
INFORMATION TO USERS

The most advanced technology has been used to photo­
graph and reproduce this manuscript from the microfilm 
master. UMI film s the text directly from the original or 
copy submitted. Thus, some thesis and dissertation copies 
are in typewriter face, while others may be from any type 
of computer printer.

The quality of th is reproduction is dependent upon the 
quality of the copy submitted. Broken or indistinct print, 
colored or poor quality illustrations and photographs, 
print bleedthrough, substandard margins, and improper 
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a 
complete manuscript and there are missing pages, these 
will be noted. Also, if  unauthorized copyright material 
had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are re­
produced by sectioning the original, beginning at the 
upper left-hand corner and continuing from left to right in 
equal sections with small overlaps. Each original is also 
photographed in one exposure and is included in reduced 
form at the back of the book. These are also available as 
one exposure on a standard 35mm slide or as a 17" x 23" 
black and w hite photographic print for an additional 
charge.

Photographs included in the original manuscript have 
been reproduced xerographically in this copy. Higher 
quality 6" x 9" black and white photographic prints are 
available for any photographs or illustrations appearing 
in this copy for an additional charge. Contact UMI directly 
to order.

University Microfilms International 
A Bell & Howell Information C om pany 

300 North Z eeb Road. Ann Arbor. Ml 48106-1346 USA 
313/761-4700 800/521-0600



r



O rder N um ber 0000705

The light-cone gauge in Polyakov’s theory of strings and its 
relation to the conformal gauge

Tzani, Rodanthy, Ph.D.

City University of New York, 1080

U M I
300 N. Zceb Rd.
Ann Aibor, MI 48106



F



f l

THE LIGHT-CONE GAUGE IN POLYAKOV’S THEORY OF STRINGS 

AND ITS RELATION TO THE CONFORMAL GAUGE

by

RODANTHY TZANI

A dissertation subm itted to the Graduate Facu lty  in R iysics jn partial 

fu lfillm ent of the requirem ents for the degree of Doctor of Philosophy, The 

City U niversity of New York.

1989



-  ii -

This manuscript has been read and accepted for the Graduate Faculty 1n 

Physics In satisfaction of the dissertation requirement for the degree 

of Doctor of Philosophy.

Hati — h

o J M
date I

Chairman of Examinthg Committee

l™ H rT 7RExecut Ve QfFfftfi

v

Supervisory Committee.

The City University of New York



Abstract

THE LIGHT-CONE GAUGE IN POLYAKOV’S THEORY OF STRINGS 

AND ITS RELATION TO THE CONFORM A L GAUGE
by

Rodanthy Tzani 

Adviser: Professor Bunji Sakita

Wc study the siring theory as a gauge theory. The analysis includes the 

form ulation of the interacting bosonic s iring  by lixing the Gcrvais-Sakita 

light-cone gauge in Polyakov’s path-integral formulation of the theory and 

the study of the problem of changing gauge in siring theory in the context 

of the functional form ulation of the theory. The main results arc the fol­

lowing: Mandelstam’s picture is obtained from  the light-cone gauge fixed 

Polyakov’s theory. Due to the oil-diagonal nature of our gauge the calcula­

tion of the determ inants differs from the usual (conformal gauge) case. The 

regularization of the f unctional integrals associated w ith these determ inants 

is done by using the conformal-invariance principle. We then show that the 

conformal anomaly associated w ith  this new  gauge fixing is canceled at 

dimensions of space-time d -  26. Studying the problem of changing gauge 

in string  theory, wc show the equivalence between the light-cone and con- 

form al gauge in the path-integral form ulation of the theory. In particular, 

by performing a proper change of variable's in the commuting and ghost 

fields in the Polyakov path-integral, the string theory in the conformal 

gauge is obtained from the light-cone gauge fixed expression. Finally, the 

problem of changing gauge is generalized to the higher genus surfaces. It is 

show n that the siring theory in the conformal gauge is equivalent to the 

light-cone gauge fixed theory for surfaces w ith  arbitrary num ber of han­

dles.
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CHAPTER 1

Introduction

Feynman’s [1] path-imogral lor a free particle is defined to be the sum 

over all possible paths connecting the initial and final positions of the parti­

cle, weighted by the exponential of the action. The action is proportional to 

the length of the trajectory.

For the case of an one-dimensional object, namely, for the case of a 

string, its successive positions lor dilferent times generate a two- 

dimensional surface I  in space-time. The obvious generalization of the 

point panicle case is to take the action to be proportional to the area of this 

surface. It is given by

is the Nambu-Goto Lagrangian [2]. The fields V M(o ) , n =  1 . - - . J  arc 

the coordinates of the string in the d-dimcnsional space-time and o is a 

collective notation for the coordinates ( r  , a  ) of the two-dimensional sur­

face (not to be cont used w ith  the component a  ).

The crucial point is that the area of the surface does not depend on its 

parametrization. One can check that the action S is invariant under the 

two-dimensional general coordinate transform ation

1 . 1

w here

/. =  J d c \ h  . h ab =  Q0 X  A M 1.2

a  -» o* (a I 1.3



where ( “ ( a )  . a =1.2 is an infinitesimal vector paramcier, which specifies 

its infinitesimal transformation m atrix. The significance of this invariance 

is that one can use the tw o reparametrizations to gauge aw ay tw o field-

dcgrees o! freedom. Indeed Goddard. Goldstone. Rebbi and Thorn (G.G.R.T.)

[3] used this invariance to gauge aw ay the tw o longitudinal coordinates 

A * and A ~ of the siring variables, leaving thus only the d - 2 

transverse components X  ' as independent dynamical variables describing 

the theory. In their work, which was a canonical form ulation of the free 

relativistic string, the condition for the critical dimensions (d«26) was also 

•btained. In their gauge X *  was essentially chosen to be the time com­

ponent t of the two-dimensional coordinates, defining this way the light- 

cone gauge.

Gervais and Sakita [4] were the first to formulate the interacting string 

as a functional integral. They lixed the light-cone gauge in the Nambu Goto 

Lagrangian. Their path-integral is an integration over the transverse com­

ponents of the string. In order to include interactions, they chose the V * 

component of the siring field to be a function of ( r . o ). Namely,

A + =  M o )  1.4

w here o is twtvdimensional. / (o) is an arbitrary function in the stage

of gauge fixing, but later is chosen to satisfy the inhomogeneous Laplace 

equation in tw o  dimensions in order to derive the N-string amplitude and 

therefore it depends on the external momenta.

In Mandelstam’s picture [5] the X  * component is chosen to be just 

t , introducing the G.G.R.T. light-cone gauge in the path-integral formal­

ism. Mandelstam’s formulation is a light-cone gauge lixed theory. In this 

approach the propagation of the siring is given by a functional integral over 

the transverse ux>rdi nates of the field A " , which are the physical degrees
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of frm lom  of the string. The dillercnce between Gcrvais-Sakita (G.-S.) and 

M andelstam s approach is that in this later ease, through a conformal 

transform ation the integration variables are delined on Mandelstam's plane 

( lig. 1).

w - plane

Fig. 1

Fig. 1: Mandelstam's plane

Mandelstam’s conlormal mapping is delmed to be essentially the function 

I (o ) . chosen by G.-S, in such a w ay that the light-cone gauge condition 

X  * =  t coincides w ith (1.4). The topology of Mandelstam’s plane spccilies 

the interaction pnvess of the strings. To obtain the transition am plitude the 

initial and final w ave functions of the string have to be integrated over. In 

this formalism the interactions are specified by the interaction times, which 

are specific values of the time variable r . Since r corresponds to the real 

time and the actual motion of the string is described by the evolution of the 

transverse modes, which are the physical degrees of freedom, Mandelstam’s 

approach appears as a physical picture.

The disadvantage of this approach is that the quantum  theory is for­

m ulated in a gauge-lixcd manner. Specifically, the Nambu-Goto Lagrangiatt
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involves a squarc-rooi and therefore the path-integral quantization of the 

theory is highly noil-trivial. Choosing, however, the light-eone gauge, as 

above, one obtains a simple Lagrangian and the quantization is possible. On 

the other hand, si nee this is a non-covariant gauge the theory is not m ani­

festly Lorcntz invariant.

An alternative form ulation which is based on the general covariant 

Brink-Dc Yecchia-Howe Lagrangian [6] is proposed by Polyakov [7]. The 

new point of this approach is the introduction of a 2x2 metric , w hich 

characterizes the two-dimensional surface. The conceptual picture of this 

approach, is essentially the same as before but the appearance is slightly 

d itlcrent from Mandelstam’s. In this case, the two-dimensional surface is 

viewed as parameter space (the world-sheet) w ith  coordinates o . Then 

V “( a ) is a mapping function from the parameter space to a tw o- 

dimensional surface in the d-dimcnsional space-time ( lig.2).

Fig. 2: Two dimensional manifold embedded in the d-dimensional space-time.
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The lopology of these surfaces determines the interaction pnxesses of the 

strings. Polyakov’s path-integral is an integration over all possible map­

pings X  *(o) and all possible metrics In order to include all possi­

ble interactions the summation over all topologies of the surfaces is neces­

sary and the theory is described by the following sum over random surfaces 

sw ept by the strings

uan w hich is treated as dynamical variable, is an intrinsic metric charac­

terizing the surface, independent of the induced metric

Only in the classical level t!ad equals h a6 through the equation of 

motion. The action (1.6) has extra degrees of freedom - the three indepen­

dent components of the metric i>a6 - and an extra sym m etry, other than 

the rcparamctrization invariance defined, as in the previous case, by (1.3). It 

is invariant under Weyl transformations

1.5

w here

1.6

*u6 =  6a -V *66 A 1. "

1.8

These are scaling transformations of the metric, which leave the action 

invariant in the case that the theory is defined in a two-dimensional mani­

fold . Polyakov’s theory is a non-gaugc-lixed theory, since it is based on the
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non-gauge-fixed covariant Lagrangian. It has hoih symmetries - rcparantetr- 

ization and Wcyi - built in. Its reparamotrization transformations 

(dilleomorphisms of the surfaee) aet on the fields X  * as follows

That the invarian t Brink-DeVecchia-Howe Lagrangian describes classi­

cally the same theory as the Nambu-Goto Lagrangian is proven through the 

equations of motion. Assuming that the metric tield satisfies the equations 

of motion, the action (1.6) reduces to the Nambu-Goto form. However, to 

establish the equivalence of the theories at the quantum  level is more 

involved. It has been stall'd [8] that M andelstams picture of interacting 

strings "is probably equivalent u» that of the G.-S. and Polyakov pictures 

w ith  a specific choice of parametrization". To answer precisely the above 

question one has to study the related gauges. The method w hich has been 

mainly used in studying Polyakov’s theory is fixing the conformal (diago­

n a l) gauge [9]. In this method, one represents the complex structure  by a 

metric of constant curvature. Namely, one chooses

X  " ( o ) _  \  " (o k  X  *r,Ho)> = .Y *'(<»).

while their action on the metric 's given by

1.10

  ih »
{ a h  —  * Mab 1 . 1 1

where

- I  0 
SflD -  ( ) |



is the Hat two-dimensional Minkowski metric. This locally can alw ays he 

done in the tw o dimensions. (1.11) dclmcs the ion formal gauge, in which 

the tw o  diagonal components ol the metrii i>u0 are lixed using the tw o 

reparametrizations invariances ol the action. </> represents the third com­

ponent of the metric and can be associated w ith the Weyl sym m etry. Then 

assuming there are no anomalies involved, the action (1.6) is independent of 

the metric. The integration over \ Mi a )  is Gaussian and the integral (1.5) 

easily reduces to an integral over the moduli space (for the delinition of the 

moduli space look at ref. [9], [12], [31]) times the determ inant of the Lapla- 

cian operator, w hich depends on the dimensions of space-time. Since this is 

a covariant formulation w ith  respect to the space-time index n  , Lorentz 

invariance is manifest in this approach.

There are tw o subtle points in this discussion. Firstly, as Polyakov 

pointed out, there is an anomaly associated w ith  Weyl symmetry. Even if 

the action is invariant under the reparamcirizaiion and Weyl sym m etry, 

one can not w rite  down a measure which is invariant under both sym ­

metries [10]. One can not do better than writing a reparametrization invari­

ant measure which, however, will be non-invariant under Weyl transfor­

mations. Therefore, for the correct quantization of Polyakov’s theory, one 

has to regularize the functional integrals associated w ith  the determ inants 

and to compute the anomaly; namely, a 6  -dependent factor.

Secondly, the draw back of this method is that the moduli space has a 

complex structure by itself. To exploit the complex structure of the moduli 

space Giddings and D’Hoker [11] represented the complex structure  by 

period matrices. Their form ulation is based on the theory of Abelian 

dilferentials on Riemann surfaces and is rather abstract.

A different approach, w hich has not been investigated, is fixing the 

light-cone gauge in Polyakov’s theory. It is the establishment of this last 

approach which constitutes this thesis. In particular, in this thesis, wc are 

form ulating the interacting strings by lixing the same light-cone gauge
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conditions, as Gervais-Sakita did lor the Nambu-Goto Lagrangian. The 

significance of choosing Y + to be a f unction of a  and not the usual r 

w ill be apparent later in the course of the work. This choice is crucial for 

the inclusion of interactions.

The power and beauty of this last idea stem from its ability to relate 

and connect the physical picture of Mandelstam’s approach and the covari­

ant looking formalism of Polyakov’s theory. These tw o formulations appear 

dissimilar but, as is indicated in ref. [12], are probably related by a coordi­

nate transform ation. In this last ref. [12], it is suggested how Mandelstam's 

pit.lure is viewed in Polyakov’s theory of strings. Motivated by this work 

we are investigating the precise relationship between these tw o formula­

tions. Since Mandelstam’s picture is a light-cone gauge fixed theory, the 

study of the light-cone gauge in the non-gaugc-fixed Polyakov’s theory will 

precisely relate the tw o  formulations. The intuitive expectation is that the 

light-cone gauge fixed Polyakov’s theory coincides w ith  Mandelstam's pic­

ture.

The method is appealing for several other reasons. In the standard 

literature of strings [13], it is stated that .V + can be chosen to be the time 

t coordinate of the two-dimensional parameter space, by using the residual 

sym m etry w hich remains after fixing the conformal gauge. In this view the 

light-cone gauge appears as a part of the conformal gauge. On the other 

hand, in the original G.G.R.T. light-cone-gaugc paper [3] the light-cone gauge 

was imposed in the context of Dual models independently of the conformal 

gauge. In this thesis, we introduce the light none gauge in the theory of 

strings independently of the conformal gauge. In particular, we establish 

the light-cone gauge in Polyakov’s path-integral form ulation of strings in 

the same level as the standard conformal gauge-fixed covariant Lagrangian 

path-integral formalism has been investigated.

Another motivation for this work, is the work of Kato and Ogawa 

[14]. They reform ulated the quantized theory of the bosonic siring, in a
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(.ovarian i operator f ormalism hased 011 Becchi-Rouet-Stora- Tyutin  ( BRST ) 

sym m etry [15]. They lixed the eon formal (diagonal) gauge for Polyakov’s 

Lagrangian. It seems interesting to us to establish the standard canonical 

quantization in the lighi-conc gauge, using BRST sym m etry as in the case of 

Kato atid Ogawa. This could shed light in the understanding ol the BRST- 

sym m etry and the role of the BRST ghost (amighost) fields, w hich seem so 

crucial in the second quantized formalism. A lirst attempt, however, to 

investigate this question in the canonical formalism met considerable 

difficulties. One docs not have a guiding principle in this formalism and it 

seems tha t the correct number of lields, which describe the gauge-fixed 

theory is rather arb itrary . For this reason, it is not clear to us yet how one 

can obtain a nilpotent BRST charge in the light-cone gauge. Since the path- 

integral approach docs not contain arbitrariness of that kind, in this thesis, 

v are investigating the analogous problem in the functional formalism, as 

Fujikawa did for the conformal gauge [16].

Moreover, the precise relationship between the tw o gauges (light-cone 

and conformal) in the theory of strings remains obscure. One w ay to pre­

cisely investigate the relationship between these tw o  gauges is by changing 

gauge from one to the other. In this treatise, we study the changing ol 

gauge problem in the functional formalism of the theory of strings. In par­

ticular, we change gauge from the light-cone to the conformal gauge in 

Polyakov’s path-integral of the bosonic string. Using this same formalism 

we investigate the precise relationship between these* tw o gauges.

In connection w ith  the second quantized formulation, the establish­

ment of this approach is important for the following reason: W itten’s [17] 

lield theory of strings inherits the covariant canonical formulation of Kato 

and Ogawa. w hile the Kaku- Kikkawa [18] light-cone string lield theory is 

hased on Mandelstam’s formulation. The understanding of the interconnec­

tion between the tw o  gauges could help the investigation of the relation­

ship betw iv 11 the tw o  lield theories (those ol W itten and of Kaku-Kikkawa)
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of strings.

In the functional form ulation of gauge theories the gauge sym m etry is 

a sym m etry of the functional integration. The gauge parameters are the 

sym m etry variables just as the angle variable's are the sym m etry parame­

ters in the central potential problem in ordinary analytic mechanics. Gauge 

sym m etry in this language means a freedom in choosing an appropriate 

body lixed coordinate system in a spivilie reparametrization of the coordi­

nates. A dill'erent body lixed coordinate system corresponds to a diHerein 

gauge fixing. The change of gauge in this view is the change of variables 

from one body fixed iw rd in a te  system to the other.

In siring theory after lixing the original reparametrization invariance 

by picking the conformal gauge, the Lagrangian is invariant under the more 

restrictive residual transform ation [13]

<»+ -»(i* (a*  ), o” —i i f  (o -  ). 1.12

These are some of the dill'eomorphisms, those w hich preserve the angle and 

are thus conformal transformations. Conformal sym m etry is immediately 

related to the interesting problem of the elimination of the unphysical 

degrees of freedom [19]. However, the mechanism which is responsible for 

the decoupling of the unphysical degrees of freedom and the role of the 

conformal sym m etry in it is not deeply understood. On the other hand, 

lixing the light-cone gauge, as we discussed above, the gauge conditions 

alone make complete use of the invariance of the Lagrangian. The elim ina­

tion of the unphysical degrees of freedom, in this case, can be done by 

integrating over the corresponding variables, in a similar w ay as in the ori­

ginal Gcrvais-Sakita paper. Changing gauge from the conformal to light- 

cone is one w ay to understand the role of the conformal symmetry in the 

elimination of the unphysical states in the theory of strings, since choosing
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the light-cone gauge leads u> the Hilbert space w ith  only the physical 

degrees ol freedom (transverse components) ol the siring.

The change of gauge in string theory can be viewed, in a w ay analo­

gous to the gauge theories, as a change of variables in the functional 

integral. Wc are examining these ideas in Polyakov's theory. The material 

to be covered is arranged as follows:

In chapter 2, we perform the light-cone gauge lixing in Polyakov’s 

functional integral of the bosonic siring. We show by explicit calculations 

how Polyakov’s theory reduces to Mandelstam’s picture, apart from a 6  - 

dependent factor, al ter imposing Gcrvais-Sakita light-cone conditions.

In chapter 3, we discuss the regularization of the determ inants and the 

calculation of the conformal anom aly in the light-cone gauge. Due to ofl- 

diagotial nature  of our gauge, the calculation of the determinants differs 

from the usual (conformal gauge) case, and special care is needed in regular­

izing the functional integrals associated w ith  them. Finally, we show that 

the conformal anomaly associated w ith this new gauge lixing cancels at 

dimensions d = 2b.

In chapter 4, we study the change of gauge problem in siring theory. 

In particular, by performing a coordinate transform ation in the functional 

variables of Polyakov’s expression, we change gauge from the light-cone to 

the conformal gauge. This study relates precisely the tw o  gauges (light-cone 

and conform al) in string theory.

Subtle points related w ith the Faddccv- Popov ghosts are discussed in 

both the th ird  and fourth chapters. Light-cone gauge ghost* are introduced 

in chapter 3 in order to express our oil-diagonal Faddeev-Popov deter­

minant, w hile  changing the gauge, in chapter 4, we define the coordinate 

transform ation needed lor the ghost lields. In the chapters 2, 3 and 4 of 

this thesis w e restrict ourselves to the genus zero case for simplicity. The 

generalization to the higher genus surfaces is discussed in chapter 5.
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In particular, in the last chapter 5. it is shown that Tor the higher 

genus surfaces, the problem ol changing gauge between the light-cone and 

conl'ormal gauge in string theory is reduced to solving the Green’s function 

equation lor surfaces w ith  more complicated topology. The case of torus is 

discussed in detail and it is shown how Mandelstam’s picture is obtained 

from a gaugc-lixed Polyakov’s theory. The method used in this chapter, 

show s that the light-cone gauge lixing in Polyakov’s functional formulation 

ol strings can be done for the higher genus case, in a similar wray as for the 

case of the sphere discussed in chapter 2.

In this w ork, we are confining the discussion to the bosonic string and 

the first quantized language. The degrees of freedom are the displacements 

of the string, not the operators that, create or destroy strings. Since we arc 

working in the light-cone gauge it is necessary to prove that our light-cone 

gauge lixing describes a Loreniz invariant theory. This question is not dis­

cussed in this thesis.
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CHAPTER 2

Light-cone gauge in Polyakov's theory,

I. Introduction

The problem we would like to study in this chapter ol the thesis is in 

the same spirit of that studied by Gervais and Sakita [4]. Namely, they for­

mulated the interacting strings in the path-integral approach by lixing the 

light-cone gauge in the Nambu-Goto Lagrangian. They chose the gauge

where o is a collective coordinate in the two-dimensional surla ie  gen­

erated by the successive positions of the string, i.e., o = (r.o) and

A + =  / ‘ (o). 2.1

( \ - \  •)-’ =  (i.

Since the Nambu-Goto Action is given by

2.3

w hire

2.4

the condition (2.2) corresponds to

h __ =  0 2.5
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in the light-cone basis.

In w hat follows, w c formulate the interacting string by lixing the 

light -cone gauge in Polyakov’s theory. Our choice of gauge is

V * = t (o) 2.6

and

V __ = 0. 2."

The second condition (2.7) corresponds to (2.5), because for Polyakov’s action

.V =  f  j ' - o y / 7  a an V

u ~n = / ? ah is a solution of the classical equation ol motion.

Ch«x>sing A * to be a I unction ol (o.r) is crucial for the inclusion ol 

the interacting siring. As we shall s ir  later the function / (<>) satislies the 

homogeneous Laplace equation except from the points of interaction. These 

are the a linite number of singular points iti the world sheet, where the 

light-cone lime A + becomes infinite. However, the function A * w ill be 

7 a fte r performing Mandelstam’s conformal transform ation.

The sir tions of this chapter are arranged as follows; In s ir lion II, we 

perform the gauge fixing using the Faddeev-Popov procedure and derive the 

Yirason>-Shapiro am plitude from the light-cone gauge lixed path-integral 

expression.

In section III, we show by explicit calculations how Polyakov’s theory 

is reduced to Mandelstam’s picture, apart from a <!> - dependent factor, after 

imposing the above gauge conditions. Finally, we conclude w ith  some 

remarks.
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II. Light-cone formalism and derivation of Virasoro-Shapiro ampli­
tude.

We Mart from Polyakovs path-integral form ulation of Virasoro am pli­

tude [-], [20], given as follows:

I I  f  "  ' f J  ■” - V - t ’ < O] )DX M/>Hab ‘•■.xp If ab Oa X "0 6 -V „

—i f  J  ~n j  J . a )  . 2.8

where a =  ( (•".o'') are coordinates in the 2-dimensional M inkouski parame­

ter space, w hich take values on the whole complex plane. Note here that 

we use the 0, 1 indices in the o coordinates lor convenience, but (<»”.«»') is 

the same as the (r.n) of our previous notation: from now on we are going 

to interchange freely between these two notations, w ithout distinction. 

\ "(<>) defines a map from the 2-dimensional parameter space to a surface 

in the d-dimensional physical space-time. The metric t>ab characterizes the 

parameter space. The reparametrization invariant functional integration 

measure is delined by:

D X  " =  I I  J  A *( ••1 J X  "I o > H X  1 o )
( T

I
D t u b  = n j * * -  j z  —  > 7-

I*

is the reparametrization invariant infinite product such that for a given
it

scalar density *»(<?), i.e., #»t **') = >>(o) lor a reparam etrization <» -» o ‘ =  t in ) ,
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H  p(o) is invariant: namely.

n ^ n )  =  n ^ i r ’(n ) )=  n  /><»-'(<»)) =  n ^ > -  2 . 1 0
<T >f 0 '• cr> (r

We define the 8 -functional by

so that

I I  8 M ( o ) )  =  In  J ' M n l e x p j /  f j :o J —i >A' V

f  II JA (,,)II to A (°)) = '•

2.11

2.12

j ^ i a )  is an external source term delined by

2.13

The substitution of (2.13) into (2.8) gives the following expression for the 

souree term:

exp / J  J 2 a j  ^(ol.V M(o)

exp /£ *  r.V J o =  n Ik M.\ J o .14

We use Minkowski metrie lor the parameter spaee. for reasons which w ill 

be clear later. Keeping the imaginary unit (i) in the exponent assures the 

appearance of 8 -functions in our later calculations.
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In w riting the integral representation ol' Yirasoro am plitude (2.8), we 

should factor out the Mobius volume and the reparametrization volume 

(dilfeom orphism ). The integrand is invariant under 2-dimensional general 

coordinate transform ations, after the factor V ~ a  (o . ) assures the invari­

ance of the measure. The invariance of the source term is assured because of 

the integration over the Koba-NSelsen variables (for an explicit discussion of 

this point sec below the relation (2.24)). The Mobius transform ation is 

delined by

w here

a :  +  b 
t z  +  J 2.15

£? =
j  h 
c J aJ  -  hi =  I.

Hen- j  S' ,t J  are complex parameters and r  , delined by r = + <?’ . is

the variable on the complex plane. These transform ations form the SL(2,C> 

group. For a pnx>f of the invariance of Virasoro-Shapiro amplitude under 

Mobius transformations see ref. [12]. Although we do not specify it, the 

division by these volumes should be understood. The momentum conserva­

tion lac tor i.2Trf: fy>lt' { £ ,  k. ), which m ultiplies the integral, is hidden in 

the integration over the zero modes of the functional integration variables 

Y M( o ). In the path-integral expression (2.8), we consider only the covari­

an t Brink, Di Vccchia and How e Lagrangian [b], ["] . In Polyakov’s theory, 

how ever, the inclusion of the cosmological term  is necessary for the renor­

malization, which will be discussed at the end of the third chapter.

We choose the light-cone gauge conditions as in rel. 4 :

\ * =  / lo t
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and

e — =  0. 2.16

Hm* / (<>) is a function of o" and o' . As we shall sec later in (2.16), we 

can always add a constant factor C to / (o) . This means that the gauge 

fixing does not include the zero mode of the variable A + .

We fix the gauge using the invariance of the action under general coor­

dinate transformations in 2-dimensional parameter space:

a" _ o ' <k‘(,T)= o° + ("Ini. 2.1?

Under infinitesimal reparametrization transformations the variables A'"

and t>;0 transform as

A M —* A"* '*( o) = V **(0 ) -  c-'a.A **(ii)

t'.;* — flab* ' =  Hub ~  (K Hob ~  fla ~  bb Hat ■ -• 1 &

We change the integration variables J  A + and J u  in (2.8), to the tw o

parameters of the transformations J  t *  and J  t ~  . We use the following 

li^lu-cone basis:

a '  =  —J— (<i° ± o ' )
7 2

e ±± =  — fe n + t’ m ± - m Ol

e =  JL (e ,, -  V,,,). 2.19
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Following Faddeev-Popov procedure, wc insert in the integral the iden­

tity

f  /) t A, ( A in W .V '* ’* -  / (ol) IJW.e - -  >= I. 2.20
<T iX

where J) t  is the invariant measure of the transform ations (2.17) and 

A/ ( \  ,.e ) is the Faddeev-Popov determ inant given by

A, =
- a +v + - a - v ♦ 
-(a>.«— + 2? *_a_) - ( 2g__a_ + a-.«— > 2.21

Then we obtain

n /  •• f JV V-e <«». >/JY M/ ) i i ab I ) <A, fi( A +- /

c \ p I  f  j 2c > / - * . « aa v * aft . v * -  /a - a  j o 2.22

Ne\t, we interchange the order of integration in (2.22) and change the 

integration variables as follows

The action is invarian t under (2.23). The invariance of the source term can 

he discussed as follows [21]: We make an inverse- reparametrization 

transformation in A M variable. Then the source term heroines

f j 2<* /.A''*’ '(<») =  ( ..« '» «  J J  : o j . X  ( o ) . 2.24
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The last equality holds because, due to the specific form of j M( o )  (contains 

8 -f unctions), the argum ent of the field X is integrated out, since the func­

tional integral involves reparam etrization invariant integration over the 

interaction points a , . Since the Faddeev-Popov determ inant is invariant 

under the gauge transform ations, the measure is also invariant under (2.23) 

and we obtain the expression

I I /  • • • / l )  ( J  V  V - y  <<», )fl.V » D e ab A> S( V + -  / ) 8(j? __)

exp L f j  -w -*  * * aa -v "db v M -  i k  r x  „( a . ) 2.25

The last integral is independent of the parameters of the transformation 

and the integration over t +. t ' is factored out as the volume of the 

reparametrization group.

Niext, we separate the transverse and longitudinal components and we

have

Y [ f  • • • J J  2a  . - v / — c  ( Oj  i n ^ A  + d . V  ~ l ) X  ' J J A ’ ___ ( — i? ’ 2 A,  ( A  , c  )

n « ( . v +-  r  (o»nf i(  g  ) exp

+  i f  J  20 ' J — g g ah f a  X  ‘ a b X  — i f j  2 a  j  * \  ' “ —/ f  J  2 a  j  ~ X  + .2.26

Tin- integrations over X *  and g __ are trivially carried out. Next, we 

choose / (<») such that it satisfy the following equation

2a+cf- / (<>) =  ~  j  +( ‘») 2.2"
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where j * ( a )  is given as in (2.13) by

2 .2 8

The purpose of the ehoiee (2.27) is to cancel the linear terms in the action 

(2.26). Then (2.26) becomes

n f  "  ■ f j  2 °.> v-e <o, >nj ' d *  1 )_l/ 2 &r
i t  a

- ~ f j  W ^ j T ?  " (fl- .V  ' )2 +  2 0 >.V ' a_.Y ' ]+ I k ; .Y1 ( o ,  ) +c\p

J  J  -OyJ — a V - ( ) -  /  0 —Y "  — / £ j k  , ) ( n  . ) 2.29

where we used J —u v * ~  =1 , since in our choice of gauge •J—k = t>._ . 

The last expression (2.29) defines the light-cone gauge fixed Polyakov's 

theory ol strings. The gauge fixing determ inant A, . al ter substituting the 

gauge conditions in, is given by

A, =
- a + / - a -  r
—2 k +-0- 0

The function /' (o) is the solution of (2.27) and because of (2.28) it 

depends on the external momentum k 7 . It is given by

I ( , » ) = £  k, + A1«». n. ). 2.30
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where A(o. o') is the Green’s function of the Laplacian. If the points o and

o. do not coincide it is given by

/ (n) = £  *, + In I o -  o, I . 2.31

However, when o equals a  , the expression (2.31) becomes singular. St' the

last factor of (2.29) contains an infinity. We extract, from the summation 

of this factor, the singular term w hich is given by

—ik ,~k * A l a  , o , ). 2.32

Next, the integration over the variable A “ is done as follows: We m ul­

tiply the measure J X  ~ by the factor (— 0_ / 0_) and the part of (2.29)

which involves the integration over X  ~ becomes

/ tVVX-L- r 1' :
licit —(♦_ I ( l_ )J

exp 2.33

Then performing the integration we obtain the expression

[ del I - 0 -  / (»_ ) I-1 S ( « "  ). 2.34

where we used the definition (2.11). Because of this 8 -function the 

integration over c> picks only the « = 0 sector and cancels the ti -

dependence of the exponent of (2.29). Notice that the relation between the 

upper and the lower indices of the metric is
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Vt> e ab = ( - n a* L’a'k"

w here J  . F  arc delined to be + or - whenever a , h  are - or + respec­

tively. Thus y _- = () corresponds to = 0 .  It is im portant lo notice

here that in a natural w ay in our light-cone gauge we have recovered the 

second of the con formal gauge conditions, w hich we did not impose in this 

gauge. This can be understexxl as the existence of some sector of coincidence 

between the light-cone and the conformal gauge. The net result of the 

integrations over X  ~ and e is the following determ inant factor

w hich appears in the denominator since it results from the integration over 

tw o  bosonic fields. Then the original expression take's the form

He re the prime in the summation of the last I actor, means that we have 

excluded the singular term defined by (2.32). The last expression (2.36) 

defines the V irasoro-Shapiro am plitude in the light-cone gauge. In order to 

recover the Virasoro-Shapiro am plitude from (2.36), we have to perform 

the integration over X ' variable's. For this purpose we complete the 

square between the lirst and second terms of the' exponent. The relevant 

part can be expressed as

[ d e l  ( - f t .  /  0 _  ) ]_ l  . 2.35

A,

exp —i J  J  ' + / £  . k .X (o . ) — / ( <i ) . 2.36
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f  D X  ' exp ( / f j  2a  ( X  D X  ' + j  X  ' )). 2.3"

where / )  =  0*8- • In the last expression we have changed the notation of

the momentum in the source term hack to the original yM. Then the

exponent of (2.3") can be w ritten  as follows

, f  J  2 d  X  ' D X  + J I T X '  + j '  I j j '  ) -  ; J L ;  . 2.38

The term in the parenthesis of (2.38) is a complete square, w hile the extra 

term is form ally w ritten  as

-jyJ'  ■ 2-39

1 -  is the propagator given by the Green’s function 4(o-<r) and <2.3(>> 

lakes the lorm

—i f j  t 'd rt £  * 8 :(o —a j ) 4(o— o') k i  fi-(o'—o ', ) =

=  - i  £  k 41 Oj - o ;  ) A-/ . 2.40

The last expression gives the extra term, w hich we need to add and subtract 

in the action in order to complete the square. This becomes singular w hen

() = . Therefore, there is also a singular term in the summation over

the transverse components in the second factor in the exponent of (2.36), 

which is given by (2.40) for j = k. Wc combine the j = k term of (2.40) 

w ith th a t of (2.32) and obtain the following expression lor the linal
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singular factor contained in the exponent of the path-integral (2.29)

- i k  r  M o  (i, ) 2.41

By a conl'orm ally-invariant regular zation (see regularization procedure in 

the following chapter) the Unite part of (2.41) is proportional to <Mo, ) .

Then expressing the factor V —,e (o,  I =  <• , the <Mo, ) -dependence can­

cels provided that the external lines arc on shell, ijc. k,  *k,  M =  - 2  .

Then, after the integration over V' , the exponential of (2.36), apart 

from a determ inant I actor, becomes

exp -  £  k. k ,  In 1.- - r ,  I = n 2.42

where w e have used (2.31). The expression (2.42) is essentially' the 

Virasoro-Shapiro amplitude, apart Irom the integration over Koha-Nielsen 

variables. In the next section, we explicitly obtain Mandelstam’s picture 

from the light-cone gauge lixed Polyakovs path-integral.

III. Derivation of Mandelstam’s picture from the light-cone gauge 
tixed Polyakov’s theory.

We start again from the expression (2.36). In order to obtain the path- 

integral in Euclidean metric and get rid of the i in the exponent, we per­

form the following Wick rotation:
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o° =  I . o' =  £i -  e . i 2.43

and we have

e x p

n /  ■ ■ - f j  W f  -n«v ■ a-)

“ T f J  *  (^ V  ̂ ' Z * i -V 1 (f, ) -  Z * Rer (r; ) 2.44

w here

M r  ) =  - L Z - A - ,  +  l n ( . - - -  ).

is ihe analytic f unction whose the Real part is given by (2.31 >.

nx  = n  ^v ' >

where r  stands for r  and 5 delincd as r  = £ '+ / £ 2 and J = £ '— i g 2 . Note 

that any g-dependence in the transverse part of our measure is ineluded in 

our definition ol the reparam etrization invariant produel. In the last expres­

sion the variables £ and r are delined on the entire complex plane. In the 

light-cone picture of strings the integration variables are delined on the 

Mandelstam’s plane. In order for the variables to tv delined on Mandelstam’s 

plane, we make the following eon formal transform ation

>w =  / (r  ) =  r  + / o 2.45

This delines a map from the en tire  plane to the M andelstam’s "tube" (see
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lig. 3). Under the transform ation (2.45) the points r, transform  into the 

strings (i) at initial or final times r, =  ± o o ,  depending on the values of 

k,  * : k , *  < 0  for outgoing and k, * > 0  for incoming strings.

Fig. 3

Fig. 3: Mandelstam’s "tube"

A lter the transform ation (2.-»5) the last factor of (2.44) becomes

exp 2.46

Changing reflects a change ol the interaction times >, , which arc 

defined by

r ,  = /  ( } , ) .  where —- * I . » .  = 0 .  2 .47
0-
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We musi perform the same transformation (2.45) on the functional integra­

tion variables A ' . such tha t they be delined on Mandelstam’s tube. Then 

we change the Koba-Niclsen variables - to the variables > . The Jacobian 

of the last transformation times the Jacobian due to the con formal transfor­

mation on the I unctional integration variables Y has been calculated by 

Mandelstam [8]. It has been shown that it gives a constant at dimensions 

d=2b. Then the integral (2.44) becomes

n f  ••• /* /> .  n d x ' j k —AAJ J  „ d e i(-a f  / a*

C\|> - I -  f  J  V  ( Y ' )-’ + Ik ' .A ' (r , ) — k, ~r, 2.48

w here /)Y = n  * •
u

Now all functional integration variables and determ inant operators arc 

delined on Mandelstam’s "tube'". In the last expression, we denote this by 

explicitly w riting the dependence of the operators on the new variable w, 

w hieh through (2.45) dclines the light-cone plane. The integral (2.48), 

except from the determ inant lacior, which depends on .g +_ , coincides w ith 

Mandelstam’s picture of strings. The t> +_ -dependence of the integral 

defines the conlormal anom aly. Confortnal anomaly is a result of the non­

invariance of the measure under staling of the metric (W cyl transform a­

tion) [10]. Since the change in the <b -dependent factor under the con formal 

transform ation (2.45) is a constant (</> -independent) [21] [ see U .4) below, 

for the definition of <ft ] , the physical result dins not change if w e calcu­

late the con for ma I anomaly alter performing Mandelstam’s transformation. 

In the next chapter w e compute the anomaly factor defined on 

M andelstam s tube and w e show that it cancels at dimensions d=26.
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IV. Conclusion

In this chapter, we have form ulated the interacting strings by tixing 

the light-cone gauge in Polyakov’s theory. It has been shown that tixing the 

light-cone gauge in Polyakov’s theory can be done in an equivalent w ay as 

fixing the con formal gauge. One can start from the non-gauge-tixed 

Polyakov’s formulation of strings and chcxwe one or the other gauge, 

depending on the problem one wishes to study. M andelstam’s picture is 

obtained f rom the light-cone gauge tixed Polyakov’s theory.

The main point we would like to emphasize is that the light-cone and 

con formal arc tw o independent, equivalent gauges. One is not included in 

the other and light-cone conditions can be lixed independently of the con- 

lornial ones. Obtaining one gauge from the other can be done by a proper 

coordinate transformation.

Notice that to obtain M andelstam’s picture from Polyakov’s theory, the 

spcrilic choice of gauge seems crucial. The function / (o) is simply r for 

the non-interacting strings case, while here, it being the solution of the 

equation

^  / ( o ) =  — / y *( a ), 2.49

it depends on the external m om enta After Mandelstam’s confortnal 

transformation, however, f  (o) becomes r .

t
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CHAPTER 3 

Regularization of the determinants and 
Conformal Anomaly in the light-cone gauge.

1. Introduction

In the path-integral approach, anomalies are now w ell understood as 

due to the non-invariance of the measure under a specific sym m etry of the 

action. In Polyakov’s theory of the bosonic siring the action is invariant 

under general ct*ordinate transformations and rescalings of the metric 

(Wcyl sym m etry) in tw o dimensions. As we already discussed earlier, in 

this cast.' one can not w rite down a measure w hich possesses both invari­

ances of the theory. The best one can do is w rite a reparametrization 

invariant measure in which case there w ill he.an anomaly due to the non­

invariance of it under the Weyl sym m etry. Fujikawa recently proved that, 

equivalently, one can choose to work w ith a Weyl invariant measure. In 

this last case the anomaly appears as a result of the non-invariance of the 

measure under the general coordinate transformation. In our case the meas­

ure (2.9) is invariant under reparametrization transformations. Therefore, 

there is an anomaly hidden in the i> +_ -dependence of the measure and the 

determ inant factor, due to the non-invariance of (2.9) under the scaling 

transformation of the metric

«fafc — a ' a h 1’* 1 '-

The conformal anomaly is defined as the <b -dependence which in our case is 

hidden in the determ inant factor
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3.2

where A/ al'u-r the gauge fixing is given by

A, =
~ 0 - 1' ~ 8 -  / 

- e  +_0_ 0 3.3

and also in ihe scalar Laplacian operator ^  ol' the integral expression 

(2.48). The determ inants involved arc now delined on Mandelstam’s "w - 

tube". We deline

e j v  ) =  <•**’ 3.4

Under the conformal transform ation (2.45), the function i  t o )  transforms 

into t . in the "w -tube". Therefore, 8- / and 8* / become simply con­

stants. We use the notation and x+ lor the constant fields in which 

0_ / and (L / respcvtively transform  under (2.45). Then (3.2) is 

expressed in terms ol and x~  as

—X+ - X -
(let +-8- n

detl —x-c»- >

Iti order to compute the determ inants ol the inlinite-by-inlinite non­

diagonal matrices ol the last expression, one needs to regularize the func­

tional intergations asstxiaud w ith them. The regularization procedure 

extracts the di -dependence.
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There arc a f ew points we would like to emphasize about the nature of 

those determ inants. Firstly, these are infinite-by-infinite matrices, since the 

operators depend on a  w hich is a continuous variable labeling all the 

points of the string. The Faddeev-Popov determ inant, w hich appears in the 

num erator of (3.5), is not diagonal and since the operators of the upper 

right corner and the lower left corner operate in different spaces (acting on 

vector space they give scalar and two-tensor respectively), the m ultiplica­

tion of those two operators is not allowed. Each operator is a bie matrix 

w ith different in general dimensionality. One would maybe th ink  that 

since the fields \ ± are constants they do not contribute in the calculations 

of the determ inanus and theref ore we can ignore them, obtaining all contri­

bution only f rom the operator (— c +-c)- >. However, as it will he apparent 

later, we must keep the fields x . until the end of the calculations and in 

fact they play an essential role in this computation.

Secondly, there is also a determ inant in the denominator of the expres­

sion (3.5). This results from the integration over tw o  bosonic fields. Since 

we are working in the light-cone gauge the expectation is that this last 

determ inant corresponds to the two reduced dimensions, going from 26 

(space-time dimensions of the bosonic siring) to the 24 (light-cone dimen­

sions of span-tim e). However, the situation is not exactly such. Due to the 

mixing of the X-variablcs w ith  the g-variables in our non-diagonal gauge, 

our Faddeev-Popov determ inant does not exactly correspond to the 

Faddeev-Popov determ inant of the conformal gauge. Therefore, if we 

independently try to regularize the num erator and denominator we shall 

not obtain the anomaly factor in the d-power from the regularization ol the 

num erator and to the (- 2) power from the regularization of the denomina­

tor. For consistent regularization we need to regularize the whole expres­

sion in such a way tha t the infinities bet w arn the num erator and denomi­

nator w ill cancel. Another reason that this is crucial is because ol the 

nature ol the infinities involved. Even if both num erator and denominator
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arc inlinitc-by-inlinite matrices, the* num erator is form ally a 2x2 matrix 

w ith  complicated operators, w hile the denominator consists of one operator. 

Naively we can say that there are " tw o  inlinities" in the num erator and 

"one infinity" in the denominator. An independent regularization of the 

num erator and denominator na tu ra lly  can not lead to the cancellation of 

those inlinities unambiguously. Complications of such kind do not appear 

in the conformal gauge. In that case, the determ inant factor consists only 

o| the Faddeev-Popov Jacobian, w hich is diagonal and the operators are of 

the same nature, namely, they both operate on vectors and give two-tensors.

Another point we like to emphasize is that these operators (and this is 

so even for the conformal gauge) are of the nature of the chiral Dirac 

operator, i.e. they map a space I ' ,  to a different space \ 2 [22].

A  : \ , ------ > \  , 3.6

There is no meaning of the determ inant of such an operator. One way to

analyze these operators is to deduct the operator w hich sends the space back 

to itself. In other words, we must compute the adjoint A * :

A + : V 2  >V , 3.7

Thus we have to make sense out of objects like

d e t U M )  3.8

and linally extract square roots in order to obtain detA. This last discus­

sion makes obvious the need of a metric.
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In general, in order lor someone to be able to calculate the adjoint 

operator one needs to deline an inner product. However, there is a problem 

in this gauge. In our case, because ol the oil-diagonal nature of the gauge, 

we can not introduce the usual e ., metric as in the conformal (diagonal) 

gauge case. Thus, the inner product delined in the case of the conformal 

gauge is not suitable for our calculations. That this is an effect due entirely 

to the non-diagonal gauge choice can be seen as follows: Since our gauge 

conditions mix the space of the X-variablcs w ith  the space of the g-metric, 

the reparametrization invariance is not maintained in the course of our cal­

culations in chapter 2. One can check this by looking for instance at the 

expression (2.29). The functional integrations performed are such that they 

break reparametrization invariance, w hile in the ordinary conformal gauge 

the reparametrization invariance is respected throughout the calculations 

and the regularization procedure is such as to preserve the reparam etriza­

tion invariance. Therefore we need to find a principle in our gauge in order 

to deline inner pnxluct and perform the regularization. It is necessary to 

uncover some hidden sym m etry which is going to be preserved in our regu­

larization c.nd play a role analogous to the reparametrization sym m etry of 

the conformal gauge case.

The organization of this chapter is as follows: In section II, w e show 

how we use the BRST-invariance to recover a principle for the regulariza­

tion procedure.

In section 111, we deline consistent inner products and compute the 

ad joints of the determ inant operators.

In section IV, the calculation of the Faddeev-Popov determ inant and 

the determ inant factor, appearing alter perform ing the integration over 

\ " and e variables, on Mandelstams plane is given. The method used 

for the regularization is the Pauli-Villars regularization procedure [ 2 3 \  

Finally, it is shown that the conformal anomaly cancels at the critical 

dimensions (d = 26).
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II. Use of BRST-invariance to recover a regularization principle.

The BRST-invariance of Polyakov’s action can be proven through its 

invariance under the general coordinate transform ation. The change of the 

Lagrangian (1.6) under the reparametrization transform ation is a total 

divergence, which leads to an invariant action. The BRST-translormation 

[id], [15] is defined by replacing the parameter «'* ( a )  of the general coordi­

nate transform ation by Ac M o ) , where < " (o ) is the Faddeev-Popov 

anticommuting ghost field and A is an anticom m uting c-numbcr parameter. 

It is g iv tn  as follows

8 \  "  =  - Ac°Oa .V" 

fig -» = - A f t  (, * ) + A0t i 3 f!lh + A& t n v ac . 3.9

The BRST-transformation for the ghost field is determ ined by the require­

ment that the BRST-translormation be nilpotcnt. It is given by

<• =  -A< 6 0fc( c . 3.10

One can then show, by directly applying the translorm ations (3.9) and

(3.10), that the total action (the conformal gauge fixed Polyakov’s action 

incorporating the Faddeev-Popov ghost action) exhibits BRST-symmetry. In 

kato-Ogawa approach the total Lagrangian (the conformal gauge fixed plus 

the ghost Lagrangian) was obtained using the BRST-invariance as the guid­

ing principle. The Faddeev-Popov ghosts (antighosts) were introduced in 

their method by the KugivUehara gauge fixing procedure [24].

According to this procedure one adds to the original Lagrangian a 

BRST-invariant term which can be used as the gauge fixing and the FP- 

slhost Lagrangian. It is defined by
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!<;r «■/ r — 81 “a f  0 ) • 3.11

8 stands (or the BRST-translormation, which by delinition is nilpotent 

assuring thus the BRST-invarianee ol /*,, is an arbitrary  func­

tion of the lields w ith  zero ghost number. It can be taken to be the gauge 

conditions. are antighost variables w ith  transformation property under 

BRST given by

We lirst notice that our gauge iixing of chapter 2 can be w ritten  in a 

form ol the Kugo-Uehara gauge Iixing procedure. The Faddeev-Popov deter­

m inant A/ appeared as the Jacobian of the transformation of J X  * and 

J v  to J  (* and J  . Thinking of it as a 2x2 matrix, the tw o com­

ponents ol the determ inant operator do not have the same "signature". They 

both operate on vectors and give a scalar or two-tensor licld respectively. In 

terms ol ghost and antighost fields, it can be w ritten

— / \ B a . 3.12

w here Hu are auxiliary lields. They transform  as follows

f>itu =  0 . 3.13

A, =

J J b J b  ~J( * J c ~  exp

3.14
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whore we have inmxiueed nvo antighost lields A, A scalar and two- 

tensor respectively. The peculiar appearance ol the antighost lields is due to 

our non-diagonal choice ol' gauge. There is a scalar antighost b 

corresponding to the gauge condition which fixes the Held V * and a two- 

tensor b ~ ~  which results from the Iixing ol the lield e __ . < a are the 

tw o  vector ghost lields corresponding to the tw o  parameters of the general 

coordinate transformations , as in the conformal gauge case and l i ./? 

are the auxiliary holds, defined by (3.12). The BRST-transformaiion of the 

last anticommuting lields is given by

^  a = - ‘ 6 06 ‘ “ • &A = i B .

F>b = Hi fi/f =(). 3.15

The indices a and b a re  + or - in the light-cone notation. We w rite the BRST

transform ation for the variables X * and e —

SV + = - r ° d a . V  

fcu =  - i  ‘ 9 f ? — -  2n „-d_c * -  2e  __9_< ~ . 3.16

Next, using the Kugo-Uehara prescription described by the relations

(3.11) through (3.13), we w rite the sum of the Faddeev-Popov and the 

gauge-fixing Lagrangian in our gauge. It is given by

/•<;/ ♦/ /■ Mm.v * - r  (»»))+/’ "«f — J =

J H \  ♦ -  /  ( « . ) ) + / { - - «  —/Ac *• 0^ V *—i'b ” “ ( ( 2()_(  ‘ cT )« . -  +  2«  + - 9 - <  + ) .

3.17
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where / ' “ are replaced by ihe gauge conditions X  * — f  (o) and ,e _

This Lagrangian is BRST-invariant due to the nilpoicncy of the BRST 

transformations; 8 here stands for the BRST variation. We can obtain the 

same BRST-invariant Lagrangian in our path-integral approach if in the 

very early stage of our calculations - expression (2.22) - we express the fi 

functions as functional intergations over the auxiliary fields B and the 

determ inant A, in terms of anticommuting variables:

8(.Y * — / (ci)) = f j f i  exp I f  J 2 a J - e  B L X  + -  f  ( a ) )

8 (8 --)  =  J J f t  “ exp i e __

A/ = J' JhJf r  J c * J i  "exp i J ' j 2a \ / —i’ l h } >  )

-0-V + —()- V *
-(() + v - -  +2.8 +-()-) -(28  + ()_8 — ) 3.18

It is now easy to see that the Lagrangian appearing in the exponent ol 

(3.18) coincides w ith  /.(,> +//> ol (3.17). Therefore it is BRST invariant. 

Moreover, the last of the relations (3.18) takes the form given by (3.14). 

al ter we lix the gauge (performing the functional integrations) and substi­

tute x+ and x_ for / and {)- / respectively.

Now we observe that BRST-transformations and the BRST-invariant 

Lagrangian are c o v a r i a n t under the following transformations:

(»+ —» a f l+ ( o* ), «i“ —» o'*'“ (<»“ ). 3.19

These are the conformal transformations, since a lte r the Wick rotation
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<»+(o") heroine essentially r  (5 ). So eon formal transformations on integra­

tion variables induce the transform ation property of and as vector 

lields w ith  the signature + or respectively. Then BRST-transformations 

and the BRST-invariant Lagrangian manifest conformal covariance. We use 

the conformal invariance as a guiding principle for the regularization of the 

determinants. We like to emphasize at this point the connection between 

BRST and conformal sym m etry. The fact tha t the invariance which we 

preserve during the regularization of the determ inants is the conformal 

sym m etry makes sense in connection w ith  the conformal anomaly, the 

Liouville action, w hich is the conformal anomaly factor, is invariant under 

conformal transform ation. It is therefore natural in the regularization pro­

cedure, which extracts the conformal anomaly factor, to preserve the sym ­

m etry which is a sym m etry of this same factor. In the next section we 

deline inner products using the conformal sym m etry as a guiding principle.

III. Definition of inner products and computation of the adjoints of 
the operators.

Following the procedure discussed in the introduction, we Drst com­

pute the adjoints of the operators of the determinants. We detinc the confor­

mal invariant scalar product of 2-tensor fields by:

where = V , w hile the inner product of scalar and vector fields are

deli tied by

3.20

3.21



- 4 0  -

and

( 'r . .Y +>= J*J  n*J n~u Y *tg 3.22

respectively. We use the metric e + _ to lower or raise indices, w hile the *

operation means interchange between + and - indices. Then if T =  —X-0- , 

the adjoint /  * is delined by the relation

(Se — J'  S.V ) =  ('/' *f>fi — . f>\  ) • 3.23

Using the delinition (3.20) we w rite the left hand side of (3.23) as follows

( f i n  . T fiX ) =  f  J  o*J  o” ? L_ ( — X-d~ )fi.Y e

= J  J  o * J  o~ i> hi i  1_ ( —X-0- ) 8.Y =

J" J  o~  9_( X-.k ) f w  f> \

= f  J  p * J  o~ v e i ) J  x+e *” >) fit! f > \  ■ 3.24

Comparing the last relation w ith (3.23) we obtain the expression lor / *

T *  =  s  * -  • 3.25

Next we compute the adjoint of the operator

I) - X -
o ■ i2 b

This is the relevant part of the Faddeev-Popov determ inant given by (3.5).
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The inner product consistent w ith  (3.20) is defined by

( v . v ) =  J j  a + j  0 - y '  a  v ,

w here

fi.V
S . e .

and

(J =

3.27

The adjoint (J * satislic*s the relation

( \y, (j f  ) = { q *\y, t 3.28

where V is given as above and € stands for the tw o- component vector 

field

e =

We use (3.28» to compute the adjoint (J * . The inner product for the vector 

field < is defined by the relation

(«, €)  = J  J  a * J  a t 1 ( i c 

where now G is given by

3.29

G =
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Then

= J  J  t i~J  (>” (fi.Y , fig + * ]
» - x-

- f l -  <>
fit*
f it”

= f j  o * J  o  ( —2fl_fi.g ++ , - X - 2  ♦ -8.Y )
fit*

f it”

w hich can be w ritten  as

( V. O t ) =

J  J  >i~J n ” ( —2c : 0-fi.c
0 fit*

A-fi.V ) o c i . f i t” . 3.30

On the other hand the right hand side of (3.28) is expressed as

( o*V . t ) =

f  J  <>*J o~  |(0  +^), . Uj  *¥),' |
? ♦ -  0 8f*
0 C’ i - f it” 3.31

Comparing the relations (3.30) and (3.31 > we obtain the following result

( o  + y  ) , =  —2f! *”:8+ fi.t»__

and
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( o* \|/ ) , =  - e  +~x+ fi.Y

or w ritten  in a matrix form

o *  =
() ~ . n *  :cK

- y  x* 0 3.32

Then the operators to be regularized are given by

0*0  =
e +“-0 ♦v*-d-  0

0 e +~/t+- 3.33

and

T * T  = - y — 0+/ t +_ y * - 0 - 3.34

Here =  is independent of o* . sinee x+ attd X-  a r c  constant

fields by deliniiion. The above operators (J*(J  and I ' * / '  acting on vector 

and scalar space respectively, are w ell delined. However, the regularization 

of these operators is necessary for a meaningful deliniiion of the deter­

minants. Since, in order to obtain the adjoints, we have introduced expli­

citly  a metric, we can interpret the anomalies as the dependence of the 

operators on the metric. Regularization in this sense means to extract the 

i> -dependence of the determinants. In the next section we compute the 

determ inants of the operators <j *( j  and /  * /  , as w ell as the determ inant 

of the Laplaeian operator. The determ inants of the operators Q and T are 

then obtained by extracting square roots from the result of the d e t(0 +(> ) 

and del 11 * 1  ).
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IV. Regularization of the determinants and computation of the con- 
formal anomaly.

T heir arc several methods for the regularization procedure. The most 

commonly used is the Heat-Kernel method I7]. In this method, one has u* 

cut-off the small lime contribution, w hich corresponds to the zero mode's of 

the determ inants, since the determ inant of the zero modes is zero. Then the 

dependence of the determ inants on the metric is obtained by computing the 

elfeets for very small time. Despite the popularity of this method it lacks

physical simplicity. An alternative method, in w hich the meaning of the

regularization is more transparent, is the Pauli-Villars method.

We use the conformally invariant Pauli-Villars regularization method 

lor the regularization of our determ inants [211 In this procedure the regu­

larization of the operator is done as follows: A number of auxiliary 

Bose and Fermi fields, w ith  masses A/, , are introduced in order to cut-oil 

the large momentum contribution. The determ inant is regularized to be the 

determ inant due to all these fields:

dn ^  = n  |dct ( $  -  A/r ->** ' )  f  3.35

where ( ,  = ±1 depending on the statistics. We define ( \  =  I and

A/, = 0 .  We multiplied M , 2 by <•**’ to keep conformal covariance. At 

the end of the calculation w e set M , 2 -*oo such that

£  (', =  »>. Z  < A/ : =  n-
i =i

£  ( S1, ~ In A/, =  finite. 3.36
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to assure that (3.35) is form ally equal to del . The tb -dependence of the 

determ inant is then computed by

, 4 —r ln lU' vi:r'7' =  ~  L ( < £  I  !-------   I f  > . 3.37
W F  *  , A/.

Following the above prescription we (irst compute the variation of 

In clci <] *(J and In del / *1 .w h e re  ( j * ( j  and / T  are expressed as 

in (3.33) and (3.34). We w rite  the operators as

f j * n  =  < -*0+  ,-♦ 0 .

= «• h *_ [ 0 ,0 _  + ( 0*d> ) 0_ ] =  t ,

and

/ */• =  -« •-* /,* _  0+

= -«• ~ 2* h ( 0 +0_ -  ( 0*<ft ) 0 _ 1 = \ : .  3.38

In riting (3.38) we multiplied the lower-right corner w ith  the upper- left 

corner in the m atrix (3.33), since the m ultiplied operator is diagonal ( i.e., 

no derivatives ) and of con formal weight zero. The last m ultiplication can 

be justified by the following argum ent: in matrix form the operator ( J + <J 

given by the relation (3.33), can be w ritten  as follows

(Jf+- / l - r '  I) I! *~h +_( v * 'tun + -c)-> ()
(J *(J = » « +"/< - 0 1

Then

del (J + O =  del I del ( i> * h *_ 0 +.t' *_0_ ). 3.39
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since the lower right corner of the last matrix is just the identity operator. 

It is im portant to keep the conl'ormal invariance in order lor the m ultiplica­

tion to be consistent. The con formal invariance of the operators of (3.33) 

and (3.34) justifies the presence of the field h *_ . h is of the same con- 

formal weight as a +_ . From now we use the deliniiion

/» — =<•* 3.40

for the field h +_ . h +_ was delined as a constant lield in the paragraph 

just above (3.5). Thus, it was taken out of the derivative operators in (3.38). 

However, it plays an essential role in the regularization procedure below, 

through its conl'ormal weight. We keep the factor c a  throughout the cal­

culations, since we need to have conl'ormal weight zero operators. Then, fol­

lowing the prescription given by (3.36) and (3.3"), we w rite  the regularized 

quantities to be computed as

/  i =  L (  . t r  In C . 3 ,  +  A/ ,  2 r 2<t> ~ , r )
(

and

1 2 =  Z r  "  ln ( A  2 +  M,  2 c *  " a ) . 3.41

where = 0+0- + I 0+<*> 1 0- ar>d A , =  0+0- ~  ( 0+^ > 0- • since

and

In A | =  ( <>/is/ +  In A ) 

In l i  =  t onst +  In A t . 3.42
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The factor r 2*-lT m ultiplying the mass term assures the quantity in the 

parenthesis to be conform ally covariant. In order to compute the <t> - 

dependence of the determ inant factor, we lirst vary the log of the deter­

m inants w ith respect to <b . Since we are interested to regularize in such a 

way as to cancel the inlinities between the num erator and the denominator 

we regularize the ratio of the tw o operators as follows

8 In -(J-  =  8 In clct (J * (J - 8  In dct T * T  .
del /' V

3.43

Using (3.43) the quantity  to be computed becomes

8 /  , 

8 <&(£)
A/. v 2* 2 < £  I I

a* < €  i o- A 1 +  A/. V

A i  +  A I - c 2* 

£ >

I £ >  —

- L < m,  -Y2* 2 < e  i i
A  ,  +  A/ .

i e > +

()* <£ I (I-   * n  1 £ >\ , + A/ -Y-*
3.44

The computation of (3.44) for small involves the expansion of the func­

tion of <M£) around a poim £ as

< £  l I
\ ,(£> + W( v w «' *

£  < f  1 t . 3 yr =0 .A , +  A/, c

I £ >  =

< — A.\ i — AA/ )
. t , +  A/. ~c

” .3.45
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where

7i ,(£) =

7\ H ) + (£-£r[ &,<0+<ft) 1 0- + \ l l - t )"<£-£)* [ 0„8«(28+<A) J 0- + • • •

= 7\ ,(£) + a7\ ,(£-££>

and

A / ,  =

v/. -Y -♦<' + m , - ( % -t )°a„(2<t>) + ( t - z  r ( s - z  )»

( ( U U <  < 2 4 > I  +  0 o ( 2 < * )  a «  ]  +  ■ • • = M ,  Y  2* « '  +  A M  ( } - {  ;  £  ).

Next. we insert the complete set of states

f  — !L I / ’ > < / ’ 1 = 1  3.46

and reduce the calculations to simple integrations over the momentum. For 

instance the n = 0 term in the expansion (3.44) becomes

I T / 2 I ̂ J 4  p ^
- p  + / , _ + ,  ( f l . ,  <*>)/> _ + A 7  -  <• - *

'  f j  - > -------------------!------------3 . 4 7

‘*,r —/»+/> _+ A / ' C ’<t>

where we shifted the momentum /> + as

/» + -*/> + -  / ( 0+<fr ).
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In a similar way. wc expand all ihc terms in (3.44), while the second sum­

mation involves the expansion of 4 :( f  ) given by

't  ,< b  =

a  M ) -  < M  >" I c 16- + y< )"( i - i  P  ( d..de 1 d- + • • •

5 - l , ( ( )  + A.4 4 ).

We do not show' all the details of the calculations at this point, because 

they are tedious and lengthy. Nevertheless, we give an explicit similar 

derivation of the anomaly factor later for the case of the Laplacian opera­

tor, since this is straightforward and shows exactly the method used. For 

the present case we just state the results: It turns out that the n -  0  terms 

in the expansion (3.44) cancel each other. Then, from the n *4)  term we 

obtain the contribution

-L < A/, :c -*2— 1—T f  J  -> ------------ !------  ( A.A , + AA/ -A .4  , -AA/  )------------ !------
( 3 7 7  J -/> +/> _+A/, V  -♦ •  —p  _+A/. V-4

 Y r r * v  ( - ^ , + a.v/ + a.a , + aa/ ) -----------------
(27T)- —p  +/’ _+A/( *e - /> +/>_+A/

3.48

In the last expansion (3.48), the non-zero term is proportional to the factor 

(Uc)-«^£)* All other terms vanish either due to the integration over odd 

powers of the momentum or because they contain the factor

 L— . / > 0  and from the regularization A /  : -»oo. The term propor-
(A /  - )'

tional to (>*</> £»_</» cancels w ith  the analogous term coming from n = 2 

expansion of (3.44). For similar reasons as above all terms in higher-n 

expansion cancel. The net result is
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S/ , A/ ,
3 .4 9

Thi n. I'rom (3.44) and (3.49) we obtain

Next, w c compute the </>-dependence of the scalar Laplacian operator. 

The integration over the transverse variables .V' in (2.36) gives the deter­

minant ol the Laplacian as

where our + ( - ) notation corresponds to r (J  ) . Wc use the same regular­

ization procedure as in the previous case. Notice that there is no explicit 

dependence on the metric in the Laplacian operator. Nevertheless, in the 

expression ol the regularized Laplacian operator, as in (3.35) the 6 -  

dependence appears with the mass term. This is an elicit ol the regulariza­

tion procedure which we used. The factor c *  must multiply the A/, - 

term in order that the terms in the parenthesis be ol the same conl'ormal 

weight. The quantity  to be computed is now given by

I del ( {U0- »r 3.51

/ = £  ( , „  In ( (UO- + A/; 2 o*,<') 3.52

and the derivative with respect to <b gives

I \  > .  3.53
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Wc expand as before and w e have

< e
cl.d-  + a/ : e"«'

e >  =

d+cl- + A/, • c 8 .B .  + A / 7 , * ! '  1 * >
3.54

where

aa/ =  a/, 2 ,• ♦ [ ( r  + -lr( >*' a„aB<* +  a , . * a ^ > +  . . . ) .

Now ihe zero order term n = 0 in the expansion (3.54) gives loga­

rithmic divergence. We regularize by introducing a cut-oir A. In 

momentum-space representation wc have:

I
a*a~ + a/ -«•*

— U r  f  J - p  —
( 3 7 7  1,

i e >  =

i
p +/> _ +  M , * c

In i U  + M , - v *

1
2n

l n ( ^ + A / .  ^)—ln( A/. V *) 3.55

In the limit A-*oo the lirst term divs not contribute and I'ront (3.53) and 

(3.55), using the conditions ol our regularization (3.36), we obtain

w here

-  T  -L C, M,  2 , * InA/ =  - t -  c * 
, n it

3.56
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M: =  £  ( , A/ : InA/, =  /' m/tc .

The only nonvanishing term ol the higher-order expansion ol (3.54) is 

proportional to the factor All other terms vanish lor reasons simi­

lar to the previous ease. Proceeding as before we compute the lirst-ordcr 

non-vanishing contribution. It is given by

■<£ I  L _ _ ( aA/ )---------
■ a + a - + v / , - V ^  b +d - + M ,  2c * * '  '

3.57

where

is the part of AA/ which gives non-vanishing contribution. Then we 

insert the complete set of states (3.46) and (3.5” ) becomes

. f - i r  A/.-v*a»a <ft q a > i 3>58
(2jt): — p  + /> _+A/ -«• * a / ’ * dP -  — p +p _+A/ :c *

which gives the follow ing result, for the kinetic energy term of the scalar 

Laplacian operator

Then from (3.51),(3.50) and (3.5*)) we have

I
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[ det ( 6 * 0 -  ) r

J  - 2 j i - f  J :£i ) .<bd-<b+ L  [  J ' z  S  C*  L 3.60IJff 7T Iexp

Comparing the last expression with (3.50) we obtain the cancellation 

ol the kinetic energy term ol' the Liouvillc action, given by the Lagrangian 

(3.60), with the result d = 26. The term proportional to n 2 is the diver­

gent cosmological term. The constant f i 2 can be absorbed in the renormali­

zation ol the cosmological constant in such a w ay  that the divergent term 

will cancel at d~26. The usual w ay ol' treating this problem [Q]X21 ]*is to 

add in the origitial Lagrangian a cosmological term given by

where is a regulator-dependent constant. Note that only at d»26 after 

the cancellation ol the <t> -dependence, the expression (2.48) coincides w ith 

Mandelstam’s picture of strings.

V. Conclusion
m

The regularization of the Faddecv-Popov gaugr-lixing determinant and 

the computation of the conl’ormal anomaly in the Polyakov functional for­

mulation of strings have been investigated for the case of the conl'ormal 

(diagonal) gauge. In this chapter we have performed analogous calculations 

in order to regularize the non-diagonal determinants and compute the con- 

lormal anomaly in the light-cone gauge. The in ten's ting point to notice is 

that in this case we can not regularize by preserving the reparametrization

3.61



invariance, as is ihe ease' lor the usual conlormal gauge. Due 10  the non­

diagonal nature of our gauge, the reparametrization invariance was not 

respected in the course of the calculations. The invariance we choose to use 

as the regularization principle, in this case, is the conl'ormal symmetry. This 

is justilied by the fact that the Liouvillc action, which is essentially the 

conl'ormal anomaly factor, possesses con formal symmetry.

We like to stress at this point the use of the BRST-invariance in our 

work. BRST-symmetry does not play a crucial role in this case. Neverthe­

less, the covariant form of the BRST-in variant expressions under conl'ormal 

transformations, induces the transformation properties of the operators 

/ and 0_ / , which are crucial for the calculation of the deter­

minants and guides towards the choree of the regularization principle.

Note also that in order to avoid ambiguities we regularized the whole 

determinant factor in such a w ay that the infinities between the numerator 

and denominator cancel. This was crucial in obtaining the correct result, as 

we emphasized in the introduction. The Pauli-Villars method is used for the 

regularization procedure since it shows directly how one can extract the 

anomaly through the regularization.
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CHAPTER 4

The problem of changing gauge in Polyakov’s theory and 
the relation between light-cone and conformal gauge.

1. Introduction

In thr second chapter of this thesis, studying the Gervais-Sakita light- 

cone gauge in Polyakov’s functional formulation of the bosonic string, we 

emphasized the independence between the tw o gauges (light-cone and con- 

lormal). We argued that the light-cone and conl'ormal are tw o equivalent 

gauges and one can be obtained Irom the other by a proper coordinate 

transformation. The connection between the two gauges is made more tran­

sparent through the relation (2.34). Even if, in our light-cone gauge, we fix 

the A + component ol the string coordinates and only one component of 

the g-metric U* =0 ), we recover the other condition of the conformal 

gauge through a -function; namely the integration over A " gives 

8(i» " ” ), which corresponds to t? +* =  (). The meaning of this is that there 

must exist a sector where the tw o gauges (light-cone and conlormal) coin­

cide.

Our definition of the light-cone gauge fixed Polyakov’s theory is given 

(see chapter 2) by

Y i f  • ■ ■ f  j v ~ t '  *a  +-<ok—1> ' <o i j j jA ’ oijjt/i: «.♦(<»)

•V -/ lAp - - i - f  J  •’««(>/—e i? ((*_ V )’ + 2(|.A' 0_A ) + ik ' A' '  (o ; )

^  / ’ + ' f J  « « ~~0- / 0 - A " -
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— ' L * t i ’ + f  J  2°  d+A 9- / ’ (<») . 4.1

where f j  is delined in the lirst chapter to be the reparanictrization invari­

ant infinite product. 4/ _/ is the Faddeev-Popov determinant ol’ the light- 

cone gauge, given by the following non-diagonal matrix

Note that in the expression (4.1) we- have already integrated over the vari­

ables X  * and i> and substituted the source term j  * by its expression

in terms of the external momenta (see relation (2.13)).

On the other hand, one can choose the conformal gauge conditions, 

namely

in Polyakov’s theory. Then the conformal gaugc-lixcd theory in the light- 

cone notation is given by

- a -  / - a *  /
A, =  ‘lei () _ 2„ « 4.2

and

H —=« 4.3

F l /  • • - f  J  V - e (o *_(oK—e ) ' l i d  \ ”lo)JIdA' (o)H/).Y '(o)
<T

4.4



where the Faddccv-Popov determinant in this gauge is given by the follow­

ing diagonal matrix

()
4.5

The invarianec of Polyakovs action under the two-dimensional general 

c(x>rdinatc transformation

is used for the gauge fixing, in both eases. The meaning of the last invari­

ance is that one can dctinc Polyakov's theory on any of the parameter spaces 

of the family o" . The members of the family are related to each other by 

(4.6). The theories so defined are then equivalent. We can, therefore, think 

of choosing to study the two dilferent gauges (the light-conc and conformal 

gauge) in Polyakov’s theory starting from tw o dilferent paramctrizatiqns 

(members of the family <»" ) of the two-dimensional parameter space.

Namely, we choose to fix the light-cone gauge conditions for the theory 

which is delined on the parameter space w ith  o coordinates and the con­

formal gauge for the case that the parameter space has m m iinatcs denoted 

by o .  After the gauge fixing we obtain the tw o theories defined by (4.1) 

and (4.4). Due to the reparametrization symmetry if the two gauges are 

equivalent we must obtain the same theory. In this chapter, w e examine 

the precise relationship between the tw o gauges (light-cone and conformal) 

in Polyakov’s theory, by performing the gauge fixing in tw o  dilferent 

paramctrizaiions of the parameter space. The method we are using is the 

changing of gauge method. Namely, we change gauge from the light-cone 

to the conformal by making a ax>rdinatc transformation in the functional

4.6
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integration variables. The organization of this chapter is as follows:

In section II, we introduce the problem by defining the variables in 

both gauges and we give the relations bet w a n  them. A relation which 

specifics the coordinate of the two-dimensional parameter space of the con­

lormal gauge in terms of the light-cone gauge variables is obtained.

In section III, we obtain the conformal gauge fixed Polyakov’s theory, 

apart from the determinant-1 actor, by making a simple coordinate transfor­

mation in the integration variable's of the light-cone gauge fixed Polyakov’s 

theory.

In section IV, we show that by enlarging the coordinate transformation 

in such a way that it include anticommuting variable's the tw o gauge-fixed 

theories coincide totally. The light-cone gauge fixing Faddeev-Popov deter­

minant transforms to the conlormal-gauge-lixing determinant w hile the 

superdctcrminant of the transformation results to a constant.

In see lion Y, w e show that Mandelstam’s picture emerges rather tr iv i­

ally, al ter integrating out the longitudinal coordinates of the string, from 

the conformal-gauge-lixed Polyakov’s theory.

II. The light-cone and conformal gauge variables and their relations.

Let us denote by <» the reparametrization of the two-dimensional 

parameter space for the conformal-gauge-lixed theory. Then

i>++(o)  =  (), l» oi =  () 4."’

are the conformal gauge conditions. The conditions lor the light-cone gauge 

are given by
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X  *(<i) = / In). c - J n )  = 0 4.8

whore u denotes the specific reparametrization ol the two-dimensional

paramour space, lor tho case that wo choose to lix the light-cone gauge.

The coordinates o“ and o" are related by a general coordinate transfor­

mation

n" — <»" =  ii" + {"((i). 4.9

Polyakov’s theory is invariant under the transformation (4.9). Under the

finite reparametrization transformation the variables A *(o) and uub (o)

transform as follows

A ' ^ o ) -  A *(o): A M(o ) =  A **(») 

t’uO * o ' - * t’ao ( ° ) : t’j„ (o )v /o c d o 6 = ! ! a b ( o ) J l 1 L J t  I* . 4.10

After the gauge fixing, the integration variables for the light-cone gauge arc

A '(<»). A "(o). v ++(o). v+-(o>: 4.11

while the variables which remain al ter fixing the conformal gauge arc

A *(7i), l> + J o ) . 4.12

From now on we shall refer to the variables (4.11 ) and (4.12) as the light-

cone and conlormal gauge variables respectively. Throughout this part we

are using "tilde" notation lor the conformal gauge variables and plain
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noiaiion for the lighi-conc gauge variables. The tw o sets of variables (4.11) 

and (4.12) are related through (4.10). It is the object of the present chapter 

of the thesis to show that by changing coordinates between the light-cone 

and conl'ormal gauge integration variables one can obtain the string theory 

in either of the two gauges.

We detine v(o) to be that specific value of the coordinate o for 

which the V To) component of the A M(o) variables of the conformal- 

gauge-lixed theory takes the light-cone gauge lixed value of the V +(o) 

variable, delined by (4.8). Namely.

The relation (4.13> spccilics y (o )  as a functional of the conlormal gauge

integration variables of the light-cone gauge lixed theory in terms of the 

conlormal gauge variable's, by substituting n =  y(<i). They are given by 

the following transformations

.V *(>•!<»)) =  I ( n ) . 4.13

variable V T o ) . Then using the relations (4.10) and (4.13) we express the

/ (o) =  V Tv (o))

g ^♦(o) =  2g .  J y  ( n )) iLL_  ft-1—
0<’ c)o

(>o+ fill do" (Ml

u __(«!)= 2e *Jvl«il) i l l— i i l
c)"' flo

4.14

where we have used the conditions g ♦♦ =  5  = 0 .

Av +The light-cone gauge condition g  (<«) = () results to either S —  =  0 or
■
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— — o . Wc nuisi chtxwe the first ease, since the identity transforma- 
()<’"

tion should be included in the transformations. Then v(o) can be 

expressed as follows

v +(o) = p,( o+) 

v ~( o ) =  p .(c»“ ) + h (a * , o ~), . 4.15

where n, . o: and h are arbitrary functions of the argument. In order to 

f urther specify the f unction v(o) wc use the relations (4.14). From the

third and the last of the relations (4.14) we obtain

-> ftv '  
cm**

(I y ~

(>»»"

Because of (4.15), (4.16) can be written as follows

(V»

-()„* 4.17

()"" ()<’"

The last relation (4.17 ) specifies the coordinate y (o )  in terms ol the light- 

cone gauge variables a + J  <*). e __(o). In what follows w e shall choose

/»l(o+ ) =  o+ and p ;(u~) =  <»- , 4.18

V  + + ( o )
4.16

since due to the conformal invariance of the conformal gauge-lixcd-theory
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this choice dtx’s not change the result. Then y (o) is given by

v *{ o) = a*

\  “( n ) = o“ + ft (n + , a ~). 4 .19

where />(«i‘\o~ )  is related to u + J a )  and ,e+J<») by

cV»

~ d ‘r  _  ** ((, )
cV» gTTIiT

4.20
I +

c)<»

The meaning of the last relation (4.20) is that the i> + ,.(<») integration of

the light-cone gauge can be transformed to and hence to the V * -
flo’

since X  + is related to y through (4.13) integration of the conformal

gauge. This will be clear in the next section.

III. From the light-cone gauge lixed to the conformal-gauge-lixed 
theory by coordinate transformation.

The relations (4.14) deline the transformations of the conformal gauge 

coordinates to the light-cone gauge m>rdinates. In what follows, we show 

that the conlormal-gauge-lixed theory delined by (4.4) can be obtained from 

the light-cone gauge lixed theory by changing the integration variables in 

Polyakov’s functional formulation of strings.

In order to relate the functional integrals (4.1) and (4.4), we express 

the integral (4.1) in terms of the conlormal gauge ("tilde") variables (4.12).
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For this purpose we make a change of variables from g ++ . g +_ . X  * and 

X  ' to the new variables A' .V '  and X '  . In order to compute

the Jacobian ol the transformation, we first compute the variation of g 

w ith  respect to X * .  X *  is related to >■(«») through (4.13). Since 

/ (o) is lixed. a change in X  * results to a change in the argument y (o) 

to c«>mpensatc for it. Therefore wc must compute the variation of g ++ 

w ith  respect to y (o) and then the variation of y (o ) w ith  respect to V + . 

We vary the third ol the relations (4.14) and we have

6g + J «») =

= 2(g ) + (fi+g *_), ^ .f iv+(f)+/t ) + (fl_g „._),,,Tlfiy ) =

=  2 (g+_ )x )+(jM  (Q+/t ).

The last equality holds since because of (4.19) fiv* = 0  and f >y~ = fi/t . 

The above notation (j)*g *_), l(T, means that we lirst take derivative w ith 

respect to y*(o) and then evaluate it at the point y(<»); while the mean­

ing of 0+/) is 1 L  . We are using this notation throughout this chapter.

Then

8g ,.+(o) =  2(g + iin(O+S/i ) + proportional ()♦/> ) 4.21

In order to simplify the expressions we denote the dependence on v ( o)  by 

a subindcx. Terms proportional to are irrelevant since, as  it is shown

in chapter 2. al ter the integration over .V ~(o) all the contribution comes 

from the g +J o )  =  () sector, while the condition g ++(o) =  () corresponds 

to (|*/t = 0  due to the relations (4.14). The vanishing of the g++(o) 

reilects the invariance of the theory under conlormal transformations, since.
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through (4.15), y (o ) defines then a conl'ormal transformation. Alterna­

tively, w c can say that al ter obtaining the condition e =0 wc are led to 

the conlormal gauge which possesses conl'ormal symmetry. Note that even 

if the contribution ol the proportional to terms is vanishing, we are

mu allowed to set ()*/» =0 at the beginning ol the calculations (relation 

(4.14 >>. We lirst take variation and then substitute fl+/) =0 in the equa­

tion. Indeed (4.21) shows that there exists a non-zero contribution due to 

the variation ol (i„/t .

Wc now compute b h  in terms of 8.V + using (4.13). We lirst substi­

tute (4.19) into (4.13) and obtain

/ (o) =  X  *(>■(«»)) =  -V *( (I+- n" + h (o +.»’"))• 4.22

Differentiation of (4.22) with respect to a*  gives

(I* / («i) = (0+.V * ) , I(T. + (0_.V + >, ) .  4.23

We vary (4.23) and u  e have

() =  ( > + <c)-()+ V +) ,1(T18 / t +

+  (part  propAft+h )). 4.24

where again we used b y  + = 0 . Then b h  is given in terms of b X  * by

b h  = -  ((f)-.V+U r,(L +(a-c).-V*)» . r j  ' +

+ ( j \ i t t  p rop Af t + h  I). 4.25
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By substituting (4.25) into (4.21) we obtain in terms of 8.V *

as follows

8 e o ) =

-2(!’ «._)v ,r 0- [lc)-V +), ,,,(!♦ + *()-0«..Y * \  ,,r, J c>*8 \

+ (/>u// /v <>/\ (()*/? )) 4.26

or the matrix element of the transformation from to .V + is given by

8t> ++(o) _
8 V Vo) ~

=  - 2 1 - o.  | ( a - y  o* +  ( a - a - v +U r .  ]"' a * « '’->■<(»». 4.2-

apart from terms proportional to { ) . h .

It is now straightforward to show that the rest of the transformations

do mu loniribute in the Jacobiati. The variations of t-._ . A “ . A ' with

respeet to I-+_ . V " . V respectively, give diagonal elements of the 

transformation matrix equal to the identity. To illustrate this point we

compute the variation of A ~ w ith respect to A ' . We use the first of the

relations (4.14) and obtain

8 A "(o) =  (8 A 1<r, + (a-A (|I,8v -(o)

= <8\ -)%lir + (a_A ” ), ;(r,8/i . 4.28

since 8v * =(l. 8/? in the last relation is given in terms of 8.Y' *  bv

(4.25). Then the matrix element of this transformation is given by
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f i . V  ” ( o )
4.29

whic h is the identity operator. By similar arguments we can show that the 

transformations ol' e +_ and X  to je+_ and \ respectively, give the 

same identity operator lor the diagonal elements.

The resulting Jaeobian of the transformations then is a matrix with 

the oil -diagonal upper corner zero and the only diagonal matrix element 

dillerent than the identity given by (4.27). Then the above change of vari­

ables requires the following Jaeobian

non-trivial contribution. Using the definition (4.13) we express (fl-.V +)N (n 

and ((i-O-A + iifi in the last Jaeobian as follows

where we have set a*/? = 0 . Consistency with our definition of 0+ / (o) 

as a constant field x + , given in chapter 3, requires <)- ('>+ /  In) to he set 

zero in the Jaeobian. Then (4.30) takes the form

4.30

since, as we already discussed, only the change from e** to X * give's a

(()_a+\  +\ n r l — 6-d+ / 4.31

J  = del -2(1- +_)vl<r,(0_ I r ’ i u 4.32
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Alter performing the above change of variables in the functional 

integration of (4.1) we obtain

n /  • • • / . / • v  v - e ( o  »■ 'i p / j-v ’ u ^ n ^ - v x . .

In the last expression, only the functional integration variables are in 

terms of the con formal gauge ("tilde") variables. Next, we express the rest 

of the light-cone variables in (4.33) in terms of the "tilde" con formal gauge 

variables using (4.14). For this purpose, we first show that the light-cone 

gauge action given by the exponent of (4.33) coincides w ith the conformal 

gauge action alter substituting the relations (4.14) in it. We write the 

light-cone gauge action without the source term as follow’s

J j  x  —  [(ft_.V ' )2 -  20_ / 0-Y -] -  f j  -’o(V Y  fl-A - 2  f j  *\i.Y /

4.34

Next, using the relations (4.14), we substitute in (4.34) / (<») by 

V * ( \ < n l ) a n d  X  "(o) by \  *̂ (v (<»)) for n ^  + and we obtain

<T

n ^ V - ) v(Tiy A, exp — ± / j -«!(>/ - I f *  ~< (i-.Y' )*’ + 2 0+.Y, 0_.Y 1 +
<r •

-  /£* " I' 1 ° .  ) -  / -Y ■ ( )  -  2/ f  J  :o X  "a-6* r  • 4.33
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- J L J * | ( < » - . v ; ( > • ( « ! ) ) ) - ’ -  2 0 - V * ( y ( o ) ) 0 - . Y  _ ( . v ( o ) )  J

-  V (v(n)lO-V ’ (>•(«»)) -  f j 2 oV "(y (o)K20_O*A *(v(ol)).

where the partial derivatives in the last expression are wi th respect to o . 

Next, we express the integration measure in terms of the new parameter 

(y (o ) of the two-dimensional parameter space, chosen for the conlormal- 

gaugc-lixcd theory in the last section. It is as follows

J  o + J  o~ =  J \  * J \ ch*" ^  0*+
c» * ( »  ‘ ( I V - d.v +

= ,/v *jv
by by'

Then the action becomes

.V =

- by"
• j -  * I! ~"(d -V M( y («)))- + 20 * .V **< y (o ) _ .V (y (o ))

4.35

The derivatives of the variable A* w ith respect to o arc related to thi>se 

wi th respect to y(<») as follows

0_ A "(v (•»)) a  ^  *-■- ' n-  = - ^ < 0 -  A 
0< » ~  ( > < ’

since ^ — =  0
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and

(U.V («»)) 5  M(VJ0)I =  ^ - < 0 - \  'J\ . , r . +  M)v ,(t =
a<» c»«’ a«>

=  <tV' ' w .  +  l f t - X » \ i a , & L r . 4.36
a*1

Then using the relations (4.36) we w rite the expression (4.35) as follows

S  =

p - ' v
a v ■

-i
_ a«* a.v-

0*’“ a.y~ 0<»"
0O'

( d - V M)r.,r.+

+ (0 . . \ - u r : + f c ( 0 _ .v*) ...... ^ i ‘0 -V " ) , . , r .
0 " 0 «»

4.3"

where we have also used (4.16) and the relation i> ~ = —(,c +♦ . Then

< 4.3"T) becomes

S  =

lfflT _ ( 0 _.y ^ 1(,,(0_.\ * u r, -  i ^ - ( 0 - . Y * \ - (£ l
0o<

/ . /  \ ( 0 +.v ")v, ^ 0 _ a ^),

= J  J 2y (0 + \ ^Vtxl(0 -A

(t°

4.38

whieh is the eonl'ornial gauge action. Is is now easy to see that w e can per­

forin the same change of variables from the light-cone to the con formal 

gauge ones in the source term of the action and the light-cone gauge action
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wi th the source icrm, given by the exponent or (4.33), takes the form of 

the eonlormal gauge action given by

.s' =

/ f  J  :y (fu.V (0_.V + ik : A (y , ) -  ik "A +(v , ) -  ik * X  “(y , ).

4.39

where we defined y (<», ) = y ; . The action (4.39) coincides w ith  the action 

of the conlormal-gauge-tixed Polyakov’s theory for o =  y(<i).  This was to 

be* expected since the string action is reparametrization invariant and the 

"tilde" variables are related to the light-cone variables by a reparametriza­

tion transformation.

Then by substituting the expression (4.39) lor the action ol' (4.33) the 

integral (4.33) is expressed in terms of the eonlormal gauge variables as fol­

lows

n /  - v - s i «» i n + - ( ~n ) ( - z  r ’n ^ v * ( o >n  < > > 1 1 1  'o)

4/ -/. e \p / f j  2 a  0 +A " (|_A " + ik ; A ( o , ) -  ; k "A +( o . ) -  ik * X  ' (  a ,  )

4.40

where we have renamed y (a ) to be o and we usc*d the fact that the 

integration over the Koha-Nielscn variables, i.e. the factor J : b  V - V (<>,).  

is invariant under reparametrization transformation. 's by delinition
<r

(sc*e chapter 2) the reparametrization invariant infinite product. It is



- "1 -

n^.V (y(n)) =  l [ J \  (y ) 4.41
IT \

I'or V being a scalar under reparametrization. The Iasi integral (4.40) 

coincides wi lh the conlormal-gauge-lixed Polyakov’s path-integral ol 

strings, apart I tom  the determinant-1 actor (J A/ ). In the next section 

we show that by a proper coordinate transformation in the anticommuting 

(ghost -antighost) fields, the light-cone determinant A, transforms into 

the eonlormal gauge determinant A, _<• . The Jaeobian (J) coming from 

the change of commuting field variables combines wi t h  a Jaeobian coming 

from the change of variables in the anticommuting fields and results 

merely to a constant.

IV. Change of variables in the ghost lields.

The light cone gauge fixing Faddeev-Popov determinant A, _/ , in 

terms of amicommuiing fields, is defined in chapter 3 (relation (3.14)). 

Keeping only the relevant part in the ghost Lagrangian, we express the 

determinant as follows

A/ _/ = f  JhJh ~~ Jc  ~ Ji +

exp | —/ J J 2o J — 11 ( / » /  ( " + 2 b ~"t> +> J .  4.42

where all the variables are functions of a  . i ", < * and b , h  are the 

light-cone ghost and antighost fields respectively, defined in the first part. 

We express the conformal-gauge-lixing Faddecv-Popov determinant A/ 

in terms of ghost (antighost) variables, for o =  y (n) as follows
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A/ =  p V V V ' J W ' J H *

expj /  f  J 2y  J  — v (2T)*'"i *_0*W “ + 2 V  ) J .  4.43

where now the variables arc functions ol v ( o ) .  The anticommuting vari­

ables P~. f f*.  t)**, r) are the Faddecv-Popov ghost and antighost fields ol' 

the conformal-gaugc-lixing determinant - they correspond to the usual 

( < \  V " .  n [Q]Jl 3] Note that the "tilde" notation in this case refers

to the antighost variables.

We define the I'ollowing change ol variables from the eonlormal gauge 

to the light-cone gauge anticommuting fields

M ol  =  2 n ++l v ( o )) c» +_(v (ol) —- —
a>- *

h ~(<1) = T) ( V I oil

by ~ _a  
c)'r  by'

b > ' 
cb*'

A ~lv (ol)
-i

c -(<») =  e~(> ( o )) 

, *(o) = e +iv(o)). 4.44

Next, we make a change of variables in the integral (4.42), from 

b  , h ~ ~  , i "and i * to the new variables V ” . n . and t i *  . We need 

to compute only the variation of the field b  wi th respect to V + • The rest 

of the transformations give diagonal matrix elements equal to the identity, 

whi le the resulting Jaeobian is a matrix wi th the oil-diagonal upper corner 

zero. Therefore, the transformation from b  to r)** is the only one which 

gives a non-trivial contribution in the Jaeobian. This becomes almost obvi­

ous by looking at the transformation equations (4.44land  taking in account 

the "signature" of the lields involved: The lirst of the transformation equa­

tions is a non-trivial one, since it is a change of a scalar under



reparametrization field b  to a tw o tensor V + : while the rest of the 

transformations transform a field to another one of the same nature. Using 

the first of the relations (4.44) we compute the variation of M o) as fol­

lows

8Mo)  =

= 28V*5 +_a*U+c)-/i r'lO-.Y* )'1 + 2(0_n*+Xfi/j )1> i+o_/> r ' ( tv  \ *r '  +

+ 2V * 8K-a+<i+c)_/i r '(d-Y +r '  + 2r)++(a-.«+-X8* )a+n+a./t r ,(a _ .v * r l + 

+ 2 V +5 +-a-a+<i+a-* r ' (e_ .v +r'fi/7 -  2n+*ie+- e +' a - Y +r'a_s/j =

= 2.« . - 0 +<0-Y T ' 8 V + + aa_r)**)5 +_tVd-Y +r'8/i +

+ 2r)+*0Ja_.V T » « 5  ♦ - + 2T)**(f>-5 .-10.(6-  ' *)“*»/» +

+ 2 v n >  _ a - a +(o - .v +r ' s / j  -  2V * «  *-a*(a~v

Here all the derivatives are wi th respect to the argument. Then setting 

fl_/t to be zero, as in the previous section, and rearranging the terms we 

obtain

8M o) =

=  2 5  +_a+(a-A T ' a v *  + 2 V \ u a - v  t 1** *_ +

+ | 2( a _ v +>j&—a*<a-v*)"' + 2 V +< a i - - - ' a J a - v * ' ' 1 +

+ 2V * « - a - a J a - v  +r'  -  2VM- +_aJa- Y + >''a- •

Assuming that the field I> +_ docs not change we obtain the following 

expression for the variation of M o)
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8M (i) =

2(5 — )v.«r.d* <0- f * V + + 2 (0 - V * ) x .,r.( p »-Kiffi 9+ «0 - / r '  5/j .
4.45

where we have used (4.31 ) and the assumption that Q_ f is a constant 

Held as in previous section. The re lore it has been taken out of the derivative 

operators in the computation of the variation of Mo ) .

Then we observe that the variation of the anticommuting field M o) 

depends on the variation of V * through f>h . b h  is given in terms of 

h X  * by (4.25>. which after using the assumptions of the last paragraph 

takes the following form

fi/i = -  (0 . i ) _l &.V * . 4.46

Then ihe matrix elements are

=  ♦ -W > 0+(0- / r ' 0 ( o  -  v ( O})
or) (o)

= - 2 ( 0 _ V * \  / r ' (0 - / '  r 'S (o -v (o ) ) .  4.4-
OA (o)

Because of the mixing of V - lield in the variation of the amicommui- 

ing lield, we consider the last change of variables simultaneously wi th the 

change of variable’s in the commuting fields, described in section III. Then 

the Jaeobian ol the transformation is given by the superdeterminant coming 

from the transformations of the light-cone variables !>♦+./’ to the conlor- 

mal variables A'*. V *  • All other transformations contribute to the
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Jaeobian by an identity operator. The final expression lor the Jaeobian is 

then given as follows

J =

( le t

1 - 1—̂ n » — \  i <n  ̂(1— / i  0

- a a - V X a H v  — w . c u  <0- / r'<a_/'  r 1 2 (j& — a+*o- /'

4.48

where we hat e used (4.32) and the relations (4.47).

In general, the superdeterminant (sdet) of a supermatrix M

A/ =
A X 
> H 4.49

where A and Bar e  matriees wi t h  even Grassmann entriesnwhile X and V 

have odd Grassmann entries, is delined [25] as follows

sdctM =  de t ( . \  - X / ! " ' ) '  ) (letB 4.50

We lompute the determinant of the supermatrix (4.48) using the definition 

(4.50). It is given by

We/ J  =  (let A  (let l i ~ \  4.51

u here A is the upper left corner of (4.48) and defines the Jaeobian of the 

transformations between the commuting lield variable's, whi le B is the 

lower right corner of (4.48) resulting from the transformations between 

the anticommuting variables.
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The inverse matrix R  in our ease is the inverse of an element and is 

given trivialy by

where in the last expression we have suppressed the dependence on y ( o ) .  

Then (4.53) gi\es

Next, we perform the change of variables in the ghost and commuting 

fields ol the integral (4.33) simultaneously. We first show that under the 

transformations (4.44) the light-cone ghost action of (4.42) transforms into 

the eonlormal gauge ghost action given by the exponent of (4.43). The 

light-t etc ghost action is

/* - ' = 2 (ir 0+((>- / )■' 4.52

Then (4.51) becomes

sJ rr J  = del - 2i> 0 +(0 _ / ) del 2 je+_ 0 +( 0 _ / '  )“ ' . 4.53

sJct  J  =  I. 4.54

By substi tut ing the relations (4.44) in the last expression, we express the 

light-cone ghosts in terms of the eonlormal ghosts as follows



1 1  —

2 V ( v ( o ) ) c  .J v ( n ) )_ L _ (_ J !_ . \  *( V  («))>-'( ILL— r ' ( f t _  r  H)'(v(ci)) +
by * by b°

i-'r Or

2 t) ( v (o)X — ) "i! .  _()_H ** v * (,1)
CM*'

4.56

Then we change the integration variable o to the new variable y. The 

measure changes as  lollows

J  : o> / —f> =  J  * v V — i  .

Then, since

°  v J 1 .V ■*"( v (*■»))
-1

=  (( )- / r
b n b y '

usiiii; the third ol the relations (4.14) we obtain

/./ = ~ / d - ’v - J -  e | 2 V T ' +_()+0 * + 2  V i ;  J  4.58

Where now all the variables are functions of y and the partial derivatives 

are w ith  respect to the argument y. The last expression (4.58) coincides 

w ith the eonlormal gauge glmst action given by (4.43). Therefore, since the 

measure of (4.42) transforms into the measure of (4.43) times the Jaeobian 

(4.54) whose determ inant is one, Ay _/ transform s totally to A, _r . Put­

ting these results together w ith the results of the section III for the change 

in the commuting variables, we obtain the path-integral (4.33) in terms of 

the ion forma I gauge variables as follows
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n /  • • • f J ‘"<7; V-.K <«'. >11̂ ’ ' «‘*»n̂ V *('«i»nJV “CbX-e )-'
<r irr (T <r

Ay t \  p | / f j  “o (0 .  .V M X d - V M) +  i k ' . X ' C o  ) -  Ik r \  ~ C o , ) -  ik /.V  ' ( a ,  ) ]

4.59

This completes the proof of the equivalence of the tw o  ways of gauge fixing 

(the light-cone and eonlorm al) in siring theory. The last integral (4.59) 

coincides w ith  the eonlormal gauge fixed Polyakov’s theory.

V. From conformal to light-cone gauge in Polyakov's theory by 
direct integrations.

In this last sirtion of this chapter, we show how one can obtain the 

light-cone gauge fixed Mandelstam’s theory from the conformal-gaugc-lixed 

Polyakovs path- integral expression by direct integrations. This at first 

appears to be very surprising. Nevertheless, as we shall see in this analysis 

below, using as a guide the light-cone gauge fixing procedure of chapter 2  

we can obtain the result by sim ply integrating out the unphysical degrees 

of freedom. Although, this shows the power of the path-integral method, in 

general one di<es not know w hich are the unphysical degrees of freedom. In 

this case we use the knowledge we gained from the previous work of 

chapter 2. We start from the conformal-gauge-lixed Polyakov’s theory of 

strings given by

n /  ••• f j . v-e <o, >n  ̂♦-(«»-«! r'lyv +<o>nd.Y-<o)
/  t r  ( t  (T

Y [ J ) \  ( O) A, _ r  exp [ 2 i f j : n (V Y  * f l -  Y "  f j  2 o d-V  ' d -V  '
it
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+ / J  J  * n / '  X  ' — / J  J  2 o /  * X ~ — i J  J  * o j ~ X *  J  4.60

where in the Iasi expression, alter fixing the eonlormal gauge, we have 

separated transverse and longitudinal components. First, we perform the 

integration over V ~Ca) and obtain the following -function

8 ( 2(>-cl*.V V o )  +  j+Co)  ). 4.61

The last expression specifies the function X  *Co) to be the solution of the 

following fam iliar equation

20-0* '  *(o) = 4.62

Comparison of (4.62) w ith  the equation (2.27) gives

V +(o) =  / <o). 4.63

which is the light-cone gauge condition chosen in chapter 2. It is important 

to notice here that the equation (4.62) was imposed, in the light-cone gauge 

fixing ol chapter 2 , in order to cancel the linear terms in the exponent of 

the path-integral (2 .2 6 ); here it appears naturally  alter integrating over 

V " . / (o) is the solution of (4.62) and is given by

I ( o I = £  * * -V o.o, ). 4.64

where 41 o.o. ) is the Green’s l unction of the Laplacian.
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Next, we perform the integration over X * C n ) . Because of the 8 - 

I unction (4.61), w e substitute V *(b) in the exponent ol (4.60) by / ( b ) .  

Then (4.60) becomes

f l  f  J  J  -J  —li Co >11^^ * - ( b ) ( — 5  r ’n ^ V  ' (b)

1/ del 12s  *_0+9_) J c \p  - t  f  J 2 o  (V V f l - V  ' +

+ i f  J  2 'o j ' .V ' — / J  J  2 b j ~  I (n) 4.65

Notice that the 5 +_ factor, which m ultiplies the «»perator ol the resulting 

determ inant, is due to our definition of the 8  -function (see relation (2 . 1 1 )). 

The relation (4.65) coincides w ith the light-cone expression (2.d6) of the 

second chapter, except from the detcrniinani-lactor. We would expect that 

the determ inant-factor coincide apart maybe* from an irrelevant constant. 

Namely,

del
“ 25 — o* 0 0 — 1 0

0 - 2 5  + -0 - del 0 - 2 v +-0_

del ( 2 s  +-0 - 0 + ) del ( 0_ / 0_l
4.66

In fact, the relation (4.66) can be read oil from the previous calculations 

(sect. Ill and IV). One way to see that (4.66) is true is the following: We 

m ultiply the num erator and denominator ol the second term of (4.66) by a 

determ inant-Iactor as follows

—2.1! + -0+(0 -  / ) 1 0 0- r  o
del 0 1 del 0 - 2 . 8 —0 -

del [ - 2 c  +_ 0 +(8 / r 1 J del I 0_ / ()- 1
4.6'
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The above m ultiplication is justified through the relation (3.39) or chapter 

3. Since the operators ol the 2x2 matrix w hich multiplies the numerator, 

are of con formal weight zero, we can m ultiply the upper left corner w ith  

the lower right corner in it. In this sense the m uliiplied-determ inant- 

lactor is the identity operator. Performing the multiplications in the 

expression (4.6") we obtain ihe first part of (4.66); namely the eonlormal 

gauge determinam-1 actor. This gives a constant af ter extracting the <b- 

dependence hidden in the operators.

The expression (4.65) is an integration over the transverse components 

of the string. The variables o and o are defined on the parameter space 

of the sped tic Riemann surf ace. One can now proceed, in the same w'ay as 

in chapter 2. to obtain Mandelstam's picture. Namely, af ter performing a 

W ick rotation, in order to have the variables defined on Mandelstam’s 

"tube" one has to perform the follow ing eonlormal transformation

r —* u = / '  (r ) = 7 +/ o. 4.68

This maps the parameter space (here the entire r -plane) onto 

Mandelstam’s "tube*". The mapping function is the analytic function /  (r ) 

whose real part is given by / (o ).

The discussion of this section shows that, after integrating over X  ~ , 

the coincidence between the conformal-gauge-lixed f unctional formulation 

of strings and Mandelstam’s picture takes place at the point where V + 

component takes the value of the light-cone gauge condition for X  * 

the value of the lixed function / (o ). This is the only value of V + 

w hich contributes in the computation of the string amplitude. The light- 

cone gauge lixed slice was shown in chapter 2  to coincide w ith 

Mandelstam’s physical picture, after the integration over e ++ and V ~ 

variables, at the point w here u *+ takes the value zero. Therefore the
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sector of coincidence ol both gauge lixed slices (the eonlormal and light- 

cone) in string theory has tw o  of the coordinates lixed at the values: 

V + =  / ( o ) , e =  0 .

IV. Conclusion

In this chapter, we have explicitly performed the change of gauge from 

the light-cone to the eonlormal gauge in Polyakov’s functional formulation 

of strings. It has been shown that by changing coordinates in the functional 

integration variables one can obtain the string theory in the light-cone or 

the eonlorm al gauge. We wish u» stress the fact that the coordinate 

transform ations needed lor the change of gauge between the light-cone and 

eonlormal gauge is a change of variables in the commuting fields as well as 

in the Faddcev-Popov ghosts. This is a proof of the equivalence of the tw o 

dillcrcnt w ays of gauge fixing of the theory of strings.

In the last section, we show that Mandelstam’s picture emerges from 

the eonlorm al -gauge-fixed Polyakov’s theory, after direct integrations. This 

is another elaboration of the equivalence of the tw o w ays of gauge fixing of 

Polyakov’s theory, since we proved in chapter 2 that Mandelstam’s picture 

emerges from the light-cone gauge lixed Polyakov’s integral formulation of 

strings. In this last ease we showed that the con formal-gauge-lixed 

Polyakov’s theory becomes the Mandelstam's picture only when the V + 

component of its lield variables takes the lixed value chosen for it in the 

light-cone gauge lixing performed in chapter 2 i. e. / in ) . On the other 

hand, previously we showed that Mandelstam’s picture tan  be obtained 

from the Gervais-Sakita light-cone gauge lixed theory only when e + J  <>) 

becomes zero u \  takes the lixed value of the eonlormal gauge condition. 

Therefore the sector of coincidence of the tw o gauges has the coordinates
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V +. i» ++ and c  fixed, w hile all olher coordinates can freely take any

value. In other words the Mandelstam’s light-cone gauge lixed theory has 

the above three coordinates lixed. It is now clear w hy the usual (conven­

tional) light-cotie gauge fixing ol string theory works. Even if the light- 

cone gauge is an independent gauge and can be studied independently than 

the con formal gauge in the theory of strings, one has to gauge fix three of 

the variables in Polyakov’s theory in order to obtain Mandelstam’s picture. 

Therefore the usual choice X  * =  r al ter fixing the eonlormal gauge is 

allowed w ithin  our last analysis.

Al ter the discussion of this last chapter, it is straightforw ard to gen­

eralize the problem for higher genus surfaces. The generalization then can 

be done in an equivalent w ay by using either the light-cone or the conf'or- 

mal gauge. In the next chapter, we study the generalization to the higher 

genus case.
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CHAPTER 5 

Generalization to the higher genus surfaces. 

I Introduction

In the previous chapters, w e explicitly showed the equivalence 

between the light-cone and conformal gauge. In the second chapter, we 

derived Mandelstam’s picture from Polyakov’s light-cone gauge lixed theory, 

w hile in the fourth, we obtained one gauge from the other by changing 

m >rdinaies and also w e obtained Mandelstam’s expression from the 

conformal-gauge-fixed Polyakov’s theory. Therefore, in order to discuss the 

generalization to the higher genus case, we can start from either the light- 

cone or the conformal-gaugo-lixed path-integral expression.

We follow the procedure of section V of the last chapter, choosing the 

conlormal-gauge-lixcd path-integral expression (4.60) as the starting point. 

Since our method is shown explicitly in the previous chapters, in w hat fol­

lows w e emphasize only the points which are relevant to the higher genus 

case. There are tw o parts which need modification. The first is related to 

the solution of the Green's function equation and the second is the integra­

tion oxer the moduli parameters. We first analyze the question related to 

the Green’s function equation lor an arbitrary genus surface. The discussion 

of the moduli space integration is given later.

The interesting point to notice is that in our method the dependence on 

the genus of the surface is apparent in a natural wav in the Green’s func­

tion equation. The equation which specifies the function / (o) and hence 

\ ”(o) is the follow ing
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2 ( V 0 W I « ) s - r ( « l  5.1

This was obtained in the last chapter in a f> -f unction, al ter performing the

integration over the variable X  “(n) (see relation (4.61)). For the light-cone

gauge fixed theory this equation was imposed as the requirement for the

cancellation of the linear terms in the action. Note tha t in this section we

drop the "tilde" notation since our discussion docs not depend on the choice 

of gauge. /  * ( n ) in (5.1) is given by

; ’ («> *  £ 8 ' 2\ a - o  )k ;  . 5.2

Then the function / (o) is given by the solution of (5.1)

I in) = i J Ci (a—(t)j  +( o')J if, 5.3

where (/ (o—rf) is the Green’s function satisfying the following equation

(, (<i.<n =  i 8 ' 2 to -o '). 5.4

The G reens function depends on the topology of the specilic surface. There­

fore in order to discuss the problem of higher genus, one has to solve the 

Laplace equation (5.4) for each Riemann surface w ith  a given topology. The 

Riemann surface determines uniquely the Green’s function. On the other 

hand, the Green’s function contains all the information needed to map the 

specilic Riemann surface onto Mandelstam’s light-cone diagram. The map­

ping function is the analytic function whose real part is given by / (o) 

[26], defined by (5.3). In w hat follows, we demonstrate the prixedure only 

for the case of torus (g=l). The method applies straightforw ardly for any
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number of genus.

II. The case of torus.

The torus is delined by ihe f ol lowing identification [2"]

r  = r + n A, + m a . 5.5

in the complex r  -plane. Here n,m are arbitrary integers and A).A: are

complex vectors. The parameter space consists ol all parallcK>grams identi­

cal to the fundam ental one, which is delined by the vectors a , and A: .

Then the Green’s function of the Laplacian is delined to satisfy the condi­

tion

V (r  ) =  T ( r  +/i A|+m A.I. 5.6

It is given by the following doubly-pcriodic function

G (r ') = T  In I r  —r —n —m r I + * ~ 1 1 '  1 . 5.”
nZn I*" 1

where we delined —  = r (not to he confused w ith the light-cone "time"

variable r ). w ith  Im rX ). One can check that this is the correct function

w hich satisiies (5.6). The last term in the equation (5.") assures the invari­

ance of the Green’s function under the transformation (5.5) [8]. Then the 

function / (o) is given by
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£  k, * In I r  —r. —n —m r  I + * —I----- 5 .8

Wo dcnou* by F(z> tho analytic I unction whose real part is given by 

Kz). Mandelstam’s eonlormal transform ation is detincd as follows

For the purpose of the mapping we need to study the singularities of 

the function F(z). It sullices to study the derivative of F(z) given by

where only the points z  =  z , , are in the fundam ental region. We consider 

the case w ith  lour external states, thus we let / = I, • • •. 4 .

Next, w e study the zeros of / 1 r  ). By inspection we see that / \ z  ) 

becomes zero at four dillercnt points lying in the fundam ental region. To 

actually calculate these points, it is easier to express the mapping function 

in terms of the Jacobi W -function. We first show that the Green’s function 

except from  the last correction term is given in terms of the first Jacobi 9 -  

I unction as follows

z  —» u =  /  ( z  ) =  r +  i a. 5.9

5.10

/ (r ) has simple poles at the points

z, + n  + m  t , n , m  =  . . .  —2 . —1. 0 , 1. 2 . . . 5.11
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c ;  (.- ■) =  Kc

I n r —Inr

—2 iri In# ( 2 n i
t

5 .1 2

Wc denote the zeros of F  t r  ) by , w here are deli tied by

» £ !£ - !  i . . ,  = o  a-- - 5.13

Since Mandelstam’s mapping has bam described in a number of refer­

ences [8], [28], in w hat follows we give only a brief discussion. Our interest 

is to show how the knowledge of the Green’s function alone gives a com­

plete description of Mandelstam’s eonlormal mapping. For simplicity w e 

locate the external states r, on the boundary AA as show n in Iig.4.

z -  plane

A zl z2 z3 z4 A

Fig. 4

Fig. 4: Torus diagram in the z-plane.
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U is easier to understand the mapping if we consider the closed string 

diagram as made up by identifying tw o  equivalent open string diagrams. 

For this purpose we cut the parallelogram by an imaginary line CC, as it is 

shown in tig.4, and consider each of the tw o semi-parallelograms to be the 

parameter space of an open string diagram. The following transform ation

(= e \p  r  5.14

maps the parallelogram of tig.4 to an annulus in the (-plane of Qg.5.

C-plane

Fig. 5

Fig. 5: The annulus of the torus of tig.4.

The identilication (5.5) corresponds to the following in the (-p lane
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5.15

where v  =pc\p i a.  The torus is the double [*] of the annulus ol' lig. 5.

Next, we study the mapping of the boundaries A A and CC of the open 

string diagram, under F(z). Fig.5 suggests tha t the boundary points A(C) of 

the open string diagram ean be taken to be the positive (negative) segments 

of the real axis contained inside the annulus. The external states - points 

- map on the positive segment of the real axis - points 4, -.

The fun ition  / (r ) maps each sem i-annulus of lig.5 onto a finite rec­

tilinear segment parallel to the real.axis in the \v-plane [2b] as it is shown 

in the following ljg.6.

w- plane

Fig. 6

Fig. 6c Light-cone diagram of the torus.
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The positive part of the real axis maps onto the external boundary of 

Mandelstam’s string diagram of lig. 6. The points r, - poles of /•' t r  ) - 

map at the infinity in the w-plane. The points - zeros of / '  \ :  ) - map at 

the turning points in the tv-plane. There exist lour zero-points for the one- 

Ux>p four point function ease. These map at four turning points in the 

string diagram, denoted by >, in tig. 6. They are the points where the 

strings split or join. The negative segment of the real axis - points C of fig. 

5 - maps onto a finite line parallel to the real axis [8J. This is the slit of 

Mandelstam’s diagram for the one-loop ease. The length of the slit is 

spivilied by the value ol the function a t those of the r, ’s w hieh map at 

the relevant turning points. The exact position of the slit in the imaginary 

axis is given by the value of the imaginary part hit/ (r  ) at * = —lr  I . 

By identifying the points as shown in lig. 6, we obtain Mandelstam’s 

diagram for the one-l»x>p closed string case.

The discussion of the last paragraph leads to the conclusion that, the 

logarithmic singularities of the Green’s function - poles of / i :  I- 

correspond to the external states ol the light-cone string diagram, while the 

pinnts of non-analyticity of the Green’s function -zeros of / ( r ) -  are 

identified w ith  the interaction times in the physical picture of the string- 

process. The slit on Mandelstam's picture contains the information of the 

definition of the torus (5.5). Going from a point r  of the fundamental 

parallelogram to a point in a different parallelogram defined by (5.5) on the 

parameter space corresponds to going around the slit on Mandelstam’s pic­

ture. The number of times of cycling the slit is spivilied by the integers n 

and m.

Next, we discuss the subtle point of the integration over the moduli 

space. For this purpose let us refer again hack to the expression (4.60). This 

formally Ux»ks the same lor any Riemann surface. The dependence on the 

topology is hidden in the function / (o) and in the integration over the 

Koba-Nielsen variables. After performing the conlormal transformation for
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a given surface, as  we described above, the domain of the integration of the 

variables o and o , is delined to be Mandelstam’s "tube".

There is a dependence on the topology of the surface hidden in the 

integration over the Koha-Nielsen variables <». . These arc as many as the 

external states. For the case of the sphere, because of the invariance of the 

integrand under the Mobius transform ation

we Ux three of the Koba-Nielsen variables. The integration variables are 

then the remaining n-3, where n is the number ol the external states. After 

performing the Mandelstam’s conformal mapping, we m ust transform the

Koba-Nielsen variables to the r. ,/ = 1  n - 3  variables of the light-cone

diagram, as we discussed in chapter 2. In this case, since the parameter space 

is the whole complex plane - the surface has trivial topology there is not 

any moduli parameter involved. Moreover, there is one to one correspon­

dence between the Koba-Nielsen variables and the independent parameters 

(interaction times r ) of the light-cone diagram. Therefore, the integration 

over the r variables in Mandelstam’s plane can be easily shown that it is 

equivalent to the integration over the Koba-Nielsen variables in the complex 

plane (the parameter spate of the Riemann surface).

For the case of torus the Mobius transform ation takes r  of the funda­

mental region, delined by the parallelogram of lig. 4, to a point in a 

dillerent region in the complex plane. Since the parameter spat e is deli tied 

to be the fundam ental region, we can fix only one of the Koba-Nielsen vari­

ables, which corresponds to the invariance under the scaling of z  [8J. 

There is one extra integration variable resulting from the la d  that tori 

w ith  dillerent values of the parameter r cannot be conformally 

transformed onto one another. This is the moduli parameter of the torus.
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Thcre is a sym m etry related w ith  this parameter. The integral is invariant 

under the following transform ations

t  —* — — and t  —. t  +  I. 5.17
T

This is the modular invarianee. Because of this invariance we must 

integrate over a region in the upper half r-plane, such that tw o points in 

that region are not related by a transform ation (5.1 "I, but any other point 

of the half upper plane can be obtained by a point from this region by a 

transform ation (5.17) [8 l This is the fundam ental region delined by [13], 

[31]

— JL <  kcr  ^  JL , and I r I > I. 5.181 n

The Koba-Nielsen variables, w hich arc n-1 lor this case, and the param­

eter t are transformed to the n-1 interaction times > ( / = ! . • • • / }  with

>, =1) ) and the param eter <*, specifying the position of the slit, in the 

lght-cone diagram. All r, \  and <*t are complex for the dosed string 

case. For any topology dillerent than sphere one has to prove that the 

integration over the fundam ental region of the moduli parameter and over 

the Koba-Nielsen variables, which take values on the fundam ental paral­

lelogram of lig. 4, is equivalent to the integration over the nets light-cone 

parameters in the Mandelstam "tube". In other words, it is not obvious that 

both integration regions are equal. For the one-loop cs e it has been expli­

citly shown [29] that the integration over the moduli parameter r for 

specific values of the Koba-Nielsen variables gives the same integration 

region as the integration over the corresponding parameters on the light- 

cone diagram. This provides a proof that, for the case of the torus, the



- 94 -

integration region of the light-cone diagram coincides w ith the single cover 

of the moduli space.

In general for the case of surface w ith  h handles w ith  h > 2  and n 

external states the number of moduli parameters characterizing the surface 

is 3h-3 [13], [22], [31] in complex notation. The num ber of the integration 

variables arc 3h-3+n, which m ust be transform ed to the parameters of the 

light-cone diagram. These parameters are the interaction times, the diame­

ters of the internal "tubes" and the tw ist angles of the internal "tubes". 

They are exactly 3h-3*n and denoted by > and Wa respectively [13], 

[ 2 2 \  Therefore the counting of the parameters is correct. In order to expli­

citly show, however, that the integration region of the light-cone diagram 

coincides w ith a single cover of the moduli space, is mush more involved in 

this case.

The calculation of the conformal anomaly and the determ inants 

involved are the same as in the genus zero case, since the dependence on the 

topology is only on the Green’s function and the integrations and gauge 

lixing procedure, which we used, do not change w ith  the genus of the s u r­

face. The determinant, however, coming from the transformations from 

the Koba-Nielsen variables to the light-cone parameters, is more complicated 

to calculate in this case and it can give dillerent result. From Mandelstam’s 

work [8] we would expect that the Jacobian of this transformation times 

the change in the Laplacian under the conformal transformation of the 

transverse components .V' of the string gives a constant in the dimensions 

ol space-time equal to 26 for any number of genus surface.
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III. C o n c lu s io n

In this chapter, we have generalized the- problem of the equivalence 

between the light-cone and conformal gauge 10 the case of higher genus su r­

faces. In particular, we have shown how one can obtain Mandelstam’s pic­

ture from the conformal (or equivalently from the light- cone) gauge-Iixed 

Polyakov’s theory for any topology.

The im portant point to notice is that our method can be immediately 

generalized to the higher genus surfaces through the Green’s function equa­

tion, w hich appears na tu ra lly  as we discussed in the last chapter and in 

chapter 2. The prescription is the following: One has to solve the Laplace 

equation and obtain the Green’s function for each surf ace w ith any compli­

cated, given topology. Then one uses the analytic function (F (z)) whose 

Real part is the Green’s f unction and maps the Riemann surface to the 

M andelstam’s plane. As we explicitly showed for the torus, the Green’s 

function alone describes completely the Mandelstam’s conformal mapping. 

Specifically, the poles of the derivative ol the f unction F(z) correspond to 

the external states in the light-cone diagram, w hile the zeros ol /  1r ) map 

at the interaction times in Mandelstam’s plane. Moreover, the slits in 

M andelstam’s picture give all the information about the topology of the 

Riemann surf ace, since they correspond to the handles of the surface.

The change from the Koha-Niclscn variables to the new light-cone 

parameters can be done in the same way as lor the case of the sphere. One, 

however, now has to inc lude the inleg ation o u t  the moduli parameters. A 

simple w ay to see this is by counting the parameters: There are 3h-3+n 

parameters necessary to correctly describe the light-cone diagram. In general 

for h ^ 2  there are n Koba-Nielsen variables - equal to the number of the 

external states - in the Riemann surface. Therefore 3h-3 moduli parameters 

are needed in order to have the same number of parameters as in the light- 

cone description. Fiitally, in general one has to prove that the integration
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region over the Koba-Nielsen variables and over the moduli parameter on 

the Riemann surface is equivalent to the integration region over the light- 

cone parameters on the Mandelstam's "tube".
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EPILOGUE

In this last chapter, we present an overview ol' the whole work 

included in this treatise and a quick summary ol the main results, since the 

conclusions have been already stated in the relevant sections ol the preced­

ing chapters. Moreover, we emphasize a lew points w hich we feel that they 

are ol some unique importance and give a short guideline ol possible future 

directions in w hich research related to the subject exposed in this thesis 

might be continued.

The essence of this treatise is the formulation of the theory of strings 

as a gauge theory, in the functional integral approach. The main point made 

in chapters 2 and 3 is that the light-cone gauge can be chosen in string 

theory independently from the conformal gauge. In other words, one can 

start from Polyakov’s path-integral of strings and choose either the light- 

cone or the conformal gauge, depending on the specific problem one wishes 

to study. The method used is lixing the Gervais-Sakita light-cone gauge con­

ditions in Polyakov's functional form ulation of the bosonic string. In partic­

ular, it is shown by explicit calculations that Mandelstam’s picture emerges 

I rom Polyakov’s theory, after fixing the above light-cone gauge conditions. 

This indikates that the tw o  gauges are equivalent and wrc should be able to 

obtain one from the other by a simple coordinate transformation.

The equivalence between those tw o  gauges has been explicitly shown, 

in chapter 4, by the changing of gauge method. In particular, the change of 

gauge from the light-cone to the con formal gauge has been performed, by 

changing integration variables in Polyakov’s functional formulation of 

strings. At this point, we like to stress the fact that the coordinate transfor­

mation needed for changing gauge between the light-cone and conformal 

gauge is a change of variables in the commuting fields as well as in 

Faddecv-Popov ghost variables.
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It has also been show n, in the last section of this same chapter, that 

Mandelstam’s picture can be obtained from the conlormaL-gauge-fixed 

Polyakov’s expression, after integrating out the unphysical field variables. 

This is another proof of the equivalence of the tw o dillerent w ays of gauge 

fixing the theory of strings, since, as it is shown in chapter 2„ 

Mandelstam’s picture emerges from the light-cone gauge fixed Polyakov’s 

theory.

The main point, we wish to emphasize here, is that, in general, the 

light-cone and conformal gauge coincide in most of the variables but lew'. 

A lter the integration over the minus-component of the field (w hich is an 

unphysical degree of freedom of the string) the total coincidence of the tw o 

gauge fixed slices takes place at the point where the plus-component of the 

string field at the conformal gauge fixed theory takes the fixed value chosen 

for this same variable at the light-cone gauge fixed theory; and the com­

ponent of the metric, w hich is not fixed in the light-cone gauge fixed 

theory, takes the value of the conformnl-gauge-lixed theory, i.e. zero. 

The re I ore the su to r ol coincidence of the tw o gauges has, a lte r integrating 

out the minus-component of the siring field, three of the coordinates fixed, 

namely the "plus-component" of the string field and the tw o diagonal com­

ponents of the metric, w hile all other (physical) coordinates can freely take 

any value. The fact that even after the initial gauge fixing of the theory 

there are residual unphysical degrees of freedom indicates the existence of a 

residual gauge freedom. Indeed, in both gauges (our light-cone gauge and the 

usual conformal gauge) we are free to perform a conformal transformation. 

This extra freedom is used in the traditional light-cone approach to set the 

plus-component of the field equal to r , al ter fixing the conformal gauge. 

In our method this corresponds to the fact that Mandelstam’s picture is 

obtained front eigher of the tw o gauge-fixed-theories only w hen the gauge 

fixed slice becomes the "sector of coincidence" w hit h has three of the coor­

dinates fixed. The resulting theory d»x-s not contain extra degrees of
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freedom.

Summarizing we give the essence ol this work, by -the following 

diagram

Polyakov's theory 
(non-gauge-fixed)'

ligh t-cone  
gauge 

equivalent

conform al 
gauge

Mandelstam's picture 
(gauge-fixed theory)

One ol the advantages of this approach is that the problem of the gen­

eralization to the higher loop ease can be essentially discussed in terms of 

the solution of Green’s function equation. Green’s function equation 

appears naturally  in our method, as a result of the integration over X ~  

variable, inside a -function. As it is obvious from the discussion of the 

last section of chapter 4, Green's function is essentially the gauge lixed 

value ol' the variable X  * of the light-cone gauge i.e. / ( o ) . In this spirit, 

it has been shown for the higher genus case that the Gervais-Sakita light- 

cone gauge attd the conformal gauge in Polyakov’s path-integral form ula­

tion of strings Are equivalent. To obtain Mandelstam’s picture from a gauge 

lixed Polyakov’s theory one has to perform the ion formal mapping from the 

parameter space of the Riemann surface onto Mandelstam’s "tube". The 

mapping function is the analytic function whose real part is given by the 

solution of the Laplace equation lor that specilie surface.
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Before w e go on to discuss some of the possible fu tu re  directions of this 

work., let us take this opportunity and speculate about the question of the 

conformal sym m etry in connection w ith the elimination of the unphysical 

degrees of freedom in string theory. The present study does not include any 

rigurous argum ent or specific reasoning concerning this question. Neverthe­

less, according to the author's opinion, there are several interesting results 

in this treatise related to the above problem, which w e like to bring to the 

reader’s attention. As we discussed in the introduction, conformal invari­

ance, w hich is responsible for the elimination of the unphysical degrees of 

freedom, remains a fter fixing the c o n f o r m a l  (diagonal) gauge. Conformal 

gauge is then form ulated w ith  the inclusion of ghosts, w hile light-cone 

gauge is know n in the literature to be1 ghost-free gauge.

Firstly, notice the connection of the BRST-symmctry w ith the confor­

mal invariance in our approach. We pointed out, in chapter 2, that BRST- 

invariam  Lagrangian and BRST-transformations possess conformal sym ­

metry. This same Lagrangian w hich is shown to be conformal invariant is 

the BRST invariant Lagrangian of Kugo-Uchara gauge fixing procedure, 

w hich introduces the ghosts in the canonical formulation of the theory. On 

the other hand, conformal invariance in string theory is responsible for the 

elimination of the ghost fields (unphysical degrees of freedom). It is, there­

fore, the au thor’s personal opinion based on an in tuitive understanding of 

this question, that the ghost fields in the first quantized appro.u h are 

artificial objects introduced merely for calculational convenience and have 

no other significance. Mandelstam’s light-cone gauge w hich depends only on 

the physical degrees of freedom dtXN not include ghosts and is not confor­

mally invariant. In this treatise, fixing the Gcrvais-Sakita light-cone gauge 

we introduced ghosts while keeping tw o  unphysical degrees of freedom 

(i> and X  ~ ) in the Lagrangian. The total Lagrangian which includes the 

commuting fields (the transverse physical modes and the tw o extra fields) 

plus the ghost Lagrangian is conformally invariant. If we choose to
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integrate out the unphysical commuting fields, w e must combine the deter­

m inant appearing because of this integration w ith  the Faddecv- Popov 

determ inant (corresponding to the ghost Lagrangian) in order to extract the 

<t> -dependence. W hat remains then is M andelstams expression which 

depends on the physical modes only and it contains no ghosts. It appears, 

therefore, to be one’s ow n choice to either keep the extra tw o  unphysical 

degrees of freedom and introduce ghosts, which means that the theory is 

formulated in a conform ally invariant manner, or form ulate the theory 

w ith  only the physical degrees of freedom. In this last case, however, one 

has neither ghosts nor conformal sym m etry.

An analogous mechanism also holds for the conf ormal gauge case. This 

is formulated w ith  tw o unphysical degrees of freedom and the ghost 

(antighost) fields, w hile it possesses conformal sym m etry. One can choose to 

integrate out the tw o extra degrees of freedom, as it is shown in chapter 4, 

and obtain the theory w ith only physical modes. However, in doing so one 

has to combine the Faddeev-Popov determ inant w ith  this extra determ inant 

resulting f rom the last integration, in order to compute the conformal ano­

m aly, and the final expression dix-s not contain ghosts. The dimensional 

reduction then is rather trivial, in the first quantized language, as  it is evi­

dent front the argum ent of the last few paragraphs.

Few words in connection w ith  the w ork of Giddings and Wolpert [30] 

arc now in order. They proved the equivalence between Polyakov’s theory 

and Mandelstam’s picture, by analyzing the integral representation of m ul­

ti loop amplitudes in terms of moduli parameters and Koba-Nielsen vari­

ables. Specifically, they have shown that there is one to one correspondence 

between Riemann surfaces and light-cone diagrams. In their w ork [30U111 

w hich is based in the existence of a unique Abelian differential, it is argued 

that the light-cone diagrams cover the moduli space once. In our method 

we see how, by know ing the Green’s f unction ol the specific Riemann su r­

face, we obtain the corresponding light-cone diagram. The G ram ’s f unction
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is the real part ol' the th ird  Abelian integral ol their language. In order to 

answ er such possible questions as which is the purpose of our w ork given 

the existence of the w ork of rcl. [11], [20l we emphasize that our method 

has the advantage of being explicit. Moreover, in our w ork w hich was 

already underw ay before the above papers were published, w e are 

interested in studying the internal connection between the tw o gauges 

besides proving the equivalence between the tw o functional approaches.

Future w ork on the subject could continue in several directions. It is a 

very interesting problem to investigate similar questions in the operator 

formalism. As we stated in the introduction, Kato and Ogawa have form u­

lated the quantized theory of the bosonic string in the covariant canonical 

formalism. Their work makes essential use of the BRST-symmetry. One 

could investigate the quantization of Polyakov’s Lagrangian in the light- 

cone gauge in the operator formalism, in a similar way as Kato and Ogawa 

did for the conformal gauge. This study would shed light in the under­

standing of the BRST-symmetry in the light-cone gauge and the role of the 

Faddecv-Popov ghosts. The question of w hether the canonical formalism is 

equivalent to the path-integral formulation is a very important one and 

relevant to this problem.

Another interesting direction is the application of this method in the 

second quantized approach. The analogous problem is again stated in the 

introduction. One can investigate the connection between W itten's covariant 

field theory of stings w ith  the light-cone string field theory of Kaku- 

Kikkaw a.

I
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