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Abstract

N-Representable One Electron Densities
calculated from X-Ray Structure Factors
by
Patricia Oldfield

Adviser: - Dr. Louis Massa

A least squares method was used to obtain the matrix
representative P of the one electron density, from theoret-
ical X-Ray structure factors calculated for model one elec-
tron systems. In one case the matrix P was constrained to
be idempotent, ensuring N-Representability in the Hartree-
Fock Approximation. In the other case this constraint was
omitted. It was found that neglecting the idempotency con-
straint could result in negative densities and a violation
of the variational principle. The calculation of expecta-
tion values showed that although the unconstrained P matrix
always fit the structure factor data better, it did not
necessarily predict the most accurate expectation value.
Some of the eigenvalues obtained by diagonalizing published P
matrices, resulting from a least squares method without the
idempotency constraint, were shown to be quantum mechanically

invalid.
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Chapter I

X-Ray Diffraction is a technique which has historically
been used for determining relative atomic positions and there-
fore bond lengths and bond angles between atoms in the unit
cell of a crystal. The relationship between the intensity of

scattered X-rays and the electron density is given by

FD FEY = T(D (1-2)
LR

F@Y= [p e 4% (1-2)

>
where K is the vector bisecting the incoming and scattered
X-ray beams, of magnitude 2sinf /A
F(i) is the scattering amplitude

I(K) is the intensity of the diffracted X-Rays

F(f) is thus the fourier transform of the electron density
and for an asymmetric density is a complex quantity. The
scattered wave in any direction is clearly the sum of the
waves scattered from all positions ; of electron density. In
order to reconstruct the density we need to know the struc-
ture factor, F(K), but only the magnitude, |F|, is obtain-
able from the experimental X-ray results. The crystallo-
graphic method consists of devising a trial structure, using
an approximate model to construct F(f) and finally refining
the model by comparison of the absolute magnitudes of the
calculated structure factors with those obtained from experi-

ment.
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Until recently the model assumed scattering from inde-

pendent spherical densities located at the atomic positions.

The atomic scattering power of an atom was given by

-
27 L \iir)

Loy = Sehﬁ?g S A3 (1-3)

where the density p(®) is spherically symmetrical. f, is
the amplitude of the wave scattered from atom n, relative to
the wave scattered from the origin in the same direction.
To obtain the total wave in direction E, it is only neces-
sary to sum the waves from each atom with the appropriate
phase. If ;n is the distance from an arbitrary origin to
atom n, the expression is simply
AL K.
(> = £b e 7 (Z-4)
n

-, . . . . .
When r; is expressed in fractions of the unit cell dimensions

and the Laue conditions imposed, the expression becomes

2 2T L Ur\x,,\%— h\\jh FL2W)
Flhk)) = 2 th e (1-5)
For every direction given by h, k, 1 the real and imaginary
parts of F(h, k, 1) define the amplitude and phase of the

calculated structure factor.

Adjustments in atomic positions, in order to obtain the
best possible representation of the experimental data, are
made by refinement procedures. Fourier synthesis involves
computing the density from the observed scattering amplitudes
and the calculated phases and subtracting from it the density

assumed by the model. This gives rise to a difference map.
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Atomic positions, i.e. positions of maximum density, are then
adjusted to minimize the contours in the difference map. The
least squares refinement, more commonly used nowadays, mini-
mizes the functional
2
CFe Lo (R~ dR®)] (1:6)
where wy is the weighting factor,
: Fo is the observed structure factor and
i (W ey, +2 A
T CR AR %-\ L. e Tw (I-7)
with respect to the positional parameters, thermal para-
meters as defined in Tp and the scale factor s. This method
Tequires that there be many more observations than parameters
and that the equations are linear in the parameters. If a
good trial structure is known a linear set of equations can
be obtained by minimizing F with respect to the shift in
parameters, relative to the trial parameters. An indication

of a good structure is the value of the R factor
Y
2 2
. 2
e R G goplrd-ondllemmnd T
R 4 ; .

R factors of the order 0.04 are at present reported with good

diffraction data.l

Unfortunately the outline given above is grossly over-
simplified. Firstly, the scattering amplitude F, is obtain-
able only after the intensity has been corrected for absorp-
tion, extinction and geometric effects. At this stage it

still contains a scale factor and is related to the thermally
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perturbed, rather than the static density obtained from theo-
retical calculations. As indicated previously, these effects
are accounted for by parametrization in the least squares re-
finement. However, since a sum of spherical atomic densities
is being used to fit a molecular density, it is conceivable
that the temperature factors are adjusted in the least squares
fit to simulate the valence and lone pair densities which a-
rise during molecular formation. That this is indeed the
case has been shown by Coppens2 in his comparison of thermal
parameters from X-ray and neutron diffraction. Since for a
molecule with a closed shell structure the scattering of
neutrons is due to the nuclei alone, the point charge approx-
imation for the scattering material gives more reliable tem-
perature factors and atomic positions. Atomic positions from
X-ray data may also be in error due to the shift in the cen-
troids of electron density when the atoms form a molecule.
The shortening of the internuclear distance between hydrogen
and other atoms, of magnitude ~ 0.12, compared to the bond
distances obtained from neutron data is a well known phenom-
enon.3 The discrepancy in internuclear distances calculated
from X-Ray and Neutron Diffraction data is of the order

0.01 -~ Q.OZR for first row atoms.4 Thus atomic and thermal
parameters obtained from conventional treatment of X-Ray data
may be in error, even though the R value and Difference
Fourier Synthesis indicate a correct structure. It must be
noted that it is only in recent years, due to the improvement

of X-Ray Diffraction techniques, that the finer details of



the molecular electron density and hence the above errors

have been detected.

Several ways to reduce these errors have been suggested.
As previously indicated, position and thermal parameters ob-
tained from neutron diffraction are more reliable. A disad-
vantage of this approach is that an additional experiment and
larger crystal are required., A comparison of the data from
both experiments also requires a thorough analysis of errors
in order to be meaning’ful.5 Scale factors are most reliably
determined experimentally.6 High angle refinement of X-Ray
data is thought to give more reliable parameters, than a fit

7 This is due to the

to the full range of structure factors.
nature of the fourier transform. The more diffuse densities
associated with the atomic valence orbitals become the more
contracted fourier transforms, (see for example Figure I) as
compared with the core electron transforms and are therefore
expected to contribute much less to the scattering amplitudes
at higher scattering angles. However there are some discrep-
encies between high angle and neutron diffraction analyses.

It is now thought that the contribution to the scattering
amplitude from lone pair densities is considerable at higher
angles and this may account for such differences.”® The Double

10 4n4 Sharpened Atom11 Refinements attempt to minimize

Atom
the errors inherent in the model, by allowing additional posi-
tional and occupancy parameters for the valence shell density
and giving higher weights to higher angle scattering, respec-

tively.



However, the real problem lies in the nature of the
model used. The sum of spherical densities alone cannot ac-
curately represent a molecular density. It is, in essence,
the errors in the thermal and positional parameters which
allow the molecular density to be well represented by this
model. This allows some understanding of the redistribution
of electron density during molecular formation, through the
concept of difference density maps.2 The density assumed by
the model when calculated with accurate positional and ther-
mal parameters from neutron diffraction data, is subtracted
from the density obtained by conventional X-ray analysis.
Negative and positive density contours thus indicate removal
and build up respectively of density in the molecule as com-
pared to the isolated atoms. Coppens recommends that atomic
scattering factors for use in difference density maps be cal-

12

culated from Hartree Fock atomic wavefunctions. Stewart

has suggested using the fourier transforms of only core elec-

trons in order to obtain a valence difference map.ls

Clearly to obtain accurate charge densities ffom X-Ray
Diffraction data for comparison with theoretical calculations,
it is desirable to account for the redistribution of electrons
during molecular formation in the initial model itself.

Atomic asphericity has been accounted for by the suitable
choice of wave functions centered at each atomic position.14

In the L-Shell (LS)'> and Extended L Shell(ELS)® treatments the
atomic scattering factor is partitioned into a contribution

from the core and valence scattering terms. The occupancy of
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the valence orbitals, P, is a parameter to be determined in
the conventional least squares refinement (ELS) or in a sep-
arate cycle after the conventional refinement (LS). Although
these methods are an improvement over the use of the conven-
tional Hartree Fock atomic scattering factor, they do not ex-
plicitly account for the scattering from the '"bond density"
between atoms. The inclusion of such bond scattering terms

16

was first suggested by McWeeney™  and later generalized by

17 In the Hartree Fock approximation, the one elec-

Stewart.
tron density is simply the sum of the density contributions
from each occupied orthogonal molecular orbital. Introduc-
ing the LCAO approximation, the density can then be expressed
in terms of basis functions 2}95& and population coeffi-
; iy
cients , MV
i.e.

e = 2 2 Bty @,

¢h %Q)\m q)/h

1

o

thus \3(‘.\'3 pl %\ % S\)’ C/MV\ C—\)v\ \P/u(\} LP\) (\')

1> %
= 2 % % \/AO \")/U\(\B \\)\)(\'B (1.79-)

- =
2Lk

thus F(-\.“> = &\(DU,\') (=3 c\gr-:

ZJTL;JF
= 2 %% EAV \YUR/AL\) e b o) o3

.28 P ¥M0(23 (1-10)

Ms v MY



Stewart has given analytical expressions for calculating
one and two center terms using gaussian expansions of HF or

17,18,19 If accurate positional and ther-

STO basis functions.
mal parameters have already been determined, this formalism
can be used in order to obtain the population parameters

from a least squares refinement in which

FC_U-Z‘)= %—"o \7,9 /w(-‘z). T(¢md3\)>

and the functional to be minimized is as usual,

2
T = %m—g Y_FQGZB - s\i(\—:‘;x
Coppens and coauthors have developed and used this method to
study several small and medium sized molecu1e520’6’21’22.
Two models have been used. In the one center model all fou-
rier transforms of orbital products centered on different
atoms are neglected. In the two center model such terms are
included and only products between non-bonded atoms are ne-
glected. It is the two center model which specifically ac-
counts for scattering from bond density. The number of para-
meters are reduced, in order to make the least squares method
meaningful, by molecular and bond symmetry considerations.
The bond temperature factors between atoms A and B are taken
as
Tap = (Ta + Tp)/2
Due to the large correlation of parameters and comparison
with accurate theoretical calculations on diborane,22 it has
been concluded that the net atomic charges on atoms are more

accurately determined than individual population parameters.

Comparison of results from the one center model with INDO



atomic charges show reasonablequalitative agreement when
molecule optimized Slater type minimal basis functions are
used for cyanuric acid and a-oxalic acid dihydrate.6 However,

22 the isolated

using the two center model for cyanuric acid,
atom Hartree Fock basis functions are found to give the lower
R value, which corresponds to the most reasonable basis set
as judged by the diborane calculations. The atomic and bond
charges for TCEO21 do not in general give results expected
from theory, nor do they agree with the ELS calculations per-
formed on the same molecule. The authors note that the phys-
ically unreasonable negative bond densities are probably due
to correlation between the bond and one center parameters.

6 from the two center

However the population asphericity map
calculation agrees qualitatively with the X-N difference den-
sity map. Comparison of theoretical difference density maps
from INDO and ab initio STO-3G calculations with the best
population asphericity map from the theoretical studies of
diborane, indicate that the approximate theoretical calcula-
tions do not place enough density in the bonding or lone pair
regions. Jones et al have recommended transforming the pop-
ulation parameters to a set of uncorrelated parameters22 to

allow meaningful comparison with theoretical population para-

meters.

It is the attainment of just such meaningful comparisons
which provides the motivation for the present study. Even
with the determination of uncorrelated parameters, such com-

parisons are not theoretically valid. In order to be quan-



10

tum mechanically correct the one electron density must be N-
Representable. It is easily shown that the necessary and
sufficient condition for single determinant N-Representability
is the idempotency of the P matrix, the latter being defined

in equatiton (I-9) .(see Chapter II).

In the following study various theoretical model densi-
ties have been fit in a least squares procedure analagous to
6,20,21,22

that used by Coppens and several authors and via

the method developed by Clinton et a123’24’25, which imposes
the idempotency constraint. Comparison of densities, eigen-
values and expectation values from the two methods, with those
of the model density have been made. Expectation values may
be considered criteria for judging a good density distribu-
tion.26 This study shows that the density which gives the
best fit to the data, via the unconstrained least squares
method, does not necessarily predict the most accurate ex-
pectation values. In some cases the omission of the idempo-
tency constraints leads to negative densities and energy ex-
pectation values which violate the variational principle.

21 show

Diagonalization of the published P matrices for TCEO
that some of the eigenvalues of the one-electron density fall

outside the quantum mechanically valid range.
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Chapter II

Theoretically the one electron density is related to the

wave function of the system through
QLY = N S B0 ) W (Vo N dTy . AT

and describes the probability of finding an electron at any
position in space. The problem of relating the one electron
function to an N electron function, through the above equa-
tion, is the N-Representability Problem. As shown in Chapter
I, (I-9), when the wave function is approximated as a single
determinant, the one electron density may be expressed in
terms of the basis functions ‘2%[% and the matrix representa-
tion P

i.e. ?(_\,\'5 = \r P LLL\) \2*("3

In this case the necessary and sufficient conditions for N-
Representability are that P be idempotent (P = P?) hermitian
(P = E*) and normalized to the number of electrons in the

system (Tr P = N).

The necessity of these conditions can be seen as follows:

In the Hartree-Fock Approximation

WQ.N) = \/W‘. %,\%UBXY,@--» N

where )(11(2...N) is the cofactor of §,, a molecular orbital
in the Slater determinant.
Thus

N &WU.--N) Br (1N ATy L ATy
= N /N\. %,M B, LN ng:' 6 S')th_..NBXt“ (’z..N\ Q\’\:d’;"q
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The &'s may be taken as orthonormal and thus

LXm VXD = (=) Swan

so that the one electron density becomes
+ * '
() C\, vy = %,\ ¢v\(\5 QSM (\’) Y (;é O é (‘)

where Q is a column matrix of molecular orbitals. If we
choose a basis set E}¥f§ to represent each molecular orbital
¢, then

gy

-~

Te cwty Yoy

and p(1,1Y

ARCTOR M

¥
. T P ey wt(n
From the orthonormality of the molecular orbitals

¢. 92" -1 s cy.bTet-1

3+
or ¢ E% c = ‘3
In the case of an orthonormal basis set this implies
3 +
eg” =1 creete = e'¢

Thus the definition of g-ﬁ,§+§' in an orthonormal basis set
implies that P is an idempotent matrix. The necessity that

P be hermitian and normalized follows simply from

and

Se(\,\'B &/\\\ = N-:TFE% = T(' E ‘\'ur %:j;

-~
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That these conditions are sufficient to ensure N-Repre-
sentability can be seen from a theorem due to McWeeny.
i.e. Assume P = P*, P = E+ and Tr P = N.
Then, since aﬁy hermitian matrix can be diagonalized by a

unitary transformation

yput=p
. . ) -
and @euH@eyH -2
but since 9+9, = 1 and 22 = P then §2 =P

Thus P must be a diagonal matrix with diagonal elements of
only 1 or 0. Due to the normalization constraint and the

invariance of the trace to a unitary transformation

iie. TrP=T  UPU =N

there must be N diagonal elements of magnitude 1. Examina-

tion of the reverse transformation

p=utpPU-= U+<1N. >U = U+<1"-_ >(
~ ~ P ~ ~ -.o ~ -~ 'o

i
o)y
e — e —

T~ T
- ~~ ~
shows that P may be factorized into the product of a matrix l_

SN
with its adjoint, where l_ contains the first N rows of the
matrix U. Thus we see that any hermitian, idempotent and

normalized matrix P used in the one electron density expres-

sion,

T P e e

is sufficient to ensure N-Representability, in the case of an

N-electron single determinant wave function, due to the



14

factorization +
= T

-s

0

+ 1
and thus o(1,1Y T\ A+'V U(U)\\’ Oy = I \ \-\’L‘)‘f (‘

T gy 70

where @ =T

~ ~

and g? may be taken as the N orbitals in the single deter-

minant N electron wave function.

In the method of Clinton et al a set of iterative equa-
tions have been developed28 which generate an idempotent
matrix P and satisfy the constraints

Ty P =N

~

- - -
Ty P f(K) = F(K), for all K measured.

-
When F(K) are taken as the crystallographic structure factors,

the elements of f(K) are given by
2TT\.\< f' e
Q\JLKB = S\w\‘ tki & -

The idempotency of P is ensured by minimizing the quantity
Ty (P - P?)2, 1In practice the normalization constraint is
included, as the zeroth equation, with the experimental con-

straints. Thus the two constraints
Ty (E - 22)2 = 0
- -
T, g f(K) = F(X)

can be satisfied simultaneously using:Lagrange's method by
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which

WY = Tr (2o + $Or 3 TR RS- RS

is minimized with respect to P and A,. Minimizing with

respect to A, returns the experimental constraints

T, P £(K) = F(K)

~ o~

Minimizing with respect to P gives

S § T (Prrero2p®) + g (Tr PR - F)§ =0

ie. Tr 28 4P -(P*IOP + %kg_\'rgﬁb SP =0

or TF Cif'\-‘liﬁ*g?l- %.X/\‘zg('\'ngﬂvp=o

<

In order for the trace of the product matrices to be zero for

arbitary ¢P
k3 ]
Prapi-ap’- IXelmdy-o

must hold. Rearranging we obtain

3 ’
P.* 3R7-2R + 3 t®

~ N

The method involves a first guess at P, which is substituted

into
- g
Tr Ppyp £(K) = F(K)

which reduces to a matrix equation
W - {w) 28
'x . T | )

~

the solutions of which give the A's. These values are re-

turned to the iterative equation and the process repeated
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until an idempotent P matrix is reached. If there are more
experimental values, FfE), than parémeters to be determined,
the set of K equations, T, P f(f) = F(E}, give no consistent
solution. The most accurate fit to all F(K) is given by
minimizing the quantity 5

F - Lol r® - PE®)
K
or using the constraint

A
4 oe (F-TePEE®) = &
(94

where € is a minimum. Using this equation as a constraint

generates a complicated set of iterative equations. A simpler

set of equations can be found using the similar constraint
g = Sug | R TePE®)
<

These are of the form25

2 3 ’ . o
P 3R =26 + N 3 %it Dgs FED T+
where f(i)i refer to f matrices for \F - 1y P f\positive or

negative. These values have to be determined at each itera-

tion and ¢ is minimized in a superiterative procedure.

The method being used at present by many workers in

this field in its simplest form minimizes the functional
\ 2
T s Lor [ F® - TeRE®)]
<<
with respect to the elements of P. The number of parameters

therefore contained in the hermitian matrix P, normalized

to the number of electrons N, in the system is

PN (m) =m_@1:2f_l_l -1
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where m is the number of basis functions used. It should be
noted that constraining P to be idempotent reduces the num-

ber of parameters to
Py (my, N) = N(m - N)

since there are m x N parametérs in the c matrix defining

P = g+g, which are reduced due to the N? orthogonalization
and normalization constraints contained in c E+ = 1. For ex-
ample, when N = 1 and m = 2, as in this study, the number of
parameters in the idempotent and non-idempotent matrices are
1 and 2 respectively. Thus an idempotent matrix representa-
tive of the density not only ensures N-Representability but
should also allow the use of a larger basis set than the non-
idempotent representative while maintaining the same amount
of overdetermination. Omitting the idempotency constraint,

however, always allows a better fit to the data due to the

larger number of parameters.

For the case of a one electron system, an identically
idempotent, normalized P matrix may be generated by choosing
elements such that

é: Pt -1
L

"2_ .Iz

and Pu = P Py

R

i Yy e Yy {
thus P'\:\ i > \bi.'t- Pkk PKK \54:)

I

"‘L

- Y. ‘.'Iz
- F\.L P\‘\\ %Fkk

T OPLTREC Py
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In a two dimensional basis, the idempotent matrixMPI thus
takes the form ) |
P + \3 2 (\ - P 'z>
-p) -
It is also noted that since every hermitian matrix can be

diagonalized by a unitary transformation

plu - Te WP U U Yoy prmu’
Tr ﬁ? \:\E(\) \—})+(\')

then for an orthonormal basis set %}k}, the diagonal ele-
ﬁeﬂts of‘i are eigenvalues of the one electron density and

the transformed basis functions 2@3, called natural orbitals
are eigenfunctions.

i.e. §(\,\‘5 Bl = S QO"') B Gy 4T

Vi
S 4O B0y | By Gty dT
>\
= Xw\¥w(ﬁ

The A's are interpreted as occupation numbers of the
natural orbitals and to be quantum mechanically valid must
lie in the region

2
o £h &2 ?
for a density described by doubly occupied orbitals. In the
Hartree-Fock approximation, since (1,1 ) is idempotent the
only possible eigenvalues are 1 or 0 (or 2 or 0 for doubly

occupied orbitals)
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b8 2

i.e. %\_\,—_o\\.\.)
A -
e w T
but a = a? so a = 0 or £t1. Thus on diagonalizing an m

dimensional matrix representative PI there must be N 1's and

(N - m) zeros on the diagonal.

Four aspects of the N-Representability problem with re-

gard to X-Ray Diffraction Data were studied.

1) Comparison of N-Representable and non N-Representable
densities generated from the same structure factors, for
the simple case of a one electron wave function.

2) Comparison of expectation values calculated from these
two sets of densities.

3) A study of the effect on both densities of introducing a
temperature factor into the structure factor and then in-
to the basis functions.

4) The diagonalization of published P matrices which were
not constrained to be idempotent and examination of the
eigenvalues obtained.

The basis set used consisted of orthonormal ‘hydrogen 1s

and 2s functions.

i.e.

3 ha _8F
b, = \s = (%/Tl'3 e

"2 -‘€F/2
p, = 2w T (%3/%“'} e (- %)M



20

One electron wave functions of the form

Q = C\\P‘ +C2L\)1

were defined by coefficients fulfilling the normalization

constraint

c,? + ;.22 =1
Model one electron density representations EC were calculated
and used to construct a set of structure factors via
o Ll = Te €2 WD = e R W R0Y

ATL ERIS Ay

F0as Jetme A s TER [bwe TwndT
- \r Eﬁ g Uﬁ)

where,&? are the hydrogenic basis functions with g = 1.0.
See Appendix I for the calculation of £(K).
The values of K, at which F(K) was determined were taken in

the range °

o0& wmefy £ 13

-3

where K = 2sin®/Ax. Experimental data, for example, obtained

]
with Moko X rays, X = 0.7135A would be in the range
. -
T R B
A least squares method was then used to obtain the matrices
PI (idempotent) and PN (non-idempotent) by minimizing the

functional

’ el
T = 3w SF =T B F0OY ary
\~

with respect to the parameters in Py or P;. The basis func-

4

tions used in f£(K) were generally varied from the hydrogenic
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functions by varying the scale factor, &. The simple two

dimenéional g matrices have the form
Yy Iy
ptpel-p)
Y Y
tp (g (-p)

Poo
~ o, (\‘P)>

Minimization of the functional with respect to P. amounts to
~-

Y
"

2V

solving a fourth order . equation to obtain the one parameter
p in EI which is in the range ogp<¢l and gives the minimum
value for 1$. Minimization of T¥'with respect to p and q in

PN results in a matrix equation

~

A=B"C
* where §(wk’ £(XK)), g(wk, f(k), F(X)) and A is a column
matrix of p and q. The derivation of these equations is
given in Appendix II. The weighting factox,wk, was taken as

1.0 for all values of k.

The eigenvalues of P, were routinely calculated by sol-

ving the secular equation
[Py - ALl =0

As mentioned previously the eigenvalues of’fI are necessarily
1 or 0. A deviation away from 1 or 0 in the eigenvalues of
'f was taken to indicate a quantum mechanically invalid den-
sity.

All calculations except those referring to Table I were -
carried out in double precision on an IBM 370-168. When the

value of the scale factor £ was unity in both the basis func-

tions used to construct the model density and the basis
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functions used in the fitting procedures, the elements of the
non-idempotent EN matrix were equal to the elements of the
matrix representation of the model density to at least ten
significant figures. The corresponding eigenvalues and point
charge density evaluated between 0%r$3.4 a.u. were equal to
those obtained from the model density to at least 13 signifi-
cant. figures and 14 decimal places respectively. The ele- '
ments of the idempotent EI matrix were always equal to the
elements of the model P matrix to at least five significant
figures. A crucial step in obtaining the one parameter, p,
in EI involved solving a fourth order equation in p. The ac-
curacy of the solution p, which gave the lowest value of the
functional & , was related to the number of decimal places
to which. the fourth w@rder equation. was -sat¥sfied.

Table I illustrates the correlation between the
number of decimal places to which the fourth order equatioen
was . satisfied, and the number of significant figures to
which the elements of the P

~1
pectation values were equal to those of the model density.

matrix and the corresponding ex-

The number given for the density is the smallest number of
decimal places to which the non-idempotent and correct den-

sity agree. All densities are less than 1.0.



TABLE I

Correlation Between the Fourth Order Equation

and the Accuracy of the P_ Elements.

I
0 in fourth order
cq equation ?I Elements
0 15 10
99 11 8
95 12 10
90 15 10
866 15 10
85 14 10
80 11 10
75 9 8
70 14 10
65 11 10
.60 9 8
55 8 6
50 12 10
5000439981 12 10
.45 10 8
.40 8 6
35 12 10
30 10 8
25 8 5
20 11 8
.15 9 6
.1410673598 8 6
.10 11 7

For explanation of Table see text.

<

23
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Tﬁe elements of the P matrices were only printed out to ten
decimal places and hence 10 in the P; elements column indi-
cates an accuracy of at least ten significant figures. In
the discussion of results the elements of the P matrices are
taken to be accurate to 5 significant figures. The expecta-
tion values are taken to be accurate to 4 significant figures.
Eigenvalues are considered significant to five figures. Den-
sities are judged to be accurate to at least four decimal
places and functionals to six decimal places. It should be
noted that none of the conclusions of this study depend upen

the choice of one particular model density.

In the discussion of results, the following abbrevia-
tions are used.
gx where X = N, I or c
P is the matrix representative of the one electron den-
sity.
BN and EI are obtained from the least squares fitting proce-
dures without including the idempotency constraint and in-

cluding the idempotency constraint respectively.

P. is the matrix representative of the model density.
Py where X = N, I or ¢
p 1is the point chazxge density and is computed from
o= Tr Pey’
where V¥ is a column matrix of the 1s and 2s hydrogenic
basis functions with appropriate values of the scale
factor £.
£ where x = £ or ¢
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£ 1is the scale factor in the hydrogenic basis functions
f refers to the basis functions used in the fitting pro-
cedure to obtain gN and gI
c refers to the basis functions used to construct the
model. 'density.
"exact basis set'" the 1s and 2s hydrogenic wave functions
used to construct the model density.
"fitting basis set'" the 1ls and 2s hydrogenic wave functions
used in the least squares fitting pro-

cedure to obtain PN and PI'
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Chapter III

In the simple case where the fitting basis set was iden-
tical to the exact basis set, E = EI = Ec' The conclusion |
here was that if the system could be accurately described by
a Hartree-Fock wave function and the basis set chosen could
exactly fit this wave function, then the matrix representative

P, of the one electron density obtained from a simple least

squares fitting technique would necessarily be idempotent.

The crystallographic structure factor may be in error
due to the scale factor s (equation I-6) which may be incor-
rectly determined in the conventional least squares refine-
ment. To investigate the effect on Py and Py of such errors
structure factors calculated as described in Chapter II, then

varied by *10% were used in the least squares equation (II-1).

The model density used was 0.641s? +0.961s2s + 0.362s2.
The fitting basis was identical to the exact basis. A simi-
lar study done by Clinton et al24 (see also Appendix III)
showed that the elements of P; changed less than the elements

of P, as compared to Ec' This was thought to be due to the

N
fact that P could fit the data better and therefore would

N
reflect the error in the structure factor more than BI' Re-
sults here showed that although the percentage change in P
elements, as compared with those of Bc’ was generally smaller
than the percentage change in BN elements, the density ob-

tained from EN was closer to the model density than that ob-

tained from PI‘ In the cases when the elements of E were
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closer to those of P, the density obtained from EI fit the
model density most closely. On analysis the inverse correla-
tion was seen to be due to a cancellation of errors, an in-
crease in one element, being compensated by an appropriate
decrease in another element. The densities were significantly
different in the region o <r 1.2 a.u., the maximum difference
between py and Py being 0.8%. Thus in terms of reproducing
the model density when the structure factor was in error
there was no obvious advantage in constraining P to be idem-
potent. However, it was found that the eigenvalues of EN
were not quantum mechanically valid when an error was intro-

duced into the structure factor. This is shown in Table II..

Clearly, when dealing with experimental structure fac-
tors, the exact basis set will not be known. In order to
simulate this situation the study was repeated using a fit-
ting basis which was not identical with the exact basis, the
difference being in the value of the scale factor g used in
the hydrogenic basis functions. In some cases it was found

that densities obtained from P had negative values in cer-

N
tain regions of space. Clearly a negative density has no
physical interpretation. A systematic study was thus under-
taken to investigate the conditians under which such negative

densities could occur.



TABLE II
Quantum Mechanically Invalid Eigenvalues for gN
€ N1
-10 1.0228
-5 1.0076
-1 1.0009
+ 1 0.9994
+ 5 1.0003
+10 '1.0086

€ is the percentage error in the structure factor due to
F(K) -+ SF(K)

N1 is one eigenvalue of Py

Note that N1 + N2 = 1 due to the normalization constraint

This calculation was done in single precision and with

s =1, N =1.0000.

28
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Model densities were constructed from hydrogenic basis
functions (£ = 1.0) and matrix representations EC as shown
in Table III, P and P. wereobtained for fitting basis sets
in which & varied from 0.6 - 1.6. Examples of negative den-
sities obtained from EN are shown in Tables IV and V. No
negative densities were obtained from P..

Analysis of the one electron density expression
Tr E)N b e L£+ = P (\"3 u(\s“’\g + 2 Ry (L2 Walbsg + PN(I*?") “”LS‘P;&

with respect to the hydrogenic basis functions, revealed two
possibilities for obtaining a negative density. If either of
the diagonal elements of EN have large negative values or are
negative in regions where the corresponding orbital product
contribution is large, relative to the remaining product con-
tributions, the density will be negative. Since a negative
diagonal element in the P matrix already implies an invalid
quantum mechanical density, this is not surprising. More im-
portantly, from a practical point of view, a large positive
value for PN (1,2) will result in a negative density in re-
gions of space where the 1s2s orbital product has a relative-
ly large negative value. Similarly a large negative value of
PN (1,2) could result in a negative density, depending on the
relative contribution of each orbital product, PN (1,2) is an
independent parameter in the least squares fitting procedure
and thus its only requirement is to attain a Vélue which pro-
duces the best overall fit to the data. PI (1,2), on the
other hand, is constrained by the idempotency condition, to

depend upon the diagonal elements and therefore the over-



TABLE III

Model Densities

.0100

+ see Table I for exact value of

cy P.(1,1) P (152)
1.0 1.0000 0.0000
0.99 0.9801 0.1397
0.95 0.9025 0.2966
0.90 0.8100 0.3923
0.87%F 0.7500 0.4330
0.85 0.7225 0.4478
0.80 0.6400 0.4800
0.75 0.5625 0.4961
0.70 0.4900 0.4999
0.65 0.4225 0.4940
0.60 0.3600 0.4800
0.55 0.3025 0.4593
0.50 0.2500 0.4330
0.45 0.2025 0.4019
0.40 0.1600 0.3666
0.35 0.1225 0.3279
0.30 0.0900 0.2862
0.25 0.0625 0.2421
0.20 0.0400 0.1960
0.15, 0.0225 0.1483
0.14 0.0199 0.1397
0.10 0 0

.0995

e
-

p (2,2)
C

L, OO0 00000000 ODOOOODODODOCOOOOO

.0000
.0199
.0975
.1900
.2500
.2775
.3600
.4375
.5100
.5775
.6400
.6975
.7500
.7975
.8400
.8775
.9100
.9375
.9600
.9775
.9801
.9900

30
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weightingyhich results in negative densities cannot occur.

It can be seen from Table VI, that for £ = 1.0, the 1lsZs
orbital product becomes negative at 2.1 a.u. Furthermore
between 3 and 4 a.u., all three orbital products are the same
order of magnitude. Thus one would expect a negative density

to occur in this region when
2 PN(1,2) > PN(l,l) + PN(Z,Z)
i.e. 2 PN(l,Z) > 1.0 (IT1I-1)

Obviously when & is less than 1.0 in the fitting basis,
a negative density will not occur until larger values of T,
but for € greater than 1.0 the distance at which the first
negative density may occur will be smaller. This is illus-
trated by comparing Tables VI and VII. Initial results
(Table IV) indicated that condition (III-1) was a useful
guideline in predicting negative densities, when the basis
functions used in the fitting procedure were more diffuse
than those used in the model density. A more comprehensive
study (Table V) revealed that as the fitting basis functions
became closer to the exact basis functions, negative densi-
ties were sometimes obtained when the off diagonal elements
of EN did not appear excessively large. In regions of space
where the 1s2s orbital product is negative, but all orbital
products are not the same order of magnitude (see Table VII).

there is no simple relationship between the elements of P

which allows the prediction of negative densities. When one
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TABLE IV
Examples of negative densities obtained when the

idempotency constraint is omitted.

c, &g py (T) ro Py (1,1) P (1,2) P (2,2)
0.99 0.6 -.0004 4.7 .4681 2.068 .5319
0.866 0.7 -.0005 4.1 .4811 1.534 .5187
0.80 0.7 -.0004 4.1 .4391 1.400 .5609
0.60 0.8 -.0002 3.6 .3600 .7278 .6399
v .14 1.6 -.0053 1.2 -.2241 .4497 1.224

cq describes the model density (Table II)

¢ is the scale factor used in the fitting basis functions
pN(r) is the point charge density obtained from e f« 93&2‘
T is in atomic units

N is an eigenvalue of P

1
sind /A ranges from 0 - 0.8, in increments of .02.

R= 3 %‘ (Fos - T.-E{(u)\‘/ 4 F(K\‘z‘l‘

2.57
2.03
1.90
1.24
1.35

.1031
.1313
.1399
.0987
.3035
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TABLE V

Examples of negative densities obtained when the

c1 gf
0.9 .95
0.8 .95
0.7 .95
0.6 .95
0.3 1.05
0.2 1.05
0.1 1.05
0 1.05

See Table IV

idempotency constraint is omitted.

oy (¥) T P (1,1) P (1,2) P (2,2)
-.0001 3.7 .7719 .5563 .2281
-.0001 3.4 .6119 .6131 .3881
-.0001 3.2 .4741 .5972 .5259
-.0001 3.1 .3750 .5427 .6430
-.0001 2.3 .0625 .3099 .9375
-.0002 2.2 .0035 L2426 .9964
-.0003 2.0 -.0343 .1654 1.034

-.0003 1.9 -.0507 .0811 1.051

for explanation of symbols.

N1
1.119
1.123
1.098
1.061
1.036
1.053
1.05

1.053

.0141
.0172
.0199
.0225
.0276
.0283
.0282
.0406
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TABLE VI

Numerical values for the orbital products of the hydrogenic

1s and 2s wave functions (£=1.0) at various values of r

Tr(a.u.) 1sls 1s2s 2s2s
0 .3183 .1125 .0398
.4 .1430 .0494 L0171
.8 .0643 .0203 .0064
1.2 .0289 .0074 .0019
1.6 .0130 .0020 .0003
2.0 .0058 0.0000 0.0000
2.1 .0048 -.0002 .00001
2.4 .0026 -.0006 .0001
2.8 .0012 -.0007 .0004
3.2 .0005 -.0006 .0006
3.6 .0002 -.0004 .0007
4.0 .0001 -.0003 .0007
4.4 .0001 -.0002 .0007
4.8 .0000 -.0001 .0006
2z -2Sr
lels = § e
W
3,%

K -4
le2s = S e
2=

2 2 o
Qs g = 3— (\-%r,23 e
<IW

(1~ %))

£r
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TABLE VII

Numerical values for the orbital products of the hydrogenic

1s and 2s wave functions (£=1.05) at various values of r

r(a.u.) 1sls 1s2s 2s2s
0 .3685 .1303 .0461
0.2 .2421 .0851 .0299
0.4 .1591 .0548 .0189
0.6 .1045 .0347 .0115
0.8 .0687 .0214 .0067
1.0 .0451 .0128 .0036
1.2 .0296 .0073 .0018
1.4 .0195 .0038 .0007
1.6 .0128 .0017 .0002
1.8 .0084 .0004 .00002
2.0 .0055 -.,0003 .00001
2.2 .0036 -.0006 .0001
2.3 .0029 -.0007 .0002
2.4 .0024 -.0008 .0003
2.5 .0019 -.0008 .0003

see Table V for explanation of symbols.
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attempts to fit model demnsities very close to hydrogenic 1s
or 2s functions (£=1.0), with basis functions which are more
contracted, negative densities do occur due to overweighting
of the appropriate orbital product which produces a negative

diagonal element due the normalization constraint.

From these results a general conclusion may be drawn
that if the basis functions contain nodes there is a possi-
bility of obtaining negative density if the idempotency con-
straint is omitted. It is noted that Slater-type orbitals
are often used for this type of calculation. Although the
radial component of these functions contain no nodes the
spherical harmonics contain Legendre functions which possess

angular nodes.

One interesting consequence of the above study could
occur in the qualitative interpretation of population aspher-
icity maps. These are constructed from the difference be-
tween the molecular density obtained via a least squares fit-
ting technique without the idempotency constraint and the sum-
of spherical densities over all the atoms in the molecule.
Thus positive and negative regions indicate, respectively a
build up or decrease of electron density in that region, dur-
ing molecular formation. Since the least squares method gives
the best fit to the data, one would expect negative densities
to occur in regions where the true molecular density was small.
Misinterpretation could result if the true molecular den-
sity was larger than the atomic density in this region but

the molecular density obtained from the fitting procedure was
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negative. Such a misinterpretation of course could only oc-
cur if the corresponding molecular density map was not plot-
ted separately along with the population asphericity map. It
should be pointed out that the effect of such a situation on
an asphericity map would not be drastic, but merely shift the
positive contours, for example, in the lone pair region,
slightly farther away from the nucleus or appear as an obvi-

ous discrepancy.

Comparison of Tables IV and V shows that the eigenvalues
obtained from the non-idempotent one electron density are
closer to 1.0 when the fitting basis functions appreach the
exact basis functions. This is illustrated more clearly in
Table VIII. From this table one could also conclude that the

lowest value of the functional,
2
"\'—F- = %‘-\L\kY_F(.K\ -—T"EE(\QU
<

corresponds to the "most quantum mechanically valid" eigen-
value or the '"most N-Representable density'". However, cal-
culations undertaken as an extension of a study done by Clin-
ton and Massa24 (see Appendix III), showed that this was not
true when the basis functions used were fundamentaly differ-
ent from the functions used to construct the model density.

In this case the model density was that termed by Stewart as
"the best spherical density" for a hydrogen atom in the hydro-
gen molecule30. This density originates from minimizing the

quantity

e & U2 - (gurpwy] o7



TABLE VIII

Eigenvalues and functionals for the non-idempotent density
obtained by fitting hydrogenic basis functions (Ef) to the

model density.

p = 0.64 1s® + 0.96 1s2s + 0.36 2s? (£ = 1.0)

£ N F
0.98 1:0388 .00019
0.99 1.0192 .00005
1.0 1.0000 D - 29
1.01 .9811 .00004
1.02 .9636 .00017

N1 = eigenvalue for non-idempotent density
2
T - 9ol FO -Te By o]
k

L S U 30
0 £sino/A £1.7176 A"! ' Stewart et al.
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e - (1/@3 (Ve exp (- §) ‘%,‘4 o 3“413

where

and is a modified form of the Kolos :Roothaan.wave function

for H,. The fitting basis functions used were again the hy-
drogenic 1s and 2s functions and the scattering factors for:pa
were-taken from Stewart et a-130-T'ab1e IX shows that the 'most
quantum mechanically valid" eigenvalue for the non-idempotent
density occurs for a value of £ = 1.09 in the basis functions.
This does not correspond to the minimum functianal which oc-
curs for a value of & = 1.13. This implies that parameteri-

zation of £ in a least squares fitting procedure would not

necessarily lead to the "most N-Representable density".



Eigenvalues and functionals for the non-idempotent density

TABLE IX

40

obtained by fitting hydrogenic basis functions to Stewart's

"best spherical density" for a Hydrogen Atom.

5
1.08
1.09
1.10
1.11
1.12
1.13
1.14

1.0055
1.0004
.9967
.9945
.9937
.9942
.9960

TF,

.00047
.00033
.00022
.00015
.00011
.00010
.00012

For explanation of symbols see Table VIII
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Chapter IV

Although the overall fit of the calculated structure
factor to the true structure factor, as judged by the func-

tional

2
T e 2 LTerfes - Feod -1y

was always better for the non-idempotent than the idempotent
density, due to the larger number of parameters, an important
criterion for any density is its ability to predict expecta-
tion values. With this in mind a series of calculations was
- undertaken, using model densities consisting of idempotent P
matrix representations (Table.III) in the 1ls and 2s hydro-
genic basis functions (£ = 1.0). 1s and 2s hydrogenic basis
functions with varying values of Ef were then fit to struc-
ture factors, derived from the model densities, in the manner
previously described, to obtain two matrices, i.e. EI’ Te-
sulting from coupling idempotency and normalization constraints
with the least squares fitting procedure and EN resulting

from only the normalization constraint being included in the

least squares fitting equations.

Expectation values were calculated from
<A> = Tr P A (Iv-2)

~

where the elements of the matrix A are given by

4 A
. -
9’.3 - \S\q;-,_ H\p\\o\\
The operators considered were functions of r, but not of the

angular coordinates, which reduced the matrix elements to

Aij - X:w;*(v) A i) v dr
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since the spherical harmonics of the 1s and 2s hydrogenic
wave functions are identical and normalized. The integrals
required were evaluated analytically and the generalized ex-
pressions for the matrix elements are shown in Table X.

The expectation values derived from equation (IV-2) using the
matrix representation and basis functions of the model den-

sity were termed the correct expectation values. These were
compared with expectation values, predicted from (IV-2) with
and P

~I
ed that the closeness of the predicted expectation values to

BN and the fitting basis functions. The results show-
the correct expectation values was not directly correlated
with the best fit of the calculated structure factors to the
model structure factors. In other words there were many
cases in which the idempotent matrix predicted better expec-
tation values than the non-idempotent matrix, even though the
value of the functional was always smallest for the latter.
In order to understand this the following points must be taken
into account. Firstly, the lower value of the functional for
PN does not mean that at every value K, the difference

A TePEOO - FL

is smaller for P There may, for example, be some regions

~N'
in which BN fits the data better than EI and others in which

P, fits more closely than EN’ the difference between the

values of A for EN and P; being smaller in the latter region.
Secondly, there existed correlations between some of the expecta-
tion values studied and the goodness of the fit to the den-

sity in certain regions of space. For instance, as intu-

itively expected, there was a direct correlation between
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TABLE X

Matrix elements of the operators, in the hydrogenic basis

set, used in the calculation of expectation values.

-Q“ -2 &n &2
NOTORNEIENL W CX N IS S
Y‘h(\n.) = 12 3 wd! t\_ (V"‘"?‘)/S] /(g/z%>m+3

el @R ]! F et - g !

w+33 —_—
L‘_ §k+S' §“+,+

A

E - To\'u\ Eherat‘

ey = 5 (52

E(\»)') s L\_‘_‘l} %(%'\>
27

EGD: Y 5(5-2)

T - WKineke szeqﬂj
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<1/r>, or <1/r?> for most contracted model densities, and
the best fit to the density at values of r close to the
nucleus, i.e. the matrix representation which predicted <1/r™>
most closely, as compared to the correct <1/r™>, was found to
be the representation of that density which fit the model den-
sity most closely at small values of r. Finally, as was dis-
cussed in Chapter I, the higher angle scattering data con-
tains a relatively larger contribution from the more con-
tracted inner density. (see Figure I). Analysis of the re-
sults showed that where A was smaller for BI at larger scat-
tering angles, both the fit to the model density at small

values of r and the fit of <1/r™> to the correct expectation

value, were closer for P

P than PN. This is illustrated in

Table XI and Figure II.

Correlations between <E>, <T> and <1/r> were also
found as shown in Tables XII and XIII. To some extent the
average value of the kinetic energy may be expected to be
correlated with the best fit to the inner density, since for
a spherical density the largest contributions to the average
value are at smaller values of r. The value of & in the
basis set used to fit structure factors derived from the
model densities shown in Table XII, was varied between 0.95
and 1.05. It is seen that in this region the relationship

ES <> =d/ry
produces a correlation between the three expectation values.
This correlation and also the invariance to changes in,&jf of

the type of P matrix which predicted a particular expectation
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TABLE XI
Correlation between the fit to high

scattering angle data and <1/r™>

cy = 0.141, E¢ = 1.05

P P P

. N I c
<1/r> .3329 .3301 .3234
<1/r%>  .5091 .4799 .4604
Apy Apg -sing /A

0.0000 0.0000 0.0
0.0176 Q.:0257 0.04
0.0084 0.0224 0.08
0.0129 -0.0051 0.12
0.0126 -0.0132 0.16
0.0036 -0.0088 0.20
0.0033 -0.0033 0.24
0.0064 0.0001 0.28
0.0071 0.0018 0.32
0.0067 0.0023 0.36
0.0058 0.0024 0.40
0.0049 0.0022 0.44
0.0040 0.0019 0.48
0.0033 0.0016 0.52
0.0027 0.0014 0.56
0.0022 0.0011 0.60
0.0018 0.0010 0.64
0.0015 0.0008 0.68
0.0012 0.0007 0.72
A = TrPf(K) - F(K), |K| = 2sin8/A
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TABLE XII

48

The trends in expectation values

a) 0£sing/Ar<0.8 I
in increments of 0.02

b) o%sing /A <0, 77°A30

Stewart's values

1.02 ¢cy>0.95
No observable trends

€1
0.99

no observable trend

0.92¢ .45 0.866 <1 {r?*» predicted
{ry <r2} predlcted more 0.800 more closely by P
closely by Py 0.600 I

. ‘ LES 47> (Y LYr2y
Ley 75 LYy L7 predicted more closely by

predicted more closely by P .
P.. N

N

0.4 2 ¢y > 0.1 0.5007 /&Y LT Ly Lty
LEY LT LYe> L) 0.141"  predicted more
predicted more closely closely by PI'
by PI.

Lrey Lr2>
predicted more
closely by PN.

LY 4% predicted
more closely by PN.

cq was varied by 0.05 to + for exact cq used see

give model densities shown Table 1I.
in Table III.

In both calculations Eg was varied between 0.95 and 1.05
in increments of .01. The trends displayed are for this

range of Eg¢.



TABLE XIII

The correlation between <E>, <T> and <1/r> for

a given model density and varying values of Ege

<1/T> -<E> <T>

ts Py P PN P N P

.95  .7079 .7040 .2690 .2777  .4388  .4263

.97 7133 L7110 .2653 .2708  .4480  .4402

.99  .7186 .7178 .2618 .2637  .4568  .4541
1.0 L7211 .2600 .4611
1.01  .7236 .7244 .2583 .2563  .4654  .4681
1.03  .7285 .7309 .2549 .2487  .4736  .4822
1.05 .7332 7372 .2517 .2409  .4815  .4963
c. = 0.6, 0 % sino/x £ 0.8, 0.02 A-?

The correct expectation values are those given by Eg = 1.0.

EN predicts better values of <E>, <T>, <1/r> for this

model density.

49
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value most closely for a given model density, (see for e.g.
Table XIII) were no longer apparent for very contracted model
densities. No obvious reasons for the breakdown of this:invari-
ance could be found. This was also the case when Ef was
allowed to vary farther away from 1.0 (0.65:;E$]”6). Cases
in which a particular P matrix predicted the best value of
<1/r> and <T> but not <E> were due to a cancellation of errors.

An example is shown in Table XIV.

The scattering angles at which X-ray intensity is ob-
served, which define the magnitude of‘E: are of course fixed
when X-rays are diffracted by a crystal. The fourier trans-
form of a single spherical density is, however, continuous
and therefore the values offﬁlwhich may be chosen in these
calculations are to a certain extent arbitrary. In order to
simulate a situation in which results would be taken from a
crystallographic experiment, the maximum value of‘i\was taken
close to the maximum value for which intensity could be ob-
served e.g. for MoKa radiation (sin8/A); ., ¥ 1.4 A°"!, The
values of ffl originally used were taken from Stewart et al.>? It-
was noted in this study however that for values of sinf/A

>0.8 A° ! there was no contribution to the functional, to

five significant figures, from the quantity

(Tr P £(K) - F(K))?

for either Py or P,. The study was repeated using only values
of sin6/A up to 0.77 A° !, The trends in the expectation

values remained the same and the elements of the E matrices
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TABLE XIV
The breakdown of the correlation between <E>, <T> and

<1/r> for a large variation in Ef.

<1/r> -<B> <T>
.6 .8143 .6304 .4197 .4187 .3945 .2118
.8 .9272 .8351 .4061 .4562 .5211 .3789
1.0 .9939 .4062 .5877
1.2 1.030 1.020 .4344 4817 .5957 .5385
1.4 1.047 1.054 .4887 .4575 .5585 .5963
cp = 0.866

sin6 /A range 0.0 - 0.8, 0.02 A™!

<E> = <T> - <1/r>

at £ = 0.6

<E>py = .3945 - .8143 = .4198
<E>pp = .2118 - .6304 = .4186
<E> . = .5877 - .9939 = ,4062

Although <T3, and <1/r>PNare closer to the correct ex-
pectation values, the difference between them is larger

than the corresponding difference for P;p.
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differed from those in the previous study by at most .0003.
Another study was undertaken in which sin®/A was varied from
0 - 0.8 R“l in steps of 0.02 A®°"!, The trends in the expec-
tation values remained the same for all model densities stud-
ied previously, except for ¢y = 0.5, in which the trends were
reversed. See Table XII. This was due to the fact that the
higher angle scattering data was now fit more closely by Py.
Thus the choice and/or number of data points chosen in each
region may determine which P matrix predicts which expecta-
tion value most closely for some model &ensities. However,
it 1s clear that the idempotent matrix, in all the model den-
sities studied with different data sets, predicts some expec-
tation values more closely than the non-idempotent matrix.
This fact questions the validity of the assumption that the
density which produces the best fit to the crystallo- .
graphic data, as judged by the functional (IV-1), is the best
possible density. An important point to note in connection
with this, is that when the density was not constrained to be
idempotent in the least squares fitting technique and subse-
quently used to calculate <E>, the variational principle was
sometimes violated. Examples are shown in Table XV. Exami-
nation of the matrix elements of E, shows that for £ > 1.0
the E(1,2) term is positive. However a large negative value
for P(1,2) or a large positive value for P(1,1) will result
in a large negative energy. As pointed out in Chapter II,
for a one electron system, a diagonal P element of magnitude
greater than 1.0, necessarily gives rise to a negative diag-

onal element which is readily recognizable as quantum mechan-
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TABLE XV

Examples of Violation of the Variational Principle

C

<y gf <E§N PN(1,1) PN(1,2) PN(2,2)
1.0 1.01 -.5022 1.006 -.0298 -.006
.99 1.04 -.5013 1.006 -.0134 -.006
1.6 -.7166 1.086 -.9346 -.086
.866 1.5 -.5231 .9098 -.5521 .0902
1.6 -.5605 .9091 -.6522 .0909
1 defines the model density
Ef is the value of £ in the basis functions used to fit the data.

N1 is an eigenvalue of pN. N1 + N = 1.0

|/
R= % % (FOO ~ T+ R E(\OY/ &k(k)"} "

N N = =

.006
.006
.603
.188
.270

.0016
.0068
.0042
.0643
.0669
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ically invalid. The more interesting situation is again,
that in which it is the independent parameter PN(1,2) which
causes the violation of the variational principle. The eigen-
values associated with the EN matrices in Table XIV are quan-
tum mechanically invalid, although the values for the R fac-
tors are reasonable..

Since the scattering of X-rays from a crystal is a one
‘electron property and the intensity of scattered X-rays is
related to the structure factor via I(E}= Ff;) F(E)*
the effect of using an idempotent and a non-idempotent den-
sity to calculate the expectation values <F(K)> was next ex-
amined. Structure factors were calculated in the usual man-
ner for values of sind/A up to 0.8 A°~!, from the model den-
sities shown in Table III. Py and Py were then generated from
the appropriate least squares fitting techniques, but only
the low scattering angle data i.e. (sine/A)max = .36 ;‘1, was
used in the fitting procedure. The densities so obtained
were then used to calculate <F(K)> for the larger scattering
angles, i.e. 0.38 £sin6/1x< 0.8 A"Y, via

Tr P £(K) = <F(K)>

Instead of comparing these predicted expectation values
with the structure factors derived from the model density at

each value of IKl, the predicted functionals
0%

2
predicted = 2) { FOO =T f E(\<5]

k=038
obtained for gN

that the non-idempotent matrix, which always gave a lower

and P, were compared. The results showed
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functional from the actual fitting procedure, did not neces-
sarily give the smallest value for the predicted functional.
Some examples are shown in Table XVI. When & was varied be-
tween 0.95 anq 1.05 in increments of 0.01 ¥ predicted was
correlated with <1/r™>, <T> and <E> which were routinely gen-
erated from the matrices obtained from the low scattering .- -
angle fit. The trend in these expectation values was the same
as that in Table XII. As before, when the range of gf was
expanded i.e. 0.6 5€f551.6, increments of 0.1, the trends
were not so well defined. However in all cases the smallest
value of the predicted functional was correlated with the

closest fit of <1/r™> to <1/r™> In the previous

correct”
study the best value of <1/r™> was predicted by that matrix
which gave the smallest value

A =Tr P £(K) - F(K)
for all larger values of K. This would suggest that the ma-
trix which gives the lowest predicted functional in this study
does indeed predict expectation values, <F(K)>, which fit

the correct structure factor more closely at each value of K,

for the larger scattering angles.
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TABLE XVI

Comparison of Predicted Functionals

c1 = ,141
R values Functionals PredicteduFunctiqnals
B¢ PN PI PN PI '.PN ' PI
.95 .0256 .0353 00157 .,00298 .00024 .00005
.97 .0155 .0211 .00057 .00107 .00009 .00002
1.02 .0105 .0105 .00026 .00047 .00004 .00001
1.05 .0264 .0348 .00166 .00290 .00030 .00005
c1 = ,800
R values Functionals Predicted Functionals
Ef PN PI PN PI PN PI
1.3 .0518 .0744 .01714 .03538 .01495 .00288
1.4 .0612 .0736 .02393 .03459 ,02272 .00750
1.5 .0686 .0753 .03006 .03620 .03045 .01351
1.6 .0746 .0783 .03558 .03917 .03787 .02017

R is defined in Table XIV.

a8
Functionals obtained from 9.; [-T'PE(“3 - FO)] °
0 £sing/2%£0.36 A™?

Predicted functionals obtained by calculating the above

Q
difference in the range .38 $sind/x & 0.8 A™!
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Chapter V

The results reported thus far in this study have ne-
glected any effects due to thermal motion of the atoms, which
is of course occurring in a real crystal. Any attempt to ob-
tain the electron density distribution from experimental data
must take account of the;fact that X-rays are scattered by a
thermally smeared rather than a static density. Assuming
that the spherical electron density vibrates with the nucleus,
then for a displacement AT of the nucleus from its equilibrium

position
'—‘—b R
1w»k\r\3* 27TL k. ac

F(—Iz)= \Y(o(\’ﬁ)@, or o

. -~p
27L& Ar

= Tk e
where FOGKD is the structure factor obtained from the static
density. Since the atomic vibration frequency is much smaller
than the X-ray frequency the average F(K) over all.positions
&} gives the appropriate structure factor for a thermally
smeared density. After simple mathematical manipulation, to

a first approximation the expression becomes
-lemﬁlxz
{ FOa) = F iy e >

where <u?> is the mean square amplitude of atomic vibration.
The exponential factor
-BsinTe [4*

is called the Debye Waller factor. Although the situation in

a crystal is more complex, the structure factor described a-
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bove may be derived by assuming all atoms to be vibrating in
‘the same harmonic isotropic manner. The simple approach taken
in this study was to test whether appropriate modification of
the methods previously described would allow the static den-
sity to be obtained from such a structure factor and to deter-

mine the effect, if any, of the idempotency constraint.

Clearly, in the case where the exact basis functions

are used, minimization of the functional .)ey
_~Bs-mze)/>‘z —~R S N2 ]
el | Rose ~TePEe

2

with respect to P will reproduce the matrix representation of

the model static density. This is equivalent to multiplying
. . - B/z Siv\ze/)\l

each basis function by the factor 1S4

However since the exponential term can be extracted from the

square this modification essentially introduces a weighing

factor into the functional

2 2 2
) 3, e.. B/’_g e/k [ F° (\(5 _ T‘- E E(\(\]
\«

Although this has no effect when the exact basis func-
tions are used it will, in the case of non-exact basis func-
tions emphasize the fit to low scattering angle data.
Structure factors were calculated, as previously described,
from model densities with 0.2 é;cl < 1.0, where c] was varied
in increments of 0.2. These structure factors were multiplied
by the Debye Waller factor with B = 4.0 A°%, Hydrogenic 1ls
and 2s basis functions modified by the Debye Waller factor
with B = 2.0 A°%, and with varying values of &¢ were then

used in the least squares fitting procedures to obtain the
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idempotent and non-idempotent matrices Py and Py. Calcula-
tions were also carried out using the same structure factors
but with no modification of the hydrogenic basis functioms.
As expected it was found that modification of the basis func-
tions by the appropriate Debye Waller factor resulted in a
density which was closer to the model "static'" density, than
that obtained when there was no modification. This was true
for both the idempotent matrix representation P; and the non-
idempotent matrix representation Py and is illustrated in
Figures III and IV. The expectation values were also pre-
dicted more closely when the basis functions were modified.
An example is shown in Table XVII. When the basis functions
were modified in order to account for the Debye Waller fac-
tor introduced into F(K), the trends as regards whether the
idempotent or fhe non-idempotent matrix representation pre-
dicted the better expectation value for a particular model
density were the same as those in Table XIIa. The results in
Table XII(a) were obtained by.simply fitting Tr P £(K) to the
structure factor calculated from the static model density and
there was no consideration of thermal motion at all. However.
the trends in the expectation values when the basis functions
were not modified differed from both these results in that
(1/r> was predicted more closely for the more contracted mo-
del densities (cy = 1.0, 0.6) as well as the more diffuse
densities. This was reasonable since the non-idempotent ma-
trix representation could fit the modified structure factor

data more closely, due to the larger number of parameters and



FIGURE IIX
Comparison of unconstrained densities, with and without tesperature

compensation in the basis functions. € * 0.8, Ef = 0.95
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PIGURE IV
Comparison of idempotent densities with and without temperature

compensation in the basis functions cy = 0.8, E‘ = 0,95
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TABLE XVII

Comparison of Energy Expectation Values for BN and EI'

-<E>
Py I
Ee @) b) ) . a) b) c)
.98 .3651  .4112 .3667 .3739 . .4656 . .3731
.99 .3650 .4126 .3658 .3695 .4651 .3691
1.0 .3650 .4142 .3650 .3650 .4646 .3650
1.01 .3650 .4158 .3642 .3604 .4641 .3608
1.02 .3650 4636 .3634 .3556 4636 .3565
= 0.8

€1
]
In all calculations 0 sin6/A 0.8, 0.02 A-!

a) F(X) from a static model density. Basis functions are

1s and 2s hydrogenic (8¢)

_ s 2 2
b) F(K)e 4 sin’®/A Basis functions as in a)

- o 2 2 - 3 2
c) F(K)e 4 sin®9/a Basis functions lse 2 sin® /2

. 2
and 2se-2 sin® /A%

The difference between columns a) and c) is due to weighting

- 2 2
factors We = 1.0 and Wy = € 2 sin’6 /A respectively, in the

functionals 3
F - 8wy Y_Tr EE(\Q - Flo)
w

The value of the correct <E> is given with £ = 1.0 in

columns a) and c).
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thus reflected a thermally smeared density, which was smaller
than the static model density at small values of T. This is
illustrated in Figure V. In this study in the one case of
¢y = 0.8, an idempotent density resulted from the best fit to
F:e:-BShﬁalxz which was more diffuse than the non-idem-
potent density. It can be seen from Table XVIII that this
was the one case in which the elements of EN were closer to
the elements of the model P than were those of EI'

In comparing the matrix elements Pij with those obtained
when no modification of either F(K) or the basis functions
was considered, an interesting observation was made. It ap-
peared that the corresponding elements of the Py matrix did
not differ as much as those of the Py matrix. This is shown
in Table XIX. In Table XX it is seen that this was reflected
in the expectation value (1/r> to a somewhat smaller extent.
This offered a possible explanation for the results obtained
in Chapter IV in which‘gI was seen to predict a better value

of {1/r) as the model density became more diffuse. In gen-

eral, the greatest contribution to the functional from

A = Tr EE(\A) - F(

was in regions of K space where the structure factor was
large. As the density became more diffuse this region was
contracted more and more into the low scattering angle region.
Thus, in a sense, attempting to fit to more diffuse model den-
sities is analagous to emphasizing the low scattering angle

data, The smaller difference in the elements of g when the
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TABLE XVIII

P matrix elements when the Debye Waller factor

is introduced into the structure factor.

PN(l,l) 'PN(l,Z) PN(Z,Z)

P.(L,1) P (1,2) P_(2,2)

1.000 0.000  0.000 | 1.116
.6400 .4800 .3600 L7711
.3600 .4800 .6400 | .4628
.1600 .3666 .8400 .2304
.0400 .1960 .9600 .0801

F(X) = F,(K)e 4 sin%/xr2

Basis functions are hydrogenic 1ls and 2s

and Ef =

1.0.

.4745
.0169
.1015
.1141
.0563

.116

.2286
.5372
.7696
.9199

with no temperature factor,

Pp(1,1) P.(1,2)

.9672  -.1780
.9057  -.2923
.2962 .4566
.1253 .3311
.0269 .1617

PI(Z,Z)
.032
.094
.703

.874
.973
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TABLE XIX

Comparison of the elements of the P matrices

with different weighting factors.

¢y API(l,l) API(l,Z) APN(l,l) APN(l,Z)
.8 .0062 .0014 .0107 .0285
.6 .0032 .0001 .0119 .0315
.4 .0010 .0010 .0119 .0313
.2 .0002 .0005 .0110 .0291
APij is the difference between Pij elements obtained by
minimizing
—_ 2
LR L ve PROO ~ R ]

and minimizing

L2 2
- 3 e_zs. 6/) Y_Tr Pg(\t) _ F(\Q‘lz
e

1)

Note that AP(1,1) = AP(2,2).
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.6
4
2
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Comparison of

TABLE XX

<1l/T>

obtained from P

and P

with different weighting factors.

PN
a)
.9175
.7079
.5117
.3521

with gf = 0.95

b)

.9136
.7038
.5079
.3487

Py
a)
.9049
.7040
.5126

.3552

b)
.9016
.7015
.5116
.3556

.9311
.7211
. 5236
.3621

PN and EI are representations in the hydrogenic basis set

is the model representation in the hydrogenic basis

set with £ = 1.0.

a) <1/r> obtained from PN P,
b) <1/r> obtained from PN I
W = o2 51n26/A2.

< A<l/r>PN A<1/r>PI
.8 .0039 .0033
.6 .0041 .0025
.4 .0048 .0010
.2 .0034 .0004
A<1l/r> is the difference between

K

W, = 1.0 and w, = "2 Sin®/2%

<1/r>

or P. minimized with w

or P. minimized with

K" 1.0

obtained with

67
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different weighting factors were used implied that a prefer-
ential fit to the low scattering angle data, to some extent
constrained the fit to the total K space for Py. This was
less true for gN’ where the closer fit to lower scattering
angles occurred at the expense of the fit to the higher scat-
tering angles. This was reflected in a good fit to the model
densities at larger values of r at the expense of the fit

close to the nucleus.

The results discussed in the present chapter indicated

that if the structure factor obtained from a thermally smear-
- RSO [)\?

ed density is accurately represented by Fc(\«)e. RS />‘,

the corresponding static density could be obtained by modi-

-8/, Sin' & [\
fying each basis function i.e. WYi—=>WV e f2 / . It
also appeared that the idempotent matrix representation was

less sensitive to different weighting schemes in this method.
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Chapter VI

Reference was made in Chapter I to calculation of the
matrix representative of the one electron density for the
molecule tetracyanoethylene oxide (TCEO) by Matthews et alzl.
The method used20 was briefly described in Chapter I, the
main feature of interest here being that the matrix repre-
sentative of the density was not constrained to be N-Repre-
sentable. This being the case it was of interest to calcu-
late the eigenvalues A, of the one electron densities de-
scribed by the authors, in order to determine whether the
fell in the quantum mechanically valid range

o &1 & 2.0 29

(see Chapterll)

The published P matrices were obtained using Hartree-Fock
and Slater-Type Orbital basis functions. Both the one and
two center approximations were used with the STO basis set
and it is the three P matrices obtained with this basis set
which have been analyzed here. The two P matrices obtained
from the one center approximation differed in the number of

symmetry constraints which were imposed, in order to reduce

the number of parameters.

It was noted in Chapter II that diagonalization of the
matrix representative P, of the one electron density in an
orthonormal basis set gives rise to the eigenvalues of the
density which appear as the diagonal elements of the diagonal
matrix E: Dr. Matthews collaborated with us in this study,
sending us the complete overlap matrix in the STO basis set

in the inertial frame of reference (see FigureVI) and the
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transformation matrices required to convert the basis vectors
in the cartesian coordinate system, centered on each atom and
between bonds (see Figure VI) into the inertial coordinate
basis vectors. i.e. the transformation matrices T perform

the following rotations

L\) (ths 2 T (arow ) \.\: ((n&\‘h&\}
W Uacwxo\x T TCLM&&) U) (\‘nQqu\)

~

Henceforth subscripts a, b, and i will denote matrices
referring to the cartesian coordinate basis vectors centered
on atoms and between bonds and to the basis vectors in the
inertial frame of reference, respectively. T, and‘Ib will
be used to denote the transformation matrices described above.
The published P matrices obtained from the one center approx-
imation were representations of the density in the Cartesian
coordinate basis vectors centered on each atom. It was thus
necessary to transfrom these matrices into representations of
the density in an orthonormal basis set and then to diago-

nalize the transformed matrices. This was accomplished as

follows: -
Since \bu'\ﬂ): ~ Q.
and \\zu = la Pu
then da. = _\}\\i)u‘\l’: «+
- TR
Then since ~ Vs |
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!
where \Pq_ are orthonormal due to

- - 'y
Porde" 2 Saharda S > Ba Sala

YIRS

the one electron density may be written
Q C‘!X ; Tr Y“)o' qu Ll):— | i) ‘s
ST RS S b Sa S
= \r ss:h‘iaa f§cy‘ quf H?QT+
The overlap matrix in the intertial system was transformed

to the atomic coordinate system and the matrix

W "1
S " R S.

- -~

was diagonalized.

It should be noted that diagonalization of the matrix
representation of the density in the inertial basis set should
give the same results. Thus, as a check on the results the
diagonalization was repeated, using the following transfor-

mations

"

Tr \?m Ve Lﬁ\"c\*-
T R ('Vf\ W) (\y'f.&;+)
= Tr Te‘+ 174 Ta b _K\.\J'J-

QG‘)

"

- ¥
= Te PUowiwe
5 oo~ T
= Ve R SN R VS VAN S:
[ad ~ - - - - ~

—

’I
3
ron
r -
o
v

-
74
('_
-
g
r\

JY 2
r\
+
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The matrix EI was obtained from the published matrix P_, as
above, and the matrix |

'\.”2 fl. %i :
was diagonalized. The eigenvalues obtained from both diago-
nalizations were identical.
In the two center approximation the off diagonal terms in the
published P matrix referred to cartesian coordiante basis
vectors oriented in directions, referred to as the bond di-
rections (see Figure VI). The matrix to be diagonalized in

this case was obtained through the following transformations.

e = S 7e Q. P on Wan
+ 2 E{}%Ekrn Efwh\fwwk

where P is the block diagonal in the total P matrix corre-

sponding to atom n. \fav\ are the basis functions in the

cartesian coordinate system (FigurefZ[) centered on atom n.
Enm is an off diagonal block in the total P matrix cor-
responding to bonded atoms n and m.

Vny and \th are basis functions for atoms n and m
oriented in the bond direction, shown between the

atoms in Figure VI,

Thus e(_\:) - % Te ‘3&“ —E\V\ \_-\3Lr\ \:\?\:,\ —‘:q+

wn

+ 3
r F;M-Tlhm WLMWLh-T;hm

niwm bt ~
where the transformation matrices Ta and Tb are those for
each atom and bond.

QC\:) thus reduces to
- + +
?(r) = %TV“\E«“ ‘?3“ an Wbin Win

-+ _ +
22 T T B T Wi Uiy

Y\(W\ -~
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This defines the transformations which must be applied the
occupied blocks of the published P matrix, in order to con-
vert it into a matrix representation of the density in the
inertial basis set. However the inertial basis set was nor-
malized but not orthogonal so a final transformation was re-

quired viz.
Iy Py
%'L PL S'\.

4
where P; contains the diagonal blocks -W—Am ‘:Lv\ On

and the off diagonal blocks corresponding to bonded atoms

+
_‘:bvxm B\m_‘:\;

In order to ensure that the correct transformations were in-

nw

deed being carried out the trace of each block in Ei was com-
pared with the total atom and bond populations given by
Matthews et a121. (i.e. those given in Table IV, reference
21). The numbers agreed and thus the normalization of the P
matrix was maintained. The matrix 'S:'l ?L §l'l was diago-
nalized. After all diagonalization procedures the diagonal
matrix was routinely transformed back into the original ma-

trix via

1rg |

yrPu'=»

to ensure that the diagonalization procedure was correct.

The results are shown in Tables XX, XXI, XXII Seven of
the eigenvalues of each one electron density obtained from
the one center approximation, fell outside the quantum me-
chancially valid range. The eigenvalues greater than 2.0 are
however quite similar, showing as expected that the non N-

Representability of the one electron density is not specifi-
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cally dependent on the number or type of symmetry restrictions
used in this method, but rather, is due to the fundamental ne-
glect of constraints which explicity ensure N-Representability.
Twenty-six of the eigenvalues of the one electron density ob-
tained from the two center approximation fell outside the
quantum mechanically valid range. The results were surprise-
ing in that large positive and negative eigenvalues were ob-
tained. However Carol Frishbergs, has found that large ne-
gative eigenvalues may be obtained when the idempotency con-
straint is neglected in the fit of hydrogenic 1ls, 2s and 3s
basis functions to the beSt'sﬁheﬁical~hydrogen.atom density of
.Stewart.et<a130. Analysis of my own Tesults, discusséd 'in Chapters
II1-V shows that large positive or negative values of the in-
dependent parameter PN(l,Z) result in the quantum mechan-
ically invalid negative denéities and the violation of the
variational principle. In the calculation of the one elec-
tron density of TCEO, fifty-five basis functions were used.

In this case the meaning of a '"large off-diagonal element"
in the P matrix is not clear. However since the magnitude
of the eigenvalues obtained by Carol Frishberg using the
three hydrogenic basis functions was larger than those ob-
tained in a similar study (see Chapter II) using only two
hydrogenic basis functions it is possible that the larger
number of independent off diagonal elements is responsible
for the larger eigenvalues. It is noted that fewer eigen-
values fall outside the quantum mechanically valid range and
those which do are smaller in magnitude, for the density ob-

tained from the one center approximation. In this calcula-
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tion all off diagonal elements in the P matrix which corre-

spond to basis functions on different atoms are set to 0.



TABLE XXI
Eigenvalues of the one electron density, from

the One Center Approximation, of TCEO.

0.19 1.01 2.00
0.20 1.02 2.00
0.20 1.11 2.00
0.21 1.18 2.00
0.24 1.21 2.00
0.26 1.23 2.00
0.28 1.26 2.00
0.32 1.29 2.00
0.36 1.31 2.00
0.39 1.33 2.03
0.42 1.41 2.07
0.44 1.46 2.54
0.51 1.51 2.59
0.53 1.53 2.62
0.56 1.58 2.69
0.58 1.67 2.96
0.62 1.74

0.66 1.93

0.72 2.00

The matrix representation of the density is displayed

in Table II reference 21.



TABLE XXII
Eigenvalues of the one electron density, from the

One Center Approximation, of TCEO.

0.18 0.97 2.00
0.19 1.04 2.00
0.19 1.13 2.00
0.20 1.16 2.00
0.22 1.20 2.00
0.24 1.22 2.00
0.27 1.25 2.00
0.29 1.27 2.00
0.33 1.28 2.00
0.34 1.36 2.00
0.38 1.39 2.05
0.40 1.47 2.11
0.47 1.52 2.58
0.53 1.53 2.65
0.56 1.58 2.71
0.60 1.66 2.74
0.63 1.84 3.02
0.67 1.93

0.72 2.00

The matrix representation of the density is displayed

in Table III reference 21.



TABLE XXIII
Eigenvalues of the one electron density, from

the Two Center Approximation, of TCEO.

-13.37 0.30 2.00 6.45

- 5.92 0.34 2.00 8.42

- 3.64 0.40 2.00 15.42
- 2.93 | 0.43 2.03
2.14
- 2.61 0.49 2.19
- 1.95 1.83 2.31
- 1.44 1.90 2.36
- 1.21 1.95 2.37
- 0.92 1.99 2.44
0.07 2.00 2.44
0.07 2.00 2.49
0.09 2.00 . 2.56
0.24 2.00 2.66
0.24 2.00 2.76
0.25 2.00 3.72
0.25 2.00 4.34
0.26 2.00 5.74

The matrix representation of the density is displayed

in Table IV reference 21.



FIGURE VI

Inertial Frame of Reference

e - N

">

and § are approximately in the Cg - 0 - Cg plane

N>

is out of the plane of the paper

Atom and Bond Cartesian Coordinate System

For exocyclic atoms 2. 1s perpendicular to
the bond plane e.g. Z for Cl is perpendicu-
lar to the Ci - C5 - C2 plane. Reflexion
through the molecular mirror planes gives

the axis systems for chemically equivalent
atoms and bonds.
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Appendix I

The fourier transforms of the 1ls and 2s hydrogenic orbitals

are as follows

-

C., = ls\sejww.ro\"? = §3/'\T' T, (2%,6)
f = Jw2 R A EI (%89 -5, T, (%5,6)
TELENE A AT o , 7, T1V4RS,
b= Js2e™ 0 = 8 T (50381 (5,64 TLiE0}
41} .
T. (o(,c) = QTd /(Ml ey’
I, (x,6) = ST (Sd‘-G’)/(o(=+ e)""

T, (6 = e («*- “G‘)/(uwc,‘) "

-1

G = 4tTa, S\'ne/x o.u.

\o\uere S\'nel)‘ i« wn A

L)
and Qg = ©0-§29137?2 A IQJ*.
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Appendix II
The least squares equations for Py were calculated as fol-

lows: -

Py = (1 -P q £() = (£ () £,0K
. a P fZI(K) fzz(K)
where le(K) = £__(X)

21

Thus Tr EN g(K)
= (1"P) fll(K) + Zq f12(K) + p fZZ(K)
= £+ (£,,(K0) - £.(K) p + 29 £,(K)

To minimize

F oL, LT & P ooy - rey)?

calculate

>n:r/bF = é-\i)k 2\ T Bf (}(k) ~ RO ] Ufn(\g) - (1“ (@) =0
BF/}O\- X 3_( Wi 2 V:\_r TfN E(\c) - F(\c}] (2 Q\z (‘Q) =Q

2- PR E (Y'n(-\‘) cn(-“)) Pt Qﬂc‘l(k)(cu(\‘) v‘ (\‘9}

© 20§ FO(Rata= b = Lo (Ruby )}
and "izw\e. 2\-*%(:\1(“3 + (Cl"(m p"(y‘g?c’*(‘qFE
= \%Zwk % F(‘Ql(‘\l(\‘) -2 P\,(“B C\l(k)g

In matrix notation

BAnG

~
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P

where A = ( .
- q

S W (‘:11_(\"3 =~ Pn(“)}z

K

ct

j=n

o

72}
6—
)

o/
-
)
H

% L\'wk C\l(kD (C‘.u_(k\ - c‘,‘(\<§)
bomy = % 4 Wy ‘\—n_ C'S) (Fz-,_(k)‘ Cn(k\)
\011 = % R Wi« Q\t () *

¢, = \% 2 Wi 3 F O (‘:11(\‘3" C\)(\L\B - p\\(kX(iv_(\Q‘(“),(\‘»}

Ca = a \'\' Wl E FCK} Q\L (-k) = {:“(-k\) (:\7_ (\&3§

To obtain p and q

A=3B1¢C

The least squares equations for P, were calculated as

follows: -
1 [}
Pr - (Mﬂ tprl-pdy®
tvlz(\_\)}‘lz F
We require to minimize

- e LTeRRO - PO’

= % Wi { (Te EE(K)\)I + \?l(k) -2 FOOTr fE(\«)]

with respect to p. Inserting P, into the above equation

reduces it to: -

h, Iy ha "z
- oapt FOp re TP ONATppI0RY
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where

2
as Lo SR b Pa (0 2800 P00 + 4 Pt §

s_ Wl E QF(\‘)(“ () - 2 FOO Pzz (k) -2 (ll‘(\q {—L)_(:‘z(\()
2 ?“ 0‘3 Pzz(k)g

c= e S R = 2F0) [0 4 FOSTS
1<
d = % Wi %L}- (:n (“) Crz_(“) - L F(‘“) Cn_ Q‘)E

e = i Wi, E 4 C“L (K) C2'7_(k> = L\' Cl)(“) (:ll(‘KBE
\<

Thus

W 2o e £ 1020 far ]
t e ( (3\9-— \.g.Pz) /QP’II(\_ FB"Z] = O

e bl s T A0-25) +e (2pmur)
',1\3+\o + el >22§ P QPHF}

squaring both sides s
e 1 G2 e e
PO-p) (aptbdy = 1 r

reduces the expression to

PL*CS' + PSCH. '\‘ P2C3 + FCz e, =0



where

be* * Loo

bah — ba® — 2e (Re-2d)

Cz b¥- bhoak —2ed + ' Reﬂw\)z

~ 2

0O
74}
g

R
£
o

@)
]
;r
o)
(‘\
A
1]
!
N
Q-
4

The solution of the fourth order equation in the

range 0 é=p €1 which gives the smallest value of“ﬁ: is

the required solution.
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Appendix III

During the course of this work, calculations were under-
taken as an extension of the study of Clinton and Massé;24
Certain numerical errors were discovered and the tables re-
produced on the following pages are the corrected tables to
be compared with those previously published. It should be

noted that the results in the corrected tables in no way

alter the conclusions previously drawn by  the authors.
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.98
1.00
1.02
1.04

TABLE XXIV

I and BI for

various values of orbital exponent &.

Eigenvalues (N1 and NZ) of PN

P P

~NI I
N1 Nz Ny N2
1.315 -0.315 1. 0.
1.226 -0.226 1. 0.
1.149 -0.149 1. 0.
1.086 -0.086 1. 0.

To be compared with Table III Phys. Rev. Lett. 29, 1363

(1972).



a7

S

1.00
1.02
1.04

TABLE XXV

Elements of the density matrix for systematic errors in

the scattering factor data via F - sF, 1.00 £S & 1.04.

The orbital exponent is in all cases £ = 1.0.

PNI(ls,ls) PNI(ls,Zs) PNI(ZS,ZS) PI(ls,ls) PI(ls,Zs)
.8006 .6610 .1994 .9039 .2947
.8168 .6765 .1832 .9070 .2905
.8330 .6919 .1670 .9092 .2873

To be compared with Table IV Phys. Rev. Lett. 29, 1363 (1972).

PI(Zs,Zs)

.0961
.0930
.0908




TABLE XXVI

Elements of the density matrix for changes in the

scattering factor data via F + F exp(-BG?).

B PNI(ls,ls) PNI(ls,Zs) PNI(Zs,Zs) PI(ls,ls) PI(ls,Zs)
0 .8006 .6610 .1994 .9039 .2947

0.2 .8355 .5734 .1645 .9060 .2918

0.4 .8681 .4911 .1319 .9087 .2881

To be compared with Table V Phys. Rev. Lett. 29, 1363 (1972).

P (25,25)

.0961
.0940
.0913
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0

.2

.4

TABLE XXVII

Elements of the density matrix for changes in the scattering

factor data via F + F exp(-BG?) and for corresponding changes

in the basis W - W’exp(-BGz/z).

PNI(ls,ls)
.8006
.8048

.8098

To be compared

The orbital exponent is § = 1.0.

PNI(ls,Zs) PNI(ZS,ZS) PI(lsgls) -_PIcls,Zs)
.6610 .1994 .9039 .2947
.6520 .1952 .9048 .2935
.6433 .1910 .9057 .2923

with Table VI Phys. Rev. Lett.

29, 1363 (1972).

P (2s,2s)
I
.0961
.0952

.0943
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