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INTRODUCTION

We provide a method of exposing polynomial-dual coalgebra structure
in Hopf algebras which are torsion-free over rings of characteristic zero.
If sufficiently many seduences dual to the powers of polynomial generators
are available, one can apply a structure theorem due to Borel and Sweedler
(Chapter I). Over fields of characteristic zero, such sequencés can easily
be constructed. We have devised a method for detecting such sequences over
arbitrary ground rings of characteristic zero in torsion-free situations.
This is organized as an obstruction theory (Chapter 1I).

The central idea is that primitives are related to indecomposables by
Newton's formula far more generally than has been supposed. This is
familiar in H*(BU;Z) , but the commutativity, associativity, and the tra-
ditional description of this Hopf algebra in symmetric function terminology
seem to have combined to give this relationship an accidental appearance.

A thorough account of the effect of choices involved in constructing
such sequences is given in Chapter II. The hypothesis of associativity is
added at this point to make a rather d fficult proof legible (Proposition 2).
If challenged, we can do without this assumption and retain in non-associa-
tive cases the power of Proposition 3 for proving Hopf algebras haven't
polynomial dual coalgebra structure,

As trivial consequences of Chapter II, one can show, e.g., if & is
a connected, commutative, associative, co-commutative, co-associative torsion-
free Hopf algebra over Z , whose primitives, P(¥) , form a free abelian
group, then

(i) ¥ has polynomial-dual coalgebra structure if ¥ is filtered,

is a A-ring, and P(¥) is a {-module.
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(ii) & hasn't polynomial-dual coalgebra structure if % is graded,
lies in even degrees, d x € (P(&’))i , (P(%t))pni = 0 , where p does not
"divide" xpn for some i,n,p € z* , P prime.

Studying H*(BU;Z) from the coalgebraic point of view developed in
Chapter I and II, in Chapter III we find a basis which is better behaved
under Whitney sum than the standard basis consisting of monomials in the
Chern classes. A start is made on the computation of the mod p Steenrod
algebra action on H*(BU;ZP) in Chapter V. The results are flattering to
the basis of Chapter III.

An argument is given in Chapter IV that the group of Hopf algebra
automorphisms of H*(BU;Z) is isomorphic to Z2 X Z2 .

Chapters VII and VIII provide a standard algebra presentation for the
algebra structure of associative Hopf algebras enjoying polynomial-dual
coalgebra structure. (Associativity can probably be dropped as a hypothesis,
with slight additional complication in the presentation.)

By truncation of sequences at powers of primes (see the curious result
of Chapter VI), it is quite possible that this presentation will do for a
very wide class of associative, co-associative, co-commutative, connected
Hopf algebras.

In Chapters IX and X we adapt the scheme of Chapters I and II to an
important universal construction. An application is provided which is
sufficiently remote from Newton's formula in the symmetric function setting

to indicate a possible wide range of use of these methods as a computing

tool,
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Note on Terminologx

Rings will always be commutative and associative with unit.
Algebras and coalgebras will always be provided with units and
augmentations, respectively,

A connected algebra is an algebra provided with a splitting (an
augmentation) for its unit. A connected coalgebra is provided with
a map from the ground ring (a unit) which is split by its augmenta-
tion. In either case, the ring is a direct summand in a canonical
way. A connected Hopf algebra is connected as an algebra, via its
augmentation, or equivalently, as a coalgebra, via its unit.

We do not require Hopf algebras to be associative (important) or
coassociative, filtered, or graded (unimportant).

A tower in a connected coalgebra, ( C, 4, €, T ), is a sequence of

elements satisfying: V i ,A(Pi) = Z P.®P

k
i=j+k

{pi}i=0,l,...,n

and e(Pi) = 61,0 ; M) = PO . Clearly a tower is a subcoalgebra.
n may be « , We are aware of departing from the standard termi-
nology, "'divided power sequence,” in making this definition, We
reason as follows: 'divided power" is an algebraic notion, "divided
power sequence' is a coalgebraic notion. Furthermore, we show below
(p.7) that to each divided power sequence in a Hopf algebra there
corresponds a family of primitives. It is exactly when each of these
primitives is zero that the divided power sequence is a sequence of
divided powers in torsion-free situations. It seems unreasonable

that this rare situation should be patronymic. (When limiting discus-
sion to fields, as is the tradition, this distinction must be regarded

as essentially rude.) If "tower" is not sufficiently evocative, per-

haps "diagonal tower" is an alternative.



CHAPTER I

A CLASSICAL THEOREM OF BOREL

We generalize in part a theorem first given in dual form by Borel
(see Milnor & Moore [1]), For a generalization of this formulation,

when R is a field, see Sweedler [ 2].

Theorem 1. Let {#;(o,M;(A,€)} be a filtered (graded and lying in
even degrees), connected, cocommutative, coassociative Hopf algebra over
commutative ring R . Suppose P(&) has an ordered basis {Pa,l} 0 €d,
each element supporting an infinite tower {Pa,j} j € Z+ . Then ¥ is
free as an R-module with basis {l,(...((poﬁ,il Pa@,ia) PQb,is) ces
o1, liz,ig,0eesic €2 {0}, oy < <... < €4} .

Proof: As ¥ 1is not necessarily associative, we have chosen the con-

vention - parentheses accumulate on the left., It is trivial to prove via

induction and the formulas P =+ Z P _®P that, if
a,i . o, J a,k
i+j=k
A k
LN ] ed ...(P . P . ) LR X ] P )_> z
2k %,y e, is %k J=1 ig+ilj=i,

(.nO(P -lP . ) ...P .,)®(C'.(P .”P .//) ooop ) . AS
o ,iy ag,ig S o ,1i,  Og,ig o,y

this formula is the only coalgebraic computation which figures in the

proof, we shall feel free to eliminate parentheses, Moreover, we shall

abbreviate 11‘011,il coe Pak,ik by PA,I and say, with less confusion,
A
P _ P - P . ti that t ft P
that A, T Tokel A,J‘® A,K Notice at any tensor o ype A;I'
. h .
® PAn 3’ may be written as A I ® P L3 where A 1is the ordered set

s . s _ Al
A’ UA” , and i, =i if @, €A’ , i.= 0 if o, €A -A", and
2 . . /" . . /"
Jg = Jgr if o €A, Jg = 0 if o €A -A .,

1
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We refer to P as a tower monomial, We say the width of P
A1 AT

is j if I = (il,i ik) and exactly j of the i's are not zero.

2,...,

. P . i 4 . . .
We write I+J for (11+g1, ,1k+Jk) The width of PA,I ® PA,J is

i th idth of . = i i oooti i
defined to be e wid o PA,I+J Let 4(I) 11+12+ +1k , if

I= (11,i2,...,1k) . The length of pA,I (PA,I ® PA,J) is 4(I) (L(1+J)) .

We first show that the elements we claim are a basis are at least

. . = =0 i i >0...
independent Let AZI CA,I PA,I 0 where CA,I unless 11>O',12
?
ik>0 where I = (il’iz""’ik) . The maximum length of the terms
P such that C is non-zero must be greater than 1 or we are
A,I A,d

describing an impossible linear combination in our basis of primitives.

Let us suppose that coefficients CA,I of all tower monomials PA,I
of length greater than  n are zero in our relation, and that no relations
exist among tower monomials of length less than n . We need only show
that the coefficients of the tower monomials of length n are zero.

Let us apply (I-ﬂe)®n °SA® In“2 O ... 0 A= (I—T]e)®n °© An to the

relation, where I:% - % 1is the identity. One easily computes the

image to be Z C(a ,0 ,000,2), (1,1 ,000,1 ) z
4(D=n 1 2 % 172 K" €L /5. X I Xe.ux I
n i, i, i,
GOP ®P ®...®P ®P ®'I.®P .'l®P ®... ®P
al’l al,l dl,l Q’a,l 012,1 Olk’l Q’krl
11 factors 12 factors i factors
. > .
for the CA,I with 4£(I) n are zero, and An PA,I is a sum of

tensors with at least one factor 1 if 4(I) <n . Such tensors project

@n
to zero under (I-Te) . But the tensors {P&»1®Pﬁa»l "'®Psn,1}(61,---,ﬁn)€a‘

of P(Zt)&1 < ¥ are independent, so that C, . =0 if 1] =n.
H

This completes a proof of independence.
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We are now faced with showing that ﬂ; is spanned by tower monomials,

Vi€2z"-{0} . We assume this is true for i, 1 <n where ¥, is the
0
first filtrand of % which is strictly bigger than Wb . &; is, of
0
course, spanned by a subset of the primitives. Let x € H; , with zero
R component. Then Xx —é—> x®1 +1®x 4+ I CA P, ®P by
1,J Al A,J
A I1,J
inductive assumption. Notice that no I or J = (0,0,...,0) if
CA 0 Suppose that we can show CA = CA whenever I1+J
1,J : PP 1,3 1,3’
=1’ + 3’ . Denote the common value by Cg , where K =1I+J . Let us
compute A& on x - L CA P . We get
K "AK
A,K
A A
x- £ C P, )®1 +1®(x- Z C,P, )
AKX K "AK AK K "A,K
A
22 T o« _-cHhpe, _op
A K I+J=K i,J K" "A,I A,J
A A
=(x - £ C,P )®1 +1®(x - Z C, P )
ax K AK ALK K AK
Hence,
x- T CgP, €PG) and x= I CgP,  + L d P,
A,K ’ AKX : o&d o

and x is in the span of the tower monomials, as required. It suffices

to prove the following

v Lt A A
H = C =
Lemma If I+J I'+J° , then 1,d cI',J'
Proof: We have both cocommutativity and coassociativity to help us.

Cocommutativity is used only in the following very special case:

A A
= = P
Suppose PI ® PJ Pa,IPB,O a,OPB,l Pa,l ® 8,1

. ‘1
PA,II ® PA’JI = PB’]- ® PQ/,l if I +J

® P Clearly

/

I+J , excluding 1’ or J' = (0,0)

By cocommutativity, and the independence of tower elements in filtrands



(@, ® _ (e ®

0,1),(,0) (1,0),(0,1) This shallow use of

below &; , we have

cocommutativity is not very surprising. One should recall that iff

generators of an algebra commute, the algebra is commutative.
Coassociativity will provide the remaining equations. Let us apply

both (ARI)oA and its equal (I®A)oA to x and project away from

NONSHUNON DBUUNSHBN . 1-19%% . wen. ax =

= = z CA PAI ® PA// ® PA
A 130 1'41"=1 ,J I I J
JH0 I1'30,1"30
a-10%as)o 0x == = . _prert s
A 130 J'+d’=g DI J J

J9 J'%0,7%0

From these two expressions and the independence of the monomials in

filtrands below &; , the coefficient of P: ® Pg ® Pg , R*0, S %0,
T #0 is CA = CA (Notice 4L(R) + 4(S) + 4(T) = 3) As
R+S,T = "R,S4T ° :
an illustration, let us assume the width of P ®P is 1 , its
A,I A,J
A A
i P =

length is £ =2 3 . By the formula CR+S,T CR,S+T , we have

(0’) (Q’) (a) _ (01)

(2) 4-2) ~ (1)+(1) “-2) - (1) (1) +(L~2) (1) 4-1)

c(@ c@ c(@ c(@

€3, w-3 =@+, = C@,m+w-3 = (2) @-2)

(d) _ (oD _ (OD _ (00
(& 1,1 - (&-2)+(1) 1 - (4 2), (1) +(1) (L 2),(2)
so that
Cf?% = ngzJ/ whenever I+J =1'+3' = ()
We say (I,J) and (1’,3') are adjacent if ir = ir/ except

when r =5, j = jr' except when r = s and 1i_ + j_ =1i_+ + jsl
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Clearly, as in the illustration, C? J = CI/ 3’ if (1,J) and (I',J')
? ’

are adjacent.

For the general case, we merely observe that if I+J = I'+3 =K

1"40,J3 %0, 1 +0, J%0, and 4(K) =23 , then there is obviously

a sequence of pairs (Il,Jl), (12,J2),...,(Ip,Jp) satisfying
i) (I _,J) 1is adjacent to (I
a q
ii) I %0 ,J #0,q=1,2,...,p
iii) (I
iv) T .,3) =( ,J3)

It follows that C and we are done.

b



CHAPTER II

AN OBSTRUCTION THEORY FOR TOWER CONSTRUCTION

Let {N}(o,ﬂ);(A,€)} be a connected Hopf algebra over a commuta-

tive ring with unit, R . A sequence of elements {Pi}i =0,...,0(.02)

is said to be a (diagonal) tower of height n (of infinite height)

A
i —_ i = cen
over P, if P, j+E=i Pj ® P,i= 0,1,...,n(...) and
€(Pi) = 61 0 Pi may be referred to as the ith story of the tower.
’
If ¥ 1is to be graded, we restrict P1 to the even dimensions.

Evidently, P belongs to the submodule of primitive elements, denoted

1
P(R) .

We wish to state and discuss criteria for the construction of
towers over primitive elements. If P € P(), n>1 , Pn may clearly
be replaced by Pn + P without violating the coalgebraic conditions.
Hence, any stepwise procedure for raising towers is subject to choices
at each step. We attempt to describe accurately the effect of such
choices.

We do not insist on graded Hopf algebras, but we mention as neces-
Sary any peculiarities which would be caused by grading. Generally,
there will be no sign troubles, as our towers will lie in even dimensions.

Suppose now that P is a primitive element of X . We construct

1

two sequences, {Pi} and {Ki} in alternate recursion as follows:

We let K. = 0 . Suppose Vi <n that Ki and Pi are defined, that

1
A
iP, - K, 1is primitive, and that P, * ¥ P _® P . (Note that P
i i i . . k 1
J+k=1i
and K. satisfy these requirements.) Let X = Z P,(mP_-K ) (no
1 D hen £ m "m



zero subscripts). We have

Proposition 1: (a) I P_ s.t. P —> I P, ® P. implies
n n i+j=n J

nP - K is primitive.
n n
(b) If ¥®®% is n-torsion free, 1 Pn s.t. nPn - K
n

is primitive implies Pn » Pi ® P

i+j=n 'J
Proof: We simply demonstrate that Kn —é—> Kn ¥1 +1Q Kn +n( Z P, ®P)
i+j=n1 J
(a) and (b) follow immediately.
Computing:
AK = Z AP . A(mP -K) =
n 4 m m
L+m=n
z P,(mP XK)RR1 +1®P,(mP -K) +
m m 4 m m
L+m=n
Ll = Z o
z PL Py (um Km) + (LP& KL) ® Pm +
4 +m=n 4 +m=n
z P(jP.K)®P +P ®P (jP.-K) =
i+j+k=n N JJ k k . J J
K ®1 +1®K_+n & P,®P - X P, ®K
n n £ m 4 m
£ +m=n {+m=n

- Z K, ®P + Z K ®P +P ®K
m k

£ +m=n h+k=n k h

=K ®1 +1®K_ +n - & P, ®P
n n
4 +m=n

m
Notice - we are not using any commutativity or associativity relations.
We have provided essentially algebraic criteria for the extension of

towers, a coalgebraic feature of the Hopf algebras i.e., if we wish to

extend a tower, we multiply and add certain elements associated with

the tower, and test for divisibility in the quotient module X/P(¥)
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These criteria fail only with the existence of Z-torsion, and then only
at certain stages.

For example, suppose R 1is a field of characteristic p . If n
is not divisible by p , we can divide any element by n in ¥ , let
alone in A/P(¥) . So a canonical process for constructing towers over
primitives is available except at multiples of p . At each multiple
of p , there may or may not be an extension. However, if there is, we
can push upwards to the next multiple of p without obstructioan.

In the notation above, for i =2,...,p-1 , K, =Pi/(i-l).’ and
Pi is the familiar Pi/i! = Ki/i . Pp is not algebraically related

. . . p+1
P . K =pPP -P -1)! P =
to 1 if it exists pel Tl 1 /(p-1)! , p+l Kp+l

2 p+2 .
=P P -3 .P -1)! 2!
K 5 1 3 1 /(p-1)

Pp+2 = Kp+2/2 , etc. (For an im-
provement, when R 1is perfect, see Sweedler [2], Lemma 7).

Suppose Pi is chosen for i <n , ¥ ® ¥ has no n-torsion, and
Kn is not divisible by n modulo primitives; i.e., Kn is not in
Ker(N =¥ Q7 ¥PH)I®Z +XPR)® Zn) . There cannot be a tower of
height n which extends {Pi} i <n . 1Is there an inherent obstruction
to raising any tower of height n over P1 , or have we merely made
unfortunate choices relative to our freedom within P(¥) in constructing
the lower stories? We are anxious to state algebraic relations between
towers over the same primitive which will illuminate this problem. Until
we develop adequate notation, however, suffice it to say that only the
choices at the stories numbered by the divisors of n are relevant to
this question.

As we are not restricting ourselves to commutative Hopf algebras,

we need some technical information about the way primitives fail to



commute with towers.
It is a triviality that [Q,P] = QP - PQ is primitive if P and
s . C s
Q are uppose that {pi}i=1,...,n is a tower over the primitive P1 R
and that Q is primitive. We shall assign to each pair (Q,Pi) a

primitive, denoted p(Q,Pi) . In particular p(Q,Pl) will be [Q,Pl] .

Let us suppose that p(Q’Pi) have been defined for i <n . Let

p(Q,P) =[Q,P ] - £ P p(Q,P)) (no zero subscripts).
n B j4ken ¥ J

We show that p(Q,Pn) is primitive.

Ap(Q,Pn) = AQAPn - APnAQ = . Z Apk * AP(Q,PJ)
J+k=n

= p(Q,P )®1 + 18p(Q,P ) + J_Hin{qp ®P + P &QP,

P,QgP, - P,@P Q) - J+l§=n{Pk®p(Q,P‘j) + p(Q,P &P, }

- T {pk®Pip(Q,Ph) + P.p(Q,P &P } = p(Q,P )31

h+i+k=n
+1%p(Q,p ) + = {{Q,P,J9P +P3(Q,P ]}
Jj+k=n
- {p8@QP) +p@PO2} - I {P® I PP
J+k=n Jj+k=n h+i=j

+ T Pp(QP)%P } = p(Q,P )81 + 1%p(Q,P)
h+1=J

This process can be iterated, of course. Since p(Q,Pi) is primitive,
p(p(Q,Pi),Pj) is defined, and is primitive. Hence p(p(p(Q,Pi),Pj),Pk)
is, etc. One can easily convince oneself of the efficiency of the
notation if one tries to write these primitives non-recursively.

We introduce double positive integer notation for elements in

¥ — P, LK. ,V. . — with the following conventions.
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(a) Vi P, is primitive.
i,1
(b) , Vi {Pi,j}jzl,...,ni is a tower of height n, over Pi
(c) LE K. . is, of course L P, (@p., ,XK,  ,) VJj and
i3 ) ,k%:j ik i 4 il
(Lpi,L_Ki,&) is primitive V 4 .
(d) Vi, v, . =i(jP, K. ) Vg3 .
i, 1,3 1,J
(e) if #& 1is graded, P, and P, . have the same degree
1,h 1z,Jd2
if and only if 11j1 = 1,50,

We now state a lemma which essentially says: If a modification by
a primitive element is made at the ith story of a tower of height n ,
i.e., Pi is replaced by Pi+P , the modified tower of height i can be
extended to a tower of height n , if a sufficiently high tower can be

constructed over P .

Lemma: Let P, .. and P be towers of
{ 1rJ}J=13---’ni { k,&jL=l,...,nk

heights ni and nk respectively. Let k=g - i, g 2 2 . Then

3 and { I P

poth { = p
m=1,... .
jrgl=m

p. .}
j+gd=m k,£ "i,j’m=1,...

P
i,j "k,d
are towers of height min{ni,gnj + (g-1)} over P,

i,1

Proof: Trivial. Apply A and organize indices.

Corollary: Let {Ph,j}j=1,... be towers of height nh, h=1,...,k .
Then z R ¢ S S .. P, ) is a tower over
{z =m( ( 11,0 12932) 1y yJk }m=1)2,~--
g}
P, , of height min{hnh+(h-1)} for any permutation i of (1,2,...,k)
?

1

?
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and is said to be the i-amalgamation (or canonical amalgamation if
i = identity) of the towers {ph,j}

We now graph the construction of a tower, displaying the effect
of choice, page 12. We use the notation P 2+ K since K is deter-
mined by lower P's, and K ---> P since P is not uniquely deter-
mined by X , but represents a choice. We use the canonical amalga-
mation described in the corollary, abbreviated as {33} .

We call the towers {P j} h > 1 , branch towers, and the primi-
’

h

tives {Ph l} h > 1 , modifying primitives. We are clearly portraying
?

only "first-order effects'", i.e., we make full use of choices at each

story, but each modifying primitive comes equipped with a tower., We

are not describing the effect of choices on these branch towers. Our

fundamental result is:

Proposition 2: If ¥ is associative,
K = Z iK, , + EZ{mP, . P, . ...P
m ilm i,m/i K>1 11,J1 1g2,J2 L1k, Jk
ZiLJL=m
ip<dg<...<iyg
- sV, P ), 0P )}
p(p( (p 1; )Jl, 12,32 ’ ’ 1k Jk
Proof: We proceed by induction. This is trivial for m = 2 . Assume
it is true for j <m . Then clearly in this range j 5} - E;
= TV + z p(pC...(pC(V, . ,P. _.)...),P. .
j=kd, k,{ Ti j,=j i1,317 i2,J2 "k, Jx
174
i, <ip<...<iy
Of course P = z P, . ,...,P. . and K = I P (sP -K)
J 11,01 1x,Jdx m r+s=m r s s

DRSPS

i3 <ip<...<iyg



12

_—

FIGURE 1

7 —l) (n-l) -
K K’ (i _
n+1l n+1 Kn+l Kn+1 Kn+1
A A A A
L P. P_ . Z P, P P P ,...,P ZP. . ...P
i+2j=n 1,12, i+2j+3k£1’11 2,J 3,k Zk.jk=n L9 tady Zk,jkzn 1,d) nyt
A
1
)
]
/"
A “
i
! A
KI
™~
‘% P, P P P, .P
1,471,2°2,1%72,2%F1,1F3 1
i L jPy . weP o +*P. =P
i . yJ J 1-1,7. 1,
P ) = ’ -
P1,3+Pl,l 2,1 < 2kj 1 2 i-1
A 4
i A
i
K/3\\
b P. P P =P
A DPp gtPy Pyt ) = Py
\\.l _
1,2+P2,1 Py
P
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We now organize the'monomials’in this expression for Km . A

"

first step is to group the monomials by the ordered subsets of i’ sub-

scripts — i.,e., we isolate monomials of the sorts

where Z . =m and

*) p . \ .
Bx-11Jk~-1 Ex>rJx ngf

P . P .
811J1 82irJ2

)jyee0),P

Aok
(kx) P P «ee P pp...(p(V, kP Phok

j k
hy,d1  hg,k hy ok, 24175041 Mpa2 ¥ pen

where Zkfkf = m and {glygzyootygk} = {hl’hz’.'.’hm} .

if il < 12 < ees < in are the distinct entries of these equal sets, we

say the monomials are of type {il,iz,...,in} and of width n . For

example, P p(p(V ), ) is of type {1,2,5,6} and of

1,2 F2,3 2,4'75,6" %6, 2

width 4 . For a given ir , let the ir height of (*) be P B

and the ir height of (**) be = J, « Clearly these sums have

he=1,
only one or two summands. In the example, the 2 height is 7 , the

1,5, and 6 heights are 2,6, and 2 respectively.
We say a monomial is of type {(ll’Jl)’(12’32)""’(1k’Jk)}Zilj6=m
if it is a monomial of type {11,12,...,1k} and its i, height is Iy oo

We now add monomials of the same type,

(i) type {(i,m/i)},

iem/i=m
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(1) type {(i,,4),(,,3))]

i1,J iz, iz, J iy,J Z:// pi 3j io, jo Vi o
- 4 . .
1,01 21J2 2s5J2 1sJ1 J2+in=Jz 1,01 2sJ2 2sJ2
+ , pn pi J.I i J Vi J.H + : Pi Y p(Vi j// ,Pi .
oA, Y SN
Jy +37 =31 12J1 21Jz2 1:J1 31 +31=d1 101 1,1 2J2
+ Pl J / pl J 7 p(Vl R4 ,Pi J,u)
Lo
J1 +31=d1 11 21J2 1,J1 231J2
R
Ja+Jz2=J2
+ ’ b Pi J_, p(Vi A ’Pi _//)
Ja+is=da 2rJ2 1,01 21:J2
=(,§, P, P, . -i P K (e, . ,v, .
272 "3, 12,32 2 iy, 12,32 1,32’ 11,d1
+ i j. P, P, -1 ., .P. ) +G_, P, K. .
11 "i5,3; 1z,J2 1 715,37 12,32 2 11,J1 12,02
+ ( z Pi ./[Pi . ,Vi ]+ Ki . Pi .
YA
3t +31 =3y 12 21J2 1s21 1,J1 12,02
+ P, _Apv, P, )+ . . op(V, P )}
AN 1 1 1 A 1 1 1
31 +31 =01 1,J1 1,01 2:J2 Ja+ie=dz 21J2 1,01 ?,Ja
+ Z” Pi jl p(Vi j ’Pi J'” = iy, Pi j
LA,
Ja+ia=Jjz 2sJ2 1,J1 2rJ2 1,J1 “29J2
+ {[p. . ,v. .1+ P, .,p(vV, . ,p. .0}
[ 12:32’ 1,01 N L 1,02 13 )Jl’ 1z,J2
Jaot+Jda=J2
+ Z P. A . . 4V, o]+ P. s p(V. v P )
N 2NN A 1 1 1 2/ 1 1 i
Jiae =gy Tred1 2,Jz2° L1,0 Je+ja=js 12792 1,017 12,32
+p(V, 4P, )} = P, P . -p(V, . ,P .
11,317 12,32 1,31 12,32 i1,d17 i2,d2

(Recall the inductive definition of the pairing

the usefulness of writing AB as

trick.)

{A,B] + BA .

One should note

pC , )

This is the essential
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=m

14

Gid)  type 1G53, G000, 00,30 py L 2 Sk <0

- p(...(p(V,

. . p, . PR P, . . ,P. . .9
11,J1 12,02 lg,Jx 11,J1 1z,)2

iy 2 Jx
by inductive assumption.

(v type {Gi,3)),0,,00,...,(1 30} .

We shall use the inductive assumption (iv), not for E; , but

for X, . . . . . . We look at some partial summands
i+ Hp-1Jp=1 =M = 157,

in the form of lemmas and consolidate in the form of remarks.

Lemma 1. P, . p(...(pv., . ,p. .),...,DP. .
—_— in,3dp iy ,d1 7 1,327 " i sdn
+ z P, .¢p(C..(pCV, . ,...),P, o ),P. L a)
N T 'Y P P iy,d1’ ipasda-1”’ insdn
Ja+In=Jn
=-p(... p(V, . ,P. .)...),P, . ),P. )
P P iy,31 7 ip,Jd2 "ip-15dn-1 7 insdn
+ p(...p(Vv ,

S . . - P,
iy,J17 iz,d2 1y-19Jdn-1 14502

(This is more or less the definition of p( , ) again).

Remark 1. We now use the inductive assumption (iv) for Km-i j to
nJdn

see that p(...p(V

N - D TS 3 3 . ) - P, .
iy,J17 i2,J2 1p-13Jn-1 1p5dn

={m~-1i ) * P, . ... P, . * P, R
an 1,0 1p-1,Jp-1 1,,J,

- Z types {(ilnjl)""s(in‘lvjn-l)}

s e insdg
Z§¢J¢_m id,

Lemma 2. z

A . P, V. .
7 1, - - 1 1
j;+j;=jn 11,0 n=1sJn~1 1nsJn n»Jn

+ P, . ... P, . . .
1,00 1p-1:Jn1 in,Jdn

i P, . ...P, . K. .
n L1, 1p-19Jn-1 1p3sJdn
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+1ij P, . ... P, . P, . -i P. . ... P, : L
nn 1i,J 1n-19Jp=1 1n:Jdn n 13,3 lp-1sJdn-1 1nsJdn

=1igj - P, ., ... P, .
n'n 13,0 1y yJq

Remark 2: We consolidate. Our partial sum is now

., .. P -pC..pv, . ,P. . DL,P. )
11,01 1, 5Jdn P 11;.]1’ 1s,J2 ! 1p 3Jdn

- Z types {(11’31)""’(in—l’jn—l)}iﬁ&JL= m-ip jy, . Pin:Jn

The trick we use to dissolve the unwanted term is the following.

Lemma 3. P arbitrary, Q primitive implies Pp(Q,Pi j')
nrJn
+ z PP, ., p(Q,P. .#) +PP_. . Q=P[QP. ]
jn/+-jr/ll=jn 1y 5Jn 1,,Jdn 1,,Jdn 1p 5Jdn
+ PP, . Q=PQP, . . This is, of course, a direct consequence
1n9Jdn 1n9Jdn
of the definition of p( , )
Remark 3: Replacing P by terms of the sort P P

... P

P )...P )
]
hy,k, ' hy,k, he kg

and Q by terms of the sorts V and p(...(p(
Byoky 1

with g's and h's selected from {11,12,...,1 } , the left hand

n-1

side of the equation in Lemma 3 provides the remaining monomials for our

sum of monomials of type {(il,jl) . (in,jn)} . The right
Zi_j.=
ipdp=m
hand side provides the monomials of type {(il,jl) . (in_1 jn_l)}
] . s
thJf-m 1an
right multiplied by P, . . By Remark 2 we are done.

1p5Jdn

Clearly (i) and (ii)-(iii)-(iv) provide a proof of the proposition.

We mention two technical points:
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(i) The proof of Proposition 2 does not depend on the use of the
canonical amalgamation. Any O-amalgamation should have done
as well, merely by replacing the summation ranges

i <ji < < i i < i < < i
i i, c. i by 0(11) 0(12) e G(lk)

(ii) One should not hesitate to replace any tower {P _},
h,j J=1,...,mn

by zeros, if h > 1
We focus again on the key problem. If a primitive supports two

towers of height m-1 , and one cannot be extended to height 'm , can
the other? Proposition 2 partially answers this question. If the two
towers are related as the extremes in Figure 1, the answer is dependent
on the extendibility of the branch towers over the primitives modifying
at stories dividing m . In detail, in order for the figure to apply
with n+l = m , for each i|m , the height of {Pi,j} must be 2m/i -1
If V ilm, 1 ¥1 , these towers can be extended to, or are taller than,

height m/i , then K,

. 1is divisible by m/i , modulo primitives.
i,m/i

Hence i Ki w/i 1s divisible by m , modulo primitives. By Proposition
?

2, K; and Km have the same image in A/P(¥) ® Zm . If it is zero,

both {Pi} and {5;} can be extended to height m ; if not, neither
can.

On the other hand, suppose there is exactly one io s.t. i0 m ,

i, #1 and K. ,m/. does not got to zero in ¥/P(¥) ® Z_, . Then at
10 10 m/lo

most one of the towers ({Pi},{F;}) can be extended, possibly neither.

We describe two special situations. We assume #% is torsion-free as

an abelian group.

Proposition 3. If {Pi} and {5;} are towers of height m-1 over

P1 and all primitives of ¥ support towers of height [m/2] , then

both towers can be extended to height m , or neither can.
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Proposition 3. Suppose ¥ is graded, P, €P , and {pi} and {p_i}

are towers of height m-1 over P1 .  Suppose that whenever

P € P(aotk, 4-2,3,..., P supports a tower of height [m/4{] . Then

both {Pi} and tf;} can be extended to height m , or neither can.

Proof: (same for both propositions) Denote Pi by Pl P By com-
?
puting A , we see that P2 - P1,2 is primitive. Call it Pz,1
Choose a tower {P2 i} of height [m/2] for P2 1 By computing
? ?
A, P3 - (P1,3 + Pl,l P2’1) is primitive. Call it P3 = Choose a

?
By computing 4 , P -P

tower of height [m/3]) for P 4 P4

3,1

- P is primitive, etc. We reconstruct Figure 1, and

1,2 P21 “ P22
now have available Proposition 2, from which 3 and 3’ follow.

We summarize. To each primitive P of N’, for each n € Z+ , we
assign a set CP(P) C ¥/P(Y) ® Zn as follows: for each tower over P
of height n-1 , we compute K € ¥ , and take its image under the
canonical module morphism & 4 ¥/P(X) ~¥/P(¥) ® Z » /P(M) ® (A
If there are no towers over P of height n-1 , Op(P) is empty. There
exists a tower of height n over P only if OP(P) contains zero.
When ¥ is n-torsior-free, there exists a tower of height n over P

if and only if ™" (P) contains zero.

In this language we have, for X torsion-free as a Z-module,

Proposition 3. If O"(Q) contains zero for all Q € P(¥) , Vm s n/2

then O"(P) contains exactly one element, VP € PR) .

Proposition 3. If ¥ is graded, P € P(), , and ¥ Q € P(¥)

m < n/{ implies GP(Q) contains zero, then CP(P) contains exactly

one element.

We look at an example in which one of these sets has more than one

ki,4=2,3,...
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element. Let ¥ = {xi, i=1,..0,0,.00 , ¥ XY =YX, , X%, = X%,

coi4]
= . -+ + j

\ i ) Xi,5 0 Y ¥l + 18y , x. oz x,@kk} . Consider the

J +k=1i
following two towers over x1 : {xl,xz,xs} and {xl,x2+y,x3+x1y} .
— 2 2

By Proposition 2, K4 = K4 + 2y = xi/S! + 2y (mod 4) . But xi/31 is

0 mod 4 , 2y2 is not, nor is it primitive. So K4 and K4 have
different images in A&/P(®) ® Z4 , and Og(xl) contains two distinct
elements.

We consider the question of how general a situation is described

by Figure 1. Let ¥ = {Pi,Qi , 1= 1,2,... 1 P, LS s P.®P,

J+k=1
Q, L>m ®q ;P -0q}.
i J k 1
( ¥ is neither associative nor commutative.) Suppose we could "solve
the obstruction problem” in this Hopf algebra, i.e., suppose we could
list all the primitives and establish the height of the highest tower
over each primitive. Then we would be in a position to know whethér or
not Figure 1 is the norm. If two towers are the same height over a
primitive in any connected Hopf algebra, is one the amalgamation of the
other with branch towers? This seems to be a very difficult problem.
In the associative quotient, it can be shown that P2 - Q2 has
a tower of height two:

- - - 2
3P, + P1P2 Pl P2 3P1P3 + P1P2P1

2
+Qq + P Qy - PiQ3 - PyQy -
It follows readily that in every associative connected Hopf algebra

any two towers of height 4 over the same primitive are amalgamations

of one another with branch towers.



CHAPTER 11I

*
THE COALGEBRA, H (BU;Z)

We describe the coalgebra structure of the Hopf algebra familiar
to topologists as H*(BU;Z) . This is well-known to be a "self-dual"
Hopf algebra, (sece, e.g., Dyer [3]), and our argument is a new proof of
this fact. The innovation is that duality is not used. A more in-
spired defense of this repetition is better deferred until we make
important use of some of the details of the argument.

Let RJA,C be the Hopf algebra over R , a commutativVe ring,

described by "generators and relations' as follows:
+
o = ; .
{RJA’C, ©,m, (A,e)} {Pi,l €z ; (PiPJ.)Pk
-P.(®.P), (i,5,0) € @3, PP =pPP (i, € @hH?
ivik ’ yJ ] i3 i ] ’

. + .
PiP0 = Pi’ i €z ,7N@) = P0 ; Pk - ‘ ; Pi by Pj ’
i+j=k

+
k €2, e(Pi) = 61,0} .

As an algebra, clearly RJA = R[Pl,P Pn""]’ and may be
?

R7A,C

filtered by the submodules of polynomials of degree less than n+l1l for

C 2,...,

all n € Z+ . We shall give a basis for the primitive submodule of

RJA c’ and for each element of this basis, construct an infinite tower.
L

In preparation, we make the (expected) definitions of a sequence of

elements, {Ki}iez+ {0}’ of RJA,C .

K. =0, K, = . z _ P.(kPk - Kk)
J+k=1i
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Theorem 1, For each strictly positive integer n , the submodule of
P(RJA C) spanned by homogeneous polynomials of degree n is free on
9

one generator, nPn - Kn . Hence, a basis for P(RJA ) is

,C
A {0} *
Proof: Let us suppose first that R=Z . We write PI for
iy ig iy . . . . _ofs s .
PI'P2...P " and W(I) for i, + 2i, + ...+ ni , if I-= {11,12,...,1n} .
J K
API = = ai’K P ® P defines for each I a family of
w(JI)+w(K)=w(I)
J,K
elements, {aI }J,K’ of Z .
Let P = X b PI be primitive and homogeneous of degree n .
w(I)=n
I 1
AP = z b. P &1 +1® z bI P
w(I)=n @w(I)=n
+ = L b P et

w(@+w(K)=n w(I)=n

{bI}w(I)=n is a solution to the system of equations with integer co-

TK g 3

I I’e(I)+w(K)=n
J40, K30

efficients, { =T a =0 .

w(I)=n

This system of equations is highly redundant. It is easy to see, for

J,K K,J
I’ = aI’ ,

tivity of RJA,C .

We propose to describe a subfamily of equations which must be

example, that a for all I,J,K by virtue of the cocommuta-

irredundant. There will be one equation for each I such that
w(I) = n , save one. This subsystem of equations cannot have two

rationally independent solutions,
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On the other hand, nPn - Kn is primitive, and so provides a

solution., Let us suppose that if n' <n , n'Pn/ - Kn' is a homogeneous
I3
+
polynomial in {Pl,Pz,...,Pnl} whose PT coefficient is =1 . Since
nP -K =nP - I P (jP, - K.)) , clearly nP_ - K is a homogeneous
n n i+j=n 1 J J n n

polynomial in {Pl,P Pn} whose P7 coefficient is ﬁ1 (only

2,-0., 1

. n . .
Pl((n-l)Pn_1 - Kn-l) can contribute to P1 ). Hence nPn Kn is in-
divisible, and generates the homogeneous primitives of degree n .,
Clearly every primitive can be written as a sum of homogeneous primi-
tives. Except for our deferred linear algebraic argument, this com-

pletes the proof of Theorem 1 if R is Z .

Suppose R 1is an arbitrary commutative ring. Then

8
i) RJA,C EEZJA,C ? R
o
ii) R'TA,C ® RJX,C =3 (ZJA,C ®R) ® (Z‘TA,C @ R)
R Z R
B
= (7 . J. ) ®® (RESR)
z°a,C , 2°A,C R
Y
= (zjx,c ? Z'TA,C) 2 R

iii) P(,J, ) = Ker (((I - Tle) ® (I - Te))°A)

z

iv) P(_ 7

~
]

Ker ((I - Tle&) @ (I - Te))oA)
R

v) The following diagram commutes.
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z7a,c & B > GIa,c ® 272, @R
z zZ
6 ==
((1-Te) ® (I-MNe)) ® R
! zZ
RJA,C
Vv
A (zjk,c ® ZJA’C) R
zZ 4
v
r'a,c ® »a,c /
(I-Te) ® (I-ﬂ:}\\\ Yo Boar
A
RJA,C ® RJA,C
" -1 -1 1n
By
vi) Image (((I - MNe) @ (I - Tle))°A) @ R ==

Z A

Image ((I - Te) ® (I - Tle)°h)
R

vii) Image ((I - Te) @ (I - Me)ed) is a free abelian group
Z

since it is a subgroup of ZJA,C ® ZJA,C

viii) From vii), TorZ (Image (I - Ne ® I - Me)oA, R) is zero,
VA

" oen
6
==

i = viii imply P(RJA C) A.C
? ? Z

Theorem 1 follows immediately for arbitrary commutative rings.

We return now to the linear algebra left undone. We order the

monomials PI with w(I) = n , lexicographically. APilng...P;n

clearly has a non zero P it 2Fec+tin g plapla | pln  coefficient,
1 1 72 n-1
as each Pj contributes a P1 ® Pj 1 factor, On the other hand, no
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monomi al higher in the ordering has a non-zero coefficient for this

tensor, for only summands of APj of type P1 ® Pj— and P0 ® Pj

1

can contribute factors.

J,K
be th uation Z ! X =
Let EJ,K e e equati o(Dyen a I Olw(J)+w(K)=n
J¥0, K0
Consider the subfamily of equations, EJ K’ where J and K are
?
related as: JI = (il+iz+...+in,0,0,...,0) , KI = (i2,13,...,0) .

Clearly w(J) + w(K) = (1'(il+i +...,in) +0) + (1°i +...+(k-1)ik+...+(n-1)in)

2 2
= 2 ki =n , so that there is exactly one such equation for each 1
k
such that w(I) = n , except for I = (n,0,0,...,0) — JI would be I

and KI would be zero, which is not admissible.
Order this subfamily by the lexicographic ordering on the I's .

Then X makes its first appearance in E

I J_ 'K with non-zero co-

0 1, I

efficient, by the above discussion. Such a system of homogeneous equa-
tions cannot be redundant, and there is one more variable than the
number of equations,

We would like to demonstrate that iPi - Ki € supports an

Z7A,C

infinite tower, for i € Z+ - {O} . Let us suppose this is possible,

Define iP, - K. =P, , and let {P, _}. be an infinite tower
1 1 1,1 1’\] J=1’2’0-.
over P . Theorem 1 of this Chapter and Borel's theorem of Chapter
1,
I imply that ZJA c is a free abelian group on generators
?
P, . P, . ...P. . and 1 , But J, ® R =_J
{ 11"]1 12’\]2 1k}Jk}11<12000 Z A,C Z R A,C ’
j_€z"-{o}
s
and RJA c is a free R-module on the same generators, Hence, for any
’
R , the coalgebra J, is isomorphic to a tensor product of a

R°A,C
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countable family of tower coalgebras, ®

P, 3.+ .
i€z *-foy 1II€

We turn now to the construction of the towers when R = Z .

Notation: If n =21 , ZJX,C = the sub Hopf algebra of ZJA,C generated
by pl’Pz""’Pn .

4 /

. R ’
: -+ - >
*n ZJX,C z9a,c 24 iy zJ:,c z‘jz,c » Do ~n are

inclusion maps.

i

i
o .,xn] = z[xl,x

If i21, zZ[X'] = z[xi,x X 1, the

2,..0,

polynomial algebra in X = (X
Jy = .th . . . fvd
Oi(X ) =% elementary symmetric polynomial in 2z{xJ] .

There is a unique algebra map ¢ + Z[X] extending P, o ci(X)

n:ZjZ,C
= ci(Xl), i=1,2,...,n . The fundamental theorem of symmetric poly-
nomials (see, e.g., Jacobson [4]) ensures that Ln is a monomorphism
whose image is precisely the symmetric polynomials in Z{X] .

There are algebra maps

-1
. 3 —’
q’n'ZfAl,C + z‘?X,c defined by P, + P, ,

i=1,2,...,n-1 , P+ 0 , and cpn:Z[Xl,...,Xn] —»z[xl,...,xn_ defined

1
by Xi -+ Xi , i=1,2,...,n-1 and Xn -+ 0 . The following diagrams

commute, for all n , by the definition of the elementary symmetric

polynomials.

A 4 -1
27A,C — n > z‘yz,c
< I1
in—l
n ’n-1
% 0 v
n
20X, X000 sX ] > 20X Xy, nesX ]
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It suffices to show that the algebraic criteria for building towers of

height j over 1Pi - Ki in ZJA,C are satisfied in Zj:,C , wWhere
ij €£n ., We shall, in fact, compute in Im Ln .
We write P, . for P. , P, for jP, - K., . For i <n ,
1,3 J J,l J J

we wish to define sequences P, .%. . K. .. .
4 { I)J}le,”‘:[n/ll ! { 1)3}\]:1)---)[11/1]

in such a way that K, . = Z P, (P, - K, ,) and
1,)] J=k+4, i,k i, i,4
P - K =ij P, .. - K
i, 70,5 T 1,13 T ML,
=1ij Pij - Kij .

Let us recall Newton's formula (see, e.g., Jacobson [4]). If

il

J J J
Yo+ Y, + ... + Yn € Z[Yl,...,Yn]

SJ(Y) 1 >

Sj(Yl’YZ""’Yn)

for all j € z° , then

. J-1 J =
JOﬁ(Y) - o&_l(Y) S, (M + ..+ (-1) o, (¥) Sj_l(Y) + (-1) SJ(Y) =0,

Let us suppose that {Pi j'} and [Ki j'} are defined for fixed 1i ,
H ?

for j' <j < [n/i] and

D@ 0= o et eax'y s axd
g . o ayidf-l i i
ii) Ln(lp.’_/ - Ki,jl) = (-1) Sj/(X ) €2[x7] < z[X] .
Then
i) = TG PR K D)
- 5 (_1)(i—l)k ok(xi) . (_l)iL—l sé(xi)
k+d=j

- (@Dl -yt 0, &M sL(xi) i
k+i=j

Newton's formula, replacing Y by x* » gives
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(i-1)j

. i ij i
J(-1) Oj(x )) - z,n(Ki J.) + (-1) sj(x ) =0 .

b

Since os(xl) is symmetric, it is in the image of Ln . Let Pi j be
H

the unique pre-image of (-1)(1_1)J Oj(xl) under . Then

. ij-1 i i ilj

P, . -K )= (-1 S. (X . But §_ (X 2 (X + eee +
Ln(J i, 1,3) (-1) J( ) J( ) ( 1)

(XI)J = ij-1
n

|
~
tel
~

and (-~1) sij(x) = Ln(ijP .. - K

ij ' 1,iJ l,ij)

= Ln(ijPij - Kij) by the Newton formula, replacing Y by X . Since

z is a monomorphism, jP., . - K, 6 . = ijP.. - K, .  , which is primitive.
n i, 1,J 1) 1]
Hence, by Proposition I of Chapter I1I, Pi . 1s an extension of the
’
to P P = i - .
wer { i,j/}j'<j over i,1 1Pi Ki

We must be certain that we are not altering the towers as we in-
crease n , Such a procedure would not provide infinite towers, but
merely finite towers of arbitrary height. But the commutativity of the
above diagrams (p.25) is our assurance. Since ci(XJ) in Z[Xl,...,xn]

restricts to ci(XJ) in Z[Xl,...,Xn_ ] if ij €n-1 , P, ., as defined

1 i,J
in ZJX,C , restricts to Pi,j , as defined in zJX:é .
We summarize, and paraphrase
Theorem 2. T is a free R-module on generators 1 and

R°A,C

{p

. . P, S S S . . + . As a coalgebra
11,3y 12,32 1k;Jk}11<12<---<1k ’ Js €z -{0} g ’

=3
“- =

— . O P + .
R°A,c < 1€z"-{o} ?y,5h5ez
Theorem 2/, In R[xl,xz,...,xn] , a basis for the symmetric polynomials

of degree <n is

2+...+ninsxl} 5

n

1 2 n. |. .
S={%JX)0%@)...%(X)hfm



28
Theorem 2’ follows immediately from Theorem 2, by our representation of
RJ:,C as a subalgebra of R[Xl,...,Xn] « The basis elements of
Theorem 2 pass, under Ly 0 to the basis elements of Theorem 2', up
to sign,
Caution: The restriction on degree is not entirely removable, 1In
degree 3n , Oh(X) . oh(Xz) and oh(xs) are equal. We do not know

whether or not 3n is the first degree in which the analogue of S

fails to be a basis, If n = 2 , this is so.



CHAPTER 1V

*
THE HOPF ALGEBRA AUTOMORPHISMS OF H (BU;Z)

We demonstrate that the group of Hopf algebra automorphisms of

ZJA,C is isomorphic to Z2 X Z2 .
Theorem 1. If ¢ 1is an automorphism of ZJA C which fixes P1 , and
’

2
¢+ 1, then (P, =P] -P, .

Proof: Let us suppose ¢(Pi) = Pi for i <n , and @(Pn) * Pn .

Since ¢ is a coalgebra map, w(Pn) extends the tower {Pl,P P

2""’ n_l} ’

as does Pn , SO ¢(Pn) - Pn is primitive., By Theorem 1 of Chapter III,
qKPn) - Pn = )\n(npn - Kn) for some Ah € Z (it is readily shown by
induction on degree that ¢ is homogeneous). On the other hand, @(Pn)
is an algebra automorphism, so q(Pn) = tPn + decomposables. Equating

coefficients of P, I1-a=A'n. A #+0 since o®P) ¥ P_, so
n n n n n

2

n= 2, Xz = -1, and w(PZ) = (-1)(2P2 - Kz) + P2 = P1 - P2 .
%
Theorem 2. There is an automorphism ¢ of ZJA c such that
H
2
q(pl) = Pl , @(Pz) = P1 - P2 .
Proof: By Proposition 3, Chapter 1I, there is an infinite tower
’ . 2 .
{pi}i=1,2,... extending {Pl,Pl - Pz} . Suppose there exists such a
tower in which P; , Wwhen written as a polynomial in {Pi}i—l 9 has
—~4 g e

Pi coefficient tl . Then qKPi) = P; extends uniquely to an algebra
map which is clearly a compatible coalgebra map, and onto by induction

on degree. Furthermore, if M is any monomial in {P.}, then

1 1=1,2,.-. !

pM) = tM + lower monomials in the lexicographic ordering. If P is

any polynomial ¥ 0 , @P) #+ 0 , since @(P) = aY; + lower monomials where

*
See addendum, page 32. 9
9
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M is the largest monomial of P ,

Let us suppose then, that there is a tower {P;}i_l
- ?

2y000,n-1
such that
G) p’ = (-1)1'1 P. + P + monomials in Ideal (P_,P P. )
i~ i 1 277377 -1
>i>2,p =P P/ = -P. + P2, and
n~1 W TR Fa T T 1
i-1

. 7 / .
(ii) 1Pi Ki = (-1) (1Pi Ki) , where

K'= = p/tkxp/ -kK") .
bois=jek 3% K

We show that (i) and (ii) are satisfied for some choice of Pé .

Let us compute.
K'= Z p/mp’ -x') .
L+m=n {' m m

By Proposition 3, Chapter II, there is an extension of {P.}

1 i:l,z,...,n !

since every primitive in supports an infinite tower., Furthermore,

zZ7A,C

if P’ extends, by Theorem 1 of Chapter III, nP’ -K' = A (@P -K)
n n n n o n n

for some A €2Z , or nP' =K’ + A\ (nP_ - K ) . The coefficient of
n n n n' n n

P; in nPn - Kn is (_1)n-1 by induction., In K; , each summand

’ ’ 7 ’ m-1 ‘ . L
PL(um Km) = PL((-I) (um Km)) contributes coefficient 1 to
Pi . PT = P§+m = P? ,and there are n-1 summands. Let oy be the co-

efficient of P? in the polynomial expression for Pé . Equating co-
efficients,

n-1 _ n-1
o= (@-1) + A ¢ (1) 7, or A = (-1 mod n .

n-1
Without loss of generality, kn = (-1) , for any multiple of (nPn - Kn)
which is divisible by n may be absorbed in nPé .

So we may choose P; in such a way that
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’ ’ n-1
nPn Kn = (~1) (nPn - Kn) .

-1 -
Since ny o= (n-1) + ?x.n(—l)n and Kn = (-1° 1, ny = n, and

1 -y = the P coefficient of P’ ., Since K and K’ are decom-
n 1 h n n

posable, the Pn coefficient of P; is (_1)n-1 . Thus, (i) and (ii)
are satisfied, and Theorem 2 is proved.
Theorem 3. There is exactly one automorphism ¢ of ZJA C such that
: ?
2
qKPl) = P1 and qKPZ) = P1 - P2 .
Proof: Suppose qﬁ and qé satisfy the restrictions given. Then
1@y =P Lo @) =p
B R =5 G KRB =P,

Theorem 1 implies q{l P,

I, so =9 - Theorem 2 provides the
unique automorphism,

Theorem 4, q? =1 if ¢ is the automorphism of Theorem 2.

P, $®) = 9l - P = 9B - pp)

Proof: qF(Pl) 9

P

N

2
- (P1 -P)="P_.
Hence, by Theorem 1, ¢ =1 .

Let w:pi -+ (—1)1Pi determine {:_J, is clearly

Ll ]’
z°A,c " z'a,c " "

an automorphism of order 2 which commutes with ¢ .

. . - - - .
Theorem 5. The inclusion Z, X Z, =gp(g, ) < AUt(ZJA,C) is an
isomorphism of groups,

Proof: Any automorphism vy fixes P1 or sends Pl to —Pl . If
vy fixes P1 , it is ¢ or I ., If Yy sends Pl to -P1 , then

Yy fixes P, and is ¢ or I,
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%
In H (BU;Z) , which is isomorphic to by the identification

z7a,C
.th .
of the 1 Chern class c; with Pi , ¥ and {Ycp are familiar as

conjugation and the "power series inverse' of the total Chern class

c=1+ q + Copt oeee s respectively,

Addendum: We seem to have suffered from an excess of zeal in the proof
of Theorem 2., An argument can be constructed rather easily making use

of the canonical anti-automorphism described in Milnor & Moore [1], §8.



CHAPTER V

i - %k
A COMPUTATION OF § l(ci) € H (BU;Z )

We shall exploit our knowledge of the coalgebra structure of
H*(BU;Zp) and the well-known fact that the Steenrod mod p reduced
powers, {P;}iez+, preserve primitives to make the title computations.

We shall write Pi-l(ci)as a linear combination of the basis we described
in Chapter III, and then translate, rather awkwardly, into the standard
basis, the monomials in the Chern classes. We suspect that successive
computations of Pi_z(ci),F;_s(ci),..., and F;(ci) can be gotten, and
moreover, that the "right' basis is the new one. Our result is purely
Hopf algebraic, and makes no use of prime number arithmetic, except in
changing bases,

Let us recall, from Chapter III, that ij C contains a family of
?

elements {P } such that

i,j°i€Z' -{0},jez" °

(1) P =1 for all i .
i,0
ii) P, =P, for all j .
( 1,5 J J
(v.1)
(iii) Pi,l = 1Pi - Ki , for all i .
iv jp., .-K, . =1ijPp. ., ~-K. .. =1ijP. ., - K., = P,
Gv 3 i,J i,J I1,14 1,ij I 5 ij ij,1
for all i and j .
(v) 1 and the elements P, . P, ...P, . , with k = 1,2,...,
11,J1 12,02 1g,Jk
iy <ip < ... <dk, Jg # 0 make up a basis of ZJA,C .
(vi) If n 1is sufficiently large, in Z[X] = Z[Xl,Xz,...,Xn] ,
. e . (i-1)j i .
Pi 3 may be identified with (-1) Oj(x ), in
2

33
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particular, if j is 1, P, , with (-pi?t ol(Xl) =
?

i -1
(—1)1 si(X) , where the o's and $'s are the elementary

symmetric polynomials and the symmetric powers, respectively.

*
(vii) H (BU;Zp) may be identified with J, = J ® 2z by

Z, A,C Z A,C P
. AP . . .th
identifying ¢, with P, =P, . , where ¢, is the i
i i 1,i i
universal Chern class € HZI(BU;Zp) .
Our result is:
i-1
P (e, )= Z P P .
1,i ris=i (s-1)p+1l,1 »p,r (V.2)
r=0 s=1

Notice, since (s-1)p+l ¥ p for all s , this is a linear combination
of basis elements, Before proving this result, let us rewrite the

formula as a polynomial in the Chern clzsses., We shall need Waring's

formula, the non-recursive version of Newton's formula (see Mac Mahon 5D

‘ s : . .
nis =TI T o g
UJ(J)=1 J J1}J2""’J
#(I)=3
where w(J) = Jptdgtesetd o #(J) = Jytdgtese+d , and

[ J 3 J. . . . .

.. . = —————— (or 0 if any j. is negative).
1 1 1

\J1’J27000,Jn) Jlonunoano 1

Let us rewrite z
r+s=1i
r20 s=1

P(s—l)p+l,1 Pp,r as

£ (DEP 5 g TIPH () DY Py
r+s=i

r20 s=21

=t £ (n™?
r+s=1i
r=0 s=1

p
S(s—l)p+1(x) Gr(X)
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(by Fermat's theorem and oi(xl) = si(X) )

. K Kk Kk +p Kk
= (D' g epTHEDP o (o SE:l%Bii - )ol(x) o' ..o
r+s=1i w(K)=(s-1)p+1 12°°*"n r n
r=0 s=1 #(K)=k
(by Waring's formula)
= (-1 g (pd el (0 ) oy o pde
w(JI)=(i-1)p+l J KJ132"'Jn> 1 n
#(I)=]
i-1 . . . :
(1) I s (-pdP  Gor-Dpdl (; P
r=1 w(JI)=(i-1)p+l 3-p JyeeedpmPee ey
#(I)=j
J J J

1 r n
X oi(X) ...cr(X) ...oh(x)

. i ’ J-
-z 1 %KJJJ )- z -l-\jl...J peed )}

W(F)=(i-1)p+l 199003y r=1 97P
#(J) =
X 0'1(X)‘j1...o'n(X)jn (mod p) .

( (-r-1)p+l1 =1 mod p for all r ; the range of r 1is now different,
r=1,...,n , instead of 1r=1,...,i-1 , but this is harmless, since if

r > (i-1) , jl‘_p <0 since w(J) = (i-1)p+l = jl+...+(r.jr)+...+njn .)

So, identifying ¢ with Gi(X) Q;Pi , we have

j ;J i-p
Mep = -z ot {30 ) Lop( T )
U)(J)=(i—l)p+]_ J lcho-Jn J-p =1 1---Jr—p-.. n
(V.3)
31 Jn
1 cz ...cn

It is conceivable that this expression simplifies, via mod p arithmetic,
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For example, if p = 2 , which is inadmissible, the coefficients vanish

except when J = (0,0,...,0,1) and (0,0,...,0,1,0,...,0,1,0,...,0)
(i-1)p+l r s

with r+s = (i-1)p+l . We give an argument in an appendix to this

chapter. In spite of the trouble, this is worth doing, as it verifies the

compatability of our result with Wu's formula for the value of the Steen-
i-1

rod squares on the Stiefel Whitney classes, in the special case, Sq (wi) .

We notice immediately that if J has all entries less than p , the co-

(-pitd
efficient is =———— \j 3 ) « There are examples when J fails to
j 1009,

have entries less than p in which the "correction terms'" are not trivial.

e.g., if p=3, j=5, jl=3, j2=l, j3=1, i=4, (i-1)p+1=10, the coefficient of

_ l+j . J
csc c in Ps(c ) =2 (mod 3), but LD - (J > 1 (mod 3) .
4 1

125 J Jgd3
We now secure our result, Throughout, p 1is a fixed strictly positive

integer, not necessarily a prime,

On z[xl,x Xn] , let us define operators {F}}iez+ as follows:

2,.-0,

i) P =0 , i € z*—{o}, Po(l) =1,
(V.4)

i) &P(XJ) X, 3 €1{1,2,....n)

iii) &}(xj) xf, j €{1,2,...,n} .

0 if i>1, j € {1,2,...,n} .

it

iv) P (X))
J
v) 1f P,P’,P” are polynomials in 2[X] , and P =P’ + P" ,

then P'(P) = P () + P (P) .

vi) 1f P,P’,P”  are polynomials in Z[X] , and P

]
o
o

o 4 M
then P (P'P") = T & oeH e e .
il4i”=1
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_ 1 1141o i -1 Col
P = , ;ﬂ P IXEL X ) e (X))
i'+i =i
_ i-1 i, iy i -1, 1 ) o
= P (Xl X2 ...Xn )P (Xn) (by Lemma 2)
= (Xil...Xln—l)p an (by inductive assumption)
=uP .
k k -1
Lemma 4. 4 () = < ) P11l §, k, and 4
_— J 4 J
Proof: Assume this is true for k'’ <k , for all j and 4 .
Kk - //
M(xj)= oz, PL(X y & x )
1+ =4

= &ﬁ(xg'l) X+ Fc'l(xk'l)-xP
J J J J

(k-1 -1+4(p-1) , Jk=1Y L (k-1)+(L-1) (p-1) P
= ( 2 ) Xg X‘j + 2 ) X, hJ
_ [/R-1N 0 k-1YT D (k+A(p-1) ko k+d(p-l)

- [0+ G300 % =N/

Lemma 5, F&(sk(x)) = )(X) for all k and £

(%)

s
1 ) Sket(p-1
Proof: This follows immediately from the definitions of the symmetrac
powers, Lemma 4, and the additivity of the operators.

Lemma 6, fgk(ok(XJ)) = ok(XJp) for all j and k .,

Proof: This follows immediately from the definitions of the elementary

symmetric functions, Lemma 3, and the additivity of the opurators.

We now identify the sub-(Hopf) algebra ZJX’C’; Z:A,C with the
symmetric polynomials in Z[X] , via the identification of P, . with
7.
(-1)1-1 oj(xl) , when ij <n . It is clear from (V.4) v) and vi),

Lemma 5, and the well known facts that the symmetric powers generate
the symmetric polynomials rationally, and the symmetric polynomials are

a direct summand of  Z[X] , that the family of gemerators {9'} -
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Of course, v) and vi) must be shown to be consistent with i)-iv) and to
be well defined. These are trivial exercises and we leave them undone.
e.g., vi) must be applied first to monomials, whose distinct factorizations
are easily written down, and the operator values determined by these factori-
zations can be readily compared.

There are some easy consequences of the definitions:
. - . 0
Lemma 1. If P is a polynomial in Z[X] , P (P) = P .
Proof: It suffices to prove this for monomials XiIXJQ...Xz“ .

2

Suppose it is true for monomials of degree less than or equal to

. . . 0 J]_ -jg Jn _ 0 jl -jz Jn_l
Jy +Jy F oo # 3 -1 . Then P(x1 Xz...xn)-P(x1 xz...xn )
0 J]_ J,-1 . .
X P (Xn) = X1 ...Xnn . Xn . (We assume without loss of generality
i =
that 3y 1.)

Lemma 2, If P 1is & polynomial of degree k , then Pl(P) =0 if

i>k,
Proof: It suffices to prove this for monomials xilxgz...xiﬂ
iJ j i3 Jn=ly i
1 ny — 1 n-
P (X1 ...Xn ) = 2”_.P (X1 ...Xn ) P (Xn)

i‘+i =i
_ i jl jn-l 0 ji-1 jl jn—l .
=Pt xTh )+ P xR P X )
=0 « X + 0 - XP
n n

by the induction assumption, (We assume without loss of generality

that j =1 .)
n
Lemma 3. If M is a monomial of degree i , then FP(M) = mP .

Proof: Let M = xilxze...xzn . (We assume without loss of generality

that i =21 .)
n
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14

. i’ 5.4 in-l i
P = Lz P X 1K 20X TR (X))

. . . 2
if4iT=1
Cod-l,dy i, i -1y, 1
= (Xl X2 ...Xnn )P (Xn) (by Lemma 2)
= (Xil...xz“_l)p an (by inductive assumption)
= Mp .
Lemma 4. p*‘(x';) - (:) x‘;”'(p'l) for all j, k, and 4 .
Proof: Assume this is true for k' <k , for all j and 4 .
Kk - ‘ k-1 “
fah =z alTh &
L'+ =4
k-1 -1, k-1 P
- Fath x s A K
J J J J
L (F) RO R G @D (1) 2
2 J J N4 J J
k=1 \ (k—l)'f k+4 (p-1) "k O\ k#d(p-1)
= { i e = ( . .
ve st X 2 )%

Lemma 5. Pﬂ(sk(X)) = ( )(X) for all k and 4 .

k N
1 ) Sket(p-1
Proof: This follows immediately from the definitions of the symmetric

powers, Lemma 4, and the additivity of the operators.
Lemma 6. &ﬂk(ok(XJ)) = ok(XJp) for all j and k .,

Proof: This follows immediately from the definitions of the elementary

symmetric functions, Lemma 3, and the additivity of the operators.

n

Y Ky - g “
We now identify the sub-(Hopf) algebra ZJA,C ZJA,C

with the

symmetric polynomials in Z[X] , via the identification of Pi j with
’
(-1t

Oj(xl) , when ij <n . It is clear from (V,4) v) and vi),
Lemma 5, and the well known facts that the symmetric powers generate

the symmetric polynomials rationally, and the symmetric polynomials are

a direct summand of 2[X] , that the family of generators {Pl}iez+
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map symmetric polynomials into symmetric polynomials. A compatibility
argument, such as that offered in Chapter I1II, page 25, would assure us

that the operators extend uniquely to . We leave this to the

Z°A,C

k
reader, In an obvious way, operators are induced in H (BU;Zp)

= J ®RZ .
Z A,C gz P
Theorem 1. If p is an odd prime, {Pl}iez+ are the Steenrod reduced
powers.
Proof: Let us verify the axioms for the Steenrod reduced p-powers.

(See Steenrod and Epstein [6], p. 76)

1) Pi:Hq(BU;Zp) 5 gar 2 e-D (BU;Z)) is a homomorphism of
abelian groups. The correctness of dimensions follows from (V.4) by an
easy induction, (V,4) v) implies the group homomorphism property.

2) fp =1. This is Lemma 1.

3) If X is homogeneous of degree 2k, then F#(X) = XP . This
is Lemma 3, coupled with Fermat's theorem.

4): If 2k > degree X , then E#(X) = 0 . This is Lemma 2,

5) Cartan formula: P (XY) = z P ) FIY) . This is (V.4),vi),
This is still insufficient, for we have not invoked naturality. Up to
degree 2n , we may identify H*(BU;Zp) as the sub-algebra of
H*(BU(l)Xn;Zp) , which is a Zp polynomial algebra in generators

{x.,x ,...,Xn} of degree 2 , fixed under the action of the symmetric

1’72

group, with Chern classes restricting to elementary symmetric polynomials,

The Steenrod operations must extend to operators on 2Z[X ,...,X ] satis-
1 ’n

fying axioms 1).- 5). It is clear from our development that this can be

done uniquely, and that our operators and the Steenrod operations agree.

This is essentially a well-worn argument, However, a crucial
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difference is that we exchanged the axiom " F#(X) = Xp if X 1is of
degree 2k " to the weaker analogue for monomials only in order to de-
fine integral 1ifts of the operations.
Let us now perform the computation, in a more general form, return-

ing to the notation of (V,1l):

P9t ey = (cp@DED sy P
i, o (ir-1)p+l1,1 " ip,s

rzi,s>0

. (V.5)

If i =1 and p is an odd prime, this clearly reduces to (V.2),

First, let us rewrite Lemmas6 and 5 as

jk G-k (Jp-k
PEE, ) = (-1 -1 ‘P,
J.k -1 jp,k
. (v.6)
- (- o
Jp,k
and
k-1 k+ (p-1)-1 / k )
P = - . - t
pL( k,l) -1 - \i Pk+{,(p-1),1
. o7
(@D kN .
\ £ 7 k%(p_l) »1
Let us suppose now that (V.5) holds for fixed i, ji<i . we
start the induction by (V.7), with j =1 ,
J Pl‘]_l(Pi J.) = (by linearity)
]
F}J_l(J P, . -K, )+ §9J-I(Ki D) = (by (V.l)iv) and the
+J »J »J definition of K, P )
2
ij-1 ij-1 ,
F (Pi’ 1) + P Z P, r Pis L= (by Lemma 2, Cartan's
I» rs=j ! ’ formula (V.4)v), and
>0 s>0 w.7)»

Cfeoqy (13D (p-1) ir is-1
{1 1P yper, 1) r+§;j o (®, )P )

r>0 s>0
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+ & p il (Pi r) ' PIS(Pis 1) = (by inductive assumption,
r+s=j ’ ! (V.6) and (v,7))

. (1j-1) (p-1)
ey Plij-Dps, 1)

*L (it o G De-n Plis-1ype1 1
ris=j ip,r is~1)p+1,
r>0, s>0

R (S DAL S L P

: (is) (p-1)
& P P, " (1) P
ris=j tiusy  (1E-Dp+l,1 ipy ip,1
r>0 s3>0 t21 uzl
* - (_1)(1r_1)(p—1) te p(ir-~l) +1,1 <_l)(15)(p-l) Pis 1
r+s-j p 4 p,
r>0 j>0

= - f «l) i
(by Pisp,l S Pip,s Kip,s » Irom (v,1) iv))

= i feony (1) (p-1)
= i . P(ij-l)p+l,l}

+ (-1 L3-1) (p-1) T

P, P 1}
ris=j (1s-l)p+l,l ip,r
r>0 s>0
+ (-1 WD -1 if = Plit-lps1y Z P (P - K. )}
t>0 v>0 u>0 s>0
(ij~l)(p-l) .
+ (-1) i{ Z p . (s P_ - K )l o=
ris=j (1r-l)p+1,l ip,s ip,s
>0 j>0

(by definition of K.

ip,v
= j {(_1) (i-j_l) (p_l)

. P(ij—l)p+l,l}

if - s P, P }
res=j (is-1)p+1,1 ip,r
r>0 s>

+ (-1) (ij‘l) (p-l)

(ij-1) (p-1)
+ (-1) i{f =z p K. 1}
tevej (it Lp+1,1 ip,v
t>0 v>0
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(DD ¢ }

+ (-1) s

P . P,
res=j (ir-1)p+l1,1 "ip,s

r>0 j>0

(ij-1) (p-1) i{ T
r+s=
r>0 j>0

} = (by cancellation
and reindexing)

- (-1
(-1 3 P(ir-l)p+1,l Kip,s

. (ij-1) (p-1)
3D (ij-l)p+1,l}
-1 (p-1) Z (r+s) P

r+s=j
r>0,s>0

(ij
+ (=D (ir-1)p+1,1 Pip,s

_ ifeoqy (13-1) (p-1)
= 3l r+s;j P(ir-l)p+1:1 Pip,s}.

rzl1,s>0
Since there is no j torsion, we "divide by j " and get (V.5), as

required,

Appendix: A note on Wu's Formula,

Wu Wen-Tsun has computed the action of the Steenrod squares
k
{sq }k€Z+ on the Stiefel Whitney classes {wi}i€z+- as follows:

(see Hsiang [7]).

k i+r-k-1 \
Sq wy = % ( r ) Yk-r Vitr
0<r<k
In particular,
i-1
S = .
a ) W)z Ys

r+s=1
r2l s20

We show that we get an analogous formula when p = 2 in (V.3), i.e.,

n
. . . / i Y
(-1)1+J{1—. G2 )- z —.fz P 2 =0 (mod 2)  (V.8)
J Jl...Jn 1 J Jl...Jr_z...Jn,J

when @(J) = (i-1)2+1 unless J = (0,...,0,1,0,...,0) or
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0,...,0,1,0,...,0,1,0,...,0) .
We first notice that not all of jljz...jn can be even, since w(J) is
odd, Since we make no further use of jl + 232 + ees + njn = (1-1)2+1 ,
we may assume that jl is odd, and jl,jz,...,jn are not zero. Since
jl is odd, we have 1 = jl (mod 2) and (V.8) becomes

n

. s . \ . s .
e R I U  j=o0
J Jl...Jn / j-2 =1 31...Jr-2...3n .

or

( . _1371 . ) + ( . _3373 . ) + Z < . _i_g Lo ) 0 (mod 2),
317 dge ey 3178 dgeeedy r=g N Jp71 dgeeld S20005 )
(V.9

J oo ;2
Suppose that j-1 is odd. If j-1 = 1 , clearly ( jl"'jn/ = K 1 1> ’

1 ‘j AA " .
3( 3 3 =1 mod 2 , and the correction terms don't exist, This is
1

eeed
the special case J = (0,...,0,1,0,...,0,1,0,...,0) .

If j-1 £1 , then js is odd for some s ¥ 1 . Multiplying (V.9)

=1 (mod 2) we get

. j-2 ) , j=-4 \
. . . . + | . . .
KJl—l 32...JS_1...Jn KJ1*3 32...35—1...Jn/

n (} -4 ) =0 (mod 2)
. . . . . = mo
+ Z 1 l chqus-loc.Jr_zo.an

r=2

where j~-2 1is even.

If j-1 1is even, and zero, we had (, _J . ) = ( L ) and
Jl Jz...Jn 1

I

/
l (. . . ) =1 (mod 2), and the "correction terms" don't exist.
J Jl Jz“‘-]n
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This is the special case J = (0,...,0,1,0,...,0) .
When j-1 1is even, ¥ 0 , or j-1 1is odd, ¥+ 1 , we have reduced

(V.8) to the following:

Lemma: If k #0 1is even, and k = k1+k2g-...+kn , then

k n . k-2

I+ Z )
e seek =2,.,.
\ kikgeooK )/ g \ kikgeo ok K

0 (mod 2) .

We divide the proof into sublemmas.
4 “

4 ) ZO mod p if and only if
ceed

Sublemma 1. (Dickson)
(e,

Ll+£2+...+£n = 4 is an addition which can be performed "without carrying"

when written in base p .

Proof: We give an alternative to Dickson's argument (see Dickson [8], p.76).

We start with the familiar formula
-2 ) = ai\ (mod p)
(o /=7 i) P
i i
where {ai} and {bi} are the p-adic expansions of b and a . (See

Steenrod and Epstein [6], p, 5), This implies the sublemma in the case

,L> A 2N ,4\,1;—4;1)
. But | = { , and the sublemma follows
KLILZ \ety...t / \&1)\4;2...4,11
by induction.

, k .
Sublemma 2. ( ) =0 (mod 2) if k is even and any k. is
—_—— k. kK ...k i

12 n

odd,
Proof: This follows immediately from Sublemma 1.

Sublemma 3. If all ki are even, and k1+k2+...+kn = k 1is an addition

which can be performed without carrying when written base 2 , then
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k1+k2+...+(kr—2)+...+kn = k-2 1is an addition which can be performed

without carrying when written base 2 for exactly one r in {1,2,...,n} .

Furthermore, | I k -2...k
Lok 1Kok m200 k)

y k . , k-2
> =1 wunder these circumstances.

Proof: Let {lkt} be the p-adic expansion of k {'k} that of k .
1 i 1
Clearly, if k =1 and k=0 if i < iO , then kr must be 1 ,
19 i
no kt is 1 if t #r , and kt =0 for i < io . The equality

of multinomial coefficients comes from Sublemma 1.

Sublemma 4. If all ki are even, and k1+k2+...+kn = Kk is an

addition which cannot be performed without carrying then if k1+k2+...

+(kr—2)+...+kn = k-2 can be performed without carrying, there is

exactly one s ¥ r such that k1+...+(ks—2)+...+kn = k-2 can be per-

formed without carrying, when written base 2 . Under these circumstances,

k . k-2

/

) =0 =
( kl....kn \ k1k2"'kt_2"'k

/

\
! (mod 2)
t/

if t #r, s, and
k-2 \ y k-2

) mod 2 .
( klkz...ks-Z...kn) mo

1}
[

Proof: Let {ik} and {ikt} be as in Sublemma 3. If

e
i
[
]
=
(o}

= < 3 <9
kr 0 for 1 J =dg

then
J

0 J < i .
- - - < S
(kr 2) 0 and (kr 2) 1 for 1 J Jo .

Since k1+...+(kr-2)+...+kn = k-2 involves no carrying, there is no
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t such that Jkt =1 for j < jo and there isat most one t Z r such

3 o . L
= = . k X = -
that kt 1 for j Jo Since 1+k2+ +kn k did involve carry
J-0
ing, this must have occurred at 2 , i.e,, there is exactly one s
J'0
such that s # r and ks =1, Clearly, kl+"°+(ks_2)+"'+kn = k-2

involves no carrying, and there are no other such sums. The equality

of multinomial coefficients comes from Sublemma 1.

Sublemma 4 completes the proof of the Lemma, and consequently,

(v.8).



CHAPTER VI

FINITE TOWERS IN COMMUTATIVE ASSOCIATIVE HOPF ALGEBRAS

We prove that in commutative, associative Hopf algebras, if a
primitive supports a tower of height n-1 , but not a tower of height
n , then n is a power of a prime,

At first glance, this is upsetting, for the following reason, 1In

-1 .
ZJX,C (see page 25), there is a natural tower {Pi}isn—l over P1

which cannot be extended to a tower of height n . Argument: The in-

- -1
1 s J, is a Hopf algebra monomorphism. Any

. A
clusion ZJA,C z7A,C

homogeneous primitive of degree n in ij-é must map into )\(nPn - Kn)
9

for some X € Z , by Theorem 1 of Chapter III. Clearly Kn = z \Pi(jPJ - Kj)
i+j=n

is in the image of in = but no multiple of Pn is, so A must be zero.

P . 4 ’
By Proposition 1 of Chapter II, if Pn extends {Pi}i<n’ then nPn - Kn

is primitive and homogeneous of degree n , and is zero. Hence Kn is
divisible by n , But the P? coefficient of Kn is t1 (see page 22),
SO Kn cannot be divisible by n , Pé cannot exist,

We shall make use of Proposition 2 of Chapter II in a constructive
way — but, we prove the existence of towers in ij:é of height
n,n+l,,.,.. up to the smallest prime power exceeding n-l1 without ex-

hibiting them as families of polynomials in {Pi}i<n , the algebra

generators of the Hopf algebra, an exercise with Waring's formula (p. 34).

1
-1 n-1 .
,C > z7a,c

We use Theorem 1 of Chapter III and the inclusion ZJZ

to justify the following:

47
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Lemma: A basis for P( Jn—l

z7a,c We have

) is {iP, - Ki}ie{l,z,...,n-l} )

canonical towers over these primitives (see p. 27) — if iPi - K,1 =P
P .} . is a tower over P. of height n-1/i] .
{ 1,3}36{1,2,...,[n-1/1]} i,1 g ( ]

Furthermore jP, ., - K, . =ijP , -K.. =P _. in allowable ranges.
i,J i,J ij ij ij,1

i,1°

Preparatory to the use of Proposition 2 of Chapter II, we must modify

each story of {pi}_ whose height i ¥ 1 divides n by a
1

€f1,2,...,n}

rimitive = iP. - K equipped with fixed t .
primitive, Qi,l xi(l i i) s €qulpp 1 a fix ower {QLJ}jE{l,Z,.",n/i}
. il
A trivial computation ensures that Q, . = x? P. . will do. If
1,J 1 1,

H . = 2 Q. (sQ. ~H. ) , then one shows by induction that Hi

i, r"ti,s i,s ,

J‘ —
=x, K, .. If P ).
i 74,3 {1,.]}.)6{1,2,--”“'1}

and Kl j is defined as usual, Proposition 2 implies, in the absence of
’

is the amalgamation of these towers,

primitives in degree n ,

— - . . n-1
3 = .
S Kyn= & TH g+K din ,J, @2
1J)=n
i+l j#l

—_— . -1 . .
Furthermore, Kl,n =0 in ZJ:,C ® Zn if and only if the tower
P .
Chapter 1I.

§=1,2,...,n-1 can be extended by Pl,n by Proposition 1 of

. * . .
Let us apply i to (*) . We find ourselves in ZJA,C ® Zn
. J
h P ist nd clearl recalling that H, , = x. K .
where { i,j}ij=n exist, a Y, g i, i K5
. .J .
(X = - ) + (K. - nP
h-1 l,n) ..Z . xl(Ki,j JPi,J) ( n n)
ij=n
i+l,j#$1

. J _
= ( _; ix]+ 1) (Kn nPn) .
ij=n
i$l,j#l
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Since in—l is a monomorphism onto a direct summand, (obvious from the
. . — . P . ~s-1
usual basis of monomials), K is divisible by n in J if and
1,n Z A,C
only if by ixJi+120modn.
ij=n
iFl,j#H

Let us remember that each modifying primitive is equipped with a
fixed tower, We must modify these towers as well for the most general
amalgamated tower {Pi} . But by the argument of Proposition 3 of Chapter

II, any two towers of height n-l over P must be amalgamations of one

1
another,
ify th _
Let us modify the towers {Qi,j}jE{l,Z,...,n/i} over Qi,l X Pi,l
As a "first order" modification, we amalgamate towers
. ., = xg P} ..,over Q. .. =X, . P with
i, i,k i,j "ij,k’k€{1.,2,...,n/ij} i,j,1 i,j ij,1
j#1
{Qi’j}J€{1)21-0~’n/i}
Define H, ., by H, . & = I ., (mQ, -H . ) and find b
i,j,k i,j,k _ Ql;Jy’t( Ql)J’m 1i,J,m Y
k=4+m
induction H, |, = (x, .)k K. . . The amalgamated tower is
i,3,k i,J ij,k
{Qi,j}jE{I,Z,...,n/i} :
i#]
By Proposition 2, we have in Jn-l @ Z

z°A,Cc © “n/i

= T i
10/i T 2 IH et
j*1 k#1
= Z  j(x. .)k K., + x?/l . .
jk=n/i i,J ij,k i i,n/i
j#1 k4l

Applying i, _; » in ZJA,C ® Zn/i we have



i (H. ) = Z Jx. D) K P )
n-1""i,n/i jken/i i,J ij,k ij,k

Jj#l k#1

n/i
xRy TP )
=( L x DR (K_-nP) .
jk=n/i »J 1
41 k#1

We now return to modify the original tower {p'}jE{l by
H

2,...,n-1}

the towers i }36{1 2,... /i)’ rather than {Qi,j}jé{l,z,... n/i}
i#l il

thus incorporating ''second order’ modifications, The amalgamated tower

will be called {P,

1,35%5e0,2,....n-1} - & jlief1,2,... n-1} 1S detined

as usual,

In 232°é ® Zn , we have, by Proposition 2, if we write rls for
?

" "

r is a proper divisor of s,

+ K .

* - ;
(%) K AR LK

Applying in— , in J, ® Zn we have, by our computation of H.

1 Z°A,C i,n/i’
. : n/l,J n/i
ln‘l( 1.0 {z i{zZ J(xi J.) +x. 7}
’ iln jln/d ! 1
+ 1} &, - nPn) .
Hence, {Pl J}JE{I 2,...,n-1} extends by Pl,n if and only if
{ 21 { ¢ j(xi .)n/13 + (xi)n/l} + 1} =0 (mod n) .
iln jln/d »J
Reorganizing indices, this is equivalent to
£ L kxb 4+ ix)+120@dn .

i,J .
k{=n ij=k _1J=n
Kk+1,4%1 i#l,j#l i¥l,j#
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The following theorem is the end product of systemstically taking
into account higher order modifications of the branch towers, The proof

is a straightforward induction, the first two steps of which we have

exhibited.
. . . L -1
Theorem 1, There is a tower of height n over P1 in ZJA C if and
H

only if there is a solution to the following diophantine equation.

[ee]

n/d
Lz d z z Y., . . = =1 (mod n) ,
dfn 3=l dyip...i,=d 1) ,ip,000,1y (vi.l)
d+l i,>1

By exhibiting solutions to this equation, when n is not a power of a
prime, and arguing for the non-existence of such solutions when n is

a power of a prime, we shall demonstrate

Theorem 2, There exists a tower of height n over P in J if

and only if n is not a power of a prime,

Proof. If n= pe is a power of a prime, there is clearly no solution
to (VI.1), for each proper divisor, d , of n must be a multiple of p ,
and pk = -1 mod pe has no solution-if e >0 .

. If n is not a power of a prime, we solve the following equation,
t

which implies, of course, a solution of (VI.1).

4= ¢ axd (V1.2)

d[n d
d#l

For if n is not a power of a prime, let n = pilpza...pik , with p,

e,
distinct primes, e, >0 ,i=1,2,,.,..,k,k=2 and let n, = n/pi1 .

The greatest common divisor of {ni}iE{l,z,...,k} is clearly 1 .

Choose a sequence of integers such that

U; otie1,2,... .k}
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k
Z n, U, = -1 ., By Fermat's theorem xP = x (mod p) if p is
i "i,0 ’
i=1 ’
e,
i
Pi
prime, Ui,O = Ui,O + p Ui,l for some Ui,l , 1 € {1,2,...,k} . Hence,
i
k pi
z nlp1 Ui,l +ny Ui,O = =1 .
i=1
Suppose that Ui j are defined, j = 1,2,...,gi -1 < ei , 1 =1,2,...,k
?
e.-j
k gl 1 . pi
satisfying z n, z pq Ui . = -1 ., Define Ui by
i=1 ' g=1 b &5
ei—gi+l
Py
Ui’g.-l = Ui,g,-l + Ui,g. p; - Terminating at g, = e,,i € {1,2,...,k} ,
1 i i
e.-j
k ei p1 .
we have z z n_pq U, = =1 . Since the coefficient, n.pq , and
j=1 j=1 11 3, iti
e.-j

power, pi1 , in each summand multiply to give n , we may solve (VI.2)

by X j=U, . and X =0 if d #n,p) for some i and j .
i i,J d iti

Corollary 1. Let m € Z+,pe be the minimal prime power greater than

m , Then there is a tower of height pe-l in Jm over P_ ,
Z°A,C 1

Proof: Clearly the existence of such a tower in Jﬂ is equivalent

z°A,C

e-1 e
to the following: There exists a Hopf algebra map Aﬁ :ZJK,EI -+ Zjﬂ,c

- P1 . But by Theorem 2, §:+1' P+l Jm exists, (the

. : -
extending P ZJA,C Z°A,C

1
algebra structure is free, so the coalgebra map, which exists by virtue

of the tower extension, is a Hopf algebra map as well), Similarly,
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m+2 Jm+2 Jm+1 pe 1 ,pe 1 €2
AT —_— ists ... i I . -
mil’ ZA,C > z7a,cC exists and finally X e ZJA,C - zji,c

p -2
exists, We simply compose these morphisms.
Caution: There will, in general, be many solutions to (IV,1). We have
exhibited only one., Thus, there is nothing unique about the maps in
the corollary.

J.m

~m
. 7 ~
Since R°A,C z7a,c & B , Theorems 1 and 2 and the corollary have

analogues for any commutative ring, R .

Corollary 2. Let % be a connected, commutative, associative Hopf
algebra over commutative ring R . Suppose P is primitive, support-
ing a tower of height m , and pe is the minimal prime power greater

than m . Then there is a tower of height pe-l in % over P .

Proof: Let {Q.} be a tower of height m over P = Ql .

i‘i=1,2,.,.,m

m . -
Map RJA,C -+ % by sending P, +Q, . Compose with a map

P

-+ i .
R7A,C RJA,C sending P to P

1 1

We do not know if this result is a special circumstance due to the
associativity and/or commutativity. Corollary 2 is the best result we
could have expected, since any algebraic means of pulling towers up to
powers of primes from below would, by dualizing, make truncated poly-

nomial Hopf algebras impossible. These are well-known to exist.

7/ . .
Let = . o i3 i
Z&’ {xl,xz,...,x5 ; Xixj k i) Xi+j’ i+j=1,2,3,4,5

X3 e = X, ® xk} be the divided power graded Z-algebra of height
i=j+k

5 over a primitive x, , in degree 2 . The tower {xl,xz,xa,x4,x5}

may be extended by xlx5 + xzx4 - x3x3 , as may be proved by tedious, but
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straightforward calculation.

¥ 1is the quotient of 35 obtained by setting
z Z°A,C

= Ol, . It is readily seen that there can be no

1Pi - Ky i=1,...,5

1

primitives of degree 4, 6, 8, or 10, since and x are

Xp1%31 %y 5

actually module generators in their degrees, On the other hand, in
degree 12 , there is the primitive attached to this extended tower —

6(x.x_ + x.x =~ X x3) - X.X_ = DX_X_ + 6x_ X - 6x_X

15 274 3 175 1%5 2%4 3%3 » but there can

be no primitive in ZJASC in the corresponding degree, as we have
’

observed above,



CHAPTER VII

OBSTRUCTIONS TO COMMUTATIVITY AND ASSOCIATIVITY

Let & be a Hopf algebra satisfying the hypotheses of Borel's
theorem (Chapter I), We shall measure the deviation of the algebra
structure of % from commutativity and associativity by the non-vanishing
of families of primitives. This provides a meticulous extension
(in even dimensional cocommutative coassociative cases) of the result
that, in Hopf algebras over fields of characteristic zero, commutativity
and associativity follow from indecomposability of primitives. (See
Milnor and Moore [1], Theorem 4,17)

In the notation of Chapter I, we shall "compute” P B
A,I °B,J

- P P and (P P ) P (P

B,J "A,I a1 78,2 Fc,k ~ Fa, 1%, Fc,x’ » Vhere P

A,I°

P and P are elements of the basis for % provided by Borel's
B,dJd C,K

theorem. We shall identify certein elements as primitives in the dis-

cussion below, and we shall require that they support infinite towers.

This can be ensured in the following way: If

P= Z CP € P ,

veg Y V1
let
P = £ Cl C2 ... C(uu(P, . P . )u.P
n Yy <Y2<-'-<Yk Y Yo Yk Y111, Youlp Yesdy
ij+igteeetiy=n
Then {Pn}nEZ+ is an infinite tower over P1 =P .

Let us order Z' x z* by (x,y) <6{ﬁy') if x+y <x‘+y’ and

x <x’ if xty = x'+y’ . Let o and B € A . Suppose that there

55
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are primitives p(Pa ,P ) defined for (0,0) < (g,h) < (i,j)

»&  B,h
satisfying:
P P )
PPy e Pa,n
© k nr
= = P P = )3 ™ (-1) "p(P »P )
(0,0) (g, hy) (g, %0 Pilg oy g n =g-g, r=1 ®g, Bhn,

r
mrnr=h-ho
r
(g, yhp)<i..<(gy,hy) (VII.1)

+ (P )

P - P P
@,g  B,h B,h "a,g

(all multiplications are carried out from left to right,)

In particular, p(Pa,l’PB,l) = Pa,l PB’1 - P5,1 Pa,l and
0 = p(Pa,O’PB,l) = p(Pa,l,PB’O) = p(Poz,O’PB,O) .

We define p(Pa i,PB j) by (VII,1) and show that it is primitive, by
? y

the equivalent computation

®2 2 k
(1-Tie) OA{ T P, ij z by n
C 7 . , , - o N
(0,0)5(10,J0)<(1,J) 0 0 k=1 Ehrnr_l i r=1
>:‘“jrnr='j-‘j0
r
(1,,J)<cee<Cig,Jy)
n
D T e, P n}
1. By By (VII.2)

Appl A to P . P_ .
p y a’ 10 B’JO

=p . P, . p(®_ . ,P ) P . ,P_ )
i By iy BdiTm @iy’ B, Ny

(Because ¥ 1is not necessarily associative, this does not define T,

but only the abbreviation P m , as multiplication is carried

. P_ .
iy " B,
out from the left.)
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The image is spanned by tensors of the following types.

i) P, . P, . m®1l and 1 ®P . P_ . 1, which vanish upon the
0’,10 B’JO Q”lo B:JO

application of (I-7 €)®2

i) P 0 ® Pai! Ppsl PPa,s Pa 5 dn 1 PPo, oPg ;)
@ig B3 @i "B AT BdyTny Olpt Badyry

. 7 s
h ted P i X Lo T
wit i, or J, + 0 , denote ’ B» (; ® Pa/ 1(/)/ PB,JS ’

and analogously, P ., P_ ., T®P ., P_ .» with i’ or j’ %0
* Toyig B g @iy " B, dg 0 Yo ’

. .7 . . 7
where in each case 1o + 1 =i and Jo + These are

Jo .
fixed under (I—T]€)®2 .

iii)P /p( . LP ) .
B’ Q/,ll’ B,Jl nl

...p(P ) + QP _u i p(P

n’ter e, ,P_ )
B’ k k a’ 0 B’ p ? "

B, @i " B3

with i(;+i”=i , 3.

0 0 ,n'+n”=n for

N .
tdg T do 0 My TRy TNy

0 0

4

t € {1,2,...,k} ,n;#o and nS:%:O for some r and s € {1,2,...,k} .

We abbreviate by P .: t ®P 4 m . These are fixed
o, B: 0 o, 1 0 B’J

under (I-7) €)®2

with P | PB 3 m as above, we define #(m to be
s
0 k k
ny+ngt. . .tn wa(n) to be Z igng o, and U.)B(TI') to be z Jg By -
s=1 t=1
As a direct consequence of the definitions of p(Pa PB h)’ (g,h) < (i,3)
? ?
and manipulation of indices,
(1-10%%, z £ (-1)#(”)pa L Pgy T
(0,0) <(10,,]0)<(1,J) o.)a/(ﬂ)=i—i0 ) -0

wB(TT)=J -Jo
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are primitives p(P g,P; ) defined for (0,0) < (g,h) < (i,j)

satisfring:

P
p(potg’ :yh)
@ k nr
= < P P z Z ™ (-1) "p(P P )
- h h
(0,0) (g, ,h.)(g,h) By S lg ko1 Zg.n =g-g. r=1 e, By r "
0" 0 r rr 0
D‘lrnr=h-h0
r
(gl,h1)<...<(gk,hk) (VII 1)
P - P P
¥ (P-‘)g :rh :vh a'g)
(all niltiplications are carried out from left to right,)
In particular, p(P;,l'Pé,l) = P‘_"1 P:.:’1 - P‘e,1 P:Y,1 and
— ho ] — = .
0=p P ) =p® P ) p(Pa,o’Ps,o)
We define p(P 1'P )) by (VII.1) and show that it is primitive, by
o, -,
the egiivalent computation
. x k
32 .. - -
(I-Tie) CUL X P_. | j z z o
iy ) x, z, _ . i _
(0,0) (IO,JO) (i,3) 0 0 k=1 Eﬁrnr i-iy T 1
=37
r
(11,J) <o <(iyg,Jdy)
n
r
(-1) " p(p _,P )
U, 1 =,J.n
r r rJ (Vi1.2)
2 ¢ N

(-0 eqp P - Pf-

Awply L to P p_ . -

0 “’JO

=P P (P ,P. ) ... P(P_ . ,P_ .
'J’IO :pJO P 3911’ =PINE} nl allk’ B)Jk ng,

(Because % 1is not necessarily associative, this does not define 1,

but on.y the abbreviation P =~ P = T, as multiplication is carried
:"10 :!JO

out from the left.)



58

=0 (adding tensors of type i)).

+ z p P 1 ®(P Py s =P, u P i)

i I+i”=i a,i B,yJ )1 B,J B’J o, 1
. .
J3"=3
13,40
i j #0
+ —-(P P - P P JOQ®P .., P
( Q’:il B;jl B:J, Q/,ll atlﬂ B:j”}
(adding tensors of type ii))
- P. ., -P P - 0 = P_ .
+ .,2'”_. (POt,il 8,i’ 'RL Q/,i’) ® (ch,i” PB,J” B;J” PQ/,I//)
i+i =i
- 4 .
J +J =] . s
i;j:#o (adding tensors of type iii)).
i j 40
= z - (P P & P P_ . + (P P P, .» P
L ( a/yil B’j, Of,i” B’J”) ( B:jl a’il ® B’J” Q/,i”)
i4i =i
J +J =3
1,3,%0
i’ j 40

which is clearly equal to (I-T]e)82 A(P This

- P . - P - P .) .
B’J a!]' a’]' B}\]
completes the argument for (VII.2). (See the computation on page 9
for the case i=1,j arbitrary,)

We have unnecessarily restricted ourselves in the preceding compu-

tations for such clarity as this restriction affords. Let us consider

now

(p . K] P . ) - (P . ou.P . ) P . ...P . )
Q. ’1 B&’J{‘ B].,Jl B’{;’J{l ( al’ll ak,lk

1

P . )(P - s s
1 %l Bedp

=P P - P P « In the interesting cases, of course
A,I B,J _ "B,J A,I & ’ ’

o < @, <.ee < % and Bl < 52 <,eee < BL . (Within parentheses,
X(k+4)

multiplication proceeds from the left.) We order (Z+) by the
+ +
obvious analogue of the ordering on Z X Z described above., We may

then inductively define
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p(P » P )E > P P
MEBT 0,051, 30 <«(t,n AT B
@© k n

- T by m (-1) T p(p P )

’
k=1 ZZ[rnr=I-I0 r=1 A’Ir B’Jr ny
. (VIi1,.3)
z2d n =J-J
rr 0

+ ( ) .

- P
Pa,1 PB,5 " PB,3 Ta,1

The proof that p(PA I,PB J) is primitive is exactly parallel to the
? 2

proof that p(P_ . ,P_ ) is primitive,.
@,i’ B,J P

Oddly enough, the scheme above is general enough to encompass the

differences related to lack of associativity as well. For we may define

p(PA,I’PB,J’PC,K)
© Kk
= = P P P = z ™
A,I_ "B,J. "C,K
(0,0,0)< (I,,3,,K)<(I,3,K) 270 “’“0 “*"0 k=1 I I n=I-I5 r=l
Z J n =JdJ-J
rr 0
LK n =Kk
nr
(-1 p(PA,I Pp.a 'Fe,x ‘o
r r r r (V1i1.4)
+ @y 1 Py Pox " Pa1 Ppg Pox?

The proof that p(P ) is primitive is exactly as above,

A,1'78,5°Fc,x

The induction starts with (P -P ) , which is

P
w1 P, 0%,1 " Pe,1%8,1 By 1

clearly primitive,
We have concentrated on defining primitives in (VII.3) and (VII.4),

)

. . . ; i3 - P
but by an obvious inversion, these equations exh1b1t(PA,IPB’J pB,J A, I

)

and (P ) as elements in the ideal

- P _P
A1 7B, Fc,k Pa,1%8,5 Pe,k

generated by towers over these primitives., An easy induction argument
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will show now that, if the primitives of # are indecomposable, these
differences are zero. It follows immediately that % is commutative
and associative. We shall address ourselves to the converse in the

next chapter.



CHAPTER VIII

A STANDARD ALGEBRA PRESENTATION FOR HOPF ALGEBRAS
WITH POLYNOMIAL DUAL COALGEBRA STRUCTURE

et % be an associative Hopf algebra satisfying the hypotheses
of Borel's theorem. We may describe the algebra structure of % as

follows if the ground ring has characteristic zero: ¥ algebra

{P Br ,p(PY k;P ,L)m|d B Y<6 € d’lGZ PQ,O =1Vuoaed

j,k,2,m€ z*-{0}

ip -k ,=ZF c P Va€a Viez-{o}.
a’ ) a’ \)m a’ ’
+
< -
PPy 1 oPg 201" ‘%CY ;6,4 Pv,1 VYO € VKL EZ {o}
«© S / v
p(P. .,P, ,) = T z m lc . )
Y)k 6’& m — \ Y)kvé’L
s=1 v1<\) 2<. . .<‘\)S r=1 (VIIL.1)
11+12+...+ls=m
P ., ..P. .- Yy<8 €a, ¥ k,4,m€z"-{0}
\)1711 \)S’IS
K, .= £ P, (P ) YVpeda =0 VBed

B,J k+d=j B,k Bs& BIL v j € Z {0,1} B,1

p(P, P ,). = z P P .
VETOATE T 0,0)5(ky b )<s,t) Yo 2 %o
@ s nr
z z T (-1) T p(p P )
s=1 Zk n =k-k r=1 Y’kr &'{’r nr
rr 0
Zcrnr%-{,o
r
+ P Vy<d € d } /Z-Torsion

Y,k Po4 ~ Ps 4 PY,k ¥V k,4 €2 -{o}

61
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If % is commutative, as well as associative, the "structure constants"

\Y . . o
CY,k;f),L are clearly zero, and we may simplify to: ¥ algebra
[ -
R {Poz,i’KB,jld,B €a, }_t/
i,j € z -{0}
{ip.-K.:Zc\’.p Va€d, Vié€z™-{o},
o,i o,1 o,i v,1
ver
(VIII.2)
g, =0 YREA, and VBEQG Vj €z -{0}
= 2 - } (- i o
KB;J' Katns pB.k(LPB,L KB,&) /Z-Torsion

Before verifying (VIII.l1), let us show that if & is commutative
and associative, and satisfies the hypotheses of Borel's theorem, the

primitives of & are indecomposable in the characteristic zero cases,

Proof: Suppose P = X C)\ P)\ 1 is a decomposable primitive of % .
- ’

Using the basis provided by Borel's theorem, this clearly means

0 = - ees P
2C P 1T G 1 Par A, LI,
Ji7 9 Jz Jz Jx  Jx
where CJ' = 0 if fewer than two Ij's are non-zero.

By (VIII.Z2), there is an integer n such that

n(Z C)\ P}\’1 -z CJ PA, 1 PA, EREE PA, 1 )
J1 Jr Jz J2 Je  Jk
=ZR, (P  -K ;% C;,i P,y
+ Z SB’J.(KB'J. -z PB’R(LPB’L KB,L»
+ ZTB Xg,1)
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in the polynomial algebra generated by the K's and P's , where the
R's, S's, and T's are elements of that polynomial algebra.

If i ¥#1, clearly R . =0, as R ., 1is the coefficient of
o, 1 o, i

Pa i on the right hand side, and zero is on the left. It follows
’

immediately that C)\ =0 VY AN€d, as the coefficient of P on the

A1

left hand side is C and on the right hand side is zero, in the

)\ H
absence of R's .

We return now to the proof of (VIII.1). We write R =S if

R~ S belongs to the two~sided ideal in ¥ =

{Pa,i KB,j’p(PY,k’pé,{,)m} @, B,y<b €d . generatcd by the relations
i,j,k,4,m € 2 -{0}

of (VIII.,1l). We shall be careless about indexing summation and product
signs, but one can refer to (VIII.l) for instructions. We use the temm
"basis element" to describe those elements in ¥ depicting canonical
basis elements in ¥ .

Consider P €% , where V<8 € @ . This is not a basis

P
5,4 "v,k
element. Let us attempt to write it as a linear combination of basis
elements, up to the congruence, = . By (VIiI.1l), the primitivity of

p( , ) , and the canonical method of constructing towers in & des-

cribed in Chapter VII, we would compute as follows if we were in % .

Since we are in % , we must write = rather than = .

Pot Py = Pyk Po,e * Py Py ™ Py, Po,e )

= Pyk Poe T POy Pt
TP p tTnipe . ,P., ) (VIII.3)
Y.k, 6,40 ‘D 5,4,r n
= > A

Cy,k;6,4 Bv,1
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+ 2P P zm
Y’ko G’Lo r
+ s rvt 1t
- : z n C P P . .
. . \ k ;6 ) vo,i. """ v i
1+i 4.0+l =n t=1 © Y2 S 'Lr r1’’1 rs’’s
How far have we succeeded? P P and P are basis elements,
Y,k 59L V,l

The other summands may involve products of tower elements which are

"out of order" - e.g., it might be that v, < v_ for some allowable
r+l°1 rs
i = < e < :I < hee < }g .
choice of rN {rvl rys} and r+1N Lre1 V1 re1Vs? a

However, it is easily seen that the height of such a pair of tower
elements is less than k+f{ . We merely observe that (i) k =

ko + i nrkr and { = Z LO + Z nfLr , with kr and Lr strictly

positive, and (ii) the sum of the heights of the factors of the summands

of (VIII.2) we are concerned with is ko + Lo + Z n_ < k+f, . An induction
r
procedure is now available for the following:
1. . b i .
Theorem Let {PA.,I.}J=1,2,...,t e basis elements of ¥ Then
J J
P P ese P = Z C P . P . eses P . e
Ap Iy Aplp Asrls  Bspyci..sp, 29 Bprdy Bardg By Ik

Furthermore, the sum of the heights on the left is greater than the
sum of the heights in any non-zero summand on the right, unless

{Bl,Bz,...,Bk} =A UA U ... UA_, in which case they are equal.

N.B., We do not have basis elements on the right, because the inequali-

ties relating B's are not strict,

Proof: We induct on the maximal sum of the heights of two adjacent,

out of order, tower elements. The induction begins with the special

case:
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P

=Py1 Pt {Pé,l Py,1 7 By1 pb,l}

pé,l Py,l

=Py P01 " {(Pé,l Py " By, PBsn) Y PR P&,l)}

v
-{pe, P, D -TC . P }
L Y,1 6,1 N Y,1;6,1 "v,1 (VIII.3I)

c . .p .=p _p .~-%Tc .
¥,1;6,1 "v,1 = "vy,1 "§,1

I}

-3 P

C,1;6,1 ®v,1

We refer to (VIII.3) and the discussion following to complete the argu-
ment. We may concern ourselves with one adjacent pair of tower elements
at a time because the congruence is with respect to a two-sided ideal,

We must now consider computing products of type P up to

B,i °B,j

is "computable",

congruence, Nothing occurs to us. However, jPB i PB j
’ » -

for:
IPg,i Pg,5 = Pg,10UPg,5 ~ K5, 5 * Pg,1 X, 5
_ . - - AV]
- PB,i{JPB,J‘ KB,J' E CB,j Pv,l} * (VIII.4)
AV
£C 5P Fy1 " PB,i{KB,J - X Pa@Pgy - Ke,c’}

J=k+L

- -z 1
oy B P @25, = Kp) "~ F Oy %)

\Y]
+ PN z C P . P P
jeket v PA B gk v,
= 2 AV Vv .
Ce,iPriBu1t F, ZCa PPk

J=k#, V]

We iterate, multiplying both sides of the congruence by k to reduce

P to sums of type Z c, & and

\V]
C P.. P P . P P
B,‘L B,i "B,k "v,1 B;‘L B,k Byi "w,1 "v,1
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s oV n ' .. .
c P P w < £ =k . -
CB,& B,L¢ pB,i B,k¢ Pu,l v,1 ith k <k, k k Primi

tives will pile up on the right - some may be P as v or u =8

g1’
in the above formulas is allowed in the filtered (but not graded) case.

I
o
-

Let us reexamine our procedure when j =1 ., Since KB 1 =
?

the procedure is vacuous. However,

K. ) +P_ .(K - 0)

= PB,i(PB,l - 8,1

PB,i PB,1

{PB’i(PB’l - KB’l) * k'l’{a}:i'f'l PB,k(LPB,{’ - KB’{’) - KB’i}

k#¥i

+ (KB,1+1 - (i+1)PB,i+1) + (i+1)Pb,i+1

{ v
-~ T P, <(P.,-K.,) -TC’,P }
keisl DEUT Bt TBAT TR TV,
ki
v
- & c¢’,p. . P
. B4 "B,k Tv,1
k+l=i+1 ’ ’ ’
i (VIII.5)
=.zc’ P . + (i+1)P
- Byi+l “v,1 Byi+l
- =z c¢Y,p. .. P .
ket=isn Db Bk Vsl
ki

Combining (VIII.4) and (VIII.5), we find:

Theorem 2, hH PB i Pb j = a linear combination of basis elements
? H

. s 0 P L]
r,N PB,r Pvl,l Pvz,l Vool

+ z C
r,N

S4r=i+j
Vi *B

We are now in a position to apply Theorem 1 to the right hand

side. It is clear from the statement of Theorem 1 that we cannot
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encounter any adjacent factors in a summand of the right hand side which
come from the same tower and the sum of whose heights is greater than or
equal to i+j .

Successive applications of Theorem 1 and Theorem 2 leave us with

Theorem 3. Let {P i, be basis elements of ¥ . There
seoren 2 Ay, I 0521, ..t
is an integer n such that

nP P ... P
Al’Il Az, o

= z Co ;P . «eo P .
By <Bo<... <Py B,J "B1,i Bk » Jx

S = - = i i
uppose now that R CJ PAJ ’Ij PAJ 1 0 1is a relation
1 1

in ¥ (clearly every relation in # can be written this way). Choose

N € Z 1large enough to apply Theorem 3 to each non-zero summand of the
relation multiplied by N . Theorem 3 implies that NR is a linear
combination of elements in the ideal generated by relations of (VIII.1)
+ a linear combination of basis elements. The latter must be trivial.

Since ¥ is Z-torsion free, the presentation (VIII.1) follows.



CHAPTER IX

SOME UNIVERSAL CONSTRUCTIONS
§0. Introduction.

In this section, all modules, algebras, coalgebras, and Hopf
algebras are filtered or graded by the positive integers, and con-
nected (a module is connected if its O filtrand or submodule of
degree 0 is O ), The symbol I will be used throughout for
identity maps. The ground ring R is commutative with unit.

We shall, for each algebra A , construct Hopf algebras T(A)
and S(A) with the following properties:

(i) T(A) 1is a coassociative Hopf algebra, associative if A

is, commutative if A is.
S(A) 1is a coassociative, cocommutative Hopf algebra,
associative if A is, commutative if A is.
(ii) T(A) 1is provided with an algebra map into A,p:T(A) + A ,

wifh the following property: if F:H - A 1is an algebra
map, H 1is a coassociative Hopf algebra, then there is a
unique Hopf algebra map f*:H -+ T(A) such that pf* =1
S(A) is provided with an algebra map into A,p:S(A) = A,
with the following property: if f:H -+ A is an algebra map,
H is a coassociative, cocommutative Hopf algebra, then there
is a unique Hopf algebra map f*:H -+ S(A) such that pf* =1 .

(iii) T is a functor from the category of algebras to the category
of coassociative Hopf algebras. p is a natural transformation

from UT to the Identity, where U is the forgetful functor

68
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from coassociative Hopf algebras to algebras.
S 1is a functor from the category of algebras to the category
of coassociative cocommutative Hopf algebras. p is a natural
transformation from US to the Identity, where U is the
forgetful functor from the category o. coassociative cocommuta-
tive Hopf algebras to the category of algebras. (i.e. T and
S are adjoints to appropriate forgetful functors.)
In slightly weaker form, these constructions may be found in Moore
[91. The version we give closely follows, except in Section 4, the
directions of Husemoller L0], (which omits proofs). Husemoller promises
details in Husemoller and Moore [11]. As this is unavailable, and we must
provide the groundwork for computational use of the construction, we
proceed.

1. An intermediary.

Let N be an R-module, not necessarily connected. QfN) is the
R-module N® N® N ... ® N ( n factors, ® means tensor product over R ).
We adopt the conventions that TO(N) is R and Tl(N) is N . T(N)

is Z Tn(N) . T, is said to be the 3t component of T , and
n=0

Li:Ti(M) -+ T(M) is the structure map.

Suppose M 1is a connected R module. It is clear that

T(M) = g Tn(M) <= Z T (M) is an isomorphism in filtrands
k2n20 k2nz0 o

or degrees < k , where Py is given by component maps Gij:Ti(M) - Tj(M) ,

Z
n

and the inverse is given by Z T (M > T(M) . (We shall be

k2n=20
irritatingly precise when using product and sum constructions, as it is

the difference between these which makes the coalgebra construction
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below impossible in the ungraded, unfiltered situations.)

We wish to make T(M) a coalgebra. 1 € R is to be a group-like

element, i.e., 1 —£L> 1®1 . Let us suppose A:T(M) -» T(M) ® T(M)

is defined for filtrands or degrees less than k , Al is defined

T,
to be the following composition:
TM), s (7 T M), <= ( & T QD)
k k=m0 MK kamx * K
2 5 mOT,D ®T ), S ( I ZT,0D 8T OD),
k>n>0 i+j=n J k=n>0 i+j=n J

E - 220
Ses(Z T 08 ToT (M) KOS (rap @ TM),
k=io * k>j 20

where D is defined via the natural isomorphisms D, :T, . T, & T, ,

n i, i+J i
and Ek by virtue of the natural commutativity of sums and tensor
products. -In the graded case, we are done, In the filtered case, we
must check for coherence of definitions, but this is a trivial matter,

Let ml,mz,...,mk be a finite sequence of elements of M ., Let

T T, As

us identify m, ® m, Qe @ m, with its image under Ut Ty

can be readily seen from the definition above,

Aimy ® m,, ® oo 813{-»(m1 ® m, ® ... ® mk) ® (1)

+

@ ®m, ®...08m ;) ®m) + ...

+

(m1 ® ... ®mi) ® (m].L+1 ® eos ®mk) + vee

+

‘1) 8 (ml®-.o ®mk) ?

which we abbreviate
k
i§0 (m1®'o- ®mi)®(mi+l®ono ®mk) .

With this notation, we show that (T(M),A) is coassociative:
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(IRA)°A: my ® m, ® ... ® m -+

k
(IR4) .Z (ml®...®mi) ® (mi+1®"'®mk)
i=0
k k-1
= Zm®...8m) ®¥(Z (m, ®..8m )® (m, . R..%m
1-0 1 i (j=0 i+l 1+J) (m1+3+1 k))
k k-1

z Z(n®.8m)® (m, ®..m )& M . ®..C8m).
i=0  j=0 1 i i+l i+j (m1+3+1 k)

On the other hand,

(A@I)OA:ml ® ... R m -+

k s
Z <«
o r:O(m1®...8mr) ® (mr+1®...8ms) ® (ms+1®...8mk)

By an elementary change of summation variables, these are equal. Two
maps out of a direct sum are equal if they are equal on generators of
components, so we are done.

A diagrammatic argument for coassociativity can be built around

the following commutative diagrams:

D
itk
T ES A >
i+j+k Ti ® Tj+k
D D
i+j,k I® Jsk
\% \"
D1,j®1
T T . > T ®T.Q®T

i+j ® k i J k

Let ¢€:T(M) » R be defined by 61 0:Ti -+ T0 . € 1is split by
’

LO:R -+ TO(M) . It is clear that (I®e)od = (€®I)ed = I:T(M) -+ TM) .
This completes the argument that (T(M),A,€¢) 1is a coassociative co-
algebra. Warning: The filtration or grading on T(M) is that in-

duced by the filtration or grading on M . However, the components,
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or partial sums of components, can be used to artificially grade or
filter T(M) , and we shall find use for this below.
M= Tl(M) is precisely the primitive submodule of T(M), P(T(M))

This is clear from the fact that Tn —21—> T T, ® Tj is a product

i+j=n

of isomorphisms,

§2. The Universal Property of T (M)

Let (C,A,€) be a coassociative coalgebra, and £:C * M a map
of modules. ( CO is, of course, in the kernel.) We shall show that
* %
there is a unique map of coalgebras, f :C » T(M) , such that pf =1 ,

%
Ti -+ T. . We define f as

where p:T(M) * M is defined by & 1

i,1°

%
follows. On Ck y k=20, £ is the composition

poel T (T (DA | ke, —> T T ) <

™M), |,
kK gonzp K K>n>0 k

where An is (N@Tn_z(l)) o (N&Tn_s(l)) ° ... v A:C Tn(C) , if

n=22,1 if n=1, € if n =0 . Coherence is easily checked in
the filtered case,

We must show that the following diagram commutes:

*
c —f Srtanp —& s Tan @ T
2 x >
*
s 8%
c®c

It suffices to check, for each kx , n , i and j with k 2n = 1i+j ,

the commutativity of the left hand pentagon below:
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(2 T.(M® Z T (M))k ( =z z '1',(1s/1)®1‘.(1v[))k
k2i>0 k2j20 < k>n>0 i+j=n J
(f®f/)k/7 \ /7 A
(OQZJC)k (Ti(M)@I‘j(M))k T =
Di . 57
N ’V
(Tn(M))k z n Tl(M)®1‘ (M))
k=2n20 i+j=n
7 A
G
T (£ A D, .
i,3
mT (f)°A
moT (), < ( Tn(M))k
k2n20 n K>n>0
Recall that (C8C) = - C ®c or U C€c ®cC in the graded
r S r S
r+s=k r+s=k

or filtered cases. If r < i , then Ti(f)oAi is zero on Cr (an
easy consequence of the diagonal map for C being a map of graded or
filtered modules and the connected property of M ). Therefore, the

following diagram commutes:

mT (f)oA

u T(M)) <——§——( 2 T (D)

Zn>0
HTN /

(" T —=—( T T O, 2
k2n=0 anZO

Px

v
Ton) _
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This enables us to check the commutativity of the component diagrams
of the pentagons above; i.e., the restrictions to suitable degrees

or filtrands of the outer diagrams below, for i + j = n .

(T, ()68 DB(T (308 )

p > Ty (M)®I‘J.(M)
& ” 2N
N\ Sy
T.(C)®T (C)
1 J D
A

D, .
1,)

08C
N

i,3

A

n T (£)

n
> Tn(C)———————————> Tn(M)

The inner diagrams commute by generalized coassociativity of (C,A)

and the naturality of Di

’

*
Finally, by definition of f ,

u Tn(f)oAn ~
ck —_— > 7 Tn(M) —_— T T o ——> TM)
k2n=0 k2n>0
€ €
Y - \
R — > TO(M)

commutes, so that f* is a map of coalgebras.

Suppose that g:C »* T(M) is a coalgebra map such that pg = f. f*
and g must agree on C0 and C1 , as both are given by the augmenta-
tion and f . Suppose that f* and g agree in degrees or filtrands
less than n . Let c¢ € Cn,Ac =c®1+1Q®c+Z¢c¢c' ®c" . gl) =
g(c) 81 +1®g(c) + Zglc) ®glc’) =gle) ®1 +1 8 gle) +

* * *
TEf () ®f () , by the inductive assumption. Clearly, g(c) - £ (c)
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is primitive, and consequently has zero components except in Tl(M)
%
=P(T(M)) . But pg =pf =f is precisely the condition that the
*
1 components agree. So g(c) = f (¢) . Notice, we use connectedness

*
of C in this proof of uniqueness, but not in the definition of f .

§3. The Hopf Algebra, T(A)

Suppose now that (A,m,T],€) is a connected R algebra. Then
we may regard A+ = Ker € as a connected R module, and construct
T(A+) , which we harmlessly designate T(A) . We show that T(A) can
be made into an algebra, commutative if A is, associative if A is.
Happily, the compatibility of this algebra structure with the coalgebra
structure of T(A) , required to make T(A) a Hopf algebra, is an im-
mediate consequence of the definition.

Consider the following module map:
m

mr(a) ® T(a) B8R (panty @ ReAh) ~A® A B> 1

Since T(A) 1is a coalgebra, T(A) ® T(A) is a coalgebra in the
canonical way, and m can be extended uniquely to a coalgebra map

%
m :T(A) & T(A) - T() . LO:R -+ TO(A) -+ T(A) 1is easily seen to be a

*
unit. (T(A), m , A, ) is thus a Hopf algebra.

“00 Po

Suppose A is commutative. Then the following diagram commutes:

Ta)erT(a) R1ER 5 g a Mo p IME S L

7
tw tw

Vv \Y}
Tayera) 2 S A4

where tw 1is the twist map, signed in the graded case. By the uni-

versal property of the construction p:T(A) - A* , it follows that
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the unique "lift" of the above diagram commutes, which is the commutat-
%k
ivity of (T(A),m )

%
Similarly, associativity of (T(A),m ) follows from the commutat-

ivity of
T(A)ST(A)RT(A) —> A® A® A "L 2@ A
I®m m
v I-Te
A®A > p 17€ o at

if A 1is associative.

§4. A Computational View of the Multiplication on T(A)

The universal property of our construction has made the algebra
structure easy to impose on T(A) , but we need some computational
skill. Specifically, for our applications, we must be able to multiply
elements of A" by arbitrary elements of T(A) . To give a description
of the product of elements, it suffices to start inside components, and
within components, to start with generators. We shall be happy, then,
to compute products of the sort m*(agb) , Where a = al®aé8...®ak € Tk(A+)’
b € Tl(A+) = A+ . We shall feel free to represent the multiplication
in A by juxtaposition.

If a € TO(A+) = R , the multiplication m*(a&b) is defined by
the module structure on A .

+

*
If a€ Tl(A+) = A", the 0 component of m (a®b) , defined by

the augmentation of T(A) ® T(A) , will be O . The 1 component is
m(a®b) = ab . The 2 component is T2(5)°A(a8b) =m®m©c two A A(adb)

deg a-deg b

=m®m° tw ((aBl + 1®a) @ (bR + 1®b)) = a®b + (-1) mRa ,

(dispensing with sign in the filtered case). All higher components
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are zero, as a consequence of Lemma 4 below, In short, if a and b
: + * +
are in A" , m (a8b) = (0, ab, a®b - b®a, 0, ...)

We give some rough information in the form of lemmas:

+
H & - . .
Lemma 1: Tn(A ) Ker Tn+m (1 N ) An+m'T(A) -+ Tn+m(T(A)) , if

0
m 21 . More specifically, An+m(Tn(A+)) is spanned by tensors

a.®a, ®...®a s With a, =1, a, =1, ..., a, =1, for some sub-
1772 n+m iy i ip

+
i .. i o z = .
collection of 585500058 with a, € T&i(A ) = T() , &i n

Proof: These are general and easily demonstrable facts about graded

connected coalgebras. Since A:Tn(A+) +» Z T,(A+) ® Tk(A+) , T(A)
j+k=n

may be graded as a coalgebra by the submodules Tn(A+) , and R

= TO(A+) is clearly a direct summand.
Lemma 2: T _(A%) € Ker(T(A) TS T r@w) L@ o1 4, ir 1 <n.

Proof: This is a direct consequence of the fact that

A ;T (AN ¢ ) T @ahHher ahHhe...eTt @H
1 n Oll 0!2 in
U +0p+e sty =n

*
Lemma 3: If a € Tk(A+), b € T,(AY) , then m (a®b) is 0 in

4

components i less than max(k,L)
Proof: From the definition, it is readily seen that
A, (T(AGT(A)) = tw, (4, T(A)B, T(A))

where

== o} o
tw.:T &, —T,, —> T,. —> T.°T
i i i 2i i

2i 2!

where O is the (signed) permutation of factors induced by

2k-1 k =1,2,...,i
k -+
2k-2i k

i+l,...,2i
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*
Let us break the definition of the i component of m (a®b)
into stages.

D A8 T,(T(A) T, (T, (T(A)))

2) tw, : T2(Ti(T(A))) - Ti(Tz(T(A)))
3) Ti(Tz(p): Ti(Tz(T(A))) - Ti(Tz(A))
49 T, T (T,(A) + T (A)

5 T,(a-Ne: T, (A +1,4h

Since twi is natural, stages 2 and 3 may be interchanged. By
Lemma 2, if a3b € Tk(A) ® T£(A) and k or 4 is greater than i ,

a¥b will go to zero after applying stages 1 and 3 in succession.

*
Lemma 4: If a € Tk(A+)’ b € T&(A+), m (a®) is O in components

i >kl .

Proof: By Lemma 1, each tensor of (tW£>A£8Ai)(a8b) has at least one
factor of type r1 ® r2 rl,r2 € R . Applying m , such a factor goes
to rlr2 € R , which projects to 0 in A" . By multilinearity, such
a tensor goes to zero at stage 5.

Suppose now that a € Tk(A+)’ b € TL(A+) . By Lemmas 3 and 4,
all non-trivial components of m*(azb) lie between max(k,4) and
k+. . In particular, if 4 =1 , we must compute only the k and
k+1 components. We shall do this, and hope to leave the impression
that the general case is more difficult by notation only.

Apply Ak®Ak to adb . Akb is clearly b31®...81
+ 10V, . .B1 + ... + 1R1D...QR®b . We argue now that we may discard

most of the tensors of Aka .

Suppose one has a factor r € R . As a € Tk(A+) and r € TO(A+)
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some other factor of the tensor will belong to TJ(A+)’ jJ 22 . Since
twi is natural, apply Tz(Tk(p)) before twk . The tensor will go to

0 under this projection, It suffices to compute

T, (I-2,p )L, 84, k ,
a®b > (2,8a,8...8a ) ® £ 18...C18081%...81

j=1

twk

> I (—1)('"Hl*'“*ak)ﬁ(al@l) & (2,8) ® ... ® (a @) ® ... & (3,81
j=1

Tk(I—ﬂe)OTk(m)OTk(p)

k
> L (-1) Wante H%I B o0 3 % b®...8a)
j=1 1 2 Jj k

-

where ai and g are the degrees of ai and b . We now have the
k component.

For the k+1 component, begin by applying Ak+1 & Ak+1 to a&b .
k+1

M
Ak+1 b is clearly Z 1®8...89b®,...81 . We argue again that we may
J=1

discard most of the tensors of Ak+l a ., Suppose such a tensor has two

factors in TO(A+) . Then, as a € Tk(A+) , some other factor of this
tensor will belong in Tj(A+),j 22 . As above, we may project before
twisting, and such a tensor projects to zero.

In our computation, we may thus replace Ak a by

k+1
z a®,..®a,6 Q®1%a R, ..a . At Stage 3, (see proof of Lemma 3) we
j=1 1 j-1 J k

k+1 (Qgt1+ee+0,) B
have Z (-1) (aISR) ®@ ... @ (aj_18ﬂ) ® (1Rb) 8)(aj®l) ®...®(a£®1)
J=1

+ tensors with factors' (1®l) . Under Tk(I—ﬂe)OTk(m)OTk(p) , only the
first type of summands survive, to give
k+1

g (- @it tuIB L o o ga Gb®a ®...% .
51 1°°2 j-1 3 Kk
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We have completed our computation, Summarizing,

k
* +
m' ((a,8a,8. .82, )8b) = J;zl *a8,®...8 @ bB...8a
k4l o 2.®...8a, @ @...8 €T &H o1 _@&H
+ £ ~ "1 j-1 J R k ® k+1
=1
< T() ,

where ai,b €a* .

85. S(M) , A Subcoalgebra of T(M) .

Let Z% be the symmetric group. Burnside's presentation of Zg is

{(i,i+1), i=1,2,...,n-1: e = (i,i+1)2 , i=1,2,...,n-1 ,

e

((i,i+1) (i+1,i42))°> i=1,2,...,n-2 ,

2
e = ((i,i+1)k,k+l)) i <k-2, k=3,4,...,n-1}

(See Coxeter and Moser [12])

We define an action of Zp on Tn(M) by extension of

(i,i+1)° m.Gn.®...8n —(-1)uiui+1 ®...0. .8, .Qn.Q...%n
’ 1M e ey, T My e ey 11y

where uj is the degree of mj . In the filtered case, leave signs out,.

The action is well-defined, as relations in the presentation correspond to

Mo s [V T
(-1) * 1+1.(_1) i+171 1,
Mo ks Mo b Moo qdhs Moo, q b [V o b
(-1) i+l 1+2.(_1) i 1+2.(_1) i+l 1.(_1) i+l 1+2-(-1) i 1+2.(_1) "1+l 1.
DL ST L O U o = S L 5 S

Let Sn(M) be the submodule of Tn(M) fixed under this action. Let

S(M) be Z s (.
n0 n

Claim: S(M) is a co-commutative subcoalgebra of T(M) .

Proof: To show S(M) is a subcoalgebra, it suffices to show that
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image (S, (W) = T, )~ T Loran @ TOD)

lies in S(M) ® S(M) for each k 20 . Unsurprisingly, this can be

reduced to locating the image of

Sk(M) ST, (M - Z Tn(M) -

k ka2n20

L T (OD® I T (M iuside I osme I s .
k 2n>0 k >n>0 k>n0 k>0 O

The identification of z z Ti(M) ® T.(M) with a subset of
k230 i+j=n J

Z Ti(M) & Z T.(M) is equivariant with respect to the obvious
k2n=20 kzj=20

map of groups: z I X xX 4 X Z x & Z. . From
k> i+j=n - I k=220 ' k=zj20

this observation and further untangling of the definition of the
diagonal map, it suffices to check that Sk(M) < Tk(M) is mapped into

Si(M) ® Sj(M) by Di J.(M): Tk(M) -+ Ti(M) ® TJ(M) for i+j =k .,

’
Identifying Zj as the subset of Z& which fixes {i+l,i+2,...,k]}
and Zi as the subset of Zk which fixes {1,2,...,1} , we merely
observe that the submodule of Tk(M) fixed under Zk is necessarily
fixed under the subgroup Zﬁ X ZS . This completes the argument that
S(M) 1is a subcoalgebra.

We may reformulate the question of co~commutativity of S(M)

as: Is the following a commutative diagram?



D,
5, (M) ————> I T (0 —_—d 5 5 S T (M QT (W
k=n>0 k>0 i+j=n J
Znbh, .
i,J B
[
Z Z T, ®T (M) T T.MM® 3z T
k20 i+j=n J K=2i >0 k2j20
E /
kN, p
Z TM® T T.M
K220 K=j>0
The map tw , restricted to the subset = z Ti(M) ® TJ(M)

k=20 i+j=n

of T T.(M R 2 T.(M) is the sum of the maps
k220 k2520

(sh®)
Z T, ST (M) ——> T T (DET () ~ I T (DST, (D)
i+j=n J i+j=n J i+j=n J
b D, . sh Di"l.
with (sh) ~ induced by T, (M)ST, (WD SE LSS TN T, (DS, (1)

L‘{'j &-7-1,2,.0.,]..
and zero maps, where shi . is induced by £ -+ {

)
(=N
o
1l

i+l,i+2,...,n

We may now verify the commutativity of

D, .
™ 1,3
Sk(M) > Tk(M) — Ti(M) ® TJ. m)

T.(M ® T, (M)
J i

directly from the definition of Sk(M) .
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Suppose now that C 1is a co-commutative, coassociative coalgebra,
f:C M a map of modules. Then the unique f*:C -+ T(M) extending f
factors through S(M) € T(M) . This is a direct consequence of the
genralized coassociativity and cocommutativity of C and the defini-
tion of f* ; i.e., the commutativity of the following diagram suffices

for an argument,

T. (£)
C®...8(CRC) ® ... 8C = > T (M)
A A
i+l
Tk_l(I)®(k, +1)®ri_k_l(1) Tk_l(I)®(k,k+1)®Ti_k_l(I)
v
T, (M
C T, (Deer, (D i
/’
\y Ti(f)
A C® ... 9Cc®CQ®...8¢C
i 7
\ _1(1)®A®1‘i_k_1(1)

C® ...%8CQ®...®¢C

§6. S(A) , a Sub-Hopf Algebra of T(A) .

+ .
Suppose now that A is an algebra, We let S(A ) be written
S(A) . S(A) ® S(A) is a co-commutative coalgebra. Since S(A) is

and the module map
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S(A) ® S(A) —> T(A) ® T(A) —> a*

extends uniquely to a map of coalgebras S(A) ® S(A) -+ S(A) . This
is clearly the restriction of the multiplication m* on T(A) , and
we may appropriate the computations of Section 4 for use in S(A) .
S(A) 1is, of course, commutative or associative when T(A) 1is, being
a sub-algebra.

We have said nothing about the naturality of the constructions,

but this is trivially verified.



CHAPTER X

POLYNOMIAL DUAL SUBCOALGEBRAS OF S(A)

1. 1Introduction.

We are interested in the following question. Suppose M is an
R-submodule of an R-algebra A , which is torsion free as an abelian
group. Is there a sub-Hopf algebra, Nﬁ , of S(A) which has poly-
nomial dual coalgebra structure, and whose primitive submodule is M ?

If M is free abelian and a pure subgroup of A , we adapt the scheme

of Chapter II to answer this question. We demonstrate that the tests

we have devised for the existence of towers in S(A) may be administered
in A . This is cheerful news, for in Chapter IX, §¢4 , we observed that
computing in S(A) is awesome, We get less satisfactory results when A
is not commutative or associative, but we indicate a plan for improving
these cases.

All modules, algebras, etc. are required to be filtered or graded

and connected. Graded objects are presumed to lie in even degrees.

Rings are of characteristic zero.

2, Towers over Submodules of Algebras,

Theorenm 1. Suppose M is a free R-submodule of A" ,» Where A is

an algebra over R . Let M be a pure sub-abelian group of A . Let

{Pa,l}aéd be a basis for M . Suppose for each « € ¢ there are
+ .
sequences in A P i, + and K 1. + extendin
1 * ? ld,J}JeZ -{o} {OI;J}JEZ -{o} €
Pa,l and O satisfying
i) jp_ . -K €M and
«,) a,J

85
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s _ - . +_
ii) X 3 z Pa’k(LPa’L KQ’L) v j€z-{0}.
J=k+4

Then there are infinite towers {P . + in S(A extendin
v, 33 5€2% {0} *) &

P = P » Vo € 4, such that the sub~-Hopf algebra, ¥  , of S(A)
o, 1 o, 1 M
generated by {Pa j}aéd has polynomial dual coalgebra structure
H
jez'-{o}

* +
whenever P(?[M) N m ((3[M ® NM) YSM.

Remarks:
i) We are committing ourselves to constructing the towers

{Pa j}j€Z+ and demonstrating that the indecomposable primitives of

NM lie in M . The coalgebra structure will be a consequence of Borel's
theoren,

ii) It is possible that Poz,j =0 forsome j>1. 1It, of course,
is impossible that m = 0 for any indices.

iji) If M = A+ , Theorem 1 says S(A ) has polynomial dual coalgebra

J

1" This

structure, for we may let Po:,j = Poz,i and ch,j = (_j-l)Pa
is well known, and is, infact, the point of the construction.

iv) If A is commutative and associative, S(A) is, by Chapter
IX, p.84., By iii) above, and Chapter VIII, the primitives are indecom-
posable in S(A). We may drop the condition P(NM) N m*((?JM ® iVM)+) S M
as it is trivially satisfied.

v) There are counter-examples. Let A= Z[X] , M = ZX .
m*(x ® X) = X2 + 2(X® X) by Chapter IX, p. 77. But nX + x2 + 2(X ® X)
is not divisible by 2 for any n € Z . Hence (Proposition 1, Chapter

II), no tower of height 2 can be built over X in any sub-Hopf

algebra of S(Z[X]) whose primitives lie in M .
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Proof of Theorem 1. We define

o]

PQJEZ z P . ®pPp . ®...8P ., .
' k=1 Jy+do+e..td=j 2792 % Jz & Jk
——— — A _— —_—
Clearly P . € S(A)ST(A) and P ,—> T P ®P o that
Y Ya,j () (4 o, J _: o,k ad ©
k=]
{ + i infinite t P .= .
Pa,j}jEZ-{O} s an infinite tower over Pa,l Pa,l EM
—_— *
We now define K , = z m (P - K recursively. W
a,J s (aykgcwa,{a dr{a)) y €
k+i=J
show that jP . - K . =3jP , -K ., €M . We shall drop the sub-
o, o, ] o] o, J

scripts o € 4 , as the argument is independent of ¢« .

5; - K1 = P1 - 0= P1 €M, so we may assume for j <n that
jP. - K, = jJP. - K, €M .
J J 3 5

o -FK =oP - T m*(P—k®LP_-T<—)

n n n kad=n 4 4
=nP_.- I m(P.® (P, - K,))
n k+4=n k L 2
— ® *
n kid=n g=1 ) _k k2 kg A
k1+k2+...+ g_k
(by (Chapter IX, p.80))
=nP_- I T z
n

k+l{=n g=1 k +k2+...+kg=k

1

12

g
{,z P, ®...8P  (LP,~K,)®...8P,
i=1 1 i g

g
+ Z P ®o . o®P ®(LP _K mp ®0 . 0®P } .
i=0 kl ki 1L ki+l k

We now change the order of summation so that terms of type
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P ®...8@pP ®Pk.(LP -KL)®Pk @...9°P with ki+-b

kl ki-l i * i+l kg
A . A
=n-k1—... -ki-... -kg for fixed {kl,...,ki,...,kg},are
added first, with sum
*
(*) P ®...®P ®K ,®P ®...8P .
1 i-1 i i+l g
N i -
ext, split tensors Pk ®...® Pk, ® “PL L) ® Pk, ®...8 P,
1 i i+l g
into
Aok
(%) ka®"'®pk.®P»{,®pk. ®...8P,
1 i i+l o
*k%k) P
(kxk) k®...®Pk.®K{’®Pk. ®...8P
1 i i+l g

Tensors of type (*) are canceled by tensors of type (*%%), except the
special case Kn .
Tensors of type (**) have coefficient n after summation,

With these observations, we find

@

nPn-f;-:nP_n_-Kn-nZ z P, ®...9pP,
k=2 jy+jg+...+jx=n 1 I
=nP_ -K .,
n n
Suppose now that P is primitive in »'UM . Project P to

* —
NM/m (?{M ® NM)"' = Q(NM) . The images of Poz ; are module generators

’

for Q(NM) . In Q(%M) ,P=2Zn P .. Choose N €Z so that

i|N if noz,i +0 . Then NP = Znoz,i . 1Poz,i in Q(NM) . Clearly,

Ka i projects to zero in Q(i(M) Veoedad, VieE z* . Hence
?

- s> r . . . Si
NP na,i(lpoz,i Kcr,i) projects to 0 in Q(%[) ince

* + e
P(?(M) Nm ((NM®?1M) ) SM, NP - Zna i(lpa 1

’ ’

-K ) EM and NP
a,i
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does, as well. But M 1is pure, so P €M .

Example. Suppose A is a Hopf algebra, satisfying the hypotheses
of Borel's theorem, and M is the primitive submodule. Clearly M is
a pure sub~abelian group of A'+. Theorem 1 says there is a sub~-Hopf
algebra of S(A') isomorphic (under p:S(A) -+ A ) to A as a Hopf
algebra, if A is commutative and associative.

We discuss now a scheme for improving Theorem 1 in the non-commuta-
tive, non-associative cases, using the apparatus of Chapter VII and VIII,

Notice that Pd i € A has been treated as an analogue of a tower element,

s

Pa i € S(A) , and M as the analogue of the primitive submodule of a
’

Hopf algebra;we develop this point of view.
Let P =p . P . ... P . €A, just as P =
A,I 01,11 012,12 Uy, 1y A,I

P R . .ee P . € 8(A) . We may use the definitions (VII.3)
0,1y Up,1p Dy s 1y

and (VII.4) to define inductively elements p(P ) €A and

A,1'TB,J

p( ) €A . These definitions and the requirement that these

PA,I’PB,J'PC,K

elements are actually in M should be hypothesis in an improved version

of Theorem 1. We should be able to demonstrate that

* = A A

() p(B [Py ) = p(F P ) € AN S(A)

%k %k =

(k%) p(PA,I,PB,J,PC,K) p(PA,I’PB,J’PC,K) € AN s(a)
just as iP , - K . was demonstrably equal to IP . - K . .

a,1 o, 1 o, 1 o,1

We should then proceed as follows: (i) showing that &M , defined

as above, has as a rational basis B = {P . P . «es P i }
dl’ll 012,12 ak) k a1<...<0!k

. . +
iy,...i €27 -{0}
This would involve (*¥) and (**), as well as the techniques of Chapter

VIII, extended to the non-associative case; (ii) noticing with little
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effort that the primitives in the span of B are in M ; and (iii)
invoking the purity of M . This puts all of the primitives of NM
in M, and we may apply Borel's theorem.

A lack of interest might impede filling in the details of this
sketch, (and has), but we don't imagine anything else could. Unless

applications become available, it seems punishing to do it.

3. Examples of Towers over Submodules in Commutative, Associative

Algebras.

We propogandize the computability of sequences required for the
application of Theorem 1 in non-trivial examples.

let W be a finite group acting on a commutative, associative
algebra A over R , a ring of characteristic zero. Let ¢:A -+ R
be an algebra homomorphism. Let Aw be the subalgebra of A fixed
under the action of W , and suppose wa is generated by a family
{Ba}aeﬂ . Let A = A/{Ba-w(Ba)} be the quotient algebra, with pro-
jection map p:A A . Let D:A A be a derivation, and M be the

hi; f A spanned b B .
suhnodule o panned by {pD a}aeﬂ

Theorem 2. Suppose, for each « , there is a finite family of elements

of A, {A_ .} such that B, = Z A ; » satisfying

o,i 1€Ia ier @
o

w
i i A =A f j f 1l i .
(i) if w € w , @i 3 or some j € Ia , for al i¢g Ia

ii DA . =n _A <
(ii) o, i w,i B i for some i €ZS<S R, for all o €a ,

for all i € I
o

In addition, assume M 1is a pure sub-abelian group of A . Then for

each o € & there are sequences {P and {K

oz,n}nez+—{0} a,n}nGZt{O}

satisfying:
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+
s _ £ _
(iii) P n Kyon €M for all o €4, for all n € 7 -{0} .
i z P . -K .)=K for all ,
(iv) trien Pa’i(J 2, Q,J) _ ra @ €, for all

n€z - {o}.

(v) K = 0 and Pa = p(DBa) , for all o €T .

s 1

Proof: If n€Z, k € 2" , we define

n(n-1)...n(n~k+1)

P if k>0
( ) = K(k-1)... 1
1 if k=0
If « €4, j €27 - {0}, we define
[oe]
p .= L z Z
@,

k=1 11 ,iz, s e ,ikEIa j1+j2+jk=j
. . . +
J1 ’ng---’Jkez - {0}

n n n
TR S RNV - 7P P o, 1y . : .
LT )
J1 J2 Jx a,1y T, ig o, ikJ

. J J

K .=j3P .+ { -1 Z n_ .A Y.

«,J J o,J e i€ - o,1 o,1
o

We must verify (iii), (iv), and (v). Since D is linear, DBa =

¥

Z n ., A ., follows from (ii). (v) follows immediately. (iv) is
jeg @i i
o

straightforward if one is in possession of the following combinatorial

identity, which we prove: Let n € z¥, m € 2, then
n-1 .
(-1)n n - ( m ) +m Z (-1)J (
n .
Jj=0

m \
j / =0 .

Proof: By induction,
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D" 1) \ m ) +m n;:z (-1)J (
n-1 §=0 J

m ) =0, so

. , . n-2 . N
s3] em s e (B s T e (3)

;‘l‘) + m(-1)“'1< ™Y 4 D (@m-1) (nfl)

- 1) . nf
= (-1) n n-1/

\

e ({2) - oo (8}

The last expression is trivially zero.

A
Consider (iii). We must show p{ Z n . A J.* is in the span of
i€

I o,i  o,i)
o
{pDBB}BG7 , for all @ €d, j € Z+-{O} . Since D is a derivation,
FEEEN .
.. . . J . J .
= A .
(ii) implies D( z Aa,i/ j z na,i i It suffices to show

i€l
o
/7 7 .
that p(Dk Z A J.)) is in M, since M 1is pure. By (i), W per-
‘der @t
o

mutes the Aa i's , so that Z AaJi € Aw which is generated by

s ’

J
. A = cee .
{Ba}aea Thus I o i E T, BO[1 Baz Bo:k But
s )
p(D( Z2r, B ,B «eesB )) = p( Zr, =2(B ...DB ) ...B
A A al C!g, ’ dk A A J-=1 an dJ dk/
k
=Zr Z 9B_)...p(D(B_ ))...p(B_ ) which is clearly in M . This
s A j=1 oy (o oy

completes the proof of Theorem 2,

Consider the Weyl group W acting on the complex representation
ring, R(T) , of a maximal torus, T , in a simply connected compact
simple Lie group, G . Polynomial generators for R(G) are the funda-

mental representations {pi} . Under the inclusion i:T <+ G , R(G)
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may be identified with R(T)w , and i*(pi) may be expressed as a sum
of weights which are permuted by W . Any derivation of R(T) is
uniquely determined by its values on fundamental weights {wi} . For
derivation D sending wi -» ni wi R ni € Z , the hypotheses of Theorem
2 will be satisfied, with the exception of the condition on M , which
depends on ¢ and D , and is, of course, very difficult to check.

If ¢:R(T) * Z is the augmentation, assigning to an element of R(T)

its virtual dimension, R(T)/{* may be identified with
i

(py )=}

K(G/T) , which is a free abelian group of rank |Wl . (See Vasquez [13],)
It should occur to the reader familiar with Bott [14] that this

specialization of Theorem 2, or a subtle variant, might find its place

in a proof that K*(QG) is a polynomial algebra for such Lie groups.
Roughly speaking (let us ignore the difference between simply

connected and centerless groups), Bott was able to show that to each

circle s:S1 -+ G satisfying certain technical conditions, a map

fS:G/GS -+ QG could be assigned (where G, is the centralizer of s

in G ) , whose image in ordinary homology generated H*(OG) as an

algebra. Dualized, this fact is interpreted as: (f:)*:H*(QG) -» S(Hf(G/GS))

is a Hopf algebra inclusion onto a (module) direct summand. Under

certain torsion free assumptions, general descriptions of H*(G/GS)

and f:(P(H‘(QG)) < H*(G/Gs) were given by Bott, with well-known models

for specific groups and circles., In this setting, the existence of such

infinite sequences as described in Theorem 1 is equivalent to I{*(QG)

being a polynomial algebra, Bott always found other means to get this

result in his examples. We consider one class of his examples, the

symplectic groups, and construct the sequences.
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Following Bott ([14],p. 59), we let G = Sp(n), G, = U(n) , and
* z 2
identify H (Sp(n)/U(n)) with z[xl,xz,...,xn] n/z[xf,xz,...,xi]Zn =A

Let p:Z[Xl,Xz,...,Xn]Zn-+A be the projection., Let D be the deriva-

n
tion in z[xl,xz,...,xn]Zn described by X 0/3X; . Divide the image

i=1
2 2 2.Zn R . . . .
of Z[Xl’xz""’xn] under this derivation by 2 , and project into
A . This submodule, M , is shown to be the image of the primitives of

H*(Qsp(n)) in H*(Sp(m)/U(n)) under a suitable map. Let

h
Oj(xl’xz""’xn) be the jt elementary symmetric polynomial. Let

n .
S.(X,,X,,...,X.) = 8. be the ith symmetric power, Z X% . We
it71772 n i .
J=1
first demonstrate, as Bott states, that {pSZi-l}i=1,2,...,n is a
. . . 2 2 .2 2
basis for M . By Newton's formula, with OJ(X ) = Gj(Xl,Xz,...,Xn) ,

2 2

2 2
SJ(X ) = Sj(Xl,Xz,...,Xn) y

+

0 = p(1/2 Dlio, (x*) - ... % ch.(xz) Si-j(xz) o ts

p1/2 D ioi(Xz) + p 1l/2 D(—1)i si(xz)

2

2
(since D 1is a derivation, and symmetric polynomials in {Xl’xz""’

2
xn}

go to zero under p ) =

. 2 i
=ipl/2D ci(x ) + (1) o SZi-l(x)
n
(since D is defined by Z a/axi )
i=1
" Y Y . Y " 2 i-l
Dividing by i , p1/2D Gi(X ) = (-1) P Szi_l(x) .

This makes {p SZi—l}i=1,2,...,n a spanning set. There is no need to

agonize over the purity of M or whether or not {p 821-1}i=1,2,...,n
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is independent in A . Bott's geometrical arguments provide an in~

direct proof that M is a direct summand of appropriate rank.

We define PZi—l,j to be o GJ(XZI-l), i=1,2,...,n . Note
_ 2i-1, . 2i-1
that P2i_1’1 =p 0, (X ) =0 8y (X)) . If KZi—l,j =jp oj(x )
j 2i-1 2i-1 _2i- i-
+ D7 p S,(X" ") , Newton's formula in 2[x] l,xz1 o, zl h
guarantees that KZi-l,j = j=§+£ PZi-l,k(LP2i-1,L - Kzi—l,L) . We

_ 2i- .
must verify that p(Sj(X N 1)) is in M for j €z’ - {0}, i =1,2,...,n .

This is trivial if j is even, for Sj(le-l) € z[xf,xi,...,xi]zn if

j 1is even. We may suppose Jj = 2k+1 . Sj(XZI-l) = Sl(X(zl-l)(2k+1)

4ik+2(i-k)-1, 4ik+2(i-k)

= 5, (X ) . But p(1/2D s (X ) =

4ik+2(i-k)-1 2 2 2]Zn

. . , 4ik+2(i-k
(2ik+(i-k)) p sl(x ) . Since sl(x ))E Z[X1'Xz""’xn

and M 1is pure, we are done.
Let us recall that we have yet to apply Theorem 2, and have merely

developed an analogy.

}

Let A= Z[Xl,X ..,Xn] , W=2In . f{o are generators

2’° i‘i=1,2,...,n

for AAW . Let ® be the trivial splitting of T:Z -+ A, so that

Zn

A= z[xl,xz,...,xn]/z[xl,x Xn] . Let D be the unique extension

97

of X.*1iX. . Do, = z G+iotee.+i.) X. X, ... X, and
i i i . . , 1vY2 i
J1<92<. . . <y i J2 Js

may be designated the ith elementary weighted polynomial. We let M

be the span of the elementary weighted polynomials in A . Clearly,
hypotheses (i) and (ii) of Theorem 2 are satisfied. It remains to

verify that M 1is a pure sub-group of A, Deferring this for the
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moment, we have the following result, by combining Theorem 1 and

Theorem 2: If

A= Z[X,, X ,00.,X 1/ In |,
1’72 n z[xl,xz,...,xn]

and M is the submodule of A spanned by the elementary weighted poly-
nomials, then there is a sub~Hopf algebra of S(K) which has polynomial
dual coalgebra structure, and has M as its primitive submodule.

We show now that M is pure in A . By a homogeneity argument,

we quickly reduce the problem to the following:

Lemma: If X € z[xl,x Xn] is homogeneous of degree r , and

g1 ey
iX = p ) (Gotjote..+i ) X. X. ... X.
s s . 172 r J J J
<G <, .. <
Jl 32 Jr 1 2 r
+ ANO +( Z a. X. >O’ + eee
X.1
r 1<i, €n i, Tiy r~1 ( )
+< 2 23 i i %o K e Xi)c’z-s
1€i. €i, <...€1i€n71’72"°"*"’"g 1 2 s
1 2 s .
+ ee. + ( 2 a; i X1 X e Xi ) 9y
P os < . ’ g e oy
1_11_125...S1r_lsn 1’72 r—1 1 2

where i, p, A, and a; €2Z, then i divides p .

Proof: We designate the coefficient of XI on the right hand side of

(X.1) by C(XI) . Clearly i divides C(XI) for all I , as the mo-

X ]

nomials are a basis in Z[Xl,xz,..., 0

i, < Jo < eee <F_
Let us compute C(XJ. XJ. XJ ) where Jy <3y I
1 2 r
This is easily seen to be
r
p,(31+32+...+,]r) + A+ Z a, + see (X.2)
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+ Z a . . F e

<eeo ’ »J o0
1551<52 <StS1‘ s1 52 St

+ z a, . ,

J_ »d_, seeesrd
<s.<s,.<,.. <
1 s1 2 <s 1 r s1 s2 S 1

and must be divisible by i . We would like to know that

u(j1+j2+...+jr) + N is divisible by i , for

Sublemma: If u(j1+j2+...+jr) + A is a multiple of i for every
= {j. <. <. ..<5§ i ivi

J {Jl SPASTE Jr} , then i divides y .

Proof of sublemma: We simply choose J, = {1,2,...,r} and

J2 = {1,2,...,r—1,r+1} . (Notice, we are disinterested when r = n ,

for D o, is clearly zero in A ). {p(1+2+...+r) + A}
- {u(1+2+...+(r-1)+(r+1) + l} = 0 (mod i) . But this difference is
So i divides y .

We return now to (X.2). We can put ourselves in a position to
apply the sublemma if we can add to (X.2) a linear combination of co-
efficients (each of which is = 0 (mod i)) of other monomials in the
right hand side of (X.1l) in such a way as to absorb the summands of
(X.2) other than u(j1+j2+...+jr) and A . This can be done as

follows. If {tl <t, <...< tk} < {jl <Jy < uue < jr} , we let

s(ti) =q if ti = jq .

Sublemma:

2 xin

k i
s DT oot xe ..
t, “t, t,

1
{t1<x2<...<tk} < {3;<< <) (X.3)

11+12+...+1k=r

= u(j1+j2+.--+jr) + A .
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(Notice, we are including (X.2) as a summand in (X.3) in the special

case

We forego a proof, as it is quite straightforward. The difficulty of
deciding what the appropriate sum of coefficients is has been overcome

in the statement of the sublemma.
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