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ABSTRACT

In the first part of this thesis an examination is 

made of the validity of a kinetic equation widely used 

in the literature in studying coalescing systems. A 

stochastic model of coalescence is set up and solved for 

the probabilities of all possible histories of particle 

growth. The full stochastic model is compared with the 

so-called kinetic model to which it reduces in the 
absence of correlations. A primary objective is the 
assesment of the extent of correlations in poorly mixed 
systems or in systems of small populations. The study 
shows that insofar as the total number of particles is 

concerned, regardless of their size distribution, the 

results from the kinetic equations match the true 

stochastic averages even for very small initial popu­
lations. But, when size distributions are considered, 

then, in systems of small population or in large systems 
that are poorly mixed, the results of the kinetic 

equations may differ substantially from the stochastic 

means in the long-term tail; apart from the tail, the 
distributions from the full stochastic and kinetic



f

models match quite well.

In the second part of this thesis kinetic equations of 

the type previously studied are used in a model which 

stimulates the evolution of seeded supercooled stationary 

clouds. The model contains mass balances on the inventories 

of solid, liquid and vapor in the cloud and embodies six 
microphysical processes affecting the distributions of ice 

particles and water drops. Solutions are obtained for the 

first three moments of the distributions using constant as 

well as sum-of-the-masses coefficients. The effects of 

various parameters on the evolution of seeded clouds are 

discussed. Seeding is found to have a significant effect 

on particle growth in continental clouds. The optimum 
seeding concentration is determined to be of the same 

order as the initial concentration of water drops.

iii



DEDICATION

Thia thesis is dedicated to ray wonderful parents who 

enabled me to have the opportunities which they never had. 

It is also dedicated to the memory of Aharon Kestenbaum, 

who was my closest friend in graduate school and who was 

killed on October 24, 1973 fighting for the State of Israel 

in the Yom Kippur War.

iv



ACKNOWLEDGEMENTS

I wish to thank Professor Beuel Shinnar, who directed 
this research, and Professor Joseph Yerushalmi for their 
continuous guidance and their many contributions.

I wish to acknowledge the help of the late Professor 
Stanley Katz, my original mentor, who was instrumental in 
getting the research started.

During my research I was supported by a National 
Science Foundation Traineeship. This support is gratefully 
acknowledged.

v



TABLE OF CONTENTS

Pa^e

ABSTRACT............................................. ii
LIST OF FIGURES.....................................  viii
NOMENCLATURE........................................  xiii
CHAPTER 1. INTRODUCTION............................ 1

1.1 Preliminary Remarks.........................  1
1.2 Aim and Scope of the Thesis................  3

CHAPTER 2. THE EXTENT OF CORRELATIONS IN A
STOCHASTIC COALESCENCE PROCESS........  4

2.1 Introduction................................. 4
2.2 Formulation of the Stochastic Model........  8
2.3 The Kinetic Equations.......................  13
2.4 Solutions I: The Total Number of Particles. 17
2.5 Solutions II: The Size Spectrum............ 29
2.6 Correlations in Poorly-Mixed Systems....... 33
2.7 Conclusions.................................  42

CHAPTER 3. THE EFFECT OF SEEDING ON PARTICLE
GROWTH IN SUPERCOOLED CLOUDS........... 4 5

3.1 Introduction................................. 4 5
3.2 Formulation of the Model.................... 50
3.3 Choice of the Collection Coefficient....... 57
3.4 The Dimensionless Equations................  60

vi



TABLE OF CONTENTS (continued)

Page
3.5 The Moment Equations ..........................  64
3.6 Solutions - Constant Collection Coefficients .. 76
3.7 Solutions - Sum-of-the-Masses Coefficients .... 86
3.8 The Effects of Temperature Changes During

Glaciation......................................  92
3.9 Conclusions......................................  9 7

APPENDIX A .............................................  99
APPENDIX B .............................................  10 5
BIBLIOGRAPHY ........................................... 109
V I T A ...................................................  114

vii



LIST OF FIGURES

Figure
2.1 <N> and N as functions of Ct. <N> is given by 

eq. (2.35) and N by eq. (2.36).

.22.2 The variance,o , and the mean, (N}, as
functions of Ct. NQ = 20.
_,22.3 O  /<N)for a Poisson initial distribution 
with < N ^ 20.

2.4a vN (t) when <N> =8. 9  (<Nq>= 20, Ct = 0.125)
compared to the Poisson distribution with the 
same me am.

2.4b vN (t) when <N> =8.9 « N Q> =20, Ct = 0.125) 
compared to the Poisson distribution with 
the same mean.
(Continuous version of Fig.2.4a.)

2.5 The mean number of particles arising from a 
uniform initial distribution and from a Poisson 
initial distribution.<NQ> = 20.

2.6 P(n,2;t) and Poisson distribution with the same 
mean at three successive values of Ct. N = 20.



f

LIST OF FIGURES (continued)

Figure
2.7 P(n,5;t) and Poisson distribution with the 

same mean at three successive values of Ct.
N0 - 20.

2.8 Comparison between the stochastic concentration, 
<f>, and the deterministic concentration, f, in
a partitioned volume. fQ = 100. Nq = 10, 50, 100.

2.9 Mass fraction distribution at Kt = .01.

2.10 Mass fraction distribution at Kt = .02.

2.11 Mass fraction distribution at Kt * .04.

3.1 F (100)1,T ) vs. dimensionless time,T, for
different values of y/. Constant collection 
coefficients are in use, and ((B(t,0) = 0.2. 
A(T,0) - 0, £ =  1.0 and V  = 1.0

3.2 Dimensionless time for F(100)A,T ) to reach 0.6
as a function ofy/. Constant collection 
coefficients are in use, and£= lf\)-l» A(T,0)-0.

Page

32

35

39

40

41

77

79

ix



LIST OF FIGURES (continued)

Figure
3 .3

3 .4

3 .5

3 .6

Page
The time, tQag, for F(100y ) to reach 0.6 as a
function of the seeding concentration. Constant
collection coefficients are in use and NQ = 3.5 x 

7 - 310 m . 0 = 1,V = 1, A(T,0) - 0. 80

Seeding efficiency vs. QiB(T,0) . Constant collec­
tion coefficients are in use and £ = 1, V  = 1,
A(T,0) = 0. 82

Dimensionless time, X Q g , for F(100y ,X ) to 
reach 0.6 as a function of y  for three values of/3 . 
Constant collection coefficients were used, and 
«B(T,0) - 0.2, V=l, A(T,0) - 0. 84
Dimensionless time, X Q g, for F(100)A , X ) to reach 
0.6 as a function of y  for three values of V .
Constant eollection coefficients are in use, and 
aB(T,0) - 0.2, A(T,0) = 0. £ = 0. 85

The time, t_ , for F(100y ,X ) to reach 0.6 asU « 6
a function of the seeding level. Sum-of-the-masses

8 _  ?coefficients are in use and N = 4 . 2 2 x 1 0  m .o
EH - Er - 1. A(T,0) = 0. When nf ^°° , tQ g
approaches 950 sec. for Q(B(T,0) =40, and 490 sec. 
for aB(T,0) = 20. 88



LIST OF FIGURES (continued)

Figure
3.8

3.9

3.10

Page
The time, t , for F (100)4 ,T ) to reach 0.6 as a 0,6
function of the seeding level for the maritime 
cloud and for continental cloud I. Sum-of-the- 
masses coefficients are in use and aiB(T,0) = 5.5 
for the maritime cloud. aB(T,0) = 20 for continen­
tal cloud I. EH = ER = 1. A(T,0) = 0. 89

Dimensionless time,T , for F(100)A,T ) to reach0.6
0.6 as a function of for continental clouds I
and II. Sum-of-the-masses coefficients are used
and (XB(T,0) = 40. E = E = 1. A(T,0) -0. As

H  R

y - » g  approaches 3.0 and 2.75 for clouds I 
and II, respectively. 91

Dimensionless time, T o . 6' f°r F (100)4,T ) to reach 
0.6 as a function of 'V for continental cloud I 
under isothermal and nonisothermal conditions. 
Sum-of-the-masses coefficients are in use and 
(XB (T, 0) « 20, A (T, 0) = 0, EH = ER =1. AsT|/-»°°
Tq 6 tends to 3.0 and 3.15 for the isothermal
and the nonisothermal clouds, respectively. 9 4

xi



V

LIST OF FIGURES (continued)

Figure
3.11 p, aridpH vs. % glaciation for the noniso­

thermal cloud of Fig. 3.10.

3.12 Per cent glaciation atT=*t^ g as a function
of y  for the nonisothermal cloud of Fig. 3.10.

i-age

95

96



NOMENCLATURE

A(T,T) ..........Dimensionless term defined in eq. (3.16)

B(T/C) ..........Dimensionless term defined in eq. (3.16)

b ............... Constant, see eq. (3.15)

b ’ .............. b/pf

C ............... Collection coefficient

D   .... . Diffusivity of vapor in air
bp  ..........Diffusivity of silver iodide particles

in air

E ...............  Entrapment coefficient

P( 10 0 ) | ) ...... Fraction of available mass present in

particles having radius greater than

100p at time X .
f(n»,t) ..........x (t)/Vm
fo .............. Concentration of unit-size particles

at t=0 

f ............... N/V

G(T,t) .......... Dimensional term defined by eq. (3.9)

H(m,t) .......... Distribution of ice particles

b(y,x) .......... Dimensionless distribution of ice particles
K(m,m') ......... Collection coefficient



NOMENCLATURE (continued)

CV

Initial water droplet mass concentration 

Total number of particles in a system 
or in a compartment from the kinetic 

model

Stochastic mean number of particles in 

a system or in a compartment 

Inital population size in a system or 

in a compartment
Number concentration of silver iodide 
particles

Probability of having exactly n particles 

of size m at time t
Vapor pressure around water droplet 

Constant of contact nucleation 

Temperature
Dimensional term defined in eq. (3.12) 
Probability associated with the 
indicated distribution 
Probability of having N particles of 

whatever size

xiv



r

NOMENCLATURE (continued)

V ............ Vo 1 time of a system or a compartment

W(m,t) ...... . Distribution of water drops

W(y,T) .......... Dimensionless distribution of water drops

x (t) ........... Number of particles of size m fromm
kinetic model

x ............ Stochastic mean number of particlesm
of size m

Greek Symbols
...... . Dimensionless group defined in Table 3.2

(!)............... Dimensionless group defined in Table 3.2

fm(t)  .......Mass fraction of particles of size m

from kinetic model
m(t)) ......... Stochastic mean mass fraction of particles

y n ............... nth moment of ice distribution
Dimensionless group defined in Table 3.2 

)»n .............. nth moment of droplet distribution
p  .... . Density of vapor in the cloud

pa».............. Density of air in cloud
ph .............. Vapor density around an ice particle

.............. Density of liquid water

xv



NOMENCLATURE ( continued )

..............  Vapor density around a water droplet

IP (x^,x2<... ,NQ/N) Conditional probability defined by

eq. (2.22) variance

y»(m/N) ..........Conditional probability defined by

eq. (2.24)

\fj  .........Dimensionless group defined in

Table 3.2

Subscripts

h  ........ Ice particle

H ...............  Coagulation

R ...............  Riming

w ...............  Water droplet
W ...............  Coalescence

xvi



CHAPTER 1 
INTRODUCTION

1.1 PRELIMINARY REMARKS
Coalescence is the dominant mechanism for particle 

growth in various multiparticle systems such as aerosols and 
raindrops in the atmosphere. The collision mechanism, through 
which coalescence occurs, may vary from system to system. 
Examples of collision mechanisms are Brownian and turbulent 
motion in the case of aerosols, and differing terminal 
velocities in the case of raindrops in clouds. In such 
systems , knowledge of the particle size distribution in time 
is of great importance. A so-called "kinetic equation" 
has been formulated in the literature based on the assumption 
that the system always consists of a large population of 
randomly distributed particles which grow as a result of 
binary coalescence.

The basic discrete form of the kinetic equation is:

•J*- m— 1
  “ y~ cn,m-nxnxm-n ” xm 2l_'“mnxn (1.1)
at n«=l n

where x is the number of particles of m units mass in m
some volume. It is conveient to regard m also as an index
of size and, accordingly, x is alternatively the number ofm
particles of size m in the volume. C is the collectionmn
coefficient and is a measure of the rate of coalescence for
particles of sizes m and n. Additional terms are included

1



in eq. (1.1) when mechanisms other them coalescence affect 
the particle size distribution of a coalescing system.



1.2 AIM AND SCOPE OF THE THESIS
This thesis examines two separate but related problems 

in the area of multiparticle coalescing systems.
The first problem, which is investigated in Chapter 2, 

deals with the question of the validity of eq. (1.1), which 
neglects correlations. A stochastic model is set up and 
solved for the probabilities of all possible histories of 
particle growth. Results obtained from the stochastic 
model are used to study the effect of correlations in a 
coalescnce process.

In Chapter 3, which comprises the second part of the 
thesis, kinetic equations of the form of eq. (1.1) are 
used to simulate the evolution of seeded supercooled 
stationary clouds.

Each chapter contains its own introduction and conclusions.



CHAPTER 2
THE EXTENT OF CORRELATIONS IN A STOCHASTIC COALESCENCE PROCESS

2.1 INTRODUCTION
The evolution of many coalescing multiparticle systems has 

been examined through the use of kinetic equations of the form of 
eq. (1.1). For coalescence of raindrops in a cloud, the first 
analytic solution of eq. (1.1) was obtained by Golovin (196 3) for 
a coalescence coefficient proportional to the sum-of-the-masses of 
the drops, C ^  = constant * (m+n), where the initial distribution 
was exponential.This coalescence coefficient is a good approxi­
mation when the radii exceed 25)4 . Scott (1967) obtained analytical
solutions of eq. (1.1) for three different coalescence coefficients 
and two different initial distributions. He solved the equation for
C «■ constant, C « constant * urn, and C.n = constant * (m+n). Hisnm ran ran
initial distributions were a Gaussian distribution and a distribution 
consisting of two discrete sizes. Drake and Wright (1972) 
obtained solutions of the kinetic equation when the coalescence 
coefficient was a linear combination of the coefficients studied 
by Scott, ** A^ + A2 (m+n) + A^ mn.

Twomey (1964), Berry (1967) and Warshaw (1967) used experi­
mentally determined coalescence coefficients to obtain numerical 
solutions of eq. (1.1) for a cloud of water drops coalescing under 
various conditions. Hidy (1965) obtained numerical solutions of 
the kinetic equation for coagulation of aerosolos by Brownian motion 
while Huang, Kerker, and Matijevic (1970) solved the equation

4



numerically for coagulation due to turbulent motion. Long (1971) 
examined the computational errors arising in numerical solutions 
of eq. (1.1).

The validity of the kinetic equation as a model for droplet 
coalescence in a warm cloud has been questioned by Warshaw (196 7, 
1968) and Long (1971, 1972). They claim that the kinetic equation 
is"stochastically incomplete" since it describes only the average 
behavior of cloud droplets and not the deviation from it. Scott 
(1967, 1968, 1972), Berry (1967, 1968), Gillespie (1972) and 
Slinn and Gibbs (1971) defend the validity of eq. (1.1) claiming 
that it includes the probabilities of all possible histories of 
droplet growth.

In this chapter we address this question. We shall set up 
a stochastic coalescence model that can furnish the probabilities 
of all histories of particle growth, and we shall then show that 
this model reduces to the kinetic equations when particle corre­
lations are omitted. What emerges from the kinetic equations are 
hence not necessarily the true averages of the underlying random 
processes. The magnitude of these discrepancies depends on the 
extent of the correlations. Correlations may be particularly 
significant in systems of small populations, in which case the 
properties of individual particles are not statistically inde­
pendent, and the outcome from the kinetic equations will accord­
ingly not match the true stochastic averages.

On the other hand, we would expect correlations to diminish 
in systems of large populations. In that case we would find 
that variances and covariances become small, distributions become



singular, and the processes involved become essentially 
deterministic.

The question arises as to just how large a population 
ought to be before we are satisfied that kinetic equations 
describe its behavior satisfactorily. The answer to this ques­
tion can be sought only in the complete formulation of the 
stochastic model from which the appropriate variances can be 
computed, and one can deduce the circumstances under which the 
standard deviation becomes a negligible fraction of the mean.

The trouble is that whenever we confront a system in which 
particles are correlated, the mathematics of the stochastic 
machinery becomes very formidable and even partial information 
is hard to obtain. We are fortunate in that the example we have 
picked for study in this chapter, namely particle growth* by 
coalescence, has afforded us with the only system of significance 
we are aware of, in which we are able to obtain the full history 
of probability distributions. We hasten to note that in the 
interest of pushing the stochastic apparatus to the very end, we 
had to settle for the simplified case in which coalescence is 
characterized by a constant collection coefficient. We are aware 
of the shortcomings introduced by use of a constant collection 
coefficient, but we may note that the results obtained are, none­
theless, illuminating; moreover, in many dispersed-phase coalescing 
processes it has been established that a constant coefficient is 
appropriate, at least as a first approximation (Kapur and 
Fuerstenau, 1969; Knutson et. al., 1967).

Before closing these introductory remarks, we think it



appropriate to call attention to a recent paper by Gillespie (1972) 
that also deals with the stochastic modeling of the coalescence 
process. We find Gillespie's discussion thorough and lucid. He 
sets up the stochastic model for any general collection coefficient, 
but his solutions omit particle correlations. Two other noteworthy 
papers to which this study is complementary are those of Knight 
(1971) and Marcus (1968). Finally, a general discussion of prob­
ability methods in particulate systems in offered in a paper by 
(i®tz and Shinnar, 1969).



2.2 FORMULATION OF THE STOCHASTIC MODEL
Specifying the state of the system at any time by 

the number N of particles present together with the num­
bers x^, x2, X3, etc. of particles of sizes 1, 2, 3, etc., 
we describe the random mechanism of the process as follows 
In a short time At, any two particles can coalesce with 
probability C At, where C is the constant coalescence co­
efficient.

Now, suppose that at time t +A t we have the distri­
bution N, Xĵ , x2* ...fX^, and we let A t  be chosen suffi­
ciently small so that during the time interval (t,t+At) 
there could be, in the entire system, at most one 
coalescence. Now we pose the following question: From
what states could this distribution evolve in the 
transition time At? A little reflection will show that 
there are basically three different ways in which the 
system can assume this distribution: 1) a coalescence
takes place between two particles of the same size;
2) a coalescence occurs between two particles of differ­
ent sizes; and 3) no coalescence occurs.

Let us consider each of these routes separately.
If the system is to reach the desired distribution 
through a coalescence between two particles of the same 
size, it must be, at time t, at the state



The probability associated with this distribution is 
v(N+l,x^,x2,...,xm+2,...>X2m-l/•••;t), and the 
probability that two particles of size m will coalesce 
in the interval (t,t+At) is

C At.

Accordingly, the system will change from state 
N+l,x^,. . . ,xm+2,...,x2m-l,..•,xN to the desired 
state in ^  t with probability

^  v (N’t' 1 , x ̂ ,x2, • • • , x^+ 2, . . * , x2m~ 1, . . . ; t)
m

xm+2
X I  2 lc At.

If the system is to reach the desired distribution 
through a coalescence between two particles of different 
sizes, it must, at time t, be at the state

N*

The probability associated with this distribution at 
time t is v(N+lfx„ ,x2,.. . ̂ + 1 , . .  . ,x + -1,. .. ;t) , 
and the probability that two particles of sizes m
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and n will coalesce in the time interval (t,t+At)
is (x +1)(x +1)CAt. Hence, the system will change from m n
state N+l, x^, xm+l,...,xn+l,...,xm+n~l,...,xN to the
desired state in the transition time A t  with probability

I  I  v(N+l,x̂ ,x2,.••'xm+l' • • • ' x n + 1 ' ' ’ ' '

m n
(xm+1) <V1)cAt-

Finally, the probability of having the desired 
distribution at time t and no coalescence in the inter­
val (t,t+At) is

The probability v(N,x^,x2,.••;t + A t ) , of having the 
desired distribution at time t+At, can now be ex­
pressed as the sum of the three mutually exclusive 
probabilities assembled above:
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v (N,x ^,X2/ • • • # )

^ v (N + 1 / X2 # • • • 9 Xĵ *̂2 / • • • f

+ Y  Y. v(N+l,x1,x2f. ..,xm+l. .. ,xn+l, . . . ,
m < n

xm+n"1'*‘-;t) (xm+1) ^ n+l)cAt

tv (N  ̂X2 / . • « j t) (2 .1)

Now, bringing the term vt^x^Xj, •..; t) from right to 
left, dividing b y & t  and letting £ t - » 0 ,  one obtains

dv^  (N,x^,x,••.jt)

■CEI V  (N+l ,  X ^  , X 2 , • • • , X ^ + l  t • • •

m <  n

xn+l,.. . /Xĵ h -I, -t)(xm+l)(xn+l)

+C v(N+l,x1,x2,.
m

x2m-1' * * *;t)

-Cv(N,x1,x2,...;t) . (2.2)
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Eq. (2.2) is the fundamental expression of the 
stochastic description. Solution of eq. (2.2) will produce 
the complete probabilistic picture of the process, but, 
short of a complete solution, eq. (2.2) can also yield 
useful partial information in the form of suitable aver­
ages of the underlying random processes-means, variances, 
covariances, etc.

Before we present the solutions to eq. (2.2), we 
first proceed to demonstrate the circumstances under 
which (2.2) reduces to the kinetic equations.



2.3 THE KINETIC EQUATIONS
Let P(n,m;t) be the single-particle distribution 

associated with particles of size m; that is, P(m,m;t) 
is the probability of finding n particles of size m at 
time t. And let be the mean value of P(n,m;t).
P(n,m;t) can be obtained from v(N,x^,X2 ,...; t) by

P(n,m;t)

* ̂  ^  y * * * ^  v(H,x1,x2,. .. ,xm=n, .. . ;t) ,
N xx X2

except xm

^<m (t)) = nP(n,m;t).
n

Accordingly, the differential equations governing xm are

d/x \
“ 1/2 C L <*n '*i-r> c f m H >tc<*m}' n odd- '

^  * 1/2 C £  (*nxm-n)-c(xmX)+C<xm)
d 
dt

- 1/2 c(xm/2), m even.

2.4)

2.5a)

2 .5b)

13
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Making use of the identity

Cov(X,Y)»^XY^-^X ><’>■

where Cov (X,Y) denotes the covariance of the random 
variables X and Y, we may cast eqs. (2.5) in the form

d/x \
-A-i- = 1/2 C Y_ +

-C[Cov(*ra,N)+^ m^ ) ]

+C ̂ x^ , m odd/

-lA.l/lc'Z tCov(lV xm-n)+(xn}<’Vn)
-ClCov(xm ,M) + (xlt[)<N)]

+C(xrr)" 1/72 C x̂m/2^ ' m even.

Now, if in eqs. (2.6) we omit all covariances, we 
than obtain the kinetic equations. For the purpose of 
telling them apart, we produce the kinetic equations 
below without use of the angular brackets:

2.6a)

(2.6b)



I
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dxm
dt

dx
dt

m-1
= 1/2 C ^  xnxm-n“Cxm (N_1)' m odd, (2.7a)

n=l

m-1

m _  = 1/2 C xnxm-n” 1/2 Cx.
n=l

m/2

-Cxm (N-l), m even. (2.7b)

In the literature, the rate of coalescence between equi-
size particles, Cxm (xm-1)/2, is normally approximated 

2by cxm /2 and, accordingly, both (2.7a) and (2.7b) reduce 
to a single expression

m-1
dx _
— -—  = 1/2 C > x x -Cx N , (2L  n m—n m

n=l

which is of the form of eq. (1.1) with a constant coales­
cence coefficient.

It is, of course, obvious that so long as the covari­
ances remain appreciable, the results of the kinetic 
equations will not match the true stochastic averages
from (2.5) or (2.6). On the other hand, in a particulate



system of sufficiently large "well mixed" population, 
covariances may become small, and comparison of eqs. 
(2.5) and (2.6) shows that the mean values ^xmN^ and 
^xn:‘n-n^ become approximately equal to the products 
(*»)(•')and ( *n)(xm-n) : that is, the distributions be- 
cone singular and we may identify the xm of the kinetic 
equations with the true mean values. Under these 
circumstances, the kinetic equations give an essen­
tially complete description of the coalescence process. 
Just how large does the population have to be before 
these circumstances materialize? To answer this ques­
tion we turn to the solutions of the stochastic equa­
tions. In the next two sections, we shall first obtain 
solutions dealing with the total number of particles, 
size notwithstanding, and then proceed to deduce the 
solutions for the size spectrum. In each case compari­
sons will be drawn to the corresponding results from 
the kinetic equations.



2.4 SOLUTIONS Is THE TOTAL NUMBER OF PARTICLES

In terms of v(N, x^, • • * »t)f the probability
vN (t) of having N particles of whatever size at any moment 
is

vN (t> = I I " ’Z  I  v(N, x2 , t) (2.9)
sum over all x 's m

And from eq. (2.2) we deduce

dv, fN+r
N = c

dt VN+1 "C (!) '<■ (2.10)

For a uniform initial distribution comprising Nq particles 
of size unity

vN (0) =&J, Nq , (2.11)

and in Appendix A we show that eq. (2.10) admits the solution 

N q (-l)k+N(2k-l)(k+N-2)!
v (t) - 5 1  ------------------------

k=n N!(N-l)1(k-N)!

k-
x TTV T  ( —-° \H0

->»\
) ^xp +M/

-Cl it (2 .12)

17
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The mean number of particles, at anY time comes to

No
<«> = 5 1  " V  X  (2K- 1 >

k=N

k-1

x T T  

"V =o

No-M
exp r h

- c

t . (2.13)
_  \2]

The corresponding results from the kinetic equa­
tions are obtained as follows: Summing (2.7a) and
(2.7b) over all m's yields

dN

dt
= - ^CN(N-l),

which, subject to the initial condition N(0)=Nq , pro­
duces the solution

(2.14)

N
N =

No- (Nq-1) exp (-*4Ct)
(2.15)

Before we proceed to illustrate the above solutions 
numerically, it may perhaps be instructive to compare
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eq. (2.14) and the differential equation that governs the 
true mean number of particles; the latter is obtained by 
multiplying (2.10) by N and summing over N:

d(N) ?—  = -hc2_ N(N-1)Vn= -hC[ (2.16)

The kinetic equation obviously differs from the equation 
for the true mean. Indeed, we may write the latter as

d/N) , _
= - ’iCt (») “(**)+6 Z] , (2.17)

where 6^= is the variance, and conclude that
as long as <5 ^0, the number of particles, N, obtained
from the kinetic equations will exceed the true mean

at any given moment, and will coincide with it only
when the variance 6  ̂becomes a small fraction of the
mean. The exact measure of these differences will
presently be sought in the numerical solutions.

Turning now to some numerical examples, we note
first that, even for small values of Nq , eqs. (2.13)
and (2.15) can hardly be told apart: see, for example,
the solutions for N =10 and N =20 shown in Fig. 2.1.o o 3
In Fig. 2.2 we have plotted the variance
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<J and the mean /N\>as functions of Ct for the case in
which N=20. Accordingly, just as we have noted above, 
the variance is indeed, for the most part, small com­
pared to the mean; it stands to reason that for larger 
values of Ng, the variance will become a vanishingly 
small fraction of the mean, and the distribution will 
become practically singular. This is not in agreement 
with the results o* Scott (1967; Section 6) who claimed 
that vN (t) obeys Poisson statistics. We hasten, how­
ever, to note that, in reference to eq. (2.17), when 
Ng is large the term dominates and it makes little
practical difference whether the distribution is Poisson 
(6 2- ^ = 0 )  , or whether, as is indeed the case, the dis- 
tribution is singular (6 /^n^-^0).

As a matter of fact, even when the initial distri­
bution is Poisson, rather than the uniform distribution 
of eq. (2.11), we find that the evolution of the particle 
count does not follow Poisson statistics. For an ini­
tial Poisson distribution whose mean is /Ng \, we have

N!
(2.18)

and eq. (2.10) now yields
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2 0

< N >
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0.01

Firr. 2.2. The variance, ct , and the mean, <I$>, as functions of Ct.
N = 20.
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v„< t>

NQ,max Ng,max e l(-l)'VT"(2k-l) (k+N-2) !k+N,

k=N 5, =k+l JtlN! (N-l) ! (k-N) !

£  (£)~ B  (>) 1

where No,max t^e largest value of Nq which has a 
significant probability in the initial distribution. 
The mean number of particles for a Poisson initial 
distribution accordingly becomes

M M0,max 0,max e

<N(t)>- T  T

k=l i=k+l

(2K-1)

il

exp *,v
In Fig. 2.3 we have plotted as a function of Ct

(2.19)

(2 .20)
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for a Poisson initial distribution with 20 particles 
as its mean; and in Fig. 2.4a we have compared the 
histogram distribution vN (t) at a point in time when 
the mean has reached 8.9 with a Poisson distribution 
of the same mean; Fig. (2.4b) is a continuous version 
of Fig. (2.4a). We may note here that throughout the 
remainder of this chapter we have found it more con­
venient, for illustrative purposes, to use continuous 
curves in place of histograms.

Before we leave this particular subject matter, we 
wish also to note that, at any moment, the mean number 
of particles that evolve from a uniform initial distribu­
tion and from a Poisson initial distribution are virtu­
ally the same: Witness Fig. 2.5 in which we have compared 
these means, as functions of Ct, for ^NQ^=20.

The results of this section can be summarized 
briefly as follows: Insofar as the mean number of par­
ticles is concerned, disregarding size distribution, 
the results of the kinetic and the full stochastic 
equations are nearly indistinguishable even when ini­
tial populations are quite small. We have to admit, 
however, that it is likely that this result will 
change considerably if the coalescence coefficient be 
made to depend on particle size. It stands to reason 
that in such a case particle correlations would be 
stronger than in a system governed by a constant col­
lection coefficient.
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2.5 SOLUTIONS II: THE SIZE SPECTRUM

Eq. (2.2) may seem quite formidable. As it turns 
out, for an initial population of Nq particles of unit 
size, a relatively simple solution emerges:

v (N, x2, . • . ?t) - (^(x^f X2, . . • , Xjj /N) ̂  (t) , (

where v^Ct), on which the previous section was focused, 
is the probability of having N particles of any size, and 
the time-independent (9 (x1, x2, . . . , Xjj /N) is the 
probability of having a specified size distribution given 
that there are N particles. The function CP is given by

(p(x1,x2,. *. , X j j  /N)

In the above, the numerator gives the number of ways in 
which a specific distribution of Nq units of mass in 
N particles can be obtained, and the denominator 
represents the total number of ways of distributing Nq

29
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units of mass in N particles (Feller, 1966; pp. 38-44).
We offer no formal proof that eq. (2.21) is the 

solution of (2.2). Instead, we have shown (see Appen­
dix B) that (j?vN does indeed satisfy the differential 
equation (2.2) and in a few highly simplified cases we 
were able to grind out numerical solutions that estab­
lish eq. (2.21) as the solution to (2.2).

With v(N, x^, Xj/ • • • ;t) = C| vN at hand we 
may proceed to determine the single particle distribu­
tions P(n, m; t) and their mean values ^xm (t)^.

There has been a great deal of discussion as to 
whether or not the P(n, m; t) obey Poisson statistics. 
Accordingly, in Fig. 2.6 and 2.7, we have generated 
the distributions P(n, 2; t) and P(n, 5; t) for NQ=20, 
each at three successive times and, for comparison, 
we have added the Poisson distributions that corres­
pond to the respective mean values of P(n, 2; t) and 
P(n, 5; t). The trend that emerges in Figs. 2.6 and 
2.7 indicates that as time increases P(n, m; t) ap­
proaches a Poisson distribution. Gillespie (1972) 
showed this to be also true for a variable collection 
coefficient in the absence of correlations.
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Fig. 2.6. P(n, 2;t) and Poisson distribution with the same
mean at three successive values of Ct. N =20.o
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2.6 CORRELATIONS IN POORLY-MIXED SYSTEMS
So far our remarks have applied to any dispersed 

system of coalescing particles. We wish now to address 
specifically the subject of droplet growth in a warm 
cloud in order to illustrate an important consideration.

A real cloud is obviously a system of an enormous­
ly large population. On that account, one may argue that 
particle correlations in a cloud ought to be vanishingly 
small, and one may accordingly use the kinetic equation 
to model the growth of the droplets. The kinetic equa­
tion, however, is predicated on the assumption that the 
droplets are randomly distributed in the cloud-the so- 
called "well-mixed cloud" assumption. This is not 
normally the case in a real cloud: real clouds are not 
well-mixed. Hence, as droplets in a given region 
undergo a series of coalescences, there is a correspond­
ing decrease in the number of droplets in that region 
available for further coalescence. Also, in a well- 
mixed cloud, it is possible to conceive the formation 
of very large particles in short times? in the real cloud 
there is some limit on the size a droplet may attain 
because of the finite amount of mass contained in the 
droplets in its immediate vicinity.

This is precisely the type of situation that 
brings about particle interactions or correlations. It 
is a situation that is rather difficult to model

33
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mathematically, and, accordingly, in order to get some feel­
ing on this matter, we have resorted to a simple device: We 
consider a large hypothetical cloud, which for all practi­
cal purposes may be regarded as infinitely large, parti­
tioned into many small compartments of volume V with the 
understanding that droplets can coalesce.only if they in­
habit the same compartment. By making the compartment 
sufficiently small, we introduce particle interactions 
that are suggestive of the "local" interactions in a real 
cloud.

We shall describe the growth of particles within 
each compartment by the kinetic equations and by the full 
stochastic equations and compare the results. According­
ly, from eqs. (2.13) and (2.15), with C replaced by C=K/V, 
we may deduce, respectively, the mean (stochastic) parti­
cle concentration, ^f)=(N^/V, in the total system, and 
its kinetic counterpart, N/V. In Fig. 2.8 we have drawn 
these two concentrations as functions of Kt, for the case 
in which fg=100 and, in turn, Nq=100, 50 and 10.

Accordingly, for the choice of a constant collection 
coefficient, our results indicate that the number of 
particles per unit volume in the entire system at any

We find that for Nq=100, the stochastic concentra- 
virtually identical to the kinetic concentra­

tion f; when Nq equals 10 or 50, /f\exceeds /f\ slightly.
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time is insensitive to the type of poor mixing simulated 
by the partitioning model.

We next consider the important question of the 
evolution of the size distribution in the partitioned 
system. As the primary parameter, we focus upon the 
mean fraction ^Ym(t)^ of the total mass contained in 
particles of size m. With Ng being the total mass in 
each compartment, we have

(Y m(t)^ =
N0

As a matter of computational convenience, we 
introduce the probability

iN-m-l\

\J) (m/N)■ ■■ N-~2 , m*l,2,... ,Nn-N+l

that a particle picked at random for a compartment 
containing N particles will be precisely of size m. 
With y(m/N) we have

2.23)

(2.24)

(Xm (t)) = H  NvN (t) y/(m/N) , 
N

(2.25)
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and accordingly

(2.26)

The corresponding mass fraction from the kinetic 
equation is ^m(t). We have solved the set of equations
(2.7a) and (2.7b) numerically, and have also obtained a 
closed-form solution to (2.8). (The latter is the ver­
sion that usually appears in the rain literature.) For 
initial populations as low as 10, the solutions to (2.7a) 
and (2.7b) on the one hand and to (2.8) on the other were 
indistinguishable. Hence, we record below the solution 
to eq. (2.8):

m-1
f (m,t)=xm (t)/V=

(l+Ssf0Kt) m + i  * (2.27)

The kinetic mass fraction, Ym(t), then becomes

m(%fQKt)m_1

(l+*sfnKt)
(2.28)

Figs. 2.9, 2.10, and 2.11 compare vm(t)/ and ^m(t) 
at three successive times; fQ was taken to be 100, and
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values of Nq*10, 20, 50 and 100 were used. These figures 
tell a significant story: for low values of Nq (i.e., in 
small compartments) there are substantial discrepancies 
between the size distributions obtained from the kinetic 
equation and the corresponding stochastic results, 
particularly in the long end of the distribution tail. The 
differences, however, diminish sharply as the compartments 
are chosen larger, and, more moderately, with time.
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2.7 CONCLUSIONS

Our aim in this chapter was to compare the kinetic 
and the full stochastic description of the growth of 
particles in a coalescing process. We discussed and 
illustrated the conceptual differences between these 
two approaches, and went on to examine their practical 
implications. We have argued that in well-mixed systems 
of large populations, the overall behavior of the particles 
is adequately described by the kinetic equations, but 
that in poorly mixed systems or in systems of small popu­
lations, statistical fluctuations become important and 
the outcome from the kinetic equations may differ appreci­
ably from the true stochastic means. These discrepancies 
are caused by particle interactions or correlations. In 
systems of small population, for example, the probability, 
say, of having xm particles of size m, is dependent on 
how many particles of various other sizes are also present.

We have set up and solved a stochastic model that 
can furnish the probabilities of all possible histories 
of particle growth. Our concession to our mathematical 
shortcomings was the choice of a constant coalescence 
coefficient; otherwise, our development is free of any 
further simplifying assumptions.

To study the consequences of poor mixing, we used a 
simple device: we partitioned the system into hypotheti-
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cal, small, well-mixed compartments, and postulated 
that it was impossible for two particles of different 
compartments to coalesce.

Our results can be summarized briefly as follows: 
If we are merely interested in the total number of 
particles, regardless of their size distribution, then 
we find that for initial populations comprising as few 
as 10 particles, the results of the kinetic equation 
match the true stochastic averages. On the other hand, 
if we focus on the size distribution of the coalescing 
particles, we find that in systems of small population, 
or in a system partitioned into small compartments, the 
results of the kinetic equations may differ substantially 
from the stochastic means, particularly in the long-term 
tail of the distribution.

Before we draw lessons from these results, we 
should perhaps note our belief that if we were to solve 
the stochastic equations using a coalescence coefficient 
that depends on particle size, we would find the differ­
ence between the stochastic and the corresponding kinetic 
results amplified relative to the results with a constant 
collection coefficient.

Two lessons can be drawn from this study. First, 
if the behavior of few large particles govern some pre­
dominating phenomenon in a coalescing system, and if 
we have reason to believe that the system is poorly
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mixed, then use of the kinetic model may produce signifi­
cant errors. On the other hand, if the behavior of a 
coalescing system depends basically on the number of 
particles present in the system, regardless of their 
size spectrum, then the kinetic model can be used with a 
high degree of confidence.

The second problem has to do with the modeling of 
large systems that are well mixed. We expect correla­
tions in such systems to be insignificant, but often, in 
order to model them, we employ numerical simulation 
methods, such as the Monte Carlo method, which use a 
relatively small population. This will introduce inter­
actions, and computations in the tail will incur some 
errors.



CHAPTER 3

THE EFFECT OF SEEDING ON PARTICLE GROWTH IN SUPERCOOLED CLOUDS

3.1 INTRODUCTION

It is generally accepted that the chance that a super­

cooled cloud would produce rain can be improved by increasing 

the concentration of ice particles in the cloud through 

seeding with silver iodide.

Two mechanisms have been proposed to explain how seeding 

may induce rain: Since ice has a lower vapor pressure

than water, Bergeron (1935) postulated that diffusional 
growth of ice particles at the expense of water droplets 

would increase the chance of rain. This effect is believed 

to be particularly strong during the early development of 

the cloud when coalescence rates are small.

The second mechanism has been proposed by Simpson, 

et al. (1965). They claim that the release of latent 
heat of fusion during glaciation can significantly in­
crease the cloud bouyancy and thereby, invigorate the up­

draft, leading to a more rapid growth.
The precise mechanism notwithstanding, it is clear 

that seeding would increase the chance of rain to the ex­
tent that it can accelerate the overall growth of particles 

in the cloud. In this chapter we examine the effect of
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seeding upon the growth of particles in a.supercooled 

cloud. To this end, we have set up a mathematical model 

in which the cloud comprises four phases: ice particles
water drops, water vapor, and particles of silver iodide 

With dynamic effects neglected, the model embodies six 

microphysical processes affecting the size distributions 

of the ice particles and the water drops. The six pro­

cesses, grouped under three categories, are:

Collection Processes

(1) Coalescence of water drops.

(2) Coagulation of ice particles.
(3) Riming of water drops on ice particles. 

Diffusional Processes

(4) Accretion of ice particles from the
vapor phase.

(5) Evaporation of water drops.

Ice Nucleation
(6) Nucleation of ice particles produced

from water drops by silver iodide.
The concentration of silver iodide in the cloud is 

clearly of considerable importance in determining the 
relative contributions of each of the above processes.

In a heavily seeded cloud, coagulation of ice particles 

would provide the dominant growth mechanism, whereas 

growth in an unseeded cloud would be mostly by coales-
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cencc of* water drops. The optimum seeding level 

corresponds to the seed concentration that would 

bring about maximum overall rate of growth of particles 

in the combined population of ice particles and water 

drops. We shall examine the optimum seeding level.

Of the six microphysical processes listed above, 

many have been examined separately, and there are sev­
eral studies of a combination of up to four of these 

processes. But the combined effect of all six pro­

cesses has not yet found expression in a single analysis.

Stalevich and Uchevatkina (1968) used a highly 

simplified continuous growth model to investigate the 
effect of seeding concentration on rain formation. They, 

however, assumed that during the lifetime of the cloud 
the variances of the distributions of both the ice particles' 
and the water drops were zero. They al.so ignored the co­

agulation of ice particles. Ryan (1973) used integro-differ- 
ential kinetic equations to model a cloud seeded with ice 
particles. His analysis ignores coalescence of water 

drops and coagulation of ice particles. Ryan found the 
optimum initial ice concentration to be about 104m~3.

Braham and Sievers (1955), using a highly simplified
5 6 _3model, placed this concentration in the range 10 -10 m- .
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Koenig (1966) also used a continuous growth model 

to examine the natural glaciation of a cloud for diff­

erent initial ice concentrations. Unfortunately, he 

computed only the times necessary to reach given levels 

of glaciation, and deduced the evolution of the sppoCTa 

for only one value of the initial ice concentration.

Besides these studies, there have been investigations 

of the growth of individual ice particles in unseeded 

supercooled clouds. Some of the recent studies have been 

by Hindman and Johnson (1972), Marwitz and Auer (1968), 

and Takeda (1968).
Our model arises from mass balances on the inven­

tories of solid, liquid and vapor in the cloud. It is 
in the form of integro-differential equations which de­

scribe the evolution of the distributions of ice particles 
and water drops. In the literature, these types of 
equations have often been labeled "stochastic"; we pre­

fer to dub them "kinetic". These terms were thoroughly 

discussed in the previous chapter. The kinetic equations 

will be converted to equations in the moments of the 
distributions to which approximate solutions can be obtained. 

These solutions provide a better understanding of the evo­
lutions of seeded clouds and the effect of various para­



meters on the six microphysical processes that contri­

bute to that evolution.



3.2 FORMULATION OF THE MODEL

The model comprises two mass balances; one balance on the 

water and the other on the ice. We assume the cloud to be a 

closed (no inflow or outflow of mass), stationary, well-mixed, 

isothermal system. All particles are regarded as spherical, 

and no particle breakup or production is allowed. We shall 

also consider the density of the ice particles to be 1 gm/cm^.

Let H(m,t) and W(m,t) be the number densities per unit 
volume of the ice particles and the water drops, respectively. 

That is, H(m,t)dm is the number of ice particles per unit 

volume whose size is in the range of m and m + dm, and 

W(m,t)dm is similarly defined for water.

The ice balance accordingly is:

/ 2 h \  /3 H\ + /&h\ J d  H\
\Bt / \3t / coagulation \5t J riming J accretion \&t/nucleation,

(3.1)
and the water balance is:

^  =^§^|coalescence*('5t*) riming + m  evaporation m  nucleation.
(3.2)

In the above equations, 3H/ 9t is balanced against the 

changes in the spectra that result from the microphysical 
processes that affect the ice distribution, and 3W/ 3t 
equals the changes in the spectra that result from the micro-
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physical processes that affect the water drop distribution.

To formulate the exact expressions of all terms appearing 

on the right hand sides of eqs. (3.1) and (3.2), we now proceed 

to examine separately each of the six microphysical processes:

Coalescence

The expression for the rate of change of the particle 
spectrum in a coalescing system is well known and often appears 

in the rain literature:

In eq. (3.3), K^m.m') is the coalescence coefficient for 
particles of sizes m and m'; the first integral accounts for 

the rate of formation of drops of size m from smaller drops, 
and the second integral accounts for the rate at which drops 

of size m coalesce with other drops, and hence for their rate 
of loss.

m

J*Kw (m,m')W(m,t)W(m' ,t)dm'. (3.3)
o

Coagulation
Coagulation is essentially a coalescence process of which 

the protagonists are the ice particles; accordingly,
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a t

■'% J K  (m-m',m')»(*-ra’,t)H(m',t)dm' - 
coagulation J

•e
— KjjCm,***’ >H C«n,t ) H Cm’ . t ) d m * , ( 3 . 4 )

where K (m,m’) is the coagulation coefficient for ice particles H
of sizes m and m'_

Riming
The process of riming affects both the ice and the water 

distributions. The rate of change in the spectrum of ice 

particles is given by

m
( 0 H(m. t)\ = f K (m-m',m')H(m-m',t)W(m',t)dm* -
\ 9 t  / riming /

o

- J"KR (m,m')H(m, t)W(m', t) dm' (3.5)

where KR (m,m') is the riming coefficient. The first integral 

on the right accounts for the rate of formation of ice particles 
of size m from collision of ice particles and water droplets of 

smaller sizes. The second term accounts for the rate of loss 
of ice particles of size m due to riming.

The rate of change in the spectrum of water drops produced
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by the riming process is:

oO
( 3w(m.tn = - f K (m,m' )W(m, t)H(m' ,t)dm' (3.6)
y  3 t  J riming J

Accretion

The rate of growth of a spherical ice particle of mass m^ 
that is accreting matter from the vapor phase has been expressed 

by Byers (1965) as

dm^ 4TTr
1

( P Ph\ f^ h  \ (3.7)
h \ P h /  4nrh \ K J

dt Lg + RT A + B
2kRT D M ^ ^ T )

where J* is the ambient water vapor density, is the vapor
density above an ice particle, L_ is the latent heat of sub- 

limation, k is the thermal conductivity of air, ^  is the 

molecular weight of water, D is the diffusivity of water vapor 

in air, and is the saturation vapor pressure around an
ice particle at temperature T.

To separate the mass dependence from the temperature and 
time dependence, eq. (3„7) may be written as

= GtT.tJetir^) (3.8)
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where
1/3

4IV3/4 f># ) / P-P. \
G(T t> - a + b \ - y ? - }

(3.9)
and

1/3(V  “ mh
The rate of change in the spectrum of the ice particles 

due to the accretion process can accordingly be written as

1/3
H(m,t)\

I 3 t  J accretion 9>n . (3.10)

Evaporation
The evaporation rate from the surface of a water drop 

can similarly be expressed as

dm
w = U(T,t)«(m,) 
dt (3.11)

where

1/3 / V4H(3/4Hp ) /P-Pw \
u(T,t) = -2------    V » " J (3*12)V V  + RT /

, 2 p U7kRT w w
1/3and 8(m ) = mw w
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Here, Lv is the latent heat of vaporization and PW (T) is the 
vapor pressure around a water droplet at temperature T.

Evaporation affects the distribution of water drops in 

another way: As a water drop -becomes smaller and smaller due

to vaporization, it will ultimately shrink to a size m^, at 

which we can no longer consider as part of the water drop 

population but rather as part of the vapor phase. The resulting 

change in the water drop population is:

1/3-W(m, t)U(T, t)m (m-m^)

where £ is the unit impulse function. In our numerical compu­

tations m^ was taken to be 0.5*4 .
The total rate of change in the water drop distribution 

produced by evaporation is accordingly

/  V  1/3/ 9w(m.t)\ - S(u(T.t)m )
\ 3t /evaporation

1/3 r-W(m,t)U(T, t)m Mm-n^). (3.13)

Nucleation
Recent work (Weickmann ejt al̂ . (1970) , Berg ê t al_. (1968) )

shows that the conversion of water drops to ice by silver iodide
occurs primarily via contact nucleation with contact occurring
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via Brownian diffusion. The rate at which water drops of 

size m are converted to ice particles by this mechanism is

41TD r W(m,t)n_ p w r

where Dp is the diffusivity of silver iodide aerosol and n^ 

is the number concentration of the silver iodide particles. 

Since the ice particles are regarded as spherical, we can write

(mf t)\ = -/gw(m, t)\ _ Qnfm1//3w(m, t)y dt J nucleation \^t J nucleation f

1/3 (3.14)
where Q = 4T|Dp (3/4nfy)

The radii of aerosol particles used for seeding generally 

vary between 0.01 and 0.1|A . We will accordingly consider 
the radius of the seed particles to be 0.05^, . The number of 

aerosol particles that lead to formation of ice particles by 

contact nucleation is but a small fraction of the total number, 
n^, of seed particles; n^ shall therefore be regarded as a 
constant (Slinn, 1971).

One can now assemble eqs. (3.1) and (3.2). We shall, 

however, spare the reader the sight of two very long and 
cumbersome expressions, and this accordingly brings to conclu­
sion the formulation of the model.
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3.3 CHOICE OF COLLECTION COEFFICIENTS

Apart from initial conditions, solution of eqs. (3.1) and

(3.2) depends upon the nature of the collection coefficients 

Kw (m,m'), KH (m,mr) and KR (m,m'), and these are not easy to 

ascertain.
Most investigators have assumed the coalescence of water 

drops to occur solely as a result of gravitational effects 

(i.e., different fall velocities of drops of different sizes). 
K^m.m') has accordingly been formulated upon this mechanism. 

Saffman and Turner (1956), however, have shown that turbulent 

effects cannot be ignored in Kw (m,m') for most types of clouds, 

and K^rn.m') based only on gravitational coalescence will result 

in fundamental errors.
While much effort has been devoted to the determination 

of Kw (m,m'), little has been done to elucidate the nature and 
magnitude of the coagulation coefficient, K^n^m'), and the 
riming coefficient, K^n^m'). Ryan, for example, ignored ice 

coagulation altogether, and took KR (m,m') and K^rr^m' ) to be 

identical; the latter assumption appears to be consistent with 
our view of the ice particle as spherical and of density of 
1 gm/cm . On the other hand, we should note that Takeda (1968) 
has shown that there is a considerable difference between the 
growth rates of a plate-like crystal and a spherical ice particle
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in a supercooled cloud.

Since adequate descriptions of K^m.m'),. iirif

KR (m,m') are not available, we have adopted expressions that 

are widely used in the analysis of particle growth in coalescing 

systems. We have used constant collection coefficients and 
collection coefficients which are proportional to the sum of 

the masses. Golovin (1963) has shown that the latter approxi­

mation is a reasonable choice for turbulent coalescence and 

electrostatic coalescence as well as for gravitational coales­

cence. Golovin's sum-of-the-masses coalescence coefficient is:

IC-fm.m') = k E(m + m' ) = b ' E (m + m')
P*

where E is the entrapment coefficient, t*ie dens^ty of
liquid water, and b ^  6 x 103 sec * when the radii of the 

colliding droplets exceed 25 . When the collding droplets have
3 -radii in the range of lOJA to 251* , b varies between 1.2 x 10 sec

3 -1and 6 x 10 sec

We expect the collection coefficients for coagulation and
riming to differ from the collection coefficient for coalescence.
Accordingly, we have defined ER and. Ejj to be the entrapment

coefficients for riming and coagulation, repsectively. Following

Golovin we have assumed the entrapment coefficient for coalescence
to equal 1. For convenience, we have tabulated below all the
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collection coefficients which find expression in this work.

Collection coefficients

General Constant sum-of-the-masses
Process expression coefficient coefficient

Coalescence Kw (m,m') b'tnH-m')

Coagulation KH (m,m') KR b'EjjfnH-m')

Riming Kj^tm.m') KR b'ER (nH-m')

Table 3.1. Collection Coefficients

We shall presently proceed to cast eqs. (3.1) and (3.2) 
into dimensionless quantities, and form equations in the moments 

of the distributions. The moment equations will be solved and 

analyzed using constant collection coefficients. In a few 

specific cases, these solutions will be compared to the corre­
sponding solutions for the more physically realistic sum-of-the- 

masses coefficients.
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3.4 THE DIMENSIONLESS EQUATIONS

We introduce the following dimensionless variables:

N° my = m

N° m 1 V( mMq

Mh(y.T) = o— ^H(m,t)
N 2
° (3.16)

Mw(y,X) = ° ■, ..-JfCm.t)
No

B (T, t) = G(T,t)
Df02/3

A(T,t) = _ U (T, t) 
* 02/3

where Nq and. Mq are, respectively, the inital number concentration 

and mass density of the water drops, and p o is the inital mass 
density of the water vapor. Corresponding to the two types of 
collection coefficients, we have two different expressions for 
the dimensionless time: For a constant collection coefficient,
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X  - KRNQt (3.17a)

and when sum-of-the-masses coefficients are used, 

xr b 'ERtX = ---2- (3.17b)

Substituting the dimensionless variables into eqs. 
(3.1) and (3.2), we get for the ice balance

Qh(y,t ) + *B(T,t ) Qy1/3 h(y,t )
'bX ay

i fy
-  Y J h(y-x,T ) w (x,T)dx 

o

• y T+ fly1 j h(y-x,T )h(x,T )dx - flh(y,T ) J  (y+x) xh(x,t )dx
2 o

- h(y,t ) I (y+x) w(x,T )dx 
o

off
J' (y+xjS*!

+ '//y1/3 w(y,t ) (3.18)

and the dimensionless water balance is:



62

9y1/3w(yA>-9X “ ®.A T̂,T)

oo
)h(x,T )dx

y

w(y-x.t >•<«.* > - - J  (y+x)xw(y,t

00
- V w ( y , t ) J  (y+xl^tx.t )dx - ClA(T,t )y1/3w(y,t ) S (y-y^

- ^ y 1/3w(y,t ) • (3.19)

In eqs. (3.18) and (3.19) i = 0 when constant collec­
tion coefficients are used, and i = 1 when the coefficients 
are proportional to the sum of the masses. The dimensionless 
groups CL , B and M are defined in Table 3.2 below.

Dimensionless Groups_____
Collection
Coefficients JL 3tL JL

D P_.2^3 0n M 1/3 K K° QnfMo H *W

K N 1/^ m  1-/̂  K N ^ 3 K KKRNo %  R ° R R

Constant

Sum-of-the- Dp 2/3N 2/3 Qn- E„
masses ° ° f____________ _  1_

b'E0M 5/̂ 3 b'E_M 2^3N 3//3 E ER o R o o R I

Table 3.2. Dimensionless Groups
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We note that (XB(T,T ) and (XA(T,T ) are roughly ratios 
of the rate of diffusion to the rate of riming, and is a 
rough measure of the ratio of the rate of contact nucleation 
to the rate of riming.
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3.5 THE MOMENT EQUATIONS
Eqs. (3.18) and (3.19) are too formidable to allow 

analytical solutions/ and numerical solutions tend to be 
tedious and may be inexact (Long/ 1971/ and Drake, 1972). 
For the purpose at hand, however, it is not necessary to 
know how the distributions vary with time; it is suffi­
cient that we follow the evolution in time of the moments 
of the distributions.

The nth moments of the two distributions are.

Multiplying eqs. (3.18) and (3.19) by yndy and 
integrating from 0 to o®, we obtain the differential 
equations that govern the moments of the two distribu­
tions. For the ice particles.

(3.20)
o

(3.21)
o
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n+i

^ T T  * n * *  (T,t ) Y n-2/3 + Z  ( i  )  Y n+i-JlK>t
X “0

n+i / \ 1+ Z ft j WjtXt " >8 Z >n+3 Yi-D
A - 0  X j-0

^n+j Mi-j + ^Mn+1/3 (3
j-0

and for the water drops

n+i. . .
d M 5T“ / n+i\S T  " n «A(T''t > Hn-2/3 + Th 2 _  ^

£ -0

^  ^n+j ^i-j ” t*n+j ^i-j
j-0 j-0

- Clwly^T )A(T,t jyi"'173 - VHn+l/3. (3

Again, i-0 for constant collection coefficients, and 
i=l when sum-of-the-masses coefficients are used.

2 2)

.23)
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Having assumed no inflow or outflow of mass, it 
follows that

p m  - p 0 + ( ^ ( o )  - “ Y 1 (T)]Mq . (3.24)

We also note that expressions for A(T,*C ) and B(T,*t )
can be obtained in terms of the moments by using9 »*eg. (3.24) in conjunction with eqs. (3.5), (3.6) and 
(3.16).

Using eqs. (3.22) and (3.23), we list below the 
equations for the zeroth, first, and second moments 
of the solid and liquid distributions. For the ice:

i

j-0

i+1
a y 2

j=i

+ 3(i+D Yx Yi+1 + VH7/3.
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And for the water drops:

■at <—  1 1-3 2
j=o

1
-  -  d fl(T ,T  )|t 1/3 - 2 > j + 1 - #A(T,t >w<yi,t )yi473

j=o

~ * * 4/3 (3.26)

—  = -2 CIA(T,X )H 4/3 + W  (i+1) M ^ i+1

- L  M i+2-j y ij - )“ (y1.t-)y17/3 - i^m7 / 3

j=o

Assuming that initially no ice particles are present,
we have

Vo(0) = Yx (0) = ^ 2 (0) = 0

M o (0) = (0) = i

and Ho(0) depends on the initial distribution.
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Eqs. (3.25) and (3.26) are not self-contained. To 
solve these equations we need expressions for the frac­
tional moments and wty-,,^) whioh, of course, are them-

A.

selves dependent upon the unknown distributions w(y,T ) 
and h(y,T ). Hulburt and Katz (1964) suggested the use 
of orthogonal polynomials to approximate the distribu­
tions. This method, unfortunately, leads to difficulties 
because of improper expansions (Hulburt, Bayewitz and 
Shinnar (1975)). We have accordingly adopted non-ortho­
gonal fitting functions which closely approximate the 
whole solution over the whole time. Fitting functions 
of this type have been used by Klepfer, Sonshine and 
Shinnar (1969). This method is applicable when the solu­
tion approaches a self-preserving distribution. The way 
these functions are chosen, and a procedure for checking 
their validity will be illustrated in a subsequent sec­
tion.

We have examined two types of clouds, continental 
and maritime, and have found it necessary to select 
three different sets of distributions: When collection
coefficients were regarded as constants, the functions 
chosen for wty,^ ) and h(y,^) applied to both continen­
tal and maritime clouds, but when sum-of-the-masses co­
efficients ware used, different distributions were 
adopted for the continental and the maritime clouds.
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(i) Constant collection coefficients.
The distributions chosen are of the form,

(*w*/aW) w Ho exp (-X wy/aw)
w(y,T ) =

yr , > w )

h(y,T ) = ( ̂ h y^ah) ** ^o exp (-^ h ^ ah)
yT ( > h)

where a ^
aw = h ' * o  '• > w  = --------

H2/  - aw

2
"X. =

ah
V Y o - h - v < f  . . a

'2' ' o ah

(3.27a)

(3.27b)

These distributions satisfy eqs. (3.20) and (3.21) 
for n = O, 1, 2. It is interesting to note that eq. (3.27a) 
is the solution obtained by Scott (1968) for a process of 
pure coalescence, 9w/ 3t= ( 9W/ fct) coalegcence, with 

= constant and w(y,0) = e- .̂
Using the distributions of eq. (3.27), we obtain 

expressions for the fractional moments:
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eo

yn^3 w(y)dy =
(3.28a)

nn
T o 

Y  - yn/3h(y)dy

T

(3.28b)
n
I o

(ii) Sum-of-the-masses collection coefficients; Maritime

Maritime and continental clouds differ essentially 
in that the former contains initially larger droplets. The 
average droplet size initially in a maritime cloud is 
typically 20 |i ; the corresponding value for the con­
tinental cloud is only 9|A . Accordingly, diffusional 
growth is relatively unimportant in the evolution of a 
seeded maritime cloud. When sum-of-the-masses coefficients 
are used and the extent of growth of diffusional processes 
is small, Golovin (1965) has recommended use of distri­
butions of the form,

clouds.

*i < e h*)e
h(y,T )

y (3.29a)
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and

-nwy
11 < t wy>e

w(y,t) = ° W __________ 1 ________

y (3.29b)

' 8 w

where 1^ is the modified Bessel function of the first 
kind,

v2 V Yo

and 6 w and are similarly defined. 

The fractional moments follow,
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60

Y„
7

n
7

y h (y,t )dy

Y o S h

( , » -  j v

Pll+S 2+3
, 6 ; 2;

€ w 2
(3.30a)

and

H n
7

'(l+T,
n+3
6

E 21
)<3. 

’ 2 /
30b)

1w

where F(arb;c;z) is the hypergeometric function.

(iii) Sum-of-the-masses collection coefficients; continental 
clouds.
Collection and diffusional processes may be equally 

important in the evolution of continental clouds. Accre­
tion produces a narrowing of the distribution of ice par­
ticles, while growth by coagulation causes the distribu­
tion to spread. Evaporation and growth by coalescence 
both widen the distribution of water drops. Since the
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ice and water distributions are affected in different ways 
by the microphysical processes, and the relative importance 
of the processes change as particle growth proceeds, we have 
chosen different density functions to describe the distribu­
tions :

/ ^ w p w  Ew 

w(y, t) = (l-£) Mp 6W_______  Il ( £ wy)e
J~2  ”  2

lw * A  Hw &w

yT ( * w )

/_ \*u
h(y,t

Ko exp (->wy/aw) ; u < 0.4 (:

Y > O h!
o exp (-^hy//ah)

.31a)

.31b)

3.31c)
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where

With the assumed density functions and the fractional 
moments thereof, eqs. (3.25) and (3.26) are now in closed 
form and may be solved for the zeroth, first, and second 
moments of the distributions. The validity of the assumed 
density functions, and hence the validity of the solutions 
to eqs. (3.25) and (3.26) may be checked by computing from 
eqs. (3.27), (3.29) and (3.31) the third, fourth, and if 
necessary higher moments of w(y,^ ) and h(y,T ), and comparing 
them to the corresponding values obtained from eqs. (3.22) 
and (3.23).

Following this procedure, we have used Hamming's 
modified predictor-corrector method to obtain numerical 
solutions of first order differential equations. Agree­
ments within 5% for the third moments and within 15% for the 
fourth moments were obtained for the (1) ice distribution 
using constant collection coefficients, (2) ice distribution 
in maritime clouds using sum-of-the-masses coefficients, 
and (3) water distribution in continental clouds using 
sum-of-the-masses coefficients.
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Differences in the third and fourth moments of the 
remaining distributions (water with constant coefficients; 
water with sum-of-the-masses coefficients in a maritime cloud; 
and ice with sum-of-the-masses coefficients in a continental 
cloud) increased slowly with the level of glaciation of the 
cloud. But even at 90% glaciation, the third moments differed by 
less than 30%. We do not think that the differences in the 
higher moments of the water distributions at 90% glaciation, when 
the water phase is practically depleted,have any real significance 
insofar as the accuracy of our results is concerned. As for the 
difference in the third and fourth moments of the ice distribution 
in a continental cloud, we note that in eq. (3.26), from which 
our solutions arise, the highest moment of the ice distribution 
is 7/3 and on that account we regard the accuracy of the 
solutions as only slightly affected.
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3.6 SOLUTIONS - CONSTANT COLLECTION COEFFICIENTS

3In our solutions, Mq was taken to be 1 gm/cm which

is a typical value for both continental and maritime clouds. 

The second moment of the water distribution at time zero 
was assumed 2.45, and the seeding temperature and pressure

As noted in the introduction, we are primarily in­

terested in following the evolution of large particles, 

ice and water, and accordingly the fraction of "available 

mass" present in particles of radii exceeding 100^ , 

F(100|i,T), was computed as a function of time. F(100H/f) 
can be obtained from the ice and water distributions by

The "available mass" is defined here as the cloud's con­

densed mass at ice saturation, Mq + pw - PH , and 146.7 is 

the dimensionless mass of a spherical particle 100 in 
radius and of density of 1 gm/cm\

In Fig. 3.1, FdOOM.'t ) has been plotted as a function 

of the dimensionless time,T , for various values of V  •

were chosen, respectively, at -15*C and 600 mm of Hg

F(100n,T) (3.32)

Using curves of this kind, the dimensionless time, 0.6’
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Fiq. 3.3 F (100/*, T) vs. dimensionless time, , for different values 
of y • Constant collection coefficients are in use, and 
«tB(T,0) = 0.2, A (T, 0) = 0 ,p= 1.0 and ^ = 1.0.
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at which F(lOOfl.X) reaches 0.6 is plotted against V  for 

various values of <|B(T,0) in Fig. 3.2. The effects of

d B (T,0) and the seeding concentration, n^, on the evolution 

of the cloud can perhaps be better understood from Fig. 3.3

where against n^ we have plotted the real time, t itr 0.6'
takes F(100f4/C) to reach 0.6.

We note that the dependence of particle growth on 

the seeding concentration increases as dB(T,0), or the 

relative importance of diffusional growth, increases. This 

dependence is the result of the different amounts of mass 
that are available for diffusional growth at different

. 3seeding concentrations. While nearly (M_ + - P„) gm/cm
O  W  H

may be transferred by diffusion when «B(T,0) is large and
3the optimum seeding concentration is used, only p -p gm/cmw H

can be transferred when overseeding occurs and there is 

instant glaciation, and no mass can be transferred by diffu­
sion when no seeding occurs.

We also note from Fig. 3.3 that the ratio of the op­

timum seeding concentration to the inital droplet concen­

tration decreases from 10 to 0.3 as 4B(T,0) increases from 
0.2 to 20.

The effect of seeding on the evolution of the cloud 

can be gauged by the ratio of the time at which F(100H , ̂ )
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Fio. 3.2. Dimensionless time for F(100//,'i’) to reach 0.6 as
a function of Y  • Constant collection coefficients are 
in use, and * 1, ^ = 1, A(T,0) = 0.
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reaches 0.6 without seeding to the corresponding time 

when the optimum seeding concentration is used. We call 

this ratio the "seeding efficiency". Fig. 3.4 shows the 

variation of the seeding efficiency with AB(T,0). Variations 

in dLB(T.O) are largely the result of differences in the 

possible values which the constant riming coefficient may 

assume. Using the data of Danielsen, Bleck, and Morris 

(1972) for gravitational coalescence and assuming the 
riming and the coalescence coefficients to be equal, we 

find that the riming coefficient for a particle of 60^ 
and a particle of 15^4 will make dB(T,0) = 0.2 at -15 C 

while the riming coefficient for a 30M and an 8|4 par­

ticle will make <*B(T,0) = 20 at-15°C.

Seeding temperature also has an effect on aB(T,0).

At -15°C aB(T,0) is 25 7* greater than at -5°C and growth 
at the lower temperature is thereof greater. The dif­

ference in the seeding efficiencies between maritime and 

continental clouds can be observed from Fig. 3.4 since 

cXB (T, 0) is generally about five times greater for contin­
ental clouds.

As mentioned previously, very little experimental
data has been acquired for K (m ,m ') and K_(m,m'). HosierH R
and Hallgren (1960) experimentally observed the coagula-
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Fiq. 3.4. Seeding efficiency vs. o£B(T,0). Constant collection 
coefficients are in use and = 1/ 1/ A(T,0) = 0.



tion and growth of single ice particles of diameters of 

127ja and 360>i that were introduced into clouds comprising, 

ice particles of sizes in the range of 7y. to lPy. The values 

which they found for K^m.m') were considerably less than 
corresponding values of K^m.m'). Since most investi­

gators assume K^m.m') to be the same as K ^ m . m 1) we ex­

amined our equations when f3 assumes the value of 0.25, 0.5 

and 10 and yf equals to 0.5, ip. and 2.0. Fig.3.5 illus­

trates the results of overseeding for low values of £  

and Fig.3.6 shows the effect of yf on particle growth at low 

seeding concentrations. It is interesting to note that 
the seeding efficiency is independent of 0.
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3.7 SOLUTIONS - SUM-OF-THE-MASSES COEFFICIENTS

We turn now to a descritpion of the evolution of a 
seeded cloud using collection coefficients proportional 

to the sum of the masses of the interacting particles. 

Table 3^ lists the initial distributions and moments for 

two continental clouds and for one maritime cloud. Note 

that the mass of an average droplet in a maritime cloud 

is an order of magnitude greater than the mass of an aver­

age droplet in a continental cloud. This difference is 
typical.

Nc M0 m2W(ra,t)
ca~3 gm/m^ °gm /n? 

continental cloud I 1*22 1.3 8.85 x 10 ”7
w(y,o)

continental cloud II 1*22

maritime cloud 35 1.0 1.93 x 10'7 1 (5.67y)e'5,75yV J-y

Table Initial moments and distributions 

Figure 3.7 shows the effect of seeding concentration on par-
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t i d e  growth for continental cloud I for two values 

of <^B(T,0) , 40 and 20, corresponding to values of 

b' of 3 x 10 and 6 x 10"""*m̂ gm  ̂ sec \  respectively.

Once again we note that an increase in the collection rate - 

which amounts to a decrease iniB(T,0) - shifts the opti­

mum seeding concentration to a higher values and reduces 
the seeding efficiency, When«|B(T,0) is 40 the seeding 

efficiency is about 2, and seeding accordingly can pro­

mote the formation of rain. It is interesting to note 

that the ratio of the optimum seeding concentration to 

the initial droplet concentration lies between 0.8 and 5.

For constant collection coefficients, this ratio is in 

the range of 0.3 to 10.
In Fig. 3.8 we have compared the evolution of the 

maritime cloud and continental cloud I. We note that 

seeding has a considerably larger effect on particle 
growth in the continental cloud, and that no optimum 

seeding concentration exists for the maritime cloud.

Seeding in the maritime cloud only adds condensed mass 
to the particles as a result of the lower vapor density 

at ice saturation.
The extent to which particle growth is dependent 

upon the initial distribution was examined by using
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1.4

1 . 2  -

1.0 •

0.8 -

0.6 -

3
0.4 -

0.2 -

/ffi PARTICLES /m*

Ficr. 3.7i The time, tQ g, for F(100/*, 'i") to reach 0.6 as a function 
of the seeding level. Sum-of-the-masses coefficients are 
in use and Nq = 4.22 x 10® m EH * ER = 1, A(T,0) ■ 0. 
As nf , tQ 6 approaches 950 sec for«LB(T,0) = 40, and 
490 sec for oCB(T,0) = 20.
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o.e -

0.6 -

CONTINENTAL CLOUO I
MARITIME CLOUOw 0.4 -

6
4-

0.2 -

3
/I , PARTICLES/m

Fioj 3.8Si The time, tQ g, for F(100/*, ̂ ) to reach 0,6 as a function 
of the seeding level for the maritime cloud and for 
continental cloud I. Sum-of-the-masses coefficients are 
in use and dB(T,0) = 5.5 for the maritime cloud, j. B (T, 0) = 20 
for continental cloud I, EH = ER = 1, A(T,0) = 0.
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different values for the second moments at time zero. 
Using sum-of-the-masses collection coefficients we com­

pared particle growth in continental clouds I and II 

whose second moments are initially 2.45 and 4.9, 

respectively. Fig. 3.9 shows that particle growth is 

slightly greater for the cloud with the wider initial 

distribution. The differences are more pronounced at 

low and very high levels of seeding where the relative 
importance of vapor accretion is small. The trends at 

low values of are in qualitative agreements with

Twomey's (1966) results for droplet growth in a warm 

cloud.
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Fief. 3.9. Dimensionless time, > 0 g, for FdOO^,^) to reach 0.6 
as a function of Y  f°r continental clouds I and II. 
Sum-of-the-masses coefficients are in use and^B(T,0) 
ER = ER = 1, A(T,0) = 0. As '^0.6 aPProaches 3
and 2.75 for clouds I and II, respectively.

= 40,
0
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3.8 THE EFFECTS OF TEMPERATURE CHANGES DURING GLACIATION 

So far we have considered clouds to be isothermal. 

Temperatures in a supercooled cloud, however, will in 

fact vary as a result of phase changes. The cloud 

temperature may be expressed as:

Lr
T O  - T(0) + —  (M (1- M ) + p(o) - p(t>)

C p Ap a
L

- J L j l (-( ) - (0)); -(t)'o(0) (3.33a)
Cr a

L M L
T(T) - T (0) + ( 1 * 0  ♦ ...A. 'p(o) - O ) )

C p C pp'a f a

; p(t)<?(0) (3.33b)

In eqs. (3.33), Lf is the heat of fusion, is the heat 

of vaporization, L_ is the heat of sublimation, C_ is the9 p
specific heat of the cloud, and pa is the overall density 

of the cloud.
To get some feeling on the error incurred when iso- 

thermicity is assumed, we have computed particle growth 

in continental cloud I when the temperature is allowed 
to vary in accordance with eqs. (3.33) and compared the 
results to those obtained earlier for isothermal conditions. 
The comparison is shown in Fig. 3.10, and we note that sum-of-



the-masses coefficients have been used. We find that the 

error is practically nil for small values of y  , and 

increases as y  increases. Figs. 3.11 and 3.12 explain this 

trend. Fig. 3.11 shows that heating results in a slight 
increase in the density of the vapor in the cloud, p . This 

density increase corresponds to a decrease in the condensed 

mass available for growth by collection and accordingly the 

overall particle growth is retarded. Fig. 3.12 shows that 

the extent of glaciation increases with “V  • Since the 
amount of heat released during fusion is directly related 

to the per cent glaciation, the assumption of isothermi- 
city incurs an error that increases with the extent of 

glaciation and with y  .
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3 -
NONISOTHERM AL

ISOTHERMAL2 -

1.0

Fia. 3.10. Dimensionless time,"^ g/ for F(100/^, 't ) to reach 0.6 
as a function of V  for continental cloud I under 
isothermal and nonisothermal consitions. Sum-of-the- 
masses coefficients are in use andocB(T,0) = 20, A(T,0)= 0, 
Eh = Er = 1. As tends to 3.0 and 3.15 for
the isothermal and nonisothermal cloudes, respectively.
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3.9 CONCLUSIONS

The evolution of seeded supercooled stationary 

clouds was simulated by a model which incorporates six 

microphysical processes affecting the distributions of 

ice particles and water drops. The model comprises ma­

terial balances on the ice and water in the cloud, and 
is of the form of integro-differential equations in the 

water and ice distributions. These equations were solved 
for the first three moments of the distributions by using 

constant collection coefficients as well as coefficients 

proportional to the sum of the masses of the interacting 

particles. Nonisothermal effects were also examined.

Our objective was to gain understanding of the manner 

in which particle growth in the seeded cloud is affected 

by various parameters. We determined the following:
(1) Seeding may significantly promote the overall 

growth of particles in a supercooled continen­

tal cloud. Seeding has only a small effect on 

overall particle growth in a supercooled mari­

time cloud.
(2) The optimum seeding concentration is of the same 

order as the initial concentration of water 
drops. The optimum seeding concentration is
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lower for clouds having a smaller average 

droplet mass initially.

(3) The seeding efficiency stands in inverse pro­

portions to the average droplet mass initially.

(4) The degree of spread of the initial drop dis­

tribution has only a small effect on particle 

growth in the seeded cloud.
(5) Neglecting dynamic effects, heat released during 

glaciation does not change appreciably the 

course of particle growth in the seeded cloud.

(6) Qualitative results obtained using constant 

collection coefficients are very similar to 

results obtained using the more physically 

realistic sum-of-the-masses coefficient.
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APPENDIX A

Solution of the Stochastic Model for the Population Number 
The differential equation for the stochastic model 

describing the population number which we derived in the 
text is:

-=zdt = C (T) V x - c(”) VN :2.io)

For an initial distribution of Nq particles of unit mass we 
have the initial conditions:

No
V.

= 1

= 0 ; N / N,N “ ' " ' "O
We define a vector V and a matrix M as follows:

V =

M =

V1
V,

V.N

(*) (\) o 00...0
O 0 3<;■) ci)oo.. .o

The set of equations described by eq. (2.10) can then be 
written in matrix form:

dV
dt CMV (2.29)

where the eignevalues of M are ^ ^  ^ and the character­
istic vectors of M are obtained from

« (2.30)



Equation (2.29) has particular solutions of the form
- >  t'V (t) = e k (2.31)

where t' = Ct
Since the eigenvalues are distinct, the characteris­

tic vectors are linearly independent. Therefore, the com­
plete solution for the vector V will be the sum of the 
particular solutions, each of which corresponds to a charac­
teristic vector.

k
From (2.31) we can obtain a particular solution for one of 
the elements of the V vector

V(t) = >_ CR e~* k1 ' ^ (2.32)

(2.33)

Substituting (2.33) into (2.10) we obtain

"’̂ k Xk,ir“V2/ Xk,N+ \ 2 j Xk,n+l (2.34)
Therefore,

(2.35)

and

If we set x, , = 1 we obtain x. „ in closed form: k,l k,N
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We premultiply and postmultiply both sides of (2.30)

by Y. where Y. is the recinrocal vector to Xt . Therefore,
~3 ~3 —K

and KkM = - > kYk (2.37)

We proceed to solve for y. . Eqn. (2.38) can be
K / N

written in the form

Yk,1 yk ,2 • . 3
: (!)■

which yields the following system of equations

(9-12/ yk, 1 “ "^k yk,l

(2) *k.l '(I y,:'2 -■Xk yr

We solve the equations to obtain v 

[(;) k,l

Q 2 )  _^ k ]  yk,:i (2)

and

k,N _L3L(W)

yk,N-l

C’21)w®
since

\ =(2)
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Since the denominator can't be zero, y^ ^ is the first non­
zero term anc

v, ■ X  • J 5 i .... J 2 U .
(S t )  W ®  W ®

Rearranging and setting ^ * 1 yield?

Yk . » - a ; M  !, T T  ( .. 1 , , ,, . ̂
v

When t=0 (2.32) becomes

V (0) = 51 C. X.J — J •

(2.39)

Dotting through by

» kv (0)> - (2.40)

since

"  0  •

We can now solve for
_ « fctV(0)) (2 . 41)

P k . V

and substitution of this equation into (2.32) for an element 
of V (t) yields:

v„ (t> kt „ (2.42)
K (Yk#Xk) *'N

For our initial size distribution consisting of Nq
particles of unit mass, the three vectors on the right
hand side of (2.42) will be of the forms
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V (0) =

Therefore

r 1 •X
x,. = k,2

k,k
0

and
(Yk,v «>» * \ , n .

(Yk,V = *k,k

p o ... 0lYk,k+l " ' Yk-Nc

Equation (2.42) therefore becomes

V„ (t) z o
7i fc", k

- Ve k
k=N

k,N
(2

where x ^ ^ and xk N are defined in (2.37) and y)^N is

defined in (2.38). Note that the limits on the summation 
are taken from N instead of from 1 since x^ N = 0 for k<N.

Substitution of (2.37) and (2.39) into (2.43) yields:

No
v„ (t) = N° : V 11 : e"° (\)
N

N _
_n n : (N-i) : -jjp (^-))-k (k-i)J

^ = N 
/ k

which becomes after a few simple mathematical manipulations

$
N

VN «« - I
k

(-l) k+K ftk-lVk+M-z) !
N n : ^n -i) ! (’k-N) : >)=1 \*o+V

The mean number of particles is 
N_

<N ( * ) )  - E  N vn (*)
N=1

43)

(2.44)
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Therefore,

<;i(t)>-£° in '-1)k+n<lk-I)(k̂ -2):- I I ( ^ ) c "c^ t
11=1 k=II jjh-l) Q  (k-N) ! 'V_1 (2.45)

It can be shown that (2.^5) is the same as
II

(ii (t)} - £  (?.k-n rx (/irri)e ~c(')t
k=i 1 =i °
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APPENDIX B

The Solution to E^. (2.2)
We shall now show here that

V (N, xlf x2f...t) = x 2(___V n )  Vn (t)

satisfies the differential equation 

dv (N/X^ x2 ...;t) / dt 

= C V (N+1' xi, x2 * ’ *' xk +2 ' *' * '

X2k_1,'••;t) y  2 /

+• C v (N+l / x_ x* • • • r x .+1/ • • • t
j<k 1# ' 3

xk+l#... ,Xj+k -1,. ..; t) (Xj+1) (xk+l)

- Cv (N,x^, x2». . .; t) (•)

(2.21)

(2 .2)
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(“)Z *  ‘ :  vn+i - c  h i  vn

[Eq. (2.10)] by (p(xirx2 xN /N. Accordingly,

d C VN ^ (xi'x2 "  * * 'xNo/Nll /dt
/ W \
\ 2  / ^N+l V* X̂1'X2 '* * *'XN (2.49)

/n \
\2j VN ^  (Xx/X2 ,...,xN /N)

= C

- c

and we shall now show that (2.49)is identical to (2.2);
hence, it will follow that <p(x^,x2...... No/N) y N (t)

satisfies (2.2) .
Using ea. (2.^1), ea. (2.49) becomes

dV (x^fx2* . . ;t) /dt = -C ^2^ V (x^ x2 ,...; t)

+C ^  2 ) ^(xi/x2 ' • • • /Xfj/N ) v n +1 (2.50)
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Eq. (2.2), on the other hand, can be written 

dV (Xl,x2,...;t) /dt » c Q  V < x1»x2',,,'XN 0>

+CVN+lJ^^ x2j+2 ^  (x1,x2,. • . ,x;+2,. ..,
j

x«- “I,•••,x /N+l) 
o

♦ I I  (xk+1) (ĵ + 1) ^  (x^, x2, • • ., Xĵ 1̂1».« , (2.51)
k<l

J^ + l, • • •

To show that eas. (2.50) and (2.51) are identical, we need
only show that the coefficients of vN+  ̂in both equations
are the same.

Accordingly, using the expression for<p(x^.x2....
x„ /N) of (2.22), we have to demonstrate that No
(N+l) IN! (Nq -N) !

2x ,!x 0!...x m ! (N -1)!1 2  Nq o
= (N+l)!N!(n q-N-1)!

2(Nq -D!
* 1    1-------------------
j Xj.Xj. .. .Xjj^. (x2j-1)l(x2j"1) • * * ,XNo!

+ (N+l) !N! (Nq -N-1):

(No- D :
* 1 1  —  i-----------

xl*x2 (xk+X-1) : * * >XN :O
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Combining the two terms on the right hand side, we obtain

<VN) ! = (N.-N-l) !"■ ... o

i i
xk+je

which reduces to

(Nq-N) : (Nq -N-1) !
x1 :x2:...xN : 

o
t I I

x!*x2 xNq * k X k+X

Noting that

I I  *  , “ V N'K I  k+x

we find that the two sides are indeed, identical and we have 
therefore demonstrated that e<̂ . (2.21) satisfies the 
differential equation (2.2).
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