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ABSTRACT

TORSIONAL VIBRATION OF DISSIMILAR MATERIALS
CONTAINING A CRYLINDRICAL CRACK
by
Ramal K. Bandyopadhyay

Advisor: Professor Mumtaz K. Kassir

This dissertation studies the torsional vibration of
two cylinders of different elastic materials. The
two cylindrical media are assumed to be perfectly bonded along
their entire contact surface except for a cylindrical crack
of finite length near the boundary surface. The time-dependent
torsional load is applied on the free surface of the inner
cylinder. Both the steady-state and transient vibrations are
considered, and the corresponding axisymmetric wave equations
are solved separately. The determination of the stress and
displacement fields is reduced to the solution of Fredholm
integral equatibns of the second kind in the physical complex
plane for the steady-state vibration, and in the Laplace
domain for the transient case. The local dynamic stress fields
in the vicinity 6f the crack tip are determined in elementary
closed form, and are observed to have square-~root singularity

like other crack problems in linear elastic fracture mechanics.



To this end, the singularity parameter, k defined as the

57
dynamic stress-intensity factor for the torsional mode (tear-
ing) and known to control the fracture behavior of structural
components undergoing torsional oscillations, is calculated

for both cases of vibration by solving the Fredholm equations
numerically. The numerical solution involves computer program-
ming with complex arithmetic for the steady-state vibration,
and numerical inversion of Laplace transform for the transient
condition. The results indicate a dynamic amplification of

the stress-intensity factor for both cases. For a harmonic
input, k. increases with the frequency, reaches a peak com-
parable to resonance, and then rapidly diminishes. The tran-
sient response to a sudden application of torsional loading

is characterized by producing a similar sharp peak in k3 at a
time comparable to that required for the shear wave to travel
the ciack depth, and then its value oscillates about and slowly
approaches the static value.

Studied also in some detail is the influence of varying
the ratio of moduli of rigidity of the cylinders and the length
of the crack on the dynamic factor k.- Such resuvlts are useful
in the theory of b£ittle fracture where crack-like flaws are

developed in structures subjected to mechanical vibrations

and in load transfer problems involving compound cylinders.

vi
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Chapter 1

INTRODUCTION

Structural members are often loaded in ways that produce
three dimensional stress states. In general, although the
loading may appear outwardly simple, a complex state of stress
can exist inside the medium, particularly in the neighborhood
of mechanical defects or cracks, where the stresses undergo
sharp elevation. The effects of stress of this kind can fre-
quenfly lead to unexpected failure. The purpose of fracture
mechanics is to take the dimensions of the initial defects of
the material into account and to determine the critical load or
displacement applied remotely from the defect that will cause
caﬁastrophic failure of the whole structure. Thérefore, it is
essential to relate the resistance of a structural component to
crack propagation to a parameter that can characterize the
fracture toughness of the material. The most widely used para-
meter for assessing the onset of rapid fracture in materials
without substantial permanént deformation is the one contained
in the theories of Griffith [1]% and Irwin [2]. This parameter
is popularly known as stress—-intensity factor. The critical
value of the stress-intensity factor (a material property) is

the fracture toughness. Once this value is known, the designer

1Numbers in square brackets indicate references listed
on pages 87-89,
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can proceed to compute the maximum allowable load a structural
component can tolerate for a fixed crack size or the maximum
size of flaw that is permitted to exist in the material at a
given stress level.

In recent years a variety of crack problems have been
solved (a comprehensive summary can be found in the works of
Sneddon and Lowengrub [3] and Kassir and Sih [4]) on the
assumption that the crack is sufficiently away from the
neighboring boundaries, and hence that the redistribution of
stresses in a solid is attributed either to the crack geometry
or to the mechanical loads applied over a localized portion
of a solid. For general loading, the amplitude of the stress
field near a crack front can be described by three parameters,

k k2 and k3, respectively known as the stress intensity

17
factors for the opening mode, edge~sliding mode and the twist-
ing or tearing mode.

The analyéis of crack pfoblems becomes mére involved
when the structure is made by bonding together two or more
materials with different mechanical properties. The dissimilar
material system is required to act as a single unit in Ehat
the loads are transmitted from one material to the next through
the interface. The presence of flaws or cracks in one of the
materials or at the interfaces could cause high elevation of
local stresses and lead to failure if the crack reaches a

critical size. Hence, it is important to know the stress

state associated with these cracks in the dissimilar material



system.. It should be noted that for stress distributions
characterized by kl and kz, the analytical stress solution
exhibits a peculiar behavior near the tip of an interface
crack where the stresses undergo a rapid reversal of sign.
This behavior was first discovered in the study of two-dimen-
sional crack problems by Williams [5] and Sih and Rice [6].
When the cracked structural component is subjected to dynamic
loading additional difficulties are encountered 'in their
analysis.

In general the literature on elastodynamic problems of
cracks is somevhat meager. The main reason for this scarcity
is the severe mathematical complexity encountered in finding
effective solutions for the crack geometry not covered by the
classical method of separation of variables. Of importance
in fracture mechanics is the detailed character of éhe dynamic
stre%ses in the vicinity of the crack point. The far field
behavior of the stresses can usually be estimated by means of
known techniques with comparative ease.

The dynamics of a crack of fixed length travelling at a
constant velocity in a stressed medium of infinite extent have
been discussed by Yoffe [7]. Using a criterion of maximum
circumferential stress ahecad of the crack, she concluded that
the crack tends to branch for velocities greater than approxi-
mately 0.6 times that of the shecar wave velocity. A similar
problem was solved later by Craggs [8], who assumes the con-

figuration of a scemi-infinite crack extended by tractions



applied near a segment of the crack surfaces. Bilby and
Bullough [9] obtained the local distribution of longitudinal
shear (or anti-plane shear) stress around the tip of a moving
crack. Tﬁeir work was extended to other crack configuration
by McClintock and Sukhatme [10].

A ﬁore realistic model of the moving crack problem has
been proposed by Brobert [1l1l]. He assumes that the crack tips
move in opposite direction with constant velocities and found
that the Speed of propagation of such a crack cannot exceed
the Rayleigh surface wave-velocity. Other related problems
are found in the works of Barenblatt et al. [12], Craggs [13]
and Kostrov [14].

Another class of dynamic problems of interest is con-
cerned with the effect of time-dependent loading on a station-
ary crack. If the applied loads fluctuate periodically in
time, the resulting stresses and displacements are propagated
fhrough the structure in the form of waves. At an obstacle,
such as a line crack, these waves are reflected and refracted
causing high level local stress intensification about the tips
of the crack. The intensity of local stresses depends on
the amplitude and/or frequency of the traveling waves. In
fact, the problem of the diffraction of polarized harmonic
sheaxr waves by a semi-infinite crack is mathematically analo-
gous to the corresponding problem in electromagnetic theory.

| Loeber and Sih [15] have developed a method for find-

ing the local stresses produced by the interaction of a finite
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crack with stress waves. The scattering phenomenon of plane
waves due to the presence of a crack has been discussed
qualitatively by other authors.

Tfansient problems in which a semi-infinite crack ap-
pears instantaneously in uniformly stressed medium have been
explored by Maue [16] using conical coordinates and by Ang
[17] employing the technique of Wiener-Hoph. Baker [18] ex-
tended their problem to the case where the crack propagates
at a consgant velocity after it has appeared suddenly in the
stretched elastic body.

To obtain a meaningful limit of the transient crack
problem as time increases, Ravera and Sih [19] adopted the
model of a finite crack. The surface tractions were pre-
scribed as an arbitrary function of time. Their method is
particularly effective in finding dynamic stresses near the
singular crack point. From the physical standpoint, it is
more clear to discuss the steady-state and transient problem
of cracks separately.

So fax, the dynamic crack problem investigated by
Loeber and Sih [15 and 20], Robertson [21], Embley and Sih
[22] are the penny-shaped crack in a homogeneous medium sub-
jected to normal compression and radial shear waves and tor-
sional waves.

The problem to be discussed in this dissertation is
tﬁe effect of torsional vibration on a finite cylindrical

crack lying at the interface of two concentric half-space



Figure 1. Two concentric cylinders containing
a cylindrical crack subjected to
dynamic torsion -~ Half-space
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cylinders each having different physical properties (Fig. 1).
Both the steady state and transient parts of the torsional
vibration will be considered separately, and the solution
under the static loading will be obtained as a special case.
In general, the stress-displacement field will be reduced to
gquadrature and, in éarticular, the dynamic stress-intensity
factor will be explicitly determined under both steady-state
and transient vibrations. Numerical solutions of the dynamic
stress-intehsity factors will be obtained for different material
properties and crack qeomeﬁry as functions of the shear wave
numbexr.

The crack geometry is shown in Fig. 1. The inner cylin-
der of radius a has a shear modulus Gy - The outer cylinderx
of a large diameter consists of a different material with the
shear modulus G,. A cylindrical coordinate system (xr,06,z) is
used with z-axis coinciding with the longitudinal axis of the
two cylinders. The plane z = 0 defines the top surface. The
crack at the interface extends from the top surface to a depth
h, i.e. the crack is defined by cylinder r = a, 0 < 6 < w,
0 £ 2 < h. The torsional vibration is generated by known
shearing stresses distributed over a circular region of the z=0
plane (0 ¢ r € b,b < a).

In Chapter 2, an integral solution of the fundamental
equations of elasticity pertaining to the half-space geometry
( Fig. l ), is derived for a steady-state torsional vibration.

After imposing the boundary conditions and the regulatory
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requirements, the displacement and stress components are ex-
pressed in terms of integrals containing Bessel functions of
the first kind and modified Bessel functions of the first
and second kinds, and an auxiliary func;ion. The auxiliary
function is shown to be the solution of a Fredholm equation
of the second kind. The dynamic stress~intensity factor for
the torsional mode is derived and found to be directly propor-
tional to the solution of the auxiliary function at the crack
periphery. The analytical formulation is illustrated by consider-
ing two specific steady-~state torsional loadings. The first
one is concerned with the application of a concentrated torque
at a point of the plane boundary, and the second one deals with
a torsional stress which varies linearly along the radius of
the contact surface. For both examples, the Fredholm integral
equations and the expression for stress-intensity factor are
simplified and explicitly expressed for numerical treatment.

Chapter 3 deals with the same crack geometfy for a tran-
sient torsional vibration that may be caused by the applica-
tion of an impulse twist. The stress and displacement combo—
nents are transformed to the Laplace domain to eliminate the
time variable. Adopting an identical procedure as used in
Chapter 2, the dynamic stress-intensity factor is determined
in terms of the Laplace inversion of an auxiliary function
evaluated at the crack tip. The auxiliary function is the
solution of a Fredholm equation in the Laplace plane, which,

again, is amenable to numerical treatment. The dynamic
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stress-intensity factor follows upon inversion of the Laplace
transform solution of the Fredholm equation. For purpose
of illustration, the same two spatial variations of the im-
pingent stress distribution as used in the previous chapter
are employed here and the corresponding results for the physi-
cal quantities of interest are derived.

Chapter 4 studies the behavior of the subject crack
under the application of a static torsional load. The solu-
tion is obtained as a special case of either the ‘steady-state
vibfation or the transient vibration discussed in Chapters 2

and 3, respectively.

In Chapter 5, the steady-state solution outlined in

Chapter 2 is modified for application to a layer ( Fig. 2 ) in
lieu of a half-space.

The numerical solution of the formulae derived in Chap-
ters 2, 3 and 4 is discussed in detail in Chapter 5. Several
difficulties encountered in.the numerical treatment are noted,
and possible remedies are discussed. Some of these are
roﬁtine in nature for this kind of problem, and others are per-
tinent to the cylindrical crack problem under study. For a
certain range of the variables in the steady-state vibration,
some terms are found to be complex in nature requiring the
computer programming for numerical solution to involve complex
variables with its subsequent processing for matrix manipulation.
On the other hand, for the transient condition, the numerical
solution of the Fredholm eguation is obtained in the Laplace
transform plane with the necessary subsequent numerical inver-

sion to compute the dynamic stress-intensity factor.
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To illustrate the results, numerical solutions are obtained
for a_cohcentrated dynamic torsional load. The results for
both steady-state and transient vibrations are exhibited for
various material properties, crack geometrics and shear wave
velocities. TFor both conditions, a significant dynamic over-
shoot of the stressfintensity factor is observed over the cor-
responding static value. Since the stress-intensity factor
is equivalent to the crack extension force, the dynamic
amplification is of particular interest in linear elastic
fracture mechanics.

The steady state vibration analysis indicates that the
dynamic stress-intensity factor initially increases with the
frequency of the impingent torsional wave, reaches a peak,
and then diminishes first slowly and then rapidly. The dyna-
mic interaction accounts for a maximum increase of akout 80%-
100% in the amplitude of the local stress field above that
obﬁained on the basis of’thé static theory of elasticity. The
peak occurs at a wavelength of approximately equal to or less
than the crack depth depending upon the material properties.
For example, a modulus-ratio of Gi/G, = 3 induces the peak at
about 90% of thé wavelength.

For transient vibration, the dynamic stress-intensity
factor is observed to increase with the time immediately after
the application of the impulse torque reaching a peak soon and
then oscillating with decreasing amplitude about the static
value. For the particular example considered in this disser-

tation (G,/G,=3,10; a/h=1) the maximum dynamic response is -
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about 40% greater than the corresponding static value. The
first and the only prominent peak occurs at a time two to four
times longer, depending on material properties, than the time
required for the shear wave in the medium to travel a distance
equal to the crack depth, after the first application of the
transient load. This dynamic behavior is in generai agree-
ment with previous research works with transient torsional
load.

Such knowledge of the behavior of the parameter k3 is
essential for a clear understanding of the propagation of
cracks in structural components undergoing torsional oscilla-
tions, since the value of k, is known to control the necessary
condition for the onset of crack propagation. |

Finally, in Chapter 7 some suggestions are made for
future research work employing and extending the technique

presented in this dissertation.



Chapter 2

STEADY~-STATE METHOD OF SOLUTION

The steady-state torsional vibration of two concentric
isotropic elastic cylinders having a finite cylindrical crack
at their interface is considered in this chapter (Fig. 1).

The inner cylinder is surrounded by a different material of

a large diameter such that the system may be modeled by a
half-space. The steady-state torsional load is assumed to be
applied over a small circular area at the free surface of the
inner cylinder.

A general integral transform formulation of the stress-
displacement field is presentéd which reduces the problem to
the solution of a set of dual integral equations. The solution
‘of the dual integral equations lead to a Fredholm integral
equation of the second kind. A special emphasis is given on
study of the stress singularity near the crack tip. The ampli-
tude of the local field, commonly known as the mode III stress-
intensity factor,.k3, is obtained for an arbitrary shearing
"load. This factor is known to influence the propagation of
cracks in structural members. To illustrate the results ob-
tained, two torque functions are considered--one producing
a constant shear stress and the other resulting in a shear
stress which varies linearly along the radius--and the formulas

for the corresponding stress-intensity factors are obtained.
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The influence of the frequency of vibration on the stress-
intensity factor is of primary importance, and is investigated
in Chanter 6 with a view towards its use in determining the
reliability of structural members. The elastic behavior of
the media under a static torsional load for the same crack
geometry can easily be obtained as a corrolary, and this is
discussed in Chapter 4 in some detail.

The method of solution presented in this Chapter will be

modified in Chapter 5 for application to the torsional vibra-

tion of a layer.

Basic Equations and Formulations

The geometry of the problem shown in Fig. 1 describes
a cylindrical crack of depth h at tﬁe interface of two concen-
tric cylinders, the inner one being of radius a. ~In terms of
cylindrical polar co—ordinates‘r,e and z, the crack occupies
the region ‘
r = a, . 0 <0 <21, 0<z<h
The vibration is génerated by known shear stresses act-
ing on a circular region
0 £ r £ b, b < a
of the boundary blane z = 0 of the inner solid. Since for a
.steady—state vibration the incident torsional wave varies har-
monically in time, the space and time variables in the result-
ing shear stress may be separated as

Tze(r,t) = Re[TO(r)eiwt] = To(r)cos wt (2.1)

where'b(r) is the specified stress amplitude and w is the

given circular frequency of vibration.
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- Because of the axisymmetric nature of a torsional prob-
lem, the displacement components in the radial and axial di-
rections vanish everywhere, and the circumferential component

does not depend on the angle 6, i.e.
u_ =u_ = 0, ug = ue(r,z,t) (2.2)

and it can be easily shown that only two of the stress com-

ponents, T and"rez are different from zero.

ro
Ju u
- 6 _ 8
Tre = G.[Br r] (2.3a)
aue
T = G 7 (2.3b)

Two of the equations of motions are identically satisfied and

the remaining one gives

32%u

or

u )

@
[~

[«>]
<D

N 0 i=1, 2
- npE = ci Tl (i=1,2) (2.4)

e
4

+

[N
Rl
Q2

N
ot

L, . . . . .
* is the shear wave velocity in medium i with

where c; =(G, /o))
Gi and Py being, respectively, the shear modulus and the mass
density of the material.

Since the problem has a steady-state time dependence,

thée displacement and stresses may be considered to vary har-

monically in time, as

it
]

1t
il

ua(r,z,t) Relug(r,z)e ug(r,z)cos wt (2.5)

and

Toolrrz,t) = Re[Trg(r,z)elwt] Tr;(r,z)cos wt (2.6a)
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Y o * dwt - % '
Tez(rlzyt) Re[Tez(r,Z)O 1 t§,(r,z) cos wt (2.6b)

Substituting equation (2.5) into equation (2.4) and rearranging

the terms, a differential equation for u% is obtained

aug u* azug
5% '—F+é—£3—+n§ué‘=0, (2.7)

832 u*
__2__6+
sx

K

in which n; is the wave number defined as

N

2 S —
ni = w?/cl = w p /G, , (i=1,2)

Note that w= 0 results in the static condition.
By the usual method of separation of variables, the
solution of eguation (2.7) leading to bounded displacement

and stress at remote distances can be shown to assume the form

wi(r,z) = [ A(s)J, (xs)e 57 RE gs : (2.8a)

and the solution which oscillates in z can be shown to be
o ~"|
u¥(r,z) = S_ B(s) I, (xvs?-nf | o5 (sz)ds (2.8b)
© Ky (r48%=n7
In equations (2.8}, Jn denotes the Bessel function of the first
kind of order n, and In and Kn are the modified Bessél functions
of the first and second kinds, respectively, of order n. A
detailed derivation of equation (2.8) is presented in Appen-
dix A. In equation (2.8b) I, (rs) is to be used in the region
0 £ r < a and K, (rs) in the region r > a.

1. . . .
Introduce the notation a, = (sz~ni2)2, in which there is a

branch-cut for s-éni as discussed by Noble [34].
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Noting the stress-displacement relation of equations (2.3)
the following displacements and stresses for the two media
are obtained by combining equations (2.6) and (2.8).

In the inner medium (0 ¢ r ¢ a, 0 g 2z < )

(o2

ugl(r,z) = JOA(S)Jl(rs)e—alz ds

+-j B(s)I, (ra,)cos (sz)ds ' (2.9a)

o
o0

L t* (r,z) = - J s A(s)J. (rs) e %1% g
G, ‘re, -’ o 2 S

+JO oy B(s)I,(rv,) cos(sz) ds (2.9b)
L ™*  (r,z) = - j a. A(s)J. (rs)e %12 as
G1 6z, ’ o 1 1

—!o s B(s)I (rqg,) sin(sz) ds | {2.9c)

while in the outer medium (a <r<ew, 0g 2 < )

ugz (rz) = Jo C(s)K, (ra,) cos(sz) ds (2.10a)
e (r,2z) = - fw a, C(s)XK, (ra,) )y da (2.10b)
G, 'r8, ’ jo ©2 8)K, (ro,) cos(sz s .

—Glz' Te‘:‘z (x,2) = - Jo s C(s)K, (ra,) sin(sz) ds (2.10c)

In equations (2.9) and (2.10), subscripts 1 and 2 are used for
the displacements, stresses and material parameters to indi-
cate their values in the inner and the outer media respectively.

The complete time~dependent stress-displacement field can be

obtained by multiplying above expressions by cos(wt) and for that
-one must ensure that only outward waves prevail for the half-
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space. For the layer such question does not arise because the

waves will be reflected at the remote boundary

Also, in the same equations, A, B and C are unknown functions
of s, and are subject to determination from the boundary con-

ditions.

Boundary Conditions

On the z = 0 plane, the shear stress in equation (2.1)

is specified inside the contact surface and vanishes outside,

so that
T (r) cos wt, 0 < xr <b
Tg, (£,0,t) = 0 ~ (2.11a)
1 0 , r>b

while the conditions on the traction-free crack surface re-

gquire that

o, r=a, 0 z<h (2.11b)

~
H
[ev]

]

~
[a}
D

Il

The dissimilar material system is assumed to have a complete
bond at the interface and to act as a single unit in that the
loads are transmitted from one material to the other through
the interface. This requires the displacements and the radial
shear stresses of the two materials to be continuous along

the interface outside the crack region, i.e.

for r = a, z > h
uel = u62
Trel = Trez (2.114)

In addition, at remote distances away from the point of appli-
cation of loading, all displacement and stresses must vanish.

Separating the time element and using the displacement
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. * * . .
and stress functions ug, TrS and Toz! which vary in space as
adopted in equations (2.5) and {(2.6), the boundary conditions

can be shown to be equivalent to

on z = 0 plane,
To(r), 0 < r < b
ng = (2.12a)
1 0 ' r >b
and on r = a cylindrical surface,
* = * = ' '
Trel _Trez 0, 0 <z ¢h (2.12b)
* = *
"8, T Y, 2 > T (2.12c)
Trd, = (2.124)
1 re, *

Method of Solution

The solution of the unknown functions A, B and C in
the relations of equations (2.9) and (2.10), will now be
sought with the help of the boundary conditions described in
‘equations (2.12).

The conditions on the z = 0 plane in equation (2.12a)
when used in conjunction with equation (2.9c) yields

Jm -—1%££l, 0 cgrghbo

o “1A(8)J, (rs) ds = 1
0 ' r>>b
with the help of the usual Hankel inversion theorem, the

unknown function A(s) can be obtained as

b
r To(r)Jl(rs) dr
1
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Using the identity

erl(rs) = % é% [r2J,(rs)]

and performing an integration by parts, it follows that

‘ 1 Jb a [T x)
o, A(s) = - g, bTO(b)Jz(bs) - ° erz(rS)EE = dr

(2.13)
The other two variables B and C will be obtained from
the conditions on the r = a cylindrical surface.
The conditions on the crack surface described in equa-
tion (2.12b), when inserted:in equations (2.9b) and (2.10b)

yield the following relations for 0 < z < h

<

J 0,B(s) I (a0,)cos(sz) ds = Js A(s)J (as)a = (2.l4a)

o . (o] '

j o, C(s)Kz(aaz)cos(sz) ds = 0 (2.14Db)
fo) .

while the conditions along the bond surface in equations
(2.12c) and (2.12d) provide the additional relations for

Zz > h, namely

o0

j [B(s)Il(aal)cos(sz) - C(s)Kl(aaz)cos(sz)]ds
o
= —j A(s)Jl(as)e—Ole ds (2.14c)
o

J [G,0,B(s)I,(an,)cos(s2) + G,u,C(s)K,(at;)cos(sz)]lds
o

= Glj sA(s)Jz(as)e-alz ds (2.144)
o
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It is easy to show that equations (2.l14a), (2.14b) and (2.144)

can be algebraically manipulated to lead to the following rela-

tions valid for all values of z:

J [G,a, B(s)I,(aa,) + G,a,C(s)K,(an,)]cos(sz) ds
O .

= GIJwSA(s)Jz(as)e—alzds (2.15)
o

Introducing the abbreviations

G = G,/G,
£(z) = Jm t A(t)Jg(at)e_/éz—ni'z at (2.16)
o

equation (2.15) can be rewritten as

J [alB(s)Iz(aul) + éaZC(s)Kz(aaz)] cos (sz) ds
o
= f(z), 0 € 2 £ o (2.17)

provided that G. # 0.
Equation (2.17) may be inverted with the help of the Fourier

cosine transform to yield

0,B(s)I_(aq,) + 2 a,C(s)K,(an,) = 2 fc(s) (2.18a)

where fc(s) is the one-dimensional Fourier cosine transform
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of the function f(z) defined by

fc(s) = I f(z)cos{sz) d=z (2.18b)
o
It readily follows from equation (2.18a) that

c(s) = —S—— 2 £_(s)~0,I,(ac,)B(s)] (2.19)

a,K, (an,)
Making use of equation (2.19), the unknown function C(s) can
be eliminated from equation (2.14c) and the resulting equa-

tion becomes

b K, (aa,)
JO[B(S)H(s)cos(sz) - o, cos (sz) E;TEE;T fc(s)] ds
= —j A(s)Jl(as)e"OLlz ds, z >h (2.20a)
o

Here, H(s) stands for the abbreviation

alIz(aal)Kl(aaz)

K, (aa,) (2.20Db)

H(s) = Il(aal) + G

Now, equations (2.14a) -and (2.20) can be grouped
together to form the following set of dual integral eguations

for the determination of the function B(s)

J alB(s)Iz(aal)coé(sz)ds = f(z), 0 z<h (2.21a)
(o] .

J B(s)H(s)cos(sz)ds = g*(z), z > h (2.21b)
(o]

where g* (z) stands for
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-2/82-n?
g*(z) = -J A(8)J, (abB)e ae
o
2 © 3 Kl(aaz)
+ - Gj a; EZTEE;T fc(s)cos(sz) ds (2.21c)

For convenience of the subsequent algebraic work, the function
fc(s) can be expressed in terms of the specified input stress
function by eliminating the variable A(s). From the defini-
tions of £(z) and fc(s) in equations (2.17a) and (2.18b), re-

spectively, fc(s) can be written as

o0 o -z/t2-n2
£ (s) = j cos (sz) | j tA(t)J, (at)e dt ] dz
o o

Interchanging the order of integration and using the identity

—e ‘/ 2112
Jm cos(sz)éz‘/tz_nidz-——-E———Ei
- 2 2
o t +0¢1
it follows that
© tvt2-n?

o

Moreovexr, the function Alt) can be eliminated with the help of

equation (2.13) to yield



L (= tT,(at) b o)
- .é_;. jo -—E'ZT(? bTo(b)Jz(bt) - J by 2 r

(o]
d ’L'o(r)
—d—f l: = jldr.:

Making use of the identity [23]

£f.(s) =

dt =

Jw tJd, (at)J, (rt) I,(rs)K,(as), 0 < r < a
o t2+g2 Iz(as)Kz(rs), r > a

The following relation is reached

b
. a
£ (s) = - é Kz(aaly bro(b)Iz(bal)‘Jo rzlz(ral) 5;—[

Performing an integration by parts, and noting the

identity

24
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a
ar

[x%1,(rs)] = szrzll(rs)
one can condense fc(s) further, so that its evaluation depends
on the applied shear stress only

ale(aal)

b
fc(S) = - ——'——-—G—l-— JO rTo(r)Il(rul) dr (2.22)

Note that once the spacial distribution of the shear stress
due to the applied torque is specified, fc(s) can be explicitly
determined as a function of the variable s from equation
(2.22).

The last unknown function C(s) obtained as a result of
the solution of differential egquations can now be expressed
in terms of the other function B(s) by inserting equation

(2.22) in equation (2.19)

o, K, (aa.) b
C(s)=—Gl2 : Zj

o,K, (aa,) [ TG, ri,(r) I (ra,) dr

Q

+ Iz(aal) B(s{] (2.23)



26
From the above equation, Cc(s) can be readily determined once
B(s) is obtained by solving the dual integral equations

(2.21).

Solution of Dual Integral Equations

Because each one of the set of dual integral equations
governing B(s) contains a given weight function, the solution
will be sought by expressiné B(s) as a summation of two new
functions, one of which will be determined by algebraic rela-
tions established so far, and the other will lead to a stand-
ard pair of dual integral equations with known solution [24].

For this purpose, let us write
B(s) = B*(s) + B**(s) (2.24a)
where B**(s) is defined by the relation

J B**(s) H(s) cos(sz)ds = g*¥(z), 0 ¢ 2 < o (2.24b)
(o)

Using the definition of g*(z) from equation (2.21c), and

rearranging terms, it follows:

I - K, (ao,) ‘l
-2 6 17727 s

. [%**(s) H(s) 1 &, X, (aa,) fc(s)coo(sz{st

= —f A(0) J,(a0) e_z/ez_nl2 ae, 0 £ z < w

o)
Inverting the last equation by the usual Fourier cosine

transform and interchanging the order of integration, the
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equation governing B**(g) assumes the form

2‘ [o] (ez_nl2);5
= £ ——a—5— « A(0) J. (ag) d4s (2.25)
m +a 1

The identity

@ L (6*n_2)7
- 2. 2 2

J cos (52) e z (6 ny ) dz = ——j—ijr— (2.26)

o - : 07+ oy

was used to obtain the above relation. In equation (2.25),

A(8) can be eliminated with the help of equation (2.13) to

yield
K. (aa,)
2 G l 2 - —2— - L[]
B** (s)H(s) - P 072 m)fc(S) = G, b 'lo(b)
S L
{ El(ae) J, (b6)de _ J -1 T, (r) . ]?rﬁae)Jz(re) a0 lax
o 8*ta’ o 9r| «r , 02+l

Making use of the known result [23]

J“’ 3 (ap) J,(re)do
(@)

2 2
0 +s

wl~

Iz(rs)Kl(as), r<ac<owo

it follows

B** (s) H(s) —,f—g Sy fels)

r I,(ra;)t (r) dr

2K, (ax) Jb

™ Gl o

Inserting the value of fc(s) from equation (2.22) in the
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above equation, B**(s) can be obtained in terms of the applied

stress distribution as

X, (aa ) a.K, (ac.) b
2 1 2 1 172 1
B¥*(s) = T H{s) { Gl'— G,a,K, (aa,) JOrIl(ral)To(r)dr (2.27)

One of the two components of the variable B as defined in
equation (2.24a) is thus obtained. The remaining unknown com-
ponent, B*, will now be sought from equation (2.21).

Inserting the definition of B(s) from equation (2.24a) in
equations (2.21), the dual integral equations can be written

as

j “1[B*(S) + B** (s)] Iz(aal)cos(sz)ds = f(z2), 0g z <h
o - , _
. (2.28a)

J [B*(s) + B**(s)] H(s) cos(sz)ds = g*(z), z > h (2.28hb)
o

B** has been chosen in equation (2.24b) such that equation
(2.28b) readily takes the form

J B*(s) H(s) cos((sz) ds =0, =z > h (2.59)
o .

The other integral equation with B* can be obtained from equa-
tion (2.28a) by eliminating B**(s) with the help of equation

(2.27), and it follows
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I o, B*(s) I, (ao,)cos (sz)ds

® K, (ac,) oK, (ao,)
_ A CKatae) g ek, (e, .
- f(z)' T2 a, I, (as) cos(sz) H(s) [Gl G,a,K, (aa,) ]
bA
. Jor To(r) Il(aQQQr ds, 0 g 2 <h (2.30)

Equations (2.29) and (2.30) can be written more conveniently

in the form

j.slq(s) F(s) cos (sz) ds_ = (1+G) W(z), 0 ¢ 2z < h (2.31a)
o .

J N(s) cos(sz) ds =0, z > h (2.31b)
o)

in which the following contractions have been :adopted

N(s) = B*¥(s) H(s) (2.31c)
2 (® Kl (ac,)
wl{z) = f£(z) - ™ Jomﬁlz(aaﬂ cos ('sz )njﬁTET— .
z b
1 qlhz(aal).} J .
( 61_ G ., (au,l) | or Il(ral)ro(r) dr (ds (2131d)
Flg) = (l+G)a112(aal)/[sH(S)] (2.31e)

In order to solve the dual integral equations (2.31),
an auxiliary function ¢*(t) is now introduced such that equa-
tion (2.31b) is automatically satisfied. This is accomplished

by'letting

h
N(s) =J ¢* (t) J,(st). at (2.32)
o
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where Jo(st) is the zero-order Bessel function of the first
kind. With this substitution, equation (2.3la) leads to the

following Fredholm equation of the second kind for the func-

tion ¢* (t)
h . t

o* (t) + J ¢*(e)kle,t)a .= 2LLHCL J* Wiz)dz (2.33a)
o o (t2-z2)7

in which the kernel stands for

o]

K{6,t) = t J s[F(s ) - 1] Jo(st)JO(se) ds (2.33b)
o

The derivation of the above solution is detailed in Appendix
B. Note that the integral on the right hand side of equation
(2.33a) can be expressed in terms of the shear loading as fol-

lows (see Appendix C for details).

t o
J W(z)dz _ _J K, (aa,) , A o, K, (aa,)
Jo (t2~-z2)% o Gy G, G,a,K, (an,)
' (2.34)
Kl(aal) b
allz(aal) T('gy—— JO(St) j I'Il (rotl)'ro(r)dr ds

© i
For convenience of subsequent processing, redefine ¢*(t) as
o* (t) = t%¢(t) (2.35)
so that the Fredholm equation can be written as
h
plt) + J $(O)K(O,t)d0 = t% g(t) (2.36a)

(@)

where the symmetrical kernel is now
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co

K(pg,t) = (et)!ﬁj s[F(s)'—l]Jo(st)Jo(so)ds (2.36Db)
O

and g(t) stands for

oo

2 (1+G) J a,K, (aa,) {]_ o, Kz(aal) K,{aa,)
t) = - S22 — e #{ - —_—
9t m .o[: G, + G, Gzasz(aaz)} a,1,(ae,) H(s)
b
. Jo(st) J rIl(quTo(r)dr ds (2.36¢)
O ;

The auxiliary function ¢(t) can be obtained numerically
from equations (2.36), and subsequently other quantities of
physical interest, such as stress-intensity factor and crack

surface displacements, can be obtained.

Stress-~Intensity Factor

The mathematical theory of brittle fracture mechanics
is mainly concerned with thg determination of the sfress field
in the neighborhood of a sharp crack where extension of the
crack is imminent. The object, therefore, is to extract
the singular contribution from the stress field and obtain
the coefficient which govern the strength of the singularity.
This coefficient is known as stress intensity factor, k5, and,
for torsional locading, is associated with the tearing mode of
extension of the crack surface.

To have a quantitative knowledge of the asymptotic be-
havior of the stresses around the crack border, let r, and 0,
be the set of local polar. coordinates measured from the

periphery of the crack border as shown in Figure 3.
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Stress field in the vicinity of crack tip
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The lpcél stress state can be expressed in a form which is

independent of the crack geometry and loading conditions,

and is given by

“s i [61] o(r. %) (2.37a)
T = ——— sin|—5 |+ r . a
re (2rl)% 2 i
]{3 [61) 0
T = ———— co0s |[—| + O(r.,"Y) (2.37b)
0z (2r1)% 2 1
where Trg and Toa denote stresses at r, and 61 away from the

crack tip.

In order to derive an explicit expression for k.,
start with equation (2.32) and study the behavior of the func-
tion N(s).

Making use of the identity

1 N ol

= 4
€I, (st) = 3 Frled, (st)]

and integrating by parts, equations (2.32) with the help of

equation (2.35), yield
t=h

N(s) = —]s‘— E—.% (t)Jl(st)]
: t=0

h
-j» £ g (st) adgl:i(—’ﬁ—’-] at
o t=
Noting that the second part of the right side expression does

not contribute to the expression for k,;, N(s) can be written

as
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h’s

N(s) =-5-¢(h) J,(hs) +... (2.38)
Now, let us examine the shear stress T in the vicinity
of the crack tip, i.e. for r = a, z = h+6, where § is small.

For such a location, equation (2.9b) shows with the help of

equation (2.13) ' that the shear stress can be written as

*

o
re (a,z) = GljoalB(s)Iz(aal)cos(sz)ds +.¢e., 2 > h

1
where the dots indicate non-singular terms. (2.39)

Finally, making use of equations (2.24a), (2.27) and (2.28),
and expressing all unknown variables in terms of the specified

stress function, t(r) and the auxiliary function ¢(t), 1%

xr6
, 1
can be rewritten from equation (2.39) as
o (a,z) = 2%, Jm alKl(aal)Iz(aal)IJL'_ 01K, (a0,) ) JbrI (ra,)
xro, "7 b o H(s). Gy G,a,K, (ao,) o 1180y
_ y © O I,(an,)
-To(r)Fir COS(SZ)dS + Glh (b(h) JO -_— —ﬁ(_s)—-— Jl (hs)
+ cos(sz) ds + ... , z > h (2.40)

For large values of s, the‘following asymptotic behavior of

the modified Bessel function is observed [25]

..as
e

I (an.)~
pt Tas

e"“aS
K_(ao,.)~
P 2as
m

Making use of these relations to search for the singularity
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in the shear stress expression, equation (2.40) can be written

as
G 0 .
* = 1 —1 L __1_. e .
re(a 2) = (1+G) T Jo 035 /75 [Gl "G, ‘i /E‘ olridr
G, h* e
* cos (sz)ds + 735 ¢(h)J J ,(hs)cos(sz) ds
o’ -

Noting that a > b, the first term in the above equation is
evidently not singular for a definite specified stress func-
tion. The only possible singular term in the above equation

is the second term which can be expressed as

Gy _6(h) z_
T*  (a,z) = L A1y 2 1+ ..., =z >h (2.41)
x6, '’ 146 % [ /‘Z“Z:HZZ)

The following identities were used to arrive at the above

equation [23]

® : 1 zZ
cos(B,z) J,(hR,)dR., = = [l - ——————], z > h
Jo 1 1 A 1 1 h JoIThz

Note that equation (2.41) is singular at the tip of the crack
where z = h.

To obtain an expression for the stress-intensity factor,
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replace z by (h+8) and expand equation (2.41l) as follows

. 8 oem [ ) A
1+G h% T toT
[ :Ir_a V28 ,/l+"2—ﬁ

separating the singular term and making use of equation

(2.6a), the time dependent shear stress can be obtained as

l Q {h) : a
reﬁj T76 cos (wt) + 0(8°)
[ r...
‘z=h+§

At this point, we can define a dynamic stress-intensity fac-
tor (Sih [26]) which can be related to the rate of energy re-
lease per unit crack extension as in the static case. Follow~
ing this definition, the local stress distribution must be
separated into the product of a spatial component with a
.squaie~root singularity of § and a function of load geometry
and time. This is consistent with the static theory of
linear fracture mechénics where the crack border stress distri-
bution associated with k, is obtained by letting § -+ 0.
Therefore, by definition, the dynamic stress-intensity

.factor for the torsional mode can be expressed as

- - 1
ka - 1+G -

¢ (h) (2.42)

where ¢(ﬁ) is the solution of the Fredholm equation (2.36a)

and will be determined numerically in Chapter 6.
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Examples

In order to illustrate the use of the formulas derived
earlier, the applied shear stress is to be specified. Two
different stress distributions will be considered in this
dissertation, namely a constant shearing stress and a linear-

ly varying one.

Example 1
Consider the case of a constant shear stress over a
small circular region of radius b, i.e.

To(r) = constant = K, 0 ¢rghb

The applied torgque can be obtained from the specified stress

as
T = S rde=£T3r—ISb3
Area
3T
or K = ——
21b

By letting b - 0, the deformation can be considered to
be caused by a concentrated torque, T, applied at the origin
of coordinates. It follows that the second integral of the
.right side of equation (2.36c¢c) can be evaluated as

b 3T

b
Jo xr Il (IOLJ_)TO(I‘) dr = 37b° jo rI1(r0L1)dr

b
3T 4
23 dir, jOIO(ral)dr

Expanding Io(raﬁ as {[25]
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rzaz r‘}a‘}
_ 1 "1
I freg) = 1+ —7—= + —7= + ...,

and performing the integration and differentiation, it

follows

b @, .aib?
Jo rl, (m,) 7 (r) dr = [§-+ 5o~ * ..LJ

b

For a concentrated térque, b -+ 0 so that the integral becomes

pra
=219

b
jo rIl(aa;)To(r) dr = (2.43)

Inserting equation (2.43) in equation (2.36c)

o Ga K, (ao.)
_ T(1+G) J N . 1772 1
glt) = - 272G, O“iggz(aali ol a,K,(aa,) J°
Kl(aal)T
« I,(aa;) —ﬁTgT—jJJO(st) ds ' (2.44)

Making use of equation (2.44), the Fredholm equation (2.36a)
can be numerically solved for various material properties and
shear wave velocities. An elaborate description of the

_numerical solution is presented in Chapter 6.

Example 2
As a second illustration, consider a torque T producing
linear variation of shear stress along the radius of the con-

tact circle, i.e.

ol
o
2
at
2

To(r) =T b, b < a

(o]
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where To denotes the stress at the periphery of the stressed

circle.

The total torque can be obtained as

= ff 1 r? b3

Area © p A = 5 T,
so that
. o 2T
o Tb?

Making use of these relations, it follows

b : b
j rIl(rqﬂTO(r) dr = %%v-j r?Il(ral)dr ' (2.45)
: o

O

Using equation (2.45) in equation (2.36a), it follows that

o Co.K, (aa.)
- - T(1+G) e - .
gle) = Hb"Gl, jo [?I#Z(aal? * [l o,K, (aa,) ]
‘ : . Ki(aal) b
. allz(aal) H(s) Jo(st) jo r21 (ral)dr ds

(2.46)

and the Fredholm equation can be numerically solved to yield
the stress-intensity factor for various materials and wave

velocities. This will be accomplished in chapter 6.



Chapter 3

TRANSIENT TORSIONAL VIBRATION

Structural components are often subjected to impulsive
loads which generate'stress waves. At a certain time, the
propagation of these waves can cause high stress intensity
in a local region around a geometric singularity such as the
crack tip. The magnitude of the dynamic stresses can be
considerably larger than the statical ones, and may lead
to crack extension and failure. Thus it is desirable to ob-
tain certain useful relations between the parameters of the
transient stress waves and the crack dimension.

The transient response of a cylindrical crack due to
an impulsive torsional load is investigated in this chapter.
.The éame crack geometry at the interface of two different
concentric cylindfical media used for the steady-state solu-
tion in Chapter 2 is used to study the transient response.

A stress analysis of the cracked body due to transient shear
waves generated by the application of a time dependent torque
.is carried out. Iﬁ order to eliminate the time variable, a
Laplace transform is.applied and the remaining analysis

is performed in the Laplace transform plane. Once in the
transformed plane, the formulation is similar to that for a
steady-state vibration, and consequently, wherever possible,

the mathematical details are omitted in this chapter by referring
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to similar relations already established in Chapter 2.

The use of boundary conditions in the stress-displacement
relations leads to a pair of dual integral equations which are
solved in the form of a Fredholm equation of the second kind.
The dynamic stresses near the periphery of the crack ére found
to have the same'angular distribution and inverse square root
singularity as in the steady-state case. However, the stress-
intensity factor is different in this case.

Two different impingent stress distributions are used
for illustration-—-one with a constant shear stress and another
with a linearly varying shear stress. As iﬁ the steady-state
case, the static solution can easily be recovered from the tran-
sient analysis also, and this solution will be presented in
Chapter 4.

The dynémic stress intensity factor is formulated in terms
of an inversion of the Laplace transform. The physical stress
intensity factor and, in particular, its amplification over the
static value can be obtained by numerical procedure. For the
class of problem under study, the dynamic overshoot is of the

order of 40%. This is discussed in detail in Chapter 6.

Basic Equations and Formulations

The structure shown in Fig. 1 experiences an impulsive
torque applied on a circular region 0 < r ¢ b, b < a, of the
plane z = 0. The impingent stress is time dependent and its
distribution is specifiéd as follows

T, (x) H(t), 0¢r<b
Tpglri0,t) = (3.1)
0 r > b
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where Tb(r) denotes a known spatial distribution of stress
and H(t) designates the usual Heaviside unit step function.

From the axisymmetric nature of the problem, the dis-

placement components u._ and u, vanish throughout the body and

r

the only nonzero component ug is independent of 0, i.e.
u. = u_ = 0, uy = ue(r,z,t) , _ (3.2)

The governing differential equation of motion

takes the form

—8 (i=1,2) (3.3)

W
a1
NID
+
N[
!

where ciis the shear wave velocity in medium i and is defined in
Chapter 2. In order to eliminate the time variable, introduce

the Laplace transform pair of u, usually defined as follows

6

ﬁe(r,z;p) = J ue(r,z,t) e Pt dat (3.4a)
o
ue(r,z,t) = 303 IBr ue(r,z,p) e dp \ (3.4b)

where the path of.integration in equation (3.4b) is the
" Bromwich path which is a line on the right-hand side and
parallel to the imaginary axis of the p-plane.

Since the initial conditions are

ue(rlzlo) =0 (3.5a)

aue
_ = 0 (3.5b)
ot at t=0 '
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the following relations are readily obtained

[e9] au .
_pt 6 = ol

I e ap - dt Puy (3.6a)

o

® 9%u

JO e 5T 4t = p2ug (3.6b)

Applying these relations, the differential equation (3.3) can

be transformed in the p-plane, and the result is

azar 1 a-"-16 azae Ge p2 -
3rz T ¥ 3r T T8gzz " Tz © c.% Ug (3.7
i

]

Equation (3.7) can be solved by the method of separation of

variables, and the solutions are

ug (r,zip) =5 j A(s,p)Jl(sr)e_Z/s2 *p*/cias  (3.8a)
(o]

which vanishes for large z, and

e I,(r/s2+p2/c2)
j B(s,p) 1 lcos(sz)ds
o K 4(x /8%¥p=7cT)

e lla

ug(r,z;p) =
(3.8b)
which oscillates in z. The choice of the modified Bessel
_functions Ilcn:Kl.willvbe based upon the boundary

conditions and be go§efned by the finiteness requirement of
the displacement component as r =+ 0 and r -+ o.

Introducing the notations

ai = (s2 + pZ/ciz)!5
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the following stress and displacement components in the
transformed plane are obtained for each medium with the help
of equations (3.8) and (2.3):

For the inner cylinder (0 < r < a, 0 < z < ®)

u, (r,zip) == I A(s,p)J, (rs) e %1% gs
61 p o 1
+ % [m B(s,p) I, (ra,)cos(sz) ds (3.9a)
o .
1 1 ®
= T ip) = - = -, Z
G, Tro, (r,z;:p) b JOSA(S,P)Jz(rs)e 1%3s

(2]

+ % J alB(s,p)Iz(ral)cos(sz)ds(3.9b)
o

J A(s,p)Jl(rs)e-alzds

o]

-1 J sB(s,p)Il(ral)sin(sz) ds (3.9%9c)
P Jo _

while for the outer cylinder (a € r < ©, 0 < z < ®)

a =2 J C(s,p)K_(rd,)cos(sz) ds (3.10a)
0, " P Jg 1

1 1 ("

az?rez = - B Ioazcls,p)KQ(raZ)cos(sz) ds (3.10b)
1 - _ 1 (" Y

= = - = r in(sz) dz (3.10c)

2 Fos, 1 jo sc(s,p) X, (ra,)sin (sz)

In equations (3.9) and (3.10), A, B and C are unknown func-
tions to be determined from the boundary conditions, and the

subscripts 1 and 2 for the stress-displacement components
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and material properties indicate their values in the inner and

the outer cylinder respectively.

Boundary Conditions

On the z = 0 surface of the halfspace, the shear stress
Tyz is specified by equation (3.1). Taking Laplace transform
- of Toz and noting the fact that the Laplace transform of H(t)

is given by

J H(t)e P g¢ = &
o p
it follows that the transformed boundary condition for Ty in
the p-plane becomes
T ()
_ B ’ 0 < r £ b, z =0
Top(r.0,p) = . (3.11a)
0 ’ b > r, z2 =0

The remalning boundary conditions and regulatory requirements
are identical to those used for the steady-state solution in
Chapter 2 [see equations (2.11lb), (2.11lc) and (2.11d4)] and

yield the following conditions in the transformed plane

Trel = Trez = 0, .0 <2< h, r=a (3.11b)

ug. = ug , z>h, r=a (3.11c)
1 2

Trel = Trea 4 z > h] Y = a (3.1ld)

Method of Solution

The unknown functions A, B and C as appeared in the stress
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and displacement equations(3.9) and (3.10),can now be obtained
with the help of the boundary conditions defined by equations
(3.11) Since the necessary algebraic manipulations are
similar to those given in Chapter 2, only the pertinent re-
sults will be presented here.

With the éid of the Hankel inversion theorem, the
boundary condition on z = 0 plane 'in equation (3.11a) leads to

the determination. of the function A. The result is

1

a,Als,p) = - N bTo(b)Jz(bS)
1
b T ()
—J r2J_(rs) g% [:°r :] ar (3.12)
(o]

The remaining boundary conditions in equations (3.11) when
applied on equations (3.9) and (3.10), yield the following
simultaneous equations for the solution of B and C:

For 0 ¢ z < h,

-4

J 0‘1]3(5'13’)Iz(aml)cas(sz)ds=J SA(s,p)Jz(as)e—alz ds
°© o
(3.13a)

[+

J azc(S,p)Kz(aaz)cos(sz)ds =0 (3.13b)
o)
and for 2z > h,

J [B(s,p) I, (an,)- C(s,plk, (aa))cos(sz)ds
o

=-j A(s,p)J, (as)e”®1% as (3.13¢)
lo]



47

Io [GlalB(S,p)Iz(aa1)+G2a2C(s,p)K2(au2)]cos(sz)ds

= GJOSA(S,p)Jz(as)e'alz ds (3.134)

Following the same procedure as adopted for the steady-state
solution [reference equations (2.15) through (2.21)7, the
unknown functionsB and C can be solved from equations (3.13)
as follows:

G

C(S rP) - CX.2K2 (aaz)

2
[2 £ (s,p) - o,1,(a0,)B(s,p)] (3.14)
where B(s,p) is .given by the dual integral equations

J alB(s,p)Iz(aal)cos(sz) ds ='f(z,p), 0 <z <h (3.15a)
o , _ _

[+

J B(s,p)H(s,p)cos(sz) ds = g(z,p), z > h (3.15b)
o

In the above equations, the following abbreviations have been

used
£(z,p) = f t A(t,p)J, (at) e 2VEHPH/CE g (3.16a)
o
oo _ O o K )
g*(z,p)= J A(6,p)J, (ab)e z‘/62+pz/cfde + 26 J e *ilifi_.
o o ay K,(acd,)
«fc(s,p)cos(sz) ds (3.16Db)
fols,p) = J f(z,p)cos(sz)‘dz (3.16c¢)
o
aIIZ(aal)Kl(aaz)
H(s,p) = Il(aal) + G K, (aa;) (3.164)
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G = Gl/G2

With the help of equations (3.12),(3.15a) and (3.15c), f,(s,p)

can be expressed as [reference--derivation of equation (2.22) ]

alKi(aal)b
Gy

fecls,p) = - r-ro(r)I1 (ra,) dr (3.17)

o)
Using this relation in equation (3.14), the last of the three
unknown functions obtained as a result of the solution of 4dif-

ferential equation, can be expressed as

b
C(s,p) = -G [% G, I rTO(r)Il(ral) dar
Jo

a,K, (an,)

Iz(aal)B(S,p)j] W (3.18)

where B(s,p) will be evaluated from the dual integral

equations (3.15)

Solution of the Dual Integral Equations

The dual integral equations for the transient vibration
defined by equations (3.15) have the same appearance as those
derived for the steady-state vibration described in equations
(2.21), except that the former are in the transformed plane.
Therefore, the solution of equations (3.15) can readily be
obtained following an identical procedure as delineated in
Chapter 2 [reference--derivation of equations (2.24) to
(2.36)]). The solution in the form of an auxiliary function

and other intermediate functions, all in the transformed plane,
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is as follows

B(s,p) = B*(s,p) + B**(s,p) (3.19a)

B*(s,p) = N(s,p)/H(s,p) (3.19b)
ho

N(s,p). = J t™ ¢(t,p)Jo(st)dt (3.19c)
(@]

B**(s,p) rIl(ral)To(r)dr

T 7 H(s,p) Ef'Gzasz(aaz)

2 Kl(aQQ)[l o,K,(aa.) )jb
(o]

(3.194)
The auxiliary function ¢ (t,p) is defined by the Fredholm

equation of the second kind

-

E(t,p)+j $(6,p) K(B,t,p)do = t¥g (t,p) (3.20a)
O .
where

kK(e,t,p) = (et);5 J S[F(S,P)—l]Jolst)Jo(se)ds (3.20Db)

o
: I, (as)
F(S,p) = (1+G) m (3.20c)
_—2(140) (7 |*iKa(aoy) {1 oK, (an,) .
gl(t,p) == Jo ——E;——— + 3, Gzasz(adz)) 0,1, (ac,)

K]_ (aOLJ_) b ‘
fi(s,n) |Jo!st) jo rI, (ro,)t (r)dr|ds (3.204)

Once the auxiliary function §(t,p) is determined numerically
from equations (3.20),all physical quantities of interest
including the stress intensity factor can be obtained by proper

application of Laplace inversion theorem.
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Stress-Intensity Factor

Similar to the steady—state vibration in Chaptef 2, a
square-root singularity of the time-dependent stress at the
crack tip is also observed for transient vibration. Follow-
ing an identical procedure [see equations (2.37) to (2.42)],
the singular part of the shear stress at the crack tip can be

obtained in the transform plane as [Fig.3 ]

T — Gl (h ) o
Trp, (@/h+6,p) = ~ 375 g(—zg‘)l; +0(5°)

Applying the Laﬁlace inversion theorem, the time dependent

stress becomes

G 1 " pt
+6 = - 1 » - l g e
Trel(alh . t) 1+G (26)% a1l JB ¢ (h,p) —5~ dp + ...
r

where the dots indicate terms which are finite at the crack

tip.

The dynamic stress intensity factor, ka(t) for the torsional

mode can now be defined as

G,

ka(t) =~ i7a ¢(h,t) (3.21a)
in which
1 - ept
¢(hlt) = 5}; JBI ¢(hlp) _E_ dp (3.21b)

The auxiliary function E(h,p) can be obtained from the numeri-

cal solution of equations (3.20), a procedure which will be



discussed in Chapter 6 .

Examples

The 'same two examples used in Chapter 2 to illustrate
the results, can also beconsidered for the transient vibration.
Adopting identical procedure, it can be shown that the.con-

stant stress is related to the torque as

T () = k = 523 (3.24)

and the right-hand integral in the Fredholm equation is given

by

o Ga. K, (ao,)
= ~ T(1+G) 2 ~ R
gl(t,p) = 272G, joa'l [kz(a"j) T [l othz(aocz)}
Y (
© ol, (aa,) %r—l J, (st)ds _ (3.25)

Similarly, a linearly varying stress is related to the torgque

as
T.X
- .o _ 2r7T
To(r) = 5 b . (3.26)

and right-hand integral is

Ga, K, (aOLl)
a,X, (ao,)

K b
« o,I,(an) ﬁ%é?%%] J, (st) [:j erluul)d€}ds

o
(3.27)

_ T (e (7] .
g(tlp) = = TTbl;Gl -Iol}llk(aal) +

In the above equations, T denotes the impulsive torque.
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Knowing the right hand side of equation (3.20a) aé determined
by equations (3.23) and (3.27) above, the solution of the
Fredholm integral equation (3.20) can be performed numerically
in the p-plane to yield $(p) and consequently, equation (3.21b)
yields the stress-~intensity factor in the real plane. It is
interesting to note that in this class of problems there
is a peak in the value of k, over the first corresponding
static case (by an amount of about 40%). After that k3 oscil-
lates about the static value. This is discussed in detail

in chapter 6.



Chapter 4

STATIC TORSIONAL LOAD

The crack geometry shown in Fig. 1 and treated for
dynamic loading in Chapters 2 and 3, is studied in this
chapter under the application of a static torsional load.
Noting that the static loéd is simply a special case of two
previous dynamic loadings, the static solution can easily be
recovered from solutions already obtained in Chapters 2 and 3,
by letting either

w =0
for the steady state vibration, or
p =20
for the transient vibration.
In any case, the Fredholm equation reduces to [reference
equations (2.34), (2.36) and (3.20)]
h

o(t) + Jo 0(0) k(e,t) de = t7ig(t) (4.1a)
where
k(e,t) = (eti;5 rs[(1+G) %—ﬁ? - 1]
o
« J_(6s) J_(st) ds (4.1b)
K, (as)

H(s) = I, (as) + G Iz(as) (4.1c)

Kz(as)
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(> I ,{(as)K. (as)
g(t) = - ————2(1}_2G) s Kz(as) + (1-G) 211(5)1 *
AR § JO A
b
*I_(st) j r I, (£s)r (£)dr| ds (4.14)
(o)

and the static stress intensity factor for the torsional mode

is expressed as

_ _ Ga |
k3 = - 736 ¢ (h) (4.2)

where ¢ (h) is the solution of the above Fredholm equation at
the c¢rack tip.
For a constant specified stress distribution, g(t) can

be further simplified to

o I,as) Kk, (as)
= - T(1+G)- 2 _ AN 1 .
glt) = - F5E° JO s [:Kz(as) + (-G I s
. Jo(st) ds
wheré T is the static torgue applied on the plane z = 0.

For a linearly varying stress distribution, g(t) is given

by

m2b 4G H(s)

b
. Jo(st)[:Jo rZIl(rs)d%}ds

where b is the radius of the circular region over which the

-— oo I .
glt) = L j 52 [Kz (as) + (1-G) Z‘aS)Kl(aS):] .
(@]

g

torgue is applied.
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It is clear from the above that considerable'analytical
simplification occurs in the static case. However, the inte-
gral equation governing the function (egation 4.la) still
has to be solved numerically to determine the physical quanti-
ties of interest. The numerical solution of the Fredholm
eguation and thé corresponding variation of the static stress-
intensity factor, due to a concentrated torque with material

and geometric parameters, is discussed in detail in Chapter 6.



Chapter 5

STEADY-STATE TORSIONAL VIBRATION OF A LAYER

The steady-state torsional vibration of a layer is con-
sidered in this chapter (Fig. 2). The inner cylinder is
- surrounded by different material of large diameter, but both
media have a finite thickness (d). A finite cylindrical crack
of depth h (h < d) exists at the interface of the two media.

The steady-state solution obtained in chapter 2 is applied
to this problem with an appropriate modification.to account
for finiteness of the depth in lieu of a half-space. Boundary
conditions lead to a set of dual-series equations which are
solved to yield a Fredholm integral equation of the second
kind. The stress—inteﬁsity factor, ka, is obtained in terms

of the auxiliary function of the Fredholm equation.

Basic Equations and Formulations

Adopting the same procedure of Chapter 2 and Appendix A,
with appropriate modification for the finite layer, the only
non-vanishing displacement component in each medium can be

written as

' -0, 2 C,2
w (r,2) = /"[A(s)le ~ +D(s)e = 13, (rs)ds

o0

+ E B, Il(r/s;—wZ%/Gl)cos(snz) (5.1a)
n=
* - P ——
uoz(rlz) = E CnKl(rVBn—UJDz/Gz)cos(snz) : (5.1b)

n=0
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where

al = /S_z - wzpl/Gl

having a branch-cut for s < wzpl/G1 as discussed by Noble
(34].

The unknown variables A(s), D(s), Bn,Cn,‘and Sn'(n=0,l,2,...w)
are obtained from the boundary conditions. Note that for large

r, K, dies out quickly and thus there will be no inward waves.

1
At the stress free boundary (z=d), the waves will be reflected.

Boundary Conditions

In addition to the boundary condition of equations (2.11)
and (2.12), assume the remote surface of the layer to be

stress-free, i.e.

T _ . _ )
Oul(r,d) = TOzz(r’d) =0 {(5.2)

which requires the following conditions:

1d

/70  [-A(s)e™ ™ + D(s)e®19 (re)ds=0
o

A(s)e™2%d | (5. 3a)

i.e. D(s)

and S

n = nn/d, n= integer ' (5.3Db)

For simplicity of algebraic work, the depth of the layer can
be assumed to be egual to 7 without affecting the generality
of the problem. Therefore, equations (5.3) can be simplified

as follows:
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D(s) = A(s)e 2%1" (5. 4a)

s =n, n=0,1,2,...» (5.4b)

Introducihg the followint notation

::.2._2 {1 =
Ani Yn2-y pi/Gi, i 1,2

the stress-displacement field in two media can be written from

equations (5.1).

- In the inner medium (0 < r < a, 0 < z < m)

u (r,z) = J A(s) [ 2Z4e2272M 1T, (rs)ds
i o
+ E BnIl(rAnl)cos(nz) (5.5a)
n=0 .
éLT;G (r,z) = - J sA(s)[e—alz+ea1(z—zﬂ)]Jz(rs)ds
1 1 0
+ 2 Anl Iz(rknl)cos(nz) ' (5. 5b)
n=0
E%‘ng (rlz) = J aiA(S)[—e—alz + eal(z_zn)[Jl(rs)as
1 1 o .
- E n Bn Il(rlnl)sin(nz) {(5.5c)
n=0

while in the outer medium (a ¢ r <, 0 < z < W)

oo

ugz(r,z) = E CnKl(rAnz)cos(nz) (5.6a)
n=0
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1 - EZ
E;T;Oz(r,z) = - AnZCnKz(rAnz)cos(nz) (5.6Db)
n=0
©0
l - . .
E;T@z (r,z) = n CnKl(r An2)51n(nz) (5.6¢)
2 n=0

Application of the bounding condition on z = 0 plane
[see eqguation (2.12a)] yields A(s) in terms of the specified

stress

o0
1
A(s) = —5— J r v (r)J,(rs)ds (5.7)
G, 04 (=l+e 20L"") o © 1
1*%1 .
The traction-free condition on the crack surface [see
equation (2.12b)] supplies the following relations for

0 < =z < h

o -0, 2 o, (z-27)
knl Bnilz(axnl)cos(nz) = IosA(s)[e .+ e ]Jz(as)ds
n=0 - (5.8a)
Anz CnKz(a Anz)cos(nz) =0 (5.8b)
n=0 ’

while the continuity conditions on the bond surface [see equa-
tions (2.12c) and (2.12d)] provide the following additional re-

lations for hgz < =

©o
(2]

E [Bn Il(a}\nl)_CnKl (a}\nz) ]COS (nz) =—-J A(S) [e-alz+e
n=0 Ko]

an-Zn)]

Jl(as)ds (5.8c)
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[

[G;A. B I (ax_ ) + G, A_ C. K, (a)r_ )lcos(nz)
2;; 1 nl n-2 ny 2 n2 n 2 ny

® - (z-2m)
= GlJ sA(s) [e” %12 4 %11274T), (5.84)
o

Equations (5.8a), (5.8b) and (5.8d) can be algebraically
combined and further manipulated to provide the following rela-

tion:

1 =
E [Anl Bn Iz(aknl) + G AnZCnKZ(aAnz)cos(nz) = f(z),
n=0
0 <z ¢m, G1 2 0 (5.9a)

where

£ (z) =J s A(s) [e” %1% 4+ %1 (272M 15 (ag)as) (5.9b)
(o]

By the application of Fourier series cosine transform,

equation (5.%a) can be written as

1 1 ("
A B I (ax_) +=A2_CXK.{ar_ ) == I f(z)dz (5.10a)
0l o "2 °, G 0,70 2 o, LS
A B Iz(ax ) + é A_ T Kz(aA ) = 2 jnf(z)cos(nz)dz, n=1,2,.
n; n n, n, n n, LI |
(5.10b)
where C0 and Cn are readily obtained as
C, = % ?ax ) [% J“f(z)dz-ko I,(ax, )B,) (5.11a)
0, 2 o o 1 1
2 2
cn'= TR ?dx 3 E%.jg(z)cos,(nz)dz-kn Iz(aAn )Bn]' n=1,2,...
n, 2 n o) l 1

2 2 (5.11b)
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The following dual series equations result by eliminating
Cn from equation (5.8c) with the help of equations (5.11l) and

regrouping with equation (5.8a)

o0

E Anl Bn Iz(aAnl)cos(nz) = f(z), 0 <z <h (5.12a)
n=0

E B H_ cos(bz) = g*(z), z > h (5.12b)
n=0

in which the following additional abbreviations have been adopted

AO Iz(akol)Kl(aA0 )

1 2
H =1I,(ar, ) + G :
o 01 Ao Kz)aAo ) (5.12¢c)
2 2
Anllz (a)\nl)Kl (aknz)
H =1I.(ax_ ) + G yn=1l,2,... (5.124)
n 1 ny Ansz(aAnz)
g"(2) = - J ace) [e"* % +(272T) 15 (qe)q0
o
2 K. (aAr_.)
G 1 n2
o A, Ky(ax ) fu (5.12¢)
h=0 2 n2
where
T v
% f(z)dz, n=20
£ = (5.12f)

4? f(z)cos(nz)dz, n = 1,2,°°~
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Solution of Dual Series Equations

As in Chapter 2, express Bn as a summation of two new

functions:
* * %
B, = Bn + Bn (5.13a)
where
= * % *
E B H cos(nz) =g.(z), 02z (5.13b)
n=0

By Fourier cosine transform, it follows

* % _l_. *® *

BO Ho = L) g’ (z)dz (5.14a)
X% __2_ *° * _

B, H = p L) g (z) cos(nz)dz, n=1,2,... (5.14b)

Applying above relations on the dual series equations (5.12), one

obtains

E Any (BX + B)")I,(ak_;)cos(nz) = £(z), 0$z%h (5.15a)

* _
E B, H, cos(nz) =0, =z >h , (5.15Db)
n=0

Replacing B; by a new function

Nn = Bn Hn 7
1 o * . (5.16)
3N = By Hy

and performing some algebraic manipulation, equations (5.15) can
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be expressed as follows

AIo (ar, ) =
(1+4G) 01”2 03 N_ + E n Nn cos (nz)

2H o
o n=0
= (1+G)W(z) + n(l—Fn)Nn cos(nz), 0 < z < h (5.17a)
' n=0 '
[e o]
1 E
5 No + Nn cos(nz) =0, =z > h (5.17b)
n=1

The following abbreviations have been introduced in above

derivation
= - * % :
W(z) = f£(z) E Anl Bn Iz(aknl)cos(nz) (5.17c)
n=0
Any .
Fn = T I2 (akn ) (5.1748)
n 1

‘In order to solve the dual series equations, introduce an

auxiliary function ¢*(t)'such that

2
[

h *
J ¢ (t)Jo(nt)dt, n=12,... (5.18)
0

N

h o,
o J o* (t) at (5.18)
(o]

Note that equation (5.17b) is automatically satisfied by the
above definition of the auxiliary function.
Equation (5.17a) can now be expressed in terms of ¢*(t)

with the help of equation (5.18) as follows:
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4 Jh *(¢) Z in(nz)J_(nt) | at
dz d ¢ S o

n=1

(14G) &g, I (akg;)

No + (1+G)W(z)

2Ho

©o

+ E n(l—Fn)Nn cos(nz), 0 <z <h (5.19)
n=1

Making use of the following identity [23]
E . _ H(z-t) _ 1 [ 78 .
sin(nz)J (nt) = JFiffif = Jo Sin hE Io(gt)51n h(gz)dg
n=1

where H(z-t) is a Heaviside function, and integrating separately
between two different intervals, namely 0 to z and z to h, egua-

tion (5.19) can be written as

co _E d
a z g*(t)dt 1 4 h.* e Io(gt)SLn h(gz)dg
dz Jjaiogz ™ dz ¢ (t) o sin hg
o V2 o
Aoy I2(‘3)\01) zm
= - (14G) No + (L+G)W'(z) + n(l—Fn)Nn cos (nz)
2Ho n=1 '
(5.20)
Making use of the following Abel integral solution,
. . *
g4 [ 9 (£)At | £y . (5.21a)
z Z_ .2
0 z -t
: h '
¢ (t) = -17? t J f(z) (5.21b)
o Vt*-27
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equation (5.20) can be transformed to a standard Fredholm

equation of the second kind as follows:

. h t
.. 2(1+G6) - W(z)
oF(t) + t J K(n,t)¢*(n)dn = ==="2L ¢ J ——= 4z (5.22a)
) m o Vt3-z2
where the kernel is
w . ~& ;
te I (gn)I_(&t) A I, (alo,)
K(n,t) = - & J o N ot g+ (14g) 2201
" o sin hg 2H
o
-2 E n(1-F )J_(an)J_ (nt) (5.22b)
n=1

The following identities have been used to arrive at the above

solution

t
J cos(nz) 5, - Z J (nt)
o VYt°-3z
t
J coshinz) g, = I 1_(nt)
. 2 "o

For ease of comparison with the results obtained in Chapter 2,

redefine ¢*(t) as

o¥(£) = t%4 () (5.23)

so that the above Fredholm equastion takes the form

h
¢ (t) + J ¢ (O)K(O,t)do = t%g(t) (5.24a)
0
where
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-
1 1 wfe Io(ge)Io(gt)dg

Ani Io(aryq) = m
01 ~2'%4p1 2\ !
+ (1+G) i - = f_ n(1-F )J_(n8)J (nt)!
n=1 _

(5.24b)

2 y (2 w(z)
git) =< (1+6)t? | —=2— dz . (5.24c¢)
J t?-z2

Note that for a specified stress To(r), g(t) is a known func-
tion, and éhe unknown auxiliary function ¢ (t) can easily be

numerically solved from equation (5.24a).

Stress-Intensity Factor

Following an identical procedure as used in Chapter 2,
the possible singular part of the shear stress can be extracted
and expressed in terms of ¢(t) as

*

G,
T (a,z) = -—= h
Toq e 1+G

g ¢ (h) ; Jl(nh)cos(nz) + ..., z>h
n=1

(5-25)

Making use of the identity

E Jl(nh)cos(nz) = % 1 - EELE;EL
Vz2-h?2

n=1

and proceeding as in Chapter 2 [see equations (2.41) and (2.42)]
the singular term of the time dependent shear stress can be

expressed as

G
o lrea = - o T8 H(S) cos(wt) + 0(6°) (5.26)
Z

(
[t
1 Thes /28
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Therefore, by definition, the dynamic stress-intensity factor

is as follows:

: G,
k3 = - 717G ¢ (h) (5.27)
where ¢ (h) is the solution of Fredholm equation (5.24a).

The numerical solutions of ¢ (h) and k3 for the above
equations are similar to those in equations (2.36) and (2.42).
The latter have been solved in detail in Chapter 6, and similar
qualitative results are expected for the layer. Since the
layer has a stress-free boundary, it is expected that the static
local stress will increase with the decreasing distance between
the free boundary and the crack [4]. For the dynamic factor
k3, a peak will occur but possibly with a different magnitude

of amplification.



Chapter 6

NUMERICAL SOLUTION AND COMPUTATION OF
STRESS—-INTENSITY FACTOR

In this chapter, the numerical solution of the Fredholm
equations obtained in Chapters 2, 3 and 4, is discussed in some
detail. The quantity of physical interest, namely the stress-
intensity factor which is known to control the propagation of
the crack, is computed numerically for different values of
material properties, crack geometry and shear wave frequency. The
numerical treatments of the steady-state and transient vibrations

are discussed separately in two sections of this chapter.

Steady-State Vibrations

For numerical integration, it is convenient to express
the Fredholm equation in egquations (2.36) in terms of dimension-
less parameters. The following notations are introduced and
made use of in solving the example of a concentrated torque

(example 1 of page37 )

t = ht (6.1a)
8 = hn (6.1b)
s = A/h (6.1c)
a = ah (6.14)
_ w20 % (22 w2p\% 7.
Ol.i = {Sz = Gl ) = [; - _G::l} = Bl (B.le)
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o(e) = ¢(me) = THXCLM o (p) (6.1£)

so that equations (2.36) assume the nondimensional form
1

o(g) + j ¢(n)L(n,g) dn = a% M(g) (6.2a)
O

where the symmetrical kernel is

L (7 Y, I, (aY,)
L{n,& = (&n)* j A6 ————— ~ 1].
o AH(X)
-JO(AE) Jo(kn) dai {6.2b)
and
* Gy.K, (ay,)
= - Y = ) 172 1 — .
M(¢g) JO 1 Kz(fyhl) + Il v K, (ay,) I,(ay,)
. ..K_l.(iﬁ J ( ) d (6.2
H(N) o A&} di | -2¢)

Using the new definition of the auxiliary function in
equastion (6.1), the stress-intensity factor for the steady-
state vibration defined in equation (2.42) can be expressed

in terms of ¢ (&) as

kK, = - —2%‘—2/%—3 8 (1) (6.3)

Numerical solutions of the Fredholm equation (565.2a) are
obtained for various physical parameters by following the
Kantorvich and Krylov method [27] which basically replaces
the integral equation with a system of simultaneous algebraic
eqﬁations that can easily be solved with the aid of a digital

computer. However, in the study of the kernel, a few problems
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are encountered in the numerical work. Thesec probiems and
their respective remedies are discussed in the sequel.

First, the integrand of the kernel given by equation
(6.2b) converges very slowly, requiring a great amount of
computer time. This behavior can be improved by separating
the slowly convérgent part from the rapidly convergent part of
" the integrand, and obtaining a 'tlose forn!' solution of the slowly
convergent part.

For large‘values of the argument, the following .expan-
sions of the Bessel functions can be used [25]

X

: 3 15
I (x) = = [1 - &= - e S
1 o 8x 128x%
X
15 105
I, (x) = — [1 - =2 + - ..
2 /IR 8x 128x2
M ~X 3 15
Ky () = oz L+ g~ TaggE tee)
m  -x 15 105
Kz(x) = /2—}-(6 [l+'§+ 128x%2 - ...]

Therefore, for large values of x, the following relations are

obtained

it

Il(x)Kz(x) 5

i

Iz(x)Kz(x) 5

Iz(x)Kl(x) 5
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Using these results, it can be shown that for large values of A

(14G) v, I, (ay,) G-1 3

— -2
- e +
() l1=Grzax 000 )

which indicates that for G=1 ( homogeneous case ) the kernel is
well behaved, and when G#1, it has a removable singularity at

the upper limit. Noting that for high values of A

Y, =Y, = A

and introducing the abbreviations

Y,I,(3Y;)
F(y,) = (14G) —%f%Txyi— (6. 4a)

F*(AM)=0GF 733 %

the logarithmic singularity at the upper limit can be seperated,

and the kernel in equation (6.2b) can be split into two parts as

o

L(n,£) = (gn)’sj A F* (A,) 3 (AE)J_ (An)dA
(o]

Ao
+ 0¥ [ ArG) - o -1
(o]

.JO(AE)JO(Xn)dA (6.5)

In the above equation, Ao is chosen to be large enough to
satisfy the following relation

F(y,) - 1= F*(Ao)

Using the value of F* (A) from equation (6.4b) and noting the

identity [23]
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K(g), E >n

o 2
| |
2 K(ﬁ), £ < n

. J,(AE) T (An)dr =

mn

the kernel can be conveniently expressed as
kK(n/&), & >n

k(&/n), & < n

. Jo(Ag)JO(An)dA } (6.6)

In above equations, k(x) denofes the standard elliptic
integral of the first kind. It is observed that the integrand
of the second expression in eqﬁation (6.6) converges within a
reasonable limit and at a much faster rate than that of equation
(6.2b) .

The second unusualvproblem encountered during the
numerical process is that when the Fredholm equation (6.2a) is
replaced by a system of simultaneous eguations [see eguation
(6.8) where i = 1,2,...(2n+1); j = 1,2,...(2n+1)], the kernel
.in equation (6.6) becomes indeterminate for i = j, i.e. for
n = £. This problem can be overcome by the use of a modified
method of integration suggested by Kantorvich and Krylov [27].
Basiéally, this method consists of rewriting the Fredholm

equation (6.2a) in the following form
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1

o(E)[1 + L¥(E)] + J L(n,g)[e(n) - ¢(8))dn = E%M(g) (6.7a)
o .
in which
N 1
L°(8) = j L(n,8)dn (6. 7b)

o
Replace the above equation by a system of simultaneous equa-

tions as follows:

2n+1 l2n+1

j=1 Jj=1
= ¢ M., - i=1,2 2n+1
= (Ei) i Ei; =1, ,...( n )

(6.8)
where the following notations are used

_ 1
A ~ 2n
.= (3-1
n (J-1) A
A, =A , ., =1/3,RA, =A,=...=4/3, A, =A; = ... =
[Simpson's Co-efficient]
* ok,
Mi = M(gi)
dine n,_ ) FLE M), =3
L. =12 i Mi-1 FRALE TS R J
ij
L(Ei:nj): iz 3
e, = Numerical integration error which can be brought to

a very small value by increasing the number of equa-

tions and, therefore, can be neglected.

2/3
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Now, following reference [27], the diagonal terms (i.e.
for i = j) of the matrix formed by equation (6.8) can be

written as

* gyL(gi’n'i+l)[¢i+l - Qi]

in which

Choosing equal intervals, Ex and Ey can be made equal to .

Therefore, the ith equation can be written as

1 1
A QlAlLi,l 2 QZAzLivz + ...
‘ i-1
1 * 1
TR ¥Ry Y EILy 4 g+ O+ L AE AL,
1 2n+1 1 J=1
A AJLij TR A (e i EyLi i+ !
I=i+1
+E o, (A, . +E )L
A Ti+l1MTi+] y'Ti,i+l LI
1 = %
* 3 Pan+1 Pons1 Tion+r T By M (6.9)

It must be emphasized, at this point, that in equation

(6.9) ¢i' Lij and Mi are all complex variables because of the
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2 WP
complex nature of the term Y; for A < e L [see equation
i
(6.1e)]. This requires the solution of the Fredholm equation

to be obtained using complex arithmetic. Unlike the vibration
problem of a penny-shaped crack [15], the kernel L{(n;g) and
the right-hand term M(E) of equations (6.2) are too involved
algeﬁraically to be separated into real and imaginary éarts
easily. Each element of the matrices of equation (6.8) is
complex in general. To this end, the following prpcedure is
adopted to overcome the numerical problem.

- The complex variable programming technique is employed
and the numerical integraﬁion scheme is adopted to determine
by computer the ﬁumerical value of each complex element of
matrices formed by equation (6.8). These elements are further
processed in the computer and decomposed into real and imaginary
parts. Abbreviating each complex element of the left side of

equation (6.9) by K and the corresponding real and imaginary

CI

terms by K_, and KI, the following decomposed equation can be

R
written

(KR + i KI)i,l (@R + i @I)l + ...

+(KR + i KI)i,j (¢R + 1 @I)j + ...

. . % .
+(KR + i KI)i,N (¢R + i @I)N (Ei) (MR+J.MI)i

i=1,2,... N

in which the following complex identities are used
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0; = (0 + idp),
Mi = (MR + i MI)i
KC = KR + i KI

Equating the real and the imaginary parts separately, and

rearranging the terms, the following equations are obtained

(KR)i,l (@R)l 2 N +(KR)i'j (@R)j + ... +(KR)i,N(q>R)N
“Kpdy,q )y - e (K, (QI)j = e TR Oy
= (£,)% (Mp);
and
(KI)i’l(éR)l + ...+ (KI)i,j (@R)j + ... +(KI)i’N(®I)N
+(KR)i,l(®I)l + ...+ (KR)i’j (@I)j + ... +(KR)i'N(¢I)N
= ()% )y

i=l'2,n-oN

It must be noted that the original kernel matrix of N x N
dimension is now increased to the size of 2N x 2N when both

the above equations are combined. Since the required computer
(CPU) time increases rapidly with the values of N, several such
values are tried to search for a reasonable number without com-
prising accuracy. It is found that values of N larger than 19
yield no appreciable difference in results. Therefore, all Fred-
holm equations are solved for N = 19.

The decomposition into real and imaginary parts, and
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rearrangement of elements to form the new matrix, as described
above, are processed in the computer writing appropriate pro-
grams. Finally, the 2N number of simultaneous eguations are
solved in the computef adopting the standard procedure for
matrix method of solution, and the stress-intensity factor is
obtained using equation (b6.3) after extracting the real values
of the auxiliary function ¢ at the crack tip. Such complete
solutions are obtained for various material properties, crack
geometrics and wave number of shear wave propagation, and the
results are'displayed graphically in Figures 4,5 and 6,

Fig. 4 exhibits the effect of wave number (i.e. indirectly
the frequency) of the impingent torsional wave on the stress-
intensity factor for various modulus-ratios. The normalized
dynamic k, increases with the wave number, reaches a maximum,
and then rapidly decreases. The static k; is readily obtained
at zero value of the wave number. For G = 3, the dynamic
amplification is about 1.9 at a wavelength of about 90% of the
crack depth. Larger G-values result in less stress-intensity
factors, but with a greater relative dynamic amplification at
a smaller wave length. For large wave numbers, the crack plane
approximates the stress-free surface of a half-space, and k,
for a higher G-value vanishes at a lower wavelength. However,
ks, by definition, never attains a negative value. The curves
in Fig. 4 are obtained for a/h = 1.

Figs. 5 and 6 show the effect of variation of shear

modulus and crack radius on the static stress-intensity factor.
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As expected, the local stress intensification decreases with
the increase of crack radius rapidly for lower values of a/h
(roughly a/h <£ 1) and asymptotically for higher values.
G vs. k, curve experiences monotonic reduction with the in-

crease of G-values, but at a slower rate.
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Transient Vibration

The numerical work for the transient vibration is simi-
lar to that described for the steady-state condition except
that the former is to be performed in the transformed plane,
while the latter, of course, is performed in the physical
plane. The solution of the Fredholm equation is obtained in
the Laplace transform domain and, thus, the determination of
¢(h,t) in equations (3.21) necessitates a numerical inversion
of $(h,t) /p. Since this inversion is the only additional
numerical work and similar inversions have been covered in many
recent publications [28, 29, 30], a general approach of the
required numerical treatment is presented in this section along
with some numerical results.

In order to express the Fredholm equation in terms of
dimensionless parameters, the following notations are intro-

duced in example 1, discussed on page 51

t = hg
® = hn
s = A/h
a = &h
2 Pzp. Y.
Qe = (sz+-§3)35 —-(l3 + _ET;)% = 5t
2 i
i
c c P
= X2 _ 2!5=_1__
p=g® -y h

E(tlp) = 'g—,;r_z(fj;ja‘%);i'ﬁ 6(515) .

Making use of these parameters, equations (3.20) assume the
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nondimensional form
1

PUE,B) + J F(£,B)E(n.E,B)dn = £% A(Z,p) (6.10a)
(o]

where the symmetrical kernel is

z - s [ Yot (3
L{n,&,p) = (&n) J A+ G)sm75—=y - 11°
o AH(A,P)

-JO(AE)JO(An)dA (6.10b)
and
= _ " . Y. K, (aYl) = Ky (aYl)

_ - 2 3- - - — |
M(E:P) = Jo Y] [%z(avl)+ {l (;szz(aYz) Iz(aﬁ)~H(A,§)
* Jo(kﬁ)dk (6.10c)

The stress—-intensity factor from equation (3.21) can now

be expressed in terms of the nondimensional auxiliary function

¢(g,p) as
Ky (T = - »2200 y1,m) (6.11a)
in which
V(LT = 5= I v(1,p) ePT ap (6.11b)
. Br R
and
¥(1,5) = ‘1%—&’— (6.11c)

In above equations the following dimensionless time variable

has been used
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- c t
= —t
T h

Consider the Laplace transform of Y(T) defined by the

integral

pip) = J w(F) e PT gt (6.12)

o

Since the following discussion will be focused on the trans-
form and its inversion, for convenience, functions P (1,T) and
¥(1,P) are abbreviated as y(T) and J(p), respectively. The
infinite integral iﬂ equation (5.10) can be transformed to a
finite integral on the interval (-1,1). It follows that

U (p) can be evaluated from equations (3.20) using an identical
procedure as illustrated for the steady~state condition, at

the points
p = (g*l+m)y, m = 0,1,2,...

In the above relation, g and y (>0) are real constants and are
chosen by judgment based on past experience and trial and error
to yield realistic results. For this problem, g < 2 and

0.05 £y £ 2 can be considered good approximation.

o

Now, if the substitution
x = 2 e-YT -1 (6.13)

is made in equation (6.10), the following result is obtained

_ 1
Plig+lam = 5 J NERS RO L (6.14)
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Then, ¥ (x) is expanded into an infinite series of Jacobi
polynomials orthogonal on the interval (-1.1). The resultant
expression for w(ﬁ) that can be used for numerical inversion
is

o

Y (T) = :E: cnpé°'q’ [2e7YT- 17 (6.15a)
n=0

where Cn can be calculated by the use of orthogonality condi-

tions as follows

C
y - O
yOllg+lyl = =3 (6.15b)
—_ CO Cl
_ c, 2C, 2c,
yWlardyl = o3 + GEay gt (@37 (@) (GF5) (6.15d)

_ Co 3x1 cl 3x2 C,
yyl(g+d)y] = g+4 + (q+4) (q+5) * (g+4) (g+5) (g+6)

3! Ca

S TS B T % )

(6.15e)

and so on. Once CO is determined from the first relation,
all other coefficients can be determined in succession from
the knowledge of function ¥ (p).
For approximate numerical results, the series in
equations (6.15) can be truncated at an appropriate point.
Unlike the numerical work for the steady-state condition,

the Fredholm equation for the transient vibration is solved
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using real arithmetic since y; is positive in this case for
all values of A%. By émploying otherwise identical procedure,
the auxiliary function % (f,p) is numerically computed in the
transformed plane for various values of p. Subsequently, by
writing a separate program based upon the Laplace transform
inversion scheme described above, numerical values of the
auxiliary function ¥ (1,T) are obtained where § and & are
related by equation (6.11c). Finally, the tearing mode stress-
intensity factor is determined from equation (6.11la).

The example of a suddenly applied torque concentrated
over a point in the inner cylinder is chosen as an example to
illustrate the results. In Fig. 7 and 8, the nondimensional stress-
intensity factor is plotted against the dimensionless time
variable T for modular ratio G,/G, = 3 and crack dimension
a/h = 1. The transient effect is observed as k, first reaching
a peak and then oscillating about the static value with de-
creasing amplitude. The peak is observed to be about 40% higher
than the static value and to occur at about T = 2.5 for the
particular crack geometry and material properties. As time
T (= S%E) increases, the value of k, approaches that of the
static case.

In summary, one observes that the elastodynamic stress-

intensity factor k3 can be expressed as

ks (£) = F(t)(k:")static

where F(t) is some function representing the difference
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between the static value of k3 and the dynamic one. For im-
pulsive torsional loading on the exposed end of the compo-
site, it is found that F(t) increases monotonically to a
number close 1.40 and then oscillates with decreasing ampli-
tudes about unity. The dynamic overshoot in this case is
aboﬁt 40%. This behavior is in agreement with the reéults

for "sudden twisting of a penny-shaped crack" [22].



Chapter 7

CONCLUSION

In this concluding chapter, the results obtained in
previous chapters will be summarized, the practical application
of this research work will be discussed, and possible future
reséarch works employing the techniques and results presented

in this dissertation will be hinted upon.

Summary of Results

Analogous to any dyhamic problem, the cracked cylinders
treated in the dissertation under the application of torsional
vibration, are observed to experience dynamic amplification of
local stress fields. This amplification is excited as an inter-
action between the impounding forcing function and the inherent
physical characteristics of the media. The maximum intensifi-
-cation can be coﬁpared to the resonance of othef vibration
problems.

The steady-state vibration can amplify the static stfess—
intensity factor by as much as two at a certain frequency
level of the input motion depending upon physical properties
and crack geometrics. Such vibration is characterized by
producing a peak and then having almost no effect at high
frgquencies.

On the other hand, the Heaviside transient forcing func-

tion results in numerous peaks, the first one being prominent
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with about 40% to 50% amplification over the static value.
Unlike the steady-state vibration, the dynamic stress-intensity
factor for the transient case oscillates about the static value
and approaches that with time.

Practical application of the results obtained in the dis-
sertation can bé found in fracture mechanics, where two media
are bonded together, having a finite flaw at one side of the
common boundary. Other practically oriented problems can be
solved as corollafies using the technigues presented in this

research work.

Suggestion for Future Research

The solution obtained in Chaﬁter 2 for steady-state
vibration of a half-space, can be improved to ensure the
assumption that only outward waves prevail. This can probably
be accomplished by manipulating the input wave function in

in equations (2.5) and (2.6).

In this dissértation, the load transfer problem befween
two partially bonded cylinders subjected to torsional vibration
is studied. The external loading is imparted to the composite
by specifying known shear stresses over the contact surface
within the inner cylinder. A further involved situation will
arise if the displacement is specified over the entire inner
cylinder 0 < r < a (Fig. 1). This can be physically achieved
by twisting a disk rigidly attached to the inner cylinder by

a constant angle, y. The boundary conditions at the contact

surface (z = 0) will then be as follows:
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uy = yr, 0 ¢ xr g a

TGZ=‘0 . r > a

The remaining boundary conditions are the same as in the

dissertation. This problem can be considered as a special
application of the well-known Reissner-Sagoci problem [31],
and can be solved adopting a procedure similar to that
employed in this dissertation. Based upon previous reseaxrch
works performed on this type of Reissner-Sagoci éroblem, it
seems that there may exist a stress singularity other than the
square root singularity at the crack tip [32,33]. The static
solution of this problem can be found in the works of Prasad
and Chatterjee [33].

Following fhe approach presented in this dissertation,
several other related problems can be solved. One such problem
is the study of the same crack geometry of Fig. 1 with a
fihite—radius outer cylinder under the application of a dynamic
radial pull on the external cylindrical surface. Under this
normal loading, the stress-intensity factor, k,, for the opening
mode can be obtained. Assuming b is the outer radius, the
boundary condition on the external surface, i.e. for'r = b,

is

pl(z,t) h. < z <0

Q
i

=0 . "z > h

where h; is the height of the cylinder subjected to the known

external pressure p.
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APPENDIX A

Solution of the Displacement Equilibrium Equation (2.7)

The solution of the equilibrium equation (2.8) will be

sought by use of classical separation of variable technique

*
0

can be assumed as a product of two new functions; one a func-

[25]. The displacement u] which is a function of r and z,

tion of r and the other a function of 2z only, i.e.
ug(r,z) = R(r) + Z(2z)

Inserting this new definition of u_, in equation (2.7), the dif-

¢
ferential equation yields

L] t n 2 ’ .
Ry IR - _Z _ 4. %= constant = ts?, say
In the above equation, a single prime denotes differentiation
once and adouble prime denotes differentiation twice, both with
respect to the corresponding variable. For two different con-
stants, two different solutions will be obtained, and when

combined will provide a complete solution.

Case 1l: constant = -s2
Therefore, z" - (sz-n;)z =0
. . . e --z(sz-n-z);5
which is satisfied by z ™~ e 1
and r2R" + rR' + (s2r2-1)R = 0

which is satisfied by R ~ J, (rs)
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Therefore, the solution is
2

o P
ug (r,2) =j Als) I, (rsye”2(5701) “gq (A1)
o

as indicated in equation (2.8a)
Case 2:

Costant = s?

Therefore, z" + (sz+n;)z =0
which yields z ~ cos[(sz+ni2)%z]
and r2?R" + rR' - (s2r2+1)R = 0

which yields R ~ I (rs) or K (rs)
1 1

Therefore, the solution is

« o Il(r/sz-ni)
u (r,z) = J B(s) cos(sz)ds (A2)
0 o) Kl(r/sz—n;)

Whether the solution will involve the modified Bessel function
I, or K,, depends on the boundary conditions, and that one

will be chosen which assures finite displacement everywhere in
the region. Since s is a dummy variable, (sz+n;) has been re-
placed by s2 in the above derivation. The resulting expressions

for the displacement are given in equations (2.9) and (2.10).
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APPENDIX B

Solution of the Dual Integral Equations (2.31)

The solution of the dual integral equations(2.31) will be
obtained following Snedden's approach [24].

Inserting the definition of N(s), from equation (2.32) in
equation (2.31b) and interchanging the order of integration,
one obtains '

h oo
J ¢*(t)[} Jo(st) cos (sz) d%] dt = 0, z > h (B1)

o .
Noting that t < h < 2z, and using the identity [23]
[+
J Jo(st) cos(sz) ds = 0, € < z (B2)
(@] .

it can be easily proved that eguation (2.31b) is automatically
satisfied by the definition of N(s) chosen in equation (2.32).
To obtain a solution of ¢*(t), rewrite equation (2.3la)

as

a%l] N(s) sin) (sz) ds} = (1l+G)W(2z)

O

+ J s[l-F(al)]N(s)cos(sz)ds,
o

0 <z¢g<h (B3)

-

Replace N{s ) in the left hand side of the above equation,

by equation (2.32), so that equation (B3) takes the form
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=]

AHEE - (repw(a) +J s [1+F(a,)IN(s) .
' O

J.
dz
(o)

. cos(sz)ds (B4)

This is a standard Abbel integral equation with the solution [241]

+ t
2 d S P
o*(t) = £ (1+0)t Jo ——————;(Lq,ﬁf?zz)zz + % t IO "(t2+lz2) - (B5)

. [} S[l—F(al)]N(s) cos (sz) -.d%} dz

(o]

t
. cos(sz) _m
Noting that . fO -(—tz—z—z)—g dz = > Jo(st) ’

one gets
t o0 _
o) =2 qrore | HESE o [ s nore) NG
o o}

« J (st)ds (B6)
o

Rearranging terms, ¢*(t) is given by

0o h
$*(t) + t J_s [F(al)—ll Jo(st)[] qKG)JO(se)d%}ds

O o]

rt
(1+G) t j s (B7)
70

SN

Phis can be further simplified to result in a standard Fredholm equa-

tion of the second kind

h
¥ (£) + j ¥ (0)K(6,t)da0 =
O

t w(z)az

(1+6)t jo (€2-22) (B8a)

EXN
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where - the kernel stands for
K(6,t) = t j s[F(a,)- 11J_(st)J_(se6)ds (B8b)
o o o

which are stated in equations (2.33).
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APPENDIX C

Evaluation of Integrals in Equations

(2.31d) and (2.33a)

The right-hand side integral in equation (2.33a) is free
from the auxiliary function ¢ﬁt),and can be evaluated in
terms of the prescribed stress_function To(r). To this end,
make use of equation (2.31d) to obtain the following solution

by rearranging terms

t _ w(z) dz = t f(z2) dz _2 (% 1 o, X, (aa, )
o (tZ-z2) % h (t2-2z2)% 7 o 0‘1'G1 G,a2K, (aa,)

Kl(aaz) []t cos((s 2)dz

"I, (a0:) (e o (£-29)%
b

.J rI (ra,)T_(r)dr| ds (C1)
o ! . ©

With the help of the identity

t

the above equation reduces to
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t t o,K,(aa )
w(z)dz _ f(z) dz__ 1 172 1
JO (t2-2z2)% JO (t2-22)% [Oal{Gl Gzasz(aaz)) o st
K, (aa,) b
I a0y Jo rI, (ro )t (r)dr| ds (C3)

t
In order to evaluate J %é%%;%%%, insert equation (2.22) in
o

equation (2.18b) and invert by the Fourier cosine transform

to yield
2 ® b
f(z) = - s J cos(sz)a, K, (aa,) J rTO(r)Il(ral)dr ds
1 o o
(Cc4)
Hence,
C_fm g, .2 (1 = X - :
(t2-z9)% °% T 7 g, T€3=z2) % cos(sz)a, K, (aa,)
° o o
(C5)

.{JO rTo(r)Il(ral)dr} ds

Rearranging the order of integration and performing a simple

integration, it follows

t Y-
f(z) _ _ 1 .
JO (t3-z2) % dz = é; joalJo(St)Kz(aS)

b . .
wj rTo(r)Il(ral)di}ds (C6)



Using this result in equation (C3), one finally obtains

It W(zldz _ _ le——a_l K. (aq.) + [_L_ _ %K, (a0,) o .
o (t2-2z2)% olG, 2 1 G, G,a,K (aa,) 1

H(s)

b
. r I )T (x)dr | ds

which is the result given in equation (2.34).

Kl(aaz)
-Iz(adl) Ty JO(SE)
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(€7)
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