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ABSTRACT

The a n a ly t ic a l  approxim ations fo r  the c l a s s i c a l  , quantum m echanical 

and reduced p a r t it io n  fu n c tio n s  o f th e  d iatom ic m olecule o s c i l la t in g  

in te r n a l ly  under the in flu e n c e  o f th e  Morse p o te n t ia l  have been 

d erived  and th e ir  convergences have been t e s t e d  num erica lly  . This  

s u c c e s s fu l  a n a ly t ic a l  method i s  used in  the treatm ent o f  anharmonic 

system s . Using Schwinger p ertu rb ation  method in  the framework o f  

second q u a n tiza tio n  form ulism  , th e  reduced p a r t it io n  fu n c tio n  o f  . 

polyatom ic system s can be put in to  an ex p ress io n  which c o n s is t s  

se p a r a te ly  o f  c o n tr ib u tio n s  from th e  harmonic terms , Morse p o te n t ia l  

c o r r e c tio n  term s and in te r a c t io n  term s due t o  th e  o f f-d ia g o n a l  

p o te n t ia l  c o e f f ic i e n t s  . The c a lc u la te d  r e s u l t s  o f th e  reduced  

p a r t it io n  fu n c tio n  from the approxim ation method on th e  2-D and 

3-D model system s agree w e ll  w ith  th e  num erical exact c a lc u la t io n s  •
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CHAPTER I  

INTRODUCTION

T h e  m a in  o b j e c t i v e  o f  t h i s  t h e s i s  r e s e a r c h  i s  t o  f i n d  

a  new  m e th o d  i n  a c c o u n t i n g  f o r  t h e  a n h a r m o n i c i t y  i n  t h e  r e ­

d u c e d  p a r t i t i o n  f u n c t i o n s  o f  p o l y a t o m i c  m o l e c u l e s ,  o n e  t h a t  

u t i l i z e s  t h e  M o rse  p o t e n t i a l  a s  h a s  b e e n  s u c c e s s f u l l y  a p p l i e d  

t o  t h e  d i a t o m i c  m o l e c u l e .  T he  r e d u c e d  p a r t i t i o n  f u n c t i o n  

r e p r e s e n t s  t h e  t h e o r e t i c a l  b a s i s  f o r  e q u i l i b r i u m  i s o t o p e  

e f f e c t s  a s  w e l l  a s  t h e  i s o t o p e  e f f e c t  o n  t h e  p o p u l a t i o n  o f  

t r a n s i t i o n  s t a t e s ,  w h ic h  i s  a  m a j o r  f a c t o r  i n  k i n e t i c  i s o t o p e  

e f f e c t s .  V a r i o u s  m e th o d s  o f  a p p r o x i m a t i o n  f o r  t h e  r e d u c e d  

p a r t i t i o n  f u n c t i o n  o f  a  p a i r  o f  i s o t o p i c  m o l e c u l e s  w i t h i n  

t h e  f r a m e w o r k  o f  h a r m o n i c  o s c i l l a t o r  a p p r o x i m a t i o n  h a v e  b e e n  

d e v e l o p e d  i n  t h e  l a s t  tw o  d e c a d e s ,  some o f  th e m  p r i m a r i l y  

d e s i g n e d  t o  p e r m i t  q u i c k  a n d  a c c u r a t e  n u m e r i c a l  e v a l u a t i o n  

o f  t h e  f u n c t i o n ,  a n d  o t h e r s  a r e  p a r t i c u l a r l y  s u i t e d  t o  g i v e  

i n s i g h t  i n t o  t h e  u n d e r s t a n d i n g  o f  i s o t o p e  e f f e c t ,  t o  g i v e  

e x p l i c i t  r e l a t i o n s h i p s  b e t w e e n  t h e  i s o t o p e  s e p a r a t i o n  f a c t o r  

a n d  m o l e c u l a r  s t r u c t u r e  a n d  m o l e c u l a r  f o r c e s .  F o r  t h e  p r e s ­

e n t  s t a t u s  o f  a c c o u n t i n g  f o r  t h e  a n h a r m o n i c i t y ,  o n e  c a n  

r e f e r  t o  C h a p t e r  I I  A f o r  a  b r i e f  d i s c u s s i o n  o f  W o l f s b e r g ' s  

r e s u l t .  T he a d v a n t a g e  o f  t h i s  new  a p p r o a c h  t o  b e  d i s c u s s e d  

l a t e r  i s  t h a t  o n e  c a n  r e a d i l y  c a l c u l a t e  t h e  c o n t r i b u t i o n s  d u e
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t o  t h e  q u a d r a t i c  a n d  c u b i c  d i a g o n a l  t e r m s  w h ic h  a r e  l a t e r  

i d e n t i f i e d  w i t h  t h e  M o rse  p o t e n t i a l  t e r m s ,  a n d  d u e  t o  o f f -  

d i a g o n a l  c u b i c  t e r m s  s e p a r a t e l y .  I n  c a s e  t h e  c o n t r i b u t i o n  

f r o m  t h e  o f f - d i a g o n a l  t e r m s  i s  n e g l i g i b l e ,  we c a n  j u s t i f y  

t o  e m p lo y  t h e  d i a g o n a l  t e r m s  a l o n e  i n  a c c o u n t i n g  f o r  t h e  

a n h a r m o n i c i t y  i n v o l v e d  a n d  t h u s  g a i n  m o re  i n s i g h t  i n  u n d e r ­

s t a n d i n g  t h e  r o l e  o f  d i f f e r e n t  d i a g o n a l  t e r m s  i n  a f f e c t i n g  

t h e  a n h a r m o n i c i t y .

P a r t  I I  o f  t h e  t h e s i s  d e a l s  w i t h  t h e  p e r t i n e n t  t h e o r i e s  

u p o n  w h i c h  t h e  p r e s e n t  r e s e a r c h  h a s  b e e n  b u i l t ,  t h a t  i s ,  w i t h  

a  d i s c u s s i o n  o f  t h e  v i b r a t i o n a l  r e d u c e d  p a r t i t i o n  f u n c t i o n  o f  

t h e  M o rse  o s c i l l a t o r  a n d  t h e  s e c o n d  q u a n t i z a t i o n  f o r m a l i s m  

w i t h  o p e r a t o r  t e c h n i q u e  f o r  S c h w i n g e r ' s  p e r t u r b a t i o n  t h e o r y .

P a r t  I I I  i s  t h e  r e s e a r c h  r e s u l t s  o f  t h i s  s t u d y  o n  t h e  

a p p r o x i m a t i o n s  f o r  p a r t i t i o n  f u n c t i o n s  o f  d i a t o m i c  s y s t e m s .  

R e s u l t s  o n  a p p r o x i m a t i o n s  f o r  t h e  c l a s s i c a l  q u a n t u m - m e c h a n i ­

c a l  a n d  r e d u c e d  p a r t i t i o n  f u n c t i o n s  w i l l  b e  p r e s e n t e d .

P a r t  IV d e a l s  w i t h  t h e  a p p r o x i m a t i o n s  f o r  p a r t i t i o n  

f u n c t i o n s  o f  p o l y a t o m i c  s y s t e m s .  Due t o  t h e  c o m p l e x i t y  o f  

t h e  p r o b l e m  i n v o l v e d ,  a  m o d e l  s y s t e m  w h i c h  s i m u l a t e s  t h e  

tw o  s t r e t c h i n g  m o d e s  o f  c a r b o n  d i o x i d e  i s  i n v e s t i g a t e d  w i t h  

t h e  e x a c t  n u m e r i c a l  r e s u l t s  c o m p a re d  t o  t h e  a p p r o x i m a t e  a n d  

t h e  h a r m o n i c  r e s u l t s .  T h en  t h e  r e s u l t s  o f  a  s u c c e s s f u l  

a p p r o x i m a t i o n  o n  a  l i n e a r  t r i a t o m i c  s y s t e m  a r e  p r e s e n t e d .

I n  t h e  A p p e n d ix ,  some r e s u l t s  o f  o t h e r  a p p r o x i m a t i o n  

m e th o d s  w h ic h  h a v e  b e e n  a t t e m p t e d  d u r i n g  t h e  c o u r s e  o f
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t h i s  r e s e a r c h  a r e  p r e s e n t e d .  P a d e  A p p r o x im a n t  m e th o d  h a s  

b e e n  a p p l i e d  t o  t h e  d i a t o m i c  p a r t i t i o n  f u n c t i o n .  O r t h o g o n a l  

p o l y n o m i a l  m e th o d s  h a v e  a l s o  b e e n  e x p l o r e d .  N i e l s e n ' s  

f o r m u l a e  a n d  some e s s e n t i a l  d e t a i l s  l e a d i n g  t o  s i m p l i f i e d  

p e r t u r b a t i o n  r e s u l t s  o f  q u a n tu m  p a r t i t i o n  f u n c t i o n  E q s . (90) 

a n d  (91)  a r e  a l s o  g i v e n .  L i s t i n g s  o f  c o m p u t e r  p r o g r a m s  u s e d  

f o r  n u m e r i c a l  e v a l u a t i o n  o f  2-D  m o d e l  s y s t e m s  a n d  3-D  s y s t e m s  

a r e  a l s o  i n c l u d e d .
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CHAPTER I I

BACKGROUND THEORY

A. VIBRATION REDUCED PARTITION FUNCTION OF THE 
MORSE OSCILLATOR

a .  I n t r o d u c t i o n

The B o r n - O p p e n h e im e r  (BO) a p p r o x i m a t i o n  i s  t h e  u n d e r ­

l y i n g  b a s i c  p r i n c i p l e  i n  m o s t  t h e o r e t i c a l  w o r k s  o n  i s o t o p e  

e f f e c t .  The i s o t o p e  e f f e c t  i s  a  q u a n tu m  m e c h a n i c a l  e f f e c t  

a n d  i s  m o s t  o f t e n  d e s c r i b e d  i n  t e r m s  o f  t h e  r e d u c e d  p a r t i ­

t i o n  f u n c t i o n  r a t i o  -^ - r f ,  w h e r e a s
9

_ (Q / Q ( Q  7 Q p l ) Qs  ̂_ qm _ qm cl _ r ^
s '  ( Q / Q ' ) ,  (Q'  / Q '  , )  Q ' U Jcl qm cl r

w i t h  s  a n d  s '  a s  t h e  s y m m e try  n u m b e rs  o f  a  p a i r  o f  i s o t o p i c  

m o l e c u l e s .  Q a n d  Q' a r e  t h e  p a r t i t i o n  f u n c t i o n s  o f  t h e  

h e a v i e r  a n d  t h e  l i g h t e r  i s o t o p i c  m o l e c u l e s ,  a n d  t h e  s u b ­

s c r i p t s  qm, c l ,  a n d  r  r e f e r  t o  t h e  q u a n tu m  m e c h a n i c a l ,  c l a s ­

s i c a l ,  a n d  t h e  r e d u c e d  p a r t i t i o n  f u n c t i o n s ,  r e s p e c t i v e l y .  

N o te  t h a t  t h e  v a l i d i t y  o f  E q . (1 )  d o e s  n o t  d e p e n d  o n  BO.

U n d e r  t h e  h a r m o n i c  o s c i l l a t o r  t r e a t m e n t ,  a n d  t o  t h e  

e x t e n t  t h a t  t h e  m o l e c u l a r  t r a n s l a t i o n a l  a n d  r o t a t i o n a l  

m o t i o n s  a r e  c l a s s i c a l  a n d  s e p a r a b l e  f r o m  t h e  i n t e r n a l
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v i b r a t i o n a l  m o t i o n s ,  t h e  r e d u c e d  p a r t i t i o n  f u n c t i o n  r a t i o  

i s  e x p r e s s e d  a s

- u .

- r  - “ iu . e  (1 -  e  ) b ( u .)

f  - f  -  "  7--------------------------l  b i r r ^ r  {2)
1 1 - u .

u :. 2
( 1 - e 1)

where each product is taken over all degrees of freedom, u 
is the energy of a normal vibration hctoe in the units of 
kT, and b(u) is the reduced partition function of a single 
harmonic oscillator,

- u
2

b ( u )  = - e  -  (2 a )
1 - e

One u s u a l l y  a c c o u n t s  f o r  t h e  a n h a r m o n i c i t y  o f  v i b r a ­

t i o n  o f  a  p o l y a t o m i c  m o l e c u l e  b y  a  c o r r e c t o n  t e r m ^ e x p ( u - x •/ 4 )
- u . / 2

t o  t h e  z e r o - p o i n t  e n e r g y  t e r m  lie 1 i n  E q .  (2) a n d  i g n o r e s  

a n y  e f f e c t  o f  a n h a r m o n i c i t y  t o  t h e  v i b r a t i o n a l  e x c i t a t i o n .

I n  1969  W o l f s b e r g  p o i n t e d  o u t  t h e  p r e s e n c e  o f  a  m a s s  d e p e n ­

d e n t  Gq t e r m  i n  t h e  e n e r g y  t e r m s  o f  a  d i a t o m i c  m o l e c u l e

£
j £ -  G „  + w e (v + i> - w ex e (v +  i ) 2 (3)

I n  e x t e n d i n g  t o  s i m p l e  p o l y a t o m i c  m o l e c u l e s ,  t h e  Gq t e r m
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w h ic h  co m es  f ro m  n o n - r o t a t i n g  a n h a r m o n ic  t e r m s  a n d  i n t e r ­

a c t i o n  b e t w e e n  r o t a t i o n  a n d  v i b r a t i o n  t e r m s  w as  f o u n d  t o  

m ake s i g n i f i c a n t  c o n t r i b u t i o n  t o  t h e  z e r o - p o i n t  e n e r g y  o f  

i s o t o p i c  w a t e r  a n d  am m onia a n d  i t s  i n c l u s i o n  i n  t h e  c a l c u ­

l a t i o n  o f  t h e  e q u i l i b r i u m  c o n s t a n t  y i e l d s  g o o d  a g r e e m e n t  

b e t w e e n  e x p e r i m e n t a l  a n d  t h e o r e t i c a l  v a l u e s .  Gq e x a c t l y  

v a n i s h e s  f o r  t h e  M o rse  p o t e n t i a l .  A l s o  t h e  e f f e c t  o f  a n ­

h a r m o n i c i t y  d u e  t o  i t s  i n t e r a c t i o n  w i t h  t h e  r o t a t i o n a l  

m o t i o n s  o f  a  r e a l  m o l e c u l e  i s  g e n e r a l l y  s i g n i f i c a n t  b u t  

d e a l i n g  w i t h  t h i s  e f f e c t  w o u ld  b e  o u t  o f  t h e  s c o p e  o f  t h i s  

p r e s e n t  s t u d y .

b .  F o r m u l a t i o n s

T h e  p o t e n t i a l  p a r a m e t e r s  o f  t h e  M o rse  o s c i l l a t o r

U (q) = D (1 - e"0̂ ) 2 (4)

a r e  r e l a t e d ®  t o  t h e  p a r a m e t e r s  o f  t h e  v i b r a t i o n a l

e n e r g y  l e v e l s  b y

(5)

a n d

(6 )



w h e r e  y i s  t h e  r e d u c e d  m a s s .  T he  c l a s s i c a l  p a r t i t i o n  f u n c ­

t i o n  Qc ^ o f  t h e  b o u n d  s t a t e  o f  t h e  o s c i l l a t o r  i s  g i v e n  b y

1 1
" c l  u f

e  / tt -  p I n  2
e x p - p 2 ( l - e “ z / P ) 2 | e r f  y 2 d z f (7)

w h e r e  p i s  a  d i m e n s i o n l e s s  q u a n t i t y  d e f i n e d  a s

P =
J_D_ = 1 FT”
^ k T  2 ^ x e  '

( 8 )

e r f  i s  t h e  e r r o r  f u n c t i o n ,

* 2  2  2 - t
e r f  y~ = ------  /  e  d t  ,

2 / i f  0
(9)

a n d  z a n d  y 2 a r e  d i m e n s i o n l e s s  f u n c t i o n s  g i v e n  b y

z = a p q ( 1 0 )

a n d  y 2 = p [1 -  (1 - e “ z>/p) 2 ] ^ ( 11)

The a n h a r m o n i c i t y  c o r r e c t i o n  f a c t o r y ^  f o r  th e -  c l a s ­

s i c a l  p a r t i t i o n  f u n c t i o n  i s  e x p r e s s e d  a s

c l
Q i i 00Cl _ 1 y

c l -  p I n  2
e x p  [ - p 2 ( l - e “ Z//p) 2 ] e r f  y .  dz  ,

(1 2 )
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w h e r e  Qc ^ a n d  a r e  t h e  p a r t i t i o n  f u n c t i o n s  o f  t h e  a n -

h a r m o n i c  a n d  h a r m o n i c  s y s t e m s  r e s p e c t i v e l y .  N o te  t h a t  yc i  

a  f u n c t i o n  o f  p o n l y  a n d  d o e s  n o t  d e p e n d  o n  u g a n d  x e  s e p ­

a r a t e l y .

T he  q u a n tu m  m e c h a n i c a l  p a r t i t i o n  f u n c t i o n  i s  e x a c t l y  

g i v e n  b y

= S e x pqm (13)

w i t h

v °S = Z e x p  [—u  V + u x (V  + V * )]  (14 )
v=o 0

w h e r e  VQ i s  t h e  l a r g e s t  i n t e g e r  n o t  e x c e e d i n g  c ,

a)rt w —oix u -  ux 1—x
C S (15 )

2 u 0x 0 2“ X 2ux  2 x <

E q . (1 3 )  g i v e s  t h e  e x a c t  v a l u e  o f  Q f o r  t h e  a l l o w e d  

v i b r a t i o n a l  e n e r g y  o f  t h e  M o rse  o s c i l l a t o r  e x p r e s s e d  a s

^  = oie (v  + j )  -  oiexe (v  + | )  2 (16 )

The sum S c a n  b e  e q u i v a l e n t l y  e x p r e s s e d  i n  t e r m s  o f  u  

o r  u Q b y  u s i n g  r e l a t i o n s  u e x e  = u 0x Q = ux  a n d  u  = u Q -  u x  = 

u e  -  2ux-
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T h e n  Y , t h e  a n h a r m o n i c  c o r r e c t i o n  f a c t o r  f o r  t h e  qm
q u a n tu m  m e c h a n i c a l  p a r t i t i o n  f u n c t i o n  i s

^  =  S e “ X /4  11 -  e X p < - V ’ <17)qm q U e
qm

w h i c h  d e p e n d s  o n  u e  a n d  X e  i n d i v i d u a l l y .

Y , t h e  a n h a r m o n i c i t y  c o r r e c t i o n  f a c t o r  f o r  t h e  r e ­

d u c e d  p a r t i t i o n  f u n c t i o n  f o l l o w s

Y -  Qr  _  Qg n / Qc l  _  Yqro (18 )

r Q 0 Q °/Q Yc lr  qm '  c l

c .  D i s c u s s i o n

W hat I  h a v e  a t t e m p t e d  i n  t h i s  r e s e a r c h  i s  a n  im p r o v e ­

m e n t  o f  t h e  c l a s s i c a l  p a r t i t i o n  f u n c t i o n  Qc ^ a n d  q u a n tu m  

p a r t i t i o n  f u n c t i o n  Q o v e r  t h e  a b o v e  p r e s e n t a t i o n  o f  t h e  

v i b r a t i o n a l  r e d u c e d  p a r t i t i o n  f u n c t i o n  o f  t h e  M o rse  o s c i l ­

l a t o r .  An a p p r o x i m a t i o n  o f  p a r t i t i o n  f u n c t i o n s  f o r  a  s y s t e m  

o f  a n h a r m o n i c  o s c i l l a t o r s  w i l l  h e l p  s o l v e  v a r i o u s  t h e r m o d y ­

n a m ic  p r o b l e m s  t h a t  a r e  c u r r e n t l y  b e i n g  t h w a r t e d  p a r t l y  d u e  

t o  t h e  l a c k  o f  a d e q u a t e  w ay s  t o  a c c o u n t  f o r  t h e  a n h a r m o n -  

i c i t i e s  i n  th e rm o d y n a m ic  f u n c t i o n s .  W o l f s b e r g  a n d  h i s  

g r o u p  h a v e  c a l c u l a t e d  t h e  e q u i l i b r i u m  c o n s t a n t s  o f  h y d r o g e n  

i s o t o p e  e x c h a n g e  r e a c t i o n s  i n v o l v i n g  s e v e r a l  s i m p l e
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m o l e c u l e s ,  s u c h  a s  w a t e r  a n d  am m o n ia .  T h e i r  c a l c u l a t i o n s  

w e r e  b a s e d  o n  a  q u a r t i c  p o t e n t i a l  f u n c t i o n  a n d  i n c l u d e d  a l l  

o t h e r  n o n i d e a l  e f f e c t s  s u c h  a s  i n t e r a c t i o n s  o f  t h e  a n h a r m o n ic  

p a r t  o f  i n t e r n a l  v i b r a t i o n  w i t h  r o t a t i o n a l  m o t i o n s ,  c o r i o l i s  

f o r c e s  a n d  a r e  e x a c t  b u t  t e d i o u s .  I t  i s  h o p e d  t h a t  a  s u i t ­

a b l e  a p p r o x i m a t i o n  f o r  t h e  a n h a r m o n i c i t y  e f f e c t  m ay p r o v i d e  

some s i m p l i f i c a t i o n  o f  s u c h  c a l c u l a t i o n s .

P a r t l y  t o  f a c i l i t a t e  c a l c u l a t i o n  o f  e x a c t  v a l u e s  t o  

w h i c h  o n e  c a n  c o m p a re  a n y  a p p r o x i m a t i o n ,  e x a c t  e f f e c t s  o f  

a n h a r m o n i c i t y  o f  a  s i n g l e  M o rs e  o s c i l l a t o r  t o  t h e  c l a s s i c a l ,  

q u a n tu m  m e c h a n i c a l ,  a n d  r e d u c e d  p a r t i t i o n  f u n c t i o n s  w e r e  

c a l c u l a t e d  n u m e r i c a l l y .  T he  a n h a r m o n i c i t y  c o r r e c t i o n  f a c t o r  

f o r  t h e  c l a s s i c a l  p a r t i t i o n  f u n c t i o n  d e p e n d s  o n  a  s i n g l e  

p a r a m e t e r  r a t h e r  t h a n  o n  tw o  p o t e n t i a l  p a r a m e t e r s  a n d  te m ­

p e r a t u r e .  ^ S e v e r a l  a p p r o x i m a t i o n  m e th o d s  h a v e  b e e n  i n v e s ­

t i g a t e d  f o r  t h e  c l a s s i c a l ,  q u a n tu m  p a r t i t i o n  f u n c t i o n s  o f  a  

M o rse  o s c i l l a t o r .  O n ly  t h e  m e th o d  a d o p t e d  w i l l  b e  p r e s e n t e d  

i n  t h e  m a in  t e x t  a n d  some o t h e r  m e th o d s  o f  i n t e r e s t  w i l l  b e  

r e l e g a t e d  t o  t h e  a p p e n d i x .

B. SECOND QUANTIZATION WITH OPERATOR TECHNIQUE

a .  G e n e r a l  F o r m u l a t i o n  o f  t h e  S c h w in g e r  
P e r t u r b a t i o n  T h e o r y 8 t 9

-H  +H1
The p r o b l e m  i s  t o  d e r i v e  a n  e x p r e s s i o n  f o r  e  i n

w h ic h  Hq i s  r e g a r d e d  a s  a  l a r g e  o p e r a t o r  a n d  H^ a  s m a l l  o n e .  

L e t
- ( H n+ H . ) t

<j)(t) = e u 1 (19)
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^  <f>(t) = -  (HQ + H1 )<|. ( t )  (20)

I n t r o d u c e  ^ ( t )  d e f i n e d  b y

- H0t
( t )  = e  u ^ ( t )  (21)

w h ic h  s a t i s f i e s  t h e  d i f f e r e n t i a l  e q u a t i o n

a +Hnt  -H nt
^ ( t )  = -  e  0 H^e 0 * ( t )  (22)

s u b j e c t  t o  t h e  b o u n d a r y  c o n d i t i o n  'I'(O) = 1 .  We r e p l a c e  

E q . (22) b y  a n  i n t e g r a l  e q u a t i o n  w h i c h  i n c o r p o r a t e s  t h e  

b o u n d a r y  c o n d i t i o n  a n d  w h ic h  may b e  s o l v e d  b y  i t e r a t i o n :

t  H f  -H f
i|> ( t )  = 1 -  /  d t*  e  u H ,e  U i ^ ( t ' )  (23)

C a r r y i n g  o u t  t h e  i t e r a t i o n ,  we h a v e

t  H f  -H  f
^  ( t )  = 1 -  /  d t ' e  H , e  u 

0 X

t  t '  H - t '  -H n t '  H _ t"  -H nt "
+ /  d t '  /  d t "  e  u H .e  u e  u ^ e  u + . . .  

0 0 x 1
(24 )

A so m e w h a t  n e a t e r  f o r m  i s  o b t a i n e d  b y  m a k in g  t h e  s u b ­

s t i t u t i o n s  t '  = t t ^ ,  t "  = • • •  • M a k in g  t h i s  c h a n g e
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a n d  f o r m i n g  <J>(1) f ro m  E q .  (21 ) we f i n d  

- (Hn+H..) -H „ 1O'“ I 7 _ _ _ _ “ 0 , , ^  „ __ t lH 0= e  u + ( - 1 )  f  d t ,  e  
0 A

H1 e

H^e

+ ... + (-1 )n / t " " 1 dt. / t_ n " 2 dt, ...
0 x 0

1 - (l“t.)H. -t.(l-t,)Hft
/ d t e  1 0 H.e 10 n  1 1

H -V2 V 1(1'V  H0 H ”̂ 1t2 Vo••. H^e e

+ •  •  • (25)

I f  o n e  i s  f a c e d  w i t h  t h e  p r o b l e m  o f  t a k i n g  t h e  t r a c e  

o r  t h e  a v e r a g e  v a l u e  o f  $ ( 1 ) ,  a  f u r t h e r  s i m p l i f i c a t i o n  c a n  

b e  m ade  b y  v i r t u e  o f  t h e  f u n d a m e n t a l  p r o p e r t y  o f  a  t r a c e ,  v i z . ,

T r(A B . . .  YZ) + Tr(ZAB . . .  Y) = T r ( B  . . .  YZA), e t c .

(26 )

U s i n g  E q . (26 )  o n e  may e a s i l y  v e r i f y  t h e  f o l l o w i n g  

e q u a t i o n

' - ( H ^ H ^ t ] I “ V l 1 - (Hn+ a H , ) t ]

Tr e ’  Tr e  0 = - t  /  dcxT 
0 r

H je  0 1

( 2 7 )
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S u b s t i t u t i n g t h e  s e r i e s

f i n d

f - (Ho+Hi ) l “ H0T r e = T r e

- ( H Q+H1 a ) t

+ ( - l ) T r
-H ,

H^e

( - 1)2 ^+ -  f  d t . T r
^ 0

- ( 1 - t  )H - t H  
Hl e  Hl®

. , ( - l ) n+1 r 1  ¥  n - 1 , -1 n - 2» • • • t _ , ̂ J dr<« / t** Qua
0 1 1 0 2 2

Hl e  H1 ® E

. . .  H^e
. . .  t n H0

+ .  • • (28)

L a t e r  o n ,  t h e  a b o v e  r e s u l t  w i l l  b e  s e t  i n  t h e  f r a m e w o r k  o f  

s e c o n d  q u a n t i z a t i o n ,  a n d  t h e  r e d u c e d  p a r t i t i o n  f u n c t i o n  o f  

p o l y a t o m i c  s y s t e m  c a n  b e  p u t  i n t o  a n  e x p r e s s i o n  w h ic h  c o n ­

s i s t s  o f  c o n t r i b u t i o n s  f ro m  t h e  h a r m o n i c  t e r m s ,  M o rse  p o ­

t e n t i a l  c o r r e c t i o n  t e r m s ,  a n d  i n t e r a c t i o n  t e r m s  d u e  t o  o f f -  

d i a g o n a l  c u b i c  c o e f f i c i e n t s .

b .  O c c u p a t i o n  N umber F o r m a l i s m  f o r  
H a rm o n ic  O s c i l l a t o r s

T he  H a m i l t o n i a n  o p e r a t o r  f o r  a  h a r m o n i c  o s c i l l a t o r  is"*
10

( 2 9 )

w i t h  £  a n d  §  a s  t h e  momentum a n d  c o o r d i n a t e  o p e r a t o r s
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o b e y i n g  t h e  c o m m u ta to r  r u l e .

[&» = - i n ( 3 0 )

w h e re

p  = x mRw 1 /2
( a  - a ) O la)

and

n l 1 / 2  t
M  ( a  + a ) (31b)

W i th  t h e  i n t r o d u c t i o n  o f  t h e  c r e a t i o n  a n d  d e s t r u c t i o n  
+operators a and a, the Hamiltonian operator becomes

H = Rw (a  a  + 1 / 2 ) (32 )

T h e  a  , a  a r e  b o s o n  c r e a t i o n  a n d  d e s t r u c t i o n  o p e r a t o r s  f u l ­

f i l l i n g  t h e  c o m m u ta t io n  r e l a t i o n s

(33)

F o r  a  m u l t i d i m e n s i o n a l  h a r m o n i c  o s c i l l a t o r ,  t h e  

H a m i l t o n i a n  H i s

n  A
H = £ H. .

i = l
( 3 4 )
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w i t h

« i  -  s  <f>i2 + ■”“ 2 ^ i 2 > (35)

A l t h o u g h ,  a s  P a u l i  h a s  o b s e r v e d ,  a l l  r e s u l t s  d e r i v e d  

f r o m  t h e  o c c u p a t i o n  n u m b e r  f o r m a l i s m  c a n  a l s o  b e  o b t a i n e d  

b y  t h e  w ave  m e c h a n i c a l  c a l c u l a t i o n ,  t h e  a d v a n t a g e  o f  t h e  

o c c u p a t i o n  n u m b e r  f o r m a l i s m  l i e s  i n  t h e  s i m p l i c i t y  o f  t h e  

a l g e b r a i c  m a n i p u l a t i o n  o f  t h e  d e s t r u c t i o n  a n d  c r e a t i o n  

o p e r a t o r s .  I n  a  l a t e r  s e c t i o n  we w i l l  s e e  t h e  u n f o l d i n g  o f  

t h e  o c c u p a t i o n  n u m b e r  f o r m a l i s m  i n  t h e  f r a m e w o r k  o f  S c h w i n g e r 1s  

p e r t u r b a t i o n  t h e o r y .
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CHAPTER I I I

APPROXIMATIONS FOR PARTITION FUNCTIONS 

OF DIATOMIC SYSTEMS

A. APPROXIMATION FOR CLASSICAL PARTITION FUNCTIONS

a .  C l a s s i c a l  P a r i t i o n  F u n c t i o n  o f  O s c i l l a t o r  
i n  F i n i t e  H a rm o n ic  W e l l

T h e  H a m i l t o n i a n  o f  a  h a r m o n i c  o s c i l l a t o r  i n  a n  i n ­

f i n i t e l y  d e e p  h a r m o n i c  w e l l  i s  g i v e n  b y

w h e r e  $ i s  t h e  d i s p l a c e m e n t  c o o r d i n a t e ,  u t h e  r e d u c e d  m a s s  

a n d  a  t h e  f o r c e  c o n s t a n t .  A s f o r  t h e  c l a s s i c a l  p a r t i t i o n  

f u n c t i o n  Q ^ r m , we h a v e

(36)

n h a rm  _  1  , 
c l  "" h  J

00

—00 —00

1  / l i k T  
h /  aE / 2 TTykT

2lrkT 1 __ _kT_ = _1
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w i t h

v e  2 tt /  y

One i s  i n t e r e s t e d  i n  d e v e l o p i n g  a  f o r m u l a  f o r  t h e  

f i n i t e  h a r m o n i c  o s c i l l a t o r  b e c a u s e  i t  may e x h i b i t  f e a t u r e s  

t h a t  a r e  c h a r a c t e r i s t i c  o f  a  b o u n d  o s c i l l a t o r  s y s t e m .  F o r  

a n  o s c i l l a t o r  i n  a  h a r m o n i c  w e l l  o f  a  f i n i t e  d e p t h ,  we 

h a v e ,

/ f -  1 * d  / 2y (D -  —| —) _ E 2

Qc l  = H ;  d ? e  2  kT /  e 2ukT d p  . (38 )
/ 2 D 0

- /  a

By s e t t i n g

P = y 2  .35 .. = x 2  ( 3 9 )
2ykT " y  '  2kT ” v ;

we o b t a i n

D_ / ^ _ ( i. ,  r kT  2 /  k T v 2 D ; 2

Qc l  -  i T I  '  e"X 311 e aye
( 4 0 )

I n t e : g r a t i n g  b y  p a r t s  ( I B P ) ,  i t  c a n  b e  show n t h a t



w h e re

_  , . [ 2  2  2  E n (x )  = r  j  5 ( 4 2 )

I t  c a n  e a s i l y  b e  v e r i f i e d  f r o m  E q . (42) t h a t  t h e  i n ­

f i n i t e  s e r i e s  o b t a i n e d  a b o v e  c o n v e r g e s  f o r  a l l  x .

An a p p l i c a t i o n  o f  t h e  s e r i e s  e x p a n s i o n ,  IB P ,  a b o v e  

t o  t h e  h a r m o n i c  o s c i l l a t o r  p r o b l e m  o f  E q . (40) l e a d s  t o  a  

v e r y  s i m p l e  a n d  e x a c t  r e s u l t ,  w h ic h  i s  t h e  f o l l o w i n g  c l o s e d

W hat we n e e d  i s  a  m o d i f i c a t i o n  o f  E q . ( 4 1 ) ,  o r  i t s  e q u i v a ­

l e n t ,  w h ic h  w o u ld  a c c o u n t  f o r  t h e  a n h a r m o n i c i t y .  S i n c e  t h e  

f i n i t e  h a r m o n i c  o s c i l l a t o r  i s  t h e  s i m p l e s t  o f  i t s  k i n d ,  t h e  

n e x t  b o u n d  o s c i l l a t o r  t o  l o o k  i n t o  i s  t h e  M o rse  o s c i l l a t o r .

fo rm

(43)

, 2 Dw h e r e  p = ^

T h e  Qc ^ o f  E q .  (43 ) t e n d s  t o  j j -  a s  p+°°, a s  e x p e c t e d
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b .  A p p r o x i m a t i o n  f o r  t h e  V i b r a t i o n a l  C l a s s i c a l  
P a r t i t i o n  F u n c t i o n  o f  t h e  M o rse  O s c i l l a t o r

F o r  a  s m a l l  x  v a l u e ,  E q . (41)  c o n v e r g e s  w e l l ,  b u t  i n

g e n e r a l  x  i s  n o t  s m a l l  a n d  m o s t  o f  t h e  r e s u l t s  b a s e d  o n  a n

e x p a n s i o n  l i k e  E q . (41 )  w i l l  n o t  y i e l d  s a t i s f a c t o r y  r e s u l t s

f o r  r e a l  d i a t o m i c  m o l e c u l e s .  F u r t h e r  i n v e s t i g a t i o n  l e a d s

11t o  a n o t h e r  e x p a n s i o n  o f  t h e  e r r o r  f u n c t i o n :

e r f  x  = 1  -
- x

/ tt

1

X
1

2 X
. 1 3  1

2 2 ~ J  x

+ ( ^ 1 ) n 1 3
2 2

2 n - l

x 2 n + l + E n (x ) (44)

w h e r e

E n (x )  = ( - 1 ) n _2_

A ;

1 3
2 2

, n + l
f  e  

x

- t d t
2 n + 2

(4 5 )

a n d  v a l u e s  o f  E n (x )  h a v e  b e e n  t a b u l a t e d  i n  T a b l e  1 .

D i f f i c u l t i e s  a r i s e  i n  u s i n g  E q . (44 ) f o r  t h e  i n n e r  

i n t e g r a l  o f  E q . (1 2 )  i n  t h e  f o l l o w i n g  m a n n e r .  The o u t e r

i n t e g r a l  o f  E q . (12) o b t a i n e d  b y  s u b s t i t u t i n g  E q . (44)  f o r

e r f  y 2 i n  i t  i s  f o u n d  t o  b e  u n b o u n d  a t  b o t h  l i m i t s  o f  

i n t e g r a t i o n ,  i . e . ,  a t  z = -  p I n  2 a n d  z = «>. S c h e m a t i c a l l y

t h e  e x a c t  i n t e g r a n d  o f  t h e  o u t e r  i n t e g r a l  o f  E q . (12)  l o o k s

l i k e  F i g u r e  1 .  I t  i s  s e e n  t h a t  t h e  v a l u e  o f  t h e  i n t e g r a n d  

i s  v e r y  s m a l l  n e a r  t h e  l i m i t s  o f  t h e  i n t e g r a l .  I t  i s



2 0

Table 1 : Remainder E^Cx) fo r  E q n .(45)

x= l

n=l 1 . 4 l l * l 0 - 1  

n=2 2.645*10”^

n=3 7.405*10“^

n=4 2.777*100

n=5 1.309*10X

x=2 x=3 x=4

2.204*10-3 1.935*10-4 3.444*10-5

1.033*10“3 4 .03l*10” 5 4.035*10"6

7.231*10-4 1 . 254*10-5 7.062*10“7

6.780*10“4 5.225*10“ 5 1.655*10-7

7.990*10"4 2.737*10“ 6  4 .877*10"8

x=5 

9.027*10-5 

6.770*10-7 

7.583*10“8 

1 ,137*10~8 

7.238*10"9



f e a s i b l e  t o  c o n d u c t  a  s t u d y  o f  c h o p p i n g  o f f  b o t h  e x t r e m i t i e s

o f  t h e  r a n g e  o f  t h e  i n t e g r a l .  T h e  m o re  o n e  m o v es  aw ay  f r o m

t h e  e n d  p o i n t s ,  t h e  m o re  o n e  r e d u c e s  t h e  e r r o r  o f  i n t e g r a t i o n

d u e  t o  t h e  s i n g u l a r i t y .  H o w e v e r ,  t h e  m o re  o n e  m o v es  aw ay

f r o m  t h e  t r u e  l i m i t s  o f  t h e  i n t e g r a l ,  t h e  m o re  e r r o r  o n e

a c q u i r e s  d u e  t o  t h e  i n c r e a s e  i n  t h e  n e g l e c t e d  a r e a .  T h e r e

m u s t  b e  a n  o p tim u m  s e t  o f  p o i n t s  z^ a n d  z ^  t o  b e  u s e d  i n

p l a c e  o f  -  p I n  2  a n d  °°, r e s p e c t i v e l y .

One c h o o s e s  t o  l e t  z 1  a n d  z ^  d e p e n d  o n  e a c h  o t h e r  a s

f o l l o w s :  c h o o s e  a  v a l u e  f o r  t h e  r a t i o ,  R, o f  t h e  l e v e l  o f

y~ c a l l e d  y 0  . a n d  t h e  maximum p o s s i b l e  v a l u e  o f  y _ ,  w h ic h  
■‘ 2  2 , m m  2

i s  p ;

R e f e r r i n g  t o  F i g u r e  IB ,  o n e  o b t a i n s  z^ a n d  z ^  a s  tw o  

r e a l  s o l u t i o n s  o f

( 4 7 )

T h e y  a r e :



As c a n  b e  s e e n  i n  F i g u r e  2 ,  t h e  l o p - o f f  e r r o r  i s  n e g ­

l i g i b l e  e v e n  a t  a s  l a r g e  a  v a l u e  o f  R a s  0 . 3  w hen  p i s  2 o r  

l a r g e r .  T h i s  p l o t  h a s  b e e n  o b t a i n e d  b y  a p p r o x i m a t i n g  t h e  

i n t e g r a n d  o f  E q . (1 2 )  b y  u s i n g  E q . (41 ) f o r  e r f  y 2  i n  t h e  lo p -  

o f f  r e g i o n s  o f  t h e  i n t e g r a l .

S u b s t i t u t i n g  E q . (44) i n t o  E q . ( 1 2 ) ,  o n e  o b t a i n s

cl

w h e r e

200 - „ 2 n-<=rz/p>
= —  /  e _p {1" e  d z  , (50 )

CJ- / ?  -  p i n  2

_ 2  2

A y  =  -  e  2  e x p [ - p 2 ( l - e ~ z / p ) ] (51 )
a l Yc l  tt J ”-  p i n  2  y 2

a n d

V c l
_1 _
2 ir

r 2 . .  - z / p .e x p [ - p  ( 1 - e  / H )
-  p i n  2

(52)

I t  h a s  b e e n  f o u n d  t h a t  Y ^  i s  t h e  d o m i n a n t  t e r m .  A t r a n s ­

f o r m a t i o n  o f  E q . (50)  l e a d s  t o
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FIGURE !

Increasing p

I n t e g r a n d  o f  O u t e r  I n t e g r a l
o f  C l a s s i c a l  P a r t i t i o n  F u n c t i o n

FIGURE
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FIGURE
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w h e r e

y  = e " z / p  -  1 . (54 )

2
T h e  T a y l o r  e x p a n s i o n  o f  l / ( l - y  ) i n  E q . (53)  f u r t h e r

l e a d s  t o

m
E

/ ?  k = l  K
Y ° i(m )  = 1 + Yc l °(m ) + ~  E A fv (55)

w h e re

Yo l ° t a )  = "  Sfctp) = “  fc_ i  1 1  k  ( ^ I i j ; , (56 )
C l 0  k = l  k  k = l  2  ( 2 p ) (JC

2 2
_  - e " p x  ( 2 k - l )  ! i  ( j - 1 ) ! x 2 ^ 1

A rk 2  2  ( k - l ) l  . i  ( 2 j  —1 ) ! 2 T F J  
Zp 3 - 1  ( 4 p Z)

+ .... 2 ( 2 ^ . ! , .  (5 ? )  

( 4 p 2 , V l ) l

i n  w h ic h

oo 2 2
A f 0  = -  /  e " p y  d y  , (58 )

x

a n d



I n  F i g u r e  3 I  c o m p a re  v a r i o u s  a p p r o x i m a t i o n s  r e p r e ­

s e n t e d  b y  E q . (55) w i t h  t h e  e x a c t  v a l u e  o f  y q ^ o b t a i n e d  f ro m  

R e f . ( 1 ) .  I n  t h i s  F i g u r e ,

c l®  ( 1 ) = 1  + y o ( 1 ) = 1  +
c l
C ± 0

1 (60)

a n d  t h e  c u r v e s  l a b e l l e d  a s  c l ® ( l ) ,  c l ® ( 2 ) ,  c l ® (3) a r e  g i v e n

b y  E q . ( 5 5 ) ,  i n c l u d i n g  t h e  t e r m s  o f  A fk , w i t h  m = 1 , 2 ,  a n d  3 ,  

r e s p e c t i v e l y .  F i g u r e  4 i s  a  p l o t  o f  r e l a t i v e  e r r o r s  o b ­

t a i n e d  b y

F i g u r e  5 i s  a  s i m i l a r  p l o t  o b t a i n e d  b y  i n c l u d i n g  t e r m s

m = 3 ,  s e e m s  t o  g i v e  a  g e n e r a l l y  s a t i s f a c t o r y  a p p r o x i m a t i o n .

i s  a  c o n s e q u e n c e  o f  t h e  l o p - o f f  p r o c e d u r e  f o r c e d  i n  o b t a i n i n g  

E q . ( 5 3 ) .

F i g u r e  6  sh o w s  t h e  e f f e c t s  o f  i n c l u s i o n  o f  h i g h e r  

t e r m s  o f  E q . ( 4 9 ) .  T h e s e  h i g h e r  t e r m s  come f r o m  t h e  h i g h e r  

o r d e r  t e r m s  o f  s m a l l  a n h a r m o n i c i t y  a p p r o x i m a t i o n  f o r  t h e  

e r r o r  f u n c t i o n ,  E q . ( 4 4 ) .  T h e  b e h a v i o r  o f  t h e s e  p l o t s  a r e

(61)

o f  Af. a s  w e l l .  T he  c l®  (3) a p p r o x i m a t i o n ,  o r  E q . (55) w i t h

T h e  a p p a r e n t l y  s t r a n g e  b e h a v i o r  o f  t h e  c l®  (4) a p p r o x i m a t i o n
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t h e  r e s u l t s  o f  t h e  d i v e r g e n t  n a t u r e  o f  t h e  s e r i e s  o f  E q . (44)

B. APPROXIMATION FOR THE QUANTUM MECHANICAL VIBRATIONAL 
PARTITION FUNCTION OF THE MORSE-OSCILLATOR

F o r  a  M o rse  o s c i l l a t o r ,  t h e  q u a n tu m  m e c h a n i c a l  p a r t i ­

t i o n  f u n c t i o n  i s  e x a c t l y  e x p r e s s e d  a s

Q ^ ,  = S e x p  qm

u e  , ux  
2 4 (62)

a s  i t  h a s  b e e n  show n b y  E q s . ( 1 3 ) - ( 1 6 ) .

T he  b e s t  a p p r o x i m a t i o n  o b t a i n e d  f o r  S i s  b y  e x t e n d i n g

t h e  u p p e r  l i m i t  o f  s u m m a t io n  o f  E q . (1 4 )  f r o m  t h e  f i n i t e  v a l u e
2

VD t o  oo a n d  b y  g r o u p i n g  o f  e x p o n e n t s  a s  e - u v  e u ^ v  r a t h e r  

t h a n  a s  e  UeV e u X (v + v ^ ) # Tk e  o r t h o g o n a l  p o l y n o m i a l  e x p a n ­

s i o n  m e th o d  h a s  b e e n  t r i e d  b e s i d e s  t h e  u s u a l  s e r i e s  t y p e  

o f  e x p a n s i o n ,  b u t  no  im p r o v e m e n t  h a s  b e e n  f o u n d .

L e t  b  = u x -  T h e n ,

S  as

1 - e -u 1  + 2 b  b
2 2( e U- l )

- u
2 e - 2 u

( 1 - e - u ( l - e ' V
(6 3 )

T h e  a n h a r m o n i c i t y  c o r r e c t i o n  f a c t o r  f o r  t h e  q u a n tu m

m e c h a n i c a l  p a r t i t i o n  f u n c t i o n  Y i sqm

Y =  - y p -  = S e 'qm o 0
qm

EL
4 - u

1 - e (6 4 )
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I n  F i g u r e s  7 a n d  8  we c o m p a re  y ^  c a l c u l a t e d  b y  u s i n g

E q s . (63)  a n d  ( 6 4 ) ,  w h ic h  a r e  d e n o t e d  b y  y (3 )  w i t h  y (3)qm qm
c a l c u l a t e d  b y  u s i n g  E q s . (64)  a n d  ( 6 5 ) ,  w h ic h  a r e  d e n o t e d  b y

V 3 > *

l ~Ue  . 2  •
s  .  — L _  + b - * - = 5- : +  (b + V '

1 - e  e  ( 1 - e  e )

- u  - 2 u
e  e  + 2 e

- u _  2 - u  3
( 1 - e  e ) ( 1 - e  e )

(65 )

F i g u r e  7 i s  f o r  x  = 0 . 0 2 ,  a n d  F i g u r e  8  i s  f o r  x  = 0 . 0 5 .  
1

I t  s h o u l d  b e  r e c a l l e d  t h a t  y ^  d e p e n d s  o n  t h e  f r e q u e n c y  a n d  

a n h a r m o n i c i t y  c o n s t a n t  x i n d i v i d u a l l y ,  w h e r e a s  t h e  c l a s s i c a l  

a n h a r m o n i c i t y  d e p e n d s  o n l y  o n  t h e  r a t i o  o f  f r e q u e n c y  a n d  

a n h a r m o n i c i t y  c o n s t a n t ,  i . e . ,  p .

C . THE REDUCED PARTITION FUNCTION FOR A NON-ROTATING 
DIATOMIC OSCILLATOR IN THE MORSE POTENTIAL

The r e d u c e d  p a r t i t i o n  f u n c t i o n  r a t i o  f o r  a  p a i r  o f

i s o t o p i c  m o l e c u l e s ,  i s  a  r a t i o  o f  Q /Q^]_ ° f  t h e

h e a v i e r  m o l e c u l e  t o  Q ^ / Q ^  o f  t h e  l i g h t e r  o n e .  U s i n g  t h e

y d 0 ( 3 )  a p p r o x i m a t i o n  f o r  Q ^ a n d  a n d  E q s .  (63 )  a n d  (64 )

f o r  Q  a n d  Q' , I  o b t a i n ,  f o r  t h e  M o rse  o s c i l l a t o r ,qm qm

- U i / 2  - u i «
_ u . e  1  ( 1 - e  1  )

I n  « Z I n   ----------:—  +. - u . ’ / 2 - u .
1  u . * e  1  ( 1 - e  *)



0.02

F i g u r e  %
i n  Y  —  t»y 3 - t e r m  '  qm
a p p r o x i m a t i o n s

P e r c e n t  e r r o r

1 . 5 2 . 0 2 . 5 3 . 0 3 . 5 4 . 01 . 0 4 . 5 5 . 0
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U - X . / 4  - u - u .  '
i ' ' 1 ' " ( 1 - e  6 1 ) ( 1 - e  1  ) ( l + l / 2 p ' ‘ ) A ( u . )

+ E I n  ------------------
i  u . ' x . ' / 4_ x Ax ' u e . 1c  .  - u .  ~

( 1 - e  1  ) ( 1 - e  1 ) ( l + l / 2 p ^ ) A ( u , ' )l

( 6 6 )

w h e r e  b  = ux  a n d

A (u )  = 1  + 2 b  b  
2 + 2( e u - l )

- u  - 2 ue  + e

( l - e - U ) 2

(67 )

The h a r m o n i c  t e r m s  h a v e  b e e n  s t u d i e d  e x t e n s i v e l y  b y
1 a  T *5 I  /

B i g e l e i s e n  a n d  I s h i d a  '  '  . H e re  o u r  i n t e r e s t  i s  t o

e x a m in e  t h e  a n h a r m o n i c  t e r m s .  F o r  a  s m a l l  a n h a r m o n i c i t y ,  

b c c u ,

m  | r f  = ( I n  J r f )s ' h a r m o n i c

+ E 
i

x  ( b . - b . * )  + 4 l  l

2 b .l 2 b . »l
u e .

(e  V L )

u
e i(e  1  - 1 )

2b. 2 b . '  ]X 1 4- l  l
u . 2 u . 1 2 

(e  1- e )  (e 1 -1 )
2 2 2p1 2p

( 6 8 )

T he  t e r m s  u n d e r  t h e  s u m m a t io n  s i g n  i n  E q . ( 6 8 ) r e p r e ­

s e n t  c o n t r i b u t i o n s  o f  a n h a r m o n i c i t y .  I t s  f i r s t  t e r m ,
1E ^ - ( b ^ - b ^ ' ) ,  i s  t h e  com m only  u s e d  a n h a r m o n i c i t y  c o r r e c t i o n



o n  t h e  z e r o  p o i n t  e n e r g y .  T h e  t e r m s  i n s i d e  t h e  b r a c k e t  
£

a f t e r  ^ i n  E q . ( 6 8 ) h a v e  b e e n  u s e d  t o  a c c o u n t  f o r  t h e  a n h a r ­

m o n i c i t y  i n  e a c h  o s c i l l a t o r  o f  t h e  2 -D  a n d  3-D  p r o b l e m s  i n  

l a t e r  c h a p t e r s .
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CHAPTER IV

APPROXIMATIONS FOR THE PARTITION FUNCTIONS 

OF POLYATOMIC SYSTEMS

A s s t a t e d  e a r l i e r ,  t h e  p u r p o s e  o f  t h i s  r e s e a r c h  h a s  

b e e n  t o  d e v e l o p  a  g o o d  a p p r o x i m a t i o n  m e th o d  i n  a c c o u n t i n g  

f o r  a n h a r m o n i c i t y  i n  c a l c u l a t i o n s  o f  t h e  m o l e c u l a r  v i b r a ­

t i o n a l  p a r t i t i o n  f u n c t i o n s .  T h e  s i m p l e s t  p r o b l e m ,  i . e . ,  

t h a t  o f  t h e  d i a t o m i c  m o l e c u l e  w i t h  o n e  d e g r e e  o f  f r e e d o m ,  

h a s  b e e n  p r e s e n t e d  in- t h e  p r e c e d i n g  c h a p t e r .  When o n e  

a t t e m p t s  t o  a p p l y  a n  a p p r o x i m a t i o n  m e th o d  t o  a  p o l y a t o m i c  

m o l e c u l e ,  t h e  m a j o r  p r o b l e m  i s  i n  e v a l u a t i n g  t h e  e x a c t  p a r ­

t i t i o n  f u n c t i o n s ,  e i t h e r  c l a s s i c a l  o r  q u a n t u m - m e c h a n i c a l ,  

a n d  i n  a c c o u n t i n g  f o r  t h e  o f f - d i a g o n a l  t e r m s  i n  t h e  H a m i l ­

t o n i a n .

A. MODEL 2-D SYSTEM

Due t o  t h e  c o m p l e x i t y  o f  t h e  g e n e r a l  p o l y a t o m i c  p r o b ­

le m  i n v o l v e d ,  I  f i r s t  w o rk e d  w i t h  a  m o d e l  2-D  s y s t e m  w i t h  

tw o  d e g r e e s  o f  f r e e d o m  w h i c h  s i m u l a t e s  t h e  tw o  s t r e t c h i n g  

m o d e s  o f  c a r b o n  d i o x i d e  a n d  i t s  a s s o c i a t e d  i s o t o p e s .

a . i .  E x a c t  S o l u t i o n  f o r  t h e  C l a s s i c a l  P a r t i t i o n  
F u n c t i o n  o f  a  M odel S y s te m  w i t h  Two D e g r e e s  
o f  F re e d o m

T he c l a s s i c a l  p a r t i t i o n  f u n c t i o n  o f  t h e  b o u n d
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s t a t e  o f  t h e  m o d e l  2-D  a n h a r m o n i c  o s c i l l a t o r  i n  t h e  p o t e n t i a l  

g i v e n  b y

U ( z l f z 2 ) = kT
- z  / p n 2  - z  / p 2

P ^ ( 1 - e  1  ■*■) + p 2  ( 1 - e  ^ * )

+ Y1 1 2 Z1 Z2 + Y1 2 2 Z1 Z2

i s  e v a l u a t e d  b y  u s i n g  t h e  f o l l o w i n g  e q u a t i o n :

>anh
2c l

_ 1  1 _  . 2 .  2  *

%  u e 2  11 - p l l n  2  S

2 , ,  - z l / p l }- p ^ l - e

P l ^ 2 e
" z l / p l  " 2 z i / P i  2  

e  - y i
e  x X

2 , 2
l 2 ( zi ) - P 2 ( l - e  2 / P2)  _ Y1 1 2 Z1 Z2 " ^

-  P2  l n  2

f Q 2 td Y 2 d z 2 d y l d z l

w h e r e  p ,  z ,  y  a r e  d e f i n e d  a n a l o g o u s  t o  t h o s e  i n  t h e  ]

M o rse  o s c i l l a t o r  p r o b l e m  a n d  Y, •. « = — -------5 -^-----------^ - 5 -
2 / 2  ct^o^kT p2 p^

e t c .  One f i n d s  y 2 + , ‘ t h e  u p p e r  l i m i t  o f  t h e  v a r i a b l e  

a p p e a r i n g  i n  E q . (69 )  a s

( 6 8 )

122Z1Z2

(6 9 )

-D

f 1 1 2 '

y 2'
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y 2 +  =  P2 ( 1  ~  ( 1 _ e
" z 2 / p 2  2

”  Y1 2 2 Z1 Z2 "  y 1 3 3 Z1 Z3

(70)

C a r e  i s  t a k e n  i n  t h e  c a l c u l a t i o n s  o f  t h e  u p p e r  l i m i t s  o f  z ,

L 2 ^z 1 ^ '  t o  a v o ^  i n c l u s i o n  o f  c o n t r i b u t i o n s  f ro m  t h e  u n s t a b l e  

s t a t e s  c o r r e s p o n d i n g  t o  t h e  r e p u l s i v e  f o r c e s  t h a t  f i c t i t i o u s l y  

a r i s e  f r o m  t h e  t r u n c a t i o n  o f  t h e  p o l y n o m i a l  p o t e n t i a l  f u n c ­

t i o n .  I f  t h e  a n h a r m o n ic  t e r m  o f  t h e  h i g h e s t  o r d e r  o f  p o l y ­

n o m i a l  w i t h  r e s p e c t  t o  z 2  i s  p o s i t i v e ,  t h e n  L ^ z ^ ) - * ® .

a . i i .  E x a c t  S o l u t i o n  f o r  t h e  Q uan tum  P a r t i t i o n  F u n c t i o n  
o f  a  M o d e l S y s te m  w i t h  Two D e g r e e s  o f  F re e d o m

T he q u a n tu m  m e c h a n i c a l  p a r t i t i o n  f u n c t i o n  i s  e x a c t l y  

e x p r e s s e d  a s

a n h  = 2 2  j . 1  e - e ( l , 2 ) / k T
^  n 2 = 0  n 1 = 0

(71)

w h e r e

G ( v 1 ' v 2 }
= e ( l , 2 )

he

+ x 1 2  ^n l  + 7}  ^ n 2  + 7} (72)
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One o b s e r v e s  t h a t  t h e r e  a r e  tw o  u p p e r  l i m i t s ,  a n d  

V ^ /  t o  b e  s o l v e d  f o r .  F i r s t  I  c h o s e  t o  d e f i n e  n 2  a s  t h e  

o u t e r  l o o p  a n d  n ^  a s  t h e  i n n e r  l o o p .  To o b t a i n  t h e  v a l u e  

VD f o r  t h e  i n n e r  l o o p ,  s e t

3 G ( V . ,V ,)
  =  0 ( 7 3 )

a n d  we o b t a i n

« e . -  “ e / e ,  + * 1 2  ( n 2  +
V = — ± -----------------  :------ (74 )

D 2Xe  wee l  e l

F o r  t h e  o u t e r  l o o p ,  s o l v i n g

3 G (V .= 0 ,V , )

-  - 3 V 2  = 0  <7 5 >

w i l l  y i e l d  VD 2  f o r  V2  a s

“ e  "  xe  “ e
=   f 2 _ f 2

V * *

O nce  Qa ? ^  a n d  h a v e  b e e n  s e t  u p ,  t h e  e x a c t  v a l u e  o f  t h ec l  qm

l o g a r i t h m  o f  t h e  r e d u c e d  p a r t i t i o n  f u n c t i o n  c a n  b e  c a l c u ­

l a t e d .
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b .  A p p r o x i m a t i o n s  f o r  t h e  P a r t i t i o n  F u n c t i o n s  
o f  t h e  P o l y a t o m i c  S y s te m

I n  t h i s  s e c t i o n  I  d e s c r i b e  a n  a p p r o x i m a t i o n  m e th o d  I  

d e v e l o p e d  t o  a c c o u n t  f o r  t h e  o f f - d i a g o n a l  t e r m s  i n  t h e  p o ­

t e n t i a l  e n e r g y  s u r f a c e  o f  a  p o l y a t o m i c  m o l e c u l e .  S c h w i n g e r ’ s  

p e r t u r b a t i o n  t h e o r y  i s  u t i l i z e d  t o  e v a l u a t e  t h e  v i b r a t i o n a l  

p a r t i t i o n  f u n c t i o n s .  The b a s i s  c o o r d i n a t e  s y s t e m  c h o s e n  was 

t h e  n o r m a l  c o o r d i n a t e s  o f  t h e  g i v e n  m o l e c u l e .  The H a m i l t o n ­

i a n  i s ,  t h u s .

B = |  E Xi i Q .2  + I  * Q±2 + ^  ,  (7 7 )

w i t h  t h e  u n p e r t u r b e d  H a m i l t o n i a n  o p e r a t o r

Ho “ 1 I xiiQi2 + 1 I k 2 + I fiiiQi3 <78>

a n d  t h e  p e r t u r b a t i o n

H 1  = 2  f i i k Qi Qi Qk  + E f i i i Qi Qi Qi  (79)1  i ^ j ^ k  1]lc 1 ]  k  i ^ j  x x 3 1 1 3

w h e r e  t h e  Q ' s  a r e  n o r m a l  c o o r d i n a t e s .  A n a l y t i c a l  e x p r e s s i o n  

f o r  t h e  p e r t u r b a t i o n  t e r m s  o f  t h e  v i b r a t i o n a l  p a r t i t i o n  

f u n c t i o n s  a r e  o b t a i n e d  u p  t o  t h e  s e c o n d  o r d e r .

I n  S c h w i n g e r ' s  p e r t u r b a t i o n  m e th o d  f o r  p a r t i t i o n  f u n c ­

t i o n s ,  t h e  H a m i l t o n i a n  o p e r a t o r  H i s  d i v i d e d  i n t o  a n



42

u n p e r t u r b e d  HQ a n d  a  p e r t u r b a t i o n  H^. T he d i a g o n a l  d e n s i t y

m a t r i x  i s  t a k e n  w i t h  r e s p e c t  t o  t h e  e i g e n f u n c t i o n s  o f  Hq .

8  9T h i s  p e r t u r b a t i o n  m e th o d  w as  d e v e l o p e d  b y  S c h w in g e r  '  t o  

s o l v e  p r o b l e m s  i n v o l v i n g  p a r t i t i o n  f u n c t i o n s  a n d  e x p o n e n t i a l  

e x p r e s s i o n s  i n  f i e l d  t h e o r y .

F rom  t h e  d e v e l o p m e n t  o f  t h e  S c h w in g e r  p e r t u r b a t i o n  

t h e o r y ,  t h e  f i n a l  f o r m u l a  f o r  t h e  p a r t i t i o n  f u n c t i o n  i s

- 8 (Hn+H1)
Q = T r  e  u 1  = Qq + Q 1  + Q2  + . . .  + Qn + 1  + . . .

-3H -3H
= T r  e  -  T r  B ^e

a 2  1  -BH n ( l - t - )  - B H . t ,
+ T r  /  d t j H j e  0  H1 e  U 1  + . . .

, . . n + 1  , ,  1  , 1  0

+ —  8  T r  /  t  n _ 1  d t .  /  t * ~ 2  d t ,  . . .n + l  0  1  1  0  2  2

1

/  d t_n

- 6 H0 ( l - t l ) - 6 Ho t l ( l - t 2 ) 

l e  Hl e

„  - S ' o t i t j d - t j )  - 6 Ho t l t 2 . . . t n
H^ 6  • • • + •  •  •

(80 )

T h e  f i r s t  t e r m  i n  t h e  p e r t u r b a t i o n  f o r m u l a  i s  j u s t  t h e  

p a r t i t i o n  f u n c t i o n  f o r  t h e  u n p e r t u r b e d  H a m i l t o n i a n — t h e  

z e r o e t h  o r d e r  h a r m o n i c  a p p r o x i m a t i o n .  S u c c e s s i v e  t e r m s  c o n ­

t a i n  h i g h e r  p o w e r s  o f  t h e  p e r t u r b a t i o n  H^. E m p lo y in g  t h e  

s e c o n d  q u a n t i z a t i o n  m e th o d  w i t h  t h e  r a i s i n g  a n d  l o w e r i n g
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o p e r a t o r s  a  a n d  a  w h i c h  o b e y  t h e  c o m m u ta t io n  r u l e s ,

[ a . , a . t ]  = 6 .  . x' l 1 3

a n d

[a i ' a j ]  = = 0 (81)

we c a n  e x p r e s s 15

Qi  =

1 / 2
( a . + a .  ) 1  1

P .  = i  1

Rw^ 1/2
(8 2 )

I n  t e r m s  o f  t h e s e  o p e r a t o r s ,  o n e  o b t a i n s ,  a f t e r  c a s t ­

i n g  t h e  c o n j u g a t e d  m om enta  a n d  c o o r d i n a t e s  i n  a  f o r m  s u i t a b l e
16 17f o r  s e c o n d  q u a n t i z a t i o n  m e t h o d ,  '

rr _ R y n 1 /2
H 0  "  2  Z Xi

p . 2

(TT> + g i + h e  E f  . . . q . '^ XXX^X (8 3 a )

H. = h e  E E f . . .q  . q  . + h e  E E E f  . q  . q  .q .  , (8 3 b )
1  i  j  ^ r 1  3 i  i  k  ^  1  D k

w h e r e

p i  = X  ^  ( a i +“ a i ) * <8 4 a >



4 4

a n d

q i - i *  (a i + + a i )  • (84b)

NOW

Q0  = T r  e
- 8 H, - B E

E < I e n l , n 2 '
I >

f 1̂ 2 • • •

- b h e :
a n h
n ,

= E e  

n i

(85 )

w h e r e

C ”  = V (V l >  + “ e . X e . <ni 4 > 2 - 1 1  1 1

> = | n 1n 2 . . .  > , (86)

a n d  f o r  t h i s  z e r o e t h  o r d e r  p a r t i t i o n  f u n c t i o n ,  e i g e n f u n c ­

t i o n s  f o r  t h e  M o rse  o s c i l l a t o r  h a v e  b e e n  u t i l i z e d .

The p r e v i o u s  r e s u l t s  t h a t  I  o b t a i n e d  f o r  t h e  d i a t o m i c  

m o l e c u l e s  e m p lo y  t h e  i n t e r n a l  v a l e n c e  c o o r d i n a t e s .  H o w e v e r ,  

s i n c e  t h e  i n t e r n a l  c o o r d i n a t e  a n d  t h e  n o r m a l  c o o r d i n a t e  a r e  

i d e n t i c a l  f o r  d i a t o m i c  m o l e c u l e s ,  a l l  t h e  e q u a t i o n s  d e r i v e d  

f o r  t h e  o n e - d i m e n s i o n a l  c a s e  c a n  b e  s a i d  t o  b e  i n  t e r m s  o f  

t h e  n o r mal  c o o r d i n a t e .  I f  t h e  n o r m a l  c o o r d i n a t e s  f o r  p o l y ­

a t o m i c  m o l e c u l e s  w e r e  u n c o u p l e d  u n d e r  t h e  a n h a r m o n i c  f o r c e s ,
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t h e n  t h e  p a r t i t i o n  f u n c t i o n s  o f  s u c h  p o l y a t o m i c  m o l e c u l e s  

w o u ld  h a v e  b e e n  e x p r e s s i b l e  s i m p l y  a s  t h e  p r o d u c t s  o f  t h e  

d i a t o m i c  f u n c t i o n s .  T h u s ,  we m ake u s e  o f  S c h w i n g e r * s  p e r ­

t u r b a t i o n  m e th o d  i n  t h e  f o l l o w i n g  w a y .  The u n p e r t u r b e d  

p r o b l e m  c o n s i s t s  o f  a n  a s s e m b l y  o f  i n d e p e n d e n t  M o r s e - t y p e  

p o t e n t i a l ,

w h e r e  i s  t h e  i - t h  n o r m a l  c o o r d i n a t e .  F o r  e a c h  s u c h  o s ­

c i l l a t o r ,  t h e  m a s s  i s  u n i t y ,  a n d  t h e  f o r c e  c o n s t a n t  i s  X ^r 

t h e  i - t h  e i g e n v a l u e  o f  t h e  c o r r e s p o n d i n g  h a r m o n i c  o s c i l l a t o r  

p r o b l e m .  T he p e r t u r b a t i o n  i s  r e p r e s e n t e d  b y  t h e  c u b i c  o f f -

T h e  a s s o c i a t i o n  o f  t h e  e n e r g y  l e v e l s  o f  Hq t o  t h a t  o f  

t h e  M o rse  p o t e n t i a l  i s  b a s e d  o n  t h e  a s s u m p t i o n  t h a t  f o r  

s m a l l  a n h a r m o n i c i t y ,

(87)

( 8 8 )

T h e  r e l a t i o n s h i p  b e t w e e n  t h e  M o rse  p o t e n t i a l  p a r a m e t e r

D . ,  a .  a n d  q u a d r a t i c  a n d  c u b i c  c o e f f i c i e n t s  X... a n d  f . . .  w i l l  x x ^  xx xxx



e n a b l e  o n e  t o  c a l c u l a t e  we . a n d  Xe,* i n  t e r m s  o f  knownc i  c i  1 1

a n d  P h y s i c a l l y  t h i s  r e p r e s e n t s  t h e  p i c t u r e  i n  w h ic h

t h e  e i g e n f u n c t i o n s  o f  t h e  u n p e r t u r b e d  H a m i l t o n i a n  a r e  

p r o d u c t s  o f  u n c o u p l e d  M o r s e - t y p e  o s c i l l a t o r s ,  c o r r e s p o n d i n g  

t o  t h e  v a r i o u s  f r e q u e n c i e s  a n d  n o t  t o  c o m p l i c a t e  t h e  

s i t u a t i o n  a n y  f u r t h e r ,  |n >  i s  t a k e n  t o  b e  t h e  sam e a s  i n  

t h e  h a r m o n i c  c a s e .

a n d  Q2  t e r m s  i n  E q .  (80) a r e  e v a l u a t e d  a s  f o l l o w s .

$Tr Hĵ e 0 (89)

Q2 = I  82Tr

-28w Rt BRw t BRw te . , e .
e

2(3H<d t e «
-BRw t e .

Bhw t e .

-Bfiw t
t  e i+ 2 a .  a . ( a . e  J 

i  i  J

BRo)̂  t e .

-BRu t 
e i+ (a.e J 

3

BRw^ t
+ e -i+ a . e 3 )]

t + a



w h e r e

F .  .. = i ] k
_1

f i j k h c  '

Q2  c a n  b e  s i m p l i f i e d  f u r t h e r .  D e t a i l s  o f  t h e  s i m p l i f i c a t i o n  

w i l l  b e  g i v e n  i n  A p p e n d ix  D. T h e  f i n a l  r e s u l t  i s
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< ° i jk  + Di - j k  + Di j - k  + u- i j k  + ° i - j - k  + D- i j k

+ U . .. + U . . . )- i - j k  - 1 - j - k (91)

w h e r e

TI = 7 7 7  ^  j+ k )  ~1
i j k  l i  l j  l k  Bhlti) +oi + 0J ) '  ( 9 2 a )

e i  e j  k

Di-jk = zli<zlj+z0j>zlk )' ' (92b>i j k

Di-j-k “ Zli(Zlj+V (Zlk+ZOk> BEVv'ZP'-l ) ' (92o)ei ej ek

U-i-j-k (ZliZ0i) (Zlk+ZOj) (Zlk+Z0k) WU* +1̂ ) *
ei ej ek

(9 2 d )

with

co v  v  - 1

Zn = Z e  n  = e  e (e  e - l )  , (9 3 a )
u n = 0

oo ” BRwe  v  v  “ 2
Z = Z  n e  n  = e  e ( e  e - l )  f (9 3 b )

1  n = 0

oo “ BRwe  v  v  v
Z_ = I  n  e  n  = e  e (e  e + l ) ( e  e - l )  , (9 3 c )

n = 0
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P R  (to ±o) ± . . . )
0  • 0 i

Y ( i ± j  . . . )  = e  1 3  , (9 4 a )

-g f i(w  ±0) ± . . . )

Y” 1 ( i ± j ± . . . )  = e  1 3  '  (9 4 b )

i n  w h i c h  v  = pfito .e  e
I n  E q . (91 ) t h e  p r o d u c t  o v e r  Z i s  t a k e n  o v e r  1 t o

3 N -6 ,  e x c l u d i n g  i , j , k ,  a n d  t h e  s u m m a t io n s  a r e  t a k e n  o v e r

e a c h  o f  i , j , k  f r o m  1 t o  3 N -6 ,  e x c l u d i n g  t h e  c a s e s  w hen  

i = j = k .

The p r e c e d i n g  s o l u t i o n  w as  a p p l i e d  t o  a  m o d e l  2-D

s y s t e m  w i t h  tw o  d e g r e e s  o f  f r e e d o m .  I n  t h e  e x p a n s i o n  o f

s  Or s—r f  = - - p, t h e  f i n a l  e x p r e s s i o n  o f  I n  —r f  f o r  o u r  m o d e ls  Q r s

s y s t e m  i s

s  s  2I n  f  = ( I n  t - f )  + E I n  A. + (D -D ')  + ( E ' - E )  f
s  s  h a rm  i  1

(95)

w h e r e  v
- _ ! i  -v e 1

2 ve . e  t1-® 1 )
( I n  f r  f ) = I n  II--- — i ----- — ,------------------  , t (96)

h a rm  i = l  e ^  _v

v  ' e ~ T
e .

.  -  d - e  x ) 
i

a n d  i s  t h e  same a s  i n  E q . ( 6 6 ) w i t h  t h e  p r o p e r  i d e n t i f i ­

c a t i o n  o f  v a r i a b l e s .
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q u a n t

D =
- 3  Re

E,e
n i

a n h (9 7 a )

class
E = (97b )

i = l  v e i  i = l
n (1 + ^ 5 - )

2 P±‘

a n d  D ' a n d  E '  a r e  D a n d  E o f  t h e  l i g h t e r  i s o t o p i c  m o l e c u l e .  

I n  E q s . ( 9 7 a , 9 7 b ) ,

v  v
e i  e ;

Q. q u a n t  _  3‘
F 1 1 2 2 ( [ ( Z 21- Z 1 ;l)

Z1 2 ° < 2ve l + V e 2 > 1 + [(4Z2 1+ 4 Z ll + Z 0 1 )Z12D ( V e 2 >>

+ t ( Z 2 1 - Z 1 1 ) ( Z 1 2 + Z0 2 )O (2 v e i - v e 2 ) ]

+ [ ( Z 2 1 + 3Z1 1 + 2Z1 2 ) ( z 1 2 + z 0 2 »a ( - 2V + v e  >1J* mt

+  [(4Z2 1 + 4 Z 11 + Z 0 1 ) <z 12 + z 02 ) u( -V e 1 >1

+ [ ( Z 21+2Z1 1 + Z0 1 ) ( z 12« 0 2 , o ( - 2ve 1 - v e 2 >! >

+ F i 2 2 - ( I w i t h  1 & 2 i n t e r c h a n g e d ] ) , (98 )
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w i t h

ve 1+ v e . -v e,
u ( v e . ' l’v e . ~ v e . ) *  %  + v  - v  '  ( 9 9 a )

1 1 9  e i  e j  e j

“V
e E i -1

° ( - v e  > = J — '  ■ (99b )
i  e .

Q ?la S S  = i -  \  2 4 F .  . . 2  . (1 0 0 )l2 2  . . . i i j  2 I
x ' 3=1 ve .  ve .

T he e x p r e s s i o n  o f  E q . (100 )  f o r  t h e  c l a s s i c a l  v i b r a -
c l a s st i o n a l  p a r t i t i o n  f u n c t i o n  w as  o b t a i n e d  i n  t h e  l i m i t

o f  T-*» f r o m  Q2 U a n t  f o r  t h e  2-D  s y s t e m .

c .  N u m e r i c a l  R e s u l t s  f o r  t h e  M odel S y s te m

N u m e r i c a l  r e s u l t s  o f  t h e  2 -D  c a s e s  a r e  f i r s t  p r e s e n t e d

w i t h  a  d i s c u s s i o n  f o l l o w i n g  r i g h t  a f t e r  t h i s  s e c t i o n .  E q u a ­

t i o n  ( 94)  i s  u s e d  t o  c a l c u l a t e  t h e  I n  f  ( a n h a r m ) . E q u a -s
t i o n ( 9 5 )  i s  u s e d  t o  c a l c u l a t e  I n  f  ( h a r m ) .  To c a l c u l a t es

g
I n  —r  f  ( e x a c t ) , t h e  n u m e r i c a l  i n t e g r a t i o n  m e th o d  i s  e m p lo y e d  s

f o r  t h e  c l a s s i c a l  p a r t i t i o n  f u n c t i o n  a n d  n u m e r i c a l  s u m m a t io n  

i s  u s e d  f o r  t h e  q u a n tu m  p a r t i t i o n  f u n c t i o n  o f  t h e  m o d e l  s y s ­

te m .  T he p r o g r a m  f o r  t h e  a c t u a l  c a l c u l a t i o n  o f  t h e  2-D  c a s e  

i s  l i s t e d  i n  t h e  a p p e n d i x .

I n p u t s  f o r  t h e . p r o g r a m  a r e  t h e  t e m p e r a t u r e ,  t h e  sym­

m e t r i c  s t r e t c h i n g  f r e q u e n c y  t h e  a n t i s y m m e t r i c  s t r e t c h i n g
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f r e q u e n c y  w2 , a n h a r m o n i c i t y  c o n s t a n t s  X 2 '  F rom  N i e l s e n ' s

r e s u l t  o f  t h e  r e l a t i o n s h i p  b e t w e e n  a n h a r m o n i c i t y  c o n s t a n t s

X- a n d  c u b i c  c o e f f i c i e n t s  F .  .. , o n e  c a n  c a l c u l a t e  F . F i n .
1  l j k  122  111

b y  k n o w in g  t h e  v a l u e s  o f  F ^ 2 , ^222  ec3u a l  z e r o  i n  t h i s

m o d e l  c a s e  d u e  t o  sy m m e try )  , x ^ r  an<^

I n  t h e  f o l l o w i n g  t a b l e s ,  f i r s t  v a l u e s  o f  x^* X2  a r e

t a b u l a t e d .  T he  v a l u e s  o f  t h e  e x a c t ,  h a r m o n i c ,  a n h a r m o n ic

I n  —p f  a r e  p r e s e n t e d  i n  c o lu m n s  3 , 4 , 5 .  C o lu m n s  6 ,7  y i e l d  s

t h e  p e r c e n t  e r r o r  o f  t h e  h a r m o n i c  I n  p -  f  v s  e x a c t  a n d  t h a t

o f  t h e  a n h a r m o n i c  I n  —r  f  v s  e x a c t  r e s p e c t i v e l y .  I n  c o l -
2

um ns 8 , 9 , 1 0 ,  A s t a n d s  f o r  Z  I n  A . ; E s t a n d s  f o r  E ' - E ?
i = l  1

D s t a n d s  f o r  D - D ' . T h e  l a s t  tw o e n t r i e s  a r e  t h e  c a l c u l a t e d  

v a l u e s  o f  F 1 2 2 , F 1 2 2 ' ,  F m  a n d  F m ' .



T able 2 . L n ( s / s ' ) f  fo r  model 2-D system  #1 a t  100° K

T = 100.000 wemi) = 500.00 WE(1) = 1175.00 WE'(2) = 800.00 WE«2) = 760.00 o

XI x?

LNIS/S'JF 
EXACT HARM.

S ERROR 
AfJHARM. HARR. AMHARM. t F122 »F122') (Fill.Fill')

.002___0.364130_0.305352_0.36451]_0,336_O,105_0.005 0.363064 0.365352 0.363571 0.630 0.1400.010 0.361446 0.365352 0.362057 1.081 0.169
. 0 ,.0_0 o 5 0 7  =&•0.0.0 0 2.8 - 0  ,  0 0 03 07 _ L _ = 3 9  . 1-0.000965 -0.000068 -0.000747 ( -61.8. ;41,1 L(_r.l.l j.0 ._=11 . 5l_ -65.OX -11.0. -11.5)-0.001729 -0.000135 -0,001431 ( -87.4. -92.OX -11.0. -11.5)

0.00s 0.002 0.363533 0.365352_____ d.005__0. 36229.7_(U365352_0.010 0.360487 0.365352
0.01O 0.002 0.362699 0.3653520.005 0.361271 0.365352_____ 0.010_0,359245_0,365352..

0.364213 _a. 363279. 0.361772
0.3637180.362792
U ,3 6 1 2 9 B -

0.500 0.187 -0.000808 -0.000027 -0,000304 ( -39.1. -41.IX -17.3. -18.3)0 .e43__0,271_=0, 001267 -0L00-0.067 -0.00o739 ( -61,865,0X -17.3i_r 18 , 3 L1.350 0.356 -0.002031 -0.000133 -0.001416 ( -87.4, -92.OX -17.3, -18.3)
0.731 0.2811.130 0.421

_1»Z(LQ__D,57_2_

-0.001309 -0.000027 -0.000298 « -39.1, -41.IX -24.5, -25.8)-0.001767 -0.000066 -0.000727 ( -61.8, -65.OX -24.5. -25.8)-0.002531 -0.000131_= 0.i0_01392 < -87,4. -92.OX -24.5. -25.8)

U1
U)

T IS IN 0 K. WE'S AMD F'S IM CM-1. THE REST ARE OIMENSIONLESS

1 J .
O
2

{_.

j

u

u

-J 

^ I  

■J

»

i u

I I-
’ ’■J

\ J  ~ T  V



Table 3. Ln(s/s')f for model 2-D system #2 at 100° K

T = 100.000 WEMl) = 500.00 WF <1) = 475.00 WEM2) = 1600.00 WE (2) = 1520.00

I

LN { S/S' )F % ERROR
XI X2 

n.nns n.nn?
EXACT

.0.651029
HARM.

.0.653102...
ANIIARM.
0.651800

HARM • AHIIARM. 
0 .257 ..0,058.

A
-0.000786

E
-0.000013

D (F122.F122*) (Fill.Fill*) 
-0.000494 ( -54.1, -56.9M -11.0, -11.5) U1

0.0050.010 0•649066 0.647485 0.6531020.653102 0.6502280.647737 0.498 0.055 0.067 0.039 -0.001663-0.003124 -0.000033-0.000066 -0.001178 ( -85.5. -90.0 ) ( -0.002175 (-120.9,-127.3)( -11.0, -11.5) -11.0. -11.5)
0.005 0.002 n.nn5 0.6507200.648922 0.6531020.653102 0.651512 .0.649940 .0.366 0.122 .0.644 D .157 -0.001087-0.001964 -0.000013-0.000033 -0.000489 ( -54.1. -56.9U -0.001166 ( -85,5. -90,0)( -17.3. -18.3) -17.3. -18.3)0.010 0.646274 0.653102 0.647459 1.057 0.183 -0.003426 -0.000065 -0,002152 (-120.9.-127.3)( -17.3, -18.3)
o.oin 0 . 0 0 20.0050.010

0.649759 0.647696 _,0.644748
0.653102 0.653102 _0.653102.

0.651020 0.649460 -0.646997_
0.514 0.194 0.835 0.272 -1.296_.0.3.4?_

-0.001588-0.002465jrO . 00.3926 _
-0.000013-0.000032jrO.Q00064_

-0.000481 ( -54.1, -56.9X -0.001145 ( -85.5. -90.OX -0.002115 (t120.9,-127,3)(
-24.5. -25.8) -24.5. -25.8) -24.5, -25.8)

>
T IS IN 0 K. WE•S AND F»S IN CM-1< THE REST ARE OIMENSIONLESS
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Table 4 .  L n ( s / s ' ) f  f o r  model 2-D system  at 100° K #3

T = 100.000 WE'(l) = 500.00 WE (1) = 975.00 WE•(2) = 2900.00 WE(2) = 2280.00
■**>

• ̂  T
LN(S/S• IF % ERROR - ̂-5

XI X£ EXACT HARM. ANHARM. HARP. ANIIARM. A E n (F122.F122*) (Fill.Fill*)
(J1

_____ 01___--0.005.-0.0020.0050.010
. 0.930751.. 0.9'I0059 0.939193... 0.936679 0.990P59 0.936982 0.933993 0.990859 0.933639

0.225 ... 0 . 092._ 0.996 0.032 0.789 0.016
-0.001071.-0.002375-0.009598

rQ. 000009.-0.000022-0.000099
..-0,000637-0.001981-0.002628

( -66.0. -69,5)( (-109.9.-109.0)( (-197.6.-155.3)(
-11,0. -11.5)__-11.0. -11.5) -11.0. -11.5) U

0.005 0.002n. nfi5 0.937953 0.990859 0.930899 _0.935592_0.990059.. 0.936697_ 0.932082 0.9“0859 0.933367
0.310 0.096 0 «5f 3 0.110 -0.001372-0.002676 -0.000009-0.000022 -0.000630-0,001965 ( -66.0. -69.5)( (-109,9.-109,8)( -17.3. -18.3) -17,3. rl8,3)0.010 0.992 0.130 -0.009899 -0.000093 -0.002600 (-197.6.-155.3)( -17.3. -18.3) -

0.010 0.002 0.005 
0.010

0.937199 0.990059 0.930359 0.939206 0.990059 0.936223 0..930331_ 0.990859 0.932919
0.390 0.129 0.712 0.216 1.132 0.270

-0.001072-0.003176.-0.005350
-0.000009-0.000021-0,000092

-0.000619-0.001939..-0,002553
( -66.0. -69.5)( (-109.9.-109.8)( (-197,6.-155.3)(

-29.5. -25.8) -29.5. -25.8) -29.5, -25,8)
-■

'
T IS IN 0 Kt UF'S AND F • S IN CH-1. THE PEST ARE OIMENSIONLESS

, ‘“*1

’’ ̂  •t

1



i

. .  L n ( s / s ' ) f  fo r  model ?-I) system  at 100° K

T = 100.000 WEM1) = 500.00 WE(1) = 475.00 WE'(2) = 3200.00 WE(2) = 3140.00

XI X2
LN(S/S') F 

EXACT H ARM .
S ERROR

ANHARM. HARM. ANHARM. (F122.F122*) (Fill.Fill')
n , OOP 0*002_0.54009.4_0*541508_0.54,0638_0*211_0*101_-0.000634 -0.000002_-0.000314 ( -77.4. -60.1)( -11.0. -11.5)0.005 0.538777 0.5415800.010 0.536796 0.541588 0.5395810.537971 0.5220.893 0.149 -0.0012840.219 -0.002368 -0.000006 -0.000717 (-122.3.-126.7)( -11.0.-11.5)-0.000012 -0.001238 (-173.0•-179.2X.-11.0* -11.5)
0.005 0.002 0.539246 0.541500_____ 0*055__0*537853._0*541500-0.010 0.535616 0.541580

-0.000936 -0.000002 -0.000300 ( -77.4, -80.1X -17.3. -10.3) -6.001586 -0.000006 = 0*000704 1-122,3.,_-126.7)1 -17.3. -18.3JL0.540342 0.434 0.203.0* 5332.9.3__0*6.94_5* 268_0.537694 1.115 0.388 -0.002669 -0.000011 -0.001214 (-173.0,-179.2)( -17.3. -IB.3)
0.010 0.002 0.531178 0.541580 0.005 0.536652 0.541588 0.539851 1.960 1.633 -0.001436 -0.000002 -0.000299 ( -77.4, -80.1)( -24.5, -25.8)0.538014 0.920 0.403 -0.002086 -0.000006 -0.000682 (-122.3.-126.7)( -24.5. -25.8)-0.001176 (-173.0.-179.2)< -24.5. -25.8)

T IS IN 0 K. WE'S AND F'S IN CM-1. THE REST ARE OIMENSIONLESS

U1
cn

\ ' u01
o

417? .

U

"u

i j

v i
O

0  

u  !

1
r VJii

a
r

)
> KJ

i o

-  i  r
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T a b le  6 . T . n f s / s ' l f  f o r  m odel 2-T) sv stem  #5 a t  100° Tf
T = 100.000 WE*(1) = 1000.00 WE(1) = 950.00 WE*(21 = 800.00 WE(2) = 760.00

*

LN(S/S*IF % ERROR
XI X? EXACT HARM. ANHARM. HARM. ANHARM. A E D (F122.F122*) (Fill,Fill*)

n.nop 0 . 0 0 2 0.542U72 0,544876 0.54364? 0.443 0.216 -0.000680 -0.000039 -0.000515 ( -65.2. -68.6)( -21.9, -23.1) (J1-J0.005 0.01 0 0.540213 0.544870 0.536717 0.544876 0.5423940.540416 0.863 0.404 -0.001139 1.520 0.689 -0.001903 -0.000096 ; -0.000169 -0.001247-0.002368 (-103.1.-108.5)( (-145.8.-153.5)( -21.9, -23.1) -21.9, -23.1)
0.005 0.00?0.005 0.541413 0.544876 0.538866 0.544876 0.5430910.541859 0.640 0.310 -0.001241 1.115 0.556 -0.001700 -0.000038-0.000095 -0.000504

-0.001221
( -65.2, -68•6)( (-103.1,-108.5)( -34.7. -36.5) -34.7. -36.5)0.010 0.535044 0.544876 0.539906 1.837 0.909 -0.002464 -0.000187 -0.002319 (-145.8.-153.5)( -34.7, -36.5) 1

0.010 0.002 0.005 0.010
0.539917 0.544876 0.537044 0.544876 0.532856 0.544876

0.542174 0.540967 _0.539053_
0.919 0.418 -0.002177 1.458 0.731 -0.002636 2.256 1.163 -0.003400

-0.000038-0.000094-0.000185
-0.000487-0.001179-0.002238

( -65.2. -68•6)( (-103.1,-108.5)( (-145.3.-153.5)(
-49.1, -51.6) -49.1, -51.6) -49.1, -51.6)

T IS IN 0 K. WE'S AND F»S IN CM-1. THE REST ARE OIMENSIONLESS

J 
T 

C 
F<vp>« 

f-v
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T able 7 . L n ( s / s ' ) f  f o r  model 2-D system  # 6  a t 100 K

T = 100.000 WE* (11 = 1000.00 WTO) = 950.00 WE*(2) = 1600.00 WE(2) = 1520.00

XI X?
UN(S/S*IF 

EXACT HARM.
5 ERROR

ANHARM• HARM. ANHARM. (F122.F122*) (Fill.Fill*)
_fl.002_. 0.002 . 0.810219. ..0 .632625 ,._U . 031 049 .. P . 290 0 .100 -0.000959 -0.0000190.005 0,628119 0.852625 0.829322 0.595 0.196 -0.001636 -0.0000350.010 0.629926 0.632625 0.826626 0.933 0.206 -0.003296 -0.000069

■ 0.000603 .( -78.1, -02.3)( -21.9, -23.1) •0.001933 (-123.6,-130.1)( -21.9, -23.1) ■0.002633 (-179.7,-183.9){ -21.9, -23.1)
(J1OO

0.006 0.002------0.005
0 . 0 1 0

0.829062 0.832625 0.930500 0.826611._0.832625 _0.826791. 0.823039 0.032625 0.826120
0.930 0.173.0.720 0.269.1.165 0.375

■0.001520 r0.002397. ■0.003859
-0.000019r0.000039. -0.000068

o . o i n 0.002 0.827959 0.832625 0.829595 0.005 0.829613 0.032625 0.827905 0. 010 ., 0.820596 _ 0.832625....Q,025276_
0.625 0.2580.972 0.399.1,*)66_.0 ,570_

-0.002956-0.003333-0.009795
-0.000019-0.000039-0.000067

T IS IN 0 K. HE’S AND F*S IN CM-1, THE REST ARE OIMENSIONLESS

, -82.3X ,-130.1)( ,-183.9)(
-39.7. -36.5) -39.7, -36.5) -39.7, -36.5)

. -82.3) ( ,-130.1)( .-183.9)(
-99.1, -51.61 -99.1, -51.6) -99.1, -51.6)

-------------- I1 
.

| 
1

i11 
' 

1 iii

• ■ ....... -------------------------------------------
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T able 8 . L n ( s / s ' ) f  f o r  model 2-D system  #7 a t  100 K

T = 100.000 HE'(1> = 1000.00 WE(1) = 950.00 WE'(2) = 2900.00 ME(2) = 2280.00

n

o

r

r>

r,

o

LN(S/S')F 
XI X2 EXAfT HARM.

SS ERROR
ANHARM. HARM. ANHARM.

•J1.002—  0.002_1.117519_1.120302_1.118921_0.256_0.001.0.005 1.119920 1.120332 1.116171 0.990 0,1120.010 1.110975 1.120382 1.112722 0.897 0,157

A E 0 (F122.F122*) (Flll.Flll'J
:0.001299__-0.000009 *0.000708 < -99.2, -99.1) (._?21,9, -23.1L■0.002598 -0.000023 -0.001691 (-198.9,-156.7)( -21.9. -23.1)■0.009721 -0.000095 -0.002895 C-210.5.-221.6)( -21.9, -23.1)

0.005 0.002 1.116239 1.120382 1.117076 0.371 0.197 -0.001805 -0.000009_____ 0.005__1.113223_1.120382_1.115696___0 .69 3__0.218___-0.Q.031D3_=0.0 00022-0.010 1.108009 1.120382 1.112226 1.099 0.308 -0.005283 -0.000099
■0.000693 ( -99.2. -99.1H -39.7. -36.5) rO.001605 (-198,9.-156,7)(_=39,7,_-36.5)_ ■0.002830 (-210.5,-221.6)( -39.7. -36.5)

U1VO
1 -

n

C:

O

r \

■ i

0.010 0.002 1.1199990.005 1.111008_____ 0.010_1.106069-
1.120382 1.1169651.120382 1.119770_1.12.0382_1.11132.7-

0.528 0.222 -0.002791 -0.000009 -0.000667 ( -99.2, -99.IX -99.1, -51.6)0.899 0.339 -0.009095 -0.000022 -0.001595 (-198.9,-156.7)( -99.1, -51.6)-1,295_0 .982__=0.0.06218_=0,000099_=0 .002729_(=210.5.-221.6) <_=99. 1,.-t51 ,6)_

T IS IN 0 K. WE'S AND F'S IN CM-1. THE REST ARE OIMENSIONLESS

r.

i
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T able 9 . L n ( s / s ' ) f  fo r  model 2-D system  #8  a t  100° K
-

r T = 100.000 VfE'(l) = 1000.00 WE(1) = 950.00 WEM2) = 3200.00 WE(2> = 3140.00 -

n #
-----

-

r

r. -

r LN 1 S/S•)F % ERROR I -

r~ XI X? EXACT HARM. ANHARM. HARM. ANHARM. A E D (F122.F122*) (Fill.Fill')

09

-
n.nna n.nn? o.718931 n. 7 2 1 1 1 2 0 . 7 1 9 9 4 7 0.3Q3 .O.lttl -0.000608 -0,000002 -0,000355 (-109.9,-113.9)( -21.9, -23.1)

r 0.005 0.717113 0.721112 0.710037 0.010 0.714406 0.721112 0.717154 0.554 0.240 0.939 0.385 -0.0 014 58 -0.002541 -0.000006-0.000011 -0.000812-0.001405 (-173.7,-180.0)( (-245.7,-254.6)( -21.9. -23.1) -21.9. -23.1) • -

r 0.005 0.002 0.717707 0.721112 0.719390 0.005 0.71564? 0.721112 0.710304 0.463 0.225 0.764 0.372 -0.001369-0.002019 -0.000002-0.000006 -0.000342-0,000783 (-109.9.-113.9)( (-173.7,-180.0)( -34.7, -36.5) -34.7. -36.5)
-

r 0.010 0.712550 0.723112 0.716645 1.200 0.574 -0.003102 -0.000011 -0.001353 (-245.7,-254.6)( -34.7. -36.5)

r
0.010 0.002 0.716009 0.721112 0.718483 0.713 0.346 0.005 0.713680 0.721112 0.717416 1.041 0.523 0.010 0.710171 0.721112 0./15794 1.541 0.792

-0.002305-0.002955-0.004038
-0.000002-0.000006-0.000011

-0.000322 <-109.9,-113.91( -0.000735 (-173.7.-180.Oil -0.001269 (-245.7,-254.6)<
-49.1, -51.6) -49.1. -51.6) -49.1, -51.6)

r -

n -

C 1

r- T IS IN 0 K. WE*S AND F'S IN CM-1. THE REST ARE OIMENSIONLESS -

r



-mode-1- 2*=D -system  # 9 - at. 100^ K~
t  =  1 0 0 . 0 0 0 WE'(l) = 1500.00 WE; (X1 = 1425.00 WE'(2) = 1600.00 WE(2) = 1520.00

LN(S/S *)F 
XI X2 EXACT HABM.

55 ERROR
ANHARM. HARM. ANHARM. (F122.F122*) (Fill.Fill')

_!1.002_. 0.0 02 _. 1,009217,.1,012473 ,_1. 010909_0,323_0 .136. _-0., 001134_-0, 00 0016._-0 . 0 00735..(-100 ,4, -105.71 ( -;32.9, -34,6).0.005 1.006367 1.012473 1.000606 0.607 0.230 -0.002011 -0.000030 -0.001730 (-15B.8,-167.1)( -32.9, -34,6)0.010 1.002030 1.012473 1.005750 1.042 0.371 -0.003473 -0.000076 -0.003175 (-224.5.-236.4)( -32.9. -34.6)
0.00*5 0.002 1.007627 1.012473 1.009788 0.4P1 0.214 -0.001958 -0.000015 -0.000712 (-100.4.-105.7)( -52.0. -54.8)_____ 0.005 — 1.004332- 1.012473.-1,007917__0.811 0.357 ..-0,002835__-0., 000038_r0 , 001683 . (-158. 8,-167, 1).( _.-52, 0, ...-54 . 8) _0.010 0,999494 1.012473 1.005026 1.299 0.553 -0.004296 -0.000075 -0.003075 (-224.5,-236.4)< -52.0, -54,8)

cn
H

0 . 0 1 0 0 . 0 0 2  0.085 
, 0 . 0 1 0  .

1.0053911.0015950.996191.
1.0124731.012473 1.0084521.006632 0.7041.086.1. 012473.. _1.003814— 1.6.?4_

0.304 -0.003331 -0.0000150.503 -0.004208 -0.000038.0,765 0,005670_- Oj 0 00075-
-0.000674 (-100.4.-105.7)( -73.6. -77.5) -0.001595 (-158.8,-167.1)( -73.6, -77.5) -0.0Q2915_(-224,5,-236,4)( -73.6, -77.5)

T IS IN 0 K. HE'S AND F'S IN CM-1. THE REST APE OIMENSIONLESS



i  i I i v : i I , i I

T able 11 . T .n fs /s 'I f  fo r  model 2-D svstem  #10 a t 100° K

T = 100.000 UEM1) = 1500.00 HE 11) = 1025.00 WE1(21 = 2000.00 WE(2) = 2280.00

LN(S/S•J F % ERROR
XI X2 EXACT HAHM. ANHARM. HARM. ANHARM. A E D (F122.F122') (Fill.Fill•)

01
to0.00? o.on? 1.296602 1.300230 1.29P022 0.277 0.106 -0.001019 -0.000009 -0.000700 (-117.2,-123.01( -32.9. -30.6)0.0050.010 1.293496 1.300230 1.295600 1.268735 1.300230 1.292130 0.521 0.169 0.8R? 0.263 -0.002723-0.000896 -0.00.0023-0.000006 -0.001800-0.003157 (-185,3.-195.1)( (-262.1.-275.9)( -32.9, -30.6) -32.9. -30.6)

0.00S 0.0020.005 1.290929 1.300230 1.297220 1.291259 1,300230 1.290920 0.010 0.178 0.695 0.280 -0.002203-0.003507 -0.000009-0.000023 -0.000750-0.001700 (-117.2.-123.0)( (-185.3,-195.1)( -52.0. -50.8) -52.0. -50.8)0.010 1.205913 1.300230 1.291010 1.113 0.028 -0.005720 -0.000006 -0.003050 (-262.1,-275.9)( -52.0. -50.8)
0.010 0.0020.0050.010

1.292500 1.300230 1.295893 1.208293 1.300230 1.293805 1.282207 1.300230 1.290215
0.595 0.259 0.927 0.015 1.399 0.618

-0.003616-0.000920-0.007093
-0.000009-0.000023-0.000006

-0.000712-0.001602-0.002876
(-117.2.-123.0)( (-185.3,-195.1)( (-262.1,-275.9)(

-73.6. -77.5) -73.6. -77.5) -73.6. -77.5)

T IS IN 0 K. HE'S AND F*S IN CM-1. THE REST ARE DIMENSIOfJLESS



i i  .;. i

»--Ln(s/&-) f f or-niod&l̂ -2r-D—syst em #11 at .100— K--
T = 100.000 WE'(1) = 1500.00 WE(1) = 1425.00 WE•(21 = 3200.00 WE(2) = 3140.00

LN(S/S *)F 
XI X2 EXACT HARM• ANMARfl.

% ERROR 
HARP. ANHARM. (F122•F122•) (Fill.Fill*)

_n. 002.— 0. 002... 0.098005... .0.900960.. .0 .899574._0 . 3?0.„..0 .166.-0 . 0009P3__=0 , 0 000 02.,0.005 0.095736 0.900960 0.890403 0.583 0.290 -0.001633 -0.0000060.010 0.092212 0.900960 0.096639 0.900 0.496 -0.002716 -0.000011
-0,000401.(-135,6.-140.6)( -32.9, -34,6). -0.000910 (-214.5,-222.3)( -32.9, -34.6) -0.001593 (-303.3,-314.4)) -32.9, -34.6)

0.00= 0.002 0.096538 0.90C960 0.890770 0.493 0.249 -0.001807 -0.000002_____ 0.005 — 0.89377 0_0 .900960__0 .897626_.0 . P04._. 0 .431_=0,002456_-0.,000005_0.010 0.889774 0.900960 0.095B98 1.257 0.608 -0.003540 -0.000011
-0.000381 (-135.6.-140.6)( -52.0, -54.8) -0.000872..(-214,5,-222,3) (..-.52,0 ,_-54.8). -0.001511 (-303.3,-314.4)) -52.0, -54.8)

OlLJ

0.010 0.002 0.894350 0.900960 0.897429 0.739 0.344 -0.003180 -0.0000020.005 0.891110 0.900960 0.896327 1.105 0.586 -0.003830 -0.000005_____  0.010 0. 886501.__0,900960_0 .89465.8_1. 6 2 2 _0,91 J._..-0,004913_-0ji>_00011_
-0.000348 (-135.6,-140.6)) -73.6, -77.5) -0.000797 (-214.5,-222.3)( -73.6, -77.5) -0.001376_(”303,3,-314,4)(__=.73.,6,_ -77,5)

T IS IN 0 K, WE'S AND F*S IN CM-1. THE REST ARF DIMENSIONLESS



© (
© Tif «5 /<5 2-D svstem  #1 a t 300*3 K

© T = *00.000 we•(1) = 500.00 WE(1) = 475.00 WE*(21 = 800.00 WE(2) = 760.00
© #
© j

©
© LNCS/S')F % ERROR i

© XI
n. 0 0 2

X2
0.002

EXACT
0.070522

HARM.
0.070772

ANHARM. 
0.0 704 87

HARM• ANHARM. 
0,356 -0,049

A
-0.000144

E
-0.000080

0 (F122.F122*) (Fill.Fill*) 
-0.000061 ( -39,1, -41.11 ( -11.0, -11.5) O)

© 0.0050.010 0.U702P7 0.065928 0.0707720.070772 0.0701410.069579 0.690 -0.209 1.207 -0.499 -0.000284-0.000513 -0.000197-0.000383 -0.000151 ( -61.8, 
rO.000297 ( -87.4, -65.0)( -92.0)( -11.0, -11.5) -11.0, -11.5)

1
i

© 0.005 0.002Q.QQ5 0.0704120.070155 0.0707720.070772 0.0704180,070074 0.511 0.007 0 .880 -0.115 -0.000215-0.000355 -0.000070 -0.000192 -0.000061 ( -39.1, -0.000151 ( -61.8, -41.1)( -65.0)( -17.3, -18.3) -17.3. -18.3)
© 0.010 0.069772 0.070772 0.069517 1.434 -0.365 -0.000584 -0.000379 -0.000297 ( -87.4, -92.0)( -17.3, -18.3)

© 0. 010 0.002 0.005 _ 0.010
0.070259 0.069977 _p,069572_

0.070772 0.070772 _0.070772 .
0.070308 0.069967 . 0... Q.69415...

0.731 0.069 1.136 -0.014 1.726 -0.225
-0.000328-0.000468-0j00p_6?6_

-0.000076-0.000187-0.000364
-0.000061 { -39.1. -0.000151 ( -61.8,_-0 . 000297 ’L-O?,4,

-41.1)( -65.OK -92•0)(
-24.5. -25.8) -24.5, -25.8) -24.5, -25.8)

1

«
f >

« T IS IN 0 K. WE'S AND F•S IN CM-1. THE REST ARE DIMENSIONLESS



Tab le  14 . L n (s /s ' ) f  f or  mod e l 2-D s ys tem # 2 at 300° K
300.000 WE'(l) = 500.00 WE C1J = 475.00 WE*(2) = 1600.00 WE(2) = 1520.00

XI X?
LNIS/S')F 

EXACT HARM. ANHARM.
% ERROR 

HARM. ANHARM̂ A (F122,F122•) (Fill.Fill*)
_Q.-0D.2_JL.002__0.161786_0.16223 8_0.005 0.161316 0.1622380.010 0.16058? 0.162238

0 . 0 0 6

.0., 161792_ 0.161205 0.160248
0.00? 0.161634 0.162238JQ.00.5_0,161114_0,162?38_0.010 0.160326 0.162238

_0., 279 0. 004_0 .571 -0.069 1.031 -0.208
0.16172? _0. 161137_ 0.160183

0.374 0.054JU697_0.014_1.193 -0.089

■0.000263.-0.000583■0.001115
•0.000334■0A000654_•0.001186

L0..0-00 03?_■0.000096-0.000188
-0.000038•0.000094
•0 . 0 0 0 1 0 4

-0.000144 I -54.1. -56.9X -11.0. -11.5) -0.000354 ( -85.5, -90.OH -ii.O, -11.5) -0.000686 (-120.9.-127.3)( -11.0. -11.5)
-0.000144 ( -54.1, -56.9)1 -17.3. -18.3) ■0.000355 1 -85.5. -90.OH -17.3. -18.3) ■0.000685 C-120.9,-i27.3H -17.3. -18.3)

O(J1

0.010 0.002 0.161432 0.1622380.005 0,160859 0.1622380.010 0.160013 0.162238
0.1616110.1610280.160077

0.499 0.1110.857 0.1051.591 0.040
■0.000447■0.000766■0.001298

■0.000037-0.000091-0.000179
■0.000143 ( -54.1, -56.9)1 -24.5, -25.8) -0.000352 ( -85.5, -90.OH -24.5, -25.8) -0.000683 (-120.9.-127.3)( -24.5. -25.8)

T IS IN 0 K, WE'S AMD F'S IM CM-1, THE REST ARE OIMFNSIONLESS



: 'i

— Tablfi 15— LnCs/sJL)f _for. .model-2rD s ystem  # 3 .at_3QQ K____
T = 300.000 HE *(1) = 500.00 WE(1) = 475.00 WE*(21 = 2400.00 WE<2> = 2260.00

LNIS/S*)F 55 ERROR
XI X? EXACT HARM. ANHARM. HAR". ANHARM. A E D {F122,

__0..002-.0.0P2_0.005
0.010

.0.257367.0.2567380.255751
. _0.257947 0.257947 0.257947

.0 .257359,0.2565640.255275
.,0.2230.4710.059

-0.003,.-0.068-0.186
-0,000355_-0.000014-0.001578

r.O.0 0 0 0 2 6.-0.000064-0.000126
__-.0, 000207 -0.000505 -0.000960

.( -66,0 (-104.4 (-147.6
O.OOS 0.002 0.005 _ 

0.010

0.2571950.2565050.255448
0.257547,,0.2579470.257947

0.257288.,0.256495..0.255209
0.292_D • 562 0.979

0.036-0.004_-11.094
-0.000426_.r0,000805._-0.00)649

-0.000025-0,000062.-0.000123
-0.000207 _-0. 000504. -0.000966

( -66.0 (-104.4 (-147.6
o . o i n 0.0020.005

0.010__
0.2569710.2562150,255086

0.257947 0.257947 _ 0.257947
0.257177 0.256386 J. 255103..

0.3800.676
_ 1 . 1 ? 1

0.080 0.067 _0,006_
-0.000539 -0.000997 _r 0,001761_

-0.000025 -0.000061 ”0,000120.
-0.000206 -0.000503 __r0,000963

( -66.0 (-104.4 .(-147,6

22•» ( F i l l . F i l l * )  

- 6 9 . 5 )  ( _ r . l l . O . .  - 1 1 , 5 ) .

- 6 9 . 5 ) (  - 1 7 . 3 .  - 1 8 . 3 )  
1 0 9 , 8 ) (  . - 1 7 , 3 .  - 1 8 , 3 ) .

cn
G)

T IS IN 0 S'. WE*S AND F*S IN CM-1. THE REST ARE OTMENSIONLESS



T

-'table-16-— Ln( s /s -')f f or -model— 2-1
T = 300.000 WE'(l) = 500.00 WE (1) = <*75.00 WE*(21 = 3200.00 WE (2) = 3140.00

LNtS/S*IF % ERROR
XI X2 EXACT HARM. ANHARM. HARM. AMHARM. A E D (F122.F122•1 (Fill.Fill')

<1.009 0.002 0.146101 0.146426 0.146118 0.223 0.012 -0.000198 -0.000007 -0.000103 ( -77.4, -80.1)( -11.0, -11.5) 014̂0.005 0.145764 0.146426 0.145740 0.454 -n.017 -0.000421 -0.000017 -0.000248 (-122.3.-126.7)( -11.0. -11.5)0.010 0.145233 0.146426 0.145131 0.821 -0.071 -0.000794 -0.000033 -0.000468 (-173,0.-179.2)( -11.0, -11.5)
O.OOS 0.002 0.145967 0.146426 0.146047 0.301 0.041 -0.000270 -0.000007 -0.000103 ( -77.4, -80.1)< -17.3, -18.3)0.005 0.145624 0.146426 0.145669 0.551 0.031 -0.000493 -0.000016 -0.000248 (-122.3,-126.7)( -17.3, -18.3)0.010 0.145064 0.146426 0.145060 0.938 -0.003 -0.000865 -0.000032 -0.000469 (-173.0,-179.2)( -17.3, -18.3)

o . o i n 0.002 0.145831 0.146426 0.145935 0.409 0.071 -0.000382 -0.000006 -0.000103 ( -77.4, -80.1)( -24.5, -25.8)0.0C5 0.145444 0.146426 0.145557 0.675 0.078 -0.000605 -0.000015 -0.000248 (-122.3,-126.7)1 -24.5. -25.8)0.010 0.144860 0.146426 0.144949 1.091 0.061 -0.000977 -0.000031 -0.000469 (-173.0.-179.2)( -24.5, -25.8)

T IS IM 0 K. WE'S AMD F'S IN CH-1. THE REST ARE DIMENSIONLESS



iU-J • i I M.;-; ; ■ i i I I ir i

l

T able 17 . L n C s/s’ H  fo r  model 2- D system  #5  a t 300° K_________________________________________________________

T = *00.000 HEM1I = 1000.00 ME (1) = 950.00 WEM2) = 800.00 WE(2) = 780,00

LNIS/S'IF ERROR
XI
.005.

X?
- 0 . 0 0 2 .0.005

0 . 0 1 0

EXACT HARM.
_0.119489 0.120163- 0.110883 0.1201630.117958 0.120163

ANHARM. MARI'. ANHARM. A E
-0.119695 0.565 0.172 _-Q. 0 00224 rO..OOOH3_0.119197 1.077 0.264 -0.000364 -0.0002770.118392 1.870 0.368 -0.000592 -0.000539

D C FI 22.F122•) (Fill.Fill*)
_-0.000132..( -65,2..-68,6) ( -21.9, .-23.1 )_ -0.000326 (-103.1.-108.5M -21.9, -23.1) -0.000640 (-145.8.-153.5)( -21.9. -23.1)

O)00

0.009 0.002 0.119166 0.120163 0.119505 0.837 0.284 -0.000416 -0.000111 -0.000131 ( -65.2, -68.6)1 -34.7. -36.5)_____ 0.01)5— 0.118489_0.. 120163— 0.119012__1.413_0.442_t0. 000556_.-O..D00272_-0 . 000323 _l-103.1,-108.5) 1 _=34.7 ,_r36.5l0.010 0.117486 0.120163 0.118214 2.279 0.620 -0.000785 -0.000529 -0.000635 1-145.8.-153.5)1 -34.7. -36.5)
0.010 0.002 0.110701 0.120163 0.119192 1.235 0.414 -0.000733 -0.000109 -0,000129 ( -65.2, -68.6)1 -49.1, -51.6)0.005 0.117944 0.120163 0.118704 1.882 0.645 -0.000873 -0.000267 -0.000319 1-103.1,-108.5)1 -49.1, -51.6)_____0.010__ 0.116856_D.120163_D. 117915__2.a30— 0.906_-0..0.01102_.-0_.jJOQ.5l2_-0.0Q0628_(-145.8,-153.5)(_r49,1, -51.6)

T IS IN 0 K. WE'S AND F'S IN CM-1, THE PEST ARE DIMENSIONLESS

J 
T 

C 
CoM

’pulfW 
fl»rr» 

P-V
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Table 18 . L n ( s / s * ) f  f o r  model 2-D system #6 a t  300 ° K

o T = 300.000 WEMl) = 1000.00 VIE € 11 = 950.00 WEM2) = 1600.00 WE (2) = 1520.00
o t

o •

o

n LN(S/S•)F % ERROR
n XI

0.002
X2 EXACT 

0.00? 0.210040
HARM. 

0.211020
ANHARM.
0,211048

HARM• ANHARM. 
0.374 0.099

A
-0.000343

E
-0.000041

D
-0.000196

(F122.F122M (Flll.FlllM 
1 -78.1, -82.3)1 -21.9, -23.1) CTlVO

o 0.005 0.210143 0.030 0.209001 0.2)1620
0 . 2 1 1 6 2 e

0.2103030.209298 0.707 0.114 1.210 0.104 -0.000663-0.001195 -0.000101-0.000199 -0.000482-0.000936 (-123.6,-130.1)( (-174.7,-183.9)( -21.9, -23.1) -21.9, -23.1)
n o.ou*; 0.002 0.210404 0.005 0.209002 0.2116280.211620 0.2108580,210195 0.553 0.187 0.970 0.254 -0.000535-0.000055 -0.000040-0.000100 -0.000195-0.000479 ( -78.1, -82.3)( (-123.6,-130.1)( -34.7. -36.5) -34.7, -36.5)
O 0.010 0.200462 0.211628 0.209116 1.509 0.304 -0.001307 -0.000196 -0.000930 (-174.7,-183.9)( -34.7. -36.5)

o o.oin 0.002 0.209939 0.005 0.209019 0.010 0.207700
0.2116280.2116280.211628

0.2105440.2098850.208812
0.005 0.288 1.249 0.415 1.800 0.532

-0.000852-0.001172-0.001704
-0.000040-0.000098-0.000192

-0.000193-0.000474-0.000920
( -78.1, -82.3X (-123.6,-130.1)( (-174.7.-183.9)(

-49.1, -51.6) -49.1, -51.6) -49.1, -51.6)
o
o
o 1

1T IS IN 0 K. WE’S AND F•S IN CH-1. THE REST ARE DIMENSIONLESS

'7i
i
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Table  19 . L n f s / s ' l f  f o r  model 2-D system #7 a t  300° K

T = 300.000 WE•(11 = 1000.00 WE(11 = 950.00 WE'(2) = 2400.00 WE(2) = 2280.00

LNIS/S'IF K ERROR
XI X? EXACT HARM. ANHARM. HARM . ANHARM. A E D (F122.F122' 1 (Fill.Fill')

__ 0.̂00? .0.00?. 0 . 306401_ 0.307338 0,306614 0.306 0.070 -0.000435 -0.000027 -0.00026? ( -94.2. -99.Ill -21.9, -23.1) o
0.005 0.305541 0.010 0.304?29 0.3073380.307338 0.3057400.304326 0 .580 1.022 0.065 -0.000093 0.032 -0.001657 -0.00.0066-0.000130 -0.000638-0.001224 (-148.9,-156.7)1 -21.9, -23.1) (-210.5,-221.6)1 -21.9. -23.1)

0.00S 0.002 0.305906 0.005 0.304990 0.3073380.307330 0.3064240.305553 0.44?_0.767 0.143 -0.000627 0.182 -0.0010R6 -0.000026-0.000065 -0.000260-0.000634 ( -94.2, -99.1) ( -34.7, -36.5) (-148.9.-156.7)( -34.7. -36.5)0.010 0.303543 0.307330 0.304144 1.250 0.198 -0.001850 -0.000120 -0.001217 (-210.5,-221.6)1 -34.7. -36.5)
0.010 0.002 0.305416 0.005 0.304286 0.010 0.302671

0.3073380.3073300.307338
0.3061110.3052440.303042

0.6291.0031.54?
0.227 -0.000944 0.315 -0.001403 0.387 -0.002167

-0.000026-0.000063-0.000125
-0.000257-0.000628-0.001204

( -94.2. -99.1)( -49.1, -51.6) (-148.9,-156.7)1 -49.1, -51.6) (-210.5,-221.6)( -49.1, -51.6)

•
T IS IN 0 Kt WE'S AND F'S IN CM-1. THE REST ARE DIMENSIONLESS
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Table 20 . L n ( s / s ' ) f  f o r  model 2-D system #8 a t  300°  K

o T = 300.000 WEMl) = 1000.00 H E (1) = 950.00 WE*12) = 3200.90 WE(2) = 3140.00
O $

o

n

C; LNIS/S')F !5 ERROR
r ; XI X3 EXACT HARM. ANHARM. HARR . ANHARM. A E □ IF122,F122•) (Fill.Fill')

'J0.003 0.002 0.195324 0.195817 0.195370 Q.« 3 5 5 _ 0,126 -0,000270 -0.000007 -0.000162 (-109.9,-113.9) (_ -21.9, -23.1) H
r> 0.005 0.194540 0.195317 0.194905 0.652 0.103 -0.000501 -0.000017 -0.000394 (-173.7,-180.0)( -21,9, -23.1)0.010 0.193632 0.195ei7 0.194161 1.102 0.247 -0.000873 -0.000033 -0,000750 (-245.7,-254.6) ( -21.9. -23.1)
O 0.005 0.002 0.194761 0.195817 0.195179 0.542 0.214 -0.000470 -0.000007 -0.000161 (-109.9,-113.9)( -34.7. -36.5).0,005. 0,194069 0.195817 0.194716 0.690 0,323 -0,000694 -0.000016 -0.000390 (-173.7,-180,0)L -34.7. -36.5)
n

0.010 0.193114 0.195017 0.193976 1.400 0.446 -0.001066 -0.000032 -0.000743 (-245.7,-254.6)( -34.7, -36.5)

o
0.010 0.002 0.194252 0.195617 0.194865 0.606 0.316 -0.000787 -0.000006 -0.000159 (-109.9.-113.9)( -49.1. -51.6)0.005 0.193472 0.195017 0.194406 1.212 0.403 -0.001010 -0.000016 -0.000385 (-173,7,-180.0) ( -49.1, -51.6)0.0 JO_p,l?2377_ 0.195817 0.193671 1.708 0.673 -0.001383 -0.000031 -0.000732 (-245.7,-254.6)( -49.1, -51.6)

o

a

r -

r\

T IS IN 0 K. WE'S AND F'S IN CM-1, THE REST ARE DTMENSIONLESS

O
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Table 21 . Ln ( s / s ' ) f  fo r  mode l  2-D s y s te m #9 a t  3.0.0° K __

T = 300.000 WE’I1) = 1500.00 WE(1> = 1425.00 UEM2I = 1600.00 WE{2) = 1520.00

XI X2
LN(S/S*)F 

EXACT HARM.
% ERROR

ANHARM. HARM. ANHARM.
-0.002_ 0.002_.0.266533— 0.269643, 0.005 0.267560 0.269643 0.010 0.266095 0.269643

_Q.26P933_0.413-.0.149. 0.260103 0.776 0.230 0.266966 1.333 0.327

A E D (F122.F122') (Fill.Fill')
;0.000415_.= 0., 0 0 0 0 4 6_.-0,000250 _(-10 0 .4 ,-105 .7) < _-32.9...-34 , 6)..0.000735 -0.000112 -0.000613 (-158.8.-167.1)( -32.9. -34.6)-0.001267 -0.000220 -0.001190 (-224.5.-236.4)( -32.9. -34.6)

-JJO

0.005 0.002 0.267961 0.269643_____ 0.005_ 0.266670— 0.269643,0.010 0.265235 0.269643
0.268635 0.620 0.244 -0.000716 -0.000045-0.267890__1.039_0.382_=0,001036_=0,0001110.266681 1.66? 0.545 -0.001568 -0.000217

■0.000247 (-100.4.-105.7)( -52.0. -54.8) T0. 000607 _(-158.8.-167.1) (. .=52 • 0 .. -54 , 8}_ -0.001177 (-224.5.-236.4)( -52.0. -54.8)
0.010 0.002 0.267196 0.2696430.005 0.265922 0.269643_____ 0.010— 0.264104- 0.269643..

0.268139 0.916 0.353 -0.001216 -0.0000440.267401 1.399 0.556 -0.001536 -0.000109.0 .266204_2 .057_0.7.95._=0 .0,02068_-0_, 0.00214_
-0.000243 (-100,4.-105.7)( -73.6. -77.5) •0.000597 (-158.8.-167.1)( -73.6. -77.5) -0,001157—.( -224,5. = 236.4) ( -73.6. -77.5)

T IS IN 0 K. WE'S AND F'S IN CM-1. THE REST ARE DIMENSIOMLESS ■"N

T
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2 . L nC s/sM f f o r  model 2-D system #10 a t  300° K

T = 300.000 we:•til = 1500.00 WE(11 = 1425.00 WE *(21 = 2400.00 WE(21 = 2280.00

nr;
LN(S/S' IF K ERROR

XI
__0*00?_

x? 
0.002.

EXACT 
0.364130 .

HARM. ANHARM. 
0.36535? n.364511

HARM .
-Q.336 .

ANHARM. 
0 .105_

A
-0.0(10507-

E
-0.D0002H

□
-0.000307

(F122,F122•1 < Fill,Fill * 1 
(-117.2,-123.4)( -32,9, -34,61 <jJ

'"'S
0.0050.010 0.3630640.361446 0.365352 0.363571 0.365352 0.362057 0.6301.081 0.140 n .169 -0.000965-0.001729 -0.000068-0.000135 -0.000747-0.001431 (-185.3.-195.1)( (-262.1.-275.9)( -32.9.-32.9, -34.6)-34.6)

2

1
o.oo*; 0.0020.005. 0.363533 . 0.362297 0.365352 0.364213 0.365352 . 0.363279 0.50(10.843 0.1870.271 -0.000808-0.001267 -0.000027-0.000067 -0.000304-0,000739 (-117.2.-123.4)( (-185.3,-195,1)( -52,0.-52.0, -54.8)-54.8)0.010 0.360487 0.365352 0.361772 1.350 0.356 -0.002031 -0.000133 -0.001416 (-262.1,-275.9)( -52.0. -54.8) -*n
o . o i n 0.00?0.0050.010.

0.3626990.361271_a.359245_
0.365352 0.363718 0.365352 0.362792 ..0,365352 _0.36129.fl_

0.7311.130-1.7.00_
0.281 0.421 _0 »572_

-0.001309 -0.001767 _T 0.002531-
-0.000027-0,000066-0,000131

-0.000298-0.000727-0.001392
(-117.2,-123.4)( (-185.3.-195.1)( (-262,1,-275.9)t

—73.6, —7 3.6, -73.6,
-77.5)-77.5)-77.5)

—N

-
T IS IN 0 K« WE'S AND F•S IN CM-1. THE REST ARE DIMENSIONLESS



T = 300.000
' . ) f  -for modeL 2rrD.. system #11 . a t —300— K—
Ut'lll = 1500.00 WE (1) = 1425.00 ME*(2) = 3200.00 WE(2) = 3140.00

XI X?
LNJS/S*)F 

EXACT HARM.
55 ERROR

ANHARM. HARM. ANHARM. (F122.F122' ) (Fill.Fill')
_a.0 0 2_ 0 . 0 0 20.005

0 . 0 1 0

.0.252659 _0.253631. 0.252077 0.2538310.250901 0.253031
..0.25326C D.365— 0.162...-0.000350 -0.0000060.252740 0.696 0.263 -0.000573 -0.0000160.251098 1.160 0.397 -0.000945 -0.000032

-0,000207..1-135,6,-140,6}( -32.91.-34.6). -0.000502 (-214.5,-222.3)( -32.9, -34.6) -0.000956 (-303.3,-314.4)) -32.9, -34.6)
-4 -̂

0.005 0.002 0.252321 0.253631_____ 0,005.. 0,251401.. .0.2536310.010 0.250072 0.253e31
0.252970 0.599 0.257 -0.000651 -0.000006.0.252446__ 0.967_0,416._ -0,0 00874_-P., 000016_0.251611 1.503 0.616 -0.001247 -0.000031

-0.000201) (-135.6.-140.6)( -52.0, -54.8) -0,000495 .(-214,5,-222,3) ( _r.52.0i -54,8) -0.000942 (-303.3,-314.4)( -52.0, -54.8)
0.010 0.002 0.251552 0.253831 0.005 0.250479 0.253831_0.010 0.248976-.0.253831.

0.252474 0.906 0.367 -0.001152 -0.0000060.251958 1.339 0.590 -0.001375 -0.000015.0.25113 5_1.9 5.0_0.. 8.6.7_-_Q .,0 0174?_r Pj 0 000 3 0_
-0.000199 (-135.6.-140.6)( -73.6, -77.5) -0.000483 (-214.5.-222.3)) -73,6. -77.5) -0,000919J-303,3,-314,4)( -73.6. -77,5)

—v

T IS IN 0 K. HE'S AND F'S IN CM-1. THE REST ARE OTMENSIONLESS
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d .  D i s c u s s i o n

T he  n u m e r i c a l  r e s u l t s  i n  t h e  p r e v i o u s  s e c t i o n  w e re

o b t a i n e d  b y  my i n v e s t i g a t i o n  o f  a  m o d e l  2-D  s y s t e m  t h a t

s i m u l a t e s  t h e  tw o  s t r e t c h i n g  m o d es  o f  a  r e p r e s e n t a t i v e

l i n e a r  t r i a t o m i c  m o l e c u l e .  I  c h o s e  t o  m o d e l  t h e  2-D  c a s e s

a f t e r  C02 b e c a u s e  t h i s  i s  o n e  o f  t h e  fe w  t r i a t o m i c  m o l e c u l e s

t h a t  h a v e  r e a d i l y  a v a i l a b l e  d a t a  o n  a n h a r m o n i c i t y  c o n s t a n t s
18a n d  c u b i c  c o e f f i c i e n t s .  As c a n  b e  s e e n  f r o m  t h e  p r e v i o u s  

s e c t i o n  I  v a r i e d  t h e  s y m m e t r i c  s t r e t c h i n g  f r e q u e n c y  f ro m  

500 cm ^ t o  1500  cm ^ w h i l e  t h e  s y m m e t r i c  s t r e t c h i n g  f r e ­

q u e n c y  o f  1 ^C1 6 0 2 i s  1 3 4 9 .9 7  cm T he  o t h e r  s t r e t c h i n g  

mode to2 i s  s e t  t o  v a l u e s  r a n g i n g  f r o m  800 cm ^ t o  3200  cm” '*’

w h i l e  t h e  a n t i s y m m e t r i c  s t r e t c h i n g  f r e q u e n c y  o f  C02 i s  

“ 1 182 3 9 5 .8 9  cm . F o r  t h e  h e a v i e r  i s o t o p i c  p a i r  I  i n v e s t i g a t e d ,  

I  d e c r e a s e d  t h e  c o r r e s p o n d i n g  a n d  w2 b y  5%. G e n e r a l l y  

t h e  v a l u e s  o f  a n d  oi2 w e r e  s e l e c t e d  t o  a v o i d  r e s o n a n c e .

U n d e r  a l l  c i r c u m s t a n c e s ,  t h e  new  a p p r o x i m a t i o n  g i v e s  

s u b s t a n t i a l l y  im p r o v e d  r e s u l t s  o v e r  t h e  h a r m o n i c  o s c i l l a t o r  

t r e a t m e n t .  I t  show s  c l e a r l y  t h e  d o m in a n c e  o f  t h e  d i a g o n a l  

M o rse  p o t e n t i a l  c o r r e c t i o n  t e r m  w hen  t h e  a n h a r m o n i c i t y  c o n ­

s t a n t s  Xj_ a r e  s m a l l  b u t  w hen v a l u e s  beco m e  l a r g e r ,  t h e  

o f f - d i a g o n a l  q u a n t u m - m e c h a n i c a l  p e r t u r b a t i o n  t e r m s ,  D a n d  D ' ,  

t h e n  p l a y  a  m o re  i m p o r t a n t  r o l e .  T he  c l a s s i c a l  o f f - d i a g o n a l  

c u b i c  c o r r e c t i o n  t e r m s ,  E a n d  E ' ,  a r e  g e n e r a l l y  much s m a l l e r  

i n  m a g n i t u d e  c o m p a re d  w i t h  t h e  M o rse  p o t e n t i a l  c o r r e c t i o n  

t e r m s  a n d  o f f - d i a g o n a l  c u b i c  q u a n t u m - m e c h a n i c a l  p e r t u r b a t i o n
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t e r m s .  A p p r o x i m a t i o n  r e s u l t s  a r e  r e p r e s e n t e d  f o r  t e m p e r a ­

t u r e s  o f  b o t h  100°K  a n d  3 0 0 °K .

One b i g  c o n t r a s t  b e t w e e n  t h e  e x a c t  r e s u l t  a n d  t h e  

a p p r o x i m a t i o n  r e s u l t  i s  i n  t h e  u t i l i z e d  c o m p u t e r  t i m e .  The 

f o r m e r  t a k e s  a b o u t  200  s e c o n d s  CPU t i m e  i n  t h e  CUNY-UCC IBM 

3 7 0 /1 6 8  t o  e x e c u t e  w h i l e  t h e  a p p r o x i m a t e  m e th o d  p r o g r a m  t a k e s  

l e s s  t h a n  o n e  s e c o n d  CPU t i m e  i n  e x e c u t i o n .  T he  m o re  im ­

p o r t a n t  a d v a n t a g e  o f  t h e  a p p r o x i m a t i o n  o v e r  t h e  e x a c t  c a l ­

c u l a t i o n  l i e s  i n  t h e  p h y s i c a l  i n s i g h t  g a i n e d  b y  o b s e r v i n g  

t h e  i n t e r p l a y  o f  v a r i o u s  f a c t o r s  t h a t  m ak e  u p  t h e  r e d u c e d  

p a r t i t i o n  f u n c t i o n  s o  we know u n d e r  w h a t  c i r c u m s t a n c e s  we 

c a n  o m i t  t h e  o f f - d i a g o n a l  c o n t r i b u t i o n  t e r m s  a n d  s t i l l  h a v e  

a  r e s u l t  w i t h i n  t o l e r a b l e  p e r c e n t a g e  e r r o r .

W i th  t h e  e n c o u r a g i n g  n u m e r i c a l  r e s u l t s  t h a t  we h a v e  

o b t a i n e d  t h i s  f a r  i t  w as  l o g i c a l  t o  l o o k  i n t o  t h e  q u a s i - 3 -  

d i m e n s i o n a l  p r o b le m  o f  t h e  t o t a l  C02 v i b r a t i o n .

B. APPROXIMATION FOR 3-D SYSTEM

a .  E x a c t  C a l c u l a t i o n

i .  N u m e r i c a l  S o l u t i o n  f o r  t h e  P h a s e  I n t e g r a l  

T he  e x p r e s s i o n  f o r  t h e  t o t a l  e n e r g y  E b e c o m e s  q u i t e  

i n v o l v e d  i n  C02 f o r  now we h a v e  tw o  s t r e t c h i n g  m o d e s  a n d  

a  d e g e n e r a t e  b e n d i n g  m ode t o  w o rk  w i t h .  W i th  t h e  d e s i g n a t i o n  

o f  s t a n d i n g  f o r  s y m m e t r i c  s t r e t c h i n g  c o o r d i n a t e ,  q 2 f o r  

a n t i s y m m e t r i c  s t r e t c h i n g  c o o r d i n a t e ,  a n d  q 3 a n d  q 3 ' f o r  t h e  

d e g e n e r a t e  b e n d i n g  c o o r d i n a t e ,  t h e  t o t a l  e n e r g y  E t h e n  

b e c o m e s



+ Y1 2 2 q l q 2 + Y1 3 3 q l q 3 + Y1 3 3 q l q 3 ' (101)

T h e  c l a s s i c a l  p a r t i t i o n  f u n c t i o n  Qc ^ i s :  

Qc i  = f f f f f f f f  e " H /kT  d p d q

= I
- I n  2 

a ,

+
■ P i  
f

f  L2 (q l>
+

p 2

P i - I n  2
a . p 2‘

rL3 ^q l , q 2^

- I n  2
.a .

P3 - H( q1 , P 1 , q 2 , p 2 , q 3 , P 3 ) / k T  
/  _ e  d p -

d g 3 ] d p 2 d q 2 d p x dq-L # ( 102 )

w h e r e a s  d e g e n e r a c y  q 3 ' i s  n o t  e x p l i c i t l y  i n c l u d e d  i n  t h e  

a b o v e  e q u a t i o n  f o r  t h e  s a k e  o f  c l a r i t y  b u t  w i l l  b e  l a t e r  o n  

i n c l u d e d  i n  t h e  a c t u a l  c o m p u t e r  c a l c u l a t i o n .

S i n c e  i t  i s  i m p o s s i b l e  t o  f i n d  a l l  t h e  i n t e g r a t i o n  

l i m i t s  b y  a n a l y t i c a l  m e t h o d s ,  o n e  h a s  t o  u t i l i z e  a  n u m e r i c a l  

t e c h n i q u e .  By e x t e n d i n g  t h e  f o r m u l a t i o n  u s e d  i n  d e a l i n g  w i t h
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t h e  m o d e l  2-D  s y s t e m ,  r e c a l l i n g  t h a t  o n e  s h o u l d  r e c o v e r  t h e

ciiihc l a s s i c a l  a n h a r m o n i c  p a r t i t i o n  f u n c t i o n  Qc ^ w i t h  n o  i n t e r ­

a c t i o n  a s  y ^ j j + 0 ,  we h a v e

.a n h  1 1 1
c l  u  u  u o 

e l  2 3

3 00
d z .

- P 1 I n  2

z l )  2

2 - e _ y le  d y ^  X

r d z ,  f
- p ,  I n  2 z 0

V.-P2 * e  p 2 2 - e  p 2 ~ Y 2
e  z d y .

- P - 1 - e -  p . 1 - e

-P g  I n  2

“ P*

V 2

1 - e Y1 2 2 Z1 Z2 “ Y1 3 3 Z1 Z3 d z 3 X

I * A

_3 Z3^

2 - e
e " * 3 d y 3 ' (103)



w i t h  t h e  u s u a l  t r a n s f o r m a t i o n s

z = t / —
i  2  ) f x e

e i

’i  -  t l x T  '

a n d

Yi =
f l _
2kT

(1 0 4 a )

(1 0 4 b )

(1 0 4 c )

T h u s ,  w i t h  i n t e r c o o r d i n a t e  i n t e r a c t i o n s ,
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L 3 (Z1*, Z 2 ) '
J d z .  e

- p  I n  2 J

2
r 1

. “  p i 2

>
1

°1

1

p l 1- 1 (D "  P2 l - e  ■
X

-P r 1 - e -  Y1 2 2 Z1 Z2 -  Y1 3 3 Z1 Z3

I 1 - e
I

"  Y1 3 3 Z1 Z3 r y 3
dy- (105)

C a r e  m u s t  b e  t a k e n  i n  t h e  c a l c u l a t i o n s  o f  t h e  u p p e r  

l i m i t s  z ,  L2 r t o  a v o i d  i n c l u s i o n  o f  c o n t r i b u t i o n s  f ro m  

t h e  u n s t a b l e  s t a t e s  c o r r e s p o n d i n g  t o  t h e  r e p u l s i v e  f o r c e s  

t h a t  f i c t i t i o u s l y  a r i s e  f ro m  t h e  t r u n c a t i o n  o f  t h e  p o l y ­

n o m i a l  p o t e n t i a l  f u n c t i o n s ,  a s  i n  t h e  2-D  m o d e l  c a s e .

i i .  N u m e r i c a l  S o l u t i o n  f r o  t h e  Q uan tum  
P a r t i t i o n  F u n c t i o n

The q u a n tu m  m e c h a n i c a l  p a r t i t i o n  f u n c t i o n  i s  e x a c t l y  

e x p r e s s e d  a s

V° 1  V° 2  V° 3  Vd4

=  n ^ O  n l o  „ 3 - 0  n 4= 0  , ( x 0 6 ,

w h e r e
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r  /_ _ _ _ \   £ ( 1 , 2 , 3 , 4 )G ( n 1 ' n 2 , n 3 , n 4 ) h c

= [» S i  <nx + . §■) -

+ [cue 2 ( n 2 + l ) ”  w e 2X e2 ( n 2 + l ) 2  +

X12 *nl  + 2 ^ n2 + 2 ^  + ŵe 3 n̂3 + 2̂

a)e 3x e 3 (n 3 + 2 ) + x 13 ( n l  + 2 } (n 3 + 2 J +

x 23 ^n 2 + 2 ^ n 3 + 2 ^  + ^we 3 ^n 4 + 2^

we 3x e 3 (n 4 + !> 2 + x 13 ( n l  + l } (n 4 + t>  +

X23 ^n 2 + 2 ^ n 4 + 2 ^  * (107 )

N o te  t h a t  t h e  b e n d i n g  v i b r a t i o n a l  f r e q u e n c y  oj i s  d e g e n e r -
e 3

a t e .  By r e g a r d i n g  n^  a s  t h e  v a r i a b l e  f o r  t h e  o u t e r  summa­

t i o n ,  n 2 f o r  t h e  i n t e r m e d i a t e  l o o p  a n d  n 3 a n d  n^  a s  t h e  i n n e r

l o o p s ,  o n e  f o l l o w s  a  s i m i l a r  a p p r o a c h  a s  i n  s o l v i n g  i n

t h e  2-D  n u m e r i c a l l y .

b .  N u m e r i c a l  R e s u l t s  a n d  D i s c u s s i o n

W i th  a l l  t h e  a b o v e  f o r m u l a t i o n s ,  i t  i s  t i m e  now t o  p u t

th em  t o  w o r k .  I  now t r y  t o  c o m p a re  t h e  r e s u l t s  o f  t h e  h a r ­

m o n ic  r e d u c e d  p a r t i t i o n  f u n c t i o n  I n  f ( h a r m ) , a n ds
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sI n  —r  f ( h a r m )  w i t h  t h e  u s u a l  a n h a r m o n i c i t y  c o r r e c t i o n  t e r m s  s

a n d  t h e  n e w ly  d e v e l o p e d  a p p r o x i m a -
i 4

S  pt i o n  I n  —j- f  ( a n h a r m o n ic )  a n d  t h e  e x a c t  I n  ^  f  n u m e r i c a l l y  s  s
e v a l u a t e d  b y  t h e  m e th o d s  d e s c r i b e d  i n  t h e  p r e c e d i n g  s e c t i o n .

E v a l u a t i o n  o f  t h e  s e x t r u p l e  i n t e g r a l s  a n d  f o u r - f o l d  

s u m m a t io n s  t u r n s  o u t  t o  b e  v e r y  t i m e  c o n s u m i n g .  I n  p a r t i c u ­

l a r ,  r e t e n t i o n  o f  t h e  s m a l l  x e  v a l u e  f o r  t h e  b e n d i n g  m ode o f  

CC> 2  i n  t h e  s u m m a tio n  i n  E q .  (1 0 6 )  r e q u i r e s  m o re  c o m p u te r  

CPU t i m e  t h a n  we c a n  h a n d l e .  F o r  i n s t a n c e ,  a  c a l c u l a t i o n  o f

o n e  v a l u e  o f  w i t h  y  ( b e n d i n g )  = - 0 . 2 3  a t  T = 300°Kqm ^ e

w o u ld  h a v e  t a k e n  200 m i n u t e s  o f  t h e  IBM 3 7 0 - 1 6 8  CPU t i m e .

S i n c e  t h e  p u r p o s e  o f  t h i s  p h a s e  o f  c a l c u l a t i o n  i s  

m e r e l y  t o  show  t h e  p r e c i s i o n  o f  t h e  n e w ly  d e v e l o p e d  a p p r o x i ­

m a t i o n ,  I  c h o s e  t o  u s e  a  v a l u e  o f  t h e  a n h a r m o n i c i t y  c o n ­

s t a n t s  f o r  t h e  d e g e n e r a t e  b e n d i n g  mode w h ic h  i s  t e n  t i m e s  

l a r g e r  t h a n  t h e  r e p o r t e d  r e a l  v a l u e ,  w h i l e  I  r e t a i n e d  t h e  

r e a l  v a l u e s  f o r  t h e  a n h a r m o n i c i t y  c o n s t a n t s  o f  t h e  s y m m e t r i c  

a n d  a n t i s y m m e t r i c  m o d e s .  F o r  t h e  t e m p e r a t u r e  o f  3 0 0 °K ,  I  

o b t a i n  t h e  r e s u l t s  r e p o r t e d  i n  T a b l e  2 4 .

T he p e r c e n t a g e  e r r o r  f o r  a n h a r m o n i c  I n  | t  f  h a s  b e e n  

h a l v e d  f r o m  1 .3 % , t h e  v a l u e  o b t a i n e d  b y  t h e  o r d i n a r y  ZPE 

c o r r e c t i o n ,  t o  0 .6 % , t h e  v a l u e  a c h i e v e d  b y  t h e  p r e s e n t  

m e th o d .  T he  v a l u e  o f  0 .1 7 5 1  c o n s i s t s  o f  t h e  c o n t r i b u t i o n  

o f  t h e  h a r m o n i c  a p p r o x i m a t i o n  = 0 . 1 7 7 3 ,  t h e  M o rse  p o t e n t i a l
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TABLE 2 4 .  Ln •|t  f  f o r  a  m o d e l  3-D  s y s t e m .

E x a c t H a rm o n ic  A n h a rm o n ic
A n h a rm o n ic  w i t h  o r d i n a r y  

ZPE c o r r e c t i o n  .

0 .1 7 4 1 0 .1 7 7 3 0 .1 7 5 1 0 .1 7 6 3

I n p u t s ••

V  = 1 3 4 9 . 9 7 , X l l ' =  - 2 . 3 8 = 1 3 4 9 . 9 7 ,  X l l = - 2 . 3 8

“ 2 ’ - 2 3 9 5 . 8 9 , X2 2 ' = - 1 2 . 4 oj2  = 2 3 2 7 . 4 1 ,  x 2 2  = - 1 1 . 6 4

IIM3 6 7 4 . 8 5 ,
*33* = " 2 * 3

ui3  = 6 5 5 . 6 5 ,  X3 3 = - 2 . 2

F '133 6 9 .8 4 F 1 3 3  = 6 7 . 8 6

F 1
1 2 2

= - 2 4 5 . 5 3
F 1 2 2  "  - 2 3 8 * 5 4

* 1 2 ' = - 1 8 . 5 X1 2  = - 1 8 . 0 5

* 1 3 '  = 1 . 0 1 X1 3  = 0 . 9 9

^ 2 3 '  = - 1 2 . 6 1 X2 3  “  - H - 8 2

A l l  a b o v e  u n i t s  f o r  i n p u t s  a r e  i n  c m "" \



84

c o r r e c t i o n  t e r m s  = - 0 . 0 0 1 1 ,  t h e  q u a n tu m  o f f - d i a g o n a l  c u b i c  

t e r m s  = - 0 . 0 0 1 5 ,  a n d  t h e  c l a s s i c a l  o f f - d i a g o n a l  c u b i c  t e r m s  

= 0 . 0 0 0 4 .  T h e  o r d i n a r y  a n h a r m o n i c i t y  c o r r e c t i o n  i s  s i m i l a r  

i n  m a g n i t u d e  t o  t h e  M o rse  p o t e n t i a l  c o r r e c t i o n  a n d  i t  i s

- 0 . 0 0 1 0  i n  t h i s  c a s e .  T h e  m a rk e d  im p r o v e m e n t  o f  I n  ( a n -
s  sh a r m o n i c )  o v e r  I n  —r  ( h a r m o n i c )  a n d  I n  —  f  ( o r d i n a r y  c o r -s  s

r e c t i o n )  i s  t h e  c o n s e q u e n c e  o f  t h e  i n c l u s i o n  o f  o f f - d i a g o n a l  

c u b i c  t e r m s  t h a t  a r e n o t  a l w a y s  n e g l i g i b l e .
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CHAPTER V

POSSIBLE FURTHER STUDIES

My g o a l  o f  o b t a i n i n g  a  b e t t e r  a p p r o x i m a t i o n  f o r  t h e

r e d u c e d  p a r t i t i o n  f u n c t i o n  o f  p o l y a t o m i c  s y s t e m s  h a s  b e e n

a c c o m p l i s h e d .  As o n e  c a n  r e a d i l y  o b s e r v e ,  t o  a r r i v e  a t  t h e

e x a c t  I n  —r  f  r e q u i r e s  l e n g t h y  c o m p u t e r  c a l c u l a t i o n  w h e r e a s  s

t o  o b t a i n  t h e  a p p r o x i m a t e  I n  f  t a k e s  m uch  l e s s  CPU t i m e .

M ore i m p o r t a n t  i s  t h e  p h y s i c a l  i n s i g h t  t h a t  o n e  c a n  o b t a i n

b y  u s i n g  t h e  a p p r o x i m a t i o n  m e th o d .  One c a n  i n v e s t i g a t e  t h e

i n t e r p l a y  o f  c o n t r i b u t i o n s  o f  t e r m s  i n  I n  —  f  d e r i v e d  f r o ms
q u a d r a t i c  a n d  c u b i c  f o r c e  c o n s t a n t s .  T h e  e x t e n t  t o  w h ic h

t h e  d i a g o n a l  a p p r o x i m a t i o n  i s  v a l i d  w i l l  b e  a n  i n t e r e s t i n g

p r o b l e m  t h a t  o n e  c a n  i n v e s t i g a t e .  A n o t h e r  a r e a  t h a t  d e s e r v e s

f u r t h e r  s t u d i e s  i s  t h e  r e l a t i v e  i m p o r t a n c e  o f  t h e  o f f -

d i a g o n a l  c u b i c  t e r m s  i n  c o n t r i b u t i n g  t o  I n  f ,  w h ic hs

w o u ld  p i n p o i n t  t h e  i m p o r t a n t  s o u r c e s  o f  a n h a r m o n i c i t y  c o r ­

r e c t i o n  f o r  t h e  th e rm o d y n a m ic  f u n c t i o n s .

A n o t h e r  i m p o r t a n t  s t e p  f o r w a r d  i s  t o  r e - e x a m i n e  t h e  

p o t e n t i a l  f u n c t i o n  o f  t h e  a n h a r m o n ic  p o l y a t o m i c  s y s t e m s  a n d  

i n c l u d e  t h e  q u a r t i c  t e r m s  i n  t h e  f r a m e w o rk  o f  t h e  p e r t u r b a ­

t i o n  t h e o r y .  B u t  t h i s  w i l l  b e  a  b i g  c h a l l e n g e  d u e  t o  t h e  

c o m p l e x i t y  o f  t h e  c a l c u l a t i o n  i n v o l v e d .

I  am i m p r e s s e d  b y  t h e  i n t e r e s t s  o f  p h y s i c i s t s  i n  t h e



19 20i n v e s t i g a t i o n  o f  t h e  a n h a r m o n i c  o s c i l l a t o r  '  b e c a u s e  t h e  

a n h a r m o n i c  o s c i l l a t o r  i s  a  s i m p l e  m o d e l  f i e l d  t h e o r y  i n  o n e ­

d i m e n s i o n a l  s p a c e - t i m e  a n d  t h e  p r o p e r t i e s  e x h i b i t e d  b y  t h i s  

m o d e l  may g i v e  some i n d i c a t i o n  o f  t h e  a n a l y t i c  s t r u c t u r e  o f  

a  m o re  r e a l i s t i c  f i e l d  t h e o r y .  T he  sam e i m p o r t a n c e  c a n  b e  

a s c r i b e d  t o  a  m o d e l  a n h a r m o n ic  o s c i l l a t o r  i n  u n d e r s t a n d i n g  

i s o t o p i c  r e l a t e d  s t u d i e s .
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V I APPENDIX

FOREWORD

I n  t h e  c o u r s e  o f  d o i n g  t h i s  r e s e a r c h  I  h a v e  l o o k e d  i n t o  

t h e  p o s s i b i l i t i e s  o f  u s i n g  t h e  P a d e  A p p r o x im a n t  a n d  o r t h o g o n a l  

s e r i e s  a s  t h e  a p p r o x i m a t i o n  m e t h o d s .  I n  t h e  A p p e n d i x ,  S e c ­

t i o n s  A a n d  B, some r e s u l t s  a r e  r e p o r t e d .  I n  S e c t i o n  C I  

p r e s e n t  some k e y  f o r m u l a e  f r o m  N i e l s e n ' s  p a p e r .  I n  S e c t i o n  

D t h e  e s s e n t i a l  d e t a i l s  f o r  s i m p l i f i c a t i o n  o f  t h e  s e c o n d  

o r d e r  p e r t u r b a t i o n  t e r m s  a r e  p r e s e n t e d .  S e c t i o n  E c o n t a i n s  

l i s t i n g s  o f  c o m p u t e r  p r o g r a m s .  T h e s e  p r o g r a m s  t a k e  w ^ ' s ,  

X - i - i 's ,  F .  .. , °K a s  i n p u t  a n d  c a l c u l a t e  I n  § r  f  ( e x a c t ) ,
I j  I j K  S

S  SI n  —r  f  ( a n h ) , I n  - r  f  (ha rm ) b y  u s i n g  m e th o d s  d e v e l o p e d  i n  s s
t h e  p r e c e d i n g  c h a p t e r s .

A. PADE APPROXIMANT

T h e  c l a s s i c a l  p a r t i t i o n  f u n c t i o n  o f  a  M o rse  o s c i l l a t o r ,

cinliQc ^ , i s  g i v e n  b y  E q . ( 7 ) .  S u b s t i t u t i o n  o f  E q . (41 )  i n t o  

E q . (7) y i e l d s

2 2 °° 2k+2
P r  P

k l Q ( 2 k + l ) k ! (108 )u e

I t  c a n  b e  show n  t h a t  t h i s  t e n d s  t o  Qc ^ a s  p

a s  e x p e c t e d .  A c o m p u te r  p r o g r a m  i s  w r i t t e n  t o  c o m p a re  t h e  

s e r i e s  o b t a i n e d  i n  E q . (107 )  w i t h  t h e  e x a c t  v a l u e  a n d  E q . (1 0 8 )
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c o n v e r g e s  t o  t h e  e x a c t  v a l u e s  a s  e x p e c t e d .

T h e  P a d e  a p p r o x i m a n t  i s  o r i g i n a l l y  i n t e n d e d  t o  b e  u s e d  

t o  e f f e c t  a  m o re  r a p i d  c o n v e r g e n c e .  A f u n c t i o n  may b e  e v a l ­

u a t e d  f ro m  a  s e q u e n c e  o f  r a t i o n a l  f r a c t i o n s ,  c a l l e d  t h e  P a d e  
21a p p r o x i m a n t .  T h i s  m e th o d  o f t e n  e v a l u a t e s  f u n c t i o n s  b e y o n d  

t h e  r a d i u s  o f  c o n v e r g e n c e  o f  t h e  c o r r e s p o n d i n g  i n f i n i t e  

s e r i e s  ( i f  d i v e r g e n t ) .

L e t

00

f ( x )  = S a  x n  [ a n^ 0 ]  (1 0 9 )
n=0 0

T h e n ,  t h e  P a d e  a p p r o x i m a n t  i s  e x p r e s s e d  a s

3 nE a  x n

f  (x) = n  - + 0 ( x j + k + 1 ) , (1 1 0 )

E 3nXn  n=0 n

w h e r e  t h e  c o e f f i c i e n t s  a n  a n d  8n  c a n  b e  d e f i n e d  b y  s o l v i n g

j
f  (x) • 1  B x n  -  £ a  x n  = o (x 3 + k + 1 ) , ( m )

n=0 n  n=0  n

i n  w h ic h  t h e  h i g h e r  o r d e r  t e r m s  h a v e  b e e n  n e g l e c t e d .

To g e n e r a l i z e  t h i s  p r o c e s s ,  a  f u n c t i o n  m ay b e  e v a l u ­

a t e d  a s  t h e  r o o t  o f  a  q u a d r a t i c  e q u a t i o n
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= 0 ( x j + k + *+ 2 ) (1 1 2)

w h e r e  I  a g a i n  n e g l e c t  t h e  h i g h e r  o r d e r  t e r m s .  A c c o r d i n g  t o

a l t e r n a t i v e  t o  t h e  P a d e  a p p r o x i m a n t  i f  c o n v e r g e n c e  o f  t h e  

P a d e  a p p r o x i m a t i o n  i s  n o t  r a p i d .

By a p p l y i n g  t h e  P a d e  a p p r o x i m a n t  t o  o u r  e x p a n s i o n  o f  

E q . (108 )  w i t h  t h e  o b j e c t i v e  o f  e f f e c t i n g  a  m o re  r a p i d  c o n ­

v e r g e n c e ,  I  h a v e  f o u n d  t h a t  t h e  P a d e  a p p r o x i m a n t  o u t p e r ­

f o r m s  t h e  c o r r e s p o n d i n g  t r u n c a t e d  s e r i e s ,  E q . ( 1 0 8 ) ,  b y  a  

l i t t l e ,  b u t  n o t  a s  f a s t  a s  I  w o u ld  l i k e  i t  t o  b e :  F i g u r e s  

9 , 1 0 , 1 1  show  p l o t s  o f  t h e  p e r c e n t  e r r o r s  t h a t  t h e  t h r e e -  

f i v e - ,  a n d  n i n e - t e r m  e x p a n s i o n  o f  E q . (108)  w i l l  r e s p e c t i v e l y  

y i e l d  a s  a  f u n c t i o n  o f  p .  T h o s e  f i g u r e s  a l s o  show  p l o t s  o f  

p e r c e n t  e r r o r s  t h a t  t h e  P a d e  a p p r o x i m a n t s  P [ l , l ] ,  P [ 2 , 2 ] ,  a n d  

P [ 4 , 4 ]  w o u ld  r e s p e c t i v e l y  y i e l d .  A P a d e  a p p r o x i m a n t  P [ n , n ] ,  

w h ic h  c o n t a i n s  2 n + l  a d j u s t a b l e  p a r a m e t e r s ,  s h o u l d  b e  com­

p a r e d  t o  t h e  ( 2 n + l ) - t e r m  e x p a n s i o n  o f  t h e  t y p e  o f  E q . ( 1 0 8 ) .  

F o r  a  l e s s  t h a n  0 .01%  a c c u r a c y ,  P a d e  P [ 5 , 5 ]  h o l d s  o n  u n t i l  

p = 2 . 1 ,  w h i l e  t h e  c o r r e s p o n d i n g  e l e v e n  t e r m  s e r i e s  h o l d s  

o n  u n ^ i l  p = 1 . 8 .  P a d £  [ 1 0 ,1 0 ]  h o l d s  o n  u n t i l  p = 3 . 2  a s  

c o m p a re d  w i t h  p = 2 . 9  f o r  t h e  2 1 - t e r m  s e r i e s .  I  a l s o  n o t i c e  

t h a t  t h e  r o l l - o f f  c h a r a c t e r i s t i c  o f  P a d £  f o r .  t h i s  c a s e  i s

R. S h a f e r 22 t h e  " q u a d r a t i c "  a p p r o x i m a t i o n  i s  a n  a t t r a c t i v e
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v e r y  a b r u p t ,  c o m p a re d  t o  t h e  sm o o th  a n d  s lo w  r o l l - o f f  o f  

t h e  t r u n c a t e d  i n t e g r a t i o n - b y - p a r t s  s e r i e s .

S i n c e  t h e  d i a g o n a l  P a d e  e l e m e n t  i s  o f  m o re  i n t e r e s t  

t h a n  t h e  o f f - d i a g o n a l  o n e s ,  n o  e f f o r t  i s  m ade  t o  c a l c u l a t e  

t h e  o f f - d i a g o n a l  P a d e  e l e m e n t s .

A c o m p u te r  p r o g r a m  i s  w r i t t e n  i n  w h ic h  t h e  q u a d r a t i c  

a p p r o x i m a t i o n  m e th o d  i s  u s e d  i n  o u r  p r o b l e m  i n  a  r a t h e r  

s i m p l e  c a s e ;

f 2 (x) (y 0+Y1x +y 2 X;2 ) + f  (x) (P q+3-j x ) + (oIq+ ô x +ô x 2 ) = 0 ( x 7 )

(113)

We f i n d  t h a t  n o  s i g n i f i c a n t  im p r o v e m e n t  c a n  b e  o b t a i n e d  b y  

t h e  q u a d r a t i c  a p p r o a c h .

B. ORTHOGONAL POLYNOMIAL

H e r e  I  i n v e s t i g a t e  f u r t h e r  a n o t h e r  m e th o d ,  t h e  x 

m e th o d ,  w h ic h  i s  f o u n d  t o  b e  s a t i s f a c t o r y  a t  l a r g e  v a l u e s  

o f  p .
23I n  t h e  x - m e t h o d ,  o n e  s e t s  u p  a  d i f f e r e n t i a l  e q u a t i o n  

p e r t i n e n t  t o  a  g i v e n  a p p r o x i m a t i o n  p r o b l e m ,  a n d  a d m i t s  a n  

e r r o r  t e r m  t o  t h e  d i f f e r e n t i a l  e q u a t i o n .  The e r r o r  t e r m  

i s  s e t  t o  b e  p r o p o r t i o n a l  t o  a n  o r t h o g o n a l  p o l y n o m i a l .  A 

s e r i e s  s o l u t i o n  f o r  s u c h  a  m o d i f i e d  d i f f e r e n t i a l  e q u a t i o n ,  

w i t h  t h e  e r r o r  t e r m ,  i s  t h e n  o b t a i n e d .  T h e  p r o p o r t i o n a l i t y  

c o n s t a n t  f o r  t h e  e r r o r  t e r m ,  x ,  i s  u n d e t e r m i n e d  a  p r i o r i  

b u t  i s  e v a l u a t e d  l a t e r  i n  c o n n e c t i o n  w i t h  c e r t a i n  b o u n d a r y  

c o n d i t i o n s .  The n e t  e f f e c t  o f  t h e  x - m e th o d  i s  t o  s p r e a d  o u t
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t h e  e r r o r  o f  a p p r o x i m a t i o n  t h r o u g h o u t  a  c e r t a i n  r a n g e  o f

e x p a n s i o n ,  r a t h e r  t h a n  a c h i e v i n g  a  h i g h  d e g r e e  o f  a c c u r a c y

n e a r  o n e  p o i n t  a t  t h e  e x p e n s e  o f  p o o r e r  r e s u l t s  f r o m  t h e

c e n t e r  o f  e x p a n s i o n .  T he  r - m e t h o d  h a s  b e e n  s u c c e s s f u l l y  

13 14a p p l i e d  t o  '  t h e  p r o b l e m  o f  a p p r o x i m a t i o n  o f  t h e  r e d u c e d

p a r t i t i o n  f u n c t i o n  r a t i o ,  I n  f ,  f o r  s y s t e m s  o f  h a r m o n i cs

o s c i l l a t o r s .  I t  i s ,  t h e r e f o r e ,  a  n a t u r a l  e x t e n s i o n  t o  

a t t e m p t  a n  a p p l i c a t i o n  o f  T -m e th o d  t o  t h e  p r e s e n t  p r o b l e m .

O ur p u r p o s e  h e r e  i s  t o  f i n d  a n  a p p r o x i m a t i o n  f o r  t h e  

i n n e r  i n t e g r a l  o f  Yc ^ /  E q . ( 1 2 ) .  S e t

y 2 - t 2 " y 2 2 " y 2 2 n  i/  e  ^  d t  = e  z f ( y ~ )  = e  *  Z a . y .  (114)
0 *  i = l  1 2

S i n c e  t h e  l e f t - h a n d  s i d e  o f  E q . (114 )  i s  a n  o d d  f u n c t i o n  o f  

y 2 , we s e e k  t h e  r i g h t - h a n d  s i d e  o f  E q . (1 1 4 )  c o n t a i n i n g  o n l y  

odd  i - t e r m s .  E q . (1 1 4 )  c a n  b e  r e w r i t t e n  a s

o 2x 2 px  - t 2f  (x) = e p /  e  r  d t  (115)
0

w h e r e

y 2x  = (116 )

T h en  we h a v e



0 < X  < 1 (117 )

D i f f e r e n t i a t i n g  E q . (115) w i t h  r e s p e c t  t o  x r  we g e t

-  2 p 2x f ( x )  -  p = 0 (118)

I n s e r t i n g  t h e  e r r o r  t e r m  i n t o  E q . ( 1 1 8 ) ,

f* -  2 p 2x f  -  p = xTn + 1 (x) (119 )

w h e r e  Tn + ^ ( x )  i s  t h e  C h e b y s h e v  p o l y n o m i a l  o f  ( n + l ) - t h  o r d e r ,  

w h ic h  i s  d e f i n e d  i n  0 < x  < 1 :

n+1

T n + 1 < x )  -  < +i  *  ■ <1 2 0 >

O n ly  o d d  n ' s  a r e  e m p lo y e d  i n  t h e  a b o v e  e q u a t i o n .  A 

s e r i e s  s o l u t i o n  o f  E q . (119 )  i n  t h e  f o r m  o f

n  if ( x )  = S a  .x (121)
i = l  1

l e a d s  t o

n - 1  n-H
2 ~ ~ T ~  p2k+2. ~ T ~

2 e  p k l 0  T S S U l c r  J i  < » . .
Yc l  = ------------------------- s + i ----------------------------  (1 2 2 )

0 , i4. r J A
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w h e re

( 2 i - l ) I - 2 i  p 2 i  
^ n + l (123)

T h e  e r r o r  o f  t h e  a b o v e  a p p r o x i m a t i o n ,  E q . ( 1 2 2 ) ,  i s  

f o u n d  t o  o s c i l l a t e  a s  e x p e c t e d .  H o w e v e r ,  t h e  a p p r o x i m a t i o n  

o f  E q . (122 )  h a s  a t  l e a s t  o n e  s i n g u l a r  p o i n t ,  d u e  t o  t h e

f o u n d  u n s a t i s f a c t o r y  a f t e r  t h e  f i r s t  s u c h  s i n g u l a r  p o i n t ,  

a n d  s u c h  p o i n t s  a r e  g e n e r a l l y  a t  v a l u e s  o f  p w h ic h  a r e  

s m a l l e r  t h a n  t h e  c o r r e s p o n d i n g  v a l u e s  o f  p f o r  t h e  1% 

a c c u r a c y  q u o t e d  f o r  t h e  a p p r o x i m a t i o n  o f  Yc ^*

C. N IELSEN 'S RESULT

N i e l s e n  h a s  d e r i v e d  r e l a t i o n s h i p s ,  c o r r e c t  t h r o u g h  

s e c o n d - o r d e r  o f  a p p r o x i m a t i o n ,  r e l a t i n g  t h e  v i b r a t i o n a l  

e n e r g i e s  a n d  r o t a t i o n a l  c o n s t a n t s  t o  t h e  c u b i c  a n d  q u a n t i c  

t e r m s  i n  t h e  p o t e n t i a l  e n e r g y  e x p r e s s e d  i n  n o r m a l  c o o r d i n a t e  

s p a c e .  I n  t h e  a b s e n c e  o f  r e s o n a n c e ,  t h e  v i b r a t i o n a l  f r e ­

q u e n c i e s  a r e  g i v e n ,  i n  t h e  n o t a t i o n  o f  R e f .  1 6 ,  E q . ( 3 4 . 1 2 ) ,

a l t e r n a t i n g  s i g n s  o f  c ^ + i*  T h e  a p p r o x i m a t i o n  i s ,  t h e r e f o r e ,

b y :

Ev i b / h c  -  E 0 / h c

+ * L  Xs s 1 ( v s  + I  g s ) ( v s  * I  S s**  + s  s
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+ ^ xp p p p
t , t *  V ^ t ' V t '

(1 2 4 )

w h e r e

Xs s
1
4

[k 2 )
6k  -  15 s s s

s s s s
.  “ s

-  E
fk  «2]s s s 1

2 2^ 
8(0 *  -  3d) s  s

. V A 2  2
s  ■ “ s*

(125 )

Ls s '  2

4k s s s *

-  p
fk k  , s s s  s s ' : J 1

s '
• ws •

0)s
1

_ V 1s s ^ ,^ s l,s '  s '
A 2 2 4u  -  a) , s  s  J

s " “s’ J

-  E s s ' s "
2 ( g s + g s , - 2 ) • “ s "

 ________________________  S_______ SJ________ _______________

" ^ S +a)S ,+WSn ) (a)S+WS ' “ aJS" )  (Ws _ajs , +a)s " )  (Ws _U3S ■ -a)s "  )

S E ( z  
a  a a 1 s a s * a

( a ) ,  B e (o a )

'

U).„ ,s

sV
.

(126 )
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> V t  4
2 k.  . , , + E k.  . ,t t t t  „ ,  t t s ' s “s'/(4ut2 “ V 2)

(1 2 7 )

a n d

10 p
xt v

V t '“s”
(o)t +a)t ,+u)s „ ) (wt +iDt , “ a)s „) (a)t -a)t , + u s , , ) (wt -w t i-a>s ii)

+ Z i  < B e (o“ >)( C t t . (o,5 t t . (0)-£ t t . (a)5t t . '“ >)
1 1 2 ^1 2 2 1

(128)

The sum o v e r  a  i n d i c a t e s  a  sum o v e r  t h e  c o m p o n e n t s  o f  a

d e g e n e r a t e  v i b r a t i o n  a n d  t h e  i n d e x  t  t a k e s  o n  t h o s e  v a l u e s  o f

• (ct)s corresponding to doubly degenerate vibrations. £gCTs'a « 1S
t h e  C o r i o l i s  c o u p l i n g  f a c t o r :  H i s  t h e  q u a n t u m  n u m b e r  o fs
t o t a l  v i b r a t i o n a l  a n g u l a r  momentum a s s o c i a t e d  w i t h  a  t w o -  o r  

t h r e e - f o l d  d e g e n e r a t e  v i b r a t i o n ;  Be^acx  ̂ i s  r e c i p r o c a l  o f  i n ­

e r t i a  ( h / 8 i r^ l j®^ c ) .UbVJv

F o r  c a l c u l a t i o n ,  a l l  d a t a  f o r  a r e  t a k e n  f r o m  

R e f .  1 8 .

D.

I n  e v a l u a t i n g  Eq .  (90)  we h a v e  u s e d  t h e  r e l a t i o n s h i p ^



e a b e  a  = b  + [ a , b ]  + —

99

a , [ a , b ] I  + . . .  (129)

w h e r e  a , b  a r e  o p e r a t o r s .

F o r  a  s i m p l e  i l l u s t r a t i o n ,  l e t

a  .  f  [ u . M a . a . + + a / a ^ )

= &  [ 0)i * ( 2 a i t a i + l ) ]  (130)

b  = a^a . .  (131)

T h e n  we h a v e ,  b y  e m p l o y i n g  E q . (129 )

e a b e " a  "  a i a j  + X  I 2 “ i ‘ ( a i t a i a i a j  "  a i a j a i + a i*  ^

a i a j  + X  -  a j a / a ^ ) ]

2
a . a .  -  g t u . ' a . a .  + — — w . ^ a . a .  + . . .

1 3  1 x 3  2  1 x 3

- 3 t w . '
a ^ j  e  1  (132)

*f* *f*L i k e w i s e ,  i t  c a n  b e  shown t h a t  i f  b  = a ^  a^  i n s t e a d  

o f  b  = a i a j '  t h e n

a  - a  f te  b e  a  = a ^ a / e  1  (133)
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By a p p l y i n g  t h e  a b o v e  m e t h o d  a n d  r e c a l l i n g  t h a t  a l l

t e r m s  w i t h  u n c o m p e n s a t e d  r a i s i n g  o r  l o w e r i n g  o p e r a t o r s  w i l l

g i v e  z e r o  when a v e r a g e d  i n  a  s t a t e  <n . n _  . . .  n  | , we a r -J. m n
r i v e  a t  E q . ( 9 0 ) .

1*From t h e  r e l a t i o n s h i p  a .  a . | n . > = n  | n . >  a n d  n . =3. 1 3. f 1 1
1 24— -------  , we c a n  s i m p l i f y  E q .  (90)  t o  E q .  (91) w i t h  t h e  h e l p

e  *--1

o f  E q . ( 9 3 ) .
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2 . I * ; . C C C L  :  F O R  C P r - P u T I ' : r »  T U F  a n h a r m o m i c i t y  c o r r e c t i o n  f a c t o r  f o r
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2 C 7 . D . I  P E N S I O N  G 1 2 2 1  2 0  )  *  U  ( 2 0  )  •  N I J P  1 1 ? )  * N D 0 W N ( 1 2 )
2 0 A . U = 1 . 0 0
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2 1 a  . n c o w n c i  ) = i o o o
2 1 * . r ; n c w » : t n = 2 S o
2 1 * . N C C w M 3 ) = 2 0 0
2 1 7 . U M ' ( 4  1 = 2 0 0 0
2iF. . 6 0  C O M i m . - r
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2 2 0 . 2  N D C l . r i t u  ) = 5 n n / ( 4 6 . 0 * 3 . 0 * R * R )
2 2 1  . G O  To  10
2 2 2 . 5  N D O - f M R  > = 7 . n * R
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2 2 P . 3 0 0 2  F O P * - A T U U O , *  I  =  » ; i 3 * *  C l  =  • • F 1 6 . 7 )
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2 3 C . c i s  u i v i n m  t o  o h t a i u  f o u a l  i m t f r v a i  s  i n  i - t h  s t m u A r i G E
2 3 7 . c S U O C L S  W T L L  P F  C A I L F D  T O  C V A L t J A T E  T H E  I N N E R  I N T E G R A L S  •
2 3 A . D I  P E N S I O N  0 I ? ? ( 2 0 ) , U l ( l 2 ) * N 2 ( 1 ? )
2 3 S . S T O P s l . 0 0 - 7
? s n . N = 4
2 * m  . F I = 1 . 7 7 2 4 S 3 A 5 1
2*0. C A L I  F t . F - M R . Y V X A X )
2 4 * .  . Y Y S T O F '  s Y T N A X * S 1  O H
? H U . S = O . O f O
2 - ' t ; . R R = R « r ; L O G f 2 . 0 L ' D )
2 s*  A  • X s - R H
2 4 7 . c f o r  f v f . r y  s u b r a n g e :
2  4 *  * C O  1 0 0  T = 1 . N
?4«5. U x = f i w / r .2  ( I )
2 5 0 . X  = X 4 O X / ? . 0 f ' O
2 j  1 • r . r s M  1 1 )
2 5 2 . c F O R  r y f P Y  S U f j D l V I S t O N :
2 5 * . n o  5 0  . j r l . r - l
? c. i *  • i f  c x / R - i  o r » i ? , i , i
2 5 s . l  v = i . n n o
2 5 * . t = o . c o o

2 5 7 . G O  T o  7
2 5 *  . 2  v s f l  . r . N A - f  r  Y I M - X / R !  > # « 2
2 5 - . Y = p * r > s o ^ r { 3  . n u o - v )
2 » 0 . V R P  =  V * R * « '
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2 6 1  . I F( VFR- IOO)  3* Z 17
2 6 ? . 3 CXrCEXPt-VPIM
2 6 ? . I F l Y - 1  . O r . -3 0 / E X)  7 , «* . 4
2 6 s  • s CAIL rsF?'IY*F»
2 6 9 . CAl L SU-Cl  S< I I * N . R* X * G1 1 2 , G1 ? 2 * VP R* R2 * N1 * N2 , A1 * B 1 >
2 6 - . YY=E*R1
2 6 7  • 00  TO 10
2 6 6 . 7 YY=0 . nn0
2 6 m. 1 C c c M T r a t r
27  n . S=F«-YY*DX
271 . x=x+nx
2 7 ? . I F 1 3 - M  5 0 * 2 0 * 2 0 0
2 7 3 . 2 0 0 CALL FXIT
2 7 s  . 2 0 IF(YY-YYSTOP)  1 5 0 * 1 5 0 * 5 0
2 7 s . 50 c o m  i . \ue
27  6 . x = x - p x / 2 . o r o
2 7 7 . 1 0 0 CONTINUE
2 7 6 . 9 = 5 * 1 . 0  rj 1 0
27* . . 15C I- = C. /P1
2 ftc. C »v 17 C ( 6  , 2 0 5 ) »*S
2 6 ;  . 2 0 5 FORMAH/** H ANO S =* * 2 E 1 4 . 4 )
2 8 ? . 3 = 3 . 0 0 0 / 0
2 fi^. c = i . on n * >o . 5 n o / ( R- * K )
Cub | KETl.F.N
2 8 s . e ?.p
2 8 6 . SUBROUTINE SUBCLSCII • N«R* X I «G11 2 « G 1 2 2 «VRR«R 2 • N l «N 2 *A 1 «
2 8 7 . C SUL'CLS TAKES CARE CF THE INNER INTEGRAL
2 e / . . I ^ P L i m  FTAtTfi f  A - U . O- Z )
2 8 ^ . c If p u t : = J f »r0 . b*SOUT( U/ X)  ; N = AO. OF SUBRANGES
2 9 ? , c I: EACH OF WHICH THE RAf’GE I S  FQL'ALLY OIVIPED; N l t I ) = N O «
291 . c FviUAl. INTERVALS IN 1-TH R AN'GE • *v2 ( T ) = N0 .  INTO WHICH R*LM2
2 9 ? . c IS L’l V I Dt O TO CUT AIM COUAL IMTERVAtS IN I -TH SUBRANGE
29- . . c SI UCIS Wil l .  PE CALLED TO EVALUATE THE INNER INTEGRALS .
?9i .  . U l * r NSIO!J T l ? 2  ( 20  )',M1 ( 12)  , N2 (  1?)
2 9 s . ST Op = l • 0 0 - 7
2  9 A. •\-=4
2 9 7 . P I - 1 . 7 7 2 4 5 3 P 5 1
2 9 6 . I F ( R . F 0 . R 2 )  GO TO 110
2 . 9s . I F ( r J ? - ? . 3 )  2 1 * 2 1 * 2 5
3 0 n . 2 1 ; . 2 I - U = 5 9 n / ( S A . o - 3 . n * r t 2 « R 2 )
301 . GO TO 110
3 0 ?  . - 2 5 N 2 ( ‘l ) = 7 . C * P ?
3 0 * . 1 1 0 CALL FR:F?:(P2*YYNAx»
3 0 6 . CALL NEwTONjTI . H, Xl *G112*G122*F2*RHAX)
3CS. YYSIOP =YYPAX*STOP
3 0 6 . n = o * o n o
.? J -  • r p = » 2 «l-i o:’ { 2 . o r o )
3 0 8 . X = -nfi
3C=>. c f or  e v e r y  sul'Ka n g e ;
3 1 0 . 0 0  l o o  1 = 1 *H
311 . I F ( I - s )  3 0 . 3 5 . 2 5
3 1 2 . 35 TES=G12’ ( I I ) * X 1
2 1 3 . I F ( T E S - 0 • OP 0)  3 7 , 3 0 * 3 0
3 1 s . 37 CGf.Tl?tur
"* * S ;F(n«!AX.CF.2f lO> no TO 30
3 1 6 . Cx=sr*A> / : ; i  ( i )
2 1 7 . GO TO 32
2 1 6 . 30 CX=LR/ N2( I )
3 1 9 . 32 x = x + n x / ? . o r o
2 2 r.. r.risNi t n
2 2 1  . c f o p  rvFr-r  s u h d i v i s i o n :
3 2 ? . fj() 50  j s l . f j v
3 2 * . 1 F ( X / R 2 - I 0 f i ) 2 * l * l
2 2 s . 1 v = i . o n c
3r*-. Y=Q. one
5?(- . GO TO 7
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333. 300! F0RMAT(35H0 TROUBLE IN DISTRIBUTION FUNCTION.)
3 ?c. 9 *»:Tr<6*30P?l X.P
396. 3002 FORMAT {9»l >= F19.7.9H P= E19.7)

CALI EXIT 
J?7. 5 F = ?.0nii*P-1 .000
39«. IF(F> €..7.7
399. 6 WM7E(6,3003)
9nrs. 3003 F c r i f  AT(?Alin TKO'JULF IN ERROR FUNCTION,)
^•01. GO TO 9
90?. 7 RETURN
9D*. tNU
9Cc. SUBROUTINE LNFANH( I.TFMP,F112,F122,Fll2PI,F122PI,YNPU,X,YNPUPI,XPI
9C5. 2«FX ACT , GPI•F *PFRhAR•PERANH»AT,F7 »DT)
90a . i m p l i c i t  r e a l *3(a -h .o -z )
907. C SUKRfi'JTIf.E LNFANM
90a . C I M S / S N ?  WILL HE CALCULATED IN TERMS OF LN ( S/S • ) F < HAR)
90°. C * MiViSE POTENTIAL CORPFCTION TFRMS (A*S> , CURIC OFF-
- m .  c P2AG TfP"S (Dr. C S I  FOR OUR MODEL 2-0 SYSTEM AT VARIOUS
*<li. C U AND X VALUES .
91?. DIVERSION r.(?0 ) ,E(?0) , AT(20> .UI (20) .U2(20 ) ,GPI (20) ,EXACT(20> ,F<2
93*. 1C1»EPT(20),DP1 (2 0 ).ulPI(20), L2P T(20), ET{20)«DT(20)
92c. DIMENSION A (?,?0),API(?«?P).P(2.20)tRPI(2.20).0A1(2*20)»DA2(2»20)«
91 S. IDA3 (2.20 > .Fill (2*20) .\'F (2 .20 > «WFPT (2.20) .EUIPI (2.20)
91A . DIMENSION YNPu(2,20),YNPUPI(2,?0),X(2»20)»XPI(2.20).RH0(2*20).RHOP
917. 21 ( 2 , ?C ) »Prnf){ ? , 20 ) .PRHnpj ( ? ,?n ) ,CU0( ? *20 )
M  A. DIMENSION Hfi A H  2 ,20) .OAA2 (2.20) .C A.*13 (2,20 ) ,DAA9(2»20) . AAC2.20) .TEM
919. 61(2,20).TEM2(2.20).TFMIP1(2.20),TEM2PI(2,20)
92n. DIMENSION r-N'*(20 ) .GU-PI (20),FG(2.20) .PGP I (2,20 ) ,F122(20) .F122PI (20
*•21 . 1) .FIR HA« (20) » PERANH (20 )
9 c  r j R i t e ( r*.. ip) )
923. C WH17E t 6» 75)
92c. 75 rQhv tT(///////////)
92=. C XIUTE(G.917) I.EXACT(I)
92a . Ul7 FO&MA7(/,* I = *.13.* EXACT = '.F12.9)
927. 161 FOPvA7(72(1 * *))
92A. c UP ITF(6 «75)
929. C US ITF(6•161)
930. HC=6.6255500*2.9379250-17
931. VALKTsl. 3£>05UD-16*TE''-P
93?. 00 50 J=1,2
9 53. Rltr C J.I )=0.r>rO*OSUPT(YCPU(J.T)/X(J,I) )
9 3c. JOiGPT (J.I )=0.50C*OSGRT( YNPUPI t J.D/XPII J.I) )
9 36. *EtJ.Ii s (VAL* 7/HC)*YNPU(J.I)
93a . 50 *EPI (J , I)= (VALKT/HC ) * Y.NPUPI (J.I)
9 37. vAL3=FH2/(WF (1. I ) * DSQRT ( 6 •OC 0 ) >
93a . VA?3=F122(I)/(w F(2.I)*OSGRT(fi.000))
9 7-0. CO 15 J=l,2
9 9r.. P. ( J , I )=Y’.PU( J, I ) * X ( J, I )
991 . ePItJ.I)=YNHUPI<J,I)*XPI(J.I)
99?. PROEtJ.T ) = (r?.'PU(J,I)*nCXP(-YNPL,(J,T)/2.000) )/(1.0n0-DEXP(-YNPU( J.I
99*. 1)j j
9ca. PPCDPI ( J . I ) = ( ff.PUPI (J, I )*PEXP (-YNPUPIC J, I)/2.0D0) ) / (1 • ODO-DEXP (-YN
99^. 1PUPI(J.I)1)
9 9 a. cuou. D=rLOG(PRon(j,i) )-nLOG(PRrnPi(j.i))
9 97. DAI(J.I)=(2.000*tS( J,I))/(CEXF(YMPU(J.I))-1.0O0)-(2.0n0»QPI(J,I))/(
99 A. 1CEXP ( YL'PliPI ( J ♦ I ) )-l .OHO)
99°. CHFCK = Y-.PU ( J * I )
950. IF(CHFCK-7C.nt)0) 37,37,33
951. 37 C“FCK?-=rriP»'PI{J.I)
9f.?. IF (Cure* 2-70. 000 ) <4 7,97,33
95*. 97 EUI(J.I)=UrXfM-YUPIM J.I)+2,0D0*R(J,I))
9 5u. EUiPI(J.I)=OFXP(-YNPUPI(J.I)+2.0rn*RPI(J.I))
956. GO 70 36
956. 33 Cul(J,IJsO.OOO
cb7. e u i k i (j,i)so.nnu
95a . 36 o a t (J. I ) =!<(•). I ) *FUI (J. !)*(!. nnn»F'JI(J.I) ) / < 1. OQO-EUI (J.I) )**2-hp t (

M
oCO
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CL rn O + 0 E w w CM * r t >- >- 4
X r O 0 + U *■ 0 O CM cv 3 0. ht r t 3 Or* 4 hH ro
u “3 O 0 ro 1- <3 O O or or a 3 or or a 3 ro ro r ha
0 0 M * 0 O 3 3 z a 3 3 a hH hH r t r

rn rH ro O • a a >- a a >- z » • •r at
• 0 D rH ”3 t- t CM fH rt 23 4 >• 2 z 4 V rt f t fH or

X 0 UI X or or » # O >- > • ro 4 >- >• ro 4 or or a ht
0 0 CM X rH “ 3 * O ro ro ro ro + hH r* 4 hH ro hH hH 3 a
c c O * ro E or ro J ro ro ro ro ro ro ro h hH ro ro h hH a a a 3
Q. rH O * ro uj H hH a hH O O hH M hH hH aH • hH hH a * 3 3 z a

ro CL or O ro ►H H a r + a Q a • • r » or ht h • or a a a >- 2
CJ < or ■ rn • * CD “3 ro 3 O 0 aH CM hH ht 3 or CM CM 3 or z z * >»
* \ rH r *3 ro ro ro ro or or or or a 3 or a 3 >- > • 0 * ro
« o or "3 *H c ro C hH hH to hH hH hH hH Z2 3 £. a 3 3 Z7 a tr * • 0 ho

L. ro s CM r c hH x a a <t a a a a >- 2 a a >- 2 O c a • a
H * - ro CM CM rn z : - 3 0 r a 3 3 O ro ro 3 3 Z 7 z 4 > - 2 z * > - • • hH a a ‘,
h ro i- M * # a u or a *3 or or Wr 4 ro ro a a >~ >- O « >- >- O 4 a a or a or 2

*3 w  u r « * rn H ro £ rH or X J- Ki ro hH M ro z ro z * # • 0 * « • 0 or Or X aH X >
w * £ *3 <0 ro X » ro + hH in < < hH O V O >- .O 0 CM ■ 0 0 a X X a ro 4
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H O 3 CM H *3 0 * "3 O in 3 4 r or •or 3 3 a X a X or •r X X or or X X O 0 0 ♦ hH f t
3 •J u # r or • ro or • CMUJ O ro e> CM a a aH UI aH u X X ro r« X X ro — O 0 • *— * a-
u- -3  -J * ”3 M CV rn H rH a hH 0 cr Q 1 Q O ro O ro • f t hH a

<X 0 ,o u D + r a O O 0 r a 0 >- O >* ro ro 0 0 O ro 0 0 O ro *H a or >
0 O c. r> rH Ui ro ”3 cv * * a a 3 0 4 a •or c or ro X ro X 0 0 O hH c 0 O hH a ro at ht or
0 X O 0 #0 a * ro ?: ro H H + ro 0 a 0 a hH hH 0 0 • » 0 0 • r ro ro a f* 2 a •
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52-;. w221=((nrXP(2.0»YNI’IIPI(2.I)+YNPUPI(l,I>>-1.0n0)/(2.0*YNPUPI(2.I)+Y
52a. S'.PtiPi (i, 11 >)»i v :;22PI-v n 2ipi ) +VM1PI
527. W2?9=( (ijFXri7.0 + YNPUPI(2.I>-YNPU2I(l.I> >-1.000>/(2.0*YMPUPI(2>I)-Y
5 2 a . * ir.Pl'PI (1.1))) • ( vi;2?F'I-VN21PI )• (VN11PI+VM1PI)
520. LP?1=! (Txri -2.0 + YMPUPI (2.1 l+YNPl PI (1,11 )-1.000)/(-2.0*YNPUPI(2,1)
530. 3 + Y::P"PI (1,11)1 . (V(,??PI+3.0 + VN21Pl+2.0»VN2PI 1 +VN11PI
531 . WOfiYri (1 .0rC-DCXPt-2.0»YMruPT(2.I1-YMPUPI (1,11 1 )/(2.0*YNPUPI (2,1)+
530. 3YNPUPI (1,111) • ( VU22PI+2.C+VN21PT+VN2PI )» ( VN11PI+VN1PI )
533. C UI If S T A T S  FO'! U11-2. U992 STANDS FOR U-l-12 ETC.,
53u. C WRITE(6,4?3l U112,(‘llS.U49a,(;99?,VNl,VN2
535. 423 FORMAT!/.' (1112,UllR.l'ogn.11992, V M . V M 2  ARE '.6F12.4)
53.-.. U1A0= (4 .'.'»U'!12*4 .0, VN1t+VNl 1 » I VN?1 »PEXP ( YNPU ( 2 . I 1 -1. 000 1 )/YNPU(2.I
537. 11 + (vr:?l+vr 2 t • ( 1 .(ino-nrxpi -ynfii i 2,1))) / Yfjl'u (2,11
53 s. U2-1L = Ci .n*l 7122 + 4 .G»V!:21+vr!2) »(v m  1 +OEXP( y n pu i 1,1)-1.000) >/YMPU(1.I
53o. 11 + (v m  :*»m  )»11 .cno-nrxpi-YUPud. 1111 /y n p u i l . I)
54(1. UlACPI = (a.0»VM2PI+4.0 + VN11PI+VN1PI 1»(VN?IP I+0EXP(YNPUPI(2.I>-1.OD
541 . Ill )/YNP'iPI <2. I 1 + ( VN2’ PI+VN2PI) * (1 .nnO-DEXP(-YMPUPI (2,1) ) )/YMPUPI (2
54.0. y . D
54->. U2A(PI=(4 .0+VNP2PI+4.0+ VN21PI+VN2PI)« (VN11PI+DEXP( YMPUPI (1. I) -1.00
5*. • 10 1 1 /YMPUPI (1 .I>+(V"l IPI+VN1PI1 « (1 .ODO-DEXP(-YMPUPI (I, I) I >/YHjPUPI(l
540. 2,1)
5-4 0 . ui (I )=L'112 + l'llS + u99a + 'j992 + |)l AO
547. u2! I)=U?21+U22 = + U469 + IJ5F1 + UF.AD
040. U2 PI ( I 1 =’.-. 11 2 +V.111 G + lv996 + /.'992 + Ul AOFI
54 = . U2F ! 1 I )=42?l4v,229+WSR9 + W2.01+l:2AnPI
55n . FACTO’ =PFXP(-YNPU(l , T 1 /2 .01 »r.EXP (-YNPU(2 ,11 /2• 0)/GUN (I)
551 . FACT oprrjf XF i -YPPUPI ( J , I )/?. 0 1 *CEXP ( -YNPUPI (2, 11/2.0 1 /GUNPI (I)
552. 0(11 = 0.5*1 YM P u d  , 1) **2 >*VAL3»VAL3*U1 (I)+0.5*(YNPU(2.I>**2>*VAR3*V
553. 1AR3»U2(I 11+ FACTf1
554. WAL3 = FUPPT/(LEPI(l.Il*OSCRT(fi.0C01)
5 55. V.AP1 = F122PT (I >/(»£PI ( 2,11 , DSGF'T (2.000) 1
550 . E C U  =12.02 + < VAL3++?/YNPUI 2. ! 1 * V r,~< 3 • +2/YNPU (1,111 / ( (1.000 + 1.0/(2.0*
557. lKliil! 1 , I I 1 1 + ! 1 .0(10 + 1 .0/(2.S+I-PC ■ ■> , T 1 1 1 1
55 a. DPI ( i 1 = 0  .5. (YMPUPI ( 1 ,11**2) •LAL3+WAL3+U1PI (11+0 .5* ( YNPUPI ( 2 ,11 **2
554. 1 ) .I. Ai!3P3..JCPI (II) *FACT02
56 P. EPI ( I 1 = 12.00 + I u AL3« + 2/Y!.PUPI ( 2 ,11 +HAR3++2/YNPUPI (1.11 )/( (l.ODO + l.O
551 . l/( 2.0 + rinGFI (1.11 1 M  (1 .nO0 + 1.0/(2.0»RHOPI (2,11 1 1 1
567. A T (I)=AA<1 ,I 1+AA(2.I 1
563. C 01(11=0(11-001(11
564. C ET!I1=EPI(I!-E(I)
55 5. I TCI 6 ,421 I I , V A L 3 , V A *13 , U1 ( I 1 . U2 ( 11 . 0 ( 11 , DP I ( I 1
54A. 421 Fr.4 4AT(/.* I,VAL3.VAS3.U1,112.0,021 ARE *,I3,6F9.3)
567. DT ( I )=i:Lpr. (1 .OtIP+L'I I 1 1 -111.OG ( 1 .nOO+OPI (111
56a . ET 11 I =111.00(1 .ODC+EPI ( I 1 l-OLCG 11 .OOO + E d )  1
5 64. F!I)=r.P!(I)+AT(I)+DT(I)+FT(Il
570. I’£"'l:.= ( I l  =  (  (  GPI ( I ) -f x.ICT ( 1 1 1 /FXACT ( 11 1 +100
571. PfFAn h <I) = ((Ft I 1-EXACT!IIl/EXACTII))+1C0
57?. RETURN

,‘57 3. EJO
57u . SU»1. c m  I T  MtCTUr.'l I ,P.X1,G112.G122.P2.RNAX)
575. IMPLICIT RFAI + fl ( A-II, 0-Z I
5.7a. C THIS RUfiKOUTIur SCRVFS TO FINO THE UPPER LIMIT OF OS FOR CASE 1
577. C XHFt. G112 + X IS LESS THAN 0 USING NEWTON'S METHOD
57a. c MELTON IS NOW CALLIf! ATED POINT "Y POINT
579. SIMfNSiGU G122I201,7(500).UMAX!500)
5P 0 . UST/'N=R? + R?-1 .00-4
561. M=1
56?. 2(11=1.0
553. UMAX (I 1=1,2 +R?*(1.0C0-DEXP(-7(1>/P?>)++2-G112*Z(1)*X1+X1-G122(I)*X1
5F4. I• I 7(11 * +21
565. 1 IFIUMAX ( M  .GF.IJSTAN) GO TO 23
56 A . K=l»+1
5S7. Z(M)=7(M-l)+l.0
56r.. UMAX (MI=H2 + H?+(l.GD0-nrxP(-Z(M)/R2) )**2-G112*Z(M ) *X 1 + X1-G122 (I)*X1
569. l+(Z(M)>+2)
59(1. IF ( L'f-’AX ( " ) . L T .Ilf:.",X ( M-1 ) ) GO TO 23
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// JOF) 'ACTIVE* .PEGICN=1R0K.TIPE=7 
//•m a i n  i.ir-:rs=3 
//PHOC cxr.c FOWTGCR 
//f o r t .s y s i n  nu * 
c p r o g r a m  f e x a c t  f o r  3-d .s y s t e m
c o-aM a n d  o-ct w i l l  p e  c a l c u l a t e d  e x a c t l y  a n d  l n c s /s m f
C ECUALS (Q-OVO-CLI/lU-nM'/Q-CL ') •

I? ILLICIT RFAL*8C A-H.O-Z)
DIMENSION 0122(20) »G122PI (20) . k (20) . QGM(20) .QQMPI (20) .Cl(20) *C2(20 

1).Y(3.20).YP! < 3.20).ALPHA!(20).AlPHA2<20>.FSU2(20>.FSU2PI(20) 
DIMENSION • ( 3 ̂ P0 ) . X  ( 3*20 ) .WE (3 » 20) t YfJPUPI (3*20) i XPI (3120) »WEPI< 

13.20),CUD I 20).CUOPI(20).EXACT(20)
Ml Vt TiSI O N  F S U I v  (20 ) . F i l l  ( 20) ,FH(20 ) .FSURPI(20) .F111PI (20) «EHPI(20) . 

l>12<?O).Xi?Pl(2O).V12(2G).V12Pl(20).EHq(20>.EHopI(20).T(3«20)»TPK 
23.2C ) • A L F l ^ I  (20 1 . A L F 2 P I  (20 ) ,F122(20) .F322PI (20 ) . P E N  (20) .PEMPI (20) 

D I M E N S I O N  r P I (20) . F ( 2 0 ) . P F P M A R (20).PERANH(20).A T (20) » E T ( 2 0 ) . D T (20 )  
DIMENSION VI3(20).V23(20).Vl3P I (20).V 23PI(20)*ALPHA3(20).ALF3PI(20 

l).r3(20) .C3P K 2 0 )
DIMENSION X13C20) .X13PI (20) .X23(20) . X 2 3PK20)

1311 A C (5.390) i:;pr.X,NP,Fl33.Fl?3FI,TEMP 
30? FOR'''AT ( 2 1 3 * 3F^ . 3 )

nC=6.625S9P0*?.997925D-17 
v A t  k t  =  i  .3an5^r,-i6*TCMP 
IF (Ir.nEx*! ) ?C 0.311.200 

311 WRITE,*, 313) INDEX,rjP,F133,Fl33PI.TEMP
313 F C f< A. T (l • 11, * INDEXs • , 13,•NLMPER OF POINTS = *.13.' F133= *.F8.3t 

2* Fl33^r= *.F8.3** TEMP s *.FF.3)
R E A L (5.1309) F122(1)*F122PT(1)

1309 F O R M A T (2-12.5)
A»ITr(L,.67l)

b?3 F O R M A T (/.* wfPI . XPI . WE. X ..123 ARE *)
00 305 1=1.OP 
DO 305 J=1.3
F C A 0 { 5 • ? 9 7 ) WE PI(J.I).XPI(j . T ).WE(J.I).X(J.I)
W R I T E (6.307) wl*Pl (J, I ) .XPI (J . I ) .UE( J . I ) *X( J . I )

207 Fncr-AT(*.F1?.5)
305 C C M I N L E

w FXTE(&.»72)
672 rCH*’AT</.* X12.X13.X23.X12PI.X13PI.X23PI ARE *)

RE AC (5. 60 01) X 1 2 m . X l 3 f l ) » X ? 3 ( l )  . XI2PI (1 ) . X13PI (1 ) .X23PI (1 )
W R I T E(6.5001) X 12 (1 ) .X13( 1.K.X23 (I) . X12PI (1) . X13PI (1) , X23PI (1)

6001 rcn>.AT(6F12.5)
DO 601 1 = 1 »NP 
LU 601 J = 1 .3
YNPU(J,r)=WE(J .I)/(VALKT/MC)
T*;PUP I ( J . I )=V.EPI (J.I )/( VALKT/HC)
X(J.I)=- x (J.I)/w E(J.I)
XPI(J.I)=-XPI(J.I>/wfPI(J.I)
T(J.I)=-X(J.I)*l.E(J.I)*(HC/VALKT)
Y P I < J «I )=-XPI ( J. I ) * wCPI ( J . I ) * (HC/VALKT)

601 CONTINUE
WRITE(6.747)

7H7 i;CP.v A7 (//. * MERE FOLLOW PAIRS CF U UPRIKE 123*)
WRITE! 6.757) ( Yf.'PU ( J « I ) . YNPIJPI (J.I) • J=1.3)

757 FORMAT(/.6F12.9)
110 512 1 = 3.UP
ALPHA 1 ( I )rPSCKT(<f .0»3.1<fl59*X (1 .1) )
ALPHA211 )=r-SCrtT(tf.0*3.1^159*X(2.T ) )
ALPHA*.! I )=nSORT(5.0*3.1t+159*X (?.I ) )
AIF1PI { I J=ns*7RT(R.0#3.lH1 59*XPT (1.1)1 
ALF2.PT ( r )=057RT (4.0# 3. 1H1 59*XPI (?.!))

N)
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129. EHPI ( t ) sYNPUPl '1»I)*V11 *YNPIJP I! 2 * I) *V22*YPI (1 • T ) *V11** 2+YPI (2.I)*V
13n. 52?«‘?*V1?PI<I)•V11*V??*YNPUPI(?.I)*V33+YPI(3.1)*V33**2+V23PI(I)*V2
131 . b2*V?3*V13PT (I ) *Vll*V33*YNPUPI (3.I)*V*t* + YPI(3.I)*Vt4tl**2 + \/23PI(I)*V2
13?. 72«V****V13PT C I)*Vll*V**
i z i ,  0 ChrrK?=r»*Pi < i )
1 3 u .  t F ( C h f C K ? - A O )  5 0 5 . 5 0 5 . 5 0 7
1 3 s . .  5 0 5  S ' J M 1  =  S U M 1  +  P F  X P  <  - E h P I  (  T  )  )
13*. 507 CONTINUE
137. RHOlPT=0.5pn»OSGRT( YNPUPI (l.D/XPI Cl »I> )
I’.A. KHC2PT = 0.500*DSQRTC YfJPUPI (2. IJ /X^I (2.1) )
is*;. HH03PTs0.5nO*nSORT( YN’PL’FI (3.1 J/XFI (3.1) )
l*»f. 5l37PT = HC*ri33PI/( (ALF3Pim*--2*ALFlPI{I>*VALKT*RH03PI**2*RH01PI)
1*1 . l*DSGPT(B.OnO) )
1**?. G:22PI < I )=1»C*F12?PI (I)/( (ALF2PI (I) **2*ALF1PI < I)*VALKT*RH02Pl**2*R
1 * ^ .  2 H C 1 P T  J  O S C P T  (  0 .  0 R 0  )  >
1**. WRITE 16.779) I .RM01PI.PH02PI .PH03PI .G133PI.G122PI (I)
1*5. 779 FCF«.*ATl/. • I.R1.R2.R3.G132,G122 ALL PRIME • ♦ 13 , 5E12 . * )
1**. CALL CLAD! I .PM01PI,HHO?PI.RH03PT.G133P1.G122PI.W)

LHOPT ( I ) =0.570* ( YNFUPI (1.1 )+YNPUPI<2. I) )+0.2500* CYNPUPI (1*1>*YPI(1
2*a . lil) /VfPI tl f I ) +Y;jPljPI { 2 . I) *YPI (?. T )/WEPI <2i IJ+YNPUPI (1 • I) *V12PI (I) /

2V.FPK1.I > )
ISn . CGMcI C I ) = SU‘U
151. UUCFT C I ) = (<YNPUPI(1. I)*YNPUPI{3.1>**2*YNPUPI(2.1>)*QGMPI(I))/W(I>
15?. VRITF(6.511) I.QClMC I) *00MPI til
155. 511 FOPFATC//.* I= *.13•• QGM = ’.El?.*.1 QGMPI = *.E12.*)
15*. V.RITEC6.5P1) I. CUO { I) . C'JOPI ( T )
150. 521 FCP^ AT{//.• 1= •.13.• 0U0 = ».F1?.U,* QUOPI = ».E12.4)
15a . EXACT CI IrDl.OG CfiUGC I) l-HLQGCQUCPT (111
157. Vi ft I T F (6.532 ) EXACT! I)
1CA. 531 FDRf'ATI//. • LAf-EXACT = *,F12.H)
15*9. 512 CONTINUE
160. GO TO 1311
161 . 20C CALL FXIT
IF?. END
167. SUrFOUTIf-T QUA!)! I.R.R2.R3.G133.G122.W)
l*u. C SURhCUT I\-£ TO INTEGRATE GUAD INTEGRAL
i6r. i m p l i c i t  REAL*sta -h ,o -z >
IftA. C OCL : FOR COMPUTING THE ANHARKOMCITY CORRECTION FACTOR FOR
167. C 0(CL..EXACT). A ’FUNCTION CF RhO AND GAMMA . A 2-D SITUATION
isP. DIMENSION G122(20).U (20).NuP(12).NDCWN(121
I t s ® .  U - l . C O O
17n. PI-1.772*53051
171. r,=*
17?. NUP<1)=*0
1 /7 . Nur(?)=*n
1 ? * .  i .  J P  !  3  )  = *  0
17*. N̂ OVif) 11)=* 00

. V  C ‘ V : L = ; , M = ? . “ r t  
177. NLiCVNc3)=eo
17A. MlPjii ) = *00
179. GO CONTINUE
Ion. IF!R-?.3) 2.2.5
1P1. 2 f.nrww!* )r500/(48.0-3.0*R*R)
15?. GO TO 10
16.7. 5 NCCV.N(*)=7.Q*H
iftu. aKITF(6.311) N.U.R.G133.G122(I)«R2.R3
16*. 311 FOP^AT!/.’ N.u.P«G133.G122.R2.R3 ARE *«X3«6E12»3)
lb*. 10 CALL r.uP.CL? (I«N.U.f!»R?»R3.G1 33.G122 *NUP»NOOWN*Q.Cl*C2)
167. v {I) = C1
1 * A .  w R I T r ! & • 3002) I.W(I)
Is®. 3002 FOf^AT!l):0«f I = * . 13. * Cl = *.F16.7)
I9n. HETURN
IV1. END
19?. SUHPOUT 1 ME SHP.CL?! II .N.U.R.R2 .P3.G133,G122.Nl .N2.A.D.C)
1 9 ^ .  I M P L I C I T  R T  A L *  6 ( A - H . 0 - 7 )

, I?<4.______ c_ij.pL’T : u=u : p.=n.5«srRTnvn: f =^o . of s u h r a n s f s  __________
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195. c IN EACH OF WHICH THE RANGE IS F O U L L Y  DIVIDED? Nl(I>sfJl>.(
1?<*. C £■GwAL TNTEKVALS IN I-TH RANGE s\? 11> =N0. INTO WHICH R*Lf»2
197. c IS DIVIDED TO OBTAIN EQUAL INTERVALS IN I-TH SUBRANGE
19* • p c SUiiClS WILL FT CALLED TO EVALUATE THE INNER INTEGRALS .
19«. DIMENSION Gl?2(20) . M  (12) ,N2(1?>
2CP. STOP=1.0D-7
201. :<=**
20?. PI=1.772953A51
205. c a l l  rr f r'ir •y y f a x )
20u. YYSTOP sTYFAX*STOP
209. s = o . o n o
2JA. HR=H»nLOG(2.0D0)
2 0 7 . X=-M*
20 A • c FOR EVERY SUBRANGE?
2D*. DO 100 1=1,N
2 in. 0X=RR/M2(I)
211 . x=x*nx/2 .opo
?;?. \r-' = M  (I)
215. c FOR E'fERY SUBDIVISION;
2iu. ED 5 0  J = l , ! i M.
2 1 9 . IF(X/R-1C‘0)P.1.1
2 1 9 . 1 v=i.nno
217. y =c .odc
21*. GO TO 7
219. 2 v=(1 .nDo-crxp?-x/r)> * * 2
2 2 f t . Y=R»nSCKTC1.000-V)
2 2 1 . VRP=V*R*P
2 2 ? . IF(VRR-iOO) 3.3.7
2?7. 3 EX-DEXP(-VPR)
2 2 * . . 2F(Y-l.nn-30/Ex) 7.*f.9
229. 9 CALL ERFNlY.E)
229. CALL SUBCL?<TI.N,K»R2,P3.X,G1?3«G122,VRR *A1»B1)
227. YY = L*Bl*OE*P(-VftK)
229. GO Tc 10
229. 7 YY = O.Ot)0
? 3 n . 10 CONTINUE
2 H  . S=~*YY*DX
2??. X=X*OX
2?’. IF(I-N) 50,2(1,200
23*.. 200 CALL e x i t
235. 20 IF(Yy -YYSTOP) 150,150.50
239. 50 CC-r.T INUE
227. x = x-nx/2.0r>0 . *
22«. 100 cor. 7 ruur
23®. s=s*i.emo
2«n. 150 B=>/PT
2 M  . URl7E(6,?n5) S.S
2 UP . 205 rOlc:*.*.T l/, • B AND S =• «2E19.A)
2*t 3 . a= i • onci/u
?****. C=1. CnQ*0.5D0/(ft*R>
2 5 9 . SETtmri
2<*9. END
297. SUBROUTINE SUBCLS(II,N,R»R2,R3.Xl«Gl33.G122iVRR*Al.Bl>
2 9 9 . c SUUCLS TAKES CARE UF THE INNER INTEGRAL
2*9. IMPLICIT FCAL*ft(A-H.O-/>
25 P . c input: u =u  ; r=o.5*sort(u/x>: n=no. o f  s u b r a n g e s
251 . c IN EACH OF WHICH THE RANGE IS EQUALLY DIVIOED? N1(I)=N0.I
25?. c COUAl IUTTRVALS IN I-TM RANGE;A? ( I)=N0. INTO WHICH R*LN2
2r3. c IS DIVIDED TO OBTAIN EQUAL INTERVALS IN I-TH SUBRANGE
25u. c SU.iCl K WILL PE CALLED TD EVALUATE THE INNER INTEGRALS .
255. i)Iv( NSI3N Gl?2(20) ,N1 (12) ,N2(1P)
25*. s t o p s i ,nn-7
257.
2b*. Pl = 3 .777953/151
250. 1:2(1 )=903
?An. IJ? ( 2 1  = 1 9 0

I-*M
U1
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261 . ?<2t3)rfln
26? • l.l H  }=4.1
26? . ?J1 (?)=4<?
2ft. • ?J2 (3)=4t)
26®. ui {4 j = e,>n
26-. IF(K.ra.R2l 00 TO 110
267 . IF t £ 2-2•3) 23.21*25
26* • 21 N2C4}=5no/(4fl.O-3.0*R2*R21
26® • GO TO 110
27n. 25 U2<4)=7.0*P?
271 . 110 CALL FAFOCrS.YTMrtX)
27?. CALL NC-lTCr:( H  * K • XI . Gl?2 * P.2 . RFAX )
27?. Y Y 5» T 0 P = Y Yf-'AX ♦ S TOP
?7u. s=o.cr>c
27=.. RP=K?*OLOO(2.QDO)
2~6. X = - f* R
277. c f o r rvEPY s l h r a n g f ;
27*. g o loo r=i,ri
2 7®. IFd-4) 30.35,35
?f-n. 35 Trs=r*i?2(in»xi
2£1 . IF C TFS-0.OPO) 37,30.30
2c? . 37 CCT-TiriLE
?f ?. IF(fVAX.GC.200) GO TO 30
26 s*. r.r-i-yr,y./f.l ci >
26®. GO TP i?
2 = 6. 30 0>'=-&»/fj2 (I>
?£7. 32 X=X+DX/2.0P0
26 A. r:V-M (I >
264. C FOR evfFY SUBDIVISION;
2?n. DO 50 J =
26i - IF(X/R2-jCO)2,i,l
2 6*5. 1 V = 1 . Or-G

Y=o.ono
2%-. GO TO 7
29n. 2 V={l.On0-PFXP{-X/«?))**2
2'?= • vi=(i .cnn-rcxp{-xi/r ) > * * 2
297. Y = r Sor t !!.’?•*?« 11.COG-V) >
2V6, YH=R?»f.2*(3.CD0-V)"G12?CII)*X*Xl*X
29=1. YR = R2*l-2* (1 .GL'C-V)
300. IFnH.r.E.YF) GO 70 300
’• m . sFCYH.LT.l.OP-30) GC TP 330
30? . YL = F?«'>?*!1 .P[>0-<1 .OpO-nCXPI-RNAX/R?) )**2)-l
303. 2) »FK AX*R*-'AX*X1
30u . ir<YL.lC.O.O> GO TO 300
30®. Ysr.SOKTlYL)
206. 3C0 cor'T tlll
3 0 7 . 7/!‘'2 =  y*P2<F2
2C* . Ir{VRP2 -:nnj 3 ,3 . 7
3D® • 3 ?.X=COPt-VPF?)
31C. IF IY-l•0P-3C/FX) 7.4.4
311 . .4 CALL FFFMtY.n
31?. CAIL SUnCLI (II.N.R.R2.P3.X1.X,G133,G122,VRR
313. GO TO •: 5
31c . 44 L* = 0.5«PI
31®. 45 CHf K = *»pn2*C,3 2 2 U I  J *X1*X*X
216. I F f C n r ^ - l O O )  9 , 9 , 7
317. c TY =  l *  < * > . ? «  ♦?)*CrxiM-CHfIK)
21». GO TO 10
319. 7 rr=r-. non
5?n . 10 L L - M I M J E
5?1 . s =s -*y y *dx
32?. >  6  X  +  l *i  X
J2?. IF' { I - >  j)  50,20,200
324 • 200 CALL FX1T
3?®. 20 IF- < YY-'f YCTPF’) 150,150,50
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353. IF {Yt. .LF.0.0) GO TO ?H0
35u • Y=0?OlT(YL)
39*. iCO c o n t i n u e
3?A. VH»3=V*‘13*R3
397. CHEK=VRR34G133*X*X*X1
39 a. IFCCUFK-IOP) 3.3*7
399 . 3 YJ=-C^rK
4Cn. IF(Yj.GT.O.O) GO TO 301
4Ci . EX=CE*P(YJ>
40?. IF J Y - l.01-30/CX) 7*14*14 c
4C3. 14 TF ST = G133* X1
9C4 . if<t=sT-o.nna) 4 *4 * 4
404. 4 CALL F«FN(Y,E)
4CA. 00 TO 45
**07. 44 E=0.5*rl
42a . 45 YY = f*FX
: 9 . GO To m

win. 7 YYsO.OOO
**11 • 10 c o n t i n u e
41?. S=?+YY*DX
41 *. x=x*r»x
414. IFjl-rn 50*20*200
919. 301 9*i7t-<fc,3in) Yj
**19. 310 FOPf*;M T ( / * • OFF-UIAG TERNS TOO LARGE *,E14.4)
417. 20 0 CALL FXIT
41 ft. 20 JF(YY-YYSTOP) 150*150*50
419. 50 CONTINUE
4 ?; n . x=x-r»x/?.opo
**2l . IOC CONTINUE
5*1*?. Mm I Tr(6*350) YY.YYSTOP
423. 350 FGRr'A T ( /» • YY AND YYSTOP ARE **2E16.7)
42u . 3=5*1.0010

150 •»2 = 5/PI
4 2 A  • A2 = l.f:00
427. f.?=l .nf)0*-0.5nO/(K3*K3)
4 ? A . •If TURN
4 2 9 . F .r .n
«3n. SUPRntJTir.’E EPFMY.E)
43: . IMPLICIT RFAL«G(A-H.O-Z)
432. C FOR EVALUATING THF ERROR FUNCTION E=ERFN(X) AS
433. C ERfri(X)=?*P(1.4l4l...*X) - 1 . SEE ABRAMOWITZ .
9 3 u  . X = 1 .4142135ft * Y
4 * 9 . AX = r>A»:3(X)
43a . T=3.OCO/C1.000*0.2336419DC*AX)
437. iF(X*X-10CM2*ll*ll
42A. 11 0=0.ODD
4 3*.. Prl.DPO
4  *■• •“  . vC 0  1 J
49-1. 12 C0r-TIM-E
94?, N =  0 .25ft?422804*OEXP{-X*X/2.nOO >
4 4  3 . P=1.00G-0*T* < f I (1.330274429*T-1.821255978)*T+1.781477939)*T-
4 4 U  . 1C.35656 378? > *T+0.31938153)
949. 13 CCfiTlNl.E
44A. IF(x )  1 .2.2
4 4 7 . 1 p=i .noo-p
44 A  . 2 IF t F )  3*5.5
440. Z WHlTf fC-.30ri >
4fr. 3001 FCR^ A T (  35HP IRClftiLE IM OISTPTPL'TTON FUNCTION.)
4 * 1  . >:KITF «6.JQC2) X.P
45?. 3002 FORVA7C4H X= E34.7.4H P= E14.7)
4 5 3 . CALL EXIT
459. 5 £=2.0P0*P-1.POO
4 55. IFIF )  6*7.7
45A. • i hSITF1 6 • 30031
*57 . 1003 FOnFAT!2CMO THGU3LE IN ERROR FUNCTION.)
5 * 5  A  . GO TO 4

-\



659 . 7 return
660. END
<•61. SUBROUTINE MFUT0N(I,n.Xl,G122.R2.RMAX)
662. IMPLICIT RFAL»B(A-H.O-7) '
663. c THIS SUBROUTINE s e r v f s  t o  f i n d  THE UPPER LIMIT OF Q2 f o r  CASE 1
666. C WHEN G11?*X IS LESS THAN 0 USING NEWTON'S METHOD
665• C NEWTON IS NOW CALCULATED POINT BY POINT
<•66. DIMENSION G122(20)«Z(500)«UMAX(500)
<•67 • USTAN=R2*R2-1.0D-6
66A. M=1
<•61. Ztl)=1.0
<♦70 . UMAX 11 )=R2»R2*(1.0D0-OEXP(-Z(l)/R2> I*»2-0.00*ZC1)*X1*X1-G122(I >*X1
<*71. 1*<7<1>»»2>
<♦72. 1 IFIUMAXIM) .GF.USTAN) GO TO 23
<•73. M=M+1
<♦76. Z(M)=Z(M-1)+1.0
67s. UMAX(M)=R2*R2*<1.000-DEXP(-Z(H)/R2>>**2-0.00*ZCMI*Xl*Xl-G122m*Xl
676. 1*(Z(N)*«2)
677. IF(UM.AXCM) .LT.UMAX(M-l)) GO TO 23
67R. IF IM.EO.500) GO TO'12
679. ' GO TO 1
660. 23 RHAX=Z(M)
6 6 1 . IF(KMAX.LE.0.0) GO TO 12
6 8 2 . GO TO 63
683. 12 CONTINUE

I 6C6. C WRITr<6.15) M.Z(H)
I. 6BS. 15 FORMAT!/.• ERROR IN CONVERGENCE F ’.I6.E16.6)

6 8A . 63 RETURN
687. CUD
68A. SUPROUTINE NFWTN2(I,R.X1.G133.R3.RN.AX>
689. IMPLICIT RFAL«8(A-H.0-Z)
690. C THIS SUBROUTINE SERVES TO FIND THE UPPER LIMIT OF 02 FOR CASE 1
691. C WHEN G112*X IS LESS THAN 0 USING NEWTON'S METHOD
692. C NEWTON IS NOW CALCULATED POINT BY POINT
693. OIMENSION Z (500>.U M A X (500)
696. USTAfp=R3«R3-1.00-6

I 6 9 S . N.=l
• 6 9 A . Z(l)=1.0

697. UMAX(l)=n3«R3»I1.000-DEXP(-Z(l)/R3)>**2-G133*Zll)»*2*Xl
69 a . 1 IF(UMAXIM).GE.USTAN) GO TO 23
699. K=K*1
500. Z(MI=Z(M-1)+l.0

I 501. UMAX(M)=H3*n3*(1.000-0EXP(-Z(M)/R3>)**2-G133*Z(MI*«2*X1
| 502. 1»CZ(M)**2)

503. IF<UMflX(M).LT.UMAX(M-l)) GO TO 23
506. IFIM.CQ.50P) GO TO 12
50S. GO TO 1
50A. 23 PMAX=7(M)
507. IFIPMAX.LE.0.01 GO TO 12
50A. GO To 63
509. 12 CONTINUE
510. C WRITE(6*15) M.Z(M)
511. 15 FORMAT!/,• ERROR IN CONVERGENCE M ',I6,E16.6»
512. 63 RFTURN
513. END
516. . //go.sysin no *
515. -01 1 0067.86 0069.86 300.0
516. -238.56 -265.53
517. 1369.97 -?.3e 1369.97 -2.38
51A. 2395.09 -12.60 2327.61 -11.66
519. 676.05 -2.30 655.65 -2.20

'■ 52o. -18.05 0.9900 -11.82 -18.500 01.010 -12.61
521. 09
522. /•

523. //
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