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Abstract

THE LIGHT-CONE GAUGE IN POLYAKOV’S THEORY OF STRINGS

AND ITS RELATION TO THE CONFORMAL GAUGE

by
Rodanthy Tzani

Adviser: Professor Bunji Sakita

We study the string theory as a gauge theory. The analysis includes the
formulation of the interacting bosonic string by lixing the Gervais-Sakita
light-conc gauge in Polyakov’s path-integral formulation of the theory and
the study of the problem of changing gauge in string theory in the context
of the functional formulation ol the theory. The main results are the fol-
lowing: Mandelstam’s picture is obtained from the light-cone gauge fixed
Polyakov's theory. Duc to the off'-diagonal nature of our gauge the calcula-
tion of the determinants differs from the usual (conformal gauge) case. The
regularization of the functional integrals associated with these determinants
is donc by using the conformal-invariance principle. We then show that the
conformal anomaly associated with this ncw gauge fixing is canceled at
dimensions of space-time d = 26. Studying the problem of changing gauge
in string thecory, we show the cquivalence between the lightcone and con-
formal gauge in the path-integral formulation of the theory. In particular,
by performing a proper change of variables in the commuting and ghost
ficlds in thc Polyakov path-integral, the string theory in the conformal
gauge is obtained from the light-tone gauge fixed expression. Finally, the
problem of changing gauge is generalized to the higher genus surfaces. It is
shown that the string theory in the conformal gauge is equivalent to the
light-cone gauge fixed thcory for surfaces with arbitrary number of han-
dles.



Acknowledgements

Many peopic have contributed with their presence or memory to my
carrying on in life and science to this point. | am grateful and obliged to all
of them. Since it is almost impossible o correctly credit them, due o the
long list and diversity of their contribution; | will not name them individu-
ally. I wish only to explicitly express my deep gratitude 10 my advisor in
City College, Prof. Bunji Sakita whose intellectual, moral and matcrial sup-
port and assistance was invaluable in the pursuit and completion of the
present work. | am indebted to him for gencrously sharing with me his

many insights and idcas.



Table of Contents
Approvalpage . . . . . .. ... e e
Abstract . ... ...,
Acknowledgements . . . . .. .. ... ... ... .. . .. oo,
TableofContents . . . .. ......... ... ... ... . ... ...,
FigureCaptions .. ............. ... .. ... .. ... .. ....
Introduction . . ... ... ... L
Chapter 2: Light-cone gauge in Polyakov'stheory . ... ... ... ... ...
Introduction . . .. ....... ... . ... . i,
II. Light-cone formalism and derivation of Virasoro-Shapiro
amplitude . ............ ... .. ... . i o o,
II. Derivation of Mandelstam's picture from the light-cone
gauge fixed Polyakov'stheory . ......................
IV.Conclusion . . ........ ... ... . ... . . i,
Chapter 3: Regularization of the determinants and Conformal
Anomaly in the light-conegauge . ..................
Introduction . .. ...... ... .. L

BRET

V.

Use of BRST-invariance to recover a regularization principle
Definition of inner products and computation of the adjoints
oftheoperators . ... .......... ... ... .. ... .. ... ...

. Regularization of the determinants and computation of the

conformalanomaly . .. .. ............ ... .. ... ...,
Conclusion . ........... ... ... .. ... i,

Chapter 4: The problem of changing gauge in Polyakov's theory

and the relation between light-cone and conformal

BAUBE . . . . e

L Introduction . ............... ... ...
II. The light-cone and conformal gauge variables and their

relations ... ....... ... . .. i
II. From the light-cone gauge fixed to the conformal-gauge-fixed

theory by coordinate transformation . .................
IV. Change of variables in the ghostfields . ................
V. From conformal to light-cone gauge in Polyakov's theory by

directintegrations . ................... ... . ... ..
VIL.Conclusion .............. ... ... . . ...

Chapter 5: Generalization to the higher genus surfaces

L Introduction................ ... ... .
II. Thecaseoftorus . .......... ..o iinnnennn.
O Conclusion . . . ........... ... ... . . ...

B&

8 888

A S

55
55

62
71

78
82

95



- Vi -




- Vi -

Figure Captions

Fig. 1 Mandcistam’s planc.

Fig. 2 Two dimensional manitold embedded in the d-dimensional

space-time,

Fig. 3 Mandcistam's "wube”.

Fig. 4 Torus diagram in the z-planc.

Fig. 5 The annulus of the torus of hg. 4.

Fig. 6 Light-conc diagram of the torus.

4

87

88

89

90



CHAPTER 1

Introduction

Fevnman's [1] path-integral for a free particle is defined to be the sum
over all passible paths connecting the initial and tinal positions of the parti-
cle, weighted by the exponential of the action. The action is proportional to
the length of the trajctory.

For the case of an one-dimensional object, namely, for the case of a
string, its successive positions for dillerent times gencrate a two-
dimensional surface I in space-time. The obvious generalization of the
point particle case is to take the action o be proportional to the arca of this

surface. It is given by

s=[d%r (N ) 1.1

b3
<

w here

I. =Jdeth . hy =8, Y 3\, 1.2

is the Nambu-Goto Lagrangian [2). The lields Y*a), u=1,---,d are
the coordinates of the string in the d-dimensional space-time and o is a
collective notation for the coordinates ( 7, o) of the two-dimensional sur-
face (not 10 be confused with the component 6 ).

The crucial point is that the arca of the surface does not depend on its
paramctrization. One can check that the action S is invariant undcer the

wwo-dimensional general coordinate transformation

0 =0 () 1.3



2.

where € (o) , u =12 is an inlinitesimal vecwr parameter, which spevifies
its infinitcsimal transformation matrin. The significance of this invariance
is that one can usc the two reparametrizations o gauge away two ficld-
degrees of freedom. Indeed Goddard, Goldstone, Rebhi and Thorn (G.G.R.T.)
[3] used this invariance to gauge away the two longitudinal coordinates
\'" and \V~ of the string variables, leaving thus only the d - 2
transverse components V' as independent dynamical variables describing
the theory. In their work, which was a canonical formulation of the frec
relativistic string, the condition for the critical dimensions (d=26) was also
sbtained. In their gauge V% was cssentially chosen to be the time ¢com-
ponent 7 of the two-dimensional coordinates, defining this way the light-
cone gaugc.

Gervais and Sakita [4] were the first to formulate the interacting string
as a functional integral. They fined the light-cone gauge in the Nambu-Goto
Lagrangian. Their path-integral is an intcgration over the transverse com-
ponents of the string. In order to include interactions, they chose the v °

component of the string ficld 1o be a function of ( 7, o). Namely,
N*T= 1 (o) 1.4

where o is two-dimensional. /(o) is an arbitrary function in the stage
of gauge lixing, but later is chosen to satisl'y the inhomogeneous Laplace
cquation in two dimensions in order to derive the Nestring amplitude and
therefore it depends on the eaternal momenta.

In Mandclstam’s picture [S] the V* component is chosen to be just
7. introducing the G.G.R.T. light-cone gauge in the path-integral formal-
ism. Mandcelstam’s formulation is a lightwone gauge lixed theory. In this
approach the propagation of the string is given by a functional integral over

the wransverse coordinates of the ticld Y'#, which are the physical degrees
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of freedom of the string. The difference between Gervais-Sakita (G.-S.) and
Mandclstam’s approach is that in this lawr case, through a conformal
transformation the integration variables are delined on Mandelstam's plane
(fig.1).

w - plane

T2

Fig. 1

Fig. 1: Mandelstam's plane

Mandelstam’s contormal mapping is detined to be essentially the function
" ta), chosen by G.-S, in such a way that the light-wone gauge condition
N * =7 coincides with (1.4). The wopology of Mandelstam's plane specifies

the interaction process of the strings. To obtain the transition amplitude the

initial and final wave functions of the string have w be integrated over. In
this formalism the interactions are specificd by the interaction times, which
are specific values of the time variable 7. Since 7 corresponds w the real
time and the actual motion of the string is described by the evolution of the
transverse modes, which are the physical degrees of freedom, Mandelstam's
approach appears as a physical piciure.

The disadvantage of this approach is that the quantum theory is for-

mulatwed in a gauge-lixed manner. Specilically, the Nambu-Gowo Lagrangian
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involves a squarc-root and therefore the path-inwegral quantization of the
theory is highly non-trivial. Choosing, however, the light-cone gauge, as
above, one obtains a simple Lagrangian and the quantization is possible. On
the other hand. since this is a non-covariant gauge the theory is not mani-
festly Loremiz invariant.

An alternative formulation which is based on the genceral covariant
Brink-De Vecchia-Howe Lagrangian [6] is proposed by Polvakov [7) The
new point of this approach is the introduction of a 2x2 metric g, ., Which
characterizes the two-dimensional surface. The conceptual picture of this
approach, is csscnually the same as before but the appearance is slightly
different Itom Mandelstam’s. In this case, the two-dimensional surface is
viewed as parameter space (the world-sheet) with coordinawes o, Then
\'“(o) is a mapping lunction from the parameter space o a two-

dimensional surface in the d-dimensional space-time (ig.2).

x*(o)

WV

Fig. 2

Fig. 2: Two dimensional manifold embedded in the d-dimensional space-time.
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The topology of these surfaces determines the interaction processes of the
strings. Polyakov's path-integral is an inwcgration over all possible map-
pings V *#(a) and all possibie metrics gy (o). In order 10 include all possi-
ble interactions the summation over all wopologics of the surfaces is neces-
sary and the theory is described by the following sum over random surfaces

swept by the strings

/= X f DY * f Degy expl=51 1.5
1o poiogies
where
s =%_f.130 V=2 2® 3.V 9 \ . 1.6

2,  Which is treawed as dynamical variable, is an intrinsic metric charac-

wrizing the surface, independent of the induced metric

hah = aa AY “6b AY ue I.-

Only in the classical level g, cquals A, through the equation of
motion. The action (1.6) has extra degrees of {reedom - the three indepen-
dent components of the metric g, - and an extra symmetry, other than
the reparametrization invariance defined, as in the previous case, by (1.3). It

is invariant under Weyl transformations

Qo =8 = g l0)c®? 1.8

These are scaling transformations of the mewric, which leave the action
invariant in the case that the theory is defined in a two-dimensional mani-

fold . Polyakov's theory is a non-gauge-fixed theory, since it is based on the
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non-gauge-fixed covariant Lagrangian. It has both symmetries - reparametr-
ization and Weyl - built in. lts  reparametrization  transformations

(ditlteomorphisms of the surface) act on the ficlds Y # as follows
N M) = Vo) Vo)) = X #a), 1.9
w hile their action on the metric g, is given by

[ (r 4 B
2 (0) =gy lo)= 02 O g4l 1.10
dr ad®

That the covariant Brink-DeVecchia-How e Lagrangian describes classi-
cally the same theory as the Nambu-Goto Lagrangian is proven through the
cguations of motion. Assuming that the metric ficld satisties the equations
ol motion, the action (1.6) reduces 10 the Nambu-Goto form. However, to
vstablish the equivalence of the theories at the quantum level is more
involved. It has been stated [8] that Mandelstam’s picture of interacting
strings "is probably cquivalent w that of the G.-S. and Polyakov pictures
with a spedific choice of parametrization”. To answer precisely the above
question one has to study the related gauges. The method which has been
mainly used in studying Polyakov's theory is fixing the conformal (diago-
nal) gauge [9] In this method, one represents the complex structure by a

metric of constant curvature. Namely, one chooses

® R 1.1

gp =€

W here




is the flat two-dimensional Minkow ski metric. This locally can always be
donc in the two dimensions. (1.11) debnes the conformal gauge, in which
the two diagonal components ol the metric g, are lixed using the two
reparametrizations invariances of the action. o represents the third com-
ponent of the metric and can be associated with the Wevl symmetry. Then
assuming there are no anomalics involved, the action (1.6) is independent of
the metric. The integration over V #lo) is Gaussian and the integral (1.5)
casily reduces w an intwegral over the moduli space (for the definition of the
moduli space Took at ref. [9), {12], [31]) times the determinant of the Lapla-
vian operator, which depends on the dimensions of space-time. Since this is
a covariant formulation with respect w the space-time index u, Lorentz
invariance is manifest in this approach.

There are two subtle points in this discussion. Firstly, as Polyakov
pointed out, there is an anomaly associated with Weyl symmetry. Even il
the action is invariant under the reparametrization and Weyl symmetry,
one ¢an not write down a measure which is invariant under both sym-
metries [10] One can not do better than writing a reparametrization invari-
ant measure which, however, will be non-invariant under Weyvl transfor-
mations. Therefore, for the correct quantization of Polyakov's theory, one
has 10 regularize the functional integrals associated with the determinants
and 1o compute the anomaly; namely, a @ -dependent factor.

Sccondly, the draw back of this method is that the moduli space has a
complex structure by itself. To exploit the complex structure of” the moduli
space Giddings and D'Hoker [11] represented  the complex structure by
period matrices. Their formulation is based on the theory of Abclian
differentials on Riemann surfaces and is rather abstract.

A diflerent approach, which has not been investigated, is lixing the
light-cone gauge in Polvakov's theory. It is the establishment of this last
approach which constitutes this thesis. In particular, in this thesis, we are

formulating the interacting strings by lining the same light-cone gauge
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conditions, as Gervais-Sakita did for the Nambu-Goto Lagrangian. The
significance of choosing \'* to be a function of ¢ and not the usual r
will be apparent later in the course of the work. This choice is crucial for
the inclusion of interactions.

The power and beauty of this last idea stem from i ability o relawe
and connect the physical picture of Mandelstam's approach and the covari-
ant louking formalism of Polyakov's theory. These two formulations appear
Jissimilar but, as is indicated in ref. [12}, are probably related by a coordi-
nate transformation. In this last ref. [12), it is suggested how Mandelstam's
picture is viewed in Polyakov's theory of strings. Motivated by this work
we are investigatng the precise relationship between these two formula-
tions. Since Mandelstam’s picture is a lightcone gauge fixed theory, the
study of the light-cone gauge in the non-gauge-tixed Polyakov's theory will
precisely relate the two formulations. The intuitive expectation is that the
light-conc gauge tixed Polyakov's theory coincides with Mandclstam's pic-
wure.

The method is appealing for several other reasons. In the swandard
literature of strings [13] it is stated that X' * can be chosen to be the time
7 coordinate of the two-dimensional parameter space, by using the residual
symmetry which remains after fixing the conformal gauge. In this view the
light-con¢ gauge appears as a part of the conformal gauge. On the other
hand. in the original G.G.R.T. light-cone-gauge paper [3] the light-cone gauge
was imposed in the context of Dual models independently of the conformal
gauge. In this thesis, we introduce the light-cone gauge in the theory of
strings independently of the conformal gauge. In particular, we establish
the light-cone gauge in Polyakov's path-integral formulation of strings in
the same level as the standard conformal gauge-fined covariant Lagrangian
path-integral formalism has been investigated.

Another motivation for this work, is the work of Katw and Ogawa

(14] They reformulated the quantized theory of the bosonic string, in a
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covariant operator formalism hased on Becchi-Rouet-Stwora- Tyutin ( BRST )
symmetry [15]1 They fined the conformal (diagonal) gauge for Polyakov's
Lagrangian. It scems interesting to us to esiablish the standard canonical
quantization in the light-cone gauge, using BRST symmetry as in the case of
Kato and Ogawa. This could shed light in the understanding of the BRST-
symmetry and the role of the BRST ghost (antighost) liclds, which seem so
crucial in the sccond quantized formalism. A first attempt, however, o
investigate this question in the canonical formalism met  considerable
ditlicultics. One does not have a guiding principle in this formalism and it
scems that the correct number of fields, which describe the gauge-fixed
theory is rather arbitrary. For this reason, it is not c¢lear to us vet how one
can obtain a nilpotent BRST charge in the lightcone gauge. Since the path-
intcgral approach does not contain arbitrariness of that Kind, in this thesis,
W - are investigating the analogous problem in the functional formalism, as
Fujikawa did for the conformal gauge (16]

Morcover, the precise relationship between the two gauges (lightcone
and conformal) in the theory ol strings remains obscure. One way to pre-
visely investigate the relationship between these two gauges is by changing
gauge I'rom once 1o the other. In this treatise, we study the changing ol
gauge problem in the functional formalism of the theory of strings. In par-
ticular, we change gauge [rom the light-cone to the conformal gauge in
Polyakov's path-integral of the bosonic string. Using this same formalism
w e investigate the precise relationship between these two gauges.

In connection with the second quantized formulation, the cstablish-
ment of this approach is important for the tollowing reason: Witten's [17)
ficld theory of strings inherits the covariant canonical tormulation of Kato
and Ogawa, while the Kaku- Kikkawa [18] lightcone string ficld theory is
hased on Mandelstam's formulation. The understanding of the interconnec-
tion between the two gauges could help the investigation of the relation-

ship hetween the two ficld theories (those of Witten and of Kaku-Kikkawa)
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ol strings.

In the functional formulation of gauge theorics the gauge symmetry is
a symmetry of the functional integration. The gauge paramcters are the
symmetry variables just as the angle variables are the symmetry parame-
ters in the central potential problem in ordinary analytic mechanics. Gauge
svmmetry in this language means a freedom in choosing an appropriate
body lixed coordinate system in a specific reparametrization of the coordi-
nates. A diflerent body lixed coordinate system corresponds to a different
gauge fining. The change of gauge in this view is the change of variables
I'rom one bady fixed coordinate system to the other.

In string theory after lixing the original reparametrization invariance
by picking the conformal gauge, the Lagrangian is invariant under the more

restrictive residual transformation [13]

at S0t (at), 0" =0 (o) 1.12

These are some of the diff'comorphisms, those which preserve the angle and
are thus conformal wransformations. Conformal symmetry is immediately
rclated to the interesting problem of the climination of the unphysical
degrees of freedom [19L However, the mechanism which is responsible for
the decoupling of the unphysical degrees of {reedom and the role of the
conformal symmetry in it is not deeply understood. On the other hand,
tixing the light-cone gauge, as we discussed above, the gauge conditions
alon¢ make complete use of the invariance of the Lagrangian. The elimina-
tion ol the unphysical degrees of freedom, in this case, can be done by
integrating over the corresponding variables, in a similar way as in the ori-
ginal Gervais-Sakita paper. Changing gauge (rom the conformal to light-
cone is one way 1 understand the role of the conformal symmetry in the

climination of" the unphysical states in the theory ol strings, since choosing




the lightcone gauge leads to the Hilbert space with only the physical
degrees of freedom (transverse components) of the string.

The change of gauge in string theory can be viewed, in a way analo-
gous 1o the gauge theories, as a change of variables in the functional
integral. We are examining these ideas in Polvakov's theory. The material
to be covered is arranged as follows:

In chapter 2, we perform the light-cone gauge fining in Polyakov's
functional integral of the bosonic string. We show by explicit calculations
how Polyakov’s theory reduces to Mandelstam’s picture, apart from a o -
dependent factor, af'ter imposing Gervais-Sakita light-cone conditions.

in chapter 3, we discuss the regularization of the determinants and the
calculation of the conformal anomaly in the light-tone gauge. Due 1o ofl-
diagonal nature of our gauge, the calculation of the determinants differs
from the usual (conformal gauge) case, and special care is needed in regular-
izing the functional integrals associated with them. Finally, we show that
the conformal anomaly assoviated with this new gauge fining cancels at
dimensions d = 26.

In chaptler 4, we study the change of gauge problem in string theory.
In particular, by performing a coordinate transformation in the functional
variables of Polyakov's expression, we change gauge from the light-cone to
the conformal gauge. This study relates precisely the two gauges (light-cone
and conformal) in string theory.

Subtle points related with the Faddeev- Popov ghosts are discussed in
both the third and fourth chapters. Light-cone gauge ghosis are introduced
in chapter 3 in order w0 express our off-diagonal Faddeev-Popov deter-
minant, while changing the gauge, in chapter 4, we deline the coordinate
transformation needed for the ghost ticlds. In the chapers 2, 3 and 4 of
this thesis we restrict ourselves to the genus zero case for simplicity. The

generalization to the higher genus surlfaces is discussed in chapter S.
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In particular, in the last chapter 5, it is shown that for the higher
genus surfaces, the problem of changing gauge between the lightone and
conformal gauge in string theory is reduced to solving the Green's function
cquation for surfaces with more complicated wpology. The case of twrus is
discussed in dctail and it is shown how Mandelstam's picture is obtained
from a gauge-fined Polyakov's theory. The method used in this chapter,
shows that the light-cone gauge fixing in Polyakov's functional formulation
of strings can be done tor the higher genus case, in a similar way as for the
case of the sphere discussed in chapter 2.

In this work, we are confining the discussion to the bosonic string and
the first quantized language. The degrees of freedom are the displacements
of the string, not the operators that. create or destroy strings. Since we are
working in the light-cone gauge it is necessary to prove that our light-cone
gauge fixing describes a Lorentz invariant theory. This question is not dis-

cussed in this thesis.
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CHAPTER 2

Light-cone gauge in Polyakov’s theory.

I. Introduction

The problem we would like 1o study in this chapter of the thesis is in
the same spirit of that studied by Gervais and Sakita [4] Namely, they for-
mulated the ineracting strings in the path-integral approach by fixing the

light-cone gauge in the Nambu-Goto Lagrangian. They chose the gauge

N =/ (o) 2.1

where o is a collective coordinate in the two-dimensional surface gen-

crated by the successive positions of the string, ic., o =(r,0) and

(v =\ =0 2.2
Since the Nambu-Goto Action is given by
I =1 fIJnJr\/h_ 2.3
W here
No =0a V20 V. 24

the condition (2.2) corresponds 10

h__=0 2.5
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in the light<one basis.

In what follows, wc formulatwe the interacting string by fixing the

light-cone gauge in Polyakov's theory. Our choice of gauge is

Nt=1 (o) 2.6

and

The second condition (2.7) corresponds to (2.5), because for Polyakov's action

s = [0 VE e g N Egy N

M

un ah

¢ =h is a solution of the classical equation of motion.

Choosing V' 10 be a function of ta.7) is crucial for the inclusior of
the interacting string. As we shall see later the function /7 (o) satishes the
homogencous Laplace equation except from the points of interaction. These
are the a linite number of singular points in the world sheet, where the
light-cone time X% becomes infinite. However, the function V7 will be
r afwer performing Mandelstam'’s conformal transformation.

The sections of this chapter are arranged as follows: In scection 1, we
perform the gauge fixing using the Faddeev-Popov procedure and derive the
Virasoro-Shapiro amplitude from the lightcone gauge lined path-inwegral
CAPression.

In scetion I, we show by explicit calculations how Polvakov's theory
is reduced w Mandelstam's picture, apart from a & - dependent factor, afiter
imposing the above gauge conditions.  Finally, we conclude with some

remarkes.
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IL. Light-cone formalism and derivation of Virasoro-Shapiro ampli-

tude.

We start trom Polyvakov's path-integral formulation of Virasoro ampli-

wude [7],[20), given as follows:

I1 f fJ ‘o, =2 (o, IDXN ¥ Dggy exp ,I,-f.l 2oV =e e g, X *9y X u

—i [uda,Max (o} 28

where o = (0 0) are coordinates in the 2-dimensional Minkow ski parame-
wer space, which take values on the whole complen plane. Note here that
we use the 0, 1 indices in the ¢ coordinates for convenienee, but (oa') s
the same as the (7.0} of our previous notation; from now on we are going
o interchange freely between these two notations, without distinetion.
\ ~(a) delines a map from the 2-dimensional parameter space to a surface
in the d-dimensional physical space-time. The metric g, characterizes the
parameter space. The reparametrization invariant functional integration

measure is delined by:

DY # = [ 4\ *ta)dX “(a) DX L)

(43
_ L]
Doy =TI de o, de o dg __(=g) = 29
«

I1 is the reparametrization invariant inliniwe product such that for a given

34

scalar density plal, i, plal = plo) for a reparametrization o — o' = (o},
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I1 »loe) is invarianu namely,
[+

Moto=T ot on= T ot a)=]] mlo)
« 7 aT

Olor

We define the 6 -lunctional by

TI18At) = [T]d Ma)exp
ag g

ijJ’nJ:FA‘Vl

so that

ST (o] stAtan =1,
a (44

7 a) is an external source term detined by

jol= z 5No—0, )k~

2.10

2.11

2.12

tw
.

pa—y
L9]

The substitution of (2.13) into (2.8) gives the tollowing expression for the

source werne

Ce\p

ifJ 2o 74a)N (o)

o\p lle AN o) |= I exp llk N o) I

We use Minkowski meuric for the parameter space, for reasons which will

be clear later. Keeping the imaginary unit (i) in the exponent assures the

appearance ol § -functions in our later calculations,
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In writing the integral representation of Virasoro amplitude (2.8), we
should factor out the Mobius volume and the reparametrization volume
(diffcomorphism). The integrand is invariant under 2-dimensional general
coordinate transformations, after the factor /=g (o.) assures the invari-
ance of the measure. The invariance of the source term is assured because of
the integration over the Koba-Niclsen variables (for an explicit discussion of
this point see below  the relation (2.24)). The Mobius transformation s
detined by

S ml=ch = 2.15
- > +d
w here
J b
Here v b o are complen parameters and =, defined by = = o 4+ o' | s

the variable on the comples plane. These transformations form the SL(2,C)
group. For a proot’ of the invariance of Virasoro-Shapiro amplitude under
NMobius transformations see ref. (12 Although we do not specif’y i, the
division by these volumes should be understood. The momentum conserva-
ton tactor 2z 84 ¥ k. ), which multiplics the integral, is hidden in
the integration over the zero moedes of the functional integration variables
\' “(o). In the path-integral expression (2.8), we consider only the covari-
ant Brink, Di Vecchia and Howe Lagrangian [6], [7] . In Polyakov's theory,
however, the inclusion of the cosmological werm is necessary for the renor-
malization, which will be discussed at the end ol the third chapter.

We choose the light-cone gauge conditions as in ref. 4 :

Y*t= 1/ (»
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and

v __=(. 2.16

Here /1 (o) is a function of ¢ and o' . As we shall see later in (2.16), we
can always add a constant factor C w0 / (a). This means that the gauge

tining does not include the zero mode of the variable V' * .

We fin the gauge using the invariance of the action under general coor-

dinate transformations in 2-dimensional paramcter space:

0" = '€ (a) = 0" + "(a) 217

Under inliniwesimal reparametrization transformations the variables \'#

and ¢, transform as

NH V9% a)= YV ¥o)= ¢y, \ “lo)

( . N .
Cp =8 = 8 — € O Bap — Dz € Un — b € Ly - 218

We change the integration variables X% and Je__ in (2.8), 0 the two
parameters ol the transformations J € and ¢ ¢ . We use the lollowing

light-cone basis:

"
I

(o o)

€ ..~ 7(2|| + gy 220

1
L’¢-=?(L’||—FQ4|)). 2.]9
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Following Faddeev-Popov pracedure, we insert in the integral the iden-

lly

[0 ea (@) TSN €= 1 (o) [T8le 1) = 1, 2.20
(34 [\g

where D e is the invariant mcasure ol the transformations (2.17) and

y; (N g ) is the Faddeev-Popov determinant given by

-9.X " -9-Y"
S ~(9,8_-+22,.8) —(2g__9_+ g_¢__) 2.21
Then we obtain
Hf sz«',- V-u itr DX #Dap D €dyp SN T= 1 )dlg __)
©w lsz V=g e® g, V¥ 9y X ¥ = ik “\ o) 2.22
Pil= ov=g g™ g, V" 0. th “\ o, 2.22

Nent, we interchange the order of integration in (2.22) and change the

integration variables as follows

NHa) XA ), g, (o) =gt (o),

[
tw
7S}

The action is invariant under (2.23). The invariance of the source term aan
he discussed as follows [21F We make an inverse reparametrization

transformation in A" # variablc. Then the source term becomes

tv
tv
4=

fJ ‘o pN'E o) = fJ ‘0N (o¢)= f.l o\ Ca).
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The last equality holds because, due to the specific form of j#(0) (contains
8 -functions), the argument of the ficld X is integrated out, since the func-
tional integral involves reparametrization invariant integration over the
interaction points o, . Since the Faddeev-Popov determinant is invariant
under the gauge transformations, the measure is also invariant under (2.23)

and wc obtain the expression

IS [0 e, V=eTa, DX #Degy 8 8(X * = 1 ) 8lg __)

exp '?fJ oV =g g® 9, N 49y X, — ik AN a,) . 2.25

The last integral is independent of the parameters of the transformation

and the integration over e*.e” is factored out as the volume of the

reparametrization group.

Nevy, we separate the transverse and longitudinal components and we
have
Hf - fd 20, =2 (o, 4N *dX DN [lde . \de o _dg =g 7V 22, (Y ¢
! a g

I8¢\ "= (oN]I8(g —_)exp —;f.l 2oV —g g® . N s N+ fd ‘o), N
g (A4 -

+i futov=rera, v v =i futaiv =i fulejmN (226

The integrations over Y7 and ¢ __ arce wivially carried out. Neat, we

choose 7 (o) such that it satisly the following «quation

20.0-1 (o) =—=j*a) 2.27
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where 7 *(o) is given as in (2.13) by

) o) = 28( o=, )5(0"—";’) k ,‘ . 2.28

/

-

The purpose of the choice (2.27) is w0 cancel the linear terms in the action
of (2.26). Then (2.26) becomes

l'If fJ 20_, \/—2(0, )HJ.\’ DY HJg vodg (-2 -V 2Ar
/ i o

, lf LI OV Japrag Y B YO e v
exp (= Jd V=g (@ N P+ 29,8 g N ik N0, )+

IfJ:(l\/:Q-—a_ Fo-NX"—iX A 1 (o)) 2.29

-

where we used V=g e *~ =1, since in our choice of gauge V=g =¢,_.
The last espression (2.29) defines the light-cone gauge fined Polvakov's
theory of strings, The gauge fixing determinant 3§, al'ter substituting the

gauge conditions in, is given by

& = |5y, 9o 0

9. I -a-/'l

The funcuon /(o) is the solution of (2.27) and because of (2.28) it

-

depends on the external momentum & 7. Iuis given by

| (oy=F kTN, a0 ), 2.30
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where Ao, @) is the Green's function of the Laplacian. If the points o and

a. do not coincide it is given by

flol=3F &k *Inla—o0, 1. 2.31

However, when o cquals o , the expression (2.31) becomes singular. So the
last tactor of (2.29) contains an infinity. We extract, from the summation

of this factor, the singular term which is given by

=tk "k T Na,o,). 2.32

Next, the integration over the variable V' ™ is done as follows: We mul-
tiply the measure J\' 7 by the tactor (=g_ /" 9-) and the part of (2.29)

which involves the integration over V'~ becomes

| . o -1 2
J{=0_ VT N=g )T e
detl=g_ f ('g_if a-1d :

w\p | fJ ov=g e o=t 9N T+ 2.33
Then performing the integration we obtain the expression
[der —-0- 1 O- )]-'8( g7 ). 2.34

where we used the definition (2.11). Because of this & -function  the
integration over ¢ ., picks only the g .. =0 scctor and cancels the ¢ 77 -
dependence of the exponent of (2.29). Notice that the relation between the

upper and the lower indices of the metric is



VT g% =(—pt 1@

where 7 .8 are detined 10 be + or - whenever v b are - or + respec-
tively. Thus ¢77 =0 corresponds o ¢g,, =0. [t is important to notice
here that in a natural way in our lightcone gauge we have recovered the
second of the conformal gauge conditions, which we did not impose in this
gaugce. This can be understood as the existence of some sector of coincidence
between the light-cone and the conformal gauge. The net result of the

integrations over 7 and ¢, is the following determinant factor

[det (=g 1 91", 2.35

which appears in the denominator sinee it results from the integration over

two bosonic ficlds. Then the original expression takes the form

Y2
dei(=9- 1 9-)

S [f470 V=G e .-DX

oxp { = fJ 0.V 9N+ AN o) =iZk, " o) ). 236

Here the prime in the summation of the last factor, means that we have
excluded the singular term defined by (2.32). The last expression (2.36)
delines the Virasoro-Shapiro amplitude in the light-cone gauge. In order to
recover the Virasoro-Shapiro amplitude from (2.36), we have o perform
the intwegration over V' variables. For this purpose we  complete the
square between the first and second terms of the exponent. The relevant

part ¢an be expressed as
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[Dx epli futatx DX+, X, 2.37

where 1) = 9.9- - In the last expression we have changed the notation of
the momentum in the source term back to the original ;#. Then the

cexponent of (2.37) can be written as follows

AN DY + VDN e Lo L
¢ furax A Vg

The term in the parenthesis of (2.38) is a complete square, while the extra

term is formally written as
—_ L
lfJ o' 5 2.39
1

D is the propagator given by the Green's function Mo=¢) and (2.39)

1akes the form

-1 fJ od « Z A 83(0—«,/ ) Mo=a) &/ 83(0'—(1", ) =

== Xk Mo, —ao )k . 2.40

The last expression gives the extra werm, which we need o add and subtract
in the action in order to complete the square. This becomes singular when
o = o, . Therefore, there s also a singular term in the summation over
the transverse components in the second factor in the exponent of (2.36),
which is given by (240) for j = k. We combine the j = K term of (2.40)

with that of (2.32) and obtain the following expression for the linal
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singular factor conuained in the exponent of the path-intwegral (2.29)

—ik #A # Ao o)) 2.41

By a conformally-invariant regularization (sce regularization procedure in
the Tollowing chapter) the finite part of (2.41) is proportional w0 &lo, ).
Then expressing the factor v-elo )= 7 the & o, ) dependence can-

ccls provided that the external lines are on shell, ic. &k, %k, , = =2.

Then, after the integration over X', the exponcntial of (2.36), apart

I'rom a determinant factor, becomes -

exp |=X kk, Inlz, =z, 1 |=1]] Vs -2, | R 2.42

where we have used (2.31). The expression (2.42) i essentially ™ the
\irasoro-Shapiro amplitude, apart [rom the integration over Koba-Nielsen
variables.  In the neat secton, we eaplicitly obtain Mandelstam’s picture

from the light-cone gauge tixed Polyakov's path-integral.

IIl. Derivation of Mandelstam’s picture from the light-cone gauge

tixed Polyakov’s theory.

We start again from the expression (2.36). In order o obtain the path-
integral in Euclidean metric and get rid of the 1in the exponent, we per-

form the following Wick rotation:




o’ =€, o'=¢ 243

and we have

N iy Ap
Hf f‘l i l:,l‘jg +—l;ID~\ det(=9. /" 9-)

exp =+ [UE (RN P+ 1 Th N E, ) - Tk, ReF(z,) | 2.4
- ;- ] -

w here

1
2= Yk *iInlz -z )
! ( ”’ZA, In( , )

is the analytic function whose the Real part is given by (2.31).

DV =T[uN ()

where - stands for - and T defined as - =¢'+i 2 and T=¢'—i £2. Note
that any g-dependence in the transverse part of our measure is included in
our definition of the reparametrization invariant product. In the last expres-
sion the variables § and - are defined on the entire complex plane. In the
lightwone picture of strings the integration variables are defined on the
Mandelstam’s plane. In order for the variables o be defined on Mandelstam’s

plane, we make the following conformal transformation
T ew =l(z)=r+io0. 245

This defines a map from the entire plane to the Mandelstam's "wibe” (see
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fig. 3). Under the transtormation (2.45) the points -, transform into the
strings (i) at initial or final times 7, = oo, depending on the valucs of

k,*: k,* <0 for outgoing and &, * >0 for incoming strings.

M

Fig. 3

Fig. 3: Mandelstam’s "tube”.

After the transtormation (2.45) the last factor of (2.44) becomes

exp l—Zk,"r, ' 2.46

t

Changing =, rellects a change of the interaction times 7, , which are

detined by

7, =11(3)  where ali.’(_: ) I: m. =0. 247
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We must perform the same transformation (2.45) on the functional inwgra-
tion variables \ ' , such that they be delined on Mandelstam’s tube. Then
we change the Koba-Niclsen variables = to the variables 7. . The Jacobian
of the last transtormation times the Jacobian due to the conformal transtor-
mation on the functional integration variables V' has been calculated by
Mandelstam [8] 1t has been shown that it gives a constant at dimensions
d=26. Then the inwegral (2.44) becomes

- . ar
e J A t _
af-Js T
o\p -,I,.f“ JdAw (R AN Y4k N7, )=k, "1, 2.48

where DV =T 4V ' (w).

Now all functional integration variables and determinant operators are
delined on Mandelstam's "tube®. In the last expression, we denote this by
explicitly writing the dependence of the operators on the new variable w,
which through (2.4S) detines the light-cone plane. The integral (2.48),
except from the determinant factor, which depends on g ,_, coincides with
Mandcelstam's picture of strings. The ¢ ,_ -dependence of the integral
delines the conformal anomaly. Conformal anomaly is a result of the non-
invariance of the measure under scaling of the metric (Weyl transforma-
tion) [10). Since the change in the @ -dependent factor under the conformal
transformation (2.45) is a constant (¢ -independent) {21 [ see (3.3) below
for the definition of @ ], the physical result does not change it we caleu-
late the conformal anomaly atter performing Mandelstam's transformation.
in the next chapwer we compute the anomaly factor delined on

Mandelstam's tube and we show that it cancels at dimensions d=26.
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IV. Conclusion

In this chapter, we have formulated the interacting strings by fixing
the light-cone gauge in Polyakov's theory. It has been shown that tixing the
light-cone gauge in Polyakov's theory can be done in an cquivalent way as
fixing the conformal gauge. One ¢an start from the non-gauge-tined
Polyakov's formulation of strings and choose onc or the other gauge,
depending on the problem one wishes to study. Mandclstam’s picture is
obtained from the light-cone gauge fixed Polyakov's theory.

The main peint we would like to emphasize is that the light-cone and
conformal arc two independent, cquivalent gauges. One is not included in
the other and light-cone conditions can be lixed independently of the con-
formal ones. Obtaining one gauge Irom the other ¢can be done by a proper
coordinate transformation.

Notice that to obiain Mandelstam's picture from Polyakov's theory, the
specitic choice of gauge seems crucial. The funcion 77 (o) is simply 7 for
the non-interacting strings case, while here, 1t being the solution of the

cquation

F o) =—=ij*(a), 2.49

it depends on the external momenta. Atfter Mandelstam'’s  conformal

wransiormation, however, / (ag) becomes 7.
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CHAPTER 3

Regularization of the determinants and

Conformal Anomaly in the light-cone gauge.

I. Introduction

In the path-integral approach, anomalies are now well understood as
due 1o the non-invariance of the measurc under a specific symmetry of the
action. In Polvakov's thecory of the: bosonic string the action is invariant
under general coordinate transformations and rescalings of the metric
(Weyl symmetry) in two dimensions. As we already discussed carlier, in
this cas¢ one can not write down a measure which possesses both invari-
ances of the theory. The best one can do is write a reparametrization
invariant mecasure in which case there will be.an anomaly due w the non-
invariance of it under the Weyl symmetry. Fujikawa recently provad that,
cquivalently, one can choose o work with a Weyl invariant measure. In
this last case the anomaly appears as a result of the non-invariance of the
measure under the general coordinate transformation. In our case the meas-
ure (2.9) ix invariant under reparametrization transformations. Thercefore,
there is an anomaly hidden in the ¢, -dependence of the measure and the
Jdeterminant factor, due w0 the non-invariance of (2.9) under the scaling

transformation of the metric

L’gh —.L’ .uh "w:'- 3.]

The conformal anomaly is delined as the ¢ -dependence which in our case is

hidden in the determinant factor
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A
det(=9- /" o) 3.2
where 3, alter the gauge lining is given by
—0./ —o-/
A, = -2 .- 0 . 3.3

and also in the scalar Laplacian operator . of the integral expression
(2.48). The determinants involved arc now defined on Mandelstam'’s "w-
wbe”. We define

¢ . (w)= ¥’ 3.4

Under the contormal transtormation (2.45), the function ¢ (o) transtorms
into 7, in the "w-wube®. Therelore, §- 1 and g,/ become simply con-
stants, We use the nowation x- and x, for the constant ficlds in which
o- 1 and 9.t respectively transform under (2.45) Then (3.2) s

expressed inwerms of x, and x_ as

X4 -X-
-2 .-0- 0
detl =x_g- )

det

35

In order to compute the dewerminants o the inlinite-by-intinite non-
diagonal matrices of the last expression, one needs o regularize the fune-
tional intergations associated with them. The regularization  procedure

extracts the @ -dependence.
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There are a few points we would like to emphasize about the nawure of
those determinants. Firstly, these are infinite-by-infinite matrices, since the
opcrators depend on ¢ which is a continuous variable labeling all the
points of the string. The Faddeev-Popov determinant, which appears in the
numcrator of (3.5), is not diagonal and since the operators of the upper
right corner and the lower left corner operate in diflerent spaces (acting on
vector space they give scalar and two-tensor respectively), the multiplica-
tion of those two operators is not allowed. Each operator is a big matrix
with different in general dimensionality. One would maybe think that
since the ficlds x, are constants they do not contribute in the calculations
of” the determinants and therefore we can ignore them, obtaining all contri-
bution only from the operator (=¢,_g-). However, as it will be apparent
later, we must Keep the ficlds x. until the end of the calculations and in

fact they play an essential role in this computation.

Secondly, there is also a determinant in the denominator of the expres-
sion (3.5). This results Irom the integration over two bosonic liclds. Since
we are working in the light-cone gauge the expectation is that this last
determinant corresponds 10 the two reduced dimensions, going from 26
(space-time dimensions of the bosonic string) 1o the 24 (lightcone dimen-
sions ol space-time). However, the situation is not exactly such. Duc to the
mixing of the X-variables with the g-variables in our non-diagonal gauge,
our Faddeev-Popov  determinant does not  exactly  correspond o the
Faddeev-Popov  determinant of the conformal gauge. Thercfore, il we
independently try to regularize the numerator and denominator we shall
not obtain the anomaly factor in the d-power from the regularization ol the
numerator and o the (- 2) power (rom the regularization of the denomina-
tor. For consistent regularization we need to regularize the whole expres-
sion in such a way that the infinitics between the numerator and denomi-
nator will cancel. Another reason that this is crucial is because ol the

nature ol the intinities involved. Even il” both numerator and denominator
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are infinite-byv-infinite matrices, the numerator is formally a 2x2 matria
with complicated operators, while the denominator consists of onc operator.
Naively we can say that there arc "two infinitics” in the numerator and
"onc infinity” in the denominator. An independent regularization of the
numerator and denominator naturally can not Icad o the cancellation of
those inhinities unambiguously. Complications of such Kind do not appear
in the conformal gauge. In that case, the determinant factor consists only
ol the Faddeev-Popov Jacobian, which is diagonal and the operators are of

the same nawure, namely, they both operate on vectors and give two-tensors.

Another point we like 1o emphasize is that these operators (and this is
so even for the conformal gauge) are of the nature of the chiral Dirac

operator, i.c. they map aspace V1 te a diflerent space V7, [22].

AV, —==>V, 3.6

There is no meaning of the determinant of such an operator. One way o
analyze these operators is 1o deduct the operator which sends the space back

o itsell. In other words, we must compute the adjoint A7 ¢

A +: "2_-->"| 3.7

Thus we have to make sense out of objects like

det (A*A) 3.8

and flinally extract square roots in order to omain detA. This last discus-

sion makes obvious the need of a metric.
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In general, in order for someone to be able to calculate the adjpint
operator one needs to deline an inner product. However, there is a problem
in this gauge. In our case, because of the off -diagonal nature of the gauge,
we can not introduce the usual ¢, metric as in the conformal (diagonal)
gauge case. Thus, the inner product defined in the case of the conformal
gauge is not suitable for our calculations. That this is an cffect due entirely
10 the non-diagonal gauge choice can be seen as follows: Since our gauge
conditions mix the space of the X-variables with the space of the g-metric,
the reparametrization invariance is not maintained in the course of our cal-
culations in chapwer 2. One can check this by looking for instance at the
expression (2.29). The functional integrations perlformed arce such that they
brecak reparametrization invariance, while in the ordinary conformal gauge
the reparametrization invariance is respected throughout the calculations
and the regularization procedure is such as to preserve the reparametriza-
tion invariance. Therefore we need to tind a principle in our gauge in order
1o deline inner product and perform the regularization. It is necessary to
uncover some hidden symmetry which is going to be preserved in our regu-
larization énd play a role analogous to the reparametrization symmetry of
the conformal gauge case.

The organization of this chapter is as follows: In section 1, we show
how we use the BRST-invariance 1o recover a principle for the regulariza-
tion pracedure,

In section {lI, we define consistent inner products and compute the
adjoints of the determinant operators.

In section 1V, the calculation of the Faddeev-Popov determinant and
the determinant tactor, appearing after performing the integration over
N 7 and ¢, . variables, on Mandelstam’s plance is given. The method used
for the regularization is the Pauli-Villars regularization procedure [23]
Finally, it is shown that the conformal anomaly cancels at the critical

dimensions (d = 26).
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II. Use of BRST-invariance to recover a regularization principle.

The BRST-invariance of Polyakov's action ¢an be proven through its
invariance under the general coordinate transtormation. The change of the
Lagrangian (1.6) under the reparametrization transformation is a total
divergence, which leads to an invariant action. The BRST-transformation
[13], (15] is detined by replacing the parameter € (o) of the general coordi-
nawe transformation by A c¢“ (o), where ¢"(a) is the Faddeev-Popov
anticommuting ghost tield and A is an anticommuting ¢-number parameter.

It is given as follows
S\ H¥==Ac?9, V'

Ae® = =Ad (2% )+ AJ g +AD (¥ . 39

The BRST-transformation tor the ghost ficld is determined by the require-

ment that the BRST-transtformation be nilpotent. It is given by
5(“=—A(b(')b(“. 3.10

Onc can then show, by directly applying the transtormations (3.9) and
(3.10), that the toal action (the conformal gauge fixed Polyakov's action
incorporating the Faddeev-Popov ghost action) exhibits BRST-symmetry. In
Kato-Ogawa approach the wotal Lagrangian (the conformal gauge fined plus
the ghost Lagrangian) was obwained using the BRST-invariance as the guid-
ing principle. The Faddeev-Popov ghosts (antighosts) were introduced in
their method by the Kugo-Uchara gauge fining procedure [24)

According w this procedure one adds to the original Lagrangian a
BRST-invariant term which can be used as the gauge haing and the FP-

vhost Lagrangian. It is delined by
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Lgr wpp = =185 17 ). 3.11

& stands for the BRST-transformation, which by delinition is nilpotent
assuring thus the BRST-invariance of 4, ., . /2 is an arbitrary func-
tion of the ficlds with zero ghost number. It can be taken to be the gauge

conditions. &, arc antighost variables with transformation property under

e

BRST given by

8C, =i AB, ., 3.12
where B, are auniliary fields. They transform as follows

&8, =0. 3.13

We first notice that our gauge lixing of chapter 2 can be writien in a
form ol the Kugo-Uchara gauge fining procedure. The Faddeev-Popov deter-
minant ), appeared as the Jacobian of the transformation ol 4\ * and
Je_. w J e and J ¢ . Thinking of it as a 2x2 matriyn, the two com-
ponents of the determinant operator do not have the same "signature”. They
both operate on vectors and give a scalar or two-tensor ficld respectively. In

wrms of ghost and antighost ficlds, it can be writien

A/' =

—X. -A-

Py TR S PN — 3 _—,—‘*__
Jabab=acde = esp | =i fuiod =g (b pT) .. 0

+
l( I I
. -

fJF»./F»"J( *de T e =i fJ-’uJ—T l?» NOUIRE L% UOURES: St Y YO Wi ll

3.4
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where we have introduced two antighost ficlds », »~~ scalar and two-
tensor respectively. The peculiar appearance of the antighost ticlds is due to
our non-diagonal choice of gauge. There is a scalar  antighost h

corresponding o the gauge condition which fines the ticld V' * and a two-
wensor A77 which results from the lixing of the lield ¢ _._. ¢¢ are the
two vector ghost liclds corresponding to the two parameters of the general
coordinate transformations €@ , as in the conformal gauge case and 8 .87~
are the auniliary liclds, detined by (3.12). The BRST-transtormation of the

last anticommuting ficlds is given by

-

84 ==bg,ce, Sh =B,

&h~" =BT, &8 = 315

The indices a and b are + or - in the light-cone notation. We write the BRST

transformation for the variables \'* and g __

SV*t=—c%9, \"*

S == =28, 9T =20 __9_¢ . 3.16

New using‘ the Kugo-Uchara prescription described by the relations
(3.11) through (3.13), we write the sum of the Faddeev-Popov and the

gauge-fixing Lagrangian in our gauge. It is given by

Lt opp==i BN = loh+h " __]=
BN =7 (oN+B g =i “a, N *=ip " 20 "= @ e _+2¢ ,_a_c*),

.17
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where #9 are replaced by the gauge conditions YV *—~/ (o) and ¢ __.
This Lagrangian is BRST-invariant duc 10 the nilpotency of the BRST
transformations; 8 here stands for the BRST variation. We can obtain the
same BRST-invariant Lagrangian in our path-integral approach il in the
very carly stage of our calculations - expression (2.22) - we express the §
functions as functional imergations over the auxiliary fields B and the

determinant 3, in terms of anticommuting variables:

BN = r(on= fuB exp i [u2oV=e BN * = [ (0]

Sleg__)= fJB “Texp

o |

AV =fJ;1J;v TTdetde T oexp lfJZm/q‘;‘]‘")

—0.V " -9-\" ot
~g+ e __+2¢,_0)0-2¢ __g- +0p-2-2) |]¢” . 3.18

It is now casy to see that the Lagrangian appearing in the ¢xponent ol
(3.18) coincides with Ly ,pp  of (3.17). Therelore it is BRST invariant.
Morcover, the last of the relations (3.18) takes the form given by (3.14),
alter we lin the gauge (performing the functional integrations) and substi-
e x, and x_ for g,/ and g- /1 respectively.

Now w¢ observe that BRST-transformations and the BRST-invariant

Lagrangian are co varian t under the following transformations:

PPy
ot o€ o),

0" = d¢ " (07). 3.19

These are the conformal wransformations, sinee af'ter the Wick rotation
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o*(0”) become essentially = (Z). So conformal transformations on integra-
tion variables induce the transformation property of x, and x_ as vector
ficlds with the signature + or -, respectively. Then BRST-transformations
and the BRST-invariant Lagrangian manifest conformal covariance. We use
the conformal invariance as a guiding principle for the regularization of the
determinants. We like to emphasize at this point the connection betw een
BRST and conformal symmetry. The fact that the invariance which we
preserve during the regularization ol the determinants is the conformal
symmetry makes sense in connection with the conformal anomaly. the
Liouville action, which is the conformal anomaly factor, is invariant under
conformal transformation. It is therefore nawral in the regularization pro-
cedure, which extracts the conformal anomaly factor, to preserve the sym-
metry which is a symmetry of this same lacwor. In the next section we

define inner products using the conformal symmetry as a guiding principle.

11l. Definition of inner products and computation of the adjoints of

the operators.

Following the procedure discussed in the introduction, we first com-
pute the adjpints of the operators of the dewerminants. We define the confor-

mal invariant scalar product of 2-tensor ticlds by:
(VooX s = fuotd ome WX e 3.20
where W,, = W__, while the inner product of scalar and vector tields are

defined by

(WX )= [do'doe, WX 3.21




and

(¥*.\ ") = fd o'do e, V' \V'te, _ 3.22
respectivelyv. We use the metric g .- o lower or raise indices, while the *
operation means interchange between + and - indices. Then il 7 = =x_g.,
the adpint 777 is delined by the relation

(Se 78N )=(T"dg __5\). 323

Using the definition (3.20) we write the left hand side of (3.23) as follows

/

(g __. T8V )= f Jo*do g, dg__(=x_9_ B\ ¢°~
= [uotdo gt bgl (—x.3- )8\ =
f Jodo glx_g* 18 __ &Y

= f Jordo e e lax,e* ")) Se__ SN . 3.24
Comparing the last relation with (3.23) we obtain the expression for /7

r*=e* g.x.e*". 3.25

Next we compute the adpint of the operator

This is the relevant part of the Faddeev-Popov determinant given by (3.5).
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The inner product consistent with (3.20) is defined by
(w¥)= [dardo ¥ GV, 3.27

w here

and

The adjpint O * satislies the relation
(WV,0el=00"V €), 3.28

where W ois given as above and e stands for the two- component vector
ficld

We use (3.28) o compute the adpint Q * . The inner product for the vector

licld € is defined by the relation

{ e ¢ )=fd otdo el G e, 3.29

where now G is given by



Then

(WQel=[fdotda ¥ Gl0e=

. -\ & £4- 0 0 -X- S¢*
= f\l o LI 1} \ . L’ *,.) () g + - _2 *_a- () 8(—
Se¢*
= fJ o*d om (=29.8¢g ..., —x_g.,-8Y) s5¢ |
€
which can be written as
(VO el=
- - 5,2 +- 8 . £ 3_ 0 8(’
fJ ndo (=2 5 8e.,,. —gTTa6\) 0 2.3_ 5 | 3.30
On the other hand the right hand side of (3.28) is expressed as
(QO*V. e)=
) ) 4+- 0 Se*
fd o*d o~ I(u*\m, A0 T, - 3.31
- R 0 g:_ || 8e

Comparing the relations (3.30) and (3.31) we obtain the following  result

(Q*W),==2¢"", Su__

and




or written in a matrix form

0 -e* 0.
0= .- . 3.32

Then the operators to be regularized are given by

. 2 *-2002 +-0- 0
0*0 = 0 et 3.33

and

I'*T =—=¢~"g.hy_e*7p-. 334

Here AL (=x.x2) s independent of o, since x, and x-  are constant
ficlds by detinition. The above operators Q * and 77 *7° acting on vector
and scalar space respectively, are well detined. However, the regularization
of these operators is necessary for a meaningiul definition of the deter-
minants. Since, in order o obtain the adjpints, we have introduced expli-
citly a metrie, we can interpret the anomalies as the dependence of the
operators on the metric. Regularization in this sense means to extract the
¢ ,- dependence of the determinants, In the neat section we compute the
determinants of the operators Q%0 and /7 */7° , as well as the determinant
ol the Laplacian operator. The determinants of the operators Q and T are
then omained by extracting square roots 'rom the result of the det(Q *Q)

and dett/) /).
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IV. Regularization of the determinants and computation of the con-

formal anomaly.

There are several methods for the regularization procedure. The most
commoenly used is the Heat-Kernel method {7) In this method, one has o
cut-oft’ the small tme contribution, which corresponds to the zero modes of
the determinants, since the determinant of the zero modes is zero. Then the
dependence of the determinants on the metric is obtained by computing the
cffects for very small time. Despite the popularity of this method it lacks
physical simplicity. An alternative method, in which the meaning of the
regularization is more transparent, is the Pauli-Villars method.

W use the conformally invariant Pauli-Villars regularization method
tor the regularization of our determinants [21] In this procedure the regu-
larization of the operator q: is done as follows: A number of auniliary
Bose and Fermi ficlds, with masses M, , are introduced in order to cut-off
the large momentum contribution, The determinant is regularized w be the

determinant due w all these ficlds:

a g =TT a (@ - a0 | 3.35

where ¢, = 1 depending on the suatistics. We deline ¢, =1 and
A, =0. We multiplicd M, 2 by ¢®€ 10 keep conformal covariance. At
the end of the calculation we set M, 2 — o0 such that

T C =0 TC M=,

T ¢ A1 2InAl, = hnite, 3.36
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to assure that (3.35) is formally equal 1o det @’ . The @ -dependence of the

determinant is then computed by

8 Ve . ‘ ) - | a
Indot F*r ==5C M- <E I € >.3.37
SHE ndo 'Z ! & Vg—M, T £ >.33

Following the above prescription we first compute the variation of

Indet O*0 and Indet 7*7 , where Q*Q and /'*T are expressed as

- -

in (3.33) and (3.34). We write the operators as

00 =« _3011. %8, %02
=" h_[9.0-+ a0 )=,
and

Il =="%h. g.c %

=="2n__[a.0-—(d.0)10-1= 1. 3.

(73]
(o]

In writing (3.38) we multiplied the lower-right corner with the upper- left
corner in the matrin (3.33), since the multiplied operator is diagonal ( i,
no derivatives ) and of conformal weight zero. The last multiplication can
be justitied by the following argument: in matrix form the operator Q* ()

given by the relation (3.33), can be written as follows

(e*"h,y" e* h, e ae._0-) 0

00 = -
< 0 e*Th,_ 0 I

-

Then

det QY0 =dethdet Cg="h g * e -9 ). 3.39

-
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since the lower right corner of the last matrix is just the identity operator.
It is important to Keep the conformal invariance in order for the multiplica-
tion 1o be consistent. The conformal invariance of the operators of (3.33)
and (3.34) justifies the presence of the field 2 .-, A ,_ is of the same con-

formal weight as ¢, _. From now we use the definition
ho_=¢° 3.40

for the field A ... h,_ was delined as a constant ficld in the paragraph
just above (3.5). Thus, it was taken out of the derivative operators in (3.38),
However, it plays an essential role in the regularization procedure below,
through its conformal weight. We l;n'p the factor ¢ throughout the cal-
culations, since we need 1o have conformal weight zero operators. Then, fol-
lowing the prescription given by (3.36) and (3.37), we write the regularized

quantities to be computed as

Ivl'—"Z(, r ln(:\l"‘AI,:(-z'b—“')

and

I =3 C tr in(Ay+ M 1c¥-9), 3.41

where 4, =9,0-+09.0)8- and A>=9,0- = (9. )d- .since

In Ay =conv +1In .\,

and

In A,=const +1n A,. 3.42
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The factor ¢ "9 multiplying the mass term assures the quantity in the
parcnthesis to be conformally covariant. In order w0 compute the o -
dependence of the determinant factor, we lirst vary the log of the deter-
minants with respect 10 @ . Since we are interested o regularize in such a
way as to cancel the infinities between the numerator and the denominator

we regularize the ratio of the two operators as follows

p e O f-’ =8IndetQ*Q —=8Indat 7'°T . 343
da I'*T

51

Using (3.43) the quantity to be computed becomes

&1, 81 , !
m——_m- = (., A\I o2 2<£ ' e ———— l >—
E) § Z I ( ) .\'+;‘l-(('2¢
l
+<E e ———— 1 €>
9. <€ 1t A, + A T
o S EVARIE - IO Y IS W—_ y
' A h) + Voo -
I
D, <EN G e 1 E> 3.
(' ) ¢ .\3+AI,'("¢

The computation of (3.44) for small @ involves the expansion of the func-

tion of &E) around a point £ as

<E !

A, v ), >=

A E) + M, e e
< _= I - I . "
,_}':'(, T A, A M ! N, + M. o] ¢



w here
A8 =
A6+ (E—€r( 3,00.0) - + LE—er@E-6#19.0420.0) 10+ --

=1,(8) + A (E-&8)

and

M, =

2‘ (E—E) (E—¢ ¥

M2 E L AL (E=E 1Pp.(20) +

[ 0.0: 0201+ 9,(20) 9, (20) ]+ - =M, %028 4+ AM (E-€; ).

Next, we msert the complete set of states

[ L2 ip><pi=1 3.46
27)r

and reduce the calculations to simple integrations over the momentum. For

instance the n =0 term in the expansion (3.44) becomes

(2:r)3f‘1211 ' -

—pop -+ (§.D)p _+AT "9

1 2 1 -
—fd-p — RE ¥
4”'[ —poptMTe®

where we shifted the momentum  p o, as

Pe—=py—i L)
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In a similar way, we expand all the terms in (3.44), while the second sum-

mation involves the expansion of A, € ) given by

1,E) =
V) = CE=€ 1 [9.,00.0) 19 + LUE=€ U= ¥ [ 3,06 (3. 0) ] B

=AML E)+ AV E-EE )

We do not show all the details of the calculations at this point, becausc
they are tedious and lengthy. Nevertheless, we give an explicit similar
derivation of the anomaly factor later for the case of the Laplacian opera-
tor, since this is straightforward and shows exactly the method used. For
the present ¢ase wWe just state the results: It turns out that the n = 0 terms
in the expansion (3.44) cancel cach other. Then, from the n ) 1werm we

obtain the contribution

. ) 1 + | I
-2 (. ’\/,"""3—, J" (A\ +A.\I-A\s“M/) ~—
Z. ’ ‘ (2#)"[ ! Pap- +Al - ‘o =p.p-+M. LR
=0+ -—rf % (A:\ 1AM +A.-\ »+ AN ) ! —~s
DD - +M —p P -tM e
3.48

In the last expansion (3.48), the non-zero term is proportional to the factor
0.0-€) . All other terms vanish cither due w the integration over odd
powers of  the momentum  or  because  they  comain the  lactor

_',_,_. { >0 and from the regularization A, ? —oo. The term propor-

(Al -
tional 0 §,d g_d cancels with the analogous term coming from n = 2
cxpansion of (3.43). For similar rcasons as above all terms in higher-n

cxpansion cancel. The net result is
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&1 &1 , 24
W—m=—lz_ﬂa*a_¢. 3.49

Then, from (3.44) and (3.49) we ohain

det O 0 ’ R 3} v, |
— =¢\p { = JE=(p. b)) }. 3.50
Iam =T I P37 J 4 50 0

Nevt, we compute the o -dependence of the scalar Laplacian operator.
The integration over the transverse variables X' in (2.36) gives the deter-

minant of the Laplacian as

[dor (g2 2, 3.51

where our + € - ) notation corresponds o = (X ) . We use the same regular-
ization procedure as in the previous case. Notice that there is no explicit
dependence on the metric in the Laplacian operator. Nevertheless, in the
expression of the regularized Laplacian operator, as in (3.35) the o -
dependence appears with the mass werm. This is an efliect of the regulariza-
tion procedure which we used. The factor ¢ must multiply the A7 G
term in order that the terms in the parenthesis be of the same conformal

weight. The quantity 10 be computed is now given by

/

ZC o inlg.a-+AM 2w 3.52

and the derivative with respect 10 gives

Fad
W
¢

Bl M, 2e® <E ! LE>.

=z
o d.0- + A, 2o E
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We expand as before and we have

- 1 -
<€ | ~ | &€ >=
Tdea- + M e
! |
<& y -av . Les | 384
T 0.0-+ M et TR

w here
AN = AL [(E—€ Pa b+ LOE—£ 10 E~€ P ( 3,040 + 9.0950 ) +...].

Now the zero order term n = O in the eapansion (3.54) gives loga-
rithmic divergence. We  regularize by introducing a cut-oll’ A, In

momentume-space representation we have:

<E U
0.0- + AL ©
| I 1 '
— | d? —r = —In [L_+A2c0 |1, =
LT S —pp-+M:e® o 3 10
=1 | X AL e min(Ar e 0) 3.55
-"_ﬂ- nT+ ,( lnAl‘,( . .

In the limit A oo the lirst term does not contribute and from (3.53) and

(3.53), using the conditions ol our regularization €3.36), we obain

l B 2 #3 1)
- — (. . N ==_¢ .
z' - C. M- ¢?InM — 3.56

w here
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w=F C M M, = [inite .

!

The only nonvanishing term of the higher-order expansion of (3.54) is
proportional o the factor g,a8-@ . All other terms vanish for reasons simi-
lar 1o the previous case. Proceeding as before we compute the first-order

non-vanishing contribution. It is given by

—<£| ' (AA] ) !

et | 57
0.0-+M. 2o ¥ 8+0-+M, b1 3 35

w here

A = LE-er(E-£4p,050)

is the part of AAM which gives non-vanishing contribution. Then we

insert the complete set of states (3.46) and (3.57) becomes

le,- .’\’14-‘3'3&) d) ‘_ a o, ] 158
(27)F =p,.p_+M.- 0P+ 0P - —p.p_+M."¢®

which gives the following result, for the Kinctic energy werm of the scalar

Laplacian operator

&1

3RO 1.:17 0+0-0. 359

Then from (3.51)(3.560) and (3.39) w¢ have
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[det (@,9_ )¢~ 1=

Jd =2

L)

exp

! 2 J 2 2
oo [ diEaca0+ = [y o‘“ 3.60

Comparing the last expression with (3.50) we obtain the cancellation
of the Kinetic energy term of the Liouville action, given by the Lagrangian
(3.60), with the result d = 26. The term proportional to u° is the diver-
gent cosmological term. The constant u? can be absorbed in the renormali-
zation of the cosmological constant in such a way that the divergent term
will cancel at d=26. The usual way of treating this problem [9){21}is to

add in the original Lagrangian a cosmological term given by
m,:f./% v=g¢ . 3.61

wiere g is a regulator-dependent constant. Note that only at d=26 after
the cancellation of the @ -dependence, the expression (2.48) coincides with

AMandclstam’s picture of strings.

V. Conclusion

The regularization of the Faddecv-Popov gauge-fining dewerminant and
the computation of the conlormal anomaly in the Polyakov functional for-
mulation of strings have been investigated for the case of the conformal
(diagonal) gauge. In this chapter we have performed analogous calculations
in order w regularize the non-diagonal determinants and compute the con-
formal anomaly in the light-cone gauge. The interesting point to notice is

that in this case we can not regularize by preserving the reparametrization
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invariance, as is the case for the usual conformal gauge. Due to the non-
diagonal nature of our gauge, the reparamcetrization invariance was not
respected in the course of the calculations. The invariance we choose 10 use
as the regularization principle, in this case, is the conformal symmetry. This
is justificd by the tact that the Liouville action, which is essentially the
conformal anomaly factor, possesses conformal symmetry.

We like 1o stress at this point the use of the BRST-invariance in our
work. BRST-symmetry does not play a crucial role in this case. Neverthe-
less, the covariant form of the BRST-invariant expressions under conformal
transformations, induces the transformation properties of the opcrators
0./ and 9_/ , which arc crucial for the calculation of the deter-

minants and guides towards the choice of the regularization principle.

Note also that in order to avoid ambiguitics we regularized the whole
determinant tactor in such a way that the infinities between the numerator
and denominator cancel. This was crucial in obtaining the correct resuly, as
we emphasized in the introduction. The Pauli-Villars method is used for the
regularization procedure since it shows directly how one ¢an extract the

anomaly through the regularization.



.55

CHAPTER 4

The problem of changing gauge in Polyakov’s theory and

the relation between light-cone and conformal gauge.

I, Introduction

In the sccond chapter of this thesis, studying the Gervais-Sakita light-
cone gauge in Polyakov's functional formulation ol the bosonic string, we
¢mphasized the independence between the two gauges (tight-cone and con-
formal). We argued that the lightone and conformal are two cquivalent
gauges and one c¢an be obtained from the other by a proper coordinate
transformation. The connection betw een the two gauges is made more tran-
sparent through the relation (2.34). Even if, in our light-cone gauge, we lin
the V% component ol the string coordinates and only one component of
the g-metric (e __ =0), we recover the other condition of the conformal
gauge through a & -lunction; namely the integration over N7 gives
8¢ 77, which corresponds o g, = 0. The meaning of this is that there
must exist a sector where the two gauges (light-cone and conformal) coin-
cide.

Our definition ol the light-cone gauge fined Polvakov's theory is given

(sce chapuer 2) by

[ [uio V=T Tlde ,Cok—g V' TIDN " ()[TUN “()][de 4.l0)

¥

N e =L fitdV=ge oV R 4208 gV L+ ik N (a))

—izk,*N o, )+ fJ lov=g e 9.1 9N T =
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=Tk 1 to 42 [utag,N oo st |, 4.1
/

where JT is delined in the first chapter 10 be the reparametrization invari-

ot
ant infinite product. 3, -, is the Faddeev-Popov determinant of the light-

cone gauge, given by the following non-diagonal matrix

-0-/ =0+ 1

A’C -/ = (lC! () _2‘2 ¢-a-

4.2

Note that in the expression (4.1) we have already inwgrated over the vari-
ables V' and ¢ __  and substituted the source term j# by its expression

in werms of the external momema (see relation (2.13)).

On the other hand, one can choose the conformal gauge conditions,

namely

2 4,=0
and

g __=0 4.3

in Polyakov's theory. Then the conformal gauge-lined theory in the light-

conc noation is given by

nf fJ Yo/ =eCo Ide . CoX=g 7' TI4N “Ca)[T4N T(a)IDN ' (a)
! « « « o

A, ¢ exp lfJ 200, N P0-N =i fj"\' ule 44
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where the Faddeev-Popov determinant in this gauge is given by the follow -

ing diagonal matrix

20,0, 0

AI -« = dct 0 -2 ’_a— . 4.5

The invariance of Polyakov’s action under the two-dimensional general

coordinate transformation

(1]

0" 20" = 0" +€'lo) 4.6

is used for the gauge fining, in both cases. The meaning of the last invari-
ance is that one can detine Polyakov's theory on any of the paramicier spaces
of the family o® . The members of the family are related to cach other by
(4.6). The theories so defined are then equivalent. We can, therelore, think
ol choosing o study the two diff'erent gauges (the light-cone and conformal
gauge) in Polyakov's theory starting from wwo different parametrizations
(members of the family  of ) ol the two-dimensional parameter spacc.
Namecly, we choose to fix the light-cone gauge conditions for the theory
which is delined on the parameter space with ¢ coordinates and the con-
formal gauge for the case that the parameter space has coordinates denoted
by u. After the gauge lining we obtain the two theories defined by (4.1)
and (4.4). Duc w the reparametrization symmetry if” the two gauges are
cquivalent we must obtain the same theory. In this chapter, we examine
the precise relationship between the two gauges (light-cone and conformal)
in Polvakov's theory, by performing the gauge fixing in two difl'erent
parametrizations of the parameter space. The method we are using is the
changing of gauge method. Namely, we change gauge from the light-cone

w the conformal by making a coordinate transformation in the functional
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integration variables. The organization of this chapter is as (ollows:

In section 1, we introduce the problem by defining the variables in
both gauges and we give the relations between them. A relation which
specilies the coordinate of the two-dimensional paramcter space of the con-
formal gauge in terms of the light-cone gauge variables is obtained.

In scction Ill, we obtain the conformal gauge lixed Polvakov's theory,
apart {rom the determinant-lactor, by making a simple coordinate transfor-
mation in the integration variables of the light-cone gauge fixed Polyakov's
theory.

In section IV, we show that by enlarging the coordinate transformation
in such a way that it include anticommuting variables the two gauge-fixed
theories coincide toally. The light-fonc gauge fixing Faddeev-Popov deter-
minant transforms to the conformal-gauge-fining determinant while the
superdeterminant of the transformation results to a constant.

In scction V, we show that Mandcelstam’s picture emerges rather trivi-
ally, al'wer integrating out the longitudinal coordinates of the string, from

the conlormal-gauge-lined Polyakov's theory.

II. The light-cone and conformal gauge variables and their relations.

Let us denote by o the reparametrization of the two-dimensional

parameter space for the conformal-gauge-tined theory. Then

g, lo=0, g__tui=0 4.7

are the conformal gauge conditions. The conditions lor the light-cone gauge

are given by
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NMod= 1 (o), o__a)=0 48

where o denotwes the specilic reparametrization of the two-dimensional
parameter space, for the case that we choose o fix the light<one gauge.
The coordinates 0" and " are relawed by a general coordinate transfor-

mation

0" = 0" =0" 4+ 'la). 19

Polvakov's theory is invariant under the transformation (4.9). Under the
linite reparametrization transformauon the variables V#a) and g, (o)

transform as follows

NHMa) =V Ha): VHa) = \*Ha)

8 (0) =B (0): T, (ML U =gy, (0)d o o, 4.10

Afer the gauge fining, the inwegration variables for the light-cone gauge are

No), Vo) g, . la) ¢,._(0); 4.11

w hile the variables which remain alwer fixing the conformal gauge are

VAo, 2, (). 112

From now on we shall refer to the variabies (4.11) and (4.12) as the light-
cone and conformal gauge variables respectively. Throughout this part we

are using "tilde” notation for the conformal gauge variables and plain
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notation for the light-cone gauge variables. The two sets of variables (4.11)
and (4.12) arc relawed through (4.10). It is the objeet of the present chapter
of the thesis to show that by changing coordinates between the light-cone
and conformal gauge integration variables one can obtain the string theory
in cither of the two gauges,

We detine via) o be that specilic value of the coordinate o for
which the V *(a) component of the \ #(o) variables ol the conformal-
gauge-fined theory takes the light-cone gauge fixed value of the \ *(o)
variable, defined by (4.8). Namcly,

Y tad =1 (a). 4.13

The relation (4.13) specilies v {0) as a functional of the conformal gauge
variable \ *(#). Then using the relations (4.10) and (4.13) we express the
integration variables of the light-cone gauge lixed theory in wrms of the
conformal gauge variables, by substituting o= v (o). They are given by

the following transtormations

NHMa)= N\ Myvla)), u=+

S loy= Y (v o))

g, lar=28 . _(v(0)) [
oo*  go*

“we * M n, * 0y
g, lo)=1 __lv(a) |0.‘ (A U

oot pa” 00~ pou”
l) v + 6‘. -
¢__lo)=20, (vion 2 G| 114
ao” Qo
where we have used the conditions ¢,,=¢__ =0.

.+
The lightcone gauge condition ¢ __{a)=0 results to cither %‘—_- =0 or
oo
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0_-‘.'? =0 . We must choose the first case, since the identity transforma-
0o

tion should be included in the transformations. Then  v(o) can be

expressed as tollows

v*o)=p,la*)

vla)=plaT) + hla*o7),. 4.15

where py. psand h  are arbitrary functions of the argument. In order to
further specily the funcion v (o) we use the relations (4.13). From the

third and the last of the relations (4.14) we obiain

A QY
T at y L)
oo - £y K} lb
v e lod )
o0
Because ol (4.15), (4.16) can be writwen as follows
5 0N
oo’ = g +4(0) ' 17
de2 bk g, la)
oo~ U

The last relation (4.17) specifies the coordinate v (o) in terms ol the light-

cone gauge variables ¢, (o) ¢ _(a). In what follows we shall choose
mlo®)r= 0" and pylo”)= 0", 1.18

since due to the conformal invariance of the conformal gauge-fixed-theory
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this choice does not change the result. Then v (a) s given by

v¥io)= ot

vilal= 0" +nto* 07}, 4.19

where hto®07) s related o ¢, (o) and g,_(a) by

e} o0h
ao” = 14 ++la) 4.20
| + oh g, (0)’ )
a0

The meaning of the last relation (4.20) is that the ¢, (a) inegration of

, : Y, .
the light<cone gauge can be transformed to ';’_'. and henee © the v -
oo

since V' ois related o y through (413) -, inwegration ol the conformal

Zauge., This will be clear in the next section,

IIl. From the light-cone gauge fixed to the conformal-gauge-fixed

theory by coordinate transformation.

The relations (4.14) define the wansformations of the conformal gauge
coordinates to the light-cone gauge coordinaws. In what follows, we show
that the conformal-gauge-fined theory delined by (4.4) can be obtained from
the light-cone gauge fined theory by changing the inwegration variables in
Polvakov's functional formulation ol strings.

In order w relate the functional integrals (4.1) and (4.4), we express

the integral (4.1) in terms of the conformal gauge ("1ilde®) variables (4.12).
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For this purpose we make a change of variables from g.,.¢,- .V~ and
X' to the new variables X' *,%2,_. X~ and V' . In order to compute
the Jacobian of the transformation, we first compute the variation of g ..
with respect w0 V*. X s related w0 v(o) through (4.13). Since
¢ (a) is fined, a change in X * results w a change in the argument v (a)
to compensate for it. Therefore we must compute the variation of ¢,
with respect o v(0) and then the variation of v (o) with respect 0 U*.

We vary the third of the relations (4.14) and we have

8g  .lol=
= 2Ag o—)) 4(1"(6-08/7 )+ (éki’ ‘—)_\ ‘“,.8_\' ’(6+h ) + (8-E *—).\ ((1)8," (9+h )=

= AP o) od D8R 1Y o), (oBh 9.k )

The last cquality holds since because of (4.19) §y* =0 and &v ™~ =8&h .
The above notation (g, ¢ «- )\ i@ mecans that we first take derivative with
respect w0 v Tlo) and then evaluate it at the point v {o); while the mean-
oh

ing o 9.t is
- Y

. We are using this notation throughout this chapter.

Then

Sg ) =2Ag L ) ) (9.6h )+ (purt proportionul § . h) 4.21

In order to simplify the expressions we denote the dependence on v (o) by
a subindex. Terms proportional to .2 are irrclevant since, as it is shown
in chapter 2, al'wer the integration over V' (o) all the contribution comes
from the g, 00)=0 scctor, while the condivon ¢, ,(a) =0 corresponds
0 9. =0 duc w the relations (4.14). The vanishing of the g..(0)

reilects the invariance of the theory under conf'ormal transformations, since,
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through (4.15), v(o) delines then a conformal transformation. Alerna-
tively, we can say that al'ter obtaining the condition ¢ ., =0 we are led to
the conformal gauge which possesses conformal symmetry. Note that even
it the contribution of the proportional to g./4  werms is vanishing, we are
not allowed to set 9. =0 at the beginning of the calculations (relation
(4140, We first ake variation and then substitute 9,4 =0 in the equa-
tion. Indeed (4.21) shows that there exists a non-zere contribution due to
the vanation of g, .

We now compute 84 in terms of 8\ * using (4.13). We tirst substi-
tute (4.19) into (4.13) and obtain

fla)y=\ (vlo)) = T ot o +niata ). 4.22
Differentiation of (4.22) with respect to o gives

~

0.1 (=@ V%) 0 + @ N %) la.n . 4.23
We vary (4.23)and w e have

0= 9,810 ") (gt 10-N "), (o8 )+ (20, *) . 81 +

+ (purt prop. (§,.h ), 4.24

where again we used Syt =0. Then 8h is given in werms of 8V 7 by

- - 1 -~
A== [N b H10-0.V ), ] 8.8V

+ purt prop. (g h ). 4.25
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By substituting (4.25) into (4.21) we obwain 8e,, in terms of 8V

as follows

Sdr, o=

-~ S . . P ! . Lo+
-A¢ .- )\ 8 (')0 (6-\ )\ o e ‘(')-64-\ ’\ X gl ()08-\

+ {purt prop.ty,h ) 4.26

-~

or the matrin clement of the transformation from g, , to X

+

is given by

be o)
S\ *a)

- -~ -1
==2A0, Lo 0+ [(8-Y "N is 0s +(9-04V *)\ (o 0.8(o—yv (o)), 4.27

apart from terms proportional o g.h .

It is now straightforward 1o show that the rest of the transformations
do not contribute in the Jacobian. The variations of ¢._, V7. V' with
respect W b,_ . V7L U respectively, give diagonal clements of the
transformation matrin cqual o the identity. To illustrate this point we
compute the variation of X'~ with respect o X7 . We use the first of the

relations (4.14) and obain

BN (o) =(8Y ") ., + (N "), 8y o)

1!

= (8N 7). +(3-N ) LB, 4.28

since &7 =0, &1 in the last relaton is given in wrms of 8V 7' by

(4.25). Then the matrix element of this transformation is given by
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S\ (o) -
5\ (o) e 1.2

which is the identity operator. By similar arguments we ¢can show that the
transtormations of ¢ ,_ and Y’ w0 g,_ and \ respectively, give the
same identity operator for the diagonal elements.

The resulting Jacobian of the transformations then is a matrin with
the off-diagonal upper corner zero and the only diagonal matrix clement
different than the identity given by (4.27). Then the above change of vari-

ables requires the following Jacobian

-~ - -1
J =da —2(1' +-)_\ ‘i O+ ((')—-\ 4’)\"a) 0+ + (0-0+-\' #)\-tm ’ 0+ I

4.30

+

since, as we already discussed, only the change from g., to X7 gives a

non-trivial contribution. Using the detinition (4.13) we express (v ")

-~

and (9-a.\ 1, in the last Jacobian as follows

DV m=09-1 ()

-

(a—ad-\ ’)\ t(r) = a—a§ ’ ("). 4.3'

where we have set 8. = 0. Consistency with our detinition of g, t (o)
as a constam field x, . given in chapter 3, requires 9- 9./ (0) 1o be set

zero in the Jacobian, Then (4.30) takes the form

=dot |=2A¢, ) wml@d-1 7o, |- 4.32




-67 -

Aflter performing the above change of variables in the functional

integration of (4.1) we ohain

I1 f o f Ja \/:m_) H (U o) ol=27! n”)i. "N H(J‘ ‘)\ s
o « a

| § (VRS NP AR VPO -;fJ-’u(\/—Tq"(a_,\" P4+28.3'9-V 14

(«r

+1 [P0V =ee T 91 9N TH AN (e, =

— Tk T/ o =Tk V0 =2 [utan e, | 433
i J

In the last expression, only the functional integration variables are in
terms of the conformal gauge ("tilde”™ ) variables. Neat, we express the rest
of the light-cone variables in (4.33) in terms of the "tilde” conformal gauge
variables using (4.14). For this purpose, we lirst show that the light-cone
gauge action given by the exponent of (4.33) coincides with the conformal
gauge action after substituting the relations (4.14) in it. We write the

light-cone gauge action without the source term as follows

S =
—%f./ fovTe e TTHe-N P =202 9-N )= [uTep yaoN = 2futeN ala. s

4.34

Neat, using  the relations (4.14), we substituie in (434) /(o) by

-~

Vo Gotanand N Ho) by N4y (o) for u =+ and we obtain
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-%f./ Zav=g e " [(a-N (v (an? = 25V “(v (aDa_X (v (a))
—fJ"na‘.i' (v(oNy-X " (v () = jJ-’u.i‘ v (a29-9.V (v (o),
where the partal derivatives in the last expression are with respect o o,
Nevt, we eapress the integration measure in terms of the new parameter

{via) of the two-dimensional parameter space, chosen for the conformal-

gauge-fined theory in the last section. fuis as follows

+ - + o =
Jatd om =dviay T la"' 00 4 80 dc
{ay ™ oy oy~ v

- go* o~

= /vy -
oy ooy

Then the action becomes

Lm0 NI @Y My () + 20,8 40 (a)p Y (v (o |
- A

4.35

The derivatives ol the variable V' *# with respect 1o o are related w those

with respect to v (o) as follows

“(yv (o)) = a".-(f' i,‘

- )\ (KA
oo~ oo

a_\Hy (on =83
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and

VEy (o = OV v el gyt @A+ (g i), =

(s
( oo’ oo’ do

-~ Q. "- -

=0,V " e+ F)\((]la 4.36
) a0

Then using the relations (4.36) we write the expression (4.35) as follows

S =
_ oy~ .
JIVES 0 Yl Y P IR
oo~ o |00
00~
+ [V ) o+ Lto RN ‘ A g+, , 13"
go*
where we have also used (4.16) and the relation ¢ =~ = =g *"Pg,, . Then
(14.37) becomies
5 =

f‘/ 2@ N, DX ) + 3‘ LA, T ) NPPY . W W NS L 9 Y K
= f‘/ FO O Nl NP O W) 1.38
which is the conformal gauge action. Is is now casy to see that we can per-

form the same change of variables from the light-cone o the conformal

gauge ones in the source term of the action and the light-cone gauge action
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with the source term, given by the exponent of (4.33), takes the form of

the conformal gauge action given by

S =
N PR S N I N S N PR T Sl e (U TSRS G Y

4.39

where we defined vio, ) =y, . The action (4.39) coincides with the action
of the conformal-gauge-tixed Polyakov's theory for o= v (o). This was to
be expected since the string action is reparametrization invariant and the
"tilde" variables are related w0 the light<cone variables by a reparametriza-
tion transtormaton.

Then by substituting the expression (4.39) for the action of (4.33) the
integral (4.33) is expressed in terms of the conformal gauge variables as fol-

lows

nf - [o7s V=2 o [z, (@ (=)' IOV Ca[] X O] 4 X (o)
h (r o o T

A poep i futoa itk N =i & SV ) =ik Y (T,

440

where we have renamed vio) o be o and we used the fact that the
integration over the Koba-Nielsen variables, i.e. the [actor o o \/—é (o,),

is invariant under reparametrization transformation.  J is by delinition

«F

(sce chapter 2) the reparametrization invariant infinite product. It is

J
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g \

for V' being a scalar under reparametrization. The last integral (4.40)
coincides  with the conformal-gauge-lined  Polyakov's  path-integral of
strings, apart {rom the determinant-factor (J &, -, ) In the next section
we¢ show that by a proper coordinate transformation in the anticommuting
(ghost-antighost) ficlds, the light—cone determinant 4, -,  transforms intwo
the conformal gauge determinant 4, - . The Jacobian (J) coming from
the change of commuting field variables combines with a Jacobian coming
from the change of variables in the anticommuting fields and results

merely w a constant.

IV. Change of variables in the ghost fields.

The light-cone gauge fining Faddecev-Popov determinant 4, _, , in
erms of anticommuting fields, is defined in chapwer 3 (relation (3.14)).
Keeping only the relevant part in the ghost Lagrangian, we express the

determinant as follows

N o o= [ dbdh T de T ae

c\pl—l fJ"u J-T(i‘a_ ¢~ +2h g J RIS I | 4.42

where all the variables are functions of 0. « 7. * and b, b7 are the
light-vone ghost and antighost ticlds respectively, defined in the first part.
We express the conformal-gauge-fixing Faddeev-Popov determinant 4,

in terms of ghost (antighost) variables, for o = v (a) as lollows



& = [antunTae-aer

e\p‘i fJ SXURVARTIN (e T 2 SOURY WU Rl S S S S R I 443

where now the variables are functions of v (o). The anticommuting vari-
ables 07,8%,7°", 77" arce the Faddeev-Popov ghost and antighost ficlds of
the conformal-gauge-lining determinant - they correspond o the usual
¢ ot nt o nT [9113] -0 Note that the "tilde”™ notation in this case refers
1o the antighost variables.

We deline the following change of variables from the conformal gauge

o the light-cone gauge anticommuting fields

- -1
Ala)= 27" (e (vlon O |8 8§ -y (an
oy o0 oy

-9

Pl =7 (v (o)) | 82
b0

« (a)=0"(v (o))

¢ *a)=6*(v (o)), 1.4

Nest, we make a change of variables in the integral (4.42), from
h,h™ ", and ¢ * 1o the new variables 7. 07" .0  and 8* . We need
to compute only the variation of the field » with respect 10 %" . The rest
of the transformations give diagonal matrix clements equal to the identity,
while the resulting Jacobian is a matrix with the off'-diagonal upper corner

** s the only one which

zero. Therefore, the transformation from » 0 &
gives a non-trivial contribution in the Jacobian. This becomes almost obvi-
ous by looking at the transformation equations (4.44) and taking in account
the "signature” of the ficlds invelved: The first of the transformation cqua-

tions is a non-trivial one, since it is a change ol a scalar under
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s

reparametrization ficld » w a wwo tensor 2**; while the rest of the
transformations transform a ficld to another one of the same nature. Using
the first of the relations (4.44) we compute the variation of h(a) as fol-

low's

Shlo) =
= 280" 7 8. 14+_A )TN I+ AJ_ AR e L9 (1+a.h TN )T +
+ 008 9. (149 A UGN T 4+ 209 L X8R 9149 h TGN T +

+ N 9-0.0149-0 TNQ_XN ) Bh — 21t . p.la-N 119 bh =

=20 L 00N ISRt YN L .9V ) 'eh +
+ 000N B L+ 0GR L 9.0 )Teh 4+

~

+ 20 e L 920,V '8 = 20T R L _puas N ) s,

Here all the derivatives are with respect to the argument. Then setting
0-1 10 be zero, as in the previous section, and rearranging the terms we

obtain

&h (o) =
=27 ,_0.00-N AR + g oV ) B, +
T e I A r I T T U LS 2 Sl S JOE YT T YR LS

+ 20" ,_()_('),((')_,“ M RS U W ¥ v oo | 8n .

Assuming that the ficld g ,_ does not change we obtain the following

expression lor the variation ol hlo)
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8%((!):
2@ Dy da (9= )BT A 2000 e (T L) i Ba (- 1 ) B0,

4.45

where we have used (4.31) and the assumption that 9./ is a constant
licld as in previous seetion. Therefore it has been taken out of the derivative
operators in the computation of the variation of hla).

Then we observe that the variation of the anticommuting ficld 4 (o)
depends on the variation of V'* through 8h . 8k is given in terms of
5\ * by (4.25), which after using the assumptions of the last paragraph

takes the following form
Sh == (y_1 17 8N . 1.46

Then the matriy elements are

SUALIEES TSN N TR )
5n” (o)

D) g B kB ek dald 1 NG ) B la=y (), 447
S\ (o)

-

Because of the mixing of V' ficld in the variation of the anticommut-
ing ficld, we consider the last change of variables simultancously with the
change of variables in the commuting ticlds, deseribed in section Hle Then
the Jacobian of the transformation is given by the superdeterminant coming
from the transformations of the light-cone variables ¢ .,.F\ o the contor-

mal variables N . 7h**. All other transtformations contribute w0 the
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Jacobian by an identity operator. The linal cxpression for the Jacobian is

then given as follows

'-2(Eo-’\(ma‘(a— ;! 0

fet .~ e - - - - -
« —2(6_77 )_\'0"(-E *—)\.mib (ﬂ—/ )'(0-’ )l 2(2 ~—)\m»a+(0—/ )l

.48
where we have used (4.32) and the relations (4.47).
In general, the superdeterminant (sdet) of a supermatrix M
AN
M = Y B 4.49

where A and B are matrices with even Grassmann entriesiwhile X and Y

have odd Grassmann entries, is defined [25] as tollows

wWetAl =dett A = \B ™Y VdaB L 1.50

We compute the determinant of the supermatrix (4.48) using the definition
(4.50). It is given by

Wet ] o=det v det B, 4.51

where A is the upper lel't corner of (4.48) and defines the Jacobian ot the
transformations between the commuting licld variables, while B is the
lower right corner ol (4.48) resulting from the transformations betw een

the anticommuting variables,
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The inverse matrix B~ in our case is the inverse of an clement and is

given trivialy by

B~'= |2 .0 o ' | 4.52

Then (4.51) becomes

- N - -|
2. 0. tg-1r ! . 4.53

et =det (=282 9.09- 1 )~! Id(-!

where in the last expression we have suppressed the dependence on v (a).

Then (4.53) gives

sdet J =1 J4.54

Nev, we perform the change of variables in the ghost and commuting
ficlds of the integral (4.33) simultancously. We lirst show that under the
transformations (4.44) the light-cone ghost action of (4.42) transforms into
the conformal gauge ghost action given by the exponent of (4.43). The

light-c.me ghost action is

L, ¢ = —fJZU\/:?';’a— R ) TTeLL0-c T | 4.55

By substituting the relations (4.4H) in the last expression, we eapress the

light-cone ghosts in terms ol the conformal ghests as follow's



I‘I. -G =

O (O T+ a2y Ny 1 W (v io) +

—[uaV=e | 20* %0 (el L (v (o)

oy’ ooy’ a0
+ 0 O e & e (o) 4.56
oo

Then we change the inwgration variable o 1o the new variable y. The

measure changes as follows

Jiov=g =ahv V-3

Then, since

- A - -1
l();—_(—l-‘ o(’.(‘,))| =((')_ ! )"'_ 31.57
90 oy

using the third of the relations (4.14) we obain
Ly oo == [ VT |20 087+ R 08 1.58

Where now all the variables are functions of y and the partial derivatives
arc with respect to the argument v, The last expression (4.58) coincides
with the conformal gauge ghost action given by (4.43). Theretore, since the
measure of (4.42) transforms into the measure of (4.43) vumes the Jacobian
(4.54) whose determinant is one, 4, -, transforms totally o §;, _ . Put-
ting these results together with the resulis of the section HI for the change
in the commuting variables, we obtain the path-inwegral (4.33) in terms of

the conformal gauge variables as follows
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nf f aTe, =R, )r[./u ,_(n)nn\ Zrl)s OAS *(mnd\ (o= 1!

AVENPOY ) ll fJ ""n(a,.i'“la_i' MEXLY ."'(71_ ) — ik 'i “(o,)- ik/*.i' “(o,)

4.59

This completes the proof of the equivalence of the two ways of gauge tixing
(the light—cone and conformal) in string theory. The last integral (4.59)

coincides with the conformal gauge fixed Polyakov's theory.

V. From conformal to light-cone gauge in Polyakov’s theory by

direct integrations.

In this last section of this chapter, we show how one can obtain the
light-cone gauge fined Mandelstam's theory from the conformal-gauge-lixed
Polvakov's path- integral expression by direct integrations. This at first
apprars o he very surprising. Nevertheless, as we shall see in this analysis
below., using as a guide the light—cone gauge lining procedure of chapter 2
we can obain the result by simply integrating out the unphysical degrees
of freedom. Although, this shows the power of the path-integral method, in
general one docs not know which are the unphysical degrees of freedom. In
this cas¢ we use the knowledge we gained from the previous work of
chapter 2. We start from the conformal-gauge-fixed Polyakov's theory of

strings given by

nj fute =T, )HJE,_(UI—Q r'r[./\*(u)m\ ()

wo vt v = [yt poX

[INY (4 e
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+lfd3?1j'."'- 1!J37v/‘.“'—lf.lz"uj'.i" 4.60
where in the last expression, alter fining the conformal gauge, we have

separated transverse and longitudinal components,  First, we perform  the

integration over X' “(a) and obtain the tollowing & -function

-~

§(20.0.\N () + j*(a)) 4.61

The last expression specifies the function X *(6) o0 be the solution of the

following familiar cquation

-

20-9.\ "Ca) =~ *(a) 4.62
Comparison of (1.62) with the equation (2.27) gives
N Hor= g (), 1.63

which is the light-cone gauge condition chosen in chapter 2. It is important
to notice here that the equation (4.62) was imposed, in the light-cone gauge
fixing ol chapter 2, in order o cancel the lincar werms in the exponent of
the path-inwegral (2.26) here it appears naturally alwer integrating over

N TL 1 (e s the solution of (4.62) and is given by

[ tol=F k"X oo, ) J.04

'

where X 0.0, ) is the Green's function of the Laplacian.
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Next, we perform the integration over \ *(w). Because of the & -
function (4.61), we substitute V' *(@) in the exponent of (4.60) by 1 (a).
Then (4.60) becomes

1'1_[ Jue IR 'IIJL' L= '1‘[1)\ (o)
~ -1 - o s
A~ l(l(-l (22 ._§+0-) l e\p {—=t fJ' ag. ¥V -V +

+i furo j X =i fure G I 1.65

Notice that the g ,_ factor, which hmltiplics the operator ol the resulting
determinant, is duce w our definition of the & -function (see relation (2.11)).
The relation (4.65) coincides with the light-cone expression (2.36) of the
second chapter, except from the determinant-factor. We would expect that
the dewerminant-factor coincide apart mavbe from an irrclevant constant.

Namiely,

—"5
det "8 -0 (.' o-/ 0
0 ~22 ,.0- et 0 —2._p.
' = - = - ! 4.66
det ( 22 ,_9-0+ ) daa Co_7 9-)

In fact, the relation (4.66) can be read ofl from the previous calculations
(scct. Il and V). One way 1o see that (4.66) is true is the following: We
multiply the numerator and denominator of the second term of (4.66) by a

determinant-factor as lfollows

=2e,ddo-1 " o
det 0 I

a-1 0
dut 0 —2¢..9-

det[=2e . a0, + V) dalo-1 o-1

1.67
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The above multiplication is justified through the relation (3.39) of chapter
3. Since the operators of the 2x2 matrin which multiplies the numerator,
arc of conformal weight zero, we can multiply the upper lef't corner with
the lower right corner in it In this sense the multiplied-determinant-
factor is the identity operator. Pertorming the multiplications in the
expression (4.67) we obtain the lirst part of (4.66)% namely the conformal
gauge determinant-factor. This gives a constant after extracting the o -
dependence hidden in the operators,

The expression (4.65) is an integration over the transverse components
of the string. The variables @ and o. are defined on the parameter space
of the specific Riemann surface. One can now proceed, in the same way as
in chapter 2, to obwain Mandcelstam’s picture. Namely, after performing a
Wick rotation, in order to have the variables defined on Mandclstam's

"tube” one has w perform the following conformal transformation

s sw=]lz)=7+iao 4.08

This maps the paramcter space  (here the entire = -plane) onto
Mandelstam's "tube”. The mapping function is the analytic tunction /()
w hose real part is given by / (a).

The discussion of this section shows that, after integrating over \ ~,
the coincidence between the conformal-gauge-fined functional formulation
ol strings and Mandelstam’s picture takes place at the point where v
component takes the value of the light—cone gauge condition for X% i
the value of the lined function  f (a). This is the only value of v
which contributes in the computation of the string amplitude. The light-
conc gauge lined slice was shown in chapier 2 to coincide  with
Mandcelstam's physical picture, alwer the inwegration over gL, and V'~

variables, at the point where ¢, @akes the value zero. Therefore the
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sector of coincidence of both gauge lined slices (the conformal and light-
conc) in string theory has two of the coordinates fixed at the valucs:

V= (o), g,.,=0.

IV. Conclusion

In this chapter, we have eaplicitly performed the change of gauge from
the light-cone to the conformal gauge in Polyakov's functional formulation
of strings. It has been shown that by changing coordinates in the functional
integration variables one ¢an obtain’ the string theory in the lightcone or
the conformal gauge. We wish 10 stress the fact that the coordinate
transformations needed for the change of gauge between the light-cone and
conformal gauge is a change of variables in the commuting ficlds as well as
in the Faddeev-Popov ghosts. This is a prool” ol the equivalence of the two
ditferent ways of gauge fining of the theory of strings.

In the last section, we show that Mandelstam's picture emerges rom
the conformal-gauge-fixed Polyakov's theory, after direct integrations. This
is another claboration ol the equivalence of the two ways of gauge fining of
Polyvakov's theory, since we proved in chapter 2 that Mandcelstam's picture
cmerges from the light<one gauge lixed Polyakov's integral formulation of
strings.  In this last case we showed that the conformal-gauge-fined
Polvakov's theory becomes the Mandelstam's picture only when the \*
component of s field variables takes the fined value chosen for it in the
light-cone gauge lixing performed in chapter 2 6. ¢ / (a). On the other
hand, previously we showed that Mandelstam's picture ¢an be obtained
from the Gervais-Sakita light-cone gauge lined theory only when g (o)
becomes zero i, takes the fixed value of the conformal gauge condition.

Therefore the sector ol coincidence of the two gauges has the coordinates
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N* eg..and g __ fined, while all other coordinates can freely take any
value. In other words the Mandelstam's light<conce gauge fined theory has
the above three coordinates flined. It is now clear why the usual (conven-
tional) light-cone gauge fixing ol string theory works. Even il the light-
cone gauge is an independent gauge and can be studied independently than
the contormal gauge in the theory of strings, one has to gauge fix three of
the variables in Polvakov's theory in order w obtain Mandelstam's picture.
Therefore the usual choice V% =7 aftwr lixing the conformal gauge is
allowcd within our last analysis.

After the discussion of this last chapter, it is straightforward to gen-
cralize the problem for higher genus surfaces. The gencralization then can
be done in an cquivalent way by using cither the light-cone or the confor-
mal gauge. In the next chapter, we study the generalization to the higher

genus case.
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CHAPTER §

Generalization to the higher genus surfaces.

I Introduction

In the previous chapters, we evplicitly showed the equivalence
hetween the light-cone and conformal gauge. In the second chapter, we
derived Mandelstam's picture from Polyakov's light-cone gauge fixed theory,
while in the fourth, we obtained onc gauge from the other by changing
coordinates and also we obtained Mandelstam’s expression from  the
conformal-gauge-fixed Polyakov's theory. Therefore, in order to discuss the
generalization 1o the higher genus case, we can start from cither the light-
cone or the conformal-gauge-lined path-integral expression,

We Tollow the procedure of section Vool the last chapter, choosing the
conformal-gauge-lined path-integral expression (4.60) as the starting point.
Since our method is shown explicitly in the previous chapters, in what fol-
Jows we emphasize only the points which are relevant 1o the higher genus
casc. There are two parts which need maodification. The lirst is related to
the solution of the Green's function equation and the second is the integra-
tion over the moduli parameters. We first analyze the question related o
the Green's function equation lor an arbitrary genus surtace. The discussion
of the moduli space integration is given later.

The interesting point to notice is that in our method the dependence on
the genus of the surface is apparent in a natural way in the Green's func-
tion ¢quation. The equation which speciies the function 7 (o) and hence

N o) s the following
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20-04/ o)== 0] 5.1

This was obtained in the last chapter ina 8 -function, after performing the
integration over the variable X “(o) (see relation (4.61)). For the light<one
gauge fined theory this equation was imposed as the requirement for the
cancellation of the lincar terms in the action. Note that in this section we
drop the "tilde” notation since our discussion does not depend on the choice

of gauge. 7 *(o) in (8.1) is given by

jTla) = 28'3'((1—(1 D S 5.2

Then the function /(o) s given by the solution of (5.1)
rim =i fGlo=a)j ol v, 5.3
where G lo=a) is the Green's function satisf'ying the following equation
WG loa) =8 o=), 5.4

The Green's function depends on the topology of the specilic surface. There-
fore in order to discuss the problem of higher genus, one has 1o solve the
Laplace equation (5.4) tor cach Ricmann surface with a given topology. The
Ricmann surface determines uniquely the Green's functicn. On the other
hand, the Green's funcuon contains all the information needed to map the
specific Riemann surtace onto Mandelstam’s light-cone diagram. The map-
ping function is the analytic function whose real part is given by /(o)
[26), defined by (5.3). In what tollows, we demonstrate the procedure only

for the case of torus (g=1). The methad applies straightforwardly for any
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number of genus.

Il. The case of torus.

The torus is delined by the following identification [27)

I = AN A+ A 5.5

in the complex = -plane. Here nan are arbitrary integers and A A, are
complen vectors, The parameter space consists of all parallelograms identi-
cal w the fundamental one, which is defined by the vectors Ay and aA,.
Then the Green's function of the Laplacian is defined 1o satisfy the condi-

tion

Wiz )= Wiz 4+n Aj+m A, 5.6

Itis given by the Tollowing doubly-periodic function

Glzzo)= Zlnl:—:'—rl—rnrli-l;”'_'. 5.7
nom Izl
) As . . . " . "
where we delined —= =171 (not 10 be confused with the light-cone “time

variable 7 L with hinr > . One can cheek that this is the correct function
which satisties (3.0). The last werm in the equation (5.7) assures the invari-
ance of the Green's function under the transtormation (5.5) [8). Then the

function /(o) is given by
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It =%k " Glzz)=

S I
frl

5.8

T kTInlz—z=n-mrl + Tk *
nm

We denowe by F(z) the analytic function whose real part is given by

f(z). Mandclstam's conformal transtormation is defined as follows

S mww =l (s)=r+i0. 5.9

For the purpose of the mapping we need to study the singularities of

the function F(z). It suftices 1 study the derivative of F(z) given by

| P Iz
i + Tk e 5.10

(=2, =n=-mr7) &

1'iz)= %

rem

t
~

/ 1z ) has simple poles at the points

= 4n4mr, no.om=...=-2,-1,0,12,... .
where only the points = =, are in the fundamental region. We consider
the case with four external states, thus welet « =1, -+, 3.

Next, we study the zeros of 7 12 ). By inspection we see that /7 12)
becomes zero at four dilferent points lying in the fundamental region. To
actually calculawe these points, it is casier to express the mapping function
in wrms of the Jacobi 6 -function. We first show that the Green's function
except from the last correction term is given in terms of the lirst Jacobi 6 -

f'unction as tollows
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Inz '—=Inz

5
Glz=2)=Rc |=27i1n8, =7

We denote the zeros of F1z) by I, , where 2, are delined by

S.12

5.13

Since Mandelstam’s mapping has been described in @ number of refer-

ences (8], [28), in what follows we give only a brief discussion. Our interest

is to show how the knowledge of the Green's function alone gives a com-

plete description of Mandclstam's conformal mapping. For simplicity we

locate the external states =, on the boundary AA as shown in ligd.

2-plane

A ZI 22 23 24 A

Fig. 4

Fig. 4 Torus diagram in the z-plane.
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It is casier to undersiand the mapping if we consider the closed string
diagram as madc up by identifying two cquivalent open string diagrams.
For this purposc we cut the parallclogram by an imaginary line CC, as it is
shown in fig.d, and consider cach of the two semi-paraliclograms to be the

paramcter space of an open string diagram. The following transformation

{=cxp = 5.4

maps the parallelogram of tig.d to an annulus in the {-planc of fig.5.

A

C-plane

#

Fig. 5

Fig. 5: The annulus of the torus of tig.4.

The identilication (5.5) corresponds to the following in the {-plane



{=w "¢ 5.15

where w =pevp ¢ a. The worus is the double [*] of the annulus of fig. S.

v, we study the mapping of the boundaries AA and CC of the open
string diagram, under F(z). Fig.5 suggests that the boundary points A(C) of
the open string diagram can be taken to be the positive (negative) segments
of the real axis contained inside the annulus. The cxternal states - points

s, - map on the positive scgment of the real axis - points ¢, -

The function 7tz ) maps each scmi-annulus ol 1ig.5 onto a finite ree-
tilincar scgment parallel 1o the real axis in the w-plane [26] as it is shown

in the following lig.6.

w- plane

Fig. 6

Fig. 6 Light-cone diagram of the torus.
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The positive part of the real axis maps onto the external boundary of
Mandclstam's string diagram of lig. 6. The points =, - poles of F 12) -
map at the infinity in the w-plane. The points 2. - zeros of 7712 ) - map at
the turning poins in the w-plane. There exist four zero-points for the one-
loop four point function casc. These map at leur turning points in the
string diagram, denowed by 7, in fig. 6. They are the points where the
strings split or pin. The negative segment of the real axis - points C of fig.
5 - maps onto a finite line parallcel to the real axis (8} This is the slit of
Mandeistam’s diagram for the onc-loop case. The length of the slit s
specified by the value of the function at those of the Z, 's which map at
the relevant turning points. The exact position of the slit in the imaginary
anis is given by the value ol the imaginary part I/ (z) at = =—1:-1.
By identifving the points as shown in fig. 6, we obtain Mandelstam’s
diagram for the one-loop closed string casc,

The discussion of the last paragraph lcads 1o the conclusion that, the
logarithmic singularitics of  the Green's function - poles of 7 12 )-
correspond to the external states of the light-cone string diagram, while the
points of non-analyticity of the Green's function -zeros of /12 )- are
identilied with the interaction times in the physical picture ol the string-
process. The slit on Mandelstam’s picture contains the information of the
detinition ol the torus (5.5). Going from a point = ol the fundamental
parallclogram w a point in a diff'erent parallelogram defined by (5.5) on the
parameter space corresponds 1o going around the slit on Mandelstam's pic-
ture. The number of times of ¢yveling the slit is specilied by the integers n
and m.

Neant, we discuss the subtle point of the integration over the moduli
space. For this purpose Iet us refer again back 1o the expression (4.60). This
formally looks the same for any Riemann surtace. The dependence on the
topology is hidden in the function /7 (o) and in the integration over the

Koba-Niclsen variables. After performing the conformal transformation tor
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a given surface, as we described above, the domain of the integration of the
variables @ and @, is defined 1o be Mandelstam's "wube”.

There is a dependence on the topology of the surface hidden in the
integration over the Koba-Niclsen variables o, . These are as many as the
external states. For the case of the sphere, because of the invariance of the

integrand under the NMobius transformation

S = d—+_,"‘ 5'6

we fix three of the Koba-Niclsen variables. The integration variables are
then the remaining n-3, where nis the number of the external stauws. Aflter
performing the Mandclstam's conformal mapping, we must transform the
Koba-Niclsen variables to the 7, .1 =1...,n =3 variables of the lightcone
Jdiagram, as we discussed in chapter 2. In this case, since the parameter space
is the whole complex plane - the surface has trivial topology -, there is not
any moduli paramcter involved. Norcover, there is one to one correspon-
dence between the Koba-Niclsen variables and the independent parameters
(intcraction times 7. ) of the light-cone diagram. Therefore, the integration
over the 7 variables in Mandelstam’s plane can be casily shown that it is
equivalent to the integration over the Koba-Nielsen variables in the complex
planc (the parameter space of” the Riemann surlace )

For the casc of torus the Mobius transformation takes = of the funda-
mental region, delined by the parallelogram ol fig. 4, to a point in a
diflerent region in the complex plane. Since the parameter space is delined
o be the fundamemal region, we can linv only one of the Koba-Niclsen vari-
ables, which corresponds o the invariance under the scaling of = (8]
There is one extra integration variable resulting from the fact that tori
with different values of  the parameter 7 cannot be  conformally

transformed onto one another. This is the moduli parameter of the torus.
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There is a symmetry related with this parameter. The integral is invariant

under the following transformations

7—0—% and r =74+ 1 5.17

This is the modular invariance. Because of this invariance we must
integrate over a region in the upper half  r-planc, such that two points in
that region are not related by a transformation (5.17), but any other point
of the half upper plane can be obtained by a point from this region by a
transformation (5.17) [8] This is the fundamemal region defined by [13],
[31] |

< Rer Q%. and brt >1. 518

The Koba-Niclsen variables, which are n-1 for this case, and the param-
cter 7 oare transformed to the n-1 interaction times = (7 =1,---n  with
71 =0) and the paramcter ap specifying the position of the slit, in the
I'ghtcone diagram. All 7,v and «a, arc complex for the closed string
case. For any topology dillerent than sphere one has to prove that the
integration over the fundamental region of the moduli parameter and over
the Koba-Niclsen variables, which take values on the fundamenial paral-
iclogram of fig. 4, is equivalent o the integration over the new light-cone
parameters in the Mandelstam "tube”. In other words, it is not obvious that
both integration regions are equal. For the one-loop ¢s ¢ it has been expli-
citly shown [29] that the integration over the moduli parameter 7 for
specilic values of the Koba-Niclsen variables gives the same integration
region as the integration over the corresponding parameters on the light-

cone diagram. This provides a prool that, for the case of the torus, the
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integration region of the light—one diagram coincides with the single cover
of the moduli space.

In general for the case of surface with h handles with A 22 and n
external states the number of moduli parameters characterizing the surface
is 3n-3 [13] {22] [31] in complex notation. The number of the integration
variables are 3h-3+n, which must be transtormed to the parameters of the
light-cone diagram. These parameters are the interaction times, the diame-
ters of the internal "wbes” and the twist angles of the inwrnal "tubes”.
They are exactly 3h-3+n and denoted by 7. ., and #, respectively [13),
[22] Theretore the counting of the parameters is correct. In order 10 expli-
¢itly show, however, that the integration region of the light-cone diagram
coincides with a single cover of the moduli space, is mush more involved in
this cas.

The calculation of the conformal anomaly and the determinants
involved are the same as in the genus zero case, sinee the dependence on the
topology is only on the Green’s function and the integrations and gauge
hning procedure, which we used, do not change with the genus ol the sur-
face. The determinant, however, coming from the transtformations Irom
the Koba-Niclsen variables to the light-cone parameters, is more complicated
o calculate in this case and it can give different result. From Mandcelstam’s
work [8] we would expect that the Jacobian of this transformation times
the c¢hange in the Laplacian under the conlormal transformation of” the
transverse components V' of the string gives a constant in the dimensions

ol space-time equal to 26 for any number of genus surface.
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III. Conclusion

In this chapter, we have gencralized the problem of the cquivalence
between the light-cone and conformal gauge 10 the case of higher genus sur-
faces. In particular, we have shown how one can obtain Mandelsiam's pic-
ture from the conformal (or equivalenty from the light- cone) gauge-fixed
Polvakov's theory for any topology.

The important point to notice is that our method can be immediately
generalized o the higher genus surfaces through the Green's function equa-
tion, Which appears naturally as we discussed in the last chapter and in
chapter 2. The prescription is the following: One has to solve the Laplace
vquation and obtain the Green's function for cach surface with any compli-
cated, given topology. Then one uses the analyvtic function (F (2)) w hose
Real part is the Green's function and maps the Riemann surface to the
Mandcelstam's plane. As we explicitly showed for the wrus, the Green's
function alone describes completely the Mandelstam's conformal mapping.
Specifically, the poles of the derivative of the function F(z) correspond o
the external states in the lightcone diagram, while the zeros of 7 1) map
at the inweraction times in Mandelstam's planc. Morcover, the slits in
VMandelstam'’s picture give all the information about the topology of the

Ricmann surlace, since they correspond o the handles of the surface.

The change from the Koba-Niclsen variables 1o the new  light<cone
parameters can be done in the same way as lor the case of the sphere. Onc,
however, now has to include the integ ation over the moduli parameters. A
simple way to see this is by counting the parameters: There are 3h-3+n
parameters necessary to correctly deseribe the light-cone diagram. In general
for i 22 there are n Koba-Niclsen variables - equal 1o the number of the
external states - in the Riemann surface. Therelfore 3h-3 moduli parameters
arc needed in order to have the same number of parameters as in the light-

cone deseription. Finally, in general one has w0 prove that the integration
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region over the Koba-Niclsen variables and over the moduli parameter on
the Ricmann surlace is cquivalent wo the integration region over the light-

cone parameters on the Mandelstam's " wube”.
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EPILOGUE

In this last chapter, we present an overview of the whole work
included in this treatise and a quick summary of the main results, since the
conclusions have been already stated in the relevant sections of the preced-
ing chapters. Morcover, we emphasize a few points which we feel that they
arce of some unigque importance and give a short guideline of possible future
dircctions in which rescarch related to the subject exposed in this thesis
might be continued.

The essence of this treatise is the formulation ol the theory of strings
as a gaugc theory, in the functional integral approach. The main point made
in chapters 2 and 3 is that the light-cone gauge can be chosen in string
theory independently from the conformal gauge. In other words, one can
start from Polyakov's path-integral of strings and choose cither the light-
cone or the conformal gauge, depending on the specific problem one wishes
w study. The methad used is lixing the Gervais-Sakita light-cone gauge con-
ditions in Polyvakovs functional formulation of the bosonic string. In partic-
ular, it is shown by explicit calculations that Mandelstam’s picture emerges
from Polyakov's theory, after fixing the above light-cone gauge conditions.
This indikates that the two gauges are equivalent and we should be able 0

obtain one from the other by a simple coordinate transformation.

The equivalence between those two gauges has been explicitly shown,
in chapter 4, by the changing of gauge method. In particular, the change of
gauge from the light-cone to the conformal gauge has been performed, by
changing integration variables in Polyakov's lunctional formulation of
strings. At this point, we like to stress the fact that the coordinate transfor-
mation needed for changing gauge between the light-cone and conformal
gauge is a change of variables in the commuting ficlds as well as in

Faddeev-Popov ghost variables.
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It has also been shown, in the last section of this same chapter, that
Mandelstam’s picture can be obtained from the conformal-gauge-fixed
Polvakov’s expression, after integrating out the unphysical field variables.
This is another proof of the equivalence of the two diflerent ways of gauge
fixing the theory of strings, since, as it is shown in chapter 2,
Mandelstam’s picture emerges from the lighi-cone gauge lined Polyakov’s
theory.

The main point, we wish to emphasize here, is that, in general, the
light-cone and conformal gauge coincide in most of the variables but few.
After the integration over the minus-component of the ficld (which is an
unphysical degree of freedom of the string) the total coincidence of the two
gauge fixed slices takes place at the point where the plus-<component of the
string field at the conformal gauge fixed theory takes the fixed value chosen
for this same variable at the light-cone gauge fiaed theory; and the com-
ponent of the metric, which is not fixed in the light-cone gauge fined
theory, takes the value of the conformal-gauge-lixed theory, ic. zero.
Therefore the sector of coincidence of the two gauges has, al'ter integrating
out the minus-component of the string ficld, three of the coordinates fixed,
namely the "ptus-component” of the string ficld and the two diagonal com-
ponents of the metric, while all other (physical) coordinates can freely take
any value. The fact that even alter the initial gauge tixing of the theory
there are residual unphysical degrees of freedom indicates the existence of a
residual gauge freedom. Indeed, in both gauges (our light-cone gauge and the
usual conformal gauge) we are free o perform a conformal transformation.
This extra freedom is used in the traditional light-cone approach to set the
plus-component of the ficld equal 10 7, al'wer hxing the conformal gauge.
In our method this corresponds 1o the fact that Mandelstam’s picture is
obtained from cigher of the two gauge-lined theories, only when the gauge
fixed slice becomes the "sector of oincidence” which has three of the coor-

dinates fixed. The resulting theory does not contain extra degrees of
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[recdom.
Summarizing we give the essence of this work, by -the following

diagram

light-cone
gauge

Polyakov's theory Mandelstam's picture
non-gauge-fi equivalent
( gauge-fixed) (gauge-fixed theory)

conformal
gauge

Onc of the advantages ol this approach is that the problem of the gen-
cralization w the higher loop case can be cssentially discussed in werms of
the solution of Green's function cquation.  Green's function  cquation
appears nawurally in our method, as a result of the integration over X-
variable, inside a & -function. As it is obvious from the discussion of the
last scction of chapier 4, Green's function is essentially the gauge fixed
valuc of the variable N'* of the light-cone gauge ic. /(o). In this spirit,
it has been shown for the higher genus case that the Gervais-Sakita light-
cone gauge and the conformal gauge in Polvakov's path-integral formula-
tion of strings are cquivalent. To obuain Mandelstam’s picture from a gauge
fined Polyakov's theory one has 1o perform the conlormal mapping from the
parameter space of the Riemann surface onto Mandelstam's "wbe®. The
mapping function is the analytic function whose real part is gii'cn by the

solution of the Laplace cquation for that specilic surface.
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Before we go on to discuss some of the possible future directions of this
work, let us take this opportunity and speculaw about the question of the
conformal symmetry in connection with the climination of the unphysical
degrees of freedom in string theory. The present study does not include any
rigurous argument or specific reasoning concerning this question. Neverthe-
less, according to the author's opinion, there are several interesting results
in this treatise related to the above problem, which we like to bring to the
reader’s attention. As we discussed in the introduction, conformal invari-
ance, which is responsible for the elimination of the unphysical degrees of
freedom, remains after fixing the conformal (diagonal) gauge. Conformal
gauge is then formulated with the inclusion of ghosts, while light-cone
gauge is known in the literature to be ghost-free gauge.

Firstly, notice the connection ol the BRST-symimetry with the confor-
mal invariance in our approach. We pointed out, in chapter 2, that BRST-
invariant Lagrangian and BRST-iransformations possess conformal sym-
metry. This same Lagrangian which is shown to be conformal invariant is
the BRST invariant Lagrangian of Kugo-Uchara gauge fixing procedure,
which introduces the ghosts in the canonical formulation of the theory. On
the other hand, conformal invariance in string theory is responsible for the
climination of the ghost ficlds (unphysical degrees of freedom). It is, there-
fore, the author's personal opinion based on an intuitive understanding of
this question, that the ghost ficlds in the lirst quantized approach are
artificial objcts introduced merely tor calculational convenience and have
no other significance. Mandelstam’s light-cone gauge w hich depends only on
the physical degrees of {reedom does not include ghosts and is not confor-
mally invariant. In this treatise, fining the Gervais-Sakita light-cone gauge
we introduced ghosts while Keeping two unphysical degrees of freedom
(¢ 77 and N 7)) in the Lagrangian. The wotal Lagrangian which includes the
commuting ficlds (the transverse physical modes and the 1two extra ficlds)

plus the ghost Lagrangian is conformally invariant. I we choose 0
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integrate out the unphysical commuting ficlds, we must combine the deter-
minant appcaring because of this integration with the Faddeev- Popov
determinant (corresponding to the ghost Lagrangian) in order to extract the
¢ -dependence. What remains  then is Mandelstam’s cxprcss;on which
depends on the physical modes only and it comains no ghosts. It appears,
therefore, to be one’s own choice o cither keep the extra two unphysical
dcgrm;s of freedom and introduce ghosts, which means that the theory is
formulated in a conformally invariant manner, or formulate the theory
with only the physical degrees of freedom. In this last case, however, one

has neither ghosts nor conformal symmetry.

An analogous mechanism also holds for the conformal gauge case. This
is formulated with two unphysical degrees of freedom and the ghost
(antighost) hiclds, while it possesses conformal symmetry. One can choose to
integrate out the two extra degrees of freedom, as it is shown in chapter 4,
and obtain the theory with only physical modes. However, in doing so one
has to combine the Faddeev-Popov determinant with this extra determinant
resulting from the last integration, in order to compute the conformal ano-
maly, and the final eapression does not contain ghosts, The Jdimensional
reduction then is rather trivial, in the first quantized language, as it is cvi-
dent from the argument of the last few paragraphs.

Few words in connection with the work of Giddings and Wolpert [30]
arc now in order. They proved the equivalence between Polyakov's theory
and Mandelstam’s picture, by analyzing the integral representation of mul-
tiloop amplitudes in terms of moduli parameters and Koba-Niclsen vari-
ables. Specifically, they have shown that there is one o one correspondence
between Riemann surfaces and light-cone diagrams. In their work [30}11],
w hich is based in the existence of a unique Abelian differential, it is argued
that the light-cone diagrams cover the moduli space once. In our method
we see how, by knowing the Green's function of the specilic Riemann sur-

face, we obtain the corresponding lightcone diagram. The Green's function
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is the real part of the third Abelian inwegral of their language. In order 10
answer such possible questions as which is the purpose of our work given
the existence of the work of rel. [11] [30} w¢ emphasize that our method
has the advantage of being eaplicit. Moreover, in our work which was
alrcady underway before the above papers were published, we  are
interested in studying the internal connection between the two  gauges
besides proving the equivalence between the two functional approachrs.
Future work on the subjct could continue in several directions. It is a
very interesting problem 1o investigate similar questions in the operator
formalism. As we stated in the introduction, Kato and Ogawa have formu-
lated the quantized theory of the bosonic string in the covariant ¢canonical
formalism. Their work makes essential use of the BRST-symmetry. One
could investigate the quantization of Polvakov's Lagrangian in the light-
cone gauge in the operator formalism, in a similar way as Kato and Ogawa
did for the conformal gauge. This study would shed light in the under-
standing of the BRST-symmetry in the light-cone gauge and the role of the
Faddeev-Popov ghosts. The question of whether the canonical formalism s
cquivalent to the path-integral formulation is a very important one and

relevant o this problem.

Another interesting direction is the application of this methad in the
sceond gquantized approach. The analogous probiem is again stated in the
introduction. One can investigate the connection between Witten's covariant
ficld theory of stings with the lightcone swring licld theory of Kaku-
Kikkawa.
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