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INTRODUCTION

We p r o v id e  a method o f  e x p o s in g  p o ly n o m ia l-d u a l  c o a lg e b r a  s t r u c t u r e

in  Hopf a lg e b r a s  which a re  t o r s i o n - f r e e  o v e r  r in g s  o f  c h a r a c t e r i s t i c  z e r o .

I f  s u f f i c i e n t l y  many seq u en ces  d ual t o  th e  powers o f  p o ly n o m ia l  g e n e r a to r s

a re  a v a i l a b l e ,  one can ap p ly  a s t r u c t u r e  theorem  due t o  B o re l  and S w eed ler

(C hapter I ) .  Over f i e l d s  o f  c h a r a c t e r i s t i c  z e r o ,  such seq u en ces  can e a s i l y

be c o n s t r u c t e d .  We have d e v i s e d  a method f o r  d e t e c t i n g  such  seq u en ces  o v e r

a r b i t r a r y  ground r in g s  o f  c h a r a c t e r i s t i c  z e r o  in  t o r s i o n - f r e e  s i t u a t i o n s .

T h is  i s  o rg a n ized  as  an o b s t r u c t i o n  th eo r y  (C hapter I I ) .

The c e n t r a l  id e a  i s  t h a t  p r i m i t i v e s  a re  r e la t e d  to  ind ecom p osab les  by

N ew ton 's  form ula f a r  more g e n e r a l l y  than  has been su p p o sed .  T h is  i s  

*
f a m i l i a r  in  H (BU;Z) , but th e  co m m u ta t iv i ty ,  a s s o c i a t i v i t y ,  and th e  t r a ­

d i t i o n a l  d e s c r i p t i o n  o f  t h i s  Hopf a lg e b r a  in  symmetric f u n c t io n  te rm in o lo g y  

seem t o  have combined t o  g i v e  t h i s  r e l a t i o n s h i p  an a c c id e n t a l  ap pearan ce .

A thorough  accoun t o f  th e  e f f e c t  o f  c h o i c e s  in v o lv e d  in  c o n s t r u c t in g  

such  seq u en ces  i s  g iv e n  in  C hapter I I .  The h y p o t h e s i s  o f  a s s o c i a t i v i t y  i s  

added a t  t h i s  p o in t  t o  make a r a t h e r  d i f f i c u l t  p ro o f  l e g i b l e  ( P r o p o s i t io n  2 ) .  

I f  c h a l l e n g e d ,  we can do w ith o u t  t h i s  assu m ption  and r e t a i n  in  n o n - a s s o c i a -  

t i v e  c a s e s  th e  power o f  P r o p o s i t i o n  3 f o r  p ro v in g  Hopf a lg e b r a s  h a v e n 't  

p o ly n o m ia l  d u a l  c o a lg e b r a  s t r u c t u r e .

As t r i v i a l  co n seq u en ces  o f  C hapter I I ,  one can show, e . g . ,  i f  W i s  

a c o n n e c te d ,  com m utative , a s s o c i a t i v e ,  co -co m m u ta t iv e ,  c o - a s s o c i a t i v e  t o r s i o n -  

f r e e  Hopf a lg e b r a  o v e r  Z , whose p r i m i t i v e s ,  P(i^) , form a f r e e  a b e l ia n  

g r o u p , th en

( i )  %( has p o ly n o m ia l -d u a l  co a lg e b r a  s t r u c t u r e  i f  ft" i s  f i l t e r e d ,

i s  a X -r in g ,  and P(V) i s  a ljf-module.
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( i i )  JV h a s n ' t  p o ly n o m ia l -d u a l  c o a lg e b r a  s t r u c t u r e  i f  U  i s  graded ,

l i e s  in  even  d e g r e e s ,  3 x €  (POWK , (P ( f t ) )p n i = 0 , where p d oes  not

o ̂  ^
" d iv id e"  Jr f o r  some i , n , p  ? Z , p prim e.

$
S tu d y in g  H (BU;Z) from th e  c o a l g e b r a i c  p o in t  o f  v iew  d ev e lo p ed  in  

C hapter I and I I ,  in  Chapter I I I  we f in d  a b a s i s  which i s  b e t t e r  behaved  

under Whitney sum than  th e  s tan d ard  b a s i s  c o n s i s t i n g  o f  monomials in  th e  

Chern c l a s s e s .  A s t a r t  i s  made on th e  com pu tation  o f  th e  mod p S teenrod
j|(

a lg e b r a  a c t io n  on H (BU;Zp) in  C hapter V. The r e s u l t s  are  f l a t t e r i n g  to

th e  b a s i s  o f  Chapter I I I .

An argument i s  g iv e n  in  Chapter IV th a t  th e  group o f  Hopf a lg eb ra  

*
automorphisms o f  H (BU;Z) i s  iso m o rp h ic  to  Z X Z .A

C hapters  VII and V III  p r o v id e  a s tan d ard  a lg e b r a  p r e s e n t a t i o n  f o r  th e  

a lg eb ra  s t r u c t u r e  o f  a s s o c i a t i v e  Hopf a lg e b r a s  e n jo y in g  p o ly n o m ia l -d u a l  

co a lg e b r a  s t r u c t u r e .  ( A s s o c i a t i v i t y  can prob ab ly  be dropped as  a h y p o t h e s i s ,  

w ith  s l i g h t  a d d i t i o n a l  c o m p l ic a t io n  in  th e  p r e s e n t a t i o n . )

By t r u n c a t io n  o f  s eq u en ces  a t  powers o f  p rim es ( s e e  th e  cu r io u s  r e s u l t  

o f  C hapter V I ) ,  i t  i s  q u i t e  p o s s i b l e  th a t  t h i s  p r e s e n t a t i o n  w i l l  do f o r  a 

very  wide c l a s s  o f  a s s o c i a t i v e ,  c o - a s s o c i a t i v e ,  co -co m m u ta t iv e ,  connected  

Hopf a lg e b r a s .

In C hapters IX and X we adapt th e  scheme o f  C hapters  I and I I  t o  an 

im portant u n i v e r s a l  c o n s t r u c t i o n .  An a p p l i c a t i o n  i s  p ro v id ed  which i s  

s u f f i c i e n t l y  remote from N ew ton's  form ula in  t h e  sym m etric f u n c t io n  s e t t i n g  

t o  i n d i c a t e  a p o s s i b l e  wide range o f  u se  o f  t h e s e  methods as a computing  

t o o l .
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N ote on Term inology

a) R ings w i l l  a lw ays be commutative and a s s o c i a t i v e  w ith  u n i t .

b) A lg eb ra s  and c o a lg e b r a s  w i l l  a lw ays be p ro v id ed  w ith  u n i t s  and 

a u g m en ta t io n s ,  r e s p e c t i v e l y .

c) A co n n ected  a lg e b r a  i s  an a lg e b r a  p ro v id ed  w ith  a s p l i t t i n g  (an  

a u gm entation ) f o r  i t s  u n i t .  A co n n ected  c o a lg e b r a  i s  p rov id ed  w ith  

a map from th e  ground r in g  (a u n i t )  which  i s  s p l i t  by i t s  augmenta­

t i o n .  In e i t h e r  c a s e ,  th e  r in g  i s  a d i r e c t  summand in  a c a n o n ic a l  

way. A con n ected  Hopf a lg e b r a  i s  co n n ected  a s  an a lg e b r a ,  v ia  i t s  

au g m en ta tio n , o r  e q u i v a l e n t l y ,  a s  a c o a lg e b r a ,  v i a  i t s  u n i t .

d) We do not r e q u ir e  Hopf a lg e b r a s  t o  be a s s o c i a t i v e  ( im p o rta n t)  o r  

c o a s s o c i a t i v e ,  f i l t e r e d ,  o r  graded (u n im p o r ta n t ) .

e )  A tow er in  a co n n ected  c o a lg e b r a ,  ( C, A, e, T] ) ,  i s  a seq u en ce  o f

e le m e n ts  {P . } . s a t i s f y i n g :  V i  , A ( P )  = £  P .  ® P
1 i - U , i . , . . .  , n 1 i =j+k ^

and e(P^) = ̂  Q ; T J ( 1 )  = PQ . C le a r ly  a to w er  i s  a s u b c o a lg e b r a ,

n may be 00 . We are  aware o f  d e p a r t in g  from t h e  stan d ard  t e r m i ­

n o lo g y ,  " d iv id e d  power seq u en ce ,"  in  making t h i s  d e f i n i t i o n .  We 

rea so n  as f o l l o w s :  " d iv id e d  power" i s  an a l g e b r a i c  n o t i o n ,  " d iv id e d

power sequence" i s  a c o a lg e b r a ic  n o t i o n .  Furtherm ore, we show below  

( p . 7) th a t  t o  each  d iv id e d  power seq u en ce  in  a Hopf a lg e b r a  th e r e  

co rresp o n d s  a fa m ily  o f  p r i m i t i v e s .  I t  i s  e x a c t l y  when each  o f  t h e s e  

p r i m i t i v e s  i s  z e r o  t h a t  th e  d iv id e d  power seq u en ce  i s  a seq u en ce  o f  

d iv id e d  powers in  t o r s i o n - f r e e  s i t u a t i o n s .  I t  seems u n rea so n a b le  

t h a t  t h i s  ra re  s i t u a t i o n  should  be p a tro n y m ic .  (When l i m i t i n g  d i s c u s ­

s io n  t o  f i e l d s ,  as i s  th e  t r a d i t i o n ,  t h i s  d i s t i n c t i o n  must be regarded  

as  e s s e n t i a l l y  r u d e . )  I f  "tower" i s  n o t  s u f f i c i e n t l y  e v o c a t i v e ,  p e r ­

haps " d ia g o n a l  tower" i s  an a l t e r n a t i v e .



CHAPTER I 

A CLASSICAL THEOREM OF BOREL

We g e n e r a l i z e  i n  p a r t  a theorem f i r s t  g iv e n  in  d u a l form by B o r e l  

( s e e  M ilnor  & Moore [ l ] ) .  For a g e n e r a l i z a t i o n  o f  t h i s  f o r m u la t io n ,  

when R i s  a f i e l d ,  s e e  S w eed ler  [ 2 ] .

Theorem 1 . Let [ft'; ( o , T]) ; (A, e) } be a f i l t e r e d  (graded and l y i n g  in

even  d e g r e e s ) ,  c o n n e c te d ,  co co m m u ta tiv e , c o a s s o c i a t i v e  Hopf a lg eb ra  o v e r

commutative r in g  R . Suppose P(&) has an o rd ered  b a s i s  {P } O' €  O ,

each  elem ent su p p o r t in g  an i n f i n i t e  tow er {P .}  j  € Z+ . Then U  i s
J

f r e e  as an R-module w ith  b a s i s  f l , ( . . . ( ( P  P . ) P . ) . . .
0 1 , 1 ! 0 2 , 1 2  (*3 , 1 3

P . ) | i i  > i a » • • • > ik € Z - { o }  , 0 . <' (̂ a < . . .  < o k 6  O }  .
uk >± k

P r o o f : As %( i s  n o t  n e c e s s a r i l y  a s s o c i a t i v e ,  we have ch o sen  th e  c o n ­

v e n t io n  -  p a r e n th e s e s  accum ulate  on th e  l e f t .  I t  i s  t r i v i a l  t o  prove v ia

in d u c t io n  and th e  fo rm u la s  P -» Z P . ® P , t h a t ,  i f
i +j=k “ ’J a ’k

A k
or, , a  , . . . ,  a  € (2  , ( . . .  (P . , P . ) . . .  P . ) ----- >  Z E

1  2  * Q i , l x ’ <*2 , i 2 ork, i k . ,j - i  l j + i j - i j

( . . . ( P  . / P . / )  . . . P  . /) ® ( . . .  (P . u P . //) . . .  P . //) . As° i  > of2 , i 2 Ojj, i k Qi, ix  of2 , i 2  o k, i  k

t h i s  formula i s  th e  o n ly  c o a l g e b r a i c  com pu tation  which  f i g u r e s  in  th e

p r o o f ,  we s h a l l  f e e l  f r e e  t o  e l i m i n a t e  p a r e n t h e s e s .  M oreover, we s h a l l

a b b r e v ia te  P . . .  P by P. _ and s a y ,  w ith  l e s s  c o n f u s io n ,
“l . 1! Q?k>1 k A, I ’

t h a t  P .  _ - — >  Z P .  • ® P . . N o t ic e  t h a t  any t e n s o r  o f  ty p e  P .  /_ , 
A, 1 j +k _ i  A, J  A,K A, I

® P // _ /  may be w r i t t e n  as  P . ,  ® P . ,  , where A i s  t h e  ord ered  s e t  A ,J  A ,I  A ,J

A / U a " , and i  = i  / i f  a  G A / , i  = 0  i f  a  € A -  A 7 , and’ r  r  r  ’ r  r  ’

j s  = j g / i f  as  6  A" , j g = 0 i f  as  € A -  a" .
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We r e f e r  t o  P _ as a tow er monomial. We say  th e  w id th  o f  P.A ,I  A ,I

i s  j  i f  I = ( i  , i  , . . . , i  ) and e x a c t l y  j  o f  th e  i ' s  are  n ot  z e r o .
1  a  K

We w r i t e  I+J f o r  ( i  +g , . . . , i  +j ) . The w id th  o f  P ® P i s
X X  K i t  f t  y 1  f t  j  0

d e f in e d  t o  be th e  w id th  o f  P . L et -£,(1) = i  + i  + . . . + i  , i f
A j X + J  X ^  K

I = ( i  , i  , . . . , i  ) . The l e n g t h  o f  P (P ® P ) i s  <L(I) 0C,(I+J)) .
X 2  K / \ | X A f X  A  j  J

We f i r s t  show t h a t  th e  e le m e n ts  we c la im  are a b a s i s  are at l e a s t

in d ep en d en t .  Let Z C _ P . T = 0 where C. _ = 0 u n l e s s  i . X ) , i o> 0 . . .
A , I  ’ ’ ’ 1 ? 2

i  X) where I = ( i  , i  , . . . , i  ) . The maximum le n g th  o f  th e  term s
i t  X £* K

P such  t h a t  C i s  n o n -zer o  must be g r e a t e r  than  1 o r  we are  
A ,I  A ,I

d e s c r ib i n g  an im p o s s ib le  l i n e a r  com bin ation  in  our b a s i s  o f  p r i m i t i v e s .

L et us  suppose th a t  c o e f f i c i e n t s  C o f  a l l  tow er monomials P _
A j  X A  ^ 1

o f  l e n g t h  g r e a t e r  than  n are ze ro  in  our  r e l a t i o n ,  and t h a t  no r e l a t i o n s

e x i s t  among tow er monomials o f  l e n g t h  l e s s  than  n . We need o n ly  show

th a t  th e  c o e f f i c i e n t s  o f  th e  tow er monomials o f  l e n g t h  n are  z e r o .

&n n —2  &n
L et us  ap p ly  ( I —Tj e) 0 A ® I 0 . . .  ° A = (I-T]e) ° An t o  th e

r e l a t i o n ,  where l'.%( -» ft" i s  th e  i d e n t i t y .  One e a s i l y  computes th e

image to  be Z C (a  , a  , . . . ,  a. ) , ( i  , i  , . . . , i  ) Z
U I )= n  a€Z / Z .  X Z. X . . . X  Z.n i 8 i k

i  f a c t o r s  i „  f a c t o r s  i ,  f a c t o r s
1 2  K

f o r  th e  C. „ w ith  £ ( 1 )  >  n are  z e r o ,  and A P . T i s  a sum o f  A ,I  n A ,I

t e n s o r s  w ith  a t  l e a s t  one f a c t o r  1 i f  £ ( 1 )  <  n . Such t e n s o r s  p r o j e c t

t o  z e r o  under (I-Tje)^11 . But th e  t e n s o r s  {PQ <®PD ® . . .® P Q ] f Q .. c
Pl»l Rs > 1 Pn>l  ̂Pi > • • • > Pn C?

o f  PCft)®11 £  ftP*1 are  in d ep en d en t ,  so  th a t  C T = 0 i f  | l  | = n .
A, I

T h is  co m p le te s  a p r o o f  o f  in d ep en d en ce .
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We are now f a c e d  w ith  showing t h a t  i s  spanned by tower m onom ials ,

V i  € Z+- { o }  . We assume t h i s  i s  t r u e  f o r  i Q ^ i  < n where i s  th e
X0

f i r s t  f i l t r a n d  o f  ft" which i s  s t r i c t l y  b ig g e r  than V . "U. i s ,  o f
0 1o

c o u r s e ,  spanned by a s u b s e t  o f  th e  p r i m i t i v e s .  L et x € ,Vn , w i th  z e ro

A A
R component. Then x --->  x ® l + l ® x  + E Z C P ® P . by

A I , J  I , J  A> 1  A’ J

in d u c t iv e  a ssu m ption . N o t ic e  t h a t  no I or J = ( 0 , 0 , . . . , 0 )  i f

A A AC + 0 . Suppose t h a t  we can show C = C / / whenever I+J
I  9 J  X j J  X j J

/ / A= I + J . Denote th e  common v a lu e  by Cv  , where K = I+ J  . L et usK
A

compute A on x -  E C p .  . We g e t
A.K K A’K

<* -  A  CK PA,K> ® 1 + 1 ® <* -  S C j PAjK)
A  f  xv A  f Ik

+ I  KE I+ L  < *  -  ^  V  8

= (x  -  E CA P ) ® 1 + 1 8  (x  -  E CA P ) .
A,K ’ A,K ’

H en ce ,

x  " S CK PA K € P m  3X1(1 X = E CK PA K + E da Pa  1 A,K K A’K A,K K A,K a&7 a  a >1 >

and x i s  in  th e  span o f  th e  tower m onom ials , as r e q u ir e d .  I t  s u f f i c e s

to  p rove  th e  f o l l o w i n g

Lemma: I f  I+ J  = I '+J* , th en  CA ,  = CA / , ,  .
■' X |  J  X j o

P r o o f : We have b oth  co c o m m u ta tiv ity  and c o a s s o c i a t i v i t y  t o  h e lp  u s .

C ocom m u tativ ity  i s  u sed  o n ly  in  th e  f o l l o w i n g  v er y  s p e c i a l  c a s e :

Suppose PA ® PA = P . P fl .  ® P^ _Pe , = P„ , ® P a . . C le a r lyI J a , l  (3,0 o?,0 (3,1 a , l  (3,1

P. / ® P. / = P Q _ ® P , i f  I ' + j '  = I+ J  , e x c lu d in g  i '  or  J* = ( 0 ,0 )A ,I  A, J (3,1 a , l

By c o c o m m u ta t iv i ty ,  and th e  independence  o f  tow er e le m e n ts  in  f i l t r a n d s



( a  ( ex ft}
below V , we have C, ’ \  = C , ,  ’ /r> . . T h is  sh a l lo w  u se  o fn ’ ( 0 , 1 ) , ( 1 , 0 ) ( 1 , 0 ) , ( 0 , 1 )

c o c o n v n u ta t iv ity  i s  n o t  v e r y  s u r p r i s i n g .  One sh o u ld  r e c a l l  t h a t  i f f  

g e n e r a to r s  o f  an a lg e b r a  commute, th e  a lg e b r a  i s  com m utative.

C o a s s o c i a t i v i t y  w i l l  p r o v id e  th e  rem ain in g  e q u a t io n s .  L e t  us apply  

both  (A®I)°A and i t s  eq u a l (I<SA)oA t o  x and p r o j e c t  away from  

V ® V ®  V u v  8  v u  V ®  v ®  V0  • (I-Tle) ® 3  « (A®I)o Ax =

E E E c j  T p j ,  ® pj*  ® P*
A 140 l ' + l " = I  I , J  1 1 J

J40 I ' 4 0 , l" 4 0

(J?)? A A A  A
(I-T|e) (I®A)o Ax = E E E P* ® P * / ® V « .. T4_ T/  _// T I , J I  J JA 140 J  +J =J ’

J40 j ' 4 0 , j " 4 0

From t h e s e  two e x p r e s s io n s  and th e  independence o f  th e  monomials in  

f i l t r a n d s  below %( , th e  c o e f f i c i e n t  o f  ® Pg ® , R 4  0 ,  S 4  0 ,

T 4= 0 i s  CR+g T = Cp g+T . (N o t ic e  t ( R )  + U S )  + U T )  S 3 ) .  As

an i l l u s t r a t i o n ,  l e t  us  assume th e  w id th  o f  P . ® P . i s  1 , i t sA  J 1 A |  J
A Al e n g t h  i s  I  s  3  . By th e  form u la  CR+g T = CR g+T , we have

r (Q') _(<*) _ (a) _ c (a )
^ ( 2 ) , ( £ - 2 ) -  U l ) + ( 1 ) “ ( l ) , ( l ) + a - 2 ) - U( l ) , « , - 1 )

r (o?) _ - ( a )  _ (a) _ (a)
( 3 ) , « , - 3 )  ~ t' ( 2 ) + ( l )  , ( i - 3 )  " ^ (2 )  , ( l ) + a - 3 )  " ^ ( 2 ) ,  ( 4 - 2 )

r ( a )  _  r ( a )  _  _(a?) c ( a )
u u d , ( 1 ) ■ u a - 2 ) + ( D , ( 1 ) -  ^ a - 2 ) , ( u  + u )  a - 2 ) , ( 2 )

so  t h a t

= C . ^  / whenever I+ J  = I ^ J 7 = (<t) .I I J  I f J

We sa y  ( I , J )  and ( l ' , j ' )  are a d ja c e n t  i f  i r  = i  / e x c e p t  

when r = s , j  = j  / e x c e p t  when r  = s  and i  + j  = i  / + j  /
I*  1* O b  S  O
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C l e a r l y ,  as in  th e  i l l u s t r a t i o n ,  = C^/ / i f  ( I , J )  and ( I 7 , J 7)
X j J  X j J

are adj a c e n t .

For th e  g e n e r a l  c a s e ,  we m erely  o b serv e  t h a t  i f  I + J  = I / + J / = K ,

I / + 0 ,  J 7 + 0 ,  I # 0 ,  J + 0 ,  and £(K) s  3  , th e n  t h e r e  i s  o b v io u s ly

a seq u en ce  o f  p a ir s  (I  , J ) ,  ( I „ , J ) , . . .  , (I  , J  ) s a t i s f y i n gX X   ̂ P p

i )  (I  , J  ) i s  a d ja c e n t  t o  (I  , , J  , )  , q = l , 2 , . . . , p - l  .
q q q+ 1  q+1

i i )  I q * 0 , J 4= 0 , q = 1 , 2 , .  . . ,p . 

i i i )  = ( I , J )

iv )  (I , J  ) = ( I  7, J 7) .
P P

A AI t  f o l l o w s  t h a t  C = C_ / / , and we are done.



CHAPTER II

AN OBSTRUCTION THEORY FOR TOWER CONSTRUCTION

L et {?/; (o , I)) ; (A , e) } be a c o n n ec ted  Hopf a lg e b r a  ov er  a commuta­

t i v e  r in g  w i th  u n i t ,  R . A sequence  o f  e le m e n ts  {p . } .  _ , .
1 1 —

i s  s a i d  to  be a (d ia g o n a l )  tow er o f  h e ig h t  n ( o f  i n f i n i t e  h e ig h t )

ov er  P i f  P. . £ . P . ® P i  = 0 , 1 , . . . , n ( . . . )  and
1 i  j+ k = i j  k ’

e ( P. )  = 6 . . P.  may be r e f e r r e d  t o  as th e  i th  s t o r y  o f  th e  tow er.i  i , 0  i  J

I f  V i s  t o  be graded , we r e s t r i c t  P  ̂ t o  th e  even  d im en s io n s .  

E v i d e n t l y ,  P  ̂ b e lo n g s  t o  th e  submodule o f  p r i m i t i v e  e le m e n t s ,  denoted  

p ( ? 0  .

We w ish  to  s t a t e  and d i s c u s s  c r i t e r i a  fo r  th e  c o n s t r u c t i o n  o f  

to w ers  over  p r i m i t i v e  e le m e n ts .  I f  P € P (? 0 ,  n > 1 » Pn may c l e a r l y  

be r e p la c e d  by P^ + P w ith o u t  v i o l a t i n g  th e  c o a lg e b r a ic  c o n d i t i o n s .  

H ence, any s t e p w is e  procedu re  f o r  r a i s i n g  to w ers  i s  s u b j e c t  to  c h o ic e s  

a t  each  s t e p .  We attem p t to  d e s c r ib e  a c c u r a t e ly  th e  e f f e c t  o f  such  

c h o i c e s .

We do n ot  i n s i s t  on graded Hopf a l g e b r a s ,  but we m ention  as n e c e s ­

s a r y  any p e c u l i a r i t i e s  which  would be ca u sed  by g ra d in g .  G e n e r a l ly ,  

th e r e  w i l l  be no s i g n  t r o u b l e s ,  as our to w ers  w i l l  l i e  in  even  d im en s io n s .

Suppose now th a t  P^ i s  a p r i m i t i v e  e lem en t  o f  . We c o n s tr u c t  

two s e q u e n c e s ,  (Pi ) and {k ^} in  a l t e r n a t e  r e c u r s io n  as f o l l o w s :

We l e t  = 0 . Suppose V i  < n t h a t  and P^ are d e f i n e d ,  th a t

iP .  -  K. i s  p r i m i t i v e ,  and t h a t  P. £  P . ® P, . (Note t h a t  P,i i  i  . . . j  k 1J+k=i

and K, s a t i s f y  t h e s e  r e q u ir e m e n ts . )  L e t  K = £  P.(mP -K ) (no
1 n . L m m-0 +m=n

6



z e r o  s u b s c r i p t s ) . We have

P r o p o s i t i o n  1: (a )  3 P s . t .  P > E P.  ® p im p l ie s
 c--------------------------- n n . . i  Ji+ j= n

nP -  K i s  p r i m i t i v e ,  n n

(b) I f  9/ V  i s  n - t o r s i o n  f r e e ,  3 P s . t .  nP -  Kn n n

i s  p r i m i t i v e  im p l ie s  P -» E P ® pn i  j
i + J = n  J

P ro o f:  We s im p ly  d em on stra te  t h a t  K —1— > K ® 1 + 1 ® K + n (  E p ^  p )  n n n i  i
i+ j= n  J

(a) and (b) f o l l o w  im m ed ia te ly .

Computing:

A K = E A P, • A(mP -K ) =n fl 4  m m4+m=n

Z P.(mP -K ) 0  1 + 1 ® P ( (mP -K ) +
,  4 m m  4 m m

4 +m=n

Z P. 0  (mP -K ) + Z (4P „-K ,) ® P + a v  m m 0 4 4 m4+m=n 4+m=n

E P. ( jP  ,-K .) ® P. + P, ® P . ( j P . - K . )  =
i+j+k=n 1 . J J k k 1 ^

K ® l + l ® K + n  E P. ® P -  E p ® k n n , t  m . i, m-t/+m=n -t+m=n

E K, ® P + E K. & P + P ® K.. L m . , h k k h•t+m=n h+k=n

= K ® 1 + 1 ® K  + n ■ E p, <25 p .n n , K, m•0 +m=n

N o t ic e  -  we are n o t  u s in g  any co m m u ta tiv ity  o r  a s s o c i a t i v i t y  r e l a t i o n s .

We have p r o v id e d  e s s e n t i a l l y  a l g e b r a i c  c r i t e r i a  f o r  th e  e x t e n s io n  o f  

to w e r s ,  a c o a l g e b r a i c  f e a t u r e  o f  th e  Hopf a lg e b r a ;  i . e .  , i f  we w ish  t o  

ex ten d  a to w er ,  we m u l t ip ly  and add c e r t a i n  e le m e n ts  a s s o c i a t e d  w ith

th e  to w er ,  and t e s t  f o r  d i v i s i b i l i t y  in  th e  q u o t i e n t  module .
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T hese c r i t e r i a  f a i l  o n ly  w ith  th e  e x i s t e n c e  o f  Z - t o r s i o n ,  and th en  o n ly

at c e r t a i n  s t a g e s .

For exam ple, suppose R i s  a f i e l d  o f  c h a r a c t e r i s t i c  p . I f  n

i s  n o t  d i v i s i b l e  by p , we can d iv i d e  any e lem en t  by n in  %C , l e t

a lone  in  . So a c a n o n ic a l  p r o c e s s  f o r  c o n s t r u c t i n g  tow ers  over

p r i m i t i v e s  i s  a v a i l a b l e  e x c e p t  at m u l t i p l e s  o f  p . At each  m u l t i p l e

o f  p , th e r e  may or may n o t  be an e x t e n s i o n .  However, i f  t h e r e  i s ,  we

can push upwards to  th e  n ex t  m u l t i p l e  o f  p w i th o u t  o b s t r u c t i o n .

In  th e  n o t a t i o n  above, f o r  i  = 2 , . . . , p - l  , = P * / ( i - l ) . '  and

P. i s  th e  f a m i l i a r  P * / i . '  = K . / i  . P i s  not a l g e b r a i c a l l y  r e l a t e d  
1 l i p

t o  P, , i f  i t  e x i s t s .  K , = P P -  p f +1 / ( p - l ) .' , P = K , .
1 p+1  p i  1 p+ 1  p +1

2  n+ 2
K _ = P P -  3 • p ; + / ( p - 1 ) . '  2 ’ P = K J 2  , e t c .  (For an im-  p + 2  p i  1 ’ p + 2  p+Z

p rovem en t, when R i s  p e r f e c t ,  s e e  S w eed ler  [ 2 ] ,  Lemma 7 ) .

Suppose P i s  ch osen  f o r  i  <  n , V ®  "H has no n - t o r s i o n ,  and

Kn i s  n o t  d i v i s i b l e  by n modulo p r i m i t i v e s ;  i . e . ,  i s  n o t  in

K er (^  ss %C ® Z -» W/P0S)  ® Z -» K/P(%0® Z ) . There cannot be a tow er o f

h e ig h t  n w hich  e x t e n d s  fP jJ  i  <  n . I s  t h e r e  an in h e r e n t  o b s t r u c t i o n

t o  r a i s i n g  any tow er o f  h e ig h t  n ov er  P^ , o r  have we m ere ly  made

u n fo r tu n a te  c h o i c e s  r e l a t i v e  t o  our freedom  w i t h i n  P (?0  in  c o n s t r u c t in g

th e  low er  s t o r i e s ?  We are a n x io u s  t o  s t a t e  a l g e b r a i c  r e l a t i o n s  between

tow ers  o v er  th e  same p r i m i t i v e  which w i l l  i l lu m i n a t e  t h i s  problem. U n t i l

we d ev e lo p  adequate  n o t a t i o n ,  how ever, s u f f i c e  i t  t o  say  t h a t  o n ly  the

c h o i c e s  a t  th e  s t o r i e s  numbered by th e  d i v i s o r s  o f  n are  r e l e v a n t  to

t h i s  q u e s t io n .

As we are n o t  r e s t r i c t i n g  o u r s e l v e s  t o  com mutative Hopf a lg e b r a s ,  

we n eed  some t e c h n i c a l  in fo r m a t io n  about th e  way p r i m i t i v e s  f a i l  t o
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commute w i th  to w ers .

I t  i s  a t r i v i a l i t y  th a t  [ Q, P]  = QP -  PQ i s  p r i m i t i v e  i f  P and 

Q are .  Suppose t h a t  {**•}•_■■ i s  a tow er o v er  th e  p r i m i t i v e  P ,i  i  —i  j . . . , n l

and th a t  Q i s  p r i m i t i v e .  We s h a l l  a s s i g n  to  each  p a ir  ( Q ^ )  a 

p r i m i t i v e ,  d en oted  p CQj Pj  . In p a r t i c u l a r  p (Q ,P 1> w i l l  be [ Q, P1 ] . 

L et us suppose th a t  pCQ.P^) have been d e f in e d  f o r  i  < n . Let

p(Q ,Pn> = [ Q, Pn ] 2  p(Q,P .) (no z e r o  s u b s c r i p t s ) .
n n j+k=n J

We show th a t  p (Q ,Pn> i s  p r i m i t i v e .

Ap(Q,P ) = AQAP -  AP AQ -  2 AP • Ap(Q,P .)n n n . , k ij+k=n J

= p(Q,P )®1 + l®p(Q,P ) + 2  {QP.®P + P <8 QP .
n n j+k=n J k k J

- P . Q 8 P. - P , ® P . q }  -  2 { p ® p (Q ,P .)  + p(Q ,P ,)®P }
J k k J j+k=n k J J k

2 {P .8 P .p(Q ,P . ) + P ,p (Q ,P h)® P .}  = p(Q ,P )®1. , k i  n i  n k nh+i+k=n

+ l®p(Q,P ) + 2 {[Q,P ]<8P + P . ® [ Q, P . ] }
n j+k=n 3

~ ^ ( P ® p ( Q, P . )  + p(Q,P )«P  } -  2  {p ® 2 P p(Q ,P )
j+k=n J k j+k=n k h +i = j  1 h

+ 2 P .p (Q ,P h)« P k } = p (Q ,P n)® l + l®p(Q,Pn) .
h + i= j

T h is  p r o c e s s  can be i t e r a t e d ,  o f  c o u r se .  S in c e  p(Q ,P ) i s  p r i m i t i v e ,

p ( p ( Q, P . )  ,P .) i s  d e f in e d ,  and i s  p r i m i t i v e .  Hence p ( p ( p ( Q, P . )  ,P .) ,P ) 
i  J  1 J  K

i s ,  e t c .  One can e a s i l y  co n v in c e  o n e s e l f  o f  th e  e f f i c i e n c y  o f  the

n o t a t i o n  i f  one t r i e s  t o  w r i t e  th e s e  p r i m i t i v e s  n o n - r e c u r s i v e l y .

We in tr o d u c e  double p o s i t i v e  i n t e g e r  n o t a t i o n  f o r  e le m e n ts  in

U  — P ,K ,V. — w ith  th e  f o l l o w i n g  c o n v e n t io n s .
i . J  i » J  i . J
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(a) Vi P. i s  p r i m i t i v e ,
i . l

(b) V i { p . i s  a tow er o f  h e i g h t  n . ov er  P.
1 f  J J—A t  ■ • * t  11 1 1 | 1

(c )  V i K. . i s ,  o f  c o u r s e ,  Z P. , (4P . „ -K , )  V j  and
' . J  k+t=J i , k  i , 4  i , 4

(4P. . -K. . )  i s  p r i m i t i v e  V 4  . i  j'v i

(d) V i,  V. . = i ( j P .  . -K. .) V j  .
i . J  i . J  i . J

(e )  i f  %( i s  g ra d ed ,  P. and P. have th e  same d egree
xl  > Jl x3 » Js

i f  and o n ly  i f  i  j  = i 2 J2  .

We now s t a t e  a lemma which e s s e n t i a l l y  s a y s :  I f  a m o d i f i c a t i o n  by 

a p r i m i t i v e  e lem en t i s  made a t  th e  i **1 s t o r y  o f  a tow er o f  h e ig h t  n , 

i . e . ,  P  ̂ i s  r e p la c e d  by P^+P , th e  m o d if ie d  tow er o f  h e i g h t  i  can be 

ex ten d e d  t o  a tow er o f  h e i g h t  n , i f  a s u f f i c i e n t l y  h ig h  tower can be 

c o n s t r u c t e d  ov er  P .

Lemma: L et [p . .} . and {p , . j .  , be tow ers  o f
i . J  J = l , - • • »n. k , V l = l , .  . . ,n.

h e i g h t s  n^ and n^ r e s p e c t i v e l y .  L et  k = g • i ,  g s  2 . Then

both  [ Z P. . p } and { Z P, ,  P. .j  .. . i , j  k ,4  m= l , . . .  ,  k , 4  i , j  m=l , . . .j+g4=m ’ ’ j+g4=m ’

are tow ers  o f  h e ig h t  m in { n . ,g n  . + ( g - 1 ) } o v er  P.
i  J i . i

P r o o f : T r i v i a l .  Apply A and o r g a n iz e  i n d i c e s .

C o r o l la r y :  L et  {p , .} . , be to w ers  o f  h e i g h t  n , h = l , . . . , k  .
----------------- h , J  j = l , . . .  h

Then { Z ( . . . ( P .  P.  . ) . . .  P.  . ) }  1 Q  i s  a tower over
2  _m X1 . Jl 12 . J2 Ik. Jk m_l , z , . . .

v r
P, , o f  h e ig h t  m i n { h n ,+ ( h - l ) } f o r  any p erm u ta t io n  i  o f  ( 1 , 2 , .  k) , 

1 , 1  n
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and i s  s a i d  t o  be th e  i -a m a lg a m a tio n  (o r  c a n o n ic a l  amalgamation i f  

i  = i d e n t i t y )  o f  th e  tow ers  {p^ .

We now graph th e  c o n s t r u c t i o n  o f  a to w er ,  d i s p l a y i n g  th e  e f f e c t  

o f  c h o i c e ,  page 12. We u se  th e  n o t a t i o n  P ->K s i n c e  K i s  d e t e r ­

mined by low er P ' s ,  and K -----> P s i n c e  P i s  not u n iq u e ly  d e t e r ­

mined by K , but r e p r e s e n t s  a c h o ic e .  We u se  th e  c a n o n ic a l  am alga­

m ation  d e s c r ib e d  in  th e  c o r o l l a r y ,  a b b r e v ia te d  as  fp ] .
j

We c a l l  t h e  to w ers  [p .} h >  1 , branch to w e r s ,  and th e  p r im i -
9 J

t i v e s  {p } h > 1 , m o d ify in g  p r i m i t i v e s .  We are c l e a r l y  p o r tr a y in g  n , i

o n ly  " f i r s t - o r d e r  e f f e c t s " ,  i . e . ,  we make f u l l  u se  o f  c h o i c e s  a t  each  

s t o r y ,  but each m o d ify in g  p r i m i t i v e  comes eq u ip p ed  w ith  a tow er. We 

are n o t  d e s c r ib in g  th e  e f f e c t  o f  c h o i c e s  on th e s e  branch to w e rs .  Our 

fundam ental r e s u l t  i s :

P r o p o s i t i o n  2 : I f  ft' i s  a s s o c i a t i v e ,

K~ = Z i  K. .. + Z (m P. . P ......................P.
m i  |m i>ro/i i i i J i  1s>J2  xk>Jk

• • <xk

-  p ( p ( . . . ( p ( V  ,P . ) }  .
X1 > Jl XB > J2 xk j Jk

P r o o f : We p ro ceed  by in d u c t io n .  T h is  i s  t r i v i a l  f o r  m = 2 . Assume

i t  i s  t r u e  fo r  j  < m . Then c l e a r l y  in  t h i s  range  j  P^ -

= Z V + Z p ( p ( . . . ( p ( V  P ) . . . ) , P ) .
j = U  k > l  Z i  j  = j l l , J l  12 ’ J2 l k , J k

■C v

i i < i 2 < . . < i k

Of c o u r s e  P = Z P . P. and K = Z P (sP  -K ) .

J E V . r J  1 1 , J l  l k , J k  m r+s=m r S S

i i  <x2 • <ik
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We now o r g a n iz e  th e 'm o n o m ia ls ' in  t h i s  e x p r e s s io n  f o r  K . A
m

f i r s t  s t e p  i s  t o  group th e  monomials by th e  ord ered  s u b s e t s  o f  "i" su b ­

s c r i p t s  —  i . e . ,  we i s o l a t e  monomials o f  th e  s o r t s

(* ) P P . . .  P V where Z = m and
S i » J l  &2 >J s  S k - l i J k - l  S k j J k

(**) P p . . .  p P ( P . . . ( P ( V  , P Ph k
1 ’ J 1 2 ’ 2 V  I  l + l ’ l + l  1 + 2 ’ 1+2  m’ m

where Zh k = m and [ g ^ g ^  . . .  , g k ) = fh-L»h2 , . . . , hm} .

I f  i ,  < i „  < . . .  < i  are  th e  d i s t i n c t  e n t r i e s  o f  t h e s e  eq u a l s e t s ,  we
1 2  n

sa y  th e  monomials are o f  ty p e  [ i  , i  , . . . , i  } and o f  w id th  n . Fori  a n

exam ple, P1 2 P2 3 P ^P ^V 2  4 , P 5  6 * , P 6  2  ̂ i s  ° f  ty p e  1̂ »2 »5 >6  ̂ and o f

w id th  4 . For a g iv e n  i  , l e t  th e  i  h e ig h t  o f  (* )  be Z j

g s =1r S

and th e  i  h e ig h t  o f  (**) be Z j  . C le a r ly  t h e s e  sums have ̂ . th = i  t  r

o n ly  one o r  two summands. In th e  exam ple, th e  2 h e ig h t  i s  7 , th e

1 , 5 ,  and 6  h e i g h t s  are  2 , 6 ,  and 2 r e s p e c t i v e l y .

We say  a monomial i s  o £ ty p e  ( U , ,  , ( 1 , , , J 2>  <V V

i f  i t  i s  a monomial o f  ty p e  [ i  , i  , . . . , i  } and i t s  i  h e ig h t  i s  j
X Z  K  X*

We now add monomials o f  th e  same t y p e .

( i )  ty p e  { ( i , m / i )  1 ± . m/i=]

m

=m

Z P. . /  V. .// = Z P. . /  i ( j " P .  .// -  K. .//)

i  K
i  ,m / i
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( i i )  ty p e  { ,  ( i 2 , j 2) } ±
x i  J l + 1 a J 2 = m

P. . V. + P. . V. + 2  P. . P. / V  //
xl»Jl x2»J2 1 Z t J s  X1 »Jl -i'. X1 >Jl 12»J2 X2>J2J2 ’t'J2 ~ J S

+ £  P. . /  P. . V. + £ P. . /  p(V. ./, ,P . )
Jl+jl=jl 11,JX 12,J2 11,J1 Jl+jl=jl 11 ,jl 11,J1 l z J S

+ £  P. . /  P. . /  P(V.  . / / ,P.  .»)
Xl*Jl X2»J2 X1 >Jl X2>J2Jl +Jl -Jl 

. /
J2+J2=J2

+ £ P.  p(V.  . ,P.  .//)
-s 7 . -j" _ -t X2>J2 xl>Jl X2>J2J2+J2-J2

= ( i 9j 9 P. . P .  . “ i 9 P. . K. . + ( [ P.  . ,V. . ]
2 2 X1 »Jl X2>J2 2 xl»Jl x2)Ja X2»J2 X1 »Jl

+ i ,  j ,  P.  . P .  . /  -  i .  K. . P .  . ) + ( i _  P.  . K. . )
1 1 xl>Jl X2>J2 ^ X1>Jl X2>J2 2 X1>Jl X2>J2

+ ( 2  P.  . , [ P .  . ,V.  ] + i .  K. . P .
x l > J l  x 2 i J 2  x l » J l  1 x l » J l  X2 » J 2

+ £ P.  . / { p( V.  . / / ,P.  . ) + £  P.  . /  p(V.  . / / ,P.  . //)}
+  l x > J l  l x » J l  ^ . J a  X2 » J 2  Xl » J l  X2 » J 2J l + J l - J l  J 2 + J 2 - J 2

+ 2 P.  . /  p(V. . ,P . .//) = m P. . P .
7 . -ŝ  _ H X2 » J 2  X1 > J l  X2 » J 2  x l > J l  X2 > J 2

J 2 + J 2 - J 2

+ ( [ p . • ,V. . ] + £  P. . /  P (V. . ,P.  . *) }
X2 » J 2  x l » J l  X2 > J 2  X1 > J l  x 2 f J s

J 2 + J 2 - J 2

+ 2 P.  . /  • { [P . . ,V. .//] + 2  P.  . /  p (v .  / / , p.  .//)
- j ' . - j " - - !  X1 » J l  X2 > J 2  X1 > J l  +  X2 > J 2  x l » J l  X2 > J 2
J l + J l - J l  J 2 + J 2 = J 2

+ p(V. . / / ,P.  . ) }  = m • P.  . P .  -  p(V. . ,P . . ) .
X1 >J l  X2 » J 2  X1 > J l  X2 » J 2  x l » J l  X2 » J 2

(R e c a l l  th e  in d u c t i v e  d e f i n i t i o n  o f  th e  p a ir i n g  p (  , ) . One sh o u ld  n o te

th e  u s e f u l n e s s  o f  w r i t i n g  AB as [A ,B ] + BA . T h is  i s  th e  e s s e n t i a l

t r i c k . )
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( i i i )  ty p e  U i j _ »jj_) , ( i 2  . J2) f • • • , ( i k , j fe) } ■ 2  < k < n  .J  = m
t  I

m • P P . . .  P - p ( . . . ( p ( V  ,P P, . )
i i j J l  1 S t J 2  ! k > J k  1 2 > J s  1 k >Jk

by i n d u c t iv e  assum ption .

( i v )  ty p e  [ ( i L , j x) , ( i 2 , j 2 ) , . . .  , ( i n , j n) } .

We s h a l l  u se  th e  in d u c t iv e  assum ption  ( i v ) , not f o r  , but

f o r  K. . . . .  We lo o k  a t  some p a r t i a l  summands
l l J l + .  . . + l n - l J n - l  = m ~ i n J n

in  th e  form o f  lemmas and c o n s o l i d a t e  in  th e  form o f  remarks.

Lemma 1. P. . p ( . . . ( p ( V .  . ,P.  P.  )
--------------------- 1 n » J n  l l  » J l  1 2 * J 2

+ Z P,  . t  p ( . . . (p(V . , . . . ) , P ,  ) , P ,  .»)
 ̂ ^ - n j J n  1 l > J l  1 n -1 > Jtt “ 1 1 n > J n

J n _r Jn ~ J n

= -p (.  . . p (V P ) . . . ) , P ) , P  )
1i > J l  1 2 » J 2  1n - l > J n - l  H i J n

+ p ( . . . p ( V ,  . ,P.  . ) . . . ) , P.  . ) • P. . .
S - l i J l  1 S > J 2  1 n » J n

(T h is  i s  more or l e s s  th e  d e f i n i t i o n  o f  p (  , ) a g a in ) .

Remark 1 .  We now u se  th e  in d u c t iv e  assum ption  ( i v )  f o r  K . . t o
m -1 n J n

se e  t h a t  p ( . . . p ( V .  . ,P.  . ) . . . ) P .  )  • P.
1 1 » J l  1 2 »J 2  ^ - n - l j J n - l  1 n » J n

= (m -  i  1 ) • P  P.  * P.
n  n  1 l » J l  ^ - n - l j J n - l  -*-n>Jn

Z ty p e s  { ( i x , J i ) , ( i n - x . J n - x ) j  • P.
3-n »J n

Lemma 2. £ P,  ̂ . .  . P.. P.. V_.
1n>Jn ^Jn +Jn — J n

P. . . . .  P.  . • V
*1  »Jl  1 n ~ l > J n _l  -̂n »Jn

i  • P ....................P. K.
n M >Jl ^ -n - ljJ n - l  ^-nfJn
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+ i  j  P. . . . .  P.  P.  . -  i  P.  . . . .  P.  K.
® n  -*-1 > J l  1n — 1 »Jn —1 ^n > Jn  ^  -̂1 »J l  -̂n —1 * Jn — 1 ^n * Jn

= i  j  • P.  . . . .  P.  . .
n n l l . J i  i n . J n

Remark 2 : We c o n s o l i d a t e .  Our p a r t i a l  sum i s  now

"* P i l . J l  P i n . j n P ( “  ' P<Vi i  , j i  * " J ,P i(, ,

- S  ty p e s  I C i ^ )  « n . l . V l ) 5 a t Jt = m - i . J I ' Pi 1>Jn •

The t r i c k  we u se  to  d i s s o l v e  th e  unwanted term i s  th e  f o l l o w i n g .

Lemma 3 . P a r b i t r a r y ,  Q p r i m i t i v e  im p l ie s  Pp(Q,P. . )
■̂ n > Jn

+ s  P P . . /  p ( Q , P . .//) + P P ,  . Q = P[Q ,P . . ]
j  '  , ■̂n >Jn 1 n > Jn  ■'•n > J n  *n  > JnJn "'"Jn —Jn

+ P P. . Q = PQP. . T h is  i s ,  o f  c o u r s e ,  a d i r e c t  consequence
1n i J n  1 n > Jn

o f  th e  d e f i n i t i o n  o f  p (  , ) .

Remark 3 : R e p la c in g  P by terms o f  th e  s o r t  P P . . .  P
g l ’ 1 g 2 * 2  g f  f

and Q by terms o f  th e  s o r t s  V and p ( . . . ( p ( V  ,P ) . . . P  )
1 1 1  2  2  i  f

w i th  g ' s  and h ' s  s e l e c t e d  from { i  , i o f . . . , i  } , th e  i e f t  hand
1 & n - l

s i d e  o f  th e  e q u a t io n  in  Lemma 3 p r o v id e s  th e  remaining monomials f o r  our

sum o f  monomi a l s  o f  typ e  { ( i ,  , j , )  . . .  ( i  , j _ ) }  • The r i g h tx x  n n rn.

hand s id e  p r o v id e s  th e  monomials o f  ty p e  { ( i , . j . )  . . .  ( i  j  , ) }x x n-x y ,

r i g h t  m u l t i p l i e d  by P. By Remark 2 we a re  done.
•̂n > J n

C l e a r ly  ( i )  and ( i i ) - ( i i i ) - ( i v )  p r o v id e  a p ro o f  o f  th e  p r o p o s i t io n .  

We m ention  two t e c h n i c a l  p o i n t s :
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( i )  The p ro o f  o f  P r o p o s i t i o n  2 d oes  not depend on th e  u se  o f  th e

c a n o n ic a l  amalgamation. Any a-am algam ation  sh o u ld  have done

as w e l l ,  m erely  by r e p l a c i n g  th e  summation ran ges  

i x < ±2 < . . . <  i fc by a d ^  <  c ( i 2) < . . . < ■

( i i )  One sh o u ld  n ot  h e s i t a t e  t o  r e p la c e  any tow er {p }
n , J  J=1 , • • • ,mn

by z e r o s ,  i f  h >  1 .

We fo c u s  a ga in  on th e  key problem. I f  a p r i m i t i v e  su p p o r ts  two

tow ers  o f  h e ig h t  m- 1  , and one can n ot be ex ten d ed  t o  h e ig h t  m , can

th e  o th er ?  P r o p o s i t i o n  2 p a r t i a l l y  answers t h i s  q u e s t io n .  I f  th e  two

to w ers  are r e l a t e d  as th e  ex trem es  in  F ig u r e  1 ,  th e  answer i s  dependent

on th e  e x t e n d i b i l i t y  o f  th e  branch to w ers  o v er  th e  p r i m i t i v e s  m o d ify in g

a t  s t o r i e s  d iv i d i n g  m . In  d e t a i l ,  in  ord er  f o r  th e  f i g u r e  t o  apply

w ith  n+1 = m , f o r  each  i |m  , th e  h e ig h t  o f  [P. .} must be s  m/ ±  -  i  .
1 > J

I f  V i  |m, i  + 1 , t h e s e  tow ers  can be ex ten d e d  t o ,  o r  are t a l l e r  th a n ,

h e ig h t  m /i  , th en  K. .. i s  d i v i s i b l e  by m /i  , modulo p r i m i t i v e s .l  ,m /i

Hence i  K. .. i s  d i v i s i b l e  by m , modulo p r i m i t i v e s .  By P r o p o s i t i o n
i  ,m / i

2 K and K have th e  same image in  V /P (?/) <S> Z . I f  i t  i s  z e r o ,m m  m

b oth  210(1 can be  e x ten d e d  t o  h e ig h t  m ; i f  n o t ,  n e i t h e r

can.

On th e  o th e r  hand, suppose th e r e  i s  e x a c t l y  one i Q s . t .  i  |m , 

i 0  * 1 110(1 does n o t  g o t  t o  z e r o  in  &/P(ft) ® Zm/ i  • Then at

most one o f  th e  tow ers  can be e x te n d e d ,  p o s s i b l y  n e i t h e r .

We d e s c r ib e  two s p e c i a l  s i t u a t i o n s .  We assume i s  t o r s i o n - f r e e  as  

an a b e l ia n  group.

P r o p o s i t i o n  3 . I f  { p ^  and tPTj are tow ers  o f  h e i g h t  m-1 o v er

Pĵ  and a l l  p r i m i t i v e s  o f  V  su pp ort  to w ers  o f  h e ig h t  [m /2 ] , th en

b oth  to w ers  can be e x te n d e d  t o  h e i g h t  m , o r  n e i t h e r  can.
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P r o p o s i t i o n  3 ' .  Suppose V i s  g ra d ed ,  P, € P, , and fp } and fp- ] ---------------------------------------------------- i  h 1 1

are tow ers  o f  h e ig h t  m-1 ov er  P  ̂ . Suppose th a t  whenever  

P € £ _ 2  3  p su p p o r ts  a tow er o f  h e ig h t  [m/<t] . Then

both  2nd P̂ i^ can be e x te n d e d  t o  h e ig h t  m , o r  n e i t h e r  can .

P r o o f : (same f o r  both  p r o p o s i t i o n s )  Denote P. by P . By com-i  1 , i

p u t in g  A , we s e e  t h a t  P„ -  P i s  p r i m i t i v e .  C a l l  i t  P_
z l>^ ^ , 1

Choose a tower [p . }  o f  h e ig h t  [m /2 ]  f o r  P By computing
z >1 ^ > 1

A , Pg -  (Pj  ̂ 3  + P1 1 p 2  j )  i s  p r i m i t i v e .  C a l l  i t  p 3  L • Choose a

tow er o f  h e ig h t  [m /3 ]  f o r  P By computing A , P -  P.
>1 4 1 , 4

-  P., 2  P 2  i  ” P 2  2 iS  Pr i m i t i v e * e t c - We r e c o n s t r u c t  F ig u r e  1 , and 

now have a v a i l a b l e  P r o p o s i t i o n  2 ,  from w hich  3 and 3 ' f o l l o w .

We summarize. To each  p r i m i t i v e  P o f  V , f o r  ea ch  n € Z+ , we 

a s s i g n  a s e t  P) c  V/P(?0 ® Z  ̂ as f o l l o w s :  f o r  each  tow er o v er  P

o f  h e ig h t  n - 1  , we compute 6  V  , and ta k e  i t s  image under th e

c a n o n ic a l  module m orph ism  %C -» ?//P(&) « V /P (& )  ® Z -» ft/P(&) ® Zn

I f  th e r e  are no tow ers  o v e r  P o f  h e ig h t  n -1  , On (P) i s  empty. There  

e x i s t s  a tow er o f  h e ig h t  n o v er  P o n ly  i f  (3^(P) c o n t a in s  z e r o .

When %( i s  n - t o r s i o n - f r e e , th e r e  e x i s t s  a tower o f  h e ig h t  n ov er  P

i f  and o n ly  i f  On (P) c o n t a in s  z e r o .

In  t h i s  langu age  we h a v e ,  f o r  V t o r s i o n - f r e e  as a  Z-m odule,

P r o p o s i t i o n  3 . I f  (^"(Q) c o n ta in s  z e r o  f o r  a l l  Q € P(ft) , T m ^  n /2  

th en  (^ (P )  c o n t a in s  e x a c t l y  one e le m e n t ,  V P € P(?0

P r o p o s i t i o n  3 / . I f  V  i s  grad ed , P € p (&)k > and V Q € p (&)k^ 2  3

m < n / t  im p l ie s  (^"(Q) c o n t a in s  z e r o ,  th e n  0 ^(P) c o n t a in s  e x a c t l y  

one e l e m e n t .

We lo o k  a t  an exam ple in  w hich  one o f  t h e s e  s e t s  h as  more than  one
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e le m e n t .  L et  J 4  = [x .  , i  = l , . . . , n , . . .  , y ; x . y  = y x .  , x . x .  = x x .Z 1 t  j  > • ' i ’ i j  j i
• i + j  \

= I j x .  . ; y -♦ y®l + l®y , x.  -» £  x ,®x, J . C o n s id er  th e
'  1 '  1+J 1 J k

f o l l o w i n g  two to w ers  ov er  x : {x ,x  ,x  } and {x ,x  + y ,x  +x y} .
X 1  a  J  o  1

By P r o p o s i t i o n  2 ,  K = K + 2y2  = x^/3.' + 2y 2  (mod 4) . But x ^ / 3 .1 i sfs 4 1 X
2  —

0 mod 4 , 2y i s  n o t ,  nor i s  i t  p r i m i t i v e .  So and have
4

d i f f e r e n t  im ages in  &/P(ft) ® , and O  (x^) c o n t a in s  two d i s t i n c t

e le m e n t s .

We c o n s id e r  th e  q u e s t io n  o f  how g e n e r a l  a s i t u a t i o n  i s  d e s c r ib e d

by F ig u r e  1 .  L et  V = {p . , Q.  , i  = 1 , 2 , . . .  : P.  >  £  P . ® Pfc
1 1  1 j+ k = i  J

Q. — >  3 J .  ® Q. ; Pn = Q } . i  j  k 1 1

( U  i s  n e i t h e r  a s s o c i a t i v e  nor com m u tative .)  Suppose we c o u ld  " s o lv e

th e  o b s t r u c t i o n  problem" in  t h i s  Hopf a lg e b r a ,  i . e . ,  suppose we c o u ld

l i s t  a l l  th e  p r i m i t i v e s  and e s t a b l i s h  th e  h e ig h t  o f  th e  h ig h e s t  tower

o v e r  ea ch  p r i m i t i v e .  Then we w ould  be i n  a p o s i t i o n  t o  know w h eth er  o r

n o t  F ig u r e  1 i s  th e  norm. I f  two tow ers  are th e  same h e ig h t  o v e r  a

p r i m i t i v e  i n  any c o n n ec ted  Hopf a lg e b r a ,  i s  one th e  amalgamation o f  th e

o t h e r  w i t h  branch to w ers?  T h is  seems t o  be a v er y  d i f f i c u l t  problem .

In  t h e  a s s o c i a t i v e  q u o t i e n t ,  i t  can be shown t h a t  P2  -  Q2  has

a tow er o f  h e ig h t  two:

^ 4  + PS  -  ~ P2 -  3P1P3 + 2 Pl P2Pl

+ Q4  + p1 Q2  " P l %  ~ P2 ^ 2  •

I t  f o l l o w s  r e a d i l y  t h a t  in  e v e r y  a s s o c i a t i v e  co n n ec ted  Hopf a lg e b r a  

any two to w e rs  o f  h e ig h t  4 o v e r  th e  same p r i m i t i v e  are am algam ations  

o f  one a n o th er  w i t h  branch to w e r s .



CHAPTER I I I  

THE COALGEBRA, H*(BU;Z)

We d e s c r ib e  th e  c o a lg e b r a  s t r u c t u r e  o f  th e  Hopf a lg e b r a  f a m i l i a r  

♦
t o  t o p o l o g i s t s  as H (BU;Z) . T h is  i s  w e ll-know n t o  be a " s e l f - d u a l "  

Hopf a lg e b r a ,  ( s e e ,  e . g . ,  Dyer [3]), and our argument i s  a new p r o o f  o f  

t h i s  f a c t .  The in n o v a t io n  i s  th a t  d u a l i t y  i s  not u s e d .  A more i n ­

s p ir e d  d e fe n s e  o f  t h i s  r e p e t i t i o n  i s  b e t t e r  d e fe r r e d  u n t i l  we make 

im portant u se  o f  some o f  th e  d e t a i l s  o f  th e  argument.

Let J  be th e  Hopf a lg eb ra  o v e r  R , a com m utative r in g  ,
XV A ) v

d e s c r ib e d  by " g e n e r a to r s  and r e l a t i o n s " a s  fo l lo w s :

{ r V '  ( 0 J I ) - k ' 1 € Z +  1 (Pi PJ )Pi.

= P (p , p,>* € (Z+ ) 3  , P P = P P ( i , j )  € <Z+ ) 2  ,
X J  K  X J  J  X

p i p 0  = p . ,  i  € Z+ , T] (1) = P0  ; Pk 2  P. ® p
i+ j= k

6 Z+ , 6 <P. )  = 61>0}  .

As an a lg e b r a ,  c l e a r l y  c  s: R[Pl f P2 , . . . , Pn > . . . ] ,  and R^A c  may be

f i l t e r e d  by th e  subm odules o f  p o ly n o m ia ls  o f  d eg re e  l e s s  th an  n+ 1  f o r  

a l l  n 6  Z+ . We s h a l l  g i v e  a b a s i s  f o r  th e  p r i m i t i v e  submodule o f  

J  „  , and f o r  each  e lem en t  o f  t h i s  b a s i s ,  c o n s t r u c t  an i n f i n i t e  to w er .
XV A |  V

In p r e p a r a t io n ,  we make th e  ( e x p e c te d )  d e f i n i t i o n s  o f  a seq u en ce  o f  

e le m e n t s ,  {K. } . 6 z +  _ { q } , o f  ^  .

K = 0 . K. = 2  P . (kP -  K )
1  l  . . j  k kj+ k = i  J

2 0



2 1

Theorem 1 . For each  s t r i c t l y  p o s i t i v e  i n t e g e r  n , t h e  submodule o f

P (  J  ) spanned by homogeneous p o ly n o m ia ls  o f  d eg ree  n i s  f r e e  on  R A,C

one g e n e r a t o r ,  nP -  K . Hence, a b a s i s  f o r  P(^,T. ) i sn n R A,C

f lP l  - Ki W -  {0 } '

P r o o f : Let us  suppose f i r s t  t h a t  R = Z . We w r i t e  P* f o r

Pl l p 2 S “ *Pnn and f o r  i l  + 2 i 2  + " •  + n i n ’ i f  1 = î l , i 2 ’ ** * ,:Ln^

I ^ J.K J  K
AP = 2  a ’ P ® P d e f i n e s  f o r  each  I a fa m ily  o f

U>(J) + U)(K) = U>(I)

J , K,e le m e n ts ,  {a * } , o f  Z
1 u | K.

Let P = 2  b P* be p r i m i t i v e  and homogeneous o f  d eg re e  n .
u)(I)=n 1

AP = 2  b P 1 ® 1 + 1 ® 2  b P1
u)(I)=n u)(I)=n

+ 2  Z (a^»K b ) PJ ® PK
ou(J)+ou(K)=n u)(I)=n

= P ® 1  + 1 ® P .

{ b j } ^ ( j ) _ n  i s  a s o l u t i o n  t o  th e  system  o f  e q u a t io n s  w ith  i n t e g e r  c o ­

e f f i c i e n t s ,  { Z a^,K X } . . = 0 .
co(I)=n 1  lW ) + u > ( K ) = n

J 4 0 ,  K40

T h is  sy stem  o f  e q u a t io n s  i s  h ig h l y  redu n dan t.  I t  i s  ea sy  to  s e e ,  f o r

J K K Jexam ple, th a t  a^’ = a^’ , f o r  a l l  I , J , K  by v i r t u e  o f  th e  cocommuta-

t i v i t y  o f  EJ-A>C .

We p ro p o se  t o  d e s c r ib e  a su b fa m ily  o f  e q u a t io n s  which must be 

i r r e d u n d a n t .  There w i l l  be one e q u a t io n  f o r  each  I such  t h a t  

ou(I) = n , sa v e  o n e .  T h is  su bsystem  o f  e q u a t io n s  cannot have two 

r a t i o n a l l y  ind ep en d en t s o l u t i o n s .



2 2

On t h e  o t h e r  hand, nP -  K i s  p r i m i t i v e ,  and so  p r o v id e s  an n

s o l u t i o n .  Let u s  suppose t h a t  i f  n / < n , n /P / - K /  i s  a homogeneousn n
/

p o ly n o m ia l  in  {P ,P  , . . . , P  / }  whose P c o e f f i c i e n t  i s  -1  . S in ce  
j l  4  n x

nP -  K = nP -  Z P . ( j P .  -  K. )  , c l e a r l y  nP -  K i s  a homogeneous 
n n n i+ j= n  1 J J n n

p o ly n o m ia l  in  { P , , P „ , . . . , P  } whose P** c o e f f i c i e n t  i s  - 1  (o n ly  x £» n x

P . ( ( n - l ) P  -  K , )  can c o n t r ib u t e  t o  P^ ) . Hence nP -  K i s  i n -
1 n - 1  n - 1  1  n n

d i v i s i b l e ,  and g e n e r a te s  th e  homogeneous p r i m i t i v e s  o f  d eg ree  n .

C le a r ly  ev e ry  p r i m i t i v e  can be w r i t t e n  as a sum o f  homogeneous p r im i ­

t i v e s .  E xcept f o r  our d e fe r r e d  l i n e a r  a l g e b r a i c  argument, t h i s  com­

p l e t e s  th e  p r o o f  o f  Theorem 1 i f  R i s  Z .

Suppose R i s  an a r b i t r a r y  com mutative r i n g .  Then

R^A, C “  Z ^ . C  ® R
u

O'
i i )  J  ® 7  =  ( J" ® R) ® ( T  ® R )

'  R A,C R X,C VZ A.C Z „ T A , C  'K 6 R

P

Y

^ A . C  % Z^A,C> ® (R % R>

-  « . C  % Z^A,C> f  R

l i i )  P (Z^A,C) = Ker ( < ( I  " 71 ^  ® ( I  “ T'e ) ) ° A)

i v )  P ( DJ .  _) = Ker ( ( I  -  7]e) ® ( I  -  T)e))°A) R A,C R

v) The f o l l o w i n g  diagram commutes.
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z \ c  ® " ------ » V a.C  ® Ẑ A,C> ® RU Z

T  
R A,C

V
3  ® 3R A,C R A,C

(I-T]e) ® (1- 7]e)

( ( I -7 ]e )  ® CI —T]c)) ® R 
Z

v

< A , c  f  A . c >  | R

J .A.C

v i )  Image ( ( ( I  -  T)e) ® ( I  -  7]e))°A) ® R
Z Z

„ - 1 - 1  - 1 „Of 0  y

Image ( ( I  -  TJe) ® ( I  -  T]e)°A)
R

v i i )  Image ( ( I  -  T)e) ® ( I  -  T]e)°A) i s  a f r e e  a b e l ia n  group
Z

s i n c e  i t  i s  a subgroup o f  ^3^ c  ® ^3^ ^

v i i i )  From v i i ) ,  Tor (Image ( I  -  7]e ® I -  Tle)oA, R) i s  z e r o .
Z Z

i  -  v i i i  im ply P<RJ-A > a  ^  ) ® *  •
z

Theorem 1 f o l l o w s  im m edia te ly  f o r  a r b i t r a r y  com mutative r i n g s .

We re tu rn  now t o  th e  l i n e a r  a lg e b r a  l e f t  undone. We o rd er  th e

monomi a l s  P* w ith  u>(I) = n , l e x i c o g r a p h i c a l l y .  A P ^ P * 55. .  .P inx z n

c l e a r l y  has a non z e r o  p ^ i+ i 2+ ** *+ i n p A2 p^ 3 _^. p 1 *1 c o e f f i c i e n t ,
1  1 2  n- 1

as  each  P .  c o n t r ib u t e s  a P, ® P . , f a c t o r .  On th e  o t h e r  hand, no 
J 1 J - l
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monomial h ig h e r  in  th e  o r d e r in g  has a n o n -zer o  c o e f f i c i e n t  f o r  t h i s

t e n s o r ,  f o r  o n ly  summands o f  AP. o f  ty p e  P, ® P . , and P^ <8> P .
J 1 j - 1  0 j

can c o n t r ib u t e  f a c t o r s .

Let E„ „ be th e  e q u a t io n  2  a^,K X„ = 0 I „ v
J,K H m m = n  1  1 'u)(J)+a)(K)=n

J 4 0 , K+0

C o n sid er  th e  su b fa m ily  o f  e q u a t io n s ,  E , where J  and K areJ  | K

r e la t e d  as: J j  = ( i ^ + i ^ . . . + i n>0 . 0 , . . .  , 0 ) , Kj = ( i 2>i  , . . .  , 0 ) .

C le a r ly  cn(J) + u>(K) = (1 * ( i  + i  + . . . ,  i  ) + 0)  + ( l ’ i „ + . . . + ( k - l ) i , + . .  .+ ( n - l ) i  )
1  2  n z k n

= I! k. = n , so  t h a t  th e r e  i s  e x a c t l y  one such e q u a t io n  f o r  each  I
1 k

such  th a t  u)(I) = n , e x c e p t  f o r  I = ( n , 0 , 0 , . . .  , 0 ) -would be I

and Kj would be z e r o ,  which i s  not a d m is s ib l e .

Order t h i s  su b fa m ily  by th e  l e x i c o g r a p h i c  o r d e r in g  on th e  I ’ s  .

Ihen X_ makes i t s  f i r s t  appearance in  E ,  w ith  n o n -zer o  c o -

e f f i c i e n t ,  by th e  above d i s c u s s i o n .  Such a system  o f  homogeneous equa­

t i o n s  cannot be redundant, and th e r e  i s  one more v a r i a b l e  than  th e

number o f  e q u a t io n s .

We would l i k e  t o  d em on stra te  th a t  iP .  -  K. € 3  su p p o r ts  an
1 1 Zi A| v

i n f i n i t e  to w e r ,  f o r  i  € Z+ -  {o} . L et us  suppose t h i s  i s  p o s s i b l e .

D e f in e  iP .  -  K. = P. , and l e t  {P. „ be an i n f i n i t e  tow er
i  i  i , l  i »J J = 1 , 2 , . . .

o v e r  P . Theorem 1 o f  t h i s  Chapter and B o r e l ' s  theorem o f  Chapter  
i » l

I imply th a t  3  i s  a f r e e  a b e l ia n  group on g e n e r a to r su A) 1/

{P, . P ..................P . . } .  and 1 . But 3 .  „ ® R ^  3 .  _ ,
l >J l  1 2 »J2 A,C j, R A,C

Js € z +- { o }

and 3  i s  a f r e e  R-module on th e  same g e n e r a t o r s .  Hence, f o r  any 
R A f  C

R , th e  co a lg e b r a  3  i s  isom orp h ic  t o  a t e n s o r  product o f  aR A  j  C



c o u n ta b le  fa m ily  o f  to w er  c o a lg e b r a s ,  <8 > [P. .
i € z + - { o }  1>J j € z

We tu rn  now t o  th e  c o n s t r u c t i o n  o f  th e  to w ers  when R = Z .

N o ta t io n :  I f  n s  l  f ^ = th e  sub Hopf a lg e b r a  o f  „,T. „ g e n e r a te d
^  A j  v  Z A j C

by P.. >^9 » • • • •1 Z n

V z ^ . C  “ z^A.C and Z ^ , C - Z ^ , C  ' n ' > n  a r e

i n c l u s i o n  maps.

I f  i  s i  , Z[XX] = Z[X1 , x J , . . . , X ^ ]  c  Z[X , X _ , . . . , X  ] , th e
1 2  n 1  2  n

p o ly n o m ia l  a lg eb ra  in  X = {x ,X , . . . , X  } .i  a n

a ^ X ^ ) = i ^ h e lem en ta ry  sym m etric p o ly n o m ia l  in  Z[X^ ] .

There i s  a unique a lg e b r a  map v '• n -» Z[X] e x te n d in g  P. -» o.  (X)n Ck A )c  1 1

= ct. ( X ^ ) , i  = 1 , 2 , . . . , n  . The fundam ental theorem o f  symm etric p o l y ­

n o m ia ls  ( s e e ,  e . g . ,  Jacob son  [ 4 ] )  e n s u r e s  t h a t  z. i s  a monomorphism 

whose image i s  p r e c i s e l y  th e  sym m etric  p o ly n o m ia ls  in  Z[X] .

There are a lg e b r a  maps _ -* i  d e f in e d  by P. -+ P. ,Tn Z A,C Z A,C x l

i = l , 2 , . . .  , n - l  , P -» 0 , and cp :Z[X , . . . , X  ] -*Z[ X , . . . , X  , ]  d e f in e d» » ’ n Tn 1  n 1  n - 1

by X  ̂ -* X  ̂ , i = l , 2 , . . . , n - 1  and X^ -> 0 . The f o l lo w in g  d iagrams

commute, f o r  a l l  n , by th e  d e f i n i t i o n  o f  t h e  e lem en ta ry  symm etric

p o ly n o m ia l s .
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I t  s u f f i c e s  t o  show t h a t  t h e  a l g e b r a i c  c r i t e r i a  f o r  b u i l d in g  to w ers  o f

h e ig h t  j  o v e r  iP .  -  K. in  _ are  s a t i s f i e d  in  , wherei  1 Z A,C Z A,C

i j  < n . We s h a l l ,  in  f a c t ,  compute in  Im vn

We w r i t e  P, f o r  P . , P . , f o r  j P . -  K . . For i  < n ,
1 , J  J J ,1  J J

we w ish  t o  d e f i n e  s e q u e n c e s  {P. , r /.-i > {K. . -  r / . -
1 i , J J = l , . . . , [ n / x ]  i , J J = 1 , • • • > [ n / i .

in  su ch  a way th a t  K. . = E P. , (£P. . -  K .)  and
1>J J=k+*  1>k ^  ^

jP .  . -  K. . = i j  P. . . -  K . .
i , J  i , J  l , i J  l , i J

= i j  P.  . -  K. . .
i j  i J

Let us r e c a l l  N ew to n 's  form ula ( s e e ,  e . g . ,  Jacobson  [ 4 ] ) .  I f

S j  (Y) = Sj (Y1 ,Y2 , . . . , Y n) E Y  ̂ + Y  ̂ + . . .  + Y^ € Z[Yj_ Yn ]

f o r  a l l  j  € Z+ , then

jct.(Y ) -  a .  (Y) S (Y) + . . .  + ( - 1 ) J _ 1  cr (Y) S . (Y) + ( - 1 ) J S . (Y) = 0
J J J J

L et us su pp ose  t h a t  {p. . / }  and {K. . / }  are  d e f in e d  f o r  f i x e d  i  ,
1 > J 1 > J

f o r  j 7 < j  ^ [ n / i ] and

i }  &n (p i = ( - l ) ( l "1 ) j  a .  ^ X 1) € ZEX1 ] C Z [ x ]  .“  ̂J J J
. - /

i i )  -L ( i P .  . / -  K. . /) = ( - 1 ) 1J " S . / (X 1) € ZfX1 ] £  Z[X] .
« i , J  i . J  J

Then

v (K. .) = v  ( E P. . U P .  . -  K. , ) )
n i , J w k+«t=j i j ' t

E ( - l ) ( l “1 )k  a  (X1) • ( - I ) 1 '1 - 1  S (X1) 
k+<t=j *

= ( - l ) ( i " 1 ) j _ 1  2  ( - 1 )^  CT. (X*) S . (X 1) .
k U = j  k *

N ew ton 's  fo rm u la ,  r e p l a c i n g  Y by X1 , g i v e s
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j ( ( - l ) ( l _ 1 ) j  CT.tt1) )  -  z, (K. ) + ( - 1 ) 1J s . t f 1) = 0  .J n i , j  j

S in c e  a . ( X X) i s  sym m etric ,  i t  i s  in  th e  image o f  z, . L et P. . be
J n i  > J

th e  un ique p re - im a g e  o f  ( - 1 )  ^  a.CX*) under z, . Then
J n

z. (JP.  -  K. .) = ( - l ) l J _ 1  S (X1) . But S (X1) m (XV  + . . .  +n i  j j  i  j j  j  j  x

(Xy  = S . . « )  , and ( - I ) ” - 1  S l . (X) = .)

= z, ( i j P .  . -  K. .)  by th e  Newton form u la ,  r e p la c in g  Y by X . S in c en i j  i j

z. i s  a monomorphism, jP .  . -  K. . = i j P . . -  K . . , which i s  p r i m i t i v e ,
n i , J  i , j  i j  i j

Hence, by P r o p o s i t i o n  I o f  C hapter I I ,  P. . i s  an e x t e n s io n  o f  th e
1 1J

tow er [P . / } . / .  o v e r  P. , = iP .  -  K. .
i  i

We must be c e r t a i n  t h a t  we are not a l t e r i n g  th e  to w ers  as we i n ­

c r e a s e  n . Such a p rocedu re  would not p r o v id e  i n f i n i t e  to w e r s ,  but

m ere ly  f i n i t e  to w ers  o f  a r b i t r a r y  h e i g h t .  But th e  co m m u ta t iv ity  o f  th e  

above diagram s ( p . 25) i s  our a s s u r a n c e .  S in c e  cr^CX )̂ i n  Z[X , . . . , X  ]

r e s t r i c t s  t o  a . ( XJ ) in  Z[X, , . . . , X  , ]  i f  i j  ^ n -1  , P.  . , as d e f in e d  i  1 n - 1  i , j

in  3*1 0  , r e s t r i c t s  t o  P. . , as  d e f in e d  in  i  .z A,C i , j  ’ z A,C

We summarize, and paraphrase

Theorem 2 .  „3'. „  i s  a f r e e  R-module on g e n e r a t o r s  1 and
R  AjC

i 3 ,  € Z+ - £ 0 }  • As a

R^A.C <  i € z +- { 0 )  ‘Pi , j ' ‘j € Z + '

Theorem 2 / . In R [ X , , X „ , . . . , X_] , a b a s i s  f o r  th e  sym m etric p o ly n o m ia ls
l  a  n

o f  d eg re e  s  n i s

S = {a. (X1) a. (X2) . . .  a. (Xn) | i  + 2 i  + . .  ,+ n i  ^ n }  .
x i  1 2 x n 1 2  n
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Theorem 2 ' f o l l o w s  im m ediate ly  from Theorem 2, by our r e p r e s e n t a t io n  o f

„ a s  a su b a lg eb ra  o f  R[X, . . . . . X  ] . The b a s i s  e le m e n ts  o f  R A,C 1 n

Theorem 2 p a s s ,  under z, , t o  th e  b a s i s  e le m e n ts  o f  Theorem 2 up 

t o  s i g n .

C a u t io n : The r e s t r i c t i o n  on d eg ree  i s  not e n t i r e l y  rem ovab le . In

2 3d eg re e  3n , o  (X) * ct (X ) and ct (X ) are e q u a l . We do n o t  know n n n

w h eth er  o r  n o t  3n i s  th e  f i r s t  d eg re e  in  which th e  an a logu e  o f  S 

f a i l s  t o  be a b a s i s .  I f  n = 2 , t h i s  i s  s o .



CHAPTER IV

THE HOPF ALGEBRA AUTOMORPHISMS OF H*(BU;Z)

We d em on stra te  th a t  th e  group o f  Hopf a lg e b r a  automorphisms o f

J  _ i s  isom orp h ic  to  Z X Z .
Z i P i j  L* Z  c t

Theorem 1 .  I f  cp i s  an automorphism o f  „J". „ which f i x e s  P. , and
Z  A ,  C  1

cp * I , th en  cp(P2) = " p 2  •

P r o o f : Let us  suppose cp(P^) = P^ f o r  i  < n , and ^ pn •

S in c e  cp i s  a co a lg e b r a  map, e x t e n d s  th e  tow er »P2 ’ * ' ' , Pn 1^

as d o es  P^ , so  -  pn i s  p r i m i t i v e .  By Theorem 1 o f  Chapter I I I ,

cp(P ) -  P = X (nP -  K ) f o r  some X € Z ( i t  i s  r e a d i l y  shown by n n n n n n

in d u c t io n  on d eg ree  th a t  cp i s  hom ogeneous).  On th e  o th e r  hand, 9 ^ ^ )

i s  an a lg eb ra  automorphism, so  cP(pn) = “pn + d eco m p o sa b le s . Equating

c o e f f i c i e n t s  o f  P , -1 -1  = X *n . X + 0  s i n c e  cp(P ) + P , son n n T n n

n = 2 , X2 = - 1 , and cp(P2> = ( - 1 ) ( 2 P2  -  Kg) + p 2  = Pi  " p 2  *

Theorem 2 .  There i s  an automorphism cp o f  „ such  th a t
Z t A | V

cp(p i> = P1 , 9 (P2) = P 1 -  p 2  •

P r o o f : By P r o p o s i t i o n  3 ,  Chapter I I ,  t h e r e  i s  an i n f i n i t e  tower

/  2
{ P ^ i j - l  2  e x te n d in g  {P ^P ^ “ P2 1 • Suppose t h e r e  e x i s t s  such a

tow er in  which P .7 , when w r i t t e n  as a p o ly n o m ia l  in  £p 0 has
X  1  1 — i  ;  Ct f  «  »  •

P^ c o e f f i c i e n t  ^ 1  . Then cp(Pi > = P^ e x te n d s  u n iq u e ly  t o  an a lg eb ra  

map which i s  c l e a r l y  a co m p a t ib le  c o a lg e b r a  map, and o n to  by in d u c t io n  

on d e g r e e .  Furtherm ore, i f  M i s  any monomial in  {p . } , th en
1  1 — i  j Ct y •  « •

cp(M) = -M + lo w er  monomials in  th e  l e x i c o g r a p h i c  o r d e r in g .  I f  P i s  

any p o ly n o m ia l  + 0 , cp(P) 4= 0 , s i n c e  cp(P) = ^M + lo w e r  monomials where

*
See addendum, page 32.
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M i s  th e  l a r g e s t  monomial o f  P .

Let us suppose th e n ,  t h a t  th e r e  i s  a tow er {P.7}
1 i = l , 2 , . . . , n - l

such th a t

( i )  P .7 = ( - 1 ) 1 1  P. + P* + monomials in  I d e a l ( P  ,P , . , . , P .  )
1 I X  A u 1  "I

n > i  >  2  ,P^ = P^ , V'2 = - P2  + P^ , and ,

( i i )  i P .7 -  k ' = ( - 1 ) *   ̂ ( i P .  -  K. )  , where  
1 1  1 1

K i = . E „ pj CkPk ■ •i=J+k J

We show t h a t  ( i )  and ( i i )  are  s a t i s f i e d  f o r  some c h o ic e  o f  P 7 .n

L et us  compute.

K ' = 2  P 7 (mP 7 -  K 7) .n a Kj m m£+m=n

By P r o p o s i t io n  3 ,  C hapter I I ,  th e r e  i s  an e x t e n s io n  o f  { P . } , „ ,i  i = l , 2 , . . . , n

s i n c e  ev ery  p r i m i t i v e  in  3" su p p o r ts  an i n f i n i t e  to w e r .  Furtherm ore,
/ j  n  ^ v

i f  P 7 e x t e n d s ,  by Theorem 1 o f  Chapter I I I ,  n P 7 -  K 7 = X (nP -  K ) n ’ ^ n n n n n

f o r  some X € Z , o r  nP 7 = K 7 + A. (nP -  K ) . The c o e f f i c i e n t  o f  n n n n n n

P*1 in  nP -  K i s  ( - 1 ) °  1 by i n d u c t io n .  In K 7 , each  summandI n n  J n

P 7 (mP7 -  K 7) = P.7( ( - l ) m 1  (mP -  K ) )  c o n t r ib u t e s  c o e f f i c i e n t  1 t o^ in m ^ m in

p f  • P™ = p'f'+m = p f  ,and t h e r e  are  n -1  summands. Let u be th e  c o -
1 1 1 1 ’ ’ n

e f f i c i e n t  o f  P^ in  th e  p o ly n o m ia l  e x p r e s s io n  f o r  P^ . E quating  c o ­

e f f i c i e n t s ,

nu = (n -1 )  + X * ( - l ) n o r  X = ( - l ) n 1 mod n . n n n

W ithout l o s s  o f  g e n e r a l i t y ,  = ( - l ) n 1 , f o r  any m u l t i p l e  o f  (nPn " KR)

which  i s  d i v i s i b l e  by n may be absorbed in  n P 7 .n

So we may ch oose  P^ in  such  a way th a t



1 = u, = th e  P*1 c o e f f i c i e n t  o f  p '  , S in ce  K and K / are decom-  
n 1 n n n

p o s a b le ,  th e  c o e f f i c i e n t  o f  P^ i s  ( - l ) n 1 . Thus, ( i )  and ( i i )

are s a t i s f i e d ,  and Theorem 2 i s  p ro v ed .

Theorem 3 .  There i s  e x a c t l y  one automorphism cp o f  „ such  th a t" “ Z A |v

cp(P1 ) = P1 and cp(P2) = P^ -  P2  .

P r o o f : Suppose cp̂  and cp2  s a t i s f y  th e  r e s t r i c t i o n s  g i v e n .  Then

cp' 1 cp2 ( P l ) = Px , Cf̂ 1 cp2 (P 2 ) = P 2  .

Theorem 1 im p l ie s  cp^ cp2  = I , so  cp̂  = cp2  . Theorem 2 p r o v id e s  th e  

unique automorphism.

2
Theorem 4 . cp = I i f  cp i s  th e  automorphism o f  Theorem 2 .

P r o o f : 'P2 (P1> = P-l . = 'PCP2  ~ p2> = cP(pi )  “ 9(p 2>

=  _  ( p ^  _  p  )  _  p

1  ' 1 2  " 2  *

2Hence, by Theorem 1, cp = I .

L et i|c:P. -» ( - 1 ) 1P. d eterm in e  J  n -» „ J .  n . ip i s  c l e a r l y  l  i  Z A,C Z AyC

an automorphism o f  o r d e r  2  which commutes w ith  cp .

Theorem 5 .  The in c l u s i o n  Zn X Z„ s g p (c p ,  i|r) £  Aut(„J". „) i s  an■' 1  ̂ Z Z A,C

isomorphism o f  g ro u p s .

P r o o f : Any automorphism y f i x e s  P  ̂ o r  sen d s  P^ t o  -P  . I f

y  f i x e s  P^ , i t  i s  cp o r  I . I f  y sen d s  P^ t o  -P , th en

\jjy f i x e s  P ^  a n d  i s  cp o r  I
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*
In H (BU;Z) , which i s  iso m o rp h ic  to  J  by th e  i d e n t i f i c a t i o n  

o f  th e  i th  Chern c l a s s  ^  w i th  P , \|r and vj/ocp are  f a m i l i a r  as  

c o n ju g a t io n  and th e  "power s e r i e s  in v e r s e "  o f  th e  t o t a l  Chern c l a s s  

c = l + c ^ + c 2 + . . .  , r e s p e c t i v e l y .

Addendum: We seem t o  have s u f f e r e d  from an e x c e s s  o f  z e a l  i n  th e  p ro o f

o f  Theorem 2. An argument can be c o n s t r u c t e d  r a t h e r  e a s i l y  making u se  

o f  th e  c a n o n ic a l  a n t i-a u to m o rp h ism  d e s c r ib e d  in  M iln or  & Moore [ 1 ] ,  §8 .
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CHAPTER V

A COMPUTATION OF p1 - 1 ( c . )  € H*(BU:Z )
i  P

We s h a l l  e x p l o i t  o u r  know ledge o f  th e  c o a lg e b r a  s t r u c t u r e  o f

$
H (BU;Zp) and th e  w ell-k n ow n  f a c t  t h a t  th e  S teen rod  mod p reduced

pow ers,  {P1 } .£ , ,+  > p r e s e r v e  p r i m i t i v e s  t o  make th e  t i t l e  co m p u ta t io n s .

We s h a l l  w r i t e  P* ^ ( c . ) a s  a l i n e a r  co m b in a tio n  o f  th e  b a s i s  we d e s c r ib e d
1

in  Chapter I I I ,  and th en  t r a n s l a t e ,  r a t h e r  awkwardly, i n t o  th e  s tandard  

b a s i s ,  th e  m onomials i n  t h e  Chern c l a s s e s .  We s u s p e c t  th a t  s u c c e s s i v e  

co m p u ta t io n s  o f  p* ^ ( c ^ . P *  ^ (c  ) , . . . ,  and P ^ c ^ )  can be g o t t e n ,  and 

m oreover ,  t h a t  th e  " r ig h t"  b a s i s  i s  th e  new o n e .  Our r e s u l t  i s  p u r e ly  

Hopf a l g e b r a i c ,  and makes no u se  o f  prime number a r i t h m e t i c ,  e x c e p t  in  

ch an g in g  b a s e s .

Let u s  r e c a l l ,  from C hapter I I I ,  t h a t  J  c o n t a in s  a fa m ily  o f
Ci v

e le m e n ts  {P. , such  th a ti , j  i€ Z  - { O j , j € Z

( i )  P.  = 1 f o r  a l l  i  .1 . 0

( i i )  P . = P .  f o r  a l l  j  .
J J J „

( V . l )
( i i i )  P.  = iP .  -  K. , f o r  a l l  i  .1 . 1  i  i

( i v )  j P .  . -  K. . = i j P  . . -  K, . . = i j P .  . -  K. . = P.
i , J  i , J  l , i j  l , i j  U  1J , 1

f o r  a l l  i  and j  .

(v ) 1 and th e  e le m e n ts  P. . P  P. , w ith  k = 1 , 2 , . . . ,
i i . J i  12>Js  Xk»Jk

i i  < i s < . • • < ik> ^ 0  make up a b a s i s  o f  J  _ .

( v i )  I f  n i s  s u f f i c i e n t l y  l a r g e ,  in  Z[X] = Z[Xn , X0 , . . . ,X ] ,i  a n

P.  . may be i d e n t i f i e d  w i th  ( - 1 ) ^  CT.(Xi ) , in  
1 J J J

33
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p a r t i c u l a r ,  i f  j  i s  1  , P w ith  ( - l ) 1  ̂ cr (X*) =
1 , 1  i

( - 1 ) *   ̂ s i (X) , where th e  a ' s  and S ' s  are  th e  e lem en ta ry

symmetric p o ly n o m ia ls  and th e  symmetric pow ers,  r e s p e c t i v e l y .

i|(
( v i i )  H (BU;Z ) may be i d e n t i f i e d  w ith  J  2f ® Z byp Zp Aj  v Z A ,  C p

i d e n t i f y i n g  c .  w ith  P. = P, . , where c .  i s  th e  i^ hi  i  1 , i  i
2 i

u n i v e r s a l  Chern c l a s s  € H (BUjZ^) .

Our r e s u l t  i s :

P (Pl , i ) “ r+g= i  P ( s - l ) p + l , l  Pp , r  • (V. 2 )

rSO s > l

N o t i c e ,  s i n c e  ( s - l ) p + l  + p f o r  a l l  s , t h i s  i s  a l i n e a r  com b in ation  

o f  b a s i s  e l e m e n t s .  B e fo r e  p ro v in g  t h i s  r e s u l t ,  l e t  us  r e w r i t e  th e  

form ula as a p o ly n o m ia l  in  th e  Chern c l a s s e s .  We s h a l l  need W aring's

form u la ,  th e  n o n - r e c u r s iv e  v e r s io n  o f  N ew ton's  form ula  ( s e e  Mac Mahon [5 ])

( - 1 ) 1 s .  (X) = E ( ~ P .J4  ( . . j  . )  ct. (X )j l  . . . a  (X)
uu(J)=i J '  J i . J a . - . - . V  1

# ( J ) = j

where uu(J) = j 1 + j 0+ . . .+ j  . # ( J )  = j . + j 0+ . . . + j  , andi. £, n. x £ n

( . . ̂  . 'f*----:—r (o r  0  i f  any j .  i s  n e g a t i v e ) .

Let us r e w r i t e  Z P ,  , v  ,  P as 
r+ s= i  ( S_1 >P+ 1 >1 P>r

r 3 )  S>1

r + s= i  
r >0  s > l

Z ( - 1 ) ( s _ 1 )p  0 l ( X <s 1 ,p + 1 )*  ( - l ) ( p - 1 ) r  ar (xp )

r + s= i
r SO s  SI
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(by F erm a t's  theorem and a  (X1) = s ^ X )  )

= ( - D 1 Z ( - l ) r + (9 "1)P 2  ( - D k ( s - 1 > p * 1  ^  k ) a  (X)k l . . . a  ( X ) ^  P. . . a  ( X ) ^
r+ s= i  o u (K )= (s- l )p + l  ^ 1  2 ’ * n '  n

rSO s S l  #(K)=k

(by W aring's form ula)

= ( - D  2  ( - D J -•1 ~ 1)/ + 1  . J . )  CT ( X) J l . . .CT (X )Jn
u ) ( J ) = ( i - l ) p + l  J V]i J 2 ' , , J n /  1 n

# ( J ) = J

+ ( - 1 ) 2  ( - i ) J “p <L-T-1 >p+ 1  ( ,J_P . )
r = l  u a ( J ) = ( i - l ) p + l  j - p

# ( J ) = j

j l  J r JnX CL (X) ...CT (X) ...CT (X)
1 r n

n ' M
_ z  J )  -  Z U . . . J  - p . . . j  Al

0) ( J ) = ( i - l ) p + l  3 1 2* * n r= l
# ( J )  = j

X ct1 (X)J i . . . c t  ( X ) ^  (mod p) . i n

( ( i - r - l ) p + l  = 1  mod p f o r  a l l  r ; th e  range o f  r i s  now d i f f e r e n t ,  

r = l , . . . , n  , in s t e a d  o f  r = l , . . . , i - l  , but t h i s  i s  h a r m le s s ,  s i n c e  i f  

r  >  ( i - 1 )  , -p <  0 s i n c e  cu(J) = ( i - l ) p + l  = j 1 + . . . + ( r j ^Jn- . . .+ n j n . )

So, i d e n t i f y i n g  c^ w ith  ct̂  (X) «  Pi  , we have

P1 - i ( c . )  = -  Z ( - 1 ) J {  * ( .  J . )  -  Z ( .  J P . ) }
J)=  ( i - l ) p + l  L J V51 J 2 , * - Jn /  J_P r= l Vo1 , , , J r " p , , ' Jn / '1

_  .  .

1 o)(J) = ( i - l ) p + l
# ( J ) = j

(V .3)

c 3M a —  c 3'1 2  n

I t  i s  c o n c e iv a b le  t h a t  t h i s  e x p r e s s io n  s i m p l i f i e s ,  v i a  mod p a r i t h m e t i c .
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For exam ple, i f  p = 2 , which i s  i n a d m i s s i b l e ,  th e  c o e f f i c i e n t s  v a n ish

e x c e p t  when J = ( 0 , 0 , . . . , 0 , 1 )  and ( 0 , 0 , . . . , 0 , 1 , 0 , . . . , 0 , 1 , 0 , . . . , 0 )
( i - l ) p + l  r s

w ith  r+s = ( i - l ) p + l  . We g i v e  an argument in  an append ix  t o  t h i s

c h a p t e r .  In s p i t e  o f  th e  t r o u b l e ,  t h i s  i s  worth d o in g ,  as i t  v e r i f i e s  th e

c o m p a t a b i l i t y  o f  our r e s u l t  w ith  Wu's form ula f o r  th e  v a lu e  o f  th e  S t e e n -  

rod sq u a r es  on th e  S t i e f e l  Whitney c l a s s e s ,  in  th e  s p e c i a l  c a s e ,  Sq* "'"(ŵ )

We n o t i c e  im m ed ia te ly  t h a t  i f  J has a l l  e n t r i e s  l e s s  than p , th e  c o -

( _ l ) l + j  J \
e f f i c i e n t  i s  -------------  I . ) . There are exam ples  when J f a i l s  t o

j  V - - V

have e n t r i e s  l e s s  than  p in  which th e  " c o r r e c t i o n  terms" a re  n ot  t r i v i a l ,  

e . g . ,  i f  p = 3 , j = 5 , j 1 =3, j 2 = l ,  j 3= 1 > i ~4 > ( i - l ) p + l - 1 0 ,  th e  c o e f f i c i e n t  o f

C^ C2 C5  in  P3 ( c 4 ) = 2 (mod 3 ) ,  but  ̂ ^    ( .  ̂ ) = 1 (mod 3) .( • • • ) ■l J 2^3

We now s e c u r e  our  r e s u l t .  Throughout, p i s  a f i x e d  s t r i c t l y  p o s i t i v e  

i n t e g e r ,  not n e c e s s a r i l y  a p r im e .

On Z[X^,X2 > . . .  ,Xn ] , l e t  us d e f i n e  o p e r a t o r s  as f ° H ° w s :

i )  P*(1 )  = 0 , i  e Z+ - { 0 } ,  P ° ( l )  = 1 .

0  r , (V*4)i i )  P (X ) = X . ,  j  6  { 1 , 2 , . . . , n }
J  J

i i i )  P1 (X. )  = XP, j  € { l  , 2 ,  . . .  , n}  .
J  J

i v )  P1 (X. )  = 0  i f  i  > 1,  j  € { l , 2 , . . . , n }  .
J

v) I f  P , P / , P // are  p o ly n o m ia ls  in  Z[X] , and P = P / + p" ,

th en  PX(P) = P1 ( P /) + PX(P") .

v i )  I f  P , P / , P / are  p o ly n o m ia ls  in  Z[X] , and P = P ^ ^  ,
. / . U

th en  P1 ( P /P//) = Z P1 ( P 7) P1 (P") .
.  /  . / /  .
1 +1 =1
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. /  . -

IP1 (M) E p 1 ( X ^ X * 2 . . .X1" V p 1 (X )
. i . i i .  1 2  n nl  + i  =i

=  P 1 _ 1 ( X ^ X ^ 2 . . . X ^ " 1 ) - P 1 (X ) ( b y  Lemma 2)1 2 n  n

=  ( X^1 . . . X ^ n P) P X P ( b y  i n d u c t i v e  a s s u m p t i o n )
I n  n

= MP .

, k + £ ( p - l )  .f o r  a l l  j ,  k , and •(, .Lemma 4 .  P^(Xk) = (  k%) Xk 
------------------ J \  U  3

P r o o f : Assume t h i s  i s  t r u e  f o r  k / < k , f o r  a l l  j  and c .

!F^(Xk) = 1 1 ^  (Xk_1) Pl  (X .)
J I  'h "=l  J J

= P C' (Xk _ 1 ) X.  + p {' " 1 (X k " 1 ) - x p 
J J  J  J

/ k - l \  j jk - l - w K p -D .x  + ; 'k - l \  ( k - l )  + « , - i ) ( p - i )  p
\  I  J  j  j  \  I  /  j  ‘ j

~ / k- i N + ^ k - i y ;  . x k + i ( p - i )  = ■ k i x k U ( p - D  
L \ I  J v £ , - l /J  j  \  I  j  j

Lemma 5 . P ^ (sk (X)) = (  k j  Sk+£ ( p i ) ^  f o r  a 1 1  k and ^ *

P r o o f : T h is  f o l l o w s  im m ed ia te ly  from th e  d e f i n i t i o n s  o f  th e  symmetric

pow ers,  Lemma 4 ,  and th e  a d d i t i v i t y  o f  th e  o p e r a t o r s .

Lemma 6 . P^k (a, (Xd) )  = a,_(Xdp) f o r  a l l  j  and k .
K K

P r o o f : T h is  f o l l o w s  im m ed ia te ly  from th e  d e f i n i t i o n s  o f  th e  e lem en tary

sym m etric f u n c t i o n s ,  Lemma 3, and th e  a d d i t i v i t y  o f  th e  o p e r a t o r s .

We now i d e n t i f y  th e  su b-(H opf)  a lg e b r a  „ wi t h  t hecl A,C Z A,C

sym m etric p o ly n o m ia ls  i n  Z [x] , v ia  th e  i d e n t i f i c a t i o n  o f  P. wi t h
* t J

( - 1 ) 3 P a . ( X X) , when i j  < n . I t  i s  c l e a r  from (V .4) v) and v i ) ,
J

Lemma 5 ,  and th e  w e l l  known f a c t s  t h a t  th e  symmetric powers g e n e r a te  

th e  symmetric p o ly n o m ia ls  r a t i o n a l l y ,  and th e  sym metric p o ly n o m ia ls  art  

a d i r e c t  summand o f  Z[X] , t h a t  th e  fa m ily  o f  g e n e r a to r s  ( p1 ] . c  t
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Of c o u r s e ,  v) and v i )  must be shown t o  be c o n s i s t e n t  w ith  i ) - i v )  and t o  

be w e l l  d e f i n e d .  These are t r i v i a l  e x e r c i s e s  and we l e a v e  them undone,  

e . g . ,  v i )  must be a p p l ie d  f i r s t  to  m onom ials , whose d i s t i n c t  f a c t o r i z a t i o n s  

are  e a s i l y  w r i t t e n  down, and th e  o p e r a t o r  v a l u e s  d eterm ined  by t h e s e  f a c t o r i  

z a t io n s  can be r e a d i l y  compared.

There are some e a s y  co n seq u en ces  o f  th e  d e f i n i t i o n s :

Lemma 1 . I f  P i s  a p o ly n o m ia l  in  Z[X] , P  ̂(P) = P .

P ro o f:  I t  s u f f i c e s  to  prove t h i s  f o r  monomials . .  .X"*11 .-----------------------------------------------------------------------------------------------------  1 2  n

Suppose i t  i s  t r u e  f o r  monomials o f  d eg re e  l e s s  than o r  eq u al t o

j .  + j „  + . . .  + j  -1 . Then p° (X ^ X ^ 2 . .  .XJn) = P° (X ^ X ^ 2 . .  .Xjn _1) . 
l & n i  4 n i  4 n

X P° (X ) = X!?1 ...X'"*n • X . (We assume w ith o u t  l o s s  o f  g e n e r a l i t yn 1 n n J

th a t  j > 1  . )  n

Lemma 2 . I f  P i s  a p o ly n o m ia l  o f  d eg re e  k , th en  p 1 (P) = 0  i f

i  >  k .

P roof:  I t  s u f f i c e s  t o  prove t h i s  f o r  monomials X^1 X^2 . . . X Jn~ ~ ■“  1 2  n
. / . . n

p1 (X ’̂1 . . . XJn) Z p1 ( X ^ . . . X Jn ) p1 (X )i  n . t . n .  l  n n
i  + i  = i

= P1 (x^1 . . . x Jn"1) P°(X ) + p 1 - 1 ( x ^  . . . x j n _ 1 ) ’ P^CX )I n  n I n  n

= 0  • x  + o  • xpn n

by th e  in d u c t io n  a ssu m p tio n .  (We assume w ith o u t  l o s s  o f  g e n e r a l i t y

th a t  j  ^ 1 . )n

Lemma 3 . I f  M i s  a monomial o f  d eg ree  i  , th e n  p1 (M) = M15 .

P ro o f:  Let M = X ^ X ^2 . .  .X1" . (We assume w ith o u t  l o s s  o f  g e n e r a l i t yi  z n

th a t  i  s i . )n
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, i „  - 1 ,
P 1 (M) Z P 1 ( X ^ X * 2 . . . X 1 " ) • p 1 (X )1 2  n nl  +i  =i

= P* 1  (X, xX^ 2 . .  .Xin 1 ) * p 1 (X ) (by Lemma 2)i  2  n n

= (X*1 . . , Xin 1 )P X P (by i n d u c t iv e  assum ption)i n  n

= MP .

Lemma 4 . P^(Xk ) = (  xk+^ P f o r  a l l  j ,  k , and £  .
J \  •C/ J

P r o o f : Assume t h i s  i s  t r u e  f o r  k '  < k , f o r  a l l  j  and £  .

S^(Xk) Z 5^ (Xk_1) (X. )
J I  '+ l " = t  3 3

= Pt'(Xk "1) X. + p{'- 1 (xk "1 ) - x p 
J J  J  J

/ k - l \  k - l 4 ^ ( p - l ) >x /k - lN  ( k - l ) + a - l ) ( p - l )  XP
\  t  J 3 3 \  I  /  3 3

-  rrk_iN> . Yk+^ (p - i )  i' k  ̂ Yk+‘t ( p - i )
-  L\ i  j + v t - J j  x j  = \ i  J x j

Lemma 5 . f ^ ( s k (X)) = (  ^ )  Sk + £ ( p - l ) ^  f o r  a 1 1  k and ^ *

P r o o f : T h is  f o l l o w s  im m ed ia te ly  from th e  d e f i n i t i o n s  o f  th e  symmetric

pow ers, Lemma 4 ,  and th e  a d d i t i v i t y  o f  th e  o p e r a t o r s .

Lemma 6 . P^k (a, (X^)) = a, (X^p ) f o r  a l l  j  and k .
K K

P r o o f : T h is  f o l l o w s  im m ed ia te ly  from th e  d e f i n i t i o n s  o f  th e  e lem en ta ry

sym m etric  f u n c t i o n s ,  Lemma 3 ,  and th e  a d d i t i v i t y  o f  th e  o p e r a t o r s .

We now i d e n t i f y  th e  su b -(H o p f)  a lg e b r a  j ”  £  J  w ith  th e
A  j  v  La A

sym m etric p o ly n o m ia ls  in  Z[X] , v ia  th e  i d e n t i f i c a t i o n  o f  P. . w ith
i  > J

( - 1 ) *   ̂ (X1) , when i j  < n . I t  i s  c l e a r  from (V .4) v) and v i ) ,

Lemma 5 ,  and th e  w e l l  known f a c t s  t h a t  th e  sym m etric powers g e n e r a te

th e  symmetric p o ly n o m ia ls  r a t i o n a l l y ,  and th e  sym m etric p o ly n o m ia ls  are

a d i r e c t  summand o f  Z[X] , t h a t  th e  fa m ily  o f  g e n e r a to r s  {p1 }. +
1  ̂  z
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map sym m etric p o ly n o m ia ls  i n t o  sym m etric p o ly n o m ia l s .  A c o m p a t ib i l i t y  

argument, such  as  th a t  o f f e r e d  in  C hapter I I I ,  page 25, would a s s u r e  us  

th a t  th e  o p e r a t o r s  ex ten d  u n iq u e ly  t o  J  . We l e a v e  t h i s  t o  th e
P i ,  W

jj(
r e a d e r .  In an o b v io u s  way, o p e r a t o r s  are  induced in  H (BU:Z )

P
Sf J ” ® Z z A,c z p

Theorem 1 . I f  p i s  an odd prim e, {ip1 }^^z+ are th e  S teenrod  reduced

p o w ers .

P r o o f : L et us  v e r i f y  th e  axioms f o r  th e  S teen rod  reduced p -p o w ers .

(See S teenrod  and E p s t e in  [ 6 ] ,  p .  76)

1 ) P^'.H^CBUjZp) -» nq + Zi(p i s  a homomorphism o f

a b e l ia n  g ro u p s .  The c o r r e c t n e s s  o f  d im en s io n s  f o l l o w s  from (V .4) by an 

ea sy  i n d u c t io n .  (V .4) v) im p l ie s  th e  group homomorphism p r o p e r t y .

2) = 1 . T h is  i s  Lemma 1 .

3) I f  X i s  homogeneous o f  d eg re e  2k, th en  (X) = X13 . T h is  

i s  Lemma 3 ,  cou p led  w ith  F erm a t's  theorem .

4) I f  2k >  d e g r e e  X , th en  (X) = 0 . T h is  i s  Lemma 2 .

5) Cartan formula: S^(XY) = E px (X) Pk_ 1 (Y) . T h is  i s  ( V . 4 ) , v i ) .
i

T h is  i s  s t i l l  i n s u f f i c i e n t ,  f o r  we have not invoked  n a t u r a l i t y .  Up to

$
d eg ree  2n , we may i d e n t i f y  H (BU;Z^) as th e  s u b -a lg e b r a  o f

H (B U ( l ) Xn;Z ) , which i s  a Z p o ly n o m ia l  a lg e b r a  in  g e n e r a t o r s
P P

{ X i * • • , Xn } d eg re e  2  , f i x e d  under th e  a c t io n  o f  th e  symm etric  

group, w ith  Chern c l a s s e s  r e s t r i c t i n g  t o  e lem en ta ry  symm etric p o ly n o m ia l s .  

The S teen rod  o p e r a t io n s  must ex ten d  to  o p e r a t o r s  on Z[X , . . . , X  ] s a t i s ­

fy in g  axioms 1) - -  5) . I t  i s  c l e a r  from our developm ent t h a t  t h i s  can be

done u n iq u e ly ,  and t h a t  our o p e r a t o r s  and th e  S teen rod  op erat ion s  a g ree .  

T h is  i s  e s s e n t i a l l y  a w e l l -w o r n  argument. However, a c r u c i a l
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d i f f e r e n c e  i s  t h a t  we exchanged  th e  axiom " 5^(X) = XP i f  X i s  o f  

d eg ree  2 k " t o  th e  weaker an alogue f o r  monomials o n ly  in  o rd er  to  d e ­

f i n e  i n t e g r a l  l i f t s  o f  th e  o p e r a t io n s .

Let us now perform th e  co m p u ta t io n ,  in  a more g e n e r a l  form, r e t u r n ­

in g  t o  th e  n o t a t i o n  o f  ( V . l ) :

Pi j ' 1 (P. .) = ( - l ) ( i j "1 ) ( p_ 1 )  • i  • Z  P P.  . (V.  5)
i , j  ( i r -1  ) p + l , 1 i p , s

T t o —J

r '2-1, z  ?0

I f  i  = 1 and p i s  an odd prim e, t h i s  c l e a r l y  r e d u ce s  t o  ( V . 2 ) .

F i r s t ,  l e t  us r e w r i te  Lemmas 6  and 5 as

( A p . „> = ( - n ° - 1)k  c - D ( j p - 1 )k  • p .  ,
J . k  j p , k

J P , k

and

s ^ (p ) = < - i ) k - 1  • ' k ) p
k , l  \  i  / k+<t(p-l) , 1

= ( - i ) 4 * ' - 1’ i k '  P cv‘ 7>
K * U / ^ W f p - D . i

Let us  suppose  now th a t  (V .5) h o ld s  f o r  f i x e d  i ,  j  7 < j  . We 

s t a r t  th e  in d u c t io n  by ( V . 7 ) , w ith  j  = 1 .

j  P*^ 1 (P. .) = (by l i n e a r i t y )
1 9 J

Pi J _ 1 (j  P. . - K .  .) + p l J - 1 (K. .) = (by ( V . l ) i v )  and th e
1, J  1 ’  ̂ 1 ’  ̂ d e f i n i t i o n  o f  K. . )

p1 *̂ ^(P.  . . )  + P1  ̂ 1 £  P.  P.  = (by Lemma 2 ,  Cart a n 's
r+s=j Xf 1S, form ula ( V . 4 ) v ) ,  and

rX) sX) (V .7))

j { ( - l ) ( l J "1 ) ( p _ 1 )  i  P ,  . } +  Z pi r (P. ) piS _ 1 (P. )( i j - l ) p + l , l  i , r  i s , 1r+ s= j ’ ’
rX) sX)
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+ 2 P  lr_1 (p ) ' P ± s fv>

r* S^  1 , r  i S > l )  = (b, l  a s s u m p t io n
(V .6 ) and (V .7 ) )

j f C - D ^ J ^ C p - l )  . p
( i j - D p + 1 , 1  J

+ 2 ( _ i ) l r ( p - D  # j C i s - D C p - x )
r +s= j i p , r  '  l )  ‘ is  • P

r X ) ,s X )  ( i s - D p + 1,1

1 21  u>i

+ E ( - i ) < i r - D C p - l )
r + s “J 1 ’ P ( i r - l ) p + i  1 * ( - l ) ( l s ) ( P ' 1 ) P

r>0 jX )  i s p , l

i s p , l  s  pip ( S  -  Ki p>s  , from ( V . l )  i v) )

= j [ ( - l ) ( i j - 1 H p - l )
1 P .  1

( i j - l ) p + l , l J

+ < - l ) ( i J - l H p - l )  f
s  P r- P ]r+s=j ( i s - D p + l . i  i p , r ^

rX> sX)

+ ( - l ) ( i J - 1 > ( P - l )  r
1 1 2  p ,

t+v=j < i t - l ) p+i f l  f 2  Pip  n (sP .
t

+ ( - 1 ) ( p - 1 )

t > 0  v> 0  u+s=v i p ’n i p , s  Ki p , s ^
uX) sX)

i l 2  p  a
r+ s= j < i - - 1)p * 1 , 1 ( S Pl p i S - K i  , }  =

rX) jX )

j f t - i j d J - l X p - l )  (by  d« - i t i „ „  o f  K v ,

( i j - D p + l . l ^  

+ ( - 1 ) ^ J - 1 ) ( p - 1 ) . ,
^ s  p  

rX) sX)

+ ( - D ^ J - D C P - I )  ,
* P y ■ I f  1

t-(-v=j ( i t - l ) p + l , l  i p , v *  
tX ) vX)

r+s=j ( i s - D p + 1 , 1  Pi p >r -

i*P , 1
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+ ( - i ) ( l J _ 1 ) ( p ' 1) ±{ E s P , .  . P.  }
( i r - l ) p + l , l  i p . sr+s=j  

r > 0  j > 0

-  ( -1 )^ " *  1) (P 1)  ̂ £  p K. } = (by c a n c e l l a t i o n
L ( i r - l ) p + l , 1  i p , s  w  , . J «r+s=j and r e in d e x in g )
rX) jX )

J U  J F ( i j - l ) p + l , l J

+ ( - i ) ( l J _ 1 ) ( p  1} E (r + s )  P P.
( i r - l ) p + l , 1  i p , sr+s=j  

rX ), sX)

= i  r  p . .  , ,  ,  ,  p . i .
r+s=j ( i r - D p + 1 , 1  i p , s J

r > l , s X )

S in c e  th e r e  i s  no j  t o r s i o n ,  we " d iv id e  by j  " and g e t  ( V . 5 ) ,  as  

r e q u i r e d .

A p p en dix : A n o te  on Wu's Formula.

Wu Wen-Tsun has computed th e  a c t io n  o f  th e  S teen rod  sq u a r es

(Sqk 1  on th e  S t i e f e l  Whitney c l a s s e s  { w . } . c + as f o l l o w s :KW 1 1 1 Z

( s e e  H siang [ 7 ] ) .

k (  i + r - k - 1  'NSq w. = Z / w, w.i  _ . \  r  /  k - r  l+ r

In  p a r t i c u l a r ,

0  <r <k

S , 1 ' 1 ( w i )  '  2  . w ( r - l ) 2 + l  * sr + s= i  '
r SI s  SO

We show th a t  we g e t  an a n a logou s  form ula when p = 2 in  ( V . 3 ) , i . e . ,

(_ 1 )1 + J {  H i  J j  )  “ 2  H  ( j  j ’ 2  i s  0  (mod 2) ( v *8) ̂ J  J  ^  ^ 2  • • • J r _ 2 *  * * J n ' ^

when <u(J) — ( i - 1 ) 2+1 u n l e s s  J = (0 , . . .  , 0 , 1 , 0 , . . .  , 0)  o r
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(0 , * • • , 0 , 1 , 0 , • • • , 0 , 1 , 0 , , , #, 0 ) «

We f i r s t  n o t i c e  th a t  not a l l  o f  can be e v e n ,  s i n c e  cju(J )  i si  « n

o d d .  S in c e  we make no f u r t h e r  u se  o f  j  + 2j + . . .  + nj = ( i - l ) 2 + l  ,i   ̂ n

we may assume t h a t  j^ i s  odd, and , jg* • • • > Jn are  not z e r o .  S in c e

j  i s  odd, we have 1 = j  (mod 2) and (V .8 ) becomes

* . ( . • > .  ) ♦  J L  z  { . J ' 2 .  . / ■ o
J  J —2  .  \  J  _ . . . J  —2 .  . . J  ;l  n r=i  l  r n

o r

(  • 1 J "1  • )  + (  • J ' 3 • )  + Z (  • i ~ 3  - 2  • )  = 0  (mod 2)
' 1  ^ 1  — J 2 * * * Jn r= 2  ^ 1  ^2 , , , ' r̂ n

(V. 9)

(  j  N ! 2  \  Suppose t h a t  j - 1  i s  o d d . I f  j - 1  = 1 , c l e a r l y   ̂ = V i  i )  »

i f  . . 1 = 1  mod 2 , and th e  " c o r r e c t io n  terms" d o n ' t  e x i s t .  T h is  i sJ Jl* * 'V
th e  s p e c i a l  c a s e  J = ( 0 , . . . , 0 , 1 , 0 , . . . , 0 , 1 , 0 , . . . , 0 )  .

I f  j - 1  #  1 , th e n  j  i s  odd f o r  some s  + 1 . M u l t ip ly in g  (V .9)

V 1 _by -------  = 1  (mod 2 ) we g e t
j - 1

j" 2  x , j - 4
I )  + ( ^vj. —1  j 0 . . . j  - . . . . j /  \ j .  —3 j 0 . . .  j  —1 . .  • j  Ji  2  s - i  n 1 2 s  n

+
r = 2

where j - 2  i s  e v e n .

j - 4
(mod 2 )n (■ • • ■ )  = oZ \ j ,  —1 j  q • • • J  “1 • • • j  “2 • • • j  /_ 1 Z s  r  n

I f  j - 1  i s  e v e n ,  and z e r o ,  we had ( . . ) = ( ? ’ )
 ---------------------------------------  \ JX J 2 ’ * * Jn

and

7  (-j j ' 1 j =  1 <m od 2 > »j  \ j  ̂  J 2 * * n
and th e  " c o r r e c t io n  terms" d o n ' t  e x i s t .



44

T h is  i s  th e  s p e c i a l  c a s e  J = ( 0 , . . . , 0 , 1 , 0 , . . . , 0 )  .

When j - 1  i s  e v e n ,  4= 0 , o r  j - 1  i s  odd, 4= 1 , we have reduced

(V .8 ) t o  th e  f o l lo w in g :

Lemma: I f  k 4= 0 i s  ev e n ,  and k = k +k + . . . + k  , th en
---------  1 2  n

k  ̂ n k - 2

1 k k . . . k  /  + ^ I k k . . .k - 2 . . .k )  ~ °  m̂od 
1 2  n r = l  1 2

We d i v i d e  th e  p r o o f  i n t o  sublemmas.

I
Sublemma 1 .  (D ickson ) ( . „ „ ) ^ 0 mod p i f  and o n ly  i f

'  'Cl S , , , /C n

£ + ■ £ , + . . . + £  = ■t i s  an a d d i t io n  which can be performed "w ithout ca rry in g "i  a n

when w r i t t e n  in  b ase  p .

P r o o f : We g i v e  an a l t e r n a t i v e  to  D ic k s o n 's  argument ( s e e  D ick son  [ 8 ] ,  p . 76) ,

We s t a r t  w ith  th e  f a m i l i a r  formula

i  b )  s  n  (  b 1 )  (mod p)

where {a^} and (b ^} are  th e  p - a d ic  ex p a n s io n s  o f  b and a . (See  

Steenrod  and E p s te in  [ 6 ] ,  p .  5 ) .  T h is  im p l ie s  th e  sublemma in  th e  c a se

I } > / • But ( « I I ) > and th e  sublemma f o l lo w s

by in d u c t io n .

Sublemma 2 . (  k k k )  ~ ^ Onod 2) i f  k i s  even  and any k^ i s
1 2 '* ’ n

o d d .

P r o o f : T h is  f o l l o w s  im m edia te ly  from Sublemma 1 .

Sublemma 3 .  I f  a l l  k . are  e v e n ,  and k, + k + . . . + k  = k i s  an a d d i t io n------------------  i  1 2  n

which can be perform ed w ith o u t  c a r r y in g  when w r i t t e n  b a se  2  , th en
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k +k + . , . + ( k  - 2 ) + . . . + k  = k - 2  i s  an a d d i t io n  which can be performed
1  2  r n

w ith o u t  c a r r y in g  when w r i t t e n  b a se  2  f o r  e x a c t l y  one r in  { l , 2 , . . . , n }  .

k k - 2  ,
Furtherm ore, i , , / = ! , ,  , „ , ) = 1 under t h e s e  c ir c u m s ta n c e s .’ \  k_ . .  .k J \  k k . .  .k - 2 . . . k  /I n  1 2  r n

P r o o f : Let ) ke th e  P - a d ic  ex p a n s io n  o f  k^ , £Xk } t h a t  o f  k .

C l e a r ly ,  i f  °k  = 1 and 1k = 0 i f  i  < i Q , th en  °k^ must be 1 ,

10  i
no k i s  1 i f  t  4= r , and k^ = 0 f o r  i  < i  . The e q u a l i t y

o f  m u lt in o m ia l  c o e f f i c i e n t s  comes from Sublemma 1 .

Sublemma 4 .  I f  a l l  k . are  ev en ,  and k ,+ k „ + , . .+ k  = k i s  an------------------------------  i  1 2  n

a d d i t i o n  which cannot be perform ed w ith o u t  c a r r y in g  th en  i f  k +k + . . .
X a

+ (k r ~2 ) + . , *+kn = k - 2  can be performed w ith o u t  c a r r y in g ,  th e r e  i s  

e x a c t l y  one s 4= r such  t h a t  k ^ -f . . . + (k g - 2 ) + . . .+kn = k - 2  can be p e r ­

formed w ith o u t  c a r r y in g ,  when w r i t t e n  b a se  2 . Under t h e s e  c i r c u m s ta n c e s ,

\

(  k  k )  0  {  k k . .k  - 2 . . . k  J (mod 2)I n  1  2  t  t

i f  t  4= r ,  s , and

k - 2   ̂ , k - 2

(  k k . . .k - 2 . . . k  j  1  (  k k . . , k - 2 . . . k  )  mod 2  *
1 2  r n 1 2 s  n

P r o o f : L et {1 k } and be as in  Sublemma 3 .  I f

J 0  jk = 1 and k = 0  f o r  1  s  j  < j  ,r r  J 0

th en

J0 j(k ^ -2 ) = 0  and (k ^ - 2 ) = 1  f o r  1  s  j  s  j  ,

S in c e  k , + . . . + ( k  - 2 ) + . . . + k  = k -2  i n v o l v e s  no c a r r y in g ,  th e r e  i s  no 
1  r  n ’
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t  such t h a t  ^k = 1  f o r  j  <  j g  and th e r e  i s  a t  most one t  ^ r such

t h a t  Jk = 1 f o r  j  a j  . S in c e  k ,+k  + . . . + k  = k d id  i n v o lv e  c a r r y -  t  0  1  2  n

■̂ 0in g ,  t h i s  must have occu rred  a t  2  , i . e . ,  th e r e  i s  e x a c t l y  one s

such th a t  s 4= r and k g = 1 . C le a r ly ,  k ^ . . , + (k -2 )  + . .  ,+k = k -2

i n v o l v e s  no c a r r y in g ,  and th e r e  are no o t h e r  such sums. The e q u a l i t y  

o f  m u lt in o m ia l  c o e f f i c i e n t s  comes from Sublemma 1 .

Sublemma 4 co m p le te s  th e  p r o o f  o f  th e  Lemma, and c o n s e q u e n t ly ,

(V .8 ) .



CHAPTER VI

FINITE TOWERS IN COMMUTATIVE ASSOCIATIVE HOPF ALGEBRAS

We prove th a t  in  com m utative, a s s o c i a t i v e  Hopf a lg e b r a s ,  i f  a

p r i m i t i v e  su p p o rts  a tow er o f  h e ig h t  n - 1  , but not a tow er o f  h e ig h t

n , th en  n i s  a power o f  a p r im e.

At f i r s t  g la n c e ,  t h i s  i s  u p s e t t i n g ,  f o r  th e  f o l l o w in g  r e a s o n .  In

( s e e  page 2 5 ) ,  th e r e  i s  a n a tu r a l  tow er f p . }.  , o v e r  P,Z A,C L i Ji < n - l  1

which cannot be extended  to  a tow er o f  h e ig h t  n . Argument: The i n -

- 1  An - 1e l u s i o n  J ----------->  J  i s  a Hopf a lg eb ra  monomorphism. AnyPii U o A^C

homogeneous p r i m i t i v e  o f  d eg ree  n in  _ must map in t o  X(nP -  K )Z A,C n n

f o r  some I  (  Z , by Theorem 1 o f  C hapter I I I .  C le a r ly  K = Z P ( jP  -  K )n i  i ii+ j= n

i s  in  th e  image o f  i  , but no m u l t i p l e  o f  P i s ,  so  X must be z e r o .n - 1  n

By P r o p o s i t i o n  1 o f  Chapter I I ,  i f  P / e x t e n d s  { P . } , th en  nP' -  Kn i Ji < n  n n

i s  p r i m i t i v e  and homogeneous o f  d eg re e  n , and i s  z e r o .  Hence K i sn
n  +d i v i s i b l e  by n . But th e  P^ c o e f f i c i e n t  o f  Kn i s  -1  ( s e e  page 2 2 ) ,

so K cannot be d i v i s i b l e  by n . P / cannot e x i s t ,n n

We s h a l l  make u se  o f  P r o p o s i t i o n  2 o f  Chapter I I  in  a c o n s t r u c t i v e

”Xway — b u t ,  we prove th e  e x i s t e n c e  o f  to w ers  in  T  o f  h e ig h tZ A j  C/

n , n + l , . . .  up to  th e  s m a l l e s t  prime power e x c e e d in g  n - 1  w ith o u t  e x ­

h i b i t i n g  them as f a m i l i e s  o f  p o ly n o m ia ls  in  » th e  a lg eb ra

g e n e r a to r s  o f  th e  Hopf a lg e b r a ,  an e x e r c i s e  w i th  W aring 's  form u la  (p . 3 4 ) .

We u se  Theorem 1 o f  C hapter I I I  and th e  i n c l u s i o n  ^  ■> S
^ AjC Z A|C

t o  j u s t i f y  th e  f o l l o w i n g :

47



48

Lemma: A b a s i s  f o r  *) i s  { iP .  -  K . } . , r, „ , ,  . We haveZ A,C 1 i Ji € [ l , 2 , . . . , n - l j

c a n o n ic a l  tow ers  o v e r  t h e s e  p r i m i t i v e s  ( s e e  p .  27) —  i f  iP  -  K = P ,
i  i  i , l

£p - - l - c f ,  o r , / . i i  i s  a tow er o v e r  P. o f  h e ig h t  [ n - l / i ]  . i > J J €{.1»2, • • • >[ n - l / i ]  ] i , l

Furthermore jP .  . -  K. . = i j P .  . -  K. . = P. . in  a l lo w a b le  r a n g e s .
i , J  i , J  i j  iJ  i j , l

P rep a ra to ry  t o  th e  u se  o f  P r o p o s i t i o n  2 o f  C hapter I I ,  we must modify

each  s t o r y  o f  { P . } . c r., „ -> whose h e ig h t  i  4 1  d i v i d e s  n by a

p r i m i t i v e ,  Q -  x ( i P.  -  K ) , equ ipped  w ith  a f i x e d  tow er [q }
i , l  i l l  i,J j € [ 1 , 2 , . . .

i + l
A t r i v i a l  com pu tation  e n s u r e s  th a t  Q. . s  XJ P. . w i l l  d o .  I f

i , J  i  i , J

H. . = Z Q. (sQ. -  H. ) , th en  one shows by in d u c t io n  t h a t  H. .
1 ,J  r+ s=j , r  1 ,S  1 ,S  1 ,J

i4 1

= x 1? K. . . I f  fp, ~ •) i s  th e  amalgamation o f  t h e s e  to w ers ,
i  i , J  1 ,J  j € { l , 2 , . . . , n - l j

and  ̂ i s  d e f in e d  as u s u a l ,  P r o p o s i t i o n  2 i m p l i e s ,  in  th e  ab sen ce  o f  

p r i m i t i v e s  in  d eg ree  n ,

(* ) K~" = 2  i  H. . + K in  ® Z .1 , n iJ=n i , J  n Z A,C n

141 J41

Furtherm ore, = 0 in  ® Z i f  and o n ly  i f  th e  tower’ 1 ,n  Z A,C n J

[P-, • } .  o can be ex ten d ed  by P, by P r o p o s i t i o n  1 o fj J J -a  ) ^ ; • • •) n -1  1 y n

Chapter I I .

L et us  apply  i  , t o  (* )  . We f in d  o u r s e l v e s  in  S  ® Z n-1  Z A,C n

where {P I e x i s t ,  and c l e a r l y ,  r e c a l l i n g  t h a t  H. . = x? K . ,
i , J  i j = n  i , j  l  i , j

i  1 (K~~ ) = Z i  xJ(K. . -  jP .  .) + (K -  nP ) n - 1  1 ,n  i j = n  l v i , j  i , j  n n

i 4 1 ,  j4 1

= ( 2  i  xJ + 1) (K -  nP ) .
i  n n

i  j=n  
141 , j  41

, n / i } ’
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S in c e  i  i s  a monomorphism o n to  a d i r e c t  summand, (o b v io u s  from th en-X
—J1 ” 1u s u a l  b a s i s  o f  m o n o m ia ls ) , K, i s  d i v i s i b l e  by n in  j  i f  andl , n  J z A,C

o n ly  i f  E i  xJ + 1 = 0  mod n .
i j = n  1 

i * l , j * l

Let us remember t h a t  each  m o d ify in g  p r i m i t i v e  i s  equipped  w ith  a 

f i x e d  to w e r .  We must m odify  t h e s e  tow ers  as  w e l l  f o r  th e  most g e n e r a l  

amalgamated tow er { P } . But by th e  argument o f  P r o p o s i t i o n  3 o f  C hapter  

I I ,  any two tow ers  o f  h e ig h t  n -1  o v e r  must be am algam ations o f  one

a n o th e r .

L et us m odify  th e  to w ers  {q . o v e r  Q. , = x .  P. ,
i>J J € [ 1 , 2 , . . . , n / i j  i , l  i  i , l

As a " f i r s t  o r d e r ” m o d i f i c a t i o n ,  we amalgamate to w ers

{Q, . , = . P . } c f  / .  i o v e r  Q. = x .  . P. . , w ithi . J . k  i , j  i j , k k € [ l : 2 , . . . , n / i j j  i , J , l  i , J  i j , l
j +1

■̂Qi ,  j  ^ j € { l , 2 , . . .  , n / i }

D e f in e  H. . . by H. = E Q. . . (mQ. . -  H. . ) and f in d  by
i  > J >k i , J , k  k=^+m x . J . m i ,  J ,m

in d u c t io n  H. . = (x .  .) K . . , . The amalgamated tow er i si , j , k  i , j  i j , k

, 2 , .  - . ,  n / i  }
i * l

By P r o p o s i t i o n  2 ,  we have in  i  ® ZZ A,C n / i

H. .. = E j  H. . . + H. ..
1 ’ j k = n / i  x »J»k i > n / i

j * l  k * l

E j ( x .  , ) k K. + x n / l  K. .. . 
j k = n / i  1>J 1 J ’k 1 x ’n/:i 

j * l  k * l

A p p ly in g  i ^  , in  z ^ A , C ® Zn / l  we have
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i <H / •> = 2  j ( x .  .) (K. . , -  kP . . , )
n - 1  i , n / i  jk=n/i 1 J»k 2 J»k

j * l  k * l  

n / i , „+ x .  (K. .. -  n / i P  )
i i , n / i i , n / i

= ( 2  j ( x .  , ) k + xn / i ) (K -  nP ) .i , j  i  n nj k = n / l  
j + 1  k +1

We now re tu rn  t o  m odify  th e  o r i g i n a l  tow er (p
j  • . .  , n - l  j by

th e  to w ers  [Q. i > r a th e r  than  {Q. „ , ■ i ,i ,  J Jj € i l , 2 ,  . . . , n / i  j ^ i , j Jj € [ l , 2 ,  . .  . , n / i }
i + 1  i + l

th u s  in c o r p o r a t in g  "second order" m o d i f i c a t i o n s .  The amalgamated tow er

wii l l  be c a l l e d  {p , -> . fKT 0  , i i s  d e f in e dl , j Jj € i l , 2 , . . . , n - l j  l , j  j € { l , 2 , . . . , n - l j

as u s u a l .

In , we h ave ,  by P r o p o s i t i o n  2 ,  i f  we w r i t e  r (s f o r
li A ^ v  IT

r i s  a p rop er  d i v i s o r  o f  s ",

(**) K = I  i  H. ,. + K
1 , n i . n/ 1  ni n

A p p ly in g  i  , in  „,r. ® Z we have ,  by our com putation  o f  H. ,n -1  Z A,C n J i , n / i  ’

+ 1}  (K -  nP ) J n n

H ence, {Px , j  }j € { l , 2> . . .  >n_l }  e x te n d s  by P ^  i f  and o n ly  i f

f E i  { E j ( x .  . ) n / l J  + ( x . ) n / l } + 1}  = o (mod n) . 
i  |n j  | n / i  1 ,J  1

R e o rg a n iz in g  i n d i c e s ,  t h i s  i s  e q u iv a le n t  to

I  E k x ^ . +  E i  x? + 1 = 0  (mod n) .
k£=n i j= k  1 ,J  i  j= n

k * l , £ * l  i  +1 , j 4=1 i * l , j * l
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The f o l l o w i n g  theorem i s  th e  end product o f  s y s t e m a t i c a l l y  ta k in g  

i n t o  account h ig h e r  o rd er  m o d i f i c a t i o n s  o f  th e  branch to w e r s .  The p ro o f  

i s  a s t r a ig h t f o r w a r d  in d u c t io n ,  th e  f i r s t  two s t e p s  o f  which we have  

e x h i b i t e d .

Theorem 1 .  There i s  a tow er o f  h e ig h t  n o v e r  P., in  ^ i f  and
X /j A j

o n ly  i f  th e r e  i s  a s o l u t i o n  to  th e  f o l lo w in g  d io p h a n t in e  e q u a t io n .
00 ,

1 )

d +1  i k> l

By e x h i b i t i n g  s o l u t i o n s  t o  t h i s  e q u a t io n ,  when n i s  n o t  a power o f  a 

p r im e ,  and argu ing  f o r  th e  n o n - e x i s t e n c e  o f  such  s o l u t i o n s  when n i s  

a power o f  a p r im e, we s h a l l  d em on stra te

Theorem 2 .  There e x i s t s  a tow er o f  h e ig h t  n o v e r  P, in  ^   ̂ i f  
------------------  1 Z A,C

and o n ly  i f  n i s  not a power o f  a p r im e,  

eP r o o f . I f  n = p i s  a power o f  a p r im e, th e r e  i s  c l e a r l y  no s o l u t i o n

t o  ( V I . 1 ) ,  f o r  each  p roper  d i v i s o r ,  d , o f  n must be a m u l t i p l e  o f  p , 
0

and pk = - 1  mod p has no s o l u t i o n  i f  e >  0  .

I f  n i s  not a power o f  a pr im e, we s o l v e  th e  f o l l o w i n g  e q u a t io n ,  

wliich i m p l i e s ,  o f  c o u r s e ,  a s o l u t i o n  o f  ( V I .1 ) .

-1 = E d x”/d  ( V I . 2)
d |n  d
d =1=1

For i f  n i s  not a power o f  a prim e, l e t  n = p^1 p^2 . . . p ^ k , w i th  p.
1  a  K 1

e .
d i s t i n c t  p r im es ,  e^ >  0  , i = l , 2 , . . . , k , k S 2  and l e t  n^ = n/p^

The g r e a t e s t  common d i v i s o r  o f  { n . } . cj- i s  c l e a r l y  1 .

Choose a seq u en ce  o f  i n t e g e r s  {u. n } . c r, Q . i such  th a t
1  f U 1  KZ t-L • | K  J

= - 1  (mod n)
d In j = l  i i i 2 . . . i  <-d Li  > ■‘■a > (VI.
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Z n . U. = -1  . By F erm a t's  theorem , XP = X (mod p) i f  p i s  
i = l  1 1 , 0 e . 

i
Pi

prim e, U. _ = U + p U f o r  some U , i  € { l , 2 , . . . , k }  . Hence,
1 j v 1 jU 1 1 ^ 1  1 | 1

e .

k p . 1
E n . p .  U , + n.  U . 1 .  = -1  .. n l i  i , l  i  i , 0i = l

Suppose t h a t  U are d e f i n e d ,  j  = l , 2 , . . . , g .  - 1  < e . , i  = 1 , 2 , . . . , k  
1 J J 1 1

k S i " 1  . PV J
s a t i s f y i n g  Z n. Z pJ U 1 = -1  . D e f in e  U by

i = l  1 j = l  1 1>J i > g i

e - g  + 1

Pi
Ui»e- - 1  = u i „ . i  + „ P-i • T erm in atin g  at g = e , i  € { l , 2 , . . . , k }  ,

u e - Gi_Jk i  p .

we have E E n . p J U . 1 . = -1  . S in c e  th e  c o e f f i c i e n t ,  n . p J , and
i = l  j = l  1 1  1 ’ ^

e i ~ j
power, p^ , in  each  summand m u l t i p l y  to  g i v e  n , we may s o l v e  ( V I .2)

by x j  = U. . and x = 0 i f  d + n . p " ?  f o r  some i  and j  . n . p .  i , j  d 1 1  J
1 1

*f* 6C o r o l la r y  1 . L et m 6  Z , p be th e  minimal prime power g r e a t e r  than

m . Then t h e r e  i s  a tow er o f  h e ig h t  pG-l  in  J™ o v e r  PZ A| C 1

P r o o f ;  C le a r ly  th e  e x i s t e n c e  o f  such  a tow er in  i s  e a u iv a le n t^ A j  Is

e - l  e
to  th e  f o l lo w in g :  There e x i s t s  a Hopf a lg e b r a  map X.P I  -» j®

m Z A,C Z A,C

e x te n d in g  P ■* P . But by Theorem 2 ,  -* n e x i s t s ,  ( th e1 1  rn Z Ay v  ^ A|Cs

a lg e b r a  s t r u c t u r e  i s  f r e e ,  so  t h e  c o a lg e b r a  map, which  e x i s t s  by v i r t u e

o f  th e  tow er e x t e n s io n ,  i s  a Hopf a lg e b r a  map as w e l l ) .  S i m i l a r l y ,



e x i s t s .  We s im p ly  compose t h e s e  morphisms.

C a u t io n : There w i l l ,  in  g e n e r a l ,  be many s o l u t i o n s  to  ( I V .1 ) .  We have  

e x h i b i t e d  o n ly  o n e .  Thus, th e r e  i s  n o th in g  unique about th e  maps in  

th e  c o r o l l a r y .

S in c e  ® R , Theorems 1 and 2 and th e  c o r o l l a r y  have
K A j C Z A ) C

a n a lo g u es  f o r  any commutative r in g ,  R .

C o r o l la r y  2 . Let U  be a c o n n e c te d ,  com m utative , a s s o c i a t i v e  Hopf 

a lg eb ra  o v e r  commutative r in g  R . Suppose P i s  p r i m i t i v e ,  s u p p o r t -

Q
in g  a tow er o f  h e ig h t  m , and p i s  th e  m inim al prime power g r e a t e r

0
than m . Then th e r e  i s  a tower o f  h e ig h t  p - 1  in  U  o v e r  P .

P roof:  Let { < } ■ } . , „  be a tow er o f  h e ig h t  m o v e r  P = Q. .i  i - 1 , 2 , • . .  ,m 1

Map 3 .  -» %( by sen d in g  P. -♦ Q. . Compose w ith  a mapK A)L 1 1

S em lin s  P 1  t o  P 1  '

We do not know i f  t h i s  r e s u l t  i s  a s p e c i a l  c ir c u m sta n ce  due t o  th e  

a s s o c i a t i v i t y  a n d /o r  c o m m u ta t iv i ty .  C o r o l la r y  2 i s  th e  b e s t  r e s u l t  we 

cou ld  have e x p e c te d ,  s i n c e  any a l g e b r a i c  means o f  p u l l i n g  tow ers  up to  

powers o f  prim es from below would, by d u a l i z i n g ,  make tr u n c a te d  p o l y ­

nom ial Hopf a lg e b r a s  i m p o s s ib l e .  T hese are  w e ll-k n ow n  t o  e x i s t .

Let ZU= { v x2 ’ - - - *x5 : Xi XJ =  ̂ ^  )  Xi + J ’ i+J=1’2 ’3 ’4 ’ 5

x. ----- >  E x .  ® x } be th e  d iv id e d  power graded Z -a lg eb ra  o f  h e ig h t
1 . , . J fti= j+ k

5 o v e r  a p r i m i t i v e  x^ , i n  d eg re e  2 . The tow er {x ^ x ^ .X g jX ^ jX g }

may be ex ten d ed  by x ,x _  + x„x^ -  x„x„ , as may be proved by t e d i o u s ,  but1 5  2 4 o o
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s tr a ig h t f o r w a r d  c a l c u l a t i o n .
5

% i s  th e  q u o t ie n t  o f  J  n o b ta in e d  by s e t t i n g  Z 2  A, L,

iP .  -  K. = 0 . , _ . I t  i s  r e a d i l y  seen  t h a t  th e r e  can be nol  i  i = l ,  . . .  ,5

p r i m i t i v e s  o f  d eg re e  4 ,  6 , 8 , o r  10 , s i n c e  x „ , x „ , x . ,  and x^ are2 3 4 5

a c t u a l l y  module g e n e r a to r s  in  t h e i r  d e g r e e s .  On th e  o t h e r  hand, in

d eg ree  1 2  , th e r e  i s  th e  p r i m i t i v e  a t ta c h e d  t o  t h i s  ex ten ded  tow er

6 (x  x + x„x -  x x ) -  x , x _ =  5x x + 6 x x -  6 x„x„ , but th e r e  can1 5  2 4 d o  1 5  1 5  2 4  3 3

5be no p r i m i t i v e  in  J  in  th e  c o r resp o n d in g  d e g r e e ,  a s  we have/j A j  L

ob serv ed  above.



CHAPTER VII

OBSTRUCTIONS TO COMMUTATIVITY AND ASSOCIATIVITY

Let V  be a Hopf a lg e b r a  s a t i s f y i n g  th e  h y p o th e s e s  o f  B o r e l ' s

theorem (Chapter I ) .  We s h a l l  measure th e  d e v i a t i o n  o f  th e  a lg eb ra

s t r u c t u r e  o f  U  from co m m u ta tiv ity  and a s s o c i a t i v i t y  by th e  n o n -v a n is h in g

o f  f a m i l i e s  o f  p r i m i t i v e s .  T h is  p r o v id e s  a m e t ic u lo u s  e x t e n s io n

( i n  even  d im e n s io n a l  cocom m utative c o a s s o c i a t i v e  c a s e s )  o f  th e  r e s u l t

t h a t ,  in  Hopf a lg e b r a s  o v e r  f i e l d s  o f  c h a r a c t e r i s t i c  z e r o ,  co m m u ta tiv ity

and a s s o c i a t i v i t y  f o l l o w  from in d e c o m p o s a b i l i ty  o f  p r i m i t i v e s .  (See

M iln or  and Moore [ l  ] ,  Theorem 4.170

In th e  n o t a t i o n  o f  C hapter I ,  we s h a l l  "compute" P B
A , I  B , J

-  PB ,J  PA ,I  and (PA ,I  PB .J )PC.K -  PA , I (PB ,J  PC,K) • Where PA ,I  '

P and P are e le m e n ts  o f  th e  b a s i s  f o r  U  p ro v id ed  by B o r e l ' s  By U CyK

theorem . We s h a l l  i d e n t i f y  c e r t a i n  e lem en ts  as  p r i m i t i v e s  in  th e  d i s ­

c u s s io n  b e lo w , and we s h a l l  r e q u ir e  t h a t  th e y  su pp ort  i n f i n i t e  to w e r s .

T h is  can be e n su r e d  in  th e  f o l lo w in g  way: I f

P = Z C P € P (*0  ,
V€(7 Y Y’

l e t

P = 2  C1,1 Cl 2  . . .  Cl k ( . . . ( P ^  . P̂  . ) . . . P  . ) .
n Y1 <Y2 < . . .<Yk 1 Ys Yk y2»12 Yk»ik

i ^ + i g + • • . + i k=n

Then [P } . i s  an i n f i n i t e  tow er o v e r  P, = P .L n Jn€Z 1

L et us o r d e r  Z+ X Z+ by ( x ,y )  < 0 c / , y / ) i f  x+y £ x '+ y  ' and

x < x 7 i f  x+y = x ' + y '  . L et a  and p (  A . Suppose th a t  th e r e
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a re  p r i m i t i v e s  p (P  ,P  ) d e f in e d  f o r  ( 0 ,0 )  ^ ( g ,h )  <  ( i , j )
P> n

s a t i s f y i n g :

p (P a , g ' P B,h>
oo k n

£  . P P E Z n ( - 1 ) rp (p
(0 , 0 ) <(g0 ,h Q) < ( g ,h )  “ ’ g 0  ’ 0  k= l Zgrn r= g -g 0  r = l  a , g r

r
Zh n =h-h  r r  0r

( g i , h j )  < . . .  < (g k , h k) ( y I I

+ (P P„ -  P ,  u P ) .a , g  P,h g ,h  ot,g

( a l l  m u l t i p l i c a t i o n s  are c a r r i e d  out from l e f t  t o  r i g h t . )

In p a r t i c u l a r ,  p t f ^ . P ^ )  = P ^  P ̂  -  P g ̂  P ^  and

0 = P ^ a . O ^ p . l ^  = P ^ a . l ’ ^ .O *  = p (P ck’, 0 , P p ,0 ) *

We d e f i n e  p (P  . ,P .) by ( V I I . 1) and show th a t  i t  i s  p r i m i t i v e ,  by 
1 P) J

th e  e q u iv a le n t  com putation

r co k
(I-Tie) °Aj Z P . P Z Z tt

( 0 , 0 ) ^ ( i 0 , j Q) < ( i , j )  a , 1 0  P, J 0  k= l Z irn r= i - i Q r = l
r

^ r n r= J - j 0r
( i i , J i >  <• • • < ( i k , j k)

n ^

P»Jr >nr }
( - 1 )  r p (P  . , P D . )

r H,Jr  rJ ( V I I . 2)

= (I-Tle)®2 °A { p R . P . -  P . P B . }  •I P ,j or, i  a ,  i  P, jJ

Apply A to  P P„ . tt 
OM0  P,J0

= P . P .  . p (P  . , P Q . ) . . .  p (P  . , P D . )
a > 1 0  P , J 0  a,1]L P, Jl  n! a , l k  P,Jk ° k

(B ecau se  M i s  not n e c e s s a r i l y  a s s o c i a t i v e ,  t h i s  d o es  n o t  d e f i n e  tt , 

but o n ly  th e  a b b r e v ia t io n  P P .  . tt , as  m u l t i p l i c a t i o n  i s  c a r r i e d
a , i Q P>J0

o u t  from th e  l e f t . )
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The image i s  spanned by t e n s o r s  o f  th e  f o l lo w in g  t y p e s .

i )  P . P .  . tt ® 1 and 1 ® P P . tt , which v a n ish  upon th e
jiQ P>J0  Q?»1o ^ ’ J 0

a p p l i c a t i o n  o f  (I-T]e) ® 2  .

i i )  P . / P D . / ® P . // P Q .// p (P  . , P Q . ) . . . p ( P  . , P D . )
“ • * 0  P ’ J 0  “ > * 0  P , J 0  “ ’ l l  B’ J 1  " l  " ' l k e ’Jk '"k

w lth  * 0  o r  J0'  *  0  ' d e n ° t e l 1  pa , i 0' ® Pa, i ' 0 p (S,j” "  ■

and a n a lo g o u s ly ,  P . / P_ . /  t t®  P .// P„ .// w ith  i"  o r  j *  4= 0 , 
a > 1 0  ^ O  a ’ 1 0  P , J 0  0

where in  each  c a s e  i j  + i*  = i Q and + j"  = j  . These are

f i x e d  under (I-T |e ) ® 2  .

i i i )  P . / P Q . / p (P  . , P n ) /
a>1o p’Jo a , 1 i  &’ J 1  ni

. . . p ( P  . , P Q . ) / ® P^ .// P Q .// p( P . , P D . ) / / . . . p ( P  . , P Q . ) //
“ ’ •k e ’ Jk "k 0  f ' J o  “ ' * 1  ^ 1  ” l  “ - ‘ k e ’Jk ”k

. i l l ,  i 0  + i ” =, i 0  , J0- -  = J0  . <  + ■>;= n t  f o r

t  € { l , 2 , . . .  , k } , n^ + 0  and n^ 4= 0  f o r  some r and s € { l , 2 , . . . , k }

We a b b r e v ia t e  by P . / P .  . / ® P .// P .  .// Tt" . These are f i x e d
a ^ o  3 .J 0  <*,i0  P.J0

under (I-T]e ) ® 2  .

With P P .  . tt a s  above, we d e f i n e  # ( tt) t o  be
a , 1 o P,Jo k k

n..+n + . . . + i r  , w (tt) t o  be £  i  n , and ujq(tt) t o  be E j .  n .i. a k a  s  s  p , - « t ts = l  r t = l

As a d i r e c t  co n seq u en ce  o f  th e  d e f i n i t i o n s  o f  p (P  , P a ) ,  ( g ,h )  <  ( i ,  j )a , g  p,h

and m a n ip u la t io n  o f  i n d i c e s ,

(I-T |e)®2 °A 2 E ( - l ) #(TT)p . p tt
( 0 , 0 )  < ( i 0 , J 0 ) < ( i ,  j )  0)a (TT)=i-i0  a , 1 0 P,J0

u)p(Tr)=j-j0



are  p r i m i t i v e s  p(P ,P ) d e f in e d  fo r  ( 0 ,0 )  s  ( g ,h )  < ( i , j )
-> t g c, h

s a t i s f  >’ing:

P(P ,P . )Q,g r,h
<= k n

Z P P  Z Z tt ( - 1 ) rp (p
(0 , 0 ) (g ,h ) ( g , h )  a , g 0  p’ 0  k= l Sgrn r= g -g 0  a ’e r

r
Zh n =h-h_, r r 0r

(g i > h i ) • .  ''(gic t hk) (VII

+ (P P -  P u P ) .^,B r ,h  r , h or,g

( a l l  it l i t  i p l  i ea t  inns are c a r r ie d  out from l e f t  t o  r i g h t . )

In p a i t i c u l a r ,  p(P.  , , P -  ) = P P.  . -  P .  P . and-*» 1 i ^  C»  ̂ Ci J-

0  -  = p (p * , 0 ' p s , 0 ) •

We d e f i n e  p(P ,P ) bv ( V I I . 1) and show th a t  i t  i s  p r i m i t i v e ,  by 

th e  eq l i v a l e n t  com putation

ry 00 k
(I-Tje) V P . P ,  . Z Z tt

L( 0 , 0 ) ( i 0 , J0 ) - ( i , j )  J ’ l 0 = , J 0  k= l Z irnr= i - i 0  r = l
r

^ r nr= J " j 0r
d l  , j l ) < . - . < ( i t »jk)

n
( - D  r P (p ,p ) j_

7 , ' r  *' J r n rJ ( V I I . 2)

'■‘2  ' ^
■■ { ! - '  c) - L i P P -  P P h •

I- ‘ .J j , l  d , l  P,J J

A.iply 0 to  P P
J , 1 0 = , J 0

= P P p(P . ,P . ) . . .  p (P  . , P Q . )
" t Jq P»Ji 3>Jk ^k

(B ecause V  i s  not n e c e s s a r i l y  a s s o c i a t i v e ,  t h i s  d o es  n o t  d e f i n e  tt ,

but on .y th e  a b b r e v ia t io n  P P n , a s  m u l t i p l i c a t i o n  i s  c a r r ie d
a, i f ,  p»J0

out  fr>m the  l e f t . )



= 0  (a d d in g  t e n s o r s  o f  ty p e  i ) ) .

+ £  {P .» P„ .« ■ P . // P .//)
i /+ i" = i  01,1 0 , 1  ^,J  a ’ 1-
j  '+j "=3 
i  'j  '40 
1  J  40

+ - ( P  . /PQ . , ~ P B . / P . ,) ® P .// P D
a , i  P , j  P , J  a , i  o , i  p f J

(add ing  t e n s o r s  o f  typ e  i i ) )

+ E -  (P . / P Q . / -  P . P . /) ® - ( P  .// P Q .// -  P n .// P
i ' + i " = i  a,:L P»J a,:L a,;L P,J a ’

'  '  l>  -  ‘

(add ing  t e n s o r s  o f  ty p e  i i i ) ) .1 J w
. i i  ,  a  , ̂  i  j  40

£  -  (P . / P_ . / ® P .// P Q .//) + ( p .  . / p . / ® P .  .» P
i ' + i " = i  a,;i 0 , 1  Q'’ 1 g ,J  a > 1. / . // .
J  / J ,  = J  
i  j  40 
i  J  40

which i s  c l e a r l y  eq u a l  t o  (I-71e) A(P„ . P . -  P . P„ .) . T h is
P , j  0 , 1  0 , 1  g , j

co m p le te s  th e  argument f o r  ( V I I . 2 ) .  (See th e  com putation  on page 9 

f o r  th e  c a s e  i = l , j  a r b i t r a r y . )

We have u n n e c e s s a r i l y  r e s t r i c t e d  o u r s e l v e s  in  th e  p r e c e d in g  compu­

t a t i o n s  f o r  such  c l a r i t y  as t h i s  r e s t r i c t i o n  a f f o r d s .  Let u s  c o n s id e r  

now

(P^ . . . . P  . ) ( P n . . . . P o . ) -  (P . . . . p  . ) ( p  . . . . P  . )
1 ,:L1  Qk ’ 1k ^ . , J 1  ^1 ’ ^ 1  &l’ 3l  al ,:il  ‘V ^ 'k

= P _ P„ „ -  P P . In th e  i n t e r e s t i n g  c a s e s ,  o f  c o u r s e ,
A ,I  B ,J  B ,J  A ,I

0^ <  o>2 < . . .  < 0^ and ^  < • • • < • (W ithin  p a r e n t h e s e s ,

+ X (k[ /.)m u l t i p l i c a t i o n  p ro ce ed s  from th e  l e f t . )  We o r d e r  (Z ) by th e

o b v io u s  an a logu e  o f  th e  o r d e r in g  on Z+ X Z+ d e s c r ib e d  ab ove .  We may 

th e n  i n d u c t i v e l y  d e f i n e



The p r o o f  t h a t  p (P .  , )  i s  p r i m i t i v e  i s  e x a c t l y  p a r a l l e l  t o  th eA ,I  B,J

p r o o f  th a t  p (P  . ,P  .) i s  p r i m i t i v e .
' i * 1  P j J

Oddly enough, th e  scheme above i s  g e n e r a l  enough t o  encompass th e  

d i f f e r e n c e s  r e l a t e d  t o  la c k  o f  a s s o c i a t i v i t y  as  w e l l .  For we may d e f i n e

p ( P A , I ’ P B ,

oo k

2  PA I PB J PC K E 2  17
(0 , 0 , 0 ) ^  ( I Q, Jg,K0 ) < ( I ,  J ,K) ’ 0 ’ 0 » 0 k = l  Z I r nr= I - I 0  r = l

Z J  H ~ J “J  r r 0
Z Krnr=K-K0

(_i)Ilr p(P ,p  ,P ) n

r  r  r  r  ( V I I . 4)

+ (PA , I  PB ,J  * PC,K " PA ,I  (PB ,J  PC,K J '

The p r o o f  t h a t  p (P .  t >Pt, tjP,-, v ) i s  p r i m i t i v e  i s  e x a c t l y  as  above.
A  j  1  d  j  J  A

The in d u c t io n  s t a r t s  w ith  (P P , )P „  -  P .OP . P., , )  > which  i s
& 9  ^  PJ i 9 Q fji. p> 1  Y  t  -*■

c l e a r l y  p r i m i t i v e .

We have c o n c e n t r a te d  on d e f i n i n g  p r i m i t i v e s  in  ( V I I . 3) and ( V I I . 4 ) ,  

but by an o b v io u s  i n v e r s i o n ,  t h e s e  e q u a t io n s  e x h i b i t ( P  P T -  PD TP T)
A j  X 13 y tJ O y  J  f t  J J.

and (P. _ PD T)P „  „  -  P, T(pn T as e le m e n ts  in  th e  i d e a l
A y  1  D y  J  V y  A  ** j  1  D y  J  V y  A

g e n e r a te d  by to w e r s  o v e r  t h e s e  p r i m i t i v e s .  An e a s y  in d u c t io n  argument
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w i l l  show now t h a t ,  i f  th e  p r i m i t i v e s  o f  U  are ind ecom p osab le ,  t h e s e  

d i f f e r e n c e s  are z e r o .  I t  f o l l o w s  im m edia te ly  th a t  U  i s  com mutative  

and a s s o c i a t i v e .  We s h a l l  a d d r ess  o u r s e l v e s  t o  th e  c o n v e r s e  i n  th e  

n ex t  c h a p te r .



I

CHAPTER V III

A STANDARD ALGEBRA PRESENTATION FOR HOPF ALGEBRAS 

WITH POLYNOMIAL DUAL COALGEBRA STRUCTURE

Let W be an a s s o c i a t i v e  Hopf a lg e b r a  s a t i s f y i n g  th e  h y p o th e se s  

o f  B o r e l ' s  th eorem . We may d e s c r ib e  th e  a lg e b r a  s t r u c t u r e  o f  V  as  

f o l l o w s  i f  th e  ground r in g  has c h a r a c t e r i s t i c  zero ;  5V a lg ^ijra

{ Pa , i ’Kp >j ,P<PY , k ’P6 , 4 ) m l a ) p, Y<6 € a  i € Z  + : Pa , 0  =
j , k , £ , m €  Z - { 0 }

iP  . -  K . =  E CV . P  . V a  € a ,  V i  € Z+- { 0 }  .
0 , 1  a,:L “ ,:L v ’

•><pv , k ' p 6 ,t >i= PV ,1  ¥ ' ' < 6  6 <7 - v k ’4  s  z+' f ° ’V yX/

Vs / r \  i r
^  = .<v ^ ( w * )

1 2  s  ( V I I I . 1)
=ms

V Y <  S € <7, v  k , t , m € Z + - { o }

l  + i „ + . . . + i  =m 
1 a s

p  p

V 1!

K R i  = E  P fi k (^ P R Jt ~  K fl * ?  V P €  a  + r ,  KB 1 = 0  V P €  aP’J k+£=j P ,k  ^  V’1  V j  € Z - { 0 , 1 }  P ’

P(PY’k ’P6"t') l  ( 0 , 0 ) ^ ( k p ^ 0 )<(k,-t) Y,k0 6 Z 0

2 2  "  ( - 1 )  r  P ( P Y  k  ’ P U  > n
s = l  E k  n  = k - k  r = l  * ’ r  ^ r  rr  r  0

S t ^ r ^ ^ O
r

V Y< 8 6 a  \  ,+ P  P . . - P . . P .  * f /Z -T o r s io n
Y»k 6,4» b,Kt Y»k y  k,<{, € Z - { o }

6 1



I f  ft" i s  com m utative , as  w e l l  as  a s s o c i a t i v e ,  th e  " s t r u c tu r e  c o n s ta n ts "

CV . c . are  c l e a r l y  z e r o ,  and we may s i m p l i f y  to ;  ft' —
Y f  K)  o  & 1 ^ 6 D r d

R[ { Pa r , i ’K0 , j  ta, 0  € d  } j  /  
i  > J € Z+- { 0 }  

{ iP  . -  K . = E CV . P . V a  € Cl, V i  € Z+- { o }  ,
(  ot,x Qf.x ot, i  v , l  L J

KQ = 0  V 0 € <7 , and V 0 € V j  € Z -{<>} 
P >1

( V I I I . 2)

KP'J ” / z - T o r s lo n -

B efo re  v e r i f y i n g  ( V I I I . 1 ) ,  l e t  u s  show t h a t  i f  ft' i s  com m utative  

and a s s o c i a t i v e ,  and s a t i s f i e s  th e  h yp oth eses  o f  B o r e l ' s  theorem , th e  

p r i m i t i v e s  o f  ft" are indecom posable  i n  th e  c h a r a c t e r i s t i c  z e r o  c a s e s .

P ro o f:  Suppose P = E C. P.. i s  a decom posable p r i m i t i v e  o f  U  .
■ipi " 1 A. A., 1

U sin g  th e  b a s i s  p ro v id ed  by B o r e l ’ s theorem , t h i s  c l e a r l y  means

0 = E C, P. ,  -  E C P _ P. _ . . .  P. TX X, 1 J A. , 1 .  A . , I .  A . , I .
J i  J i  Jz J z  J k  J k

where C„ = 0 i f  fe w er  th a n  two I . ' s  are  n o n -z e r o .  J J

By ( V I I I . 2 ) ,  t h e r e  i s  an i n t e g e r  n such  th a t



in  th e  p o lyn om ia l  a lg eb ra  g e n e r a te d  by th e  K 's  and P ’ s , where the;
^ ■

R' s ,  S ' s ,  and T ' s  are  e le m e n ts  o f  t h a t  p o ly n o m ia l  a lg e b r a .

I f  i  4= 1 , c l e a r l y  R . = 0 , as R . i s  th e  c o e f f i c i e n t  o fa , i  a , i

P on th e  r ig h t  hand s i d e ,  and z e r o  i s  on th e  l e f t .  I t  f o l l o w s  a,  i

im m edia te ly  th a t  C. = 0 V X € d  , as th e  c o e f f i c i e n t  o f  P.. on th eA. A., 1

l e f t  hand s i d e  i s  C. , and on th e  r ig h t  hand s i d e  i s  z e r o ,  i n  th e
A.

ab sen ce  o f  R 's  .

We re tu r n  now t o  th e  p roof o f  ( V I I I . 1 ) .  We w r i t e  R = S i f

R -  S b e lo n g s  to  th e  tw o - s id e d  i d e a l  i n  U  =

IP  . Kq .,p (P^( . , P R . )  f 0 A r  s, g e n e r a te d  by th e  r e l a t i o n sL 0 , 1  p , j  y , k  6 ,-t mJ Qf,g,Y< 6  6  G
i , j , k , £ , m  € Z - { 0 }

o f  ( V I I I . 1 ) .  We s h a l l  be c a r e l e s s  about in d e x in g  summation and product

s i g n s ,  but one can r e f e r  t o  ( V I I I . 1)  f o r  i n s t r u c t i o n s .  We u se  th e  term

" b a s i s  e lem ent"  t o  d e s c r ib e  t h o s e  e le m e n ts  i n  d e p i c t i n g  c a n o n ic a l

b a s i s  e le m e n ts  i n  U  .

C o n s id er  P K , P . 6  M , where y<& € d  . T h is  i s  n o t  a b a s i s  
6 ,-L Y»k

e le m e n t .  L et u s  attem pt t o  w r i t e  i t  a s  a l i n e a r  co m b in a tio n  o f  b a s i s  

e le m e n ts ,  up t o  th e  con gru en ce ,  = . By ( V I I . 1 ) ,  th e  p r i m i t i v i t y  o f  

p ( , ) , and th e  c a n o n ic a l  method o f  c o n s t r u c t i n g  to w ers  i n  V  d es ­

c r ib e d  in  Chapter V II ,  w e would compute a s  f o l l o w s  i f  we were i n  % .

S in ce  we are  in  %l , we must w r i t e  = r a t h e r  th an  = .

P 6 ,«C, PY,k  = PY,k P 6 , t  + ^ 6 , 4  PY, k “ PY,k  P 6 , ^

" PY ,k  P6 ,4  “ p(PY ,k ,P 5 , t ) +

2  PV’ko p 6 ’^o  2  "  '  P(Pv> V ^ r ^ r  ( V I I I *3)



How f a r  have we su cceed ed ?  P . P . .  and P , are  b a s i s  e le m e n t s .Y ,k v , l

The o t h e r  summands may in v o l v e  p ro d u c ts  o f  tow er e le m e n ts  w hich  are

"out o f  order" -  e . g . ,  i t  might be th a t  , v ,  <  v f o r  some a l lo w a b ler + 1  1  r  s

c h o ic e  o f  N = {  v <  . . .  < v }  and -,N = {  , v ,  < . . .  < . v  / }  £  (? .r Ir  1 r  sj r+ 1  l r + 1  1 r+ 1  s J

However, i t  i s  e a s i l y  s e e n  th a t  th e  h e ig h t  o f  such  a p a ir  o f  to w er

e le m e n ts  i s  l e s s  th an  k+£ . We m erely  o b serv e  t h a t  ( i )  k =

k .  + 2  n k and i  = E i  + E n i  , w i t h  k and K> s t r i c t l yO r r  O r r  r rr

p o s i t i v e ,  and ( i i )  th e  sum o f  th e  h e i g h t s  o f  th e  f a c t o r s  o f  th e  summands

o f  ( V I I I . 2) we are con cern ed  w i th  i s  k .  + L  + E n <  k+£ . An in d u c t io n
0  0  rr

p ro ced u re  i s  now a v a i l a b l e  f o r  th e  f o l lo w in g :

Theorem 1 . Let { p .  T 0   ̂ be b a s i s  e le m e n ts  o f  JV . Then
— — — —  A .  > I  . J  —J . , ^ ,  • • .  ,  t

J  J

PA I PA I *•* PA I S E CB T PR i P R i ‘ ‘ P fl i *A f . l f  a 2 . 1 2  s  s  Px =%=£... s=pk ’ P1 ’ J 1  2  2  “k , J k

Furtherm ore ,  th e  sum o f  th e  h e i g h t s  on th e  l e f t  i s  g r e a t e r  th an  th e  

sum o f  th e  h e i g h t s  i n  any n o n -zer o  summand on th e  r i g h t ,  u n l e s s  

{p 1 , p 2 , . . . , p k } = Ax u A2  u . . .  U Ag , i n  w hich  c a s e  th e y  are  e q u a l .

N.B. We do n o t  have b a s i s  e le m e n ts  on th e  r i g h t ,  b eca u se  th e  i n e q u a l i ­

t i e s  r e l a t i n g  P 's  are  n o t  s t r i c t .

P r o o f : We in d u c t  on th e  maximal sum o f  th e  h e i g h t s  o f  two a d ja c e n t ,

out o f  o r d e r ,  tow er e le m e n t s .  The in d u c t io n  b e g in s  w i t h  th e  s p e c i a l



We r e f e r  t o  ( V I I I . 3 )  and t h e  d i s c u s s i o n  f o l l o w i n g  t o  co m p lete  th e  argu­

ment. We may co n cern  o u r s e l v e s  w i th  one a d ja c e n t  p a ir  o f  to w er  e le m e n ts  

a t  a t im e b eca u se  th e  con gru en ce  i s  w i t h  r e s p e c t  t o  a tw o - s id e d  i d e a l .

We must now c o n s id e r  computing p ro d u c ts  o f  ty p e  P . P . up t o
P* 1  p>J

con g ru en ce .  N oth in g  o c c u r s  t o  u s .  However, j P Q . P i s  "computable"

We i t e r a t e ,  m u l t i p l y i n g  b oth  s i d e s  o f  th e  congruence  by k t o  reduce

for :

( V I I I . 4)

j+ k=t
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z  c w  c p , t '  p s , i  p t ) , k '  p, , i  pv , i  w l t h  k <  k '  • k ' u '  = k  • "P r t " i -

t i v e s w i l l  p i l e  up on th e  r i g h t  -  some may be P , a s  v o r  jx = (3
P*1

in  th e  above fo rm u la s  i s  a l lo w e d  i n  th e  f i l t e r e d  (b u t n o t  graded) c a s e .

L et  u s  reexam ine our p ro ced u re  when j  = 1 . S in c e  K„ = 0 ,
P»1

th e  procedu re  i s  v a cu o u s .  However,

P p , i  P p , i  = p p , i (PM  “ KM } + P P , i (Kp , i  _ 0)

= { P p , i (p p , i  " Kp , i ) + k + e ^ 1 + 1  P p ,k (>EPp,^  “ “ Kp , J

k + i

+ ( Kp , i + 1  " ( l + 1 ) P p , i + l )  + ( l + 1 ) P p , i + l

k ^ = i +i  
k * i

£  c" P u , P , 
k*l=i+l W  D.k v , l

k+i

= -  2  , P . + ( i + l ) P Q . .
3 , i + l  v , l  3 , i + l

-  T  P  P

k + t i i + i  w  p .*  ^  *

k * i

Combining ( V I I I . 4) and ( V I I I . 5 ) ,  we f in d :

Theorem 2 .  .j’ P n . P,, . = a  l i n e a r  co m b in a tio n  o f  b a s i s  e le m e n ts
----------------  P»i P,J

+ E C P q P , P . . . .  P , .r>N p,H S,r v1 , l  v2 , l  vs , l
s + r = i+ j

v i+ 3

We are  now i n  a  p o s i t i o n  t o  a p p ly  Theorem 1 t o  th e  r i g h t  hand

s i d e .  I t  i s  c l e a r  from th e  s ta te m e n t  o f  Theorem 1 t h a t  we cannot

( V I I I . 5)



67

en c o u n te r  any a d ja c e n t  f a c t o r s  in  a summand o f  th e  r i g h t  hand s i d e  w hich  

come from th e  same tow er and th e  sum o f  whose h e i g h t s  i s  g r e a t e r  than  o r  

eq u a l  t o  i + j  .

S u c c e s s i v e  a p p l i c a t io n s  o f  Theorem 1 and Theorem 2 l e a v e  us w i th

in  ( c l e a r l y  e v e r y  r e l a t i o n  in  "H can be w r i t t e n  t h i s  w ay). Choose

N € Z la r g e  enough t o  apply Theorem 3 t o  ea ch  n o n -z e r o  summand o f  th e  

r e l a t i o n  m u l t i p l i e d  by N . Theorem 3 im p l ie s  th a t  NR i s  a l i n e a r  

co m b in a tio n  o f  e le m e n ts  in  th e  i d e a l  g e n e r a te d  by r e l a t i o n s  o f  ( V I I I . 1) 

+ a l i n e a r  co m b in a tio n  o f  b a s i s  e le m e n t s .  The l a t t e r  must be t r i v i a l .  

S in c e  i s  Z - t o r s io n  f r e e ,  th e  p r e s e n t a t i o n  ( V I I I . 1) f o l l o w s .

Theorem 3. t be b a s i s  e le m e n ts  o f  %C . There

i s  an i n t e g e r  nn such  th a t

Z C
'b ,J  P p1 , j 1 • • •  P pk , j k •

Suppose now t h a t  R = Z C PJ A
j i  j i

p = 0  i s  a r e l a t i o n



CHAPTER IX

SOME UNIVERSAL CONSTRUCTIONS

§0. I n t r o d u c t i o n .

In  t h i s  s e c t i o n ,  a l l  m odules , a lg e b r a s ,  c o a lg e b r a s ,  and Hopf 

a lg e b r a s  are  f i l t e r e d  o r  graded by th e  p o s i t i v e  i n t e g e r s ,  and co n ­

n e c t e d  (a  module i s  c o n n e c te d  i f  i t s  0  f i l t r a n d  o r  submodule o f  

d eg ree  0 i s  0 ) .  The symbol I w i l l  be u sed  throughout f o r  

i d e n t i t y  maps. The ground r in g  R i s  com mutative w ith  u n i t .

We s h a l l ,  f o r  each  a lg e b r a  A , c o n s t r u c t  Hopf a lg e b r a s  T(A) 

and S(A) w ith  th e  f o l l o w i n g  p r o p e r t i e s :

( i )  T(A) i s  a c o a s s o c i a t i v e  Hopf a lg e b r a ,  a s s o c i a t i v e  i f  A 

i s ,  commutative i f  A i s .

S(A) i s  a c o a s s o c i a t i v e ,  cocom m utative Hopf a lg e b r a ,  

a s s o c i a t i v e  i f  A i s ,  commutative i f  A i s .

( i i )  T(A) i s  p ro v id e d  w i t h  an a lg e b r a  map i n t o  A ,p:T(A) -» A ,

w i th  th e  f o l l o w i n g  p r o p e r ty :  i f  F:H ■> A i s  an a lg e b r a

map, H i s  a c o a s s o c i a t i v e  Hopf a lg e b r a ,  th en  th e r e  i s  a
ale j|g

unique Hopf a lg e b r a  map f  :H -» T(A) such t h a t  p f  = f  .

S(A) i s  p ro v id e d  w i t h  an a lg e b r a  map in t o  A ,p:S(A ) -» A ,

w i th  th e  f o l l o w i n g  p r o p e r ty :  i f  f:H  -♦ A i s  an a lg e b r a  map,

H i s  a c o a s s o c i a t i v e ,  cocom m utative Hopf a lg e b r a ,  th en  th e r e
♦ * 

i s  a unique Hopf a lg e b r a  map f  :H -+ S(A) such t h a t  p f  = f  .

( i i i )  T i s  a fu n c to r  from th e  c a te g o r y  o f  a lg e b r a s  to  th e  c a t e g o r y

o f  c o a s s o c i a t i v e  Hopf a lg e b r a s ,  p i s  a n a tu r a l  t r a n s fo r m a t io n  

from UT t o  th e  I d e n t i t y ,  where U i s  th e  f o r g e t f u l  fu n c to r

6 8
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from c o a s s o c i a t i v e  Hopf a lg e b r a s  t o  a lg e b r a s .

S i s  a fu n c t o r  from th e  c a te g o r y  o f  a lg e b r a s  t o  th e  c a t e g o r y  

o f  c o a s s o c i a t i v e  cocom m utative Hopf a lg e b r a s ,  p i s  a n a tu r a l  

tr a n s fo r m a t io n  from US t o  th e  I d e n t i t y ,  where U i s  th e  

f o r g e t f u l  f u n c t o r  from th e  c a te g o r y  0 1  c o a s s o c i a t i v e  cocommuta­

t i v e  Hopf a lg e b r a s  t o  th e  c a t e g o r y  o f  a lg e b r a s .  ( i . e .  T and 

S are  a d j o i n t s  t o  a p p r o p r ia te  f o r g e t f u l  f u n c t o r s . )

In  s l i g h t l y  weaker form , t h e s e  c o n s t r u c t i o n s  may be found in  Moore 

[ 9 ] .  The v e r s io n  we g i v e  c l o s e l y  f o l l o w s ,  e x c e p t  i n  S e c t io n  4 ,  th e

d i r e c t i o n s  o f  H usem oller  |10], (which o m its  p r o o f s ) .  H usem oller  p ro m ises

d e t a i l s  in  H usem oller  and Moore [11]. As t h i s  i s  u n a v a i l a b le ,  and we must 

p ro v id e  th e  groundwork f o r  com p u ta t io n a l  u se  o f  th e  c o n s t r u c t i o n ,  we 

p ro ceed .

1. An in t e r m e d ia r y .

L et  N be an R-m odule, n o t  n e c e s s a r i l y  co n n ec ted .  T(N) i s  th en

R-module N ® N ® N . .  . ® N ( n  f a c t o r s ,  <8 > means t e n s o r  p ro d u ct  o v e r  R )

We adopt th e  c o n v e n t io n s  t h a t  Tq (n) i s  R and T^(N) i s  N . T(N)

i s  2 T (N) . T. i s  s a i d  t o  be th e  i  component o f  T , and 
nSQ n X

z^rT^M) T(M) i s  th e  s t r u c t u r e  map.

Suppose M i s  a c o n n e c te d  R module. I t  i s  c l e a r  t h a t

T(M) -2 * -  -> tt T (M) < ——  £  T (M) i s  an isom orphism in  f i l t r a n d s
k^n^o n k^n^o n

o r  d e g r e e s  ^ k , where p i s  g iv e n  by component maps 6 . . :T. (M) ■+ T. (M)
k i j  i  J

& nand th e  i n v e r s e  i s  g iv e n  by 2  T (M) ---------> T(M) . (We s h a l l  be
k^nso n

i r r i t a t i n g l y  p r e c i s e  when u s in g  p rod uct and sum c o n s t r u c t i o n s ,  as i t  i s  

th e  d i f f e r e n c e  betw een  t h e s e  which  makes th e  c o a lg e b r a  c o n s t r u c t i o n
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below  im p o s s ib le  in  th e  ungraded, u n f i l t e r e d  s i t u a t i o n s . )

We w ish  t o  make T(M) a c o a lg e b r a .  1 € R i s  t o  be a g r o u p - l i k e

e le m e n t ,  i . e . ,  1 —— > 1 ® 1 . Let us suppose A:T(M) -♦ T(M) ® T(M)

i s  d e f in e d  f o r  f i l t r a n d s  o r  d e g r e e s  l e s s  than  k . A ...» i s  d e f in e d'T(M)k

to  be th e  f o l l o w i n g  co m p o s it io n :

T(M) ( tt T (M)) < - 2 _  ( E T (M)).
k Sn so kSn>0

ZI>n > ( E tt T . (M) ® T . (M)) <-a«- ( E E T . ( M ) ® T . ( M ) )
kSnSO i+ j= n  1 J k^nSO i+ j= n  1 ^

- £ * - >  ( E T. (M) ® E T . (M)) (T(M) ®T ( M) )  ,
k> i>o 1 k S j 2 0  J

where D i s  d e f in e d  v ia  th e  n a tu r a l  isom orphism s D :T. . -» T <8 > T . ,n i , j  i +j i  j

and E by v i r t u e  o f  th e  n a tu r a l  co m m u ta tiv ity  o f  sums and t e n s o r
K

p r o d u c t s .  In th e  graded c a s e ,  we are d o n e .  In th e  f i l t e r e d  c a s e ,  we

must check  f o r  coh eren ce  o f  d e f i n i t i o n s ,  but t h i s  i s  a t r i v i a l  m a t te r .

L et  m ^ a seq u en ce  o f  e lem en ts  o f  M . L et

us i d e n t i f y  m, ® m„ ® . . .  ® m, w ith  i t s  image under t,  :T, -» T . As 
1 2  k k k

can be r e a d i l y  see n  from th e  d e f i n i t i o n  above,

A:m^ ® m2  ® . . .  ® ir  ̂ -» (m  ̂ ® m2  ® . . .  ® mk> ® ( 1 )

+ (m  ̂ ® m2  ® . . .  ® i»k _1) ® (mk) +

+ (m  ̂ ® . . .  ® n O  ® (mi + 1  ® . . .  ® n^) + . . .

+ ( 1 ) ® (m  ̂ ® . . .  ® mk > ,

which we a b b r e v ia te  

k
E (m, ® . . .  ® m. )  ® (m. , ® . . .  ® m, ) .

. _ 1  i  l + l  ki = 0

With t h i s  n o t a t i o n ,  we show th a t  (T(M),A) i s  c o a s s o c i a t i v e :



(I®A) £  (m ,® .. .®m.) ® (m. ,® . . .®m )
. _  1  1  l + l  ki = 0

k  k - 1

= £ (m ® . . .®m.) ®( £  (m. ®. ..®ta. .) ® (m. . , ® . . .®m, ) )
i = 0  j = 0  1 + 1  1+J 1 + J + 1  k

= £ £  (m.®. . . ®m. )  ® (m. ® . . .®m. .) ® (m. . _®. . .®m, ) .
1  l  l + l  i + j  i + j + 1  k

k k - 1
£ £

1 = 0  j = 0

On th e  o th e r  hand,

(A®I)oA:m1 ® . . .  0  -»

k s
£  £  ( m  ® . . . ® m  )  ®  ( i n  ® . . . 3 m  )  ®  ( m  ® . . . ® iil )  .

s = 0  r = 0  r  r + 1  S S+i k

By an e lem en ta ry  change o f  summation v a r i a b l e s ,  t h e s e  are e q u a l .  Two

maps o u t  o f  a d i r e c t  sum are  eq u a l i f  th e y  are eq u a l  on g e n e r a t o r s  o f

com ponents, so  we are done.

A diagram m atic argument f o r  c o a s s o c i a t i v i t y  can be b u i l t  around

th e  f o l l o w i n g  commutative diagrams:

D- • kT--------------  L iilfS ---------------------->  t  ® T
i+ j+ k  i  j+k

D - ki + J  ,k
I ® D

J  , k

B ® I 
1 »J

i + j  k  i  j  k
T ® T --------- — --------------------------- >  T ® T . ® T

L et  £:T(M) -+ R be d e f in e d  by 6  ̂ -* TQ . e i s  s p l i t  by

•* Tq (M) . I t  i s  c l e a r  t h a t  (I®e)oA = (e®I)«A = I:T(M) -» T(M) . 

T h is  co m p le te s  th e  argument t h a t  (T (M ),A ,e) i s  a  c o a s s o c i a t i v e  c o ­

a lg e b r a .  Warning: The f i l t r a t i o n  o r  g r a d in g  on T(M) i s  t h a t  i n ­

duced by th e  f i l t r a t i o n  o r  g ra d in g  on M . However, th e  com ponents,
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or p a r t i a l  sums o f  com ponents, can be u sed  t o  a r t i f i c i a l l y  grade or

f i l t e r  T(M) , and we s h a l l  f i n d  u se  f o r  t h i s  below .

M = T^(M) i s  p r e c i s e l y  th e  p r i m i t i v e  submodule o f  T (M ), P(T(M)) .

T h is  i s  c l e a r  from th e  f a c t  t h a t  T —5°—> t t  t . ® T i s  a product
n . • i  j

i + J = n

o f  isom orphism s.

§2. The U n iv e r s a l  P ro p er ty  o f  T(M) .

L et  (C ,A ,e )  be a c o a s s o c i a t i v e  c o a lg e b r a ,  and f:C  -» M a map 

o f  m odules . ( Cq i s ,  o f  c o u r s e ,  i n  th e  k e r n e l . )  We s h a l l  show th a t  

th e r e  i s  a unique map o f  c o a l g e b r a s ,  f  :C -» T(M) , such  t h a t  p f  = f  ,

*
aswhere p:T(M) -» M i s  d e f in e d  by 6 *♦ T . We d e f i n e  f

f o l l o w s .  On C , k s  0 , f  i s  th e  c o m p o s i t io n
K

p"1o (  TT (T (f )o A  ) I VC  >  TT T (M)) <  T(M) ,
k n n 'C, k . n kk^n^o k k^n^o

where A i s  (AST „ ( I ) )  o (A<8T 0 ( I ) )  <= . . .  ° A:C -» T (C) , i fn n - 2  n -o  n

n ^ 2 , I  i f  n = 1  , e i f  n = 0 .  Coherence i s  e a s i l y  checked  in

th e  f i l t e r e d  c a s e .

We must show t h a t  th e  f o l l o w i n g  diagram commutes:

A ■> T (M) ® T (M)> T(M)

I t  s u f f i c e s  t o  c h ec k ,  f o r  ea ch  k , n , i  and j  w i th  k s  n = i + j  , 

th e  co m m u ta t iv i ty  o f  th e  l e f t  hand p en ta g o n  below:
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( f® f)  

(CSC)

( Z T (M)<S E T . (M)) <-
kSiSO k k S j20 3

-V *

( E E T .(M )ST.(M ))
k^n^O i+ j= n  1 3

J7 A

T ( f ) ° A  n n

(T . (M)ST . (M) ) ,  
1  J kD. . 3

1 »J

E *

(T (M)),n k

pr\

E tt T .(M )ST.(M ))
k^n^O i+ j= n  1 3

A
Ztt D.

1 > J

TT T (f )« A
C ----------D--------- i*> ( TT T (M))

k , n kkSn^O ' '  T„ (M» kkSn^o

R e c a l l  t h a t  (CSC) = E C S> C o r  U C S > C  m  th e  graded  k r s r sr+s=k r+s=k

or f i l t e r e d  c a s e s .  I f  r < i  , th en  T \ ( f )o A ^  i s  z e r o  on (an

e a s y  con seq u en ce  o f  th e  d ia g o n a l  map f o r  C b e in g  a map o f  graded  or

f i l t e r e d  modules and th e  c o n n e c te d  p r o p e r ty  o f  M ) .  T h e r e f o r e ,  th e

f o l l o w i n g  diagram commutes:

TT T ( f )o  A n n

rr T ( f )o A

( T (M))

> ( t t  T (M)) n rrSn^O
( E T (M)) 

r^nSO

r
Ez,

V

(T(M))
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T h is  e n a b le s  us to  check th e  co m m u ta t iv ity  o f  th e  component diagrams  

o f  th e  p en tagon s above; i . e . ,  th e  r e s t r i c t i o n s  t o  s u i t a b l e  d eg re es  

or f i l t r a n d s  o f  th e  o u te r  diagrams below , f o r  i  + j  = n .

( T . ( f ) o A .) ® ( T  .( f )o A  .)
CSC -> T i (M)<8T . (M) 

A 'A

T ( f )
-> T (M)

The in n er  diagrams commute by g e n e r a l i z e d  c o a s s o c i a t i v i t y  o f  (C,A) 

and th e  n a t u r a l i t y  o f  .

$
F i n a l l y ,  by d e f i n i t i o n  o f  f  ,

TT T ( f ) o  A.
£ T (M) ----- > T(M)

kSn>o n v

>

$
commutes, so  t h a t  f  i s  a map o f  c o a lg e b r a s .

*
Suppose t h a t  g:C -» T(M) i s  a c o a lg e b r a  map such t h a t  pg = f  . f  

and g must agree on CQ and , as b o th  are g iv e n  by th e  augmenta-
5|C

t i o n  and f  . Suppose t h a t  f  and g agree  in  d eg re es  or f i l t r a n d s  

l e s s  than  n . L et  c € ^n ,Ac = c ® l + l ® c + £ c / ® c / . g ( c )  = 

g ( c )  ® 1  + 1 ® g ( c )  + £  g ( c ' )  ® g ( c /7) = g ( c )  ® 1 + 1 ® g ( c )  +

£  f^ C c 7) ® f * ( c / ) , by th e  in d u c t i v e  assum ption . C l e a r ly ,  g ( c )  -  f  (c )
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i s  p r i m i t i v e ,  and c o n s e q u e n t ly  has ze ro  components e x c e p t  in  T^(M)

*
= P(T(M)) . But pg = p f  = f  i s  p r e c i s e l y  th e  c o n d i t io n  t h a t  th e

)|t
1 components a g ree .  So g ( c )  = f  ( c )  N o t i c e ,  we u se  co n n e c te d n e s s

3|e
o f  C in  t h i s  p r o o f  o f  u n iq u e n e s s ,  but n o t  in  th e  d e f i n i t i o n  o f  f

§3. The Hopf A lg eb ra ,  T(A) .

Suppose now t h a t  (A,m,T],e) i s  a co n n ec ted  R a lg e b r a .  Then 

we may reg a rd  A+ = Ker e as a co n n ec ted  R m odule, and c o n s t r u c t  

T(A+) , w hich  we h a r m le s s ly  d e s ig n a t e  T(A) . We show th a t  T(A) can  

be made i n t o  an a lg e b r a ,  com mutative i f  A i s ,  a s s o c i a t i v e  i f  A i s .  

H a p p i ly ,  th e  c o m p a t i b i l i t y  o f  t h i s  a lg e b r a  s t r u c t u r e  w i t h  th e  c o a lg e b r a  

s t r u c t u r e  o f  T(A) , r e q u ir e d  to  make T(A) a Hopf a lg e b r a ,  i s  an im­

m e d ia te  con seq u en ce  o f  th e  d e f i n i t i o n .

C o n sid er  th e  f o l l o w i n g  module map: 

m:T(A) ® T(A) - ^ P .l, >  ( r ® a + )  ® (R^A+) «  A ® A — > A I ~T'S- >  A+ .

S in c e  T(A) i s  a c o a lg e b r a ,  T(A) ® T(A) i s  a c o a lg e b r a  in  th e  

c a n o n ic a l  way, and m can be e x ten d e d  u n iq u e ly  t o  a c o a lg e b r a  map
j|(

m :T(A) ® T(A) -♦ T(A) . z,Q:R -» TQ(A) -» T(A) i s  e a s i l y  s e e n  t o  be a
*

u n i t .  (T(A) , m , A, pQ) i s  th u s  a Hopf a lg e b r a .

Suppose A i s  com m utative . Then th e  f o l l o w i n g  diagram commutes:

T(A)®T(A) .-Pl ^Pl- > A ® A — > A - ~ - € > A+ 

tw

V

T(A)OT(A) A ® A

where tw i s  th e  t w i s t  map, s ig n e d  i n  th e  graded  c a s e .  By th e  u n i ­

v e r s a l  p r o p e r ty  o f  th e  c o n s t r u c t i o n  p:T(A) -» A+ , i t  f o l l o w s  t h a t
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th e  unique l i f t  o f  th e  above diagram commutes, which i s  th e  commutat-
)|c

i v i t y  o f  (T(A),m  ) .
j|c

S i m i l a r l y ,  a s s o c i a t i v i t y  o f  (T(A),m ) f o l l o w s  from th e  commutat­

i v i t y  o f

T (A)8 T (A)CBT (A) ------- > A ® A ® A ■-m8'1 >  A ® A

I®m
V

m

A ® A — 2! >  VA 1 ~Tl - > A+

i f  A i s  a s s o c i a t i v e .

§4. A C om putational View o f  th e  M u l t i p l i c a t i o n  on T(A) .

The u n i v e r s a l  p r o p e r ty  o f  our c o n s t r u c t i o n  has made th e  a lg e b r a  

s t r u c t u r e  e a s y  t o  impose on T(A) , but we need  some co m p u ta t io n a l  

s k i l l .  S p e c i f i c a l l y ,  f o r  our a p p l i c a t i o n s ,  we must be a b le  to  m u l t ip ly  

e le m e n ts  o f  A+ by a r b i t r a r y  e le m e n ts  o f  T(A) . To g i v e  a d e s c r i p t i o n  

o f  th e  p rod uct o f  e l e m e n t s ,  i t  s u f f i c e s  t o  s t a r t  i n s i d e  com ponents, and 

w i t h i n  com ponents ,  t o  s t a r t  w i th  g e n e r a t o r s .  We s h a l l  be happy, th e n ,

 ̂ -f.
t o  compute p ro d u c ts  o f  th e  s o r t  m (a®b) , where a = a^®a2® . . .®a^ € Tk (A ) ,  

b € T^(A+) = A+ . We s h a l l  f e e l  f r e e  t o  r e p r e s e n t  th e  m u l t i p l i c a t i o n

in  A by j u x t a p o s i t i o n .

+ +I f  a € TQ(A ) = R , th e  m u l t i p l i c a t i o n  m (a&b) i s  d e f in e d  by

th e  module s t r u c t u r e  on A .

I f  a € T^(A+) = A+ , th e  0 component o f  m*(a®b) , d e f in e d  by

th e  au gm entation  o f  T(A) ® T(A) , w i l l  be 0 . The 1 component i s

m(a<8>b) = ab . The 2 component i s  T2 (m)°A(a0b) = m ® m c- t w °  A ® A(sOb)

= in ® in 0 tw ( (a ® l  + l®a) ® (b8 >l + l® b))  = a®b + ( - l ) deg a ‘ deg b b®a ,

( d i s p e n s in g  w i th  s i g n  in  th e  f i l t e r e d  c a s e ) .  A l l  h ig h e r  components
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are z e r o ,  as a con seq u en ce  o f  Lemma 4 below . In  s h o r t ,  i f  a and b

are in  A+ , m (a®b) = ( 0 ,  ab, a®b -  b®a, 0 ,  . . . )  .

We g i v e  some rough in fo r m a t io n  in  th e  form o f  lemmas:

Lemma 1: T (A+) £  Ker T ( I - ^ p „ )  A :T(A) -» T (T(A)) . i f  n n+m 0  0  n+m n+m ’

m ^ l  . More s p e c i f i c a l l y ,  A (T (A+) )  i s  spanned by t e n s o r sn+m n

a <8>a ®. . .®a , w i th  a. = 1 , a. = 1 , . . . ,  a. = 1  , f o r  some s u b -i  z n+m iĵ  i s i B

c o l l e c t i o n  o f  a ^ , a2 , .  . . , an+m , w i th  (A+) £  T(A) , E = n .

P r o o f : T hese are g e n e r a l  and e a s i l y  dem onstrab le  f a c t s  about graded

co n n ec ted  c o a lg e b r a s .  S in c e  A:T (A+) -+ Z T (A+) ® T, (A+) , T(A)
n • , J kj+k=n

may be graded  as a c o a lg e b r a  by th e  submodules Tn (A+) , and R 

= Tq (A+) i s  c l e a r l y  a d i r e c t  summand.

Lemma 2 : Tn <A+) £  Ker(T(A) —̂ —> Ti (T(A)) -X-L-^ )) > T± (A)) , i f  i  < n

P r o o f : T h is  i s  a d i r e c t  consequence  o f  th e  f a c t  t h a t

A. :T (A+) £  I  T (A+) ® T  (A+) ® . . .  ® T  (A+) .
i  n cyp Qua1 +o'2+ . .  . + ^ = 1 1  1  ̂ 1

Lemma 3 : I f  a € Tk (A+) , b € T^(A+) , th en  m*(a®b) i s  Q i n

components i  l e s s  than  max(k,-t) .

P r o o f : From th e  d e f i n i t i o n ,  i t  i s  r e a d i l y  s e e n  t h a t

A (T(A)®T(A)) r, tw i (Ai T(A)®Ai T(A))

where

tw. :T.®T. — T„ . - 2 - >  T . ——> T. ° T0  ,i l l  2 i  2 i  i  2  ’

where a  i s  th e  ( s ig n e d )  p erm u ta t io n  o f  f a c t o r s  in d u ced  by 

p2 k - l  k = 1 , 2 , . . . , i
k -♦ i

2 k - 2 i  k = i + l , . . . , 2 i
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j|(
L et  us break th e  d e f i n i t i o n  o f  th e  i  component o f  m (a®b)

i n t o  s t a g e s .

1) A .0A .:  T„(T(A)) -» T0 (T. (T (A )))  .
1 1   ̂ ^ 1

2) tw .:  T_(T. (T (A )))  -» T. (T (T (A )) )  .
1 ^ 1  1 £•

3) T . ( T 2 (p ) :  T .(T 2 (T (A )))  - » T . ( T 2 (A)) .

4) T . (in) : T .(T „ (A ))  -* T .(A )  .i  i  ^ i

5) Ti ( I -T le ) : T± (A) -+T'i (A+) .

S in ce  tw^ i s  n a t u r a l ,  s t a g e s  2 and 3 may be in te r c h a n g e d .  By 

Lemma 2 ,  i f  a®b € T^(A) ® ^ / A )  k or  £  i s  g r e a t e r  than  i  ,

a®b w i l l  go t o  z e ro  a f t e r  a p p ly in g  s t a g e s  1 and 3 in  s u c c e s s i o n .

Lemma 4 : I f  a € T^(A+) , b € T^(A+) , m*(a®b) i s  0 in  components

i  > k+£ .

P ro o f:  By Lemma 1 ,  each  t e n s o r  o f  (tw .o  A ,0A . ) (a®b) has a t  l e a s t  one---------  i l l

f a c t o r  o f  typ e  r^ 0  r 2  r ^ > r 2   ̂ R * A p p ly in g  m , such  a f a c t o r  g o es

t o  r 1 r 2  ^ R > which  p r o j e c t s  t o  0 in  A+ . By m u l t i l i n e a r i t y ,  such

a t e n s o r  g o e s  t o  z e r o  a t  s t a g e  5.

Suppose now th a t  a € T (A+) , b € T. (A+) . By Lemmas 3 and 4 ,K v
*

a l l  n o n - t r i v i a l  components o f  m ( ^ b )  l i e  between max(k,-t) and

k+ t  . In p a r t i c u l a r ,  i f  £  = 1 , we must compute o n ly  th e  k and

k+1 com ponents. We s h a l l  do t h i s ,  and hope t o  l e a v e  th e  im p r e ss io n

t h a t  th e  g e n e r a l  c a s e  i s  more d i f f i c u l t  by n o t a t i o n  o n ly .

Apply to  d®b . Aĵ b i s  c l e a r l y  b®10. . .01

+ 1 0 b 0 1 0 . . .01  + . . .  + 101®. . .® 10b  . We argue now t h a t  we may d is c a r d

most o f  th e  t e n s o r s  o f  A ,a  .k

Suppose one has a  f a c t o r  r 6  R . As a € T (A+) and r 6  T (A+) ,
K  U
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some o th e r  f a c t o r  o f  th e  t e n s o r  w i l l  b e lo n g  to  1 \ ( A +) , j  ^ 2 . S in c e

tw. i s  n a t u r a l ,  ap p ly  T (T (p ) )  b e fo r e  tw . The t e n s o r  w i l l  go t o  
1 ^  K K

0 under t h i s  p r o j e c t i o n .  I t  s u f f i c e s  t o  compute

Tk ( I ^ o po )oAk ^ k  k <1
a®b — - --------— ------— — > (a ®a ® . . .0 ak ) ® 2  1® . .  .<8>l®b®l®. . . 0 1

J=1

— — > 2  ( - 1 ) * •+ ak) P(a 0 1 ) ® (a 0 1 ) ® . . .  ® (a ®b) ® . . .  ® (a, ®1 )
j = l  1  2  j  k

1  (I-T ]s)oT <„)oT (p> k a
---------------------------------------- > 2  ( - 1 ) J+1 k H(a.® a ® . . .® a ,b ® . . .®a ) ,

j = l  1 2  j  k

where a.  and 6  are  th e  d e g r e e s  o f  a . and b . We now have th e  i  i

k com ponent.

For th e  k+ 1  component, b e g in  by a p p ly in g  A, „ ® A, „ t o  a®b .k+ 1  k+ 1

k + 1  l
A , b i s  c l e a r l y  2  1 ® ..  ,® b ® . .  .®1 . We argue a g a in  th a t  we may

R+ j = l

d is c a r d  most o f  th e  t e n s o r s  o f  A, , a . Suppose such  a t e n s o r  has twok+ 1

f a c t o r s  in  T „(A+) . Then, as  a € T, (A+) , some o t h e r  f a c t o r  o f  t h i s  
0  k

t e n s o r  w i l l  b e lo n g  in  T^(A+) , j  ^ 2 . As ab ove ,  we may p r o j e c t  b e fo r e  

t w i s t i n g ,  and such  a t e n s o r  p r o j e c t s  t o  z e r o .

In our co m p u ta t io n ,  we may th u s  r e p la c e  A a by
K

k+ 1
2 a , ® . . ,8 a . 0 1  ®a . 0 . .  .®a, . At S ta g e  3 ,  ( s e e  p r o o f  o f  Lemma 3) we

j = l  1  J - l  J k

k + 1  ( a , + 1 + . . .+Q'k) 3
have 2  ( - 1 ) 3 (a., 0 1 ) 0  . . .  0  ( a .  . 0 1 ) 0  ( 1 0 b) 0  (a .0 1 ) 0 . . .® (a  0 1 )

j = l  1 j - 1  j  k

+ t e n s o r s  w ith  f a c t o r s '  (1®1) . Under T (I-T]e)°T (m)°T (p) , o n ly  th e
K K K

f i r s t  ty p e  o f  summands s u r v i v e ,  t o  g iv e

2  ( - i ) (Q'j+ i  + * - - +Q'k>3 a i 0 a o® . . .® a .  1® b ® a.® .. .® a 1 .
j = l  1  2  j - 1  j  k
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We have com pleted  our co m p u ta t io n .  Summarizing,

* k + m ( ( a  ®a ® . . .®a )®b) = Z -  a ®a ® . . .®a . 1®a.b®. ..®a,L Z K j_  i  1 Z J —1 J K

kt ,1 + a ® . . .®a . ®to®a ,® . . .®a € T, (A+) © T, , (A+ )+ Z -  1 j - 1  j  k k k+1
j - 1

£  T(A) ,

where a . ,b 6  A+ . i

§5. S(M) , A S ub coa lgeb ra  o f  T(M) .

L et be th e  sym m etric group . B u r n s id e ' s  p r e s e n t a t i o n  o f  Z  ̂ i s

2
{ ( i , i + 1 ) , i = l , 2 , . . . , n - 1 : e = ( i , i + l )  , i = l , 2 , . . . , n - 1  .

e = ( ( i , i + 1 ) ( i + 1 , i + 2 ) ) 3  i = l , 2 , . . . , n - 2  ,

2
e = ( ( i , i + l ) k , k + l ) )  i  < k - 2 ,  k = 3 , 4 , . . . , n - l }

(See C o x e te r  and Moser [12])

We d e f i n e  an a c t i o n  o f  Z on T (M) by e x t e n s io n  o fn n J

^ i + 1( i , i + 1 ) ° m.,®n_®. . .® n  = ( - 1 ) m,®. . .®. ,®n. .<&n.®. . .®n ,
1 2  n 1 i - I  i + l  i  n

where i s  th e  d e g r e e  o f  m̂  . In th e  f i l t e r e d  c a s e ,  l e a v e  s i g n s  o u t .

The a c t i o n  i s  w e l l - d e f i n e d ,  a s  r e l a t i o n s  in  th e  p r e s e n t a t i o n  corresp on d  to

^ i + 1  ^ i + l ^ i  ( - 1 ) 1 1 - ( - 1 ) 1 + 1  1  = 1  ,

( - l ) ^ 1+1^ i + 2 - ( - l / iM*+ 2 - ( - l / 1 + l f i i - ( - l ) ^ i+ 1 ^ 1 + 2 - ( - 1 ) ^ 1+ 2- ( - 1 ) ^ 1^ 1 + 1  = 1

( - l / k^k+1 . ( - l ) ^ i + 1 . ( - l ) ^ k+1 . ( - l ) ^ i + 1  = i  .

L et S (M) be th e  submodule o f  T (M) f i x e d  under t h i s  a c t i o n .  Let  n n

S(M) be Z s  (M) .
^  n n^o

C laim : S(M) i s  a co -co m m u ta t iv e  su b c o a lg e b r a  o f  T(M) .

P r o o f : To show S(M) i s  a su b c o a lg e b r a ,  i t  s u f f i c e s  t o  show th a t
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image (Sk (M) — Tk <M) > T(M) T(M) 0  T(M))

l i e s  in  S(M) ® S(M) f o r  each  k s  o . U n s u r p r i s in g ly ,  t h i s  can be 

reduced to  l o c a t i n g  th e  image o f

S, (M) 5  T, (M) -* £  T (M) -+
k k k^n^) n

£ T (M) ® £ T (M) i n s i d e  £ S (M) 0  £  S (M) .
k£n >0  n kSn> 0  n k>n2 0  k>nSO n

The i d e n t i f i c a t i o n  o f  £ £ T.(M) ® T . (M) w ith  a s u b s e t  o f
k Sn so i+ j= n  1 ^

£  T.(M) ® £ T . (M) i s  e q u iv a r ia n t  w i th  r e s p e c t  t o  th e  o b v io u s
kSn^o 1 k^jSO J

map o f  groups: £  £ £. x £ .  -» £  £. X £  £ . .  From
kSnSO i+ j= n  1  ̂ k > i  1 kSjSO ^

t h i s  o b s e r v a t io n  and f u r t h e r  u n t a n g l in g  o f  th e  d e f i n i t i o n  o f  th e

d ia g o n a l  map, i t  s u f f i c e s  t o  check th a t  S (M) £  T (M) i s  mapped in t oK K

S . (M) ® S . (M) by D. . (M) : T (M) -*T .(M ) ® T . (M) f o r  i+ j  = k .
1 J  1 > J  h  i  j

I d e n t i f y i n g  £ .  as th e  s u b s e t  o f  £  which f i x e s  { i + 1 , i + 2 , . . . ,k }
J k

and £^ as  th e  s u b s e t  o f  which f i x e s  { l , 2 , . . . , i }  , we m erely

o b se r v e  th a t  th e  submodule o f  ^ ( M )  f i x e d  under i s  n e c e s s a r i l y

f i x e d  under th e  subgroup X £  ̂ . T h is  co m p le te s  th e  argument th a t  

S(M) i s  a su b c o a lg e b r a .

We may r e fo r m u la te  th e  q u e s t io n  o f  co -c o m m u ta t iv i ty  o f  S(M) 

as:  I s  th e  f o l lo w in g  a com mutative diagram?
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S. (M)k
-> 2  T (M)

k>nSO

D. .
 > 2 2  T (M) ® T . (M)

kSnSO i+ j= n  * J

2TTD.

2 2  T . (M) ® T . (M)
k^n^o i+ j= n  1 3

2 T. (M) ® 2  T . (M)
k>iSO 1 k5J>0 J

2 T . (M) ® . 2  T . (M)
k S iS O  1 k S j  >0 J

The map tw , r e s t r i c t e d  t o  th e  s u b s e t  2 2  T.(M) ® T . (M)
k 3}i2£> i+ j= n  1 3

o f  2 T.(M) ® 2  T . (M) i s  th e  sum o f  th e  maps
k > i 20  1 k > j >0 3

( s h D).
2  T . (MJOT . (M) 

i+ j= n  1 J
- >  TT T.(M)®T.(M) «  2  T.(M)OT.CM)

i+ j= n  1 J i+ j= n  1 J

- 1D. . sh .  . D. .
w i th  (sh  ) induced  by T.(M)®T.(M) — ^ ^ — ^ —>  T . (M)®T. (M) 

n i  J J i

and zero  maps, where sh .  . i s  induced  by t  -* i
1 j J V

£+j I  = 1 , 2 , . .  . ,  i

■l-i t  -  i + 1 , i + 2 , . . .  ,n

We may now v e r i f y  th e  co m m u ta tiv ity  o f

Sk (M)
D. .

-> x  (M) ■> T . (M) ® T . (M)
k 1 j

D sh .  . D. .j , i  i , j  i , j

V

T (M) <8> T. (M)
J i

d i r e c t l y  from th e  d e f i n i t i o n  o f  •



83

Suppose now t h a t  C i s  a co -co m m u ta t iv e ,  c o a s s o c i a t i v e  c o a lg e b r a ,
j|(

f :C  -» M a map o f  m od u les .  Then th e  unique f  : C -» T(M) e x te n d in g  f

f a c t o r s  through  S(M) £  T(M) . T h is  i s  a d i r e c t  con seq u en ce  o f  th e

g e n r a l i z e d  c o a s s o c i a t i v i t y  and co co m m u ta t iv ity  o f  C and th e  d e f i n i -  
$

t i o n  o f  f  ; i . e . ,  th e  co m m u ta t iv ity  o f  th e  f o l l o w i n g  diagram s u f f i c e s  

f o r  an argument.

T. ( f )
C ® . . . ® ( C ® C ) ® . . . ® C  -------------1-------------------- >  T (M)

Ai + 1 (I)®(k,k+1)<8T T, (I)®(k,k+1)OT(I)k - 1 i - k - 1

T. (M)(I)C i - k - 1

T. ( f )

(I)- 1 i - k - 1

C

§6 . S(A) , a Sub-Hopf A lgebra  o f  T(A) .

Suppose now th a t  A i s  an a lg e b r a .  We l e t  S(A ) be w r i t t e n  

S(A) . S(A) ® S(A) i s  a co-com m u tative  c o a lg e b r a .  S in c e  S(A) i s  

and th e  module map
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S (A) ® S(A) ----- > T(A) ® T(A) — > A+

ex te n d s  u n iq u e ly  t o  a map o f  c o a lg e b r a s  S(A) ® S(A) -> S(A) . T h is
j|(

i s  c l e a r l y  th e  r e s t r i c t i o n  o f  th e  m u l t i p l i c a t i o n  m on T(A) , and 

we may a p p r o p r ia te  th e  com p u ta tion s  o f  S e c t io n  4 f o r  u se  in  S(A) . 

S(A) i s ,  o f  c o u r s e ,  commutative o r  a s s o c i a t i v e  when T(A) i s ,  be ing  

a s u b - a lg e b r a .

We have s a id  n o th in g  about th e  n a t u r a l i t y  o f  th e  c o n s t r u c t i o n s ,  

but t h i s  i s  t r i v i a l l y  v e r i f i e d .



CHAPTER X

POLYNOMIAL DUAL SUBCOALGEBRAS OF S (A )

1. I n t r o d u c t i o n .

We are i n t e r e s t e d  in  th e  f o l l o w i n g  q u e s t io n .  Suppose M i s  an 

R-submodule o f  an R -a lg e b r a  A , w hich  i s  t o r s i o n  f r e e  as an a b e l ia n  

group. I s  th e r e  a sub-Hopf a lg e b r a ,  , o f  S (A )  which  has p o l y ­

nom ial dual c o a lg e b r a  s t r u c t u r e ,  and whose p r i m i t i v e  submodule i s  M ?

I f  M i s  f r e e  a b e l ia n  and a pure subgroup o f  A , we adapt th e  scheme 

o f  Chapter I I  t o  answer t h i s  q u e s t io n .  We d em onstrate  t h a t  th e  t e s t s  

we have d e v i s e d  f o r  th e  e x i s t e n c e  o f  tow ers  in  S (A ) may be a d m in is te r e d  

in  A . T h is  i s  c h e e r f u l  new s, f o r  i n  Chapter IX, § 4  , we o b se r v e d  th a t  

com puting i n  S (A ) i s  awesome. We g e t  l e s s  s a t i s f a c t o r y  r e s u l t s  when A 

i s  n o t  com mutative or  a s s o c i a t i v e ,  but we i n d i c a t e  a p la n  f o r  im proving  

t h e s e  c a s e s .

A l l  m od u les ,  a l g e b r a s ,  e t c .  are r e q u ir e d  t o  be f i l t e r e d  o r  graded  

and c o n n e c te d .  Graded o b j e c t s  are  presumed t o  l i e  in  ev en  d e g r e e s .

R ings are  o f  c h a r a c t e r i s t i c  z e r o .

2 . Towers o v e r  Submodules o f  A lg e b r a s .

Theorem 1 . Suppose M i s  a f r e e  R-submodule o f  A+ , where A i s

an a lg e b r a  o v e r  R . L et  M be a pure s u b - a b e l ia n  group o f  A . L et

[P } be a b a s i s  f o r  M . Suppose f o r  each  a  € Q  th e r e  are  
o ' , l Jo€w

seq u en ces  i n  A + , ip a> j i j e z +- { o  j 311(1 K̂a ,  j  * j €  Z + - { o }  » e x t e n d in e

P , and 0 s a t i s f y i n g  a , l

i )  jP . -  K . € M and
a , j  a , 3
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j=k+-t

Then t h e r e  a re  i n f i n i t e  to w ers  fp  ~.}.c „+ rni in  S (A )  e x te n d in ga , j  jfcz

P , = P  , , T a  ? (7 , such t h a t  th e  sub-Hopf a lg e b r a ,  V  , o f  S(A)O', I O’, I M

g e n e r a te d  by {p^ has P o lyn om ia l  d u a l c o a lg e b r a  s t r u c t u r e

>J j € z +- { o }

whenever P(V„) fl m*(JV ® V „)+ ) C M .
M M M

Remarks;

i )  We are  co m m itt in g  o u r s e l v e s  t o  c o n s t r u c t i n g  th e  to w e rs

[P^ j ^ j g 2+ ant  ̂ d em o n s tra t in g  th a t  th e  ind ecom p osab le  p r i m i t i v e s  o f

U  l i e  i n  M . The c o a lg e b r a  s t r u c t u r e  w i l l  be a co n seq u en ce  o f  B o r e l ’ s
M

theorem .

i i )  I t  i s  p o s s i b l e  th a t  P . = 0 f o r  some j  >  1 . I t ,  o f  c o u r s e ,
Q? > J

i s  im p o s s ib l e  t h a t  P . = 0 f o r  any i n d i c e s .a ,  j

i i i )  I f  M = A+ , Theorem 1 s a y s  S(A ) has p o ly n o m ia l  dua l c o a lg e b r a

s t r u c t u r e ,  f o r  we may l e t  P . = P and K . = ( j - l ) P  !? . T h is
a , j  a , l  o/ , j  VJ a , l

i s  w e l l  known, and i s ,  i n f a c t ,  th e  p o in t  o f  th e  c o n s t r u c t i o n .

i v )  I f  A i s  com m utative and a s s o c i a t i v e ,  S (A ) i s ,  by Chapter

IX, P > 8 4 .  By i i i )  above, and C hapter V I I I ,  th e  p r i m i t i v e s  a re  indecom­

p o s a b le  i n  S ( A )  . We may drop th e  c o n d i t i o n  P(5V„) D m*((&l, ® 5VW) + ) C MM M M

as i t  i s  t r i v i a l l y  s a t i s f i e d .

v )  There are  c o u n te r -e x a m p le s .  L et a = Z[x ] , M = ZX .

m*(X ® X) = X2  + 2(X ® X) by C hapter IX, p. 77- But nX + X2  + 2(X ® X)

i s  n o t  d i v i s i b l e  by 2 f o r  any n € Z . Hence ( P r o p o s i t i o n  1 , C hapter

I I ) ,  no to w e r  o f  h e ig h t  2 can  be b u i l t  o v e r  X in  any sub-Hopf

a lg e b r a  o f  S ( Z [ x ] )  whose p r i m i t i v e s  l i e  i n  M .
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P ro o f  o f  Theorem 1 . We d e f in e
OO

¥ ~ s = s  E P . ® P . ® . . .  ® P
a ’J k= l J i + J a + . - . + j ^ J  a , J l  a , 3 s  a ’J *

C le a r ly  P . € S (A ) £  T (A ) and P . E P , ® P . so  t h a t
01,3 0 , 3  k+^=j a , t

{P i s  ^  i n f i n i t e  to w e r  o v e r  P , = P , € M .Q',j-’j f c Z - t O j  a , l  o , l

We now d e f i n e  K . = E m (p  ®(-tP -  K . )) r e c u r s i v e l y .  We
a , J  k + i= j  &>k a , i  a , I

show t h a t  jP  . -  K . = jP  . -  K . € M . We s h a l l  drop th e  sub-
ot, J or, j  J o , j  o , j

s c r i p t s  a  € O  , a s  t h e  argument i s  ind ep en d en t o f  a  .

Pn -  = P^ -  0 = P  ̂ € M , so  we may assume f o r  j  < n t h a t

jP 7  -  K7 = j P .  -  K. € M .
J  J  J  J

- Tn '  '  k4| =n “ X  ®

= n lT  .  j  m* (j r  g  ( i P  -  K ) )
k+£=n

CO
= nP~ E E E m (P ®P ® . . .® P  ) ® « ,P  -K. )

n k+£=n g = l  1  2  g
kl +k2 + * * *+kg =k

(by (C h ap ter  IX, p . 8 0 ) )

CO
= nP -  E E E

k+£=n g = l  k + k _ + . . .+ k  =k 
l  ^ S

g
|  E Pk ® . .  .®Pk « ,P  -K )®. .  .®Pfc
Li = l  1  i  g

g 1 + E Pk ® . . .®Pk ®(.fcP -K )®Pk ® . . .® P R |  .
i = 0  1  i  i + 1  g

We now change t h e  o r d e r  o f  summation so  th a t  term s o f  ty p e



P ® . .  . ® P ® P a p  -  K J  ® P. ® . . . ® P, With k. + I  
kl  ki - l  \  I  I  i + 1  kg 1

A r A ,
= n -  k -  -  k -  -  k f o r  f i x e d  [ k , , . . . , k . , . . . , k j , arel  i  g 1 i  ’ g J ’

added f i r s t ,  w i th  sum

(*) P ® . . . ® P ® K . ® P ® . . .  ® P. .
K_ K , _ K , K . K

1 i - l  x i + i  g

N e x t ,  s p l i t  t e n s o r s  P ® . .  . ® P ® (•t P . -  K .) ® P ® . . . ® P
K- K . *V v  K . _ K

i  i  i + i  g

i n t o

(**) IP ,  ® . . .  ® P, ® P. ® P, ® . . .  ® P, k, k. K, k . , k
1 l i + l  g

(***) p ® . . . ® P ® K, ® P, ® . .  . ® P, 
k, k . t  k . , k

1 i  i + l  g

T en so rs  o f  ty p e  (* )  are c a n c e le d  by t e n s o r s  o f  ty p e  ( * * * ) ,  e x c e p t  th e  

s p e c i a l  c a se  Kn

T en so rs  o f  ty p e  (**)  have c o e f f i c i e n t  n a f t e r  summation.

With t h e s e  o b s e r v a t io n s ,  we f i n d
00

nP~ -  K~ = nP“  -  K -  n 2  Z P . ® . . .  ® P .n n n n , _ j .  j ,k= 2  J i+ J 2+. . .+ J k=n J 1  k

= nP -  K . n n

Suppose now t h a t  P i s  p r i m i t i v e  i n  ft,, . P r o j e c t  P t oM

m (3£, ® J O  + = Q(ftl,) . The im ages o f  P are module g e n e r a to r sM M  M  <2,1

f o r  Q(ftl,) . In  Q(ftl.) , P = £  n ' . P . . Choose N € Z s o  th a t  M M <2,1 0 ,1

i  |N i f  n . + 0 . Then NP = Z n ' . • iP  in  Q(ft!,) . C l e a r l y ,a , i  a , i  0,1 M

 ̂ p r o j e c t s  t o  z e r o  in  T a £ ( 7 , V i 6 Z + 1 Hence

NP -  Z n . ( iP  . -  K ) p r o j e c t s  t o  0 i n  Q(%.) . S in ce  Qf y i  of | x Of j i
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d o e s ,  as w e l l .  But M i s  p ure ,  so  P € M .

Example. Suppose A i s  a Hopf a lg e b r a ,  s a t i s f y i n g  th e  h y p o th e se s

o f  B o r e l ' s  theorem , and M i s  th e  p r i m i t i v e  submodule. C le a r ly  M i s

a pure s u b - a b e l ia n  group o f  A + . Theorem 1 s a y s  t h e r e  i s  a sub-Hopf

a lg e b r a  o f  S(A ) iso m o rp h ic  (under p :S ( A )  -» A ) t o  A as  a Hopf

a l g e b r a ,  i f  A i s  commutative and a s s o c i a t i v e .

We d i s c u s s  now a scheme f o r  im proving  Theorem 1 i n  th e  non-commuta-

t i v e ,  n o n - a s s o c i a t i v e  c a s e s ,  u s in g  th e  apparatu s  o f  C hapter VII and V III .

N o t i c e  th a t  P . € A h as  been t r e a t e d  a s  an an alogue o f  a to w er  e le m e n t ,  a ,  l

P . € S ( A)  , and M as  th e  an a logu e  o f  th e  p r i m i t i v e  submodule o f  a 
a ,  i

Hopf a lg eb ra ;w e  d ev e lo p  t h i s  p o in t  o f  v ie w .

Let P. _ = P P . . . P  € A ,  j u s t  a s  p =
A, I a/i , 0/2 I 1-2 A, I

P . P . . . .  P . € S ( A )  • We may u se  th e  d e f i n i t i o n s  ( V I I . 3)
a a , i a ork , i k

and ( V I I . 4) t o  d e f i n e  i n d u c t i v e l y  e le m e n ts  p (P .  - . P -  T) € A andA, I B ,J

p(P , P , P ) € A . T hese d e f i n i t i o n s  and th e  requ irem ent t h a t  t h e s eA, I B, J C,K

e le m e n ts  are  a c t u a l l y  in  M sh ou ld  be h y p o t h e s i s  in  an improved v e r s io n  

o f  Theorem 1 .  We sh o u ld  be a b le  t o  d em on stra te  th a t

<*> p (pa, i ' eb ,j ) -  S An S(A)

(» * )  p(PA j I . pB i J . pc , K) ■= P ( V r V . V n ) 6  A n 5 0 0

j u s t  as  iP  . -  K . was d em onstrab ly  eq u a l  t o  IP . -  K . .J a , i  a , i  a , i  a . i

We sh o u ld  th en  p roceed  as f o l l o w s :  ( i )  showing t h a t  ft' , d e f in e dM

as above, h a s  as  a r a t io n a l  b a s i s  B = tP . P  , . . . P  . r
I  a 1 , 1 . 1  a 2 , i 3  “ k ’ l k  .  . < 0 - 1 ,  +

i i  > • • » i k€Z — {o}

T h is  would in v o l v e  (* )  and ( * * ) ,  as w e l l  as  th e  t e c h n iq u e s  o f  Chapter

V III ,  ex ten d e d  t o  th e  n o n - a s s o c i a t i v e  c a s e ;  ( i i )  n o t i c i n g  w i t h  l i t t l e
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e f f o r t  t h a t  th e  p r i m i t i v e s  i n  th e  span o f  B are in  M ; and ( i i i )

in v o k in g  th e  p u r i t y  o f  M . T h is  p u ts  a l l  o f  th e  p r i m i t i v e s  o f  %(
M

in  M , and we may apply  B o r e l ' s theorem .

A la c k  o f  i n t e r e s t  might impede f i l l i n g  in  th e  d e t a i l s  o f  t h i s  

s k e tc h ,  (and h a s ) ,  but we d o n ' t  im agine a n y th in g  e l s e  c o u ld .  U n le s s  

a p p l i c a t i o n s  become a v a i l a b l e ,  i t  seems p u n ish in g  t o  do i t .

3 .  Examples o f  Towers o v e r  Submodules in  Commutative, A s s o c i a t i v e  

A lg e b r a s .

We propogandize  th e  c o m p u ta b i l i t y  o f  s eq u en ces  re q u ired  f o r  th e  

a p p l i c a t i o n  o f  Theorem 1 in  n o n - t r i v i a l  exam ples .

Let W be a f i n i t e  group a c t in g  on a com m utative, a s s o c i a t i v e  

a lg e b r a  A o v e r  R , a r in g  o f  c h a r a c t e r i s t i c  z e r o .  Let cp:A -* R

wbe an a lg e b r a  homomorphism. Let A be th e  su b a lg eb ra  o f  A f i x e d

wunder  th e  a c t io n  o f  W , and suppose A i s  g e n e r a te d  by a fa m ily

' Let A ^ be th e  Q u o t ien t  a lg e b r a ,  w ith  pro­

j e c t i o n  map p;A -* A . Let D:A -» A be a d e r i v a t i o n ,  and M be th e

submodule o f  A spanned by {pDB^}^^, .

Theorem 2. Suppose, f o r  each  a  , th e r e  i s  a f i n i t e  fa m ily  o f  e le m e n ts

o f  A , {A , such t h a t  B = £  A . . s a t i s f y i n g
a ’ 1 l 6 l „  “  i € l a

( i )  i f  w € W , A W. = A f o r  some j  € I , f o r  a l l  i  € I 
a , i  a , j  or a

( i i )  BA = n A , f o r  some n € Z =  R , f o r  a l l  a € A  ,Qf j A QS l  C* ) 1

f o r  a l l  i  € I
Of

In  a d d i t i o n ,  assume M i s  a pure s u b - a b e l ia n  group o f  A . Then f o r

each  a  € <2 t h e r e  are  s eq u en ces  fp  } __+ and fK } - „+
1 a , n Jn € Z - l O j  L a , n Jn € Z - l 0 J

s a t i s f y i n g :
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( i i i )  nP -  K € M f o r  a l l  a  € (7  , f o r  a l l  n € Z+ - f o l  . a , n  a , n  <■ J

( i v )  £  p . ( j p  -  K . )  = K f o r  a l l  a  € <7 , f o r  a l l
i+ j= n  a , i  a , J  a ,n

n € Z+ -  {0} .

(v )  K , = 0 and P . = p(DB ) , f o r  a l l  a  €  <7 . a , l  a , l  a

P roof:  I f  n € Z, k € Z+ , we d e f i n e

n ( n - l ) . . . n ( n - k + l )

i k ) = ^ k ( k - l ) . . .  1

I f  a  € Cl , j  € Z+ -  {o} , we d e f i n e

P . s  £  £  £
a ,J  k= l i j , i 2 , . . . , i k6 l a  J i + j 2 + j k=j

i f  k >  0

i f  k = 0

H  ( • ) (  • ) • • • ( .  ) A * A * . . .  A * |L \  J i  / \  j s  /  \  j k /  a . i i  o ' ) i g  “ a , i k J

{ ( - 1 ) J £  n . A .L i € l  a ,  i  a . i JK . = jP  . + P a , j  a , j

We must v e r i f y  ( i i i ) ,  ( i v ) ,  and ( v ) .  S in c e  D i s  l i n e a r ,  DB =
a

2  n . A f o l l o w s  from ( i i ) .  ( v )  f o l l o w s  im m e d ia te ly .  ( i v )  i s
i g I  or,i a , i

a

s t r a ig h t f o r w a r d  i f  one i s  i n  p o s s e s s i o n  o f  th e  f o l l o w i n g  c o m b in a to r ia l  

i d e n t i t y ,  which  we prove: Let n € Z+ , m € Z , th en

« . i , »  - • ( : ) ♦ . ■ ?  < - i , j
3=0

P roof: By in d u c t io n ,
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n™ 2
(~ 1 ) n~ 1 ( h - 1) t “  )  + m E ( - 1 ) J (  “  )  = 0 , so

j _ 0  '  J  '

n _  g
,  ,  xn (  m \  -.xn- 1  / m \  v  ,  , .  j  /  m \
( - 1 J \  n y < - »  U - J  + «  ^  < - D J {  }  )

-  <-»” • <  I )  * * <-»B <-> L - d

= ( - 1 )"  { » ( : ) -  ( „ ? , ) }  .

The l a s t  e x p r e s s io n  i s  t r i v i a l l y  z e r o .

I Ei € l
C o n sid er  ( i i i ) .  We must diow p-f E n . A ^ . f i s  in  th e  span o f

L . C t  a r , i  or, i »

{pDBQ} qC^7 , f o r  a l l  a  € Cl, j  € Z - { o }  . S in ce  D i s  a d e r i v a t i o n ,
p pfcw

( i i )  i m p l i e s  Dl E A J . ) = j  2  n . A J . . I t  s u f f i c e s  t o  show
\ t i  a ’ l J  i € i  a > 1  a > 1a  a

t h a t  p ( d( E A J . j )  i s  i n  M , s i n c e  M i s  p ure .  By ( i ) ,  W p er -V V € l  a . i / /
a

i Wm utes th e  A . ' s  , so  th a t  E A . € A which  i s  g e n e r a te d  bya , i  a , i

{B } . Thus E A  J . = E r . B B . . . B  . ButL a Ja&7  a , i  A A as  an

p (d (  E r .  B ,B , . . . , B  Y) = p (  E r . E (B . . .  D(B ) . . .  B )V A A a i  a a ’ u J J  \  A A j = i ' q,n a ky

k
= E r. E cp(B ) . . .  p(D(B ) ) . . . c p ( B  ) w h ich  i s  c l e a r l y  in  M . T h is

A j = l  “ f ak

c o m p le te s  th e  p r o o f  o f  Theorem 2.

C o n s id e r  th e  Weyl group W a c t in g  on th e  com plex r e p r e s e n t a t i o n

r in g ,  R(T) , o f  a maximal t o r u s ,  T , i n  a s im p ly  c o n n ec ted  compact

s im p le  L ie  group , G . P o ly n o m ia l  g e n e r a t o r s  f o r  R(G) are  th e  funda­

m enta l r e p r e s e n t a t i o n s  {p^] . Under t h e  i n c l u s i o n  i ; T  -» G , R(G)
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Yf £
may be i d e n t i f i e d  w i t h  R(T) , and i  (p i ) may be e x p r e s s e d  as a sum

o f  w e ig h t s  which  are  permuted by W . Any d e r i v a t i o n  o f  R(T) i s

u n iq u e ly  d eterm in ed  by i t s  v a lu e s  on fundam ental w e ig h t s  {w^} . For

d e r i v a t i o n  D s en d in g  ŵ  -♦ ^  w  ̂ , n € Z , th e  h y p o th e s e s  o f  Theorem

2 w i l l  be s a t i s f i e d ,  w i th  th e  e x c e p t io n  o f  th e  c o n d i t io n  on M , which

depends on 9  and D , and i s ,  o f  c o u r s e ,  very  d i f f i c u l t  t o  ch eck .

I f  9 :R(T) -* Z i s  th e  au g m en ta tio n , a s s i g n i n g  t o  an e lem en t o f  R(T)

i t s  v i r t u a l  d im en s io n ,  R ( T ) / r * .  . 0  may be i d e n t i f i e d  w ith
ti (p i ) - 9 i  (p

K(G/T)  , which  i s  a f r e e  a b e l ia n  group o f  rank |w|  . (S ee  Vasquez [ 1 3 ] . )

I t  sh ou ld  o c c u r  t o  th e  re a d e r  f a m i l i a r  w i th  B o tt  [14] t h a t  t h i s

s p e c i a l i z a t i o n  o f  Theorem 2, o r  a s u b t l e  v a r i a n t ,  might f i n d  i t s  p la c e

in  a p ro o f  t h a t  K^OG) i s  a p o ly n o m ia l  a lg e b r a  f o r  such  L ie  g ro u p s .

Roughly sp ea k in g  ( l e t  us  ig n o r e  th e  d i f f e r e n c e  between s im p ly

co n n ected  and c e n t e r l e s s  g r o u p s ) ,  B o t t  was a b le  to  show th a t  t o  each

c i r c l e  s :S *  -» G s a t i s f y i n g  c e r t a i n  t e c h n i c a l  c o n d i t i o n s ,  a map

f g :G/Gs -+ OG c o u ld  be a s s ig n e d  (where Gg i s  th e  c e n t r a l i z e r  o f  s

i n  G ) , whose image in  o r d in a r y  homology g e n e r a te d  H^OG) as an

a lg e b r a .  D u a l iz e d ,  t h i s  f a c t  i s  i n t e r p r e t e d  as: ( f g ) ;H (OG) -» S(H (G/Gg ) )

i s  a Hopf a lg e b r a  i n c l u s i o n  on to  a (module) d i r e c t  summand. Under

%
c e r t a i n  t o r s i o n  f r e e  a s su m p t io n s ,  g e n e r a l  d e s c r i p t i o n s  o f  H (G/G )s

$ j|i *
and f g (P(H (OG)) C h (G/Gg ) were g iv e n  by B o t t ,  w i th  w ell-k n ow n  m odels  

f o r  s p e c i f i c  groups and c i r c l e s .  In t h i s  s e t t i n g ,  t h e  e x i s t e n c e  o f  such  

i n f i n i t e  s eq u en ces  as  d e s c r ib e d  i n  Theorem 1 i s  e q u iv a le n t  t o  H + (QG) 

b e in g  a p o lyn om ia l  a lg e b r a .  B o t t  a lw ays found o t h e r  means t o  g e t  t h i s  

r e s u l t  in  h i s  ex a m p les .  We c o n s i d e r  one c l a s s  o f  h i s  exam ples ,  th e  

s y m p le c t ic  g ro u p s ,  and c o n s t r u c t  th e  se q u e n c e s .
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F o l lo w in g  B o t t  ( [ 1 4 ] , p . 5 9 ) ,  we l e t  G = S p (n ) ,  Gg = U(n) , and

£ 2 n 2  2  2  TVi
i d e n t i f y  H ( S p ( n ) / U ( n ) )  w i t h  Z [ X , , X _ , . . . ,X ] / Z [ X , , X 0 > . . . ,X ] = A .x  ̂ n i  a n

ZnLet p: Z[X, , X0 , . .  . ,X ] -»A be th e  p r o j e c t i o n .  Let D be th e  d e r iv a -l   ̂ n
En nt i o n  in  Z[Xn , XQ, . . . , X ] d e s c r ib e d  by 2  g /d x .  . D iv id e  th e  image 

1 a n . , l
1 = 1

2  2  2  Zno f  Z[X ,X , . . . , X  ] under  t h i s  d e r i v a t i o n  by 2 , and p r o j e c t  i n t o  
1 a n *

A . T h is  subm odule, M , i s  shown t o  be th e  image o f  th e  p r i m i t i v e s  o f  

H (Q Sp(n)) i n  H (S p (m ) /U (n ) )  under a s u i t a b l e  map. Let

a . (X , X0 , . . . , X ) be th e  j t h  e le m e n ta r y  symmetric p o ly n o m ia l .  Let

th  °  iS . ( X . , X „ , . . . , X ) = S. be th e  i  symm etric power, 2  X. . We i  1 2  n i  j

f i r s t  d e m o n s tr a te ,  a s  B o t t  s t a t e s ,  t h a t  fpS„. 1. , _ i s  aK 2 i - l  i = l , 2 , . . . , n

2  2  2  2  
b a s i s  f o r  M . By N ew ton 's  fo rm u la ,  w i t h  a . ( X  ) = a . ( X , , X _ , . . . , X ) ,J J 1 2 n

S j(X 2 ) = s . ( x 2 , x 2 , . . . , x 2 > ,

0 = p ( l / 2  D(iCT.(X2 ) -  . . .  -  CTj ( X 2 ) S ^ C X 2 ) + . . .  -  Si (X2 ) )

= p 1 / 2  D iCT.(X2) + p 1 / 2  D( - 1 ) 1 Si (X2 )

2  2  2( s i n c e  D i s  a d e r i v a t i o n ,  and symmetric p o ly n o m ia ls  i n  { x n , X _ , . . . , X  }i  a n

go t o  z e r o  u n d er  p ) =

= i  p 1 / 2  D a . ( X 2 ) + ( - 1 ) 1 p S2 . _ 1 (X) 

n
( s i n c e  D i s  d e f i n e d  by 2  S/dX. )

i = l

" D iv id in g  by i  " , p 1 / 2  D ^ ( X 2 ) = ( - 1 ) 1 1 p s 2 i _ i ^ x  ̂ •

T h is  makes {p S _ . , 0  a sp ann ing  s e t .  There i s  no n eed  toa1 " l  i - i , a , , • . , n

a g o n iz e  o v e r  t h e  p u r i t y  o f  M o r  w h eth er  o r  not {p S_. n _a1"x i —x , ^ « • • • ,  n
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i s  in d ep en d en t  i n  A . B o t t ' s  g e o m e tr ic a l  arguments p r o v id e  an in ­

d i r e c t  p ro o f  th a t  M i s  a d i r e c t  summand o f  a p p r o p r ia t e  rank.

We d e f i n e  P t o  be p a .C x 21" 1 ) ,  i  = 1 , 2 , . . . , n  . Note

t h a t  P2 i - 1 , 1  = 0 V * 21’ 1 ’ = P • I f  K2 i - l , j  -  J P “ j ” 21' 1 ’

+ ( - 1 )^  p S . ( X 2 1  1 ) , N ew ton 's  formula i n  Z [ x f 1 _ 1  ,X2 i _ 1 ........... X2 1 - 1 ]J 1 2 n J

g u a r a n te e s  th a t  ^ 2 i - l ,  j  = . F ,  P2 i - 1  , . , <tP2 i - l , t  ‘  K2 i - 1 ,<,> • »e
J  —K -h C

2 i “ 1
must v e r i f y  t h a t  p ( S . ( X  ) )  i s  in  M f o r  j  € Z+ -  { o } ,  i  = l , 2 , . . . , n  .

J
Pi — 1 o o o

T h is  i s  t r i v i a l  i f  j  i s  ev en ,  f o r  S (X ) € Z[X.. , X , . . . ,  X ] i fJ i.  ̂ n

j  i s  e v e n .  We may suppose j  = 2k+l . S j(X 2 i _ 1 ) = S ^ X ^ 2*- 1 ^ 2^ 1 ^

= S1 (X4 ik + 2 < i"k>- 1 ) . But p ( l / 2  D S l (X4 i k + 2 ( i "k ) ) =

( 2 i k + ( i - k ) ) p S1 (X4 l k + 2 ( l _ k ) " 1 ) . S in c e  S1 (X4 1 k + 2 ( i“ k)) € Z[X2 ,X2 , . . .

and M i s  p ure ,  we are  done.

L et u s  r e c a l l  t h a t  we have y e t  t o  apply  Theorem 2, and have m ere ly

d e v e lo p e d  an a n a lo g y .

L et A = Z[X , X „ , . . . , X  ] , W = Zn . { o . } .  a re  g e n e r a to r si   ̂ xi i  l - i ^ )  i • <

Wf o r  A . Let cp be th e  t r i v i a l  s p l i t t i n g  o f  T];z -» A , so t h a t

— £n
A = Z[X1 (XQ X ] / Z [ X . , X ,  X ] . Let D be t h e  u n iq ue  e x t e n s io n1 Z II 1  6  II

o f  X. -* i x .  . D a .  = Z ( j , + j 0 + . . . + j . )  X.  X.  . . .  X.  and
j i < j 2 < . . . < h  1  J l Js Jl

may be d e s ig n a t e d  th e  i t k  e lem en ta ry  w e ig h te d  p o ly n o m ia l .  We l e t  M 

be th e  span o f  th e  e lem en ta ry  w e ig h te d  p o ly n o m ia ls  in  A . C le a r ly ,  

h y p o th e s e s  ( i )  and ( i i )  o f  Theorem 2 are  s a t i s f i e d .  I t  rem ains to  

v e r i f y  t h a t  M i s  a pure sub-group o f  A . D e f e r r in g  t h i s  f o r  th e



moment, we have th e  f o l l o w i n g  r e s u l t ,  by com bining Theorem 1 and 

Theorem 2: I f

A = z [ Xi > X2 > * - - ’Xn ] / Z[ x i ,X2  Xn ] En ’

and M i s  th e  submodule o f  A spanned by th e  e lem en ta ry  w e ig h te d  p o ly ­

n o m ia ls ,  th en  th e r e  i s  a sub-Hopf a lg e b r a  o f  S(A) which  h a s  p o ly n o m ia l  

d u a l c o a lg e b r a  s t r u c t u r e ,  and h as  M a s  i t s  p r i m i t i v e  submodule.

We show now t h a t  M i s  pure in  A . By a hom ogeneity  argument, 

we q u ic k ly  reduce  th e  problem t o  th e  f o l l o w in g :

Lemma: I f  X € Z[X^, X2 >. . . , XR] i s  homogeneous o f  d eg re e  r , and

i x  = [L £  J  x .  X.  . . . X .

j  i <j  2< * • • r  1 2 r

+ X CTr  + (  a i x \ )  V l  + • ”  ( X . l )l ^ ^ n  1 1

+ ( £  a .  . . X.  X. . . .  X.  ) ct
l ^ i ,  < i „ < .  . . < i ^ n l ’ 2 s  1 2 s1 2  s

a .  . X. X. . . .  X.
i < i 1 < i ^ . . . < ^ n  W  ”  ‘ ^ i - l  X1 12 1 :

where i ,  |j,, X, and a^ 6  Z , th en  i  d i v i d e s  |j, .

P r o o f : We d e s i g n a t e  th e  c o e f f i c i e n t  o f  X̂ . on th e  r ig h t  hand s i d e  o f

( X . l )  by C(Xj) . C le a r ly  i  d i v i d e s  C(Xj) f o r  a l l  I , a s  th e  mo­

nom iali a l s  are  a b a s i s  i n  Z[X , X _ , . . . , X  ] .i. Ct n

L et u s  compute C(X.  X. . . .  X. ) where j ,  < j „  <  . . .  <  j
J l  J 2  J r  1 2  r
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+
s t

+

+
s r - 1

and must be d i v i s i b l e  by i  . We would l i k e  to  know th a t  

p .( j 1 + j 2+» • *+J r ) + X i s  d i v i s i b l e  by i  , f o r

Sublemma: I f  |x ( jT + jr>+ . . . + j _ )  + X i s  a m u l t i p l e  o f  i  f o r  ev eryi  a r

J = { j 1 <j 2< - • < th en  1 d i v i d e s  p, .

P ro o f  o f  Subletnma; We s im p ly  ch o o se  J.  ̂= { l , 2 , . . . , r }  and

Jg = [ l , 2 , . . . , r - 1 , r + l }  . ( N o t i c e ,  we are d i s i n t e r e s t e d  when r = n ,

f o r  D crn i s  c l e a r l y  ze ro  in  A ) .  {p ( l+ 2 + .  . ,+ r )  + X}

-  {(X(1+2+.. .  + ( r - l )  + ( r + l )  + X} = 0 (mod i )  . But t h i s  d i f f e r e n c e  i s  p 

So i  d i v i d e s  ja, .

We re tu rn  now t o  ( X . 2 ) .  We can put o u r s e l v e s  in  a p o s i t i o n  to  

apply  th e  sublemma i f  we can add to  ( X. 2 )  a l i n e a r  com bin ation  o f  co­

e f f i c i e n t s  (ea ch  o f  w h ich  i s  = 0  (mod i ) )  o f  o t h e r  monomials in  th e  

r ig h t  hand s id e  o f  ( X . l )  in  such a way as  t o  absorb  th e  summands o f

(X .2 )  o t h e r  than  ( j , ( j .+ j„ + .  . .+ j  ) and X . T h is  can be done as
1  6  1*

f o l l o w s .  I f  { t 1 <  t 2  < . . .  <  t fc} £  < J 2  < . . .  < J r } , we l e t

s ( t . ) = q i f  t . = j  
i   ̂ i  Jq

Sublemma

2  ( - 1 )

(X. 3)
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( N o t i c e ,  we are  i n c l u d i n g  (X .2 )  a s  a summand in  (X .3 )  in  th e  s p e c i a l  

c a s e

t , i^  — 1 , (  = 1 , 2 , . . . ,  r  . ) .

We fo r e g o  a p r o o f ,  as i t  i s  q u i t e  s t r a ig h t f o r w a r d .  The d i f f i c u l t y  o f  

d e c id in g  what th e  a p p r o p r ia te  sum o f  c o e f f i c i e n t s  i s  has been overcome  

in  th e  s ta te m e n t  o f  th e  sublemma.
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