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ABSTRACT

The analytical approximations for the classical , quantum mechanical
and reduced partition functions of the diatomic molecule oscillating
internally under the influence of the Morse potential have been
derived and their convergences have been tested numerically . This
successful analytical method is used in the treatment of anharmonic
systems . Using Schwinger perturbation method in the framework of
second quantization formulism , the reduced partition function of ..
polyatomic systems can be put into an expression which consists
separately of contributions'from the harmonic terms , Morse potential
correction terms énd interaction terms due to the off-diagonal
potential coefficients . The calculated results of the reduced
partition function from the approximation method on the 2-D and

3-D model systems agree well with the numerical exact calculations .
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CHAPTER I
INTRODUCTION

The main objective of this thesis research is to find
a new method in accounting for the anharmonicity in the re-
duced partition functions of polyatomic molecules, one that
utilizes the Morse potential as has been successfully applied
to the diatomic molecule. The reduced partition functioﬁ
represents the theoretical basis for equilibrium isotope
effects as well as the isotope effect on the population of
transition states, which is a major factor in kinetic isotope
effects. Various methods of approximation for the reduced
partition function of a pair of isotopic molecules within
the framework of harmonic oscillator approximation have been
developed in the last two decades, some of them primarily
designed to permit quick and accurate numerical evaluation
of the function, and others are particularly suited to give
insight into the understanding of isotope effect, to give
explicit relationships between the isotope separation factor
and molecular structure and molecular forces. For the pres-
ent status of accounting for the anharmonicity, one can
refer to Chapter II A for a brief discussion of Wolfsberg's
result. The advantage of this new approach to be discussed

later is that one can readily calculate the contributions due



to the quadratic and cubic diagonal terms which are later
identified with the Morse potential terms, and due to off-
diagonal cubic terms separately. In case the contribution
from the off-diagonal terms is negligible, we can justify
to employ the diagonal terms alone in accounting for the
anharmonicity involved and thus gain more insight in under-
standing the role of different diagonal terms in affecting
the anharmonicity.

Part II of the thesis deals with the pertinent theories
upon which the present research has been built, that is, with
a discussion of the vibrational reduced partition function of
the Morse oscillator and the second quantization formalism
with operator technique for Schwinger's perturbation theory.
| Part III is the research results of this study on the
approximations for partition functions of diatomic systems.
Results on approximations for the classical quantum-mechani-
cal and reduced partition functions will be presented.

Part IV deals with the approximations for partition
functions of polyatomic systems. Due to the complexity of
the problem involved, a model system which simulates the
two stretching modes of carbon dioxide is investigated with
the exact numerical results compared to the approximate and
the harmonic results. Then the results of a successful
approximation on a linear ‘triatomic system are presented.

In the Appendix, some results of other approximation

methods which have been attempted during the course of



this research are presented. Padé Approximant method has
been applied to the diatomic partition function. Orthogonal
polynomial methods have also been explored. Nielsen's
formulae and some essential details leading to simplified
perturbation results of quantum partition function Egs. (90)
and (91) are also given. Listings of computer programs used
for numerical evaluation of 2-D model systems and 3-D systems

are also included.



CHAPTER II

BACKGROUND THEORY

A. VIBRATION REDUCED PARTITION FUNCTION OF THE

MORSE OSCILLATOR

a. Introduction

The Born-Oppenheimer (BO) approximation is the under-
lying basic principle in most theoretical works on isotope
effect. The isotope effect is a quantum mechanical effect

and is most often described in terms of the reduced parti-

S .

tion function ratio Eﬁ-f’ whereas

/0") oy @/91) & "y
@70, ~ W /0 ) o

=]
st =

with s and s' as the symmetry numbers of a pair of isotopic
molecules. Q and Q' are the partition functions of the
heavier and the lighter isotopic molecules, and the sub-
scriptsgm, cl, and r refer to the quantum mechanical,rclas-
sical, and the reduced partition functions, respectively.
Note that the validity of Eq. (1) does not depend on BO.
Under the harmonic oscillator treatment, and to the
extent that the molecular translational and rotational

motions are classical and separable from the internal



vibrational motions, the reduced partition function ratio

is expressed as

. 5 -uy
s u.e (1L - e ) b(ui)
st f= g -u B g b(u,") (2)
— -u
u;.' 2 (1 - e l)

where each product is taken over all degrees of freedom, u
is the energy of a normal vibration hcwe in the units of
kT, and b(u) is the reduced partition function of a sihgle

harmonic oscillator,

-u
2

b(u) = %€ (2a)

1-e 2

One usually accounts for the anharmonicity of vibra-
tion of a polyatomic molecule by a correcton termri[exp (uixi/4)
to the zero-point energy term He—ui/2 in Eq. (2) and ignores
any effect of anharmonicity to the vibrational excitation.

In 1969 Wolfsberg pointed out the presence of a mass depen-

dent G, term in the energy terms of a diatomic molecule

0

to

_\’.=G

1 1,2
= o+ we(v.+ 3 = WX v+ 3) (3)

In extending to simple polyatomic molecules, the G0 term



which comes from non-rotating anharmonic terms and inter-
action between rotation and vibration terms was found to
make significant contribution to the zero-point energy of
isotopic water and ammonia and its inclusion in the calcu-
lation of the equilibriuﬁ constant yields good agreement
between experimental and theoretical values. G0 exactly
vanishes for the Morse potential. Also the effect of an-
harmonicity due to its interaction with the rotational

. motions of a real molecule is generally significant but
dealing with this effect would be out of the scope of this

present study.

b. Formulations

The potential parameters of the Morse oscillator
Ul@) = D(l - e %2 (4)

are related® to the parameters of the vibrational

energy levels by

We = 0“/—*7'5" | (5)
2t ¢y
and
2
ha
WeXe (6)
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where 1 is the reduced mass. The classical partition func-

tion ch of the bound state of the oscillator is given by

1 ! exp[—oz(l-e_z/p)z]erf Y, dz, (7)
evmr =-pln 2

1
Oc1 T &

where p is a dimensionless quantity defined as

(8)

|
o |0
-

erf is the error function,

) ¥y 2
erf y, = —/J e at , (9)
e 0

and z and y, are dimensionless functions given by

z = apg (10)

1
and Y, = pll - (l—e—z/p)2]7 , (11)

The anharmonicity correction factorYcl for the clas-
sical partition function is expressed as
a0

I exp[-pz(l-e-z/p)zl erf y, dz ,
-pln 2

l.
Y —

(12)
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where ch and rol are the partition functions of the an-
harmonic and harmonic systems respectively. Note that Yclis
a function of p only and does not depend on ug and Xe SepP-
arately.

The quantum mechanical partition function is exactly

given by
Ye u
qu = 5 exp|- 5 + 1%- ' (13)
with
VD )
S= I exp [-u V + ux(v + V)] (14)
. V=0 e

where Vp is the largest integer not exceeding c,

_ Wq _ W~ WX __ue - uy _ l-xe
€= - 2wy 2u ) (15)
0Xo X X Xe

Eq. (13) gives the exact value of qu for the allowed
vibrational energy of the Morse oscillator expressed as

By _ oL 1 1,2

e = we(v + 7) weye(v + 7) (16)

The sum S can be equivalently expressed in terms of u
or u, by using relations U Xe = UgXg = UX and u = uy - ux =

u, - 2uy.



Then qu, the anharmonic correction factor for the

quantum mechanical partition function is

- Zam _ g ux/4 - -
qu QO Se [1 exp ( ue)] (17)

which depends on ue and Xe individually.

Yr’ the anharmonicity correction factor for the re-
duced partition function follows

_ o, _ qu/ch ) Y om
Yr 0

0 0 Y
Q qu /ch cl

(18)

c. Discussion

What I have attempted in this research is an improve-
ment of the classical partition function ch and quantum
partition function qu over the above presentation of the
vibrational reduced partition function of the Morse gscil-
lator. An approximation of partition functions for a system
of anharmonic oscillators will help solve various thermody-
namic problems that are currently being thwarted partly due
to the lack of adequate ways to account for the aﬁharmon-
icities in thermodynamic fupctions. Wolfsberg and his
group have calculated the equilibrium constants of hydrogen

isotope exchange reactions involving several simple
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molecules, such as water and ammonia. Their calculations
were based on a quartic potential function and included all
other nonideal effects such as interactions of the anharmonic
part of internal vibration with rotational motions, coriolis
forces and are exact but tedious. It is hoped that a suit-
able approximation for the anharmonicity effect may provide
some simplification of such calculations.

Partly to facilitate calculation of exact values to
which one can compare any approximation, exact effects of
anharmonicity of a single Morse oscillator to the classical,
quantum mechanical, and reduced partition functions were
calculated numerically. The anharmonicity correction factor
for the classical partition function depends on a single
parameter rather than on two potential parameters and tem-
perature.1 Several approximation methods have been inves-
tigated for the classical, quantum partition functions of a
Morse oscillator. Onl& the method adopted will be presented
in the main text and some other methods of interest will be

relegated to the appendix.

B. SECOND QUANTIZATION WITH OPERATOR TECHNIQUE

a. General Formulation of the Schw1nger
Perturbation TheorysSr>2

. . : THotHy
The problem is to derive an expression for e in
which H0 is regarded as a large operator and Hl a small one.
Let
(H0 )t

¢ (t) (19)
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2 0(8) = = (Hy + H)O(E) (20)

Introduce V¥ (t) defined by

-Hot
$e) =e O (b ()

which satisfies the differential equation

su(t) = - e OHe O w(t) (22)
subject to the boundary condition y(0) = 1. We replace
Egq. (22) by an integral equation which incorporates the

boundary condition and which may be solved by iteration:

t Hot' -Hot'
p(t) =1 -J dt' e Hle p(t") (23)

0 .

Carrying out the iteration, we have

t Hot' -Hot'
y(t) =1 -7 dt'e Hje
0
t t! Hot' -Hot' Hot" -Hot"
+ S dt' S d4dt" e Hle e H1e< + ...
0 0

(24)

A somewhat neater form is obtained by making the sub-

stitutions t' ttl, t" = t'tz, ... « Making this change
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and forming ¢ (1) from Eq. (21) we find

- (H.+H.) -H 1 -(1-t,)H -t H
(1) = e 0 1% _ e 0, (-1) [ dtl e 1’70 Hle 170
0
1 1 -(1-t.)H -t. (1-t.)H -t t.H
+ (-1)2 s t,dt, [ dt,e 170 Hye 1 2°70 Hye 172
0 0 ‘
1 1
oo+ (D e e, e ™2 e, ...
1 1 2 2
0 0
1 -(1-t,)H -t (1-t.)H
J dt_e ' 1o H,e 1 270 H
0 n 1 1
-t t, ... t -1(l-t_ ) H -t t, ... t H
.. H.e 172 n n 0 H. e 172 no
1 1
+ e (25)

If one is faced with the problem of taking the trace
or the average value of ¢ (1), a further simplification can

be made by virtue of the fundamental property of atrace, viz.,

Tr(AB ... YZ) + Tr(ZAB ... ¥) = Tr(B ... YzA), etc.

(26)
Using Eq. (26) one may easily verify the following
equation
- (H,tH,) t -H.t 1 ~ (H +oH, ) t
01 0-| _ _ 0 1
Tr[e ] Tr[e ] = -t fo daTr[Hle

(27)

0



13 -(H0+H o)t

Substituting the series of Eq. (25) for e 1

we f£ind
= (Hy+H,) ~Hy ~Hy
Trje = Trle + (=1)Tr Hle
2 1 -(1-t,)H -tH
(-1) 1’70 0
+ 5 fo dtlTr{Hle ng }
+1 1 1
(-1)" n-1 n-2
4+ ... + Tl—- fo tl dtl fo tz dtz
1 -(1l-t,)H -t. (1-t,)H
ee. J dt Tr[H e 1 0H e 1 2’70
0 n l 1l

cee Hle (28)

—tit, ... tho] .
Later on, the above result will be set in the framework of
second quantization, and the reduced partition function of
polyatomic system can be put into an expression which con-
sists of contributions from the harmonic terms, Morse po-
tential correction terms, and interaction terms due to off-
diagonal cubic coefficients.

b. Occupation Number Formalism for
Harmonic Oscillators

10
The Hamiltonian operator for a harmonic oscillator is
A 1 2 2,2, .
B=o 0° +m g% (29)

with f and & as the momentum and coordinate operators
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obeying the commutator rule.

(B, @l_ = -iRh ‘ (30)
where

P = [9§9}1/z (a'-a) (31a)
and

g = [5%5]1/2 (aT+a) . (31b)

With the introduction of the creation and destruction

.1-

operators a and a, the Hamiltonian operator becomes

H = ﬁw(a+a + 1/2) (32)

1.

The a', a are boson creation and destruction operators ful-

filling the commutation relations

. |
lagras'l_ = 8,5 . (33)

For a multidimensional harmonic oscillator, the

Hamiltonian H is

. . (34)

D>

M
I
e
H-
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with

2+ mw?g?) (35)
Although, as Pauli has observed, all results derived

from the occupation number formalism can also be obtained

by the wave mechanical calculation, the advantage of the

occupation number formalism lies in the simplicity of the

algebraic manipulation of the destruction and creation

operators. In a later section we will see the unfolding of

the occupation number formalism in the framework of Schwinger's

perturbation theory.
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CHAPTER III

APPROXIMATIONS FOR PARTITION FUNCTIONS

OF DIATOMIC SYSTEMS

A. APPROXIMATION FOR CLASSICAL PARTITION FUNCTIONS

a. Classical Parition Function of Oscillator
in Finite Harmonic Well

The Hamiltonian of a harmonic oscillator in an in-~

finitely deep harmonic well is given by

H =5 + 2 af | (36)

where £ is the displacement coordinate, yu the reduced mass

and a the force constant. As for the classical partition

function Qgirm, we have

harm 1,7 ® -H/kT
Q == f dp, [ e dg
cl h e £ o
2
= % J e ZKT dag [ e 2ukT dpg
-0 -0
= ly/ﬁnkT'
“ h a  V2mpkT
_ 27kT "1 _ kT _ 1
h Zwve hve ue
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with ’

One is interested in developing a formula for the
finite harmonic oscillator because it may exhibit features
that are characteristic of a bound oscillator system. For

an oscillator in a harmonic well of a finite depth, we

have,
, /2 _aE /2u(n- 22
= < i ukT
ch = g S dte dp . (38)
| 2D
-/ a
By setting
2 2
P = 2 ag” - 2
ukT - Yt %7 - X (39)
we obtain
—e
D ///1141..25_
1 2 kT _.2 kT 207 2
Q1 = ﬁ;'i J e " dx [ e ¥ dy .
D
A~ » (40)

Inte. grating by parts (IBP), it can be shown that



X 2 2
J e“t dt = e ¥ [x + % x3 + % % x5 + cee
0
2 2 2 ) _2n-1

where

e t* at . (42)

2 2
En(X) = [Té‘%oco

It can easily be verified from Eq. (42) that the in-
finite series obtained above converges for all x.

An application of the series expansion, IBP, above
to the harmonic oscillator problem of Eq. (40) leads to a
very simple and exact result, which is the following closed
form:

1 -p2

Qc1 = a l-e ) (43)

2 __ D
where p~ = kF.
The ch of Eq. (43) tends to u—l- as p-+», as expected.
e .
What we need is a modification of Eq. (41l), or its equiva-
lent, which would account for the anharmonicity. Since the

finite harmonic oscillator is the simplest of its kind, the

next bound oscillator to look into is the Morse oscillator.
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b. Approximation for the Vibrational Classical
Partition Function of the Morse Oscillator

For a small x value, Eg. (41) converges well, but in
general x is not small and most of the results based on an
expansion like Eq. (41) will not yield satisfactory results
for real diatomic molecules. Further investigation leads

to another expansion of the error function:11

-X
-1 -8~ (1 .11 ,131
+ (~1)n[% % cee 22;1] 2i+1} + En(x) , (44)
X

where

Ep(x)

]
L}
i
[
e
=
———

n+l) o 2
%] [%‘% = ]f " ez e 49)

and values of En(x) have been tabulated in Table 1.
Difficulties arise in using Eg. (44) for the inner
integral of Eq.(12) in the following manner. The outer
integral of Eg. (12) obtained by substituting Eq.(44) for
erf Yo in it is found to be unbound at both limits of
integration, i.e., at z =-pln 2 and 2z = », Schematically
the exact integrand of the 6uter integral of Eqg. (12) looks
like Figure 1. It ié seen that the value of the integrand

is very small near the limits of the integral. It is
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|

7.990%10™%

Table 1 : Remainder E_(x) for Egn.(45)
x=1 x=é x=3 x=4 X=5
n=l 1.411%10°1  2,204%10-3 1,935%¢1074 3,444%10~5  9.027%10~5
n=2 2.645¢10"1 1,033%10™3  4.031%10"5 4,035¢1076  6.770%10-7
n=3 7.405%10°1  7,231%107% 1.254%1075 7.062¢1077  7.583%1078
n=4 2.777%100  6.780%107%  5.225¢10™5 1.655%107  1,137%107
n=5 1.309+10l 2.737%1076  4.877%1078  7.238%10~9
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feasible to conduct a study of chopping off both extremities
of the range of the integral. The more one moves away from
the end points, the more one reduces the error of integration
due to the singularity. However, the more one moves away
from the true limits of ﬁhe integral, the more error one
acquires due to the increase in the neglgcted area. There
must be an optimum set of points zq and z, to be used in
place of - p 1n 2 and =, respectively.

One chooses to let z. and z, depend on each other as

1
follows: choose a value for the ratio, R, of the level of
Yo called y2,min and the maximum possible value of Yor which

is p;

Y .
R = —Ep—mi-ll (46)

Referring to Figure 1B, one obtains 24 and z, as two

real solutions of

r=/1- (1-'e'2/")2 (47)
They ares:

z; = -0 1n [2 - %;}

zZ, = p 1n [é%} (48)
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As can be seen in Figure 2, the lop-off error is neg-
ligible even at as large a value of R as 0.3 when p is 2 or
larger. This plot has been obtained by approximating the
integrand of Eq. (12) by using Eq. (41) for erf Y, in the lop-
off regions of the integral.

Substituting Eq. (44) into Eq. (12), one obtains

- 0 _ '
Yo1 = Yer " B3Yer * BpY¥op T oeee s (49)
where
2
ol n2q_."2/p)
o =7 7P (1-e dz (50)
YT -pln2
- 2 2
A Y = ..]; fm e 2 exp [-pz(l-e-Z/p) ] (51)
1l'cl ™ y
-pln 2 2
and
- 2 2
A 1 [ e % explp?1-e"*P) ] (52)
2Yc1 T 27 3
-pln2 Yo
0

It has been found that ¥y is the dominant‘term. A trans-~-

cl
formation of Eq. (50) leads to

2 2

Yy “PY

yl 1-y

(1]
Ycl

A
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Increasing p
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where
yze?P 1 | (54)

The Taylor expansion of l/(l—yz) in Eq.(53) further

leads to
0 0 ; 20 T
cl cly /i k=1 K
where
m m
0 1 (2k-1) !
Y (m} = Z R (p) = I - — r (56)
cl, kel K k=l 251 (2p2)F  (K-D)T
2 2 .
ar = mePE (k-1 g (5-1)1 x23-1
k ") x=I)T .2, (23-1)1 2 k-3
P - (4p7)
+ 2(2%—1)! AfO , (57)
2
(4p7) (k-1)!
in which
o 22 '
Afo =-f ePY dy ., (58)

and
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2
R
x=l__. 59
> (59)
In Figure 3 I compare various approximations repre-

sented by Eq. (55) with the exact value of Yo1 obtained from

Ref. (1). In this Figure,

c13(1)=1+y0<1)=1+-% (60)
clo 2p

and the curves labelled as clo(l), clo(2), q10(3) are given
by Eg.(55), including the terms of Afk, withm= 1,2, and 3,
respectively. Figure 4 is a plot of relative errors ob-
tained by

Y om =14y (m) (61)
o] .

1 cl0

Figure 5 is a similar plot obtained by including terms
of Afk as well. The c10(3) approximation, or Eq. (55) with
m = 3, seems to give a generally satisfactory approximation.
The apparently strange behavior of the c10(4) approximation
is a consequence of the lop-off procedure forced in obtaining
Eq. (53).

Figure 6 shows the effects of inclusion of higher
terms of Eq. (49). These higher terms come from the higher

order terms of small anharmonicity approximation for the

error function, Eq.(44). The behavior of these plots are
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the results of the divergent nature of the series of Eq. (44).
B, APPROXIMATION FOR THE QUANTUM MECHANICAL VIBRATIONAL
PARTITION FUNCTION OF THE MORSE-OSCILLATOR
For a Morse oscillator, the quantum mechanical parti-

tion function is exactly expressed as

u .
qu = S exp [— 7? + %%] ’ (62)

as it has been shown by Egs. (13)-(16).
The best approximation obtained for S is by extending

the upper limit of summation of Eq. (14) from the finite value

2
uv _uxv

V., to =« and by grouping of exponents as e rather

D

- 2
than as e eV eux(v+v ).

The orthogonal polynomial expan-
sion method has been tried besides the usual series type
of expansion, but no improvement has been found.

Let b = ux. Then,

2 -u -2u
el Ll e et | B
l-e (e ~1) (1-e (l-e )

The anharmonicity correction factor for the quantum

mechanical partition function qu is

Q -u
Y = gm_ _ S e4 [1'3 e] (64)
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In Figures 7 and 8 we compare qu calculated by using
Egs. (63) and (64), which are denoted by qu(3) with qu(3)

calculated by using Egs. (64) and (65), which are denoted by

* (3):
qu( )
-u ©
e 2
S = l_u +b — 2+(b+]-°2-)'
l1-e © (l-e ©)
- -2u
e e
e 2e
(l-e ) (l-e ) ’

Figure 7 is for x = 0.02, and Figure 8 is for x = 0.05.
It should be recalled;that qu depends on the frequency and
anharmonicity constant x individually, whereas the classical
anharmonicity depends only on the ratio of frequency and
anharmonicity constént, i.e., p.
C. THE REDUCED PARTITION FUNCTION FOR A NON-ROTATING
DIATOMIC OSCILLATOR IN THE MORSE POTENTIAL
The reduced partition function ratio for a pair of
. . s . .
isotopic molecules, ETf' is a ratio of qu/ch of the
heavier molecule to Q&m/Qél of the lighter one. Using the
. . '
Yc10(3) approximation for ch and ch and Egs. (63) and (64)
for Q and Q' , I obtain, for the Morse oscillator,
gm am
- P t
ui/Z u.

u.e T (1-e 1)
ln-:—.—-"-'Zlnl : . +
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u.x./4 -u_ . -u,' 2
e ¥V (1-e "hy(-e *).(141/20'7)A(u,)
+ L 1ln —
i u.'xi'/4 uei' -u, 2
et (1-e ) (1me ™) (1+1/2p%)A(u,")
(66)
where b = uy and
2 -u ~-2u
2b b e + e
A(u) = 1 + ——— + =- — . (67)
(eu_l)z 2 [ (1-e u)i ]

The harmonic terms have been studied extensively by

Bigeleisen and Ishida12’13’l4. Here our interest is to

examine the anharmonic terms. For a small anharmonicity,

.hg<u,
S ¢ - 5_
In ovf = (In 78) o rmonic

X 2b, ~ 2p,°
= - T —

A (BymhyT) T

(e *-1) (e 1 -1)

+ e SR + [ 1 __ —l-] (68)

TP T, 2 2 2
(e l-e) (e 1 -1) 2p P

The terms under the summation sign in Eqg. (68) repre-
sent contributions of anharmonicity. Its first term,

Z‘%(bi—bi'), is the commonly used anharmonicity correction
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on the zero point energy. The terms inside the bracket
after i in Eq. (68) have been used to account for the anhar-
monicity in each oscillator of the 2-D and 3-D problems in

later chapters.
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CHAPTER IV

APPROXIMATIONS FOR THE PARTITION FUNCTIONS

OF POLYATOMIC SYSTEMS

As stated earlier, the purpose of this research has
been to develop a good approximation method in accounting
for anharmonicity in calculations of the molecular vibra-
tional partition functions. The simplest problem, i.e.,
that of the diatomic molecule with one degree of freedom,
has been presented in the preceding chapter. When one
attempts to apply an approximation method to a polyatomic
molecule, the major problem is in evaluating the exact par-
tition functions, either classical or gquantum-mechanical,
and in accounting for the off-diagonal terms in the Hamil-

tonian.

A. MODEL 2-D SYSTEM

Due to the complexity of the general polyatomic prob-
lem involved, I first worked with a model 2-D system with
two degrees of freedom which simulates the two stretching
modes of carbon dioxide and its associated isotopes;

a.i. Exact Solution for the Classical Partition

Function of a Model System with Two Degrees
of Freedom

anh

The classical partition function ch of the bound
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state of the model 2-D anharmonic oscillator in the potential
given by

-z./p, 2 ' -z,/p, 2
- R __T%2/P2
U(zl,zz) = kT [pl(} e )+ pz(l e )

2 2
* Y112%1%3 * Y122%125 | (68)

is evaluated by using the following equation:

2
-24/pPq)
2w 02 (1-e 17P1
=2 L & e 1
o -plln2

' 2 z%bzz 2 2
—021_.-22/P%y  _ _
; Ly(zy) JP2llme ) T Y112%1%3 T Y122%1%3

—pzlnz

Y,
0

+
i) dy,dz,dy,dz (69)

1

where p, 2z, y are defined analogous to those in the 1-D

Morse oscillator problem and Y112 = ;; 21 12 £
: 2V2 a0, kT p,p
1 72 271

112’

etc. One finds y2+,'the upper limit of the variable Yor

appearing in Eq. (69) as
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= 3
]2 Z2,/P5 2 2
You ‘1JL2(1 - (1-e ) = Y¥122232%; T Y133%1%3

(70)

Care is taken in the calculations of the upper limits of z',
L2(zl), to avoid inclusion of contributions from the unstable
states corresponding to the repulsivé forces that fictitiously
arise from the truncation of the polynomial potential func-
tion. If the anharmonic term of the highest order of poly-
nomial with respect to z, is positive, then Lz(zl)+m.

a.ii. Exact Solution for the Quantum Partition Function

of a Model System with Two Degrees of Freedom
The quantum mechanical partition function is exactly

expressed as

VD2 VDl
inf = 3z 3 ool (71)
n2=0 nl=0
where
G(vl,vz) = e = wel(nl-fz) + wez(nzi-f
2

1 1
-w_ x_ (n+3) +-w_ x_. (n,+53%)
e1 e, 1 2 e2 e2 2 2

+

Xy (ny +3) (0, +3) (72)
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One observes that there are two upper limits, Vﬁl and

VD2r to be solved for. First I chose to define n, as the

outer loop and n,

VD for the inner loop, set

as the inner loop.

BG(Vl,Vz) - 0
avl
and we obtain
" O X. F xao(n,+3)
e, - Ye. e X122 73
v _ 1l 171 ‘
1 =
D 2xe We
171

For the outer loop, solving

BG(V1=0,V2)
Vv

=0
2

will yield Vp, for V, as

2

2 2 "2
V =
D 2. W
2 e2 e2
Once Qi?h

To obtain the value

(73)

(74)

(75)

(76)

and Q;;h have been set up, the exact value of the

logarithm of the reduced partition function can be calcu-

lated.
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b. Approximations for the Partition Functions
of the Polyatomic System

In this section I describe an approximation method I
developed to account for the off-diagonal terms in the po-
tential energy surface of a polyatomic molecule. Schwinger's
perturbation theory is utilized to evaluate the vibrational
partition functions. The basis coordinate system chosen was
the normal coordinates of the given molecule. The Hamilton-

ian is, thus,

H =3 z 244057 *+ 3 z 0, + s5 T1ax?i0% (77)
with the unperturbed Hamiltonian operator

Hy = 5 z 24390 + 5 : Egiz & £,,40° (78)
and the perturbation

17 da Fen®afif b DL £4439i0:0; (79)

where the Q's are normal coordinates. Analytical expression
for the perturbation terms of the vibrational partition
functions are obtained up to the second order.

In Schwinger's perturbation method for partition func-

tions, the Hamiltonian operator H is divided into an
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unperturbed H, and a perturbation Hl' The diagonal density

0
matrix is taken with respect to the eigenfunctions of H
8,9

0°
This perturbation method was developed by Schwinger to
solve problems involving partition functions and exponential
expressions in field theory.

From the development of the Schwinger perturbation

theory, the final formula for the partition function is

-B(H0+Hl)
Q=Tr e = Q0 + Ql +0Q, + .. 4 Qn+1 + ...
-RH _ ~-BH
=Tr e 0 . Tr Hle 0
2 1 -BH, (1-t.) -BH. .t
B~ 0 1 071
+ > Tr fo dtlHle Hle S
+1 1l 1
(-l)n n+l : n-1 n-2
+ —nfi R Tr J tl dtl ) t2 dt2 cee
0 0
1l -BH, (1-t,) -BH,t, (1-t,)
S dt Hle 0 1 Hle 071 2
0 n
Hle 0 l 2 3 LN B J Hle 0 1 2 n + * e 0

(80)

The first term in the perturbation formula is just the
partition function for the unperturbed Hamiltonian-~--the
zeroeth order harmonic approximation. Successive terms con-
tain higher powers of the perturbation Hl' Employing the

second quantization method with the raising and lowering
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operators a+ and a which obey the commutation rules,

[ai,aiT] = 6,

ij
and
- L U,
[ai.aj] = [ai ,aj 1=0 (81)
we can expressls
1/2
_ [ R ~ +
Q; = [EETJ (aj*a; )
1
. (Bwg 1/2 +
;Pi =i [—E—} (ai -ai) (82)

In terms of these operators, one obtains, after cast-

ing the conjugated momenta and coordinates in a form suitable

for second quantization method,ls'17
Hy = 2 z_xil/z (2%)2 + ql] +he L £, .q° \ (83a)
H) = hc i § fljjqiqu + he i § i £; 5333959 - (83b)
whgre
p; = %?'/7‘(ai+-ai) , (84a)
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and
_1 +
q = F V2 (ai +ai) . (84b)
Now
- -BE
_ BHO _ nl,nz...
Qy =Tr e = z < | e >
Ny Nye..
BﬁEanh
En,
= I e ' (85)
nj
where
Einh = (n.+%) + Wo Xg (ni+-]21)2 ’
i € * i€
| >=|nn, .. >, ‘ | (86)

and for this zeroeth order partition function, eigenfunc-
tions for the Morse oscillator have been utilized.

The previous results that I obtained fpr the diatomic
molecules employ the internal valence coordinates. ﬁowever,
since the internal coordinate and the normal coordinate are
identical for diatomic molgcules, all the equations derived
for the one-dimensional case can Be said to be in terms of
the norzl coordinate. If the normal coordinates for poly-

atomic molecules were uncoupled under the anharmonic forces,
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then the partition functions of such polyatomic molecules
would have been expressible simply as the products of the
diatomic functions. Thus, we make use of Schwinger's per-
turbation method in the following way. The unperturbed
problem consists of an assembly of independent Morse-type
potential,
-aiQi 2

u; = Di(l - e ) (87)
where Q; is the i-th normal coordinate. For each such os-
cillator, the mass is unity, and the force constant is Ai'
the i-th eigenvalue of the corresponding harmonic oscillator
problem. The perturbation is represented by the cubic off-

diagonal terms, fiijQiQin and fiijinQk‘

The association of the energy levels of H, to that of

0
the Morse potential is based on the assumption that for

small anharmonicity,

-0.Q. 2
u; =D,(l -e 171,

n
o
R

O

i
()
Q
@]

. (88)

‘The relationship between the Morse potential parameter

Di'ai and quadratic and cubic coefficients Aii and fiii will
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enable one to calculate We, and Xej in terms of known}\ii
and fiii' Physically this represents the picture in which
the eigenfunctions of the unperturbed Hamiltonian are
products of uncoupled Morse-type oscillators, corresponding
to the wvarious frequenciés Wey and not to complicate the
situation any further, |n> is taken to be the same as in
the harmonic case.

Ql and Q2 terms in Eq. (80) are evaluated as follows.

-BHO]

Ql = - BTr [Hle = 0 | (89)

1
820y £ [ at F2..
i#3 0 td

Ty

10
N
]
N

[akai(aj+aj

t t

+ + + +
+ a; a; (§j+aj ) + 2ai ai(aj+aj ) + (a.+aj )]

J
- ~-2Bw_ Rt -Bhw_ t
BHO ei e.

Bhw_ t
+ €5
e [a.a.e
i7iT

(aje J +a."e J )

2BhHw_ t -B8Aw_ t Bhw_ ¢
bty t i i %3
a., a, e (aje + a. e

—Bﬁwe't ane.t

t 3 3
ai(aje + a. e )

+ 2a.
i

-Bﬁwe_t Rhw_ t
+ (aje J +a.Te J )]

1l
2 + +
+ X J dat Fi " [aia.ak + a;a.a + a.a. a

i#j#k 0 ij J Jk i’y 'k

tot o, t, o+ fook t
i3y % + a; ajak +a; ajak + a; aj ay + a; aj ay ]
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+ -Bﬁ(wei+wej+wek)t
e [aiajak e

-Bﬁ(we.+we.-we 't

+a.a.a+e J J k

-fh(w_ +w_ =-w_ )t
.T e; ey ej

-BR(w_ -w_ -w_ )t
t_ ot & &5 Sk

-BRh(w_ +0_ -w_ )t
faa e 3 ki

-Bﬁ(me.—we ~Wg Yt

e j k i

-gh(w_ -w_ -w_ )t
e e. e,
+ a.+a.+a e - k 1 J
i3 'k

Bﬁ(we +me.+we_)t

Ta.ta T k7173 (90)

where
3
Fisk = [E] £i35kh¢ «

Q2 can be simplified further. Details of the simplification

will be given in Appendix D. The final result is

52 l3N-6 ‘35“1/2] 5
o, =L | 1 e Tz.,Izc |F
2 2 i 3 1] i4k ijk



48

(v,

igk ¥ Yi-gk ¥ Usgek * Usige * Uiegox t Uliyx
+ U-i—jk + U_i_j_k) (91)
where
= Y(i+j+k)-1
Uijk - Zlizljzlk B (w_ +o_ Fw_ )’ (92a)
e. e. e
1 3 k
= Y(i-j+k)=-1
Uioskx = 211 (%15%209) %1% BRw =0 Fa_ ) ' (92b)
e- e- e
1 J k
= _ Y(i-j-k)-1
i 73 Tk
U = (z’*z Y (oo tB ) (B 4T ) Y1 (i+5+k)
-i=j-k 1i“0i’ *“1x" 703’ *“1x " “okx’ BR(w_ Fw_ tw_ ) °
e. e. e
1 J k
(924d)
with
Ll -Bnme A v -1
2= I e "=e®e®1 , (93a)
' n=0
© -Bhwe v v -2 .
Z = L ne Moo ®e®1 |, " '(93b)
1 n=0
> 2 -Bﬁme v Ve v -3 .
Z = I n e "=e®e (e %1 , (93¢)



Y(it3 ...) = e 3 , (94a)

Yl (i3t = e i ' (94b)

in which Ve = Bﬁwe.

In Eg.(91) the product over % is taken over 1 to
3N-6, excluding i,j,k, and the summations are taken over
each of i,j,k from 1 to 3N-6, excluding the cases when
i=j=k.

The preceding solution was applied to a model 2-D
system with two degrees of freedom. In the expansion of

= 9r

grf = o™ the final expression of 1ln ETf for our model

system is

2
in 2+ £ = (In £ £) + % 1n A, + (D-D') + (E'-E) ,
s s h . i
arm i
(95)
where v
e, -y 1
- /2 el
2 Ve.® (1-e )
(1n 55 £) =1ln I ——p— r. (96)
harm i=1 e; -
-—— e
ve e (l-e l)
i

and A, is the same as in Eq.(66) with the proper identifi-

cation of variables.
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0 quant
D = —2 (97a)
-BﬁEan
I.e nj
ni
class
_ 2,
E = 5 > (97b)
1 1

and D' and E' are D and E of the lighter isotopic molecule.

In Egs.(97a,97b),

F 2 -
112 ([(Zzl—le)-

2y U2V 1V )] + [‘4Z21+4211+Z01)Z12U‘Ve2)]

+ZOZ)U(2Ve -V Y1

[(Z,,-2) (2
21 “11 12 1 2

+ [(Z21+3Z +22

111227 5) (21 54245)U(=2v, +v )]

1 2

-+

[(4z21+4zll+z01) (zlz+zoz)U(-Vel)]

+ [(Z21+2Z +2

111201) (215%24,)U(-2v, =V )])

1 2

2

Floo. ([ with 1 & 2 interchanged]) + (98)
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with

: e + i3
U(Vei"'vel—V j) Ve 1V ~V ! (99a)
i 7j J
i
U(-v_ ) = &1 (99b)
e. -V
1 e.
j
gclass _ B~ § 24F, .2 1 (100)
2 =g s iij A
i,i=1 Vo, Ve.
i 3

The expression of Eq.(lOO) for the classical vibra-

class

tional partition function Q2 was obtained in the limit

of T-»eo from quant for the 2-D system.

c. Numerical Resulté for the Model System

Numerical results of the 2-D cases are first presented
with a discussion following right after this section. Equa-
tion(94) is used to calculate the 1ln ET f (anharm). Equa-
tion(95) is used to calculate 1ln gf f (harm). To calculate
In 27 £ (exact), the nuﬁerical integration method is employed
for the classical partition function and numerical summation
is used for the quantum partition function of the model sys-
tem. The program for the actual calculation of the 2-D case
is listed in the appendix.

Inputs for the.program are the temperature, the sym-

metric stretching frequency Wy, the antisymmetric stretching
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frequency Wy anharmonicity constants Xy Xgoe From Nielsen's
result of the relationship between anharmonicity constants
xi and cubic coefficients Fijk' one can calculate F122’ Flll
by knowing the values of Fllz’ F222 (which equal zero in this
model case due to symmetry), Xi’ and mi.

In the following tables, first values of xl,_xz are
tabulated. The values of the exact, harmonic, anharmonic
1n §T f are presented in columns 3,4,5. Columns 6,7 yield
the percent error of the harmonic 1ln §T f vs exact and that
of the anharmonic 1n 27 f vs exact respectively. 1In col~

2

umns 8,9,10, A stands for .Zl ln A;; E stands for E'-E;
1=

D stands for D-D'. The last two entries are the calculated

L 1
values of F122’ F122 R Flll and Flll .
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Table 2 . Ln(s/s')f for model 2-D system #1 at 100° K ’
T = 100.000 WE'(1) = 500.00 WE(1) = 475,00 WE*(2) = 800,00 WE(2) = 760,00 £
~J
-/
;.’
o -/
§
¥
g
LN(S/S"IF . % ERROR '
— . LA L A L A Al b LAl Lt cid—A L4 4 L L L 5 L N h it ad A A ] - . —— e e e — P - e e — o
x1 X?  EXACT HARM, ANHARM. HARM. ANHARM, A £ D (F122,F1221)  (F111.F111%) z
eeme cmewe emccmecs cececeee eccmesme cmcee eeeemme seesmmee= eese-mme=  -- v—m———— P, cesevm mcemeccow ——cea J
o 0.002 0,002 _0.364130_0.365352__0.364511 __0.326__0,105__=0.000507_ __-0,000028 _=0,000307_( =3941s_=41,1)( =11,0s_=11.5) .
0.005 0.363064 0,365352 0.363571 00620 0.140 <=0,000965 <0,000068 =0,000747 ( =61,8s =65¢0)( =11+0s =11.5) )
0.010 0.361446 0.365352 0.362057 1.081 0,169 =0,001729 «0,000135 =0,001431 ( =BT7¢4s =92,0)( ~11e¢0s =11.5) o )
1,005 0.002 0.363533 0,365352 0.364213 0,500 0,187 -0,000808 -0.000027 =0,000304 ( =39.1y ~41,1)( =173, =18.3) J
0,005 0.362297__ 0.365352___0.363279__0.6843_ 0,271 _=0,001267__-0,000067 _=-0,000739_( =61,8, =65,0L{ =17,3, =18,3)
0,010 0.360487 0365352 0.361772 14350 00356 =0,002031 =0,000133 ~0,001416 ( =B87,4¢ =92,0)( =1743y =18.3)
R i)
T 04010 0.002 0.362699 0.365352 0.363718 0.7%1 00281 =0.001309 <-0.000027 -0,000298 ( <39.1¢ =8#1.1){ <2445, =25.8)
0.005 0.361271 0.365352 (.362792 1.130 0,421 =0,001767 -0,000066 =0,000727 { =61.8s =65.0)( =24+5¢ =25,8) J
o 0.010__D0,35924%5. 0.369352.__0,361298 ___1.700 0.572 =0,002531 -0,000131 <«0,001392 ( =874+ =92,0)( =245 ~25,8)
v
J
J
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Table 3. Ln(s!§:)f for model 2-D system #2 at 1000 K

T = 100.000 WE'(1) = 500,00 WE(1) = 475,00 . WE'(2) = 1600,00 WE(2) = 1520.00
[}
LN(S/S*)F % ERROR
X1 X2 EXACT  IIARM, ANHARM. 1HARFM. AWHARM. A £ D (F122,F122¢) (F111+.F111 ")

——0.002__.0,002 .0,651429__0,653102._0.652808__0.757._.0,058 __~0,000786__~0.000013__-0,000494 _(_=S4.,1y =56.9)( <1140, _=11.5}

P . T

174°]

0.005 0.649868 0.653102 0.650228 0.498 0,055 =0.001663 -0.000033 ~0.001178 ( =~85,5¢ «90.0)( =-11.0y =-11,5)
0,010 O0.647485 0.653102 O0.,647737 0.867 0.039 =0.003124 -0.000066 ~04002175 (=~120.,9¢~127.3)( -11.04 -11,5)

Stiriuiag

0.005 0,002 0.650720 0.653102 0.,651512 0.366 0,122 =0.001087 =0.000013 <~0,000889 ( =5441+ «56.9)( =17e3¢ =18,3}
- --04005_ 0,648922__0.653102. . 0.649340 _0.Ff4Y_ _ 0+157 __=0,001564__ =-0.000033 _ =0,001166 (_~BS¢S5¢ =90,0)(_=-17.3¢_=-18.3)__ __
0.010 0,646274% 0,653102 0,647459 1,057 0,183 =0.003426 <+0.000065 =«0,002152 (=12049¢-127.3)( =17,3+s =18,3)

0.010 0.002 0.649759 0.653102 0.651020 0.514 0,194 «0,001588 <=0,000013 =0,000481 ( =54,1s =~56,9)( =24,5, =25.8)
0.005 0.647696 0.653102 0.649460 0.835 0,272 =0.,002465 =0,000032 <~0.001145 ( =85.5+ ~90.0){ =245y =25.8)
~.0.010_. 0.644748 _0.693102__0.646997__1.296__(0.349_.+0.003926 _ ~0,000064 _ -0.002115 (~120.F+-12743)( -28.5, =25.8) ____

T IS IN 0 Ke WE®S AND F*S IN CM-1+ THE REST ARE DTIMENSIONLESS
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Table 4. Ln(s/s')f for model 2-D system at 100° K #3
T = 100,000 WE'(1) = 500,00 WE(1) = 475,00 WE'(2) = 2400.00 WE(2) = 2280.00
5
e e o B T e e SR
LN(S/S*IF % ERROR :
x1 xz "EXACT  MARM.  ANMARM. HARF. ANIIARM. A £ D (F122,F122%) (F111.F111%)
emme Seceme GEmmcere ceomcmetR EEceeeTs Eeeet EEeeEET AemeeCeene® SRS scEem® Srteceece SCcecceescamee SC~cecetecccesea (§;]
— 0.005...0.002 . 0.938751.. 8.940859 0.939143 _0.225 . N.042._=0.001071__=0,000009__~0,000637 ( -66,0s =69,5)( =11,0y =11,5)______ U1
0,005 0.936679 0.940R59 0.936982 D.446 0,032 =-0.002375 -0.000022 «0.001481 (=104.44~109.,8)( =11,0s =11,5) i
0.010 ©0.933493 0,940859 0.933639 0.789 0.016 =0.004548 =0,00004% <-0,002628 (=147,64=155.3)( =11.0+ -11,5) Ig
0.005 0.002 0.937953 0.940859 0.938849 0,310 0,096 «0,001372 <=0.000009 =0.000630 ( =66.0s =69.5)( =17+3¢ =18.3)
04005 0935592 0,940859. 0.936697__0.5€3__0.118__ =0.002676_=0,000022__ ~0,001465_(=104,4,=109,81( _=173¢_=18,3) ___ .
0.010 0.932082 0.950859 0,933367 0.9492 0,138 =0.008849 =0.000043 «0,002400 (=147¢6+~155.3)( =173+ =18.3)
0,010 0.002 0.937199 0.940859 0.9308359 0.390 0,124 «0.001872 <0.000009 <0,000619 ( ~6640+ =69.5)( =24,5¢ =25,8)
0.005 0.934206 0.940859 0.936223 0.712 0.216 =0,003176 <=0,000021 =-0.001439 (=104.4+=103.8)( =245+ =25.8)
. .0.010 . 0.930331__P.9UNK59 _0.932914 _1,1%2_ 0,278 __=0,005350 _ =0,000042 _-0,002553 _(=147,64=155.3}( _=24459 _=25,8) e

T IS IN O Ke WE'S ARD F'S IM CM=1+ THE REST ARE DTMENSIONLESS
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__Table 5 . In(s/s')f far model 2-D system #4_at 1000 K
T = 100,000 WE'(1) = 500,00 WE(1) = 475,00 WE'(2) = 3200,00 WE(2) = 3140.00 ¥
. i
o
5
3.
o </
{
LN(S/S")F % ERROR §J
bl sl S Il h hedad ol R A Rk S A ] ol dh Aot i feicnd mm————— e s % = ee e m————— + e e mmem ;
x1 X2 EXACT HARM.  ANHARM, HARM. ANHARM. A E b) (F122,F122%)  (F1114F111%) :
ccen @emem mremmece  memm—me—=  -- —————— wmmaw memeces mcemc—aa-= cmcmetren  emmamca- . ermecmcrecace mmcccecccrceae L
0,002 0.002 _0.54009% _0.591588_ 0.540638_ 04277  0.101_ =0,000634 =0,000002__=0,000314 { =77.4s_=80s11f =1140s =11,5) .
0,005 0,538777 0.541588 0539581 0.522 0.14¢9 -0.001284 <0,000006 -0,000717 (=122.3¢=126,7)( =11.04 =11,5) 7
0.010 0.536796 0.541588 0.537971 0.893 0.219 =0,002368 =-0.,000012 <0,001238 (-173,0+=179.2)( .~11.0s =11.5) P [V
0.005 0,002 0.539246 0,541588 0.,540342 O0.434 ) N.203 -q.000936 ~0,000002 =~0,000308 ( =774y =8041)( ~17¢3¢ =18,3) 5
0.005 _0.537853__0.541586__0.539293_ 0.69% 0,268 =0.001586__=0,000006__=0,000704 _(=122,34212647)(_=17+3s_=18,3)
0.010 0.535616 0,541588 0.537694% 1,115 0,388 =0,002669 <0,000011 <0,001214 (=173,00=179.2)( =17¢3s =18.3)
; Y
0,010 0.002 0.531178 0.541588 0.539851 1.960 1.633 <0.001436 -0.000002 <0.000299 ( =77+4+ =8041)( =2445¢ =25.8) ,
0,005 0.536652 0,541588 0.538814 0,979 0,403 =-0,002086 =-0.000006 =0.000602 (=122.3+~126.7)( =24.5¢ =25,8) i
0.010 _0.53%127 0.5%1588 _0.537232 1,397 0.581  =0.003169 _=0,000011 =0,001176_(=373,01=179.2)( =24¢5s =25,8)
v
L&
' _
)
"7 IS IN O Ke WE'S AND F*S IN CM-1, THE REST ARE DIMENSIONLESS oo -
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__Table 6., Ln(s/s')f for model 2-D_system #5_at_100° K

T = 100.000 WE'(1) = 1000,00 WE(1) = 950,00 WE'(2) = 800,00 WE(2) = 760,00
’
LN(S/S*F % ERROR
X1 x2 EXACT HARM, ANHARM. HARFM. ANIIARM, A 3 D {F122.F122¢%) (F111+F111°)
0,002 _0.002__ 0,542872 _ 0,544AT6 _ 0.543642 _0.443 0,216 =0,0006R0__-N,000039 _~0.000515 ( -65.2+ =68e6)( =21.9, =23.1)______ ~1
0.005 0,540213 0,544876 0.542394 0,863 0.400 =0,001139 -0.000096  «N.001247 (=103.,14~108.5)( -21.9, =23.1)
0.010 0.536717 0.544A76 0.540416 1.520 0.689 =0.001903 =0.000189 =0.002368 (=145.8+-153.5)( =21.9, =23,1)
0.005 ©0.002 0,541413 0.504876 0.543091 0,640 N.310 =0,001241 -0.000038 =0.000504 ( =65.2¢ -68.6)( =347y =3645)
P05 _0,538866__0.544876._0.541859 _1,115_ 0,556 __=0,001700__-0,000095 _~0.001221 (=103,1.=108,5)( =34.7s =36.5)____ _ _____ __
0,010 0.535044 0,544876 0.539906 1,827 0,909 =0.,002064 <0,000187 =0,002319 (=145,81~153.5)( =34,7¢ =36.5)
0.010 0.002 0.539917 0.544876 0.542174 0,918 0,418 =0.002177 ~0.000038 <0,000487 { ~65¢2+ <6B8+6)1( 49,14 =51.6)
0.005 0.537044 0.54%876 0.540967 1.458 0,731 =0,002636 =-0.00009% =0.001179 (=103,1+=108.5)( =49.1y =51.6)

. 0,010_ 0.5328%6__0,544876 _0.539053 _ 2,256 1.163 -0.003400_ -0,000185 =0.002238 (=145.3+=153,3)( =491

=51.6)

T IS IN 0 Ks WE'S AND F'S IN CM-1+ THE REST ARE DIMENSIONLESS
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Table 7 . Ln(s/s'")f for model 2-D system #6 at 100° K

T = 100,000 WE'(1) = 1000,.00 WE(1) = 950.00 WE(2) = 1600,00 WE(2) = 1520,00
. _— e .. _ e ey
LN(S/S*IF % ERROR
swessreseenensresannsrnnenre esccecbeccoses S
X1 X2 EXACT HARM, ANHARM, HARVM o ANIARM. A E D (F1224F122") (F111.F111")
- ——--- P - .- - - - DK G mEEET @ ® .- - - - - - E e N R L L e N L T U]
—0.002_.0.002. 0.830219 _0.8%2625 __0.031049 0,290 __0,100 _-0.000959 _-0,000014__-0.000603 ( ~78.1y =82.3)( ~21.9y =23.1) ____ _®
$.005 0,828114 0,832625 0,829322 0,545 0,186 =0.001836 -0.000035 =0,001433 (=123.6+=130,1)( =21.9, =23,1)
0.010 0,824928 0,832625 0.826626 0.933 0,206 =0.003298 =0,000069 =0.002633 (=174.7+=183,9)( =21,9, =23.1)
0.005 0,002 0,829062 N.832625 0.830500 0.4%N 0.173 =0.001520 =-0.00001% =0,000591 ( =78.1s =82,3)( =34,7s =36.5)
——_0.005 0.826611._0.832625 _0.828791__0.728__0.264 __=0.002397__-0.00003Y%_ _~0,001403 (=123,6+=130¢1)( =34,7y_=36.5)___ ___ _ —
0.010 0.823034% 0,832625 0,826120 1,165 0¢375 =0,003859 <=0.000068 =0,002578 (~174+79=183,9)( «34,7¢ =36.5)
0.01f 0.002 0,827454 0.832625 0,829585 0.625 0.258 -0,002456 <=0.000014% <0.000570 ( ~78ele ~82.3)1( -49.1s =51.61
0.005 0.824613 0,.832625 0,827905 0.972 0.399 <0.003333 -0.00003% =-0.001354 {=123.6¢-130.1}{ =49.1s ~51.6)
— 0.010.. 0,8209% _0.832625_..0,825276___1.4A6__0N.570__=0,004795__-0,000067 ~-0.002487 (=174%.7¢=-183.9)(_ =49,1¢ =51.6) __

T IS IM 0 K. WE®S AND F*S IN CM=1+ 1HE REST ARE ODIMENSIONLESS
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’ Table 8 . Ln(s/s')f for model 2-D system #7 at 100° K

- T = 100,000 WE*(1) = 1000,.00 WE(1) = 950,00 WE*(2) = 2400,00 WE(2) = 2280.00

~ LNIS/S")F % ERROR

x1 X2 EXACT HARM . ANHARM. HARM. ANHARM. A E D (F122,F122¢) (F111+F111")

—0,002_.0,002_1.117519 _1,120382_.1.118421__ 0.256._0.081 __=0,00124% _=0,000009__~0,000708_( =94,2y. =99.1)(_=2149, 223,1)

i

6S

0.005 1,114920 1.120382 1,116171 0,490 0,112 =-0.,002548 =~0.000023 -0.001641 (=148,9+=156.7)( =219, =-23.1)
N 0.010 1.110975 1.120382 1.112722 0,847 0,157 =0.004721 =0,000045 =~0.002895 (=210.5¢-22146)( =2149¢ =23,1)

& 0.00% 0.002 1.116239 1,120382 1.117876 0.371 0,147 <=0,001805 -0.000009 =0.000693 ( ~94,2¢ «99,1}( =3447y =36,5)
e .04005...1.113223__1,120382_ 1,115646__D.643_0,218 __=0.003109 __=0,000022__=0,001605 .(=148¢91¢=15h+7)(_=344T7+_=36.5)

0.010 1,108A809 1.120382 1,112226 1,048 0,308 =0,005283 «0.,000044 <«0.002830 (=210,5¢%2216)( =34¢7+ =36.5)

0.010 0,007 1.1148454% 1,1202%82 1.116965 0,528 0.222 =0.002741 <~0.000009 =0,000667 ( =~94.2s ~99.1}( =49.1¢ =51,6)
r 0.005 1,111008 1,120382 1.114770 0.84% 0.339 =~-0,004045 <0.000022 =0.001545 (=148,91=156.7)( «49.:1¢ =51.6)
0.010_.1.106064 __1.120382_1.111397__1.295._0.482__=0.006218__=0,000044 _=-0,002724 (=210,5¢-221.6}(_ =491y _~51,6)

D

T IS IN O Ke WE'S AND F*S IN CM=1+ THE REST ARE DIMENSIONLESS
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Table 9 . Ln(s/s*)f for model 2-D system #8 at 100" K
r T = 100,000 WE'(1) = 1000,00 WE(1) = 950,00 WE'(2) = 3200,00 WE(2} = 3140.00 -
A -
’
r\
~
r LN(S/S*)F % ERROR :
~ X1 X2 EXACT  HAKM.  ANIARM. HARM. ANHARM., A £ D (F122,F122%) (F111+F111°) L
mmee meeee Semmcces cemccmes cremmotm emmae Sesemee cmsmmecs® cecameses emeseesss Sreeceeneceee SecmeeSemecem-- o
__ 0.002_.0.002 _0.718931._.0,721112__0.719947__.0.303_ 0141 __-0,000608__ -0,000002 __=0,000355_(=109,94~113.9)( =21+9y_-23,1). = .
0.005 0.717113 0.721112 0.718A37 0.558 0,240 -0.001158 -0.000006 =0,000812 (=173,7¢=180.0)( =21s9s =2341) -
~ 0.010 0.714406 0.771112 0.717154 0.9239 0.385 =0.002541 =0,000011 =0,001405 (=245,7¢=25446)( =21¢9s =231} :
C 0.005 0.002 0.717787 0.721112 0.719398 0.463 04225 =0.001369 =0,000002 =0.000342 (=109.9+=113.9)( =34.7¢ =36.5) -
. .. D.005.. 0.715642__0.7°1112__0.718304__Q.7E4__0.372__=-0Q.002019__ -0,000006__ =0,000783_(=173.7+~180.0)(_=3479s_=36,5).
~ 0,010 0.712558 0.721112  0.716645 1,200 0,574 =0,003102 =0,000011 =0.001353 (=245,7+-254.6)( =347+ =3645)
0.010 0,002 0.716009 0.721112 0.718683 0.713 0.346 =0.002305 <=0.000002 <=0,000322 (=109.9+=113.9)( 49,1+ =51.6)
r 0.005 0.713680 0.721112 0.717416 1.041 (o523 =0,002955 «0,000006 =0,000735 (=173.74-180+0}( =49e1y =51.6)
0.010__0.,710171 _Q.721112_ 0.215794% __1.541__G.792 =-0,004038 -0,000011_ _-0.001269 (-245.79-254.6)( _~49e1s_ =51.6)
~ -
~ .
r: )
~ T IS IN O Ke WE'S AND F'S IN CM-1s THE REST ARE DIMENSIONLESS .
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— Table 10 . Ln(s/s')f for_model 2=D system #9_at 1000 K 3
T = 100,000 WE'(1) = 1500,60 WE(1) = 1425,00 WE'(2) = 1600,00 WE(2) = 1520.00
LN(S/S?F % ERROR
X1 x2 EXACT HARM.  ANHARM. HARM. ANHARM, A E D (F122,F122%) (F111.F111%)
—ceoea oS omo- TErTeemTre Seocooss S m--o- AEeE® Poeecaner CECETe=ee - .- coeeseoeee e CeEPTATeEraee BCaeeSoeosesen m
 N.002_.0.002 _1,009217__1,012473 _1,010589 _0.323_ 0,136__=0,001134% -0,000016__=0.000735 (=100,44=105.7)( =32+9, =34,6) =
0.005 1,006367 1.012473 1.00B686 0,607 0,230 =0,002011 -0,000038 =0,001738 (=158.8¢=167.1)( ~32.9, =34,6)
0,010 1.002030 1.012473 1,005750 1.042 0,371 =0,003473 -0,000076 =0,003175 (=224+5¢=23644)( =32.9¢ =34.6)
0.005% 0.002 1.007627 1.032473 1,009788 0,481 0,214 =0,001958 =0.000015 =0.000712 (=100,4+=105.7)( ~52.0¢ =54,8)
o 0.005_.1.004332_ 1.012473_1.007917._0.811___ 04357 .=0,002835__=0,000038__~0,0016R3 (-158,84=167,1){_=52¢0y_=54,8)____ __
0,010 0.99949% 1,012473 1.005026 1,299 0,553 =0.004296 ~0.000075 «=0,003075 (=224,54=236e4){ =52¢0¢ =54,8)
0.010 0,002 1.005391 1.012473 1.008452 0,704 0,304% =0,003331 <~0.000015 -0,000674 (=100,4¢=105¢7)( =73e69s =77+5)
0.00S 1.001595 1,012473 1.006632 1.086 0.503 «0.004208 -0,000038 <0,001595 (=158,84=16741}( =T73:64 =77,5)
....0.010_0,996191__.1,012473.__1,003814__1,634 0,765__~0,005670 _-0,000075__~0,002915_(+224%,5:=23644)( =T346y. =T7eS5V ___ ______ .
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___Table 11 ., ILn(s/s")f for model 2-D_system #10 at 100" K . . —
T = 100.000 WE'(1) = 1500,00 WE{1) = 1425,00 WE'(2) = 2400,00 WE(2) = 2280.00
LN(S/S*)F % ERROR
X1 X2 EXACT HARMe  ANHARM. 1ARF. ANHARM. A E D (F122,F122%) (F111+F111°)
 0,002__0,002 1,296642 _1,300230 _1,298022 0,277_ 0,106 __=0,001419__~0,000009__ =0,000780 {=117,2+=123.4)( =32.9,_=34,6) 2
0,005 1.,293496 1.300230 1,295684 0.521 0.169 =0,002723 -0,000023 -0.001800 (-185,3,=195,1)( =32.9y =34,6)
0.010 1.288735 1.300230 1,292130 0.892 0.263 =0.004896 =0,000046 =0.003157 (-262,14=275.9)( ~32.9+ =34,6)
0.005 0.002 1.294924 1.300230 1,297224 0.410 0.178 <=0,002243 ~0,000009 =0,000754% (=117.2+=123,4)( =52,0¢ =54,8)
. 0.005__ 1,291259__1,300230 _1,294920 __0.695 _ 0.284_ -0,003547_ -0.000023__~0.001740 (-185.3¢=195,1)( =52.0, _~54.8)
0.010 1,2085913 1,300230 1,291414 1,113 0,428 <=0.,005720 =-0,000046 =0,003050 (-262,1+=275¢9)( =52.0+ =54.8)
0.010 0,002 1.292544 1,300230 1,295893 0.595 0.259 «0,003616 -0.000009 =0,000712 (=117+2¢~123.841( =73+6¢ =77¢51)
0.005 1.,288293 1.300230 1,293645 0.927 0.415 -0.004920 -0,000023 -0,001642 (~185.3,-195.1)( =73.64 =77.5)
. _0,010_1.282287 _1.300230 __1.290215_ 1.399_0.618_ -0,007093_ -0,000046 =0.002876_(-262:14275.9)( =73.64 <77.5) e
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—Table-12 .- Ln{s/sYf for_model 2-D system #11 at 100" K - ; -
2 T = 100,000 WE'(1) = 1500,00 WE(1) = 1425,00 WE'(2) = 3200,00 WE(2) = 3140,00
r
I
1
[ LN(S/S*)F % ERROR
F X1 x2 EXACT THARM, ANHARM. HARM. ANHARM. A E 0 (F122,F122%) (F111+F111°)
PR ,a--- - - . T e Y] camcawee- EPEEmt PO ETEn ESeeTwoe- - - - B R T I e e e ) m
o 0.002_.0.002. 0.B98085__0.900960_ 0.899574 __0.320_ 0,166 _=0,000983__<0,000002__=0,000401. (=135,6¢=140.6)( =32.9, =34,6) __ @ _ ___ _
0,005 0.895736 0.900960 0.898403 0,583 0,298 «0,001633 ~0,000006 <=0,000918 (=214,54=222,3)( =32.9, =34,6)
[ 0.010 0,892212 0,900960 0,896639 0.9A0 0,496 =0.002716 =0,000011 =0,001593 (=303,34=314,4)( =32.9, =34,6)
[ 0.00c 0,002 0.896538 0,90C960 0,898770 0.493 0,249 =0,001807 =-0,000002 =0,000381 (~135,64=140.6)( =52.0¢ =54,8)
o 0.005__0,893770.__0,900960__0,0897626__0.,AN4_ 0,431 __=0,002456__«0,000005__=0,000872_(=214,5:=222¢3}(_=5240+_=54,8)
' 0.010 0,889774 0.906960 0.0695898 1.257 0,688 <0,003540 <0,000011 =0,001511 (=303¢3¢=314,4)( ~52.0s =5448)
6,010 0.002 0,834350 0.900960 0,6897429 0,739 0.344% =0,003180 -0,000002 -0.000348 (~135.60=140.6)( =73+69 =77+5)
i -~ 0.005 0.891130 0.900960 0.89A327 1.105 0.586 <=0.003830 -0,000005 <-0.000797 {(~218.5,2222.3)( -73e64 =775)
04010 .0,806581_ 0,900960__0,H89465R __1.622 0,911 __~0,004913 _ ~-0,000011_ «~0,001378_(~303¢3¢=31444)}( =T3¢6y. =TTeS5) . o ___
[ ,
1
I .
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— Table 13 . In(s/s*)f for model 2-D system #1 at 300~ K i
& T = 200.000 WE'(1) = 500,00 . WE(1l) = 475,00 WE'(2) = 800,00 WE(2) = 760,00
g‘ I3
&
(Y]
€ LN(S/S")F % ERROR §
1' e X1 X2 EXACT HARM, ANHARM. HARF, ANIARM, A 3 0 (F122,F122%) (F111+F111%)
O o
)  0.002_0.002__0,070522__0,070772__0,070487__0,356_=0,049 _=0,000144 =0,000080 __-0.000061 (_=39,1y =81.1)( =11+0y =11.5) S
0.005 0.070287 0.070772 0.070141 0.690 <0209 <0,000284 =0,000197 =0.000151 { =61.8¢ =65.0)( =110y =~11.5)
D 0.010 0.069928 0,070772 0.,069579 1,207 =0,499 «0,000513 ~-0.000383 +0.000297 ( =87.%e =92.0)( =11¢0y =11,5)
ie 0.00% 0.002 0,070412 0,070772 0.,070418 0.511 0,007 ~0,000215 -0.000078 =0.000061 { =39.1s =41.s1)( =17+3s =18,3)
0.005_0.,070155__0,070772__0,070074__ 0,8RN _«0,115_ «0.000355__~-0,000192 _-0.000151_¢( =-61.8y _=~65.0)( =1743¢_=~18,3)
@ 0,010 0.069772 0.070772 0.069517 1,438 ~0,365 <0,000584 ~0.00037% =0,000297 ( ~87.t%y =92,0)( «17e3¢ ~1843)
. 0.010 0.002 0.070259 0.,070772 0,070308 0.731 0,069 =0,000328 ~0.000076 <-0.000061 ( =39+1s ~41.10( -20e5¢ =25481
& 0.005 0.,069977 0,070772 0.069967 1.136 ~0.014 =0,000468 =~0.000187 =0,000151 { =61.8¢ =65.0)( =24¢5y ~25.8)
_0.010_0,069572__0,070772_  _0.069415__1,726_=0.,225 _=0,000696__ -0.,000364 ~0,000297 ( _=-87,%s =92.0)( =2445¢ =25.8) _____ __ ______.
T
T
] .
B
x @ T IS IN O K+ WE'S AND F'S IN CM=1: THE REST ARE DIMENSIONLESS -
1 %
%
1 o
b - -—




"te

—Table 14 . Ln(s/s')E for model 2-D system #2 at 300% K
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T = 300,000 “WE'(1) = 500,00 WE(1) = 475,00 WE*(2) = 1600,00 WE(2) = 1520,00
—
LNIS/S*)F % ERROR
TTT%1T T x2 CExAcT T HARM, | ANHARM, HARN, ANHARM, A E D (F122,F122%) (F111.F111%)
< __0.002 _0,002__0,161786__0,162238__0,151792__ 0,279 __0.004 =0.000263 -0,000039 -0.000144 ( =S4.,1s ~56+9)( 1140y =11.5)
0,005 0,161316 0.,162238 0.161205 0,571 =0.069 <=0.000583 <0,000096 =0,000354 ( =85,5¢ =90+0){ ~11.04 =11.5)
0,010 0.160582 0.3162238 0.160248 1,031 =0,208 =0,001115 <0,000188 <=0,000686 (=120.9+=127.3)( ~11,0¢ =11,5) ER

Ziphuwng

0.005 0,002 0,161634 0,162238 0,161722 0.374 0.054 -0.000334 -0.,000038 ~0.000144 ( -SHely <56.9)( «3i7.3¢ ~18.3)
0.005__0.161114__ 0,162238_0,161137__0,697__0.,014 _=0.,000654 =~0,N0009% <=0,000353 ( =855y =2040}( =17+3s =1843)

ot ion Y KT

AT SIS N P L § N T 0 3. S A SATTE AL ST A

ae

0,010 0.160326 0.162238 0.160183 1,193 -0,089 =-0,001186 ~-0,000184 ~0,000685 (-120,9¢=127.3}( ~17+3¢ =18.3)

TT9.010  0.002 0.161432 0.162238 0.161611 0.499 0,111 =0,000447 =0.000037 -0.000143 ( =54.1¢ -56.9)( <24.5, =25.8)
0.005 0,160859 0.,162238 0,161028 0,857 0,105 =0.000766 =0,000091 =0,000352 ( =85.5¢ =90.0)( <24¢5s =25.8)
0,010 _0,160013  0,1€2238 _0,160077 1,391 0,040 =0,001298 -0,000179 -0.,000683 (=120,9¢=127.3)( ~24.5, =25.8)
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__Table 15 . Ln(s/s')f_for model 2-D_system #3 at_300° K ) -

TR RN

T = 300,000 WE'(1) = 500,00 WE(1) = 475.00 WE*(2) = 2400,00 WE(2) = 2280.00
LN(S/S*)F % ERROR
X1 X2 EXACT  1IARM, AMHARM. HARM. ANHARM, £ D (F122.F122¢) (F111+F111°¢)
more memes eececem=e aemeea= ® wecmvecs eccem= cecmeee cmescmesm® eerace-as secseeces eecemccmssee= ee--escccneen= fo))
—N.0C2_. 0.002_ .0,257367__0.257947 _ 0.257359_. 0,225 -0.,003__=0,000355__=0.000026__=0,000207_( =66,0y =69.5)( =1140y =11.5)__ o
0.005 0.256738 0.257947 0.256564 0,071 =0,068 ~0,000814 =0.00006% =0,000505 (~10444+=109.8)( ~11s04 =11,5)
0.010 0.255751 0.257947 0.255275 0.859 =0.186 =0,001578 =-0,000126 =0.000968 (=147.61=155.3)( =11,0, =11.5)
0.006 0.002 0,257195 0.257547 0.257288 0,292 0,036 =0,000426 -0.000025 -0,000207 ( =66.0¢ =69.51{ =17.3¢ =18.3)
.. 02005 _ 0.25650% __0.257947 __0,256495__D,562 -0.004__ =0,000885__ ~0,000062__~0,000504 (=104,4,-109,8){ ~17¢3y ~18,3)
0,010 0.255448 0.257947 0.255209 0.978 =0.09% =0,001649 «0.000123 <0,000966 (=~147¢6¢=15543){ ~17¢3¢ ~1843)
0.010 0.002 0.256971 0.2579487 0.257177 0.380 0.080 «=0,000539 <0.000025 <-0.000206 ( ~66+0¢ =69.51( =24s5¢ =25.8)
0.005 0.256215 N.257947 0.256386 0.676 0,067 =0.000997 -0.000061 =0,000503 («104,4s=109.8)( =24+5, ~25.8)
___0.010_.0,25508& _ 0,257947 _p.255103_1,121_ 0,006 _-0,001761__=-0,000120 __+0,000963 (~147.6+1~155.3)}( «24.5y_=25.8) __ ___ _ ___ _ _
T IS IN O ¥+ WE'S AND F*S IN CM-1+ THE REST ARE DTMENSIONLESS - - i
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— Table 16 .. Ln(s/s")f for model 2-D_system #4 _at 300_K _ . . -
T = 300,000 WE'(1) = 500,00 WE(1) = 475,00 WE'(2) = 3200,00 WE(2) = 3140,00
LN{S/S*IF % ERROR
X1 X2 TEXACT NARM, ANHARM. [1ARM. AMHARM. A E D (F122,F1227)  (Fills+F111%)
mte  mmeir mmememme  ceecocee ccemceme cccee emmeeme amsemscee emmeesese eemmeeees —eece-omeem-e SEeecEe-a—-——- o
4,002 0.002. 0,146101 0.146426 _0.146118_ 0,223 _ 0,012 _=0.000198 _~0.000007__-0.000103 (_ =77.4s =80.1)( =11.04 _=11.5)___ N
0.005 0,145764% D0.186426 0,185780 0.454 ~N,017 =~0.000421 ~0.000017 =0,000248 (=122¢3+=126.7)( =11.0s =11.5)
0,010 0,145233 0.146426 0,145131 0.821 =0,071 =0,00079% ~0.000033 =0,000468 (=173,00=179:2)( =1140¢ ~11.5)
0.005 0,002 0,145967 0.146426 0,146047 0,301 0,041 =0,000270 -0.000007 =0.000103 ( =77.4, =80,1)( =17.3, =18.3)
o 0.005 _0.145624__0,146426 _ 0.145669 0,551 0,031 __=0,000493 _-0,000016__=0.000248 (=122.3¢=126.7)( =173+ =18.3) j
0,010 0.145064 0.146426 0.1450660 0.920 =0,003 -0.000865 -0,000032 =0,000469 {«173,01=179.2)( =173+ =18.3)
0.010 0.0P2 0.145831 0.146426 0.145935 0,408 0,071 =0,000382 -0.,000006 <-0,000103 ( ~77.4+ =80,1)( -28,5, =25.8)
0,005 0.1454484 0.186426 0.145557 0.675 04078 =0.000605 -0,000015 =0,000248 (~122.3+=126¢7)( =245, =25.8)
. 0.,010_ 0.144860 0.J46426 0.144949 1,081 0,061 __=0.000977_ ~0,000031 _«0,000469 (=173,0¢=179,2)( =245, =25.8) ___ R
T IS IN O K» WE'S ANG F'S IM CM-1e THE REST ARE DIMENSIONLESS o - ) - T
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Table 17 . Ln(s/s*)f for model 2-D system {#5 at 300° K

—-0.002__ 0,002 __0.119489 _.0.120163__1.119695

T = 300,000 WE'(1) =  1000.00 WE(1) = 950,00 WE'(2) = 800,00 WE(2) = 760,00
LN(S/S*IF % ERROR
X1 x2 EXACT HARM, ANHARM. HARM. ANHARM. A E D (F122,F122%) (F111+F111%)

-——-a LT R cemcerce- - - e m N EGNeEmSE .- - e .- --- e mtstecteeates BECCRTOme®--ee

04565.._06172__=0.000224__~0,000113__~0,000132 _( =65¢21.-68,6)( 2219y ._-23,1)

89

0.005 0,118883 0.1720163 ©0,119197 1.077 0,264 «0,000364% -0.,000277 =0.,000326 (=10341+-108.5)( -21.9, =23.1)
0.010 0.117958 0.,120163 0,118392 1.870 0,368 «0,000592 . -0.000539 =~0.000640 (~145.8¢=153+5)( ~21¢9¢ =23,1)

D.005 0,002 0.119166 0.170163 0.119505 0,837 0.284 <=0,000416 ~0.,000111 =0,000131 ( =-65.2+ -68¢6)( =34s7¢ =36.5)
~0.,005__0,1184892__0,120163__0.117012__ 1,413 0442 =0,000556__~0.000272___=0,000323 _(=103¢1+=108+5){ _=3%+7¢_=36.5)

0.010 0.117486 0,120163 0,118214 2,279 0.620 =~0,000785 ~0,000529 ~0.000635 (=-145,8+1-153.5)( <347+ =36.5)

0.010 0,002 0.,118701 0,120163 0,119192 1.232 0,414 -0,000733 <~0.000109 ~0,000129 ( =65.2¢ ~68.6)( =49.1y =51.,6)
0.005 0.117944 0,120163 0,.,118704 1,882 0,645 +0,000873 =0.,000267 =0,000319 (-103.,1+~108.5)( -49.1y =51.6)
—.0,010__0.116856 _.0,120163__£.117915 2.830 _D.906 __=0.001102 ~0,000519_ =0.000628 (-145.81-153,5)(_=49¢1+ =51.6)

T IS IN O Ke WE'S AND F*S IM CM=-1e THE REST ARE DIMENSIONLESS
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Table 18 . Ln(s/s')f for model 2-D system #6 at 300" K
r T = x00.000 WE'{1) = 1000,00 WE(1) = 950,00 CWE'(2) = 1600,00 WE(2) = 1520,00
n
0 .
N
N LN{S/S*)F % ERROR
~ X1 X2 EXACT HARM, ANHARM, HARM. ANHARM. A £ 0 (F122,F122%) (F111+F111%)
3 P P, P L L S croee GEmamme Saeo®-- er eoomecom- - - - - o L T iy [@)]
0,002 _0,002__0,210840 _0,211624 0,211048 _0.374__0N,099 _~0,000343 -0.000041__ ~0.000196_(_«78s1e -82,3)( =219 ~23,1) ©
0.005 0,210143 0,211628 0,210383 0,707 0,114 «0,000663 «0.000101 -0,000482 (=123,64=130.1}( -21.9, =23.1)
) 0.030 0.209081 D.211628 0.209298 1,218 N.104 -0,001195 «~0.000199 -q.000936 («174,7¢~183.9)( =~21.9, =-23,1)
S 0,005 0,002 0.,210464 0,211628 0,210858 0.553 0,187 =0.000535 =0,000040 =0.000195 ( =78¢1s =82,3)( 34,7y =36.5)
. 0.0N5._0,2096F2 _0,211628__ 0,210195__0.928__ 0.254%__~0,000855__=0,000100  ~0,000479 (=123.6+=130.1)(_=3447+ _=36,5)
~ 0.010 0.2068482 0.211628 0.209116 1.509 0.304 «0.001387 -0,000196 ~0,000930 (=174,79=183.9)( =34,74 =3645)
4
0.010 0.002 0,209939 0.211628 0,210544% 0,805 0.288 <=0,000852 =0.000040 <0,000193 ( =~7Be.1s ~82.3)( 49,1, -51.6)
3 0.005 0,209019 0,211628 0,209885 1,249 (0,415 =0,001172 <0.000098 ~0.000474 (=123.64-130.1)( =49¢1y -51.6)
0,010__0,207708__0,211628 . 0,208812 1.8R8_ 0,532 =-0.001704 -0,000192 -~0,000920 (=174,7¢-183,9)(_ =-49.1y_=51.6)
3
3
3 \
A T IS IN O Ke WE'S AND F*S IN CM=1+ THE REST ARE DIMENSIONLESS -
)
3
r‘?)

Sl ume | bedbies b 10y

ik e g



e J

. )
e
P

-

ir

MY e g 0B

CHIP i

°
Table 19 . Ln(s/s')f for model 2-D system #7 at 300 K
T = 300,000 WE'(1) =  1000,00 WELL) = 950.00 WE'(2) = 2400,00 WE(2) = 2280,00
LN(S/S*)F % ERROR
X1 %2 EXACT HARM, ANHARM, HARNM. ANHARM. A E D (F122,F1227) (F111.F1117)
ecee mecce eemiccms ccmecccs cmmmeeme comee Shmamme eEmeseSenes ceececeeee Seceseeecs SeeceeeceSeeste SCeccceccsneoa N ]
. 0.002_0,002_0,306401__0n,307338__0,306614 _0.306__ 0,070 _~0,000435_ ~0,000027 _=N,000262 (_=94.2¢ ~99.1)( =219y =23,1) =)
0.005 0.305541 0.307338 0,305740 0.5 0,065 =0,000893 ~0.000066 =0.000638 (=148,9¢=156e7){ =21.9¢ =23.1)
0.010 0.304229 0,307338 0.304326 1.022 0,032 =0,001657 =0.000130 =-0,001224 (=210,5:=221.6)( =2149y =-23.1)
0.005% 0.0012 0.305986 0.307338 0.306424 0,442 0,143 =0,000627 =-0.000026 =0,000260 { =94.2y =99,1)( <347+ =3645)
_0.005_ 0,304998 _ N, 3N7338___0,305553__0.767 0,182 __=0.001086_ =0,000065__~0,000634 (=148,9¢=15647)(_=34e7+_=36,5)
0.010 0.303543 0.307338 0.304144 1,250 0,198 «0,001850 ~0,000128 ~0,001217 (~210.50-221,6)( =34¢7+ =36.5)
0.010 0.0n2 0.305416 N.307338 0.306111 0.629 0.227 -0,00094% =0.000026 «0.000257 ( +94,2s «99.1)( =49.1s =51.6)
0.005 0.304286 0.307338 0.305244% 1,003 0,315 -0.001403 -0.000063 -0,000628 (=148.9¢-156.71( =49¢ls =51.6)
0.010__0,302671 _0,307338 __0.303842 1.542 0,387 =0.,002167 _~0,000125 =-0.001204_ (=210,5¢~221.6)( =4%9¢1¢_=51.6)

T IS IN D Ke WE'S AND F*S IN CM~1+ THE REST ARE DIMENSIOMLESS
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Table 20 . Ln(s/s')f for model 2-D system #8 at 300° K

T = 200.000 WE'(1) = 1000.00 WE(1) =  950.00 WE'(2) = 3200,00 WE(2) = 3140.00
LN(S/S*IF % ERROR
x1 x> EXACT HARN, ANHARM. HARF. ANHARM, A E D (F122,F122') (F111.F111%)
- -——--- - -- [ - - B EE BEaREEEG oo we--- — - v mEmeom-- G e E G oG e W ® e — - .- \J
— 0,002 _0,002__0.195124__0,195817__0,195370__Q.355_0,126__=0,000278 _-0,000007__=0.000162_(=109,9+-113.9)( =21.%_=23,1) [
. 0,005 0,194548 0,195817 0.194905 0.652 0,183 =0,000501 -0.000017 ~0,000394% (=173,74=180.0)0( =219, ~23,1)
0,010 0.193682 0.195817 0,194161 1.102 0,247 =0,000873 =0.000033 =0,000750 (=245.7y-254.6)( =21.9¢ =23,1)
0.005 0,002 0.19%761 0,1S5817 0.195179 0.542 0,21% =0.000470 =-0,000007 =0,000161 (=109.9+-113.9)( =347+ =36.5)
.—0,00%5__0,194069__0,195817__0,194716  0.830__0,323 __-0,00069%__=0.000016 _=0,000390_(=173.7¢~18040)(_ +3%47+_=36.5)
0,010 0.193114% 0,195817 0.193976 1,409 0,446 =0,001066 -0.000032 «=0.000743 (=245,74=25446)( =344Ts =36.5)
0.010 0.002 0.,194252 0.195817 0.194365 0.806 0.316 =0.,000787 -0.000006 <=0.000159 (=109.9+-113.9)( -49.1+ ~51.6)
0,005 0.,193472 0,195817 0,194406 1.212 0,483 =-0.001010 -0,000016 =0,000385 (~173,74-180.0)( =49:1s =51.6)
0.0X0_0,192377__0,195817 _0.193671_ 1,788 0,673 -0.001383 -0,000031 -0.000732 (-245.7+-254.6)( -49.1, -51.6)
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Table 21 , Ln(s/s')f for model 2-D system #9_at 300° K —
T = 300.000 WE'(1) = 1500.00 WE(1) = 1425.00 WE'(2) = 1600,00 WE(2) = 1520.00
LN(S/S")F % ERROR
LS R ES LS S A A Lt AT AL L 1L LA L LA T L X1 - —-
X1 X2 EXACT HARM, ANHARM. HARM. AMHARM. A E D (F122.F122¢*) (F111:F111")
cee meece mecceces ccemmmeee cecmeeme eceee mewecmme mmeecmeer sncwemcee Seeccnecs Seceemcemememe SeeesSescsome 9
 0.002_ 0.002_.0.268533__0.269643___0.268933 _0.413__0.149__=0,000415__~0,000046__ =0,000250 (=100,4+-105,7)( _=32.94+_~34,6} N
0,005 0.767568 0.269643 0.268183 0,776 0.230 «0,000735 «0,000112 <«0.000613 (=158.8:=167.1)( =32.9y =34,.6]
0.010 0.266095 0.269643 0,266966 1,333 0,327 «0.001267 =0,000220 =-0,001190 (=224+5+=236.4)( =3249+ =34.6)
0.005 0,002 0.267981 0.269643 0.268635 0.620 0,244 =0,000716 <=0,000045 =0.000247 (=100.44=105.,7)( -5240¢ =54,8)
_0.005_ 0.,266870_ 0.269643 . _0.267890__1,029__0,382__=0,001036__=0,000111 _=0,0006N7 (~158,8+=16T7421)( =520,_=54,8}_
0.010 0.265235 0.269643 0.266681 1.662 (1,545 =0,001568 =0.000217 =0.001177 (=224.5¢~236eU4){ =52+0+ ~54.8)
0.010 0,002 0.267196 0.269643 0.268139 0,916 0.353 =0.001216 =0.00004% <0,000243 (=100,4¢=105,7)( «73:6¢ =77.5)
0.005 0.265922 0.269643 0.267401 1.399 0,556 =0,001536 =-0.,000109 <=0.000597 (=158.8¢=167:1)( ~73:6+ =77,5)

0.,010._..0.264104 _ 0.,269643 __0.266204__2,0%57

0.795__=0.002068__=-0,000214 _~0,001157_(=224,5¢=236.4)( =73+6+_=77.5)

T IS IN O Ky WE'S AMD F*S IN CM=-1+ THE REST ARE NDIMENSIOMLESS

(PY

BT e $MOIWOS DL

MY RN
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__Table 22 . Ln(s/s')f for model 2-D system #10 at 300° K

#0 vuisd NT D LT

T = 200,000 WE'(1) = - 1500.00 WE(1) = 1425,00 WE'(2) = 2400,00 WE(2) = 2280.00
LN(S/S'IF % ERROR
X1 x2 EXACT HARMs  ANHARM, HARM. ANIIARM. A 3 D (F122+F122%) (F111+F111%)
- . e - an an - -—en e u e E T R X X J -y e - - - - L X X Y L X R R R RN - W - - P R R P X X X - ey e s ey e \]
 04002—0.002_0.364130 _ 0365352 _0.364511__ 0,336 _0.105__=0,000907___~0,000028__=0,000307_(=117,24=123.4)( =32,9_=34,6) w

0.005 0.363064 0.3A5352 0,363571 0.6320 0.140 =0.000965 <+0.000068 =0.000747 («185¢3¢-195.1)( =32+9¢ ~34.6}
0,010 0.361446 0.365352 0.362057 1.081 0,169 =0.001729 =-0,000135 «0.001431 (=262.1+-275e9)( =329+ =34,6)

7,005 0,002 0.363533 0.365352 0,364213 0.500 0,187 =~0.000808 =0,000027 <=0.000304 (~-117.,2¢=123.4}( ~52+0¢ =54,8)}
e — 0.005._..0.362297___0.365352 __0.363279._0.843_ 04271 _~0.001267__=0.000067__-0,000739_(~185,3+=2195,1)( ~52.04_=54.8)
0,010 0,360u87 0,365352 0,361772 1.350 0.356 =0,002031 =0.,000133 ~0.001416 (-262,1+~275.9)( ~52.0¢ ~54,.8)

0.010 0,002 0.,36269% 0.,365%352 0.363718 0,731 0.281 =~0,001309 -0.000027 =0,000298 (=117.2¢=123.4) =73.6¢ =77.5)
0,005 0,361271 0.365352 0.362792 1.130 0.421 =0.,001767 -0.000066 <=0.000727 (~185¢3+¢~195:1)( =736+ =77.5)

. 0.010__0.,359245_.0.,365352 _0,361298__1.700__ 0,572 =0,002531__ -0,000131 =-0.001392 (-26241¢=275+9)( _=73¢64_=77.5)

T IS IN O Ke WE'S AND F*S IN CM-1+ THE REST ARE ODIMENSIONLESS

Citprwiag

J

)

J

J

)
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___Table 23 . Ln(s/s')f for model 2-D_system #11 .at 300° K

— - 0.002_ 0.002.

A1) Mkl INGURTY DL

-

.0.252859 ._0.253R31__0.253268__0,.385._0.,162 .

-0,000350__-0,000006__-0,000207 _(=-135,6+~140,6)(

=3249y_-34,6)

T = 00,000 WE'(1) = 1500.00 WE(1) = 1425.00 WE*(2) = 3200,00 WE(2) = 3140.00
- -— - b ——— - . D A = - E—— - e e e et —— e -
1
LNIS/SO)F % ERRUR
X1 X>  EXACT  IIARM. ANHARM. HARMe ANHARM, A £ ) (F122,F122%) (F111+F111%)

VL

Shiriwiag

——0.010._0.248976_.0.253831__.0.251135 _ 1.9%0

0.867__ ~0.001747 _-0,000030__-0,000919 (=303,3+y-314,4)¢

0,005 0.252077 0.253831 0.25274%0 0,696 0.263 «0.000573 =0.000016 <0,000502 (=214,5+=222.3)( =32.9y ~34.6)
0.010 0,250901 0,253831 0.251898 1.168 0,397 =0,000945 -0.,000032 =-0,000956 (~303,3+=314,4)( =32¢9+ =34.6)

0.005 0,002 0.252321 0.253831 0.252970 0.599 0,257 =0,000651 «0,000006 =-0.000204 (=135,61=140+6)( =52¢0¢ =54.8)
0,005 0,251401_ . 0,25%3831 _.0.2524%6 _ D.967_._0.%416._ ~0,000874__=0,000016__=0,000495 (~-214,5+2222¢3)(._ 25240y =54.8)
0.010 0.250072 0.253831 0.251611 1.503 0.616 =0,001247 =-0.000031 =0.000942 (=303,3+¢=314.4)( =52.0s ~5448)

0.010 0.002 0.251552 0.253831 0,252474% 0,906 0,367 -0,001152 -0.000006 <~0.000199 (~135.6¢=140.6)( =73.6¢ =77.5)
0,005 0.250479 0.253831 0.251958 1.338 0,590 <0,001375 <=0,000015 -0.000483 (=214,5¢=222e3)( =73+64 =77.5)

=73¢64. =7745)

T IS IN O Ke WE®'S AND F*S IN CM=1.

THE REST ARE DIMENSIONLESS

"N oe -
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d. Discussion

The numerical results in the previous section were
obtained by my investigation of a model 2-D system that
simulates the two stretching modes of a representative
linear triatomic molecule. I chose to modelithe 2-D cases
after CO2 because this is one of the few triatomic molecules
that have readily available data on anharmonicity constants
and cubic coefficients.18 As can be seen from the previous
section I varied the symmetric stretching frequency w; from

1

500 cm © to 1500 cm * while the symmetric stretching fre-

quency of 12C160 is 1349.97 cm_l. The other stretching

1

2

mode Wy is set to values ranging from 800 cm 1

to 3200 cm
while the antisymmetric stretching frequency of CO2 is
2395.89 cm-l.18 For the heavier isotopic pair I investigated,

I decreased the corresponding w, and Wy by 5%. Generally

1
the values of wy and w, were selected to avoid resonance.
Under all circumstances, the new approximation gives
substantially improved results over the harmonic oscillator
treatment. It shows clearly the dominance of the diagonal
‘Morse potential correction term when the anharmonicity con-
stants X, are small but when X3 values become larger, the
off-diagonal gquantum-mechanical perturbation terms, D and D',
then play a more important role. The classical off-diagonal
cubic correction terms, E and E', are generally much smaller

in magnitude compared with the Morse potential correction

terms and off-diagonal cubic guantum-mechanical perturbation



76

terms. Approximation results are represented for tempera-
tures of both 100°K and 300°K.

One big contrast between the exact result and the
approximation result is in the utilized computer time. The
former takes about 200 seconds CPU time in the CUNY-UCC IBM
370/168 to execute while the approximate method program takes
less than one second CPU time in execution. The more im-
portant advantage of the approximation over the exact cal-
culation lies in the physical insight gained by observing
the interplay of various factors that make up the reduced
partition function so we know under what circumstances we
can omit the off-diagonal contribution terms and still have
a result within tolerable percentage error.

With the encouraging numerical results that we have
obtained this far it was logical to look into the quasi-3-

dimensional problem of the total CO, vibration.

2

B. APPROXIMATION FOR 3-D SYSTEM

a. Exact Calculation

i. Numerical Solution for the Phase Integral

The expression for the total energy E becomes quite
involved in CO2 for now we have two stretching mode; and
a degenerate bending mode to work with. With the designation
of q; standing for symmetric stretching coordinate, a, for
antisymmetric stretching coordinate, and d, and q3' for the
degenerate bending coordinate, the total energy E then

becomes



2 2 2
Py " P mapd, 2
2 _ 2 2 _ 2
+—2—+D (1-e a3q3) + p3' + D,'(1-e *3%3 )
2 3 - 2 3
+ Y qq2+Y qq2+Y qq'2 (101)
1224172 1337143 1337173
The classical partition function ch is:
Qg = J5110555 /X gpag
” py" L, (dy) A AN )
= f ; P 2% fpz [ ;3 93193
=in 2 - =T
o Py -ln 2 o -1ln 2
‘1 oy 2 Gy
P," =H(dysDPyr9, 1Py Qs rPs) /KT
. r r r r 14
s 3_ e 1751722752743 3 dp3
P3
dq3 ] dp2 ] dq2 dpl dql ¢ (102)

whereas degeneracy q3' is not explicitly included in the
above equation for the sake of clarity but will be later on
included in the actual computer calculation.

Since it is impossible to find all the integratioh
limits by analytical methods, one has to utilize a numerical

technique. By extending the formulation used in dealing with
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the model 2-D system, recalling that one should recover the

anh

classical anharmonic partition function ch with no inter-

action as Yijj+o’ we have

T 1
e, e, e, =Py ln 2
o] p
pl e 1 2=-e 1 -yl2
J e dy;, X
0
‘/_.Z_z %)
® p,Ve P2 |2-e P2 —y22
i dz2 S e dy2
~Py In 2 0
_a)? _ 22)?
p P
o _912 1-e 1l - p22 1-e 2
J e
=p3 1n 2
_5)?
p
2 3 2
=Py |1l-e Y122%1%2 T M133%1%3
. z3 X
N
P p
p 3y, P3| __ 2 .
r3.8 |2%e Y3 dy, . (103)
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with the usual transformations

and

Thus, with intercoordinate interactions,

(104a)

(104b)

(104c)

anh _ 1 1 1 (233 °
Q1 = u, U, u T S —. 1n 2
1 %2 &3 P1
2
-y L,(q,)
e 1 dyl 271 d22
=P, iIn 2
p l1-|1l~e 2! . Y Z,Z
s 2 ) 1227172
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1 Z.y2
- B_ ___2_
L3(zljz2) pl2 l-e - p22 l1-e P
S dz3 e X
-p 1ln 2
_ 23)?
P
2 3 2
—p3 |l-e = Y122%21%3 " Y133%1%3
e X
P3 2 2

p 1-jl-e - Y Z.2 -y
;3 133%1%3 73 ay,  (105)
0

Care must be taken in the calculations of the upper
limits 2z, Lz, L3 to avoid inclusion of contributions from
the unstable states corresponding to the repulsive forces
that fictitiously arise from the truncation of the poly-
nomial potential functions, as in the 2-D model case.

ii. Numerical Solution £fro the Quantum

Partition Function

The quantum mechanical partition function is exactly

expressed as

v, v,
D D
anh = 23 24

-e(1,2,3,4) /kT

qm = = = =
n, 0 n, 0 n, 0 n, 0 e ’ (106)

V, v
D, D,
Q z %

where
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— 5(1121‘3'4‘)
Glnyrngrmging) = ==~

= lw (n14f.%) - welxel(nIJ-%)Z]

1 1,2
+ [wez(n24-§) -‘“ezxez(nzi-f) +

1 1 1
X12(n; +3) (ny +35)1 + [‘”e3(n3+'2‘ -

- 1
w. X. (n,+3)
e3 e3 3 2

2 1 1
t X3 t3)ag+3) +

1 1 1
Xp3(np+3) (ng+35)]1 + [‘*’e3(n4+5) -

1.2 1 1
ejXe, (ng+3)7 + X33(n; +3) (n +3) +

1 1
Xp3(n, +3) (0, +2)1 . - aon

Note that the bending vibrational frequency We is degener-
ate. By regarding n, as the variable for the outer summa-
tion, n, for the intermediate loop and n, and n, as the inner
loops, one follows a similar approach as in solving Q;;h in

the 2-D numerically.

b. Numerical Results and Discussion

With all the above formulations, it is time now to put
them to work. I now try to compare the results of the har-

monic reduced partition function 1ﬁ %T f(harm), and
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In ET f (harm) with the usual anharmonicity correction terms,

, and the newly developed approxima-

tion 1n 27 £ (anharmonici and the exact ln %T f numerically

evaluated by the methods described in the preceding section.
Evaluation of the sextruple integrals and four-fold

summations turns out to be very time consuming. In particu-

lar, retention of the small Xe value for the bending mode of

CO2 in the'summation in Eqg.(106) requires more computer

CPU time than we can handle. For instance, a calculation of

one value of Qanh

with x_ (bending) = -0.23 at T = 300°K
would have taken 200 minutes of the IBM 370-168 CPU time.

Since the purpose of this phase of calculation is
merely to show the precision of the newly developed approxif
mation, I chose to use a value of the anharmonicity con-
stants for the degeneréte bending mode which is ten times
larger than the reported real value, while I retained the
real values for the anharmonicity constants of the symmetric
and antisymmetric modes. For the temperature of 300°K, I
obtain the results reported in Table 24.

The percentage error for anharmonic. ln ET f has been
halved from 1.3%, the value obtained by the ordinary 2ZPE
correction, to 0.6%, the value achieved by the present

method. The valué of 0.1751 consists of the contribution

of the harmonic approximation = 0.1773, the Morse potential
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TABLE 24. Ln %T f for a model 3-D system.

Anharmonic with ordinary

Exact Harmonic Anharmonic ZPE correction
0.1741 0.1773 0.1751 0.1763
Inputs:
' = ''= o = = -
wy' = 1349.97, X711 2.38 Wy 1349.97, X11 2.38
| - 1 = = = e
w,' = 2395.89, X22 12.4 w, 2327.41, X22 11.64
| - P e - = -
Wy 674.85, X33 2.3 wg 655.65, X33 2.2
| — —
F133 69.84 F133 = 67.86
f = =
F122 = =245.53 F122 238.54
Xlzl = =18.5 X12 = -18.05
x13' = 1.01 X13 = 0.99
x23' = =12.61 Xo3 = -11.82
1

All above units for inputs are in cm .
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correction terms = -0.0011l, the quantum off-diagonal cubic
terms = ~0.0015, and the classical off-diagonal cubic terms
= 0.0004. The ordinary anharmonicity correction is similar
in magnitude to the Morse potential correction and it is
-=0.0010 in this case. The marked improvement of 1n %T (an-
harmonic) over 1ln 27 (harmonic) and 1n ET f (ordinary cor-

rection) is the consequence of the inclusion of off-diagonal

cubic terms that arenot always negligible.
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CHAPTER V
POSSIBLE FURTHER STUDIES

My goal of obtaining a better approximation for the
reduced partition function of polyatomic systems has been
accomplished. As one can readily observe, to arrive at the
exact 1n 27 f requires lengthy computer calculation whereas
to obtain the approximate 1n 27 f takes much less CPU time.
More important is the physical insight that one can obtain
by using the approximation method. One can investigate the
interplay of contributions of terms in 1ln ST f derived from
quadratic and cubic force constants. The extent to which
the diagonal approximation is valid will be an interesting
problem that one can investigate. Another area that deserves
further studies is the relative importance of the off-
diagonal cubic terms in contributing to 1ln 27 £, which
would pinpoint the important sources of anharmonicity cor-
rection for the thermodynamic functions.

Another important step forward is to re-examine the
potential function of the anharmonic polyatomic systems and
include the quartic terms in the framework of the perturba-
tion theory. But this will be a big challenge due to the
complexity of the calculation involved.

I am impressed by the interests of physicists in the
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~

19,20

investigation of the anharmonic oscillator because the

anharmonic oscillator is a simple model field theory in one-
dimensional space~time and the properties exhibited by this
model may give some indication of the analytic structure of
a more realistic field theory. The same importance can be
ascribed to a model anharmonic oscillator in understanding

isotopic related studies.
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Vi APPENDIX

FOREWORD

In the course of doing this research I have looked into
the pdssibilities of using the Padé Approximant and orthogonal
series as the approximation methods. In the Appendix, Sec-
tions A and B, some results are reported. In Section C I
present some key formulae from Nielsen's paper. In Section
D the essential details for simplification of the second
order perturbation terms are presented. Section E contains
listings of computer érograms. These programs take mi's,
Xijls’ Fijk’ °K as input and calculate 1ln gr f (exact),
1n %T £ (anh), 1n ET £ (harm) by using methods developed in

the preceding chapters.

A. PADE APPROXIMANT
The classical partition function of a Morse oscillator,
Q2§hr is given by Eq. (7). Substitution of Eq. (41) into

Eq. (7) yields

Qanh _ 2 e_pz ; 2k+2 . (108)
cl ue k=0 (2k+1Yk!

It can be shown that this QZ?h tends to Qgirm as p +%,

as expected. A computer program is written to compare the

series obtained in Eqg. (107) with the exact value and Eq. (108)
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converges to the exact values as expected.

The Padé approximant is originally intended to be used
to effect a more rapid convergence. A function may be eval-
uated from a sequence of rational fractions, called the Padé
approximant.21 This method often evaluates functions beyond
the radius of convergence of the corresponding infinite
series (if divergent).

Let

> n

£(x) = nEO a x | [ao#o] (109)

Then, the Padé approximant is expressed as
£ o xn

= n .
f(x) = —4——— + 0 (
I ann

where the coefficients e and Bn can be defined by solving

£x) + I Ba" - I oax=o T (111)

in which the higher order terms have been neglected.
To generalize this process, a function may be evalu-

ated as the root of a quadratic equation
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A k j
fz(x) Iy x® + F(x) = ann + I anxn
n=0 ©° n=0 n=0
= 0 (Kj+k+2'+2) (112)

where I again neglect the higher order terms. According to
R. Shafer,22 the "quadratic" approximation is an attractive
alternative to the Padé approximant if convergence of the
Padé approximatiop is not rapid.

By applying the Padé approximant to our expansion of
Eqg. (108) with the objective of effecting a more rapid con-
vergence, I have found that the Padé approximant outper-
forms the corresponding truncated series, Eq. (108), by a
little, but not as fast as I would like it to be: Figures
9,10,11 show plots of the percent errors that the three-
five~, and nine-term expansion of Eq. (108) will respectively
yield as a function of b. Those figures also show plots of
percent errors that the Padé approximants P[1,1]1, P[2,2], and
P[4,4] would respectively yield. A Padé approximant P[n,n],
which contains 2n+l adjustable parameters, should be com-
pared to the (2n+l)-term expansion of the type of Eq. (108).
For a less than 0.01% accuracy, Padé P[5,5] holds on until
p = 2.1, while the corresponding eleven term series holds
on until p = 1.8. Padé [10,10] holds on until p = 3.2 as
compared with p = 2.9 for the 2l1-~term series. I ‘also notice

that the roll-off characteristic of Padé for this case is
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~

very abrupt, compared to the smooth and slow roll-off of
the truncated integration-by-parts series;

Since the diagonal Padé element is of more interest
than the off~diagonal ones, no effort is made to calculate
the off-diagonal Padé elements.

A computer program is written in which the quadratic
approximation method is used in our problem in a rather

simple case;

2 2 R - S Y
f (x)(Y0+YlX+Y2% ) + f(x)(80+81x) + (a0+a1x+a2x ) =0(x")
(113)
We find that no significant improvement can be obtained by

the quadratic approach.

B. ORTHOGONAL POLYNOMIAL

Here I investigate further another method, the T
method, which is found to be satisfactory at large values
of p.

In the T—method,23 one sets up a differential equation
pertinent to a given approximation problem, and admits an
error term to the differential equation. The error term
is set to be proportional to an orthogonal polynémial. A
series solution for such a modified differential equation,
with the error term, is then obtained. The proportionality
constant for the error term, T, is undetermined a priori
but is evaluated later in connection with certain boundary

conditions. The net effect of the T-method is to spread out
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the error of approximation throughout a certain range of
expansion, rather than achieving a high degree of accuracy
near one point at the expense of poorer results from the
center of expansion. The T-method has been successfully

applied tol3’14

the problem of approximation_of the reduced
partition function ratio, lﬁvzr £, for systems of harmonic
oscillators. It is, therefore, a natural extension to
attempt an application of T-method to the present problen.

Our purpose here is to f£find an approximation for the

inner integral of Ye1’ Eq. (12). Set
i )
I e dt = e f(yz) = e I a;¥, (114)

Since the left-hand side of Eq. (114) is an odd function of
Yor we seek the right-hand side of Eqg.(114) containing only

odd i-terms. Eq.(l114) can be rewritten as

2.2 px _ 2 L
£(x) =e® ¥ 5 et at (115)
. 0

where

Y -
x = _pz_ ‘ (116)

Then we have
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0<x<1 (117)

Differentiating Eq. (115) with respect to x, we get

df (x)

2 -
“gx - 20°xf(x) - p =0 (118)
Inserting the error term into Eq. (118),
£' = 20%E - p = TT_,. (x) . (119)
n+l T

L

where Tn+l(x) is the Chebyshev polynomial of (n+l)-th order,

which is defined in 0 < x < 1:

(120)

Only odd n's are employed in the above equation. A
series solution of Eq.(119) in the form of
n

£(x) = 3 afxi (121)
i=1

leads to
n-1 n+l
_pz 2 . p2k+2 2 i
2e b I J. (p)
= k=0 (2k+lyklri=k+r' n F (122
Ye1 = 'E%l )
0 i
Cp+r *+ ¥= Jale)

i=1
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where

(2i-1) ! ~2i 21
(1)1 2251 Che1 (123)

i
Jn(p)

The error of the above approximation, Eq.(122), is
found to oscillate as expected. However, the approximation
of Eq. (122) has at least one singular point, due to the
alternating signs of Cg+1' The approximation is, therefore,
found unsatisfactory after the first such singular point,
and such points are generally at values of p which are
smaller than the corresponding values of p for the 1%

accuracy quoted for the approximation of Yo1°

C. NIELSEN'S RESULT

Nielsen has derived relationships, correct through
second-order of approximation, relating the vibrational
energies and rotational constants to the cubic and quantic
terms in the potential energy expressed in normal coordinate
space. In the absence of resonance, the vibrational fre-
quencies are given, in the notation of Ref. 16, Eq. (34.12),

by:

- 1
Evib/he = Bosne * I 05 * 5 9g)

| 1 1
*+ g é:. Xggr Wg ¥ 3 9)lvg 3950 +
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+ Ly (124)
I P

where

=l (125)

=1 |x -6 ksgsfssts?
Xgs® 2 sss's!' . w

2 s | ksss'ks“s"s'
- 4ksss‘ 2 AR RO
4“’ - [ S“ S
s s

2
-3 ksgrgn w'
s" 2(gs+gs.-2)! s"

2 2 2
mS" - NS - (D,s.
(wgtw i togn) (wFu v =) (wmw v Fo_w) (0w =0 _u)

2 Jw.
2 (o) (ca) s'
* [9 g l LI (Bgigug ) Be [Es_'] .

(128)
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_1 2( o, 2 2
Xe 0, =T |%eeee T :. Keese [“"s'/(4‘°t Wt )]
» (127)

and

1
7 I (hgprge)

tt' '" """""""" Lo
(wetwe s twga) (0t -0 ")(wt t'+w RN R

1 - (oa) (a)
5 (Be ) (E ' 3
2 tlt 1 t2t'2

() () (a)
-Et ! Et £ )

1- 2 2° 1

+ Z

(128)

The sum over ¢ indicates a sum over the components of a

degenerate vibration and the index t takes on those values of

(a)

s corresponding to doubly degenerate vibrations. Esos'o' is

the Coriolis coupling factor: zs is the quantum number of
total vibrational angular momentum associated with a two- or

e(aa) is reciprocal of in~

three-fold degenerate vibration;
ertia (h/8w I(e) ).
For calculation, all data for w, are taken from

Ref. 18.

D.

In evaluating Eq. (90) we have used the relationship10
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e®be™@ = b + [a,b] + Tz];" [a‘, [a,b]] + eee (129)

where a,b are operators.

For a simple illustration, let

a = EE ;" (aiai+ + ai-rai)]
= %E [w, * (2ai+ai+1)] (130)
b = aiaj (131)

Then we have, by employing Eg. (129)

T t

a, =—a _ Bt v -

e be = aiaj + 5 [2wi (ai aiaiaj aiajai ai)]
— Bt + - +
= aiaj + > [Zmi(ai aiaiaj a;a, aiaj)]
= a.a. - Btw.'a.a. + (Bt)z w. a.a. +

ij i 7i7j3 2 i i3 e
-Btwi' _

= aiaj e . (132)

Likewise, it can be shown that if b = aifajf instead

of b = aiaj, then

- Btw _
e®pe™@ = ai+aj+e i (133)
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By applying the above method and recalling that all
terms with uncompensated raising or lowering operators will
give zero when averaged in a state <n1n2 coo nnl ¢ We ar-
rive at Eq. (90).

From the relationship a.+a.|n.> =n |n,> and n,
R L | P | i

1 24

Fhe. ' we can simplify Eg. (90) to Eg.(91l) with the help

of Eq. (93).
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SXT FUENATL//« ' LIE=EYACT = ,F12,.4)
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FETURN

£50

SURKOUTINE SUECL2(IIvNeUeRIG112¢G1224R24N1eN21A«BC)

IVOLICIT REAL#B(A=11,0=~2) :
INPUTS Bt ¢ R=0,54SARTIU/X)S N=M0. OF SURRANGES
Iro £aCH CF UHICH THE RARGE IS FQUALLY DIVIDED: NI(I)=NO.OF
EQuai, IRITAVALS Ifr [-TH RANGEIN2(TI=NO, INTO WHICH ReLNN2
IS BIVIREN T0 OuTATL: FOUAL IRTFRVALS IN I-TH SURRANGE
SURCLS wiLl RE CALLFD TO EVALUATE THE INMER INTEGRALS .

DITENSIAN CI122(20).H1(12).N2(122)

STaP=1.93-7

s

©1=21,7726534851

CALL FRFL{R,YY’AX)

YYSTOI =YYMAY «STOP

S=0.0n92
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==RR ’

Fole FYERY SURRANGES

CO 100 T=1.f¢
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X=x+0Bx/2,000

=11

OR TUECY SUBDIVISIONS
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IF(VRR-100) 342.7
EX=CEXP -V
IF(Y=1,00-30/E%) T4l
4 CALL FR&ET(YWF )

(7]
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G0 To 10
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IFLI=t) 504200200

200 CALL FXIT

20 IF(YY=YYSTOP) 1504150450
SO CONTINLUE
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INPUTE U=ty 3 R=0.5SORT(U/X)E N=h0. NF SURRANGES
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IF(R.FRLRZY GO TO 110

IF(RP=2,3) 21421425
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.2
11

30
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Gd To 113
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0 CALL ERFn(P2,YYMAX)
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YYSIOP =YYMAX*STOP
s=0.000
A=UeL0F{2,000)
X==hR
FOr EVEPY SUURALGES
Co ieo I=1l.4
IF(I-4) 3I0.3%,325
S TES=G12°({1IT)1*X]1
IF{TES=-0,.0N0) 37+30,30
T OCoLnTInug
IF(n»AXCFe200) 60 TO 30
OCxswetiyzullly
GO T 22
CxX=lR/shz(1}
X=X+Nx/2. 00

FoRr EUFFY SUHDIVISION:
6O S0 usteus
IF{X/62-100)241,41
1 v=i.6n¢
Y=G.00n0
6o 0 7 .

90T
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L3C¢*E (00T-A3HD) I
TXeXaX#(T1)C2TO+TXxxIXaXeZTTV+UHA+LAA=SHIND
. CHe2t o A=CHAN
ST L0 oee
(SRR BRILINIEDY
oUE UL C9 (vt0*3 12121
IXeXVeLoXVnlel2
II122T9=XVWUsTXATX*STIO~(Z4» ((2U/XVAU=)IIXIT~0UI 1) =030 Liecitscii=TA
CO% UL 09 {O€~uD° T 27 HA) AL
0GE UL 09 (JAa® 391l 3]

4]

~ (A=CQJ) " T)elvay=yld

XeTXeXe{II)2CEO-IXeIXaXx22T19={A-CT0 L)vgHeY=NA
({A=000° " T)ecHela) LUVST=L

“ Zaa((M/TY=1dX3Uu=-0Ul*T)=1A

2o ({CH/X=)dXal-UUS II=A 2

b PAY

*rlg
tCLE
M VA
*uLE
*H0¢
sysg
*L9¢
*23e
*Heg
*ncg
‘xSz
*eCg:
9%
cuvg
B3¢
*¥5Y
cL6e
MDY
sz
25%
*esT
‘ese
i 173
*Ygg
‘ohi
*Yng
"Lhg
*ung
*4ng
*naz
‘e he
*<ng
“Lnag
‘Ung
*BES
“YLE
*LEY
*vig
*ugz
Tayg
"wCe
*<ex
‘It
TeIg
col%
*dec
X4



3001

3002

3063

[z e Ne Nz Nal

37

47

39

38

FORMAT(3SHO TROUBLE IMN DISTRIBLTION FUNCTION.)

P ITE(H23002) X P

FORAT(4 Y= FlU.T44H P= E14.7)

CALL €£x1T

£=2.0N0sp=3.0C0

IFIFY 64707

WRITE (602003

FORPAT(23HD TROUULF IM ERROR FUNCTION.)

G2 10 4

KETURY

gne

SURRAUTING LMFANH{TTEMPF112.F122.F112P1,F122P+YNPU«Xe«YNPUPI+XPI
24EXALToGPIWFoPERHARWPERANH (AT FTNT)

IFLICIT REAL*S(A-H.D=2)

SUBHOUTILE LFaAnH
LELE/SYF WILL RE CALCULATED IN TERMS OF LN(S/S*)IF(HAR)

PORGE BQTENTIAL CORPECTION TFRMS (A'S) o CUBIC OFF-
IAG TERMS (D £'3) FOR QUR MONEL 2-D SYSTEM AT VARIOUS

ANG X VALUFS

CIMENSIGH M(231.E420)4AT(20)4UL(20)U2(20)GPI(20).EXACT(20) +F(2
10)1,EPTI20)+DPT1(20)UIPT(20),L2PT120)4,ET(20).DT(20)

DINENSION A(2420)+API(2120).0(2+20)¢BPI(2+20)+DA1(2¢20)«DA2(2+20)
L0A3{2+20)sFUT 124201 4WE(2420)WFPT(2420)+FUIPI(2.,20})

DIVMORSIOY YROU(24¢20) e YRNPUPTI(2+20)1X(2¢20)1¢XPT(2:20)+RHO(2+20) ¢RHOP
2I(7 1251 ePPNNI2¢20)PRADPT(2:20)¢6U0(2,20) ’
DINTLSINN NAATIZ«20)DAN2(2,20)+0A03(2420)4DAAG(2+20)Y+AA(2:20)TEM
E1(2420) s TEM2(2420)4TEMIPT(2420)TEM2PI(2420)

DIMENSION CUL20)GUNPII20)FG12020)+PGPI(2:¢20):F122(20)F122PX(20
1) o FISRAR(ZN) (PERANH20)

wRITE(S.1R1)

WHITELAT5)

FQW™BY (/2712172777

WRITE(G417) TG EXACT(I)

FOOMATIZ«* T = '4I3.% EXACT = 'sF12.4)

FOP¥ET(T72('*"))

WRITELELTD)

ARITE(641B1)

HC=€,625590042,9979225N<17

VALKT=1.3805uD=16TEVP .

OO0 Sn J=1+.2

RUC (S TI=0.5T08GSGRTIYEPUCSTIZXIJWIN)

HUARE TG 110500 NSERATIYRPUPIIOTIZXPTI(ININ)

AT TS IVALY T/ZHC I = YNPULI L T)

SEPICUIIS(VALKT/ZHC I sYRPUPI (YT

VAL3SF122/{WF(1.1)DSART(E. 0000
VAPI=FIPZLIN/(WFL24T1#NSART(RLN110))

ce o310 JdZ1e2

Ao TIZY . PUISII*Y (I T) -

ST I12YHPUR I 1) e XP T 1)
PROCCS«TISIYHPUCS T o NEAP{ = YAPUIUT1/2.000))/(1,0N0=NEXP(=YNPUlJ I
113

PRCIPI(I DI ILPUPI(J+ I)#DEXP(=YNPUPI(J12/2,0D0))/({1.0D0=-DEXP{=YN
1euPlcag. 1)

QUL II=TLOGIPRODIIZI) ) =DLOG(PRODPI(JI)
CAILUTII=(2.000083 (U I/ (CEXFLYNPULIATYI=1.0001=¢2,0NC*RPI(IvINI/Y
1ICEYPLYNPUPT(U1)1=1,0090)

CHFCK=YLPULIT)

IFICHFCK=-TC,000) 37437433

CHFCRZ=YIPIPT{JW 1Y

IF(CHFCH2=-T0,0300) 47,4732

EUISeIISHEXP(~YIPU(Je1)4+2,000%3(Js 1))
EUIPIC(JI)I=NEXPI-YHPUPT(J2I)42.0C0+BPI{JeIY)

GU TO 3

fuitye11=0,0n0

EUIFT(Jd.I)=0,00U

DAL TIZRE L TISEUT (v 1) o (1, 000+FUT(JeT11/7(01.000=FUTLS+ I} I%22-4PT(

cooer

80T
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(I IdNANARO I/ LI ) TUNdNA=LI* I Ledngiif e =t 3=0uu " 1) I Tusg
TATCHAS(IJINASO S+l T N0 T+Luc AN ( ({1} Icid AE

LI TLdNdNA®Q S~ /(000 T-((I* 21N ia+ {1 T TdligdtiAed"2~-144130)1)=2460
(TAdSNA+TJIICANR) ¢ LISTITHA=TGETIiIAY S L L LTI 20 1410
A=(I*T)IdNdNA®0“2I/Z7(000°YT=((I1*2)IdNgMA=LI T IdNAMIR e SId I I=pIIN
IdLe NS CIATLUA=TA2THAY S CLET Y ] anegs

A+ (T¢I IdNANASD ) /(000 T={ {12 1dNiudNA+ (I T)IdNSIAYD CIGAIUII=2TT
CTRALTTNAI S (2R 1R SN v ( (L]0 E

TINANA# (I 2)NdNA«D ) /LI TINGHA-(I*CINYA20°C=idA30=5UL 1Y )=5u3N
IT A= (2MAeT 2+ 121N S +2! >,-_~m~. 1z

INANA+{1¢2)NdNA%0*2=1 /(000  T=( (I 1IN+ (I 2)Ndidhegg=)dX L} 1T esn
.a;>4ﬁa:>~«ﬁ.m:_nmm;;..ﬂa.rn

STINANA= (I Z2INdNA%Q°2)/(0Q0  T=L(I* TINdHA= (13104120 2)dx YN I=622D
TINAs(TgHA=22i:A) o L {(IY

STINANAH(TIS2INDNAX0°2)/(0UC T=L (I*TINdNA+(I*CINdIA0"CIdLITYI=TCENn
(CHA+LSUA) $ { TIIA+TINASG” w«n h>_o._~u.n

CSINdNA+(Ie ﬂvzuzric I/ LI 2INGNA=LL*TINdliA®0" =) Y 30-20 .._n:ur:
TeVAs (LA e T LIASE .ﬂvmnﬂ:.-m- o

INANA+ (I TINdWASQ* Nl.\Aooc C={{IsS)NSNA+ LTI [t inel” «n.cVumeum:\:
{ZUA+TCRAIS{LTTLA=Z LN S (LIS
$2INdNA=(I*TINANARO 2 /(000  T=( (I *CINdHA~LI* THISNAe (G C)dXIUNI=RTIN
TeLA (TTuA-2TA = (L LIE

*2INGNA+ (I TINGSNA%D 2)/7(0Q0° T=C (I c)ININA+LTI* LINGNRe0*2IdXIUII=2LIN
1

(000 T=((I1°2)IdNdNAIIXIAI/Z(0A0 L+ ( (1%} IdNELAYXID)eLdlein=1dee

(0UU*L=({L*S)IcdNgitA}dX30I/1adsh=ldicln
(OUS*T=((I*2)IdNINAYdXIAI /{1 TdN TRV dAIU=LdCA
. (T
(0A0°T=((I*TIIdNANAIIX3C) /(DU0 L+ ((I*L}IdNGNAIIX3TII»IdlT.iN=1c2IlA
[GHI AR SSRGS RNNIS I KRIPSRIGNES -2 4 ¢4
(UG T=C(I*T)IdNIRAIIXTITI /7 LHL* D) TeadR) GRIT=TYT
({000 *T=((I°2)NdNAIGX3VI/Z (VLI L+ LI INdllIdXTU) ) e Tciln=g2n
(UGUT=((I*SINANAIIRIYIZ72LASTIZNA
. (0U0°T=((I*2)NdNAIYIXITIZ LT 2RI IXSU=ENA
(000 T~ {I*TINdNAIIXIWIZ(LLO L+ LI TINdHANAX3U)) s LA N«J>

(0J0° T=( (I TRk dXTESY /7 TINS
(000 T-( (X4 ) N2MAISxSLIZ LI Ty .»vcxguu
(I*2)IdudetI*T)1duY ﬁhyuo.:u

ﬁn.wvmm¢h~.ﬂg 1=(1yun

(I¢2)002+(1)ONU=(1)1dS

Ml L3

(I*PICVOH(ISOISVO+(IPPITIVI+CLLI M) Igt=(1) ;~¢ccum ustler)w
({1+rY

JhyvQ19070+ ({I*LIEVYVAIF0TQ+HI(ILIZVvyT)0 0+ ( (1IP0I TVT OIS L= (I Py
the0TdnsTIs (=P *MOTI0Ld v¥d /) LiVwEcd

(1P hyvat(IsM)IEUVa (I MIEVYA (I PITwYCr, (615°9) 24TuM

((See {I*MIVHYY /G Q+0QUO TI /(< (I*P)IdONGI/S D+050 IS0l PInyyl
((1I*M)IdIN3=0°TI/ (L1 ) dSHILsZetI* M) IcdiioeGoyri]1eT)diE
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grmemeens

[gXn}

[aNalal

423

421

W22l (U{DFXP{2.0sTHPHPT (2114 YHNPUPI(1411)=1.0D0)/(2.0¢YNPUPT(241)4Y
ILPUPT(1«T1 e (VI22PT-VIN2EPT ) aVNT1IPY

W2PYS((UFXT 2,0+ YLFUPT(241)=YNPURT(141))=1,000)/(2,02YNPUPI(24]1)=Y
SLPUPTEL 1M ey 220 T-VH21PT e (VHN11PT+VNIPTY

WEBLIZ((NTAT (=2, 0aYLPUPT (24 1)+ YAPLPT(141))=1.0D0)/(~2.02YNPUPI(2+1)
IeYNPUPICI T 1) Y a(VRPPPI+3.0¢ V210142, 02VH2PI ) =VNL11PT

WOBYz 1 (1. 000-DEXP (=2 07 YRPUPT(2.T1=YNPUPTI14I) 1)/ (2.0%YNPUPI(241)+
SYHPUPILI IV a(uli22PTI+2.CaV21PT4VN2PI s (VNLIPTI+VNIPT)

Uiie STARDS FORN Ul1-2e U292 STANES FOR U=1-12 ETCer

WRITE (6,423 UI12.00118.U928,11992, VN1 VN2

FORMATI/»" UL12,UL11R.US3RTS24 VN 14VN2 ARE *e6F12.4)

L1ADS (%, 00Vi1244 .G VHTI14VNL ) ¢ (UN2I#DEXPIYNPULZ2+I)=1.0D0) 1 /YNPU(201
I+ (VR21+VI21s L1 0N0NFXPI=YRPUI240T) ) 7YHPUL24T)

LZALS N DaVII2246 o Grvti2140NI2) o (U1 +DEXPIYNPUIL T)=1.000))/7YNPULLWTY
1I4(vn12evi 1) e (1. 0N0-DTXP(-YURULL I} )/YNPULL.T)

ULADP IS (8 08 VLI2F 48,02 VNP TAVNIP ) # (VN2IPI+DEXP(YNPUPI(241)-1.0D
1TANI/YRPOP T2 D)4 (VNP I+VR2PT ) # (1. 0D0-DEXP(=-YNPUPI(2+1)))/YNPUPT(2
241

CRRUP I (e O8VN22P T +4 0o VvII21PT4UNPPT ) o {VIIIIPI*DEXPIYHPUPI(14T1) 1,00

ZOII/YUPUPTCL e V1P T4YNIPTI 4 (1. 000~0EXP(=YNPUPT (1,1} }/YNPUPTI(
2412

UICII=UII2+401184U928+0193241AD

Ue{I =223 4022%+UhR9+ 12814 AR

UIPI(T1=Rk11240118+0S98+1F924ULANEY
UZFI(T3I=vP21440229+WA82+WAB1+L2ADFY
FACTO1=DEXPI-YLPU(1+T)/2.0)sTEXP(=YNPU(2:1)/2.0)/GUN(T)
FRCTOR=DEXE(=YIPUPI(343)/2.0)4CEXP{~YNPUPI(2+1)/2,0)/6GUNPTI(Y)
ClIIS (I SetYHPUIL T)*o2)aVALSYVALIAUL (1) 40,52 (YNPU(24+1)%%2)xVARI*Y
1ARI* L2 (1)) FACTOL

WALZZFI12F T/t PI(1¢I130SCRT(ALOC01)
WARZZFI22P YT/ UnEPI{241190SART (B, 000))

ECIN=12,. 008 VAL L3eaD/YMPUL24 114 VATISen2/YNPU(L+IN)I/((1,600+1.0/({2,0%
IRHGOI 3111, 0UD+1.06/t2.0%0-01 20110}

ORI I SO (YLBUPTEI v 1) 2a2) e RAL e WALI*UIPI (1) 4052 (YNPUPTI {2+ I) %22
1) el R2eNIPIauIDILINISFALTOR

EPI(IICiZe00e AL« 2/YiPUPT(24T)+WARS*#*#2/YNPUPI(1+I)}/((1.00041,0
1/71202k0CPTIT+I3114(1.02041.0/(2.0#RHOPI(2411)))
AT(IY=AMCI e IV+AAL24T)

DT(II=N(IN=-0PI(])

ET(IY=EPT(IY=-E(]) -

LHITEIL 14230 ToVALSW VARSI ULITIU2(T)D(I)DPILT)
FCRYAT(/+® 14VAL3IWVAR3,UL UZ2+DWDFL ARE *¢13+6F9,3)
OT{II=0LOG(1.00040(I))=0L0GLIANB+NPI(I))
ET(INI=ULOGI1.00C+EPTCINI-DLLGIT.ONO+ELT))
FIII=fpI(IN+aTCIN+0TIIN+ET(I)
PEEARITISUIGPI(II=EXACTIINI/EXACT(T1))*100
PERAMHITISILFIII=EXACT(TINIZEXACTLTIN)IICO

RETURN )

gan

SUBESUTINE HEUTULET«PeX2:61124G122,R2.RMAXY

IMBELICIT RFEAlI a8{A=H,"=2Z)

THIS SURKOUTINF SURVFS TO FIAD THE UPPFR LIMIT OF Q2 FOR CASE 1
SHEL G112%X IS LESS THAN 0 USTING MEWTON®S METHOD
NEWTON TS HOW CALCULATED POIKT 8Y POINT
CIMENRIOH 61220201 62{500)+UNAXISOO)

USTFN=R?2+R2-1,00-u
=1

Jili=i.0
SAR(IISHZIR24{1,000~-DEXP(=Z(1)/R2))232-6G112%Z(1)+X1¢X1-G2122(I)+X1
s {Z7(1)2e2])

IFLURAY (MY .GE L USTAN) GO TO 232
MzMe ]
2{M}=2(~-1141,0
UMAY (M ISE20R22 (1 GUO=NPEXP(=2(M)/R2) ) #42-G112*Z (M) *X13X1=G122(T)sX]
Te(21i12a2)

a

TFLERR )W LT A (M=1)) 6O TO 22

01T
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-

591,
592,
5913,
5%,
59%.
59+,
597,
594,
599,
60n,
601,
602,
6032,
606,
605,
60Fr,
607,
60R,
609,
610,
611,
612,
613,
614,
61%,
61k,
617,
61R,
619,
620,
621,
622,
62%,
624,
625,
624,
627,
62R,
629,
630,
631,
632,
63z,
634,
635,
634,
637,
63R,
639,
640,
641,
682,

IF(M*,FC,500) GO To 12
GO To 1
23 RMAX=2(M) .
IF(RMAX.LF.,0.0) GO TO 12
GO TO 43
12 COMTTINUE
o WRITE(6¢15) MeZ(M)

15 FORMAT(/+' ERROR IN CONVERGENCE M ' I4+E14,4)

43 HETURN
END
//G0.SYSIN DD +*
-01 3 0.0 0.0 100.0

500,.0 n.002 475.0
3200,0 0,002 3140.0
500.0 n.002 475.0
3200.0 0,005 3140.0
500,0 1,002 475.0
3200.0 0.010 3140,.0
500.0 n,co% 475.0
3200.0 0,002 3140,0
500.0 0,005 475.0
3200,.0 0.005 3160.0
500,0 0.005 475.0
3200.0 0.010 3140.0
500.0 0.010 475.0
3200.0 0,002 3140.0
500.0 6.010 47540
3200.0 n.005 3140,0
500.,0 0.010 475,0
32¢0.0 0.010 3140.0
-01 9 0.0 0.0 300.0
500.0 n.002 475.0
3200.0 0,002 ‘3140.0
500.0 0.002 475.0
3200.0 0.005 3140.0
5n0.0 0.002 475.0
3200.0 0.010 3140.0
500.0 0,005 475.0
3200.0 0,002 3140.0
500.0 N.005 475,0
3200.0 n,005 3140.0
500.0 0.005 47540
3200.C 0.010 3140,0
500.0 0,N10 475,.0
3200.0 0,002 3140.0
500,0 0.010 47540
3200,0 0,005 3140,0
500.0 0.010 475.0
3200.0 0.010 314040
09 -
/s
77

0,002
0.002
g.002
0.005
0.002
0.010
0.005
0.002
0,005
0,005
n,005
0.010
0.010
0.002
0,010
0,005
0,010
0.010

0,002
0.002
0,002
0.005
0,002
2,010
9.005
0,002
0,005
0,005
0.085
0.010
0.010
0.002
0.010
0,005
2.010
0,910

1Tt

.



21,

22.
cu,
2%,
z6.
27.
22,
2.

3r,

uo,

38,
Sa,
57.
SR,
S,
£,
61,
62,

/7 JOB CACTIVE' +REGIOR=140K TINE=T
7782010 LINFSE3

//PROC EXFC FORTECG

F/FORTLSYSIN D »

c P

o
c

a-3
[ )]

1309

671

07
305

672

6001

747

757

ASGRAM FEXACT FOR 3=0 SYSTEM
M OAMD 0-CL WILL BE CALCULATED EXACTLY AND LN(S/S')F

ALS (Q=CM/0=CL)/(U=-0M*/0=CL ') .

ISPLICIT REALSR(A=-H.0=2)
DIVENSING G122(20)+G122PI(20)+k(20)0GM(20)QAMPI(20)4+C1(20)0C2(20
1)-Y(BczO)cYP*qz'ZU)vﬂLPPA (20)«ALPHA2(20) +FSU2(20) +FSU2PI(20)
EnsINy Yh?“(s-?n).Y(a-?O)-kF(EvZO)-YNPUPI(S.EO)vXPI(SvZO)' VEPI(
13420145UDI20)GUOPT{20)+EXACT(20)

HIFENSION Fﬁul(20)-F111l20)'FH(’O).FSUHPI(ZD)vFlllPI(ZO)-EHPI(ZO)'
131242004 X22PT(20) V121263 4viZPI(20)EHO(201 EHOPTI(20)T(3+420)TPIY
E3480)ALFIPT(20)2ALF2PTI(20)4F122¢20).,FI122PT(20)PEN(20)PENPT(20)

DIrENSTION CPI{20)F(203«PERHARIZN) +PERANH{20) AT (203 +E£T¢20).0T(20)

CIFINSION V13(201.v22(20).V32PTI120)+V23PI(20) vALPHA3({20) +ALF3PI(20
134030204 CIPTL20)

DIFENSYINN ¥Y12(20)4X13P1(203..¥22020)X23P1(20)

SELAT(D4300) ILDEX P F133,F133FT,TEMNP

FORPATI2IZ.3F4,3)

NC=E 625593000 2,9979250-17

VAL¥T=1, 38036016+ TEMP

IF(IWNEXel) 2C0v3114200

WRITE(E,312) INCEX.HPWF133,F132P1,TENP

FORMATI101,"  INDEY= * I3,*NUMPER OF POINTS = *,13,' F133= *,F8,3,
2' F133V1= TeF@,34 TEMP= T.F0,.3)

ERU(S.1302) Fi22(2).F122P1(1)

FAT(2F12.%)

NRITF{L45671)

FORFAT(/+* WEPT o ¥YPI o+ WEe X <4123 ARE ')

00 205 I=1.0.P

DC 36% J=1.+3

READ(Se207) VEPI(JoI)aXPI(JeT) e WE(Je ) oX{Je 1)

WRITE(R«207) WEPI(JeI 1 e XPI(JeI o nECI eI e X (I
FAEELTILFYI2,.S)

conTInLE

WRITE(6+572)

FCRMAT( /! x1?‘x15.X23.x12Pr.x13FI.x93PI ARE *)

READ(S5+6201) X1201)«X1311)e%23(1)+X12PI(1)4X13P1(1)+X23PX(1)
uax7s(a.san1) xl?(lr.xl‘(l).xz’(l).x12P1(1).x13P1(1).x23P1(1)
FOaMATIERT12.58)

00 E01 Isl.eLP

LU 601 JU=1.,3

YRPUCS TISREIJ e I) 2L VALKT/HC)
YUPUPTIJWIISVEPI(US T/ IVALKT/HC)
XMJel)z=X(Je 1) /WE(JT)
XPIlJaII==XPTI(Ja11/wEPI(II)

YCJo Tl seX(JeIYYLEL S T) S (RC/ZVALKTY

YRT(Se I ==XPI{Je 1) s CPI(JeI) s (HC/VALKT)
CorTIhuE

ARITE(ETUT)

FOAMAT(/7+" HERE FOLLOW PAIRS CF U UPRINME 123°')
CRITELGCCTOHTIIYHPUCI T YNPUPT(JeI) 0 d=143)
FORMAT(/.6F12.4)

L0 512 I=1.0F

ALPHATLIIZNSCHT (4 .0€3.141592%X(341))
ALPHAP(TI=NSAnT(4.,063,1415%+X(241))
ALPHAZ(TIZ0SORT (5,00 74181892 X(Fe]1))
ALFIBT(TISNSARTIN.06T.141594XPT(141))
LLFZPTLIISDSANT (4,003, 18159 XBT(241))

»

AN
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GUD* T=0iG 0+5s0° Lyhizhhl
Td€dudr Lzl LB O3
UUD*1=005°0+UuUD*TeTH=CZA
Tdgdnt (=il L0g QU
(I11dE2=1dEDN
((I*CITIdIMe 1Y )T'Xe0%22
JZ(R2A* (I IdECX+TIAS(IIIHETIX+ (I €I %o tItE)IAX=0T¢IIddMI=L1DIT42D
OUG®L=0US*0+UUD " TeTH=TTA
IdTdNt (=14 204 O
(14111417
M (I T)IdXs0*2)/7(CEA* (I IdTX+(I*TIIdIM (I DI IdAX=(I 1) TIdIMI=T4100
000°T-00G*0+0uY" LedV=dA
14221 1224 L0 O
g0u=TRS
{IIMZLLIYN00=((I¢CINdlIka2ex{ICINdHAS(ITIIANR)I=(])UND
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(CIYTIX/ZCICDINSHAINLHUSI4036 02 T0nA
27511403
(LIIHI=)dXIT+ANS=RAS
TOh*G0H*G0H (09-»I3HINII
(IIH3=4330D
haAsTTIAR(TIETA+4hARZeA*(LICACC et A (14C ) A+nans (Lo INIIA+C79
AsTTAS(IICTA+ECASCEAS(IICEA+CoxEENs (I CIAsCEAO (I Q)N giks2EAelTlACLIS
JZ2TA+25222Ax (14 2)A+Cx2TTAR{I* TIA+CeAs LI 2)INANA+TTAL (I DI NGNAS (TN
0UO*T=0UG*G+0u0*TeniizhhA
. 2t i=al 108 04
0U0°*T=-00G°0+0Ja  TeEHN=EEA
TS =g 10y €2
(11T2ze51
(eregy 32
MaelIsCIX&0°2) /(22N (IIECSX+TTAS{IISIX+ (I CIIMsLIEIX~(1 e} IMI=(IIED
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GU0*T~0US*0+020°Te21i=ceA
iz (0w GO
CIMAVAZIHI LI IEEIX=CTINIUETA
(LATVA/DH) e (1) 1622X=11)1dECA
. (IATWA/Z2HI ST T iXS1I1dSTA
(INTVA/IHY L DIQIXS{IDETA
CINTIVAZ M s (T ECx={1)veA
(IRTIVAZ i) e (1)2TX=1 1) CTA
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((I%2)1dXe0°C)/7L(I*2)IdX~-0U0°*TI=T a2
CLLsCIXs0UO 2/ LT IX=0Up T)=tI)eD
g*8=ai1S
{(€°HT39%, UV 1d*2eTd *1d*1TT3 32 IVHATV  +*///)1Vaiy03
(S SR¢
1d22T4{XICTS (INIJTITTIS{IITLYS (L) CVRITIVE I TVHGIY (20409 ALTuN
(CIYE)IdXeEGThT1*C40°HILuUSU=T ) IdESWY
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cz221
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129.

i3n. S22¢224VI2PT(T)»Vi1aVl2+4YRNPUPT(2+1)aVU33+YPI(3¢1)aVI3424+V23PI(1)sV2
131, H2eVIZeVIZNTIIISVIIAYIZ+YLPUPT (3T sVUG+YPI(3+T)2VUGs+2+V23PTI(1)sV2
13>, TReVUuaVIAPT(I)sViieyLYG

13, THECK2=T1PI(T)

124, TF{CHFCK2-601 505,505,507

138, 505 SUNMI=SUMI+DEXP(-EHPI(1))

12a, S07 ConTINLE

137, RHOIPTI=G.500*DSCRT(YNPUPTI(141)/%PI{1.1))

12a, RHCZPT=0.5D0sDSERT(YNPUPI(2.I)/%XFI(241))

135, RECZPT=D,SN0+NSORT(YNPURI(34TI)/XFI(341))

s, S132PT=nCeF123PI/Z((ALFIPT(I ) »=2+ALFIPI{I)«VALKT*RHOIPI+*24RHOLIPI)
161, 1+28GRFT(8,08N0))

142, Cl22PTI(II=HC+F122PTI(I)I/((ALF2FI(I) =2 2%ALFIPI({ I} *VALKTARHO2PI**24R
1413, IHCIPTI*NSCRT(8,000))

1un, FRITE(64779) 1+RHGIPT«RHOZPTRENIPTWG133P14G122PI(])

145, TT9 FORMATI/¢' TaR1eR2,R3¢6132,6127 ALL PRIME 1,13,5E12.4)

1% . CLLL NUAG (T «HHOIPT JRHO2PT ¢KHO2PTG133P146122P14W)

1uT. EHOPT(II=0.500¢ (YNFUPT (10114 YNFURTI(2+41))40.25000(YNPUPI(1e1)%YPY(L
ita, IeTI/VEP I e D) +YIFUPTI24 I 8YPT(2eT)/WEPTI(2¢I)+YNPUPI(2sI)*VI2PI(I)/
i1ta, 2WEPTI(141))

1Sn. CGHETIy=sum

151. CUBPTIIIS (UYL PUPI (12 I *YNPUPT (30T ) a%22YNPUPI(24+1))%QOMPI(I) ) /WLI)
152, YAITF(61511) 1.Q0%(1)«0Q3FPI(T)

153, 511 FOFFAT(//¢® 1= "eIZ4' QAN = *,F12,44" QOMPI = ',E12.4)

156, WRITE(6+521) T4CUBLIICUOPI(T)

1h8., $21 FUPMALT(//+* I= 2134 QUO = ",F12.44 QUOPY = "4E12,.4)

186, EXACT(I)I=DLOGIRLR(TI NI =DLAGIQUCFT (1))

137. WHITE(E4531) EXACTIT)

1%A. 531 FOURPATI//e * LLF-EXACT = "4F12.4)

189, 512 ConTINUE

1An. 60 To 1311

161, 206 CaLL EXIT

182, END .

167, SUPFOUTINT OQUADII«ReR2/R34G6132+6122,W)

ifu. C  SUBKCLTINE TC INTEGRATE GUAD INTEGRAL

187, IMPLICIT REAL$B(A~H,0-2)

186, € 4CL : FUR COMPUTING THE ANHARMONICITY CORRECTION FACTOR FOR

is7. o C(CL.+FXACT)s A FUNCTION CF REO AND GAMMA + A 2-D SITUATION
isA, DINMENSICN G122(20) W20} HUP(12) NDOWN(12)

ine. U=1,600

170, PI1=1,7726453851

171, b

172, NUP(11240 '

173, WUP(23z40

17u. LUP2i=49

178, 1O0WH(1)400

IR, MUt oi=1ng

177. HIG G AR )

17a, RUP (Y )=A00

179, 60 conTiInuE

1onh. IF(R=2.3) 24245

181, 2 LOCKNI4)=500/(48.0-3,02R+R)

182, 60 10 190

163, 5 NDCRH(4)=7.0eR

384, WRITF(64211) NeUIReG133+6G122(I1sR24R3

188, 311 FORMAT(/+® HeUWHeG133:1G122.R2+R3 ARE '+41346E12.3)

1ha, 10 CALL SUACLP (T «lNeUsleR2+4R3¢612346122NUP'NDOUNICQ.CL1.C2)

187, w(I}=C1

1%A, WHITE (G 3002) T4W(T)

1=9, 3002 FORMETUIHGe® I = "4I32e¢* CI = *+F16.7)

13n. HETURN

191, Eun

192, SURFAUTIME SURCL2(TTefiUsRR24P3:6133,6122,N1¢N2+A+B4C)

193, I%PLICIT RIALCB(A=H(N=7)

130, [« t

EHPI(TI=YNPUPI {1« eVIIAYPPURT(29T)eV224YPI(1 9T 2VII#22+YPI(2+1)2V

LPUTD Ly 3 BHSn,HeSCRT(U/XY: P=M0. OF SURRANGES

ra

PIT



19s. c IN EACH OF WHICH THE RAMNGE IS FQUALLY DIVIDED: NI(IV=ND.OF
1%+, c £oudil ITNTERVALS I I=TH RANGEIN2LTI=MO. INTO WHICH RaLM2
197, [of IS DIVIDED TO ORTAIN EQUAL INTERVALS IN I-TH SUBRANGE
1%8. » C SUTLS WILL FE CALLED TO EVALUATE THE INMER INTEGRALS .
1%a, CIVEUSIQN (122(20)+%51(12)4N2(12)
220, STCP=1.00-7
23, LY
232, P1=1,772u528581
203, CALL FRFIUIFYYEAX)
20t . YYSTGP =YYHAX&STOPR
2¢s, $=0.0N0
A KR=RsNLOGI2.000)
257, X==hR
2C0A. c FOR CVERY SURRANGE:
259, DO 100 I=14H
21n. DX=HR/M2(T}
2l1. X=%x+0x/2.000
Pi%. W=l (1)
2i%. o FoR EVERY SUBOIVISION:
2it. LD 90 J=leuv
els=, IF(X/R=100)241¢1
214, 1 v=i.0n¢
2i7. ¥=C.90C
2in. G0 To 7
21, 2 Vv=(1,000-CEXP(=-X/R)}%*2
ea2n, YSR*[SCRT(1,000-V)
221, VRPZVeRsPR
Eéo. IF(YNR=100) 32+3.7
err. 3 EX=CEXF(=VPR}
22%a IF(Y=1.00=20/7EX) Teltob
228. 4  CALL ERFHNLY.E)
2R, CLLL SUNCLS{TIteRIR24R3+Xe6G132+6122+VRRvAL,B1)
227. . YY=E#R1ITEXP(~VRK)
227. GO T¢ 10 :
2¢9. T yy=0.0ud
235, 10 Convinue
2%, S=R+vYaDX
2224 X=X+Dx
223, IF(I=-11) %0+20,200
234, 200 CALL EXTT
238, 20 IFLYY-YYSTOP) 150+15C.50
234, 50 CoRTInuT
217. AZX=LX/2,000 . '
2R, 100 cCeLYInUT
239, S=S*1.0010
2un, 150 #=3/P1
28, 6.2058) 8,8 .
2u2, f "TU/7+% B ALl § =' +2€14,4)
243, Asl.0NA/71
Fuu, C=1.CNN+N.SD0/ (AR}
L5, “ETURD
2UA. <D
247, SUBRROUTINE SUBCLS(II+NWR«R2.R3+X146133¢61224VRR+AL1+B1)
248, C  SUUCLS TAKIS CARE UF THE INUNER INTEGRAL
249, IMPLICIT FEALSALA-H 0=}
Sh. c TUPUTE: U=S1) 5 R=0.959SORTIU/X): A=NO. OF SUBRANGES
2S1. c N FACH COF WHICH THE RANGE IS FOQUALLY NIVIDED: N1{J)=ND.OF
252, c THUAL INTERVALS IN I-TH RANGE:N2(T)=N0s INTO WHICH ResLN2
3, C IS DIVINED TO OHTALL FGUAL INTFRVALS IM I-TH SUBRANGE
25u. Cc SULCLS WILL PO CALLED TN EVALUATE THE INNLCR INTEGRALS .
2¢8. DIVENSION F122(20),01(012) 482128
Z5he STOP=1.00=-7
257. i1=s
LTI PI=) . 77245348591
259, 1:2{1)=402

2&n, H2(l)=1nn

S1t




g m——

261,
2&o,
263 .
26t
2€8,

26F .

LY Y

DDA DN PEHVDSD DR N D

« 2 ey

0t M L DN L OGP AR AL R A

IS IR~ IS IR IS WC IR IR D BN, VARV o)

124,
Az=,

(4]

21

2s
110

30
32

3¢

4y
45

20u
20
a0

n213)y=80
1{11=42
HL(2)=4n
Nitdyzun
Ki(4y=¢nn
IF(R,FN.R2) GO TO 110
IFIRZ=2,3) 21.21425
N2{4)1=5N0/(4R.0~3,0«R27R2}
GO To 110
N2{4)=7,0sP2
CRLL ERFHIR2,YYMAXY
CALL MOJTCH(T I +ReX14G122,R2RMAK)
YYSTOP =YYMAXSSTOP
S=h.2n0t
RE=FZ«0L00602.0001)
==ty

For EVERY SUBRANGES
G 100 I=1.M
IF(I-4) 20435,35
TES=R122¢1IT)eX2
IF(TFS-0,0P0) 37.30,30
cohTinLe
IFtErpaX . GEL200) GO TGO 30
SyohEav/nitIy
6C To 32 '
OY=Rrsnz(1}
+Nx/2.000
ey
FOR EVERY SUBDIVISIOMNS
DO S0 J=1.LM
IF(X/R2-1C032+101

Vv=1.0800

1,000-0EXP{=X/R2)12%2
(1.000-0EXP(=X1/R))*x2
FSORTIRZ*H2«(14G06=-Y))
#28h28(1.000-V) G122 (TT)xXeX12X
R=h2sk2s(2.505-V) :
FIYH.GELYF) GO TO 200
IFEYMLLE.1.00-30) GG TO 320
YLIFPab2s 11, 0D0={1.000-0EXP{-RVAX/R2}1222) <0, 00+ X1xXI%RMAX=G122(1]
2)aRYAXIRHUAXCX]
IF(YL.LE.D.0) GO TO 300
Y=pSaRY(YL)

corTILE

U=yt

IFLVRR2-100) 3,347
SXSLEIP(=VRED)
IFIY=1.,00=30/FX) Telolt

CALL FREILYWF

CAtL SLACLECTIsNIReR2eN3+4X1eX96123,6122+VRRIVRR24A24R2)
G0 Tn S

E=G.SaP]

Ui zupR2+6I22(I1) sX1eXeY
IFILHrv=100) 94947

YY=Ce (h2492) 2 CEXE {=CHEK)

62 13 10

Yy=6,000

CUNT IEIE

S=SeYYenX

PEF I

IFtI-1:) 5C420,200

crLL FX1T

[FAYY=TYSTOP) 150415050
S B TR H

911
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XVHYAX VRS TX4CCIO={Cos ( [SU/XVAU=}dXI0=0d0° L) =DUu  [) ezt u=TA
00€ 0L 09 (9z=-uC*T®:i1°Ht)3T
U0E 0L 09 (uA®du nad il
tA-00G° L) eTHeE =L
XeTXeXseClU=(A=0T3 1) oTHe Y=L
((A~0UG T)exds ol LMUS Iz
. e {(U/TX=dXx3d-VLLU L) =TIA
Caw({QU/X=)dXII-UL0 TI=r
L CL G
0uUG=0=4
0dd°T=A
TeT*2L03T-2ds/ X2k
whe1=rt 06 0U

.- SNOISIATIQUNS Ad3NT duly
(Lrin=ax1
Cdp°*2/xu+L=X
(Iyetizyy=xqy
22 0L 09
~ (SRR R S EN - B
0E 01 09 (002" 3U*X¥wnlal
) 3ANILNGD
' 0gtogeLe QU2 0-¥31) 5T
IXe€LI9=3S31
GEL*GE*IF (K=T)dI
WrT=1 0Q1 0Q

$AYNVUBNS AHINI 804
. Yei==X
{020°2)80 =g =ry
gC0° 9=
. dDLSeXVALAS dul3ak
IXYRH*CU ECTO  IX* Y I 2aaMTN 1 IYD
(XYWAA*Ed)iddd 1v2
. $YCL=(4) 2
GIT 0L 39
{cdegd*0 -0 "wh)suus=lnreg™
S2412%12 (g <=grdl
01T 0L 09 (g 22 iy
QUL L= IN
CN={grIn
eI=02 1%
. Ca=(TIIn
gst=i{giaen

0aIc=tei 2

»

L=

(TICH (ZTI TR (DI E2T2 LU Ivt gy

® SVY93ILNI Y3IMNI FHL FAVATIVAD 04 UIIYI 54 1I4 81
39NVHENS Hi-1 NI STVvABJSLINI Tvnv3d HIvied ol G3dIalg
SlI#d HIIHM OLNY *ON=(11eN:39Nvy Bi-1 NI STIvAUSLND eh

L SR 1) R

LS

J0°ON=(I)IN $:030IAI0 ATWALI SI 390vd IHL HOIqAM 20 HIVI N
S3INVHANS 20 *ON=N {X/N)1HOS5°0=d ¢ N=i s Lndn
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. el 3e
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GUETTSTY
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) DTG Tes=8

{L°9T32% 3BV dOLSAA ONY AL ,*/)L1Viugd

QULSAA*AR (uSE*3) 11aY

. 3001100

~ GUV S/ XU-X=X

oot
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353,
3%4,
o=,
2%k,
3°7.
39a,
39q,
see,
481,
uGo.
sc3,
40
438,
L0a,

“2a,

L1y

4o,
B33 1
452,
us3,
454,
45°<,,
45z,
ST,

Y

n

14

il

12

IF(YL.LE.0.0) GO TO 200

Y=0SGATYLS

CONTIHLE

VHA3zVsQ3+R3

CHEK=VRR3+4G133eXexeX1

IF(CHEK=-100) 34347

YJ=~CHEK

IF(YJS.6T.0.0) GO 7O 301

EX=CEYPIYJ)

IF(Y-1.,0%=30/EX) Te1G.15% @
TFST=6133a¥%1

IF(TFST=0.0N0) Geliot

CALL ERFRUYJE)

60 To 45

E=Ce5eF1

YYzPeTX

60 To 1o

Yy=0,000

conTInue

S=S+YYsDX

X=X +0X

IF(I-13) 50420.200

ARITE(64310) YJ

FORMAT(/.' OFF=DIAG TERMS TOO LARGE ',E14%.4)
cALL FXIT

IF(YY=YYSTOP) 150,150450

conTINLE

A=X=0%/2.000

corTines

KHITF (643500 YY.YYSTGP

FOREAT(/+% YY AND YYSTOP ARF *+2E16.7)
3=§+1,.6010

H2=5/71

A2=1.0D0

(2=1,000+40,5N0/(K3»R3)}

HE TURE

(AN

SURROUTINE EPFN(YE)

IYPLICIT HEAL®R({A=H,0=2)

FOR FVALUATING THF ERFOR FUNCTICN E=ERFN{X} AS
ERFIEXI=2+P (18148, 0,2%) = 2 . SEE ABRAMOWITZ .
X=1,.1421354+Y

AXEDARS(X)
T=1,G00/11.000+0.23365819D0%AX)
IF(xex-102112431+11

0=0.a5C

P=1.c00

ap oTo 1l

cortInee
620,298342280420EXP(=X2X/2,000)
P=1,.0D0-NeTe(f({1.330274429eT=-1.821255978)*T7+1.781477939)*T~

SALE2TB2)¢T+0.31928153)

£

14242

Fzi.6D0-7

IF(F) 3.5.5

WRITF(E3001)

FORMPATIISHD JROUMLE JIM DISTRTRUTION FUMCTION.!?
FRITFL643002) X.F

2 FORMAT(4H X= £14.7.4H P= El4.7)

catL £xI7
£32.0n0sP-1.0D0

IFIFY 64747
wRITE(6.3003)
FORMAT(2EHD THOGUBLE T8 ERROR FUNCTIONM.)
oo TIa 4

8T1



4549,
460,
461.
46,
463%.
46u,
465,
Y6k
467.
HER.
469,
470,
LYA Y
472.
473,
4746.
475.
478,
477.
47R.
479,
48n,
481,
485,
48z,
4Cu.
485,
uLBA.
487.
48R,
489,
49n,
491,
492,
49x%,
494,
495,
49A,
497,
49a,
499,
500,
501.
502,
50%.
504,
505,
S50A.
507,
S0A,
S09,
51n.
S11.
510.
513,
S1lu.
51s,
51A.
517.
S1e,
519,
52a,
S521.
522,
521,

7

RETURN

Enp

SURROUTINE MEWTON(I«ReX196122+R24RMAX)
IMPLICIT RFAL2B(A=H,0=-7) °

C THIS SUBRQUTINE SERVFS TO FIND THE UPPER LIMIT OF Q2 FOR CASE 1
c WHEN G112+X IS LESS THANM 0 USING NEWTON'S METHOD
c NEWTON IS MOW CALCULATED POINT BY POINT
DIMENSION G122(20)+2(S500)¢UMAXIS00)
USTAN=R2¢R2-1,0D~4%
M=1
Zt{1i=1.0
UMAX(1)1=R2%R2%(1.0D0=-0EXP(=Z(1)}/R2)1222=0,00%2(1)»X1sX1=-6122¢1})»X1
1%(2(1)9+2)
1 IF(UMAX(FM).GF,USTAN) GO TO 23
Mz=M+1
2i{M)=2{M~-1141.0
UMAX (M) =R2*R2%{1.0N0~-DEXP{-Z({M)/R2)}*22-0,00%Z(M}*X1%X1=-G122(I)*X1
1%(2(r)%=2) .
IFIUMAXIM) LT UMAX(M=1)) GO TO 23
. IF(FM.EQ.500) GO TO'12
GO To 1
23 RMAX=Z(M)
IF(KMAX.,LE.0,0) GO TO 12
GO TO 43
12 CONMTINUE
[ WRITC(6415) Me2(M)
15 FORMAT(/+' EFRCR IN CONVERGENCE M *+I4.E14,.4)
43 RETURN
£no
SURROUTINE NEWTN2(I+ReX1¢G133 ¢RI +RMAX)
IMPLICIT REAL$B{A=H.0=2)
c THIS SUBROUTINE SERVES TO FIND ThHE UPPER LIMIT OF 02 FOR CASE 1
[ WHEN 61122X IS LESS THAM 0 USING NEWTON®S METHOD
[ NEWTON 1S MOW CALCULATED POINT BY POINT
DIMELSION Z(500)«UMAX(S00)
USTAMN=R3#R3-1,00-4
X1
Z(1)=1.0
UMAX{1)=A3*R3%(1.000~-DEXP(=2(1}/R3) }1*22=G133%2(1)»s2xX1
1 IF(UMAX(M).GE.USTAN) GO TO 23
V=Ml
Z{MI=Z(M=1)+1,0 '
UMAX (M)=R3*RA%(1.0D0«DFEXP (=2(M)/R3) )%22~G133%Z (M) *22%xX]
15(Z(M)*#2)
IF(UMAX (M) LTLUMAX{M=1)) GO To 22
IF(M.€0.500) GO TO 12
GO0 To 1 .
23 RMAX=Z(M)
IF{RMAX.LE.D0.0) GO TO 12
GO0 To 43
12 CONTINUE
c WRITE(6+415) MeZ (M)
15 FORMAT(/+* EPROR IN CONVERGENCF M r,I4,E14,.4)
43 RETURNM
END
//G0.SYSIN DD =
-01 1 0067,86 0069,84 300,0
«2368,5Y4 -245,53
1349,.97 -2.38 1349,97 -2.38
2395.,69 «32,40 232741 =11,64
674,65 -2.30 655,65 -2.,20
-18.05 0.9900 «-11,82 -18,500 01,010 =12,61
09
/6
144

6Tt
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