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INTRODUCTION

The transfinite diameter and the Chebyshev constant are two non-
negative set functions defined for compact sets in the complex plane
(cf. Fekete [6]). They are limits of sequences, and for each n in
the sequence we have associated with these concepts, sets of n points
termed Fekete points ( n 2 2 ), and Chebyshev points ( n 21 ), re-
spectively. Monic polynomials of degree n , whose zeros are n-Fekete
points ( n-Chebyshev points) are termed Fekete polynomialis (Chebyshev
polynomials).

Chapter 1 deals with the classical theory and provides the reader
with the basic theorems of the subject. Among these is the Convex Hull
Theorem (Theorem 1.2.3), which is proved using Fejér's Principle. It
provides information about the location of Chebyshev points. Another
important theorem is Fekete's Theorem (Theorem 1.3.1) which establishes
the equality of the transfinite diameter and the Chebyshev constant for
all compact sets in the complex plane. In this chapter the reader is
provided with examples to illustrate the concepts defined. The only
original material here (Theorem 1.5.4) deals with the related concept
of "restricted" Chebyshev points and "restricted" Chebyshev polynomial.

Further investigations were made in the complex plane using more
general metrics to define the transfinite diameter and the Chebyshev
constant, see Frostman [7] and Tsuji [32]. PSlya and Szegd [25] used
different averaging processes - notably A-th power means - to find
the transfinite diameter and the Chebyshev constant for certain compact

sets on the real line, in the complex plane, and in three-~dimensional
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Euclidean space. Their work included the classical case, since the
zero-th power means (geometric average) was the original average used
by Fekete. Hille [16] generalized further by using averages based on
a set of Postulates formulated by Kolmogorov [18] and Nagumo [32]. A
discussion of averaging processes and the theorems dealing with them,
including the postulates used by Hille is given in Chapter 2,

Hille's averages are generated by functions through the corres-
pondence given in equation (2.1.5). It is through these generating
functions that we generalize the concepts of transfinite diameter and
Chebyshev constant. This approach is different, but no substantially
new material results, as it is equivalent to working through the aver-
ages themselves, as Hille did. However, one can use this»approach to
generalize the classical results of Chapter 1. In this new setting we
examine the location of generalized Fekete points and generalized
Chebyshev points in arbitrary metric spaces.

The two important theorems of Chapter 1 no longer hold. 1In Theorem
2,3.3 we extend the work of Shisha [27] with a theorem dealing with
Fejér's Prinéiple in inner-product spaces. Thus we prove Theorem 2.3.4,
a Convex Hull theorem for Hilbert space. Fekete's equality in Theorem
1.3.1 does not hold in an arbitrary metric space and must be replaced
by an inequality. This known result is proved here via generating
functions for averages. The concluding section of Chapter 2 deals with
some theorems about the relationship between generalized restricted and
generalized unrestricted Chebyshev points. Although these results follow
almost directly from the definitions, they have not been published
before.

Chapter 3 contains the heart of this dissertation and the bulk of
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the original material contained therein. Restricting ourselves to
A-th power averages, A =21 , it is here that we develop methods to
characterize Chebyshev points for all compact sets in real Euclidean
n-space.

In Ry , the real line, we locate Fekete points and Chebyshev
points for any compact set. We examine the related question of their
unicity as well as discuss the generalized lemniscatic regions arising
from their associated Fekete functions and Chebyshev functions. PFin-
ally we discuss the cases of equality (for A = 1) and strict inequality
(for A > 1) between the transfinite diameter and the Chebyshev con-
stant.

In Ry it is found the Chebyshev constant for any compact set E

for A-th power averages A=1, is equal to (b - a) where b =
b

max x and a = min x , This value could be interpreted as the radius
X€E X€E
of a two-point spanning sphere of the set E . This observation led us

to employ the known concept of spanning circle (see Yaglom [33]) in two-
dimensional Euclidean space. Together with a solution of a generalized
Steiner problem by means of a characterization theorem in approximation
theory, we are able to prove the main theorem in Section 3.2 (Theorem
3.2.5) showing that the Chebyshev constant for any compact set for A-th
power averages, A 21 is equal to R , where R 1is the radius of the
spanning circle of E . Topics such as the location of Chebyshev points,
the question of their unicity, and the comparison between the transfinite
diameter and the Chebyshev constant are then discussed.

The concluding section of Chapter 3 generalizes all the material
used to prove the main theorem of Section 3.2 to n~dimensional real

Euclidean space.



Chapter 4 deals with related topics found in other material in a
different context. Section 4.1 shows that we can find the Chebyshev
constant for A-th power averages, A 2 1 for all centered subsets
of metric spaces and for all subsets of centered spaces. Hence we
examine various metric spaces for centeredness and quote an important
theorem of Kolmogorov and Tihimirov [19]. The fact that the unit ball
is centered leads us to an upper bound of one for the Chebyshev con-
stant of that set for ELL averaging processes satisfying Hille's
postulates. Thus, using Hille's results for the transfinite diameters
of unit balls in certain metric spaces, we can establish strict in-
equality between the two set functions.

Section 4.2 deals with Chebyshev centers. As defined in Singer
[28], a Chebyshev center is merely what we called a Chebyshev point of
degree one. We quote the results he cites dealing with existence and
uniqueness of Chebyshev centers, and we establish two theorems dealing
with the relationship between centers and Chebyshev centers.

The concluding section, Section 4.3 deals with another concept
quoted in Singer called "closest points.'" We show how this concept re-
lates to Fejér's Principle. Theorems found in Phelps [24] give cer-
tain conditions which imply Fejéf's Principle. Hence this gives us
additional information about spaces in which the Convex Hull theorem

holds true.
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CHAPTER 1

The Classical Theory

The classical setting for the topics discussed in this paper is
the complex plane, ¢ . In 1923, while investigating an algebraic
problem, M. Fekete [6] defined a set function which he called the
transfinite diameter. He proceeded as follows:

1.1 The Transfinite Diameter

Let E be a compact set in ¢ containing infinitely many points.

Let ZysZgyec ey be points of E, n 2 2 and consider

Zgeow 3B = 1 Z, - 2, 1.1.1
1242? ’ n) lsj_<jsn | i Jl ( )

V(z
If the zi's are distinct, the product is not zero. It is a continu-

ous function of n variables and on the compact set E will attain

its maximum, Set

Vn(E) = max V(zl,zz,...,zn) . (1.1.2)
Z)2%gse e 9%y €EE

1

Let .
n
K;> (1.1.3)

d (E) = (V_(E))

Theorem 1.1.1

The sequence {dn(E)} is monotone decreasing.

Proof: See Goluzin [10].
Since {dn(E)} is a bounded (by zero), monotone, decreasing
sequence it converges and we have

Definition 1.1.1

8(E) = 1lim dn(E) is called the transfinite diameter of the set E

n-¥o



We note that d,(E) = max |z, - =

1 2| = d(E) , the topological

Z, »%g €E
diameter of E . Thus we have
8(E) =< d(E) . (1.1.4)

If E contains finitely many points, say k , then for n > k
V(zl,zz,...,zn) =0 and hence O6(E) =0 .
The transfinite diameter of a set has the properties of monotony

and continuity.

Theorem 1.1.2

a) If E, CE (1.1.5)

L ©Ey , then O(E)) < 8

o)
b) Let Ee be the set ot points of ¢ having a distance from

E not exceeding € . Then lim 5(E€) = §6(E) . (1.1.6)
e

In addition we can establish the following effect on the trans-

finite diameter caused by certain types of mappings.

Theorem 1.1.3

Let E be a compact set in ¢ .

a) Let F = {az+b|z € E} . Then &(F lal6¢E) . (1.1.7

k k-l
b) If q(z) =z +alz teoeFaY and F

sF) = [ 6() 1k (1.1.8)

{zla(z) €E} , then

See Hille [14] for proofs of above theorems.

Definition 1.1.2

For every n , we will associate with the set E a polynomial of

degree n whose zeros will be gn,l’gn,z""’gn,n such that

max V(zl,zz,...,zn) = V(gn’l,gn’z,...,gn’n) . This poly-
Z.yZoyees 2z CFE
1°72 n



nomial will be called a Fekete polynomial of degree n for E and

n
will be written Fn(z;E) = :‘El (z—gn’i) .

Definition 1.1.3

The set of points gn,l’gn,2""’§n,n will be termed Fekete

points of order n for the set E .

Of course, if the Fekete points of order n for E are unique,

then the Fekete polynomial of degree n for E will be unique.

Definition 1.1.4

Let P(z) be a polynomial and consider the set {z,lp(z)l = R}
where R is a non-negative constant. This set is called a lemniscate,.

IP(z)I < R} is called a lemniscatic region.

The set {z

With each Fekete polynomial Fn(z;E) of degree n ,» we can define

a lemniscatic region i% in the following manner,
n

Let K, = e (2Bl = max [P (zE) | . (1.1.9)
PAS
Then by i% we shall mean
n
{z ' !Fn(Z;E) | <x_} (1.1.10)

and by Bi% we shall mean the lemniscate
n

{z

lr (z:E) | =k} (1.1.11)



Theorem 1.1.4

a) EC {‘F for every =n .
n

b) 0 NE ¢ .
i’Fn
1
¢) lim Knn = 8(B)

n-e

Proof: See Hille [14].

Definition 1.1.5

Consider the extended complex plane. Since E is compact, its
complement Ec is open and has at most countably many connected com~
ponents. One of these components contains the point at « . We shall

call that component Ei . The common boundary of Ei and E ,

Ei NE , we call the outer boundary of E .

To prove that the Fekete points of E 1lie on the outer boundary of

E , we consider the basic polynomials:
. _ (z—§n’1) (z-§n’2) e (z—§n,j_1) (Z-§n’j+1) ... (z—§n’n)
n,j - - - - -
(gn,j gn,l)(gn,j gn’z)"'(gn,j gn,J"'l)(gn,j gn,,j+1)“'(§n,j n’n)
for j =1,2,...,n (1.1.12)
where gn,l’gn,z""’gn,n are Fekete points of order n for E .

(Polynomials of this form are used for polynomial interpolation at

g §

n,1’ n,2""’§n,n , but we are not interested in that problem here.)

We note

(g 0 for i # j

n,i

~
]

n,J

Fn’j(gn’j) =1 (1.1.13)



Theorem 1.1.5

”F = max an’J.(Z) I =1

n,j'E ZER
Proof: See Hille [14].
As a consequence of the maximum modulus principle and with the

help of Theorem 1,1.5 we have the result:

Theorem 1.1.6

The Fekete points {En j} lie on the outer boundary of E .
’

Proof: See Hille [14].

Theorem 1.1.6 shows that the transfinite diameter of a set E
is equal to the transfinite diameter of the set Ei N E , the outer
boundary of E . Intuitively, the removal of open spheres or the

introduction of "holes'" in a set E does not alter the transfinite

diameter of E .

1.2 The Chebyshev Constant

Besides Fekete polynomials, we consider another class of polynom-
ials associated with a compact set E in ¢ , called Chebyshev poly-
nomials., Let Fh be the class of monic polynomials of degree n , i.e.,

. . n n
Pn(z) € Pn if and only if Pn(z) =z +az + oo 2y where

ai, i =1,2,...,n are complex numbers. Since E is compact there is
apoint z in E such that IPn(z)l is maximal. The set of maxima

for all monic polynomials is bounded below and the infimum is reached,

Definition 1.2.1

The polynomial in Pn whose maximal absolute value is minimal

over all polynomials in Pn is called the Chebyshev polynomial of

degree n for E and we denote it by Tn(z) or Tn(z;E) .




Theorem 1.2.1

There exists a monic polynomial Tn(z) € Pn such that
m = max ITn(z)I = min max |Pn(z)l
zEE P &P z€E
n n

Proof: See Tsuji [32].

If the cardinality of E is k where k <n , then mn(E) =0,
and any polynomial of degree n vanishing on k points has the
property of the Chebyshev polynomial, On the other hand, if E con-

sists of n or more points, then one can show:

Theorem 1.2.2

Tn(z;E) is unique.
Proof: See Tsuji [32].
Since we often define the norm of a polynomial on E by

”Pn(z)”E = max IPn(z)I , we see that the Chebyshev polynomial of degree
z

n for a set E is the monic polynomial of minimum norm for the set.

Thus
m (E) = max ITn(z)l = HTn(z)IlE = ”Tn(z;E)H (1.2.1)
z€R
Let 1
n
= 2.2
T, B = [m (8)] (1 )
and consider lim Tn(E) . This limit exists (see Goluzin [10])and we
n-bce
have:

Definition 1.2.2

X(E) = lim Tn(E) is called the Chebyshev constant for E .
n—be

We note that m (E) = HTn(z;E)H < H(z-zo)nn for every z, in E .



1
Thus T_(E) < (max |z—z |n)n = max |z—z | < d(E) , the topological
n 0 0
zEE zCE
diameter of E . Hence
X(E) < d(E) (1.2.3)
Let ZysBgyree a2y be the zeros of Pn(z) . Exhibiting the poly-

n
nomial in its product form we can write Pn(z) =1 (z—zi) and
i=l

n n
|Pn(z)| = I.H (z~zi)| = .H ‘z—zil . Then
ji=1 i=1
L L L
T (B) = [mn(E)]n = max|Tn(z;E)|n = min max |P (z)In or
n z€E p & =z€E M
n n
n S n L
Tn(E) = min max l I (z—zi)‘n = min max I |z—zi|n (1.2.4)
Zi€¢ ZEE i=1 Zi ZEE i=1
i=1,2,...,n i=1,2,...,n

Thus one can think of Tn(E) as either 1) the n-th root of the norm
of the Chebyshev polynomial of degree n for E , or as 2) the minimal
value of the maximum geometric mean of the product of the distances
from a variable point z in E to n points zl,zz,...,zn in the
complex plane.

Although both representations are equivalent, it is the latter

that we shall deal with more often in the future.

Definition 1.2.3

n
* X * . Lk
Let 2z ,%,,...,2, be such that m (£) = Eax igllz z.| . We shall

* %k *
call zl,zz,...,zn Chebyshev points of order n for E .

We note that Chebyshev points of order n for E are the zeros

of a Chebyshev polynomial of degree n for E. We have claimed that if



8
E is of cardinality k ®n , then for n = 1,2,...,k Chebyshev points
of order n for E are unique. We shall assume for the rest of the
chapter that the cardinality of E is infinite. Thus, for every n ,
it makes sense to refer to the Chebyshev points of order n for E .
The Chebyshev points for E do not necessarily lie in E . However,

it is true that:

Theorem 1.2,3 (Convex Hull Theorem)

* ok * .
If zl,zz,...,zn are the Chebyshev points of order n for E ,
* % * L.
then 2 aZgy e 2y lie in the convex hull of E .

Proof: Consider the following lemma:

Lemma 1.2.1 (Fejéf’s Principle)
*
Let K be a compact convex set in d and z £ K . Then there

*
exists a point { such that lz—gl < lz-z ! for every z in K .

*
Proof: There exists a line £ strictly separating =z and K . Let
%*
4’ be the line through z , perpendicular to 4 and let { be the
*
point of intersection of 4 and 4’ . Then angle zz C <37 and

angle zgz* > 4T for every 2z in K . Thus |z—C| < lz—z*‘ .

Proof of Theorem:

* % *
Let zl,zz,...,zn be the Chebyshev points of order n for E .
We shall designate the closed convex hull of E by K(E) . Suppose

%
z1 & K(E) . Then by Fejé&'s Principle (where K(E) is designated by

* * *
Kand z by z ), there exists a { such that |z-€| < Iz—zll .

Consider a polynomial

- n - n
Q@ = [izzcz—z;‘) Jeo . @l = max irizlz—z’,.'fl lac | <



n
max I |z—z%| = ”T (z;E)” . Thus we can find a polynomial whose
Z€E i=l . n

norm is smaller than the norm of the Chebyshev polynomial for E .
Contradiction! Hence, all the Chebyshev points of order n for E

lie in K(E) , the closed convex hull of E .

Corollary 1.2.1

If E is convex, then the Chebyshev points of order n for E
lie in E .
Like a PFekete polynomial, a Chebyshev polynomial for E also

defines a lemniscatic region.

Definition 1.2.4

By we shall mean {z IT (z;E)l <Sm (B)} .
n n
n

One can show:

Theorem 1.2.4

a) Eci’T and
n

b) |Bi& n E| 2 n4l .
n

1.3 Fekete's Theorem

We now come to the main theorem of this chapter, Fekete's Theorem.
Fekete [6] proved that the transfinite diameter of E and the Chebyshev

constant of E are equal.

Theorem 1.3.1

If E is a compact set in the complex plane, then O&(E) = X(E) .
Proof: We note first that if E has only a finite number of points,

ther both 8(E) and X(E) are zero, so we shall assume that the cardi-
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nality of E is infinite.
a) To show X(E) = 6(E) :
Choose & ,5,,...,§ such that V (B) = v(§1,§2,...,§n) . Since
n

m (E) = min max II |z—z_' we choose 2z in E such that
n . i
z; z€E i=1

i=1,2,...,n

n
m (E) <1 Iz-i.l . Now
i=1 +

Vo ® 2,8, ,8) 2 m BV(ELE,,. . ,5) = m @V (®

n+l
(1.3.1)
. 2 2
n(n+l) (n+l)

dn+l ® = Vn+1 (E)] = [mn ® Vn (E)]n =

_2_
frT...1  dad...a e

n n;

ol mallw
()
n terms 2/ terms
. . /n+l .
On the right we have the geometric average of & 2 terms. Since

any average is greater than or equal to its minimal term we have

dn+l(E) z min(Tn(E),dn(E)) . (1.3.2)

We have equality if and only if 'Tn(E) = dn(E) . But this implies
=06 i = >
%X (E) (E). Thus for every n , either 'rn(E) dn(E) or dn+l(E)

. < .
m1n(Tn(E) ,dn(E)) . If dn(E) ’rn(E) then dn+1(E) > dn(E) , Which
is impossible since Theorem 1.1.1 avers that {dn(E)} is monotone
decreasing. Thus 'rn(E) < dn(E) . Hence in all cases Tn(E) < dn(E)

and X(E) < 8(E) .



is called the Vandermonde determinant

i
[=3
@
o
N
=B
-
N
- B

b) To show O&(E) =< y(E) :
Let A(zl,zz,...,zn+1)

A(zl,zz,...,zn+l)

Z1aBgreraBpy

Let Tn(z;E) =z

nomial of degree

n

+ C.Z

n-1 n-1

1 + CZZ

for E . Now, the value of A(zl,zz,...,z

(1.3.3)

n+l

)

11

of the values

. We note that lA(zl,zz,...,zn+1)|= V2, 12g,e 002y ).

be the Chebyshev poly-

will not change if we add to the top row multiples of the other rows,

We shall choose as our multiples the coefficients of the powers of

zZ

in the Chebyshev polynomial for E ; i.e., we multiply the second row

by

¢ the third row by ¢, ,

add to the top row.

Az

12Zg9e - X

) =

2
We then have
T, (z;E)

Zn--1
1

up to the

z .
n+l’

Z

row by cn

E)

n-1
n+l

Expanding the determinant using elements of the first row gives:

and

(1.3.4)
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n+l
i+l
. = 2 - M
A(zlvzzv- -ozn+1) i (-1) Tn(zi’E) A(zl,zz,...,zi,...,zn+1)
(1.3.5)
A
where A(zl,zz,...,zi,...,zn+1) indicates the Vandermonde determinant

with the column involving zi and its powers omitted. Thus

n+l A
< X .
oz, ,2,,. .02 ) Z I (2B | 1Az, 2,002,000z,
n+l A
< Zz .
or V(zl’ZZ""’Zn+1) i |Tn(zi,E)| V(zl,zz,...,zi,...,zn+l)
Taking the maximum of both sides we have
Vn+1(E) =m (E) V (E) (n+l) (1.3.6)

Using equations (1.3.1) and (1.3.6), and simplfying the notation by

omitting the E's we have

< <
mnVn Vn+1 mnVn(n+1) (1.3.7)

Now if O(E) = 0 our conclusion is satisfied automatically, so

1
[=9] —
we assume O(E) > 0 . Consider the series z Vz 2 . Let the radius
n=2

of convergence be p . By the Cauchy-Hademard formula we have

1
e T
-]—" = lim Vn (1.3.8)
p n-re n
1
1 1 11 1 -1 n(n-1)
n® _  n(n-1) n(n-1) _  n(n-1) n°(n-1)_'n
But Vn - vn Vﬁ - Vn Vﬁ - 1

T
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As n - o , the numerator approaches [ &8(E)]

1
e 1
approaches 1 . Thus Vn approaches [6(E)]§ and (1.3.8) gives

and the denominator

=]

1
p = ——x (1.3.9)
[ 6¢E) 1"
A
Vn . n+l
Employing the ratio test for convergence we examine 1lim +1 .
n-$eo —_
V. n
n
If this limit exists, it too must be equal to -16 .
A 1 1
n+1l v n 1 }_ v n
Now n+l =( n+l) y ™ML 1 =( n+1) 1
1 v n+l \' 1
n n " n(n+l)
v \'
n n+l
1
v n
T+l 1
By (1.3.7) ( v approaches X(E) as n = ® , and T
n n(n+l)
v
n+l
approaches —--—1—-_3; as n * « ., Hence 3 = L(—E)_'_J___ . Using p = ————r
[8(E)1® ° LR [8(E) 12

from (1.3.9) above, we have O(E) = X(E) .

1.4 Examples

The following examples will illustrate some of the previous
material. We first consider

Example 1.4.1

Let E be the unit disk in ¢ , which we shall call D : {z{lz]| <1} .



14

We ask the question, "Where should the zi's be placed so as to mini-

n
imize the expression max Il Iz-zil 2"

Z€D i=1

Intuitively one thinks placing

the zi's at the center would accomplish this, and indeed it is the

case, but let's prove it.

Theorem 1.4.1

XM =1 .
n
Proof: Placing z, =0 for i=1,2,...,n we have m (D) < max II |z—0| =
. n z€D i=l
max lznl =1 . Suppose m_ (D)< 1. Then ”T (z;D)H <1 . Consider
z€D n n
Qn(z) = znTn(é;D) . On 0D we have |Qn(z)l = lanlTn(é;D)l <1 and

by the maximum modulus principle lQn(z)l <1 throughout D . But at
z =0, Qn(o) =1 . Contradiction! Hence for every n , mn(D) =1,
Tn(D) =1,and X(M) =1.

Corollary 1.4.1

x(DR) = R , where DR is a disk of radius R .

Thus for the unit disk, Tn(z) =z and the Chebyshev points of
order n for D for all n , are located at z =0 . From Theorem
1.3.1 we know that O(D) =1 . It can be shown that a set of Fekete
points of order n for D are located at the n'th roots of unity.
Unlike the set of Chebyshev points for the disk, this set is not unique,
for any set of points which are the n'th roots of W where lwl =1
has the property characterizing Fekete points.

Example 1.4.2

Now let us consider E to be the interval of the real line [-1,1]
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which we shall denote by 1 . We again ask the same question. How
should the points xl,xz,...,xn be placed so as to minimize the ex-

n
pression max I lx—xil ? The answer here is not at all obvious.

x€1 i=1

For reésons which will become apparent later we consider the polynomial
Cn(x) = cos nO where cos 0 = x (1.4.1)

We note that Co(x) =1 and Cl(x) = x . Using trigonometric
identities it is easy to show that the polynomials Cn(x) satisfy the

three term recurrence relation:

C x) = 2an(x) - C (x) (1.4.2)

n+l n-1

Thus

Cn+l(x) = 2n—lxn + terms of lower degree (1.4.3)

Although Cn{x) is referred to in the literature as the Chebyshev
polynomial of degree n for I , and usually is denoted by Tn(x) s we
have reserved that term and that notation for a monic polynomial.

A
Hence we shall look at Cn(x) where
A

Cn(x) = 2n--l

Cn(x) (1.4.4)

A
and we shall show that Cn(x) = i-l cos ( n arc cos x ) is indeed
2

the unique Chebyshev polynomial Tn(x;I) of degree n for I . But

first let us look at the zeros of Tn(x;I) which are the Chebyshev

points of order n for I
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Theorem 1.4.2

Tn(x;I) has simple zeros at the n points x % = cos<2k—1>ﬂ

k 2n
k=1,2,...,n ., On [-1,1] Tn(x) has extreme values at the n+l
points Ek = cos %ﬂ k =0,1,2,...,n where it assumes the value

k 1
(-1) .
ol 1

Proof: See Davis [ 4].

Theorem 1.4.3

Tn(x;I) = i—l cos ( n arc cos x ) is the Chebyshev polynomial
2
for I and X(I) = % .
Proof:
We have m (I) = HT (x;I)H = max IT (x;I)l — . Suppose
n n n n-1
x€1 2
mn(I) < L . Let Qn(x) be a monic polynomial such that

2n—1

HQn(x)” < ;%:I . Consider P(x) = Tn(x;I) - Qn(x) . Now at x

k
P(R) = —— (-1)F - g (X)) and since |o ()| < L, P(R) takes
k on-1 n k n° Kk o8-l ’ k
on alternately 4+ and - values for the n+l values k = 0,1,2,...,n .

Thus P(x) has n zeros. But since both Tn(x;I) and Qn(x) are

monic, P(x) is of degree n-1 . Hence P(x) =0 and Qn(x) = Tn(x;I) .
Now —t— = max |T (x;1) | = max lQn(x)l < . Contradiction! Thus
n-1 n n-1
2 x€I x€1 2

1

m (I) = —— and X(I) = lim T_(I) —lim<1 )H—
n zn-l o n - 2n—l

ol
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From (1.1.7) and Theorem 1.3.1, for the interval & = [a,b] a £b

we have

X(9 = (b - a) (1.4.5)

Again we know that (L) % , but what can one say about the
Fekete points for I ? Without getting involved in a discussion of
orthogonal polynomials, we shall state that the Fekete points of order
n for I are the points *1  and the zeros of the derivative of the
Legendre polynomial of degree n-1 . (Refer to Szego [31] p. 379, prob.

37 for clarification.) Unlike the case for the disk, the Fekete points

for the interval are unique.

1.5 Additional Observations

The above examples were chosen since direct calculation is not
too involved. 1In most cases we rely on the following mapping theorem
to calculate the transfinite diameter for a larger class of compact

sets E .

Theorem 1.5.1

Let E Dbe a bounded continuum with connected complement. If

Eg (see Def. 1.1.5) is mapped conformally on |w| >R by

a a
w=w(z) =2z + 8y + —% + ~% 4+ ... then the radius R , called the
Z

outer mapping radius of E., is equal to O6(E) .

Proof: See Hille [14].

Although we shall not deal with it again, the classical theory of
this subject would not be complete if one did not include the follow-
ing definition:

Let E be a compact set in d and W 20 be a positive mass
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distribution on E of total mass 1 . We consider the energy integral
1
(W) = J:f log Ta-b] du(a) du(b) (1.5.1)
E
Let
V= 1:f TG (1.5.2)

It can be shown =~ <V = @,

Definition 1.5.1

Let Y@®) = e_V . We call v¥(E) the capacity of E .

The notion of capacity is part of our story because of a result

by Szego [30]. He proved that
Y(E) = 8(E) (1.5.3)

Another definition, one that we shall refer to occasionally is:

Definition 1.5.2

A monic polynomial of degree n of smallest norm defined on E ,

whose zeros lie in E , shall be called a restricted Chebyshev poly-

nomial of degree n for E and denoted by fn(z;E) .

We let
n@® = T (28 ||E (1.5.4)
and

1
T @ = [ﬁn(E)] n (1.5.5)

One can show lim T_(E) exists (see Goluzin [10]) and
n-ro
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Definition 1,5.3

X (E) lim ?;(E) is called the restricted Chebyshev constant for

n-o

E .

Theorem 1.5.3

X(E) = X(E)

Proof: Since the minimum is taken over a larger set, mn(E) < ﬁn(E) ’
thus X(E) < X(B) . Now, a closer examination of Theorem 1.3.1

reveals that in part a) we proved fn(E) s dn(E) . Thus X(E) < 8(B)

But in part b) we proved O&(E) = X(E) . Hence, ¥X(E) = X(E)
fn(z;E) is called a restricted Chebyshev polynomial of degree n
for E , since we do not necessarily have uniqueness in this case,

although the cardinality of E may be infinite.

Definition 1.5.4

The zeros of Tn(z;E) will be called restricted Chebyshev points

of order n for E .

If E consists of more than one point and is convex, it can be
shown that for every n , the restricted Chebyshev polyhomial of degree
n for E is unique and is the same as the Chebyshev polynomial of de-

gree n for E . However, let us consider:

Example 1.5.1

Let E be oD, i.,e., the unit circle. The Chebyshev points of
order n for oD are z, =0 i=1,2,...,n, as in the case for D .
A set of Fekete points of order n for OD are the n'th roots of
@  where |w| =1 , as in the case for D . Let us look at this example

in the restricted case.
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Lemma 1.5.1
If qn(Z) is a polynomial of degree n and has its zeros on
|z| =1 , then

n
max |q_(2) | <R ax ‘qn(z)|

lZ ‘=R>1 2 |Z =1

Proof: See Ankeny and Rivlin [17].

Theorem 1.5.4

fn(z;aD) =z - W where |w| =1,
Proof: HT (z;BDH = max lzn - wl = 2 Thus m_(d D) <2 . Suppose
——————— n n
z€dD
there exists a monic polynomial qn(z) such that ”qn(z)H =p <2,
and qn(z) has its zeros on 6D . Then by the preceding lemma we have
14+R"”

max lqn(z)l S-—%—— p. Let 8 = % . Then © <1 . For R large
|z|=R>1
enough (1+Rn)9 < Rn . Thus ax lqn(z)l < Rn = max Iznl . We

|er=R>1 z |=R

apply Rouche's Theorem. Hence 2t - qn(z) has the same number of

n
Zeros as 2 onlzl <R . But z% - qn(z) is a polynomial of degree at
most n-l1 , whereas z" is a polynomial of degree n ., Thus

n _ _ n n
qn(z) -z =0 and qn(z) =z . But 2z has no zeros on oD .

Contradiction! Thus there does not exist such a polynomial qn(z)
and Tn(z;BD) =z" - w where |w| =1 1is a restricted Chebyshev poly-
nomial of degree n for OD .

In this case we see that the set of restricted Chebyshev poly-
nomials for OD is the same as the set of Fekete polynomials for dD ,
and the sets of restricted Chebyshev points and Fekete points coincide.

Our summary of the classical theory is complete. Other investi-
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gations in the complex plane were carried out by Frostman [7] and
Tsuji [32] using spherical, elliptical, and hyperbolic metrics, Their
definitions of transfinite diameter, Chebyshev constant, and capacity
using these metrics led to the equality of all three in the complex

plane for any compact set E .



CHAPTER 2

Extensions and Generalizations

Fekete's definitions of the transfinite diameter and the Chebyshev
constant involve the choice of a metric space (complex plane with
usual metric), a subset (compact set), and an averaging process (geo-
metric mean), In Chapter 1 we mentioned the work of those who dealt
with other metrics in the complex plane. In this chapter we will
generalize by considering other averaging processes, and extend the

definitions to any metric space.

2.1 Averaging Processes

The geometric mean belongs to a class of averages which we shall

now discuss. Let i 1¥gree s X be a set of non-negative numbers.

Definition 2,1.1

1

/ n
The function Ay (X ,%y,... %) = (% by x?) , M ¥ 0 will be
i=l

called the A-th power average of xl,xz,...,xn . If for some

i, i1=1,2,...,n x; =0 and A <0 then we define A(A)(xl,xz,...,xn)
=0 .

Definition 2.1.2

n
1 . .
For A =1, Ay Rpa¥XgeeanX) = % ifaxi is called the arith-

ic average of X, ,X,5..035%X_
meti ag 12%92 ¥y

22
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Definition 2.1.3

For A\ = -1 and X 0 ,i=1,2,...,n, A(_l)(xl,xz,...,xn) =

1 = n
1 2 2
= L = = is called the harmonic average oOf X, ,X_j,... % .
n . X . X, 1’72 n
i=l i i=1l i
Theorem 2.1.1
1
n n
1im A, (X, ;X0 ,. .. ,X) =(nx.>
W O A n i=1

Proof: See Hardy, Littlewood, and Pdlya [111.

Definition 2.1.4

We define A(O)(xl,xz,...,xn) = iig A(h)(xl,xz,...,xn) . Thus,
1
s n n 1
A(O)(Xl’xz""’xn) = ( 11 xi) which we call the geometric average
i=1
of xl’XZ""’xn .

The M~th power averages have the following properties, proofs

of which may be found in the previous reference cited.

Theorem 2,1.2

a) If A<y , then A(A)(Xl'xz""’xn) < A(u)(xl,xz,...,xn)

unless xl=x2=...:xn, or N =0 and X, = 0 for some i, i =1,2,...,n.

=1 and A >1, then

> =

b) If +

==

1We have referred to this previously as the geometric mean. We shall
use the words "mean" and "average'" interchangeably.
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~ Z XV, < A(A)(X Xy .,xn)A

)(yl,yz,...,yn) with equality if
i=1

(
AN .
and only if the set 1,xz,...,x is proportional to the set

W u} . . v
{yl,yz,...,yn or either xl_xz—...xn=0 or y1~y2_...-yn=0 .
(Holder's Inequality.)

=
c) For A =21, A(x)(xl+yl,x2+y2,...,xn+yn)

A()\) (Xl,xz,. . ,Xn) + A()\) (ylyyzs- X syn)

with equality if and only if A =1 or the set {xl,xz,...,xn} is
proportional to the set {yl,yz,...,yn} .  (Minkowski's Inequality.)
Since it will be used in the sequel, we define the concept of

weighted average.

Definition 2.1.5

Let v, >0 i=1,2,...,n, The function

[ s
n f—
E w, xl
A(K)(xl,xz,...,x Wy aWgaae .,wn) = i=1 .
z v,
i=1

A+ 0 will be called the weighted A-th power average of X)X

prece

24

X

with respect to the weights WiaWoseo

< . =
and A 0 then we set A(A)(xl,xz,...,xn,wl,wz,...,wn) o .

.,w_ . If for some i, x, =0
n
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Definition 2.1.6

A(O)(xl,xz,...,xn;wl,wz,...,wn) = 0 x

The weighted M-th power average reduces to the ordinary MA-th
power average when wi =1 for all i =1,2,...,n .
Let E be a compact set in a metric space (X,p) . Using the

A-th power means one can consider:

1
Y
A 1 A
d (B) = max | = X p(x,,%.) } (2.1.1)
n x, €& \2> 15i<j<n J
i=1,2,..75n
and
1
o 15 A K
T (E) = min max| = L p(x,xi) (2.1.2)

n xiEX x€E| * i=1

i=1,2,...,n

A A
One can show that both 1lim d( )(E) and 1lim T( )(E) exist.
e nao °

Definition 2,1.7

A
ﬁ(h)(E) = 1lim dé )(E) is called the A-th power average trans-
n-reo

finite diameter for E .

Definition 2,1.8

A . A . .
x( )(E) = lim T(“)(E) is called the M th power average Chebyshev

n—e

constant for E .
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PSlya and Szego [25] considered the sets I, oI, D, and oD
in the complex plane using MA-th power averages. In addition they
found values for the transfinite diameter and the Chebyshev constant
for the unit ball and the unit sphere in three dimensional Euclidean
space. A table of their results may be found in the appendix.

The arithmetic, geometric, and harmonic means were also used by
Leja in a series of papers on this topic dating back to 1933. Leja
"weakened" the metric in the plane by his use of a function w(zi,zj)
that obeyed only the laws of positivity and symmetry for a metric
function, without the triangle law. Leja also examined various associ-
ated sequences of polynomials, extension of the problem to two dimen-
sional complex space, and some conformal mapping aspects. See Leja
[20],[21],[22].

Now let us consider a class of averages which are based on the

following postulates imposed by Kolmogorov [18] and also by Nagumo [23].

THE POSTULATES

a) For each natural number n and for every set of n positive

values xl,xz,...,xn , there exists a positive average A(xl,xz,...,xn) .
b) A(xl,xz,...,xn) is a continuous symmetric function of its
arguments and A(xl,xz,...,xn) is strictly increasing as a function

in each of them.

c) A(X,X,...,X) =% ,

d A(xl,’x2""’xk’xk+1’°"’xn) = A(y’Ys---,Y;xk+1"--:xn) if
y = A(xl,xz,...,xk .

As a consequence of POSTULATE b) and POSTULATE c) we have the
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basic inequality:

i < <
m%n X, A(xl,xz,...,xn) max X, (2.1.3)
i i
with equality holding if and only if xl =Xy = ou. = xn .
If the definition of A(K)(Xl’x2”"’xn) is restricted to only

positive values of its arguments, then the A-th power average ful-
fills the POSTULATES, We have, however, defined A(k)(xl,xz,...,xn)
for non-negative values of its arguments, and we can extend the defi-
nition of an average A(xl,xz,...,xn) by continuity when one or more

of its arguments is zero.

We would expect to have A(0,0,...,0) =0 . However,
A(xl,xz,...,xn) can be equal to 0 without having all of its arguments
i <
equal to 0 . For example, consider A(k)(xl,xz,...,xn) for A =0
and xi =0 for some i , i =1,2,...,n.

The statement of POSTULATE b) - that A(xl’XZ”"’Xn) is strictly
increasing as a function in each of its arguments - holds only when one
considers strictly positive values of the arguments. 1In view of this,

the basic inequality (2.1.3) must be modified if we consider

A(xl,xz,...,xn) defined for non-negative arguments. 1In this case we
have
i <
m?n X, A(xl,xz,...,xn) < m:x X, (2.1.49
i

with equality on the right if and only if all the xi's, i=1,2,...,n

are equal, and equality on the left if and only if A(xl,xz,...,xn) =0
when some x, = 0,i=1,2,...,n or all the xi's, i=1,2,...,n are

equal.
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Another consequence of the POSTULATES, one that will be used in
several proofs, is the following:

Theorem 2,1.3

2
If A(yk+1,yk+2,-.-,yn) A(xk+1,xk+2,...,xn) then

=
A(xl,xz,- o ’xk’ yk+l’yk+2" .. ’yn) A(Xl 1Xg e ’xk ’ xk+1’xk+2’. .. ’xn)
Proof: Let

A(yk+l’yk+2""’yn) =Y and A(x ,xn) = 8 . Then by

Kl 2 Xgk4270 0"

POSTULATE d), A(xl,xz,...,xk,yk+1,yk+2,...,yn) = A(xl,xz,...,xk,Y,Y,...,Y)

and A(x :Xn) = A(x 1 X 6:69---:6) . By

10 Egr e s KXy 10Xy e 10%gee s 1 %Xp s

POSTULATE b), since VY 2 0 , the conclusion follows.
Let F(t) be a real-valued functioh, which is continuous and
strictly monotone for 0 < t < ® , The function F(t) will generate

a function AF(xl’XZ""’Xn) by means of the correspondence:

n
AF(xl,xz,...,xn) = F_l( % iE; F(xi)> (2.1.5)

It can be shown that the function AF(x xn) so generated satis-

17%¥g10
fies the POSTULATES for an average function. Moreover, to every average
satisfying the POSTULATES, there corresponds a generating function which
is related to the average by means of (2.1.5). See Hille [16].

We note that the function F(t) = tk generates the A-th power
average for A ¥ 0 , and the function F(t) = log t generates the O0-th
power, or geometric average. Indeed the A~th power averages are charac-

terized by:

Theorem 2.1.4

If for every k , A(kxl,kxz,...,kxn) = kA(xl,xz,...,xn) s, (L.e.,

A(xl,xz,...,xn) is homogeneous of degree omne), then A(xl,xz,...,xn)
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is a A~th power average, and conversely.
The correspondence between AF(xl,xz,...,xn) and its generating
function PF(t) 1is not unique. We have the following theorem:

Theorem 2.1.5

Let F(t) generate AL(%),%X5,...,% ) and G(t) generate
AG(xl,xz,...,xn) . Then AF(Xl’XZ""’xn) = AG(xl’xz""’Xn) for
every set {xl,xz,...,xn} if and only if F(t) = oG(t) + B where o 0 ,
Theorem 2.1.2, part a) gives an order relationship for A-th power
averages. The question arises whether one has a lik; theorem in the

case of averages satisfying the POSTULATES. The answer is affirmative.

Theorem 2.1.6

Let F(t) generate AF(xl’XZ""’xn) and G(t) generate
AG(xl,xz,...,xn) . Suppose TF(t) is increasing. Then AG(xl’XZ""’xn)
< AF(xl,xz,...,xn) for every set {xl,xz,...,xn} if and only if
H(y) = F(G—l(y)) is convex for all y in the range of G .

The proofs of Theorems 2.1.4, 2.1.5, and 2.,1.6 may be found in
Hardy, Littlewood, and Pdlya [11].

Hille [13],[14],[16] approached the task of generalizing Fekete's
work by considering averages satisfying the POSTULATES, We too will con-
sider those averages. FEach time we write A(xl,xz,...,xn) we mean an
average function satisfying the POSTULATES., All theorems referring to
"for every average' mean 'for every average satisfying the POSTULATES,"
The material in Sections 2.2 and 2.3 parallels some of Hille's work, but
the approach of working with the generating function for the averages

is different.

2.2 A Generalized Transfinite Diameter

From Theorem 2.1.5 we see that any average AF(xl,xz,...,xn) is

generated not only by FPF(t) but by any function belonging to the set
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s = {oF(t) + Blo # 0} . Consider the subset T © S where

T

{oF(t) |0 ¥ 0} . Let G(t) €T and choose G(t) so that it is
strictly increasing. This is, of course, possible since F(t) is

monotone. Define a function

_.1 .
R(ul,uz,...,un) =G [nG(AG(ul,uz,...,un))] (2.2.1)
where G €T .
(Note that we consider A(ul,uz,...,un) here“only in its non-

extended sense, that is for only positive values of its arguments.

Hence AG(u ,un) > 0 and thus G(AG(ul’uZ""’un)) is defined.,)

17Ygse

Theorem 2.2.1

The function R(ul,uz,...,un) depends only on the subset T and
is independent of the choice of generating function from T .
Proof: Let R(ul,uz,...,un) be defined as in (2.2.1) and let

. o
Q(ul’uZ""’un) be defined by Q(ul’uZ""’un) =H [nH(AH(ul,uz,...,un))]

where H € T . Since both G and H are in T , we know AG(ul,uz,...,un)

is equal to AH(ul’uZ""’un) . Moreover, for some Y ¥ 0

-1
G(t) = YH(t) . Thus R(ul,u .,un) =G [nG(AG(ul,uz,...,un)]

92"

-1 nYH(AH(ul,uz,...,un))

= G—l[nYH(AH(ul,uz,...,un))J =H
Y

_f_
- H anH(AH(ul,uz,...,un))] = QQu uy,. .. ,u0)

Let (X,p) be a metric space and E a compact subset of X of

infinite cardinality. For n 2 2 let xl,xz,...,xn be n distinct

points of E . Let AG(ul,uz,...,un) be generated by G € T with

T
G(t) increasing. Define VA( )(xl,xz,...,xn) by:
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A(T) -1 e
Vv (xl,xz,...,xn) = G [(Z)G(AG(p(xi,xj)))] (2.2.2)

n
where p(xi,xj) denotes the (2) distances for 1 =i < j <n .,
To simplify the notation we shall write VA(xl,xz,...,xn) rather
VD . .
than (xl,xz,...,xn) with the understanding that the average A

is generated from a function from the subset T .

Since both VA(xl,xz,...,xn) and AG(p(Xi’Xj)) are continuous

functions defined on the compact set E , they attain their maximum

on E . Set

Vﬁ(E) - wax VA(xl,xz,...,xn) (2.2.3)
i
i=1,2,...,n
and
A
ab®) = max AL(PCx;,% ) (2.2.9)

where the maximum of AG(p(xi,xj)) is taken as the n points range

over E . 1

Theorem 2.2.2

@ =6 (2) ccla |

Proof: Omitting the arguments for brevity, one has from equation (2.2.2)

1The set E may be taken to be merely bounded. 1In this case we can

define dﬁ(E) = sup AG(p(Xi’xj)) , Where the supremum is taken as the

n points range over E .
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i n .
G(VA) = \Z)G(AG) . Hence max G(V) = max \2>G(AG) where the maximum
is taken over the points X ,x,,...,X €E . Since G was chosen
RS s
. . n n A
increasing we have G(max VA) = \Z)G(max AG) or G(Vﬁ(E)) = KZ)G(dn(E))

Taking the inverse of both sides gives the desired result.

L
(n'
\2/ .
We note that when G(t) = log t , then [Vn(E)] = dn(E) and this
corresponds with the classical case.
Definition 2.2.1
A set of points §1’§2""’§n such that Vﬁ(E) = VA(§1,§2,...,§n)

shall be called generalized Fekete points of order n for E .

Theorem 2.2.3

The sequence {dﬁ(E)} is monotone decreasing.

Proof: Let §1,§2,...,§n+1 be a set of generalized Fekete points of
order n+l for E . Then

A =L LE ) = T Jeag e, 500 ]

n+l

for 1 <3i < j <n+l . We can write out the arguments for the average

by first exhibiting only those that contain §1 , thusly:

@ = (Mo (8 5 10CE 8 1066 ) P (5L EDD) ]

n+l n+l
where p(gi,gj) stands for all pairs 2 <i < j <n4l . If Ql,Cz,...,Q
are generalized Fekete points of order n for E then from Theorem

2.1.2 we have

1 na® :
Vi@ =07 (Mo (P8, 5 0 (E 8 1 op (86D P00 ]
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for 1 = i < j Sn . Let Al = AG(p(gl,gz),P(gl,gs)yo--,P(g ’g ),p(gi’gj))

n+l

- |
&) Gy 0 B[ < 4y
2

1 -
< .
(ﬁ:fj G(Vﬁ+l(E)) A, , where A, is characterized by
2

We-write ¢~1

Similarly ¢t

o~

having' §2 as the distinguished point. Likewise we have

-1 1

(ngl

G(V':+1(E)) SA, for i=3,4,...,n4

Taking any averagé A of the n+4l terms on both sides we have on the

left by POSTULATE c), G-1 L G(VA (E)) | and on the right we have
<n+l) n+l
2
A(Al’AZ""’An+1) . Examining the arguments in the averages Ai for
i=1,2,...,n+1 , one can write
2
AA LA, A ) = A(p(E ,E)7); p(C,, L) for 1 i <j=<n and
1772 n+l X k’ L N i

n(n+l) terms &g>(n+l) terms
1 <k <4 <n+l . By POSTULATE d), we can replace the arguments on

the right by their averages. Thus we have

-1 1 .
¢ ) GV E) | 5 AGL(EL5) A(E L PN
2

<ale™ [(Tif; et @] ; ¢l Flﬁ s @ ) _
2 2/
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From Theorem 2.2.2 this gives

A

A A
4 (B SA(w ’ w) ©  Either d11;+1(E) =dﬁ(E) or

n(n+l) terms (g)(n+1)»terms

A A . A A .. .
dn+1(E) < dn(E) . For if dn+l(E) > dn(E) , then the basic inequality

. A A A A
£ 2,1.3 <
or averages (2.1.3) gives dn+1(E) A(dn+1(E) , dn(E)) < dn+l

®

Contradiction! Thus {dﬁ(E)} is monotone decreasing.

Definition 2,2.2

GA(E) = lim dﬁ(E) is called a generalized transfinite diameter
n-po

of E .

Since p(xi,xj) < d(E) for all pairs (Xi’xj) we have

A(p(xi,xj)) < d(B) from-POSTULATES b) and c¢). Hence

AE) < a@E) . (2.2.5)

Thus, even in the general case, the topological diameter of a set
provides an upper bound for the transfinite diameter of that set.

The properties of monotony and continuity of the transfinite
diameter hold in the general case. For a proof of a theorem analogous
to Theorem 1.1.2, see Hille [16]. From Theorem 2.1.2 part a) for
A-th power averages we have the result that a generalized transfinite

diameter is monotone with respect to A :

1f A<y then M@ <M @ . (2.2.6)

In the general case one does not have statements analogous to
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(1.1.7) and (1.1.8). We can say however:

Theorem 2.2.4

Let (X,p) be a metric space and let T be a contraction
mapping on (X,p) . If E 1is a compact subset of X , then for any
A
average A , GA(TE) < 6§ (E), where TE is the image of E under T .

We have equality if T is an isometry.
Proof: Since T 1is a contraction mapping, p(Txi,ij) < p(xi,xj)

<
for all Xi’xj € E . Hence A(p(Txi,ij)) A(p(xi,xj)) for
1 <i<j<n by POSTULATE b). Thus dﬁ(TE) < dﬁ(E) which implies
A A . s . . .
§(TE) = §°(E) . The sufficiency condition for equality is obvious.

Definition 2,2.3

Let §1,§2,...,§n be a set of generalized Fekete points of order
. A -1
n for E . We consider Fn(x;E) =G nG(AG(p(x,gl),p(x,ge),...,p(x,gn)))

where G € T . The function Fﬁ(x;E) will be called a generalized

Fekete function of order n for E .

We note that Fﬁ(x;E) >0 . Let

Fesm || = max FAosp =k (2.2.7)

Definition 2.2.4

By a generalized lemniscatic region L A we shall mean
Fn
{x € XlFﬁ(x;E) < Kﬁ} , and by :2 4 Ve shall mean {x € XlFﬁ(x;E) = Kﬁ} .

F
n

(We do not notate this as al A as we did in the classical case since

F
n
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we do not necessarily have a maximum principle in the metric space

(X,p)j.

One can easily verify

Theorem 2.2.5

a) EC=£A and

F
n

b) QFAnE*g.

Unlike the classical analogue, generalized Fekete points of order
n for E do not have to lie on the boundary of E . For example, in
a discrete metric space (X,p) and for a set E of infinite cardin-
ality, EEX set of n distinct points of E are generalized Fekete
points of order n for E . It will sometimes happen that 6A(E)
= 5A(BE) , but this is no longer a certainty.

In the classical case, the Chebyshev constant could be viewed as
the limiting value of the function Tn(E) obtained by considering a
min-max problem., It is through this approach that Hille extends the
definition of Chebyshev constant for a compact set in an arbitrary
metric space by means of a generalized average function.

Although Hille considers certain properties of generalized trans-
finite diameters, he completely neglects any discussion of generalized
Chebyshev constants, beyong showing their existence and the result of
Theorem 2.4.1. 1In Section 2.3 we shall discuss some of the consequences
of the definition as well as define a generalized Chebyshev function by
means of the generating function for the average.

2.3 A Generalized Chebyshev Constant.

Let (X,p) be a metric space, E a compact subset of X , and
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A(ul,uz,...,un) an average function. For X 9XgyeeosX 5 1 z1

points of X , and X a variable point in E , we let p(x,xi) denote

the distances from x to xi , 1 =1,2,...,n . Let
A 1
T,(E) =min max A(p(x,%,),0(X,%X5),...,P(x,X )) (2.3.1)
e xiEX x€E
i=l,2,...,n

Now 1lim Tﬁ(E) exists, (see Hille [16]) and we have
n-*oe

Definition 2.3.1

XA(E) = lim Tﬁ(E) is called a generalized Chebyshev constant
nre

for E .

A generalized Chebyshev constant for any average A is monotone
with respect to subsets, and if A is a MA-th power average, then it

is monotone with respect to A . Thus

Proposition 2.3.1

a) If E; CE, then xA(El) SxA(Ez)
p) 1f A<p  then XV @® =x® @

The proof of Proposition 2.3.1 part a) follows easily from the
definition of xA(E) , and the proof of part b) follows from Theorem

2.1.2 part a).

Definition 2,3.2

. * ok *
Points xl,xz,...,xn such that

lIf E is merely bounded we define

TE) = int sup AGR(X,X)D,P0K%,) ... ,0(x,x))
X, €X xCB

i=1,2,...,n
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min max A(p(x,xl),p(x,x ),...,p(x,xn)) = max A(p(x,x:),p(x,x;),...,p(x,x:))
xiEX x€E XEE

i=l1,2,...,n

are called generalized Chebyshev points of order n for E .

Suppose A 1is generated by G , and G(t) 1is increasing.

Definition 2.3.3

The function Cﬁ(x;E) = G—l[nG(A(p(x,x:),p(x,x;),...,p(x,x:)))]

is called a generalized Chebyshev function of order n for E .

Now Cﬁ(x;E) >0 . Let

A ex;m Il = mex CAxiE) = () (2.3.2)
X

Theorem 2.3.1

A -1 A
m (E) = G [nG(T (EN] .

We omit the proof as it is similar to the proof of Theorem 2,2,2,
1
We note in the classical case this reduces to (mn(E))n = Tn(E)

Definition 2.3.4

We may again define a generalized lemniscatic region iiA by

C
n

{x € X|CA(x;E) S:mA(E)} and a sub-region Q. by {x € X|CA(x;E) =
n n CA n
n

A
m (E)} .
One can show:

Theorem 2.3.2

a) EC# and
A
C
n

b) EnQAw:.
C
n
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The two most important theorems regarding Chebyshev points in the
classical case, Theorem 1.2,2, and Theorem 1.2.3, no longer hold in
the general case. For if (X,p) is a discrete metric space and E a
subset of infinite cardinality, then for every set of points

X 9Xgyeen X € X , we have 22; A(p(x,xl?,p(x,xz),...,p(x,xn)) =

A(L,1,1,...,1) =1 . Hence XA(E) =1, .Thus a set of generalized

Chebyshev points of order n for E is any set of n points of X !

Clearly they are not unique nor do they have to 1iénin the convex hull
of E .

However, we can obtain a "convex hull theorem" by putting addi-~
tional structure on the metric space. To this end we note that the
proof of Theorem 1.2,3 rested heavily on Fejér's Principle which does

not hold in a general metric space. We do not have to use the patho-

logical discrete metric space to illustrate this.

Example 2,.3.1

Let R: be 2-dimensional real space with the metric given by:

If (x,n) € R: and (xz’YQ) € R: then p((xl ,y1),(x2;y2)) =
: |

max (|x-xz |, ln-vah) . Let E = {G,» €rglmex (Ix],lyh =13,
i.e., the unit ball for R: . Let @ Dbe the point (0,2) . We
claim that for every point P € R: , AQ €E 2 p(P,Q = p(Q,&) .

Let S = {(x,y) € Rglx <0} and let s’ = {(x,y) € R:IX >0} .

2 «©

Thus S US =R, . For every P €S, let Q = (1,1) . Then
p®,® =max (|x-1],ly-1) 21 = max (lo-1],l2-1l) = pcq,@) . For

every P €8’ , let Q= (-1,1) . Then
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p@,@ = max (|x+1],ly-1]) >1 = max Josr],l2-1] = pca,@) .
Shisha [27] shows that Fejér's Principle holds in an n-dimen-

sional real Euclidean space. We can show more:

Definition 2.3.5

Let (X,p) be a metric space. A subset V of X is called
proximinal if and only if every element x € X has a best approxima-
tion out of V , i.e., for every x € X , there exists a v € V such

that p(x,;) = inf p(x,v) .
vEV

Theorem 2.3.3

Fejér's Principle is satisfied in inner-product spaces for subsets
which are both proximinal and convex.
Proof: Let Y be an inner-product space and let V be a proximinal
and convex subset of Y . Let x* be in Y\V . We shall show there
exists a v € V such that ”V—;H < HV—X*H for every v €V .

Define v to be a best approximation to x* out of V . Since
V is proximinal, v exists. The following characterization is given
in Cheney and Goldstein [2]:

*
v is a best approximation to X out of V if and only if

(x*—;,a—v) 20 for every v in a closed convex subset V . Now

vl = [0 + Gl = 5 + o=vl + 26*-7,5-v) . since
the last term on the right is non-negative we have Hx"‘-vll2 > ]16-vl|2
or |lx"~vl| > [[e-vl} .

If Y is a metric space, then any compact set E is proximinal.
If H is a Hilbert space, then any closed convex set is proximinal.
Proximinal subsets of other spaces may be found in the Appendices of

Singer [28].
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Theorem 2.3.4

Let (X,p) be a Hilbert space where the metric is derived from
the inner product. Let E be a compact subset of X . Then every
set of generalized Chebyshev points of E lies in V = K(E) , the

closed convex hull of E .

sk
Proof: Let Xso i=1,2,,..,n be a set of generalized Chebyshev
points for E with respect to an average A . Thus

* * ¥
max A(p(x,x ):P(X,XZ) 3o e :P(X,Xn)) = max A(p(xsxl) ,p(x,xz) ye e :P(X,xn))
X€E XCE
(2.3.3)
*

for any set X ,X,,...,X € X . Suppose X, € X\V . Let
. * * = = . . . -
inf p(xl,v) = p(xl,v) . Such a v exists since V is a proximinal
vEv
subset of X . Since V 1is also convex, the preceding theorem (with the

* * - *
substitution x for v and Xy for x) gives us p(x,v) < p(x,xl)

for every x € V and thus for every x € E . POSTULATE b) gives
- * * L3 * *
A(p(X,V),p(X,Xz),.--,p(X,xn)) <A(D(X,Xl),P(X,XZ),...,p(X,Xn)) for

every x € E ., Thus

max AP(x,9) ,00%,55) ... ,p06,%0) < max A(P(K,X),00%,%p) ... ,0(K, %))
X€E X€E

contrary to (2.3.3).

Corollary 2.3.1

If E is a convex compact subset of a Hilbert space, then every
set of generalized Chebyshev points of E 1lie in E .
The fact that a set of Chebyshev points of E 1lies in E does

not imply that E is convex. Counsider:
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Example 2.3.2

Let E = {oD U 0} where 0 is the center of D . In the classi-

* N
cal case the Chebyshev points of E are x1 = x; = ... = x: =0 for
all n ., Thus they lie in E , but E is not convex.

In Chapter 4 we shall say more about Fejér's Principle and the
Convex Hull Theorem.

In the general case we do not have Fekete's Theorem 1.3.1. We
have a much weaker result.

2.4 The Basic Inequality

Theorem 2.4.1

For any compact set E in a metric space (X,p) , and for any

average A(xl,xz,...,xn) , we have XA(E) < 6A(E)

Proof: Let G(t) be an increasing generating function for

A(xl,xg,...,xn) . Let 51,52,...,§n be a set of Fekete points of order

* k¥ *
n for E , and let xl,xz,...,xn be a set of Chebyshev points of order

n for E . Now

max AG(p(x,x*),p(x,x;),---,p(x,x:)) = 22; Aglp(x,8),p(x,85) ..., 0(x,E))

= AL(p(x,8),0(x,50) 5. ,p(x,E)) (2.4.1)

VA (E) = max V(xl’XZ""’xn+1) 2 VA(§1,§2,-..,§n,§)

n+l x. ER
i

i=1,2,...,n+l

- 1Y - 7
= ("2 Jocagtr; 8 0G5

for 1 £i<jsn, and k =1,2,,..,n . Replacing the arguments by

their averages, we have:
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- 1 -
voe = (" )G(A(AG<p(§i,§j>>, a,(p(R,§000) | . From (2.2.9),

n+l
(2.4.1), (2.3.1), and POSTULATE b) this becomes

ary
o 2 (et Ao o ® 2o, e =

min (dﬁ(E),Tﬁ(E)) . Either dﬁ(E) = Tﬁ(E) which implies SA(E) = xA(E)

or from (2.1.3), @ @ >mn (@@®,"h@®) . 11 L@ <Th® ,

A A A A
> .2.3.
then dn+1(E) dn(E) contrary to Theorem 2.2.3 Hence Tn(E) < dn(E)

and 2@ = @)

2.5 Additional Observations

The definitions of restricted Chebyshev constant, restricted

Chebyshev points, and restricted Chebyshev polynomial may also be ex-

tended to an arbitrary metric space (X,p) . Let E Dbe a compact
subset of X , and A(xl,xz,...,xn) an average. Let
~A .
Tn(E) = min max A(p(x,xl),p(x,xz),...,p(x,xn)) (2.5.1)
xiEE X€E
i=1,2,...,n

The limit of ?ﬁ(E) exists as n < «© and we have

Definition 2.5.1

iA(E) = 1lim ?ﬁ(E) is called a generalized restricted Chebyshev
n-»w

constant of order n for E .

Definition 2.,5.2

~%

~% ~%
Points X 1Ky e X such that min max A(p(x,xl),p(x,xz),...,p(x,xn))

x.€E x€E
i

i=l,2,...,n
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~% ~¥ ~%
= max A(p(x,xl),p(x,xz),...,p(x,xn)) are called generalized restricted

Chebyshev points of order n for E

Suppose A(xl,xz,...,xn) is generated by G €T and G is

increasing,

Definition 2.5.3

The function Cn(x;E) =G [nG(AG(p(x,x ),p(x,xz),...,p(x,xn)))J

is called a generalized restricted Chebyshev function of order n for

E .

Let

[edem | = max e = @ (2.5.2)
X

Theorem 2,5.1

e = ¢ @) |

In the generalized case we no longer have the equality of the
Chebyshev constant and the restricted Chebyshev constant. From the

definition, the following inequality results:
A ~A
X (B) =X (B) (2.5.3)

In Chapter 3, Example 3.1.1, we shall see a case where strict inequal-
ity holds.

A theorem analagous to Theorem 1.2.3 is not applicable here, since
by definition the generalized restricted Chebyshev points lie in E .

However, we can make a few statements regarding the sets of generalized
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restricted Chebyshev points and the sets of generalized Chebyshev

points for a compact set E in (X,p)

Theorem 2.5.2

* % *
If xl,xz,...,xn € E are generalized Chebyshev points of order
¥k *
n for E , then xl,x ,...,xn are generalized restricted Chebyshev
21

points of order n for E .

Proof:
* * *
max A(p(X,x.),p(%,%,) ,...,p(%X,% ))
1 2 n
x€E
(2.5.4)
< max A(P(x,x,),p(X,X,),...,p(x,x))
1 2 n
x€E
for all X 9 Xpree X € X . Since ES X, (2.5.4) holds for all
* ok * . .
XsXgye o s X € E . Hence X 1Xgyee ., X are generalized restricted

Chebyshev points of order n for E .

Theorem 2.5.3

~% Lk

~
If X ,%y,.. 00X € E are generalized restricted Chebyshev points of order

n for E , and if there exists a set of generalized Chebyshev points

~% ok ~%
of order n for E 1lying in E , then X11Xgy... X are generalized
(=]

Chebyshev points of order n for E .
Proof:

~% ~¥K 3
max A(P(x,x),p(x,X,),...,p(x,x )) =max A(p(x,x ),p(x,%X,),...,p(x,X))

1 2 n 1 2 n
x x€E

* %k &

for all xl,xz,...,xn EE . If Xy aXgye ey X € E are a set of gener-

alized Chebyshev points of order n for E , then
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max ACP(x,5)) P06, %y 4.0 00, %)
x€E
(2.5.5)

S max AGP(x,%)),0(%,%p) .00, 00K,50)
x€E

But

max A(p(x,XT),p(X,x:) ,...,p(x,x:)) < max A(p(x,%)),p(x,%5) 5. .., p(X,% )
x€E x€E

for all x ,x

17Xgre X € X . Hence

% * %
max A(p(X,X ) ,P(X,Xz) 300 !p(xixn))
x€E
(2.5.6)
~% ~K ~K
< max ACP(x,%)),P(x,%p) 4. .. ,0(x,X )
x€E
From (2.5.5) and (2.5.6) we get
~% ~% ~%k * * *
max A(p(x,x.),p(x,x.),...,p(x,x )) = max A(p(x,%x.),p(x,%x.),...,P(x,%x))
2 n 1 2 n
x€E Xx€E
~k ok ~k
and xl,xz,...,xn are generalized Chebyshev points of order n for E .

Corollary 2.5.1

If E is a convex compact subset of a Hilbert space, then for
every n , every set of generalized Chebyshev points of order n for
E 1is a set of generalized restricted Chebyshev points of order n
for E., and conversely.

Corollary 2.5.1 indicates that in the case of convex compact sub-
sets of Hilbert spaces, the unicity of generalized Chebyshev points for
each n implies the unicity of generalized restricted Chebyshev points,
and conversely.

If the set E is not convex, then the uniqueness question for

the sets of generalized Chebyshev points of order n for E is inde-



47
pendent of the uniqueness question for the sets of generalized re-
stricted Chebyshev points of order n for E . To illustrate this,
consider Example 1.5.1. Here, for each n , the Chebyshev points are
unique, but the restricted Chebyshev points are not unique. 1In
Example 3.1.1 of Chapter 3 we will illustrate a case where the general-
ized restricted Chebyshev points of order n ( n even) are unique,
whereas. the generalized Chebyshev points of order n ( n even) are not
unique.

Besides Corollary 2.3.1 we have the following theorem which states
sufficient conditions for generalized Chebyshev points of order n

for E +to lie in E .

Theorem 2.5.4

If ﬁﬁ(E) = mﬁ(E) for every n and the generalized Chebyshev

points of order n for E are unique, then they lie in E .

* ok * . .
Proof: Let X 9Xgye oo Xy be the set of generalized Chebyshev points
of order n for E . Their uniqueness implies

* * *
max ACP(X,%)) ,p(%,%5) 5. . ,P(X,%))

x€E
(2.5.7)
< max A(P(x,X),P(X,X5) ,...,0(%,X))
x€E
for every set X,,X,,...,X € X with equality if and only if
%k K * . ~A A
{xl,xz,...,xn} = xl,xz,...,xn} . Since i (E) = m (E) for every n ,
kK ¥ . . .
if xl,xz,...,xn are a set of generalized restricted Chebyshev points

of order n for E , we have
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~% ~% ~%
zax A(p(x,xl),p(x,xz),...,p(x,xn)) |
(2.5.8)

* 5k *
= max A(p(x,xl),p(x,xz),...,p(x,xn))
b

Since (2.5.7) holds for all sets X,,X,,...,X € X, it must hold for

~% o3k

~%
all sets )X X € E . Thus for X 9 Xgpene s X €EE , (2.5.8)

Xy 9Xgyeeo

and (2.5.7) give

: ~% ~% ~ * * *
max A(p(x,xl),p(x,xz)’O--’p(x)x:)) = max A(p(x’xl)’p(xixz)!"‘!p(xtxn))
xEE x€E

K ok Y
< max A(P(X,Xl),p(x,xz),...,p(x,xn)) . Hence equality throughout im-

) * % * ok ok K * % *
plies {xl,xz,...,xn} = {xl,xz,...,xn} and X ,%Xp, ... 0%, €E .



CHAPTER 3

Euclidean Spaces

Let Rn be the set of real n-tuples. If x = (xl,xz,...,xn)
and y = (yl,yz,...,yn) we make Rn into a vector space by defining

X+y = (xl + y1’ X2 + y2:°"yxn + yn) and ox = (CYXl,Q'Xz,...,Q'Xn)

for any real number « . An inner product structure is imposed on
n

Rn by defining (x,y) = Z Xy; - With these definitions, Rn is
i=1

called real Euclidean n-space.

A glance at the Appendix shows that Pdlya and Szego [25] con-
sidered certain compact sets in Rl’ R2’ and R3 , and calculated
their transfinite diameters and Chebyshev constants for A-th power
averages. We shall restrict ourselves to averages for which A 21 ,
but will obtain some results for all compact se?s in Rn . Specific-
ally we will calculate the Chebyshev constant for any compact set E
in Rn . This will enable us to compare it with the transfinite
diameter of E in certain known cases. We may then comment when we
have equality, or strict inequality, between the two set functions.
This question provided one motivation for this dissertation.

Since we are dealing with MA-th power averages, A 21 , the
Chebyshev constant and the transfinite diameter discussed in Chapter 3
should be called "generalized" in accordance with the definitions in
Chapter 2. However, to avoid excess verbiage, we shall omit this ad-
Jjective.

We start with

3.1 Ry - The Real Line

Throughout this section E will denote a compact set in Ry .

49
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We let

a = min x and
X€E

(3.1.1)
b = max x
Xx€E
We first prove the following lemma which will be quite useful in
the proofs of this section.
Lemma 3.1.1
A A A
For every x € E and for A > 1 we have (b-3) > (b-x) + (x-a)
unless X = a or X =b in which case we have equality.
Proof: It is well known that the p-norm is a strictly decreasing
function of p for p > 1 (See Hardy, Littlewood, and PSlya [11]).
1

n n D
Thus for x, 20 , &.x, > [ X x?]p unless all but one of the x. 's
: i=l © Tisl T .

are zero. Let (b-x) = X, and (x-a) = X, . For n = 2 and p = A,

the conclusion follows.

We note that for A =1 , we have equality.

Theorem 3.1.1

For A 21, and n even, the Fekete points of order n for E

are Q;2y...,58 ; b,b,...,b} and they are unique.
L——»—-—/W

L a
2 2

1

2 X
. ) 1 n N
Proof: We shall prove by induction dn (E) = <§> = (b-a) .

For n =2, déh)(E) = max |xi-le = (b-a) < (b-a) . (3.1.2)



51

Suppose it is true for n =k , k even. Hence
L > x
A AT A
di )(E) = max [ i % X, - le J < i EZ (b-2a) ]
(;) 1=i<jsk (2
(3.1.3)
; i iti = =1 b3
Consider k + 2 points. Writing X %Xy ce X, .2 » Ve can

dispense with absolute values, Now

A
[dk+2(E) = max. <k+2 . % Ox; Xj) . We break up the sum
o ) 1Si<j=k+2

so as to consider those terms involving x1 and xk+2 separately.

A
e ] 1 [ A
Thus [d (E) = max z (x, — x)
k+2 ikgzi o<i<jsksl + 3

k+l z k4l A
+ Z(x, - x.) + I (x. -x )]
=2 1 i i=l i k+2
k+l
A
= max E%E\ [ z (xi-x.) + Iz (xl-xi)x
( 5 ) 2Si<jSk+l J i=2

A
+ (xi—xk+2) + (xl-xk+2)k]

By Lemma 3.1.1 we have
1y ' A

(x1 - xi) + (xi - xk+2)h < (xl - xk+2) (3.1.4)

for i = 2,3,...,k+1 . Thus
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[dlii)Z(E)] < max —,-1{—-27 [25 i (x - + (k + 1) (x - xk+2) ?\]

1 [ A A
max z (x, = x) +max (k + 1)(x, - x_,) ]
kkgz ) 2<i<j k4l i j 1 k+2 .

By (3.1.3) the first term which involves k points is less than or -
k® A . . .
equal to —4—(b - a) . By (3.1.2) the second term involving 2 points

is equal to (k + 1)(b - a))\ . Thus

M 1% 1 (k+2) _a M
I:d (E):l (T{:gj I__—4—(b-a) (k+1) (b-a) ] (k—_l_z-j (b-2a)
2
L
v 4™ (B) 54 2 (k+2) (b~ )x] A (3.1.5)
o k+2 kk é) a, 1.
Thus by induction, for every n ,
1
M@ <[ 2 Ei(b—)]X (3.1.6)
n (K) a XY
2
But if we choose X, = b for i = 1,2,...,% and. X, = a for
i=%+1,...,n then .
X
@) 1 2[ 1 n? :l
dn (E)=max|:n 2 (x-x) ’n'4—
(;) 1si<jsa Kz
(3.1.7)
Hence, (3.1.6) and (3.1.7) give
1
M 1 n? ’\] X (3.1.8)
dn (E) = [,'n T (b-a) .

2



and {a,a,...,a ; b,b,...,b} is a set of

n n
2 2

n even for E . The uniqueness follows

we have strict inequality unless X, = x1

in the case A >1 . 1In the case A =1 uniqueness comes from the
. . . B < _ _ _
strict inequality (x1 Xk+2) (b a) unless X = b and xk+2 =a .
Corollary 3.1.1
A -
For Az1, 8(Y(p =ib—-l—“‘)—
ZX

Proof: Result follows from (3.1.8) as n = «,
Theorem 3.1.2

For n odd, Fekete points of E are not unique. For A =1,

any set of the form S =

n-1

2

is a set of Fekete points of order n for E .

{a,a,...,a;g;b,b,

53

Fekete points of order n ,

from the fact that in (3.1.4)

or x for i =2,3,...,k+1,

k42

...,b} where T €E

n-1

2

A>1

For , for each

odd n there exist two sets of Fekete points of order n for E ,

namely set S where & = a and set S where § =b
. T _ n+l
Proof: Again let x, 2 Xq = ,,. = X s and i = —~ We shall denote
x ; by € . Then
[P @k mex[ 2 oxoxp?]
6™ L
n-1
2 n
- . = A = A
= i max [ T o(x,-x) + & (xi-g) + Z (E-x) ]
(;) 15i<j<n J i=1 j=n43 Y
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From Lemma 3.1.1 and Theorem 3.1.1 we have

A
N M (n-1)? -
[dxcx )(E)] <G L(n4'1—) -2y "+ B (5o x:l

G) 2

or 1

Q) l: 1 ((n-l)a n-1> x] X

dn (E) < Nt (b-a) . But if we choose
2
. n-1 . n+l
X, = b for i = 1,2,...,—5— , and X, =2 for i = 5 yee.sn OF
X, =b for i=1,2 n+l and X, = for i = n+3 n we have
;= =1,2,...,75 ;=@ = preees

[+

Do [ ) o] 0]

Hence for A > 1 +the Fekete points of order n , hodd , are as
described. These are the only sets since the condition for equality
in the lemma again rules out any other sets. 1In the case

A= 1,(Xi—§) + (E-xj) = (xi—xj) , SO E can be any point of E .

From Definition 2.2,3 a generalized Fekete function of order n

] =

- n - A
for E takes the form Fr(l)‘) (x;E) = I_ z |x-§il}\_! where Ei
i=1

i=1,2,...,n are generalized Fekete points of order n for E .
Let n be even. For A 21 , the Fekete function of order n

for E 1is unique. It is

1 1
x X
/
FI(I)\) (x;E) = \%) [lx—ap\ + |x-b|)‘:| (3.1.9)
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From Definition 2.2.4 we see that in this case KIE}\) N
S
(5)k(b—a) and
2

(x;E)“E;=

1

>

1
i;(k): {x € R1|<g>h [!x-alh + |X-b|h] K < <%> (b—a)} = [a,b] (3.1.10)

n

For the case A = 1 we have

= [a,b] | (3.1.11)
DI eh
n n
and for A > 1 we have
%(7\) = {a,b} . (3.1.12)
n

Let n be odd. For A > 1 and for each n , there exist two

Fekete functions of order n for E . Corresponding to
{a,a,...,a H b,b,...,b} we have
n+l n-1
2 2
1
QD) B ["n+1)| ‘X (n—l)l bl}‘]X 3113
Fn (#,)—KZ xa+2 X- (3.1.13)
and corresponding to {a,a,...,a ; b,b,...,b} we have
n-1 n+l
2 2
1
M n=1) | o * (R N
Y E) = | (B ) x-a ] 4 (BEL) |x-p] (3.1.14)
n 2 2
1
n



£F0‘) = [a-€(n),b] (3.1.15)
n
and
QF()\) = {a-e(m),b} (3.1.16)
n

for Féx)(x;E) given by (3.1.13), while

£F(>‘) = [a,b+€(n) ] (3.1.17)
n
and
QF()\) = .{a,b+€(n)} (3.1.18)
n

for Fék)(x;E) given by (3.1.14).

For n odd and A =1 , Fekete points of order n for E are

{a,a,...,a; £; b,b,...,b} where & is any point in E . For
. NS "

n-1 n-1

2 2

each & € E , there exists a Fekete function of order n for E as

follows:
Fil)(x;E) = [(E%£>IX-al + lx—§| + (E%l)lx-b|] (3.1.19)

Let [ = max (lb-él,‘a-él) . We see E < Ib-al for every E €EE .

/o -
Hence ng) = \E§l>(b-a) +L . We have

56
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2§-(a+b):l for 2B _E
n

£F(1) ‘[a-(—b-fﬁ—-—z-gl-,b] for a<E <22 (3.1.20)
! [a,b] for E:%—b-
and _
Q,F(l) = !{a,b + f-i-—r(!ihl—)-)—} for _a;_b <Esp o
i {a-Q%ﬂ,b for a < é < E—;—E (3.1.21)
{a,b} for E:%E
We now turn our attention to the problem of £inding the Chebyshev
constant for any compact set E in R; . We have the following result:

Theorem 3.1.3

N
For ?\Zl,x()(E)=%(b—a) 1
n X
Proof: T(}\) (E) = nin max [%I PN lx—xil}\] . Put x:.L = 2-2"2 for
i=1,2,...,n 1
N 1 (b+a) (A X
i=1,2,...,n . Then Tn (E) < max [Hnlx-_T‘ ] or
pS
o 1
TV @ S35 (b-a)
Now for A =1 , Minkowski's inequality gives
1 1 %
n X n 3
n-x(b—a) = ( by lb-x,+x,—a|)\> = ( z (‘b-x.l + ‘x.—al) )
. i i . i i
i=1 i=1
L 1

s N )\. n )\
= ( z lb—xiP\) + ( z ‘xi-alx> .
i=1 i=l



Thus either

1 1
- n - A n - A
1 A ! \
L; z Ib-xil_] 24(-a) or | o Z Ia-xi|_] = L(b-2) .
i=1 i=1
This is true for all x, € R, . Hence, if xf, i=1,2,...,n are
i i
Chebyshev points of order n for E , then we have
A *
T; )(E) = max [— |x—x IXJ = 1_llx-—x I J %(b—a)
x€R xE{a b}
A
Hence for every n , Té )(E) = %(b-a) and x(k)(E) = %(b—a)

Theorem 3.1.4

; * * *
For A>1 , X =Xy = ... =X = E%E are Chebyshev points of

order n for E and they are unique.

E 3
Proof: The proof of Theorem 3.1.3 shows that xi = E%E for
i=1,2,...,n are a set of Chebyshev points of order n for E .
Their uniqueness follows from the fact that for x * Eii for every

i , we have strict inequality in Minkowski's inequality. Thus, for
1

n
A
either X =a or Xx =Db we have [% z Ix—xi| ] > %(b—a) . Hence
i=1

% 1

n n x

for X, * E%ﬁ , max [% z lx-x,IAJ 2 qmax L3 lx—x.IK]
x€E 7 i=1 * x€{a,b} ™ i= *

> 3(b-a)

Theorem 3.1.5

For A =1 , Chebyshev points of order n,n >1 for E are

not unique, Indeed, any set of points of the form

58
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b+a b+a b+a b+a b+a }
5 ; - —_——-C for n even

+ Cy,—5— Cyens ~a— ~"Cy.se

NIB

n
2
and Icl < %(b—a) is a set of Chebyshev points of order n for E .

If n is odd, any set of the form

b+a b+a b+a b+a b+a .
5+ c,...,—%— +C; %Lﬁ—%— - c,---rig-' } where aga1n|c| < L(b-a)
—

is a set of Chebyshev p01nts of order n for E .

Proof: For n even:

max o ?1‘x—x | —[ [b - Eii + c>] + % [b - (E%E - ;)] = %(g—a) = Til)(E)

For n odd:

max H Z |x—x | = % [E%l[b (Eié ] [b - Eii - c)J + b - \b+a>]

i=1

= $(b-a) = Tr(ll) (E)

For A > 1 , the Chebyshev function of order n for E is unique.
It is

1

C,(IM (x;E) = nx |x - 2?2’3>| (3.1.22)

From Theorem 2,3.1 and Definition 2.3.4 we see that
1 1

mr(x}\) (&) = nX Tr(l)\) (E) = " Z(b-a) and

()\) {xemr | Ix - (b’“a)l < %(pb-a)} = [a,b] (3.1.23)
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ié(x) s {x€mr | |x - b+a)| L(b-a)} = {a,b)} (3.1.24)

n

For A =1, n even, Chebyshev functions of order n for E take

the form

Cr(xl) (x;E) = g—[ (—b-ﬂ + c>| + lx - (b_;g - c) I] (3.1.25)

where |cl € L(b-a) . Thus

i;(l) c {x €Ry | |x - (E%E + c)l |x - (b+a ) | = (b-a)} = [a,b]
n
(3.1.26)
‘b ‘b Y
£C(l) : {xERll |x- _;—_a+c>| + lx—(——zﬁ—c)|=(b—a)}
n

{a,pb} for c < %(b-a) (3.1.27)
[a,b] for c = %(b-a)
For A=1,n odd, Chebyshev functions of order n for E

take the form

o o = Y - (B2 )|+ b - (B2 - )] e - B2

(3.1.28)
where |c| < %(b-a) . Thus
£C(1) : {xERllkn_l)[ - E;'—a+c>l-x~ = - b+a )l |x—<b—;a.>|
" (3.1.29)

S 3(-a)} =[a,b] .



2 e e w05 [he- (gl b= B2 - o)1 b - (5521

- % (b - a)} = {a,b} . (3.1.30)

Theorem 3.1.6

For A =1, X(l)(E) = 6(1)(E) and for A>1 , X(})(E) < é(k)(E)

for any compact set E in R,

Proof: From Corollary 3.1.1 and Theorem 3.1.3 we have

50‘) (B) = -—}—1— (b -a) = % (b - a) = x(}‘) (E) with equality if and

2X

only if A =1 .

The {generalized) restricted Chebyshev problem for a compact set
E in R; is more difficult and only partial results have heen
obtained.

Theorem 3.1.7

ror =1, %Y® =xP® =10 -2 .

Proof: Since there exists a set of Chebyshev points of order n ,

n even,for E which lie in E , namely {a,a,...,a 5 ElBl}LLLB}

e
n n
2 2

by Theorem 2.5.2 this set is a set of restricted Chebyshev points of

order n for E. Thus for n even, f(l)(E) = max l[ 2 |x—a|+ = Ix-bl]
n x€g M 2 2

=30 - & and sV @ =20 - .

We note that for A =1 the restricted Chebyshev points for E
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may or may not be unique. The points are unique if and only if E
does not contain the point EEE nor any pair of points symmetrical

with respect to 352 except for the points a and b .

Example 3.1.1

Let E = {a,b} . Then for A =1 the generalized restricted
Chebyshev points of order n , n even, for E are unique, but the

generalized Chebyshev points of order n , n even, for E are not

unique. The restricted Chebyshev points are {a,a,...,a ; by,b,...,b
n n
2 2
b
the Chebyshev points are E%E + c,—%ﬁ + c,...,E§§ + 0;2%3 - c,...,E%E

n n
2 2
where |c| < L(b-a)
For A>1 , if E%E € E , then we have i(k)(E) = £(b~a) from

Theorem 2.5.2, If a—gkl € E , then we do know for n even

[

. by
W@ snax (L[5 beal® s 3 b)) = A0 s
X

27(

i(x)(E) < —lr(b-a) and since X(k)(E) < i(A)(E) we have

zh

i(b-a) < >~((>\) (E) S —1—-1— (b-a) (3.1.31)

ZX

Example 3.1.1 above provides us with a case where X(E) < X (E)

For if A > 1 , then x”‘) (E) = %(b-a) and )?“‘) (E) = —1—1 (b-2)

2'}(

.
?

S S S .
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One can see that the restricted problem is very '"delicate," for
if we introduce just the single point 2%2 into the set E of Example

o)

3.1.1, then ¥ (E) for A > 1 goes from its upper bound to its

lower bound.

3.2 Ry Two-dimensional Real Euclidean Space

Although we will write Ry , the results for this section are
valid for the complex plane as well. Of course for A = 0 , the study
of the topics we will discuss comprises the classical theory outlined
in Chapter 1. The case of A 21 in R (or the complex plane) is
also of interest since we shall show that one may calculate X(AJ(E)
and geometrically characterize the Chebyshev points of E for all
compact sets in Ry . This will be shown in the main theorem of
section 3.2, To develop the techniques for the proof of this theorem
we are led to a consideration of two topics, seemingly unrelated to
the present field of inquiry. One concerns some geometric properties
of point sets and the other deals with a problem known in the literature
as Steiner's problem. (We ask the reader to be indulgent for these
necessary sidetrips.)

The importance of the role of points a and b in the case of a
set E in R; suggests that one consider some '"bounding" type of set
for E in Ry

Definition 3.2.1

Let E be a compact 1 set in Ry . The circle of smallest radius

which contains E will be called the spanning circle of E and will

1This definition as well as Theorems 3.2.1 and 3.2.2 are valid for
point sets which are merely bounded, but we shall always restrict
our discussion to compact sets.



64

be denoted by CE .

Theorem 3.2,1

The spanning circle of E 1is unique, and it either 1) contains
two boundary points of FE which are at the ends of a diameter of the
circle, or 2) contains three boundary pointé of E which form an
acute triangle.

Theorem 3.2.1 may be found as a problem (with solution) in Yaglom
[33]. It enables us to decompose the set of all compact sets in Rp
in the following manner:

Definition 3.2.2

Compact sets E in Ry such that E N CE contains points
P, P', where the segment PP’ is a diameter of CE shall be called
Case I sets. All other compact sets E of Ry shall be called
Case II sets.
We note that from Theorem 3.2.1, the intersection of a Case II
set with its spanning circle contains the vertices of an acute triangle,
Since the set E is enclosed by CE , we must have d(E) < d(CE)
where as before d(E) denotes the topological diameter of E . If R

is the radius of CE , then we have

d(B) = 2R (3.2.1)

with equality if and only if E 1is a Case I set. Equation (3.2.1)
provides us with a lower bound on the radius of the spanning circle.
For an upper bound we have the theorem of H,W.E., Jung [17]:

Theorem 3.2.2

Let E be a compact set in Ry of topological diameter d(E) .
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d(E)/3

Then CE has a radius R where R < 3 .

_a® d(E)/3
3

Proof: For Case I sets;: d(E) =2R . Thus R 3

For Case 11 sets: At least one angle of the acute triangle whose

vertices lie in E N CE must be greater than or equal to g . Let us
. /3 a
denote such an angle by 9A. Ten sin A 2 —z - Now 2R = Sin &

and a <d(E) . Thus R < SE2Z _ d(‘g)fs

2/3
We note in passing that this bound cannot be improved, for if E
is an equilateral triangle then its spanning circle coincides with
its circumscribing circle of radius R = Eigglg . The coincidence of
the spanning and circumscribing circles holds for all acute and right
triangles. However for obtuse triangles, the spanning and circumscrib-
ing circles do not coincide. The obtuse triangle is an example of a
Case I set where the diameter of the spanning circle is equal to the

longest side of the triangle.

Theorem 3.2.2 and equation (3.2.1) give

d;E) <R < d(g)\/3 (3.2.2)

Although its relevance is not discernible at this time, we shall

now discuss a problem known as Steiner’'s .problem:

Let Al’ Ay, and A3 be 3 points in the plane. Find a point Q
3
in the plane such that Z |Ai—Q‘ shall be minimal, where lAi-Ql
i=1

denotes the distance from the point Ai to the point @ .
The solution of this problem is discussed in Courant and Robbins

[3]. It is shown there that if the triangle formed by A,, A,, and A,

1’ “2?



contains no vertex angle greater than 120 degrees, then @ is the
point within the triangle such that the lines AlQ , AZQ , and A3Q
form angles of 120 degrees with each other. If the triangle formed by

Al, A2, and A3 contains a vertex angle greater than or equal to 120

degrees, then @ coincides with this vertex. The point Q is called

the Steiner point of the triangle.

An extended Steiner problem is discussed in Steinhaus [29]. Let

w be a non-negative weight attached to Ai , 1 =1,2,3 . Find a

A,
i

3
point Q in the plane such that Z wA |Ai- Ql shall be minimal. One

i=l i
can associate with this problem the following statics problem. Let us

"place' triangle AjA,A; on a table and drill holes where the vertices

are located. We attach strings to the weights w_, W o and w

A A

1 2 3
below the table, pass the strings through the holes at Al, A2’ and A3
and join them in a knot. The point at which the knot comes to rest (at
which the system is in equilibrium) is the desired point Q . At Q

the sum of the forces equals zero. This sum can be represented by a

Al, wAz, and wA

closed polygon - in this case a triangle with sides w
3

Let ¢_ be the exterior angle between the sides w and w s
3 Ay A, 1

be the exterior angle between the sides wA and Wa and o, be
2 3

the exterior angle between the sides wA and wA . Then the Steiner
3 1

i i i o, = o = -
point Q is the point such that 3 <3A1QA2, 1= 5 AZQAS,and az_ <)A3Q

(If the weights are such that one weight, say wA is so great that

1
the other two are not able to withstand its pull, then the knot will be

1
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caught by the hole at A1 and Q = A .)

1

Our concern will be a problem which, in part, could be considered

a reverse of the extended problem above. Only the case where Al’ Az,

and A3 form an acute triangle will ultimately be of interest to us,

so we shall restrict our consideration to the question:

If Al’ A2, and A3 are the vertices of an acute triangle, can
we attach non-negative weights w_ , w, , and w to the points A,
A A A 1
1 2 3
A2’ and A3 to make any given point @ in the interior of triangle
AAA; 2 " A-Steiner point;'" that is, to minimize the function
3
A
Zw, la, - ql (3.2.3)
. A i
i=l i
for AZ1 9?2 (For A=1 , @ would be a Steiner point in the sense

of the extended problem discussed in Steinhaus [29].)
For A =1 , the case previously described provides the solution.

If

as = 9A1QA2 y al = <)A2QA3 , and dz = <)A3QA1 (3.2.4)

we draw a triangle with exterior angles as, al, and az . The sides

of the triangle will correspond to the desired weights, Since

sin © = sin(7-0) , we have

w
—— e = —— - (3.2.5)
sin Ql sin az sin as

and since Q is an interior point of the triangle, all the weights
will be strictly positive.

We note that the solution, of course, is not unique, but since all



triangles with given angles are similar, all sets of solutions will be
proportional.

For A > 1, we will transpose our problem into one in approxima-
tion theory. Let E be a compact set in the complex plane and let |
be a positive measure on d . We denote the identity function by I(z)
and ask, "What is the best approximation in p-norm, p > 1 to I(2z)
on E from the subspace consisting of the constant functions?” Thus,

we are asked to find some constant @ such that

Jlx(z) - x|P au ZJ‘I(z) - QlP au (3.2.6)

for all constants X .
Now, if we choose E to be the finite set of points {Al,Az,AB}

and choose the measure U to assign the weights wA at Ai , 1 =1,2,3
i

then we see that setting p = A, the right hand side of (3.2.6) is

identical to the function (3.2.3) under consideration in the reverse

A-Steiner problem.

Definition 3.2.3

0 if = _
If z € d , we define sgn z ={_ 2 and sgn 2z = sSgn z .

Looking at the Steiner problem in terms of an approximation prob-
lem enables one to use the following theorem.

Theorem 3.2.3 1

A sufficiency condition for the best approximation in the case

p > 1 is given by

1The condition stated is both necessary and sufficient for the best
approximation, but we use only the sufficiency.
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3
olP™t = ~0)¥ =
z L |Ai Ql Sgn W, (Ai QX=0 for every X in d .

i=l i i
Proof:
3 p 3 p-1 .
.E wA,lAi_QI = .E WA,lAi-QI (Ai—Q) sgn (Ai—Q)
i=l i i=1l i
3 el .
= Zw, |Ai-Q| (A,-X) Sgn (A,-Q)
i=l i
3 1 .
2w, Ao -0 sen -0
i=1 i

The second term is zero by hypothesis since sgn (Ai-Q) =

sgn wA (Ai-Q) and X-Q € d . Thus
i

1
3 3 -
Z WA |Ai-Q |p < Tw IAi-Q‘p-l (Wi. IAi‘-X |) where -(]—i =1 - % .

i=l i i=l i i

Q|-

Applying Holder's inequality this gives
1 1
3 3 qa ;3 p
Zw lA.—le < ( Zw IA -Q|p> ( Zw |A.—X|p> where
. A i . A "1 o AT
i=l i i=l i i=l i

T

1
4+ ~==1 . Thus
q

T |-
T

., 3 . 3
( Z W lAi-Q|p> < ( z W, lAi-X|p>
i=l i i=1 i

and raising both sides to the p'th power gives the desired result.

Theorem 3.2.4

wA >0, i=1,2,3 may be chosen so as to satisfy the sufficiency
i

condition in Theorem 3.2.3.
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Proof: Since Q is in triangle A1A2A3 we may write @ wusing its

barycentric coordinates relative to the points Al’Az’ and A3 . -Thus

3 3
Q= ZAA, with X X =1 and since Q is in the interior of
. 11 . 1
i=1 i=1
3
AA1A2A3 , )\i >0 ,i=1,2,3, Hence izl?\i(Ai-Q) =0 and also
3
Z A —0) =
‘ i(Ai Q =0 . Set
i=1
w  =Mla, -ql?P for i-1,2,3 (3.2.7)
A il A <o
Then
3 . 3 o 3 4
0= SA(GA® = 2w |a-9P? @9 = v |a-olP" sena,-@
. i1 . A i i . A i i
i=1l i=1 i i=l "1
Hence
3 1
Zw lA—dp sgn(A.-Q) X =0 for all XEd.
1=l Ai i i

Thus we have found a set of positive weights given by (3.2.7) that
minimize the function (3.2.3).

We now have the machinery to prove the main theorem of this section.

To simplify the notation we will designate points in Rz by using
complex numbers. Thus, if P and @ are points in Ry , we shall

write IP—Ql for the distance between P and Q .

Theorem 3.2.5

Let E be any compact set in Ry . Let CE designate the span-

ning circle of E . We shall denote the center of C by o/ and its

E
M

radius by R . Then X °'(E) =R for A 21,

Proof: Let E be a Case I set., Then E N Cg :>{P,P’} where ‘P-P" =

2R



and the point 0' is the mid-point of segment PP' .

Let zi=o' for i =1,2,...,n . Then

L 1
X B R A a
Té )(E) £ max \H = |z—zi| ) = [% (n)lP—o" ] =R .
z€E i=1
Now let zi , 1 =1,2,...,n be arbitrary points of R, . For

A 21 , Minkowski's inequality gives

1 _1): o 1
., n : , on o - A
nt lp-p*| - ( z lp—zi + zi—P'I)‘) <{ = UP—zil " lzi—P'l))‘>
i=Y i=1
X X
. n n
< ( z ‘P—z.|k> + ( z |Z.—P'|K>
i=1 * i=1 *
TN . !
Hence either K = IP—zilk> =5 nKIP—P'l or \ X IP'—zilx) 2in lP-P'l
i=1 i=1

%
Thus if Z, i=1,2,...,n is a set of Chebyshev points of order n

for E ,
1 1
. n x n
T()\) (E) = max (-]_'. = lZ-zikI}\) Z max <% = lz_z:l)\>
n z€E © i= : z€{(P,P } " i=1
X
2 ( llé n IP—P'I) =1(2R) =R .
X o X

Hence T; )(E) = R for every n and X( )(E) =R .

Now let E be a Case II set, Then E N Cp :J{Al,Az,AS} where

A AAA, is acute. Again placing z, = o/ for i = 1,2,...,n gives

Tr(l)\')(E) <R . Our excursion into the Steiner problem helps us to



establish the reverse inequality.

*
Suppose zi , 1 =1,2,,..,n is a set of Chebyshev points of

order n for E . Then
I
N
Tr(lh) (B) = maxk%l- z Iz - zzlx) =
ZeE i=1

max

oon
@ =l -2
z€a,,8,,8,1 " 121 *

>l

(3.2.8)

The maximum of a set of numbers is greater than or equal to any

average function of them by (2.1.3).

We shall use a weighted A-th

power average as in Definition 2,.1.5. Thus
I
n
(2 l-gl) s
ZG{AI,AZ,AS} i=1
_" 1 1 1,
= A N A
n A oon x , n x
* * *
Ya [(%I z lAl"zil)'\) ] W, [% z IAz'zi )\) ] W, [% z lAs'ziP\) ]
1 i=l ' 2 i=1 3 i=l
w + W + W
. Al Az AS |
(3.2,9)

Rearranging terms, the right hand side of (3.2.9) becomes

p— 1
x
3 3 3
1 ' * A1 * | A 1 * A
= Xy lA z |t sz Zw ‘A -z | - += = la -z |
n A, 1 n A, j 2 t n . j n
j=1 45 9 g=1 %5 4 =1 J
w + W 4+ W
B Al A2 A |
(3.2,10)

Since A A1A2A3

is acute, the point 0' is properly contained

> =
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within the triangle and its barycentric coordinates Xj are strictly
greater than zero for j =1,2,3. Our weighted average is chosen
with weights w, , j =1,2,3 such that the point o' is the

J
2

" A-Steiner point", A 21 , in accordance with (3.2.7) with Q =0

Thus (3.2.10) is greater than or equal to

— 1
—
3 3 n RS
1 A1 A A
=B ow, |Aj—o'l +T Sw, |AJ—0'| + +% Zw, IAj—o'l
J=1 7j J=1 "J J=1 7
3
X
= Va
J=l 7
. —t
— —/ 1 — —T1
X X
3 3
A A
L w IA.—OI‘ 1 () R 2w
n N | n . A,
_ j=1 " - J=1 " = R
3 3
s by
A RS
_ _ - _

A A
Hence T; )(E) = R for every n and X( )(E) = R for all Case 1I

sets E in Ry . Thus the result is established for all compact sets
E in Rg
We note that the procedure describing how to choose weights so as

to force any particular point @ to be the A-Steiner point" can be

extended to the case where Al,Az,...,An are the vertices of a closed
convex n-gon and @ 1s some interior point of the n-gon. However,

such a convex body is a compact set and Theorem 3.2,5 already gives us

the information we want regarding its Chebyshev constant.
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6

A

For

> 1 , the Chebyshev points of order n for E are unique

%k
and are zi=0 for i =1,2,...,n.
*
Proof: We note from Theorem 3.2.5 that the set z, = of for i = 1,2,...,n
is a set of Chebyshev points of order n for E . The approximation
problem, being a problem in a finite dimensional space with p-norm,
= A > 1 admits a unique solution. Thus there exist weights wA ’
1
3 A RN )
LN such that EWA lA,—x‘ > ZWA IA.—O | for X 0
2 3 J=1 5 J j=L 73 J
Hence for arbitrary =z, , i =1,2,...,n 2z, # 0’ for every i , we have
1
n x
max [ % Z ‘z—zilkj 2 max [ = E Iz—z ‘ ]
pAS ) i=1 z€{A A 1
— "X
1 12 1 ﬂ
=1 ('ﬁzlA'zi) A(HZlAz'Z’l)*wA kHZIA'Zl)
1 i=1 2 i=1 3 i=1
3
oW
. A,
—_ j=1 7 _
J— —51
3 3 3 A
1 A1 A 1 A
=]= Z - = X - =X -
. WA.‘AJ le + . w IA. zz‘ + 5 wA lA z, l
=1 7J j=1 J=L "J
3
=
VA
L =1 "3 _
1
. X
3 3 3
A A th
> % EWA IAJ.—O'! +% ZwA la.-o’]" +.. +% IA-O'I
3=1 73 g=1 %3 J—l A
3
Lw,
L J=1 j (3.2.11)
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For A =1 , the best approximation problem does not necessarily

yield a unique solution, so we must examine that case separately.

Theorem 3.2,7

For A =1 , the Chebyshev points of order n for E are unique

it |g ncElza.

Proof: We note first that the condition is satisfied for all Case II

. S . .
sets since E N CE {Al’AZ’A3} where A A1A2A3 is acute. It is

also satisfied for those Case I sets such that E 0 Cp = {Al’AZ’As}

where A A1A2A3 is a right angle.

For the case A =1 , we found weights minimizing (3.2.3) using
a geometric argument. One could also solve this problem using a suf-

ficiency condition for best approximation in the p =1 case. The

3
sufficiency condition for Zw lA,—Ql < Tw lA.—Xl is
. AT . A, 1
i=]1 i i=1 i
3 —_—
X w Xsgn(A, -Q =0 (3.2.12)
. A, i
i=1 i

for all X in d , am it is proved along the lines of Theorem 3.2.3.

Since

3 3
.Z Ya, lAi - QI = .2 wA.(Ai - X) sgn (Ai - Q (3.2.13)
i=1 i i=1 ]
we must have
3 —
£ arg[(a; - X) sgn(a;, - @] =0 (3.2.14)

i=1
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Now
3 3 3 I
= - - < - - < -
wA.(Ai X) sgn(Ai Q) |.Z wA,(Ai X) sgn(}_Ai QD‘ .E LN Ai Xl .
i=l i i=l i i=l i

The last inequality on the right is strict unless either 1) Ai-X =0
for all i or 2) arg[CAi—X) sgn(Ai—Q)] is the same for all i .

Possibility 1) can never happen since this would imply that

A
A= (Al’AZ’AS) is the same vector as X = (X,X,X) which cannot be,

since the Ai's are distinct points. 1In view of (3.2.14) possibility

2) states that arg [(Ai~x) sgn(Ai—qD] =0 for all i . Thus,

arg(Ai - X) + arg sgn{Ai -Q =0 or

arg(Ai -X) - :3.1'g(Ai - @ =0 . Hence, arg(Ai -X) = a:c‘g(Ai - Q)

Thus there exists W # 0 such that (Ai -X) = u(Ai - Q) . Substitut-

3
ing in (3.2.13) we have Zw |A. - Ql = 2w, WA, - @ sgn(A, - Q)
. A, i A, i i
i=1 1 1
3 3
or Zw IA. - QI =4 2w |A. - Q‘ . Hence M =1 and A, - Q =
. A, i R A1 i
i=1 i i=l i

Ai - X or X =Q . Using the fact that O' is in the convex hull of

AA1A2A3 we can attach weights w, , w, , and W to A ,A,, and A

1 A Ag 3

such that

3 3 .

Zw IA, - x| > Zw_ A, -07}| . (3.2.15)
. A, 1 . A i

i=1 i i=l i

(1 A A1A2A3 is a right triangle we attach the weight zero to the

vertex of the right angle,) If one repeats the proof of Theorem (3.2.6)
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with AN =1 condition (3.2.15) shows that the inequality in line

(3.2.11) remains strict. Thus the Chebyshev points of order n for

those sets described in the hypothesis are z, = 0 for i =1,2,...,n
and this set is unique.
We now turn our attention to the case where l EN CE‘ =2

Thus E NC, = {p,p’}.

Definition 3.2.4

Let & be the set of ellipses with major axis PP’ . Let M, €e
be the ellipse of largest eccentricity which encloses E . We shall

call ME the spanning ellipse of E .

If we denote the eccentricity of ME by € , we note that if
IE N CEl =2 , then € >0 , For those sets of Case I such that

lE N CEI Z3 we have € =0 and M, =Cp .

Theorem 3.2.8

For A =1 , the Chebyshev points of order n , n > 1 for E are
not unique if IE n cEl =2 .
Proof: Let ME be the spanning ellipse of E with eccentricity € .

Let ¥ and F’ be the foci of ME . The length of the segments O'F

and OlF’ is c=Re., If n is even we let

of +d 1=1,2,...,3
( }
2, = 1, . (3.2.16)

0 -d i=3#,...,n

where the point 0' + d is a translation of the point 0' along

the major axis PP' . Then
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n
% max & |z - Z.I = L nax
z€E  i=1 + N seE

n Aot
[ ) lz - (O'+d)| + % lz - (0'-d)|J .
¢
Now the ellipse with foci at O +d and 0'-d for d =c¢ has
eccentricity smaller than or at most equal (in the case d =c ) to

the eccentricity of ME . Thus if d <c¢ , then for every 2z in E

4
z ¥ P,P we have

lz - @+ | + |z - 0"~ | <2r and
lp - @]+ lp - -l =2r .
If d=c _then for every z in E we have

|z - (Ol+c)| + ‘z - (Ol-c)l < 2R with equality for =z = P,P

ol

Hence, %maé:c [% lz - (o’+d)l + % lz - (of__d) l:l =%(2R) =R .
Z

Thus the set (3.2.16) for any d £ c¢ = R€ is a set of Chebyshev points
of even order n for E .

One can show that the set

o’ +d for i =1,2, ,n—;—l—
? . n+l
z, = o 1=73 (3.2.17)
o/ -d i= Egi,...,n

for any d € ¢ = R€ is a set of Chebyshev points of odd order n for
E.

In the case where the Chebyshev points of order n <for E are
unique, the Chebyshev function of order n for E is also unique.
It is

1
cr(!)‘) (2;E) = o |z - 0’| . (3.2.18)
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1
X
Since mi )(E) = nxﬁ
’
: - < = .
‘gc(h) : {2l o - o] =r} = (3.2.19)
n

where DE is the spanning disk of E , i.e., the spanning circle and

its interior.

A 4
. £ 5 {z] |z -0’| =r} =¢ (3.2.20)
cM E
n
If. E is a set such that Chebyshev points of even order n are
not unique then
1l n ’
cPm = 2dz-0l+lz- -0 @22
where d = c¢ . Hence
£ 1y {z| lz - @0+ | + |z - ©'-ay] = 2r) (3.2.22)
Cn
and
A | ? | ?
=€,_(1): {z| |z - @+ |+ |z - 0~y | = 2r] (3.2.23)
Cn
£ R is an ellipse and its interior with foci at (0’+d) and
Cn
(Ol—d) and major axis of length 2R . 1t coincides with DE for
d =0 and with the ellipse ME and its interior for d =c¢c . JIn all

A
cases the set £

is its boundary.
() Y
n
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If E is a set such that Chebyshev points of odd order n are

not unique, then

Cél)(z;E) = Eél (lz—(0'+d)| + 'z—(o'-d)|> + lz-O'l

(3.2.24)
where d S c . Hence
2L (1): {zlggl(lz—(ol+d) + 'z—(ol—d)‘) + ‘z-o'[ < nR} (3.2.25)
Co
and
A n-1 ¢ 7 7
2 gy 2P a0l |+ lz-0"-a ) + lz0’| = v} (3.2.26)
Ch
£ W is a superset of the ellipse with foci o‘+d and 0'-d
C
n

and major axis of length 2R , and its interior.

Theorem 3.2.9

For any Case I set E of diameter d(E) and for L= | ,

For any Case II set E of diameter d(E) and for A 21 ,

d(g) < X(k) @) = d(E)3»/3

Proof: Statements follow directly from Theorem 3.2.2 and Theorem 3.2,5,
The problem of calculating the transfinite diameter of a compact set
in Ry for X 21 is more difficult. Since E C D, , the monotony

A X
property of the transfinite diameter gives 6¢ )(E) < 8¢ )(DE) . From
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the appendix, the results of Pc’;lya and Szeg’é furnish us with the values

X
of 5( )(DE) . Theorem 3.2.5 provides us with a lower bound for

5()\) (E) . Thus we have

1
X
g <sMp < TA + h)z R for 1< A<2 (3.2.27)
1"(1 +_;\_)X
L
R < 5()‘) (E) < (2 K) R for A 22 (3.2.28)

Theorem 3.2.10

. 1_
Let E be a Case I set. Then 6™ @) = (2 A ) R for L22,

Proof: Since E is a Case I set, EMCy > {p,p’} where |p-p’| =2r .

Let k be even and place -125 points at P and g— points at P' . Then
5)6) X x
N oy 5 [N2/\2 _ /\x _ 1
6k (E) 5 IP P = 2R 2(”1_‘
2) | Z8
for A>0 and as k * ©® we have
1
-1 -
X
s @y = (2 ) R . (3.2.29)

1
) PR
Since (3.2.28) gives us the reverse inequality we have 0 (E) = (2 R

for A 22 ., 1In view of (3.2.1) we may also write this as

Q) _ d(B)
T (®) = =3 (3.2.30)

>

2
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for any Case I set E of diameter d(E) , for A 2 2 ,

Theorem 3.2,11

Let E be a Case I set. Then

-k %
(2 X)RS 8 gy < Eiliﬁlg R for 1 <A<2
A
F(1+—2-)X

Proof: The right hand side follows from (3.2.27) and the left hand

side from (3.2.29).

Theorem 3.2.12

Let E be a Case I set in Ry . Then

A S
1) For A>1 8@ >xP
2) For A =1 5(1)(E) 2 X(l)(E) with equality if and only if E
is "one dimensional," i.e., E contains no points other than those on

segment PP' .

Proof:

;1=
1) From (3.2.29) we have G(A)(E) 2 kZ' X) R for A =21, Thus
for 2>1 M@ >r = xM @

2) The "if" part corresponds to Theorem 3.1.6. We shall show
that if E contains any point not lying on the segment PP’ then

6(1)(E) > X(l)(E)

Suppose Q €E , QP = Q' and Q is not on segment PP’ . Thus
Q 1lies on the perpendicular bisector of PP' but not on the segment
itself, Let PQ =A . We know PP’ = 2R .

Now if we place k pointson P , k on P' s and m on Q@ where
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28 + m = n , we have

dr(ll) (E) = 711> [2km(PQ) + k2(PP")]
2

9 (3.2.31)
[2k(n-2k)A + 2k"R] .

= ',n

@)

Let f£(k) = 2k(n-2k)A + 2k2R . We note f'(k) = (2nA - 8kA + 4KkR)

and f£7(x) = -84 + 4R <0 . (We are treating k here as a real vari-

able, and not restricting it to only integral values.) Hence

k = ZK%%E‘ gives f(k) its maximum value. Substituting in (3.2.31)

and letting n ¥ © gives

2

6(1)(13) Zz%-ﬁ
Now A =R sec & where «@ is the angle between PP' and PQ . Since
Q@ does not lie on pp’ , ®>0 . Hence sec & > 1 . Thus
(sec ¢ -~ 1) >0 or secza >2sec @ -1, or 5 > ZQR) -1 or
g—;:ﬁ>R . Thus 5(1)(E) >R .

Now suppose there exists no such point @Q . Let Q' be any other
point of E which does not lie on segment PP' . Either PQ[ or PIQ‘
intersects the perpendicular bisector of PP' . Suppose PQ' inter-

'S
sects it. Let Q be the point of intersection. Then PQ’ = PQ + QQ
Suppose we place k points at P , k points at P, and m points

at Q' where 2k + m = n . Then
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2
dlgl) (E) = ,:‘—1>[km(PQI +2'Q") + x“Pp’]
2

¢

(%[km(PQ +P'Q + kpp’]

v1>[km(PQ + QQ' +p'9"y + k2PP']

\Y

>[2km(PQ) + ksz ]

\2

The last expression is the same as (3.2.31). But we have shown

for an expression of this form 6(1)(E) >R = X(I)(E)

Let J be the class of all acute triangles A1A2A3 such that

sin ai + sin 02 + sin a3 > 2 . Let JJ be the class of all acute

isosceles triangles.

Theorem 3.2.13

D \
Let E be a Case II set. If E Nc, {Al,Az,A3} where 0A A A, €7 or

A A A€ J’ , then (M ® >xPM@ for A=z1.

Proof: Suppose E N Cp ° {AlAzAs} and A AAA; €. Let n =3k .

Place k points at Al , K at A2 , and k at A3 . Then for A =1

we have

dx(ll) (E) = max (—> 151§an lxl-le > ,—> [A Ay + AA; + AA ]

2 - I:AlA2 + AzA + A A ] and as n - ® , we have
s 1

9(1—'-- ;)

6(1)(E) 2 — [A + A2A3 + A3A1J . One can show that if R dis the

radius of the circumscribed circle of acute triangle A1A2A3 , then
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R = % Al A2 + A2 AS + A3 Al . where afi is the angle at the
sin 013 + sin Q’l 4+ 8in Olz
. R, >4 : .
vertex A, for i =1,2,3. Thus 5 (B) 5 R (sin @ + sin o, + sin %)
Q)

Sr=x®P@ . For x>1, W@ =M@ >r - xP @

o . —_
Suppose E N C, {AlAZAS} and A A A, € I Let AjA; = AjA,

and place k points at Al , k at Az , and m at A3_ where
2k + m =n . TFollowing the same argument as in the proof of Theorem
3.2.12 gives us a function
¢h) s 1 l: 2 T
dn ®) a 2k(n 2k)A1A3 + k AlAZJ (3.2.32)

2

As a continuous function of k , dr(ll) (E) reaches a maximum at

nAlAS
k = A5 A A A Substituting this in (3.2.32) and letting n = @
173 172 9
2(A.A,) A A A A
. (1) 173 1"3 172 . .
gives & (E) 2 —F5——= . Now 2R = = — . This gives
4A1A3 A1A2 sin Otl sin 013

i N T
5(1) (E) 2 R [Qm—alj but since & AlA A, 1is acute, @ > -

[ 2-cos &4 273
/2 4 2
Hence 0 < cos oy < — . Thus cos & < 5 or 5cos oy < 4cos O

Now 40052011 < dcos 0 - cosza’l or 4 - 4cos2011 > coszOll - 4cos0p + 4 .
P) 2 2 .
Hence (2/1l-cos @) > (2-cos @) or 2 sin @@ > 2-cos ¢. Therefore
X A
D@ >k =xP@® ama V@ 2V @ >r=xP @

3.3 n-dimensional Real Euclidean Space

Our aim in this section will be to establish the result

A .
X( )(E) =R for A 21 where E is any compact set in R and R
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'is the radius of its spanning sphere. We shall follow along the lines
‘developed in Section 3.2,

Definition 3.3.1

Let E be a compact set in Rn . We shall denote by SE the

1 2 2
p¥ (xi - hi) = R® of smallest

sphere of largest dimension Sn—
i=1

1 ¢
radius R which encloses the set E . SE shall be called the span-

ning sphere of E .

The proof of Theorem 3.2.1 printed in Yaglom [33] is purely geo-
metric, greatly relying on one's 2-dimensional visualization. Thus we
must develop analytic methods to extend its result to n dimensions.
This is done in the series of lemmas below.

Lemma 3.3.1

The spanning sphere of E 1is unique.

n ~
2 2
: . = - =
Proof: Suppose not. Let SE : {(xl,xz,...,xn)e R l i—1(xi hi) R j

2

n
? 2} .
and S : {(xl,xz,...,xn)e Rnl z (xi - gi) =R both be spanning

i=1

n
2 2

. = - < }
spheres of E . Let By : {(xl,xz,...,xn) € Rnl 1_1(xi hi) R

n
2 2
and B! : {(xl,xz,...,xn) € Rnl z (x; - g;) =R } . Then since
i=1

=

c cyg’ < 7
E BE and E BE , we have E BE N BE F ¥ @ . Hence

n

£ (h, -g)° <4’ .
. 1 1

1=1

Now a hyperplane through the intersection of SE and Sé takes

the form:
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™ {(xl,xz,...,xn) € Rnl(H -G,X) = b} (3.3.1)

(H)H) - (G:G)
2

where H = (hl’hz""’hn) , G = (gl,gz,...,gn) and b =

We note that the line 4 through H and G is perpendicular to the
hyperplane.” Let £ N T =M = (ml,mz,...,mn) . Let the positive direc-
tion of line 4 be the direction from H to G .

Now T is a separating hyperplane between H and G . For if

(H-G,H) > b and (H-G,G) > b (3.3.2)
then we could write
H = Elc + (1 - ?1)M for 0 <'€l <1, (3.3.3)
But then (H-G,H-M) =@H-G,H) - (H-G,M) = (H-G,H) - b > 0 from (3.3.2)
and (H-G,H-M) = (('E1 - 1)G-M, El(G-M)) = El(El—l) (G-M,G-M) from
(3.3.3). Since 0 < 51 <1 +this implies (H-G,H-M) <0 . Contradiction!
I1f we assume

(H-G,H) <Db and (H-G,G®) <b (3.3.4)

then we could write

_— - <t <
G = t2H + (1 tz)M for O 1:2 1. (3.3.5)

Now (H-G,G-M) = (H-G,G) - (H-G,M) = (H-G,G) - b <0 from (3.3.4).
But (H-G,G-M) + ((1-%2)H-M,52(H-M)) = (1—EZ)E2(H-M,H-M) from (3.3.5).
Since 0 < %2 <1 we have (H-G,G-M) > 0 . Contradiction! Thus
(H-G,X) = b is a separating hyperplane. Let
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F, = {(yl,yz,-.-,yn) €rlw-c,n > b}

Fa = {(yl,yz,...,yn) € FlH-G,Y) < b}

n

2 2
Let Y = (¥qs¥gs--s¥)) €F, . We have R™ = ii(yi -g) =
n n n
2 2 2

= - - = - = -
. Gy -m o +m - g) _ vy - m) + . (m; - &) +
i=1 i=1 i=1

n
2 Z (yi - mi)(mi - gi) . Now since M lies between H and G on

i=1

line 4 +there exists a t , 0 <t <1, such that M - G = t(H-G)
n

Thus X (yi -m)(m - g) = @-MM-G) = (Y-M,t(H-G)) = t[ (Y, H-G)-(M,H-®) ] .
i=1

Since Y €F, , (Y,H-G) > b ., Hence (Y-M,M-G) > 0 . Thus

n
2 2
Z (yi - mi) =R - (M-G,M-G) - 2(Y-M,M-G) < Rz . Now let

i=1l

2 3 2
— b= 2 - —
Y (yl,yz,...,yn) € F, . We have R . (yi hi)

i=1

n ° n o n 9 n
= - - = Z - z - = - -
=y =my kmy - hy) Gy mm) s 2y -hy) 422 (y; - m)(m - hy)
i=1 i=1 i=1 i=1
Since M 1lies between H and G , there exists a t , -1 <t <0

such that M-H = t(H-G) . Thus

Y

n
z (yi -m)(m, - h) = (Y-M,M-H) = (Y-M,t(H-G)) = t[(Y,H-G) - (M,H-G)] .
izl

Since Y € F; , (Y,H-G) € b ., Hence (Y-M,M-H) 20 . Thus
2 2 2 2

z (y; -m)" =R - (M-H,M-H) - 2(Y-M,M-H) <R" .
i=1

2 2
Let R'Z = max [R® - (M-H,M-H) , R> - (M-G,M-G)] . Consider

n
2 _ 2
{(yl,yz,---,yn) € Rn| Ey, -m) SR . AL Y €F belong to

i=1l

this set. Hence all Y € E belong to this set.
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n
2 2
Hence z (y1 -m,) = R’ is a spanning sphere for E .
i=1 +
But R’ <R . Contradiction! Thus the spanning sphere of E is unique.

Lemma 3.3.2

Let E be compact in Rn and let SE be the spanning sphere of

E. Then E N SE 0 .

Proof: Suppose E N SE =@ . Let p(E,SE) = |, . Consider a sphere

/

SE with same center as SE and with radius R - & where R is the
radius of SE . Then E 1is enclosed by Sé , but Sé has smaller

radius than SE . Contradiction! Hence E [ SE 0.

Lemma 3.3.3

b )

Let S be a sphere which encloses E with center H = (hl,hz,... n

and radius R . Let Q =S NE . Suppose lQl =k . Then if H is
not in the convex hull of Q , the elements of @ 1lie in an open hemis-
phere of S .

Proof: We note first that k need not be finite. Let V be the convex

hull of Q . V 1is closed since Q is compact. Since H £ V , there
exists a hyperplane T which strictly separates H and V . Let
ut :{(xl,xz,...,xn) € Rn|(P,X) = b} . Then

(P,H) =a>b and (P,Y) <b (3.3.6)

for all Y € V and hence for all Y € q .

Consider the set {(xl,xz,...,xn)e Rnl(X-H,XjH) = R2 and (P,X) < a} .
This set is an open hemisphere and we claim all Y € Q are in it.
Since Y€ Q=ENS ,Y €S . Hence (Y-H,Y-H) = R2 and from (3.3.6)

(®P,Y) <b<a.
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Lemma 3.3.4
LLet S be a sphere which encloses E and let Q=S NE . If
the elements of Q' lie in an open hemisphere of S , then S is not
the spanning sphere of E .
Proof: Without loss of generality we shall write

9 2 2
S : {(xl,xz,...,xn) € Rnl z x, =R } . suppose the elements of Q

i=1
lie in some open hemisphere of S , say the hemisphere designated by

the set {(xl,xz,...,xn) € Rnl(x,x) ~ R? and' ®,X) >0} .

The vector P is perpendicular to the hyperplane (P,X) =0 .
Suppose we move S a distance v along the vector P . We shall

choose v such that E is enclosed by S’ and E N 8’ =@ , where

’

S is the translate of S . Then by Lemma 3.3.2, S’ is not the span-
ning sphere of E . Since the translation is a rigid motion, the radius
of S’ is equal to the radius of S . Hence § is not the spanning

sphere of E , and we shall be finished.
Let b be the distance from the set Q to the hyperplane (P,X) =0 .

Choose any integer m > 1 such that

b >% ) (3.3.7)

We consider the set E in three parts. Let

E, = {(xl,xz,...,xn) cEl,®n < o}
Ey = {(xl’XZ"”’xn) €elo=@n S%} (3.3.8)
E, = {(xl,xz,...,xn) EE|E@,D >%}
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Let
= {(xl,xz,...,xn) €Rn|(X,X) =R?® and (P,X) SO}
(3.3.9)
R
Fy = {(xl,xz,...,xn) € Rnl(x,x) =R® and 0 s (P,X) SH}
Let 8 be the distance from E; to F, and 0y be the distance
from E; to Fy . Finally we let
. 2R
c=min{ & , &, (3.3.10)
e |fm

We note that ¢ ¥ 0 since all points of contact between E and §

belong to E Take a fixed € , 0 <€ <1 and let W >0 be such

3 -
that M2(P,P) = €c® . Thus the center of our translated sphere s’
is (upl,upz,... ,upn) and our translated distance is v = ec . The

square of the distance from any point X = (}_:1,52 ,:—cn) to the center

g
of S/ is given by

da® = .rzll(?:i - Wp,)? = (X,X) - 2u(X,P) + u2(P,pP) (3.3.11)
1=

Let X € E . Then &X,X) S @® - 8)2 < @® -c)® . From Schwartz’
inequality we have |(i,P)lS “P” “)_{” . Hence (X,p) 2 —HP” HX” .
Thus —Zp(i,P) < Zp.“P”(R - ¢) =2¢e(R - ¢) . Thus
d® < (R -¢)® +2€c(R -c¢c) + €c® =[(R-¢c) + €&)® , or d SR + (¢ - )c .
But € <1 and ¢ *#0 . Thus d <R .

Let X €E, . Then (X,X) < @R - &) < (R - ) and P,X) 20 .
Hence d® < (R - ¢)® + €c® < (R - ¢)? +c® <R® - c® +c® =R® , or
d <R .

Let X €E, . Then (£, SB® and ®,% >X. Thus

2¢ 2
@ <R® =2 X, we(,p) = R® -~ 2%R , @c® . But c S —= Thus
m I[P {lm |2 flm
2
c < 2R and €%¢? < 2E°CR . 2EcR Thus d <R., So we have

[|lm el el
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shown that E N 8’ = @ , and by the previous remarks the lemma is
proved.

We are finally led to the following analogue of Theorem 3.2.1.

Theorem 3.3.1

Let E be a compact set in Rn .  The spanning sphere SE is

unique and its center 0’ 1lies in the convex hull of Q = SE NE .
Moreover, |Q| =k =2 .

Proof: From Lemma 3.3.3, if 0’ does not lie in the convex hull of

Q , then the elements of @ 1lie in an open hemisphere of S But

E -
from Lemma 3.3.3, this implies SE is not the spanning sphere of E .
Contradiction! Thus 0/ is in the convex hull of Q . We have the
cardinality of Q gréater than or equal to 2 since 0’ cannot be in

the convex hull of less than two points. Uniqueness of SE is the

result of Lemma 3.3.1.
If the cardinality of Q is k , and k is finite, we shall see

that the development of the main theorem in Rn proceeds much as it

does in R2 . However, suppose the cardinality of @ is infinite?

Shall we be forced to consider infinite sums? Fortunately, no. A

theorem of Cartheodory is available.

Theorem (Cartheodory)

Let Q be a subset of Rn and 0' a point in the convex hull of

Q . Then there exists a subset Ql of @ , containing at most n+l

points such that 0’ is in the convex hull of Qi'
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Proof: Refer to Eggleston, H.G., Convexity.

Thus in the following material when we write {Al,Az,. ces

Ak} we

shall mean the elements of @ if the cardinality of Q is finite,
or we shall mean the subset of @ of at most n4l points which
contain the center of SE in its convex hull, if the cardinality of
Q is infinite,

The reverse A-Steiner problem in Rn takes the following form:

If A1'A2””’A k 22 are k points lying on a sphere S

k n-1
in Rn such that they do not all lie in an open hemisphere of Sn—l ’
can we attach non-negative weights, w y W yeeey W to the
Al A2 Ak

points Al,Az,...,A so as to make any given point @ in the convex

k
hull of {Al,Az,...,Ak} a A-Steiner point? i.e., to minimize

a function of the form

K
oW, lla; - <l M (3.3.12)
i=1 i

for N 21 , where “Ai - Q“ denotes the Euclidean distance from
the point Ai to Q ? We shall show that the answer to the question
is affirmative., Again we shall use approximation theory.

LLet E be a compact set in Rn and let p be a positive measure

on Rn . Consider the space of continuous functions whose domain is
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E and whose range lies in some inner product space H . This space,
which we denote by C(E;H) can be made into a normed linear space in

various ways. We shall define a norm thusly: If £ € C(E;H) then by
1

\HifH‘p , P 21 , we shall mean ( [ leeo [P du) P yhere |£(x)| de-
E

notes the inner-product space norm of the range value f£(x)
If VvV is a finite-dimensional subspace of C(E;H) we may pose
an approximation problem by asking: Given f € C(E;H) . What is a
best approximation @ to f in p-norm out of V ? i.e., finda QE€V

v

such that Hlf - XHlp = ”If - Q Hk or equivalently

Jlee - x@|P w2 [l - e@|P aw (3.3.13)
E E

for all X €V .
This approximation problem has a solution characterized by Theorem

3.3.2, But first we must extend the definition of sgn to vectors.

Definition 3.3.2

If s € R , we define sgn s = — for s ¥0 and sgn s =0

sl

Theorem 3.3.2

For p 21, if I Hf(x) - Q(x)”p-1 (X(x),sgn(f(x) - Q(x))) du =0
E

for all X €V, then Q is a best approximation to £ in p-norm
out of V.

Proof:

/
[leco-a P a = [leo-ae P (2e0-a00, seatz-ae)) @
E E
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- Jlco-aeo P (200 -x00, senczeo (%))
E

+ [l -am P (xeo-ae , sentze-ae0))
E

The second term on the right is zero by hypothesis. From the
Schwarz inequality we have
-1
Tl - eeolP av = [ lleeo - e P e - x| o
E
If p =1 , the inequality (3.3.13) results. If p > 1 we apply

Holder's inequality to the integral on the right. Thus

L L
[ e - e P aw < (] lleeo - aco |09 ([ llzeo - xolP @)
E B E
or | l .];
(Sl - aeolP @) = ([ lkeo - xwlP a)

E E

Raising both sides to the p-th power we have (3.3.13).
Now we take E to be the finite set of points {Al,Az,...',Ak}

and choose the measure | to assign the weights wA at
i

A, , i=1,2,,..,k. Let H be k-dimensional complex space with the

inner-product defined by: If z = (zl,zz,...,zk) €H and

M=

W = (wl,wz,...,wk) €H , then, (z,w) = zw, . Let f be the

=1

[N

identity function on E and let the subspace V consist of the con-

stant functions. Then, setting p = A, the right hand side of (3.3.13)

k A
becomes Z “Ai - ql w, which is identical to the function (3.3.12).
i=l i

The sufficiency condition of Theorem 3.3.2 becomes
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k
p-1
ifl wAi ”Ai - qll (X, sgn(A; - Q) =0 (3.3.14)

for all constants X .

Theorem 3.3.3

wA > 0 may be chosen so as to satisfy the sufficiency condition
i

(3.3.14).
Proof: See Theorem 3.2.4., We set
2-p .
w, =M “Ai - ql for i =1,2,...,k (3.3.15)

A,
i

where the Ki's are the barycentric coordinates of @Q relative to
the points Al’Az”"’Ak .

Thus all machinery has been developed to enable us to prove the

n-dimensional analogue of the main theorem, Theorem 3.2,5.

Theorem 3.2.4

Let E be a compact set in Rn . Let SE be the spanning sphere
X
of E . Then X( )(E) =R for XA 21, where R is the radius of Sp -
Proof: Let 0’ be the center of SE . Placing X = o’ for
i=1,2,...,m gives

1 1
T;A)(E) < QZ; [ % .?1 Ik - xi”hj X ( 1. RX) X R

m
1=

sk
Now suppose Xi, i=1,2,...,m is a set of Chebyshev points of

order m for E , We know E N Sg > {Al,Az,...,Ak} , k=22,

Now



o 1 1
m m
M@ cmax (2 2k - 2 mex Loz - <)
m m 1 Imn 1
X€E i=1 XE{Al Y S R T |
- Nk
1 3 * )\> (1 b * x) p o * k)
“’Al(ﬁ ) vy @ 2 i)« “’Ak(ﬁ ]
Kk
= wA
L. J= J ]
X
- k Kk k S
L sy HA.-X*“>L . ”A.-X*H>L b+~ By ”A.-X*”A
- m =1 Aj i1 m =1 Aj j 2 m =1 Aj j m
(3.3.16)
k
Zow
=t A

We choose w, , j =1,2,...,k such that the point o/ is the

A,
J

A-Steiner point, as in accordance with (3.3.15) with @ = O

7

This

can be done since we have shown that 0' is in the convex hull of

{Al;Az,...,Ak} , K 22 . The last expression (3.3.16) thus is greater

than or equal to

= R . Hence T;A)(E) =R for every m and X(A)(E) =R .

- _
1 k
m PV a0+t Zw a0 e... + X Tu fa-o?
j=1 j m ., A m . . A, ]
J= J J= J

k

Zow
o 3=1 A B

>+

As a final word we should mention the bounds for R given by the

n-dimensional version of Jung's theorem.



Theorem 3.3.5

Let E be a compact set in Rn with diameter d(E) .

spanning sphere SE has a radius R where

aE <R = ﬁ d(E) .
2 N2(n+1)

Proof: See Jung [17].
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Then its



CHAPTER 4

Related Topics

In Chapter 2 we noted that one could extend the classical defini-
tions of transfinite diameter and Chebyshev constant to more general
metric spaces. We find that for spaces that are "centered", we can
calculate the Chebyshev constant for any bounded subset for A 21 ,
The idea of "centeredness'" is introduced in an entirely different
context in a paper by Kolmogorov and Tihomirov [19], but it plays an
important role in our theory.

We shall then obtain bounds for the Chebyshev constant of unit
balls in normed linear spaces which hold for all averaging prodesses,
and compare our results with some work of Hille dealing with the trans-

finite diameter of such sets.

4.1 Centered Spaces

Definition 4.1.1

Let (X,p) be a metric space. A bounded subset V < X of topo-

logical diameter d(V) is said to be a centered set if there exists a

point xVE X such that p(v,xv) < d(g) for all v € V. A point X

with this property will be called a center of V .
We note that a center of V does not have to lie in V . Centered
subsets of metric spaces are of interest since one can find their

Chebyshev constant for A 21 by virtue of the following theorem:

Theorem 4.1.1

Let (X,p) be a metric space. If W is a centered subset of X

of diameter d(W) , then X(K)(W) = Eigl for A 21 .

99
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Proof:

>

n .
T(%)(W) = inf sup [ M
n x €X wew i=l

B

i=1,2,...,n

of W . Set X, = xw for i =1,2,...,n . Then

b
Tik)(w) S sup [ % np(w,xw)x] = sup p(w,x < aan . (4.1.1)

)
wEW wew W 2

A
If W contains only one point, both d(W) and X( )(W) are zero and

the theorem is proved. Hence we suppose W contains more than one

point. Let w and w be two distinct elements of W . For every
€ > 0 , there exists il,iz,...,iné X such that
1
n Y
- N\ X
sup | 2 Z pwEp’| -e<tOam . (4.1.2)
wew ~ M i * n
The triangle inequality gives
p(w,w) < p(y,;:i) + p(}_{i,\;) for i =1,2,...,n .
Hence
A3 - - - 1
n[p(w,w)J < Z [p(w,x.) + p(x.,w)J . Raising to the X—th
- iz -t .

power, using Minkowski's inequality, and dividing through gives

1 1
n X n )
- 1 - A 1 - = A .
p(w,w) S i1= X p(w,x.) +{= Z p(w,x,) . Now, taking the
- n . —'7i n , i
i=1 i=1
- M1 n -
supremum over all pairs w,w in W we have d(W) = 2 sup LH z p(w,xi)
WEW i=1

X
From (4.1.2) this gives gﬁgl < Ti )(W) + € ., Since € was arbitrary

we have Qigl

< Té}‘)(W) and with (4.1.1) as n -+, xVw = ﬁg’l .

z p(w,x)" | . Let xwe X be a center

[

h] A .
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Thus for any ball S in a metric space, Theorem 4.1.1 gives
A
xM sy = (4.1.3)

where r is the radius of S and A 21 . If we designate by U
the unit ball of a normed linear space, i.e., the set of all elements
of norm less than or equal to one, then in particular we have

Corollary 4.1.1

For any normed linear space X with unit ball U , X(A)(U) =1
for A 21 .

Definition 4.1.2

If every bounded subset of a metric space (X,p) is a centered

set, then we shall say X is a centered space.

Corollary 4.1.2

Let (X,p) be a centered metric space. If V 1is any bounded

subset of X of diameter d(V) , then x(}‘) w =d—(‘2L)- for A2 1 .,
An analysis of the proof of Theorem 4.1.1 (or Corollary 4.1.2)
shows that it is the centeredness of the set V (or the space X))
which establishes the inequality X(h)(v) < Eﬂ%l . The reverse in-
equality holds for all bounded subsets of metric spaces, whether
centered or not, by virtue of Minkowski's inequality. Thus using

Theorem 2.4.1 and (2.2.5) we have

4 <xPwm sam 4.1.9

for X 21 with equality on the left if V 1is a centered set (or X
a centered space),

In view of Corollary 4.1.2 it would be helpful for us to find out
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which spaces are centered. We look first at Euclidean spaces.
If E 1is an equilateral triangle of side s in Ry , then we

A
saw that X( )(E) = 7% > Thus R; 1is not a centered space. 1In

s
3 .
fact we have:

Theorem 4.1.2

Euclidean n-space, Rn for n > 1 is not centered.

Proof: Jung [17] shows that if E is a regular simplex of n+l

vertices of side d(E) in Rn , n > 1 , its spanning sphere has radius

/ X /
R = ~§%ﬁ:i) d(E) . Hence Theorem 3.3.4 gives X( )(E) = ETEIIY d(E) > %d(E)

Thus Rn , 1 > 1 1is not centered.
Although Euclidean n-space is not centered, n > 1 , some bounded
sets in Rn are centered sets. For these sets, e.g., Case I sets in

) d(E)

Rz , (see Definition 3.2.2) we have the result X (E) = 5 A=1

Theorem 4.1.3

Let X be the real line. Then X 1is a centered space under any
norm.

Proof: Let V be a bounded subset of X with b = sup x and

x€V
a=inf x . Then d(V) = “b - a“ . Consider x = E%E . We will show
xEy
x 1is a center of V . Now p(v,b+a = ”v l |2v - (b+a)i , or
p(v,b+a/ = g(”v - b” + Hv - a”) . But since for every v there exists
a M with O S =1 such that =ub + (1 - H)a we have
”v - b” + “v - a” = Hb - a” . Hence pkv b+a> <% d(V) and x = E%E

is a center of V .
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Corollary 4.1.3

Let V be a bounded set on the real line. Then X(X)(V) = HE%EH

where b =sup x, a=inf x , A 21 , and ” ” denotes the norm
x€v %€V

defined on the line.
But there exist spaces other than one-dimensional spaces that
are centered.

Theorem 4.1.4

o«
The space Rz 1s centered.

Proof: Let V be a bounded subset of R: . For v €V we write
vV = \x(l),x(2)> .  Now
2 2
d(v) = sup ” “ = sup max k'x(l) (1)I ( ) ( )|>
v,V EV v, VJEV J
(6)) w (2) (@ 3
= max | sup lx. - X, l, sup lx. - X, l, .
Kv.,v. . J v.v.ev * J /
i’ j i
/ AN
Let Q = min K sup ‘xél)— x€1)|, sup ngz)— ng)l)
v.v €V J v.v.ey * J
143 13

Then V is enclosed by a rectangle GV with sides parallel to the

LD

and x(z) axes and of lengths d(V) and Q . The set Gv is

a spanning rectangle of V ; we do not call it a spanning sphere since
all points of Gv are not equidistant from its center. This rectangle
is unique, for if not, then V would lie in two such rectangles and
hence in their intersection, which would be a rectangle with minimum
side smaller than Q , contradicting the definition of Q . Let 0'

be the center of G . Then it is clear that the distance from o/ to

any point of V is less than or equal to ES%L . Thus 0' is a
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center for V .

It is interesting to note in passing that the intersection of the
boundary of V with GV contains either two points which are at the
ends of a diagonal, or at least four points - one point on each side
to the rectangle (corner points being counted twice, since they lie
simul taneously on two sides of the rectangle).

Corollary 4.1.4

A
X( ) d(g)

®
for A 21 for all bounded sets V in Ry .

) =

It is probably true that the proof of Theorem 4.1.4 can be ex~
tended to n dimensions and hence Corollary 4.1.4 is valid for all
vbounded sets in R: . However we shall not go off on this tangent.
Rather we shall stay with the space R: and show that the function
space §; consisting of all real polynomials of degree less than or
equal to one defined on an interval, with the uniform norm, is iso-
metric to it.

[oo]
Let Vg = (xo,yo) € R; . To the point vy e make correspond
the polyncomial (line) po(x) €8 , x €[a,b] , joining the points

(a,x.) and (b,yo) . It is clear the correspondence is 1 -1

Moreover, in the uniform norm, if p0 € and py € we have

P(Po,pl) = ”po - 91“ = max lpo(x) - pl(x)l . For linear polynomials
x€[ a,b]

this maximum occurs at the endpoints of the interval. Hence
P(Po,pl) = max (lXO - Xll,lyo - yll) = p(vo,vl) . Thus the two spaces

are isometric and since the Chebyshev constant is a limit of a function

involving only the metric of a space we have
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xPw = 40 (4.1.5)

for A 21 for all bounded sets V in B

This result leads one to speculate whether § is a centered
space, Indeed it is, as are spaces of real polynomials defined on an
interval for all degrees n in the uniform norm. This is a result
derived from the following important theorem found in Kolmogorov-
Tihomirov [19].

Theorem 4.1.5

The space R(X) of real-valued functions defined on an arbitrary

set X with the metric p(f,g) = sup lf(x) - g(x)f is centered.
x€X

Proof: Let V be a bounded subset of R(X) of diameter d(V)

Thus d(V) = sup sup lf(x) - g(x)l . Define f(x) = sup £(x) and
f,8€v  x€X fev

£(x) = inf f(x) . We see d(V) = sup (£(x) - £(x)) . Let
FEV x€X

2,(x) = 3(E(®) + £(x)) . Then £ (x) is a center of V . For if
£(x) € Vv , then
2 - £,(0) S 2(x) - £5(x) S T - £,(x)
or FEM - £(0) $ (E(® - £,(0) < FHE® - £(0)
Hence [t(x) - £,(0 | % (F(0 - £9) for all x € X . Thus

PEGY £y () = swp |£0) - £, | <% sup GO - 20) = F dW
x€X x€X

This theorem has far-reaching consequences for us because with
Corollary 4.1.2 it gives the result:

Theorem 4.1.6

x(;\')(V) = ngl for A 21 where V is any bounded subset of
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the space R(X) of real-valued functions defined on an arbitrary set
X with sup norm.

The space C(X) of complex valued functions defined on an arbit-
rary set X with sup norm is not a centered space. For suppose

V = {fl(z),fz(z),fs(z)} such that fi(z) = ci , 1 =1,2,3 for all

z € X , an arbitrary set in ¢ . Suppose further that c; are the
vertices of an equilateral triangle of side s . Then V has no

center, for if g(z) were a center of V , then max |g(z)-fi(z)| = % s
z€X

for i =1,2,3 and thus g(z) must be simultaneously inside circles
with centers at ci and radii equal to % s . But no point having
this property exists. Hence V has no center and C(X) is not
centered.

However, if we restrict our attention to centered subsets of C(X)
we can determine the Chebyshev constant of such sets for certain aver-
ages from Theorem 4.1.1. For all averages we can obtain an important
upper bound for the Chebyshev constant of centered sets. Since the unit

ball of a Banach space is a centered set this will be advantageous.

Theorem 4.1.7

Let W be a centered subset of a metric space (X,p) . Then
XA(W) < Eigl. for all averages.
Proof: TA(W) = inf sup A(p(w,x ) ,p(w,x.),...,p(w,x )) . Let x
—_— n 1 2 n w
xiGX wew
i=1,2,...,n
a(w)
be a center for W . Then p(w,xw) < —5~ for all w €W . Thus
TA(W) < sup A(p(w y,p(w,x),...,p(w,x )) = sup p(w,x ) = awy) and
n ’}&v ’ ’W b ? ’w ’w 2

wew wew



107

as noe, xtan s 2L
Corollary 4.1.5
Let U be the unit ball of any normed linear space X . Then

XA(U) <1 for all averages.
We now turn to some work of Hille [16] dealing with the trans-
finite diameter of the unit ball in certain Banach spaces. 1In any

Banach space X with unit ball U

By =2

and we have equality in the following spaces:

C[a,b] , Ll(a,b) , Lm(a,b) , L, m.

In the Lp(O,l) spaces, Hille obtains a lower bound for

the transfinite diameter of the unit ball Ub . He shows:
- 13
1 1. P
GA(U)zz _F_i_'a'?iiz_)_ 1<pso®
(DT (Ep+1)

and in the case 1 < p =2 we have
1
sy = 2P .
p
Hence in all the aforementioned spaces Corollary 4.1.5 implies that

we have strict inequality

o > xPw (4.1.6)

for the unit ball of the space for all averages.
Another result that holds for all averages is the following theorem -

furnishing us a lower bound for the Chebyshev constant of the unit ball.
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Theorem 4.1.8

Let X be a normed linear space of complex (or real) valued
bounded functions defined on an arbitrary non-empty set S . We
suppose further that X contains the constant functions and

lell = sup le¢s) | for al1 £ € X . Then if U is the unit ball of
s€s

X, XA(U) z xA(Y) where Y 1is the unit disk in the complex plane

(or Y is the interval [-1,1] of the real axis).

. . * % *
Proof: Given € > 0 , there exists 8189018y € X such that
A * * *
T (U + € > sup ACP(£,8,),P(£,85),...,P(£,8))) . Take y €Y
f€U
arbitrarily. Fix s, € S . Since Iyl £ 1 and since X ntains
A
the constant functions, there exists a function £ € U suc. that
% We defi t {N.},i=1,2 by & il
(s)) =y . We define a se 43 » 1 =1,2,...,n by g.(s5) =T, .
Now for every i , i =1,2,...,n we have
A % A * A * A *
p(t,eD = |lf - glll = sup 1T -gl | = |25 -gisy| = ly -1, 1 =per,1))
i i s€S i 0 it o0 i i
Thus
A Ak A% A %
Tn(U) + € 2> A(P(f,gl),P(i,gz),---,P(f,gn))

and from POSTULATE b) we have

W+ > A, 1,00, Ty 5.0y, 1))

Since y was arbitrary this last expression holds for all y €Y.,

Hence
AW + € > max AGG,N), G, 504,00,
yE€Y
A
> min max ACpCy,N.),p(, N0, .50y, 1)) = T (V)
ﬂied veY 1 2 n n

(or ﬂiGRl)
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Since € was arbitrary we have, as n — ©, xA(U) 2 xA(Y) .

Theorem 4.1.8 together with Corollary 4.1.5 and the results of
Pélya and Szegd (see appendix) gives

»

x( () =1 for A 20 4.1.7

for any normed linear space X of complex-valued bounded functions
satisfying the hypothesis of Theorem 4.1.8.

In the real case one can infer X(A)(U) =1 for A21, are-
sult we have already obtained in Corollary 4.1.1.

Section 4.2 is devoted to a concept discussed in Singer [28].
Although it appears in a different context, Chebyshev centers, as the
name might suggest, is also related to the ideas developed in the

preceding chapters as well as to the concept of centered sets.

4,2. Chebyshev Centers

Let X be a metric space and V a bounded subset of X . We
examine the value T:(V) for n =1 . Using the definition of the
footnote for (2.3.1) (p.37), we have T?(V) = inf sup A(p(x,xl))

x1€X x€V

A . . A A
or Tl(V) = inf sup p(x,xl) . Since Tl(V) is independent of the

xl€X x€V

average we shall write it as Ty (V) .

Definition 4.2.1

* *
A point x; € X such that T (V) = sup p(x,Xx) is called a
x€V

Chebyshev center for V . The value T,(V) 1is called a Chebyshev

radius for V .

The terminology of Definition 4.2.1 is natural since we see that
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1"

xr is the center of a " sphere" of smallest radius T3 (V) which
encloses E . Indeed xf is a center of a spanning sphere of Defini-
tion 3.3.1 and T1 (V) is its radius. Such a point xf defined by
the above definition is of course a Chebyshev point of order one for

V , which is the same for all average functions.

The relationship between centers of sets and Chebyshev centers

is as follows:

Theorem 4.2.1

Let W Dbe a centered subset of a metric space (X,p) . Then if

xw is a center for W , xw is a Chebyshev center for W .

Proof: Suppose xw is not a Chebyshev center for W . Then

sup p(x,xw) > T1(W) . Since W is centered we have from Theorem 4.1.1,
xEW
T (W) = E%ﬂl . Hence sup p(x,xw) > gigl . Thus xw is not a

xEw

center for W .

Theorem 4.2,2

Any Chebyshev center of a centered set W in a metric space is

a center,
. * d(w)
Proof: Since sup p(x,x1) = T1 (W) and T (W) = —5- from Theorem
xEW
* *
4,1.1, we have p(x,x1) S d(g) for all x €W and x; is a center.

We note that the hypothesis of Theorem 4.2.2 cannot be weakened
to sets V which are merely bounded. For example, if V were an
equilateral triangle, then its circumcenter is a Chebyshev center, but
not a center!

When the set in question is compact the existence of xr is

assured. But if V is merely bounded, one has to look at the exist-
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ence question. We have the following theorem of A,L. Garkavi [8]:

Theorem 4.2.3

Let X be a Banach space with the property that there exists
a projection p : X** - X of norm one. Then for every bounded set
V © X there exists a Chebyshev center for V .

The existence of such a projection as described in the hypothesis
is known for Banach spaces which are equivalent to conjugate spaces.
This does not characterize conjugate spaces however, for such projec-
tions exist in spaces which are not the conjugate space of any Banach
space. See Ruston [26].

Of more interest to us is the uniqueness question of xf . In
n-dimensional Euclidean space we showed that the spanning sphere is
unique. This is not true in general. We have the following uniqueness

theorem of A.L. Garkavi [8].

Theorem 4.2.4

In order that every bounded set V in a normed linear space X
has at most one Cuebyshev center, it is necessary and sufficient that
the space X be uniformly convex 1 in every direction.

Theorems 4.2.3 and 4.2.4 imply the existence and uniqueness of a
Chebyshev center for any bounded set in a Hilbert space.

In Euclidean spaces the Chebyshev center played an important role
since the Chebyshev points of order n for E , for all n , coincided
with the Chebyshev center for A-th power averages, Az,

o«
A space which is not uniformly convex is Ry . Thus there exist

1A normed linear space X is uniformly convex in every direction if

for every € >0 and for every x € X , there exists a 0(€,x) >0

suTh that if ”y” “z” and y - z = M - and ”Y+ZH >2-6 , then
A S e,
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bounded sets V in R: which have more than one Chebyshev center.
Consider

Example 4.2.1

© (€)) .
Let X =Ry and V =0[-1,1] on x axis, Now
. 2
Ty (V) = min max Hx - Xl“ = min max max ([x(l)- xfl)l,lo - xf )|) .
x; €X x€v X, €X x€v
For X3 not on x(z) axis, the maximum over all x € V of the above
expression is strictly greater than 1 ., For X; any point on the
2
x( ) axis in the segment from -1 to 1 , we have the above expres-
sion equal to 1 and thus T, (V) =1 . Therefore all points in the
2
segment from -1 to 1 on the x( ) axis are Chebyshev centers for
*
V . We observe that in this case not only is x not unique, but it

does not necessarily lie in K(V) , the closed convex hull of V .
The spanning sphere Sv of the set V consists of any square with sides

1 (2)

parallel to the = and x axes of length two and with center
on the segment from -1 to 1 on the x(z) axis. The spanning rect-
angle GV of V , as discussed in the proof of Theorem 4.1.4, is a
degenerate one, consisting merely of V itself with center at the
origin,

We close this section with another theorem of Garkavi [9].

Theorem 4.2.5

In order that every bounded set V in a Banach space X have a
* *
Chebyshev center x; with x;3 € K(V) , it is necessary and sufficient
that X be a Hilbert space or dim X =2 ,

We shall see how this modified '"convex hull theorem,"

pertaining
to only the Chebyshev point of order one, relates to the ideas that

will be discussed in Section 4.3. Again in this section we use con-

cepts discussed in another context by Singer [28].
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4;3 Closest Points and Fejé}

Definition 4.3.1

et X be a normed linear space. Let X,y be two elements of

X and let Z be any subset of X . We say y is point-wise closer

to Z if Hy - z” < Hx - z” for each z € Z . If there exists no
y such that ”y - zH < ”x - z” for each z € Z , then we say X is

a closest point to Z ; i.e., a closest point is one for which there

is no point-wise closer point.
We shall denote by C(Z) the set of closest points of Z . From

the definition we see that if x € Z , then x € C(2Z) . Thus we have

7 < ¢c(2) (4.3.1)

The following theorem was proved by Fejér [5] in 1922, It should
/
not be confused with Fejer's Principle, which we shall comment on
presently.

Theorem 4.3.1

Let E be a compact set in the Euclidean plane. Then C(E) = K(E)
where K(E) is the closed convex hull of E .

Fejér's restriction to compact sets is unnecessary. Theorem 4.3.1
has been generalized in the form:

Theorem 4.3.2

If Z 1is any subset of a Hilbert space, then C(Z) = K(2)
The proof of this theorem is quoted in Phelps [24].

Definition 4.3.2

Let X be a normed linear space. A subset Z of X will be

called a strong Fejér set if C(Z) = K(Z) . If all subsets of X are
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strong Fejér sets, then we shall say that the space X is strongly

Theorem 4.3.2 shows that Hilbert space is, in our terminology,
strongly Fejér.

Now let us look at Fejér's Principle. The Principle states that
for a certain subset Z of X , and for every x € X\Z , there exists
a y € X such that |ly - z|| < ||x - z|| for each z € Z2 . (iIn Lemma
1.2,1, X was d and Z was a compact convex subset of X .) But
in view of Definition 4.2.1, Fejér's Principle states that if

b4 ¢ Z then x ¢ c(z) , or
c@ <2z (4.3.2)

In view of (4.3.1) this is equivalent to C(Z2) = Z .

Definition 4.3.3

A subset Z of a normed linear space X will be called a

/
principle Fejer set if C(2Z2) =7 .

It is obvious that not all subsets of a space can be principle
Fejér sets. Certainly all open proper subsets are not principle
Fejé} sets,

From the definitions one can easily show the following:

Proposition 4.3.1

If a normed linear space X is strongly Fejéf, then every closed
convex subset of X is a principle Fejér set.

The hypothesis of Proposition 4.3.1 is stronger than need be.
Consider the following definition:

Definition 4.3.4

A subset Z of a normed linear space X will be called a weak
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e /
Fe jer set if C(Z) © K(Z) . If all subsets of X are weak Fejér sets,
then we shall say that the space X is weakly Fejér.
From the definitions, each principle Fejér set is a weak Fejé}
set, It is easy to prove

Proposition 4,3.2

If a normed linear space X is weakly Fejér, then every closed
convex subset of X is a principle Fejér set.

A space X , which according to our definition is weakly Fejér,
is said by Phelps [24] to possess Property F. He proves the three
interesting theorems (written in our terminology).

Theorem 4.3.3

Let X be a normed linear space of dimension = 3 which is
weakly Fejér. Then X is a Hilbert space.

Theorem 4.3.4

Let X be a two-dimensional normed linear space. Then X is

strictly convex 1 if and only if X is weakly Fejér.

Theorem 4.3.5

If V is a bounded subset of a strictly convex two dimensional
space, then V is a strong Fejér set.

Fejér's Principle implies the convex hull theorem in the follow-
ing manner: Let E be a compact subset of a normed linear space X ,
with K(E) its closed convex hull. If X(E) is a principle Fejé}
set, then the Chebyshev points of E of order n , for all n , and

for all averages are located in K(E)

! A normed linear space X is said to be strictly convex if for every
x and y in X such that ”x” = Hy“ =1 and x ¥y we have

5521 <2
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From Proposition 4.3.2 we thus have a convex hull theorem for all
spaces which are weakly Fejéf. In particular Theorem 4.3.2 with
Proposition 4.3.1 implies the convex hull theorem for all compact sub-
sets of a Hilbert space, a result we have proved in Theorem 2.3.4. 1In
addition we have a new result derived from Theorem 4.3.4 and Proposi-
tion 4.3.2. Together they imply the convex hull theorem for all compact
subsets of a two-dimensional strictly convex normed linear space.

We now examine how the theorems of Phelps relate to the modified
convex hull theorem of Garkavi, Theorem 4.2.5. Since the convex hull
theorem is satisfied in weakly Fejér spaces, surely in such spaces we
have xf € K(E)

Theorem 4.3.2 and 4.3.4 provide sufficient conditions for a space
to be weakly Fejér. Theorems 4.3.3 and 4.3.4 provide necessary
conditions for a space to be weakly Fejér.

The sufficiency conditions in Theorems 4.3.2 and 4.3.4 (that a
space be either Hilbert or two-dimensional strictly convex) are suf-
ficiency conditions for Theorem 4.2,5. They are not necessary since
the strict convexity in two-dimensional spaces insures the convex hull
theorem for Chebyshev points of order n , for every n , but is
evidently not necessary for just Chebyshev points of order one.

The necessary conditions in Garkavi's Theorem 4.2.5 (that a space
be either Hilbert or two-dimensional) are necessary conditions for a
space to be weakly Fejér. They are not sufficient since the strict

convexity in two-dimensional spaces is lacking.
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Transfinite Chebyshev
Set Diameter Constant
1_1
{_11} 2 * A>o0 1 Az1
? 1—1
277 X 0<A=1
0 A=o0 0 A=0
1_.1.
25 K Az 1 =
1 1
) - P 36 -3
=/ I -3 osr=1 |[YV 2 /T2 -3 1 =AS
1 “ 1
r(3) r(3
0 ANE -1 - AE
1- L
2 A AzZ2 1 AZ0
1 1
X - - >\‘ - -
{zEd \zl:l} 'L+ N -1 =EAEQ T + N 4 =A=0
2 2
X By
3) (t+3)
F<l+-2' Fl+§
0 A= 0 AE -1
l_1
27 X Az 2 1 A=o
1 /7 1
—_ F -n}\ =
= A
{zed lz|51} 1“(1+>\)}‘ 0=EAN=E2 2 -2 = A=o
E_ sinl-r—}-\-
)
0 A= -2 0 AE 2
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Transfinite Chebyshev
Set Diameter €onstant
1 .
1- 5 = =
27 A z 2 1 z 1
{(x,,x,,x )€ R, [xx2sx® = 1] A)- 2 AN- 3
A2 1892 371772773 2(1+—2-) A -2 = =2 2(1_*_5) i\ 2=\
0 = -2 0 = <2
1- 1
27" X z 2 1 z
5 1
((x,,%,,%) € B, 1202 < 1] 1 (s Me(a - ﬁ)j“
N 2(1+%)>\ as=asz DI/ -3) ] 3=a=a
| )
2
0 £ -3 0 = -3
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