvestment risk The variability in the returns from reinvestment from a

given strategy due to changes in the market rates.

scenario A projected sequence of events; in fixed-income analysis, a partic-

ular sequence of interest-rate movements.

short sale The sale of a security or commodity futures contract not owned

by the seller.

spot rate Therate contracted at time ¢ on a one-period riskless loan starting

immediately; equal to the forward rate with T = ¢.
term structure The relationship between yield and maturity.

volatility The characteristic of a security, commodity, or market to rise or

fall sharply in price within a short period.

yield curve A graph that plots the yields of all bonds of the same quality

with their maturities, ranging from the shortest to the longest available.
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8 The absolute deviation trade-off model
for fixed-income portfolio selection

Konno [KoYa], Zenios and Kang [ZeKa], and Worzel et al [WoVZZe] have
developed models for portfolio optimization that use the absolute value of the
deviation of a portfolio’s returns from the mean as a measure of risk. Their
models have as objective the minimization of the expected absolute deviation
of returns. Hiller and Eckstein [HiEc] introduced a model that used downside
deviation from a liability stream as the measure of risk. Auxiliary variables
are introduced in each of these models to represent the amount of risk, and
the programs for all these models are examples of step-shaped programs.
Each model has two sets of variables, portfolio variables and risk variables;
the constraints linking the two sets are free for the portfolio variables; and
the coefficient matrices for these models can be partitioned so that there is
a submatrix with zero entries for all the risk variables and a submatrix with
zero entries for all the portfolio variables.

The absolute deviation trade-off model is an extension of these earlier
mean absolute deviation models. We use the L, distance from a given bench-
mark as the measure of risk and maximize the trade-off between the expected
present value of reinvested cash flows and the difference between benchmark
and portfolio returns. This objective function is similar in spirit to one uti-
lized by Hiller and Eckstein [HiEc]. We will first detail the linear version (P)

of our model; we present the disjunctive version in Section 9.2. One obvious
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advantage in using a mean absolute deviation model instead of a quadratic
model is that a MAD model can be formulated as a linear program. Another
advantage is that disjunctive linear programs can be solved by techniques
such as those of Section 3. Quadratic 0 — 1 and general integer program-
ming methods are still in development and encounter complexity theoretic
problems [GJ]. Also, in many cases, optimal portfolios for these LP-based
models have many fewer nonzero holdings than do portfolios found optimal
for quadratic models [Ko] [Bi]. This is important in portfolio optimization
because transaction costs occur for every separate purchase. In fact, we show
in Section 9.1 that among the extreme points of the polyhedron representing
feasible solutions of (P) are portfolios with a minimal number of nonzero
holdings.

For our model we assume that we have a fixed universe of available instru-
ments and that there is a cash-flow model available to calculate the present
value of each security’s cash payments and embedded options. Further, we
have fixed a benchmark with known returns on the set of scenarios. We as-
sume that the only constraints are that all asset holdings are nonnegative,
i.e., there is no short selling, and there is a set budget for the investment.
We also assume that we have a model of the term structure of interest rates
of the Heath-Jarrow-Morton type and that from this model we have com-
puted short rates at every node of a binomial tree. Also, we have calculated
the value of reinvesting the cash flows from each of the available assets at

the current spot rate at every node. If there are V available assets and the
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holding period for the portfolio comprises M dates on which cash flows are
collected, then there are 2M scenarios. If the number of scenarios becomes
too large, sampling techniques or Monte Carlo simulation methods are used
in conjunction with the basic model. In this research, we have used explicit
computation on a discrete model of the future evolution of spot rates [Ja].
For every asset, the present value of investing the cash flows at the current
spot rate over the holding period of the portfolio is calculated. This figure
is then “normalized” by multiplying by the price of the asset (per $100 face)
divided by the budget amount. A feasible portfolio is a linear combination
of the assets for which the price does not exceed the budget. A variable y;
is introduced for every scenario ¢ to model the absolute value of the differ-
ence between a portfolio and the benchmark yielded by this scenario. Two

constraints are added to the constraint set for every scenario:

N
4 (Z ret;jz;) — yi < benchmark;

=1

Vi (- Z ret;jz;) — yi < —benchmark;

j=1
The objective function then is the difference between expected return and
expected risk:
1 SN LS
max 5 Z Z ret;;T; — g Z Yi
i=1 j=1 i=1
At optimality, since the y; are nonnegative, subtracting the average of the

yi is equivalent to minimizing the y;, or forcing y; to the absolute value of
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the difference between benchmark and portfolio on each scenario. We now
have a linear problem with linear constraints instead of a piecewise linear
problem. The definitions and constraints for the model are as follows:

Definitions:
S number of scenarios: 27 where T is investment horizon
N number of securities available
B budget limit
ret;; present value of investing eash flow from security j on scenario ¢
benchmark; return from benchmark portfolio on scenario ¢
p; current price of $100 face amount of security j
z; amount held of security j

yi absolute value of the deviation of the portfolio return from the benchmark

return on scenario 2
v minimum trade amount

w minimum investment amount

The linear program that models the problem of selecting the best tracking

portfolio is:

13X 1S
(P) max{-s,— Z Zret,-jzj -3 Zyi} =zp

i=1 j=1 i=1
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s.t. moi+...+pvzy < B
—z1—...—zy < —d
A7 -z; < 0
Vi retpgzi+...+retineny —y; < benchmark;
Vi —retjry—...—retinzny —y; < —benchmark;
Vi -y < 0
(P) can be written formally as:
(P) max {cz+dy} = zp
st. Alz+ A%y < r
Ajz+Ajy < b
Alz+ A%y < 0
or, in full detail,
A= D1 PN A= 0 0 r= B
-1 -1 -1 0 0 —w
-1 0 0 0 0
-1 : : 0 : :
0 -1 o --- 0 0
Ay= retyy - retiy Ai= -1 --- 0 b= benchmark
: : : -1 :
rets; -+ retsy o -.- -1 benchmarks
~rety; -+ retin -1 - - ~benchmark,
0 -1 0 :
—~retgy -+ —retsny o --- -1 —benchmarks
Al = 0 cee 0 A= -1 --- 0 0
. 0 . SR .
0 0 o --- -1 0

We have the following results for our model:

Lemma 6 The optimal objective function value for (P) is less than or equal

to the average over all scenarios of the return of the benchmark portfolio.
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Proof. Assume there is some portfolio Z for which

1 S 1S

g Z; ; reti;z; > 5 ; benchmark;
Let z be the objective function value for Z. Consider the case first where for
all ¢ such that y; > 0, Zf:l ret;jz; > benchmark;. Then y; = SN | ret;;%; —

benchmark; and

N
]

N N
% {Z rety;T; — (Z reti;T; — benchmark;)}

i=1 ji=1

S
= é Z benchmark;

=1
Next consider the case when for some yj. such that y, > 0 we have benchmark; >

Z;\/:l rety;Z;. Then yi = benchmark; — Zf;l rety;Z; and

N N
1
I = § {Z reti;T; — (Z ret;T; — benchmark,-) + (Z retkji:j) - yk}

i#k j=1 i=1
) N
= 5 {Z benchmark; + (Z retiji‘j) - yk}
i#k Jj=1

s
1
< 3 Z benchmark;

i=1

since Ej‘;l rety; — yr < benchmark. O

Lemma 7 Forz € RV, let fi(z) : RN — R fori = 1,...,5 be the se-
quence of functions fi(z) = |benchmark; — Zf;l retijzj|. Then for every
z € RN, the point (z1,... ,zN, fi(Z),. .., fs(z)) satisfies S inequalities from

the constraint set Ajz + A2y < b of (P) with equality.
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Proof. Let z € RN. Consider the vector (zy,... ,ZN,¥1,---,¥ys) € RVHS,
where y; = fi(z) for all 7. If on the ¢th scenario, Zf’:l ret;;z; > benchmark;,
then the ith constraint in Alz + A2y < b is satisfied with equality, and the

(S + t)th constraint

N
— Z ret;jz; — yi < —benchmark;
Jj=1

is redundant. If benchmark; > Zjvzl ret;jz;, then the (S +1)th constraint is

satisfied with equality and the ith constraint

N
Z ret;;iz; —y; < benchmark;
j=1

is redundant. If both the ¢th constraint and the (S + ¢)th constraint are
satisfied with equality for any 7, then y; = 0 since otherwise Ajz + A2y < b

is inconsistent. O
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]
9 Characterizing optimal portfolios

Recall the coefficient matrix for the linear portfolio selection problem (P) of
Section 8. Let M be the set of vectors feasible for (P). M is a polyhedron.

Let C be the characteristic cone for M. By definition, C is the set
C = {(21,22) € RV** : (2,9) + (21,22) € MV (z,9) € M}

In our case, we have

Alz <0
C =14 (21,20) ERV*S: Alz + A2z, < 0
A§zz S

Therefore, {(21,22) € C} = {(0,22) € RV+5: z; > 0}. The lineality space of

M is
A%Zl =0
CN=C=2_ (21,25) ERN*S: Alzy + A%z, = 0 » =0
A?’Zz =0

So M is pointed and C is pointed. M can be decomposed into a polytope Q
and the cone C, where the polytope @ = the convex hull of the vertices of

M. Let G={z € RY : Alz < r}.

Theorem 11 Assume w > 0. If (z*,y") is a vertez of M, then (z*,y%)
satisfies S constraints of {A}z + Ay < b} with equality. Therefore, if (z, y)
is a verter of M, y; = fi(z) V.

Proof. The rank of the coefficient matrix for M is N + S since the matrix

has NV + S columns and an N x N diagonal submatrix disjoint from an S x S

diagonal submatrix. Let (z,y) be a vertex of M. Then (z,y) satisfies NV + S
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constraints with equality, where if Az + By < c is the set of constraints
satisfied with equality, then Az + By = c has N + S independent rows.

Assume (z,y) satisfies fewer than S constraints from Alzr + A%y < b with
equality. Denote the submatrix consisting of the first § rows of (4} 43)
as A™ and the submatrix consisting of the second S rows of this matrix
as A*™. At most N constraints of G can be satisfied with equality by any
point z: either N — 1 bounding constraints and the budget constraint, or
N —1 bounding constraints and the minimum investment constraint. Of the
remaining constraints, only 25 can be in a system of independent equations
since A2 = (01) *A* = (o1) *A™. If (z,y) is a vertex and (z,y) satisfies
fewer than S constraints from A}z + A2y < b with equality, then (z,y) must
satisfy at least one bounding constraint for y with equality. But for every
constraint of A%y < 0 satisfied with equality by (z,y) there is a constraint
of Alz + A2y < b satisfied with equality if (z,y) is feasible, and only one of
these can be included in a system of independent equations. Therefore, it
must be that if (z,y) is a vertex of M, then (z,y) satisfies S constraints of
Alz + A2y < b with equality. O

Therefore, if (z,y) is a vertex of M, y; = fi(z), V1.
Theorem 12 Let (z~,y") be a vertez of M. Then either z* is a vertex of G

or for at least one coordinate i of y*,yr = 0.

Proof. First consider the case when z* is a vertex of G. Then z" satisfies
N constraints from G with equality. Next consider the case where (&', y’)

is a vertex of M and z' is not a vertex of G. Then (z/,y') must satisfy N
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constraints from H = {Ajz < r, A3y < 0} with equality, but fewer than V
from {Ajz < r}. Therefore, at least one constraint from {43y < 0} is held
with equality by (z',y’). If (P) has degenerate solutions, then there will be

vertices (Z,9) of M in which Z is a vertex of G and for some Z, §; = 0. O

Theorem 13 An optimal vertez solution to the linear portfolio selection
problem will either have full investment in one asset or will achieve the same

return as the benchmark on at least one scenario.

Proof. The vertices of G are the intersections of the halfspaces represented

by the constraints Alz < r. These constraints are:
N
N

(8) 120

(N+2) zy 20

The vertices of intersections of these halfspaces will be points z = z1,... ,zy
where z; = 0 for N —1 of the N coordinates and z; = w or z; = B/p; for
the remaining coordinate. Let z* = (0,...,B/p;,0,...,0), i.e. the portfolio
with the total budget invested in the ith asset, and ' = (0,...,0,... , B/p,,0)
the portfolio with the budget invested in the jth asset. Let 0 < A < 1.

Then a portfolio Z which satisfies p;Z; + p;Z; = B can be expressed as
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T =M™ 4+ (1 — A)z’. Similarly, let z = (0,...,w,...,0), or the port-
folio with only the minimum amount w invested in the ith asset, and = =
0,...,0,... ,w,0), or the portfolio with only the minimum amount invested
in the jth asset. Then a portfolio £ satisfying Z; + Z; = w can be expressed

as £ = AZ + (1 — A)z. Therefore, the vertices of G are single-asset portfolios.
a

9.1 Multiple optimal portfolios

A condition for uniqueness of the solution to (P) is nondegeneracy in the dual
to (P) [GiMuWr]. Since the constraints in (P) correspond to constraints in
(MP®) and (SP(z*)), the constraints in (P) active at optimality will also
be active in (M P°) and (SP(z*)) at optimality, where k is the final stage
of the decomposition algorithm. Therefore, the presence of fewer than S
coordinates of the optimal dual multiplier (u%,u%) at nonzero values implies
degeneracy in (DS P(z¥)) and thus multiple optimal solutions to (P). Count-
ing the number of nonzero coordinates of u* can provide a test for uniqueness
of the solution to (P).

Generally, if there are multiple optimal solutions, we know that more
than N + S constraints of (P) are satisfied with equality. So if an optimal
portfolio is not a pure portfolio, then for some 7,2 € 1,...,5, y; = 0.

The occurrence of multiple optimal solutions in this problem provides
information about the range of optimal investments: a kind of “efficient

frontier” of investments with different levels of risk and return is delineated by
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these multiple solutions. If the solution to (P) is unique, then introducing a
parameter T to vary allowable levels of risk can provide a range of investments
from more to less risky. In this approach, 7 is increased until the portfolio
with the least risk is found optimal c.f [HiEc]. Conversely, introduction of
the parameter 7 will lead to discovery of multiple optimal solutions with

different levels of risk if they exist.

9.2 The portfolio problem with disjunctive
requirements

As mentioned earlier, fixed-income investments usually have to be made in
set amounts and at minimum levels. Requiring that all nonzero holdings in a
portfolio are at least v is one example of a logical or disjunctive requirement.
[f we add this logical requirement to (P), we have a disjunctive program that
models selecting the optimal tracking portfolio that respects the minimum
trade amount requirement. The disjunctive requirement applies only to the
asset holdings and not to portfolio risk so the constraints on z and y together
and on y alone remain the same.

A program with disjunctive requirements on the quantities modeler! by
the z variables, linear constraints on the z and y variables together, and
bounding constraints on the y variables, can be expressed in the general
form:

max {cz + dy}

s.t. Fzx < e
Gz+Hy < ¢
z € N;U; F,_,
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By way of example, if we express the program that results from adding
threshold requirements to (P) in this form, we have the following program

(L). Ez < e describes the constraints on z alone.

1 S N 1 S
(L) max{§ Z Zret,-jzj - §Zy;} =ZL

=1 j=1 i=1
s.t. EFz < e
Vi retiyzy +...ret;nzy —y; < benchmark;
Vi —retyz;—...—retinzy —y; < —benchmark;
Vi —y; £ 0

Viz;=0Vz;2v
As discussed in Section 3, the optimal portfolio for (L) can be found by
solving a series of linear programs (L) where each (Li) corresponds to a
particular leaf of (L); i.e., each (L) defines a feasible region where every
portfolio is in the kth disjunctive region (out of M" possible regions) and

satisfies the disjunctive requirements.

1 S X 1S
(Ly) max {§Z Zretfj:cj -3 Zy,—} =z,

i=1 j=1 =1
s.t. noy+...+pvey < B
- —...—zny < —w
Vi akpzi < Brg)
Vi retyzy+...+ret;yzy —y; < benchmark;
Vi —retphz)—...—retiyvey —y; < benchmark;
Vi —y; <0
where ay;) =1 if Bi) = 0, i.e. if the holdings in asset j equal 0; ay(;) = —1
if Br(jy = —v, i.e. if there is a nonzero holding in asset j. The only difference
80
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between the constraints for (P) and any (L) is in the rows E*z < e*, where

EF= p -~ pv €= B
-1 -1 -1 —w
k1) 0 Brq)
Do) C Bris)
0 - Br(n)

(L) is a disjunctive step-shaped program and each (L;) is a step-shaped
program so we can use either the combined breadth-first decomposition al-
gorithm or the combined depth-first decomposition algorithm to solve (L).

In either case, the full master problem for a particular (L) is:

(ML,) max cz+ X = zupz,
s.t. Efz < €F
A < @i(b— Alz)

for @5 = my(ut)

4

%, U3) is an extreme point of the set {u € RY : 4,A2 + i3 A2 =

where u’ = (
d}.

Recall that M denotes the set of vectors feasible for (P). Let M} equal the
set of vectors feasible for (L), for each k. Let Hy = {z € RN : E*z < €f},
where the rank of E is V. Since a vertex of My must satisfy N+5 constraints
from {E*z < €*, A}z + A3y < b, A%y < 0} with equality, we have, as in
Theorem 12, that if (z,y) is a vertex of My, either z is is a vertex of Hj
or y; = 0 for at least one :. Each M is a polyhedron that differs from A
only in that each coordinate of z is either equal to 0 or greater than v, the

minimum trade amount. So the set of vertices of the convex hull of UM,

contains vertices (z*,y") of M such that zf =0 or zf > v, V1.

81

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Consider first that w > v. Then (z,y) such that z is a vertex of G and
y; = fi(z) for all ¢ are among the vertices of the convex hull of Ug M since for
each of these vertices, the vector z satisfies N constraints with equality for
some Hi. The only other possible vertices of Ux M are points (z,y) where
T = z,...,zN such that z; = v for some ¢ and z; = 0 for all 7 # ¢ and
y; = fi(z) for all 7. If these points are feasible for E*z < e* they are also
among the vertices of the convex hull of Ux M.

Next, let w < v. Then (z,y) such that z is a vertex of G and z; = B/p;
and z; = 0 for all j # ¢ and y; = fi(z) for all z are the only vertices of M
that are vertices of the convex hull of Ux M.

So the vertices of the convex hull of Uy M) are (z,y) such that z is a
portfolio invested in only one asset or (z,y) € Mj and y; = 0 for at least one
coordinate .

Another logical requirement imposed on portfolios is that the optimal
portfolio maintain a certain level of diversification. We used 0 — 1 variables
Dy,...,Dy in our formulation of this disjunctive requirement. The pro-
gram (L*) that models the portfolio selection problem with minimum trade

requirements and diversification requirements is as follows:

(L*) max % Zil Zﬁ—.—l ret;;z; — é Zf:l Yi
s.t. Zj\;l piz; < B
- ZN=1 z; < —w
r € MU;F;
vj 0<D; £1
V] Z; S MDJ
V_] N —Ij < —UD]'
- Zj:l D; £ —-m
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where M is an upper bound for z and we have z € N; U; Fj; if for all j,
z; =0V z; 2> v and the sum of nonzero coordinates of z is at least m.
When this program is used in branch-and-bound search, the requirement
at a node that Vj 0 < D; <1 forces the sum of nonzero holdings to be at
least m. At each node, there is a linear program (L}) with the coefficient

matrix R* in place of E* of (L).

Rt = pyzy ... pyzy < B = rk
-z ... —zIny < —w
I e 0 S MDk(l)
0z 0 < MDy;
0o .. zy < MDywn
—I ces 0 S "ka(l)
0 —Z; 0 S —UDk(J')
0 e —IN S "UDI:(N)

where for j € H C {1,...,N}, D; =0V D; = land 00, D; > m.
Again, this problem can be solved using either the combined breadth-first
and decomposition algorithm or the combined depth-first and decomposition
algorithm (see Sections 3.4 and 3.5). If we consider the polyhedron of vectors
feasible for (R"), we see that the vertices of G, which represent single-asset
portfolios, have been removed. The vertices now include only portfolios with
more than m nonzero holdings.

Let T, equal the set of vectors feasible for (L7). If we set the sum
of nonzero holdings equal to m, then the vertices of T} are m-asset port-

folios. Included in the vertices of Tj are the portfolios (z,y) where z =

B-2v

SEEEE ,0), or the portfolios which have minimum holdings

(vy.eor 0,00,

in two assets and the balance of the budget invested in the jth asset, and
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where y; = fi(z) for all ;. These are the vertices (z, y) such that z is a vertex
of {z € RV : Rhz < r*}. Other vertices of T, are points (z,y) such that
(z,y) € T}, and y; = 0 for at least one 1.

If for any (L) the subroutine (SB) of Section (3.4.1) succeeds, then we
know that an optimal portfolio for (L}) is optimal for (P), which is the
linear relaxation of (L*). Therefore, if we are concerned with finding multiple
optimal solutions to (L), carrying out this subroutine at each unpruned leaf
can give us a set of disjunctive feasible optimal portfolios, if such portfolios

exist, where the portfolios exhibit a range of levels of risk.

9.3 Cross decomposition for the disjunctive
portfolio problem
Consider the portfolio selection problem (L) with minimum trade require-
ments of the previous section. Then the Lagrangian relaxation of (L) with
respect to the constraints Alz + A}y < b is the following problem, where @,
is the Lagrangian multiplier:
maxsenur, co-+dy +ia(b— (Alz + Aly))
(LLD) min{ s.t. Alz < r
220 Ay <0
Let (L) be the linear program that describes the portfolio selection prob-
lem on a particular feasible region where all the portfolios satisfy the logical

requirements; i.e., z € K}, where

Ky = Uien Fijii
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and j(7) < S is the index for a particular set containing z; that satisfies the
logical requirement i. We have for (Lj):

(L) max cz+dy
s.t. Ehz <eh
Alz+ A2y <b
Ay <0

The Lagrangian dual (LL;) for (L) with respect to Alz + A%y < b is
maX(sy)z0 €z +dy + iix(b — (Azz + Azy))
3y =

If we look at the portfolio problem (L) in the context of cross decomposition,
then we see that there is an (N +2 x ) zero submatrix in A? and an § x NV
zero submatrix in A}. So by Theorem 9 of Section 6, if we hope to avoid
a duality gap between the Lagrangian dual (LL) and (L) we must either
choose (1) z as our complicating variable and the rows Alz + A%y < b as
the complicating constraints or (2) y as the complicating variable and, again,
A}z + A2y < b as the complicating constraints.

For (1) the constraint subproblem is

(SD(i1y)) max cz + dy + (b — Adz — A2y)
s.t. Ehr <eh
Ay <0

However, y is not constrained in this subproblem. Depending on the value of
the sum of the coefficients of y in the objective function, there are three cases
for the optimal y: if this sum is greater than 0, then v(SD1,) is unbounded;
if this sum is less than 0, then y; = 0 will be optimal always and there

may be a duality gap; and if the sum of the coefficients of y; is equal to 0,
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then again there may be a duality gap since y; is not constrained in (SDi;).
Further, if the dual multiplier @, is feasible for (DSP), then we know that
dy — @; A%y < 0. This follows from the fact that if @, is the solution to
(DSPz) for some 7 feasible for (L) then we have @, A2 > d.

Consider the case when y =0 in (LL;). Then
cx + dy + @y(b — (Alz + Aly)) = cz + ta(b — Alz),

so for a fixed %, feasible for (DS P), the optimal portfolio will be an extreme
point of the polyhedron defined by

eh

0

Ehg
A%y

ININ

Let p* = (z],... ,z}) be the optimal solution to (LL) when y is fixed at 0,

and let z* be the objective function value for this portfolio. Then

2" = cz” + tz(b — Ajz")

> cx + (b — Alz) > cx + Uy(b — (Alz + Aly)) + dy

for any feasible (r,y) where y > 0. This last inequality holds for all @,
feasible for (DS P). Therefore, in this problem, y = 0 will always be optimal
since the only constraints for y in (LL;) are nonnegativity constraints. So
if y > 0 is optimal for (L;) there will be a duality gap between (L;) and
(LLy). If @ is not feasible for (DSP), i.e., if dy — 4 A%y > 0, then (1) has

an unbounded objective function value.
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The last formulation to consider is (2). Here the variable and constraint

subproblems are:

(DSP(j)) min w@i(et) + ta(b— A%j) — iz Ay + df
s.t. ’l-l.lEh + ’l-t‘zA% Z [+

(SD(@i2)) max cz+ dy + iz(b— (Alz + Ady < b))
s.t. Ehz <eh
Ay <0
Now, because {Alz + A2y < b} are free for z € RV, there is a feasible y for
every z € RV, and y is not constrained in (SD(&,)). So, as above, either i,

is feasible for (DSP) and for the optimal y we will have that dy — 4, A2y =0
or (SDi>,) is unbounded.
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