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1 .1  P h y s io lo g ic a l  B ackground

E p i th e l ia l  c e l l  l a y e r s  line  the  s u r fa c e s  of m any  hum an, a n im a l  and 

in s e c t  o rg a n s  such  a s  the  c i l i a r y  body of the eye, ga ll  b la d d e r ,  f r og skin, 

av ian  s a l t  g land and re n a l  co llec ting  tu b u les ,  to  m en tio n  a few, and have 

the  p r im a r y  function  of t r a n s p o r t in g  w a te r  and so lu te s  be tw een  the  s e r o s a l  

f lu ids  in  the  c a p i l la ry  beds  and the m u c o sa l  f lu ids  in the  lu m en  o r  c av i t ie s  

of th e s e  o rg a n s .  P h y s io lo g is ts  have  fo r  m any  y e a r s  sought to  exp la in  the  

in tr ig u in g  a b i l i ty  of th e s e  e p i th e l ia  to  p ro d u ce  flow of w a te r  and solute 

a g a in s t  o r  in the  ab se n c e  of e le c t ro c h e m ic a l  d r iv in g  f o r c e s  be tw een  the 

m u c o s a l  and s e r o s a l  ba th ing  f lu id s .  It now a p p e a rs ,  a s  a r e s u l t  of e l e c t r o n -  

m ic ro g ra p h ic  s tu d ie s ,  e x p e r im e n ta l  m e a s u r e m e n ts  of in  vivo and in v i t ro  

m e m b ra n e  t r a n s p o r t  r a t e s  and new ly developed  m a th e m a t ic a l  hy d ro d y n am ic  

d iffusion  m o d e ls  th a t  the  unique f e a tu r e s  of ep i th e l ia l  t r a n s p o r t  a r e  due 

to  the  sp e c ia l iz e d  n a tu re  of the  e p i th e l ia l  u l t r a  s t r u c tu r e  and to  the  p re s e n c e  

of lo c a l iz e d  d r iv in g  f o r c e s .  While d if fe ren t  e p i th e l ia l  c e l l  l a y e r s  exhib it  

c o n s id e ra b le  d iv e r s i ty  in th e i r  func tion  and u l t r a  s t r u c tu r e ,  a l l  ap p ea l  to  

p o s s e s s  long to r tu o u s  e x t r a c e l lu la r  channe ls  b e tw een  a d ja c e n t  c e l l s  and 

m e ta b o l ic a l ly  l inked  ion pum ps w hich  a r e  the  so u rc e  of the  s o -c a l le d
O

ac t iv e  t r a n s p o r t .  The w idth  of the  channels  ra n g e s  f r o m  50 to  200A, 

depending on the  m e m b ra n e  s y s te m  and the d e g re e  of d ila t io n  due to 

t r a n s p o r t  of flu id  th ro u g h  th e m . T h is  i s  roughly  two o r d e r s  of m agn itude  

l a r g e r  th an  the  d ia m e te r s  of the  so lven t and so lu te  m o le c u le s .  C e l l  s iz e s  

and, hence , the  leng th  of the ch an n e ls  a lso  v a ry ,  w ith  20/^being  a r e p r e ­

s en ta t iv e  l in e a r  d im en s io n .

F ig u r e  1 is  a s c h e m a t ic  ta k en  f r o m Diam ond and T o r m e y  (1966) and  

shows w hat one would o b se rv e  in an  e le c t r o n - m ic r o g r a p h  of the  ga ll  b la d d e r  

e p i th e l iu m . T h is  m e m b ra n e  is  a s im p le  m o n o la y e r .  The m o v e m e n t  of 

w a te r  and  s a l t  a c r o s s  the  m e m b ra n e  f r o m  the  lum en  o r  sac  i n t e r i o r  is
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F ig u r e  1. S c h e m at ic  D ia g ra m  of Gall B la d d e r  E p i th e l ia l  M em b ran e  
(B ased  on D iam ond and T o rm e y ,  1966)
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hy po thes ized  to  o c c u r  v ia  the  e x t r a c e l lu la r  channe ls  w hich a r e  c lo sed  a t 

t h e i r  lu m en a l  ends  by ju n c tio n a l  co m p lex es  o r  t e r m in a l  b a r s .  T h ese  c o m ­

p lex es  a r e  a s s u m e d  to  fo rm  a so lu te  and w a te r  t igh t s ea l  and the m e m b ra n e  

is  th e r e f o r e  c o n s id e re d  to  be n o n -p o ro u s .  The en e rg y  fo r  the  w a te r  and 

so lu te  m o v em en t d e r iv e s  f r o m  sod ium  ion pum ps w hich h is to c h e m ic a l  

s tu d ie s  show a r e  lo c a ted  n e a r  the  c lo sed  ends  of the channel w ithin  the 

r e la t iv e ly  s e m ip e rm e a b le  i n te r c e l lu la r  m e m b ra n e s  tha t fo rm  the  channel 

b o u n d a r ie s .  The lo c a l  o sm o tic  g ra d ie n t  e s ta b l i s h e d  a c r o s s  the  i n te r c e l lu la r  

m e m b ra n e  by the  pum ping ac t io n  d ra w s  w a te r  p a s s iv e ly  f r o m the ce ll  

i n t e r i o r  in to  the  channel. To c o n se rv e  m a s s ,  bo th  so lu te  and w a te r  a r e  

foced  out the  open end of the  channel due to  the  bu ild  up of p r e s s u r e  a t  the  

c lo sed  end. F o r  s tead y  s ta te  o p e ra t io n  bo th  the  w a te r  and sa l t  a r e  re p le n ish e d  

f ro m  the  in n e r  bath ing  so lu tion  in the  lum en . The in tr ig u in g  fe a tu re  of g a ll  

b la d d e r  t r a n s p o r t  i s  th a t  the  flu id  exuding f r o m  the channel ex it  is ,  o v e r  

a  wide c o n ce n tra t io n  range , iso to n ic  w ith the  sa l t  so lu tion  in the lum en, and 

th a t  t r a n s p o r t  o c c u r s  in  the  ab se n c e  of a t r a n s m e m b r a n e  p r e s s u r e  d i f f e r e n ­

t ia l ,  D iam ond (1964). O th e r  m e m b ra n e s ,  such  a s  the  av ian  sa l t  gland, 

t e le o s t  in te s t in e ,  and the  c i l i a ry  p r o c e s s e s ,  t r a n s p o r t  a s l igh tly  h y p e r to n ic  

f lu id .

The ac t iv e  t r a n s p o r t  of sodium  ions  in  the  ga ll  b la d d e r  is  a cco m p an ied  

by an  equal m o v e m e n t  of ch lo r id e  ions  w hich m a in ta in s  e le c t ro n e u t r a i l i ty  

b e tw een  the  s e r o s a l  and m u c o sa l  su rface s .  In o th e r  ep ith e l ia  the  m o v em en t 

of the  an ion  o r  ca tion  m a y  be p a r t i a l ly  o r  to ta l ly  inh ib ited . The ion pum p 

th en  a c t s  a s  a b a t t e r y  w hich  p ro d u c e s  ch arg e  s e p a ra t io n  and  a  p o ten tia l  

d if fe ren ce  a c r o s s  the  m e m b ra n e .  Such e l e c t r i c a l  e f fec ts  cannot be ex am in ed  

by the  two spec ie  (so lu te , so lvent) m o d e l  developed  in  the  p r e s e n t  w o rk . A 

th r e e  sp ec ie  m o d e l  d e sc r ib in g  s e p a ra te  anion, ca tion  and so lven t t r a n s p o r t  

i s  re q u i re d .
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F ig u r e  2. S chem atic  D iag ram  of C i l ia ry  Body E p i th e l ia l  M em b ran e  
showing: (a) e x t r a c e l lu la r  channe ls ,  (b) p igm en ted  la y e r ,  (c) no n -  
p ig m en ted  la y e r ,  (d) s t ro m a l  fluid, (e) p o s t e r io r  c h a m b e r  fluid, (f) 
c e l l  nuc le i ,  (g) m ito ch o n d ria ,  (h) d e sm o s o m e s ,  (i) p a r t i a l ly  occluded  
zo n es ,  (j) red  blood ce ll ,  (k) p ro p o se d  s e c r e to r y  s i te  b a s e d  on A T P a s e  
ac t iv i ty ,  (1) l a t e r a l  inflodings, (m) a p ic a l  in fo ld ings.
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In c o n t r a s t  to  the  re la t iv e ly  s im p le  g a l l  b la d d e r  m o n o la y e r  dep ic ted

in  F ig u r e  1, F ig u r e  2 shows s c h e m a t ic a l ly  the  u l t r a  s t r u c tu r e  o b se rv e d  in

a n  e le c t r o n  m ic r o g r a p h  of the  c o n s id e ra b ly  m o re  com plex  ep ith e liu m  in

th e  c i l i a r y  p r e c e s s e s  of the  eye . T h is  m e m b ra n e  s e c r e t e s  a  s a l t  so lu tion

c a l le d  aqueous h u m o r  in to  the  p o s t e r io r  c h a m b e r  beh ind  the le n s  a t  a
-1  -2re la t iv e ly  high ra te  w hich ran g es  f ro m  0 .4  to  3jul m in  cm  fo r  hum an  

and  cat eyes  re s p e c t iv e ly .  The m e m b ra n e  is  a dual c e l l  l a y e r  c o m p r is e d  of 

p ig m en ted  and  nonp igm en ted  c e l l s .  While the  d e ta i ls  of the  m e m b ra n e  

u l t r a  s t r u c tu r e  a r e  not a s  w ell docum ented  a s  th a t  of th e  ga ll  b la d d e r ,  t h e r e  

is  a s ig n if ican t  body of ev id en ce  to  su g g es t  th a t  the  e x t r a c e l lu l a r  channe ls  

p rov ide  a d i r e c t  l ink  b e tw een  the  s e r o s a l  ( s t ro m a l)  and m u c o s a l  (p o s te r io r  

c h a m b e r )  f lu id s , bu t con tain  p a r t i a l ly  occ luded  zones  w hose p h y s io lo g ica l  

func tion  is  not u n d e rs to o d .  The a p ic a l  info ld ings shown in the  d ia g ra m  a r e  

a c tu a l ly  in te r fa c e  p ro je c t io n s  of a d ja c e n t  c e l l s  above and below the  p lane 

of the  m ic ro g ra p h .  H is to c h e m ic a l  s tu d ie s  of AT P a s e  a c t iv i ty  show th a t  the 

s i t e s  of a c t iv e  ion t r a n s p o r t  a r e  lo c a ted  la r g e ly  in the  l a t e r a l  in fo ld ings  of 

th e  nonp igm ented  c e l l  l a y e r .  T hus, the  p o s i t io n  of the  s e c r e to r y  s i te s  

re la t iv e  to the  channel ex it  a r e  opposite  th a t  of the  g a l l  b la d d e r .

In the  a b se n c e  of ju n c tio n a l co m p lex is  bo th  w a te r  and so lu te  w ill have 

f in i te  f luxes  a t  the  channel e n t ra n c e .  E xclud ing  e l e c t r i c a l  e ffec ts ,  two 

ad d it io n a l  d r iv ing  f o r c e s  fo r  the  channel flow, w hich w e re  not p r e s e n t  in  

the  ga ll  b la d d e r ,  m u s t  be  c o n s id e re d .  T hus, th r e e  d r iv in g  f o r c e s  of n o n ­

e l e c t r i c a l  o r ig in  can  be a n t ic ip a te d  to  co n tr ib u te  to  the  to ta l  w a te r  and s o ­

lu te  m o v e m e n t  in  p o ro u s  e p i th e lia  w ith  s e c r e to r y  s i t e s ;  a c t iv e  t r a n s p o r t  

due to  the  ion  pum p (loca l o sm o s is ) ,  c o n ce n tra t io n  d if fe ren ce  be tw een  

s e r o s a l  and  m u c o s a l  ba th ing  so lu tions  (o sm o s is ) ,  and f i l t r a t io n  due to  the  

h y d ro d y n am ic  p r e s s u r e  d if fe ren c e  be tw een  the  in t e r s t i t i a l  p r e s s u r e  in the  

s t r o m a l  fluid and the  in t r a o c u la r  p r e s s u r e  in  the  p o s t e r io r  c h a m b e r .
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One im p o r ta n t  and  h e re to fo re  u n exp la ined  f e a tu re  of c i l i a ry  body t r a n s ­

p o r t  w hich the  p r e s e n t  s tudy w ill  a t te m p t  to  a n sw e r ,  is  the  la rg e  and  d i s p r o ­

p o r t io n a te  d if fe ren c e  in the  m e a s u r e d  w a te r  and so lu te  f luxes  in  liv ing  and  

e x c ise d  eyes  of bo th  the  ca t  and  ra b b i t .  In the  e x p e r im e n ts  of Cole (1961) 

(1962), fo r  exam ple , the  m e a s u r e d  aqueous  flux in  v ivo  w as  five t im e s  g r e a t e r  

than  th a t  in  e x c is e d  p r e p a r a t io n s  w hile  the  sod ium  flux in vivo w as only 50 

p e rc e n t  g r e a t e r  than  th a t  in  the  p r e p a r a t io n .  In addition , ac tive  t r a n s p o r t  

a ccoun ted  fo r  a l l  of the  sod ium  flux in  the  e x c is e d  p re p a ra t io n  w hile  a c c o u n t ­

ing fo r  only 30% in  vivo.

One cannot obtain  a co m p le te  p ic tu re  of e p i th e l ia l  t r a n s p o r t  w ithout 

c o n s id e r in g  the  m ix ing  p r o c e s s  w hich  e n s u e s  when the  e ffluent f r o m  the 

e x t r a c e l lu la r  channe ls  e n t e r s  the  o u te r  ba th ing  so lu tion . A s ch e m a tic  d i a ­

g ra m  of a ty p ic a l  e x i t  re g io n  is  shown in  F ig u r e  3. The channel effluent 

e n c o u n te rs  an  o u te r  ba th ing  so lu tion  w hich  m ay  be r e la t iv e ly  q u ie scen t  a s  

in the  c i l i a r y  p r o c e s s e s ,  w e ll  s t i r r e d  a s  i s  the  c a se  of m an y  e x p e r im e n ts  

p e r fo rm e d  w ith e x c is e d  p r e p a r a t io n s ,  o r  w hich  m a y  p o s s e s s  a v a r ie ty  of 

convec tive  v e lo c i ty  d is t r ib u t io n s  depending  on the  p a r t i c u l a r  m e m b ra n e  

s y s te m .  A ty p ic a l  e p i th e l ia l  c e l l  l a y e r  con ta in s  a n  a r r a y  of channels  e a c h  

p roduc ing  a s o - c a l le d  low R eynolds  n u m b e r  je t  w hich in t e r a c t s  w ith  a d ja c e n t  

je t s ,  w ith  the  o u te r  ba th ing  so lu tion  and  w ith  any so lu te  o r  so lven t flux 

(Qg in  F ig u r e  3) w hich  m a y  be  c r e a te d  a c r o s s  a  p e rm e a b le  o u te r  ce ll  m e m ­

b ra n e  by o sm o tic  d i f f e r e n t ia ls .

The ob jec tive  of the  p r e s e n t  w o rk  is  the d ev e lo p m en t of m a th e m a t ic a l  

m o d e ls  to d e s c r ib e  the  t r a n s p o r t  p h enom ena  in the  e x t r a c e l lu la r  channe ls  

of p o ro u s  and n o n -p o ro u s  e p i th e l ia  and the  m ix ing  p r o c e s s  th a t  o c c u r s  in  

the  channel ex it  reg io n .  T he  in te r e s t e d  r e a d e r  i s  r e f e r r e d  to  S te in  (1967) 

and  B i t t a r  (1970) f o r  m o re  co m p le te  d is c u s s io n s  of m e m b ra n e  t r a n s p o r t .

13
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1. 2 P r e v io u s  M odels

D iam ond and B o s s e r t  (1967), h e r e a f t e r  r e f e r r e d  to  a s  D&B,  have

fo rm u la te d  an  ingeneous m a th e m a t ic a l  m o d e l  to  d e s c r ib e  the  s o -c a l le d

stand ing  g ra d ie n t  o sm o tic  flow w hich  i s  e s ta b l i s h e d  in the  channe ls  of

n o n -p o ro u s  ep i th e l ia  w h ere  th e re  is  no f i l t r a t io n .  P o ro u s  m e m b ra n e

s y s te m s  such  a s  th a t  dep ic ted  in F ig u r e  2 have not p re v io u s ly  been  s tud ied

u s in g  th e o r e t i c a l  m o d e ls .  The m o d e l  developed  by D&B to  d e s c r ib e  the

b e h a v io r  of the  ga ll  b la d d e r  t r e a t s  the  e x t r a c e l lu la r  channe l a s  a o n e -

d im e n s io n a l  flow in  a cons tan t a r e a  c y l in d r ic a l  p o re  of c i r c u l a r  c r o s s

sec t io n .  Both th e  so lu te  and to ta l  m a s s  a r e  c o n se rv e d  in  the channel

in te r io r ,  w hile  the  l a t e r a l  b o u n d a ry  conditions a llow  fo r  a c t iv e  t r a n s p o r t  of

s a l t  and p a s s iv e  m o v em en t of w a te r ,  bu t not sa l t ,  a c r o s s  the  in te r c e l lu la r

m e m b r a n e s .  Both the  w a te r  and so lu te  f luxes  a t  the  c lo sed  end (in i t ia l

s ta tion ) a r e  z e r o  w hile  the  co n ce n tra t io n  C in  the  c e l l  i n t e r io r  is  a s s u m e dso
w ell  m ix ed  and  hence  u n ifo rm . T he  boundary  va lue  p ro b le m  ju s t  d e s c r ib e d

is  not unique  s ince  the  in i t ia l  c o n ce n tra t io n  C g(0) can tak e  on any  v a lu e .  In

D& B, C (0) i s  un iquely  d e te rm in e d  fo r  a channel of g iven  leng th  L  by s
re q u ir in g  th a t  the  d im e n s io n le s s  ex it  c o n ce n tra t io n  C (L) = 1, th a t  is ,  tha ts
the  channe l e ff luen t be  iso to n ic  w ith  the  so lu tion  in  the  ce l l  i n t e r io r .  T h is

i s  one of th e  w e a k n e s s e s  of the  D&B m ode l s ince  in  r e a l i ty  C (L) can  haves
any  v a lu e .  It i s  n e i th e r  th e  c o n ce n tra t io n  of a w e ll  s t i r r e d  o u te r  ba th ing  

so lu tion  (a c o n ce n tra t io n  b o u n d a ry  l a y e r  could e x is t )  o r  the  c o n ce n tra t io n  

th a t  would be m e a s u r e d  i f  the  e ff luen t w e re  a llow ed  to  d r ip  off the  ga ll  

b la d d e r  sa c  and  be co lle c ted  in  a  b e a k e r .  The l a t t e r  c o n ce n tra t io n  i s  given
Q S ( L )

ky  ~7\/T\ ' • w h e re  Q (L) and Q(L) a r e  the  to ta l  so lu te  and w a te r  f luxes  a t U(L) s
the  channel ex i t ;  Q (L) in c lu d es  bo th  a  convec tive  and a  d iffus iona l com ponent 

dC (L) 8
u n le s s  " 1 1 ' = 0. T h e re fo re ,  in spec ify ing  C g(L), one h a s  u n e c e s s a r i ly
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c o n s tra in e d  the  channel flow b e h a v io r .  F o r  th is  r e a s o n  no ex it  boundary  

condition is  p r e s c r i b e d  in th e  a n a ly s is  p re s e n te d  in C h ap te r  2 but r a th e r ,

C g(0) v a r ie d  a s  f r e e  p a r a m e te r ,  e a c h  a s s u m e d  in i t ia l  co n ce n tra t io n  y i e l ­

ding a  d if fe ren t  so lu tion . One w ill  o b se rv e  l a t e r  th a t  th is  e x t r a  d e g re e  of 

f r e e d o m  w ill le ad  to  a  new fa m ily  of so lu tions  th a t  i s  not con tained  in  the  

D&B a n a ly s is .

A fu n d am en ta l  q u es t io n  th a t  is  not a n s w e re d  by the  s tand ing  g ra d ie n t  

o sm o tic  m o d e l  fo r  the  ga ll  b la d d e r  is how the w a te r  in  the  c e l l  i n t e r io r  is  r e ­

p len ish ed . I t  would s ee m  re a so n a b le  to  expec t th is  w a te r  to  be d e r iv e d  

f ro m  the  lu m e n a l  fluid, the  t r a n s p o r t  o ccu r in g  th ro u g h  a lo c a l  o sm o tic  

g ra d ie n t  a t  the  in n e r  m e m b ra n e .  T h is  re q u ire m e n t  i s  not s a t is f ied  by the  

D&B m o d e l  s in ce  the  o s m o la r i ty  of the  lu m e n a l  f lu id  and th a t  in the  ce l l  

i n t e r i o r  a r e  a s s u m e d  equal.  F o r  se lf  con s i ten cy  the condition  of iso ton ic  

t r a n s p o r t  in  D iam o n d 's  (1964) e x p e r im e n ts  would a p p e a r  to  re q u i re  th a t  the  

c o n ce n tra t io n  of the  lu m e n a l  fluid  be hypotonic  re la t iv e  to the  so lu tion  in the  

c e l l  i n t e r i o r  and iso to n ic  w ith  r e s p e c t  to  both  the  channel e ffluen t and  the 

o u te r  ba th ing  so lu tion . The l a t t e r  r e q u i r e s  th a t  a  co n ce n tra t io n  boundary

l a y e r  not e x i s t  a t  th e  channe l exit, h ence  th a t  dC (L ) /d x = 0 .  Thus, in  c o n t r a s ts
to  D&B, one a s k s  w h e th e r  i t  is  p o s s ib le  f o r  a f in i te  leng th  channe l to  have 

an  e ffluen t w hich  is  hypoton ic  r e la t iv e  to  the  c e l l  i n t e r io r  so lu tion  and  a t 

the  s a m e  t im e  have a van ish in g  g ra d ie n t  a t  the  ex it  p lane . The r e s u l t s  

p re s e n te d  in  C h ap te r  2 show th a t  such  a  condition i s  im p o ss ib le  fo r  the  m o d e l  

a s  p r e s e n t ly  fo rm u la ted .

A p p ro x im a te  a n a ly t ic  so lu tions  to  D&B's equa tions  and  b oundary  c o n ­

d it ions  b a se d  on a  s m a l l  p a r a m e t e r  expans ion  have  b e en  p re s e n te d  by Segel 

(1970). T he  govern ing  equations  a r e  n o n -d im e n s io n a l iz e d  in  a m a n n e r  s i m ­

i l a r  to  th a t  p re s e n te d  h e r e in  and the  b a s ic  d im e n s io n le s s  g roup ings  th a t  

c h a r a c te r i z e  the  D&B m o d e l  a r e  d e r iv e d .  T h e se  so lu tions  co m p are  w ell 

w ith  D&B's n u m e r ic a l  r e s u l t s  o v e r  m o s t  of the  a n t ic ip a te d  range  of v a lu es
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fo r  the  m e m b ra n e  p a r a m e t e r s .

L a m in a r  and tu rb u le n t  j e t  m ix ing  p ro b le m s  a t  h ighRe have long been  

of i n t e r e s t  to fluid m e c h a n ic ia n s  b e c a u se  of t h e i r  n u m e ro u s  ap p lic a t io n s  in 

bo th  c o m p re s s ib le  and in c o m p re s s ib le  flow s. The je t s  i s su in g  f r o m  the  

channel ex i ts  of m o s t  e p i th e lia  a r e ,  on the  o th e r  hand, S tokes j e t s .  The 

w o rk  done to da te  on low Re j e t s  have had l i t t le  re le v an c e  fo r  b io lo g ica l  

flow s s in ce  they  have t r e a t e d  a  p u re  fluid and have not c o n s id e re d  b io lo g i­

ca l ly  m ean ing fu l b o u n d a ry  cond itions . The q u a li ta t iv e  b e h a v io r  of b io lo g ica l  

j e t  i s  m u c h  m o r e  sub tle  than  fo r  s ing le  com ponent S tokes  j e t s  s ince  i t  i n ­

v o lv es  the  in te ra c t io n  be tw een  s e v e ra l  d if fe ren t  t r a n s p o r t  p r o c e s s e s  th a t

can o c c u r  on the  sam e  o r  d if fe ren t  leng th  s c a le s  depending on the  re la t iv e
a M Cv a lu es  of the  five d if fe ren t  d im e n s io n le s s  g ro u p s  — , —  , 1 "" , p  C h

\   ̂ w o
and ^  th a t  c h a r a c te r i z e  the  p a r t i c u la r  flow p ro b le m . H e re  a is  the  vo lum e

efflux p e r  unit channel depth, v the  k in e m a tic  v is c o s i ty ,  D the m a s s  d iffus iv i ty

co eff ic ien t fo r  so lu te  in  w a te r ,  p the to ta l  m a s s  density , M the  so lu tes
m o le c u la r  weight, Cq the  so lu te  m o la r  c o n ce n tra t io n  i n t e r io r  to the  boundary , 

the  w a te r  p e rm e a b i l i ty  co eff ic ien t of the  boundary , h the  channel he igh t 

and \  the  channel spac ing  if an  a r r a y  of channe ls  is  c o n s id e re d .  i s
cl •th e r e f o r e  an  ex it  R eynolds  n u m b e r ,  a ra t io  of convective  to  d iffusiona l

M s Co P aso lu te  flux, ' a so lu te  so lven t den s i ty  r a t io  , p ‘ ^  ^  a  ra t io  of
^ w °  \th e  channel efflux  to  the  lo c a l  p a s s iv e  w a te r  f lux  a t  the  b o u n d a ry  and a

d im e n s io n le s s  channel sp ac in g .  T y p ica l  v a lu e s  of th e s e  d im e n s io n le s s

n u m b e r s  fo r  e p i th e l ia l  m e m b ra n e  p ro b le m s  c o n s id e re d  h e r e in  a r e :
/  ̂ M C ~ * o

■J-* 0(1 0 ’b) , 0(1 0 ) , ---- jf_£_ « 0(1 0 ) , * 0(1 0 ), * 0(1 0 ).
w o

In g e n e r a l ,  two c h a r a c t e r i s t i c  leng ths  o th e r  than  \  and  h  a r e  p o s -
a Ds ib le  f o r  low Re j e t s  w ith  —■ «  I jtt , when U is  the  channe l c e n te r l in e  J v U o

P a °  Dv e lo c i ty  a t  the  ex it, and p “£  • The leng th  s c a le  ~  i s  a m e a s u r e  of
w o

the  d is ta n ce  f r o m  the so u rc e  a t  w hich  the  convective  and d iffu s iona l t e r m s
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in the  so lu te  c o n se rv a t io n  equation  b eco m e  of c o m p arab le  m ag n itu d e .  T h is  

does not a p p e a r  if < 0(1) s in ce  th e r e  is  th en  no in n e r  leng th  sca le  in 

w hich the  so lu te  t r a n s p o r t  is  convec tion  dom in a ted .  T he leng th  sca le

£ - •••—  is  a m e a s u r e  of the  d is ta n ce  f r o m  the channel ex it  a t  w hich the
X“̂ V-/w o
p a ss iv e  w a te r  flux a t the  b oundary  b e c o m e s  c o m p a ra b le  to  the  lo c a l  c o n v e c ­

tive  flux due to  the ex it  s o u rc e .  F r o m  the ty p ic a l  v a lu e s  g iven  in the  la s t  

p a ra g ra p h  one concludes  th a t  th e re  a r e  th re e  im p o r ta n t  c h a r a c te r i s t i c  

leng ths  fo r  the  tw o -d im e n s io n a l  j e t s  e m an a tin g  f r o m  the  e x t r a c e l lu la r  

channe ls  of e p i th e lia l  m e m b ra n e s ,  and th a t  th e s e  len g th s  a r e  o rd e re d  a s

h < < f V < < x -w o
On the  in n e r  sca le  h the p a s s iv e  m o v em en t of w a te r  a c r o s s  the  o u te r  

m e m b ra n e  (Qg in F ig u r e  3) i s  a h ig h e r  o r d e r  e ffec t  and  the p r im a r y  t r a n s ­

p o r t  p r o c e s s  i s  the  d iffusiona l re la x a t io n  of the  in h om ogene ity  in the  ex it

co n ce n tra t io n  p ro f i le .  On the in te rm e d ia te  sca le  £  ,a^  ■ the  p a s s iv e  w a te r
w o

flux Qg a t  the  o u te r  b o u n d a ry  is  im p o r ta n t  and c a u s e s  lo w est  o r d e r  changes  

in the  s t r e a m l in e  p a t te r n  and h ig h e r  o r d e r  convec tive  c o r r e c t io n s  in the  

c o n cen tra t io n  d is t r ib u t io n .  On the l a r g e s t  leng th  sca le  \  the  flow p ro b le m  

is  e s s e n t ia l ly  th a t  of a slow v is c o u s  flow w ith  a p e r io d ic  w a te r  f lux  b ounda ry  

condition in the  p lane of the  channel e x i ts  a s s u m in g  the  l a t t e r  a r e  equally  

spaced . C h ap te r  3 e x a m in e s  one re la t iv e ly  s im p le  je t  p ro b le m ; the  m ix ing  

of an  inhom ogeneous e ffluen t f ro m  a s ingle  two d im e n s io n a l  channel w ith  

a q u ie sc e n t  ba th ing  so lu tion  w hich  occu p ies  a ha lf  p lane , bounded by a 

s e m ip e rm e a b le  m e m b ra n e  in the  p lane  of the  e x i t  th a t  a llow s f o r  the  

p a s s iv e  t r a n s p o r t  of w a te r  but not of so lu te .  The m o d e l  fo r  the  channel 

flow p ro v id e s  the  in i t ia l  conditions  on the  so lu te  c o n c e n tra t io n  and w a te r  

flux  a t the  channel e x it .  The m o d e l  developed  in  C h ap te r  3 is  a p p ro p r ia te  

fo r  the  ex it  m ix ing  reg io n s  of the  ga ll  b la d d e r  and c i l i a r y  body ep ith e l ia .

18



Section  3. 5 d i s c u s s e s ,  a s  su g g es tio n s  fo r  fu tu re  w o r k  m o d e ls  th a t  would 

be a p p ro p r ia te  fo r  ep ith e lia  of o th e r  o rg a n s .



C H A PTE R  2. CHANNEL FLOW
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1. In tro d u c tio n

T h is  c h a p te r  p r e s e n t s  the  fo rm u la t io n  of the  m a th e m a t ic a l  b o u n d ary  

v a lu e  p ro b le m  th a t  d e s c r ib e s  the  t r a n s p o r t  phenom ena  occu r in g  in the 

m a th e m a t ic a l  m o d e l  of the  g e n e ra l iz e d  e l e c t r o n e u t r a l  e x t r a c e l lu l a r  channel 

shown s c h e m a t ic a l ly  in  F ig u r e  4. One w ish e s  to  d e te rm in e  the  v a r io u s  

v e lo c i ty ,  so lu te  c o n ce n tra t io n  and  p r e s s u r e  f ie ld s  th a t  can e m e r g e  when 

v a r i e d  bo u n d ary  conditions  a r e  ap p lied  a t  the  channel ends and along the 

i n t e r c e l l u l a r  m e m b ra n e s  w hich  fo r m  the  l a t e r a l  w a l ls  of the  channe l.  The 

flu id  in  the  channel i s  a s s u m e d  to  be a two sp ec ie  con tinum  of so lu te  and 

so lven t and  to  have tw o -d im e n s io n a l  f ie ld  p r o p e r t i e s .  The d e s i r e d  fie ld  

d e s c r ip t io n s  could be ob ta ined  f r o m  the w e ll-k n o w n  p a r t i a l  d if fe re n t ia l  

eq ua tions  fo r  o v e ra l l  continuity , c o n se rv a t io n  of so lu te  and the  N a v ie r -  

S tokes  m o m e n tu m  equation . The u se  of such  a s y s te m  of e x ac t  equ a tio n s  

invo lves , h ow ever , a d e g re e  of m a th e m a t ic a l  com p lex ity  which, in ligh t 

of the  p r e s e n t  s ta tu s  of o u r  u n d e rs tan d in g  of the  re le v a n t  p h y s io lo g ica l  

phenom ena  on a m o le c u la r  level, does not s e e m  ju s t i f ie d .  A ccord ing ly , 

we sh a ll  develop  in s te a d  a s im p lif ied  d e s c r ip t io n  u s in g  in te g ra l  te ch n iq u es  

th a t  w ill  enab le  us  to  red u ce  the  c o n se rv a t io n  re la t io n s  fo r  the  channel to  

a s y s te m  of o rd in a ry  d i f f e re n t ia l  equa tions  sa t is fy in g  a p p ro p r ia te  bo u n d ary  

co n d itions . T h is  a p p ro a c h  p e r m i t s  u s  to  r e ta in  an  a p p ro x im a te  tw o - 

d im e n s io n a l  d e sc r ip t io n  of the  v e lo c i ty  and so lu te  c o n ce n tra t io n  f ie ld s ,  and 

th e r e f o r e ,  a llow s u s  to  s tudy the  s h e a r  s t r e s s  d is t r ib u t io n  and  th e  m ix ing  

n o r m a l  to  the  l a t e r a l  b o u n d a r ie s  of the  channel.

F o r  the  a fo re m e n tio n ed  p u rp o s e s  the  channe l i s  d iv ided  in to  a s e r i e s  

of in f in i te s im a l  co n tro l  vo lum e e le m e n ts  of leng th  Ax, unit depth and he igh t 

h w hich  i s  a s s u m e d  to  be a slow ly  v a ry in g  func tion  of the  s t r e a m w is e  

co o rd in a te  x. An ac t iv e  so lu te  f lux  and a p a s s iv e  w a te r  flux  a r e  a s s u m e d  

to  e n te r  th e  vo lum e e le m e n t  s y m m e tr ic a l ly  a c r o s s  the  l a t e r a l  b o u n d a r ie s .
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2 (a) O v e ra l l  C ontinuity  E quation

C o n se rv a t io n  of to ta l  m a s s  w ith in  the  d if fe ren t ia l  co n tro l  

vo lum e of leng th  Ax r e q u i r e s  th a t  the  ne t m a s s  f lux  of so lu te  s and 

so lven t w into the  d if f e re n t ia l  co n tro l  vo lum e be z e ro .  T h e re fo re ,

+h(x} /  2 +h(x+Ax) /  2
\ (p u +p u )dy - \ (p u +p u )dyJ  r s s r w w 1 J  r s s r w w 1

-h(x) /  2 -h(x+Ax) /  2
x = x  x= x+Ax

+(N(x)+Fg+Fw )Ax=0 (2.1)

The no ta tion  in (2.1) has  i ts  u su a l  m ean in g . N(x) i s  the to ta l  ac tive  

so lu te  m a s s  flux p e r  unit leng th  and depth  e n te r in g  a s y m m e t r ic a l  

channel f r o m  the  ac t iv e  t r a n s p o r t  s i te s  and F w is  the  to ta l  p a s s iv e  flux 

of w a te r  c ro s s in g  the  two l a t e r a l  m e m b ra n e s  due to  the  lo ca l  o sm o tic  

g ra d ie n t .  The in te r c e l lu la r  m e m b ra n e s  a r e  a s s u m e d  as  in  D £ B  to  be 

s e m p e rm e a b le ,  a lthough i t  i s  b e l ie v ed  th a t  th is  condition  n eed s  to be

exam ined  m o re  c r i t ic a l ly ,  a t  l e a s t  fo r  the  ga ll  b la d d e r .  T hus, the  p a ss iv e

solu te  flux F g w il l  be n eg lec ted .

The lo ca l  m a s s  a v e rag e  v e lo c i ty  u of the  two sp ec ie  sy s te m  

and the  bu lk  d en s i ty  p a r e  defined by

p u + p ur s s r w w .
u p ’ P “ Ps ^w

U sing th e s e  de fin it ions , dividing equation  (2.1) by Ax and tak ing  the  l im i t  

a s  A x-*•(), one has  +h(x) /2

j  pudy + N(x) + F w = 0. (2 .2 )
-h(x) /  2

The bu lk  fluid d en s ity  is  r e la te d  to  the  so lu te  m o la r  co n ce n tra t io n  C g by
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v M
p = (m — — m ) c + -  y - K ' s rr w ' s yv w w

w h e re  M is  the  m o le c u la r  w eight and V the sp ec if ic  m o la r  v o lum e . W ith

ty p ic a l  so lu te  c o n c e n tra t io n s  fo r  the  b io lo g ica l  s y s te m s  c o n s id e re d  on the  
-4o r d e r  of 2 x  10 m o l e s / c c  the  bu lk  fluid d en s ity  is  n e a r ly  independent of 

so lu te  c o n ce n tra t io n .  If an in te g ra l  a v e ra g e  v e lo c i ty  i s  defined  a s

j  +h(x) /2
U ~~ h(x) f  u dy

-h(x) /  2

and p a s s u m e d  constan t,  the  o v e ra l l  con tinu ity  equation  can  be w r i t t e n  in

t e r m s  of th is  in te g ra l  p ro p e r ty  a s ;

d(uh) _ + F  3
dx w

The p a s s iv e  w a te r  f lux  a c r o s s  an  i s o th e r m a l  s e m i-p e rm e a b le  m e m b ra n e  

s e p a ra t in g  two n o n - iso to n ic  so lu te  bathing so lu tions  can  be l in e a r ly  

r e la te d  to  the  so lu te  c o n ce n tra t io n  d if fe ren ce  a c r o s s  the  m e m b ra n e  if 

the  h y d ro s ta t ic  p r e s s u r e  d i f fe re n t ia l  a c r o s s  the  m e m b ra n e  is  not e x c e s s iv e ly  

la rg e  and if the  ba th ing  so lu tions  con ta in  d ilu te  c o n c e n tra t io n s  of so lu te .

Both of th e s e  conditions  a r e  m e t  in  n o rm a l  b io lo g ica l  m e m b r a n e s .  E qua tion  

(2. 3) i s  th e r e f o r e  w r i t t e n  a s :

„ | i a h l _  = N(x) 2 p w 6c s (2. 4)

w h e re  i s  a w a te r  p e rm e a b i l i ty  coeffic ien t fo r  the  l a t e r a l  m e m b ra n e  and

6C = C - C is  the  lo c a l  d isco n t in u ity  in so lu te  c o n ce n tra t io n  a c r o s ss sw so 7
the  i n t e r c e l l u l a r  m e m b ra n e  w ith C and C being  the so lu te  c o n c e n tra t io n ssw so
a t  the  m e m b ra n e  w a ll  w ith in  the  channel and  in  the  ce l l  i n te r io r ,  in  th a t  

o r d e r .
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2 (b) C o n se rv a tio n  of Solute E quation

The d e r iv a t io n  of the so lu te  c o n se rv a t io n  re la t io n  fo r  the  d if f e re n t ia l  

c o n tro l  volum e c lo se ly  p a r a l l e l s  th a t  ju s t  p e r fo rm e d  f o r  to ta l  m a s s  c o n s e r ­

va tion . The c o u n te rp a r t  of (2 .2 ) i s  ob ta ined  by rep la c in g  pu by the so lu te

flux  p u . R equ ir ing  F  = 0 and tak ing  the l im i t  a s  Ax-*-0 one h a s  s s s

+h(x) /  2

E  i  Psu s d y = N ( x )  (2 .5)
-h(x) /  2

The in te g ra n d  of (2. 5) can  be r e p r e s e n te d  a s  a sum  of convec tive  and d iffusiona l

so lu te  f lu x es  by defining a  d iffusiona l s t r e a m w is e  so lu te  flux J  r e la t iv e  tosx
th e  m a s s  a v e ra g e  v e lo c i ty  u

J  = p (u - u). sx  s ' s  '

E q u a tio n  (2. 5) then  b e c o m e s :

+ h (x ) /2  + j(x ) /2

" h r  j  M SC au dy + ^  j  J axdy ■ N(x) (2 - 6 >
-h(x) /  2 -h(x) /  2

An in te g ra l  a v e ra g e  convec tive  so lu te  f lux  C u and an in te g ra ls
a v e ra g e  s t r e a m w is e  d iffus iona l flux J  a r e  now defined  a s

S X

+ h/2  + h /2
  1 \  C u dy; J  = -r -  \ J  dy7 ^ :  = -r  J s sx  h J  sx

s h - h /2  -h /2

If p r e s s u r e  d iffusion  e f fe c ts  a r e  neg lec ted ,  the  lo c a l  s t r e a m w is e  d iffusiona l 

f lux  is  l in e a r ly  re la te d  to  the  s t r e a m w is e  so lu te  c o n ce n tra t io n  g ra d ie n t  by,



Using the above defin itions  of the  in te g ra l  a v e ra g e  p r o p e r t i e s ,  

one can w r i te  the  so lu te  c o n se rv a t io n  equation  (2 .6 )  a s

(2.8)

2 (c) M om entum  E qua tion

An o r d e r  of m agn itude  a n a ly s is  of the  s tead y  s ta te  N a v ie r -S to k e s  

m o m en tu m  equations  shows th a t  th e se  equa tions  can  be a p p ro x im a te d  by

c h a r a c t e r i s t i c  s t r e a m l in e  s lope, and /xis the  fluid v is c o s i ty .  T h is  condition 

i s  s im i l a r  to  th a t  u sed  in  lu b r ic a t io n  th e o ry  w h e re  the  u s u a l  R eynolds 

n u m b e r  is  m o d if ied  to  take  into accoun t the  s m a l l  s t r e a m l in e  in c l in a tio n  a t 

b o u n d a r ie s .  In the  p r e s e n t  con tex t a m u s t  be g e n e ra l iz e d  to  inc lude the  

e ffec t  of p a s s iv e  w a te r  m o v e m e n t  and s e c re t io n  a t  the  channe l b o u n d a r ie s .  

The above conditions  a r e  s a t i s f ie d  u n d e r  m o s t  c i r c u m s ta n c e s  fo r  e x t r a ­

c e l lu la r  channel t r a n s p o r t  w ith  the  p o ss ib le  excep tio n  of reg io n s  in  c lo se  

p ro x im ity  to  s tagna tion  po in ts  w ith in  the  channe l.  One Would ex p ec t  such  

reg io n s  of dev ia tion  f ro m  u n id ire c t io n a l  flow to  be l im i te d  to  a x ia l  d is ta n c e s  

of only s e v e r a l  channel h e igh ts  and, th e r e f o r e ,  n o t  to  s ig n if ican tly  a ffec t  

th e  flow b e h av io r  on the  l a r g e r  leng th  s c a le  of th e  channel leng th  L .

The m o m e n tu m  equation, th e r e f o r e ,  re q u ire s  th a t

th o se  fo r  a q u a s i - u n i -d i r e c t io n a l  flow f ie ld  p ro v id ed

— «  1 w h e re  UQ is  the  c h a r a c t e r i s t i c  s t r e a m w is e  v e lo c i ty  com ponent, hQ

and L  a r e  re s p e c t iv e ly  the  c h a r a c t e r i s t i c  channel he igh t and length , a  i s  a

(2 .9 )

(2 . 10)
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F r o m  (2. 9) p = p(x) and (2.10) can be in te g ra te d  a c r o s s  the  channel to  give

y = + h /2
i-/ x dp 9u
h(x> d T  = S f (2 . 11)

y = - h /2

w h e re  the  r ig h t-h an d  s ide  r e p r e s e n t s  the  s h e a r  s t r e s s  a t  the  u p p e r  and lo w er 

l a t e r a l  b o u n d a r ie s .

2 (d) C ontinu ity  of F lu x  a t  the  L a t e r a l  B o u n d ar ie s

T he d iffus iona l flux  of s a l t  w hich  c r o s s e s  the  l a t e r a l  b o u n d a r ie s  of 

the  channe l m u s t  be c o n s is te n t  w ith  the n o rm a l  g ra d ie n t  of the  so lu te  c o n ce n ­

t r a t io n  a t  th e se  b o u n d a r ie s .  T h e re fo re  a t  the  l a t e r a l  b o u n d a r ie s  y = + h /2 .

p dC
J  = - M —■— D ~rr̂ — = P_(v - v) sy s p oy s s

w h e re  v is  the  n o rm a l  v e lo c i ty  com ponen t.

The second  eq u a li ty  on the  r ig h t  can  be w r i t t e n  in  t e r m s  of the  to ta l  

so lu te  and w a te r  f lu x es  c ro s s in g  the  u p p e r  l a t e r a l  m e m b ra n e

P (v - v) = 1™ M  .  _ ! k _  J . 2 L
V  s ' P 2 P 2

C om bining th e s e  two r e s u l t s  and the  defin ition  of the  p a s s iv e  w a te r  flux

F  = 2 P  6C , one ob ta in s  a t  the  l a t e r a l  b o u n d ary  y = + h /2  w w s
dC M C

2M D -s—2- = N ( x )  p 6C (2.12)s av p r w s1 w

2 (e) D im e n s io n le s s  E q u a tio n s  and  P a r a m e t e r s

The fo u r  eq ua tions  (2 .4 )  , (2 .8 )  , (2.11) and  (2.12) co n s t i tu te  the  

b a s ic  c o n se rv a t io n  re la t io n s  fo r  th e  d e te rm in a t io n  of the  p r e s s u r e ,  v e lo c i ty  

and  so lu te  c o n c e n tra t io n  in  the  channe l.  A dditional q u a l i ta t iv e  in s ig h t  in to  

the  b e h a v io r  of th e se  eq u a tio n s  can  be had  by cas t in g  th e m  in  d im e n s io n le s s
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fo r m  and deducing the b a s ic  d im e n s io n le s s  g ro u p s  th a t  e n t e r  into the  

eq u a tio n s  and b o u n d a ry  cond itions . To th is  end a l l  the  v a r ia b le s  in the 

p ro b le m  a r e  n o n -d im en s io n a l iz e d  acco rd in g  to  the  following re la t io n s ,  

the  d im e n s io n le s s  v a r ia b le s  being  denoted  by a s t e r i s k s :

The q u a n ti t ie s  hQ and Nq r e p r e s e n t  so m e  a r b i t r a r i l y  sp ec if ied  re f e re n c e

channe l he igh t and ac t iv e  so lu te  flux, re sp e c t iv e ly ,  and C is  thes o
c o n ce n tra t io n  in the  ce l l  i n t e r io r .  The p re v io u s ly  m en tio n ed  o r d e r  of 

m ag n itu d e  a n a ly s is  of the m o m e n tu m  equation  obv ia te s  the  need  to  in tro d u ce  

s e p a r a te  x and y co o rd in a te  s c a l in g s .  Uq and a r e  unknown and a r e  to  

be d e te rm in e d  by an  a p p ro p r ia te  ba lanc ing  of t e r m s  in the  govern ing  

eq u a t io n s .  T h is  n o n -d im en s io n a l iz a t io n  p ro c e d u re  i s  equ iv a len t  to  th a t  

p e r f o r m e d  f o r  the  D £ B equations  by Segel (1970). The only  d if fe ren ce  

i s  th a t  S ege l u s e s  a  s t r e a m w is e  co o rd in a te  sca l in g  b a se d  on the  s e c r e to r y  

s i te  leng th  in  p lace  of the  channel he ight.

S u b s ti tu tio n  of the  re la t io n s  in (2.13) in to  equa tions  (2. 4).

(2 .8 ) ,  (2.11) and (2.12) y ie ld s ,  a f t e r  dividing by the  co eff ic ien ts  of the  

f i r s t  t e r m s  on the  le ft  hand side of the  equa tions :

C
C* = tt— (2.13)

o

d(u*h*) _ No 2 P  p
N* + . - ^ . S°  (C* - 1)M PU sw s o

(2.14)dx* p Uo

d (Cgu*h*) D d ( J sx*h*)
j  ______  , j_y  O A

dx* h U dx*
No (2.15)

o o
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9C*
2 8 c 9y*

N h P  h p *
* = ----2 - 2 -  N* -■ w ,0- ? ? .C (C* -1 )  (2.16). h p D  M D p  sw swy* = —r* r so s r

hJ!c dp* _ ^ o  9u* -  = —
dx* P  h 9y* o o 7

y = 2

'2
h*

y = - 4 -  (2.17)

w h e re  we have  a s s u m e d  th a t  p =p, have le t  p =C M and have definedr w r  r so so s
the  n o n -d im e n s io n a l  a v e ra g e  q u an ti t ie s

C l T  , h * /2  9C h rr—   s v ■ v 1 1 r  s , . o J
u* = ■=£-, C u* = C U * sx  '  '  h* j  , 9x* p D sxU s  so o - h * / 2 Ksoo

The d im e n s io n le s s  equa tions  (2.14) - (2.17) a r e  seen  to  con tain  seven  

d im e n s io n le s s  coeff ic ien t g ro u p s  involving the five  c h a r a c t e r i s t i c  r e f e re n c e  

q u a n t i t ie s .  The n u m b e r  of independen t g ro u p s  can  be red u ced  by  the 

p r o p e r  cho ice  of the  ye t u n sp ec if ied  r e f e re n c e  q u a n t i t ie s  Uq and P  . UQ 

is  chosen  so th a t  the  co eff ic ien t of the  convec tive  and  d iffusive  t e r m s  in 

equa tions  (2.15) a r e  equa l.  Setting  Uq = U /h o re d u c e s  the  d im e n s io n le s s  

co eff ic ien t of the  d iffusive  t e r m  to  un ity  and e lm in a te s  one of the  

d im e n s io n le s s  g ro u p s .  The choice  f o r  P q is  obvious s in ce  i t  a p p e a r s  in 

only  one g ro u p . Setting P q equal to  juUQ/ h q in  equation  (2.17) e l im in a te s  

one m o r e  d im e n s io n le s s  co eff ic ien t and m a k e s  th e  co eff ic ien ts  of the  

le f t  and r ig h t  hand s id e s  of the  equation  both eq u a l  to  unity . The r e ­

m a in in g  five  d im e n s io n le s s  co ef f ic ien ts  can  now be red e fin ed  in t e r m s  

of the  th r e e  g ro u p s ,
p N h P  hr so  o o , „  w oe = — ------ , T| = — ------, and R = M D

S u bs ti tu tion  of th e s e  q u an t i t ie s  in to  equa tions  (2.14) - (2.17) y ie ld s ,

tlN * + 2 ^ ( C sw* - 1 )  (2.18)
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s —  (Cgu*h*) + ( J s x h«) (2.19)

ac*
( 2 . 2 0 )

(2 . 2 1 )

The d im e n s io n le s s  g roup  r| r e p r e s e n t s  the  r a t io  of the  ac t iv e  t r a n s p o r t  

flux of so lu te  to  the  convec tive  flux of w a te r  w hile  R is  a  m e a s u r e  of the  

ra t io  of the  p a s s iv e  flux of w a te r  a c r o s s  the  l a t e r a l  b o u n d a r ie s  to  the  

convec tive  flux of so lu te .  The th i r d  p a r a m e te r  e is  s im p ly  a m e a s u r e  of 

the  so lu te  c o n ce n tra t io n  in  the  ce l l  i n t e r io r .  The b o u n d ary  conditions  

in tro d u ce  five ad d it io n a l  d im e n s io n le s s  g roups , C *(0) = C (0 ) /C  , C* (L)S S S O S

= C g( L ) /C go re p re s e n t in g  the  so lu te  co n ce n tra t io n  a t  the two ends of the

channel;  L* = L / h Q the  d im e n s io n le s s  channel leng th ; U(0), a  d im e n s io n le s s

e n tra n c e  v e lo c i ty  in  an  open g e o m e t ry  channel; and a d im e n s io n le s s  s e c r e to r y

s ite  leng th  A f / h  .o
F o r  a g iven channel, one sp ec if ie s  the v a lu e s  fo r  hQ, L, D, P ^ ,

p, p and  M and, th e re b y ,  the  v a lu e s  of q and  R. In a  c lo se d  g e o m e try  s s
channel, w h e re  the  m a s s  flux  and a x ia l  so lu te  co n ce n tra t io n  g ra d ie n t  both

v a n ish  a t  the  c lo sed  end, only C* (L) o r  C* (0) r e m a in s  a s  a f r e e  p a r a m e te rs s
to  sa t i s fy  the  b o u n d a ry  va lu e  p ro b le m . F o r  open g e o m e t ry  channe ls ,  th r e e

d e g re e s  of f r ee d o m , U*(0), C*(0) a r e  a v a ilab le  to  s a t i s fy  end conditions  fo rs
so lu te  c o n c e n tra t io n  and  h y d ro d y n am ic  p r e s s u r e  d if fe re n t ia l .

2 (f) V e loc ity  and  C o n ce n tra t io n  P r o f i le s

E qua tions  (2.18) th ro u g h  (2. 21) p e r m i t  one to  define a t  m o s t  th r e e  

p ro f i le  co e f f ic ien ts  f o r  the  d e s c r ip t io n  of the  v e lo c i ty  and  so lu te  c o n ce n tra t io n
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f ie ld s .  T he fo u r th  unknown function  of x  is  the  p r e s s u r e .  If one a s s u m e s  

th a t  the  p a ss iv e  w a te r  f lux  p ro d u c e s  only s m a l l  d e p a r tu r e s  f ro m  the  no 

s l ip  b oundary  condition  a t  the  l a t e r a l  b o u n d a r ie s  and  th a t  the  flu id  v i s c o s i ty  

is  u n ifo rm  a c r o s s  the  channel, the p re v io u s ly  m en tio n ed  o r d e r  of m agn itude  

a n a ly s is  of the  N a v ie r -S to k e s  m o m en tu m  equation  su g g es ts  th a t  a one p a r a m e te r  

P o is e u i l le  like p a ra b o l ic  v e lo c i ty  p ro f i le  is  a p p ro p r ia te  fo r  the  e x t r a c e l lu la r  

channel flow. It i s  a s s u m e d ,  th e r e f o r e ,  th a t  the  v e lo c i ty  p ro f i le  i s  of the  

fo rm :
2v* ^1= U& [1 -< - % - )  J

T h is  p ro f i le  fam ily  s a t i s f i e s  equa tions  (2 .9 ) , (2.10), the  no s lip  b oundary

condition  and  a llow s the  c e n te r l in e  v e lo c i ty  Um  and hence  the  bu lk  flow to

v a r y  a s  a  function  of x.

F o r  the  so lu te  c o n ce n tra t io n  p ro f i le  a two p a r a m e t e r  fam ily  w as

s e le c te d  in  t e r m s  of the  d im e n s io n le s s  c o n ce n tra t io n  C* a t  the  l a t e r a lsw
boundary  and  the  c en te r l in e  co n ce n tra t io n  T h is  p e r m i t s  an e s t im a te

of the  r a te  of m ix ing  a c r o s s  the  channel and p ro v id e s  an  independen t m e a s u r e

of the  lo c a l  o sm o tic  e ffec t  a long the l a t e r a l  b o u n d ary .  A conven ien t p ro f i le

th a t  a l lo w s  two p a r a m e t e r s  C *  and C *  to  v a r y  in  a  continuous m a n n e r  r  sw sm  1
along the  channe l is  the  q u a d ra t ic  fo rm

C* = C* + (C* - C ) [1 “ T*"” )2 ]s sw ' sm  sw L h* 1

2 (g) E q u a tio n s  fo r  the  P r o f i le  C oeff ic ien ts  and  P r e s s u r e

The d im e n s io n le s s  in te g ra l  a v e ra g e  p r o p e r t i e s  can now be e x p r e s s e d  in  

t e r m s  of the  th r e e  p ro f i le  co eff ic ien ts  in tro d u ced  in  the  l a s t  su b se c t io n  a s  

follow s :
h*/ 2



S u b s ti tu tio n  of th e se  e x p r e s s io n s  into equations  (2.18) th ro u g h  (2. 21) y ie ld s  

w ith  the  a s t e r i s k  o m itted

2 d(Um h)
- f  — a® —  = *>N + ^ s w ' 1* <2 - 22)

C h ) - r | - ^ - ( U  C h) - ~ - ( - ~ h  —~ 2 2 - + i - h  - ~ 5 L )  = -3 -  N5 dx ' m  sw 15 dx m  sm  dx 3 dx 3 dx e

(2 .23)

-§-(C  - C ) = - 11- N - e RC (C - 1 )  (2 .24)h sw sm  e sw sw

< 2 - 2 5 >h

In p re se n t in g  the  r e s u l t s  i t  w ill be convenient to  r e f e r  to  the

d im e n s io n le s s  vo lum e flux Q* a t  any s ta t io n  r a th e r  than  U and to  in tro d u cem
a  d im e n s io n le s s  to ta l  so lu te  flux Q*. F r o m  the th r e e  e x p re s s io n s  f o r  thes
in te g r a l  a v e ra g e  p r o p e r t i e s  above

h * / 2 2
Q* = f  u* dy* = 4 -  U * (x) h*(x) (2 .26a)

-h * /2  6 m
and

  / o o dC*
Q* = J*  h* + C u*h* = U* h* (-£■ C* - C* ) - h * ( | -  a -g ■ s sx  s m  5 sw 15 sm  3 dx*

, dC*
+ f  - 3 ^  ) (2. 26b)

w h e re  ag a in  the  a s t e r i s k  w ill  be d ropped  in  fu tu re  u s e .



3. A p p ro x im a te  A na ly tic  So lu tions

E qua tions  (2 .22), (2 .23), (2 .24) and (2 .25) p rov ide  a  coupled sy s te m

of one a lg e b r a ic  and  th r e e  o r d in a ry  d if f e re n t ia l  equa tions  fo r  the  th re e

p ro f i le  co e f f ic ien ts  C , C , U and the  p r e s s u r e .  N u m e r ic a l  so lu tions  c sm  sw m  c
to  v a r ie d  sp li t  end  point b o u n d a ry  va lue  p ro b le m s  a s s o c ia te d  w ith  th e se

fo u r  equa tions  a r e  p re s e n te d  in  s ec t io n s  5 and 6. O ur ob jec t ive  h e re  is

to  see  if  a p p ro x im a te  a n a ly t ic  so lu tions  can be ob ta ined  fo r  p h y s io log ica lly

m ean in g fu l  s im p lif ic a t io n s  to  the  s y s te m  (2 .22) - (2 .25) .  To th is  end, one

n o te s  that f o r  th e  e x t r a c e l lu l a r  ch an n e ls  in  the  c i l i a ry  body ep ith e liu m
-3

both  t| and R a r e  of o r d e r  10 o r  s m a l l e r  b a se d  on the  b e s t  av a ilab le

e s t im a te s  of the  q u an t i t ie s  c o m p r is in g  th e s e  d im e n s io n le s s  c o e ff ic ien ts .

F o r  th e s e  cond itions  the  r igh t hand s ide  of (2. 24) «  1 and C »  C6 ' ' sw sm
T hus, the  n e c e s s a r y  conditions  f o r  the  v a l id i ty  of the  in s tan tan eo u s

m ix ing  h y p o th es is  u s e d  in  D iam ond and B o s s e r t ,  w hich  a s s u m e s  a u n ifo rm

c o n ce n tra t io n  p ro f i le  a c r o s s  the  channel w ith  C = C = C i s  th a tr  s sw s m  e
and eR «  1. T h is  h y p o th es is  i s  re a so n a b le  f o r  th e  c i l i a ry  body and the  g a ll

b la d d e r ,  but p ro b ab ly  not v a l id  fo r  s h o r t  e x t r a c e l lu la r  channe ls  such  a s  the

in t r a c e l l u l a r  c a n a l ic u l i  of th e  s m a l l  in te s t in e .

Two ad d it io n a l  s im p l i f ic a t io n s  th a t  g re a t ly  re d u c e  th e  d iff icu lty  of

the  a n a ly s is  w ithout a l t e r in g  the  b a s ic  p h y s ic s  a r e  to  le t  the  channel he igh t

be co n s tan t  h  = 1 and  to  t r e a t  the  ac t iv e  t r a n s p o r t  s i te  a s  a po in t r a th e r

th an  a d is t r ib u te d  so lu te  s o u rc e .  If th is  s o u rc e  i s  lo c a ted  a t  x  = L , then  f o rs
x  > L  eq u a tio n s  (2. 22), (2. 23) and  (2. 25) red u ce  to  s

&  ,Q C s> '  ^  °  (3 ' 1)

4 0 . =  2eR ( C s - l)  (3 .2 )

1 T = - 1 2 0  <3- 3>
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w hile  the  so u rc e  s t r e n g th  S is  defined  by
L +s

s  = £  _ J  Ndx (3. 4)
s

w h e re  L -» L* . The m a tch in g  cond itions  a t  the  so lu te  so u rc e  a r e  s s

P ( L g ) = P ( L s ) (3.5 a)

c s < )  = C S(L"S) <3 ' 5b>

Q(L+ ) - Q ( L J  = eS (3 .5c)
3 s

dC ,T+ .  dC
—- 2 .  - -s -S -  = - S + eSC (L ) (3. 5d)dx dx s s

w h e re  the  l a s t  two conditions  a r e  ob ta ined  by in te g ra t in g  eq ua tions  (2 .22)

and (2. 23) a c r o s s  the  s e c r e to r y  s i te  and then  app ly ing  the l im it in g  p r o c e s s

L — L* f o r  a po in t s o u rc e .  One o b s e r v e s  f r o m  (3 .5d )  th a t  the s e c r e to r y  s s
s i te  p ro d u c e s  a  d isco n t in u ity  in  c o n ce n tra t io n  g ra d ie n t  a t  the  so u rc e  lo ca t io n  

w hose  m agn itude  to  lo w e s t  o r d e r  is  p ro p o r t io n a l  to  the  so u rc e  s t re n g th .

The bo u n d ary  conditions  a t  the  channel e n t r a n c e  and ex it  a r e :

C ( 0 )  = C(0) (3 .5 e )s

C (L) - C (0) = AC (3. 5f)s s

P (L ) - P (0) = A P (3. 5g)

P  = P(0) a t  x  = 0 (3. 5h)

w h e re  C(0), AC, P(0) and  A P  a r e  p r e s c r ib e d .

The s im p lif ied  s y s te m  of eq u a tio n s  (3.1) -  (3. 3) i s  s t i l l  not e a s y  to  

so lve  b e c a u s e  of the  n o n - l i n e a r  coupling b e tw een  Q and C g . T h is  l a s t  

d iff icu lty  can  be hand led  by m ak in g  u s e  of the  fa c t  th a t  in the  c i l i a ry  body, 

e R «  1 and  th a t  the  t r a n s p o r t  m e c h a n is m s  a r e  in s e n s i t iv e  to  the  o v e ra l l  

p r e s s u r e  lev e l  in  the  channel; the  d r iv in g  fo rc e  is  A P . We th e r e f o r e  develop

34



C , Q and P  a s  a double p e r tu rb a t io n  expans ion  in in te g e r  p o w e rs  eR and s
A P. T h is  expans ion  h a s  the  e ffec t  of s e p a ra t in g  out, to  f i r s t  o r d e r  the  

convec tive  c o r r e c t io n s  fo r  the  f i l t ra t io n  flow p ro d u ced  by the  e x te rn a l ly  

ap p lied  p r e s s u r e  d i f f e re n t ia l  AP and the p a s s iv e  w a te r  m o v em en t a c r o s s  

the  l a t e r a l  b o u n d a r ie s  due to  lo c a l  o s m o s is .

C = C (o) + eR cJ1* + APC-S1* + . . .
S i  w

Q = Q(o) + e R Q ^  + A PQ M  + . . .  (3 . 6 )

p  = p (o) + eRP^1* + A P P ^  + . . .

The s e r i e s  so lu tions  denoted  by (3. 6) w ill  not in g e n e ra l  be u n i ­

fo rm ly  v a lid  fo r  la rg e  x  u n le s s  the  independen t v a r ia b le  x is  s t r a in e d .  T h is  

c o m p lica t io n  o c c u r s  b e c a u se  the  range  of the  x in te g ra t io n ,  w hich  is  the 

channel leng th  L, i s  »  1 and can give r i s e  to  f i r s t  o r d e r  convec tive  c o r r e c t io n s  

e R C ^  and A P C ^  w hich  can be of the  sam e  o r d e r  o r  l a r g e r  th an  C^°\

In sp ec tio n  of (3.1), (3 .2) , (3 .3 )  shows th a t  such  s e c u la r  b e h a v io r  can  be

an t ic ip a te d  if e i th e r  Q w hich  is  of o r d e r  gRL is  > 0(1). To avoid th is  

u n d e s i r a b le  g ro w th  of the  so lu tion  (3. 6) fo r  x  »  1 we in tro d u ce  a two

p a r a m e t e r  PL K  type  co o rd in a te  expansion .

x  = xq + eRXj (xq ) + APx£(xo ) + . . . (3 .7 )

The unknown func tions  a n d P p ^  ap p ea r in g  in  (3 .6 )  a r e

now c o n s id e re d  a s  func tions  of the  s t r a in e d  co o rd in a te  x  and a r e  obta inedo
by solving the  d i f fe ren t ia l  equa tions  w hich ob ta in  when (3 .6 )  and  (3. 7) a r e

su b s t i tu ted  in to  (3.1), (3. 2) and (3. 3) and  c o e f f ic ien ts  of like  o r d e r  in

eR and AP a r e  equa ted .

To z e r o th  o r d e r ;

dp<°> _ 12Q(°) (3 .8 a )
dx o
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To f i r s t  o r d e r  in  eR:

dP.^  ̂ dxj «jp^°^ q \
r ~  - d r - - 12Qi ( ’ <3- 9*>dx o o o

j 2  j  , v /IV /IV / v dx,d *
dx 2 o

c | l> * -£r [ 0 (o>ci (1) +Q j(1)c (o ) ] -  3 ^ -  [ Q (o)C ( o ,1

*<1 d2c (°> . d *1 dC(o)
dx dx 2 dx 2 dx o o o o

dxo o o

To f i r s t  o r d e r  in  AP:

,2 „  (1)

- d ^ 4 -  = - t  [Q M C ^ U q z(Uc (o)] - [Q<°>C<°>]
o o o o

. ,  ^z_ d2c (o) d 2 x z dC(o)
d * „  d x „ 2  j y 2  d *o ax o d x  oo

(3 .9b)

d  Q (1) _ d Q ^  _ . (o) 3 v
Ix U 1 dx d ^  " Z (C 1 {* '^C)

dx2 dP(o) (1)
1 # -  ■ d r -  f r  = • 1 2 Q 2  <3 - 10*>o o 0

(3.10b)

■ t  Q 2a) - 4 P -  -It q(0) = 0 <3-10<:>o o o

E q u a tio n s  (3 .8 ) , ( 3 .9 ) ,  (3.10) e ac h  co n st i tu te  a sy s te m  of s ix  

o rd in a ry  d i f f e r e n t ia l  eq u a tio n s ;  th r e e  fo r  the  range  0 < x < L g and th r e e  

fo r  the  range  L < x < L; w hose to ta l  o r d e r  i s  eight.. The e igh t unknown
3

in e g ra t io n  c o n s ta n ts  a r e  d e te rm in e d  fo r  e a c h  o r d e r  s y s te m  by the  e igh t



b o u n d a ry  and m atch in g  conditions th a t  a r e  ob ta ined  by su b s ti tu t in g  (3. 6 )

and (3. 7) in to  (3. 5) and  equating  co eff ic ien ts  of e ac h  pow er of eR and AP.

T he bo u n d a ry  conditions  fo r  the  lo w est  o r d e r  se t  of equa tions  (3 .8 )  a r e

hom ogeneous  f o r  P  and  inhom ogeneous f o r  C , w hile  f o r  the  f i r s t  o r d e rs
se t  (3 .9 )  the  b oundary  conditions on both  P  and  C a r e  hom ogeneous .s
F o r  the  f i r s t  o r d e r  s e t  (3.10) the  p r e s s u r e  b oundary  condition  is  i n ­

hom ogeneous  s ince  i t  in t ro d u c e s  the  f i l t r a t io n  p r e s s u r e  d if f e re n t ia l  

A P. With th is  o rd e r in g  the  to ta l  co n tr ib u tio n s  to  the  w a te r  flux Q f ro m  

o s m o s is ,  ac t iv e  t r a n s p o r t  and f i l t ra t io n  can  be of c o m p arab le  m agn itude .

F o r  each  h ig h e r  o r d e r  sy s te m  one h a s  to  solve an  a u x i l ia ry  

second  o r d e r  d i f f e r e n t ia l  equation  f o r  the co o rd in a te  s t ra in in g  functions  x^

in  th e  two reg io n s  O < x  < L  and L < x  < L. The d i f fe re n t ia l  equa tionss s
f o r  Xj and  x^ a r e  d e te r m in e d  by s u p p re s s in g  the  u n d e s i r a b le  g row th  th a t  

r e s u l t s  f ro m  the inhom ogeneous  t e r m s  in  (3 .9b) and (3.10b). T h ese  

t e r m s  le ad  to  so lu tions  fo r  and w hich exh ib it  a m o n a to n ica lly

in c re a s in g  a lg e b r a ic  g row th  fo r  v a lu e s  of x  »  1 and co nsequen tly  a 

d iv e rg e n ce  of the  s e r i e s  (3. 6 ) fo r  l a r g e  x . To s u p p re s s  th is  s e c u la r  

b e h a v io r  one r e q u i r e s  in s te a d  th a t  an d  s a t i s fy  the  hom ogeneous

eq ua tions .

d 2 C .(1) d 2 C ? n <  <T
 5— = 0 ; ■ = 0 fo r  o os

dx dx ^
o o L < x  < L (3.11a)os o o

th a t  ob ta in  by le tt in g  the  unknown func tions  x^ and in  (3. 9b) and  (3.10) 

obey
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A 2d x dC (o) dx

dx. dx
1* 2.

dx [2 d 2 C (o)
dx 2

~  Q (o)C (o)] 
o

(3.11b)

+ 4 r  [q(°)c1, 2 = 0

w h e re  L r e p r e s e n t s  the  lo ca tion  of the  channe l ex it  in  the  x  co o rd in a te ,  o r  o
The bo u n d a ry  and m atch in g  conditions  fo r  the  unknown func tions  x^ and x^

a r e  to  som e ex ten t a r b i t r a r y .  A t x  = L  , the  so u rc e  lo ca t io n  in  the7 o os
s t r a in e d  co o rd in a te  sy s te m , it is  re a so n a b le  to  r e q u i r e  th a t  the  s t r a in e d  

co o rd in a te  be continuous and th a t  the  co m p a tib i l i ty  condition (3. 5d) be 

s a t i s f ie d  to  f i r s t  o r d e r  in  eR and AP:

* l(Los> = * l(Lo s ); x2(L’o») = x2(L+o s> (3.12a)

dCl (1) dxl  dC (o)
dx dx dx o ox = o os

dC (1)

dx
dxl dC (o)
dx dx o o

+ - |"C (0)(L )R ' os'
x  = L o os

(3.12b)

dC2(1) d x 2 dC<°> d C 2 d x 2 dC<°>
dx dx dx " dx dx dxo o o .+  ° o o

o s os

(3.12c)

E q u a tio n s  (3.11b) a r e  of second o r d e r  and thus  p e r m i t  the  sp ec if ic a t io n  

of two ad d it io n a l  cond itions . F o r  c o m p a tab il i ty  w ith  (3 .2 )  and  (3. 5b) one 

m u s t  r e q u i r e

dxj
dx dx

dx.i
dx

dx.
dx ( 3 . 12d)

x = L o os x  = L + o os x  = L o os x  = L +o  OS
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and  f o r  convenience  we choose

x l(°) = x 2(o) = 0 ( 3 .12e)

F o r  C j ^  and to  be z e r o  f o r  a l l  xq and sa t i s fy  (3 .11a), and

(1) m u s t  obey hom ogeneous b o u n d a ry  and m a tch in g  cond itions . The

f i r s t  o r d e r  conditions  d e r iv e d  f ro m  (3. 5b, e and  f) and (3.12b and e) w ill  

s a t i s fy  th is  r e q u i re m e n t  p ro v id ed

dC (1)

dx
ii_L

dC (1)

x = L o os
dx

1*1 .
x  = L + o os

in  (3.12b and c). In th is  m a n n e r  the  u n d e s i r e a b le  g row th  of the  dependent

v a r ia b le s  is  e l im in a te d  th ro u g h  the  co o rd in a te  s t ra in in g  func tions . W ith

the  conditions  (3.12) one is  no t f r e e  to  specify  the  v a lu e s  of xq a t  the

s e c r e to r y  s ite  and a t  the channe l ex it .  T hese  a r e  d e te rm in e d  f ro m  a

so lu tion  of the  two s im u lta n eo u s  equations  w hich obta in  when x  = L g and

x = L  in  (3. 7). T h e se  eq uations , w hich a r e  im p l ic i t  a lg e b r a ic  r e la t io n s

fo r  L and L m u s t  be so lved  n u m e r ic a l ly ,  os  o 3
The z e ro th  o r d e r  vo lum e flux g ra d ie n t  dQ^0 V d x Q v a n ish e s  by 

(3 .8 c )  and the  z e ro th  o r d e r  p r e s s u r e  g ra d ie n t  dP^°Vdxo v a n ish e s  a f t e r  

solving (3.. 8 a and c) w ith a p p ro p r ia te  bo u n d ary  cond itions . The f i r s t  

o r d e r  p r e s s u r e  and  vo lum e flux g ra d ie n ts  in (3 .9 a  and  c) and (3.10a and  c) 

a r e  then  indpendent of the  co o rd in a te  s t ra in in g  a s  r e p r e s e n te d  by dX j/dxQ 

and dx 2 / d x Q and depend only on the  z e ro th  o r d e r  co n ce n tra t io n  so lu tion . 

The co o rd in a te  s t ra in in g  does  e n te r  into the  second  o r d e r  flux c o r r e c t io n s
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Q ^  and p r e s s u r e  c o r r e c t io n s  P, w hich a r e  d e r iv ed  f ro m1, 2 2
(3. 2) and (3. 3)

To o r d e r  (eR)^ and (AP)^

dQ<2^ dQ*1* dx^ dP<2> d F ^  dx
x» c -  x» c  __ ii_£. . x» c -  _ 120  -I- * c  x» c

dx dx dx ’ dx 1, 2 dx dxo o o o o o

(3.13)

(a) Z e ro th  o r d e r  so lu tion

The so lu tion  of eq u a tio n s  (3 .8 )  and a s s o c ia te d  b o u n d a ry  and 

m a tch in g  cond itions  is

P ( o ) = P ( o )  (3.14a)

Q( o ) = 0 (3.14b)

c (°) = (1 . S)x + c(o) 0 < x  < L  (3.14c)
' L i  L  '  o  '  o  OSo o

C ( ° ) = ( ^ C _ .  \ 9- -  S )x  + C(o) + SL  L  < x  < L  ( 3 .14d)' L  L  ' o os  os o oo o

The lo w e s t  o r d e r  so lu tion  thus  invo lves  no convec tive  t r a n s p o r t .  T h is  

so lu tion  is  s im p ly  a  l i n e a r  v a r ia t io n  in  c o n ce n tra t io n  due to  so lu te  

d iffusion  be tw een  two sp ec if ied  end s ta te s  w ith a d isco n t in u ity  in  so lu te  

c o n c e n tra t io n  g ra d ie n t  a t  the  s e c r e to r y  s i te  lo ca t io n  xq = L qs  w hose 

m agn itude  i s  p ro p o r t io n a l  to  th e  so u rc e  s t re n g th  S. T h is  b a s ic  b e h a v io r  

i s  c l e a r ly  su g g es ted  by the  c u rv e s  in  F ig u r e  8 .
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(b) F i r s t  o r d e r  so lu tion  in  eR

To solve  eq ua tions  (3 .9 )  one f i r s t  in te g ra te s  (3 .9c )  fo r  xq > L qs

u s in g  (3.14). The in te g ra t io n  co n s ta n ts  in  the  re su l t in g  e x p re s s io n s  fo r

Q c a n  not be ev a lu a ted  d i r e c t ly  s ince  they  a r e  r e la te d  to  the  p r e s s u r e

b o u n d a ry  cond itions . The e x p r e s s io n s  fo r  a r e  th e r e f o r e  su b s t i tu ted

in  (3 .9 a ) .  The in te g ra l  of (3 .9 a )  le a d s  to  two r e la t io n s  f o r p j ^  v a lid

fo r  x > L w ith  fo u r  unknown c o n s ta n ts .  The l a t t e r  a r e  ev a lu a ted  by o os
apply ing  the  fo u r  a p p ro p r ia te  f i r s t  o r d e r  bo u n d ary  and m atch in g  conditions  

th a t  a r e  d e r iv e d  f ro m  (3. 5a), (3. 5c), (3. 5g) and (3. 5h). The d e s i r e d  

e x p r e s s io n s  fo r  q | ^  a n d p | ^  v a l id  in  e ach  reg ion  a r e :

Q\l) = a , x 2 + 2 (C (o ) - l)x  + or, o < x  < L (3.15a)1 l o  ' 7 7 o 3 o o s

QS1) = a x 2 + 2(C(o)+SL - l )  + <*. L < x  < L  (3.15b)1 a o ' ' ' os ' 4 os  o o

= - 1 2 [ ^ - x ^  + ( C ( o ) - l ) x 2 + a - x  1 o < x < L  (3.15c)r l L 3 o ' ' 7 o 3 o J o os

p SX) = - 1 2 [ ^ x 3 + (C(o)+SL -1)x2 +<*.x 1 L  < x  < L  ( 3 .15d)1 L 3 o ' ' os  o 4 o J os o o 7

w h e re
AC , /! o s  \ p

“ l = —  + (1 •  T ~ ) sO O

aZ~ al ~ S

a3~ - + t s l os<2 V l o . » -  <c ( °> + ¥ -

a . =  <*, + —  - SL2 4 3 R os
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Note th a t  the  f i r s t  o r d e r  b o u n d ary  va lu e  p ro b le m s  fo r  the  p r e s s u r e  

and  w a te r  flux  have b een  uncoupled  f r o m  th a t  f o r  the  c o n ce n tra t io n  f ie ld . 

(3 .15a) and (3,15b) a r e  the  f i r s t  o r d e r  a p p ro x im a tio n s  fo r  the  convective  

f lu x e s  th a t  would be p ro d u c e d  in  a channel w ith  p a s s iv e  w a te r  m o v em en t 

due to  lo c a l  o s m o s is  a t  i t s  l a t e r a l  b o u n d a r ie s  and  no t r a n s m e m b r a n e  

p r e s s u r e  on the  lo w es t  o r d e r  so lu tion  fo r  th e  c o n ce n tra t io n  d is t r ib u t io n

(3.14). The p r e s s u r e  d is t r ib u t io n  (3.15c) and  (3.15d) is  the  p a s s iv e ly  

induced  p r e s s u r e  f ie ld  c r e a te d  by the  lo c a l  o s m o s is .

In view of (3.14b), (3. l i b )  r e d u c e s  to  an inhom ogeneous second  

o r d e r  d i f fe re n t ia l  equation  fo r  x^ a lone:

2
■l*i. dC(o) _ ± _  ( o  - 0 (3 161
dx2 d£ + d T  (Q1 C ) " °  {3*16)o o o

w h e re  and a r e  given by (3. 14c, d) and (3. 15a, b) re s p e c t iv e ly .

T he in te g ra t io n  of (3. 16) in  the  two reg io n s  xq > Lqs in tro d u c e s  a to ta l  

of fo u r  unknown c o n s ta n ts .  T h e se  c o n s ta n ts  a r e  ev a lu a ted  by applying 

the  fo u r  f i r s t  o r d e r  b o u n d a ry  and m a tch in g  conditions  a s s o c ia te d  with 

(3. 12). The f ina l  r e s u l t s  a r e :

- s j - s  - (c<o) •  ^

(3. 17a)
x o < x < Ln o o OS

“ l

a5 a2 4 / 3x  =  x  -j—  x - (C(o)+SL -2 /3 ) x  -l < * 2 o 4 o ' ' ' o s  ' 0

2(C(o)+SLo e )(C(o)+SLo s -l) Xo2 « 4(C(o)+SLo 9 ) (3 .17b)
------------------------------------------------ + * 4 ) - J ---------------- —  *0  -  « 6

L < x  < L os o o
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whe re

a  c= { -a i a 2 (SLog + f L oJ  + [2.a2C(o)(C(o)-l)-2a1(C(o) + S L J
5 a 2 ~a l

(C(o) + SL vi)l L ' ' ' os  os

+ a  2a  3 C (°) " a  jO! 4 ( ^ ( 0 ) + S L Qg)}

4
t oii "oj o SL or*t \tf^/ v i \  2(C(o)+SL )(C(o)H"SL *1)

a 6 = a  : L o ; (  - 1 2 ) _________ + [ 2C(o)(C(o)iT1) _ 2.  °. . . . . ______S i . ..
a la 2 4 a l  a 2

S , L os . .  “ 3C <°> «4<C <°>+SLo s \ .
■ R " ] ~  + [ ----------------- ~ 2  ̂ 08

(c) F i r s t  o r d e r  so lu tion  in  AP

The so lu tio n s  to  (3.10) a r e  ob ta ined  in  a m a n n e r  e x ac t ly  analogous  

to  th a t  u sed  to  ob ta in  the  r e s u l t s  in  p a r t  (b) above. A f te r  in te g ra t io n  and 

a p p l ica t io n  of a p p ro p r ia te  b oundary  and m atch in g  cond itions  one ob ta ins

Q ( 1 )  L _
U2 ~ 12L (3.18a)o

p 2(1) = - ~  (3.18b)
o

The s t ra in in g  func tion  i s  found to  be

^  + J - , ± C
X2 Q l Xo 12L q 2 1 a x “ o '  ‘o “ os

a  . x 2 C(o)+SL
x_ = —  X + T T T -  ( T 2-  +  )+a o L < x  < L (3.19b)

2 a 2 ° o a "» o o o s o o

whe re
a 1(C(o)+SLo s )-cl 2 C(o) 

a 7 = 12L0 f a 2 - a 1)

-  ,  , ° 2 ~ a l  . . 1 r C(o) C <°’+SLo S ■
a 8 -  a 7 os  a j a 2 1 2 L 0  [ a x a 2  ] 0 8
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2
The second  o r d e r  so lu tions  in (eR) a r e  ob ta ined  by us ing  the  r e s u l t s  (3.15) 

and  (3.17) in  (3.13) and apply ing  the a p p ro p r ia te  second  o r d e r  bo u n d ary  

and  m a tch in g  conditions  f ro m  (3. 5). The d e ta i led  r e s u l t s  a r e  con ta ined  

in  the  A ppendix.

The a p p ro x im a te  an a ly t ic  so lu tions  g iven above w ill be c o m p a re d  

w ith  the  e x ac t  so lu tions  of (2. 22) th ro u g h  (2. 2 5) in sec t io n  5 fo r  the  condition 

in w hich  AP = 0.

4. R e s u l ts  fo r  C losed  E x t r a c e l lu la r  C hannels

The b oundary  va lu e  p ro b le m  fo r  e x t r a c e l lu la r  channe ls  w ith

im p e rm e a b le  ju n c tio n a l  co m p lex es  a t  the  lu m en a l  end x= 0, fo r  exam p le

the  ga ll  b la d d e r  g e o m e try  shown in  f ig u re  1, is  re a d i ly  c o n v er ted  in to  an

in i t ia l  va lue  p ro b le m  in w hich  eq ua tions  (2. 22), (2. 23) and (2. 2 5) a r e

in te g ra te d  n u m e r ic a l ly .  C and i t s  d e r iv a t iv e s  a r e  r e la te d  to  C and 6 7 sm  sw
i t s  d e r iv a t iv e s  by the  a lg e b r a ic  re la t io n  (2 .24) . S ince Um (0) = 0,

d x ^  = ^ anc* *k0 int i a l  r e f e re n c e  p r e s s u r e  is  a r b i t r a r y ,  only one

in i t ia l  condition, the  d im e n s io n le s s  in i t ia l  c o n ce n tra t io n  C gw(0) is  le ft

u n sp ec if ie d .  In both  D £ B and S ege l (1970) £ ^ ( 0 )  i s  un iquely  d e te rm in e d

by re q u ir in g  th a t  C gw = 1. H ow ever, fo r  r e a s o n s  s ta te d  e a r l i e r  th is

iso to n ic  ex it  condition  is  an  a r t i f i c i a l  one . C (L) can have  any va luesw ' 7
depending on the  m ix ing  p r o c e s s  th a t  e n su e s  be tw een  the channel e ffluen t 

and  the  o u te r  ba th ing  so lu tion . The b o u n d a ry  condition  to  d e te rm in e  C gw(0) 

i s  m o r e  p r o p e r ly  ap p lied  a t  in fin ity  w h e re  the  so lu tion  is  c o l le c ted  and the 

c o n c e n tra t io n  u n ifo rm . T h is  e q u i l ib r iu m  c o n ce n tra t io n  is  g iven by

c oo Q
To exam in e  the  e n t i r e  s p e c t ru m  of p o s s ib le  b e h a v io r  Cgw(0) sh a ll  

be  t r e a t e d  a s  a  f r e e  p a r a m e t e r  in  the  p r e s e n t  s tudy. In p a r t i c u la r  we 

sh a l l  w ant to  see  if it  p o s s ib le  w ith in  the  f r a m e w o rk  of the  lo ca l  s tanding
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g ra d ie n t  o sm o tic  m o d e l  a s  p re s e n t ly  fo rm u la te d  to  have both a channel 

c o n ce n tra t io n  w hich  i s  hypotonic  re la t iv e  to  the  ce l l  i n t e r io r  solution 

and a v an ish ing  c o n ce n tra t io n  g ra d ie n t  a t  the  ex it  s ta t io n .  A s d is c u s s e d  

in the  in tro d u c tio n ,  bo th  conditions  would a p p e a r  n e c e s s a r y  if  the  w a te r  

in  the  ce l l  i n t e r io r  is  to  be re p le n ish e d  f ro m  the  lum en  and y e t  have the  

channel e ff luen t and  o u te r  ba th ing  so lu tion  both be  iso to n ic  re la t iv e  to  

the  lu m en a l  flu id  .

The u nexpec ted  r e s u l t  in f ig u re  5 a  i s  th a t  co n cen tra t io n  in  the

channel does  not a u to m a t ic a l ly  r e la x  to  the  c o n ce n tra t io n  in  the  ce ll

i n t e r io r  a s  the  p e r fu s io n  leng th  fo r  p a s s iv e  w a te r  m o v em en t i n c r e a s e s .

One o b s e r v e s  tha t  th e r e  i s  only one in i t ia l  so lu te  c o n ce n tra t io n  Cc r  a t

x= 0 th a t  p e r m i t s  C gw to  a sy m p to t ic a l ly  a p p ro a ch  un ity  w ith  v an ish ing

g ra d ie n t  a t  l a rg e  v a lu e s  of x. The d a sh ed  cu rv e  in f ig u re  5 re p re s e n t in g

th is  unique so lu tion  cu rv e  s e p a r a te s  two fa m i l ie s  of so lu tions  w ith

d is t in c t ly  d if fe ren t  b e h a v io r .  F o r  C gw(0) > C c r * c u rv e s  1 th ro u g h  3 in

f ig u re  5 a, C gw ev en tu a lly  g ro w s  w ithout bound f o r  la rg e  v a lu e s  of x  and

le a d s  to  a m o n o to n ica lly  in c re a s in g  w a te r  flux in  the  channel. F o r  C gvv(0)<

C cr> c u rv e s  4 and 5 in  f ig u re  5a, C gw d ecay s  m o n o ton ica lly  to w a rd s

z e r o  fo r  in c re a s in g  v a lu e s  of x. Once C < 1. 0 w a te r  d iffu ses  b ack  into 6 sw
the  ce l l  i n t e r i o r  and a r e v e r s a l  in  flow d ire c t io n  w ill  o c c u r  if the  channel 

is  su ff ic ien tly  long, a s  d ep ic ted  in cu rv e  5 of f ig u re  5b. One no tes  f ro m  

f ig u re  5 th a t  only so lu tions  of the  type of c u rv e s  4 and  5 a r e  p o s s ib le  if 

the  ex it  bo u n d ary  condition  C (L) =1 is  im p o se d  a s  in  D £ B and Segel.

The so lu tion  c u rv e s  f o r  o th e r  v a lu e s  of tj, e a n d  R in  th e  ran g e  of i n t e r e s t  

fo r  e p i th e l ia l  m e m b r a n e s  a l l  exh ib it  the  sam e  qu a li ta t iv e  b e h av io r  a s  shown 

in f ig u re  5. V ary ing  th e s e  d im e n s io n le s s  g roups  s im p ly  a l t e r s  the va lue  

fo r  Cc r  and changes  the  decay  ra te  of the  n e u t r a l  (dashed) c u rv e .

We nex t w ish  to  i n t e r p r e t  th e s e  r e s u l t s  in  the  con tex t of
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F ig u r e  5. E ffec t  of C sw (0) on The D is t r ib u t io n  of Solute C o n cen tra t io n  
(a) and V olum e F lu x  (b) in  a  C losed  E x t r a c e l lu l a r  C hannel w ith  
S e c r e to r y  S ite  L o c a ted  be tw een  0 < X < 50; € = .8 7 2  x lO  , t) = . 135 x 
IQ-®, R = .116  x  10‘ 3 .
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D ia m o n d 's  (1964) e x p e r im e n t s .  If the  e ffluen t i s  to  be iso to n ic  w ith  a 

w e ll  s t i r r e d  o u te r  ba th ing  so lu tion  w hose d im e n s io n le s s  f a r  f ie ld

c o n c e n tra t io n  is  C then  the  channel flow m u s t  r e a c h  the  e x i t  w ith  bo thoo
C (L) = C and ^ s w ^ )  -  0 o r  f u r th e r  m ix ing  would ensue  a t  the sw oo dx
channel e x it .  It is  ev iden t f r o m  f ig u re  5a th a t  when C (L) = C = 1

°  SW  00

only the  d a sh e d  cu rv e  f o r  t h e  in f in ite ly  long channel s a t i s f i e s  both  ex it

b o u n d a ry  cond itions . O th e r  so lu tions  w ith  a  van ish in g  g ra d ie n t  a t  the

ch an n e l  ex it  a r e  p o s s ib le  f o r  f in i te  leng th  c h an n e ls .  T h e se  so lu tio n s  a r e

r e p r e s e n te d  by the  c u rv e s  of the  u p p e r  fam in ly  in  f ig u re  5a w h e re  the
dCc h an n e l  ex it  i s  lo c a ted  a t  the  m in im a ,  sw _ 0. T hus , if L  = 62 5

dx
then  cu rv e  3 t e r m in a te d  a t  x  = 62 5 would r e p r e s e n t  such  a so lu tion . T h ese

so lu tio n s  a l l  c o r re s p o n d  to  an  o u te r  ba th ing  so lu tion  w hich  is  h y p e r to n ic

re la t iv e  to  the  ce l l  i n te r io r ,  th a t  is  C = C (L) > 1. No m en tio n  h a s  ye too sw 7
b een  m ad e  of the  c o n c e n tra t io n  of the  lu m e n a l  f lu id . H ow ever, if the

w a te r  in  the  c e l l  i n t e r i o r  i s  to  be re p le n ish e d  f r o m  the  lum en , a s  is

w ide ly  a s s u m e d ,  then  the  lu m e n a l  flu id  m u s t  be hypotonic  r e la t iv e  to

the  c e l l  i n t e r io r .  T h is  is  the  b a s ic  p a ra d o x  of the  s tand ing  g ra d ie n t  m o d e l

in  exp la in ing  iso to n ic  t r a n s p o r t  in the  ga ll  b la d d e r .  The so lu tion  in  the

ce ll  i n t e r io r ,  a s s u m in g  hom ogeneity  of ce ll  w a te r  ac t iv i ty ,  obv iously

cannot a t  the  sam e  t im e  be iso to n ic  o r  hypotonic  w ith  the  o u te r  ba th ing

so lu tio n  and  h y p e r to n ic  w ith  the  lu m en a l  so lu tion  of th e s e  two bath ing

so lu tio n s  a r e  iso to n ic .  A lso , th e re  a r e  no v a lu e s  of C (o) w hich  allowsw ' '
the  c u rv e s  of the  lo w e r  fam ily  in f ig u re  4a to  have  a m in im u m  w h e re  C <1. 

It w ould a p p e a r  th a t  b a s ic  m o d if ic a t io n s  of the  e x is t in g  m a th e m a t ic a l  

fo rm u la t io n  a r e  n e c e s s a r y  if  the  conditions  fo r  bo th  iso to n ic  t r a n s p o r t  

and  w a te r  r e p le n ish m e n t  a r e  to  be e x p la in ed  u s in g  the  lo c a l  s tand ing  g ra d ie n t  

o s m o t ic  concep t fo r  ga ll  b la d d e r  e p i th e l ia l  t r a n s p o r t .  The so lu tion  c u rv e s  

in  f ig u re  5 m ay , h ow ever , be  a p p ro p r ia te  fo r  o th e r  ep i th e l ia  w hich  p ro d u ce  

h y p e r to n ic  s e c re t io n s .
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The q u es t io n  a s  to  how long a  channel would be re q u i re d  fo r  the  

channe l flow to  n e a r ly  e q u i l ib ra te  w ith  the  so lu tion  in  th e  c e l l  i n t e r io r  has  

b een  ex am in ed  in  d e ta i l  in  D £ B and  S ege l (1970). W hile such  e q u i l ib ra t io n  

(Cgw(L) = 1 and = 0) cannot be ex ac tly  ach e iv ed  fo r  any  fin ite

len g th  channel, th e se  in v e s t ig a to r s  have d e m o n s t ra te d  tha t, p ro v id ed  the 

so lu tion  c u rv e s  a r e  of the  type 4 o r  5 in  f ig u re  5, the  e q u i l ib ra t io n  can 

be a p p ro a ch e d  to  w ith in  a few p e r c e n t  f o r  e s t im a te d  v a lu e s  of t ) , e , R and 

L  th a t  a r e  re a so n a b le  f o r  g a l l  b la d d e r  e p ith e liu m .

It i s  of i n t e r e s t  to  note th a t  the  c u rv e s  in F ig .  5 m ay  a l s o  

r e p r e s e n t  the  so lu tions  to  flow in chan n e ls  w hich  have an  ad d it io n a l  

point so lu te  s o u rc e  o r  s ink  lo c a te d  a t  a f in i te  p o s i t io n  d o w n s t re a m . A ll 

so lu t io n s  of the  lo w er  fam ily , r e p r e s e n te d  ty p ica l ly  by c u rv e s  4 and  5, 

ev en tu a lly  r e a c h  a z e r o  c o n ce n tra t io n  le v e l  w ith  a  n ega tive , n o n -z e ro  

so lu te  c o n ce n tra t io n  g ra d ie n t .  S ince n ega tive  co n ce n tra t io n s  a r e  i m ­

p o s s ib le ,  a d isco n t in u ity  in  the  so lu te  c o n ce n tra t io n  g ra d ie n t  m u s t  be 

c r e a te d  a t  the  point of z e ro  c o n ce n tra t io n  by a so lu te  s ink . The c o n ce n ­

t r a t io n  th en  r e m a in s  a t  z e ro  beyond th is  p o in t ,  s ince  a l l  of the  so lu te  

h a s  b e en  re m o v e d  f ro m  the channel by the  sink. As the  co n ce n tra t io n  

d e c r e a s e s  f r o m  th a t  a t  s ta t io n  x= 0, the  s ink  m a in ta in s  a d iffus iona l flux 

of s a l t  su ff ic ien t  to  s a t is fy  so lu te  c o n se rv a t io n  r e q u i r e m e n ts .  So lu tions 

of the  u p p e r  fam ily , typ if ied  by c u rv e s  1, 2 and 3 r e p r e s e n t  so lu tions  fo r  

ch an n e ls  in w hich  an  ad d itio n a l so lu te  s o u rc e  e s ta b l i s h e s  a c o n ce n tra t io n  

le v e l  a t  a fin i te  d o w n s tre am  lo ca t io n .  A t p o s i t io n s  u p s t r e a m  of th is  so u rc e  

the  n e t  so lu te  flux is  co n s tan t  and eq u a l  to  th a t  p ro v id e d  by the  s e c r e to r y  

s i te  a t  the  c lo se d  end , At d o w n s t re a m  p o s it io n s  the  n e t  so lu te  f lu x  is  

in c r e a s e d  by the  con tr ib u tio n  of the  second  so u rc e .  T h is  in c r e a s e  i s  

a ch ie v e d  by a d iscon tinuous  red u c tio n  in  the  am oun t of b a ck  d iffusion , i .  e 

a  re d u c tio n  in  the  so lu te  c o n ce n tra t io n  g rad ie n t ,  a t  the  so u rc e  s i te .  One
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n o tes  th a t  so lu te  c o n ce n tra t io n  le v e l s  in  g e n e r a l  have  an  u p p e r  bound, 

e q u iv a len t  to  th a t  f o r  s a tu ra te d ,  o r  s u p e r s a tu r a te d  so lu tions .

5. R e s u l t s  f o r  p o ro u s  e x t r a c e l lu l a r  channe ls

The in i t ia l  va lue  p ro b le m  fo r  open and p a r t i a l ly  occluded  e x t r a ­

c e l lu la r  ch an n e ls  w ith  a c t iv e  t r a n s p o r t  is  so m ew h a t m o re  d iff icu lt  to 

hand le  n u m e r ic a l ly  than  the  c lo se d  channel g e o m e t ry  ju s t  c o n s id e re d .

In the  c a se  of ch an n e ls  c o m p le te ly  occ luded  a t  one end  both  Um  and the
dCc o n ce n tra t io n  g ra d ie n t  ,3W a t  the  in i t ia l  s ta t io n  a r e  z e r o .  Only the

dx
in i t ia l  c o n ce n tra t io n  C (0) is  unknown. A ll th r e e  in i t ia l  conditionssw
a r e  unknown in open channel s y s te m s .  The two ad d it io n a l  unknown in i t ia l

cond itions  U (0) and  .^ s w f P )  , a r e  r e 2ated to  the  p r e s s u r e  d if fe ren ce  
m  dx

AP = P(L ) - P(0) and  c o n c e n tra t io n  d if fe ren c e  AC = C (L) - C (0)'  ' ' ' sw sw ' ' sw ' '
a c r o s s  the  channel, see  b o u n d a ry  conditions  (3. 5f, g). T hus, to in te g ra te

eq u a tio n s  (2. 22), (2. 23) and  (2. 25) n u m e r ic a l ly  t r i a l  v a lu e s  of Um (0) and

^ s w ^ )  had  to  be a s s u m e d  and  a  v a r i a n t  of a s te e p e s t  d e sc e n t  i te ra t io n  
dx

rou tine  u sed  to  s a t i s fy  th e  s p l i t  end point bo u n d ary  conditions  on p r e s s u r e  

and co n ce n tra t io n .  So lu tions  w e re  a s s u m e d  to  have co n v erg ed  to  the  

d e s i r e d  a c c u ra c y  w hen the  p r e s c r i b e d  v a lu e s  of AP and ACgw w e re  

s a t i s f i e d  to  five s ig n if ic an t  d ig i ts .

To u n d e rs ta n d  the  e s s e n t i a l  f e a tu r e s  of the  o p e ra t io n  of an  open 

channel w ith  ac t iv e  t r a n s p o r t  and p r e s s u r e  f i l t r a t io n  we f i r s t  c o n s id e r  an  

id e a l iz e d  co n stan t  a r e a  channel w ith  a s e c r e to r y  s i te  c e n te re d  s y m m e tr ic a l ly  

b e tw een  the  channel ends  w hich  a r e  a t  the  sam e  c o n ce n tra t io n  a s  the  c e l l  

in t e r io r ,  see  f ig u re  6, C u rv e s  1 a and  b show the  v a r ia t io n  of d im e n s io n - 

l e s s  p r e s s u r e  P  and  vo lu m e  flux  Q when th e r e  is  no ap p lied  p r e s s u r e  

d i f f e re n t ia l  AP a c r o s s  the  end  s ta t io n s .  W a te r  th a t  e n t e r s  the  channel 

p a s s iv e ly  due to  lo c a l  o s m o s is  d iv id es  a t  the  c e n te r  into two equal and
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oppos ite ly  d i re c te d  f low s. S ince both  Q and the  c o n ce n tra t io n  g ra d ie n t  

v a n ish  b e ca u se  of s y m m e try  a t  the  channel c e n te r  loca tion , the  flux 

conditions  a t  the  s y m m e try  p lane of the  channel a r e  the  s am e  a s  th o se  

a t  the  in i t ia l  s ta t io n  of a  t igh t ju n c tio n  channel.  C u rv e s  2 a and b th ro u g h  

4 a and b show the  e ffec t  of applying a  m o n o to n ica lly  in c re a s in g  p r e s s u r e  

d if f e re n t ia l  a c r o s s  the  m e m b ra n e .  An in c r e a s e  in  the  hydrodynam ic  

p r e s s u r e  a t  the le ft  end  o v e r  th a t  a t  the  righ t, w ith  ACgw = 0, w ill  cause  

the  lo ca t io n s  a t w hich  Q = 0 to  m ove to  the  le ft  a s  shown in  f ig u re  6b.

T h is  lo ca t io n  of the  s tagna tion  p lane  ( i . e .  Q = 0) i s  a l s o  the  p lane  of 

m a x im u m  p r e s s u r e ,  see  equation  (2 .25 ) .  T h e re  i s  a c r i t i c a l  app lied  

p r e s s u r e  d if fe ren t ia l ,  cu rv e  3 of f ig u re  6 a w hen the  f i l t r a t io n  p r e s s u r e  

is  ju s t  su ff ic ien t to  m ove  the s tag n a tio n  p lane  to  the  le f t  end  of the  channel 

and  th e re b y  b a lan ce  the  w a te r  flux due to  the  lo ca l  o s m o s is .  F u r t h e r  

in c r e a s e  in  the  ap p lied  p r e s s u r e  d if fe ren t ia l ,  (c u rv e s  4 a and b f ig u re  6) 

r e s u l t s  in  u n id i re c t io n a l  flow along the  e n t i r e  channel.

F ig u re  6 c shows the  n o n - l in e a r  e ffec t  of convec tion  on the  s t r e a m -  

w ise  c o n ce n tra t io n  d is t r ib u t io n  p ro d u ced  by in c re a s in g  the  f i l t r a t io n  p r e s s u r e  

A P a c r o s s  the  channe l.  N o n -d im e n s io n a l  f i l t r a t io n  p r e s s u r e s  of 0(1) a r e  

ty p ic a l  of e p i th e l ia l  c e l l  l a y e r s  such  a s  the  c i l i a r y  body. The to ta l  p a s s iv e  

w a te r  m o v e m e n t  due to  the  lo c a l  o s m o s is  p ro d u ced  by the  ac tiv e  t r a n s p o r t  

is  d i re c t ly  p ro p o r t io n a l  to  th e  to ta l  a r e a  u n d e r  the  co n ce n tra t io n  c u rv e .

One, th e re fo re ,  co nc ludes  f ro m  fig u re  6 c th a t  the  c o n ce n tra t io n  d is t r ib u t io n  

i s  no t s ign if ican tly  a l t e r e d  by convec tion  and h en ce  th a t  the  d r iv ing  fo rc e s  

due to  ac t iv e  t r a n s p o r t  and p r e s s u r e  f i l t r a t io n  a r e  e s s e n t ia l ly  independent 

fo r  e p i th e l ia l  c e l l  l a y e r s .  T hus, the  channel efflux  Q(L) is  l in e a r ly  r e la te d  

to  A P a n d  tj, the  d im e n s io n le s s  s e c r e to r y  s i te  s t re n g th .  T h is  l in e a r  

r e la t io n  b e tw een  m e m b ra n e  fluxes  and  d riv in g  f o r c e s  i s  the  fu n d am en ta l  

s im plify ing  h y p o th es is  u sed  in the  i r r e v e r s i b l e  th e rm o d y n a m ic s  th e o ry  of 

m e m b ra n e  t r a n s p o r t  and  i s  a l s o  the  b a s i s  f o r  the  p e r tu rb a t io n  ex p an s io n s
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(3. 6) u sed  h e r in .  c j ^  and  in  (3. 6) can  be v iew ed  as  the  low est 

o r d e r  convec tive  c o r r e c t io n s  to  the  l in e a r  th eo ry .

F ig u r e  7 shows the  e ffec t  of v a ry in g  the s e c r e to r y  s ite  s t r e n g th  

(value of 11) on the  m o v em en t of the  s tagna tion  p lane  fo r  a s y m m e try  

ch anne l.  The T| = .269  x  10 ^ cu rve  is  ob ta ined  f r o m  the in te r s e c t io n s  

w ith  Q = 0 a x is  of the  c u rv e s  in f ig u re  6b. In c re a s in g  the  s e c r e to r y  s i te  

s t r e n g th  is  eq u iva len t to  in c re a s in g  the  lo c a l  o sm o tic  e ffec t and  thu3 

r e s u l t s  in a s m a l l e r  s tag n a tio n  p lane  sh ift  fo r  a cons tan t AP, The 

in te r e s t in g  fe a tu re  of th e se  c u rv e s  is  th a t  the  m o v em en t of the  s tagna tion  

p lane  i s  a h ighly  n o n - l in e a r  function  of A P although , a s  ju s t  noted, e p i th e l ia l  

m e m b r a n e s  func tion  in  a reg io n  w h e re  a l l  f luxes and d riv ing  fo r c e s  a r e  

l in e a r ly  re la te d .  The lo c a l  va lue  of Q(x) is  l in e a r ly  re la te d  to  A P  but 

un like  the  flux a t  the  channe l ex it  Q(L) i t  i s  n o n - l in e a r  function  of po s i t io n  

s in ce  the  lo ca l  in te g ra te d  a r e a  u n d e r  the  c o n ce n tra t io n  cu rv e  and hence  

the  lo c a l  in te g ra te d  p a s s iv e  w a te r  m o v em en t due to  local o s m o s is  v a r i e s  

n o n - l in e a r ly  w ith  p o s i t io n .  The lo ca t io n  of the  s tag n a tio n  p lane is  d e t e r ­

m in e d  by the b a lan c e  be tw een  the  f i l t r a t io n  flux and the  in te g ra te d  p a ss iv e  

w a te r  m o v e m e n t  due to  lo c a l  o s m o s is  be tw een  the  ac t iv e  t r a n s p o r t  s i te  

and the  s tag n a tio n  p lan e .  On the  o th e r  hand, the  c r i t i c a l  va lue  of AP 

r e q u i r e d  to  sh ift  the  s tag n a tio n  plane to  the  channel e n tra n c e ,  the  i n t e r ­

s e c t io n  of the  c u rv e s  in  f ig u re  7 w ith  the  A P a x is ,  i s  a lm o s t  l in e a r ly  

p ro p o r t io n a l  to i l  . T h is  is  a r e s u l t  of the fac t  th a t  the  to ta l  a r e a  u n d e r  

the  co n ce n tra t io n  cu rve , and hence  the  to ta l  lo ca l  o sm o tic  flux, is  l in e a r ly  

independen t of AP if the  n o n - l in e a r  e ffec ts  convec tion  can be n eg lec ted .

F ig u r e  8 a, b, c show the e ffect of applying an  o sm o tic  d riv ing

fo rc e  AC a c r o s s  a m e m b ra n e  w ith  ac tiv e  t r a n s p o r t ,  but no t r a n s m e m b r a n e  sw
p r e s s u r e  d if f e re n t ia l .  The to ta l  p a s s iv e  w a te r  m o v em en t is  the  s am e  fo r  

e ac h  s e t  of c u rv e s  and  a g a in  the  s e c r e to r y  s i te  i s  lo ca ted  s y m m e tr ic a l ly
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be tw een  the  end s ta t io n s .  T h ese  c u rv e s  p ro v id e  a convenien t t e s t  a s  to 

the  a c c u ra c y  of the  a p p ro x im a te  a n a ly t ic a l  so lu tions  p r e s e n te d  in sec t io n  

3. F o r  the  n u m e r ic a l  so lu tions  the  s e c r e to r y  s i te  had a fin ite  leng th  

equal to  two p e rc e n t  of the  channe l leng th  w h e re a s  in the  an a ly t ic  

so lu tions  it  is  t r e a te d  a s  a po in t s o u rc e .  The d iscon tinu ity  in Q a t  the  

s e c r e to r y  s i te  fo r  the  an a ly t ic  c u rv e s  is  due to  the  ac tiv e  t r a n s p o r t  of 

s a l t  and i s  the  eS t e r m  in  the  m atch in g  condition  (3. 5c). The c o n ce n tra t io n  

c u rv e s  in  f ig u re  8 a  show the  n e a r ly  l in e a r  d iffusion  d om ina ted  b eh av io r  

p re d ic te d  by the  lo w est  o r d e r  a n a ly t ic  so lu tions  (3.14c) and (3.14d). The 

an a ly t ic  volum e flux c u rv e s  in f ig u re  8 b  a r e  the  so lu tions  (3.15a) and 

(3.15b) w h e re  the  r e la t io n s h ip  be tw een  x and the s t r a in e d  co o rd in a te  xq 

i s  ob ta ined  f ro m  (3 .7 ) , (3.17a) and (3.17b). The c u rv e s  in  f ig u re  8c show 

the  e ffec t  of an  o sm o tic  d r iv in g  fo r c e  on the  p r e s s u r e  d is t r ib u t io n  in  the  

channel w ith  A P m a in ta in e d  a t  z e r o .  The o sm o tic  d r iv in g  fo rc e  h a s  b a s ic a l ly  

re d is t r ib u te d  the  flux Q(0) and  Q(L) to  the  two end s ta t io n s ,  while  t h e i r  

sum  is  a  co n s tan t  s ince  the  to ta l  p a s s iv e  w a te r  m o v e m e n t  is  he ld  f ixed .

In f ig u r e s  9a and  b and 10 we exam ine  the  e ffec t  of s e c r e to r y  s i te  

lo ca t io n  on the  w a te r  and  so lu te  f lux  a t  the  channel e n t ra n c e  and ex it  and 

on the  c o n ce n tra t io n  d is t r ib u t io n  in  the  channe l.  The only d r iv in g  fo rc e  

is  a c t iv e  t r a n s p o r t .  The to ta l  p a s s iv e  w a te r  m o v e m e n t  into the  channel 

i s  a g a in  held  c o n s tan t .  T hus, the  a r e a  u n d e r  e ach  of the  c u rv e s  in  f ig u re  

10 is  the  s a m e .  The in te r e s t in g  b e h a v io r  i s  th a t  d is t r ib u t io n  of the  so lu te  

f lu x es  to  the  two end s ta t io n s  i s  a  m u ch  m o re  sen s i t iv e  function  of 

s e c r e to r y  s i te  lo ca t io n  th a n  the  w a te r  f lu x es .

The s a l t  flux  a t  the  channe l e n t ra n c e  ex it  depend p r in c ip a l ly  on 

th e  d iffu siona l g ra d ie n t  a t  the  end s ta t io n s  e s ta b l is h e d  by the co n ce n tra t io n  

p ro f i le  and, th e r e f o r e ,  v a r y  s ig n if ican tly  w ith  s e c r e to r y  s ite  location , 

see  f ig u re  10 o r  eq u a tio n s  (3.14 c and d). On the  o th e r  hand, the  d is t r ib u t io n

54



2.4

F ig u r e  8. E ffec t  of ACSW on the  D is tr ib u t io n s  of Solute C o n ce n tra t io n  
(a), V olum e F lu x  (b) and P r e s s u r e  (c) in  an  Open G eo m e try  C hannel 
w ith  S e c r e to r y  Site L o c a ted  be tw een  490 < X < 510. C urve  (1): AC=0; 
C urve  (2): AC = 1 .0 ;  C urve  (3): AC = 2 . 0  C o m p a r iso n  w ith  a p p r o x i ­
m a te  a n a ly t ic a l  so lu tion  f o r  point so u rc e  s e c r e to r y  s i t e : ------ , AC = 0;
 , AC = 1. e= . 872 x  I Q '2, r] = 1. 345 x  10_°, R =  . 116 x 10“3
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F ig u r e  9. E ffec t  of L o ca tio n  of the  C e n te r  of the  S e c r e to r y  Site on 
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L eng th : 100; t = . 872 x  10-2 , ti = . 269 x 10-° , R = . 116 x  10-3
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of the  w a te r  f lux  out the  channel ends is  p r im a r i ly  co n tro l le d  by the  

f i l t r a t io n  p r e s s u r e  d if fe re n t ia l  and not the  co n ce n tra t io n  d is t r ib u t io n .

One r e c a l l s  f r o m  f ig u re  8c th a t  changes  of 0(1) in the  co n ce n tra t io n  

p ro f i le  p ro d u ced  re la t iv e ly  s m a l l  changes  in  the  p r e s s u r e  d is t r ib u t io n  

p ro v id ed  A P =  0.

F ig u r e s  6 th ro u g h  10 a r e  b a se d  on hyp o th e tica l  open channel 

g e o m e t r ie s  and b oundary  conditions  in  w hich  we have exam ined  s e p a ra te ly  

the  e f fe c ts  of the  v a r io u s  d r iv in g  fo rc e s  and  the  s e c r e to r y  s i te  lo c a t io n  on 

the  w a te r  and so lu te  flux d is t r ib u t io n  w ith in  the  channel. In f ig u re s  1 1 a  

and b th e s e  v a r io u s  e le m e n ts  have b een  com bined  in  an  a t te m p t  to 

q u an ti ta t iv e ly  m o d e l  a  r e a l  m e m b ra n e ,  the  rab b it  c i l i a ry  body e p ith e liu m . 

T h is  m e m b ra n e  h a s  b een  se le c te d  s ince  th e r e  e x is t s  a  d e ta i led  se t  of 

e x p e r im e n ta l  m e a s u r e m e n ts  Cole (1961), (1962) w hich  can  be u sed  to  a s s e s s  

the  v a l id i ty  of the  th e o r e t ic a l  m o d e l .  T h e se  inc lude  m e a s u r e m e n ts  of 

the  ex it  vo lum e and so lu te  f lu x es  and the  ac t iv e  t r a n s p o r t  com ponen t of 

the  so lu te  flux f o r  both  e x c is e d  and in  v ivo ra b b i t  c i l i a r y  body ep ith e l ia .

The th e o re t ic a l ly  p re d ic te d  v a lu e s  f o r  th e se  f luxes  could be re a so n a b ly  

e x t ra p o la te d  f r o m  the  r e s u l t s  f o r  a  s ing le  channel u s in g  the  m e a s u r e d  

to ta l  a r e a  of the  m e m b ra n e  and an e s t im a te  of the  a v e r a g e  c e l l  and channel 

d im e n s io n s .  T h e se  d im e n s io n s  w e re  ob ta ined  f r o m  o b s e rv a t io n  of h igh 

re so lu t io n  e le c t ro n m ic r o g ra p h s ;  th e se  sam e  o b se rv a t io n s  gave an  a v e ra g e  

d im e n s io n le s s  channe l leng th  L = 925.

F o r  e x c is e d  p re p a ra t io n s  Cole found the  ex it  vo lum e and  so lu te
_3

flu x es  w e re  equ iva len t,  r e s p e c t iv e ly  to  Q(L) = .173 x  10 and Q (L) =s
-3.155 x  10 . The l a t t e r  va lue  w as  b a se d  on the  m e a s u r e d  s h o r t - c i r c u i t

c u r r e n t ,  th a t  i s  the  equ iv a len t  e le c t ro n  c u r r e n t  m e a s u r e d  w hen a  low 

r e s i s t a n c e  shunt i s  p laced  a c r o s s  the  m e m b ra n e  and  the  t r a n s m e m b r a n e
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F ig u r e  11. E ffec t  of AP and r| on the  E x it  V olum e F lu x  (a) and E x it  
Solute M ass  F lu x  (b) in  an  Open G eo m e try  C hannel w ith  the  S e c re to ry  
S ite  L o ca ted  b e tw een  690 < X < 790; L  = 925; € = . 872 x  10“2; R = . 0156 
P o in t  (a): C o le 's  e x p e r im e n ta l  da ta  in v i t ro ;  P o in t (b): E s t im a te  of 
Invivo flux  w ith  no f i l t r a t io n ;  P o in t (c): C o le 's  e x p e r im e n ta l  da ta  invivo.
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p o ten tia l  d if fe ren c e  re d u c ed  to  z e r o .  T h e se  da ta  p o in ts  a r e  lab e led  (a) 

in  f ig u r e s  1 1 a  and b and s ince  A P = 0, l ie  on the  v e r t i c a l  a x is .  The in 

v ivo AP is  the  p r e s s u r e  d if fe ren c e  be tw een  the  in t r a o c u la r  p r e s s u r e  and

the  blood d ia s to l ic  p r e s s u r e  in  the  c a p i l la ry  bed . F o r  the  in  v ivo  eye
-3 -3Cole ob ta ined  v a lu e s  eq u iv a len t  to Q(L) = .9  x  10 , Q (L) = . 91 x 10s

and f r o m  the  s h o r t  c i r c u i t  c u r r e n t  an ac t iv e  t r a n s p o r t  com ponent of Q (L) =s
-3

. 28 x  10 . I t  i s  to  be noted  th a t  bo th  the  m e a s u r e d  vo lum e and so lu te

f luxes  in  v ivo  w e re  m o re  th an  five fold g r e a t e r  than  in  the  e x c ise d  p r e p a r a ­

t ion  w hile  the  ac tiv e  t r a n s p o r t  com ponent in c r e a s e d  by l e s s  th a n  a f e c to r  

of 2. T h is  in tr ig u in g  b e h a v io r  is  one of the  fu n d am en ta l  u n a n sw e re d  

q u es t io n s  in  c i l i a ry  body t r a n s p o r t .

T he c u rv e s  in  f ig u r e s  1 1 a  and b r e p r e s e n t  th e  t h e o r e t i c a l  

so lu t io n s  fo r  the  ex it vo lum e and so lu te  f lu x es  in  a channel w ith  ac tiv e  

t r a n s p o r t  and p r e s s u r e  f i l t r a t io n  bu t iso to n ic  end s ta t io n s .  The s e c r e to r y  

s i te  w as  c e n te re d  a t  x  = 740 w hich  p la c e s  i t  a t  the  beg inn ing  of the  a p ic a l  

in fo ld ings  of the  n o n -p ig m en ted  c e l l  la y e r ,  see  f ig u re  2; th is  is  the  

lo ca t io n  su g g es ted  by h is to c h e m ic a l  s tu d ie s  of (Na + K) ion dependent 

A T P a s e  a c t iv i ty .  The ion pum p s tre n g th  q is  t r e a t e d  a s  a f ixed  p a r a m e te r  

and is  d e te rm in e d  by the  e x p e r im e n ta l ly  m e a s u r e d  s h o r t  c i r c u i t  c u r r e n t .  

The a p p ro p r ia te  q cu rv e  c o r re sp o n d in g  to  C o le 's  in  v i t r o  (AP = 0)

e x p e r im e n t s  w ith  the  e x c is e d  eye is  shown a s  po in t (a) in f ig u re  l ib .  T h is
_ 7

va lue  of t) i s  .182 x  10 . S im ila r ly ,  e is  m e a s u r e d .  Only R of the  t h r e e -

d im e n s io n le s s  g ro u p s  q ,  e an ^ R is  not a c c u r a te ly  known. To c i rc u m v e n t  

th is  d iff icu lty  R w as  chosen  by cu rv e  f i t t ing  one of the  th r e e  e x p e r im e n ta l  

p o in ts  in  f ig u re  1 1 a  fo r  the  vo lum e flux, n a m e ly  point (c). T hus , two of 

the  s ix  e x p e r im e n ta l  po in ts  in  f ig u r e s  11a and  b a r e  u sed  to  d e te rm in e  the  

f r e e  p a r a m e t e r s  in the  go v e rn in g  equations , w hile  the  rem a in in g  fo u r  

p o in ts  a r e  a  t r u e  t e s t  of the  th e o r e t ic a l  m o d e l .  To ob ta in  the  th e o re t ic a l ly
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_7
p re d ic te d  vo lum e flux the  in te r s e c t io n  of the  t) = .182 x  10 cu rv e  w ith 

the  A P  = 0 ax is  is  lo ca ted  in  f ig u re  11a . The p re d ic a te d  va lue  Q(L) =
_3

.142 x  10 i s  w ith in  20 p e rc e n t  of the  m e a s u r e d  vo lum e flux Q(L) = .173 x
_3

10 . In view  of the  u n c e r ta in ty  in the  d im e n s io n le s s  g roup  R, the

n eg lec t  of e l e c t r i c a l  e f fe c ts  and  o th e r  m o d e l  r e f in e m e n ts  th i s  a g re e m e n t  

be tw een  th e o ry  and e x p e r im e n t  is  s a t i s fa c to ry .

The in  v ivo  r e s u l t s  cannot be c o m p a re d  d i r e c t ly  w ith  the  in  

v i t r o  da ta  bu t m u s t  f i r s t  be c o r r e c t e d  f o r  the  in c r e a s e d  ac t iv e  t r a n s p o r t  

th a t  r e s u l t s  f r o m  the  in c re a se d  m e ta b o l is m .  It is  ev iden t, h o w ev er ,  f ro m  

the  c u rv e s  in  f ig u re  11a and b th a t  fo r  th e  p r e s c r i b e d  v a lu e s  of t | ,  e and  R 

the f lu x es  and d r iv in g  fo r c e s  a r e  l in e a r ly  r e la te d .  T hus, the  a c t iv e  t r a n s ­

p o r t  com ponen t of the  to ta l  vo lum e flux in the  liv ing eye , Q(L) w hen  A P = 0, 

can be  d e te rm in e d  a s s u m in g  a  l i n e a r  r e la t io n  be tw een  the  in v i t r o  and 

in  v ivo  s h o r t  c i r c u i t  c u r r e n t  m e a s u r e m e n ts  and  the c o r re sp o n d in g  in

v i t r o  vo lu m e  flux. Q(L) w ith  A P = 0 f o r  the  in v ivo eye  i s  shown a s
-3

point (b) in f ig u re  11a  and h a s  the  va lue  . 313 x 10 . The new va lu e  of

T] c o r re sp o n d in g  to  the  in c r e a s e d  a c t iv e  t r a n s p o r t  ra te  is ,  t h e r e f o r e ,
- 7

about . 4 x 1 0  . S ince ii r e m a in s  cons tan t,  the  e x p e r im e n ta l ly  m e a s u r e d
_3

vo lum e flux Q(L) = . 9 x  10 , po in t (c) in  f ig u re  11a is  a c h ie v e d  f o r  a

d im e n s io n le s s  i n t e r s t i t i a l - i n t r a - o c u l a r  p r e s s u r e  d i f f e r e n t ia l  A P = - 6 .6 ,  

the  m in u s  s ign  a p p ea r in g  b e c a u se  of the  d i re c t io n  in w hich  the  p r e s s u r e  

d if fe ren c e  i s  m e a s u r e d .  In d im e n s io n a l  u n i ts  th is  AP is  e q u iv a len t  to 

80 m m  of Hg, w hich  when c o r r e c t e d  fo r  the  s m a l l  o s m o la r i ty  d i f f e r e n c e s  

be tw een  b lood p la s m a  and aqueous  h u m o r  g ives an  eq u iv a len t  AP of 

a p p ro x im a te ly  50-60 m m  Hg. R e tu rn in g  to  f ig u re  l i b  one n o te s  th a t  the
_3

th e o r e t i c a l  p re d ic t io n s  f o r  the  e x i t  so lu te  flux  f o r  q = . 4 x  10 a r e  Q (L.) =s

. 94 x  10 ^ f o r  AP = - 6 . 6 ,  w hile  Q (L) = . 33 x  10 ® w hen A P = 0, thes
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t h e o r e t ic a l ly  p re d ic te d  ac t iv e  t r a n s p o r t  com ponent. The c o rre sp o n d in g

e x p e r im e n ta l ly  m e a s u r e d  v a lu e s ,  po in ts  (c) and  (b) re sp e c t iv e ly ,  a r e
-3 -3Q(L) = . 91 x  10 and Q (L) = . 28 x  10 , the  l a t t e r  be ing  b a se d  on thes

s h o r t - c i r c u i t  c u r r e n t  m e a s u r e m e n t .  Both v a lu e s  a r e  obviously  in  a s  

c lo se  an  a g r e e m e n t  w ith  the  th e o ry  a s  one is  ju s t i f ie d  to  ex p ec t  co n s id e r in g  

the  s o p h is t ic a t io n  of the  q u an tita tiv e  m o d e l .

In, s u m m a ry  the  t h e o r e t i c a l  m o d e l  p re d ic t s  th a t  the  m a r k e d  

in c r e a s e  in  flu id  t r a n s p o r t  in  th e  liv ing  rab b i t  eye c o m p ared  w ith  th a t  

in  the  dead  ra b b i t  eye is  due to  the  h y d ro s ta t ic  p r e s s u r e  d i f f e r e n c e  be tw een  

th e  blood and th e  aqueous  h u m o r .  T h e se  r e s u l t s  when com bined  w ith  the  

e a r l i e r  e x p e r im e n t s  of D avson  (1953), w hich  showed th a t  p. am ino  

h ip p in a te  M. W 194 and  ra f f in o se  M. W. 594 could p a s s  w ith  eq u a l  fa c i l i ty  

th ro u g h  the  c i l i a r y  body ep ith e liu m , and Langham *s (19 58), (1959) 

in t r a o c u la r  p r e s s u r e  e x p e r im e n ts  w ith  ca t  e y e s  p ro v id e  cogent ev idence  

th a t  the  e x t r a c e l l u l a r  ch an n e ls  in  the  c i l i a ry  p r o c e s s  a r e  open and  p ro v id e  

the  t r a n s p o r t  ro u te  f o r  the  o b s e rv e d  w a te r  and  so lu te  m o v e m e n t .  In 

c o n t r a s t  to  p re v io u s  q u a li ta t iv e  m o d e ls  w hich  a t t r ib u te d  the  bu lk  w a te r  

m o v e m e n t  so le ly  to  ac t iv e  t r a n s p o r t ,  the  p r e s e n t  quan tita tive  m o d e l  show s 

th a t  the  fo rm a t io n  of aqueous  h u m o r  is  a  p r e s s u r e  dependent m e c h a n is m  

and th a t  the  ion pu m p s  a r e  re s p o n s ib le  f o r  only about o n e - th i r d  of the  to ta l  

w a te r  m o v e m e n t .  R e s u l ts  no t shown in d ica te  th a t  th i s  a c t iv e  t r a n s p o r t  

f r a c t io n  i s  ev en  l e s s  f o r  c a t  e y es ,  w h e re  i t  a cc o u n ts  f o r  abou t o n e - te n th  

of the  to ta l  flux.

6. P a r t i a l  O ccu ls io n s

The r e s u l t s  of s e c t io n s  3, 4 and  5 have b een  confined to  co n s ta n t  

he igh t e x t r a c e l l u l a r  c h an n e ls .  H ow ever, a s  no ted  in  the  in t ro d u c t io n ,  

e le c t r o n m ic r o g r a p h s  of the  c i l i a r y  body ep i th e l iu m  c le a r ly  in d ica te  lo c a l iz e d
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re g io n s  in  w hich  the  channel i s  p a r t i a l ly  occ luded . In th is  sec t io n  we

p r e s s u r e  and c o n ce n tra t io n  d is t r ib u t io n  w ith in  the  channel. To s im p lify  

the  a n a ly s is  we sh a l l  a s s u m e  th a t  t h e r e  i s  no a c t iv e  so lu te  t r a n s p o r t  in  the  

o b s t ru c te d  reg io n  and  th a t  on the  len g th  sca le  I of th e  o b s t ru c t io n ,  the  

p a s s iv e  m o v e m e n t  of w a te r  a c r o s s  the  l a t e r a l  b o u n d a r ie s  can  be n e g lec ted .  

We s h a l l  a s s u m e ,  in  add ition  th a t  the  i n e r t i a l  f o r c e s  w ith in  the  o cc lu s io n  

a r e  sm a l l  c o m p a re d  to  th e  v is c o u s  f o r c e s ,  th a t  the  n o rm a l  com ponent 

of the  m o m e n tu m  equation  can  be n eg lec ted ,  and  th a t  the  c o n ce n tra t io n  

v a r i e s  only a s  a  func tion  of x, the  in s ta n tan e o u s  m ix in g  h y p o th es is  in ­

v oked  in  s e c t io n  3.

im p e rm e a b le  l a t e r a l  b o u n d a r ie s  and  a u n ifo rm  c o n ce n tra t io n  p ro f i le ,  (2. 22) 

and  (2. 23) b eco m e

sh a l l  b r ie f ly  c o n s id e r  the  e ffec t  of such  c o n s t r ic t io n s  on th e  s t r e a m w is e

In troducing  the  s im p l i f ic a t io n s  ou tlined  in  the  l a s t  p a ra g ra p h ,

-4-  (U h) = 03 dx ' m (6 . 1)

(6 . 2 )

S ubs ti tu ting  (6.1) into (6. 2) and us in g  (2. 26a)

dC
dx (6 .3 )

One in te g ra t io n  of th is  equa tion  g ives

C^O)h(O)
dx h o

w h e re  x  = 0 h e r e  r e f e r s  to  the  beg inn ing  of the  o cc lus ion , C '(0)
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i s  the  in i t ia l  c o n ce n tra t io n  g ra d ie n t  and Q i s  a  co n s tan t  in view of (2. 26) 

and  (6.1). A second  in te g ra t io n  y ie ld s  the  f ina l  re s u l t :

C 8 (x ) -C s (0) = P / t P j H 0-) - {exp (o fQ f * )  - 1 } (6 . 5)

The s t r e a m w is e  v a r ia t io n  in  p r e s s u r e  i s  ob ta ined  f r o m  an in te g ra t io n  of 

(2. 25), w hich  g ives,

/ > x  A ir
P(x) - P(0) = -  12Q J  3  (6 . 6 )

o h

So lu tions  (6 , 5) and  (6 . 6 ) a r e  p a r t i c u la r ly  u se fu l  in  th a t  they  apply  to  an 

a r b i t r a r y  d is t r ib u t io n  h(x) of channe l he igh t. (6 . 6 ) i s  a  w ell known 

r e s u l t  in  lu b r ic a t io n  th e o ry .

One conven ien t fo r m  f o r  h(x), w hich  is  r e p re s e n ta t iv e  of a 

ty p ic a l  o cc lu s io n  g eo fn e try  i s  the  s in u so id a l  v a r ia t io n

' 1 - i < 1 - K M ) < 1 - c o s i r L)  <6' 7’

sk e tch ed  in  the  u p p e r  le ft  hand  c o r n e r  of f ig u re  11. (6 . 7) d e s c r ib e s  a  one

p a r a m e t e r  fa m ily  of c o n s t r ic t io n  g e o m e t r ie s  w hich  depend only on the
h tr a t io  of th r o a t  he ig h t  to  in i t ia l  he igh t

S ubstitu ting  (6 . 7) in to  (6 . 5) and in te g ra t in g  a c r o s s  the  c o n s t r ic t io n  

one o b ta in s

c s ( l ) _ c  

1 (6 .8 )

If (6 . 8 ) i s  now d iv ided  by  the  c o n c e n tra t io n  d i f f e re n t ia l  a c r o s s  a  u n ifo rm  

sec t io n  of channel w ith  the  s am e  length , in i t ia l  h e ig h t  and  c o n ce n tra t io n  

g rad ien t ,  one h a s

, Q£ ,



w h e re  K = ,  and AC AC re p r e s e n t  the  co n ce n tra t io n  d i f f e re n t ia ls  fo r  ht c u
a  c o n s t r ic te d  and u n c o n s tr ic te d  channel re sp e c t iv e ly .  S im ila r ly ,  when 

(6. 7) i s  su b s t i tu ted  in (6. 6)

P(£)  - P(0) = A P c = ! » - £ i - ) 3 (3K 5 + 2K3 + 3K)

If th is  r e s u l t  is  now divided by the  P o is e u i l le  p r e s s u r e  d rop  AP^ a c r o s s  a 

c o n s ta n t  a r e a  channel w ith  the  sam e  volum e flux Q, leng th  I and in i t ia l  

he igh t h(0) one ob ta ins

AP c 3 . 1 „ 3  . 3
AP " 8  4 8u

T he so lu tion  fo r  ___£. depends  on two d im e n s io n le s s  g roups  and K
AP ACuw h e re a s   c_ depends only  on K. T h is  is  not s u rp r i s in g  s ince  the  convective
APu . . .t e r m s  a r e  o m itted  in the  m o m e n tu m  equation  (2. 25) but a r e  re ta in ed  in  the  

so lu te  c o n se rv a t io n  equation  (6. 2). In the  l im i t  a s  th is  convective  con tr ib u tio n  

v a n ish e s ,  -M—r -*■ 0 and A^ c  in (6, 9) b e co m e s  only a function of K, a s  ob -  

s e rv e d  in f ig u re  12.

E q u a tio n s  (6. 9) and (6.10) have b een  p lo tted  in  f ig u re  12. S ince
APthe  p r e s s u . e  g ra d ie n t  in a u n ifo rm  channel is  constan t the  ra tio  c can
AP

be in te r p r e te d  a s  the  ra t io  of the  leng th  of a u n ifo rm  channel re q u ire d  to 

p ro d u ce  a p r e s s u  e d . o p  eq u a l  to  th a t  a c r o s s  the occluded  zone to  the  leng th  

of the  occluded  zone. The c o n s t r ic t io n  a lso  p ro d u c e s  an  in c re a s e d  c o n ce n ­

t r a t io n  d if f e re n t ia l ;  how ever, th is  e ffec t is  m uch  l e s s  pronounced  than  

th a t  f o r  the  p r e s s u r e  fie ld  fo r  the  sam e  va lue  of , p rov ided  j " ^  “ 0(1)*

F o r  c o n s t r ic t io n s  ty p ic a l  of the  c i l ia ry  body ep ith e liu m , one can an t ic ip a te
Q tr e s u l t s  v e ry  c lo se  to  the  l im it in g  b e h av io r  fo r  ‘jjjoy =0*
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F ig u r e  12. E ffec t  of a P a r t i a l  O cc lu s io n  on the  S t r e a m w is e  P r e s s u r e  
and  C o n cen tra t io n  G rad ien t  a c r o s s  an  Open G e o m e try  C hannel.
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E quation  (6. 8) can  a lso  be u sed  to  show the im p o r ta n c e  of 

convec tion  in a constan t a . e a  channel. To d e r iv e  th is  condition we se t

= 1 in (6 .8 )  and divide by the l in e a r  co n ce n tra t io n  d ro p  A C q _ q  = C'(0)L 

th a t  would o c c u r  in a p u re ly  d iffusive  channel (Q = 0) of leng th  L.

F o r  j <<  1 the  ra tio  in  (6.11) i s  g iven  a p p ro x im a te ly  by

AC i /".-r
= i  + 4 -  (8m s- )  <6 - 12>ACq = 0  2 h(0)

The dev ia t ion  f ro m  the p u re ly  d iffusive  so lu tion  p re d ic te d  by (6. 11) o r

(6 .12 )  i s  an  u n d e re s t im a te  s ince  it n e g le c ts  the  p a s s iv e  w a te r  m o v e m e n t  

a t  the  l a t e r a l  b o u n d a r ie s .  T h e se  r e s u l t s  c le a r ly  show th a t  even  if Q << 1 

convec tive  e f fe c ts  w ill even tua lly  b e c o m e  im p o r ta n t  if the  channe l is  

su ff ic ien tly  long fo r  to  be > 0(1). T h is ,  of c o u rse ,  is  the  m o tiv a tio n

beh ind  the u se  of the  co o rd in a te  s t r a in in g  techn ique  em ployed  in sec t io n  3.

67



C H A P T E R  3. EXIT MIXING
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1. In tro d u c tio n

T h is  c h a p te r  i s  co n ce rn e d  w ith obtaining so lu tions  fo r  the

v e lo c i ty  and so lu te  c o n c e n tra t io n  d is t r ib u t io n  re su l t in g  f ro m  the

m ix in g  of an inhom ogeneous  e ffluen t f r o m  a s ing le  two d im e n s io n a l

channel w ith  a q u ie sc e n t  o u te r  ba th ing  so lu tion . The dom ain  of m ix ing

o c cu p ie s  a ha lf  p lane  ( see  F ig u r e  3. ) th a t  is  bounded by a s e m i - p e r m e a b le

o sm o tic  m e m b ra n e  in  the  p lane of the  ex it  th a t  a llow s fo r  p a ss iv e

t r a n s p o r t  of w a te r  but not of so lu te . We se e k  m a tc h e d  a sy m p to t ic

so lu tio n s  w hich  a r e  u n ifo rm ly  v a l id  on the  two in n e r  leng th  s c a le s  d e s c r ib e d
P  clin S ec tion  2. of C h a p te r  1. , T h ese  leng th  s c a le s  h  and  p  w il l  be
w o

r e f e r r e d  to  a s  the  n e a r  and f a r  f ie ld s  re sp ec t iv e ly .

2. F a r  F ie ld  Solu tion

The govern ing  eq ua tions  fo r  the  f a r  f ie ld  a r e  the  N a v ie r  S tokes  

M om en tum  equation  w r i t t e n  in  t e r m s  of th e  v o r t ic i ty  ZS = V x  u to  e l im in a te  

the  p r e s s u r e  t e r m ,  a con tinu ity  equa tion  f o r  the in c o m p re s s ib le  fluid and a 

so lu te  c o n se rv a t io n  equation . In v e c to r  fo r m  th e s e  a r e ,  re s p e c t iv e ly

u .  Vw = vV ^ u  (2.1)

V . u = 0 (2. 2)

- D V 2 C + u . V C  = 0 (2 .3 )

w here  u i s  the  bu lk  fluid v e lo c i ty  and C is  the  so lu te  c o n ce n tra t io n .

On the  len g th  s c a le  of the  f a r  f ie ld  the  S tokes  je t  e m e rg in g  f ro m  

th e  channel ex it  a p p e a r s  a s  a point so u rc e  of s t r e n g th  a, lo c a ted  a t  the  

o r ig in  of th e  p o la r  c o o rd in a te  s y s te m  (r ,0 )  shown in  F ig u re  3, The ra d ia l  

and  c i r c u m f e r e n t i a l  v e lo c i ty  com ponen ts  a r e  then  both  of the  o r d e r  of
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m agn itude  of the  convec tive  v e lo c i ty  f r o m  the s o u rc e .  F r o m  the w o rk  of 

B irkhoff  and Z a ra n to n e l lo  (19 57), the  r a d ia l  v e lo c i ty  in  a two d im en s io n a l  

S tokes  je t  w hich  s a t i s f i e s  a n o - s l ip  b o u n d a ry  condition  is  of the  o r d e r  a / r .  

E q u a tio n s  (2.1 - 2 .3 )  a r e  th e r e f o r e  n o n -d im en s io n a lized  by defining the  

d im e n s io n le s s  v a r ia b le s :

“* = TTr ; R = - £ - i C *  = - g - ; f  = f  (2 . 4)
O

w h e re  u and v a r e  the  v e lo c i ty  com ponen ts  in the  r  and 9 d i re c t io n s  

re s p e c t iv e ly  and a r e  r e la te d  to  the  two d im e n s io n a l  s t r e a m  function  v|j by

1  9 ^  r v

u = —  - a T  ■ v =  - - s i r  (2 - 5)

k is  u sed  to  r e p r e s e n t  the  o u te r  leng th  sca le  / P w Cq and f is  aPa/r

d im e n s io n le s s  s t r e a m  function . A ll q u an t i t ie s  defined  in (2. 4) a r e  of 

o r d e r  unity .

Substi tu tion  of (2 .4 )  into (2 .5 )  y ie ld s

9f D 9f to M
u ■ ae ’ v  " " 9R

w h e re  a s t e r i s k s  in (2. 6) and in a l l  su b seq u en t d is c u s s io n  have been  

d ro p p ed . E qua tion  (2.1) can  be w r i t t e n  in t e r m s  of the  d im e n s io n le s s  

v e lo c i ty  com ponen ts  a s

— j ut R VRR “ Rvr + vee + 2 uel + v [ R vr9 ‘ u9el I =

r 3  VR R R "r 2  VRR + RvR + 2R V00 R~ 4 V00 '  4 V0 -U000

(2 .7 )
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The s u b s c r ip t s  in (2. 7) in d ica te  p a r t i a l  d if f e ren tia t io n  in the  u su a l  m a n n e r .

Since a /v  << 1, and R= 0(1) one ob ta in s  a f t e r  subs ti tu ting  (2 .6 )  

into (2. 7) the  b ih a rm o n ic  equa tion  in p o la r  co o rd in a te s ,

R fRRRR + 2R fR R R "R fRR + RfR + 2R f RR00 ■2RfR00 + £0000 = 0 (2 .8 )

S ubs ti tu tion  of (2. 5) and (2 .6 )  into (2; 3) y ie ld s ,

-R 2 CR R  - R C r  -  Ce0 + |  R£0C r  - « R £ r C6 (2 .9 )

w h e re  £ = a /D .

We seek  so lu tions  of (2. 8) and (2. 9) su b jec t  to the  boundary  

conditions  th a t  the  so lu tions  a r e  s y m m e t r i c a l  about 0 = 0 ,  th a t  the  n o - s l ip  

condition  is  s a t i s f ie d  a t the  o u te r  m e m b ra n e  0 = —■ —- and tha t  the  m a s s  

flux of w a te r  c ro s s in g  th is  b o u n d a ry  is  p ro p o r t io n a l  to  the  o sm o tic  d r iv ing  

fo r c e .  T h is  l a t t e r  condition  is  w r i t t e n  a s

v |  = - R (C -l)  | (2 1Q)
tt/2 tt/2

A c o m p a tab i l i ty  condition, defining m e m b ra n e  s e m i-p e r m e a b i l i ty ,  m u s t
3Ca ls o  be im p o se d  on the  c o n ce n tra t io n  g ra d ie n t  "qq"  and the w a te r  flux 

v  a t  the  o u te r  m e m b .a n e  to  r e q u ire  th a t  the  ne t Solute flux due to  convection  

and d iffusion  be z e r o .  T he d iffus iona l flux  of so lu te  JgQ in  the  0 d i re c t io n  

i s  a s s u m e d  to  be l in e a r ly  re la te d  to  the  c o n ce n tra t io n  g ra d ie n t

J S0 = " Ms D —k R 00 (2,11)

W hen the su m  of (2.11) and the  convec tive  so lu te  flux  p ro d u ced  by the
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v e lo c i ty  v in  (2.10) a r e  equ a ted  to  z e ro ,  one ob ta ins

dC = - |  R C (C - l)ae ( 2 . 12 )
2 = i r / 2 Q = tt/2

The d iff icu lty  in  solving (2. 8) and  (2. 9) a r i s e s  p r im a r i l y  th ro u g h  the

coupling in tro d u ced  in the  b o u n d a ry  condition  (2.10). We th e r e f o r e  

fo rm u la te  the  so lu tions  f o r  the  s t r e a m  function  and so lu te  c o n ce n tra t io n  

a s  co o rd in a te  e x p an s io n s  in  R, w h e re  the  z e ro th  o r d e r  so lu tions  a r e  th o se  

f o r  w hich th is  bo u n d ary  condition  is  hom ogeneous .

We a s s u m e  that,

S u bs ti tu tion  of (2.13 a and b ) in to  (2 .8 )  an d  (2 .9 )  and equating  

t e r m s  of like  o r d e r  in  R y ie ld s  to  z e ro th  o r d e r .

f = f (0) + R f (1) + 0(R2) (2.13a)

C= C*0) + R C (1) + 0(R2) (2.13b)

w h e re  f ^  and a r e  func tion  of 0 only.

(0 )

4 f00 + f0000 ~ 0 (2.14a)

( 0 )
0 (2.14b)

To f i r s t  o r d e r  in  R one h a s :

(1) (1) (1)
f0000 + 2 f00 + f = 0 (2.15a)

(2.15b)
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W ith a  s im i l a r  su b s ti tu t io n  into the  b o u n d ary  conditions! (2.10) does not 

a p p e a r  to  z e ro th  o r d e r  and (2.12) p ro d u c e s  a hom ogeneous  boundary  

condition  on Cq̂  .

To f i r s t  o r d e r  in  R (2.10) and (2.12) b eco m e .

f (l) I = ( c (0) _ 1} | (2 .1 6 a )
0  = tt/2  8 = it A?

r  ^  I _ _ t /-(0) - 1) I0 I -  I  c  | (2 .16b)
8 = 1 1 /2  0  =  t t / 2

The so lu tion  of (2 .1 4 a )  sa tis fy ing  the  condition  of s y m m e try  a t  

0 = 0 and n o - s l ip  a t  0 = i t / 2 is  equ iva len t to  the  Stoke*s je t  so lu tion  w ith 

r a d ia l  s t  e a m l in e s  a s  ob ta ined  by B irkhoff and Z a ra n to n e l lo  (19 57). In 

th e  v a r ia b le s  defined  by (2. 4), th is  so lu tion  b e co m e s

f <°) s JLL_ (sin  2 0 + 20) (2 .17a)

w h e re  p j  i s  a co n s tan t  r e p re s e n t in g  the  channel s o u rc e  s t re n g th .  The 

so lu tion  of (2 .14b) sa tisfy ing  the  s y m m e try  condition  is

C (0) = p 2 (2 .1 7 b )

w h e re  P2 is  a co n s tan t to  be d e te rm in e d  by m a tch in g  w ith  the  n e a r  field  

so lu tion . A f i r s t  o r d e r  c o r r e c t io n  to  the  s t r e a m l in e  p a t te rn  is  p roduced  

by  the  p a ss iv e  w a te r  m o v em en t a c r o s s  the  o u te r  m e m b ra n e  and i s  o b ­

ta in e d  f r o m  (2.15 a) a f t e r  applying (2.16 a) and the  s y m m e try  and  n o - s l ip  

b o u n d a ry  cond itions ; One has

f (1) = (p2 -l) s in  0 (2.18)
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When the  r e s u l t s  (2.17 a  and b) and  (2.18) a r e  su b s t i tu ted  in to  

(2.15 b) the  govern ing  equation  f o r  the  f i r s t  o r d e r  c o r r e c t io n  to  the  

u n ifo rm  c o n ce n tra t io n  fie ld  b e c o m e s

(1)
C00 + [ (1 - i  p x) -£ P X cos  2 0 ]  C (1) = 0 (2.19)

(2.19) i s  the  M ath ieu  equation  and s in ce  £ <<  1 i t  can be so lved  by a sm a l l  

p a r a m e t e r  ex p an s io n  of the  fo rm

C (1) = Cj + |  pj  C 2 + 0 (£ P x)2 (2.20)

On su b sti tu tin g  (2. 20) into (2.19) and  equating  like  t e r m s  in  £ p j

c"  + Cx = 0 (2. 21a)

c 2 + c 2 = (i + cos 20) c i  (2 .21b)

W hen the  even  so lu tions  to  (2. 21a and b) a r e  s u b s t i tu ted  in to  (2. 20) one 

ob ta ins

= A j  cos  0 + £ Pj [A £ c o s  0 + ® s in0  "yg'-Aj cos 30] + O(|Pj)^

(2 .23)

w h e re  A j and A  ̂ a r e  c o n s ta n ts  of in te g ra t io n .  T h e se  a r e  ev a lu a ted  

by tak ing  the  d e r iv a t iv e  of (2. 23) w ith r e s p e c t  to  0, s e t t in g  the  r e s u l t  

eq u a l  to  the  r ig h t hand s ide  of (2.16 b) and  equating  t e r m s  in like  p o w ers  

of £. The f i r s t  o r d e r  so lu tion  fo r  the  c o n c e n e tra t io n  is  then  found to be

C (1) = £ P2(P2 -1) cos 0 (2 .24)

Substitu tion  of (2.17 a) and (2.18) in to  (2.13 a), an d  of (2.17 b) 

and (2. 24) in to  (2.13 b) y ie ld s  fina lly ,

Pi 2
f = — (si n 2 0 +20)+ R (P2 “l) s in  0 + 0(R ) (2. 25 a)
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C = p2 + R [ I  p2(p20 2 -l)  cos  0 + 0(£2) ] + 0(R2) (2. 25 b)

One o b s e r v e s  in  (2. 25 a and  b) th a t  the  p a ss iv e  w a te r  m o v e m e n t  

a c r o s s  the  o u te r  m e m b ra n e  p ro d u c e s  a f i r s t  o r d e r  c o r r e c t io n  of o r d e r  

R, to  the  s t r e a m l in e  p a t te r n  bu t only a h ig h e r  o r d e r  c o r re c t io n ,  of o r d e r  

£ R, to  the  c o n ce n tra t io n  f ie ld .

S ince the  so lu tion  (2. 25 b) cannot sa t i s fy  the  in i t ia l  c o n ce n tra t io n  

d is t r ib u t io n  a t  the  channel ex it ,  we now se e k  a n e a r  fie ld  so lu tion  w hich 

s a t i s f i e s  a p p ro p r ia te  in i t ia l  conditions  a t  the  ex it  and w hich can  be m a tc h e d  

t e r m  by t e r m  w ith  the  f a r  f ie ld  so lu tion  in  the  l im i t  a s  R a p p ro a c h e s  z e r o  

and the  n e a r  f ie ld  r a d ia l  co o rd in a te  a p p ro a c h e s  in fin ity .

3. N e a r  F ie ld  Solution

The s t r e a m l in e  p a t te rn  and c o n c e n tra t io n  d is t r ib u t io n  in  the  n e a r  

f ie ld  obey the govern ing  equations  (2.1) th ro u g h  (2. 3) su b jec t  to  b oundary  

cond itions  w hich  a r e  ana logous  to  (2.10) and  (2.12) and to in i t ia l  cond itions  

a t  the  chan n e l e x i t .  F S r s t e  (1963) h a s  ob ta ined  c lo se d  fo rm  a n a ly t ic a l  

so lu tions  to  (2.1) and (2. 2) fo r  low R eyno lds  n u m b e r  f lo w  in  the  ha lf  p lane  

x_> 0 (in F ig u r e  3) f o r  a r b i t r a r y  n o rm a l  v e lo c i ty  d is t r ib u t io n s  a long  x= 0.

The ta n g e n t ia l  v e lo c i ty  com ponent i s  m ad e  to  sa t i s fy  the  n o - s l ip  condition  

and th e r e f o r e  v a n ish e s  a t  th i s  b o u n d a ry .  T h ese  so lu tions  a r e  not, d i r e c t ly  

ap p lic ab le  to the  c u r r e n t  p ro b le m  b e c a u s e  the  c o n ce n tra t io n  p ro f i le  and  

th e r e f o r e  the  n o r m a l  v e lo c i ty  p ro f i le  along x= 0 in  the  reg io n  e x te r io r  

to  the  chan n e l e x i t  a r e  no t known a t  the  o u ts e t .  One m ig h t  re a so n ab ly ,  

h o w ev er ,  n eg lec t  th e  p a s s iv e  w a te r  m o v e m e n t  a c r o s s  x= 0 in the  dom ain  

r= 0(h) and  u se  F o r s t e ' s  r e s u l t s  fo r  the  c a se  in  w hich  a je t  w ith  a P o is e u i l le  

v e lo c i ty  p ro f i le  e m e r g e s  f r o m  a f in i te  channel in to  a  q u ie sc e n t  o u te r  ba th ing  

so lu tion  w ith  hom o g en eo u s  b o u n d a ry  conditions on the  v e lo c i ty  a t  x= 0 and
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h  h_> y _> - r j— . T h ese  so lu tions  b e c a u se  of t h e i r  com plex ity , would 

s t i l l  p r e s e n t  s e v e re  m a th e m a t ic a l  d if f icu l t ie s  if th e y  w e re  u sed  to  define 

the  convec tive  v e lo c i ty  in  (2 .3 ) .

We p ro ceed , th e r e f o r e ,  w ith  the  a p p ro x im a te ,  ye t  m a th e m a t ic a l ly  

t r a c ta b l e ,  a p p ro a c h  of us ing  a n e a r  f ie ld  ex p an s io n  of the  f a r  f ie ld  v e lo c i ty  

d is t r ib u t io n  a s  the  n e a r  f ie ld  convec tive  v e lo c i ty .  T h is  v e lo c i ty  fie ld  

r e p r e s e n t s  a c o r r e c t  d e s c r ip t io n  of the  f a r  f ie ld  and a q u a li ta t iv e ly  

re a so n a b le  d e sc r ip t io n  a s  one a p p ro a c h e s  the  ex it  reg ion . One a n t ic ip a te s  

th e re b y ,  th a t  the  re su l t in g  so lu tion  fo r  the  so lu te  c o n c e n tra t io n  f ie ld  w ill  

p ro v id e  a  re a so n a b le  r e p re s e n ta t io n  of the  m ix ing  p r o c e s s  in  the  ex it  reg ion .

We in tro d u ce  a d im e n s io n le s s  n e a r  f ie ld  r a d ia l  co o rd in a te

r * = - i r  = - T -  R v - 1'

w hich  r e p r e s e n t s  a s t r e tc h in g  of the  co o rd in a te  s y s te m  in the  n e a r  f ie ld  

reg io n .

S u bs ti tu tion  of (3.1) in to  (2. 25 a and  b) th en  y ie ld s

Pi  f  v. 2
r—  (s in  2 0 + 20) + (p2 -l)  s in  0 + 0 £ ( £ )  J  ( 3 .2 a )

[ | P 2 (P2 -1) cos 0 + 0 ( e 2) ]  + 0 £ ( - | - ) 2 j  ( 3 .2 b )c =  02 + i r - i

w h e re  the  a s t e r i s k s  in  r  have  b een  d ropped .

In o r d e r  to  m a tc h  (3. 2b) w ith  the  n e a r  f ie ld  c o n ce n tra t io n  solution, we 

fo rm u la te  the  l a t t e r  a s  a double a sy m p to t ic  expans ion  in  in te g ra l  p o w ers  

of and £. We w ill  c o n s id e r  th is  to  be a p r o p e r  r e p r e s e n ta t io n  of the  

n e a r  f ie ld  if m a tch in g  can  be a c c o m p lish e d  and if  bo u n d ary  conditions  

can  be s a t i s f i e d  to a t  l e a s t  the  o r d e r  of a p p ro x im a tio n  a s s o c ia te d  w ith
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the  a s s u m e d  n e a r  f ie ld  s t r e a m l in e  p a t te rn  in  (3. 2 a ). We le t

w here

c = c o + TT Ci + <T > c 2 + 0

c n = c 00 + £ c 01 + 0(£2)

[«*>’]

c j  = C + £ C“  + 0(4 ) (3 .3 )

C2 = c 20 + e c 21 + o(e2)

The o rd e r in g  of t e r m s  in (3. 3) i s ,  a c c o rd in g  to  the  m ag n itu d es  given 

in  S ec tion  1

x > >  - i r >5> & < l b 2 »  I  * • • •

On us ing  (3.1) and the rem a in in g  d im e n s io n le s s  v a r i a b le s  defined in  (2 .4) , 

the  so lu te  c o n se rv a t io n  equation  (2 .3 )  and  the bo u n d ary  conditions (2.10) 

and (2. 12) fo r  the  n e a r  fie ld  a r e  r e s p e c t iv e ly  

2 r r - * ~ r  ~ 00 + £ r  f0 C r  - £ f r  C0 = 0 (3 .4 )-r C.._ - r  C - C 

h  r
V l " " k 2 (C_1) Ie= tr/2 (3. 5)
9= tt/ 2

c 0 I = f  c <c -1> le= , /2  (3.6)
0 =  t t / 2

If we define the  dom ain  of the  n e a r  f ie ld  a s  th a t  bounded by y- > 0 > - — 

and r  > 1, we can  avoid  the  d iff icu lty  a s s o c ia te d  w ith so lv ing  th is  boundary  

va lue  p ro b le m  w ith  m ix ed  b oundary  conditions  fo r  co n ce n tra t io n  a long the 

p lane x= 0. In add ition  to  (3. 5) and (3. 6) we re q u i re  th a t  C be bounded fo r  

l a rg e  r ,  th a t  C=g(0), an a r b i t r a r y  bu t even  function , on r  = 1, and th a t  

the  f i r s t  t e r m  in (3 .2  a) accoun t fo r  the  to ta l  v o lu m e tr ic  flux e m erg in g  

f r o m  the  channe l.
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In d im e n s io n le s s  fo rm , the  l a t t e r  condition  is  sa t is f ied  by 

P 1 /•7r! ̂  Q
J  (s in  20 + 20) d9 = 1 (3 .7 )
- i r  / 2

On in te g ra t in g  (3 .7 )  one f inds  th a t

P i *  v  <3 - 8 >

S u bs ti tu tion  of (3. 3) into (3. 4), (3. 5), and (3. 6) y ie ld s ,  a f t e r  equating  

t e r m s  in  like  p o w ers  of ^  and £ ,  the  equa tions  and b oundary  conditions 

to  be s a t i s f ie d  by the  unknown func tions  C1̂  in  (3. 3).

To o r d e r  unity :

V 2 C 00 = 0  (3 .9  a)

C ° ° | = 0
0 = tt/ 2 ( 3 .9  b)

2
w h ere  V is  the  L a p la c ia n  in  p o la r  c o o rd in a te s .

We a lso  re q u i re  th a t  the  in i t ia l  condition on r = l  be s a t i s f i e d  id e n t ic a l ly  to  

f i r s t  o r d e r .  T h a t is

C 00 | r=1 = g(0) (3 .9  c)

The even  so lu tion  to  (3. 9 a) sa t is fy in g  (3. 9 b), (3. 9 c) and the condition 

of bou n d ed n ess  is
co

,,00 . 00 . V „  00 -2n _ a Q , ,C = A + ]_. F  r  cos 2n0 (3 .9  d)
I n

w h e re  A ^  and F  ^  a r e  the  F o u r i e r  co eff ic ien ts  n

A00 = ~  fj2 g(9) d0

p  Ctf/ 2  ^  c o g  2nQ £o r  n  _  1 2  3
n tt

(3 .9  e)
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m
The so lu tions  of o r d e r  I £  ) fo r  m = l ,  2, . . . s a t is fy  L a p la c e 's

equation  and hom ogeneous  b o u n d a ry  conditions on 0 = ~  and r  = 1.

The r fo re

C10 = C 20 = Cm ° = 0 (3.10)

A cco rd in g  to  (3.10), one does  no t expec t to  f ind  t e r m s  of o r d e r  Rm  

a p p e a r in g  in  the  f a r  f ie ld  c o n ce n tra t io n  expans ion . R w ill  a p p e a r  only 

a s  a m ix e d  p ro d u c t  w ith  the  p a r a m e t e r  | .

To o r d e r  £ one m u s t  so lve  the  equation

V 2 C 01 = r  p j  (cos 20 +1) C ° °  (3 .11a)

su b jec t  to  h om ogeneous  bo u n d ary  and in i t ia l  cond itions . H om ogeneous 

so lu t io n s  of (3.11 a) of the  fo r m  r* cos  j0  a r e  not su ffic ien tly  g e n e r a l  to  

s a t i s fy  the  b o u n d a ry  and in i t ia l  cond itions . We m u s t  add to  the  s e r i e s  

in  in te g r a l  p o w e rs  of r  an  a s s o c ia te d  s e p a ra b le  so lu tion  of o r d e r  one. T h is  

so lu tion  i s  defined  a s

0n i  ( r J cos j0) F o r  n = 1
9jn

S e p a ra b le  so lu tions  of any  o r d e r  a r e  seen  to  sa t i s fy  L a p la c e 's  equation  s ince

V 2 (r* cos j0) = V 2 (r^ cos j0) = 0
0jn  9j

The com ple te  so lu tion  to  (3 .11a)  u s in g  the  r e s u l t  of (3. 8) is  g iven  by

oo oo 00 -2 nr
~01 . 01 . V . 01 -2n  .  „ . V F  r  ^  n ___
C =A. + An r  cos 2n0 + n  l272n+fTCOS^

, n = 1 n n = l  2 i  L ' n '

~ TTy— T\ cos (2n-2) 0 + I n r c o s 2 n 0 j  (3 .1 1 b )
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1, A01w h ere

n 4tr [
(n+l)F
(2n+l) fo r  n= 2, 3, 4, . . .

If (3 .9  d), (3.10) and (3.11 b) a r e  su b s t i tu ted  into (3. 3) and the  re su l t in g  

s e r i e s  is  r e w r i t te n  in t e r m s  of the  o u te r  co o rd in a te  R by u se  of (3.1),

w ith  the  c o r re sp o n d in g  t e r m s  in  (2. 2 5b) y ie ld s  the  m a tch in g  condition

in fa c t  pow er s e r i e s  ex pans ions  in the  p a r a m e t e r  £.

T h e re  is  no ju s t i f ic a t io n  fo r  obtaining so lu tions  of o r d e r  -£■ £ 

b e c a u s e  the  a s s u m e d  s t r e a m  function  (3. 2 a) does not s a t i s fy  b oundary  

condition  (3. 5) to th is  o r d e r .  The f ina l a p p ro x im a te  so lu tion  has , th e r fo r e ,  

not inc luded the  h ig h e r  o r d e r  c o r r e c t io n s  due to  the  p a s s iv e  w a te r  m o v em en t 

a c r o s s  the  o u te r  boundary .

4. N u m e r ic a l  R esu l ts

of ex it  c o n ce n tra t io n  a r e  m o s t  convenien tly  r e p r e s e n te d  a s  lines of constan t 

s t r e a m  function  in  a p o la r  co o rd in a te  sy s te m  w hose  r a d ia l  d im en s io n  is  the 

quan tityR (P 2 - 1) o r  R(1 “P2 ) ^o r  h y p e r to n ic  ( i . e . p ^  > 1) o r  hypotonic  (P2< 1) 

channel s e c re t io n s  re s p e c t iv e ly .  E qua tions  ( 2 . 25  a), u s in g  (3 ,8 ) , i s  p lo tted  

in  th is  m a n n e r  in  F ig u r e s  13 and 14 One o b s e r v e s  th a t  the  r a d ia l  s t r e a m l in e  

p a t te rn  en su e s  a s  R a p p ro a c h e s  z e ro  o r  a s  the  channe l s e c re t io n  a p p ro a c h e s  

iso to n ic i ty  (P^= 1)- In th e s e  l im i t s  the  s t r e a m l in e s  fo r  f= —0 . 5  b eco m e
•j- ijr

tan g en t  to the  b o u n d ary  0 = ----- ;j— .

a c o m p a r iso n  of the  th r e e  lead ing  t e r m s  (of o r d e r  unity , , and £)

(3.12)

The r e s u l t s  (3.10) and (3.12) show th a t  the func tions  in (2.13 b) a r e

The f a r  fie ld  s t r e a m l in e  p a t te r n s  re s u l t in g  f ro m  d if fe re n t  le v e ls
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The ra d ia l  len g th  sca le  in F ig u r e  13 and 14 a ls o  r e p r e s e n t s ,  to 

f i r s t  o rd e r ,  the  ra t io  of the  v o lu m e tr ic  flow c ro s s in g  the  o u te r  b oundary  

to  the  channel s o u rc e  s t re n g th .  In d im e n s io n le s s  t e r m s  one has  th a t

A  flf
- f -  = /0 ts t  dR °n 6 = - f -  <4-1>

S ubs ti tu tion  of (2. 2 5 a) and (3. 8) into (4.1) y ie ld s  on in te g ra t io n

Qe
~ = R (P2“l) + . . .  (4.2)

W h ere  the  po s i t iv e  d i re c t io n  of Qg i s  tak en  a s  the  p o s i t iv e  x d i re c t io n  in 

F ig u r e  3.

E qua tion  (2. 25 b) m ay  be r e p r e s e n te d  by l in e s  of co n s tan t  con-
Q

c e n t r a t io n  ra t io  -s— in  a p o la r  co o rd in a te  s y s te m  w ith  r a d ia l  leng th  sca le  
P2

R £ | (P2 ~l) I • Then  f ro m  (2 .25  a)

-2— = 1 + R |  (0 -1) cos 0 + , . . (4. 4)
2 c

L in e s  of co n s tan t  c o n ce n tra t io n  in (4. 4) l ie  p a r a l l e l  w ith  the  o u te r  m e m b ra n e ,  

w hich  h a s  a c o n ce n tra t io n  ra t io  of 1. With fiî  g r e a t e r  o r  l e s s  than  unity , the  

c o n c e n tra t io n  i n c r e a s e s  o r  d e c r e a s e s ,  re s p e c t iv e ly  w ith  in c re a s in g  x, w ith  a 

u n ifo rm  g ra d ie n t  of + o r  -1.

5. C onclusions

The d ev e lopm en t of th e o r ie s  fo r  b io lo g ic a l  j e t s  p r e s e n t s  the  flu id  

d y n a m ic is t  w ith  new and re le v a n t  a r e a s  fo r  r e s e a r c h .  S e v e ra l  c l a s s e s  of 

p ro b le m s  can be id en tif ied  a c c o rd in g  to  the  r e la t iv e  m a g n itu d e s  of the  

d im e n s io n le s s  g ro u p s  w hich  c h a r a c te r i z e  the  flow. M o st  e p i th e lia  a p p e a r  

to  t r a n s p o r t  f lu ids  a t  r a t e s  w hich m ak e  the  d im e n s io n le s s  g ro u p s  a /v  and 

a /D  m u c h  le s s  th an  un ity . B io lo g ica l  j e t s  a r e ,  then , low R eynolds n u m b e r  

j e t s  in  w hich  the  leng th  s c a le s  of i n t e r e s t  a r e  h, p a / P^CQ, \ ,  and  a  ra d iu s
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of c u rv a tu re  JZ of the  ep i th e l ia l  su r fa c e .

F o r  a  re la t iv e ly  im p e rm e a b le  o u te r  c e l l  m e m b ra n e ,  p a / P w CQ 

b e c o m e s  m u c h  l a r g e r  than  the  channel spac ing  \  and ad d it io n a l  t r a n s p o r t  

a c r o s s  th is  m e m b ra n e  can  be n e g lec ted .  The p ro b le m  then  invo lves  the  

study of an  a r r a y  of j e t s  e m e rg in g  in to  the  o u te r  ba th ing  so lu tion . W ork  

on a  so lu tion  fo r  th is  m o d e l  h a s  b een  s t a r t e d  by the  a u th o r .  New 

m a th e m a t ic a l  te ch n iq u es  a r e  needed  fo r  the  c a se  in  w hich  p a / P wCQ is  

of the  o r d e r  of the  channel he igh t. The w o rk  of F o r s t e  (1963) m a y  how ever , 

p ro v id e  a b a s i s  fo r  so lu tion .

Since the  e p i th e l ia l  t i s s u e  fo r m s  a c lo sed  su r fa c e  w hich  l in es  

the  v a r io u s  o rg a n s ,  the  cho ice  of a co o rd in a te  s y s te m  m o s t  com p atab le  w ith  

the  p h y s io lo g ica l  con fig u ra tio n  is  is  re la te d  to  the  m agn itude  of the  d im e n s io n ­

l e s s  p a r a m e t e r /Z /L . ,  w h e re  L, is  one of the c h a r a c t e r i s t i c  leng th  s c a le s  

d e s c r ib e d  above. F o r / 2 / L » l  the  m o d e l  i s  b e s t  fo rm u la te d  a s  a ha lf  p lane  

in e i th e r  r e c ta n g u la r  o r  p o la r  c o o rd in a te s .  F o r  the  ga ll  b la d d e r ,  a s  p re s e n te d  

h e r e in , / £ / L » 1  fo r  e ac h  of the  th r e e  c h a r a c t e r i s t i c  leng th  s c a le s .  In m a m -  

m e l ia n  re n a l  co llec tin g  tu b u les ,  see  G ra n th a m  (1971),/ 2 / L  = 0(1) when L 

r e p r e s e n t s  the  e x t r a c e l lu l a r  channel spac ing . In th is  c a se  a fo rm u la t io n  

in a x i s y m m e tr ic  c o o rd in a te s  is  ca l led  for .

The t r a n s p o r t  p r o c e s s e s  o c c u r r in g  in re n a l  tu b u les  and in  the 

m a lp ig h ian  tu b u les  and r e c ta l  lum en  of in s e c t  e x c r e to r y  s y s te m s ,  see  W all 

(1971), O sc h m a n  and  B e r r id g e  (1971), p r e s e n t  p ro b le m s  w ith  n o n -s ta g n an t  

ba th ing  so lu tio n s .  In o rg a n s  such  as  th e se ,  the  e p i th e lia  line  the  lu m e n a l  s u r ­

face  of long c y l in d r ic a l  tu b es  w hich a r e  c lo se d  a t one end. The a b so rp t io n  

o r  s e c re t io n  of f lu ids  then  o c c u r s  a c r o s s  ep i th e l ia  w hich  a r e  bounded on one 

s ide  by the  s e r o s a l  fluid aid on the  lu m en a l  s ide  by a ba th ing  so lu tion  w hich  

h a s  u n id i re c t io n a l  flow v e lo c i t ie s .  The co o rd in a te  s y s te m  chosen  to  r e p r e s e n t  

th is  m o d e l  ag a in  depends on / ? / ! , .
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A PPEN D IX

2
We p r e s e n t  h e r e  the  second o r d e r  c o r r e c t io n s  of o r d e r  (« R) ,

to  th e  a p p ro x im a te  a n a ly t ic a l  so lu tion  fo r  the  p r e s s u r e  and vo lum e flux

d is t r ib u t io n s  d e r iv e d  in S ec tion  3 of C h ap te r  2. The bo u n d ary  conditions
(2 )fo r  the  second  o r d e r  se t  of equa tions  (3.13) a r e  hom ogenous fo r  ^

(2 )and Q. 1 . With the  m a tch in g  conditions  d e r iv e d  f r o m  (3. 5 a  and c) one 1* c
o b ta in s :

(2 )
Q x X^ ~ a \ ("2 " C ( 0 ) - 2 ) X ^ “ (C (0) -1)( 5C(0)-2)+ a  ^ 3 ] X 2

+ [ a 5 - * 3 C(0) - (C ( 0 ) - l ) ( ^ ^ 2 I = l L + a 3) ] X 2

+ ^ . ^ 0 (0 ) ] XQ } + a 9 f o r  0 < XQ < L og (i)

q(12)= { - f  4  Xo5 - « 2 (f C <0 > + T SLo s - 2)Xo - f t  <C(0)+SLo s -l)(5C (0)+ 5SLo s -2) 

+« ;:a 1lX ^  + r a :. - a 1(C (0H SL ^^)-(C (0)+SL ^j - l ) ( 2(C(0)+SLo s )(C(0)+SLo s " ] )
aZ

(C(0)+SL -1)
+ ar .)1 X + 2 ------------- —---- [or . - a  .(C(0)+SL ) 1 X  } + a.n4 1 o a 2 4 os  1 o 10

f o r  L  < X < L  (ii)os o o

P<2 , = 1 2 { - |5  X* + ^ - [ 1 4 C ( 0 ) - 1 1 ] x 5+ [-§ -« j<»3 + ,C (0 ) - l» ^ -C (0 ) - - i - ) ]X ^

+ [ ^ ( 8 ( c (0)-5) + ^ 1 2 1 ( c (o) - 1)2 + - S M 2 b U ( ^ - a 3c ( 0 ) - « 5)

2 2 „
+ ̂ 7 - 1  X* + r —------------ ^ - 1  X } - 12 a Q X2 J o L «j  a  1 o 1 9 o

f o r  0 < X < Lo OS (iii)

86



Pl(2) = 12j f o  “  2 Xo + -T T - [ 1 4 c <°>+ 14S L o„ - 1 *1 x c  + [ - T  '“ 2 “  4

+ (C (0 )+ S L o s - l ) ( ^ ( C ( 0 ) + ^ - S L o s - f ) l X ^  + [ ^ 1  (8 C (0 )+8S L o s - 5  

2 (C(0 ) + SL  3
+ _ _ -----2 sL (c (0 )+ s L o s -1)Z - 4 « 5] ^  +

2 (C (0 )+SL - 1) 3 3 « 4  l 2 r « 4
[ — ----- —  2&—  (A .a4C(0)+ - | - a 4SLo s - a 5) + - r - ] x Z4 ( -r -(C(0)+SLo s )

a 2

a 4  5 
a o , X o j  - 1 2 “ l O X o + “ l l

f o r  L  X L ,  ( iv)o s  o o

w h e r e

a = r - t  { - }9 " L X = L  o o

0! JQ = Ct g {i}

+ { iii>  

- { i i }

-  { i v }
X = L  o o s X = L  o o s

X = Lo OS
X = Lo OS

a i r 12 [ { i i i} - { i v }
X = L  o o s X = L  o o s 1 + 12L o „  [  { i > = Lo OS

- { i i }
X = L OS'

T h e  s y m b o l s  { i } ,  { i i } ,  { i i i } ,  { iv}  r e f e r  t o  t h e  t e r m s  c o n ta i n e d  w i th in  

t h e  c u r e l y  b r a c k e t s  in  e q u a t i o n s  (i), ( i i) ,  ( i i i ) ,  a n d  ( iv) r e s p e c t i v e l y .
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