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ABSTRACT

In the first part of this thesis an examination is
made of the validity of a kinetic equation widely used
in the literature in studying coalescing systems, A
stochastic model of coalescence is set up and solved for
the probabilities of all possible histories of particle
growth, The full stochastic model is compared with the
so-called kinetic model to which it reduces in the
absence of correlations. A primary objective is the
assesment of the extent of correlations in poorly mixed
systems or in systems of small populations. The study
shows that insofar as the total number of particles is
concerned, regardless of their size distribution, the
results from the kinetic equations match the true
stochastic averages even for very small initial popu-
lations. But, when size distributions are considered,
then, in systems of small population or in large systems
that are poorly mixed, the results of the kinetic
equations may differ substantially from the stochastic
means in the long-term tail; apart from the tail, the

distributions from the full stochastic and kinetic

ii



models match quite well.

In the second part of this thesis kinetic equations of
the type previously studied are used in a model which
stimulates the evolution of seeded supercooled stationary
clouds. The model contains mass balances on the inventories
of solid, liquid and vapor in the cloud and embodies six
microphysical processes affecting the distributions of ice
particles and water drops. Solutions are obtained for the
first three moments of the distributions using constant as
well as sum-of-the-masses coefficients. The effects of
various parameters on the evolution of seeded clouds are
discussed. Seeding is found to have a significant effect
on particle growth in continental clouds. The optimum
seeding concentration is determined to be of the same

order as the initial concentration of water drops.
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CHAPTER 1
INTRODUCTION
1.1 PRELIMINARY REMARKS
Coalescence is the dominant mechanism for particle
growth in various multiparticle systems such as aerosols and
raindrops in the atmosphere. The collision mechanism, through
which coalescence occurs, may vary from system to system.
Examples of collision mechanisms are Brownian and turbulent
motion in the case of aerosols, and differing terminal
velocities in the case of raindrops in clouds. In such
systems , knowledge of the particle size distribution in time
is of great importance. A so-called "kinetic equation”
has been formulated in the literature based on the assumption
that the system always consists of a large population of
randomly distributed particles which grow as a result of
binary coalescence.

The basic discrete form of the kinetic equation is:

dxm m - -
—_ = 172 Z Cn,m-n¥n*m-n ~ *m menxn (1.1)
dt n=1 n

where x is the number of particles of m units mass in

some volume. It is conveient to regard m also as an index
of‘size and, accordingly, xm is alternatively the number of
particles of size m in the volume. cmn is the collection
coefficient and is a measure of the rate of coalescence for

particles of sizes m and n. Additional terms are included



in eq. (l.l1) when mechanisms other than coalescence affect

the particle size distribution of a coalescing system.



1.2 AIM AND SCOPE OF THE THESIS

This thesis examines two separate but related problems
in the area of multiparticle coalescing systems.

The first problem, which is investigated in Chapter 2,
deals with the question of the validity of eq. (1.1), which
neglects correlations. A stochastic model is set up and
solved for the probabilities of all possible histories of
particle growth. Results obtained from the stochastic
model are used to study the effect of correlations in a
coalescnce process.

In Chapter 3, which comprises the second part of the
thesis, kinetic equations of the form of eq. (1.1) are
used to simulate the evolution of seeded supercooled
stationary clouds.

Each chapter contains its own introduction and conclusions.



CHAPTER 2

THE EXTENT OF CORRELATIONS IN A STOCHASTIC COALESCENCE PROCESS

2.1 INTRODUCTION

The evolution of many coalescing multiparticle systems has
been examined through the use of kinetic equations of the form of
eq. (1.1). For coalescence of raindrops in a cloud, the first
analytic solution of eq. (1.l1) was obtained by Golovin (1963) for
a coalescence coefficient proportional to the sum-of-the-masses of
the drops, Cmn = constant * (m+n), where the initial distribution
was exponential.This coalescence coefficient is a good approxi-
mation when the radii exceed 250 . Scott (1967) obtained analytical
solutions of eq. (l.1) for three different coalescence coefficients
and two different initial distributions. He solved the equation for

mn
initial distributions were a Gaussian distribution and a distribution

Cmn = constant, C = constant * mn, and Cmn = constant * (m+n). His

consisting of two discrete sizes. Drake and Wright (1972)
obtained solutions of the kinetic equation when the coalescence
coefficient was a linear combination of the coefficients studied
by Scott, Cmn = A; + A, (m+n) + A3 mn,

Twomey (1964), Berry (1967) and Warshaw (1967) used experi-
mentally determined coalescence coefficients to obtain numerical
solutions of eq. (l.1) for a cloud of water drops coalescing under
various conditions. Hidy (1965) obtained numerical solutions of
the kinetic equation for coagulation of aerosolos by Brownian motion

while Huang, Kerker, and Matijevic (1970) solved the equation



5
numerically for coagulation due to turbulent motion. Long (1971)
examined the computational errors arising in numerical solutions
of eq. (1.1).

The validity of the kinetic equation as a model for droplet
coalescence in a warm cloud has been questioned by Warshaw (1967,
1968) and Longﬂ(197l, 1972). They claim that the kinetic equation
is"stochastically incomplete" since it describes only the average
behavior of cloud droplets and not the deviation from it. Scott
(1967, 1968, 1972), Berry (1967, 1968), Gillespie (1972) and
Slinn and Gibbs (1971) defend the validity of eq. (l.1l) claiming
that it includes the probabilities of all possible histories of
droplet growth.

In this chapter we address this question. We shall set up
a stochastic coalescence model that can furnish the probabilities
of all histories of particle growth, and we shall then show that
this model reduces to the kinetic equations when particle corre-
lations are omitted. What emerges from the kinetic equations are
hence not necessarily the true averages of the underlying random
processes. The magnitude of these discrepancies depends on the
extent of the correlations. Correlations may be particularly
significant in systems of small populations, in which case the
properties of individual particles are not statistically inde-
pendent, and the outcome from the kinetic equations will accord-
ingly not match the true stochastic averages.

On the other hand, we would expect correlations to diminish
in systems of large populations. In that case we would find

that variances and covariances become small, distributions become



singular, and the processes involved become essentially
deterministic.

The question arises as to just how large a population
ought to be before we are satisfied that kinetic equations
describe its behavior satisfactorily. The answer to this ques-
tion can be sought only in the complete formulation of the
stochastic model from which the appropriate variances can be
computed, and one can deduce the circumstances under which the
standard deviation becomes a negligible fraction of the mean.

The trouble is that whenever we confront a system in which
particles are correlated, the mathematics of the stochastic
machinery becomes very formidable and even partial information
is hard to obtain. We are fortunate in that the example we have
picked for study in this chapter, namely particle growth® by
coalescence, has afforded us with the only system of significance
we are aware of, in which we are able to obtain the full history
of probability distributions. We hasten to note that in the
interest of pushing the stochastic apparatus to the very end, we
had to settle for the simplified case in which coalescence is
characterized by a constant collection coefficient. We are aware
of the shortcomings introduced by use of a constant collection
coefficient, but we may note that the results obtained are, none-
theless, illuminating; moreover, in many dispersed-phase coalescing
processes it has been established that a constant coefficient 1is
appropriate, at least as a first approximation (Kapur and
Fuerstenau, 1969; Knutson et. al., 1967).

Before closing these introductory remarks, we think it



7
appropriate to call attention to a recent paper by Gillespie (1972)
that also deals with the stochastic modeling of the coalescence
process. We find Gillespie's discussion thorough and lucid. He
sets up the stochastic model for any general collection coefficient,
but his solutions omit particle correlations. Two other noteworthy
papers to which this study is complementary are those of Knight
(1971) and Marcus (1968). Finally, a general discussion of prob-
ability methods in particulate systems in offered in a paper by

(xatz and Shinnar, 1969).



2.2 FORMULATION OF THE STOCHASTIC MODEL

Specifying the state of the system at any time by
the number N of particles present together with the num-
bers Xy1r Xos Xgo etc. of particles of sizes 1, 2, 3, etc.,
we describe the random mechanism of the process as follows:
In a short time At, any two particles can coalesce with
probability CAt, where C is the constant coalescence co-
efficient.

Now, suppose that at time t+ At we have the distri-
bution N, Xyr Xor eeerXyr and we let At be chosen suffi-
ciently small so that during the time interval (t,t+At)
there could be, in the entire system, at most one
coalescence. Now we pose the following question: From
what states could this distribution evolve in the
transition time At? A little reflection will show that
there are basically three different ways in wh%ch the
system can assume this distribution: 1) a coalescence
takes place between two particles of the same size;

2) a coalescence occurs between two particles of differ-~
ent sizes; and 3) no coalescence occurs.

Let us consider each of these routes separately.

If the system is to reach the desired distribution
through a coalescence between two particles of the same

size, it must be, at time t, at the state

N+1,xl, ¢ o ,xm+2’ e s e ,sz-l,. ..xN.



The probability associated with this distribution is

v(N+1,xl,x2,...,xm+2,...,x -1,...;t), and the

2m
probability that two particles of size m will coalesce
in the interval (t,t+ At) is

“n*? CAt.

2

Accordingly, the system will change from state
N+l,xl,...,xm+2,...,x2m-l,...,xN to the desired
state in A t with probability

5: V(N+l,xl,x2,...,xm+2,...,x2m-l,...;t)

m

X C At.
2

If the system is to reach the desired distribution
through a coalescence between two particles of different

sizes, it must, at time t, be at the state

N+1,Xl,...,Xm+1,...,Xn+l,...xm+n-l,...,xN.

The probability associated with this distribution at

time t is v(N+1,x,,x2,...,xm+l,...,x l,...;¢t),

m+n
and the probability that two particles of sizes m



and n will coalesce in the time interval (t,t+A t)
is (xm+1) (xn+l)C At. Hence, the system will change from

state N+l’xl’ co 0y xm+l,...,xn+l,...,xm+n-l,...,x to the

N
desired state in the transition time At with probability

Z Z v(N*l,xl,xz,...,xm+l,...,xn+1,...,
m<n

Xopp~Llreeeit) (x +1) (xn+1)CAt.

Finally, the probability of having the desired
dist;ibution at time t and no coalescence in the inter-

val (t,t+dDt) is

v(N,xl,xz,...;t) 1- CAt .

The probability v(N,xl,xz,...;t+At) ., cf having the
desired distribution at time t+At, can now be ex-
pressed as the sum of the three mutually exclusive

probabilities assembled above:

10



11
V(lellleo o ;t+ At)

= 3 VINL, X i Xp0eeesX 42,000,
m

xzm-llooo;t) CAt

+ z Z v(N+l,x1,x2,...,xm+l...,xn+l,...,

m< n
Kpan~Lreeeit) (x +#1) (x_+1)CAt
N
VAN, Xy Xypeeeit) 1- cAt| . (2.1)
2

Now, bringing the term v(N,xl,xz,...;t) from right to

left, dividing by At and letting At->» 0, one obtains

g—% (N,xl,x,...;t)

=C Z v(N+1,xl,x2,...,xm+l,...
m<n

Xn+l,...,x -l".n;t) (xm+l) (xn+l)

n+n

+C Z V(N+l,x1,x2,...,xm+2,...,
m

—Cv(N,xl,xz,...;t) . (2.2)
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Eq. (2.2) is the fundamental expression of the
stochastic description. Solution of eq. (2.2) will produce
the complete probabilistic picture of the process, but,
short of a complete solution, eq. (2.2) can also yield
useful partial information in the form of suitable aver-
ages of the underlying random processes-means, variances,
covariances, etc.

Before we present the solutions to eq. (2.2), we
first proceed to demonstrate the circumstances under

which (2.2) reduces to the kinetic equations.



2.3 THE KINETIC EQUATIONS

Let P(n,m;t) be the single-particle distribution
associated with particles of size m; that is, P(m,m;t)
is the probability of finding n particles of size m at
time t. And let é‘m(t)) be the mean value of P(n,m;t).

P(n,m;t) can be obtain~d from v(N,xl,xz,...;t) by

P(nlm7t)
=ZZ Z"' Z Zv(N,xl,xz,...,xm=n,...;t), (2.3)
N x X
1 2 except X
('-cm(t)) = X nP(n,m;t). (2.4)

n

Accordingly, the differential cquations gove:ning X are:

da xm)

dt

W

1/2 ¢ ) (Rpr %ot SERNYC (), 1 o0dd, (2.5a)

2en)

dt

1/2 ¢ Z (anm— n) -C (me)+C (xm)

-1/2 C(xm/z), m even. (2.5b)

13
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Making use of the identity
Cov(x,Y)-<XY>-<x)<Y),

where Cov (X,Y) denotes the covariance of the random

variables X and Y, we may cast eqs. (2.5) in the form

2n)

d:m = 1/2 C }: [Cov(xn,xm_n)+(xn> (xm-n>

-C[Cov(x_,N) +<xm> (N>]

+C (xm), m odd, (2.6a)

—_—= 1/ C (Cov(x_,x )+ (% _
at Z n’ m-n ( n> (xm n)
—C[Cov(xm,N)-t-(xm>{N>]
+c<xm)- 1/2 C("m/z)' m even. (2.6b)
Now, if in egs. (2.6) we omit all covariances, we
then obtain the kinetic equations. For the purpose of

telling them apart, we produce the kinetic equations

below without use of the angular brackets:
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m-1
dxm Z 2 )
= 1/2 C x . x __-Cx_(N-1), m odd, .7a

at n"m-n m
n=1l
m-1
dxp, = 1/2 C Z X Xp o~ 1/2 me/2

dt n=1

-me(N-l), m even. (2.7b)

In the literature, the rate of coalescence between equi-
size particles, me(xm-l)/z, is normally approximated
by cxm2/2 and, accordingly, both (2.7a) and (2.7b) reduce

to a single expression

m-1
dxm
=1/2 ¢ z X X___-Cx_N, (2.8)
at n m—-n m
n=1

which is of the form of eq. (l1.1) with a constant coales-
cence coefficient.

It is, of course, obvious that so long as the covari-
ances remain appreciable, the results of the kinetic
equations will not match the true stochastic averages

from (2.5) or (2.6). On the other hand, in a particulate
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system of sufficiently large "well mixed" population,
covariances may become small, and comparison of egs.
(2.5) and (2.6) shows that the mean values <me> and

X become approximately equal to the products

n‘m-n
<xn>(J> and <xn><fm-q>: that is, the distributions be-
corie singular and we may identify the X of the kinetic
ecuaticns with the true mean values. Under these
circumstances, the kinetic equations give an essen-
tially complete descripcion of the cralescence process.
Just how large does the populaticr have to be before
these circumstances materialize? T answer this ques-
tion we turn to the solutions of the stochastic equa-
tions. In the next two sections, we shall first obtain
solutions dealing with the total number of particles,
size notwithstanding, and then proceed to deduce the
solutions for the size spectrum. In each case compari-
sons will be drawn to the corresponding results from

the kinetic equations.



2.4 SOLUTIONS I: THE TOTAL NUMBER OF PARTICLES

In terms of v(N, X0 Xop o o o it), the probability
vN(t) of having N particles of whatever size at any moment

is

vN(t) = Z Z-..Z Z v(N, Xys Xy, eeest) (2.9)

sum over all xm's
And from eq. (2.2) we deduce

N+1

va N
= C v -C Ve (2.10)
dt 2 N+1 2 N
For a uniform initial distribution comprising No particles
of size unity
vy (0) =8N, n_, (2.11)

and in Appendix A we show that eq. (2.10) admits the solution

K+N
Ng

VN(t) = Z

k=n N! (N-1)! (k-N) !

k=1 [Ng-V k
X TT axp | -C t| . (2.12)

¥=0 N0+V 2

(-1) (2k-1) (k+N=-2)!

17



18

The mean number of particles, <N>, at any time comes to

N

[0}
(N) = Z NV, = Z (2K-1)
k=N
k-1
N -\ k
(o]
x I exp -C t}. (2.13)
N_+V
° 2
V=0

The corresponding results from the kinetic equa-
tions are obtained as follows: Summing (2.7a) and

(2.7b) over all m's yields

dN
—_ = - %cn(N-l), (2.14)
at

which, subject to the initial condition N(0)=N°, pro-

duces the solution

No

N = (2.15)
N- (No-l)exp(-kct)

Before we proceed to illustrate the above solutions

numerically, it may perhaps be instructive to compare
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eq. (2.14) and the differential equation that governs the
true mean number of particles; the latter is obtained by

multiplying (2.10) by N and summing over N:

a{my
‘ 2

— - -4C ) N1V -hel (N (). (2.16)
The kinetic equation obviuusly differs from the e~uation

for the true mean. Indeed, we may write the latt.r as

d(N) 2 2
~/ _ _ - 6“1, (2.17)
™ %] | (N) (N>+ ]

where 6°2= <p2>—<§>2 is the variance, and conclude that
as long as 6 2#0, the number of particles, N, obtained
from the kinetic equations will exceed the true mean
(N) at any given moment, and will coincide with it only
when the variance 62 becomes & small fraction of the
mean. The exact measure of these differences will
presently be sought in the numerical solutions.

Turning now to some numerical examples, we note
first that, even for small values of No’ eqgs. (2.13)
and (2.15) can hardly be told apart: see, for example,
the solutions for No=10 and No=20 shown in Fig. 2.1.

In Fig. 2.2 we have plotted the variance
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Fig. 2.1

<N> and N as functions of Ct. <N> is given by eq. (2.35)
and N by eq. (2.36)
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62 and the mean <N>vas functions of Ct for the case in
which N=20. 2?ccordingly, just as we have noted above,
the variance is iiideed, for the most part, small com-
pared to the mean; it stands to reason that for larger
values of NO' the variance will become a vanishingly
small fraction of the mean, anc the distribution will
become practically singular. This is not in agreement
with the results of Scott (1967; Section 6) who claimed
that vN(t) obeys Poisson statistics. We hasten, how-
ever, to note that, ir reference to eq. (2.17), when

N0 is large the term (ﬂ)z dominates and it makes little
practical difference whether the distribution is Poisson
(62-(N)=0) , or whether, as is indeed the case, the dis-
tribution is singular (62/(N)_)0) )

As a matter of fact, even when the initial distri-
bution is Poisson, rather than the uniform distribution
of eq. (2.11), we find that the evolution of the particle
count does not follow Poisson statistics. For an ini-

tial Poisson distribution whose mean is‘<No>, we have

N
exp(- N_ ){(N
vy (0)= RIS, (2.18)

N!

and eq. (2.10) now yields
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vy (t)
Nosmax Np,max e'(No> oY -1) 5 (2k-1) (ken-2)

=2 2

k=N ¥ =k+l LIN! (N-1) ! (k=-N) !
k-1 fo_w X
X — |exp |-C t (2.19)
3=1 L£+N 2

where N, ,max is the largest value of N, which has a
significant probability in the initial distribution.
The mean number (N) of particles for a Poisson initial

distribution accordingly becomes

No,maxNo,max e~ (No> (No)" (2K-1)

(v(e))= Z Z

k=1 X=k+1 Lt
k-1 JL-N K ‘
X exp | -C e, (2.20)
V=1 \A+V 2

In Fig. 2.3 we have plotted 62/<N) as a function of Ct
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for a Poisson initial distribution with 20 particles
as its mean; and in Fig. 2.4a we have compared the
histogram distribution vN(t) at a point in time when
the mean has reached 8.9 with a Poisson distribution
of the same mean; Fig. (2.4b) is a continuous version
of Fig. (2.4a). We may note here that throughout the
remainder of this chapter we have found it more con-
venient, for illustrative purposes, to use continuous
curves in place of histograms.

Before we leave this particular subject matter, we
wish also to note that, at any moment, the mean number
of particles that evolve from a uniform initial distribu-
tion and from a Poisson initial distribution are virtu-
ally the same: Witness Fig. 2.5 in which we have compared
these means, as functions of Ct, for <P0>=20.

The results of this section can be summarized
briefly as follows: Insofar as the'mean number of par-
ticles is concerned, disregarding size distribution,
the results of the kinetic and the full stochastic
equations are nearly indistinguishable even when ini-
tial populations are quite small. We have to admit,
however, that it is likely that this result will
change considerably if the coalescence coefficient be
made to depend on particle size. It stands to reason
that in such a case particle correlations would be
stronger than in a system governed by a constant col-

lection coefficient.
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Fig. 8.3. 0“/<N> for a Poisson initial distribution with <No> = 20.
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2.5 SOLUTIONS II: THE SIZE SPECTRUM

Eq. (2.2) may seem quite formidable. As it turns
out, for an initial population of N, particles of unit

size, a relatively simple solution emerges:

v(N, X10 Xgr o o o ;t)=(g(xl, Xoy o o o 4 xNO/N)vN(t), (2.21)
where vN(t), on which the previous section was focused,

is the probability of having N particles of any size, and

the time-independent (Q(xl, Xoo o o o 4 xNO/N) is the
probability of having a specified size distribution given

that there are N particles. The function (§)is given by

Q(xl,xz,...,xNO/N)
X X X
1l 2 NO
= (2.22)
No-l
N-1

In the above, the numerator gives the number of ways in
which a specific distribution of No units of mass in
N particles can be obtained, and the denominator
represents the total number of ways of distributing N

0
29
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units of mass in N particles (Feller, 1966; pp. 38-44).

We offer no formal proof that eq. (2.21) is the
solution of (2.2). Instead, we have shown (see Appen-
dix B) that (gvh does indeed satisfy the differential
equation (2.2) and in a few highly simplified cases we
were able to grind out numerical solutions that estab-
lish eq. (2.21) as the solution to (2.2).

With v(N, Xir Xgr o o o it) = QvN at hand we
may proceed to determine the single particle distribu-
tions P(n, m; t) and their mean values (xm(t)>.

There has been a great deal of discussion as to
whether or not the P(n, m; t) obey Poisson statistics.
Accordingly, in Fig. 2.6 and 2.7, we have generated

the distributions P(n, 2; t) and P(n, 5; t) for N,=20,

0
each at three successive times and, for comparison,
vwe have added the Poisson distributions that corres-
pond to the respective mean values of P(n, 2; t) and
P(n, 5; t). The trend that emerges in Figs. 2.6 and
2.7 indicates that as time increases P(n, m; t) ap-
proaches a Poisson distribution. Gillespie (1972)

showed this to be also true for a variable collection

coefficient in the absence of correlations.
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2.6 CORRELATIONS IN POORLY-MIXED SYSTEMS

So far our remarks have applied to any dispersed
system of coalescing particles. We wish now to address
specifically the subject of droplet growth in a warm
cloud in order to illustrate an important consideration.

A real cloud is obviously a system of an enormous-
ly large population. On that account, one may argue that
particle correlations in a cloud ought to be vanishingly
small, and one may accordingly use the kinetic equation
to model the growth of the droplets. The kinetic equa-
tion, however, is predicated on the assumption that the
droplets are randomly distributed in the cloud-the so-
called "well-mixed cloud" assumption.. This is not
normally the case in a real cloud: real clouds are not
well-mixed. Hence, as droplets in a given region
undergo a series of coalescences, there is a correspond-~
ing decrease in the number of droplets in that region
available for further coalescence. Also, in a well-
mixed cloud, it is possible to conceive the formation
of very large particles in short times; in the real cloud
there is some limit on the size a droplet may attain
because of the finite amount of mass contained in the
droplets in its immediate vicinity.

This is precisely the type of situation that
brings about particle interactions or correlations. It

is a situation that is rather difficult to model

33
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. mathematically, and, accordingly, in order to get some feel-
ing on this matter, we have resorted to a simple device: We
congsider a large hypothetical cloud, which for all practi-
cal purposes may be regarded as infinitely large, parti-
tioned into many small compartments of volume V with the
understanding that droplets can coalesce.only if they in-
habit the same compartment. By making the compartment
sufficiently small, we introduce particle interactions
that are suggestive of the "local" interactions in a real
cloud.

We shall describe the growth of particles within
each compartment by the kinetic equations and by the full
stochastic equations and compare the results. According-
ly, from egs. (2.13) and (2.15), with C replaced by C=K/V,
we may deduce, respectively, the mean (stochastic) parti-
cle concentration, <f)=(N)/V, in the total system, and
its kinetic counterpart, f£=N/V. 1In Fig. 2.8 we have drawn
these two concentrations as functions of Kt, for the case
in which £,=100 and, in turn, N

tion (f\ is 0
we L.ad that for N0=100, the stochastic concentra-

=100, 50 and 10.

tion (f) is virtually identical to the kinetic concentra-
tion f£; when N, equals 10 or 50,(f)exceeds (f) slightly.
Accordingly, for the choice of a constant collection
coefficient, our results indicate that the number of

particles per unit volume in the entire system at any
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Fig 2. 8. Comparison between the stochastic concentration,
<f>, and the deterministic concentration, £, in a partitioned

volume. fo = 100C; NO = 10, 50, 100.
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time is insensitive to the type of poor mixing simulated
by the partitioning model.

We next consider the important question of the
evolution of the size distribution in the partitioned
system. As the primary parameter, we focus upon the
mean fraction <Ym(t)> of the total mass contained in
particles of size m. With No being the total mass in

each compartment, we have
m (t)}
(Ym(t)>= m . (2.23)
N
0

As a matter of computational convenience, we

introduce the probability

’ m‘l’Z'oco'No-N+l (2.24)

that a particle picked at random for a compartment
containing N particles will be precisely of size m.

With \p(m/N) we have

(%n(®))= Y Nvg(t) YN, (2.25)
N
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and accordingly

Q(m(t)>=(m/No) 2 Nvg(t) P/, (2.26)
N

The corresponding mass fraction from the kinetic

equation is ‘Ym(t). We have solved the set of equations
(2.7a) and (2.7b) numerically, and have also obtained a
closed-form solution to (2.8). (The latter is the ver-
sion that usually appears in the rain literature.) For
initial populations as low as 10, the solutions to (2.7a)
and (2.7b) on the one hand and to (2.8) on the other were
indistinguishable. Hence, we record below the solution

to eq. (2.8):

m=-1
fo(&foxt)

f(m,t)=x_(t)/V= . (2.27)
m (1+1,f°K1:)”“+1
The kinetic mass fraction, Yh(t), then becomes
. m (3£ ke ) ™

(1+kfoKt)

Figs. 2.9, 2.10, and 2.11 compare (Ym(t)> and Ym(t)

at three successive times; fo was taken to be 100, and
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values of N0=10, 20, 50 and 100 were used. These figures
tell a significant story: for low values of No (i.e., in
small compartments) there are substantial discrepancies
between the size distributions obtained from the kinetic
equation and the corresponding stochastic results,
particularly in the long end of the distribution tail. The
differences, however, diminish sharply as the compartments

are chosen larger, and, more moderately, with time.
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2.7 CONCLUSIONS

Our aim in this chapter was to compare the kinetic
and the full stochastic description of the growth of
particles in a coalescing process. We discussed and
illustrated the conceptual differences between these
two approaches, and went on to examine their practical
implications. We have argued that in well-mixed systems
of large populations, the overall behavior of the particles
is adequately described by the kinetic equations, but
that in poorly mixed systems or in systems of small popu-
lations, statistical fluctuations become important and
the outcome from the kinetic equations may differ appreci-
ably from the true stochastic means. These discrepancies
are caused by particle interactions or correlations. 1In
systems of small population, for example, the probability,
say, of having X particles of size m, is dependent on
how many particles of various other sizes are also present.

We have set up and solved a stochastic model that
can furnish the probabilities of all possible histories
of particle growth. Our concession to our mathematical
shortcomings was the choice of a constant coalescence
coefficient; otherwise, our development is free of any
further simplifying assumptions.

To study the consequences of poor mixing, we used a
simple device: we partitioned the system into hypotheti-
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cal, small, well-mixed compartments, and postulated
that it was impossible for two particles of different
compartments to coalesce.

Our results can be summarized briefly as follows:
If we are merely interested in the total number of
particles, regardless of their size distribution, then
we find that for initial populations comprising as few
as 10 particles, the results of the kinetic equation
match the true stochastic averages. On the other hand,
if we focus on the size distribution of the coalescing
particles, we find that in systems of small population,
or in a system partitioned into small compartments, the
results of the kinetic equations may differ substantially
from the stochastic means, particularly in the long-term
tail of the distribution.

Before we draw lessons from these results, we
should perhaps note our belief that if we were to solve
the stochastic equations using a coalescence coefficient
that depends on particle size, we would find the differ-
ence between the stochastic and the corresponding kinetic
results amplified relative to the results with a constant
collection coefficient.

Two lessons can be drawn from this study. First,
if the behavior of few large particles govern some pre-
dominating phenomenon in a coalescing system, and if

we have reason to believe that the system is poorly



mixed, then use of the kinetic model may produce signifi-
cant errors. On the other hand, if the behavior of a
coalescing system depends basically on the number of
particles present in the system, regardless of their

gsize spectrum, then the kinetic model can be used with a
high degree of confidence.

The second problem has to do with the modeling of
large systems that are well mixed. We expect correla-
tions in such systems to be insignificant, but often, in
order to model them, we employ numerical simulation
methods, such as the Monte Carlo method, which use a
relatively small population. This will introduce inter-
actions, and computations in the tail will incur some

errors.
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CHAPTER 3

THE EFFECT OF SEEDING ON PARTICLE GROWTH IN SUPERCOOLED CLOUDS

3.1 INTRODUCTION

It is generally accepted that the chance that a super-
cooled cloud would produce rain can be improved by increasing
the concentration of ice particles in the cloud through
seeding with silver iodide.

Two mechanisms have been proposed to explain how seeding
may induce rain: Since ice has a lower vapor pressure
than water, Bergeron (1935) postulated that diffusional
growth of ice particles at the expense of water droplets
would increase the chance of rain, This effect is believed
to be particularly strong during the early development of
the cloud when coalescence rates are small.

The second mechanism has been proposed by Simpson,
et al. (1965). They claim that the release of latent
heat of fusion during glaciation can significantly in-
crease the cloud bouyancy and thereby. invigorate the up-
draft, leading to a more rapid growth.

The preqise mechanism notwithstanding, it is clear
that seeding would increase the chance of rain to the ex-
tent that it can accelerate the overall growth of particles

in the cloud, In this chapter we examine the effect of
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seeding upon the growth of particles in a.supercooled
cloud. To this end, we have set up a mathematical model
in which the cloud comprises four phases: ice particles,
water drops, water vapor, and particles of silver iodide.
With dynamic effects neglected, the model embodies six
microphysical processes affecting the size distributions
of the ice particles and the water drops. The six pro-
cesses, grouped under three categories, are:

Collection Processes

(1) Coalescence of water drops.

(2) Coagulation of ice particles.

(3) Riming of water drops on ice particles,

Diffusional Processes

(4) Accretion of ice particles from the
vapor phase.

(5) Evaporation of water drops.

Ice Nucleation

(6) Nucleation of ice particles produced
from water drops by silver iodide.

The concentration of silver iodide in the cloud is
clearly of considerable importance in determining the
relative contributions of each of the above processes,
In a heavily seeded cloud, coagulation of ice particles
would provide the dominant growth mechanism, whereas

growth in an unseeded cloud would be mostly by coales-
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cence of water drops. The optimum seeding level
corresponds to the seed concentration that would

bring about maximum overall rate of growth of particles
in the combined population of ice particles and water
drops. We shall examine the optimum seeding level.

Of the six microphysical processes listed above,
many have been examined separately, and there are sev-
eral studies of a combination of up to four of these
processes. But the combined effect of all six pro-
cesses has not yet found expression in a single analysis.

Stalevich and Uchevatkina (1968) used a highly
simplified continuous growth model to investigate the
effect of seeding concentration on rain formation. They,
however, assumed that during the lifetime of the cloud
the variances of the distributions of both the ice particlesf
and the water drops were zero, They also ignored the co-
agulation of ice particles. Ryan (1973) used integro-differ-
ential kinetic equations to model a cloud seeded with ice
‘particles, His analysis ignores coalescence of water
drops and coagulation of ice particles. Ryan found the
optimum initial ice concentration to be about 104m=3,
Braham and Sievers (1955), using a highly simplified

model, placed this concentration in the range 105—106 m ",
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Koenig (1966) also used a continuous growth model
to examine the natural glaciation of a cloud for diff-
erent initial ice concentrations. Unfortunately, he
computed only the times necessary to reach given levels
of glaciation, and deduced the evolution of the sppotra
for only one value of the initial ice concentration.
Besides these studies, there have been investigations
of the growth of individual ice particles in unseeded
supercooled clouds. Some of the recent studies have been
by Hindman and Johnson (1972), Marwitz and Auer (1968),
and Takeda (1968).

Our model arises from mass balances on the inven-
tories of solid, liquid and vapor in the cloud. It is
in the form of integro-differential equations which de-
scribe the evolution of the distributions of ice particles
and water drops. In the literature, these types of
equations have often been labeled "stochastic"; we pre-
fer to dub them "kinetic"., These terms were thoroughly
discussed in the previous chapter. The kinetic equations
will be converted to equations in the moments of the
distributions to which approximate solutions can be obtained.
These solutions provide a better understanding of the evo-

lutions of seeded clouds and the effect of various para-



meters on the six microphysical processes that contri-

bute to that evolution,
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3.2 FORMULATION OF THE MODEL

The model comprises two mass balances; one balance on the
water and the other on the ice. We assume the cloud to be a
closed (no inflow or outflow of mass), stationary, well-mixed,
isothermal system. All particles are regarded as spherical,
and no particle breakup or production is allowed. We shall
also consider the density of the ice particles to be 1 gm/cm3.

Let H(m,t) and W(m,t) be the number densities per unit
volume of the ice particles and the water drops, respectively.
That is, H(m,t)dm is the number of ice particles per unit
volume whose size is in the range of m and m + dm, and
W{m,t)dm is similarly defined for water.

The ice balance accordingly is:

aﬂ - aﬂ) + aﬂ + 9H
ot @t/ coagulation \9t/ riming \®t ] accretion \dt/nucleation.
(3.1)
and the water balance is:

oW ov) W W
(5'{:—5 :(sgboalescence*(%t' riming + (%t)evaporation*' (%'\g) rnucleation,

(3.2)

In the above equations, 9H/ 9t is balanced against the
changes in the spectra that result from the microphysical
processes that affect the ice distribution, and 9W/ 9t

equals the changes in the spectra that result from the micro-

50
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physical processes that affect the water drop distribution.
To formulate the exact expressions of all terms appearing
on the right hand sides of egs. (3.1) and (3.2), we now proceed

to examine separately each of the six microphysical processes:

Coalescence

The expression for the rate of change of the particle
spectrum in a coalescing system is well known and often appears

in the rain literature:

m
ngm,tz =% 5Kw(m-'-m',m')W(m-—m',t)w(m't)dm' -
ot coalescence A

[- -}

- [Rytmm)Wim, W, tdn' . (3.3)
o

In eq. (3.3), Kw(m,m') is the coalescence coefficient for
particles of sizes m and m'; the first integral accounts for
the rate of formation of drops of size m from smaller drops,
and the second integral accounts for the rate at which drops
of size m coalesce with other drops, and hence for their rate

of loss.

Coaqulation

Coagulation is essentially a coalescence process of which

the protagonists are the ice particles; accordingly,
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m

Ougm,q = fxn(m-—m' ,m')B(m-m',t)H(m',t)dm' -
oSt coagulation A

«0
_fo(m,m').H(m,t)H(m',t)dm', (3.4)
(o]

where KH(m,m') is the coagulation coefficient for ice particles

of sizes m and m'_

Riming
The process of riming affects both the ice and the water
distributions. The rate of change in the spectrum of ice -

particles is given by

m
(ka H]m,t)) = KR(m-m',m')H(m—m',t)W(m',t)dm' -
ot riming
o
«b
- IKR(m.m')H(m.t)W(m'.t)dm' (3.5)
o

where KR(m,m‘) is the riming coefficient. The first integral

on the right accounts for the rate of formation of ice particles
of size m from collision of ice particles and water droplets of
smaller sizes. The second term accounts for the rate of loss

of ice particles of size m due to riming.

The rate of change in the spectrum of water drops produced
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by the riming process is:

-]
IW(m, t) = - K (m,m')W(m,t)H(m',t)dm’ (3.6)
ot riming R
(o]
Accretion

The rate of growth of a spherical ice particle of mass m,

that is accreting matter from the vapor phase has been expressed

by Byers (1965) as

_IE) (3.7)
amy, _ A\ P/

vl =
dt Ls Mw + ISE_——

kRT2 DMth(T)

where JP is the ambient water vapor density, /°h is the vapor
density above an ice particle, Lg is the latent heat of sub-
limation, k is the thermal conductivity of air, M, is the
molecular weight of water, D is the diffusivity of water vapor
in air, and ph(T) is the saturation vapor pressure around an

ice particle at temperature T.

To separate the mass dependence from the temperature and

time dependence, eq. (3.7) may be written as

d
3¢ = G(T.t)e(my) (3.8)
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where
1/3
) 4a7(3/4 p,) g )
G(T,t) = —— nl _’__h_
h
(3.9)
and
1/3
o(l%) =m

The rate of change in the spectrum of the ice particles

due to the accretion process can accordingly be written as

1/3
(gﬂ(m,t)) = - 9(G(T,t)m )
t

accretion om . (3.10)

Evaporation

The evaporation rate from the surface of a water drop

can similarly be expressed as

an ( )8 (m )
_w=U(T,t)®
dt W (3.11)
where
1/3
an(3/4np, ) ( p-p,
LM, . RT \ w
—-—-2- m’-———
kRT wa
1/3

and e(mw) =m,
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Here, L is the latent heat of vaporization and pw(T) is the
vapor.pfessure around a water droplet at temperature T.
Evaporation affects the distribution of water drops in
another way: As a water drop becomes smaller and smaller due
to vaporization, it will ultimately shrink to a size m, ., at
which we can no longer consider as part of the water drop
population but rather as part of the vapor phase. The resulting

change in the water drop population is:

3
—W(m,t)U(T,t)ml/ (m—ml)

where § is the unit impulse function. In our numerical compu-

tations m., was taken to be O.Sv .

1

The total rate of change in the water drop distribution

produced by evaporation is accordingly

1/3
awgm,tz = _Q(U(T,t)m )
evaporation om
1/3
-W(m,t)U(T,t)m / S(m-ml). (3.13)
Nucleation

Recent work (Weickmann et al. (1970), Berg et al. (1968) )
shows that the conversion of water drops to ice by silver iodide

occurs primarily via contact nucleation with contact occurring
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via Brownian diffusion. The rate at which water drops of

size m are converted to ice particles by this mechanism is
4"DprwW(m,t)nf

where Dp is the diffusivity of silver iodide aerosol and ng

is the number concentration of the silver iodide particles.

Since the ice particles are regarded as spherical, we can write

BH(m, t) = =[9W(m,t) - onml3w(m, t)
ot nucleation 3t nucleation £ !

(3.14)
where Q = 4“Dp(3/4nPh)l/3

The radii of aerosol particles used for seeding generally
vary between 0.01 v and 0.1\ . We will accordingly consider
the radius of the seed particles to be 0.05) . The number of
aerosol particles that lead to formation of ice particles by
contact nucleation is but a small fraction of the total number,
ng, of seed particles; ng shall therefore be regarded as a
constant (Slinn, 1971).

One can now assemble egs. (3.1) and (3.2). We shall,
however, spare the reader the sight of two very long and
cumbersome expressions, and this accordingly brings to conclu-

sion the formulation of the model.
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3.3 CHOICE OF COLLECTION COEFFICIENTS

Apart from initial conditions, solution of egs. (3.1) aﬁd
(3.2) depends upon the nature of the collection coefficients
Kw(m,m'), Ky(m,m') and Kr(m,m'), and these are not easy to
ascertain.

Most investigators have assumed the coalescence of water
drops to occur solely as a result of gravitational effects
(i.e., different fall velocities of drops of different sizes).
Kw(m,m') has accordingly been formulated upon this mechanism.
Saffman and Turner (1956), however, have shown that turbulent
effects cannot be ignored in Kw(m,m') for most types of clouds,
and Kw(m,m') based only on gravitational coalescence will result
in fundamental errors.

While much effort has been devoted to the determination
of Kw(m,m'), little has been done to elucidate the nature and
magnitude of the coagulation coefficient, Kﬂ(m,m'), and the
riming coefficient, KR(m,m'). Ryan, for example, ignored ice
coagulation altogether, and took Kg(m,m') and Kw(m,m') to be
identical; the latter assumption appears to be consistent with
our view of the ice particle as spherical and of density of
1 gm/cm3. On the other hand, we should note that Takeda (1968)
has shown that there is a considerable difference between the

growth rates af a plate-like crystal and a spherical ice particle
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in a supercooled cloud.

Since adequate descriptions of Kw(m,m')...liﬂ(mpﬂ.?m
Kg(m,m') are not available, we have adopted expressions that
are widely used in the ahalysis of particle growth in coalescing
systems. We have used constant collection coefficients and
collection coefficients which are proportional to the sum of
the masses. Golovin (1963) has shown that the latter approxi-
mation is a reasonable choice for turbulent coalescence and
electrostatic coalescence as well as for gravitational coales-

cence. Golovin's sum-of-the-masses coalescence coefficient is:

(m,m') = L Em+ m') = b' E(m+ m')
0 P

) {
where E is the entrapment coefficient, &is the density of
liquid water, and b ™ 6 x 10° sec “l  when the radii of the
colliding droplets exceed 25\4. When the collding droplets have

-1
radii in the range of 10" to 25" . b varies between 1.2 x 103 sec

and 6 x 103 sec”l.

We expect the collection coefficients for coagulation and
riming to differ from the collection coefficient for coalescence.
Accordingly, we have defined Ep and. E5 to be the entrapment
coefficients for riming and coagulation, repsectively. Following

Golovin we have assumed the entrapment coefficient for coalescence

to equal 1. For convenience, we have tabulated below all the
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collection coefficients which find expression in this work.

Collection coefficients

General Constant sum-of-the-masses
Process expressian coefficient coefficient
Coalescence Kw(m,m') Kw b’ (mtm')
Coagulation Ky (m,m*) Ky b'EH(m+m')
Riming KR(m,m') Kg b'ER(m+m')

Table 3.}. Collection Coefficients

We shall presently proceed to cast eqgs. (3.1) and (3.2)
into dimensionless quantities, and form equations in the moments
of the distributions. The moment equations will be solved and
analyzed using constant collection coefficients. 1In a few
specific cases, these solutions will be compared to the corre-
sponding solutions for the more physically realistic sum-of-the-

masses coefficients.
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3.4 THE DIMENSIONLESS EQUATIONS

We introduce the following dimensionless variables:

No
y = ;"

i

h(y.%)

(3.16)

fl

w(y )

B (T, t)

G(T,t[
DPb2/3

i

A(T,t)

_Uu(T,t)
2/3
pp 2/

where No and.M° are, respectively, the inital number conacentration
and mass density of the water dréps, and Po is the inital mass
density of the water vapor. Corresponding to the two types of
collection coefficients, we have two different expressions for

the dimensionless time: For a constant collection coefficient,
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1: = KRNot (3.17a)

and when sum-of-the-masses coefficients are used,

1= —=2 (3.17b)

Substituting the dimensionless variables into eqgs.

(3.1) and (3.2), we get for the ice balance

#h(y,T) + aB(T,T) oy’ niy,t)
2T Y

s rY
Ylf h(y-x,T ) w (x,T)dx
o

+

.Y > .
ﬂxl } h(y-x,T )h(x,T )dx - gh(y,® )f (y+x) *h(x,T)dx
2

o

o

of
h(y,T ) [ (y+x) *w(x, T )dx
(o}

/AT & (3.18)

and the dimensionless water balance is:



aw(y, T)

27T aa(r,T

%

- i wiy-x,% )wix, T )dx
=y
o]
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Qxl/3w(x,§)
) Y

00
f (y+x) Tw(y,T )h(x,T )ax

-
=

o

(-]
- vw(y.t)f (y+x) Yw (x, T rax - da(r,T 1y iy, T) 8 vy

o

- ‘ﬂy1/3w(y,‘t ).

In egs.

(3.18) and (3.19)

(3.19)

i 0 when constant collec-

tion coefficients are used, and i = 1 when the coefficients

are proportional to the sum of the masses.

groups & ,¥ , B and

The dimensionless

are defined in Table 3.2 below.

Dimensionless Groups

Collection
Coefficients 2 y B XN
2/3

PP 'anMol/3 Ky Ky

Constant P — —
173, 1/3 4/3

KN, "M, " KgWg Kr  Kp
Sum-of-the- Dp 2/3N 2/3 an E
masses ° © H 1

. 5/3 ' 2/3, 1/3
b ERMO b ERMO No ER ER
Table 3.2. Dimensionless Groups
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We note that Q&B(T,T ) and OA(T,T ) are roughly ratios
of the rate of diffusion to the rate of riming, and Y is a
rough measure of the ratio of the rate of contact nucleation

to the rate of riming.
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3.5 THE MOMENT EQUATIONS

Egs. (3.18) and (3.19) are too formidable to allow
analytical solutions, and numerical solutions tend to be
tedious and may be inexact (Long, 1971, and Drake, 1972).
For the purpose at hand, however, it is not necessary to
know how the distributions vary with time; it is suffi-
cient that we follow the evolution in time of the moments
of the distributions.

The nth moments of the two distributions are,

YatT) = I y"h(y,T )dy (3.20)
o
o0

M, (T =f y Wiy, T )dy. (3.21)
o

Multiplying egs. (3.18) and (3.19) by yndy and
integrating from 0 to o®, we obtain the differential
equations that govern the moments of the two distribu-

tions. For the ice particles,
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n+i

‘ n+i
G2 = naB(T) Yyt z A ) Yn+i-4HL
2 =0
n+i i
) n+i
8 Y (3) Yot T Vs vic
L =0 j=0
i
- Z Yn+j Mi-3 ¥ WHne1/3 (3.22)
j=0
and for the water drops
n+i R
d U n+
T?& =-n AA(T,T ) Mn-2/3 *+ '}Z J-) Mm-i-,(,p,!,
L =0

i i
- Z Mn+eg Yieg = *’Z Mn+j Mi-j
=0 =0

n-1/3 _

- aw(y,,T)A(T,T )y, Y Mn+1/3. (3.23)

Again, i=0 for constant collection coefficients, and

i=l when sum-of-the-masses coefficients are used.
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Having assumed no inflow or outflow of mass, it

follows that

PCT) = pgo+ [pylo) = K(T) = Y (TIM.  (3.24)

We also note that expressions for A(T,T ) and B(T,X)

can be obtained in terms of the moments by using

? T
eq. (3.24) in conjunction with egs. (3.5), (3.6) and

(3.16).

Using egs. (3.22) and (3.23), we list below the

equations for the zeroth, first, and second moments

of the solid and liquid distributions. For the ice:

CAL
oT

Y,
n

Y,
9T

-8 v v+ AASVE

i

5=0
i+l
= Q.QB(TIT ) Y‘/3 + YO Mi+2 + Z (3+i"'j) Yj ui-j+2
i=1

*BUAL) Y Yy v Wl ,5e
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And for the water drops:

i

’3)\0 — i+l 1/3

= - - —_— s = iA(TIT )W(Y rt )Y = N

pe ) Yj“i-j ¥ » Mo Mi 1 1 ¥R,
j=o

Oul

i
- - _ _ 4/3
37 QAT TN g5 - D M) Y5 - BT, T)wly; Ty,
j=o

- Ym4/3 (3.26)

Mz qamx) .
= =2 QA(T, + W (i+1l) .
o M43 1Mia
i
- - 7/3 _
Mivaos Yy — AT T vy, Ty, YM, o
j=o0
Assuming that initially no ice particles are present,
we have

Yo(0) = Y (0) = N,(0) =0
No(0) = My (0) =1

and )\2(0) depends on the initial distribution.



Egqs. (3.25) and (3.26) are not self-contained. To
solve these equations we need expressions for the frac-
tional moments and W(Y1.1’) which, of course, are them-
selves dependent upon the unknown distributions w(y,T )
and h(y,T ). Hulburt and Katz (1964) suggested the use
of orthogonal polynomials to approximate the distribu-
tions. This method, urfortunately, leads to difficulties
because of improper expansions (Hulburt, Bayewitz and
Shinnar (1975)). We have accordingly adopted non-ortho-
gonal fitting functions which closely approximate the
whole solution over the whole time. Fitting functions
of this type have been used by Klepfer, Sonshine and
Shinnar (1969). This method is applicable when the solu-
tior. approac.ies a self-preserving distribution. The way
these functions are chosen, and a procedure for checking
their validity will be illustrated in a subsequent sec-
tion.

We have examined two types of clouds, continental
and maritime, and have found it necessary to select
three different sets of distributions: When collection

coefficients were regarded as constants, the functions
chosen for w(y,® ) and h(y,X) applied to both continen-

tal and maritime clouds, but when sum-of-the-masses co-
efficients wore used, different distributions were

adopted for the continental and the maritime clouds.

68
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(i) Constant collection coefficients.

The distributions chosen are of the form,

A
(“\wy/aw) Y Mo exp (-)‘wy/aw) (3.27a)
W(y,t) = * a
y© (2 )
_ (>n¥/a, h Y X p¥/ay
h(y,T ) = ( *h?*’"h) o exp ( ) (3.27b)
Y& ()
where aw2
aw = "l/“o 7 }W = -
p2/ po T 3
R 3 ™
and a, = / : =
h 1 (o] h P
Vé/ Yo - a,

These distributions satisfy egs. (3.20) and (3.21)
for n = O, 1, 2. It is interesting to note that eq. (3.27a)
is the solution obtained by Scott (1968) for a process of

pure coalescence, %9W/ 2t= ( W/ 5t) with

coalescence,
K, = constant and w(y,0) = e Y,
Using the distributions of eq. (3.27), we obtain

expressions for the fractional moments:
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oo
' M A n
M = yn/3 w(y)dy = ° T( w+ 3
) n/3r (3.28a)
% . ( w/aw) ( Xw)
09 2 P2+ 1
Y = vy 3hiyray = > 2 33 (3.28b)
(A 72 T )
n
3 o

(ii) Sum-of-the-masses collection coefficients; Maritime
clouds.

Maritime and continental clouds differ essentially
in that the former contains initially larger droplets. The
average droplet size initially in a maritime cloud is
typically 20 M ; the corresponding value for the con-
tinental cloud is only 9“ . Accordingly, diffusional
growth is relatively unimportant in the evolution of a
seeded maritime cloud. When sum-of-the-masses coefficients
are used and the extent of growth of diffusional processes
is small, Golovin (1965) has recommended use of distri-

butions of the form,

- -0,y
o~ h Il ( ehy)e

Y (3.29a)
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and

¢ I (g . ve
Wiy T) = __hetw r

Y (3.29b)

where Il is the modified Bessel function of the first

kind,

g = X, Y3 Yo Y, -
h — —
Y14 Y,
= Yz Y;Z - Yo
N —
X, Y,

and ew and W\, are similarly defined.

The fractional moments follow,
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oD
n
7 ( )a
= y h (y,T)dy
Yn
k) o
2 : n n+3 &2
= T(l+’-3') Yo€h F 1*‘3’ e : 2 _;__ (3.30a)
2 2 n nh
1l
2 (“h_ \lah" '\h)“h‘h!-
and
( 2- ntd 8"’2)(3 30b)
= Fl1+3, . T .
" T*(1+3') 6 i 27,

k} A Ny

k 2 - %14-3-

where F(a,b;c;z) is the hypergeometric function.

(iii) Sum-of-the-masses collection coefficients; continental
clouds.

Collection and diffusional pfocesses may be equally
important in the evolution of continental clouds. Accre-
tion produces a narrowing of thc distribution of ice par-
ticles, while growth by coagulation causes the distribu-
tion to spread. Evaporation and growth by coalescence

both widen the distribution of water ‘drops. Since the
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ice and water distributions are affected in different ways

by the microphysical processes, and the relative importance
of the processes change as particle growth proceeds, we have
chosen different density functions to describe the distribu-

tions:

0.5 Y & -
1 Fo w '\wY
“W '\w ew

wly,x) = (1-

p.)

w
0.5 Yl AY Nc: axp (-)wy/aw)

LA y T(A)

: M2 0.4 (3.31a)

I (€. v) = N\wY
wiy,t) = (1-§) Mo &y 1€ e

2 2 Y

'\w " nw ew

2
w
+§ (} wY Mo exp (-}wy/aw)
a, Y'T‘(Xw)

: B, KL 0:4 (3.31b)

LIS
hiy,T) = dn¥
ap Yo exp (- *h¥/3h)

v W : (3.31c)
h




74

where

O'SY' ‘ Mj-O.'—‘t

+ y‘

g =
Wl |
‘)uo:o.ﬂ lyozo.w

With the assumed density functions and the fractional
moments thereof, eqgs. (3.25) and (3.26) are now in closed
form and may be solved for the zeroth, first, and second
moments of the distributions. The validity of the assumed
density functions, and hence the validity of the solutions
to eqs. (3.25) and (3.26) may be checked by computing from
egs. (3.27), (3.29) and (3.31) the third, fourth, and if
necessary higher moments of w(y,X ) and h(y,X ), and comparing
them to the corresponding values obtained from egs. (3.22)
and (3.23).

Following this procedure, we have used Hamming's
modified predictor-corrector method to obtain numerical
solutions of first order differential equations. Agree-
ments within 5% for the third moments and within 15% for the
fourth moments were obtained for the (1) ice distribution
using constant collection coefficients, (2) ice distribution
in maritime clouds using sum-of-the-masses coefficients,
and (3) water distribution in continental clouds using

sum-of~-the-masses coefficients.
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Differences in the third and fourth moments of the
remaining distributions (water with constant coefficients;
water with sum-of-the-masses coefficients in a maritime cloud;
and ice with sum-of-the-masses coefficients in a eontinental
cloud) increased slowly with the level of glaciation of the
cloud. But even at 90% glaciation, the third moments differed by
less than 30%. We do not think that the differences in the
higher moments of the water distributions at 90% glaciation, when
the water phase is practically depleted,have any real significance
insofar as the accuracy of our results is concerned. As for the
difference in the third and fourth moments of the ice distribution
in a continental cloud, we note that in eq. (3.26), from which
our solutions arise, the highest moment of the ice distribution
is 7/3 and on that account we regard the accuracy of the

solutions as only slightly affected.
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3.6 SOLUTIONS -~ CONSTANT COLLECTION COEFFICIENTS

In our solutions, M  was taken to be 1 gm/cm3 which
is a typical value for both continental and maritime clouds.
The second moment of the water distribution at time zero
was assumed 2.45, and the seeding temperature and pressure
were chosen, respectively, at -15°C and 600 mm of Hg.

As noted in the introduction, we are primarily in-
terested in following the evolution of large particles,
ice and water, and accordingly the fraction of "available
mass"” present in particles of radii exceeding 100\,
F(100M,T), was computed as a function of time. F(100\,T7)

can be obtained from the ice and water distributions by

" ( [yw(y,t)dy + J-yh(y,t )dy

F(100u,T) = O \li6,.7 146.7 (3.32)

The "available mass" is defined here as the cloud's con-
densed mass at ice saturation, M, + @, - Py, and 146.7 is
the dimensionless mass of a spherical particle 100 in
radius and of density of 1 gm/cm3.

In Fig. 3.1, F(100M,T ) has been plotted as a function
of the dimensionless time,T , for various values of .

Using curves of this kind, the dimensionless time, 'Lo 6"
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F(100p, ) vs. dimensionless time, T, for different values
of V/ . Constant collection coefficients are in use, and

«B(T,0) = 0.2, A(T,0) = o,p= 1.0 and Y = 1.0.
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at which F(100M,T) reaches 0.6 is plotted against Wy for
various values of qB(T,0) in Fig. 3.2. The effects of
aB(T,0) and the seeding concentration, nf, on the evolution
of the cloud can perhaps be better understood from Fig. 3.3
where against ng we have plotted the real time, t0.6' it
takes F(100M,T) to reach 0.6.

We note that the dependence of particle growth on
the seeding concentration increases as dB(T,0), or the
relative importance of diffusional growth, increases. This
dependence is the result of the different amounts of mass
that are available for diffusional growth at different
seeding concentrations. While nearly (Mo + 0y - PH) gm/cm
may be transferred by diffusion when aB(T,0) is large and
the optimum seeding concentration is used, only Pw —PH gm/cm3
can be transferred when overseeding occurs and there is
instant glaciation, and no mass can be transferred by diffu-
sion when no seeding occurs.

We also note from Fig, 3.3 that the ratio of the op-
timum seeding concentration to the inital droplet concen-
tration decreases from 10 to 0.3 as dB(T,0) increases from
0.2 to 20.

The effect of seeding on the evolution of the cloud

can be gauged by the ratio of the time at which F(100p , T)
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Fig, 3.2. Dimensionless time for F(100f, T) to reach 0.6 as

a function of ¥ . Constant collection coefficients are

in use, and F =1, v=1, A(T,0) = 0.



80

7 NI SR B RS S o LARNEE il BEE B AL S A 8 | v LI R AL AR B v ey

ag (Tlo) = 20.0

-3
t o.e" 10 " SECONDS

4 T U wet | 4 1414941 2 24 444, 1 bkl 112y
s O 7 ] °
10 10 10 10 10

Ry PARTICLES /m?

Fiq, 3.3, The time, t0 6" for F(100¥, ¥*) to reach 0.6 as a
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reaches 0.6 without seeding to the corresponding time
when the optimum seeding concentration is used. We call
this ratio the "seeding efficiency". Fig. 3.4 shows the
variation of the seeding efficiency with aB(T,0)., Variations
in @B(T,0) are largely the result of differences in the
possible values which the constant riming coefficient may
assume, Using the data of Danielsen, Bleck, and Morris
(1972) for gravitational coalescence and assuming the
riming and the coalescence coefficients to be equal, we
find that the riming coefficient for a particle of 60 M
and a particle of 15M will make @B(T,0) = 0.2 at -15C
while the riming coefficient for a 30M and an 8M par-
ticle will make aB(T,0) = 20 at-15°C.

Seeding temperature also has an effect on @B(T,0).
At -15°C aB(T,0) is 25% greater than at -5°C and growth
at the lower temperature is thereof greater. The dif-
ference in the seeding efficiencies between maritime and
continental clouds can be observed from Fig. 3.4 since
aB(T,0) is generally about five times greater for contin-
ental clouds,

As mentioned previously, very little experimental
data has been acquired for KH(m,m') and KR(m,m'). Hosler

and Hallgren (1960) experimentally observed the coagula-
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tion and growth of single ice particles of diameters of
1274 and 360p that were introduced into clouds comprising.
ice particles of sizes in the range of 74 to 18u. The values
which they found for Kﬁ(m,m') were considerably less than
corresponding values of }g”(m,m') « Since most investi-
gators assume KR(m,m') to be the same as lgv(m,m') we ex-
amined our equations when [ assumes the value of 0.25, 0.5
and 10 and Y equals to 0.5, 1. and 2.0. Fig.3.5illus-
trates the results of overseeding for low values of 8
and Fig.3.6 shows the effect of W on particle growth at low
seeding concentrations. It is interesting to note that

the seeding efficiency is independent of 8.
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3.7 SOLUTIONS - SUM-OF-THE-MASSES COEFFICIENTS

We turn now to a descritpion of the evolution of a
seeded cloud using collection coefficients proportional
to the sum of the masses of the interacting particles.
Table 34 1lists the initial distributions and moments for
two continental clouds and for one maritime cloud., Note
that the mass of an average droplet in a maritime cloud
is an order of magnitude greater than the mass of an aver-
age droplet in a continental cloud. This difference is

typical.

NO MO sz(m,t)
-3 3 o0.2,3
cm gn/m gm /@ w(y,0)

- 1.2
continental cloud I 422 1.3 8.85 x 107/ i;ll 1,(0.7y)e J

-6 1.35 -3.4hy
continental cloud IT k22 1.3 1.77 x 10 =22 1,(3.297)e

7 1.19

maritime cloud 35 1.0 1.93 x 10~ Il(5.67y)e’5'75y

«I.

Table 3.8 Initial moments and distributions

Figure 3,7 shows the effect of seeding concentration on par-
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ticle growth for continental cloud I for two values

of dB(T,0), 40 and 20, corresponding to values of

b' of 3 x 10> and 6 x 10—3m3gm-1 sec_l, respectively,
Once again we note that an increase in the collection rate -
which amounts to a decrease in#B(T,0) - shifts the opti-
mum seeding concentration to a higher values and reduces
the seeding efficiency. WhengB(T,0) is 40 the seeding
efficiency is about 2, and seeding accordingly can pro-
mote the formation of rain, It is interesting to note
that the ratio of the optimum seeding concentration to
the initial droplet concentration lies between 0.8 and 5.
For constant collection coefficients, this ratio is in
the range of 0.3 to 10,

In Fig. 3.8 we have compared the evolution of the
maritime cloud and continental cloud I. We note that
seeding has a considerably larger effect on particle
growth in the continental cloud, and that no optimum
seeding concentration exists for the maritime cloud.
Seeding in the maritime cloud only adds condensed mass
to the particles as a result of the lower vapor density
at ice saturation,

The extent to which particle growth is dependent

upon the initial distribution was examined by using
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different values for the second moments at time zero.
Using sum-of-the-masses collection coefficients we com-
pared particle growth in continental clouds I and II
whose second moments are initially 2.45 and 4.9,
respectively. Fig. 3.9 shows that particle growth is
slightly greater for the cloud with the wider initial
distribution., The differences are more pronounced at
low and very high levels of seeding where the relative
importance of vapor accretion is small. The trends at
low values of W are in qualitative agreements with
Twomey's (1966) results for droplet growth in a warm

cloud,
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3.8 THE EFFECTS OF TEMPERATURE CHANGES DURING GLACIATION

So far we have considered clouds to be isothermal.
Temperatures in a supercooled cloud, however, will in
fact vary as a result of phase changes. The cloud

temperature may be expressed as:

L
T(Y) = T(0) + mevbeme (Mg, (1= 1) + plo) = p(2))

Cppa
LV
- = (-( ) - (0)); (%) o(0) (3.33a)
Cr a
L M L
™(T) = T(0) + L2 (1)) ¢ .2 (plo) = =(7))
Cppa Cgpa
3 p(T)<p(0) (3.33p)

In egs. (3.33), Lf is the heat of fusion, Lv is the heat
of vaporization, Lg is the heat of sublimation, Cp is the
specific heat of the cloud, and g, is the overall density
of the cloud.

To get some feeling on the error incurred when iso-
thermicity is assumed, we have computed particle growth
in continental cloud I when the temperature is allowed
to vary in accordance with egs. (3.33) and compared the

results to those obtained earlier for isothermal conditions.

The comparison is shown in Fig, 3.10, and we note that sum-of-
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the-masses coefficients have been used. We find that the
error is practically nil for small values of Yy , and
increases as Y increases, Figs, 3.11 and 3.12 explain this
trend. Fig. 3.11 shows that heating results in a slight
increase in the density of the vapor in the cloud, p . This
density increase corresponds to a decrease in the condensed
mass available for growth by collection and accordingly the
overall particle growth is retarded. Fig. 3.12 shows that
the extent of glaciation increases with“y . Since the
amount of heat released during fusion is directly related
to the per cent glaciation, the assumption of isothermi-
city incurs an error that increases with the extent of

glaciation and withyp .
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3.9 CONCLUSIONS

The evolution of seeded supercooled stationary
clouds was simulated by a model which incorporates six
microphysical processes affecting the distributions of
ice particles and water drops. The model comprises ma-
terial balances on the ice and water in the cloud, and
is of the form of integro-differential equations in the
water and ice distributions. These equations were solved
for the first three moments of the distributions by using
constant collection coefficients as well as coefficients
proportional to the sum of the masses of the interacting
particles, Nonisothermal effects were also examined.

Our objective was to gain understanding of the manner
in which particle growth in the seeded cloud is affected
by various parameters, We determined the following:

(1) Seeding may significantly promote the overall
growth of particles in a supercooled continen-
tal cloud., Seeding has only a small effect on
overall particle growth in a supercooled mari-
time cloud.

(2) The optimum seeding concentration is of the same
order as the initial concentration of water

drops. The optimum seeding concentration is
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lower for clouds having a smaller average
droplet mass initially.

(3) The seeding efficiency stands in inverse pro-
portions to the average droplet mass initially.

(4) The degree of spread of the initial drop dis-
tribution has only a small effect on particle
growth in the seeded cloud.

(5) Neglecting dynamic effects, heat released during
glaciation does not change appreciably the
course of particle growth in the seeded cloud.

(6) Qualitative results obtained using constant
collection coefficients are very similar to
results obtained using the more physically

realistic sum-of-the-masses coefficient.
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APPENDIX A

Solution of the Stochastic Model for the Population Number

The differential equation for the stochastic model

describing the population number which we derived in the

text is:

av N+1 N

3t = C . VN+1 - C , VN {2.10)

For an initial distribution of N, particles of unit mass we

have the initial conditions:

<
1

N O;N#No

We define a vector V and a matrix M as follows:

Fvl )
Vo

VI‘J o
—_ g

1

M = (?.

O

y (%) 0 00...0

(:’j)(i)oo...o

———

The set of cquations described by eq. (2.10) can then be

written in matrix form:

v
e e (2.2
gt CMV { 9)
k
where the eignevalues of M are 7~k = i;and the character-

istic vectors of M are obtained from

gl_l(_k = - )k Xlk (2.30)
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Equation (2.29) has particular solutions of the form

vit) = e k" X (2.31)

where t' = Ct

Since the eigenvalues are distinct, the characteris-
tic vectors are linearly independent. Therefore, the com-
plete solution for the vector V will be the sum of the
particular solutions, each of which corresponds to a charac-
teristic vector.

iy kt'

V(t) = Cy e Xy (2.32)

™

k
From (2.31) we can obtain a particular solution for one of

the elements of the V vector

v (t) = e kt'x (2.33)

Substituting {2.33) into (2.10) we obtain

N N+1
"X 2) Bt o2 ) X e (2.34)
Therefore,
N
X 1ie1 =~l_2)_2_k X o (2.35)
’l (N‘.’l) A
2
and "
N-1)_ =\ N—Z)_ ‘1)
k,N N) (N-l ) o1
24 2
1f we set xk,l = 1 we obtain xk,N in closed form:
11-1
. (Y (1) -k (c
Xy = 5 T | Y(¥-1)-k(k 13 (2.36)

(M!) Y=1
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We premultiply and postmultiply both sides of (2.30)

by Xj where Y. is the recinrocal vector to ék' Therefore,

j
Y.MX, V. = =N\_Y.X Y.
=3=k=] k—j=k=j
and M = oA Xy

e proceed to solve for Ye o
14

written in the form

) ()
BE

- . aql){i)”

(2.37)

(2.38) can be

=)kEy_,1 Yk,z'“yk,u]

which yields the followiig system of ecuations

l = e
—(2) Yr,1 = T M Yx 1

2
2 _() Yy = "Ny Yo
(2) yk,l 2 }*.'2 k .\‘--2

We solve the equations to obtain v

[(;):-xg vy -
[('})-“}Zl Y,

and

k1

|
o

I

=
12 o]
~—

=

o

-

Lond

y

[

=

Ye,N

since

e
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Since the denominator can't be zero, Yk K is the first non-
’

zero term an

N I - I
o B ¢

Rearranging and setting Y.k = 1 yields
’

(2.38)

xt (k1) \,11- (V/iﬂ-l)-x(k.l)) (2.39)

Dotting through by Yk

v o) = ¢ ly x) (2.40)
since
Xy = 0.
We can now solve for C,
(., v, (0))

(Yk,xk)

and substitution of this equation into (2.32) for an element

Cy = (2.41)

of V (t) yields:

/
v, ® =Z (¥, V(o) o=Hxt
K (Yk'xk) xka

For our initial size distribution consisting of No

(2.42)

particles of unit mass, the three vectors on the right

hand side of (2.42) will be of the forms
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: 1
0 — j
; Ay,2 .
v (0) = 1] 7 X = E Py, = 00"'01yk,k+1 k,No
0 X
k,k
19 0
Therefore
(yk'v () = Yk,N
o
and
(Yk,Xk) =7‘k,k

Equation (2.42) therefore becomes
No

Yg,N
No -X. ¢! fA
VN (t) = Z W e k k,N

k=N (2.43)
where x X,k and X N are defined in (2.37) and yk.No is

defined in (2.38). Note that the limits on the summation
are taken from N instead of from 1 since Xe N = 0 for k«<N.
4

Substitution of (2.37) and (2.39) into (2.43) yields:

N k
v W =Zo N N -1) e (3) ¢
N
' ' NO N (¥N-1)
oy N -1 -ﬂ—[: -1-k (x-1)]
V=N
v #

which becomes after a few simple mathematical manipulations

vy (0 =;9 (1) K*N (ok-1)(x+n-2) : ﬁ<N°-V> epc(g)t (2.44)

k=N N° (N-l) : (k—‘.]) ! Ne1 N ¥y

The mean number of particles is

<N (t>> =NZi N VN (t)
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Therefore,

k-1.
N_ N . N -N)y __.[x
()= s°5° Lo K+ (ox-1) (k+N-2) ! TI N°+v)e c(z)t
O

=1 k=H [(N-l) :] 2 (k-m) ! y=1 5)
(2.4

It can be shown that (2.45) is the same as

i ="

(u (t)) = Z (2x-1) ﬂ(;‘?-;—-ve
(o]

k=1 Y-
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APPENDIX B

The Solution to Ei. (2.2)

We shall now show here that

veot)

voN, X)Xy = P& X, X/ V() (2.21)

satisfies the differential equation

dv (N,xl’le...;t) / dt

= CYVNHL, Xy Xy eeaa¥% ¥2,..0,
’ [
k

xk+2
XZk"l,...;t) 2

+ CZZ v  (N+1 , x1 x2 cevs xj+l,...,

-1,...; t) (xj+1) (xk+l)

N
- Cv (N,xl, Xoreeed t) (2) (2.2)



We begin by multiplying

dvy N+l> <N>
= C V. -C |- \'/
at 2 N+1l 2 N

[Eq. (2.10)] by (p(xl,xz.....xN /N. Accordingly,
o

d[VN ] (xl,xz,...,xNo/Nﬂ /dt
N+1
= C (2 ) VN".'lb (xlpxz,...,xNo/N)

N
-C (2) Vy © (xl,xz,...,xNo/N)

and we shall now show that (2.49)is identical to (2.2);

hence, it will follow that @ (x;,X,...-.No/N) V . (t)

satisfies (2.2).

Using ea. (2.2}), ea. (2.49) becomes

dav (xl,xz...;t) /dt = -C (2) v (xl,xz,...;t)

N+1
+C 2 ‘P(xl,xz,...,xN/N) VN+1

106

(2.49)

(2.50)
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Eq. (2.2), on the other hand, can be written

N
dav (xl,xz,...;t) /dt = C (2) \J(xlrxza---ancJ

+CV
N+l[z x2j+2 m (xl'xZ,o-o,x;+2’oo.'
3
x2j-1" L) 'xNo/N+1)
+§i Y (K +1) (kg +1) P (X3 sXy0ennpiytlens, (2.51)

k<R
) 2

To show that eas. (2.50) and (2.51) are identical, we need

X +1'o ..’xk"'x-l'.."XNo/N...l)

only show that the coefficients of VN+1 in both equations
are the same.
Accordingly, using the expression for(p(xl.xz.....

xNo/N) of (2.22), we have to demonstrate that

(N+1) IND (N -N):

' ' ' - '
2x1.x2....xNo. (No 1)

- (N+1)!N!(N°—N-1)!

2(No—l)!

XEE. 1
j X

] ' - -
1°¥ oo Xy gt (Xpy l)l(x2j IO RTRRD

+ (N+1)!N! (NO-N-l)!

M -1

1
DY
k‘x xl!le...(xk_'_)"l)!...XNo:
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Combining the two terms on the right hand side, we obtain

(N,-N) ! = (N_-N-1) !

1 k+2

X
xllle... (xkfx-l) !...xNo!

X2 L
kK L

k+L

which reduces to

(NO—N) : . (NO-N-l) . }E x
SR

X, 0%, 0...x, ¢ XqoXaloew :
1°%2 N, 1°%2 "No

Noting that

> ¥ x  =N-N
K

) k+A

we find that the two sides are indeed, identical and we have
therefore demonstrated that e%. (2.21) satisfies the

differential equation (2.2).
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