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INTRODUCT ION

It has long been of interest to algebraic topologists to compute
the homology and cohomology of the spaces Q“s“(X) s Where X 1is a
pointed CW-complex and ! and S are loop space and suspension functors
respectively. J.C. Moore [7], Eldon Dyer and R.K. Lashof (4] and Browder
[3] have used various approaches to compute many special cases. One ap-
proach, for which this thesis should be a useful first step, is to dis-
cover an appropriate, well-described, CW-structure for the space QnSn(X).

If n=1 and X {is connected, James [1], in 1955, discovered
that J(X) , the free topological monoid on the space X , is of the
same homotopy type as S(X) . The CW-structure of J(X) is easily
describable in terms of the CW=-structure of X .

In 1966, R. James Milgram published a paper [2], which gives a gen-
eral approach to the problem for n 2 2 and X connected. This thesis
arose out of an attempt to understand that paper. Making use of insights
and methods drawn from [2], we have constructed a CW-complex, L(X), which
has the same homotopy type as QZSZX if X 1is a connected CW-complex,
Furthermore, L(X) has the structure of a topological monoid and the homo-
topy equivalence from L(X) to QZSZ(X) is a monoid homomorphism. The
cell-structure of L(X) can be completely described.

Throughout this paper, a familiarity with the elementary terminology
and techniques of category theory is assumed. Mac Lane [5] or Mitchell
[6] are useful reference works in this regard.

Our approach is to construct L(X) as the colimit over a suitable

small, monoidal category, 6 , of a certain nicely behaved functor Lx .




-vi-
We start, in Chapter 1, by making some general remarks on the subject
of monoids and monoidal categories. An interesting, and perhaps new,
result here (quite elementary) is Proposition 1.4, that the colimit of
a monoidal functor is a monoid.

In Chapter 2, we define 6 , the category of generalized shuffles,
and a general scheme for defining functors with domain 6 .,

Chapter 3 is concerned with the category of normed topological

spaces (denoted Topv). Most of the work of the paper is done in this
category rather than in the more usual category of pointed spaces. The
reasons for this are somewhat technical, but are analogous to the reasons
for using Moore paths rather than paths of unit length in defining path
spaces and loop spaces.

In Chapter 4, the functor Lx: 6 - Topv is defined. This functor
is rather complicated in definition, but has many nice properties which
are developed in Chapters 4 and 11.

Chapter 5 contains the precise statement of the chief result of this
paper., This theorem (5.3) states that if X 1is a connected CW-complex

with a suitable norm then there is a monoid homomorphism from colim L

6 X

to stzx which is a homotopy equivalence.,

The proof of Theorem 5.3 takes up the remainder of the paper.
Part II (Chapters 6 through 13) gives various preliminary definitions
and results needed for the proof proper, which comprises Part III
(Chapters 14 and 15).

Two of the chapters in Part II are perhaps worth a small note.

Chapter 7 introduces the concept of a conaturalizer, a categorical

construction which seems to arise naturally in the consideration of
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monoidal categories and functors,

In Chapter 8, a base-space functor B , for normed monoids,is dis~
cussed. This is essentially a construction due to Milgram, in the paper
[2] mentioned above. Most of the material here is taken from Milgram,
However, Proposition 8.3, which observes that B 1is coadjoint to the
Moore loop space functor, is the author's, Although B is well-behaved
enough for the purposes of this paper, it is not, generally speaking, a
very well-behaved functor, There is clearly more work to be done in this
area,

In Part III (Chapters 14 and 15) we give the proof of Theorem 5.3,

drawing on all the material in the previous chapters.




PART I

PRELIMINARIES AND STATEMENT OF THEOREM

Chapter 1, Categories of Monoids and Monoidal Categories

Definition 1.,1: Let G be a category, ®: G X G - G a functor, Then

the pair <(,®> 1is a monoidal category if

1. ® 1is associative, (We will insist upon coherent associativity,
at least. In some applications, we will demand exact associativity.)

2. & 04 € G such that 0; 1is an initial object of G and O, is
a two-sided identity element for ® .

If <0,®> and £,§> are two monoidal categories, then a functor
F: G - 6 is a morphism of monoidal categories, or more briefly, a mon-

oidal functor provided:

1. F(Op) = 0a .

2. The diagram below commutes:

Gxag—2XE 8«8

® ®

G F > ﬁ .

Definition 1.2: Let <(U,®> be a monoidal category. Then the category

of <G,®> -monoids is the category whose objects are pairs (A,n) where
A 1is an object of G and p € G(A®A,A) such that the following 2 dia-
grams commute:

CETN
ARARA —————> ARA

1,8 "

ARA _— SA




1.®0
A8 0, A__A_agaA
A
= m
\/ 1 \
A A > A
)
= m
v 0 ®1
0; ® A A4 >A®A

Let (A,n) and (A’,u’) be <G,& -monoids. Then a monoid homo-
morphism ¢: (A,n) - (A',u') is an G-morphism, ¢: A - A’ such that the

following diagram commutes:

AR A—288 At gt
|
y !

A P > A¢ .

Definition 1.3: Let (G be a monoidal category. ( is monoidally complete

if the following condition is satisfied:
Let C, C’ be small monoidal categories. Let F: C —-G ,

F’: C’ - G be monoidal functors such that colim F and colim F’
C C

exist in G . Let F® F’ be the monoidal functor given by the com-

position:

®

4
cxe! —EXE S oxg—232—0G .

Then coliT,F ® F’ exists and the naturally induced map
CxC

colim(F ® F/)—> (colim F) ® (colim F’)
CxC C c’

is an isomorphism,
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Note: For ( to be monoidally complete, it is certainly sufficient
that the functors, X®_ and ®X , from G to G , be cocontinuous,

VX€EQ,

Proposition 1.4: Let (G be a monoidally complete monoidal category,

let C be a small monoidal category, and let F: C - G be a monoidal

functor such that colim F exists, Then colim F 1is, in a natural
C c

way, an. G-monoid.

Proof: Since G is monoidally complete, there is an isomorphism:

colim(F ® F) > (colim F) ® (colim F) .,
CxC = Cc Cc

Let i_: colim F«®

F c ” colim F be the morphism induced by ®c:CxC -C.
CxC

c

Since F is monoidal, we have a commuting diagram:

F X F

CxC > OxG
& G
c —EF -3¢

and hence F-®c = ®G(‘F X H =F®F . Let bp be the composition:

-1 i
> colim(FRF) > colim F .,
CxC c

(colim F) ® (colim F)
C C

It is then straightforward to check that Hp is associative and

if one notes that the zero of colim F is the map: 0(1 = F(Oc) - coéim F
C

it is straightforward to check that diagram 2 of (1.2) commutes.
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The G-monoid structure on colim F 1is natural in the sense that,
c
if F and F’ are two such functors and ¢: F = F’ 1is a natural trans-

formation such that V o,B €C , %o p = Yy ®; th , then colim @:
C

colim F - colim F’ is an G-monoid homomorphism. This is easily checked.

]

Definition 1.5: Let C be a small category with initial object OC .

Then J(@) will denote the free monoidal category on C ; that is, there

is a monoidal category J({) , with a functor i: C = JC) such that
1) i(Oc) = OJ(C) .
2) If F: C—-M is any functor from C to a monoidal category
M , such that F(OC) = Om then there is a unique monoidal functor
F: JC) » M, such that Fi =F .
3) i: C = JC) 1is universal with respect to properties 1) and 2).

Remark 1.6: If C 1is a small category with initial object, the exist-

ence of J(EC) 1is a straightforward exercise. That is

JC) = u ¢t
i=1

modulo the equivalence relation necessary to have OC act as an identity

element,

Definition 1.7: Let <C,8> be a small monoidal category, then <C,®>

is an enriched free monoidal category if

1) The set of objects of C forms a free monoid under the oper-
ation @ ;
2) If ¢€ C(O’,Bl®52) , then &! @, @ €C and 4! ®; € C(ai,Bi),

i=1,2, such that a=al®afz and cp=cp1®cp2.
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Remark 1.8: Let G be the full subcategory of (C,®) whose objects are
the generating set for the set of objects of C as a free monoid. It
is easy to see that J(G) 1is naturally a subcategory of C , Thus, C
is the free monoidal category J(G) "enriched" by additional morphisms,

We can say that C 1is an enrichment of J(G).




-6=

Chapter 2. The Category of Generalized Shuffles

Definition 2.,1: We will let 6 stand for the category of generalized

shuffles, defined as follows:

For n a non-negative integer, let n denote the finite ordered
set <l,...,n> [or P , if n = 0]. Then an object of & 1is a set
function f: n - m where n 20 and m 2 0 such that f is sur-

jective and order-preserving (i.e., i < j = £(i) < £(j)). Let

fi: n, ~m o, i =1,2 , be two such objects; then @(fl,fz) is the set
of all pairs (g,p) where ¢ 1is a set function n, =, and @ is

a set function fi._'fg such that:
1)  f0= c'pf1 ,
ii) ¢ is a monomorphism,

1) 0<i<jsm = seQ),

iv) if 0<i<js=s 0, and fl(i) = fl(j) , then o) < 9(j) .

Composition of OG-morphisms is given by composition as set functionms.

There is no difficulty in seeing that & is in fact a category.

Proposition 2.2: © is an enriched free monoidal category.

Proof: Let f,, £, be objects of & , fi: n, ~m . Define £, ® £,:

1? "2 [ S | 1 2
n1+n2 - m1+m2 by the rule:
. fl(i) s 1L =1i¢< n,
f1 ® fz(i) =
- < < + .
f2(i n1)+m1 , n1+1 i n,+n,

If @y € @(fi,gi) » 1 =1,2 , there is an obvious map, ¢, ® Pyt
f1 ® f2 - 8 ® gy * qﬁ ® wz can easily be seen to be an O6-morphism.

Then '"®" is easily seen to be an associative bifunctor on 6 .
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Let e be the unique map 0 - 0 . Clearly € is an initial

object of & and a 2-sided identity element for & .

Therefore (6,®) 1s a monoidal category.

Let e denote the unique set surjection n—1, ¥n=21. Then
if f: n~ m is an object of 6 , clearly f = e ® ... 8>en , where

1 m

n, = lf-l(i)l , Vi€ m . Hence, we can see that the objects of © form

a free monoid with identity element e, and generating set

0
= =
G {en|n 1} .
To complete the proof we must demonstrate that 6 satisfies
property 2 of Definition 1.7.

Let ¢ € @(g,ff&fz) where fi: n, W m and g: k 7 p . Then let

Iw-l(n1+1,...,n1+n2)|

k, = |¢-1(1,...,nl)| > ky

R Il TR S I ) |

Define 8¢ k, - 1 by gl(i)

ky g(1) , vi¢€ El .

Define g,: k, @ p, by g, (1) = g(itk;) - py

Then clearly g = ] ® 8 * Then define ¢i: k1 - n, by

@1(1) =), Vie€ El and define P, E; - EZ by ¢2(i) = ¢(1+k1)- B,

vie€ EZ .

It is straightforward to check that % and ¢, are G-morphisms
(note that the definition of P; forces the definition of 61 , Since
fi is always a surjection). Clearly ¢ = ) 8’¢2 , and % and P,

are unique. Therefore © 1is an enriched free monoidal category. o

Remark 2.3: An G-morphism: en1¢8 ees @ enp ~e where ZE=1 n, =m,
is called a p-shuffle.
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Then a 2-shuffle is, in fact, a shuffle in the usual sense of the term;
that is, a partition of m into two sets and a bijection m — m which

preserves the order within each set,.

Remark 2.4: Llet N denote the category whose objects are the ordered
sets n , for n =20 and whose morphisms are set monomorphisms which
preserve the order relation., If we embed N 1in & by the obvious
functor n - e then in the sense of Remark 1.8, 6 1is an enrichment
of J@) . The next two paragraphs demonstrate that, loosely speaking,
the "enriched structure" of 6 is generated by the 2-~shuffles of 6

(see (2.3)).

Definition 2.5: Let (G be a monoidal category. An GO-prefunctor in G,

is a collection of data F as follows:

1. A functor F : N~ (G such that F(0) = O(I ;

, an G-morphism F :

2, V 2-shuffl : ®e, ~
shuffle ¢: e, ey @

€i+j
F(ei) ®a F(ej) - F(ei+j) such that:
A, If )\1 G@(en,enl) s )\2 € @(em,em:) , M€ @(em,enoﬂn:),

o € @(en®em,en+m) , B € @(en@emz,enl+ml) and B(?\l ® >\2) = Ay , then
FB(F(}\l) ®G F()\z)) = F(?\)Fa .

B. 1f aé@(ei_@ej,e ) , B E@(ej®e

1+] 108 4
Y € Q(ei+j®ek’ei+j+k) , and & € G(ei®ej+k’ei+j+k) such that

5(1e_ ®@B) =Y@® 1,
i k

= ® .
) , then Fé(lF(ei) ®O. FB) FY(Fa 1F(ek))
Proposition 2,6: Let F be an GO-prefunctor in G , then F has a
unique extension to a monoidal functor from & to a.

The proof of this proposition is rather tedious and has been de-

ferred to the appendix. (See Appendix I).
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Chapter 3. The Category Tgpv

Definition 3,1: Let Topv denote the following category (called the

category of normed topological spaces):

An object of Topv is a pair (X,vx) where X 1is a compactly
generated topological space with basepoint * and vx is a continuous
map of X into Rf, the space of non-negative real numbers, such that

v;1(0) = % ., v, is called the norm of X . A morphism in Top’ 1is a

X

continuous map of the spaces which commutes with the norms,

Remark 3.2: Let (X,vx) , (Y,vY) € Topv . Let X X Y be the usual
topological product, then we can define Vexy® XXy -'lf s by
VXXY(x,y) = vx(x) + VY(y) . Thus X 1is a bifunctor on the category
Topv . [One should note, however, that "X" is not the product in Topv

in a categorical sense].

Proposition 3.3: <Topv,x> is a monoidally complete category. (See

Definition 1.3.)

Proof: Clearly '"Xx" 1is an associative bifunctor on Top® . The one
point space, with the obvious trivial norm, is an initial object for
Topv and an identity for X . Hence <Topv,x> is clearly a monoidal
category, We must show that <Topv,x> is a monoidally complete mon-
oidal category. let F:C - Topv and F’:C’ - Topv be functors such

that colim F and col}m F/ both exist. We need the following lemma.
c c

Lemma 3.4: Let X € Topv ; let FX: Cc - Topv be the functor Fx(a) =

Z (colim F) X X .

F,x X, then colim Fx .

C
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Proof: Ignoring the norm for the moment and just working in the cate-

gory of compactly generated spaces, we show that (colim F) X X =
c
colim Fx in that category.

Let {fa: F(@) x X = Yla €C}] be a coherent family of maps. Then
we have a coherent family {fa: F(a) — (X,Y)la € C} where (X,Y) has

the compact-open topology. Hence, H. f: colim F - (X,Y) commuting
C
with the fa's . Hence H! f: colim F X X = Y , commuting with the
C
1]
fa S . ]

In order to prove Proposition 3.3 we now note that V o' €c’ ,

~

(colim F) x F/ (@) = colim F_s, , , and that colim F X colim F/ =
F' (@)
Cc Cc Cc Cc
colim(F’ ) by the lemma. That colim F X colim F’/ = colim F x F’
c? Cﬁéim F C c? cxc?

then follows immediately., o
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Chapter 4. The Functor L

X

Definition 4.1: Let X € Topv . We define an G-prefunctor, Ly » in
Topv (see 2.5) as follows:

1, LX(eO) = * = the basepoint of X . For n21,

+ n W2
LoCe ) = {(t,,% 5000t ,x) € ® xX)"|{ ZT-%,))°< = t, , VIS n;
X' n 1°71 n’“n \iEI i ) €1 i
42

and T v(x,)) = Z ¢},

(iég %, o

2. Let ¢: n ~ m be an order-preserving monomorphism (that is:
q>€lﬂ(en,em) = @(en,em)) , then Lx(w): Lx(en) - Lx(em) is the ma;

Lx(¢)(t1x1,...,tnxn) = (slyl,...,smym) where

(tjxj) s if i= (P(J)

(s;y,)
1 ©0,% , if LEImg .

This is clearly well-defined and continuous and norm preserving, where

the norm on LX(en) is defined by:

n
Vsyxyseeeys x) = 151 Ve -

3. Let o«: (en.® em) " e m be a 2-shuffle. Then
Lx(a): Lx(en) X Lx(em) - LX(enﬁnR is defined by:
Lx(a) ((tl axla cee :trsxn) ’ (sl’yl’ s ’Sm’ym)) = (rl’zl’ ere srn+m: zn+m)

where (tj’xj) k=0ao(j), j€n

(xys2) = { n
(si+2v(yi)-j§1\’ (xj),yi), k=oa(), 1 €n .
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The next three propositions will establish that Lx(a) is a

morphism with those properties required for L to be an G-prefunctor

X
in Topv .

Proposition 4,2: The point (rl,zl,...,rn+m,zn+m) as defined above,

) .

is an element of LX(e

Proof: Notation: If x = (xl,...,xk) is a k-tuple in X and ISk,

let HxHI = X v(xi) . If t= (tl,...,tk) is a k-tuple in ' s let
i€I
el = = ¢, o
T oqert

Then we wish to show that if I € nitm then “rHI - Hz”i 2 0 and

Let I, =INa@ , I, =10a@ , J=a‘1(11) ,

el gy = Gzl ggd” - 2

K= a-l(Iz) , then

elly = Helld = lelly + lielly - dlelly + liell >
||l I l I I1 12 I1 12

lelly + Hell + 2l = Il = 2l sty - Il

lelly = 112 + dlsll = i+ 20yl il = I,

but by definition of Lx(en) and Lx(em) , each of these terms is pos-
itive or zero, and if I =pnptm then J=n , K=m and all three must

be zero., Hence the proposition, D

Proposition 4.3: Lx(a) as defined in Definition 4.1(3) satisfies con-

dition (2A) of Definition 2.5.

Proof: Let Xl € @(en,enl) ’ AZ € @(em,eml) s M€ G(en+m’en+m') s
a € G(en(8 em’enﬁn) , B € @(en: ® em;,en:+ml) such that the following

diagram commutes:



A®A
e ® e -—l-z-—ﬁ> e 1+ ®e ,
n m
a B
A >
®rim ®a’+m’

We must show that the following diagram commutes in Topv :

L, (XL (A,)
Lx(en) X Lx(em) X 1° X 2 > Lx(enz) X Lx(eml)
Lx(a) LX(B)
Lx(x)
Ly(enim > Lylegrn?)

Let w = (tlxl,...,tn,xn,slyl,...,smy ) € Lx(en) X Lx(em) , then

m

PN ¢t ¢ 2.2 ¢t e
Lx(kl) X LX(KZ)(z) = (tlxl,...,tnzxn:,slyl,...,smiym:) where

(tjsxj)’ i= }\l(j) s.y. s i= )‘z(j)

R M
[ Y 4
(tl X{) = s S8.¥, =
i’l i(o,*)’iglm)\ li io,* ’igmkz

Then

Lg® + @) x L) (@) = (rz |l s 55 o'+ .

O,*%) 1f JEmBQ, ® 1)
(rjz)= {Ceox) L G=BN@ , i€n

(si+\) (yi)”xllg”yi) y J = B )‘2(1) y 1 € m

and
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Ly(N) + Lo (@) (2) (qjvjll < j < n'+m’)

0,x) , j € Im(R)

(q55v9) = (tgx) , j=Aa@), 1€n

(si+\) (yi)”xlll_l’yi) s 1= A Ol(i), i€

18

But llx”n: = ”x”n (abusing notation a little), and clearly Im A
Im B()\l ® )\2) since o is bijective and A o = B()\l ® )\2) . Clearly

(qjvj) = (rjzj) s Vj<ntm . Thus the proposition is true. o

Proposition 4.4: Lx(oz) as defined in Definition 4.1(3) satisfies

condition (2B) of Definition 2.5.

Proof: Let o € @(en® em’en-i-m) , BE (S(em® ek’enﬂ-k) s

Y € @(en_m® e ) , 6 € (9(en ® e ) such that the following

k? Cntmtk ok ? Stk

diagram commutes in 6 :

1e ® B
PO —) » SE—
en®em®ek >en®eurl-k
o® 1e Y
k
® o >
rm © Sk ®ntmtk .

We wish to show that Lx(é)-(Lx(ot) X 1. (e )) = LX(Y)°(1L e ) X LX(B))-
XYk XY 'n
Let w = (tlxl,...,tnxn,sl,yl,...,sm,ym,rlzl,...,rnzk) , an element
of Lx(en) X Lx(em) X LX(ek) , then Lx(é)-(Lx(oz) X W) =

(qlvl, eeesq KV k) where
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() 5 1=8AX B , J€e,

(q5vy) = o ll,y) s 1=0ax B, j€e,

(rj+2v(zj)HxH§+2v(zj)HyHP,zj) s

1=61xBG), §€e

(where j € e, » etc. has the obvious interpretation), and
where _
(tjxj) 3 L=Y@x D@, j€e

(p;u) = vy o 1=Y@x D@, 5 €e

(#2923l ez s 1= Y@ X DG, 5 € ey

but since Y(a@ x 1) = 8(1 x B) and HxHEl + Hy“lll = Hx,y”n+m these are
equal, establishing the proposition., O
Hence we have a well-defined Geprefunctor in Topv and therefore

by Proposition 2.6 we conclude:

Corollary 4.5: There is a unique monoidal functor Lx: 6 - Topv whose

values on JM@) and on all 2-shuffles in 6 are given by Definition 4.1.
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Chapter 5. Statement of the Theorem

Notation 5.,1: Let Top° denote the category of pointed, compactly
generated topological spaces. Let Monv denote the category of Topv-
monoids in the sense of Definition 1.2, If X € Top° , then QX

is the Moore space of variable -length loops in X . Q 1is clearly a
functor from Top° to Mon" , where the norm is given by path length.
QZX denotes 2 of the underlying pointed space of QX . S will de-

note the usual reduced suspension functor Top° - Top° .

Definition 5.2: Let X be an explicit cell-complex with basepoint;

i.e., X 1is a CW-complex with a specific set of attaching maps which

give rise to the cell-structure. We will define the standard norm

vx: X -'R+ as follows.

Define vy on the O-skeleton of X by setting Vx(y) =0, if

y = *%* and vx(y) = 1 otherwise,

Assume V is defined on X(n-l) , this (n-1)-skeleton of X ,

X
1 _ X(n-l)

Let e be an n-cell and £: s"” the attaching map. Let

(n-1) .
2z, be the center of e - Then extend vy to X Uf e, by de

fining vx(zo) = ntl and extending linearly along radial lines. Thus

we can extend vx to all of X .

Theorem 5.3: Let X be a connected explicit cell-complex. Then there

is a Mbnv-morphism:

9: colim L, ——> 0°S2(X)

6 X

which is a homotopy equivalence.

The proof of this theorem will occupy the remainder of this paper.




PART II

PRELIMINARIES TO THE PROOF OF THEOREM 5.3

Introduction

Parts II and III comprise the proof of Theorem 5.3. The proof is
intricate and involves many notions not yet introduced to the reader.
For this reason, the actual proof is not addressed until Part III.

Chapters 6 through 13 introduce the various notions and proposi-
tions necessary to the proof proper,

This arrangement of the material, though necessary to the logical
exposition of the proof, is somewhat bewildering for the reader, as he
is often shunted from one topic to another with no sense of connection
or relationship between the two topics.

I will attempt here to erect a few small guide posts which may be
of some aid against confusion,

Chapters 6 and 7 are concerned with those notions of a purely
categorical nature which the proof will require. 1In Chapter 6, the
category 6 , defined in Chapter 2, is discussed further. The proposi-
tions therein are of a rather technical nature and could be passed over
without pain in a first reading.

Chapter 7 deals with the construction of ''conaturalizers of trans-
formations", This notion is rather central to the proof and should be
understood before venturing into Part III,

Chapter 8 describes a base~space construction for normed monoids,
due to R, James Milgram. This construction is crucial to the argument,
The chief result being that if M 1is a "cellular" normed monoid, then

M= QB(M), where B 1is Milgram's base-space functor.

-17-
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Chapter 9 discusses the functors J (free monoid) and Z (normed
suspension) and relates them to the material in Chapters 7 and 8,

Chapter 10 is a digression into the theory of convex compact sub-
sets of Euclidean space. It is necessary for technical reasonms,

Chapter 11 discusses the functor L first defined in Chapter 4,

X ]

at great length., Here we see how nicely L, reflects the structure of

X
the category 6 and, using techniques from Chapter 10, we see that if

X is a CW-complex then L, takes its values in the category of CW-

X
complexes,

Chapters 12 and 13 introduce a new category (double edged spaces)
and a new functor (DX), which will, in Chapter 14, enable us to examine
in great detail the structure of the space J(ZX) .

I would suggest that for a first reading of this paper one should

glance first at Chapters 7, 8, 9 and 11, skipping the long proofs and

then plunge into Part III referring back for necessary ideas.
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Chapter 6, Further Properties of the Category ©

Notation 6.1: We establish the following terminology and notation. If
@: n—~ k 1is an object of ©® , then the grade of o is n and the range

of o is k , Put another way, if a=e, ® ... ® e then the grade
Kk 1

of a is L ij . (®,2) denotes the category of O-morphisms whose
j=1

target is o , (6,0) 1is the full subcategory of (6,x) with 1,

omitted, GS,G)O will denote the full subcategory of (6,a) whose objects
are morphisms f — o such that P and @ have the same grade. GS,G)M
denotes the set of maximal objects in (6,0) .

Note that GS,en)M is just the set of 2-shuffles of order n .

Proposition 6,2: (8,0) 1is a partial-order category, V @ € 6 ,

This is a straightforward consequence of the definition of © ;

particularly of the fact that the morphisms of ® are set monomorphisms,

Definition 6.3: Let a € & and let Bl, BZ € Gb,a)o .« Then Bl and BZ

are coherent (denoted Bl coh BZ) if there exists Y € GS,a)O such

and Y = B, where = is the partial ordering on (8,a) .

that Yy = B 9

1

Definition 6.4: An admissible filtration of n of length k (k 2 0)

is a sequence, I = {Il,I ,...,Ik} » of subsets of n such that

2
p#L,cL,c...CL 0.

Proposition 6.,5: If n 21 , there is a one to one correspondence between

the objects in GS,en) and the set of admissible filtrations of n .

Proof: Let «: m— k be an object of © , and let ¢ € G(a,en) . Then
¢ 1is a monomorphism from m to n . Define ¥ » a filtration of n

of length k , as follows:
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A

I? ={j€ gla(¢-1(j)) 1} for i =1,...,k .

(Note that Ii = Im(w).) It is then easy to see that ¢ - ¥ is the

advertised one to one correspondence.

Lemma 6,6: Let o,{ € GS,en)o « Then ¢ coh ¥ if and only if the set
¥ UIw can be simply ordered by inclusion (i.e., if and only if

IT c 1’ or 1Y 19, for each choice of i and j ).

h| j i’
Proof: Let I and J be two admissible filtrations of n . I 1is said

to be a refinement of J (I < J) if

] 2 q 2 - c -
1 Vvji=1, ij 1 such that Ij Ij-l Ii. Ii.-l , where
J J
I,=9=1J,, and
2. If j>j', then 1j z ijo .

Then if Y,M € GS,en) , we have that Y 1is a predecessor of A if
and only if I' is a refinement of Ix . Further, if v € @5:;;5 ,
then Y € G@,en)o if and only if IE = n where k is the length of
.

Suppose that Py Iw can be simply ordered by inclusion. Then

this simple ordering yields an admissible filtration J of n . It is
obvious that J 1is a refinement of I’ and of Iw , and that if
Y

k = length of J, then k = (length of I7) + (length of I') . It is

also clear that Jk =n . Therefore J corresponds to a Y € GS,en)o
such that Y 1is a common predecessor of ¢ and { . Hence ¢ and ¢
are coherent.

Suppose ¢ and V¥ are coherent; then there exists Y € GB,en)o

such that Y 1is a predecessor of ¢ and | . Hence I' is a refine-

ment of ¥ and I¢ . Now, suppose that U Iw cannot be simply
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ordered by inclusion, Then there exist i and j such that

Qg oV Vg 1@ 9 _ LV v L@

194 ¢ Ij and Ij ¢ I7 . Let p € L Ij and let q € Ij I . Let
Y

. Y Y Y
kp be such that p € Ikp - Ikp_1 and kq such that q € qu - qu-l .

Without loss of generality we can assume that kp ES kq . Since

(fl - Il _1) N Ig contains q and is therefore not empty, it follows
q

from the definition of refinement that Il - Il c Iw . It then fol-
-1 j
lows that Il c1¥. But k =k implies that 1}’( < 11 and hence
q P4 P q

¥
3

that p € Ig . This is a contradiction since p € I? -1 Therefore

? U I¢ can be simply ordered by inclusion,

Proposition 6.7: Let a € 6 , let Bl, Bz € GS,a)O . Then Bl coh 82

if and only if Bi and Bz have a unique maximal common predecessor in

G,a) .

Proof: This is an immediate corollary of Lemma 6.6, if a = e, for some

n, If a=e ®.,,.9e then ®,a) = BG,e_ ) X voe X B,e_ ) as
™ oy ol Py

a partially ordered set. It is easy to see that if ¢ = 2 ® ... ® ¢k
and { = Wl ® ... ® wk in (,a) , then @ coh {y & ¢; coh ¢i for

i=1,...,k . The proposition then follows immediately.

Notation 6.8: Let Bl’ B2 € Gb,a)o such that B. coh Bz . Then the

1
unique maximal common predecessor in (8,a) (which clearly must lie in

GS,a)o) will be denoted Bl A Bz .

Proposition 6.9: Let «, B, Y be pairwise coherent in G@,a)o . Then

aAB,BAY and aA Y are pairwise coherent.

Proof: If a = e for some n , this is an immediate consequence of
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Lemma 6.6. The general case follows from this special case in the

same manner as in Proposition 6.7.
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Chapter 7. Conaturalizers

Definition 7,1: let F: C -G , G: C -G be covariant functors, where

C 1is a small category. Let C’ be a subcategory of C such that
obj C’ = 0bj C . Let ¢: F— G be a transformation that is natural
with respect to C'-morphisms. Then a conaturalizer of ¢ 1s a functor
H: C - (G and a transformation p: G- H such that:

1) p 1is C-natural (that is, natural with respect to all C-
morphisms),

2) pep 1is C-natural,

3) p 1is universal with respect to properties 1) and 2).

Proposition 7.2: Let ¢ be as in Definition 7.1. If G is cocomplete,

then the conaturalizer of ¢ exists and is unique. Furthermore, if
p: G~ H 1is the conaturalizer of ¢ , and if 8 1is any initial sub-
category of C , then p|£: Glﬂ - H‘s is the conaturalizer of the trans-

formation: @ls: Fl¢ - G|Q .

Proof: If B €C , let (C,B) denote the category of C-morphisms over
B. 1f £f€ (C,B) , let d(f) denote the domain of £ .

Let B € C , define Py G(B) — H(B) as the following coequalizer:

U ®®

1 reaE)) B > F(B)
f€(C,B)
Jf'el«:,s)%(f’ ¥
\L JL/ pB
1 ew@En > G(B) > H(B)
£€(C,B) U e

f€C,B)
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Let g € C(a,B) , then one can verify that the composition pB-G(g)
coequalizes the diagram that defines Py Hence the universal property
of a coequalizer yields a map H(g): H(a) - H(B) such that H(g)-pa =
pB-G(g) . It is easy to verify then that H 1is a functor, Clearly o
is natural with respect to all C-morphisms.

The verification that p 1is the conaturalizer of ¢ is straight-
forward and omitted. The final assertion of the proposition is an im-
mediate consequence of the above construction. The definition of H
and p at B is made with reference only to the behavior of ¢ , G and
F on predecessors of B . Hence the construction for any initial sub-

category will be exactly the same,

Definition 7.3: Let (G be a monoidal category with coproducts, let 8

be any category with coproducts, Let T: G - 8 be a colimit-preserving
functor. T is said to have property (PJH) if there is a natural trans-
formation of bifunctors: Ay: T( . 8; ..) = T(.) 1y TC..) such that the

following diagrams commute, Y A, B, C € G ,

Ay

1) T(A® B® ) ———> T(@A)]] T(B® C)

Ay 1in,
T(A ® B)]lT(C) _Wl—> @) llr@ llTc)

i1) ta || By —FL - 74 © B)

T(a) | lT(B)
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where 1i: A ll B—-A®B is the map induced on the coproduct by the maps

A=A®0;, ~2>A@B,B=08B—2L>A88 and I: TA || B) —>

T@A) Jl T(B) is the natural isomorphism given by the colimit-preserving

nature of T .,

Example 7.3A: If (G 1is a monoidal category and £ 1is the category of
G~monoids, let T: G — B be a "free monoid functor" or, in other words,
T 1is coadjoint to the forgetful functor. Then T is a (PJH)-functor,
First, if G has a coproduct, then T(X || ¥) = Tx) 1| T(¥)
whether ®# has coproducts in general or not,
Second, we can define AT: T(X® Y) = T(X) Jl T(Y) as the coadjoint
of the composition:

a a
x®

x0 Yy —~— srx]lnerxllny E—=1xllv =1 110D,

where a 1is the composition: X — X ll Y- TKX ll Y) . It is a straight~
forward categorical exercise to see that AT satisfies conditions 1) and
ii).

Definition 7.4: Let M be an enriched free monoidal category, let G
be a cocomplete monoidal category, and let ® be a cocomplete category.

Let F: M — G be a monoidal functor and let T: G —- 8 be a functor

with property (PJH). We will define the T-reduction of F to be the

following functor FT: mh-8.
First, define M :m -G as follows: Fu(e) = F(e) if e 1is a

generator of obj) . If ad=e ® ... ® e where ey is a generator,

1
n

Vi, then Fl(a) =_L|_F(ei) . If €M, ®...® e ,e) , then
=1

Fu(m) is the morphism given by the composition:
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Fle)) U vve L Fle) —2—>Feep 8 ... 8, Fe ) T2 ()

where 1 1is as described in 7.3.1i1). Since M 1is an enriched free
monoid, every morphism is the product, in a unique way, of such morphisms,
hence we can extend Fi& to all M-morphisms by defining Fu(¢1 "'®¢h) =
Fﬂ(ml) ll cos Jl Fu(qhg . It is somewhat tedious, but completely straight-
forward to check that Fl is indeed a functor. It should be clear that
Ml s actually a monoidal functor from M to the monoidal category
<q,ll> .

Let AT be the natural transformation associated with the (PJH)-
functor T . AT induces a transformation AT: TF - T-Fl which is natural
on J(G), where G 1is the full subcategory of M whose objects are the
generating set for obj M .

However, there is no reason, in general, to expect ZT to be natural

p
with respect to all the morphisms in M . Let pil SN FT be the

conaturalizer of ET « Then FT is the T-reduction of F ,

Proposition 7.5: Let M, G, B, F and T be as in the previous para-

graph., Assume further that ® is the category of (-monoids and that T
is coadjoint to the forgetful functor: I I: 4G . Then there is an
(G-monoid isomorphism:

colim F = colim FT ’
m n

and this isomorphism is natural in F .

Recall that by Proposition 1.4 , colim F is an G-monoid.
n

Proof: The proof is straightforward, long, and quite tedious. It is

deferred to the Appendix. See Appendix II.
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Remarks: In what follows, we will restrict ourselves to the category 6,
rather than consider enriched free monoidal categories in general. Prop-
osition 7.7 is equally valid in the more general case; however, in the
present work our only application will be to the category 6 . The more
general statement of the proposition does not seem, therefore, worth the

considerable escalation of notation necessary for the statement and proof,

Notation 7.6: Let @n denote the full subcategory of 6 consisting of
those objects of 6 with grade = n ., Note that {@n|n 20} is a fil-
tration of © and that @n = {a € @l@(a,en) 3

Let F: 6 = (G be a monoidal functor. Let T: G- # be a (PJH)-

functor as described in Definition 7.3. Let Q(F,T) denote colim F

6 T
and let Qn(F,T) denote colim FT , where FT is the T-reduction of F,
@n
Note that the inclusion of categories On - ®n+1 induces a map
q:Q(F,T) ~Q ,,(F,T) and that Q(F,T) = colim Q (F,T) .
n’ “n*? ntl ¥ ? ? e B ?

Proposition 7,7: For each n 2 1, there is a map En: colim T-Fm — Qn-l(F’T)

©,e)

such that the following diagram is a pushout in ®8:

h

colim TFT > TF(en)
(7.7.1) G,e )
n
§n p

Q_,F,1) —> Q (7,1 ;

where T is the domain functor: GS,en) -+ 06 ; h 1is the naturally induced

map and p 1is the composition

P (en)

> coéim FT = Qn(F,T) .

n

TF(en) = TFn(en) > FT(en)
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Proof: The proof is in three steps with some straightforward but tedi-

ous detail omitted.

Step 1: The construction of §n .
—_— A
Let A€ Gb,en) , define §n: TFT(A) — Qn_l(F,T) as the composition:

TF(A) = TF(e, ® ... ® ) = T(F(e, ) ® ... ® F(e, ))
iy "1y 1) L

\ -

F(e, ) U ... 1l TFEe )
1 k

p LAl
e AN eil_l.l .Ll.Pei

\ k
Fple ) ... Fpley )

v
N\ Q . ... le =D
k

N

y
Q_, F,1)

where 5: TF - F,, is the natural transformation p ° RT and where the

T
A
unlabeled morphisms are the obvious ones. The En form a coherent

family of maps. This is a straightforward naturality argument, making

use of the naturality of 5: el - F

T and the limited naturality of

AT: TF - TR . I omit the details.

A
Thus we have En = colim §n : colim TFm Qn-l(F’T) .
XGGS,en) GS,en)

Step 2: To show that diagram (7.7.1) commutes.
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In view of the definition of §n , it is sufficient to show that

the following diagram commutes V A € GS,en):

TP () —EA) o ()

A

(7.7.2) En Pg

q..
Q_, F,7) —2—> q(F,T)

The commutativity of diagram (7.7.2) can be deduced from the following

diagram,
TF(\) = TF(eil ® (oo ® eik) TF () > TF (e )
Ay
TF (e, 1. . _[_L'rp(e
3 " Pri(h)
- - P
Pe, 1. .Upe »
4
Fp. (M)
_UF (e —> T, (e ®...Be, > Fo (e)
| Qn-l(F’T) ‘\\\\\\\\\\\\\\\\\\\\\\\\\\\Ei . Qn(F’T)

where f=f J| ... lf ,f, =F(O0®...®1 ®...®0) . The
1 k j T e;
3
outer rectangle is diagram (7.7.2) and each inner triangle or quadri-
lateral commutes by naturality or simply by definition. Hence diagram

(7.7.2) commutes, and therefore so does diagram (7.7.1).
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Step 3: To show that diagram (7.7.1) is a pushout in 8 .

Let Y€ 8 , and let g Qn-l(F’T) =Y and gy TF(en) - Y be
B-morphisms such that glgn = gzh . We must show the existence of a

unique G: Qn(F,T) = Y such that an-l =g and Gp = 8y

1
Consider the constant functor @n = with value Y . (We will also

denote this functor by Y). Define a transformation G: TFH|® - Y as

n
follows: -

Gle ): TRl(e ) — v

n n
is the map 24
_ 2

thl(e ) = TF(e ) >Y .

If 0 €6_,a#e ,then d=e¢, ® ,,.® e, for some k =21 such
n n il i

that ij <n, for every j . G(@) is the composition:

Rl (@) = TF(eil) ... 4 TF(eik) oll...lo, FT(eil) 4. FT(eik)

G() y
Q _,FT

It is then straightforward (and tedious) to check that

G: TF"L"|(9 — Y 1is natural and also that éoﬂT: TFl(9 - Y is natural,
n n

Then the second assertion of Proposition (7.2) says that FT‘@ is the

n
- A
conaturalizer of AT: TF|(9 - T]i‘”-|(9 . Hence &! G: FT‘@ - Y such that
n n n
- A .
6-p =G . Define G = colim G : colim FT = Qn(T,F) =Y., Itis

6 6
n n
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immediate that an-l = 8 and Gp = g, - The uniqueness of G follows

from the uniqueness of 6 . The proposition is thus established.
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Chapter 8. Milgram®s "Classifying Space" for Normed Monoids

Notation 8,1: The following notation will be used throughout the paper.
Let X € Topv , then ¢X will denote the presuspension of X .
That is, X = {(t,x) € R x X|0 < t < ||x||} . ZX will denote the suspension

of the normed space X . That is, XX = QX/{(t x) |t=0 or e=||x||} Note
3

that Z can be thought of as a functor from Topv to Top° .

If X has a cofibered basepoint, then SX and ZX are of the same
homotopy type. (SX denotes the usual reduced suspension of X as a
pointed topological space). This is a straightforward exercise in co-
fibration theory.

Let X € Top° , then J(X) will denote the free topological monoid
on the space X . If X 1is a normed space, then J(X) will be a normed
monoid. It should cause no confusion if we let the symbol J represent
both the functor from Topo to Mon° and the functor from Topv to
Monv .

It is easy to see that J(X) can be thought of as the colimit of the

system:
f1 f1 f1 f1
1 > 2 3 n-1 n-1 > n
X Xx X XX XxX % eee X . X' ...
> >
£2 g £3 £ £
1 2 3 n-1
where fi: Xi - Xi+1 is the map:

fi(xl,...,xn) = (xl,...,xj_l,*,xj,...,xn) .

n
J(X)n will denote the colimit of the above system terminated at X .

j_: J(X)n ~ J(X)n+1 be the map induced by inclusion of diagrams.

Let iy

Then jn is clearly an injection and J(X) = colim Jh(X) .

n— «
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Definition 8.2: Let M € Mon’ and define E(M) = 8M/R where R 1is the

equivalence relation generated by the relation: (t,x) ~ (t,xy) ,

V(t,x) €M , Vy €M, Define an action w: M Xx E(M) = E(M) by the rule:

B (x, (t,y)) = (t+v(x),xy) . This is easily seen to be well-defined and
continuous. Define B(M) as the space of maximal orbits of the action
b , given the quotient topology. Pyt E(M) - B(M) 1is the projection.

Let ¢: M~ M be a Monv-morphism, let B(yp) be the obvious induced

morphism B(M) - B(M)' o Then B 1is clearly a functor: Monv - Top .

Proposition 8.,3: B is coadjoint to Q ; i,e.,, if X € Top° and

M€ Monv ,» then there is a set isomorphism: Topo(B(M),X):E Monv(M,QX) .

Proof: Define E7: #Q(X) = X by the rule: E/(t,0) = o(t) . If 0,7 € X
and if t < v (o) , then from the definition of the addition of loops in
QX , 0eT(t) = o(t) and Te.o(t+v(0)) = o(t) . Hence E’ induces a map

€: BOX » X ,

Let ¢ € Top°(B(M),X) , define ¢ € Monv(M,QX) by

- p(t,m) , 0<t<vm
@(m) (t) = JL
P (v (m),m) , t 2 v(m) .

é(m) has length equal to v(m) . One quickly verifies that ¢ is con-
tinuous, norm-preserving and a homomorphism,
A
Let V € Monv(M,QX) , then define VY: B(M) = X to be the composition:

B(M) _Mil_> BQX _L> X

o A
@ is clearly in Top (B(M),X) . It is then immediate that V = § and

A
that ¢ = ¢ . Hence the proposition.
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Corol'ary 8.4: B preserves colimits,

Proposition 8.5: There is a natural equivalence of functors BJ = Z :

Topv - Top° .

Proof: Let f: X = J(X) be the inclusion.

Define Y: XX — B(JX) , by VY (t,x) = (t,f(x)) . This is clearly
well-defined and continuous. If 2z € J(X) then z= X 1KgseeesX where
X, €X. Let 0=<t=<wv(z), then & i <n such that t 2 2§=1v(xi) and

i+l

<
<27

v(xi) . It follows that

[=Y

(£,2) = (t = & v(x),x

)
i=1 i+1

and hence that | 1is onto. V{ 1is clearly a monomorphism, and hence the
proposition will follow if we show that W-l is continuous.
To see that ¢-1 is continuous, it is sufficient to show that the

composition:

P -1
2I(X) —> E(I(X) —E— 3I(®) L+—> =

is continuous. This map is given by the rule:

i-1
(t’xl,oco’xn) — (t -.§v(xj)’xi) 9
j=1
where
i-1 i
L vix,)<st=s Z vx,) .
=1 ]

This can easily be seen to be the colimit of a coherent system of maps on
the system given in 8.1, Hence W-l is continuous and the proposition is

proved.

Definition 8.6: Let M € Monv e« M 1is cellular means that M 1is a
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"free H-space with adapted CW-structure' in the terminology of Milgram
([2], p.387). That is, M 1is free as a monoid (though not necessarily as
a topological monoid) and M has a CW-structure that is compatible with
the monoid structure. T.e., if p: M X M~ M 1s the multiplication in M,
and e and f are cells of dimn and m in M , then 4 1is a relative
homeomorphism of the interior of e X f onto the interior of some (nm) -

cell in M,

Proposition 8.7:(Milgram): Let M € Mon® such that M 1is cellular and

connected. Then Pyt E(M — B(M) 1is a quasi-fibration.

Proof: Since M 1is cellular, M , considered as a set theoretic monoid,
is free. This is enough to ensure that the fibre of py over anmy point

b in B(M) is M . For the remainder of the proof see [ 2] Theorem 2.4.

Proposition 8.8: Let i: M - E(M) be the inclusion given by i(m) =

?G?;;:ET . Let PB(M) denote the Moore space of variable length paths
in B(M) . Then there is a map g: E(M) — PB(M) such that

1) gi maps M into QB(M) ,

2) gi is adjoint to the identity map on B(M) ,

3) the following diagram commutes:

"*

gi X g g B(M)

/

where ¢ 1is composition of paths and p is projection onto the endpoint.

M X EM) ——Ltee—> E(M)

(B (M) XPB (M) ——2——> PB (M)

4) gi 1s a homotopy equivalence.

5 g and gi are natural in M.
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Proof: Define g: E(M) — PB(M) by

A
()

PM(t,m) ’ t
g((t,m)) (s) =

A
rr

pM(S am) ’ 8

It is easily checked that g is well-defined, continuous, and sat-
isfies properties 1, 2 and 3 above. To see that gi 1is a homotopy equi-
valence, we note that, first, since p 1s a quasifibration, we have a

long exact sequence of homotopy groups:

i p
B)) —> m @) —> T (EG)) ——> 1, (BM) ——> 7, _ (D

> T4

where E: ﬂi+1(B(M)) -~ ﬂi(M) is the composition

-1
P*

= o)
My BAD) —> 1 (EQD, M) ——> 7, () .

The commutativity of the diagram in 3) gives us a morphism of long

exact sequences:

——— _g_ i . ._p.*_.> n, (B(M)) —>
>, (BA)) —> ™ @) —> 1 (EG)) L (BC

| @, | I

a ———
> T BOD) > QD) —> T (PBQY) > (BO)) —>

And finally, E(M) is contractible by the map X X E() — E(M) by
(t,(s,m)) - ((1-s)t,m) and hence by the 5-lemma, (gi), is an isomorphism.

Hence gi is a weak homotopy equivalence and since M is a CW-complex,

gl 1is a homotopy equivalence.



-37-
Theorem 8,9 (James): If X € Topv and is a connected CW-complex, then

there is a homotopy equivalence J(X) = QX (X) ,

Proof: This is an immediate consequence of 8.5 and 8.8(4).
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Chapter 9. The Functors J and X

Proposition 9.1: The functor J: Topv - Monv (as defined in 8,1) is a

(PJH)-functor (as defined in 7.3).

Proof: Since J 1is coadjoint to the forgetful functor: Mon’® - Topv , it
follows that J 1is cocontinuous., Let X,Y € Topv . Then define
AyK, )2 JX X Y) = I(X) 1l 3(¥) as follows: first, for (x,y) € X X Y
set AJ(X,Y)(x,y) =x°y , Where x 1s the image of x under the map
X->JX) and "°" is multiplication in the monoid J(X) ll J(@) .
(Recall that the coproduct in Mon® is the free product.) Extend
AJ(X,Y) to all of J(X X Y) by the universality of J .

It is easily verified that AJ is a natural transformation of bi-

functors satisfying i) and ii) of 7.3. Hence J 1is a (PJH)-functor.

Proposition 9.2: The functor I: Topv - Top° (as described in 8.1) is

a (PJH)-functor.

Proof: Let Qs Top° - Topv be the composition of (I with the forgetful
functor. Then { is adjoint to ¥ . Hence I 1s cocontinuous.

Let X,Y € Top’ . Define A.(X,Y): E(X X ¥) = ZXV ZY by the fol-
lowing rule:

(t,x) , if 0t = Hx“
Az(x’Y) (t’ (x’Y)) =

€ Mxyy ,  if il = e = [lxff + iyl

This is clearly a natural transformation of bifunctors satisfying i)

and 1i) of 7.3. Hence I is a (PJH)-functor.

v
Proposition 9.3: The following diagram commutes, Y X,Y € Top :
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B(AJ)
BJ(XXY) ————=—> B(J(X) |l J(¥))
A
g o>
v - BJ(X) V BJ(Y)
XXY A
YXVYY =
L(XXY) AZ > 2X VXY H

where Y 1is the isomorphism of Proposition 8.5, and g 1is the isomorphism

arising from the cocontinuity of B .

Proof: This is an immediate consequence of the definition of the various

maps involved.

Proposition 9.4: Let M be an enriched free monoidal category. Let

F: h - (Topv,x) be a monoidal functor., Then there is a Topo-isomorphism

(natural in F): B(colim F) = colim F_. . (See 7.4).
m 9 m Z

Proof: By Proposition 9.3 the following diagram commutes, V o € I:

B(A_(a))
B(JF (¢)) d > B(JRl(a))
(@)
ZF (@) AZ > ZF‘“'(CI) .

(See 7.4 for the notation,)
Then it follows, since B 1is cocontinuous, that BFJEE FZ . There-

fore, applying cocontinuity once again, we have that B(colim FJ) 2=
Iy
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colim BF_ = colim F. .
m J 9 Z

Remark 9.5: In following chapters, it will be convenient to iterate the

functor X ., In order to make this possible, we somewhat arbitrarily

define a '"standard" norm on XX as follows: If (t,x) € XX , then

e, = aeixl] - € .

Note that this norm is natural in X and permits the definition of
a "canonical inclusion” X = IX by x b ([[x|[/2,x) . This is a Top"-
morphism,

It is clear that we can now iterate the functor ¥ and that if X
has a good basepoint, s? and I™X are of the same homotopy type,

Yn21l,
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Chapter 10. Continuous Families of Convex Compact Subsets of r"

Definition 10.1: Let XE" denote the set of convex, compact subsets of

n

IR™ . Define the Hausdorff metric D on K" as follows:

If XEXK® and €> 0 , let Xe = {r GRnld(r,X) < ¢} where d 1is

the usual distance metric on R" . Then 1if X,Y € o , we set D(X,Y)

inf{e > 0|X < Ye and Y < Xe} . This can easily be shown to define a
metric on XK' . We consider K° to be topologized by this metric,

We will let E denote the space of compact convex bodies in R" R
i.e., £ - {A € X"|int A # 0} .

If A€EX® , we will let c(A) denote the centroid of A . Then
c: K* »R"™ is a continuous map., If 1(8 = {A € Kn|c(A) = origin} it is

easy to see that Kg is a strong deformation retract of K' . The re-

traction, g: K - Kg is given by translation to the origin. Indeed, one

has lf‘Eﬁmg X R® .

Definition 10,2: Let X be a topological space and f: X -X" a con-

tinuous map. Then Xf denotes the graph of f ; that is,

X = {x,v) EXxR|vefw]}.

Proposition 10.3: Let £f: X ~XK" be continuous and let f be the com-

position
X ——e>1ﬁn-—iiﬁ>]§;g;18‘,

Then there is a homeomorphism Xf =X_ .
f

Proof: There is an obvious isomorphism A — g(d), V A € o . These iso-

morphisms clearly induce a homeomorphism Xf =X_ .
£

Proposition 10.4: Let A be a convex m-cell. Let a, € int A , Let
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f: A.-'Rg be a continuous map such that

1) £() 61?1 , Va€ int(a) ,

2) if 0<g =1 and a €A, then f(a) < f(sa+(1-s)a0);

then Af is an (ntm)-cell.

Proof: The proof depends on the following lemma.

Lemma 10.5: Let X be a compact subset of Dgc . Let X € int(X) such
that VYV x € X and V t € [0,1) , tx + (1~t)x0 € int(X) ., Then X is a

k-cell .

Proof: We will assume, without loss of generality, that x, 1is the origin

0
of B . Define v: X - {0} ~B* by v(x) is that y in Bd(X) such
that y = ax , for some o 21 , The hypothesis insures that v (x) is
well-defined. To see that Vv 1is continuous one notes that if X Tx
in X - {0} , then the sequence {v(xi)}i is bounded and any convergent
subsequence of {v(xi)}i must converge, on the one hand, to a point on the
ray from O through x and, on the other hand, to a point in BD(X) .
Hence {v(xi)}i - v(x) .

Let DX = {v enklﬂvll <1} . Define T: X - D‘f by

X
”V(x)” s, x# 0

0 s x=0 ’

M) =

then T is continuous since |[v(x)|| is bounded away from 0 . Clearly
T is bijective. Therefore X is homeomorphic to Dk and thus a k-cell,
We now return to the proof of 10.4. We can assume that A is a con-

is the origin, Then A_ 1is a compact

vex subset of R™ and that a £

0
subset of ]frhm .
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Let (a,v) € A, let s € [0,1) ; then s(a,v) = (sa,sv) and

sv € int f(a) < int £(sa) . Therefore Af satisfies the hypothesis of

Lemma 10.5 and is therefore an (nt+m)-cell.

Lemma 10.6: There is a continuous map p: K" x R" ~R" such that

p(A,v) €A, Y(A,V) EX® xR" and pA,v) = v if v €A,

Proof: First define 6: K' xR" - R by &(A,v) = distance from v to

A. I.., 5(,v) = inf{d(x,v)} . & 1is continuous since, if D(A,A') < e
x€A

and d(v,v') < e, then 6(A,v) < 6(A',v') + 2¢ and 6(A',v') < b6@A,v) +
2¢ , by a simple application of the triangle inequality.

Since A is compact, & y € A such that 06(A,v) = d(y,v) and since
A 1is convex, this y 1is unique for each choice of A and v . Define
p(A,v) =y . This map is certainly the one we need if we can show it to
be continuous.

Assume D(A,A') <¢ and d(v,v') < e, Then let y = p(@A,v) ,
’ = p(&’,v) and further let d = §(A,v) = d(y,v) and d' =6@’,v") =
d(y’,v’) . From our discussion of the function & we know that
la - @] < 2¢ . Since D(A,A’) < €, there exists y’ € A’ such that
d(y”,y) <e. Let d' = d(x',y”)

Since y' is the point of A’ closest to x’ , it follows that the
triangle whose vertices are x! , y' and y” must have an obtuse angle

at y' . Then by the law of cosines,

") —«/(d” Z . )2 + 2d"d’ cosy’) sw/(d”)2

But |d - @] <2¢, so |d’ - d'| < 4e . Therefore

aw’,y") <“/(d' + 4e2 - (dl)Z ="/8€d’ + 16€2 .
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Therefore d(y,y’) =d(y,y ) + d(y',y ) < € + 4/8ed” + 16€” , and

p must be continuous. (Note that in the above argument, we assumed that
x! ’ y' and y” are distinct points. If they are not, the argument

is trivial.)

Proposition 10.7: Let A 3 Y be a cofibration. Let p: Y~ X be con-

tinuous. Let f: X *'RP be continuous and denote the projection

Xf =X by ™

B Y—X

Let ¢: A~ X be a map such that ﬂ1¢ = pi . Then

1° £
£ extending ¢ such that ﬂlé =p.

Proof: Let Myt Xf - R" be the projection. Then ﬂ2¢: A-R" can be
extended to a map %: Y ~R"™ since i 1is a cofibration and R" is

contractible, Then define ¢: Y - Xf by the rule:

@) = &), E@E), ) .

This map is the desired extension of ¢ .
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Chapter 11. Properties of the Functor Lx

General Remarks 11.,1: In defining the functor Lx in Chapter 4 we

assumed a fixed normed space X . It would be just as sensible to de-
fine a bifunctor L: Topv X6 - Topv by L(X,a) = Lx(a) . It is an

easy consequence of the definition of LX that L 1is functorial in X,
In what follows we will assume a fixed X ; however, it should be kept in

mind that our constructions are, in fact, functorial in X .

We now proceed to analyze the structure of Lx more carefully.

Notation 11.2: Let o €6 , i.e., @ is a surjection m = k . Let

¢ € G(a,en) , L.e., ® 1s a monomorphism m — n with certain properties.

Let 1? = {1 € g|a(¢-1(1)) =3} for 1S jS<k. Let IT=

0
{t€nlt € mo} . Finally, let Ly(e) = {(t,x) € Lx(en)llltllfP -
3
(x|l qu s 1 j<k ; and x; = *  Viée€ Ig} where the notation is as
I
J

in Proposition 4.2.

Proposition 11.3: Lx(w): Lx(a) - Lx(en) is a homeomorphism onto

I-X(en)cp .
Proof: A) First we must show that Im(Ly(¥)) S Lx(en)(P .

For this purpose it is clearly sufficient to assume that o = ep ® eq,
for some non-negative p and q such that p + q = n , since every
G-morphism with target e, factors through such an object.

Therefore let J1 = {1,...,p} R J2 = {p+1,...,p+q} and we may set
L@ = {(t,0 € ® x 0P |el = dxllp? 1£ 153, 1=10r2;

and ||t . <||x||Ji>2 for 1=1o0r2}. If (t,x) €L (@) then
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Lx(w)(t,x) = (s,y) € Lx(en) where:

0,% ; j ¢ Imo
(sj.yj) = (ti,xi) H i€ J; and j = ¢ (1)

(t +2||x]| J1leiﬂ,xi) ; 1 €3, and j = 9(1) .

but then IT = w(Jl) and IY = (p(J1 U Jé) and it follows immediately

2
from the definition of Lx that Ht“ @ = (Hx” ¢)2 and immediately from
Iy L
Proposition 4.2 that ”tHI(2p = (Hx“I(zP)2 . Thus Im(LX(¢)) c Lx(en)(p .

B) Now we wish to construct an inverse for Lx(w) from Lx(en)CP
to LX(&) . Again we can assume that o = ep ® eq , ptq £ m , for the
factorization of any G-morphism into products and compositions of
2-shuffles and identity maps gives an obvious induction process,

Having made this assumption we can now define ¥: Lx(en)w - (l+ X X)p+q
by ¥(s,y) = (t,x) , where
i<sis=sp;

(s 4 ) ’
Py P
(s

(ti’xi) =

|

- 2|ly|l by, ),p+lsisptq .
®) | %@

y

¢(1
To see that this is a well-defined map into Lx(a) , one must do some

straightforward but tedious checking of the appropriate inequalities.

This is omitted.

It is clear that ¢ and Lx(¢) are inverse to each other. Hence

the lemma is true.

Proposition 11.4: Lx: 6~ Topv has the following "faithfulness' property:
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If ¢ € (0,a) , we set P(p) = set of all predecessors of ¢ in (6,a) .
Then if 959, € (®,a) , we have

Im(L,p,) N ImLyp,) = U Im(L ) .
X 20 er@gpnre) X

Proof: First, it is sufficient to prove the theorem for the case a = e .
This simplification is an immediate consequence of the following easy
facts: If a = e ® 0o ® e and if ¢=¢ ® ...® ¢ and A=

1 K 1

Xl ® ... ® )‘( are in (6,a) , then X € P(p) if and only if )\i € P(cpi),

v, . Lx(a) =L

{ x(en ) X 4ee X Lx(enk) and Im(L,9) = Im(Lxcpl) X aes X

1
In(Ly®) -

Hence we will assume that a = e The inclusion:

U Im(L,A) & Im(L,p.) N ImL,9p,)
X X
MP(@NP(3) ! 2
follows from functoriality of Lx « We wish therefore to show the in-

clusion in the other direction.

We will need the following lemma.
Lemma 11.4.1: Let (t,x) € Lx(en) . Let K,K’ be subsets of n such
that el = [<l2 , llellgr = [ixli2 and ¥ £ € RUK', x, # *. Then
either K< K or K K.
Proof of Lemma: Let I=KN K , J=K- (RNK), J=xk" - (kN K.

Then we wish to show that either J or J’ is empty. Then

lell e = Nellg + Nellge = Hell

el2 + [lcliZe - Nelly = UxlZ + eliZe - (=2
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so llellguer = llly + Il p? + dlxlly + lhell ;% = lxl3

But also el s = Callgen? = dixlly + Il + Il ;07 5 so
lslly + llxlly + llxll o> = dlilly + fell %+ Dl + lixll ;0% = il whte

gives ZHx”JHxHJ: <0.
Therefore either J =9 or J' =P and the lemma is proved, O

Now returning to the proof of the proposition, let cpl,cpz € (@,en)

1 2

and let (t,x) € Im(thpl) N Im(Lxcpz) . Let I and I be the admis=-

sible filtrations of n (of lengths kl and k2 respectively) associated

with 2} and 9, 5 as in 6.4.
By Proposition 11.3, ]’.m(Lxcpi) = Lx(en)(pi for i =1,2 and

(t,x) € Im@L,9,) < |lef] . =[xl i,VI]:'EIi. Let J=1{j€nlx, =*}
I, I, . -

xP1

i i 2
For every I;' € Ii , 1 = 1,2, let /ij = Ij - J, then llt”li? = (”x”/}:i) .

i’ i-= 1,2} . Then the lemma says that K can

be simply ordered by inclusion,yielding an admissible filtration of n .
2

A
Let K = {I;lj =1,...,k

This filtration is clearly a refinement of I1 and of I
Let A be the element of ((9,en) associated with K, Then A
is a predecessor of P and of 9, and it is clear that (t,x) €

LX(en)?\ = Im(LX)\). Therefore,

Im(L,o.) N ImL.p,) < U In(L M) . o
X K2 ey ¢

Corollary 11,5: Let aLx(en) denote the set {(t,x) € Lx(en) l”t“I =

(HxHI)2 for some I g g} . Then the induced map:

colim Lx _ Lx(en)
(G’en)
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is a homeomorphism onto BLx(en) .
Proof: This is an immediate consequence of propositions 11.3 and 11.4.

General Remarks 11.6: For the remainder of this chapter we shall assume

that X 1is a CW-complex with standard norm as described in Definition
5.2. It will simplify several descriptions if we consider the base-
point of X to be a cell of dimension -1 .,

The following paragraphs will establish and describe the structure

of Lx(a) as a CW-complex, VYV @ € 6 ,

Definition 11.7: Let M € 6(x,B) where P has grade n .

Let Ei be a cell of X of dim di for 1 =1,..0,n . Assume

that if i € Im(A) <n , then Ei = * , Let fi: Ei -~ X be the attach-

ing map for Ei . Let T LX(B) - Xx® be the projection. Then define

L(A;El,...,En) as the pullback:

*
£
L()\;E]".',En) > LX(Q,)
L,(M)
TT* X
L, (B)
J .
f.XeaoXf
E.X...XE 1 1 > X
1 n

If M € 6(x,B) , then we define the dimension of X (dim A) to be

(grade of B) - (range of «a) .
Lemma 11.8: L(K;El,...,En) is a cell of dimension d1 + ...+dn + dim M .

Proof: Let m = grade of « . Then there is an obvious homeomorphism
L(K;El,...,En) - L(la;Ek(l)”"’Ek(m)) where we think of A as a

monomorphism from m to n . Further, if o = al 8>az , with
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m = grade 011) , then L(la;El,...,Em)EE L(lal;El"'°’Em1) X

LA E Em) . Therefore it is sufficient to prove the lemma for

H secey
crz m1+1

the case A = le . We can also assume that Ei # %,V 1., For if not,
n

we can apply an easy induction from a lower dimensional case.
We will consider R®™' as the hyperplane of R defined by the

equation r, + ... + r =u. If x = (xl,...,xn) € x" , let L(x) =

1

-1 R n n n
T “(x) , where T is the projection Lx(en) - X" . Let Tx:R -R
be the translation:

r, —m> r, -(Hxl

lxiH), i=1,.00yn.

i
Define F: E, X . X E —']Kn-l by F(y) =T (L(£(y))) where
1 e n 0 £(y)
f = f1 X eee X fn: E1 X eee X En - x" . We must show that this makes
sense,

From the definition of Lx(en) , the following facts can easily be
deduced:
1) L(x) 1is a convex subset of the hyperplane of R" defined by
2
=

2) The centroid of L(x) = (Hxln HxH,...,”xn“ x|l . (This fol-

ry + .0+ T
lows from consideration of the symmetry of Lx ; L.e., the above point
lies midway between each pair of limiting hyperplanes).

3) If x, x’ €X" such that “xiH 2 “x;H for each 1 € n ,
then T (L(x)) 2 T s(@L(x")) .

Then it follows from 1) and 2) that F(y) € Kg-l . It is obvious
that L: X® ~XK* and T: X" - qgn’n§5 are continuous, so F must be
continuous.

Then L(le ;El,...,En) is the graph of F (in the sense of 10.2).

n

n
The norm of E1 X oee X En is induced by the norm on X .
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Let z; be the center of E, and let z = (zl,...,zn) € E1 X eae X En'

i
Since X has the standard norm, as defined in 5.2, it follows that if

a = (al,...,an) € E1 X eoe X En and if 0 < s <1 , then Hai“ <
Hsai + (1'3)21“ » Vi €n ., Then, from fact 3) above it follows that
F(a) < F(sa + (1-s8)z) .

From the definition of Lx<en) we can also readily see that Lx

is of dimension (n-1) unless x, = * for some 1 € n . Hence F(y)

i
will be (n-1)dimensional for all y € int(E1 X eee X En) .

Therefore F fits the hypothesis of Proposition 10.4 and it fol=-

lows that L(le 3B;50005E ) 1s a cell of dimension d
n

This establishes the lemma. a

1 + ses e + dn+ (n‘l).

This lemma surmounts the only real difficulty in the proof of the

following theorem.

Theorem 11.9: Let o € & of grade n . Then Lx(a) is a CW-complex.
The cells of Lx(a) are exactly those cells L(X;El,...,En) where
A€ G,2) and <E1""’En> is an n-tuple of cells of X such that
E; = * if and only if | € In A n . Further, if ¢ € 6(a2,B) then
Lyo: Lx(a) - LX(B) is the inclusion of a subcomplex.

Proof: The proof is a straightforward verification of the necessary
facts. The problems are essentially notational rather than conceptual

and it is doubtful that an attempt to write down the details would be

of much use to anyone.

Corollary 11.10: If C is any initial subcategory of (6,9) then the

induced map: colim Lx - Lx(a) is a cofibration. In particular,
C

Lx(w) is a cofibration, for every G-morphism ¢ .
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Corollary 11,11t colim Lx is a cellular monoid.
6

Proof: Colim Lx is the colimit of a system whose objects are CW-complexes
6

and whose morphisms are inclusions of subcomplexes. Hence colim Lx is
6
a CW-complex.

To see that the cell structure of colim Lx is adapted to the
6
monoid structure, one must merely look at the definition of the monoid

structure on colim Lx . If e 1is a cell of Lx(a) and f 1is a cell
6
of LX(B) , then their product in the monoid structure is just the cell
e X £f in Lx(a) X LX(B) = Lx(a'® B) .
In Chapter 14, we will need the following rather technical lemmas,

Lemma 11.12: If a € 6 and m = grade of a , then the projection

m
a

Lx(a) > X" is a homotopy equivalence,

3 . n — =
Proof: Define o : X Lx(en) by the rule Gn(xl,...,xn)

(Hx”’”xlu,xl,...,Ix“-“xn”,xn) « Then o is a left inverse for i

n
and on(Xn) is clearly a strong deformation retract of LX(en) .
Hence T is a homotopy equivalence,
n
= = m
If a € @n » then a=e & ... ®e, and T =T X ..o XT, -,
1 k il ik

hence ﬂa is the product of homotopy equivalences and therefore a homo-

topy equivalence.
Corollary 11.13: Using the notation of 11,12, if Y € X' , then

-1
| :TU(Y) Y
a ﬂ;l(Y) a

is a homotopy equivalence.
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Proof: The proof of 11.12 can be applied without modification.,

Lemma 11.,14: Let a €6 ., Let Ca = V] Im LX(X) = Lx(a) .
MEE,a)- 6,2,
If B € GB,a)o , let FB = Im L, (B) U C, . Let fB be the composition:
m
Fp < Ly(a) a o xk .

Then fB is a homotopy equivalence.

Proof: Let W = {x € xklxi = * for some i} . Then Ca = ﬂ;l(w) .

Let b be the domain of B . Then we have a commutative diagram:

Ly (b) ————> IaL, ()

b "ol n (8)

= k
& X

B

*
where B 1is the permutation of coordinates givem by P . But then we
have Im Ly (B) N C_ =7 '() . From 11.12 and 11.13 it follows that

and ﬂa‘ are homotopy equivalences.,

"a|1m L (B) “a|c cNIn L, (8)

a
Since Ca and Im(Lx(B)) are subcomplexes of Lx(a) and W 1is

k
a subcomplex of X , f =TT | must be a homotopy equivalence.
B~ Talc U@y (8)

Lemma 11.15: Let a €6 , let B € (@,a)0 and let BB = {\E€ (@,a)ol?\ and
B are coherent}., Let G < B, such that BE€ G, Let F.=C U U ImL_(}A).
B G a jeq X

Then f. =1 | t F. - Xk is a homotopy equivalence.
a a FG G

Proof: The proof is an induction on lGl .
1f |G|l =1, then G={p} and F, = Fy and Lemma 11.14 gives the
result,
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Assume IGI >1 and the lemma is true for all a’,B’ and G’

such that lG'l < lGI . Let o € G such that o # B , and let

G=G - {¢} . Then £ :F.- Xk by induction, and F : F P Xk by
G G o o

Lemma 11,14, Since FG =F UF and F and F_ are subcomplexes
¢ ¢ G «

of F; , it will be sufficient to show that fal k

F_N Fa: F& n F,— X
Q
is a homotopy equivalence.

Now, FG n Fa = Ca U U (Im Lx(a) N Im Lx(h)) , but by the definition

10
of coherence and by Proposition 11.4, Im Lx(a) N Im LX(K) = Ca if «

and A are not coherent and Im Lx(a) N Im LX(K) = Im Lx(a AN If «
and A are coherent. Let éa ={\€ le coh @} (note that B € Ga)‘

Then we have

FNF =c U U ImL.QAAAG .
@ ¢ 7 G X

Let G = {AA alk € Ga} . By Proposition 6.9, G’ < BBAa . Then

F NF =F Clearly, BA o € G’ and IG'| < lé‘ < lGl . Hence our

- o G' [

induction hypothesis gives that fG' is a homotopy equivalence, and

therefore fGIF_ n Fa is also a homotopy equivalence.
G

This proves the lemma.
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Chapter 12, The Category € (Top")

Definition 12.1: We define the category 6(Topv) (which, for the want

of a better name, will be called the category of double-edged normed

spaces) as follows:

The objects of C(Topv) are triples (X, Xo, Xl) where X € Topv,

Xo <X, Xl € X and * € Xo n X1 . The morphisms are Topv-morphisms
e v - P
¢: X 2 X° such that w(xo) < XO and @(Xl) = X1 .

Define a bifunctor # on G(Topv) by the rule

(X, X, %)) # (4,Y0,Y,) = ((Kx Y) U (X x V), X5 x Y, X X ¥;) .

0’ 0’ o’ 1

Since X 1is coherently associative in Topvit follows that # 1is co-
herently associative on E(Topv) . The object (*,%,%) 1is clearly an
initial object and an idencity element for # ., Hence (E(Topv),#) is
a monoidal category.

Let &: Topv - E(Topv) be the functor:

2(X) = (8X,8.X,8 X) ,

where ¢X is the presuspension of X as defined in 8.1. The norm on
$X 1is given by projection onto X and the norm on X .

0}

ll=l13 .

{(t,x) € ax|t

QOX

and @TX

{(t,x) € x|t
Proposition 12.2: @&: (Topv,x) - (E(Topv),#) is a monoidal functor,

Proof: We must show a natural isomorphism:

B(X X Y) = 8X # &Y .

We define ¢: 3(X x Y) — X # &Y by
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((t,x), (0,)) 0st= x| ;
<P(t,x,y) =

((lxcllmey, Ce=llxll, 332, |lxll < £ =< flxfi+lly]

¢ 1s clearly well-defined and continuous and natural in X and Y,

Define V: X # 8Y » o(X X Y) as the composition:
8X # 8Y < 8X X 3Y —¥—> (X x Y)

where V((t,x),(s,y)) = (t+s,x,y) . This is clearly continuous and
norm preserving,
It is immediate that ¢ and V| are inverse to each other and the

proposition is therefore true.

Proposition 12.3: 2 1s cocontinuous.

Proof: Define the functor P: 8(Topv) - Topv by the rule P(X,Xo,xl) is

the space of Moore paths in X which start in X0 and terminate in

X1 . The norm is given by path length.
It is straightforward to verify that ¢ 1is coadjoint to P .

Therefore ® 1s cocontinuous.

Proposition 12.4: Let T: 6(Topv) i 'l‘op° be the functor T(X,XO,XI) =

X/x0 LJX1 . Then T is a (PJH)-functor in the sense of 7.3.

Proof: First, note that the coproduct in E(Topv) is given by the co-
product of the underlying normed spaces. I.e., (X,XO,Xl) Jl (Y’YO’YI) =
xVvy, Xo \ YO’ X1 v Yl) . Clearly T preserves coproducts.

Define An: T((X,X),X) # (¥,¥y,Y))) = T(X,X, X)) V T(Y,Y,Y)) by

X ,y€YO

, X € x1

AT (X’Y) =

“1
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where x 1is the image of x under the projection:
X-T(X .

Then AT clearly satisfies conditions i) and ii) of 7.3. Hence

T 1is a (PJH)-functor.

Remark 12.5: If Z: Topv - Top° is the normed suspension functor as
described in 8.1, it is clear that there is an equality of functors

Z=Td : Topv - Top° .

Remark 12.6: If X is a CW-complex, then ¢X 1is a CW-complex and

QOX and QTX are subcomplexes.
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Chapter 13. The Functor Dx

Definition 13.1: Let X € Topv « We define an G-prefunctor (see 2.5)

in (C(Topv),#) as follows:

Dyle ) = (@R, @ 0", @ 0% .

Let ¢ € G(e_,e ) , then define D, (9): @x)" - @X)™ by the rule:

Dx(m)(tlxl,...,tnxn) = (slyl,...,smym) , where (Si’yi) = (t 1 0% )
Py P

if 1€ Im¢ and (0,%) , if 1 € Im ¢ .
Let ¢ € @(en.® em,en+m) , then Dx(w): Dx(en) # Dx(em) - Dx(en&n)

is the composition:

*
(@O x @0 U (@0" x @™ c @0 x @ - @™,

where ¢* is the permutation of coordinates induced by ¥ .

It is an easy verification that this actually does define an G-
prefunctor in the sense of 2.5. Then Dx can be extended uniquely, to
a monoidal functor (by Proposition 2.6) which we will also denote by DX .

Proposition 13.2: Let B(QX)n = [(t,x) € (QX)nltj =0 or ij“, for some

j€ g} . Let Fn be the naturally induced map colim Dxﬂ - Dx(en) =
©,e )
@xy" , where T is the domain functor Gb,en) -6 . Then Fn is a

homeomorphism onto a(@x)n .

Proof: If ¢ € Gb,en), it is clear from the definition of Dx that
Im(Dy () < 3(@X)" . Hemce, ImT_< dEX)™ .
We will comstruct a map

Y a(éx)“ —> colim Dxn

(@,e )

n
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which will be inverse to Tn .

For each i € n, let A1 = {(t,x) € (QX)n|ti = ”xi”} and let

Bi = {(t,x) € (@X)nlti = 0} . Then [Ai’Bi}iSn is a closed cover of
A3EX)" .
For simplicity, denote ESEEE Dxﬂ by Dn o« Define YIAiz Ai - Dn
G,e )
as the composition
Aj-j'—>D(e)4fD(e ) =D,(e, ®e_ .) Gi'>D'
i X'l X "n-1 X1 n-1 n >’

A\
where Fi(t,x) = ((“xiu’xi)’(tlxl""'tixi""’tnxn)) and Gi is the map:

D(e1 ® en-l) - colim D, induced by the G-map ﬂi: e, ® e 1€, which

— X 1
G,e )
maps the single element of ey to the number i in n .
Define YlBi: Bi - Dn as the composition
i:‘i. = ai
Bi > DX(en-l) # DX(el) —_— Dx(en_.1 ® el) > Dn 3

- \ -
where Fi(t,x) = ((tlxl""’tixi’°"’tnxn)’(o’xi)) and G, is the map:

D(e_, ® e)) = colim D,7 induced by the G-map T,z e , ® e ~e which

n-1
(G)en)

maps the single element of ey to the number i in n .,
We must show that this construction is well-defined.

Let (t,x) €A, NA , i<k. Wemustshow that YIA (£,x) =

?
k i
‘i’lA (t,x) .
k
Let A e, ® e -2 - e be the shuffle which takes the two elements
of e, onto i and k in n . We have the following commutative

diagram in © :
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M n
i k
e ® e -1 > e < e, ® e..1
Bng-l ]h thi
IRl 231
P S .. P =L
& ¥ e ¥ e, > e @ en ¢ ® e ®enn
where Yj: e ® e 0" e takes e, to j€n,
I: ey ® ey " ey is the trivial shuffle, and
T: ey ® e, e, is the non-trivial shuffle.

A A\
Let z = ((“xi“’xi’“xk”’xk)’(t1x1’°'°’tixi"'"thk"’°’tnxn)) in

Dx(ez) # Dx(en_z) 3 1et Z, = ((Hxin’xi),(”xk”’xk)’(tlxl’...’tixi’...’

"

AN\

thk,...,tnxn)) in Dx(el) # DX(el) i DX(en-Z) and let 2z =
N\ /N

(g laxd s Qxgllx) s Bpxpaeecstimppeees Eixppene,t x ) 0 Dye)) #

Dy(e;) # Dyle ,) . Then D (1 xY, ;) ") = F,(t,x), Dy (I® 1)(z’) =

z, DX(T ® 1)(z") z and Dx(l ® Yi)(z”) = Fk(t,x) . Hence the com-
mutativity of the above diagram and the definition of colimit gives us

that G.F (t,x) = GF, (t,x) . Hence ‘i’lAi(t,x) = YlAk(t,x) .

By an entirely analogous argument YlB and YlB agree on
k

i
B, N B .
Let (t,x) € A, N B, , we must show that YlAi(t,x) = Y|Bk(t,x) .
Case 1. Suppose i =k , then HxiH =t =t = 0 ; hence X, = L

A\
Let z = (tlx1 cee tixi cee tnxn) € Bx(en_l) . Then we have a commutative

diagram in 6 :



e

-1 >e1%¢

oe1® 1 fi,
el ® e -1 ni > en

and DX(Oe1 ® 1)(2) = Fi(t,x) and Dx(l ® Oel)(z) = fi(t,x) . Hence in

the colimit, G,F_ (t,x) = G,F, (t,x) , and hence, Yl agrees with VY
i"i i*i Ai Bi

A
on A, N Bi .

Case 2, Suppose 1 < k . Then we have the following diagram in 6:

v, .®1
k-1
e, ®e ,®e >e1%9
18, l f
€ ® €n-1 M > ®n

/\ 7\
and if z = ((Hxi“,xi) (Ey X 50eestyXisenes X peeest X )(0,x)) then

DX(Y ® 1)(z) = Fk(t,x) and Dx(l ® Yi)(z) = Fi(t,x) . And hence as

k-1

before YlA agrees with YIB on Ai n B, . The proof is exactly
i k

analogous if k > 1i .

Therefore Y: B(QX)n - colim Dxﬂ is well-defined and continuous.

©,e)
It is a straightforward verification that ¥ and Fn are inverse to

each other, Therefore the proposition is true.

> X" is a homotopy equi-

Proposition 13.3: The projection Dx(en)

valence,
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n
Proof: Define p: X - DX(en> by p(xl,...,xn) = (0,x1,0,xi,...,0,xn).

Define F: I X Dx(en) - Dx(en) by
F(t’(sl’xl""’sn’xn) = ((1-t)sl,x1,...,(1-t)sn,xn) .

Then F 1is clearly a strong deformation retraction of DX(en) onto

px™ = x" .



PART III

THE PROOF OF THEOREM 5.3

Chapter 14, The Start of the Proof

We will now bring together the disparate notions and propositions
of the preceeding eight chapters in order to prove Theorem 5.3,

As a first step, we will use the material of Chapters 7, 8 and 9
to make a significant reduction in the problem, We first establish some

notation,

Notation 14,1: X will always denote a CW-complex with standard norm as

defined in 5.1. Since Lx: 6 - Topv is a monoidal functor (Corollary 4.5)
and X: Topv - Top° is a (PJH)-functor (Proposition 9.2) we can consider
the Z-reduction of Ly » (LX)E: 6 - Top° . Let Qn(x) denote Qn(Lx,Z)

as defined in 7.6 and let q.* Qn(x) - Qn+1(X) be the canonical map.

Finally let Q(X) = colim Qn(X) .

n-®

Proposition 14,2: Suppose there is a Topo-morphism Wx: QXY = J(X) ,

which is natural in X and which is a homotopy equivalence. Then there

2.2

is a Mony-morphism Pyt colim Lx - {0"S"X , natural in X , which is a

6
homotopy equivalence.

Proof: The functor J: Topv - Mon’ 1is coadjoint to the forgetful functor
and is a (PJH)-functor (Proposition 9.2). Therefore, by Proposition 7.5,

there is a Monv-isomorphism, natural in X , colim Lx - colim(Lx)J .
6 6

Therefore, there is a Topo-isomorphism, B(colim Lx) - B(colim(Lx)J) .
6 6

Then by Proposition 9.4, it follows that B(colim(L,),) = colim(L,) and
6 X'J 6 X'z

hence there is a Topo-isomorphism (natural in X), FX: B(colim LX) d
6

-63-
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colin(ly)y = Q) .

Therefore, if Yx: Q(X) = J(XX) 1is a homotopy equivalence, then
Yx ° Fx: B(colim LX) = J(2X) 1is a homotopy equivalence and hence
6
Q(YX'FX): B(colim Lx) - QJ(X) is a Mbnv-morphism and a homotopy equi-
6
valence.

By Proposition 11.11, colim L is a cellular monoid and hence by

X
6
Proposition 8.8, we have a homotopy equivalence, colim Lx== QB(colim Lx)
6 6
which is natural in X . By Theorem 8.9 we have a homotopy equivalence

J(ZX) = QZ(ZX) , and further (see 9.5), we huve ZZX’= SZX .

Putting all this together we have a string of homotopy equivalences,

each one natural in X and a Monv-morphism:
colim L, ~ OB(colim L.) — Q(colim(L.)<) = Q(J(TX)) - QOZ(IX)) — 282X .
s X s X o X’z

This establishes the proposition.

Corollary 14.3: If the maps q,: Q;(X) Q. , (X and j,: JEX), = JEX) .,

are cofibrations and if & Yi: Qi(X) - J(EX)i such that Yi+1qi = JiYi
and Y i is a homotopy equivalence and natural in X , then the desired
homotopy equivalence: colim L, - QZSZX exists.

6 X

Proof: If Y = COI%S Yn: Q(X) - J(3X) then a standard argument of co-
fibration-homotop; theory gives that Y 1is a homotopy equivalence. Thus
we can apply the previous proposition to get the conclusion.

In light of this corollary, we will now concentrate on showing the
existence of such maps Yi: Qi(x) - J(ZX)i . To this end, we investigate

in a very detailed way, the structure of Qi(X) and of Ji(X) . This

detailed structure is the subject of the next two propositions.
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p 4,4 = .

Proposition 14.4 Let Fn(x) QOLx(en) U @(BLx(en)) U @TLX(en)

(Notation as in 11.5 and 12.1). Let in: Fn(X) - QLx(en) be the in-
A

clusion, Then & maps Cn‘ Fn(x) Qn_l(X) and Cn: @Lx(en) - Qn(X)

such that the following diagram is a pushout in Top° :

i
F_(X) L > §Ly (e )
C. ¢l
qn
Qn_l(x) > Qn(x)

Proof: If we define a functor F: GS,en) - Top° by F(\) =
Im[QLx(k)] u QOLx(en) U @TLx(en) , then it is an immediate consequence

of 11.5 that Fn(x) = colim F . There is an obvious natural transforma-
©,e )
tion f: F — ZLxﬂ given by collgpsing QOLx(en) U @TLx(en) to a point,
Thus we have a map f_ = colim £ : F_(X) = colim ZL,m , and the fol-
Gb,en) GS,en)

lowing diagram is a pushout.

1
Fn(x) > QLx(en)
f f (en)
h
colim Ean > ZLX(en)

©, en)

From Proposition 7.7 we have a pushout
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colim ELxﬂ h > ZLx(en)
(G’en)
gn Py
q,.
Q0 —2L—0q

_ b F
Thus we set Cn = gnfn and Cn P, f(en) and the proposition follows.

Proposition 14.5: Let X; : (QX)n - J(ZX)n be the composition

(@X)n - (ZX)n - J(EX)n . Let B(QX)n be as in Proposition 13,2, Then
there is a map X, ¢ a(éx)“ - J(Zx)n_1 such that the following diagram

is a pushout:

@™ = > (@x)"
'4
Xn Xn
n-1
IE__, > e .

Proof: Let a(ZX)n = {(21,...,zn) € (Zx)nlzi = * for some i} .

Then from the definition of J we have a pushout:

d(Ex)"” > (Zx)°

IEX) > J(X) :

and we also have a pushout:

2™ > @)™

()™ > @) .

The proposition follows.
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Corollary 14.,6: Vn 21, i, J(ZX)n_1 - J(ZX)n , and q: Qn_l(x) - Qn(x)

are cofibrations.

Proof: If X 1is a cell complex, it is clear that ¢X 1is also a cell
complex, QOX and QTX are subcomplexes and if A 1is a subcomplex
of X then %A will be a subcomplex of &X .,

It follows that B(QX)n < (QX)n is a subcomplex and Fn(X) < @Lx(en)
is a subcomplex (since by 11.10 BLx(en) c Lx(en) is a subcomplex). The
inclusion of a subcomplex is always a cofibration, hence jn and q, are

cofibrations since they are pushouts of cofibrations.

Remarks 14.7: The consequence of Propositions 14.4 and 14.5 is that,
loosely speaking, we have described the structure of Qn(X) in terms of
the monoidal functor @Lx: G - 6(Topv) and we have described the struc-
ture of J(EX)n in terms of the functor Dx: 6 - (Topv) .

We must now construct a natural transformation between these two
functors (QLx and DX) which will enable us to define (in an inductive
manner) the maps Yi: Qi(x) - J(ZX)i , which, by Corollary 14.3, we must

construct.

Notation 14.8: Let o € 6 and let k = grade (@) . Let ™ QLx(a) -
X< be the projection given by

k
3L (@) crR x ® x 0k —proi) . 4k

A A
and let T : éLx(a) - @(xk) be the map: ﬂa(t,z) = (t,ﬂa(t,z)) .

Let P, Dx(a) - Xk be the composition :

K
Dy (@) < @k erei) . 4k

’

and Qa: Dx(a) - Q(Xk) the map:



-68-
k

A
pa(tlxl""’thk) = ( 151 ty xl,...,xk) .

Proposition 14.9: There is a natural transformation Py @Lx - DX with
the properties:
1) ®y 1s a homomorphism of monoidal functors, i.e., qk(a ® B) =

Py la) # ¢X(B) s Vao,BEG .
A A
2) Va€6 ,p, g =T .
3) Qx(el) is the homeomorphism @Lx(el) > §X = Dx(el) .

Proof: Py will be constructed inductively, using the grading of 6
as the basis of induction.

Step 1. To define wx(el) .

From the definition of LX and Dx we have QLx(el) = 3¥X = Dx(el).
Hence we define wx(el) = IQX . Then ¢x(e1) is a C(Topv)-morphism
and satisfies condition 2). Since @Lx(eo) =% = DX(eO) , we define
Qx(eo) =1, and Px has been defined on @1 satisfying conditions
1) and 2).

We will now assume that Py has been constructed as a natural

transformation from &L l to D | satisfying 1) and 2).
X Gn-l X Gn—l

Step 2. To extend Py to Gn - [en} .
Let B€ ® -le ) -6 . Then B=0 ®0,
for i =1,2. We are forced to define wX(B) = @X(Gl) # wx(dz) .

where ai € Gn—l

Note that this definition of QX(B) is independent of the choice of

@, and @, , since if B = a{‘@'aé , then either &Y such that

? l____ ' I=a®l d
1 al ® Y and dz Y ® a2 or dY’ such that al 1 Y’ an

Y'® a; . In either case, the asociativity of # and condition 2)

(o

fl

%
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on Py |®n_1 insure that cpx(ozl) i cpx(ozz) = cpx(a{) # cpx(o:;) .

If M€ an B) , then A = 31 ® A, where hi € G ) . Hence
]

2 n-1°%1
the naturality of Px with respect to A follows from the naturality

of Py on @n_ . Py 1s therefore extended to @n - {en} . Property 1)

1
is clearly satisfied and property 2) can be verified easily.

Step 3. To extend Py to @n .

First, since ¢k|® -fe } is natural, we can define
n " n

— orTm X
@) @) ®.<)

3(¢k(en)) = colim ¢y : colim éLxﬂ - colim DT .,

But
colin @Lxﬂ =3 co_]._i_m Lxﬂ = Q(aLx(en)) >
G@,en) Gb,en)
by 12.3 and 11.5 and colim D,m = 3@X)" . Hence a@%‘i) will be
(6,e )
thought of as a map: ¢(3Ly(e )) - 3@X)™ . Let 3t Bolyle ) @0t ,

and BT: QTLx(en) - (QX)n be the unique maps such that

5 =8 .2
e QOLX(en) e 0
and
A A
m | =p °O .
e QTLX(en) e T

It is easy to see that 80, o_ and 6(¢x(en)) "fit together'" to define

T
a map: 8(¢x(en)): Fn(x) - (QX)n . (Recall from 14.4 that Fn(x) =
é(BLx(en))U éoLx(en) V] QTLx(en).)

AN
It is clear that T ‘F =P, a((Px(en)) .
nn n

We will now extend a(wx(en)) to all of QLx(en) in an appropriate

fashion.
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Let K* be the space of convex, compact subsets of R® as defined
in Chapter 10. We will consider ka-l to be the set of all compact
convex subsets of the hyperplane H of B" » Where

n
— n —
H={(r),...,r ) €R lifl r, = 0}.

We will construct a map f: @(Xn) *ZKn-l such that (<I>X)n is the
graph of f in the sense of 10.2. Let A: (QX)n"']it1 be the composition:

@O"c ® x 0" BELE" | pefine F: o) -K® by E@) =AM @),
n

(IL.e., =

n
- n
E(t,xp,eeesx ) = {(6,000,t ) ER lo = t; S HxiH,Vi and 151 t,=t]) .

Define g: 3 (x™) - R" by the rule:

el el
K ”xll’...’ n ), ”x” >0
BEsKppeesn) = I ™
(0,0,...,O) 3 ”x” =0 .

This is clearly continuous. If « €R" s let Ta denote the translation
of TR™ which takes @ to the origin. Then define f£: 8™ =K1 by
£(z) = T f .
(2) g(z)( (z))
To see that f is well-defined, notice that Hg(t,xl,...,xn)u =t ,

and hence, since E(t,xl,...,xn) lies in the hyperplane determined by

Z:=1 ti =t , we will have Tg(z)f(z) lying in the hyperplane determined
n —
by the equation Zi=1 t, = 0.

The continuity of f is just a consequence of the continuity of the
norm on X . It should be clear that (@X)n is the graph of f .
We are now in a position to apply Proposition 10.7. Note that since

BLx(en) - Lx(en) is an inclusion of a subcomplex we have that
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Fn(x) - Lx(en) is the inclusion of a subcomplex and, a fortiori, a
cofibration. Hence a(Qx(en)) can be extended to all of QLx(en) .
This extension we shall call ¢k(en) . (Thus justifying our notation.)
It is immediate that wx(en) is an B(Topv)-morphism, natural with

A A
respect to all X in GS,en) , and that ﬂen = pen ° ¢k(en) . Hence

Px has been extended to @n . The proposition is proved. O
In the next chapter, the transformation B will be shown to induce

homotopy equivalences ¢i: Q i(X) - J(ZX) for every i =21 . Thus, by

i ?
Corollary 14,3, Theorem 5.3 will be established.
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Chapter 15, The Conclusion of the Proof

Remarks 15.1: In what follows, we shall show that the natural transfor-
mation Py » as constructed in 14.9 has certain "nice'" homotopy properties.
Further, we shall show that Py therefore induces a coherent system of
homotopy equivalences wi: Qi(X) = J(ZX)i .

This, by Corollary 14,3 will complete the proof of Theorem 5.3.

Proposition 15.2: Let w: QLX -+ D, be a natural transformation such

X
that:

1) cp(a1 ® a2) = @(al) # w(az) , for every o, and @, in 6,

A A
2) T, =Py ° @(@) , for every o in 6 ,

Then the map P, = ¢(en)|Fn(x): Fn(X) -~ Dx(en) has its image lying
in B(Qx)n and is a homotopy equivalence: Fn(X) - B(QX)n .

Proof: The first assertion - that the image of én lies in B(QX)n -
can be readily demonstrated.
v n
Since m(en) is an & (Top )-morphism, ¢(en)(§0Lx(en)) c (QOX) and

w(en)(QTLx(en)) c (QTX)n . The naturality of ¢ insures that
9l ) [@Ly(e )] < 3@X)" , since #(Ly(e )) = colim §L,M and

(Ggen)
3@EX)™ = colim Dy . Therefore, 9(e ) (F (X)) < d3X)" .

©re )

The second assertion - that @n is a homotopy equivalence - is rather

difficult to prove and will require a number of lemmas. One essential

tool will be the following well-known theorem of homotopy theory which we

quote without proof.

Lemma 15.2.1: Let f: X~ Y be a continuous map of CW-complexes.
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Let {xl,...,xn} and {Yl,...,Yn} be collections of subcomplexes of
X and Y respectively such that:

n n

1. X=UX1,Y=UY H
i=1 i=1

2. f()<SY ,i=1,...,n;

i 4

3. fLW : N X,=- N Y is a homotopy equivalence,
X € i € i
€T i i€I i€l

VISn.
Then f 1is a homotopy equivalence: X =Y . ]

In order to apply this lemma to the proof of 15.2, we must first find
suitable finite coverings of Fn(x) and B(QX)n by subcomplexes., The

following paragraph will define such a covering for Fn(X) .

Definition 15.2.2: Recall from 6.1 that G@,en)M denotes the set of

maximal elements of GS,en) . If o€ GS,en)M then o is a "shuffle':
-— o n 11

n-i % - We will denote by Il the "image" of ey in n under

the bijection « . (This is compatible with the notation of 6.4).

ey ® e

We will abuse notation somewhat and for o € GS,en) denote the image
of Lx(a) in Lx(en) by Lx(d) . Define, for every o € GS,en) ,

¢, Ly(@) = {(t,2) € QLX(Q)IO <t < ||n@)| a} where T 1is the projection:
I1
Lx(en) - X% . We will be interested in the following subset of @Lx(en):

define
A= éoLx(en) U QTLx(en) U QG%G ) QLLX(a) .
**n’M
For each i in {1,...,n} s let ci: e ® e .1 - e be the unique
shuffle which takes e, to i €n. (I.e., if o, 1is thought of as a

bijection: n = n , then Gi(l) =1i.)
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Let Bi = {p € GS,en)Mlﬁ is coherent with ci} « (Put another
way, ﬁi = {p € G@,en)Mli € If} ) If ISn,let B, =N B, . (Note

K qex 1
that Bn =0 .)

Define BK = U QLX(B) , and let Bi = B[i} » Vi€n,
BeR

We are now in a position to define a 'suitable" covering of Fn(x) .
YVKSn, let Fn(X)K =AU BK and Vi€n, let Fn(x)i denote
Fn(x){i} . Since every maximal element of GS,en) lies in Bi for

some 1 , it is immediate that {Fn(x)i|1 < i =<n} is a cover of Fn(X) .

L__ - (] [ : ; = .
emma 15.2.3: If K< n, then ;gx Fn(x)i Fn(X)K

Proof: n Fn(x) = NAUB,)=AUN B

1€K I jex i jex 1
It is clear that BK c N Bi » 8ince BK = U QLX(B) and
i€K e
K
B € Be=B € Bi , Vi€ K, Hence Fn(X)K =AUB, Qt; Fn(X)i . We must
show that N B, S AU B, . This will be done by induction on x| .

K
If |K| = 1 , there is nothing to prove. So assume IKI >1, let

€ K, and set K=K - {j} . Then we can assume, by induction, that

D .

B, SAUB . It will be sufficient to show that B N B, < B, .
1 K g 3 K

Let BER_, B/ €@, and z € QLX(B) n QLX(B') . We must show that

R J
z € QLX(B”) , for some p’ € BK ,or z€A, By l1ll.4, 3 Y € d§j€;)
such that Y 1is a predecessor of B and of B’ and 2z € QLXCY) . We
consider two cases:

Case 1. Y € GS,en)O . Then by definition 6.3, B and B’ are co-

. = < « I I, s 1
herent and by 6.6 either IB IBI or IB: IB £ B g’ then
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jJ € I,y and B’ €@, and hence B’ €B, . 1If Igr S Iy, then 1 €1

B’ 3

Vi€K, and hence B € By . Hence z €B, .

B’

Case 2. Y € d§j€;) - GS,en)o . Let m be the grade of the
domain of Y . Then it is a straightforward matter to see that Y
factors through a shuffle Q: en1® e -m _ ©n in such a way that
L (¥) < QLLX(Q) . Bence 2L (Y) €A, and, a fortiori, z € A . This

establishes the lemma., ]

We now wish to define a corresponding "suitable'" cover for dEX)™ .

Definition 15.2.4: We again will abuse notation slightly: 1if o € GS,en),
we will denote the image of Dx(a) in Dx(en) = (QX)n by Dx(a) .
L/ o
If o€ (5, ), , we define Dp(a) = {(£,x) € Dy(@) |ti=0, Vi€n-TLlh

Let

¢= @X"U @O U D'g’((o:) c 3ER)™ .
aGGS,en)M

For each K< n , define Hy = U DX(B) , and H
2 BeﬁK

proceed, as in 15.2.2, to define our suitable cover of a(éx)“ .

1 = H{i} . We now

For each K< n , define EK =GU HK and define Ei = E{i} s for
each 1 € n . The set {Eili = 1,...,n] is certainly a cover for

B(@X)n , since, in fact, the Hi's form a cover for a(@X)n .

Lemma 15.2.5: If K< n, then N Ei = Eg .

i€K

Proof: As in the proof of 15.2.3 it is clear that HK = Hi and hence
K

=NGU Hi)= N E Hence, we must show that

E,=GU cGUN H .

K Hg M T !

NE,<E. It is clearly sufficient to show that T H, < G U He .
K 1 R 1

We induct on |K| . If |K| = 1 , there is nothing to prove.
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Assume IKI >1, let j€K and let K=K - {j} . Then we may assume,

inductively, that 0 H, € H and we must show that H N H S G U HK .

k Ik gk
Let (s,y) € H_N Hj , then @ €B_ and o € aj such that
K K

(s,5) € D (@) N D (@) .

From the definition of Dx R

(t,x) € Dy(@) such that t;>0, 73 €n, then t, = ”xiH .

We therefore have two cases to consider:

it follows that if o € Bi and

case 1. s, =0, for some k €n ., Then (s,y) € ﬁ;(v) for some

k
Y € (6,e ) , hence (s,y) € G .

case 2. s, = “Yin , V1 €K. Then let & be the unique shuffle
such that IY =K. Then (s,y) € D (@) , from the definition of D, and
clearly o € BK . Therefore (s,y) € HK . The lemma is established. O

Lemma 15,2,6: Fn(x)i and Ei are subcomplexes of Fn(X) and a(QX)n

respectively, for 1 =1,...,n .

Proof: It is easy to see that Q (e ) , ¢ LX(e ) are subcomplexes of
Fn(x) . It is also clear that QLX(B) is a subcomplex of Fn(x) .

VP € GS,en) . Hence Fn(X)i will be a subcomplex of Fn(X) if we can
show that Q&Lx(a) is a subcomplex of Fn(X) , Vo€ GB,en)M . If «
is a shuffle en1® e ve s then there is an isomorphism

n-m
<I>Lx(a) = QLx(em) # <I>Lx(en) (QL (e ) X Q (e nen )

U (@TLx(em) X M“X(em-n))

and under this isomorphism QLLX(Q) is carried onto &L (e ) X Q (e )
But @Lx(em) X QOLX(em_n) is clearly a subcomplex of QLX(em) # @Lx(en_m).
Hence QLLX(Q) is a subcomplex of @Lx(d) and, there fore, of Fn(x) .

Hence Fn(x)i is the union of subcomplexes and is a subcomplex.
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To see that Ei is a subcomplex of a(QX)“ , one carries out a

similar argument, working with the functor Dx instead of QLx . We
omit this.

We now have coverings of Fn(x) and of J(&X)" by subcomplexes
with rather nicely described intersections. The naturality of
P @Lx - Dx and properties 1) and 2) of the hypothesis of 15.2 give
us that @ @cLo(e)) s @X", § @ Ly )) s @X", § @GL(B) <
D (B) and §_(3,L () = (2) . Hence $ (F (D) SE for
i=1,.00,n .

=K
= . - e
Let ®, mann(x)K. Fn(x)K EK » for each K< n . We will be in

a position to apply Lemma 15.2.1 to &h if we can show that @E is a
homotopy equivalence, Y K . By condition 2) of the hypothesis of 15.2

we have a commuting diagram, V K< n :

F (0 € Ly(e)

\\

-K n

Wn ¢(en) X
e

n
Eg c  (8X)

Therefore, to show that @: is a homotopy equivalence it is suf-

> Xn are

n
ficient to show that the maps EK.—;;€> X and Fn(x)K nK

homotopy equivalences. The next several lemmas will show this for K# n .

Lemma 15.2.7: If K< n , then Pyt EK.* 2 is a homotopy equivalence.

Proof: EK = {(t,x) € (@x)“lﬂ i € n such that t, = 0, or t, = “xi”’

vi€K). Let B = {(t,0) € @0O"|e, =0,V 1i€n-K}. Then, since

A
K# n, we have Eg S Eg o
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by f£f(s,(t,x)) = (r,x) where r, =t if

1i€n-K. Then f is a strong deformation

Define f: X X EK - EK

i € K and r, = (1-s)ti ,
retract of EK onto EK o
A

Define g: XM X E, — QK by g(s,(t,x)) = (r,x) where r, = (l-s)t1 .

Then g 1is a strong deformation retract of %K onto (Qox)n .
But Pkt EK - X® has a left inverse q: Xt - EK where q(x) = (0,x)
and hence q 1is a homeomorphism of x® onto (@ox)“ . Hence Px is a

homotopy equivalence.
Lemma 15,2.,8: If KS n , then L Fn(X)K - X" is a homotopy equivalence.

Proof: Let Py = @oLx(en) U U QLLX(Q) U u QLX(B) . Then we set
aEGS,en)M BEﬁK

Fn(X)K = PK U QTLx(en) .

There is a deformation d of PK onto QoLx(en) given by dt(s,z)

((l-t)s,z) . Clearly nK|Q0Lx(e ) and nKlQTLX(en) are homotopy equi-

valences (see Lemma 11,12)., Hence nKlP is a homotopy equivalence.
K

X -
PK and @TLx(en) are subcomplexes of Fn( )K and therefore it is suf

ficient to show that ﬂK PQWQTLx(e ) is a homotopy equivalence.

It is straightforward to see that

& L (e )N U $ L () = U & L (YY) .
T X 'n aﬁ(@,en)ML X Ye(—g’en)_(s’en)o X
Therefore
e Lyle)) N Py = [ J 8Ly () | U [ Bég & Ly(® |
YEGS,en)-GS,en)O K

which is homeomorphic to —
U LXCY) U U LX(B)
YE (Ggen)'(Q’en)o BeﬁK J
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Lemma 11.18 then gives that nKlPRPQTL (e ) is a homotopy equivalence.
n
Lemma 15.2.8 follows., O

Remarks 15.2.9: From the discussion just prior to 15,2.7 we now can
conclude that 5:: Fn(X)K d EK is a homotopy equivalence if KC n .
We must treat separately the case én .

First notice that Bn = P . Hence Fn(X) = A and En = G (in the

notation of 15,2.2 and 15.2.4.)

2
Let P =28 L (e) U U L) and R= (@ XU U D ().

Then, by straightforward arguments which we have used before, we have

=3

cpl:P—'R cpl :@L(e):(@)()n andfpl :
n'P > *n QTLx(e )T TTX n T ’ n EﬂQTLx(en)

HW@TLx(en) = RN (@TX)n .« So, using the same type of pushout argument,
n

o n - e
we have P U QTLx(en) RU (@TX) and thus ?, is

wnIHJQTLX(en) :
a homotopy equivalence.
We finally have everything we need in order to apply Lemma 15.2.1.
We apply 4t, and conclude that én: Fn(X) - a(@x)“ is a homotopy equi-
valence, establishing Proposition 15.2, O
Let us recall where we are. We are working toward the construction

of maps Yi: Qi(X) - J(ZX)i which are homotopy equivalences and such that

Y We are nearly ready to do this; the next proposi-

£ 7 9.1 = d39¥yg -

tion provides the essential induction step.

Proposition 15.3: Let ¢: QLX - DX be a natural transformation satisfying
conditions 1) and 2) and 3) in the statement of Proposition 14.9.

Suppose f: Qn_l(X) - J(Ex)n_1 is a continuous map such that the fol-

lowing diagram commutes:



@
F (X) 2> 3@Ex)"
clf'l xn
£
Qn-l (X) R — J(Zx)n_l ?

where &h = w(en)lF x °
n

Let g: Qn(X) - J(ZX)n be the map induced in the diagram:

4
q _ ¢
F_(X) s Ly (e ) L Qn(X) <ol Q) < n

F_(X)

P ® g £ 9
n (en)

? .
V. X v i X
2@V ——> #xX(e ) —E—>I()_ <—B— s, —2—3e0"

by the fact that the top row is a pushout.

Then the following diagram also commutes:

F For1 > 3@x)™!
€l X+l
Q, X & > J(X) | :
Proof: F_, (X) =8 Ly(e ) U &Lyt 1)U c)[e((gue ) 3L, (@) .
’“n+l’M

Cor1 @obxlener) U ilyley)) = *

and
. €O = %
Xpr1 * Pn 1(QoLx(enll) U QTLx(enll)) .

Therefore we must check that for o € (G,e the following diagram

n+1)M

commutes:
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#Ly (o) — D, (@)

< c
v Yl
(15.3.1) F 1@ d3@ExX)"™
Cn.+1 Xn+1
V £ V
Q, (X) > JGX)_
Since o € GS,en+l)M,the domain of @ = em<8 e mtl for some m =< n.
Claim 1: The following diagram commutes:
= ) X
Ly (@) > ¥ &
QLX(a) =
v
QLx(em)#QLx(en_m+1)
C
(15.3.2) ntl
\V
&X(em) v ZI"X(en-urf-l)
pm v pn-n&l
v Y
Q) V., ® >Q .,

To see that (15.3.2) commutes note first that, by 14.4, €n+1 is the
C
n+l

composition: Fn(X) - colim ELX

ey

> Qn(x) ; now examine the following

diagram:
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@Lx(a)

QLx(em) # @Lx(e ) = @Lx(em ® e > Fn(X)

n-mtl -urf-l)

qemtl]) ——> colim I,
(@,enﬂ)

Hgleg) V Hygley i) €

\Y
pm pn-m+1

"

QO VQ K ——>q (X

The triangle and upper rectangle certainly commute and the lower
rectangle commutes by the definition of §n+1 in 7.7. Since the outer

diagram is exactly 15.3.,2, it commutes,
Claim 2: The following diagram also commutes:

n
DxGa) > J(&X)

@)™ # (ex)nTL

(15.3.3)

(Zx)m Vv (Ex)n-m+1

v

JE)_ YV I(X) > J(EX)_

n-mtl

This 1s obvious,

To see that (15.3.1) commutes, (15.3.2) and (15.3.3) imply that it
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is sufficient to see that the following diagram commutes:

(15.3.4) ¢ #o
m ®n-mtl m n-mtl
SLy(e ) # dLye ) > @)™ # (8X)
Tyle ) V BLyle ) @™ v (T
pmVpn-m+1

gly Vgl
Q® Vv 0 —Sm——Juaml s 5eX) VI

But ng =g if m=n and g| = le if m<n and the commuta-

m Qm m

tivity of (15.3.4) is thus an immediate consequence of the hypotheses.
The proposition is proved.

We can now apply the finishing touches to our proof of Theorem 5.3.

Proposition 15.4: Vn=z2z1,d Yn: Qn(x) - J(ZX)n such that

1) Y ¥ ,Vnz1l and

ntl9n T Jn
2) Yn is a homotopy equivalence, Y n 21,

Proof: Let P: @Lx - Dx be the natural transformation whose existence
was demonstrated in 14.9. Note that Ql(x) 2= ¥X = J(ZX)1 and that the

following diagram commutes:
2

Fz(x) —_—> 3(¥X)
¢

2 Xy

Q® = IeM,

(This is just a matter of checking the definitions and using properties

1), 2) and 3) of 14.9).
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Hence we define YI: Ql(x) - J(ZX)1 to be the homeomorphism
Q(®) =X = I, .
Suppose Yn-lz Qn_l(x) - J(ZX)n_1 has been defined such that the

following diagram commutes:

gI‘l
F_(X) > Q. (%)
(-Px(en) Yn-l
X
3@Ex)" 2 > JEK) .

Then we can define Yn: Qn(X) - J(ZX)n_1 by "pushing out" - i.e., con-

sider the diagram:

(15.4.1) )
P S sl (e ) —2> g (0 Lo ) < “n F_(X)
Py (e ) Pyle.) Y LA Py le )
3@ ——> @Ex)" Xa > J(X)_ < LS I < T 50"

The top row is the pushout diagram of Proposition 14.4 and the bottom
row is the pushout diagram of Proposition 14.5. Yn is the unique map
induced by the commutativity of the rest of the diagram,

Proposition 15.3 now gives that the following diagram commutes:

C
ntl
By ® > QX
NG Y
X
d@x)™1 —=otl > I .
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We have therefore defined Yn: Qn(x) - J(EX)n s Yn 21, such that

= =

Yn+1qn jn‘yn » Tn=1l.

To see that Yn is a homotopy equivalence V n , first note that
Yl is a homeomorphism and,a fortiori,a homotopy equivalence. If Yn-l
is a homotopy equivalence, then diagram (15.4.1) implies that Yn is a
homotopy equivalence. (Since wx(en), wx(en) and Yn-l are homotopy
equivalences and Fn(X) and 3(&X)" are subcomplexes of @Lx(en) and

@x)" respectively).

Therefore Yn is a homotopy equivalence, YV n 21 ,

Corollary 15.,5: Theorem 5.3 is true.

This is now an immediate consequence of Corollaries 14.3 and 14.6

and Proposition 15.4.




APPENDIX I. The Proof of Proposition 2.6

We are given the following data:

1) A functor F: N — G such that F(eo) = 0G ’
2) V 2-shuffle o ey ® ej - ei+j , an (-morphism

F F(ei) ®G F(e

0 ) ~ F(

P 7 FCuy)

such that

A) If hi € G(eni,emi) s L =1,2; A €6(e

.
-

e )
nytn, " m tm,

a € G(en. ® 2 se Lo ); BEG( ®e ,e ) are

1 2 ™My, m o my myim,

such that B(Xl ® 12) = M , then FB(F(hl) 8h F(kz)) = F(X)Fa .

B) If Ol€®(ei®e BE@(ej®e

381490 1 ® 41

Y € 6(e ),66(9(ei®e

PRl
®G FB) =

1+5 © Ck2Ci+ ik

such that 6(1ei ®B)=Y@® lek) , then Fﬁ.(lF(ei)

FY ° (Foz %IF(ek)) .
We wish to show that this data can be extended, in a unique fashion, to
a monoidal functor F: 6 -G ,

The proof:

We define F on objects of 6 in the only way possible:

F(e ®...®ei)=F(ei)®...®F(ei).

L Kk 1 K

To define F on morphisms, we will need to establish some notation.

Let A o~ B be an G-morphism, where @: n—m and B: k—p ., A 1is

homogeneous if n=k . A is r-simple if p=1 and m=r .
First, we will define F on homogeneous morphisms. Since every
morphism is the product of simple morphisms in a unique manner and since

F has to be monoidal it is sufficient to define F on simple morphisms.
-86=
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If M 1is a homogeneous 1 or 2-simple morphism we define F(A) =
F(A) . Suppose n > 2 and that F has been defined for all (n-1)-

simple morphisms. Let A be an n-simple morphism A: e, ®...® e, ~e.

i

1 . n
nl n
Let =2 i, and let m, = X i, . There exist
™ j=1 2" e

Yy e e, —e and Y,: e, ®e =—e
L ml in m R 11 m, m

i

= = F }L =
such that A YL(AL ® 1e ) YR(Iei 87AR) . Define FL( )
n 1

F(v) = FO) ® lpge, ») 3 = Fp ) = Flvp) Uee, ) ® FOR) .
n 1
Suppose that V r < n-1 , every homogeneous r-simple G-morphism T
has the property that fL(n) = FR(H) .
If M 1is homogeneous and n-simple we have a commuting diagram in

6 as follows:

A
AL ®1 e, ® ...® e 1® R
11 i
n
161
v vp ©® 1 18 vy \
e ®ei<-—-‘ e, ®e ®ei >ei®e
™ n p! "3 n 1
Yy YR
> e <
m

n-1

where m, = §=2

f'(}‘L) = f’(\’R)(l ® 1-"'(5)),1.5(\’]_‘)(1-"(6) ®1) = F(AR) and by condition B) of

= = b
ij , 8 ()\R)L (KL)R . By our assumption above,
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the hypothesis , F(v;)(F(vp) ® 1) = F(vp)(1 ® F(v)) .

Putting these together we have that FL(A) = fR(X) and we there-
fore define F(M) to be FL(K) .

Thus we have defined, by induction, F(A\) for every simple, homo-
geneous G-morphism and hence for every homogeneous G-morphism.

Suppose A, Al and Kz are homogeneous such that A = Al ° Kz
(¢ denotes composition). We must show that F(A) = F(Kl) ° F(KZ) .

It is sufficient to consider only the case when * and Kl are
simple.

If A is r-simple for r =< 3, then condition B) will immediately
give F\) = f(kl) ° f(kz) . Suppose that f(k’) = F(Ki) ° F(h;) for
any r-simple A, for r <n-1 . Now let A be n-simple;then Kl is

m-simple for some m<n . If m=n, then Kz =1®...®1 and
m

there's nothing to prove.
We can do a further induction, this time on the number n-m , If

n-m > 0 , then hz =v, ® ... ® Vo, and ¥ k € {1,...,m} such that Vi

is at least 2-simple. Then

h2 = (\)1® ese ® 1(?;) ese ®Vm)(1® cee ®V ® es e ® 1) .

By our induction on n , f‘(}.l ° (\)1 ® ...°%1® ... ®vm)) =

k

F(\) » F(vl ® ...091Q® ...® vm) and by our induction on n-m , we
have F(M) =F(y ° (v, ® ... 818 ...8v)) *c F(1®...8v ®...81).
Thus it follows that F(A) = f(hl) ° F(hz) . Therefore everything is
wonderful on the homogeneous morphisms of 6 ,

To extend F to non-homogeneous morphisms, one should first notice
that any simple, non-homogeneous G-morphism can be written uniquely as the

composition of a homogeneous simple G-morphism and an N-morphism.
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Thus, if A is homogeneous and simple, and v 1is an N-morphism and
N=v .« A, we define F) = FQv) - ?(A) . To show that F preserves
composition of morphisms, one proceeds much as in the homogeneous case,
but making use of condition A) rather than condition B), We omit the

details.



APPENDIX II, The Proof of Proposition 7.5

We wish to construct an isomorphism of G-monoids:

colim F = colim FT .
m M

Step 1. To construct an (G-monoid)-morphism

Y: colim FT = colim F .
m m

We will make use of the conaturalizer properties of FT . First,
define a transformation {: TR — colim F by the rule: if o €M,
n

then Ca: TFu(a) - colim F is the composition:
m

T{,) X
(ot TR(0) ——> TF(e) —

> colim F
M

where 1i: Fl = F is the natural transformation of 7.3, and Xa is the

adjoint of the natural map F(a) - colim F ,
m

Since T(ia) and Xy 8re G-monoid maps, so is Ca o Since Ti
and ¥ are natural over M , so is { . I claim further that the
composition { ° RT is equal to X . To see this, by adjointness it

is enough to show that if o € M , then
;Q ° AT(Q') |F(a): F(CY) had CO[:.Iim F

is just the usual map into the colimit. This, in turn, is a straight-
forward application of the definition of AT as defined in 7,3A, I
omit the details,

But now, the definition of conaturalizer gives us a unique natural

transformation ¥: FT - colim F such that ¥ - Pp = £ . Define

m
¥ = colim ¥: colim FT - colim F .
m n m

-90-
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Step 2. To define an (G-monoid)-morphism

¢: colim F - colim F

m m T
Let Pyt F(@) — colim FT be the composition:
m
1y Py
F(o) > TF () > FT(a) > colim F, ,
m T

where ia is the map adjoint to the identity map on TF(x) . This is

clearly a natural transformation: F - colim FT and so we define

m

¢ = colim Pyt colim F - colim FT
o€ m n ¢

We must show that ¢ is an G-monoid morphism, In light of the

definition of the monoid structure on colim F (see 1.4), it is suf=-
M

ficient to show that the following diagram commutes V o, €M ,

9 8
F(o) ® F(p) —2—0FP > (colim F;) 8 (colim F,)
= m
¢
F(@ ® B) @® P > cor:.lim F,

where u 1is the monoid structure on colim FT . But this diagram can
m

be factored into the following diagram:




A ®NA P3P

F (0)®F (B)————>TF (@)®TF (B)—2—E—>TF (0)®TRL (B) >(colim THY® (colinm TRY—T— > (colim F)®(colin Fy)
m m m m
o
= TFl (@8 )S TR (02B) e b
'\l A \ \ 0 \
Fla@ ® B) ———> TF(a@ ® B) —28 - TRl(e ® By —————>colig TFL z > colim F,,
m

( AIL1)

-z6-
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The last two rectangles clearly commute. To see that the first one
commutes, let o= ® ...®a , B = B ® ... ® Bm » where o, Bj are
generators of M, Vi,j . Then F(a) = F(al) ® ... 9® F(ak) and
F(B) = F(Bl) ® 0 ® F(Bk) and we can rewrite the first rectangle of

(AII.1) as follows (using the definition of AT from 7.34):

F (a®B)

F(al)®...®F(ak) ® F(Bl)®...®F(Bm)

1rl (0)®. . TR (@)oTR (B)®. . .2TRL(B) > 1ril(aB)®. . @TF (038)
eee———— S~ \_/\/_\__/
k m k+m

“a&“a
) fid
el (@) ® TRl(R) &

N

: v
el (@) ® TFl(a®B)

N
We

It is (believe it or not) rather easy to see that each triangle of

rl (a8)

this diagram commutes. By is the monoid operation on TFu(Y), VYEMm

and the unmarked morphisms are all maps defined in the manner of a_ and

a_ in 7.3A, The commutativity is just a consequence of the naturality

of the transformations and functors involved, and the associativity of u.
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It therefore follows that ¢ 1is an G-monoid morphism.

Step 3. To show that Y¢ = 1colim F °

n
From the definitions of Y and ¢ , we have that for each o €l ,

the following diagram commutes:

P ch
Fl@) ———> FT(Q/) —_— cor:.‘im F
ice pT(a) Xo
TF (o) .

But x i, is the usual map: F(@) = colim F . Hence colim ‘l’acpa =

lcolim F and Y¢ = colim ‘i'acpa .

n aoen

Step 4. of = lcolim F
M

Let jcx: FT(Q') - colim FT be the usual map. We must show that the
n
following diagram commutes for each o € M:

y
F, (¢) —2——> colim F
T m

colim F .
h T

Consider the following diagram:
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TF (&)
Ay (@)
v o
TFL () > colim F —2—> colim F.
M m T
@) -
Py g
\ o
Fp(@)

From the definition of Ya , we know that YapT(a) = Qa . If
iapT(a) = @-ga , then the conaturalizer nature of FT implies the

existence of a unique map, f: FT(a) = colim FT such that fpa = m-@d
m

(since ¢ conaturalizes AT) , and hence ¢.¥ ~ will equal i, .

Since Qa , ® , i and Py are all G-monoid homomorphisms, it is

o

enough to check the equality of ¢ga and iapa on Fu(a) . But

checking the definitions of the various maps, wgalFu(a) is the composition:

i

i P
Ple) —%> F(o) ——> TF(@) —A-?—> TRl (@) —%— Fo (@) 2> colim Fp
and ET ° F(ia) = 1TF . Therefore «f Hence

| =pi| .
ey ¥ ¥l

Wy = Pyly » ¥ €M and hence ¥ =i . Hence

¥ = colim qﬂa = lcolim F
m m T

This concludes the proof of the proposition,
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