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I BASIC NOTIONS AND DEVELOPMENT

A FUNDAMENTALS AND EARLY HISTORY

Social choice is the theory which deals with the processes by which
a group of decision makers (henceforth called voters), faced with a set
of alternatives, may determine some best ''choice.'" The voters and alter-
natives, in classical political applications, include such situations as
elections to public office, committees, juries, and the like. The thaory
also extends to economics, where the voters may be consumers and the al-

' In short, social choice is ap-

termatives. different "bundles of goods,'
plicable wherever decisions must be made, The emphasis in this work,
however, will be on social choice among a finite set of alternatives.
Since the social choice process involves matching a 'choice" to ead
evaluation by voters of alternatives, it takes the form of a function,
whose range and domain depend upon the particular context, Recent inves-
tigations have dealt mainly with two major subclasses of social choice
processes, distinguished by the type of choice produced (see [E},[lﬂ ,
and ﬂﬁ]). The first of these is the more common social choice function,
in which the choice is some non-empty subset of the alternatives, The
other, somewhat more general function is the social decision function,

wherein the choice consists of permutations {(orders of preference) of

the alternatives.

Definition 1.1: Let A = }al,...,am] be a finite set of alternatives. Let

-
D" = U S , where S _ is the set of permutations « = (@(a,)....,o(a_)})

n=0 m m 1 m
on m objects. (D" is the set of all possible tuples of permutations on

the m altematives). Finally, let P{A) be the power set of A. A social
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choice function {SCF) is a mapping B’ Dm — P(A) - P

Each "preference profile" de p™ represents a set of n order-
ings, Ul,...,aht;Sm of the glternatives, correspending to the preferences
of the n voters, 1, ..., n, respectively. Specifically, 3& =¥ means that
voter 1 has preference vrder ¥ = (v(al),...,v(am)).

At this time, we note that our approach implicitly restricts the
SCFs considered in two ways. First, the range excludes the empty set, @,

so that the SCF must actually make some choice. This treatment still

allows for "no decision,"

though, provided that one of the alternatives
is called "no decision." Second, the set of altermatives is finite, as

mentioned earlier, Let us introduce an example to illustrate these ideas:

Example 1.l: Suppose that there are seven voters, 1, ..., 7, and three

alternatives, a;. a,, and a,. Suppose further that the voters have the

following preference orders:

1 2 3 4 5 6 7
a a a a a a a
1 2 3 2 3 3 L
a a a a a a a
2 1 1 1 1 1 2
83 83 az 8.3 8.2 82 83

Let us denote the six elements of S3 by:

nl = e = aj.a,.a, is the tdentity '”2 = a,,a5,a,

43 = ay,a ,a, Pl az,a,j.a1 ng = ay.a,a, h& = a3,a2,al
For this example, then, d = (3’05’45’"3’n5‘”ﬁ’e)‘ Consider these SCFs:
1) The @ictatorial function which chooses the first choice of voter 2,
gnd chooses A in the absence of voter 2. Here g(E) - &é&

2) The celebrated Borda scoring function, which assigns a value of 0 to
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an alternative cach time it is ranked last, 1 each time it is ranked
next to last, ... , k each time it is ranked k from last. The Borda
scoring function then chooses as the winning set those alternatives with
the maximum score. Here we would have g(E) = {a$ .

3) The common simple plurality function, which chooses as the winning
set of alternatives those which are placed first a maximum number of

times, Here g(g) = iaﬁ .

4) The least favored elimination method wherein the alternative which
is placed last most often is eliminated from consideration, The process
continues on the remaining alternatives until only one alternative is
left or a tie ensues, in which case all of the remaining alternatives

are declared winners, Here g(E) = éali.

Some assumptions are implicit in ocur definition of the SCF. First,
no assumption is mad: regarding strengthe of preferance. Indeed, as is of-
ten the case, in practice it is virtually impossible actually to
measure strengths of preference. Moreover. & "nonweighted" preference order
is in some sense an “average' of possible preference orders.

A second assumption excludes individual intransitivities among
alternatives, so that if a voter prefers aj to aj and aj to a , we
assume that he prefers a; to a,. Once again, this assumption may not
be universally valid, but it is the kind of "rationality' axiom which
naturally finds its way into the theory.

A third assumption is that no voter is indifferent between alterna-
tives., Although it might seem that this assumption is overly restrictive,
it has in fact the opposite effect. In most cases it provides for a stronger
theory, and admite treatrnient of indifference as a special case.
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The body of this paper deals for the most part with social decision

functions, These are now defined:

Definition 1.2: Let A, Sm and D™ be as in Definition 1.1. Let P{(S ) be
m

the rower set of S A social decision function (SDF) is a mapping £,

m
D ———3 P(S,) - 0.
In contrast to 5CFs, SDFs produce entire preference orders on the
alternatives as the "choice." The two types of functions are related,

though. since each SDF defines an associated SCF. Henceforth, we will

always drop the subscript m when the context is otherwige clear.

Definition 1.3: The SCF gf(E) = zai lai appears first in at least one of

the preference orders in E(E)i is said to be the SCF derived from f.

Historically, the study of gocial choice began around the time of
the French Revolution, when scientists became quite interested in the
democratic process and its workings. Jean-Charles de Borda, a ploneer
in the field, contributed a major paper to the French Academy of Sciences
in 1784, The paper, entitled "Memoire sur les Elections au Scrutin ," [b]
presented the Borda scoring function discussed in Example 1,1, along with
a common-sense defense of his ideas. Although it is this work which serves
as the principal source of his thoughts, Borda had already in 1770
presented a paper on elections to the Academy.

As a result of these papers, Borda's ideas on elections became
widely known throughout the Academy. Indirectly, they bore an influence on
the work of the Marquis de Condorcet. He wrote one of the most important
papers ever on social choice, entitled "Egsal sur 1'Application de 1'Ana-
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lyse a8 la Probabilité des Décisions Rendues a la Pluralite des Voix," [?J
published in 1785, This work made two major contributions to the theory.
First, it outlined the so-called '"Condorcet criterion' for elections.
This criterion states basically that if there is some alternative a;
which would defeat each of the other alternatives in an election in
which the remaining alternatives were excluded, then a, should be chosen

i

uniquely. In Example 1.1, for instance, a; is a Condorcet alternative.

Second, Condorcet considered elections in which there is no such
alternative. In doing so, he was the first to explore the famous
"voting paradox,' in which each of the voters has a transitive ordering
of the alternatives, but the consensus ordering is intransitive. Since the
probability of such a paradox is, when there are many alternatives,
greater than that of a Condorcet alternative, Condorcet opened up a
major area of investigation (see [4], for instance).

One of the nineteenth century figures who explored the voting
paradox was the Rev. Charles Dodgson {(Lewis Carroll), who discussed the
deficiencies, as he saw them, of the election systems of the day in [8},
[9], and [ld}. Dodgson then offered his own system, which he claimed
would deal properly with the voting paradox, without the shortcomings of
the other systems. After Dodgson's contributions, the field remained
fairly dormant until the advent of Kenneth Arrow's work on social
welfare functions in the ninateen fifties. (See [tb. In the meantime, there
were some advances in related areas; e.g., the Pareto optimality condition
[1?], and the introduction of game theory by Von Neumann and Morgenstern
[ii], among others., These works had only an ancillary, albeit important,
effect on classical social choice,
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It remained for Arrow to exploit the voting paradox. He used
the voting paradox (See [i], p. 51 ) to show that if an election
system satisfies certain "fairness" criteria which seemed indispen-
sible to a democracy, that system must be a dictatorship. With the
advent of Arrow's work, much of the emphasis in the field has
turned to determining consistent and desirable axioms for character-
izing SCFs and SDFs.

In particular, this paper examines a recent election system, the
Kemeny function [13] , in the light of intuitively appealing axioms.
It does so by considering the effect of a '"Condorcet-like" principle,
while exploiting the symmetries of the problem. The mathematics in-

volved is that of convex analysis.



B DOMAINS FOR SOCIAL FUNCTIONS

We have thus far considered only the most general case of soclal

functions (i.e. SCFs and SDFs), and the most general domain, D™. For

certain classes of socilal functions we can simplify this domain
considerably. In this section, we will identify some of these important
classes and discuss their respective domains. It turns out that the
distinguishing quality of many such classes is some particular
desirable "fairness" characteristic, and we should therefore want to
study these characteristics carefully.

First, let us consider "anonymous'" social functions., These systems
do not recognize the identity of the voters, but depend instead only on

the number of voters who prefer the various orderings. Formally, we say:

Definition 1.4: An anonymous SCF (SDF) is invariant under permutat.-ns

of the voters' identities.

In other words, an anonymous social function has domain Nm!, where
the vectors (nl,...,nm!) can be thought of as representing the number
of voters with preference orders Gi,...,ﬁh!ﬁ Sm, respectively. The first
SCF mentioned in Example 1.l is not anonymous, but the others are.

Another aspect of social functions is consistency of behavior in
similar surroundings. In particular, we should like our social functions
to reflect the opinions of smaller component subgroups when determining
the decisions of the larger umbrella group. Let us detall these ideas,
already explored by Young [20], [21] , [22J :
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Suppose that a group of voters splits into two separate subcommit-
tees to discuss and vote upon an issue. Suppose also that among the
choice set for the first group are some preference orders chosen by the
second group as well. Then, when the two subcommittees regroup to vote
together, the election process should guarantee the election of precise-
ly these preference orders. The reasoning is that neither the first nor
the second subcommittee prefers any other preference order to these,
while every other preference order is rejected by at least one subcom-

mittee. Formally:

Definition 1.5; Let V be a group of votere with associated preference

vector d - (Ul,...,O;)éDm. Suppose that V' and V' are two non-empty
and disjoint subsets of V, and suppose that d’ and d" are the pref-
erence vectors associated with V' and V", respectively. A social deci-
sion function f is sald to be consistent if f(a')f)f(a”) / @ implies
£(d) £(d")n £(a".

Anonymous SDFs that are consistent display the homogeneity property:

Definition 1.6: An anonymous SDF f is said to be homogeneous if, for any x

in its domain, and for all positive integers n, £ (nx) £(x).

Some decigsfon systems, notably those of constitutional amendment,
tend to treat the status quo more favorably than other alternatives. In
a sense, such elections are unfair in that they reflect not the opinions
of the electorate on the alternatives alone, but alsoc reflect factors
concerning the names of the alternatives (e.g., status quo, proposed
amendment). A case in point, the Prohibition Amendment, was treated
differently both times it was considered,.
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A failr election system ought to consider only the alternatives
themselves, rather than their names or identities. Systems which do

this are called neutral:

Definition 1.7: Let deD" represent the preference orders for a given

set of voters. Let d° denote the vector which results from the same
set of voters if we relabel the alternatives by a permutation gu Sm;
that is, {f Ei = W, then Ei" =T, Let f(d)u =fmrh(f(3)} . Then, f
is said to be neutral if f(E‘)= f(E)U‘.
A similar definition applies for SCFs. A soclal function that is
both anonymous and neutral is called symmetric,
The extension of domain for symmetric, consistent SDFs proceeds
along the following lines: (see [2i]). Define f(x/n) f(x) for all positive
Integers n. This definition extends the domain from Nm! to the positive

orthant of Qm!, where Q is the set of rational numbers. Next, {f 1
denotes the vector in Nm! whose components are all 1, then we define
f(;-q-f) = f(;) for every rational positive q. This extends the domain
to all of Qm!, and the extended function is still symmetric and
consistent on the whole domain.

We now Introduce another useful property satisfied by some anony-
mous functions, resembling a ''domination by large numbers" idea. Suppose
that there are two subcommittees, A and B, which join together in a
group C., Now, suppose that some permutation o remains in the choice set
of the group no matter how many subcommittees identical to B join C.
Then it is reasonable to assume that ¢ must have been among the choices

of subcommittee B alone. This property is called continuity.
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Definition 1.8: An anonymous social function h is said to be continuous

— — '

if, for any x,yeNm; whenever there is some positive integer n' such that
Te f(n';+;) for all n'>n, then gef(x) holds for every F€§ .
m
In the presence of symmetry and consistency, this condition is
equivalent to the following: whenever some rational vector sequence
1

{;il converges to ;e,Qm' andesfh(;i) for all i, then ce¢ h(;) (See

Chapter 111, page 24).

For many applications, the use of all m! preference orders as
input to the social decision process is too cumbersome. Many voting
procedures theruefore operate by considering only the results of pairwise

voting propertions between alternativer. In that case, any non-null

electorate can be completely represented by an election matrix E

whose entry e,, represents the proportion of voters preferring alter-
1]
native a, to aj minus the proportion who prefer a to a.. For the
J

election situation of Example 1.1, the election matrix is:

0 3/7 1/7
E -3/7 0 /7
-1/7 -1/7 0

Clearly, E is always skew-symmetric. Furthermore, every election matrix

can be represented as a convex combination of matrices of the following
type:
Definition 1.9: To every permutation G¢ S , therc corresponds a skew-

2
symmetric permutation point E € Qm whose (i, j)th coordinate is 1 1ff
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if and only if the preference order corresponding to ¢ places ay

before a .
3
Permutation points are simply the electlion matrices that result
when the entire electorate has the same preference order. In general,
the election matrix arisinp from the situation in which voters 1,...,n
a
have preference orders ¢1....,q- is just 1/n(E 1 + ... +E™. The set
n
E of election matrices therufore has a nice "convex polytope'" type pro-

perty over the set Q. We moke these remarks somewhat more precise; let

S be the set of m ¥ m skew-symmetric rational matrices, and ]etSf =

CI(SB.

Lemma 1.1: The set E has dimension (?) over Q; Iin fact, if XCSX
then there is some a€ Q, a»), and some EGE such that X  aE.

Proof: For each (i,}), 1 €1 # jfm, consider an electorate with two

voters, the first of which has preference order (ai,aj,al,...,a ) and
m

the second of which has or'er (a ,...,al.ai.a_). The resulting election
m ]

matrix E(i,j) has an entry of 1 in component eij' -1 in eji and 0
elsewhere. These matrices span the subspacety over Q, 0

The set E and especlally its closure, E: has been the subject
of recent ilnvestigations in combinatorial mathematics (see [é] for
example). Basically, the problem is that, although E has a aimple in-
ternal representation as the polytope generated by the m! permutation
peinta, there is no known external characterization in terms of inequa-

lities. In [6], Bowman incorrectly stated that é is the solution set in

2
R™ of the inentality sets:

(1) -ISeij‘gl for all 1,1
(2) e = -g for all 1i,]

14 it
(3) -1 Se{j + ejk + ekfsl for mutually distinct 1,],k.
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Although these conditions are necessary for E (the last condition
is the analog of transitivity of individual preference), they are not
sufficient, (A counterexample to that effect has been provided by Dr.
Alan J. Hoffman of the I.B,M, Watson Research Center.) The reason that
so much effort has gone into determining an external representation
for E is that such a representation would be useful for solving cer-
tain linear or Iinteger programming problems. Bowman cites examples
of practical problems that can be reduced to solving an integer
program over ''permutation polyhedra,' as he calls certain sets which
correspond to the sets E: To his list we will soon add our own

political applications.

-12-



II THE KEMENY FUNCTION

A DEVELOPMENT OF F

At this point we turn from social functions in general to concentrate
specifically on social decision functions. In particular, we will deal
with an important SDF first proposed by John Kemeny in [li] and treated
more fully by Kemeny and Snell in ﬁh].

While discussing mathematical models for various phenomena. Kemeny
congidered the classical social choice problem of aggregating a number
of individual preference orders into a group consensus. He proposed a
new SDF as a solution, but because his interests lay in model buildirg
rather than social choice, he did not explore several noteworthy pro-
perties of his system. We will define Kemeny's SDF in our own notation
first and then recapitulate his axiomatization.

Let us denote by (;,;) the ordinary inner product of two vectors

— - n
x and v in R . Keeping Definition 1.9 in mind, we have:

Definition 2.1: The Kemeny SDF Em is the function defined by: Fm(E)

icrl (E‘r,E) 2 (E“,E) W(Sm‘ for all skew-symmetric m x m matrices E.
Henceforth, we will drop the subscript m from Fm
We note immediately that F i{g deft{ned on the subapace g : cl(g)
of skew-symmetric m x m matrices. A natural interpretation of F is that,
for a given election matrix E, F maximizes 'agreement'" between E and the
permutation points corresponding to the winning preference orders. We
might also expect that it dieplays a 'dual" sort of property, involving
minimizing & measure of ''disagreement." We can in fact prove such a re-

— —_ —_ n
sult. Let d(x.v) lenote the Euclidean distance between x and y in R .
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Lemma 2.1: F{(E) = Lr'd(E’,E)S'd(E“,E) Vntsml for all m X m skew-symmetric
matrices E,.

Proof: d(ET,E) = (E'-E,E'-E)% = ((EY,E") - 2(E',E) + (E.E))}, for all
permutation points EY. Since E is fixed and (E*,E") = m(m-1) for

all ¢¢5_, minimizing the left hand side of the equation is equivalent

to maximizing (E*,E) over Sm*

Kemeny's development in [ljJ followed along lines reminiscent of
Lemma 2.1, He was 1lnterested in develping an SDF that would minimize
a distance measure which he defined, and he produced F as the unique
SDF which would do this. Let us begin by defining a notion of "distance"
between two permutations, o and W, Kemeny's original development allowed
for individual indifference between alternatives, but for conveni-
ence we will assume only strong orders. We could always introduce addi-
tional hypothetical voters to achieve the same effect as indifference.

Kemeny proposed the following axioms for his measure of “distance:"

1) The distance between two preference orders UeSm and ﬂtSml (dencted by
a(er,m)) satisfies the following three geometric postulates:

(a) a(sr,7) 20 and Ao, ) = 0 iff o=T,

(b) a(r,m) = a(mr,a).

(c) alo,m) +aA0r,n) > A(g,n) and equality holds iff, for every
pair of alternatives a; and a,, m places a; and aj in the same order as
either ¢ or %,
2) a(na,mr) = A(e,w) for all !;rﬂﬁm. In other words, the distance between
twe permutations should not change just because of relabeling the alter-

natives.
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3) Suppose that leTCS“‘and g, n'é Sm-r—s are such that;

g = (U(al),d(az)....,w(ar),u(ar+1),....¢(am_s),a(am_5+1)....,a{am))
= (c(al).w(az)....,w(ar);w(ar+1),...,ﬂ(am_s),u(am_s+l).....g(am))
¢ = (U‘(8r+l)...-,¢’(ﬂm_s)) and ¥ = (w(arq-l)’”"v‘:am-s))

then the distance a(v,m) = o(v' ,n').

As Kemeny put it, "If two rankings are in complete agreement at
the beginning of the list and at the end of the list, and differ only
as to the ranking of the k objects in the middle, then this distance
is the same as if these k obiects were the only objects under consider-
ation."

4) The minimum positive distance is 2.

As Kemeny and Snell show in their book, Mathematical Models in the

Social Sciences [14] (p. 13):

Lemma 2.2: Awioms (1)-(4) are consistent, and. furthermora. there
is only one distance measure which satisfies all of them,

The required distance measure is defined by:

AT,m) = © k%7 where k¥¥ = 2 if @ and T disagree about the relative
i<j 1j ij
positions of i and j, and k¥7 = 0 otherwise. In Kemeny's setup, the ob-
L]

ject is to choose as the social preference some order whose average

distance from the individual preferences is a minimum.

We note that the entries kYT are equal to the absolute values
ij
of the corresponding entries in E¥Y - E", It is easy to verify that for
n

n
m alternatives, the function which chooses grl » oale.m )S s o (M,r)
i=1 i i=1 i

vNes g whenever the voters have preferences fT,...,W agrees wicth F,
m
l n

the Kemeny SDF of Definition 2.1.
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Kemeny suggested that other SDFs involving minimization of his

distance measure might be useful. For example, he presented a second

n 2 n 2
Lale,m) S T (p,m)
i-1 i=1
V’nt.Sm}. He offered no reason for preferring any one SDF over another;

function which chooses preference orders ﬂrl

it was rather his distance measure which he viewed as the major contri-
bution.

In retrospect, we can say that, at least from a social choice
viewpoint, Kemeny did not exploit the more important Iimplications of his
discovery. By concentrating on the distance minimizing aspect of the
problem, he did not recognize that it is the function itself, rather
than the distance, which possesses the important properties, As a
result, his exposition relies on mathematically sound, but intuitively
obscure axioms. Had he been interested in exploring the social choice
ramifications of his functions, he might have realized that there is
ample cause to prefer one over another.

A {aw concluding remarks on Kemeny's development are in order here.
His line of attack, strictly speaking, did not define an SDF as we did,
because his Axiom (3) depends upon comparing distances between
permutations of different orders. As a result, his domain for SDFs can

- m
properly be regarded as the set U D , while we require only that a

particular SDF be defined for a ?:ied number m of alternatives. This
is not, however, a material difference.

Second, Kemeny did not make much of a connection between the
distance he defined and the decision-making context in which we might

want to minimize that distance. One might argue, however, that the idea

of choosing as representative those choices which "minimize" disagree-
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ments is universally appealing. The difficulety with this argument is
that there is a nultiplicity of possible "measures of disagreement."”
Kemeny's axioms uniquely determine such a measure, but the axioms
themselves seem to be motivated mathematically, rather than by the
context of the problem. The contribution of this paper is to point
out that the Kemeny function does in fact have an intuitively appealing
axiomatization motivated by the social choice context.

As an example of the Kemeny function, consider once again the
election of Example l.l. The related election matrix E appears
earlier in Section A of Chapter I. Using the notation of Example 1.1,

we find that the six desired inner products are:

E) = 10/7 (E, ,E)Y = /7 (E, ,E) -2/7

(P!

L,EY = 2/7 E L,E)
s ( 26

-10/7

]

(E, ,E) = ~~/7 (E

Consequently, F will choose permutation e, the natural order, as
the unique winner, and the SCF derived from F will choose a, as the
unique winning alternative. It is no accident that a; is a Condorcet
alternative; we will soon show that BF, the SCF derived from the
Kemeny function, always chooses the Condorcet alternative, when one

exists. This property is one of the appealing properties of F. Let us

begin now to discuss some of these properties.
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B PROPERTIES QF F

The Kemeny function possesses quite a number of desirable proper-
ties which we might expect fair and reasonable SDFs to possess. The most

important of these is the Condorcet property. Apparently this observation

was not made by Kemeny.

Definition 2.2: An SDF f is said to possess the Condorcet property if

gf, the S5CF derived from f, chooses the Condorcet alternative uniquely

whenever one exists,

We note that if a Condorcet alternative, say a;, exists for some
election, then the ith row (f.e., the row indexed by alternative ai)
of the associated election matrix E must be all positive (except for

entry eii)' We may therefore formulate the gbove definition in terms

of the election matrix E: f satisfies the Condorcet property if gf =

{ai!‘ whenever row i of E (except eii) is positive.

Lemma 2,3: F possesses the Condorcet property.

Proof: Suppose that a, is the Condorcet alternative and suppose that a &€

F
g (E), a_ / a . where E is some election matrix. Then for some ¥¢ F(E),
c

:r(al) =a while q(ak) = a_ for some k> 1. Let &' be such that

ﬂ"(al) = ac.u" (61_2) = ar_.cr'(a3) = c(az). e o (ak) = l:.r(ak_l)_.

1 = t -~ o o
o (ak+1) r(ak+!). cer . O (am) a(am). Finally, let ey be the

(i,j)th entry of E, and e be the (i, j)th entry of E,.

o g m
+ - -
- ecieci f eiceic , €ciei
m i=1 i=1 i=1
d =2 < e e 2 B T, > 0, since, for all i £ ¢
g e e - s - A 3 ] =y
i=1 ic ic i=1 ci ci i;L cici

~18-
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Then (E”' ,E) - (ET,E) =

-




1
o' o . o4 -
e whi >0 and e e »e e
ci? Gy WBile e, > cr er cr cr

alternative. Therefore,o¢ F(E), contradicting our hypotheses. D

, because aC is a Condorcet

From Definiticon 2.1. it is immediate that F is both neutral and
anonymous, s0 that F is symmetric (i.e., symmetric in its treatment of
both different voters and different alternatives). F is also consistent;

indeed, let S be a set of n voters with associated election matrix E,

and let S' and 5" be two non-empty sets partitioning S, where n' = lSi

and n" = |S"l., If E' and E" denote the election matrices corresponding
L "

to S' and S'", respectively, then E = ETEE“ E' + ET%;H E". Thus, if €

F(E') N F(E"). then (EY,E') 2 (ET,E') and (E%,E'") » (E™,E") so that (E%.E)
2 (E15E) for allre Sm and hence T¢ F(E)., Moreover, if ¢'«eF(E) while
GPF(E') A F(E"), then (E,E') » (E®,E') and (E¥,E") » (E",E"), and at
least one of these is a strict inequality. This implies, however, that
(EY,E) > (Er:E), contradicting our hypothesis that ¢'c F(E).
At this point, we define a traditicnal property of SDFs, analogous

to the Pareto preoperty for SCFs[Yﬂ (Also see (2Q]):

Definition 2.3: An SDF f is said to be faithful if f(d) = fe} in the

case that there is only one voter with preference order @ . An S5DF

is anti-faithful if f(d) = é-q} when d consists of a single voter with

preference order &. (By -0 we mean the preference order wherein
~v(a,) = o i) for all 1S kgm.)

It is clear that F is faithful, since (EGZEaj s (ET E¥) for all
™ #qes“r F is also continuous, a property which follows from the

continuity of the inner product functional.
Thus, we have seen that F is symmetric, consistent, continuous

and faithful. These properties are natural in the social choice context
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and are in fact shared by most decision processes actually in use, The
speclal and particularly appealing attribute of F is that it satisfies
the Condorcet property. We now explore the ramifications of such beha-
vior in the presence of "ties.'" We know that a Condorcet alternative
can be considered ''superior" in some sense to the others, since it can
defeat each of them in palrwise voting. Let us consider instead an
alternative which ties every other in pairwise comparison voting. A
natural extension of the Condorcet principle would be to say that such

an alternative is in some sense indifferent to every other alternative.

We wish to express the idea that if aS is an indifferent alterna-
tive, and if @ is any winning permutation chosen by f, then ¢' is an
equally good outcome, where @' is obtained from ¢ by switching a_
with its neighbor above or below.

Let A be a set of m alternatives, and let B C A. If ¢ is a permu-
tation on the alternatives in B, let §€<A-B)» be the set of all permuta-
tions on A which agree with ¢ on B; that is, for all a, ajCB, ay

precedes aj in @ iff a, precedes aj in » for every xe€ s{A-BY.

Definition 2.4: An SDF f is said to be Condorcet indifferent if,

whenever a, is an indifferent alternative for preference profile d,

then e E(E) and rrer<ak> imply that V(ak) ¢ f(E).

Lemma 2.4: F is Condorcet indifferent.

Proof: Suppose u',w'c:r(ak) for some indifferent alternative a . Then E T
and En' differ only in the kth row and column, and (EW,E) and (E”',E)
can likewise differ only in terms involwving €k and €Ly’ 1$i¢m. All

of these terms are 0 if row k of E is 0. Hence, W€ F(E) iff w#'€ F(E). O
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One of the less obvious properties of Condorcet indifferent SDFs
is that If they are conalstent, then thelr effective domain {s the set

E of election matrices, and by Lemma 1.1 {8 therefore extensible toifl

lermma 2.5: If £ is consistent and Condorcet indifferent, then whenever

d and d' are profiles having the same election matrix, £(3) = f(ﬁ').
Proof: Given E, let Wd be the m x m matrix with entry (i,j) equal to the

number of times alternative a, is preferred to a Let K be the m x m

i i’
matrix with entries of 1 off of the diagonal and 0 on it. Then 1If d has

n components, Ed = (2/n)wd - K. We aggert that W = wd Implies E(E) =
d 1
f(d'). Let d and d' be preference vectors on disjoint voter sets such

that W_ = wd', and choose a vector d'" on a voter set disjoint from those

such that W = W and E = i = 0, By Condorcet
d+d"' d'+d" d+d"! d'+d4"
indifference, f{(d+d") = f(d'Hd") = Sm, so that by consistency, f(a) =

d
of E. d’

E@nps = FE@+H@H ) = £((dHdM)H") = smnf(E') = f(d'). From this it
follows that whenever W = W K f(d) = £(d'), since we can always find
a third d' on a set of 3oterg disjoint from those of both d and d' such
that wd = wd' = wd".

Next, suppose that E = E ; then (2/n)W - K= (2/n'")VW - K, and
d a’ d 4!

hence n'Wd = nwd|, where E} d' have n, n* components, respectively. Con-
sistency and the remarks above imply that f(g) = fﬂwd) = f(n'wd) =
f(nW ) = f(W ) = f(d'), and the lemma is proved. I8

d’ 4

The major result of the next chapter is that there are only three
SDFs which are neutral, consistent and Condorcet indifferent, and that
the only one which {g faithful is the Kemeny function., Hence the seeming-
ly weaker Condorcet Iindifference property implies (with the others) the

Condorcet property,
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IIT A CHARACTERIZATION OF F

A SOME CONVEXITY RESULTS

Before proceeding to the characterization of F, we will find it
rewarding to explore some of the implications of the properties
mentioned in the previous chapter. Some of these properties lead to
useful mathematical results concerning SDFs that satisfy them. We
will begin our analysis by discussing the convexity implications of
several of the fairness criteria. Since we will deal only with symme-
tric SBFs, the domain of definition will always be a subset of Rm!.
We may note, however, that the following two definitions can always

be interpreted in the context of the domain concerned.

Definition 3.1: Denote by Ra(f) the range of a given SDF f on m

-1
alternatives, and let S€ Ra(f). Then the strong inverse of § is fs

- - -1
=={x 'f(x) = S} , and the weak inverse of S is the set f (§8) =

i;l s & f&')}. Denote cl(f'l(s)) by ES

and ri(XS) by XS.

We will also find it useful to consider the notion of Q-convexity,
where){g(flta Q-convex 1f ;};EX imply {a; + (1-3);, O<ac<l, atQ} ¢ X,
Many properties of convexity can be carried over to Q-convexity, by
virtue of the fnllowing results proved by Young in [é{}:

Lemma 3.1: C ==Qrl is Q-convex iff C = Qnﬂ cvx (C).

n
Lemmg 3.2: If C SF(J 18 Q-convex, then cl1(C) is convex.
Note that therefore C S:cvx(C) s:cl(C). Hence, c1{(C) = cl(cvx(C))
and therefore ri(cl(C)) = ri{cl{cvx{(C})) = ri(cvx(C)).

We also have the following general fact about convexity:

k
&
Lemma 3.3: If C = U S , where C = Rn is convex and k 1s finite, then
i=l

for some i, dim(C) = dim(St).
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We may now state a theorem concerning the structure of inverse

sets for appropriate SDFs:

Theorem 3.1: If f is symmetric and consistent, and if C € Ra(f). then
1

both fC.: and f’l(C) are Q-convex cones, 1f, moreover, f is continuous,

then there is a sequence of proper subsets C1 9 S Cr = C such that
(a) Cif Ra(f) for 1€¢i«¢r,

{b) EC is polyhedral for 1:1sr, and
i

(¢) dim X_ = m! while dim X_ % dim X -1 for 1< ig¢ r.
Ci Ci Ci-l

Proof: By consistency, [ is homogeneous (see Definition 1.6) so that

3

both f; and f—l(C) are Q-cones. In fact, if ; = ax + (1-a)x', 0<ac 1,

a€Q, x.x'ef 1) (or f;l), then by consistency, f(y) = fGOME(x")

- -1 -1 - ~1
and ye f (C) (or fC ). Therefore fcl and f (C) are Q-convex, and by

Lemma 3.2, XC and therefore XC are also convex. We need two lemmas to

proceed;

Lemma 3.4: Suppose f is symmetric and comsistent and that C 9 C' are

m! -1 ¢ -1 c -1 m! = mt
both in Ra(f). Then XCﬂQ g fC x £ T(C) = cl(fC nQ = XCﬂQ ,

and £1cy S (7 ey - f;l) ¢ bd('ic)nq“‘!.

- - —_— -1 —
Proof: By definition, fc1 E f 1(C). Now suppose that x¢ f  and y ¢
C

1 - -
ch Qm'. Then there is some rational number u>» 1 such that z = (l-u)x

- m! -1 - — _
+ uyGXCﬂQ S t (C) by Lemma 3.1. Therefore f(y) = f(x)Nf{z) = C

- "]. m! - -1 o
and T € £ 1. Thus X AQ £ ECI. But cl(f () = X_ and therefore X f\
-1, C -1 . = C -1, €3 ~ -1
£ () fc i1s dense in Xc, 50 }{C e cl(XC) cl(fc ) £ XC’ and XC - cl(fC Y.
Ve 'now from the definition that f-l(C') is contained in f'L(C) but

- m! - _— - - _—
is disjoint from fcl. Since XCF\Q S fcl', if xef 1(C) - fCl, x

m!

0

P - - r -
must be a rational point in XC - XC; i.e., (f 1(C) - fCl) S bd(XCY’Q
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We note that we may now easily demonstra:e the equivalency of

the two definitions of continuity (see Definition 1.8). Suppose that
- -1 — 1
{x& is a sequence In f (g9 for some J&S, which converges to x€ Qm','

- - - m!
then Lemma 3.4 implies that xec!(f 1@ ) .Choose some point y&XO,hQ
c _-1 - -1
= £ (@) (such a point exists by the density of f 1(0) in cl{f (@)

- — - -2 C m.
Xo); then the sequence {zi v/i + x} - Ko_nQ » 80 that by homogenei-

ty, the desired sequence is ii;i : ; + ix ¢ Xo,an'

Corollary 3.4.1: If f is continuous as well as symmetric and consistent,

-1 - m! -1 m!
and if C€ Ra{f), then £ "(C) = KCnQ and fC = XCnQ .
m!

-1 ! - ! - =
Proof: By Lemma 3.4, cl(f yoq = X, NQ"", so that if xe X.NQ
— ke ' -
continuity implies that C C f(x). Therefore ch Qm' S f 1(C), and,

-1 — !
coupled with the result above that f (C) = ch\ Qm , we conclude that

m! ¢ -1
= £ .
naQ c

1 that is on

— ]
£ (C) - an Q"' . We also know from the lemma that X Now,

C

suppose that fél # XCan'T; then there exists some ;ef(-:
the boundary of EC“ Fix ; in XCan:, and for any a 1 consider the
set Za {r)'; + (l-rﬁr);, ].(CXEQCI}. If an-)zc £ @, it follows from the
convex analysis that xE€ ri(fc), and we must therefore conclude that
zanic . Z!nf_l(C) # for all a. But Ra(r) is finite and f consistent; so
chere is an & such that for scme C' £ C in Ra(f), f(;) - C' for all
z€ Z., Now C' €£ C or elseconsistency would imply that f(;) . f(z.) =

C'. Thus there 18 some ¥€{C' - C) and by continuity,fef(;); conse-

— -1 -1
quently, xtfc . This contradiction proves that fC - XC = @, 0

Corocllary 3.4.2: If f is eymmetric and consistent and if Sme Ra(f),

then XS is affine.

m

-1 -
Proof: Let H denote the affine hull of £ (Sm). 1f £ 1(S } consists of
_ m
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just one point, we are done, so let us assume that dim(H) 2 1. Now,

- C ' — ' -1 —
f 1(Sm) : Hf\Qm ; suppose that zG(Hf1Qm') - f (Sm) and let x be

some point within XS . By the lemma and the definition of YS , there is a

m m
relative neighborhood N about x such that N ¢ X , and as a consequence,
S
m! ¢ -1 - — m _
NAQ = f (8 ). But if Z fi ax + (l-a)z, 0¢a£Q<1}, then £(Z) - f(z)

m

f(;) = f(;) by consistency, and Z has & nonempcy intersection with all re-

lative neighborhoods of X. This contradicts the relative openness of XS ’
— — -1 m
80 there can be no such z. Therefore Xg cl(f (5 )) = Xg is affine. [J
m m m
To return to the proof of Theorem 3.1, we need one more lemma,

this time concerning polyhedra in general:

Lemmna 3.5: Suppose that C .,Cr are closed convex sets of dimension

10"

n whose union is a polyhedron C and whose relative interiors are

pairwise disjoint. Then Cl,...,C are polyhedra.
r
85
Procf: Since C is a pelyhedron, C - N Si for some finite number of
il

half-spaces Si' Consider arbitrarily selected Ck’ and let us operate
in ‘he vector space of dimension n containing C. Since int(Ck)f\int(Cj)
. @, there is a hyperplane Hd and an associated half-space Si properly

for every jfk. Hence, Ck

separating Ck from Cj and containing Ck’
1
S1 N ...(\sz\ Sk r)...f\S; - 5. If Ck E S, then by closure of Ck,

(s - Ck)n int(S) ¢/ #, and we may suppose that x e (S - Ck)f\int(S).

Then x €C, for some j#k, but ;e;int(sg), so that Hi does not separate

B
Cj and C a contradiction. O

k!
To complete the proof of Theorem 3.1, we first note that {f

j— L}

dim(X ) - m!, we are done. This follows because Qm' is the union of a
C n<wo

! —

-1 ] m!
finite number of sets f (CJ) and therefore R = UX j° Applying Lemma
j=1 C _
1
3.3, we deduce that Rp' is rhe finite union of all of the sets ch which
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have dimension m! Fix j and jlet §,§e.x jf1Qm' ¢ fnl(Cj) by Lemma 3.1.
C

- — - —
By the argument of Lemma 3.4, f(x) - f(y) and f(y) C f(x) so there is a
!

such that (X jr]Qmo) - Cj';z Cj. But cl(f_l(Cj)) = X i s0 that

C]

-1,5.¢.1 ¢ -1 C
X jfif (C')=f °, 1is dense in X . Therefore cl(f ) —elX ) =X
C _cl_ ) cl _ ¢l el lcj
so for all j,X =X _, ,C'€ Ra(f). Consequent’v. X . # X .3 implies £~
CJ Cj ci Cj C:[
(1f'% - @ which in turn implies, by density of f‘i. fh! inX , X ,
c _ ¢t ¢l cl ¢
respectively, that X if\X y #. Thus XC is polyhedral, by Lemma 3.5.
C C
Assume then that dim(xc)( m., and construct a maximal sequence
of proper subsets C1 ? PN ? C . C all of which are in Ra(f). Lemma
r
3.4 implies that for each 1< i r, f-I(Ci) lies on the boundary of
iC , and therefore §C cl(f_l(ci)) has dimension no greater than
i-1 i
dim(Xc Yy - 1,
i-1 3
We proceed by induction to show that X is polyhedral for all
1 £i&Lr. We have just shown that R U cl(f j), where X j has
il g C
dimension m! If dim(XC Y¢ m!, then xG.XCr10m1 g fcl ig the limit poin¢

1 1 1 _
of a sequance {x{}cf-} for some 1gj¢n. By continuity, Cj ? f(x) . C1, 80
c _

the sequence Cl,..,Cr is not maximal. Thus dim(§C ) - m! and by our
‘1
analysis above, Xo is pelyhedral.
1

Assume then that §C is polyhedral for some 1< 1g¢r. We assert
i-1 -1 -
that if K is the affine hull of £ , then K K AR is equal to
1 Cr LIS &1

XC , wherefore the latter is polyhedral, since it is the intersection

1
- C
of two polyhedra. Clearly, XC - K by virtue of Lemma 3.4, Suppose now
1
- — m! - —
that x,ye ri(K)NQ '; then there is some IKaeQ for which Z! - X +

r

- ' -2 -
(l—ul)y € ri(K)an Qm and there is some O)szeQ for which z - Ty +

(1—a2)§ € ri(K)NQ . Then cI . C N f(?)nf(Zl)nfG?) by continui-

ty; hence f(x) f(;)r\f(zl) C ¢ £ MEzS) € £(X), so that £(x)

- - = 't C !
- f(y). Finally, there exists some x¢ ri(xC n Qm ri(K)FlQm , B0
I
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t C -1 i -
that ri(K)an' fc . Therefore cl{ri{K)f Qm - K g t:.l(fC
since aff(ri(K)) - aff(f—l) = K_.

C, I a
We have actually proved the following result as well:

Corollary 3.1.1: Let f be symmetric, consistent and continuous, and

*

let CE€Ra(f). 1f K 18 a face of EC’ then f is constant on ri(K)f Qm'.

The results of Theorem 3.1 extend analogously to Condorcet

indifferent SDFs defined onE.
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B THE CHARACTERIZATION

To recapitulate, we have shown that SDFs displaying appropriate
fairness characteristics also display some pleasing mathematical
properties. Thus, knowing which fairness properties are possessed by
some SDF may contribute measurably to our knowledge of the behavior
of that SDF. The major result of this paper is that four of these
properties suffice to characterize the Kemeny function, and that only
three of them are needed to characterize a family of three SDFs. The
only SDFs that are neutral, consistent and Condorcet indifferent are
F, -F and T - the Kemeny function, the "anti-Kemeny" function, and
the completely trivial function, respectively, Moreover, only F is
faithful,

By the anti-Kemeny function, we mean the function -F which chooses

-g iff F chooses ¢ (see Definition 2.3). The completely trivial

SDF I always chooses § . We may now state our major theorem:

e ———

Theorem 3.2: An SDF f is neutral, consistent and Condorcet indifferent

iff it is F, =F or T. and if f 1s also faithful, £ = F.
Proof: We have already demonstrated necessity for F in Chapter II; the
same proofs hold for -F. while verification is trivial for T. Of course,
only F can be faithful. For sufficiency, we will need some additional
definitions and lemmas,

First, we note that since Condorcet indifferent SDFs tend to treat
indifferent alternatives "indifferently," they discriminate only among

the resmmining alternatives. Consequently, they correspond in some sense
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to SDFs of lower order; i.e., on fewer alternatives, whenever there is
an indifferent alternative. We may discuss this relationship somewhat

more precisely:

Definition 3,2: Let E be an election matrix indexed by the alternative

set B g A, and let IAI = m. Let EG&-E} be the m x m matrix derived
from E by adding a labeled zero row and zero column for each alterna-
tive in A - B, Finally, let f be a consistent and Condorcet indifferent

SDF on A. Then the B-derived SDF of f is the function fB whose domain

is the set of |B} x {Bl skew-symmetric rational matrices and whose

range is P(S ) - @ defined by:

IB{
B C

ovgef (E) iff ¥CA-B) = f(E<A-BY).
The important question to ask about B-derived functions is: What

properties of f do they inherit?

Lemma 3.6: If f Is neutral, consistent and Condorcet indifferent, then
so is each derived SDF f°,

Proof: To show that Condorcet indifference is inherited, suppose that
f is a function on a set A of m alternatives. Fix j, lL&j¢m and let E

be an m~l x m-1 skew-symmetric rational matrix. indexed by the alter-

natives a, in B = A -,aj} such that some row indexed by a, (i.e.,, the
aith row) is 0, for some i # j, Now E<¢a > has row a and row a_ zero,
1 J 1
B
g0 that if ve&f (E), then reﬂ&ﬁ? for some M on A - iai,a_} ., and then
]

"1ai‘aj>g f(E(aj) by Condorcet indifference, Consequently"iai) ¢ fB(E),

and £8 must be Condorcet indifferent. Applying the analysis recursively

implies the result is true for all B 9 A,
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To show congistency, suppose that the group of voters producing
E splits into two subgroups with respective election matrices E' and
E", and let B - A - zaji. Now, if fB(E')r\fB(E") S/ @, then d€ S
iff ¢<aj) ¢ f(E'(aj>)f‘f(E"(aj)), and the latter set is equal to
f(E<hj)), by consistency of f. But g€ fB(E) iff w<aj) S f(E(aj))
iff o€ 3. Once again, the proof applies recursively if |B)< m-1.

The proof of neutrality is straightforward and follows the
same general approach. 0

Note that by neutrality, EB and f are essentially the same

function, modulo relabeling of the alternatives, if Bl = |B'}.

Using the mechanics of the B-derived function, we may now prove
a lemma for SDFs satisfying the hypotheses of the theorem. I would
like to take this opport nity to acknowledge the significant aontri-
Gution of Dr. H. V. Young to the preof of the theorem, as well as

his useful notational advice for Lemma 3.7.

Lemna 3.7: If f is neutral, consistent and Condorcet indifferent, then
B
f are either all faithful, all anti-faithful, or all completely trivial.
Proof: Let us denote by e. the identity permutation on r objects (which r
ol jects depends on the context). By considering the possible values of fB
9.2 B e2
on E , we conclude that f 1is either faithful, anti-faithful or £ (E )
S2’ where {BI| 2. In the latter case, neutrality and consistency imply

1

B B
that fB = T. By neutrality, f is faithful 1£ff £ is faithful whenever
ﬁﬂ = |JB'f - 2; similarly for anti-faithful and trivial.

We proceed by inductipn; assume that the lemma holds for all B

such that [B|< kg&m. We wish to show that it holds for all B such that

IBl & k. Fix C such that |¢| k.
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B
Let us isolate three cases, based upon f , }B] = 2,
e
2
Case l: fB(E } = zegs.

M
By induction, assume that f i(Ee) = ggj, where Bi o C'{aig, BOIBi‘-

=~

k-1, for i = 1,...,k, and where is the identity permutation on the

o 0>

k=1 alternatives in Bi' Denote E (ai?by E;. By Condorcet indiffe-

C
rence, {f (E

b

) = E(ai)for each of the k permutation points E;. By coneis-
e k k

C C
ceney, £ () £ (GeDES 5 my A @) jed. By neut
i1 il
rality, the result holds for all ¥¢S .
B, %2 ‘
Case 2: f (E ) = !-ezi. The same argument applies,
B, 2
Case 3: f (E 7) = 52.

Using the same analysis as in the first case, we find that
e

i
C
fC(E k) = ) ¢ (Ei) = Sk by induction, Condorcet indifference, and

consistenc;jlﬂy neutrality, fcfgq) - 8 for all TE€ Sk' and since E
is the comvex hull of the permutation points, fC(E) = Sk for all
election matrices, so that f = T.
Finally, for any C' such that {[C'| Ici k, neutrality implies that
£" is faithful if and only if f° is faithful, and so forth. Q
Recapitulating our results so far, we know that F, -F and T are all
neutral, consistent and Condorcet indifferent. We also know that if f is
any neutral, consistent and Condorcet indifferent SDF, f is falthful, anti-
faithful or completely trivial, as are all its B-derived SDFs, We
would like to show that in fact the only faithful SDF satisfying
these conditions i3 F. From this it follows that the only anti-faithful
such SDF is -F. Thus, we need consider only cases 1 ind 2 above and show

that F 1s the only SDF in case 1 and -F the only SDF in case 2,

We may begin this analysis with the case m=3 alternatives,
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1
In this case, we note that ﬁf\F (e3) is contained in the Q-convex

hull of 8 points [15]):

0 0 0 o 1 0 0O 0 0 0 0 1
= = - 0 = =

El 0 0 0O E2 L 0O E3 0 0 1 E& 0 0 0
0 0 0 0 0 0 -1 0O -1 0 0
0 1 1 0 0 1 0 1 -1 0O 1 1

= = 0 0 E = 1] E = - = -
E5 1 6 0 1 7 1 0 1 ES 1 0 1
-1 0 0O ~1 -1 0 1 -1 0O -1 -1 O

It will suffice to show that f agrees with F on these 8 points, in
case 1, for then f agrees with F throughout F-l(ej) by consistency,
and f agrees with F everywhere else on £ by neutrality. In case 2,

it likewise suffices to show that f agrees with -F on these 8 points.

»

B .
Case L: f (E 2) = {ezl, for IBl = 2,
£(Bg) = F(E) = fe,{ since £ is faithful by Lemma 3.7. £(E) =
e
2
F(El) = 53 by neutrality., Since E2 = E <a3), Condorcet indifference

implies that f(EZ) = F(EZ) = ez(a3) . Likewise, f(E3) = F(EB) and

£(E,) = F{E,). Next, f(E)) = £(E,) M £(E,) = F(E)NF(E) = !eB,qz}

by consistency, since ES = EZ + EQ; since E6 = E3 + Eé' a similar
argument disposes of Eﬁ' (See Example 1.1 for notation 71,...,76.)

We are left only with E?, which is a fixed point of the permu-
tations qa and qs. By neutrality, we conclude that f(E7) = [e3,Qa,h5f
= F(E7) or 53 or 53 - F(E?). In the last two cases, though, f3 would
have to be a member of f£(E_). and consistency would then imply that

q3 t 1 )T3
f(EB) = f(ET)n;f(E ) = ih33’ since E3 = F(E7 + E }. This contra-

dicts our prior conclusion that f(Ej) is multi-valued. Thus f = F on
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the eight points, as claimed.
B, €2
Cagse 2: f (E 7) = -ezg for |B{ = 2. The argument is the same as above.
In order to extend the proof of the theorem to the case of m2 4

alternatives, we will need some additional results concerning neigh-

boring points on g. For convenlience In the remainder of this chapter,

we will assume that the alternatives al,...,am are ldentical with the
integers 1,...,m. Thus a permutation ¢ of A will be abbreviated by
T(a )9-'-,0-(3)=-'T,---,‘T.

1 m 1 m

Definition 3.3: The gignature of Jq Sm, denoted by s(g), 18 given by

E(W yT)IT > and r< s}.
r s  r’'s

Definition 3.4: The graph of 7, Gy s is the graph with vertex set s(g)

and adjacencies defined as follows:

{(1) £ < i<k and Jj(.fk( 7y imply that (¢1,vj) is adjacent to
W30
(:f'1 k)

(2) t¢ j<k andrrk¢<714 g} imply that (Gj,Jk) is adjacent to
(ri.rrk).

and there are no other adjacencies.

The fellowing result was first observed by Dr. Alan Hoffman:

Lemma 3.8: For any ¢ # e€s , Ee and E are nelghbors on ¢ iff G, is
connected. (e is the identity permutation in Sm.)

Actually, all we need is that G, is connected whenever E® and E¥
are neighbors on Ei

Let us now continue with the proof of Theorem 3.2, assuming that
m > 4. The second case, where fB(Eez) = f—ezg,is proved analogously to

e
the first, and we will therefore consider only the case fB(E 2) =
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iezl, |B} = 2, in detail. Since f is faithful, -€Ra(f) for all re§S_.

Suppose 7 # e ¢S . Then Lemma 3.4 implies that xerwig f;l, x_n}E

f&l; since f;lf)f;} = @, XeFIXUfWJ = @. If Xen Xg = 5 # @, S is an open

subset of }_(e and since f-l is dense in cl(f_l) = i-e by Lamma 3.4, SN
e e

-1 )
f 4 @. Therefore Snj # @, contradicting our previous results, and so
e

Xen X; = #. By the separation theorem of convex analysis, there is some

Uq€§= cl(j)) such that:

(U,E)» 0 if E€ Ee and (U7,E)¢ 0 1f E€X,.

T

e -

Suppose now that E and ET are neighbors on ¢, and consider U~ =

(.lfj). If i<j and (j,1) < s{v), then by considering matrix E with entry
of 1 in position (i,J), entry -1 in (j,1) and 0 otherwise, we find that

{a..a} e
i j(E 2) = fezl for

e, £(E) by Condorcet indifference and because f

case 1. This implies that (UY,E) = 0 and therefore that u{} = u;i = 0.
Suppose then that 1< j and (j,1) ¢ s(@). Lemma 3.8 implies that G,

is connected; as a result, there are two cases to consider:

case 1a): (j,1) is the only vertex in G,. For E as above, Condorcet

indifference and faithfulness imply that e « f(E) but r & f(E). Hence,

(U",E) >0 and ufj = -u;ri =370, ulTk = 0 for all other h, k.

case lb): (j,1) is adjacent to some other vertex of G,. By Definit on

3.4, there are only two classes of such vertices. If (j,i) 1s adjacent

to (k,1) (L.e., there are three numbers r ¢ g< t such that--ft i<r
r

= T -

= §¢T = k), let us conslder the matrix E', where e' = e = -g'
8 ij jk ik

1 and all other entries not implied by skew-symmetry are 0. By our

conciusiona for m=3 alternatives and by Condorcet indlifference, e,se¢

f(E'). Therefore, (U ,E) = 0 and u? + u” - uJ = 0, Since we already

a
13 ik ik
L I

know that u;i = 0 from the above analysis, we conclude that Uk uf&.
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If (i,1) 1is adjacent to some (j,k) (i.e., there are three numbers
T<8< t such that g = l(a't = k<o = j), a similar argument follows,
8 r

Thus we conclude that if v and w are two adjacent vertices of G,

-
then u, u But since E is & neighbor of E® and therefore by Lemma

3.8 Gr is connected, we conclude that:
-{ for all ve¢ s(r)

u =]A for all v = (i1,7), where (j,1)e s(¢)

v

0 otherwise
€, _ T e
Since f is faithful and therefore f(E ) = fef, (U?,E®)30. Without

loss of generality, choose A=2, and then U~ = E® - E”; i.e., (E ,E)<

e -1
(E ,E) for every E<f " (e), for all neighbors EY of EF.

But a linear
function 1s maximized at a vertex p of a bounded polytope if it isg
maximized at p with respect only to the neighbors of p. Regarding E
as the linear function, it follows that (E”,E)s (EE,E) for all ¢ S ,
m
-1 -1 C -1 -1 G
whenever E€f (e). Thus f (e) = F (e) and by neutralicty, £~ (¥)
F-lcr) for every 7¢S . We now show that there 18 no 7¢ 8 for which
m m
-1 C -1

£ "(g) # F ().

We first observe that {f S is Q-convex, then since S is denae in

C
c1(5) and S E cvx(S) = c1(S) by Lemma 3.2, S is dense In cvx(S5). Now,

suppose that for some U¢S | EC and Er:r are nelghbors on € Then, in

m —
£y

particular, there is some linear function ‘E\Its and therefore some E€£

- -1
which is maximized on ext(E) only at E® and E(T, so that F # . Let
er
1

Y = F-l(e,J}nf- (e), let ¥ _ = F'l(e,rr)nf-l(q'). and let Y"ef - cvx('Ye)

e
-1 — -
and Y: = cvx(Y,). Next, 14t A = aff(F (e,y)); since O« F 1(e,ar), A 1s
— - - -1
a subspace of F If Z = el1(F l(e,J)), Z = ri(Z), EEFetr and E'e Zn"(:
then there is some u?l, u€¢Q such that E" = (1-u)E + uE'EZﬁS and F(E')=

=1 - —
F(E)N F(E") = ?e.o’], so Zﬂjg F . But cl(F 1 ew)) =7, and thus zN
eT
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-1 C . C -1, ¢ = = -1
F "(e,&) = F is dense in Z, so cl(Z) = cl(F‘T) = 2 and Z = c1{(F ).
eT " eJ
Therefore aff(F-l) - aff(le(e,y))- A,
eo

Suppose now that E'sYe- o° and let Ec:ri(Y:)n . Then there 1is some

u>l, ueQ for which E" = (1-u)E' + uEc¢ rl(Y*)ﬂQE Y*{EP= Y , by Lemma 3.1.
e e e

Consistency implies that f(E) = f(E')ODf(E") 2 ie} ¥ @, and since o

f(E"), o & f(E). Therefore ri(Y:)n ri(Y:)nS)g ri(Y:)n‘Yd = . We assert
- C -

that ri(Y*)(\ri(ﬁ?) = @, Note first that f 1(T0 a F l(nﬁ for allme s ;

e m
-1 g -1 C
Y . Th =
hence Fe‘ Ye U - erefore CI(Fec) cl(Ye) 8] Cl(Yb)' Clearly,
C c ~1

aff(Ye) = A and aff(Yv) = A, and since cl(F )} is aconvex by lLemma 3.2
ed

with affine hull A by our remarks above, by Lemma 3.3, one of Ye’ Yo has

C
affine hull A and the other has affine hull A' = A, If ri(Y*){\ri(Yg)
e
= S5 # @, then S is an open set in the subspace A' and there must be some
3
rational matrix E€ S by the density of ¥ 1in Y¥, Y, in Y;, But then Eejf1
e e

ri(Y:)nriCﬁﬁL contradicting our earlier result that this intersection

is null. Consequently, ri(Y:)r\ri(Y:) = @.

The separation theorem of convex analysis therefore implies that

there exists some U # 0, Ué A for which (U,E}>»0 if E¢Y* and (U,E)< O
e
-1
if EcY)k. By definition of F, )2 eij = 0 for all Eec F (e,s)
(j,Des(s)
and therefore for all E< A, Including U. Conalder the graph G, ., and
suppose that i< j. If (},1) € s(¢), consider the matrix E with 1 in
component (1,3%), -1 In component (j,i) and O elsewhere. By Condorcet
C
indifference and faithfulness, fe,v} = f(E)NF(E), so that E€Y NY,
e
and (U,E) = 0, Hence, uij = 0.

If, on the other hand i < j and (j,1)&s(s), suppose that (j,1) is
adjacent to (k,1) for some (k,i)es(s). We may then consider as we did
earlier a matrix E with entries of 1 in poattions e , e , and e ,

ki ik ij
and all other entries not implied by skew-symmetry, 0. By Condorcet
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C
indifference, we know that Ze,;g- f(EYNF(E), so that E€Y NY_ and
e

(U,E) = 0. We conclude that utj + ujk - utk = 0, and since ujk =0

from the preceding paragraph, we find that uij = uik' A gimilar

analysis shows that if (j,1) is adjacent to some (j,k), then Uy =

LRy We conclude therefore that u, = u for all v,wes(s), since

1

all v,w are connected in G;, by Lemma 3.8. But since 2 e,
(i, Des()

= 0, we conclude that 1< j and (J,1)esé )} Lmply Ui' = (0. We also

1

showed that 1< j and (j,1) € s(r) imply O=u however, so that U =

i1’
5, contradicting the separation tneorem. We must conclude then that
Ye - ¥ = @. It follows in general that if E7 and E” are neighbors
on gx then %nnfg F(E) and o or e f(E) implies havlg f(E), ECS:
Suppose now that for some E, f(E) S F(E). Then for some #7,
we have §¢.n} E F(E) and 7¢f(E) but n & f(E). Now, the linear

function E must attain its maximum on E at the vertices Eq.and

E“: A theorem of Balinski (see [2]) implies that there 1is a path
(i Rk ™ ( T
fromE =E L to ... to E = E', where E * {s & neighbor of E '}

& Ri41

g!
on {. and where (E 1.E) = L,E) for 1 £1i¢ k. This implies in

C
turn that %‘11.... .’tkl- F(E) and by our results above, that éu»,ﬂi

C
£ {%J...,ﬁ#i= f(E), contradicting the hypotheses. Thus we conclude
that f(E) = F(E) for all Ecf. 0

We note that the four conditions of neutrality, consistency,
Condorcet indifference and faithfulness are independent.

(a) All but neutrality: The function on three alternatives which
agrees with F at all points except aE?, a?0, a€Q, where it takes on
the value {ejz. {See earlier in the proof for notation.)

(b) All but conslstency: The function on two alternatives which
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e e

rakes an the values ge.lat E 2, i;e iat ~-E 2, and S elsevhere.
2 2 2
(¢) All but Condorcet indifference: The Borda scoring function
of Example 1.1, The proof of this assertion will be presented in the

following chapter.

(d) All but faithfulness: The functions -F and T.

One difficulty with the Kemeny function 1s that there is no
efficlent algorithm known for determining which vertices of E
maximize the linear function given by a matrix Egjl Consequently,
when the number of alternatives is large, it may be very tedious
to resolve an election. The Kemeny function also presents some
other difficultlies, which we shall soon discuss. Thus, although
it uniquely satisfies some appealing axioms, it may not be the most

deslrable procedure to use in practice,.
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v SCORING FUNCTIONS

We may extend our definition of the socilal decision function
somewhat by considering functions whose domain 1s the set Rm!,
instead of Qm!, as is the case for symmetric and consistent SDFfs.
Thus, an extended SDF on a set A of m alternatives is a function

] —_— 1
£: R —p P(Sm) - @. For x€ Rm‘, the components Xis oo X of x
can be thought of as representing the weights assigned by the elec-

torate to each of the preference orders o ...,qmle S , respectively,
: m

1°
We will henceforth restriect our dicussion to extended SDFs. and will
assume that neutraliry and consistency, etc. are defined analogously
for such SDFs. An example of an extended SDF that we have already
discussed In detall is the Kemeny SDF.

As we have seen, the Kemeny SDF satisfies quite a number of
criteria for fairness and reasonableness. It is symmetric, consis-
tent, continuous, faithful and Condorcec indifferent; it also satis-
fies the Condorcet condition as well as Kemeny's distance minimizing
axloms., Yet, as we can see from the following example, it suffers
from an important shortcoming: F vields ties on preference orders

rather than on alternatives, so that it is often unclear which 1is

the most preferred alternative.

Example 4.1: Suppose that there are six voters, 1,..., 6, and four

alternatives, 8,,...,8,. Suppose further that the voters have the

following preferences:
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81 a a a a a
a 84 81 82 83 81
&2 &2 84 83 81 3
a3 al a2 a4 4 o
4 1 3 1 4, 4y

The corresponding election matrix is:

0 1/3 0 1/3
-1/3 0 1/3 -1/3
¢ -1/3 0 1/3
-1/3 1/3 -1/3 0
F yields four winning permutations: 31'82’83’34’ al.aa,a&.az,
al,aa,az,aa, and a3,a1,aA,a2. 1t is unclear whether 8 or ag is the
"most preferred' alternative, or whether they should be considered
tied. 1t is even less clear which alternative should be considered
""second mogt preferred," since each of the alternatives has that
distinction in at least one winning preference order.
One way to avold such difficulties 18 to insist that all tles
in the set of permutations thosen by an SDF be resolvable in some
intuitively clear sense into ties among alternatives, We can accomp~-

1ish this goal by restricting our attention to SDFs which choose,

In effect, weak orders of alternatives,

Definition 4.1: A weak orcer on a set A of m alternatives is an or-

dered partition 8= (&71),...,8(k)) for some k {m, where the &(1)

partition A.

Now, if we denote by éz the set of all weak orders on A, we note
that for every Qcé% there corresponds a certain subset T(®) of linear

orders, namely:
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T(e) =)a¢3m' if aiee(r), a, ¢®(s) and 9(r) precedes O (s)

j

{(L.e., r<¢s), then ai precedas aj in g, for all a,,

We denote by K the set { T(eﬂ.(d;i.We may now define the notion of
m

aje A}

an omnidecisive SDF, closely related to the rationality axioms

discussed in Arrow (see [}J, page 19).

Definition 4.2: An SDF f i said to be omnidecisive i{f Ra(f) = K .
m

An omnidecisive function, then, can be thought of as always choos-
ing a unique weak order, so that ties among orders can always be re-
solved into ties among the alternatives alone. Moreover, every weak
order is chosen at least once, so that such SDFs are as "discrimina-
ting' as possible, glven the restriction on their range. Since the
range of an omnidecislive function is in correspondence with the set
of weak orders, we will find it convenient at times to refer to the
latter as the range.

The followlng result on simple scoring functions (See [?i]) is

the major conclusion of this paper for omnidecisive functions:

Theorem 4.1: A neutral, consistent and continuous SDF is omnidecisive

1ff it 1s a vontriviai simple scoring functiocn.

Before discussing scoring functions, let us observe several facts:
First, if f 1is neutral, e¢ensistent and continuouvs, then arguments gimi-
lar to thuse of Theorem 3.1 show that it CeRa(f), then f-l(C) is
closed, conical and convex; {n fact f-l(C) is polvhedral. Moreover,
we can also show that Iif K is a face of f_l(c), then f is constant on
ri{K). We assert that if C g C', C,C'®«Ra(f) and 1f there is no C'#Ra(f)

-1 -1
such that CgC”SC', then dim(f "(C')=dim{€ <(CY}=1.Indeed, as in Lemma
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- C -
3.4, we deduce that f 1(C') = K for some facet K of f 1(C). But 1If
f'l(C') # K, then by closure of f-I(C'), K, we have (K~E‘I(C')hri(l()

# @, and therefore f(ri(R)) = C" # C', and C S C" by continuity. But
- c -
then x&€ K = ¢1{ri(K)) implies by centinulty that C" = £(x), so that
C C
C# C" # C'", a contradiction. We now need three definitions:

Definition 4.3: Two permutations in Sm are said to be close neighbors

if they differ only by the inversion of two adjacent alternatives.

Definition 4.4: Two convex sets of dimension n are said to be

neighbors if their intersection has dimension n-1.

Definition 4.5: For any o.(?, O (e(l),...,6(k)), the gsets ®(i)
m

are called indifference rows (or classes) of O, with lepgth [6 (i)

Lemma 4.1: If f is neutral, consistent, continuous and omnidecisive,
then © has k indifference rows iff dim(f-l(e)) = mi-m+k,

Proof: We argue by induction; if k-m, ©® iz a permutation and the result
follows irmediately from our remarks above. Suppese sufficlercy helds
for all m2k »K, and let © be a weak order with K indifference rows. At
least one row, say row i, containa more than 1 alternative; let .j'.ke
©(i). Let @' be defined by 8'(l) - 6(l),...,8'(i-1) .. 8(i-1), &'(1) =
0(1)-§ak},o'(i+1) - i-kl,e' (1+2) = O1+1),...,0' (K+1) = &(K). Our re-

c C (-1

- - -1
marks imply that f 1(e) = f 1(0") (¢') for some facet £ (&) of

]

f'lar). whare T(0') = T(®") E T(®). By omnidecisiveness, we must have
&" - @ or @ - &', and the latter is outlawed by continuity. Thus &" =
9, and dim(f-l(a)) - m!-m+K by induction. Necessity 1is now immediate. [)

We know then that if T and Tr are elose neighbors, there is a unique
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vector GJT,IEJ] = 1, separating f"l(w) from fﬁl(w) in the sense that
- -1 - = - =1 - -

if x €f (a), then (x,u,) ¥ 0 and if x¢ £ (), (x,u,) ¢ 0,

for every SDF satisfying the hypotheses of Lemma 4.1, Consequently,

- — -
f 1(qr) ¢ x¥v ix '(x,u,i)%-o for the m-1 close neighbors 1r 1€ifm-1,

i*

-1
of a}, for every :eSm. We assert that in fact f () Xq; if not,

f_l(gj has some facet K which is not a facet of X°. But f(ri(x))

: %r,ﬂ} by Lerma 4.1 for some close neighbor 7 of o and there

are two distinct hyperplanes separating f-l(q) and f_l(n), coutra-
dicting the lemms. Thus we can write f-l(aj as the solution set to
m-1 inequalities, which are pairwise distinct, since { ia congtant

on ri(K) for each facet K of f-l(v). as we pointed out earlier.

At this point, we Introduce the concept of & scoring function.
Scoring functions were introduced in the 18th century by Borda LSJ,
although some scoring functions like simple plurality date Lack to
antiquity. Recertly much attention has been focused on SCF scoring
functions, and Theorem 4,1 parallels a result obtained for SCFs by

Young [?Z}. The following definition is taken from that source:

Definition 4.6: For each g¢s , let PY be the m x m permukation matrix

with entry of 1 in component (i,j) iff a(e,) a . For each x (xr,

3 1 1
] — —_
cer X ') 3 R@', the scoring matrix D(x) of x is given by:
E' 1 lri
D(x) - % xg P
i1 1 _ _ _
We denote the m rows of D(x) by Dl(x), vee Dm(x).

Definition 4.7: The simple scoring SDF ﬁs with score vector E

(91,...,sm) is defined by:
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£5(x) - T(@, where. if a €0 (r) and &, c8(r). then O(r) precedes
Oty if (Di(;):;)> (Dk(;)a:). and r=t if (Di(;)’;) = (Dk(;),;), for
all ai,agsA.((Di(;),;) 18 the inner product of row Di(;) and ;.)

A concept related to that of the simple scoring function is

the composite scoring function:

Definition 4 8: Let S be the m x n matrix consisting of columns

1S The composite scoring function js with score matrix S

is defined by:

8

S —
£ (x) T{(®). where, if 8¢ G(r) and akcfa(t). then ©(r) precedes @ {(t)
if (Di(xhsj)>(Dk(x),sj)for some §»1 and (Di(x),su)z(nk(x),su) for all
1fu¢ j, and r=t if (D (;),; y={D (;),; } for all lsusn, for all a ,a c¢A.
i u k u i k

This definition is somewhat more compact than other formula-
tions presented in Young [22]. which point out more clearly the
relationship of composite scoring functions as refinements of simple
scoring functions. It suffices at this stage to say only that

31 _ g
it f i§ net trivial, where 8y is the first column of 5. then f°
agrees with fs1 almost evervwhere.

It is clear that scoring functions are symmetric, since they

are not defined in terms of the voters and do not depend on the

labeling of the alternatives. We show now that they are also consis-

tent:

5
Lemma 4.2: f 1is consistent for any score matrix S.
Proof: Suppose that fS is a scoring function with score matrix S, and

-2

— - — s —
that fs(x) - B ¢ P(Sm) - P. and suppose that x + x x. where f (xl)

g _
ng (xz) B'. We must show that B B' whenever B' / @.
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Suppose then, contrary to the lemma, that ¢¢(B - B'); there must

be some alternatives a,.a such that ai precedes a8, in 4. but a

follows a;, for ail MéB'. Therefore. there are <olumns gj > 83 of 5
. — o v - 1 "2
for which (D (x"),s, Y > (D (x Yos5, )}y and (D, (x ),s ) (D (x)
k i i i k j
for 1£j<j , r .+ 1,2, respectively. For j = min (j_,iz), we have
r L

(nk(?).Ej) )(’Di(x).;j). while (nk(;).Eu) a (Di()_c).;u) for all 1& u< j.
- T - =1, o2
gince Dk(x) Dk(x ) Dk(x ) and Di(x) Di(x ) Di(x }. But then
a is placed before a; in every2 € B and o9 (B - B').
If, on the other hand, g¢¢(B' - B). there are alternatives a_.

1

a, for which a, precedes a, in 7. but a, precedes a for all mB.
Let ;i be the first column of § for which (Dk(;).;i) )(Di(;).;i);
then (Dk(;),;u) 3 (Di(;),;u) for all 1< uc¢ j. But since there is some

7¢B' for which a  precedes a . (D, (Q\.Etw (Dk(;).;t) for some 1<t

K
and (Di{;).gv)é(nk(;).gv) for all 1 cve¢ t. by the analysis of the
preceditg paragraph. This contradiction {mplies (B’ - B) a. 0

We now turn our attention tc simple scoring functions. Once again
as in the case of the Kemeny function., continuitv follows from the
fact that the inner product is a continuous functiovnal. By definition.
Ra(fs) ¢ Km (See Definition 4.1) for every simple scoring fun~tion fs;

8
we now show that Ra(fs) Km unless f is completely trivial.

Lemma 4.3: Every nontrivial simple scoring function is omnidecisive.
Proof: Let f° be some arbitrary nontrivial simple scoring function

witn score vector 5 £ (t.t.... . ¢)). and let @ - (e(l).. ..&{k) be a

—_ ) —_
weak order. We must show that there is some x4 ﬁm' for which f(x)

T{(®). By consistency, it suffices to show that there are ;1.....;k’1
_ 8 —k-

for which £%(xD) TO), ... . I (xk1ly . T(9, ). where ©

~ r
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T k k-1
(U &(i), U e(1)). lergk-1, since then £°(x) (" T(g) T().
i1 i-r+l il i

Fix er. and suppose, without loss of generality, that the al-

ternatives in 5 e(1l) are al,. ..an Next, suppose that the compo-
il
nents 8,08y of 8 are ordered 31(1) 2. .. 3511m\ for some T

and at least one of the inequalities is strict, by the nontriviality

assumption. Let x* be

the vector with 1 in component x, if toc T(&)
T

and O elsewhere. Then (Dl&*).E) (Dn(?c'*).S)

(m—n).'(n~1).'(s_c(1) 2 ny )? (D (x*).8) (D_(x%).3) =
e [ 8

(m-n-1)iniCe o st(m)). so £2(x*)  T(p). Y

To summarize. we have shown that simple scoring functions are

symmetric. consistent. continuous and. if nontrivial, omnidecisive.

In order to show that these conditions are sufficient to character-

ize simple nontrivial scoring functions. it will be necessary first

to prove a lemma:

Lemma 4.4: Suppose that f is neutral, cousistent, continuocus and

omnidecisive. Leta, and m he close neighbors which interchange a,

1
and a and let T, and x, be close neighbors which interchange L F

d £ A. Then u.l - 52
an .k’ or gome .i’ ake . en uwl = uwé.
Proof: If m-2, the lemma is trivial, so suppose that m>» 2. Denote by

¥ the permutation which interchanges a; and &, and denote by n the

permutation which takes al-»a2~ba3-9a1. Consider the following six
permutations of Sm

¥, 8,.8,.8,,a,... .8 Y, 8,.25.8,.8,. L

{q = 8, 8,,2,.8,.....8 ¢ Yy, ? a_.a ,a .am ”

“5 aa.al.az.aa. .am qé a3.a2.a1.aa., ..am
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There are six sepsrating vectors G:'associated with these permutations:

- 1 _ - .
u1 separates f I(Ya) from f (Y;) (i.e., (x.ul)) 0 if we f 1(?&)

and Gﬂﬂ)SOif;efd(%)J
separates f-l(?é) from f'l(ﬁg)

- -1
u separates f 1('f&) from f (Qb)

-1 1
u separates f (‘(1) from f (‘(2)
u’ separates fﬁl(YB) from fVL(YQ)
1 -1
u geparates f (i ) from f (q%).
5

Note that R and<T induce linear transformations L and L'. respec-

' - — - -1 —4 - —6 —4

tively, on R . where L: ul--b u3—-)-u2—>u and u _+—115_,u - u
-1 -1 - - — - -~

L' ued -u u%h—+u3. Ll*—OUS, and UQh—¢—36. Next, we observe that

6
if © is the weak order such that T(g) U4, . then Lemma 4.1
-11
1 1 s
implies that f (&) has dimension m'-2. and since u is orthogonal to

r—1 —H
R

fhl(@) for 1 £i ¢6, dim /u", 2

-1 —F
Suppose now that u and a are linearly independent; then for

some 7.8 we have u ru BEG. Applying L' to this equation., we
= -1 —6
find that u3 -4~ Afu ., and by adding the two equations. we deduce
—~2 -3 . Lo -1 -3 =2
u- = -u”, Recursive application of L. implies that u u -u But

- . -1
then f 1(t{l). f 1(?;) and f (YS) all lie in the same half-space

1

generated by Gl. while f (Q}). f_l(?é) and fdlffg) all lie in the

-1 -1 -
opposite half-space. Then u separates f (VS) from f 1(?5)‘ and

_1 _ k.—6

-1
we must have u 56. Thus, in any case, u . and by applica-

- -5
tion of L to both sides of this equation, we have u2 = ku” and
—3

u” = kEﬁ for the same % ~ %1,

By neutrality, then, we have proved the lemma for the case when
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-1 -1 -1 -1
o, (ai) c &y o om (ak),ab (ai) -8, r‘ﬂé (ak), and T (ar) precedes

-1 -1 -1
61 (as) iff Uz (ar) precedes Ué (as} for all ar,ase:A - {ai,aki‘ We
can extend this result further by considering the weak orderg ' de-
fined by: 6'(1) - pa}, §'(2) 3.1,.2,%}, 8' (3 - ja}.....0 (m-2) =

fam}. A similar aygument on the weotors separating the reglens f’l(ri),

_1 -1 -
F'eT(®") s the 1 o ;) = = N "
g 1 (6'). prove e lemma when 1 (qi; a, q (ak), v,

1
{(a ) precedes o, (& )
2 r 2 8

for all ar.ase A - ﬁai,ak}. Recursively, then the argument generalizes

1 -—
(51) = 33 =

1 ~1 -1
™, (ak). and 7 (ar) precedes 7, (as) iff a

to show that the lemma is valid for all close neighbors Ul and LIE 02

and ) which differ respectively in the same two alternatives a .a .

1 (ar) precedes 61

for all a.a €A - %ai,ag}. To prove the lemma, it suffices to eli-

1 -1 -1
provided that ¢ (as) iff 62 (ar) precedes Tz (as)

minate the restriction of this proviso.(If m 3, we are done.)

are close nei{ghbors of 7. and m_,

Suppose then that &, and v 1 )

3 3
respectively, and of each other; that is, if ¢+ is the permutation

that interchanges a and a, and if ; is the pe.mutation that

interchanges ar and as, for some ar.ase A - ?ai,ak},then

Ty Mm a37 = Ksﬁq. Consider the following 4 separating vectors:

- -1
vl separates f 1(01) from £ ()

-1 -
v2 separates f (r3) from £ 1(wa)
-3 -1 -1
v separates f (vl) from £ (TB)
—4 -1 -1
v geparates f (11) from £ (ﬂé).
Let L'" be the linear transformation induced by 4 ; hence,
— - - - — —4
L': vli—b—vl, vzt—-)—vz, and VSHV .

By arguments similar to those set forth earlier in the proof,

1 by -1 -2
dimjv ,...,Vv f-Z. Suppose then that v and v are linearly independent;
-3 -1 -
there are then <,8 such that v - av + sz. Applying L' to both sides
of the equation, we find ;4 -u;1 - 832 and deduce ;3 : —;ﬁ.
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Let Y be the permutation which interchanges a_ and a_ as well
i
]

m
as .k and a_. and let L* be the linear tranaformation on R ° induced

by Y. Then L*(;B) = L*(—;a) = -L*(;a). and by our previous results,
= iL*(;B) while v2= iL*(;ﬂ) . Thus in any case, ;1 = *v2. This
conclusion removes the remaining restriction concerning a_ and a,.
so that we argue recursively to prove the lemma in general. D
Although we have established the existence of appropriate rela-
tionships between the hyperplanes separating the various neighboring
regions, we have not yet established that the directions of those

hyperplanes are what we would expect. This result is the next corol-

lary:

Corollary 4 4.1: Suppose that f satisfies the hypotheses of Lemnra 4.4

and that ¢; and Ty and T, are respective pairs of close neighbors

as in the lemma. Then, if both ¢, and o, place a; before a while

k\
both d 1 fter then 'l . u"2

oth #, and r, place a  after a,, en u¢1 : °§-
Proof: Recall that we established subsequent to Llemma 4.1 that

-1 o —_ —_ ..
f (g) could be represented as X Ex' (x.uzl)? O for the m-1 close

neighbors Ty il.....m of 0}, Consider the following three regions,

defined as the respective solution sets for the inequalities displayed:

FIRE 49} £y £l

(x,ul)y 0 (x.,ul) €0 (x,ut)¢ 0

x.3%)%0 (x.5°) %0 (x.33)<0

- — - =Y —

(x.u'“)bo (x,u Y>0 (x,uE Y» 0
{1 A &) Y
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B =N ;ti and Efi we mean the vectors separating f'l(*f ) fﬂl(‘( )
Ll L] L}
M PR Y 1 3

and f'l(\{ ) from their respective ith neighbors, f-l('zi), f_l(ri),
6

-1
and f (ri), J¥Y1ism-1; all other notation is as in the lemmna.

Consider f-l(‘(l,if3). If x€ f-l(‘fl, ‘(3) - fﬁl(?l) ﬂfﬁl(‘fa), then
| - X _1 _T
{(x,u 3)3 0 and (x,u 3)7/0. By the lemma, we know that u 3 = Ty ~.
| 3 1 3
Suppose by way of contradiction that the sign is negative; then (;,E({)
3

T3
k!
tant on ri(K), and by Lemma 4.1, ‘CBQf(;) for some -).r_( ri(K). Therefore,

. 0. Let K = f-l(LfB)ﬁ i;l@,ﬁ ) - 0}. By earlier remarks, f is cons-

)

that there is no x for which 7(x) -_%fl,(f:;} , contradicting omnideci-
3 Y

siveness. Thus u Sou
Y ?3

Next, consider the weak order & described in the proof of the
lermma. By our previocus results, u - —u’( for 1 4,...,m-1. But an
1 6
argument similar to the one above shows that unless the sign is posi-

=

tive, we arrive at a contradiction to omnidecisiveness, so that u -
_¢ 1
u i for {t . &4,...,m-1,

6

¢ f(ri(K)) and by continuity racf(;)_. since x€ K. We then conclude

Suppose now that El - —_1;6; then 53 - L(:l) L(-;ﬁ) -:1_4 for

the linear transformation L introduced in the proof of the lemma.

-1 -1
Since int(f (‘(1))0 int(f (Y’ﬁ)) - @, and since the ith inenuality in
-1 -1 -1
f (Yl) is the same as the ith inequality in f (Yb). 143, f (‘fl) and
- -{3 - - —
£ 1(Y6) are separated by the vector u . But if x¢f 1(9), then x ¢

6
) = 0. Thus PB(; f{x) and there is no

%6 1 -6
x for which f(;) = O, contradicting omnidecisiveness. Thus u -ou.

f'l(t{’l)n f'l(tfﬁ) so that (x,u

By neutrality, our resulta extend to the other alternatives as
well, so that in repeating the arguments in Lemma 4.4, we are sure that

the directions of the hyperplanes concerned are as claimed in the

corollary. D
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At this point, let us recall our characterization result for

gimple scoring functions:

Theorem 4.1: A neutral, consistent and continuous SDF is omnidecisive
iff it is a nontrivial simple scoring function.
Proof: We have already established that vontrivial simple scoring
functions satisfy these properties.

Denote by u the vector which separates fﬁl(fl) from f-l(YB). We
wish to show that there is a simple scoring function £° for which u

-1 -1
separateg £58 (?1) from £S5 (Ya). for then neutrality and Corollary

4.4.1 would imply that Eof - ;i: for all clo?e neighbors:a.we Sm.
where ;ﬁ;r denotes the vector separating £° (¢) from f° {(m). But

-1
then f_l(v) - X" f8 {T) for all o€ S , and therefore f = £2.
m

Next, we examine what form u must have in order for there to
-1 -1
exist some f° such that u separates £° (?&) from £° (?;). We

assert that if there are numbers 8 a8 for which entry u (the
agth component of u) is géyfn by si-sj w?:neveru(ai) al and v{aj)
- A, then u separates £ (ﬂ) from f&Y (V%), where ;q

(al+q,32+a....,smhu), for every o ¢ R. Indeed, let X" be the vector

with component g:'equal to 1 and all other components i:,a‘lﬂg equal

—_ m. - . -
to 0; then if x€«R ., we can write x - tué a_x for some appropriate
m

set of coefficients a,. Denote by“wéj the kth permutation, ltks(m-2)!,
such that xiJ(ai) al and xiJ(aj) . 12. Now, let us fix ry and

suppose x € ¢ (¥); then (nl(:—c).'é@)a(nz(i),féé), so (D, (X).8)
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(nz(I),E), where o« = (2,0, ...,1), and therefore (Dl&)-n (x).8)%0.
2

_ m m (m-2) _pij
But then x - 7 ;1 SooaqjX for an appropriate set of coeffi-
i=1 j:l k-1 k o
cients aﬂij. and therefore (Dl(x)-Dz(x),a) -
m m (m-2)! (m-2)! m m _
. 8 VI a jj - & ji )) o0y 0 (s.-8 )a_13) 0 (u,x)
U0 SRS LS IRV N & k=l 11 31 1 iTmd
il il
for the vector u with coordinates as described before. A similar argu-
-1
— - - — —
ment shows that if xef ' (%5). then {x.u)% 0. Thus u separates

1 -1
oo (¢ from £% £,

At this point, we need to introduce the concept of a subclass

of permutations:

Definition 4.9: A subclass of S of order M is a set CM

) 1 ..1 ‘ . 1
igit Sm](ri (ak) qj (ak) for all my» k> M and for each 1s¢ i, j¢ M.} .

When otherwise clear from the context. CM will be abbreviated C.

Following is an illustration of two subclasses of SS of order 3:

a,.8,.8,,a,,8; ac.a,.8,,8,,8,
al"3’.2'a4'85 as,al.aB.az,aa
32'a1’a3'.4'35 as.az,al.aB.aq
8,,85.8;,8,,8, .5’.2'.3"1'a4
a,,8,.8,.a, .8, 85.8,.8,.8,.8,
8y.8,.8,.8,.8, ag.a;.a8,,8,.8,

Let C be a subclass of order M given on positions Cl""'fn
(i.e.., 1f 7¢C and 1 ¢k ¢ M, then G_l(ak) - afi for some 1 ¢i ¢ M). We
assert that there are numbera sl,...,sM {depending on C) for which
u

g si*sj when §<¢C places &, in position (1 and 12 in position fi'

We proceed by induction on M, M3 2. Note that if A& is a permu-
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k n
tation with a #ingle cycle (A-(al), ve e M ('1)“32""”’ {al):.l), then

—_ n —
*k : — .o paal, :
(%) {[ -reSm, 111““!“1 - 0. Indeed. let = i,..lx ; by neutrality, if
ltf(;) and 1 places a, before a,. then since X is a fixed point of

k - k
pasfim € f(x), and a0 places 12 before al. Therefore Lemma 4.4 implies

- - n
that 0 . (x,u) - ¥ u_ i
i-1
If M=2, then C consists of just two permutations, ¢ and oT.
where T interchanges a and 32. By (**) above, Ut ou 0. so

we can choose 8 u, and 8, 0 and we are done.

If M-3, then for some 1 1‘(’1<(’2( (’35m‘ C has the form:

7 T 3 %% Ts %
a a a a b} a position {
1 1 2 2 3 3 1
a2 a, 8, aq al a2 position PZ
a3 a, a, a4y 32 al position P'}
With T as above, we conclude that u +ou u +u
g T i T
1 3 2 4
uq_5 + qu, 0. since 'J'l ES ‘1'35 etc., by (**). Moreover, if . is the
2
permutation with cycle (32"3“1)’ then 0-5 -0, T CTyT and
we conclude that u tu  +u -~ 0. Let 8 ~u_, 8 =u and 8
1 4 s 1 3 2 %
0; substitution into the preceding equation implies that u_ o+ 82 - s1

1
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0 and consequently u - 8 -8 S0 we are done,

01 1 "2

Suppoge M--4. Any subclass of order 4 has 24 members. Let C be

such a subclass, determined by positions fl"(z"f3‘ Pé' We note

4
that C - U Cy» where, for each k, Ck is the subclass of order 3
k1
determined by fixing alternative 34 in position ek. By the remarks
— k k
above for M 3, we have for Ck the score vector sk : (31,52,93) such

that u sk_sk whenever Te¢ C places a .az,ak in positions Fi‘ej‘

v ij k 1

fk‘ respectively, 1 ¢1,j.k ¢4. We are done if we show that these
conditiona imply the existence of an appropriate vector s for which

the induction proposition holds on u for the subclass C of order 4.

We recall from our previous remarks that the vectors 6 and s+

produce the same separating vector E, so that In fact. we may choose

- —4
the scoring vectors sk such that s: 0 for k=1,2.3, and s such that
4 1
33 53. Consider now the 3-c¢ycle permutationtwith cycle (32‘34‘51)'

Let @ be the permutation in C with a

L . . ¢
1 in position fl a2 in position

f3 and a, in position 64; (**) implies that wug .+ u + u = 0

3 3 1 1 4 & 3 1 4
- - - d =
(s4 sl) + (33 34) + (Bl 93). But since we chose S, 84 Q0 an 53

1 4
83. we deduce that 8, - sf. Next, apply T to the permutation which

places a, in poegition rl' a2 in position (E and a, in position (A'

4
2 2 1 1 4 4 . 1 2
Aok . - , .
By ( i we dfduce that (s4 31) + (32 34) + (s1 32) 0; since 34 84
4 2
82 : 31-31+az. Finally, apply T to the permutation which places a; in

in position fa; by (**) we have

2 4
2 2 1.1 3__3 3 3,2 2 1 1
(33_81) + (32-33) + (31 52) = 0. Therefore. 8, 8, *84 8,+6,-8,.

position Cl’ a, in position Cz and a

Consider now the 4-cycle };(a2,33,a4.a1). If 3€C is the permu-
tation with 31,82,33,I4 in positicns f1’f2‘f3‘fa' respectively, then
*ok b4 b . 3 3 R
(**) implies that 0 - “71)+ Upy2 * U,l;3 + uq}z. (8)-8,) + (8,-8,)
3

2-32) + (sl—s;). But since s? - By and 8, - s, we deduce that

(s, 2 6 %4
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sg : s%~sfis;. Substituting this expression into the equation for sg.
2
we find that s; : 2(s?-sl)+s;

which takes a; >, and aaleﬁaa. and f the permutation which takesa
AR g, g

Finally. {f ¥ is the permutation

alﬂaj and nzﬂaa, then let x

is fiwed under the double inversions ¥ and f , symmetry implies that

Since x

al and az are in the same indifference row in f(;) so that (;,;)

Consequentl u_ + u + u + u -0 (84-84) + (33'83) + (82'
9 A T T | e S R R

1 1
+ (34—33). Subsgtitution into our previous equations yields sf S
3 1 2 1
which in turn implies that 8, - 52 and 8y 53.

Thus, we have concluded that st ; s? for all 1€ i{k.né*ﬁ. Bt

0.
2
34)

this is all we had to show
The general case follows the same general approach. If C is a
subclass of order M Y4, determined by positions Cl <. EPM' then

M

c - U Ck‘ where Ck is the subclass of order M-1 which places alter-
i-1

native ay in position fk' By induction, we have for each Ck a score
—~k kK : .
vector 8 such that Uy 8y sj whenever dt(k places al,az.ak in
positions ci’fj‘ek' respectively, 1 ¢i,j,k¢M. We note as before that
- 1
we may choose the sX such that s" - 0,k=1,...,M-1 and s . s .
M M-1 M-1

Let ¥ be the 3-cycle (az.a ,al). and let ¢ - g(u,v) be any

M
permutation which places a,, a,.8y in pogitions Cl'fﬁ'(;' respective-
1y, for some 1 €u< vs M. By (*%), Uge * Yge2 * Y3 - 0 = (B‘i’-sz) +
(SE-ST) + (si-si). Next, let‘) be the 4-cycle (az,aB,aM.al), and

let x »x(u,v) be any permutation which places a,.8,.8,.8, in posi-
tions (k ﬂj’ev’fM’ respectively, for some 1< ngva<M. As in the case
M=4, we conclude that (3T~sﬂ) + (s;-s;) + (83-8;) + (si-sl) 0. By

considering all of the equation. obtained from the various combinations

of u,v in the above two equation forms., we conclude that:
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v v u 1 u vV u i
S, 2(sl-sl)+au and 8, ~ (sl-sl)+sv , for all 1< u<ve M,

1
sM - (3M~su)+s , for all 1<¢u<M, and
u 1 1 u
SM o ogM?
1 1 7

1 u

We know by assumption that By Sy for all 1< u <M, and that
M 1
s 8 . All that remains is to show that su - sv for all
M-1 M-1 1 1
l1<u¢vM.

Consider then any permutation 4 (u,v) which places al.az,aB.BM
in positions f’z’f’u’l’v’?w respectively, where 2<u<v<M. Applying
} to 7(u,v), we conclude., after substituting our previous results,
that s;l - Esr-sf. If M >5, then by merely varying u and v we con-

u
1

clude that s s’ for all 1<¢ucve M, and we are done. If M.5, we

conclude as we did for M 4, where ¥ takes ajesa, and a +ra,, etc.

Thus, the claim is proved by induction, and M m is the theorem. []

-56-



BIBLTOGRAPHY

[1) Arrow, Kenneth J., Social Choice and Individual Values {(Second
edition). Wiley and Sons, N.Y., N.Y., 1963.

[2] Balinski, Michel L. On the Graph Structure of Convex Polyhedra
in n-Space. Pacific Journal of Mathematics, 11, (1961),

Pp. 431-434,

[5] Black, Duncan, The Theory of Committees and Electiong. Cambridge
"~ University Press, Cambridge, England, 1958.

[4) Blin. Tean M, Intransitive Sorial Orderings and che crobability
of the Condorcet Effect. Kyklos, 26 (1973), pp. 25-35.

[5] Borda, Jean C., Mémoire sur les Elections au Scrutin. Histeoire
de 1'Acadenie Rovale des Sciences, 1781,

[6] Bowman, V. J., Fermutation ‘olviedra. SIAM Journal of Applied
Mathematics, 22 (1972), pp. 5B0-589,

[i] Condorcet, Marquis de, Essai sur l'Application de l'Analyse
8 la Probabilit€ des Décisions Rendues & la Pluralit€ des Voix.

Paris, 1785.

£{8} Dodgson, Charles L., A Discussion of the Various Methods of
Procedure in Conducting Eleetiong. Oxford, England,
1874 (in Black, Duncan, The Theory of Committees and Elections,

pp. 214-222).

[Q] , Suggestions as to the Best Method of Taking
Votes, Where More than Two Issues are to be Voted on. Oxford,
England, 1874 (in Black, pp. 222-224).

[1Q] , A Method of Taking Votes on More than Two
Issues. Oxford, England, 1876 (in Black, pp. 224-234).

[lﬂ Fishburn, Peter C., The Theory of Social Choice. Princeton
University Press, Princeten, N.J., 1973.

flﬂ Grunbaum, Branko, Convex Polytopes. Wiley and Sons, N.Y., N.Y.,

1967.

[li] Kemeny, John G., Mathematics Without Numbers. Daedalus, 88 (1959),
pp. 577-591.

[14] and Snell, J. Laurie, Mathematical Models in the

Social Sciences. Gin and Company, Boston, Massachusetts, 1960.

[15} Levenglick. Arthur, On Fair and Reasonable Election Systems.
Behavioral Science, 20 (1975), pp. 34-46.

ﬁiﬂ Murakami, Yasusuke, Logic and Social Choice. Dover, N.Y., N.Y., 1968,

-57-



[17] Pareto, Vilfredo;, Manual of Political Economy (translated by
Ann Schwelr and Alfred Page). Kelley, N.Y., N.Y., 1971.

68] Rockafellar, R. Tyrrell, Convex Analysis. Princeton Ilniversity
Press, Princeton, N,J,, 1970.

[1§] Von Neumann, John, and Morgenstern, Oskar, The Theory of Games
and Economic Behavior (Second edition). Princeton liniversity
Press, Princeton, N.J., 197,

[20] Young, H, Peyton, An Axiomatization of Borda's Rule, Journal
of Economic Theory, 9 (1974), pp. 43-52.

[Zﬂ , A Note on Preference Aggregation. Economet-
rica, 42 (1974), pp. 1129-1131.

{2ﬂ » Social Choice Scoring Functions. SIAM Journal
of Applied Mathematics, 28 (1975), pp. 824-838.

-5R-



