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ON THE COMPLETENESS OF SLDNF-RESOLUTION
by

Zhizhang Shen

Adviser: Professor Howard C. Wasserman

By the completeness of logic programming, we mean that
all inferences supported by the declarative semantics are also
supported by the procedural semantics. In the context of this
dissertation, the completed program semantics 1is the
declarative semantics and SLDNF-resolution is the procedural

correspondent.

In this dissertation, after reviewing the |Dbasic
syntactical and semantical issues for first order logic, and
in particular, for logic programs, we carry out a systematic
study of completeness for logic programming: we present some

causes for incompleteness of SLDNF-resolution with respect to
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the completed program semantics; we then review a series of
ccmpleteness results for several related classes of logic
programs and present an extension of a known completeness

result.

Moreover, we put forward a new approach towards obtaining
completeness results: we begin with an interesting example of
incompleteness, and go on to develop the idea of the
coincidence of two semantics, one defined in terms of the so-
called declaratively-relevant part of a logic program with
respact to a goal, and the other defined in terms of the so-
called procedurally-relevant part. Based on the close
relationship between the semantic coincidence and
completeness, we provide a new characterization of the
completeness of SLDNF-resolution with respect to the completed
program semantics. Finally, we give an effectively decidable
condition equivalent to completeness, under a set of
reasonable restrictions on the programs and goals. As the
condition is in no means necessary, it is expected that yet

weaker conditions may be obtained following this approach.
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Chapter 1. LOGIC PROGRAMS: SYNTAX AND SEMANTICS.

A logic program is a set of special first order
sentences. Accordingly, a brief presentation of the syntax and
semantics of first order languages and logic will be a very

helpful preamble. We provide this in section 1.1 and 1.2.

Among logic programs, the class of definite programs is
already well studied. In section 1.3, some basic results for
this important but quite restricted class of logic programs
will be given. In order to have a more expressive syntax than
that of definite programs, we need to support negation. But
this cannot easily fit into the frame of classical semantics
because of the need for the efficiency of computation. In
sections 1.4 and 1.5, we will discuss the problem of
implementing negation in logic programming; in particular, we
will discuss Negation-as-Failure and Clark’s completed program

semantics, which supports Negation-as-Failure.

1.1. Syntax of First Order Languages.

A first order language, L, is based on an alphabet of

variable symbols, constaut symbols, function symbols,
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predicate symbols, connectives and quantifies, with the
constant, function, and predicate symbols considered the "non-
logical" part of the alphabet.

There is a countably infinite number of variables, zero
or more n-ary function symbols and one or more n-ary predicate
symbols for at least one n (constant symbols being regarded as

0-ary function symbols).

It’s well known that the set of "4"(negation) and "A"
(conjunction) and the set of "1" and "v" (disjunction) are two
complete connective sets([22)). As all of the other
conventional connectives such as "&"(implication) and
"e&" (equivalence) are commonly used in the practice of logic
programming, we allow all of them in a program and they follow
the standard operational rules. The same thing pertains to the
two quantifies "V" (for all) and "3" ( there exists); i.e. one
of those is sufficient, but we assume the use of both.

Although it is sufficient to have just those symbols as
mentioned above([32)), it is convenient to also have such
punctuation symbols as comma(,) and period(.), as well as

parenthesis( " (" and ")" ).

Definition 1.1.1. Let L be a first order language. By an

expression in L, we mean a finite concatenation of symbols
(from the alphabet) of L, including the null sequence.

Variable-free expressions are known as ground expressions.
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Most expressions make no sense. Among those which do make

sense, are terms and formulas.

A term can be used to specify an individual.

Definition 1.1.2. Let L be a first order language. By a

term in L, we mean either a variable symbol, a constant

symbol, or an expression of L of the form: f(t,,...,t,), where
f is an n-ary function symbol of L and t,,..., t, are terms of
L, n21.

For example, let '+’ be a function symbol of L, and let
both ’1’ and ’2’ be constant symbols; then +(1,2) is a term,

more usually written as 1+2.

An atomic formula can be used to express a simple
property of individuals.

Definition 1.1.3. Let L be a first order language. By an

atomic formula (or atom) of L, we mean an expression in L of
the form p(t,,...,t,), where p is an n-ary predicate symbol of
L and t,,...t, are terms of L, n 2 1.

For example, let ’'>’' be a predicate symbol in L, then

>(+(1,2), 2) is an atomic formula, usually written as (1+2)>2.

Definition 1.1.4. Let L be a first order language. By a

literal of L, we mean an atomic formula of L, or the negation

of an atomic formula of L.
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Now, we are in the position to define the notion of

formula of a first order language, which can be used to
express a general property of individuals.

Definition 1.1.5. Let L be a first order language. By a

formula of L, we mean an atomic formula of L, or an expression
of L in one of the following forms: 1¢,, ¢, A ¢,, ¢, v ¢,,

¢, « ¢, ¢, & ¢,, Ixd, or Vx¢,, where both ¢, and ¢, are formulas
of L, and x is a variable.

For example, ((1+42) A (7(2>1))) is a formula.

Definition 1.1.6. Let A and C be expressions. By saying

that C occurs in A, we mean that A is the concatenation of B,
C and D, in that order, for some expressions B and D. In this

case, we also call C a sub-expression of A. If C and A are

both formulas (resp. terms), then C is called a sub-formula

(resp. sub-term) of A.

For example, 2 occurs in 1+2.

Definition 1.1.7. Let x be a variable, and let ¢ be a

formula. Every occurrence in ¢ of x within a sub-formula of

the form 3Ix¢, or Vx¢, is called a bound occurrence in ¢; every

other occurrence of x in ¢ is called a free occurrence in ¢.

For example, in Vx p(x, y), X is bound but y is free. In
the formula (VX r(x) & p(x, y)), the only occurrence of y is
free and the third occurrence of x is free, but the first two

occurrences of x are bound.
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Definition 1.1.8. Let ¢ be a formula. By saying ¢ is

closed, we mean that no variable in ¢ has a free occurrence in
¢. A closed formula is also called a sentence.
For example, VxVy p(x, y) is a sentence, but Vy p(x, y)

is not.

Definition 1.1.9. Let ¢ be a frrmula. By the universal
closure of ¢, V(¢), we mean the formula obtained from ¢ by
prefixing a universal quantifier for every variable with a
free occurrence in ¢.

The existential closure 3(¢) is similarly defined.

For example, the universal closure of r(x,y) & (3x p(x, y))

is (Vx(Vy(r(x)e (3x p(x, y))))).

Henceforth, when no ambiguity is possible, we shall omit
many of the parentheses from formulas. For example, the

preceding formula will be written VxVy(r(x) « 3x p(x, y)).

Now, we are ready to define the syntactical structure of
logic programs. We begin by defining the notion of "“clause".

Definition 1.1.10. Let A,...,A,B,,...,B, be atomic

formulas. We call the universal closure of the following
formula a clause: A;v...VvA VvyB,v...vq7B,.

Usually, a clause is written as A,,...,A, & B,,...,B,,
with the understanding that each comma(,) occurring on the

left hand side of "«" means a disjunction and each commaf(,)




occurring on the right hand side means a conjunction.

The above representation of a clause is Jjustified by the
fact that the two involved expressions are equivalent to each
other.

We also say that the A,’s constitute the head of the

clauses, and the By’s constitute the body.

Definition 1.1.11. By a general logic program, we mean a

finite set of clauses.

1.2, Semantics of First Order Languages.

Given a set of formulas in a first order language, L, the
focal point of the semantics of L 1is the 1idea of
"interpretation", by which we specify the meanings of the non-
logical symbols of L.

Definition 1.2.1. By an interpretation of a first order

language L, we mean an ordered pair <D, I>, where D, called
the domain of the interpretation, is a non-empty set of
individuals and I is a mapping which assigns meaning to each
of the function symbols and predicate symbols in L. More
precisely, for any n-ary function symbol, f, I will map f into
an n-place operation on D; for any n-ary predicate symbol, p,

I will map p into an n-place relation on D.
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Definition 1.2.2. By a variable assignment with respect
to an interpretation, we mean a mapping from the set of all
variables to the domain of that interpretation.

Given an interpretation <D, I> of L and a variable
assignment, A, with respect to <D, I>, there is a uniquely
determined "valuation", Val,,, which assigns values in D to
terms of L and truth values to formulas of L in a standard
way. For any two variable assignments A, and A, and any
sentence, ¢, of L, Val, , (¢) = Val,,,(¢), and thus we write
Val;(¢) to stand for the unique truth value assigned under I,
using any variable assignment.

We have the following:

Definition 1.2.3. Let ¢ be a first order sentence, and

let <D, I> be an interpretation. By saying that <D, I> is a
model of ¢, we mean that ¢ is mapped to true under <D, I>;

i.e. Val, (¢)

true.
Let S be a set of sentences. By saying that an
interpretation is a model of S, we mean that it’s a model of

every sentence in S.

Definition 1.2.4. Let ¢ be a sentence, and let S be a set

of sentences. By saying that ¢ is a logical consequence of S,

denoted by Sk ¢, we mean that every model of S is also a model

of ¢.

Definition 1.2.5. Let S be a set of formulas. By saying
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that S is satisfiable, we mean that S has a model. We say that

S is unsatisfiable, if it is not satisfiable.

Theorem 1.2.1. Let ¢ be a sentence, and let S be a set of

sentences. Then ¢ is a logical consequence of S if and only
if(iff) SuU{71¢]) is unsatisfiable.

The theorem tells us that in order to confirm that ¢ is
a logical consequence of a set of closed formulas, we need to
show a set of closed formulas is unsatisfiable. But following
the definition of unsatisfiability, one would have to check
every possible interpretation, an infeasible task, as there is

a denumerable number of possible interpretations.

Fortunately, it turns out that in some cases we only need
to pay attention to a limited class of interpretations, the so
called Herbrand interpretations.

Definition 1.2.7. Let L be a first order language. By the

Herbrand Universe U, for L, we mean the set of all ground

terms of L (with one constant symbol adjoined to L in case L

has no constant symbols).

Definition 1.2.8. Let L be a first order language. By the

Herbrand Base for L, we mean the set of all ground atoms of L.

Definition 1.2.9. Let L be a first order language. By a

Herbrand interpretation for L, we mean an interpretation for
L which has as its domain, the Herbrand Universe for L, and

maps every constant symbol in L to itself, and, if f is any n-
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ary function symbol in L, then the interpretation maps f onto
the n-place operation, H(f), on U, such that for all t,,...,t,
in U, H(f) (ty, ..., t)=Ff(t,,...,t.).

As the interpretation of constants and functions in a
given language is uniquely determined, a Herbrand
interpretation is usually represented as a subset of the
associated Herbrand base.

Definition 1.2.10. Let S be a set of sentences in a first

order language L, and let <D, I> be a Herbrand Interpretation
for L. If <D, I> is a model of S, then <D, I> is called a

Herbrand model of S.

The importance of Herbrand model is reflected in the
following lemma and theorem([21]}).

Lemma 1.2.2. Let S be a set of clauses and suppose that
S has a model, then s has a Herbrand model.

Theorem 1.2.3. Let S be a set of clauses. Then S is

unsatisfiable if and only if S has no Herbrand model.

Now, the question of whether a sentence ¢ is a logical
consequence of a given general logic program is answerable by
checking whether or not the set of clauses consisting of the
program, together with the negation of the original query, ¢,
is unsatisfiable; moreover, if ¢ is of the form I (B,A...AB,),
then 7¢ is equivalent to «B,,...,B,, and thus from the previous
discussion of Herbrand models, it follows that we need only

check whether there is a Herbrand model for the previously
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mentioned set.

1.3. Semantics for Definite Programs.

In the last section, we discussed general semantic issues
for first order language; in particular, for general logic
programs. As a logic program is a special set of first order
sentences, some relevant issues can be simplified. In this
section, we will discuss the simplest of all of 1logic
programs, the class of definite programs.

Definition 1.3.1. Let P be a logic program. By saying

that P is definite, we mean each clause of P has exactly one
positive literal; i.e. each clause may be written in the form
A « B, ..,B,.

For example, the following program implements the
concatenation of two lists:

append(nil, x, x)

append(x.y, z, X.u) & append(y, z, u)

The above program has the following intended semantics:
the concatenation of an empty list and any list x is just list
x; and the concatenation of list x.y(i.e., x is the first item
while y is the rest of the list) and list z is a list with x
as the first item and u as the rest if the concatenation of y

and z is u.
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Definition 1.3.2. By a definite goal we mean a clause

consisting entirely of (one or more) negative literal,i.e. a
clause which may be written in the form «A,,..,A,, with A/'s
being atoms.

For example, with the goal «append(1.2,3.4, 1.2.3.4), we
want to confirm whether the 1list (1 2 3 4) 1is the
concatenation of list (1 2) and list (3 4), given the logic
program for ’append’.

More generally, we can also find out values for some
unknown variables in a goal, which is more interesting and

important from the programming point of view.

1.3.1. Least Model Semantics.

In speaking of assigning a declarative semantics to a
program, we mean to specify which ground atoms in the language
of the program will be regarded as true and which ground atoms
will be regarded as false. There is no controversy in this
matter for a definite program.

As a logic program is a set of first order formulas, it
is quite natural to assign a declarative semantics using the
already well-developed first order model theory. This approach
is particularly appropriate for the class of definite
programs. Every definite program has at least one Herbrand
model (the associated Herbrand base). Moreover, it must have

a unique least Herbrand model. This is the intersection of all
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Herbrand models for that definite program. It can be proved
that this intersection is still a model((1)) and obviously a
subset of every other Herbrand model of this program.
Definition 1.3.3. Let P be a definite program. By M, we
mean the smallest Herbrand model for P.

M,, being a Herbrand model, consists of a set of ground

pl
atoms. It has been shown that it is exactly the set of ground
atoms which are 1logical consequences of program P([21)]).
Therefore, M, is associated with P as its intended meaning, or

declarative semantics.

M, can also be characterized by using a fixed point
approach. It has been shown to be identical with the least
fixed point of an operator, the so-called T-operator,

associated with a definite program([1],{9],([21])).

The "Introduction" of Lifschitz([20]) gives a simple
example and a clear description of the various approaches to
the assignment of a declarative semantics: Logical
consequences of the program, least Herbrand model of the
program, and the least fixed point of the operator associated

with the program and their relationship.

Apt ([2)]) and Emden{([9]) are more detailed and are

classical references. Przymusinski([24]), [25]) pointed out that
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when the involved query is not simply existential, then the
least model semantics could lead to some problems, the so-

called "the universal query problem".

1.3.2. SLD~-Resolution.

After one assigns a declarative semantics to the class of
definite programs, one would like to provide an effective
computational procedure to discover those ground atoms which
are true according to the semantics.

Suppose we have found such a procedure. If we regard the
set of ground atoms for which the answer from the procedure is
positive as true and the set of ground atoms corresponding to
negative answers as false, we would have yet another way to
assign semantics to the program. As that kind of semantics is
associated with a procedure, it 1is called a procedural

semantics.

The procedural semantics assigned to the <class of
definite programs is based on SLD-resolution(Linear resolution
with Selection procedure for Definite program).

We have the following definitions(from Lloyd((21])):

Definition 1.3.4. By O, a substitution, we mean a mapping

from the set of variables to the set of terms. A substitution
is usually represented as a finite set of bindings, in the

form of {v,/t,,...,v,/t,}, which means that v, is mapped to t;
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for all i, 1<i<n; for all the other variables, they are just

mapped to themselves.

Definition 1.3.5, Let ©O={v,/t,,..., v,/t,} be a

substitution and let E be an expression. By E-©, the instance
of E by ©, we mean the expression obtained from E by
simultaneously replacing each occurrence of the variable v, in
E by the term t,.

Let S be a set of expressions, i.e. S={(E,,...,E,}; and let
® be a substitution. By S8, we mean the set obtained by

applying © to each of the E,'s, i.e., S'©={(E,O,...,E,-0)

Definition 1.3.6. Let O=(u,/s,,...,u,/s,) and

o={v,/t,,...,v,/t,} be substitutions. By ©-0, the composition

of ©® and O, we mean the substitution obtained from the
following set: {u,/s,"0,...,u./s,"0,v,/t,,...,v,/t,} by deleting
any element u,/s;6, in which u,=s,*0 and deleting also any

element v,/t, for which v,&{u,...,u,}.

Definition 1.3.7. Let S be either a finite set of terms

or a finite set of atoms. A substitution, ©, is a unifier for
S if SO 1is a singleton.

A unifier © is said to be a most general unifier (mgu) for

S, if for each unifier o6 of S, there exists a substitution &

such that o= 6:-5).
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Definition 1.3.8, Let E and F be expressions. By saying

that E is a variant of F, we mean that there is a substitution

68 such that E=F-0.

Now, we define the meaning of a single SLD-resolution
step.

Definition 1.3.9. Let C be a definite clause A « B,,...,B

q

, and let G be a definite goal &A,,...,A,,...,A, which shares

no variables with C. Then G’ is derived from G and C using mqu

© if the following hold:
(a) A, is an atom, call the selected atom in G;
(b) ©® is an mgu of A, and A;

(c) G’ is the goal &« (A, ...,A,B,...,B,A.,...,A) O,

The following is the definition of the SLD-derivation
process.

Definition 1.3.10. Let P be a definite program, and let

G be a definite goal. An SLD-derivation of PU{G} consists of

a sequence G,=G,G,,... of goals, a sequence C;C,,... of
variants of program clauses of P and a sequence 6,,0,,... of

mgu’s such that each G,,, is derived from G, and C,,, using 6,,,.

Definition 1.3.11. Let P be a definite program, and let

G be a definite goal. An SLD-refutation of PU{G)} is a finite
SLD-derivation of PU{G} which has the empty clause as the

last goal in the derivation.
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Note: Procedurally, an empty clause includes no sub-
goals, so we have nothing to solve; declaratively, it denotes
a logical falsehood, so the set involved is unsatisfiable by

the resolution principle.

An SLD-refutation 1is also called a successful SLD-
derivation. A (finitely)failed SLD-derivation is one that
terminates with a non-empty clause such that the selected atom
doesn’t unify with the head of any program clause. Both failed
and successful SLD-derivation are finite. Infinite SLD-
derivations are also possible. For example, if we have a
program consisting of only one clause, i.e. p « p and the goal
&« p; then the derivation for this program anc goai 1is

infinite.

Given a program P, and a goal,G, we can also define the
notion of SLD-tree as follows:

An SLD-tree for PU(G} is a directed tree with G as the
root. Every node in the SLD-tree is a goal with a particular
literal selected. There is an edge from a node G, to another
node G, provided G, is derivable from G, and some clause C in

P by an SLD-resolution step.

It is obvious that in an SLD-tree corresponding to a
program, P and a goal, G, any path starting from G and ending

with the empty goal (which must then be a leaf of the tree)
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corresponds to an SLD-refutation of PU{G}; any path starting
from G and ending with a non-empty goal for which the selected
atom doesn’t unify with the head of any program clause (which
is thus a leaf in the tree) corresponds to a (finitely) failed
SLD-derivation of PU{G} and any infinite path starting from G
corresponds to an infinite SLD-derivation of PU{G}. It is
well known([21]) that any two SLD-trees for the same program
and goal will have the same number of branches which terminate

with the empty goal(i.e. success branches).

1.3.3. Correspondence between the Two Approaches.

In the last two sub-sections, we defined declarative and
procedural semantics for the class of definite programs. Now,
we examine the relationship between them.

Definition 1.3.12. Let P be a definite program, and let

G be a definite goal. An answer for PU{G} is a substitution

for all the free variables in G.

The following two definitions are fundamental in
discussing the relationship between the procedural semantics
and the declarative semantics.

Definition 1.3.13. Let P be a definite program, G be a

definite goal «A,,...,A,, and let © be an answer for PU{G}. By

saying that © is a correct answer for PU{G}, we mean that

V((AJA...AR,)*©O) is a logic consequence of P.
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Definition 1.3.,14. Let P be a definite program, and let

G be a definite goal. By saying that ©® is a computed answer

for PU{G}, we mean that © is the substitution obtained by
restricting the concatenation 6, ...-0, to the variables of G,
where ©,,...,0, is the sequence of mgu’s used in an SLD-

refutation of PU(G}.

Now, we exhibit the intimate relationship between SLD-
resolution and the first order model semantics for definite
programs({2], [15],(21)).

Theorem 1.3.1. Let P be a definite program and let G be

a definite goal. Then every computed answer for PU(G} is a
correct answer for PU(G}.

Theorem 1.3.2. Let P be a definite program and let G be

a definite goal. Then every correct answer for PU{G} is an

instance of a computed answer of PU(G}.

1.4. Semantics for Normal Programs.

In last section, we discussed the class of definite
programs and the associated declarative and procedural
semantics. As we observed there, for that class of logic
programs, the two semantics fit to each other perfectly:
everything supported by the declarative semantics is supported

by the procedural one, and vice versa.



19
But, the class of definite programs is quite limited, as
no occurrence of negation in the bodies of clauses is allowed.
However, one often needs to express negation in a 1logic
program. For example, let X and Y be two sets. In order to
test whether they are different, we can use the following
logic program:
diff(x,y) & member (u,x), member (u,y)

diff(x,y) & membef(u,y), smember (u, x)

We present a definition of a highly wuseful class of
programs which is more general than the class of definite
programs:

Definition 1.4.1. A normal clause is any clause with at

least one positive literal. It is usually written in the form
L &« 1L,...,L, where L is an atom and the L,’s are arbitrary
literals.

A normal program is a finite set of normal clauses.

Definition 1.4.2. By a normal goal, we mean any clause

written in the form &L,,...,L,, where the L,’s are arbitrary

literals.

When we add negation in logic programming, there are two
things we have to consider: an effective computation rule to
implement negation and a proper semantics to support that

rule.
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1.4.1. Negation and SLDNF-Resolution.

From the point of view of the logician, the ideal way to
include negation 1in 1logic programming 1is to implement
classical negation, which is well defined and understood. But,
the negation usually used in logic programming is not the

classical one, as that won’t lead to an efficient procedure.

There are various practical approaches available, such as
Clark’s Negation as Failure([8])), Reiter’s Closed World
Assumption([(26])), Gabbay’s Negation as Inconsistency((14]),
Fitting’s Negation as Refutation([12]), and many others. Each

of them has its own advantages and drawbacks.

Arguably, Negation as Failure is one of the most popular
approaches. Under this computational rule, a sentence is false
if every possible proof leads to failure which can be tested
in finite time. Although it 1is weaker than some of the other
alternative rules for negation, it’s very efficient and is
supported by a natural semantics, i.e. Clark’s completed
program semantics. Thus, it finds wide application in 1logic
programming and database practice. It has been implemented in
the popular 1logic programming language PROLOG, as an
augmentation to SLD-resolution to deal with negative sub-

goals. The augmented computational procedure is called SLDNF-
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resolution(SLD-resolution plus Negation as Failure).

In SLDNF-resolution, the technique for dealing with
positive sub-goals is exactly the same as that given in SLD-
resolution. The only difference is that if the selected sub-
goal 1s negative and ground, say jp(t), we will recursively
carry out SLDNF-resolution with respect to the goal, &p(t) and
the program, P: if the process succeeds, we will say the
original goal, i.e. qp(t) fails; otherwise, if the associated
(SLDNF-)tree for PU({&p(t)) is finitely failed, we will say
that the original goal succeeds. And if during the process, we
meet with other negative sub-goals, the same strategy will be
applied. The notion of "SLDNF-tree" is defined analogously to

that of SLD-tree.

For more details of SLDNF-resolution, Lloyd’s book([21])

is a classical reference.

1.4.2, Completed Program Semantics.

We need to have a declarative semantics to justify the
application of SILDNF-resolution. 1It’s well known that no
negative 1literal could be a 1logical consequence of any
program(even normal), as the corresponding Herbrand base, in
which every ground atom is regarded as true, is a model of the

program; but the negative literal couldn’t be true there.
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Therefore, SLDNF-resolution is not supported by the classical

semantics.

It turns out that SLDNF-resolution, in particular, the
Negation as Fallure rule, is supported by another semantics:

completed program semantics introduced by Clark([8])).

Completed program semantics is based on a syntactical
transformation of the original program: basically, it replaces
the conditional connective in each <clause by the bi-
conditional; moreover, as this transformation involves the use
of the equality symbol, the completed program also includes a
set of equality axioms. More formally, we have the following:

Definition 1.4.2, Let P be a normal program, let p be a

predicate symbol defined in P, and let C:
p(t,,...,t)¢«L,...,L, be a clause in P with p as the predicate

in its head. By Comp(p,C,P) (the completion of p in P with

respect to C), we mean the following formula:

V... VX, (P(Xyy ..., %) © Ty, 3y ((X=E) AL A (X,=t ) ALIAL L L ALY,
where x,’s are new variables and y,’s are variables in the
original clause.

Definition 1.4.3. Let P be a normal program, p be a

predicate symbol defined in P. If there are k clauses in P
with p as the predicate in the head, and the completion of p
in P with respect to one of those k clauses, C,;, is the

following: Vx,...Vx,(p(x,,..,%,) ¢ E;), then by Comp(p, P) (the
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completion of p in P), we mean the following formula:
Vx,. ..V (P(%,,...,X,) € E,VE,v...VE,).
If p is a predicate occurring in P, but there 1is no
clause with p as the predicate in its head, then Comp(p, P) is

defined as Vx,...Vx, 1pP(X,, ...,X,) .

As the equality symbol is involved in the definition of
the completion of a predicate in a program, the following set
of equality axioms is needed:

Definition 1.4.4. By Clark’s equality theory, we mean the

following axiom schemata(from[21]):

(1) ¢ # d. for any distinct constant symbols.

(2) V(f(Xy,...,X,) # g(¥y1,.-.,¥Y.)) for any function f, g.

(3) V(f(%y,...,%X,)) #¢C for any function £ and constant c.
(4) V(t[x) # x) 4if t[x] contains x and is different from x.
(5) V((X2Y) V...V (X,2Y,)) => £(Xy, oo, X)) EE(Y1, o, Ya)

(6) V(x=x).

(7) V(=Y )A AX,=Y)) => E(Xy, oo, X)) =E (Yoo o h X))

(8) V((x=y)A...A(X=Y,)) => (P(Xy, e, X)=>P(Y1s e, ¥a)) .

Finally, we provide the definition of the completed
program:

Definition 1.4.5. Let P be a normal program. By

Comp (P) (the completion of P), we mean the union of the

completion of all the predicates occurring in P, and Clark’s

equality theory.
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Now, we can say what 1s precisely the declarative
semantics usually assigned to normal program.

Definition 1.4.6. Let P be a normal program. By the

completed program semantics, we mean the semantics determined

by Comp(P), i.e., a sentence is regarded as true if and only

if it is a logical consequence of Comp(P).

Note: When dealing with definite programs, we only
consider Herbrand models, as only a set of clauses |is
involved. This 1is no longer true when we deal with normal
program, as what is involved is Comp(P) which is not a set of
clauses and equality is involved as well. So, we must consider
all the models of Comp(P) when we want to decide whether any
sentence is a logical consequence of Comp(P). For a profound
discussion, the section on The Completed Database 1in

»

Shepderson’s paper([31]) is suggested.

The great acceptance of the completed program semantics
is due to the fact that it’s natural([8]) and it supports
Negation as Failure. However, this semantics also has its
problems, the most crucial of which is the incompleteness of
SLDNF-resolution with respect to it. In the following
chapters, we will have some discussions dealing with this
incompleteness problem. For a detailed discussion of other
problems with this semantics, Przymusinski(([(25]) is a

representative reference.
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1.4.3. Correspondence between the Two Approaches.

By saying that a semantics supports SLDNF-resolution, we
mean that everything we can compute by using the computational
procedure 1is regarded as true by that semantics. More
formally, we would say that SLDNF-resolution is sound with
respect to that semantics. We will see in this subsection that

the completed program semantics is such a semantics.

Definition 1.4.7. Let P be a normal program, G be a

normal goal «L,,...,L,, and let © be an answer for PU{G}. By

saying that O is a correct answer for Comp(P)U{G}, we mean

that V((L, ... L,)*0O) is a logical consequence of Comp(P).

We also have a procedural correspondent to the above
definition, as follows:

Definition 1.4.8. Let P be a normal program, G be a

normal goal, and let O be an answer for PU{G)}. By saying that

©® is a computed answer for PU{G), we mean that O is the

substitution obtained by restricting the concatenation
6,-...°8, to the variables of G, where 6,,...,8, is the
sequence of substitutions used in the SLDNF-refutation of
PU(G}.

Note: If the i‘'" selected literal in the refutation is

negative, the ©, is the identity substitution, €.
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Now, we can formally state the soundness results for
Negation as Failure([8)) and for SLDNF-resolution([21]).

Theorem 1.4.1, Let P be a normal program and let G be a

normal goal. if PU{G)} has a finitely failed SLDNF-tree, then
G 1s a logical consequence of Comp(P).

Theorem 1.4.2, Let P be a normal program and let G be a
normal goal. Then every computed answer for PU{G} is a correct

answer for Comp(P)U{G}, as well.

However, there 1s no general completeness result
available for SLDNF-resolution with respect to the completed
program semantics. In the following chapters, we will discuss
some completeness results with respect to the completed

program semantics when some additional conditions are met.

1.5. Conclusion.

In this chapter, we have discussed declarative and
procedural semantic issues for first order language, and in

particular, for logic programs.

We presented the least model semantics and SLD-resolution
for definite programs as the declarative semantics and
procedural semantics, respectively. In parallel, we presented

the completed program semantics and SLDNF-resolution for
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normal programs as the declarative and procedural semantics,
respectively. In each case, we discussed the corresponding
relationship.

We observed that for definite programs, the declarative
semantics and procedural semantics correspond to each other
perfectly; but this is not true for normal programs: SLDNF-
resolution is not complete with respect to the completed

program semantics.

In the next chapter, as a preparation for discovering
completeness results for the class of normal programs, we will

have a look at some of the causes for incompleteness.



28

Chapter 2. CAUSES OF INCOMPLETENESS.

2.1. The Completeness Problem.

A logic program may be viewed as a theory in a first
order 1language([22],[32)), i.e. a set of first order
sentences. One of the important properties of a logic program
is that the meaning of such a set can be precisely defined by
using the well-developed first order model theory as a
declarative semantics. In addition, given that intended
semantics, from the programming point of view, we would like
to have a corresponding procedure semantics to define the
consequences of such a set of formulas((25]). Naturally, we
want this procedural semantics to fulfil some requirements:
first of all, when a sentence and a program is given, if the
response from the procedural semantics is positive, then the
sentence should be a consequence of the program with respect
to the declarative semantics. This 1is the soundness
requirement and is a necessity for any such procedural
semantics([21])). Secondly, it is usually expected that the
procedural semantics be complete in the sense that for any
consequence of the program with respect to the declarative
semantics, the procedural semantics will give a positive

response((21]).
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It is a well known result that SLD-resolution is both
sound and complete for definite programs and definite goals
with respect to the least fixed point, declarative semantics
([15],(21)). However, when negation is taken into
consideration, problems arise. As we discussed before, there
are different treatments of negation: the farthest 1is to
interpret any uncertainty as false, i.e., anything which
cannot be proved will be regarded as false. This kind of
treatment leads to a theoretically complete set of
consequences with respect to the fixed semantics. The
unfortunate thing is that it has been shown that if the
consequence set supported by this extreme sort of semantics,
besides being complete, is also consistent and contains no
positive results other than those obtainable under the
classical semantics, then no effective procedure for such a
semantics can be complete ({1],I[31]). Reiter’s Closed World
Assumption (CWA) ([26])) and the minimum supported model
semantics for stratified program of Apt et al({l]) are two

examples of such semantics.

Another possible interpretation is the finite simulation
of the foregoing, i.e. " Negation as Failure" (NAF). As NAF
leads to negative result, it’s surely not sound with respect
to the classical semantics. But, it has been proved that this
computation rule is sound with respect to the completed

program semantics([8]).
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The completed program semantics generally doesn’t lead to

a theoretically complete set of conseqﬁences. Thus,
theoretically, it’s possible to find a procedure which is both
complete and effective corresponding to this semantics([1]).
Usually, SLDNF-resolution 1s associated with Clark’s
semantics. One of the major reasons for this association is
that it has been proved that SLDNF-resolution is sound with
respect to Clark’s semantics (([8]). Unfortunately, it has been
shown that SLDNF-resolution is not complete even for very

simple programs with respect to Clark’s semantics.

As SLDNF-resolution is the mostly used computational
procedure in 1logic programming and the completed program
semantics is one of the widely accepted semantics in logic
programming([4]), it is worthwhile to do a systematic study of
the completeness problem of SLDNF-resolution with respect to
the completed program semantics. As a first step, we need to
clarify the situations in which incompleteness occurs. In the
following sections, we’ll discusé various causes for the
incompleteness of SLDNF-resolution with respect to Clark’s
semantics and the corresponding techniques to avoid them. In
particular, we will present an alternative explanation for a
well-known cause in section 2.4 and introduce a seldom
mentioned cause in section 2.5 for the incompleteness. For
both of them, we will suggest some effective methods to avoid

them.
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2.2. Inconsistent Completion of a Logic Program.

Any logic program 1is consistent, as the corresponding
Herbrand base in which every ground atom is regarded as true
is a model for it; even a normal program is no
exception([31]). But, when we consider the completion of a
logic program, this nice property no longer holds([31]).

For example, suppose we have the following program:

P: p € qp

The completion of P is { p & qp } together with proper
equality theory. Obviously, Comp(P) could not be consistent.

Shepherdson pointed out a simple property of SLDNF-
resolution : If a goal G succeeds under a computation rule R,
it cannot fail under any computation rule({31)). Based on this
fact, Cavedon showed that completeness fails for both SLDNF-
resolution and Negation as Failure for a program P and any

goal G when Comp(P) is inconsistent ({4]).

In the above example, Comp(P) is inconsistent, thus it
implies anything in the language of Comp(P); in particular, it
implies p, i.e. ’'yes’ (or the identity substitution) is a
correct answer for Comp(P)U({e&p}. But, it is obvious that the
identity substitution isn’t an instance of any computed answer

for PU{&p}, as the latter has no SLDNF-refutation at all.
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Therefore, when we take the completed program semantics

as the intended one for logic programming, we do expect the
consistency of Comp(P). Now, given that the underlying
language of a program in most cases is a first order language,
i.e. non-propositional, it’s generally not effectively
decidable whether the completed program s consistent
([22),1[31],1(32]). However, one often will encounter a
condition which guarantees the consistency of the completed
program({28]). Therefore, a completeness result assuming such

consistency can be frequently applied.

2.3. Floundering.

Most 1logic programs we deal with are in first order
language and will include variables. When there are also
negative literal occurring , we may have some problems: in
applying SLDNF-resolution, there is no step applicable if the
current goal contains only non-ground negative
literals([8]),[21]). Such a goal 1is usually called a
floundering goal. In fact, it’s generally accepted as a
safeness condition(to ensure soundness) that whenever one
selects a sub-goal in the process of applying SLDNF-
resolution, it’s required that if the sub-goal is negative,
then it must be ground, i.e., it contains no variables([21]).

This requirement leads to another cause of incompleteness. In
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the practice of logic programming we do have floundering
goals, and when floundering occurs, we cannot continue

computation due to the safeness requirement.

For example, given the following program and goal:

P: p(x) & 7s(x)

r(a)
G: &p(x);
Comp(P) is { p(x) € 9s8(X), r(x) € x = a, 1s(x)}, so we

have that Comp(P) [ Vx p(x). But, when applying SLDNF-

resolution to PU{&p(x)}, we immediately get into a floundering

goal.

The desire to avoid floundering leads to the further
requirement of "weak-allowedness"([3Q],[31]), which requires
that every variable occurring in a negative literal in any
goal must occur also in some positive literal in the same
goal. This is motivated by the fact that when applying SLDNF-
resolution to solve a goal, only a positive sub-goal can cause
binding of variables occurring there. On the one hand, if a
variable occurring in a negative literal also occurs in a
positive 1literal, then after that positive literal gets
solved, that variable may possibly be associated with a ground
term so that the negative literal might become selectable. On
the other hand, if some variable occurs in a negative literal

but in no positive literal, then due to the safeness condition
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this negative sub-goal could never be selected and it won’t be
solved. Obviously, in this case the derivation for the
original goal will be blocked at some point: A floundering
goal must be reached.

For example, if we have a program consisting of only one
clause and a goal as follows:

P: p(x) & 7q(y)

G: « p(a);

Then after one derivation step, we have ¢7q(y), which is
a floundering goal. Hence, the condition of weak-allowedness

is necessary for a successful resolution.

After more careful consideration, one will discover that
this condition of weak-allowedness isn’t sufficient, however
to avoid floundering. This is because it’s quite possible that
some variable occurring in a positive literal doesn’t get
grounded when that literal is solved, so its occurrence in a
negative literal remains.

For example,

P: p(x) &

G: &p(x), 179(x)

Then, although G is weakly-allowed, after only one step,

we will flounder.

To overcome this problem, a fairly strong condition of

allowedness was introduced(([1],([4),(21)&(31])). It not only
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deals with a goal, but also relates to the whole syntactical
structure of the involved program. Basically, it requires that
the goal must be weakly-allowed, and for every clause in
program, every variable occurring in that clause must occur in
some positive literal on the right hand side of that clause.
It has been proved that if this condition of allowedness is
met, then no floundering will occur in an SLDNF-

derivation((21], (30]).

However, in the following sections we will see that
generally speaking, the bare condition of allowedness is not
sufficient for completeness. Thus, in this sense, allowedness
is not strong enough. In another sense, however, it is too
strong; for even if a goal does contain a non-ground negative
literal, if some positive literal in the same goal fails
before the selection of the negative 1literal, then the
negative 1literal won’t lead to a floundering goal. The
allowedness condition is not satisfactory as it disallows some
quite useful programs such as the standard one for the
membership relation; moreover, as already pointed out it’s
neither sufficient nor necessary for successful resolution.
Several possible ways to weaken the condition of allowedness
have been suggested in the literature ([18],(30],1(4});
however, not one of them is both effectively testable and
easily applicable. The condition of allowedness remains the

best sufficient condition for preventing floundering so far.
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Therefore, 1it’s often taken as a precondition when one

considers the completeness problem.

2.4. The Regularity Condition.

It happens that the relationship between program and
goal can also affect the completeness of SLDNF-resolution, as
the following frequently-quoted example shows([1],(8],([31]):

P: P &« g

p & g
q & g
G: «— p

As Comp(P) is { p & gq Vv 79, q & qg}; the query |is
obviously a 1logic consequence of Comp(P); but «p 1isn’t
refutable from program P due to the fact that every path in

any possible SLDNF-tree is infinite.

The cause for this kind of incompleteness is usually
explained by noting that p depends both positively and
negatively on q. As a solution, the condition of strictness
has been put forward, a condition which basically requires
that a goal not depend both positively and negatively on the
program ((1]), (6], [19]).

The strictness condition guarantees that truth can never

be derived under the semantics using the rule of excluded
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middle, which 1is a problem in the consideration of
completeness for SLDNF-resolution. As Cavedon pointed out,
"SLDNF-resolution is unable to combine information from
computations corresponding to different branches in a SLDNF-

tree" ((4]).

The usefulness of the strictness condition has been shown
in the work done by Cavedon and Kunen, respectively
([4]),(6],[19])). They have proved the Completeness of SLDNF-
resolution for both stratified and call-consistent programs
with respect to Clark’s semantics, with the condition that the
goal be strict with respect to the program. Their work will be

presented in the next chapter.

The strictness condition is indeed "strict" in the sense
that it disallows some useful programs, e.g., Cavedon showed

that a program implementing if-then-else isn’t strict((4]).

As another possible solution for non-strictness cause of
incompleteness, Cavedon introduced the notion of atomically
decidable program, which basically requires that any ground
atom either succeeds or finitely fails and he proved([(4]) the
completeness of SLDNF-resolution with respect to this class of
programs. As Cavedon himself pointed out that the class of
atomically decidable programs isn’t effectively decidable in

polynomial time. This is true of another class of programs
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which Cavedon 1introduced to weaken the condition of
strictness, i.e. the "well-behaved" programs, which satisfies
the condition that every ground atom with predicate depending
both positively and negatively on another predicate should

either succeed or finitely fail ([4]).

We feel that the standard explanation for this kind of
incompleteness isn’t quite adequate: besides the dependency
problem, the recursiveness of q, a descendent of p, should
also be given some credit for causing the incompleteness, as
it’s obvious that if we delete the last clause from the
program in the above example, then we will have a refutation
for that goal, although p is still not strict with respect to
the program. Motivated by the above diséussion, a weaker
condition of "regularity" of goals relative to programs is
introduced, which requires that 1if some predicate, p,
occurring in a goal 1isn’t strict with respect to a program,
then no descendants of p should be recursive.

The regularity condition is effectively decidable in
polynomial time and weaker than the condition of strictness.
A completeness result based on this condition will be
presented in chapter 4, which is a slight extension of the
completeness result achieved by Kunen for call-consistent

programs.
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2.5 Semantic Coincidence.

So far, we’ve discussed some causes for incompleteness
relevant to the program structure, the occurrence of variables
and the relationship between programs and goals and we have
presented corresponding remedies. In this section, we will
discuss one more cause for incompleteness, the lack of
"semantic coincidence", which involves the relationship
between SLDNF-resolution and the completed program semantics,

which are the basic elements of the completeness problem.

When we consider the completeness problem, we always have
a declarative and a procedural semantics in mind(([(25]). In the
current context, the completed program semantics 1is the
declarative semantics and SLDNF-resolution is the procedural
correspondent.

From soundness of SLDNF-resolution with respect to the
completed program semantics, we know that every answer which
is computable by using SLDNF-resolution 1is correct with
respect to the completed program semantics. In other words,
everything supported by the procedural semantics is also
supported by the declarative semantics. By completeness, we
are considering the opposite, i.e. every answer which is
correct accofding to the completed program semantics should be
computable by applying SLDNF-resolution, i.e., everything

supported by the declarative semantics should be supported by
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the procedural semantics, as well. Therefore, the two

semantics are intended to be equivalent.

Now, by the definition of the completed program
semantics, it is always defined for the whole program(([8]). It
is built upon everything in the program. However, this is not
true for SLDNF-resolution: usually, it is not defined for the
whole program. Actually, it only deals with the part of
program which 1is relevant to the goal, 1i.e., only those
clauses the head of each of which either occurs in the
involved goal or is a descendant of some predicate occurring
in that goal((8])). Therefore, the set of clauses of a program
on which declarative and procedural semantics are defined can
be different; although as we discussed before, the two

semantics are supposed to be equivalent.

As semantics are assigned on syntactical parts, if the
syntactical parts are different, it is quite plausible that
the semantics defined on them will be different also. Note, as
we already have soundness for SLDNF-resolution with respect to
Clark’s semantics({8),(21)), the only possible discrepancy in
semantics will be that something supported by the declarative
semantics is not supported by the procedural one, as the
latter contains less syntactical information than the former,
which leads to the incompleteness of SLDNFjreSOIUtion with

respect to Clark’s semantics.
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We have the following example to demonstrate the

situation we have been discussing so far.

P: p €« 1P
p e q
q&e q

G: « q

It’s not hard to see that Comp(P), which is consistent
and is equivalent to p A q. G is strict ( regular as well )
with respect to P, and trivially PU{G} 1is allowed as the
program is in propositional language.

Although we have Comp (P) F q, there is no SLDNF-refutation
for PU{G}.

In the above example, although Comp(P) is defined for the
whole program, the procedural semantics only involves part of
it: as q ¢« gq is the sole clause in P dealing with that goal,
it’s the only part used to test the computability of the
identity answer in SLDNF-resolution. So the information we
have to test whether or not q follows from Comp(P) is not what
we have to judge whether or not g is supported by Comp(P).
Thus, there is no surprise this program/goal pair exemplifies
incompleteness.

The above situation 1is quite different from the
previously discussed causes and it <deserves separate
treatment. In Chapter 5, we will discuss it in more detail and
based on the discussion of this cause of incompleteness, we

will present a new characterization of completeness for a




42
fairly large class of programs and goals. We will also provide
an effectively testable and sufficient condition to prevent

this cause of incompleteness from occurring.

2.6 Conclusion.

In this chapter, Qe have discussed the general
completeness problem; specifically, we have discussed the
causes of incompleteness for SLDNF-resolution with respect to
the completed program semantics. For each of the causes, we
either present the existing approaches or introduce new ones
to deal with them.

In order to achieve the completeness of SLDNF-resolution
with respect to the completed program semantics, one
standardly must have a consistent completion. It is also
standard to assume the strong condition of allowedness to
guarantee that the resolution process won’t flounder.
Additionally, it is useful to let the program and the goal
satisfy the regularity condition so some of the infinite
deductions could be prevented. Finally, but not trivially, we
should make sure that the semantics defined on sometimes

different syntactical parts coincide.

So far, all of our discussions are in the domain of two-

valued logic. It turns out that we could also consider the
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problem from the point of view of 3-valued logic
([15]),(18),[31)). We would like to mention this alternative
approach as it provides an interesting explanation of the
incompleteness of SLDNF-resolution. As to be discussed in the
next chapter, it will be clear that SLDNF-resolution is also
sound with respect to Clark’s semantics under 3-valued
interpretation, which says that every computed answer for
PU{G} 1is also a correct answer for Comp(P)U{G} when we
consider all the 3-valued consequences ([(18],[31]). This
result can be used to explain the incompleteness of applying
SLDNF-resolution to a program, P and a goal, G.

For example, when P is the program consisting of the
following clauses { p &« 1p, P & q, 9 « g} and G is the goal
{ &p }: as Comp(P) =( p & qp V q, g & g} together with a
proper equality theory, there is a 3-valued model of Comp (P),
in which both p and q are assigned "undefined". Hence p isn’t
a 3-valued consequence of Comp(P). By the soundness of SLDNF-
resolution with respect to the completed program semantics
under the 3-valued approach, it’s certain that we couldn’t

have a successful SLDNF-resolution for PU{G}.

At the beginning of the next chapter, we will discuss in
full about the 3-valued logic approach and the corresponding
completeness results. Then, we will present some currently
known completeness results for SLDNF-resolution with respect

to the completed program semantics.
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Chapter 3. Currently Known Completeness Results.

In the last chapter, we discussed some causes for the
incompleteness of SLDNF-resolution with respect to the
completed program semantics, and we presented corresponding
methods to prevent those problems form occurring. Now, we will
present several well-studied classes of logic programs, i.e.,
hierarchical, stratified and call-consistent programs as well
as associated completeness results obtained in line with the

results of the last chapter.

Before we do these things, we feel it would be quite
helpful to begin with a discussion of an alternative
declarative semantics of normal program using a 3-valued
approach and the associated general completeness result; as
the latter is, or can be used as a foundation for the
classical 2-valued completeness results which are to be

presented in this chapter.

3.1. Three-Valued Semantics.

Given a normal program P, and a ground atom, p(t), the

application of SLDNF-resolution to PU{&p(t)}, as we noted
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before, could lead to either a successful refutation, or
finite failure, or an infinite loop.

In the declarative semantics based on a 2-valued
approach, we regard p(t) as ‘true’ if SLDNF-resolution leads
to a successful refutation, and as ’false’ if the resolution
leads to a finite failure, but have no interpretation for the

case of an infinite loop.

In a 3-valued approach, this gap will be closed: the
truth value corresponding to the infinite 1loop will be
regarded as ’‘undefined’, while keeping the interpretations of
refutation and finite failure the same as those given in the

2-valued semantics.

3.1.1. Operations on Truth Values in a 3-valued Approach.

The 3-valued logic on which the new semantics is based
has the three truth values: ’t’ for truth, ’'f’ for false and
‘u’ for undefined. The logical operations follow from Kleene’s
truth tables((17]), to wit: given a propositional formula, its
truth value is defined as ’'t’, if all possible ways of
replacing the occurrences of u’ with either ’'t’ of ’f’ leads
to 't’ as computed in ordinary 2-valued logic; its truth value
is 'f’ if the value of the negation of that formula is ’'t’;
otherwise, its truth value will be ’‘u’. One exception is the

interpretation of the bi-conditional, which is defined as ’'t’



46
when the left hand side and the right hand side have the same
truth values. This exceptional assignment is due to
tukasiewicz. This is so defined that we can have the
consistency of Comp(P) in the three-valued approach([16], [28},

(91 .

3.1.2. Declarative Semantics Based on a 3-valued Approach.

The declarative semantics based on the 3-valued logic
assigned to a 1logic program is constructed by using an
associated operator, d%, defined on the corresponding Herbrand
base.

Definition 3.1.1. Let S be a set of closed formulas, B,

be the corresponding Herbrand base. A 3-valued Herbrand

interpretation of S is an ordered pair I = (T, F), where T, F
are disjoint sets of ground atoms in B;. For every AgB,,
Val,(A) is t (A is true) if AeT, is f (A is false) if AeF, is
u if AEB,- (TUF).

The valuation function Val, extends to the entire
language over the alphabet of S in the standard way, but using
the aforementioned modification of Kleene’s truth table,
instead of the usual 2-valued truth tables.

By saying a 3-valued interpretation for $ is a 3-valued
model for S, we mean that every closed formula in S is true

under the interpretation.
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Now, we define the associated operator:

Definition 3.1.2. Let P be a normal program, B, be the
corresponding Herbrand base, and let (T,, F,) be a 3-valued

Herbrand interpretation for P. Then @, is defined as the

following:

o, ((T,,F,))=(T,,F,), where

T,={a€B, | there is a ground instance of a clause in P:
aeL,,...,L,, and LiA...AL, is true in (T,,F)),
which means every L, is true in (T,, F))}.

F,={a€B, | for all ground instances of clauses in P:
a«L,,...,L,, and Lia...AL, is false in (T, F)),
which means at least one L, is false in (T,,F;)}.

We have one more definition.

Definition 3.1.3. Let P be a normal program, ¢, be the

associated operator and let & be an ordinal. By d>pTa, we mean:
®,To = (¢, ¢
&, T (a+1)

¢p(d>pT(a)) if a is not a limit ordinal

O, T(a+1) = Uy (®,TR)  if o is a limit ordinal.

The following theorem is due to Fitting([10], [31])

Theorem 3.1.1.. Let P be a normal program, ¢p be the
associated operator. Then we have:

(1) ®, is monotone;

(2) @, has a least fixed point, d)pTa for some ordinal «.

(3) The least fixed point of @, is a 3-valued model of
Comp (P) .
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From the above theorem, we can see that the 3-valued
semantics guarantees the consistency of Comp(P), just as the

classical semantics guarantees the consistency of P.

But, it turns out that @, is not always continuous. Thus,
although we know that there exists an ordinal a such that d%Ta
is the least fixed point of ®,, a could be very big([10],([18])

As Kunen pointed oﬁt that @, can be discontinuous even for
very simple program((18)), generally speaking, this semantics

doesn’t lead to a recursively decidable set.

In order to solve this problem, Kunen cuts off the
operator at w, i.e., he takes d%Tm as the intended semantics
assigned to a program P, in other words he regards any ground
atom p(t) as true if and only if it is true in d%Tn for some
finite n. This approximation is Jjustified by the following

important theorem due to Kunen{([(18],([19]).

Definition 3.1.4. Let & be a sentence, and let S be a set

of sentences. By saying that & is a 3-valued 1logical

consequence of S, we mean that every 3-valued model of S is
also a 3~valued model of .

Theorem 3.1.2. (Kunen([(18)) Let P be a normal program, and

A be a sentence. There is an n such that A becomes true in
¢;Tn, if and only if A is a 3-valued logical consequence of

Comp (P) .
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3.1.3. The Declarative verse the Procedural Semantics.

We present some important results concerning

relationships between 3-valued semantics and SLDNF-resolution.

Definition 3.1.5. Let P be a normal program, G(«L,,...,L,)

be a normal goal, and let © be an answer for PU{G}. By saying

that © is a 3-valued correct answer for Comp(P)U{G}, we mean

that V((L,A...AL,)*©) is a 3-valued consequence of Comp(P).

The definition of computed answer is the same as before.

It turns out that both Negation as Failure and SLDNF-

resolution are sound with respect to Kunen’s semantics(([31]).

Theorem 3.1.3. Let P be a normal program, and let G be a

normal goal. Then if PU{G} has a finitely-failed tree, then G
is a 3-valued consequence of Comp (P).

Theorem 3.1.4. Let P be a normal program and G be a

normal goal. Then any computed answer for PU{G} is also a 3-

valued correct answer for Comp (P)U{G}.

Kunen also shows that under the condition of allowedness
of the involved program and goal, we . also have the
completeness of SLDNF-resolution, in particular, of Negation

as Failure with respect to his semantics([19]).



50

Theorem 3,1.5. Let P be a normal program, and let G be an
allowed normal goal. Then every 3-valued correct answer of
Comp (P)U{G} is ground; moreover, it is also a computed answer
for PU{G}. If G is a logical consequence of Comp(P), then

there is a finitely-failed tree for PU{G}.

3.2, Hierarchical Programs.

When we introduced the regularity condition in the last
chapter, we did so in the context of the problem of the
existence of infinite paths in every SLDNF-tree for the
involved program and goal.

Assume we can find a condition that for a given allowed
program and a goal, it’s guaranteed that every path in every
SLDNF-tree either terminates with an empty clause or finitely
fails; i.e. every SLDNF-tree is finite (In other words, those
trees satisfy the "finite tree property".), then this
condition of finite tree property 1is sufficient for a

completeness result({8), [31}).

If there is an infinite path in an SLDNF-tree, then
because of the finiteness of the involved program, there is
only a finite number of distinct predicate symbols in this
program, in particular, along the concerned path. Due to the

"pigeon hole" principle, there must be repetition of predicate
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symbols in that path. From the definition of SLDNF-derivation,
there must be a predicate which depends on itself, i.e.,
there exists recursion in the definition of predicates in that
program.,

On the other hand, 1if during the SLDNF-resolution
process, a recursive predicate is involved, then there must be
an infinite path in the corresponding SLDNF-tree.

Therefore, if there is no recursive predicate in program,
then there won’t be ahy infinite path in any SLDNF-tree. We
will have the finite tree property satisfied for the involved

program and goal([30],(31]).

The class of hierarchical programs satisfies the above
condition(([8], [30],(31]).

Definition 3.2.1. A level mapping of a normal program is

a mapping from its set of predicate symbols to the non-
negative integers. The value of a predicate under this mapping

is referred to as the level of that predicate symbol.

Definition 3.2.2. A normal program is hierarchical if it

has a level mapping such that, in every program clause with a
body, p(t,,..., t,) & L,,...,L,, the level of the predicate
symbol of every literal in the body is less than the level of
predicate symbol p.

For example, the program consisting of the clauses:

{p & g, p & 19} is a hierarchical program.




52

Obviously, as in any clause of a hierarchical program the
level of the predicate in the head is strictly greater than
the level of any predicate occurring in the body, thus no
predicate could be recursive in any hierarchical program due
to the finiteness assumption. Actually, it’s true that a
program is hierarchical if and only if every predicate defined
in the program is not recursive.

The class of hierarchical programs is a special case of
the class of stratified programs( which will be discussed in
the next section). As it has been shown that the completion of
every stratified program is consistent ([1)), the completion of

every hierarchical program is also consistent.

From the discussion about the finite tree property and
the connection between non-recursiveness and the hierarchical
condition, one should expect the completeness of SLDNF-
resolution with respect to Clark’s semantics defined for
hierarchical programs, when the allowedness condition is met
as well. As a matter of fact, this completeness result is one
of the earliest. It’s given in the same paper in which the
completed program semantics is introduced((8],([30]), as an

application of the latter.

We present the completeness proof for hierarchical
programs, following Kunen’s 3-valued logic approach([19])). At

first, we have a lemma due to Kunen:
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Lemma 3.2.1, Let P be a hierarchical normal program.

Then every 3-valued model of Comp(p) is also a 2-valued model
of Comp(P).

Proof: By induction on levels of predicates defined in

program.

Theorem 3.2.2, Let P be a hierarchical normal program,
G be a normal goal and let PuU{G} be allowed. Then every
correct answer of Comp(P) is an instance of a computed answer
of PU(G]}.

Proof: Let Gbe « L,,...L,, and let © be a correct answer
for Comp(p)WU({G}, so that Comp(P) f V((L;A...AL,)-©). From the
preceding lemma, we have V ((L;A...AL,):-©) is also a 3-valued
consequence of Comp(p). Due to Kunen’s general completeness

result for the completed program semantics in 3-value logic

approach, the conclusion of the theorem follows.

Obviously, the hierarchical condition is fairly strong as
it doesn’t allow any kind of recursion. A natural weakening of
the hierarchical condition is the stratifiability condition.

3.3. Stratified Programs.

The notion of stratified programs is a natural

development from that of hierarchical programs and has
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undergone a systematic study from various angles({l], (23]).
Stratifiability disallows recursion through negation, i.e.,
any atomic formula, before it’s used negatively, must be well
defined already. Therefore, it extends: the <class of

hierarchical programs to some extent.

Definition 3.3.1. A normal program is stratified if it

has a level mapping such that, in every program clause with a
body, p(t,,..., t)) < L,,...,L,, the level of the predicate
symbol of every positive literal in the body is less than or
equal to the level of p, and the level of the predicate symbol
of every negative literal in the body is less than the level
of p.

For example, the program consisting of clauses {p&q, p«
19, g¢ g} is stratified; although it’s not hierarchical as q

depends on itself, which is a recursive definition.

In the paper by Apt et al([l)), a unique minimal
supported model semantics 1is assigned to any stratified
program and it has been shown to be equivalent to the least
fixed point of an iterative operator constructed for that
stratified program. Due to a well-known result that such a
fixed point is a model of the completed program ([21}), the
consistency of completion for any stratified program is

proved([1]).
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Unfortunately, SLDNF-resolution is not complete even for

this class of programs. As we discussed in the section of the
regularity condition in 1last chapter, 1if we have the
stratified program { p&« q, P&« 79, gé& gq} and the goal & p.
then SLDNF-resolution is not complete with respect to the

completed program semantics assigned to this program.

It turns out that if we add an additional condition of
strictness, then a completeness result could be obtained for
both SLDNF-resolution and Negation as Failure for the
completed program semantics assigned to a stratified

program({6]).

First, we give the formal definition of positive and
negative dependency of one predicate on another in a normal
program.

Definition 3.3.2. Let P be a normal program, and let p,

q be two predicates. By p 2,, q {(resp. p 2., 9) (p depends

positively (resp. negatively) on q), we mean that either there

is a clause such that p occurs in the head of that clause, and
q occurs in a positive (resp. negative) literal in the body,
or p depends positively (resp. negatively) on another
predicate r such that there is a clause in P with r in the
head and q occurs in a positive literal in the body, or p
depends negatively (resp. positively) on a predicate r, and

there is a clause in P with r in the head, and g occurs in a
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negative literal in the body.
Moreover, by p 2 q (p depends on q), we mean that either
p 2,49, or p 2, q. We will call g a descendant of p.
For example, in the program with the following clauses

{ peq, p & 719, q «< g}, we have p 2,, q, p 2.; 9 and q 2,;, q.

Now, we can define the strictness condition of a goal
with respect to a program{([1], (6], [19]):

Definition 3.3.3. Let P be a normal program, and let G

be a normal goal «1L,,...,L,; moreover, in the goal, let p, be
the predicate of L,. Then:

(1) «L,,...,L, depends positively on a predicate r via p, in

case either L, is an atom and p, 2,, r, or L, is a negative
literal and p, 2, r.

(2) «L,,...,L, depends negatively on a predicate r via p, in

case either L, is an atom and p, 2., r, or L, is a negative
literal and pl'z.1 r.

(3) PU{G} is strict in case G doesn’t depend on any predicate
in P both positively and negatively via any predicate.

We shall say G is _strict with respect to P when PU({G} is

strict.

For example, given the following program { p ¢« g, p ¢« 19}
and goal & p; then the goal is not strict with respect to the
program, as p depends on q both positively and negatively.

In this case, the condition of strictness amounts to

prevent SLDNF-resolution from running into q v qq.
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The following completeness results are due to Cavedon and
Lloyd([6], [4]).

Theorem 3.3.1. Let P be an allowed, stratified normal

program and G an allowed normal goal such that G is strict

with respect to P. Then every correct answer for Comp (P)U{(G}

is a computed answer for PU{G}, as well.

Theorem 3.3.2. Let P be an allowed, stratified normal

program and G an allowed normal goal such that G is strict
with respect to P. If Comp(P)F G, then there exists a fair
SLDNF-tree for PU{G} and every fair SLDNF-tree for PU{G} is

finitely failed.

These results have been extended by Kunen to the class of
call-consistent programs, which properly contains the class of
stratified programs([19])). The result dealing with_ call-
consistent programs will be discussed in the following

section.

In addition, the condition of strictness could be
weakened to the condition of regularity. The condition of
regularity and the associated completeness results will be

discussed in Chapter 4.
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3.4. Call-consistent Program.

The class of call-consistent programs 1is introduced
independently by Sato and Kunen([27},([19)). It disallows any
predicate which depends negatively on itself. In other words,
it "permits recursion through an even number of negation" ([6])
but disallows recursion through an odd number of negation.

Considering the program { p « 79, q « jp }. It is not
stratified, but it 1is call-consistent as neither p nor gq
depends on itself negatively. However, the program consisting
of only one clause {p& p} 1is not call-consistent. Call-
consistency is weaker than stratifiability in that it allows
some kind of recursion through negation. The condition is less

intuitive, however, than stratifiability.

The call-consistency condition seems to be directly
concerned with the consistency of the completed program, as it
is obvious that if a program contains such clause as p& 3p,
then its completion couldn’t be consistent. The important
thing is that Sato and Kunen proved that this condition is
actually sufficient for the consistency of the completed

program.

Note: from the exemplifying program of {p & p}, we can

see that the real problem in the inconsistency of completed
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program is the negative dependency of a ground atom on itself.
So, the call-consistency property 1is a bit too strong to
safeguard the consistency property of the completed program.
It has been shown that disallowing of negative dependency of
any ground atom on itself is already sufficient for the
consistency of completed program. The corresponding condition

is called local call-consistency((4]).

Definition 3.4.1. Let P be a normal program. By saying

that P is call-consistent, we mean that no predicate defined

in P depends negatively on itself.

Cavedon suggests an equivalent definition for call-
consistency, which has more flavor of the 1level mapping
approach we followed to define both hierarchical and

stratified programs ([4]).

Definition 3.4.2. A normal program p is call-consistent

provided it has a level mapping such that for any two
predicate symbols p and g in P, if p depends on g then
level (p) 2 level(q); and if p depends both positively and

negatively on q, then level(p) > level(q).

We will also present some new finding of a syntactical
property of call-consistent programs, which adds a bit more to

the intuitiveness of this condition. As this is somewhat
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digressing from the main topic of this paper, we put it in the

Appendix.

Kunen showed that for any call-consistent program, there
is a partition for all predicate symbols in that program such
that any two predicates in each partition depend on each
other, but not both positively and negatively. Based on this
property, Kunen proved a model expansion lemma(Lemma 4.2.4)
for the class of call-consistent programs. As a special case
of the lemma, the consistency of the completed program of any

call-consistent program is proved([19]).

By using the general completeness results obtained in the
track of 3-valued logic, Kunen proved that with the condition
of strictness, SLDNF-resolution is actually complete with
respect to the completed program semantics (2-valued) assigned
to the class of call-consistent programs({191]).

The following are the completeness results due to Kunen:

Lemma 3.4.1. Let P be an allowed, call-consistent normal

program, G (&«L;,...L)) be an allowed normal goal and G be
strict with respect to P; let © be an answer for PU{G}. If
V ((LiA...AL) *©) is a 2-valued consequence of Comp(P), then it

is also a 3-valued consequence of Comp(P).

Theorem 3.4.1. Let P be an allowed, call-consistent

normal program, G be an allowed normal goal and let G Dbe
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strict with respect to P. Then every correct answer of
Comp(P)U{G}) is an instance of a computed answer of PU{G}.

Proof: Straightforward from the lemma and the general

completeness result dealing with 3-valued consequence.

Kunen, after presenting his proof of the above theorem,
suggests a possible extension to it, which is formally put
forward as the following theorem by Cavedon([4]).

Theorem 3.3.2. Let P be an allowed, call-consistent

normal program and G a normal goal «L,,...,L,. Such that the
set of clauses defining those predicates in G which depend
positively and negatively on some predicates in P is a
hierarchical program. If V((L,A...AL))"©) is a 2-valued

consequence of Comp(P) then it is also a 3-valued consequence.

Actually, what we will do in Chapter 4 leads to a
syntactical condition for the involved program such that the
condition in the above theorem will be met, though our
approach is different from his: Kunen’s idea is developed
based on the coincidence of 2-valued and 3-valued consequences
of the completed program, a semantic property; while ours is
motivated by the prevention of recursiveness of some
dependents of a predicate, a syntactical approach and our
result is proved in the classical, 2-valued logic way. However
we also make out a proof of our results following Kunen’s

approach, so it is more consistent with the main results of
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Kunen.

3.5. Conclusion.

By a discussion of the condition of being definite,
hierarchical, stratified and call-consistent programs, we
obtain that they are developed by successive liberalization
pertaining to the restriction on the occurrence of recursion
and negation: from the total disallowing of negation in
definite programs, to disallowing of recursion in hierarchical
programs, to disallowing recursion through negation 1in
stratified programs, to disallowing only recursion through an
odd number of recursion in call-consistent programs. The call-
consistency condition is already a bit subtle. After that, it
seems quite difficult to find out a meaningful
characterization of a broade; class of programs for which a

completeness result can be proved.

The line followed here is some proper relation between
predicates. One approach for going forward is to study a
similar relationship at the atomic 1level. For example,
dependency of ground atoms in the grounded program which is
férmed by collecting all ground instances of every clause in
the original program, by using all the constant symbol and

function symbols. Some important and interesting results have
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been made in this direction, for the locally hierarchical,
locally stratified and locally call-consistent
programs([4], [5]), (23], (31)). However, the existence of
function symbols in a program immediately leads to an infinite
grounded program ([25],[18]), which could cause problems to

both theoretical study and practical application.

An alternative approach is to insist on some general
principles. It is obvious that all solutions to the
completeness problem considered so far share some common
ground: consistency of the completed program, allowedness of
programs and goals, and strictness of goals with respect to

programs.

After slightly extending one of the foregoing
completeness results in chapter 4, we will embark on a new
approach towards obtaining completeness results for SLDNF-
resolution with respect to the completed program semantics. We
will start with those basic requirements mentioned above and
analyze the relationship between the basic elements of the
completeness problem: SLDNF-resolution as the procedural
semantics, and the completed program semanti;s as the
declarative correspondent relative to the respective
syntactical parts of a program on which the two semantics are
defined. We will end up with a new characterization of

completeness of a fairly large class of programs and provide
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an effective condition to test the completeness for member of
a broader class of programs than the class of call-consistent

ones.
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Chapter 4. AN EXTENSION FOR A COMPLETENESS RESULT.

4.1. Motivation.

It is well known that in general, SLDNF-resolution is not
complete for normal programs. One of the frequently-quoted
examples ([81,(30),([1]) is: {(p « g, p ¢« 79, g «q}. Its
completion is {p&>g v 79, g&>q}. As g v 7q is true under
any model of Comp(P), so is p; thus p is a logical consequence
of Comp(P). On the other hand, there is no successful SLDNF-

resolution tree for PU{&p}:

Notice that the program mentioned above is stratified, so
generally speaking, SLDNF-resolution is not complete even for

stratified programs.

Looking at the above program, we may note that the
predicate p is the head of two different clauses, while
another predicate, q, occurs both positively and negatively in
those two clauses, a phenomenon which could be generalized.
Motivated by this fact, Apt et al([l]) defined the strict
programs to be stratified programs, in which no such kind of
dependency will be allowed, and presented([1l])) the conjecture

that SLDNF-resolution is complete for strict programs also
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satisfying the allowedness condition({1}).

This conjecture has been solved positively by Cavedon &
Lloyd([6] with extensions on the type of goals; their result
was further extended by Kunen([19}) using the 3-valued logic
approach; and moreover, Kunen gave a positive result for call-
consistent programs, a larger class than the stratified
programs, but still requiring the condition of the program

being strict with respect to a goal.

We approach this problem from a different angle by
treating the preceding three-clause program as a whole.
Namely, we not only note the dependency property, but alsoc pay
attention to the recursive property of the predicate on which
another predicate depends both positively and negatively,
feeling that recursiveness plays an important part in this
situation. A simple supporting example is: p « g, p & 7g9. On
the one hand, it is still true that Comp(P) f p; on the other
hand, there does exist a successful SLDNF-refutation tree for

PU{&p}.

In our approach, we require that, in the programs under
study, if a predicate p depends on another one both
positively and negatively, then all predicates on which p
depends should be non-recursive. This condition is weaker than

the one discussed by Apt et al. Moreover, motivated by Kunen’s




67
result, we will consider the class of call-consistent programs

instead of the smaller class of stratified ones.

4.2. Basic Definitions and Lemmas.

We have the following definitions.

Definition 4.2.1. Let P be a normal program, and p be a

predicate. By Def(p, P) {the definitign of p in P), we mean the

set of all clauses, in P, with p as the predicate of the head.

For example, let P be the following program (taken from
(16])):

q(X) & qp(X)

p(X) & isc(X)

p(X) & nonc(X)

isc(c)

nonc (X) & q1isc(X)

Then, Def(p,P) = { p(X) & isc(X), p(X) & nonc(X) )

Definition 4.2.2. Let P be a normal program, and let R be

a set of ©predicates occurring in P. By Res(P,R) (the

restriction of P on R), we mean the sub~program consisting of

exactly the definitions of those predicates defined in P which
are either in R, or are descendants of some predicates in R.

For example, let P be the same program given before, and
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let R={p}. Then, Res(P, R) = { p(X) & isc(X), p(X) &« nonc(X),

isc(c)e, nonc(X) & qisc(X) }.

Now, we <can begin to introduce the condition of
regularity.

Definition 4.2.3. Let P be a normal program, and let p be

a predicate in P. By saying that p is lenient, we mean that
there is a predicate, q, in P such that p depends on q both
positively and negatively.

Recall: Definition 3.2.2 gives out the definition of
dependency of one predicate on another predicate.

For example, in above program, both p and q are lenient,

while nonc is not.

Definition 4.2.4. Let P be a normal program, and let R be

a set of predicates of P. By saying that P is regular for R,

we mean that for each lenient predicate p in R, no descendant
of p is recursive. We say that P is reqular, if P is regular
for the set of all predicates in P.

For example, the program mentioned before is reqular, and
stratified as well, while the program p « g, p ¢« 19, q « q is

not regular for the set {p, gl}.

Definition 4.2.5. Let P be a normal program, and let G be

a normal goal «L,,L,,...,L,; moreover, in the goal, G, let p,

be the predicate of L,. Then:
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(1) «L,,...,L, depends positively on a predicate r via p, in
case ejther L, is an atom and p, 2,, r, or L, is a negative
literal and p, 2, r.

(2) &L,,...,L, depends negatively on a predicate r via p, in

case either L, is an atom and p, 2, r, or L, is a negative
literal and p, 2,, r.

(3) PU(G) 1is regqular in case for all i,j, 1if there 1is a
predicate r such that G depends positively on r via p, and
negatively on r via py, then no descendent of p, or p, is
recursive.

We shall say that G is reqular with respect to P(or P is

reqular with respect to G) when PU{G} is regular.

For example, if we have the following program and goal
P: a(X) & p(X), q(X):
b(X) & p(X);
G: « a(X), b(xX);
then PU{G} 1is regular; but if we add one more clause,

p(X) & pff(X)), to P, then PU{G} would not be regular.

The next definition is due to Kunen([19]):

Definition 4.2.6. Let P be a normal program, and let R be

a set of predicates occurring in P. We say that R is downward
closed, 1if for every predicate p in R and every other

predicate q occurring in P, if p 2 q, then q is also in R.

In order to prove a completeness result for goals which
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are regular with respect to call-consistent programs, we need
the following basic lemmas.

First, we have the following obvious result:

Lemma 4.2.1,. Let P be a normal program, then P is

hierarchical iff no predicate in P is defined recursively.

Next, we have a result revealing a property of the
completed program:

Lemma 4.2.2. Let P be a normal program, and let R be a

set of predicates occurring in P. Then Comp(Res(P,R)) is a
subset of Comp(P).

Proof: Let p be a predicate which occurs in Res(P,R). If
it is defined in Res (P, R), then by definition of Res(P,R),
the completion of p in Comp(P, R) is the same as that in
Comp(P). If p isn’t defined in Res(P, R), then by definition
of Comp(Res(P, R), Vx p(x) is in Comp(Res(P, R)). We claim
that it is also in Comp(P): assume that it is not the case,
then p must be defined in P. However, as p occurs in Res (P,
R), it must be a descendant of some predicate in R. By the
definition of Res(P, R), the definition of p should be in
Res (P, R), as well. In other words, Vx qP(x) wouldn’t be in
Comp (Res (P,R)), a contradiction.

Finally, noting that Clark’s equality theory([8], [21])

is independent of the program. the conclusion follows.

Corollary 4.2.3. Let P be a normal program, let
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G(«L,,...,L,) be a normal goal, and let © be a substitution

for the variables in G. Then © is a correct answer of

Comp (Res (P,R)) implies that it is also a correct answer for
Comp (P) .

Proof: Let M be any model of Comp(P). By Lemma 4.2.2,

Comp (Res (P, R)) is a subset of Comp(P). Hence M is a model of

Comp (Res (P, R)) as well. But we also have the following fact

Comp (Res (P, R)) F V((L,A...AL,)*©); thus V((L;A...AL,) ©) is

true under M. As M 1is arbitrary, we have the conclusion that

Comp(P) F V((L,A...AL):©), i.e. © is correct for Comp(P)U{G}.

Now, we are ready to prove the main result of this
section, which shows the importance of Res (P, R). The proof is
largely based on the following important result due to Kunen.

Lemma 4.2.4. ("Kunen’s Theorem", see [19), Th. 3.4): Let

P be a normal program, and let Q, and Q, be disjoint subsets
of the set of all the predicates of P, such that both Q, and
Q,UQ, are downward closed. Suppose also that P is call-
consistent on Q, and that M 1is a 2-valued model for
Comp (Res(P,Q,)). Then M has an expansion to a 2-valued model

for Comp(Res (P,Q,UQ,)).

Theorem 4.2.5. Let P be a call-consistent, normal

program, let G(«L,,...,L,) be a normal goa'l, and let R be the
set of predicates occurring in G. Then © is a correct answer

for Comp(P)U{G} implies that it is also a correct answer for
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Comp (Res (P, R))U{G}.

Proof: As ©® is a correct answer for Comp(P)U{G}, we have
that Comp (P) F V ((L;A...AL,) *©). We want to show that it is also
the case that comp(Res(P, R))F V((L,A...AL) 0).

Let Q, be the set of predicates which are either members
of R or are descendants of predicates in R; and let Q, be the
set of the predicates not in Q;. Then Q,NQ,=¢, Q, and Q,UQ, are
both downward closed . Now P is call-consistent, so no
predicate symbol p in P satisfies p 2., p; in particular this
is true for predicates in Q,. Therefore, due to the preceding
lemma, every model of Comp(Res(P,R)) can be expanded to a
model of Comp (P) ; and from the fact that
Comp (P) FV ((LyA...VL,)*0), V((L,A...AL)*©) is true in every

model of Comp(Res (P, R)). Therefore, the conclusion follows.

Corollary 4.2.6. Let P be a call-consistent normal

program, let G be a normal goal and let R be the set of
predicates in G. Then, © is a correct answer for Comp (P)U{G}
iff it is also a correct answer for Comp(Res (P, R))U{G}.

Proof: Immediate from Corollary 4.2.3 and Theorem 4.2.5.
Finally, we state Lloyd’s 1lifting 1lemma for normal
program ([6]) as a reference. It is an extension of a similar

result for definite programs([21]).

Lemma 4.2.7.(Lloyd[6]): Let P be an allowed, normal
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program, G an allowed, normal goal and © a substitution.
Suppose there exists an SLDNF-refutation of PU{GO®)}. Then there
exists an SLDNF-refutation of PU{G} of the same length such
that, if 6,,...,0, are the mgu’s from the SLDNF-refutation of
PU{GO) and 6,’,...,0,’ are the mgu’s from the SLDNF-refutation
of PU{G}, then there exists a substitution ¢ such that

8:68:-...-6=6,"-...:8,"0.

4.3. Completeness Results.

At first, we present a completeness result for a simple
goal:

Lemma 4.3.1. Let P be an allowed, call-consistent normal
program, and let L be an allowed literal for which P is
regular and such that Comp(P)F VL. Then there is an SLDNF-
refutation for PuU{« L}.

Proof: Let P, be Res(P,{p}), where p is the predicate of
L. Since Comp(P) f VL, we have by Theorem 4.2.5 that Comp (P,)
VL.

Suppose that p is not lenient. Then P, is strict. Hence,
by Kunen(19]}, P,u{&L} has an SLDNF-refutation, and thus so
does PU{& L}.

Suppose, on the other hand, that p 2,, r and p 2, r for
some predicate,r. Then since P is regular for L, all

predicates of P, are non-recursive. Hence, by Lemma 4.2.1, P,
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is hierarchical. Therefore, PU{¢«L} has an SLDNF-refutation by

Theorem 3.1.2, so does PU(«Ll}.

Next, we relate a lemma dealing with a property of the
condition of allowedness.

Lemma 4.3.2.(Lloyd[18] Proposition 15.1): Let P be a

normal program and G a normal goal. Suppose that P U (G} is
allowed. Then every computed answer for P U (G} is a ground

substitution for all variables in G.

Now, we have the following completeness result for call-
consistent programs:

Theorem 4.3.3. Let P be an allowed, call-consistent

program, G(«L,,L,, ...,L,) be an allowed goal, and let G be
regular with respect to P. If Comp(P)F V(L,AL,A...AL,). Then
there is a refutation for PU(G}.

Proof: First consider any positive literal L, in G: as «L,
is an allowed goal, P is regular with respect to L, and

Comp (P) FVL,, all conditions for Lemma 4.3.1 are satisfied,
and thus there is an SLDNF-refutation for P U {&L,}; Dby Lemma
4.3.2, the computed answer grounds all variables in L,.

Then, as G is allowed, for every negative literal L,, if
it is not ground then there must be some positive literals
Ly, ...,L,, such that each L,;, contains a variable which occurs
in L,;, and each of the variables of L, occurs in L,, for some

i. By the preceding discussion, there will be refutations with
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computed answers which ground all the variables in the L, 's,

and hence in L,. Then, following these km refutations, Lemma
4.3.1 could be applied to the grounded L,’s.

Therefore, if we apply a computation rule for which all

the positive sub-goals are solved first, then we have a

refutation for PU(G}.

When the correct answer 1s also ground, we have the
following:

Theorem 4.3.4. Let P be an allowed and call-consistent

program, G be an allowed goal and let G be regular with
respect to P. Then every correct ground answer, O, for P U (G}
is a computed answer for P U (G}).

Proof: Let G be «L,,...,L,, and suppose that © is a
ground substitution with Comp(P) F V((L,A...AL,)*®). Since G- ©
is ground, it is immediate from Theorem 4.3.3 that PU{G- ©} has
a refutation(with identity substitution € as computed answer).
By Lemma 4.2.7, there is a refutation of PU{(G) with computed
answer O’ such that for some substitution, o, ©=0-¢=60'-06. By

Lemma 4.3.2, O’ is ground, and thus 6 = 6’

Note: If the condition in Theorem 4.3.4 that © be ground
is omitted, similar reasoning would show that an instance of
the correct answer © is computable. Moreover, if the correct

answer 1is not ground, then by Lemma 4.3.2 it cannot be

computed.
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4.4. An Alternative Proof.

Kunen once proved the following general result by using

3-valued logic approach([19)):

Theorem 4.4.1. Let P be a normal program, and let G be an

allowed goal. If O is a correct answer for Comp(P)U{G} with
respect to the 3-valued completed program semantics; then GO
is ground, and © is an instance of a computed answer for

PU{G}.

In particular, by showing that for P, a call-consistent
program and G, a goal, which is strict with respect to P;
every correct answer for Comp(P)U{G} in 2-valued completed
program semantics is also a correct answer for Comp(P)U(G}
with respect to the 3-valued completed program semantics,
Kunen obtained a completeness result for call-consistent
program with goals which are strict with respect to the

program([19]).

In section 4.3, we showed that the above result could be
extended slightly, using the condition of regularity of goals
with respect to programs, which is weaker than the strictness
condition. But, it seems that using the classical approach, we
couldn’t show that every correct answer must be ground, as

well.
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The following presents the details of a "suggested" proof
for the strengthened result via Kunen’s 3-valued 1logic

approach([19]).

The following lemma is repeated from Chapter 3 (Lemma
3.1.1).

Lemma 4.4.2. Let P be a normal program. If P 1is also

hierarchical, then every 3-valued model of its completed
program is a 2-valued model of that, too.

Note: the above lemma equivalently says that every 2-
valued consequence of the completed program of a hierarchical
program is also its 3-valued consequence.

The next theorem is a strengthened completeness result:

Theorem 4.4.3. Let P be a call-consistent, normal

program, and let G be allowed and regular with respect to P.
Then every correct answer of Comp(P)U{G} is ground and is an
instance of a computed answer of PU{G}.

Proof: Let H be the set of predicates defined in P of
which no descendant of any of them is recursive. Obviously,
Res (P, H) 1is hierarchical.

Let G be «L,,L,,...,L,; and let © be a correct answer for
Comp (P)U{G}..By definition, Comp(P) F V ((L,A...AL, - ©), hence,

Comp (P) F V((L,*©OA...AL,) *0); therefore, we have that for
all i, Comp(P) F VL,-©.

Let g, be the predicate occurring in L,. We have 2 cases:
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(1) L, is strict with respect to P: Kunen([19])) showed that in
this case L, ©® is a 3-valued consequence of Comp(P); moreover,
by Theorem 4.4.1, © is ground.
(2) L, isn’'t strict with respect to P, i.e., qgq, depends both
positively and negatively on some predicate in P: As G is
regular with respect to P, so is L, with respect to P. By
definition, q, must be defined in Res (P, H).

As P is call-consistent, by Kunen’s theorem, we have that
Comp (Res (P, H)) F VL,-8. Finally, by Lemma 4.4.2, we have that
L& 1is also a 3-valued consequence of Comp(Res(P, H)).
Moreover, by Theorem 4.4.1, L,-© is ground also.

Therefore, we have the following:

Comp(P) F V((L,A...AL)*©) iff Comp(P) F((L,A...AL,) ©)
iff Comp(P) F(L,"OA...AL +©) iff for every i, Comp(P)F L, O.

As each L, falls into case (1) or case (2) discussed
above, we have that every L,-© is a 3-valued consequence of
Comp (P) .

By Theorem 4.4.1, for each i, GU{L,* ®} could be refuted;
as each L, is ground, we could combine all the refutations
for PU{&L,- 0} into one for PU{G*O). Finally, Lloyd’s lifting
lemma (Lemma 4.2.7) tells us that there is a computed answer

6’ for PU{G} such that © = 0’'- § for some §.
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4.5. Conclusion.

The results we obtained in 4.3 are slightly stronger than
both Cavedon & Lloyd’s and Kunen’s completeness results.
Regularity is a weaker condition than strictness. Also, our
restriction to ground answers in Theorem 4.3.4 is not a true
limitation. With regard to Lloyd’s result, his Lemma 3(([6])
shows that the only correct answers for allowed goals with
respect to allowed, stratified programs are ground ones. With
regard to Kunen’s result, his theorems 3.6, 4.1 and
4.2([18)&[19)) show that the only correct answers for allowed
goals which are strict with respect to a call-consistent(i.e.
near-regular) and allowed program are ground, as well.

The alternative result obtained in 4.4 is carried out in
Kunen’s approach, so it’s more consistent with his results and

also seems to be a natural extension to these results.
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Chapter $5. A New Approach.

5.1. Introduction.

Since Clark presented the completed program semantics and
solved the first completeness problem with respect to
hierarchical programs([(8]), several more results for
stratified, call-consistent and other types of program, with
respect to various types of goal have been made

(1191, [6]&(3]).

In order to find a stronger completeness result, we need
to have a look at the causes for incompleteness to gain some
inspiration. In Chapter 2, we have noted that the
inconsistency of the completed program and the floundering of
goals are two major causes for incompleteness of SLDNF-
resolution with respect to Clark’s semantics ([30]),[25)&{28));
thus it makes sense to consider only those programs with a
consistent completed program and those goals which do not

flounder.

In Chapter 4, we discussed the condition of strictness
and regularity as solutions for other causes of the

incompleteness which are involved with dependency of a
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predicate on another predicate, as well as recursive
definition of some dependents in the program. This work was
inspired by the following famous incompleteness

example ([8], (1], [30])

Pp: p & g
P & 19
q & q
G: ¢&p.

Using the same "incompleteness example" approach, it
should not be surprising that the consideration of yet other
such examples will lead to completeness theorems as well. The
main results of this Chapter are, in fact, motivated by the
following example.

Example 1:

P,: p & qp.

P & q.
q & q.

G: « q.

It’s not difficult to see that the completed program of
Pl { pe i1p Vv g, 9 q} is consistent, and is equivalent to
{ p, 9 }. G is actually strict with respect to Pl and
trivially G is not floundering.

But, although we have Comp(Pl)F q; there is no SLDNF-
refutation for P, U {&q}.

Different from the other examples, the incompleteness in
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this case is due to the fact that although gq follows from
Comp(P;), it really shouldn’t in a certain sense.

The point is that q &« q is the only part of the program
to be used in SLDNF-resolution; if q were computed in the
process, then by the soundness of SLDNF-resolution with
respect to the completed program semantics, g would be a

consequence of Comp(qg &« q), or g & q, which is false.

One of the possible explanations for this 1is that
although q « g is the only part of the program used to test
the computability of the answer 'yes’ by symbolic
manipulation, it’s not the part that decide the truth of g in
the completed program - the whole program does. In other
words, the information we need to judge one part of the story
isn’t the same as what we have to test the other part, which
is intended to be equivalent to the first part.

Based on the above example and discussion, we have a new
approach towards completeness results - that is, to coincide
the semantics decided by the "procedurally-relevant" part and
the "declaratively-relevant" part of a program with respect to

a goal.

5.2. Procedurally-Relevant vs. Declaratively-Relevant Part.

The use of SLDNF-resolution determines that the only



83
clauses in the symbolic manipulation process we could use to
decide whether an answer could be computed for a program P and
a goal G are just those for which the predicate in the head
either occurs in G, or is a descendant of some predicate

occurring in G([21]). We have the tollowing:

Definition 5.2.1. Let P be a normal program, and let G be

a normal goal. By Res(P, G), we mean the sub-program of P,
consisting of exactly the definitions of those predicates
which either occur in G, or are descendants of predicates
occurring in G.

We had a similar definition in the last Chapter for

Res (P, R) where R is a set of predicates defined in P.

We will call Res(P, G) the procedurally-relevant part of

the program P with respect to the goal G because of the

following simple observation:

Lemma 5.2.1. Let P be a normal program, G be a normal

goal, and let © be an answer for G; then O is a computed
answer of PU{G} iff © is a computed answer of Res (P, G)U{G}.
Proof: Straightforward from the definition of Res (P, G)

and that of SLDNF-resolution.

From example 1, we notice that although Res (P, G) is the

procedurally-relevant part, it doesn’t <constitute the
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"declaratively-relevant part", i.e. it couldn’t decide whether
©® is a correct answer of Comp(P,)U{G}). Which part of the

program does that?

Again, from example 1, we find out that we must also
include the ancestor of gq, that is p, to decide the truth of
g in the whole program. The following example shows that this
is still not enough.

Example 2.

P,: p « 1p.

p & r.
q & r.
r « r,.
G: « q.

Comp(P,) is as follows:

(pe&pvVvrIr, ger, r erj

Res(P,, G) is: q & r. r « r., its completion is

(g r, r &r}.

It’s obvious that {p,q,r} is equivalent to Comp (P,), and
Comp(P,) F q; but g isn’t computable.

Note: there is no ancestor of g existing in P,, but there
does exist a predicate p, which is an ancestor of a descendent

of g, i.e., r.

We are ready to define the declarative correspondent for

Res(P, G). First, we have the following:
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Definition 5.2.2. Let P be a normal program. By Pred (P},

we mean the set of all predicates occurring in P,

Definition 5.2.3. Let P be a normal program, and let G be

a normal goal. By Prior(P, G) (prior predicates of G with
respect to P), we mean the set of all predicates which
properly depend on either predicates occurring in G, or their
descendants, i.e., Prior(P, G) consists of exactly the proper
ancestors of the descendants of the predicates of G. Formally,
we have that Prior (P, G)={ p € (Pred(P)-Pred(Res(P, G))) | 3q
(g € Pred(Res (P, G)) & P2q}.

For example, Prior(P,, {(eq}) = Prior(P,, {&q}) = {(p}.

Definition 5.2.4. Let P be a normal program, and let G be

a normal goal. By Ext (P, G) (the extension of G in P), we mean
the sub-program of P, consisting of exactly the definition of
all predicates in G and Prior (P, G) and all their descendants.
Formally, we have: Ext (P, G) = Res(P, Prior (P, G))URes (P, G).

Example: Ext (P,, (¢&gq}) = P,, Ext(P,, {eqgql}l) = P,.

In examples 1 and 2, the extension of G in P is the same
as P, generally, it need not be. For the sake of simplicity,
we make the following

Assumption S: In any program, P, no predicate outside

Ext (P, G) depends on any other predicate inside Ext (P, G).

In Section 5.6, we will discuss the general situation.
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Definition 5.2.5, Let P, and P, be two normal programs

such that P, is a subset of P,. By saying that P, is well-

complemented in P,, we mean that:

(1) P, and P,-P, share no function symbols, or
(2) For every predicate, p, in P,-P,, p doesn’t depend
negatively on itself.

Obviously, the condition of well-complementation is

decidable in polynomial time.

The significance of Ext(P, G) 1s expressed in the

upcoming Lemma 5.2.5.

Recall that Res (P, R) denotes the sub-program of P,
consisting of exactly the definitions of those predicates
which elther occur in R, or are descendants of some predicates
in R,

Lemma 5.2.2. Let P be a normal program, and suppose that

R, and R, are sets of predicates such that Pred(Res (P, R,)) and
Pred(Res (P, R,)) are two disjoint subsets of Pred(P). If both
Comp (Res (P, R,)) and Comp (Res(P, R,)) are consistent and share
no function symbols, then every model of Comp(Res(P, R,;)) can
be expanded to a model of Comp(Res (P, R,UR;)).

Proof: Let M,;,, M, be models of Comp(Res(P, R;)) and
Comp (Res (P, R,)), respectively.

Now, Mendelson shows on p. 73 of [22) that if a and B are
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two ordinal numbers with asp, then any model of cardinality a
of a first order theory, T, expands to a model of T of
cardinality B. Thus, without loss of generality, M, and M2 can
be assumed to have the same cardinality. Let M;=<D,,J>,
M,=<D,,K>. As both D; and D, have the same cardinality, there
is a 1-1 mapping between D, and D,, let it be f: D, -> D,.

Define M=«<D,I> for all constants, function symbols and
predicate symbols in either Res (P, R,) or Res(P, R,;) in the
following way:

D=D,.

For every constant c, if it occurs in Res(P, R,), c' =c’;

otherwise, c¢'=f(c*). If ¢ occurs in Res(P, R,;), then c'
should be compatible with ¢’; as we have only finite number of
constants, it can always be done.

For every function symbol g , if it occurs in Res (P, R;),
then g': D ->D , g'(t,,...,t,) =g’(t,,...,t,); otherwise,
gi(ty, ..., t)=£(g"(ty, ..., E)).

For every predicate symbol p, if it occurs in Res (P, R)),
then p' is a subset of D, p'={(d,...,d,)I(d,...,d,)€ep’};
otherwise, p! ={(f(d,),...,f(d,))((d,,...,d,)ep" }.

Now, from the construction and the fact that R, and R, are
disjoint, we have the following:

M, is isomorphic to M restricted to Res{(P, R;) ( actually,
they are the same), while M, is isomorphic to M restricted to
Res(P, R,); thus, for any formula, A, in either Comp(Res (P,

R;,)), or Comp(Res(P, R,)), M [ A.([22]), sec. 2.11)
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Therefore, M is a model of both Comp(Res(P, R;)) and
Comp(Res(P, R;)). Finally, as they have no predicate in
common, M is a model of Comp(Res(P, R,UR,)). Obviously, M

expands both M, and M,.

Lemma 5.2.3., Let P, and P, be normal programs such that
P, is a subset of P,, and both Comp(P,) and Comp(P,-P,} are
consistent.

If the predicates in P, and P, are both downward closed,
the predicates in P,-P, and those in P, are disjoint, and P, is
well-complemented in P,, then every model of Comp(P,) can be
expanded to a model of Comp(P,).

Proof: Let Q, be Pred(P,) and Q, be Pred(P,-P.), we have
that Q,NQ,=¢ and Q,uUQ,=Pred(P,) .

If P,-P, is call-consistent, i.e., P, is call-consistent
on Q,, then as both Q, and Q,UQ, are downward closed and
Q,NQ,=¢, by Kunen’s theorem, every model of Comp(Res(P,, Q;))
can be expanded to a model of Comp(Res (P,, Q,UQ,)).

As Res (P,, Q,)=P, and Res (P,, Q,uQ,)=P,, we have the result
for this case.

Otherwise, Res(P,, Q,) shares no function symbol with P,
by the well-complementation condition. Therefore, by Lemma

5.2.2, we have the expected result.

Definition 5.2.6. Let P be a normal program and let G be

a normal goal. By saying that G is well-placed for P, we mean
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that Ext (P, G) is well-complemented in P.

Corollary 5.2.4. Let P be a normal program and G be a

normal goal with Comp(P) consistent. If G is well-placed for
P, then every model of Comp(Ext (P, G)) expands to a model of
Comp (P) .

Proof: As both Pred(Ext (P, G)) and Pred(P) are downward
closed , and Pred(Ext(P, G)) and Pred(P-Ext(P, G)) are
disjoint because Assumption S and, moreover, G is well-placed

for P, so we have that Lemma 5.2.3 is applicable.

Finally, we have the following:

Lemma 5.2.5. Let P be a normal program with Comp (P)

consistent, let G be a normal goal such that G is well-placed
for P, and let © be an answer for PU{G}. Then © is a correct
answer for Comp(P)U{G} 1iff © 1is a correct answer for
Comp (Ext (P, G))U{G}.

Proof: It is straightforward that Comp(Ext (P, G)) is a
subset of Comp (P).

Thus, "Sufficiency" is trivial by the definition of being
a correct answer and "Necessity" follows from the preceding

corollary.

Just as Lemma 5.2.5 actually shows that Comp(P) is a
conservative extension of Comp(Ext (P, G)), it’s also true that

Comp (Ext (P, G)) is a conservative extension of Comp(Res (P,G)).
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The same relationship of course exists among P, Ext (P, G) and

Res (P, G).

As Ext (P, G) has the property shown in Lemma 5.2.5, we

will call it the declaratively-relevant part of the program P

with respect to the goal G.

Now that, we have found both the procedurally-relevant
and declaratively-relevant parts, we are interested in their
relationship. The following theorem is the main result of this
section.

Theorem 5.2.6. Let P be a normal program with a

consistent completion, and let G be a normal goal which is
well-placed for P. Then: if completeness holds for PU({G},
i.e., every correct answer for Comp(P)U{G} is an instance of
" a computed answer for PU{G}, then, for every answer, O, for
PU{G}, ® is correct for Comp(Res(P, G))U{G} 1iff it {is
correct for Comp (Ext (P, G))U(G}.

Proof: As Comp(P) is assumed to be consistent, by Lemma
4.2.2 , so are Comp(Ext (P, G)) and Comp (Res(P, G)).

On the one hand, as Comp(Res(P, G)) is a subset of
Comp (Ext (P, G)), every correct answer for Comp (Res (P, G))U(G)

is trivially a correct answer for Comp(Ext (P, G))U({G}.

On the other hand, let © be a correct answer for

Comp (Ext (P, G))U(G}; by lemma 5.2.5, it is correct for Comp (P)
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U{G}. By the assumption of this theorem, ©® is an instance of
a computed answer for PU(G}, and by Lemma 5.2.1, © is also an
instance of a computed answer for Res(P, G)U{G}. By the
soundness of SLDNF-resolution with respect to Clark’s
semantics, we have that © must be also a correct answer for

Comp (Res (P, G))U(G}.

Theorem 5.2.6 tells us that if we have a completeness
result, then, Res(P, G) decides the declarative part also. In
other words, the semantics decided by the declaratively-
relevant part of P with respect to G coincides with that
decided by the corresponding procedurally-relevant part. The
following is a simple demonstration of Theorem 5.2.6 for the
case that Comp(Res (P, G)) is not the same as Comp(Ext (P, G)):

Example 3:

P! r; & r,

r « gq
p & q
P & 19

G: & p

Comp(P;) = { r, & r,, r & q, P & gV 19, 149}.

As {p} is a Herbrand model of Comp(P;), Comp(P;) is consistent.
Obviously, we have that Comp(P;) F p; and the answer ’yes’
could be obtained from applying SLDNF-resolution to P,U{&p}.
Therefore, the conditions for the theorem are satisfied.

Moreover, we have Res(P;, G)={p & q, p &« 149}, and
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Comp (Res(P,, G))F p:; and also, Ext(P,, G) = (r & q, p « q,
p &« 19}, and Comp(Ext(P,, G))F p. In other words, the
identity substitution, as a correct answer, is supported by

both Comp(Res (P, G)) and Comp (Ext (P, G)).

Note: For a program, P, with consistent completion:

(1) Theorem 5.2.6 shows that "completeness" is sufficient for
the coincidence of the declarative semantics decided by the
procedurally-relevant and that decided by the declaratively-
relevant parts of P with respect to G.

(2) Program P, (of Example 1) shows that the coincidence of
the two semantics may sometimes fail (of course only for
incompleteness examples).

(3) Program P, shows that "completeness" is not necessary for
coincidence of the semantics decided by the two respective
parts, 1i.e., the converse of Theorem 5.2.6 is not generally

true.

In the next section, we will show that under some
reasonable conditions, we can obtain the converse of Theorem
5.2.6, as well as a stronger completeness result. In section
5.4, we will have a look at some examples, displaying some
propefties of the results we obtained in section 5.3. 1In
section 5.5 and section 5.6, we will discuss the necessity of
the condition of well-complementation and the generalization

of declaratively-relatively part, respectivély. Finally,
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section 5.7 sums up the results of this chapter.

5.3. A New Characterization of Completeness.

We provide the following lemma to show that the condition
of regularity provides us with a nice working environment.

Lemma 5.3.1. Let P be a normal program. If G is regular

with respect to P, then Res(P, G) is call-consistent.

Proof: Just suppose not: then there is a predicate p
defined in Res (P, G) such that p 2., p. By the definition of
Res(P, G), p either occurs in G or is a descendent of a
predicate occurring in G. In the first case, as we always have
P 2., P, p won't be regular with respect to P; in the other
case, there must be a predicate, gq, in G such that q 2 p; then
we also get the contradiction that G couldn’t be reéular with
respect to P, as q will depend on p both positively and

negatively, while p is recursive.

We are ready to give the proof of the converse of Theorem
5.2.6.

Theorem 5.3.2. Let P be a normal program with a

consistent completion, and let G be a normal goal, allowed and
regular with respect to P, and which is well-placed for P.
Then: If the correct answers for Comp(Ext (P, G))uU{(G} are

exactly the correct answers for Comp(Res(P, G))uU{G}, then
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every correct answer for Comp(P)U{G} 1is an instance of a
computed answer for PU{G}.

Proof: Let © be a correct answer for Comp (P)U{G}, then by
Lemma 5.2.5, it is correct for Comp (Ext (P, G))U{G}, and thus,
by assumption, also for Comp(Res (P, G))U{G). By Lemma 5.3.1
and Theorem 4.4.3, it’s an instance of a computed answer for
Res (P, G)U{G}. Finally, by Lemma 5.2.1, it is an instance of

a computed answer for PU(G}.

Combining Theorem 5.2.6 and Theorem 5.3.2, we obtain the
following new characterization of completeness in a fairly
broad context.

Theorem 5.3.3. Let P be a normal program with a

consistent completion, and let a normal goal G be allowed and
regular with respect to P, and which is well-placed for P.
Then SLDNF-resolution 1is complete with respect to the
completed program semantics assigned to PuU{G} 1iff the
semantics determined by the procedurally-relevant part of P
with respect to G coincides with that determined by the

declaratively-relevant part.

The following presents a condition which is sufficient
for the hypothesis of Theorem 5.,3.2.

Lemma 5.3.4. Let P be a normal program with a consistent

completion, and let G be a goal. Then if the following

Condition C is met: "Every model of Comp(Res(P, G)) can be
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expanded to a model of Comp(Ext(P, G))", then the correct
answers for Comp(Ext (P, G))U (G} are exactly the correct
answers for Comp (Res (P, G))U(G}.

Proof: Straightforward.

As condition C is not effectively decidable, it is not
quite ideal. In order to have a useful completeness result, we
have to find an effective condition which implies Condition C.
It is understandable that such an effective condition will be

fairly strong.

One such condition is that the whole program be call-
consistent. In that case, Kunen’s theorem(Lemma 4.2.4)
guarantees that condition C will be met. Actually, that’s the
method we used to prove Theorem 4.4.3. It’s given as Corollary

4.2.6.

The next example shows that it is not necessary that we
must have a call-consistent program in order to satisfy
Condition C.

Example 4:

P,: p & r.

P & 1q.
q & qg.

r ¢« qr.
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q, &« q;.
G: &« q.
Comp(P,) = { pe rviyq, e q, r Sr vq, 94 © q},

which is consistent. (There are exactly two models: p, r and
q, must be assigned "true", and gq may be assigned either
"true" or "false"). G is regular with respect to P.

On the one hand, G is still not refutable, on the other
hand, Comp(P,) does not imply gq.( Make q,, r and p "true" and
q "false".)

We notice that both models of Comp(Res(P,, G)), ( Assign
q "false" or "true".) can be expanded to models of
Comp (Ext (P,, G)) which is the same as Comp(P,), but P, isn’t

call-consistent.

The above example leads us to Lemma 5.3.5, which gives

another effective sufficient condition for Condition C.

Definition 5.3.1. Let P be a normal program. By CIC(P),

we mean the set of all predicates defined in P such that each

of those depends negatively on itself.

Definition 5.3.2. Let P be a normal program, and let G be

a normal goal. By Q (P, G), we mean the set of all proper
descendants of Prior(P, G) which aren’t in Pred(Res (P, G)).
Formally, we have that

Q, (P, G)= Pred(Ext (P,G))-(Prior(P,G)U Pred(Res(P,G))).
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For example, Q,(P,, {&q})={r,ql}.

Lemma 5.3.5. Let P be a normal program with a consistent
completion, and let G be a normal goal such that Res(P, G) is
well-complemented in Res (P, G)URes(P, Q,(P, G)). The following
effective Condition E is sufficient for Condition C.

Condition E: Prior(P, G) N CIC(P) = ¢

Proof:

As Pred(G), Prior(P, G) and Q, are all subsets of
Pred(P), then by Lemma 4.2.2 and the fact that Comp(P) is
consistent, so is the completion of each of the corresponding
sub-programs ,i.e.,

(1) Comp(Res(P, G)), Comp(Ext (P, G)) and Comp(Res (P, Q,)) are
all consistent.

From the definition of Prior(P, G) and that of Q,, we
have that Prior (P, G) and the set of all predicates in Res (P,
G) are disjoint; so are Prior(P, G) and the set of all
predicates in Res(P, Q,); thus, we have
(2) Prior(P, G) is disjoint from the set of all the predicates
in Res(P, G) and from the set of all predicates in Res (P, Q,).

An immediate consequence of Condition E is
(3) P is call-consistent on the predicates in Prior(P, G).

From the way we define Prior(P, G), Pred(G) and Q,, we
also have the following fact:

(4) Pred(Res (P, G))upred(Res (P, Q,)) and Pred(Res (P, Prior (P,

G)) are both downward closed.
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Letting M be a model for Comp(Res(P, G)). By the given
definition of Q, and Res(P, G), the assumption of the well-
complementation and (1), above, Lemma 5.2.3 is applicable: M
expands to M,, a model for Comp(P, Res(Pred(G)uwQ,(P, G))),
which is actually the completed program restricted to the set
of all descendants of Prior(P, G).
Moreover, by the preceding facts (2)-(4), Kunen’s theorem
(Lemma 4.2.4) is applicable, thus, M, can be expanded further
to a model of Comp(Res (P, Pred(G)uQ,(P, G)UPrior(P, G))),

which is the same as Comp(Ext (P, G)).

Definition 5.3.3. Let P be a normal program and G be a

normal goal. Let NBD(P, G) denote Res (P, G)URes (P, Q. (P, G)).

Then, by saying that G is strongly well-placed for P, we mean

that Res(P, G) is well-complemented in NBD(P, G) and Ext (P,

G) is well-complemented in P.

Thus, relying on Lemma 5.3.5, Lemma 5.3.4, and Theorem
5.3.2, we have proven the following:

Theorem 5.3.6. Let P be a normal program with a

consistent completion, and let G be allowed and regular with
respect to P, and 1is strongly well-placed for P. Then if no
predicate in Prior (P, G) depends negatively on itself, (i.e.,
Prior(P, G) N CIC(P) = ¢) then every correct answer for

Comp(P)U{G} is an instance of a computed answer for PU{G}.
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Theorem 5.3.6 is quite general, in the sense that it
covers nearly all the completeness results known so far:
(1) P is definite([21]).

The consistency of Comp(P) is well known([2],I[1]).
and every goal is regular with respect to P, as no negative
literal could occur; and trivially it’s allowed. Moreover,
CIC(P) is empty, so condition E is met.

(2) P is hierarchical([8],[29]).

It has been proved that Comp(P) is consistent([1]).
As no predicate in P could be recursive, any gval will be
regular with respect to P. CIC(P) 1is also empty, so we have
completer.ess result for any allowed goal.

(3) P is stratified([6]).

It also has been shown that Comp(P) 1is consistent
([6]). And the strictness condition in the existing result is
stronger than the regularity condition; and CIC(P) is empty,
as well.

(4) P is call-consistent([19]).

Similar to (3).

In all the above cases, we have CIC(P)=6¢; thus, Condition
E 1is trivially met. Recently, L. Cavedon proved the
consistency of 1locally call-consistent programs ([31], (4]
&[5]), which actually requires that no ground atom will depend
on itself negatively. This being the case, then local call-

consistency is weaker than the call-consistency. Thus, CIC(P)
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needn’t be empty for this class of programs. Theorem 5.3.6
provides an effectively calculable condition to test the
completeness property for that class of programs and for those

even weaker, when consistency of the completion is provable.

5.4. Some Further Examples.

It is still possible to find weaker conditions for
completeness, based on the approach of semantic coincidence of
the procedurally-relevant and declaratively~-relevant parts of
a program with respect to a goal, inasmuch as neither
Condition C nor Condition E is necessary for completeness. The
following examples will show this.

Example 5.

Ps: r & qr.

r «<p, q.
p €& 1q;.
p ¢« r,, 4.
q & q.

G: &p.

Comp (P}, which is the same as Comp(Ext (P,, G)), is the
following: {r © 1rv(pAq), P & 1q,V(r,AQ), 9 € q, 19, 1¢,}

Res(P,, G) is: { p &« 1q,;; p & r,, 9; q « g}

Comp (Res(P;, G)) is: { p €& 1q,v(r,Aq), 9 €& g9, 19;, 1}.

As the only model of Comp(P) makes r, p and q "true" and r,
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and q, "false", Comp(P,) F p:; and also we have Comp (Res (P;, G))
F p, as p is true in both models of Comp(Res(P;, G)),i.e. one
which makes exactly p and q "true", and the one which assigns
"true" to only p. So, the answer ’'yes’ 1is supported by both
parts.
But, the latter model cannot be expanded to a model of
Comp (P,) .
That is to say, Condition C is not necessary for the

semantic coincidence.

Example 6.
P¢: r & qr.
r « p.
p & q.
p & 1q.
G: & p.
Comp(Pg) is { r & qrvp, p & gqviq, 19} and it has a model
in which r and p are exactly assigned "true".
Res(P,, G) 1is the follows: ( p & q, p & 39}. Now
Comp (Res(P,, G)) has a unique model. ( It makes p (only)
"true".)
Prior(pP,, G)={r}, so is CIC(P,), thus the Condition E is
not met, but the sole model of Comp(Res(P,, G)) can be
expanded to a model of Comp(P,). That is to say, Condition E

is not necessary for Condition C.
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Although, Example 6 shows that Condition E 1is not
necessary for Condition C, Example 1 and the following Example
7 show that no improvement could be achieved by just putting
simple dependency restrictions on programs.
Example 7.
P,: p & qp.
P & 1q.
q & qg.
G: &« q.
P, is quite similar to P,, the only difference is that in
P,, p depends positively on q, but here, the dependency is
explicitly negative. One can argue similarly as we did in
Example 1 that some model of Comp(Res(P,, G)) cannot be

expanded to a model of Comp(P,).

5.5. On the Condition of Well-Complementation.

In the proof of Lemma 5.2.5 and Lemma 5.3.6, we need the
condition of well-complementation. The reason can be shown by
the following example:

Example:

P: p(x, f(x))

g(x, f(x)) & 1g9(x, X)

G: &p(u, v)

We have the following:
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Comp (P)={p(x, f(x)), g(x, f(x)) & 3g(x, x)}.

Let M=<D, I> such that D={a, b}, f'(a)=b, f'(b)=a,
p'={(a, b), (b, a)} and q'={(a, b), (b, a)}. Obviously, M is
a model of Comp (P).

Moreover, Res(P, G)=Ext (P, G)={p(x, f(x))]}.

Let M,=<D, J> such that f’(a)=a, f’(b)=b and
p’={(a, a}, (b, b)}. It’s also obvious that M, is a model of
Comp(Ext (P, G)); but it cannot be expanded to a model of
Comp(P), as the interpretation of f in M, doesn’t fit the same
function symbol occurring outside Ext (P, G).

Note, In this example, the condition of well-

complementation is not satisfied.

It is obvious that if interpretation of function symbols
is always fixed, e.g., in practical logic programming, one
usually only works with the associated Herbrand Universe; then
we do not need the condition of well-complementation. But,
generally, when we consider models of Comp(P), we have to
consider all the possible interpretation of function

symbols([31]), so we need this condition in the general case.

From the above example, we can see that if the condition
fails, Ext (P, G) may not be the declaratively-relevant part.
But, if we redefine the whole program as the declaratively-
relevant part, then semantic coincidence is still equivalent

to completeness, and the Condition C provided by Lemma 5.3.4
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is still sufficient for semantic coincidence. But, it’s no
longer trivial to find an effective, sufficient condition

similar to condition E for Condition C.

5.6. The Declaratively-Relevant Part in General.

In discussing the declaratively-relevant part in Section
5.2, we made the assumption S that no predicate outside Ext (P,
G) depends on any predicate inside Ext (P, G), based on which
we showed that every model of Comp(Ext (P, G)) expands to a
model of Comp(P). Thus Ext(P, G) completely decides the
declarative aspects of P with respect to G under the Completed
Program Semantics; so we call it the declaratively-relevant

part of the program with respect to the goal.

Generally, the assumption may not be true as the
following example shows:
P: py &py, 1
P € q
P €& Ip, Qi

p € q, q
q &« q
qQ & q

r &

G: & g
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We have that: Res (P, G)={ q &« q}, Prior(P, G)={(p},

Ext (P, G)={ P & 1P, Qi P & q, 9417 9 & q; 9, « q;} and
Q. (P, G)={q,}.

Moreover, we have that

Comp (Ext (P, G))={ p & (1PAQ))V(QAq), 9 & q, q;, & q, } and
Comp(P)={ p, € (1p;Ar)vqg,, r}uComp(Ext (P, G)).

As M={r, p;, 49, P, q} is a model of Comp(P), Comp(P) is
consistent. Actually, M 1is the only model of Comp(P).
Therefore, we have that Comp(P) F q, identity substitution is
a correct answer for Comp (P)U{G}.

On the other hand, there are three models for Comp (Ext (P,
G)): ¢, (g} and {gql, g, p}. Among those models, ¢ cannot
expand to the unique model of Comp(P). It’s also easy to see
that it’s not the case that Comp(Ext (P, G)) F q, so identity is
not a correct answer for Comp(Ext(P, G))u{G}. Obviously,
Ext (P, G) should not be regarded as the declaratively-relevant
part of P with respect to G.

Therefore, in general, Ext (P, G) doesn’t completely
determine the declarative behavior under the given semantics.

Our theory needs to be generalized.

The problem here is that some other predicates outside
Ext (P, G) are involved, and they are possibly relevant to the
declarative semantics. We should include them in "the general

declaratively-relevant part" as well.
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In this particular example, we should regard the whole
program as the declaratively-relevant part. A possible process
starting from the goal to extend to all the relevant part can
be described as the following:

Initially, we have Res (P, G); we extend upward to find
Prior(P, G), then downward to find Q,(P, G); finally, we
construct Ext (P, G). If no predicate outside Ext (P, G) depends
on Ext (P, G), we should and will stop right here. But as this
is not the case in this example, we should extend upward again
to find p,, which is an ancestor of a predicate inside Ext (P,
G), and extend downward to find all the descendants of p,. As
we then have exhausted the whole program, we stop here. We may
also stop because nothing else depends on or be depended by

what we have already found.

In the above process, we extend twice; generally, it can
be more. But, as the program is finite, the extension must be
finite as well.

We have the following definitions:

Definition 5.6.1. Let P be a program and let R be a

subset of pred(P). By Des(P, R), we mean the set consisting of
all the descendants of predicates in R. Formally, we have
Des (P, R)={ gePred(P) | 3peR, p 2 q}
Note: As we always have p 2 p, so R is a subset of Des (P,
R) .

For example, let P be the program given at the beginning
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of this section and R be {(p, r, g}, then Des(P, R) will be

RU{q,}.

Definition 5.6.,2. Let P be a program and let R be a

subset of Pred(P). By Anc (P, R), we mean the set consisting of
all the ancestors of predicates in R. Formally, we have

Anc (P, R)={ pePred(P) | 3gqeR, p2q}.

Similarly, we have that Anc(P, R) is a subset of R.

For example, Let P be the program given before and let R

be {q}, then Anc(P, R) will be RU{p}.

Definition 5.6.3. Let P be a normal program and let G be

a normal goal. We define a predicate-extension function, ext,
as follows:
ext (0, P, G)=Des (P, Pred(G))
ext (i, P, G)=Anc(P, ext(i-1, P, G)) if i21 and i is odd,
ext (i, P, G)=Des(P, ext(i-1, P, G)) if i21 and i is even.
Moreover, let i, be the minimum number such that
ext(i, P, G) is the same as ext(i+l, P, G); we define the

general extension of G with respect to P, denoted EXT (P, G),

to be the restriction of P on ext(i,, P, G), i.e. EXT(P, G)=

Res (P, ext (i,, P, G)).

From this definition, we have the following:
ext (0, P, G)=Des(Pred(G))=Pred(Res (P, G));

ext (1, P, G)=Anc(P, Pred (Res (P, G)))
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=Prior (P, G)UPred(Res (P, G)):
ext (2, P, G)=Des(P, Prior (P, G)UPred(Res(P, G)))
=Prior (P, G)uUPred(Res (P, G))uUQ, (P, G)
Then Ext (P, G)=Res (P, Prior(P, G))URes (P, G)
=Res (P, Prior (P, G)UPred(Res (P, G)))
=Res (P, Prior (P, G)UPred(Res(P, G))uUQ,(P,G)),
=Res (P, ext (2, P, G))

Actually, ext (2, P, G)=Pred(Ext (P, G)). Now, if we assume
that no predicate outside Ext (P, G) depends on any predicate
inside Ext (P, G), then we have Anc(P, Pred(Ext(P, G))) =
Pred (Ext (P, G)), or ext(3, P, G)=Anc{(P, ext(2, P, G))=
ext (2, P, G). By definition, we have i;,=2, so EXT (P, G)=Res (P,
ext (2, P, G))=Ext (P, G). So, the definition we gave before in
section 5.2 1is really a special case of this general

definition.

We said before that as P is finite, i, exists. Moreover,
as ext(i,, P, G) is a fixed point of this extension process,
it is true that nothing outside EXT(P, G) will be relevant to
the predicates inside; in other words, no predicate outside
EXT(P, G) will either depend on or be depended on by any
predicate inside EXT (P, G). Therefore, predicates in P-EXT (P,
G) are disjoint from those in EXT(P, G). It is easy to check
that conditions for both Lemma 5.2.3 and Lemma 5.2.5 are met,

thus it make sense to <call EXT(P, G) the general

declaratively-relevant part of P with respect to G.
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It is also easy to check that all the results in Section

5.3 up to Lemma 5.3.4 are still valid if we replace Ext (P, G)
with EXT(P, G) and replace "declaratively-relevant part" with

"general declaratively-relevant part".

As far as a generalization of Lemma 5.3.5 is concerned,
we present the following discussion:

Definition 5.6.4. Let P be a normal program and let G be

a normal goal. By the prior predicates at i‘'" extension, for

i odd, denoted by Prior(i, P, G), we mean the set of proper
ancestors of the predicates in ext(i-1, P, G). Formally, we
have: Prior (i, P, ¢)=ext(i, P, G)-ext(i-1, P, G), in which i
is odd.

By the extra descendants at ith extension(Q,(i, P, G))

for i even, we mean the set of predicates which are the
descendants of predicates in ext(i-1, P, G), but not in
ext (i-1, P, G). Formally, we have: Q,(i, P, G)=ext (i, P, G)-
ext (i-1, P, G), in which i is even.

We have that Prior (P, G)=Prior(l, P, G) and Q,(P, G)=0Q,(2,

P, G).

Notice, Res (P, ext (0, P, G))=Res(P, G). In Lemma 5.3.5,
we showed, by using the condition of well-complementation of
Res(P, G) in Res(P, G)URes(P, Q,(P, G), how a model of
Comp (Res (P, G)) expands to a model of Comp(P, Res(Q,(2, P, G)

U ext(0, P, G)), and further expands to a model of Comp (P,
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Res (Q, (2, P, G)uUext(0, P, G)uLPrior(l, P, G))), which is
Comp (P, Res(ext(2, P, G))) and can be simplified as Comp (P,

Ext (P, G)).

Let’s assume we have a model, M,, for Comp(ext (i, P, G)),
with i even. If i is not i,, then we can construct ext (i+1, P,
G). If Q,(i+2, P, G) is not empty, then by definition of Q,,
it 1is disjoint from ext(i, P, G), so 1if the well-
complementation condition holds for Res(P, Q,(i+2, P, G)) in
Res (P, Q,(i+2, P, G))URes (P, ext(i, P, G), then by the same
argument we gave in Lemma 5.2.3, M, expands to a model of
Comp(Res (P, Q,(i+2, P, G)wext (i, P, G)})), and further expands
to a model M,,, of Comp(Res(P, ext(i+2))) 1if P is call-
consistent on Prior(i+l, P, G), by the definition of
Prior(i+l, P, G) and Kunen’s theorem(Lemma 4.2.4). If Q,(i+2,
P, G) is empty, then by the second part of the above argument,
M, can expand to a model of M,,; if the conditions listed there
satisfied. incidentally, in the second case, iy ,=i+l.

The argument for i being odd is similar to the first part

of the preceding paragraph, when Q,(i+1, P, G) is not empty.

Therefore, we have proved the following Theorem 5.6.1,
which is a general form of Theorem 5.3.6.

Theorem 5.6.1. Let P be a normal program with a

consistent completion, and let G be a normal goal such that G

is allowed and regular with respect to P, which is extremely
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well-placed for P. Then if for all i2i,, no predicate in
Prior(i, P, G) depends negatively on itself, then every
correct answer for Comp(P)U{G} is an instance of a computed
answer for PU(G}.

In the above theorem, by G is extremely well-placed for

P, we mean that for all even i<i,, ext(i-2, P, G) is well-
complemented in Res (P, ext (i-2, P, G)uQ,(i, P, G)) and EXT(P,
G) is well-complemented in P.

We note that the condition of extreme well-placement and
all the other conditions to be satisfied in an application of
the preceding theorem are effectively decidable in polynomial

time.

We end this section by analyzing the program/goal pair
presented at the beginning of this section:

The predicate extension process is as follows:

ext (0, P, G)={(qg}

ext (1, P, G)={p, q}

ext (2, P, C)={p, 9, q}

ext (3, P, G)={py, P, 9, U@}

ext(4, P, G)={(py, r, P. 9, q}

i,=4.

EXT (P, G)=Res(P, ext(i0, P, G))=P.

As pePrior(l, P, G) and p 2., p, so the sufficient

condition in Theorem 5.6.1 fails, the completeness cannot be
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guaranteed; actually, it does fail in this case.
We can see that (q;}, a model of Comp(Res (P, ext(0, P,
G)) U Comp(Res(P, Q, (2, P, G))) (which is Comp(Res(P, G)) U
Comp(Res (P, Q,(P, G)))) cannot expand to a model of
Comp (Res (P, ext (2, P, G)) (which is Comp(Ext (P, G))) as in any
model of the latter, g must be assigned "true". Needless to
say that. it cannot expand to a model of Comp(EXT(P, G)).

Semantic coincidence fails.

5.7. Conclusion.

We start with an interesting example of incompleteness,
then define the concepts of procedurally and declaratively-
relevant parts of a program with respect to a goal, and
develop the idea of the coincidence of the declarative
semantics determined by the declaratively-relevant part and
the corresponding procedurally-relevant part, and finally
obtain an equivalent condition for completeness under a set of

reasonable conditions for the programs and goals under study.

In the case when the condition of extreme well-placement
is satisfied, we supplied an effective condition for
completeness, one which 1is general and weaker than the

conditions previously known.
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It is obvious that model expansion is the bottleneck in
obtaining any stronger results following this new approach.
For general normal program, including those with function
symbols, we would like to see conditions weaker than those of
Lemma 5.2.3 under which a model can be expanded. That is where
further efforts should be made. Other questions for future
work include that of finding conditions weaker than Condition
E in the case when the extreme well-placement condition is
met, and that of finding an effectively testable and
sufficient condition for semantic coincidence when well-

complementation fails.
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Appendix. CALL-CONSISTENCY AND PARADOX.

In logic programming applications, when we apply SLDNF-
resolution to solve a goal with respect to a logic program,
sometimes there is a derivation starting with that goal,
leading to sub-goals, among which is the negation of the

original goal.

Example 1:
P: peq, r Gy: &« p
q &« a,, 1, G,: &« qgq, r
ql & 1p, q G,: & qgq,, 11y, r
G: &« p Gy & 1P, Qs 15, T

We have an SLDNF-derivation as shown above, it starts

with the original goal as G,, in G; qp appears.

More formally, we have the following:

Definition 1. let P be a normal program, p be a

predicate symbol defined in P , and let t, t, be terms. By

saying that p(t) leads to a near-paradox, we mean there is an

SLDNF-derivation starting with p(t) and ending with a goal
which contains qp(t;) as one of its sub-goals.
We call the derivation (e&p(t);...;¢L;,...,qpP(tD),..., L)

a near-paradox for predicate p in program P. If no such

derivation exists for any predicate in P , we call P a near-

paradox free program.
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Roughly speaking, a near-paradox requires that to solve
p(t), we have to solve yp(t,) first. It seems that in some
cases near-paradox doesn’t make sense. We will make an
analysis of near-paradox and consider sufficient conditions to

avoid its occurrence.

If we are taking a propositional 1language as the
underlying language of our program, then it’s clear that no
derivation <containing a near-paradox could 1lead to a
refutation.

Intuitively, in this case a near-paradox would require
that to show that p is true, you need to show 3 p is true,
which obviously leads to nowhere.

Formally, we notice that in order to have a refutation
for PU{& p}, we must have a finitely-failed tree for PU{&p}
first, and, as the near-paradox is always one of the choices
to develop the goal ¢p, no such tree exists.

Finally, 1if Comp(P) 1is consistent, then with the
soundness of both SLDNF-resolution and Negation as Failure, we
could obtain a contradiction to the assumption of the

existence of a near-paradox.

Next, we analyze the situation when a first order
language is taken as the underlying language of our program.
With the occurrence of variables, we will see that near-

paradox isn’t fatal. This is due to the fact that if a
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predicate isn’t valid, then for some ground terms it could be
"true" and for some others it could be false. Therefore, it
makes allowable sense that the truth of a ground atomic
formula depends on the falsehood of the same predicate with a

different ground term. We have the following:

Example 2:
P: p(a) &r(x), p(b) Gp: & p(a)
r(a) G,: « r(xy), 1p(b)
G: &« p(Xx) G,: & p(b) =--> & p(b)

succeeds - fails
G;: &
Here, we have a near-paradox: (G,, G,), which still leads
to a refutation. We notice that p(b) 1is not an instance of
p(a); but, even when p(t) is an instance of P(t,), a near-

paradox may lead to a refutation, as shown in the following

example:
Example 3:
P: ¢, p(x) ¢ r(x), q(x) Gy: ¢ p(x) Cir ©1={%0/%,}
c, q(a) « qp(b) G,: & r(x;), q(x,) ¢, 6,={x,/a}
G: «p(x) G,: &« g(a) C,r O5={}
G;: & p(b) --> &p(b)
succeeds - fails
G,:
Here we see that (G,,...,G,;) is a near-paradox , leading

to a refutation, even though p(b)=p(x,)* {X,/b}. We notice that

p(x,) *0,°0,-8,=p(a), which is not the same as p(b).
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As a special case of near-paradox, we have the notion of
a paradox.

Definjition 2. Let P be a normal program, p be a
predicate symbol defined in P; and let t, t,, be two terms. By

saying that p(t) leads to a paradox in P, we mean that there

is an SLDNF-derivation with length n, starting with «p(t) to
a goal containing qp(t,) as one of its sub-goals, with p(t)- -©
= p(t,); here © is 6,-...:-0,, and each O, is the mgu(most
general unifier) generated at step i1 for the derivation.

We call this derivation((--p(t);...;(——Ll,...,1p(t1),...,Ln

a paradox for predicate p in program P. If no such derivation

exists for any predicate in P, we call P a paradox -free

program.

We have the following lemma to show the need to avoid
paradox.

Lemma 1. Let P be an allowed normal program with Comp (p)
consistent, and let p(t) be a literal with p defined in P. If
p(t) leads to a paradox, then no path in any SLDNF-tree
containing the paradox as an initial segment could lead to an
SLDNF-refutation.

Proof: Just suppose in an SLDNF-resolution tree for
PU(G}, there is path starting with « p(t)y: ... 3
«<L,,...,7p(ty),...,L, which leads to the empty clause. Then

we would have refutations for both PuU{&p(t)) and




118
PU{&Ly,...,qp(t),...,L,}.

On the one hand, as PU{G} is allowed, so is every Gi,
shown below:

Gy: ¢p(t)

G,: «L,,...,qp(ty)...., L,

G,: where 1p(tl)- -0’ is picked up

Ge: &

So all variables in tl1 must occur in some positive sub-
goal, say, L,; as there is a refutation for PU{Gn}, there must
be refutations for PU{«L,} for all those L,’s. Moreover, as
PU{&L,} is allowed, so by Lloyd’s lemma (Lemma 4.3.2.[21]), all
variables in L, will be grounded as results of those
refutations. So are those variables in p(t,). Therefore, as a
result as those refutations, there exists such a goal Gy,
p(t,)- O’ is grounded, ©'=0,: ...-6,, here 6, is the mgu produced
at step i of the SLDNF-derivation.

From step N on, the safeness condition is always met,
thus the ground sub-goal p(t,)-©’ could be selected at any
step. As it must be solved to get a refutation for G,, it has
to be selected at some step. Without loss of generality, say
it’s selected at step N, and a finitely-failed tree surely
exists. By the soundness of Negation as Failure, Comp(P)
1p(tl)-6’.

On the other hand, suppose 6=8,,," ... 60;. Then as we know,
8-8’-6 is the concatenation of all mgu’s produced in this

refutation of PU{&«p(t). By the soundness of SLDNF-resolution,
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we have that Comp(P)F V(p(t):-©:-8’:-06), from the definition of
paradox we have p(t) O=p(t,), and also p(t,;):- 8’ is ground. So
we have that Comp(P) F p(t,)-©’.

These results contradict the assumption of the
consistence of Comp(P). Therefore, the conclusion of the lemma

has been proved.

Next, we’ll show that call-consistency is sufficient for
the near-paradox freeness. First, we have the following:

Lemma 2. Let P be a normal program, and let p be a
predicate symbol defined in P. Suppose there is an SLDNF-
derivation in the form of (¢«p(t),...,«<L;,..,L,..,L) . Let qbe
the predicate symbol in L,, we claim that for all k
(1) if L, is a positive literal, then p 2,, q, i.e., p depends
positively on q;

(2) if L, is 2 negative literal, then p 2_, q, i.e., p depends
negatively on q.

Proof: By induction on m, the 1length of the given
derivation. If m = 1: then we have a derivation in only one
step, as shown below:

Gy: &p(t)

G,: «L,,...,L,...,L,

Then by definition, p(t) is an instance of the head of a
clause in P. The result is obvious by the definition of
predicate dependency.

Inductively, we assume the result holds for any
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derivation with length less than m.

By definition of SLDNF-resolution, for k, L, could be
obtained in one of only two ways:
(1) L, is inherited from G,, then by the inductive assumption,
we have the expected result.
(2) Go,¢&Ly,..,L,..,L,, and L, is introduced by resolving L with
an instance of some clause in P whose head has the same
predicate as that in L. From the fact that L must be positive,
the inductive assumption and the definition of the dependency

relation, we have the result for this case also.

The following result provides a sufficient condition for
near-paradox freeness.

Theorem 3. Let P be a normal program. If P is call-
consistent, then P is near-paradox free.

Proof: Just suppose not. By definition of paradox, we
will have a literal p(t), leading to a goal «L,,..,9p(ty),..,L,
in some SLDNF-resolution tree.

Then, by the above lemma, we immediately have that p

depends negatively on p.
As paradox freeness is a special case of near-paradox
freeness, we have that call-consistency 1is sufficient for

avoiding paradox in program.

We have the following example to show that in general



121

call-consistency is not necessary for a program to be paradox-

free.

Example 4:
P: p & 47r, q
r < q, p
G: &« p
Then, as p 2, r, r 2,, p, so p 2, pP. So P is not call-
consistent. Nevertheless, we don’t have a near-paradox for

predicate p in program P, i.e., P is paradox free.

Although, paradox is not very likely to occur, and other
near-paradoxes shouldn’t be disallowed in the practice of
logic programming, it is interesting that the call-consistent

programs share the property of being near-paradox free.

We could generalize the idea of near-paradox in a natural
way as follows.

Definition 3. Let P be a normal program, and G a normal

goal. By saying that G leads *to_a general near-paradox, we

mean that there is a derivation starting with G, ending with
G’, which is another normal goal such that G contain P(t),

and G’ contains p(t,), for some terms t and t,.

We have results for general near-paradox similar to what

we have obtained for near-paradox. In particular, we have the
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following sufficient condition for general near-paradox
freeness.

Theorem 4. Let P be a normal program, G be a normal
goal, and let G be strict with respect to P, then G won’t lead
to a general near-paradox in P.

Proof: Just suppose not. Let G(«L,,...,p(t),..., L) s...7
G’ («L,.,...,7P(t}),...,L.) be the shortest general near-
paradox.

As negative literal cannot introduce new literals, the
derivation must fall into one of the following two cases:
(1) p(t) is the selected literal and qp(t,) is introduced by
either p(t) or its descendant. Then Lemma 2 applies, we have
p 2., p. As G depends positively on p via p and negatively on
p via p, G is not strict with respect to P.
(2) p(t;) 1is introduced by either L, for some i, or its
descendant. Then L, must be positive, then by Lemma 2, we have
‘that the predicate in L, depends on p negatively. So we have
that G depends positively on p via p and negatively on p via
L.

As those are the only possible cases, we have the

expected conclusion.
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