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Abstract

POWER RADIATION by a SCATTERED PLANE WAVE

by

Igor Balsim

Adviser: Professor Richard Sacksteder

In this thesis we show how to estimate asymptotically, as k the wave number goes 

to infinity, the power of a plane wave of unit amplitude which is scattered by a cylinder

E(k) 4
with its axis perpendicular to the direction of propagation. The result — — = — obtained

k~ k

in chapter VII shows that the power in the scattered wave is for high frequencies (or large 

wave numbers) asymptotically proportional to the square of the frequency. We also want

to estimate asymptotically the normalization factor D(k). The estimate = —
k 2

shows that the dissipation function (normalization factor D(k) ) is also proportional to the 

square of the frequency and therefore E(k) is asymptotically proportional to D(k). Since, 

in general, both the power and the dissipation are proportional to the square o f the 

amplitude, the latter result holds for plane waves o f any amplitude.

The key tool used in obtaining our results was the method of steepest descent.

The above problem leads rise to solving a Helmholtz equation in the exterior o f the unit 

disc in two dimensions with boundary conditions given by the derivative o f a plane wave.

iii
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The solution can be expressed as an infinite sum of Hankel functions. The power can be 

expressed as a sum of ratios o f the derivative of Bessel functions and Hankel functions.

In order to get the desired asymptotic estimates we needed to get uniform estimates of the 

derivative of Hankel functions using the method of steepest descent.
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P o w e r  R a d ia t io n  b y  a  S c a t t e r e d  Pl a n e  W a v e

Igor Balsim 

I. Introduction

In classical linear acoustics, one of the commonly studied partial differential 

equations is the Helmholtz equation (or the reduced wave equation)

Au + k 2u = Q. k 0 . (1.1)

k is a real number, which is physically interpreted as the wave number of the wave.

Here we want to study solutions of the Helmholtz equation that are defined in the 

exterior of the unit disc in two-dimensional space and whose unit exterior normal on the 

boundary of the disc agrees with that o f the plane wave:

v(r.3.k}=.e*r™3 . (1.2)

Here (r, 3) are the usual polar coordinates and the disc is given by r < 1.

We also limit the class of solutions by a boundary condition at infinity, which 

assures that no energy is extracted from outside the disc as a result of the wave motion. 

This is known as the Sommerfeld radiation, or outgoing wave, condition.

limVr
f  du ..  ̂—  + iku 

dr
=  0 .  (1 .3 )

We will assume the Uniqueness Theorem for the above class o f solutions, which was 

proved by Rellich and Kupradse [Colton and Kress, p.78], and we will prove the 

existence of the solution by constructing an infinite sum of Hankel functions.

1
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The purpose of this paper is to study the power radiation of the solutions of the 

boundary problem for k  —> oo. It will be possible to construct a normalization factor so 

that the ratio of the power and the normalization factor will be dimensionless and 

independent of k. As a result of these properties the ratio can be used as a way to 

standardize the power of sound waves at least in this particular boundary problem. The 

inverse of the normalization factor is known in the literature as the dissipation function,

which we will denote by D(k) , which for our problem is given by D(k) = j]«r| d s .
y*

Here S' denotes the boundary r=l and s is arclength.

2
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II. Com putation o f the Solutions

The Helmholtz equation can be expressed in polar coordinates in two 

dimensions 2s

d2u 1 dii I d2u ,■> n ,— r  + ------+ — — - + k'u = 0 . (2 .1
dr r dr r 2 d 9 2

We compute the solutions to the boundary problem using the method of

separation of variables. Consider a solution of the form u(r,9) = f ( r ) g ( 9 ) . Equation

(2.1) separates into the following two equations.

g"(&) + n2g(9) = 0 (2.2)

f " (r) + I / ' ( r ) + -  !?l)f(r) = 0 . (2.3)
r r'

The general solution of (2.2) is a sum of terms of the form g„(9) = cnem9 . We

consider only those solutions where n is an integer to assure that the solution will be

single valued. The general solution of (2.3) is of the form 

f n(r) = anHn{kr) + bIJHn(fcr), where an and bn are complex constants. Note that, 

throughout this paper H n{z) will denote the Hankel function of the first kind. To. 

satisfy the radiation conditions (1.3) it is necessary that an = 0.

We will first look at formal summations, and then we will justify these

computations by showing that the sum converges uniformly and absolutely. Let

u(r ,& k)=  Y ,b nH n{kr)em\  (2.4)

We take the derivative of this solution in the radial direction.

3
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«r(r, 9,k) = k ' £ b n H n'(kr)em9. (2.5)

On the boundary r= l, so

z/r ( 1 , A:) = A: ^  77„ ’ (Ar^4"-9. (2.6)
/ != -*

The boundary conditions state that r/r(l.i9,£) = v,(l,9,k)  where v(r,9,k)  is given by

(1.2). Applying these boundary conditions to (2.6) we get

k Y j bnH n \k )e ,n9 = ik cos 9e,kcos9 .

Multiply both sides by sin(y 5) where J>0 is an integer, and integrate from 0 to 2n. 

We get
    2.r

,t[b] =  i  Jsin(y9 ) cos 9e,kcm9d 9 .
a

Since cos(9)e,ki:os9 is an even function and sin(/0) is an odd function, the integral 

must be 0. The Hankel functions satisfy H-j (z) = (-1)' H ,(z ) ;  hence b; = (-1)7b_j. 

We insert this into (2.6) and we get
  n __

ur( l9 . k )  = b„kH'(k) + 2kJ^bn H n'(k)cos(n9) . (2.7)

We expand e'into a series of Bessel functions using the generating function

-<f-T *
of the Bessel function, e 2 ' = J l,{z) + ^ iJ n(z)[(" + ( - l) '’f " ] ,  set z = kr.t = ie‘9

so

and (1.2) becomes v(r, 9,k)=J„(kr) + 2 ^ ( / ) "  J n(h")cos(n &) * hence
;r*l

l= U 0'(k) + 2 k f d or J n' (k) cos (n 9). (2.8)^ U , =  ft/0 W  + ZA
or

To satisfy the boundary conditions we equate the coefficients o f cos(«i9) in equations 

(2.7) and (2.8), and we get

4
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bn =(i)"Jn'(k)/Hn'(k)  for « > 0 .

We substitute these values into our solution (2.4) and we get

l!(r .S . t )  = + 2 £ ( / ) ” H (2 .9)
r r  //«.(*)

J,'(kVHn'(krf ^  J  '(kW.'(kr'\cos(n.%
ur( r , 9 , k )  = k  u _  ■' - + 2 * Y ( /T  - ... ......... -— (2.10)

Ho'(k) Z f  H n \k )

Using these two equations we will now compute the power output of the 

solution [Sacksteder.p.300], If the velocity of the wave propagation and the area are 

fixed, the power radiation by a solution u is proportional to 

lr — _
E{k) = —  f[«(l, 9.k)ur( l  9.k) -  ur( 1,9 ,k)u ( l  «9,k)]d9.

I

We compute E(k) for our solution using (2.9) and (2.10); we get

2* J &  \Hn'(k)\~

—  L ri/(l, 9 ,k)d9  = k f ] Jn ik) . Hence ,

£(*) = —  [ 2 j ; .Jn'{ k y 7 -  ~^~v]• (2.11)
K ^o\Hn' ( k f H0 (k)

We used the Wronskian identity for Hankel functions;

H n{z)Hn\ z )  -  H n(z)H„\z)  = — .
7E

In the next section we will show that for z  fixed and bounded and n->co

J n(z) =  0 ( ( — )n) (2.12)
n

K M  = )]+ OIN" < ‘-)1 (2-13)
ez -4 nit

5
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yB'(z) = 0 ((— ) " - )  (2.14)
n z

Yn' (z) = - ( ^ p l  ( - ) "  )[1 + 0(n-v 5)) + 0(  J ^ - l )  (2.15)
-V/T ez V z '

These estimates imply that (2.9) and (2.10) converge uniformly and absolutely for

1 < r < |&r| < B . In fact the n ,h term of (2.9) and of (2.10) is 0 ((— )" n) . Similarly the
n

i r p

n ,A term of the series of E(k) is 0(n  (—) ”).
n

We now compute the dissipation function D(k).

Jw,.i7r(l,(9,£)c/i9 = k 2[ 2 ^ [ J n'(k)]z - J g ( k ) 2].
0 n=0

ke
Again we can show convergence, because the n'^ term is 0((— )2nn2) .

n

D(k) = ± - J u rU s  =
J _
2 K

6
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III. Estim ates o f H n(z)  and / / n (z) as «-> qo.

We will use the contour integral representation of the H„(z) and estimate the 

integral for n large and k fixed, using the saddle point method described, for example, by 

Courant and Hilbert [C/H, p. 527]. Since our purpose is to show the uniform and absolute 

convergence of a series of Hankel functions on compact sets of k, it suffices to consider 

the case where I < j/tj < S < go. The Hankel function of the first kind is represented by

H n( k ) = - \ e ‘l-ksmx+nx]dx , (3.1)
* r

where T is a curve that starts at -  n  + zoo and goes down until - zoo. T can be represented
5

as the union of oriented curves, f  = Y y, • We will describe yt below. It follows that

Hn'{k) = —  fsin.re't'*smt<"“ lcix. 
/T I

For n > 0, let a  = k / n: P = a~x.

P(x,a) = /[-orsin x + .r], and

Hn{cm) = -  fenP" a)dx.
K  r

The main contribution of such an integral comes from a small neighborhood of the 

critical points of P{x,a)  = /[-orsinx + x ] ,, which are the solutions of P'(x ,a)  = 0. If

P' (x,a) = - a  cosx +1 = 0, then cosx = or-1.

For large n with k  fixed or'1 > 1; so the only solutions in {x: - n  < Re(x) < 0} are the

complex solutions x = ±/cosh~'(/?). Here we use the notation ya = cosh'1 (/?) >0.

Let 0 < e < ^  be a fixed constant which will be determined later on in Chapter V 

(Lemma 5.2 and Theorem 5.3). For the purpose of constructing the curves and obtaining

our estimates we will need the following lemma. We will state and prove the lemmas in

this chapter under more general conditions than are necessary for the conclusion in this

7
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chapter so that these results can be used in the next chapter where both n -»  oo and

k  -» oo at a constant ratio i.e. B = — > 1 + e . Assume that n>  2 for all the statements in
k

the rest of this chapter.

Lemma 3.0

i) i f  n>kcosh(\)  then en = n~215 < cosh '(/?) = y Q,

ii) i f  p  = — 1 + £ and k~x < 2(1 + /?1[sinh ~ then
k

en = n vs < cosh~'(P) = y0.

Proof:

If n is large enough so that n > £cosh(l). then n ' x cosh(n'2/5) < n~l cosh(l) < k~l . Thus,

cosh(n"2/5) < — = P  and n v% <cosh‘' ( ^ ) . 
k

If P > 1 + s  and k is large enough such that k~x < / r '2(l + £-)[sinh (l)]’5'2, then 

p(k.£) = k ~2̂ 5(1 + £ f 2 5 sinh ( 1 ) < j? .

Use the Mean Value Theorem to show that cosh(.r) < 1 + sinh(x).x < I + sinh(I)x for 

0 < x < x < 1. Apply this inequality with x = (\ + £)~2'5k~2/i.

We have the estimate cosh((l + £ f 2:Sk~2 5) < 1 + p(k*£) < 1 + £ < P , or

(l + £)~215 k~215 < cosh ~-{P). Since. 1 + £< P = — . (1 + £Y2!ik~215 >n~2!S.
k

Thus, we conclude that n~2,s < cosh''(yff) = y0 .

For the rest o f this chapter assume that either i) n > £cosh(l) or

ii) k~l < f 5/2(l + £-)[sinh (1)]'5/2 and P  = — > 1 + £ . The first condition will be
k

satisfied by the conditions of Chapter II. where we want to show that the series for the 

power radiation and the dissipation function converge. The second condition will be 

satisfied by the conditions of Chapter IV. Thus, we can conclude that in either case 

£n < cosh'1 (/?) = >’„.

The curves y, are given as follows oriented with increasing t.

8
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yx= - x  -  it -  oo < / < -  v0

y2 =t + iyQ - x  <t <0

Yi = -// - y o - l - y Q ~ en
y , = - i t  y 0 - £ n ^ t ^ y 0 +£n
Ys = -it  y 0 + £n ^ t

Let G ( a , n )  = -  [enPtxa)dx and
T J?,

K (a.n) = —- fen/,(T,a) sin.rc£v forj = 1.2,3,4,5.

Then Hn(an) = ]T G ,(a,n) and H n\an)  = £ K,(ar.n) .
,=i 1=1

Note that K ^ a .n )  = R ^ a . n ) ^  Lt {a.n)  where /?y(ar./7) = —  for/ = 1....5
2k  jy (

and L i a . n )  = —  \enP(xa)-LXdx fory =
2;r Jv■ /

Lemma 3.1:

e -nyo
|G ,(a .n ) |< ------ .

m

\Kl{a.n)\<=?— .. . (3.2)
me .

G,(ar,rt) ant/ AT,(ar,«) are purely imaginary.

Proof:

G ,(a.n) = —  f  en[-asa,h‘-'ldt.
X vo

|G,(a,n)| < — Je 'n'£/r.
;r JVo

I IG. (a , rt)| < -------- . Similarly, one can show that,
n x

1 1 1  { n - \ ) x  k x
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L e t

d(fi) = cosh~'(/?) -^ /l -  /?~2. (3.3)

Lemma 3.2:

|G2(a ,n ) |< e -ni,w and

Ik /■„ „\l ^ a,->uH0) (i  ^
|i»-2 v o t .  — / X  . V - - * /

Proof:

If x{t) = t + iy0(t) then sin[.t(/)] = /V a '2 - l c o s /  + or~'sin/, so

crsin[.t(/)] = i ' J l - a 2 cos/ + s in / , and on y 2 let

u(t) = Re(/5(.r,ar)) = -V l -  or"’ cos/ + y0 
v(/) = Im(P(x,a)) = sin / + /.

Thus, G,(a,n) = — \e'n[u*‘v{d t . 
x  J-.T

I ® / "T ~ nV° T- ;---7
| G , ( £ r . / i ) |  <  -  [e nl'll-a'™'-v<'ldt <  -------------  f  e n̂ a'dt  = e ^ .
1 * 1 rr  J  tt J

nv0

^  ^

Similarly, one can show that jKz (a, n)| < fie

Lemma 3.3:
I

rt*
IG,(a,n)| <  ---------- [1 + ln(/?)][l + 0 (n 'u5)} + ^ ' [ l  + ln(/?)] and

x
i ______

n d ( f i ) -b n ~ s I „ 2  _  i  __________

\Kfa,n)\  < - -------- ------------[1 + 0(/T ,/5)] + x A^ p l - 1. (3.5)

w//ere 6 = j V l -  a 2 • G3(a.n) ant/ K}(a,n) are purely imaginary. I f

^2s~+~P
fi >\ + e, then we can replace b by bc . where be =

2(1 + e)  

Proof:

10

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



We divide G3(or,/z) into a sum of two integrals /3(or,n) + / /3(a , w)

.* yo

u

Ih (a.  n) — — -  f  e~nKi,)dt.
K J->'0 + *n

For 0 < / < y 0, g(t) is an increasing function of t, with a minimum value at t =0, 

therefore

1 l°|/ j (a ,/ i) |< — Jc/f = y0/r We can bound y 0 = cosh~'(/?) by ln(P) +1 ,because for
K o

x>l.

cosh'1 x = ln(x + V-t: -1 )  = ln[x(l + V1 -  x : )] = lnx + ln(l + V l - x ' 2) < Inx + In 2.

Since we are assuming that at least one of the conditions i) or ii) of Lemma 3.0 are 

satisfied, we can conclude that f3 > I and use the above inequality for cosh"‘(/?) = y0.

Thus. |/3(a.«)|<[ln(/?) + l ] ^ '‘ .

The second integral we estimate the same way that we will estimate G5(/j)in Lemma 3.4.

|/ /3(a./i)| = -  ° j 'ensu)dt.
,T 0

Since g n(t) < 0 for t > 0, g(t) is concave down. Thus we can estimate g(t) by the tangent 

line of g(t) at t = yQ- e n which we denote by f x (/). 

g(t) < f x(t) for t>0.

f x(t) = mx( t - y 0+en) + g (y0 - s n),  where mx = g \ y 0 -  en) .

I  3

g(y0 -£„) = g(yo)+y -  g'(y0) -  y  gm(€i) where y» ~ ** < 4i < To • 

g(y0) = dU3), 

g \y Q) = ^ - a 2 ,

i i
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|g"(£i )| = «  cosh(£,) < a  cosh(>0 ) = a(3 = 1.

. - 4  5

g(y<> -£„) = d ( 0 ) - ^ - J * - a 2 + 0(n~6/~). Because of the above inequality, the 

constant implied in the remainder term is at most 1.

Let b = — J l - a 2 .

n m p ) - n * b  y n -c„

\II,(a.n)\ <  ----------  + 0 ( n ' 5) | . Let - s  = t - ( y 0 - £ n)
^  0

r u i\p ) -n o  v0-c„

|/ /3(a.n)| <  -----------  ^e~nm'3ds[ 1 + C?(n'l,s)]
^  o

> 0 . because g"(t) <0 for t > 0 and g'(>'()) = 0.

n il(p )-n '" ’h v'o-f.

|/(3(a .n ) |< -   Jk/s[l + 0(n"1'5)].
71 o

If B>  1 + f. a r< (l+ £)~ ‘ and b > b c . where b, = —~£+-— .Thus,
H 2(1 + *)

in the next chapter where /? > 1 + e we have uniform estimates by replacing b by bt .

Similarly, we will show that

e- / p » . " ^ r [  [ i + o f n - ^ j i + T ^ T
|K3(ar,fl)| < ------------- *----------- - ---------------------------

To evaluate Rz{a,n)  and L^a.n)  we also write them as sums.

tf3(ar,n) = I3R(a,n)  + lI,R(a.n)
L, (a, n) = /3i (a , n) + II3L (a, n)

where

12
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2lZ 0

//„(or,n ) = “  \ e - r'""di,
2*

l ,L{C‘.n ) = ^ - ’) e - a ,'-'dt,
~7 t  0

0
UiL{a,n) = ^ ~  jV"s,'wJ/.

~ n  -  Vo

Im (a,n)\ < ^ ~  \e'dt and |/3i(a,n)| < -^- \e"dt  
- ft o q

/ 3R (or,n)| + |/3, (a . n)| < sinliA  = jt' 1 J j32 - I .
K

The estimates for |//3/?(cr. «)j and |//3i(ar,n)| are similar to the estimates for |//3(ar,n)|

|A:3 (or, n)| < I / „  (a. n)| + | / „  (a , n)| + |/ /3R (a . n)| + |//3t (a, n)|
Thus,

K3(ar,n) < -----------------------------------------------------
;r

Thus, K 5{a,n) is also purely imaginary that is bounded as in the above estimates.□

Lemma 3.4:

n1/57
|G5(a,«)| < ------- ^ [ 1  + 0{n-u5)h  and

701

n d { f i ) - b  n 1' 5 ~

| * , ( g , i . ) | s -  - ^ [ l+ 0 ( ir l,i)1. (3.6)
7 r(n  - I )

G5 (a , ri) andK5(a,n) are purely imaginary, and b = —V1 -  a 2 . I f  /3> 1 + £, t/ien we

can replace b by be , where bc = ~£ + £
2(1 + e)

13
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Proof:

G,(a,n) = —  ^ e ^ d t  = —  fen*(l)dt.
*  i  *

Since g"(t) < 0 , g(t) is concave down. Thus, we can estimate g(t) by the tangent line 

of g(r) at t = y0 +en which we denote by f ( t ) .  The slope of the line is

W„ = g'(To + £ n ) -

g{t) < J\ t)  for t > 0.

f { t )  = m0(t - y Q -£„) + g(y0 + £„).

2 3
g(v0 + ^ )  = g(v0)+ ^ -g '(> 'o )  + - Y ' ^ )  where y 0 < Z < y Q+£n-

|g"(<f)| = arcosh£ < acosh(j/„ + sn) < ^ [ e y°*e' +1] < +1] < ^ [ e 2(3 + 1] < e2 h

Thus, we have shown that the implied constant in the remainder term is uniformly 

bounded. 

g(v0) = </(/?)

g '(y 0) = -V \ ~ a 2 and s 2 =n - 4 /  5

. - 4 / 5

«(>•„ + s . ) = Ji f f )  - 0 - j -  + 0 (n -t,s).

Thus. jG5(a,«)| <  ----------  J ^ (f-,v°^ V /[l + 0 (« ',/5)]

where b = — f l - a 2 .
2

To complete the proof of our Lemma, we will show that m0 < 

Expand g \ t )  into a Taylor’s series about the point y0

* » < * ) « - V P ?  1 for < - lA 3 ~
---------------------  o o  2 < + l  o o  _  2 '

w0 = g 0 ’0 + O -  I - a  § ( 2 /  + l)! _ ff(2 /)!

-n-*15

14
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m0 = -2b  sinh(£n) -  [cosh £n - 1] < -[cosh(fn) -  1] < — -— =

^ n i i {  P ') -n  b =_

*  0

If B>\ + e . a  <(\ + £ ) '  and b >br . where be = ~£ +— - .Thus,
H c 2(1 +

in the next chapter where f > \  +c  '.ve have uniform estimates by replacing b by

b..

Gs(a.n)  |< I ~ I
*1̂ 15 rrv» 5

Similarly we could show that

, ^  , xl £nMp)' h n',S 2[1 + 0 ( n ' ‘ 5)] ^ 2[1 + 0 ( n ',/s)]
\Kfa ,n)\  < ---------------j----------------< j

z ( n 5 -  1) x (n5 -1)

Lemma 3.5:

-  iemltfi)j 2 [ \  + G (« ‘ 1/5)]
G4(ar,/7) = ------- — ---------- r,------  (j.7)

■Jrvr( 1 - a r ) /4

- i e « ' f i ' p j 2 ( \ - a 2)y*[l + 0 { n v i )]\l + 0 { n lb-')]
k ^ a , n )  = ----------   y= ----------------------------  (i.s)

dntt

The constants in the big O ’ notation are real and independent o f  n and k.

b = -^ V l-  c f  . Gfa .r i )  and K f a . n )  are purely imaginary. I f  f > \  + £.

then we have uniform estimates by replacing b by bc , where bc = ^£ £
2(1 + e)

Proof:

15
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The main contribution of the H n(z) and H n\ z )  will come from z  = it 

-  y Q -  en < t < - y Q + sn , with the orientation of the curve is that it starts at -  y Q + en 

and ends at - y Q- s n.

We expand g(t) into a Taylor’s expansion about the point - y 0. Recall, 

g(t) = - a  sinh t + t .

where - y 0 - £ n < < - y 0 + £n.

We already showed in the proof of Lemma 3.4 that | g " ( ^ : )J < e2 +1. Thus, the implied

constant in the remainder term is uniformly bounded.

g(Jo)

g(-y0) = -d(P) = ~[cosh~l(/?) -  V l-  ]•

mi<P)-nb(l+y0y where

Perform a change of variables s = t + yQ

fonJ(P) 3

where 3n = n bl/IO t 1/2

16
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Since n -> oo we can assume that &n > 1. If (3 > 1 + e , then 9n > 1 uniformly of k 

because b>b„.

-9 .

Since je~s ds < je *ds <0(e~n'ab' ) and J e~s'ds < 0 (e~n'°b' ' ) ,  we may replace the
9, 9, -«

integral for G4 (or, ri) with

G t(a.n) = W s'’ds[\ + 0 { n V5)][1 + )]
ndnb

_  • m/l/n - „,
G 4(o r ,/i)  =  - i — [1 +  G («  ,/5)][l +  O ( ^ n,0<’ ’ )]. 

dnbx

Thus,

G4 («, n) = ,   [1 + 5)].
V l - a "

We now compute R4(a.n)  and L4{a,n).

R4(a.n) = ^ ~  \ e n*U)"dt  
2 k  j

p n d iP )-

*4(a .« ) =  ----- - fe-nbi" y»y"dt[\ + GOT1’5)]
2 ,r

Again perform a change of variables s = t + y0

nd({i1-yo j  c,

R,(a,n)  = e- — ------   i e "“ '’Js[]+0(n )]
lK -I

We now complete the square in s.

n d (P )-y0* -^ T  . tn | ,
e i r -«*(»■•—  )* I.«

/?4 (or. n) = - --------------   \e -nb cZs[l + 0(n )\
2*  - t

n d (P )-ya*-2— (£” ' l n ft
p  4 n b : e ,

R4 (a . n) = -  — i- fe-r cfc[l + 0 (« -,/s)].
iKdnb -u.+— >vs-

1 , 'T - l c , + r - -  )V«A 
2 no

Again we use the estimates je 5 cfr < 0(e~n'°b ) and J e's ds < 0 (e " ).

17

R e p ro d u c e d  with pe rm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



Thus we replace our integral for Rx (a, n) with R4 (or. ri) = —— =r-= = = = [l + 0(«"I/5)].
- a 2

We are going to replace e4nA by 1 + O f n 'V ). The implied constant in the big 'O ’

notation is uniform in n and k. and if /?> ! + £■, b > b c.

In a similar way we can now compute LA(a,n).

[1 + 6>(n !' 5 )JLl + U(rt 'b : )]

_  sinh(y0)

sinhy0 = / W l - a r .  Hence.

Note, that the big *0? notation means that the implied constants are real and independent 

o f n and k.

We can easily see that the previous estimates are all of a smaller order than the estimates 

for G4(a,/t) and K^(a.n). Thus, we summarize the results of this chapter in the case 

that k is fixed and n -> oo.

a R, (e~ndip)) is real valued and is bounded by a constant times the function in the 

parenthesis. cr,x (ln(« / k)) is purely imaginary and is bounded by a constant times the 

function in the parenthesis. The bound for crRi. a,  and the implied constant in 0(«~l/5) 

are real and independent of n and k .

• m/( ̂
H n{k) = —------— [1 + 0 ( n '/s)] + crfi| {e~nJm) + a , t (ln(n / k)). (3 .1 0 )

18
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h „ (*) = k j % - f  -  - t p + ° ^ 15 w p + ^  v  ) i+CT«. £ - ^ r ~ ) +CT/; i f  " 1 } -

(3 .1 1 )

where we used the fact that k is bounded, 1 < |&j < B.

a R, (e~nJ(p)(3) is real valued and is bounded by a constant times the function in the

parenthesis. cru (-J/?2 -1 ) is purely imaginary and is bounded by a constant times the 

function in the parenthesis. The bound for crRi. <jh and the implied constant in the big 

‘O’ notation are real and independent of n and k .

Y « « )  =  ~ ( r - y  -7 ^ =  [1 + 0 ( n v 5)] +  a ,  [ ln (n /  * ) j (3 .1 2 )
ke J n x

(3 .1 3 )
' n

co sh '(—) kwhere we used the approximation--------- — = 1 as n -» co.
H j )k

K ' ( k )  =  -  A "  [1 +  0 ( n - v  5)] +  - 1  (3 .1 4 )
k e  fcV/r ‘ V k ~

(3.i5)
2 n k

Yn'(k) and J n\ k )  are the derivatives of the Bessel functions.

19
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IV. Uniform estimates of //„'(£) as n and k approach infinity 

with — fixed and bounded away from one.
k

Now that we know that the power can be represented by the converging series given 

by (2.1 O'), we would like to estimate the limit of this series as k goes to infinity. In order 

to do this, we need to get uniform estimates of Hn'(k) as both n and k tend to infinity. In

this chapter, we will use the results and method from the previous chapter to obtain the 

estimates in the case that k tends to infinity faster than n, and also the case that n tends to 

infinity faster than k. To be more precise, we obtain estimates as n —> ooand k —> oo with

kthe ratio p  =  — fixed. We will deal with the case /? > 1 + e  and the case /? < 1 -  e , where 
n

e  is a fixed positive number. In the next two chapters we will deal with the case 

1 - e  < p  < 1 + e .

First, we will deal with P > 1 + £ .

We look for the critical values of w(z, P ) , where 

w{z,P)=  /[-  sin z + Pz\ , w. (r, P) = /[-  cos z + /?], and 

w. = 0 if cos z ~ p .

Since P  > 1 + £, the only solutions of cos z = P are z = ±iy0, where y 0 = cosh'1 (/?) > 0 . 

Thus we can use the contours ys 1 < j  <5 that we described in Chapter III with the y0 

as defined above.

]dz where T is the same curve that we described in Chapter III

r

r
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Let 0 < £r < 1 / 2 be a fixed constant, and suppose that pk = n and f5>\ + e, £ -><»□ . 

Because our estimates in Chapter III are uniform in k and n in the case p  > 1 + e, we can 

use our results from that chapter.

J ^ i l  B2 — 1 i-------
H „ \ k )  = ---------------------- [1 + o m r ' 1')] +  O’,, + cr( i ( V ^ ! - l )

£TRi [c~nd{P)(3) is real valued and is bounded by a constant times the function in the

parenthesis, a, (yjft2 -1 )  is purely imaginary and is bounded by a constant times the 

function in the parenthesis. The constants for crRi, eru and the implied constant in 

0 ( k ' u5) are real and independent o f n and k.

Let

S} {P) = pd(P) = [P cosh '1 (P) -  J p 2 - 1 ]. (4.1)

Thus, for p  > I + s , the formula above can be written as.

_ F)aI f i 2 — i----------------------------------------------------------- i---------
#„•(*:) =  - jL iM  [1 + 0((/X )-|,!)] + <7„: + a L (V/J1 - 1) ■ (4.2)

□ □ □ We now estimate H ^  '{k) for p  < 1 -  e . By the theory of the steepest descent, the 

main contribution of H ^ ' (k ) will come from the part of the path near the saddle point(s) 

of w(z, P)  = /[-sin z + Pz\ on the path of integration. Since p  < I -  s , w.(z,P) = 0 gives 

rise to the saddle points x  = ±cos~' p . Let x, = -  cos"1 P , where we are using the

branch o f cos"1 /? such that 0 < cos"'(/?) < k  . We write Hkp'{k) = —- Jsin z e ^ ' ^ d z
f t  Cl

5

where Q can be written as a union o f the curves Q = Y  • The curves v ] will be
/=■

described below.
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Since ( 3 < \ - e  , we can choose k large enough such that

2 9
s k = k~2'5 < - ^ c o s " '( l - e )  < ^= c o s~ \ f i ) ,  or - =-ek <cos "'(/?) . This inequality is

v 2  a/ 2  2

necessary in order to make sure that the curve r, (defined later) will be within the half­

plane Re(z) < 0 .

Let r3 = x, - te ° '* )!B for -  ek < / < ek with the orientation given by increasing t.

> / 2
Let r 2 be the horizontal line segment which starts at z = - i t  + i - ^ - e k and ends at

a/ 2
z = x, + —  s k( - \  + i).

a/ 2Let r, = - k  + it for —  ek < t < ao , with the orientation of the curve is that it starts
2

4 iz = - n  + /co and ends at z = - n  + / —  ̂ .
2

a/ 2
Let r, be a horizontal line segment which starts at z = x, + —  £t ( l - / )  and ends at

. a/ 2
r  = -«T *t .

Let r5 = it, -  oo <  / < — —  , with the orientation of decreasing t.

Let TJ(k./3) = - ±  J s i n f z ) ^ - '^ .  forj=l,...5.

Note that T,(k./3) = 0{e~k ), where the estimate is independent of (3 for /? < 1 - s .  

In fact f t  (* ,/? !< -  jsinh(Oe'*<smh'+/t) = 0 ( e '^ )
*  A

since sinh t > t for t > 0.

We will show that T^k .p )  = 0(e~k *).

22
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\Ts(k,p)\ < — f sinh(/)e-i(smb'^ V r  <

2

using the above inequality for sinh(r) and the fact that J3 < 1 -  £ .

Let uR (x, y, P) = Re w(z, p ) = cos .t sinh y -  Py

Let y/it(k .p )  = uR(x] + £keaiA)m) and y/pk,P) = uR(xl - £ ke{3/A)!a).

To estimate T (k. B) forj=2.4. it suffices to estimate w(z.B) at z = x, ± £ke°IA)m.

because in the upper half plane ^Ur^x ' ^  > o  if -/T < x < 0 and therefore,
dx

uR (x, y. P) is not greater than y/a (k . /?) on r2. Similarly, in the lower half plane

d“ *(x’ ^  < 0 if -  ;r < x < 0 . and uR (.r, v, P) is not greater than y/b (k . p)  on r4.
dx

We expand u’(z. p)  into a Taylor's expansion about the point x ,:

w(x, ± £ ke0lA>\ p )  = W{x]. p ) - ^ k - Al$W\ x ].p )  + R](P)k-(, s .

|^,(/?)| < A/,. where A/, is a constant independent of k and P .
Let

d\(P) = [* J l-p 2 -Pcos- ' (P) \

Note that iv(x,, p)  = iS2(P) and w*(x,. P) = p 2 .

Let c = ^ \ - p 2-

u’(x, ± £ke ° ,A)a) = iS2{p) -  ck~Al5 + 0 (k '6/5)

Since P < \ - £ ,  c > t \= ] ^ -J I e - e 2 .

Thus,
TJ(k .p )  = 0(e-c‘k" )  forj=2,4.

The big ‘O ' notation means that the implied constant is independent of k and /?. 

We have used the fact that lengths of the curves r2 and r4 are bounded by k  .

We now want to estimate T3(k ,P ) .

23
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K J

(4.3)
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We expand w(z, /?) into a Taylor’s expansion around the point x ,. 

u( •, P) = i[S2 (P) -  c(z -  x, )2 + R{z, P){z -  x, )3 ] .

Since z = x, -  te 4 for -  ek < t < £k, we have |z -  x, | < sk.

Also |7?(z, P )| < M 2, where A/, is a constant which is independent of p and k . because 

|w"(z. /?)| is uniformly bounded for -  ek < \z -  x,| < ek . Therefore, 

kw{z. p )  = ki[d2 (p ) -  c(z -  x,)‘ + U(k " J )J and

T^k,P) = Jsin(z(0)e'itA'!(̂ w,-'u)'x'):W/[l + 0(A'1/5)] .
K

i:  _,r  ( ).v+ ik6: l{ j )

Use the identity sin z =  ----- —  to write T.{k.P) =   [C?^1 where
2/ 2 k

.■a/
Let m0 = e 7 4

Then the exponent appearing in the expression for O, can be written as

mQt -  kct2 = -kc[t2 - — /].
Ac

Completing the square in t we get,
2 2 

. i i r/ rnQ ? /w0 -j i sA ™o \ 2  rn0

m0: = / ,

0, = e4*c Je 2*C ^ tl + 0 ( k A,5)l 
-« •*

We again add to this integral the two tails that could be estimated by e~v*. 

Qi = e 4*cfe 2*c Jt[l + 0(k- ' '5)].
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By using the standard methods of a contour integration and the fact that the integrand is 

analytic and decays exponentially as |/| —» oo for t real, we can replace the above integral 

with a real valued integral.

Thus, je  - dt = je  - dt
-*3 —<o

= ]e-kcr'dt
-<c

■Jl -  1where m, = Re(/n„) = -----. We have the estimate e4kc = 1 + 0 ( -----).
' 0 2 4kc

* ' 1
Thus, O, = [e~ka dt[\ + 0 ( k ~v5)], where we included 0 ( -----) into theO(&'15)

~ J 4kc

notation.

Since c >cc = — j l e - s 2 , the big ‘O’ estimate is real and independent of (3 and k .

Thus.

Similarly.

□

0 2 = e 4* \e" -‘k dt[\ + 0 (k -v5)\ = —j= [ \  + /5)]
4  <ck

T}(k .p )  = —  ~ sin(.r,)[t + 0 { k ^ ) ]

_ . <%);»+*»£,</?) pr _____
r 3(k.P)  = fg ^  -- i j l - p 2[l + 0 (k-u5)].

Thus, we conclude that for 0 < p  < 1 -  s,  k -» qo and n = p k , with P  fixed

-m+ktŜ iP)-n+ iu  r—

H p \ k )  = e ill - P 2[ 1 + 0 ( r l/5)] + CT ( e ^ 1'’) . (4.4)

25
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ce = ^ y j l e - s 1 . cx (e~c,k' ' ) is complex valued and is bounded by a constant times

the function in the parenthesis. The constant for cr and the implied constant in 0(k~'15) 

are real and independent of /? and k .
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V. The conformal map

Let w(z,0) =  t(—sinz +  0z). For each 0 ^  1, tu(z,0) has a saddle point of 

order 2. A saddle point is a value of z satisfying wz(z,0) =  0. For 0 = 1 ,  w(z,0) 

has a saddle point of order 3. We cannot use the standard methods of Chapter IV 

in order to obtain uniform estimates of as fc — 1 oo, and for \0  — 1| < e

because of the change of order of the saddle point. So we follow the approach 

of Bleistein and Handelsman [Bleistein, pp. 367-379), and of Chester, Friedman 

and Ursell [Chester, pp. 599-611], where we construct a family of maps indexed 

by 0 , defined implicitly near the origin, such that the image of the w(z,0 ) is a 

polynomial given by (5.1).

<f>{t,0)='y2{ 0 ) t - ~ .  (5.1)

72(/3) will be holomorphic and chosen in such a way that the map defined implicitly
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by

w (z(t ,p ) ,0 ) = 4>(t,p). (5.2)

will be a conformal map; namely, z(t,/3) will be holomorphic for |/3 — 1| < e and

(3 € Efo = {x : (Im x  > 0) and (|z  — 1| < e)}.

In fact, we will show that there exist three such maps corresponding to the 

three cube roots of unity. In the next chapter, we estimate the integral using the 

new transformation. Let T$ be curve of integration for the integral representation

We will need the following lemmas.

Lemma 5.1. Let F(z) and G(t) be holomorphic functions defined in neigh­

borhoods o f  zo and to respectively. Suppose the F(zo) =  G(to), and F { z ) —F ( z q )  

and G{t) — G(to) have zeros o f  order n at z q  and to. Then for  some e > 0 and 

rj > 0 there are exactly n holomorphic functions Zj(t) mapping \ t — to I < V into 

\z — zo| < e, c > 0, and satisfying F{zj(t)) =  G(t) fo r  j  =  1,2 ,... ,n . Moreover, 

if  for some  |ti — Iq\ < y and |zi — -=q| < e, F(zi) =  C(ti) then =  Zj(ti) for

the critical points of ui(z,/3) will correspond to the critical points of y>(t,/3) for

of near the origin.

Let

(5.3)
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some j  =  1, 2,

The proof is based on the Weierstrass Preparation Theorem [Hille, pp. 265- 

268]. In fact, the theorem stated and proved on p. 268 is essentially the case 

G(t) = tn of the Lemma 5.1. The general result follows easily from this case. Note 

that / ( - )  has a zero a t zq of order n means that =  0 for j  =  1, 2 , . . .  n -  1,

but 0.

Let

503) =  i{sin(cos~l(/?)) -  /3cos_1(/3)}. (5.4)

Let yio =  {/3 : /3 =  1 or (real ,/3 < -1 , Im (3 = 0)}. Let A =  C — Ao- Then 

the cosine function maps the strip (|Re(z)| < 7r, s -fc 0 } as a 2-foid covering of 

A, so cos- l (/3) and 5 are both well-defined on a 2-fold covering of the set A. In 

both cases, the two branches over the same point differ by the factor -1. It follows 

that the function 5(/3) is defined and analytic on the same 2-fold covering of A. 

Therefore, 52(/3) is single valued holomorphic function for j3 £ A. Since

lim cos- 1(/3) =  0
/3— 1

cos- 1(/3) is bounded near 1 as is 62(/3). The Removable Singularity Theorem shows 

that 52(/3) can be extended holomorphically to the entire complex plane. We will 

show now that 62(/3) has a zero at /3 =  1 of order 3, and there exist three analytic
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roots of S2(/3) for |/3 -  1| < e for some e. Hence, we will be able to prove the 

following lemma.

Lem m a 5.2. 62{0) is a holomorphic function of 0. The three cube roots 

of 62(J3) are holomorphic for \0 — 1| < e.

We expand cos- 1 (0) into power series expansion in \ f0  using the integral rep­

resentation of cos~l (0) for |/3 — 1| < e. cos~x(0) =  f£  ^==5  with a branch cut 

along 7\ for the square root function, where T\ =  {x : x  is real, |x| > 1} and with 

the branch of the square root function Arg(l — t2) 1/2 =  0 for t real. Hence, we 

must use the branch of cos- l (,/3) such that cos- 1(l/2 ) =  7r/3  with a branch cut on

where we have a branch cut along S  =  {s : Img s — 0, Re a  < 0} and the 

same branch of the square root function as above. For |a | < 1 we can expand

7V

Let o  =  1 —0  and let s = 1 — t

(1 -  « )- '/*  =  £ » „ where

1 if p < 1
p ! !  =  <

p(p — 2)(p — 4 ) .. .  3(1) if p > 3 and p is an odd integer
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cos J(1 — a) =  Jq s 1//2(1 — s /2) l/2ds

1 ra 00

=  v i  i  5

1 (2n - l ) ! ! s n~1/2 j
22nn!a —0

a  f .  ( tn  -  l)!!an+l^  
*— 2*"i>If2n J -11
n = U  v '

= JT cl t  (2n ~ 1)!!ari
^  4nn!(2n -f 1)

For /? $ 7\,

sin(cos ^/S)) =  \ J \  — 0 1 

sin(cos_1(l — a)) =  \ /2a (l — a / 2)1/2 =  \/2a  Y ' (—1)” ^ ^ — I)--** .
t'o  4"n!

6(1 -  a) =  i(sin(cos- l (l — a)) -  (1 -  a)cos-1 (l — a)).

. . r—  ( - l ) n(2n - l ) ! ! a n ^  (2n -  l)!!an ,
5(1 -  a) =  iV2a( > *— --------- (1 -  a ) > ----L7T-,).

“ 0 lnn! ^ 0  -ln(2"  +  l)n!

j z - . y *  (—l)n(2n -  l)!!an ^  (2n -  l)!!an (2n -  l)!!an+I
“Q “ ^ *lnn! 4n(2n + l)n! 4n(2n +  l)n!

For the last sum let m =  n + 1 and the last sum becomes

, ^  (2m -  3)!!am
4 X ,L (m -  l)!4m(2m -  1)

CO

v m(2m -  l)!!am
2 - f
m= 1 (2m —l)2m!4m

00 n(2n -- l)!!an
n ^\ ( 2 n -  l)2n!4n '
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For the first two sums the terms for n =  0 cancel. Thus,

-  « > = w e  t  -  s V i +  < e V„=, . . . .  . . . . .  (2» - l )2

= iV 2 a « ?  T  (2n + 1>lto" 3 (( , « ■  ! _  + ■■" + ■» )
S S o ( »  +  l)M“+12 2n +  3 +  (2n + l )2' '

=  is/2^-a3 2̂q(a) 

where q(a) is a converging power series for |a | < 1, </(0) =  1, and

^  (2n +  l)!!ar t .3. t 1 -In+  4 ,
fS ( n +  1)! ,n+ 2 2n -F 3 (2n +  l )2

Let B\ = {x : x  is real, x  > 1} and B2 = {x : x  is real, x  < 1}. Let 

p(0 ) = q( a),

8(0) =  ^ V 2 ( l - 0 ) 3 2̂p(0)i

with a branch cut along B\ for the square root function with Arg(l — 0 ) 1̂ 2 =  0 

for 0  real.

We can use (5.4) to analytically continue 6(0) onto the set B 1 with a new 

branch for the square root function Arg(l — /J)1/ 2 =  7r for 0  real and a branch cut 

along B2.

We are going to use (5.5) to compute the three roots of 62(0).

62(0) = ~ ( 1  -  0)3p(0)2. (5.5)

32

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



We will now define the function 7J(/3) for |/3 — 1| < e such that the critical points 

of 1u(z,j3) will correspond to the critical points of <j>(t,/3) for j3 € 80 using (5.2) 

where 7 2(/3) = 72(/3) in the notation of (5.1).

Define 7J(/3) for j  =  0,1,2 as follows

7?(0) =  e(T + 3Ti )2l/ 3(l -  /5)p(/3)2/3. (5.6)

with p(/9)1,/3 real for /? real.

We will need later on in the paper to know that |p(,8 )| has a lower bound. 

There exists an e such that |q(o)| has positive lower bound for |a | < c because, 

q(a) is continuous and q r ( 0 )  =  1.

Thus, we have proved the lemma by constructing the three analytic cube roots 

of <52{f3). We have defined a function 72(/3) that satisfies

h jt/s))3 =  (t/ s'W)

where p(8 )^ 3 is the positive real root for (3 real. For each j  =  0,1,2, we will define 

a particular function 7j(J3) such that [7y(/3)]2 — 72(/3) the functioned defined by

(5.6) and satisfies the following equation for (3 € Bq,

v H i m f  = ( - v m -

7j{J3) will be continuous for !3 6 Bo, while 7  2 (8 ) will be holomorphic for \(3—1| <  e.
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Let

0 for /3 = 1

7j(ft) =  < e ^ +_3z^2l^°(l — /3)1,/2p(/3) 1̂ 3 for (3 £  B\ (fi.7)

e(-^¥+~3~'l2 x̂ i(f3 -  1 ) l 2̂p03) 1̂ 3 for /3 € B\

with a branch of the square root function with Arg(l — p ) t/2 =  U tor fi < 1 and 

Arg(J3 — l )1/2 =  0 for j3 > 1. We defined 7j(/3) in such a way, so that ±cos_ 1(/3) 

correspond to ±7j(/3) via the equation (5.2) w(z) — ip(t). Let z_ =  —cos- 1(/3) 

and z+ — cos- 1(y3) for each branch of cos~l(/3). If j  =  0,2 then for j3 € Bo

w(z~) = <p{lj{P)) ™{z+) = ¥>(-7j(0)) (5.8)

because <p(7j ( 8 ) )  =  2/ 3(7j(/3))3 =  ft( 8 )  using equation (5.1) and

w(z-.,Q) = i(sin(cos ’(,#)) -  8  cos l (/3)) =  6(3)

using the definition (5.4).

^(-7j(/3)) = - 3 (7 m f  = - m = Hz+,0)

If j  =  1 then for /? € Bo

w(z~) = ¥»(-7j(0)) w(z+) = ¥>(7j(/?)) (5.9)

because <p(7j(/?)) =  ~H 8 ) = *"(-+) and <p(“ 7j(/?)) =  6 (@) =  tn(z_,/3).
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Thus the polynomial

« t ,0 )

is a holomorphic function of /3 for \/3—1| < t. 4>(t, j3) is also a holomorphic function 

of t for a fixed j3, and it is a continuous function of both variables. By Osgood’s 

Lemma, it is a holomorphic function of both variables (see, Gunning and Rossi,

p.2).

Theorem  5.3 Let w(z,{3) and 4 >( t , / 3 )  be a 3  above. For each j  =  0,1,2 

and hence, for each choice of 7^(3), there exists a function Z j ( t . / 3 )  that is 

holomorphic in both variables for  |£| < t]\, and [3 — 1| < e.. The Z j ( t , f i )  

satisfies:

i) Zj (0, 3) = 0

ii) w(zj(t,3),j3) =4>{t,3)

Hi) Z j { t , [ 3 )  has a holomorphic inverse in the sence that there is a holo­

morphic function Tj(z, 3) that satisfies

and

=  -z for |z| < Tfe and |/3| < e.

35

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



Proof: First suppose that /5b #  1, so that wz(Q,/3o) ^  0. The Implicit Function 

Theorem, (see, Gunning and Rossi, p.14), implies that there exists a function 

rj(t, (3) defined for t near 0 and j3 near Qq and satisfies condition i) of the Theoren 

5.3.

We can continue Z j ( t , / 3 )  analytically along any path as long as we do not 

encounter critical points of w(z,/3). The critical points are solutions of wz(z./3) =  

0, wz(z,(3) — t(—cosz +  (3). For each branch of cos- 1(/3), the critical points are 

z+ = cos_ 1(/3) and z_ =  —cos-1 (/5). If

lim Zj(t,f3) = z+ or z_,to

and to is any given point, we will show that to =  ±7 j { ( 3 ) .  Let

h = lim

Along the path of analytic continuation we have

w(zj(t,/3),l3) =

We differentiate both sides with respect to t.

wz(zj(t,/3)j f3)ztj (f, P) = 7](J3) -  t2. (5.11)
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Take the limit of (5.11) as t — * fo- Since wz(zj(t), 0) is a continuous function of 

z, we have

lim wz(z .0 ) = wz(z± ,0 ) =  0.

Hence,

7j(/3) -  *o =  u>z(zk,0)h-  =  0 

'o2 = 72(/5).

Let

t m = (-i)S j< /j)  (512)

for fc = 0, 1.

Now. we will show that if t — ► fjt then z j ( t )  — >■ z+(z_), multiply (5.11) by dt  

and integrate from 0 to 7j { 0 ) .  The right side becomes yj(7j, / ? )  =  ( — l)J2/ 37? ( / ? )  =  

6(0). The left side becomes w(zq)  — w(0) =  w(zo).

Since we know that the critical values r+(z_) are roots, ~o =  ~+ or z_. Since 

iu(z,0) is an odd function, the root must be unique. Picking —7j ( 0 )  leads to the 

other critical point of w by the oddness of z(t). The limit of zt,j(t, 0) must exist and 

be nonzero, because both sides of (5.11) have to vanish to order exactly one. We 

know that z(£) is an odd function of t, because u>(z, 0 ) = tp(t,0 ), <p(t,0 ) and w (z,0 ) 

are odd functions of t and z respectively. w(z(—t)) — ip(—t) =  —<p(t) =  —u)(z) =

37

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



w(—z). By the uniqueness of the Implicit Function Theorem, z (—t) = —z(t).

We already showed that continuation along any path is possible as long as it 

avoids £ =  £&. We will now use Lemma 5.1 to show that we can even continue to 

£fc, for ,8 1. Let F(z) = w(z,fi)  with , 8 ^ 1  fixed. Let G(t) =  <£(£,/?) with 8 ^ 1

fixed. From (5.8) and (5.9) we have

F(z+) = G ( t j+l)

n=~) = O(tj)

for j  = 0 , 1, 2, and

in: (;+,/?) = 0,

wz:(z+,f3) = —i sin(cos- l (/3)) /  0

and similarly for Thus F(z) — F(zq) has a zero at z+ and at z_ of order 2, 

with ro =  r + or r_.

(*t (tj) =  7j {P) — t] = 0,

Gtt(tj) =  - 2 tj £  0.

Thus, G(£) -  G(£o) has a zero at £o =  tj or £J+i of order 2. By Lemma 5.1, for 

each j  = 0 , 1,2 there exist two holomorphic functions gi(t) for i =  0 , 1, that satisfy 

F(gi(t)) =  G(t) for |£ — £jt| <  r)k,i- Each gi(£) maps the sets |£ — £*| < ifc* into the
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sets |z — Z k  | < f i t , i  for i =  0 ,1, and z* =  z+ or z _ . By the last sentence of Lemma

5.1, only one is a continuation of Z j ( t )  near fjt for k =  0,1 and i = 0,1.

We have thus shown that for each /?, we can extend Zj(t, ft) to tk to be holomor­

phic in t for k =  0.1. We will use the Riemann Removable Singularity Theorem 

in two variable to show that Z j ( £ , / 3 )  is a holomorphic function of both variables 

for /? 7̂  1. (see, Gunning and Rossi, p. 19).

We need the following definitions:

Definition 1 .Let D be a domain in C2. A subset X  C D is called thin 

i f  fo r  every point u € D there are an open polydisc A (ti,r) C D, and a 

function  / ,  which is holomorphic and not identically zero in A(u, r), such 

that f  vanishes identically on X  f) A(u, r).

Definition 2. Let D be a domain in  C 2, and let X  be a subset of D. 

A function defined on the set D -  X is said to be locally bounded in D if 

to every point u € D, there is an open polydisc A(u,r) C D such that the 

function f  is bounded on  A(u, r) f](D — X ) .

Theorem 5.4. Let X  be a thin subset o f  a domain D in C2, and let f  be a 

holomorphic function on D — X , which is locally bounded on D. Then there 

exists a unique function g(u) holomorphic on D and such that g(u) = f(u)  

fo r  u € D — X . g(u) is the analytic extension o f  /(«).
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We want to apply the above theorem with f(u )  = ~ j ( t ,  3 ) .

D = {(£,/?) : |£| < V aod 0 <  |/? — 11 < c}

-Vo =  (J {(£*,£) : 0 <  | / 5 - l |  < e } .
k =  1,2

The set To is clearly thin, and we know that Z j ( t ,  3 )  is a holomorphic function 

of both variables on D — A'o by the use of the Implicit Function Theorem and 

Osgood’s Lemma. Thus, it suffices to show that Z j ( t , ( 3 )  is locally bounded in D.

We use the extension functions gm(t) for m  =  0 or 1, which we constructed

before using Lemma 5.1 with (3 fixed. Since gm{t) is a holomorphic function of £

and satisfies (5.2), we can differentiate (5.2) with respect to £ twice and we get,

z t l ( t , / 3 ) w z ( z , 0 )  +  w Z: ( z , 0 ) z ? ( L , 3 )  =  - 2  £. (5.13)

gm(t) satisfy this differential equation. Evaluate the above equation by taking the 

limit as £ —‘ £fc, we get

l£7m(7j03))|2 =  ls in (COs - i ^ ) ) l

^ 27/g(1 —/3)1/2p(/3)1/3 
“  ( l - / J ) V 2 ( i + / 3 ) i / 2  •

We showed earlier in this chapter that p{/3) is bounded. Thus, | ^ t(£)| is bounded

near £ =  £fc uniformly of j3 for |/3 — 1| < 1. For |£| <  171, gm(t) — JIgmi3) ^ -  Thus
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ISm(01 *s a ŝo uniformly bounded. By Theorem 5.4 we can extend Zj{t,(3) to be 

holomorphic of both variables for j3 /  1.

We will now use Lemma 5.1 to extend Z j ( t , { 3 )  for /? =  1 and t  = 0. Let 

G(t) =  -£ 3/ 3 and F(z) =  w(z , 1). G(t) has a zero of order 3 a t t =  0. F(z) 

also has a zero of order 3 at z =  0. By Lemma 5.1 there exist three holomorphic 

extensions of Z j ( t , f 3 )  for /3 fixed, /*(£) k =  0,1,2. By the last statement of Lemma

5.1, only one of the A(t) will be the extension. We will later on describe a  method 

how to define this extension. Differentiate (5.13) with respect to t .  f k ( t )  satisfy 

this differential equation (5.14).

«»:(S, l)-=«(t, 1) +  3tu:=(z, l)zu{t, 1) + wzzz{z, 1 )z3(t, 1) =  - 2  (5.14)

take the limit as t — » 0 of (5.14)

( 5 - , 5 )

because tUj(0,1) = wzz(0 ,1) =  0. Since fk(t) for k = 0,1,2 satisfy the above 

equation (5.15), we can conclude that Zj(t,/3) are bounded near >3=1, uniformally 

in /?. Apply Theorem 5.4 with X  =  {(£, 1) : |£| < rj}. Thus, we can extend rj(£,/3) 

to be holomorphic function of both variables for |t| < tj and j>3 — 1| < e.

To show the existence of the inverse map, it suffices to check tha t £tj(0, /3) ^  0. 

For [3 1, use equation (5.11) and set t  =  0. By condition i) of Theorem 5.3,
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Zj(0,(3) = 0. For p  =  1, use equation (5.13) to show 1) ^  0. By the Inverse 

Mapping Theorem for complex valued functions of several variable the inverse 

Tj(z,/3) exists locally. [Gunning and Rossi, p.17].

Once we know that the Zj ( t , p)  can be extended, we describe a method how to 

determine the extension for each choice of j  = 0,1,2. Differentiate (5.2) to show 

that Zj(t,(3) satisfy the following differential equation for 3 ^ 1  and P € Bq.

f°r f ^  tk
u(0. p)  =  0, ut( t , p )  =  <

i ( —c o s u ( t ) —f3) . .(5.16)
bi(p) for t = tk

For P £ B\, we use the branch — 7r < Arg z < w with a cut along T\ for the

cos- l (/3) function with cos- l (l/2 ) =  7r /3. For p  €  B i ,  we use the branch 0 <

Arg z <2n  with a cut along B2 with cos-1 (2) =  i cosh-1 (2) and cosh-1 (2) > 0.

Let bi(j3) =  (-1  )lh(p), and 

u p \  =  ( U/2'■t s in ( c o s 1 (/?)) '

For P € Bq — Bi, we pick the branch of h(p) such that for Q real

Arg h(p) =
(4/6j  — 1/ 6)7r for j  = 0,1

r/6 for j  =  2

For p  € B i , we pick the branch of h(p) such that for P real
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Arg h(0) = <

(5/ 6)7r for j  = 0 

7r/2 for j  = 1 

7r/6 for j  = 2

\  X n  Wf ̂  U>»« »»» •»« K< A i  •«< <w f  t? 1 * — i  ' 1 n  r»> »»4 «  •• f    1 \  1f t C  o tjc tU iiC C t o u c S C  c v ju c ii i iO iiS  u j  t j v c u u c x t i i i g  a t  t  —  t £ .  L A4C t a ^ t u i  ^ — t  j ~

is due to the matching of £jt with z+ and z_, which is described by (5.8) and 

(5.9). Evaluate (5.1-1) at t =  0, we get z3o-(0,1) = 2t, and let aa =  z t j(0 ,1) =  

21̂ 3e6"+_5_ for q  =  0,1,2. Thus z t j( t ,  1) satisfies the following differential equa­

tion

i f — c o s u ( £ ) ) - l )  f OT  * 0

aQ for  t =  0

For each given j , there is a unique choice of I and a  such that

u(0 . 1) =  0 ut(f, 1) =  < (5.17)

lim b{(J3) =  aQ.
/3— i

This choice determines how to extend Z j( t j3) to /3 =  1. Pick /3 < 1

use (5.7)

bi(/3) = ( - 1 ) '(— —- 0  .1/ .>7j^ — ) 1/ 2 
° I K P )  1 l M ( i  . ^ 1 / 2 ( 1  + 0 ) 1 / 2 *

lim6f(/3 )= 2 1/3e-(i/G+2/3a,
0—i
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The solutions (/,Z, a )  are given by the following triple pairs (0,1,1), (1,1,2), 

(2, 0, 0)

For our purposes, it will suffice to set j  =  1 and consider the integral

F (k,p)  =  —  f sin{zx{ t ^ ) ) z ul{ t ^ ) e k^ d U
ft J Dp

where Dp is the image of under the transformation 7\(z, ft). 

In chapter VI we will need to know the value of rt(z±,/3).

1 / 4  f 07̂  P >

rt(z±,/?) =  <
( ^ 2 _ 1 ) l / 4

f o r 0 < l

Note that we are using the following choice of 7 1/,2(/3)

Arg 7 1/2(/3) =  <
|  for  f)>  1 

f  /o r  ,5 < 1

(5.18)

(5.19)
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VI. Uniform E stim ates o f H'kp(k)

Recall the notation

w(z4 3) = i[-sinz +  (3z\.

Ffk0 {k) can be expressed as a line integral

f t U k )  = — [  sin ze ^ & d z .  (6.1)
7r Jr*

The curv'e T: of integration, which lies in the strip {z : — 7r < Re z < 0}, is 

divided into 3 parts, which will be described more fully later:

1) Fa, a curve near a critical point of w(z,/3).

2) The two tails T+, T_.

3) The curve l'c  that connects P+ to and the curves Tb , that connect 

T_ to T^.

The curves depend on f3 but are all contained in a compact set £ e which 

is independent of /3. In fact is an e neighborhood of 0 with 0 <  e <  1/2, where 

e is determined by the conditions of Lemma 5.2 and Theorem 5.2 of chapter V.

Pick to be a part of the steepest descent curve in the z-plane through the 

critical point z_ satisfying |z| <  Tfc, where rfe was defined in Theorem 5.3. z_ will
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be defined below. Let

uR(x, y, 0) =  Re w(z, 0) =  cos x  sinh y -  0y (6 .2)

and

U[(x, y , /3) =  Im w(z, 0 ) — —sin x  cosh y +  0 x. (6.3)

The curve of steepest descent satisfies

—cos 1(J3) if {3 < 1
ui(x,y) = u/(x_,y_), z_ =  z_ + iy_ =  <

—icosh 1 (0) if /3 > 1

Here 0  >  0. cos~l (/3) and cosh_ 1(/3) are taken to be positive. One can show 

that as the point z moves along F^ away from the critical point z_ in the lower 

(upper) half plane y values approach —oo ( +oo). Thus, for all 0  such that 1 — e < 

< 1 +  c, pick the points z a , z c, such that z a and zc are the first points of 

intersection of the steepest descent curve and the boundary of such that y„ < 0 

and yc > 0. Let be the continuation of the steepest descent curve from z„ till 

the point z  =  z& =  + iyt, where Zf, is the first point on the steepest descent

curve such that yj, < —3. One can show that zc and Zb depend continuously on 0  

and that there exists a constant m_i < 0 which is independent of 0  and k such 

that Uft(zc) < m_i and u/j(zt) < m_i.

Let f+  be the curve that starts at z =  —7r +  ioo and goes down along the
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line x  =  - 7r till the point z =  —7r +  iyc, and let T_ be the curve that starts at 

z = iyb and goes to z =  -ioo  along the line x  = 0. Connect the points zc, zj, to the 

end points of T+, T_, respectively by going on a horizontal line. Let Tc and Ts 

denote these horizontal lines respectively. By using the inequality sinh(t) > t3/ 6 

for £ > 0 it is easy to see that the integral over the curves T+ and T_ is 0 (e~ fcf>3), 

where 62 > 0 is a constant, which is independent of 0  and fc. The estimates of the 

integral (6.1) restricted to the curves r,i, Tb, and Tc will be postponed till the 

end of the chapter.

Recall from Chapter V the following definition

V(t,0 )  = 7?(/J ) t - t 3/3. (6.4)

If 0 > 1, then arg 71 (0) = ir. We showed in Chapter V the existence of the

conformal map z(t,0)  that satisfies w(z,0) = (f>(t,0). Let Dp denote the image of

Tp under this map. It suffices to use the transformation corresponding to j  = 1.

Let

G(t, 0)  =  sin z(t, 0)zt(t, 0), (6.5)

F ( M )  =  —  f  G{t,0 )ek^ d t ,  (6.6)
7T JD0

We will estimate Re(F(fc, 0)) using the theory of steepest descent [Bleistein, pp.
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262-265]. The main contribution of an integral of this type comes from the value 

of the integral near the saddle points. We first deal with the case 1 < /? < 1 +  e. 

We will approximate G(t,/3) by a constant term Pa(k,/3) (defined by (6.7)), and 

show that the remainder, Ra(k,/3) (defined by (6.8)), is of the smaller order of 

magnitude than the constant contribution as k — ‘ oo.

For 1 < 0  < 1 +  c, it will suffice to get an upper bound for ReF(fc, P). 

Throughout this chapter let A be any fixed constant such that, 0 < A < 1/3. Let

Let ao =  G ( -7 i(/3),/3)

f  e W '& d t ,  
J Da

(6.7)

(6 .8)

Re(F(fc./3)) =  Re[P0( M )  +  Ro(fc,/3)]. (6.9)

Ufc =  mofc 2/3+2At where mo is a constant that will be described in Lemma 6.3.

Lemma 6.1

0 *7/3 =  1

|Re[P0(fc. /3)]| =  0 (fc-2/3) if 1 < p < 1 +  e

 ̂ < Bp(et"2̂ fc*) if 1 +  ufc < 0 < 1 +  e

(6 .10)
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BP is a constant independent o f  /3 and k

Proof: For /? =  1, oq =  0. Since the curves Dp are contained in a compact 

set, the integral is bounded. Thus, for /3 =  1, Po =  0.

Thus, it suffices to prove the lemma for 1 < 0  < 1 + e. For such 3 perform the 

transformation r  =  £/7 i(/3) in the integral (6.7). Thus,

Po(fc,/3) =  - a °n L(/3) [  ekM M r)dr, (611)
v J Dro

where Drq is the image of Dp under the above transformation, and

v ( t )  =  —(r -  r 3/ 3). (6.12)

We pick the curve of steepest descent using the following application of a well- 

known result [Bleistein, p.255].

Lem m a 6.2 1)  The curves of steepest descent are given by Im v(r) = 

Im v(ro) where ro is the solution of vT(r) = 0 .

2) If Urr(ro) =  aeul° , a > 0 , then the directions o f the steepest descent 

curve are given by 9\ =  , Q2 = .

3) Ifvrrfro) =  0 and v-n-r = ae*00 then the directions of the steepest descent 

curve are given by Oj =  — +  (2j  +  l)7r/3  fo r  j  =  0,1,2.

The critical points of vr(r) =  0 are ro =  ±1.

u(—1) =  ^ > 0, Im v (—1) =  0.O

19
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Thus, the curve of steepest descent satisfies the equation

Im v ( r )  =  0. (6.13)

Let t  = x + i y ,  Im u(r) =  - y ( l - x 2+y2/3) =  0. vr r ( r )  = 2r  and urr( - l )  =  —2 < 0.

Since the curves Dp are contained in a compact set, we can represent the end

points of the curves by two functions of 0 : iq, i>2 . Let x i  be the x  — c o o r d i n a t e  of

V2, which is the first point of the intersection of the hyperbola (1 — x2 -Fy2/3 =  0)

and the boundary of the image of (compact set defined in the beginning of this

chapter) 1 < —22 < £maxi where xnu,x is a constant independent of 3 and fc, by

the definition of X2 and the fact that 3  is bounded. The corresponding points in

the r —plane are = ^ ,

At r  =  —1, the angles of the tangent line of the steepest descent curve are

£?i =  0, and 02 =  7r. Hence, near r =  -1  we must use the branch of the curve to

be y =  0 for ^  < x < 1. Let Ai denote this curve.

At r =  1, the angles of the tangent line are O3 = 7r /2, and O4 = 3/27T because

urr(l) =  2 > 0. Thus, we must use the positive branch (y > 0) of the hyperbola 

* 2
x2 — =  1, for 1 < x < Let A2 denote this curve.

Let Poi denote the integral Pq where the curve of integration is the restriction 

of Dftg to the curves Aj for j  = 1,2. We must now compute ao using (5.19)
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Using equation (5.9) we see tha t —71 corresponds to z_ =  —cos l (/J) =  —i cosh

sin(z_) =  —is/,S1 — 1. Thus,

ao =  i(/32 -  1)1/4v/271(j9)1/2.

arg7 i (/3) =  7r and therefore

-a o (/3 )i7 i(/3 ) =  - * |7 i |3/2(/32 ~  l ) l /4 - (6.15)

which is purely imaginary. On the curve /li, the integral is real and the constant 

is purely imaginary. Therefore, Poi is purely imaginary. Since we are interested 

in estimates of the real part, it will suffice to estimate only the Re (P02). Along 

the curve A2, f{x)  =  —Re u(r) =  (8/3)x3 — ‘2x, for 1 < x < X2 < 0. 

Im v ( r )  =  0 =  1 — x 2 +  y2/3, so along / I 2 we can express y as a function of x, 

y =  n/3(x2 — l )1/ 2 > 0. Thus, on A2

dr =  (1 + i\/3x(x2 — 1 )~l 2̂)dx.

Re P02 =  Re [=&*  jp a /h n l e-fc|7l p/(x)fl + _  i j - i /a ] ^ ]

=  m 3* 0 *  - p ^ v s  _  i r ,/2(te
7r
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We divide the curve into two intervals: Aj  =  [1,2] Ajj  =  [2, — ̂ / I t i I I ,  if 2 |7 i| < 

—X2- Let Pi and F// be the real parts of P02 corresponding to the intervals Af  

and A n  respectively. For the curve .4;, we use the fact that f ( x )  is an increasing 

function; hence f (x )  > 2/3.

|F ,| < e- ^ | - n l 3|7 l |3/2(/32 -  ,0 l/^  f \ {x2 _  i r i/2(ix
7 T  J 1

^ - 2 / 3^ 1̂ 1̂ 13/2 ^ 2  _  ^ 1/4
(6.16)

7 T

To complete Lemma 6.1 and for future reference we need the next lemma.

Lemma 6.3 There exist positive constants mo and m  1. which are inde­

pendent of Q and k, such that for  |1 — ,<3| < c

m i|7 i(/3)| <  1.3 -  1 |1/2 <  m0|7 i(3 )l-  (6-17)

Proof: We showed in chapter V that

|7 i ( 3 ) l= 2 1/ ° C 3 - l ) l/2p(3)1/3, (6.18)

and 0 < L\ < |p(/3)| < Lo where Lo and L\ are constants independent of 3- The 

result of the lemma follows.

Thus Lemma 6.3 and (6.16) imply that

\ P i \< e (- 2̂ kM 3\ ^ \ 2m3, (6.19)

52

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



where m 3  > 0 is a constant independent of /3 and fc.

To get an upper bound for P/7 , let g ( x )  =  f ( x )  — 2z3, so g  ( x )  =  2 x *  — 2 >  0

for x  on A2 and 5 (2) =  2/3, thus /(z )  > 2z3 + 2/3 > 2z3. Using the inequality 

(z2 — l ) -1 / 2 < 3-1/2, for z  on A 3 , we get

|P //| <  ( l /2 )m o |7 i |27T~1 / 2- x -/,''n ' x d x .

Let u = fc|7 i |3z3

|P //| < ( l / 2)m0fc- 2/37r_l e~uu - [t3du. We can replace the above inte­

gral by fa°°e-uu - l' 3du = T(2/3). |P /,| < r (2/ 3)fc-2/37T-1m0 =  0(k~2/3).

For fc such that (711 > fc- l / 3+A we replace the above integral by 0 ( / 8“ |7 i|3 e ~ u d u )  

(9 (e- 2fcl'nl3). Thus |P //| < Bp(e~2kX). Bp is a constant independent of 8  and fc.

Thus, we combine the above estimate with (6.19) to conclude
r

0 {k~2' 3)
|Re[Po(fc,/3)]| =  (6.20)

< Bp{e.~2l3kX) if |7i| >  fc- U3+A

If /? > l+ m 2fc-2/ 3+2A =  1 +  Ufc, we use Lemma6.3 to conclude that [711 > fc-1 /3+A, 

because

fc-l/3+A < „ , - ! ( £ _  ^ 2  < |7 l |.
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Thus, we conclude the proof of Lemma 6.1

0 if 0  =  1

|Re[P0(fc, £)]| =  0(fc~2/3) if 1 < /3 < 1 +  e

< J5p(e^-2/3)fcA) i f l + u f c < / ? < l + e

Lemma 6.4 Let Uk be as in as in Lemma 6 . 1, then

|Re[Ro(fc,/?)]| <
Bv (k~2/3+x) fo r  1 < (3 < uk +  1 

8fl(e-2tX) fo r  1 +  ufc < / ? < l + e

(6.21)

Bv a n d  Bn a re  c o n s t a n t s  w h i c h  a r e  i n d e p e n d e n t  o f  /3  a n d  fc.

Proof: For jd =  1, 7 i( l )  = 0. 4>{t, 1) =  —t3/ 3 has a critical point at t  =  0 of 

order 3. The angles of the steepest descent curve are Or, = 0, 0c, = 27r/3, O7  =  47t /3  

by Lemma 6.2.

The steepest descent curve T^ in the z —plane for j3 = 1, approaches the origin 

along the ray qo =  57r/6  and emerges along the ray a i =  3 n / 2 .  Since z(t,/5) is a 

conformal map which maps the positive real axis in the t —plane into the negative 

imaginary axis in the z-plane, the corresponding curve in the t —plane is a curve 

th a t approaches the origin along the ray with angle 6 7  rind goes out along the line 

with angle 0$. The curves of integration are straight lines and along these lines 

<f>{t, 1) is clearly real and negative.
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z(t,fl) is an analytic function of both variables, hence we have the following 

estimate for 1 < 0  < 1 +  e.

|G ( i , /? ) - a o | < C 0|t +  7 i|. (6-22)

Thus,

|fio(fc, 1)| < C 0 H s e - ^ d s .
J o

Let u =  ks3 /3

Ho(fc, 1)| < C0T l/3k - 2/3 r  t - uu~x' 3du =  m2fc- 2/3 (6.23)
J o

where m2 is a constant independent of k and 71.

Thus, it suffices to consider the case 1 < /3 < 1 +  e. Perform the change of 

variables, r  =  t/ 71 (/3) in (6.8),

Ro(fc,/3) =  - h i t f ) * - 1 [  (G(n u (3) -  ao )e-fĉ l 3^ d r .  (6.24)

For t and (J real, z(t,[3) is purely imaginary and G(t,f3) is real, where G(t) was 

defined by (6.5). Let Aj be the curves that we defined in Lemma 6.1 for j  =  1,2. 

The contribution of Hkp{k) to the curve A\,  is purely imaginary. Thus, for our 

purposes it suffices to estimate the integral for the curve /12. We use the same 

notation as in Lemma 6.1. Using equation (6.22)

|G(r7 i,,d) -  ao| < Cb|7 i | |r  +  1| (6.25)
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|fto(fc,/*)|<C 0 |7 i(/?)|2| f  (x +  l+ iy ) e - fĉ l 3̂ r f r |  (6.26)
J A?

where y =  v/3(x2 — l ) 1/2 and dr = (1 +i\ /3x(x2 -  l ) -1/ 2)dx

|flo(fc./3)l < C o f t i m 2 K z ) * -khl]af{x)d* (6.27)

where h(x) =  | — 2x +  1 +  i[\/3 (i(x  +  l)(x2 — l )-1 2̂ +  (x 2 — 1) 1̂ 2)]|- We showed 

in the proof of Lemma 6.1, that/(x ) > 2x3 for x  on A i . By the same reasoning 

as we used in Lemma 6 .1, it suffices to estimate the integral for 2 < x  < oo. For 

such x,

\KX)\ < | — 2x  +  1| 4- \/3(x2 -  l ) 1/2[x(x -f l)(x 2 -  l )-1 + 1]

< | -  2x +  1| +  \/3(x2 -  1 )^ 2[2 +  (x -  l ) -1] < mix  +  rn4

where m 3 and m4 are constants independent of 3 and k. Thus, we again can apply 

the method of Lemma 6.1 and complete the proof of Lemma 6.4.

We have so far estimated for 1 < j3 < 1 +  e. Now, we will state a lemma for 

the case 1 — e < 3 < 1. In this case the point r_ =  —cos- 1(/3) is the only critical 

point on the curve F=. The corresponding point in the f-plane is —71 (,/?). Thus 

~ 7 i (P) *s the only critical point on the curve Dp. Here cos_1(/3) is taken to be 

positive for 1 — e < 0  <  1.
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Pi(k,{3) = —  f  e W & d t,
7T Jd0

(6.28)

Hi (fc, p) = —  I (G(t, p) -  01 )er*{i'"dt ,
7T7T J d0

(6.29)

F(k.p) = P\(k,0) +  Ri(fc,/3).

It will suffice for the proof of Lemma 6.5 and 6.7 to estimate P\(k,p)  and just get

an upper bound for R.i(k, 3), for 1 — e < <3 < 1. Let

(5o(t) -  \ / l  — t2 -  t cos- 1(f),

where 0 < cos~l(t) < | .

The function 6(3) defined by (5.-1) is equal to 162(d) for 1 — e <  P < 1. From 

Chapter V it is clear that for 3 < 1, 62(P) — 2 / 3|7 i |3.

Lemma 6.5

2/3+2A'\

(1 +  0 (k A)) fo r  I — e < p < l  — Uk

for  1 — Ufe < P < 1
(6.30)

Bq is a constant independent of P and fc.
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Proof: Perform the change of variables in (6.28) r  =  £/|7i 03)|

Px(k,P) = f  efcl7ilMr)dr (6.31)
7T JdRi

v(t ) =  - ( r  +  r 3/' 3). (6.32)

D r, is the image of Dp. We have to evaluate the contribution to the integral for 

the part of the curve near the saddle point r  =  —i, which corresponds to —7i(/3) in 

the t-plane. v(—i) = *  and u '( - i)  =  2i. By Lemma 6.2 the angles of the tangents 

to the curves of steepest descent are given by 9s = \  and 60 =  Since our map 

z(l,,3) is conformal and maps the positive real line into the negative imaginary 

line, the incoming curve of D r, is tangent along et0° and the outgoing curve is 

along et0H. The equation of the steepest descent curve is given by Im v(r) = | .  

Let r  =  x + iy, v(x, y) =  (ui +  m2), where

x3
«l =  - x -  y  + x y 2,

y3 2 
**2 =  - y  +  y  -  *  y-

Thus, «2 =  2/3 defines implicitly the curve of steepest descent, which passes 

through the saddle point at ro =  —». We expand v(r) about the point ro =  —i. 

Perform a change of variable in (6.31) ip =  r  +  i, and let denote the image of

58

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



D r x.

Pi(k.0) = f  e*hnl (6.33)
7T 7D*

The main contribution of this integral comes from the neighborhood of 0 =  0. 

For j  = 1 ,. . .  ,4, let Bj  be the restriction of as described below. Our curve of 

integration is D,  ̂ =  (J j-i Sj-

B\ : |0 | < ^ and Re0  > 0

Z?2 : |0 | < ^ and Re0 < 0

5 3 : |0 | > ^ and Re0 > 0

5 4 : 10 1 > - and Re0 < 0.

For j  =  5.6, let xbj be the intersection of the arc ^e‘° and the curve B j - 2- Let 

a j  be the angle of the line that, joins 0 j to the origin. We will show later that 

0 < a.s < f  and rf-  < a r, < 3F

For j  = 5,6, deQne the curves Bj  as follows:

S 5 : 0 =  ^e10 a 5 < 0 < ^

S6 : 0  =  \-el° ^  < 9 < a G. 
I  4
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Since our integrand is analytic, we can replace the curves Bj  by straight line 

segments Lj  joined with B j +4  for j  = 1,2. Lj  is the line segment given by 0  =  

(—l)J+1e’" /4<7 for 0 < q < 1/ 2. These lines segments are the segments of the 

tangent line to the curve D^ at 0  =  0.

Let Pij(fc, /3) be the integral Pt(fc,/3) whose curve of integration is the restric­

tion of to Lj for j  =  1,2. Let Pij(fc,/3) be the integral Pi(fc,/?) whose curve of 

integration is the restriction of to Bj for j  =  3 ,4 ,5 ,6.

We will now estimate Pij for j  = 1.2. We will get estimates in the case 

|7 i| > fc- l /3+A and an upper bound in the case I71I < fc- l /3+\

[n the case (711 < fc- I /3+A, we need the inequality

Re(i02 -  1/303) =  -<^(1 ±  V2q/6) < 0.

for |q| < 1/2

e - f c | 7 i l V ( i - / 2 v / G )  <  l  ( 6 .34)

Since the line segments have finite lengths, |Pij(fc,/3)| < |ai| |7 i|m s where ms is a 

constant independent of fc and /?, for j  = 1,2. The calculation of a\ is the same 

as the calculation of ao in (6.15).

ai(/3) =  (1 -  (6.35)

60

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



From Lemma 6.3 and the assumption that |7i| < fc 1/3*+'Ai we can conclude

|Pij(fc,/3)| < BQ( k - V 3+2X).

In the case > k~ l^3+x, we substitute the relation ip = (—1 y + l e n i ^ q ,  into

l i p 2 -  1/3 ip3 = - q2 + ( ~ \ y + l V 2 q3/Q + (-l)J 'iv /293/ 6.

Let s =  q2, and let a = (-1 )JV 2 (-1  +  i )/6  

d i p  = (—1 y + l e * l / 4 d q ,  and dq = s ~ l ^ 2 d s / 2

for j  =  1.2. Let u =  fc|7 i |3s

ie*[fc«2W)+*/4 la i03)|7t e- u+fc-l/-|7i| 3/' ^ /2u~U2du

(6.37)

for j  =  1,2. We expand

cfc-*'3hri|-3' W /3 _  x + o(fc-1/2|7 l | - 3/2u3/ V l/2l̂ 1 3/2(ruo'3) (6.38)

where 0 < uo < u and since we are assuming that |7 i| > fc 1/3+A. For 0 < u <

, we have the inequalities for the exponent

—u +  fc-l/2|7 i r 3/2M*o/2 < -« (1  -  fc-l/2b i | - 3/V ' 2/3) < -Stt/6.
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Thus,

for j  =  1,2. Note that

/  eruu~l/2 =  r ( l /2)  = sfk.
Jo

Thus,
_ ; e ‘ [W 2(^ )+ !r/ 4  L i f t f !  .

2 ^ , 1 ^  11+° ( t  >' (“ 9) 

for j  =  1,2. Recall equation (6.35).

Arg 7 i =  7r /2 .

-n03),/2h i W ) r l/2 =  e’ ' ' 4.

Thus, we conclude

Pu(t.>?) =  e' l/" h W > (1 ~ '?2r ^ (1 +  0 ( t " >) (6-40)2v 7rfc

for j  =  1, 2.

We will now estimate Pis(fc,/3). We will use Lemma (6.3) to write

|P i5 ( A : . /3 ) | <  | 7 t | 2 m G I * ' *  e - l / * kM 3p W d 0  
J o
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where p(9) =  (sin(20) +  icos(30)), and mo > 0 is a constant, independent of (5 and 

fc.

Lem m a 6.6  There exist a positive constant 1717 independent o f  fi and fc 

such that p(9) > 7717 for  0 < 9 < it/A.

Proof: Case a): for 0 < 9 < 7r/6, sin(20) > 0 and cos(30) > 0. Since sin(20) 

and cos(30) are never zero simultaneously for any 0 in the above interval and p(0) 

is continuous on a compact set, the lemma is true in this case.

case b): forir/fi < 0 < 7r/4, |cos(30)| < ^ ,s in (2 0 )  > p(9) > ^  — > 0,

which again proves the lemma in case b).

Thus,

|Pis(fc,P)\ < |7 i|2m07re-fĉ l 3Tn7/4. (6.41)

By Lemma 6.2, the angles of the tangent line to the curves for ,3 =  1 are 

05 =  0, Or, =  , 07 =  31. As we explained in Lemma 6.4 the angle of the incoming

curve is O7 and the outcoming curve is O5.

We write ip =  Let f(\ifr\,0) =  |^ |2cos(20) — (l/3)|-0|3sin(30) =  lm(itp2 —

1/3ip3). The curve of steepest descent satisfies /(|-0 |,O) =  0. /(|t/>|,0) =  |t/>|2 > 0 

and / ( |^ | ,7r /4) <  0. §£(|^ |,0) <  0 for 0 < 0 <  tt/4 and |^ | sufficiently small. 

Thus, the steepest descent curve starts out in the interval 0 < 0 <  7r/4  and by 

continuity must remain in that interval because f(\*J)\,9) =  0 on this curve. Similar
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argument can be used for the interval 07r/4 < 0 < 47r /3 . Thus, for O5 0 < 0 <

and for B(3 ,  ^  < 0 < y .  The estimates for Pio(k,/3) are done in a similar way as

we did for Pir,(fc, fi).

Thus,

\Pii(k,P)\ < h i l W - * ^ 13" -  for j  =  5,6 (6.42)

where mg > 0 is a constant independent of fc and /3.

If |7 i| > fc- l /3+A then

\ P i j ( k , . 3 ) \  =  0 ( e -fcl'n '3m") =  O i e - ^ ™ ) .  (6.13)

If |7 ij < fc- I 3̂+A then

!P b (fc ^ ) l< m G(fc-2/3+2A) (6.44)

for j  = 5,6

VVe now estimate P\j{k,l3) for j  =  3, 1. By using the fact that all our transfor­

mations are conformal, one can show that if we parameterize our curve as tp(t) =  

|0(£)|e,ff'^ for 0 < t < 00, then |0 (£)| — 1 00 as £ — ► 00. Since the steepest descent 

curve satisfies f( \v\ ,0)  =  |0 |2cos(20) -  ( l/3 ) |0 |3sin(30) =  Im(t02 — 1/3-03) =  0, 

|t£(£)|sin(30(£)) =  3cos(2£?(£)) for £ > 0. Since |cos(20(t))| < 1 and |-0 (£)| — k 00 for 

£ — 00, we conclude that sin(3#(£)) — » 0 as £ — > 00 and 9(t) — >■ 0 as £ — ► 00. 

Thus, there exists a positive constant C3 such that 0 < 6(t) < 7T/9 for |<y| > C3.
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C3 is independent of f3 and k.

VVe subdivide the curve Bj  into two parts:

B r : for 1/2 < \y\ < C3

B n  : for C3 < |0|

For B j , we can estimate the integral by the value of the integrand at |0j =  1/2, 

since the curve Bj  is the steepest descent curve and is of finite length and the length 

of the curve has a uniform bound. Thus, this part of the integral is 0 (e -fcl'n l3Tns). 

For B jj, we have

Re t v 2 -  l/3w3 =  - j 0 |2((l/3)|v|cos(30) +sin(20)) < —jy|2C3/6,

by the fact that |i |̂ > C3 for 0 < 0(t) < 7r/9.

Thus,

\Pij(k, 0)\ < M tf J Ib ib r -1 (6.45)
Jc3

for j  =  3,4.

In the case |7 t | < k~l^ x, let u =  A:1,/2|7 i|3̂ 2|^ |

|Pij(fc,d)| < mofc_1/2|7 i|1/,2y ^ °e '-C3/f6u^dw. (6.46)
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Using equation (6.35) and Lemma (6.3), we conclude that

\Pij{k,0)\ < m l3(fc_2/3+A) (6.47)

for j  = 3,4, where m>j and mi3 are positive constants independent of 3 and fc.

In the case |",i| > fc-1/3+A, let u — fc|7 i |3|0 |2C3/6

|Pij(fc,/3)| < |7 i 03) |1/,2A:_ 1/,2mi2 [  euu~l^2du < mio(fc- 2y,3+Ae-fc'7, l3) < mio(e_
4fc|-nP

(6,18)

where mm and mv> are positive constajits independent of 3  and fc.

Thus, we conclude that the main contribution to our integral is given by (6.40) 

and the other estimates are of smellier order independent of 3 and this completes 

the proof of Lemma 6.5.

Lem m a 6.7

(Bs{k~2̂ 3~x) for  1 —£ < 5 < 1  — Ufc
(6.49)

BT(k~2/3+2A) for  1 -  Ufc < ,3 < 1 

B s  and Bt  are constants independent o f  3  and k

Proof: Let Rij(k, 3) be defined in the same way that wc defined Pij(k,3) in 

Lemma 6.5 for j  =  1 , . . . ,  6. Wc will show that /?ij is of smaller order than P\j for 

j  =  1,2, and is of the same order for the other values of j .  By the same reasoning
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as we used in equation (6.25)

\G(t,0) - ttl(/?)| < C i|t +  7i(^)| =  C iN M .  (6-50)

Thus,
r1/2 „ .

i p. i <' r .  u.. i2^-i I „-q-+<r<r " fa  fRSii
l•“ • l j I  — ' - I I  ; i i  “  I  -  ' i LUi  - /

JO

where o- =  (—l)J \/2 (—1 +  i) /6 . Let s = q2 as we did in Lemma 6.5

\Rii\ < Cil7 i | V l I " 2 e - ^ ' - ^ d s  (6.52)
Jo

for j  =  1,2. Let u =  fc|7 i |3s

|Hij| < C'1|7 i|“ l ife-l7r-1 r  c - + * - l/3^ l 3 /w /3 rfu (6.53)
J o

for j  — 1,2. In the case (71) > fc-1/'3+-V

IRiil < C i k - 2/3~xir-1 r  e ' u+k~ir- M 3r'™3r'du. (6.54)
J o

We use the expansion given by (6.38) to conclude

\Rij\ < Cife-2' 3- X7r" 1 f ° ° [ e ~ u + 0{e-™'6k - xu3/2)]du < Bs (fc'2/3“ A) (6.55)
J o

for j  =  1, 2.

For the other cases the proof is the same as in lemma 6.5. This completes the 

proof of Lemma 6.7. Thus, wt have concluded the estimates of the integral of (6.1) 

restricted to the curve Td- Wc will summarize our results in the next chapter.
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We will now estimate in the case 0 > 1, the real part of the integrals restricted 

to the curve T,t which was defined in the beginning of this chapter.

From Lemma 6.1 and Lemma 6.4, it is clear that the contribution from to 

f f kd is decaying and hence the same is true for Ta, since has finite length and 

the curve is of steepest descent.

We will now give the estimates of fl'k̂ (k) for the curve Ta for the case 1 — e < 

,3 < 1. For 1 -  e < 0  < 1, wc obtained a uniform estimate of Pij for j  =  3,4 given 

by equations (6.47) and (6.48) which correspond to the estimate for the curves Bj , 

for j  =  3.4. It is clear form this estimate that the contribution to our integral 

along the curve Bj for j  =  3,4 is of smaller order than the estimate from the curve 

near the critical point. Similar reasoning can be used for /?ij for j  =  3, 4. Since 

VA is part of the steepest descent curve, the values of the integrand restricted to 

this curve is bounded by the estimates of (6.47) and (6.48). For the case 0  =  1, we 

showed that |tffcd(fc)| < m 2(k~2/3+x) (see (6.23)). We can get a uniform bound on 

the length of this curve since it has finite length and 0  is in a compact set. Thus, 

we conclude that the estimates of Hk^(k) over Ta is dominated by the estimates 

of (6.47) and (6.48).

The estimates of the integral of (6.1) restricted to the curves Tc  and Tg are the 

same as above because y, 0) > 0 for y > 0 and x < 0, and hence, the values
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of the integrand over the curve fY: are bounded by the values of the integrand 

at rc. Similarly, because ^  (x, £/,/?) < 0 for y < 0 and x  < 0, the values of the 

integrand over the curve Tg are bounded by the values of the integrand at zt,.
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V II Estim ates of the power radiation E(k)

We now evaluate the power radiation E(k ) and the dissipation function D(k) 

asymptotically as k — > oo.

( )  ,  ( K { A : ) P  |fl'0 ( t ) P ) ’ ( , )

D(k) =  fc*(2 • £  / „ ( k f  -  S ^ k f ) ,  (7.2)
n 0

We recall the notation established above.

S\(t) = t cosh-1(£) — \A2 — 1. (7-3)

52(t) = \ / l  -  t2 — t cos l (£), (7.4)

where we choose the branches such that for £ > 0, cosh_ l(£) > 0, and 0 < 

cos-1(£) <  %. In this chapter we arc concerned with £ > 1 in (7.3) and 0 < £ < 1 

in (7.4).

The function 6(13) defined by (5.4) is equal t,o 6\(/3) for 1 < ,3 < 1 +  e, and is 

equal to i<5o(J5) for 1 — e < ,3 < 1. From Chapter V,we know that |5t (/3)| =  2 /3 |7 t|3
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for 1 <  ,3 < 1 +  e, and |<52(,3)| =  2/3(71 j3 for 1 — e < ,3 <  1.

By Lemma 6.3 ^ (0 )  =  §|7 l |3 > m\\3  -  l |3/2(2/3) and 62(J3) = §|7 i |3 > 

m ? |/? - l |3' 2(2/3).

We summarize the uniform estimates for Hkj(k)  for each of the five cases with

a fixed A, 0 < A < 1/3. Later we will choose A =  1/10. e was chosen by the

conditions of Lemma 5.2 and Theorem 5.3.

a) For 0 < 3  <  1 — e

I4 ,(* )  =  (7.5)
v 7rfc

where c( > 0 is a constant independent of 3  and k (see (4.-4)).

Recall that ujt =  Wqk~2/3+2X.

b) for 1 — e < 3  < 1 —

v 7rfc

(See (6.2*) (6.30), and (6.49)).

c) for 1 — Ufc <  3  <  1 +  Ufc

\Fl’kd{k)\ < m u (k -2/3+2X) (7.7)

where m u  is a constant independent of 3  and k. (See (6.7) (6.10), (6.21), (6.28) 

(6.30), and (6.49)).
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d) for 1 -r Ufc < $  < 1 +  e

IJidW I < Bp^ - 212̂ )  (7.8)

(See (6.7) (6.10), and (6.21)). Dp is a constant independent, of 3 and Iz.

e) for 1 +  e < 3

H, A k )  =

(7.9)

where ( T / i , ( c ~ k f i l f i ) \ 3 )  is real valued: < t / . , ( v / 3 2  -  1 )  is purely imaginary: they are 

both bounded by a constant times the function in the parenthesis (See (-4.2)). These 

constants and the implied constants in 0(fc~1̂ s) and 0(k~ x) are real numbers 

which are independent of 3 and k.

For the intervals c and d the principal part is purely imaginary. Hence, the 

contribution to the estimate of E(k) will be of smaller order than from the estimates 

of the intervals a and b. Let

3 = n f  k.

We divide E(k) into five sums S}(k) for j  =  1,2 ,3 ,4 ,5  corresponding in order to 

the five cases above a) e). Let

f {n ,k )  = (7-10)
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First we estimate in case e)

Ss(fc) =  2 f ;  /(n,fc).
n - [ ( l . + e ) f c |

Using Lemma 6.3, we can estimate Sr, by / ” e =  0 (e -fce;,/' milfc~2̂ 3),

where m u = (2/3)m3.

For the cases b), c), and d), it suffices to use the fact that /(n , k) < 1. Hence,

e ?_2 s # )  < E |sit:S  i =

For the case a)

/(n , it) =  co82(jt/4 +  W2(/3)) +  0(fc“ 1)- 

LTse the trigonometric identity for the double angle to write

f (n .k )  =  ^ + ^cos(ir/2  +  2k62(P)) + 0 (fc-1)
i t  i t

f{n ,k) = ^ -  Jsin(2fc<52(/3)) + 0 ( k ~ l ). (7.11)

Let

So =  sin(2k62(n/k).
r t - 0

Lemma 7.1.

Sg =  0 (k V 2). (7.12)
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Proof: Note that

Ki-e)*i/=]
sin(2A:(52(n/fc)) =  0 ( k ^ 2).

n - 0

We need to apply the next. Theorem 7.2 [Neiderreiter, p. 17] and [Van der Corput, 

pp. 53-79].

T heo rem  7.2. F<et a, b be integers with a < b and let f ( x )  be twice 

differentiable on [a, 6] with f" (x)  > p for  a < x  <b. Then

I £  e2- / fn>| < 21/(6) -  /  (a) + 2 |(-V -l/2 + 3 ). (7.13)

Apply the above theorem with f(x)  = f^S^iz/k),  a = [fc1/2(l -  r)], b 

[fc( 1 - 0 1 - 1 -

/ ( * )  =  in62(x / k) =  ? i cos_1Wfc)

f ,r ( \  ̂ ■> ^
* ~  2Ttky/\ -  { x / W  ~ 2*7?'

Thus we can take p =  fc-1 (27r)-1 and S$ = 0 ( k ll2). Therefore,

[(t-<)*)-1 ,

Si = 2  £  {5 ) +  0 ( t 1/2) -  1/2
n=0 ~

=  (1 -  e)k +  0(fc1/2). 

|E(fc)/fc2 — 4//r| < (2e) +  0 (fc-1/2).
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Thus, there exist constants B \ , B2 independent of k, such that

1 r, E(k) —  FJk) „  4
-  + B2t < hm fc— < l i mfc— -  Sie +  “ •

Since this is true for every e > 0, let e  0 and we conclude that

®  =  ( i ) + °U>. P.14)

We now estimate D(k) by subdividing it into four sums. Let g(n,k) =  2 j"n(k)2, 

for the case e), let

Ts(k )=  £ ;  g{n,k),
n - \ ( l + t ) k ]

g(n. k) < 0 ( e r ^ w d2).

We estimate 7s the same way we estimated 5s and we get 7s =  Q(k~2̂ 3).

For the case d),

g(n.k) = 0(eJ-4^ k3X)

\ { \ + t k ) \ ~ l

T*{k)=  £  S ^ f c ) ^ -4*3' 73)-
n —[(l-t-Ulfe)fc]

For the case c),

ff(n , fc)=0 (fe-2/3+2A)

[(1+Wfc)fcl-1
T3(fc) =  Y ,  5(n, k) < 0 (k u kg{n, k)) = 0 { k ~ l+ax).

n - [ ( l - u k ) k \

We pick A =  ^  so T3(fc) =  0(fc"2/5).
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For the cases a), and b), let a k =  [fc(l — uk)} — 1. We follow the same procedure 

which we used before by using the trigonometric identity and we get

g(n ,k ) =  -^-[1/2 + l / 2sin(2fc62(n/fc))] ^1  — (n/fc)2[l +  0 (fc-1 ' 5)].

r  ■ r> 1 - . / r w . c f  „  n .W  / i  / / >.v>
L M i  r ( j  — ^  s i n n . ) }  v  1 — v 1/  *• )  ' •

Lem m a 7.3

Pct = 0 ( k ~ i n ). (7.15)

Proof: Perform summation by parts

1 Ofc-l |
Pa =  jr. A m[h(m) -  K m  t- 1)1 1 ^ A akh(ak)

n i 0

where A m = Y ^ l o s™(-k6(n/ k))

h(x) = y / l - { x / k ) 2.

From Lemma 7.1 we know that < Bk~1̂ 2 where 6  is a constant independent

of m, n, and k.

[PG| < Bk l/2[ ^  \h(m) -  h(m + l)\ + k l/12).
mO

Since h(x) is a decreasing function,

CTfe-l
"22 \h(m) -  h im  + 1)[ =  - h ( a k -  1) + /i(0).

771 =  0
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Therefore, Pc, = Q(k~1̂ 2).

We will estimate ^  h(n). We estimate this sum with a Riemann integral

with partition of length

•) a k  ■•) r ( \ — Ufc) ________
-T. y  h(n) =  -  I yjx -  t2dt +  0 ( k ~ l )
.IK n-" 0 fi J0

=  -  r  \ / T -  t?dt + 0 {k~ l ) =  i  + 0(A ;-1).
7T ./O 2

Let

Thus,

Ti(fc) = $(»»,*) -  J o(fc)2
n 0

'A =  7 > +  0 ( k ~ ' / 1 )

^ > = 1  -t-Offc-1' 2). (7.16)

Thus, the ratio

fi(fc) =  E(k)/D(k)  =  -  + o(l). (7.17)
IT
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Comments and Interpretation

The discussion in chapter I can be interpreted as showing how a plane wave of 

unit amplitude is scattered by a cylinder with its axis perpendicular to the direction of

E(k) 4propagation. The result — — = — obtained in chapter VII shows that the power in the
k~ k

scattered wave is for high frequencies (or large wave numbers) asymptotically

proportional to the square of the frequency. Similarly = — shows that the
k~ 2

dissipation function is also proportional to the square of the frequency and therefore E(k) 

is asymptotically proportional to D(k). Since, in general, both the power and the 

dissipation are proportional to the square of the amplitude, the latter result holds for plane 

waves of any amplitude.

The quantities E(k) and D(k) are meaningful even if the impinging wave is not a 

plane wave. The fact that the ratio E(k)/D(k) is asymptotically constant regardless of 

amplitude suggests that this ratio can reasonably be used as a measure o f the efficiency 

of transfer of the power from the impinging wave to the scattered wave in cases where 

the impinging wave is not necessarily a plane wave.

It is natural, in view of the Fourier expansion

u(r,9.k) = J,\k)Ho(kr)l «•'(*) + 2 £ ( /) '
*-l Hn (k)

of the scattered wave obtained in chapter I, to ask how much of the power (or the 

dissipation) of the scattered wave can be attributed to the various components in the 

expansion. The proofs in Chapter VII show that for the power, asymptotically as
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frequency increases, the contributions of the terms for n>  k ( \ -  s ) are negligible while 

the terms for n< k{  1 -  e) all contribute equally, for any constant e  which satisfies 

0 < e < 1 / 2 and is independent of n and k. The proofs in Chapter VII also show that for 

the dissipation function, asymptotically as frequency increases, the contributions of the

terms for n > k -  m02k tni are negligible while the terms where n< k -  m02ksns all 

contribute equally, where m02 is a constant which is independent of n and k.
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