
71 - 2 0 , 9 3 6

FRIEDMAN, Susan Loeserman, 1934—
GENERALIZED TRANSFINITE DIAMETERS AND CHEBYSHEV 
CONSTANTS.

The C ity  U n iv e r s ity  o f  New York, P h .D ., 1971  
M athem atics

University Microfilms, A XEROX Company, Ann Arbor, Michigan



GENERALIZED TRANSFINITE DIAMETERS 

AND CHEBYSHEV CONSTANTS

by

I
Susan Loeserman Friedman

A d is s e r t a t io n  su b m itted  t o  th e  Graduate 
f a c u l t y  in  M athem atics in  p a r t ia l  f u l f i l lm e n t  
o f  th e  req u irem en ts fo r  th e  d egree o f  D octor  
o f  P h ilo so p h y , The C ity  U n iv e r s ity  o f  New York.

1971



T h is  m anuscrip t has been read  and a ccep ted  fo r  th e  
Graduate F a c u lty  in  M athem atics in  s a t i s f a c t i o n  o f  
th e  d is s e r t a t io n  requ irem ent fo r  th e  degree o f  
D octor o f  P h ilo so p h y .

■JA N . , 3 7 ; / 9 7 /  'VL'--C'C<~/-Cr<L.j
d a te  Chairman o f  Exam ining Committee

//>
d ate E x ecu tiv e  O f f ic e r

P r o fe s s o r  Alan J. Hoffman

P r o fe s s o r  L inda Keen

P r o fe s s o r  R ichard S a ck sted er

S u p erv iso ry  Committee

The C ity  U n iv e r s ity  o f  New York



TABLE OF CONTENTS

ACKNOWLEDGEMENTS i

INTRODUCTION i i i

CHAPTER 1 The C la s s ic a l  Theory 1

1 .1  The T r a n s f in ite  D iam eter 1
1 .2  The Chebyshev C onstant 5
1 .3  F e k e te 1s Theorem 9
1 .4  Examples 13
1 .5  A d d it io n a l O b serv a tio n s 17

CHAPTER 2 E x ten s io n s  and G e n e r a liz a t io n s  22

2 .1  A veraging P r o c e sse s  22
2 .2  A G en era lized  T r a n s f in it e  D iam eter 29
2 .3  A G en era lized  Chebyshev C onstant 36
2 .4  The B a s ic  I n e q u a lity  42
2 .5  A d d it io n a l O b serv a tio n s 43

CHAPTER 3 E u c lid ea n  Spaces 49

3 .1  R̂  -  The Real L ine 49

3 .2  R -  T w o-d im ensional R eal E u c lid ea n  Space 62&
3 .3  R -  n -d im en sio n a l R eal E u c lid ea n  Space 85n

CHAPTER 4 R e la ted  T op ics 99

4 .1  C entered  Spaces 99
4 .2  Chebyshev C en ters 109
4 .3  C lo s e s t  P o in ts  and F e je r  113

APPENDIX 117

BIBLIOGRAPHY 119

AUTOBIOGRAPHY 121



ACKNOWLEDGEMENTS

Every Ph.D. degree i s  e q u iv a le n t  to  a f i n i t e  sum o f  w eig h ted  

term s, th e  number o f which i s  d ir e c t ly  p r o p o r tio n a l to  th e  c a n d id a te 's  

age when he f i n a l l y  a c h ie v e s  th e d eg ree . The s e t  o f  term s i s  n ever  

em pty, fo r  th e e v e r -p r e s e n t  term  and th e  one w ith  th e  g r e a t e s t  w e ig h t  

i s  o n e 's  d i s s e r t a t io n  a d v iso r . I t  has been my good fo r tu n e  t o  have  

P r o fe s s o r  Theodore J. R iv l in  fo r  my a d v iso r . I w ish  to  ex p r e ss  my 

g r a t itu d e  to  him fo r  h i s  g u id a n ce , encouragem ent, and fr ie n d s h ip  over  

th e  y e a r s . Many, many tim es  he has ch eered  me on.

Another term o f  c o n s id e r a b le  m agnitude in  t h i s  sum, as w e l l  

as forem ost in  my l i f e ,  i s  my husband, S ta n le y  D. Friedm an, w ith o u t  

whose lo v e ,  p a t ie n c e ,  r e a ssu r a n c e , and b e l i e f  th a t  women, t o o ,  have 

a r ig h t  to  seek  f u l f i l lm e n t ,  nought would have been accom p lish ed . And 

o f  co u rse  my thanks go to  my c h i ld r e n , -  Deborah, D a n ie l , and M ich a e l,  

who, in  more or l e s s  e q u a lly  w e ig h ted  fa s h io n , s u f fe r e d  through a lo n g  

summer o f  s i l e n c e  w h ile  mother s tu d ie d  fo r  her q u a l i fy in g  ex a m in a tio n .

I am very  much in d eb ted  to  my h o u sek eep er , Mrs. M ildred  C. 

G rant, who over th e  p a s t  s i x  y ea rs  has kept th in g s  a t home on an even  

k e e l -  a s u b s t i t u t e  mother in  ev e ry  se n se  o f  th e  word so  th a t  my c h i l d ­

r e n , I f e e l ,  were n ot damaged by my m ental and p h y s ic a l  ab sen ce.

A lso  p r e se n t and o f  g o o d ly  w e ig h t in  th e  sum are my p a r e n ts ,  

Arthur and Ruth Loeserm an, and my fa t h e r - in - la w  Joseph N. Friedman (my 

h igh  sch o o l m athem atics t e a c h e r ) . I have alw ays been m indful o f  t h e i r  

lo v e  and s u s ta in e d  by t h e ir  b e l i e f  in  my b e in g  a b le  to  p e r se v e r e .

I a ls o  w ish  t o  e x p r e ss  my a p p r e c ia t io n  to  P r o fe s s o r  Leo Z ipp in  

f o r  h is  a id  in  o b ta in in g  f in a n c ia l  h e lp  fo r  s e v e r a l  y ea rs  during  t h i s



u n d erta k in g , and to  Mrs. lo n e  H utson fo r  her p a in s ta k in g  care in  ty p in g  

t h i s  m an u scrip t.

And perhaps in  th e  m y s t ic a l summation s ig n  i s  th e  can d id a te  

h e r s e l f ,  fo r tu n a te  in  b e in g  a b le  to  combine a l l  th e  term s in t o  a 

m eaningfu l w h o le . . .



INTRODUCTION

The t r a n s f i n i t e  diam eter and th e  Chebyshev c o n sta n t are two non­

n e g a t iv e  s e t  fu n c t io n s  d e fin ed  fo r  compact s e t s  in  th e  com plex p la n e  

( c f .  F ek ete  [ 6 ] ) .  They are l im i t s  o f  seq u en ces , and fo r  each  n in  

th e  sequence we have a s s o c ia te d  w ith  th e s e  c o n c e p ts , s e t s  o f  n p o in ts  

term ed F ek ete  p o in ts  ( n s  2 ) , and Chebyshev p o in ts  ( n ^ 1 ) , r e ­

s p e c t iv e ly .  Monic p o ly n o m ia ls  o f  d egree n , whose z e r o s  are n -F ek ete  

p o in ts  ( n-Chebyshev p o in ts )  are term ed F ek ete  p o ly n o m ia ls  (Chebyshev  

p o ly n o m ia ls ) .

Chapter 1 d e a ls  w ith  th e c l a s s i c a l  th eo ry  and p ro v id e s  th e  rea d er  

w ith  th e  b a s ic  theorem s o f  th e  s u b je c t .  Among th e s e  i s  th e  Convex H ull 

Theorem (Theorem 1 . 2 . 3 ) ,  which i s  proved  u s in g  F e j e r ' s  P r in c ip le .  I t  

p ro v id e s  in fo rm a tio n  about th e  lo c a t io n  o f  Chebyshev p o in t s .  Another 

im portant theorem  i s  F e k e te 's  Theorem (Theorem 1 .3 .1 )  w hich e s t a b l i s h e s  

th e  e q u a li t y  o f  th e  t r a n s f i n i t e  d iam eter and th e  Chebyshev c o n s ta n t fo r  

a l l  compact s e t s  in  th e  com plex p la n e . In  t h i s  ch ap ter  th e  rea d er  i s  

p ro v id ed  w ith  exam ples to  i l l u s t r a t e  th e  co n cep ts  d e f in e d . The o n ly  

o r ig in a l  m a ter ia l h ere  (Theorem 1 .5 .4 )  d e a ls  w ith  th e  r e la t e d  con cep t  

o f  " r e s tr ic te d "  Chebyshev p o in ts  and " r e s tr ic te d "  Chebyshev p o ly n o m ia l.

F u rth er in v e s t ig a t io n s  were made in  th e  com plex p la n e  u s in g  more 

g en er a l m e tr ic s  to  d e f in e  th e  t r a n s f i n i t e  d iam eter and th e  Chebyshev 

c o n s ta n t , s e e  Frostman [7 ]  and T s u j i  [ 3 2 ] ,  P o ly a  and Szego [2 5 ]  u sed  

d if f e r e n t  a verag in g  p r o c e s s e s  -  n o ta b ly  A.-th power means -  to  f in d  

th e  t r a n s f i n i t e  d iam eter and th e  Chebyshev c o n sta n t fo r  c e r ta in  compact 

s e t s  on th e  r e a l  l i n e ,  in  th e  com plex p la n e , and in  th r e e -d im e n s io n a l

i i i



E u c lid ea n  sp a ce . T h e ir  work in c lu d e d  th e  c l a s s i c a l  c a s e ,  s in c e  th e  

z e r o - th  power means (g eo m etr ic  average) was th e o r ig in a l  average used  

by F ek ete . H i l l e  [1 6 ]  g e n e r a liz e d  fu r th e r  by u s in g  averages based  on 

a s e t  o f  P o s tu la te s  fo rm u la ted  by Kolmogorov [1 8 ]  and Nagumo [ 3 2 ] ,  A 

d is c u s s io n  o f  averag in g  p r o c e s s e s  and th e  theorem s d e a lin g  w ith  them , 

in c lu d in g  th e  p o s tu la t e s  used  by H i l l e  i s  g iv e n  in  Chapter 2 .

H i l l e ' s  averages are g en era ted  by fu n c t io n s  through th e  c o r r e s ­

pondence g iv e n  in  eq u a tio n  ( 2 . 1 .5 ) .  I t  i s  through th e s e  g e n e r a tin g  

fu n c t io n s  th a t  we g e n e r a liz e  th e  co n cep ts  o f  t r a n s f i n i t e  d iam eter and 

Chebyshev c o n s ta n t . T h is  approach i s  d i f f e r e n t ,  but no s u b s t a n t ia l ly  

new m a te r ia l r e s u l t s ,  as i t  i s  e q u iv a le n t  to  working through th e  a v er ­

ages th e m se lv e s , as H i l l e  d id . However, one can u se  t h i s  approach to  

g e n e r a liz e  th e  c l a s s i c a l  r e s u l t s  o f  Chapter 1 . In  t h i s  new s e t t i n g  we 

examine th e lo c a t io n  o f  g e n e r a liz e d  F ek ete  p o in t s  and g e n e r a liz e d  

Chebyshev p o in ts  in  a r b itr a r y  m e tr ic  sp a c e s .

The two im portant theorem s o f  C hapter 1 no lo n g e r  h o ld . In  Theorem

2 .3 .3  we ex ten d  th e  work o f  S h ish a  [2 7 ]  w ith  a theorem  d e a lin g  w ith  

F ej& r's P r in c ip le  in  in n er -p ro d u c t sp a c e s . Thus we prove Theorem 2 .3 .4 ,  

a Convex H ull theorem  fo r  H ilb e r t  sp a ce . F e k e te 's  e q u a l i t y  in  Theorem

1 .3 .1  does n o t h o ld  in  an a r b itr a r y  m e tr ic  sp ace and must be re p la c e d  

by an in e q u a l i ty .  T h is  known r e s u l t  i s  proved  h ere  v ia  g e n e r a tin g  

fu n c t io n s  fo r  a v era g es . The co n c lu d in g  s e c t io n  o f  C hapter 2 d e a ls  w ith  

some theorem s about th e r e la t io n s h ip  betw een g e n e r a liz e d  r e s t r i c t e d  and 

g e n e r a liz e d  u n r e s t r ic t e d  Chebyshev p o in t s .  A lthough th e s e  r e s u l t s  fo l lo w  

alm ost d ir e c t ly  from th e  d e f i n i t i o n s ,  th ey  have n ot been p u b lish e d  

b e fo r e .

Chapter 3 c o n ta in s  th e  h e a r t  o f  t h i s  d is s e r t a t io n  and th e  b u lk  o f

i v



th e  o r ig in a l  m a te r ia l co n ta in ed  th e r e in .  R e s t r ic t in g  o u r s e lv e s  to  

X-th power a v er a g es , I  ^ 1 , i t  i s  h ere th a t  we d evelop  methods to  

c h a r a c te r iz e  Chebyshev p o in ts  fo r  a l l  compact s e t s  in  r e a l  E u c lid ea n  

n -s p a c e .

In  Ri , th e  r e a l  l i n e ,  we lo c a t e  F ek ete  p o in t s  and Chebyshev 

p o in ts  fo r  any compact s e t .  We exam ine th e  r e la t e d  q u e s t io n  o f  t h e ir  

u n ic i t y  as w e ll  as d is c u s s  th e  g e n e r a liz e d  le m n is c a t ic  r e g io n s  a r is in g  

from t h e ir  a s s o c ia te d  F ek ete  fu n c t io n s  and Chebyshev fu n c t io n s .  F in ­

a l l y  we d is c u s s  th e  c a s e s  o f  e q u a li t y  ( fo r  X = 1) and s t r i c t  in e q u a l i ty  

( f o r  X >  1) betw een th e  t r a n s f i n i t e  d iam eter and th e  Chebyshev con­

s t a n t .

In  Ri i t  i s  found th e  Chebyshev c o n sta n t fo r  any compact s e t  E 

fo r  X -th power a v er a g es , X £  1 , i s  equal to  i?(b -  a) where b = 

max x and a = min x . T h is  v a lu e  co u ld  be in t e r p r e te d  as th e ra d iu s
x€e x€e

o f  a tw o -p o in t spanning sphere o f  th e  s e t  E . T h is  o b se r v a t io n  le d  us 

to  employ th e  known co n cep t o f  spanning c i r c l e  ( s e e  Yaglom [3 3 ] )  in  tw o- 

d im en sion a l E u c lid ea n  sp a ce . T ogeth er w ith  a s o lu t io n  o f  a g e n e r a liz e d  

S te in e r  problem  by means o f  a c h a r a c te r iz a t io n  theorem  in  approxim ation  

th e o r y , we are a b le  to  prove th e  main theorem  in  S e c t io n  3 .2  (Theorem 

3 .2 .5 )  show ing th a t  th e  Chebyshev co n sta n t fo r  any compact s e t  fo r  X-th  

power a v er a g es , X s  ]_ i S eq u al to  R , where R i s  th e  r a d iu s  o f  th e  

spanning c i r c l e  o f  E . T o p ics  such as th e  lo c a t io n  o f  Chebyshev p o in t s ,  

th e  q u e s t io n  o f  t h e i r  u n ic i t y ,  and th e  com parison betw een th e  t r a n s f i n i t e  

d iam eter and th e  Chebyshev co n sta n t are th en  d is c u s s e d .

The co n c lu d in g  s e c t io n  o f  Chapter 3 g e n e r a liz e s  a l l  th e  m a te r ia l  

u sed  to  prove th e  main theorem  o f  S e c t io n  3 .2  to  n -d im en sio n a l r e a l  

E u c lid ea n  sp a ce .
v



Chapter 4 d e a ls  w ith  r e la t e d  to p ic s  found in  o th e r  m a te r ia l in  a 

d if f e r e n t  c o n te x t .  S e c t io n  4 .1  shows th a t we can f in d  th e  Chebyshev 

c o n sta n t fo r  X-th power a v er a g es , X s  x fo r  a l l  c e n te r e d  s u b s e ts  

o f  m e tr ic  sp a ces  and fo r  a l l  s u b s e ts  o f  c e n te r e d  sp a c e s . Hence we 

exam ine v a r io u s  m e tr ic  sp a ces  fo r  c e n te r e d n e ss  and quote an im portant 

theorem  o f  Kolmogorov and T ih im iro v  [ 1 9 ] .  The f a c t  th a t  th e  u n it  b a l l  

i s  c e n tere d  le a d s  us to  an upper bound o f one fo r  th e  Chebyshev con ­

s ta n t  o f  th a t  s e t  fo r  a l l  averag in g  p r o c e s s e s  s a t i s f y i n g  H i l l e ' s  

p o s t u la t e s .  T hus, u s in g  H i l l e ' s  r e s u l t s  f o r  th e  t r a n s f i n i t e  d iam eters  

o f  u n it  b a l l s  in  c e r ta in  m e tr ic  s p a c e s , we can e s t a b l i s h  s t r i c t  i n ­

e q u a l i t y  between th e  two s e t  fu n c t io n s .

S e c t io n  4 .2  d e a ls  w ith  Chebyshev c e n te r s .  As d e f in e d  in  S in g er  

[ 2 8 ] ,  a Chebyshev c e n te r  i s  m erely  what we c a l l e d  a Chebyshev p o in t  o f  

degree one. We quote th e  r e s u l t s  he c i t e s  d e a lin g  w ith  e x is t e n c e  and 

u n iq u en ess o f  Chebyshev c e n t e r s ,  and we e s t a b l i s h  two theorem s d e a lin g  

w ith  th e  r e la t io n s h ip  betw een c e n te r s  and Chebyshev c e n t e r s .

The co n c lu d in g  s e c t io n ,  S e c t io n  4 .3  d e a ls  w ith  another co n cep t  

quoted  in  S in g er  c a l l e d  " c lo s e s t  p o in t s ."  We show how t h i s  con cep t r e ­

l a t e s  to  F e j e r ' s  P r in c ip le .  Theorems found in  P h e lp s [2 4 ]  g iv e  c e r ­

ta in  c o n d it io n s  which im ply F e j e r ' s  P r in c ip le .  Hence t h i s  g iv e s  us  

a d d it io n a l  in fo rm a tio n  about sp a ces  in  which th e  Convex H u ll theorem  

h o id s  t r u e .



CHAPTER 1

The C la s s ic a l  Theory

The c l a s s i c a l  s e t t i n g  fo r  th e  t o p ic s  d is c u s s e d  in  t h i s  paper i s

th e  com plex p la n e ,  (} . In  1 9 2 3 , w h ile  in v e s t ig a t in g  an a lg e b r a ic

problem , M. F ek ete  [ 6 ]  d e fin e d  a s e t  fu n c t io n  w hich he c a l l e d  th e

t r a n s f i n i t e  d ia m eter . He p roceed ed  as fo l lo w s :

1 .1  The T r a n s f in it e  Diam eter

L et E be a compact s e t  in  ($ c o n ta in in g  i n f i n i t e l y  many p o in t s .

L et z , , z  , z  be p o in ts  o f  E, n ^ 2 and c o n s id e r1 ' 2 ’ ’ n

V (z z , . . . , z )  = n |z  -  z | ( 1 .1 .1 )
1 2 n isy < j£ n  J

I f  th e  z ^ 's  are d i s t i n c t ,  th e  prod uct i s  n o t z e r o . I t  i s  a co n tin u ­

ous fu n c t io n  o f  n v a r ia b le s  and on th e  compact s e t  E w i l l  a t t a in  

i t s  maximum. S et

V (E) = max V (z ,z  , . . . , z  ) . ( 1 .1 .2 )ri ci nz.z1 >z 2 >" • »zn € E

L et

Theorem 1 .1 .1

©d (E) = (V (E )) ( 1 .1 .3 )n n

The seq uence [dn (E )j i s  monotone d e c r e a s in g .

P ro o f: See G olu zin  [ 1 0 ] .

S in ce  {dn (E )} i s  a bounded (by z e r o ) ,  m onotone, d ec r e a s in g  

seq uence i t  co n v erg es and we have  

D e f in i t io n  1 .1 .1

6(E) = lim  d (E) i s  c a l l e d  th e  t r a n s f i n i t e  d iam eter o f  th e  s e t  E 
n-+°° n



We note that dj,(E) = raax lz  ̂ “ z2 I = » ^ e  topological
zl>z2 * E 

d iam eter o f  E . Thus we have

6(E) ^ d(E) . ( 1 .1 .4 )

I f  E c o n ta in s  f i n i t e l y  many p o in t s ,  sa y  k , th en  fo r  n >  k

V (z ^ ,Z g ,. , , ,z^ ) = 0 and hence 6(E) = 0 .

The t r a n s f i n i t e  d iam eter o f  a s e t  has th e  p r o p e r t ie s  o f  monotony

and c o n t in u ity .

Theorem 1 .1 .2

a) I f  E  ̂ c: Eg , th en  6(E][) £  6(E2) . ( 1 .1 .5 )

b) L et E g be th e  s e t  o f  p o in t s  o f  0 h av in g  a d is ta n c e  from

E n ot ex c eed in g  e . Then lim  6 ( E )  = 6(E) . ( 1 .1 .6 )
e-*0

In  a d d it io n  we can e s t a b l i s h  th e  fo l lo w in g  e f f e c t  on th e  t r a n s ­

f i n i t e  d iam eter cau sed  by c e r ta in  ty p e s  o f  m appings.

Theorem 1 .1 .3

L et E be a compact s e t  in  0  .

a) L et F = [a z + b |z  E} . Then 6(F) = |a |6 (E )  . ( 1 .1 .7 )

b) I f  q (z )  = z k+a1z k 1+ . . .  4 ^  and F = { z |q ( z )  € E ] , th en

6(F) = [6 (E ) ]&  ( 1 .1 .8 )

See H i l l e  [1 4 ]  fo r  p r o o fs  o f  above theorem s.

D e f in i t io n  1 .1 .2

For ev e ry  n , we w i l l  a s s o c ia t e  w ith  th e  s e t  E a p o lyn om ia l o f

degree n whose z e r o s  w i l l  be §. n o> ■ • • „ such th a tn ) X n j a n , n

max V (z1 , z 2>. . . , z n) = V (?n , 5n 2 , • • . ,§ n ) • T h is  p o ly

z 1 >z 2 »* ' • ,Zn



3

nom ial w i l l  be c a l l e d  a F ek ete  p o lyn om ia l o f  d egree n fo r  E and

n
w i l l  be w r it t e n F (z ;E ) = n ( z -S  ) . n , =1

D e f in i t io n  1 .1 .3

The s e t  o f  p o in t s  § , , 5  w i l l  be term ed F ek ete
n , l  n »  ̂ n >n------------------------------ -----------

p o in t s  o f  ord er n fo r  th e  s e t  E .

Of c o u r s e , i f  th e  F ek ete  p o in ts  o f  ord er n fo r  E are u n iq u e, 

th en  th e  F ek ete  p o lyn om ia l o f  degree n fo r  E w i l l  be unique.

D e f in i t io n  1 .1 .4

L et P (z ) be a p o lyn om ia l and co n s id e r  th e  s e t  {z | |p (z )  | = r } 

where R i s  a n o n -n e g a tiv e  c o n s ta n t . T h is  s e t  i s  c a l l e d  a le m n is c a te . 

The s e t  { z | | p ( z ) |  £  r } i s  c a l l e d  a le m n is c a t ic  r e g io n .

W ith each  F ek ete  p o lyn om ia l Fq ( z ;E) o f  degree n , we can d e f in e

a le m n is c a t ic  r e g io n  JL in  th e  fo l lo w in g  manner.
Fn

L et K = ||f  ( z ;E )||e  = max |Fn (z ;E ) | . ( 1 .1 .9 )
z€E

Then by we s h a l l  mean
n

£ z | |F n ( z ; E ) |  =£Kn } (1 .1 .1 0 )

and by we s h a l l  mean th e  le m n isc a te
n

|f  ( z ;E) | = K ) ( 1 .1 .1 1 )n n



Theorem 1 . 1 . 4

a) E c  ^  fo r  ev ery  n .
n

b) ds^, n E * 0 .
n

1

c) lim  K n = 6(E) . 
n-*00

P ro o f: See H i l l e  [ 1 4 ] .

D e f in i t io n  1 .1 .5

C on sider th e  ex ten d ed  com plex p la n e . S in ce  E i s  com pact, i t s
Q

complement E i s  open and has a t most co u n ta b ly  many co n n ected  com­

p o n e n ts . One o f  th e s e  components c o n ta in s  th e p o in t  a t 05 . We s h a l l

c cc a l l  th a t  component E^ . The common boundary o f  Era and E ,

E H E . we c a l l  th e  o u te r  boundary o f  E .00 * . i ■ .. ■■

To prove th a t  th e  F ek ete  p o in ts  o f  E l i e  on th e  o u te r  boundary o f  

E , we c o n s id e r  th e  b a s ic  p o ly n o m ia ls:

(P o ly n o m ia ls  o f  t h i s  form are u sed  fo r  p o lyn om ia l in t e r p o la t io n  a t

F

fo r  j  = 1 , 2 , . . . ,n (1 . 1 . 12)

where § are F ek ete  p o in ts  o f  ord er n fo r  E .

9  •  •  •  9 n .n
but we are n ot in t e r e s t e d  in  th a t  problem  h e r e .)



Theorem 1 . 1 . 5

I If ,|L  = max | f  . ( z )  | =  1 
n ’ J E z€E n ,J

P ro o f: See H i l l e  [ 1 4 ] .

As a consequence o f  th e  maximum modulus p r in c ip le  and w ith  th e

h e lp  o f  Theorem 1 .1 .5  we have th e  r e s u l t :

Theorem 1 .1 .6

The F ek ete  p o in t s  {£n j }  l i e  on th e  o u ter  boundary o f  E .

P r o o f: See H i l l e  [ 1 4 ] .

Theorem 1 .1 .6  shows th a t  th e  t r a n s f i n i t e  d iam eter o f  a s e t  E 

i s  eq u a l to  th e  t r a n s f i n i t e  d iam eter o f  th e  s e t  E^ fl E , th e  o u ter  

boundary o f  E . I n t u i t i v e l y ,  th e  rem oval o f  open sp h eres  o r  th e  

in tr o d u c t io n  o f  "h oles"  in  a s e t  E does n o t a l t e r  th e  t r a n s f i n i t e  

d iam eter o f  E .

1 .2  The Chebyshev C onstant

B e s id e s  F ek ete  p o ly n o m ia ls , we co n s id e r  an oth er c la s s  o f  polynom­

i a l s  a s s o c ia te d  w ith  a compact s e t  E in  4 , c a l l e d  Chebyshev p o ly ­

n o m ia ls. L et be th e  c l a s s  o f  monic p o ly n o m ia ls  o f  degree n , i . e .

P (z ) € P  i f  and o n ly  i f  P (z )  = z 11 + a. z 11 1 + . . .  + a wheren n n 1 n

a^, i  = l , 2 , . . . , n  are com plex numbers. S in ce  E i s  compact th e r e  i s

a p o in t  z in  E such th a t  lpn ( z) I i s  maxim al. The s e t  o f  maxima

fo r  a l l  monic p o ly n o m ia ls  i s  bounded below  and th e  infimum i s  reach ed .

D ef i n i t  io n  1 .2 .1

The p o lyn om ia l in  P whose maximal a b so lu te  v a lu e  i s  minimal 

o v er  a l l  p o ly n o m ia ls  in  Pn i s  c a l l e d  th e  Chebyshev p o lyn om ia l o f  

d egree n f o r  E and we d en ote  i t  by Tr ( z) o r  Tn (z ;E ) .



Theorem 1 . 2 . 1

There e x i s t s  a m onic p olyn om ial T^Cz) £ such th a t

m = max It  (z ) | = min max |p (z ) |
n z€E n P iP  z€E nn n

P ro o f: See T s u j i  [ 3 2 ] .

I f  th e  c a r d in a l i t y  o f  E i s  k where k <  n , th en  mn (E) = 0 ,

and any p o lyn om ia l o f  d egree n v a n ish in g  on k p o in ts  has th e

p ro p erty  o f  th e  Chebyshev p o ly n o m ia l. On th e  o th er  hand, i f  E con­

s i s t s  o f  n or  more p o in t s ,  th en  one can show:

Theorem 1 .2 .2

Tn (z;E ) i s  u n iq ue.

P r o o f: See T s u j i  [ 3 2 ] ,

S in ce  we o f t e n  d e f in e  th e  norm o f  a p olyn om ial on E by

||p (z ) || = max |p (z ) | , we se e  th a t  th e  Chebyshev p o lyn om ia l o f  degreen E nztE

n fo r  a s e t  E i s  th e  monic p o lyn om ia l o f  minimum norm fo r  th e  s e t .  

Thus

m (E) = max | t  (z ) | = | |t  ( z )  | |  = ||t  (z ;E ) || ( 1 .2 .1 )n z(5e n n E n

L et

T (E) = [m (E ) ]n ( 1 .2 .2 )n L n J

and c o n s id e r  lim  T (E) . T h is  l im i t  e x i s t s  ( s e e  G o lu zin  [1 0 ])a n d  we
n->“  n

h a v e :

D e f in i t io n  1 . 2 . 2

X(E) = l im  T (E) i s  c a l l e d  th e  Chebyshev co n sta n t fo r  E .
n-*“  n

We n o te  th a t  mn (E) = ||Tn (z ;E ) || ^ | | ( z —z Q) n || fo r  ev ery  z Q in  E .
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Thus T (E) £  (max |z - z  |n) n = max |z - z  | ^ d(E) , th e  t o p o lo g ic a l
n z€e z€e

d iam eter o f  E . Hence

X(E) £  d(E) ( 1 .2 .3 )

L et z ^ , z 2 , . . . , z n be th e  z e r o s  o f  pn ( z) • E x h ib it in g  th e  p o ly -

n
nom ial in  i t s  prod uct form we can w r it e  P (z ) = II ( z - z . )  and

i = l

n n
|p (z ) | = | II ( z - z  ) | = II | z - z  | . Then

i = l  i = l

1 1  1

r  (E) = [m (E ) ]n = max |t (z ;E ) |n = min max |p (z ) |n o r
n n z€E n P €P z6:E 1n n

1 1n — n —
T (E) = min max I II ( z - z . )  |n = min max II |z - z .  In ( 1 .2 .4 )

z.€(j: z€E i = l  1 z M  i = l  1
1 ^ X

i = l , 2 , . . . ,n i  = 1 , 2 , . . . , n

Thus one can th in k  o f  T (E) as e i t h e r  1) th e  n - th  r o o t o f  th e  normn

o f  th e  Chebyshev p o lyn om ia l o f  d egree n fo r  E , or as 2) th e  minimal

v a lu e  o f  th e  maximum g eo m etr ic  mean o f  th e p rod u ct o f  th e  d is ta n c e s

from a v a r ia b le  p o in t  z in  E t o  n p o in ts  z ,z  , . . . , z  in  th e
1 a  n

com plex p la n e .

A lthough both  r e p r e s e n ta t io n s  are e q u iv a le n t ,  i t  i s  th e l a t t e r  

th a t  we s h a l l  d ea l w ith  more o f t e n  in  th e fu tu r e .

D e f in i t io n  1 . 2 . 3
n

L et z , z 0 , . . . , z  be such  th a t  m (E) = max .11 |z - z .  | . We s h a l li  z n n z€e i = l  x

c a l l  z * , z * , . . . , z *  Chebyshev p o in t s  o f  ord er n fo r  E .

We n o te  th a t  Chebyshev p o in t s  o f  ord er n fo r  E are th e  z e r o s

o f  a Chebyshev p o lyn om ia l o f  d eg ree  n fo r  E. We have c la im ed  th a t i f



E i s  o f  c a r d in a l i t y  k s  n , th en  fo r  n = 1 , 2 , . . . ,k Chebyshev p o in ts  

o f  ord er n fo r  E are u n iq u e. We s h a l l  assume fo r  th e  r e s t  o f  th e  

ch a p ter  th a t  th e  c a r d in a l i t y  o f  E i s  i n f i n i t e .  Thus, fo r  ev ery  n , 

i t  makes sen se  to  r e f e r  to  th e  Chebyshev p o in t s  o f  ord er n fo r  E . 

The Chebyshev p o in ts  fo r  E do n o t n e c e s s a r i ly  l i e  in  E . However, 

i t  i s  tru e  th a t:

Theorem 1 . 2 . 3  (Convex H u ll Theorem)

I f  z * , z * , . . . , z *  are th e  Chebyshev p o in t s  o f  ord er n fo r  E ,l  z n
sjc

th en  z , , z „  z l i e  in  th e  convex h u l l  o f  E .1 ’ 2 ’ ’ n

P r o o f : C on sider th e  fo l lo w in g  lemma:

Lemma 1 . 2 . 1  (F e j e r 's  P r in c ip le )

L et K be a compact convex s e t  in  (} and z* ft K . Then th e r e

e x i s t s  a p o in t  £ such  th a t  |z -£  | < |z - z *  | fo r  ev ery  z in  K .

'f'
P roof: There e x i s t s  a l i n e  t  s t r i c t l y  s e p a r a t in g  z and K . L et

be th e  l i n e  through z* , p erp en d ic u la r  to  & and l e t  £ be the

p o in t  o f  in t e r s e c t io n  o f  -t and -t . Then an gle  zz  £ < -gH and

a n g le  z£z*  > -§tt f o r  ev ery  z in  K . Thus |z -£  | < |z - z * |  .

P ro o f o f  Theorem:

L et z * , z * , . . . , z *  be th e  Chebyshev p o in t s  o f  o rd er  n fo r  E .
i. ^  XX

We s h a l l  d e s ig n a te  th e  c lo s e d  convex h u l l  o f  E by K(E) . Suppose

z^ £  K(E) . Then by F e j e r ' s  P r in c ip le  (where K(E) i s  d e s ig n a te d  by 

K and z*  by z * ) , th e r e  e x i s t s  a £ such  th a t  |z -£  | < |z -z^  | .

C on sid er a p o lyn om ia l
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n
max II |z - z .  | = ||t  ( z ;E )|| . Thus we can f in d  a p o lyn om ia l whose 
z € e  i= l  1 n

norm i s  sm a lle r  than th e  norm o f  th e  Chebyshev p o lyn om ia l fo r  E .

C o n tra d ic tio n .1 H ence, a l l  th e  Chebyshev p o in t s  o f  ord er n fo r  E

l i e  in  K(E) , th e  c lo s e d  convex h u ll  o f  E .

C o r o lla ry  1 . 2 . 1

I f  E i s  con vex , then  th e Chebyshev p o in ts  o f  ord er n fo r  E

l i e  in  E .

L ike a F ek ete  p o ly n o m ia l, a Chebyshev p o lyn om ia l fo r  E a ls o

d e f in e s  a le m n is c a t ic  r e g io n .

D e f in i t io n  1 . 2 . 4

By we s h a l l  mean {z 
n

|Tn (z;E ) | £ mn (E )}  .

One can show:

Theorem 1 . 2 . 4

a) E c  and 
n

b) D E | ^ n+1 . 
n

1 . 3  F e k e te 1s Theorem

We now come to  th e  main theorem  o f  t h i s  c h a p te r , F ek ete s Theorem.

F ek ete  [ 6 ]  proved th a t  th e  t r a n s f i n i t e  d iam eter o f  E and th e  Chebyshev

co n sta n t o f  E are eq u a l.

Theorem 1 . 3 . 1

I f  E i s  a compact s e t  in  th e  com plex p la n e , th en  6(E) = X(E) . 

P r o o f: We n o te  f i r s t  th a t  i f  E has o n ly  a f i n i t e  number o f  p o in t s ,

th e i both  6(E) and X(E) are z e r o ,  so  we s h a l l  assume th a t  th e  c a r d i­
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n a l i t y  o f  E i s  i n f i n i t e ,

a) To show X(E) ^ 6(E) :

Choose such  th a t  V"n (E) = , §2 , . . .  , §n> . S in ce

n
m (E) = min max II |z - z .  | we ch oose z in  E such th a t

n z . oj: z €e i = l  1
1

i = l , 2 , . . . ,n

n
m (E) ^ II |z -5 .  . Nown . , 1 i  1 i= l

Vn+i(E )  ^ ( z . S ^ , . . . , ^ )  ^ m n (E)V(§1 , § 2 , . . . , 5 n) =m n (E)Vn (E)

( 1 . 3 . 1 )

{t t . . . t d d . . . d } ’n n n ,, n n ni

n term s \ 2 /  term s

On th e  r ig h t  we have th e  g eo m etr ic  average o f  ^ 2 ^) "terms. S in ce  

any average i s  g r e a te r  than  o r  equal to  i t s  minimal term we have

dn+l(E )  ^ min(Tn (E ),d n (E)) . ( 1 .3 .2 )

We have e q u a li t y  i f  and o n ly  i f  Tn (E) = ^n (E) • Bu  ̂ t h i s  im p lie s

X(E) = 6(E).  Thus fo r  ev ery  n , e i t h e r  TQ(E) = dn (E) or dn +l^E  ̂ >

min(T ( E ) . d  (E )) . I f  d (E) < T (E) th en  d . (E) >  d (E) , which  n ’ n n n n+1 n 7

i s  im p o ss ib le  s in c e  Theorem 1 . 1 . 1  avers th a t  {d ^ (E )} i s  monotone 

d e c r e a s in g . Thus Tn (E) <  dn (E) • Hence in  a l l  c a s e s  Tn (E) ^ 

and X(E> ^ S(E) .
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b) To show 6(E) ^ X(E) : 

L et A(z l f z 2>. . . , z n+1) , . | n n - 1 ,,  d et z . , z .1 i

n

z 2 , z . , 1 1 1 9 *1 * 1

1

1

n
Sn+1

n+1

n+1

( 1 . 3 . 3 )

A ( z „ , z „ , . . . , z  „) i s  c a l l e d  th e  Vandermonde determ inant o f  th e  v a lu e s  1 2 ’ ’ n+1 -----------------------------------------

z 1 »z 2 >- • • >z n+i  • We n o te  th a t  |a ( z ;l , z 2 , . .  . , z n+1) | = V (z]L , z 2 , . . . , z q +1) .

L et T ( z ;E) = z 11 + c z 11 1 + c z11 1 + . . .  + c be th e  Chebyshev p o ly -n 1  ̂ n

nom ial o f  d egree n fo r  E . Now, th e v a lu e  o f  A(z ,z  , . . . , z  )
1  & 11+1

w i l l  n o t change i f  we add to  th e  top  row m u lt ip le s  o f  th e o th e r  row s.

We s h a l l  ch oose as our m u lt ip le s  th e  c o e f f i c i e n t s  o f  th e  powers o f  z

in  th e  Chebyshev p olyn om ial fo r  E ; i . e .  , we m u lt ip ly  th e  second  row

by c , th e  th ir d  row by c , . . .  up to  th e  n+1' s t  row by c and
1  a  H

add t o  th e  top  row. We th en  have

A( z i > z 2 >• • • > z n+ i) =

V v ® ’ W E> T (z  ; E) 1n n+1

n-1
Z1

n-1
Z2

n-1
Zn+1

• • •

• • •
.

2
Z1

2
Z2

2
Zn+1

Z1 Z2 Zn+1

1 1 1

( 1 . 3 . 4 )

Expanding th e  d eterm in ant u s in g  e lem en ts  o f  th e  f i r s t  row g iv e s :
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n "*"̂  i +1 A
A(zi ’Z2’- - - Zn+l ) = (_1) Tn(V E) A(zl ' Z2'*'- 'Zi " * - 'Zn+l>

( 1 . 3 . 5 )

where A (z , z 0 , . . . , z . , . . . , z  ) in d ic a t e s  th e  Vandermonde determ inant 1  ̂ i  n+1

w ith  th e  column in v o lv in g  z^ and i t s  powers o m itted . Thus

n+i A

|A(V Z2’*--'Zn+l )l * S I W E)l lA(Zl ’Z2’*’- ’Zi ...........zn+1) |
i=l

n+1 A
o r  v  ( z i »Z 2  j • • • > z n+i^ ^ 2  lTn (z jL;E) I V(z1 , z 2 , .  . . , z ± t . . .  , z n+1) .

i=l

T aking th e  maximum o f  both  s id e s  we have

Vn+1(E) ^ mn (E) Vn (E) (n+1) ( 1 . 3 . 6 )

U sing  e q u a tio n s  ( 1 . 3 . 1 )  and ( 1 . 3 . 6 ) ,  and s im p lfy in g  th e  n o ta t io n  by 

o m itt in g  th e E 's  we have

m V ^ V , £  m V (n+1) ( 1 . 3 . 7 )n n n+1 n n

Now i f  6(E) = 0 our c o n c lu s io n  i s  s a t i s f i e d  a u to m a tic a lly , so

CO 1

we assume 6(E) > 0 . C onsider th e  s e r ie s  2 y n z 11 . L et th e  r a d iu s„ n n=2

o f  con vergen ce be p . By th e  Cauchy-Hademard form ula  we have

1

-  = lim  
P n-»» n

( 1 . 3 . 8 )

But V = V,
n ( n - l )  ,rn^ “ n ( n - l )  _ yn ( n - l )
n v11n

-1

v11n
(n -1 )

^ n (n -l)
n

^ n (n -l)
n

1̂
n



£
As n -» <=° , th e  num erator approaches [ 6(E) ] '■ and th e  denom inator

1
n2 w

approaches 1 . Thus V approaches [ 6 ( E ) ]  and ( 1 .3 .8 )  g iv e s

p =  r ( 1 . 3 . 9 )
[ 6 ( E ) ] 3

1

V n+1 
n+1Em ploying th e  r a t io  t e s t  fo r  con vergen ce we exam ine l im  ----- -----------

n-»eo —
V n n

I f  t h i s  l im i t  e x i s t s ,  i t  to o  must be eq u al to  — .
P

1 1 1 

v n+1 .v  ̂ _L_ _ I  /V n
Now Vn + 1   = / n+1 \  n+1 n = /vn + l\

1 \  V /  n+1 \  V /— n n / -i \n y  n (n + l)
n n+1

1

•v Xn x
By ( 1 . 3 . 7 )  approaches X(E) as n -» 00 , and  —

n (n+1) 
n+1

1 1 Vapproaches ---------- x  as n *♦ 00 . Hence — =  i_ . U sin g  p :
[ 6 ( E ) ] 3 P [ 6 ( E ) ] 3

from ( 1 . 3 . 9 )  above, we have 6(E) = X(E) .

1 .4  Examples

The fo l lo w in g  exam ples w i l l  i l l u s t r a t e  some o f  th e  p rev io u s  

m a te r ia l .  We f i r s t  co n s id e r  

Example 1 . 4 . 1

L et E be th e  u n it  d is k  in  4  » which we s h a l l  c a l l  D : [z

[ 6(E) ] 3

z| * 1}



14

We ask  th e  q u e s t io n , "Where sh o u ld  th e  z ^ ' s  be p la c e d  so  as to  m in i­

m ize th e  e x p r e s s io n  max II |z - z .  | ?" I n t u i t i v e l y  one th in k s  p la c in g
z €d i = l  1

th e  z ^ 's  a t  th e  c e n te r  would accom p lish  t h i s ,  and in d eed  i t  i s  th e  

c a s e ,  but l e t ' s  prove i t .

Theorem 1 . 4 . 1  

X(D) = 1 .
n

P ro o f: P la c in g  z .  = 0 fo r  i = l , 2 , . . . , n  we have m (D) £  max II | z -01
1 n z<ED i = l

max |z n | = 1 . Suppose m (D)< 1. Then ||t ( z ;D )|| < 1 . C onsider  
zQj

Qn (z ) = znTn^ i;D j . On dD we have t ( z )  | = Jz111 |Tn^i-;D^ | < 1 and

by th e  maximum modulus p r in c ip le  k n (z ) I <  1 throughout D . But a t

z = 0 , Qn (0) = 1 . C o n tra d ictio n .' Hence fo r  ev ery  n , mn (D) = 1 ,

T (D) = 1 , and x(D) = 1 . n

C o r o lla ry  1 . 4 . 1

X(D ) = R , where D i s  a d isk  o f  ra d iu s  R .R R

Thus fo r  th e  u n it  d is k ,  Tn ( z ) = ^  Chebyshev p o in ts  o f

ord er n fo r  D fo r  a l l  n , are lo c a te d  at z = 0 . From Theorem

1 . 3 . 1  we know th a t  6(D) = 1 . I t  can be shown th a t  a s e t  o f  F ek ete

p o in t s  o f  o rd er  n fo r  D are lo c a te d  a t th e  n ’th  r o o t s  o f  u n ity .

U n lik e  th e  s e t  o f  Chebyshev p o in t s  fo r  th e  d is k ,  t h i s  s e t  i s  n o t u n iq u e ,

fo r  any s e t  o f  p o in ts  w hich are th e  n ’th  r o o t s  o f  where |(U | = 1

has th e  p ro p erty  c h a r a c te r iz in g  F ek ete  p o in t s .

Example 1 . 4 . 2

Now l e t  u s c o n s id e r  E to  be th e  in t e r v a l  o f  th e  r e a l  l i n e  [ - 1 ,1 ]
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which we s h a l l  den ote by I . We aga in  ask th e  same q u e s tio n . How 

sh ou ld  th e  p o in ts  x ^ . x ^ , . . . , xn be p la c e d  so  as t o  m inim ize th e  e x -  

n
p r e s s io n  max II |x -x .  | ? The answer h ere  i s  n ot a t  a l l  o b v io u s .

x € l i = l  1

For re a so n s  which w i l l  become apparent l a t e r  we c o n s id e r  th e p o lyn om ia l

C (x ) = co s  n9 where co s  0 = x  ( 1 . 4 . 1 )n

We n o te  th a t  CQ(x) = 1 and C^(x) = x . U sin g  tr ig o n o m e tr ic  

i d e n t i t i e s  i t  i s  e a sy  to  show th a t  th e  p o ly n o m ia ls  Cn (x ) s a t i s f y  th e  

th re e  term  recu rren ce  r e la t io n :

C (x) = 2xC (x) -  C (x )  ( 1 . 4 . 2 )n+1 n n-1

Thus

C , (x) = 2n ^x11 + term s o f  low er degree ( 1 . 4 . 3 )n+1

A lthough c n vx) i s  r e fe r r e d  to  in  th e  l i t e r a t u r e  as th e Chebyshev 

p o lyn om ia l o f  degree n fo r  I , and u s u a l ly  i s  d en oted  by Tq ( x) , we

have r e se r v e d  th a t  term  and th a t  n o ta t io n  fo r  a m onic p o ly n o m ia l.
A

Hence we s h a l l  lo o k  a t C (x ) wheren

C (x ) = J L _ C (x)  ( 1 . 4 . 4 )
n 2

and we s h a l l  show th a t  C (x) = ■1 ■ co s  ( n arc c o s  x ) i s  in d eedn „ n - l

th e  unique Chebyshev p o lyn om ia l Tq ( x ; I )  o f  d egree n fo r  I . But 

f i r s t  l e t  us lo o k  a t th e  z e r o s  o f  Tn ( x ; I )  which are th e  Chebyshev

p o in ts  o f  ord er n fo r  I .



Theorem 1 . 4 . 2

Tn (x ; I )  has sim p le  z e r o s  a t th e  n p o in t s  x^* = co s ( “^ ^ ' } TT 

k = 1 , 2 , . . . ,n . On [ - 1 , 1 ]  Tn (x) has extrem e v a lu e s  a t th e  n+1

p o in ts  x^ = co s ^ tt k = 0 , l J2 , . . . , n  where i t  assumes th e  v a lu e

(-l)k 1
2n- 1 '

P ro o f: See D avis [ 4 ] .

Theorem 1 . 4 . 3

Tn (x ; I )  = —i —— co s ( n arc co s  x ) i s  th e  Chebyshev p o lyn om ia l 
2

fo r  I and X(I )  = g •

P r o o f :

We have m (I )  ̂  ||t  ( x ; I ) | |  = max |t  ( x ; I )  | = --1-  . Suppose
n n xGl 2

m (I )  < — . L et Q (x ) be a monic p o lyn om ia l such th a tn 0u - l  n£

|| < - ^ 1 ^  • C on sider P (x ) = T n ( x ; I )  -  Q ^ x) . Now a t xfc 
2

P (x k) = ( - l ) k -  Qn (xk) and s in c e  lQn (x k> I <  > p <xk> ta k es
2 2

on a l t e r n a t e ly  + and -  v a lu e s  fo r  th e  n+1 v a lu e s  k = 0 , 1 , 2 , . . . , n  ,

Thus P (x ) has n z e r o s . But s in c e  both  Tn (x ; I )  and sre

m onic, P (x) i s  o f  degree n-1 . Hence P (x ) s  0 and Qn (x) H T (x ; I )

Now * . = max It ( x : I )  | = max |q (x) | <  ——w  . C ontradiction.' Thus 
2n x € l 11 x S  ^  2n
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From ( 1 .1 .7 )  and Theorem 1 . 3 .1 ,  fo r  th e  in t e r v a l  c9 = [ a ,b ]  a ^ b 

we have

X(c9) = £ (b  -  a) ( 1 .4 .5 )

Again we know th a t  6(1 ) = % , but what can one say  about th e

F ek ete  p o in t s  fo r  I ? W ithout g e t t in g  in v o lv e d  in  a d is c u s s io n  o f

orth o g o n a l p o ly n o m ia ls , we s h a l l  s t a t e  th a t  th e  F ek ete  p o in ts  o f  ord er  

n fo r  I are th e  p o in ts  -1  and th e  z e r o s  o f  th e d e r iv a t iv e  o f  th e  

L egendre p o lyn om ia l o f  d egree n-1 . (R efer  to  Szego [3 1 ]  p . 3 7 9 , prob. 

37 fo r  c l a r i f i c a t i o n . )  U n lik e  th e  ca se  fo r  th e  d is k , th e  F ek ete  p o in t s  

fo r  th e  in t e r v a l  are un ique.

1 .5  A d d it io n a l O b serv a tio n s

The above exam ples w ere chosen  s in c e  d ir e c t  c a lc u la t io n  i s  not 

to o  in v o lv e d . In  most c a s e s  we r e ly  on th e  fo l lo w in g  mapping theorem  

to  c a lc u la t e  th e  t r a n s f i n i t e  d iam eter fo r  a la r g e r  c la s s  o f  compact 

s e t s  E .

Theorem 1 .5 .1

L et E be a bounded continuum  w ith  co n n ected  com plem ent. I f

E° ( s e e  D ef. 1 .1 .5 )  i s  mapped co n fo rm a lly  on |w | > R by

^ 1  a 2w = w (z) = z + a + —  + —=■ + . . . th en  th e r a d iu s  R , c a l l e d  th e
0  z ^

2

o u te r  mapping r a d iu s  o f  E . ,  i s  eq u a l to  6 (E) .

P ro o f: See H i l l e  [ 1 4 ] .

A lthough we s h a l l  n o t d ea l w ith  i t  a g a in , th e  c l a s s i c a l  th eo ry  o f  

t h i s  s u b je c t  would n o t be com plete i f  one d id  n ot in c lu d e  th e  f o l lo w ­

in g  d e f in i t i o n :

L et E be a compact s e t  in  4  and |i s  0 be a p o s i t i v e  mass
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d is t r ib u t io n  on E o f  t o t a l  mass 1 . We c o n s id e r  th e  en ergy  in t e g r a l

The n o tio n  o f  c a p a c ity  i s  p a r t o f  our s to r y  b ecau se o f  a r e s u l t  

by Szego [ 3 0 ] .  He proved  th a t

Another d e f i n i t i o n ,  one th a t  we s h a l l  r e f e r  to  o c c a s io n a l ly  i s :  

D e f in i t io n  1 .5 .2

A monic p o lyn om ia l o f  degree n o f  s m a lle s t  norm d e fin e d  on E , 

whose z e r o s  l i e  in  E , s h a l l  be c a l l e d  a r e s t r i c t e d  Chebyshev p o ly ­

nom ial o f  degree n fo r  E and denoted  by Tn (z;E ) .

( 1 .5 .1 )

E

L et

V = inf I ((X)
M-

( 1 .5 .2 )

I t  can be shown < V ^ 05 .

D e f in i t io n  1 .5 .1

-VL et Y(E) = e  . W e  c a l l  Y(E) th e  c a p a c ity  o f  E .

Y(E) = 6 (E) ( 1 .5 .3 )

We l e t

"*n(E) = llf n (Z ;E )HE ( 1 .5 .4 )

and
1

T (E) n ( 1 .5 .5 )

One can show lim  T (E) e x i s t s  ( s e e  G oluzin  [1 0 ] )  and 
n-*“  n



D e f in i t io n  1 .5 .3

X(E) = lim  T (E) i s  c a l l e d  th e  r e s t r i c t e d  Chebyshev co n s ta n t fo r  n -----------------------------------------------------------n-+co

E .

Theorem 1 .5 .3

X(E) = X(E)

P ro o f: S in ce  th e  minimum i s  tak en  over a la r g e r  s e t ,  m (E) ^ m (E) ,--------- n n

th u s X(E) ^ X(E) . Now, a c lo s e r  exam in ation  o f  Theorem 1 .3 .1  

r e v e a ls  th a t  in  p a r t a) we proved ^n (E) £  ' Thus X(E) ^ 6 (E) .

But in  p a r t b) we proved 6 (E) = X(E) . H ence, X(E) = X(E) .

Tn (z;E ) i s  c a l l e d  a r e s t r i c t e d  Chebyshev polyn om ia l o f  degree n 

fo r  E , s in c e  we do not n e c e s s a r i ly  have u n iq u en ess in  t h i s  c a s e ,  

a lth ou gh  th e  c a r d in a l i t y  o f E may be i n f i n i t e .

D e f in i t io n  1 .5 .4

The z e r o s  o f  Tn (z;E ) w i l l  be c a l l e d  r e s t r i c t e d  Chebyshev p o in ts  

o f  ord er n fo r  E .

I f  E c o n s i s t s  o f  more than  one p o in t  and i s  con vex , i t  can be 

shown th a t  fo r  e v e ry  n , th e r e s t r i c t e d  Chebyshev polyn om ia l o f  degree  

n fo r  E i s  unique and i s  th e  same as th e  Chebyshev p o lyn om ia l o f  de­

g ree  n fo r  E . However, l e t  us c o n s id e r :

Example 1 .5 .1

L et E be dD , i . e . ,  th e  u n it  c i r c l e .  The Chebyshev p o in ts  o f  

ord er n fo r  dD are z^ = 0 i  = 1 , 2 , . . .  tn , as in  th e  c a se  fo r  D .

A s e t  o f  F ek ete  p o in t s  o f  ord er n fo r  dD are th e  n ’th  r o o t s  o f

where ]uu ( = 1 , as in  th e  ca se  fo r  D . L et us lo o k  a t t h i s  exam ple 

in  th e  r e s t r i c t e d  c a s e .



20

Lemma 1 .5 .1

I f  Qn (z ) i s  a p o lyn om ia l o f  degree n and has i t s  z e r o s  on

|z | s  i  t then

max |q (z )  | £  max |q (z )  |
|z  |=R> 1  n 2  lz | = 1  n

P r o o f: See Ankeny and R iv l in  [ l ] .

Theorem 1 .5 .4

Tn (z;dD ) = zn -  (U where |u) | = 1  .

P roof: | |t  (z ;9 d || = max lz11 — 0) | = 2  . Thus m_(d D) ^ 2 . Suppose
n z€dD n

th er e  e x i s t s  a monic p o lyn om ia l ^n ( z ) such th a t  ||qn (z )  || = p <  2  ,

and q (z ) has i t s  z e r o s  on dD . Then by th e  p reced in g  lemma we have n

n
max Iq (z ) I £ —i —  p . L et 0 = £■ . Then 0 <  1 . For R la r g en 2  2,|z  |=R> 1

enough (1+Rn)0  < Rn . Thus max |q (z ) | <  Rn = max jz111 . We
|z |=R>1 n |z |=R

apply R ouche's Theorem. Hence z n -  ^as t lle  same number o f

z e r o s  as z 11 cn |z  | ^ r  . gu t z 11 -  qn (z )  i s  a p o lyn om ia l o f  degree at

most n -1  , w hereas z 11 i s  a p olyn om ial o f  degree n . Thus

q (z )  -  z 11 = 0 and q (z ) s  zn . gu t z 11 has no z e r o s  on dD .n n

C o n tra d ictio n .' Thus th er e  does n ot e x i s t  such a p o lyn om ia l *ln ( z ) 

and Tn (z;dD ) = z 11 -  to where |(i)| = 1 i s  a r e s t r i c t e d  Chebyshev p o ly ­

nom ial o f  degree n fo r  dD .

In  t h i s  ca se  we see  th a t  th e  s e t  o f  r e s t r i c t e d  Chebyshev p o ly ­

nom ia ls fo r  dD i s  th e  same as th e  s e t  o f  F ek ete  p o ly n o m ia ls  fo r  dD , 

and th e  s e t s  o f  r e s t r i c t e d  Chebyshev p o in ts  and F ek ete  p o in t s  c o in c id e .  

Our summary o f  th e  c l a s s i c a l  th eo ry  i s  co m p lete . O ther i n v e s t i ­



g a t io n s  in  th e  com plex p la n e  were c a r r ie d  ou t by Frostman [ 7 ]  and 

T s u j i  [3 2 ]  u s in g  s p h e r ic a l ,  e l l i p t i c a l ,  and h y p e r b o lic  m e tr ic s .  T h e ir  

d e f in i t io n s  o f  t r a n s f i n i t e  d ia m eter , Chebyshev c o n s ta n t , and c a p a c ity  

u s in g  th e s e  m e tr ic s  le d  t o  th e  e q u a li ty  o f  a l l  th r e e  in  th e  com plex 

p la n e  fo r  any compact s e t  E .



CHAPTER 2

E x te n s io n s  and G e n e r a liz a t io n s

F ek ete* s d e f in i t i o n s  o f  th e t r a n s f i n i t e  d iam eter  and th e  Chebyshev 

co n sta n t in v o lv e  th e  c h o ic e  o f  a m e tr ic  space (com plex p la n e  w ith  

u su a l m e t r ic ) , a su b se t (compact s e t ) , and an a v era g in g  p r o c e s s  (g e o ­

m e tr ic  m ean). In  Chapter 1 we m entioned th e  work o f  th o se  who d e a lt  

w ith  o th e r  m e tr ic s  in  th e com plex p la n e . In  t h i s  ch ap ter we w i l l  

g e n e r a liz e  by c o n s id e r in g  o th er  averag in g  p r o c e s s e s ,  and ex ten d  th e  

d e f in i t io n s  to  any m etr ic  sp a ce .

2 .1  A veraging P r o c e sse s

The g eo m etr ic  mean b e lo n g s to  a c la s s  o f  av era g es which we s h a l l  

now d is c u s s .  L et x ^ ,X g ,. . . ,x^ be a s e t  o f  n o n -n e g a tiv e  numbers.

D e f in i t io n  2 .1 .1

1

The fu n c tio n X # 0 w i l l  be

c a lle d  the X-th power average o f x I f  fo r  some

i  , i  = l , 2 , . . . , n  x^ = 0 and X < 0  th en  we d e f in e  A .^ j(x ^ ,x ,(X) 1 ’ 2

= 0  .

D e f in i t io n  2 .1 .2

For X = 1 — 2  x . i s  c a l l e d  th e  a r i t h -n . , l  ---------

m etic  average o f  x

22
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D e f in i t io n  2 .1 .3

For X = -1  and x ± 4= 0 , i  = 1 , 2 , . . . ,n  , A  ̂ ^  ( x ^ X g , . . .  ,x n) =

n
1  n i  n x
— E — S — i s  c a l l e d  th e  harm onic average o f  x ,x  , . . . ,xn , _ x . . x . l  & ni = l  i  i = l  i  -----------------------------------------------------------

Theorem 2 .1 .1

lim  A ^ C x ^ X g , . . . ^ )  = n

P ro o f: See Hardy, L it t le w o o d , and P o ly a  [1 1 ] .

D e f in i t io n  2 .1 .4

We d e f in e  A(Q) ( x ^ X g , . .  . ,x n) = lim  A ^ ^ x ^ X g , . . . ^ ^  . Thus,

1
.• n v n

A(0 )^ X1 ’X2 ’ ’ ' ' ,x n  ̂ “ ( II x . ) w hich  we c a l l  th e  g eo m etr ic  
i = l

average

o f  x 1 , x 2 , . . . , x n .

The X-th power averages have th e  fo l lo w in g  p r o p e r t ie s , p ro o fs

o f  which may be found in  th e  p rev io u s  r e fe r e n c e  c i t e d .

Theorem 2 .1 .2

a) I f  X <  |x , th en  Aa ) (x 1 ,x 2 , . . . , x n) < A(^  ix ± ,X g ,. . • ,x  )’ n

u n le s s  x  = x „ = .. . =x , 
1 2  n o r  H ^ 0  and x^ = 0  fo r  some i  , i = 1 , 2 , . . .

b > 1 1  i  + = 1  and X > 1  , th en

^We have r e fe r r e d  t o  t h i s  p r e v io u s ly  as th e  g eo m etr ic  mean. We s h a l l  
u se th e  words "mean" and "average" in terc h a n g ea b ly .
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n

n , 2  Xi y i  ^ A( \ )  x̂ l ,x 2 ,> • '  ,Xn^A((j,) ŷ i ,y 2 , ‘ - ' ,y n  ̂ With q u a l i t y  i f  

and o n ly  i f  th e  s e t  j x ^ X g , . . .  >x^| i s  p r o p o r tio n a l to  th e  s e t

{y^.yjjjj* • • • >y£} or e i t h e r  x ^ x ^ . . . x n = 0  o r  y]L=y2 =. • • =yn=° • 

(H o ld er’ s I n e q u a l i ty . )

c) For \  2; 1 , (X i+y i , x 2 +y 2 , . . .  >xn+yn)

^ A( \ ) (xl ’X2 ’ - - - ’Xn> + A(X)<yl » y2 * " - ' yn)

w ith  e q u a li t y  i f  and o n ly  i f  X = 1  or  th e  s e t  {x ,x  , . . . ,x  } i s1 ^ n

p r o p o r tio n a l to  th e  s e t  {y,,yQ,. . . ,y } • (M inkowski’ s I n e q u a l i ty .)x a n

S in ce  i t  w i l l  be u sed  in  th e  s e q u e l ,  we d e f in e  th e  con cep t o f

w e ig h ted  average.

D e f in it io n  2 .1 .5

Let wi > 0  i  = 1 , 2 , . .  . ,n

V ) (xl ,x2’,*, ’xniwl ’w2 V

The fu n ctio n

n
2  w . x | l 

i= l  1 1
n
E w. 

i = i 1

X #= 0 w i l l  be c a lle d  the w eighted  X-th power average o f  x ,x  , . . . , x  ,i  a n

w ith  re sp ec t  to  the w eights wi>w2 » ' ' '  ,Wn * ^  ^ °r some » xi  = 0

and X <  0 then we s e t  ( x ^ X g , . . .  jX^w^jWg, . . .  ,wn) = 0
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D e f in i t io n  2 .1 .6

W W - ’V V V — ’V
n w, 
n X . 11 

i = l  1

i = l

The w eighted  X-th power average reduces to  the ordinary X-th

power average when w_̂  = 1 fo r  a l l  i  = 1 ,2 ,  . . . , n  .

L et E be a compact s e t  in  a m e tr ic  sp ace (X ,p) . U sing  th e

X-th power means one can c o n s id e r :

d (E) = max 
n x . €e

/~ \ ^ p (x -»x .)/n\   ̂ i  i[2 )  l ^ i< j^ n  1 J
i = l , 2 , . . .  ,n

(2 . 1 . 1)

and

(X)
T (E) = min max

n x . € x  x€ex
i=l,2,...,n

1-  S p ( x , x )  
i = l

(2 . 1 . 2)

One can show th a t  b oth  l im  d  ̂  ̂ (E) and lim  T ^ ^ (E ) e x i s t .. n nn-»oo n-*“

D e f in i t io n  2 .1 .7

6 ^  (E) = lim  d ^ ^ (E ) i s  c a lle d  the X-th power average tr a n s-
n-»oo n

f i n i t e  diam eter fo r  E .

D e f in i t io n  2 .1 .8

X ^ \ e ) = lim  t ^ ,^ (e ) i s  c a l l e d  th e  X -th power average Chebyshev
n-«o

con stan t fo r  E
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P o ly a  and Szego [2 5 ]  co n s id e r e d  th e  s e t s  I ,  S i ,  D, and dD 

in  th e  com plex p la n e  u s in g  X-th power a v era g es . In  a d d it io n  th ey  

found v a lu e s  fo r  th e  t r a n s f i n i t e  d iam eter and th e  Chebyshev c o n sta n t  

fo r  th e  u n it  b a l l  and th e  u n it  sphere in  th re e  d im en sion a l E u clid ea n  

sp a ce . A ta b le  o f  t h e ir  r e s u l t s  may be found in  th e  appendix.

The a r ith m e t ic ,  g eo m etr ic , and harmonic means were a ls o  used  by 

L eja  in  a s e r ie s  o f  papers on t h i s  to p ic  d a tin g  back to  1933. L eja  

"weakened" th e  m e tr ic  in  th e  p la n e  by h i s  u se  o f  a fu n c t io n  

th a t  obeyed  o n ly  th e  law s o f  p o s i t i v i t y  and symmetry fo r  a m etr ic  

fu n c t io n , w ith o u t th e  t r ia n g le  law . L e ja  a ls o  exam ined v a r io u s  a s s o c i ­

a ted  seq u en ces o f  p o ly n o m ia ls , e x te n s io n  o f  th e  problem  to  two dimen­

s io n a l  com plex sp a c e , and some conform al mapping a s p e c t s .  See L eja  

[ 2 0 ] , [ 2 1 ] , [ 2 2 ].

Now l e t  us c o n s id e r  a c la s s  o f  averages w hich are b ased  on th e  

fo l lo w in g  p o s tu la t e s  im posed by Kolmogorov [1 8 ]  and a ls o  by Nagumo [ 2 3 ] .

THE POSTULATES

a) For each  n a tu r a l number n and fo r  ev e ry  s e t  o f  n p o s i t iv e

v a lu e s  x, ,x 0 , . . . , x  , th er e  e x i s t s  a p o s i t i v e  average A(x ,x  , . . . , x  ) .
1  £ n i  z n

b) A (x ^ ,x 2 , . . . ,x n) i s  a co n tin u o u s sym m etric fu n c t io n  o f  i t s

arguments and A(x ,x  , . . . , x  ) i s  s t r i c t l y  in c r e a s in g  as a fu n c t io n
1  2  n

in  each  o f  them.

c) A ( x ,x , . . . ,x )  = x .

d> a <xi ,’ x 2  W a ’ - ’ - ’V  = A<y>y ’ - - ” y ’xk+i ’ - - - ’xn) i f

y = A C x ^ X g ,.. . ,x k) .

As a conseq u en ce o f  POSTULATE b) and POSTULATE c) we have th e
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b a s ic  in e q u a li ty :

m in x .  ^ A(x ,x  , . . . , x ) ^ max x . ( 2 .1 .3 )1. x £ n . x
i  i

w ith  e q u a l i t y  h o ld in g  i f  and o n ly  i f  x , = x„ = . . .  = x
1 2  n

I f  th e d e f in i t i o n  o f  (xj_ >x 2 > • • • >xn) i s  r e s t r i c t e d  to  o n ly

p o s i t iv e  v a lu e s  o f  i t s  argum ents, then  th e  X-th power average f u l ­

f i l l s  th e  POSTULATES. We h ave, how ever, d e fin e d  A.-v. (x , , x „ , . . . ,x  )’ ’ ( X) 1  ’ 2 ' ’ n

fo r  n o n -n e g a tiv e  v a lu e s  o f  i t s  argum ents, and we can ex ten d  th e  d e f i ­

n i t i o n  o f an average A(x ,x  , . . . , x  ) by c o n t in u ity  when one or moreX ^ n
o f  i t s  arguments i s  z e ro .

We would ex p e c t to  have A ( 0 , 0 , . . . , 0 )  = 0 . However,

A(x ,x  , . . . , x  ) can be eq u a l to  0 w ith o u t h av in g  a l l  o f  i t s  argumentsl  z  n

eq u a l to  0  . For exam ple, co n s id e r  A( \ )  (x^ ,X g , . . . ,x n) fo r  X £  0

and x^ = 0  fo r  some i  , i  = l , 2 , . . . , n  .

The sta tem en t o f  POSTULATE b) -  th a t  A(x ,x  , . . . , x  ) i s  s t r i c t l y1 « n
in c r e a s in g  as a fu n c t io n  in  each  o f  i t s  arguments -  h o ld s  o n ly  when one 

c o n s id e r s  s t r i c t l y  p o s i t iv e  v a lu e s  o f  th e  argum ents. In  view  o f  t h i s ,  

th e  b a s ic  in e q u a li ty  ( 2 .1 .3 )  must be m o d ified  i f  we co n s id e r

A(x jX g ,. . . ,x  ) d e fin e d  fo r  n o n -n e g a tiv e  argum ents. In  t h i s  ca se  we

have

min x. £ A(x , x _ , . . . , x  ) £ max x. ( 2 .1 .4 )l  1  ’ 2  ’ ’ n' . l
i  i

w ith  e q u a li t y  on th e  r ig h t  i f  and o n ly  i f  a l l  th e  x ^ 's ,  i  = l , 2 , . . . , n

are e q u a l,  and e q u a l i t y  on th e  l e f t  i f  and o n ly  i f  A (x ^ ,x 2 , . . . ,x n) = 0

when some x^ = 0  , i  = l , 2 , . . . , n  o r  a l l  th e  x ^ 's ,  i  = 1 , 2 , . . .  , n are 

eq u a l.
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Another consequence o f  th e  POSTULATES, one th a t  w i l l  be u sed  in  

s e v e r a l  p r o o fs ,  i s  th e  fo l lo w in g :

Theorem 2 .1 .3

I f  A(yk+l ’yk+2 ’ - - - ’yn) *  A (xk+l » Xk+2 ’ " - ’xn) then  

A(x1 ,x 2 , . . . , x k, y k+1 ,y k+2 , . . . , y n) *  A ^  ,x 2 , . .  . ,x fc , x f c+1  ,x k+2, . .  . ,x n> .

P ro o f: L et

^ k + l ’^ ’ — ’V  = Y and A(Xk+l ’Xk+2 ” ’ - ’Xn> = 6 * Then by 

POSTULATE d ) ,  A ^  , x 2 , . . . , x fc, y k+1  , y k + 2 , .  . . , y n > = A ^  , x 2 , . . . , x k , Y , Y , . . . ,Y)

and A (x1 ,x 2 , . . . , x k ,x k+1 ,x k+2 , . . . , x n) = A ^  ,x 2 , . . .  . x ^  6 , 6 , . . . ,  6) . By 

POSTULATE b ) , s in c e  Y s  6 , th e  c o n c lu s io n  fo l lo w s .

L et F ( t )  be a r e a l-v a lu e d  fu n c t io n , which i s  co n tin u o u s and 

s t r i c t l y  monotone fo r  0 < t  <  00 . The fu n c t io n  F (t )  w i l l  g en era te  

a fu n c t io n  A p (x^ ,x 2 , . . . ,x^) by means o f  th e  corresp on dence:

A^(x x 2 , . . . , x n) = F_1(  i  Z F ( x . ) )  ( 2 .1 .5 )
x= l

I t  can be shown th a t  th e fu n c t io n  A (x  ,x  , . . . , x  ) so  g en era ted  s a t i s -F 1 n

f i e s  th e  POSTULATES fo r  an average fu n c t io n . M oreover, to  ev ery  average  

s a t i s f y i n g  th e  POSTULATES, th e r e  corresp on d s a g e n e r a tin g  fu n c t io n  which  

i s  r e la t e d  t o  th e  average by means o f  ( 2 . 1 .5 ) .  See H i l l e  [1 6 ] .

We n o te  th a t  th e  fu n c t io n  F ( t )  = t^  g e n e r a te s  th e  A.-th power 

average fo r  A. + 0 , and th e  fu n c t io n  F ( t )  = lo g  t  g e n e r a te s  th e  O -th  

pow er, or g eo m etr ic  average. Indeed  th e  A.-th power averages are ch a ra c­

t e r iz e d  by:

Theorem 2 .1 .4

I f  fo r  ev e ry  k , A(kx1 ,k x 2 , . .  . ,k xR) = k A ^ j X g , . . .  ,x n) , ( i . e . ,

A(x , x „ , . . . , x  ) i s  homogeneous o f  degree o n e ) , th en  A(x ,x  , . . . , x  ) l   ̂ n l  £ n
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i s  a A.-th power a v era g e , and c o n v e r s e ly .

The corresp on dence betw een A p ^  ,x 2 , . . .  ,x n> and i t s  g e n e r a tin g  

fu n c t io n  F ( t )  i s  n o t u n iq ue. We have th e  fo l lo w in g  theorem :

Theorem 2 .1 .5

L et F ( t )  g en era te  A ^C x^X g,. . .  and G (t) g en era te

AG(X1 ,X2 * ‘ • *’V  • Then AF (X1 ,X2 ,< • * = AG(X1 ,X2 » - ' * ’ V  f ° r

ev e ry  s e t  {x ,x  , . . . , x  } i f  and o n ly  i f  F ( t )  = QG(t) + P where a  #  0 . x a n

Theorem 2 . 1 .2 ,  p a r t  a) g iv e s  an ord er r e la t io n s h ip  fo r  th  power 

a v era g es . The q u e s t io n  a r is e s  w hether one h as a l i k e  theorem  in  th e  

ca se  o f  a verages s a t i s f y i n g  th e  POSTULATES. The answer i s  a f f ir m a t iv e .  

Theorem 2 .1 .6

L et F ( t )  g en er a te  A p (x^ ,x 2 , . . . ,x^) and G (t) g en era te

(x  , x _ , .  . . , x ) . Suppose F ( t )  i s  in c r e a s in g . Then A „ (x _ ,x _ , . . . ,x  )\j i  4 n

2  af (x i » x2 »• ' • ,x n  ̂ fo r  ev e ry  s e t  ^X1 >X2 ’ • ’ ' ,x n^ i f  and o n ly  i f  

H(y) = F(G ^ (y ))  i s  convex fo r  a l l  y in  th e  range o f  G .

The p r o o fs  o f  Theorems 2 . 1 .4 ,  2 . 1 .5 ,  and 2 .1 .6  may be found in
/

Hardy, L it t le w o o d , and P o ly a  [ 1 1 ] .

H i l l e  [ 1 3 ] , [ 1 4 ] , [ 1 6 ]  approached th e  ta s k  o f  g e n e r a liz in g  F e k e te ’ s 

work by c o n s id e r in g  a v era g es s a t i s f y i n g  th e  POSTULATES. We to o  w i l l  con­

s id e r  th o se  a v er a g es . Each tim e we w r ite  A (x ,x  , . . . , x  ) we mean anX £* n

average fu n c t io n  s a t i s f y i n g  th e  POSTULATES. A ll  theorem s r e f e r r in g  to  

" fo r  ev e ry  average" mean " fo r  ev e ry  average s a t i s f y i n g  th e  POSTULATES." 

The m a te r ia l in  S e c t io n s  2 .2  and 2 .3  p a r a l l e l s  some o f  H i l l e ' s  w ork, but 

th e  approach o f  w orking w ith  th e  g e n e r a tin g  fu n c t io n  fo r  th e  av era g es  

i s  d i f f e r e n t .

2 .2  A G en era lized  T r a n s f in i t e  D iam eter

From Theorem 2 .1 .5  we se e  th a t  any average A^Cx^jXg,. . . , xq) i s  

g e n e r a te d  n o t o n ly  by F ( t )  b ut by any fu n c t io n  b e lo n g in g  to  th e  s e t
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S = {ofF(t) + p|o; + 0 } . C onsider th e  su b se t  T c  S where 

T = {a F (t)  |q? 4= 0 } . L et G (t) € T and ch oose G (t) so  th a t  i t  i s  

s t r i c t l y  in c r e a s in g . T h is  i s ,  o f  c o u r se , p o s s ib le  s in c e  F ( t )  i s  

m onotone. D e fin e  a fu n c t io n

R C u^U g,. . . ,u n) = G_1 [nG(AG(u 1 ,u 2 , . . . ,u n) ) ]  ( 2 .2 .1 )

where G € T .

(N ote th a t  we c o n s id e r  A (u^ ,u 2 , . . . ,un> h ere  o n ly  in  i t s  non­

ex ten d ed  s e n s e ,  th a t  i s  fo r  o n ly  p o s i t iv e  v a lu e s  o f  i t s  argum ents.

Hence A _ ( u . ,u „ , . . . ,u  ) >  0 and th u s G(A_(u ,u 0 , . . . ,u  ) )  i s  d e f in e d .)G 1  & n G 1   ̂ n

Theorem 2 .2 .1

The fu n c t io n  R (u^ ,u 2 , . . . , un) depends o n ly  on th e  su b se t  T and

i s  in d ep en d en t o f  th e c h o ic e  o f  g e n e r a tin g  fu n c t io n  from T .

P ro o f: L et R (u , ,u OJ. . . ,u_) be d e f in e d  as in  ( 2 .2 .1 )  and l e t■ ■ 1 n

Q(u1 ,u 2 >. . . ,u n) be d e fin e d  by Q(u1 ,u 2 , . . . ,u n) = H 1 [nH(AH(u 1 ,u 2 , . . . ,u n) ) J

where H € T . S in ce  both  G and H are in  T , we know A_(u. , u „ , . . . , u )G 1   ̂ n

i s  eq u al to  A ^u^ ,u 2 , . .  . ,un) . M oreover, fo r  some Y + 0 ,

G (t) = YH(t) . Thus R(U]L,u 2 , .  . . ,un) = G ^ n G ^ O ^  ,u 2 , . . . ,u n) ]

"nYH(AH(u 1 ,u 2 , . . . ,u n) )
= G 1 [nYH(AH(u 1 ,u 2 , . . . ,u n) )  j = H 1

_ i r  "I
= h" [ ^ ( A jjO ^ , ^ , .  . . ,un) ) J  = QOij^Ug,. . . ,u n) .

L et (X ,p) be a m e tr ic  sp ace and E a com pact su b se t  o f  X o f

i n f i n i t e  c a r d in a l i t y .  For n ^ 2 l e t  x  , x  , . . . , x  be n d i s t i n c t
1  a n

p o in ts  o f  E . L et A_(u , u „ , . . . , u ) be g en er a ted  by G € T w ithg  1  « n

G (t) in c r e a s in g . D e fin e  VA ( T ) ( x 1 , x 2 , . . . , x n )  by:
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VA (T )(x 1 ,x 2 , . . . , x n) = G_ 1  [(2 )G (A G( p ( x . ,x j ) ) ) ]  ( 2 .2 .2 )

where p (x^ ,x^ ) d en o tes  th e ^2  ̂ d is ta n c e s  fo r  1  ^ i  <  j  ^ n .

To s im p lify  th e  n o ta t io n  we s h a l l  w r it e  V^(x , x , . . . , x  ) ra th e r
X a  n

than (x  ,x 2 >. . . , x n) w ith  th e  u n d erstan d in g  th a t  th e  average A

i s  g en era ted  from a fu n c t io n  from th e  su b se t  T .

S in ce  both  VA(x 1 ,x 2 , . . . , x n) and AG(p (x i } X j)) are co n tin u o u s

fu n c t io n s  d e fin e d  on th e  compact s e t  E , th ey  a t t a in  t h e ir  maximum 

on E . S et

V ^ E ) = max V ^ x  ,x „ , .  . . ,x  ) ( 2 .2 .3 )
x.GE 1 2  n

X
i = l , 2 , .  . . ,n

and

dA(E) = max A ^(p(x. ,x  .) )  ( 2 .2 .4 )n tr 1  j

where th e  maximum o f  A _ ( p ( x . ,x . ) )  i s  tak en  as th e  n p o in t s  rangeG 1 J

over E . ^

Theorem 2 .2 .2

VJ(E) = G_1 [ ( 2 )  G(dA( E ) ) ]

P ro o f: O m ittin g  th e  arguments f o r  b r e v ity ,  one has from eq u a tio n  ( 2 .2 .2 )

^The s e t  E may be taken  to  be m erely bounded. In  t h i s  c a se  we can
A

d e f in e  ^n (E) = SUP AG(p (x i f x  ) )  , where th e  supremum i s  ta k en  as th e  

n p o in ts  range o v er  E .
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c c A  = 1,2)° (V  • Hence max G(VA) = max Î 2 )g (A g) where th e  maximum

i s  tak en  ov er  th e  p o in ts  x ,x  , . . . , x  € E . S in ce  G was ch osen
1  a n

in c r e a s in g  we have G(max V^) = ^2) G(max A^) or G ( / ( E ) )  = ( ^ ( d ^ E ) )  . 

Taking th e  in v e r s e  o f  both  s id e s  g iv e s  th e d e s ir e d  r e s u l t .

&We n o te  th a t  when G (t) = lo g  t  , th en  [Vn (E ) ] = dn <E) and t h i s

corresp on d s w ith  th e  c l a s s i c a l  c a se .

D e f in i t io n  2 .2 .1

A s e t  o f  p o in ts  ^ i»^ 2 , - "’ ’ ^n s u c l 1 V^(E) = VA(? 1 ,§ 2 , . . . , 5 n) 

s h a l l  be c a l l e d  g e n e r a liz e d  F ek ete  p o in t s  o f  o rd er  n fo r  E .

Theorem 2 .2 .3

The seq uence {d^(E )} i s  monotone d e c r e a s in g .

P roof: L et , 50 , . . . , be a s e t  o f  g e n e r a liz e d  F ek ete  p o in t s  o f
1 ■ ■ 1   ̂ n+J.

ord er n+1 fo r  E . Then

V^+ i (E) = • • ,5 n+1) = G 2  ) G(AG(P(^i>

fo r  1 £ i  <  j  ^ n+1 . We can w r ite  ou t th e  arguments fo r  th e  average

by f i r s t  e x h ib i t in g  o n ly  th o se  th a t  c o n ta in  , th u s ly :

< «  = < 0 < 5 1 ' S2 > - P < S 1  • V  • ■ ■ ■ ■P < ?1 ' W  •P < h  ■ 9  > > ]

where p (5 . , § . )  s ta n d s  fo r  a l l  p a ir s  2 ^ i  <  j  ^ n+1 . I f
1  j  1  z n

are g e n e r a liz e d  F ek ete  p o in ts  o f  ord er n fo r  E th en  from Theorem

2 . 1 . 2  we have
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fo r  1 <  j  £ n . L et Ax = AQ(p (5 :L, ?2) . P ^ ,S 3 ) , • • • *§n+1) »P<C, C . ))

W e'w rite G- 1 -7—- ~ Y  G(vJ . (E ))^n+M n + 1

S im ila r ly  G- 1 —i p r  G(V^ . (E )) ; n+ 1  \  n+ 1
\  2 /

A2  , where A2  i s  c h a r a c te r iz e d  by

h avin g  § 2  as th e d is t in g u is h e d  p o in t .  L ik ew ise  we have

— 1'lT  G(V^ . (E ))
I 5? )  n+1

^ A. fo r  i  = 3 , 4 , . . . , n+11  7 7 7

T aking any average A o f  th e  n+1 term s on both  s id e s  we have on th e

- 1l e f t  by POSTULATE c ) , G
g(v”+ i(e))

and on th e  r ig h t  we have

A(A , A „ , . . . , A  , )  . Exam ining th e arguments in  th e  av era g es A. fo rL £» n+J. 1

i  = 1 , 2 , . . . , n + 1  , one can w r ite

A(A1 ,A2 , . . . ,An+1) = A (p (§k ,§ t ) 2 );  p (£ j. , £ j )  fo r  1 ^ i  < j  ^ n  and

n (n + l)  term s ( j^ (n + l)  term s

1 5  k <  ^ n+1 . By POSTULATE d) , we can r e p la c e  th e  arguments on

th e  r ig h t  by th e ir  a v era g es . Thus we have

G 1 g (v£+i <e » A(AG(p (5 k , ^ ) ; A G(p(C i ,£ j ) ) )

^ ( o "1 [ t h p t  s m  « < ❖ « > ] )
\  2 )  \ 2 J
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From Theorem 2 . 2 . 2  t h i s  g iv e s

“L i ®  ' E ith e r  dA+1(E) = dA(E) or

n (n + l)  term s (n+1 ) term s

d^+^(E) < dA(E) . For i f  dA+^(E) >  d^(E) > th en  th e  b a s ic  in e q u a l i ty  

f o r  averages ( 2 .1 .3 )  g iv e s  dn + l ^  £ A^dn + 1 ^  * dn^E^  < d n+l^E  ̂ " 

C o n tra d ictio n .' Thus {dA(E )} i s  monotone d e c r e a s in g .

D e f in i t io n  2 .2 .2

A A
6 (E) = l im  d (E) i s  c a l l e d  a g e n e r a liz e d  t r a n s f i n i t e  d iam eter  

n->co

o f  E .

S in ce  pCx^jX^) ^ d(E) fo r  a l l  p a ir s  (x^ .x^ ) we have

A (p (x . ,x  . ) )  ^ d(E) from POSTULATES b) and c) . Hence 
J

6A(E) £ d(E) . ( 2 .2 .5 )

T hus, even  in  th e  g en er a l c a s e ,  th e  to p o lo g ic a l  d iam eter o f  a s e t  

p r o v id e s  an upper bound fo r  th e  t r a n s f i n i t e  d iam eter o f  th a t  s e t .

The p r o p e r t ie s  o f  monotony and c o n t in u ity  o f  th e  t r a n s f i n i t e  

d iam eter h o ld  in  th e  g en er a l c a s e .  For a p ro o f o f  a theorem  analogous  

t o  Theorem 1 . 1 .2 ,  see  H i l l e  [ 1 6 ] .  From Theorem 2 .1 .2  p a r t a) fo r

th  power averages we have th e  r e s u l t  th a t  a g e n e r a liz e d  t r a n s f i n i t e  

d iam eter i s  monotone w ith  r e s p e c t  to  X ;

I f  X < p, th en  6 (X )(E) <: (E) . ( 2 .2 .6 )

In  th e  g e n e r a l c a se  one does n o t have s ta te m en ts  an a logou s to



( 1 .1 .7 )  and ( 1 .1 .8 ) .  We can say  however:

Theorem 2 .2 .4

L et (X ,p) be a m etr ic  space and l e t  T be a c o n tr a c t io n

mapping on (X ,p) . I f  E i s  a compact su b se t  o f  X , th en  f o r  any

A Aaverage A , 6 (TE) £  6 (E) , where TE i s  th e image o f  E under T .

We have e q u a li t y  i f  T i s  an iso m etry .

P roof: S in ce  T i s  a c o n tr a c t io n  mapping, p (T x^ ,T x.) < p (x . , x .) ̂ J  ̂ J
fo r  a l l  x jL»Xj  • Hence A(p(Txi ,T x^ )) <  A (p (x i ,x ^ ))  fo r

l ^ i < j S n  by POSTULATE b ) . Thus dA(TE) <  which im p lie s

A A
6 (TE) ^ 6 (E) . The s u f f i c ie n c y  c o n d it io n  fo r  e q u a l i t y  i s  o b v io u s .  

D e f in i t io n  2 .2 .3

L et » • • • » §  be a s e t  ° f  g e n e r a liz e d  F ek ete  p o in t s  o f  ord er
1  & n

n fo r  E . We c o n s id e r  FA(x;E ) = G 1 ^nG(AG( p ( x ,5 X) , p (x ,§ 2 ) , . . . , p (x ,§ n> ))

where G € T . The fu n c t io n  FA(x;E ) w i l l  be c a l l e d  a g e n e r a liz e d

F ek ete  fu n c t io n  o f  ord er n fo r  E .

We n o te  th a t  FA(x;E ) >  0 . L et n

||f \ x ;E )|| = max FA(x;E ) = KA . ( 2 .2 .7 )
n E x€E n n

D e f in i t io n  2 .2 .4

By a g e n e r a liz e d  le m n is c a t ic  r e g io n  =£ we s h a l l  mean
Fn

{x 6  x | / ( x ; E )  ^ K^} , and by ^  we s h a l l  mean {x 6  x | / ( x ; E )  = kJ} .
Fn

(We do n o t n o ta te  t h i s  as ci£ as we d id  in  th e  c l a s s i c a l  c a se  s in c e
FA
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we do n o t n e c e s s a r i ly  have a maximum p r in c ip le  in  th e  m etr ic  space  

(X, p) ) .

One can e a s i l y  v e r i f y

Theorem 2 .2 .5

a) E c  =£ and
FAn

b) & fl E 4= 0 .
Fn

U n lik e  th e  c l a s s i c a l  an a logu e, g e n e r a liz e d  F ek ete  p o in t s  o f  ord er  

n fo r  E do n o t have to  l i e  on th e  boundary o f  E . For exam ple, in  

a d is c r e t e  m e tr ic  space (X ,p) and fo r  a s e t  E o f  i n f i n i t e  ca r d in ­

a l i t y ,  any s e t  o f  n d i s t in c t  p o in ts  o f  E are g e n e r a liz e d  F ek ete  

p o in ts  o f  ord er n fo r  E . I t  w i l l  som etim es happen th a t 6A(E)
A

= 6  (Be) , but t h i s  i s  no lo n g e r  a c e r ta in ty .

In  th e  c l a s s i c a l  c a s e ,  th e  Chebyshev c o n sta n t co u ld  be view ed  as 

th e  l im i t in g  v a lu e  o f  th e  fu n c t io n  Tn (E) o b ta in ed  by c o n s id e r in g  a 

min-max problem . I t  i s  through t h i s  approach th a t  H i l l e  e x ten d s  th e  

d e f in i t io n  o f  Chebyshev c o n sta n t fo r  a compact s e t  in  an a r b itr a r y  

m e tr ic  sp ace by means o f  a g e n e r a liz e d  average fu n c t io n .

A lthough H i l l e  c o n s id e r s  c e r ta in  p r o p e r t ie s  o f  g e n e r a liz e d  t r a n s ­

f i n i t e  d ia m ete rs , he co m p le te ly  n e g le c t s  any d is c u s s io n  o f  g e n e r a liz e d  

Chebyshev c o n s ta n ts ,  beyong showing t h e ir  e x is t e n c e  and th e  r e s u l t  o f  

Theorem 2 .4 .1 .  In  S e c t io n  2 .3  we s h a l l  d is c u s s  some o f  th e  co n seq u en ces  

o f th e  d e f in i t i o n  as w e l l  as d e f in e  a g e n e r a liz e d  Chebyshev fu n c t io n  by 

means o f  th e  g e n e r a t in g  fu n c t io n  fo r  th e  average.

2 .3  A G e n era lize d  Chebyshev C o n sta n t.

L et (X ,p) be a m e tr ic  sp a c e , E a compact su b se t  o f  X , and
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A(u ,u 2 , . . . , uq) an average fu n c t io n . For , n ^ 1

p o in t s  o f  X , and x a v a r ia b le  p o in t  in  E , we l e t  p (x ,x ^ ) denote  

th e  d is ta n c e s  from x to  x , i  = l , 2 , . . . , n  . L et

A 1  
T (E) = min max A (p (x ,x  ) ,p ( x ,x  ) , . . . , p ( x , x  ) )  ( 2 .3 .1 )

x .Q i x(E 1  2  n
1

i = l , 2 , . . . ,n

Now lim  T (E) e x i s t s ,  ( s e e  H i l l e  [1 6 ] )  and we have 
n-to n

D e f in i t io n  2 .3 .1

A AX (E) = l im  T (E) i s  c a l l e d  a g e n e r a liz e d  Chebyshev c o n sta n t  
n-»® n

f o r  E .

A g e n e r a liz e d  Chebyshev c o n sta n t f o r  any average A i s  monotone 

w ith  r e s p e c t  to  s u b s e t s ,  and i f  A i s  a X-th power a v era g e , th en  i t  

i s  monotone w ith  r e s p e c t  to  X . Thus

P r o p o s it io n  2 .3 .1

a) I f  Ex c  E2  th en  X ^ E ^  * XA(E2) .

b) I f  X <  p, th en  X(X )(E) <: X(M<) (E) .

The p ro o f o f  P r o p o s it io n  2 .3 .1  p a r t a) fo l lo w s  e a s i l y  from th e  

A
d e f in i t io n  o f  X (E) , and th e  p ro o f o f  p a r t  b) fo l lo w s  from Theorem

2 . 1 . 2  p a r t a) .

D e f in i t io n  2 .3 .2

* * *
P o in ts  x , , x 0 , . . . , x  such th a t  

1  2  n

^ I f  E i s  m erely  bounded we d e f in e

tA(E) = in f  sup A (p (x ,x  ) ,p ( x ,x  ) , . . . , p ( x , x  ) )  n _ _ i  z n
x±Gx x€E

i = l , 2 , .  . .  ,n



38

min max A (p (x ,x  ) ,p ( x ,x  ) , . . . , p ( x , x  ) )  = max A ( p ( x ,x * ) , p ( x ,x * ) , . . . , p (x ,x * ) )
x .€ x  x€e 1 2  n x 6 e n

1

i = l >2 , . • . , n

are c a l l e d  g e n e r a liz e d  Chebyshev p o in ts  o f  order n fo r  E .

Suppose A i s  g en er a ted  by G , and G (t) i s  in c r e a s in g .

D e f in i t io n  2 .3 .3

The fu n c t io n  Cn (x;E ) = G  [nGCACpCx.x^ , p (x ,x 2) , .  . .  , p (x ,x n) ) )  ]

i s  c a l l e d  a g e n e r a liz e d  Chebyshev fu n c t io n  o f  ord er n fo r  E .

Now CA( x :E) >  0 . L et  n ’

||cA( x ;E )|L  = max CA(x;E ) = mA(E) ( 2 .3 .2 )
n E x€E

Theorem 2 .3 .1

mA(E) = G_1 [nG(TA( E ) ) ]  .

We om it th e  p ro o f as i t  i s  s im ila r  to  th e  p ro o f o f  Theorem 2 .2 .2 .
1

We n o te  in  th e  c l a s s i c a l  ca se  t h i s  red u ces to  (m (E ) )n = T (E) .n n

D e f in i t io n  2 .3 .4

We may aga in  d e f in e  a g e n e r a liz e d  le m n is c a t ic  re g io n  :£ by
CAn

[x 6  x | c A(x;E ) ss mA(E )) and a su b -r e g io n  by {x € x | c A(x;E ) =
0 n

mA(E )} . n

One can show:

Theorem 2 .3 .2

a) E c  sd and
CAn

b) e  n k  A #  0  .
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The two most im portant theorem s reg a rd in g  Chebyshev p o in t s  in  th e

c l a s s i c a l  c a s e ,  Theorem 1 . 2 .2 ,  and Theorem 1 .2 .3 ,  no lo n g e r  h o ld  in

th e  g e n e r a l c a s e . For i f  (X ,p) i s  a d is c r e t e  m e tr ic  sp ace and E a

su b se t  o f  i n f i n i t e  c a r d in a l i t y ,  th en  fo r  every  s e t  o f  p o in ts

x 1 , x 2 , « • • »xn <= X , we have max A (p (x ,x 1 ) , p ( x , x 2 ) . . , p ( x , x n) )  =
x€e

A
A (1 , 1 , 1 , . . .  ,1 )  = 1 . Hence x  (E) = 1 . Thus a s e t  o f  g e n e r a liz e d

Chebyshev p o in ts  o f  order n fo r  E i s  any s e t  o f  n p o in ts  o f  X .'

C le a r ly  th ey  are n ot unique nor do th ey  have to  l i e  in  th e  convex h u l l  

o f  E .

However, we can o b ta in  a "convex h u l l  theorem" by p u t t in g  ad d i­

t io n a l  s tr u c tu r e  on th e  m e tr ic  sp a ce . To t h i s  end we n o te  th a t  th e  

p ro o f o f  Theorem 1 .2 .3  r e s te d  h e a v i ly  on F e j e r ' s  P r in c ip le  w hich does 

n o t h o ld  in  a g e n e r a l m e tr ic  sp a ce . We do n ot have to  use th e  p a th o ­

l o g i c a l  d i s c r e t e  m e tr ic  sp ace to  i l l u s t r a t e  t h i s .

Example 2 .3 .1
CO

L et Rs be 2 -d im en sio n a l r e a l  sp ace w ith  th e  m e tr ic  g iv e n  by:
CO CO

I f  (Xj. , y i )  €  Rs and (x 2 ,y 2) € R2  th en  p ((x x ,y x) , (x 2  ,y 2) )  =  

max ( |x x -x 2  | ,  |yx -y 2  I) . L et E = { (x ,y )  6  R2 |max ( | x | , | y | )  £ l }  ,

i . e . ,  th e  u n it  b a l l  f o r  R2  . L et Qx be th e  p o in t  ( 0 ,2 )  . We

00
c la im  th a t  fo r  e v e ry  p o in t  P £ Rg , S Q € E 3 p(P,Q) ^ p(Q ,Q i) -

L et S = { ( x ,y )  € R2  |x  ^ o }  and l e t  S* = { ( x ,y )  € R3  |x  >  0 }  .

Thus S U S f = R2  . For ev ery  P € S , l e t  Q = (1 ,1 )  . Then

P(P,Q) = max ( | x - l  | ,  |y - l  |) ^ 1  = max ( |o —1 | , |2 —1 1) = p(Q ,Q i) . For 

ev ery  P € S 7 , l e t  Q = ( - 1 ,1 )  . Then
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p(P,Q) = max ( |x + l | , |y —1 |) >  1 = max ( |o + l | , |2 -1  |) = p(Q ,Q i) .

S h ish a  [2 7 ] shows th a t  F e j e r ' s  P r in c ip le  h o ld s  in  an n -d im en - 

s io n a l  r e a l  E u c lid ea n  sp a ce . We can show more:

D e f in i t io n  2 .3 .5

L et (X ,p) be a m e tr ic  sp a ce . A su b se t V o f  X i s  c a l l e d  

p roxim in al i f  and o n ly  i f  ev e ry  e lem en t x € X has a b e s t  approxim a­

t io n  ou t o f  V , i . e . , fo r  ev ery  x 6  X , th e r e  e x i s t s  a v 6  V such

th a t  p (x ,v )  = in f  p (x ,v )  . 
v£v

Theorem 2 .3 .3

F e j e r ' s  P r in c ip le  i s  s a t i s f i e d  in  in n er -p ro d u c t sp a ces  fo r  s u b s e ts  

which are both  p rox im in a l and convex.

P r o o f : L et Y be an in n er -p ro d u c t space and l e t  V be a p rox im in a l

and convex su b se t  o f  Y . L et x be in  Y\V . We s h a l l  show th e r e

e x i s t s  a v 6  V such th a t  ||v -v || <  ||v -x * || f o r  ev ery  v € V .

D efin e  v t o  be a b e s t  approxim ation  to  x ou t o f  V . S in ce

V i s  p ro x im in a l, v e x i s t s .  The fo l lo w in g  c h a r a c te r iz a t io n  i s  g iv e n

in  Cheney and G o ld s te in  [2 ] :

v i s  a b e s t  approxim ation  to  x ou t o f  V i f  and o n ly  i f
jJj «— —

(x  - v ,v - v )  s  0 fo r  ev ery  v in  a c lo s e d  convex su b se t  V . Now

||x * -v || = ||(x * -v )  + (v -v )  II = ||x* -v || + ||v -v || + 2 (x * - v ,v -v )  . S in ce

th e  l a s t  term  on th e  r ig h t  i s  n o n -n e g a tiv e  we have ||x*~v|| >  ||v—v||

or ||x*—v|| >  ||v—v|| .

I f  Y i s  a m e tr ic  sp a c e , th en  any compact s e t  E i s  p ro x im in a l. 

I f  H i s  a H ilb e r t  sp a c e , th en  any c lo s e d  convex s e t  i s  p ro x im in a l. 

P roxim in al s u b s e ts  o f  o th e r  sp a ces  may be found in  th e  A ppendices o f  

S in g er  [ 2 8 ] .
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Theorem 2 . 3 . 4

L et (X ,p) be a H ilb e r t  space where th e  m e tr ic  i s  d e r iv e d  from  

th e  in n er  p ro d u ct. L et E be a compact su b se t  o f  X . Then ev ery  

s e t  o f  g e n e r a liz e d  Chebyshev p o in ts  o f  E l i e s  in  V = K(E) , th e  

c lo s e d  convex h u l l  o f  E .

P roof: L et x^ , i  = l , 2 , . . . , n  be a s e t  o f  g e n e r a liz e d  Chebyshev

p o in ts  fo r  E w ith  r e s p e c t  to  an average A . Thus

max A ( p ( x , x * ) , p ( x , x * ) . , p ( x , x * ) )  £  max A (p (x ,x  ) , p ( x , x  ) . , p( x , x  ) )  
X€E n X«SS 1  2  n

( 2 .3 .3 )

fo r  any s e t  x x , . . . , x € X . Suppose x € X\V . L etJL £ n L

in f  p (x  ,v ) = p (x  ,v ) . Such a v e x i s t s  s in c e  V i s  a p rox im in a l
v^V 1  1

su b se t  o f  X . S in ce  V i s  a ls o  con vex , th e  p reced in g  theorem (w ith  th e

s u b s t i t u t io n  x  fo r  v and x* fo r  x*) g iv e s  us p (x ,v )  < p (x ,x * )

fo r  ev e ry  x fc V and th u s fo r  ev ery  x 6  E . POSTULATE b) g iv e s

A ( p ( x ,v ) ,p ( x ,x * ) , . . . ,p ( x ,x * ) )  <  A ( p ( x ,x * ) ,p ( x ,x * ) , . . . ,p ( x ,x * ) )  fo r

ev e ry  x 6  E . Thus
_ jjc *|{

max A (p (x ,v ) ,p ( x ,x  ) , . . . , p ( x , x  ) )  < max A (p (x ,x  ) , p ( x , x  ) , . . . , p ( x , x  ) )
x€e 2 n x€e 1 2 n

co n tra ry  to  ( 2 . 3 .3 ) .

C o r o lla r y  2 .3 .1

I f  E i s  a convex compact su b se t  o f  a H ilb e r t  sp a ce , th en  ev ery  

s e t  o f  g e n e r a liz e d  Chebyshev p o in ts  o f  E l i e  in  E .

The f a c t  th a t  a s e t  o f  Chebyshev p o in ts  o f  E l i e s  in  E does 

not im ply th a t  E i s  convex. C on sider:
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Example 2 .3 .2

L et E = {dD U 0 } where 0 i s  th e  c e n te r  o f  D . In  th e  c l a s s i ­

c a l  ca se  th e  Chebyshev p o in t s  o f  E are x* = x* = . . .  = x* = 0 fo r
1 2  n

a l l  n . Thus th ey  l i e  in  E , but E i s  n o t convex .

In  Chapter 4 we s h a l l  say  more about F e j e r ' s  P r in c ip le  and th e  

Convex H u ll Theorem.

In  th e  g e n e r a l ca se  we do n ot have F e k e te 's  Theorem 1 .3 .1 .  We 

have a much weaker r e s u l t .

2 .4  The B a s ic  I n e q u a lity

Theorem 2 .4 .1

For any compact s e t  E in  a m e tr ic  sp ace  (X ,p) , and fo r  any

A Aaverage A ^  , x2 , . . .  ,x^) , we have X (E) ^ 6  (E) .

P r o o f : L et G (t) be an in c r e a s in g  g e n e r a t in g  fu n c t io n  fo r

A (x ^ ,x 2 ) . . . , xn) . Let  , §2 , . . . , be  a s e t  o f  F ek ete  p o in ts  o f  ord er

* * *
n fo r  E , and l e t  x , x 0 , . . . , x  be a s e t  o f  Chebyshev p o in t s  o f  orderx & n

n fo r  E . Now

max A (p (x ,x * )  ,p (x ,x * )  , . . .  ,p ( x ,x * ) )  £ max AQ(p (x ,  ^j) ,p ( x ,§ 2) , . . .  ,p ( x ,§ n>)
x€E x€e

= AG( p ( x ,5 1) ,p ( x ,§ 2) , . .  . ,p (x ,  5n) )  ( 2 .4 .1 )

(E) = max V (x1  ,x 2> . . .  ,x  ) £  , ?2 , . . .  , 5n ,x )
x . cE 

1
i = l , 2 , . . . , n+l

_ l f /n + l s
= G- 1 [ ( n 2  )G(AG( P(§ i , ? ) , p ( 5 , § k) ) ) ]

fo r  1 £ i  <  j  ^ n , and k = 1 , 2 , . . . , n  . R ep la c in g  th e  arguments by 

t h e ir  a v e r a g e s , we have:
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/ +1 (E) ^ G"1 [ ( n2 1 )G(A(AG( p ( § . , 5 j ) ) ,  AG(p (x ,5 k) ) ) ) ]  . From ( 2 . 2 .4 ) ,

( 2 . 4 . 1 ) ,  ( 2 . 3 .1 ) ,  and POSTULATE b) t h i s  becomes

vin < E) 2 G' 1[ ( n£1)G<AG(d£<E> •T„<E)» ]  or C ®  2 V d„<E>.T„<E»  2

min (dA( E ) , t A(E )) . E ith e r  dA(E) = T̂ (E) w hich  im p lie s  6A(E) = X^(E)

or from ( 2 . 1 . 3 ) ,  dJ+1 (E) > min (dA(E ),T A(E )) . I f  dA(E) <  TA(E) ,

th en  dA (E) >  dA(E) co n tra ry  to  Theorem 2 .2 .3 .  Hence t A(E) ^ dA(E) n+ 1  n n n

and XA(E) ^ 6A(E) .

2 .5  A d d it io n a l O b serv a tio n s

The d e f in i t io n s  o f  r e s t r i c t e d  Chebyshev c o n s ta n t , r e s t r i c t e d  

Chebyshev p o in t s ,  and r e s t r i c t e d  Chebyshev p o lyn om ia l may a ls o  be e x ­

tend ed  to  an a r b itr a r y  m e tr ic  sp ace (X ,p) . L et E be a compact

su b se t  o f  X , and A(x ,x  , . . . , x  ) an average. L et
1  z n

T (E) = min max A (p (x ,x  ) , p ( x , x  ) , . . . , p ( x , x  ) )  ( 2 .5 .1 )
n x . €E xQe 1  2  n

i
i = l , 2 , .  . . ,n  

~AThe l im i t  o f  T (E) e x i s t s  as n “  and we have n

D e f in i t io n  2 . 5 . 1

~A ~AX (E) = l im  T (E) i s  c a l l e d  a g e n e r a liz e d  r e s t r i c t e d  Chebyshev 
n-»“  n

co n sta n t o f  order n fo r  E .

D e f in i t io n  2 . 5 . 2

P o in ts  x * , x * , . . . , x *  such th a t  min max A ( p ( x , x ) , p ( x , x  ) , . . . , p ( x , x ) )  
1 2 n  x.€E  x€e 1 2  n

X
i = l  , 2 , . . .  ,n
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= max A (p (x ,x 1 ) , p ( x , x 2 ) , . . 1 ,p ( x ,x n) )  are c a l l e d  g e n e r a liz e d  r e s t r i c t e d

Chebyshev p o in t s  o f  order n fo r  E .

Suppose A(x ,x  , . . . , x  ) i s  g en era ted  by G € T and G i s
1  a  11

in c r e a s in g .

D e f in i t io n  2 . 5 . 3

The fu n c t io n  Cn (x;E ) = G  |_nG(AG( p ( x ,x 1 ) , p ( x , x 2 ) , . . . , p ( x , x n) ) ) j

i s  c a l l e d  a g e n e r a liz e d  r e s t r i c t e d  Chebyshev fu n c t io n  o f  ord er n fo r  

E .

L et

||cA( x ;E )|L  = max CA(x) = ffiA(E) ( 2 .5 .2 )
x€E n n

Theorem 2 . 5 . 1

mA(E) = G_1 [nG(TA(E ) ) ]

In  th e  g e n e r a liz e d  c a se  we no lo n g er  have th e  e q u a l i t y  o f  th e  

Chebyshev co n sta n t and th e  r e s t r i c t e d  Chebyshev c o n s ta n t . From th e  

d e f i n i t i o n ,  th e  fo l lo w in g  in e q u a l i ty  r e s u l t s :

XA(E) £ X A(E) ( 2 .5 .3 )

In  C hapter 3 , Example 3 . 1 . 1 ,  we s h a l l  s e e  a ca se  where s t r i c t  in e q u a l­

i t y  h o ld s .

A theorem  an alagous to  Theorem 1 . 2 . 3  i s  n ot a p p lic a b le  h e r e , s in c e  

by d e f in i t i o n  th e  g e n e r a liz e d  r e s t r i c t e d  Chebyshev p o in ts  l i e  in  E . 

However, we can make a few sta te m en ts  reg a rd in g  th e  s e t s  o f  g e n e r a liz e d
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r e s t r i c t e d  Chebyshev p o in ts  and th e  s e t s  o f  g e n e r a liz e d  Chebyshev 

p o in ts  fo r  a compact s e t  E in  (X,p) .

Theorem 2 . 5 . 2

}|( j|(
I f  x , x  , . . . , x  € E are g e n e r a liz e d  Chebyshev p o in t s  o f  ord er  

1  & n

n fo r  E , th en  x , x * , . . . , x *  are g e n e r a liz e d  r e s t r i c t e d  Chebyshev
2  ’ n  

p o in t s  o f  ord er n fo r  E .

P r o o f :

max A ( p ( x , x * ) , p ( x , x * ) , . . . , p ( x , x * ) )
x €e n

( 2 . 5 . 4 )

^ max A ( p ( x , x  ) , p ( x , x  ) , . . . , p ( x , x  ) )
x 6e n

f o r  a l l  x  , x 2> . . . , x  € X . S in ce  E c  X , ( 2 . 5 . 4 )  h o ld s  fo r  a l l

* * *
x l ,x 2 ’ ‘ ' ' , xn ‘ Hence x ^»x 2 * - ' ’ »xn are g e n e r a liz e d  r e s t r i c t e d

Chebyshev p o in t s  o f  ord er n fo r  E .

Theorem 2 . 5 . 3

I f  x  , x 2 , . . . , x n £ E are g e n e r a liz e d  r e s t r i c t e d  Chebyshev p o in t s  o f  ord er

n fo r  E , and i f  th er e  e x i s t s  a s e t  o f  g e n e r a liz e d  Chebyshev p o in ts

o f  ord er n fo r  E ly in g  in  E , th en  x* x* . . . , x *  are g e n e r a liz e dp x n

Chebyshev p o in t s  o f  ord er n fo r  E .

P r o o f :

max A ( p ( x , x * ) , p ( x , x * ) , . . . , p ( x , x * ) )  ^ max A ( p ( x , x  ) , p ( x , x  ) , . . . , p ( x , x  ) )  
x €e n x €e 1 2 n

,  *  *  *  , .  ,
f o r  a l l  x,  . x „ , . . . , x  c  E . I f  x . , x „ , . . . , x  t  E are a s e t  o f  g e n e r -

1 ’ 2 ’ ’ n 1 ’ 2 ’ ’ n

a l iz e d  Chebyshev p o in ts  o f  o rd er  n fo r  E , th en
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max A ( p ( x , x * ) , p ( x , x * ) , . . . , p ( x , x * ) )
x€e n

( 2 . 5 . 5 )

^ max A ( p ( x , x * ) , p ( x , x * ) . . , p ( x , x * ) )  
x€e n

But

max A ( p ( x , x * ) , p ( x , x * ) , . . . , p ( x , x * ) )  £ max A ( p ( x , x  ) , p ( x , x „ ) , . . . , p ( x , x  ) )  
xQ3 n x€e 1  2

f o r  a l l  x  , x  , . . . , x  € x  . Hence 
1 2 ’ ’ n

max A ( p ( x , x * ) , p ( x , x * ) . , p ( x , x * ) )  
x€e n

( 2 . 5 . 6 )

£ max A ( p ( x , x * ) , p ( x , x * ) , . . . , p ( x , x * ) )  
x€E n

From ( 2 . 5 . 5 )  and ( 2 . 5 . 6 )  we g e t

max A ( p ( x , x * ) , p ( x , x * ) , . . . , p ( x , x * ) )  = max A ( p ( x , x * ) , p ( x , x * )  , . . . , p ( x , x * ) )
x€e n x€e 1  2  n

and x * , x * , . . . , x* are g e n e r a liz e d  Chebyshev p o in t s  o f  ord er n fo r  E . 
L  ^  n

C o r o lla r y  2 . 5 . 1

I f  E i s  a convex  compact su b se t  o f  a H ilb e r t  sp a ce , th en  fo r  

ev ery  n , ev ery  s e t  o f  g e n e r a liz e d  Chebyshev p o in t s  o f  ord er n fo r  

E i s  a s e t  o f  g e n e r a liz e d  r e s t r i c t e d  Chebyshev p o in ts  o f  ord er n

fo r  E , and c o n v e r s e ly .

C o r o lla r y  2 . 5 . 1  in d ic a t e s  th a t  in  th e  c a se  o f  convex compact sub­

s e t s  o f  H ilb e r t  s p a c e s , th e  u n ic i t y  o f  g e n e r a liz e d  Chebyshev p o in t s  fo r  

each  n im p lie s  th e  u n ic i t y  o f  g e n e r a liz e d  r e s t r i c t e d  Chebyshev p o in t s ,  

and c o n v e r s e ly .

I f  th e  s e t  E i s  n o t co n v ex , th en  th e  u n iq u en ess  q u e s t io n  fo r

th e  s e t s  o f  g e n e r a liz e d  Chebyshev p o in t s  o f  ord er n fo r  E i s  in d e ­
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pendent o f  th e  u n iq u en ess  q u e s t io n  fo r  th e  s e t s  o f  g e n e r a liz e d  r e ­

s t r i c t e d  Chebyshev p o in t s  o f  order n fo r  E . To i l l u s t r a t e  t h i s ,  

c o n s id e r  Example 1 . 5 . 1 .  H ere, fo r  each  n , the Chebyshev p o in ts  are 

u n iq u e , but th e  r e s t r i c t e d  Chebyshev p o in ts  are n ot u n iq ue. In  

Example 3 . 1 . 1  o f  C hapter 3 we w i l l  i l l u s t r a t e  a c a se  where th e  g e n e r a l­

iz e d  r e s t r i c t e d  Chebyshev p o in ts  o f  ord er n ( n even) are u n iq u e , 

w h ereas..th e g e n e r a liz e d  Chebyshev p o in ts  o f  order n ( n even) are n ot  

u n iq u e .

B e s id e s  C o r o lla r y  2 . 3 . 1  we have th e  fo l lo w in g  theorem  which s t a t e s  

s u f f i c i e n t  c o n d it io n s  fo r  g e n e r a liz e d  Chebyshev p o in ts  o f  ord er n 

fo r  E to  l i e  in  E .

Theorem 2 . 5 . 4

~A AI f  mn (E) = mn (E) fo r  ev ery  n and th e  g e n e r a liz e d  Chebyshev 

p o in ts  o f  ord er n fo r  E are u n iq u e , th en  th ey  l i e  in  E .

P ro o f: L et x * , x * , . . . , x *  be th e  s e t  o f  g e n e r a liz e d  Chebyshev p o in ts
1 ■ 1  £• n

o f  ord er n fo r  E . T h e ir  u n iq u en ess im p lie s

max A ( p ( x , x i ) , p ( x , x 2)
x€e

2  ■>>•••>

( 2 . 5 . 7 )

^ max A (p (x ,x 1) , p ( x , x 2)
x€e

2 ) , . . . , p ( x , x n) )

fo r  ev ery  s e t  x ,x  , . . . , x  € X w ith  e q u a li t y  i f  and o n ly  i f  i. £ 11

i f  x* x * , . . . , x *  are a s e t  o f  g e n e r a liz e d  r e s t r i c t e d  Chebyshev p o in t s  
1   ̂ n

o f  ord er n fo r  E , we have



S in ce  ( 2 . 5 . '  

a l l  s e t s  x. 

and ( 2 . 5 . 7 )  

max A(p(x, x .
x€e

^ max A(p(x

r * p l i e s  tx
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max A ( p ( x , x  ) , p ( x , x „ ) . , p ( x , x  ) )  
x 6 e

( 2 . 5 .8 )

max A( p ( x , x  ) , p ( x , x  ) , . . . , p ( x , x  ) )  
x€e 11

0  h o ld s  fo r  a l l  s e t s  x ,x  , . . . , x  £ X , i t  must h o ld  fo r
1  6  n

, x 2 , .  . . ,x n 6  E . Thus fo r  x ^ x ^ . . . , x^ € E , ( 2 . 5 . 8 )

g iv e

 ̂ ^ ^ <||« jjj
) , p ( x , x 2) , . . .  , p ( x , x n) )  = max A (p (x ,x ]L) , p (x ,x 2) , . . .  , p (x ,x n) )

x€e

, x * ) , p ( x , x * ) , . . . , p ( x , x * ) )  . Hence e q u a li t y  throughout im -
1  £* U

*!•') r ^ ^
i2 > ’ ' ' ,Xn = 1  ,x 2 * ‘ ‘ ' ’ Xn >x 2 ’ ’ " ‘ ,Xn ’



CHAPTER 3

E u c lid ea n  Spaces

L et R be th e  s e t  o f  r e a l  n - tu p le s .  I f  x = f x „ , x _ , . . . , x  ) n r  v 1  ’ 2  ’ ’ n

and y = (y , y „ , . . . , y  ) we make R in to  a v e c to r  sp ace by d e f in in gi   ̂ n n

x + y = (xL + yx, x2 + y2, • . • ,*n + yn5 and “x = ’ ‘ ‘ ’^n5

fo r  any r e a l  number a  . An in n er  product s tr u c tu r e  i s  im posed on
n

R by d e f in in g  ( x , y )  = E x . y .  . With th e s e  d e f i n i t i o n s ,  R i s
x=l

c a l l e d  r e a l  E u c lid ea n  n -s p a c e .

A g la n c e  a t th e  Appendix shows th a t  P o ly a  and Szego [ 2 5 ]  con­

s id e r e d  c e r ta in  compact s e t s  in  R^, R2 , and Rg , and c a lc u la te d  

t h e ir  t r a n s f i n i t e  d iam eters and Chebyshev c o n s ta n ts  fo r  X-th power 

a v era g es . We s h a l l  r e s t r i c t  o u r s e lv e s  t o  averages fo r  which ^  1 , 

but w i l l  o b ta in  some r e s u l t s  fo r  a l l  compact s e t s  in  R  ̂ . S p e c i f i c ­

a l l y  we w i l l  c a lc u la t e  th e  Chebyshev co n sta n t fo r  any compact s e t  E

in  R  ̂ . T h is  w i l l  en a b le  us to  compare i t  w ith  th e  t r a n s f i n i t e  

d iam eter o f  E in  c e r ta in  known c a s e s .  We may th en  comment when we 

have e q u a l i t y ,  or s t r i c t  in e q u a l i t y ,  betw een th e  two s e t  fu n c t io n s .  

T h is q u e s t io n  p ro v id ed  one m o tiv a t io n  fo r  t h i s  d is s e r t a t io n .

S in ce  we are d e a lin g  w ith  ^--th power a v er a g es ,  ̂ s  1 , th e  

Chebyshev c o n s ta n t and th e  t r a n s f i n i t e  d iam eter d is c u s s e d  in  Chapter 3 

sh ou ld  be c a l l e d  " g en era lized "  in  accordance w ith  th e  d e f in i t i o n s  in  

Chapter 2 . However, to  avo id  e x c e s s  v e r b ia g e , we s h a l l  om it t h i s  ad­

j e c t i v e .

We s t a r t  w ith

3 .1  Rx -  The R eal L ine

Throughout t h i s  s e c t io n  E w i l l  denote a compact s e t  in  Ri
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We l e t

a = min x  .
x€E ^

( 3 . 1 .1 )
b = max x  

x€E

We f i r s t  prove th e  fo l lo w in g  lemma w hich  w i l l  be q u ite  u s e fu l  in
1

th e  p r o o fs  o f  t h i s  s e c t io n .

Lemma 3 . 1 . 1

For ev ery  x € E and fo r  X > 1 we have (b -a )^  >  (b -x )  ̂ + (x -a )^  

u n le s s  x  = a or x  = b in  which c a se  we have e q u a l i t y .

P roof: I t  i s  w e ll  known th a t  th e  p-norm i s  a s t r i c t l y  d ecr ea s in g  

fu n c t io n  o f  p fo r  p >  1 (See Hardy, L it t le w o o d , and P o ly a  [ 1 1 ] ) .

1

Thus fo r  x . ^ 0 , 2 . x .  >  2  x? | u n le s s  a l l  but one o f  th e  x . ' si  ’ . , i  L i  J  x
i= l  i= l

are z e r o . L et (b -x ) = x and (x -a )  = x^ . For n = 2 and p = X ,

th e  c o n c lu s io n  f o l lo w s .

We n o te  th a t  fo r  X = 1 , we have e q u a l i t y .

Theorem 3 . 1 . 1

For X s  1 , and n ev e n , th e  F ek ete  p o in ts  o f  ord er n fo r  E

are [ a , a , . . . , a ; b , b , . . . , b j  and th e y  are un ique.

n n
2 2

P r o o f: We s h a l l  prove by in d u c t io n  d ^  (E) ^

1  
2

(b -a ) ] •

For n = 2 , d £ ^  (E) = max | x . - x . |  = (b -a ) ^ (b -a ) . ( 3 .1 .2 )
«  1  .1
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Suppose i t  i s  tr u e  fo r  n = k , k ev en . Hence

< < » «  .  -  *.  ff £ 4  (b-a) ^

( 3 .1 .3 )

C on sider k + 2 p o in t s .  W ritin g  x^ s  x 2  s  • • •  ^ xk+2 * we can  

d isp e n se  w ith  a b so lu te  v a lu e s . Now

t dk + 2 ^ J  = maX L /k + 2 \ ^ X̂i  " Xj ^ J  ’ We break up th e  sum
( 2  /  l^ K j ^ c + 2

so  as to  co n s id e r  th o s e  term s in v o lv in g  x^ and x k + 2  s e p a r a te ly .

Thus k V ) !  = max /, 1,oV T ^ (x . _ x . ) X
V f )  2£i < J * + l  J

k+ 1  , k + 1  ,-i
+  Z < x  -  * ± > +  Z  < *  -  X  > J

1=2 1=1

k+ 1  

2  (
K 'V )  l"2 ^i< j^:k+i J’ J i = 2

r \  iv+x

max / k ^ ' ,  + z  / w

+ + (* l ^ k + 2 >X]

By Lemma 3 . 1 . 1  we have

(x l  “ Xi ) X + (x i  " Xk + 2 )X * fx l  ~ Xk+2? ( 3 . 1 . 4 )

f o r  i  = 2 , 3 , . . . , k+1 . Thus
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[ dk S (E)]  * max T k b r L .  J L  , (xi " V x + (k + x )(x i  “ W x]V 2  /  2 ^i<j^k+l

5  7 k l2 T  [ maX S (x i “ XH) X + max (k  + 1) ( X 1 ■ X]( k+2)  L 2 ^ i < j ^ +l  1  J k+2 J .

By ( 3 . 1 . 3 )  th e  f i r s t  term  w hich in v o lv e s  k p o in t s  i s  l e s s  than  or  

k® X
eq u a l to  ■^"(k - a )  . By ( 3 . 1 . 2 )  th e  second  term  in v o lv in g  2 p o in ts  

i s  eq u a l to  (k  + 1) (b -  a)  ̂ . Thus

[ " C ® ]  S [£ < » -■ >  * + ( b - a ) X

1

d<X> ( K ) s { ^  ( b - a ) X]  ^ ( 3 .1 ,5 )

Thus by in d u c t io n , fo r  ev ery  n

But i f  we ch oose  x . = b fo r  i  = 1 , 2 , . . . , ^  and x.  = a f o ri  ’ ’ ’ 2 i

i  = §. + 1 1. . .  t n then

I  ^
d^ >  (E) = max [ A  2  ( x . - x  ) X]  s  [ / | \  ^  <b“ a) * ]  ■

W  \ 2 /

H ence, ( 3 . 1 . 6 )  and ( 3 . 1 . 7 )  g iv e

( 3 . 1 . 7 )

1

df >®> = [ q  x  (b' a)X]
( 3 . 1 . 8 )



n even  fo r  E . The u n iq u en ess fo l lo w s  from th e  fa c t  th a t  in  ( 3 . 1 . 4 )

we have s t r i c t  in e q u a l i ty  u n le s s  x . = x  or x f o r  i  = 2 , 3 , . . . , k+1 ,X JL k+a

in  th e  ca se  >  1 . In  th e  c a se  = 1 u n iq u en ess  comes from th e

s t r i c t  in e q u a l i ty  (x  -  x „) <  (b -  a) u n le s s  x = b and x  = a .
1  j. k+^

C o r o lla ry  3 . 1 . 1

For  ̂ ^ 1 , 6 ^ ( e )  =

2 *

P ro o f: R e su lt  fo l lo w s  from ( 3 . 1 . 8 )  as n -♦ 00 .

Theorem 3 . 1 . 2

For n odd, F ek ete  p o in ts  o f  E are n ot u n iq u e. For h = 1 ,

any s e t  o f  th e  form S = { a , a , ^ . . ,ja ; I ; b , b , ^ .  . , b } where ^ € E

n - 1  n - 1
2 2

i s  a s e t  o f  F ek ete  p o in t s  o f  ord er n fo r  E . For  ̂ >  1 , fo r  each  

odd n th e r e  e x i s t  two s e t s  o f  F ek ete  p o in t s  o f  ord er n fo r  E , 

namely s e t  S where 5 = a and s e t  S where § = b .

P ro o f: Again l e t  x  ^ x s  s  x  , and i  = , we s h a l l  denote
■ 1  A IX JW

x r by § . Thenl

[d ^ X) ( E ) ] = A  max [  2  <x - x  >
L n J  ( * )  Ll* i< jS i  1 J J

n-1
2 _ , n _

= /- k max [  2  (x  - x . )  + 2  (x  -£ )  + 2  (§ -x  ) ]
' ' l^ i< j^ n  J i = l  j=n+3 J

2
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From Lemma 3 . 1 . 1  and Theorem 3 . 1 . 1  we have

1 5 Q  ^  0 « » X]

or 1

d ^  (E) £  ^  + ~ 2 ~ ) ( b_a)^J . But i f  we ch oose
\2 /

, . „ _ n-1 , _ . n+1x^ = b fo r  i  = 1 , 2 , . . .  g-  » 311(1 x^ = a fo r  i  = — , . .  . ,n  or

, j, , 0 xi+1 , j, , n+3 .x . = b fo r  i  = 1 , 2 , . . .  , - t t -  and x . = a fo r  1  = — , . . .  ,n  we have
l  9 9 9 2  i  2  9 9

o f ’ W  2 [ q  (¥ ■ ) i f f  + oj <b- “> \

1
X

Hence fo r  X > i  th e  F ek ete  p o in ts  o f  ord er n , n odd , are as

d e sc r ib e d . These are th e  o n ly  s e t s  s in c e  th e  c o n d it io n  fo r  e q u a l i t y

in  th e  lemma again  r u le s  o u t any o th er  s e t s .  In  th e  ca se

X = l , ( x . - 5 )  + ( 5 - x . )  = ( x . - x . )  , so  5 can be any p o in t  o f  E .
1 J 1  J

From D e f in i t io n  2 . 2 . 3  a g e n e r a liz e d  F ek ete  fu n c t io n  o f  ord er n

1

/ u  i- n X
fo r  E ta k e s  the form F (x;E ) = [_ ^ |x -§ .  | J  where §.

i= l

i  = l , 2 , . . . , n  are g e n e r a liz e d  F ek ete  p o in t s  o f  o rd er  n fo r  E .

L et n be ev en . For X 2  1  , th e  F ek ete  fu n c t io n  o f  ord er n

fo r  E i s  u n iq ue. I t  i s

1  1  

F ^  (x ; E) = [  |x -a  | ^ + |x -b  | ^] ( 3 . 1 . 9 )
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From D e f in i t io n  2 . 2 . 4  we see  th a t  in  t h i s  ca se  = ||f ^  ( x ;E) II -n M n ’ nE
1

/ \X (b -a ) and(!)
*  (X) : { *  € El K t) [ ! x ' a | X+ lx_b| X] s  ( ? )  ( b - a ) }  = [ a , b ] ( 3 .1 .1 0 )

For th e  ca se   ̂ = 1 we have

£ = ^  = Ca »b ]
F

and fo r   ̂ >  1  we have

( 1 ) “ ~  ( 1 ) ( 3 .1 .1 1 )

n

,(^ ) = f a , b }  . ( 3 .1 .1 2 )

L et n be odd. For X > 1 and fo r  each  n , th ere  e x i s t  two 

F ek ete  fu n c t io n s  o f  ord er n fo r  E . C orresponding to  

{ a , a , . . . , a  ; b , b , . . . , b }  we have

n + 1
2

n - 1
2

1
J.

F^X)(x;E ) = [ ( 2 + L ) |x - a | X + (2§i )  l*“b 1^] ( 3 .1 .1 3 )

and co rresp o n d in g  to  { a , a , . . . , a  ; b , b , . . , , b }  we have

n - 1
2

n+ 1
2

F (X) (x;E ) n
l

In  b oth  c a s e s  = (~^~) (b -a ) 311(1

1
T.

( 3 .1 .1 4 )
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£  CX) = [ a -e (n )  ,b ]  ( 3 . 1 .1 5 )
Fn

and

F'n

fo r  F ^ ^ (x ;E )  g iv e n  by ( 3 . 1 . 1 3 ) ,  w h ile

£  ( X) = fa -e (n )  ,b }  ( 3 .1 .1 6 )

n 

and

=£ (X. = [ a ,b + e(n ) ] ( 3 . 1 . 1 7 )
F V '

Fn

fo r  F ^ ^  (x;E ) g iv e n  by ( 3 . 1 . 1 4 ) .

^  (X) = U ,b + e ( n ) }  ( 3 . 1 . 1 8 )

For n odd and  ̂ = 1 , F ek ete  p o in t s  o f  o rd er  n fo r  E are

[ a , a , „  . , a; § ; b , b , . where § i s  any p o in t  in  E . For

n - 1  n - 1
2 2

each  I  € E , th e r e  e x i s t s  a F ek ete  fu n c t io n  o f  ord er n fo r  E as 

fo l lo w s :

F ^ x j E )  = [ ( 2 ^ ) U - a |  + |x - § |  + ( ^ ) | x - b | ]  ( 3 .1 .1 9 )

L et (T = max ( |b - l  | , | a - l  |) . We s e e  £ ^ |b -a | f o r  ev e ry  § € E .

Hence = ^ p ) ( b - a )  + £ . We have
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and

F ( 1)
n

n

[ a>b + i i M
L ’ n J

[ a- < H y 2.P .>bj  f o r  a ^ I  ^

i_[a’b]

a+b
2 ( 3 . 1 . 2 0 )

f o r  § =

K m  = ( { ■ - » + M =? ± a }  fOT * r  •= 1 s  b

{ a- (b+g- 2l>-)b}  f o r  a ^ I  ^

| a , b |  fo r  I  = — ■

a+b ( 3 . 1 . 2 1 )

We now tu rn  our a t t e n t io n  to  th e  problem  o f  f in d in g  th e  Chebyshev 

co n sta n t fo r  any compact s e t  E in  Rj . We have th e  fo l lo w in g  r e s u l t :

Theorem 3 . 1 . 3

For \  * 1 , X(X) (E) = \  (b -a ) .
1
J.

P ro o f: T ^^ ( E )  = min max f  —  S |x -x .  |^~| . Put x .
n x . €Rx x€E n i = l  1  J 1x A

i = l » 2 j • • . ,n

b+a f o r

1

i  = l , 2 , . . . , n  . Then (E) £  max ^  n \x- l^ j or
n x€e n

T^X)(E) ^ |  (b -a ) . n

Now fo r  h s  1 , M inkow ski's in e q u a l i ty  g iv e s

1  n J- n
n ^ (b -a) = (  2  |b -x i +xj. - a  |^ ) ^ (  E < \b~x± I + lx ±- a  I) * )

i= l  i= l

1
J.

(  e |b- , / )  \  ( *  M x)  \
i = l  i = l
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are

Thus e i t h e r
1 1

[ i s  lt>-x± | XJ s  i-(b -a ) or [  i  2  |a -x  | Xj  £  %(b-a)
i = l  i= l

T h is  i s  tr u e  fo r  a l l  x.  ̂ € Rj . H ence, i f  x ,  i = l , 2 , . . . , n

Chebyshev p o in t s  o f  ord er n fo r  E , th en  we have

1  1

r ( X ) (E) = max [ i  . 2  |x - x * |X]  ^  max [ i  .2  |x - x * |X]  ^  ^ A (b-a) .
x€E Ln 1 = 1  1  J  x € { a , b }  1 = 1  1  J S

Hence fo r  e v e ry  n , (e) = ^ (b -a ) and X ^  (E) = %(b-a) .

Theorem 3 . 1 . 4

, . * * * b+a
For A . > l , x  = x  = . . . = x  = are Chebyshev p o in t s  o fx  ̂ n z

ord er n fo r  E and th ey  are u niq ue.

P ro o f: The p ro o f o f  Theorem 3 . 1 . 3  shows th a t  x* = fo r~l” “ “ ' “ 1  ^

i  = l , 2 , . . . , n  are a s e t  o f  Chebyshev p o in t s  o f  ord er n fo r  E .

>|e b+a
T h eir  u n iq u en ess  fo l lo w s  from th e  f a c t  th a t  fo r  =f ——  fo r  ev ery  

i  , we have s t r i c t  in e q u a l i ty  in  M inkow ski's in e q u a l i ty .  T hus, fo r

1

Ti n 1 1 X~] ^e i t h e r  x = a or x  = b we have I — 2  |x -x . | >  ^j(b-a) . Hence
i= l

1  1  

. b + a  f l  !  I IXI *  f l  5  I |X1 1fo r  x . =t= ——  , max — 2  x -x .  2  max — 2  x -x .
1  2  ,  Ln . ' 1 1 J Cc ,-iLn . . ' 1  1 JxtE i = l  x c{ .a ,b j i= l

>  ^ (b -a ) .

Theorem 3 . 1 . 5

For X = l  , Chebyshev p o in t s  o f  ord er n , n >  1 fo r  E are

n ot un ique. In d eed , any s e t  o f  p o in ts  o f  th e  form
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/b + a  b+a b+a b+a b+a \
1  2  + c » 2  + c »• • ‘ » 2  + 3  ’ . 2  ~C , ‘ ’ ' ’ 2  " CJ n even

n n
2 2

and |c  | ^ ijf(b-a) i s  a s e t  o f  Chebyshev p o in ts  o f  ord er n fo r  E . 

I f  n i s  odd, any s e t  o f  th e  form

/ b+a b+a „ b+a b+a b+a A  ■ I I ,  .
1 .2  + c , .  . . , g + ® J 2  ’ 2 — ® ♦ • ’ • > 2 ~ J where a g a in  | c  | ^ g (b -a )

n - 1  n - 1
2 2

i s  a s e t  o f  Chebyshev p o in t s  o f  ord er n fo r  E . 

P ro o f: For n even:

max
A = i

For n odd:

max rt
i = lk  A  K i  A  M * -  ( ¥  A ] ♦ ¥  t b -  ( t  -  “) ] + * -  ( ¥ ) ]

= £ (b -a )  = T^1 ) (E) .

For A. >  1 , th e  Chebyshev fu n c t io n  o f  ord er n fo r  E i s  u n iq u e .

I t  i s

C^X)(x;E ) = n T |x  -  ( ^ p )  | ( 3 . 1 . 2 2 )

From Theorem 2 . 3 . 1  and D e f in i t io n  2 . 3 . 4  we se e  th a t  
1  1

(E) = n^ (E) = n^ v y (b -a )  and

(E) .

£  (X)£x € Rx | |x  -  ( ^ p j l  ^ i ( b_a) }  = t a >b ]
cn

( 3 .1 .2 3 )
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^  ( \ )  : f x  ^ Ri  i lx  “ ( h t ) |  = %(b“ a) }  = f a , b }  ( 3 . 1 . 2 4 )

For A. = 1 , n ev e n , Chebyshev fu n c t io n s  o f  ord er n fo r  E tak e  

th e  form

C ^ C x jE )  = |  [ | x  -  (5 ± a  + c ) |  + |x  -  (5 + a  -  c )  I] ( 3 . 1 . 2 5 )  

where |c  | £ %(b-a) . Thus

=d (1) : {x £ Ri | |x  -  (^±~- + c j |  + |x  -  -  c )  | £  ( b - a ) }  = [ a , b ]

( 3 . 1 . 2 6 )

c (1>n

£  : {x € Rx I | x  -  + + |x  -  -  c j  I = (b -a ) }
c (1)n

[{a , b } fo r  c <  £ (b -a ) l  ( 3 . 1 . 2 7 )

\ [ a , b ]  fo r  c = i j (b -a y

For ^ = 1 , n odd, Chebyshev fu n c t io n s  o f  ord er n fo r  E 

ta k e  th e  form

C( 1 ) (x;E)  n
n - 1

2 _ |x ~ (rir +c) I + !x - b+a * ) G : I

( 3 . 1 . 2 8 )

where | c |  ^-g-(b-a) . Thus

. (1)

( 3 . 1 .2 9 )

*  J ( b - a ) }  = [ a , b ]
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& ( 1 ) : £x € Rl l ^ " 1)  [ | x  -  (5± »  + c ) |  + |x  -  (5 ± £  -  o ) l ]  + |x  -  (5 ± a )I

= ^  (b -  a ) } = { a , b }  . ( 3 . 1 . 3 0 )

Theorem 3 . 1 . 6

For X = l  , X( 1 ) (E) = 6 ( 1 ) (E) and f o r  X >  1  , X( X) (E) <  6 (X) (E) 

fo r  any compact s e t  E in  Rj .

P ro o f: From C o r o lla ry  3 . 1 . 1  and Theorem 3 . 1 . 3  we have

6 ^ ( E )  = — (b -  a) s  i (b -  a) = X ^  (E) w ith  e q u a l i t y  i f  and

2 *

o n ly  i f  X = 1  .

The (g e n e r a liz e d )  r e s t r i c t e d  Chebyshev problem  fo r  a  compact s e t  

E in  Rl i s  more d i f f i c u l t  and o n ly  p a r t ia l  r e s u l t s  have been  

o b ta in e d .

Theorem 3 . 1 . 7

For X = 1  , x ( 1 ) (E) = X( 1 ) (E) = | ( b  -  a) .

P r o o f : S in ce  th e r e  e x i s t s  a s e t  o f  Chebyshev p o in t s  o f  ord er n ,

n even, fo r  E w hich  l i e  in  E , namely f a , a , . . . , ; b , b , . ^ , b ]

n n
2 2

by Theorem 2 . 5 . 2  t h i s  s e t  i s  a s e t  o f  r e s t r i c t e d  Chebyshev p o in ts  o f

o rd er  n fo r  E. Thus fo r  n e v e n , (E) = max ^  £  |x - a |+  ^  |x -b  |
n x€E

= | ( b  -  a) and X(1) (E) = ~ (b  -  a) .

We n o te  th a t  f o r  X = 1  th e  r e s t r i c t e d  Chebyshev p o in t s  fo r  E
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may or may n o t be u n iq ue. The p o in t s  are unique i f  and o n ly  i f  E

a+bdoes n o t c o n ta in  th e  p o in t  — nor any p a ir  o f  p o in t s  sym m etrical
rt I K

w ith  r e s p e c t  to  —g— e x c e p t fo r  th e  p o in t s  a and b .Ct

Example 3 . 1 . 1

Let  E = { a , b }  . Then fo r  A. = 1 th e  g e n e r a liz e d  r e s t r i c t e d

Chebyshev p o in t s  o f  ord er n , n ev e n , fo r  E are u n iq u e , but th e

g e n e r a liz e d  Chebyshev p o in ts  o f  ord er n , n ev e n , f o r  E are n ot

u n iq u e. The r e s t r i c t e d  Chebyshev p o in ts  are { a,a, .^.  . , a ; , b , „  . , b ] ;

n n
2 2

th e  Chebyshev p o in t s  are fb+a b+a b+a b+a b+a \
\ r r  + c > ~  + c , . . . , —  -  c ;

n n
2 2

where |c  | ^ Ir(b-a) .

For X >  l  , i f  -2— . £ e , th en  we have X ^  (E) = %(b~a) from

Theorem 2 . 5 . 2 .  I f  £ E , th en  we do know fo r  n even

1

T< X ) ( E )  ^  max ( i  [ j  | x - a | X + |  |x - b |X] )  £  -^ y (b -a )  . Thus
x€e

2

X ^ ( E )  ^ ~ ( b - a )  and s in c e  X( ^ ( E )  ^ X ^ ( E )  we have 

2 1

^ (b -a ) ^ X ( X ) (E) ^ (b -a ) ( 3 . 1 . 3 1 )

2*

Example 3 . 1 . 1  above p r o v id e s  u s w ith  a ca se  where X(E) <  X(E) 

For i f  X > l  , th en  X ^  (E) = ^ (b -a ) and X ^  (E) = - y -  (b -a ) .
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One can see  th a t  th e  r e s t r i c t e d  problem  i s  very  " d e l ic a t e ,"  fo r  

i f  we in tro d u ce  j u s t  th e  s in g le  p o in t  in to  th e s e t  E o f  Example

3 . 1 . 1 ,  then  X ^  (E) fo r  A >  1  goes from i t s  upper bound to  i t s  

low er bound.

3 .2  % T w o-d im ensional R eal E u c lid ea n  Space

A lthough we w i l l  w r it e  R2 , th e  r e s u l t s  fo r  t h i s  s e c t io n  are  

v a l id  fo r  th e  com plex p la n e  as w e l l .  Of co u rse  fo r  A = o , th e  stu d y  

o f  th e  to p ic s  we w i l l  d is c u s s  com prises th e  c l a s s i c a l  th eo ry  o u t l in e d  

in  C hapter 1. The ca se  o f  A ^ 1  in  R2  (o r  th e  com plex p la n e ) i s  

a ls o  o f  in t e r e s t  s in c e  we s h a l l  show th a t  one may c a lc u la t e  X ^  (E) 

and g e o m e tr ic a lly  c h a r a c te r iz e  th e  Chebyshev p o in ts  o f  E fo r  a l l  

compact s e t s  in  R2  . T h is  w i l l  be shown in  th e  main theorem  o f  

s e c t io n  3 . 2 .  To d evelop  th e  te ch n iq u e s  fo r  th e p ro o f o f  t h i s  theorem  

we are le d  to  a c o n s id e r a t io n  o f  two t o p i c s ,  seem in g ly  u n r e la te d  to  

th e  p r e s e n t  f i e l d  o f  in q u ir y . One con cern s some g eo m etr ic  p r o p e r t ie s  

o f p o in t  s e t s  and th e o th er  d e a ls  w ith  a problem  known in  th e  l i t e r a t u r e  

as S t e in e r ' s  problem . (We ask th e  rea d er  to  be in d u lg e n t fo r  th e se  

n e c e ssa r y  s i d e t r i p s . )

The im portance o f  th e  r o le  o f  p o in ts  a and b in  th e  ca se  o f  a 

s e t  E in  Rx s u g g e s ts  th a t  one c o n s id e r  some "bounding" ty p e  o f  s e t

fo r  E in  R2  .

D e f in i t io n  3 . 2 . 1

L et E be a compact 1  s e t  in  R2  . The c i r c l e  o f  s m a l le s t  ra d iu s

w hich  c o n ta in s  E w i l l  be c a l l e d  th e  s panning c i r c l e  o f  E and w i l l

''’T h is  d e f in i t i o n  as w e l l  as Theorems 3 . 2 . 1  and 3 . 2 . 2  are v a l id  fo r  
p o in t  s e t s  w hich are m erely  bounded, but we s h a l l  alw ays r e s t r i c t  
our d is c u s s io n  to  compact s e t s .
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be den oted  by C .£

Theorem 3 . 2 . 1

The spanning c i r c l e  o f  E i s  u n iq u e , and i t  e i t h e r  1) c o n ta in s  

two boundary p o in t s  o f  E w hich are a t  th e  ends o f  a d iam eter o f  th e

c i r c l e ,  or  2) c o n ta in s  th ree  boundary p o in ts  o f  E which form an

a cu te  t r ia n g le .

Theorem 3 . 2 . 1  may be found as a problem  (w ith  s o lu t io n )  in  Yaglom

[ 3 3 ] .  I t  en a b le s  us to  decompose th e  s e t  o f  a l l  compact s e t s  in  R2

in  th e  fo l lo w in g  manner:

D e f in i t io n  3 . 2 . 2

Compact s e t s  E in  R2  such th a t  E fl C c o n ta in s  p o in ts£

P , p ' , where th e  segm ent PP̂  ̂ i s  a d iam eter o f  C s h a l l  be c a l l e d£

Case I s e t s . A ll o th er  compact s e t s  E o f  R3  s h a l l  be c a l l e d  

Case I I  s e t s .

We n ote  th a t  from Theorem 3 . 2 . 1 ,  th e  in t e r s e c t io n  o f  a Case I I

s e t  w ith  i t s  spann ing c i r c l e  c o n ta in s  th e  v e r t i c e s  o f  an a cu te  t r ia n g le .

S in ce  th e  s e t  E i s  e n c lo s e d  by C , we must have d(E) ^ d(C )£ £

where as b e fo r e  d(E) d en o tes  th e  to p o lo g ic a l  d iam eter o f  E . I f  R

i s  th e  ra d iu s  o f  C , th en  we have 
£

d(E) ^ 2R ( 3 . 2 . 1 )

w ith  e q u a l i t y  i f  and o n ly  i f  E i s  a Case I s e t .  E qu ation  ( 3 . 2 . 1 )

p ro v id e s  us w ith  a low er bound on th e  ra d iu s  o f  th e  spann ing c i r c l e .

For an upper bound we have th e  theorem  o f  H.W.E. Jung [ 1 7 ] :

Theorem 3 . 2 . 2

L et E be a compact s e t  in  R2  o f  t o p o lo g ic a l  d iam eter d(E) .
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d (E )/3Then C has a ra d iu s  R where R ^ ^ ----  .E 3

P ro o f: For Case I s e t s :  d(E) = 2r . Thus R = -————— J 3

For Case I I  s e t s :  At l e a s t  one an g le  o f  th e  a cu te  t r ia n g le  whose

TTv e r t i c e s  l i e  in  E fl C must be g r e a te r  than  or eq u a l t o  ■=■ . L et usE o

d en ote such an an g le  by <)A.  Then s in  A s  . Now 2R a2 • s in  A

and a <  d(E) . Thus R ^ d — ---2- = -  .
Zf3 3

We n o te  in  p a ss in g  th a t  t h i s  bound cannot be im proved, fo r  i f  E 

i s  an e q u i la t e r a l  t r ia n g le  th en  i t s  spann ing c i r c l e  c o in c id e s  w ith  

i t s  c irc u m scr ib in g  c i r c l e  o f  ra d iu s  R = d (E )/3   ̂ c o i nCi<jen ce Qf
O

th e  spann ing and c ir c u m scr ib in g  c i r c l e s  h o ld s  fo r  a l l  a cu te  and r ig h t  

t r ia n g le s .  However fo r  o b tu se  t r ia n g l e s ,  th e  spanning and c ir c u m sc r ib ­

in g  c i r c l e s  do n ot c o in c id e .  The o b tu se  t r ia n g le  i s  an exam ple o f  a 

Case I s e t  where th e  d iam eter o f  th e  spann ing c i r c l e  i s  eq u a l to  th e  

lo n g e s t  s id e  o f  th e  t r ia n g le .

Theorem 3 . 2 . 2  and eq u a tio n  ( 3 . 2 . 1 )  g iv e

d ( »  s  R s  d ( |V 3 (3 2 2)

A lthough i t s  r e le v a n c e  i s  n ot d is c e r n ib le  a t  t h i s  t im e , we s h a l l  

now d is c u s s  a problem  known as S t e in e r ' s  problem :

L et A^, A2 , and Ag be 3 p o in t s  in  th e  p la n e . F ind  a p o in t  Q

3in  th e  p la n e  such  th a t  2  lA^-Q | s h a l l  be m in im al, where |A ^-q|

d en o tes  th e  d is ta n c e  from th e  p o in t  A  ̂ to  th e  p o in t  Q .

The s o lu t io n  o f  t h i s  problem  i s  d is c u s s e d  in  Courant and Robbins 

[ 3 ] ,  I t  i s  shown th e r e  th a t  i f  th e  t r ia n g le  formed by A^, Ag, and A^
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c o n ta in s  no v e r te x  an gle  g r e a te r  than  120 d e g r e e s , th en  Q i s  th e  

p o in t  w ith in  th e  t r ia n g le  such th a t  th e  l i n e s  A,Q , A„Q , and A_Q
1  a O

form a n g le s  o f  120 d eg rees  w ith  each  o th e r . I f  th e  t r ia n g le  formed by 

A , A_, and A co n ta in s  a v e r te x  an gle  g r e a te r  than  or eq u a l to  120J. Ct O

d e g r e e s , then  Q c o in c id e s  w ith  t h i s  v e r te x . The p o in t  Q i s  c a l l e d

th e  S te in e r  p o in t  o f  th e t r ia n g le .

An exten d ed  S te in e r  problem  i s  d is c u s s e d  in  S te in h a u s [ 2 9 ] .  L et

wA be a n o n -n e g a tiv e  w e ig h t a tta ch ed  to  A  ̂ , i  = 1 , 2 , 3  . F ind  a 
i

3
p o in t  Q in  th e  p lan e  such  th a t  Z w  |A. — Q1 s h a l l  be m inim al. One- A. X 

1=1 1

can a s s o c ia t e  w ith  t h i s  problem  th e  fo l lo w in g  s t a t i c s  problem . L et us 

"place"  t r ia n g le  A..A„A„ on a ta b le  and d r i l l  h o le s  where th e  v e r t i c e s
1  Ct O

are lo c a te d . We a tta c h  s t r in g s  to  th e  w e ig h ts  w. , w„ , and w„
1  2 3

below  th e  t a b le ,  p a ss  th e  s t r in g s  through  th e  h o le s  a t  A^, Ag, and Ag

and jo in  them in  a k not. The p o in t  a t which th e  knot comes to  r e s t  (a t

which th e  system  i s  in  e q u ilib r iu m ) i s  th e  d e s ir e d  p o in t  Q . At Q

th e  sum o f  th e  fo r c e s  eq u a ls  z e ro . T h is sum can be re p r esen te d  by a

c lo s e d  p o lygon  -  in  t h i s  ca se  a t r ia n g le  w ith  s id e s  w , w , and w
1  2 3

L et O' be th e  e x t e r io r  an g le  betw een th e  s id e s  w and w ; o'
u 2

be th e  e x t e r io r  an g le  betw een th e  s id e s  w and w ; and O' be
A2 3

th e  e x t e r io r  an g le  betw een th e  s id e s  w and w . Then th e  S te in e r
3 1

p o in t  Q i s  th e  p o in t  such th a t  = <0A^QAg » 0 !^= ^AgQAg.and ot^= A^QA  ̂ .

( I f  th e  w e ig h ts  are such th a t  one w e ig h t , say  w i s  so  g r e a t  th a t
1

th e  o th er  two are n o t a b le  to  w ith sta n d  i t s  p u l l , th en  th e  knot w i l l  be
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caught by th e  h o le  a t  and Q = .)

Our concern  w i l l  be a problem  w h ich , in  p a r t ,  co u ld  be co n s id e red

a r e v e r s e  o f  th e  ex ten d ed  problem  above. Only th e ca se  where A , , A„,
1  &

and Ag form an acu te  t r ia n g le  w i l l  u lt im a te ly  be o f  in t e r e s t  to  u s ,  

so  we s h a l l  r e s t r i c t  our c o n s id e r a t io n  to  th e q u e s tio n :

I f  A , A„, and A„ are th e  v e r t i c e s  o f  an acu te  t r ia n g le ,  can
1   ̂ O

we a tta c h  n o n -n e g a tiv e  w e ig h ts  w , w , and w to  th e  p o in ts  A1 ,
1  2 3

A0 , and A to  make any g iv e n  p o in t  Q in  th e  in t e r io r  o f  t r ia n g le

A,A0 A„ a " X -S te in er  p o in t;"  th a t  i s ,  to  m inim ize th e  fu n c t io n  1 & 3

2 WA K “ ( 3 . 2 . 3 )
i = l  i

f o r   ̂ a 1 ? (For \  = 1 , Q would be a S te in e r  p o in t  in  th e  sen se

o f  th e  ex ten d ed  problem  d is c u s s e d  in  S te in h a u s [ 2 9 ] . )

For X = 1 , th e  c a se  p r e v io u s ly  d e sc r ib e d  p ro v id e s  th e  s o lu t io n .

I f

O' = <) AjQAg , a i  = <>A2 QA3  , and Qfg = <0A3 QA]L ( 3 . 2 . 4 )

we draw a t r ia n g le  w ith  e x t e r io r  a n g le s  Of̂ , of^, and o?2  . The s id e s

o f  th e  t r ia n g le  w i l l  corresp on d  to  th e  d e s ir e d  w e ig h ts . S in ce  

s in  0 = s in (n -9 )  , we have

W A W A WAAi o 3
1  2  -------- ( 3 . 2 . 5 )

s in  s in  s in  Qfg

and s in c e  Q i s  an in t e r io r  p o in t  o f  th e  t r ia n g l e ,  a l l  th e  w e ig h ts  

w i l l  be s t r i c t l y  p o s i t iv e .

We n o te  th a t  th e  s o lu t io n ,  o f  c o u r s e , i s  n o t u n iq u e , but s in c e  a l l
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t r ia n g le s  w ith  g iv e n  a n g le s  are s im i la r ,  a l l  s e t s  o f  s o lu t io n s  w i l l  be 

p r o p o r t io n a l.

For X >  1 , we w i l l  tr a n sp o se  our problem  in t o  one in  approxim a­

t io n  th eo r y . L et E be a compact s e t  in  th e  com plex p la n e  and l e t  |i

be a p o s i t iv e  measure on (j . We denote th e  i d e n t i t y  fu n c t io n  by I ( z )  

and ask,  "What i s  th e  b e s t  approxim ation  in  p-norm , p >  1 to  I ( z )  

on E from th e  su bspace c o n s i s t in g  o f  th e  co n sta n t fu n c tio n s? "  T hus,

we are asked t o  f in d  some co n sta n t Q such  th a t

J | l ( z )  -  x |P d|x S J | i ( z )  -  Q|P dp, ( 3 . 2 . 6 )

fo r  a l l  c o n s ta n ts  X .

Now, i f  we ch oose E to  be th e  f i n i t e  s e t  o f  p o in ts  {a ,A0 ,Ao }
1  a O

and ch oose th e  m easure to  a s s ig n  th e  w e ig h ts  w a t  A. , i  = 1 , 2 , 3A. 1
1

th en  we se e  th a t  s e t t i n g  p = X , th e  r ig h t  hand s id e  o f  ( 3 . 2 . 6 )  i s  

id e n t i c a l  to  th e  fu n c t io n  ( 3 . 2 . 3 )  under c o n s id e r a t io n  in  th e  r e v e r se  

X -S te in er  problem .

D e f in i t io n  3 . 2 . 3

C 0  i f  z = 0    _
I f  z (: (f , we d e f in e  sgn  z =-1 and sgn z = sgn  z .

L i f  z *  0
\z  I

L ooking a t  th e  S te in e r  problem  in  term s o f  an approxim ation  p rob ­

lem en a b le s  one to  u se  th e  fo l lo w in g  theorem .

Theorem 3 . 2 . 3  1

A s u f f i c i e n c y  c o n d it io n  fo r  th e  b e s t  approxim ation  in  th e  c a se  

p > 1  i s  g iv e n  by

■̂ The c o n d it io n  s ta t e d  i s  both  n e c e s sa r y  and s u f f i c i e n t  fo r  th e  b e s t  
ap p rox im ation , but we u se  o n ly  th e  s u f f i c i e n c y .
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3 ___
E w  |A. -Q |P sgn w (A.-Q)X= 0  f o r  ev e ry  X in  (J •« •< A . X A, Xi = l  i  i

P r o o f:

3 3 ___
E w  |a  -Q |P = E w  |A -Q | p _ 1  (A -Q) sgn (A -Q). , A. i  . n A. ii= l  i  i = l  i

3 i n—1 ____
= 2 wA |Ai -Q |p ~ (Ai ~X) sgn (A^Q )

i = l  i

3_______________________ ___
+ 2  WA lAi -<51P_1 (X-Q) s in  (A±-Q) .

i = l  i

The second  term i s  ze ro  by h y p o th e s is  s in c e  sgn (A^-Q) =

sgn w (A^-Q) and X-Q € 4 . Thus 
i

3 3 -  -
E w  | a . - Q|P ^ E w ̂  IA -Q |P 1  (wP |a  -X |) where -  = 1  -  i  

i = l  Ai  1  i = l  Ai  1  Ai  1  « P

A pply ing  H o ld er ’ s in e q u a l i ty  t h i s  g iv e s
1  1

2  WA lAi ~ QlP £  (  2  WA lAi" QlP)  (  2  WA lAi - X lP)  where 
i= l  i  i = l  i  i = l  i

-  + -  = 1 . Thusp q
1  1

( L  |a . - , i- ) p s ( 1 wa u 1-x i‘> ) p
1 = 1  i  1 = 1  i

and r a i s in g  both  s id e s  to  th e  p 't h  power g iv e s  th e  d e s ir e d  r e s u l t .  

Theorem 3 .2 .4

w^ > 0  , i  = 1 ,2 ,3  may be ch osen  so  as to  s a t i s f y  th e  s u f f i c i e n c y
i

c o n d it io n  in  Theorem 3 .2 .3 .
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P r o o f; S in ce  Q i s  in  t r ia n g le  A^AgAg we may w r it e  Q u s in g  i t s  

b a r y c e n tr ic  c o o r d in a te s  r e la t i v e  to  th e  p o in t s  A ,,A „ , and A_ . Thus
1  0  J

3 3
q = £  \ .A . w ith  £  X. = l  and s in c e  Q i s  in  th e  in t e r io r  o f

1  1  1  • - i 1i = l  i= l
3

AA A0 A„ , X. >  0 , i  = 1 ,2 ,3 .  Hence £  X .(A .-Q ) = 0  and a ls o  x  ̂ u l  - i  i
1 = 1

3____ _____
2  X. (A. -Q) = 0 . S e t  

. , 1 1  
1 = 1

WA = XJ Ai  " Q|2_P fo r  1  = 1 ’2 ’3 * ( 3 .2 .7 )
i

Then
3 3 3

0 = 2  X (A -Q) = £  w U  - q | P _ 2  (A -Q) = 2 W |a -Q |P 1  sgn  (A -Q)
, tm X «X  ̂ ii  , 1 1  ̂ A • X X
1 = 1  1 = 1  1  1 = 1  1

Hence
3

2 w |a  -Q |P - 1  s g n ^ - Q )  X = 0 fo r  a l l  X € d .
i = l  i

Thus we have found a s e t  o f  p o s i t iv e  w e ig h ts  g iv e n  by ( 3 .2 .7 )  th a t  

m inim ize th e  fu n c t io n  ( 3 . 2 .3 ) .

We now have th e  m achinery to  prove th e  main theorem  o f  t h i s  s e c t io n .

To s im p li f y  th e  n o ta t io n  we w i l l  d e s ig n a te  p o in t s  in  R2  by u s in g  

com plex numbers. T hus, i f  P and Q are p o in ts  in  R2  , we s h a l l  

w r ite  Ip-Q I fo r  th e  d is ta n c e  betw een P and Q .

Theorem 3 .2 .5

L et E be any compact s e t  in  R2  . L et CL, d e s ig n a te  th e  span-A

n-inp c i r c l e  o f  E . We s h a l l  d en ote  th e  c e n te r  o f  C by 0 /  and i t s£i

ra d iu s  by R . Then (E) = R fo r  ^  1 ,

P ro o f: L et E be a Case I s e t .  Then E fl C 3  {PjP*} where Ip-P* | = 2R
.............  iJj
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/  /and th e  p o in t  0  i s  th e  m id -p o in t o f  segm ent PP

L et z^ = 0 *  fo r  i  = 1 , 2 , ,  . . , n . Then

1  1

(E) £  max ( i  2  |z - z  = [ i  (n) |p - o ' |^ l  = R .
n z€e i = l  1  '  Ln J

Now l e t  z , i  = 1 , 2 , . . .  ,n  be a r b itr a r y  p o in t s  o f  Rs . For

 ̂ s  1 , M inkow ski's in e q u a l i ty  g iv e s

1 1 - ' I
nT |p - p ' |  = (  2  |p - z± + Z i - P ' l^ )  ^ (  2  (  Ip - z± | + |z  - p ' | ) X)  

i = l  i= l

1  1
' n t,\ X / n w X

s K i  + ( . s , |v p , 0  •
1 = 1  1 = 1

1  1 1  1X i  X
Hence e i t h e r   ̂ 2  i p— s - g n ^ l p - P 7 ! or ^ 2  (p ^ -z ^ l^  ^ v r n ^ lp - P 7 !

i = l  i = l

*
Thus i f  z^ , i  = l , 2 , . . . , n  i s  a s e t  o f  Chebyshev p o in t s  o f  ord er n

fo r  E ,

r (X )(E) = max ( i  X |z - z ? |^ )  s= max ( i-  2  | z - z * | ^
zCEE i = l  1  J z € f p , p ' r n i = l  1  '

s  (  \  i  n ^ lp - p ' l )  = %(2R) = R .

n I  XHence (E) = R fo r  ev ery  n and ^(E) = R .

Now l e t  E be a Case I I  s e t .  Then E fl Ĉ , {a ^ A ^ A ^ }  where

A A.,A0 A_ i s  a cu te . Again p la c in g  z .  = 0 / f o r  i  = l , 2 , . . . , n  g iv e s
1  a O 1

Tn ^  ^  ^ R ’ 0ur e x c u r s io n  in t o  th e  S te in e r  problem  h e lp s  u s  to
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e s t a b l i s h  th e  r e v e r s e  in e q u a l i ty .

Suppose z , i = l , 2 , . . . , n  i s  a s e t  o f  Chebyshev p o in t s  o f  

order n fo r  E . Then

1
I

i 1 T I * I X%1 > i 1 V I * I XN1T (E) = maxi— z -  z .  ^ max I— 2  z  -  z .  J
11 Cr.'n n 1 /  c f « A « l ' n -n 1 /zQE 1 = 1  z t iA 1 ,A2 ,A3 J 1 = 1

1
X

( 3 .2 .8 )

The maximum o f  a s e t  o f  numbers i s  g r e a te r  than  o r  eq u a l t o  any 

average fu n c t io n  o f  them by ( 2 . 1 .3 ) .  We s h a l l  u se  a w e ig h ted  X-th  

power average as in  D e f in i t io n  2 .1 .5 .  Thus

1
J.

( i  S Iz - z * | X)  *
z€ {A l ,A2 ,A3 } W  i = l  1  '

max

1
7.

]  + wa [ ( s . i:J v z^ 1) ]  + ”a [ ( ;  , E lA3-z t |X)  J 1 1=1 2 i = l  3 i= l

WA + WA + WA 1 2 3

R earranging term s, th e  r ig h t  hand s id e  o f  ( 3 .2 .9 )  becomes

( 3 .2 .9 )

j =i  j  j =i  j

* i A
• * 1  . 2 wa . Iaj - z » I

J=1 J

WA + WA + WA1 2 3

1
J

( 3 .2 .1 0 )

S in ce  A A^A^A  ̂ i s  a c u te , th e  p o in t  0  i s  p ro p er ly  co n ta in ed
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w ith in  th e  t r ia n g le  and i t s  b a r y c e n tr ic  c o o r d in a te s  X are s t r i c t l y  

g r e a te r  than zero  fo r  j  = 1 ,2 ,3 .  Our w e ig h ted  average i s  chosen  

w ith  w e ig h ts  w , j  = 1 ,2 ,3  such th a t  th e  p o in t  O* i s  th en .
3

" X -S te in er  p o in t" , I  2  1 , in  accordance w ith  ( 3 .2 .7 )  w ith  Q = 0*  . 

Thus (3 .2 .1 0 )  i s  g r e a te r  than  or eq u al t o

—

i  2  W 1 n . , A . 
J=1 J

A .- o '  + — 2 w |a  .- o '  + . 
j  « J=i  Aj 1 j

1• + “  n . V a . K i ' 0 ' ^
j =i  j

3
E w.

. , A . 
J=1 J

1
X

i
n

3 , 
n 2  w |a .-O 7 | 

j = l  J 3
-  (n) n

TR 2  w,
. , A . 

J= 1  J
3 3
E w>

. , A . 
J=1 J

2  w.
• i A -J=1 J

Hence (E) = R fo r  ev ery  n and X ^ ^ (E ) = R fo r  a l l  Case I In

s e t s  E in  R2  . Thus th e  r e s u l t  i s  e s t a b l i s h e d  fo r  a l l  compact s e t s  

E in  R3  .

We n o te  th a t  th e  procedure d e s c r ib in g  how to  ch oose w e ig h ts  so  as

to  fo r c e  any p a r t ic u la r  p o in t  Q to  be th e  " X -s te in e r  p o in t"  can be

exten d ed  to  th e  c a se  where A, , A „ , . . . ,A  are th e  v e r t i c e s  o f  a c lo s e d
1 ’ 2 ’ ’ n

convex n-gon  and Q i s  some i n t e r io r  p o in t  o f  th e  n -gon . However, 

such a convex body i s  a compact s e t  and Theorem 3 .2 .5  a lrea d y  g iv e s  us 

th e  in fo rm a tio n  we want reg a rd in g  i t s  Chebyshev c o n s ta n t .
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Theorem 3 . 2 . 6

For X >  1  , th e  Chebyshev p o in t s  o f  ord er n fo r  E are unique

and are z*  = 0 /  fo r  i  = 1 , 2 , . . . ,n .

P ro o f: We n o te  from Theorem 3 .2 .5  th a t  th e  s e t  z*  = 0 1 f o r  i  = l , 2 , . . . , n
----------------------  1  7 7 7

i s  a s e t  o f  Chebyshev p o in ts  o f  ord er n fo r  E . The approxim ation

problem , b e in g  a problem  in  a f i n i t e  d im en sion a l sp ace w ith  p-norm ,

p = X >  1  adm its a unique s o lu t io n .  Thus th ere  e x i s t  w e ig h ts  w ,
A 1

3 3 ,
w , wA , such th a t  2 w, | a . - x |  > E w„ I a . - c /  fo r  X 4= 0* .

2  3 j = l  Aj J j = l  V  J
Hence fo r  a r b itr a r y  z  , i  = l , 2 , . . . , n  z #= Q/ fo r  ev ery  i  , we have

1
X

[  i  2  |z - z .  \ X"j ^ max [ i s  | z - z .  | X1

L n —  1  J  z€{A l f A2 l A3 3L n i = l  1  J

1
X

max
z €e ^ u i = l

( i  ,2 lV zi |X)+ ",A ( ;  ,s K - zi l X) + V  ( ?  Ia3-zi |X)
i =1 2 i = l  3 i= l

3
E vi 

. , A .
J=1 J

1
X

i  S w |a . - z + i  S w |a . - zn A . 1 j  1 '  n A . J 2 
J=1 3 J=1 J

+ . . . + i  2  w | a . - z  I' 
11 3=1 j  J n

S w.
. . A.  

J=1 J

i  2  w | A. - 0 / | ^ + i  S w  |a . -0 / | ^ + . . .  + i  2  w |a  . -0*
n 3= l A3 J ' n 3= l A3 J n 3= l A3 J

Ew  
3=1 Aj ( 3 . 2 .1 1 )

= R .

H|̂ 
rH hi
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For X = 1 , th e  b e s t  approxim ation  problem  does n o t n e c e s s a r i ly  

y i e l d  a unique s o lu t io n ,  so  we must exam ine th a t  c a se  s e p a r a te ly .

Theorem 3 . 2 . 7

For X = 1 , th e  Chebyshev p o in ts  o f  order n fo r  E are unique

i f  |e n cE | * 3  .

P ro o f: We n o te  f i r s t  th a t  th e  c o n d it io n  i s  s a t i s f i e d  fo r  a l l  Case I I

s e t s  s in c e  E fl C„ 3  {a, ,Ao iA„} where A A,A_A_ i s  a cu te . I t  i s  E 1 2 ' 3 1 2  3

a ls o  s a t i s f i e d  fo r  th o se  Case I s e t s  such th a t  E fl C„ ^  {a ..,A 0 ,A„}

where A A A,A„ i s  a r ig h t  a n g le .
1  «J

For th e ca se  X = l  , we found w e ig h ts  m in im izin g  ( 3 .2 .3 )  u s in g  

a g eo m etr ic  argument. One co u ld  a ls o  s o lv e  t h i s  problem  u s in g  a s u f ­

f i c i e n c y  c o n d it io n  fo r  b e s t  approxim ation  in  th e  p = 1 c a s e . The

3 3
s u f f i c i e n c y  c o n d it io n  fo r  E w  Ia - q | ^ E w  Ia^ X  | i s

3 ___
2  w X sgn(A . -  Q) = 0

. i  A . 1
1=1 1

(3 .2 .1 2 )

fo r  a l l  X and i t  i s  proved  a lon g  th e  l i n e s  o f  Theorem 3 .2 .3 .

S in ce

3
|a ± — Q| = 2  wA (A± -  X) sgn  (A± -  Q) (3 .2 .1 3 )

i = l  i

we must have

3 ___
2 a rg [(A . -  X) sgn(A  -  Q)] = 0  ( 3 .2 .1 4 )

i = l  1
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Now
3 _ 3 ___ 3
2  WA (Ai" X) s e n (Ai -<i) ̂ 1 2  WA (A..-X) sgn(A i -Q ) |^  2  wA lA^X | .

i = l  i  i= l  i  i= l  i

The l a s t  in e q u a l i ty  on th e  r ig h t  i s  s t r i c t  u n le s s  e i t h e r  1) A^-X = 0

fo r  a l l  i  or  2) a r g f ^ - X )  sgn(A i ~Q)] i s  th e  same fo r  a l l  i  .

P o s s i b i l i t y  1) can n ever happen s in c e  t h i s  would im ply th a t
A

A = (A ,A ,A ) i s  th e  same v e c to r  as X = (X,X,X) which cannot b e ,

s in c e  th e  A ^'s are d i s t i n c t  p o in t s .  In  view  o f  ( 3 .2 .1 4 )  p o s s i b i l i t y  

2) s t a t e s  th a t  arg [ (A ^X ) sgn(A^-Q) ] = 0 fo r  a l l  i  . Thus,

argCÂ  ̂ -  X) + arg sgn (A -  Q) = 0 or

argCÂ  ̂ -  X) -  arg(A i  -  0) = 0 . H ence, arg(A i  -  X) = arg(A i  -  Q) .

Thus th er e  e x i s t s  |i + 0 such th a t  (A^ -  X) = [A(A  ̂ -  Q) . S u b s t i tu t ­

in g  in  (3 .2 .1 3 )  we have 2  w. |a . -  q | = 2  w p>(A. -  Q) sgn(A . -  Q), . A . 1 A, 1 1
1 = 1  i  i

or  2  w |a . -  q | = M> 2  w |a . -  Q.1 . Hence |i = 1 and A. -  Q =A . i  .. A . 1 l
1 = 1  l  1 = 1  l

A -  X or X = Q . U sing  th e  f a c t  th a t  c /  i s  in  th e  convex h u l l  o f

Aa A„A we can a tta c h  w e ig h ts  w , w , and w to  A ,A „, and A
x  ̂ o 2  3  ^

such  th a t

3 3
2  w |a . -  x |  >  2  w U . - o ' I  . ( 3 .2 .1 5 )

. . A. i  . , A. ii = l  l  i= l  i

( I f  A A A_A i s  a r ig h t  t r ia n g le  we a tta c h  th e  w e ig h t z e r o  t o  th e  

v e r te x  o f  th e  r ig h t  a n g le .)  I f  one r e p e a ts  th e  p ro o f o f  Theorem ( 3 .2 .6 )
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w ith  X = 1 c o n d it io n  (3 .2 .1 5 )  shows th a t  th e  in e q u a l i ty  in  l i n e

(3 .2 .1 1 )  rem ains s t r i c t .  Thus th e  Chebyshev p o in ts  o f  ord er n fo r

th o se  s e t s  d e sc r ib e d  in  th e  h y p o th e s is  are = 0 7 fo r  i  = l , 2 , . . . , n

and t h i s  s e t  i s  un ique.

We now tu rn  our a t t e n t io n  to  th e  ca se  where | E fl C | = 2  .E

Thus E n C =  { p ,p '3  .E

D e f in i t io n  3 . 2 . 4

L et 6  be th e  s e t  o f  e l l i p s e s  w ith  major a x is  PP7 . L et Mg € g,

be th e  e l l i p s e  o f  l a r g e s t  e c c e n t r ic i t y  which e n c lo s e s  E . We s h a l l

c a l l  Mg th e  spann ing e l l i p s e  o f  E .

I f  we d en ote  th e  e c c e n t r ic i t y  o f  Mg by e f we n o te  th a t  i f

|e D C | = 2 , th en  e >  o . For th o se  s e t s  o f  Case I such  th a t  E

|e D Cg | s  3 we have e = 0 and Mg = Cg .

Theorem 3 . 2 . 8

For X = l  , th e  Chebyshev p o in t s  o f  o rd er  n , n >  1 fo r  E are

not unique i f  |e fl C | = 2 .
ill

P r o o f: L et Mg be th e  spanning e l l i p s e  o f  E w ith  e c c e n t r ic i t y  e . 

L et F and F /  be th e  f o c i  o f  Mg . The le n g th  o f  th e  segm ents 0 7F

and c / f 7 i s  c = Re . i f  n i s  even  we l e t

0 7 + d i  = 1 , 2 , . . . , ^

1  0 7 -  d i  = | + 1 , . . . , n-
(3 .2 .1 6 )

where th e  p o in t  0 7 + d i s  a t r a n s la t io n  o f  th e  p o in t  0 7 a lon g  

th e  m ajor a x is  PP7 . Then
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1— maxn c_max 2  |z  -  z .  
z€e i= l  1

1— max
n z €e

[  |  |z  -  (o'+d) | + |  |z  -  (0/_d) |] .

Now th e e l l i p s e  w ith  f o c i  a t 0*+d and C^-d fo r  d ^ c has

e c c e n t r ic i t y  sm a lle r  than o r  a t m ost eq u a l ( in  th e  ca se  d = c  ) to  

th e  e c c e n t r ic i t y  o f  M . Thus i f  d <  c , th en  fo r  ev ery  z in  E

Thus th e  s e t  ( 3 .2 .1 6 )  fo r  any d ^ c  = Re i s  a s e t  o f  Chebyshev p o in ts  

o f  even  ord er n fo r  E .

One can show th a t  th e  s e t

fo r  any d ^ c = R ®  i s  a s e t  o f  Chebyshev p o in t s  o f  odd o rd er  n fo r  

E.

In  th e  c a se  where th e  Chebyshev p o in t s  o f  ord er n fo r  E are 

u n iq u e , th e  Chebyshev fu n c t io n  o f  o rd er  n fo r  E i s  a ls o  u niq ue.

I t  i s

, /z T P ,P  we have

|z  -  ( 0 / +d) j + |z -  (0 /_ d) | <  2R and 

|p -  (o '+ d ) | + |p -  ( o / -d) | = 2 R .

I f  d = c th en  fo r  ev ery  z in  E we have

|z  -  ( 0 / +c) | + |z  -  ( 0 / -c )  | ^ 2R w ith  e q u a l i t y  fo r  z = P ,P /  .

H ence, max

i

O7 + d fo r

\ 0  -  d
V

1

C( ^  (z ;E ) = n^ |z  -  0  n
/ ( 3 .2 .1 8 )
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S in ce  (E) = n^Rn
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*c a )  ! Iz - o/ ! £ r5 - D e (3.2.19)
n

where D_ i s  th e  spanning d is k  o f  E , i . e . ,  th e  spann ing c i r c l e  and
i2i 1 - "■ ■ 1

i t s  in t e r io r .

=£ x : {z | |z  -  o ' |  = r }  = CE (3.2.20)cn

I f  E i s  a s e t  such  th a t  Chebyshev p o in ts  o f  even  ord er n are  

n o t unique th en

C ^ z j E )  = §  ( | z  -  (o'+d) | + |z  -  (o'-d) |) (3.2.21)n A

where d ^ c . Hence

=£ : {z | |z -  (o'+d) | + |z -  (o'-d) | ^ 2r}  ( 3 . 2 . 22)
c 1, 'n

and

i  : { z |  lz -  ( 0 / +d) | + Iz -  ( 0 / -d ) | = 2r } ( 3 . 2 . 2 3 )

n

=£ . . i s  an e l l i p s e  and i t s  in t e r io r  w ith  f o c i  a t  (0 / +d) and
CC 'n

( 0 / -d ) and major a x is  o f  le n g th  2R . i t  c o in c id e s  w ith  D fo rE

d = 0 and w ith  th e  e l l i p s e  and i t s  in t e r io r  fo r  d = c  . In  a l l
A

c a s e s  th e  s e t  =£ i s  i t s  boundary.

^n
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I f  E i s  a s e t  such  th a t  Chebyshev p o in ts  o f  odd ord er n are 

n o t u n iq u e , th en

C*1J (z;E) =  ^  ( iz -Co'+d) | + | z - ( 0 / -d) | )  + | z ~ o ' |

( 3 .2 .2 4 )

where d ^ c . Hence

=£ ( 1  { z lH l l d z -C o '+ d )  + |z - ( o ' - d )  |) + | z - o ' |  ^ nR} (3 .2 .2 5 )  
0 n

and

^ ( l ) : ( !z -<0/+d> I + Iz-(o'-d) |) + I z -o ' l  = nR} (3 .2 .2 6 )
0 n

 ̂ i s  a s u p e r s e t  o f  th e  e l l i p s e  w ith  f o c i  0 / +d and 0 / -d

n

and major a x is  o f  le n g th  2R , and i t s  in t e r io r .

Theorem 3 . 2 . 9

For any Case I s e t  E o f  d iam eter d(E) and fo r  X. s  1 ,

XA> (E) = ^  .

For any Case I I  s e t  E o f  d iam eter d(E) and fo r  ^  1 ,

<«|>. S X< \ E) a  tKE^/3

P ro o f: S ta tem en ts fo l lo w  d i r e c t l y  from Theorem 3 . 2 . 2  and Theorem 3 . 2 . 5 ,

The problem  o f  c a lc u la t in g  th e  t r a n s f i n i t e  d iam eter  o f  a compact s e t

in  R2  f o r   ̂ ^ 1 i s  more d i f f i c u l t .  S in ce  E c  D , th e  monotony

p ro p erty  o f  th e  t r a n s f i n i t e  d iam eter g iv e s  6  ̂  ̂ (E) ^ 6 ^  (D ) . From
E
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th e  ap pend ix , th e  r e s u l t s  o f  P o ly a  and S zego  fu r n is h  u s w ith  th e  v a lu e s  

o f  6 ^  (D_) . Theorem 3 . 2 . 5  p r o v id e s  us w ith  a low er bound fo r£j

6 ^  (E) . Thus we have

1

r  <; 6 (X)e  ^  ^ • 1  *  — 2  R fo r  1 ^  X £  2  ( 3 .2 .2 7 )

r ( i  + x)1

i _ i
R ^ (E) s  (2 ^ ) R fo r  X £ 2 (3 .2 .2 8 )

Theorem 3 .2 .1 0

L et E be a Case I s e t .  Then 6 ^  (E) = (̂ 2 X  ̂ R fo r  X ^ 2 .

P ro o f: S in ce  E i s  a Case I s e t ,  E fl C ^  { p ,P 7} where |p —P ̂  | = 2R .' 1 £

k k /L et k be even  and p la c e  p o in t s  a t P and p o in t s  a t  P . Then

6 < ^ (E ) *
( 2 X 2 )  I / | x

1
■X

—. 9R 1
,k , lp p  1

- w

= An

> * ) .

1
T

fo r  X > 0  and as k *+ 00 we have

6(?^ ( e )  s ( 2  _X )  R . ( 3 .2 .2 9 )

l 4 s
S in ce  ( 3 .2 .2 8 )  g iv e s  us th e  r e v e r s e  in e q u a l i ty  we have 6 ^  (E) = ^2 ^

fo r  X £ 2  . In  view  o f  ( 3 .2 .1 )  we may a ls o  w r it e  t h i s  as

IR

5<X> _ d(E)(E) =
1

„X
( 3 . 2 .3 0 )
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fo r  any Case I s e t  E o f  d iam eter  d(E) , fo r  X ^ 2 .

Theorem 3 .2 .1 1

L et E be a Case I s e t .  Then
l

1

( 2  >  6 ^ ( e )  ^ rq+X) R

P ro o f: The r ig h t  hand s id e  fo l lo w s  from  (3 .2 .2 7 )  and th e  l e f t  hand

s id e  from ( 3 .2 .2 9 ) .

Theorem 3 . 2 . 1 2

L et E be a Case I s e t  in  R2  . Then

1) For X > 1  6 (?k)(E) > X ( X ) (E) .

2) For X = 1  (e )  S: (E) w ith  e q u a l i t y  i f  and o n ly  i f  E

i s  "one d im en sio n a l,"  i . e . ,  E c o n ta in s  no p o in ts  o th er  th an  th o se  on 

segm ent PP* .

P ro o f:

1) From ( 3 .2 .2 9 )  we have 6 ^  (E) ^ ( 2 R f o r  X £  l  . Thus

f o r  X >  1  (E) > R = X^> (E) .

2) The " if"  p a r t  co rresp o n d s t o  Theorem 3 . 1 . 6 .  We s h a l l  show 

th a t  i f  E c o n ta in s  any p o in t  n o t ly in g  on th e  segm ent PP* th en  

6 ( 1 ) (E) >  X( 1 ) (E) .

Suppose Q € E , QP = QP* and Q i s  n o t on segm ent PP* . Thus 

Q l i e s  on th e  p erp en d ic u la r  b is e c t o r  o f  PP* but n o t on th e  segm ent

i t s e l f .  L et PQ = A . We know PP* = 2R .

Now i f  we p la c e  k p o in t s  on P , k on P* , and m on Q where
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2k + m = n , we have

dl 1> <E> *  / £ \  [2km(PQ) + k2 (PP7) ]

( 3 .2 .3 1 )

(!)
= i  [2 k (n -2 k )A  + 2k2 R] .

C2)
L et f ( k )  = 2k(n -2k)A  + 2k2R . We n o te  f 7 (k) = (2nA -  8 kA + 4kR) 

and f /7 (k) = - 8 A + 4R <  0 . (We are t r e a t in g  k h ere as a r e a l  v a r i ­

a b le ,  and n o t r e s t r i c t i n g  i t  to  o n ly  in t e g r a l  v a lu e s .)  Hence 

nAk = . : ■ or> ■ g iv e s  f ( k )  i t s  maximum v a lu e . S u b s t i tu t in g  in  (3 .2 .3 1 )  4A-2R

and l e t t i n g  n 00 g iv e s  

6 ( 1 ) (E) ^ — —2A-R

Now A = R s e c  a  where o; i s  th e  an g le  betw een PP7 and PQ . S in ce  

Q does not l i e  on PP7 , Qf >  0 . Hence s e c  Qf > l  . Thus

2   ̂ - 2 —  - > 2 (A )
_2 \R /
A2( s e c  o; -  l )  > o  or s e c  a  > 2 s e c  a  -  1  or —  > 2 ( —) -  1  or
R2  XR/

2

>  R . Thus 6 (1) (E) >  R .

Now suppose th e r e  e x i s t s  no such p o in t  Q . L et Q7 be any o th e r
/  /  /  /

p o in t  o f  E w hich  does n o t l i e  on segm ent PP . E ith e r  PQ or P Q

in t e r s e c t s  th e  p erp en d ic u la r  b is e c t o r  o f  PP7 . Suppose PQ7 i n t e r ­

s e c t s  i t .  L et Q be th e  p o in t  o f  in t e r s e c t io n .  Then PQ7 = PQ + QQ7 .

Suppose we p la c e  k p o in t s  a t P , k p o in t s  a t p 7 and m p o in ts

a t Q7 where 2k + m = n . Then
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dn1 )(E )  ̂ ('^ \tkm(pQ/ + pV >  + k2pp/l 
\ 2 /

= A [k m (P Q  + QQ7 + p 'q ' )  + k 2 p p ']

\ 2  )

> ^ [km(PQ + p/<3) + k2pp/]

= 0 [ 2 km(PQ) + k2 p p 7]

The l a s t  e x p r e s s io n  i s  th e  same as ( 3 . 2 . 3 1 ) .  But we have shown

fo r  an e x p r e s s io n  o f  t h i s  form 6 ^  (E) >  R = X ^  (E) .

L et & be th e  c l a s s  o f  a l l  a cu te  t r ia n g le s  A^AgAg such  th a t

9  r-ts in  a  + s in  a + s in  a > — . L et -J be th e  c la s s  o f  a l l  acu te
1 M «5

i s o s c e l e s  t r ia n g le s .

Theorem 3 . 2 . 1 3

L et E be a Case I I  s e t .  I f  E fl C ^  [A ^ A gjA g] where AA^AgAg € J ” or

A A.AqA„€ S ' '  , th en  6 ( ^ ( e )  >  X(?L)(E) fo r  X  ^  1 .
1 ^ 0

P ro o f: Suppose E fl C 3  {a  A A } and A A A„A_ £ J  . L et n = 3k .———  £ 1 ^ 0

P la c e  k p o in t s  a t  A  ̂ , k a t  Ag , and k a t Ag . Then fo r  X = 1 

we have

d( 1 ) (E) = max n /TT\ 2  lXi - x J  ^ r \  H2 [A,A„ + A A + A A j 
©  l^ i< j* n  ©  T  L 1  2  2  3  3  l J

■ jj^A g + AgAg + AgAj^J and as n -> 00 , we have

6 ^  (E) s  ^  Î Â Ag + AgAg + AgA^J . One can show th a t  i f  R i s  th e  

r a d iu s  o f  th e  c irc u m scr ib ed  c i r c l e  o f  a cu te  t r ia n g le  A^AgAg , th en
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A 1  A2 + A2 A3 + A3 A’
s in  o?3  + s in  Qf̂  + s in  Qf̂

where Qf i s  th e  a n g le  a t th e

v e r te x  fo r  i  = 1 , 2 , 3 .  Thus 6 ^  (E) s  R ( s in  Qf̂  + s in  o;2  + s in  Qfg)

> R = X ^ ( E )  . For X > l  , (E) ^ 6 (1 ) (E) >  R = X ^^ (E) .

Suppose E flCj, 3  {A AgAg} and A A^AgAg 6  f  ; L et A ^ g  = AgAg

and p la c e  k p o in ts  a t  Â  , k at Ag , and m at Ag where

2k + m = n . F o llo w in g  th e  same argument as in  th e  p roof o f  Theorem 

3 . 2 . 1 2  g iv e s  us a fu n c t io n

”1><E) *  i b  l-2k(°"2k,AiA3 + k2 V 2 -i
(3 .2 .3 2 )

As a con tin u o u s fu n c t io n  o f  k , d ^  (E) rea ch es  a maximum at’ n

nA A
k =  2"a"a— a" a'  • S u b s t i tu t in g  t h i s  in  ( 3 . 2 . 3 2 )  and l e t t i n g  n *> 00 

1 3  1 2
2(A A ) A Ag A1 A2

. Now 2R = —----—  = — —  . T h is g iv e sg iv e s  6 ^ ^  (E) s
4A1A3 _A1A2 s in  Qf s in  Qf

1  O

I  S in  but s in c e  A A,A0 A„ i s  a c u te , <*i > ?_ 2 -c o s  <*! 1 2  3 4

. / 2  ... „  4 2.y 2  ^ 2
Hence 0 <  co s Qfj <  —  . Thus co s  Qfi <  — o r  5cos o'! <  4cos Qfi .£ o

2  2  2  2  Now 4cos <  4 co s  -  co s  Q̂  o r  4 -  4cos Qf]_ >  co s  Qi -  4cosQ?i + 4 .

l  o 2 2
Hence ( V l - c o s  c^) >  (2 -c o s  a^) or  2 s in  Qfj >  2 -c o s  Qi . T h erefo re

(E) >  R = X( 1 ) (E) and 6 (/V)(e )  ^ 6 (1) (E) >  R = X(A )(E) .,0*) (1)

3 .3  n -d im en sio n a l R eal E u c lid ea n  Space

Our aim in  t h i s  s e c t io n  w i l l  be to  e s t a b l i s h  th e  r e s u l t  

X ^ ( E )  = R fo r  \  s  1 where E i s  any compact s e t  in  Rn and R
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i s  th e  r a d iu s  o f  i t s  spanning sp h ere . We s h a l l  fo l lo w  a lo n g  th e  l i n e s

d ev elo p ed  in  S e c t io n  3 . 2 .

D e f in i t io n  3 . 3 . 1

L et E be a compact s e t  in  R . We s h a l l  d en ote  by S th en Jci

** 2 2 sphere o f  l a r g e s t  d im ension   ̂ : 2  (x^ -  h^) = R o f  s m a lle s t
i= l

r a d iu s  R which e n c lo s e s  th e s e t  E . Ŝ , s h a l l  be c a l l e d  th e  span­

ning sphere o f  E .

The p ro o f o f  Theorem 3 , 2 . 1  p r in te d  in  Yaglom [ 3 3 ]  i s  p u r e ly  g e o ­

m e tr ic ,  g r e a t ly  r e ly in g  on o n e 's  2 -d im en sio n a l v i s u a l i z a t io n .  Thus we 

must d ev elo p  a n a ly t ic  methods to  ex ten d  i t s  r e s u l t  to  n d im en sio n s. 

T h is  i s  done in  th e  s e r i e s  o f  lemmas below .

Lemma 3 . 3 . 1

The spanning sp here o f  E i s  u n iq ue.

/  I n 2 2 \P ro o f: Suppose n o t . L et S : l ( x  ,x  , . . . , x  ) € r | 2 (x .  -  h . )  = R fE  ̂ x ^ n n . _ x x j
1 = 1

and s '  : { ( x . , x  , . . . , x  ) €  R | 2  ( x . -  g ) 2  = R2 r b oth  be spanningE i i  z ii n. . - i  x j
1 = 1

sp h eres o f  E . L et B : { (x .^ ,x 2 , . . .  ,x n) £ Rq | 2  ( x  ̂ -  h ± ) 2  ^ R2}"
i = l

f n  2 2 \
and , x 2 , . . .  ,x n) € Rn | 2  -  g ±) ^ R j  . Then s in c e

i = l

E c  B_ and E c  B* , we have E C B D B* = F £  0  . Hence
E E E E

n 2 2
2 (h . -  g . )  <  4R. , l  l  i= l

Now a h y p erp lan e through  th e  in t e r s e c t io n  o f  S and s '  ta k e s
E E

th e  form:
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TT : { f X l , x 2 , . .  . ,x n) 6  Rn |(H -  G,X) = b } ( 3 . 3 . 1 )

where H = , h2>. . .  ,hn) , G = ^  ,g 2> . . . ,g n> and b = (H,H) ~ Ĝ->-G)- .

We n o te  th a t  th e  l i n e  t  through H and G i s  p erp en d ic u la r  to  th e

h y p e r p la n e .'  L et fl TT = m = (m ,m0 , . . . , m  ) . L et th e  p o s i t i v e  d ir e c -\  £ n

t io n  o f  l i n e  i, be th e  d ir e c t io n  from H to  G .

Now tt i s  a s e p a r a t in g  h yp erp lan e betw een H and G . For i f

(H-G,H) >  b and (H-G,G) >  b ( 3 . 3 . 2 )

th en  we c o u ld  w r ite

H = t G  + (1 -  t  )M fo r  0 <  t  <  1 . ( 3 . 3 . 3 )

But th en  (H-G,H-M) =(H-G,H) -  (H-G,M) = (H-G,H) -  b > 0  from ( 3 . 3 . 2 )  

and (H-G,H-M) = ( ( t  -  1)G-M, ^ (G -M )) = ( t^ -1 )  (G-M,G-M) from

( 3 . 3 . 3 ) .  S in ce  0 < t  1 t h i s  im p lie s  (H-G,H-M) < 0  . C on trad iction .*

I f  we assume

(H-G,H) < b and (H-G,G) < b  ( 3 . 3 . 4 )

th en  we co u ld  w r ite

G = t  H + (1 -  t 2)M fo r  0 <  t 2  <  1 . ( 3 . 3 . 5 )

Now (H-G.G-M) = (H-G,G) -  (H-G,M) = (H-G,G) -  b < 0  from ( 3 . 3 . 4 ) .

But (H-G.G-M) + ( ( l - t 2 )H -M ,t2 (H-M)) = ( l - t 2 ) t 2 (H-M,H-M) from ( 3 . 3 . 5 ) .  

S in ce  0 <  t  <  1 we have (H-G,G-M) > 0 . C o n tra d ic t io n .’ ThusA

(H-G,X) = b i s  a s e p a r a t in g  h y p erp la n e . L et
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Fi = { ( y ^ y g , . . . ^ )  € f | ( h- g , y) >  b}

f s = { ( y ^ , . . . ^ )  6 f |h - g , y )  ^ b}

2  n 2  
L et Y = (y 1 , y 2>. . .  ,y n) € Fi . We have R = £  (y ± -  g ^  =

i= l

n 2  n 2  n 2

2  (y i  “ mi  + mi  " gi ) = 2  <yi  ~ mi 5 + 2  (mi  " g i ) +i = l  i = l  i = l

n
2  2  (y .  “ m. ) (m.  -  g . )  . Now s in c e  M l i e s  betw een H and G on  

i= l

l i n e  L th e r e  e x i s t s  a t  , 0 < t  < 1 , such th a t  M -  G = t(H-G) .

n
Thus £  (y . -  m.) (m. -  g±) = (Y-M.M-G) = (Y-M .t(H -G )) = t[(Y ,H -G )-(M ,H -G )] .

i = l

S in ce  Y € Fx , (Y,H-G) > b . Hence (Y-M,M-G) > 0 . Thus

n 2  2  2  
2  (y . -  m.) = R -  (M-G,M-G) -  2 (Y-M,M-G) < R  . Now l e t

i= l
o n 2

Y = (y 1 ,y 2 , • • • , yn) £ F2  . We have R = £ (y ± -  h±) =
i= l

n 2  n 2  n 2  n
2  ŷ i  " mi  + mi  “ hp  = 2  ŷ i  " mi^ + 2  m̂i  “ hi^ + 2  2  ( y i  " mi*  m̂i  “ h i^

i = l  i = l  i = l  i= l

S in ce  M l i e s  betw een H and G , th e r e  e x i s t s  a t  , -1  < t  <  0

such th a t  M-H = t(H-G) . Thus 

n
2  (y . -  m. ) (m.  -  h . )  = (Y-M,M-H) = (Y-M .t(H -G )) = t[(Y ,H -G ) -  (M,H-G)]  . 

i==l 1  1  1  1

S in ce  Y € F2  , (Y,H-G) ^ b . Hence (Y-M,M-H) s  0 . Thus

2  (y .  -  m. ) 2  = R2  -  (M-H,M-H) -  2(Y-M,M-H) <  R2  .
i = l  1  1

L et Rr 2  = max [R 2  -  (M-H,M-H) , R2  -  (M-G,M-G)] . C onsider

{ ( y i » y 2 >- • • >yn) ^ Rn l 2  (y ± -  m̂ 2  ^ R, 2 |  . A ll  Y 6  F b e lo n g  to
i= l

t h i s  s e t .  Hence a l l  Y € E b elo n g  to  t h i s  s e t .
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Hence £  (y  -  m.) = R i s  a spann ing sp here fo r  E .
i = l  1

But R/ <  R . C o n tra d ic tio n .’ Thus th e  spann ing sp here o f  E i s  u n iq ue. 

Lemma 3 . 3 . 2

L et E be compact in  R and l e t  S be th e  spanning sp h ere o fn e

E . Then E fl S 4= 0  .£

P ro o f: Suppose E fl S„ = 0  . L et p (E ,S„) = p, . C onsider a sp here
— —  E  £

w ith  same c e n te r  as S and w ith  r a d iu s  R -  (-L where R i s  th eE £

r a d iu s  o f  S . Then E i s  e n c lo s e d  by Sĵ  , but has sm a lle rE £ £

r a d iu s  than S . C o n tra d ictio n .' Hence E fl S + 0  .£ £

Lemma 3 . 3 . 3

L et S be a sp here which e n c lo s e s  E w ith  c e n te r  H = ( h ^ , h g , . . . ,hn) 

and r a d iu s  R . L et Q = S fl E . Suppose |q | = k . Then i f  H i s

n o t in  th e  convex h u l l  o f  Q , th e  e lem en ts  o f  Q l i e  in  an open h em is­

phere o f  S .

P r o o f : We n o te  f i r s t  th a t  k need  n o t be f i n i t e .  L et V be th e  convex  

h u l l  o f  Q . V i s  c lo s e d  s in c e  Q i s  com pact. S in ce  H £ V , th e r e  

e x i s t s  a h yperp lan e tt which s t r i c t l y  s e p a r a te s  H and V . L et

n : { ( x 1 , x 2 , . . . , x n) € R j ( P ,X )  = b} . Then

(P,H) = a > b and (P,Y ) <  b ( 3 . 3 . 6 )

fo r  a l l  Y € V and hence fo r  a l l  Y € Q .

C on sid er th e  s e t  { (x  ,x  , . . . , x  ) €  R |(X-H,X-H) = R and (P ,X ) < a} .
1  ^  U  XX

T h is  s e t  i s  an open hem isphere and we c la im  a l l  Y € Q are in  i t .

S in ce  Y € Q = E 0 S , y € s .  Hence (Y-H ,y-H ) = R2  and from ( 3 . 3 . 6 )  

(P ,Y ) < b <  a .
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Lemma 3 . 3 . 4

L et S be a sp here w hich  e n c lo s e s  E and l e t  Q = S fl E . I f

th e  e lem en ts  o f  Q l i e  in  an open hem isphere o f  S , th en  S i s  n o t

th e  spann ing sp here o f  E .

P r o o f : W ithout l o s s  o f  g e n e r a l i t y  we s h a l l  w r it e

I n 2  2
£  x . = R } . Suppose th e  e lem en ts  o f  QJL - * - - II n . , ii = l

l i e  in  some open hem isphere o f  S , say  th e  hem isphere d e s ig n a te d  by

th e  s e t  [ ( x  ,x  , . . . , x  ) € R | (X,X) = R and (P,X) >  o} .
1  £ n n

The v e c to r  P i s  p erp en d ic u la r  to  th e  h yperp lan e (P ,X ) = 0  .

Suppose we move S a d is ta n c e  v a long th e  v e c to r  P . We s h a l l

ch oose v such th a t  E i s  e n c lo s e d  by S^ and E D s ' = 0  , where

S f i s  th e  t r a n s la t e  o f  S . Then by Lemma 3 . 3 . 2 ,  S7  i s  n o t th e span­

n in g  sp here o f  E . S in ce  th e  t r a n s la t io n  i s  a r i g i d  m otion , th e  ra d iu s  

o f  S / i s  eq u a l to  th e  r a d iu s  o f  S . Hence S i s  n ot th e  spanning

sp here o f  E , and we s h a l l  be f in i s h e d .

L et b be th e  d is ta n c e  from th e  s e t  Q to  th e  hyperp lan e (P ,X ) = 0 . 

Choose any in t e g e r  m >  1 such  th a t

b > -  . ( 3 . 3 . 7 )m

We c o n s id e r  th e s e t  B in  th r e e  p a r t s .  L et

Ex = { ( x l f x 2  xn) 6  E | ( P , X) £ o }

S 2 = { < V V - 6 E | ° i < P , X >  * | }  (3 - 3 - 8 )

E3 = { < W - " - x>>> « E I<P ’X> > f }
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Let

Fi = { ( x  x . . . , x )  € R | (X,X) = R2  and (P,X) ^ o }
k 1  2  n n J ( 3 . 3 . 9 )

Fs = ............V  6  RJ < X>X> “ r 2  and 0 ^ (P,X)

L et 6 i  be th e  d is ta n c e  from Ei to  Fi and 6 3  be th e  d is ta n c e

from E2  t o  F3  . F in a l ly  we l e t

c = m i n  (  6x , 6a , )  ( 3 . 3 . 1 0 )
||p||m

We n o te  th a t  c  4= 0 s in c e  a l l  p o in t s  o f  c o n ta c t  betw een E and S 

b elo n g  to  Eg . Take a f ix e d  e f o < e <  l  and l e t  >  0 be such  

th a t  |i 2 (P ,P ) = e2 ^  . Thus th e  c e n te r  o f  our t r a n s la t e d  sp here S / 

i s  (|-ip ,|J,p , . .  . ,M-p ) and our t r a n s la t e d  d is ta n c e  i s  v = ec . The
1  a  IX

square o f  th e  d is ta n c e  from any p o in t  X = (x  ,x  , . . . , x  ) to  th e  c e n te rX £* H

o f  S 7 i s  g iv e n  by 

n
d2  = S (x . -  M-P. ) 2  = (X,X) -  2(X(X,P) + | i 2 (P ,P ) ( 3 . 3 . 1 1 )

i = l  1  1

L et X € E . Then (X,X) ^ (R -  6X ) 2  ^ (R -  c ) 2  . From S ch w a rtz’ 

in e q u a l i ty  we have | ( X , P ) | ^  ||p|| ||x|| . Hence (X ,P) s  - ||p|| IM| .

Thus -2p,(X,P) =£ 2(jl||p ||(R -  c) = 2 e c (R -  c) . Thus

d2  ^ (R -  c ) 2  + 2 6c (R -  c) + ^ c 2  = [ (R -  c) + ec ] 2  , or d ^ R  + ( e - l ) c .

But e <  l  and c 4= 0 . Thus d < R .

L et X € E2  . Then (X,X) ^ (R -  6a ) 2  :£ (R -  c ) 2  and (P,X ) ^ 0 .

Hence d2  ^ (R -  c ) 2  + e2  c 2  <  (R -  c ) 2 + c 2  <  R2  -  c 2  + c 2  = R2  , or

d <  R .

L et X 6  Eg . Then (X,X) ^ R2  and (P,X ) >  |  . Thus

d2  <  R2  2fi — + |i2 (P ,P ) = R2  -  " ~C— + e2 c2  . But c ^ 2^ ■ . Thus
IMI» ||p||m

ec  ^ — ■SR and e2 c2  ^ — cR- <  2 e° - - . Thus d < R. . So we have
||p)|m ||p||m ||p||m
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shown th a t  E fl S 7 = 0  , and by th e  p rev io u s  remarks th e  lemma i s  

proved .

We are f i n a l l y  le d  to  th e  fo l lo w in g  analogue o f  Theorem 3 . 2 . 1 .  

Theorem 3 . 3 . 1

L et E be a compact s e t  in  R . The spann ing sp here S i sn E

unique and i t s  c e n te r  0 / l i e s  in  th e  convex h u ll  o f  Q = S fl E .E

M oreover, | q | = k s  2 .

P ro o f: From Lemma 3 . 3 . 3 ,  i f  o' does n o t l i e  in  th e  convex h u ll  o f

Q , th en  th e  e lem en ts  o f  Q l i e  in  an open hem isphere o f  S . ButE

from Lemma 3 . 3 . 3 ,  t h i s  im p lie s  S i s  not th e  spann ing sp here o f  E .E

C o n tra d ic tio n .' Thus 0 7 i s  in  th e  convex h u l l  o f  Q . We have th e

c a r d in a l i t y  o f  Q g r e a te r  than o r  eq u al to  2 s in c e  0 7 cannot be in

th e  convex h u l l  o f  l e s s  than two p o in t s .  U niqueness o f  S i s  th eE

r e s u l t  o f  Lemma 3 . 3 . 1 .

I f  th e  c a r d in a l i t y  o f  Q i s  k , and k i s  f i n i t e ,  we s h a l l  s e e  

th a t  th e  developm ent o f  th e  main theorem in  Rn p ro ceed s  much as i t

does in  Rg . However, suppose th e  c a r d in a l i t y  o f  Q i s  i n f i n i t e ?

S h a ll we be fo r c e d  to  c o n s id e r  i n f i n i t e  sums? F o r tu n a te ly , no. A 

theorem  o f  C artheodory i s  a v a i la b le .

Theorem (C artheodory)

L et Q be a su b se t  o f  Rn and 0 7 a p o in t  in  th e  convex h u l l  o f

Q . Then th e r e  e x i s t s  a su b se t  o f  Q , c o n ta in in g  a t  m ost n+1

p o in t s  such  th a t  0 7 i s  in  th e  convex h u l l  o f  .
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P r o o f; R efer  to  E g g le s to n , H . G . , C o n v ex ity .

Thus in  th e  fo l lo w in g  m a te r ia l when we w r ite  {a^,A 2 >. . . ,A^} we

s h a l l  mean th e  e lem en ts  o f  Q i f  th e  c a r d in a l i t y  o f  Q i s  f i n i t e ,

or we s h a l l  mean th e  su b se t  o f  Q o f  a t m ost n+ 1  p o in t s  w hich

c o n ta in  th e  c e n te r  o f  S in  i t s  convex h u l l ,  i f  th e  c a r d in a l i t y  o f£

Q i s  i n f i n i t e .

The r e v e r s e  X -S te in e r  problem  in  ta k es  th e  fo l lo w in g  form:

I f  A^,A2 , . . . , A  k s  2 are k p o in ts  ly in g  on a sphere Sn _ 1

in  R  ̂ such  th a t  th ey  do n ot a l l  l i e  in  an open hem isphere o f  ,

can we a t ta c h  n o n -n e g a tiv e  w e ig h ts ,  w , w , . . .  , w to  th e
A 1  2  k

p o in ts  A , , A „ , . . . ,A, so  as to  make any g iv e n  p o in t  Q in  th e  convex\  & K

h u l l  o f  {A  ̂,A2 , . . .  ,Ak} a X -S te in er  p o in t?  i . e . ,  to  m inim ize

a fu n c t io n  o f th e  form

k ,
2  wA ||A. -  Q|| ( 3 . 3 . 1 2 )

i = l  i

f o r  X ^ 1  , where ||a^ -  q|| d en o tes  th e  E u c lid ea n  d is ta n c e  from

th e  p o in t  A  ̂ to  Q ? We s h a l l  show th a t  th e  answer to  th e  q u e s t io n

i s  a f f ir m a t iv e .  Again we s h a l l  u se  approxim ation  th eo ry .

L et E be a compact s e t  in  Rr and l e t  (X be a p o s i t i v e  m easure

on R . C on sid er th e  sp ace o f  co n tin u o u s fu n c t io n s  whose domain i s  n
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E and whose range l i e s  in  some in n er  p rod uct sp ace H . T h is  sp a c e ,

w hich  we d en ote by C(E;H) can be made in t o  a normed l in e a r  sp ace  in

v a r io u s  w ays. We s h a l l  d e f in e  a norm th u s ly :  I f  f  £ C(E;H) th en  by
1

I I I  f  III > P s  1  » we s h a l l  mean  ̂ J  | | f ( x ) | |p dp^ P where | | f ( x ) | |  d e -  
P E

n o te s  th e  in n er -p ro d u c t sp ace norm o f  th e range v a lu e  f ( x )  .

I f  V i s  a f in i t e -d im e n s io n a l  subspace o f  C(E;H) we may p ose

an approxim ation  problem  by ask in g: G iven f  € C(E;H) . What i s  a

b e s t  approxim ation  Q to  f  in  p-norm o u t o f  V ? i . e . , f in d  a Q € V

such th a t  | | | f  -  x||| s  | | | f  -  Q ||jp or  e q u iv a le n t ly

J |lf  (x) -  X (x ) ||P dp S J ||f  (x) -  Q (x )||P dp, ( 3 . 3 . 1 3 )

E E

fo r  a l l  X € V .

T h is  ap proxim ation  problem  has a s o lu t io n  c h a r a c te r iz e d  by Theorem  

3 . 3 . 2 .  But f i r s t  we must ex ten d  th e  d e f in i t i o n  o f  sgn  to  v e c to r s .

D e f in i t io n  3 . 3 . 2

I f  s  € , we d e f in e  sgn  s = jpjj- fo r  s 4= 0 and sgn  s = 0

fo r  s = 0  .

Theorem 3 . 3 . 2

For p ^ 1  , i f  J  Hf (x) -  QCx) ! ! 13- 1  (x (x )  , s g n ( f  (x ) -  Q ( x ) ) )  dp = 0  

E

fo r  a l l  X £ V , th en  Q i s  a b e s t  approxim ation  t o  f  in  p-norm  

ou t o f  V .

P r o o f :

J||f (x ) -Q (x )  ||P dp = J * | | f  (X)-Q(x) I|p - 1  ( f ( x ) - Q ( x ) ,  s g n ( f  ( x ) - Q ( x ) ) )  dp
E E
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f  (x)-Q (x) ||p_1 ( f ( x ) - X ( x ) ,  sg n (f  (x )-Q (x )) )  dpi 

E

+ Jllf (x)-Q (x ) ||P-1 (x (x )-Q (x ) , sg n (f  (x ) -Q (x ) ) )  djjL 

E

The second terra on the r ig h t  i s  zero  by h y p o th es is . From the  

Schwarz in e q u a lity  we have

J* ||f  (x) -  Q (x)||P dp- ^ J Hf (x) -  Q(x)llP_1 l)f (x) -  X(x) (I dpi

E

I f  p = 1 , the in e q u a lity  (3 .3 .1 3 )  r e s u l t s .  I f  p > 1 we apply

H older’ s in e q u a lity  to  the in te g r a l on the r ig h t . Thus
1 1

J Hf (x) -  Q(x)HP dpi £ (  J Hf (x) -  Q (x)ll<P~1)q) q (  J Hf(x) -  X(x)HP dp,)P

E E E

or
1 1 

(  J  )|f ( X )  -  Q(x)l|P dpi) P ^ (  J  |)f ( X )  -  X(x) ||P dpi)P

E E

R aisin g  both s id e s  to  the p -th  power we have (3 .3 .1 3 ) .

Now we take E to  be th e  f i n i t e  s e t  o f  p o in ts  {A^jAg,. . . .A^}

and choose the measure pi to  a ss ig n  the w eights w^ at
i

Â  , i  = l , 2 , . . . , k  . L et H be k-d im ensional complex space w ith  the

inner-product d efin ed  by: I f  z = (z ^ ,z^f. . . ,z^) € h  and

k
w = (w ,w0 , . . , , w  ) € H , th en , (z,w ) = 2 z.w . L et f  be theI & K . _ 1  11=1

id e n t i ty  fu n c tio n  on E and l e t  the subspace V c o n s is t  o f the con­

s ta n t  fu n c tio n s . Then, s e t t in g  p = X , the r ig h t  hand s id e  o f  (3 .3 .1 3 )

k ^
becomes 2  i k  -  dir w which i s  id e n t ic a l  to  the fu n c tio n  ( 3 . 3 . 1 2 ) .

. .  1 A .1=1 1

The s u f f ic ie n c y  c o n d itio n  o f Theorem 3 . 3 . 2  becomes
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k
2 wA ||a . -  Q||P (X, sgn(A . -  Q)) = 0  (3 .3 .1 4 )

i = l  i

f o r  a l l  c o n s ta n ts  X .

Theorem 3 .3 .3

w^ > 0  may be ch osen  so  as to  s a t i s f y  th e  s u f f i c i e n c y  c o n d it io n  
i

( 3 .3 .1 4 ) .

P ro o f: See Theorem 3 . 2 .4 .  We s e t

wA = K  ||a i  -  q ||2-P fo r  i  = 1 , 2 , . . .  ,k  ( 3 .3 .1 5 )
i

where th e  X. ' s  are th e  b a r y c e n tr ic  c o o r d in a te s  o f  Q r e la t i v e  to  

th e  p o in ts  A ^ A ^ . - j A ^  .

Thus a l l  m achinery has been d ev elo p ed  to  en a b le  us to  p rove th e  

n -d im en sio n a l analogue o f  th e  main theorem , Theorem 3 .2 .5 .

Theorem 3 .2 .4

L et E be a compact s e t  in  R . L et S„ be th e  spann ing spheren Jcj

o f  E . Then (E) = R fo r  h ^ i  where R i s  th e  r a d iu s  o f  S_III

P ro o f: L et 0 f be th e  c e n te r  o f  S„ . P la c in g  X = fo r■ E

i  = 1 , 2 , .  . . ,m g iv e s

1  1

T(X) (E) =£ max [  -  2  ||x -  X . | |X]  ^  = ( - m R ^ r R
m x€e i = l  1

Now suppose Xi?  i  = l , 2 , . . . , m  i s  a s e t  o f  Chebyshev p o in t s  o f  

ord er m fo r  E . We know E fl Ŝ , 13 {a^ ,A2 , . . .  jA ^  , k s  2 .

Now
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t (X) (E) m = max ( i  2 ||x -  X*||X)^
'“I J 1 X /

max
x€e i = i x€ {a1 , a2 ,.

(i s llx -  x*||x)T 
, V } Vm 1 .1  1 '

a
(— I  k - x * | | xA, \m . " 1  l 11 

1  i = l
)  + w ( i  5  ||a2 - x * | |x /  A0 \m . '1 2 l 11 

2  i = l
) ♦ . .

k
2  w„

. . A.
J=1 J

1
I

— k
— 2  w | |a . - x * | |x + — 2  w | |a . - x * | |x +
m j=i V  J 1 m V  J 2

. + i  2 wa | |a .- x * | |xm . t A ." j  m" 
J=1 J

li
2  w„

. , A . 
J=1 J

1
I

(3 .3 .1 6 )

We ch oose w , j  = l , 2 , . . . , k  such  th a t  th e  p o in t  0  i s  th en .
j

^ -S te in e r  p o in t ,  as in  accordance w ith  ( 3 .3 .1 5 )  w ith  Q = 0 /  . T h is  

can be done s in c e  we have shown th a t  0 / i s  in  th e  convex h u l l  o f  

{a^iA 2 , . . . jA^} , k ^ 2 . The l a s t  e x p r e s s io n  (3 .3 .1 6 )  th u s i s  g r e a te r  

th an  or eq u a l to

k
2  w 

. .  A . 
J=1 J

| a , - o / | |x + — 2  w | |a . - o 7||x + . . .
' J 1 m A 11 j  11

J J

1
m 2 wa  ||a - o ' | | x 

j= l  j
k
2  w .. , A. 
J=1 J —

Hence T^X̂  (E) = R fo r  ev ery  m and m x<x>(E) = R .

1
J.

As a f i n a l  word we sh o u ld  m ention  th e  bounds f o r  R g iv e n  by th e  

n -d im en sio n a l v e r s io n  o f  Jung’s  theorem .
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Theorem 3 .3 .5

L et E be a compact s e t  in  Rn w ith  d iam eter d(E) . Then i t s

spanning sp here S has a ra d iu s  R where £

4 2 L  S R S E H  d(E) .
2  V2 (n + l)

P ro o f: See Jung [ 1 7 ] .



CHAPTER 4 

R e la ted  T o p ics

In  C hapter 2 we n o ted  th a t one co u ld  ex ten d  th e  c l a s s i c a l  d e f i n i ­

t io n s  o f  t r a n s f i n i t e  d iam eter and Chebyshev c o n s ta n t t o  more g en era l  

m e tr ic  sp a c e s . We f in d  th a t  fo r  sp a ces  th a t  are " cen tered " , we can  

c a lc u la t e  th e  Chebyshev c o n sta n t fo r  any bounded su b se t  fo r  X s  1  .

The id e a  o f  " cen tered n ess"  i s  in tro d u ced  in  an e n t i r e l y  d i f f e r e n t  

c o n te x t  in  a paper by Kolmogorov and T ihom irov [ 1 9 ] ,  but i t  p la y s  an 

im portant r o le  in  our th eo ry .

We s h a l l  th en  o b ta in  bounds fo r  th e  Chebyshev co n sta n t o f  u n it  

b a l l s  in  normed l in e a r  sp a ces  which h o ld  fo r  a l l  av era g in g  p r o c e s s e s ,  

and compare our r e s u l t s  w ith  some work o f  H i l l e  d e a lin g  w ith  th e  t r a n s ­

f i n i t e  d iam eter o f  such s e t s .

4 .1  C entered  Spaces 

D e f in i t io n  4 .1 .1

L et (X ,p) be a m etr ic  sp a ce . A bounded su b se t  V ^  X o f  to p o ­

l o g i c a l  d iam eter d(V) i s  s a id  to  be a ce n te r e d  s e t  i f  th er e  e x i s t s  a

p o in t  x € X such th a t  p ( v , x l  ^ fo r  a l l  v € V . A p o in t  x
V v “ V

w ith  t h i s  p ro p erty  w i l l  be c a l l e d  a c e n te r  o f  V .

We n o te  th a t  a c e n te r  o f  V does n o t have to  l i e  in  V . C entered  

s u b s e ts  o f  m e tr ic  sp a ces are o f  i n t e r e s t  s in c e  one can f in d  t h e ir  

Chebyshev c o n sta n t fo r  X S i  by v ir tu e  o f  th e  fo l lo w in g  theorem :

Theorem 4 .1 .1

L et (X ,p) be a m e tr ic  sp a ce . I f  W i s  a c e n te r e d  su b se t  o f  X

o f  d iam eter d(W) , th en  X(X )(W) = fo r  U l  .

99



100

P roof:

T (W) = in f  sup f  — 2 p (w ,x .)n L n . , r ’ 1x . t x  wtW i= ll
i= 1 . 2 , . . . ,n

X
L et x  € X be a c e n te r  

W

o f W . S e t x . = x  fo r  i  = 1 ,2  . . .  n . Theni  w

1

T^^(W ) ^ sup [" i  n p(w ,x  ) M = sup p (w ,x  ) ^ . ( 4 .1 .1 )
w€W W J w€w W 2

I f  W c o n ta in s  o n ly  one p o in t ,  both  d(W) and X^^(W) are ze ro  and

th e  theorem  i s  p roved . Hence we suppose W c o n ta in s  more than  one

p o in t .  L et w and w be two d i s t i n c t  e lem en ts  o f  W . For ev ery

e > 0 , th ere  e x i s t s  x , , x _ , . . . ,x  € X such  th a t  ’ 1 2  n

1

sup j~ i  2  p (w,x  ) N  -  e < (W) . ( 4 .1 .2 )
w€W L n i = l  1  J n

The t r ia n g le  in e q u a l i ty  g iv e s

Hence

p(w,w) p (w ,x ±) + p (x i ,w) fo r  i  = 1 , 2 , . . . ,n  .

r _ ~i X n r i
n|^p(w,w)J ^ 2 ^(w .x^^) + p (x A,w )j  . R a is in g  to  the -̂ “th

i = l

power, u s in g  M inkow ski's in e q u a l i t y ,  and d iv id in g  through g iv e s

1  1

— |~i ** Jt-! f i  ** _ _ XI ^
p(w,w) £ I — 2 p (w ,x .)  I + 1 — 2 p (w ,x .)  I . Now, ta k in g  th e

i = l  i= l

- rl - "̂1supremum o v er  a l l  p a ir s  w,w in  W we have d(W) ^ 2  sup I — 2  p (w ,x  )
w€w Ln i = l  1  J

From ( 4 .1 .2 )  t h i s  g iv e s  - —a— < (W) + e . S in ce  e was a r b itr a r yXI

we have —-j-p- ^ T^^(W ) and w ith  ( 4 .1 .1 )  as n *♦ “  , X  ̂  ̂(W) = .
2  n 2

rH
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Thus fo r  any b a l l  S in  a m etr ic  sp a c e , Theorem 4 .1 .1  g iv e s

( 4 .1 .3 )

where r i s  th e  ra d iu s  o f  S and ^ 1  . I f  we d e s ig n a te  by U 

th e  u n it  b a l l  o f  a normed l in e a r  sp a ce , i . e . ,  th e  s e t  o f  a l l  e lem en ts  

o f  norm l e s s  than or  eq u al to  o n e , th en  in  p a r t ic u la r  we have 

C o r o lla ry  4 .1 .1

fo r   ̂ s  1  .

D e f in i t io n  4 .1 .2

I f  ev ery  bounded su b se t  o f  a m e tr ic  space (X ,p) i s  a ce n tere d

s e t ,  th en  we s h a l l  say  X i s  a c e n te r e d  sp a ce .

C o r o lla r y  4 .1 .2

L et (X ,p) be a c e n te r e d  m e tr ic  sp a ce . I f  V i s  any bounded

su b se t  o f  X o f  d iam eter d(V) , th en  X  ̂  ̂ (V) = fo r  k ^  1 .

An a n a ly s is  o f  th e  p ro o f o f  Theorem 4 .1 .1  (o r  C o r o lla ry  4 .1 .2 )  

shows th a t  i t  i s  th e  c e n tere d n ess  o f  th e  s e t  V (o r  th e  sp ace X ) 

which e s t a b l i s h e s  th e  in e q u a l i ty  (V) ^ . The r e v e r se  in ­

e q u a li t y  h o ld s fo r  a l l  bounded s u b s e ts  o f  m etr ic  sp a c e s , whether  

c e n te r e d  or n o t ,  by v ir tu e  o f  M inkow ski's in e q u a l i ty .  Thus u s in g

Theorem 2 .4 .1  and ( 2 .2 .5 )  we have

For any normed l in e a r  sp ace X w ith  u n it  b a l l  U , X ^  (U) = 1

( 4 .1 .4 )

fo r  k s  1 w ith  e q u a li t y  on th e  l e f t  i f  V i s  a c e n te r e d  s e t  (o r  X 

a ce n te r e d  sp a c e ) .

In  view  o f  C o r o lla ry  4 .1 .2  i t  would be h e lp f u l  fo r  us to  f in d  ou t
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which sp a ces  are c e n te r e d . We lo o k  f i r s t  a t  E u c lid ea n  sp a c e s .

I f  E i s  an e q u i la t e r a l  t r ia n g le  o f  s id e  s  in  R2  , th en  we 

/ s s
saw th a t  X (E) = y g  >  ̂ • Thus R2  i s  n o t a ce n te r e d  sp a ce . In  

f a c t  we have:

Theorem 4 .1 .2

E u c lid ea n  n -sp a c e , R  ̂ f o r  n >  1 i s  n o t c e n tere d .

P r o o f: Jung [1 7 ]  shows th a t  i f  E i s  a re g u la r  s im p lex  o f  n+1

v e r t i c e s  o f  s id e  d(E) in  R , n > 1 , i t s  spanning sp here has ra d iu s

R =*/  2 ('n+I )  d ^  • Hence Theorem 3 .3 .4  g iv e s  X ^  (E) = J 2~(n~+ l)' >

Thus R , n >  1 i s  n ot c e n tere d , n

A lthough E u clid ea n  n -sp a ce  i s  n o t c e n te r e d , n >  1 , some bounded

s e t s  in  R are ce n te r e d  s e t s .  For th e s e  s e t s ,  e . g . , Case I s e t s  inn -------

R2  , ( s e e  D e f in i t io n  3 .2 .2 )  we have th e r e s u l t  X ^ ^ (E ) = d^E  ̂ ,  ̂ s  1 . 

Theorem 4 .1 .3

L et X be th e r e a l  l i n e .  Then X i s  a ce n te r e d  sp ace under any

norm.

P ro o f: L et V be a bounded su b se t  o f  X w ith  b = sup x and
x£v

a = in f  x  . Then d(V) = ||b -  a|| . C on sider x = . \ye w i l l  show
xGv

x i s  a c e n te r  o f  V . Now p (v >^!r^/ =

p( v ,n r V  s  + ‘ But s in c e  fo r  ev ery  v th e r e  e x i s t s

a |l w ith  0  s  |j, £ i  such th a t  v = nb + ( 1  -  JJ.) a we have

/

\ b+a |2 v -  (b+a)
v " 2 1 2

||v -  b|| + ||v -  a|| = ||b 

i s  a c e n te r  o f  V .

. Hence P^v »^jjr) £ i  d (V) and x =

H
jW
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C o r o lla r y  4 .1 .3

L et V be a bounded s e t  on th e  r e a l  l i n e .  Then X ^ ( V )  = ^ .7-̂ 11

where b = sup x , a = in f  x , X ^ 1  , and || || d en o tes  th e norm 
x€v x€v

d e fin e d  on th e  l i n e .

But th e r e  e x i s t  sp a ces  o th er  than  o n e-d im en sio n a l sp a ces  th a t

are c e n te r e d .

Theorem 4 .1 .4
00

The sp ace R2  i s  c e n tere d .
00

P ro o f: L et V be a bounded su b se t  o f  R3  . For v 6  V we w r ite

v = (* < l \ * < 2> ) . Now

d(V) = sup 
v . v ,£v

v . -  v . 
i  J

1  J i  J

sup max
v . v ,€v

t I (1) (1) I I (2) (2) | \= max I sup |x ;  -  x .  | ,  sup |x ;  ' -  x . | J .
v . , v . 1 J V . v . € v  1 3

1  J i  J

L et Q = min ( sup |x W )-  Xa )  | ,  sup |x<2> -  x <2> | )  .
v . v . e v  1 J v . v . e v  1 J '

1  J 1  J

Then V i s  e n c lo s e d  by a r e c ta n g le  Gv w ith  s id e s  p a r a l l e l  t o  th e

x<X> and x<2> axes and o f  le n g th s  d(V) and Q . The s e t  i s

a spann ing r e c ta n g le  o f  V ; we do n o t c a l l  i t  a spann ing sp here s in c e

a l l  p o in t s  o f  Gy are n ot e q u id is ta n t  from i t s  c e n te r . T h is  r e c ta n g le

i s  u n iq u e , fo r  i f  n o t ,  th en  V w ould l i e  in  two such r e c ta n g le s  and

hence in  t h e ir  i n t e r s e c t io n ,  w hich would be a r e c ta n g le  w ith  minimum

s id e  sm a ller  than  Q , c o n tr a d ic t in g  th e  d e f in i t i o n  o f  Q . L et 0 '

be th e  c e n te r  o f  G . Then i t  i s  c le a r  th a t  th e  d is ta n c e  from  0* to

d(V) /any p o in t  o f  V i s  l e s s  than or eq u a l to  — . Thus 0  i s  a
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c e n te r  fo r  V .

I t  i s  in t e r e s t in g  to  n o te  in  p a s s in g  th a t  th e in t e r s e c t io n  o f  th e  

boundary o f V w ith  c o n ta in s  e i t h e r  two p o in ts  which are a t th e

ends o f  a d ia g o n a l, or a t  l e a s t  fo u r  p o in ts  -  one p o in t  on each  s id e  

to  th e  r e c ta n g le  (co rn er  p o in ts  b e in g  cou n ted  tw ic e ,  s in c e  th e y  l i e  

s im u lta n e o u s ly  on two s id e s  o f  th e  r e c t a n g le ) .

C o r o lla r y  4 .1 .4

(V) = — p— fo r  X s  1 fo r  a l l  bounded s e t s  V in  R2  .

I t  i s  p rob ab ly  tr u e  th a t  th e p ro o f o f  Theorem 4 .1 .4  can be e x ­

tend ed  to  n d im en sion s and hence C o r o lla ry  4 .1 .4  i s  v a l id  fo r  a l l  
00

bounded s e t s  in  R  ̂ . However we s h a l l  n ot go o f f  on t h i s  ta n g en t.
CO

R ather we s h a l l  s ta y  w ith  th e  sp ace R2  and show th a t  th e fu n c t io n  

sp ace Pi c o n s i s t in g  o f  a l l  r e a l  p o ly n o m ia ls  o f  d egree l e s s  than  or  

eq u a l to  one d e fin e d  on an i n t e r v a l , w ith  th e  uniform  norm, i s  i s o ­

m e tr ic  to  i t .

r  00L et vQ = (xQ,y Q) fc R2  . To th e  p o in t  vQ we make corresp on d

th e p o lyn om ia l ( l i n e )  PQ(X) ^ Pi , x  6  [ a ,b ]  , j o in in g  th e  p o in ts

(a ,X g) and (b ,y ^ ) . I t  i s  c le a r  th e  corresp on dence i s  1 -  1 .

M oreover, in  th e  uniform  norm, i f  p^ € Pi and p i € Pi we have

P(Pn »P,) = ||pn -  P, II = max lpn (x) -  p (x) | . For l in e a r  p o ly n o m ia ls  
0 1  0 1  x € [ a , b]  °  1

t h i s  maximum o ccu rs  at th e  en d p o in ts  o f  th e in t e r v a l .  Hence

PCPq.Pj^) = max ( |xQ -  x1 1, |yQ -  yx |) = P ^ ^ )  . Thus th e  two sp a ces

are is o m e tr ic  and s in c e  th e  Chebyshev co n s ta n t i s  a l im i t  o f  a fu n c t io n  

in v o lv in g  o n ly  th e  m etr ic  o f  a space we have
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( 4 .1 .5 )

fo r  A. ̂  i  f or an  bounded s e t s  V in  Pi .

T h is  r e s u l t  le a d s  one t o  s p e c u la te  whether Pi i s  a ce n tere d  

sp a ce . Indeed i t  i s ,  as are sp a ces  o f  r e a l  p o ly n o m ia ls  d e fin e d  on an

in t e r v a l  fo r  a l l  d egrees n in  th e  uniform  norm. T h is  i s  a r e s u l t

d er iv ed  from th e  fo l lo w in g  im portant theorem  found in  K olm ogorov- 

Tihom irov [ 1 9 ] .

Theorem 4 .1 .5

The sp ace /?(X) o f  r e a l-v a lu e d  fu n c t io n s  d e fin e d  on an a r b itr a r y  

s e t  X w ith  th e m e tr ic  p ( f ,g )  = sup |f ( x )  -  g ( x ) |  i s  ce n tere d .

P r o o f: L et V be a bounded su b se t  o f  ^P(X) o f  d iam eter d(V) .

f_(x) = in f  f ( x )  . We see  d(V) = sup ( f ( x )  -  £ ( x ) )  . L et 
f  Gv xGx

f Q(x) = i? (f(x )  + £ ( x ) )  . Then £q ( x) i s  a c e n te r  o f  V . For i f

f ( x )  6  V , th en

f ( x )  -  f 0  (x ) ^ f ( x )  -  f Q(x) ^ f ( x )  -  f 0  (x)

or - ^ ( f ( x )  -  f ( x ) )  £ ( f ( x )  -  f Q(x ) )  ^ ^ ( f ( x )  -  f ( x ) )  .

Hence |f ( x )  -  f Q(x) | ( f ( x )  -  f ( x »  fo r  a l l  x € X . Thus

p ( f ( x ) , f  (x ) )  = sup | f ( x )  -  f n ( x ) |  £ h  sup ( f ( x )  -  f ( x ) )  = \  d(V) .
0  xGx 0  xGx

T h is  theorem  has fa r -r e a c h in g  con seq u en ces fo r  us b ecau se w ith  

C o r o lla r y  4 .1 .2  i t  g iv e s  th e  r e s u l t :

Theorem 4 .1 .6

X ^ ( v )  = d<-Y>. fo r  X ^ 1 where V i s  any bounded su b se t  o f
2

x€x

Thus d(V) = sup sup | f ( x )  -  g (x ) | . D e fin e  f ( x )  = sup f ( x )  and
f , g € v  x€x f€v



th e  sp ace /?(X) o f  r e a l-v a lu e d  fu n c t io n s  d e fin e d  on an a r b itr a r y  s e t  

X w ith  sup norm.

The sp ace <3(X) o f  com plex v a lu ed  fu n c t io n s  d e fin e d  on an a r b i t ­

rary  s e t  X w ith  sup norm i s  n o t a ce n te r e d  sp a ce . For suppose  

V = { ^ ( z )  , f 2 (z )  . f 3 ( z ) }  such th a t f ^ z )  = ^  , i  = 1 ,2 ,3  fo r  a l l

z 6  X , an a r b itr a r y  s e t  in  4 . Suppose fu r th e r  th a t  c^ are th e

v e r t i c e s  o f  an e q u i la t e r a l  t r ia n g le  o f  s id e  s . Then V has no

c e n te r ,  fo r  i f  g (z )  were a c e n te r  o f  V , then  max | g ( z ) - f . ( z )  | ^ -g- s
zSx 1

fo r  i  = 1 ,2 ,3  and th u s g (z )  must be s im u lta n e o u s ly  in s id e  c i r c l e s  

w ith  c e n te r s  a t c^ and r a d i i  eq u al to  ^ s  . But no p o in t  h avin g  

t h i s  p ro p erty  e x i s t s .  Hence V has no cb n ter  and <3(X) i s  not 

c e n te r e d .

However, i f  we r e s t r i c t  our a t t e n t io n  to  ce n te r e d  s u b s e ts  o f  C-(X) 

we can determ ine th e  Chebyshev co n sta n t o f  such s e t s  fo r  c e r ta in  a v er ­

ages from Theorem 4 .1 .1 .  For a l l  averages we can o b ta in  an im portant 

upper bound fo r  th e  Chebyshev co n sta n t o f  c e n tere d  s e t s .  S in ce  th e  u n it  

b a l l  o f  a Banach space i s  a c e n tere d  s e t  t h i s  w i l l  be ad vantageous.

Theorem 4 .1 .7

L et W be a ce n tere d  su b se t  o f  a m e tr ic  sp ace (X ,p) . Then 

XA(W) s  fo r  a l l  a v era g es.

P ro o f: tA(W) = in f  sup A (p (w ,x ,) ,p (w ,x Q) , . . . ,p (w ,x ^ )) . L et x w
n x .€ x  w€w 1  n W

1

i= l

d(w\
be a c e n te r  fo r  W . Then p (w ,x r) ^ fo r  a l l  w € W . Thus

W ^



C o r o lla r y  4 .1 .5

L et U be th e  u n it  b a l l  o f  any normed l in e a r  sp ace X . Then 

XA(U) ^ 1 fo r  a l l  a v era g es.

We now tu rn  to  some work o f  H i l l e  [1 6 ]  d e a lin g  w ith  th e  t r a n s -  

f i n i t e  d iam eter o f  th e  u n it  b a l l  in  c e r ta in  Banach sp a c e s . In  any 

Banach space X w ith  u n it  b a l l  U

6A (u) ^ 2

and we have e q u a l i t y  in  th e fo l lo w in g  sp a ces:

C [a ,b ] , L (a ,b )  , L (a ,b )  , , m

In  th e  L (0 ,1 )  s p a c e s , H i l l e  o b ta in s  a low er bound fo r

the t r a n s f i n i t e  d iam eter o f  th e u n it  b a l l  U . He shows:
P

6A(U ) ^ 2 
P

r  (ijp+l) 
r d b r< ih > +i )

and in  th e  ca se  1  ^ p ^ 2  we have 

1

<5A(U ) s  2P .
P

Hence in  a l l  th e  aforem ention ed  sp a ces  C o r o lla ry  4 .1 .5  im p lie s  th a t  

we have s t r i c t  in e q u a l i ty

6A(u) >  XA(U) ( 4 .1 .6 )

fo r  th e  u n it  b a l l  o f  th e  sp ace fo r  a l l  a v era g es .

A nother r e s u l t  th a t  h o ld s  fo r  a l l  a verages i s  th e  fo l lo w in g  theorem  

fu r n is h in g  us a low er bound fo r  th e  Chebyshev co n sta n t o f  th e  u n it  b a l l .
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Theorem 4 .1 .8

L et X be a normed l in e a r  sp ace o f  com plex (o r  r e a l)  v a lu ed

bounded fu n c t io n s  d e fin e d  on an a r b itr a r y  non-em pty s e t  S . We

suppose fu r th e r  th a t  X c o n ta in s  th e co n s ta n t fu n c t io n s  and

||f | |  = sup | f ( s )  | f o r  a l l  f  6  X . Then i f  U i s  th e  u n it  b a l l  o f  
s 6 S

A  ̂ A
X , X (U) s  X (Y) where Y i s  th e  u n it  d isk  in  th e  com plex p la n e

(or Y i s  th e  in t e r v a l  [ - 1 ,1 ]  o f  th e  r e a l  a x i s ) .

P ro o f: G iven e >  o , th er e  e x i s t s  g * ,g ! ! , . . . ,g *  £ X such th a t  
- ■ - -  jl <5 n.

t\ u) + e > sup A (p (f ,g * )  ,p ( f  ,gp) . , p ( f  ,g * ) )  . Take y € y
n f€ u  1  2  n

a r b i t r a r i ly .  F ix  s^ € S . S in ce  |y |  ^ 1 and s in c e  X .n ta in s

A ^th e  c o n sta n t fu n c t io n s ,  th e r e  e x i s t s  a fu n c t io n  f  c U suc.i th a t

f ( s Q) = y . We d e f in e  a s e t  {T^} , i  = l , 2 , . . . , n  by g ^ S g )  = .

Now fo r  ev ery  i  , i  = 1 , 2 , . . . ,n we have

p ( f ,g * )  = ||f  -  g*|| = sup | f ( s )  -  g * (s )  | ^ l f ( s 0 ) -  g ^ (s Q) I = ly -  t l I = P(y,'n3>
i  1  S6 s

Thus

tJ(U) + e >  A ( p ( f ,g * ) ,p ( f j g g ) » • • • »P (f> g*))

and from POSTULATE b) we have

t^ ( u) + e > A (p(y,1]i ) ,p(y,T )2) , . .  . ,p(y,11n) )  .

S in ce  y was a r b itr a r y  t h i s  l a s t  e x p r e s s io n  h o ld s  fo r  a l l  y € Y .

Hence

t\ u) + e >  max A (p (y ,U .)  ^ y . lL )  , . .  . ,p (y ,T L ))
y eY 1  2

> min max A(p(y,Tj ) ,p (y ,1 ] ) , . . .  ,p(y,11 ) )  = T^(Y) .
71.64 y?Y n n

i
(or T)i €R1)
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A AS in ce  e was a r b itr a r y  we have, a s  n -* 00, X (U) s  X (Y) •

Theorem 4 .1 .8  to g e th e r  w ith  C o r o lla r y  4 .1 .5  and th e  r e s u l t s  o f  

P o ly a  and Szego ( s e e  appendix) g iv e s

X(X )(U) = 1  fo r  ^ 0  ( 4 .1 .7 )

fo r  any normed l in e a r  sp ace X o f  com p lex -va lu ed  bounded fu n c t io n s  

s a t i s f y i n g  th e  h y p o th e s is  o f  Theorem 4 .1 .8 .

In  th e  r e a l  ca se  one can in f e r  X ^ ^ (U ) = 1 fo r  X s  1 , a r e ­

s u l t  we have a lrea d y  o b ta in e d  in  C o r o lla ry  4 .1 .1 .

S e c t io n  4 .2  i s  d evoted  to  a con cep t d is c u s s e d  in  S in g er  [ 2 8 ] .  

A lthough i t  appears in  a d i f f e r e n t  c o n te x t ,  Chebyshev c e n t e r s ,  as th e  

name m ight s u g g e s t ,  i s  a ls o  r e la t e d  to  th e  id e a s  d ev elo p ed  in  the  

p reced in g  ch a p ter s  as w e ll  as to  th e  co n cep t o f  c e n te r e d  s e t s .

4 .2 .  Chebyshev C en ters

L et X be a m etr ic  sp ace and V a bounded su b se t  o f  X . We
A

exam ine th e v a lu e  Tn (V) fo r  n = 1 . U sing th e  d e f in i t i o n  o f  th e
A

fo o tn o te  fo r  ( 2 .3 .1 )  (p .3 7 )  , we have T, (V) = in f  sup A (p (x ,x  ) )
x 1€x x€v

A Aor T (V) = in f  sup p (x ,x  ) . S in ce  T (V) i s  in d ep en d en t o f  th e
1  x €x xGV 1

average we s h a l l  w r ite  i t  as tx (V) .

D e f in i t io n  4 .2 .1

A p o in t  Xx € X such th a t  i"x (V) = sup p(x ,X x) i s  c a l l e d  a
x€v

Chebyshev c e n te r  fo r  V . The v a lu e  Tx(V) i s  c a l l e d  a Chebyshev 

r a d iu s  fo r  V .

The te rm in o lo g y  o f  D e f in i t io n  4 . 2 . 1  i s  n a tu r a l s in c e  we s e e  th a t
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xx i s  th e  c e n te r  o f  a " sphere" o f  s m a lle s t  ra d iu s  T i(V ) which  

e n c lo s e s  E . Indeed  xx i s  a c e n te r  o f  a spanning sp here o f  D e f in i -

t io n  3 . 3 . 1  and Ti (V) i s  i t s  r a d iu s . Such a p o in t  xi d e f in e d  by

th e  above d e f in i t i o n  i s  o f  co u rse  a Chebyshev p o in t  o f  ord er one fo r  

V , which i s  th e  same fo r  a l l  average fu n c t io n s .

The r e la t io n s h ip  betw een c e n te r s  o f  s e t s  and Chebyshev c e n te r s  

i s  as fo l lo w s :

Theorem 4 . 2 . 1

L et W be a c e n tere d  su b se t  o f  a m e tr ic  sp ace (X,p)  . Then i f

x^ i s  a c e n te r  fo r  W , x^ i s  a Chebyshev c e n te r  fo r  W .

P r o o f: Suppose i s  not a Chebyshev c e n te r  fo r  W . Then

sup p ( x , x  ) > Tj(W) . S in ce  W i s  c e n te r e d  we have from Theorem 4 . 1 . 1 ,  
x€w W

Ti (W) = • Hence sup p (x ,x ,.r) > d™ ^ . Thus x i s  n o t a
2 x€w W

c e n te r  fo r  W .

Theorem 4 . 2 . 2

Any Chebyshev c e n te r  o f  a c e n te r e d  s e t  W in  a m etr ic  sp a ce  i s  

a c e n te r .

* d(W)P ro o f: S in ce  sup p ( x ,x i )  = t x (W) and Tj(W) = — 5— from Theorem
x€w

jjj d (VI}
4 . 1 . 1 ,  we have p ( x , x i )  ^ ~ 2 ~  i o r  a 1 1  x  ̂ w xi  i s  a c e n te r .

We n o te  th a t  th e  h y p o th e s is  o f  Theorem 4 . 2 . 2  cannot be weakened  

t o  s e t s  V which are m erely  bounded. For exam ple, i f  V were an 

e q u i la t e r a l  t r ia n g l e ,  th en  i t s  c ircu m cen ter  i s  a Chebyshev c e n t e r ,  but 

n o t a c e n t e r .1

When th e  s e t  in  q u e s t io n  i s  compact th e  e x is t e n c e  o f  xx i s  

a ssu red . But i f  V i s  m erely  bounded, one has to  lo o k  a t th e  e x i s t ­
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en ce q u e s t io n . We have th e  fo l lo w in g  theorem  o f  A.L. G arkavi [ 8 ]:  

Theorem 4 . 2 . 3

L et X be a Banach sp ace w ith  th e  p ro p erty  th a t  th e r e  e x i s t s  

a p r o je c t io n  p : X -* X o f  norm one. Then fo r  ev e ry  bounded s e t  

V c  X th e r e  e x i s t s  a Chebyshev c e n te r  fo r  V .

The e x is t e n c e  o f  such a p r o je c t io n  as d escr ib ed  in  th e  h y p o th e s is  

i s  known fo r  Banach sp a ces  which are e q u iv a le n t  to  co n ju g a te  sp a c e s .  

T h is  does n o t c h a r a c te r iz e  co n ju g a te  sp a ces how ever, fo r  such p r o je c ­

t io n s  e x i s t  in  sp a ces which are not th e  co n ju g a te  sp ace o f  any Banach 

sp a ce . See Ruston [ 2 6 ] .

Of more i n t e r e s t  to  us i s  th e  u n iq u en ess q u e s t io n  o f  xi . In  

n -d im en sio n a l E u c lid ea n  sp ace we showed th a t  th e  spann ing sp here i s  

u niq ue. T h is i s  not tr u e  in  g e n e r a l. We have th e fo l lo w in g  u n iq u en ess  

theorem  o f  A.L. G arkavi [ 8 ] .

Theorem 4 . 2 . 4

In  ord er th a t  ev ery  bounded s e t  V in  a normed l in e a r  sp ace X

has a t m ost one Chebyshev c e n te r ,  i t  i s  n e c e ssa r y  and s u f f i c i e n t  th a t

th e  sp ace X be u n iform ly  convex  ̂ in  ev ery  d ir e c t io n .

Theorems 4 . 2 . 3  and 4 . 2 . 4  im ply th e  e x is t e n c e  and u n iq u en ess  o f  a

Chebyshev c e n te r  fo r  any bounded s e t  in  a H ilb e r t  sp a ce .

In  E u c lid ea n  sp a ces th e  Chebyshev c e n te r  p la y ed  an im portant r o le

s in c e  th e  Chebyshev p o in ts  o f  order n fo r  E , fo r  a l l  n , c o in c id e d

w ith  th e  Chebyshev c e n te r  fo r  X.-th power a v er a g es , ^ s  1 .
00

A sp ace which i s  n o t u n iform ly  convex i s  R2  . Thus th er e  e x i s t

*A normed l in e a r  sp ace X i s  u n iform ly  convex in  e v e ry  d ir e c t io n  i f  
fo r  ev e ry  e >  o and fo r  ev e ry  x  6 X , th e r e  e x i s t s  a 6 ( e , x )  >  0 
such th a t  i f  ||y|| = ||z|| = 1  and y -  z = ^x and ||y+z|| > 2 - 6  , th en  
U l  £ e .
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bounded s e t s  V in  R3  which have more than one Chebyshev c e n te r .

C onsider

Example 4 . 2 . 1
CO _  Q ’)

Let  X = R3  and V = [ - 1 , 1 ]  on x a x is .  Now

Tl (V) = min max ||x — xx || = min max max ( | x ^ -  xx ^  | , |o — xjf2  ̂ |) .
xx 6 x x€v xj. 6 x  x 6 v

(2 )For x i n ot on x a x i s ,  th e  maximum over a l l  x c  V o f  th e  above

e x p r e s s io n  i s  s t r i c t l y  g r e a te r  than 1 . For x i any p o in t  on th e  

( 2 )x  a x is  in  th e segm ent from - 1  to  1  , we have th e  above e x p r e s ­

s io n  eq u a l to  1 and th u s Tx (V) = 1 . T h erefore a l l  p o in ts  in  th e

( 2 )
segm ent from -1  to  1 on th e x a x is  are Chebyshev c e n te r s  fo r

$
V . We o b serve th a t  in  t h i s  ca se  n o t o n ly  i s  xx n ot u n iq u e , but i t

does n o t n e c e s s a r i ly  l i e  in  K(V) , th e  c lo s e d  convex h u l l  o f  V .

The spanning sp here S^ o f  th e  s e t  V c o n s i s t s  o f  any square w ith  s id e s

p a r a l l e l  to  th e  and x^2  ̂ axes o f  le n g th  two and w ith  c e n te r

( 2 )on th e  segm ent from -1 to  1 on th e  x a x is .  The spanning r e c t ­

an g le  o f  V , as d is c u s s e d  in  th e  p ro o f o f  Theorem 4 . 1 . 4 ,  i s  a

d eg en era te  o n e , c o n s is t in g  m erely o f  V i t s e l f  w ith  c e n te r  a t th e  

o r ig in .

We c lo s e  t h i s  s e c t io n  w ith  another theorem  o f  Garkavi [ 9 ] .

Theorem 4 . 2 . 5

In  ord er th a t  ev ery  bounded s e t  V in  a Banach sp ace X have a 

Chebyshev c e n te r  xx w ith  xx € K(V) , i t  i s  n e c e ssa r y  and s u f f i c i e n t  

th a t  X be a H ilb e r t  sp ace or dim X = 2 .

We s h a l l  s e e  how t h i s  m o d ified  "convex h u l l  theorem ,"  p e r ta in in g  

to  o n ly  th e  Chebyshev p o in t  o f  o rd er  o n e , r e la t e s  to  the id e a s  th a t  

w i l l  be d is c u s s e d  in  S e c t io n  4 . 3 .  Again in  t h i s  s e c t io n  we u se  con­

c e p t s  d is c u s s e d  in  an oth er c o n te x t  by S in g er  [ 2 8 ] ,
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4 . 3  C lo s e s t  P o in ts  and F e je r  

D e f in i t io n  4 . 3 . 1

L et X be a normed l in e a r  sp a ce . L et x ,y  be two e lem en ts  o f  

X and l e t  Z be any su b se t  o f  X . We say  y i s  p o in t -w is e  c lo s e r

t o  Z i f  ||y -  z|| <  ||x -  z || fo r  each  z 5 Z . I f  th er e  e x i s t s  no

y such th a t  ||y -  z || < ||x -  z || f o r  each z € Z , th en  we say  x i s

a c l o s e s t  p o in t  to  Z ; i . e . , a c l o s e s t  p o in t  i s  one fo r  which th ere

i s  no p o in t -w is e  c lo s e r  p o in t .

We s h a l l  denote by C(Z) th e  s e t  o f  c l o s e s t  p o in ts  o f  Z . From

th e  d e f in i t i o n  we s e e  th a t  i f  x € Z , th en  x € C(Z) . Thus we have

Z c  C(Z) ( 4 . 3 . 1 )

The fo l lo w in g  theorem  was proved  by F e je r  [ 5 ]  in  1922. I t  sh ou ld

/
n o t be con fu sed  w ith  F e j e r ' s  P r in c ip le ,  which we s h a l l  comment on 

p r e s e n t ly .

Theorem 4 . 3 . 1

L et E be a compact s e t  in  th e  E u clid ea n  p la n e . Then C(E) = K(E)

where K(E) i s  th e  c lo s e d  convex h u l l  o f  E .

F e j e r ' s  r e s t r i c t io n  to  compact s e t s  i s  u n n ecessa ry . Theorem 4 . 3 . 1  

has been g e n e r a liz e d  in  th e  form:

Theorem 4 . 3 . 2

I f  Z i s  any su b se t  o f  a H ilb e r t  sp a ce , th en  C(Z) = K(Z) .

The p ro o f o f  t h i s  theorem  i s  quoted  in  P h e lp s [2 4 ] .

D e f in i t io n  4 . 3 . 2

L et X be a normed l in e a r  sp a ce . A su b se t  Z o f  X w i l l  be

c a l l e d  a s tr o n g  F e je r  s e t  i f  C(Z) = K(Z) . I f  a l l  s u b s e ts  o f  X are
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str o n g  F e je r  s e t s ,  th en  we s h a l l  sa y  th a t  th e  sp ace X i s  s tr o n g ly  

Fe je 'r .

Theorem 4 . 3 . 2  shows th a t  H ilb e r t  sp ace i s ,  in  our term in o lo g y ,

/
s tr o n g ly  F e je r .

Now l e t  u s lo o k  a t F e j e r 's  P r in c ip le .  The P r in c ip le  s t a t e s  th a t  

fo r  a c e r ta in  su b se t  Z o f  X , and fo r  ev ery  x € X\Z , th er e  e x i s t s  

a y € X such th a t  ||y -  z|| < ||x -  z|| fo r  each  z € Z . (In  Lemma

1 . 2 . 1 ,  X was (1 and Z was a compact convex su b se t  o f  X . )  But 

in  view  o f  D e f in i t io n  4 . 2 . 1 ,  F e j e r 's  P r in c ip le  s t a t e s  th a t  i f  

x i  Z th en  x   ̂ C(Z) , or

C(Z) <= Z ( 4 . 3 . 2 )

In view  o f  ( 4 . 3 . 1 )  t h i s  i s  e q u iv a le n t  to  C(Z) = Z .

D e f in i t io n  4 . 3 . 3

A su b se t  Z o f  a normed l in e a r  sp ace X w i l l  be c a l l e d  a 

p r in c ip le  F e je r  s e t  i f  C(Z) = Z .

I t  i s  o b v io u s th a t  not a l l  s u b s e ts  o f  a sp ace can be p r in c ip le  

F ejer  s e t s .  C e r ta in ly  a l l  open proper s u b s e ts  are n ot p r in c ip le  

F eje^  s e t s .

From th e  d e f in i t i o n s  one can e a s i l y  show th e fo l lo w in g :  

P r o p o s it io n  4 . 3 . 1
/

I f  a normed l in e a r  space X i s  s tr o n g ly  F e j e r ,  th en  ev e ry  c lo s e d  

convex su b se t  o f  X i s  a p r in c ip le  F e je r  s e t .

The h y p o th e s is  o f  P r o p o s it io n  4 . 3 . 1  i s  s tr o n g e r  than  need  be. 

C onsider th e  fo l lo w in g  d e f in i t io n :

D e f in i t io n  4 . 3 . 4

A su b se t  Z o f  a normed l in e a r  sp ace X w i l l  be c a l l e d  a weak
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F e jer  s e t  i f  C(Z) c: K(Z) . I f  a l l  s u b s e ts  o f  X are weak F e jer  s e t s ,  

th en  we s h a l l  say  th a t  th e  space X i s  w eakly F e j e r .

From th e  d e f i n i t i o n s ,  each  p r in c ip le  F e je r  s e t  i s  a weak F e je r  

s e t .  I t  i s  e a sy  to  prove  

P r o p o s it io n  4 . 3 . 2

/
I f  a normed l in e a r  sp ace X i s  w eakly  F e je r , th en  ev ery  c lo s e d

/
convex su b se t  o f  X i s  a p r in c ip le  F e je r  s e t .

/
A sp ace X , which accord in g  to  our d e f in i t io n  i s  w eakly F e je r ,

i s  s a id  by P h elp s [ 2 4 ]  to  p o s s e s s  P rop erty  F. He p roves th e  th r e e

in t e r e s t in g  theorem s (w r it te n  in  our te r m in o lo g y ) .

Theorem 4 . 3 . 3

L et X be a normed l in e a r  sp ace o f  d im ension  s  3 which i s

w eakly F e je r . Then X i s  a H ilb e r t  sp a ce .

Theorem 4 . 3 . 4

L et X be a tw o-d im en sion a l normed l in e a r  sp a ce . Then X i s
1  / 

s t r i c t l y  convex i f  and o n ly  i f  X i s  w eakly F e je r .

Theorem 4 . 3 . 5

I f  V i s  a bounded su b se t  o f  a s t r i c t l y  convex two d im en sion a l 

sp a ce , th en  V i s  a s tr o n g  F e je r  s e t .

F e j e r ' s  P r in c ip le  im p lie s  th e  convex h u l l  theorem  in  th e  f o l lo w ­

in g  manner: L et E be a compact su b se t  o f  a normed l in e a r  sp ace X ,

w ith  K(E) i t s  c lo s e d  convex h u l l .  I f  K(E) i s  a p r in c ip le  F e je r

s e t ,  th en  th e  Chebyshev p o in ts  o f  E o f  ord er n , fo r  a l l  n , and

fo r  a l l  av era g es are lo c a te d  in  K(E) .

1  A normed l in e a r  sp ace X i s  s a id  to  be s t r i c t l y  convex i f  fo r  ev e ry  
x and y in  X such  th a t  ||x|| = ||y|| = 1 and x  4= y we have

II 4 1 II < 1 •
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From P r o p o s it io n  4 . 3 . 2  we th u s have a convex h u l l  theorem  fo r  a l l  

sp a ces  w hich  are w eakly F e je r . In  p a r t ic u la r  Theorem 4 . 3 . 2  w ith  

P r o p o s it io n  4 . 3 . 1  im p lie s  th e  convex h u l l  theorem  fo r  a l l  compact sub­

s e t s  o f  a H ilb e r t  sp a c e , a r e s u l t  we have proved  in  Theorem 2 . 3 . 4 .  In  

a d d it io n  we have a new r e s u l t  d e r iv e d  from Theorem 4 . 3 . 4  and P r o p o s i­

t io n  4 . 3 . 2 .  T ogeth er th ey  im ply th e  convex h u l l  theorem  f o r  a l l  compact 

s u b s e ts  o f  a tw o -d im en sio n a l s t r i c t l y  convex normed l in e a r  sp a ce .

We now exam ine how th e  theorem s o f  P h e lp s r e la t e  to  th e  m o d ified  

convex h u l l  theorem  o f  G arkavi, Theorem 4 . 2 . 5 .  S in ce  th e  convex h u l l  

theorem  i s  s a t i s f i e d  in  w eakly F e je r  s p a c e s , s u r e ly  in  such  sp a ces  we 

have xx € K(E) .

Theorem 4 . 3 . 2  and 4 . 3 . 4  p ro v id e  s u f f i c i e n t  c o n d it io n s  fo r  a sp ace  

t o  be w eakly  F e je r . Theorems 4 . 3 . 3  and 4 . 3 . 4  p ro v id e  n e c e ssa r y  

c o n d it io n s  fo r  a sp ace  to  be w eakly F e je r .

The s u f f i c i e n c y  c o n d it io n s  in  Theorems 4 . 3 . 2  and 4 . 3 . 4  ( th a t  a 

space be e i t h e r  H ilb e r t  or  tw o -d im en sio n a l s t r i c t l y  convex) are s u f ­

f i c i e n c y  c o n d it io n s  fo r  Theorem 4 . 2 . 5 .  They are n o t n e c e s sa r y  s in c e  

th e  s t r i c t  c o n v e x ity  in  tw o -d im en sio n a l sp a ces  in s u r e s  th e  convex h u l l  

theorem  fo r  Chebyshev p o in t s  o f  ord er n , f o r  ev e ry  n , but i s  

e v id e n t ly  n o t n e c e s sa r y  fo r  j u s t  Chebyshev p o in ts  o f  ord er one.

The n e c e ssa r y  c o n d it io n s  in  G a rk a v i's  Theorem 4 . 2 . 5  ( th a t  a sp ace  

be e i t h e r  H ilb e r t  or tw o -d im en sio n a l) are n e c e s sa r y  c o n d it io n s  fo r  a 

space to  be w eakly F e je r . They are n o t s u f f i c i e n t  s in c e  th e  s t r i c t  

c o n v e x ity  in  tw o -d im en sio n a l sp a ces  i s  la c k in g .
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