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I BASIC NOTIONS AND DEVELOPMENT 

A FUNDAMENTALS AND EARLY HISTORY

S o c i a l  c h o i c e  i s  t h e  t h e o r y  w h i c h  d e a l s  w i t h  t h e  p r o c e s s e s  by w h ic h  

a  g r o u p  o f  d e c i s i o n  m a k e r s  ( h e n c e f o r t h  c a l l e d  v o t e r s ) ,  f a c e d  w i t h  a s e t  

o f  a l t e r n a t i v e s ,  may d e t e r m i n e  some b e s t  " c h o i c e T h e  v o t e r s  and  a l t e r ­

n a t i v e s ,  i n  c l a s s i c a l  p o l i t i c a l  a p p l i c a t i o n s ,  i n c l u d e  s u c h  s i t u a t i o n s  a s  

e l e c t i o n s  t o  p u b l i c  o f f i c e ,  c o m m i t t e e s ,  j u r i e s ,  and  t h e  l i k e .  The t h e o r y  

a l s o  e x t e n d s  t o  e c o n o m i c s ,  w h e r e  t h e  v o t e r s  may be c o n s u m e r s  and  t h e  a l ­

t e r n a t i v e s ,  d i f f e r e n t  " b u n d l e s  o f  g o o d s . "  I n  s h o r t ,  s o c i a l  c h o i c e  i s  a p ­

p l i c a b l e  w h e r e v e r  d e c i s i o n s  m u s t  be m ade .  The e m p h a s i s  i n  t h i s  w o rk ,  

h o w e v e r ,  w i l l  be on s o c i a l  c h o i c e  among a f i n i t e  s e t  o f  a l t e r n a t i v e s .

S i n c e  t h e  s o c i a l  c h o i c e  p r o c e s s  i n v o l v e s  m a t c h i n g  a " c h o i c e "  t o  each 

e v a l u a t i o n  by v o t e r s  o f  a l t e r n a t i v e s ,  i t  t a k e s  t h e  fo rm o f  a f u n c t i o n ,  

w hose  r a n g e  and  d o m a in  d e p e n d  upon  t h e  p a r t i c u l a r  c o n t e x t .  R e c e n t  i n v e s ­

t i g a t i o n s  h a v e  d e a l t  m a i n l y  w i t h  two m a j o r  s u b c l a s s e s  o f  s o c i a l  c h o i c e  

p r o c e s s e s ,  d i s t i n g u i s h e d  by t h e  t y p e  o f  c h o i c e  p r o d u c e d  ( s e e  ra. fu] ,  
and  f i6]  ) .  The f i r s t  o f  t h e s e  i s  t h e  more  common s o c i a l  c h o i c e  f u n c t i o n ,  

i n  w h ic h  t h e  c h o i c e  i s  some n o n - e m p t y  s u b s e t  o f  t h e  a l t e r n a t i v e s .  The 

o t h e r ,  somewhat more  g e n e r a l  f u n c t i o n  i s  t h e  s o c i a l  d e c i s i o n  f u n c t i o n ,  

w h e r e i n  t h e  c h o i c e  c o n s i s t s  o f  p e r m u t a t i o n s  ( o r d e r s  o f  p r e f e r e n c e )  o f  

t h e  a l t e r n a t i v e s .

D e f i n i t i o n  1 . 1 : L e t  A = | a ^ , . . . , a m|  be a f i n i t e  s e t  o f  a l t e r n a t i v e s .  Le t

Dm = U (2) S , w h e r e  S i s  t h e  s e t  o f  p e r m u t a t i o n s  *" = ((T(a, ) , . . . ,<r(a ) )  
n =0 n m m l m

on m o b j e c t s .  (Dm i s  t h e  s e t  o f  a l l  p o s s i b l e  t u p l e s  o f  p e r m u t a t i o n s  on 

t h e  m a l t e r n a t i v e s ) .  F i n a l l y ,  l e t  P(A)  b e  t h e  pow er  s e t  o f  A. A s o c i a l
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c h o i c e  f u n c t  i o n  (SCF) i s  a m a p p in g  : Dm --------------*  P (A ) -  0 .

Each  " p r e f e r e n c e  p r o f i l e "  d €  Dm r e p r e s e n t s  a  s e t  o f  n  o r d e r ­

i n g s ,  , . . . ,<7̂  t  o f  t h e  a l t e r n a t i v e s ,  c o r r e s p o n d i n g  t o  t h e  p r e f e r e n c e s  

o f  t h e  n v o t e r s ,  1 ,  n ,  r e s p e c t i v e l y .  S p e c i f i c a l l y ,  d^ = U means  t h a t

v o t e r  i  h a s  p r e f e r e n c e  o r d e r  if -  (cr(a ) , , . . , v ( a  ) ) .
1 m

A t  t h i s  t i m e ,  we n o t e  t h a t  o u r  a p p r o a c h  i m p l i c i t l y  r e s t r i c t s  t h e  

SCFs c o n s i d e r e d  i n  two w a y s .  F i r s t ,  t h e  r a n g e  e x c l u d e s  t h e  em pty  s e t ,  0 ,  

s o  t h a t  t h e  SCF m u s t  a c t u a l l y  make some c h o i c e .  T h i s  t r e a t m e n t  s t i l l  

a l l o w s  f o r  " n o  d e c i s i o n , "  t h o u g h ,  p r o v i d e d  t h a t  o n e  o f  t h e  a l t e r n a t i v e s  

i s  c a l l e d  " n o  d e c i s i o n . "  S e c o n d ,  t h e  s e t  o f  a l t e r n a t i v e s  i s  f i n i t e ,  a s  

m e n t i o n e d  e a r l i e r .  L e t  u s  i n t r o d u c e  an  e x a m p l e  t o  i l l u s t r a t e  t h e s e  i d e a s :

E x am p le  1 . 1 : S u p p o s e  t h a t  t h e r e  a r e  s e v e n  v o t e r s ,  1, . . . ,  7, and t h r e e

a l t e r n a t i v e s ,  a ^ ,  a a n d  a ^ . S u p p o s e  f u r t h e r  t h a t  t h e  v o t e r s  h a v e  t h e  

f o l l o w i n g  p r e f e r e n c e  o r d e r s :

a
3 2

a  a

^5 a 3 , a l ’ a 2

a ^ , a^

-  a  , a  , a 
*6 3 2 1

1 1 I
a  a  a_ a3 3 2 3

L e t  u s  d e n o t e  t h e  s i x  e l e m e n t s  o f  h y ;

*1  ̂ = 6 = a 1 , a 2 , a  i s  Lhe i d e n t i t y

* 3  = a 2 ’ a L ' a 3 ^  = a 2 ? a 3*a i 

F o r  t h i s  e x a m p l e ,  t h e n ,  d * ( e , V-j, ^ 5 , , e  ) . C o n s i d e r  t h e s e  SCFs:

1) T h e  d i c t a t o r i a l  f u n c t i o n  w h ic h  c h o o s e s  t h e  f i r s t  c h o i c e  o f  v o t e r  2, 

and  c h o o s e s  A i n  t h e  a b s e n c e  o f  v o t e r  2. H e r e  g ( d )  -

2 )  The c e l e b r a t e d  B o r d a  s c o r i n g  f u n c t i o n ,  w h i c h  a s s i g n s  a  v a l u e  o f  0 t o
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a n  a l t e r n a t i v e  e a c h  t im e  I t  i s  r a n k e d  l a s t ,  1 e a c h  t ime i t  i s  r a n k e d

n e x t  to  l a s t ................... k e a c h  t i m e  i t  i s  r a n k e d  k f ro m  l a s t .  The Borda

s c o r i n g  f u n c t i o n  th e n  c h o o s e s  as t h e  w i n n i n g  s e t  t h o s e  a l t e r n a t i v e s  w i t h  

t h e  maximum s c o r e .  Here we would  h a v e  g ( d )  =

3) The common s i m p l e  p l u r a l i t y  f u n c t i o n ,  w h ich  c h o o s e s  a s  t h e  w i n n i n g  

s e t  o f  a l t e r n a t i v e s  t h o s e  w h ich  a r e  p l a c e d  f i r s t  a  maximum number o f  

t i m e s .  H e re  g ( d )  = [ a ^  .

4 )  The l e a s t  f a v o r e d  e l i m i n a t i o n  method  w h e r e i n  t h e  a l t e r n a t i v e  w h ic h  

i s  p l a c e d  l a s t  most  o f t e n  i s  e l i m i n a t e d  from c o n s i d e r a t i o n .  The p r o c e s s  

c o n t i n u e s  o n  t h e  r e m a i n i n g  a l t e r n a t i v e s  u n t i l  o n l y  one a l t e r n a t i v e  i s  

l e f t  o r  a t i e  e n s u e s ,  i n  w h ic h  c a s e  a l l  o f  t h e  r e m a i n i n g  a l t e r n a t i v e s  

a r e  d e c l a r e d  w i n n e r s .  Here  g ( d )  =

Some a s s u m p t i o n s  a r e  i m p l i c i t  i n  o u r  d e f i n i t i o n  o f  t h e  SCF. F i r s t ,  

no a s s u m p t i o n  i s  made r e g a r d i n g  s t r e n g t h s  o f  p r e f e r e n c e .  I n d e e d ^  a s  i s  o f ­

t e n  t h e  c a s e ,  in  p r a c t i c e  i t  i s  v i r t u a l l y  i m p o s s i b l e  a c t u a l l y  t o  

m e a s u r e  s t r e n g t h s  o f  p r e f e r e n c e .  M o re o v e r ,  a " n o n w e i g h t e d "  p r e f e r e n c e  o r d e r  

i s  in  some s e n s e  an  " a v e r a g e "  o f  p o s s i b l e  p r e f e r e n c e  o r d e r s .

A s e c o n d  a s s u m p t i o n  e x c l u d e s  i n d i v i d u a l  i n t r a n s i t i v i t i e s  among 

a l t e r n a t i v e s ,  s o  t h a t  i f  a v o t e r  p r e f e r s  a j  t o  a j  and  t o  a ^ ,  we 

a s sum e  t h a t  he  p r e f e r s  a ^  t o  a ^ .  Once a g a i n ,  t h i s  a s s u m p t i o n  may n o t  

be u n i v e r s a l l y  v a l i d ,  b u t  i t  i s  t h e  k i n d  o f  " r a t i o n a l i t y "  a x io m  w h ic h  

n a t u r a l l y  f i n d s  i t s  way i n t o  t h e  t h e o r y .

A t h i r d  a s s u m p t i o n  i s  t h a t  no v o t e r  i s  i n d i f f e r e n t  b e t w e e n  a l t e r n a ­

t i v e s .  A1 t h o u g h  i t  m igh t  seem t h a t  t h i s  a s s u r a p t i o n  i s  o v e r l y  r e s t r i c t i v e ,  

i t  h a s  in  f a c t  t h e  o p p o s i t e  e f f e c t .  In  a in s t  c a s e s  i t  p r o v i d e s  f o r  a  s t r o n g e r  

t h e o r y ,  and  a d m i t s  t r e a t m e n t  o f  i n d i f f e r e n c e  a s  a  s p e c i a l  c a s e .
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The body o f  t h i s  p a p e r  d e a l s  f o r  t h e  m os t  p a r t  w i t h  s o c i a l  d e c i s i o n  

f u n c t i o n s .  T h ese  a r e  now d e f i n e d :

D e f i n i t i o n  1 . 2 :  L e t  A, S and  Dm be a s  i n  D e f i n i t i o n  1 . 1 .  L e t  PfS ) bem m

t h e  pow er  s e t  o f  Sm. A s o c i a l  d e c i s i o n  f u n c t i o n  (SDF) i s  a  m app ing  f m:

D"1 ------------» P (S m) -  0 .

In  c o n t r a s t  to  SCFs,  SDFs p r o d u c e  e n t i r e  p r e f e r e n c e  o r d e r s  on t h e  

a l t e r n a t i v e s  a s  t h e  " c h o i c e . "  The two t y p e s  o f  f u n c t i o n s  a r e  r e l a t e d ,  

t h o u g h ,  s i n c e  e a c h  SDF d e f i n e s  an  a s s o c i a t e d  SCF. H e n c e f o r t h ,  we w i l l  

a l w a y s  d r o p  t h e  s u b s c r i p t  m when t h e  c o n t e x t  i s  o t h e r w i  se  c t e a r .

D e f i n i t i o n  1 . 3 : The SCF g ^ ( d )  = |  a^  | a i  a p p e a r s  f i r s t  i n  a t  l e a s t  one o f  

t h e  p r e f e r e n c e  o r d e r s  in  f ( d ) 3  i s  s a i d  t o  be t h e  SCF d e r i v e d  f rom f .

H i s t o r i c a l l y ,  t h e  s t u d y  o f  s o c i a l  c h o i c e  b e g a n  a r o u n d  t h e  t i m e  o f  

t h e  F r e n c h  R e v o l u t i o n ,  when s c i e n t i s t s  became q u i t e  i n t e r e s t e d  i n  t h e  

d e m o c r a t i c  p r o c e s s  and i t s  w o r k i n g s .  J e a n - C h a r l e s  de B o rd a ,  a  p i o n e e r  

i n  t h e  f i e l d ,  c o n t r i b u t e d  a  m a j o r  p a p e r  t o  t h e  F r e n c h  Academy o f  S c i e n c e s  

i n  1784 .  The  p a p e r ,  e n t i t l e d  "Memoire s u r  l e s  E l e c t i o n s  au  S c r u t i n  b J  

p r e s e n t e d  t h e  B orda  s c o r i n g  f u n c t i o n  d i s c u s s e d  i n  Example 1 . 1 ,  a l o n g  w i t h  

a  com m on-sense  d e f e n s e  o f  h i s  i d e a s .  A l t h o u g h  i t  i s  t h i s  work  w h ic h  s e r v e s  

a s  t h e  p r i n c i p a l  s o u r c e  o f  h i s  t h o u g h t s ,  B o rd a  h a d  a l r e a d y  i n  177 0 

p r e s e n t e d  a p a p e r  on e l e c t i o n s  t o  t h e  Academy.

As a  r e s u l t  o f  t h e s e  p a p e r s ,  B o r d a 1s i d e a s  on  e l e c t i o n s  became 

w i d e l y  known t h r o u g h o u t  t h e  Academy. I n d i r e c t l y ,  t h e y  b o r e  a n  i n f l u e n c e  on 

t h e  work o f  t h e  M a rq u i s  de C o n d o r c e t .  He w r o t e  one  o f  t h e  m o s t  i m p o r t a n t  

p a p e r s  e v e r  on  s o c i a l  c h o i c e ,  e n t i t l e d  " E s s a i  s u r  1 ' A p p l i c a t i o n  de  l ' A n a -
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l y s e  a l a  P r o b a b i  l i t e  d ea  D e c i s i o n s  Rendues  a* l a  P l u r a l i t e  d e s  V o i x , "  

p u b l i s h e d  In  1 7 8 5 .  T h i s  w o rk  made two m a j o r  c o n t r i b u t i o n s  t o  t h e  t h e o r y .  

F i r s t ,  i t  o u t l i n e d  t h e  s o - c a l l e d  " C o n d o r c e t  c r i t e r i o n "  f o r  e l e c t i o n s .

T h i s  c r i t e r i o n  s t a t e s  b a s i c a l l y  t h a t  i f  t h e r e  i s  some a l t e r n a t i v e  a^  

w h i c h  w o u ld  d e f e a t  e a c h  o f  t h e  o t h e r  a l t e r n a t i v e s  i n  an  e l e c t i o n  i n  

w h ic h  t h e  r e m a i n i n g  a l t e r n a t i v e s  w e re  e x c l u d e d ,  t h e n  s h o u l d  be  c h o s e n  

u n i q u e l y .  I n  Exam ple  1 . 1 ,  f o r  i n s t a n c e ,  a^  i s  a  C o n d o r c e t  a l t e r n a t i v e .

S e c o n d ,  C o n d o r c e t  c o n s i d e r e d  e l e c t i o n s  i n  w h i c h  t h e r e  i s  no  s u c h  

a l t e r n a t i v e .  I n  d o i n g  s o ,  h e  was  t h e  f i r s t  t o  e x p l o r e  t h e  famous  

" v o t i n g  p a r a d o x , "  i n  w h i c h  e a c h  o f  t h e  v o t e r s  h a s  a  t r a n s i t i v e  o r d e r i n g  

o f  t h e  a l t e r n a t i v e s ,  b u t  t h e  c o n s e n s u s  o r d e r i n g  i s  i n t r a n s i t i v e .  S i n c e  t h e  

p r o b a b i l i t y  o f  s u c h  a p a r a d o x  i s ,  when t h e r e  a r e  many a l t e r n a t i v e s ,  

g r e a t e r  t h a n  t h a t  o f  a  C o n d o r c e t  a l t e r n a t i v e ,  C o n d o r c e t  o p e n e d  up  a  

m a j o r  a r e a  o f  i n v e s t i g a t i o n  ( s e e  K 1  , f o r  i n s t a n c e ) .

One o f  t h e  n i n e t e e n t h  c e n t u r y  f i g u r e s  who e x p l o r e d  t h e  v o t i n g  

p a r a d o x  was  t h e  Rev .  C h a r l e s  Dodgson  (L ew is  C a r r o l l ) ,  who d i s c u s s e d  t h e  

d e f i c i e n c i e s ,  a s  he  saw them ,  o f  t h e  e l e c t i o n  s y s t e m s  o f  t h e  d a y  i n  £ 8 ^ ,  

fc)] , and  [ l o ]  . Dodg s o n  t h e n  o f f e r e d  h i s  own s y s t e m ,  w h ic h  he  c l a i m e d  

w o u ld  d e a l  p r o p e r l y  w i t h  t h e  v o t i n g  p a r a d o x ,  w i t h o u t  t h e  s h o r t c o m i n g s  o f  

t h e  o t h e r  s y s t e m s .  A f t e r  D o d g s o n ' s  c o n t r i b u t i o n s ,  t h e  f i e l d  r e m a i n e d  

f a i r l y  d o r m a n t  u n t i l  t h e  a d v e n t  o f  K e n n e th  A r r o w ' s  w ork  on  s o c i a l  

w e l f a r e  f u n c t i o n s  i n  t h e  n i n e t e e n  f i f t i e s .  (S e e  [ l j ) .  I n  t h e  m e a n t i m e ,  t h e r e  

w e r e  some a d v a n c e s  i n  r e l a t e d  a r e a s ;  e . g . ,  t h e  P a r e t o  o p t i m a l i t y  c o n d i t i o n  

£17} , and  t h e  i n t r o d u c t i o n  o f  game t h e o r y  by Von Neumann and  M o r g e n s t e m  

among o t h e r s .  T h e s e  w o rk s  had  o n l y  a n  a n c i l l a r y ,  a l b e i t  i m p o r t a n t ,  

e f f e c t  on c l a s s i c a l  s o c i a l  c h o i c e .
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I t  r e m a i n e d  f o r  Arrow t o  e x p l o i t  t h e  v o t i n g  p a r a d o x .  He u s e d  

t h e  v o t i n g  p a r a d o x  (S e e  [ l j , p .  51 ) t o  show t h a t  i f  a n  e l e c t i o n  

s y s t e m  s a t i s f i e s  c e r t a i n  ’' f a i r n e s s "  c r i t e r i a  w h ic h  seemed i n d i s p e n -  

s i b l e  t o  a  d e m o c ra c y ,  t h a t  s y s t e m  m u s t  b e  a  d i c t a t o r s h i p .  W i th  t h e  

a d v e n t  o f  A r r o w ' s  w ork ,  much o f  t h e  e m p h a s i s  i n  t h e  f i e l d  h a s  

t u r n e d  t o  d e t e r m i n i n g  c o n s i s t e n t  and  d e s i r a b l e  ax iom s  f o r  c h a r a c t e r ­

i z i n g  SCFs and  SDFs.

I n  p a r t i c u l a r ,  t h i s  p a p e r  e x a m in e s  a  r e c e n t  e l e c t i o n  s y s t e m ,  t h e  

Kemeny f u n c t i o n  M  , i n  t h e  l i g h t  o f  i n t u i t i v e l y  a p p e a l i n g  a x i o m s .  

I t  d o e s  so  by c o n s i d e r i n g  t h e  e f f e c t  o f  a  " C o n d o r c e t - 1 i k e ” p r i n c i p l e ,  

w h i l e  e x p l o i t i n g  t h e  s y m m e t r i e s  o f  t h e  p r o b l e m .  The m a t h e m a t i c s  i n ­

v o l v e d  i s  t h a t  o f  c o n v e x  a n a l y s i s .
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B DOMAINS FOR SOCIAL FUNCTIONS

We h a v e  t h u s  f a r  c o n s i d e r e d  o n l y  t h e  m o s t  g e n e r a l  c a s e  o f  s o c i a l  

f u n c t i o n s  ( i . e .  SCFs and  S D F s ) ,  and t h e  m o s t  g e n e r a l  d o m a in ,  Dm. F o r  

c e r t a i n  c l a s s e s  o f  s o c i a l  f u n c t i o n s  we c a n  s i m p l i f y  t h i s  d o m a in  

c o n s i d e r a b l y .  I n  t h i s  s e c t i o n ,  we w i l l  i d e n t i f y  some o f  t h e s e  i m p o r t a n t  

c l a s s e s  a n d  d i s c u s s  t h e i r  r e s p e c t i v e  d o m a i n s .  I t  t u r n s  o u t  t h a t  t h e  

d i s t i n g u i s h i n g  q u a l i t y  o f  many s u c h  c l a s s e s  i s  some p a r t i c u l a r  

d e s i r a b l e  " f a i r n e s s "  c h a r a c t e r i s t i c ,  and we s h o u l d  t h e r e f o r e  w a n t  t o  

s t u d y  t h e s e  c h a r a c t e r i s t i c s  c a r e f u l l y .

F i r s t ,  l e t  u s  c o n s i d e r  " a n o n y m o u s "  s o c i a l  f u n c t i o n s .  T h e s e  s y s t e m s  

do n o t  r e c o g n i z e  t h e  i d e n t i t y  o f  t h e  v o t e r s ,  b u t  d e p e n d  i n s t e a d  o n l y  on  

t h e  num ber  o f  v o t e r s  who p r e f e r  t h e  v a r i o u s  o r d e r i n g s .  F o r m a l l y ,  we s a y :

D e f i n i t i o n  1 . 4 : An anonym ous  SCF (SDF) i s  i n v a r i a n t  u n d e r  p e r m u t a t i o n s  

o f  t h e  v o t e r s '  i d e n t i t i e s .

m 1
I n  o t h e r  w o r d s ,  an  anonym ous  s o c i a l  f u n c t i o n  h a s  dom a in  N , w h e re

t h e  v e c t o r s  ( n ^ , , . . , n mj )  c a n  be t h o u g h t  o f  a s  r e p r e s e n t i n g  t h e  number

o f  v o t e r s  w i t h  p r e f e r e n c e  o r d e r s  <7\ , . . . ,<r t  S , r e s p e c t i v e l y .  The f i r s t
i  m! m

SCF m e n t i o n e d  i n  Exam ple  1 . 1  i s  n o t  ano n y m o u s ,  b u t  t h e  o t h e r s  a r e .

A n o t h e r  a s p e c t  o f  s o c i a l  f u n c t i o n s  i s  c o n s i s t e n c y  o f  b e h a v i o r  i n  

s i m i l a r  s u r r o u n d i n g s .  I n  p a r t i c u l a r ,  we s h o u l d  l i k e  o u r  s o c i a l  f u n c t i o n s  

t o  r e f l e c t  t h e  o p i n i o n s  o f  s m a l l e r  c o m p o n e n t  s u b g r o u p s  when d e t e r m i n i n g  

t h e  d e c i s i o n s  o f  t h e  l a r g e r  u m b r e l l a  g r o u p .  L e t  u s  d e t a i l  t h e s e  i d e a s ,

a l r e a d y  e x p l o r e d  by Young
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S u p p o s e  t h a t  a  g r o u p  o f  v o t e r s  s p l i t s  i n t o  two s e p a r a t e  s u b c o m m i t ­

t e e s  t o  d i s c u s s  a n d  v o t e  u p o n  a n  i s s u e .  S u p p o s e  a l s o  t h a t  among t h e  

c h o i c e  s e t  f o r  t h e  f i r s t  g r o u p  a r e  some p r e f e r e n c e  o r d e r s  c h o s e n  by  t h e  

s e c o n d  g r o u p  a s  w e l l .  Then,  when t h e  two s u b c o m m i t t e e s  r e g r o u p  t o  v o t e  

t o g e t h e r ,  t h e  e l e c t i o n  p r o c e s s  s h o u l d  g u a r a n t e e  t h e  e l e c t i o n  o f  p r e c i s e ­

l y  t h e s e  p r e f e r e n c e  o r d e r s .  The r e a s o n i n g  i s  t h a t  n e i t h e r  t h e  f i r s t  n o r  

t h e  s e c o n d  s u b c o m m i t t e e  p r e f e r s  a n y  o t h e r  p r e f e r e n c e  o r d e r  t o  t h e s e ,  

w h i l e  e v e r y  o t h e r  p r e f e r e n c e  o r d e r  i s  r e j e c t e d  b y  a t  l e a s t  o n e  s u b co m ­

m i t t e e .  F o r m a l l y :

D e f i n i t i o n  1 . 5 : L e t  V b e  a g r o u p  o f  v o t e r s  w i t h  a s s o c i a t e d  p r e f e r e n c e
—  mvector d - (O' , . . . , <r )ed . Suppose that V ’ and V" are two non-empty 1 n

a n d  d i s j o i n t  s u b s e t s  o f  V, and  s u p p o s e  t h a t  d ’ a n d  d "  a r e  t h e  p r e f ­

e r e n c e  v e c t o r s  a s s o c i a t e d  y i t h  V ’ and  V",  r e s p e c t i v e l y .  A s o c i a l  d e c i ­

s i o n  f u n c t i o n  f  i s  s a i d  t o  b e  c o n s i s t e n t  i f  f ( d ' ) O f ( d " )  /  0 i m p l i e s  

f ( d )  f ( d ' ) n  f ( d " ) .

Anonymous SDFs t h a t  a r e  c o n s i s t e n t  d i s p l a y  t h e  h o m o g e n e i t y  p r o p e r t y

D e f i n i t i o n  1 . 6 : An anonym ous  SDF f  i s  s a i d  t o  b e  h o m o g e n e o u s  i £ ,  f o r  a n y  

i n  i t s  d o m a in ,  a n d  f o r  a l l  p o s i t i v e  i n t e g e r s  n ,  f ( n x )  f ( x ) .

Some d e c i s i o n  s y s t e m s ,  n o t a b l y  t h o s e  o f  c o n s t i t u t i o n a l  am endm ent ,  

t e n d  t o  t r e a t  t h e  s t a t u s  quo  m o re  f a v o r a b l y  t h a n  o t h e r  a l t e r n a t i v e s .  I n  

a  s e n s e ,  s u c h  e l e c t i o n s  a r e  u n f a i r  i n  t h a t  t h e y  r e f l e c t  n o t  t h e  o p i n i o n s  

o f  t h e  e l e c t o r a t e  on  t h e  a l t e r n a t i v e s  a l o n e ,  b u t  a l s o  r e f l e c t  f a c t o r s  

c o n c e r n i n g  t h e  names  o f  t h e  a l t e r n a t i v e s  ( e . g . ,  s t a t u s  q u o ,  p r o p o s e d  

a m e n d m e n t ) .  A c a s e  i n  p o i n t ,  t h e  P r o h i b i t i o n  Amendment ,  w as  t r e a t e d  

d i f f e r e n t l y  b o t h  t i m e s  i t  w as  c o n s i d e r e d .



A f a i r  e l e c t i o n  s y s t e m  o u g h t  t o  c o n s i d e r  o n l y  t h e  a l t e r n a t i v e s  

t h e m s e l v e s ,  r a t h e r  t h a n  t h e i r  names o r  i d e n t i t i e s .  S y s te m s  w h ic h  do 

t h i s  a r e  c a l l e d  n e u t r a l :

D e f i n i t i o n  1 . 7 : L e t  d C D™ r e p r e s e n t  t h e  p r e f e r e n c e  o r d e r s  f o r  a  g i v e n  

s e t  o f  v o t e r s .  L e t  d ff d e n o t e  t h e  v e c t o r  w h ic h  r e s u l t s  f ro m  t h e  same 

s e t  o f  v o t e r s  i f  we r e l a b e l  t h e  a l t e r n a t i v e s  by a p e r m u t a t i o n  S ; 

t h a t  i s ,  i f  d^ = Tf , t h e n  d ^  ~ TDr. L e t  f ( d ) t f  = [wrjffcf ( d )} . Then ,  f  

i s  s a i d  t o  be  n e u t r a l  i f  f ( d T)= f (d)<T .

A s i m i l a r  d e f i n i t i o n  a p p l i e s  f o r  SCFs.  A s o c i a l  f u n c t i o n  t h a t  i s  

b o t h  anonymous and n e u t r a l  i s  c a l l e d  s y m m e t r i c .

The e x t e n s i o n  o f  domain  f o r  s y m m e t r i c ,  c o n s i s t e n t  SDFs p r o c e e d s  

a l o n g  t h e  f o l l o w i n g  l i n e s :  ( s e e  122] ) .  D e f i n e  f ( x / n )  f ( x )  f o r  a l l  p o s i t i v e

i n t e g e r s  n .  T h i s  d e f i n i t i o n  e x t e n d s  t h e  dom ain  f ro m  N11*' t o  t h e  p o s i t i v e

m! —
o r t h a n t  o f  Q , w h e r e  Q i s  t h e  s e t  o f  r a t i o n a l  n u m b e r s .  N e x t ,  i f  1

m!
d e n o t e s  t h e  v e c t o r  i n  N whose c o m p o n e n t s  a r e  a l l  L, t h e n  we d e f i n e  

f ( x - q l )  = f ( x )  f o r  e v e r y  r a t i o n a l  p o s i t i v e  q .  T h i s  e x t e n d s  t h e  dom ain  

to  a l l  o f  Qm* , and t h e  e x t e n d e d  f u n c t i o n  i s  s t i l l  s y m m e t r i c  and 

c o n s i s t e n t  on  t h e  w h o le  dom a in .

We now i n t r o d u c e  a n o t h e r  u s e f u l  p r o p e r t y  s a t i s f i e d  by some a n o n y ­

mous f u n c t i o n s ,  r e s e m b l i n g  a  " d o m i n a t i o n  by l a r g e  n u m b e rs "  i d e a .  S u p p o se  

t h a t  t h e r e  a r e  two s u b c o m m i t t e e s ,  A and  B, w h ic h  j o i n  t o g e t h e r  i n  a  

g r o u p  C. Now, s u p p o s e  t h a t  some p e r m u t a t i o n  c  r e m a i n s  i n  t h e  c h o i c e  s e t  

o f  t h e  g r o u p  no m a t t e r  how many s u b c o m m i t t e e s  i d e n t i c a l  t o  B j o i n  C.

Then i t  i s  r e a s o n a b l e  t o  a ssume t h a t  (r m us t  h a v e  b e e n  among t h e  c h o i c e s  

o f  s u b c o m m i t t e e  B a l o n e .  T h i s  p r o p e r t y  i s  c a l l e d  c o n t i n u i t y .
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D e f i n i t i o n  1 . 8 : An anonym ous  s o c i a l  f u n c t i o n  h i s  s a i d  t o  be  c o n t i n u o u s  

— — m
i f ,  f o r  a n y  x,yfcN , w h e n e v e r  t h e r e  i s  some p o s i t i v e  I n t e g e r  n '  s u c h  t h a t

T < f ( n ' x t y )  f o r  a l l  n ' ^ n ,  t h e n  a f f ( x )  h o l d s  f o r  e v e r y  <T€ S .
m

In  t h e  p r e s e n c e  o f  s ym m e try  a n d  c o n s i s t e n c y ,  t h i s  c o n d i t i o n  i s  

e q u i v a l e n t  t o  t h e  f o l l o w i n g :  w h e n e v e r  some r a t i o n a l  v e c t o r  s e q u e n c e  

c o n v e r g e s  t o  x t  Q * " ' a n d < r C h ( x ^ )  f o r  a l l  i ,  t h e n  ere h ( x )  (S e e  

C h a p t e r  I I I ,  p a g e  2 4 ) .

F o r  many a p p l i c a t i o n s ,  t h e  u s e  o f  a l l  m! p r e f e r e n c e  o r d e r s  a s  

i n p u t  t o  t h e  s o c i a l  d e c i s i o n  p r o c e s s  i s  t o o  cum b erso m e .  Many v o t i n g  

p r o c e d u r e s  t h e r e f o r e  o p e r a t e  by  c o n s i d e r i n g  o n l y  t h e  r e s u l t s  o f  p a i r w i s e  

vo t i n g  p r o p o r t  i o n s  b e t w e e n  a l t e r n a t i v e s .  I n  t h a t  c a s e ,  any  n o n - n u l l  

e l e c t o r a t e  c a n  b e  c o m p l e t e l y  r e p r e s e n t e d  by an  e l e c t i o n  m a t r i x  E 

w hose  e n t r y  e , . r e p r e s e n t s  t h e  p r o p o r t i o n  o f  v o t e r s  p r e f e r r i n g  a l t e r ­

n a t i v e  a .  t o  a .  m i n u s  t h e  p r o p o r t i o n  who p r e f e r  a t o  a . .  F o r  t h e  
i  J j  i

e l e c t i o n  s i t u a t i o n  o f  Example  1 . 1 ,  t h e  e l e c t i o n  m a t r i x  i s :

0 3 / 7 1 /7

E - 3 / 7 0 1 /7

- 1 / 7 - 1 / 7 0

C l e a r l y ,  E i s  a l w a y s  s k e w - s y m m e t r i c . F u r t h e r m o r e ,  e v e r y  e l e c t i o n  m a t r i x  

c a n  be  r e p r e s e n t e d  a s  a  c o n v e x  c o m b i n a t i o n  o f  m a t r i c e s  o f  t h e  f o l l o w i n g  

t y p e :

D e f i n i t i o n  1 . 9 :  To e v e r y  p e r m u t a t i o n  a t  S^ ,  t h e r e  c o r r e s p o n d s  a  skew-
2

s y m m e t r i c  p e r m u t a t i o n  p o i n t  Q w h o se  ( i , j ) t h  c o o r d i n a t e  i s  1 i f f
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i f  and  o n l y  i f  t h e  p r e f e r e n c e  o r d e r  c o r r e s p o n d i n g  t o  <j* p l a c e s  

b e f o r e  a  .
j

P e r m u t a t i o n  p o i n t s  a r e  s i m p l y  t h e  e l e c t i o n  m a t r i c e s  t h a t  r e s u l t

when t h e  e n t i r e  e l e c t o r a t e  h a s  t h e  same p r e f e r e n c e  o r d e r .  I n  g e n e r a l ,

t h e  e l e c t i o n  m a t r i x  a r i s i n g  f rom t h e  s i t u a t i o n  i n  w h ic h  v o t e r s  l , . . „ , n
G"i (Tn

h a v e  p r e f e r e n c e  o r d e r s  cr , . . . ,<j- I s  j u s t  l / n ( E  + . . .  + E >. The s e t
I n

£  o f  e l e c t i o n  m a t r i c e s  t h e r e f o r e  h a s  a n i c e  " c o n v e x  p o l y t o p e "  t y p e  p r o ­

p e r t y  o v e r  t h e  s e t  Q. We moke t h e s e  r e m a r k s  somewhat  more  p r e c i s e ;  l e t  

b e  t h e  s e t  o f  m x in s k e w - s y m m e t r i c  r a t i o n a l  m a t r i c e s ,  and  l e t  P  3
f

c l  (

Lemma 1 . 1 : The  s e t  £  h a s  d i m e n s i o n  (™) o v e r  Q; i n  f a c t ,  i f  X C ^ \

t h e n  t h e r e  i s  some a € Q ,  a> 0 ,  and  some Ee*£ s u c h  t h a t  X aE,

P r o o f : F o r  e a c h  ( i ,  j ) ,  1 ^ 1  j  i m ,  c o n s i d e r  an  e l e c t o r a t e  w i t h  two

v o t e r s ,  t h e  f i r s t  o f  w h ic h  h a s  p r e f e r e n c e  o r d e r  (a , a  , a  , . . . , a  ) and
1 j  1 m

t h e  s e c o n d  o f  w h i c h  h a s  o r d e r  (a  , . . . , a  , a  , a  ) ,  The r e s u l t i n g  e l e c t i o n
m 1 i  j

m a t r i x  E ( i , j )  h a s  an  e n t r y  o f  1 i n  com p o n en t  e ^ i  “ 1 an<j 0

e l s e w h e r e .  T h e s e  m a t r i c e s  s p a n  t h e  s u b s p a c e  ^  o v e r  Q. 0

The s e t  £  a n d  e s p e c i a l l y  i t s  c l o s u r e ,  h a s  b e e n  t h e  s u b j e c t  

o f  r e c e n t  i n v e s t i g a t i o n s  i n  c o m b i n a t o r i a l  m a t h e m a t i c s  ( s e e  f o r

e x a m p l e ) .  B a s i c a l l y ,  t h e  p r o b l e m  i s  t h a t ,  a l t h o u g h  £  h a s  a s i m p l e  i n ­

t e r n a l  r e p r e s e n t a t i o n  a s  t h e  p o l y t o p e  g e n e r a t e d  by t h e  m! p e r m u t a t i o n  

p o i n t s ,  t h e r e  i s  no known e x t e r n a l  c h a r a c t e r i z a t i o n  i n  t e r m s  o f  i n e q u a ­

l i t i e s .  I n  [ b ] , Bowman i n c o r r e c t l y  s t a t e d  t h a t  £ i s  t h e  s o l u t i o n  s e t  in
2

Rm o f  t h e  i n e q u a l i t y  s e t s :

( 1 ) 1 f o r  a l l  i , j

( 2 ) e  * - e  f o r  a l l  1 , 1
1.1 J 1

(3)  -1 + e . ^  + I ^o r  m u t u a l l y  d i s t i n c t  i , j , k .
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A l t h o u g h  t h e s e  c o n d i t i o n s  a r e  n e c e s s a r y  f o r  ( t h e  l a s t  c o n d i t i o n  

i s  t h e  a n a l o g  o f  t r a n s i t i v i t y  o f  I n d i v i d u a l  p r e f e r e n c e ) ,  t h e y  a r e  n o t  

s u f f i c i e n t ,  (A c o u n t e r e x a m p l e  t o  t h a t  e f f e c t  h a s  b e e n  p r o v i d e d  by Dr. 

A la n  J .  Hoffman  o f  t h e  I . B . M .  W atso n  R e s e a r c h  C e n t e r . )  The r e a s o n  t h a t  

s o  much e f f o r t  h a s  gone  i n t o  d e t e r m i n i n g  an  e x t e r n a l  r e p r e s e n t a t i o n  

f o r  £ i s  t h a t  s u c h  a r e p r e s e n t a t i o n  w o u ld  be u s e f u l  f o r  s o l v i n g  c e r ­

t a i n  l i n e a r  o r  i n t e g e r  p rogra i ran ing  p r o b l e m s .  Bowman c i t e s  e x a m p l e s  

o f  p r a c t i c a l  p r o b l e m s  t h a t  c a n  be r e d u c e d  t o  s o l v i n g  an i n t e g e r  

p r o g r a m  o v e r  " p e r m u t a t i o n  p o l y h e d r a , "  a s  he  c a l l s  c e r t a i n  s e t s  w h ic h  

c o r r e s p o n d  t o  t h e  s e t s  To h i s  l i s t  we w i l l  s o o n  add  o u r  own 

p o l i t i c a l  a p p l i c a t i o n s .
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I I  THE KEMENY FUNCTION 

A DEVELOPMENT OF F

At t h i s  p o i n t  we t u r n  f rom  s o c i a l  f u n c t i o n s  i n  g e n e r a l  t o  c o n c e n t r a t e  

s p e c i f i c a l l y  on s o c i a l  d e c i s i o n  f u n c t i o n s .  I n  p a r t i c u l a r ,  we w i l l  d e a l  

w i t h  an  i m p o r t a n t  SDF f i r s t  p r o p o s e d  by  J o h n  Kemeny i n  [ l 3 ]  a n d  t r e a t e d  

m o re  f u l l y  b y  Kemeny and  S n e l l  i n  £ l4 j  .

W h i l e  d i s c u s s i n g  m a t h e m a t i c a l  m o d e l s  f o r  v a r i o u s  p h e n o m e n a ,  Kemeny 

c o n s i d e r e d  t h e  c l a s s i c a l  s o c i a l  c h o i c e  p r o b l e m  o f  a g g r e g a t i n g  a num b e r  

o f  i n d i v i d u a l  p r e f e r e n c e  o r d e r s  i n t o  a  g r o u p  c o n s e n s u s .  He p r o p o s e d  a 

new SDF a s  a s o l u t i o n ,  b u t  b e c a u s e  h i s  i n t e r e s t s  l a y  i n  mode l  b u i l d i n g  

r a t h e r  t h a n  s o c i a l  c h o i c e ,  he  d i d  n o t  e x p l o r e  s e v e r a l  n o t e w o r t h y  p r o ­

p e r t i e s  o f  h i s  s y s t e m .  We w i l l  d e f i n e  Kemeny ' s SDF i n  o u r  own n o t a t i o n  

f i r s t  a n d  t h e n  r e c a p i t u l a t e  h i s  a x i o m a t i * a t i o n .

L e t  us  d e n o t e  by ( x , y )  t h e  o r d i n a r y  i n n e r  p r o d u c t  o f  two v e c t o r s  

x  a n d  y i n  R . K e e p in g  D e f i n i t i o n  1 . 9  i n  m ind ,  we h a v e :

D e f i n i t i o n  2 . 1 :  The  Kemeny SDF F i s  t h e  f u n c t i o n  d e f i n e d  b y :  F (E) -------------------------------------------     —m tn

O'|  ( E ^ , E )  >, (EW, E) t f o r  a l l  s k e w - s y m n e t r i c  m x tr. m a t r i c e s  E.
m

H e n c e f o r t h ,  we w i l l  d r o p  t h e  s u b s c r i p t  m f ro m  F .m —

We n o t e  i i m n e d i a t e l y  t h a t  F i s  d e f i n e d  on t h e  a u b s p a c e  ^  c l (  

o f  skew* s y m m e t r i c  m x m m a t r i c e s .  A n a t u r a l  i n t e r p r e t a t i o n  o f  F i s  t h a t ,  

f o r  a  g i v e n  e l e c t i o n  m a t r i x  E, F m a x i m i z e s  " a g r e e m e n t "  b e t w e e n  E a n d  t h e  

p e r m u t a t i o n  p o i n t s  c o r r e s p o n d i n g  t o  t h e  w i n n i n g  p r e f e r e n c e  o r d e r s .  We 

m i g h t  a l s o  e x p e c t  t h a t  i t  d i s p l a y s  a " d u a l "  s o r t  o f  p r o p e r t y ,  i n v o l v i n g

m i n i m i z i n g  a  m e a s u r e  o f  " d i s a g r e e m e n t . "  We c a n  i n  f a c t  p r o v e  s u c h  a r e -
_  _  _  _  n

s u i t .  L e t  d f x  v)  l e n o t e  t h e  E u c l i d e a n  d i s t a n c e  b e t w e e n  x a n d  y I n  R .

- 1 3 -



Lemma 2 . 1 :  F (E)  = 1 d ( E * . E) ^ d (E71. E) VrreS \'  tn ’

m a t r i c e s  E.

P r o o f : d C E ^ E )  * (Er - E , E ^ - E ) ? = ( (£*" ,E*") -  2 (E* ' ,E)  + ( E , E) ) 1 , f o r  a l l

a l l  <7t  S , m i n i m i z i n g  t h e  l e f t  hand  s i d e  o f  t h e  e q u a t i o n  i s  e q u i v a l e n t  

t o  m a x i m i z i n g  (Er , E )  o v e r  S ^ .

Lenina 2 . 1 .  He was i n t e r e s t e d  i n  d e v e l p i n g  an  SDF t h a t  would  m i n im i z e  

a  d i s t a n c e  m e a s u r e  w h ich  he d e f i n e d ,  and he p r o d u c e d  F a s  t h e  u n i q u e  

SDF w h ic h  would do t h i s .  Let  us b e g i n  by d e f i n i n g  a  n o t i o n  o f  " d i s t a n c e "  

b e t w e e n  two pe rmu t a t  i o n s , cr and fr. Kemeny 's  o r i g i n a l  d e v e l o p m e n t  a l l o w e d  

f o r  i n d i v i d u a l  i n d i f f e r e n c e  b e tw e e n  a l t e r n a t i v e s ,  b u t  f o r  c o n v e n i ­

e n c e  we w i l l  a s sum e  o n l y  s t r o n g  o r d e r s .  We c o u l d  a lw a y s  i n t r o d u c e  a d d i ­

t i o n a l  h y p o t h e t i c a l  v o t e r s  t o  a c h i e v e  t h e  same e f f e c t  a s  i n d i f f e r e n c e .  

Kemeny p r o p o s e d  t h e  f o l l o w i n g  ax ioms f o r  h i s  m e a s u r e  o f  " d i s t a n c e : "

1) The d i s t a n c e  b e t w e e n  two p r e f e r e n c e  o r d e r s  S and t t tS  ( d e n o t e d  by
m m1

a ( ( r , r r ) ) s a t i s f i e s  t h e  f o l l o w i n g  t h r e e  g e o m e t r i c  p o s t u l a t e s :

( a )  a  (<r,tr) >> 0 and  A(<r, it) = 0 i f f  <r=TT .

(b )  A ( r , i r )  = A ( i r , ( r ) .

( c )  a ( t f ,  tt) + A ^  and e q u a l i t y  h o l d s  i f f ,  f o r  e v e r y

e i t h e r  o r  q .

2)  A ( qir, qir) = A (o' , tt) f o r  a l l  q ^ T lS m. I n  o t h e r  w o r d s ,  t h e  d i s t a n c e  b e tw ee n  

two p e r m u t a t i o n s  s h o u l d  n o t  c h a n g e  j u s t  b e c a u s e  o f  r e l a b e l i n g  t h e  a l t e r ­

n a t i v e s  .

p e r m u t a t i o n  p o i n t s  E°". S i n c e  E i s  f i x e d  and (E^E*")  = m (m - i )  f o r

Kemeny 's  d e v e l o p m e n t  i n  f o l l o w e d  a l o n g  l i n e s  r e m i n i s c e n t  o f
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3) S u p p o se  t h a t  O^ITCS and  O'* S a r e  s u c h  t h a t :m m - r - s

<T (tr(a ) ,tf ( a _ ) , . . . ,a (a  ) ,cr(a , , ) ..........<*■(* „ ) ^ ( a , , ) - ■ * • ><T(am) )1 l  r  r +1 m-s m - s +1 m

Tt = (<r(a ) , g - ( a „ c ( a  ) ;TT(a ) , . . .  ,ir(a  ) , tr(a )  T (a  ) )1 2  r  r+L m- s  m-s + 1 m

= (<r(a r (a  ) )  and ¥' = (ir(a ir(a ) )r +1 m-s r+1 m-s

t h e n  th e  d i s t a n c e  A (¥ ,f f )  = A ( T ' , i t ' ) .

As Kemeny p u t  i t ,  " I f  two r a n k i n g s  a r e  i n  c o m p l e t e  a g r e e m e n t  a t  

t h e  b e g i n n i n g  o f  t h e  l i s t  and  a t  t h e  end o f  t h e  l i s t ,  and d i f f e r  o n l y  

a s  t o  t h e  r a n k i n g  o f  t h e  k o b j e c t s  i n  t h e  m i d d l e ,  t h e n  t h i s  d i s t a n c e  

i s  t h e  same as  i f  t h e s e  k o b j e c t s  w e re  t h e  o n l y  o b j e c t s  u n d e r  c o n s i d e r ­

a t i o n  . "

A) The minimum p o s i t i v e  d i s t a n c e  i s  2 .

As Kemeny and  S n e l l  show i n  t h e i r  book,  M a t h e m a t i c a l  M odels  i n  t h e  

S o c i a l  S c i e n c e s  [14} fp .  13) :

Lemma 2 . 2 : Axioms ( l ) - ( A )  a r e  c o n s i s t e n t ^  a n d .  f u r t h e r m o r e ,  t h e r e  

i s  o n l y  one d i s t a n c e  m e a s u re  w h ic h  s a t i s f i e s  a l l  o f  them.

The r e q u i r e d  d i s t a n c e  m e a s u r e  i s  d e f i n e d  by:

A(<T,Tt) = T k*7 ^  , w he re  k -r ^ =  2 i f  V  and IT d i s a g r e e  a b o u t  t h e  r e l a t i v e
1< j  i j  i j

p o s i t i o n s  o f  i  and j ,  and k ^ ^  = 0 o t h e r w i s e .  I n  Kemeny 's  s e t u p ,  t h e  o b -
i j

j e c t  i s  t o  c h o o s e  a s  t h e  s o c i a l  p r e f e r e n c e  some o r d e r  whose a v e r a g e  

d i s t a n c e  f rom t h e  i n d i v i d u a l  p r e f e r e n c e s  i s  a minimum.

We n o t e  t h a t  t h e  e n t r i e s  k ^ ^ a r e  e q u a l  t o  t h e  a b s o l u t e  v a l u e s
i j

o f  t h e  c o t  r e s p o n d i n g  e n t r i e s  i n  E<r -  E^ .  I t  i s  e a s y  t o  v e r i f y  t h a t  f o r
,  p n

m a l t e r n a t i v e s ,  t h e  f u n c t i o n  w h ic h  c h o o s e s  (ffl A (<f . TT ) ^  Z A ( ^ , T  )
i = l  i  i = l  i

S ( w h e n e v e r  t h e  v o t e r s  h a v e  p r e f e r e n c e s  If  , . . . ,U a g r e e s  w i t h  F, 
mJ ,1 n

t h e  Kemeny SDF o f  D e f i n i t i o n  2 . 1 .
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Kemeny s u g g e s t e d  t h a t  o t h e r  SDFs i n v o l v i n g  m i n i m i z a t i o n  o f  h i s

d i s t a n c e  m e a s u r e  m i g h t  be u s e f u l .  F o r  e x a m p l e ,  he p r e s e n t e d  a  s e c o n d
C , n 2 n 2

f u n c t i o n  w h i c h  c h o o s e s  p r e f e r e n c e  o r d e r s  i<rl  Zl(<r,Tr ) < ?■ (J^, rr^)
j  1 i  1 1 i = l

'Wr *1 < S ^ . He o f f e r e d  no r e a s o n  f o r  p r e f e r r i n g  any  o n e  SDF o v e r  a n o t h e r ;

i t  was r a t h e r  h i s  d i s t a n c e  m e a s u r e  w h i c h  he  v i e we d  a s  t h e  m a j o r  c o n t r i ­

b u t i o n  .

I n  r e t r o s p e c t ,  we c a n  s a y  t h a t ,  a t  l e a s t  f r om a s o c i a l  c h o i c e

v i e w p o i n t ,  Kemeny d i d  n o t  e x p l o i t  t h e  more  i m p o r t a n t  i m p l i c a t i o n s  o f  h i s

d i s c o v e r y .  By c o n c e n t r a t i n g  on t h e  d i s t a n c e  m i n i m i z i n g  a s p e c t  o f  t h e

p r o b l e m ,  he  d i d  n o t  r e c o g n i z e  t h a t  i t  i s  t h e  f u n c t i o n  i t s e l f ,  r a t h e r

t h a n  t h e  d i s t a n c e ,  w h i c h  p o s s e s s e s  t h e  i m p o r t a n t  p r o p e r t i e s .  As a

r e s u l t ,  h i s  e x p o s i t i o n  r e l i e s  on m a t h e m a t i c a l l y  s o u n d ,  b u t  i n t u i t i v e l y

o b s c u r e  a x i o m s .  Had he b e e n  i n t e r e s t e d  i n  e x p l o r i n g  t h e  s o c i a l  c h o i c e

r a m i f i c a t i o n s  o f  h i s  f u n c t i o n s ,  he m i g h t  h a v e  r e a l i z e d  t h a t  t h e r e  i s

a m p l e  c a u s e  t o  p r e f e r  one  o v e r  a n o t h e r .

A few c o n c l u d i n g  r e m a r k s  on Kemeny ' s  d e v e l o p m e n t  a r e  i n  o r d e r  h e r e .

Hi s  l i n e  o f  a t t a c k ,  s t r i c t l y  s p e a k i n g ,  d i d  n o t  d e f i n e  an  SDF a s  we d i d ,

b e c a u s e  h i s  Axiom ( 3 )  d e p e n d s  u p o n  c o m p a r i n g  d i s t a n c e s  b e t w e e n

p e r m u t a t i o n s  o f  d i f f e r e n t  o r d e r s .  As a  r e s u l t ,  h i s  doma i n  f o r  SDFs c a n

m
p r o p e r l y  be r e g a r d e d  a s  t h e  s e t  U D , w h i l e  we r e q u i r e  o n l y  t h a t  a

m=l
p a r t i c u l a r  SDF be d e f i n e d  f o r  a  f i x e d  number  ra o f  a l t e r n a t i v e s .  T h i s  

i s  n o t ,  h o w e v e r ,  a  m a t e r i a l  d i f f e r e n c e .

S e c o n d ,  Kemeny d i d  n o t  make much o f  a  c o n n e c t i o n  b e t w e e n  t h e  

d i s t a n c e  he  d e f i n e d  and  t h e  d e c i s i o n - m a k i n g  c o n t e x t  i n  w h i c h  we m i g h t  

w an t  t o  m i n i m i z e  t h a t  d i s t a n c e .  One m i g h t  a r g u e ,  h o w e v e r ,  t h a t  t h e  i d e a  

o f  c h o o s i n g  a s  r e p r e s e n t a t i v e  t h o s e  c h o i c e s  w h i c h  " m i n i m i z e '1 d i s a g r e e ­
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me nt s  i s  u n i v e r s a l l y  a p p e a l i n g .  The d i f f i c u l t y  w i t h  t h i s  a r g u m e n t  i s  

t h a t  t h e r e  i s  a  m u l t i p l i c i t y  o f  p o s s i b l e  " m e a s u r e s  o f  d i s a g r e e m e n t . "  

Ke me ny ' s  a x i o m s  u n i q u e l y  d e t e r m i n e  s u c h  a m e a s u r e ,  b u t  t h e  ax i oms  

t h e m s e l v e s  seem t o  be m o t i v a t e d  m a t h e m a t i c a l l y ,  r a t h e r  t h a n  by t h e  

c o n t e x t  o f  t h e  p r o b l e m .  The c o n t r i b u t i o n  o f  t h i s  p a p e r  i s  t o  p o i n t  

o u t  t h a t  t h e  Kemeny f u n c t i o n  d o e s  i n  f a c t  h a v e  an  i n t u i t i v e l y  a p p e a l i n g  

a x i o m a t i z a t i o n  m o t i v a t e d  by t h e  s o c i a l  c h o i c e  c o n t e x t .

As a n  e x a m p l e  o f  t h e  Kemeny f u n c t i o n ,  c o n s i d e r  o n c e  a g a i n  t h e  

e l e c t i o n  o f  Example  1 . 1 .  The r e l a t e d  e l e c t i o n  m a t r i x  E a p p e a r s  

e a r l i e r  i n  S e c t i o n  A o f  C h a p t e r  I .  U s i n g  t h e  n o t a t i o n  o f  Example  1 . 1 ,

we f i n d  t h a t  t h e  s i x  d e s i r e d  i n n e r  p r o d u c t s  a r e :

(E E) = 1 0 / 7  (E , E) = f>/7 (E , E)  = - 2 / 7
2 *3

(E.  , E)  -  - C / 7  (E , E )  = 2 / 7  (E , E)  = - 1 0 / 7
% *5 *6

C o n s e q u e n t l y ,  F w i l l  c h o o s e  p e r m u t a t i o n  e ,  t h e  n a t u r a l  o r d e r ,  a s

t h e  u n i q u e  w i n n e r ,  and  t h e  SCF d e r i v e d  f r o m  F w i l l  c h o o s e  a^ a s  t h e

u n i q u e  w i n n i n g  a l t e r n a t i v e .  I t  i s  no  a c c i d e n t  t h a t  a^  i s  a C o n d o r c e t
F

a l t e r n a t i v e ;  we w i l l  s o o n  show t h a t  g , t h e  SCF d e r i v e d  f r om t h e  

Kemeny f u n c t i o n ,  a l w a y s  c h o o s e s  t h e  C o n d o r c e t  a l t e r n a t i v e ,  when one  

e x i s t s .  T h i s  p r o p e r t y  i s  o n e  o f  t h e  a p p e a l i n g  p r o p e r t i e s  o f  F .  L e t  u s

b e g i n  now t o  d i s c u s s  some o f  t h e s e  p r o p e r t i e s .
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B PROPERTIES OF F

The Kemeny f u n c t i o n  p o s s e s s e s  q u i t e  a  number  o f  d e s i r a b l e  p r o p e r ­

t i e s  w h i c h  we m i g h t  e x p e c t  f a i r  and r e a s o n a b l e  SDFs t o  p o s s e s s .  The most  

i m p o r t a n t  o f  t h e s e  i s  t h e  C o n d o r c e t  p r o p e r t y .  A p p a r e n t l y  t h i s  o b s e r v a t i o n  

was  n o t  made by  Kemeny.

D e f i n i t i o n  2 . 2 : An SDF f  i s  s a i d  t o  p o s s e s s  t h e  C o n d o r c e t  p r o p e r t y  i f  
f

g , t h e  SCF d e r i v e d  f rom f ,  c h o o s e s  t h e  C o n d o r c e t  a l t e r n a t i v e  u n i q u e l y  

w h e n e v e r  one e x i s t s .

We n o t e  t h a t  i f  a  C o n d o r c e t  a l t e r n a t i v e ,  s a y  a ^ ,  e x i s t s  f o r  some 

e l e c t i o n ,  t h e n  t h e  i t h  row ( i . e . ,  t h e  row i n d e x e d  by a l t e r n a t i v e  a ^ )  

o f  t h e  a s s o c i a t e d  e l e c t i o n  m a t r i x  E mus t  be a l l  p o s i t i v e  ( e x c e p t  f o r  

e n t r y  e ^ ^ ) -  We may t h e r e f o r e  f o r m u l a t e  t h e  a bove  d e f i n i t i o n  i n  t e rms  

o f  t h e  e l e c t i o n  m a t r i x  E: f  s a t i s f i e s  t h e  C o n d o r c e t  p r o p e r t y  i f  g^ = 

f a - i  w h e n e v e r  row i  o f  E ( e x c e p t  i s  p o s i t i v e .

Lemma 2 . 3 : F p o s s e s s e s  t h e  C o n d o r c e t  p r o p e r t y .

P r o o f :  S u p po s e  t h a t  a„ i s  t h e  C o n d o r c e t  a l t e r n a t i v e  and s u p p o s e  t h a t  a  c---------  C r
F

g ( E) ,  a  /  a w h e r e  E i s  some e l e c t i o n  m a t r i x .  Then f o r  some F ( E ) ,  
r  c

O ' t a . )  = a  w h i l e  <r(a,  ) = a f o r  some k> 1.  Le t  fl1' be s u c h  t h a tv l '  r  x k c

f f ' ( a L) = a c . t r ' ( a 2 ) -  a r , o - ' ( a 3 ) = « r ( a 2 >. . . .  , ( j ’ ( a fc) = a '<a k_ 1)>

(a ) = i t  ( a  ) ,  . . .  , 0-' (a  ) = a ( a  ) . F i n a l  l y , l e t  e ^ .  be t h e  k+l  k+1 m m  l J
( i , j ) t h  e n t r y  o f  ^  and e . be t h e  ( i , j ) t h  e n t r y  o f  E.

m __i m i mor <r <x

" V

Then ( E T ' . K )  -  ( E t E )  -  „ + j  - x e c l *c l
er m »i   ̂  ̂ 1

v e e -  2 y e e -  2 W e " . e  , >  0 , s i n c e ,  f o r  a l l  i  ^ c ,
i = l  i c  l c  i - t  c t  c l  i - i  c i  Ci
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e , > e , w h i l e  e > 0  and  e e >e  e  , b e c a u s e  a  i s  a  C o n d o r c e t  
c i  '  c i  c i  '  c r  c r  c r  c r  c

a l t e r n a t i v e .  T h e r e f o r e , t r F ( E ) , c o n t r a d i c t i n g  o u r  h y p o t h e s e s .  D 

From D e f i n i t i o n  2 . 1 .  i t  i s  i m m e d i a t e  t h a t  F i s  b o t h  n e u t r a l  and  

a n onymous ,  s o  t h a t  F i s  s y m m e t r i c  ( i . e . ,  s y m m e t r i c  i n  i t s  t r e a t m e n t  o f  

b o t h  d i f f e r e n t  v o t e r s  and d i f f e r e n t  a l t e r n a t i v e s ) .  F i s  a l s o  c o n s i s t e n t ;  

i n d e e d ,  l e t  S be  a  s e t  o f  n v o t e r s  w i t h  a s s o c i a t e d  e l e c t i o n  m a t r i x  E, 

a n d  l e t  S '  and  S"  be two n o n - e m p t y  s e t s  p a r t i t i o n i n g  S ,  w he r e  n '  = | s f  

a n d  n"  = ISf*I . I f  E'  and E" d e n o t e  t h e  e l e c t i o n  m a t r i c e s  c o r r e s p o n d i n g
n t n 11

t o  S '  and  S " ,  r e s p e c t i v e l y ,  t h e n  E = —:----- -  E'  + —cr—T7 E" .  T h u s ,  i f  &Cr  n ' + n M n +n"  »

F ( E ’ ) A F ( E " ) ,  t h e n  ( E*,  E ' ) >, ( E*,  E* ) and  ( E° \  E" ) »  (Eir, E" ) s o  t h a t  ( E 5", E) 

(E^,  E) f o r  a l l  i r e  and h e n c e  T t  F ( E ) .  M o r e o v e r ,  i f  g - ' * F ( E )  w h i l e

f f ^ F ( E ' )  A F ( E " ) ,  t h e n  (E0', E ' ) *  (E*'  E 1 ) and  (ET, E" ) >, ( Ef ' E" > , and  a t

l e a s t  one  o f  t h e s e  i s  a s t r i c t  i n e q u a l i t y .  T h i s  i m p l i e s ,  h o w e v e r ,  t h a t  

(E*-, E) > (Er , E ) ,  c o n t r a d i c t i n g  o u r  h y p o t h e s i s  t h a t  <r 1 c  F ( E ) .

A t  t h i s  p o i n t ,  we d e f i n e  a  t r a d i t i o n a l  p r o p e r t y  o f  SDFs,  a n a l o g o u s  

t o  t h e  P a r e t o  p r o p e r t y  f o r  SCFs [17]  ( A l s o  s e e  0 0 ] ) :

D e f i n i t i o n  2 . 3 : An SDF f  i s  s a i d  t o  be f a i t h f u l  i f  f ( d )  = i n  t h e  

c a s e  t h a t  t h e r e  i s  o n l y  o n e  v o t e r  w i t h  p r e f e r e n c e  o r d e r  (T . An SDF 

i s  a n t i -  f a i t h f u l  i f  f ( d )  = |  -  qrj when d c o n s i s t s  o f  a s i n g l e  v o t e r  w i t h  

p r e f e r e n c e  o r d e r  <T. (By -ff we mean t h e  p r e f e r e n c e  o r d e r  w h e r e i n

- » ( a k ) = ^  ^ m + i - k ^  f ° r  a 11

I t  i s  c l e a r  t h a t  F i s  f a i t h f u l ,  s i n c e  (E^ ,  E^)  > (E^,  Er ) f o r  a l l

TT ( t i e  S^ ,  F i s  a l s o  c o n t i n u o u s ,  a  p r o p e r t y  w h i c h  f o l l o w s  f rom t h e  

c o n t i n u i t y  o f  t h e  i n n e r  p r o d u c t  f u n c t i o n a l .

T h u s ,  we h a v e  s e e n  t h a t  F i s  s y m m e t r i c ,  c o n s i s t e n t ,  c o n t i n u o u s  

and  f a i t h f u l .  T h e s e  p r o p e r t i e s  a r e  n a t u r a l  i n  t h e  s o c i a l  c h o i c e  c o n t e x t
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and  a r e  i n  f a c t  s h a r e d  by m o s t  d e c i s i o n  p r o c e s s e s  a c t u a l l y  i n  u s e .  The 

s p e c i a l  and  p a r t i c u l a r l y  a p p e a l i n g  a t t r i b u t e  o f  F i s  t h a t  i t  s a t i s f i e s  

t h e  C o n d o r c e t  p r o p e r t y .  We now e x p l o r e  t h e  r a m i f i c a t i o n s  o f  s u c h  b e h a ­

v i o r  i n  t h e  p r e s e n c e  o f  " t i e s . "  We know t h a t  a  C o n d o r c e t  a l t e r n a t i v e  

c a n  be c o n s i d e r e d  " s u p e r i o r "  i n  some s e n s e  t o  t h e  o t h e r s ,  s i n c e  i t  c a n  

d e f e a t  e a c h  o f  t hem i n  p a i r w i s e  v o t i n g .  L e t  u s  c o n s i d e r  i n s t e a d  an  

a l t e r n a t i v e  w h i c h  t i e s  e v e r y  o t h e r  i n  p a i r w i s e  c o m p a r i s o n  v o t i n g .  A 

n a t u r a l  e x t e n s i o n  o f  t h e  C o n d o r c e t  p r i n c i p l e  w o u l d  be  t o  s a y  t h a t  s u c h  

an  a l t e r n a t i v e  i s  i n  some s e n s e  i n d i f f e r e n t  t o  e v e r y  o t h e r  a l t e r n a t i v e .

We w i s h  t o  e x p r e s s  t h e  i d e a  t h a t  i f  a  i s  an  i n d i f f e r e n t  a l t e r n a -
s

t i v e ,  and  i f  O" i s  a n y  w i n n i n g  p e r m u t a t i o n  c h o s e n  by f , t h e n  a '  i s  a n  

e q u a l l y  good o u t c o m e ,  w h e r e  ff'  i s  o b t a i n e d  f r o m  c  by s w i t c h i n g  a g 

w i t h  i t s  n e i g h b o r  a b o v e  o r  b e l o w .

L e t  A be a  s e t  o f  m a l t e r n a t i v e s ,  a n d  l e t  B C A. I f  O' i s  a  p e r mu ­

t a t i o n  on t h e  a l t e r n a t i v e s  i n  B, l e t  <r<A-B> be t h e  s e t  o f  a l l  p e r m u t a ­

t i o n s  on  A w h i c h  a g r e e  w i t h  «r on B; t h a t  i s ,  f o r  a l l  a ^ ,  a j € B ,

p r e c e d e s  a .  i n  sr i f f  a .  p r e c e d e s  a  i n  n  f o r  e v e r y  
J 1 j

D e f i n i t i o n  2 . 4 : An SDF f  i s  s a i d  t o  be C o n d o r c e t  i n d i f f e r e n t  i f ,

w h e n e v e r  a ^  i s  an  i n d i f f e r e n t  a l t e r n a t i v e  f o r  p r e f e r e n c e  p r o f i l e  d,

t h e n  Tt f c f (d )  and  > i m p l y  t h a t  <T < a  > -  f ( d ) .
k

Lemma 2 . 4 : F i s  C o n d o r c e t  i n d i f f e r e n t .

P r o o f : S u p p o s e  | r  ,"#■'€ T'Ca,> f o r  some i n d i f f e r e n t  a l t e r n a t i v e  a  . Then
K

and E °  d i f f e r  o n l y  i n  t h e  k t h  row and  c o l u m n ,  and (E^,  E) and  ( E 11̂ , E )

c a n  l i k e w i s e  d i f f e r  o n l y  i n  t e r m s  i n v o l v i n g  e . and e, , ,  1 4 i J  m. A l l
i k  k t

o f  t h e s e  t e r m s  a r e  0 i f  row k o f  E i s  0 .  H e n c e ,  W* F ( E )  i f f  r ' t  F ( E ) .  O
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One o f  t h e  l e s s  o b v i o u s  p r o p e r t i e s  o f  C o n d o r c e t  i n d i f f e r e n t  SDFs 

I s  t h a t  I f  t h e y  a r e  c o n s i s t e n t ,  t h e n  t h e i r  e f f e c t i v e  d o ma i n  i s  t h e  s e t

Lenana 2 . 5 : I f  f  i s  c o n s i s t e n t  a n d  C o n d o r c e t  i n d i f f e r e n t ,  t h e n  w h e n e v e r  

d a n d  d* a r e  p r o f i l e s  h a v i n g  t h e  same e l e c t i o n  m a t r i x ,  f ( d )  = f ( d ' ) .

m a t r i x  w i t h  e n t r i e s  o f  1 o f f  o f  t h e  d i a g o n a l  a n d  0 on  i t .  Then  i f  d h a s

n c o m p o n e n t s ,  E = ( 2 / n ) W ,  - K. We a s s e r t  t h a t  W = W i m p l i e s  f ( d )  = 
d d d d ’

f ( d ' ) .  L e t  d a n d  d '  be p r e f e r e n c e  v e c t o r s  on d i s j o i n t  v o t e r  s e t s  s u c h

i n d i f f e r e n c e ,  f ( d + d M) * f ( d ' + d " )  = S , s o  t h a t  by c o n s i s t e n c y ,  f ( d )  *m

f ( d ) A  S -  f  ( d + ( d " + d  ’) = f ( ( d + d " ) + d ' ) = S O f C d ' )  = f ( d ’ ) .  From t h i s  i t  
m m

f o l l o w s  t h a t  w h e n e v e r  W ■ W , f ( d )  = f ( d ' ) ,  s i n c e  we c a n  a l w a y s  f i n d
d d '

a  t h i r d  d"  on  a s e t  o f  v o t e r s  d i s j o i n t  f rom t h o s e  o f  b o t h  d and  d ’ s u c h

t h a t  W = W = W . 
d d '  d "

N e x t ,  s u p p o s e  t h a t  E * E ; t h e n  ( 2 / n )W - K = ( 2 / n ' ) W  - K, and
d _  d ’ d d '

h e n c e  n 'W ■ nW , w h e r e  d ,  d '  h a v e  n ,  n* c o m p o n e n t s ,  r e s p e c t i v e l y .  Con
d d

s i s t e n c y  a n d  t h e  r e m a r k s  a b o v e  i m p l y  t h a t  f  ( d )  = f ( W )  = f ( n ' W )  =
d d

f  (nW ) = f  (W ) = f ( d ' ) ,  a n d  t h e  lemma i s  p r o v e d .  fj
d '  d '

The m a j o r  r e s u l t  o f  t h e  n e x t  c h a p t e r  i s  t h a t  t h e r e  a r e  o n l y  t h r e e

SDFs w h i c h  a r e  n e u t r a l ,  c o n s i s t e n t  and  C o n d o r c e t  i n d i f f e r e n t ,  a n d  t h a t

t h e  o n l y  o n e  w h i c h  i s  f a i t h f u l  i s  t h e  Keraeny f u n c t i o n .  Hence  t h e  s e e m i n g ­

l y  w e a k e r  C o n d o r c e t  i n d i f f e r e n c e  p r o p e r t y  i m p l i e s  ( w i t h  t h e  o t h e r s )  t h e

C o n d o r c e t  p r o p e r t y .

t  o f  e l e c t i o n  m a t r i c e s ,  a n d  by Lemma 1 . 1  i s  t h e r e f o r e  e x t e n s i b l e

P r o o f : G i v e n  d ,  l e t  W b e  t h e  m x m m a t r i x  w i t h  e n t r y  ( i , j )  e q u a l  t o  t h e

numbe r  o f  t i m e s  a l t e r n a t i v e  a  i s  p r e f e r r e d  t o  a . L e t  K be  t h e  m x m

t h a t  W = W , a n d  c h o o s e  a  v e c t o r  d "  on  a  v o t e r  s e t  d i s j o i n t  f r om t h o s e  
d d ’

t h a t  W
d

o f  d ,  d '  s u c h  t h a t  W = W and  E = L = 0 ,  By C o n d o r c e t
  d + d "  d ' -NT'  d+d "  d ' + d "
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I l l  A CHARACTERIZATION OF F

A SOME CONVEXITY RESULTS

B e f o r e  p r o c e e d i n g  t o  t h e  c h a r a c t e r i z a t i o n  o f  F, we w i l l  f i n d  i t

r e w a r d i n g  t o  e x p l o r e  some o f  t h e  i m p l i c a t i o n s  o f  t h e  p r o p e r t i e s

m e n t i o n e d  i n  t h e  p r e v i o u s  c h a p t e r .  Some o f  t h e s e  p r o p e r t i e s  l e a d  t o

u s e f u l  m a t h e m a t i c a l  r e s u l t s  c o n c e r n i n g  SDFs t h a t  s a t i s f y  them.  We

w i l l  b e g i n  o u r  a n a l y s i s  by d i s c u s s i n g  t h e  c o n v e x i t y  I m p l i c a t i o n s  o f

s e v e r a l  o f  t h e  f a i r n e s s  c r i t e r i a .  S i n c e  we w i l l  d e a l  o n l y  w i t h  symrae-

m J
t r i e  SDFs,  t h e  domain  o f  d e f i n i t i o n  w i l l  a l w a y s  be a s u b s e t  o f  R ' ,

We may n o t e ,  h ow e v e r ,  t h a t  t h e  f o l l o w i n g  two d e f i n i t i o n s  c a n  a l w a y s  

be i n t e r p r e t e d  i n  t h e  c o n t e x t  o f  t h e  domain  c o n c e r n e d .

D e f i n i t i o n  3 . 1 : D eno t e  by R a ( f )  t h e  r a n g e  o f  a g i v e n  SDF f  on m
-1

a l t e r n a t i v e s ,  and l e t  S f R a ( f ) .  Then t h e  s t r o n g  I n v e r s e  o f  S i s  f

“ £ x  | f  ( x )  = , and t h e  weak i n v e r s e  o f  £  i s  t h e  s e t  f (S)  =

^ x  | S = f ( x )  j. Denote  c l ( f  \ s ) )  by Xg and  r i ( X g ) by X^.

We w i l l  a l s o  f i n d  i t  u s e f u l  t o  c o n s i d e r  t h e  n o t i o n  o f  Q - c o n v e x i t y ,  
C n   C -  — )  c

w h e r e  X = Q i s  Q- convex  i f  x , yeX imply  + ( l - a ) y ,  0 < a < l ,  a t Q j  = X.

Many p r o p e r t i e s  o f  c o n v e x i t y  can  be  c a r r i e d  o v e r  t o  Q - c o n v e x i t y ,  by

v i r t u e  o f  t h e  f o l l o w i n g  r e s u l t s  p r o v e d  by Young i n  [ 22] :

Lemma 3 . 1 : C ^  Qn i s  Q - co n v e x  i f f  C = Qn ( l c v x ( C ) .
C  n

Lemma 3 . 2 : I f  C _ Q i s  Q - c o n v e x ,  t h e n  c l ( C )  i s  c o n v e x .

No t e  t h a t  t h e r e f o r e  C ^ c v x ( C )  ^ c l ( C ) .  Hence ,  c l ( C )  -  c l ( c v x ( C ) )  

and t h e r e f o r e  r i ( c l ( C ) )  = r i  ( c l ( c v x ( C ) ) )  =* r i ( c v x ( C ) ) ,

We a l s o  have  t h e  f o l l o w i n g  g e n e r a l  f a c t  a b o u t  c o n v e x i t y :

k C n
Lemma 3 . 3 :  I f  C * U S . w h e r e  C =* R i s  c o n v e x  and k i s  f i n i t e ,  t h e n
-----------------  i - l  *
f o r  some i ,  d im(C)  “ d i m ( S ^ ) .
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We may now s t a t e  a t h e o r e m  c o n c e r n i n g  t h e  s t r u c t u r e  o f  i n v e r s e  

s e t s  f o r  a p p r o p r i a t e  SDFs:

Theorem 3 . 1 : I f  f  i s  s y m m e t r i c  and c o n s i s t e n t ,  and i f  C t R a ( f ) ,  t h e n

b o t h  f   ̂ and f  ^ (C)  a r e  Q - c o nv e x  c o n e s .  I f ,  m o r e o v e r ,  f  i s  c o n t i n u o u s ,
C

c ct h e n  t h e r e  i s  a  s e q u e n c e  o f  p r o p e r  s u b s e t s  J  . . .  ^  = C s u c h  t h a t

( a )  C^€ R a ( f )  f o r  1 i  i  < r ,

( b )  Xc i s  p o l y h e d r a l  f o r  L i  i  < r ,  and
i  _  _  _

( c ) d im X = m! w h i l e  dim X -  dim X -1  f o r  1 <. i £  r .
c i c i c i - i

P r o o f : By c o n s i s t e n c y ,  f  i s  h o m o g e n e o u s ( s e e  D e f i n i t i o n  L . 6 ) s o  t h a t

b o t h  f  * and f  ^(C)  a r e  Q - c o n e s .  I n  f a c t ,  i f  y = ax + ( l - a ) x ' ,  0 <  a <  1,c
a t Q ,  x . x ' f c  f ^ (C)  ( o r  f ^ ) ,  t h e n  by c o n s i s t e n c y ,  f ( y )  = f ( x ) f > f ( x ' )

C
-  -1 -1 -1 -1

and y C  f  (C) ( o r  f  ) .  T h e r e f o r e  f and f  (C) a r e  Q - co nv ex ,  and by
C c

Lerana 3 . 2 ,  X„ and t h e r e f o r e  X a r e  a l s o  c o n v e x .  We n e e d  two lemmas t o  
C C

p r o c e e d :

Lemma 3 . 4 : S up p os e  f i s  s y m m e t r i c  and  c o n s i s t e n t  and t h a t  C ^ C  a r e  

b o t h  i n  Ra ( f ) , Then Xc n Q m! £  f " 1 £  f _ 1 (C) C c l ( f ” L) n Q m! - X  QmI ,c c c
and r L( C ' )  £  ( f - i  (C) -  f ‘ l ) £  bd(Xc ) n Q m ! ,

_ i c  -1 — - 1 —
P r o o f : By d e f i n i t i o n ,  f = f  ( C) .  Now s u p p o s e  t h a t  x t  f  and y <

C Crn I — —
X OQ Then t h e r e  i s  some r a t i o n a l  number  u >  1 s uch  t h a t  z = ( l - u ) x  

C
-  «  m! C -1 -  -  -+ uy  t  X fl Q » f  (C) by Lemma 3 . 1 .  T h e r e f o r e  f ( y )  = f ( x ) r t f ( z )  = Cc

-1 m! C -1 -1 “
and y 6 f  . Thus X r tQ — f  . But  c l ( f  (C1)) - X and  t h e r e f o r e  X*, f t  

C u c  C f

1 ^ f  i s  d e n s e  i n  X , so  X =- c l ( X  > c l ( f  *) £ Xr , a n d  X„ - c l ( f  S
v  C  w  w  w  ( j  p

* 1 -  1Ve It .ow f rom t h e  d e f i n i t i o n  t h a t  f  ( C ' )  i s  c o n t a i n e d  i n  f  (C) b u t

- 1  m! C _1 — - 1  -L —
i s  d i s j o i n t  f rom f  . S i n c e  X(, n Q  = f  , i f  x f f  (C) -  f  , x

C L L C
mus t  be  a r a t i o n a l  p o i n t  i n  X - X ; i . e . ,  ( f  *(C)  -  f ~ * )  £  bd (Xc c c 0
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We n o t e  t h a t  we may now e a s i l y  d e m o n s t r a t e  t h e  e q u i v a l e n c y  o f  

t h e  two d e f i n i t i o n s  o f  c o n t i n u i t y  ( s e e  D e f i n i t i o n  1 . 8 ) ,  S u p p o s e  t h a t  

[ x ^ i s  a  s e q u e n c e  i n  f  * (<j-> f o r  some t7KSm w h i c h  c o n v e r g e s  t o  x C  Q™* ,
  _ i    m *

t h e n  Lenina 3 . A i m p l i e s  t h a t  x f c c l ( f  ( a ) ) . c h o o s e  some p o i n t  y t X  flQ

C - 1  -1 -1
; f  (CT) ( s u c h  a p o i n t  e x i s t s  by  t h e  d e n s i t y  o f  f "  ( 0 )  i n  c l ( f  (O'))

C m!
X<^ ’ t h e n  t h e  s e q u e n c e  Lz ± +  x 3 Xf f n Q  » S O  t h a t  by  h o m o g e n e i ­

t y ,  t h e  d e s i r e d  s e q u e n c e  i s  W z  y + i x ?  = X ^ n  Q™ .
1 J  u

C o r o l l a r y  3 . 4 . 1 : I f  f  i s  c o n t i n u o u s  a s  w e l l  a s  s y m m e t r i c  a n d  c o n s i s t e n t ,  

a n d  i f  C € R a ( f ) ,  t h e n  f “ l (C) = X HQ™' ’ a n d  f " 1 = X n Q 1"' ' .
c  c c

- 1 I — lri ’ — — m ^
P r o o f ;  By Lemma 3 . A, c l ( f  ) f ) Q  = X [)Q so  t h a t  i f  x c  X n Q  ,

p  - - .. m  f m "* X
c o n t i n u i t y  i m p l i e s  t ^ a t  C f ( x ) .  T h e r e f o r e  X H Q  ‘ -  f  ( C) ,  and ,

-1  C _  ni1
c o u p l e d  w i t h  t h e  r e s u l t  a b o v e  t h a t  f  (C)  -  X A Q  \  we c o n c l u d e  t h a t

vj
* ™  ̂ i[i  ̂ i

f (C) ■- X f) Q *, We a l s o  know f r o m  t h e  lenxna t h a t  X f> Q - f  . New, 
t  C C

"‘l  inT — I
s u p p o s e  t h a t  f  ^ x r OQ '• t h e n  t h e r e  e x i s t s  some x £ f "  t h a t  i s  on 

C C c
— — m !

t h e  b o u n d a r y  o f  X . F i x  y i n  X OQ , a n d  f o r  a n y  a > l  c o n s i d e r  t h e
c  C

s e t  Z i"xx *■ ( l - a ) y ,  l i a t Q t a ^ . I f  Z n x  ^ 0 ,  i t  f o l l o w s  f rom t h e  
a  a  C

c o n v e x  a n a l y s i s  t h a t  x £ r i ( X  ) ,  a n d  we m u s t  t h e r e f o r e  c o n c l u d e  t h a t
C

Z f \  X Z H f  (C)  0 f o r  a l l  a .  Bu t  f l a ( r )  i s  f i n i t e  and  f  c o n s i s t e n t ;
a  C a

ch e r e  i s  a n  a  s u c h  t h a t  f o r  some C'  /  C i n  R a ( f ) ,  f ( z )  C'  f o r  a l l  

z £ Z , Now C'  C C  o r  e l s e  c o n s i s t e n c y  w o u l d  i m p l y  t h a t  f ( x )  f ( Z ^ )  =

C 1. Thus  t h e r e  i s  some VC ( C 1 - C) a n d  by  c o n t i n u i t y , « 7 - f  ( x )  ; c o n s e ­

q u e n t l y ,  x ^ “f  ^ . T h i s  c o n t r a d i c t i o n  p r o v e s  t h a t  f  * - X 0 .  0
C C C

C o r o l l a r y  3 . A . 2 : I f  f  i s  s y m m e t r i c  and  c o n s i s t e n t  a n d  i f  S ^ e  R a ( f ) ,

t h e n  X i s  a f f i n e .
S

m - 1  - 1  
P r o o f ;  L e t  H d e n o t e  t h e  a f f i n e  h u l l  o f  f  (S ) .  I f  f  (S ) c o n s i s t s  o f  
------------------------------------------------ m rn



j u s t  o n e  p o i n t ,  we a r e  d o n e ,  s o  l e t  u s  a s s u m e  t h a t  d i m(H)  ^ 1 ,  Now,
_  ̂ ^ _  i   , _ ^________________ _

f  (S ) Hf lQ s u p p o s e  t h a t  z * ( H r i Q m’ ) - f  (S ) a n d  l e t  x b e
m m

some p o i n t  w i t h i n  X . By t h e  lenxna a n d  t h e  d e f i n i t i o n  o f  x , t h e r e  i s  asm m—  p
r e l a t i v e  n e i g h b o r h o o d  N a b o u t  x s u c h  t h a t  N - X , a n d  a s  a c o n s e q u e n c e ,

S
mJ c - 1  ( — — ■> —

N ft Q f  (S ) .  Bu t  i f  Z -  l a x  4 ( l - a ) z ,  0 < a t Q < l j ,  t h e n  f ( Z )  -- f ( z ) f )
m *

f ( x )  = f ( z )  by c o n s i s t e n c y ,  and  Z h a s  a  n o n e m p t y  i n t e r s e c t i o n  w i t h  a l l  r e ­

l a t i v e  n e i g h b o r h o o d s  o f  x .  T h i s  c o n t r a d i c t s  t h e  r e l a t i v e  o p e n n e s s  o f  X ,
5

-  -  - 1  m 
s o  t h e r e  c a n  b e  no  s u c h  z .  T h e r e f o r e  Xg c l ( f  (S ) )  = Xg i s  a f f i n e ,  £J

m m m
To r e t u r n  t o  t h e  p r o o f  o f  Theo r e m 3 . 1 ,  we n e e d  one  m o re  lemma,

t h i s  t i m e  c o n c e r n i n g  p o l y h e d r a  i n  g e n e r a l :

Lemma 3 . 5 : S u p p o s e  t h a t  C ^ , . . . , C  a r e  c l o s e d  c o n v e x  s e t s  o f  d i m e n s i o n

n w h o s e  u n i o n  i s  a  p o l y h e d r o n  C and  w h o s e  r e l a t i v e  i n t e r i o r s  a r e

p a i r w i s e  d i s j o i n t .  Then  C , . . . , C  a r e  p o l y h e d r a .
r  s

P r o o f : S i n c e  C i s  a  p o l y h e d r o n ,  C -  S f o r  some f i n i t e  nu mb e r  o f
i  1 1

h a l f - s p a c e s  S^.  C o n s i d e r  a r b i t r a r i l y  s e l e c t e d  C^,  a n d  l e t  u s  o p e r a t e

i n  t h e  v e c t o r  s p a c e  o f  d i m e n s i o n  n c o n t a i n i n g  C. S i n c e  i n t ( C  ) A i n t ( C . )
k J

0 ,  t h e r e  i s  a h y p e r p l a n e  Hi) and  an  a s s o c i a t e d  h a l f - s p a c e  p r o p e r l y
k

C
s e p a r a t i n g  C f r o m  C a n d  c o n t a i n i n g  C , f o r  e v e r y  j ^ k .  Hence ,  C 

k j  k k
1 r  C

S,  0  . . . O S  n  S t )  . . . S. - S.  I f C  t  S,  t h e n  by c l o s u r e  o f  C , 
1 s k k k k

(S - C ^ ) 0  i n t ( S )  /  0 ,  a n d  we may s u p p o s e  t h a t  x e  (S - C ^ ) A i n t ( S ) .

Then  x £ C .  f o r  some j ^ k ,  b u t  x t  i n t ( S ^ ) ,  s o  t h a t  d o e s  n o t  s e p a r a t e  
j  k

C a n d  C, , a  c o n t r a d i c t i o n .  u
j  k ’

To c o m p l e t e  t h e  p r o o f  o f  Theo r e m 3 . 1 ,  we f i r s t  n o t e  t h a t  i f  

d im(X ) - m. ' , we a r e  d o n e .  T h i s  f o l l o w s  b e c a u s e  Qm’ i s  t h e  u n i o n  o f  a

C - 1  j  m .1 n * “f i n i t e  numbe r  o f  s e t s  f  (C ) a n d  t h e r e f o r e  R ' -  U X , .  A p p l y i n g  Lemma
j  = l  CJ

3 . 3 ,  we d e d u c e  t h a t  Rm ' i s  t h e  f i n i t e  u n i o n  o f  a l l  o f  t h e  s e t s  X j w h i c h
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h a v e  d i m e n s i o n  m.' F i x  j  a n d  l e t  x , y £ X  . 0 Q 1' ^ f “ 1 (C:i) by  Lemma 3 . 1 -

-  c c-
By t h e  a r g u m e n t  o f  Lemma 3 . 4 ,  f ( x )  ^ f ( y )  and  f ( y )  c  f ( x )  s o  t h e r e  i s  a
i ' mi - 1 1  —

C s u c h  t h a t  f ( X  ) ~ C' = C ■ Bu t  c l ( f  (CJ ) )  ^ X , so t h a t
- 1  i C !  c - 1  CJ

X i f l f  (CJ ) - f  ( i s  d e n s e  i n  X . T h e r e f o r e  c l ( f  ) -  c l ( X  ) a  X ,
cJ _  d _  ., cJ _ c i c  , c j

_______ - ______-  1 . .  _L v  j  r -  Lso  f o r  a l l  j , X .=X , ,C t  R a ( f ) .  C o n s e q u e n t l y .  X , ^  X j i m p l i e s  f  " .

- i  c ' c ST c
f l  f  . - 0 w h i c h  i n  t u r n  i m p l i e s ,  by d e n s i t y  o f  f  f  f i n  X , X ,

CJ _  c1 CJ C1 cJ
r e s p e c t i v e l y ,  t h a t  X f ) X 0 .  Thus  X i s  p o l y h e d r a l ,  by  Lemma 3 . 5 .

C1 c£  C
Assume t h e n  t h a t  d i m(X ) < m . ' ,  a n d  c o n s t r u c t  a  ma x i ma l  s e q u e n c ec

o f  p r o p e r  s u b s e t s  C 9  . . .  F C C a l l  o f  w h i c h  a r e  i n  R a f f ) .  Lemma
1 r

3 . 4  i m p l i e s  t h a t  f o r  e a c h  1 <  1 $  r ,  f  * (C^)  l i e s  on t h e  b o u n d a r y  o f

X , a n d  t h e r e f o r e  X c l ( f  ^(C ) )  h a s  d i m e n s i o n  n o  g r e a t e r  t h a n
i - 1  Ci  L

d i m( Xr  ) - 1. 
i - 1

We p r o c e e d  by  i n d u c t i o n  t o  show t h a t  X i s  p o l y h e d r a l  f o r  a l l
. n<*» Ci  .m * - i_

1 ^  i ^ r ,  We h a v e  j u s t  shown t h a t  R U c l ( f  . ) ,  w h e r e  X . h a s
1  1  , - 1  c J  

d i m e n s i o n  mi I f  d i m(X_  ) <  mi ,  t h e n  x f .  X ^ H O 111, f r  i s  t h e  l i m i t  p o i n t
1 1 1

o f  a s e q u e n c e  ? x ^ |  ^ some l ^ j C n .  By c o n t i n u i t y ,  C, 9  f ( x )  , so
c J _  J

t h e  s e q u e n c e  C j , . . , C r  i s  n o t  m a x i m a l .  Thus  d i m( X^  ) mi and  by o u r

a n a l y s i s  a b o v e ,  X,, i s  p o l y h e d r a l .
1

Assume t h e n  t h a t  X i s  p o l y h e d r a l  f o r  some l <  I ^ r .  We a s s e r t
CI - 1  -1

t h a t  i f  K i s  t h e  a f f i n e  h u l l  o f  f  , t h e n  K K n X „  i s  e q u a l  t o  
I Ci 1 c i - i

Xp , w h e r e f o r e  t h e  l a t t e r  i s  p o l y h e d r a l ,  s i n c e  i t  i s  t h e  i n t e r s e c t i o n

1 -  C
o f  two p o l y h e d r a .  C l e a r l y ,  Xr  K b y  v i r t u e  o f  Lemma 3 . 4 .  S u p p os e  now

mi 1
t h a t  x,  y< r i ( K ) f l Q  t h e n  t h e r e  i s  some K a ^ t Q  f o r  w h i c h  z r q^ x +

i m r  2 —
(1 - a . . ) y  r i ( K ) ^ Q  ' a n d  t h e r e  i s  some 0 > a  €Q f o r  w h i c h  z a ?x  +

1 2 c

( l - c O y  C r i ( K ) n  Qm‘ . Then  C ^ f ( x ) A  f ( y ) f l f ( z 1 ) O f ( * 2 ) by  c o n t i n u i -  
2 1“ 1

t y ;  h e n c e  f ( x )  f ( y ) n  f C * 1 ) -  f ( y )  f ( x ) n f < I 2 ) = f ( x ) ,  s o  t h a t  f ( x )
  v  * C i

f ( y ) .  F i n a l l y ,  t h e r e  e x i s t s  some xC r i (xc )f5 Q™* r i ( K ) f l  Qra' ,  so

- 2 6 -



t h a t  r i  (K) C)111' C- f  r * . T h e r e f o r e  c l  ( r i  (K)A Q1" ' ) - K = c l ( f ~ S  = ,
I  , CI CI

s i n c e  a f f ( r i ( K ) ) ) = Kj .  q

We h a v e  a c t u a l l y  p r o v e d  t h e  f o l l o w i n g  r e s u l t  a s  w e l l :

C o r o l l a r y  3 . 1 . 1 : L e t  f  be  s y m m e t r i c ,  c o n s i s t e n t  and  c o n t i n u o u s ,  and  

l e t  C f  R a ( f )  . I f  K i s  a  f a c e  o f  X , t h e n  f  i s  c o n s t a n t  on  r i ( K ) f \ Q m‘ .
L

The r e s u l t s  o f  Theo r e m 3 . 1  e x t e n d  a n a l o g o u s l y  t o  C o n d o r c e t  

i n d i f f e r e n t  SDFs d e f i n e d  on 0
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B THE CHARACTERIZATION

To r e c a p i t u l a t e ,  we h a v e  shown t h a t  SDFs d i s p l a y i n g  a p p r o p r i a t e  

f a i r n e s s  c h a r a c t e r i s t i c s  a l s o  d i s p l a y  some p l e a s i n g  m a t h e m a t i c a l  

p r o p e r t i e s .  T h u s ,  knowi ng  w h i c h  f a i r n e s s  p r o p e r t i e s  a r e  p o s s e s s e d  by 

some SDF may c o n t r i b u t e  m e a s u r a b l y  t o  o u r  k n o w l e d g e  o f  t h e  b e h a v i o r  

o f  t h a t  SDF. The m a j o r  r e s u l t  o f  t h i s  p a p e r  i s  t h a t  f o u r  o f  t h e s e  

p r o p e r t i e s  s u f f i c e  t o  c h a r a c t e r i z e  t h e  Kemeny f u n c t i o n ,  and  t h a t  o n l y  

t h r e e  o f  t he m a r e  n e e d e d  t o  c h a r a c t e r i z e  a  f a m i l y  o f  t h r e e  SDFs.  The 

o n l y  SDFs t h a t  a r e  n e u t r a l ,  c o n s i s t e n t  and  C o n d o r c e t  i n d i f f e r e n t  a r e  

F ,  -F a n d  T -  t h e  Kemeny f u n c t i o n ,  t h e  " a n t i - K e m e n y "  f u n c t i o n ,  and 

t h e  c o m p l e t e l y  t r i v i a l  f u n c t i o n ,  r e s p e c t i v e l y .  M o r e o v e r ,  o n l y  F i s  

f a i t h f u l .

By t h e  a n t i - Kemeny f u n c t i o n , we mean t h e  f u n c t i o n  - F  w h i c h  c h o o s e s  

-  O' i f f  F c h o o s e s  <T ( s e e  D e f i n i t i o n  2 . 3 ) .  The c o m p l e t e l y  t r i v i a l  

SDF T a l w a y s  c h o o s e s  Sm. We may now s t a t e  o u r  m a j o r  t h e o r e m :

Theo r e m 3 . 2 : An SDF f  i s  n e u t r a l ,  c o n s i s t e n t  a n d  C o n d o r c e t  i n d i f f e r e n t  

i f f  i t  i s  F ,  - F  o r  T . and  i f  f  i s  a l s o  f a i t h f u l ,  f  = F .

P r o o f : We h a v e  a l r e a d y  d e m o n s t r a t e d  n e c e s s i t y  f o r  F i n  C h a p t e r  I I ;  t h e  

same p r o o f s  h o l d  f o r  - F . w h i l e  v e r i f i c a t i o n  i s  t r i v i a l  f o r  T .  Of  c o u r s e ,  

o n l y  F c a n  b e  f a i t h f u l .  F o r  s u f f i c i e n c y ,  we w i l l  n e e d  some a d d i t i o n a l  

d e f i n i t i o n s  a n d  l emmas .

F i r s t ,  we n o t e  t h a t  s i n c e  C o n d o r c e t  i n d i f f e r e n t  SDFs t e n d  t o  t r e a t  

i n d i f f e r e n t  a l t e r n a t i v e s  " i n d i f f e r e n t l y , "  t h e y  d i s c r i m i n a t e  o n l y  among 

t h e  r e g a i n i n g  a l t e r n a t i v e s .  C o n s e q u e n t l y ,  t h e y  c o r r e s p o n d  i n  some s e n s e
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t o  SDFs o f  l o w e r  o r d e r ;  i . e . ,  on  f e w e r  a l t e r n a t i v e s ,  w h e n e v e r  t h e r e  i s  

an  i n d i f f e r e n t  a l t e r n a t i v e .  We may d i s c u s s  t h i s  r e l a t i o n s h i p  somewhat  

more  p r e c i s e l y :

D e f i n i t i o n  3 . 2 : L e t  E be an  e l e c t i o n  m a t r i x  i n d e x e d  by t h e  a l t e r n a t i v e  

s e t  B P A, and l e t  }Af = m. L e t  be t h e  m x m m a t r i x  d e r i v e d

f rom E by a d d i n g  a  l a b e l e d  a e r o  row and z e r o  co l umn f o r  e a c h  a l t e r n a ­

t i v e  i n  A -  B.  F i n a l l y ,  l e t  f  be a  c o n s i s t e n t  and C o n d o r c e t  i n d i f f e r e n t  

SDF on  A.  Then  t h e  B - d e r i v e d  SDF o f  _f i s  t h e  f u n c t i o n  f  whose  doma i n  

i s  t h e  s e t  o f  |B| x (B| s k e w - s y m m e t r i c  r a t i o n a l  m a t r i c e s  and whose

r a n g e  i s  P(S ) - 0 d e f i n e d  by :
)BI

ere f B<E) i f f  r < A - B >  = f (E < A- B> ) .

The i m p o r t a n t  q u e s t i o n  t o  a s k  a b o u t  B - d e r i v e d  f u n c t i o n s  i s :  What 

p r o p e r t i e s  o f  f  do t h e y  i n h e r i t ?

Lemma 3 . 6 : I f  f  i s  n e u t r a l ,  c o n s i s t e n t  and C o n d o r c e t  i n d i f f e r e n t ,  t h e n  

so i s  e a c h  d e r i v e d  SDF f®.

P r o o f : To show t h a t  C o n d o r c e t  i n d i f f e r e n c e  i s  i n h e r i t e d ,  s u p p o s e  t h a t  

f  i s  a  f u n c t i o n  on  a  s e t  A o f  m a l t e r n a t i v e s .  F i x  j ,  l ^ j t m  and l e t  E 

be  a n  m - l  x m-L s k e w - s y m m e t r i c  r a t i o n a l  m a t r i x ,  i n d e x e d  by t h e  a l t e r ­

n a t i v e s  a ^  i n  B = A - | a ^  s u c h  t h a t  some row i n d e x e d  by ( i . e . ,  t h e

a  t h  row)  i s  0 ,  f o r  some i  j* j  . Now E<a > h a s  row a and row a  z e r o ,
B j  j  1

so  t h a t  i f  r t f  ( E ) ,  t h e n  r t  IT^a^> f o r  some 'IT on  A -  | a ^ , a  J , and t h e n

C  ̂ C BTr<ai , a j > =  f (E<aj>)  by C o n d o r c e t  i n d i f f e r e n c e .  C o n s e q u e n t l y  ">^a^> = f  ( E) ,
g

and f  mus t  be C o n d o r c e t  i n d i f f e r e n t .  A p p l y i n g  t h e  a n a l y s i s  r e c u r s i v e l y

i m p l i e s  t h e  r e s u l t  i s  t r u e  f o r  a l l  B S A.
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To show c o n s i s t e n c y ,  s u p p o s e  t h a t  t h e  g r o u p  o f  v o t e r s  p r o d u c i n g  

E s p l i t s  i n t o  two s u b g r o u p s  w i t h  r e s p e c t i v e  e l e c t i o n  m a t r i c e s  E ’ and
t -i B g

E ' \  and  l e t  B A -  | a ^  . Now, i f  f  ( E ' ) O f  (E" )  S /  0,  t h e n  <T€ S 

i f f  T< a ^>  = f ( E ' < a ^ > ) A f ( E " < a ^ > ) , and  t h e  l a t t e r  s e t  i s  e q u a l  t o

f ( E < a . > ) ,  by c o n s i s t e n c y  o f  f .  But  <T£ f B(E)  i f f  x< a  > = f ( E < a  >)
J j  j

i f f  3 t  S . Once a g a i n ,  t h e  p r o o f  a p p l i e s  r e c u r s i v e l y  i f  | B ) < m - l .

The p r o o f  o f  n e u t r a l i t y  i s  s t r a i g h t f o r w a r d  and  f o l l o w s  t h e

same g e n e r a l  a p p r o a c h .  0
B B'

No t e  t h a t  by n e u t r a l i t y ,  f  and  f  a r e  e s s e n t i a l l y  t h e  same

f u n c t i o n ,  modul o  r e l a b e l i n g  o f  t h e  a l t e r n a t i v e s ,  i f  |Bl -  |B' I  .

Us i ng  t h e  m e c h a n i c s  o f  t h e  B - d e r i v e d  f u n c t i o n ,  we may now p r o v e  

a lemma f o r  SDFs s a t i s f y i n g  t h e  h y p o t h e s e s  o f  t h e  t h e o r e m .  I w o u l d  

l i k e  t o  t a k e  t h i s  o p p o r t u n i t y  t o  a c k n o w l e d g e  t h e  s i g n i f i c a n t  c o n t r i ­

b u t i o n  o f  Dr,  H. p.  Young t o  t h e  p r o o f  o f  t h e  t h e o r e m ,  a s  w e l l  a s  

h i *  u s e f u l  n o t s t i o n a l  a d v i c e  f o r  Lemma 3 . 7 .

Lemma 3 . 7 : I f  f  i s  n e u t r a l ,  c o n s i s t e n t  and C o n d o r c e t  i n d i f f e r e n t ,  t h e n
g

f  a r e  e i t h e r  a l l  f a i t h f u l ,  a l l  a n t i - f a i t h f u l , o r  a l l  c o m p l e t e l y  t r i v i a l .  

P r o o f : L e t  us  d e n o t e  by e f  t h e  i d e n t i t y  p e r m u t a t i o n  on r  o b j e c t s  ( wh i ch  r

o b j e c t s  d ep e n d s  on t h e  c o n t e x t ) .  By c o n s i d e r i n g  t h e  p o s s i b l e  v a l u e s  o f  f B

e 2 B B e 2
on E , we c o n c l u d e  t h a t  f  i s  e i t h e r  f a i t h f u l ,  a n t i - f a i t h f u l  o r  f  (E )

S2 > w h e r e  IbI  2.  I n  t h e  l a t t e r  c a s e ,  n e u t r a l i t y  and  c o n s i s t e n c y  i mp l y

B B B ’
t h a t  f = T. By n e u t r a l i t y ,  f  i s  f a i t h f u l  i f f  f  i s  f a i t h f u l  w h e n e v e r

fel ~ | B ’/  2; s i m i l a r l y  f o r  a n t i - f a i t h f u l  and  t r i v i a l .

We p r o c e e d  by i n d u c t i o n ;  a s sume  t h a t  t h e  lerana h o l d s  f o r  a l l  B

s uc h  t h a t  | B | <  k^ , m.  We w i s h  t o  show t h a t  i t  h o l d s  f o r  a l l  B s uc h  t h a t

[B|  £  k. F i x  C s u c h  t h a t  | c|  k.
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B
L e t  u s  i s o l a t e  t h r e e  c a s e s ,  b a s e d  upon  f  , |B|  = 2 .

r  e 2  t  1 
C a s e  1 : f D (E ) -  [ e ]  .

By i n d u c t i o n ,  a s s ume  t h a t  f  * ( E ^ )  = w^ e r e  * C" [a ^  > 30 I®J

k - 1 ,  f o r  i  = l , . . . , k ,  and w h e r e  e i s  t h e  i d e n t i t y  p e r m u t a t i o n  on t h e

B, Ai

A,ek - 1  a l t e r n a t i v e s  i n  B^.  D e n o t e  E <a^> by E^ .  By C o n d o r c e t  i n d i f f e -
C

r e n c e ,  f ( E , J = e<a^> f o r  e a c h  o f  t h e  k p e r m u t a t i o n  p o i n t s  E^ .  By c o n e i s -
C k C e u C k k r

t e n c y ,  f  (E ) f  ( ( k - l ) E  ) f  ( " E . )  O  f  ( E . )  ) e  I . By n e u t -
i  1 i - 1  1

r a l i t y ,  t h e  r e s u l t  h o l d s  f o r  a l l  • r t S  .
e  k

B 2 4 )
C a s e  2 : f  (E ) = ( - e 2 i * The same a r g u m e n t  a p p l i e s .

B e 2
C a s e  3 : f  (E ) = S .

U s i n g  t h e  same a n a l y s i s  a s  i n  t h e  f i r s t  c a s e ,  we f i n d  t h a t  
e k

f  ( e  K) = n  f  ( E . )  = S by i n d u c t i o n ,  C o n d o r c e t  i n d i f f e r e n c e ,  and 
i = l  L

c o n s i s t e n c y .  By n e u t r a l i t y ,  f  (E°") f o r  a l l  f C  S , and  s i n c e  £
Q

i s  t h e  c o n v e x  h u l l  o f  t h e  p e r m u t a t i o n  p o i n t s ,  f  (E)  = S f o r  a l l
k

e l e c t i o n  m a t r i c e s ,  s o  t h a t  f  = T.

F i n a l l y ,  f o r  a n y  C'  s u c h  t h a t  [ C ' |  JC | k,  n e u t r a l i t y  i m p l i e s  t h a t
C ' C

f  i s  f a i t h f u l  i f  a n d  o n l y  i f  f  i s  f a i t h f u l ,  and  s o  f o r t h .  Q

R e c a p i t u l a t i n g  o u r  r e s u l t s  s o  f a r ,  we know t h a t  F,  - F  a n d  T a r e  a l l  

n e u t r a l ,  c o n s i s t e n t  a n d  C o n d o r c e t  i n d i f f e r e n t .  We a l s o  know t h a t  i f  f  i s  

a n y  n e u t r a l ,  c o n s i s t e n t  and  C o n d o r c e t  i n d i f f e r e n t  SDF, f  i s  f a i t h f u l ,  a n t i ­

f a i t h f u l  o r  c o m p l e t e l y  t r i v i a l ,  a s  a r e  a l l  i t s  B - d e r i v e d  SDFs.  We 

w o u ld  l i k e  t o  show t h a t  i n  f a c t  t h e  o n l y  f a i t h f u l  SDF s a t i s f y i n g  

t h e s e  c o n d i t i o n s  i s  F .  From t h i s  i t  f o l l o w s  t h a t  t h e  o n l y  a n t i - f a i t h f u l  

s u c h  SDF i s  - F .  Thus ,  we n e e d  c o n s i d e r  o n l y  c a s e s  1 i n d  2 a b o v e  and  show 

t h a t  F i s  Che o n l y  SDF i n  c a s e  1 a n d  - F  t h e  o n l y  SDF i n  c a s e  2.

We may b e g i n  t h i s  a n a l y s i s  w i t h  t h e  c a s e  m=3 a l t e r n a t i v e s .
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I n  t h i s  c a s e ,  we n o t e  t h a t  i n  F ( e ^)  *s c o n t a l n ®d i n  t h e  Q - co nv ex

h u l l  o f  8 p o i n t s  [15.]:

0 0 0  0 1 0  0 0 0  0 0 1

E = 0 0 0 E = -1 0 0 E -  0 0 1 E = 0 0 0
1 2 J 4

0 0 0  0 0 0  0 - 1 0 - 1 0 0

O i l  0 0 1  0 1 - 1  0 1 1

E = -1 0 0 E = 0 0 1 E = -1  0 1 E = -1  0 1
5 6 7 8

- 1 0  0 - 1 - 1 0  1 - 1 0  - 1 - 1 0

I t  w i l l  s u f f i c e  t o  show t h a t  f a g r e e s  w i t h  F on t h e s e  8 p o i n t s ,  i n

c a s e  1,  f o r  t h e n  f  a g r e e s  w i t h  F t h r o u g h o u t  F ^ ( e ^ )  6y c o n s i s t e n c y ,

and f  a g r e e s  w i t h  F e v e r y w h e r e  e l s e  on  £ by n e u t r a l i t y .  In c a s e  2,

i t  l i k e w i s e  s u f f i c e s  t o  show t h a t  f  a g r e e s  w i t h  -F on t h e s e  8 p o i n t s .  
B

Case  1: f  (E ) = fe } . f o r  IbI = 2.  2>

f ( E Q) = F(E ) = s i n c e  f  i s  f a i t h f u l  by Lemma 3 . 7 .  f ( E  ) =
o g i *  „ I

2
F( E^ )  = by n e u t r a l i t y .  S i n c e  -  E < a ^ > ,  C o n d o r c e t  i n d i f f e r e n c e

i m p l i e s  t h a t  f ( E „ )  = F (E ) = e„<a- j> . L i k e w i s e ,  f (E ) = F (E ) and 
2 2 1 -* 3 3

f ( E 4 ) = F ( E ^ ) .  N e x t ,  f ( E 5 ) = f ( E 2 ) ^ f ( E 4 > = F ( E ^ ) A  F(E ) = J e 3 , ? 2 }

by c o n s i s t e n c y ,  s i n c e  E = E + E , ; s i n c e  E, = E + E , , a s i m i l a r  
J 5 2 4 6 3 4

a r g u m e n t  d i s p o s e s  o f  E . (See  Example  1 . 1  f o r  n o t a t i o n  4 ............*7 . )
6 l ' o

We a r e  l e f t  o n l y  w i t h  E ^ , wh i c h  i s  a  f i x e d  p o i n t  o f  t h e  pe r mu­

t a t i o n s  ^  and >7^.  By n e u t r a l i t y ,  we c o n c l u d e  t h a t  f ( E ^ )  = ^ ^  5?

= F (E ^ )  o r  o r  - F f E ^ ) .  I n  t h e  l a s t  two c a s e s ,  t h o u g h ,  would

ha v e  t o  be a member o f  f ( E ^ ) ,  and c o n s i s t e n c y  would  t h e n  i mp l y  t h a t
*7 3 , > 7 3

f  ( E - ) = f ( E  ) O f ( E  ) = f t  J ,  s i n c e  E = + E ) .  T h i s  c o n t r a -
J / J J

d i e t s  o u r  p r i o r  c o n c l u s i o n  t h a t  I s m u l t i - v a l u e d .  Thus f  = F on
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t h e  e i g h t  p o i n t s ,  a s  c l a i m e d .

Case  2 : f  (E ) = e ^  f o r  | b | * 2,  The a r g u m e n t  i s  t h e  same a s  above .

I n  o r d e r  t o  e x t e n d  t h e  p r o o f  o f  t h e  t h e o r e m  t o  t h e  c a s e  o f  m \  4

a l t e r n a t i v e s ,  we w i l l  n ee d  some a d d i t i o n a l  r e s u l t s  c o n c e r n i n g  n e i g h ­

b o r i n g  p o i n t s  on  £ .  For  c o n v e n i e n c e  i n  t h e  r e m a i n d e r  o f  t h i s  c h a p t e r ,

we w i l l  a s sume t h a t  t h e  a l t e r n a t i v e s  a , . , . , a  a r e  i d e n t i c a l  w i t h  t h e
1 m

i n t e g e r s  1 , . . , ,m. Thus  a p e r m u t a t i o n  cr o f  A w i l l  be a b b r e v i a t e d  by

; r ( a  ) , . . . , tr(a ) = t  . . . .  ,0'  - 1 m 1 m

D e f i n i t i o n  3 . 3 : The s I g n a t u r e  o f  o ' t  S , d e n o t e d  by sfcr) ,  i s  g i v e n  by

[(<T , r  ) J T  >j- and  r  < s} .

m

r  s r  s

De f  i n  i t  i on  3 . 4 : The g r a p h  o f  G^,  i s  t h e  g r a p h  w i t h  v e r t e x  s e t  s(<7) 

and a d j a c e n c i e s  d e f i n e d  a s  f o l l o w s :

( 1 )  i  < j < k and ,r < <r, c r  I mpl y  t h a t  ( T  , a- ) i s  a d j a c e n t  t o
j  k t  i  j

C ,T ) , 
i  k

(2 )  i (  ]< k and  t  <. <j- < <r imp l y  t h a t  (<x ) i s  a d j a c e n t  t o
k i  j  j  k

< W -
and  t h e r e  a r e  no o t h e r  a d j a c e n c i e s .

The f o l l o w i n g  r e s u l t  was  f i r s t  o b s e r v e d  by Dr.  A l a n  Hof fman:

® T"_______________________ _
Lemma 3 . 8 : For  a n y  (T1* e * 3 ^ ,  E and E a r e  n e i g h b o r s  on £  i f f  Gp i s  

c o n n e c t e d ,  ( e  i s  t h e  i d e n t i t y  p e r m u t a t i o n  i n  Sm>)

A c t u a l l y ,  a l l  we n e e d  i s  t h a t  G_ i s  c o n n e c t e d  w h e n e v e r  Ee and E*3

a r e  n e i g h b o r s  on (• .

L e t  us  now c o n t i n u e  w i t h  t h e  p r o o f  o f  Theorem 3 . 2 ,  a s s u m i n g  t h a t

B e 2 C )
m 5^4. The s e c o n d  c a s e ,  w h e r e  f  (E ) = f - e ^ ^ i s  p r o v e d  a n a l o g o u s l y  t o

B e 2t h e  f i r s t ,  and we w i l l  t h e r e f o r e  c o n s i d e r  o n l y  t h e  c a s e  f  (E ) =
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^ 2^ ,  (Bi = 2 ,  I n  d e t a i l .  S i n c e  f  i s  f a i t h f u l ,  ;>CRa(f) f o r  a l l  r £  S .

S u p p o s e  <T f  e t S  . Then  Lemma 3 . 4  i m p l i e s  t h a t  X f  X 0 l  =
m e  u e  T u

f " 1 ; s i n c e  f^.1 -  0 ,  X ^ X ^ O  j = 0 .  I f  Xf  = S /  0 ,  S i s  an  o p e n

s u b s e t  o f  X a n d  s i n c e  f  ^ i s  d e n s e  i n  c l ( f  ^)  = X by  Lenina 3 . 4 ,  S O  
e  e e e

f  4 0 .  T h e r e f o r e  S-O \ f* 0 ,  c o n t r a d i c t i n g  o u r  p r e v i o u s  r e s u l t s ,  a n d  so  
e  ^

X^O XT * 0 ,  By t h e  s e p a r a t i o n  t h e o r e m  o f  c o n v e x  a n a l y s i s ,  t h e r e  i s  some 

U a<£^l= clC^f) s u c h  t h a t :

(UJ , E) >y 0  i f  E i X  a n d  ( U ^ . E ) ^  0 i f  E t L
e

e  ,T ~  t
Su p p o s e  now t h a t  E and  E a r e  n e i g h b o r s  on and  c o n s i d e r  U -

I f  1 <■ .1 and  ( j . t ) ^ .  s ( i r ) , t h e n  by c o n s i d e r i n g  m a t r i x  E w i t h  e n t r y

o f  1 i n  p o s i t i o n  ( i , j ) ,  e n t r y  -1 i n  ( j , i )  a n d  0 o t h e r w i s e ,  we f i n d  t h a t

e 2 (■ V
e . o - t  f ( E )  by C o n d o r c e t  i n d i f f e r e n c e  a n d  b e c a u s e  f  (E ) = (e 2 > f ° r

c a s e  I .  T h i s  i m p l i e s  t h a t  (Uer,E)  * 0 and  t h e r e f o r e  t h a t  u , T. = u ' r = 0 .
1J 1 L

S u p p o s e  t h e n  t h a t  i c  j  and  ( j , i ) t  s (<r) .  Lemma 3 - 8  i m p l i e s  t h a t

i s  c o n n e c t e d ;  a s  a  r e s u l t ,  t h e r e  a r e  two c a s e s  t o  c o n s i d e r :

c a s e  l a ) : ( j , i )  i s  t h e  o n l y  v e r t e x  i n  . Fo r  E a s  a b o v e ,  C o n d o r c e t

i n d i f f e r e n c e  a n d  f a i t h f u l n e s s  i m p l y  t h a t  e t  f ( E )  b u t  j  4-  f ( E ) .  Hence ,

( U r, E)  > 0  and  u,tr, = - u ^  = 0 f o r  a l l  o t h e r  h , k .
i j  j i  nK

c a s e  l b )  : ( j , l )  i s  a d j a c e n t  t o  some o t h e r  v e r t e x  o f  G^.  By D e f i n i t i o n

3 . 4 ,  t h e r e  a r e  o n l y  two c l a s s e s  o f  s u c h  v e r t i c e s .  I f  ( j , i )  i s  a d j a c e n t

t o  ( k , l )  ( i . e . ,  t h e r e  a r e  t h r e e  n u m b e r s  r *  s< t  s u c h  t h a t  r  = i  < r
t  r

= 1 c O’ ■ k ) , l e t  u s  c o n s i d e r  t h e  m a t r i x  E ’ , w h e r e  e* = e ’ = - e 1 =
8 i j  j k  i k

1 and  a l l  o t h e r  e n t r i e s  n o t  i m p l i e d  by s k e w - s y m m e t r y  a r e  0 .  By o u r

c o n c l u s i o n s  f o r  m-3 a l t e r n a t i v e s  and  by C o n d o r c e t  i n d i f f e r e n c e ,  e . t r t

f ( E ’ ) .  T h e r e f o r e ,  ( U ^ , E )  “ 0 a n d  u ^  +  u ^  -  u ^  -  0 ,  S i n c e  we a l r e a d y

know t h a t  u  f  = 0 f rom t h e  a b o v e  a n a l y s i s ,  we c o n c l u d e  t h a t  u T = u 7 . .
j k  i k  i j
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u
V

I f  ( j , i )  i s  a d j a c e n t  t o  some ( j , k )  ( i . e . ,  t h e r e  a r e  t h r e e  n u mb e r s

r < s < t  s u c h  t h a t  t  *  l <  <t = k < <r = j ) ,  a s i m i l a r  a r g u m e n t  f o l l o w s ,
s t  r

Thus  we c o n c l u d e  t h a t  i f  v  a n d  w a r e  two a d j a c e n t  v e r t i c e s  o f  Gr ,

, f a
t h e n  u  u . Bu t  s i n c e  E i s  a  n e i g h b o r  o f  E a n d  t h e r e f o r e  b y  Lemma 

v  w '

3 . 8  i s  c o n n e c t e d ,  we c o n c l u d e  t h a t :

f o r  a l l  v t  s (<r)

X  f o r  a l l  v  = ( i ,  j ) ,  w h e r e  ( j , i ) t  s ( r )

_0 o t h e r w i s e .
£

S i n c e  f  i s  f a i t h f u l  and t h e r e f o r e  f  (E ) = (U<r,Ee ) ^ 0 .  W i t h o u t
fj" 0 y y

l o s s  o f  g e n e r a l i t y ,  c h o o s e  X=2,  and t h e n  U = E - E ; i . e .  , (E ,E) .5

(E ,E)  f o r  e v e r y  E t f  ( e ) ,  f o r  a l l  n e i g h b o r s  E^  o f  Ee . But  a  l i n e a r

f u n c t i o n  i s  m a x i m i z e d  a t  a v e r t e x  p o f  a  b o u n d e d  p o l y t o p e  i f  i t  i s

m a x i m i z e d  a t  p w i t h  r e s p e c t  o n l y  t o  t h e  n e i g h b o r s  o f  p.  R e g a r d i n g  E

a s  t h e  l i n e a r  f u n c t i o n ,  i t  f o l l o w s  t h a t  ( ET, E)  t  (EC , E)  f o r  a l l  S ,
in

w h e n e v e r  E t  f  ^ ( e ) .  Thus  f  ^ ( e )  =■ F ^ ( e )  a n d  by n e u t r a l i t y ,  f "^(0- )  £

F 1 Or) f o r  e v e r y ' T e S  . We now show t h a t  t h e r e  i s  no iY S f o r  w h i c h
c  , m 

f ' l 07) *  f “ « r ) .

We f i r s t  o b s e r v e  t h a t  i f  S i s  Q - c o n v e x ,  t h e n  s i n c e  S i s  d e n s e  i n

c c
c l ( S )  and  S » c v x ( S )  * c l ( S )  by  Lemma 3 . 2 ,  S i s  d e n s e  i n  c v x ( S ) .  Now,

e  t  -
s u p p o s e  t h a t  f o r  some u t S  , E a n d  E a r e  n e i g h b o r s  on  £ .  Then ,  i n

m
p a r t i c u l a r ,  t h e r e  i s  some l i n e a r  f u n c t i o n  E t ^ a n d  t h e r e f o r e  some E t | '

w h i c h  i s  m a x i m i z e d  on  e x t ( £ )  o n l y  a t  E8 a n d  E5", s o  t h a t  F # 0 .  Le t
e t

Y -  F ‘ l ( e , u > n  f _ I ( e )  , l e t  V -  F " l ( e , t r ) n  f  (ctf . a n d  l e t  Y* -  c v x (Y  ) 
e ^  e  e

and  Y* * cvx(Xj- )* N e x t ,  l 4 t  A ■ a f f ( F  ( e , y ) ) ;  s i n c e  Ofc F ^ ( e , r ) ,  A i s

a s u b s p a c e  o f  J ' .  I f  Z * c l ( F  ^ ( e , v t ) ) ,  Z * r i ( Z ) ,  E f e F  ^  a n d  E ' c Z H ^

t h e n  t h e r e  i s  some u > l ,  u«Q s u c h  t h a t  E" * ( l - u ) E  + u E ' e Z ^ J  and  F(E'  ) =

F(E) (1 F(E")  -  f e . c r ] ,  s o  Zrt (  -  f " 1 . But  c l  ( F -1 ( e , < r ) ) -  Z ,  and  t h u s  Zf l
J  e r

- i s .



-1 c „1 c - i r — — -i
F (e,<r)  -  F 1 i s  d e n s e  t n  Z,  s o  c l ( Z )  ■ c l ( F - _ )  -  Z and  Z -  c l ( F  ) .e <r *  T e  s

T h e r e f o r e  a f f ( F  * a f f ( F  ^ ( e , T ) ) “ A.

0S u p p o s e  now t h a t  E ' £Ye *Yf f , a n d  l e t  E e r i ( Y £ ) / 3 j .  Then  t h e r e  I s  some

u > l ,  ucQ f o r  w h i c h  E" = ( l - u ) E '  + u E e  r l ( Y * ) f l l =  Y * o P = Y , by Lemma 3 . 1 .
e 0 e J  e

C o n s i s t e n c y  i m p l i e s  t h a t  f  (E)  » f ( E ' ) O f ( E " )  ^  f  0 ,  a n d  s i n c e  <r^T

f ( E ' ) ,  O' £  f  ( E ) . T h e r e f o r e  r i ( Y * ) f j  r i ( Y * ) n  -  r i ( Y * ) O Y nr = 0.  We a s s e r t
e  o' 0 e J

t h a t  r i ( Y * )  A r i ( Y * )  * 0 .  N o t e  f i r s t  t h a t  f 1 (tt) * F 1 (it) f o r  a l l T T t S  ;
e  m

- 1  r  - 1  C
h e n c e  F ■ Y U Y . T h e r e f o r e  c l ( F  ) * c l ( Y  ) U c l ( Y  >. C l e a r l y ,  e<r e  T  e<r e  tr J ’

c c * j
a f f ( Y  ) = A a n d  a f f ( Y  ) = A, and  s i n c e  c l ( F  ) i s  o o n v e x  by Lemma 3 . 2  

® ecr
w i t h  a f f i n e  h u l l  A by o u r  r e m a r k s  a b o v e ,  by Lemma 3 . 3 ,  o n e  o f  Y , L  ha s

e
C

a f f i n e  h u l l  A and  t h e  o t h e r  h a s  a f f i n e  h u l l  A 1 = A. I f  r  i  (Y*) r  i  (Y*)
e »

= S f* 0 ,  t h e n  S i s  an  o p e n  s e t  i n  t h e  s u b s p a c e  A 1 a n d  t h e r e  m u s t  b e  some

r a t i o n a l  m a t r i x  E £ S  by t h e  d e n s i t y  o f  Y i n  Y*,  Y i n  Y*.  But  t h e n  E t \ f l
e  e ^  <r J

r i ( Y * ) f t r i C Y * \  c o n t r a d i c t i n g  o u r  e a r l i e r  r e s u l t  t h a t  t h i s  i n t e r s e c t i o n  
e *

i s  n u l l ,  C o n s e o u e n t l y , r i ( Y * ) n r i ( Y * )  = 0 .
e r

The s e p a r a t i o n  t h e o r e m  o f  c o n v e x  a n a l y s i s  t h e r e f o r e  i m p l i e s  t h a t

t h e r e  e x i s t s  some U f* 0 ,  U € A  f o r  w h i c h  ( U , E ) ^ , 0  i f  E g Y *  a n d  (U,E)<:  0
6 -1

i f  E £  Y*.  By d e f i n i t i o n  o f  F,  Jr e .  , “  0 f o r  a l l  E €  F ( e , v )
( j  , i ) e s  (v)

a nd  t h e r e f o r e  f o r  a l l  E € A ,  i n c l u d i n g  U. C o n s i d e r  t h e  g r a p h  C^., a n d

s u p p o s e  t h a t  i <  j .  I f  ( j , i )  ^  s ( v ) ,  c o n s i d e r  t h e  m a t r i x  E w i t h  1 i n

c o m p on en t  ( i , j ) ,  -1  i n  c o m p o n e n t  ( j , i )  a n d  0 e l s e w h e r e .  By C o n d o r c e t

i n d i f f e r e n c e  a n d  f a i t h f u l n e s s ,  f ( E ) O F ( E ) ,  s o  t h a t  E t  Y n  Yf

a n d  (U,E)  ■ 0 .  H e n c e ,  u * 0 .

I f ,  on  t h e  o t h e r  h a n d  i < j  a n d  ( j , i ) f e  (o' ) , s u p p o s e  t h a t  ( j  , 1) i s

a d j a c e n t  t o  ( k , l )  f o r  some ( k , i ) c s ( < r ) .  We may t h e n  c o n s i d e r  a s  we d i d

e a r l i e r  a  m a t r i x  E w i t h  e n t r i e s  o f  1 i n  p o s i t i o n s  e  , e  , a n d  e  ,
k i  j k  i j ’

a n d  a l l  o t h e r  e n t r i e s  n o t  i m p l i e d  by s k e w - s y n m e t r y , 0 .  By C o n d o r c e t
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I n d i f f e r e n c e ,  we know t h a t  £e -  f C E ^ A F C E ) ,  s o  t h a t  E t Y  r* TL- and
e

(U,E )  =• 0 .  We c o n c l u d e  t h a t  u ,  + u . ,  - u , ,  * 0 ,  a n d  s i n c e  u = 0
j k  I k  j k

f rom t h e  p r e c e d i n g  p a r a g r a p h ,  we f i n d  t h a t  u = u . A  s i m i l a r
i j  i k

a n a l y s i s  shows t h a t  i f  ( j , i )  i s  a d j a c e n t  t o  some ( j , k ) ,  t h e n  u ^  =

u , We c o n c l u d e  t h e r e f o r e  t h a t  u = u f o r  a l l  v , w c s (t ) ,  s i n c e  
jk  v  w

a l l  v , w  a r e  c o n n e c t e d  i n  GT, by Lemma 3 . 8 ,  B u t  s i n c e  e
( j . i ) t s ( r )  i j

= 0 ,  we c o n c l u d e  t h a t  i  <. j  a n d  ( j , i ) € s f r - )  im p ly  u = 0.  We a l s o
i j

showed t h a t  i  c  j  and  ( j , i )  ̂  s ( r ) im p ly  h o w e v e r ,  s o  t h a t  U =

0 ,  c o n t r a d i c t i n g  t h e  s e p a r a t i o n  t h e o r e m .  We m u s t  c o n c l u d e  t h e n  t h a t

Y - Y « 0 .  I t  f o l l o w s  i n  g e n e r a l  t h a t  i f  E * and  E ^ a r e  n e i g h b o r s  e  T

on  ^ , t h e n  F ( E )  and  ( T o r  T T c f (E )  i m p l i e s  = f ( E ) ,  E c ( .
C ' J

S u p p o s e  now t h a t  f o r  some E,  f ( E )  i* F ( E ) .  Then  f o r  someo-^TT,

we h a v e  = F (E )  and  ' T e f ( E )  b u t  tt fit f ( E ) .  Now, t h e  l i n e a r

f u n c t i o n  E m u s t  a t t a i n  i t s  maximum on  £ a t  t h e  v e r t i c e s  E ^  a n d

E^.  A t h e o r e m  o f  B a l l n s k i  ( s e e  [ 2 ^ )  i m p l i e s  t h a t  t h e r e  i s  a  p a t h
r  % l  ^ k t t  *?i 7 i + j

f rom E ■ E t o  . . .  t o  E = E , w h e r e  E i s  a  n e i g h b o r  o f  E

on  and  w h e r e  (E , E) = (E ^+ ^ , E )  f o r  1 ^  i <  k.  T h i s  i m p l i e s  in

t u r n  t  

C

h a t  W F (E )  and  by o u r  r e s u l t s  a b o v e ,  t h a t  $r, n (
1 C

K  ' ' i j '  f ( E ) ,  c o n t r a d i c t i n g  t h e  h y p o t h e s e s .  Thus  we c o n c l u d e

t h a t  f ( E )  = F (E )  f o r  a l l  E « j ’. £}

We n o t e  t h a t  t h e  f o u r  c o n d i t i o n s  o f  n e u t r a l i t y ,  c o n s i s t e n c y ,  

C o n d o r c e t  i n d i f f e r e n c e  a n d  f a i t h f u l n e s s  a r e  i n d e p e n d e n t .

( a )  A l l  b u t  n e u t r a l i t y :  The f u n c t i o n  o n  t h r e e  a l t e r n a t i v e s  w h ic h  

a g r e e s  w i t h  F a t  a l l  p o i n t s  e x c e p t  a E ^ ,  a > 0 ,  a  t Q ,  w h e r e  i t  t a k e s  on 

t h e  v a l u e  £e ^]* ( S e e  e a r l i e r  i n  t h e  p r o o f  f o r  n o t a t i o n . )

( b )  A l l  b u t  c o n s i s t e n c y :  The f u n c t i o n  o n  two a l t e r n a t i v e s  w h ic h
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t a k e s  on  t h e  v a l u e s  j e ^ a t  E 2 , a t  -E 2 , a n d  e l s e w h e r e .

( c )  A l l  b u t  C o n d o r c e t  i n d i f f e r e n c e :  The B o rd a  s c o r i n g  f u n c t i o n  

o f  Exam ple  1 . 1 .  The p r o o f  o f  t h i s  a s s e r t i o n  w i l l  be  p r e s e n t e d  i n  t h e  

f o l l o w i n g  c h a p t e r .

( d )  A l l  b u t  f a i t h f u l n e s s :  The f u n c t i o n s  -F  a n d  T.

One d i f f i c u l t y  w i t h  t h e  Kemeny f u n c t i o n  i s  t h a t  t h e r e  i s  no 

e f f i c i e n t  a l g o r i t h m  known f o r  d e t e r m i n i n g  w h ic h  v e r t i c e s  o f  £ 

m a x i m i z e  t h e  l i n e a r  f u n c t i o n  g i v e n  by a m a t r i x  E e j . C o n s e q u e n t l y , 

when t h e  num ber  o f  a l t e r n a t i v e s  i s  l a r g e ,  i t  may b e  v e r y  t e d i o u s  

t o  r e s o l v e  a n  e l e c t i o n .  The Kemeny f u n c t i o n  a l s o  p r e s e n t s  some 

o t h e r  d i f f i c u l t i e s ,  w h i c h  we s h a l l  s o o n  d i s c u s s .  T h u s ,  a l t h o u g h  

i t  u n i q u e l y  s a t i s f i e s  some a p p e a l i n g  a x i o m s ,  i t  may n o t  b e  t h e  m o s t  

d e s i r a b l e  p r o c e d u r e  t o  u s e  i n  p r a c t i c e .
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IV SCORING FUNCTIONS

We may e x t e n d  o u r  d e f i n i t i o n  o f  t h e  s o c i a l  d e c i s i o n  f u n c t i o n

somew hat  b y  c o n s i d e r i n g  f u n c t i o n s  w h o se  d o m a in  i s  t h e  s e t  Rm ' , 

m t
i n s t e a d  o f  Q ' ,  a s  i s  t h e  c a s e  f o r  s y m m e t r i c  a n d  c o n s i s t e n t  SDFs.

T h u s ,  an  e x t e n d e d  SDF on a s e t  A o f  I  a l t e r n a t i v e s  i s  a  f u n c t i o n

f :  Rm ' — » P(S  ) -  0 .  Fo r  x g R 01", t h e  c o m p o n e n t s  , o f  xm i ' m .

c a n  b e  t h o u g h t  o f  a s  r e p r e s e n t i n g  t h e  w e i g h t s  a s s i g n e d  by t h e  e l e c ­

t o r a t e  t o  e a c h  o f  t h e  p r e f e r e n c e  o r d e r s  <T, , . . . ,<x E S , r e s p e c t i v e l y .
1 m! m

We w i l l  h e n c e f o r t h  r e s t r i c t  o u r  d i c u s s i o n  t o  e x t e n d e d  SDFs. and  w i l l  

a s s u m e  t h a t  n e u t r a l i t y  a n d  c o n s i s t e n c y ,  e t c .  a r e  d e f i n e d  a n a l o g o u s l y  

f o r  s u c h  SDFs. An e x a m p l e  o f  an  e x t e n d e d  SDF t h a t  we h a v e  a l r e a d y  

d i s c u s s e d  i n  d e t a i l  i s  t h e  Kemeny SDF.

As we h a v e  s e e n ,  t h e  Kemeny SDF s a t i s f i e s  q u i t e  a  number  o f  

c r i t e r i a  f o r  f a i r n e s s  a n d  r e a s o n a b l e n e s s .  I t  i s  s y m m e t r i c ,  c o n s i s ­

t e n t ,  c o n t i n u o u s ,  f a i t h f u l  a n d  C o n d o r c e t  i n d i f f e r e n t ;  i t  a l s o  s a t i s ­

f i e s  t h e  C o n d o r c e t  c o n d i t i o n  a s  w e l l  a s  K e m e n y ' s  d i s t a n c e  m i n i m i z i n g  

a x i o m s .  Y e t ,  a s  we c a n  s e e  f ro m  t h e  f o l l o w i n g  e x a m p l e ,  i t  s u f f e r s  

f rom a n  i m p o r t a n t  s h o r t c o m i n g ;  F y i e l d s  t i e s  on  p r e f e r e n c e  o r d e r s  

r a t h e r  t h a n  on  a l t e r n a t i v e s ,  s o  t h a t  i t  i s  o f t e n  u n c l e a r  w h ic h  i s  

t h e  m o s t  p r e f e r r e d  a l t e r n a t i v e .

Exam ple  4 . 1 : S u p p o s e  t h a t  t h e r e  a r e  s i x  v o t e r s ,  1 , . . . ,  6 , a n d  f o u r  

a l t e r n a t i v e s ,  a ^ , . . . , a ^ .  S u p p o s e  f u r t h e r  t h a t  t h e  v o t e r s  h a v e  t h e  

f o l l o w i n g  p r e f e r e n c e s :
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1 2 3 4 5 6

a l Q. a* a 2
A

fl3n a l

a 23
2

S 3
4

a 2r%

cl
a^

A
a4

a 3
a 4

a
4 3 1 3 a 2 a 2

The c o r r e s p o n d i n g  e l e c t i o n m a t r i x i s :

0 1 / 3 0 1 /3
- 1 / 3 0 1 /3  - 1 /3

0 - 1 / 3 0 1 / 3
- 1 / 3 1 / 3  - 1 / 3 0

F y i e l d s  f o u r  w i n n i n g  p e r m u t a t i o n s :  a a - ^ a ^ a , ,  a , , a , , a . . a „ ,! . £ - > * +  1 J 4 2

a ^ a ^ .  , 8 ^ , 8 ^  and a ^ i ^ a ^ a ^ .  I t  i s  u n c l e a r  w h e t h e r  o r  i s  t h e

"most  p r e f e r r e d "  a l t e r n a t i v e ,  o r  w h e t h e r  t h e y  s h o u l d  be  c o n s i d e r e d

t i e d .  I t  i s  e v e n  l e s s  c l e a r  w h ic h  a l t e r n a t i v e  s h o u l d  be  c o n s i d e r e d

" s e c o n d  m o s t  p r e f e r r e d , "  s i n c e  e a c h  o f  t h e  a l t e r n a t i v e s  h a s  t h a t  

d i s t i n c t i o n  i n  a t  l e a s t  one  w i n n i n g  p r e f e r e n c e  o r d e r .

One way t o  a v o i d  s u c h  d i f f i c u l t i e s  i s  t o  i n s i s t  t h a t  a l l  t i e s  

i n  t h e  s e t  o f  p e r m u t a t i o n s  c h o s e n  by an  SDF be r e s o l v a b l e  i n  some 

i n t u i t i v e l y  c l e a r  s e n s e  i n t o  t i e s  among a l t e r n a t i v e s .  We c a n  accom p­

l i s h  t h i s  g o a l  by  r e s t r i c t i n g  o u r  a t t e n t i o n  t o  SDFs w h ich  c h o o s e ,  

i n  e f f e c t ,  weak o r d e r s  o f  a l t e r n a t i v e s .

D e f i n i t i o n  4 . 1 : A weak o r d e r  on a s e t  A o f  m a l t e r n a t i v e s  i s  a n  o r ­

d e r e d  p a r t i t i o n  d =  (e ' 1) , . . .  , £>(k) ) f o r  some k - f m ,  w h e r e  t h e  ® ( i )  

p a r t i t i o n  A.

Now, i f  we d e n o t e  by ^  t h e  s e t  o f  a l l  weak o r d e r s  on  A, we n o t e  

t h a t  f o r  e v e r y  t h e r e  c o r r e s p o n d s  a  c e r t a i n  s u b s e t  T(©) o f  l i n e a r

o r d e r s , n a m e l y :
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T ( a )  ~ JtftS j I f  a . t © ( r ) ,  a t 6 ( s )  a n d  e ( r )  p r e c e d e s  © ( a )t m  - J
( i . e . ,  r < s ) ,  t h e n  p r e c e d e s  a j  i n  ff , f o r  a l l  a ^ ,  a^ £  A 

We d e n o t e  b y  K t h e  s e t  £ We may now d e f i n e  t h e  n o t i o n  o f

an  o m n i d e c i s i v e  SDF, c l o s e l y  r e l a t e d  t o  t h e  r a t i o n a l i t y  a x io m s  

d i s c u s s e d  i n  Arrow ( s e e  W -  p a g e  1 9 ) .

D e f i n i t i o n  4 . 2 : An SDF f  i a  s a i d  t o  be o m n i d e c i a i v e  i f  R a ( f )  = K .
m

An o m n i d e c i a i v e  f u n c t i o n ,  t h e n ,  c a n  b e  t h o u g h t  o f  a s  a l w a y s  c h o o s ­

i n g  a u n i q u e  w eak  o r d e r ,  ao t h a t  t i e s  among o r d e r s  c a n  a l w a y s  be  r e ­

s o l v e d  i n t o  t i e s  among t h e  a l t e r n a t i v e s  a l o n e .  M o r e o v e r ,  e v e r y  weak 

o r d e r  i s  c h o s e n  a t  l e a s t  o n c e ,  s o  t h a t  s u c h  SDFs a r e  a s  " d i s c r i m i n a ­

t i n g "  a s  p o s s i b l e ,  g i v e n  t h e  r e s t r i c t i o n  on  t h e i r  r a n g e .  S i n c e  t h e  

r a n g e  o f  a n  o m n i d e c i a i v e  f u n c t i o n  i s  i n  c o r r e s p o n d e n c e  w i t h  t h e  s e t  

o f  w eak  o r d e r s ,  we w i l l  f i n d  i t  c o n v e n i e n t  a t  t i m e s  t o  r e f e r  t o  t h e  

l a t t e r  a s  t h e  r a n g e .

The f o l l o w i n g  r e s u l t  o n  s i m p l e  s c o r i n g  f u n c t i o n s  (S ee  [ 21] )  i s  

t h e  m a j o r  c o n c l u s i o n  o f  t h i s  p a p e r  f o r  o m n i d e c i s i v e  f u n c t i o n s :

T h eo re m  4 . 1 : A n e u t r a l ,  c o n s i s t e n t  a n d  c o n t i n u o u s  SDF i s  o m n i d e c i s i v e

i f f  i t  i s  a  n o n t r i v i a i  s i m p l e  s c o r i n g  f u n c t i o n .

B e f o r e  d i s c u s s i n g  s c o r i n g  f u n c t i o n s ,  l e t  us o b s e r v e  s e v e r a l  f a c t s :  

F i r s t ,  i f  f i s  n e u t r a l ,  c o n s i s t e n t  a n d  c o n t i n u o u s ,  t h e n  a r g u m e n t s  s i m i ­

l a r  t o  t h o s e  o f  Theorem  3 . 1  show t h a t  i f  C C R a ( f ) ,  t h e n  f  ^ (C )  i s  

c l o s e d ,  c o n i c a l  and  c o n v e x ;  i n  f a c t  f ^ (C )  i s  p o l y h e d r a l .  M o r e o v e r ,

we c a n  a l s o  show t h a t  i f  K i s  a f a c e  o f  f  ^ ( C ) ,  t h e n  f i s  c o n s t a n t  on
C

r i ( K ) .  We a s s e r t  t h a t  i f  C 4 C 1 , C , C ' « R a ( f )  and  i f  t h e r e  i s  no  C " t R a ( f )  

s u c h  t h a t  C $ C " $ C ' ,  t h e n  d i m ( f  ( C ' ) - d l n ( t  (Cjl) -*1. I n d e e d , a s  i n  Lemma
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3 . 4 ,  we d e d u c e  t h a t  f  ^ ( C 1) * K f o r  some f a c e t  K o f  f  ^ ( C ) .  But i f  

f  1 ( C ' )  4 K, t h e n  by c l o s u r e  o f  f - 1 ( C ' ) ,  K, we h ave  (K - f  ^ C ' ^ r i f K )  

4 0 ,  and  t h e r e f o r e  f ( r t ( K ) )  =* C" 4 C ' ,  and C £ C" by c o n t i n u i t y .  But

—  c _

t h e n  K = c l ( r i ( K ) )  i m p l i e s  by c o n t i n u i t y  t h a t  GM = f ( x ) ,  s o  t h a t  
C C

G 4 C" 4 C ' ,  a c o n t r a d i c t i o n ,  We now n eed  t h r e e  d e f i n i t i o n s :

D e f i n i t i o n  4 . 3 : Two p e r m u t a t i o n s  i n  S a r e  s a i d  t o  be  c l o s e  n e i g h b o r sm     fl

i f  t h e y  d i f f e r  o n l y  by t h e  i n v e r s i o n  o f  two a d j a c e n t  a l t e r n a t i v e s .

D e f i n i t i o n  4 . 4 : Two c o n v e x  s e t s  o f  d i m e n s i o n  n a r e  s a i d  t o  be 

n e i g h b o r s  i f  t h e i r  i n t e r s e c t i o n  h a s  d i m e n s i o n  n - 1 .

D e f i n i t i o n  4 . 5 : F o r  any , & ( e (  1 0 ( k ) ) ,  t h e  s e t s  <9(i )
tn

a r e  c a l l e d  i n d i f f e r e n c e  rows ( o r  c l a s s e s )  o f  ©, w i t h  l e n g t h  | 6 ( i ) (

Lemma 4 . 1 : I f  f  i s  n e u t r a l ,  c o n s i s t e n t ,  c o n t i n u o u s  and o m n i d e c i s i v e ,

t h e n  © h a s  k i n d i f f e r e n c e  rows i f f  d i r a f f  * (© ))  m'-m+k.

P r o o f : We a r g u e  by i n d u c t i o n ;  i f  k-m, © i s  a p e r m u t a t i o n  and  t h e  r e s u l t

f o l l o w s  i i r a n e d ia t e 1y f rom o u r  r e m a r k s  a b o v e .  S uppose  s u f f i c i e n c y  h o l d s

f o r  a l l  r a U  > K, and  l e t  6 be  a weak o r d e r  w i t h  K i n d i f f e r e n c e  row s .  At

l e a s t  one  row, Bay row i ,  c o n t a i n s  m ore  t h a n  1 a l t e r n a t i v e ;  l e t  a , , a c
J k

0 ( i ) .  L e t  ©' be  d e f i n e d  by S ' ( l )  : 6  (1 ( i - 1) . S ( i - l ) ,  © ' < i )  -

<S(i )-  O' ( i + 1 )  - J a J , © ' ( i  + 2) © ( i + - l ) , . . . , D '  (K+l)  -  ©(K).  Our r e ­

m a rks  Imply  t h a t  f  *(©) = f  * (©") = f ” ^(<9 '> f o r  some f a c e t  f  (©") o f

-1 C Cf  (p*), w h e re  T ( o ' )  -  T(©") -  T(©).  By o m n i d e c i s i v e n e s s ,  we m u s t  h a v e

6 " = <9 o r  <9 " -  e ' ,  and  t h e  l a t t e r  i s  o u t l a w e d  by  c o n t i n u i t y .  T h u s © "  -

8 ,  and  d i m ( f " 1 ( a ) ) = m:-m+K b y  i n d u c t i o n .  N e c e s s i t y  U  now im m e d i a t e .  Q

We know t h e n  t h a t  i f  r a n d  TT a r e  c l o s e  n e i g h b o r s ,  t h e r e  i s  a  u n i q u e
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▼ e c t o r  u J M u J I  * 1 . s e p a r a t i n g  f _ 1 (iT) f rom f  ^ t t )  i n  t h e  s e n s e  t h a t  

i f  x 6 f  1 (<r), t h e n  (x ,  u,^) ^ 0 and i f  xC f  1 ( t O , (x,  u J )  $ 0 ,

f o r  e v e r y  SDF s a t i s f y i n g  t h e  h y p o t h e s e s  o f  Lemma 4 . 1 .  C o n s e q u e n t l y ,  

f  (<r) ^ ^ x |  ( x , u ^ )  0 f o r  t h e  m- 1 c l o s e  n e i g h b o r s  TT^, 1 i  * m- 1

o f  <r), f o r  e v e r y  «  S . We a s s e r t  t h a t  i n  f a c t  f  1 (tr) X^; i f  n o t ,

f  ̂ (cr) h a s  some f a c e t  K w h i c h  i s  n o t  a  f a c e t  o f  X°\ But f ( r i ( K ) )

) c , i r ]  by Lemma 4 . 1  f o r  some c l o s e  n e i g h b o r  IT o f  <r. and  t h e r e

a r e  two d i s t i n c t  h y p e r p l a n e s  s e p a r a t i n g  f  and  f ~ ^ ( f r ) ,  c o n t r a ­

d i c t i n g  t h e  lemma. Thus we c a n  w r i t e  f  * (rr) a s  t h e  s o l u t i o n  s e t  t o  

m - l  i n e q u a l i t i e s ,  w h ic h  a r e  p a i r w i s e  d i s t i n c t ,  s i n c e  f  i s  c o n s t a n t  

on  r i ( K )  f o r  e a c h  f a c e t  K o f  f  ̂ (er) , a s  we p o i n t e d  o u t  e a r l i e r .

At t h i s  p o i n t ,  we i n t r o d u c e  t h e  c o n c e p t  o f  a s c o r i n g  f u n c t i o n .  

S c o r i n g  f u n c t i o n s  w e re  i n t r o d u c e d  i n  t h e  1 8 th  c e n t u r y  by Borda [ s ]  , 

a l t h o u g h  some s c o r i n g  f u n c t i o n s  l i k e  s i m p l e  p l u r a l i t y  d a t e  b a c k  t o  

a n t i q u i t y .  R e c e r t l y  much a t t e n t i o n  h a s  b e e n  f o c u s e d  on SCF s c o r i n g  

f u n c t i o n s ,  and Theorem 4 . 1  p a r a l l e l s  a r e s u l t  o b t a i n e d  f o r  SCFs by 

Young [ 2 2 ] .  The f o l l o w i n g  d e f i n i t i o n  i s  t a k e n  from t h a t  s o u r c e :

D e f i n i t i o n  4 . 6 :  F o r  e a c h  (tyS , l e t  P be  t h e  m x m p e r m u t a t i o n  m a t r i x--------------------------  m

w i t h  e n t r y  o f  1 i n  com ponen t  ( i ,  j )  i f f  v ( a  ) a . F o r  e a c h  x ,
m' _  _ * 1

. . . ,  x _  ) € R ", t h e  s c o r i n g  m a t r i x  D(x) o f  x i s  g i v e n  by:
m ' _— 1 Jr.

D(x) - “ * x P .
i -1 1

We d e n o t e  t h e  m rows o f  D(x)  by  D , ( x ) ,  . . .  , D ( x ) .m

g  —
D e f i n i t i o n  4 . 7 : The s i m p 1e s c o r i n g  SDF f  w i t h  s c o r e  v e c t o r  ^

( s . , . . . , s  ) i s  d e f i n e d  by:  l. m



f S ( x )  -  T ( 0 ) ,  w h e r e ,  i f  a C S ( r )  and  a t h e n  d H r )  p r e c e d e s
i k

© ( t )  i f  (Di ( x ) , s ) >  (D ( x ) , s ) ,  and  r »  t  i f  (Dt ( x ) , e )  = ( D ^ ( x ) , s ) ,  f o r

a l l  , a ,E  A.C(D ( x ) , s )  i s  t h e  i n n e r  p r o d u c t  o f  row D f x )  a n d  a . )  
i  k  l  i

A c o n c e p t  r e l a t e d  t o  t h a t  o f  t h e  s i m p l e  s c o r i n g  f u n c t i o n  i s  

t h e  c o m p o s i t e  s c o r i n g  f u n c t i o n :

Def i n i t i o n  4 3 : L e t  3 b e  t h e  m x n m a t r i x  c o n s i s t i n g  o f  c o lu m n s

ss , . . . . , s  . The c o m p o s i t e  s c o r i n g  f u n c t i o n  f w i t h  i c o r e  m a t r i x  S 
1 n —     —

i s  d e f i n e d  by :

s  ~f ( x )  T(<9). w h e r e ,  i f  a ^ t  0 ( r )  a n d  a k t -< 9 ( t ) ,  t h e n  £9(r) p r e c e d e s  <? ( t )

i f  (Dj ( x ^ s  ^)> (D ^fx )  , s f o r  some J >,1 and  C (x )  , s u )£  (D^ (x )  , s ^ )  f o r  a l l

l^u< ] ,  and  r = t  i f  (D ( x ) , s  )~{D (x )  , s ) f o r  a l l  U u > n ,  f o r  a l l  a  , a c A .
i  n k u i  k

T h i s  d e f i n i t i o n  i s  somew hat  m ore  c o m p a c t  t h a n  o t h e r  f o r m u l a ­

t i o n s  p r e s e n t e d  i n  Young [ 22] .  w h ic h  p o i n t  o u t  more  c l e a r l y  t h e  

r e l a t i o n s h i p  o f  c o m p o s i t e  s c o r i n g  f u n c t i o n s  a s  r e f i n e m e n t s  o f  s i m p l e

s c o r i n g  f u n c t i o n s .  I t  s u f f i c e s  a t  t h i s  s t a g e  t o  say  o n l y  t h a t

*1 — Si f f  i g  n e t  t r i v i a l ,  w h e r e  s^ i s  t h e  f i r s t  co lumn o f  s. t h e n  f '

s 1
a g r e e s  w i t h  f  a l m o s t  e v e r y w h e r e .

I t  i s  c l e a r  t h a t  s c o r i n g  f u n c t i o n s  a r e  s y m m e t r i c ,  s i n c e  t h e y  

a r e  n o t  d e f i n e d  i n  t e r m s  o f  t h e  v o t e r s  and  do n o t  d e p e n d  on t h e  

l a b e l i n g  o f  t h e  a l t e r n a t i v e s .  We show now t h a t  t h e y  a r e  a l s o  c o n s i s ­

t e n t  :

S
Lemma 4 , 2 : f  i s  c o n s i s t e n t  f o r  any  s c o r e  m a t r i x  S.

S
P r o o f : S u p p o s e  t h a t  f i s  a  s c o r i n g  f u n c t i o n  w i t h  s c o r e  m a t r i x  S, and

C  —> r  — I   n _______, g
t h a t  f  ( x )  B P(S  ) - 0,  and  s u p p o s e  t h a t  x + x x.  w h e r e  f  ( x )m

S - 9
f  (x  ) B ' .  We m u s t  show t h a t  B B* w h e n e v e r  B'  /  0 .
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S u p p o s e  t h e n ,  c o n t r a r y  t o  t h e  lemma, t h a t  ^6(B  - B ' ) ;  t h e r e  m ust

b e  some a l t e r n a t i v e s  a , , a .  s u c h  t h a t  a  p r e c e d e s  a i n  f  , b u t  a
1 k 1 v  k i

f o l l o w s  a ^  f o r  a l l  f f t B ' .  T h e r e f o r e ,  t h e r e  a r e  c o l u m n s  s :  ,  S j  o f  S
_ r  _ r  _  1 _ 2 _

f o r  w h ic h  (D (x r ) J s ,  ) }  (D (x  ) , s .  ) and  (D (x  ) , s  ) (D ( x r ) , s . )
k J r  i  J r  k j  k J

f o r  1 . £ j  < j  , r  - 1 , 2 ,  r e s p e c t i v e l y .  F o r  j  = min  ( j  , 1 ~ ) ,  we h a v e  
_  _ r  _  _  \  1

(D, ( r ' ) . s . )  > fD ( x ) . s . ) .  w h i l e  (D, ( x ) , s  ) ^  (D ( x ) , s ) f o r  a l l  ] ^ - u <  j, 
k j i  j k u i u

s i n c e  D ( x )  D ( x 1 ) D ( x 2 ) and  D ( x )  D . f x 1 ) • D ( x 2 ) . But  t h e n  k K k 1 i  i

a^  i s  p l a c e d  b e f o r e  a^ i n  e v e r y ^ C  B and c r q t  (B - B’ ) .

I f ,  on t h e  o t h e r  h a n d ,  r t ( B ’ - B).  t h e r e  a r e  a l t e r n a t i v e s  a ,
i

a,  f o r  w h ic h  a .  p r e c e d e s  a,  i n  j ,  b u t  a, p r e c e d e s  a f o r  a l l  n r B ,k 1 k k i

L e t  s .  b e  t h e  f i r s t  c o lu m n  o f  S f o r  w h ic h  ( D ^ ( x ) , s  ) > ( D ^ ( x ) , s . ) ;

t h e n  (D ( x ) , s  ) 4  ( D , ( x ) , s  ) f o r  a l l  1< u< j .  But  s i n c e  t h e r e  i s  somek u i  u

f t  B 1 f o r  wh i c h  a . p r e c e d e s  a, , (D ( x ) , s  ) > ( D ( x ) . s )  f o r  some 1 ^  tl  k i t  k t

and  ( D . ( x ) . s  ) (D, ( x ) , s  ) f o r  a l l  1 v < t .  by t h e  an a  l y s i s  o f  t h ei  v k v

p r e c e d i n g  p a r a g r a p h .  T h i s  c o n t r a d i c t i o n  i m p l i e s  ( B ' - B) 0 .  0

We now t u r n  o u r  a t t e n t i o n  t o  s i m p l e  s c o r i n g  f u n c t i o n s  Once a g a i n  

a s  i n  t h e  c a s e  o f  t h e  Kemeny f u n c t i o n ,  c o n t i n u i t y  f o l l o w s  from t h e

f a c t  t h a t  t h e  i n n e r  p r o d u c t  i s  a  c o n t i n u o u s  f u n c t i o n a l . By d e f i n i t i o n ,

S c sR a ( f  ) K (S e e  D e f i n i t i o n  4 1) f o r  e v e r y  s i m p l e  s c o r i n g  f u n c t i o n  f  ; m
s s

we now show t h a t  R a ( f ) K u n l e s s  f  i s  c o m p l e t e l v  t r i v i a l
m

Lemma 4 . 3 : E v e r y  n o n t r i v i a l  s i m p l e  s c o r i n g  f u n c t i o n  i s  o m n i d e c i s i v e .
g

P r o o f : L e t  f  be  some a r b i t r a r y  n o n t r i v i a l  s i m p l e  s c o r i n g  f u n c t i o n

wi t h  s c o r e  v e c t o r  s  i /  ( t . t . . .  . t ) ) ,  and  l e t  & (©( 1 ) ,  . . , &(V. ) b e  a

— m * —
weak o r d e r .  We m u s t  show t h a t  t h e r e  i s  some x t  R f o r  w h ic h  f ( x )

—1 —t,- 1
T(& ) .  By c o n s i s t e n c y .  I t  s u f f i c e s  t o  show t h a t  t h e r e  a r e  x ...........x

f o r  w h ic h  f S ( x 1 ) T f © , ) .................... f S ( x k ~1 ) - T(^ ,  w h e r e  0I k~ 1 r



r  k k -1
( U 0 ( i ) ,  U e ( l ) ) .  l £ r . < k - l ,  s i n c e  t h e n  f S (x )  C > T(& ) T ( e ) .

i 1 i r+ 1 i  1 i
F i x  O . a n d  s u p p o s e ,  w i t h o u t  l o s s  o f  g e n e r a l i t y ,  t h a t  t h e  a l -  

r

t e r n a t i v e s  i n  5 & ( i )  a r e  a , . . . , a  . N e x t ,  s u p p o s e  t h a t  t h e  compo
i 1 1 n

n e n t s  s , . . . , s „  o f  s  a r e  o r d e r e d  s  >.s , . f o r  some T
1 m T (1  > x(  m 1

and  a t  l e a s t  o n e  o f  t h e  i n e q u a l i t i e s  i s  s t r i c t ,  by  t h e  n o n t r i v i a l i t y

a s s u m p t i o n  L e t  x* be  t h e  v e c t o r  w i t h  1 i n  com p o n en t  x ,  i f  x<Tt T f t?  )
a  r

and  0 e l s e w h e r e .  Then  ( D ^ ( x * ) . s )  . . .  (Dn ( x * ) , s )

(m n ) ( n -  1) . ' ( s  , ♦ . . .  + s  ) > (D , ( x * ) . s )  . ( D ( x * ) . s )l ) t (  n ) n +1 m

( m - n - 1) ! n .'( s  . + . + s  ) ,  so  f 8 ( x * )  T ( p ) .  D
X( n + 1) x(m ) r

To s u m m a r i z e ,  we h a v e  shown t h a t  s i m p l e  s c o r i n g  f u n c t i o n s  a r e  

s y m m e t r i c ,  c o n s i s t e n t ,  c o n t i n u o u s  a n d .  i f  n o n t r i v i a l ,  o m n i d e c i s i v e . 

In  o r d e r  t o  show t h a t  t h e s e  c o n d i t i o n s  a r e  s u f f i c i e n t  t o  c h a r a c t e r ­

i z e  s i m p l e  n o n t r i v i a l  s c o r i n g  f u n c t i o n s ,  i t  w i l l  be  n e c e s s a r y  f i r s t  

t o  p r o v e  a lemma:

Lenina 4 . 4 : S u p p o s e  t h a t  f  i s  n e u t r a l ,  c o n s i s t e n t ,  c o n t i n u o u s  a n d  

o m n i d e c i s i v e . L e t j ^  and  ffj c l o s e  n e i g h b o r s  w h ic h  i n t e r c h a n g e  a^

a n d  a ^  and  l e t  >n^ *2 b e  c l o s e  n e i g h b o r s  w h i c h  i n t e r c h a n g e  a j

- * 1  ^2 1 
a n d  a. , f o r  some a . ,  a ,  (  A. Then  u -  *u  k 1 k ^  tr

P r o o f : I f  m 2,  t h e  lemma i s  t r i v i a l ,  s o  s u p p o s e  t h a t  m> 2.  D e n o te  by

T  t h e  p e r m u t a t i o n  w h ic h  i n t e r c h a n g e s  a-j, a n d  and  d e n o t e  by  ^  t h e

p e r m u t a t i o n  w h ic h  t a k e s  a ^ - » a l 1 C o n s i d e r  t h e  f o l l o w i n g  s i x

p e r m u t a t i o n s  o f  S :
m

f i  a 1 , a 2 . a 3 , a 4 . . . . , a m ^  2 ■ a ^ a ^ a ^ a ^ ,

^ 3  = “ 2 ' ‘ l ’ * 3 ' a 4  “m x  f 4

a
m

a , a , a , a  a
, 2 3 1 4  m

1/  a , a . a , a . . . , a  1/ a , a , a . a . . . . a
5 3 1 2  4 m “ 6 3 2 1 4  m

- 4 6 -



T h e r e  a r e  s i x  s e p a r a t i n g  v e c t o r s  u T a s s o c i a t e d  w i t h  t h e s e  p e r m u t a t i o n s :

u 1 s e p a r a t e s  f  * ( Y ) f rom f  (Y  ) ( i  . e .  , ( x , u * ) »  0 I f  * (  f  V  )
1 3  1

a n d  ( x , u S  < 0 i f  x d f  * ( V ) . )
3

- 2u s e p a r a t e s f ‘ ( Y  )7
f rom f (V5 )

- 3
u s e p a r a t e s f~ <v f  rom f <V
- 4u s e p a r a  t e s f ' r i p f rom f " (V
- 5u s e p a r a t e s f~ (V3) f  rom f (V
—6
u s e p a r a t e s f (Y )

5
f  rom f (v

N o te  t h a t  ^  a n d t  i n d u c e  l i n e a r  t r a n s f o r m a t i o n s  L and  L 1, r e s p e c ­

t i v e l y ,  on Rm. w h e r e  L: u - 2  - 1  „ . - 4
■ u  — V u  a n d  u  -

- 5  - 6
- U —k U .

- 4  
u  ;

L '  : u 1
- 1  —2 —3 - 4

-  u  , u  4— , u  ^
- 5  , —6 —6u , a n d  u »  ' - u  . N ex t ,  we o b s e r v e  t h a t

6
i f  O i s  t h e  weak o r d e r  s u c h  t h a t  T(&) U , t h e n  Lemma 4 . 1

1 1 1 1 1 i m p l i e s  t h a t  f  (&) h a s  d i m e n s i o n  m . ' -2 . and  s i n c e  u i s  o r t h o g o n a l  to

f f o r  1 < i < 6 , dim ; u * ......................... 2

- 1  —6
S u p p o s e  now t h a t  u a n d  u a r e  l i n e a r l y  i n d e p e n d e n t ;  t h e n  f o r  

2 —1  ^
some we h a v e  u o u  1 Bu . A p p l y i n g  L ’ t o  t h i s  e q u a t i o n ,  we

— 3
f i n d  t h a t  u -  P u^ ,  and  by  a d d i n g  t h e  two e q u a t i o n s ,  we d e d u c e

~2  - 3  ~1 3 - 2u = -u  , R e c u r s i v e  a p p l i c a t i o n  o f  L i m p l i e s  t h a t  u u -u  But

t h e n  f   ̂ ( V ) .  f ^ (V ^)  an<l 1 ^ 5  ̂ *n t *ie  sattie ' i a ' f " s Pa c e

g e n e r a t e d  by u*,  w h i l e  f  f  a ^  * i e  *11 t h e

o p p o s i t e  h a l f - s p a c e  Then u^ s e p a r a t e s  f  ^ ( ^ 5 ) from f  ^ (V ^)-  an t*
 |  ^ j*

we m u s t  h a v e  u u . T h u s ,  i n  any  c a s e ,  u _ ku  , a n d  by  a p p l i e a -

—2 ~ 5t i o n  o f  L t o  b o t h  s i d e s  o f  t h i s  e q u a t i o n ,  we h a v e  u =- ku '  a n d  
—3
u  = ku f o r  t h e  same k ~ * 1 .

By n e u t r a l i t y ,  t h e n ,  we h a v e  p r o v e d  t h e  lemma f o r  t h e  c a s e  when

- 4 7 -



-1  -1 -1  -1 -1  
C j  ( a ^  ir^ ( a ^ )  j ^  ®2 ^  ^a k ^ ’ and  ^ 1  ^a r^  P r e c e d e s

f ^ C a g )  i f f  t r2 1 ( a r ) p r e c e d e s  (T2 1 C« s > f o r  a l l  a ^ ,  a s €  A - ^ , 8 ^ .  We

c a n  e x t e n d  t h i s  r e s u l t  f u r t h e r  b y  c o n s i d e r i n g  t h e  weak o r d e r s  ' d e ~

f i n e d  b y :  6> ' (1 )  -- , S ' (2)  J a ^ a ^ a ^ ,  0 ' ( 3 )  ^*5} -------- , 8 * (m-2)  -

A a i m i l a r  a y g o m e n t  a n  bhe  v e c t o r s  s e p a r a t i n g  t h e  r e g i e n a

V ' e T ( © ' ) .  p r « v e a  t h e  lemma whan 0" ($ .  , - a  ^ *' l ( a  >» ^ „ \ a . )  = a ,  =
1 i 1 2 I ’I t 2 i - 5

tr«5^ ( a ,  ) .  «nd T . ^ f a  ) p r e c e d e s  O', * ( a  ) i f f  <T„ ( a  ) p r e c e d e s  t r „  ( a  ) z k i r  i s  2 r  2 a

f o r  a l l  ®r - a s £ A - ^ 8 , 8 ^}* R e c u r s i v e l y ,  t h e n  t h e  a r g u m e n t  g e n e r a l i z e s

t o  show t h a t  t h e  lemma i s  v a l i d  f o r  a l l  c l o s e  n e i g h b o r s  a n d  it , cT
1 1 2

and  ir2 w h ic h  d i f f e r  r e s p e c t i v e l y  i n  t h e  same two a l t e r n a t i v e s  a ^ . a ^ ,
-1 -1  .1 -1

p r o v i d e d  t h a t  CT̂  ( a r ) p r e c e d e s  <x  ̂ ( a 8 ) I f f  &2 ^a r  ̂ p r e c e d e s  ( a a )

f o r  a l l  a , a  C A - i a , , a 3  • To p r o v e  t h e  lemma, i t  s u f f i c e s  t o  e l i -  r  s 1 k

m i n a t e  t h e  r e s t r i c t i o n  o f  t h i s  p r o v i s o . ( I f  m 3,  we a r e  d o n e . )

S u p p o s e  t h e n  t h a t  c  a n d  a r e  c l o s e  n e i g h b o r s  o f  7  ̂ an d  tr ,

r e s p e c t i v e l y ,  and  o f  e a c h  o t h e r ;  t h a t  i s ,  i f / *  i s  t h e  p e r m u t a t i o n

t h a t  i n t e r c h a n g e s  a^ and  a ^ ,  and  i f  J  i s  t h e  p e r m u t a t i o n  t h a t

i n t e r c h a n g e s  a  and  a , f o r  some a _ , a  t  A - ^ a  , a . \ ,  t h e n  r  s r  s ' i  k "

T1 ~ * 3^ '  C o n s i d e r  i *18 f o l l o w i n g  4 s e p a r a t i n g  v e c t o r s :
—  1 - 1  - 1
v s e p a r a t e s  f  f rom  f  (ff^)

- 2  _ 1 -1v s e p a r a t e s  f  OT^) f rom f  ( ir^)

v^  s e p a r a t e s  f ” ^ ( v ^ )  f ro m  f  ^ ( i r^ )
- 4  -1  -1
v s e p a r a t e s  f  (* ) f rom f  ( tf^)  .

L e t  L" be  t h e  l i n e a r  t r a n s f o r m a t i o n  i n d u c e d  by ^  ; h e n c e ,

1 .. _ 1 —^  _ 1  ~ 2 ~ 2 ^ - 3  . - 4L : v e - ^ - v  , v  *—* - v  , and  v  *—» v .

By a r g u m e n t s  s i m i l a r  t o  t h o s e  s e t  f o r t h  e a r l i e r  i n  t h e  p r o o f ,
/  ^ /[ j  — ^ 2

d i m j v   v  2 .  S u p p o s e  t h e n  t h a t  v  and  v a r e  l i n e a r l y  I n d e p e n d e n t ;
_ 3  _ l  —2

t h e r e  a r e  t h e n  a , 0  s u c h  t h a t  v - qv  + 0v  . A p p l y i n g  L"  t o  b o t h  s i d e s

—4 —1 —2 —3 —4
o f  t h e  e q u a t i o n ,  we f i n d  v -orv - f3v and  d e d u c e  v - v  ,

- 4 8 -



L e t  Y b e  t h e  p e r m u t a t i o n  w h ic h  i n t e r c h a n g e s  a and  a a s  w e l l
1 r ,m

a s  a, a n d  a , and  l e t  L* b e  t h e  l i n e a r  t r a n s f o r m a t i o n  on  R * i n d u c e d  k s
i — 3 —4 —4by  j .  Then L * (v  ) L * ( - v  ) = - L * ( v  ) ,  a n d  by our p r a v i o u s  r e s u l t s ,

v^ = + L * (v ^ )  w h i l e  v ^ =  i L * ( v ^ )  • Thus i n  a n y  c a s e ,  v* = - v ^ .  T h i s

c o n c l u s i o n  r e m o v e s  t h e  r e m a i n i n g  r e s t r i c t i o n  c o n c e r n i n g  a a n d  a ,r  s

s o  t h a t  we a r g u e  r e c u r s i v e l y  t o  p r o v e  t h e  lemma i n  g e n e r a l .  D

A l t h o u g h  we h a v e  e s t a b l i s h e d  t h e  e x i s t e n c e  o f  a p p r o p r i a t e  r e l a ­

t i o n s h i p s  b e t w e e n  t h e  h y p e r p l a n e s  s e p a r a t i n g  t h e  v a r i o u s  n e i g h b o r i n g  

r e g i o n s ,  we h a v e  n o t  y e t  e s t a b l i s h e d  t h a t  t h e  d i r e c t i o n s  o f  t h o s e  

h y p e r p l a n e s  a r e  w h a t  we w o u ld  e x p e c t .  T h i s  r e s u l t  i s  t h e  n e x t  c o r o l  

l a r y :

C o r o l l a r y  4 4 . 1 : S u p p o s e  t h a t  f  s a t i s f i e s  t h e  h y p o t h e s e s  o f  Lemma 4 . 4

and  t h a t  (Tj and  jf j  and  a r e  r e s p e c t i v e  p a i r s  o f  c l o s e  n e i g h b o r s

a s  i n  t h e  lemma. Then ,  i f  b o t h  <r | a n d  0*2 p l a c e  b e f o r e  a ^ ,  w h i l e

—ffi — ir?
b o t h  and  p l a c e  a ,  a f t e r  a , ,  t h e n  u u *■.1 2 i  k o"2

P r o o f : R e c a l l  t h a t  we e s t a b l i s h e d  s u b s e q u e n t  t o  Lerona 4 . 1  t h a t  

f  (o') c o u l d  b e  r e p r e s e n t e d  a s  ( x . u * * ) ^ 0  f o r  t h e  m- 1 c l o s e

n e i g h b o r s  ir± , i  1  m o f  ffj. C o n s i d e r  t h e  f o l l o w i n g  t h r e e  r e g i o n s ,

d e f i n e d  a s  t h e  r e s p e c t i v e  s o l u t i o n  s e t s  f o r  t h e  i n e q u a l i t i e s  d i s p l a y e d

f h i j )

L v  n  rr. ~ 1 ,  - 6



t h

g„  u ^ ,  u *, a nd  we mean t h e  v e c t o r s  s e p a r a t i n g  f - 1 (Y ) ,  f  ) ,
'fl ^ 3 ^ 6  1 3

and  f ^ ( Y  ) f rom t h e i r  r e s p e c t i v e  i t h  n e i g h b o r s ,  f  f ^ ( T ^ ) ,

-1 6
and  f  3 i  i s  ra-1 ; a l l  o t h e r  n o t a t i o n  i s  a s  i n  t h e  le tnna .

C o n s i d e r  I f  x £ f  " 1 <^  Y„> - f ^ C Y  ) 0  f * 1 ( Y , ) .  t h e n

-  -  - ^ 3  > - h  - h(x ,  u 0 and (x ,  u ) y 0 ,  By t h e  lemma, we know t h a t  u = *u
T1 Y3 *1 y 3 _  _ f 3

S u p p o s e  by  way o f  c o n t r a d i c t i o n  t h a t  t h e  s i g n  i s  n e g a t i v e ;  t h e n  (x ,  u )
_  ̂ f      \  3

-- 0 .  L e t  K f  ( H )A  } y  | ( y ,  u ) - O j . By e a r l i e r  r e m a r k s ,  f  i s  c o n s -
3 3

t a n t  on r i ( K ) ,  and  by Lemma 4 . 1 ,  T ^ t f ( y )  f o r  some y t  r i ( K ) .  T h e r e f o r e ,  

T3 e f ( r i ( K ) )  and  by  c o n t i n u i t y  x ^ f t x ) ,  s i n c e  x t  K. We t h e n  c o n c l u d e

t  t h e r e  i s  no  x f o r  w h ich  T(x) k f J  , c o n t r a d i c t i n g  o m n i d e c i -
-  ^3 -  T3

s i v e n e s s . Thus u u,
*1 Y3

N e x t ,  c o n s i d e r  t h e  weak o r d e r  © d e s c r i b e d  i n  t h e  p r o o f  o f  t h e

- * ilemma. By o u r  p r e v i o u s  r e s u l t s ,  u - t u f o r  i  4 , . , . , m - l .  But  an
*1 *6

a r g u m e n t  s i m i l a r  t o  t h e  one  a b o v e  shows t h a t  u n l e s s  t h e  s i g n  i s  p o s i -

-*>it i v e ,  we a r r i v e  a t  a c o n t r a d i c t i o n  t o  o m n i d e c i s i v e n e s s ,  so  t h a t  u

- f i  1
u f o r  i  4 , , . . , m- 1.

y6 _  __ _ 3
S u p p o s e  now t h a t  u - u  ; t h e n  u L ( u ^ )  L ( - u ^ )  - u ^  f o r

t h e  l i n e a r  t r a n s f o r m a t i o n  L i n t r o d u c e d  i n  t h e  p r o o f  o f  t h e  letmna.

S i n c e  i n t ( f  i n t ( f  ^ ( Y , ) )  0* *n<l s i n c e  t h e  i t h  i n e q u a l i t y  i n
1 6

-1 -1 - i
f  (Yt ) i s  t h e  same a s  t h e  i t h  i n e q u a l i t y  i n  f  (Y, ) .  i / 3 ,  f  (Y, ) andb 1

 £3   _̂________ _
) a r e  s e p a r a t e d  by  t h e  v e c t o r  u . But  i f  x t f  (©) , t h e n  x t

'  -  y - v n rrt  * -  * -> j - nof  ( Y i J ^ f  (Y’t )  so  t h a t  ( x , u .  ) - 0 .  Thus P G f  (x )  and t h e r e  i s
* fi 3

«  - 1 - 6x  f o r  w h ich  f ( x )  = ©, c o n t r a d i c t i n g  o m n i d e c i s i v e n e s s .  Thus u - u .

By n e u t r a l i t y ,  o u r  r e s u l t s  e x t e n d  t o  t h e  o t h e r  a l t e r n a t i v e s  a s  

w e l l ,  so  t h a t  i n  r e p e a t i n g  t h e  a r g u m e n t s  i n  Lemma 4 . 4 ,  we a r e  s u r e  t h a t

t h e  d i r e c t i o n s  o f  t h e  h y p e r p l a n e s  c o n c e r n e d  a r e  a s  c l a i m e d  i n  t h e

c o r o l l a r y .  Q
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At t h i s  p o i n t ,  l e t  u s  r e c a l l  o u r  c h a r a c t e r i z a t i o n  r e s u l t  f o r  

s i m p l e  s c o r i n g  f u n c t i o n s :

T h e o r em 4 . 1 :  A n e u t r a l ^ ,  c o n s i s t e n t  and  c o n t i n u o u s  SDF i s  o m n i d e c i s i v e  

i f f  i t  i s  a n o n t r i v i a l  s i m p l e  s c o r i n g  f u n c t i o n

P r o o f :  We h a v e  a l r e a d y  e s t a b l i s h e d  t h a t  n o n t r i v i a l  s i m p l e  s c o r i n g

f u n c t i o n s  s a t i s f y  t h e s e  p r o p e r t i e s .

D e n o t e  by  u t h e  v e c t o r  w h i c h  s e p a r a t e s  f  f r o m  f  ^ ( ^ ) -  We

s_______________
w i s h  t o  show t h a t  t h e r e  i s  a  s i m p l e  s c o r i n g  f u n c t i o n  f  f o r  w h ic h  u 

-1 -1
s e p a r a t e s  f S ( ^  ) f rom  f s ^ 3 ^ ’ ^o r  t î e n  n e u t r a l i t y  and  C o r o l l a r y

4 . 4 . 1  w o u ld  im p ly  t h a t  u *  u S * f o r  a l l  c l o s e  n e i g h b o r s  a , i r e  S ,
- I  - 1 m— S tT S fi

w h e r e  u g- d e n o t e s  t h e  v e c t o r  s e p a r a t i n g  f  (<r) f rom f  (tt) . But

s ' 1
t h e n  f  (cr) X** f S (a") f o r  a l l  t r t  S , and  t h e r e f o r e  f  -  f 8 .

m

N e x t ,  we e x a m in e  w h a t  fo rm  u m u s t  h a v e  i n  o r d e r  f o r  t h e r e  t o
-1 -1 8 — g g

e x i s t  some f  s u c h  t h a t  u s e p a r a t e s  f  ( ^  ) f r o m  f  ( , We

a s s e r t  t h a t  i f  t h e r e  a r e  n u m b e rs  s ,  s  f o r  w h ic h  e n t r y  u _ ( t h e1 m v

t r t h  co m p o n e n t  o f  u)  i s  g i v e n  by s , - s .  w h e n e v e r  ^ ( a ,  ) a and  <r(a )
V , 1 s " 1 1 j— % i —- a ^ ,  t h e n  u s e p a r a t e s  f  ( ) f r o m  f  w h e r e  s ^

( b , + q : , s  +a ,  . . . , s  + a ) ,  f o r  e v e r y  a ^ R .  I n d e e d ,  l e t  x*  b e  t h e  v e c t o r  
1 2  m

w i t h  c o m p o n e n t  x ^  e q u a l  t o  1 a n d  a l l  o t h e r  c o m p o n e n t s  x^ \  <r I  TTj e q u a l
— m ' -— -■’fj

t o  Oi t h e n  i f  x «  R , we c a n  w r i t e  x 1, a x  f o r  some a p p r o p r i a t ef £ S  A " m
s e t  o f  c o e f f i c i e n t s  a ^ .  D e n o t e  b y  t h e  k t h  p e r m u t a t i o n ,  l ( k s ( m - 2 ) t J

s u c h  t h a t  x ^ f a  ) a  a n d  x ^ f a . )  a . Now, l e t  u s  f i x  a and  
k - I 1 1 k 1 2

s u p p o s e  x €  f 8a  ( ^ ) ;  t h e n  (D^ ( x ) , s + a )  ^  (D^ ( x ) , s + a ) ,  s o  ( D j ( x ) , s ) ^
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(D ( x ) , s ) ,  w h e r e  a  -  (a,a  a ) ,  and  t h e r e f o r e  (D ( x ) - D  ( x ) , s ) ^ 0 .
m m  ( m-  2 )  ^ i j  1 2

But  t h e n  x  - J: ?_ a _ i j x f o r  *n a p p r o p r i a t e  s e t  o f  c o e f f i -
1=1 j l l  k 1 k 

c i e n t s  * n d t h e r e f o r e  ( D ^ ( x ) - D  ( x ) , s )
k ^

m m (m -2 )!  (m -2 ).’ m m  _

J i  ** (* i ( k*"i '  M 1 ”  k: ,  Vi  (v W >  (“-x)
J 1 J -1

f o r  t h e  v e c t o r  u w i t h  c o o r d i n a t e s  a s  d e s c r i b e d  b e f o r e .  A s i m i l a r  a r g u -
s “ l

m en t  shows  t h a t  i f  x c f  ’ ( f _ ) .  t h e n  ( x . u ) S  0.  Thus u s e p a r a t e s  
-1 - 1  3 

f  Q ( f  ) f rom f Ba  (if ) .

At t h i s  p o i n t ,  we n e e d  t o  i n t r o d u c e  t h e  c o n c e p t  o f  a s u b c l a s s  

o f  p e r m u t a t i o n s :

D e f i n i t i o n  A . 9:  A s u b c l a s s  o f  S o f  o r d e r  M i s  a s e t  C
------------------------------------------------ ----------------------------------------------------------m  .........   ■ — --------  M

j f . t  S ) cr  ̂ (a  ) (j-  ̂ (a,  ) f o r  a l l  n> k > M a n d  f o r  e a c h  1 * i , j < M.' }' l m ' i k j k  T

When o t h e r w i s e  c l e a r  f rom  t h e  c o n t e x t .  C w i l l  be  a b b r e v i a t e d  C.
M

F o l l o w i n g  i s  an  i l l u s t r a t i o n  o f  two s u b c l a s s e s  o f  o f  o r d e r  3:

a i  ’ a 2 ’ * 3 ’ a A’ *5 a 5 W V a

W W s
A t 4 * S i A * A

5 1 3 2 A

a 2 , a i , a 3 ’ a A*a 5
a .a , a  , a  , a

5 2 1 3 A
a 2 , a 3 ’ a l ’ a A, a 5 V V W aA
a 3 ’ W  V * 5 a^,a ^ , a^,a^.a^

a 3 ’ a 2 ’ a l , a A’ a 5 a 5 ’ a 3 ’ a 2 ’ a l ' a A

L e t  C b e  a  s u b c l a s s  o f  o r d e r  M g i v e n  on p o s i t i o n s  ^ ............ ^

( i . e . ,  i f  -7 t  C and  1 i  k * M, t h e n  C (a  ) a f o r  some 1 < i  <• m) . We
k f*i

a s s e r t  t h a t  t h e r e  a r e  n u m b e rs  s 1 , . . . , s ( d e p e n d i n g  on C) f o r  w h ic h1 M

u^. -t 8 £~®j  when (TWC p l a c e s  a^ i n  p o s i t i o n  ^  a n d  a^  i n  p o s i t i o n

We p r o c e e d  b y  i n d u c t i o n  on M, M ^ 2 .  N o te  t h a t  i f  /< i s  a perm u-
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t a t i o n  w i t h  a  » i n g l e  c y c l e  (>*(a^) ,  . . . . . ^ ( a ^ - a ^ ,  . . . ,/«.n (8 ^)=*^ ) , t h e n
n _  n

( * * )  i f  treS , v u j - 0 .  I n d e e d ,  l e t  x - >' x ; by n e u t r a l i t y ,  i f
m i =1 v /*1 |  j

V t£f (x)  and q. p l a c e s  b e f o r e  S j -  t h e n  s i n c e  x  i s  a f i x e d  p o i n t  o f  
k — k

€ f ( x ) ,  and nf* p l a c e s  a^  b e f o r e  a ^ . T h e r e f o r e  Lemma A. A i m p l i e s  

t h a t  0 - (x,  u)  y u
1-1

I f  M^2, t h e n  C c o n s i s t s  o f  j u s t  two p e r m u t a t i o n s ,  <T and o r ,  

w h e re  T i n t e r c h a n g e s  a^ and  a ^ .  By (** )  a b o v e ,  u^. * u f l  0, 

we c a n  c h o o s e  u^. and  82 0 and we a r e  done .

I f  M 3, t h e n  f o r  some 1 f*3 ' ;rn* ^ ^ HS t *ie  ^orm:

0"l ^2 °  3 °"a ^5 °6

so

a a a a a a  p o s i t i o n  f
1 1 2 2 3 3 1

a„  a -  a ,  a ,  a ,  a p o s i t i o n  h2 3 1 3 1 2 2

a^  a 2 a 3 a^ a^  a^  p o s i t i o n

With  x  a s  a b o v e ,  we c o n c l u d e  t h a t  u w + u u +■ u

u + u
1 J 3 J 2 ^A

<r, 0.  s i n c e  (T . r  c  e t c . ,  by (**)  . M o re o v e r ,  i f  *t i s  t h e
5 ^6 3 2

p e r m u t a t i o n  w i t h  c y c l e  ( s 2 >a3 , a 3 ) ,  t h e n  - cr^ £  ,> an<*

we c o n c l u d e  t h a t  u + u  + u  0 .  L e t s  ~ u , s   ̂ u and  s
^4 t 5 1 ^2  2 ^5 3

0 ; s u b s t i t u t i o n  i n t o  t h e  p r e c e d i n g  e q u a t i o n  i m p l i e s  t h a t  u + s - s
T\ 2 1
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0 and c o n s e q u e n t l y  u _  s - s „ ,  so we a r e  done .
1 2

S uppose  M 4.  Any s u b c l a s s  o f  o r d e r  4 h a s  24 members .  L e t  C be

su ch  a s u b c l a s s ,  d e t e r m i n e d  by p o s i t i o n s  f  2 * C 3 P 4 ' We n o t e
4

t h a t  C -  U C,,  w h e re ,  f o r  eac h  k,  C i s  t h e  s u b c l a s s  o f  o r d e r  3
k 1 k

d e t e r m i n e d  by f i x i n g  a l t e r n a t i v e  a .  i n  p o s i t i o n  p . By t h e  r e m a r k s
4 tk

—It k k k
a b o v e  f o r  M 3, we h a v e  f o r  t h e  s c o r e  v e c t o r  s ( s ^ s ^ s  ) such  

It k
t h a t  u^ s ^ - s  w h e n e v e r  p l a c e s  a j_*a 2 , a ]< p o s i t i o n s

r e s p e c t i v e l y .  If" l .  j . k  <'4. We a r e  done  i f  we show t h a t  t h e s e  

c o n d i t i o n s  im ply  t h e  e x i s t e n c e  o f  an  a p p r o p r i a t e  v e c t o r  a f o r  w hich  

t h e  i n d u c t i o n  p r o p o s i t i o n  h o l d s  on u f o r  t h e  s u b c l a s s  C o f  o r d e r  4.

We r e c a l l  from o u r  p r e v i o u s  r e m a r k s  t h a t  t h e  v e c t o r s  s  and  s+-"i

p r o d u c e  t h e  same s e p a r a t i n g  v e c t o r  u,  so t h a t  i n  f a c t ,  we may c h o o s e

k —At h e  s c o r i n g  v e c t o r s  s s u c h  t h a t  s .  0 f o r  k = l , 2 . 3 ,  and  s  s u c h  t h a t
4

4 1
s ^  s ^ .  C o n s i d e r  now t h e  3 - c y c l e  p e r m u t a t i o n t w i t h  c y c l e  ( a 2 , a ^ , S | ) .  

L e t  w be  t h e  p e r m u t a t i o n  i n  C w i t h  a^  i n  p o s i t i o n  £  . a^  i n  p o s i t i o n

and a^  i n  p o s i t i o n  (** )  i m p l i e s  t h a t  u ^ ^  + U<rt2 + 3 ^
3 3 1 1 4 4  3 1  4

( g ^ - S j )  f ( s ^ - b ^ )  ■+ ( s ^ - s ^ l -  But  s i n c e  we c h o s e  s ^  s  0 and  s^  =

1 4 3 ^
s ^ ,  we d e d u c e  t h a t  s^  s ^ .  N ex t ,  a p p l y  t  t o  t h e  p e r m u t a t i o n  w h ich

p l a c e s  a 1 i n  p o s i t i o n  P , a„  i n  p o s i t i o n  fi and  a ,  i n  p o s i t i o n  (V .
i ' 1 2  1 2 4  ' 4

2 2  1 1  4 4  1 2
By (* * )  we d e d u c e  t h a t  ( s ^  s ^ )  + ( s ^ - s ^ )  + ( s^  s ^ )  0 ;  s i n c e  s^  s^ ,

4 4 2 1
s s ^ - S j + s ^ -  F i n a l l y ,  a p p l y  "C t o  t h e  p e r m u t a t i o n  w h ich  p l a c e s  a^ i n

p o s i t i o n  a^  i n  p o s i t i o n  ^  an<* a ^ f n p o s i t i o n  f ^ » by  (** )  we h a v e

2 2 3 3 3 ^ 2 1 1 .
( S j - S j )  + ( 82 ' B3  ̂ + (8 i ' ® 2  ̂ 77 ° '  Tb61-* ^ 0176, 8 2 Sl  + S3 a l +82 _83'

C o n s i d e r  now t h e  4 - c y c l e  y-- (a  2> a 3 * a p  • I f  i s  t h e  p e r m u ­

t a t i o n  w i t h  a ^ , a 2 , a ^ , a ^  i n  p o s i t i o n s  ^ ^ 2 ’ (*3 ’ (4 ' r e s Pe c t f v e l y ’ t h e n
4  4 3 3

(** )  i m p l i e s  t h a t  0 = u ^ +  u ^ 2 + u 3 + u u ( b ^ s ^  + ( v V  +

2 2  1 1  4 3  2 3
( s  - s , )  + ( s „ - s _ ) .  But  s i n c e  s .  s .  and  s ,  s ( , we d e d u c e  t h a t  3 4  4 i  i L  t* 4
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2 3 2 1 3a ,  s , - s  *s . S u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n t o  t h e  e q u a t i o n  f o r  s . 
* 1 J  2

3 3 2 1
we f i n d  t h a t  s ^  2 ( s ^ - s ^ ) + S 2 F i n a l l y ,  i f  y  i s  t h e  p e r m u t a t i o n

w hich  t a k e s  a ^ * - > a 2 and  a^  and  i  t h e  p e r m u t a t i o n  which  t a k e a

—  — * 1 — > i Y —  n . t  — n f l  —
a ^ a ^  and ®4 ’ x * + x » x + x . S i n c e  x

i s  f i x e d  u n d e r  t h e  d o u b l e  i n v e r s i o n s  y  and  , symmetry im p l i e B  t h a t

and  a^ a r t  i n  t h e  same i n d i f f e r e n c e  row i n  f ( x )  so  t h a t  ( x , u )  0 .

4 4 3 3 2 2
C o n s e q u e n t l y ,  u ^  f u ^  + u ^ f + u 7 f t  0 - ( s 1 ' 8 2 ) + CV V  + ( W

I f  2 3
+ ( a 4 - s  j .  S u b s t i t u t i o n  i n t o  o u r  p r e v i o u s  e q u a t i o n s  y i e l d s  s^ s^ ,

3 1 2 1
w h ich  i n  t u r n  i m p l i e s  t h a t  s^  -  s ^  and s^  a .

k nThus ,  we h a v e  c o n c l u d e d  t h a t  s^ f o r  a l l  1 ^  i / k . n . ^ 4 .  But

t h i s  i s  a l l  we had  t o  show

The g e n e r a l  c a s e  f o l l o w s  t h e  same g e n e r a l  a p p r o a c h .  I f  C i s  a

s u b c l a s s  o f  o r d e r  K ^ 4 ,  d e t e r m i n e d  by p o s i t i o n s  < . . . < P . t h e n  
M ^

C U C^, w h e re  i s  t h e  s u b c l a s s  o f  o r d e r  M-l w h ich  p l a c e s  a l t e r -  
i 1

n a t i v e  a „  i n  p o s i t i o n  P By i n d u c t i o n ,  we h a v e  f o r  e a c h  C a s c o r e  
M r  t k  k

—k k kv e c t o r  s  su ch  t h a t  u„ s . s . w h e n e v e r  <F£ C p l a c e s  a , ,  a..,, a, i n
* i  J k K 1 I  k

p o s i t i o n s  (*!’ (*j' (^k" r eB P e c t *v e l y > 1 j i , j , k * M .  We n o t e  a s  b e f o r e  t h a t

—k k m 1we may c h o o s e  t h e  s su ch  t h a t  s  0 , k = l , . , , ,M- 1 and  s - s
M M- l  M-l

L e t  X b e  t h e  3 - c y c l e  ( a a „ ,  a . ) ,  and  l e t  q- < r ( u , v )  be  anyZ M I

p e r m u t a t i o n  w h ic h  p l a c e s  a^ ,  a 2 '*M POBi £ i ° n a  t e e p e c t i v e -
, v v

l y ,  f o r  some l ^ u < v < M .  By ( * * ) ,  u f f t  * Uffi.2 + u <rx3 " ^ = ^Bl ” 8u^ +
o u,  , 1 1

) . N ex t ,  l e t  be  t h e  a - c y c l e  <1 , ,
2 3 M 1

l e t  *  x ( u , v )  b e  any p e r m u t a t i o n  w h ich  p l a c e s  a ^ , a 2 > a . j , a^  i n  p o s i ­

t s  - s t ) + (s  - s  ) .  N ex t ,  l e t  be  t h e  4 - c y c l e  ( a  , a  , a  , a  ) ,  and  v l  u v  J

t i o n s  fu > ^v ’ r e s p e c t i v e l y ,  f o r  some l < u < v < . M .  As i n  t h e  c a s e

M M  v v u u I I
M=4, we c o n c l u d e  t h a t  ( s , - s  ) + ( s  - s  ) +■ ( s  - s  ) + <s - s  ) 0 .  By

l u  M 1 v M  u v 7

c o n s i d e r i n g  a l l  o f  t h e  e q u a t i o n ^  o b t a i n e d  f rom t h e  v a r i o u s  c o m b i n a t i o n s  

o f  u , v  in  t h e  a b o v e  two e q u a t i o n  fo rm s ,  we c o n c l u d e  t h a t :
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V V u 1 u V U 1
s „  -  2 ( s  - s , )  + 8 a nd  s  ^ ( s  - s , ) + s  , f o r  a l l  l < u < v < M ,

u l l u  V l l v

-  ( s ^ - s U)+s  , f o r  a l l  l < u < , M f and
u l l u
M M- l  

S1 “ S1 *
1 u

We know by  a s s u m p t i o n  t h a t  s  s  , f o r  a l l  1< u ( H ,  and  t h a t
M M

s ^  , s . A l l  t h a t  r e m a i n s  i s  t o  show t h a t  s!,1 s V f o r  a l lM-l  M-1 1 i

1 < u < v < M.

C o n s i d e r  t h e n  any  p e r m u t a t i o n  <^(u,v)  w h ic h  p l a c e s  a ^ , a ^ , a _ ^ , a ^  

i n  p o s i t i o n s  ’ f \ i ’f  v r e s Pe c t i v e l y t w h e r e  2 t  u < v < M. A p p l y i n g

^  t o  ^ ( u , v ) ,  we c o n c l u d e ,  a f t e r  s u b s t i t u t i n g  o u r  p r e v i o u s  r e s u l t s ,

t h a t  s j  2 s ^ - s ^ .  I f  M > 5 ,  t h e n  by  m e re ly  v a r y i n g  u and v we c o n ­

c l u d e  t h a t  s^ s ^  f o r  a l l  l i u c v c M ,  and  we a r e  d o n e . I f  H 5,  we

c o n c l u d e  a s  we d i d  f o r  H 4 ,  w h e r e  S t a k e s  a ,  t— a nd  a  •*—» a ^ ,  e t c .
'  1 2  3 5

Thus ,  t h e  c l a i m  i s  p r o v e d  by  i n d u c t i o n ,  and  M m  i s  t h e  t h e o r e m .  Q
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