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INTRODUCTION

It has long been of interest to algebraic topologists to compute 

the homology and cohomology of the spaces finSn (X) , where X is a 

pointed CW-complex and Q and S are loop space and suspension functors 

respectively. J.C. Moore [7], Eldon Dyer and R.K. Lashof [4] and Browder 

[3] have used various approaches to compute many special cases. One ap­

proach, for which this thesis should be a useful first step, is to dis­

cover an appropriate, well-described, CW-structure for the space c/'s1 "(X).

If n = 1 and X is connected, James [1], in 1955, discovered 

that J(X) , the free topological monoid on the space X , is of the 

same homotopy type as ClS(X) . The CW-structure of J(X) is easily 

describable in terms of the CW-structure of X .

In 1966, R. James Milgram published a paper [2], which gives a gen­

eral approach to the problem for n ^ 2 and X connected. This thesis 

arose out of an attempt to understand that paper. Making use of insights

and methods drawn from [2], we have constructed a CW-complex, L(X), which
2 2has the same homotopy type as ft S X if X is a connected CW-complex.

Furthermore, L(X) has the structure of a topological monoid and the homo-
2 2topy equivalence from L(X) to O S  (X) is a monoid homomorphism. The 

cell-structure of L(X) can be completely described.

Throughout this paper, a familiarity with the elementary terminology 

and techniques of category theory is assumed. Mac Lane [5] or Mitchell

[6 ] are useful reference works in this regard.

Our approach is to construct L(X) as the colimit over a suitable

small, monoidal category, & , of a certain nicely behaved functor .
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We start, in Chapter 1, by making some general remarks on the subject 

of monoids and monoidal categories. An interesting, and perhaps new, 

result here (quite elementary) is Proposition 1.4, that the colimit of

a monoidal functor is a monoid.

In Chapter 2, we define & , the category of generalized shuffles,

and a general scheme for defining functors with domain & .

Chapter 3 is concerned with the category of normed topological 

spaces (denoted TopV ). Most of the work of the paper is done in this 

category rather than in the more usual category of pointed spaces. The 

reasons for this are somewhat technical, but are analogous to the reasons 

for using Moore paths rather than paths of unit length in defining path 

spaces and loop spaces.

In Chapter 4, the functor Lx : © -> TopV is defined. This functor 

is rather complicated in definition, but has many nice properties which 

are developed in Chapters 4 and 11.

Chapter 5 contains the precise statement of the chief result of this 

paper. This theorem (5.3) states that if X is a connected CW-complex

with a suitable norm then there is a monoid homomorphism from colim L
©

2 2to Q S X which is a homotopy equivalence.

The proof of Theorem 5.3 takes up the remainder of the paper.

Part II (Chapters 6 through 13) gives various preliminary definitions 

and results needed for the proof proper, which comprises Part III 

(Chapters 14 and 15).

Two of the chapters in Part II are perhaps worth a small note. 

Chapter 7 introduces the concept of a conaturalizer. a categorical 

construction which seems to arise naturally in the consideration of
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monoidal categories and functors.

In Chapter 8, a base-space functor B , for normed monoids,is dis­

cussed. This is essentially a construction due to Milgram, in the paper 

[2] mentioned above. Most of the material here is taken from Milgram. 

However, Proposition 8.3, which observes that B is coadjoint to the 

Moore loop space functor, is the author's. Although B is well-behaved 

enough for the purposes of this paper, it is not, generally speaking, a 

very well-behaved functor. There is clearly more work to be done in this 

area.

In Part III (Chapters 14 and 15) we give the proof of Theorem 5.3, 

drawing on all the material in the previous chapters.



PART I

PRELIMINARIES AND STATEMENT OF THEOREM 

Chapter 1. Categories of Monoids and Monoidal Categories

Definition 1.1: Let G be a category, ®: G X G -» G a functor. Then

the pair <G,®> is a monoidal category if

1. ®  is associative. (We will insist upon coherent associativity,

at least. In some applications, we will demand exact associativity.)

2. 3 0Q 6 G such that 0^ is an initial object of G and 0^ is

a two-sided identity element for ® .

If <G,<8»  and are two monoidal categories, then a functor

F: G -* ̂  is a morphism of monoidal categories, or more briefly, a mon­

oidal functor provided:

1. F(00 ) - .

2. The diagram below commutes:

G X G

V
G

F X F -> 6 X ft

V->6
Definition 1.2: Let <G,®> be a monoidal category. Then the category

of <G,®> -monoids is the category whose objects are pairs (A,pi) where 

A is an object of G and |Jt 6 G(A®A,A) such that the following 2 dia­

grams commute:
M®1.

A®A®A ----------- > A®A

V
A8A

V
->A
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l. ®  o
x ®  0 --------— > A ®  A

A G

A
A

On ®  A G
° A ®  *A

V
-> A 

A

-> A ®  A

Let (A,|Ji) and (A#,p/) be <G,®> -monoids. Then a monoid homo­

morphism cp: (A,pi) -* (A/,p,/) is an G-morphism, cp: A -♦ A 7 such that the 

following diagram commutes:

A  ®  A V ® -* - > A* ®  A '

CP ->  A

Definition 1.3: Let G be a monoidal category. G is monoidally complete

if the following condition is satisfied:

Let C , C* be small monoidal categories. Let F: C -* G ,

Fr: C* —  G be monoidal functors such that colim F and colim F*
C C

exist in G . Let F ®  F* be the monoidal functor given by the com­

position:
C x C '   LJLll > g x G -> G

Then colim F ® F7 exists and the naturally induced map 
CxC/

colim(F ®  Fr) > (colim F) ®  (colim F')
CxC C C'

is an isomorphism.



Note: For G to be monoidally complete, it is certainly sufficient

that the functors, and _®X , from G to G , be cocontinuous,
V X 6 G .

Proposition 1.4: Let G be a monoidally complete monoidal category,

let C be a small monoidal category, and let F: C -* G be a monoidal

functor such that colim F exists. Then colim F is, in a natural
C C

way, an G-monoid.

Proof: Since G is monoidally complete, there is an isomorphism:

colim(F ®  F)— —— > (colim F) ®  (colim F) .
CxC = C C

Let i„: colim F*<8u -* colim F be the morphism induced by (8u:CxC -» C.
F CxC L C

Since F is monoidal, we have a commuting diagram:

CxC ---- X —  > GxG

G

-> G

and hence F *®0 = ® q ( F x B ) = F ® F .  Let jj,F be the composition:

M"1 h(colim F) <£> (colim F) ------ > colim(Fg>F)  > colim F ,
C C CxC C

It is then straightforward to check that is associative and

if one notes that the zero of colim F is the map: 0^ = F(0p ) -* colim F
C C

it is straightforward to check that diagram 2 of (1 .2) commutes.
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The G-monoid structure on colim F is natural in the sense that,
C

if F and F 7 are two such functors and cp: F -* F7 is a natural trans­

formation such that V a?,p € C , cp^ p = ̂  Vp » then colim cp:
C

colim F -* colim F7 is an G-monoid homomorphism. This is easily checked.

□
Definition 1.5: Let C be a small category with initial object 0^ .

Then JT(C) will denote the free monoidal category on C ; that is, there

is a monoidal category J(C) , with a functor i: C -♦ J(C) such that

1) i(0c ) = 0J(p) ^

2) If F: C -* lb is any functor from C to a monoidal category 

lb , such that F(0g) = 0̂  then there is a unique monoidal functor

F: JT(C) -» lb , such that Pi = F .

3) i: C -* J(C) is universal with respect to properties 1) and 2).

Remark 1.6: If C is a small category with initial object, the exist­

ence of J(C) is a straightforward exercise. That is
CO

J(C) = u c 1 
i=l

modulo the equivalence relation necessary to have 0^ act as an identity 

element.

Definition 1.7: Let <C,0> be a small monoidal category, then <C,<8»

is an enriched free monoidal category if

1) The set of objects of C forms a free monoid under the oper­

ation 0 ;
2) If cp 6 , then 3] c^, a2 S C and 3! cpi € <2 (0^,P^,

i = 1,2 , such that a  = 0  and cp = cp̂  0  cp2 .
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Remark 1.8: Let G be the full subcategory of (C,®) whose objects are

the generating set for the set of objects of C as a free monoid. It 

is easy to see that J(G) is naturally a subcategory of C . Thus, C 

is the free monoidal category J(G) "enriched" by additional morphisms. 

We can say that C is an enrichment of J(G).
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Chapter 2. The Category of Generalized Shuffles

Definition 2.1: We will let © stand for the category of generalized

shuffles. defined as follows:

For n a non-negative integer, let n denote the finite ordered 

set <l,...,n> [or 0 , if n = 0], Then an object of © is a set 

function f: n m where n ̂  0 and m ^ 0 such that f is sur-

jective and order-preserving (i.e., i ̂  j =* f(i) s f(j)). Let

f^: n^ -* m^ , i = 1,2 , be two such objects; then ©(f^,f2) is the set 

of all pairs (9,cp) where 9 is a set function n^ -* n2 and 9 is 

a set function " in̂  such that:

i) f29 = 9fj_ ,

ii) 9 is a monomorphism,

iii) 0 < i < j ^ m 1 =5 cp(i) £ cp(j) ,

iv) if 0 < i < j ^ n^ and f^ (i) = f^(j) , then 9 (1) < 9 (j) .

Composition of ©-morphisms is given by composition as set functions. 

There is no difficulty in seeing that & is in fact a category.

Proposition 2.2: & is an enriched free monoidal category.

Proof: Let f^, f2 be objects of © , f^: n^ -* m^ . Define f^ ® f2 :

n^+n^ "* m^+m2 by the rule:

fL (i) , 1 ^ i ^ nx

f2 (i-n1)+m1 , n^+1 ^ i s n ^ ^  .

If 9 ^̂ € ©(f^gj) , i = 1,2 , there is an obvious map, 91 ®  92 :

®  f -* ®  . 9  ̂®  92 can easily be seen to be an ©-morphism.

Then is easily seen to be an associative bifunctor on © .

f ®  f2 (i) = {
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Let be the unique map 0 -* 0 . Clearly e^ is an initial

object of © and a 2-sided identity element for ®  .

Therefore (©,®) is a monoidal category.

Let e^ denote the unique set surjection n -* 1 , V n ^ 1 . Then

if f: n m is an object of © , clearly f = e <8 ... <8 e , where- n. n1 m
n^ = |f ^(i) | , V i € m . Hence, we can see that the objects of © form

a free monoid with identity element e^ and generating set

G = {en |n ^ 1) .

To complete the proof we must demonstrate that © satisfies 

property 2 of Definition 1.7.

Let cp 6 ©(gjf^f^) where f^: n^ m̂, and g: k -* p . Then let

\  = I'P"1 (1 »* ••>n1) | , k2 = |cp"1 (n1+l,...,n1+n2) |

= li> ”1 (l,...,m1) I, P2 = l<P 1 (m1+l,...,m1+m2) | .

Define g^: ̂  - px by g^i) = g(i) , V i € ^  .

Define g2 : k2 - p2 by g2 (i) = g U + k ^  - Pj

Then clearly g = g^ <8 g2 . Then define cp̂ : -* n^ by

cp^(i) = cp(i) , V i € ^  and define cp2: k2 -* n2 by cp2 (i) = cp(i+k^)- n^, 

V i € k2 .

It is straightforward to check that cp̂  and cp2 are ©-morphisms

(note that the definition of cpt forces the definition of , since

f is always a sur jection). Clearly cp = cp̂  <8 cp2 , and cp̂  and cp2 

are unique. Therefore © is an enriched free monoidal category. □

Remark 2.3: An ©-morphism: e <8 ... 8 e - e_ where n, = m,- n, n_ m i1 P
is called a p-shuffle.
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Then a 2-shuffle is, in fact, a shuffle in the usual sense of the term; 

that is, a partition of m into two sets and a bijection m -* m which 

preserves the order within each set.

Remark 2.4: Let K  denote the category whose objects are the ordered

sets n , for n ^ 0 and whose morphisms are set monomorphisms which

preserve the order relation. If we embed K  in © by the obvious

functor n -* e then in the sense of Remark 1.8, © is an enrichmentn
of J(H) . The next two paragraphs demonstrate that, loosely speaking, 

the "enriched structure" of © is generated by the 2-shuffles of ©

(see (2.3)).

Definition 2.5: Let G be a monoidal category. An ©-prefunctor in G .

is a collection of data F as follows:

1. A functor F : H -» G such that F(0) = 0̂ . ;

2. V 2-shuffle cp: e, <8> e. -* e.. . , an G-morphism F T i J i+J 9
F(e^) -* F (ei+j) such that:

A. If € © ( e n ,en/) , € G f e ^ e ^ )  , X € © ( e ^ , e ^ , ! ),

a € ©(e <S>e ,e , ) , P € © (e y®e /,e /, /) and P(X X ) = Xq? , then n m* n+m * n m n +m 1 2
Fp(F(X1) F(X2)) = F(X)Fa .

B. If a i S(ei®e.,e1+.) , P € © (e j®ek ,e J+k) ,

Y 6 6 (.1+J®ek,.l+J+k> , and & C ^(ei®ej+k>ei+j+k^ SUCh that

6(1 ®  (!) - Y < « ®  1 > , than V W )  ®0 V  ' V Fh ®  1F(av)) 'i k i k

Proposition 2.6: Let F be an ©-prefunctor in G , then F has a

unique extension to a monoidal functor from © to G .

The proof of this proposition is rather tedious and has been de­

ferred to the appendix. (See Appendix I).
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Chapter 3. The Category TopV

Definition 3.1: Let TopV denote the following category (called the

category of normed topological spaces):

An object of TopV is a pair (X,v^) where X is a compactly

generated topological space with basepoint * and is a continuous

map of X into tt.+ , the space of non-negative real numbers, such that

V x V )  = * . vx is called the norm of X . A morphism in TopV is a

continuous map of the spaces which commutes with the norms.

Remark 3.2: Let (X,v ) , (Y,v ) 6 TopV . Let X X Y be the usualX I
topological product, then we can define v jq(y : x x Y » ^y

v (x,y) = v (x) + v (y) . Thus X is a bifunctor on the category XX Y X  Y
TopV . [One should note, however, that "X" is not the product in TopV 

in a categorical sense].

Proposition 3.3; <TopV ,X> is a monoidally complete category. (See 

Definition 1.3.)
vProof: Clearly "x" is an associative bifunctor on Top . The one

point space, with the obvious trivial norm, is an initial object for 

TopV and an identity for X . Hence <TopV ,X> is clearly a monoidal 

category. We must show that <TopV ,X> is a monoidally complete mon­

oidal category. Let F: C -» TopV and F7: C 7 -» TopV be functors such

that colim F and colim F7 both exist. We need the following lemma.
C C 7

Lemma 3.4: Let X 6 TopV ; let Fx : C -♦ TopV be the functor Fx (“) =

F X X ,  then colim F = (colim F) X X .
Of n  X  y-B
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Proof: Ignoring the norm for the moment and just working in the cate­

gory of compactly generated spaces, we show that (colim F) X X =
C

colim in that category.

Let F(a) X X - *  y |q? € C} be a coherent family of maps. Then

we have a coherent family {f^: F(a) -♦ (X,Y) |a € C} where (X,Y) has

the compact-open topology. Hence, 31 f: colim F -* (X,Y) commuting
C

with the f *s . Hence 3 1 f: colim F x X -* Y , commuting with the
a C

In order to prove Proposition 3.3 we now note that V a* € C 7 ,

(colim F) X F / (a/) = colim F /, /* , and that colim F X colim F7 =
C C ( ' C C

colim(F/ . . _) by the lemma . That colim F X colim F7 = colim F X F7c , colim F J C C 7 CxC7

then follows immediately. □
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Chapter 4. The Functor Lx

Definition 4.1: Let X € TopV . We define an ©-prefunctor, Lx , in

TopV (see 2.5) as follows:

1. Lx^e(P = * = the basepoint of X . For n ^ 1 ,

V e„> -  V V  6 «+ x ̂ \lz'\V2 s jt ci •V1 s
and ( Z v(x.))2 = Z t ) .

\ € n  1 ' i€n

2. Let cp: n -* m be an order-preserving monomorphism (that is:

cp € B ( e  ,e ) = ©(e .e )) , then L (cp): L (e ) ^ L (e ) is the ma: n m  n m A A n  A m

Lx (cP)(tixi»*.*,tnXn) = ̂slyl* - •* »sn(ym^ where

(t x ) , if i = cp(j)
(s i y i ) = i (0,*) , if i t Im cp .

This is clearly well-defined and continuous and norm preserving, where

the norm on Lv (e ) is defined by:A n
n

V (s1x1»,**»snxn) = ^  VX (xP  *

3. Let a: (e ®  e ) -* e . be a 2-shuffle. Thenn m n+m

Lx ("): W  X LX <Cm) "  V S r t J  ls de£lMd by!

Lx (a)(<t1>x1 ,...>tr,xn),(s1,y1....sm »ym^  “ (rl»zl rn+m»2n+tn̂

“ here (t .,x.) k = ) f ;

(s.+2v(y )• Z v(x ),y ), k = a(i), i 6 m .
1 j=l J
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The next three propositions will establish that is a

morphism with those properties required for to be an ©-prefunctor

in TopV .

Proposition 4.2: The point •* *>rn+m >zn+m  ̂ as defined above,

is an element of Lw (e . ) .A tnm

Proof: Notation: If x = (x^,...,x^) is a k-tuple in X and I £ k ,

let ||x|| = Z v (x ) . If t = (t.,,...,t ) is a k-tuple in E+ , let
I  i € i  i  l k

lltllj = 2 t .
1 i€l 1

Then we wish to show that if I £ n+m then ||r||j. - ||z||j. ^ 0 and

Î Um = (||zl'n+m)2 * ^  *1 = 1 ° » *2 = 1 ° ’ J = ̂  (V ’
K = a-1 (I2) , then

I M L  - 11*11* ■ llrllj + ||r|| - (H.llj + Hrllj )2
1 2  1 2

= Utllj + ||.|IK + 2||y||K||x||n - \\4] - 2||x|jj||y!|g - ||y||*

- (Ikllj - IWIj> + (II4K - ]ly!i|)+ 2||y|lK (l|x|ln - 11*11 j),

but by definition of Lv (e ) and Lv (e ) , each of these terms is pos-a  n A m
itive or zero, and if I = n+m then J = n , K = m and all three must

be zero. Hence the proposition. □

Proposition 4.3: L„(a) as defined in Definition 4.1(3) satisfies con-
A

dition (2A) of Definition 2.5.

Proof: Let ^  € &(en ,en/) , X,, € ®(em ,em #) , X € & ( e ^ . e ^ , )  ,

a € ©(e ®  e ,e , ) , P € ©(e / ® e /,e /. /) such that the followingn m n+m n m n + m
diagram commutes:
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Let

V * :

Then

\ <g>\
e <S> e — 1— 2--> e / <E> e /n m n m

Of

'n+m -> e / /n +m

We must show that the following diagram commutes in Top

L (X )XL (X )
L (e ) X L (e )    > Ly (e/) X L (e /)x n  A m  A n  A m

Lx (a)

LX^en+m^
LX (X)

Lx O)

_> LX (en,+m/)

w - (t1x1,...,tn,xn ,s1y1,...,sfflym) € Lx (en> X Lx (em) , then

) X L (\ )(z) = (t'x' ...,t'/x',,s'y' ..,s'/y'/) whereL A z i i  n n 1 1  m m

(ti,Xi> " i

i - ^ ( j )

(0,*) , i H Im \
/ / J
iyi = i

SjY j * 1 =

0,* , i H Im X

Lx (p) . a x (\) X Lx (X2))(z) = Cr a |l * j * n'-Hn') .

° W

(0,*) if j IE Ln P(Xj_ ®  X2)

( t . ^ )  if j = P XL (i) , i 6 n 

(Bj+vOrpllxl^/typ , j = P ^2 (i) , i € m

and
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LX^) * Lx^a^ z  ̂ = q̂jVj ^  S  ̂^ n'+m7)

r,.(0, x) ,

(qj»vj) = \ ( ti>x i) i

j t Lu(X) 
j = X a'(i), 1 € n

_(s1+v(yi)||x||n,yi) , j = X a(i), I f ;

But llx lln * = llx lln (abusing notation a little), and clearly Im X =

Im P(X^ ®  X2) since a is bijective and X a = 0(X^ ®  X^) . Clearly 

(q^Vj) = (rjzj) > V j ^ n+m . Thus the proposition is true. E

Proposition 4.4: ^ (a) as defined in Definition 4.1(3) satisfies

condition (2B) of Definition 2.5.

Proof: Let a € &(en ®  e ^ e ^ )  , P € ®  V V k *  ,

Y € &(en + m ®  ek»ettfBri-k) ’ 6 6 &(en ®  enri-k’£W k ) SUCh that the followin8 
diagram commutes in © :

e 09 e Q9 e, n m k
en P

-> e <8> e ., n m+k

e ., 09 e,n+m k -> en+nri-k

We wish to show that L^(6) • (Lx (o?) X 1L ^  ^) = Lx (Y)*(1l (e ) * *
X k X n

Let w = (b^x^> • • • > >y^ >. • •,s^,y^,r^z^, • • •,r^z^) , an element

of Lx (en) X bx (em) X Lx (efc) , then Lx (6)•(Lx (o) X 1)(w) =

(qlVl* * * *’qn+mfkVn+m+k^ where
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(tjXj) ; i = 5(1 x  P)(j) , j € en 

(sj+2v ( y j ) l lx lln *yj) ; i = 6 (1 X 3)(j), j € em

 ̂ <rJ+2V ( Z j )||x |ln+2v ( Z j ) | |y t lm, z j )  ,

i = 6(1 x P)(j), j €

(where j € e , etc. has the obvious interpretation), and

where

m

LX (Y)(LX (Q̂  X (plul,**,,pn4mtk,un+nri-k)

/

(piui> =

(t^Xj) ; i = Y(« X l)(j), j € en 

(sj+2v(yj)||x||n ,yj) , i = y (a x  l)(j), j € e]m

(r +2v(z )||x,y|| ,z ), i = Y(or X 1) (j), j € e.'n+m j

but since Y(<* X 1) = 6(1 x  P) and ||x||n + ||y||m = l | x , y | | n+m these are 

equal, establishing the proposition. □
vHence we have a well-defined ©-prefunctor in Top and therefore 

by Proposition 2.6 we conclude:
vCorollary 4.5: There is a unique monoidal functor L^: © -* Top whose

values on jr»D and on all 2-shuffles in © are given by Definition 4.1.
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Chapter 5. Statement of the Theorem

a
Notation 5.1: Let Top denote the category of pointed, compactly

V Vgenerated topological spaces. Let Mon denote the category of Top -

monoids in the sense of Definition 1.2. If X € Top , then X

is the Moore space of variable -length loops in X . Q is clearly a 
• vfunctor from Top to Mon , where the norm is given by path length.

2Q X denotes Q of the underlying pointed space of QX . S will de-
e enote the usual reduced suspension functor Top -* Top .

Definition 5.2: Let X be an explicit cell-complex with basepoint;

i.e., X is a CW-complex with a specific set of attaching maps which

give rise to the cell-structure. We will define the standard norm

v^: X - * R + as follows.

Define vx on the 0-skeleton of X by setting vx (y) = 0 , if

y = * and v x ( y )  = 1 otherwise.

Assume v is defined on X^n ^  , this (n-1)-skeleton of X .A
Let e be an n-cell and f: Sn_1 -* X^n-1  ̂ the attaching map. Let n
zn be the center of e . Then extend v to X^n ^  U f  e by de- 0 n A i n
fining v (z_) = n+1 and extending linearly along radial lines. Thus A U
we can extend to all of X .

Theorem 5.3; Let X be a connected explicit cell-complex. Then there 

is a MonV-morphism:

cp: colim L ----> Q^S^(X)
&

which is a homotopy equivalence.

The proof of this theorem will occupy the remainder of this paper.



PART II

PRELIMINARIES TO THE PROOF OF THEOREM 5.3 

Introduction

Parts II and III comprise the proof of Theorem 5.3. The proof is 

intricate and involves many notions not yet introduced to the reader. 

For this reason, the actual proof is not addressed until Part III.

Chapters 6 through 13 introduce the various notions and proposi­

tions necessary to the proof proper.

This arrangement of the material, though necessary to the logical 

exposition of the proof, is somewhat bewildering for the reader, as he 

is often shunted from one topic to another with no sense of connection 

or relationship between the two topics.

I will attempt here to erect a few small guide posts which may be 

of some aid against confusion.

Chapters 6 and 7 are concerned with those notions of a purely 

categorical nature which the proof will require. In Chapter 6, the 

category © , defined in Chapter 2, is discussed further. The proposi­

tions therein are of a rather technical nature and could be passed over 

without pain in a first reading.

Chapter 7 deals with the construction of "conaturalizers of trans­

formations". This notion is rather central to the proof and should be 

understood before venturing into Part III.

Chapter 8 describes a base-space construction for normed monoids, 

due to R. James Milgram. This construction is crucial to the argument. 

The chief result being that if M  is a "cellular" normed monoid, then 

M  QB(M), where B is Milgram's base-space functor.

-17-
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Chapter 9 discusses the functors J (free monoid) and £ (normed 

suspension) and relates them to the material in Chapters 7 and 8.

Chapter 10 is a digression into the theory of convex compact sub­

sets of Euclidean space. It is necessary for technical reasons.

Chapter 11 discusses the functor Lx , first defined in Chapter 4, 

at great length. Here we see how nicely L̂ , reflects the structure of 

the category & and, using techniques from Chapter 10, we see that if 

X is a CW-complex then L takes its values in the category of CW-
A

complexes.

Chapters 12 and 13 introduce a new category (double edged spaces) 

and a new functor (D ), which will, in Chapter 14, enable us to examine 

in great detail the structure of the space J(£X) .

I would suggest that for a first reading of this paper one should 

glance first at Chapters 7, 8, 9 and 11, skipping the long proofs and 

then plunge into Part III referring back for necessary ideas.
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Chapter 6. Further Properties of the Category &

Notation 6.1: We establish the following terminology and notation. If

ot: n -* k is an object of G , then the grade of Q? is n and the range

of a is k . Put another way, if Of = e . 8  ... <8 e. then the grade
1 kk I k

of a is £ i. . (<&,<*) denotes the category of Q-morphisms whose
j-1 J_____

target is O' . is the full subcategory of (&,Q?) with 1

omitted. (&»a)Q will denote the full subcategory of (&,<*) whose objects 

are morphisms (3 -* a such that P and a have the same grade. 

denotes the set of maximal objects in (&,a) .

Note that Just t*le set 2-shuffles of order n .

Proposition 6.2: (©,<*) is a partial-order category, V a € & .

This is a straightforward consequence of the definition of & ; 

particularly of the fact that the morphisms of & are set monomorphisms.

Definition 6.3: Let a € and let P^, ^ * ^-hen ^  an<* ^2

are coherent (denoted P^ coh P ^  if there exists Y  € (&,a)g such 

that Y  = P^ and Y  - where ^ is the partial ordering on (&,a) .

Definition 6.4: An admissible filtration of n of length k (k s 0)

is a sequence, I = {1^,I^,...,1^} , of subsets of n such that 

0 ^ I 1 c i  c . . . c i k E n .

Proposition 6.5: If n ^ 1 , there is a one to one correspondence between 

the objects in (&,en) and the set of admissible filtrations of n .

Proof: Let a: m “* k be an object of & , and let cp € &(of,en) . Then

cp is a monomorphism from m to n . Define 1^ , a filtration of n 

of length k , as follows:
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= {j € n|o'(cp"1(j)) ^ i} for i = l,...,k .

(Note that 1^ = 1̂ (9).) It is then easy to see that cp -* 1^ is the 

advertised one to one correspondence.

Lemma 6.6; Let cp,i|f € (&>en)Q • Then cp coh ijr if and only if the set

1̂  Ul'*' can be simply ordered by inclusion (i.e., if and only if

I? s or s T? > for each choice of i and j ).i j J i
Proof: Let I and J be two admissible filtrations of n . I is said

to be a refinement of J (I < J ) if

1. T . 3  i. M  such that I. - I. , e I. - I. , , wherei i j-1 1 . i.-lj j j j j

IQ = 0 = J0 , and

2. If j > j7 , then i 4 ^ i./ .j J
Then if Y,X € (®»en) , we have that Y is a predecessor of X if

Xand only if I is a refinement of I . Further, if Y € (&,e ) ,n
then Y  € (®»en)Q if an<* only if 1^ = n where k is the length of

I* .
Suppose that 1^ U 1̂  can be simply ordered by inclusion. Then

this simple ordering yields an admissible filtration J of n . It is 

obvious that J is a refinement of 1^ and of 1^ , and that if 

k = length of J , then k = (length of 1^) + (length of 1^) . It is

also clear that = n . Therefore J corresponds to a Y € ^ » en^o 

such that Y  is a common predecessor of cp and ^ . Hence cp and i|f

are coherent.

Suppose cp and i|f are coherent; then there exists Y  €
Ysuch that Y  is a predecessor of cp and ty . Hence I is a refine­

ment of i'*3 and 1^ . Now, suppose that 1^ U 1^ cannot be simply
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ordered by inclusion. Then there exist i and j such that

I? £ it and it £ ij . Let p € ij - it and let q € it - lj . Leti j  J i  i j  J i
k be such that p € 1^ - 1^  ̂and k such that q € 1^ - 1^ ,
P P p" q q q "

Without loss of generality we can assume that k ^ k . Since
P q

v  y(I^ - I^ _j) H I. contains q and is therefore not empty, it follows
q q "  J

t Y ty  c  t *
■1 j

q q

lows that 1^ £ it . But k = k implies that iĵ £ 1^ and hence
q J p  q  P q

\lj cp \lrthat p c i . .  This is a contradiction since p c IT - I. . Therefore
J i  j

cp \lfIT U I can be simply ordered by inclusion.

Proposition 6.7: Let a 6 & , let p^, P^ ^ ^ » 3)q * ^ en co^ ^2

if and only if P^ and have a unique maximal common predecessor in

from the definition of refinement that 1^ - 1^  ̂ £ I; . It then fol-

(&,a) .

Proof: This is an immediate corollary of Lemma 6.6, if a = en for some

n .  If a = e ®  ... ®  e , then (&,a) = (&,e ) X ... X (&,e ) as
nl °k nl nk

a partially ordered set. It is easy to see that if cp = cp̂  <S> ... ®  cp̂

and i|i = ^  ®  ® i|t in ($,a) , then cp coh 9 . coh ^  for

i = 1,...,k . The proposition then follows immediately.

Notation 6.8 : Let P^, ^ ^ > a^0 suc^ that P^ coh • Then the

unique maximal common predecessor in (&,a) (which clearly must lie in 

(&,a)g) will be denoted P^ A (3̂  •

Proposition 6.9: Let a , P, Y  be pairwise coherent in (®»a)o * Then

or A p , P A y and a A y are pairwise coherent.

Proof: If a = e for some n , this is an immediate consequence ofn
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Lemma 6.6. The general case follows from this special case in the 

same manner as in Proposition 6.7.
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Chapter 7. Conaturalizers 

Definition 7.1i Let F: C -* G , G: C -* G be covariant functors, where

H: C -* G and a transformation p : G H such that:

1) p is C-natural (that is, natural with respect to all C-

morphisms),

2) pep is C-natural,

3) p is universal with respect to properties 1) and 2).

Proposition 7.2: Let cp be as in Definition 7.1. If 6 is cocomplete,

then the conaturalizer of cp exists and is unique. Furthermore, if

p : G -* H is the conaturalizer of cp , and if J& is any initial sub­

category of C , then p|^: g |̂  -* h |̂  is the conaturalizer of the trans-

Proof: If P € C , let (P,P) denote the category of C-morphisms over

P . If f € (C,P) , let d(f) denote the domain of f .

Let P € C , define p^: G(P) -* H(P) as the following coequalizer:

C is a small category. Let C * be a subcategory of C such that 

obj C * = obj C . Let cp: F -* G be a transformation that is natural 

with respect to C /-morphisms. Then a conaturalizer of cp is a functor

formation: cpl̂ : F ^ - G ^

11 F(f)
J1 F(d (f)) -> F(P)

f€(C,p)

J! G(d(f»  -------
f€(C,P) 11 G(f)

f^(P,P)
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Let g € 0(0?,P) , then one can verify that the composition Pp*G(g)

coequalizes the diagram that defines . Hence the universal property 

of a coequalizer yields a map H(g): H(o0 -• H(0) such that H(g)*pa = 

Pp*G(g) . It is easy to verify then that H is a functor. Clearly p 

is natural with respect to all C-morphisms.

The verification that p is the conaturalizer of cp is straight­

forward and omitted. The final assertion of the proposition is an im­

mediate consequence of the above construction. The definition of H 

and p at 0 is made with reference only to the behavior of 9 , G and 

F on predecessors of P . Hence the construction for any initial sub- 

category will be exactly the same.

Definition 7.3: Let G be a monoidal category with coproducts, let B

be any category with coproducts. Let T: G -» B be a colimit-preserving 

functor. T is said to have property (PJH) if there is a natural trans­

formation of bifunctors: Aj.: T( • ••) “* T(.) I 1̂  T(..) such that the

following diagrams commute, V A, B, C € G .

i) T(A ®  B ®  C) -> T(A)J_[ T(B ®  C)

■> T (a )J_|t (b)J_[t  (C)T(A ®  B)JJt (C)

ii) T(A Jj B) ---------  > T(A ®  B)

T(A)JJT(B)
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where i: A B -» A 8  B is the map induced on the coproduct by the maps

180 081 iiA = A ®  0G —  > A ® B , B  = 0g ® B  — >-A 8  B and I: T(A B) --->

T(A) J_[ T(B) is the natural isomorphism given by the colimit-preserving 

nature of T .

Example 7.3A: If G is a monoidal category and B is the category of

G-monoids, let T: G -» B be a "free monoid functor" or, in other words,

T is coadjoint to the forgetful functor. Then T is a (PJH)-functor.

First, if G has a coproduct, then T(X J_[ Y) = T(X) J_[ T(Y)

whether B has coproducts in general or not.

Second, we can define Aj,: T(X 8  Y) - T(X) _|_[ T(Y) as the coadjoint

of the composition: 
a ®  a

x <g) Y —-------- > T (X J_[ Y) 8  T(X JJ. Y) -**— ■> T(X J_[ Y) = T(X) J_[ T(Y),

where ax is the composition: X -* X J| Y -* T(X J_[ Y) . It is a straight­

forward categorical exercise to see that Â , satisfies conditions i) and 

ii).

Definition 7.4: Let Ift be an enriched free monoidal category, let G

be a cocomplete monoidal category, and let B be a cocomplete category.

Let F: IB -* G be a monoidal functor and let T: G -♦ B be a functor

with property (PJH). We will define the T-reduction of F to be the

following functor F^: IB -* B .

First, define F^ : IB - G as follows: F^-(e) = F(e) if e is a

generator of obj(|B) . If ot = e^ <8 ... 8  e^ , where e^ is a generator,
n

V i , then F̂ -(of) = J1 F(e ) . If cp € lB(e- 8  ... 8  e ,e) , then
i=l

F̂ -(cp) is the morphism given by the composition:
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F(ei) JJL —  _LL F(en) --- — >  F(ei) ®Q ... ®c F(en) -F ^  > F(e)

where i is as described in 7.3.ii). Since Ik is an enriched free

monoid, every morphism is the product, in a unique way, of such morphisms,

hence we can extend F̂ - to all Ik-morphisms by defining F^Ccp.®,. ,®cp ) =1 m
F̂ -(cp̂ ) J_[ ... J_1 F̂ -(cpm) . It is somewhat tedious, but completely straight­

forward to check that F^ is indeed a functor. It should be clear that 

F^ is actually a monoidal functor from Ik to the monoidal category

< G , H >  .

Let Â , be the natural transformation associated with the (PJH)- 

functor T . Â , induces a transformation 5̂ ,: TF -* T*F^- which is natural 

on J(G), where G is the full subcategory of Ik whose objects are the 

generating set for obj Ik .

However, there is no reason, in general, to expect Â , to be natural

with respect to all the morphisms in Ik . Let TF^- — -— > F̂ , be the

conaturalizer of Â , . Then FT is the T-reduction of F .

Proposition 7.5; Let Ik, G, IB, F and T be as in the previous para­

graph. Assume further that IB is the category of G-monoids and that T

is coadjoint to the forgetful functor: | |: ft -* G . Then there is an 

G-monoid isomorphism:

colim F —  colim F ,
Ik Ik 1

and this isomorphism is natural in F .

Recall that by Proposition 1.4 , colim F is an G-monoid.
Ik

Proof: The proof is straightforward, long, and quite tedious. It is

deferred to the Appendix. See Appendix II.
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Remarks: In what follows, we will restrict ourselves to the category 0,

rather than consider enriched free monoidal categories in general. Prop­

osition 7.7 is equally valid in the more general case; however, in the 

present work our only application will be to the category 6 . The more 

general statement of the proposition does not seem, therefore, worth the 

considerable escalation of notation necessary for the statement and proof.

Notation 7.6: Let ©^ denote the full subcategory of © consisting of

those objects of © with grade = n . Note that {© |n s 0} is a fil-n
tration of © and that ©^ = {o' € ©|©(a,en) ^ 0} .

Let F: © -* G be a monoidal functor. Let T: G -* B be a (PJH)-

functor as described in Definition 7.3. Let Q(F,T) denote colim F
© 1

and let Q (F,T) denote colim F , where FT is the T-reduction of F.
™  ©n

Note that the inclusion of categories ©^ ®n+i induces a map

V  V F’T) "*Qn+l(F’T) and that Q(F’T) = colim Q (F,T) .n- 00

Proposition 7.7: For each n ^ 1, there is a map § : colim T*Ftt -* Q^_^(F,T)

”

such that the following diagram is a pushout in B:

colim TFtt ---- £-----> TF(en)
(7.7.1) (©TeJ

Qn-1 (F ,T) -------- > Qn (F»T) ;

where tt is the domain functor: (&>en) “* © ; h is the naturally induced

map and p is the composition

iiTF(e ) = TF^Ce ) ■ -  — ---> FT (e ) ----- > colim F = Q (F,T) .n n i n  ^ i n
n
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Proof: The proof is in three steps with some straightforward but tedi­

ous detail omitted.

Step 1 : The construction of .

Let X € (©,en) , define 5^: TFTT(X) -* Qn_^(F,T) as the composition:

TFtt(X) = TF (e,

\
. ®  e. ) T(F(e. ) <8> ... (8> F(e. )) 

11 k

\

n

TF(e ) JLi ... 1L TF(e. ) 
il *k

K  1L- • -li p£

V e< ) II ... Ji FT (e. )
k

\\  (F,T) Ji ... JI Qt (F,T)

\

V i (F>T>

where p: TF -• FT is the natural transformation p ° Â , and where the 

unlabeled morphisms are the obvious ones. The § form a coherent 

family of maps. This is a straightforward naturality argument, making 

use of the naturality of p: TF̂ - -» F_, and the limited naturality of

A^; t f  -» TF̂ - . I omit the details.
..XThus we have § = colim I : colim TFtt -* Q (F,T) .n ________  n ______  n-i

X€(&,e ) (&,e )’ n * n

Step 2: To show that diagram (7.7.1) commutes.



-29-

In view of the definition of § , it is sufficient to show thatn
the following diagram commutes V X € (&,en):

TFtt(X) — — > TF (e )

(7.7.2) . X
n

V i (F>T)
Vi -> Q(F,T)

The commutativity of diagram (7.7.2) can be deduced from the following 

diagram.

TF(X) -> TF (e )TF (eTFtt(X)

tt(X)
'tt(X)11-11

n-1

where f = f^ 11 ••• 11 £k . £j - V ° e.1 .
. . . 8 0 )  . The

outer rectangle is diagram (7.7.2) and each inner triangle or quadri­

lateral conmutes by naturality or simply by definition. Hence diagram

(7.7.2) commutes, and therefore so does diagram (7.7.1).
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Step 3 : To show that diagram (7.7.1) is a pushout in R .

Let Y € R , and let g. : Q . (F,T) - Y and g„: TF(e ) ~* Y be1 n-1 L n
R-morphisms such that 8j^n = 82^ * must show the existence of a

unique G: Qn (F,T) -* Y such that = 8  ̂ an^ Gp = g£ .

Consider the constant functor & -* R with value Y . (We will alson
denote this functor by Y). Define a transformation G: TF^|^ -* Y as

n
follows:

is the map

G(e ) : TFli(e ) — > Y n n

TF^(e ) = TF(e ) — >  Y ~ n

... <S> e. for some k ^ 1 such

n

If a 6 S . a ^ e , then a = e.n n i

that 1^ < n , for every j . G(a) is the composition:

TF11̂ )  = TF (e. ) Ji ... Jj TF (e. ) Pl F (e ) Ji ... Ji F (e )
L1 \  X H

G(a) v

It is then straightforward (and tedious) to check that

G: TF^J^ -» Y is natural and also that G*Â ,: T F ^  -* Y is natural,
n n

Then the second assertion of Proposition (7.2) says that F^i^ is the
n

conaturalizer of \ : T f |& -* TP^|& . Hence 3] Fx |& Y such that
n n a

G*p = G . Define G = colim G : colim F = Q (T,F) -* Y . It is
& &n n
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immedlate that Gq^ ^ and Gp = . The uniqueness of G

from the uniqueness of ^ . The proposition is thus established.

follows
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Chapter 8. Milgram*s "Classifying Space” for Normed Monoids

Notation 8.1: The following notation will be used throughout the paper.

Let X € TopV , then $X will denote the presuspension of X .

That is, $X = {(t,x) € B. X x|o ^ t ^ ||x||) . IX will denote the suspension

of the normed space X . That is, EX = § X / ^ t ^  |t=0 or t=||x||} * ^ote
V 0that E can be thought of as a functor from Top to Top

If X has a cofibered basepoint, then SX and EX are of the same 

homotopy type. (SX denotes the usual reduced suspension of X as a 

pointed topological space). This is a straightforward exercise in co- 

fibration theory.
oLet X € Top , then J(X) will denote the free topological monoid

on the space X . If X is a normed space, then J(X) will be a normed

monoid. It should cause no confusion if we let the symbol J represent
o oboth the functor from Top to Mon and the functor from Top to 

MonV .

It is easy to see that J(X) can be thought of as the colimit of the

system: n . i
f f f f1 2 3 . r n-1 .x > x x x x x x x x --> ... xn“ : xn ...
f^ f^ £* fnfl *2 3 n-1

where f^: X* -* X*+ * is the map:

f^(x1>...,xn > = (x^,.•.,X^_^,*,Xj,...jX^) .

j(X) will denote the colimit of the above system terminated at Xn .n
Let i : J(X) -* J(X) , be the map induced by inclusion of diagrams. Jn n n+1
Then j is clearly an injection and J(X) = colim Jn 00 •

^ tl“* CO
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Deflnltlon 8.2: Let M € MonV and define E(M) = $M/R where R is the

equivalence relation generated by the relation: (t,x) ~  (t,xy) ,

V(t,x) € §M , V y € M . Define an action |x: M X E(M) -* E(M) by the rule:

p(x,(t,y)) = (t+v(x),xy) . This is easily seen to be well-defined and 

continuous. Define B(M) as the space of maximal orbits of the action

p. , given the quotient topology. pM : E(M) -* B(M) is the projection.

Let cp: M -* M 7 be a MonV-morphism, let B(cp) be the obvious induced
/ V °morphism B(M) -• B(M) . Then B is clearly a functor: Mon -* Top

eProposition 8.3: B is coadjoint to fi ; i.e., if X € Top and

M € MonV , then there is a set isomorphism: Top (B(M),X) 2: MonV (M,fiX) .

Proof: Define $£1(X) *■* X by the rule: §/(t,a) = a(t) . If a ,t € OX

and if t ^ v(a) , then from the definition of the addition of loops in 

flX , a»T(t) = o (t) and T.a(t+v(a)) = a(t) . Hence induces a map

§: BOX - X .

Let cp € Top (B (M),X) , define cp € MonV (M,fiX) by

cp(t,m) , 0 ̂  t £ v (m)
cp(m) (t) = j ____

cp(v(m),m) , t ̂  v(m)

c p ^  has length equal to v(m) . One quickly verifies that cp is con­

tinuous, norm-preserving and a homomorphism.

Let t € MonV (M,fiX) , then define B(M) -* X to be the composition:

B(M) bQx  — §— > X .

§ is clearly in Top (B(M),X) . It is then immediate that |  ̂ and
A

that cp = cp . Hence the proposition.
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Corol'ary 8.4: B preserves colimits.

Proposition 8.5: There is a natural equivalence of functors BJ ̂  £ :

TopV -* Top

Proof: Let f: X -* J(X) be the inclusion.

Define i|r; EX -* B(JX) , by t(t,x) = (t,f(x)) . This is clearly

well-defined and continuous. If z 6 J(X) then z=* x,,x0....,x , where1 L n
x^ € X . Let 0 ^ t ^ v (z) , then 3 i £ n such that t ^ ^j~lv ̂ xi^ ant*

t < E**?- v(x.) . It follows that J=1 i
  i
(t,z) = (t - £ v(xi),xi+1)

j=l

and hence that i/ is onto. \|f is clearly a monomorphism, and hence the 

proposition will follow if we show that i|f * is continuous.

To see that i|i * is continuous, it is sufficient to show that the 

composition:

§J(X)  > E(J(X)) -PjX ■> B(J(X)) •-> EX

is continuous. This map is given by the rule:
ill

(t,xis...,xn) ---> (t - E v(x J . x ^  ,
j=l J

where
i-1 i
E v(x.) ^ t s E v(x ) .
J-l J j=l J

This can easily be seen to be the colimit of a coherent system of maps on

the system given in 8.1. Hence  ̂is continuous and the proposition is

proved.

Definition 8.6: Let M € MonV . M is cellular means that M is a
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"free H-space with adapted CW-structure" in the terminology of Milgram 

([2], p.387). That is, M is free as a monoid (though not necessarily as 

a topological monoid) and M has a CW-structure that is compatible with 

the monoid structure. I.e., if [t: M X  M * * M  is the multiplication in M, 

and e and f are cells of dim n and m in M , then p> is a relative 

homeomorphism of the interior of e X f onto the interior of some (nfm)- 

cell in M .

Proposition 8.7:(Milgram): Let M € MonV such that M is cellular and

connected. Then pM : E(M) - B(M) is a quasi-fibration.

Proof: Since M is cellular, M  , considered as a set theoretic monoid,

is free. This is enough to ensure that the fibre of pM over any point 

b in B(M) is M . For the remainder of the proof see [ 2 ] Theorem 2.4.

Proposition 8.8: Let i: M - E(M) be the inclusion given by i(m) =

(v(m),m) . Let PB(M) denote the Moore space of variable length paths

in B(M) . Then there is a map g: E(M) - PB(M) such that

1) gi maps M into fiB(M) ,

2) gi is adjoint to the identity map on B(M) ,

3) the following diagram commutes:

QB(M)xPB(M)

M X E(M) ----14----- > E(M)_____Pm

where cp is composition of paths and p is projection onto the endpoint.

4) gi is a homotopy equivalence.

5) g and gi are natural in M .



-36-

Proof: Define g: E(M) -* PB(M) by

r PM (t>®) » t - s

It is easily checked that g is well-defined, continuous, and sat­

isfies properties 1, 2 and 3 above. To see that gi is a homotopy equi­

valence, we note that, first, since p is a quasifibration, we have a 

long exact sequence of homotopy groups:

~> TTi+1 (B (M) ) — 2-> TTt(M) — — > tt̂  (E (M) ) tti (B (M) ) — *-> n ^ C M )

where §: tt̂ +^(b (M)) tr̂ (M) is the composition
-1p*

TTi+1(B(M)) _> ni+l(E(M),M) -------------- •

The commutativity of the diagram in 3) gives us a morphism of long 

exact sequences:

F 1* P*
 > ni(M)  > ̂ (̂ (*0)  > ̂ (BOO) — >

(gi).

-> n (BOO) > tt̂ C M ) )  ----> TTi(PB(M))  > ^(BCM))  >

And finally, E(M) is contractible by the map I X E(M) -* E(M) by

(t,(s,m)) -* ((l-s)t,m) and hence by the 5-lemma, (gi)* is an isomorphism.

Hence gi is a weak homotopy equivalence and since M is a CW-complex, 

gi is a homotopy equivalence.
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Theorem 8.9 (James): If X € TopV and is a connected CW-complex, then

there is a homotopy equivalence J(X) fl£(X) ,

Proof: This is an immediate consequence of 8.5 and 8.8(4).
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Chapter 9. The Functors J and £

Proposition 9.1; The functor J: TopV -* MonV (as defined in 8.1) is a

(PJH)-functor (as defined in 7.3).

V VProof; Since J is coadjoint to the forgetful functor; Mon -* Top , it

follows that J is cocontinuous. Let X,Y € TopV . Then define

A (X,Y): J(X x Y) - J(X) _[[ J(Y) as follows: first, for (x,y) 6 X X Y

set Aj(X,Y)(x,y) = x ° y , where x is the image of x under the map

X -* J(X) and "°" is multiplication in the monoid J(X) JJ. J(Y) .

(Recall that the coproduct in MonV is the free product.) Extend

Aj (X,Y) to all of J(X X Y) by the universality of J .

It is easily verified that A is a natural transformation of bi-
J

functors satisfying i) and ii) of 7.3. Hence J is a (PJH)-functor.

Proposition 9.2; The functor £; TopV -♦ Top (as described in 8.1) is

a (PJH)-functor.
•  o yProof; Let Q; Top -* Top be the composition of Q with the forgetful 

functor. Then fi is adjoint to £ . Hence £ is cocontinuous.

Let X,Y 6 TopV . Define A^X.Y): £(X X Y) - £X V ZY by the fol­

lowing rule:

(t,x) , if 0 £ t ^ 11xj
Az (X,Y)(t,(x,y)) =

(t- x ,y) , if ||x|| ^ t ^ !lxl| + ||y|| .

This is clearly a natural transformation of bifunctors satisfying i) 

and ii) of 7.3. Hence £ is a (PJH)-functor.
vProposition 9.3; The following diagram commutes, V X,Y € Top :
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BJ(XXY)
A

g -

B J(X ) V BJ(Y)
XXY A

2 (XXY) ■> ZX v EY

where Y is the isomorphism of Proposition 8.5, and g is the isomorphism 

arising from the cocontinuity of B .

Proof; This is an immediate consequence of the definition of the various 

maps involved.

Proposition 9.4: Let tU be an enriched free monoidal category. Let
V °F : IU -* (Top , x )  be a monoidal functor. Then there is a Top -isomorphism

(natural in F) ; B(colim F ) as col F . (See 7.4).

(See 7.4 for the notation.)

Then it follows, since B is cocontinuous, that BF^ a: F̂ , . There­

fore, applying cocontinuity once again, we have that B(colim F ) a:T* J

Proof: By Proposition 9.3 the following diagram commutes, V a € tft:

B (J F (a ) )  ----------   >  B (JFl i ( a ) )

A A

B(AT(cO)

E F (a ) ■> Z3Pu-(a)
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col im BF 2  colim F„ .
m J to ^

Remark 9.5; In following chapters, it will be convenient to iterate the 

functor E . In order to make this possible, we somewhat arbitrarily 

define a "standard" norm on EX as follows: If (t,x) € EX , then

||(t,x)|| = 4t(||x|| - t) .

Note that this norm is natural in X and permits the definition of 

a "canonical inclusion" X -• EX by x H  (||x||/2,x) . This is a TopV- 

morphism.

It is clear that we can now iterate the functor E and that if X 

has a good basepoint, SnX and EnX are of the same homotopy type,

V n * 1 .
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Chapter 10. Continuous Families of Convex Compact Subsets of F n

Definition 10.1: Let F 11 denote the set of convex, compact subsets of

IRn . Define the Hausdorff metric D on K n as follows:

If X 6 K n and e > 0 , let X^ - {r € » n |d(r,X) £ e} where d is€
the usual distance metric on E n . Then if X,Y € F 11 , we set D(X,Y) = 

inf{e > 0 |x £ Y g and Y £ Xg} . This can easily be shown to define a

metric on F*1 . We consider K n to be topologized by this metric.

We will let K11 denote the space of compact convex bodies in lRn , 

i.e., K*  * {A 6 F n |int A t 0} .

If A € K n , we will let c(A) denote the centroid of A . Then

c: K 11 -*Hn is a continuous map. If = {A € Kn |c(A) = origin} it is 

easy to see that F Ĵ is a strong deformation retract of F 11 . The re­

traction, g: is given by translation to the origin. Indeed, one

has F 11 a; e J  X F n .

Definition 10.2: Let X be a topological space and f: x - f " a con­

tinuous map. Then X^ denotes the graph of f ; that is,

X^ = { (x,v) € X X F n |v € f(x)} .

Proposition 10.3: Let f: X “♦ K n be continuous and let f be the com­

position
X  > K n — * - > * £  £ F 11 .

Then there is a homeomorphism Xf ^  X .
1 f

Proof: There is an obvious isomorphism A g(A) , V A € F 11 . These iso­

morphisms clearly induce a homeomorphism X —  X
1 f

Proposition 10.4: Let A be a convex m-cell. Let a^ € int A . Let
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f: A ”* K q be a continuous map such that

1) f(a) € K n , V a € int (A) ,

2) if 0 ^ s ^ 1 and a € A , then f(a) £ f(sa+Cl-sJa^);

then A^ is an (n+m)-cell.

Proof: The proof depends on the following lemma.

Lemma 10.5: Let X be a compact subset of 1R . Let € int(X) such

that V x € X and V t 6 [0,1) , tx + (l-t)xg € int(X) . Then X is a

k-cell.

Proof: We will assume, without loss of generality, that Xq is the origin

of 11̂  . Define v: X - £0 3 “*11^ by v (x) is that y in Bd(X) such 

that y = ax. , for some Q? ^ 1 . The hypothesis insures that v (x) is

well-defined. To see that v is continuous one notes that if x̂, -* x

in X - {o} , then the sequence (v(x^)}^ is bounded and any convergent 

subsequence of [v(x^) must converge, on the one hand, to a point on the 

ray from 0 through x and, on the other hand, to a point in BD(X) . 

Hence [v (x^) -* v (x) .

Let = {v €E^|||v || ^ l} . Define T): X -♦ D^ by

/
- Tl(x) =

l|v(x)|| , x / 0

0 , x = 0

then T] is continuous since ||v(x)|| is bounded away from 0 . Clearly
k

Tl is bijective. Therefore X is homeomorphic to D and thus a k-cell.

We now return to the proof of 10.4. We can assume that A is a con­

vex subset of K.m and that a^ is the origin. Then A^ is a compact 

subset of ]Rn+m .
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Let (a,v) £ A^ , let s £ [0,1) ; then s(a,v) * (sa,sv) and 

sv € int f(a) = int f(sa) . Therefore satisfies the hypothesis of

Lemma 10.5 and is therefore an (nrfm)-cell.

A . I.e., 6(A,v) = inf[d(x,v)} . 6 is continuous since, if D(A,A7) < e
x£A

and d(v,v7) < e , then 6(A,v) < 6(A7,v7) + 2e and 6(A7,v7) < 6(A,v) +

2e , by a simple application of the triangle inequality.

Since A is compact, 3 y € A such that 6(A,v) = d(y,v) and since

A is convex, this y is unique for each choice of A and v . Define

p(A,v) = y . This map is certainly the one we need if we can show it to

be continuous.

Assume D(A,A7) < e and d(v,v7) < e . Then let y = p(A,v) ,

y 7 *= p(A7,v) and further let d = 6(A,v) = d(y,v) and d7 = 6(A7,v7) =

d(y/,v/) . From our discussion of the function 6 we know that

|d - d 7 | < 2e . Since D(A,A7) < e , there exists y" € A 7 such that

d(y/y,y) < e . Let d" = d(x/,y//) .

Since y f is the point of A 7 closest to x7 , it follows that the

triangle whose vertices are x7 , y 7 and y must have an obtuse angle

at y7 . Then by the law of cosines,

Lemma 10.6: There is a continuous map p : ^  X R n -*lln such that 

p(A,v) € A , V(A,v) £ K n X E n and p (A,v) = v if v £ A .

Proof: First define 6: K 11 X lRn -* R  by 6(A,v) = distance from v to

But |d - d" I ■< 2e , so |d7 - d" | < 4e . Therefore
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p must be continuous. (Note that in the above argument, we assumed that 

x* , y * and y" are distinct points. If they are not, the argument 

is trivial.)

Proposition 10.7: Let A Y be a cofibration. Let p: Y -* X be con­

tinuous. Let f: X -• K 11 be continuous and denote the projection

-♦ X by • Let cp: A -* X^ be a map such that TT̂ cp = pi . Then

3 cp: Y “* X^ extending cp such that Tr̂ cp = p .

Proof: Let tt̂ : ^  “* R n be the projection. Then A -*]R11 can be

extended to a map cp: Y -*]Rn since i is a cofibration and R n is 

contractible. Then define cp: Y X^ by the rule:

v(y) = (p(y),p(f (p(y)).'P(y))) •

This map is the desired extension of cp .
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Chapter 11. Properties of the Functor 

General Remarks 11.1: In defining the functor L in Chapter 4 weA
assumed a fixed normed space X . It would be just as sensible to de­

fine a bifunctor L: TopV X & -♦ TopV by L(X,Qf) = L (<*) . It is an 

easy consequence of the definition of that L is functorial in X.

In what follows we will assume a fixed X ; however, it should be kept in 

mind that our constructions are, in fact, functorial in X .

We now proceed to analyze the structure of more carefully.

Notation 11.2: Let o? 6 & , i.e., a is a surjection m -♦ k . Let

cp € ©(a^e ) , i.e., cp is a monomorphism m -* n with certain properties.

Let I? =» {i € n|a(cp"1 (i)) S j) for 1 £ j £ k . Let ij -

{i € n|i fc Im cp} . Finally, let Lx (en> = {(t,x) € Lx (en> |||t|| ^ =
j

(||x|| )2 , i ^ j ^ k ; and x = * , V i € 1^} where the notation is as
ITJ

in Proposition 4.2.

Proposition 11.3: Lx (cp): Lx (o') -* Lx (en> is a homeomorphism onto

LX*en*cp *

Proof: A) First we must show tint Im(L„(cp)) = L,,(e ).. .— — —  a  a  n  cp

For this purpose it is clearly sufficient to assume that a  = e^ ®  e^,

for some non-negative p and q such that p + q - n , since every

&-morphism with target e^ factors through such an object.

Therefore let ^  = {l,...,p} , J2 = {p^l,... ,1̂ -q} and we may set 

Lx («) = { (t,x) € <R+ X X j ^ H l t H j  ^ (llxl̂ ) 2 if I £ J± , i = 1 or 2 ; 

and ||t||j = (||x||j )2 for i = 1 or 2) . If (t,x) € Lx (a) then
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Lx (cp)(t,x) = (s,y) € Lx (en) where:

(0,*) ; j * Im cp

(Sj,yj) * ^ (tlfxt) ; i € Jx and j = cp(i)

(t1+2llxlljillxill»xi) ; i € J2 and j = cp(i) .

but then 1^ = cp(J^) and = cp(Ĵ  U J2) and it follows immediately
2

from the definition of Lx that ||t|| = (||x|| ) and immediately from
T1 X1
r \

Proposition 4.2 that ||t|| = (||x|| ) . Thus Im(Lx (cp)) £ Lx (en> .
T2 h

B) Now we wish to construct an inverse for Lv (cp) from Lv (e )a  A n cp
to ^(a?) • Again we can assume that Q? = e^ ®  e^ , p+q = m , for the

factorization of any ©-morphism into products and compositions of

2-shuffles and identity maps gives an obvious induction process.

Having made this assumption we can now define ♦: L (e ) (B.+ Xa  n cp
by t(s,y) = (t,x) , where

' (S ,y ),

To see that this is a well-defined map into kx (a) , one must do some 

straightforward but tedious checking of the appropriate inequalities.

This is omitted.

It is clear that i|t and are inverse to each other. Hence

the lemma is true.

Proposition 11.4: Ly : & -* TopV has the following "faithfulness" property:
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If cp € (&,a) , we set P(cp) = set of all predecessors of cp in (&,a) . 

Then if ^ >^2 ^ ^ » a) » w® have

Im(L cp ) D Im(L cp ) = U Ln(L X) .
* 1 X 2 XCPCcp^nP^) X

Proof: First, it is sufficient to prove the theorem for the case a = en
This simplification is an immediate consequence of the following easy

facts: If a = e ®  ... ®  e , and if cp = cp <S> ... ®  cp, and X =
nl nk 1

X^ ®  ... ®  ^  are in (&,a) , then X 6 P(cp) if and only if X^ € P(cp̂ )

. Lx (a) = Lx (en ) x ••• X Lx (e ) and Im(Lxcp) = ImCLj^) X ... X 
1 ^

Im(Lx \ ) *
Hence we will assume that a = e . The inclusion:n

U Im(L X) £ Im(L cp ) D Im(L,.cp )
X&Ccp^riPfy) X X 1 X 2

follows from functoriality of . We wish therefore to show the in­

clusion in the other direction.

We will need the following lemma.

Lemma 11.4.1: Let (t,x) € Lv (e ) . Let K,K# be subsets of n suchA  tl "

that ||t||K = ||x||x , || t||K/ = ||x||x/ and V i € K U K / , x ^ ^ * .  Then

either K £ K* or k ' £ K .

Proof of Lemma: Let I = K D K* , J = K - (K fl k') , j' = k' - (K D k').

Then we wish to show that either J or J* is empty. Then

NIkUK' = HtllIC+ II'IIk' - H*1II
- Hi* IWl|' - llt||r * IWlI + Nl|» - Ml2,
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s° II^IkUK' - l̂lx!li + llxllj)2 + <11*11! + M l j ')2 - llxlli •

But also ||t||K U K / S (llxlljjĵ ) 2 = (11x1^+ ||x||j+ ||x||y)2 , so

(11*11X + llxllj + 11*11 j') - (11*11 x + 11*11 j)2 + 11*11 x + M y ) 2 “ llxl|2 which

gives 211x11̂ 1x1̂ / ^ 0 .

Therefore either J = 0 or J7 = 0 and the lemma is proved. □

Now returning to the proof of the proposition, let <P1»<P2 € (®»en)
1 2and let (t,x) € Ln(Lxcp̂ ) fl ImCL^cp^) . Let I and I be the admis­

sible filtrations of n (of lengths and respectively) associated

with cpj and cp̂  , as in 6.4.

By Proposition 11.3, Im(L cp ) = L (e )cp for i = 1,2 anda  i a  n l
(t,x) € I m C L ^ )  « ||t|| ± = ||x|| t , V Ij € I1 . Let J = {j € n |x̂  = *}.

Ij Ij
For every ij € I1 , i = 1,2, let = ij - J , then |Jt||̂ i = <||x||^±>2 .

j J
Let K = tljlj = i = 1,2} . Then the lemma says that K can

be simply ordered by inclusion,yielding an admissible filtration of n .
1 2This filtration is clearly a refinement of I and of I .

Let X be the element of (&,en) associated with K . Then X

is a predecessor of cp̂  and of cp̂  an<* it is clear that (t,x) €

Lv (e ), = Im(LvX). Therefore,A n A. A

Im(L cp.) n Im(LY<P9) £ U Ln(L„X) . □x 1 x 2 xep̂ yiPCcpp
Corollary 11.5; Let dL^Ce^) denote the set {(t,x) € L^(en) IIKIIj =

ry

(11*11 X> for some I ̂  n} . Then the induced map:

colim Lv ---> Lv (e )_____ a  A n
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is a homeomorphism onto dL,,(e ) .
a  n

Proof: This is an immediate consequence of propositions 11.3 and 11.4.

General Remarks 11.6: For the remainder of this chapter we shall assume

that X is a CW-complex with standard norm as described in Definition 

5.2. It will simplify several descriptions if we consider the base- 

point of X to be a cell of dimension -1 .

The following paragraphs will establish and describe the structure 

of ^ ( a )  as a CW-complex, V a € © .

Definition 11.7: Let X € ©(o?,P) where 0 has grade n .

Let be a cell of X of dim for i = l,...,n . Assume

that if i £ Im(X) ^ n , then = * . Let f^: E^ -* X be the attach­

ing map for E. . Let tt; L (0) -* Xn be the projection. Then define

LCXjE^. ,.»En) as the pullback:

Lx fa)

rr Jl x w

LX (S)

E,X...XE 1 n
fjX, ..Xf

TT
n

->  X
.n

If X € &(a,P) , then we define the dimension of X (dim X) to be

(grade of P) - (range of a ) .

Lemma 11.8: L(X;E^,...,E ) is a cell of dimension + .. ,+d^ + dim X

Proof: Let m  = grade of a . Then there is an obvious homeomorphism

L(X;E1,...,En) -* L (la »E\(i)». **>E\(m)) where we think of X as a

monomorphism from m to n . Further, if cx = ®  oĉ  , with
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m 1 = grade (Qf]L) , then.............. e^) - L 0 - a ) X

L(la >Em +i> * * * >Em) • Therefore it is sufficient to prove the lemma for

the case X = 1 . We can also assume that E. ^ , V i . For if not,e in
we can apply an easy induction from a lower dimensional case.

We will consider R n * as the hyperplane of defined by the

equation r^ + ... + r^ = U . If x = (x^,...,xn) € Xn , let L(x) =

tt *(x) , where tt is the projection L^(en) Xn . Let T^: R n -*lRn

be the translation:

r£ 1----> r l - (||x|l • ||x±||), i = l,...,n .

Define F : X ... X —  by F(y) = Tf ̂  (L(f (y))) where

f = f, X ... X f : E. X ... X E  -* Xn . We must show that this makes1 n 1 n
sense.

From the definition of L (e ) , the following facts can easily beA n
deduced:

1) L(x) is a convex subset of the hyperplane of ]Rn defined by
2

rl + • • • + rn = IMI •
2) The centroid of L(x) = (||xj| ||x||,... »||xn|| ||x||) . (This fol­

lows from consideration of the symmetry of ; i.e., the above point

lies midway between each pair of limiting hyperplanes).

3) If x , x7 € Xn such that ||xj| ^ ||x7|| for each i € n ,

then Tx (L(x)) 2 Tx /(L(x7)) .

Then it follows from 1) and 2) that F(y) 6  ̂ . It is obvious

that L: Xn -* K 11 and T: Xn -* ||Rn , lRn) are continuous, so F must be 

continuous.

Then L(lg j E ^ . . . ^ )  is the graph of F (in the sense of 10.2).
* n 

The norm of E, X ... X E is induced by the norm on X . I n
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Let z. be the center of E. and let z = (z1,...,z ) € E- X ... X E . i 1 x n x n
Since X has the standard norm, as defined in 5.2, it follows that if 

a = (a^,...,an) 6 E^ X ... X Er and if 0 ^ s ^ 1 , then ||aj| ^

||sâ  + (l-s)zj| , V i € n • Then, from fact 3) above it follows that 

F(a) £ F(sa + (l-s)z) .

From the definition of ^x^en^ we can a*so readily se® that Lx 
is of dimension (n-1) unless x^ = * for some i € n . Hence F(y) 

will be (n-1)dimensional for all y € int(E^ X ... X E^) .

Therefore F fits the hypothesis of Proposition 10.4 and it fol­

lows that L(1 ;E,,...,E ) is a cell of dimension dn + ... + d + (n-1).e 1* * n 1 nn
This establishes the lemma. □

This lemma surmounts the only real difficulty in the proof of the 

following theorem.

Theorem 11.9; Let a € © of grade n . Then Lx (a) Is a CW-complex.

The cells of L (a) are exactly those cells L(X;E^,...,E ) where A i n
X € (©,<*) and <E^,...,En> is an n-tuple of cells of X such that

E^ = * if and only if i f E l m X ^ n .  Further, if cp € ©(a,p) then

L cp: L (a) -* L ((3) is the inclusion of a subcomplex.A A A

Proof: The proof is a straightforward verification of the necessary 

facts. The problems are essentially notational rather than conceptual 

and it is doubtful that an attempt to write down the details would be 

of much use to anyone.

Corollary 11.10: If C is any initial subcategory of (&,a) then the

induced map: colim Lv -♦ Lv (a) is a cofibration. In particular,C X  X

Lv (cp) is a cofibration, for every ©-morphism cp .A
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Corollarv ll.lli colim L is a cellular monoid.
&

Proof: Colim Lv is the colimit of a system whose objects are CW-complexes
&

and whose morphisms are inclusions of subcomplexes. Hence colim L is
© X

a CW-complex.

To see that the cell structure of colim L is adapted to the
© X

monoid structure, one must merely look at the definition of the monoid

structure on colim L . If e is a cell of L (a) and f is a cell 
& * x

of LX (P) » then their product in the monoid structure is just the cell 

e X f in Lx (a) X LX (P) = Lx (a ®  p) .

In Chapter 14, we will need the following rather technical lemmas.

Lpmma 11.12: If a € © and m = grade of a , then the projection
TT

Lv (a) — — >  X™ is a homotopy equivalence.
A

Proof: Define o : Xn -» L„(e ) by the rule o (x   ) =■— ~ ~ ■ n X n n i n
(||x|H|x1||,x1,...,||x|H|xJ|,xn) . Then ^  is a left inverse for

n
and an (Xn ) is clearly a strong deformation retract of L x (en ) •

Hence tt is a homotopy equivalence, 
n

If a € © . then a = e . ... <S> e . and tt = tt X ... X tt ,
n h  St a ei iI K  ik

hence tt is the product of homotopy equivalences and therefore a homo- a
topy equivalence.

Corollary 11.13: Using the notation of 11.12, if Y £ x”1 , then

" I  i n ^ O D - V
" I ' ma

is a homotopy equivalence.
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Proof: The proof of 11.12 can be applied without modification.

Lemma 11.14: Let a € (5 . Let C = U------------ a Im LX (X) £ Lx (a) .
X6 (©,a)-(©,a)0

If 3 € (&,a)_ , let F_ = Im L (3) U C . Let fQ be the composition: u P a  a p
TT

= Lx(.) -— > xk
Then f^ is a homotopy equivalence.

Proof: Let W = {x € Xk |x. = * for some i} . Then C = tt ^(W) .“ ~ '“ 1 a a
Let b be the domain of 3 . Then we have a commutative diagram:

X*

-> ImLx (3)

^a ̂ Im(Lx (3))

->  X

where 3 is the permutation of coordinates given by 3 . But then we

have Im Lv (3) H C —  tt, *(W) . From 11.12 and 11.13 it follows that a  a b
na'lmLv (3) ’ "a'c and "a 'c D Im Lv (3) are homotopy equivalences.

Since C and Im(L (3)) are subcomplexes of L (a) and W is & X A
1c Ia subcomplex of X » = ^ ' c Ulm(L (3)) "“ a*" a homotopy equivalence.

a X

Lemma 11.15: Let a € 6 , let 3 € (&,a)Q and let Bg = {X € (<&,a)Q|X and

U 1 
X€G

3 are coherent}. Let G £ B^ such that 3 € G . Let F^ = U U Im LX (X),

I kThen f̂ , = tt̂  : F^ -* X is a homotopy equivalence.a F,

Proof: The proof is an induction on |g | .

If |G| = 1 , then G = {3} and F^ = Fg and Lemma 11.14 gives the
result.
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Assume |G| > 1 and the lemma is true for all a',3* and G*

such that |g' | < |G | . Let a € G such that or £ 3 * and let

G = G - {a} . Then f : F^ -* by induction, and F^: -» by

Lemma 11.14. Since F~ = F U F and F and F„, are subcomplexesG G “ G
i kof Fg. , it will be sufficient to show that |"| F : ^ ^ Xa a Gu

is a homotopy equivalence.

Now, F D F = C U U (Im L (a) D Im L (X)) , but by the definition G a a X€C X
of coherence and by Proposition 11.4, Im Ljj(Qf) ^ I® ~ ^a 01

and X are not coherent and Im l^O*) ^ I® = ^  ^X^Q ^ ^  if a
and X are coherent. Let G = {X € G|X coh o} (note that 3 € G^).

Then we have

F fl F = C U U Im L (X A a) .
G “ a X6G Xa

ThenLet G7 = {X A a|x € G^} . By Proposition 6.9, G/ £ .

F 0 F = Fr / . Clearly, 3 A a € G' and |g'| ^ |G| < |G| . Hence ours tlG
induction hypothesis gives that f^/ is a homotopy equivalence, and 

therefore fq L p F is also a homotopy equivalence.
G a

This proves the lemma.
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Chapter 12. The Category £(TopV)

Definition 12.1: We define the category £(TopV) (which, for the want

of a better name, will be called the category of double-edged normed 

spaces) as follows:

The objects of £(TopV) are triples (X, X^, X^) where X 6 TopV , 

Xq £ X , X^ £ X and * € X^ D X^ . The morphisms are TopV-morphisms 

cp: X - X' such that cp(XQ) £ x' and cp(X1) £ Xj .

Define a bifunctor # on £(TopV) by the rule

(X.Xq.X^ # (Y,Y0,Y1) = ((X X Yq) U (Xx X Y), XQ X YQ, Xx X Y j  .

Since X is coherently associative in TopVit follows that # is co­

herently associative on £(TopV) . The object (*,*,*) is clearly an 

initial object and an identity element for # . Hence (£(TopV),#) is 

a monoidal category.

Let §: TopV -* £(TopV) be the functor:

$(X) = ($X,§0X,$TX) ,

where §X is the presuspension of X as defined in 8.1. The norm on

§X is given by projection onto X and the norm on X .

§QX = £(t,x) € $x|t = 0} 
and $TX = £(t,x) € §x|t = ||x||} .
Proposition 12.2: §: (TopV ,X) -* (£(TopV),#) is a monoidal functor.

Proof: We must show a natural isomorphism:

$ (X X Y) Si $X # §Y .

We define cp: $ (X X Y) - $X # $Y by
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«t,x),(0,y)) , 0 ^ t ^ ||x|
<P(t,x,y) =

((||x||Jmx), (t-||x||,y)), ||x|| ^ t ^ ||x||+||y|

cp is clearly well-defined and continuous and natural in X and Y . 

Define $X # §Y -* § (X X Y) as the composition:

$X # JY £ IX X $Y — —̂ > $ (X X Y)

where t((t,x),(s,y)) = (t+s,x,y) . This is clearly continuous and 

norm preserving.

It is immediate that 9 and f are inverse to each other and the 

proposition is therefore true.

Proposition 12.3: § is cocontinuous.

Proof: Define the functor P: £(TopV) -* TopV by the rule P(X,Xq ,X^) 

the space of Moore paths in X which start in X^ and terminate in 

X^ . The norm is given by path length.

It is straightforward to verify that $ is coadjoint to P . 

Therefore $ is cocontinuous.

Proposition 12.4: Let T: £(TopV) -* Top be the functor TCX.Xq jX^) = 

X/Xq U Xx . Then T is a (PJH)-functor in the sense of 7.3.

Proof: First, note that the coproduct in £(TopV) is given by the co­

product of the underlying normed spaces. I.e., (X,Xq,X^) J_[ (Y,Yq,Y^) = 

(X V Y, Xq V Yq, X^ V Y^) . Clearly T preserves coproducts.

Define T((X.Xq.X^ # ( Y . Y ^ ) )  - T ^ X ^ )  V T(Y,YQ,Y1) by

AT (x ,y) =
x , y € Yq

x € *1
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where x is the image of x under the projection:

X - T(X) .

Then clearly satisfies conditions i) and ii) of 7.3. Hence

T is a (PJH)-functor.

t-. v °Remark 12.5: If £: Top -* Top is the normed suspension functor as 

described in 8.1, it is clear that there is an equality of functors

£ = T$ : TopV - Top" .

Remark 12.6: If X is a CW-complex, then $X is a CW-complex and

$qX and $TX are subcomplexes.



Chapter 13. The Functor Dx

Definition 13.1: Let X € TopV . We define an &-prefunctor (see 2.5)

in (C(TopV),#) as follows:

°X^en) = ((^)n,($0X)n,(fTX)n) .

Let cp 6 ®(en »em ) » then define (cp); ($X)n (§X)m by the rule:

Dx 0 ^ tixi»,,*»tnxn^ = (siyi»***»sraym) > where (®l.y1) = _i >x _i )
9(i) 9 (i)

if i € Im cp and (0,*) , if i * Im cp .

Let ♦ € 6>(en ®  V V J  » then Dx (*): Dx (en) # Dx (em) - »x (en+m> 
is the composition:

, *
(($x)n X ($0x)m) U (($TX)n X ($X)m) C  ($X)n X ($x)m — *— > (sx)1*",

•jf
where t is the permutation of coordinates induced by i|f .

It is an easy verification that this actually does define an ©-

prefunctor in the sense of 2.5. Then Dx can be extended uniquely, to 

a monoidal functor (by Proposition 2.6) which we will also denote by Dx

Proposition 13.2: Let d($X)n = { (t,x) € (§X)n |t̂  = 0 or ||x ||, for some

j € n] . Let T be the naturally induced map colim Dxtt -* Dx (en) =

(iX)n , where tt is the domain functor (G>,en) & . Then is a

homeomorphism onto d($X)n .

Proof: If cp € (&,en), it is clear from the definition of Dx that

Im(Dv (cp)) £ d(§X)n . Hence, Im T £ d($X)n .
A U

We will construct a map
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which will be inverse to T .n
For each i 6 n , let = { (t,x) 6 (§X)n |ti = ||xj|} and let

= {(t,x) € (§X)n |tt = 0} . Then 1® a closed cover of

£>($x)n .
For simplicity, denote colim D Tt by D . Define ¥ |A : A -• D_____ x n A i ti

1
as the composition

Ai — > Dx<ei> # V e„-i> s V'l ® Vi> — > Dn ;

where F^t.x) = ( (||xj| jxp , (tjX^,.. .jt^x^... >tnxn)) and isthemap

D(e, ® e ,) -* colim D tt induced by the ©-map Tj : e, ®  e , "* e whichl n-l _____ x i 1 n-i n
(&,en>

maps the single element of e^ to the number i in n .

Define Y I : B -* D as the compositiond  ̂ l n

F G
B1 ~ > DX<Vl> *  W  > V V l  ® el> — > Dn !

where F^t.x) = ( ( t ^ , .. .,t^xi> ..., fcnxn) , (O.x^) and ^  is the map:

D(e ®  e,) “♦ colim Dvtt induced by the ©-map Tl : e . ® e. "* e whichn-1 1 — i n-l i n
(6 ,en>

maps the single element of e^ to the number i in n .

We must show that this construction is well-defined.

Let (t,x) € A^ D A^ , i < k . We must show that ¥ (t,x) =

* L  (t,x) . 
k

Let X: e„ ®  e „ e be the shuffle which takes the two elements2 n-2 n
of e2 onto i and k in n . We have the following commutative 

diagram in © :
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e, ®  e i 1 n-1 -> e <- n 'n-1
/ /

l w k-l K

B I *81
' e On-2 > e2 ®  en-2 < el

®  e _ e , n-2 n-1 takes e1 to j 6 n ,

l&Y ,

where Y^:

I: e^ ®  e^ e2 is the trivial shuffle, and 

T: e^ ®  e^ -* e2 is the non-trivial shuffle.

Let z = ((||x1||,xi,||xk||,xk),(t1x1,...,t^xi,...,t^k,...,tnxn)) in 

Dx (e2) # Dx(en_2> » le t  z'  = ((l|xi H,xi ) ,( | |x k||,xk) , ( t 1x1, . . . , t i x i , .

tkxk,...,tnxn)) in Dx <e^) # Dx^el^ # DX^en-2  ̂ and let Z =

( (|lx kll »x i P  > (|lx £ll • • • * * * * * *”k X k *  * * * * ^ n X n ^  B X ^ e l ^  ^

Dx (ei) # Dx (en_2) . Then Dx (l X Y ^ H z ' )  = F^t.x), DX (I <8> l)(z') = 

z , D^(T (g) l)(z//) = z and Dx (l ®  Y^)(z//) = Fk (t,x) . Hence the com­

mutativity of the above diagram and the definition of colimit gives us

that GjF^(t,x) = GkFk (t,x) . Hence Y|A (t,x) = Y |A (t,x) .
i k

By an entirely analogous argument Y L  and Y| agree on
Bi Bk

Bi n Bk .

Let (t,x) 6 fl Bk , we must show that Y (t,x) = Y |B (t,x) .
i k

Case 1. Suppose i = k , then ||xj| = t^ = tk = 0 ; hence x^ = * .
/\

Let z = (t.x. ... t.x. ... t x ) € B (e .) . Then we have a commutative1 1  i i n n X n-1
diagram in & :
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'n-1

0 ®  1 
el

e. 09 e n 1 n-1

1®0
-> e . ® e, n-1 1

-> en

and D (0 ®  1) (z) = F (t,x) and D (1 ® 0 ) (z) = F (t,x) . Hence inA  e^ 1 A  e^ 1

the colimit, G^F^(t,x) = G^F^(t,x) , and hence, ¥ agrees with Y

on A. fl B. . i l

Case 2. Suppose i < k . Then we have the following diagram in &

61 «  en-2 53 el

1® Y ,

ei ®  e i1 n-1

Vi®1-> e - €> e1 n-1 1

-> en

and if z =  ((||xi||,xt)(t1x1,...,t^xi , t ^ )  (0,xk)) then

W i 1)(z) = F, (t,x) and Dy(l <8> Y.)(z) = F (t,x) . And hence as

before f agrees with f |g on A fl , The proof is exactly 
i k

analogous if k > i .

Therefore Y: d($X)n -* colim D^tt is well-defined and continuous.

It is a straightforward verification that ¥ and Tn are inverse to 

each other. Therefore the proposition is true.

Proposition 13.3: The proiection D„(e )  > Xn is a homotopy equi-a  n
valence.
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„nProof: Define p: X -* Dv (e ) by p(x1t...,x ) = (0,xn,0,x.,...,0,x ),iv n x ii x x  n
Define F: H  X D (e ) -• D (e ) by A n  A n

F(t,(s1,x1>...,sn ,xn) = ((l-t)s1,x1,...,(l-t)sn,xn) .

Then F is clearly a strong deformation retraction of Dx^en  ̂ onto

p(Xn) Xn .



PART III

THE PROOF OF THEOREM 5.3 

Chapter 14. The Start of the Proof

We will now bring together the disparate notions and propositions 

of the preceeding eight chapters in order to prove Theorem 5.3.

As a first step, we will use the material of Chapters 7, 8 and 9 

to make a significant reduction in the problem. We first establish some 

notation.

Notation 14.1: X will always denote a CW-complex with standard norm as

defined in 5.1. Since Lx : © -* TopV is a monoidal functor (Corollary 4.5)
V °and £: Top -* Top is a (PJH)-functor (Proposition 9.2) we can consider

the 2-reduction of L , (L )v : & -* Top . Let Q (X) denote Q (Lv,2)a a Zj n n a
as defined in 7.6 and let q : Q (X) -* Q ,(X) be the canonical map.nn n n+1
Finally let Q(X) = colim Q (X) .nn - * ° °

o
Proposition 14.2: Suppose there is a Top -morphism Q(X) -* J(EX) ,

which is natural in X and which is a homotopy equivalence. Then there
v 2 2is a Mon -morphism cpv : colim Lv -* Q S X , natural in X , which is a

X © X
homotopy equivalence.

Proof; The functor J; TopV -* MonV is coadjoint to the forgetful functor

and is a (PJH)-functor (Proposition 9.2). Therefore, by Proposition 7.5,

there is a MonV-isomorphism, natural in X , colim Lv colim(L ) .
© X & X J

Therefore, there is a Top -isomorphism, B(colim LY) “♦ B(colim(Ly) T) .
& x Q A J

Then by Proposition 9.4, it follows that B(colim(Lx)j) —  colim(Lx)^ and

hence there is a Top -isomorphism (natural in X), F : B(colim Ly) -*
x ©

-63-
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colim(LY)v = Q(X) .
© X ^

Therefore, if Yx : Q(X) -• J(EX) is a homotopy equivalence, then

Y • F : B(colim L ) -* J(IX) is a homotopy equivalence and hence X X  & X

Q(Yx *Fjj.): OB(colim Lx) -» QJ(£X) is a MonV-morphism and a homotopy equi- 
©

valence.

By Proposition 11.11, colim L is a cellular monoid and hence by
© X

Proposition 8.8, we have a homotopy equivalence, colim L QB(colim L )
© ©

which is natural in X . By Theorem 8.9 we have a homotopy equivalence

J(EX) -* QE(EX) , and further (see 9.5), we hc.ve ÎX S^X .

Putting all this together we have a string of homotopy equivalences,
veach one natural in X and a Mon -morphism:

colim L -* QB(colim L ) -* Q(colim(L )v) ■’* fi(J(IX)) -* fi(QZ(EX)) -* fi^S^X .- A a X  ^ X L© © ©

This establishes the proposition.

Corollary 14.3: If the maps q^: Q^(X) -* 00 and j^: J(EX)^ -* J(£X)

are cofibrations and if 3 Y^: Q^(X) -• J(£X)^ such that =

and Y^ is a homotopy equivalence and natural in X , then the desired
2 2homotopy equivalence: colim Lv ■* S X exists.

© X

Proof: If Y = colim Y : Q(X) -» J(£X) then a standard argument of co-" _ nn-*00
fibration-homotopy theory gives that Y is a homotopy equivalence. Thus 

we can apply the previous proposition to get the conclusion.

In light of this corollary, we will now concentrate on showing the 

existence of such maps Y^: Q^(X) -* J(EX)j, . To this end, we investigate 

in a very detailed way, the structure of Q^(X) and of J^(X) . This 

detailed structure is the subject of the next two propositions.

i+1
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Proposition 14.4: Let Fn (x) = ^oLX^en^ ^ ^ LX^en ^  *“* ^TLX^en^ ’
(Notation as in 11.5 and 12.1). Let i : F (X) -* §L (e ) be the in-n n a  n
elusion. Then 3 maps £ : F (X) Q , (X) and £ : §Lv (e ) -* Q (X)n n n-i n A n  n

esuch that the following diagram is a pushout in Top :

i
F(X) -> *Lx (en)

Vl® -> Qn (X)

« O «,
Proof: If we define a functor F: (G>,e ) "* Top by F(X) =  n
Imf$L,,(X)l U $_L_,(e ) U § L„(e ) , then it is an immediate consequence X 0 X n T A n
of 11.5 that F (X) = colim F . There is an obvious natural transforma n ____(©,en)
tion f: F £Lxtt given by collapsing $0LX^en^ U $TLX^en^ t0 & Point
Thus we have a map f = colim f : F (X) -» colim 2Lv tt and the fol-n _____  n _ a

«*,en)
lowing diagram is a pushout.

(6 ,en)

V X>

colim EL^tt
(<5,e )> n

_Q_ -> $L (e ) 
a  n

"> a s(sii)

From Proposition 7.7 we have a pushout
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col im ELx tt

n

w x >
n-1

-> a  (e ) A tl

->  Q „(X )

Thus we set £ = £ f and £ = p «f(e ) and the proposition follows,n n n n n n

Proposition 14.5: Let X* ’• ($X)n -• J(EX) be the compositionn
(§X)n - (Xx)n - J(zat)n . Let 3 ( « ) n be ae In Proposition 13.2. Then

there is a map x : d(§X)n -* J(£X) . such that the following diagramn n-i
is a pushout:

d($X) n

n

V
J(EX) n-1

n-1

-> (fX)n

1/
-> J(EX) n

Proof: Let d(£x)n = {(z^,...,zn) € (EX)n |z^ = * for some l) 

Then from the definition of J we have a pushout :

d(£X)

v
J(EX) n-1

n

-> (EX)n

-> J(EX) n

and we also have a pushout:

d($x)n

S(EX)

-> ($X)

v
-> (EX)n

The proposition follows.
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Corollarv 14.6: V n ^ 1 . 1 : J(£X) . -» J(IX.) . and a : 0 _ fXl -* o fxl-------- 1-----  * n n-1 'n * Hn Hn-lv * xn
are cofibrations.

Proof: If X is a cell complex, it is clear that $X is also a cell

complex. §qX and §TX are subcomplexes and if A is a subcomplex

of X then $A will be a subcomplex of §X .

It follows that d($X)n £ ($X)n is a subcomplex and F (X) £ §L„(e )n X n
is a subcomplex (since by 11.10 dL (e ) £ Lv(e ) is a subcomplex). Thex n  A n
inclusion of a subcomplex is always a cofibration, hence and are

cofibrations since they are pushouts of cofibrations.

Remarks 14.7: The consequence of Propositions 14.4 and 14.5 is that,

loosely speaking, we have described the structure of Q (X) in terms ofn
the monoidal functor $L^: & -* £(TopV) and we have described the struc­

ture of J(EX) in terms of the functor Dv : & -* (TopV) .n A
We must now construct a natural transformation between these two 

functors an<* which will enable us to define (in an inductive

manner) the maps Y^: Q^(X) -* J(EX)^ , which, by Corollary 14.3, we must 

construct.

Notation 14.8: Let o € & and let k = grade (ot) . Let tt .: $L„(a) -»U A
X be the projection given by

$LV (Q') £]R+ X <JR+ X X)k (pro^  > XkA

and let tt : §L (a) -* § (Xk) be the map: tt (t,z) = (t,tt (t,z)) .C* A u u
Let p : D (o') -* X be the composition :Of X

D (a) £ ($X)k <pr°-̂ ---> Xk ,X
A kand p : D (a) -• $ (X ) the map:Cc X



Proposition 14.9; There is a natural transformation cp : §L -* D withX X X
the properties:

1) cpx is a homomorphism of monoidal functors, i.e., 9x (a ®  P) = 

cpx (a) it 9X (P) , V o?,p € & .
2) V a € & , pa cpx (a) = .

3) 9x^el^ *s homeomorphism $Lx (e^) —  $X = Dx^ei^ *

Proof: cp̂  will be constructed inductively, using the grading of &

as the basis of induction.

Step 1. To define 9x^1^ *

From the definition of and Dx we have §Lx (e^) = §X = ^x (e^).

Hence we define ^x^l^ = *§X * ^x^l^ *S a ^ (TopV)-morphism
and satisfies condition 2). Since ll^Ce^) = * = dx (Sq) , we define 

9X (e0) = and cpx has been defined on satisfying conditions

1) and 2).

We will now assume that cpx has been constructed as a natural

transformation from ^Lx^& to Dx b  satisfying 1) and 2).
n-1 n-1

Step 2. To extend cp„ to & - £e } . 1—  X n n
Let P € (<& -{e 3) - & , . Then P = a ®  a where a. € & nn n n-1 1 2  i n-1

for i = 1,2. We are forced to define 9X (P) = 'Px^l^ ^ ^ X ^ ^  *

Note that this definition of 9X (P) independent of the choice of

a^ and a , since if P = Qf̂  <S> a;' , then either 3y such that 

= a* <£> Y  and o'* = Y  ®  ^  or such that or* = ®  Y  ' and

= Y /(8 Qf̂  . In either case, the asociativity of it and condition 2)
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on cpx |fe insure that cp^a^) # = <PX (“[) # •
n-1

If X € (& P) , then X = X ®  X where X € (& .,ai ) . Hence n9 i z jL n* i x
the naturality of cpx with respect to X follows from the naturality

of cp„ on © . . cpv is therefore extended to © - {e 3 • Property 1) X n-1 X n n
is clearly satisfied and property 2) can be verified easily.

Step 3. To extend cpx to (& .

First, since _[ } *-s natural, we can define
n n

d(cpx (en)) = colim cpx : colim “* colim Dx tt .
(©TT) C T )  (&7e^)

But
colim §L n a: $ colim L tt s: $ (dL (e )) ,
(©,en) (<9,en)

by 12.3 and 11.5 and colim D tt as d($X)n . Hence d(cp (e )) will bea  A n
(fc,en)

thought of as a map: $(dLv (e )) d(§X)n . Let d : $ L (e ) "* ($X)n ,A n  u u a  n
and d : $ L„(e ) ~* ($X)n be the unique maps such that T T X n

A I A ^
^  $0Lx ( O  Pen 0n U X n n

and
A I A *
^e $TLY (e ) Pe Tn T X n n

It is easy to see that dQ, dT and a (9x (en)) "fit together" to define

a map: d(cp (e )): F (X) -* ($X)n . (Recall from 14.4 that F (X) =A n n  ^
l(SLx (en))U l0Lx (en) U *TLx <en>.)

It is clear that tt | = p • B(cp (e )) .e 'F *e 'TX' n' n n n
We will now extend d(cpY (e )) to all of $Lv (e ) in an appropriateA n  A n

fashion.
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Let K 11 be the space of convex, compact subsets of lRn as defined 

in Chapter 10. We will consider K n-i to be the set of all compact

convex subsets of the hyperplane H of lRn , where
n

H = {(r ,...,r ) € R n | 2 r = 0} .
i=l

We will construct a map f: $ (Xn) -* K n * such that ($X)n is the

graph of f in the sense of 10.2. Let A: (§X)n -* R n be the composition:

($X)n c flR x X)n . Define f: $ (Xn) -]Kn by f(z) = A(n -1(z)).
n

(I.e.,
n

f (t,x1,...,xn) = {(tlf...,t ) € 3Rn |o £ ^ j|x  ||,Vi and £ t^ = t})
i=l

Define g: $ (Xn) -*IRn by the rule:

^HxJI t||xj|.,
(----- ,...,----- •), X > 0

, llxll llxll 'gCijX^,...,xn) —

(0,0,...,0) , ||x|| = 0

This is clearly continuous. If Q? 6 R n , let denote the translation

of IRn which takes or to the origin. Then define f: $ (Xn) -* K 11 ^ by

f(z) = Tg(z)(?(z)) *
To see that f is well-defined, notice that ||g(t,Xj,...,x )|| = t ,

and hence, since f(t,x^,...,xn) lies in the hyperplane determined by

E"=1 t^ = t , we will have Tg ^ f ( z )  lying in the hyperplane determined

by the equation = 0 •

The continuity of f is just a consequence of the continuity of the

norm on X . It should be clear that ($X)n is the graph of f .

We are now in a position to apply Proposition 10.7. Note that since

dL,,(e ) “* L„(e ) is an inclusion of a subcomplex we have that X n X n
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Fn (X) -• *s t*ie inclusi°n °f a subcomplex and, a fortiori, a

cofibration. Hence d(cp (e )) can be extended to all of $Lv (e ) .A n  X n
This extension we shall call cp(e ) . (Thus justifying our notation.)

a  n
It is immediate that cpv (e ) is an £ (TopV)-morphism, natural withA n
respect to all X in (&,e ) , and that tt = p • cpv (e ) . Hence* n * e e TX nn n
cpv has been extended to © . The proposition is proved. □A n

In the next chapter, the transformation cp̂  will be shown to induce 

homotopy equivalences i|f̂: Q^(X) -* J(EX)^ , for every i ^ 1 . Thus, by 

Corollary 14.3, Theorem 5.3 will be established.
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Chapter 15. The Conclusion of the Proof

Remarks 15.1: In what follows, we shall show that the natural transfor­

mation cp̂  , as constructed in 14.9 has certain "nice" homotopy properties. 

Further, we shall show that cp̂  therefore induces a coherent system of 

homotopy equivalences Q^(X) = J(ZX)^ .

This, by Corollary 14.3 will complete the proof of Theorem 5.3.

Proposition 15.2: Let cp: -♦ be a natural transformation such

that:

1) 9(°^ ®  a^) = » ^or every and in & ,

2) na = pff 0 cp(a) , for every a in & .

Then the map cpn = 9(en) |p q q  : Fn 00 Dx^en  ̂ has its ^ g e  tying
n

in d(§X)n and is a homotopy equivalence: Fn 00 “* d(§X)n .

Proof: The first assertion - that the image of cp̂  lies in d(§X)n -

can be readily demonstrated.

Since cp(eQ) is an 6 (TopV)-morphism, cp(en) ̂ Q^X^en ^  ~ anc^

cp(en) ($TLx (en)) £ ($TX)n . The naturality of cp insures that

cp(e ) [§(dLv (e ))] £ S($X)n , since §(dLv (e )) = colim §L rr and n a  n A n  a»,.n)
d(§X)n = colim D tt . Therefore, cp(e ) (F (X)) £ d($X)n ._____ A n n

<&,en)

The second assertion - that q>n is a homotopy equivalence - is rather 

difficult to prove and will require a number of lemmas. One essential 

tool will be the following well-known theorem of homotopy theory which we 

quote without proof.

Lemma 15.2.1: Let f: X -* Y be a continuous map of CW-complexes.



-73-

Let {X^,...,Xn } and {Y^,...,Yn } be collections of subcomplexes of

X and Y respectively such that: 
n n

X = U X Y = U Y ; 
i=l 1 i=l 1

1.

2. f(X£) £ Y ± , i = l,...,n ;

3. f L  v : D X -* n Y is a homotopy equivalence,
^  Xi i€l 1 i€l i

V I £ ? .

Then f is a homotopy equivalence: X =** Y . □

In order to apply this lemma to the proof of 15.2, we must first find

suitable finite coverings of ̂ (X) and d($X)n by subcomplexes. The

following paragraph will define such a covering for ^(X) •

Definition 15.2.2: Recall from 6.1 that (G).e denotes the set of  >
maximal elements of (®>en) • If ® € (®>en)M then a is a "shuffle":

Oie. <8> e . e . We will denote by I, the "image" of e. in n underi n - i n  ' I  ® i
the bijection Q! . (This is compatible with the notation of 6.4).

We will abuse notation somewhat and for a € denote the image

of L (o?) in L (e ) by L (o) . Define, for every a € (&,e ) , a A n  a n
= {(t,z) € $L^(of) |o ^ t ^ ||tt(z)|| where tt is the projection:

I1
Lv (e ) -* Xn . We will be interested in the following subset of $Lv (e ): A n  A n
define

A = $nL„(e) U S_L-.Ce) U U i.l „(<*)° X n T X n a6(& j U
7 n M

For each i in {l,...,n} , let a^: e^ ®  eR_1 “* en be the unique 

shuffle which takes to i € n . (I.e., if cr̂  is thought of as a

bijection: n n , then cr^(l) = i .)
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Let B. = {p € (G>,e )„|0 is coherent with a } . (Put another 1 n M l
way, = {p € (&»en)M U  € ij} .) If I £ n , let BR = D . (Note

i€K
that 6 = 0 .) n

Define B = U $L (p) , and let B. » Br , V i € n .
K

We are now in a position to define a "suitable" covering of F (X) .n
V K c n , let F (K)v = A U B„ and V i 6 n , let F (X) denoten k k  - n l
Fn (X)^j . Since every maximal element of ((§,en) lies in B^ for

some i , it is immediate that {F (X) |l ^ i ^ n} is a cover of F (X) .n i n

Lemma 15.2.3: If K £  n . then fl F (X) . = F (XV. .- i6K n i n K

Proof: fl F (XV = fl (A U B.) = A U fl B. .
  i€K n 1 i€K 1 i€K 1

It is clear that B £ fl B , since B = U $L (P) and
K i€K 1 K P€Bk *

p € B „ = > p € B ,  , V i € K . Hence F (XI = A U B £ fl F (X) . Wb mustK i n K .  k  R n l

show that fl B, £ A U B , This will be done by induction on |k| .
K 1 K

If |x| = 1 , there is nothing to prove. So assume |k | > 1 , let

j € K , and set K = K - {j} . Then we can assume, by induction, that

fl B £ A U B . It will be sufficient to show that B fl B £ B .
K 1 K K J K

Let P € B , p7 € B. and z € §LV(P) fl $L (p7) . We must show that
I j X X

z € §L^(p/y) , for some € BR , or z € A . By 11.4, 3 Y € (&»en) 

such that Y is a predecessor of P and of P7 and z € $Lr (Y) . We

consider two cases:

Case 1. Y € (®»en)Q • Then by definition 6.3, P and P7 are co­

herent and by 6.6 either Ip £ Ip/ or Ip/ £ Ip . If Ip £ Ip/ , then
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j € Ip/ and 07 € B^ and hence P7 € B R . If Ip/ £ Ip , then i € Ip,

V i € K , and hence 0 € H v . Hence z € Bv .K. K

Case 2. Y € (<5,en) - (®>en)Q • ^et m be the grade of the

domain of V , Then it is a straightforward matter to see that Y

factors through a shuffle Y: e ®  e “• e in such a way thatm n-m n
$Lx (y) £ $^LX (Y) . Hence §LX (Y) £ A , and, a fortiori, z 6 A . This

establishes the lemma. c

We now wish to define a corresponding "suitable" cover for d(§X)n .

Definition 15.2.4: We again will abuse notation slightly: if a € (&,e ),n
we will denote the image of Dv (o') in D (e ) = (§X)n by D,,^) .A  A n  A

If a € (®»en)M , we define Dx (a) = £(t,x) ^ Dx (a) 1*^=0, V i € n - 1^}.

Let
G = (*nX)n U (§TX)n U U DyCa) £ 5(§X)n .

a£(b.e )

For each K £ n , define Hĵ  = U DX (P) » an<* Hi = H{i} * now
0€Bk ^

proceed, as in 15.2.2, to define our suitable cover of d(§X)

For each K £ n , define ER = G U Hĵ  and define E^ = , for

each i € n . The set £e ^ |i = l,...,n} is certainly a cover for

d($X)n , since, in fact, the H^'s form a cover for d(§X)n .

Lemma 15.2.5: If K £ n , then PI E = E .
i€K 1 K

Proof: As in the proof of 15.2.3 it is clear that £ fl and hence
K

E = G U H £  G U(D H )= fl (G U H )= D E . Hence, we must show that 
K Tt K K K

D E. £ E . It is clearly sufficient to show that 0 H. £ G U H_ . 
K 1 K

We induct on |k | . If |k | = 1 , there is nothing to prove.
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Assume |k | > 1 , let j € K and let K = K - {j} . Then we may assume,

inductively, that D H. £ H and we must show that H fl H £ 6 U H_ ,
K K K J

Let (s,y) € H fl H. , then a € 6 and a/ € B such that 
K J K J

(s,y) 6 Dx (o) fl Dx (c/) .

From the definition of D , it follows that if a € ft andX i
(t,x) € Dx (a) such that t^ > 0 , V j € n , then t^ = ||xj| .

We therefore have two cases to consider:
•Lcase 1. s^ = 0 , for some k 6 n . Then (s,y) € Djj(Y) for some

Y € (&>en)M , hence (s,y) € G .

case 2. s^ = IlyjJI , Y i € K . Then let ot be the unique shuffle 

such that 1^ = K . Then (s,y) € ^(a) , from the definition of Dx and

clearly a € . Therefore (s,y) € . The lemma is established. □

Lemma 15.2.6: F (X). and E. are subcomplexes of F (X) and d($X)n— — — ——— — —- n i l  n
respectively, for i = l,...,n .

Proof: It is easv to see that §„L„(e ) . $_L„(e ) are subcomplexes of1 u a n t a n
F (X) . It is also clear that $LV(0) is a subcomplex of F (X) , n A n
Y 0 € (&.e ) . Hence F (X). will be a subcomplex of F (X) if we cann n i n
show that $.Lw (af) is a subcomplex of F (X) , V a € (&,e )M . If a <0 X n n m
is a shuffle e ®  e e , then there is an isomorphismm n-m n

U X »Lx (V n ))

and under this isomorphism f^L^a) is carried onto #Lx (em ) X ^QLX^en-m^

But §Lv (e ) X $rtLv(e ) is clearly a subcomplex of §L (e ) # §Ly (e ) X  m u X m-n a. m  a u w
Hence ^.L^Co) is a subcomplex of $L (a) and, therefore, of F (X) .0/ X A  n
Hence F (X). is the union of subcomplexes and is a subcomplex, n i
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To see that is a subcomplex of d($X)n , one carries out a

similar argument, working with the functor D instead of $L . WeA x
omit this.

We now have coverings of ^(X )  and of d($X)n by subcomplexes 

with rather nicely described intersections. The naturality of 

cp: §LX -♦ and properties 1) and 2) of the hypothesis of 15.2 give

us that 9n (*0Lx (en)) £ (Sq20" » V V x ^ n ”  £ (§TX)tl » *Pn (*LX (P)) £
D (p) and 5 (J.L (a)) £ l£(af) . Hence cp (F (X),) £ E. for

a  n 4, a  a  n n l i
i ” 1 j • • • jti »

Let cpK = cp | . s : F (X) -» E„ , for each K £ n . We will be inn n r  (X.) n K K. -n K
_ .V

a position to apply Lemma 15.2.1 to cp̂  if we can show that cp̂  is a

homotopy equivalence, V K . By condition 2) of the hypothesis of 15.2 

we have a commuting diagram, V K £ n :

-K

£ (§X)'K
■“KTherefore, to show that cpn is a homotopy equivalence it is suf­

ficient to show that the maps E^ ~  > X and F& (X)X — > X are
K K

homotopy equivalences. The next several lemmas will show this for K ^ n 

r.omna 15.2.7; If K c  n , then p R : ER - X11 is a homotopy equivalence.

Proof: E = {(t,x) 6 (§X)n |a i 6 n such that t = 0, or t = HxJI,~ K "*
¥ i € K} . Let EK = {(t,x) € ($X)n |ti = 0 , V i € n - K) . Then, since

AK ^ n , we have ER £ ER .
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Define f: I  X ER -♦ ER by f(s,(t,x)) = (r,x) where = t^ if

i 6 K and = (l-s)t^ , i 6 n - K . Then f is a strong deformation

retract of E„ onto Ev .K K
Define g: It X ER -* by g(s,(t,x)> = (r,x) where r = (1-s)^ .

Then g is a strong deformation retract of onto (SqX)11 .

But p„: E., -» Xn has a left inverse q: X“ -« Ev where q(x) = (0,x)
K  K . Is.

and hence q is a homeomorphism of Xn onto ($gX)n . Hence p^ is a

homotopy equivalence.

Lemma 15.2.8: If K £ n . then TTTr: F (X)„ -* Xn is a homotopy equivalence.    *■* k. n k.

Proof: Let P = 3> Lv (e ) U U $.L (a) U U $L (P) . Then we set
K U n a£(&,e ) 8<=fi ̂ ’ n'M K

P„ ® K  ■ ?K U •
There is a deformation d of P^ onto SgL^Ce^) given by dt(s,z) =

((l-t)s,z) . Clearly L^ e ) and ttr |$  L^ (e  ̂ are homotopy equi­

valences (see Lemma 11.12). Hence tt I is a homotopy equivalence.
K

P„ and $ L„(e ) are subcomplexes of F (X) and therefore it is suf- K T X n n K
ficient to show that n | is a homotopy equivalence.

K T X n
It is straightforward to see that

(1.(0 n u 4, V “> - _u W Y> •

Therefore

W * n >  11 PK ’ [ U W Y>] U [ ̂
V6(©,en)-(©,en)0

which is homeomorphic to
u l x Cy ) u u LX(P)

Y€((5,en)-(&,en)0 _ 1 T
D 8 *
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Lemma 11.18 then gives that ^ I p  l (e ) is a homotopy equivalence.
K T X n

Lemma 15.2.8 follows. □

Remarks 15.2.9: From the discussion just prior to 15.2.7 we now can
-Kconclude that cp̂ : *^0 0 ^ ”* is a homotopy equivalence if K C  n ,

We must treat separately the case cp̂ 0 .

First notice that IB = 0 . Hence F (X) = A and E = G (in then n n
notation of 15.2.2 and 15.2.4.)

Let P = §.L («) U U i.Lfo) and R * (§.X)n U U D^a).
“«»>en>M

Then, by straightforward arguments which we have used before, we have

*Jp‘ P ~ R ■ L (. )! W  “ «TX>n > and »n'm# Ly(. ) =t a  n t a n

FT1$ L (e ) R fl (§ X)n . So, using the same type of pushout argument,T A n T
=* £ we have i L,. . , . : P U § Lv (e ) -* R U ($ X)n and thus cp isTn'EUiTL (e ) T X' n T Tn

a homotopy equivalence.

We finally have everything we need in order to apply Lemma 15.2.1.

We apply it, and conclude that cp̂ : F^(X) -♦ d(§X)n is a homotopy equi­

valence, establishing Proposition 15.2. □

Let us recall where we are. We are working toward the construction 

of maps Q^(X) -* J(£X)^ which are homotopy equivalences and such that

0 q^  ̂  ̂ . We are nearly ready to do this; the next proposi­

tion provides the essential induction step.

Proposition 15.3; Let cp: $LX “* Dx be a natural transformation satisfying

conditions 1) and 2) and 3) in the statement of Proposition 14.9.

Suppose f: Q n ^(X) -* J(EX)n  ̂ is a continuous map such that the fol­

lowing diagram commutes:



where 9 = <p(e ) | , .
n

Let g: Qn (X) -* J(IX)n be the map induced in the diagram:

£'
F (X) — $L (e ) — — >  Q (X) <■ n A n  n

Vi Q , (X) <— —  F (X) n-i n

V

«P,n
V

<P
(en>

X * S($x)n ~ > $X(en) —

9,n

'n X V■>J(EX) <— -—  J(£X) , <— — d($X)“ , n n-1

by the fact that the top row is a pushout.

Then the following diagram also commutes:

F (x) -------  > d ^ X )1* 1nrj.

3n+l n+1

^(X) -S- - - - » J(xx)n
^ 2 2 f : Fn+l (X) = V x < en+1> U W en+1> “ U , $LX (Qf) *

 ̂ ,en+i;M

^n+1^0LX^en+l^ U *TLX^en+l^
and

Xn+1 * %i+l ̂ 0LX^en+l^ U $TLX (en+l^ ” * ‘

Therefore we must check that for a € (& »en+i)M the following diagram 

commutes:
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(15.3.1)

$ L X  (Of) 9(a)

F„+i (x)

’n+l

Qn (x>

-> Dx (a)

a($x)n+l

n+l

-> J(EX)n

Since a € (<5,e .,)„,the domain of a = e ®  e for some m ^ n.* n+l M* m n-nri-1

Claim 1: The following diagram commutes:

4Lx (or)

$Lx (a?)

4LX<em),WV en-„rt-l)

(15.3.2)

V a x < W l >

^m ̂  n̂-nrfl

vx>v u ®

-> Fr+l(X)

’n+l

-> Qn (X)

To see that (15.3.2) commutes note first that, by 14.4, Cn+1 is the

composition: F (X) -* colim ELvn   a
’n+l -> Qn (X) ; now examine the following

< ^ V i >
diagram:
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§L (a)
* V p,n> * tLx<V.*i> - {Lx<e„ ® W i >  — ----> V x>

a Y (e.

v

A

a x ^ )  v  a x < W >

pm V P»-«H

Q_(x) v Q_ (x)m n-m+i

-> colim £L,:

n+l

- x ^ C x )

The triangle and upper rectangle certainly commute and the lower 

rectangle commutes by the definition of in 7.7. Since the outer

diagram is exactly 15.3.2, it commutes.

Claim 2 : The following diagram also commutes:

(15.3.3)

Dx (a)

(EX)™ V (EX)n_mfl

J (IX) v J(Ex)' m n-m+1

-> d($X) n

v
-> J(EX)

This is obvious.

To see that (15.3.1) commutes, (15.3.2) and (15.3.3) imply that it
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is sufficient to see that the following diagram commutes:

(15.3.4) cp V/ cp

$L (e ) # §L„(e ) -J*----- n~—  > (§X)m # ($X)n“nrflA m  a  n-mrj.

a X (em> V a x (W l >
p Vpm n-nri-1

(EX)m V (D O 11" " * 1

V x> v U w 8 Q«n V 8  Q n - m + 1 ->  J(ZX) V J ( » )m n-mri

But g |q = g if m = n and g | = f Iq if m < n and the commuta-
m m  m

tivity of (15.3.4) is thus an immediate consequence of the hypotheses. 

The proposition is proved.

We can now apply the finishing touches to our proof of Theorem 5.3.

Proposition 15.4: V n ^ 1 , 3  Qq OO J(EX)n such that

1) Y_,iq = j • f , Y n  2 1 andnH-lnn n *
2) is a homotopy equivalence, Y n ^ l  .

Proof: Let c p „: $L„ -* D„ be the natural transformation whose existenceA A A
was demonstrated in 14.9. Note that Q^(X) -  EX -  J(2X)^ and that the

following diagram commutes:

f2(x)

QX(X)

->  d($X)

x2

V
J(^X)1

(This is just a matter of checking the definitions and using properties

1), 2) and 3) of 14.9).



Hence we define Y^: Q^(X) -* J(ZX)^ to be the homeomorphism 

Q1 (X) —  EX 2: J(EX)1 .

Suppose Y i ! Q i (X) -* J(EX) , has been defined such that the n-1 n-1 n-1
following diagram commutes:

F (X) n -=■ V i ®
V V Yn-1

d($X)' n ->  J(EX) n-1

Then we can define Y^: Qq (X) -* "pushing out" - i.e., con­

sider the diagram:

(15.4.1)
c:

F (X) — ---> *L <e ) — ELn * . n >  Qn (X ) <— 5 :1  Q ^ jC X )  <— ?—  Fn (X )

'fx^n5 Yn-1

a($x)n __ V n K  ^ jn-l 7 X--> (§X) — ~  ' "-> J(EX)n < n~ J(EX)n_1 <— ^-dCfX)11

The top row is the pushout diagram of Proposition 14.4 and the bottom 

row is the pushout diagram of Proposition 14.5. Y^ is the unique map 

induced by the commutativity of the rest of the diagram.

Proposition 15.3 now gives that the following diagram commutes:
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We have therefore defined ¥ : Q (X) -* J(£X) , V n ^ i such thatn ^n n *

V l S ,  - V n  • V " " 1 '
To see that is a homotopy equivalence V n , first note that

is a homeomorphism and, a fortiori,a homotopy equivalence. If ^

is a homotopy equivalence, then diagram (15.4.1) implies that is a

homotopy equivalence. (Since cpv (e ), cpv (e ) and Y are homotopyA n  A n  n-i
equivalences and Fn (X) and d(§X)n are subcomplexes of $Lx (en) and 

(§X)n respectively).

Therefore is a homotopy equivalence, V n ^ 1 .

Corollary 15.5: Theorem 5.3 is true.

This is now an immediate consequence of Corollaries 14.3 and 14.6 

and Proposition 15.4.



APPENDIX I. The Proof of Proposition 2.6

We are given the following data:

1) A functor F: IN -♦ G such that f (6q) = Oq ,

2) V 2-shuffle cp: e^ ®  ej -* , an G-morphism

V F<ei> ®c F<V ~ F<ei+J>
such that

A) If A 6 © (e ,e ) , i = 1,2; A € ©(en . ,em . ) ;
i n.̂  nl 2 ml™ 2

a € © (e ®  o. ,e , ) ; 0 € © (e <8> e ,e . )  are
nl n2 nl 2 “l “2 “l 2

such that 3 (A ®  A ) = Aa , then FQ(F(A ) ®  F(A )) = F(A)F^ .1 Z p 1 u 2 Oi

B) If a  € ©(e£ ®  ej,e1+ j), 0 € ©(e^ ®  ek»ej + p

Y € ©(ei+j ®  eit»ei+j+k^’ 6 € & êi ®  ej+k*ei+j+k^
such that 6(1 ®  0) = Y (<* ®  1 ) , then FA»(1 - « ® r Fn) =

e^ ek u P
fy • ■

We wish to show that this data can be extended, in a unique fashion, to 

a monoidal functor F: © -* G .

The proof:

We define F on objects of © in the only way possible:

F(e ®  ... ®  e. ) = F(e ) ®  ... ®  F(e. ) .
il k 1 \

To define F on morphisms, we will need to establish some notation.

Let A; or -* 3 be an ©-morphism, where <*: n "* m and 0: k "* g , A is

homogeneous if n = k . A is r-simple if p = 1 and m = r .

First, we will define F on homogeneous morphisms. Since every

morphism is the product of simple morphisms in a unique manner and since

F has to be monoidal it is sufficient to define F on simple morphisms.
-86-
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If X is a homogeneous 1 or 2-simple morphism we define F(X) = 

F(A-) . Suppose n > 2 and that F has been defined for all (n-1)- 

simple morphisms. Let ^ be an n-simple morphism e
n-1 n

. &,. .09 e. -» e .i. i m1 n
Let m. = £ i. and let m. = £ i . There exist 

j=l J 1 j=2 J

V e. “* e . e.
V l  "l R l!

e. -  e
“2

VT : e ®  e. -* e and Y„s e, ®  e e L m^ i m R i^ m2 m

such that A. = yl (^l ®  1^ ) = VR (1 ®  . Define FL (^) =
*■11 li

F(Vl) • (F(Y) ®  1F ( )) ; and FR (X> « PCVR) • d p( > ®  F(Xr)) .
I lin 1

Suppose that V r ^ n-1 , every homogeneous r-simple ©-morphism T] 

has the property that 01) = FR 01) •

If ^ is homogeneous and n-simple we have a commuting diagram in 

© as follows:

1 1 ®  K

v
e ®  e. < "  
“l *n

VR ®  1

n

1 ®  v.
e . x, m„ n

-> e <~ m

"> e.

’R

“2

n-1
where m 3 = S=2 i^ , 6 = (\>L = • B? our assumption above,
p(A. ) = F(v_) (1 ®  F(6)),F(v. ) (F(6) ®  1) = F(X ) and by condition B) of L R L K.
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the hypothesis , F(y l )(F(v r) ®  1) = F(y r)(1 ® F(vL )) .

Putting these together we have that FL (X) = FR (X) and we there­

fore define F(X) to be F (X) .

Thus we have defined, by induction, F(X) for every simple, homo­

geneous ©-morphism and hence for every homogeneous ©-morphism.

Suppose X, X^ and are homogeneous such that X = X • X

(• denotes composition). We must show that F(X) = F(X^) ° F ^ )  •

It is sufficient to consider only the case when X and X^ are 

s imple.

If X is r-simple for r s 3 f then condition B) will immediately

give F(X) = F(X^) • F(X^) . Suppose that F(X#) = F(X*) • F(X*) .for

any r-simple X , for r ^ n-1 . Now let X be n-simple;then X^ is

m-s imple for some m ^ n .  If m = n ,  then X^ = 1 ® ... ®  1 and
m

there's nothing to prove.

We can do a further induction, this time on the number n-m . If

n-m > 0 , then X = v ®  ... ®  v and 3 k € {l,...,m} such that v 2 JL m k
is at least 2-simple. Then

X_ = (v. ®  ...0 1 ®  ... ® v ) (1 ® ... ®  v ®  ... ®  1) .
2 1  (k) m k

By our induction on n , F(X, • (v ®  ... ®  1 ®  ... ®  v )) =J 1 1  m

F(X) 0 F(v^ ®  ... ®  1 ®  ... ®  v j  and by our induction on n-m , we

have F(X) = F(X • (v ®  ... ®  1 ®  ... ®  v^)) • F(1 ®  ... ®  vR ®  ... ® 1).

Thus it follows that F(X) = FCX^) • F(X2> . Therefore everything is

wonderful on the homogeneous morphisms of © .

To extend F to non-homogeneous morphisms, one should first notice

that any simple, non-homogeneous ©-morphism can be written uniquely as the

composition of a homogeneous simple ©-morphism and an N-morphism.
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Thus, if X is homogeneous and simple, and v is an N-morphism and 

7| = v • X , we define F(TJ) = F(v) 0 F(X) . To show that F preserves 

composition of morphisms, one proceeds much as in the homogeneous case, 

but making use of condition A) rather than condition B). We omit the 

details.



APPENDIX II. The Proof of Proposition 7.5

We wish to construct an isomorphism of G-monoids:

colim F 2: colim F .
to to r

Step 1. To construct an (G-mono id)-morphism 

colim F == colim F .
m T m

We will make use of the conaturalizer properties of F^ . First,

define a transformation Q: TP̂ - -* colim F by the rule: if or € to ,
to

then Q : TF^Ca) -* colim F is the composition:
to

T(i ) x
c : TF^(o') -----   > TF(cx)----— > colim F ,
a to

where i: F^ -* F is the natural transformation of 7.3, and Xff *-s the

adjoint of the natural map F(a) -♦ colim F .
to

Since T(i^) and xff ate G-monoid maps, so is • Since Ti 

and x are natural over to , so is £ . I claim further that the 

composition C 0 Ap is equal to x • To see this, by adjointness it 

is enough to show that if a € to , then

ca • \(a) lF(a): F(ar) -* colim F
is just the usual map into the colimit. This, in burn, is a straight­

forward application of the definition of Ap as defined in 7.3A. I 

omit the details.

But now, the definition of conaturalizer gives us a unique natural

transformation ?: F -* colim F such that f • pT = C • Define
T to 1

¥ = colim f: colim F_ -* colim F .
to to to

-90-
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Step 2. To define an (G-monoid)-morphism 

cp: colim F -* colim F_
m m 1

Let cp : F(a) -• colim F be the composition:
a to L

P/yF(o) ---— > TF(a) —  ---> FT (Qf)  > colim F_, ,
L to 1

where i is the map adjoint to the identity map on TF(a) . This is

clearly a natural transformation: F -* colim FT and so we define
to 1

cp = colim cp : colim F -* colim F
a€n a  to to 1 *

We must show that cp is an G-monoid morphism. In light of the

definition of the monoid structure on colim F (see 1.4), it is suf-
to

ficient to show that the following diagram commutes V Qf,P € to .

<P ® <P6
F(Qf) 0  F O )  ------  2 > (colim F„) ®  (colim F_)

to 1 to 1A

cp Q
F(a <8) p) --------   ”------------> colim F_

to T

where p. is the monoid structure on colim FT . But this diagram can
to 1

be factored into the following diagram:



F(o)®F(P)

V

F(a ®  p)

a ® a b
•>TF (a)®TF (P)----- — >TFli(Q')®TFii(P)-

TFii-(Q®p)®TFU-(o®P)

A
■> TF(a ®  p) ---— ---> TF^Ca ®  P)

( AII.l)

p ®p
■>(colim TF^-)®(colim TF^)— -— — > (colim F ) ®  (colim F )

m m m 1 m 1

,ii

“>coliqi TF^
m

I
VOhOI

“> colim F„
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The last two rectangles clearly commute. To see that the first one

commutes, let or = o' ®  ... ®  a , P = p. ®  ... ®  P , where a  , P. are
i K l m i j

generators of to , V i,j . Then F(a) = F(a^) ®  ... ®  an<*

F(p) = F(P^) ®  ... ®  anc* we can rewr*-te fi-rst rectangle of
(AII.l) as follows (using the definition of from 7.3A):

F(o®P)
A

F (a.)®.. .®F (a. ) 0  F (p.)®.. ,®F (P ) 1 K i m

TP^(a)®.. .®TF^-(q;)®TF^-(P)®. . ,®TP^(P) ■> TF^(o®P)<8>.. .®TpU-(o®P) 

k+m

^ P

&TF^(of) ®  TF^(p)

TF^(d®P) ®  TF^(0®P)

9®
F^(o®P)

It is (believe it or not) rather easy to see that each triangle of 

this diagram commutes. Hy *-s t*ie monoid operation on TF^(y ), V Y € tTl 

and the unmarked morphisms are all maps defined in the manner of a^ and 

a^ in 7.3A. The commutativity is just a consequence of the naturality 

of the transformations and functors involved, and the associativity of
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It therefore follows that cp Is an &-monold morphism.

Step 3. To show that Yep = p
m

From the definitions of Y and cp , we have that for each a € Ift , 

the following diagram commutes:
cp̂  Y

F(a) ------- > Ft (q')-------- > colim F
to

A
x
a

TF(a)

But is the usual map: F(a) -* colim F . Hence colim Y cp =
to o€to

1 - . „ and Yep = colim Y cp .
“ ’i1" F “ “

2JS2-4- <1* - ‘colim F •
to

Let j : F (o?) -» colim FT be the usual map. We must show that the 
a  T Jn 1

following diagram commutes for each a 6 to:

■> colim F

colim F,

Consider the following diagram:
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TF(O')

\(<*)

TF-ti(o') -> colim F J2_ -> colim F„

From the definition of , we know that = ^

= » then the conaturalizer nature of F^ implies the

existence of a unique map, f: F„(o;) -* colim F such that fp = cp*C„tTl a  a
(since conaturalizes Â ,) , and hence will equal iQ .

Since Ca > 9 > ia and are all G-monoid homomorphisms, it is

enough to check the equality of and on P^(o?) . But

checking the definitions of the various maps, 'PCq,lpli(a) *-s the composition

F^ar) — — > F(a) — — > TF(a) — TF̂ -(af) F_(a) — — > colim F„
T tn T

and Aj • F ( y  = 1TF . Therefore *

^ a = Pĉ c* » V ^ and hence = ^  * Hence

cpY = colim qff = 1m or colim FT
m m 1

This concludes the proof of the proposition.

Hence
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