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Abstract

POWER RADIATION by a SCATTERED PLANE WAVE

by

Igor Balsim

Adviser: Professor Richard Sacksteder

In this thesis we show how to estimate asymptotically, as k the wave number goes

to infinity, the power of a plane wave of unit amplitude which is scattered by a cylinder

E(k)

3

i obtained
T

~

with its axis perpendicular to the direction of propagation. The result

in chapter VII shows that the power in the scattered wave is for high frequencies (or large

wave numbers) asymptotically proportional to the square of the frequency. We also want

D) _
kK T2

to estimate asymptotically the normalization factor D(k). The estimate

shows that the dissipation function (normalization factor D(k)) is also proportional to the
square of the frequency and therefore E(k) is asymptotically proportional to D(k). Since,
in general. both the power and the dissipation are proportional to the square of the
amplitude, the latter result holds for plane waves of any amplitude.

The key tool used in obtaining our results was the method of steepest descent.
The above problem leads rise to solving a Helmholtz equation in the exterior of the unit

disc in two dimensions with boundary conditions given by the derivative of a plane wave.

iii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The solution can be expressed as an infinite sum of Hankel functions. The power can be
expressed as a sum of ratios of the derivative of Bessel functions and Hankel functions.
In order to get the desired asymptotic estimates we needed to get uniform estimates of the

derivative of Hankel functions using the method of steepest descent.

iv
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POWER RADIATION BY A SCATTERED PLANE WAVE

Igor Balsim

I. Introduction

[n classical linear acoustics. one of the commonly studied partial differential

equations is the Helmholtz equation (or the reduced wave equation)
Au+k’u=0. k=0. (1.1)
k is a real number. which is physically interpreted as the wave number of the wave.

Here we want to study solutions of the Helmholtz equation that are defined in the
exterior of the unit disc in two-dimensional space and whose unit exterior normal on the
boundary of the disc agrees with that of the plane wave:

v(r.9.ky=e"?, (1.2)
Here (r,9)are the usual polar cdordinates and the disc is given by r <1.
We also limit the class of solutions by a boundary condition at infinity, which

assures that no energy is extracted from outside the disc as a result of the wave motion.

This is known as the Sommerfeld radiation, or outgoing wave, condition.
1imﬁ(%+iku)=o. (1.3)

We will assume the Uniqueness Theorem for the above class of solutions, which was
proved by Rellich and Kupradse [Colton and Kress, p.78], and we will prove the

existence of the solution by constructing an infinite sum of Hankel functions.
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The purpose of this paper is to study the power radiation of the solutions of the
boundary problem for & — <. It will be possible to construct a normalization factor so
that the ratio of the power and the normalization factor will be dimensionless and
independent of £. As a result of these properties the ratio can be used as a way to
standardize the power of sound waves at least in this particular boundary problem. The

inverse of the normalization factor is known in the literature as the dissipation function,

2a’s .

which we will denote by D(k), which for our problem is given by D(k) = ﬂu,

st

Here S' denotes the boundary r=1 and s is arclength.
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II. Computation of the Solutions

The Helmholtz equation can be expressed in polar coordinates in two
dimensions as

o'u 1ou | du

Tt——+t—57o7

or- ror r o9

We compute the solutions to the boundary problem using the method of

+k’u=0. 2.1)

separation of variables. Consider a solution of the form u(r,$) = f(r)g(9). Equation
(2.1) separates into the following two equations.

g (PH+n'g(HH=0 (2.2)

1)+ }f‘(r) “ (8 =25)1() =0, 23)

The general solution of (2.2) is a sum of terms of the form g,(9) = ¢,e™®. We

consider only those solutions where # is an integer to assure that the solution will be

single valued. The general solution of (2.3) is of the form

f(ry=a,H, (kr)+b, En(kr) , where a, and b, are complex constants. Note that '
throughout this paper H,(z) will denote the Hankel function of the first kind. To. |
satisfy the radiation conditions (1.3) it is necessary that a, =0.

We will first look at formal summations, and then we will justify these
computations by showing that the sum converges uniformly and absolutely. Let
u(r,9.k)=" b, Ha(kr)e"*. (2.49)

We take the derivative of this solution in the radial direction.
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u,(r,8.k) =k Y b,Ha'(kr)e™. (2.5)

On the boundary r=1, so
u,(1.8,k) =k > b, Ha'(k)e™. (2.6)

The boundary conditions state that u, (1. 8,k) = v,(1,9,k) where v(r.9,k) is given by

(1.2). Applying these boundary conditions to (2.6) we get

kY b, Ha'(k)e™ =ik cos Je* = .
Multiply both sides by sin(j$9) where />0 is an integer. and integrate from 0 to 2.
We get

‘T[b/ ﬁ/'(k) - b‘l -;1——] '(k)] = I-J.Sln(jS) cos &?’kcossdg )

o

Since cos($)e*“® is an even function and sin(j§) is an odd function, the integral
must be 0. The Hankel functions satisfy il_-,(z) =(—l)’ﬁ,(:); hence b, =(-1)'b_,.
We insert this into (2.6) and we get
u,(1.9.k) = bk H' (k) + 2k b, H»' (k) cos(n3). Q.7
n=|
We expand e into a series of Bessel functions using the generating function

2t s
of the Bessel function. el{ 3 =J,,(.=:)+ZJ,,(:)[I" +(=D"t™"], set z=kr.t=ie"’

n=1

and (1.2) becomes v(r.3.k) =J (kr)+ 22 ()" J,(kr)cos(n3), hence
n=l

%'"'z Ic/o'(k)+2ki ()"J, (k)cos(n§). (2.8)

n=l

To satisfy the boundary conditions we equate the coefficients of cos(#.9) in equations

(2.7) and (2.8), and we get
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b, =(i)"J,'(k)/ Hx'(k) for n20.

We substitute these values into our solution (2.4) and we get

u(r.9.k) = Jy () Holkr) Ho' (k) + 23 (i 2ol (D) cosnd) -5
- H»'(k)
T VH o (k) = J (kYH - (kr) cos(n 9\
u(r.9.k)=k——=——=+2k) (i 2.10
) Hao' (k) Z‘( r H.'(k) (219

Using these two equations we will now compute the power output of the
solution [Sacksteder,p.300]. If the velocity of the wave propagation and the area are

fixed, the power radiation by a solution u is proportional to
E(k)=—— j[u(l 8, k)ur(1,8.k) —u, (1,9, k)u(l, 9, k)d9.

We compute E(k) for our solution using (2.9) and (2.10); we get

ur(1.9.k)d9 = kz

LT J, (k) Ha(O)H, ‘®)
; P |7, (k)

—
"~
N

— [uu(1,9,k)d9 = kZJ (k) H,(k)H, (k)

. Hence ,
2” P n=0 |Hn (k)l

EGk )_4k[ Z J, (k) J, (k)
e

71 (2.11)

We used the Wronskian identity for Hankel functions;
Ha(2)H,'(z)- H,(z)Hn (2) = —

In the next section we will show that for z fixed and bounded and n—»>«

J.(2) =0«e—:)") 2.12)
Y J— -1/5 -
(z)——«—) T+ 0™ )]+ Olin(n /2] (2.13)
5
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J,'(2) = 0((%)" %) 2.14)

2

Y,z )——(sz(") 1+00r™ )]+ 05 -1) (2.15)

These estimates imply that (2.9) and (2.10) converge uniformly and absolutely for

I <r<|kr|< B. In fact the n"” term of (2.9) and of (2.10) is 0((55)" n) . Similarly the
n

n”term of the series of E(k) is O(n ( )4”)

We now compute the dissipation function D(k).

jz (1L.8.6)dS = K123 [, (OF J, (6)’].

n=0

l-‘

's’l—

0

"n’).

Again we can show convergence, because the n” term is O(( )
n
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II1. Estimates of H, (z) and H,,'(z) as n—o w.

We will use the contour integral representation of the H,(z) and estimate the
integral for » large and £ fixed, using the saddle point method described, for example, by
Courant and Hilbert [C/H, p. 527]. Since our purpose is to show the uniform and absolute

convergence of a series of Hankel functions on compact sets of %, it suffices to consider

v AN . .o b3 ~am -3 3@ wrmen o r
the case where 1 < 5| < B < w0, The Hankel function of the first kind is represented by

H, (k) =— je'l-*’i"“"*'dx , 3.n
T

r

where I is a curve that starts at — 7 + i and goes down until -ic0. I can be represented

5
as the union of oriented curves. [ = Yy, . We will describe y, below. It follows that

i=1

H,'(k)=— Isin xe'l ksl gy
r

T

Forn>0.leta=k/n: f=a.

P(x,a) =i[-asinx +x], and
H,(an) == [e"ds.
T r

The main contribution of such an integral comes from a small neighborhood of the
critical points of P(x,a)=i[-asinx +x],, which are the solutions of P'(x,a)=0. If
P'(x,a)=—-acosx+1=0, then cosx=a™.

For large n with & fixed @' > 1; so the only solutions in {x: -7 < Re(x) < O}are the

complex solutions x = +icosh™ (). Here we use the notation y, = cosh™ (B) >0.

Let0<e< ;1)— be a fixed constant which will be determined later on in Chapter V

(Lemma 5.2 and Theorem 5.3). For the purpose of constructing the curves and obtaining
our estimates we will need the following lemma. We will state and prove the lemmas in

this chapter under more general conditions than are necessary for the conclusion in this
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chapter so that these results can be used in the next chapter where both n — coand
.. n .
k — coat a constant ratio i.e. = T > 1+ ¢. Assume that n>2 for all the statements in

the rest of this chapter.

Lemma 3.0

i) if n>kcosh(l) then &, =n" <cosh™(p) = y,,
i ifB= % >1+¢& and k™ <£2(1 + £)sinh (D] then

g, =n""* <cosh™(B) = y,.
Proof:

If n is large enough so that 7> k cosh(1). then n™* cosh(n**) < n”' cosh(l) < k™". Thus,

cosh(n?’y<—=p and n™* <cosh™(B).

n
k
If #>1+¢ and k is large encugh such that k™' < &°"*(1+ £){sinh (1)]**, then
plk.e)=k* (1 +&)7 sinh ()<¢ .

Use the Mean Value Theorem to show that cosh(x) <1+ sinh(X)x <1+ sinh(l)x for
el S

0 <X <x<1. Apply this inequality with x=(1+¢)"

We have the estimate cosh((1+&)? k%) <1+ p(k.g)<l+e< B, or
(1+&) k™%° <cosh™'(B).Since. l+e<fB= % . (+&)¥ k7 20",

Thus, we conclude that n** <cosh™(B) =y, -

For the rest of this chapter assume that either i) n > kcosh(l) or
ii) k' <& +&)[sinh O]  and = % >1+¢& . The first condition will be

satisfied by the conditions of Chapter II. where we want to show that the series for the
power radiation and the dissipation function converge. The second condition will be

satisfied by the conditions of Chapter IV. Thus, we can conclude that in either case
g, <cosh™(B)=y,.

The curves y,are given as follows oriented with increasing t.
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},l_._”_.l't —oo<l$—y0

v, =1+ iy, -7<t<0

73 = —it = Yo SISy, —¢,
Yy =it Yo =&, SISy, &,
Vs =it Vo tE,St<x

Let Gj(a,n) = l Ie"P“"”cbc and
T

4
<7

K (a.n)= i Ie"”""‘” sin xdx forj=1.2.34.,5.
T

y
1

s 5
Then H,,(a)'t):ZG,(a.n) and H,,'(an)=ZK,(a.n) .
=1

=1

Note that K (a.n) =R (a.n)+ L (a.n) where R (a.n) =:)——l Ie"”“"’”“dr forj=1..5
27

Y,

_ l nP(xa)ux . =
and L,(e.n) =5~ je dx forj=1...5.

y
T

Lemma 3.1:

-,

G, (a.n)| < c .
m

Qg™
K (a.n)< S 32
K@ s ——. .. (3.2)

G,(a,n) and K (a.n) are purely imaginary.

Proof:

Gy(a.n)=— [ ey,

¢di}

-
IGl(a,n)lszje dar.

Yo

-n(yo)
e ..
|G, (a,n)| < Similarly, one can show that,
nx
. oy
e ™ cosh e °2
K (a.n)| < Yo < :

(n-Dr  kx
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Let

d(B) =cosh™(B)-1- B7. (3.3)
Lemma 3.2:
G,(a,n)|<e™? and
K, (a.n)} < B, (3.4)

Proof:
If x(t)=t+iy,(t) then sin[x(t)]=iva™ —1cost +a ' sint, so
asin[x(t)] = iVl —a’ cost +sinf, and on y, let

u(t) = Re(P(x,a)) = -Vl -’ cost + y,

v(t) = Im(P(x.a)) =sint +¢.

I % nwe
Thus. G,(a,n) =— Je gy
- T
-

-nvg

Y T —
G, (a~n)l < _!_ Ien(\[l—_a‘_coshmldt < L J’enw’l-a‘dl - e-nd(ﬁ).
:a, 73 pal
Similarly, one can show that K, (a. ")I < feP)

Lemma 3.3:

1
nd{( f)-b n’

Gy (@.n)| € 3—-”—-[1 +In(AL+ 0™ )] +x [ +In(B)] and

!
nd(B)-b n’

|K3(a,n)|se - ﬂ~—1[l+0(n'”5)]+ﬂ" B -1. (3.5)

where b =%\/l— a’ . Gy(a.n) and K,(a,n) arepurely imaginary. If

V2e+£?

B 21+¢, then we can replace b by b, .where b, = 21 +¢)

Proof:

10
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¥,

Gi(a.n) = ! 'J‘e"’"‘"’dt where g(f) = —asinht+¢.

We divide G,(a,n) into a sum of two integrals /;(a,n)+ /I;(a.n)

« Yo
—1i _
L(a,n)=— Ie O,
T 0

.0
Iha.n)=— Ie’"g"’dl.
For 0<t<y,. g(t) is an increasing function of ¢, with a minimum value at ¢ =0,

therefore
l1;(a.n)| Slfdt =y, We can bound y, =cosh™ () by In(B) +1 .because for
T [1}

x>1.

cosh x=In(x+vx' =D =In[x(d+Vl-x")]=Inx+In(l+V1-x?)<Inx+In2.

Since we are assuming that at least one of the conditions i) or ii) of Lemma 3.0 are

satistied. we can conclude that 3 > 1 and use the above inequality for cosh™(8) = y, .
Thus. [ (@.n)| < [In(B) + 1]z~

The second integral we estimate the same way that we will estimate G;(n)in Lemma 3.4.

Yo~En

L e
|113(a.n)|=; Ie B0 dl.

0

Since g"(¢) <0tfort>0, g(t) is concave down. Thus we can estimate g(f) by the tangent
line of g(t) at =y, — &, which we denote by f,(¢).
g(t) < £,(¢) for t>0.

fi=m@-y,+¢,)+8(y,—€,)., where m =g'(y,-¢,).
2 3

& ” En "
—g (yo)-—g-g (&) where y, —¢, <&, <y,.

9

-

g(yy —€,)=8g(y)+

g(y)=4d(B).
g ) =—l-a’,

11
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g"(&)| = acosh(&) < acosh(y,) =aB =1.

4.5

gy, —&,)=d(fB) - n‘, Vi—a® +O(n**). Because of the above inequality. the

s

constant implied in the remainder term is at most 1.

Let b =%\/1-a3.

-

1
"nd(ﬂ%n’b Yo=ta

\l(a.n)| < —— Je""’“"””"’dt[l +0(n™ ). Let -s=t-(y,-¢,)
r

[

!
nd(B)-n'b  vo-c,

|113 (a_ n)l < _e—__ J‘e-nm,:ds[l + O(n"’ls)]
T

Q
m, >0 . because g"(t)<0 fort>0 and g'(y,)=0.

nd(Prn'" b yo-e,
11 (am)| s S——  [1ds[1+O(™*)].
T

()]

V2e+¢€°

If B21+¢e. a<(+¢&)' and b2b, . where b, =———— . Thus,

in the next chapter where § =1+ & we have uniform estimates by replacing b by b, .

ndt f)-b n''? [ln(,B) + l][l + O(n-l/s)]
V4

|, (a.m)| <&

Similarly, we will show that

nd(fy-bn'"? 2 15 1 _
K @] < & Jpi -1 [l’:-O(n N+ B -1 .

To evaluate R;(a,n) and L,(a.n) we also write them as sums.

Ri(a.n) = Iz (a,n) + [z (a.n)
Ly(a,n) =L, (a.n)+ II;, (a.n)

where

12
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- Y
i -
13R (a’ n) - Ie ng(l)ﬂdt,
2z

- Yo

P70 e
L, (a,n)=— le™""d,
. 27

. 0
4 —ng(t)-
Iy (a.n)==— [e™"dr.

1 Y , 1 Yo .
|13R(a,n)|szr-6[e dt  and |13L(a,n)|SE!e dr

IIXR(a9n)l+([3!_(a.n)|Siﬂhﬂ'ﬁzlr'l ﬁZ_L

(a,n) .

The estimates for |/I;z(a.n)| and |II;, (@, n)| are similar to the estimates for

Hsg(a.n)|+ |, (a.n)|

|Ks(a.n)| <|lg(a.n)| + |1z (a.n)| +
Thus,

nd(fy-bn''? 2 _ -1s5 2 _
K (@) < e VB -1 [1+0(n )]+,/ﬂ 1
T

Thus, K;(a.n) is also purely imaginary that is bounded as in the above estimates.0

Lemma 3.4:
nd( f)-b n''* 9

Gy (@ m| < S——=—=[1+0(n™)], and
m

Pt '’ 2 s
|Ks(a,n)| < m[l +0(n"%)]. (3.6)

Gs(a,n)and K(a,n) are purely imaginary, and b = 1 N1- a® _If B21+e¢. then we

)
V2e+ €’

canreplace b by b, , where b_ = 20+ e)
20 +¢

13
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Proof:

—y,,-e: . ®
-~ —1
Gamy=—[e™dt == [e™at.
T
- Yo+&

Since g"(r) <0, g(t) is concave down. Thus, we can estimate g(¢) by the tangent line
of g(¢t) at t=y,+¢&, which we denote by f(¢r). The slope of the line is
m,=g'(y, +€,).

gu)< f(t) tor t>0.

SO =my(t -y, —¢€,)+ 8y, +&,).

)

where y,<é<y,+¢,.

gy, +¢,)=8

lg"(&)| =acosh& <acosh(y, +&,) < — [ %ot 1)< 7[ glnhratt +l]<—[e ‘Brl]<e’ +1
Thus. we have shown that the 1mphed constant in the remainder term is uniformly

bounded.
g(vy) =d( B

g'(y)=-Vl-a® and &’ =n""’

~4/5

gy, +&,)=d(B)~ nj Ji-a® +0(n™?).

™! g)-n'''y =
Thus. |G,(a.n)| £ ——— I "™t e g1 + O(n”V*)]
7

Yo*&n

where b =—;-\/1—a" .

To complete the proof of our Lemma, we will show that m, < ~

[N

Expand g'(¢) into a Taylor’s series about the point y,

g¥ () =—1-a* g (y,)=-1 for i=123..

"u»l © Y

=g'(y, +&,) =1 Z -

o 2i+1)! - (20!

14
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(i

my = -2b sinh(g,) —[cosh &, —1]< —[cosh(g,) - 1] < - g"2 =—

nd(f)-n""*p © ]
Gy(a.mf s Z—— [e "l + O(n™)].
T

[
V2e+ €

If B>1+e. a<(l+¢)” and b 2b,, where b, =————— . Thus,
21+ ¢)

in the next chapter where B 21+ ¢ we have uniform estimates by replacing b by

le(a. ”)l < P 2[ll+ O(n‘l/s)-l < end(ﬂ)—b,nl/sz[ll+ O(n-us)] .

m?® m?
Similarly we could show that

nd(f)=b n'’? 2[1 + O(H-IJS)] . end(lf)—b,-"usz[l +0(n—l/5)]
! - ! ’
x(n®-1) an’ -1

le(aJ’)lS ¢

Lemma 3.5:

— ™21+ O]

G,(a.n)= o7
Jnr(l —al)%
— ™ B2~ ) L+ O™ )L + O 6 7™)] (3.8)

K,(a,n) = I

- The constants in the big ‘O’ notation are real and independent of nand k.
b =%\/1 - a’ . G,(a.n) and K,((a.n) arepurelyimaginary. If f21+¢,

V2e+ &’

then we have uniform estimates by replacing b by b, ,where b, = 2re)
2(0+¢

Proof:

15
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The main contribution of the H,(z) and H,'(z) will come from z = it
- Yy — &, St < -y, +¢&, , with the orientation of the curve is that it startsat -y, + &,

andendsat -y, -¢,.

We expand g(/) into a Taylor’s expansion about the point - y,. Recall,
g(t)=—asinht +1r.

_ i “ypTen
Ie 80

~Yo~tan

g)=g(=y,)+ M(r +yo) +

&~

G,(a,n)=

’

—_g"'(éf;z) &),

where -y, -¢, <&, <~y, +¢&,.
We already showed in the proof of Lemma 3.4 that |g"(&,)l < e +1. Thus. the implied

constant in the remainder term is uniformly bounded.

g(y,) =d(p),

- (t+y,)} +0(n°)

g(=y,) = ~d(B) =~[cosh™ (B) = y1- B 1.

gt)=g(=y,)+

. ~Voté, .

Q(n):% Jer e drfl+ O] where b = 1V J1-a’.

-¥o~€,

Perform a change of variables s =¢ + y,

G,(a,n) =— ™" z]'e'"”” ds[1 + O(n™'"*)].

— je™ B -;: r s
G,(a,n) = e -:[e “ qufl + O(n™)].
where 9, =n""% ",

16
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Since n — o we can assume that §, >21.If f21+¢,then 9, 21 uniformly of &

because b 25, .

o

iy By 2 a2
Since Ie”:ds < I e*ds <O(e™"" ) and I e ds <O(e™" "), we may replace the
3, ~a

3

integral for G,(a.n) with

_ie"d{ﬁ) - 2 ) llu”:
Ga.n)=—— [e ™ ds[1+ 0™ * )1 + O(e™™ )]
zNnb
G (a n) = _—le’fﬂﬁ[l + O(n—lls)][1 + O(e_,,l%bl/: )]
T Nnbw .
Thus,
— o) [
G.(aumy= 210N 1

= [1+0n™")).
Vi-a® Vnz
We now compute R,(a.n) and L,(a.n).

. TVprL,

l -nge -+
R (a.n)=— Ie RO
2r

—7\'()—5,,
nd(fY, ~Yn"ta . .
je e i+ O(n ™))

~Yo~€a

e
R,(a.n) = .

4

Again perform a change of variables s = + y,

eﬂd(ﬂ)"}bi £y ~ bs:" s
R(a,n)=——— je " ds[1+ O(n” )]
2r

-5,

We now complete the square in s.

bo:
R4(a,n)=e__7__ Ie > b’ d5[1+0(n_“5)]

1
ndfﬂ)-yo‘]% . (z.m)ﬁ
e i o iy
R(a.n)="—cr je S ds[l + O(n™"")].
27 nb 1
—(5,+;n—b) nd
I . —
= L AT 5 12
. . —2 _plopli? 4 -n 2
Again we use the estimates Ie “ds<0(e™™" ) and I e ds <0(e ).
&,Nnb -

17
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(o
n

inb
€ _[1+0(n"?)].

V2mil-a’

Thus we replace our integral for R,(a,n) with R,(a.n) =

i
We are going to replace '™ by 1+ O(n”'b™"). The implied constant in the big ‘O’

notation is uniform in nand k.and if f2>1+¢&, b25,.

In a similar way we can now compute L,(a.n).

_ end('ﬁ)*)h ;

L,(a,n) = =1+ 0 )L+ 0 'h )

Vmii—a?
_ pond(p) .
K. (a.n) = (Ry(a,n) + L,(a.n)) = % 2 sinh(y,

T )[1+0(n“")][1+0(n"b")].
m -

sinh y, = fV1-a’. Hence.

—ie"‘“m\/._i
Jm

Note, that the big *O” notation means that the implied constants are real and independent

K,(a.n)= A= [1+ 0™ H[1 +0(n™'b™)). (3.9)

of nand k.
We can easily see that the previous estimates are all of a smaller order than the estimates

for G,(a.n) and K,(a.n). Thus. we summarize the results of this chapter in the case

that kis fixedand n > «.

_I-end(ﬂ)ﬁ

«/;r'{/l—é;—
n

oy (€7 is real valued and is bounded by a constant times the function in the

H, (k)= L+ 0™+ 0y (e7™) + o, (In(n] k)). (3.10)

parenthesis. o; (In(n/k)) is purely imaginary and is bounded by a constant times the
function in the parenthesis. The bound for &, , &, and the implied constant in o(n™"?)

are real and independent of n and & .

18
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-nnd (B} pd

' __3omd(B)
H, (k)= lek\/}; 2”41——[1+0(n"")][1+0(n"b")]+o—R ¢ )+ o, ( %—1).
(3.11)

where we used the fact that k is bounded. 1< || < B.

o (€™ P B) is real valued and is bounded by a constant times the function in the

parenthesis. o (\/ B° —1) is purely imaginary and is bounded by a constant times the

function in the parenthesis. The bound for o, . o, and the implied constant in the big

‘O’ notation are real and independent of n and & .

Y(lc)——(——) ‘/‘/___[1+O(n’l S)]+cJ',,|[ln(n/k)] (3.12)
ke, 2
J,,(k)=a,ﬂ(7) . (3.13)
cosh"(ﬁ)
where we used the approximation —————=1 as n > .
In(*")
k
n., \2n n’
'(k) = —~(—)" 1+0(n™"? —-1 3.14
Y,'(k) (ke) k&[+ (n""))+0o, e (3.14)

I, k) = oy, ((-’ff-)" %) . (3.15)

Y '(k) and J,'(k) are the derivatives of the Bessel functions.

1%
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IV. Uniform estimates of //,'(k) as n and k approach infinity

with % fixed and bounded away from one.

Now that we know that the power can be represented by the converging series given

to do this, we need to get uniform estimates of H,'(k) as both n and & tend to infinity. In

this chapter, we will use the results and method from the previous chapter to obtain the
estimates in the case that & tends to infinity faster than n, and also the case that »n tends to

infinity faster than 4. To be more precise, we obtain estimates as n — o and & — o with
the ratio f§ = k fixed. We will deal with the case > 1+ ¢ and the case f <1-¢, where
n

€ is a fixed positive number. In the next two chapters we will deal with the case
l-e< B<l+e.

First. we will deal with g>1+¢.

H (k)= 1 Ie""‘"“"”dz where [ is the same curve that we described in Chapter II1.
T r

H,'(k) = == [sin(z)e"~*= gz
T r

Let B = A
H (k) = -+ [sin(z)etie= A1z
T r

We look for the critical values of w(z. ). where
w(z, B) =i[-sinz + f£], w.(z, f) = i[-cosz + f], and
. =0 if cosz=/.
Since S >1+ ¢, the only solutions of cos z = B are z = *iy,, where y, = cosh™(f)>0.
Thus we can use the contours y, 1< <35 that we described in Chapter III with the y,

as defined above.

20
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Let 0 <& <1/2 be a fixed constant, and suppose that fk=n and f21+¢, k> 0.
Because our estimates in Chapter III are uniform in k and n in the case #2>1+ ¢, we can

use our results from that chapter.

—ie™® 712 _1 .
Ho'(k) = —< \/gﬂﬂ [1+ 0B )+ oy (™ P B) + 0, (B - 1)

op (e7# B) is real valued and is bounded by a constant times the function in the

. 2 . . 3 . .
parenthesis. o, (JB? —1) is purely imaginary and is bounded by a constant times the
function in the parenthesis. The constants for o, . o, and the implied constant in

O(k™"*) are real and independent of n and k.

Let
8,(B) = pd(B) =[Bcosh™ (B) - B -1]. @.1)

Thus, for g >1+¢&. the formula above can be written as,

— ipts) 24/ 2__1 t5.(B) :
H,'(k) = d \/‘/&—Eﬂ [1+0(F) )]+ oy (€7 ﬂ)+a,:(,/ﬁ--1). 4.2)

000 We now estimate H 5 '(k) for B <1-¢. By the theory of the steepest descent, the
main contribution of H 4 '(k) will come from the part of the path near the saddle point(s)
of w(z, B) = i[—sin z + fz] on the path of integration. Since f <l—-¢, w_(z, f) =0 gives
rise to the saddle points x = +cos™ . Let x, =—cos™ B, where we are using the

branch of cos™ f such that 0 <cos™(f) < 7. We write H,,' (k) = —L jsin ze™ Pz
T Q

b
where Q can be written as a union of the curves Q = Y 7, . The curves 7, will be
VEl

described below.

21
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Since £ <1-¢& , we can choose k large enough such that

2 2 .. ..
g =k?’< J_cos "a- J._cos "(B), or ‘/2_6,‘ <cos™(B) . This inequality is

necessary in order to make sure that the curve r, (defined later) will be within the half-
plane Re(z) <0.

Let 7,=x,—te”"" for —¢, <1<g, with the orientation given by increasing t.

2
Let 7, be the horizontal line segment which startsat z = -z +1i 3/7— &, and ends at

5
I=x +T£"(—l+l)’

Let r, =-r+it for & SIS, with the orientation of the curve is that it starts

V2
- =-x+iv and ends at :=—n+iTsk.

. . . 2 )
Let 7, be a horizontal line segment which starts at z =x, +—7—s,‘(l—x) and ends at

2

=-i—¢,.
9 k

=~

2 . . . .
Let r,=it, —0<t< ——‘{—_ &, , with the orientation of decreasing t.

-

Let  T,(k.f)=— [sin()e™Pdz. forj=1...5.
T

Note that 7,(k.f5) = O(e™*" ), where the estimate is independent of B for f<l-¢

In fact, [T,(k.Bl<— Ismh(t)e"‘"""‘“" ) = O(e”‘%)
T

_5.

since sinh¢>¢ fort>0.

We will show that T,(k. 8) = O(e™ ).
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(k. B < L II sinh(f)e ™=~ < L Jsinh(l)e“’“’dt =0™"),
T

T
2g, vlg

_2_ 5

using the above inequality for sinh(¢) and the fact that f<1-¢ .
Let  wup(x,y.0)=Rew(z,f)=cosxsinhy— [y
Let w, (k.B)=u,(x, +&e”"™) and  ,(k B) =uy(x, —£.e'"™).

To estimate T (k. ) for j=2.4. it suffices to estimate w(z. §) at z =x, + £,e"""",

auR(x’yv ﬂ)
ox

because in the upper half plane >0 if -7 <x<0 and therefore,

up(x,y. B)is not greater than y, (k. S) on r,. Similarly, in the lower half plane

Qu"’(—xatyﬂ <0if -r <x<0.and u,(x, y, B)is not greater than y, (k. f)on r,.

We expand w(z. f) into a Taylor’s expansion about the point x,:

Wz, £ 67 B) = (x,. B) = S KW )+ R

|R,(B)| < M, . where M, is a constant independent of k and S.
Let

5.(B) =1~ B* - Beos™(B)) 4.3)

Note that w(x,, #)=i5,(f) and w(x,. B)=~i1- 5.

J1-p

w(x, + £,e% ) =i8,(B) - ck™'° + Ok™")

Let ¢=

| —

Since f<l-¢€,c2c, =

Thus,
T (k.f)=0(e* ) forj=24.

The big *O’ notation means that the implied constant is independent of k£ and f.
We have used the fact that lengths of the curves r,and r,are bounded by 7.

We now want to estimate 7;(k, ) .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We expand w(z, f)into a Taylor’s expansion around the point Xx;.

w(z, B) =i[6,(B)—c(z—x,)’ + R(z, f)(z-x,)’] .

a3

Since z=x, —te * for —¢g, <t <g,, wehave [z-x]|<¢,.

Also ]R(z, ﬁ)l < M,, where M,isa constant which is independent of S and k. because
[w"(z. B)|is uniformly bounded for - ¢, <|z - x| < &, . Therefore,

w(z. B) = kild,(B) —c(z —x,)” + O(k™*)] and

G AN

le . &S )=y} )
T;(k, ﬂ) = ISln(z(l))e k{ Sy (Br-c(z(t)~x)) ld[[l + O(k |/5)] )
el: _e-:: e(‘%)mnko'!(ﬂ)
1

Z
BN 3

_ Ie""‘;"‘*’:'dl[l + O™

-5

[
|

0, = [ {1+ Ok ).

a
a/
Let my=e"
Then the exponent appearing in the expression for O, can be written as
2 m
myt — ket = —ke[t? - —21].
kc

Completing the square in ¢ we get.

myt —ket* = —kc[(t-—im—"-)2 _ M = —ke(t _ﬁ.)z + o

4k’c? 2ke dke’

my =i,

0, =e™ [e 3" afl+ Ok™)]

-€

We again add to this integral the two tails that could be estimated by ek,

LA -]

o) =e'k Ie

—a0

et M2 .
% i+ o)),

24
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By using the standard methods of a contour integration and the fact that the integrand is

analytic and decays exponentially as |t| — co for t real. we can replace the above integral

with a real valued integral.
S ke 22 T —ketr-(h))
Thus, J.e e dt = Ie e dt
= lj -kct:dt
2 . o 1
where m, = Re(m,) = ER We have the estimate e** =1+ O(ﬁ_) .
c

Thus. Q, = J‘e"‘“:dt[l +O(k™*)]., where we included O(ﬁ—) into the O(k™'"%)
Y 4

notation.
Since c 2c¢, = %\}25 — ¢’ , the big *O" estimate is real and independent of Sand k.
Thus,
0, = \/En £ O™ ).
ke
Similarly.

0, = e je"*"’ﬁ"d:[l+0(k“”)] =-‘/i[1+0_(k‘“5)].

. (mskidyp)

T,(k.B) =% ~ sin(x, )[1 + Ok ™)]
3 IB '_;zkw—ﬁz 1 [
. (M mekisy(B)
0 T,(k.B)="5 ‘54/1 - A1+ 0k ™).

T

Thus. we conclude that for 0 < f<l1—-¢, k —>xand n= Fk.with f# fixed

‘ l—mdt&:(ﬂ) ﬁ

Hy'(k) =2 1= 21+ 0k )+ 0 (") . 4.4

=

25
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o (e'c"‘”’) is complex valued and is bounded by a constant times

the function in the parenthesis. The constant for o and the implied constant in O(k™""*)

are real and independent of fandk.

26
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V. The conformal map

Let w(z,3) = i(—sinz + Bz). For each 3 # 1, w(z, 3) has a saddle point of
order 2. A saddle point is a value of z satisfying w.(z,8) = 0. For 8 = 1, w(z,3)
has a saddle point of order 3. We cannot use the standard methods of Chapter [V
in order to obtain uniform estimates of H;B(k) as k — oo, and for [B—-1| < ¢
because of the change of order of the saddle point. So we follow the approach
of Bleistein and Handelsman [Bleistein, pp. 367-379|, and of Chester, Friedman
and Ursell [Chester, pp. 599-611], where we construct a family of maps indexed
by B, defined implicitly near the origin, such that the image of the w(z,3) is a

polynomial given by (5.1).
3
(t.8) =v*(B)t - 3. (5.1)
v%(B) will be holomorphic and chosen in such a way that the map defined implicitly

27
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w(=(t, B), B) = &(t, B). (5.2)

will be a conformal map; namely, z(t,3) will be holomorphic for |3 — 1| < € and
the critical points of w(z,3) will correspond to the critical points of ¢(t,3) for
Be€By={z:(Imz>0)and (Jz - 1| <€)}

In fact, we will show that there exist three such maps corresponding to the
three cube roots of unity. In the next chapter, we estimate the integral using the
new transformation. Let I'g be curve of integration for the integral representation
of H;ﬁ(k) near the origin.

Let

F(k,3) = -:_rf/r sin ze**(>8) gz, (5.3)
s

We will need the following lemmas.

Lemma 5.1. Let F(z) and G(t) be holomorphic functions defined in neigh-
borhoods of zo and tg respectively. Suppose the F(z) = G(ta), and F(z)—F(20)
and G(t) — G(to) have zeros of order n at zg and ty. Then for some ¢ > 0 and
n > 0 there are exactly n holomorphic functions z;j(t) mapping |t —to| < 7 into
z—1z9| <€, € >0, and satisfying F(z;(t)) = G(t) for j =1,2,...,n. Moreover,

if for some |t — to| < and |z — 20| < €, F(z1) = G(t1) then z; = z;(t1) for

28
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some j =1,2,...,n.

The proof is based on the Weierstrass Preparation Theorem [Hille, pp. 265-
268]. In fact, the theorem stated and proved on p. 268 is essentially the case
G(t) = t™ of the Lemma 5.1. The general result follows easily from this case. Note
that f(=) has a zero at zp of order n means that d%g?;) =0forj=1,2,...n-1,
but d——n%;—") # 0.

Let

6(8) = i{sin(cos™"(8)) — Beos™' (B)}- (5.4)

let Ag = {8:3=1o0r(real 3 < -1, Imf3 =0)}. Let A =C— Ap. Then
the cosine function maps the strip {|Re(z)] < m, = # 0} as a 2-fold covering of
A, so cos™!(B) and § are both well-defined on a 2-fold covering of the set A. In
both cases, the two branches over the same point differ by the factor -1. It follows
that the function §(3) is defined and analytic on the same 2-fold covering of A.

Therefore, §2(3) is single valued holomorphic function for 8 € A. Since
. -1 -
}91311 cos™ (B) =0

cos~!(B) is bounded near 1 as is 62(3). The Removable Singularity Theorem shows
that 62(8) can be extended holomorphically to the entire complex plane. We will

show now that 62(,3) has a zero at 8 = 1 of order 3, and there exist three analytic

29
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roots of 62(3) for |3 — 1| < € for some e. Hence, we will be able to prove the
following lemma.

Lemma 5.2. §2(3) is a holomorphic function of 3. The three cube roots
of 62(3) are holomorphic for | — 1| <.

We expand cos™!(3) into power series expansion in /3 using the integral rep-
resentation of cos™!(B3) for |8 — 1] < €. cos™}(B) = fﬁl ‘/—%ﬁ with a branch cut
along T\ for the square root function, where T} = {z : z is real, |z| > 1} and with
the branch of the square root function Arg(l — t?)!/2 = 0 for ¢ real. Hence, we
must use the branch of cos~!(3) such that cos™!(1/2) = m/3 with a branch cut on
Ti.

Lleta=1—-—Fandlets=1-1t¢

Ccos

M-a)= [ =2
am [
0 V2s,/1-3
. where we have a branch cut along S = {s : Img s = 0, Re @ < 0} and the
same branch of the square root function as above. For |a| < 1 we can expand

1- %)‘1/2 =Yoo @n-LUS" where

2-nnl

(
(1- %_)-1/2 =Y @roS? here P S

2-nnl

p(p—-2)(p—4)...3(1) ifp>3 andpisan odd integer

30
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cos” (1l —a) = -\-}-2- s~ V2(1 - 5/2)" 1 2ds

-1 n—1/2
/ = (2n Is ds

22nn|

o0 — 1\nan+1/2
_ \/iz (2n 1)..a

R2nnl(2n + 1)

n=u \ ‘

= (2n - DNila®

= V3 Yy, Go- e
n

— 4"n!(2n + 1)

For B3¢ T\,
sin(cos™(8)) = /1 - 82
sin(cos~!'(1 - a)) = V2a(1 - a/2)'/? = \/2—02(_1),, (2n ;n;)!!!a"'
5(1 —a) = 'i(sin(cos—l(l —a))-(1- a)cos-l(l —a)).

51 - a) —1\/—(2( -)" (Zn 1)la® ~Q —Q)Z (2n - 1)"a

« (20 + 1 n'
) (-1)*(2n - 1)lla” (2n - Y™ (2n - 1)"0:"'H
— 1/ —_ .
= "a(,; 4nn! z 4m(2n + )n! 7;2: 47(2n + 1)n! )

For the last sum let m = n + 1 and the last sum becomes

= (2m - 3)lla™

2 - m(em - 1)

m(2m — 1)lla™
=4 Z L (2m - 1)2m'4"‘

n(2n —1)lla”
=4 nX_: (2n - 1)2n'4"
31
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For the first two sums the terms for n = 0 cancel. Thus,

5(1 - ) —nf‘gjglllﬂi«-n"— LI L.

alan Mm+1 " (2n—1)2
2. & (2n+1)a™3 1 4n + 4
= 3/22 A b Il S n+l
=iv2a Z(n+1'l“+‘2(( R e Sl w2

2
=iv2Za®?%g(a)
3
where q(a) is a converging power series for |a| < 1, ¢(0) = 1, and

(2n + 1)! npl 1 in 4+ 4
a(e) = Z(n+1 t"+1( (1) ‘7n+3+(2n+1)2)'

&

Let By = {z : zisreal, z > 1} and B, = {z : z isreal, z < 1}. Let

p(8) = q(a),
5(8) = 3 VE(1 - B)°p(8);

with a branch cut along B for the square root function with Arg(1 — )2 =0
for 3 real.

We can use (5.1) to analytically continue 6(3) onto the set B; with a new
branch for the square root function Arg(1 — 3)'/2 = for 8 real and a branch cut
along B,.

We are going to use (5.5) to compute the three roots of 62(8).
2 8 3,32
§°(B) = —5(1 = B6)°p(8)". (5.5)

32
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We will now define the function ¥?(8) for |3 — 1] < € such that the critical points
of w(z,B) will correspond to the critical points of ¢(t,3) for 8 € Bp using (5.2)
where v}(8) = %(8) in the notation of (5.1).

Define '7?(,6) for j = 0.1,2 as follows
73(B) = 5+ 231 - B)p(B)*°. (5.6)

with p(8)!/3 real for 3 real.

We will nced later on in the paper to know that [p(3)| has a lower bound.
There exists an € such that |g(a)| has positive lower bound for |a| < ¢ because,
q() is continuous and ¢(0) = 1.

Thus, we have proved the lemma by constructing the three analytic cube roots

of §2(3). We have defined a function v%(3) that satisfies
203113 — (31252
(B = GY60)

where p(8)!/3 is the positive real root for 3 real. For each j = 0, 1, 2, we will define .
a particular function v;(3) such that [v;(8)]* = 7}(ﬂ) the functioned defined by

(5.6) and satisfies the following equation for 8 € By,

2/3(vi(8))° = (-1)74(B).
7;(8) will be continuous for 3 € By, while ¥(3) will be holomorphic for |3-1| < e.

33
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Let

4

0 forB=1
1i(B) ={ el F+FIU6(1 — B)1/2p(8)/3  for B ¢ By (5.7)

27

L eCF+91/6(3 _ 1)1/2p(3)1/3 for B € By

with a branch of the square root function with Arg(1 — &)/ = 0 for § < | and
Arg(B3 - 1)1/2 =0 for 3 > 1. We defined v;(8) in such a way, so that +cos™!(3)
correspond to +v;(8) via the equation (5.2) w(z) = p(t). Let z_ = —cos™!(B)

and z, = cos™!(3) for each branch of cos™!(3). If j = 0.2 then for 3 € By

w(z-) = (7(8))  wlz4) = w(-7i(B)) (5.8)
because ¢(7;(8)) = 2/3(7;(8))° = 8(8) using equation (5.1) and

w(z_.8) = i(sin(cos~(8)) — 8 cos~'(8)) = 6(8)
using the definition (5.4).
P(-1(8) = ~2 ((8))° = ~86(8) = w(z+, )
If j =1 then for 3 € By
w(z-) = p(=7;(8)) w(z4) = (7;(B)) (5.9)

because (7;(8)) = —6(8) = w(z4+) and ¢(-7;(8)) = 6(8) = w(=-,B).
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Thus the polynomial
2 £
$(t,8) =i (B)t - 3

is a holomorphic function of 3 for |3—1| < €. ¢(t, B) is also a holomorphic function
of t for a fixed 3, and it is a continuous function of both variables. By Osgood’s
Lemma, it is a holomorphic function of both variables (see, Gunning and Rossi,
p-2).

Theorem 5.3 Let w(z,3) and ¢(t,3) be as above. For each j = 0,1,2
and hence, for each choice of v2(B), there erists a function z;(t.B) that is
holomorphic in both variables for |t| < m, and |8 — 1} < €. The z(t, )
satisfies:

i) z(0,8) =0

ii) w(z5(2, 5).8) = o(t,3)

tii) z;j(t,3) has a holomorphic inverse in the sence that there is a holo-

morphic function Tj(z,3) that satisfies

Ti(zi(t,8),8) =t,

and

zi(Tj(z,8),8) =z for |z] <mp and |B] < e.

35
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Proof: First suppose that By # 1, so that w.(0, 55) # 0. The Implicit Function
Theorem, (see, Gunning and Rossi, p.14), implies that there exists a function
z;(t, B) defined for t near 0 and 3 near [ and satisfies condition i) of the Theoren
5.3.

We can continue z;(t,3) analytically along any path as long as we do not
encounter critical points of w(z,3). The critical points are solutions of w.(z.3) =
0, w:(z,B8) = i(—cosz + 3). For each branch of cos~!(8), the critical points are

2z, =cos™}(B3) and z_ = —cos~!(B). If
lim z;(t,8) = z4 or z_,
t—to
and tg is any given point, we will show that tg = +v;(3). Let
h= thntl :g\j(t, ﬂ)
—to
Along the path of analytic continuation we have

w(zj(t’ ﬂ): ;B) = ¢(t’ »B)'

We differentiate both sides with respect to t.

w:(z;(t, B), B)z4(t. B) = v2(B) — £ (5.11)

36
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Take the limit of (5.11) as t — #g. Since w:(z;(t), 8) is a continuous function of

z, we have
Jim w.(z. f) = wa(zx,8) = 0.
Hence,
Y(8) ~ B = wa(a B = 0
1§ = (8).
Let
te(B) = (=1)*7;(8) (5.12)
for k=0,1.

Now, we will show that if ¢ — t then z;(t) — z4(z-), multiply (5.11) by dt
and integrate from O to v;(3). The right side becomes ¢(v;, 8) = (—1) 2/37;’(,6) =
8(83). The left side becomes w(z) — w(0) = w(=o).

Since we know that the critical values z;(z_) are roots, zo = =4 or z_. Since
w(z.8) is an odd function, the root must be unique. Picking —v;(5) leads to the
other critical point of w by the oddness of z(t). The limit of z ;(t, ) must exist and
be nonzero, because both sides of (5.11) have to vanish to order exactly one. We
know that z(t) is an odd function of £, because w(z, 8) = ¢(t, B8), ¢(t, ) and w(z, B)

are odd functions of t and z respectively. w(z(—t)) = p(—t) = —p(t) = —w(z) =

37
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w(—=z). By the uniqueness of the Implicit Function Theorem, z(—t) = —z(t).

We already showed that continuation along any path is possible as long as it
avoids t = t;. We will now use Lemma 5.1 to show that we can even continue to
tk, for 8 # 1. Let F(z) = w(z, 8) with 3 # 1 fixed. Let G(t) = ¢(¢t,8) with 8 # 1

fixed. From (5.8) and (5.9) we have
F(z4) = G(tj41)

F(z_) = G(t;)

for j =0.1,2, and

w:(z4,08) =0,
wzz(=4. 3) = ~i sin(cos™'(3)) # 0
and similarly for z_. Thus F(z) — F(z0) has a zero at z, and at z_ of order 2,
with =g =z or =_.
Gi(t;) =75(B) -t =0,

Gu(tJ) = —2t, # 0.

Thus, G(t) — G(to) has a zero at tg = t; or tj4 of order 2. By Lemma 5.1, for
each j = 0, 1,2 there exist two holomorphic functions g;(t) for i = 0,1, that satisfy

F(gi(t)) = G(t) for |t — tg| < mk:- Each gi(t) maps the sets |t — tg| < 7k ; into the
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sets |z — zx| < ;i for i = 0,1, and z = z4 or z_. By the last sentence of Lemma
5.1, only one ¢;(t) is a continuation of z;(t) near t; for k =0,1 and i =0, 1.

We have thus shown that for each 3, we can extend zj(t, 3) to tx to be holomor-
phic in t for K = 0.1. We will use the Riemann Removable Singularity Theorem
in two variable to show that zj(t,3) is a holomorphic function of both variables
for 8 # 1. (see, Gunning and Rossi, p.19).

We need the following definitions:

Definition 1.Let D be a domain in C?. A subset X C D is called thin
¢f for every point u € D there are an open polydisc A(u,r) C D, and a
function f, which is holomorphic and not identically zero in A(u,t), such
that f vanishes identically on X A(u,r).

Definition 2. Let D be a domain in C2?, and let X be a subset of D.
A function defined on the set D — X is said to be locally bounded in D if
to every point u € D, there is an open polydisc A(u,t) C D such that the
Sfunction f is bounded on A(u,r) ﬂ('D.; X).

Theorem 5.4. Let X be a thin subset of a domain D in C2, and let f be a
holomorphic function on D — X, which is locally bounded on D. Then there
erists a unique function g(u) holomorphic on D and such that g(u) = f(u)

foru e D— X. g(u) is the analytic extension of f(u).

39
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We want to apply the above theorem with f(u) = z;(t, 8).
D={{tp):|til<nand 0< |B-1|<¢€}

Xo= |J {teB): 0 < |8 —1] <€}

k=12

The set Xj is clearly thin, and we know that z;(t,3) is a holomorphic function
of both variables on D — X by the use of the Implicit Function Theorem and
Osgood’s Lemma. Thus, it suffices to show that z;(t, 3) is locally bounded in D.

We use the extension functions gn,(t) for m = 0 or 1, which we constructed
before using Lemma 5.1 with 3 fixed. Since gn(t) is a holomorphic function of ¢

and satisfies (5.2), we can differentiate (5.2) with respect to ¢ twice and we get,
et BYws (=, B) + wes(z B)2(t. 3) = —2t. (5.13)

gm(t) satisfy this differential equation. Evaluate the above equation by taking the

limit as ¢t — tg, we get

27;(8)
sin(cos—1(3))

27/5(1 — B)1/2p(B)*/3
= (=82 4BV

l9m(1BP = | |

We showed earlier in this chapter that p(3) is bounded. Thus, |g,,,(t)| is bounded

near t = t uniformly of 3 for |8 — 1| < 1. For |t| < M, gm(t) = J{ gu(s)ds. Thus

40
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lgm(t)] is also uniformly bounded. By Theorem 5.4 we can extend zj(t,(3) to be
holomorphic of both variables for 3 # 1.

We will now use Lemma 5.1 to extend zj(¢,3) for 3 = 1 and t = 0. Let
G(t) = —t3/3 and F(z) = w(z,1). G(t) has a zero of order 3 at t = 0. F(z)
also has a zero of order 3 at = = 0. By Lemma 5.1 there exist three holomorphic
extensions of z;(t, 3) for 8 fixed, fi(t) k =0,1,2. By the last statement of Lemma
5.1, only one of the fi(t) will be the extension. We will later on describe a method
how to define this extension. Differentiate (5.13) with respect to t. fx(t) satisfy

this differential equation (5.14).
wa (2, 1)zt 1) + 3wez(z, Dzp(t, 1) + weza(z, )23t 1) = 2 (5.14)

take the limit as t — 0 of (5.14)

2i

00 o

2% (5.15)

because w.(0,1) = w..(0,1) = 0. Since fi(t) for k = 0,1,2 satisfy the above
equation (5.15), we can conclude that z;(t, 8) are bounded near 3 = 1, uniformally
in 8. Apply Theorem 5.4 with X = {(¢t,1) : |t] < n}. Thus, we can extend z;(t, )
to be holomorphic function of both variables for |t| <7 and |8 - 1| < e.

To show the existence of the inverse map, it suffices to check that z ;(0,3) # 0.

For B # 1, use equation (5.11) and set t = 0. By condition i) of Theorem 5.3,
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z;(0,8) = 0. For 3 = 1, use equation (5.13) to show 2 ;(0, 1) # 0. By the Inverse
Mapping Theorem for complex valued functions of several variable the inverse
T;(z,B) exists locally. {Gunning and Rossi, p.17].

Once we know that the z;(t, 3) can be extended, we describe a method how to
determine the extension for each choice of j = 0,1,2. Differentiate (5.2) to show

that z;(t, 3) satisfy the following differential equation for 8 # 1 and 3 € Bo.

(8-
= — for t # tx
w(0.8) =0, uy(t.g) =4 ‘oA (5.16)
bi(3) for t = tg

For 3 € B, we use the branch —m < Arg = < 7 with a cut along 7T} for the
cos~!(3) function with cos~!(1/2) = n/3. For 3 € B, we use the branch 0 <
Arg = < 27 with a cut along Ba with cos™!(2) =i cosh™!(2) and cosh™!(2) > 0.

Let bi(8) = (~1)'h(B), and

h(B) = (smtmsican) >

For 3 € By — By, we pick the branch of h(3) such that for 3 real

(4/65 - 1/6)7 for j =0,1
Arg h(B) =
/6 for j =2

For B € B;, we pick the branch of h(3) such that for 3 real

42
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¢

(5/6)r forj=0

Arg h(B) = =/2 forj=1

| /6 for j =2

We obtained these equations by evaluating (5.13) at ¢ = . The factor {~1)?

is due to the matching of tx with = and z_, which is described by (5.8) and

(5.9). Evaluate (5.14) at t = 0, we get z?d-(O,l) = 2i, and let ap = 7,;(0,1) =

21/3.5+%5 for a = 0,1,2. Thus = ;(t, 1) satisfies the following differential equa-
tion

—2
—cosu(f))=1) fort#0

w(0.1) =0 u(t.1) = (5.17)

Qo fort=0

For each given j, there is a unique choice of { and « such that
lim b = aq.
di*l lQ@) Qg

This choice determines how to extend z;(¢,3) to 3=1. Pick § < 1

2676 1/2),(5)

bi(3) = (—1)‘((1 — 821+ )

)1/2

use (5.7)

27/6em'(4/3j— 1/3)p(ﬂ)1/3 12

bl(ﬂ) = (_1)1( (1 +B)1/2

i b(3) = 2155

43
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The solutions (j,l,a) are given by the following triple pairs (0,1,1), (1,1,2),

(2,0,0)

For our purposes, it will suffice to set j = 1 and consider the integral

F(k,B) = ‘7‘ /D sin(z1(t, 8))ze.1 (t, B)eFe P dt, (5.18)
(<]

where Dy is the image of I's under the transformation Ti(z, 3).

In chapter VI we will need to know the value of (=%, 8).

-v2n'?8)
2_1 1/4
(zx,8) =4 ¥V

S
A forB<l

1
Jor 5> (5.19)

Note that we are using the following choice of v'/2(3)

for 3>1

wla

Arg y'2(8) =
for 3<1

FNH
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VL. Uniform Estimates of H4(k)

Recall the notation
w(z, B) = i[—sinz + B=].

H;ﬂ(k) can be expressed as a line integral

Hig(h) = = /r sin zeFw (=8 4z, (6.1)

The curve I'. of integration, which lies in the strip {z : —# < Re = < 0}, is
divided into 3 parts, which will be described more fully later:

1) 's, a curve near a critical point of w(z, 3).

2) The two tails ['y, [-.

3) The curve ['c that connects ' to [ and the curves ['4, I'g, that connect

- to .

The curves '3, depend on 3 but are all contained in a compact set ), which
is independent of 8. In fact ¥, is an € neighborhood of 0 with 0 < € < 1/2, where
¢ is determined by the conditions of Lemma 5.2 and Theorem 5.2 of chapter V.

Pick I'g to be a part of the steepest descent curve in the z-plane through the

critical point z_ satisfying |z| < 1;, where 12 was defined in Theorem 5.3. z_ will
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be defined below. Let

ugr(z,y,8) = Re w(z,) = cos z sinh y — By (6.2)

and

ur(z,y,8) = lm w(z, B) = —sin z cosh y + fz. (6.3)
The curve of steepest descent satisfies

—cos™H(B) ifA<1
ur(z,y) = wi(z-,y-), - =z_ +iy- =

—icosh™}(3) fB8>1
Here 8 > 0. cos™!(8) and cosh™'(8) are taken to be positive. One can show
that as the point = moves along '3 away from the critical point z_ in the lower
(upper) half plane y values approach —oo ( +00). Thus, for all 3 such that 1 —€ <
3 < 1 +¢, pick the points z5, 2z, such that z; and z. are the first points of
intersection of the steepest descent curve and the boundary of ), such that y, < 0
and y. > 0. Let I'4 be the continuation of the steepest descent curve from z, till
the poin't.A z = zy = Zp + iy, where z is the first point on the steepest descent
curve such that y, < —3. One can show that z. and z;, depend continuously on 3
and that there exists a constant m._; < 0 which is independent of 8 and k such

that ug(z.) < m_; and ugp(z) < m_;.

Let 'y be the curve that starts at z = —m + ico and goes down along the
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line z = —m till the point = = —7 + iy,, and let ['_ be the curve that starts at
z = iyp and goes to z = —ic0 along the line z = 0. Connect the points z., z3 to the
end points of ', ['_, respectively by going on a horizontal line. Let 'c and I'p
denote these horizontal lines respectively. By using the inequality sinh(t) > t3/6
for t > 0 it is easy to see that the integral over the curves 'y and ['_ is O(e %),
where b > 0 is a constant, which is independent of 8 and k. The estimates of the
integral (6.1) restricted to the curves I'y, ['g, and ¢ will be postponed till the
end of the chapter.

Recall from Chapter V the following definition

o(t.8) =1 (B)t - /3. (6.4)

If 8 > 1, then arg v1(8) = m. We showed in Chapter V the existence of the
conformal map z(t, 3) that satisfies w(z,3) = ¢(t, 3). Let Dg denote the image of
['3 under this map. It suffices to use the transformation corresponding to j = 1.

Let

G(¢, B) = sin =(t, B)z(t, B), (6.5)

F(k.B) = = [ skt (6.6)
[+

We will estimate Re(F'(k, 3)) using the theory of steepest descent [Bleistein, pp.
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262-265|. The main contribution of an integral of this type comes from the value
of the integral near the saddle points. We first deal with thecase 1 < <1 +e.
We will approximate G(t.8) by a constant term Py(k, 3) (defined by (6.7)), and
show that the remainder, Ry(k,3) (defined by (6.8)), is of the smaller order of

magnitude than the constant contribution as k — oo.

Let ap = G(-71(8),B)

Py(k,3) = —32—" /D . ket e, (6.7)
Ro(k.8) = = [ (G(t.6) - an)ete (68)
Re(F(k. 3)) = Re[Po(k. 3) + Ro(k, ). (6.9)

For 1 < B8 <1 + ¢, it will suffice to get an upper bound for ReF(k, 3).
Throughout this chapter let A be any fixed constant such that, 0 < A < 1/3. Let
up = m%k'z/ 3422 where myg is a constant that will be described in Lemma 6.3.

Lemma 6.1

,

0 ifB=1

[Re[Po(k. Bl = { O(k—2/3) fl1<B<1+e (6.10)

| < Bp(e" 2 %Yy fl4ug <B<1+e
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B, is a constant independent of B and k

Proof: For B =1, gg = 0. Since the curves Dg are contained in a compact
set, the integral is bounded. Thus, for =1, Fy =0.

Thus, it suffices to prove the lemma for 1 < 8 < 1 +e€. For such 3 perform the

transformation r = t/+,(8) in the integral (6.7). Thus,

Po(k.B) = ﬂ“%i@ /D ek Po(r) g (6.11)
Ro

where Dp, is the image of Dg under the above transformation, and
u(r) = —(r - r3/3). (6.12)

We pick the curve of steepest descent using the following application of a well-
known result [Bleistein, p.255].

Lemma 6.2 [) The curves of steepest descent are given by Im u(r) =
Im v(ry) where rg is the solution of v.(r) =0.

2) If vr(ro) = ae’®®, a > 0, then the directions of the steepest descent
curve are given by ) = =2t ¢, = =aaidr

3) If vpr(m0) = 0 and vy = ae'®® then the directions of the steepest descent
curve are given by 0; = -2 + (2§ + 1)w/3 for j =0,1,2.

The critical points of v.(r) = 0 are rp = £1.
2
v(-1) = 3> 0, I[muwv(-1)=0.
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Thus, the curve of steepest descent satisfies the equation

Imu(r) =0. (6.13)

Let r = z+iy, Imo(r) = —y(1-z%2+y?/3) = 0. v(r) = 2r and v, (~1) = -2 < 0.

Since the curves Dg are contained in a compact set, we can represent the end
points of the curves by two functions of 3: vy, vo. Let z2 be the z — coordinate of
va, which is the first point of the intersection of the hyperbola (1 — z2 + y?/3 = 0)
and the boundary of the image of ¥, (compact set defined in the beginning of this
chapter) 1 < ~z3 < Zp4,, Where Zp,4, is a constant independent of 3 and k, by

the definition of z and the fact that 3 is bounded. The corresponding points in

- —vp o
the r—plane are il Tl
At r = —1, the angles of the tangent line of the steepest descent curve are
0, = 0, and 0, = 7. Hence, near r = —1 we must use the branch of the curve to

be y =0 for ﬁ <z <1. Let A, denote this curve.
At r = 1, the angles of the tangent line are 03 = 7/2, and 04 = 3/2m because .
vrr(1) = 2 > 0. Thus, we must use the positive branch (y > 0) of the hyperbola

122—

wfs,

=1,for1<z< ﬁ"l‘ Let A, denote this curve.
Let Py; denote the integral Py where the curve of integration is the restriction

of Dp, to the curves A; for j = 1,2. We must now compute ag using (5.19)
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B2
z1(~m,8) = (—ﬁ%—%. (6.14)

Using equation (5.9) we see that —v, corresponds to z_ = —cos™!(3) = —i cosh™!(3),

sin(z_.) = —i/3?% — 1. Thus,
a0 =i(8% - 1)'/*Van()'/2.

arg71(8) = 7 and therefore
—ao(B)im(8) = —ilm P2(6% - 1)'/4, (6.15)

which is purely imaginary. On the curve A, the integral is real and the constant
is purely imaginary. Therefore, Py is purely imaginary. Since we are interested
in estimates of the real part, it will suffice to estimate only the Re (Po2). Along
the curve Aj, f(z) = —Re v(r) = (8/3)z ~ 2z, for 1 < z < -I’—,ﬁ, z2 < 0.

Im v(r) =0 =1 - z2 + y2/3, so along A2 we can express y as a function of ,

y= \/:—3(:1:2 - l)l/2 > 0. Thus, on A,
dr = (1 +iV3z(z? - 1)"?)dz.

Re Poy = Re (252 [T/ =M/ 1 iv/3a(a? — 1)7/2)dz]

I R A VA

m

/ I P (g2 — 1)1,
1
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We divide the curve into two intervals: Ay = [1,2] Ay = [2, —z2/|m]], if 2Im1| <
—z9. Let P; and Pr; be the real parts of Py corresponding to the intervals A;

and Aj; respectively. For the curve A;, we use the fact that f(z) is an increasing

function; hence f(z) > 2/3.

|P{l<e—2/3k[~n|3| I3/2(:B \/_/ .'Z:(.’B _1) 1/2112:

3 36—2/3k|—n|‘l,71|3/2(ﬂ2 _ 1)1/4

™

(6.16)

To complete Lemma 6.1 and for future reference we need the next lemma.
Lemma 6.3 Therc erist positive constanls mg and m;. which are inde-

pendent of 8 and k. such that for |1 — 3] <e¢

mim @) < 13 = 1|12 < molm (B)I- (6.17)

Proof: We showed in chapter V that
Im(e) =2/°(3 - 1)/%p(8)'°, (6.18)

and 0 < Ly < |p(B)] < Lo where Lg and L, are constants independent of 3. The

result of the lemma follows.

Thus Lemma 6.3 and (6.16) imply that
|P| < 5('2/3)k|7’13|’71|2m3, (6.19)
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where m3 > 0 is a constant independent of 3 and k.

To get an upper bound for Py, let g(z) = f(z) — 223, s0 g'(z) =222 - 2> 0
for z on Az and ¢(2) = 2/3, thus f(z) > 2z3 + 2/3 > 223. Using the inequality
(z2 = 1)"12 < 371/2 for £ on A, we get

|Pri| < (1/2)molm [Pt [ =/l =k 24y

Let u = kly 323

-3k

[Pril < (1/2)mok=%/3x! fk|—721|3 e “u~'/3du. We can replace the above inte-

8
gral by [i° e %u~"3du = ['(2/3). |Pr1| < T2/3)k~23n~tmg = O(k~?/3).
For k such that |y;| > k~'/3+* we replace the above integral by O(Jgkpy, 2 €4 du) =

O(e=2my. Thus |Pyy| < Bp(e‘zk’\). By is a constant independent of 3 and k.

Thus, we combine the above estimate with (6.19) to conclude

O(k~2P3)
Re[Po(k. B)]] = (6.20)
< Bp(e—2/3k") if |yy] > f—1/3+2
If B > 14+m2k~2/3+2) = | Ly, we use Lemma 6.3 to conclude that |y| > k~1/3+

because

k3 <mg (8- 1)12 < .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Thus, we conclude the proof of Lemma 6.1

r
0 if3=1

IRe[Po(k. B)]| = § O(k~?/3) if1<3<1+e

< By(el=23%Y if1 pu < <1 +e
L P

Lemma 6.4 Let u; be as in as in Lemma 6.1, then

By(k72**) for 1< B <u +1
[Re[Ro(k. B)]| < (6.21)

BR(e"zk'\) fori+u<f<1+e¢

By and Bpr are constants which are independent of 8 and k.

Proof: For 8 =1, 11(1) = 0. &(t.1) = —t3/3 has a critical point at t = 0 of
order 3. The angles of the steepest descent curve are 5 = 0, 0 = 27 /3, 07 = 47 /3
by Lemma 6.2.

The steepest descent curve I'g in the z—plane for 3 = 1, approaches the origin
along the ray ag = 57/6 and emerges along the ray a; = 37/2. Since z(¢,53) is a
conformal map which maps the positive real axis in the t—plane into the negative
imaginary axis in the z—plane, the corresponding curve in the t—plane is a curve
that approaches the origin along the ray with angle 8, and goes out along the line
with angle 5. The curves of integration are straight lines and along these lines

&(t, 1) is clearly real and negative.
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z(t, B) is an analytic function of both variables, hence we have the following

estimate for 1 <8 <1+e.
IG(t, 8) — aol < Colt +ml. (6.22)
Thus,
|Ro(k, 1)] < Co/ se~ks*/3gs,
0

Let u = ks®/3

Ro(k, 1)| < Co3~V/3k2/3 / e=tyu13dy = mok~2/3 (6.23)
0

where m, is a constant independent of k and ~;.
Thus, it suffices to consider the case 1 < 8 < 1 + ¢. Perform the change of

variables, r = t/v,(B) in (6.8),

Ro(k,0) = =m(@n™ [ (G, B) - ao)e ™ lar. (6.24)
Rg

For t and 3 real, z(t, 3) is purely imaginary and G(t,3) is real, where G(t) was
defined by (6.5). Let A; be the curves that we defined in Lemma 6.1 for j = 1,2.
The contribution of H,:ﬁ(k) to the curve A, is purely imaginary. Thus, for our
purposes it suffices to estimate the integral for the curve A;. We use the same

notation as in Lemma 6.1. Using equation (6.22)
|G(r71,8) — aol < Colmllr + 1| (6.25)
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IRa(k, B)| < Con Bl [ (@+1+ig)e P dr|  (6.26)

where y = v3(z? — 1)/2 and dr = (1 +iv3z(z? - 1)~/2)dz
IRo(k.8)] < Colm (A [ ~ hz)e kP @ gz (6.27)

where h(z) = | — 2z + 1 + i[V3(z(z + 1)(z? — 1)"V/2 + (22 - 1)'/2)]|. We showed
in the proof of Lemma 6.1, thatf(z) > 223 for z on A>. By the same reasoning
as we used in Lemma 6.1, it suffices to estimate the integral for 2 < £ < oo. For

such z,
lh(z)] < | - 2z + 1| + V3(z? - D)2 z(z + 1)(z® - 1) + 1]

<= 2241+ VA - )2 4 (o= )7 < maz 4 ma

where m3 and m4 are constants independent of 3 and k. Thus, we again can apply
the method of Lemma 6.1 and complete the proof of Lemma 6.:1.

We have so far estimated for 1 < 3 < 1 +¢. Now, we will state a lemma for
the case 1 —e < 8 < 1. In this case the point = = —cos™}(/3) is the only critical
point on the curve ['.. The corresponding point in the t-plane is —v;(3). Thus
—71(B) is the only critical point on the curve Dg. Here cos™!(3) is taken to be

positivefor 1 —e < 3 < 1.
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Let a; = G(-7(3).53)

Pi(k.8) = 2= _/D kB gy (6.28)
8

4
.

- 1 r . - N | -4 Qv . Y
Ry(k.8) = ?' J, (Gt = an)eE A, (6.29)
a

F(k.3) = Pi(k, 8) + Ri(k,B).

It will suffice for the proof of Lemma 6.5 and 6.7 to estimate Py(k,3) and just get

an upper bound for R(k.3), for 1 —e < 3< 1. Let
5a(t) = V1 =12 —t cos™(1),

where 0 < cos™!(t) < 3.
The function §(3) defined by (5.1) is equal to i§3(8) for 1 —e¢ < 8 < 1. From
 Chapter V it is clear that for 3 < 1, 62(8) = 2/3|m1}>.

Lemma 6.5

euk&-_v(ﬁH' n (1-32)1/4

(1+0(k™)) for1-e<f<1—uy
Pu(k.5) = G (6:30)
< Bo(k~2/3+2) forl-u, <pB<1

Bq is a constant independent of B and k.
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Proof: Perform the change of variables in (6.28) r = t/|v1(8)]

Pl(ic,ﬂ)=1"i"-‘|7rl‘ﬂ A k) gy (6.31)
"y

v(r) = =(r +7°/3). (6.32)
Dg, is the image of Dg. We have to evaluate the contribution to the integral for
the part of the curve near the saddle point r = —i, which corresponds to —(83) in
the t-plane. v(—i) = % and v'(—i) = 2i. By Lemma 6.2 the angles of the tangents
to the curves of steepest descent are given by 6 = § and 05 = ‘54’1. Since our map
z(L. 8) is conformal and maps the positive real line into the negative imaginary
line, the incoming curve of Dp, is tangent along €% and the outgoing curve is

along % . The cquation of the steepest descent curve is given by Im u(r) =

Wi

Let r =z +iy, v(z,y) = (uy + iu), where

23 2
u1=—z—-§+zy '

3

u = -y + y_3_ -—:z:zy.

Thus, u; = 2/3 defines implicitly the curve of steepest descent, which passes
through the saddle point at ro = —i. We expand v(r) about the point rg = —i.

Perform a change of variable in (6.31) ¥ = r +1, and let Dy, denote the image of
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Dnr,.

— a1 ietk82(8) -
Pl (k. ﬁ) — ayie |‘71| ekifnl-”(ﬂb"-%'ba)dd) (6.33)

T Dy
The main contribution of this integral comes from the neighborhood of ¥ = 0.

For j =1,....4, let B; be the restriction of Dy, as described below. Our curve of

integration is Dy, = U‘;_l B;.

Blzl'wlgé and Rey >0
1

323"'.“55 and Rey) <0
1

Bg:[-w|2§ and Rey >0
1

By : |w|2§ and Rey < 0.

For j = 5.6, let ¥; be the intersection of the arc %ew and the curve B;_;. Let

a; be the angle of the line that joins ¥; to the origin. We will show later that

Bs: = ~e¥ as <0<
P
B(;:w:%e‘o {-<0$as
39
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Since our integrand is analytic, we can replace the curves B; by straight line
segments L; joined with Bjy4 for j = 1,2, L; is the line segment given by ¢ =
(—=1Yte™4q for 0 < q < 1/2. These lines segments are the segments of the
tangent line to the curve Dy at ¥ = 0.

Let P;;(k,3) be the integral P;(k,3) whose curve of integration is the restric-
tion of Dy to Lj for j = 1,2. Let Pyj(k,3) be the integral P(k, ) whose curve of
integration is the restriction of Dy to Bj for j = 3,4,5,6.

We will now estimate Pj; for j = 1.2. We will get estimates in the case
|[v1| > k=1/3+* and an upper bound in the case |y1| < k~1/3+A.

[n the case |y| < k~!/3*+*, we need the inequality
Re(in?® - 1/3¢°) = —¢*(1 £ V2q/6) < 0.

for |q| < 1/2

e-kl—nl"q’(l—ﬁq/(i) <1. (6.34)

Since the line segments have finite lengths, | Pyj(k, 8)| < |a1| |11|ms where ms is a
constant independent of k and 3, for 7 = 1,2. The calculation of a; is the same

as the calculation of ag in (6.15).

a1(8) = (1 = 8242y *(B)e™/4. (6.35)
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From Lemma 6.3 and the assumption that |y| < k~'/3+* we can conclude
|Pj (k. B)| < Bo(k™2/*+*).
In the case |y| > k~/3+}, we substitute the relation ¥ = (—1)7+'e™/4q, into
ip? —1/30° = —¢® + (-1 V24°/6 + (-1)/ivV2¢° /6.

Let s = ¢2, and let 0 = (=1 v2(-1+1i)/6

dip = (—=1)7*1e™/*dq, and dg = s~"/2ds/2

Pij(k.B) = (6.36)

. ilkb~(3)+7/4 1/4 2
—ietl _w)+:/ lay(8) ] / / ek Pls=as¥/?) g=1/24
2 0

for j = 1.2. Let u = k| [3s

- iei[kt’z(ﬂ)+ﬂ/4lal(‘3)h‘|

Pj(k.3) = Py T /Okl‘mn/4 R S L R L L Ve B
(6.37)
for j =1,2. We expand
R e B P R LU i W (X
L4 Ok 2k IR

where 0 < ug < u and since we are assuming that |v| > k=132 For 0 < u <

’ﬂ%ﬁ, we have the inequalities for the exponent
—u+ 2~ olug® < —u(1 — k73|20l 2/3) < —su/6.
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Thus,

—ieikB B+ /4 g ()
2mVkm |12

Plj(k-,ﬁ) — [1+O(e"k‘\/4)] /0 [e‘“u'1/2+O(e’5“/6k”\u3/2)]du

for j =1,2. Note that

/m e *uH2 =T(1/2) = /7.
0

Thus,
_ieilks23)+7/4 g, (3)

Pl d) = = T

1+ 0™ (6.39)

for j = 1,2. Recall equation (6.35).
Arg vy =7w/2,

1(B) @) = et
Thus, we conclude

erri/‘H-In&g(ﬂ)(l _ ﬁ2)1/4\/§(1 + O(k_’\)

Al = 2k

if [y1] 2 k73 (6.40)

forj=1,2.

We will now estimate Pys(k,3). We will use Lemma (6.3) to write
=/4 1/4k|m Pp(9)
|Pis(k. B)] < Im|?ms / =1/ 0(0) gg
0
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where p(6) = (sin(20) + ;cos(36)), and mg > 0 is a constant independent of 3 and
k.

Lemma 6.6 There erist a positive constant mzy independent of 3 and k
such that p(8) > m7 for 0 <8 < w/4.

Proof: Case a): for 0 < 8 < /6, sin(26) > 0 and cos(38) > 0. Since sin(26)
and cos(36) are never zero simultaneously for any 6 in the above interval and p(8)
is continuous on a compact set, the lemma is true in this case.

case b): forw/6 < 0 < 7w/4, |cos(38)| < é,sm(‘za) > @ p(8) > @—3143 >0,
which again proves the lemma in case b).

Thus,

|Pis(k, B} < |y |2mgme™*mPmr/a, (6.41)

By Lemma 6.2, the angles of the tangent line to the curves I'g for 3 =1 are
s =0, 05 = 3, 07 = 4. As we explained in Lemma 6.4 the angle of the incoming
curve is f7 and the outcoming curve is 6s.

We write = [v|e*’. Let f(}¥],0) = [9[?cos(26) — (1/3)|%|*sin(36) = Im(ixy® —
1/393). The curve of steepest descent satisfies f(|¢],8) = 0. f(|%],0) = [¢|®> > 0
and f(|¢|,m/4) < 0. %(lm,’;l,@) < 0 for 0 < 6 < w/4 and |¢] sufficiently small.
Thus, the steepest descent curve starts out in the interval 0 < 8 < w/4 and by

continuity must remain in that interval because f(|¥[, #) = 0 on this curve. Similar
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argument can be used for the interval 5m/4 < @ < dw /3. Thus, for Bs 0 <0 < 7,
and for By, 5—4’1 <0< %". The estimates for Pjg(k, 3) are done in a similar way as
we did for Pi5(k,3).

Thus,

[Pij(k, 3)| < [m|*mge= mP™s for j =56 (6.12)

where mg > 0 is a constant independent of k and 3.

If |71| > k~Y/3+ then
|Pyj(k, 3)| = O(C—khlpmg) — O(e—k"ma)_ (6.13)

If |71} < k=13 then
[Pk, 3| < mg(k™2/72) (6.44)
for j = 5,6
We now cstimate Pij(k, 3) for j = 3,1. By using the fact that all our transfor-
mations are conformal, one can show that if we parameterize our curve as ¢(t) =
lo ()| for 0 < t < oo, then |g(t)] — oo ast — 0o. Since the steepest descent
curve satisfies f(J1],0) = ||2cos(20) ~ (1/3)|¥3sin(36) = Im(iy? — 1/3¢3) = 0,
[(t)|sin(36(t)) = 3cos(26(t)) for t > 0. Since jcos(20(t))] < 1 and [¢(t)} — oo for
t — oo, we conclude that sin(36(t)}) — 0 as t — oo and 8(t) — B as t — co.

Thus, there exists a positive constant C3 such that 0 < 8(t) < w/9 for |¥| > Cs.
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C5 is independent of 3 and k.

We subdivide the curve B; into two parts:
Br:for 1/2 < |g| £ C3

Bj; : for C3 < |yl

For By, we can estimate the integral by the value of the integrand at || = 1/2,
since the curve By is the steepest descent curve and is of finite length and the length
of the curve has a uniform bound. Thus, this part of the integral is O(e~*mlPms ).

For B, we have
Re iv? - 1/30° = —{9]2((1/3)}¢]cos(30) + sin(20)) < —|w]2Ca/6,

by the fact that ] > C3 for 0 < 0(t) < /9.
Thus,

1Pk, 3)] < lar(@)limla! [ el HmPFIC /6 gy, 6.43)
! c

3

for j = 3,4.

In the case |[y;]| < k=3 let u = kV2]y /2|y

1Pk ) < mak™ 22 [ oG/ (6.46)
0
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Using equation (6.35) and Lemma (6.3), we conclude that
|Pyj(k, 3)| < mia(k~2/3+) (6.47)

for j = 3,4, where my and m,3 are positive constants independent of 3 and k.

In the case |71| > k=132 let u = kjv, P|w|2Cs/6

o

|P (K, B < I (B) Y2k~ 2mys ./;;mw e*u2du < mio(k~ 23 e Py < mig(eY),
(6.-18)
where myy and my, are positive constants independent of 3 and k.
Thus, we conclude that the main contribution to our integral is given by (6.-10)
and the other estimates are of smaller order independent of 3 and this completes

the proof of Lemma 6.5.

Lemma 6.7

Bs(k™%3%)  for1-e<8<1—-u
Ri(k,B) < (6.49)
Bp(k™23+2) for1-u<3<1
Bs and Br are constants independent of 3 and k
Proof: Let Ryj(k, 3) be defined in thc same way that we defined Py (k, 3) in

Lemma 6.5 for j = 1,...,6. We will show that R,; is of smaller order than P, ; for

J = 1.2, and is of the same order for the other values of j. By the same reasoning
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as we used in equation (6.25)

1G(£,8) — ar(3)] < Cilt + 1 (3)] = Cilmll¥l- (6.50)
Thus,
1/2 .
iyt < CilalPa! {) e+ gdg (6.51)

where o = (—=1)7v2(—14i)/6. Let s = q° as we did in Lemma 6.5
(Rl < CinpPat [ emtmPo-a g, (6.52)
for j =1,2. Let u = kjy|3s
IRyl < Ciim| ™k r! ./O°° TP g (6.53)
for j = 1.2. In the case |y| > k~1/3+
[Ry;| < CLk~Y3 ! [, T mutk T AmP ey, (6.54)

We use the expansion given by (6.38) to conclude
|Ri;l < C k™23 / [e™ + O(e™™/%k~*u*/?)|du < Bs(k™/*7%)  (6.55)
0

for j=1,2.
For the other cases the proof is the same as in lemma 6.5. This completes the
proof of Lemma 6.7. Thus, we have concluded the estimates of the integral of (6.1)

restricted to the curve 'z, We will summarize our results in the next chapter.
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We will now estimate in the case 3 > 1, the real part of the integrals restricted
to the curve ' 4 which was defined in the beginning of this chapter.

From Lemma 6.1 and Lemma 6.4, it is clear that the contribution from I'; to
H;d is decaying and hence the same is true for I 4, since I' 4 has finite length and
the curve is of steepest descent.

We will now give the cstimates of H;ﬂ(k) for the curve I' 4 for the case 1 — ¢ <
3 < 1. For1-¢< 3 <1, weobtained a uniform cstimate of Py; for j = 3,4 given
by cquations (6.47) and (6.48) which correspond to the cstimate for the curves Bj,
for j = 3,4. It is clear form this estimate that the contribution to our integral
along the curve B; for j = 3,4 is of smaller order than the cstimate from the curve
ncar the critical point. Similar rcasoning can be uscd for Ry, for j = 3,4. Since
4 is part of the steepest descent curve, the values of the integrand restricted to
this curve is bounded by the estimates of (6.47) and (6.48). For the case 3 =1, we
showed that |H (k)| < ma(k~%/***) (see (6.23)). We can get a uniform bound on
the length of this curve since it has finite length and 3 is in a compact set. Thus,
we conclude that the estimates of H;ﬂ(k) over ' 4 is dominated by the estimates
of (6.47) and (6.48).

The estimates of the integral of (6.1) restricted to the curves I'¢ and I'g are the

same as above because a—a'ff(z, ¥,3) > 0 for y > 0 and z < 0, and hence, the values
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of the integrand over the curve [ are bounded by the values of the integrand
at z.. Similarly, because %‘,‘f(z, y.3) < 0fory < 0 and z < 0, the values of the

integrand over the curve I'g are bounded by the values of the integrand at z).
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VII Estimates of the power radiation E(k)

We now evaluate the power radiation E(k) and the dissipation function D(k)

asymptotically as k — oo.

J(k Jo(k)? -
B = T Y s - wr -y

D(k) = K2 3 J(k)? - J(k)P), (7.2)
n-0

We recall the notation established above,

§i(t) = t cosh™1(t) — V2 — 1. (7.3)
2(t) = V1 —t2 — t cos™}(t), (7.4)

‘\;V'here we choose the branches such that for t > 0, cosh™!(t) > 0, and 0 <
cos™!(t) < §. In this chapter we are concerned with t > 1in (7.3) and 0 <t < 1
in (7.4).

The function §(3) defined by (5.4) is equal to §;(3) for 1 < 3 < 1+¢, and is

equal to i82(3) for 1 —e < 3 < 1. From Chapter V,we know that |6,(3)| = 2/3|n [
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for 1<3<1t+e¢and [6(3)=2/3Pfor1—e<3< 1.

By Lemma 6.3 §(3) = 2wl > mil3 — 11*/2(2/3) and &(8) = inf® =
m3|3 — 113/2(2/3).

We summarize the uniform estimates for H;d(k) for cach of the five cases with
a fixed \, 0 < \ < 1/3. Later we will choose \ = 1/10. ¢ was chosen by the
conditions of Lermnma 5.2 and Theorem 5.3.

a)For0<3<1-c¢

k6B T2 YT = 32(1 + O(k~ /%))

Hys(k) = T

+O0(e= "y (7.5)

where ¢, > 0 is a constant independent of 3 and & (see (-1.4)).
Recall that uy = m3k=2/3+2,

b)yforl —e<3< 1 —u,

elik&B+ LA YT =321 + O(k™Y)

Hyy(k) = = +0(e™¥) (7.6)
(See (6.28) (6.30), and (6.49)).
c)forl —up <3<+ ug
Hi (k)] < myg(k~2/3+22 7.7
k3

where m4 is a constant independent of 3 and k. (See (6.7) (6.10), (6.21), (6.28)

(6.30), and (6.49)).
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d)for 1 +ur <3<1+¢
_ \
| Jes(k)] < By(el 72357 (7.8)

(Scc (6.7)-(6.10), and (6.21)). B, is a constant indcpendent of 3 and k.

eyforl+e< 3

—iek6(B) /o 8/ 52 _ —1/5 .
ie \/Ex/.t\f/m./lll + O(k )l +UR=(e—k6‘(5)ﬂ) +on( /ﬁg —1)

(7.9)

Hyg(k) =

where aR:(c”““("’),B’) is real valued: (71_,(\/ 32 —1) is purely imaginary: they are
hoth bounded by a constant times the function in the parenthesis (See (4.2)). These
constants and the implied constants in O(k='/%) and O(k~*) are real numbers
which are independent of 3 and k.

For the intervals ¢ and d the principal part is purely imaginary. Hence, the
contribution to the estimate of £(k) will be of smaller order than from the estimates
of the intervals a and b. Let

3 =nlk.

We divide E(k) into five sums S;(k) for j = 1,2,3,4,5 corresponding in order to

the five cases above a) e). Let

I, (k)

k) =t ey

(7.10)
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First we estimate in case €)
x
Ss(ky=2 > f(n.k).
n=[(1+ejk]
Using Lemma 6.3, we can estimate S5 by [, e~muk(t=1"% g O(e~ke"*mu =2/3)
where my| = (2/3)m3.
For the cases b), c), and d), it suffices to use the fact that f(n,k) < 1. Hence,
4 {(1+e)k]y _ .

For the case a)
f(n. k) = cos®(7/4 + k62(3)) + O(k™1).
Use the trigonometric identity for the double angle to write

fln.k) = % + %Cos(ﬂ'/‘z + 2k62(3)) + O(k™)

fln.k) = % - Lin(2k6,(8)) + O(K™). (7.11)
Let
[(1-e)k]-1
S¢= ). sin(2kéa(n/k).
n=0
Lemma 7.1.
Ss = O(k'/?). (7.12)
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Proof: Note that
[(L-€jkt/3)
3" sin(2kba(n/k)) = O(k'/?).
n=0
We need to apply the next Theorem 7.2 [Neiderreiter, p. 17} and [Van der Corput,
pp. 53-79}.

Theorem 7.2. [et a, b be integers with a < b and let f(z) be twice

differentiable on [a,b] with f'(z) > p fora <z <b. Then

b
|30 < 25(6) - £ (@) + 2(4p71° +3). (7.13)

Apply the above theorem with f(z) = 2’:‘;62(‘3/k), a=[k"2(1-¢)], b=
k(1 —€)] - 1.

f(z) = 3:8(z/k) = F7cos™! (/k)

"

£z .

1
= 2 .
) ark/T = (/K2 ~ 2kn” . .

Thus we can take p = k~1(27)~! and Sy = O(k'/?). Therefore,

[(1~e)k]-1

Si=2 Y (3)+O0kY)-1/2
n=0

ISR

= (1 - e)k + O(K'2).

[E(k)/k2 — 4/7] < (2€) + O(k~1/?).
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Thus, there exist constants By, B, independent of k, such that

1 . E(k)  — E(k) 4
- + Bae < hmk_.ne—kz— < hm"'—“x’—/;?- < Bre + e
Since this is true for every € > 0, let ¢ — 0 and we conclude that
E,—fzﬂ = %) +o(1). (7.14)

We now estimate D(k) by subdividing it into four sums. Let g(n, k) = 2J,(k)?,

for the case e), let

<

Ts(k)= > g(n.k)

n—{{ 1+¢)k}

g(n. k) < O(e~ %612y

We estimate Ts the same way we estimated Ss and we get Ts = O(k=2/3).
For the case d),

g(n. k) = O(e(‘4/3)k3-‘)

[(1+ek)|~? n
Tak)= Y g(nk) < (ke ¥ /%),
n={(1+ux)k]

For the case c),

g(n’ k) = O(k—2/3+2A)

[(14up)k]—1
Ta(k) = Z g(n, k) < O(kurg(n,k)) = O(k"”“’\),
n={(1—uk k|

We pick \ = ilﬁ so T3(k) = O(k~2/5).
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For the cases a), and b), let ax = [k(1 —uk)] —1. We follow the same procedure

which we used before by using the trigonometric identity and we get

g(n. k) = #[1/2 +1/2sin(2k82(n/E))] /1 ~ (n/k)2[1 + O(k1/5)).

1 [o0.Cf 1 IR

Fe sin(2k8{n/k)j\ 1 — (n/%)*.

Lcﬁ. rg — %Zgb‘
Lemma 7.3

P = O(k™'12). (7.15)

Proof: Perform summation by parts

1 ap—1i 1
Po=1 3. Amfh(m) - h(m + 1)] + £ Aarh(ax)
m -0

where A, = ;":0 sin(2ké(n/k))

h(z) = /1 - (z/k)2.

From Lemma 7.1 we know that }|An| < Bk~!/2 where B is a constant independent

of m, n, and k.
ap—1
|Psl < BE™2[ S |h(m) — h(m + 1)| + k~1/17],
m=0

Since h(z) is a decreasing function,

ar—1

D" |h(m) - h(m + 1)| = ~h(ax — 1) + h(0).
m=0
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Therefore, Py = O(k~1/2).

We will estimate Tzk ok o h(n). We estimate this sum with a Riemann integral

with partition of length }c

o Rl 9 p1-ny) .
Z Y hm == VI-Rd+0k)
K ;1—6 T Jg
2 1 _1
=—/ VI-tdt+0(k™") = - + O(k™).
™ .Jo <
Let
ap—1
7 N2
Ti(k) = Y g(n k) — Jy(k)*.
n-1
Thus,
- 1 _ll')
1= +0(k™7)
D) = L ro), (7.16)

Thus, the ratio

R(k) = F(k)/D(k) = % +o1). (7.17)
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Comments and Interpretation

The discussion in chapter I can be interpreted as showing how a plane wave of

unit amplitude is scattered by a cylinder with its axis perpendicular to the direction of

k)

propagation. The result —k— =— obtamed in chapter VII shows that the power in the
T

scattered wave is for high frequencies (or large wave numbers) asymptotically

proportional to the square of the frequency. Similarly k(k)

5 — shows that the

dissipation function is also proportional to the square of the frequency and therefore E(k)
is asymptotically proportional to D(k). Since, in general. both the power and the
dissipation are proportional to the square of the amplitude. the latter result holds for plane
waves of any amplitude.

The quantities E(k) and D(k) are meaningful even if the impinging wave is not a
plane wave. The fact that the ratio E(k)/D(k) is asymptotically constant regardless of
amplitude suggests that this ratio can reasonably be used as a measure of the efficiency
of transfer of the power from the impinging wave to the scattered wave in cases where
the impinging wave is not necessarily a plane wave.

[t is natural. in view of the Fourier expansion

u(r,8,6) = J, (Y Ho Gkr)/ Ho' (&) + 23 ()" H”(k’)‘; (fz)ms("‘g)
n=1 n

of the scattered wave obtained in chapter I, to ask how much of the power (or the
dissipation ) of the scattered wave can be attributed to the various components in the

expansion. The proofs in Chapter VII show that for the power, asymptotically as

78
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frequency increases, the contributions of the terms for n > k(1 ~ &) are negligible while
the terms for n < k(1 — &) all contribute equally, for any constant £ which satisfies

0 < ¢ <1/2 and is independent of n and k. The proofs in Chapter VII also show that for

the dissipation function, asymptotically as frequency increases, the contributions of the

terms for n > k —m, k¥" are negligible while the terms where n < k —m,’k*" all

contribute equally, where mol is a constant which is independent of n and k.

79
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