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Abstract

Hadron Properties in a Generalized Nambu-Jona Lasinio Model

By

Xiangdong L i

Advisor: Distinguished Professor Carl Shakin

In this work we calculate the properties o f the sigma meson using a generalized 

Nambu-Jona-Lasinio model that includes a model o f confinement. We describe, in some 

detail, how the sigma coupling to states in the two-pion continuum may be calculated, 

when using a Lorentz-vector confining interaction. We provide a general procedure for 

calculating various loop diagrams in Minkowski momentum space for quarks in the 

presence o f the confining interaction. We study the properties o f the signa meson by 

considering t-channel scalar-isoscalar exchange between two quarks.

We study the pseudoscalar octet o f Goldstone bosons as well as the q ’. We are 

particularly interested in the properties o f the q ’ and in the mixing o f the q° (singlet) and 

q8 (octet) modes. It is found that the value o f the vacuum-polarization integral in each
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mesonic channel increases rapidly as one approaches the qq continuum in a model 

without confinement, since there is cusp behavior at the qq thresholds. That is not a 

problem in the description o f the low-mass mesons (it, k, q), but makes the study o f the 

q ’ problematic in a theory without confinement With our model o f Lorentz-vector 

confinement we have shown in an earlier work that the Goldstone theorem is satisfied.

As usual, we found a relation between the Bethe-Salpeter equation and the Schwinger- 

Dyson equation for zero-energy modes. The approximation we adopt for our calculations, 

made in Minkowski momentum space, is to take the constituent masses o f the up, down 

and strange quarks to be independent o f momentum. Here, we present values for the 

meson masses and the meson decay constants. We also calculate the decay rates o f the 

processes q->y +y and q ’-> y+ y for one particular model o f confinement. As part o f our 

analysis, we describe how the triangle (anomaly) diagram, governing the process 

q ’->y+y, may be calculated when using one version o f our confining interaction. Our 

calculated rates for the processes q->y +y and q ’-> y + y are in good agreement with the 

experimental values.
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1

I. Introduction

In this work we study a generalized version o f the Nambu-Jona-Lasinio (NJL) 

model that includes a description o f confinement. The NJL model is quite interesting, 

even in the absence o f a model o f confinement, since it provides a specific model o f the 

generation o f mass via the breaking o f the chiral symmetry exhibited by the Lagrangian 

by the ground state o f the theory. This phenomenon is called "spontaneous symmetry 

breaking" and corresponds to the case where there is a continuous set o f degenerate 

vacuum states.

In this Introduction, we w ill summarize some of the results reported upon in this 

thesis. In Section II we introduce a model for the self-energy o f a quark and proceed to 

solve the Schwinger-Dyson and Bethe-Salpeter equations for our model. We show that 

our analysis is consistent with the Goldstone theorem. That is, the pion has zero mass, 

if  the ̂ current quark masses are zero. We use a confining interaction with a (Dirac) 

matrix structure that leads to simple equations for the self-energy and for a vertex 

function that serves to sum a ladder o f confining interactions. We consider spacelike 

values o f q z , and carry out our analysis in a Euclidean momentum space. For timelike 

ql , we use calculational procedures that we have developed in other work in order to 

exhibit properties o f the confining vertex. We find that the strength o f the zero-range 

quark-quark interaction o f the NJL model needs to be increased to compensate for the 

presence o f the confining interaction, if  we wish to obtain the same value o f the 

momentum-dependent constituent quark mass (at k1 = 0) as the constant value, rnq, 

obtained in the absence o f the confining interaction. For the spacelike values o f
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q-  considered here, we see that the effects due to the introduction o f our model o f 

confinement are small. (However, such effects are very important for timelike q 1. 

Their consideration is essential, i f  we wish to study mesons, such as the rho and omega, 

in our model.)

In Section III and IV we study the scalar-isoscalar section o f the generalized NJL 

model. In Section III we use an SU(2)-flavor version o f the model and in Section IV we 

study the SU(3)-flavor version. This work is directed toward understanding the properties 

o f the sigma meson. A recent analysis by Tomqvist and Roos suggests that the sigma 

meson has a mass o f 860 MeV with a width o f 880 MeV[To96]. We investigate this 

matter and describe, in some detail, how the sigma coupling to states in the two-pion 

continuum may be calculated, when using a Lorentz-vector confining interaction. As part 

o f our work we provide a general procedure for calculating various loop diagrams in 

Minkowski momentum space for quarks in the presence o f the confining interaction. We 

study the properties o f the sigma meson by considering t-channel scalar-isoscalar 

exchange between two quarks. The resulting quark-quark T matrix, tqq(q:) > has 

Re tqq{q2) = 0 for q- = (0.823 GeV)2. Thus, we have ma =0.823 GeV- However, the 

coupling o f the sigma to the two-pion states is so large as to make | tqq(qz) | a rather 

smooth function over a broad range of q2. Therefore, we do not attempt to assign a 

width for the resonance.

In Section IV we study the nonstrange scalar-isoscalar states o f the generalized 

Nambu—Jona-Lasinio model that includes both the ’t Hooft interaction and a model o f 

confinement. As in Section III, we also include coupling o f the qq  states to the two-pion
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continuum in our analysis. (Our study is limited to energies q-  <  1.8 GeV2, since to go 

beyond q-  =  2.0 GeV2 we need to change our method o f calculation.) After introducing 

octet-singlet mixing we find two states, a, and at energies o f 1.00 GeV and 1.28 

GeV, respectively. The first o f these is predominantly a SU(3) - singlet, while the 

second state is rather strongly mixed. Of particular interest for nuclear physics is the 

behavior o f the quark-quark T matrix for small spacelike values o f q 2. Because o f a 

strong ^--dependence o f the T matrix at the opening o f the two-pion continuum at 

q2 = 4ml, the effective mass that parametrizes scalar-isoscalar exchange in the T matrix 

is about 520 MeV. Thus, in a model o f the nucleon-nucleon interaction, whose 

ingredients are a T matrix for the interaction o f off-mass-shell quarks and valence-quark 

nucleon form factors, we can provide a basis for the use o f a low-mass effective a meson 

in nuclear physics.

In Section V we study the pseudoscalar octet o f Goldstone bosons as well as the 

. We are particularly interested in the properties o f the and in the mixing o f the 

Tf° (singlet) and (octet) modes. It is found that the value o f the vacuum-polarization 

integral in each mesonic channel increases rapidly as one approaches the qq continuum 

in a model without confinement, since there is cusp behavior at the qq thresholds. That 

is not a problem in the description o f the low-mass mesons (x , K, ij) , but makes the 

study o f the problematic in a theory without confinement. With our model of 

Lorentz-vector confinement, we show in in Section II that the Goldstone theorem is 

satisfied. As usual, we found a relation between the Bethe-Salpeter equation and the 

Schwinger-Dyson equation for zero-energy modes. The inclusion o f confinement,
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4

however, leads to a momentum-dependent self-energy for the quark. The approximation 

we adopt for our calculations in Section III, IV and V, made in Minkowski momentum 

space, is to take the constituent masses o f the up, down and strange quarks to be 

independent o f momentum. (We hope to assess the validity o f such an approximation 

in a future work.) In Sect V, we present values for the meson masses and the meson 

decay constants. We also calculate the decay rates o f the processes r j ^ y + y  and 

y' _* y + y  for one particular model o f confinement. As part o f our analysis, we describe 

how the triangle (anomaly) diagram, governing the process rj' -* y + y , may be calculated 

when using one version o f our confining interaction. (That calculation cannot be made 

for the tj' , i f  one does not include a model o f confinement.) Our calculated rates for the 

processes rj -* y + y  and ^ ' -* y  + y  are in good agreement with the experimental values.
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II. Chiral Symmetry Breaking in the Presence o f a Confining Interaction

2.1. Introduction

In recent years, we have seen numerous applications o f the Nambu— Jona-Lasinio 

(NIL) model in the study o f chiral symmetry breaking and in the description o f hadron 

properties [K192, Vo91]. Usually, confinement is neglected, so that the theory may be 

applied to study the pion and the "sigma meson". In previous work, it has been shown 

how a confining interaction (a linear potential) introduced in momentum-space 

calculations removes the unitarity cut associated with the quark and antiquark going on 

mass shell. The resulting formalism then only has cuts when hadrons go on mass shell 

[Ce95a, Ce95b]. In previous work it was assumed that the constituent quark mass had 

a constant value that was obtained from the gap equation, without confinement. In the 

present work, the confining interaction is included in the Schwinger-Dyson equation and, 

therefore, a self-energy for the quark that varies with £2, the square o f the quark 

momentum, is obtained.

It is usually thought that confinement is not particularly important for the 

study o f the low-energy hadron spectrum. In this work we wish to put such suggestions 

on a more quantitative basis and to obtain guidance as to the implementation o f a more 

comprehensive treatment o f low-lying mesonic states, including the pseudoscalar octet 

and the i ] ' . The organization o f this section is as follows. In Section 2.2 we describe 

the confining interaction that we use in this work. In Section 2.3, we present equations 

for the quark self-energy, E(fc) = B{k2)k. +A(k2) . In Section 2.4, we introduce a vertex 

function that serves to sum a "ladder" o f confining interactions and present results o f our
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calculations o f that quantity. In Section 2.5, we discuss the vertex function associated 

with the entire interaction o f the generalized NJL model. We show that the Goldstone 

theorem is satisfied,, with the zero-mass pion as the Goldstone boson. The calculation 

o f quark-antiquark loop integrals (polarization diagrams) is described in Section 2.6. 

Section 2.7 contains a summary and some conclusions, while Section 2.8 serves as an 

Appendix.
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2.2. The NJL Model with a Confining Interaction

In this section we w ill use the SU(2)-flavor version o f our model, where the 

Lagrangian is

X  = q(x)(i3-m°)q(x) + ^-[{q(x)q(x))2 + (qQc)iy5~q(x))2] + X conf . (2.2.1) 

Where is the current quark mass. We w ill use
9

%conf = [q(x)yflq(x)Vc(x -y )  <7 O') 7 ^0 0  -q(x)y)ty5q(x)Vc (x -y )?O )7M75$O0] *

(2.2.2)
(The advantages o f using this form w ill be made clear as we proceed.) Thus, the 

confining interaction is

= v'c(Jt-y)[y*(i)7 |ia ) - y ‘(i)75(i)7 1I(2)Ys(2)] • {2-2-3)

In an earlier work Vc (r) = fcrexp(-jtr) was used with ^  =0.050 GeV. The parameter 

fi is introduced to make the Fourier transform o f V c (r) less singular and, thus, facilitate 

our numerical calculations. The Fourier transform o f V c (r) is

Vc( k - T )  = - 4 tk ■
8M2 I (2.2.4)

[ ( I -  k')1 -  M2]2 [ ( k - 1 ' ) 2 + n2]3 

However, for calculations in a Euclidean momentum space, that we report upon in this 

work, it is necessary to treat all the components o f the momentum transfer on the same 

footing. Therefore, we w ill use
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V ^ (k -k ')  = -4 ™ . (2.2.5)

where &£ is the momentum transfer in the Euclidean momentum space. 

It is useful to write

2

V (x-y )  = Vc(x -y )Y .  0 ,(1)0,(2) (2.2.6)
t«l

with 0 { = Y  and 0 2 = /y t75- [See Eq. (2.2.3).] (We w ill use a bar over a letter to 

denote a quantity that has Dirac matrix indices.)

For the interaction o f Eq. (2.2.3), the Lagrangian has chiral symmetry, i f  m° = 0 • 

Indeed, each of the terms in Eq. (2.2.3) respects chiral symmetry. Our motivation in 

combining the terms, as in Eq. (2.2.3), is to achieve a particularly simple form for the 

self-energy and vertex functions. For example, if  we write the self-energy as 

E(£2) = B(k2) t  + A(k2),  we find that B(k2) = 0 • Also, if  we consider a scalar or 

pseudoscalar vertex for the confining interaction, Fs(q2 ,q-k, k2) or Fp(q2, q-k. k2), we 

find that, when Eq. (2.2.3) is used, Fp(q2,q -k ,k2) = Fp(q2,q-k, k*)y5f  and 

Fs(q2 ,q-k, k2) = Fs(q2, q-k, k2) - I- Here |  denotes the unit matrix in the space o f Dirac 

matrices. That is, the simple structure of the vertex operators o f the NJL model is 

maintained in the presence o f confinement, i f  vix -y )  o f Eq. (2.2.3) is used. In the 

case we need to refer to that interaction, we may call it a V - A  form. That designation 

is in keeping with the current practice, where one speaks o f "scalar confinement" or 

"vector confinement".

We now write the quark propagator as

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



/5 <*> = T r L  • ’ (2*2*7)t - Z ( k )  +ie

with s ( i)  =B(k2) t  + A (k2) ■ This propagator is represented by a double line in Fig. 2. 

In Fig. 2.1a we see the equation for the quark self-energy, £(£). There, the wavy line 

is the confining interaction. The filled circle in Fig. 2.1a denotes the element iGs, 

where Gs is defined in Eq. (2.2.1). In the absence o f the first term o f Fig. 2.1a, we 

would reproduce the gap equation o f the standard NJL model. In that case, one has a 

constant value for the constituent mass, £(&) = mq> with mq — 250 -  350 MeV-

In Fig. 2. lb , we show the integral equation for the quark propagator, iS(k) , given 

in terms of a massless propagator (single line) and the self-energy, £(£).
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2.3. The Quark Self-Energy

We write the quark self-energy as £(£) = B(k2)lt +A(k2)- From the equation 

depicted in Fig. 2.1b, we find that B(k2) = 0  and that a (k2) satisfies the equation

A(k>) = / f * !!L  . (2-3.1)
> (2 x )4 k * - A W )

Note that, i f  v c = 0, A(k2) is a constant. In that case, we have

0  P 0 ,  • (2.3.2)

Thus, since m ® = 0 at this point, rnq may be factored out to yield the equation

1 = 4ncnf Gsi  f _ L _  . (2.3.3)
J (2t) k'2 -m q

Solutions o f Eq. (2.3.1) have been obtained by using a Euclidean momentum 

space. One may use either a covariant cutoff, where k \  < a |.  or the Pauli-Villars 

regularization procedure, among other possibilities. We have done both kinds of 

calculations; however, the Pauli-Villars method is to be preferred, since it preserves the 

symmetries o f the theory.

First, we note that, i f  gs = 7.91 GeV’ 2 and * =0, and i f  we use a Euclidean 

momentum-space cutoff o f Ac = 1.0 GeV» we find m =241 MeV- Once we includea q

a finite value for * , we no longer obtain a constant mass. That is, A(k2) depends upon 

k2 as shown in Fig. 2.2. For the result shown in Fig. 2.2, we put 

k = 0.140/8 GeV2 =0.0175 GeV2- The factor o f (1/8) in our choice for < serves to 

convert a value o f < appropriate to scalar confinement to a value appropriate to the
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interaction given in Eqs. (2.2.3) and (2.2.4). A factor o f 2 is obtained since we have 

two terms in Eq. (2.2.3) and a factor o f 4 arises from the Lorentz character of the 

interaction.

We now choose G' such that 4 (0 ) =  m . where m was the value obtained for
s  '  '  ?  1

k = 0• We find that <7-= 8.95 GeV’ 2 yields 4(0) =239 MeV. Values for 4(£2) for 

k =0.0175 GeV2 and G' = 8.95 GeV' 2 are given in Fig. 2.2. (We use the notation <7 ; 

when K IQ.) The ^dependence o f A(k2) is not strong. Going from fc-= 0 to 

kl  = -1.0 GeV2 only increases A(kr) by 22 percent. (We have A(k2) = 293 MeV when 

A:- = -1 GeV2-)
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2.4. The Vertex Function of the Confining Interaction

We now consider a vertex function that sums a "ladder" o f confining interactions. 

The equation for the pseudoscalar vertex is then obtained from the evaluation o f the 

diagrams o f Fig. 2.3 [Ce95a, Ce95b]

F lp(q,k) = W  + E  * \ —  VC(k-k')Oj{Y)S{k' + q/2)Flp(q,k')S(k'-q/2)Oj(2) .
Jxl (2x) (2.4.1)

We define A+(q, k’) = A((k' + q/2)1) and A.(q, k') =A{(k' -  q/2)1) and make use o f the

relation

*A ,ta , iny>s[e -4 i2  y5 c ’ 4 ' 2 )

= S{(k'*q/2) ■ ( f  -q /2 )-A .(q ,k ')A - lq ,  * ') ]7s •

We also define

NP(q,k') = k>2- q 2l 4 - A ¥(q,kr)A_{q,k') , (2-4.3)

so that, i f  we put

F^q.k)  -  ~f5ri Fp(ql k) , <2-4-4)

we see that the function Fp(q, k) satisfies the integral equation

Fp(q,k) -  1 ♦ , [  ^ C» ^ W ^ W q , „ )  (2A 5)
> Cx)4 D{(.k' ♦ «/2)2) D fe ' -q /2 )1)

In Eq. (2.4.5), we have used the definition D(p2) = p 2 ~A 2(p2)-

An entirely similar equation may be written for the scalar confining vertex, where

we put Fs(q ,k )= F siq ,k )L  Thus,
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I <2 r ) 4 0 ((*' M /2 )2) Dfct' - ?/2 )2)

with

W5(<?, * ')  = * ' 2 -  ?2/4 + A+(q, £ 'M -(4 , * ')  • (2-4*7)

Note the difference sign for the last term of Eqs. (2.4.3) and (2.4.7).

In the past, for q2> 0 ,  the equation for F^q, k) was solved by computing the 

k’Q integral in the complex k'Q plane [Ce95a, Ce95b]. There are two poles in the lower- 

half plane arising from the quark propagators. For one pole, the quark is on its positive 

mass shell. For the other pole, the antiquark is on its negative mass shell. [We have 

also neglected any poles that would arise i f  we admit energy transfer in v c(k -  k') • We 

continue to make that approximation for our calculations for timelike q \ q 2 >  0 ) *]

For the function FP(q2,q • k ,k 2), let us consider the case where the quark is on 

its mass positive shell, so that k° +q°/2 - E q(k  + "q)- The resulting function is a 

function o f only two variables. In the frame where ~q=0, we define

r ; v .  1 * 1) • F I (4 2 , 4 - i , t 2) |  _  (2.4.8)
1 <fc° 4-?°/2 =£,(*) *

Similarly, we consider the case where the antiquark is on its negative mass shell. In that 

case, we define

17 V , 1*  |) = Fs(q2, q - k , k 2) I _  (2.4.9)
*  -q  /2 =Eq(k)  *

These functions satisfy coupled equations o f the form
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p - 1 1

r ; v .  1* 1)
_r;*(«0, |T |)

= f } l -4 f  * * * v % - k ' )  
W J (2t)

q°-2Eq0 ?) 
1

q°+2Eq(k')
1

<Z°-2E/X) q°+2£?(X)_

r ; V
r;v

(2.4.10)

(2.4.11)

We see, however, from the last equation that

* r;*(«°,|T|) .

Discarding the superscripts, we have a single integral equation

r ^ o . i t i )  = y c ^ . ^ r , ( 9° , | ? | )  .
I (2t)3 (?V - [ 2 £ , ( f ) ] 2

(2.4.12)

In Fig. 2.4 we present values o f Ts(q°, | T |) for several values o f q° > 0 - It 

may be seen from the figure that r^ (^ ° , | T|) for large | T| is about 0 .6  to 0.7. Those 

values are related to a cutoff placed on the three momenta in the integral equation, 

A3 =0.702 GeV(| P  | £ A 3)- However, the integral equation does not need to be 

regulated, since the integrals converge as | X' | -* « •  I f  one puts a 3 equal to several 

GeV, the various Ts(q°, | X|) go rapidly to 1 with increasing |T | for all q° values 

considered here. We recall that it is the zeroes o f the confining vertex functions for 

k2n = (q°I2)2 -  mq that remove the qq cut in various vacuum polarization diagrams. 

Such cuts would appear for q1 > 4 m2 in the absence of a model for confinement [Ce95a, 

Ce95b]. The zeroes o f TP(q°, \ T |)  are indicated in Fig. 2.4 by small dots. For those 

curves without such dots, q° is too small (q° <  2mq) to lead to on-mass-shell quarks in 

the absence of confinement.

. 1* 1)

.1* 1)
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2.5. The Vertex Function for the Total Interaction and the Goldstone Boson of the 
Generalized NJL Model

In this Section we discuss a vertex function, FT(q, k), that includes the effects 

o f both the confining interaction and the (zero-range) NJL interaction. The integral 

equation for that quantity is depicted in Fig. 2.5. That integral equation reads, in the 

pion channel,

2

Fr (a. *) *  75 *  E  ' f  — VC(k-k ‘ )OjmS{ql7 + k’ yYiS(,-ql2+k’ )Oj(2)FT(q, k') 
j . l  > (2 t )

' I ' l t / G s f  ^ - T r [ S ( q l2  * k ' ) y sS(-q/2 +k’ )q5f T(.q,k') .

<2t) (2.5.1)

In the last equation, we have already factored out the isospin matrix that appears in the

driving term, 7jT». We then define FT(q, k) =y5FT(q, k) where FT(q, k) is a scalar

function. We have

r  { m -  , . r f d4kr [*Np(q,k ')Vc ( k - k ' ) - n cnf GsM(q,k ')}FT(q ,k ')

(2.5.2)

where we have put D i.{q ,k ’ ) = D((q/2 +k ')2) and D_(q,k ') =  D{(q/2 -  k ')1). Note 

that Np(q, k) was given previously in Eq. (2.4.3) Here, we have also defined

M{q,k) = 4 2 - - k 2 +A+(q,k)A_(q,k)
4

(2.5.3)

We now consider the lim it q-*Q. We have D +(0, k) = D_(0, k) = D(kz) , 

Mp(Q, k) = D(k2) , and M(0, k) -  -4D(k2) ♦ Therefore,
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16

4)

I f  there is a boundstate at zero energy, the homogeneous version o f Eq. (2.S.4) 

w ill have a solution. Thus, we consider

Fr <0,*) .  I .,• [ _g* L [8 -*' > + 45 ”/ .GJF r  (0, * ')  . <2 -5.5)
r  J (2x )4 D(A:'2) r

However, the gap equation, was

v n . i t  ‘ t v b VC* - n * * K- ' r a L i r >  (2.5.6)
J (2 x )4 D{kn )

Thus, we see that Fr (0 , k) is proportional to A(k2) and we have a zero-mass state. The

pion is the Goldstone boson, as expected.

It is sometimes useful to define the wave function

W  - nF r W (« a 5 - 7 )

where n is a normalization factor.

We have

[ t 1 = i f  ^ K . [ s v c(k -k ')  +4n,nf Gs]l,r (kn) (2.5.8)
1 (2t )
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2.6. Calculation o f Polarization Diagrams

In the original NJL model, the quark loop integrals for the scalar-isoscalar and 

pseudoscalar-isovector channels are [Vo91]

- U s(q2) = ( - l ) i 2nf n jJ ^ L T r [S ( k * q /2 ) S ( k -q /2 ) ]  , C.6.1)
I (2t )

and

‘ ( - l ) i 2nf nc j J p L T r [ y sS(k + ql2)y5S(k-q/2)] . (2.6.2)

Here S(k) = [k  -m q + ie]~l , etc. For the generalized model, we have

= ( - l ) i \ n c \ J \ F s(q,k)Tr[S(k + q/2)S(k-q/2)] (2-6.3)
1 J (2 t )

where, now, £ (* )= [£  - /t( fc2) + /e]~l , etc. Also,

=  ( - l ) / 2 n c n / | - 0 F / > ( ( 7 , A : ) r r [ 7 5 S ( A : ^ / 2 ) 7 5 ^ - 9 / 2 ) ]  X 2 * 6 * 4 )

These simple forms arise in the V-A model o f confinement considered here. For q2 <Q, 

the evaluation may be made by going over to a Euclidean momentum space.
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2.7. Discussion

Work that has some relation to ours was carried out by Gross and Milana 

[Gr91,Gr92]. These authors obtained coupled equations for meson wave functions, in 

the presence of a confining interaction, by performing integrals in the complex fc' plane 

and picking up the poles o f the quark propagators, as was done in our work when q- was 

timelike. However, the formalism used in [Gr91] does not yield a zero-mass pion unless 

the confining potential satisfies a constraint. (The constraint used is a relativistic 

generalization of the relation v c(r) = 0 * for r  = 0 -)

The appropriate Lorentz transformation properties o f the confinement interaction 

is a matter o f some uncertainty. Scalar confinement has been popular, since it provides 

a good representation o f spin-orbit effects in heavy quark systems. However, a number 

o f authors have suggested that better results may be obtained with vector confinement. 

In particular, Munz [Mu96] has noted that the Salpeter equation used for the study of 

meson structure is unstable for scalar confinement [Pa95], while vector confinement 

works well. Studies o f Swanson and Isgur [Sw97] and o f Adam Szczepaniak [Sz97] also 

suggest the importance o f vector confinement. Further, Resag and Munz have used 

vector confinement and have only kept the term involving yQ [Re95]. In addition, Munz 

has used equal amounts o f scalar and vector confinement, again keeping only the yQ term 

o f the vector-confinement interaction [Mu96].

In the work reported here, we have shown that the V-A form o f the confining 

interaction yields simple equations for the quark self-energy and for the pseudoscalar 

vertex function. Thus, we could carry out our analysis without solving coupled,
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nonlinear equations for Aik1) and B(k2) • We could also deal with a single scalar 

function Fp(q,k) . rather than with four such functions that characterize the pseudoscalar 

vertex in the general case. On the other hand, we do not recommend the V-A form for 

the study o f meson spectra. We believe that vector confinement provides a more 

satisfactory model and also allows us to write a Lagrangian with chiral symmetry. We 

w ill consider vector confinement in the following. The equations that w ill be studied are 

more complicated than those considered in the present section. We anticipate that, for 

vector confinement, we w ill again need to increase the value o f Gs to compensate for the 

confining interaction and that modifications o f the size found in this work w ill be found 

for the quark self-energy and polarization diagrams. Results o f some calculations for the 

case o f vector confinement are reported in the Appendix.

In this Section we have shown that one may write a Lagrangian that has chiral 

symmetry when we include a model o f confinement. However, our wor has a number 

o f limitatios and further work is required. For example, our analysis has made in a 

Euclidean momentum space. We would like to have results for timelike values of the 

momentum as well. One might attempt to continue the results for spacelike momenta into 

the timelike region, but we do not believe that the accuracy o f such a procedure is known 

and we do not adopt that approach. On the other hand, we have made a large number of 

calculations in Minkowsi space for timelike values o f the momenta [Ce95a, Ce95b]. We 

have used an approach similar to that o f Gross and Milana [Gr91,Gr92] in that we have 

only considered the singularities o f the quark propagators, when completing integrals in 

the complex k'Q plane. That is a correct procedure, i f  the confining potential has no

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



20

singularities in the plane. Therefore, we have neglected energy transfer when using the 

confining interaction in Minkowsi-space calculations. Thus, we see that our Euclidean- 

space calculations reported here are not entirely consistent with our Minkowski-space 

calculations reported upon elsewhere [Ce95a, Ce95b], We hope to study this problem in 

the future. While the Lorentz structure o f the confining interaction may be considered 

an open question, we have shown that confining interactions that preserve chiral 

symmetry may be used tor various studies. Such potentials are to be preferred, since they 

are consistent with the properties that a good effective interaction for low-energy QCD 

should have. Their use is essential, if  we are to study the effects o f confinement in the 

case o f the pseudoscalar octet (Goldstone Bosons).
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2.8. Appendix: Self-energy for Lorentz-Vector Confinement

In this Appendix, we wish to study the self-energy, £(£) = B(k2)k + A(k2) . and the 

vertex function, FT(q , k) » for pure vector confinement. In this case we find the coupled 

nonlinear equations

The pseudoscalar vertex function is more complicated than in the V-A model, since there 

are now four scalar functions o f three variables to be calculated. We may write, in the 

general case,

k) = 7 s[at(fc, q) + kaJik, q) + 4a^k, q) + # a 4(fc, <?)] , (2.8.3)

with at(k,q) =at(k2,k -q ,q2), etc. However, FT(q,k) is simpler, i f  we consider the 

case q =o:

FT(0,k)  = . (2'8'4)

where ax(k2) = ^ (0 ,* ) ,  etc.

The vertex function for the total interaction satisfies the equation

(2.8.1)

and

k2B{k2) = - / j d'k' 2{k-k') [ I  - B(k,2)\ Vc(k -  k ' ) (2.8.2)
(2x)4 r - [ l  -B (k ' ) f  - A \ k '2)
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We now make use o f Eq. (2.8.4) and find that

J (2ir)4 k,2[ l - B ( k ' 2) f - A 2(k'2)

and

kra^kr)  = - i j d*k' 2 ( i W C * - * ' ) « , ( * * ) (2.8.7)

Now, let us ask if  Eq. (2.8.5) has a homogeneous solution. We write Eq. (2.8.6), with 

the "driving term" removed, as

Now consider Eq. (2.8.7) and (2.8.8). We see that comparison to Eq. (2.8.1) shows that 

a^kr) -  A ik 1)- Further, we may put a2(k2) = 0. since Eq. (2.8.7) is homogeneous. 

Thus, in the chiral lim it, the vertex for q=Q is /^ (0 ,£ ) =yJ7x7 rr (£2), whereFr (£2) 

is proportional to A ik 1) • Since there is no driving term, FTik 2) is related to the pion 

wave function

where rj is a normalization constant. [Recall Eq. (2.4.7).] We remark that
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{**[1  -B (k 2) f - A 2(k2) U T(k2) = z j [ w c( k - k ' )  + ̂ ncnf G ^ r (k'2)

(2.8.10)

in the case o f vector confinement. Results for A(k?) and B(k2) calculated with vector 

confinement are shown in Fig. 2.6.
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III. Calculation o f the Properties o f the Sigma Meson in a with 

Lorentz-Vector Confinement

3.1. Introduction

It is well known that the SU(2)-fIavor version o f the Nambu—Jona-Lasinio (NJL) 

model predicts a scalar-isoscalar meson with mass mz = (2m )2 + m2, where m is the(f v w ^

constiment quark mass [Vo9I, KI92, Ha94]. (We have usually used m = 260 MeV in 

our work, so that m = 540 MeV *) Since there is no low-mass sigma meson in the dataa

tables, it is o f interest to consider what happens to the low-mass state predicted by the 

NJL model as we introduce confinement and coupling to the two-pion continuum. In a 

recent work Tornqvist and Roos [To96], who use a unitary quark model, suggest Breit- 

Wigner parameters for the sigma o f m = 860 MeV and r  = 880 MeV • As we w illa <r

see, our results are generally consistent with the parameters found in Ref. [To96].

In this work we w ill use the NJL model, generalized to include a model of 

confinement. We w ill use Lorentz-vector confinement, rather than the Lorentz-scalar 

confinement usually used, since the use o f vector confinement allows us to maintain the 

chiral symmetry o f the Lagrangian. (That feature is particularly important, i f  we wish 

to study the pseudoscalar octet o f Goldstone bosons, for example.) We have performed 

two types o f calculations. In Section II we carried out our calculations in a Euclidean 

momentum space and were able to do a fully covariant calculation in which we allowed 

energy transfer via the confining interaction. That work was limited to spacelike values 

of the momentum, q2 <  0* On the other hand, when we have considered timelike 

excitations (q2 >  0 )- we have neglected energy transfer by the confining interaction.
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Our method o f calculation for timelike q2 is similar to that used by Gross and Milana 

[Gr91, Gr92] who assume that the only important singularities to be taken into account 

when completing integrals over loop four-momenta, fc*, are those associated with the 

quark propagators. (A review o f our formalism for the case o f Lorentz-scalar 

confinement may be found in Ref. [Ce95a].) In the work reported in this Section, we 

w ill be concerned with the timelike region and w ill neglect energy transfer by the 

confining interaction. That avoids the necessity o f considering singularities associated 

with that interaction when performing loop integrals.

We w ill begin our discussion by describing the covariant formalism, which may 

be used in Euclidean-space calculations. We w ill then go on to neglect energy transfer. 

In that approximation, we w ill provide results for vertex functions o f the confining 

interaction using the formalism presented in Ref. [Ce95a].

The Lagrangian o f our model was given in Eq. (2.2.1). Here, we choose

= j ^ ) y l‘ <l(x)Vc(x-y)q(y)y iiq(y) , (3.1.1)

where Vc(r) = *rexp[ - f i r ] . Since our calculations are made in momentum space, we 

include a small parameter, ^  = 0.030 GeV, to soften the singularities o f the Fourier 

transform o f Vc(r) • We include the factor 1/4 in Eq. (3.1.1) so that the value o f ic we 

quote can be directly compared to the value o f jc used in the case o f Lorentz-scalar 

confinement, K =  0.20 GeV2-

The organization o f our work is as follows. In Section 3.2 we define a vertex 

function that serves to sum a "ladder” o f confining interactions. This vertex, when 

inserted into the quark-antiquark (polarization) loop diagrams, removes the unphysical
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unitary cut, so that the loop integral is real. In Section 3.3 we describe the calculation 

o f polarization diagrams and provide a value for the mass o f the sigma in the presence 

o f confinement. In Section 3.4 we study the coupling o f the sigma to states o f two pions 

and in Section 3.5 we show how we may calculate the contribution to the sigma self­

energy due to the coupling to the two-pion continuum. (Again, confinement plays an 

important role in removing unphysical qq cuts in the sigma self-energy.) In Section 3.5 

we calculate the imaginary part o f the self-energy due to coupling to the two-pion states 

and go on to calculate the real part using a once-subtracted dispersion relation. (Note 

that, while the polarization diagrams are o f order nc, the self-energy diagrams considered 

in Section 3.5 are o f order I in the standard counting o f color factors.) In Section 3.6, 

we study the quark-quark T matrix for scalar-isoscalar t-channel exchange and show that 

the coupling to the two-pion continuum is so large as to leave only slight evidence o f the 

presence o f the sigma. Section 3.7 contains further discussion and some conclusions.
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3.2. Vertex Functions for Lorentz-Vector Confinement

We have considered (Lorentz) scalar confinement in our earlier work 

[Ce95a, Ce93a, Ce93c]. However, we have shown that, i f  one uses Lorentz-vector 

confinement, one may maintain the chiral symmetry o f the Lagrangian, if  the current 

quark mass, mq, is zero. Therefore, we w ill continue our use o f Lorentz-vector 

confinement in this work. In this section we w ill consider a scalar-isoscalar vertex 

function. (We use the notation S(p) = {J -  mq + te] ' 1 for the quark propagator, w ith ^  

being the constituent quark mass.)

With reference to Fig. 3. la, we define a vertex that satisfies the (inhomogeneous) 

equation

f  ,(«,*) = 1 * i \ - ^ - Y S ( q l 2 * k ' ) f s{q,k’)S i -qn*k ' )y t Vc(k -k ' ) / *  ,
J (2x)

(3.2.1)

where, in the covariant formalism,

Vc(k -k ')  = - 8x/c (3.2.2)

[( * - * - )> v r .

In the figure, the filled triangular area is the vertex f s(q,k) • In general, one may write 

Fs(q,k) = at (q2, q-k , k1) +ka2(qz, q-k, k2) +4a3(q2, q ‘k, k1) + 2 i a ^ k ' a 4(q,q 'k , k2)

(3.2.3)

Here ^  =klt -  (k-q) q^q2 • [In some cases, we w ill insert a bar over quantities that have 

Dirac matrix indices; for example, we wrote f s(^, k) in Eqs. (3.2.1) and (3.2.3).] We 

w ill not need to consider the general case given in Eq. (3.2.3), since the functions we
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calculate w ill not depend upon the variable q-k- (That feature has its origin in our 

neglect o f energy-transfer dependence in the confining interaction.)

When we perform loop integrals in Minkowski space we w ill first integrate over 

the timelike component, k'Q- In the complex k'Q plane we encounter poles due to the 

quarks, or antiquarks, going on mass shell. (The contour is usually chosen so that we 

have poles due to the quarks going on their positive mass shell, while the antiquarks go 

on their negative mass shell, when we evaluate polarization diagrams.) In Figs. 3. Ic and 

3. Id we indicate the nature o f the calculation in which the quark is on mass shell. In this 

case, the relevant vertex w ill be denoted as i y  (<?,k) and, for "^=0 , we w ill write 

Fy~(q°, | T | ) • Other vertex functions that appear in our analysis w ill be denoted as 

i y ,  i y  and i y  • We may relate these functions to Ts(q, k) by the following 

procedure. We first define the standard Dirac projection operators

(3.2.4)

with £» = [£ (£ ), * ] ,  and

(3.2.5)

with p  = [ -  E( k ) , T ] • Thus, we now define

A<*> (I )  r sA(^ ( I )  = i y  (q, k) Aw ( I )  Aw (k )  , (3.2.6)

« r r (« .* )A M (* )  , (3.2.7)

A(-> ( - * ) r sA(->(-£) = Vs~(q,k)A.(~)( - k )  , (3.2.8)
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a (*» Oc) r 5A(-* ( -T ) = r r (?, a (<,) ( I ) a (-> ( -T )  , (3.2.9)

and

Usually, we w ill work in the frame where ^ = 0 , so that the various functions we have 

defined w ill depend upon q° and | X | • In Sections 3.3 and 3.4, we w ill see how these 

functions arise naturally in our Minkowski-space calculations o f loop integrals. As we 

w ill see, the set o f r ’s w ill be linearly related to the functions and aA- We

may write equations for either set o f functions by using standard projection operator and 

trace techniques, starting with Eq. (3.2.1). We first present the results for the functions 

defined in Eq. (3.2.3). For vector confinement, we find that a4 =0 and that

ax{q, -k )  = ax(q,k) (3.2.11)

(3.2.12)

a^iq, - k) = &,(q,k) (3.2.13)

= a,(qz, (k-q)2,k 2) , (3.2.14)

and

a^iq, -k )  = -^ (tf.fc ) (3.2.15)

= ( k ' q ) ^ 2, (k-q)2,k 2) . (3.2.16)

Now, i f  v c(k) is independent o f *°, we also have ^  =0-
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We now neglect energy transfer and find the following equations are obtained for 

the two remaining functions. Integrating over fc'Q, and writing E(k) = [k2 + m2]I/2, we 

have

a {q k) = I f k''dk' V° k̂ ' k' ^ aM '  *0  + m<,az(?»**)]
J (2*)J £ (t') [?;- (2 £ (* ') ) : ]

(3.2.17)

and

-£-(4mv)[<z, ($ ,* ')  +mqCLXq,k')]
a2(q, *) = -4 x  f £ -£ £ . v f (*. A:') J ------------ -----------------_

J (2 t) E(k')[q; ~(2E(k'jf\

_  (3.2.18)
In these equations £' = | fc' | and £ = | T | . and

i
Vf(fc,k ’) = 1  f dtP,(x) VC(P  +1 ' 2 -  2kk’x) /4 . (3.2.19)

-i

The functions ^  (q, k) and a2(q, k) are related to the functions r , " (q,k), T**(q,k), etc. 

We find that I7 (? ,£ ) =T '/(q ,k)  and r ? ( q t Q = r s'(q,k)> with

r s-(q, k) = ax (q, k) + m ^ J q , k) (3.2.20)

and

r = at (q ,k ) - J ia , (q ,k )  . (3.2.21)
%  *

These last two relations may be obtained by writing f s(<y, k) = at (q, k) + ka,(q, k) and

then using the definitions o f r ;* (? ,* ), T~s*(q,k), etc., given in Eqs. (3.2.6)-(3.2.10).

Using the equations for a^q, k) and ^ { q ,  k) given above, and Eqs. (3.2.20)-(3.2.2I),
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T*-(q°,k) = 1+ 4x1 kndk! - 8  k'~ 
(2 t)3 E{k') (q°Y ~{2E(k')f

2kk’

(3.2.22)

and

T” (q°,k) = 1 +4x j - 8  A: '2 

(2x)3 £ (*')

V0c( k , k ' ) - J L v f ( k , k ' )  
2k! T"(q°,k ')  .

(q°y ~(2E(k')f

(3.2.23)
(We recall that 1 7 (4 , £) = I7 (? , *) 21x1 IT(<7 , *) =T's'(q ,k ) , if  the ^  dependence of Vc(k) 

is ignored. Also note that Tl*(q,k) may be obtained from T l'(q ,k )  by using Eq.

(3.2.23).)

Values calculated for T l'(q ,  | T |)  are given in Fig. 3.2 for several values o f q°. 

Note that when both the quark and antiquark go on their (positive) mass shell, we have 

q° =2 [1q  + m \] ia and 17  (<7°, | ~k \) = 0 • This last relation may be used to show how 

our model o f confinement removes unitary cuts that would otherwise arise when the 

quark and antiquark both go on their positive mass shell.

In Fig. 3.3 we show values obtained for I7 (g ° , | T |) * The functions shown in 

Figs. 3.2 and 3 w ill be needed for the calculations described in the following sections.
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3.3. Polarization Diagrams and the Mass of the Sigma Meson

It is useful to determine the parameters for the sigma meson resonance by 

studying a quarlc-quark T matrix evaluated for t-channel scalar-isoscalar exchange 

processes. (The T matrix we study may be defined even i f  the quarks are confined.) I f  

we drop reference to Dirac matrices and isospin factors, the polarization diagrams may 

be summed to yield

y ? 2) = -
i  - G s y s ( r )

(3.3.1)

where

with Sip) = [p -  m [See Fig. 4.] When we include confinement, we define

1 - G r W )

where Js(qz) is defined in terms o f the confining vertex, r s(^, k),

‘W )  -  M ,T r f
! * *

r  s(q,k)S - i . k

[See Fig. 5.] As a next step, we use the relation

S(k) =
E(k)

A(*>(Ar) A<->(-*)

(3.3.3)

(3.3.4)

(3.3.5)
k ° -E (k )+ ie  k ° + E (k ) - ie  

in Eq. (3.3.4). [See Eqs. (3.2.4) and (3.2.5).] Therefore, i f  we work in the frame 

where ^ = 0 ,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



33

i ^ + A : 0 + £ ( * : ) - / e l  - 2 ° -  + k ° - E ( k )  + / e
2 7

(3.3.6)

where we have kept only the non-zero terms. The first term in Eq. (3.6) introduces 

r s-(q, k) and the second introduces T^(q,k)-  ^  we evaluate the integral in the lower 

part o f the complex k° plane, the first term in Eq. (3.3.6) leads to the quark being on 

its positive mass shell, q°/2 +k° =2T(X)» while the second term leads to the antiquark 

being on its negative mass shell, - q Q/2 +k° =£(X )* The singularity that would 

otherwise appear in the result when both the quark and the antiquark go on their positive 

mass shell is eliminated by the fact that Tl'(q ,k)  =0 at that point (whereq° = 2E(k) 

and k° =0).

In Fig. 3.6 we show the results o f calculations o f J^q2) and J^q2) for q2 >Q- 

We note that Js(q2) is complex for q2 >  4 m2, while Js{q2) is a real function.

We may determine the mass o f the sigma meson by solving the equation

ForEq. (3.3.7), we use GC = 7.9L GeV-2, m =260 MeV and a cutoff on the magnitudeS q

(3.3.7)

or the equation

(3.3.8)
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of X. | T | <  • The cutoff is chosen so that our Minkowski-space calculation yields

the same value

for Js(0) as a Euclidean space calculation o f that quantity made with a cutoff 

A£ = l.0 G e V - In that manner, we choose A3 =0.689 GeV- (Note that 

Js(0) = 0.088 GeV2*) The upper horizontal line in Fig. 3.6 corresponding to 

Gsl =(7.91 GeV-2) ' 1 yields a graphical solution o f Eq. (3.3.7) with ma=540 MeV- 

That value is just above the beginning o f the two-quark continuum at q- = {lm^2 •

Now, i f  we solve Eq. (3.3.8) rather than Eq. (3.3.7), we see that takes on a

larger value. For example, a graphical solution o f Eq. (3.3.8) appears in Fig. 3.6, 

where we now use the lower horizontal line corresponding to G* 1 =(8.516 GeV'2) '1- 

(The larger value o f Gs used at this point has its origin in our model o f confinement. 

I f  we write the quark self-energy as £(/>) = A(p2) +pB(p2) and calculate A(p2) and 

B(p2) for the NJL interaction plus the confining interaction, we find that A(p2) varies 

with p1, unlike the case o f the NJL interaction alone, where A(p2) is a constant. We 

also found that B(p2) is small. We then adjust Gs so that 4 (0 ) has the same value, 

that it had when there was no confining interaction. Since the confining interaction

behaves as a repulsive interaction, we have to increase G, to keep 4 (0 ) = m - with thes

result that Gs = 7.9 l GeV*2 is replaced by Gs = 8.516 GeV'2-) Returning to Fig. 3.6, 

we see that we have m 800 MeV, which is an increase o f about 260 MeV above thefT

value o f m = 540  MeV found in the absence o f confinement.<r

The quark-quark T matrix can be extended to include diagrams involving K^q2) • 

some o f which are shown in Fig. 3.4. In that case, we have
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^ (q 2) =  -------- =-------------------r , (3.3.9)
i - G s[ i s( ^ ) + 4 ( ^ j

Gs (3.3.10)
I -  G p / q 1) + Re k s(q-)\ -  tGsIm £s(?2)

In the next section we w ill describe the methods that are used to calculate Ks(q2) - 

The presence o f Re &s(q2) moves the sigma mass upward by a small amount. However, 

introduction of im Ks(q2) has a rather dramatic effect on the properties o f the sigma 

resonance.
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3.4. Coupling to the Two-Pion Continuum: Calculation o f the Amplitude q +7j~* *  + 

in the Scalar-Isoscalar Channel 

We w ill first concentrate on the calculation o f i m Ks(q2) • Once that calculation 

is completed, we w ill use a once-subtracted dispersion relation to calculate Refcs(q2). 

Basic to the calculation o f im  Ks(g2) is the evaluation o f the diagram shown in Fig. 3.7 

for the case o f on-mass-shell pions. There, we have (q/2 +k)2 = (ql2 - k ) 2 = m2> so that 

q • k = 0-

In the general case, we can define an amplitude

S-s(.q,<) > T r if  - ^ L \ s ( k - K ) y 5S{qn  . i t ) r Jfo ,* ).S (-?/2 . * ) y 5] .<3.4.1) 
1 (2t )

[See Fig. 3.7.] Now, i f  the pions are on-mass-shell, we may define

P'liQ1)  =  ^ s ( ^ 2 ,  q •  k =  0 ,  k2 =  m l - q 2/ 4 )  .  ( 3 - 4 - 2 )

[See Fig. 3.8.] We w ill also find it useful to introduce

FjOc2) = •S'-jlO.O,*2) . (3.4.3)

[See Fig. 3.8.] We w ill need values o f F2(k2) when we calculate Re Ks(0) • (The latter 

quantity w ill be needed when we form the once-subtracted dispersion relation.)

We now describe the procedure used to calculate ^ s(q, k) in Minkowski space. 

First, we use Eq. (3.3.5) to write each o f the three propagators in Eq. (3.4.1) in terms 

o f $(*) and j(~ ). That yields eight terms. We now note that, in each o f these terms, 

fs (« ,* ) «  «pl»“ d by T~s\ q , k ) ,  r's '(q ,k )  or r~s~(q,k), depending

upon the location o f the $<» and factors. (For example,
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S ^ iq /2  + k ) f s(q,k)Si~)(-q /2  +k) gives rise to a factor o f Ts~(q,k), etc.) Asanext 

step, we complete the integral over k° in the complex k° plane. The terms with three 

$(*) factors, or three factors, all have their poles in the same half-plane and, 

therefore, do not contribute to the integral. For the remaining six terms, we choose to 

complete the k° integral either in the upper-half or the lower-half k° plane, depending 

upon where there is only a single pole. The resulting six terms are depicted in Fig. 3.7. 

There, a cross on a line denotes a quark on its positive mass shell, while an open circle 

on a line denotes an antiquark on its negative mass shell. For each diagram in Fig. 3.7a, 

one has a factor o f T^~(q, k) and for the diagrams of Fig. 3.7b, one has a factor o f 

Ts*(q, k)', however, these two vertex functions are equal, i f  the interaction does not 

depend upon energy transfer. Similarly, diagrams of Fig. 3.7c give rise to a factor o f 

r * \ q ,  k), which is equal to the function rj~(<7, k) arising from the other diagram in 

Fig. 3.7c. The result o f these calculations is (for "q = 0)
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r " t o , k )

(qt+TEik))  C . ( e ( T )  . £ ( * - « ) )

I [ f 2(fc) + E (k )E (k  -  .) -  * - ^ [ r V ,  *) + r~(<)0,*:)]

2

(3.4.4)

where £ = | X | • From this function, we may obtain F{(q2) and F2(î )  as special cases.

In Fig. 3.9, we show the values we have found for F2(k2)* Values for#2 <  o  

are obtained by evaluating the relevant integral in Euclidean space, where we neglect the 

effects o f confinement. Values for ^  >  o  are obtained using the methods described in 

this section. I f  we choose a cutoff for the loop integrals evaluated for *2 > 0 to be 

| T| < A3f with a3 =0.816 GeV, we find that the value at k2 =0 for both calculations 

is the same. [See Fig. 3.9.] (Recall that for loop diagrams with two quark propagators, 

the appropriate value o f a 3 was found to be 0.689 GeV.) We note that confinement 

effects are small for </2 < 0 ,  so that for = ^ ( 0 , 0 ,  k2), these effects are 

relatively unimportant.
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3.5. The Sigma Self-Energy Including Coupling to the Two-Pion Continuum

Once we have ca lcu la ted  F ^ q 2), we may ca lcu la te  

Im Ks(q2) -  (1/2) Disc Ks(q2) , where the discontinuity is taken across the two-pion cut 

that starts at q2 = 4 We have

D iscK jfo2) = ^ / ^ ( - l )

x (-2T ii< *> [(9/2 -« )2 - m 2]) (3'5' 1)

x ( -2 T /a w [(« /2-«)2 -m J]) , 

where i^=  12 is an isospin factor, n f  = 9 is a color factor and s =  2 is a symmetry 

factor. Also, the superscript (+ ) on the delta functions denotes the fact that we choose 

only the part o f the delta function in which the pions are on their positive mass shell.

Now, when q=Q,

8toj( ic)

(3.5.2)

where « = [(q°l2)z - m * ] 112, « (* )  = [ < 2 + m ;]112 and q° =2w(<). Thus,

Im * ,( « 2) = i g*n  I j n l f a  («2)f |  _ i _  ] H q 1 -  4m,2) . (3.5.3)

Values o f lm £ s(q2). calculated using Eq. (3.5.3), are given in Fig. 3.10 for the case 

gxqq ~ 2*68 * That value for g was first obtained in Ref. [Na92]. (A simple estimate 

o f gvqq may be found by working in the chiral lim it, mq = 0> and evaluating
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Then, one may put g^ =ga - A more accurate value is found by using the relation

where Jp(q2) is the value o f the (polarization) loop integral in the pseudoscalar channel.

Once we have calculated im Ks(q2) , we can obtain Re Ks(q2) by means o f a once- 

subtracted dispersion relation

As a next step, we need to calculate KS(Q), which may be obtained in terms o f F,(ic) • 

We have

This integral may be completed by going over to a Euclidean momentum space. 

Using the values o f F ,0r) given in the last section, and again using g = 2.68. we find 

£s(0) = 0.0108 GeV1- Using that value in Eq. (3.5.3), we find the values of Re Ks(q*) 

shown in Fig. 3.11. (The sharp peak in that function is due to the rapid opening o f the 

two-pion channel at q2 = 4m;*)

(3.5.5)

(3.5.6)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



41

Note that, i f  we write

1 -
4m;

<T

i a

K0d(q2-4m l)  , (3.5.8)

with K0 a constant, we have an accurate approximation for We can then

complete the integrals in Eq. (3.5.6) with the result, for q2 > 4m;, where

R e ^ (?=) - ^ ( 0 ) , ^  [ 1 ^ ]  ]  , (3.5.9)

I -
4 ml

1/2

For Q< q2 <  4m '-, we have

I K
Re Ks(q2) = K S( 0) + — 1

T

4 ml
I1/2 tan'1

(3.5.10)

1/2
<?2

| q1 -  Ami 1

(3.5.11)
We now have enough informaton to calculate Js(q2) + Re fcs(q2) • That quantity 

is shown in Fig. 3.12.
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3.6. Calculation o f the Quark-Quarlc Scattering Amplitude for t-Channel 

Scalar-Isoscalar Exchange 

Since we now have values o f Js( jf)  + RsK ^q2) and Im Ks(q2) , we are able to 

obtain tqq(q2) that was defined in Eqs. (3.3.9)-(3.3.10). In Fig. 3.13 we showRe tqq(q2) 

as a solid line and im tqq(q2) as a dotted line. Note that Re t (q1) has a zero at q2 =m;, 

corresponding to the equation

G;' -  [^(m .2) * Re «s(ra;)] = 0 . (3-6-l >

The very large negative value for q- s= 4ml seen for Re t (q*) has its origin in the 

opening o f the two-pion channel at that energy.

In Fig. 3.14 we show values o f j tqq(q2) |2 • Again, the large peak in that quantity 

reflects the opening o f the two-pion channel at q- =4mK It may be seen that there is 

little evidence for the presence o f a resonance centered around q- = ml due to the strong 

coupling to the two-pion continuum. To investigate this point further, we show 

I fw(?2) I2 'n ^'2- usin8 211 expanded scale. One may note a small enhancement 

centered around q- -  0.67 GeV2 that could be interpreted as a residual effect due to the 

presence o f the sigma resonance.
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3.7. Discussion

In a previous work we have studied the quark-quark T matrix, tqq(qz) , for

spacelike values o f q-. In the present work we have extended our considerations to 

study tqq(ql) in the timelike region. For q--< o , and for -q-  not too large, the 

approximation

2
= - J 2 -  (3.7.1)

q - - K

was found to be quite accurate, if  m = 540  MeV and «? = 3.05. In the present work,

we may find g~ by writing

where ma = 0.540 GeV • For the parameters developed here, Js(Q) =0.0708 GeV2 

Ks(0) =0.0108 GeV2 , and Gs = 8.516 GeV'2, we find = 2 .8 6 , if  ma = 0.540 GeV- 

Thus’ fw(0) = - g l j m ;  = -28.0 GeV'2. [See Fig. 3.13.]

Equation (3.7.1) is useful in the spacelike domain if  -q 2<  0.25 GeV2- For an 

accurate representation beyond that region, one may write

(Equation (3.7.3) may be used to define gaqq(q2) ) No® that, although Eq. (3.7.1) 

represents the T matrix for a limited region o f spacelike values o f q1, there is no low- 

mass scalar-isoscalar state in the timelike region. However, for calculation o f the NN 

force, or for the study o f nuclear matter, the momenta o f the exchanged mesons are

(3.7.2)

(3.7.3)
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spacelike. Therefore, we may conclude that, i f  one restricts oneself to the description 

o f mesons with spacelike momenta, the introduction o f a sigma "meson” with 

ma = S40 MeV is quite a good approximation. We have also seen that the use o f a low- 

mass sigma for spacelike q2 is not in contradiction to the fact that such a meson has not 

been seen. Also, in the present study, we have found little direct evidence for a more 

massive resonance in the timelike region because of the very strong coupling to the two- 

pion continuum o f the scalar-isoscalar state. On the other hand, the zero o f the real pan 

of the T matrix, found using Eq. (3.6.1), does define a mass that the sigma would have, 

if  Im Kfiq2) were neglected. We have also seen that there is a large peak in | tqq(q2) \ 

at q1 -  4m l- We do not know whether such an effect could be observed in some 

experiment. However, we again note that the T matrix for spacelike q2 is not influenced 

by the peak at q2 -  4mi* For nuclear physics problems that are o f interest to us, the 

mesons exchanged between nucleons (or between quarks) are spacelike, with Eq. (3.7.1) 

providing an accurate representation o f the dynamics.
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IV. Singlet-Octet Mixing o f Scalar Mesons

4.1. Introduction

In the last section we studied the properties o f the a meson in a generalized 

Natnbu—Jona-Lasinio (NJL) model with SU(2) flavor symmetry. In this work we wish 

to extend our considerations to a NJL model with SU(3) flavor symmetry and with the 

’t Hooft interaction added. Important theoretical developments and various applications 

of that model may be found in Refs. [Be88, Ha87,K190,Vo90,Ta97,Re96], while useful 

reviews appear in Refs. [Vo9I,K192,Ha94]. Our motivation in studying the SU(3)-flavor 

version o f the NJL model has its origin in some o f our earlier work using the SU(2) 

version o f that model [Sh97], There we found that the quark-quark T matrix that 

describes scalar-isoscalar exchange could be well approximated by the exchange o f an 

effective sigma meson o f mass o f about 500 MeV, if  q2 was small and spacelike. That 

result allowed us to understand some aspects o f the one-boson-exchange model o f the 

nucleon-nucleon interaction [Ma89] in the case of scalar-isoscalar exchange. (Since we 

had used constituent quark masses o f about 260 MeV in our earlier work, our result 

might not be all that surprising.) It is o f interest to see i f  our result for the mass o f the 

effective a is maintained if  we use larger constituent quark masses and the SU(3)-flavor 

version o f the NJL model. Thus, we are here more interested in the behavior o f the 

quark-quark T matrix for small q2 than in the spectroscopy in the region o f I GeV, 

where the physical a meson is to be found.

In a previous work dealing with the octet o f pseudoscalar mesons and the we 

studied r f  -ij® mixing which gives rise to the physical states i\ and t j \  When we
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consider scalar mesons, the analogous problem is the mixing o f <j° (singlet) wither3 

(octet) states to yield the physical states which we denote as ^ , <r,, . . .  . Here, <rt has 

the lowest energy and is predominantly the o°(lP). It is found that the next state, ff,, 

is rather strongly mixed. Note that in the case of r f  -  rjs mixing, it is the r\' that is 

predominantly the singlet state. These features are characteristic o f the 't Hooft 

interaction [Dm96].

The use o f the SU(3)-flavor NJL model and the’t Hooft interaction to study the 

scalar octet and the scalar singlet has been described in Ref. [Dm96], where an extensive 

discussion o f the experimental data for scalar meson spectroscopy is presented. In Ref. 

[Dm96], the states considered have energies equal to or greater than 1 GeV, so that one 

may question the use o f the NJL model (without confinement) to describe the scalar 

mesons. This problem is avoided in Ref. [Dm96], since the energies o f the scalar states 

are calculated using a bosonization procedure. That procedure is essentially a low-energy 

(or low-momentum) expansion. Therefore, in such an expansion one stays below the 

unitarity cuts whose thresholds are given in terms o f the constituent quark masses. These 

thresholds are at q2 = (2mu)2, q1 = (mu + ms)2, and q2 = (2ms)2 in a model without 

confinement. One advantage o f the methods we use in our work is that we can obtain 

both the energy and the width o f the various mesonic states, since we are able to 

implement our program at fairly large values o f q2 (with q2 >  o ) .

A useful approach to the problem o f meson mixing is to study a quark-quark T 

matrix. When calculating the T matrix, one sums various t-channel exchange diagrams. 

I f  the T matrix is real, a single mixing angle appears in the formalism when we use a
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orthogonal transformation to bring the T matrix to diagonal form. (A. more elaborate 

parametrization is needed when T is complex.) The relevant equations describing singlet- 

octet mixing appear in the literature [Be88,H u87,Vo90,Ta97,Re96]. in this work we 

exhibit these equations modified to include a model o f confinement and coupling to the 

two-pion contiuum.

The organization o f our work is as follows. In Section 4.2 we describe some 

characteristics o f our generalized NJL model and describe how we implement our model 

of confinement. In Section 4.3 we discuss the calculation o f vacuum polarization 

diagrams that involve a quark and an antiquark. In Section 4.4 we describe the 

formalism used in the calculation o f a0 -  a* mixing. In Section 4.5 we describe the 

important role played by the coupling o f qq states to the two-pion continuum. 

Numerical results are presented in Sections 4.6. In Section 4.7 we describe the 

dynamical origin o f a low-mass (effective) a meson for nuclear physics studies. The 

exchange o f this effective meson is shown to provide a good representation o f the quark- 

quark T matrix, i f  the exchanged momentum is spacelike (q2 <  0) * Finally, Section 4.8 

contains some further discussion and some conclusions.

4.2. Model o f Confinement

In this section we introduce various vacuum polarization integrals that are an 

essential feature o f the NJL model [Vo9I,KI92,Ha94]. We w ill then show how the 

introduction o f a model o f confinement removes unphysical qq cuts from the various 

loop integrals studied. In Section 4.5 we w ill also discuss the coupling o f the qq states
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to the two-pion continuum. (It is this feature that gives rise to the large widths obtained 

for the scalar states in some cases.)

In the last section we have studied the SU(2)-flavor version o f the NJL model. 

In this section we consider the SU(3)-flavor version o f the model, supplemented by the 

’t Hooft interaction. The Lagrangian we consider is

- - ^ { det[? d  + det[£(l - 75 ) 9 ] }  + “ ^ c o a f  »

where the \ '( /  = 1 5. . .  8) are the Gell-Mann matrices in flavor space and \°  = (2/3)1/21, 

with 1 being the unit matrix. In Eq. (4.2.1), m° denotes a quark mass matrix with 

diagonal elements, Here, we take 5.5 MeV and

ms = 132 MeV. which are the values used in Ref. [Vo91]. Further,

^Snf *  jd*yqQc)yltqQc)Vc Qc-y)q(y)yltq(y) . (4’2,2)

This represents a Lorentz-vector confinement model [Ce97a], For calculations made in 

Minkowski momentum space, we neglect any dependence o f y c  on energy transfer. 

That is, v c (x - y) contains a delta function that serves to equate the times associated 

with points x  and y in Eq. (4.2.2). We use Vc(r) -  xrexp (-/*/*) where k is the "string 

tension” and is a small parameter used to soften the singularities o f the Fourier 

transform o f Vc (r) * The Fourier transform of Vc (r) was given previously as 

We have used ft =  0.020 GeV, and for the Lorentz-vector confinement model o f Eq. 

(3.2.2), we use k =  0.20/4 GeV2. We write k in that manner, since k for Lorentz-vector
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(4.2.3)
[ ( k - k 1)1 *  n2f  [(T  -  k')2 + n2f  _ 

confinement is about one-fourth o f the equivalent parameter for scalar confinement. We 

make reference to the scalar confinement parameter, since it is a more commonly 

specified quantity.

Another confinement model is the V-A model that we have used in some o f our 

earlier in Section II. In that model

^conf(*) = |  d4y (x) y^q (x) V c (x -y)q(y)y^q (y) -q(!x)ylly5q(x)Vc (x -y)q(y)yflysq(y)]

(4.2.4)

For the V-A model, we put k =  0.20/8 GeV2, again making reference to the scalar 

confinement parameter, k =  0.20 GeV2.

Since we do not study strange mesons in this work, we may lim it ourselves to the 

case where the flavor o f the quark and antiquark at the vertex is the same. The V-A 

model leads to a particularly simple result, f s(q, k) = lTs(q,k), where I  denotes the 

unit matrix in flavor space and in the space o f Dirac matrices, and where Ts(q, k) is a 

scalar function [Ce97b]. This scalar function has a very important property. It is equal 

to zero when the quark and the antiquark both go on their positive mass shells. It is that 

feature that eliminates unphysical qq cuts from the various functions that arise upon 

performing loop integrals.

The situation in the case o f Lorentz-vector confinement is more complicated since 

r s(q, k) then contains several terms having different Dirac matrix structure. In that case 

it  is useful to introduce the projection operators
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A(♦)(£) = t (4.2.5)
2m

with Af = [£ (T ),T ] and

A‘->( - I )  = , (4.2.6)
2m

with F  = [-£ (T ),T ]>  Here £(X ) = [P + m 2] l/2- In this case, we may define 

functions, T '9{q,k), T '- {q ,k ).  etc.:

,  I 4 - 2 * 7 )

A ^ c - T jr ^ . ^ A ^ f - T )  = r-*(^,/fc)A (->(-T)A(*>(T) , (4-2-8)

Aw (T ) r ,( * ,* )A (*>(T) = r * ( f l, iD A w (T) , (4-2-9)

and

A(-)( - I ) f s(q,k)Ai-)( - k ) = T - ' ( q t k)Al-)(- 'k) . (4.2.10)

In the next section we discuss the use o f these functions in the calculation o f qq vacuum- 

polarization diagrams that are needed in our work.

4.3. Vacuum-Polarization Integrals

The basic integral for a quark and antiquark o f a single flavor is obtained from 

the evaluation o f the
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where S(p) = [ j i - m +  ze]_l is the quark propagator and m is the constituent quark mass. 

The introduction o f confinement proceeds via the definition

where Ts(q,k) is represented by the filled triangular area in Fig. 3.4. In the calculation 

of J(q2) it is useful to introduce the representation

where m denotes the constituent quark mass. We proceed by evaluating the integral in 

the lower half o f the complex k° plane. There are two contributions in which either the 

quark goes on its positive mass shell or the antiquark goes on its negative mass shell 

[Gr91,Gr92]. Thus, when r*~(q, k) appears in the final result, it  has the quark on its 

positive mass shell and we write r+'(q°, | T|) for this function in the frame where

-i/(< 72) = nc Tr [ J * L s ( q n  f k ) r s(q ,k )S ( -q /s *k )  , (4.3.2)
J (2t )4

E (k ) k° -E (k )+ ie  k° +E (k )  -  ie
(4.3.3)

and work in the frame where q = 0 • Thus,

J (2x)4 E (k ) [q° f2 +A:0 -E {k )  +■ fe ][-q °/2  +k° *E (k )  - fc]

[q ° /2 + k ° + E (k ) - ie ] [ - q ° /2 + k ° -E (h ) + ie ]  J ’ (4.3.4)
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q = Q. On the other hand, r~ *(q° , | T [ ) has the antiquark on its negative mass shell 

in the final result. When we neglected energy transfer in the confining interaction, we 

found that | k \ ) = r~*(<7°, |T |)  and r~(?0, |T|) =r"(^°, |T|) for the

case of vector confinement [Ce97a]. In Figs. 3.2 and 3.3 we show values obtained for 

T*~(q°, | T | ) and T**(q°, | X |) in Section IE, where we used a smaller constituent 

quark mass for the up and down quarks than that used here. (Here we use

mu =md = 364 MeV and ms = 522 MeV0

In the evaluation o f the various functions J(q2), we require a cutoff for the 

integral over X- We choose | X | <  A3, where a3 is chosen such that the values for the 

condensates are the same as those presented in Ref. [Vo91]. There, a Euclidean 

momentum space cutoff o f a£ -  0.90 GeV was used. We found that we should put

A3 = 0.622 GeV on the basis o f this procedure.

It is important to understand that there are solutions o f equation forf s(q,k) 

when we drop the driving term. The solutions o f the resulting (homogeneous) equation 

are just the vertex functions o f the bound states in the confining potential. Since such 

states are present, Vs(q,k) w ill have poles at q2 = M f  where the are the mass 

parameters for the bound states in the confining field. Therefore, J(q2) w ill also have 

poles at q2 = \ f f -

4.4. Coupled Channel Dynamics for j°  -  Mixing

Here we study the quark-quark T matrix that describes scalar-isoscalar exchange.

We generalize the equations presented in Refs. [Be88,Ha87,K190,Vo90,Ta97,Re96] to

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



53

include confinement and coupling to the two-pion continuum. It is useful to define 

effective coupling constants

^oo = 2 ( ^ s ~ ^ D coo) » (4.4.1)

= i( C s -C 0 c „ )  , (4.4.2)

G08 = -  2 ^D cQi > (4.4.3)

where

c00 = - | ( 2 < u u >  + < ? s > )  , (4.4.4)

c88 = 1 (4 < u u >  -  < l s > )  , (4.4.5)

and

c08 = J L (< H u >  - < J s > )  . (4.4.6)

[See Fig. 4.1.] In this work we do not introduce any new parameters. The parameter 

values are taken from [Ce97a] and, except for Gs, they are the 

s a m e  as t h o s e  g i v e n  i n  R e f .  [ V o 9 I ] .  W e  h a v e  

Gs =21.53GeV-2, GD = -239.1 GeV*5, < u u >  = < d d >  = -(0.248GeV)3 = -0.01525GeV3 

and < s s >  -  -(0.258 GeV)3 = -0.01717 GeV3- Recall that we also use 

mu =md =5-5 MeV, m° = 132 MeV, mu =md = 364 MeV and ms = 522 MeV*
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It is useful to introduce a set o f functions defined in terms o f the functions defined 

previously,

(4.4.7)

and

■W «2) * W * ( 4 2W ,, ( r > - 2 . / , ( 9 2))

We then define the matrices

G =
Goo G08

Go\ r s88

and

H q 1) -
Jqo (q2) J0 i {q2) 

(q2) J n (q 2)

(4.4.9)

(4.4.10)

(4.4.11)

In the next section we w ill introduce a set o f functions that describe the coupling 

o f the qq states to the two-pion continuum. Making use o f the functions defined there, 

we introduce the matrix

£(«2) =
*oo(?2) Kbs(42) 

*oa(42) * 88(42)

(4.4.12)

as well as the matrix
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j ( q 2) = j ( q 2)+ K (q 2) . (4.4.13)

Note that k (q 2) =ReK(q2) +HmK(q2), with ImK(q2) equal to zero when q2 < A m ^  

The T matrix, exclusive o f Dirac matrices and flavor matrices, then satisfies the 

matrix equation

T(q2) = -G  + GJ(q2) T(q2) , (4.4.14)

or

We also introduce the matrix

(4.4.15)

D « l2) -  I  -  GJ(q2) (4.4.16)

with

D n (q2) D l2 (q2) 

&2i(q2) &22(q*)

(4.4.17)

D n (q2) = l - [ c oyoo(92) + ^o V o 8(92)] . 

D i l ( q 2) = - [ o QSQ70 i (q2) *  G ^ l iS(q2)] ,

(4.4.18)

(4.4.19)

and

-  - [ c oy o0(« 2) * C aV o s ( 4 2) ]  . (4 A 2 0 )
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D„(q-) = 1 - [ 0 „ < ? V  < £ /„ (« * ) ] 

With these definitions, we may write

with

and

7 V )  =
^ V )  Bs(q-)

Bs(q2) C M 2)

Asti2)  = -

Bst i2) = ~

I
det£>(<72)

det D iq 2)

p o o - ( c ^ o - G ^ G o ^ M 2)

Cos ~[CoiGos ~ C0oGss)jQsti~)

C M 2) - - 1 8̂8 (GqoGss -  GosGos)jaM ~)
det D V )

Note that in the absence o f octet-singlet coupling (<705g = 70g V

S V )= 0 ,

■»00

i -c0U„(r’)

and

(4.4.21)

(4.4.22)

(4.4.23)

(4.4.24)

(4.4.25)

= 0 ), we have

(4.4.26)
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g ;s
-s ”

1-G .Vufo2)
(4.4.27)

I f  we use Eq. (4.4.26), we see that the masses o f the scalar singlet mesons are 

given by the solution of the equation

( < * ) ■ - t e / . W - o  • <4A28)

Similarly, we have for the mass o f the scalar octet mesons, the solution o f the equation

K ) - ' - R e 7 H(m;.) = 0 . (« •« »

As we w ill see, Eqs. (4.4.28) and (4.4.29) w ill have more than one solution.

We note that for q- <  4^ ; ,  the T matrix is real. I f  q- <  4 m-, or i f  we neglect 

Im£j(<72) , we can bring T to a diagonal form with a real matrix

(cosd -s in0 \
M(9) = (sm9 cosd J •

where 6 is a function o f q1. 

Thus,

(4.4.30)

(4.4.31)

where

W )  0 

0 Ta.{q2)

(4.4.32)
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Ta(q2) = As(q2)cos29 - 2 B s(q2)sin$cos8+ Cs(g2)sin20 , (4.4.33)2\ c;n2/

and

T<r'(q2) = A.s(q2)sin28+2Bs(q2)smdcosd+Cs(q2)cos10 . (4.4.34)

Alternate expressions for Ta(q2) and T ,(q2) that are generally valid are

T M 2) -
AS(<12) * Cs(q2)

- 2
■ W )  -  Cs(«2) 

2

1/2

(4.4.35)

and

W )  =
2, _ ^ j(€  ) + Cs(^2) ^s (^2) -  Cs(?2)

1/2

(4.4.36)

as may be seen by calculating the eigenvalues o f the matrix T(q2) in the case 

As(q2), Bs(q2) and Cs(q2) are complex functions.

We can also see that the matrix T(q2) takes on a diagonal form when

tan20(<72) =
Cs(q ) ~As(q2)

(4.4.37)

in the case that q1 <  4m2, or i f  lm £s(<72) =0* Equation (4.4.37), therefore, provides 

the value o f the mixing angle, 6(q2) » for the case in which As(q2) , Bs(q2) , and Cs(q2)
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are real functions. We find 0(q2) =  -12.6° at q 2 =Q.  (At low energies there is o n l y  

small singlet-octet mixing.)

It is useful to define the functions da(q2)  a n d  dc.(g2)» such that

T,(q2) = M - L  , (4.4.38)
det D (q 2)

and

2

t a q 2) ‘  ■ ■ ■ • (4-4-39)
det D {q2)

I f  we neglect (q2) ,  or if  q 2 < 4m*,  we may find the mass o f the resonances 

that appear in Tff(q2) or Ta,(q 2) from the equation

detD(q2) = 0 . (4.4.40)

In the general case, we can define meson masses by the condition

Re[detD(<72)] = 0 . (4.4.41)

Equation (4.4.41) may be used in the presence o f octet-singlet mixing and in the case that 

ImKs (q2) is included in the analysis. Note that detD(q2) w ill have a zero at each bound 

state or resonance. However, in some cases da(q2) ,  or da,{q2),  may have a

corresponding zero such that the resonance is absent from t  (q2) or Ta,(q2)-
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4.5. Coupling to the Two-Pton Continuum

We presented a detailed discussion o f the calculation o f i t  (q*) when using the 

NJL model with SU(2) flavor symmetry in Ref. [Ce97a]. In Fig. 4.2a we exhibit the 

diagram that defines Ks(q2) for that theory in the absence o f confinement. (Note that 

for the calculation o f Ks(q2) , the flavor matrix at the vertices is the unit matrix.) In Fig. 

4.2b we add the confining vertex, so that the only discontinuity for Ks(q2) is that across 

the two-pion cut. We can calculate the discontinuity across the cut by placing the pions 

on mass shell, as denoted by a cross on the wavy lines in Fig. 4.2c. In Fig. 4.2d we 

show the form factor that has to be calculated when constructing Im i^ g 2)-

In Section III we saw that we could write a once-subtracted dispersion relation to 

obtain R e/^(^2) from the knowledge o f Ks(0) and Im/Cs(<72) • (The calculation o f£ .(0 ) 

required a separate calculation in which we evaluated the form factor o f Fig. 4.2e for the 

case q* =o.) Our results for Im ^(O ) and ReKs(q2) are shown in Figs. 3.10 and 3.11.

We find that we can calculate the coupling o f the qq states to the two-pion 

continuum in the model with SU(3) flavor symmetry by making use o f our earlier 

calculation. The only modification is the different flavor factors that appear at the 

vertices. The appropriate definition is then

Km 1) - \K«f)  . <4 -5 "

Km '-) -  . <4-5-2>
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Therefore the matrix j ( q l) = J(q2) + K(q2) , introduced earlier, has the elements

V ? 1)  =■ +1M1) +},<& + K 'S( ? 2) ]  .  <4 -5 -4 >

. <4-5-«

and

-  2 } ‘ ( q T )  *  ^ ( ? 2 ) ]  •  ( 4 ' 5 ' 6 )

We have only considered the two-pion cut in the construction o f Im£s(^2) • Other 

cuts appear in the case of SU(3) flavor symmetry. However, such cuts appear at higher 

energy and involve mesons having masses that are significantly larger than the mass o f 

the pion. Their contribution to lm £s(g2) is expected to be small.

It can be seen that Ks(q2) only affects singlet states in the absence o f singlet-octet 

coupling. In this model, octet states w ill take on a width due to their coupling to the 

singlet states. These comments w ill be bourne out when we inspect the form o f the T 

matrix in the representation in which it is diagonal. For example, R e x h i b i t s  

strong cusplike behavior near q1 = 4m \  However, that behavior is only reflected in the 

component o f the diagonalized T matrix that we denote as T^q2) ♦ That component is
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predominantly o f SU(3)-singlet character since the mixing angle is small in the vicinity 

o f q2 =0-

4.6. Numerical Results

When we introduce im Ks(q2) into our analyse, the functions As(q2) , Bs(q2) and Cs(q2) 

become complex. Also, when the T matrix is brought to diagonal form, Ta(q2) and 

Ta, (q2) w ill be complex functions. We begin our analysis by presenting values o f 

Re[detD(<?2)] in Fig. 4.3. The singlet-octet coupling moves two o f the four states that 

originally appeared in the region q2 <  1.8 GeV to higher energy. (The analysis o f Ref. 

[Ce8l] puts the lowest o f these states at q- =  2.53 GeV2, which is outside the range o(q2 

we are able to investigate in our work.) In Fig. 4.3 we see cusp behavior at q2 =  4ml- 

(The singularity seen in Fig. 4.3 at q- = 1.48 GeV2 is due to a singularity o f Ju(q2)- 

That singularity does not appear in the T matrix elements, as we w ill see.) Figure 4.4 

shows the values o f Im [detD(q2) ]-

In Fig. 4.5 we show both ReT^q2) [dashed line] and ReT^q2) [solid line]. 

These curves have the following features. There are two zeros o f Ta(q2) for which the 

curve rises from negative values to positive values. These zeros correspond to 

resonances which we denote as and ^ . The values o f Ta(q2) exhibit strong cusp 

behavior at q2=.4ml- Note also that Ta,(q2) i*35 no resonances in the range shown, 

since the states that we may call and a4 are now are at higher energies.

In Fig. 4.6 we show lmTa(q2) [dashed line] and Im r,(q 2) [solid line]. Again, 

strong cusp behavior is only seen in ImT^q2)- The state al at q2 = L.00  GeV2 has a 

large width and the width is quite asymmetric due to its proximity to the region o f strong
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cusp behavior. The state ffi has a relatively narrow width and the T matrix could be 

well approximated by the form

T(q*) = ------- £ -------  (4.6.1)
q1 -m r + imT

with ffi~ = 1.63 GeV2, r  = 0.033 GeV and g- = 1.35- The small value o f g2 means that 

this state is only weakly coupled to quarks. In case o f the broad asymmetric resonance 

at q1 = 1.00 GeV2, we can ask what the resonance parameters would be in the case the 

behavior below q2 = i .00 GeV2 was modified so as to make the resonance symmetric. 

In that case, we would have r  =  0.355 GeV and g1 = 10.6; however, a symmetric form 

does not provide a good representation o f To(q2)- [See Fig. 4.6.]

4.7. Dynamical Origin o f an Effective Low-Mass Scalar Meson for Nuclear Phvsics 

In this work we have seen that the a and mesons have masses o f I GeV or 

greater. Therefore, it appears that the al meson cannot be identified with the low-mass 

scalar (ma =  550 MeV) often used in the description o f the nucleon-nucleon interaction 

that is based upon the one-boson-exchange model [Ma89]. In addition, a low-mass scalar 

plays an important role in the Walecka model [Se86] and in relativistic Brueckner- 

Hartree-Fock theory [Se86 ].

There is also a body o f work that relates the mean sigma field in nuclei to an 

order parameter for partial restoration o f chiral symmetry at Finite baryon density 

[Ce81,Ce92a-b,Ce93,Sh94]. In that work the mean scalar field is related to the value
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o f the quark condensate in matter. The reduction o f the condensate in matter satisfies 

a well-known model-independent relation

j _ <V> 
m lf;

(4.7.1)

to first-order in the baryon density p. In Eq. (4.7.1), as is the pion-nucleon sigma term 

whose value is usually given as crv = 45 ±  8 MeV» and (qq)Q is the vacuum value o f the 

condensate. Thus, the reduction o f the condensate is about 35 percent in nuclear matter. 

That is similar to the reduction o f the nucleon mass from its vacuum value as seen in the 

Walecka model [Se86]. I f  one argues that the nucleon mass is (approximately) 

proportional to the value o f the quark condensate, a fairly consistent picture emerges, 

with the mean scalar field being an order parameter for the deviation o f the condensate 

from its vacuum value.

In the present work we wish to show how an effective low-mass a meson emerges 

from our study o f the quark-quark T matrix o f the generalized NJL model. To study this 

matter, we first consider Eq. (4.6.1), which may be used to parametrize the7* (^ )  

component o f the T matrix, if  we make T o2-dependent. We stress that, since rn is
* a

about I GeV in that parametrization, that form is only appropriate for large q2. 

However, in nuclear physics studies the exchanged mesons are spacelike (q2 <  Q), so we
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may ask how Ta(q2) should be parametrized in the spacelike region. With reference to 

Fig. 4.7, we see that inclusion o f re £ s(#2) when calculating detD iq 2) changes the 

behavior in a dramatic fashion.

Note that for q-  < detD iq2) is real. Near q 2 =0, we may write 

detD(q2) = 0 .97 [ (m f)2 - q1}, with mf  - 0.520 GeV- That means that for small 

spacelike values o f q2, we can put

Inspection o f Fig. 4.4 yields an approximate value of g f  = 3.32• Note that the strong ̂ 2 

dependence for small q 2 in Ta(q2) is almost entirely due to the cusplike behavior of 

deLD(^2)-

The T matrix for off-mass-shell quarks can be used in a model o f the nucleon- 

nucleon force that is based upon that T matrix and valence-quark form factors o f the 

nucleon. [See Fig. 4.8.] That model has been developed in a number o f works 

[Sh95a,Sh94,Sh97,Ce96a-b]. Since the T matrix in the model considered here is 

parametrized by isoscalar-scalar exchange with m f  =  520 MeV, we see how we may 

understand one important feature o f the boson-exchange model and o f the Walecka 

model.

It is important to note that while inclusion o f the cusplike behavior o f 

RtK^q2) leads to a significant change when going from ma to m f,  the value o f

(4.7.2)
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det/)(<72) near q- = o is only reduced from its value in the absence o f r eKs(q2) by about 

25 percent. That means that the predominant feature in scalar-isoscalar exchange in the 

nucleon-nucleon interaction is the exchange o f the meson, which we saw to be 

predominantly the o°(lP) in our model.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



67

4.8. Discussion

In this work we have found two low-lying states that have energies o f 1.00 GeV 

and 1.28 GeV. The first o f these states which we have denoted as , is predominantly 

the a0(IP), while the state o-, is strongly mixed and has a rather small width for decay 

to two pions. Also, ^  is only weakly coupled to quarks. On the other hand, the state ̂  

is a quite broad and asymmetric resonance, as may be seen in Fig. 4.6. Clearly, 

coupling to the two-pion continuum is important over quite a broad range o f energies for 

the c^. The situation is simpler for q-  < , where the T matrix is well approximated

by the exchange of an effective <r meson that has a mass parameter, m f —520 MeV- 

This small mass parameter has its origin in the cusplike behavior o f f  (q2)  at smallq2 

which is due to the rapid opening o f the two-pion channel.

We have identified the effective or meson with the low-mass scalar that is 

extensively used in nuclear structure studies and studies o f the nucleon-nucleon 

interaction. A schematic representation o f the wave function o f this scalar is 

a =  (uu +dd +Js)/\{3 in a first approximation. The consequences o f this identification 

w ill be explored in a future work. In such future work, it should be possible to extend 

our analysis to an energy region beyond q- = 1.8 GeV2- However, such an extension 

requires that we modify our procedure for calculation o f the vacuum polarization 

diagrams j ( q z)~
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V. Phenomenological Confinement Model for Pseudoscalar Mesons

5.1. Introduction

In this work we w ill discuss our generalized version o f the SU(3)-flavor 

Nambu—Jona-Lasinio (NJL) model as appled to pseudoscalar mesons. Our model, and 

the version o f the NJL model usually studied, contains an interaction between three 

quarks, introduced b y 't Hooft, that serves to break the U (l) symmetry o f the original 

model. Our generalized version also includes a model o f confinement, described in 

previous sections, that allows us to study the properties o f the if' meson which is the 

continuum o f the NJL model in the absence o f a confinement model. We w ill again use 

a Lorentz-vector form o f confinement, since that form allows us to develop an 

approximation which preserves chiral symmetry. (Another model o f confinement, which 

preserves chiral symmetry, w ill also be described in this work.) The Lagrangian o f the 

generalized model is, for SU(3) flavor symmetry.

8 r m 2
— V

2
i f  =  q(id-m°)q(x) +GŜ2

i'-0
+ qhs-^q

+ - ^ {d e t[ f ( l + 7 s)q] +detp(l -  *v5)^ ]} + 2 conf ’

where the \ f (/ = i , . . .  8) are the Gell-Mann matrices in flavor space and \°  = (2 /3 )1/21 , 

with I  being the unit matrix. In Eq. (5.1.1), m° denotes a quark mass matrix with 

diagonal elements, m°u,mdym°s* Here, we take m l=m d = 5.5 MeV and m°s = 132 MeV - 

Further,
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^conf = 9W y*gC r)Vc (x -y )g (y )7 ^ (y ) . (5.1.2)

For calculations made in Minkowski momentum space, we neglect any dependence of 

Vc  on energy transfer. We again take Vc (r) = /crexp[-/tr]-

Vc ( k -  k ')  = - 8 t k
1 V

[ ( k - k ' ) z + n2]2 [ ( k -  V )*  + /*z]2i3
(5.1.3)

In this section we w ill use pt=0.020 GeV and «=0.20/4 GeV2.

Another confinement model that yields particularly simple equations for vertex 

functions is a V-A form introduced in Section Hr

^conf = q(x)^q{x) Vc (x-y)q(y)yltq(y) - q { x ) ^ ^ 5q{x) Vc (x-y)q(y)y^y5q(y) .

(5.1.4)

This choice simplifies the calculation o f the rates for tj -*2y and ij' — 2y, since only a 

single scalar function, TP(q, k). is needed to characterize the vertex associated with the 

confining field: f P(q, k) = ys^piq, k) • (See Section 5.9 and 5.10.)

As we proceed we w ill present results for both Lorentz-vector confinement and 

for the V-A form. There is some reason to believe that the Lorentz-vector form is to be 

preferred over the Lorentz-scalar form usually used in the study o f heavy mesons [Sz97]. 

We do not know o f any use o f the V-A form other than that o f Ref. [Ce97b]. However, 

it is interesting to see i f  the V-A form yields a useful phenomenology, since it is 

particularly easy to use in various calculations. The organization o f our work is as 

follows. In Section 5.2 we w ill discuss a relation between the Schwinger-Dyson equation 

and the Bethe-Salpeter equation that allows us to show that, in the absence of current
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quark masses, our model yields zero-mass Goldstone bosons [Ce97b]. In Section 5.3 we 

discuss some o f the vacuum polarization diagrams o f the generalized NJL model. In 

Section 5.4 we describe the various effective coupling constants o f the model [Vo91], as 

well as the polarization diagrams needed to calculate the mesonic states o f the SU(3)- 

flavor NJL model. In Section 5.5 we describe a quark-antiquark T matrix, including 

coupling o f the octet and singlet states via SU(3) symmetry breaking effects. (Since we 

have included a model o f confinement, our T matrix is only defined for off-mass-shell 

quarks, such as those found in hadrons.) We also present our results for the masses o f 

the x, K, rj and V  mesons, and for the mixing angle for tj° - j j8 mixing in Section 5.5. 

(We neglect r  - a x mixing.) In Section 5.6 we calculate the decay widths fo rij -*y  + y 

and +y  us‘nS ^e  V-A confining interaction. In Section 5.7 we describe the 

calculations o f the mesonic decay constants, f K, f  and Finally, Section 5.8 

contains some further discussion and conclusions. The appendices that comprise Sections 

5.9 and 5.10 are denoted to a description o f some aspects o f our models o f confinement.

5.2. Goldstone Bosons in a Generalized NJL Model

In an earlier work we showed how, i f  m° = o. one can relate the Bethe-Salpeter 

equation for zero-energy pseudoscalar bound states to the Schwinger-Dyson equation for 

the quark self-energy [4]. The relevant equations are depicted in Fig. 5.1. (In Section 

II we considered the SU(2)-flavor version o f the model, for simplicity.) In Fig. 5.1, E 

is the quark self-energy, while y c is the confining field. The crosshatched triangular 

area is the vertex function for pseudoscalar bound states. [See Sections 5.9 and 5.10]
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We showed that, i f  one introduces Lorentz-vector confinement, or the V-A model, in the 

standard SU(2)-flavor version o f the NJL model, one finds a zero-mass Goldstone boson 

(the pion) and a relation between the self-energy, Z(p) = A(p2) +pB(p2) » and the vertex 

function. We w ill not repeat the discussion o f Section II, except to point out that our 

analysis was limited to spacelike p 2. It was found that A{p2) and B(p2) are 

p 1-  dependent, i f  the confining field, y c , is added to the zero-range interaction o f the 

NJL model, whose strength is parameterized by Gs - [See Fig. 5.1] We do not, as yet, 

have a procedure for extending A(p2) and B(p2) to the timelike region, p 2> 0- 

Therefore, we w ill carry out our calculations in Minkowski momentum space with£ - 0  

and a constant value for A(p2) ; that is, A(p2) =mq, where mq is the constituent quark 

mass obtained when we do not include confinement. When we go over to the model with 

SU(3)-flavor symmetry, there are three constituent masses, mu, md and ms- In the 

absence o f confinement, one has the gap equations

mu = m°u -G s < u u > - G D < d d >  < l s >  , (5.2.1)

md = md -G s < d d >  -G D < u u >  < s s >  , (5.2.2)

ms = - G s < l s >  -G D < u u >  < d d >  , (5.2.3)

where < u u > ,  < d d >  and < J s>  are the condensates calculated in the NJL model 

[Vo91]. Since we w ill only make a modest increase in Gs relative to the value used in 

Ref. [Vo91], Eqs. (5.2. l)-(5.2.3) w ill be satisfied approximately. In order to obtain
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some estimate o f the effects due to the lack o f self-consistency in our formalism, we 

write

mu = ml -G s< u u >  - G D< d d >  < l s >  + Amu , (5.2.4)

md ~ md -G s< d d >  - G d < u u > < J s >  + Amd , (5.2.5)

ms = m°s - G s< l s >  - G d < u u > < d d >  +Ams , (5.2.6)

where the various Am might represent an average correction to these equations due to

the inclusion o f the confining field in the gap equations. I f  we put 

Amu = Amd -  -32 MeV and Am, =  -35 MeV, Eqs. (5.2.4)-(5.2.6) w ill be satisfied 

in our model. Note that the values o f qd , mu, md, ms, < u u > ,  < d d >  and < s s >  

are the same as those used in Ref. [Vo91]. [See Table 5.1 for values o f Gc, Gn> the
j  U

constituent masses, and the condensates.]

In our work we use a three-momentum cutoff for Minkowski-space integrals, 

A3 = 0.622 GeV, that yields the same values for the condensates as those calculated in 

Ref. [Vo9l], where a Euclidean-space momentum cutoff o f Ar =0.90 GeV was used. 

(In most studies o f the NJL model, the cutoff, a£ or A3 , is adjusted so that the meson 

decay constants are given correctly. We do not adopt that procedure here, since we wish 

to use the same quark mass values and condensate values as those obtained in Ref. 

[Vo91].)
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As noted above, in this work we w ill include a model o f confinement and use 

constant values for the constituent quark masses. Ideally, in some future work, we 

would like to include a momentum-dependent quark self-energy. However, at this time 

it is still o f interest to see the features o f the generalized NJL model that follow from the 

use o f constant values for the constituent quark masses. We use the parameters found 

in Ref. [V o9l]; however, we need to make a small increase in Gs to compensate for the 

presence o f the confining field. Therefore, Gs and k are the only free parameters in our 

analysis. We take the value o f k from our earlier work, so that remains as the only 

free parameter in our study. In practice, we fix Gs so that mr is given correctly. 

Therefore, m„, m and m , are predictions o f our model, as are f  , f  , /  and f , ,  theIQ 1} l| * i j

meson decay constants. In addition, we calculate the transition rates for the decays 

ij —* 2y and rj' -*2y  using the V-A confinement model.

5.3. Vacuum Polarization diagrams

Important elements o f the NJL model sure vacuum polarization diagrams o f the 

type shown in Fig. 3.4. For the purposes o f this work, we w ill first introduce diagrams 

with quarks o f a single flavor. For example, we may write

J M t) = n j r i  [  ^ - [ i y sS,(.q l2*k)iysS.(-q/2  . * ) ]  , (5.3.1)

where s jp )  = [p -  mu + ie]'1 is the propagator o f an up quark and nc-  3 is the number 

o f colors. In a similar fashion, we define Jd(q2) and Js{q2) • We may also define an 

integral with one up and one strange quark
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■ U ? 2) -  ncT ri f - l i [ i 755 „(9/2 * k ) iy } Ss(-q l1  ♦ * ) ] . (5.3.2)
J (2t ) j

Note that the integral defined in Eq. (5.3.1) becomes complex for q2 > (2m J 1 > while

/ ^ ( t f2) is complex for >  (mu + m,)2-

Our model o f confinement is implemented by replacing iys by /?(<?, fc) at a

single vertex. [See Fig. 3.1, Sections 5.9 and 5.10] Thus, we define

7 „(?2) -  ncT r i  f J J L U ^ q n  *k)iT (q ,k)Su( - q l7 * k ) i y 5\ , (5.3.3)
J (2t )

with corresponding definitions for Jd(q2) and Js(q2)- Further, J ^ q 2) is replaced by

•f«(42) * " eT ri f + k) ir(q ,k)Ss(-q/2  *fc)/>5] . (5.3.4)
J (2t) 1

One procedure for the evaluation o f such integrals is to first complete the integral 

in the complex £° plane [Gr91]. To that end, we again use the representation o f the 

propagator

S(k) = -4 L -
E (k )

A(V)(X) A(_)(-X )
kQ-E (k )+ ie  k0 + E (k ) - ie

(5.3.5)

with

A(>)(Ar) =— _ k + m 
2m

(5.3.6)
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and

A '-'(- I)  = i l H  , (5.3.7)
2m

where = [E (k ), T ] and &  = [ - E ( k ) , I ] . Here, E(~k) = [P  + m2],/2-

It is then useful to define r*~(q, k) and T'*(q, k) by means o f the equations

Ai* \ l c ) f ( q , k ) A < - ' ( - 'k ) = r - ( q , k ) \ i*)(k )y5A(-)(- lc )  , (5-3.8)

and

A ^ ( - J ) f ( q , k ) A ^ ( k )  = . (5-3.9)

(Further details concerning the calculation o f these vertex functions may be found in the 

Section 5.9 and 5.10). I f  we use Eq. (5.3.5) in Eq. (5.3.3), we find that only two terms 

contribute. Thus, for ~t}= o ,

J <2x)4 E t(k )

A ^ (k )T (q ,k )A ^ ( -k )y .

(q°/2 + k ° -E a(k)  + te)( -q ° /2 + k°  + Eu{k)  - ie)

A('} (-k)r(q,k)A(*>(k)'ys
(q°/2 +k°+Eu( k ) -  ie ) ( -q ° /2 + k ° -£ „(k) + ie) (5.3.10)

or
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J u(.q2) » 2nc/ |
d4*

(2x)4
_________________ r * - ( g , * ) __________________

(g°/2 + k ° - E uik )+ ie )(-q ° /2  + k° +Eu(k )- ie )
(5.3.11)

r -*{q,K) _______________“
(q°l2 + + Ea( k ) - ie ) ( -q ° l2  * k ° - E u(k )+ ie )

The k° integral is completed in the lower-half plane, with the result that, with ~q = Q,

j j Q 1) * *2 « c [
d h

( I t )3

r;V.|T|) r;V. 1*1) (5.3.12)
q°-2E ,( lc )  q ^ l E . i k )

Note that in obtaining Eq. (5.3.12), we see that r*~ (q°, | T | ) in Eq. (5.3.12) 

is the value of r*~ (q ,k )  with the quark on its positive mass shell, whiler~+(<7°, | T|) 

has the antiquark on its negative mass shell. Also, when q° = 2Eu(k )  > we have 

r« ~(<?°> | ) = 0 * [See Fig. 5.2.] Therefore, the first term in the bracket appearing

in Eq. (5.3.12) is real and finite. (Thus, we need not keep an /e in the denominator of 

the first term of Eq. (5.3.12).)

Values obtained for j u{q2) =Jd(q2) , Js(q2) and J ^ q 1) are given in Fig. 5.4. 

There, we have used | I |  <  A3 with A3 =0.622 GeV, mu = 364 MeV and 

ms = 522 MeV- (The calculation o f r*"(tf°, |T|) and T~*(q°, |T|) is described in 

Appendix A and the values obtained are shown in Figs. 5.2 and 5.3.)

The result given in Eq. (5.3.12) may be simplified i f  we use the V-A model 

developed in Section n. There, we saw that there was only a single function to consider. 

That is, we can write the confinement vertex for the up quark as f  u(q, k) -  ysT^>(q, k) » 

where Tup(q, k) is a scalar function. We also have f r (q,k) = 7 5 1 ^(0 , *)>
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r,(<?, k) = 7 , ^ ( 4 , k) , and ? „(« , *) = ysr? (q , k) • (In this work r P{q, k) = r j ( ? , K) , 

since mu=md- Further details concerning the function Tp(q,k) are given in Section 

5.10.) For the V-A model, we then may write Eq. (5.3.12) as

■/.(«’ ) -  -2n. f 1*1 ) -------d • <5 3 -13>
J ( 2 t > (4»); - [2 £ .(T ) f

with a similar definition for Jd(q2) and Js(q2)- (The unequal mass case is discussed in 

Section 5.10.) Again, we note that Tp(jf,km) =0, when q° = lE^Ck^)- In a similar 

fashion, r ^ ° f k j  =0 when q°=2Es(km), etc.

5.4. The Ouark-Antiquark Interaction

In terms o f the parameters, Gs and GD, that appear in Eq. (5.1.1), it is useful 

to define a series o f effective coupling constants [V o9l]. The definition involves the 

quark condensates < u u >  = < d d >  and < s s >  ■ We make use o f the results o f Ref. 

[Vo91] to write

C, = l ( G s*G 0 <Js>)  (5.4.1)

U c s*CD<uu>) (5.4.2)

G* ‘  , ( G ^ G oc00) (5.4.3)
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G, -  4(C s*G dcm) (5.4.4)

and

Go. = 4(G0c„ )  . (5.4.5)

In these equations, with < u u >  = < 2 d > » we have

/y
c00 = -  ^(2 < u u >  + < ls  > )  , (5.4.6)

cgg = -i(4< u u >  - < l s > )  , (5.4.7)

and

cog = £ iL (< u u >  -  < s s > )  . (5.4.8)

(These effective coupling constants are proportional to those defined by Vogl and Weise 

[Vo91].) It is also useful to introduce the following functions

J M 1) =  + W )  ( 5 A 9 )

l K(r) = U j r )  (5-4-l0)

v ? 1) = |[f„ (< rV ./.(« V .? ,(« 2>] (5.4.11)
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V r) = w„(<r) -4./,or’)] (5.4.12)

•f>i('?!) 1 ^ [ / . f a 1) -•/„(«-’) - 2 7 ,(tf1)] . (5.4.13)

The values o f Jx{q2), JK(q2) , /,(^ -)  and J^iq2) were calculated with vector 

confinement and are given in Fig. 5.5. In Figs. 5.6 and 5.7, we compare the values o f 

these functions with the same functions calculated without confinement, Jx(q2) , JK(qz) 

and j  (#*). For the low-mass mesons, Tj K , r\*, the integrals that include confinement 

are about 10-20 percent smaller than those that do not include confinement. Note that 

Jr (q2) , J j iq 1) and /  .(^2) become complex above q- = (2mu)2> while JK{q2) is complex 

for q- >  (mu + ms)2- Thus, we see that, i f  we are to describe the r?° (or the we need 

to use the generalized model that includes confinement.

The functions o f Eqs. (5.4.9)-(5.4.I3) and the effective coupling constants may 

be used to define T matrices that describe the interaction o f quarks. [See Fig. 4.1.] 

Since we have introduced a model o f confinement, these T matrices are only defined for 

the interaction o f off-mass-shell quarks, such as those bound in a nucleon, for example. 

(There are no asymptotic free-quark states in this model.) We can separate the Dirac and 

flavor matrices to write

r ; V )  = t7J(0X ‘(i)7 ;y( r ) t7 5(2)X'(2) (S-4-*4)

where the are the Gell-Mann matrices (t =1, . . .  8) plus \°  = (2/3)1- We now drop 

reference to the Dirac and flavor matrices and consider the various T(q2) - I f  we neglect T -  ax 

mixing, the T  matrices for the pion and kaon channels are given by simple expressions,
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TK(q2) =■   g f  T  • (5.4.16)
1 - G « W >

[See Fig. 4.1.] Note that the equations

G ; l - J T(ml) = 0 , (5A17)

and

°K  - h < n b  '  0 > ( 5 ' 4 ' 1 8 )

determine the masses o f the pion and kaon in the model with confinement. Also, i f  we 

were to neglect rj° -  q8 mixing, we would find the masses o f the rp and rp from the 

equations

G~a - l ,o (m 20) .  0 , (5.4.19)

and

= 0 . (5.4.20)
if* i  v if®

These equations follow, i f  g 08 - J Qi(q2) =0- The mixing o f the ij° and jj8, which 

depends upon the values o f G08 and / 0st#2) ’ 1S described in the next section.
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5.5. Coupled-Channel Effects: t i °  -  w8 Mixing

The calculation o f the qq interaction is made somewhat more complicated by the 

mixing o f the singlet state (if) with the octet state (if) to produce the physical states,̂  

and rj'. The masses o f the rj and i j ' may be obtained by studying the equation that 

determines the T matrix [ta95]. It is useful to use a matrix notation. We define the 

matrix

where Gog serves to mix the singlet and octet states. We also introduce the matrix

(Equation (5.5.5) is similar to a corresponding equation given by Vogl and Weise 

[Vo9L]. Our matrix G is related to their matrix K  by G -  Kf4*)

(5.5.2)

The T matrix satisfies the matrix equation

Tiq2) = - G  + GJ(q2)T(qT) , (5.5.3)

or

( l - G J iq ^ T iq 2) = - G  . (5.5.4)

Thus

7 V )  = - ( l  •’) ) " C . (5.5.5)
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At this point, we w ill adopt some of the notation o f [Ta95], and write T(q2) o f 

Eq. (5.5.5) as

with

T(q2) = A(q2) 
Biq2)

Biq2)
C(q2)

(5.5.6)

M<,T> '  ■

(5.5.7)

B (r )  -  — l 7- { - < c , c , - c 0,c 0,)y0,(9!) - g0,}  .
det D(q-) 1

(5.5.8)

C(7;) = {(G ,C , -  G0IG0,) J , . ( ^  -  G ,} . (5.5.9)

Here, the matrix D(q2) is

DC?2) =
Du(<r) DVM *)  
D2l (q2) D „(q2)

(5.5.10)

with

Du (q*) = G .JAq2) +GQiJat(q2) -  1 ,

Dn (q2) = G ./og(<r) + G j j ( q 2) , 

D2i ( ^  = GJ o M 2) + G0J . ( q 2) ,

(5.5.11)

(5.5.12)

(5.5.13)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



D * ( r )  = + G j oi(q*) -  1

Note that the equations

and

detD(m;) = 0 

determine the masses o f the ^ and ^  mesons. 

We now introduce a matrix

_ / cos0 -sin0\ 
M m  Un« cos# •

83

(5.5.14)

(5.5.15)

(5.5.16)

(5.5.17)

that we use to bring Tiq1) o f Eq. (5.5.6) to diagonal form; (Note that 0 depends upon 

q1.) Thus

T ^ iq 2) =M(d)T(q2)M -l (6) , (5.5.18)

W  0
0 Tx{ f )

where

and

(5.5.19)

r ,(^ 2) = A iq ^ c o s ^ -2 fl(g 2)cos0sin0 + C(fl2)sin20 , (5.5.20)

Txiq7)  -  /U q ^s in ^ +2B(^2)sindcos0 + C(q2)cas>10 . (5.5.21)

The off-diagonal elements are zero, i f
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tanIB iq2)  = — ■-- -  •
Ciq1) -A(q*)

We now introduce the functions d^q2) and d^Aq2)* defined such that 

det D(q2)

and

= cos2<M(^2) - 2sin0 cos0 fl(<72) +cos26C(q2) ,

d Ad2)
” — = shrfl/U*?2) + 2sin0cos0fl(#2) + sin20 Ciq2)

det D(q2)

I f  we expand det£>(<72) at its zeros.

detOfo-’) = ,
H

and

deiZ>(?-’) .  (.q- -  m; . ) |  + . . .  ,
dq-

we can identify the coupling constants o f the 77 and rj' to the quarks,

-= „  < K !)Qqqq 3detD(q*) | 
3?

and

(5.5.22)

(5.5.23)

(5.5.24)

(5.5.25)

(5.5.26)

(5.5.27)
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- 2 -  d' Xm;) ig * ' «  3daD(q*) , • P . 5 . - 8 )

 J? »**—t

In Fig. 5.8 we exhibit detD (q2) ■ The solid line includes the effects o f^ 0 - r js 

mixing, while the dotted line is the value o f detD (q2) when Gog = JQi (q2)  = 0 • Note that 

the major effect o f the mixing appears in the energy domain o f the or ^ . In Fig. 

5.9 we show the functions o f d^iq2) and dn.(q2)- Fig- 5.10 we provide values o f the 

mixing angle 6{q2). We obtain 0(m2) = -5.60° and 0(m2,) = -29.2° • We w ill need 

these values when we calculate the rates for rj-*2y and -*2y  in the next section.

5.6. Two-Photon Decays o f the rj and r f  Mesons

The pion, the rj and the can decay into two photons via the triangle (anomaly) 

diagram shown in Fig. 5.12. The ^ decay rate has been calculated by Takizawa and 

Oka [Ta95]; however, in the absence o f a model o f confinement they were unable to 

calculate the decay rate o f the ^ . (Since > 2mu. the calculation o f the triangle 

diagram yields a complex result due to the quark and antiquark going on mass shell.) 

A comprehensive discussion o f the decays o f the rj that makes use o f the SU(3)-flavor 

NJL model (without confinement) is found in Ref. [Ta97]. The authors o f that work 

report on calculated decay rates for the processes rj-*2y, r)-*yii~fi* a°d They

also provide results for the r \yy ' transition form factor. In general, they find good 

agreement with experimental data.
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In the present study, we wish to describe a method for including confinement in 

the calculation o f the triangle diagram. For ease of reference, we w ill again use the 

notation o f Ref. [ra97]. We may define a tensor, with q*

[See Fig. 5.11.] We have

1
>75

1 1
p - m + ie  p - f - m + i e  p - k ^ m + ier  yu ’ +

H * * v

r M„ = *2  1 ( * l *2 )

(5.6.1)

(5.6.2)

where s=2 is a symmetry factor and

/4-
i & l ic j = / [ A £ — — !------------------- 1----------

J ( 2 t ) 4 / ? 2  - m 2 + ie (p -q )2 -m 2 +ie
1 .(5.6.3)

(p -k {)2 - m 2 + ie

In these equations, m is the constituent mass o f either the up, down, or strange quark.

Note that in passing from Eq. (5.6.1) to Eq. (5.6.2), we have used the relation

^ ( 7 5 7 ° y* yY7 ^) = -4/e“ ^ 5 . (5.6.4)

It is useful to introduce the functions [Ta95]

F(u,ri) = 32TT2mul u(kl ,k2) , (5.6.5)

and

F(s ,v ) . (5.6.6)

(We note that F(d, ij)  i f  ma =md-) InEqs. (5.6.5) and (5.6.6), q2 = m2-
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We also introduce the corresponding functions for the jj': F(u,r j ' ) ,  F(d , i j ' )  and 

The transition amplitude defined in Ref. [Ta95] takes the form, with ^  s g ,

(5.6.7)

(5.6.8)

-  - g v - U c o s d { 5 F ( u , r i ) - 2 F ( s , r , ) }
T 3 v^

-  sin6n j 2  ( 5 F ( u ,  it) + F ( r ,T i ) } ]  .

We then find

T 3>/3

- c o s ^ . \ / r { 5 F ( « , i 7 ' ) + F ( 5 , 7 j ' ) } ]  .

In terms of these amplitudes, we have the widths

r(7 ,-* 2 7 )s m lT^ 2y{2 * ( 5 "6 ' 9 )

and

. (5 6 1 0 )

If we use the V-A model described in Section II, we see that confinement may 

be included in our calculation in a particularly simple manner. Since the confining

vertex has the form Tp(q,p) - y sTP(q,p) for the V-A model, Eq. (5.6.3) is modified

to read
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(5.6.11)
and may be evaluated in the frame where ~q = Q. Note that r^ (^ ° , | ~p\ ) is zero when 

the quark and antiquark at the vertex go on their positive mass shells, simultaneously.

[See Fig. 5.12.]

Our evaluation proceeds by completing the integral in Eq. (5.6.11) over p °  in the 

complex p°  plane. We also use the representation o f the quark propagators given in Eq. 

(5.3.5). With reference to Eq. (5.3.5), we may define S(p) =S(-^(p) + S ^(p )-  Since 

there are three propagators to consider in Eq. (5.6.1), we obtain eight terms to be 

evaluated. For the evaluations o f }(k l ,k^), the contour is closed either in the upper or 

lower p° plane depending upon which region has the fewer singularities. There is one 

term with three factors, and another with three $(") factors, that do not contribute 

to the result. Thus, in a pictorial representation we would have six distinct (Goldstone) 

diagrams, where each quark line may be identified as either a quark or an antiquark. In 

Fig. 5 .12b we introduce the vertex function o f our V-A model o f confinement. There, 

the shaded triangular area denotes the confinement vertex function r^ (^ ° , [ ~p\) in the 

frame where ^ = 0 -

In the evaluation o f the diagrams o f Fig. 5.12b, when first integrating over p°,  

we find a factor [g ° -  2E(p) + fe]~l  * However, in evaluating the diagrams o f Fig. 5 .12a 

we find the factor o f TP(q°, | ~p\ ) [</° -2E(p)]~ l , which is a real, nonsingular 

function. (Recall that Tp(q° , [ ~p | ) = 0 when q° = 2E(p) , so that we may drop the ie, 

as seen previously.)
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The results o f our calculations are given in Table 5.4. We find very good 

agreement between experiment and theory for t .~*2y. while the calculated value o f 

T -*2y is just slightly outside the range o f values for that quantity as determined by 

experiment. [See the caption to Table 5.4.]

5.7. Meson Decay Constants

The calculation o f a meson decay constant is made by evaluating the diagram 

shown in Fig. 5.13. We write, with the propagators being matrices in flavor space,

Here, the trace is over flavor and Dirac indices. Thus, upon dropping the factors that 

come from the flavor trace, we may consider the integral

*(„-■) .  J _ £ * .T r\4ysS J q n  ♦ k)-rsS ^ -q l2  **>] , (5.7.2)

where we have written the result for two different masses, mx and rn,- (At a later point, 

we can combine the various f .(q2), using the appropriate flavor factors, and mixing 

angles.) To include confinement, we replace one ys by r (q,k) to obtain

h  *  % J  ( | £ T r[*7s5-,<9« * * > r ( f.* )S .,( - * /2  ♦*>] . (5.7.3)

We then write Sm + 5^'), as before. [See Eq. (5.3.5).] Thus,
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n J

or

<?*r
^75

r*-(q ,k)A !C }(k-)ysA ^ \ - k )

(q°l2 -E 1( * ) ) ( -? ° /2  *  * £ 2(T))

(«°/2 . * °  * £ j(T))(-«°/2 * £ ° - £ 2(X))

/  .  * 2  [
" 2 J (2-ir) « ° -£ ,( /? ) - £ i< r i

r~ t (g ,« < 7 i ACi ' ) ( -p )7 14 >> <*>
q ° * E l (S ) *E 1(S)

Finally, we have, for ^ = 0.

(5.7.4)

(5.7.5)

Siqa t d k
(2t )3

mt m-,

% ( * )  h i t )

r I  *1) r * V .  1*1))

(5.7.6)

« " - £ , ( * ) -E jC *) q ° * E l ( k ) * E 2(k )

where is the mass of the meson considered.

Equation (5.7.6) is needed to calculate f K. For f Tt and f ,, we may take 

mv =m2> when using Eq. (5.7.6). The various giqq may be found in Tables 2 and 3 

where we also give the results obtained for the decay constants.

We note that we can obtain andy^, in terms o f amplitudes for the decay o f the^0

and tj8 mesons. For example, we may define ^ 2-dependent amplitudes for jj° andq8
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decay, f  (q2)  and f , (q2) , which do not contain the coupling constants. Then, we use# (</) 

to write

A  = ^ w[cos20K V , . K 2) + sin20(/n;)F.(ffi,2)] (5-7,7)

and

A ' = S, .,q[sin29 m̂^ FA m^  + cos20(m^)F»(m;;/)] . (5‘7‘8)

We see that, in the absence o f mixing, g and go over to g and We recall 

that mixing is quite important for the calculation o f / , ,  since the mixing angle for the 

V-A model is $(m-,) = -28.56°• [See Fig. 13.]

Some experimental values fo r/^ , f  and /^  are given on page 320 o f Ref. [Ba96]. 

These are = 84 ±  3 MeV, f n = 94 ±  7 MeV, and = 89 ±  5 MeV [Be91]. Other 

values obtained in a different experiment, are /  = 91 +  6 and / ,  = 78 + 5 MeV [Ai90]. 

However, large uncertainties arise due to a need to extrapolate the current algebra results 

to the physical mass o f the rj and i; '. In addition, for the rj and 17', there is further 

uncertainty due to the lack o f knowledge concerning the mixing angle.
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5.8. Discussion

One goal o f this work was to calculate the rates for rj-*2y and y' ~*2y in a 

generalized NJL model that includes a model o f confinement. We found a very good 

result for jj' -* 2 7 » while our result for rj-*2y was just slightly larger than the range of 

the experimental values. [See Table 5.4.] The values found for the meson masses are 

satisfactory. However, the decay constants obtained in the V-A model are significantly 

better than those o f the vector confinement model. [See Tables 5.2 and 5.3.] We note, 

once again, that we have only changed Gs relative to the value given in Ref. [Vo91]. 

(Our value for k was taken from our earlier work and was not adjusted to improve our 

fit to the data.)

Previously, we have seen in Section H that it is possible to do Euclidean 

momentum-space calculations that preserve the chiral symmetry o f the Lagrangian. It 

remains to be seen whether our Minkowski-space calculations can be improved so as to 

preserve chiral symmetry. In general, that requires the use o f momentum-dependent self­

energies, as was seen in Section H.

Work related to ours has been presented in [Sa97]. There, a study is made o f the 

masses and electromagnetic form factors o f the pion and the kaon. The calculation is 

made in Euclidean space, using a phenomenological form for a non-perturbative gluon 

propagator. The form chosen gives rise to confinement in the sense that the quark 

propagator has no on-mass-shell singularities in Minkowski space. (That treatment of 

confinement differs from ours. Our approach is more closely related to the methods 

introduced by Gross and Milana [Gr91,Gr92].) The results obtained in Ref. [Sa97],
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using a Euclidean momentum space, were extrapolated into the physical region. Good 

results were reported for various observables using a limited number o f parameters.

Finally, we remark that, while the V-A model yields good results for the 

transition amplitudes for 77 -*2y and tj' -*2y> we do not claim that the V-A model w ill 

be generally useful for the study o f confinement in all light meson systems. However, 

if  we lim it ourselves to the consideration o f scalar or pseudoscalar mesons, the V-A 

model appears to be useful on a purely phenomenological level. (We recall that the 

meson decay constants o f the V-A model were much improved when compared to those 

o f the Lorentz-vector confinement model.) However, it appears that the model o f 

Lorentz-vector confinement is the model o f choice, if  one is to make contact with recent 

theoretical developments [Sz97].
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5.9. Appendix A Lorentz-Vector Confinement

In this appendix we discuss the vertex operator o f the confining field for the case 

o f Lorentz-vector confinement. With reference to Fig. 3.1, we may write

? (« ,*) = 7 s - i j ^ [ V S ( 9 / 2 * n f ( 9 , i ) S ( - g / 2 - f ) 7 „ V c ( * - * ' ) ]  . (5.9.1)

Here S(p) - [ p ~ m u + ie]_1» i f  we consider an up quark and an up antiquark at the 

vertex. We have defined r*~  and T~* such that

A ( + ) ( X ) r ( q , f e ) A ( _ ) ( - k )  =  T'"(q,k)fiS+)(k )y 5X(~H-'k) , (5*9>2)

and

A(-) ( - ! ) ? ( ? ,  k)A(+)(fc) = r " +((7,^)A(-)(-T )y 5A(+)(T) . (5-9*3)

Recall that a (+)(T ) and A(_)( -X )  were defined in Eqs. (5.3.6) and (5.3.7). (See also 

Eq. (5.3.5).) The analysis proceeds by multiplying Eq. (5.9.1) from the left by 

75A(+)(T) and from the right by a (_)( -T )  and using Eq. (5.3.5) for the two quark 

propagators. A t that point, we form the trace o f the equation. I f  we divide the equation 

by T r[7 5A(+)(T )75A ^ ( -T ) ]>  we obtain an equation for T*~(q, k), which involves 

both r +"(<7 , fc') and r~ *(q ,k ')  on the right-hand side. We neglect the coupling of 

T* '(q ,k )  to r * +(<7, k)- In that approximation T*~(q,k) satisfies an uncoupled 

equation, as does r -+ (^,£ ). The neglect o f the coupling term is equivalent to the 

neglect o f "Z graphs", or pair-current effects. In the case o f the V-A model described 

in Appendix B, these pair-current effects are rather small and there is not too much 

difference between the solution o f the coupled equations and the solutions o f the
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uncoupled equation. On the other hand, such effects are quite large in the case of 

Lorentz-vector confinement and they create major problems, i f  one attempts to solve the 

coupled equations. Since the probability o f the confining potential to excite pair currents 

is unknown, it is not unreasonable to neglect such effects in the Lorentz-vector 

confinement model.

Our procedure then requires that we complete the k'Q integral in the lower half of 

the complex £' plane, picking up only the pole where the quark goes on its positive mass 

shell. The resulting integral equation is depicted in Fig. 5.3c, where a cross on a quark 

line indicates that the quark is on its positive mass shell. The equation, in the frame 

where ~q = Q, is found to be

r v ,  |T | )  - 1 -  .Yf f f - g )  » 2 - g @ j £ )  r v ,  | *>|)
J (2x)3 q ° -2 E (k ' )  E (k )E {k ‘ )

(5.9.4)

for the equal mass case.

Toobtain the corresponding equation for T~*(q°, \ ~k\ )» we multiply Eq. (5.9.1) 

by ys A(_)( -T ) from the left and A(>)(X) from the right and then take the trace of the 

equation. In this case, we divide the equation by T r [75 A(_) ( -X)75  ( k ) ] to obtain

an equation for r _*(g°, |T | )• The integral over k'Q is completed in the lower-half^ 

plane, where we pick up only the pole that has the antiquark on its negative mass shell. 

The resulting (uncoupled) equation for T~+(q°, |T | )  is
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r - y , | T i )  =  i W ^ l  yc(k-T)  m 2 - 2 f ( T ) f ( n r - y > | p | )  .

j  (2t)3 t f°+ 2 £ (k ')  £ ( * )£ (  i^ )

(5.9.5)

For completeness, we record the coupled equations obtained when we pick up 

both poles in the lower complex k'Q plane. These have the quark going on its positive 

mass shell and the antiquark on its negative mass shell. We find

r+V , | I | )
r - y , |T | )

11 r d2k' V c j k J ’ )
J Pt)3 £(T)£(T')

m2 -2 E (k )E (k ')  m2 + 2£ (k)£ (X ')
q -2 E (k ') q °+ 2 E (k ') r +V ,  | k ' | )  

r ' V ,  | * ' | )

(5.9.6)

_ m2 + 2E(k)E (k ')  _ m2 -2 E (k )E {k !)
q° -2 E (k ’ ) q° + 2 £ (P )

One may compare the matrix element that couples r +" to r -+ with the element 

that couples r * “  to itself. [See Eq. (5.9.6).] In this manner, one can see the very large 

amplitude for exciting "pair currents" (or Z-graphs) in the case of Lorentz-vector 

confinement. That is, m2 + £(T)£(P) >  m2 -£(T)£(P), making the off-diagonal 

term quite important.

Solutions o f Eqs. (5.9.4) and (5.9.5) are shown in Figs. 5.2 and 5.3, respectively. 

For our calculations, we used *=0.05 GeV2 and ft =0.020 GeV. The results shown are 

obtained for the up quark, with mu =0.364 GeV- Other sets o f curves were obtained 

for the strange quark (ms = 0.522 GeV) and for the case where we have an up quark and 

a strange antiquark at the vertex. In the latter case, Eq. (5.9.4) and (5.9.5) were 

generalized to take into account the unequal masses o f the quark and antiquark.
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S. 10. Appendix B The V-A Model

In this appendix we review some results o f [Ce97b]. A particularly simple model 

o f confinement is obtained i f  we use a V-A form,

= V c ( r - j i ) [y ‘(l)Y)l( 2 ) - y ‘(l)T5(l)7„(2)i'5© ] , (5' 10' 1)

where symbols with a bar have a Dirac matrix structure. I f  we use Eq. (5.10.1), the 

vertex associated with the confinement potential may be written as

TP(q,k) =ysTP(q,k),  or in the frame where ~q = Q, we may put

fp (q°, |T | )  =y5r p(q°, |T |) -  We found the equation for TP(.q°, | X | ) to be

rPc«°,|T|) - 1-4 [ *Eri n _ vc(T-7')rf (g°, It'D ,
1 (2 i)3 (9°)2 - [2 £ ( * ')P

(5.10.2)

when the particles entering and leaving the vertex have the same mass [Ce97b]. For the 

study o f the kaon, we need to generalize Eq. (5.10.2). We take the quark to have massmL 

and the antiquark to have mass m2 • Then,

TP(q,k) -  1 - J d k! 
(2t )3

8\ -q °E l { k ! ) * m \ - m l m ^ \

^ ( X ' ) ^ 0 - E xOd) + £ , ( ! ') ]  q° -  [E i(X ) + £ > (* ') ]

8 [q0£2 ( i^ )  -m l m2]
V c( k - k ' ) r P(q,kr)

2£ , ( * , )[q° - E1(k t) -E ^ X ')]  q2 +Ei(k') + £^(X')

(5.10.3)

This result reduces to that o f Eq. (5.10.2), i f  ml =m2- (For the kaon, ml -m u and
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We have found that the neglect o f "pair-current" effects provides a useful 

approximation. To study that case, we write Eq. (5.10.2) as

TP(q°t \ k \ )  = 1+4 J d?k!
(2t )3

1 1 V c ( k -  k ')TP(q°, | * ' |)
q° -  2E(k!) q° +2£(P )^

(5.10.4)

I f  we neglect the second term in the bracket, we have the following simple equation

r P(q°, | 7 | )  = | ? | )  . (5.10.5)
> (2t) q ° - 2 E ( k ' )

In the present study we w ill make use o f Eq. (5.10.5) when we consider the V-A model.

The vertex functions obtained from the solution o f Eqs. (5.10.4) and (5.10.5) are 

shown in Figs. 5.14 and 5.15, respectively. It is seen that the inclusion o f the second 

term o f Eq. (5.10.4) mainly affects the low-energy behavior o f TF(q ° t | T | )• That 

feature may be readily understood by comparing the structure o f Eqs. (5.10.4) and 

(5.10.5).
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Coupling Constants Vector Confinement V-A confinement model

21.53 GeV’2 23.05 GeV 2

Co -239.1 GeVs -239.1 GeV5

c r 12.82 GeV'2 13.58 GeV 2

c . 12.59 GeV 2 13.35 GeV'2

C , 6.964 GeV*2 7.726 GeV'2

c . 12.51 GeV’2 13.27 GeV-2

00
0° 0.108 GeV2 0.108 GeV*2

Table 5.1. T h e  v a r i o u s  c o u p l i n g  c o n s t a n t s  u s e d  i n

t h i s  w o r k  a r e  g i v e n .  T h e  c o n d e n s a t e  v a l u e s

a r e <Ttu> = < d d >  = -(0.248 GeV)3 = -0.01525 GeV3 a n d

<7.y> = -(0.258 GeV)3 = -0.01717 GeV3- Also,mu = m<j =0.364 GeV 

and ms = 0.522 GeV- The values o f CD, mu, md, ms, < u u >  , < d d >  

and < Js>  are the same as those used in Ref. [Vo91].
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Lorentz-vector confinement model

Meson
Mass (Expt.) 

[MeV]

Mass
(Calculated)

[MeV]
Coupling
constant

Meson decay 
constant

T { t *  139.5 
{x° 135.0

138 SffW =  4 *7 4 / T =  102 MeV

K (k *  493.7 
{ £ °  497.7

445 SKqq ~ 4*72 f K =  84.0 MeV

V 547 490 f n = 72.3 MeV

v' 958 979 Sq'qq ~  2.87 =92.7 MeV

Table 5.2. Calculated values o f the meson masses, quark-meson coupling constants

and meson decay constants are given. The parameters used are pi=0.020 

GeV, Gs = 21.53 GeV-2, GD = -239.1 GeV"5, mu =md = 364 MeV, 

ms = 522 MeV, A3 =0.622 GeV, and K = 0.20/4 GeV2. We find that 

8(mp = -5.60° and 0(m2) = -29.2°. (The pion decay constant in the 

absence of confinement is calculated to be f  = 93.3 MeV •)
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V-A confinement mode
—
- -

Meson

Mass
(calculated)

[MeVJ
Coupling
constant

Meson decay 
constant

T 138 23 f r  = 102 MeV

K 527 8k*  *5 -19 7^ = 110 MeV

V 571 / 7 = 101 MeV

rj' 1071 Sn’qq = 3 -59 f n, = 106 MeV

Table 5.3. Calculated values o f meson masses, coupling constants and meson decay

constants for the V-A model. Here Gs = 23.05 GeV" 2 and 

qd = -239.1 GeV " 5 • (See caption to Table 5.2.) The mixing angles are 

0 (m2) = -6.02° and d(m*,) = -28.6° for the V-A model. Here/c=0.20/8 

GeV2.
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Experiment Calculated

T ,-  Zy 2.38 ±  0.25 x 10*2 GeV*1 2.73 x 10*2 GeV

^ ij- 2 7 0.46 ±  0.04 keV 0.609 keV

3.13 ±  0.25 x 10*2 GeV*1 3.06 x 10*2 GeV*1

4.26 ±  0.25 keV 4.09 keV

Table 5.4. Calculated and experimental values o f the amplitudes and

widths for the processes r\-*2y and tj' -*2y- The V-A confinement

model is used. (Here *=0.20/8 GeV2.) Note that for the quantities 

defined in Eqs. (5.6.7) and (5.6.8) we have F(u ,i j)  =2.62 GeV"1. 

F(s, r)) = 1.90 GeV-1. F(u, ij')  =3.73 GeV-1 a n d

F(s, rj') =2.22 GeV -1 • The experimental values for p _ 2y and

r  are taken from [Ba96].
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VIII. Figure Captions

Fig. 2.1 (a) The figure shows the contributions to the quark self-energy, E(fc). Here 

the double line  represents the quark propagator, 

iS (k ') = i [ f  -E(Jfc') + 1 c]‘ l and die wavy line is the confining interaction. 

(As a diagrammatic element, the wavy line introduces - iV c { k - k ' )  when 

evaluating the diagram. The filled circle denotes a factor o f

* < V >

(b) The equation for the quark propagator is given in terms o f the self-energy, 

£(£). seen in Fig. 2.1a. The single line is the propagator o f a massless 

quark in this figure.

Fig. 2.2 Values o f A ik 1) are shown for fc2 <0* The calculations are made in

Euclidean momentum space using a regulator function,

d k 2) = 2 A4 [it2 * A \ k 2) + A2] -1 [ it2 +A2{k2) +2A2] -1* w i t h  

A =  0.78 GeV. Here it =  -0.14/8 GeV2 and Gs =  8.30 G eV2.

Fig. 2.3 The integral equation for a vertex function o f the confining interaction.

The filled triangular area denotes the vertex functions. [We may write 

integral equations for either Fs(q, k) or FP(q, i t ) * ]  Here the wavy line 

is the confining interaction Vc ( k -k ' ) -  The resulting equation is solved 

with either the quark on its positive mass shell or the antiquark on its

negative mass shell. [See the text.] The double line denotes the

p r o p a g a t o r  iS(k +  q/2) «/[f *4 /2  -A + (q ,k )y l o r

iS ik -q /2 )  - 1[# - 4/2 ~A_iq, i t ) ] ” 1 *
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Fig. 2.4

Fig. 2.5

Fig. 2.6

Fig. 3.1 (a)
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The function Ts(q°, |T|) is shown for K = 0.0175 GeV2 and various 

values o f q°. Note that Ts(q°, |Ton|) =0, when = (g0/2)2 -m j-  

Starting at the lowest curve and moving higher, we have q° =0.7 GeV, 

q° =0.6 GeV, q° =0.5 GeV, q° =0.4 GeV, q° =0.3 GeV, 

9 ° =0.2 GeV, and q° =0.0 GeV- (The values for q°  =0.1 GeV are 

quite close to those for q° =0.0 GeV-) The results are for a constant 

mass, *260 MeV- I f  mq is replaced by A (k 2) only some small 

changes are observed near |£ | =0- A cutoff on the three-momenta has 

been used ( | T ' | <  A3) , with a3 = 0.702 GeV • [See the text.]

The equation satisfied by the pseudoscalar-isovector vertex o f the total 

interaction, FT(q,k), is shown as a crosshatched triangular area. The 

wavy line is the confining interaction, v c(k -k' )> and the filled circle 

represents a factor o f iGs- The driving term for this equation y5j>. [See 

Eqs. (2.5.1) and (2.5.2).]

Solutions o f the coupled equations for A (k 2) and B(k2), generalized to 

include a current mass, m°=5.5 MeV, are shown. [See Eqs.(2.8.1) and

(2.8.2).] Here we use vector confinement with k = -0.14/4 GeV2 and 

G *8.65 GeV*2- (For this calculation we have used a Pauli-Villars 

regularization procedure. See caption o f Fig. 2.2)

The diagram represents the equation for the vertex, Ts(q, k)> that sums 

a series o f confining interactions. These interactions are shown here as 

dashed lines.
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Fig. 3.2

Fig. 3.3

Fig. 3.4 (a)

(b)

(c)

(d)
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A perturbative expansion for Ts(q, k) is shown.

The vertex r*s~(q,k) is obtained in our analysis when the quark is on its 

mass shell. (Here the cross denotes a quark on its positive mass shell.) 

A perturbative expansion for r s~(q,k) is shown. The dashed line 

introduces a factor - /  vc(k -  k') y*(l) y (̂2)/4 when applying the Feynman 

rules in the evaluation o f the diagrams.

Values o f I^'Oz0, |T | )  are shown. Starting from the uppermost curve 

and moving downward, the values o f q° are 0, 0.10, 0.20, 0.30, 0.40, 

0.50, 0.55, and 0.60 MeV. For the last two o f these curves,

r r ( 9 0, |  * J ) - 0 .  Here Tm = { q j l ) 2 -m ?2, mf = 0.260 GeV»

H =0.030 GeV and K = 0.20 GeV2.

Values o f r * * ^ 0, \~k\) are shown. Starting with the uppermost curve 

and moving downward, the values o f q° are 0, 0.4, and 0.6 GeV. (Here

m? =0.260 GeV, n =0.030 GeV, and * =0.20 GeV2.)

The zero-range quark interaction o f the NJL model is shown.

The quark-Ioop integral in the scalar-isoscalar channel is shown.

The quark-loop integral including a series o f confining interactions 

(dashed line) is shown. The filled triangular region denotes the vertex 

function that serves to sum the ladder o f confining interactions.

The function Ks(q2) describes effects o f coupling to the two-pion 

continuum.
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(e) The function Ks(qz) includes two confinement vertex functions and has 

a cut for q'- >  4m*-

Fig. 3.5 The quark-quark T matrix, tqi(q2)> is obtained by summing the diagrams

shown. The t-channel exchanges are summed by the expression given as 

Eq. (3.3.9). In a limited region o f ^2(-0.25 GeV2 < q 2<  0 ). these 

effects are well represented by the exchange o f an effective sigma meson 

with m =540 MeV-o

Fig. 3.6 The figure shows Js(qz) and ) s(qz) calculated for g2 >  0- (We use a

cutoff on the three-momenta in the loop integral o f | T | <  A3 . with 

A3 =0.689 GeV-) The dotted curve is the result in the absence of 

confinement and the solid line shows Js(q*) for Lorentz-vector 

confinement with K = 0.20 GeV2- For the dotted curve (x=0) we have 

Gs = 7.91 G eV*2 and for the solid curve (K = 0.20 GeV2) we have 

= 8.516 GeV*2- Without confinement we find m =540 M e V , while,S

with confinement included, we find m =800 MeV- The horizontal 

dashed lines represent g *1 for the two cases. The intersection o f the 

appropriate dashed line with the dotted or solid lines determines the mass 

o f the sigma. Here / s(0 ) =0.088 GeV2 and ^ ( 0 ) =0.0708 GeV2-

Fig. 3.7 The diagram corresponding to &s(qz,q-K, k2) is shown. Here, the wavy

lines are pions. (The only factors o f i  introduced in the definition are 

those from the propagators. [See Eq. (3.4.1).] The diagram is evaluated
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Fig. 3.10
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for q2 > o by first completing the integral over in the complex* 0 

plane.

These diagrams introduce the factor Tg'iq, k)-

These diagrams introduce the factor Ts*(q,k)-

The first diagram introduces a factor o f r y (q ,k ) ,  while the second

diagram introduces a factor o f T~s~(q, k)-

The diagram that corresponds to F{ (q2) is shown. Here, the pions are on 

mass shell, so that Fx(q2) = &s(q2, q-K =Q,k2 = ml -  q2/4), where 

&s(q2, q-x, k1) is depicted in Fig. 3.7. Fx (q2) is needed in the evaluation 

o f Im &s(q2) •

The diagram that corresponds to f2(ic2) is shown, with 

F2(/cj) = ^ ( 0 ,0 ,« 2).

Values of F.0C2) are shown. For k2 < 0  the calculation is made in a 

Euclidean momentum space with a cutoff = 1.0 GeV• For k2 > 0 ,  the 

calculation is made in Minkowski space with a cutoff 

|T | <  Aj =0.816 GeV placed upon the integration variable. That cutoff 

is used for loop integrals having three quark propagators.

Values o f Im ^ ( q 2) are shown. Here we use <=0.20 GeV2. 

a -  2 58 and Lorentz-vector confinement. We also have 

mq =260 MeV and a cutoff on the three-momenta, |7 t| ^A ,»  with 

A, =0.816 GeV- (Note that the result is quite insensitive to the model
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o f confinement used.) To obtain the values for a =2 6 8 , we need to 

multiply the values in the figure by (2.68/2.58)4 =  1.16.

Values o f Re Ks(q2) obtained from the once-subtracted dispersion relation 

o f Eq. (3.5.6) are shown. Here, g = 2.68 was used in the calculation 

o f Im Ks(q2)- [See Fig. 3.10, which shows Im Ks(q2) calculated for 

g =2.58-1o-wqq *

The dashed line shows Re Ks(q2) * [See Fig. 3.11] The dotted line shows 

the values o f Js(q2) calculated in Minkowski space, w ith /^  = 260 MeV 

and a cutoff A3 = 0.689 GeV • The solid line shows J^q 1) + Re Ks(q2) • 

The dot-dash line shows the value o f G£l = (1/8.516) GeV2- The 

intersection o f the solid line with the dot-dash line depicts the solution of 

the equation G'sl -  [Js(m;) + Re&s(ml)J =0* We find m<j = 823 MeV- 

(For these calculations K =0.20 GeV2 and M =0.030 GeV )

Values o f Js(q2) + Re f t^ q 2) [see Fig. 3.12] and Im k s{q2) [see Fig. 

3.10] are used to form Re tqq{q2) , shown as a solid line, and Im tqq(q2) , 

shown as a dotted line. (The large dip in the value o fR e r^ 2) 

corresponds to the opening o f the two-pion continuum at q2 = 4m^-) 

Values o f | tqq{q2) \2 are shown. [See Fig. 3.13 for Re t^ iq1) and 

I m f ^ 2)-]

Values o f | tqq{q2) | 2 are shown in an expanded scale relative to that used 

in Fig. 3.14. The enhanced values for q2 — 0.7 GeV2 correspond to the 

zero o f Re tqq(q2) at q2 = 0.677 GeV2- [See Fig. 13.]
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Fig. 4.1  (a) The equation for the quark-antiquark T matrix is shown for the case 

£s(q2) =0- The circle is the effective interaction. [See Eqs. (4.l)-(4.3) 

and (c) below.] The filled triangular region denotes the vertex for the 

confining interaction.

(b) An expansion o f the T matrix is given in terms o f the effective interaction 

(circle) and the vacuum-polarization integrals J iq2)-

(c) The effective interaction (open circle) is composed o f the original (two- 

quark) NJL interaction and the three-quark ’ t Hooft interaction.

Fig. 4.2 (a) The diagram represents the function Ks(q2)< which has cuts starting at

q2 = 4m] and at q1 = 4ml- The wavy lines denote pions.

(b) The inclusion o f the confining vertex defines the function Ks(q2) , which

has only one cut starting at q2 = 4 m] ■

(c) The calculation o f Im k^q 1) may be made by placing the pions on mass 

shell, as denoted by a cross on the wavy line.

(d) A form factor needed in the calculation o f the diagram in (c) is shown. 

(See Ref. [1].)

(e) A form factor needed in the calculation o f £s(0) is shown. (See Ref. 

[11.)

Fig. 4.3 The figure shows RetdetDty2)] for the case where both R tK ^q2)  and

Im &s(q*) are included, as is singlet-octet coupling. The zeros o f this

function correspond to the states a and ax- The first o f these states is
}

predominantly o°(lF ). (The vertical line shows the position o f the
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Fig. 4.5

Fig. 4.6 

Fig. 4.7

Fig. 4.8 (a) 

■ (b)
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singularity at q2 = 1.48  GeV2 that is due to the presence o f a bound state 

in the confining potential.)

The figure shows Im fd e t/)^2) ].

The figure shows ReFa(^2) [dashed linej and RcTa,(qz) [solid line]. The 

cusp behavior for q 2 =. 4n£ is only prominent in Re Ta(q2) • Resonances 

appear at 1.00 GeV and 1.28 GeV, where ReT^q2) rises through zero 

from negative values. (No resonance appears for Re Ta, (q2) in this energy 

range.) Note that there is no singularity at q2 = 1.48 GeV2 in the T 

matrix.

The figure shows Im T^q2) [dashed line] and ImFo, (q2) [solid line].

The figure shows Re[detD(q2)]- The solid line is the result obtained 

when including r tfcs(q*) and imi^Cg2) . as well as singlet-octet coupling. 

The dashed line is the result with k^q 2) -  0 and in the absence of singlet- 

octet coupling. The dotted line represents a linear approximation to 

Re[detD(<72) ] (solid line) in the region q2 =  Q- For the dotted line.

RetdetFK?2) ] =  O.Sn[(mf f  -  q , with m f  = 0.520 GeV.

The one-boson-exchange (OBE) amplitude due to sigma exchange between 

nucleons is shown. The large open circles denote the vertex cutoffs o f the 

OBE model.

A representation o f sigma exchange in the NJL model based upon the use 

o f a valence-quark nucleon form factor is shown.
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(c) The nucleon-nucleon interaction is related to a quark-quark T matrix. A 

sigma-dominance model o f the T matrix is shown in b)

Fig. 5.1 (a) The equation for the quark self-energy, L(p2) =A(p2) + pB[p*). is shown.

Here vc denotes the confining field. The double line represents the 

dressed quark propagator for the theory with SU(2)-flavor symmetry [4J.

(b) An equation for the dressed quark propagator is given in terms of the 

quark self-energy.

(c) The equation for a vertex o f a pseudoscalar bound state. The filled circle 

denotes the interaction o f the NJL model that has SU(2)-flavor symmetry.

Fig. 5.2 Values obtained for | T | ) are shown for Lorentz-vector

confinement. We note that r*'(q°, | ~km \ ) = 0. where j£  = (q°)2l4 - m] • 

(A more general definition is needed for km when the quark and antiquark 

have different masses.) Starting with the uppermost curve and moving 

downward, we have

(a) q° = 0.0 GeV ,

(b) q° =0.2 GeV,

(c) q° =0.4 GeV,

(d) q° = 0.6 GeV,

(e) q° =0.7 GeV,

(0 q° = 0.8 G eV.
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The calculation is made for the up quark. Here, m -364 MeV.

H = 0.020 GeV and K =0.20/4 GeV2- The values shown are obtained

from the solution of Eq. (A4).

Fig. 5.3 Values o f r '* (q ° , | T | ) ares shown for Lorentz-vector confinement.

Here the antiquark is on its negative mass shell. Starting with the 

uppermost curve and moving downward, we have

(a) q° = 0.0 GeV ,

(b) qa = 0.2 GeV ,

(c) q° =0.4 GeV,

(d) q° =0.6 GeV,

(e) q° =0.7 GeV,

(f) q° = 0.8 GeV .

The calculation is made for the up quark. Here, we have solved

Eq. (A5). (See the caption to Fig. 4.)

Fig. 5.4 Values o f Ju{q2), Js(q2) and J ^ q 2) are shown. The quark masses are

my = 364 MeV and ms = 522 MeV- Here, the cutoff is a, =0.622 GeV 

and K = 0.20/4 GeV2- The dotted, dashed, and dot-dash lines represent 

J M *) ' J M 2) and ^  are given in the region where

these functions are real.

Fig. 5.5 The figure shows values o f Jr (q2) , ^ ( q 2) , and 3^{q2) for

Lorentz-vector confinement. The calculation is made for
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Fig. 5.6

Fig. 5.7

Fig. 5.8 

Fig. 5.9

Fig. 5.10 

Fig. 5.11

113

= m4 = 364 MeV and ms = 522 MeV • A cutoff o f A3 = 0.622 GeV is 

used, M =0.020 GeV and K =0.20/4 GeV2-

The solid lines show the values o f j^ q 2) and J^q2) ■ The dashed line 

represents JK(q2) and the dotted line represents JT(q2) • The latter two 

curves rise rapidly as the thresholds o f the qq continuum at 

q1 = (m, + md)2 = 0.530 GeV2 or q1 = (m  ̂+ ms)2 = 0.785 GeV2, are 

approached. Beyond these thresholds Jx(q2) and JK(q2) are complex 

functions.

Values o f j^ q 2) and J^q2) are shown. The dashed line represents 

J j(q 2) and the dotted line represents (q2) ■ Beyond 

q2 = (2mJ2 = 0.530 GeV2, J ^ q 2) and J ^ q 2) are complex functions, 

while Jr (q2) and l K(q2) remain real.

The functions d^iq2) and d^q2) are shown for the case o f vector 

confinement. [See Eqs. (5.5.24) and (5.5.25).!

The values o f the determinant o f the matrix D(q2) are shown as a solid 

line. The dotted line is the result when the rj° -  7 7*  mixing is neglected 

(G09= f08(q2)=  0). Note that the relations det/>(m j)=0 and 

detD(m£) = 0  provide the values o f the masses o f the tj and 17' mesons. 

The mixing angle, 9(q2),  is shown for the case o f vector confinement. 

We find 0 (mJ) = - 5 .6OP and d(n^,) = -29.2°. [See Table 5.2.1 

The experimental values and the calculated values o f the meson masses are 

shown. (See Tables 5.2 and 5.3.) Here the pion mass is used to fix the
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Fig. 5.12

(a)

(b) 

Fig. 5.13

Fig. 5.14

Fig. 5.15
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value o f the parameter Gs- The other mass values are predictions o f the 

model.

The triangle (anomaly) diagram that describes the decays x -*2 y , ri~* 2y> 

ri'-*2y -  Here and k2 are the momenta o f the on-mass-shell photons. 

These diagrams appear in the absence o f a model o f confinement. For the 

17', the diagrams would yield complex amplitudes due to the quark and 

antiquark going on their positive mass shells, simultaneously.

The triangle diagrams are shown including the confining vertex 

o f the V-A confinement model.

The diagram shown forms the basis o f the calculation o f the meson decay 

constant. Here g.qq is either grqq, gKqqt gqqq or giftqq. The shaded 

area is the confinement vertex f(q ,k )-  [See Tables 5.2 and 5.3.]

The function r F(q°, | T|) is shown for the V-A model. Here we have 

solved Eq. (B4) o f Appendix B. The calculation is made for 

mq =0.364 GeV and K =0.20/8 GeV2* (No cutoff is needed for the 

three-dimensional integral, which is convergent.) Here we solve the 

coupled equations that include "Z graphs” (or pair currents). The values 

o f q°, starting at the uppermost curve and moving down, are 

q° = 0.0 GeV, q° = 0.2 GeV, q° = 0.4 GeV, q° *  0.6 GeV,

q° =0.7 GeV, and q° =0.8 GeV.

Similar caption to that o f Fig. 14, except that we have solved Eq. (B5). 

Here, we neglect pair-current (or "Z graph”) effects. These effects are 

only significant for small values o f q°- [Compare Figs. 14 and 15.]
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