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ABSTRACT

Experimental Investigations of Shear-Induced
Particle Migrations in Concentrated
Suspensions Undergoing Shear

by

Anubhav Tripathi

Advisor: Professor Andreas Acrivos

This thesis describes the results of four sets of experiments which were
performed to investigate shear-induced particle migrations in concentrated
suspensions undergoing shear. The first part deals with the measurement of
the shear-induced particle and fluid-tracer diffusivities in concentrated sus-
pensions by a new correlation technique. These self-diffusivities were mea-
sured in the velocity gradient and vorticity directions in a narrow gap Couette
device for values of the strain yAt ranging from 0.05 to 0.5, where v is the
applied shear rate and At is the correlation time. The particle diffusivities

were found to be in good agreement with the experimental results of Leighton
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& Acrivos (1987a) and of Phan & Leighton (1993), even though these earlier
studies were performed at much larger values of yAt. It was shown, for the
first time, that, in concentrated suspeunsions, the transverse motion of a par-
ticle becomes chaotic at very low values of the strain. This is a remarkable
result, because it was generally believed thus far that a diffusive behavior
could only be attained for experimental time-scales YAt > 1, i.e. when the
time-scales are larger than the collision time in a simple shear flow and a
particle has experienced several interactions. In addition, the fluid diffusiv-
ities were found to be 0.7 times the corresponding particle diffusivities for
values of the particle concentration ranging from 0.3 to 0.5. This is the first
time that fluid diffusivities have been measured in concentrated suspensions.
The second part of the thesis deals with the phenomenon of viscous resus-
pension in bidensity suspensions. Experiments were performed in a narrow
gap Couette device using a bidensity suspension consisting of two type of
particles, both having same size, one of which was heavy while the other had
the same density as that of the suspending fluid. The resuspension height of
an initially settled bed of heavy particles was measured over a ten-fold range
of the applied shear rate using an imaging technique which was developed
to study the particle migration process in concentrated bidisperse suspen-
sions. It was found that, at a given shear rate, the resuspension height of the
heavy particles increased with an increase in the concentration of the neu-

trally buoyant spheres. A bidensity model based on the Leighton & Acrivos
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migration theory was then developed and was found to be in good agree-
ment with the experimental results. The success of the bidensity model has
provided strong evidence that the observed enhancement of the resuspended
height is due to the existence of a shear-induced particle diffusivity and the
decrease in the settling velocity of the heavy particles due to presence of
the neutrally buoyant particles in the region above the initially settled bed
of heavy particles. The third part of the thesis concerns a theoretical and
experimental study for examining the maximum value of the volumetric feed
rate possible in an inclined settler operated continuously in the bottom feed-
ing mode. A new upper bound for the maximum value of the volumetric
feed rate which can be tolerated under a given set of conditions was found
theoretically as well as experimentally. Finally, in the last chapter, particle
velocity and velocity fluctuations were measured in a concentrated suspen-
sion being sheared in a Couette device using laser Doppler anemometry. The
purpose of these measurements was to provide information about values of
the so-called suspension temperature T which equals the sum of the trans-
lational velocity fluctuations for a particle relative to its mean translational
velocity. All the measurements were corrected for the influence of the LDA
noise. Unfortunately. the order of magnitude of the LDA noise and of the
particle velocity fluctuations was found to be the same and, in addition, the
latter included a contribution of the particle rotation which does not enter

into the expression of T and which could not be removed from the measured
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data. Hence, any quantitative conclusions regarding T could not be made
even though the measured experimental results were comparable to those
obtained by Shapley et al. (1997). Finally, a suggestion is made on how the

problems of the particle rotation and the LDA noise could be overcome.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



vii

Acknowledgments

It is a great pleasure to thank my supervisor, Professor Andreas Acrivos.
I am much indebted to him for his patient guidance and continual encour-
agement throughout the course of this research; it is impossible to assess the
great influence which he has had upon this work and myself.

I would like to thank Drs. Boris Khusid, Bir Kapoor, Avi Nir, Roberto
Mauri, Elizabeth Guazzelli and Ms. Nina Shapley for their valuable sugges-
tions. I would also like to thank our collaborator Mr. Victor Breedveld in
the first part of this research.

Many thanks to Akhilesh, Apeksha, Vishwanath, Mahesh, Larry, Sudhir,
Mayank, Andy and Mary.

My thanks are due to the US Department of Energy for the grant DE-
FG02-90ER14139A008.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




List of Tables

3.1 Comparison between the theoretical solution described in §2

and the experimentally observed value of Fpin for ¢4 = 0.52. . 103

viii

1
3

]
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




List of Figures

1.1 Data for the shear-induced particle self-diffusivity along the di-
rection of shear in a simple shear flow collected by Brady(1997)
and plotted against the particle volume fraction in the suspen-
sion. (Adapted with the permission of Professor J. F. Brady) .

1.2 Data for the shear-induced particle self-diffusivity along the
vorticity axis in a simple shear flow collected by Brady(1997)
and plotted against the particle volume fraction in the suspen-
sion. (Adapted with the permission of Professor J. F. Brady) .

1.3 Schematic diagrams of two successive images of a fluid element
in a sheared suspension. . . ... ... ... ..........

1.4 Schematic of the windowing effect on the correlation function
for positive Azand Ay. . . ... ... ... .. L.

1.5 Schematic of four quadrants in the Az-Ay-plane on which the
function Cyp is measured. The origin refers to the original

positionof the tracer. . . . . . .. ... ... . ... . ... ..

3

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




1.6 Schematic of the Couette device and the camera positions (a)

and (b) for observations in, respectively, the velocity gradient

and vorticity directions. . . . .. ... ... 0oL 26
1.7 Photographs of two successive images taken 220 msec apart in

a 30% concentrated suspension sheared at 1.79 s~!. Here, the

flowis from left toright. . . . . ... ... ........... 34
1.8 Plots of the experimentally determined correlation function

C,p in the Az-Az-plane for ¢ = 0.30 and yAt=0.085. . . . . 36
1.9 Plots of the experimentally determined correlation function

Cap in the Az-Az-plane for ¢ = 0.30 and yAt=0.34. . . . . . 37
1.10 Plots of the experimentally determined correlation function

C\p vs. the displacement Az for ¢ = 0.30 and v At= 0.085

(@) &0.34(b).. . . . ... 39
1.11 Plots of 02/a?, the dimensionless variance of the correlation

peak vs. v At for =0.20: the figure shows the results for both

the velocity gradient (e— closed circles) and vorticity directions

(o—opencircles). . .. ... ... ... Lo L. 41
1.12 Plots of 02/a®, the dimensionless variance of the correlation

peak vs. v At for 9=0.30(a) and 0.40(b); the figures show the

results for both the velocity gradient (e— closed circles) and

vorticity directions (o—opencircles). . . ... ... ... ... 42

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1.13 Plots of 02/a?, the dimensionless variance of the correlation

peak vs. v At for $=0.50; the figure shows the results for both

the velocity gradient (e— closed circles) and vorticity directions

(o-opencircles). . ... ... ... ... ... . . ... 43
1.14 Comparison of the present results with previous experimental

data for (a) the velocity gradient direction and (b) the vorticity

direction. o—from Phan & Leighton (1993), O-from Leighton

& Acrivos (1987), o~from Eckstein et al. (1977), e—from this

study. - . . . . e e 44
1.15 Plots of o%/a?, the dimensionless variance of the correlation

peak vs. v At for ¢=0.30; the figure shows the results for both

the velocity gradient (e~ closed circles) and vorticity directions

(o—opencircles). . . .. ... ... Lo oL 46
1.16 Plots of 02/a?, the dimensionless variance of the correlation

peak vs. v At for =0.40(a) and 0.50(b); the figures show the

results for both the velocity gradient (e— closed circles) and

vorticity directions (o—open circles). . . . . .. ... ... .. 47
1.17 Comparison of the fluid and particle tracer-diffusivity exper-

imental data for (a) the velocity gradient direction and (b)

the vorticity direction. o-fluid tracer diffusivity, e—particle

self-diffusivity. . . . . . .. .. ... .. 48

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




xii

2.1 Schematic of the resuspension in a Couette gap and the ex-

perimentalsetup. . . . . .. .. .. ... ... ... 56
2.2 Schematic diagram of the arrangement of the camera in depth

of field measurement. . . . . .. ... ... ... ... ... .. 60
2.3 The photographs of experimental runs; A=0 & ¢* = 0 (a) and

A=05& ¢ =0(b). . o oo et 63
2.4 The photographs of experimental runs; A=0.5 & ¢* = 0.3 (a)

and A=0.5& ¢*=04(b). . ... ... . ... 64
2.5 A photograph of experimental run; A=0.5 & ¢* =0.45. . . . . 65
2.6 A comparison between the experimental data for h as a func-

tion of A and the theoretical model predictions. . . . ... .. T4
2.7 The theoretical concentration profiles for A=0.5 & ¢* = 0.1

(a)and A=05& ¢*=03(b). . . ... ... ... .. ... .. 76

2.8 The theoretical concentration profile for A=0.5 & 0o* =04. . . 77

3.1 View of the inclined settler showing the definitions of the vari-
ablesusedintheanalysis. . . . . ... ... . ... ...... 83
3.2 £(0) as a function of 3 for ¢, =0.01 and 9o = 0.32. . . . . .. 93
3.3 Dimensionless velocity profiles, u,(y) and uq(y). at x=0 for
¢0s;=00land ¢4 =0.32. . ... ... .. ... L. 94
3.4 The dimensionless pressure gradient at x=0 divided by the
dimensionless feed rate, Qyg, as a function of J for ¢, = 0.01
and ¢4 = 0.52 for which G =3.75. . . . . . . ... 96

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



xiii

3.5 Numerically determined values of Bmin/Bmin(¢s — 0) as a

function of ¢, with ¢4 as a parameter. Here Bmin(¢s — 0)

isgivenbyeq.(3.24). . ... ... ... .. ... .. .. 96
3.6 Profiles of §(z) and &(z) for ¢, = 0.01, ¢4 = 0.52 and 8 =
Bmin =375, « o o o e 97

3.7 Schematic representation of the flow system. A: flow vessel, B:
mixing tank, C: progressive cavity pump, D: peristaltic pump,
E: flow meter, F: flow meter, G: temperature controlled bath,

H: flipper, T: thermometer. . .. ... ... ... ... .. .. 100

4.1 Schematic of the Couette device and the experimental setup. . 120
1.2 A picture showing the LDA system aligned with respect to the
Couettedevice. . . ... ... ... ... 0. 123
1.3 The mean velocity profile in the gap for v = 16s~! and ¢ =
0.40: —,using equation (4.12); A-experiments. . . . . . . . .. 125
4.4 Plot of (u?), the experimentally determined mean square fluc-
tuating velocity in the vorticity direction vs. 7: o for ¢ = 0.02,
Aforg=040. . ... ... . ... 126
4.5 Plot of (u2), the experimentally determined mean square fluc-
tuating velocity in the vorticity direction vs. vy for ¢ = 0.2,

03and0.4. ... ... ... ... ... 129

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




xiv

4.6 Plot of (u™), the experimentally determined mean square fluc-
tuating velocity in the velocity gradient direction vs. +y for ¢ =
02,03and 0.4. . . .. ... .. ... e 129

4.7 Plot of (u}?), the experimentally determined mean square fluc-
tuating velocity in the flow direction vs. « for ¢ = 0.2, 0.3 and
P 130

1.8 Plot of the dimensionless suspension temperature T vs. ¢ for
~ = 0.8s~! and comparison of the present results with the ex-
periments of Shapley et al. (1997).0-from Shapley et al. (1997),
e—fromthisstudy. . . . . .. . ... ... ... L. 130

1.9 Plot of the dimensionless auto-correlation function vs. time

lagratr*=05and¢=040. .. ............... 134

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Contents

1 Measurements of the Shear-Induced Particle and Fluid Tracer-

Diffusivities in Concentrated Suspensions by a Novel Method 1

1. Introduction . . . . . . . o o i e e e 3
2. Themewapproach . ....................... 8
2.1. Basicconcepts. . . ... ... ... ..., 8
2.2.  Theoretical formulation in three-dimensions . . . . . . 12

2.3.  The evaluation of self-diffusion coefficients in a simple

shearflow . .. ... ... .. . ... . ... 19

24. Previous experimental work . . . ... .. ... .... 23

3. Experimentalwork . ....................... 25
3.1. Apparatusand Materials . . . . .. ... ..... ... 25

32. ThelmageAnalysis. . ... .. ............. 27

33. Thedataanalysis . . .. ... .............. 29

4. Resultsanddiscussion . . . .. .. ... ... ... . ... 33
4.1. Validation of the technique . . . . . . . ... ... ... 33

42.  Particle self-diffusion in concentrated suspensions . . . 35

xv

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



43. Fluid tracer-diffusion in concentrated suspensions . . . 45

5. Referemces . . ... .. .. ... ... .. ... ... ... 49

2 Viscous Resuspension in a Bidensity Suspension 51
1. Imtroduction . . .. ... ... ... ... . ... ... 33

2. Experimental Technique and Results . . ... ....... .. 35
2.1. Apparatus and materials . . . .. ... ... ... .. 55

2.2. Experimental Procedure . . ... ... ......... 36

2.3. Measurement Technique . . ... ... ......... 57

2.4. Experimental Observations and Results . . . . . .. .. 61

3. Theory . . . .. . . . e 65

3.1.  Shear-induced resuspension in monodisperse suspensions 65
3.2.  Shear-induced resuspension in a bidensity suspension . 69
4. Conclusions . . .. . . . . . . e 75

References . . . . . . o o o i i e e e e e e e e e e 78

(1]

3 A New Criterion for the Continuous Operation of Superset-

tlers in the Bottom Feeding Mode 80
1. Imtroduction ... .. ... .. ... ... ... ... 82
2. Theoretical Analysis . . . .. ... ............... 87
3. Experiments and comparison with the theory . . ... .. .. 98
3.1. Experimentalset-up ................... 98
3.2. Thestart-up procedure . . . . . ... ... ....... 101

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



xvii

3.3.  Results and comparison with the theory . ... .. .. 102
4. Conclusions . . . . .. .. .. e 103
5. Appendix . .. . ... ... e 105
6. Referemces . . ... ... ... .. . . e 107

4 Measurements of Particle Velocity Fluctuations in Concen-

trated Suspensions Undergoing Shear 108
1. Imtroduction . ... ... ... .. ... ... ... 110
2.  Macroscopic models for suspension flow . . . . . ... ... .. 113
2.1. Diffusivefluxmodel . . . . .. ... ... ... .. ... 113
2.2.  Suspension balancemodel . . ... ........... 115
3. Experimental apparatus and instrumentation . . .. ... .. 118
3.1. Couettedevice . . . ... ... ............. 118
3.2 Suspensions . . . . . . ... ... 121
3.3. Imstrumentation . . . . . ... ... .. ......... 122
4. Results ... ... . ... ... 124
1. Meanflow . . . . . .. ... Lo 124
42, LDANoise. . . ... ... ... ... .. ... 125
4.3.  Velocity fluctuations measurements . . . . . .. .. .. 128
44. Apossibleremedy ... ... ... ... ... .. 131
5. References . . .. .. ... .. ... ... ... ... ... 135

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 1

Measurements of the
Shear-Induced Particle and
Fluid Tracer-Diffusivities in
Concentrated Suspensions by a
Novel Method

abstract

The shear-induced particle self-diffusivity in a concentrated suspension (20%
- 50% solids volume fraction) of non-colloidal spheres (90 um average di-
ameter) was measured using a new correlation technique. This method is
based on the correlation between the positions of tracer particles in succes-
sive images and can be used to determine the self-diffusivity in non-colloidal
suspensions for different time-scales. These self-diffusivities were measured

in the velocity gradient and vorticity directions in a narrow gap Couette de-
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vice for values of the strain y At ranging from 0.05 to 0.5, where « is the
applied shear rate and At is the correlation time. In both directions, the
diffusive displacements scaled linearly with vy At over the range 0.05~-0.5 and
the corresponding diffusivities were found to be in good agreement with the
experimental results of Leighton & Acrivos (1987a) and of Phan & Leighton
(1993), even though these earlier studies were performed at much larger
values of yAt. The self-diffusivity in the velocity gradient direction was
found to be about 1.7 times larger than in the vorticity direction. The tech-
nique was also used to measure the shear-induced fluid tracer-diffusivity in
concentrated suspensions (30%-50% solids volume fraction) of non-colloidal
spheres(325 um average diameter) containing a small fraction of 35 um di-
ameter tracer particles. The fluid diffusivities were found to be (.7 times the
corresponding particle diffusivities when both diffusivities were scaled with

~a? (2a = 325 um).
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1. Introduction

The self-diffusion of tracer particles in non-colloidal, as well as non-Brownian,
suspensions has attracted a great deal of attention in recent years. Even at
low Reynolds numbers, where inertial effects play a negligible role, particles in
such suspensions exhibit diffusion-like motions due to hydrodynamic interac-
tions with their neighbors whose positions have a random component. These
interparticle interactions induce a net particle migration in the presence of
inhomogeneities in the bulk shear rate or in the particle concentration.

In order to understand this self-diffusivity, consider a neutrally buoyant
test sphere present in a viscous suspension of otherwise identical spheres.
When the suspension is subjected to an external shear flow, the test particle
interacts with the other surrounding particles and, consequently, experiences
a series of displacements away from its original streamline. Such displace-
ments. when taken together, will have zero mean but a finite mean square
displacement which can be characterized by a shear-induced coefficient of
self-diffusion. Since the rate of such interactions is proportional to the shear
rate v, and the length scale of each displacement is comparable to the parti-
cle radius a, the diffusion coefficient has a dimensional scaling v a?(Eckstein
et al. 1977). It is important to note that the coefficient of self-diffusion asso-
ciated with this mechanism is quite different from the shear-induced gradient
diffusivity (Leighton & Acrivos 1987b), the latter being the coefficient in the

linear relation between the particle flux resulting a non-uniformity in the
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particle concentration and the concentration gradient. According to the ar-
guments by Leighton & Acrivos (1987b), such a flux down a concentration
gradient arises because a given particle in a sheared suspension experiences a
greater number of interactions from the high concentration side than from the
other. On the other hand, the mixing of marked spheres in a suspension of
uniform concentration is entirely a self-diffusion process. Although the latter
is one of the most basic transport processes occurring in sheared suspen-
sions, only a few theoretical and experimental studies of the self-diffusivity
have been reported to-date. These include the experimental measurements
of the shear-induced self-diffusivity of non-Brownian particles by Eckstein,
Bailey & Shapiro (1977), Leighton & Acrivos (1987a) and Phan & Leighton
(1993), the computations via Stokesian Dynamics simulations by Bossis &
Brady (1987), Phung, Brady & Bossis (1996), Phung (1993) and the theo-
retical work by Brady & Morris (1997). The resuits of all these studies are
summarized in figures 1.1 & 1.2 (Brady 1997) where the dimensionless self-
diffusivities along the velocity gradient and vorticity directions are plotted as
a function of the particle concentration ¢. Clearly, owing to the large scatter
in the experimental observations it is difficult to compare directly the exper-
imental and computational results. In addition, in order to understand the
nature of the microscopic interactions between the particles, measurements
of the self-diffusivity over a wide range of values of the strain y At, where

At is the time step over which the particle displacement is observed, would
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be highly desirable. To our knowledge such measurements have not been
attempted thus far.

Similarly, the self-diffusivity of a fluid tracer in non-colloidal concentrated
suspensions has not been measured so far inspite of its importance in many
industrial and clinical processes. For example, a great deal of literature is
available concerning liquid phase mass transport in red blood cell suspen-
sions and on gas and heat transport in suspensions of particles. Zydney and
Colton(1988) list about 50 publications on this topic. Although considerable
evidence exists that both heat and mass transport in concentrated suspen-
sions can be substantially augmented in shear flow, existing models are not
completely adequate for predicting the experimental observations. We be-
lieve that the results of this study can be used to estimate the importance of
augmented solute transport in the flow of concentrated suspensions, and also
that they can provide a basis for a more detailed experimental and theoretical
study of this phenomenon.

In this paper we shall present a new method for measuring the self-
diffusion coefficient in concentrated suspensions of non-colloidal and non-
Brownian particles. This technique is based on the application of spatial
correlation procedures to consecutive images of tracer particles in a fixed
imaging volume. In the next section, the general idea of the method will be
explained, followed by the development of a theoretical framework for ana-
lyzing the data. Then, in subsection 2.3 the theory will be applied to the
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Figure 1.1: Data for the shear-induced particle self-diffusivity along the di-
rection of shear in a simple shear flow collected by Brady(1997) and plotted
against the particle volume fraction in the suspension. (Adapted with the
permission of Professor J. F. Brady)
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Figure 1.2: Data for the shear-induced particle self-diffusivity along the vor-
ticity axis in a simple shear flow collected by Bradyv(1997) and plotted against
the particle volume fraction in the suspension.  Adapted with the permission

of Professor J. F. Brady)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



case of a simple shear flow, applicable to the Couette geometry in which we
performed our experiments. The third section contains a description of our
experimental procedure and the final section is devoted to the results and

discussion.

2. The new approach

In this section we shall present the salient features of a simple and ac-
curate experimental technique for measuring the self-diffusion coefficient in

concentrated sheared suspensions.

2.1. Basic concepts

We examine the phenomenon of diffusion by investigating the positions of
tracer neutrally buoyant spherical particles immersed in a suspension of oth-
erwise identical spheres undergoing shear. The tracers are colored black in
order to distinguish them from the surrounding particles, which are refractive
index matched with the suspending fluid. The images are taken at a fixed
position in the geometry, but, because the suspension is being sheared, the
tracers move with the general flow and will stay in the image window only for
a limited time. Figure 1.3 shows an example of two successive images taken
at a time interval At with the bulk flow as indicated so that all the particles

move from left to right. The imaging window occupies a two-dimensional
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Figure 1.3: Schematic diagrams of two successive images of a fluid element
in a sheared suspension.

rectangular area. In an experimental set-up, the window will always be the
two-dimensional projection of a three-dimensional fluid volume, because of
the finite depth of focus of the optics (This effect will be dealt with in the
next subsection and does not change the general considerations to be de-
scribed below). The black particles in figure 1.3 represent the tracers, while
the white ones refer to the refractive index matched particles, which are in-
visible if the matching is perfect. Particles intersecting the border of the
image window are not drawn.

The motion of the non-colloidal particles consists of two parts: a con-
vective motion along the streamlines of the bulk fluid flow and fluctuations

due to their hydrodynamic interactions with other particles. The latter give
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10

rise to the shear-induced diffusion, both the self-diffusion and, if present, the
gradient diffusion. An essential step in the technique consists of locating all
the M tracers in the second image as well as all the V tracers in the first

image and then calculating the two-dimensional vectors:
AZpn = (Tm — Zny Ym = Yn) n=12,.,.NNm=1,2,.. M

where (Znyn) and (Zm, ym) refer to the positions of the particle centers in the
first and second image, respectively. This results into N - M different two-
dimensional displacement vectors AX,m, generally a number too small for
performing a meaningful statistical analysis. Figure 1.3, for example, yields
12 vectors. But if the procedure is repeated for a large number of image
combinations with the same time-interval, the number of vectors increases
rapidly. These data can be used to define the function C,p(AX; At), which
denotes the number of times a two-dimensional displacement vector AX ap-
pears in the ensemble of images. The function C,p(AX; At) thus represents
the experimental probability density of finding a vector AX in the ensemble
of images.

The vectors AX,m can be divided into two different categories. The first
contains all the vectors AX5% for which tracer m is the same as n. On these
occasions, the particle has not left the image window during the time inter-
val. The second category contains all the cross-correlation vectors AX5 2,

between different tracer particles in consecutive images. For example, as-

sume that N’ (N’ < N) particles in the first image of figure 1.3 are present
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in the second image as well. Then, the total number of N - M correlation
vectors AX,m consists of N’ auto-correlation vectors AX%%° and N-M — N’
cross-correlation vectors Ax 2%, For the analysis of the particle motion, the

m

auto-correlation vectors AX2%° are of interest because they contain informa-
tion about the displacements of individual particles during the time interval
At. The cross-correlation vectors are of less interest, although they contain
information on the spatial distribution of the tracer particles in the fluid.
Unfortunately, it is impossible to tell a priori whether a vector AXnm,
belongs to the first or to the second category. This would only be possible if
the time interval was very small, so that one could easily detect where the
individual particles have gone. In the general case of larger time intervals,
however, this would be very difficult and thus complicate the interpretation of
the images. Fortunately, our technique does not need this information in eval-
uating the self-diffusivity. Specifically, we shall show in the next section that
the auto-correlation and cross-correlation contributions to C,p(AX; At) are
of a different nature, and therefore can be separated statistically. Then, once
the auto-correlation part has been extracted from the correlation vectors,
the diffusive motion of individual particles can be analyzed. Before proceed-
ing though, let us first generalize the concept to the full three-dimensional

formulation.
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2.2. Theoretical formulation in three-dimensions

In the experimental system, the two-dimensional images are the projection
of a three-dimensional fluid volume. The effects of this projection onto a
finite-sized two-dimensional image window have not been taken into account
so far and will be analyzed in this section. As will be shown, this slightly
complicates the interpretation of the experimentally determined function
Cap(AX; At) mentioned in the previous section, but, after carefully con-
sidering these effects, C,p(AX; At) can be directly related to the actual
three-dimensional probability density of the particles which is the quantity
of primary interest. No a priori assumptions on the nature of the particle
motion have to be made.

The effect of the projection is that the three-dimensional vectors Ax =
(Az, Ay, Az) in the fluid volume become two-dimensional vectors Ax =
(Az. Ay) on the image. Thus, in determining the function C;p(Az, Ay; At)
we are, in essence, counting the number of two-dimensional vectors (Az, Ay)
appearing in the images by adding all the three-dimensional vectors (Az, Ay, Az),
regardless of the value of the out of plane distance Az. This can be formu-

lated mathematically as
Cap(Az. Ay; At) = / Csn(Az, Ay, Az; At)dAz (1.1)
where C3p(Az, Ay, Az; At) is the full three-dimensional spatial correlation

probability of the ensemble of images. representing the chance of finding a dis-
placement (Az. Ay, Az). Off hand, it might appear that Csp(Az, Ay, Az; At)
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should equal P(Ax; At,x), where P(Ax; At,x) is defined as the theoretical
probability density of finding two particles with center to center vector Ax
after a given time interval At. However, owing to experimental limitations,

the two functions are related by
Cin(Ax; at) = [ / /V S(x,x + Ax)P(Ax; At,x)dx  (L2)

where S(x, x + Ax) to be discussed further on in this section, is the experi-
mental probability of detecting the particles referred to above.

The function C3p(Az, Ay, Az: At) thus represents the ensemble averaged
experimental sampling of the probability density P(Ax: At.x) and will be
analyzed in terms of P(Ax; At, x). Next, following the same arguments as in
section 2.1, we split the probability density function P(Ax; At, x) into two
parts. The first, termed the spatial auto-correlation in section 2.1, refers to
the probability that the same particle has been displaced by Ax. In terms
of the probability distribution, it is equivalent to the transition probability
density P™™(Ax; At,x) of a particle being displaced bv Ax during the
time At, starting from position x. The function P'™™(Ax: At,x) contains
fundamental information on the particle motions.

The second contribution to the total probability density P(Ax: At,x)
refers to the probability density of finding two different tracer particles at
relative positions Ax after the time-interval At. This part of the distribution
probability density will be denoted by P#**"(Ax: At). since it is linked to the

distribution of different tracer particles over the image window. At steady

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



14

state, P44 (Ax; At) can then be expressed as:
péor(ax;at) = [ [ [ Pix)Pax+ Ax; At : x)dx (1.3)

where P,(x;t) is the probability density of finding a tracer at x and Pp(x +
Ax; At : x) is the conditional probability density of another tracer being on
the position x + Ax after a time-interval At given that the first tracer was
at x. Also, the domain of integration is the whole image volume. Of course,
if the tracers are distributed homogeneously over the window, P, is constant
and can be taken out of the integration. Having thus defined the probability
density functions P (Ax; At,x) and P4 (Ax; At), we proceed with the
derivation of their relations with the spatial correlation function C3p(Ax; At)
(equation (1.2)), which in turn can be used to determine Cip(AX; At) via
equation (1.1). The main effect to consider is the fact that the observed fluid
volume is of limited size in all three directions and that the image analysis
introduces some errors in detecting the particles in the images. Both factors
influence the sampling function Csp(Ax; At).

First, let us investigate the effect of the window boundaries in the z-
and y-direction. Note that if the image window has width W and height
H, the two-dimensional displacement vector AX can never exceed the limits
-W < Az < W and —H < Ay < H. As an extra complication, due to the
limited size of the window, the chances of finding a large vector (Az, Ay)
are lower than finding small ones. When both Az and Ay are positive, this

windowing effect is illustrated in figure 1.4 which shows that, within the fixed
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Figure 1.4: Schematic of the windowing effect on the correlation function for
positive Ar and Ay.

image window. the vector (Az, Ay) can only be realized starting from the
shaded fraction of the window area, otherwise the end of the vector would
point out of the window. Thus, the starting two-dimensional vector X must

lie inside the region bounded by

1
-;(lA:::l -Ar)< z <W- §(|A.1:| +Az)

1 1 ,
§(|Ay| -Ay)< y <H- ,_;(IAyI + Ay)

for the two-dimensional vector X + AX to be observed. The absolute values
have to be used, because the windowing effect limits the effective size of
the image window also for two-dimensional displacement vectors AX with

negative components.
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In addition, it is not obvious that all the tracers within the fluid volume
will be detected under all circumstances, as occurs, for example, when the
lighting is inhomogeneous or when the tracers are too closely together to be
separated by both the human eye and sophisticated image analysis software.
Therefore, it is reasonable to introduce the detection probability Sp(z,y)
which varies over the image window. Ideally, when all the tracers can be de-
tected, Sy, equals unity at all positions within the image window. Although
this can not be realized in practice, it is still possible to make S, almost a
constant by carefully manipulating the lighting arrangement. But even so,
its value will generally be slightly smaller than unity because, in any large
collection of acquired images some of them will contain tracers that appear
to be overlapping and cannot be located accurately.

The third dimension of the fluid volume is the z-direction, perpendicular
to the object plane. Here, a finite volume around the focal plane of the optics
will be observed due to the finite depth of focus (d.o.f.). Specifically, if z =0
denotes the location of the focal plane, the depth of focus is usually defined
so that the z-values at which tracer particles can be distinguished range from
—1d.o.f. to +3d.o.f.. As a result, the detection probability S; will always be
a very strong function of z. Even if we assume that S, does not depend on
the z- and y- positions (which is reasonable if the d.o.f. is small compared to
the window size), it will, by definition, have its maximum in the focal plane

and vanish at z = £d.o.f. where the tracers can no longer be distinguished
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from their surroundings.
Using the arguments presented in the preceding paragraphs, equation
(1.2) can be written in the following way:
Cip(Az, Ay, Az; At) =
Zmaz Ymaz Tmaz
L7777 7 S v)S. 2P )] - (1.4)
Zmin Ymin Zmin
[25z(z + Az, y + Ay)S.(z + A2) P™™(Ax; At x)| dz dy dz
Zmaz Ymaz Zmaz
+ 7Sy (z,9)S:(2) P (x)] -
/:Ml'l /;mlﬂ /-zmm [ zy( ) ( ) l( )]
[ASzy(z + Az, y + Ay)S:(z + Az)Pay(x + Ax; At : X)) dx dy dz

where
1 1 1 1

Zmin = To — '2'W + E(IAII - A.’L‘), Tmax = Ig + ’Z‘W - §(IA$l + A.‘L‘),
1 1 1 1

Ymin = Yo — §H + §(IAyI = AY), Ymax = Yo+ 5H - §(IAyI + Ay),

1
min =70 = 5dof + %(|Az| — A2), Zme = 20+ édaf - %(lAzl +Az)

and 7 is the average number of tracers in the fluid volume which is intro-
duced in order to normalize the probability density functions. In addition,
(z0, Yo, 20) denotes the center of the object volume within which the measure-
ments are being made. Both integrands in equation (1.4) involve a product of
two terms: the first contains the probability that a tracer is observed at posi-
tion x and the second the probability that a tracer —either the same (P*™)
or another (P,)- is observed at position x + Ax after the time-interval At.
The integration over z, y and z originates from the finite size of the object

volume, discussed earlier.
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The general equation (1.4) can be simplified by letting P, (x) be constant,
which is permissible if the gradients in the concentration of the tracer parti-
cles are negligible on the scale of the window size. In addition, as was stated
earlier, Szy(z, y) will be constant under appropriate experimental conditions.

Consequently, equation (1.4) becomes

Cip(Ax; At) =
' ~2 Zmax Ymax max srans y
ki | /y,, /: 5:(2)S:(z + Az) P™™(Ax; At, X) dz dy dz

+ K, A2 /"‘“ /,, " /, "f“‘ S5:(2)S:(z + Az) Py(x + Ax; At : x) dz dfid®)

where K, = P,- 52, is an O(1) constant. Therefore, on substituting equation

(1.5) into equation (1.1) we obtain that

Can(AK; At) = (L.6)
+dof [Zmax max 1-'mn
trans .
Kln/ /m f; [ (2)S.(z + Az)P™™ (Ax; At, x) dz dy dz dAz

Tmun
- R /*‘"’ [

/:"'“ S:(2)S:(z + Az)Py(x + Ax; At : x) d dy dz dAz
where the integration over Az is performed from the minimum (—d.o.f.) to
the maximum (+d.o.f.) possible distance between tracers in the Az-direction.
The second term on the right hand side of equation (1.6) can be simplified
further by considering special forms for P(x + Ax; At). Although some
comments on this subject will be made at the end of the next subsection, a

thorough analysis is left for the future work. which concerns exclusively the

first term. Note that, in arriving at equation (1.6), no a priori assumptions on
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the transition probability density P‘®™(Ax; At,x) have been made. In the
next section, equation (1.6) will be evaluated when the transition probability
is that for the diffusive motion of tracers in a simple shear flow, on which

our experimental work is focused.

2.3. The evaluation of self-diffusion coefficients in a
simple shear flow
The analysis discussed in the previous section directly links the experimental
results to the tramsition probability density function of the tracers. Different
theoretical hypotheses for P*™"(Ax; At,x) can be introduced into equation
(1.4) to check their validity. In this paper we concentrate on the topic of self-
diffusion in a concentrated suspension undergoing simple shear flow. Previous
experiments (Leighton & Acrivos(1987a), Eckstein et al. (1977)) have shown
that, for sufficiently long time-steps At, the motion of the particles can be
viewed as a diffusion process with different diffusion coefficients along the
characteristic flow axes (flow, velocity gradient and vorticity direction). In
such a case, the transition probability density P*™™(Ax: At.x) satisfies the

general convective diffusion equation:

a P trans
at

= —V.(v P"™™) 4 V.D. Vpirn (1.7)

with initial condition P'*™(Ax;0,x) = §(Ax), where v is the convective
bulk particle velocity. For a stationary simple shear flow v = (vy,0,0),

with the z-axis in the flow direction and the y-axis in the velocity gradient
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direction. The diffusion tensor D is defined by

(Ax Ax)~2DAt=2| D, D, 0 |At (1.8)

0 0 D,

D;z, Dy, and D;. being the diffusion coefficients in the different directions.
Due to symmetry, all the off-diagonal elements of D are zero except for
D., and D, which are equal(c.f. Morris & Brady (1996)). The solution

of equations (1.7) and (1.8) can be written in the form (c.f. van Kampen

(1992)):
P Ax; At,x) = _..3_1__ (1.9)
(27)20.0y0.
(Az — YAHAY +2y) ~ AyF2)®  (Ay)?  (Az)?
e 252 "~ 22 202
where
Dy Dy

2 , 1 2,200
o; =2D. ;AL (1 + 12”)‘ At D..  DwDy,

) . 02 = 2D,y At and o = 2D, At
On inserting equation (1.9) into equation (1.6) and integrating with re-

spect to r and y, we obtain

Can(Az, Ay At) =
Ay)? -
K, 2 w(A#) x(At; dof) (W — |Az]) - exp (—‘—Qj%\) : 7‘/2% : (L.10)

Z1(Az, Ay; At) Zp(Az, Ay; At)])

dof Zmax
+ K, 72 (W - |Az|) (H - |Ay]) /_ o / " 5.(2)S:(z + Az) Py(Ax; At) dz dAz
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where
dof fZmax 2
x(At; dof) = /_do, /zm S:(2)S:(z + Az) exp (—(353) ) dz dAz, (1.11)
1
Aty = ————— 1.12
Ay (2'11')%0,0,,0z ( )

while =, (Az, Ay; At) = Az — JyAt(2y ~ H + |Ay|) - Ayp: and
Za(Az, Ay; At) = Az - byAt(2y + H — |Ay|) - AyF.

Equation (1.10) describes the shape of the experimentally determined
function Cop(Az, Ay; At) for the case of a diffusive tracer motion in a simple
shear flow. As will be shown in the more detailed description of the data
analysis in section 3.3, this expression can be simplified further and then
used to calculate the diffusion coefficient D, by analyzing only the width
of the auto-correlation peak of Cop(Az, Ay; At) in the Ay-direction. Note
that the amplitude of the auto-correlation part (first term) depends on the
window size, the time step (through x and v) and on the depth of focus of
the optical system (through x).

The preceding analysis can also be performed when the image plane is
in the Az-Az-plane, which is the case when the suspension is viewed from
the velocity gradient direction. Here, however, the counterpart of equation

(1.10) is simply:

Cop(Az. Az: At) =

(1.13)

2 (Az)?
K> 7* w(At) §(Az, At:dof) (W — |Az]) (|H - Az]) exp (— )

2
202
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+ Kot OO 8al) (B - 182) [ "™ 5,0)5,u-+ Su)Pa(Ax; A1) dy dy
where
£(Az, At dof) = / / Sy(y + Ay)- (1.14)
(Az - LyAt(Ay +2y) — AyBE)?  (Ay)?
exp (_ 2 202 va (233) ) dy dAy

and K, = P, - §2, is a constant which is slightly different from K. The
above differs from equation (1.10) in the sense, that the shape of the auto-
correlation peak in the Az-direction is simply that of a Gaussian peak, with
a width that only depends on the diffusion coefficient D,,. Consequently,
equation (1.13) enables one to calculate the diffusion coefficient D.; by an-
alyzing the width of the auto-correlation peak of Cap(Az, Ay; At) in the
Az-direction. Equation (1.14) is somewhat more complicated than equation
(1.11) because, now £ depends on both Az and At.

Of course, the cross-correlation parts of equations (1.10) and (1.13) can-
not be neglected in calculating the diffusion coefficients from the experimen-
tally obtained functions C,p because this part influences the shape of the
correlation function in the region of the auto- correlation peak and must be
subtracted out during the fitting procedures. To achieve this we recall that, as
was mentioned in section 2.2, P>(Ax; At) contains information about the dis-
tribution of different particles in consecutive images and is therefore closely
related to the pair-distribution function. Symmetry arguments, therefore,

are sufficient to eliminate the cross-correlation term in a simple shear flow.
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Specifically, as shown in figure 1.5, the Az-Ay-plane on which our function
is measured can be divided into four quadrants with the original position
of the tracer being at the origin so that, in simple shear, the flow in quad-
rants II and IV is compressive and in quadrants [ and III extensional. But,
since the flow in quadrants [ and III is equivalent and similarly in quad-
rants II and IV, the pair-distribution function has an obvious symmetry in
that each point A(Az, Ay) has a counterpart A'(—~Az, ~Ay) where the pair-
distribution function is the same. This symmetry should also apply to the
function P,(Ax; At) and, as will be shown in section 3.3, this argument en-
ables one to eliminate the cross-correlation contribution from the measured

experimental data in an elegant way.

2.4. Previous experimental work

The general idea of the technique described above is in some respects similar
to other well-known experimental methods, for example Particle Image Ve-
locimetry (PIV), where in order to measure the velocity field in complex flow
geometries, the fluid is seeded with small tracers which accurately follow the
flow because of their small size. One difference, however, is that, whereas PIV
uses very small time intervals At between the images to calculate velocity
vectors, the time-intervals are considerably larger in the present application
so as to maximize the displacements of the tracers.

On the other hand, Eckstein et al. (1977) and Leighton & Acrivos (1987a)

examined the phenomenon of self-diffusion by investigating the motion of a
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Figure 1.5: Schematic of four quadrants in the Ar-Ay-plane on which the
function Cyp is measured. The origin refers to the original position of the

tracer.
single labeled sphere immerscd in a suspension of otherwise identical spheres
being sheared in a Couette device. [n their technique. the radial position
(the velocity gradient direction) of the labeled sphere was measured after
each rotation (Eckstein et al. ) or nferred from the time taken for the par-
ticle to complete a transit of the device (Leighton & Acrivos). These data
were then related to the random walk in the radial direction. Recently, Phan
& Leighton (1993) also measured the self-diffusivity in the vorticity direction
by observing the vertical position of a marked sphere each time it passed an
observation window. It is worth remarking at this point that in the experi-

ments of both Leighton & Acrivos (1987a) and Phan & Leighton (1993), the
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strain yAt was at least of O(1), which, as will be shown presently, is more

than an order of magnitude larger than in our experiments.

3. Experimental work

In this section we present the experimental details of our measurements of
the shear-induced coefficient of particle self-diffusion. The basic approach
consisted of evaluating the positions of tracer particles, immersed in a sus-

pension of otherwise identical spheres, being sheared in a narrow gap Couette

device.

3.1. Apparatus and Materials

The experiments were performed in a narrow gap cylindrical Couette device,
shown in figure 1.6, which consisted of two cylinders made of high quality
plexiglass. The inner radius of the outer stationary cvlinder (Rg ) was 8.224
cm and the outer radius of the inner rotating cylinder (R; ) was 7.542 cm.
giving a gap size equal to 0.682 cm. The inner cylinder was mounted on a
shaft, which in turn was mounted on a computer controlled feedback mo-
tor (ID Corp., California). Also, the shaft was aligned accurately with two
bearings separated by O-rings. A great advantage of this design is that its
transparency enabled us to provide uniform lighting to the imaging volume.

The particles used in the experiments were class 4F acrylic spheres ob-

tained from ICI. Their density was measured to be 1.172 g/ml and the
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Fisure 1.6: Schematic of the Couette device and the camera positions (a)
and (h) for observations in. respectively. the velocity gradient and vorticity
directions.

spheres containing air bubbles were removed by density segregation. The
polvdisperse material was sieved many times to obtain the diameter range
90 = 15 pm. Following the recipe of Krishnan et al. (1996). a suspension of
these particles was made using a mixture of 77.38% Triton X-100. 9.23% wa-
ter and 13.39% anhydrous zinc chloride (weight percentages) which matched
the refractive index and density of the acrvlic spheres. The pure suspending
fAuid had a viscosity of 3.4 Pa-s at the operating temperature of 23°C. Tracer
particles were prepared by dyeing part of the acrylic spheres with RIT liquid
fabric dve and their density was also found to be close to 1.172 g/ml. A

small amount of the tracer particles (tvpically 0.4 vol.% in our experiments)
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were then added to the suspension. The suspension was sheared for several
hours to achieve a uniform concentration and to drive out any air bubbles.
The experiments were carried out at two shear rates (0.78 s~! and 1.8 s~%)
for particle volume fractions of 20%, 30%, 40% and 50%.

The particles used in the fluid diffusivity experiments were class B728
acrylic spheres obtained from Zenica Resins. These were sieved to obtain a
uniform fraction in the size range 300 - 350 um. Tracer particles were of the
same class in the size range 25 - 38 um. Here, the experiments were carried
out at two shear rates (0.78 s~! and 1.8 s™!) for the particle volume fraction

30%. 40% and 50%.

3.2. The Image Analysis

The motion of the tracer particles was observed by viewing two small vol-
umes of the suspension from positions (a) and (b), shown in figure 1.6, using
a high resolution (1008 x 1018 pixels) CCD camera (Kodak MegaPlus ES1.0)
with Infinity Optics (8 x magnification). For lighting we used a Fiber Optic
Muminator (Cole Parmer Instrument Company) that provided an excellent
contrast in the image. The camera was mounted on a three-dimensional
traversing system, which allowed us to focus the camera precisely at the de-
sired locations. Images from the CCD camera were passed via an 8-bit digital
video signal to a dedicated image acquisition and processing board (Oculus
F64 by Coreco Inc.) which operated on a personal computer equipped with
a 200MHz Intel Pentium Processor. We programmed the frame buffer arrays

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




28

of the F64 board to enable the acquisition of 5 consecutive images at equal
time intervals At (with Aty = 55 msec) before storing the images into the
hard disk of the computer. This program was typically run with 100 loops
to acquire and store 500 images automatically. The grabbing times of all the
images were stored for further analysis.

We used the positions (a) and (b), shown in figure 1.6, to measure the self-
diffusion coefficients in the velocity gradient and in the vorticity directions
respectively. When viewing from position (a), the center of the imaging
volume was kept at 1 mm below the top interface and at 1.5 mm inside the
outer wall of the Couette gap. When viewing from position (b) the center
of the fluid element W x H x d.o.f. of the suspension was chosen 1.7 cm
above the bottom and 1 mm inside the outer wall of the Couette gap. These
positions were chosen to reduce the wall effects as far as possible. The cross-
sectional area, W x H, was calculated using the known magnification of the
camera optics and in our experiments was found to be 1.17 mmx1.18 mm.
The depth of focus, d.o.f., was determined by viewing a 45° inclined plane
through the camera with the preset optics. The inclined plane had four sets
of target columns containing different numbers of line pairs per millimeter.
The resolution appropriate for the given magnification was then chosen and
the distance up to which the line pairs were distinctly visible was measured.
This distance was read from either the computer monitor or the scale on

the inclined plane. Using this technique, the depth of focus was found to be
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425 + 25 pm.

The positions of the tracer particles in each digitized image were accu-
rately determined using the imaging software (Visilog 5.1 by Noesis Vision
Inc.). This software stretched the pixel-grey value dynamic range (process
called equalization) to make the details more visible and then removed the
unwanted small scale noise. After running a binarization operation, border
particles were eliminated and analysis procedures were performed on the dark
objects in the image. These procedures involved the calculation of the areas,
sphericities, blackness and positions of the dark objects. If the properties
met our pre-set criteria, an object was counted as being a tracer and the
position of its center was stored in a file. In this way, all the images were
scanned and all the tracers and their locations were identified.

For our self-diffusion measurements, a large number of images were taken
for each run in order to ensure good ensemble averaging. Typically, we
acquired 500 images. The positions of the tracers, as obtained from the
measurements described above, were then used to generate the correlation
functions C,p for each set. The method for generating these functions and

evaluating the self-diffusion coefficients will now be described.

3.3. The data analysis

The data on the positions of all the tracer particles in the images were used to
calculate the correlation function Cop(Ax, Ay; At) in the following way. For

the total ensemble, the two-dimensional displacement vectors (AZpm, AYnm)
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were calculated for all combinations of the tracers in consecutive images,
as described in section 2.1. The Az-Ay-domain (-W < Az < W and
—H < Ay < H) was discretized in Na; X Np, small area elements, usu-
ally called numerical bins. All the vectors (AZnm, Aynm) Were put into the
corresponding numerical bin. The number of vectors in each bin was then
divided by the number of images, Nima, and by the area covered by each
numerical bin, 2W/Na; - 2 H/Na,, to arrive at the normalized value of the
correlation function Cyp(Az, Ay; At) at the position of the center of the bin.
The normalization procedure is necessary to obtain the correct value if nu-
merical integration is performed and to allow comparison with the theoretical
predictions of equations (1.10) and (1.13). The number of bins Na: x Na,
must be small enough in order for each bin to contain a sufficient number of
vectors for further analysis, but large enough to provide information on the
behaviour of the correlation function at small length scales.

From each ensemble of images. the correlation function could be obtained
for different time-steps, by not only comparing consecutive images at a time
interval At, but by also analvzing image combinations at other intervals
(2- At,3 - At) within one grabbing sequence of 5 images.

Using the data analysis procedures described above, three-dimensional
plots could be generated of the function Cpp(Az, Ay; At) on the Az-Ay-
plane. Because in our experimental set-up the particles moved from left to

right due to convection, the auto-correlation peak in equations (1.10) and
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(1.13) was always located at positive values of Az. As a result, the values of
the correlation function Cop(Az, Ay; At) for Az > 0 involve a combination
of an auto- and a cross-correlation, whereas the values of Cop(Az, Ay; At) for
Az < 0 consist only of cross-correlation contributions. Using the symmetry
argument presented in section 2.3, the auto-correlation part of C2p(Az, Ay; At)

can then be obtained by calculating:

C3uo(Az, Ay; At) = Cop(Az, Ay; At) — Cop(—Az, —Ay; At) forAz >0
(1.15)
In order to evaluate the diffusion coefficients we focused our quantitative
analysis on the displacements Ay in the velocity gradient (and Az in the
vorticity direction). Since we are not interested in the Az-displacements, we
used a very small number of bins in Az, Na, = 2, i.e. one for negative and
one for positive Az-values. Then, after performing the subtraction of equa-

tion (1.15), we integrated C33°( Az, Ay; At) over Az to obtain (see equation

(1.10)):
/ 32
Cip°(Ay; At) = A-exp (—(';52) ) (1.16)
y
with
w
A = K, 7?2 w(At) x(At:dof) f__‘Zt ./-W(W - |Az])-
:1(AZ,Ay,At) _ _2(A.7:,Ay:_\t)
(o [P o[22 ) e

But, since |Ay|, being of order of the particle radius a. is at least an order

of magnitude smaller that H, y, and W, all of which are O(1 mm), the
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amplitude A becomes independent of |Ay| with an error of O(a/H). Con-
sequently, the width of the peak of Cf® determines o2 which, in view of
equation (1.9), equals twice the product of D, with the time-interval At, so
that the diffusion coefficient can be determined by fitting the experimental
data with equation (1.16).
We followed a similar procedures for analyzing the function Cyp(Az, Az; At)

and calculating the diffusivity D,, in the vorticity direction. Again, after sub-
tracting the cross-correlation part, we integrated C55°(Az, Az; At) over Az

to obtain (see equation (1.13)):

2
Cie(Az; At) = B - (H — |Az]) - exp (-(ﬁjz’ ) (117)

with
w
B=FK; i w(At) [ &(Az, Atidof) (W - |Az]) dAz

As H > |Az|, the square of the width o. of this peak equals twice the
product of the diffusion coefficient D., and the time interval At (see also
equation (1.9)). Hence the diffusion coefficient D.. can be determined by
fitting the experimental data with equation (1.17).

In summary then, the diffusion coefficients Dy, and D., can be calcu-
lated by reducing the two-dimensional correlation functions C,p(Az, Ay; At)
and Cyp(Az, Az; At) to the functions Cp(Ay; At) and C,p(Az; At), respec-
tively, and by subsequently fitting the resulting curves with the Gaussian

peaks of equation (1.16) and (1.17). The amplitudes 4 and B of the respec-
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tive equations (1.16) and (1.17) peaks were not analyzed thoroughly, because

they contain a number of unknown functions.

4. Results and discussion

4.1. Validation of the technique

Using the experimental set-up, images were obtained of sufficiently high qual-
ity to carry out the required accurate image analysis procedures. A typical
example of our image quality is shown in figure 1.7, which depicts a sample
of two consecutive images (At = 220 msec) in a suspension with particle
concentration ¢ = 0.30 being sheared at the rate v = 1.79s™!.

In order to ensure that any observed self-diffusivity in a concentrated sus-
pension was due only to the diffusive motion of the tracers, it was necessary
to rule out the existence of any significant errors in our experimental set-up
or in the image analysis procedure. The possible errors in the former included
mechanical vibrations, rotation irregularities of the motor, non-uniformities
in the Couette gap and misalignment of camera-optics. In addition, we ex-
pected some error in the calculation of the particle locations by the image
analysis procedure. Although the importance of the image analysis error
could not be estimated a priori, the errors originating from this source were
minimized by applying homogeneous lighting and optimizing the contrast.

In order to quantify these errors, we performed measurements in a dilute

suspension (¢ = 0.4%) of only tracer particles, where the self-diffusivity was
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Figure 1.7: Photographs of two successive images taken 220 msec apart in a
30% concentrated suspension sheared at 1.79 s™. Here, the flow is from left
to right.
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expected to be negligible compared to the self-diffusivities reported in the
literature for concentrated suspensions. Following the procedures described
in section 3, the broadening of the correlation peaks in both the velocity
gradient and vorticity direction was measured. This broadening is believed
to be the result of the systematic errors mentioned above. If it was interpreted
as self-diffusion, we found that the value of the associated diffusion coefficient
was at most 10% of the values we observed for the concentrated suspensions
at 30% volume fraction. The influence of the image analysis procedures
on the diffusivity results was also checked and the results were found to
be insensitive to changes in the criteria which we used for the detection of
tracer particles in the images. These measurements in the dilute suspension
showed that the contributions of the experimental errors were small. Hence,
we applied the technique to determine the self- diffusivity in concentrated

suspensions.
4.2. Particle self-diffusion in concentrated suspensions

The diffusion-coefficient experiments were conducted at solids concentrations
ranging from 20 to 50% for values of yAt ranging from 0.05 to 0.5. In
figures 1.8 & 1.9 we present three-dimensional correlation plots for the case
of ¢ = 0.30 at vAt = 0.085 and 0.34, where Cop(Az, Az; At) is shown as a
function on the Az-Az-plane according to the analysis procedures described
in section 3.2. The Az- and Az-axis respectively represent the correlation

distances in the velocity and vorticity gradient direction. The units of the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




[=2
(=]
(=]
—

=)
&
=]
—
Jh L P
1 i e ‘ —— + + '
I 1 T t T é
— < o~
° =z o = = 8 P )
< = < < < = < S
& < = = = < < =
: — S =)
< < = -
~
\V

Figure 1.8: Plots of the experimentally determined correlation function Cap
in the Axr-Az-plane for o = 0 30 and v At= .08
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Figure 1.9: Plots of the experimentally determined correlation function Cap
in the Ar-Az-plane for 0 = 0.30 and ~ At= 0.34.
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displacements in the figures are pixels, for direct reference to the images.
The auto-correlation peak is clearly distinguishable and is dominant over
the cross-correlation contribution, which appears as the scatter in the rest
of the plane. The width in the Az-direction is the result of variations in
the convective velocity over the window (see figure 1.3); in the Az-direction
the width is governed by the diffusive process and is much smaller. As the
time-step At increases -from fig. 1.8 to 1.9, the convective displacements
increase and the peak shifts to the right. Also, the amplitude of the peak
decreases, as fewer particles are detected in two consecutive images. These
observations are in qualitative agreement with our expectations and figures
1.8 & 1.9 further validated our choice of the number of images acquired per
run and the time interval A¢ between consecutive images.

For a quantitative analysis, the three-dimensional plots were reduced to
plots of Cyp(Az; At) as discussed in section 3.3. Figure 1.10 shows the graphs
of C\p(Az; At) versus Az for the same experimental data as presented in
figures 1.8 & 1.9, after subtraction of the cross- correlation part. Again, the
displacements are expressed in pixels, but this could easily be transformed
into SI-units by using the known camera magnification (1 pixel = 1.16 gm).
The graphs also show the best possible fit with a Gaussian peak. It must be
noted, that although the width of the peak is small compared to the particle
size, a clear broadening can be observed in going from figure 1.10a to 1.10b,

where At is increased.
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The decrease in the peak height with increasing values of v At also limits
the range over which experiments could be performed, because the auto-
correlation peak has to be distinguishable from the cross-correlation contri-
bution. In our experimental set-up, measurements could be carried out for
v At ranging from 0.05 to 0.5. For larger y At the particles did not remain
within the window long enough to be detected in two consecutive images
and thus contribute to the peak. This limitation was mainly caused by the
fact that the experiments had to be performed in a region far enough from
the wall of the outer cylinder to reduce wall effects as far as possible. The
result is of a trade-off between the need of staying away from the wall and
maximizing the range of v At.

The width of the peaks in figure 1.10 is equal to the parameter . de-
fined in equation (1.9): 02 =2 D, At. For further analysis of the diffusion
coefficient D.. (and D,,) and comparison with the results of other studies,
the dimensionless scaling D = D/va? must be introduced. where a is the
particle radius. Using this formulation we therefore introduce the following

two dimensionless diffusion coefficients:

a? .

For all experiments, the width of the peak has been determined and the
results are presented in figures 1.11 to 1.13 where the dimensionless values
o}/a* and o2/a? are plotted versus v At for the different volume fractions.

These figures show that the linear scaling of equation (1.18) applies over
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Figure 1.11: Plots of #%/a". the dimensionless variance of the correlation
peak vs. 5 At for 0=0.20: the figure shows the results for both the velocity
sradient (e- closed circles) and vorticity directions (o- open circles).

almost the entire range of v At. i.e. from v ¢ = 0.05 to 0.5. although for
® = 1).20 the linearity is not as clear as for the other experiments because the
width of the auto-correlation peak is small and hence cannot be determined
with much accuracy. The particle motion can. therefore. be described as a
diffusive process on this time-scale and the diffusive character seems to ex-
ist over the entire range. This is rather surprising, because it was generally
believed thus far that diffusive behaviour could only be attained for exper-
imental time-scales v \¢ > 1. i.e. when the time-scales are larger than the
assumed collision time in a simple shear flow and a particle has experienced

several interactions.
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Figure 1.13: Plots of a%/a*, the dimensionless variance of the correlation
peak vs. ~ At for =0.50: the figure shows the results for both the velocity
gradient (e closed circles) and vorticity directions (o~ open circles).

Following equation (1.18), the dimensionless diffusion coefficients Dyy and
D.. can be calculated as one half the slope of the linear fits shown in figures
1.11 to 1.13. In all these figures. the diffusion coefficient in the velocity
gradient direction (Dyy) is considerably larger than in the vorticity direction
(D,,) with the ratio being about 1.7 for all volume fractions.

Our results for the diffusion coefficients are plotted in figure 1.14 together
with the results of the previous studies by Eckstein et al. (1977), Leighton
& Acrivos (1987a) and Phan & Leighton (1993). Although these earlier

experiments were performed for ¥ At > 1 by measuring the transit time and

position of single tracer particles. thev are in remarkable agreement with our
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Figure 1.14: Comparison of the present results with previous experimental
data for (a) the velocity gradient direction and (b) the vorticity direction.
o—from Phan & Leighton (1993), O—from Leighton & Acrivos (1987), o—from
Eckstein et al. (1977), e—from this study.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



45

results for which v At < 1. The error bars drawn for our data represent the
uncertainty in the linear fits of figures 1.11 to 1.13; this error turned out to
be dominant over the systematic errors, which were discussed in the previous
section.

The self-diffusion coefficients D, and D, increase rapidly with increasing
particle concentration, as was reported in all previous experimental studies,
but their values appear to asymptote at ¢ = 56%. The same trend was also

observed in the experiments by Phan & Leighton (1993).

4.3. Fluid tracer-diffusion in concentrated suspensions

The fluid-diffusion coefficients were estimated by examining the motion of
tracers (31.5um in diameter) within a concentrated suspension of 325um
diameter particles having concentrations ranging from 30 to 30% and for
values of v At ranging from 0.1-0.4. It is assumed that the motion of these
tiny tracers represented the true fluid element motion in a suspension of
large particles. In figures 1.15 & 1.16, we present the dimensionless variance
of the correlation peak vs. + At for =0.30 and 0.40 in both the velocity
gradient and vorticity directions and for 9=0.30 in the vorticity direction.
Unfortunately, due to the presence of a curved interface in the case of ¢ =
0.5. measurements in the velocity gradient direction could not be performed.
Following equation (1.18), the dimensionless fluid tracer diffusivities Dgy and
D!, are calculated as one half the slope of the linear fits shown in figures 1.15

to 1.16. Note that the diffusivities are scaled with va®. where a is the radius
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Figure 1.15: Plots of 0%/a?, the dimensionless variance of the correlation
peak vs. v At for ¢=0.30; the figure shows the results for both the velocity
gradient (e— closed circles) and vorticity directions (o- open circles).

of particles making up the suspension. Our results for the fluid diffusion
coefficients are plotted in figure 1.17a and 1.17b together with the results
of the particle diffusivities reported earlier in figure 1.14. Clearly, the fluid

tracer-diffusion coefficients are about 0.7 times the corresponding particle

diffusion coefficients.
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Chapter 2

Viscous Resuspension in a
Bidensity Suspension

abstract

Experiments were performed in a narrow gap Couette device to study the vis-
cous resuspension process in a bidensity suspension consisting of two types of
spherical particies, both having the same size, one of which was heavy while
the other had the same density as that of the suspending fluid. The resuspen-
sion height of an initially settled bed of heavy particles was measured over a
ten-fold range of applied shear rates, using an imaging technique which was
developed to study the particle migration process in concentrated bidisperse
suspensions. It was found that. at a given shear rate, the resuspension height
of the heavy particles increased with an increase in the concentration of the

neutrally buoyant spheres. The experimental results were then compared
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with the predictions of a bidensity model based on the particle migration

theory of previous work and good agreement was found between the two.
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1. Introduction

Viscous resuspension is a process whereby, in the presence of shear, an ini-
tially settled layer of heavy particles becomes entrained in the bulk fluid even
under conditions of vanishingly small Reynolds numbers. This phenomenon
was studied both experimentally and theoretically by, among others, Gadala
Maria(1979), Leighton & Acrivos(1986), Schaflinger et al.(1990), Chapman
& Leighton (1991) and more recently by Acrivos et al.(1993). Acrivos et
al.(1993) investigated this process in a narrow gap Couette device where
the shear rate was (approximately) constant across the gap and, following
Leighton and Acrivos (1986), modelled it by balancing the downward flux
of particles due to gravity with an upward flux arising from shear-induced
particle diffusion in a direction normal to the plane of shear from regions
of high particle concentrations to low. According to this model, the change
Ah in the height of the bed, relative to its (initial) settled value h,, is a
function of the single parameter 4 = %g—,‘:i—:;, with -y being the shear rate and
gAp the buoyancy force, which reflects the ratio of viscous to gravitational
forces. Acrivos et al.(1993) found good agreement between the measured
resuspension heights and those computed from the solution of their model
equation.

In the present paper, we report the resuits of an experimental investiga-
tion of the resuspension process in a narrow gap Couette device where the

suspension consisted of two types of spherical particles, both having same
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size, one of which was heavy while the other had the same density as that of
the fluid. Unlike the case treated in Acrivos et al.(1993), where a clear fluid
layer existed above an initially settled bed, here t‘tfaTi'egioxi' was occupied ini-
tially by a suspension of neutrally buoyant particles of given volume fraction
¢*. The migration of particles and the resuspension height were observed
using an imaging technique which was developed to study the shear-induced
particle migration in concentrated bidisperse suséenéions undergoing shear.
It was found that, at the same shear rate, the resuspension height of the
heavy particles was enhanced when ¢*, the initial concentration of the neu-
trally buoyant particles, was increased. This observed enhancement will be
explained in terms of a bi-density model based on the particle migration
theory of Leighton & Acrivos(1987). The experimentally determined resus-
pension heights were found to be in good agreement with those predicted
theoretically.

In the next section we shall describe our experimental technique and
results, and in section 3 we shall present a simple theoretical model for shear-
induced migration in a bidensity suspension (particles having same size but of
different density) to explain the enhanced resuspension phenomenon observed

in our experiments. The final section is devoted to conclusions.
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2. Experimental Technique and Results
2.1. Apparatus and materials

The experiments were performed in a narrow gap cylindrical Couette device,
shown in figure 2.1, which consisted of two cylinders made of high quality
plexiglass. The inner radius of the outer stationary cylinder(R,) was 8.224cm
and the outer radius of the inner rotating cylinder(R;) was 7.542 cm, giving
a gap size equal to 0.682cm. The inner cylinder was mounted on a shaft
which in turn was mounted on a motor (ID Corp., California). The bottom
of the apparatus was sealed with mercury. This prevented the particles from
migrating out of the gap and also created a stress-free boundary. Since the
gap-to-inner radius ratio was small, the shear was taken as being constant
across the gap.

The particles used in the experiments consisted of acrylic and polystyrene
spheres. The former were a lot of class B728 obtained from Zenica Resins,
while the latter, obtained from Maxiblast Inc., were a lot of class PB-2.5. The
density of the acrylic spheres was measured to be 1.163g/cc and those spheres
containing air bubbles were segregated. Similarly, the polystyrene spheres of
density 1.045gm/cc were segregated from those containing air bubbles. The
polydisperse material was sieved to obtain a uniform fraction in the size range
300 — 350um, with a standard deviation of 25um. The acrylic spheres were
dyed with black RIT liquid fabric dye and the color coating on the particles

was found to be insoluble in the suspending fluid. The latter consisted of a
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Figure 2.1: Schematic of the resuspension in a Couette gap and the experi-
mental setup.

mixture of 40.9% (by volume) Dow Corning 556 and 59.1% Dow Corning 705
fluid which matched the density of the polystyrene particles. The refractive
index of the suspending fluid was close to that of polystyrene particles though
they were not matched exactly. The pure suspending fluid was Newtonian

and had a viscosity of 57.2 cp at the operating temperature of 24°C.

2.2. Experimental Procedure

After sealing the gap with mercury. a sufficient amount(57ml) of suspending
fluid was loaded to a height of 2 cm over the mercury in the Couette gap. The
heavy (black) particles were subsequently introduced and the suspension was

allowed to rest for three dayvs. The settled height ko of the suspension was
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then measured to be 0.43cm and 0.49¢m for two different sets of experimental
runs. Hence, the height of the suspending fluid occupying the region above
the settled layer was sufficiently large for the purpose of maintaining the
clear fluid layer above the resuspended region at all applied shear rates.
Next, the suspension was sheared at shear rates varying from 1.48/s to 15/s
which were lower by at least a factor of 20 than the critical shear rate for
the onset of Taylor instability in a narrow gap Couette flow with the fluids
used in this study. The change in the equilibrium height of the resuspended
layer was measured using the technique described in the next section and
consecutive runs were taken after a sufficient time had elapsed in order to
ensure that steady state had been reached. This procedure was then repeated
after adding density matched polystyrene particles(white) to the liquid above
the settled bed and the resulting suspension was sheared for a day to drive
out anyv air bubbles and eliminate any local concentration inhomogeneities
present initially as a result of the loading procedure. The experiments were
performed for values of the density matched particle concentration o* equal

to 10%, 20%, 30%, 40% and 45%.

2.3. Measurement Technique

The migration of the particles, the resuspended height and the particle con-
centration were observed by viewing the suspension through a plexiglass win-
dow using a high resolution(1000K x 1000K) CCD camera (Kodak MegaPlus
ES1.0) with Infinity Optics (98X total magnification on the monitor) plus a
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Dantec light sheeting probe that provided an excellent contrast in the video.
A three-dimensional traversing system was employed to mount the camera.
This allowed us to measure the resuspended height and the concentration
at various locations by traversing the magnified image on the video. Im-
ages from the CCD camera were passed via an 8-bit digital video signal to
a dedicated image acquisition and processing board (Oculus F /64 by Coreco
Inc.), which operated on a personal computer equipped with a 200MHz Intel
Pentium processor.

The concentration of the heavy (black) particles was measured by count-
ing of the number of particles in a known volume element Az X Ay X Az, of
the flowing suspension. The cross-sectional area, Az X Ay, was calculated
using the known magnification of the camera optics and the pixel size of the
CCD chip and, in our experiments, was found to be 0.5mm X 0.51mm. The
depth of field, Az, was determined by viewing a 45° inclined plane through
the camera with the preset optics as shown in figure 2.2. The inclined plane
had four sets of target columns containing different line pairs per millime-
ter(lp/mm). The resolution appropriate for the given magnification was then
chosen and the distance corresponding to the point at which the resolution
disappeared was measured. This distance was read from either the computer
monitor or the scale on the inclined plane. Note that there was a factor of
v2 on the appropriate inclined scale to account for the viewing angle. Using

this technique, we measured the depth of view and the range of grey level
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counts at the camera resolution. In our experiments, the depth of field was
found to be 425 + 25um. Next, the number heavy (black) particles in this
volume element was found by using a particle counting procedure in the imag-
ing software(Visilog 5.0). This procedure involves morphology, binarization,
threshold, holefill and edge-detection operations. Moreover, the grey level
range estimated in the depth of field measurements successfully eliminated
the "out of plane” blurred particles during these software manipulations.
The accuracy of the particle counting scheme depends on the quality of
the image and the degree of particle overlap. In concentrated suspensions,
the high degree of particle overlap makes it difficult to use the counting pro-
cedures for concentration estimations. To be sure, the concentration could
be measured, in principle, by coloring a known fraction of refractive-index
matched particles and assuming that the concentration of the suspension at
any location is proportional to the fraction of the colored particles at that
location. In our experimental system, however, it is not possible to match the
refractive-indices for bidensity suspensions which have materials with differ-
ent refractive-indices. Therefore, the concentration profiles of the neutrally
buovant and black particles were not measured throughout the suspension.
Instead. in order to ascertain the height of the resuspension, we measured the
concentration of the heavy (black) particles only in those regions where it fell
below 3-6%. The center of the measurement volume was located at a distance

of one particle diameter inside the outer wall of the Couette device using the
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Figure 2.2: Schematic diagram of the arrangement of the camera in depth of
field measurement.
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traversing system. At each location, around 200 images were digitized and
processed for the concentration evolution. Subsequently, the concentration of

the heavy (black) particles was obtained by ensemble averaging these images.

2.4. Experimental Observations and Results

Many interesting features were observed during our experiments investigat-
ing the shear-induced particle migration in a bidensity suspension. We first
measured the resuspension height of the black particles in the absence of
the neutrally buoyant particles (mono-density case) for shear rates varying
from 1.4/s to 15/s. The results were then compared with the theoretical
and experimental study of Acrivos et al.(1993) and were found to be in good
agreement. The neutrally buoyant particles were then loaded at various con-
centrations following the procedure described in the previous section. We
were then surprised to watch the heavy particles migrating (against grav-
ity!) into the region occupied by the neutrally buoyant particles and also
the neutrally buoyant particles migrating into the region of high concentra-
tion of the heavy particles. We observed that, as the initial concentration
o" of the neutrally buoyant particles was increased, an increasing number
of heavy(black) particles were entrained into the region containing the neu-
trally buoyant suspension. Shown in figures 2.3-2.5 are the photographs of
different experimental runs. Further, unlike the case of the resuspension of
heavy particles in clear fluid (the mono-density resuspension process) where

a sharp interface was formed between the black particle resuspended layer
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and the fluid above it, here the concentration of the black particles dropped
to a negligible value over an extended region whose width increased with ¢°.
Hence, it was impossible to locate the position where the concentration of
the resuspended black particles was zero. We therefore chose to denote the
resuspension height of the layer of black particles as that location where the
measured concentration of the black particles was approximately 0.02.

This resuspension height was measured using the imaging technique de-
scribed in the previous section. By making several measurements and then
averaging, we found that, in general, this height could be located accurately
with a standard deviation of 0.1mm whenever either the applied shear rate
or the concentration of the neutrally buovant particles was small. In these
cases, the concentration of the black particles fell off rapidly to a negligi-
bly small value. Thus. a clear contrast was created at the location where the
black particle concentration became small. However, when the concentration
of the neutrally buoyant particles was increased, we observed that the num-
ber density of the black particles decrease gradually. rather than abruptly,
towards the top of the neutrally buovant layer with the result that, owing
to the small gradient in concentration. it was difficult to locate accurately
the location at which the concentration of the black particles equalled 2%.
We observed that, in these cases. the resuspended height(as defined above)
could be located with an error bar shown in figure 2.6.

In the following section, we shall develop a simple theoretical model for
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Figure 2.3: The photographs of experimental runs: A=0 & o° = 0 (a) and
A=0.53 & ¢* =0 (b).
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Figure 2.4: The photographs of experimental runs: A=0.5 & o* = 0.3 (a)
and A=0.5 & o* = 0.4 (b).
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Froure 2.5 A photograph of experimental run: A=0.5 & o° = 0.45.

shear-induced migration in a bidensity suspension (particles having same size
but ditferent densities) to explain our experimental findings and to determine

the concentration profile and resuspension height of the black particles.

3. Theory

3.1. Shear-induced resuspension in monodisperse sus-
pensions

Consider an initially settled bed of heavy. non-Brownian monodisperse par-

ticles immersed in an infinite layver of a suspending fluid in a narrow gap

Couette device. In the presence of an externally imposed shear flow. the set-

tled laver 1s entrained into the bulk fluid and acquires a non-uniform particle

concentration profile even under conditions of vanishingly small Reynolds
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numbers. According to Leighton & Acrivos (1986), the particle concentra-
tion profile which is attained results from the combined effect of two particle
fluxes (a) a gravitational flux given by,

2a%gAp
Ouys

¢f(9), (2.1)

where a is the particle radius, f(¢) is the hindrance function, u; is the
viscosity of the pure suspending fluid and gAp is the buoyancy force, and
(b) a shear-induced flux proportional to particle concentration gradient %:4;3.
In turn, the latter consists of two terms: a convective flux ou, where u is
the particle drift velocity in the absence of gravity due to the presence of
a particle concentration gradient and ¢ is the particle concentration, and
a diffusive flux equal to —'yazD,,.(cp)%, where D, (@) is the particle tracer
diffusivity. In addition, when the shear rate ~ is constant across the gap, the
drift velocity is given by

D,(¢) do

ran (2.2)

u = —~va®

where D,(¢), equal to the gradient diffusivity rendered dimensionless with
va?, is a function of ¢ only. It should be noted that the shear-induced
gradient diffusivity is quite different from the shear-induced coefficient of self-
or tracer- diffusion. Shear-induced self diffusion. investigated experimentally
by Leighton & Acrivos(1987) and Eckstein et al. (1977) and via numerical

simulation by Bossis & Brady (1987), arises from the random motion of the
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particles which occurs as they tumble over onc another in a shear flow. Thus,
self-diffusion governs the mixing of labeled particles in a sheared suspension
at a uniform concentration. In contrast, the gradient diffusivity is defined
as the ratio of the particle flux resulting from a concentration gradient to
the magnitude of the gradient. Since the interaction of particles in a shear
suspension may act to "push” particles from regions of high concentration
to low, the gradient diffusivity is not necésarily the result of a random walk

process.

We use the model proposed by Leighton & Acrivos(1986.1987) to obtain
1, l 530 .

Dy(9) = 30°(1 + 37) — Dir(¢) (2.3)

D (9) = %wzu +0.09¢™). (2.4)

We note parenthetically that alternate expressions for Dy(¢) and D (@) have
been proposed by Phillips et al.(1992), but the results to be presented below
are not significantly affected if one set is chosen over the other.

At steady state, the net particle flux in a sheared suspension vanishes,

thus we obtain the flux balance equation:
. ., do "y =
A{Dy(0) + D:r(co)}ﬁ = —¢f(o) (23)
where £ = y/h, and A is defined as

_ 9w o
A= T onph (2.6)
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Here, h, is the initial settled height of the heavy particles in the absence of
shear. Therefore, the concentration distribution and the resuspended height
of a sheared suspension is obtained by solving equation (2.5) subject to the

conditions:

h
0
o(§ = h)

i
o

(2.7)

where h is the resuspension height divided by h, and ¢me; is the particle
concentration in the settled suspension. Also, as in Leighton & Acrivos

(1986), we approximate f(¢) by means of

where u, is the relative viscosity of the suspension given as

| L
p =ty 199 (29)
Ky - o=

with @mes taken here as equal to 0.38. A plot of h-1 as function of A (as
obtained from the numerical solution of the system given above) is shown
in figure 2.6. Hence, provided that an infinite clear fluid layer exists above
the settled layer, the resuspension height is predicted to increase monotoni-
cally with the strength of the applied shear rate. Previous studies (Leighton
& Acrivos(1986) and Acrivos et al.(1993)) have shown a good agreement

between the model predictions and the experiments.
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In the following subsection, we shall develop a model for determining
the concentration profile and resuspension height when an infinite clear fluid
layer above an initially settled bed is replaced by a suspension of neutrally

buoyant particles.

3.2. Shear-induced resuspension in a bidensity suspen-
sion
Consider an infinite layer of a suspension of neutrally buoyant spherical parti-
cles(white) of known concentration ¢* above an initially settled bed of heavy
spherical particles(black colored) in a narrow gap Couette device. The black
spheres (density p;) and the white spheres(density p» = py) have the same
size(radius a). In the presence of an applied shear. the black particles will
again resuspend into the white suspension but the diffusion and sedimenta-
tion fluxes experienced by these particles will now differ from those given in
the previous section. Recently, Revay & Higdon (1992) have described the
results of numerical simulations for the polydisperse sedimentation of equal-
sized spheres, e.g. particles of different density in the absence of an imposed
shear flow. Using Stokesian dynamics. these authors have shown that the
settling velocities of individual particles species can be expressed in terms
of two scalar functions of the total volume fraction o. the self-mobility M,
and the interaction mobility M,. By rearranging equation (14) of Revoy and

Higdon, we therefore obtain the sedimentation flux, .V, of the two species as
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N -
= 285980, (it ()d + 22

N,
gi 9 I‘f ¢

¢1} (2.10)

where ¢;(i = 1,2) is the concentration of species i and 6rujaM, = M,(9)
(similarly for M,(¢), c.f. fig. 1 & 2, Revoy & Higdon). These two scalar

functions can be represented as

M) ~ 1 - ;:’: (211)
M,y(8) + My () ~ F(), (2.12)

where f(@) is given by equation (2.8).

As mentioned in §3.1, two additional fluxes arise in a sheared suspension
due to the particle drift velocity and the self or tracer diffusivity. According
to the model of Leighton & Acrivos, the presence of gradients in concentra-
tion lead to gradients in viscosity which, in turn, cause particles undergoing
measurable interactions to be displaced from regions of high viscosity to low,
and hence from regions of high concentration to low. Therefore, in bidensity
suspensions of two sets of particles having the same size, the particle drift
velocity is proportional to the gradient of the total particle concentration,

ie, %' Consequently, the convective flux, of particles of species i, becomes

7a , Dol0) do
by Pi 6 dE’

(2.13)

where D,(¢) is given by equation (2.3).
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The second source of particle migration in a bidensity suspension arises
from the random self-diffusion process. In order to explain this, let us con-

sider a case where a suspension of neutrally buoyant spheres of the same size

is loaded in a Couette gap. Let us further imagine that the particles in the
bottom half of the suspension are colored black while the particles in the top
half are white. When the suspension is subjected to shear, the black particles
interact with the other(black & white) particles in the suspension and suffer
random displacement normal to their undisturbed streamlines. As a result
of this, some of the black particles will spend part of their time in the white
layer and a part in the black layer. Note that here the drift mechanism is
absent. owing to the absence of actual gradients in the total concentration
of particles. In contrast, the random walk motion leading to the tracer diffu-
sivity requires particles to exchange positions and the tracer diffusivity here
is proportional to the total concentration of the black and white particles.
The shear-induced diffusive flux, of particles of species . is then given by

~ a2

ho

Dn(¢)%, (2.14)

where D, () is given by equation (2.3) since the two sets of particles have
the same size. Hence, the shear-induced flux. Jp, of particles of species i is
given by

2 D d¢ do;
Jp, = ‘za—{wi—g;—(b')‘—(p‘f'Dtr(@—d%‘ .

. I dE (2.15)
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Equation (2.15) is similar in form to an expression for the flux of each species
proposed by Shauly et al. (1997) who also proposed a set of model equations
for the more general case of polydisperse suspensions containing particles of
different sizes.

At steady state, the net flux of the particles of each species in a sheared

suspension vanishes, thus the flux balance becomes

g(¢) d¢ Mx(¢

A{e Z Dtr(¢)%}=‘-¢i{Mo(¢) ——¢} (2.16a,b)

It is important to note that, within the infinite suspension layer of white
particles the tracer diffusivity of the black particles is now finite rather than
being zero as within the clear fluid layer in the monodisperse case. This
makes it possible for the black particles to migrate into the infinite layer of
neutrally buoyant particles. In addition, the settling velocity of the black
particles is now decreased owing to the presence of the white particles, and,
therefore the magnitude of the hindrance function fis reduced. Similarly, the
white particles migrate inside the black resuspended layer. Hence, we need

to solve equation (2.16) subject to the conditions
| 010 = drmee (2.17)
which expresses the conservation of the total volume of black particles, and

¢ =40 as € >0

® —¢° as £ — . (2.18)
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Next, we add the two differential equations given by equation (2.16) to obtain

dé _ _{Mo(9) + Mi(®)}n (2.19)
d§ A{Dy(#) + Dir(0)} .

which, when integrated using equations (2.17)-(2.18) yields:

#(0) {D,(4) +Dn(¢)}d _ Omaz
/. {Mo(0) + Mi(0)} Pm T o

where ¢(0), determined by the above expression, is the total concentration
at £ = 0. We then multiply equation (2.16a) by ¢ and equation (2.16b) by

¢: and subtract to obtain

dX _ _X(1 - X)Mo(e)
€ ADu(0)

where X = %}. On making use of equations (2.17)-(2.19) and integrating

(2.21)

equation (2.21), we then arrive at

0(0) A, (0){D4(9) + Dir(#)}

2 -~ dol, 2.22
- 5De(®)(Mo(@) * (@)} (2.22)

X(0) =1-ezp[- [

where X (0), determined by the above, is the fraction of the heavy particles
at £ = 0. We then solve equations (2.19) & (2.21) using the Runge-Kutta
fourth order method by marching from £ = 0.

Although, in principle, the concentration of the black particles in the
bidensity suspension vanishes only at infinity, we chose, as remarked earlier,

to estimate the resuspension height as that value of £ where the concentration
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Figure 2.6: A comparison between the experimental data for h as a function
of A and the theoretical model predictions.
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of black particles ¢, equals 2%. Note that this definition of the resuspension
height is consistent with that of our experimental work. Shown in figure 2.6
is the comparison between the experimental data for h as a function of A and
the results of the theoretical model as obtained from the numerical evaluation
of equations (2.5)-(2.7) and equations (2.18)-(2.22). The two sets appear
to be in good agreement. Figures 2.7-2.8 are the theoretical concentration
profiles for different values of A and ¢*. It is interesting to note that the
lighter white particles are also predicted to migrate, down to § = 0, for
high values of A & ¢*. The concentration profiles, shown in figures 2.7-2.8,
are in good agreement with those observed experimentally(shown in figures

2.3-2.5).
4. Conclusions

In this paper we have reported the results of a theoretical and experimen-
tal investigation of a viscous resuspension process in a bidensity suspension
sheared in a narrow gap Couette device. This suspension consisted of two
types of equi-sized spherical particles, of which one was heavy while the other
had the same density as that of the suspending fluid. Over a ten-fold range
of applied shear rates, the resuspension height of the initially settled bed of
heavy particles was measured using an imaging technique. The resuspension
height of the heavy particles was observed to increase with the concentration

of the neutrally buoyvant particles. The experimental results were found to
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be in good agreement with the predictions of a bidensity model based on the
Leighton & Acrivos migration theory. The success of the bidensity model has
provided strong evidence to the effect that the observed enhancement of the
resuspended height is due to the existence of a shear-induced particle tracer
diffusivity and the decrease in the settling velocity of the heavy particles due
to the presence of the neutrally buoyant particles in the region above the

initially settled bed of heavy particles.
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Chapter 3

A New Criterion for the
Continuous Operation of
Supersettlers in the Bottom
Feeding Mode

abstract

By considering the hvdrodvnamic interaction between the suspension and
the concentrated sediment in an inclined settler operation continuously in
the bottom feeding mode. a new upper bound is derived for the maximum
value of the volumetric feed rate which can be tolerated under a given set
of conditions. This criterion is distinct from the familiar Ponder-Nakamura-
Kuroda formula which results from applying simple kinematic arguments.
Experiments were performed in a continuously operated high aspect ratio

settler to check the validity of the theoretical analysis. It was found that the

80
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experimental results for Gnmin were in good agreement with the corresponding

theoretical predictions for 0.50 < ¢4 < 0.55.
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1. Introduction

The thickening of slurries and the separation of solid particles from liquid
streams by means of gravity settling constitute an important step in many
industrial processes such as those in water treatment plants, chemical waste
treatment plants, mining industry etc. These process are often slow and re-
quires large vessels especially when the particles are small and fluid is viscous.
One way of enhancing the settling process is by employing continuously op-
erated settlers with inclined walls (often called supersettlers). These settlers
greatly enhance the surface area for capturing the sedimenting particles with
the result that the suspension is separated in a time much shorter than that
required by their vertical counterparts.

Consider a typical supersettler, sketched in figure 3.1, being operated
continuously in the bottom feeding mode. We suppose that the feed consists
of a well mixed monodisperse suspension of heavy spherical particles. As
the suspension flows inside the settler under conditions where the particle
Reynolds number is vanishingly small, the particles slip in the direction of
gravity relative to the liquid and then form a concentrated sediment upon
reaching the upper-facing surface of the settler. As a result, the interior of the
settler contains three distinct fluid phases: 1) a particle free layer underneath
the downward facing surface; 2) the bulk of the suspension where the particle
volume fraction ¢, equals that in the feed: and 3) the sediment layer referred

to above. It follows that, if the settler is long enough, all the particles will
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Q.0

P

(DR

Figure 3.1: View of the inclined settler showing the definitions of the variables
used in the analvsis
sediment out of the suspension and that the overhead product will consist
onlv of pure hqguid  Clearly. such a continuens operation is possible onlv
if the sediment can flow freely under graviry along the upward facing wall
so that the particles can be collected at the bottom of the settler and be
removed.

Let (0. and Qg denote. respectively. the volumetric flow rates. per unit
depth. of the net feed and that of the sediment at the bottom of the set-

tler and let us suppose further that the particle volume fraction within the
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sediment equals the given value ¢4. Then, provided the overhead product is
devoid of particles, we have, on account of an overall particle balance around

the settler, that

Qs09s — Qaoda = 0. (3.1)

In addition, let us suppose that the sediment along the upward facing surface
extends over a distance L* from the bottom of the settler, and let u.f(¢;)
denote the settling speed of a representative particle within the suspension,
where u, refers to the Stokes settling speed of an isolated sphere and f(¢,) is
the familiar settling hindrance function which, following the usual practice,
is taken to depend only on é,. A second overall particle balance around the

sediment layer then yields
Qao¥s = Qao®s + L*0,u, f (@) cosd (3.2)

and hence, on account of equation (3.1),

= L.utf(¢s) COSG
(1-2)

Pd

QsO (33)

which relates @, and L*. In particular, in a settler of given length L, the

volumetric feed rate Q,p cannot exceed

Quo(maz) = 2t (@) cosb (3.4)

Ds
(1-3*

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



85

if the overhead product is to remain free of particles. This is the well known
Ponder- Nakamura-Kuroda (PNK) formula (see Acrivos & Herbolzheimer
(1979)), modified to account for the presence of a sediment layer, which has
played a key role in the design of supersettlers.

The expression given above for the maximum volumetric feed rate pre-
supposes that the interface between the clear fluid and the suspension -c.f.
curve C in figure 3.1 - remains stable and that any waves which may be
generated do not break and thereby entrain particles into the clarified liquid.
The stability of the flow configuration within supersettlers has therefore been
studied extensively both theoretically as well as experimentally by Davis et
al. (1983) and by Leung & Probstein (1983). On the other hand, as was
mentioned earlier, another condition for the continuous operation of super-
settlers, and therefore for the applicability of the PNK formula, refers to the
requirement that the sediment layer be able to flow under gravity, so that
the particles which have already settled can be removed. As we shall see
presently, for a certain range of parameters, this can lead to values of the
maximum permissible volumetric feed rate Q(maez) which fall below those
given by the PNK formula (equation (3.4)).

In two recent articles by Nir & Acrivos (1990) and by Kapoor & Acrivos
(1995), the flow of a sediment layer that forms on an inclined plate in con-
tact with a suspension of sedimenting particles above it, was investigated by

means of a model in which the downward gravitational particle flux is opposed
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by a shear-induced particle flux due to gradients in the particle concentra-
tion and in the shear stress. In general, as a consequence of this balance,
the particle concentration within the sediment will remain everywhere below
its maximum value ¢, ~ 0.58, at which the suspension viscosity becomes
infinite, and hence the sediment is able to flow under the action of gravity.
It was also shown, however, that, if the angle of inclination # falls below a
critical value approximately equal to 10° for a wide range of ¢,, a steady
operation is no longer feasible and that the thickness of the sediment layer
will grow indefinitely with time. This results from the fact that, at a criti-
cal angle, the particle concentration in the sediment adjacent to the upward
facing surface equals the maximum value ¢,, and, therefore, that portion of
the sediment, on account of its infinitely large viscosity, is unable to flow and
remains attached to the plate - see Kapoor & Acrivos (1995).

This analysis referred to above was, however, restricted to low aspect ratio
settlers in which both the sediment and the clear fluid layers are everywhere
very thin compared to the spacing, b. between the plates. But. from a
practical point of view. one is primarily interested in the operation of high
aspect ratio settlers, in which the thickness of the sediment and that of
the clear fluid layer are comparable to b, because such settlers offer both
increased efficiency as well as stability (- see Davis et al. (1983)). The flow
of the suspension within a high aspect ratio vessel is accompanied, however,

by a pressure drop along its length which opposes the downward flow of the
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sediment, and hence, even if the conditions for the sediment flow set forth
earlier by Kapoor & Acrivos (1995) are satisfied, i.e. even if the particle
volume fraction adjacent to the upward facing surface remains below @m,
the increased pressure drop resulting from an increase in Qo will eventually
prevent the sediment from reaching the bottom of the settler and be collected.
This then places a restriction on the maximum value of Qs which is quite
distinct from that given by equation (3.4).

In this thesis, we present a theoretical and experimental study to examine
the maximum value of the volumetric feed rate possible in an inclined settler
operation continuously in the bottom feeding mode. Section 2 describes a
theoretical analysis, leading to an expression for an upper bound on Qo
that considers the hydrodynamic interaction between the suspension and the
concentrated sediment in a continuous operation of high aspect ratio settlers.
In §3. we describe our experiments and a comparison of our measurements

with the theoretical predictions. The final section contains our conclusions.

2. Theoretical Analysis

Following Probstein et al. (1981) and Leung & Probstein (1983), we suppose
that the settler is long enough relative to its width, so that the flow within
each of the three phases, referred to earlier and depicted in figure 3.1, is

everywhere quasi-parallel.! In addition, we model the suspension and the

IThis quasi-parallel assumption does not apply of course near x=0 and z = L*/b,
i.e. within the entry and exit regions where inertia effects play an important role. For
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sediment as effective Newtonian fluids having viscosities, relative to that of
the clear liquid, equal to A(@,) and A(d4), respectively, where ¢, and ¢4 are
the corresponding particle volume fractions. Also, since it has been shown
recently that, within a sediment flowing along the inclined plate, the particle
concentration is, in general, fairly uniform, we shall take ¢4 to be a constant
and shall estimate its value by referring to the results of the more elaborate
calculations presented by Kapoor & Acrivos (1995).

Under these circumstances then, the dimensionless Navier-Stokes equa-

tions within the clear fluid layer 0 < y < §(z) reduce to

*u dP X
a—yz—-d?-i-r'sme—o (3.5)

where u is the longitudinal component of the bulk velocity rendered dimen-
sionless with u,, y and x are, respectively, the transverse and longitudinal
coordinates rendered dimensionless with b, the spacing between the plates,
and P is the dynamic pressure divided by u.us/b where iy refers to the pure

fluid viscosity. Finally
[ =——=0,=3(=)%, (3.6)

where a is the radius of one of the spherical particles, g is the gravitational

constant and Ap is the difference between the density of the solid particles

moderate values of the bulk Reynolds number, however, the lengths of these regions are
comparable to b, and hence their influence can be neglected in high aspect ratio vesseis
for which L*/b» 1.
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and that of the fluid. Similarly, within §(z) < y < &(z) the region occupied

by the suspension, we have

Pu dP -
A(¢s)'a?" E:z:— =0 (3.1)
while, within the sediment, £(z) <y <1,
0%z dP Os, .
/\(:pd)-a—y? - E:'L‘— + (1 - -‘p—d) sind =0 (3.8)

Equations (3.5.3.7-3.8), subject to the boundary conditions of no-slip at the
two walls plus the requirement that the velocity and the shear stress be
continuous across each of the two interfaces, can be readily integrated to
vield the corresponding expressions for the velocities which are given in the
Appendix. Using these velocity profiles, we obtain the following expressions

for the volumetric flow rates per unit depth, rendered dimensionless with bu,,

é(z) dP .

Qc = /[; udy = F32; -+ F41' sin @ (3'9)
§(z)

Q, = / udy = FSE + Fg'siné (3.10)
5(z) dr

1 dP
=—[ udy=-F% - Flsing :
Ou /ﬂz)u y —— — Fal'sin (3.11)

where the F’s are functions of d(z), £(z). o5 and ¢4 as given in the appendix.
We note that, if A(®,) is set equal to unity, equations (3.9-3.11) become

identical to those derived by Leung & Probstein (1983).
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Next, to determine the remaining unknowns, 4(z),&(z) and dP/dx, we
make use of the requirement that the particle flux be continuous across each
of the two interfaces, y = d(z) and y = £(z), and that the net volumetric
flow rate Qpet = @ + @s — Qq be independent of x. These conditions lead

to, respectively,

dd% = f(@s) cos¥, (3.12)
dQ, _ daf(9,)cos6
iz = (6a—5) (3.13)
and
dQu _ _0uf(8s)cos
s~ (600 (314

On integrating these along the length of the settler. we obtain that

Qc = zf(¢s) cosb, (3.15)
Qs = QaO = W (316)

and
Qu= Z—:Q,, (3.17)

where on account of equation (3.1), we have set Q4 = Qs09s/94. Note that
equations (3.15-3.17) differs from equations (34-36) in Leung & Probstein
(1983), who used an incorrect expression for the continuity of particle flux
across the interface y = £(z). Finally, on using the fact that both Q,(z)

and Qq(z), as given by equations (3.16)& (3.17), must vanish at z = L*/b,
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we recover the expression for Q.o given by equation (3.3), if the latter is
rendered dimensionless by dividing both sides with bu,. Thus, for a given

dimensionless inlet feed rate Q,, we have that, as before

L _ Qu(da — ¢s) (3.18)

b @af (¢s) cos 6

As was said earlier, for a settler of finite length L, a necessary condition for
the present analysis to apply is that L* < L, because, if the feed rate exceeds
the maximum value given by equation (3.4), the excess suspension will leave
the settler together with the clear fluid.

In addition, however, we require that equations (3.9-3.17) have a solution
with § = 0 at x=0 and £ =1 at z = L*/b. We therefore examine the set,
which we obtain by substituting the corresponding flow rates from equations

(3.15-3.17) into equations (3.9-3.11),

bx

- F + 3F; = I (3.19)
P4 bz
-FsF +08Fy = ——{1 — — 3.20
5 L 6 (Qd _ Q,){ Lc ( )
—FyF + 8Fy = —2* { (3.21)
( () ‘ps
where F and (3 are given by, respectively,

Qu(0d—0,)dz  F3+Fs+F
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¢4 sin@

b= Pan(¢d —¢s)

(3.23)

Note that the relation between F and the other F's given by equation (3.22)
follows by adding equations (3.19-3.21), hence only two of the latter three
equations are independent.

Now, given ¢,, ¢4 and g, it is straightforward matter to determine J and
€, as functions of bz/L*, by solving the set of non-linear algebraic equations
(3.20), (3.21) and (3.22), or (3.19), (3.21) and (3.22), subject to the con-
straints: d = 0 at x=0 and £ = 1 at bz/L"*. The solution can begin of course
at either x=0 or at £ = L*/b. In addition, we require that, at x=0, the
velocity u within the sediment be evervwhere negative or zero which means,
in particular, that u,_g, the velocity along the suspension-sediment interface,
cannot be positive at the entrance of the channel.

Now, on setting x=0 and é = 0, we find that equation (3.19) is satisfied
automatically and that, for a wide range of 3, the remaining set of equations
vields two roots for £(0), both lying between 0 and 1, as shown in figure
3.2 for a typical choice of o, and @4. But, since (d§/dz).=9 < 0 for any
computation starting from any point along the curve BD shown in figure
3.2, the constraint £ = 1 at bz/L* = 1 cannot be satisfied using the value
of £(0) at that point as an initial condition. Also, the velocity along the
suspension-sediment interface, u;_q, is positive along the curve CD where C
denotes the location of the point where u,_q = 0. It is found moreover that,

as @, decreases, C approaches point B where (d€/dz).-¢ = 0, and eventually
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Figure 3.2: £(0) as a function of J for 0, = 0.01 and ¢4 = 0.52.

crosses over to the lower branch BA (shown in figure 3.2 as C') when o, falls
below 0.0017(for ¢4 = 0.52). Hence. ao, — 0. only the lower curve C'A
is of any significance. We conclude therefore that the system of equations
together with the constraints as given above has a unique solution. This
was also pointed out by Leung & Probstein (1983). In addition, 4 cannot
fall below a minimum value Jn,., given by the point B(or C' if ¢, < 0.0017
for o4 = 0.52) in figure 3.2. This can also be demonstrated by starting the
computations at bz/L* =1 and £ = 1 and then decreasing x.

At high values of 3, corresponding to low feed flow rates Qq, the thick-

nesses of both the clear fluid laver and that of the sediment are small relative
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Figure 3.3: Dimensionless velocity profiles. u,(y) and u,ty). at x=0 for o, =
0.01 and o4 = 0.52.

to the spacing between the plates and. hence. the device operates as a low
aspect ratio settler. But with decreasing J. i.e. with an increase in the feed
flow rate Q,q and therefore in the amount of material that enters the settler
as feed. there is an increase in the thickness of the sediment layer at x=0.
as well as a corresponding increase in the pressure drop along the channel
which opposes the downward flow of the sediment. This tendency of the flow
to choke is illustrated in figures 3.3 and 3.4 for a typical choice of o, and oq.
Moreover since. as shown in figure 3.2. there exists no solution for 3 < Jmn.
this places a restriction on the maximum permissible value of Q. The exis-
tence of Bmin, whose value depends only on @, and @4. appears to have been

overlooked in the earlier investigation by Leung & Probstein (1983).
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As was mentioned earlier, Bmin is given by point C' in figure 3.2 for
¢s < 0.0017 (when ¢4=0.52). But, on noting that u,_4=0 at C’, we can
construct the asymptotic solution of equation (3.20) and equation (3.22) at

x=0, as ¢, — 0 and show after some algebra that

_ ¢JA(¢4) 4 Ps
Bmin(@s = 0) = 12{1 + \/704 } ‘/¢d/\(¢d) . (3.24)

Numerical results were obtained for 3m;n, given by the condition (d€/dz).=¢ =

0 (point B in figure 3.2) or u,—q = 0 for ¢, — 0 (point C"). These are pre-
sented in figure 3.5 where we have plotted Gmin/Fmin(¢s — 0) vs @, with @4
as a parameter, while, shown in figure 3.6 are the profiles for §(z) and £(z)
for 9, = 0.01, ¢4 = 0.52 and 3 = Bmin = 3.75. Clearly, Gmn is a sensitive
function of ¢4. For example, when ¢4 is increased from 0.50 to 0.53, Gmin
increases from 3.38 to 5.68 (for ¢, = 0.01).

Returning now to the conditions for determining the maximum volumetric
feed rate for given values of ¢, and ¢4, we see from equations (3.18) and
(3.23) that the dimensional flow rate Qo cannot exceed that given either by

equation (3.4) or by

bugr sin 8
.3mm(¢.n ¢d)(1 - (P,/(Pd)

(3.25)

whichever is smaller. This means that Q,(max) is given by the PNK formula,
equation (3.4), for Oy < 8 < 7/2, while, for 0 < § < 04, it equals equation

(3.25), where
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lmm I.’? ) L
v = arctan{ mn(® :;:‘)f (@)L, (3.26)

as obtained by equating equation (3.4) and equation (3.25). We can also see

readily that. for a settler of given dimensions, the global maximum permis-

sible value of Q,¢ is reached when @ = 8., in which case

bu,Lf ()T
Qs ( = —— e ————————— (3.27)
) ool JOI T + Br(ms 90 [ G L

Note that ¢y is, strictly speaking, not an independent parameter since, in
principle at least, one should be able to extend the analysis by Kapoor &
Acrivos (1995) to high aspect ratio vessels and thereby determine the particle

concentration profile within the sediment. In that case 6., would be found
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to depend only on ¢,. The analysis leading to that result, however, has not

been attempted thus far.

3. Experiments and comparison with the the-
ory

3.1. Experimental set-up

The predictions based on the theory developed in the previous section were
tested experimentally by measuring the maximum possible feed rate for the
operation of a high aspect ratio inclined settler. The set-up, shown schemat-
ically in figure 3.7, consisted of a high aspect ratio settler of dimensions
75em(L) x 2.5cm(W) x 2cm(b) which was connected to the flow system
mounted on a pivoting stand so that it could be rotated to the desired angle
of inclination. The settler had an inlet port for the suspension and outlet
ports for the sediment and for the clear fluid. An adjustable flipper was at-
tached at the entrance of the channel which functioned both as an entrance
guide for the feed and as a baffle that segregated the feeding and sediment
collecting sections. In this way, any entrainment of the sediment by the in-
coming suspension feed was minimized. In order to be able to operate the
high aspect ratio settler, it was necessary to design the flipper properly.
Polystyrene spheres, obtained from Maxiblast Inc., were used in the ex-
periments. These particles were a lot of class PB-2.5. The polydisperse ma-

terial was sieved to obtain a uniform fraction in the size range 425 — 500um,
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with a standard deviation of 37.5um. The density of polystyrene spheres
was measured to be 1.045gm/cc. The suspending fluid consisted of a mix-
ture of 40%(by volume) terpentine and 60% santisizer 278 fluid. The density
and viscosity of the suspending fluid was measured to be 0.9881gm/cc and
0.143P{@24°C) respectively. Polystyrene spheres were negatively buoyant
and visible(refractive index mismatched) in the suspending fluid.

The details of the flow system are shown schematically in figure 3.7. The
clear fluid and the sediment that were withdrawn from the settler were even-
tually remixed in a mixing chamber which was equipped with a mechanical
stirrer and cooling coils to maintain a constant temperature. The temper-
ature of the suspension in the mixing tank was monitored by means of a
thermistor probe and was controlled manually by changing the set point of
the temperature of the water in a circulator bath(Model RTE-221) which
circulated through the cooling coils of the mixing tank. The suspension feed
rate was measured using a flowmeter which was calibrated accurately with
the suspending fluid used in the experiment. A progressive cavity pump,
made by Moyno Inc., was used to provide uniform suspension flow rates.
The pump was capable of handling flow rates up to 0.75 GPM without any
suction of air bubbles. In addition. the concentrated sediment leaving the
settler was pumped into the mixing tank by means of a peristaltic pump.
Tvgon tubing was used to connect the different units. This arrangement

allowed us to operate the high aspect ratio settler continuously.
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Figure 3.7: Schematic representation of the flow system. A: flow vessel, B:
mixing tank, C: progressive cavity pump, D: peristaltic pump, E: flow meter.
F: flow meter. G: temperature controlled bath, H: flipper. T: thermometer.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



E

101

3.2. The start-up procedure

The following procedure was followed in starting the continuous operation
of the settler. Initially, a suspension having the desired concentration and
volume was loaded into the mixing tank and was maintained in suspension
by the stirrer. The latter was set at an appropriate speed to avoid air bub-
ble entrainment. The settler was then inclined at the desired angle. The
temperature controlling unit and the tank outlet were opened to prime the
progressive cavity pump. The sediment outlet at the bottom of the settler
and the peristaltic pump were closed. The progressive cavity pump was then
turned on and the suspension was made to flow through the settler at a low
flow rate. Next, the peristaltic pump and the sediment outlet were slowly
opened. By adjusting the speed of the peristaltic pump, a steady output of
the sediment was maintained. After each successive increase in the suspen-
sion flowrate. the flipper was adjusted in order to eliminate the entrainment
of the downward flowing sediment. Steady state was normally achieved in
one to two hours. Attainment of the steady state was confirmed by the
measurements of the flow rates of the feed and that of the overflow stream.
Simultaneously, the sediment layer thickness and L* were also observed. This
start-up procedure enabled us to achieve a flow completely free of air bubbles,

cavitation and any choking of the tubes.
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3.3. Results and comparison with the theory

Visual observations of the flowing sediment layer clearly indicated a sharp
change in contrast around the sediment-suspension interface. This feature
of the sediment interface allowed us to observe the increase in the sediment
layer thickness with suspension feed rate. Following the procedure described
in §3.2, the suspension feed rate, Qs, was increased in small steps and the
flow system was allowed to reach steady state. At each of these steps, the
flow of the sediment and its thickness were closely watched. After reaching
a critical Q,0, we found the sediment thickness started increasing continu-
ously with time within the channel so that a steady state could no longer
be achieved. This allowed us to determine the maximum possible feed rate
under the given conditions of the feed concentration and of the angle of in-
clination. These experiments were repeated for ¢, = 5%, 7.5%&10% and

= 35°.40°&45°. The measured Q,(max) was then inserted into equation
(3.23) and an experimentally observed value of 3, was thus obtained. Ta-
ble 1 shows an excellent agreement with the theoretical predictions. This
demonstrates the existence of a maximum allowable feed rate in the contin-
uous operation of high aspect ratio settlers which is distinct from that found

via the well-known PNK theory, equation (3.4).
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¢s ﬂmm 6 ﬁm:‘n
(from theory) (from experiments)

0.05 44.38 35° 56.74
37.5° 54.12

0.075 94.7 35° 107.7
40° 116.75

45° 103.16

0.10 171.53 35° 159.66
40° 156.65

45° 151.14

Table 3.1: Comparison between the theoretical solution described in §2 and
the experimentally observed value of G,y for @4 = 0.52.

4. Conclusions

A new upper bound for the maximum value of the volumetric feed rate
in a continuously operated high aspect ratio inclined settler which can be
tolerated under a given set of conditions was found theoretically as well as
experimentally. The theoretical analysis was based on considering the hydro-
dynamic interaction between the suspension and the concentrated sediment
in an inclined settler operating continuously in the bottom feeding mode.
It was found that the experimental results for Fm, were in good agreement
with the corresponding theoretical predictions for 0.50 < ¢4 < 0.55.

All the results described in this thesis pertain to the bottom feeding high
aspect ratio settler, where the presence of a large pressure gradient, which

opposes the downward flow of the sediment, introduces a constraint on the
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maximum permissible feed flow rate for continuous operation. In contrast,
when the settler is operated in the top feeding mode, a simple analysis, along
the lines given earlier, shows that the pressure decreases as one proceeds
down the channel, which means that the resulting pressure drop aids rather
than hinders the sediment flow. Thus, provided that the angle of inclination
exceeds the critical value found earlier by Kapoor & Acrivos (1995) for the
flow along an inclined plate of a concentrated sediment in contact with a
stagnant sedimenting suspension, the presence of this sediment does not place
an additional constraint on the maximum allowable feed rate. In other words,
in a settler of effectively infinite length, the expression for Qso(max) derived

earlier by Davis et al.(1983), for the case A(¢s) = 1,

b‘ugl“ sin @

192 (3.28)

QsO (ma'r) =

would be expected to apply with only minor modifications. The above ex-
pression is of course similar to equation (3.25) which applies for the bottom
feeding mode. But since, as was shown earlier. 3m,, is O(10), we conclude
that, in settling vessels of effectively infinite length, the maximum volumetric
feed rate for the bottom feeding mode can exceed that for the top feeding
mode by an order of magnitude under otherwise identical conditions.

We conclude by noting that the results presented above are particularly
significant in that they provide an improved theoretical basis for the design

and optimal performance of supersettlers.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



105

5. Appendix

The solution of equations (3.5), (3.7) and (3.8} is:

2
Ue = (% -~ I."sinﬂ) % +ay (3.29)
Uy = ———A(;s) (%% +Cc3y + 04) (3°30)
1 dP (¢ . v
ug = eR [{E + (—': - 1) stna} 5 +csy + cs] (3.31)
¢ =c3+4sind (3.32)
Cc3 = F1£ + ng sinf (333)
dz
2 62
om0 (L8 i) (1-7) + Srame} oo
c5=c3-5(§:‘--1) Csind (3.35)
csz—%{%g-ﬁ-(%—l)fsinﬂ}—63+§(Z—:—1) I'sinf (3.36)
_12_1,21_1>1} 4.37
1=-3 [" (1 A(m)) s <,\(¢,) o) Tiwa) O
_ _1[(ea/o. - 1)(E=1)? o—z] (3.38)
-2 Moa)
1 1 1 1
= - + - - 3.39
b=¢ (1 ,\(o,)) ¢ (Aw,) A(%)) ey %)
4
F1 = B (3.40)
B
Fg = ‘5 (3-41)
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3 52
B=2+R5 (3.42)
63
6
P (561(‘;; ) B ‘;f(; )52) + (1 - A(;,)) (% + m) (€-6) (3.44)

P Gt O [a (1- ) Pt if] €-5)  (3.49)

2
Fy= é-;—(F2 +6) - (3.43)

2M(¢s) A(@s)
1 1- 3 1 - )F 1
B = [( 65 . f B (k- 5)(1 -5)] (3.46)
1 [(1-8)(da/0s=1) | (1L=ENF —E(04/0s — 1)}]

Fy = . .

" T @) 6 -
1 - , - - 2 ad 3.47
*Xod [{(E- 5)(6a/6s = 1) = F2}(1 5)] (3.47)
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Chapter 4

Measurements of Particle
Velocity Fluctuations in
Concentrated Suspensions
Undergoing Shear

abstract

Using laser Doppler anemometry(LDA) particle velocity fluctuations in con-
centrated suspensions (20% - 40% solids volume fraction) of non-colloidal
spheres (325 um average diameter) were measured in the velocity gradient,
vorticity and flow directions in a narrow gap Couette device for values of the
applied shear rate v ranging from 3 to 16s~!. The purpose of these measure-
ments was to provide information about values of the so-called suspension
temperature T which equals the sum of the translational velocity fluctuations

for a particle relative to its mean translational velocity. All the measurements

108
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were corrected for the influence of the LDA noise. Unfortunately, the order
of magnitude of the LDA noise and of the particle velocity fluctuations was
found to be the same and, in addition, the latter included a contribution of
the particle rotation which does not enter into the expression of T and which
could not be removed from the measured data. Hence, any quantitative
conclusions regarding T could not be made even though the measured exper-
imental results were comparable to those obtained by Shapley et al. (1997).
Finally, a suggestion is made on how the problems of the particle rotation

and the LDA noise could be overcome.

|
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1. Introduction

Recent experiments(e.g. Leighton & Acrivos, 1987, Koh, et al. , 1991, Sin-
ton & Chow, 1991; Abbott, et al. , 1991; Phillips, et al. , 1992; Chow et al. ,
1994; Kapoor & Acrivos, 1995) on the flow of concentrated suspensions have
focused on measuring the mean velocity and particle concentration profiles
in simple geometries. These experiments support the claim that particles in
suspensions migrate from regions of high shear rate to low as well as from
high particle concentrations to low. Also, based on these experiments, con-
siderable progress has been made in developing mathematical models for this
migration process in slow flows of concentrated suspensions. These models
lead to a diffusion equation for the particle concentration to be solved in
conjunction with the continuity and momentum equations for the entire sus-
pension.

From a fundamental point of view, the studies mentioned above have pro-
posed various mechanisms for particle migration based on the notion that an
average particle moves randomly as it follows the streamlines of the mean
flow. This random motion, which leads to a diffusive behavior, arises due to
the chaotic nature of the particle evolution equation in concentrated suspen-
sions. Leighton and Acrivos (1987) attributed this diffusive behavior to the
existence of a small scale surface roughness on the particles, while Abbatt
et al. (1991) attributed it to forces not accounted for by the Stokes equations.

Hence, there exist some disparities in describing all interactions and the re-
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sultant migration phenomenon. This provides a need and a motivation for a
further investigation of this subject, both experimentally and theoretically.
Recently, Nott & Brady(1994) proposed a suspension balance model, sim-
ilar to that presented by Jenkins & McTique(1990) for the flow of granular
materials, which involves the mean square of the velocity fluctuations plus a
balance law and boundary conditions for its determination. Nott & Brady
(1994) then constructed and solved the macroscopic mass. momentum and
energy balances and showed that their model is consistent with the results
of Stokesian dynamics simulations in which the particle velocity fluctuations
are determined numerically. These authors also computed the shear-induced
particle diffusion in a homogeneous shear flow as well as the migration of
particles in inhomogeneous flows arising from the chaotic motion of the par-
ticles. A key term in their model is the suspension temperature which is used
to quantify the random motion of the particles about their mean velocity,

and is defined as (Nott & Brady. 1993)
T = (uf)p + (u?)p + (ug)p, (4.1)

where u’, u’&uj are the fluctuations of the translational velocity of a parti-
cle about its mean translational velocity in the velocity gradient, vorticity
and the flow directions. respectively and the angle brackets denote an en-
semble average over all the particles. Since the suspension temperature is a

measure of the random kinetic energy of the flow, it replaces the thermody-
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namic temperature in the dense-gas kinetic theory analysis. In addition, the
fluctuating motion of the particles is closely connected to the shear-induced
particle tracer diffusivity, D, because the latter is related to the mean square

particle displacement and the particle velocity fluctuation autocorrelation

function by means of

D = lim l— (z = (2)p)%)p = / (W'(0) - u'(t))pdt. (4.2)

Although the suspension temperature is a key property in such theoret-
ical studies, only a few attempts have been made to experimentally mea-
sure its magnitude. Ahn, et al. (1991) and Hsiau & Hunt(1993) measured
only the streamwise fluctuation velocity component in granular media us-
ing fiber-optic probes, while Drake(1991) measured both fluctuation velocity
components in a two-dimensional granular flow down an inclined chute using
a high-speed photographic technique. Recently, Natarajan et al. (1995) used
imaging methods to measure two components of the average and fluctuat-
ing velocities in a two-dimensional flow of a granular material. Also, Nicolai
et al. (1995 & 1996) have measured the particle velocity fluctuations and
self-diffusivities of sedimenting suspensions by an imaging technique. Re-
cently, Shapley et al. (1997) have presented their preliminarv work on the
LDA measurements of particle velocity fluctuations in concentrated suspen-
sions at the annual meeting of Society of Rheology. Since these authors

are still in the process of completing their work, we shall discuss only their
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preliminary results available to us so far.

In this chapter, we present an experimental study for measuring such
particle velocity fluctuations in a concentrated suspension being sheared in
a Couette device in which the particle velocity and velocity fluctuations are
determined using the technique of laser Doppler anemometry (LDA). Our
objective is to obtain a direct experimental measurement of the suspension
temperature that can be used to test the Nott-Brady migration theory and
constitutive equations based on their suspension balance model. In section §2,
we briefly describe various macroscopic models for suspension flows as they
pertain to Couette flows. Details of the experimental facility are described
in §3 together with the instrumentation used for the particle fluctuation

measurements. The final section contains results and discussion.

2. Macroscopic models for suspension flow

2.1. Diffusive flux model

Leighton & Acrivos (1987 a&b) proposed a diffusive model to explain their
observations of the apparent long-time decrease and short-time increase in the
effective viscosity of a suspension as measured in a Couette viscometer. This
model was used later by Phillips et al. (1992) to predict the concentration
inhomogeneity in the pressure-driven flow in a tube and in a wide-gap Couette
flow. In their model, the net flux of particles consists of two contributions: a

diffusive flux driven by a gradient in the shear rate and a diffusive flux due
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to a gradient in the concentration. In the notation of Phillips et al. (1992),
the diffusion equation for the particles is

a? 9

= E 0 (Ko (16) + Kylr) T 312

~36 o) (43)

99
ot
where a is the particle radius, K. and K, are proportionality constants, and 7
is the relative effective viscosity of the suspension. In a Couette flow v = 7,4
is the local shear rate which is determined by momentum conservation. For

the case of a Couette flow, the net flux in the radial direction vanishes at

steady state and hence equation (4.3) reduces to

10 _ (Mwyg2 44
YwPw (TI) (44)

where the subscript w denotes properties at the inner cylinder wall.

From experimental data on Couette flows, Phillips et al. found that K./ K,

0.66. and therefore, using Kreiger’s formula for the effective viscosity,
n=(1~0/bm) " (4.5)
where n and ¢,, are the viscosity of the suspending fluid and the maximum

concentration respectively, they obtained that

”
re

= Omm (4.6)

~
~
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The constant a = (¢ — ¢w)/Pw is determined by applying the condition

that the average particle concentration ¢ is known, hence

B pferoli o

2 Re
/. ¢rdr=¢m[1_R§_R$nR?(1+a)

iy

where R; is the outer radius of the inner cylinder and Ry is the inner ra-
dius of the outer cylinder. This model does indeed predict that particles
migrate from high shear regions to low, leading to a velocity profile which is
in good agreement with experiments in a Couette geometry. On the other
hand, since in a tube or a channel flow the term containing the shear rate
in equation (4.3) vanishes along the centerline, the two terms in equation
(4.3) will balance only if = ¢, at that point. In turn, this leads to an infi-
nite concentration gradient at the centerline which of course implies that the
continuum description used in the analysis fails over distances O(a) from the
centerline, where again a refers to the particle radius. Hence, even though
they accurately model the observed particle velocity profile which is blunted
along the centerline in a tube or channel flow, the constitutive equations pro-
posed by Leighton & Acrivos and by Phillips et al. need to be modified so

as to yield realistic particle concentration profiles near zero shear locations.

2.2. Suspension balance model

As mentioned in §1, Nott & Brady (1994) proposed a suspension balance

model to explain the migration of particles flowing under action of shear.
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In this model mass, momentum and energy balances for particulate(and the
entire suspension) are solved simultaneously for the concentration, the bulk
velocity and the suspension temperature. The balance equations for the
suspension are obtained by averaging the conservation of mass, energy and
Cauchy’s equation of motion. For a given geometry, these equations need
to be solved in conjunction with appropriate boundary conditions. In these

equations, a viscous stress term, the particle (or suspension) pressure, is given
by

1= (VT + b(d)7), (4.8)

o) r—

where p(¢)&p(¢) are nondimensional and monotonically increasing functions
of the volume fraction @, which can be measured from independent exper-
iments or simulations. Nott & Brady argued that particle migrations and
concentration variations occur in order to keep the suspension pressure con-
stant in directions perpendicular to the mean motion.

The model by Nott & Brady reduces to the diffusive flux model discussed
earlier for a unidirectional and fully developed shear flows such as in a Couette
device. These authors have shown that, if only the second term on the right-
hand side of equation (4.8) is retained. the particle conservation equation

simplifies in this case to

; 2
% 22 s o g + [0 g} (49)
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where f(¢) is the known hindered settling function. The above equation is of
the same form as that proposed by Phillips, et al. , equation (4.3). However,
it is important to note that equation (4.3) contains only one proportionality
function 5(¢) whereas the models proposed by Leighton & Acrivos and by
Phillips, et al. contain two independent functions of ¢ in the former or two
independent model parameters K &K, in the latter. In addition, the Nott &
Brady model takes into account the diffusive flux of the fluctuation energy -
thus, the temperature can be finite even when the local shear rate vanishes.

For a Couette flow, the fluctuation energy balance simplifies to

2

”6) ~ a7+ =2 {m(as)%} -0, (4.10)

where ¢ = a/(R, — R;). T & r are rendered dimensionless with y2a? &
(R, — R;) respectively, and a(@)&x(¢) are the dimensionless phenomenolog-
ical coefficients which need to be determined by independent measurements.
Hence the temperature at any point in the suspension depends on the lo-
cal shear rate, the particle concentration and on the particle aspect ratio e.
Unlike the model by Leighton & Acrivos or by Phillips et al. , the model
by Nott & Brady has not been tested as vet against experimental measure-
ments of the particle velocity fluctuations. the temperature and the particle
concentrations.

The model by Nott & Brady can also be used to derive a diffusion equation

for tracer particles in a uniform shear flow under conditions where the particle
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concentration is also uniform. In fact, these authors argued that the driving
force for tracer motion relative to the mean is the gradient in the partial
pressure of the tracer particles and thereby obtained for the particle tracer

diffusivity:
D = 52a/(9)5(9) = 30/ OPIVT. (411)

where T is only a function of ¢ in this case. Clearly experiments are needed
to measure D, T, f, p and 7 in order to test the predictions of this suspension

balance model.

3. Experimental apparatus and instrumen-
tation

3.1. Couette device

We measured particle velocity fluctuations in a narrow gap cylindrical Cou-
ette device which establishes a one dimensional suspension flow. Other ge-
ometries(eg. a rectangular channel or a closed loop pipe flow) are subject
to pump fluctuations, bubble generation etc. which complicate the analysis
of the experimental data. To get accurate and reliable fluctuation measure-
ments, a specially constructed Couette device, shown schematically in figure
4.1, was designed. The two cvlinders were made of high quality plexiglass
which had a refractive index of 1.490@24°C. The outer radius of the inner

cylinder (R;) was 7.5425 cm and the inner radius of the outer cylinder(Ry)
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was 8.2245cm, giving a gap size equal to 0.682cm with an accuracy of 25um.
The inner cylinder was mounted on a shaft which in turn was mounted on a
computer controlled feedback motor (ID Corp., California). This motor pro-
vided rotational speeds to an accuracy of 0.02%. Also, the shaft was aligned
accurately with two bearings separated by o-rings. We sealed the bottom of
the gap with mercury. This eliminated three-dimensional secondary flows by
creating a stress-free boundary, and also suppressed any thermal non- uni-
formities in the suspension above it. A great advantage of this design is that
it enabled us to perform LDA measurements in the forward scatter mode.
We then mounted, on the outer cylinder, a plane window(shown as (a)
in figure 4.1) filled with a refractive index matched fluid in order to remove
any errors arising from the refraction of the laser beam at the cylindrical
surface(Boadway & Karahan, 1981). Using this plane window, the particle
fluctuating velocities were measured in the § and z directions. But since the
LDA technique measures the particle velocity component in the direction of
its fringe pattern movement, it is impossible to generate the required fringe
pattern in the radial direction using LDA beams passing through the above
window. Hence we attached one more window(shown as (b) in figure 4.1),
filled with an index matched fluid. The radial mean velocity and velocity
fluctuations were then obtained by passing LDA beams through position A
shown in figure 4.1. Therefore, this specially constructed Couette device ap-

pears to be better suited for making laser Doppler measurements than other
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Figure 4.1: Schematic of the Couette device and the experimental setup.
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available designs which can only measure two components of the velocity in

the back-scatter mode.

3.2, Suspensions

In this work we used fairly monodisperse PMMA particles (standard devia-
tion ~ 25 microns) with mean diameter 325um, and density(p,) 1.172 gm/cc.
The particles, which were obtained from Zenica Resins as a single lot (grade
Neocryl 738), were sieved several times with an alcohol-water mixture to ob-
tain the desired range of particle sizes. We found that these particles were
free of air bubbles and were spherical when placed under a microscope. In
these size ranges. approximately 25 — 35 particles can pack closely across the
gap of the Couette device. Following the recipe of Krishnan et al. (1996), a
suspension of these particles was made using a mixture of 77.38% Triton X-
100. 9.23% water and 13.39% anhydrous zinc chloride (weight percentages)
which matched the refractive index and density of the acrvlic spheres. The
pure suspending fluid had a viscosity of 3.4 Pa.s at the operating temper-
ature of 23° C. The suspension was sheared for several hours to achieve a
uniform concentration and to drive out any air bubbles. The experiments
were carried out at applied shear rates in range of 3 - 16/s for particle volume

fractions of 20%. 30% and 40%.
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3.3. Instrumentation

For the particle velocity fluctuation measurements, we used a Dantec laser-
Doppler optical system which, together with its major parts and alignment
with respect to the Couette device, is shown in the photograph(figure 4.2).
The system has a 300mW argon-ion air cooled laser and single Bragg cell
transmission fiber optics. The Bragg cell produces a shift frequency of 40
MHz. The fiber-flow system contains a 85 mm 2D- probe with 35X beam
expander. We arranged the optical alignment to yield a measuring volume,
based on the e? light intensity cut-off point, of 13um in diameter and 49um
in length when a 514.5 nm(green) beam of 2.2mm unfocused diameter was
used. Light scattered in the forward direction was collected by a 35X re-
ceiving optics connected to a photomultiplier (PM) tube. A 514.5 nm filter
was attached between the pinhole and the photomultiplier. The output of
the PM tube was connected to an online processor called Enhanced Burst
Spectrum Analyzer{(model 5TN20) developed by Dantec. This BSA employs
an advanced burst detection scheme(Casperson, 1992; Lading, 1987) to ac-
curately find and validate the burst. The band pass filter is designed for
measuring frequencies as low as 122 Hz. and is capable of processing signals
with a signal to noise ratio as low as -6dB. A personal computer (Micron
pentium 133 MHz) was connected to the BSA via IEEE488 to obtain the
data. Also, a digital oscilloscope( Tektronix, 2232, 100MHz) with a digital

sampling rate of 100 megasamples/sec was connected to the BSA to monitor

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



123

Figure 4.2: A picture showing the LDA system aligned with respect to the
Couctte device.

the signals. The correlation analysis was performed through a computer code
developed by us. Details of this code are presented in §5.

The transmitting probe was always placed normal to each of the three
windows. Also. a three-dimensional traversing system was used with posi-
tioning repeatability of =10um. Because of the bending of the laser beam
when it passed from the air to the fluid medium, the distance traveled by
the probe on a traverse in the radial direction, used to scan the points on
the inner and the outer cylinders. was not the same as the gap size. Hence

we performed a calibration of the traverse for each window.
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4. Results
4.1. Mean flow

For a steady laminar flow of a fluid with uniform composition, the only non-
vanishing component of the mean velocity field is the azimuthal one given
by

ua(r) = [E%I(R% - ) (4.12)
Figure 4.3 presents the measured mean velocity, (u), as a function of the
radial location, r*, in the Couette gap. The mean velocities were normalized
with respect to the speed of the inner cylinder and r* was obtained by the

transformation:
_ 1
Ro - Rl

The mean was calculated over 50000 samples measured over a period of time

L

r

(r — R). (4.13)

at an average shear rate of 16s~! for a particle concentration of 40%. ' This
data was obtained at the rate of 3-4 kHz with a record interval of 80us.
We noted that some test runs with 100000 samples produced identical mean
velocities. As shown in figure 4.3, the measured profile is in agreement with
that computed theoretically from equation (4.12). The good agreement of
the measured data with the theoretical profile was taken as confirming the

accurate alignment of the experimental apparatus. Also. the measured mean

1Even though the velocity profile in figure 4.3 appears to be linear, a simple calculation
using exact analytical expression for the given geometry reveals that the shear rate varies
by about 20% across the gap. However, the effect of the apparent wall slip velocity for
® < 04 is negligible (c.f. Jana et al .1995).
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Figure 4.3: The mean velocity profile in the gap for v = 16s~! and o = 0.40:
- .using equation (4.12); A-experiments.
velocities in the r and z directions, (u,) & (u.), were found to be negligible

at various radial locations.

4.2. LDA Noise

To obtain accurate particle velocity fluctuations, it is important to sub-
tract the velocity fluctuations caused by the finite measuring volume(Durst
et al. .1995), the fringe pattern distortion (Ruck., 1991) and by the elec-
tronic & laser noise from the signal processing equipment. the air cooled laser
and/or the frequency shift drivers used with LDA equipment. Since it is im-

possible to calculate separately the contribution to the velocity fluctuations

Reproduced with permission of the copyright owner. Further reproduction prohibited without pérmission.



126

0.6 TKIrYI‘nTIlll[llery.IAITIII
0-5

< u12> 0.4
z

>
>
>

0.2

o o % o o
0.1 ©

N
o
w
llllllll‘llllllll!llllllllll

-Ll jul LLJ LLLLJ_LLl Ll.ll_LLLLJ.LLLJ_l;

i

A e,

o
N =

Pt [N I IR A o
4 6 8 10 12 14 16 18

Y(sh)

Figure 4.4: Plot of (u?). the experimentally determined mean square fluctu-
ating velocity in the vorticity direction vs. 7: o for ¢ = 0.02. A for ¢ = 0.40.
from these sources, we estimated the sum of all the contributions referred
to above by measuring the velocity fluctuations in a dilute (2% particle con-
centration) suspension undergoing shear. Under these conditions, a non-zero
fluctuating velocity was detected even when particle fluctuations due to hy-
drodynamic interactions were negligible. This non-zero fluctuating velocity
was taken to represent the error from the LDA noise and was subtracted out
from the particle velocity fluctuation velocity measurements. Unfortunately,
as shown in figure 4.4, we found that the order of magnitude of the LDA
noise was the same as that of the particle velocity fluctuations. Hence, our
measurements of T are subject to a considerable degree of uncertainty.

We measured the fluctuating velocity for particles of size 325um which
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was greater than the size of the measuring volume. As detailed in §3.2,
the refractive index of the particles and that of the suspending fluid were
matched closely and the particles were chosen to be high quality spheres
with no air bubbles inside them. Hence, it appears safe to assume that the
Doppler signal was received from the scattered light due to slight imperfec-
tions on the surface of the particles. These surface scattering points have
translational as well as rotational velocity components. But since only the
translational velocity components contribute to the suspension temperature,
given by equation (4.1), it is essential that the contribution of the particle
rotation to the particle velocity measurements be eliminated. But since the
angular velocity of the particles in a concentrated suspension is not known,
it is impossible to estimate or eliminate this rotational contribution to (u2).

Hence, the measured suspension temperature is given as
T™es = T (eq.(4.1)) + T™%, (4.14)

where the superscript ¢r & rot denotes the translational and the rotational
components respectively. In arriving at equation (4.14) we have used the
fact that since the location of the scattering centers on the surface of a given
particle is random, the translational and rotational components of the mea-
sured velocity fluctuations are uncorrelated. The following section presents
the measured particle velocity fluctuations which includes the rotational con-

tribution.
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4.3. Velocity fluctuations measurements

The particle fluctuation experiments were conducted at solids concentrations
ranging from 20 to 40% and for values of v ranging from 3 to 16/s. All the
measurements were performed at r* = % i.e. the middle of the Couette
gap. [n figures 4.5-4.7 we present plots of mean square velocity fluctuations
in three directions for the case of ¢ = 0.2,0.3&0.4, where the dimension-
less mean square fluctuation velocity is shown as function of 4. Here, the
mean square fluctuating velocity is scaled with y%a2. The error bars drawn
for our data represent the uncertainty in five independent sets of measure-
ments. Clearly, the fluctuating velocity component in the flow direction is
negligible compared to its magnitude in the velocity gradient and vorticity
directions. This shows that velocity fluctuations are anisotropic and that
they depend upon the flow configuration. The fluctuating velocity increases
with increasing concentration, as was reported in the study by Nott & Brady
(1994). The same trend was also observed in the experiments by Shapley
et al. (1997). Our results for the suspension temperature are plotted in fig-
ure 4.8 together with the preliminary results of the experimental study by
Shapley et al. (1997). Although Shapley et al. used the same technique to
measure the particle velocity fluctuations, their estimated values for suspen-
sion temperature are somewhat larger than those found in this study. At

present, we cannot pinpoint the cause of this discrepancy and more experi-

ments are clearly needed.
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Figure 4.5: Plot of (u?), the experimentally determined mean square fluctu-
ating velocity in the vorticity direction vs. v for ¢ = 0.2. 0.3 and 0.4.
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4.4. A possible remedy

The experimental work described above has established that it is not possi-
ble to completely eliminate the influence of the particle rotation and of the
LDA noise from the measured velocity fluctuations data using our current
understanding of the LDA technique. Here, we propose a possible method
that can be used to remedy this situation.

We note that the Doppler frequency (and thus the velocity) determined
by an LDA signal processor is the weighted average of frequencies of all scat-
tering points that contribute to the signal. Now the instantaneous velocity
vector of the i** scattering point on a j** particle inside the measuring volume

at time ¢ is given by

wi;(te) = ug (te) + a{w;(te) x my;(te) } (4.15)

where wj is the instantaneous angular velocity vector of the j** particle, ny; is
the vector normal to the surface of the j** particle at the i** scattering point
and the superscript ¢r denotes the translational velocity. Thus, the measured
velocity vector at any instant fx, when there are .V;(tx) scattering points on

particle j and M particles inside the measuring volume, is given by

N »
M) u () Wiy (%)
u(te) = ~f

j=1 25—11 Wi;(x)

(4.16)

where 117,(x) is the weight function of the i scattering point with position

vector x. Since the signal amplitude for a given scattering point at a given
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time is proportional to the intensity of the beam incident on it, a suitable
weight function is given by the illuminating intensity as a function of position
in the scattering volume(see- Durst et al., 1981; Kreid, 1974). Note that the
direction of the normal vector is random and uncorrelated with either u(¢;)
or w(tx). Thus, when a large number of samples (N*™P¢) are taken over
a period of time, the rotational velocity vector will contribute only to the
mean square velocity fluctuations.
Next, we recall that the auto-correlation function is defined as

Numple

RO = g & (00~ (@)l +0) - @), @1)

where (u) is the mean of the measured velocity, given by equation (4.16),
over a large number of samples. In addition, as mentioned earlier, the di-
rection of the normal vector, n;; in equation (4.15), is random and it is
completely uncorrelated with either u* (¢;) or w(t¢) for any 7 # 0. Hence,
for 7 — 0%, only the translational velocity of the particles contributes to the
auto-correlation function R(7). Therefore, the expression for the suspension

temperature given by equation (4.1) is modified to
T = lim Ry, (7) + lim R, (r) + lim R, (7) (4.18)

where the contribution of the random noise and of the particle rotation is
eliminated. In addition, the long time diffusivity given by equation (4.2) can
be calculated by integrating the auto-correlation function measured in the

experiments.
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We tested the proposed scheme by measuring the local particle velocities
sampled over a large interval of time and then by computing particle velocity
fluctuation auto-correlation function. To ensure a high statistical reliability
of the fluctuation measurements, the time interval between the samples, At =

te+1 — te, was chosen close to the integral time scale of the flow:

R -R,

At = -—(—u-a-)— (4.19)

Using this sampling time interval, the azimuthal instantaneous velocity, ug(ts),
was first measured at a shear rate of 16/s for a particle concentration of 40%.
The instantaneous flow velocity was then measured at random arrival times,
t, and the sampling size was set to N = 10° to ensure a correct statistical
ensemble of the data. Since the particle velocity data were not obtained
at regular time intervals, the auto-correlation function, given by equation

(4.17), was computed from the modified equation given by

Nanmple

3 {[ulte) = (w)] - [u(te + 7) = (W]}, (4.20)
k=1

R(r) =

1
N sampte

where 7 — A7 < ¥ < 7+ A7 with A7 chosen to be equal to 0.1/%. The mod-
ification given above was chosen so as to avoid interpolating the measured
data and to have an ensemble average of at least 2000 samples for each .
The computations were performed using a FORTRAN program. Shown in
figure 4.9 is the plot of the auto-correlation function, R,,(7), as a function of

the time lag, 7, at r* = 0.5, from which it is seen that the measured velocity
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Figure 1.9: Plot of the dimensionless auto-correlation function vs. time lag
catr'=0.5 and o = 0.40.

fluctuation has a dominant periodic component. Hence. it was not possible
to extract the auto-correlation part from the measured data accurately. Our
experiments seemed to indicate that small variations in the radii of the inner
and of the outer cylinders was the source of the periodic motion. The exis-
tence of non-uniformities in the radius of the inner cvlinder was confirmed
by measuring the velocity at the surface of the inner cvlinder as well as the
time period of its periorlic component at various speeds of the inner cvlinder.
Due to time constraints. we decided against fabricating an accurate Couette

device free of such non-uniformities. This task is being left for the future.

- . - 0 }
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